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ABSTRACT

Regard the presentation P =< ;7 > as a 2-complex. Then we have the second
homotopy module 73(P). The elements of 7(P) can be represented by spherical
pictures. This is the key idea for this thesis. We give this preliminary background in

Chapter 1.

In Chapter 2, we study properties of groups concerning mo(P). We show that

all these properties are recursively unsolvable, that is, there is no effective methods

which can be applied to an arbitrary finite presentation P to determine whether or
not groups have these properties. Our main results are Theorems 2.3.1 and 2.3.2, that

1s, that p-Cockcroft and efliciency are recursively unsolvable.

Let P be a collection of spherical pictures over P. Then we may form a 3-
complex I =< a;7; P >. In Chapter 3 we establish the picture problem for K—the
analogue of the word problem for P, a dimension higher. We prove Theorem 3.1.1—

the existence of K with unsolvable picture problem.

From now onwards, we deal with relative presentations. We are interested in
investigating the asphericity of P =< H,t;thithothat™'hy > (hi € H). In Chapter 4,
we survey the basic concepts, the important theorems for relative presentations and

the tests for asphericity.

The first major case that we consider is < H,t;t%at~*b > where a¢ and b are non-
trivial elements of . We investigate asphericity of this form in Chapter 5. Excluding

some exceptions that are not yet decided, we state our results in Theorems 5.1.1 and

0.2.1.

In Chapter 6, we consider the second major case—< H,t;t?atbt~'c > where a,b

and c¢ are non-trivial elements of H. As in Chapter 5, we have some exceptions and

we state our results in Theorems 6.1.1, 6.2.1, 6.3.1 and 6.4.1.

Vil



NOTATIONS

Let G and K be groups
GO K the direct sum
G x K the direct product
Gx*xK the free product
G=K (7 is 1somorphic to K

G/K the quotient group of G by K
G the integral group ring
G the augmentation ideal

rkz(G) the rank of torsion free part (when G is abelian)

d(G) the least number of generators

Hi(G,A) the k-th homology group of G with coefficient in A
H*(G,B) the k-th co-homology group of G with coefficient in B

4(G) =1 —rkz(H,(G)) + d(H;(G))
cdG cohomological dimension
G’ derived group (commutator subgroup) of G

Gy, HNN-extension with base group G,
associated subgroup K with specified isomorphism o

G %X, K  split extension of G by K with K-action p

K¢@ normal closure of K in G
Ifa,be G
a, b] the commutator of @ and b (= aba~'b"1)
o(a) the order of a
Also
/e the {ree abelian group of rank n
/. the finite cyclic group of order n
and
D the direct sum

* the free product

Vil



If P=<a;r > is a presentation
G(P) the group defined by P
m(P) the first fundamental group
m(P) the second homotopy module
I[;(P) the first Fox ideal
I,(P) the second Fox ideal
x(P) the Euler characteristic of P

P the star graph
M(P) the relation module

Also if W is a word on @

W] equivalence classes containing W

W the element of G(P) that represents W
and if Re€r

p(R)  the period of R
R the root of R
Let IP be a picture over P
W(P) the label of P
oP the boundary of P

—P the mirror image

< P> equivalence classes containing P
W(v) the label of path v

W(c) the label of corner c

0(c) the angle of corner c

exprl? exponent sum of R in P

1X



If K is a complex

K the n-th skeleton
X(XC)  the Euler characteristic of IC
m,(/C) the n-th homotopy groups
Also if p is a path in K
lplxc equivalence classes containing p

We adopt the usual notation in set theory

AUB the unions of the sets A and B
A -~ B the set difference

ACB Aisasubsetof B

ac€ A abelongsto A
| A | the cardinality of A



Chapter 1

Preliminaries

Let  be a set (alphabet). A word W on @ is of the form

€1 £2 . €n
T, Ty T,

wheren > 0,z; €2, ¢ =+1(i=1,.--,n). Ifzf # 2, ;" (¢ =1,--+,n = 1), then we

say that it is reduced. Furthermore it is cyclically reduced if in addition zi' # z;“".

Then we have a presentation

P=<x;17r >

where 7 is a set of non-empty cyclically reduced words on &. We say that P is finite

if & and r are both finite.

Throughout this thesis, all presentations will be assumed to be finite

unless stated otherwise.

If F(x) is the free group on & and N =<< r >> is the normal closure of 7 In

F(x), then the quotient group

is the group defined by P. Denote a typical element of G(P) by W = [W]N where
W is a word on & and [W] is the free equivalence class of W. A group G is said to be

finitely presented if G can be defined by a finite presentation (that is G = G(P) for

some finite presentation P).



We may regard P as a 2-complex

x|

" 00 @
Ry Ry R m

This complex has a single 0-cell, the 1-cells are in bijective correspondence with z, and
the 2-cells are in bijective correspondence with = and are attached by the boundary
path determined by the spelling of the corresponding member of . Thus there arc

homotopy groups m;(P) and m(P). As a 2-complex, a path in P is of the form

En

Cl Ezili
xl 332 xn

where n > 0,z; € @, ¢, = £1(i = 1,---,n). Clearly any path in P is closed since P

has a single 0-cell. We define elementary operations on paths as follows:

(a) Insertion/deletion of an inverse pair z¢z~¢(z € ).

(b) Insertion/deletion of an element » U r~!.

Two paths are said to be homotopic (relative to P ) if one can be obtained from the
other by a finite number of the above operations. Denote the equivalence class con-
taining pa,tI; W by (W|p. For any paths U,V in P, we may define a multiplication
of equivalence classes [U]p[V]p = [UV]p. The first fundamental group m(P) is

simply the set of equivalence classes of paths with the above operations (see for ex-
ample {17, 51]). The identity is the equivalence class containing the empty path and
the inverse of [W|p is [W~!]p. Also there is a bijective homomorphism

¢:m(P) — G(P)

The elements of the second homotopy module m;(P) can be represented by geo-

metric configurations called spherical pictures, as described in §1.1.



1.1 Second homotopy modules

In this section we will introduce the basic concept which is needed in all chapters.

There are many reference to this basic theory such as [9, 13, 25, 32, 33, 35, 48, 50].

1.1.1 Pictures

A picture [P over P is a geometric configuration consisting of the following:

1. A disc D? with basepoint 0 on dD?2.

2. Disjoint discs Ay, Ag, -+, A, in the interior of D?. Each A; has a basepoint 0;

on 6A,
3. A finite number of disjoint arcs ay, a3, -+, a, where each arc lies in the closure
of D? — |J:Z7 A; and is either a simple closed curve having trivial intersection

with 0D*U0A,U0A;U---UJA,, or is a simple non-closed curved which joins
two points of dD? U A, U --- U OA,, neither point being a base point. Each

arc has a normal orientation, indicated by a short arrow meeting with the arc

transversely and is labelled by an element of x U 2~".

4. If we travel around 9A; once in clockwise direction starting from 0; and read off

the labels on arcs encountered (if we cross an arc, labelled  say, in the direction

of 1ts normal orientation, then we read z, whereas if we cross the arc against the

orientation, then we read £~!), then we obtain a word which belongs to rUr~".

We call this word the label of A;.

For each disc A, a corner of A is the closure of a connected component of A —
J{B1, B2, -+ ,Bx} where By, - -, B are the arcs of P meeting A. The regions of PP are the
closure of connected components of D?*—{(U{A1, Ay, -+, A D) U(U{a1,az, - - yam})}-

A region @ of P is called an outer region if it meets #D? and an interior region

otherwise. We say that P is connected if (U{A1, A, -+, A DUU{a1,az, ", am}) is

connected.



Example 1.1.1 Let P =< a,b;a% 6% [a,b] >. Then

is a picture over P. In this picture we have seven outer regions—®;,-- -, P; and five

inner regions—W;, -+, ¥s. We also have twentysix corners— ¢, - -, ¢.

We define 0P to be dD?%. The label on P (denoted by 1V (P)) is the word read off

by travelling around 0P once in the clockwise direction starting from 0. Thus in the

above example, W (IP) = bbbb~'b~'ab™'a™".

In some articles (see for example [13, 36, 43, 47]), the dual of pictures—diagrams—

are considered. Thus there is a pictorial version of the ‘van kampen Lemma’

Lemma 1.1.2 There exists a picture P over P with label W if and only if W =1 in
G(P).

We say that P is spherical if no arcs meet OP. If P is spherical we often omit JP.
Example 1.1.1 (continued)

is a spherical picture over P.

A transverse path in P is a path in the closure of D? —J!=7 A; which intersects the
arcs of P only finitely many times. If we travel along a path « from its initial point to

its terminal point we will cross various arcs. We can read off the labels of these arcs,

giving a word W(+), the label on #.



Example 1.1.1 (continued)

Then W(«) = ba~'b.

When we refer to the discs of P we mean the discs A, A,, - -, A, , not the ambient
disc D?. A closed arc which encircles no disc or arc of P is called a floating circle. In
the above picture I, the closed arc labelled by a is a floating circle but the closed arc
labelled by b is not. A cancelling pairis a spherical picture with exactly two discs and

where their basepoints lie in the same region. We only allow one basepoint on each

disc. Thus if a relator R € = is a proper power, we need to be cautious. This means

= =

are cancelling pairs, whereas

oc——¢

that

1S not.

Now we introduce the basic operations on pictures.
A) Delete floating circle.
A)~! Insert floating circle.
B) Delete cancelling pairs.
B)~! Insert cancelling pairs.

(') Bridge moves

| o= O - e
o o =) =
i & X ﬁ_



Two pictures will be said to be equivalent if one can be transformed to the other by a

finite number of operations A)*!. B)*! and C). We let < P > denote the equivalence

class containing P.

Let P;,IP; be spherical pictures over P. Then the mirror image of P, will be

denoted by —PP; and P; + P, is defined to be

Note that the set of equivalence classes of all spherical pictures over P forms an abelian

group, denoted by m2(P) under the following binary operation
<Pi>+ <P >=<P+P2>.

The identity (zero) is the equivalence class containing the empty picture and the

inverse (negative) of < P> is < -P >.

Let P* be the spherical picture obtained from spherical picture P by surrounding

it by a collection of concentric closed arcs with total label V.

5O

Then we can consider m3(P) as a left ZG(P)-module where the (well-defined) G(P )-

action is given by

W - <P>=<P" > (WeQq).

We call wo(P) the second homotopy module of P. There are known procedures for
producing homotopy elements from pictures but we shall not pursue this here. See for

example [9, 13, 25, 48, 50] for the connection with the topological definition of m2(P).

Consider a collection X of spherical pictures over P. We introduce two further

operations on spherical pictures.



D) If there is a simple closed path 8 in a picture such that the part of the picture
enclosed by (3 is a copy of some P or —P (P € X) then delete that part of the

picture enclosed by (.

D)~! The opposite of E).

Two spherical pictures will be said to be equivalent (relative to X ) if one can be

transformed to the other by a finite number of operations A)*!, B)*!. () and D)*!,

Then by [48, Theorem 2.6*,Corollary 1] we have

Theorem 1.1.3 The elements < P > (P € X)) generate mo(P) if and only if every

spherical picture is equivalent to the empty picture (relative to X ).

We say that X generates mo(P) if the elements < PP > (PP € X') generate my(P).
Example 1.1.1 (continued)
One may refer to [4] to show that my(7P) is generated by

1.1.2 Properties of G(P) concerning m2(P)

In this subsection we give some definitions which play a major role in Chapter 2.

Throughout this subsection assume that P =< @;r >.

Definition 1.1.4 A presentation P is said to be aspherical if mo(P) = 0 and a group

(G is said to be aspherical if it s defined by an aspherical presentation.

Note that all free groups are aspherical.

Definition 1.1.5 A presentation P is said to be combinatorially aspherical (CA) if

m2(P) is generated by a set of pictures containing exactly two discs, and a group G is

said to be combinatorially aspherical (CA) if it can be defined by a CA presentation.

[



Example 1.1.6 Let P =< a;a™ > define a cyclic group of order n. It is known that
m2(P) 1s generated by a single picture

aﬂ

(&=

For any picture P over P and for any R € », the ezponent sum of R in P. denoted

Thus P is CA.

by expp(P) is the number of discs of P labelled by R minus the number labelled by

R-'. Note that if pictures P; and P, are equivalent, then expr(Py) = expr(P;) for
all R € r.

Example 1.1.7 Let P =< a,b;a? 4% [a,b] > as in Example 1.1.1. Consider

Then ezpys(P) = 0 and ezpy, 4(P) = 3.

Definition 1.1.8 A presentation P is said to be Cockcroft if expr(P) = 0 for all
R € v and for all spherical pictures P over P. A group G is said to Cockcroft if G

admits a Cockcroft presentation.

The Cockceroft property has recieved considerable attention in [21, 26, 27, 29, 38].

Definition 1.1.9 A presentation P is said to be p-Cockcroft (p a prime) if expr(P) =
O(p) for all R € T and for all spherical pictures P over P. A group G is said to be
p-Cockeroft if G admits a p-Cockcroft presentation.

The p-Cockcroft property is discussed for example in [38].

Remark 1.1.10 It should be noted that for Definitions 1.1.8 and 1.1.9, it is enough

to check the exponent sum of R (for all R € 7) in a set of generating pictures.



Example 1.1.11 Let P =< a,b,¢;[a,b],[a,c], [b,c] >. Then one may refer to [4] to
show that m2(P) is generated by

Since expy, 5)(IP) = expla,(P) = expp (P) = 0, then P 1s Cockcrott.

Example 1.1.12 Let P =< a,b;a? {a,b] >. Then one may refer to [4] to show that

mo(P) is generated by

v,

Since exp,:(Py) = expps)(P1) = expya(P2) = 0 and expp)(P2) = 2, then P is 2-
Cockcroft.

Example 1.1.13 Let P =< a,b;a? b% [a,b] > as in Example 1.1.1 and so my(P) is

generated by {Py, Py, P3,P4}. Since expp,y(P2) = 2 and ezp,5)(P4) = 3 then clearly
P is not p-Cockcroft for any prime p.

Note that

Aspherical = CA = Cockcroft = p-Cockcroft.

Since P can be regarded as a 2-complex we can consider the Euler characteristic
of P, x(P) =1=| & | + | r |. It is known (see for example [24]) that v(P) is
bounded below by §(G) = 1 — rkzH;(G) + d(H(G)) (where rkz denotes the rank of

torsion free part, d() denotes the minimal number of generators and G is the group

defined by P).

Definition 1.1.14 A presentation P is said to minimal if it has minimal Euler char-

acteristic over all finite presentations defining the group G.



Definition 1.1.15 A presentation P is said to be efficient if x(P) = §(G(P)). A

group G is said to be eflicient if it admits an efficient presentation.

Note that if a presentation is efficient then it is minimal.

Example 1.1.16 Note that the finite cyclic group Zg can be defined by presentations
P1 =< a,b;a% b, [a,b] > and Py =< t;t® >. Since Hy(Z¢) = Z¢ and Hy(Z¢) = 0
then 6(Zg) = 1. Thus P, is an efficient presentation for Zg while P; is not.

Note that if we can find a minimal presentation P for a group G such that P is not
efficient then x(P’) 2> x(P) > §(G) for all presentations P’ defining the same group
(. Thus there is no efficient presentation for G, that is G is not efficient. Examples
of non-efficient groups were given in Swan [54]| and their minimal presentations were

given in [55]. New examples can be found in [4].

It is known (see [38] or §2.3.3) that a group G is efficient if and only if it is

p-Cockcroft for some prime p.

There has been a lot of ad hoc work done on determining whether various types
of groups are efficient (see for example [7, 14, 37, 56]). So one is led to ask whether

these ad hoc calculations could be done algorithmically, that 1s

o [s there any algorithm to decide for any given finite presentation whether the

given group defined by the presentation is efficient?
One of our main results (see Theorem 2.3.2) shows that no such algorithm exists.

Definition 1.1.17 A group G is said to be mp-free or mo-projective if G admils a
presentation P such that wo(P) is a free or projective left ZG-module respectively.

Note that all aspherical groups are m,-free and m2-projective.

1.1.3 An exact sequence concerning 3 (P)

A projective resolution of the trivial G-module Z is an exact positive chain complex

ii—3 Py —3y P, —> Py — Z — 0

10



where each P, is projective. This resolution will be known as a free resolution if each
F; 1s free. We say that this resolution is n-finite if Py, Py,-- -, P, are finitely generated
and G is of type FP, (0 £ n < o0) if G has an n-finite projective resolution. Clearly
if G is of type FP, then it is of type FP,_,.

Let P =< @;r > define the group G = F(x)/N. Then the relation module M(P)
of P is the abelian group N/N’, regarded as a left ZG-module under the (well-defined)

action

W . [UIN' = [WUW™N' (W € G, [U] € N).

Let P, and P, be the free left ZG-modules with basis {e, : ¢ € 2} and {er: R €
r} respectively. Then there is a surjective module homomorphism (see for example
4, 48])

p2: P, — M(P)

er — [RJN' (R € 1)
and there is an injective module homomorphism (see for example [4, 48])

My e M(p) — P

[WIN' Z;v o( Bg/::/] )es

where 2 is Fox derivation (refer [43, §11.3]), 6 is the ring homomorphism ZF — ZG

induced by the natural surjection FF — G.

We have the foliowing exact sequence (refer for example [4])
0 —m(P) S PRLE8 P -SZ2ZG2Z —0 (1.1)

where py is the augmentation map which takes each elements of G to 1, and the

module homomorphism

plipl——-)ZG
e, =1 —7

is surjective. The embedding p, is given as follows. Let < P >€ m3(P) and suppose
that P has discs Ay, Ag,---, A, with label R}, R?,- -, Rt respectively (R; € r,¢; =
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*l,2 = 1,2,---,n). Let w; be a transverse path from the basepoint of P to the
basepoint of A; for 1 < i < n. Let IV, be the label on w;. Note that if we choose

another transverse path w; from the basepoint of P to the basepoint of A;, then

W; = W, in G where W, is the label on w; (see for example [48]). Then

<]P> ZC;W&R

Example 1.1.18 Let G = Z, @ Z be defined by P =< a, b; a?, [a,b] > and consider

Then p(< P>) = (b—1)egz + (1 + @ )€[q,b)-

Let I3(P) be the two sided ideal in ZG generated by the non-zero coefficient of
elements of the image of p;. This ideal is called the second For ideal. Knowing a set
of generators of m3(P) enables us to compute a set of generators of I;(P). In Example
1.1.18 (see also Example 1.1.12), I(P) is generated by {6—1,1+@,1 —a}. Note that
there is also the first Fox ideal I;(P) corresponding to the image of x;. The zeroth

Fox ideal is just the augmentation ideal /G. This concept of Fox ideals is discussed

in |41, 42|. We need this concept for the test of minimality (see §2.3.3).

[t follows from the above sequence (1.1) that every finitely presented aspherical

group is of type FPy. In particular every finitely generated free group is of type
F Py. Also from the above sequence, it follows (using Proposition 4.3 [12, page 193])
that a group G defined by a finite presentation P is of type F'P; if and only if m2(P)

1s finitely generated.

Also note that a group G is of type F P, if and only if G is finitely generated (see

for example [6, Proposition 2.1]).

The concept of F'P, will be discussed in §2.4.1.
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1.2 Decision problems

This section introduces the main theme for Chapters 2 and 3.

Decision problems for finitely presented groups were formulated by Max Dehn [18]

in 1911. The objective is to determine the existence and nature of algorithms which

decide:

1. Global properties—whether or not groups as a whole possess certain properties

or relationships.

2. Local properties—whether or not elements of a group have certain properties or

relationships.

A rather comprehensive accounts of history, motivations and results on decision prob-

lems can be found in [45].

In Chapter 2 we deal with global properties concerning second homotopy modules.

Our main results are Theorems 2.3.1 and 2.3.2.

e [or any given prime p, there exists a recursive class §}; of finite presentations
of groups such that the problem of determining whether an arbitrary member of

(1) defines a group which is p-Cockeroft is recursively unsolvable.

o There erists a recursive class Q; of finite presentations of groups such that the

problem of determining whether an arbitrary member of §); defines an efficient

group 1s recursively unsolvable.

A local fundamental property which has played a central role in decision problems
1s the word problem. Let G be a group given by a finite presentation P =< @;r >.
The word problem is the question of asking for the existence of an algorithm to
determine of an arbitrary word W on a whether or not W = [W]N =1in G. If we
regard P as a 2-complex then the word problem is the problem of determining the
existence of algorithm to determine for any arbitrary element of m(< & >) whether

its image under the inclusion induced homomorphism

m(< e >) — m(< z;r >)

13



1s trivial.
The main unsolvabality result is the following Novikov-Boone Theorem (10, 46].

Theorem 1.2.1 There exists a finitely presented group with unsolvable word problem.

In Chapter 3, we will introduce the analogue of the word problem, a dimension higher

called the picture problem and provide the analogue of the above theorem. OQur main

result 1s Theorem 3.1.1.

o There exists a finite 3-presentation K =< x;r; P > which has unsolvable pic-
ture problem. Moreover K can be chosen such that the word problem for the

underlying presentation IK'¥) =< @;r > has solvable word problem.

Let H be a finitely generated subgroup of G. Then the generalised word problem
for H in G is the problem of deciding for an arbitrary word W on @, whether or not

W defines an element of H (if H is trivial then the generalised word problem is just

simply the word problem). This concept is useful in §3.1.

1.3 One relator relative presentation

This section introduces the main theme for Chapters 4, 5 and 6.
The concept of a one relator relative presentation
P =< H,t; R >

will be introduced in Chapter 4. Here H is any arbitrary group, < t > is an infinite

cyclic group and R is an element of H* <t > of the form
t hit?hy - t™h,

where ¢; = +1,h; € Hfori =1,2,---.n (if h; = 1 in H, then ¢ # —€iy1). Since t
occurs n times, we say that this is a case of t-length n. The group G defined by P, 1s

the group
Hx <t >

<< R >>

14



where << R >> is the normal closure of R. Relative presentations are considered for

example in [3, 8, 22, 31].
There are two major issues that have been asked (see [9]):

1. When is the natural map H — G is injective.

2. When is P aspherical in the sense of relative presentations (refer Definition

4.1.1)

A relative presentation P is injective if the natural map H — G is injective. We are
interested to see when P is aspherical. In Chapter 4 we survey the basic concepts,
the important theorems for relative presentations and the tests for asphericity. The
first case of interest is ¢t-length 3. If R has the form thyth,ths, Levin [40] shows the
injectivity, and the asphericity is discussed in [8]. Howie [30] shows the injecfivity
for the case thyth,t~1hs while Edjvet [22] considers asphericity for this form. Thus
the ¢-length 4 is now considered. There are four main cases for length four (refer
§4.1). The injectivity has been discussed in [23, 40]. For the case R has the form
thithothsthy, the asphericity is considered in [3] . In Chapters 5 and 6 we cover the

next case, that is all presentations of the form
< H, t: tatbtct™'d >

where a,b,c and d are elements of H (¢ and d are not trivial). There are some

exceptions that we can not decide at this moment. We list these exceptions in §6.5.

Excluding these exceptions, our main results are:

¢ Theorem 5.1.1
Let P =< H,t;t3at™'a > where a is a non-trivial element of H. Then P 1s

aspherical if and only if a has infinite order in H.

¢ Theorem 5.2.1
Suppose that P =< H,t;t%at™'b > is not an exceptional case and 2 < o(a) <

o(b) where a and b are distinct elements in H. Then P 1s aspherical if and only

if none of these holds:
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1. a* =1,a = b?

2. a°=1a=1"0

3. a*=b=[a,b] =1

4. o(a) = p,o(b) = q,0(ab™") =k for >+ > + 1 > 1 where 3 :=0
5. a = b~ of finite order

¢ Theorem 6.1.1

Let P =< H,t;t%atat™'c > where a and ¢ are non-trivial elements of H (a and

¢ may be equal). Then P is aspherical if and only if ¢ has infinite order.

¢ Theorem 6.2.1

Suppose that P =< H,t;t?atbt™'b > is not an exceptional case where a and b

are non-trivial elements of H. Then P is aspherical except when b=a~! and b

has finite order.

¢ Theorem 6.3.1

Suppose that P =< H,t;t*atbt~la > is not an ezceptional case where a and b

are distinct non-trivial elements of H. Then P is aspherical if and only if none

of these holds:

1. o(a) = 2,0(b) < 0
2. b= a~* of finite order
3. b=a*o0(a) =3 or4

¢ Theorem 6.4.1

Suppose that P =< H,t;t%atbt='c > is not an ezceptional case where a,b and ¢

are distinct non-trivial elements of H. Then P is aspherical if and only if none

of these holds:

1. a=c1,0(b) < 0

2. b=ac and i + El' + -i— > 1 where ofa)=p, o(b)=q and o(c)=k (5 :+=0)
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Chapter 2

(Global problems for second

homotopy modules

Global problems for finitely presented groups are concerned with the question of
determining the existence of algorithms to decide whether or not groups as a whole
possess certain properties or relationships. We are interested in properties concerning
second homotopy modules—aspherical, CA, Cockcroft, p-Cockcroft, efficient, m-free,
mo-projective and F'P; (in fact we consider more general—F' P, for n > 3). All these
properties will be shown to be recursively unsolvable, that is there are no effective
method which can be applied to an arbitrary finite presentation P to determine

whether or not G(P) has these properties.

In §2.1 we show that properties aspherical, CA, mo-free and my-projective are all
Markov properties and hence unsolvable. The properties being of type F P, and Cock-
croft are homological Markov properties (see §2.2) and hence unsolvable. However for
the properties p-Cockcroft and efficient it is not known whether or not they are Markov
or homological Markov properties. We deal with these properties in §2.3. Originally

we were not aware of the homological Markov property and we had our independent

proofs for F'P, and Cockcroft. These proofs will be given in §2.4.

The main results for this chapter are Theorems 2.3.1 and 2.3.2.

17



2.1 Markov property

An abstract property P of finitely presented groups is said to be a Markov property if
there are two finitely presented groups G, and G_ such that:

1. G, has the property P.

2. G- can not be embedded into any finitely presented group that has the property
P.

These groups G4 and G_ will be known as positive and negative witnesses for the
Markov property P respectively. It should be emphasized that if P is a Markov
property then the negative witness does not have the property P, nor is it embedded
in any finitely presented group with property P. A familiar example of a Markov

property is being trivial. We may take G_ to be any finitely presented non-trivial

group. Having rank 2 is not a Markov property since every finitely presented group
can be embedded in a finitely presented group with rank 2 by the Higmann-Nuemann-

Neumann embedding.

The main unsolvability result concerning the recognition of properties of finitely

presented groups is the following:

Theorem 2.1.1 (Adian [1, 2], Rabin [49]) If P is a Markov property of finitely

presented groups, then P is not recursively solvable.

The proof of this theorem (which can also be found in [43, Theorem 4.4.1] or [45,
Theorem 3.3]) shows that many properties other than Markov properties are not

recursively solvable. A property P is said to be incompatible with free product if:
1. There is a finitely presented group G, with the property P.

2. If A is any non-trivial finitely presented group, then A * G, does not have the

property P.

Thus to show that a property is recursively unsolvable, one may check whether

or not the property (or its negation) satisfies one of these properties. We will show
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that the properties of being aspherical, CA, m,-free and m;-projective (refer §1.1.2 for

definitions) are all Markov properties and hence are undecidable.

We will need the following idea. A group K has cohomological dimension k (we

write cdK = k) if HY(K, A) = 0 for all integers ¢ > k and all left Z K-modules A, but
there exists a left Z K-module B such that H*(K, B) # 0.

Proposition 2.1.2 If S is a subgroup of G, then cdS < cdG.

The proof can be found in [6, Proposition 4.9] or [12, Proposition 8.2.4}.

The following result is also well-known (see for example [4]).
Proposition 2.1.3 Let G be a group defined by a presentation P. Then

11. ¢dG < 3 if and only if mo(P) is projective.

Remark 2.1.4 Note that cdZ™ =n (H*(Z",Z) ~ Z).
(Refer [12, page 185].)

We obtain the first result:

Theorem 2.1.5 The properties aspherical, CA, ma-free and m3-projective are all

Markov properties.

Proof Note that Z has a presentation < z > such that m3(< £ >) = 0. Thus Z has
all of these properties. Hence we only need to choose four negative witness groups

G,, G2, G3 and Gy of property aspherical, CA, mo-free and mp-projective respectively.

Consider Gy = Z3, so ¢cdG; = 3. Suppose that Z3 can be embedded into group G
having a presentation P such that m,(P) = 0. Then by Proposition 2.1.3(i), cdG <2

which contradicts Proposition 2.1.2.

Consider G, = Z3. We also claim that Z2 can not be embedded into any group

G which is CA. Suppose it could be. Then by [15, Proposition 2.5}, Z* has a (not

necessarily finite) presentation Pzs =< ;7 > which is CA. For all R € 7, write
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R = RP®) where R is not a proper power and p(R) is a positive integer. Since Pgzs 1s
CA, it follows that (refer [48, Theorem 1.7(i)]) R defines an element of order exactly
p(R) in G(Pzs) = Z°. Since Z° is torsion free then p(R) = 1. This means that no

element of 7 is a proper power and hence by [48, Theorem 1.8|, Pgzs is aspherical.

Then by Proposition 2.1.3(i), cdZ® < 2 which contradicts Remark 2.1.4.

We may choose G3 and G4 to be Z* Now Z* can not be embedded into any
group G which has property m;-free or mo-projective because otherwise G would have

cdG < 3 which contradicts Proposition 2.1.2. .

2.2 Homological Markov property

Miller {45, Definition 8] (see also Gordon [28]) introduced a new property—concerned
with decision-theoretic aspects of the homological invariants of finitely presented

groups. An abstract property P of finitely presented groups is said to be a homo-
logical Markov property if there are two finitely presented groups G, and G_ such

that:

1. G4 has the property P.

2. If Y is a finitely presented group such that H,(G-) C H.(Y) forn > 1, then Y
does not have the property P.

Generalising the argument of Adian-Rabin Theorem (Theorem 2.1.1), Miller [45, The-

orem 8.6] proves

Theorem 2.2.1 If P is a homological Markov property of finitely presented groups,

then P is not recursively unsolvable.

We will show that the properties of being of type FP,(n > 3) and of being Cockcroft

are homological Markov properties.

Fix n > 3. Note that Z is of type F P, and hence it will be the positive witness for
type FP,. For the negative witness, we may take the Stalling group Az (refer §2.4.1).
Stallings [53] shows that Ha(A,) is not finitely generated. Now let Y be any finitely
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presented group such that H,(A;) € H,(Y) for n > 1. Suppose that Y is of type F P,,
then by (6, Proposition 2.15], H,(Y) is finitely generated for 0 < k < n. In particular
H3(Y') is finitely generated and this will contradicts the fact that Hs(A;) C Ha(Y).

For the Cockcroft property, we may again take Z to be the positive witness. We
may take G_ to be Z @ Z4 and hence Hy(G.) = Z4 which is clearly not free abelian.
Let Y be any finitely presented group such that H,(G-) C H,(Y) for n > 1. Suppose
that Y is Cockcroft. Then by a theorem of Cockcroft (quoted in [11, Introduction))
H,(Y') is free abelian. This contradicts the fact that Hy(G-) C H3(Y).

2.3 Decision for p-Cockcroft and efficiency

It is not clear whether or not these properties (or their negations) are Markov or

homological Markov properties. Having been unable to settle these problems we

prove directly

Theorem 2.3.1 For any given prime p, there exists a recursive class (1 of finite

presentations of groups such that the problem of determining whether an arbitrary

member of 0 is p-Cockcroft is recursively unsolvable.

As a generalisation of Theorem 2.3.1, we prove

Theorem 2.3.2 There exists a recursive class §d; of finite presentation of groups

such that the problem of determining whether an arbitrary member of Q, is efficient

is recursively unsolvable.

We will prove Theorem 2.3.1 by first showing the existence of a finitely presented
aspherical group U with unsolvable word problem (see §2.3.2). Having established
the group U , we will construct a family Q, = {Lw : W is a word in the generators of
U} of finitely presented groups such that Ly is p-Cockeroft if and only if W # 1 in
U. Since U is finitely presented, 0, is a recursive class. Any algorithm which would
determine whether or not an arbitrary member of ©; is p-Cockcroft would yield a

solution of the word problem for U. Hence there is no algorithm which determines

wether or not an arbitrary member of ; is p-Cockcroft.
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It will turn out that the family {); can be chosen to be ; and hence efliciency is

also unsolvable.

Note that Gordon [28] has shown the (easier) result that deficiency is not decid-
able. It should be noted that for each group in our class ;, one can determine the

deficiency. In fact, the presentations used to define the groups L (see §2.3.3) realise

the deficiency.

2.3.1 Generalised HNN-extensions

We need the idea of generalised HNN-extension which was introduced by Klyachko
[39, Theorem 2]. Suppose that we have the following:

1. A group Gy defined by Py =< ;7 >.
2. A group V defined by V =< v;t >.
3. Groups S and S, both are subgroups of Gy with specified isomorphism

c:5— S.

4. A non-trivial element { € Go * V written in normal form. We require that the

first and the last term of £ belong to V. We also require that every term of £

has infinite order.

Then the generalised HNN-extension with base group Gy and associated subgroups S

and S is the group
G =< Gy, V;s€o(s) (s €S >. (2.1)

Note that if we take the group V to be the infinite cyclic group < ¢t > and £ = t, then
G is simply the ordinary HNN-eztension.

We will define a presentation for G. Let a;, d;(z € I) be non-empty freely reduced

words on @ such that:

1. The subgroup S is generated by the elements represented by the a;’s.

2. The subgroup S is generated by the elements represented by the dy’s.
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3. a; and d; correspond under the isomorphism o.

Choose a reduced word T on @ U v which represents the element ¢ and let T; =

a;Td;”"'T! and let a = {T; : ¢ € I}. Then
P=<z,v;r,t,a > (2.2)

1s a presentation for G. Thus if G is an ordinary HNN-extension, then G can be

dehned by
P =<z, T,a;td;_lt-l(i el)>. (2.3)

The following is a consequence of {4, Theorem 2.

Proposition 2.3.3 Let G be a generalised HNN-extension as defined in (2.1). If Po

and V are aspherical and S s free on the a;’s then the presentation P as define in

(2.2) is aspherical.

Note that if G is an ordinary HNN-extension, then YV =< {; > is always aspherical.

2.3.2 The existence of group U

The following result can be found in [45, Theorem 4.12].

Theorem 2.3.4 There exists a finitely presented group U having unsolvable word

problem. Indeed U can be oblained from a free group by applying three successive

HNN-eztensions where the associated subgroups are finitely generated free groups.

We will choose this group U. Since U can be obtained from a free group then for each
step of extensions we may choose the associated subgroups to be free on the given

generators. Then by Proposition 2.2.3 we may obtain an aspherical presentation U

for U.

2.3.3 The proof of Theorem 2.3.1

We let F, to be the free group < a,b > and choose H and H to be the free sub-
groups of rank 2 generated by {a?,ab} and {a3,ba’} respectively. U =< u;8 >
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is the presentation for U as in §2.3.2, then for any word W on u, let £y denote the

presentation

<u,a,b; s, dWaW=t abWa3p"'W-1 >

and let Ly be the group define by L. We need the following result which is due to
Lustig {41, Corollary 2] (see also [38, Theorem 1.4] and [42, §2.7]).

Proposition 2.3.5 (Test for minimality) Let G be the group defined by P. If

there is a ring homomorphism ¢ from ZG into the matriz ring of all k x k-matrices
(k > 1) over some commutative ring A with 1, such that ¢(1) =1, and if ¢ maps the
second Foz ideal I;(P) to 0, then P is minimal.

The following result which is essentially due to Epstein [24] can be found in [38.
Theorem 1.3].

Proposition 2.3.6 A finite presentation P 1s efficient if and only if P is p-Cockerofl

for some prime p.
We use these results to prove
Lemma 2.3.7 If W =1 in U then Ly is not p-Cockeroft (for any prime p).

Proof If W =1 in U, then clearly
Ly =<u,ab;s, a’ aba™b""! >

is a presentation of Ly. By [4, Theorem 2] and the fact that U is aspherical, then
mo(L3y,) is generated by

and
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Thus Ly is clearly not p-Cockcroft for any prime p and hence not eflicient by Propo-
sition 2.3.6. We will show that L}, is minimal and hence there could not be an

efficient presentation which defines the group Ly . Thus we can conclude that Lw is

not p-Cockcroft for any prime p.
From the above pictures, I3(Lyy) is generated (as a 2-sided ideal) by
I={l-al+a+a?+a®+a%3b-1}.
Let < 2 > be an infinite cyclic group and consider the ring homomorphism

ZLwy —m Z <z >

arising from the group homomorphism defined by

ur— l(u€u)ar—1, bz
If we consider
Z < x> Zs

by sending all integer coefficients to their congruence modulo 5 and sending z to the

congruence class of 2, then the mapping

ZLy — Z <z >— Is

sends I to 0 and 1 to 1. Hence L} is minimal. C
Lemma 2.3.8 If W # 1 in U then Lw is p-Cockcroft (true for any prime p).

Proof Let W # 1 in U. Then Ly is a generalised HNN-extension define by Lw as
in §2.3.1. Since < a,b > and U are aspherical and H is free on the given generators

then by Proposition 2.3.3, L is aspherical and hence is p-Cockcroft (for any prime

p).

2.3.4 The proof of Theorem 2.3.2

Let Q, = {Lw : W is a word in the generators of U} = €, as we defined in §2.3.J.
Then Lemma 2.3.7, 2.3.8 and also Proposition 2.3.6 guarantee that Lw 1s efficient if
and only if W #1in U. Thus we obtain the desired result.
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2.4 Alternative proofs for FFP, and Cockcroft

We obtained these independent proofs before we become aware of the existence of

homological Markov property.

2.4.1 Decision problem for type F P,

We prove

Theorem 2.4.1 For a given n > 3, there erists a recursive class Qs of finitely pre-

sented groups such that the problem of determining whether an arbitrary member of

(V3 defines a group of type F P, is recursively unsolvable.

Let U be the group defined in §2.3.2. Then we may construct, for a fixed n > 3 a
family 3 = {Gw : W is a word in the generators of U } of finitely presented groups
such that Gw is of type FP, if and only if W # 1 in U. Since U is finitely presented,
()3 is a recursive class. Any algorithm which would determine whether or not an

arbitrary member of {13 is of type F P, would yield a solution of the word problem

for U. Hence there is no algorithm which determines whether or not an arbitrary

member of 23 is of type F P,.

We will need the following result [6, Proposition 2.13(b)]:
Proposition 2.4.2 Let G = Go*s, be the HNN-extension with base group Go. Then

1) if Go ts of type F'P,, S is of type F P,_, then G is of type FP,.
i1) if G, S are of type FP, then so is Gy.
111) if Go 1s of type F'P,_,, G is of type FP, then S is of type FP,_,.

The following group appears in Beiri [6, page 37]. Let
D =<z1,41 > X < 23,42 > X+ X < Tyny Ym >

be the direct product of m free groups of rank 2. Let F,, be the free group on the
generators {ax} (k € Z). Define D,,-action (p) on F, by

Li*Q; = Yi* G = Qj41.
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Then define
Am = Fo X, Dy,

to be the split extension of F, by D,,. Note that A,, can be considered as a two-step
HNN-extension with base group A,,_,, first with stable letter z,, then with stable
letter y,,. Thus A, _; is a subgroup of A,,. Beiri shows that A,, is of type F' Py

but not of type F P41 ([6, Proposition 2.14]). Note also that A,,(m > 2) is finitely

presented.

(For the case m = 2, this group is due to Stalling [53] and hence A; will be known

as the Stalling group.)

Now we may construct the group Gw. Fixn > 3,let B= A,,, C = A,_,; and let

U be as in §2.3.2. Define
G'=UxBx<z>.

Note that G* is of type FP, since U, B and < = > are of type FP,. It is also
finitely presented. For any word W on the generator of U, define Hy to be the
subgroup of G* generated by the elements (c;z)W(c;iz)™'W=tei(i = 1,2, - - , k) where
{c; :1=1,2,---,k} is a set of the generators of C. Note that since C is at least of

type F'P;, C 1s hinitely generated. Define
Gw = G"*Hy,id

to be the HNN-extension of G* with the associated subgroup Hyw . Then Gy is finitely

presented since G* 1s finitely presented and Hyw is finitely generated.

Lemma 2.4.3 If W =1 in U then Gw is not of type FP,.

Proof Let W =1 in U. Then Hy = C is not of type FP,_;. Since G* is of type
FP, (in particular it is of type FP,_;), then by Proposition 2.2.4(iii), Gw is not of

type F'P,. o
Lemma 2.4.4 If W %1 in U then Gw 1is of type F' P,.

Proof We will show that Hy is free on the generators (¢;z)W(ciz)™'W™'¢; for (2 =
1,2,---,k) and hence is of type FP,, (in particular is of type F'F, -1). Then by

Proposition 2.2.4(i), Gw is of type F P, since G* is of type FF,.
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Let o; = (cix)W(ciz)"'Wle;(1 = 1,2, -+, k). In order to show that Hy is free,
we need to show that no non-empty reduced product of ¢;’s is equal to 1 in G*. We

will show by induction that for any reduced product

ﬁl ﬁz .3
&,

" where a 1 o o Pt gand B;==+1(j=1,2,--,n—1)

1141

when expressed in normal form in G* will end with

1. Wl if G, =1 or
2. W-lzg=ic! if 3, = —

in

The case for n = 1 is obviously true.

Assume n > 1. We can assume by inductive hypothesis that

of . Pt WiW 1. _, for Bp-1 =1
WIW ISC C; -1 for an—-l = —

‘1 in=1
‘n-l

for some word W;. Then

WIW"'I Cs, _ IC,‘H.’DW(C,'HSC)_IW“IC{“ if ﬁn-l = 1”811 =1
wiWw- lctn ! _IW(Ctn )W “lg~! _1 if Bp1 = 1,06, = -1
! et WW-1z-1 ¢! :EW(C,H )'_IW_ Ci.. if Bpo1 = -1, =1

1-1

WiW-te= el W (e z)W-lz~te! if o1 = -1,6, = 1.

'ﬂ-l 111

The word in the first case is clearly equivalent to Wy W=teaW (c¢;, x)"'W—1¢;, where

¢ =c,_,Cci,. This word does not collapse even if c is the identity.

The second and the third cases do not collapse since ¢;,_, # ¢;, (otherwise our

word would not be reduced).

The word in the fourth case is equivalent to WyWz=1cW¢; W 1z 1¢;.' where

c=c ! ¢!

tn—-1 tn

and so does not collapse.

In all cases, the word ends with the required form. Thus we can conclude that no

non-empty reduced product is equal to 1 in G* and hence Hw is free. o
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2.4.2 Decision problem for Cockcroft

To show that Cockcroft 1s undecidable, a similar technique as in §2.3 will be used.

We will prove

Theorem 2.4.5 There exists a recursive class Q4 of finite presentations of groups

such that the problem of determining whether an arbitrary member of )y is Cockcroft

1s recursively unsolvable.

To prove this theorem, we will show the existence of a family 0y = {Kw : W is a
word in the generators of U} of finitely presented group such that Kyw is Cockcroft if
and only if W # 1 in U. The group U is the same group that we define in §2.3.2.

Let F; be the free group < a,b > and H and H be free subgroups of rank two
generated by {a?,ab} and {a~?, ba} respectively. Let U =< u; s > be the presentation

for U as given in §2.3.2. For any word W on u, define
Kw =< u,a,b;s,a*Wa*W=, abWa=b"'W-1 > .
Then let Kw be the group defined by KCy.
Lemma 2.4.6 If W =1 in U then Ky is not Cockcroft.
Proof If W =1 in U then clearly
Kw=Ux(Zs4® Z)
and hence

Hy(Kw,Z) = Hy(U,Z)® Hy(Z4® Z,7Z)
= H2(U1Z)®Z4

Then by a theorem of Cockcroft (quoted in [11, Introduction]), Kw is not Cockcroit

since its second homology is not free abelian. o

Lemma 2.4.7 If W #£ 1 in U then Kw is Cockcroft.

Proof Let W # 1 in U. Then Kw is a generalised HNN-extension defined by presen-
tation K. Since < a,b > and U are aspherical and H is free on the given generators,

then by Proposition 2.3.3, Ky is aspherical and hence Cockcroft. .
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Chapter 3

Picture problem

Recall that the word problem for a finite connected 2-complex L is the problem of

determining the existence of algorithm to decide whether for any arbitrary element of

7 (LM, its image under the inclusion induced homomorphism
m (L) — 7, (L)

is trivial. In this chapter we introduce the picture problem which is the analogue of
the word problem, one dimension higher. This means that for any finite connected
J-complex K, we may ask whether for any arbitrary element of 7r2()‘C(2)), 1ts image

under the inclusion induced homomorphism

T2 (KC12)) — 7y (KC)
1s trivial.

Just as a presentation can be regarded as 2-complex with a single 0-cell, so we will

consider a 3-complex with a single 0-cell, known as a 3-presentation. A 3-presentation

IC is a triple
<zr, P>

where K'*) =< x;7 > is an arbitrary presentation and P is a set of spherical pictures

over K'?). We say that K is finite if &, » and P are all finite. Note that this definition

1s actually the same thing as an ezxtended group presentation < x;r; I > defined by

Fenn (25, Definition 2.7.1]. The reason is because any collection of relation identities

30



I (as in Fenn) can be represented geometrically by a collection of spherical pictures
P over the same presentation (see for example [48, Theorem 2.1}). Now using the

equivalence relations on pictures (refer §1.1.1), we formulate the picture problem:

o for a given finite 3-presentation K =< x;r: P > is there an algorithm to decide

for any spherical picture P over K'¥ =< ;r >, whether P is equivalent (relative

to P) to the empty picture?

We are interested in the analogue of Novikov-Boone Theorem [10, 46]—the ex-

istence of a finite presentation with unsolvable word problem. In §3.1, we give an

example of a finite 3-presentation X with unsolvable picture problem but the word
problem for K'? is solvable. We modified our construction in §3.2 and give a sim-

pler example of a finite 3-presentation such that both word and picture problems are

unsolvable.

3.1 Example 1

The main unsolvability result for 3-presentations is the following:

Theorem 3.1.1 There exists a finite 3-presentation K which has unsolvable picture
problem. Moreover IC can be chosen such that the word problem for the underlying

presentation K3 is solvable.

To prove this theorem we need a group V (see §3.1.1) defined by a finite presentation

VY =< v:t > such that:

1. The word problem for V' is solvable.
2. m2(V) is finitely generated.

3. There exists a finitely generated normal subgroup H of V such that the gener-

alised word problem (refer §1.2) for H in V is unsolvable.

We will establish the existence of such a group V' in §3.1.1. Having established the

group V, then we will use it to construct a finite 3-presentation X =< z;r; P > (see

§3.1.2). Let W be any arbitrary word on v. We will consider the set {Py : Pw is
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a spherical picture over K!¥} and show that Py is equivalent to the empty picture
(relative to P) if and only if W defines an element of H. Hence we can conclude that

IC has unsolvable picture problem since the generalised word problem for H in V is

unsolvable.

3.1.1 The existence of group V

We will present the group of Miller |44, Example 4] (see also [5, Corollary 1}). Let
U =< up,usz, ++,Us; 51,52, , 5m > define the group U as in §2.3.2. Let F, 41 be

the free group < q,uy,u2, -+, u, >. Finally let V be the presentation with generators
q,Uy, " 'su'n‘}tla" ' 1tm&dl$' T '}d'n.

and defining relations
7 qt, = qSi, t7 u it = u;
d;lqdj = u}'lquj, d;lukdj = Ug

where 1 <1< m, 1 <3< n,and1 <k <n. Then let V define the group V.

Miller [44, Lemma 2] shows that V has solvable word problem. We may choose the
normal subgroup H to be the subgroup generated by {q,t,, - ,tm,dy,--+,d,} and it

is mentioned in [44] that the generalised word problem for H in V is unsolvable. Thus
we only need to show that condition 2 is satisfied. It is not hard to see (or refer to [44,
Lemma 1]) that V' is an (m + n)-step HNN-extension with base group F, ., (defined
by an aspherical presentation). In the first m steps, the stable letter for the ith step
is t; while d; is the stable letter for the jth step in the last n steps. For each step,
the associated subgroup is F,; itself and is free on the given generators. Thus by

Proposition 2.3.3 (or 4, Theorem 2]) V is aspherical and hence condition 2 is trivially

satisfied.

3.1.2 The construction of IC

Let V' be any group satisfying conditions 1-3 above, and let V' have presentation
Y =< v;t >. Then let
h =V Xx ZQ
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defined by the presentation
K? =< wv,ct,c? v, cj(vEv)>.

Since V' and Z, have solvable word problem then so does K. Before we proceed, we

need the following definition.

L . € € .
Definition 3.1.2 Let v{'---v/v % - v be @ word on v. Then a commutator pic-

ture Cujl Iy IE g 15 0 picture over < v,c; (v, c|(v € v) > of the form

Remark 3.1.3 If we regard C o ¢ ¢41 o as a picture over < v,¢; c2, [v,cl(v €
L% B4 0

v) >, then it is equivalent to

Let h be a set of words on v which represents a finite set of generators of H. Let

P, be a finite set of spherical pictures that generate m3(V). Let P, be the finite set

of spherical pictures over K'?) of the form
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for each T € t. Also let P3 be the finite set of spherical pictures over K? of the form

for each h; € h where C;, 1s a commutator picture. Let P = P, U P, U P3. Note

that P is finite. Thus we have a finite 3-presentation
K =<wv,ct,c’, v, c](vev); P>
such that the underlying presentation /C!?) has solvable word problem.

For any word I on v, let Py be a spherical picture of the form

where Cy 1s a commutator picture. We will show that Py is equivalent to the

empty picture (relative to P) if and only if W defines an element of H, and hence

IC has unsolvable picture problem since the generalised word problem for H in V' is

unsolvable.

Lemma 3.1.4 If W defines an element of H, then Pw is equivalent to the empty
picture (relative to P) over K'?.

Proof Let WV define an element of H, then W = hi'hs? - -« h;' in V for some h;’s which
belong to h and ¢, = £1. Thus by Lemma 1.1.2, there is a picture B over < v; ¢ >
with boundary label hi'h3? .- AW 1,
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Now consider

One may refer to [4] that P; U P, generates m2(< v,c;t,[v,c}(v € v >). Thus by
Theorem 1.1.3. P” is equivalent (relative to P; U P;) to the empty picture and so is

P’. If we insert P’ to the left side of Pw and perform some bridge moves, we obtain
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and so we may delete P, since it 1s equivalent to the empty picture. Then by Remark

3.1.3, P i1s equivalent to

where (Ch:; Rk i1s a commutator picture. Then we may delete

since it 1s equivalent to the empty picture. Again by Remark 3.1.3 we may obtain
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Clearly this last picture is equivalent (relative to P3) to the empty picture. Thus Py

is equivalent (relative to P) to the empty picture as required. C

Lemma 3.1.5 If W does not define any element of H. then P is not equivalent to
the empty picture (relative to P) over K,

Proof Suppose that 1V does not define an element of H and suppose that Py can be

obtained from P. Let P, be the free Z K'-module with basis {e7 : T € t}U{e.2 }U{epq
v € v}. We will consider the image of Py in P, (refer (1.1) in §1.1.3). Let C = ¢

and write

Pz = ZI{GC e, P«j

where P/ is the free Z K-module with the above basis excluding ec. Then the image

of Pw in P, 1s

T = (W — 1)ec + A\ for some Ay € P,.
and the image of Py, (P, € P3) is

v; = (h;i — 1)ec + A; for some A; € P;.

Also let the image of each Py (T € t) be yr and the image of Q (Q € P;) be 1q.

Note that 77 and 7o lie entirely in P,.

Since Py is obtainable from P, we have

w = Bim + Baya + -+ + By + Z aryr + Z aQyQ
Tetl Qe P,

for some a’s and 3's which belong to ZA'. Equating the coefficients of ec, we have
W —1=06i(hy — 1)+ Ba(ha = 1) + - + Bi(hs — 1).
Then consider the ring homomorphism
ZK — ZV — Z(V/H)
arising from the group homomorphism specified by
v TH (v €v), ¢ 11

Then we have W H —1H = 0. that is 1V defines the element W of H which contradicts

our assumption. ¢
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3.2 Example 2

If we just want a finite 3-presentation £ with both the word and picture problems

unsolvable, we need the following construction:

Let U be a finitely presented group defined by U =< u; s > such that:
1. The word problem for U 1s unsolvable.
2. m(U) is finitely generated.

(To make a definite choice, we may take the aspherical group U/ given in §2.3.2. so

condition 2 is trivially satisfied.)

Let
L:UXZ2

defined by the presentation
C® =< u,c s, c?, [u, cl(u € u) > .

Clearly L has unsolvable word problem since it contains the subgroup U with unsolv-

able word problem.

Let P, be a finite set of spherical pictures that generate m,(U) and P, be the

finite set of spherical pictures over £!? of the form

for each S € s. Then let P = P, U P,, which is clearly finite. Thus we have a finite
3-presentation

L =<u,cs,c[uc)(u€u)P>
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such that the word problem for £{% is unsolvable. Now for any word W on u, we

may consider spherical picture Py (as in §3.1)

and show

Lemma 3.2.1 If W =1 in U, then Py is equivalent to the empty picture (relative
to P) over L',

Lemma 3.2.2 IfW # 1 in U, then Py is not equivalent to the empty picture (relative
to P) over L',

The proof of these lemmas are similar to the proof of Lemma 3.1.4 and 3.1.5 where
we assume H to be the trivial subgroup. Hence £ has unsolvable picture problem

since the word problem for U is unsolvable.
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Chapter 4

Introduction to relative

presentations

From now onwards, we will deal with relative presentations. These presentations are

considered for example in (3, 8, 22, 31]. As a matter of fact we only consider a special

case—one relator relative presentations.

Our own work starts in Chapter 5. This chapter is rather an introduction to es-
tablish the methods in proving results in Chapters 5 and 6. In §4.1 we give some

preliminary backgrounds. One may compare spherical pictures over relative presenta-

tions to the ordinary ones in §4.2. The asphericity test for relative presentations will
be given in §4.3. Most material in this chapter is fairly standard (except §4.3.6) and
can be found in at least one of these—[3], [8] and [22]. The observation in §4.4.1 plays
an important role for the distribution test in the last two chapters while in §4.4.2 we

identify that our work can be divided into two main classes—which will appear in

Chapters 5 and 6 respectively.

4.1 Preliminaries

Let H be any arbitrary group and < ¢ > be an infinite cyclic group. We will construct

a new group G as follows. Let R be an element of H* < t > of the form

tV B t2hy - - th (4.1)
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where ¢; = *1,h; € H for 1 = 1,2,.---,n. Then we have the one relator relative

presentalion

P=<H1tR>.
The one relator relative group G, defined by P, is the group

Hx <t >
<< H>>

where << R >> is the normal closure of R. If H happens to be the trivial group,

then P is simply an ordinary one relator presentation for G in the usual sense.

From now on when we refer to a relative presentation, we assume it ¢s a one relator

relative presentation.

To obtain an ordinary presentation P defining the group G, we have to select a

presentation @ =< a; s > defining the group H. Thus there is an epimorphism
¢: Fla)— H

with kernel << s >>. For each h;, choose a word w; on a representing h; and let

Pt

R = t"wt®wy - - - 1" w,,.

Then the ordinary lifted presentation is the presentation

o

P=<a,tsR>.

The group G = G(P) defined by P is the group

F(a,t)
<< s,R>>

where << s, R >> is the normal closure of {s, é} We have an isomorphism
v:G— G
induced by the epimorphism

¢xid: Fla)yx <t>— Hx <t >.
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Definition 4.1.1 A relative presentation P =< H,t; R > is said to be aspherical if

for some ordinary presentation Q =< a;s > for H and for some lifted presentation

i

P =< a,t;s, R >, the second homotopy module frg(‘f’) 1s generated by mo( Q) as a left

ZG-module. In term of pictures, P is aspherical if every picture over P is equivalent

(relative to Q) to the empty picture.

The above concept of asphericity is more general than that given in [8]. The

restricted notion according to the theory developed in (8] will be given in §4.2.

There are two major issues that have always been asked:

1. When is the natural map H — G injective?

2. When is P aspherical?

It is of interest to discuss these two issues. We say that P is injective if the natural

map H — G is injective. The main consequence is the following (see [3, Theorem

1])

Theorem 4.1.2 Suppose that P =< H,t; R > is an injective aspherical relative

presentation for a group GG. Then

i) H,(G,A) & H,(H,A) for all n > 3 and for all right ZG-modules A.
1) H*(G,B) = H"(H, B) for all n > 3 and for all left ZG-modules B.
111) Each finite subgroup of G is contained in a G-conjugate of H.

The first case of interest is t-length 3. If R has the form th,th,ths, Levin [40] shows
that H — G is injective and the asphericity is decided in [8]. Howie [30] shows
the injectivity for the case R = thth,t='hs while Edjvet [22] considers asphericity
of this form apart from eight exceptional cases. The t-length 4 is now considered.
For the case R = th;thythathy, the injectivity again follows from Levin [40] while the
asphericity is decided in [3] with five exceptional cases. When the powers of ¢ are
not all positive, the injectivity of H — G has been discussed in [23]. Our results in
Chapters 5 and 6 deal with asphericity when R has the form th thothst—'hs. There
are two more cases for t-length 4 (up to equivalence as defined below) that need to be
considered in future—the form thyth,t=*hat~'hy and the form thyt~*hythat—thy. We
found that S. Wreth is considering the last case for her thesis.
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4.1.1 Equivalent presentations

Define some operations on words R as in (4.1) as follows:
I Replace Rby R=1t""h ,-.-t~2h7t- 71,
II Replace R by S =ttt hiyy - -th,tthy - th,.

ITI Let ¢ be an automorphism of H* < ¢ > fixing H. Replace R by ¢(R) provided
that ¢(R) has the form (4.1).

Two words of the form (4.1) are said to be equivalent if one can be obtained from

the other by a finite number of the above operations. We say that two relative
presentations P =< H,t; R > and P’ =< H,t; R’ > are equivalent if R and R’ are

equivalent. Note that all results in Chapters 5 and 6 are up to equivalence.

4.2 Pictures over relative presentations

A picture [P over a relative presentation P has the same geometric shape as an ordinary

pictures as in §1.1.1, but the labelling is different and additional conditions are needed.

Fix a relative presentation P =< H,t; R >. A picture P over P is labelled as
follows. Each arc is labelled by ¢ and each corner is to be oriented clockwise (with
respect to the ambient disc of P) and labelled by an element of H. If ¢ is a corner of
disc A, then denote by W (c) the word obtained by reading in clockwise order around
OA the labels on the arcs and corners meeting A beginning with the label on the

arc at the head of the clockwise oriented corner c. The following two conditions must

be satisfied:

1. For each corner ¢ of P, W(e¢) is a cyclic permutation of R or R™!.

2. If ky, ka, -+, km 1s the sequence of corner labels encountered in an anticlockwise

traversal of the boundary of an inner region of P, then kjky---k,, = 1 in H.

43



Example 4.2.1 Let P =< Z3,t;t%at™'a > where a generates Zs. Then

1s a spherical picture over P.

A connected spherical picture [P over P is said to be strictly spherical if the product

of the corner labels in the outer annular region defines the identity in /1. Note that

the above example is strictly spherical.

Recall (refer §4.1) that for any arbitrary relative presentation P, we may obtain
an ordinary lifted presentation P. In a similar manner (refer [8] for more details),
one may lift (though not uniquely) a spherical picture P over P to a picture P over
P. For each inner region ¥ of P, there is a picture ¥ over O with boundary label
equal to the product of the words in @ which represent the corner labels for £. For

the outer annular region, replace each corner label by a succession of a-arcs reading

the representative word. Thus we may obtain the lifted picture P.

Example 4.2.1 (continued)
Let @ =< y;y° > be a presentation for Z3. Then

is a lifted picture for the above picture.
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We will also discuss the restricted notion of asphericity according to the theory

developed in [8]. A dipole in a picture IP consists of a pair of corners ¢, ¢’ of the picture

together with an arc a joining the head of one corner with the tail of the other such

that:

1. ¢ and ¢ lie in the same region of P.

2. W(c) = W(c').

A picture P is said to be reduced if it does not contain a dipole. In [§] a relative
presentation P was said to be aspherical if it is injective and every connected strictly
spherical picture over P contains a dipole. It is quite clear that if a picture P is not
reduced then for any lifted picture P, it is not reduced in the sense of ordinary picture.
Thus P is equivalent to the empty picture (relative to Q). Hence the restricted notion

of asphericity implies asphericity defined in Definition 4.1.1. Thus in order to show
that an injective relative presentation P is aspherical, it is suffices to show that there

is no non-empty reduced strictly spherical picture > over P.

4.3 Tests for asphericity

Here we give techniques and tests for asphericity. Some of these will be used in

Chapters 5 and 6.

4.3.1 Small cancellation theory

The star-complez P** of P is a certain graph with edges labelled by elements of I1.
There are two vertices, labelled ¢ and ¢~!. For each cyclic permutation that starts

with ¢t of R*! say R°, write R° = Sh where h € H and S begins and ends with ¢

40



or t71. Each R° forms an edge such that the initial vertex is the first symbol of S
and the terminal vertex is the inverse of the last symbol of S. The inverse (R°)7!, is

defined to be S~'h~'. We label the edge R° by A(R°) = h~! and extend it to paths

in the obvious way. A non-empty cyclically reduced closed path in P* will be called

admissible if it has a trivial label in H.

Example 4.3.1 Let P =< H,t;t*atbt~'c >. Then P* is as follows:

OO0

A

where a & 1,0 & a by & b and § & ¢! If ac = b in Il then 3~ ' 'an is

admuissible.

Let g be a positive integer. Then we say that P satisfies T(q) if there are no
admissible paths in P* of length m for 3 < m < q.

Example 4.3.1 (continued)

If a,b and ¢ are distinct such that b~! # a # ¢7! and o(b),0(c) > 3 then there is
no admissible cycle of length 3. Thus P satisfies T'(4) in this case.

A (non-trivial) connected picture W over P is said to be a k-wheel over P (k is

any positive integer) if W has discs {Qg, A1, -+, Ak} such that:

1. Each arc of W meets a disc A; for some 7 € {1,2,---,k}.

9. Each arc of W either meets Ay or W.

3. Each disc of W has a corner which lies in a region of W that meets OW.

We say that P satisfies C(p) if there are no reduced k-wheels over P for k < p.
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Example 4.3.1 (continued)
Suppose that @ # 1 in H and o(b),0(c) > 2. Then if two discs A; and A, of a

picture W share at least two consecutive t-arcs, they constitute a dipole. Thus there

is no reduced k-wheel over P for k£ < 4 and hence P satisfies C(4) in this case.

The following theorem can be found for example in 8, Theorem 2.2).

Theorem 4.3.2 If P satisfies Cp) and T(q) where :-; + -;- = % then P is aspherical.

Example 4.3.1 (continued)

If a,b and c are distinct non-trivial element of H such that 5! # a # ¢! and

o(b),o(c) > 3 then P satishes C'(4) and T'(4) and so P is aspherical.

4.3.2 Weight test

A weight function 6 on P* is a real valued function 0 on the set of edges of P* such

that 8(Sh) = 6(S~'h™") for each edge Sh. The weight of a path is the sum of the

weight of the constituent edges. We say that a weight function 0 is aspherical if the

following conditions hold.

1. If R=1t*hy---t*"h, then

1 {

D (L =0tk 4ot hy -t h 1)) > 2

1=1

2. Each admissible cycle in P* has weight at least 2.
3. Each edge of P** has non-negative weight.
The significance of the weight test is (see for example in [8])

Theorem 4.3.3 If P* admits an aspherical weight function then P is aspherical.

Example 4.3.4 Let P =< H,t:t°at™'a > such that a has infinite order in H. The

5( )( ) )wx
3

47

~ star graph P is



where a ¢+ 1,8 ¢ 1,7 & a~! and § — a~!. We may assign the following weights

b(a) = 0(8) =1,0(y) = 0(6) = 0.

Clearly the first and the third conditions hold. Since a has infinite order then for any

integer p # 0, v* and 4? are not admissible. Thus any admissible cycle must involve

a and/or B at least twice and hence has a weight of at least two. Thus the second

condition holds and so P is aspherical.

4.3.3 Curvature test

Let P be any strictly spherical picture over P. Then we can assign a real valued angle

function 8 on the set of corners of PP. Associated to 0 is a curvature function v defined

on a typical disc A of P by
Y(A) =27 - ) (c)
cCoA

and on a typical region ® of P by

Y(®) =2m = ) (7~ 0(c))

cCad

where ¢ denotes a corner in the boundary of a disc A or region . Noting that P has

twice as many corners as arcs, an Euler characteristic count reveals that

%}y(A) + );v(é) = 21x(S?) = 4n

where the sum is taken over all discs and regions of P including the outer annular

region. As a consequence we have

Lemma 4.3.5 For any angle function on any connected spherical pictures, some disc

or region has positive curvature.

We will use the curvature test as follows. A strictly spherical picture P is flat at a disc
A if the sum of the angles of the corners of A is exactly 2x, that is y(A) = 0. Thus
Lemma 4.3.5 says that there exists a region ® with positive curvature assuming that
P is flat at every disc. This means that if ® has d corners then the sum of the angles

measures of the corners of ® is greater than (d — 2)wr. We will call such a region @
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an erceptional region. Since @ is a region in picture P, we can find the possibilities

of the labels of the corners of ® and since the product of these must be 1 in H. we

obtain some restriction on hy, hq, -+, hy,.

4.3.4 Distribution test

This test was introduced by Edjvet [22]—applicable after the curvature test. Assign

an angle function 6 on a strictly spherical picture P such that every disc in P is flat

as above. So we have an exceptional region ® with positive curvature. It is possible

to flatten such a region by distributing the curvature to its neighbours.

Suppose that ® shares an arc with a region ¢". Let 1 be any scalar. Subtract

n/2 from each of the two corners in ¢ that touch a and add 7/2 to the two opposite

corners in ¢’.

This means that we assign a new angle function 6* on PP and so we have a new curvature
function v*. It is quite clear that v*(A) = v(A) for all discs A in P, 4*(®) = v(P) — 9
and v*(®') = v(®) + n. Other regions are unaffected. We will say that we have
distributed the curvature n from ¢ to ¢’

Given any region ® with positive curvature, we can distribute curvature from ®
to some of the neighbouring regions of ®, so that the new curvature 4*(®) of ® is
non-positive. Of course, this reduction in the curvature of ¢ will lead to an increase
in the curvature of other regions in P. However, if we can carry out this distribution
in such a way that the new curvature of all regions is non-positive, then we obtain

a contradiction to the fact that the curvature of the sphere is 47. Then P could not

exist.

Example 4.3.6 Let P =< H,t;t%atbt"'c > where a,b and ¢ are distinct non-trivial
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element of H such that a # b7',a # ¢™! and o(b) = 3,0(¢) > 3. Suppose that there is

a reduced strictly spherical picture P over P. Then we may assign a uniform angle

for each disc in P. Then by Lemma 4.3.5, there is an exceptional region ® of valence
m with positive curvature. This means that m-7/2 > (m — 2)7 and so m < 4. Since
P is reduced then one may check that there is only one possibility for & namely a

region of valence three with label bbb. Since total sum of angle in ¢ is 37/2, then the

curvature v(®) = 7/2. We may distribute

m/6 each to ¥y, V¥, and W3. Clearly this is possible since they are not regions with

label bbb. We need to make sure that the new curvature v*(¥;)(z = 1,2, 3) remains
non-positive. Note that in every three edges of W;, there is at most one such @
shares an edge with W, (refer §4.4.1). Thus if ¥ has valence n , then we do not want
n-m/24n/3-7/6 > (n—2)r that is n < 43. Hence we just need to consider regions
of valence four with label acW for some W of length two. Since P is reduced, the
possibilities are accl,aclb,acld™,aca™'b and aca™'b~!. Clearly the last two are not

possible since o(b) # o(c). Thus if a # ¢~% and b*! # ac then P must be aspherical.

4.3.5 Finiteness of element ¢

Recall that (see Theorem 4.1.1(iii)) if P =< H,t;t hyt2hy---t*h, > is injective
aspherical then every finite subgroup of GG is contained in a G-conjugate of [{. Also
note that the factor group G/HC is cyclic generated by tHC oforder k = ¢, +--- + ¢,
(if k = 0 then it has infinite order). Now suppose that k # +1, then clearly t ¢ H©.

Hence if we can show that ¢ has finite order then we know that P is not aspherical

since the finite subgroup {t¢} is not contained in any G-conjugate of H.
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4.3.6 Degeneracy

Let P be a strictly spherical picture over P. Recall that PP can be lifted (though not
uniquely) to a spherical picture P over P for some appropriate choice of Q@ =< a; s >

(refer §4.2). We may now consider the image of P under the embedding (refer (1.1)

in §1.1.3)
1y T(P) — (BsesZGes) ® ZGep. (4.2)

In particular, we can consider the coeflicient of ez say Ap which belongs to the group
ring ZG. Since )p is the coefficient of ey, in picture P we just need to consider all
discs A; (7 = 1,2, --,1) with labels RE!. Let ® be any region in [’ and B be a picture
over © with boundary label equal to the product of the words in a which represent

the corner labels for ® chosen for P. Corresponding to ® . we have a region ¢ in P

enclosed by t-arcs.

Let v; be a transverse path from the basepoint of P to the basepoint of A; such that
v; is always ‘close’ to t-arcs and R-discs (that is for any region ® of P, v; does not
cut through B). Since the prrduct of corners in any region ¢ is the identity in H, it
does not matter for v; to be on the left or right of B. Let V; be the label on v;. Note
that V; must be a word on a U {t}. Then

;
Ap =D 6;7;
)=l
where §; is the element of G represented by V; and §; = +1. Since the group isomor-
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phism v : G — G (refer §4.2) induces the ring isomorphism
ve : ZG — ZG,
Iet L/,.(/\?) = /\p.

Suppose now we choose another presentation @ =< @; 8 > for H, and so we have

a lifted presentation

oy

P =<a,t s R>

and the group G = G(P) where R = t}' w,t5?w, - - 170, such that w; is a word on
a representing h; and ¢ = 1,2,---.n. Thus we have a lifted picture P. Then by
the similar set up and notation. if ® is a region in P then let B be a picture over

Q with boundary label equal to the product of the words in @ which represent the

corner labels for ® chosen for P. Similarly let <i> be the region in E"enclosed by t-arcs

corresponds to @ in P.

Thus we may regard Pasa copy of P by replacing
1. R-discs by R-discs,

2. successions of a-arcs with total label w; by successions of a-arcs with total label

tf),’ and

3. picture By in region <I;k by picture Bk

52



For each transverse path v; In 113, the copy of v; in P is a transverse path from the

basepoint of P to the basepoint of A;. Denote this path by v; and let V; be the label

on v;. Note that VJ must be a word on @ U {t}. Since there is an isomorphism

F(a) ¢ .. 4o
O Ny e C
<< 8 >> <K< 8 >>

where w; ¢+ w; under this isomorphism and v; is a copy of v;, then V; ¢ V;. Thus if

A; is the image of the coeticient of e in picture P under the embedding

fiz : ma(P) — (BgesZGeg) ® ZGey,
then /\E; & Ap.

This means that Ap is independent of the choice of Q, the choice of R and the
choice of lift. We say that P is degenerate if Ap = 0.

Recall that in order to show that P is aspherical, one must show that there is a

lifted presentation P such that any picture over P is equivalent to the empty picture

(relative to Q). Since Ap is independent of the lifting, then we have

Lemma 4.3.7 If there exists a reduced strictly spherical picture P over P such that
P is not degenerate (that is Ap # 0) then P is not aspherical.

Proof Let PP be a reduced strictly spherical picture over P such that \p # 0 and
suppose that P is aspherical. Then there is a presentation @ =< a;s > of H such
that P is equivalent to the empty picture (relative to @). Thus the image of P under

the embedding p2 as in (4.2) lies entirely in ®sesZGes. Hence the coeficient of es

must be zero that is Ap = 0. o
In order to show that I’ is not degenerate, we can consider the ring homomorphism
W:ZG—Z< z;2" >
arising from the group homomorphism defined by

H— 11tz
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Here we assume that R has the form (4.1) and so k =¢; + -+ 4+ ¢,,. Then we need to

show that ¥(Ap) # 0.

Unless we manage to show that ¢ has finite order (refer §4.3.5), we will show that

a presentation P is not aspherical in this way.

Example 4.3.8 Let P =< Zs,t;t%at~'a > as in Example 4.2.1. We will show that

P is not aspherical. Consider the reduced strictly spherical picture P and its lifted

picture P given in Example 4.2.1. Then

M= (14a+a )t a—(14+a+a®)t tat’at™a.

Thus
(fi(/\P) =3r—3 1'/-' 0.

So P is not degenerate.

Let P =< H,t;t hit?hy---t"h, > and P be a spherical picture over P. Also let
P(°) be the picture over Pl) =< t: RO > (where R) = g ... tr) obtained from P
by eliminating all corner labels. Note that P{° is a presentation for the cyclic group

of order k. Then ¥ (Ap) is just the coeflicient of eg( in the embedding of
w: m( PO — Z(Zi)ega .

Thus we can work out #(Ap) without having to work out Ap itself. This is useful in

particular when P has too many discs.
Example 4.3.8 (continued)
We obtained a picture P(®)

The embedding p in the usual way gives
l/J(Ap) = 3z — J.
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4.4 Prelimimary classification

We are interested in the asphericity of relative presentation P where R has the form
thythothat™ hy (hs, hy # 1).

We give here (§4.4.1) a crucial observation concerning pictures over P. Also we list

(84.4.2) the different subcases which must be considered in discussing the asphericity

of P.

4.4.1 Observation

Fix a relative presentation P =< H,{;thithaothst™ hy >. Let ® be any region in a
reduced strictly spherical picture PP over P. We say that ¢ is a F-region or a {-region
if every corner in P is labelled by h3 or h4 respectively. Let ¥ be any region in P that

shares an edge with a 3-region ®.

From the above diagram, we know that ¥ can not be a region of valence two. Now

suppose that ¥ has valence three

Since P is reduced, the only possible label for ¢ is A7' and hence we have h; = hyhy.

In most of our cases, we assume h; # hyhy and so ¥ must have valence of at least

four.
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Clearly ®; and ®; are not 3-regions or 4-regions. Note that since P is reduced. c,

must have label A3, hy or h;' and so c; must have label h7', hy or A5 respectively.

Thus ®3 can not be a 3-region but it may be a 4-region. Hence in every three edges of

V. there is at most one 3-region as its neighbour. By similar argument for a 4-region,
we may conclude that if ¥ has valence m, then W has at most m/3 3-regions and m/3

4-regions as its neighbours.

This observation is important in assigning any distribution scheme. This fact is

needed in §6.3.3 and §6.3.4.

4.4.2 The forms of R

We are looking at the asphericity of P where R has the form th thythst='hy and
ha, hy # 1. By applying the automorphism (refer III of §4.1.1)

t — thy!, H 25 H
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of Hx < t > if necessary, we may assume without loss of generality that h; =1, so

we have

R = t*hythat ™ hy (ha,hy # 1).

There are two main cases:

case 1: h; =1

Then after changing notation, we have
R = t°at™'b (a,b # 1)

and so we have to consider:
1.1 a=25b
1.2 a#b

case 2: hys # 1

Then after changing notation we have that R has one of the following form:
2.1 tlatat™'a
2.2 tlatat™'c
2.3 t?atbt™'b
2.4 tlatbt™'a
2.5 tlatbt~'c

where a,b and c are all distinct non-trivial elements of H.

We will consider the first case in Chapter 5 and the second case in Chapter 6.
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Chapter 5

The form t3at—1b

As we classified in §4.4.2, we have two main subcases:
1.1 a=250
1.2 a and b are distinct non-trivial elements of f{

For the first subcase we will show hat P is aspherical if and only if a has infinite
order (Theorem 5.1.1). For the second subcase we can decide the asphericity of P

apart from two exceptional families
FE1 o(a) = 2,0(b) > 4 and ab = ba
FE2 3 <o(a) < o0 and a = b*

The proof of Theorem 5.1.1 is not difficult (see §5.1). However Theorem 5.2.1 requires

a fair amount of work (see §5.2).
Throughout this chapter 1 will denote the ring homomorphism (refer §4.3.6)
ZG — Z < z;2° >

Hw—1l,t— z.
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5.1 The case a =>b

We obtain the following result.

Theorem 5.1.1 Let P =< H, t;t%at™'a > where a is a non-trivigl element in .

Then P is aspherical if and only if a has infinite order.

Proof Let a have infinite order. Consider the star graph P*

x
&y
o/

L |

1

where a; ¢» a™!,a; ¢ a7, a3 4> 1 and a4 & 1. Assign the following weights

0(a1) = 0(az) = 0,0(a3) = 0(ay) = 1.

Since a has infinite order, any admissible cycle must involve a3 and/or a, at least

twice, and so it has a weight of at least two. One may check that all three conditions

given in §4.3.2 are satisfied. Hence by Theorem 4.3.3, P is aspherical.

Now let a have order 2 < n < oo. Since a" = 1 in H, we may obtain a reduced

strictly spherical picture P over P as below

and so (refer §4.3.6) ¥(Ap) = n(z — 1) # 0. Thus P is not degenerate and so by

Lemma 4.3.7 P is not aspherical. .
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5 92 The case a and b are distinct

Consider presentation P =< H,t;t%at™'b > where a # b (a,b # 1) in H. Note that

we can apply some operations (refer §4.1.1)

t3at™'b — ta~'t™°b~! (operation I)
— t7'a” 't (operation III)

— t°b~'t"'a~!(operation II).

So up to equivalent presentations, we can identify a with b=! and vice versa. Thus
without loss of generality, we may assume that o(a) < o(b). The following are two

exceptional cases that we still can not decide:
FE1 o(a) = 2,0(b) > 4 and ab = ba

FE2 3 < o(a) < oo and a = b*
Excluding these exceptions, we have

Theorem 5.2.1 Suppose that P =< H,t;t3at™1b > is not an exceptional case and

9 < o(a) < o(b) where a and b are distinct non-trivial elements of H. Then P is

aspherical if and only if none of these holds:
1. a*=1,a =0°
2. a*=1,a=1"0°
2 a?=0b%=1 and group{a,b} ~ Z, x Z3
4. o(a) = p,o0(b) = q and o(ad™") = k for s+ o+ 5> 1 where =0
5 a=>b"1 and a has a finite order

To prove this theorem, we will consider the following subcases separately.

i a and b have infinite order
ii. o(a) = o(b) = 2
iii. o(a) = 2,0(b) 2 3

iv. 3 <ofa) < oo
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5.2.1 The subcase a and b have infinite order

None of the hypotheses is satisfied, so we will show that P is aspherical. Consider

the star graph P**

where a; ¢ b™!, 02 &> a™',a3 & 1 and a4 & 1. Assign the following weights
0(ar) = 0(az) = 0,0(as) = 0(ay) = 1.

Since a and b have infinite order, any admissible rycle must involve a3 and/or a;
at least twice, and so it has a weight of at least two. One may check that all three

conditions given in §4.3.2 are satisfied. Hence by Theorem 4.3.3, P is aspherical.

5.2.2 The subcase o(a) = o(b) = 2

In this section, we have to show that P is aspherical if and only if ab-! has infinite

order in f1.

1) ab~?! has finite order

Let ab~! have order 2 < n < oo. Consider the chain
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and so (refer §4.3.6) ¥(Ap) = 2n(z —1) # 0. Since P is not degenerate then by Lemma
4.3.7, P is not aspherical.

2) ab™! has infinite order

Now let ab~! have infinite order. We will show that P is aspherical. It suffices to

show that there is no reduced strictly spherical picture P over P. Suppose there were.

Since P is reduced, we only have the following double bonds
o , ' o ‘ ) ' a."l

Some of them may form a chain

not a .. not a clove boncl
dovlole oo nol

Regard each chain as a single disc

where labels ¢ and ¢’ must have the form (e:tb""'al;)"1 » -ab"l)*l, (ab~lab™!.. -ab"la)i"

or (b"‘ab'la---b"‘a)*l. So we obtain a new derived picture P’ such that each disc
has valence four. Assign the angle function 7/2 to each corner so that every disc in
P’ is flat. Then by Lemma 4.3.5, there exists an exceptional region ®' such that the
curvature 4(®’) > 0. If &' has m sides, this means that v(®’) > (m — 2)x. Since each
corner has angle m/2, we have mm/2 > (m — 2)m which means m < 4. We will show

that there is no such region by examining the label on ¢’ (refer Appendix A.1.1) and

so we conclude that P must be aspherical.
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5.2.3 The subcase o(a) = 2,0(b) > 3

When is P aspherical?

Assume that none of the relations in the hypothesis holds. We will show that P is
aspherical. It is suffices to show that there is no reduced strictly spherical picture P

over P. Suppose there were. Since I’ 1s reduced and o(b) > 3, we have the following

Some of them may form chains of length two or three

double bonds

as single discs. Then we have a new derived picture P’ such that each disc has valence
four. Assign the angle function 7/2 to each corner of the disc so that every disc in
P’ is lat. Then by Lemma 4.3.5 there is an exceptional region @' of valence m such
that v(®’) > 0. This means that mTr/Q- > (m~2)m and so m < 4. Thus ' must have
either valence two or three. Finding all possibilities for ¢’ (refer Appendix A.2.1 for

more details), we may conclude that P is aspherical except possibly if one of these
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holds:
1. o(ab”') =2
2. o(ab™') =3
3. b=(b"la)’ (5.1)
4. o(b) =3
5. ab~lab =1

We will consider each of these separately.

1) o(ab™') =2

Since we assume that (refer hyphothesis 4) 1/2 4+ 1/¢ +1/2 < 1, b must have infinite

order. Note that we have a double bond

Thus we have the second derived spherical picture P” such that each disc has valence
four. As before, we can assign the angle function 7/2 to each corner so that each disc
in P” is flat. Thus by Lemma 4.3.4, there is an exceptional region ®” with positive
curvature. So ®” must have either two or three sides. Since we have already eliminated

a lot of possibilities (refer Appendix A.2.2), we found that no more possible labels

may hold and this leads to a contradiction. Thus P must be aspherical.
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2) o(ab™') =3

Note that since we assume that (refer hypothesis 4) 1/2+1/¢q+1/3 < 1, then we must
have o(b) > 6. We will use the distribution test and so we go back to the exceptional

region ®' in P’. Now we will show that the only possible label for @' is b~'ab~'ab™'a
since other relations in (5.1) do not hold.

Clearly ab~'ab~! # 1. We can not have relation b = (b~'a)? since (b~'a)® = 1
would give @ = 1. Clearly b* # 1 since we assume that o(b) > 6. Also if relation
ab—lab = 1 holds then we would have b='ab~! = b and hence a = b® which satisfies
hypothesis 2.

Thus &' must have label b-'ab™'ab~'a of valence 3, and so the curvature 4(®') =
m /2. We will distribute 7 /6 to each region W that shares an edge with &’ since ¥ can
not have label b~'ab lab~'a (refer Appendix A.2.3). Assume that ¥ has valence m,
then total sum of angles in ¥ is less than or equal to mm/2+mn /6. We will make sure
that the new curvature 4*(¥) remains non-positive, that is (m —2)1 > mn/2+mn /6
which means that m > 6. So consider the case when ¥ has valence less than six.
There is no possible labels for ¥ of valence two, three or four (refer Appendix A.2.3

for more details). There are some possible labels for ¥ of valence five. This gives rise

to the following relations:

1. a =b?

2. b%aba =1
3. b2abla=1
4. bPaba =1

We will show that they are not possible too.

If @ = b* then b8 = 1. Also we have ab™! = b° and so b° = 1 since o(ab~!) = 3.

This leads to b = 1.

Suppose that b2aba = 1. Then ab™'ab™? =1 and so b~ = ab~! which contradicts

the fact that a is not trivial.
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If the relation b2ab la = 1 holds then

Bo-lebla=1 = b =b"lasince (b7'a)® =1
= b'=ua

= b =1.

Also b3 = b~la = b° = 1 since o(ab™") = 3. This will imply that b = 1 a contradiction.
Now suppose that b%aba = 1 and then b* = a~'b~'a~'b~! = ab~lab~! since a® = 1.

Thus we have b% = (ab~1!)~! since (ab~!)? = 1 which implies that b = q.

Thus none of the above labels 1s possible and so the above distribution guarantees

that there is no exceptional region and hence we can conclude that P is aspherical.

3) b = (b~1a)?

We will show that this relation does not hold. If b = (b~'a)? then we have babab = 1

since a® = 1.
bababa® = 1

abababa = 1

abababab = b

(ab)* =

(ab)* = (ba)?

(b-'a)* = (b~a)?

(b~1a)® = 1.

So we have b3 = 1 since b = (b~la)*. Also b’aba = 1 will imply that b~laba = 1

$ ¢+ 4L 4 4l

in particular @ and b commute. This will satisfy hypothesis 3 and contradict our

assumption. So the relation b = (b='a)? does not hold.

4) o(b) =3

We will use the distribution test on P’ and so we go back to the exceptional region ¢’
(one may also refer back to Appendix A.2.1). We will show that there is no possible
label for ®' except bbb since other relations in (5.1) do not hold.

Clearly ab~'ab™! # 1 and ab~'ab~'ab™ # 1 since we assume that 1/2 + 1/3 +
1/k <1 where o(ab™!) = k (that is £ > 6). We can not have relation b = (b~'a)?
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since otherwise we would have b~'a~'ba = 1 (the last relation listed in (5.1)). Then

hypothesis 3 is satisfied.
Since the only possible label for ®' is bbb of valence three, the curvature v(9') =

w/2. We will distribute 7/6 to each region ¥ that shares an edge with &'. This is
possible because ¥ can not be a region with label bbb (refer Appendix A.2.4). Since
total sum of angle for region ¥ is less or equal to mm /2+mn /6 (assume ¥ has valence
m) then we must have (m — 2)r 2 mm/2 + mn /6 which means that m > 6 in order
to make sure that the new curvature v*(¥) remains non-positive. So we will consider
when U has valence two, three, four or five. Finding the possibilities of the label of
¥ (refer Appendix A.2.4 for more details), we conclude that P is aspherical except

possibily if one of these holds:

1. b~tababa =1 (or b~'ab~laba = 1)
2. b~labababa =1 (or b-'ab~lab~'aba = 1)

3. b-lab~tababa =1

If b-lababa = 1 then we have a~'b~taba = b~ since a® = 1. This means that a is

conjugate to b~* which is not possible since they have different orders.

The relation b~!abababa = 1 does not hold since this will imply that a='bababa = b

and so babab has order 3 as b. Thus we have

(b%aba)’ = 1 = (b 'aba)® = 1.

Also
b~'abababa = 1 = b 'aba = ab~'ab™! = (ab™!)2.

Thus we have (ab™!)¢ = 1 which implies (ba)® = 1 and so
b~'abababa=1= b"'a = (ba)™> = (ba)>.
This means b~'a = bababa and again leads to b = 1.

For the last possibility is not known whether or not it holds. Thus we will draw

all possibilities for ¥ and show that ¥ is not an exceptional region since the new

curvature remains non-positive. There are two possibilities:
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ii)

In the first case, ¥ only accepts the distribution angles from at most three out of five
of its neighbours. Thus the curvature v(¥) L (5-7/24+3-7/6) — 37 which remains
non-positive. Clearly the curvature in the second case is also non-positive since ¥

may accept the distribution angles from at most two out ¢f five of its neighbours.

Thus we conclude that P is aspherical.
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5) ab™lab =1

Again there is no possible label for ®’ except ab™"ab since no other relations in (5.1)
hold. Clearly ab~'ab™! # 1 since otherwise we would have b* = 1. If (ab~!)3 = |
then we would have ¢ = b° and hence hypothesis 2 is satisfied. Now suppose that

b = (b-'a)?. Then we obtained b> = 1 and so hypothesis 3 is satisfied.

We have a problem for this case because ' may have neighbours that have the

same label ab~!ab such as following:

This is the first family exception that we can not decide (refer FE1).

When is P not aspherical?

We have to show that if one of these holds then P is not aspherical.

3. o(b) = 3 and group{a,b} ~ Z; x Z3
4. 2 + % + £ > 1 where o(b) = g and o(ab™?) =k
(Clearly the relation a = b=! (hypothesis 5) does not hold since o(a) # o(b).)

For each case, we will draw a reduced strictly spherical picture (except in case 2)

and show that it is not degenerate (refer §4.3.6).
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1) a = b°

= bi=1

Thus (refer §4.3.6) ¥(Ap) = 12(x — 1) # 0. Since P is not degenerate then by Lemma
4.3.7, P is not aspherical.

2) a = b’

Clearly we have b° = 1 and so

tPat™'b=1 = 33t b=1
= tabﬂat_lb =]

= btd = tb°.
One may refer to [36, page 183] to see that the group defined by
<bt:btP=t3 % =1>

is finite. Thus we conclude that ¢ has finite order and hence (refer §4.3.5) P is not

aspherical.
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3) b> =1 and ab = ba

Since a? = b = aba™'b™! = 1 then we have abab® = 1. We draw a reduced strictly

spherical picture

Thus (refer §4.3.6) ¥(Ap) = 18(x — 1) # 0. Since P is not degenerate then by Lemma
4.3.7, P is not aspherical.
4) 1 +1 44 > 1 where o(b) = q and o(ab™?) = &

We will draw a family of group of strictly reduced spherical pictures over P. To make

drawing simpler, we draw the chain

as
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so that in a region with k-chain,

has label (ab™!)**. Also one should note that the label for any region where g-chain

is attached,
9
b =) :
L 9 b O o '
- ""'t., L%
b q o o
b o
b o Ab
u""'

Since ¥)(Ap) = 12(z — 1) # 0 then P is not degenerate. Then by Lemma 4.3.7. P is

not aspherical.
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SrIFrEes &

Here we have y(Ap) = 24(xr — 1) # 0. Thus P is not degenerate and bv Lemma 1.3.7.

P is not aspherical.

i11) o(b)

Since ¥(Ap) = 60(z — 1) # 0 then P is not degenerate. Then by Lemma 4.3.7, P is

not aspherical.
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S,
o
§ (OSSO
o
o

Then ¥(Ap) = 2q(x — 1) # 0 and so P is not degenerate. Hence by Lemima 4.3.7, P

is not aspherical.

vi) o(ab™') = 3,0(b) = 4

Since ¥(Ap) = 24(z — 1) # 0 then P is not degenerate. Then by Lemma 4.3.7, P is

not aspherical.
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Then ¥(Xp) = 60(z —1) # 0 and hence P’ is not degenerate. Thus P is not aspherical.

5.2.4 The subcase 3 < o(a)

When is P aspherical?

Assume that none of the relations in hypothesis holds. We will show that P is
aspherical. It is suffices to show that there is no reduced strictly spherical picture P
over P. Suppose there were. Note that there is only one possibility for double bonds

in P (since PP is reduced) as follows.

Also note that there is no two or more double bonds forming a chain
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Regard all double bonds as single discs

and so we obtain a new derived picture P’ such that every disc has valence four.
Assign the angle function m/2 to each corner, so that every disc in P’ is flat. Then
by Lemma 4.3.4, there exists an exceptional region ' with positive curvature. If ¢’
has valence m, this means that y(®') > (m — 2)7. Since each corner has angle /2.
®' must have valence three or four. We may now find all possible labels for ¢' (refer

Appendix A.3.1). Thus we conclude that P is aspherical except possibly if one of
these holds:

1. o(a) =3

2. o(b) =3

Up to equivalence, we just need to consider the first and the third case. At the
moment we can not decide for the third case (refer FE2). Now assume that o(a) =3

and a # b?. Clearly b # a* since we also assume that a # b=!. We will proceed by

considering the order of .

1) o(b) =3

Note that ®’ may be a region with label aaa or with label bbb of valence three. The
curvature is /2 and so we may distribute 7 /6 to each of their three neighbours. This
is possible since none of their neighbours have label aaa or bbb (refer Appendix A.3.2).

Let ¥ be a neighbour of ®’. We have to make sure that the new curvature for v

remains non-positive. If ¥ has valence m, then we need

mn/2 4+ mn/6 < (m — 2)r.
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Since m > 6, we need to consider the case when ¥ has valence less than six. Finding all
possibilities (refer Appendix A.3.2), we conclude that P is aspherical except possibly

if one of these holds:
1. ba? = ab (or a*b = ba)
2. b*a = ab (or ab® = ba)

3. ba = ab

We will show that the first and second relations are not possible. Suppose that
ba® — ab. Then

b~tab = a*

b=2ab® = b1 (b~ 'ab)b = b~ ta?b = (b~'ab)? = a*

b=>ab® = b~ (b"%ab?)b = b~'a'b = (b~ lab) = a8

a = a8 since b* = 1

Loy

= a' =1

Since a® = 1, then a would be trivial.
The second case can be shown similarly.
Now suppose that ba = ab. Then there are two possible regions ¥ in P’ of valence

five (refer appendix A.3.2). In each case ¥ may only accept distribution angles from

at most three out of five of its neighbours.

new curvature < (57/2 4 37/6) - 3r = 0

This means that ¥ is not exceptional.
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2) o(b) = 4,5

This case is similar to the first case except the only possible label for @’ is just aaa.
We will use the similar distribution scheme. If ¥ shares an edge with ¢’, then ¥ will

receive m/6 from @’. Since in every two edges of ¥, there is at most onc edge shared

with ® and so we have mn/2 4+ m/2-7/6 < (m — 2)m where m is the valence of
U. This means that if ¥ has valence more than four than the new curvature for W

remains non-positive. There is no possible label for ¥ of valence two, three or four

(refer Appendix A.3.2), and hence we may conclude that P is aspherical.

3) o(b) > 6

Note that there is no possible region of valence two in I’/ and the only possible region

of valence three is ® with label aaa (refer Appendix A.3.1). In order to make sure

that ® will not be the exceptional, we will assign the following angle

Since every disc is flat then by Lemma 4.3.4, there exists an exceptional region ¢”

with positive curvature. If " has valence m then m-57/9 > (m —2)r and so m < 43

Thus ®” must be a region of valence four. There 1s only one such possible region (refer

Appendix A.3.3) as follows

The curvature for ®” is at most 27/9 and so we distribute m/9 each to ¥, and

¥,. Suppose that W;(: = 1,2) has valence m. We need to make sure that the new
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curvature for both of ¥;’s remain non-positive that is m - 57/9+m - -7/9 < (m - 2)7
Since m > 6, we need to consider when W; has valence four or five. There is no

possible region for ¥; of valence less than six (refer Appendix A.3.4) and so we may

conclude that P is aspherical.

When is P not aspherical?

We have to show that if one of these is satisfied, then P is not aspherical.
1. i‘ + ';' + ',1; > 1 where o(a) = p,O(b) =q and O(Gbﬂl) =
2. a = b™! of finite order

For the first case, we draw reduced strictly spherical pictures. Then we will show that

they do not degenerate (refer §4.3.6). Then by Lemma 4.3.7 P is not aspherical.

i) o(a) = 3,0(b) = 3,0(ad™") =2

Then () = 12(z — 1) # 0 and hence P is not degenerate.
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Since ¥(Ap) = 24(z — 1) # 0 then P is not degenerate.
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*

2

iii) ofa) = 3,0(b) = 5,0(ad™")

Then we have ¢(Ap) = 60(x — 1) # 0 and hence P is not degenerate.

We will not draw pictures for the second case. Note that if ¢ = b~! then

= t3at™b = 1=1t3qat"1a"!
= ata~! =13

= a*ta™? = a(ata™Va"! = qt3q¢~! = t3°

By induction, one may prove that for any integer n, a®ta=" = ¢*". Since o(a) = p, we

have

p -
t* = aPta™? =

which implies t*~! = 1 and hence t has a finite order. Thus (refer §4.3.5) P is not

aspherical.
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Chapter 6

The form t%atbt lc

This chapter covers all five subcases when R has the following form:
2.1 t’atat™'a
2.2 tlatat™'c
2.3 tlatbt='b
2.4 t*atbt™'a
2.5 tZatbt~lc

where a,b and c are distinct non-trivial elements of .

For the first subcase we will show that P is aspherical if and only if @ has infinite
order while for the second subcase we will show that P is aspherical if and only if ¢
has infinite order (Theorem 6.1.1). We can decide the asphericity of P for the third

subcase apart from a special exception and a family of exceptions (refer §6.2):
SE1 o(a) = 2,0(b) =3

FE3 o(a) < 00,0(b) =2

There is a special exception and three families of exceptions for the fourth subcase

(see §6.3) that are not yet decided.
SE2 o(b) = 3,0(a) =4
FE4 o(b) =2

FE5 o(a) = 3,0(b) < o0
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FE6 b has finite order and b # a™!, a?, a*3, a**

or b? # a*? or a # b*%,b*°
For the last subcase we can decide the asphericity of P apart from (see §6.4):

SE3 a?=b=1and a =c"*

SE4 o(c) = 3,0(b) = 2,b = ac,c = a’
SE5 o(c) = 6,0(b) =2,b=ac,a = ¢
FE7 b2 =1,a = c~* where 4 < o(c) < o©

Then we list again all exceptions for both forms in §6.6.

As in Chapter 5, ¥ will denote the ring homomorphism (refer §4.3.6)
Z2G — Z < r;2° >

H— 1t x.

6.1 The subcase a = b

The main result 1s

Theorem 6.1.1 Let P =< H,t;t%atat"'c > where a and ¢ are non-trivial elements

of H (a and c may be equal). Then P is aspherical if and only if ¢ has infinite order.
Proof Let ¢ have infinite order and consider the star graph P*f

o
or,{ >< >< ) 2
oY

Y

where a; & ¢ Lo & alaz & ¢! and a4y & 1. We will assign the weights

depending on the order of a.

If a has infinite order, assign

0(ay) = 0(ay) =0,0(a3) = 0(ay) = 1.



Since a and ¢ have infinite order, then any admissible cycle must involve a3 and/or

as at least twice, and so it has a weight of at least two. One may check that all

three conditions given in §4.3.2 are satified and hence by Theorem 4.3.3, P must he

aspherical.

We assign the following weights
1
B(ar) = 0,0(cz) = 1,0(as) = O(a) = =
if @ has finite order. Let 4 be any cycle in P*. If 5

(a) involves a3 at least twice or

(b) involves a3 at least once and involves az and/or a4 at least twice or

(c) involves az and/or a4 at least four times

then ~ has a weight of at least two. Thus we only need to check

(a) a5?,p >0

Since ¢ has infinite order, then clearly the first form is not admissible. Note that the
second form is not admissible since 1 # a # ¢*?. With the above weights, all three

conditions in §4.3.2 are satisfied and hence by Theorem 4.3.3, P is aspherical.

Now let ¢ have order 2 < ¢ < o0 and so we will show that P is not aspherical.

Since ¢ = 1, we may obtain a reduced strictly spherical picture P over P as below

L

and so (refer §4.3.6) Y(Ap) = q(1 — ) # 0. Since P is not degenerate then by Lemma

Qa

4.3.7. P is not aspherical. .
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6.2 The subcase a # b = c

If we have P =< H,t;t%atbt~'b > where a and b are distinct non-trivial clements of

H, then we have two cases that we still can not decide.
SE1 o(a) = 2,0(b) =3

FE3 o(a) < 00,0(b) =2

Excluding these two exceptions, we have

Theorem 6.2.1 Suppose that P =< H,t;t%atbt™'b > is not an erceptional casc.

Then ‘P is aspherical except when b = a~! and b has finile order.

To prove this theorem, we consider the order of b as follows:

i. b has infinite order
ii. 4 <o(b) < o0
iil. o(b) =3
iv. o(b) = 2

The star graph P** for this case is

where ay & b1, a2 & b7 a3 & a™! and a4 & 1.

6.2.1 The subsubcase o(b) = o©

Since b has infinite order, we have to show that P is aspherical. Any admissible cycle

in P must involve a3z and/or a4 at least twice. Thus we may assign the following

weights
9(0'1) = 0(az) = 0,0(a3) = 0(04) = ].

Since all three conditions in §4.3.2 are satisfied, then by Theorem 4.3.3, P is aspherical.
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6.2.2 The subsubcase 4 < 0o(b) < o©

Assume that b # a™" and so we will show that P is aspherical. Consider the weights

0(c1) = 0(a2) = O(a3) = 0(ay) = -é—

Since all edges in P** have weight 7 then all admissible cycles of length four or more
must have weight of at least two. Thus we only need to check all cycles of length two
and three. There is no admissible cycle of length two because b* # 1 and a # 1. Any
admissible cycle of length three will produce relations 4°* = 1,ab =1 or ab~! = 1. Since
none of these relations holds, then there is no admissible cycle of length three and so

all three conditions in §4.3.2 are satisfied. Thus by Theorem 4.3.3, P is aspherical.

Now let b = a~! of finite order. So we have to show that P is not aspherical.

Clearly
tlatht='b=1 = 3~ Hbt"b=1

= 1% =b"1tb"1t-1}.
Since t2? is conjugate to b~! of finite order, then ¢ must have finite order and hence

(refer §4.3.5) P is not aspherical.

6.2.3 The subsubcase o(b) = 3

Assign the folowing weights

O(a;) = 0(ay) = -3-,9(03) = 0(ay) = 313-

Since the minimum weight is 1/3 we need to check all cycles up to length five. Since
any cycle of length five must involve a; or a; at least once then the minimum weight
for a cycle of length five is 4-1/3 +2/3 = 2. Thus we just need to check up to length

four. The possibilities (up to cyclic permutation) are:

length 2 length 3 length 4

ot o’ ot
o> az’ ai?

(aaﬂf-?i']):El 01(0303{1)*1 Off(ﬂ:.acti'1 ):tl
az(aziag)* ej(az’ay)®!

(azazt)E?
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If we assume that a2 # 1 (SE1) and b # a~!, then we have to show that P is

aspherical. By the above assumptions, the possible admissible cycles of length less
than five are o, a3°, o?(cza;')*! and a(a;'as)*!. They have weight two, and so

all three conditions in §4.3.2 are satisfied. Thus by Theorem 4.3.3, P is aspherical.

Now suppose that b = a™!. Then

t2atbt~b =1 = 2~ Ubt-1h =1
= 1% = p~1tbh~1¢-1p,

Since b® = 1 then t° = 1 and hence (refer §4.3.5) P is not aspherical.

We still can not decide asphericity when a = 1 (refer SE1).

6.2.4 The subsubcase o(b) = 2

Suppose that a have infinite order, then clearly b + a~!. Thus we have to show that

P is aspherical. Assign the following weights
0(a1) =0(az) =1,0(a3) = 0(ay) = 0.

Since a has infinite order, any admissible cycle must involve a; and/or o, at least

twice and hence has a weight of at least two. Thus by Theorem 4.3.3, P is aspherical.

For the case when a has finite order, then we still can not decide (refer FE3).

6.3 The subcase a = c ;é b

We encounter quite a number of exceptions in this case.

SE2 o(b) = 3,0(a) =4
FE4 o(b) =2

FE5 o(a) = 3,0(b) <

+3  +4

FEG6 b has finite order and b # a™', a?, 4% a

or b2 £ a**ora # b2 pE3
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Excluding these exceptions, we have

Theorem 6.3.1 Suppose that P =< H,t;t?atbt~'a > is not an erceptional case
where a and b are distinct non-trivial elements of H. Then P is aspherical if and

only if none of these holds:
1. o(a) = 2,0(b) < o0
2. b=a"? of finite order
3. b=a?o0(a)=3 or4

To prove this theorem, we consider

i11. o(b) < ola

( 00
1. o(a) < o(b) = oo
( 00
iv. of

where oy < a” 1,0, & b7 az & a~! and a4 & 1.

6.3.1 The subsubcase o(a) = o(b) = o

Note that none of the conditions 1,2,3 in the statement of the theorem holds, so we

have to show that P is aspherical. Assign the following weights
0(a;) = 0(az) = 0,0(a3) = 0{a,) = 1.

Since a and b have infinite order, then any admissible cycle mnust involve a4 and for

a4 at least twice. Thus all three conditions in §4.3.2 are satisfied and by Theorem

4.3.3, P is aspherical.



6.3.2 The subsubcase o(a) < o(b) = oo

Clearly b ¢< a > and so none of the conditions 1,2,3 in the statement is satisfied.

Thus we have to show that P is aspherical. Consider the weights

B(o1) = 1,0(cz) = 0,0(3) = O(cg) = .;.

Let v be any cycle in P*. If ¥

(a) involves a; at least twice or

(b) involves a; at least once and involves a3 and/or a4 at least twice or

(c) involves a3 and/or oy at least four times

then 7 has a weight of at least two. Also note that since b has infinite order then

clearly a3 is not admissible. Thus we only need to check (up to cyclic permutation)

cycles of the form

ab(azlas)*,p > 0.

They are not admissible since 1 # a # b*. Since all three conditions in §4.3.2 arc

satisfied, then by Theorem 4.3.3, P is aspherical.

6.3.3 The subsubcase o(b) < o(a) = c©

We can not use the weight test anymore. Again we have to show that P is aspherical
since none of the relations in hypothesis is satisfied. It suffices to show that there is

no reduced strictly spherical picture P over P. Suppose there were. In picture P we

may have a region ®; of the form

We call ®; a bad region. Note that ®; can not be a bad region but ¢, and ¢, are

possible. Also note that a 3- or a 4-region (refer §4.4.1) can not share an edge with a

bad region.
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We may assign the angle function

Thus by Lemma 4.3.4, there exists an exceptional region ¢ of valence m with positive
curvature. Since the maximum angle is 27 /3, then we have m 27 /3 > (m —2)mr which

means that m < 6. From Appendix B.1.1 we conclude that P is aspherical except

possibly when o(b) < 5.

Since a 3-region can not share an edge with a bad region then the maximum angle
for any corner in a 3-region is 7/2. Thus if o(b) = 4 or 5 then for any 3-region of

valency four or five, the curvature is not positive. Hence we just need to check when

o(b) = 2 or 3.

1) o(b) =3

Clearly the only exceptional region is a 3-region ¢ of valence three with label bbb.
Since the maximum angle of any corner in ¢ is 7/2, then the curvature y(¢) < n/2.
We may distribute 7/6 to each region ¥ that shares an edge with ¢. First note that W
is not a 3-region o. a bad region. We have to make sure that the new curvature for W
remains non-positive. Note also that by the observation in §4.4.1, in every three edges
of U there is at most one 3-region. Thus we do not want (assume that ¥ has valence
m) (m —2)r < m-2r/3+m/3 - m/6 which means that m < 7z. If ¥ has valence

seven then ¥ may share an edge with at most two 3-regions. Then the curvature
V(W)L T-2n/34+2-7/6—-5mr =0

and so it is not exceptional. From Appendix B.1.2, we know that there is no possible

label if ¥ has valence six or less. Thus P must be aspherical.
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2) o(b) = 2

At this moment we can not decide asphericity for this case (refer FE4).

6.3.4 The subsubcase o(a), o(b) < oo
When is P aspherical?

Excluding FE6, note that a® # 1 since otherwise hypothesis 1 is satisfied. It sufficos

to show that there is no reduced strictly spherical picture P over P. Suppose there

were. Then as in §6.3.3, assign the angle function

| T

Since all discs in P are flat, then by Lemma 4.3.4, there is an exceptional region ¢ of

valence less than six (refer §6.3.3). From Appendix B.2.1, we may conclude that P is

aspherical if o(a), o(b) > 6.

As in §6.3.3, there is no 3- or 4-region sharing an edge with a bad region. Thus the
maximum angle for any corner in a 3- or a 4-region s 7 /2. Thus if they have valence
four or more then they are not exceptional regions. Note that there are regions of

valence five with label laaaa and lalaa

Since they share an edge with at most one bad region, the total sum of angles is less

than or equal to 2-27/3 +3-7/2 < 3w. Thus they are not exceptional regions cither.

91



However there is a possible exceptional region of valence four with label laaa. The

complexity of this region together with a bad region does not enable us to decide

asphericity when o(a) = 3 (reter FES). Thus if o(a),o(b) > 4 then P is aspherical

and so we just need to consider when o(b) = 2 or 3.

1) o(b) = 3

Assume that o(a) # 4 (refer SE2). As in §6.3.3, the only exceptional region is a
3-region of valence three with label 0bb. Using the same argument, we need to check

a region ¥ with label aalV of valence six or less. From Appendix B.2.2 there is a

possible label namely laaaaa.

Since ¥ may share at most an edge with a bad region then there are most two corners

having angle 2m/3. Thus the curvature
N (U)<(2-27/34+4-7/2)+7/6 —-41 <.
Thus ¥ is not exceptional and hence P must be aspherical.

2) o(b) = 2

We can not decide asphericity for this case (refer FE4).

When is P not aspherical?

If one of these holds:
1. a2 =1,0(b) < o©
92 b = a~? of finite order

3. b= a2&0(a) =3
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then P is not aspherical.

Suppose that a® = 1, then

tatbt~la =1 = t2q-tbt-1q = 1
= ¢ = qtb~l4-1g-1

So we know that ¢ has finite order since it is conjugate to b=! of finite order and hence

(refer §4.3.5) P is not aspherical.

If b= a2, then consider

We can join an appropriate number of these (according to the order of b) to form a

reduced strictly spherical picture

b-l

} 4 -
o

b

b

and so (refer §4.3.6)
= (1L+b+0"+ -+t a + 7 ata — t™'atat — t7'at ™),

We can not use the mapping i as in §4.3.6 for this case and so we will consider another

ring homomorphism. Consider
¢:ZG — Z(Hx < z;2° >),
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the ring homomorphism arising from the group homomorphism defined by
Hw— Ht— 2.

Then

1+b+---+b""1)(a1r+ag-a2;r—a)

(
(1+a+---+ azq"z)(a:’ —a)(l - x)
0

a

Thus ™ is not degenerate and hence P is not aspherical.

For the third case, we draw

and so (refer §4.3.6) ¥(Ap) = 3(1 — z) # 0. Then P is not degenerate and hence by

Lemma 4.3.7, P is not aspherical.
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Remark

This case is the most difficult to handle because we have a bad region

It is quite difficult to keep track in argument while handling these regions. Thercfore

we can not decide for the case when o(a) = 3 (refer FE5). The complexity of these

regions also makes us unable to decide for the other exceptions.

&

6.4 The subcase a,b and ¢ are distinct

Throughout this section we assume that a # b™' since (refer operations in §4.1.1)

20~ Ubt~le 28 ibtbb bbb~ e = tht?bt=!c
th=1t—2p~ 14" 1e"]
A A A B T

e N Toa A B
which is subcase 6.3. Thus one may refer §6.3 when a = 6!,

If we have P =< H, t;t?atbt~'c > where a,b and ¢ are all distinct non-trivial

elements of H, then we have three special exceptions and a family of exceptions that

we still can not decide.

SE3 a2—_.-b3=1anda=c"2

95



SE4 o(c) = 3,0(b) = 2,b = ac,c = a’

SE5 o(c) = 6,0(b) = 2,b = ac,a = ¢?

FE7 * =1 and a = ¢™* where 4 < o(c) < o0

Excluding these exceptions, we have

Theorem 6.4.1 Suppose that P =< H,t;t*atbt™'c > is not an exrceptional case

where a,b and c are distinct non-trivial elements of II. Then P is aspherical if and

only if none of these holds:

1. a=c1,

o(b) < o0

2 b=ac and-:;+&1-+;cl-> 1 where o(a) = p, o(b) = g and o(c) = k (L := 0)

0

To prove this theorem, we will consider the following subsubcases separately.

1.

11.

iiil

1V.

V1.

b and ¢ have infinite order

o(b) < o(c) = 0

And if both b and ¢ have finite orders

o(b) = o(c) = 2
o(b) = 2,0(c) >3
o(b) = 3,0(c) >3
3 < o(b),0(c) < o0

Note that up to equivalent presentations, we may identify b & ¢!, so we do not

consider the subsubcase o(¢) < o(b) = oo, the subsubcase o(c) = 2,3 < o(b) < oo

and the subsubcase o(c) = 3,3 < o(b) < oo since the result and proof are similar to

subsubcases 6.4.2, 6.4.4 and 6.4.5 respectively.

The star graph P* for this case is

where oy & ¢ Lo, & b7 az & a! and a4 & 1.
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6.4.1 The subsubcase O(b) — o(c) = OO

Since b and ¢ have infinite order, we have to show that P is aspherical. Any admissible

cyclein P** must involve a3 and/or a4 at least twice. Thus we may assign the following

weights
9(01) - 9(02) = 0,9(0!3) = 0(&4) = 1.

Since all three conditions in §4.3.2 are satisfied, then by Theorem 4.3.3, P is aspherical.

6.4.2 The subsubcase o(b) < o(c) = o©

We have to show that P is aspherical if and only if a # ¢™!.

Suppose first that a # ¢™'.

If a # ¢*?,p > 1 then we may assign the weights

0cy) = 0,0(0) = 1, 0(cxs) = 0(ceg) = -12-

Let 4 be any cycle in P, If o

(a) involves a; at least twice or

(b) involves a; at least once and involve a3 and/or a4 at least twice or

(c) involves a3 and/or a4 at least four times

then v has a weight of at least two. Clearly afk, k > 0 is not admissible since ¢ has

‘nfinite order. Thus we just need to check cycles of the form

a?(a3a;1)ilaq > 0.

They are not admissible since 1 # a # ¢*?. Then all three conditions in §4.3.2 arc

satisfied and hence by Theorem 4.3.3, P is aspherical.

If a = ¢*?, p > 2 then a must have infinite order since o(c) = co. We may assign

9(052) = ].

0(a;) = 0(az) = 9(0‘4) = ';'v

Let v be any cycle in P If v

07



(a) involves a; more than once or

(b) involves ; and a; at least once each and involves a3 and/or ay at least

twice or

(c) involves a3 and/or a4 at least six times or

(d) involves a; at least twice and involve a3 and/or a4 at least twice or

(e) involves a; at least once and involves a; and/or a4 at least four times

then v has a weight of at least two. Thus we just need to check

(a) oF* k<6
(b) (asa;)F,l1=1,2
(¢) ai(asa;’)™

Since ¢ and a have infinite order then the first two forms are not admissible. The last

form is not admissible since a # ¢*'. Thus P must be aspherical.

Now suppose that a = ¢™!. Then
tatbt~'c= 1= t* = "™t e

Since b has finite order, then so does ¢ and hence (refer §4.3.5) P is not aspherical.

6.4.3 The subsubcase o(b) = o(c) = 2

In this subsubcase, we have to show that P is aspherical if and only if either ¢ has

infinite order or b # ac.

When is P aspherical?

It is suffices to show that there is no reduced strictly spherical picture P over P.

Suppose there were. Then we have two forms of double bonds

=

ac
! |
Qac
b
-.::.::> Q Q
b

08




and so we have a new derived picture I’ such that every disc has valence four. We

may assign the angle function

. v ’ ] N .
and so there is an exceptional region ¢ of valence less than four. Finding all pos-

sibilities (refer Appendix B.3.1), we conclude that P is aspherical except possibly

if
l. b=ac
2. ba = ac
1) b = ac

Since b = ac then a must have infinite order since otherwise hypothesis 4 would he

satisfied. We may assign weights

0(a1) =0(az) = 1,0(a3) = 0(ay) = 0.

Since a has infinite order and o(b) = o(c) = 2 then clearly (aza;')**, ai{azay’ )*? and

az(a;taz)*? are not admissible. Thus any admissible cycle must involve ey and jor a;

at least twice and has weight of at least two. Thus by Theorem 4.3.3, P is aspherical.

2) ba = ac
Clearly b # ac since otherwise a would be trivial. Also ac # ca since otherwise we

would have b = ¢. Since (refer operations in 3§4.1.1)

2atbt™lc "5 ta Yta lata'bat™le = ta~t3ct e

+tal
——I—> te™t"at~ !
L e 20407
I ey

which is subcase 6.2, one may refer §6.2.4 for this case.
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When is P not aspherical?

If b = ac and a has finite order then P is not aspherical. Consider

and hence (refer §4.3.6) ¥(Ap) = 2(z — 1) # 0. Since P is not degenerate then by

Lemma 4.3.7 P is not aspherical.

6.4.4 The subsubcase o(b) = 2,3 < o(c) < o©

When is P aspherical?

Assume that none of the relations in hypothesis is satisfied. The technique used here

is a combination of curvature and weight tests.

Suppose that there were a reduced strictly spherical picture P over P and so we

may have a double bond

Q Qc
-

We may regard it as a single disc and so we have a new derived spherical picture P’

such that every disc has valence four. Assign the angle function
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and then by Lemma 4.3.4, there exists an exceptional region ¢’ with positive curva-
ture. If & has valence m, then (m —2)m > m - n/2 which means that m < 4. Thus ¢’

must have valency two or three. Then we may conclude that P must be aspherical

(refer Appendix B.4.1) except possibily if b = ac or ac® = 1.

1) ac’ =1

It is quite clear that if ac® = 1 then o(c) > 4 since otherwise a is trivial or equal to

c. Also b # ac since otherwise b = c. At the moment we can not decide for this case

(refer FET7).

2) b=ac

Now assume that b = ac and so ac® # 1. We will use the weight test to get more

nformation. Recall that the star graph P* for this case is

where a; & ¢ Lo, & b7 az & a™! and a4 ¢ 1.

a) o(c) > 6,a £ ¢?

By hypothesis 4, o(a) > 2. Assign weights

0(az) = 1.

9((1’1) — 9((13) — 9(0’4) — é‘,

Since the minimum weight is 3, then we need to check cycles up to length five. Note

that any closed path involving a2 twice or a; and a; at least once cach has a weight of

at least two. Since o(a) > 2 then clearly (azay ! )il and (azay l)f" arc not admissible.

Clearly a;?(p < 6) is not admissible since o(c) 2 6. Thus we only need to consider
+1; -1 2 i2( --1) (:Y—f.i((I a—l) ] +1 —-1\?2
a; (03 a4)’ a3 (asay ), o (azay ) and af (azay )

: -1 - Y.
that is b=ai2,c2=ail,c3=a and ¢ = a**.

Clearly b # a? since b= ac = a = c. Similarly b % a~? since b? = 1.
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If c2 = a then b =ac = c = ¢® =1 then refer to SE5.

Clearly ¢* # a~! sinceb=ac= b=c.
Also ¢® # a1 since b= ac = b= c"? = ¢! = 1. This would contradict the fact that

o(c) > 6.

Similarly if ¢ = a® then b = ac = b = a®. Then we would have @® =1 and so * = |.

Clearly ¢ # a=? since b = ac = b= a.

Thus none of them is admissible. Hence we may conclude that P is aspherical.

b) o(c) > 3(a = ¢’ if o(c) > 6)
Start off by assigning weights

9((1’1) =] — 27},9(&2) — 1,0(03) — 0(04) — 1}

such that o(c)(1 — 2n) = 2. This guarantees that any admissible cycle involving just
a; has a weight of at least two.. Note that any closed path involving a; twice or a)

and a-, at least once each has a weight of at least two.

Now we claim that any admissible cycle v just involving a3 and a; has a weight

of at least two. Suppose that v has weight less than two . Since 4 has weight of at

least 2no(a) then

2
o)) ole) <

242
@) " oo

Also since we assume that 0( 7+ 2 + (c) <1 (refer hypothesis 4), then we would have

2no(a) <2 = (1 —

= 1K

2 2
1< ===+ =<1

(a) ~ olc)

which is not possible.

]

Let v be any admissible cycle of the form a;(a3 ay)*?. For such v to have weight

less than two we require 1 + 2ng < 2 and so we need (1 — Ef'é_))q < 1 that is

ofc) 2
o(c) — 2 _1+o(c)-—2'

q <
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Since o(c) > 3 then ¢ < 3 and if o(c) > 4 then g < 2. Clearly az(a3'ay)*! is not

admissible since a # b*!. If o(c) = 3 then we need to consider ¢ = 2 that is b = a*2.

+2 3

Since o(b) = 2 then b= ac = a = c if b = a®. Thus az(e3 a4)*? is not admissible.

Then we just need to consider all cycles of the form af?(asaz')? for some p and

g such that their total weights i1s less than two. We will show that they are not

admissible. Note that a;(asa;') is not admissible since a and ¢ are distinct. Also

since we assume that a # ¢~! then ai’l(a;;a;'l) 1s not admissible.

1) o(c) =3
S) = % th have t 1d
ince 17 = ¢ then we have to consider

+2

25 (030;1)10:1“( n

aza;!)? and afl(aza;l)?

that is ¢ = a¥!, ¢ = ¢*? and ¢ = a®°.

Since ¢ = 1 then clearly ¢® # a. Otherwise hypothesis 1 would be satified.
Also ¢? # a~! since both a and c are distinct.

If ¢ = a? then refer to SE4.

Now suppose that ¢ = a™*. Then b = ac = b= a which is not possible.

Ifc=a3thena®=1. Alsob=ac=b=a'=«* = 1. Thusa = 1.

v -3 t .
NOw supposec that ¢ = a™". Then b = ac = b = ({2 — ({'l = | Then we would have

a = 1.

Thus none of them is admissible.

ii) o(c) = 4
Since n = % then we have to consider

af?(aza]!) and of ' (azat)?

: — k2
that 1s C2 = Clil and ¢ = a™~°*.

Clearly ¢? # a*! for otherwise since b = ac we would have b=c’>=¢' = b= .

If ¢c = a? then a® =1. Alsob=ac= b= a® = «® = 1. Then we have «? = | which

contradicts the fact that o(a) 2> 4.
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2

We can not have relation ¢ = a™ since b = ac would imply b = a.

Thus none of them 1s admissible.

1ii) o(c) = 5
Since 7 = = then we have to consider

-1

o (aza;!), of(aze;?) and ot (aza!)?

that is ¢® = a*!,¢? = a*! and ¢ = a*2.

If c® = a then b=ac = b=c*=> c® = 1. Since o(c) = 5, this is not possible.
Suppose that ¢® = a™!. Then b=ac=>b=c"? = ¢! = 1. Again this is not possible.
Ifc2=athenb=ac=>b=c=>c=1=c=1.

Also ¢* #a" ! sinceb=ac=>b=c.

Suppose that ¢ = a?, then a'® = 1. Also b=ac = b =a® = a® =1 and hence a? = 1,

contradicts the fact that o(a) > 4.
Ifc=a%thenb=ac=>b=a.

Thus none of them is admissible.

iv) o(c) > 6,a = ¢*

Note that a = ¢°,b = ac = b = ¢* and hence ¢® = 1. Since o(c) > 6 then clearly

o(c) = 8. Thus n = ; and so we need to consider

ai':z(aga;[l) and ail(a3a’:l)2

that is ¢2 = a*! and ¢ = a*2.

Since a = ¢ and o(c) = 8 then clearly ¢? # a*!.

SUPPOSB th&t C = ('12 a.ﬂd SO a4 = C3 = (15 = 1. AISO b - aAC = b = a3 = a,ﬁ —3 0 Then

a=1.
Clearly ¢ # a~? since b = ac = b = a.

Thus none of them i1s admissible.

When is P not aspherical?

We have to show that if one of these holds:
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l. a=c"!
2. b=acand é+%+i—> 1 where o(a¢) = p and o(c) = k
then P is not aspherical.
If a = ¢! then we have
tlatht™'c=1=1* = atb™'t 10",
Since b =1 then we have t* = 1 and hence (refer §4.3.5) P is not aspherical.

For the second case, consider

1) o(a) = 2,0(c) < o0

Consider

2¢(1 — x) # 0. Thus P is not degenerate and

If o(c) = q then (refer §4.3.6) v'(Az)

hence P is not aspherical.
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24(1 — ) # 0. Thus P is not aspherical.

Here we have (refer §4.3) ¥(Ap)

r) # 0 and hence P is not aspherical.

) = 60(1

Thus (refer §4.3.6) ¥(Ap
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2
7

Sk

Thus (refer §4.3.6) ¥(Ap) = 24(1 — x) # 0. Since P is not degencrate then P is not

aspherical.
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Thus (refer §4.3.6) ¢¥(Ap) = 60(1 — z) # 0. Since P is not degenerate then P is not

aspherical.

6.4.5 The subsubcase o(b) = 3,3 < o(¢) € oo

When is P aspherical?

Assume that none of the relations 1-4 in the statement of Theorem 6.4.1 holds. Assign
the weights
2 1

9(&1) = 9(02) — 5,0(03) == 0(&4) = -3-‘

Then the only possible admissible cycle with weight less than two is (a3a7!)%2, So if

o(a) # 2 then P must be aspherical.

If o(c) > 6, then assign the weights

Oar) = 3,000) = 2,0(cs) = O(ay) =
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Since a # b~! or ¢! then one may check that all admissible cycles have weights

of at least two. Thus by Theorem 4.3.3, P must be aspherical.

From the above two arguments, we know that we only have to consider:

3. o(c) =3,0(a) =2

We also assume that b # ac in any of these three cases because otherwise hypothesis

4 is satisfied.

Now suppose that there were a reduced strictly spherical picture P over P. Con-

sider any 3-region

to P'. Since every disc is flat then by Lemma 4.3.4, there is an exceptional region ¢’
with positive curvature. If ®' has valence m. then (m — 2)7 < mn/2 which means
that m < 4. Finding the possibilities for ® (refer Appendix B.5.1), we may conclude

that P is aspherical except possibly a = c—2

From the above weight test argument. we know that P is aspherical except possibly
if 3 < o(c) £ 5 and a® = 1. Combining with the curvature test (¢ = ¢~%) immediately

2bove we may conclude that P is aspherical except possibly e’ =0 =c' =1 and

a = ¢~ *. This is an exceptional case that we can not decide (refer SE3).
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When is P not aspherical?

We have to show that if one of these holds:
1. a=c',0(b) =3
2. o(a) =2,b=ac,o(c) =3,40r 5

then P is not aspherical.

If a = ¢! then

t2atbt e =1 =t = atb™ g !

and so t has finite order. Hence (refer §4.3.5) P is not aspherical.

For the second case, we draw reduced strictly spherical pictures

i) o(c) =3
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6.4.6 The subsubcase 3 < o(b), 0(c) < oo
We have to show that P is aspherical if and only if a # ¢™1.

Suppose that a # ¢~'. Then assign the weights

0(c) = B(0z) = B(as) = 0(c) = ;

Since a # b~! or ¢! then all admissible cycles have weights of at least two. Hence by

Theorem 4.3.3, P is aspherical.

If a = c~! then

2atbt e =1=t% = qtb~1t"1q7 L.
Since t? is conjugate to b=1 of finite order, then t also has finite order and hence (refer

§4.3.5) P is not aspherical.

6.5 Exceptions

The following are all special exceptions that we still can not decide.
SE1 t%atbt™'b: o(a) =2,0(b) =3
SE2 tlatbt™'a: o(b) =3,0(a) =4
SE3 tlatht™'c: a’=0’=1and a=c"?
SE4 tlatbt~'c: o(c) =3,0(b) = 2,b = ac,c = a?
SE5 t%atbt~'c: o(c) =6,0(b) =2,b=ac,a = c?
We also can not decide for the following family of exceptions:
FE1 t3at~'b: of(a) =2,0(b) 2 4 and ab = ba
FE2 tat~b: 3 <o(a)<ooanda=>b
FE3 t2atbt™'b: ofa) < c0,0(b) =2
FE4 t%atbt™'a: o(b) =2
FE5 t2atbt™'a: o(a) =3,0(b) < o0
FE6 t2atbt'a: b has finite order and
b+#at,a?a=3 a* or
b? #£ a*? or a # b*?,b*°
FE7 tlatbt~lc: a = c ¢ of finite order, b* = 1 and o(c) > 4
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Appendix A

Reference for Chapter 5

Let P be any reduced strictly spherical picture over P. Thus we do not have

I:: a i QL a'l |
blo alb ) | o b |

Hence in any first derived picture P’, we do not have the following

the

following

for some words Wy, Wa, W3 and W, (possibly empty). Also note that

e olb %
| ja ! i 1 i 1)

is not possible but
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is possible and so we may have

] W, (Iw,y'

A.1 Reference for §5.2.2

We have the following

where ¢ and ¢ must have labels of the form
(ab-—lab-l e ab-'l):!:l, (ab"lab_l - ab*la)il or (b-—lab-—la L b_lab__l)i‘

while d and d must have labels 1,a,a™!,b or b~!. Note that we have to find possible

labels for @' of valence two and three. Note that there is no region in P’ of valence

two as follows:

T

since they would contradict our choice of ‘square’ discs. Thus ae and bb are not

possible for ®’. Clearly we can not have a region with label aaa or bbb since ola) =
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o(b) = 2. Hence any possible label must be a mixture of ¢,c’,d and d'. Since o(a) =

o(b) = 2 and any product of labels in any region is 1 in H, then we obtain
ab—lab"l . -ab'l — 1, ab'lab'l v ab_la = 1 or b“lab_la P b"lab-l - 1.

The first form is not possible since ab™! has infinite order while the last two forms are

not possible since @ and b are not trivial. Thus there is no possible label for ¢'.

A.2 Reference for §5.2.3

Throughout this section, all restrictions in A* is applicable.

A.2.1 Possibilities for &’

We have the following discs:
{ L;' b..; b-iﬂ
AN M : = b | M
Q \) @ b ba b a

We will find the possible labels for ®’ of valence two and three. Any possible label
will give a relation and so most of them can be eliminated immediately. We mark *
if they seem possible and leave unmarked if they are obviously not possible. Here we
also assume that a and b are distinct such that a # 6~',b% or b® while a? = 1. As in

Appendix A.1, we do not have the following

> 8 9
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valence 2

15~!  ba b=lab ab al ba b laa
16-'a ba~! b7la ab! ab bl b lab lax
la ba= b b lal ab™!

valence 3
lla 161 bbbx  bbbx b=lalb™!
1la™? 16-11 b1l  bba b=lab—1b~!
11 1ba blb  bba~'b b~laal
11671 1671a bla=! baa b='abl
116-'a  1bb bab  ba~la™! b=lab~'b™!
116~Yaa 1b71b7'a bal  ba~lba™'bx b~ lab~lal«
16~tab  1lab b11 b-tab~laa
16~ 1ab™! 1lab™! bba
lab™'a blb~ta
167 'a ba=1b1
16~
16-1b71q
aada abb bba b-lab~lab lax
aab alb bbl b-tab™laa
aab™! aal baa b-lab~lab~ !«
aab™'a aab bab b-lall
all abl bab~lax b 'abl
alb™! aba~lbx  bla b='abax
aldb=la ab~labx  blb b-talb~lax
abl ab~tal b1b-'a b7 lala
aba ab™11
ab~la~1bx

Gince any possible label gives a relation, we have the following possible relations:
1. ab~lab™! =1
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3. b=(b"1a)?
4. b°> =1
5. bab™la =1

A.2.2 Possibilties for "

We are dealing with the second derived picture P”. Note that all restrictions A* is

also applicable. In picture P, we have the same discs as in A.2.1 together with extra

discs of the form

for some n. Since no other relations listed in (5.1) hold (except (ab=!)? = 1), then all

possibilities listed in A.2.1 are no longer possible. Since we have extra discs, we also

some extra possibilities for ®” as follows:

valence 2

b'ﬂ.

valence 3
11 b"1b b la~! b*b1 b*ba~! bhal

However all of these are not possible since we assume that b has infinite order.

A.2.3 Possibilities for ¥ (o(ab™!) = 3)

Since there is only one possible region &' with label b=lab—tqb-1q (refer A.2.1)
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any possible label for ¥ must be in in the form bW for some word W. We mark *

if they seem possible and leave unmarked if they are obviously not possible. Here we

assume that o(b) > 6,b # (b7'a)?,ab™lab # 1 and a # b1, b? or b® where a2 = 1.

valence 2
b2
valence 3
h%bb
valence 4
bbb b%11 b’la~! b%al b*b1 b%ba?
valence 5
b2bbb blal b%bal b*b(b~1a)l
b*b11 b*1a='1 b*abl b*b(b~'a)a="
b%bla™!  b%101 b2a(b~la)l*x b°b(b~la)~11«
b%bal b*1ba~! b%bal bb(b~la)"ta~ 1«
b%bbl b*1(b7a)l bba—!1

b2bba~'x B*1(b7'a)'1  bZbbl
b?1(b~1a)"ta"1x b2bba=lx

Thus we have to consider the following relations:

1. a = b

2. b%aba =1
3. b2ab~la =1
4. bPaba =1

A.2.4 Possibilities for ¥ (o(b) = 3)

There are a lot of possible regions for @' with label bbb and none of their neighbours

that sharing an edge with @' has the same label bbb. We identify sixteen different

possible forms for W.
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Thus there are a lot of possibilities for ¥ but of course most of them are obviously not

possible. We mark * if they seem possible and leave unmarked if they are obviously

not possible. Here we assume that o(ab™") > 6, a # b2, abab™' # 1 and b # (b~'a)2.

valence 2
l: 2 : 3 : b—lal 4
2 : 6: ab™! T7: (b7la)b™! 8:
9: aqb? 10 : 11: 12: (b~1q)b™!
13 : a(b'la) 14 : 15 ; 16 : (b’la)z
valence 3
b=laldb™!
alb
alb-t b=1lalb b-laal
1: aldb~la 2 : 3 : 4 -
alb b~1gl1b-1 b=lalb~lq
all
b-1lall
ab"lb'l b-lab=1p1
ab™'b™" ab™'b b~ ab~'b b~'ab™a
J . o : 7 : 8 -
ab™'1 ab~'b7? b~lab~1p~1 b=1ab-11
ab~1571q b=lab=1p~1q
ab~ta b=1gb-14
ab™'b b=lab~1b
ab~la~1 b=lab~1lq~1
ab~ta™? b=lab~la
9: ab tab la 10 : 11 : 12: b-lgb=1p~lg
P ab~11 b-lab—11 i
b~ ta(b"a)” b=tab=(b-1q)~
¢ ( ) ab=!(b"'a)™1 b"lab""'l(b"la)"1 ab=(67"a)
ab™'b™" b~lab™ b1
ab laa
, b=lab—1q
ab~lab~la ab tab b=lab-1lab
13 : 14 : 15 : 16 : b~lab~lab~1q
ab~lab ab™lal b-lablal
b=tab~1lgb!
ab~lab™!
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valence 4

- b=lalb™la
ala
. b=lalb~1lq!
ala
b-laldbla b=lalaa~1b
ala(b'a)™?
b-lalb~11 b-lalaa
alb~la ala™'b
b=lalb~la~1b b~lalaat
aldb~1la™! ala=11
b-lalab b-lalab™1a
aldb~ b7 la ala™'(b~ta)™"
b-lalal b=lalaa=1b
alb~ta='b alb~lab
b-lalaa™'b b=lalblaa
ala® alb~1lal
1 Ih-1a-1g ] b-'alb b—laldb~laa~!
: alab™ : —la~ : :
a4 | ‘ y i) b~1g1-] b~1a1b~1ab~1a
16~ ‘aa al(b™'a)”
¢ oo ( N b=lala=1b b=lalb~laa~1b
1~ *ab™'a ala='ba " aa""bl
atv @ . b-1a1b-1ab b~1q1bb"1
1) ala”'ba”
@ al 1 " b-talb~laa™! b~lalba
160~ al
a L " b=lalb™lal b~laldb~1a
106~ "a ala™
: b-lalbb b=lalbb~1b~1
ala” b lalb
- b-lalb=1p-1 b=lalb~1a
alo™
- b=lalb™ b la
ala”
b-lalb=lqb~!
b=1b~1a
. _ ab™! bt b=lab~1b~1a
b='b"“a ~tab”
’ ab~1b"1a b=1ab=1b"%a
ab~1b tab b-lab~'b"la
ab~1p™1 b-lab-11
ab~1 b=lab~ b1
ab~1b"lab b—lab~lab™'a
ab~lab'a b~lab™%ab
ab~lab b=lab~1ba
5: ab~1b 6 7: b lab~lab 8 :
1 ab~la N b-lab la
b~ “tab”ta
e ab~1b o b= ab~bab
b=1ab b~ aab
y la 1 ab~tab™! ot 1y b-lab~1b~*
—1p- “lab™'b
ab ab~1b? ¢ 2 b=lab~lab™!
b~ 1} b=lab=1b~
y 1 a2 ab™1b? - b-lab “aab™?
ab b~
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12 :

ab~tab
ab™1b~!
ab™!
ab~la
ab™'b
ab~'aba
ab~lab™!
ab~1b~tab
ab~b"la

ab~'ab

10 :

ab la"lba~1bx

ab~!ab?

b—lab~lab™la

b=lab lba

b=lab'b"lab~'ax

b-lab~lab
b-lab~lab™!
b=lab=1blab
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b-lab~lab
b-1ab™!
b-lab™la
b-lab~'b
b-lab~'aba
b-lab~tab™!
. b=lab~1b?
b=1ab~'babb
b=tab~'ba
b=lab~b'ab
b-lab~1b"1
b-lab~1b71a
b=lab~'ab?

b~ab='a~'ba"1b

b-tab~1b
b=lab la
b=tab~tabab
b=lab~1b71a
b=lab~ b a

b-lab=1b~lab~1x



13 :

ab™la
ab~taab™'a
ab~'ab
ab~lab™!
ab~laba
ab~laa
ab~'aaba
ab~lab~labla
ab~laa"1ba~'b
ab~laab™!
ab~laab
ab~lab™'a
ab~'ab?
ab~lab
ab=lab~'abx

ab lab~lab™!

14 :

b-lab lal

b~ lab~lab™!

ab~laab
ab~la
ab~lab*
ab~laaba
ab'aab™?
ab~'ab~labx
ab~lab™!
ab~lab™'a
ab~laab?
ab~taa~1ba='b
ab~1ab?
ab~'aba

ab~laba

b lablaab™la

b-lab~labax

b-lab-lablab=1x b-lab~laaba

b=lab-laa"lba~'b b lab~laab™!

10 :

b-lab~lab™la

b—lab lab la

b-lab abax
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b-lab~laab
b-lab~lax
b-lab~lab
b~lab~'aaba
b-lab~laab™!
15: p~1gb~lab='ab
b-tab~lab™?

b-lab~laab?

b-lab~laa~'baa=1b

b=lab1lab?
b-ltab~lababd

b~lab~tab
b-lab™laa
b-lab~lab lab~la
b-lab~'aab

b—lab~-1ab?



valence 5

alb=1p~?
alab
alab=?
ald™la
1: alb™?%q
albab
alb=2ab
alb=lab?
alb~lab!

b-lalb~la
b=talbab'ax
b=lalb lab~la
b=lalb~tab™?
4: b lalb™1ab?
b-lab=%ab™?
b='abab~?
b=laab™lab™?

b=laab lab

d:

alb=1H—3
alab™!

alba

alba

alb3a 2:

alb=lab

alb~tabab
alb~2ab™1
aldb~lab=?

ab~lab™!
ab~1b"1ab
ab~lab?
ab~1b=tab™?
ab='b"1aqb?
ab™1b"%ab

ab~lab—?

albab

alb~tad
alb~lab1
alb~lab? J:
alb=%ab
alb~lab=?
alb~lababx

ab~lab™!
L
ab~1b~lab~?

ab~labab~1x

ab lab~1gb1

ab~lab~labx
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b-lalb=1q
b=talb2a
b-'alba
b-lalbab~lax

b=lalb~lagb—?

b-tab~la
b""lab‘lb""m2
b=lab~1p~3
7: b~lab~1b-1q
b=lab~1b-2¢
b~lab=tab~lq

b=lab='ab~?



ab~lab

L-1
ab™la

b_l
ab™!
L3
b—l
ab™1
— b-l
b lab*lbnza ab=lab
b_lab_lb-sa ab~lab .
_ | -
: = a o b 1ab~1
a :
: a* . Lab?
b1 abla : 3
ab~lab 2 ) 2 ab 2
b~ — a |
b lab—lb—l a* ab—lab 2 ab ab3
| ab™ ﬂlﬂ
lab'lb_laba* ab=lab-1 L 10 ab s
b1 abl = :
ab ab™? * -
abax ax* ab e ab#lab ab 1
: L ab*
" bab™?!
o ab~labab *
ab?
ab™labab *
a
ab~1p~1 *
abab

a
il L] L

b-—l
ab~1
b—lab~1b 5
b1 ) b_l
. ab=1bp2
g aba -
. ab-1b~!
.- b1 ab-?t g’ a :
ab=1b - b
b1 1,51 b1 a -
ab_la ax ] b— ab_laba ab_ 1
e (ba)?+ 2 - 1,51 % 1ab?
b_l b2a b_l ab_la ab-la
> b e ab b2
b~ a _l a |
la:;;[?"lb..1 bab - ab~lab=? T -
ab lab s ; lb_lab_
g laba v 1
. | ; ababx
abax N
b1
" abx
(ab™!
2
ab lb‘lab)

b—lab™!
abab™la
%

a a
( )
a
(
)
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ab™'ab (b~'a)? (b=1a)?1
ab~lab? (b~ 'a)*bax (b~1a)b'a
ab~lab? (b='a)?bab~x (b='a)*bax
ab-1ab> (b-1a)2b~1q (b=a)*b~2ax
ab~'ab™ (b='a)*(b7'a)? (b~1a)2b~?

14 : ab~'ababx 15: (b7'a)%b%a 16 : (b~'a)2b lab~'x
ab~'ab™'abx (b='a)?b2ax (b=1a)*b " abax
ab~'(ab™')? (b~'a)?bab®* (b='a)?(b'a)’
ab~labab*« (b=1a)*bab=1+ (b=1a)2b~2ax
ab~labab™'x (b~ 1a)*b~1abab (b~1a)?(b~'a)?
ab~lab~!(ab)*x (b=a)*(b~'a)?b (b~ 'a)?bab~'x

Thus we obtain the following possible relations:
1. b~ tababa =1 (or b-'ab~'aba = 1)
2. b~-tabababa =1 (or b-'ab~'ab~laba = 1)

3 b~ lab lababa =1

A.3 Reference for §5.2.4

Throughout this section. all restriction in A* is also applicable.

A.3.1 Possibilities for &’

We have two type of discs
' b" %
O ¢

Now we will find the possible label for ¢’ of valence two and three. As usual, we mark

* if they seem possible and leave unmarked if they are obviously not possible. Here

we assume that a and b are distinct and a # b™" or %,
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valence 2

la 16 al aa ab™! b1 bbb bg~!

valence 3
aaax all  ab~lax bbl

bbbx a~'11 ab~'1  bba-lx
ala a7 'ba  bla-!
alb  a7'67'1 bl11
a~'1b bab~1
bal

Thus we need to consider the following relations:

l. a° =1
2. b°=1
3. a ="b*
4. b=a’

A.3.2 Possibilities for ¥

There are two possibilities for ®'—with label aaa or with label bbb. If &’ is a 3-region
with label aaa, then ¥ must have label of the form a~'6W; or 16V, for some words
W, and V;. However if ' is a 4-region with label bbb, then ¥ must have label of the

form b~'aW; or alV; for some words W; and V;. Up to equivalent we just consider

when U has label a=!bWV or 1bV.
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We need to consider up to valence five. From Appendix A.3.1, we know that there

is no possible label for ¥ of valence two or three, and so we just consider when it has

valence four or five. We mark * if they seem possible and leave unmarked if they are
obviously not possible. Here we assume that a and b are distinct and a # ™' or b
Also if o(b) = 3,4 or 5, then we assume that (b™"a)® # 1 since otherwise hypothesis 4
in Theorem 5.2.1 would be satisfied.

valence 4
a”bll 1:;(11 ~1hb1
@ bla 1b1b :-lbba 12:
a~1bl1b
v, : Uy : 1ba~'1 Vs : ¢~ 1bla Vs : 1bla
a1 1ba~'b a~1bla~1 1b1a™!
a~lba™'b
i 1baa a"lba~ta"? lba~ta™!
1ba~ta™!
valence 5
a~'b1bl a~'bla a~'blb a~lbala~?
a~lbalb™'x a~Ybab~1x  a lbabla"lx a 'bab b«
a~lba'11 a~lba~'1a”! a lba"'1b7'x a"lbab~'1x
G, a-ba=10"'a"'x a lba”'b'b @ 'bala”!'l a~'ba~'a'a™!
a~lba~ta~lbx  a~'blla a~1blla™! a~'blaa
a~1blba a~1blba=1 a=-lba"1lla a-lba~'1la~!
a"lba~1ba a~lba~lba='x a~'bb~'la a~lbb~'la
a~lbb~'la™* a~ b 1aa a~lbaaa a ba"la la™?
16161 1b1ba~!  1ball lbala™!
1bald™! 1bab='1  lbab~la~'x 1lbab™?
1ba~111 1ba~'1a™! 1ba~'1b! 1ba~'b7'l
U, : lba~'b~ta~'x 1lba~1b"% 1ba—?1 1ba™3
1ba=%b"" 1b11a 1611a~? 1bla*
161ba 161ba~"* 1ba='1a 1ba~'1la~?
1ba=bax 1ba=tba=! 1ba® 1ba=°
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a~1bbla  a~'bbla~! a"'bba? albla’
a~1bla"? a~'ba™3 a~'bb='a? a~lbb~la~?
a"1bb?1  a~'bbla a~'bb? a~tbb~?1
T, a~1bb~%a a~'bl111 a~'blla  a~'blbb
a~1bla"'l a~'bla™'b a'b1b"'1 a~'blb7la
a~lball a~'bala a"'balbx a lbab~'x

a~tbabla a1bbll a~bbla  a~'bblb
a-1bba~11 a~lbba=1b*

1bbla 1bbla~! 1bba? 1b1a?
1b1a=2  1ba™°  1bb~'a® 1bb~'a~?
166%1 1bb%a  1bb° 16641
16b~1a 16111 1611a  1b11b

| 161a~'1 1bla~'b 1b1567'1 1b1b7!a
1ball lbala  1lbald  1bad™'1
1bab~Yax 1bb11  1bbla  1bblb

1bba~'1  1bba~'b

If o(b) = 3 then we have to consider the following possible relations:
1. ba? = ab (or a*b = ba)
9. b2a = ab (or ab® = ba)

3. ab = ba

However if o(b) = 4 or 5 then we just have to check when ¥ has valence four.

From the above list, there 1s no such possible label.
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A.3.3 Possibilities for ®”

The following are the list of label for regions of valence four:

aaaa  albl lala
aall  alb™'1 151}

aala alba ab~tab~1x
aalb alb™la

aab™'1 albb

aab~la ab~'b711

ab~1b"la

Since a® = 1 and a # b™1,b? then the only possible label for ®” is ab™'ab™".

A.3.4 Possibilities for ¥; and ¥,

From the diagram we know that ¥;’s must have label of the form 6bW for some word

. Here we assume that a # b~',5? and o(b) > 6. The following are the list:

valence 4
bbbb bbb—1b-1 bbll bbla~?

bb1b=' bbal bbbl bbbax

valence 5

bbbbb bbbl1 bblal bba=?1
bbb—° bbbla=1x bblab™? bba~°

bbl11b bbb1b~1  bbla~!'l bba—4b1
bb11b~? bbbalx  bbla~* bbb~ 1lal
bbla—1bx  bbbab~! bbla~'b~! bbb~ lab™!

bbla~1b~! bbb~ 'a"'1
bb1b—* bbb=1g~2
bbb~1a=1b~1

Thus we need to consider the following:
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If a = b3 then ab~'ab~! = 1 = b* = 1 which is impossible since o(b) > 6. Note that

a # b~2 since otherwise ad=1=b=1and ablab~! =1 = b8 = 1. Then b would

be trivial.

Thus there is no possible label for ¥; of valence four or five.
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Appendix B

Reference for Chapter 6

B.1 Reference for §6.3.3

B.1.1 Possibilities for &

We only have one type of disc

I Q
alb

and we need to list down all labels for ® of valence up to five. As usual. we mark *

if they seem possible and leave unmarked if they are obviously not possible. Since «

has infinite order, then clearly b ¢< a >.

valence 2

al aa bbx

valence 3

aal alb alb™! aaa bbbx
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valence 4

aaaa a’la a ?la lala
bbbbx b%al b=2al
albl alb~11 alba alb~la

a~11b1 a~ 16711 a 11ba a~'1b1a
aa=Yba aa”'bla aa”'bl aa~1b"1]

a"la'lba a~la 1b~'a a la-lbl a~la-1)-1

valence 5
aaaaa ala a °la alala ¢ 'lala
bbbbbx b31a~! blal blala b~!1lala
baa’a™? bla*a? baaa! b%1al

baa—?%a™! bla—2a~! b2aa~la”! b*la!1

baa®1l bla®l b=%?aaa™!  b~‘4lal
baa=*1 bla=?1 b=%2aa"'a"! b %la~'l
b-1aa%a~! b~ 'la’a”! blaal b*laa™!
b-laa=2a~! b~ '1a"%a™! blaa~'l b*la~ta~?
b~laa?l b-'1a*l b=%2aaa”! b %laa™!
b-laa=?1 b '1la”?l b %aa”'l  b*la'a”!

Thus we need to consider when o(b) < 5.

B.1.2 Possibilities for P

Since ¥ shares an edge with @

then ¥ must have label of the form aaWW for some word W. Below are the list for

of valence up to six.

valence 2
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valence 3

aal
valence 4
aaal aalb aaldb™ aaa™'b aaa~'b!
valence 5
aaaal aaalb aaaldb™ aaaa™'b aaaa='b!
aalal aalb?® aaldb™? aaa™'6?* aaa='b-?
valence 6
aaa’l aaalb’® aalb’ aalala aalalb
aaa’lb aalb=? aalb=3  aalbal aalaldb™!

aaa’ldb™!  aaaa”'®? aaa”'’ aalb™'al  aaa”'la™'b
aaala='b  aaaa~'b"? aaa”'b™® aaa'bal  aaa'la”'b7!
aaa’a=1b™1 aaa-1b-1al

Since a has infinite order and o(b) = 3 then clearly none of these is possible.

B.2 Reference for §6.3.4

B.2.1 Possibilities for ¢

Assume that a? # 1. Then the list are

valence 2
al aa bbx
valence 3
aal alb alb™! aaax bbbx
valence 4
aaaax a’lax a"%la lala
bbbbx b%al b~%al
albl alb='1 alba alb~la
a-11b1 a~'167'1 a7'lba @ '1b7la
aa~ba aa”'db'a  aa”'bl  aa”'b7'l

a~la=tba a la~'b"'a a7 la"'bl ala”'b7M1
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valence 5

aaaaax a>lax a3la alalax a llala
bbbbbx b31a~! b3al blala b-1lala
baa’a? bla?a~! b*aaa™! b*lal

baa=%a~! bla”%a' blaa"la! b%la7!'1

baa?l bla?l b=2aaa™! b ?lal
baa*1 bla—21 b=%2aa~la"! b 21q-!1
b-laa?a~' b 'la?a”! blaal b*laa=?
b-laa"%a"! b 'la2a”! b*aa~'l b*1la~lq~1
b~laa’l b-11a?l b=%aaa™' b ?%laaq~!

b~ laa=?1 b-11a"%1 b *aa”!l b=%1la"1q™!

Excluding FEG6, then we need to consider when o(a), o(b) < 5.

B.2.2 Possibilities for ¥

Since ¥ shares an edge with ¢

then ¥ must have label of the form aall” for some word 1V'. Below are the list for ¥

of valence up to six.

valence 2

valence 3
aal

valence 4

aaal aalb aalb™' aaa™'b aaa"’lb"l



valence 5
aaaal aaalb aaald™' aaaa™'b aaaa™'b”!

aalal aaldb? aaldb=? aqaa”'b?® aaa"'b7?

valence 6
aaa’l aaalb’ aalb’ aalala aalalb
aaa®lb aalb™? aalb™  aalbal aalalb™’
aaa®l1b™? aaaa=10?* aaa”'b® aalb”lal aaa-11a=1h
qaaa-'b  aaaa~'b? aaa~'b3 aaa~'bal  aaa"'la”'bH7!
aaa’a™'b"" aaa™'b"'al

B.3 Reference for §6.4.3

B.3.1 Possibilities for b’

We have three type of discs

since otherwise picture P 1s not reduced. So the possibilities are:

valence 2
1(ac)™! la™! 167

a(ac)™! ab! blac) '+
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valence 3
cla clac clb ca~ 'l ca b«

cb™'1 cb~lax  cb7lac  bla~! bl(ac)-lx
bal  ba(ac)™'x bblac)™! baclx baca '«
3 b3

Thus we have to consider:
1. b = ac

2. ba = ac

B.4 Reference for §6.4.4

B.4.1 Possibilities for @’

We have two type of discs
i Ta ac
: :
clb ac

Note that in picture P’ we do not have

since otherwise picture I’ is not reduced. So the possibilities are:

valence 2

la lac afac)™" cc

valence 3
bla~? ba{ac)™! cla

bl(ac) '* baca™! clacx

bal

Clearly bc:c(czcr:)"'l and baca~! are not possible since o(b) # o(c). Thus we just need to

c,onsider
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2. b=ac

B.5 Reference for §6.4.5

B.5.1 Possibilities for &

We have two type of discs

Thus the list of possibilities are as in Appendix B.4.1. However there is only once

possibilities namely clac.
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