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results of chapter three, section 2, and chapter five are the original work of the author
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Summary

This thesis is concerned with the existence, uniqueness, approximation and multiplicity of
solutions of nonlinear boundary value problems. In chapter one, we recall some basic con-
cepts and methods which we use throughout the thesis. They include the notions of upper
and lower solutions, modification of the nonlinearity, Nagumo condition, the method of
quasilinearization, its generalization and the concept of degree theory.

In chapter two, we establish new results for periodic solutions of some second order non-
linear boundary value problems. We develop the upper and lower solutions method to
show existence of solutions in the closed set defined by the well ordered lower and upper
solutions. We develop the method of quasilinearization to approximate our problem by
a sequence of solutions of linear problems that converges to the solution of the original
problem quadratically. Finally, to show the applicability of our technique, we apply the
theoretical results to a medical problem namely, a biomathematical model of blood flow
in an intracranial aneurysm.

In chapter three we study some nonlinear boundary value problems with nonlinear nonlo-
cal three-point boundary conditions. We develop the method of upper and lower solutions
to establish existence results. We show that our results hold for a wide range of nonlinear
problems. We develop the method of quasilinearization and show that there exist mono-
tone sequences of solutions of linear problems that converges to the unique solution of the
nonlinear problems. We show that the sequences converges quadratically to the solutions
of the problems in the C! norm. We generalize the technique by introducing an auxiliary
function to allow weaker hypotheses on the nonlinearity involved in the differential equa-
tions.

In chapter four, we extend the results of chapter three to nonlinear problems with linear
four point boundary conditions. We generalize previously existence results studied with
constant lower and upper solutions. We show by an example that our results are more
general. We develop the method of quasilinearization and its generalization for the four
point problems which to the best of our knowledge is the first time the method has been
applied to such problems.

In chapter five, we extend the results to second order problems with nonlinear integral

boundary conditions in two separate cases. In the first case we study the upper and lower
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solutions method and the generalized method of quasilinearization for the integral bound-
ary value problem with the nonlinearity independent of the derivative. While in the second
case we allow the nonlinearity to depend also on the first derivative.

Finally, in chapter six, we study multiplicity results for three point nonlinear boundary
value problems. We use the method of upper and lower solutions and degree arguments
to show the existence of at least two solutions for certain range of a parameter r and
no solution for other range of the parameter. We show by an example that our results
are more general than the results studied previously. We also study existence of at least
three solutions in the presence of two lower and two upper solutions for some three-point
boundary value problems. In one problem, we employ a condition weaker than the well
known Nagumo condition which allows the nonlinearity f(¢,z,z’) to grow faster than

quadratically with respect to z’ in some cases.



Introduction

The theory of nonlinear boundary value problems is an important and interesting area
of research in differential equations. Due to the entirely different nature of the underly-
ing physical processes, its study is more difficult than that of initial value problems. A
variety of techniques are employed in the theory of nonlinear boundary value problems
for existence results. One of the most powerful tools for proving existence of solutions is
the method of upper and lower solutions. The basic idea is to modify the given problems
suitably and then use known existence results of the modified problems together with the
theory of differential inequalities, to establish existence of solutions of the given problems.
Since explicit analytic solutions of nonlinear boundary value problems in terms of familiar
functions of analysis are rarely possible, one needs to exploit various approximate meth-
ods. One of the most powerful techniques, which yields a monotone sequence with rapid
convergence, is the method of quasilinearization.

The basic idea of the original method of quasilinearization, developed by Bellman and
Kalaba [9,10], is to provide an explicit analytic representation for the solution of a non-
linear differential equations which yields point-wise lower estimates for the solution of the
problem whenever the function involved is convex. Recently, Lakshmikantham [61-63]
generalized the method of quasilinearization by not demanding the convexity assumption
so as to be applicable to a much larger class of nonlinear problems [4,5,46,47,60]. Chapter
one of this thesis deals with these and some other basic concepts and definitions.

In chapter two, we establish new results for periodic solutions of some second order non-

linear boundary value problems [61], of the type

z"(t) = f(t,z,7'),t € [0,T],

0.0.
z(0) = z(T),2'(0) = z'(T), T >0, (0.0.1)

where the nonlinearity f is continuous on [0, 7] x R2. We prove the validity of the classical
upper and lower solutions method and of monotone iterative technique to show existence
of at least one solution in the closed ordered interval defined by lower and upper solutions.
This provides estimates for the solution and a numerical procedure to approximate the
solution of the problem. We assume some monotone conditions on f to show uniqueness

of solutions. We develop the method of quasilinearization to approximate our problem as
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a sequence of solutions of linear problems that converges to a solution of the nonlinear
problem quadratically. We improve previously studied results where the nonlinearity did
not depend on the derivative [50,72]. We introduce an auxiliary function to allow weaker
hypothesis on the nonlinear function and hence prove results on the generalized quasilin-
earization method. To show the applicability of our techniques, we apply the theoretical

results to a medical problem: a model of blood flow inside an intracranial aneurysm [77-79]
2"(t) = pz’ + az — bz? — ca® — Fcos(ht), t € [0, T,
2(0) = z(T),2'(0) = z'(T),

where z represents the velocity of blood flow inside an aneurysm, and p, @, b, c, F, h are
medical parameters, varying from patient to patient.

In chapter three, we study some nonlinear boundary value problems of the type
'(t) = f(t,2,2'), t€[0,1] = J, (0.0.2)
subject to each of the nonlinear three-point boundary conditions [49, 53]

z(0) =a, z(1) = g(z(n)),
z(0) =a, 2'(1) =g(z(n), 0<n<1,

(0.0.3)

where f : [0,1] x RZ 5 R and g : R — R are continuous and may be nonlinear. We
develop the method of upper and lower solutions to establish existence results. Assuming
the existence of a lower solution « and an upper solution £, such that a« < # on J, and
the nonlinear function f satisfies a Nagumo condition relative to «, 3, we prove existence
of at least one solution z of the problem such that a(t) < z(t) < B(¢t) on J. Moreover,
we prove that there exists a constant C' which depends on &, 8 and w (Nagumo function)
such that |z'(t)| < C on J. We assume some monotone condition on f to prove uniqueness
results. We show that our results hold for a wide range of nonlinear problems, including

problems of the form
2" = |2'|P~12’ — f(z), where0<p<2,
subject to the well-studied boundary conditions
z(0) =a >0, z(1)=dz(n), 0<d<L

For these particular problems we show the existence of a positive solution when f satisfies
conditions a little weaker than 0 < f(z) < yzP +C for some ¥ < 1. For the approximation
of solution, we develop the method of quasilinearization. We assume f and its partial
derivatives up to second order are continuous and the boundary function g is convex. We
prove that there is a sequence of solutions of linear problems which converges uniformly and

quadratically to the unique solution of the original problems. We control both the function
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and its first derivative and prove results on quadratic convergence in the C! norm. Finally,
we introduce an auxiliary function ¢ and generalize the method of quasilinearization, using
weaker hypotheses on f.

In chapter four, we extend the results of chapter three to nonlinear problems with linear

four point boundary conditions [52], of the type

"(t) = f(t,z,2'), t € I =a,b],
z(a) = z(c), z(b) = z(d),

where ¢ < ¢ < d < b. Existence theory for the solution of four point boundary value

(0.0.4)

problems have been given in a number of papers by Rachunkova [82-84]. In theorem
1 of [84], Rachunkova, proved existence of solutions for the four point boundary value
problem (0.0.4) under various combinations of sign conditions on the function f(t,z,z').
In theorem 4.2.5, we study existence results under more general conditions, assuming
existence of upper and lower solutions, which are not necessarily constant, that is, there

exist a, B € C?[a, b] such that
fta(t),d(t) < a”(t), f(t,B(t),8(1) = B"(t), t € [a,b]. (0.0.5)
The conditions (0.0.5) include the corresponding conditions
f(t,71,0) <0, f(t,72,0) >0, 71 <712, 71,72 €ER,

studied in [84] as a special case. We show by an example that our results are more general.

The conditions
f(t,z,R1) <0, f(t,z,R2) >0 for all z € [r1,72] and a.e. t € [a,b],
f(t,z,R3) >0, f(t,z,R4) <0 for a.e t € [d,b] and = € [ry,72),

(0.0.6)

where, Ry <0 < Ry, R3 <0 < R4, Ry # R3, Ry # R4 studied in [84] are more restrictive
than the ones we study, and can never be satisfied in the type of example we give. Moreover,

we also study existence results under the following conditions

{ f(t,z,—R) <0, f(t,z,R) > 0 for z € [mina(t),max3(t)], ¢ € [a,d], (0.0.7)

f(@t,z,—R) >0, f(t,z,R) <0 for z € [minc(t), max 5(t)], t € (d,b],

where R > max{||||, |#’||}, which are less restrictive than (0.0.6). We develop the method
of quasilinearization and the so called generalized method of quasilinearization for the four
point problems which to the best of our knowledge is the first time the method has been
applied to such problems.

In chapter five, we extend the results to second order problems with nonlinear integral
boundary conditions [45,48]. They include two, three, multipoint and nonlocal boundary

value problems as special cases. Existence results for boundary value problems with linear
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integral boundary conditions are studied in [25,43,44,66]. We discuss two separate cases.
In the first case, we study the integral boundary value problem with the nonlinearity

independent of the derivative
2"(t) = f(t,2), te J = [0,1],

1 1
2(0) — ky2'(0) = / ha(e(s))ds, (1) + kaa'(1) = /0 ha(z(s))ds,

0

(0.0.8)

where f : J xR — R and h; : R = R(i = 1,2) are continuous functions and k; are
nonnegative constants. In the second case, we allow the nonlinearity to depend also on

the first derivative
- .’L'”(t) = f(t,(l?,Z,), teJ= [O’ ]‘]’

1 (0.0.9)
z(0) =a, z(1) =/0 g(z(s))ds

where f: J x Rx R — R, g : R — R are continuous and are nonlinear. In each case exis-
tence and uniqueness of solutions is shown via the method upper and lower solutions. We
approximate our problems by a sequence of linear problems to obtain a monotone sequences
of approximants. We show that the sequences of approximants converges quadratically to
a solution of the BVPs.

Finally, in chapter six, we study multiplicity results for three point nonlinear boundary
value problems with linear boundary conditions [54-56]. We study two type of problems,

one with a parameter r and the other without a parameter. For the first problem

—z" = f(t,z,2') —ro(t), t € J = (0,1)
z(0) =0, z(1) = dz(n), 0 <on <1,0<n <1,

(0.0.10)

we use the method of upper and lower solutions and degree arguments to show that, for
a certain range of the parameter r, there are no solutions while for some other range of
values there are at least two solutions of the problem. Existence of at least two solutions for
other boundary conditions have been studied in many papers, for example [17,23,27,80,82].
In [82], existence of at least two solutions for (0.0.10) with four-point boundary conditions
is studied in the presence of constant lower and upper solutions. In [27], ¢ is taken to
be the normalized positive eigenfunction associated with the first eigenvalue A\ = 1 of the
linear problem
z" + Az =0, z(0) = 0, z(7) =0,

existence of at least two solutions for (0.0.10) with the Dirichlet boundary conditions is
studied. Both the authors assumed that the set of all solutions is bounded above and the
nonlinearity f(¢,z,z’) is bounded for bounded z. In contrast, here we study the problem
(0.0.10) not only with different boundary conditions (three-point boundary conditions)

but also assume the existence of lower and upper solutions which are not necessarily
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constants. Moreover, we do not require the set of solutions to be bounded and allow ¢ to
be any positive continuous bounded function without requiring f(¢,z,z’) to be bounded.
In the second case, we study existence of at least three solutions in the presence of two

lower and two upper solutions for the three-point boundary value problem
—z"(t) = f(t,2,2), t€ J =[0,1], (0.0.11)

subject to each of the boundary conditions

z(0) =0, z(1)=4dz(n), 0<N<1,0<n<], (0.0.12)
z'(0) =0, z(1)=dz(n), 0<dn<Ll

In [35], existence of at least three solutions for (0.0.11) with the Dirichlet conditions is
studied. The main assumption in [35] is the existence of two lower solutions a1, a2 and two
upper solutions £;, B2 such that a; < a9, f; < B2 and that f satisfies a Nagumo condition.
The Nagumo condition permits a maximum growth rate of f(t,z,z’) with respect to z’
which is roughly quadratic. We study different problems and in one problem, we use a
condition weaker than the well known Nagumo condition, namely we suppose there are

functions ¢, ¥ such that

¢(t,2) + ¢o(t,2)8(t, 2) + f (¢, 2,6(t, 7)) <0,
$e(t,2) + ¢o(t, 2)Y(t,2) + f(t, 2,9 (¢, 7)) >0,

which conditions were studied in [11], to allow higher growth rate of f with respect to z'.
Existence of at least one solution under the above conditions is studied in [87] whereas we
obtain at least three solutions. We show by an example that our results are more general
than the results studied in [35] and that the results of [35] can never be applied to the

type of example we give.
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Chapter 1

Preliminaries

Throughout this work we will be interested in the theory of existence, uniqueness, approx-
imation and multiplicity of solutions of nonlinear boundary value problems. Depending on
the nature of a boundary value problem, we will use different tools of nonlinear analysis,
for example, lower and upper solutions methods, the method of quasilinearization, the
generalized method of quasilinearization and degree theory. In this chapter, we give an

introduction to these concepts.

1.1 Upper and lower solutions method

When we study boundary value problems for second order nonlinear differential equations
of the type
2"(t) = f(t,3,2"), t€ I = a,1] (1.1.2)

with certain linear or nonlinear boundary conditions on the compact interval [a,b] C R,
we often use the properties of lower and upper solutions for (1.1.1) to establish existence
of solutions. The basic idea is to modify the given problem suitably and then employ
Leray-Schauder theory or known existence results of the modified problem, together with
the theory of inequalities, to establish existence results of the given problem. The method
of upper and lower solutions for ordinary differential equations has been introduced by
E. Picard in 1893 [81], but the method has been further developed by Scorza Dragoni
in 1931 [20]. Such methods allow us to ensure the existence of at least one solution of
the considered problem lying between a lower solution @ and an upper solution £, such
that o < 8 are in R. The case where the upper and lower solutions are in the reversed
ordered & > B has also received some attention. Recently, the author studied existence
results for Neumann problems [46] and periodic problems [47] in the presence of lower and
upper solutions in the reversed ordered. Let us first note the definition of lower and upper

solutions



CHAPTER 1. PRELIMINARIES 2

Definition 1.1.1. [Upper and lower solutions] Let f be continuous on I x R?. The
functions a, B € C?(I) are called lower and upper solutions for (1.1.1), if they satisfy

F(t,a(t),d (1) < (1),
F(t,B(),8' () = B" (1),

for all t € I. If the inequalities of (1.1.2) are strict, then ¢, § are called strict lower and

(1.1.2)

upper solutions. For the estimation at the end points a, b of I, we use certain connections
between «, B and the boundary conditions. It is well known that for the classical two-point

boundary conditions such a connection has the following form.
e For the Dirichlet boundary conditions (z(a) = ¢, (b) = d), a, B satisfy

a(a) < ¢, a(b) < d, Bla) 2 ¢, B(b) > d

For the periodic boundary conditions: z(a) = z(b), z'(a) = z'(b), we have

o(a) = a(b), o/ (a) = &/(b),
Bla) = B(b), F'(a) < B'(b).

Similarly,

for the three-point nonlinear boundary conditions: z(a) = ¢, z(b) = g(z(n)), where

g is continuous and 7 € (a,b), we have

N

a(a) < ¢, a(b) < g(a(n)),
B(a) > ¢, B(b) = 9(B(n))-

For the nonlinear nonlocal three-point conditions: z(a) =c¢, z'(b) = g(z(n)), a<

7 < b. we have

afa) < ¢, &/ (b) < g(a(n),
Bla) > ¢, B'(b) > 9(B(n))-

For the three point boundary conditions: z'(0) = 0, z(1) = dz(n), we have
o/ (0) > 0, a(1) < §(al(n)),
B'(0) <0, (1) 2 6(B(n))-

For the four-point boundary conditions: z(a) = z(c), z(d) = z(b), where a < ¢ <
d < b, we have

a(a) < a(c), a(d) < a(b),
B(a) 2 B(c), B(d) = B(b).
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e For the integral boundary conditions:

b
2(a) — kyz'(a) /m d(s), ©(b) + kaz'(b) = / ha(a(s))d(s),

where k1, k2 € R and h;, hy € C(I) are nonlinear, we have
b
a(a) - k1o (a) < / ha(2(5))d(s), alb) + ks (5) < f ha(a(s))d(s),
Bla) — kB (a / ha (2(s))d(s), B(b) + ko' (b) > / ha(a(s))d(s).

a

A fundamental result concerning the upper and lower solutions for the problem (1.1.1)

with Dirichlet boundary conditions, is the following.

Theorem 1.1.2. Assume that a, B € C*(I) are lower and upper solutions of (1.1.1). If
[ : IXR? — R is continuous and f(t, z, ') is strictly increasing in z for each (t,z') € IxR,

then a(t) < B(t) on I. In particular, there is at most one solution.
Proof. Define w(t) = a(t) — B(t), t € I, then w € C?(I) and
w(a) <0, w(b) <0. (1.1.3)

Suppose w(t) has a positive maximum at some to € I. The boundary conditions (1.1.3)

implies that ¢y € (a,b) and hence
w(to) > 0, w'(ty) = 0 and w"(te) < 0.
However, using the increasing property of f in z, we obtain
w”(to) = &"(to) — B"(to) > f(to, alto), B (t0)) — f(to, B(to), B (t0)) > O,
a contradiction. Hence a(t) < B(t) on I. O

We need the following theorem (theorem 1.1.3 [11]) for our later work.

Theorem 1.1.3. Let f € C(I x R x R) be bounded on I x R x R. Then the boundary
value problem (1.1.1) with z(a) = 0 = z(b), has a solution.

Proof. Let M be the bound of f on I x R x R. Define a mapping T': E — E by
b
Ta(t) = [ Glt, ) (s,2(s),2'(5))ds,
a

where the Banach space E = C(I) with the norm

= t)| + max |z’ (¢ ,
lzlle = max |z(t)] + max|a’(t)]
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and G(t,s) is the Green’s function defined by

G(t,s) =

-1 J(b—=t)(s—a), Hfa<s<t<Lh,
b—a | (b-s)(t—a), ifa<t<s<b.

We note that the derivative Gi(t, s) has a jump discontinuity G;(s+,s) — G¢(s—,s) = 1.
It follows that |G4(t,s)] <1 on I x I. Letting

= — = t —
N 3%>;IG(t,8)(b a)|, N1 rsr’ltgth(,S)(b a)l,

then
|(Tz)(t)| < NM, |(Tz)'(t)] < MM.

Hence, T maps the closed, bounded, and convex set
By ={z € E:|z(t)] < NM, |z'(t)]| < NiM}
into itself. Moreover, since |(T'z)"(t)] < M, using the relation

(Tz)'(t) = (Tz)'(a) + / (Ta)" (r)dr

we have .
(T2)'(t) - (Tz)(s)| = / (To)"(7)dr < Mt — 3],

for any s,t € I (s <t). Thus {(Tz)} is equicontinuous and hence T is completely contin-
uous by Ascoli’s theorem. The Schauder’s fixed point theorem then yields the fixed point
of T which is a solution of the boundary value problem. a

Employing the notion of upper and lower solutions, let us first define a modification of

the nonlinear function f (see for example [11]).

Definition 1.1.4. [Modified function] Let o, 8 € C*(I) be lower and upper solutions
of (1.1.1) with @ < B on I and let C > 0 be such that C > max{|c/(t)|, |8'(?)| : t € I}.

Define
ft,z,C), forz'>G,

F*(t,z,2') = { f(t,2,2'), for |z'| < C,
f@t,z,~C), forz' <~C,

and

F*(t, B(t), ') + 522, for 2> B(2),
F(t,z,2') = { F*(t,z,2'), for a(t) < z < B(1), (1.1.4)
Fr(t,a(t), ) + 5559,  for z < aft).
The function F(t,z,z') is called a modification of f(¢,z,2') associated with the triple
a, g8, C.
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It follows from the definition that F(¢,z,z’) is continuous and bounded on I x R? and
that
|F(t,z,z')] < M on I x R?,

with M = My + 1 where
My = max{|f(t,z,2')| : t € I, a(t) < z < B(2), |2'(t)| < C} +ntaéa}x]a(t)| + max |B(¢)].

Here we remark that we will use different modification of f according to different boundary
value problems. Now, we consider the modified problem
t"(t) = F(t,z,2'), t €1

z(a) = ¢, z(b) =d.

(1.1.5)

We show that solutions of the modified problem lie in a region where f is unmodified and
hence are solutions of the unmodified problem. Relative to the modified problem (1.1.5),

we have the following theorem from [11].

Theorem 1.1.5. Let o, 8 € C?(I) be lower and upper solutions of (1.1.1) such that a < B
on I. Then the modified boundary value problem (1.1.5) has a solution = € C?(I) such
that

a(t) < z(t) < B(t) on I. (1.1.6)

Proof. We write the boundary value problem (1.1.5) as an integral equation

b
2(t) = ﬁ [(be — ad) + (d — )t] + / G(t, ) F(s,2(s), z'(s))ds, (L.L.7)

where G(t, s) is the Green’s function and is defined by

G(t, S) =

-1 (b—t)(s —a), ifa<s<t<b,
b-a | (-s)t-a), fa<t<s<b

Since F is continuous and bounded on I x RZ, and also G(t, s) is continuous and bounded
on I x I, it follows that the integral equation (1.1.7) has a fixed point. Hence the BVP
(1.1.5) has a solution z € C2(I,R). Thus we only need to show that (1.1.6) hold. We shall
only prove that z(f) < fB(t) on I. The arguments are essentially the same for the case
a(t) < z(t). Assume, if possible, that z(t) > B(t) for some ¢ € I. Then z(t) — 5(¢) has a
positive maximum at a point ¢y € (a,b). Hence it follows that z'(p) = 8'(t,), |2'(t0)| < C

and
z"(ty) = F(to, z(t0), ' (t0))
(to) — B(to) .

= f(to. Blto), B'(t0) + 2
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Since 8 is an upper solution,

B"(to) < f(to,B(to), B (to))

and therefore, we arrive at

(to) ~ B(to)

(t0) = "(t0) > 53y > O

which is impossible at a maximum of z(t) — 8(t). We conclude that z(t) < 8(t) on I. O

We see that existence results for solutions of boundary value problems depend on
finding an a priori bounds for the solution and its derivative. Here we present a sufficient

conditions for obtaining such bounds.

1.1.1 Nagumo condition

For nonlinear differential equations, it is commonly assumed that the nonlinearity grows
not faster than quadratically with respect to the gradient. This is a useful assumption in
order to get an a priori bound on the gradient of solution, which is part of most existence
proofs for nonlinear second order ordinary differential equations that depend continuously

on the first derivative. Consider a quasilinear equation on an interval (a, b)
2'() = f(t,z,a), tE€ L. (1.18)

The Nagumo condition permits a maximum growth rate of f(t,z,z') with respect to =’
which is roughly quadratic. To prove that (1.1.8) together with some boundary conditions
has a solution, one needs to estimate =’ on I. To this end the following natural condition
(going back to the work of M. Nagumo [74], and S. Bernstein [12] ) is imposed: for all
t€ I and 2’ € R, we have

£(t,2,2)] < ef@)(1 + |2'1). (1.1.9)

To see that (1.1.9) implies boundness of |z'|, assuming boundness of |z|. Let o be the
extremum point of z(t) and ¢; € I with tp < t; and |z(t)] < M, t € I. If 2'(t) > 0 on
[to, t1], then in view of (1.1.9), we have

(1)) ,

ol <L t))z'(t), t € [to,t1},

) < cle(0)at) ¢ € [int]
which implies that

dl1l ” d
el -2 <0, t€ [to, 1],
tzln(1+:1: ) ltC(:t) [to, t4]

’2
where C(z) = [y ¢(s)ds. This means that the function M — C(z) is decreasing on

[to, t1] and hence
In(1 + z")

5 < C(z) — C(z0), t € [to, t1], (1.1.10)
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where z9 = z(t9). It follows from (1.1.10) that z’ is bounded on [tg,1]. If z'(t) < 0 on
[ta,13], where a <tz < t3 < b. Then, again using (1.1.9), we have

z"(t) 2 —c(z(t) (1 + |2’ (t)]*)-

Hence
2" (87’ (t) < —c(z(2))(1 + |2'()[})'(2), t € [ta, t3].

As before, we can show that z’ is bounded on [t2, t3]). Hence z’ is bounded on 1.

It is important to note that this argument is independent of boundary conditions. If on the
other hand, the Nagumo condition is violated, then z’ need not be bounded. For example,
the problem (58],

3
2

"+ (1+(z')})2 =0o0n (0,2), z(0) =0, z(2) = 0

has as a solution the upper half of the circle
t-1)2+2%=1,

with infinite derivatives at ¢t = 0 and ¢ = 2. Nagumo proved in [75] that the method of
upper and lower solutions is not valid for a Dirichlet problem when no Nagumo condition
is imposed. This result is extended by Habets and Pouse [33] to the periodic and separated
boundary value conditions.

Now, we give a general definition of the Nagumo condition relative to upper and lower

solutions.

Definition 1.1.6. Let f € C(I x R?,R) and «, 8 € C(I,R) with a(t) < B(t) on I.
Suppose that for t € I, a(t) < z < B(t) and ' € R,

|f (£, 2, 2")] < w(lz']), (1.1.11)
where w € C(R,, (0,0)). If -
/ 595 _ oo, (1.1.12)
y w(s)
where
A(b — a) = max{|a(a) — B(})], |a(b) — B(a)]}, (1.1.13)

we say that f satisfies a Nagumo condition on I relative to «, 8 and the function w is

called a Nagumo function [11].

To see that the Nagumo condition implies boundness of the derivative |z’| of a solution
z of the differential equation (1.1.8), provided a(t) < z < B(t) on I, we have the following
theorem (see [11]).
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Theorem 1.1.7. Assume that f satisfies a Nagumo condition on I with respect to the
pair o, B. Then for any solution x € C*(I,R) of the differential equation (1.1.8) with
a(t) < z(t) < B(t) on I, there exists an N > 0 depending only on a, B and w such that

|z’(t)| < N on I. (1.1.14)

Proof. Because of (1.1.12), we can choose an N > X such that

sds
/}\ O) > maxﬂ(t) mllna(t)

If to € (a,b) is such that (b—a)z'(to) = z(b) — z(a), then by (1.1.13), we have |z'(to)| < A.
Assume that (1.1.14) is not true. Then there exists an interval [¢;, t2] C I such that the

following cases hold:

1. £'(t)) = A, £'(t2) = N and A < z/(t) < N for t € (t1, t2).

2. z'(t;) = N, 2'(t2) = X and A < 2'(t) < N for t € (t1, t2).

3. 2'(t1)) = =\, 2'(t2) = =N and — N < z'(t) < —Afor t € (11, t2).

4. z'(t}) = —N, z'(ts) = —Aand — N < 2'(t) < —Afort € (ty, ta).
Let us consider case (1) on [t1, to], using (1.1.11), we obtain

2" ()l (t) = |f(t,z,2")|2' (1) S w(z')7'(2)
and as a result
| /t2 z"(r)a’ | /‘2 |z (r) | (r)dr
t w(w - w(z'(r))
< /t /(r)dr = (tz) - a(t1) < max A(t) — mina(?).
1

This contradicts the fact that [}¥ &dsi > maxes B(t) — minger at).

Now, we consider case 2. Again using (1.1.11), we have

["OIZ) _ 1), ¢ € 11, tal.

h(z'(t)) ~
Hence 2 gt (g) gt —_ (¢ ta
| / Oz (t)dtl < /t 'f_éi”(jf)gl dt < /h z'(t)ds,

which implies that

| / 2081 < a(t2) — a(t) < max lE) = mina(o),

again leads to a contradiction.

Now we consider the case 3. Using (1.1.11), we obtain

2" (B’ (8) = |f(t,z,2)|2'(t) 2 w(la' ' (2), t € [t1, t,),
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which implies that

Nl [
R e AELC

The change of variable 2/ = —s, yield

/:v -:?_:) <-— /: 7' (r)dr = o(t1) — o(t2) < max B(t) - min aft),

a contradiction. We can deal with the case 4 in a similar way and therefore we conclude
that (1.1.14) is valid. .

We note that the above result is independent of boundary conditions. The following

results are useful for our later work and for detail see [11].

Corollary 1.1.8. Let w € C(Ry, (0,00)), f € C(I x R%,R) and fort € I, |z| < M and
' €R, |f(t,z,2')] <w(z'|). Assume that

f =

Then, for any solution z € C?(I,R) with |z(t)] < M, there ezxists an N > 0 depending
only on M, w, (b — a) such that
|z'(t)] < N on I

Also, N -0 as M — 0.

Now, we use the method of upper and lower solutions to prove a theorem on existence

of solution of the boundary value problem
"(t) = f(t,z,2'), t €1
z(a) = ¢, z(b) = d.

(1.1.15)

Theorem 1.1.9. Let a, 8 € C%(I, R) be respectively, lower and upper solutions of the
boundary value problem (1.1.15) such that o(t) < B(t) on I. Suppose further that f
satisfies a Nagumo condition on I relative to the pair o, B. Then the boundary value
problem (1.1.15) has a solution € C*(I) such that a(t) < z(t) < B(t) and [z'(t)] < N on

I, where N depends only on a, 8 and the Nagumo function w.

Proof. By Theorem 1.1.7, there is N > 0 depending on ¢, B, w such that |z'(¢)| < N on I
for any solution z with a(t) < z(t) < B(t) on I. Choose C1 > N so that

|/ ()] < Cy, |8'(t)] < Cion I

Then, by Theorem 1.1.7, the boundary value problem

z"(t) = F(t,z,2'), t € (a,)),

z(a) = ¢, z(b) = d. (1.1.16)
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has a solution z € C?(I, R) such that () < z(t) < 8(¢) on I, where F(t,z,z') is the
modification of f(¢,z,2') with respect to o, 8 and C) as given in (1.1.4). By the mean

value theorem, there is ¢y € (a,b) such that
(b—a)z'(to) = z(b) — z(a),
and using (1.1.13) it follows that
|z'(tp)] K A< N < C.
This implies that there is an interval containing tg, where z(t) is a solution of
" (t) = f(t,z,2').

By Theorem 1.1.7, we have |z/(t)| < N < C} on this interval. However, z(t) is a solution
of 2”(t) = f(t,x,z') as long as |z/(t)] < C;. Since a(t) < z(t) < B(t) on I and f satisfies
a Nagumo condition, We conclude by Theorem 1.1.7 that z(t) is a solution (1.1.15) on
I O

The Nagumo condition permits a maximum growth rate of f(t,z,z') with respect to
' which is roughly quadratic. In one problem we will replace the Nagumo condition by
more specialist conditions to allow higher growth rate of f with respect to z’, see Chapter
6.

We recall some definitions which we use in our later work.

Definition 1.1.10. [Uniform convergence] A sequence of real valued functions {f,}
defined on a set A C R is said to converge uniformly to a function f defined on A if for

each € > 0, there exists a natural number m(e) such that if n > m, then
|fn(z) — f(z)| < € for all z € A.

Definition 1.1.11. [Quadratic convergence] Let X be a normed space with the max-
imum norm |. || and {f,} be a sequence in X. Suppose that {f,} converge to f € X.
We say that the convergence is quadratic if there exists a natural number m and k > 0

(k € R) such that
I fns1 = Fll < Kl fn — FII? for n > m.

Definition 1.1.12. [Higher order convergence] Let X be a normed space with norm
I Il and {fr} be a sequence in X. Suppose that {fn} converge to f € X. We say that the
convergence is of order p € N, if there exists a natural number m and k > 0 (k € R) such
that

Ifn+1 = Fll < kllfa — fIP, for n>m.
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1.2 Quasilinearization

Now, we study approximation of solutions by the method of quasilinearization. The basic
idea of the original method of quasilinearization developed by Bellman and Kalaba [9,10]
is to provide an explicit analytic representation for a solution of nonlinear differential
equations, which yields point-wise lower estimates for the solution of the problem whenever
the function involved is convex. The most important applications of this method has been
to obtain a sequence of lower bounds which are solutions of linear differential equations
that converge quadratically. As a result, the method has been popular in applied areas.
However, the convexity assumption that is demanded by the method of quasilinearization
has been a stumbling block for further development of the theory. Recently, this method
has been generalized by not demanding the convexity property so as to be applicable to a
much larger class of nonlinear problems and make the method more useful in applications
(see for example [60]).

To explain the basic idea of the original method of quasilinearization, we consider some

two-point boundary value problem of the type [9, 10]

2"(t) = f(t,z), t €1
z(a) = ¢, z(b) = d.

(1.2.1)

Let us begin with the case where we have established by some other means the existence
of a unique solution of (1.2.1). We further assume that f (t,z) is convex as a function of

z for t € I. Then (1.2.1) may be written
g’ = myax [f(t, y) + fa:(t, y)((L‘ - y)]) te I) (122)
hence
' > f(t,y) + f(Ly)z —y) tEL (1.2.3)

for arbitrary y. In particular, we have
-’E” 2> f(ta 970) + fz(t,:l,‘o)(il: - xO)a te I9 (124)

where z; is an initial approximation for the solution z of (1.2.1), and is specified. For
example, zyp may be taken to be the straight line determined by the two-point boundary
condition,

d-c
.’D0=d+b

(t — b).

—a

We wish to compare (1.2.4) with the equation for z1, namely,

x’l’(t) = f(tv'BO) + fz(ta .’130)(-’131 - :L’o), te Is

z1(a) = ¢, z1(b) = d. (1.2.5)
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The comparison hinges upon the properties of the equation

w” (t) — fo(t, zo)w = g(t), t € I,

w(a) =0, w(b) =0, (1.26)

since w = & — x satisfies (1.2.6) with a positive forcing function. If the associated Green’s
function is non negative, then
z—1xz > 0.

A sufficient condition for the non negativity of the Green’s function is that f, > 0 for all

z € R. In general, we require the condition
f:l: > —'}‘11
where A, is the smallest characteristic value associated with the Sturm-Liouville equation

w'(t) + dw=0,tel,
w(a) =0, w(b) =0.

In this case \; = ﬁg. Returning to (1.2.3), we have
z(t) > u(t,y), t € I, (1.2.7)
where u(t, y) is a solution of the linear problem

() = flt,y) + fo(ty)(z—y) t €T,
z(a) = ¢, z(b) = d.

(1.2.8)

We note that (1.2.7) is valid for all function y(t) and that the equality holds for the function
y(t) = z(t). We can therefore write

z(t) = maxu(t,y), t € I, (1.2.9)

which provides an explicit analytic representation for the solution of (1.2.1). Moreover, we
observe that the function which maximizes (1.2.2), is the solution z itself. This suggests
that we employ a method of successive approximation in which y(t) is chosen at each stage
to be a lower estimate of the desired solution z(t) of (1.2.1). Continuing in this fashion,

we construct the sequence of functions {z,} bounded by z(t) and defined by
x::-f-l(t) = f(t7 zTl.) + fz(t) z11.)(31'1.4'1 - -'Bn.)a t e I,
ZTpi1(a) = ¢, Tnyi(b) =d.

Let us now establish the fundamental result that the sequence thus generated is monotone

increasing,
21 L 22Lz23<...8zp <.
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We note, using (1.2.3), that w = z,41 — zp, satisfies (1.2.6) with a positive forcing function
and hence ;41 > Z,. It follows from the monotonicity and the uniform boundedness that
the sequence {z,(t)} converges for ¢t € I.

Finally, to establish the desired quadratic convergence, we write, using the mean value
theorem,

(z — :1;,,)2

m”(t) = f(t,xn) + f:t(taxn)(x - xn) + fa:x(t,e) B

tel,

where 8 lies between z and z,. Hence using the equation for z,,; in terms of z,, we have

(z — z5)?

S el

(11: - mn+l)” = f:t(ta xn)(x - wn-}-l) + f:zz(t,e)

—za)? .
Regarding this as a linear equation for = — z,41 with the forcing term fz.(t, 9)%, it
follows that

— < ky max |z — z,|?
IItléH}XI-’E Tny1| < 11?@1' nl%

where k; is a constant.

Thus, we conclude that the quasilinearization technique provides a sequence of function
which converges to a solution of a nonlinear differential equation. The essential property
of this sequence of solutions is that each of its term satisfies a linear differential equa-
tion. Secondly, the sequence of approximate solutions possesses the important properties
of monotonicity and quadratic convergence. The most exploited property of the quasilin-
earization technique is its ability to solve nonlinear differential equations as a sequence of

linear ones.

1.2.1 Generalized quasilinearization

In this section, we explain the generalized method of quasilinearization by not demanding
f(t,z) to be convex but impose a less restrictive assumption, namely, f(¢,z) + ¢(¢,z)
is convex for some convex function ¢(t,z). In [63], the authors studied the generalized
method of quasilinearization and obtained sequences of approximate solutions converging
quadratically to a solution of an initial value problem for a first order differential equation
of the type

7 = f(t,z), z(0) = o, t € I = [0, T}, (1.2.10)

where f € C(I x R, R). Let D = {(t,z) : (t) < z(t) < B(t), t € I}. The main result is

the following theorem.
Theorem 1.2.1. Assume that

(A1) a, B € C'(I) are lower and upper solutions of (1.2.10) such that a(t) < B(t), t € I.
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(Az2) f € C|D,R], fz(t,z), fz(t,z) ezist and are continuous and satisfying fo(t,x) +
¢zz(t,x) > 0 on D, where ¢ € C[D,R] and ¢z(t,T), dzc(t,z) exist, are continuous
and ¢y (t,z) >0 on D.

Then, there exist monotone sequences {ay}, {Bn} which converge uniformly to the unique

solution of the problem and the convergence is quadratic.

(For the proof see [63]).

Recently, J. J. Nieto [76], studied the method of generalized quasilinearization for second

order nonlinear boundary value problem of the type

—a"(t) = f(t,2(t)), t€[0,7] =1
z(0) = z(w) = 0.

(1.2.11)

Assuming the existence of a lower solution o and an upper solution 8 such that o < 8 on

[0, 7] and that f satisfies the following conditions

(A1) %ﬁ(t,z), g—ié(t,z) are continuous for every (t,z) € D,

(A2) 8L(t,z) <1, for every (t,2) € D

(As3) There exists m > 0 such that %Zé(t, z) > —2m, for every (t,z) € D.

Then there exists a monotone sequence {zn} of approximate solutions which converges
uniformly to a solution of (1.2.11) and the convergence is quadratic. Here zyp = a, and the

elements z,, of the sequence are solutions of the problems defined by the iterative scheme

—5"(t) = £t 5n1(0) + [ (t,n1 (8) + 2mna ()] (2(8) = 201 (1)
- m(.'L‘Q(t) - zi__l(t)), t € [0, 7],
z(0) = z(7) = 0.

For more details see [76].

1.3 Degree theory

Definition 1.3.1. Let S be a subset of a Banach space. S is compact if every sequence
of elements of S has a subsequence convergent to a point of S. S is said to be relatively

compact if and only if its closure S is compact [39]-

Let  denote a subset on R” and C(f2) be the Banach space of continuous functions

defined on Q equipped with the supremum norm.

Definition 1.3.2. A subset S of C(Q2) is said to be uniformly bounded if there exists a
constant M > 0 with

[f(z)] <M forallzeQandall f €S,
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and equicontinuous if for every € > 0, there exists 6 = d(e) > 0 such that if z,y € Q then
|z — y| < 6 implies
If(z) — f(y)l <eforall feSs.

Theorem 1.3.3. [The Arzela-Ascoli Theorem] Let Q denote a subset of R™ and S be a

subset of C(2). Then S is relatively compact if and only if it is bounded and equicontinuous

[39].

Definition 1.3.4. [Compact operator] Suppose that S is a subset of a Banach space
B. An operator A : § — B is said to be compact (or Completely continuous) if and only if

it is continuous and it maps every bounded subset of S into a relatively compact set [39].

Now, we recall the concept of Brouwer degree for continuous mappings and state some
results that we will use later. Let £ be a bounded open set in R™. For each continuous
map f : Q > R'and y ¢ f (0) we can define an integer deg(f,€,y) which, roughly
speaking, corresponds to the number of solutions z € §2 of the equation f(z) =y. If f
is a smooth function and y is not a critical value for f, the degree is given by the simple

formula,
deg(fa Qv y) = Ezéf"l(y)‘]f(x)v

where Jf(z) = det f'(z). When y is a critical value we can define the degree by approx-
imation (see [65] for details). In general for a continuous function the Brouwer degree is

constructed via approximation with a smooth function g. Let g € C*(f) be such that

I1£(z) — g(2)] < dist(y, f(35)),

where 0 denotes the boundary of Q. We define the degree of f by setting

deg(f,Q,y) = deg(9, 2, y)-

It can be shown that this definition does not depend on the choice of the function g,

(again [65] is a good reference).

Definition 1.3.5. [Homotopy] Let ¢, ¥ € C(2) and H : Q x [0,1] - R". We say
that H is a homotopy between ¢, v, if H is continuous on Qx[0,1], H(z,0) = ¢(z) and
H(z,1) = ¢(z) for every = € Q.

We are now able to state some properties of the Brouwer degree.

Theorem 1.3.6. Let Q be an open bounded set in R®, f € C(Q) and y ¢ f(09Q). Then
the Brouwer degree has the following properties [18]

(d1) [Normalization] deg(I,Q,y) =1 for y € Q, where I denotes the identity mapping
of R™.
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(d2) [Additivity] deg(f, 2, y) = deg(f,Q1,y) + deg(f, Q2,y), where Q and Q, are dis-
joint open subsets of Q such that y & f(Q\ Q1 U Q).

(dg) [Homotopy] deg(h(t,.),Q,y(t)) is independent of t, whenever h : [0,1] x Q@ — R
and y : [0,1] > R™ are continuous and y(t) ¢ h(t, ) for every t € [0,1].

(dq) [Ewistence] deg(f,Q,y) # 0 implies f~1(y) # 0.

(ds) deg(.,,y) is constant on {g € C(Q) : llg — f]| < 7}, where r = dist(y, £(89)).
(dg) deg(f,9,.) is constant on every component of R™\ f(09).

(d7) [Boundary dependence] deg(f,,y) = deg(g, 2, y) whenever flaq = gjaa-

(ds) [Ezcision Property] deg(f,Q,y) = deg(f,Q,y) for every open Qi C Q such that
y & FIQ\ ).

1.3.1 The Leray-Schauder degree

We recall that a nonlinear map f : X — Y is said to be compact if f maps bounded
sets into relatively compact sets in Y. The Leray-Schauder degree is an extension of the
Brouwer degree to the case of infinite dimensional spaces, in the particular case of maps
of the form T' = I — C, where [ is the identity and C is a compact map. The key theorem
used in order to define the Leray-Schauder degree is the following [65].

Theorem 1.3.7. Let Q C X be a bounded open set and C' : Q — Y be compact. Given
€ > 0, there exists a continuous map C, : Q — Y, whose range Ce(ﬁ) 1s finite dimensional
such that, for every z € Q

|C(z) — Ce(2)ll <e

By virtue of Theorem 1.3.7, we can define the Leray-Schauder degree for a map of the
type T' = I — C by using Brouwer degree. Indeed let T=1- C., where C. is a continuous

map on ) with finite dimension range such that
sup ||C.(z) — C(z)|| < dist(y, T(09)) =€

and (2 be the finite dimensional subspace of X which contains y and C,(%). Then we can
set,
deg,,s(T, 2.y) = deg(T, ).

In [65], it is shown that deg;¢(T,§,y) does not depend on the particular C, chosen to
approximate C. We are ready to state the main properties of the Leray-Schauder degree

[18,65).
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Theorem 1.3.8. Let @ C X be a bounded open set in X. Let T =1-C : Q - X
be such that C : Q@ — X is compact and y ¢ T(OR). Then the Leray-Schauder degree
deg;g(T,Q,y) is well defined and inherits the properties (dy) — (dg) of the Brouwer degree
(Theorem 1.3.6).

Theorem 1.3.9. [The Schauder-Fized point Theorem] Let K be a non-empty closed
bounded convez subset of the Banach space B, and suppose that A : K — B is compact
and maps K into itself. Then A has a fized point in K .

Proof. Since K is bounded, there is p > 0 such that K C B,(0), where B,(0) is ball of
radius p centered at 0. There exists a continuous retraction R : B — K, with R(z) =
z for z € K. Consider A = Ao R € C(B,(0),B,(0)). The compact homotopy H(t,z) =
tA(z), t € [0,1], shows that

deg(I — A, B,(0),0) = deg(I, B,(0),0) = 1.

Hence there is a point zo = A(z) € K. Since A(zo) = A(zo) for zo € K. Hence A has a
fixed point in K. g



Chapter 2

Periodic nonlinear problems with
an application to a nonlinear
biomathematical model of blood

flow in intracranial aneurysms.

In this chapter, we study a nonlinear second order ordinary differential equation with
periodic boundary conditions. We show the validity of the classical upper and lower
solution method and of the monotone iterative technique [59] and present a new version
related to [91]. This provides estimates for the solution and a numerical procedure to
approximate the solution. Then we develop the quasilinearization technique [60] to obtain
monotone sequences of approximate solutions converging quadratically to a solution of the
nonlinear problems. We improve previous results where the nonlinearity did not depend on
the derivative [50,72]. To show the applicability of our techniques we apply the theoretical
results to a medical problem: a model of blood flow inside an intracranial aneurysm [77-79)],
which is a joint work of the author and Prof. J. J. Nieto and Angela Torres and is submitted

for publication [51].

2.1 Maximum and antimaximum principles

Consider the nonlinear periodic boundary value problem (PBVP)

—z"(t) = f(t,z,2'), t €[0,T],

' (2.1.1)
z(0) = z(T), 2'(0) = z'(T),

18
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where f € C([0,7] x R x R). We know that the linear homogeneous problem
z"(t) + Ax(t) = 0, t € [0, T,
z(0) = z(T), 2’ (0) = ='(T),

2,2 2.2

has only a trivial solution if \ # -4—7;::—, n € Z. Consequently, for A # — r;;r and any
o € C[0,T), the nonhomogeneous problem
—z" () + Az(t) = o(t), t € [0, T),
(2) @) [0, 7] (2.12)

z(0) = z(T), 2'(0) = 2'(T),

/ Gi(t, s)o(s)ds,

where G(t, s) is the Green’s function, and for A > 0,

has a unique solution

1 cosh\/X(—T--i-(t—s)) if0<t<s<T
Ga(t,s) = —=——~F
2VsinhVAS | cosh VAL + (s — 1)), #0<s<t<T,
and for A <0,
Caltes) = -1 cos/INE+(—5), if0<t<s<T
AL, S
2y/\[sin /INZ | cos ME+(s—1t), fo<s<t<T.

2

We note that if A > 0, then G(t,s) > 0 and if —1-,—2- < A < 0, then Gy)(t,s) < 0 on

(0,T) x (0,T). Thus, we have the following maximum and anti-maximum principles.
Maximum principle 2.1.1. If A > 0, o > 0, then the solution z of (2.1.2) is such that

z 2> 0 on [0,T).
.2
Anti-maximum principle 2.1.2. If 7,’;— < A <0 ando >0, then the solution = of

(2.1.2) is such that £ < 0 on [0,T]. On the other hand, if 0 <0, then z > 0 on [0, 7).

2.2 Upper and lower solutions method

In this section, we study existence results of the BVP (2.1.1), using the method of upper
and lower solutions. We show that in the presence of lower and upper solutions, there
exists a unique solution of the BVP (2.1.1). We recall the concept of lower and upper
solution for the PBVP (2.1.1).

Definition 2.2.1. Let a € C%[0,T]. We say that « is a lower solution of (2.1.1) if
—d"(t) < f(t,alt),@'(¥)), tE0,T]
a(0) = a(T), '(0) > a'(T).

An upper solution 8 of the PBVP (2.1.1) is defined similarly by reversing the inequalities.
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Now, we study existence results in the form of the following theorems.

Theorem 2.2.2. Assume that o, B are lower and upper solutions of the boundary value
problem (2.1.1). If f € C([0,T] x R x R) and is strictly decreasing in = for each (t,z') €
[0,T] x R, then a(t) < B(t) for every t € [0,T].

Proof. Define w(t) = a(t) — B(t), t € [0,T]. Using the boundary conditions, we obtain
w(0) = w(T), (2.2.1)
w'(0) > w'(T). (2.2.2)

We claim that w(t) < 0 for every t € [0,T]. If not, then w(t) has a positive maximum at

some ¢ € {0,T). If to =0 or T, then w(0) = w(T) is a positive maximum so that

w(0) > 0, w'(0) <0, w(T) >0, w'(T) > 0. (2.2.3)
The boundary conditions (2.2.2) and (2.2.3) imply that

w'(0) =0, w'(T) = 0. (2.2.4)
Now, using (2.2.4) and the decreasing property of f(t,, z') in z, we obtain
w”(0) = ”(0) — B"(0) > — £(0, a(0), ' (0)) + £(0,B(0),a'(0)) >0,
which implies that the function w' is strictly increasing in some interval (0, §) and hence
w'(t) > w'(0) =0,0<t <4

This implies that w is strictly increasing on (0, §) and hence w(t) > w(0), a contradiction.
Hence ty € (0,T). Then, w(ty) > 0, w'(to) = 0 and w"(to) < 0 . The definition of upper

and lower solutions and the decreasing property of the function f in z gives
—w"(to) = —a"(to) + B"(to) < f(to, x(to), & (o)) — f (0, B(t0), & (a)) < O,
a contradiction. O

Corollary 2.2.3. [Uniqueness] Under the conditions of Theorem 2.2.2, the (PBVP)

(2.1.1) has at most one solution.

Theorem 2.2.4. Assume that o, B € C?[0,T] are lower and upper solutions of (2.1.1)
respectively such that o < 8 on [0,T). If f : [0, T] x R? = R is continuous and satisfies
a Nagumo condition, then there ezists a solution T of the boundary value problem (2.1.1)

such that
a(t) < z(t) < B(t), t € [0,T).



CHAPTER 2. TWO POINT BOUNDARY VALUE PROBLEMS 21
Proof. Let r = maxyc(o,1] B(t) — minse(p ) @(t), then there exists N > 0, such that
/N sds
o w(s)
Choose C > max{N,||d/]|,]|8']|]} and define ¢(y) = max{—C,min{y,C}}. Then q(y) =
y for |y| < C and sgn(g(y)) = sgn(y). Moreover,

C  sds C sds N sds
| saem :/o () © /0 o) " (2:25)

Let n € N and consider the modified problem

—2"(t) = fa(t,z,2'), t €[0,T],

(2.2.6)
z(0) = z(T), z'(0) = z'(T),
where,
(£(1,8(2),8'(1)), if 3 > f(t) + 2,
F(t,B(8),q(=") + [f(t, B(2), B'(£))—
£, B(t), (")) n(z - B(1)), if B(t) <z < B(t) + 7,
falts2,2') = | f(t,2,q(a")), if a(t) <z < (1),
fta(t),q(=") — [f(t, alt), o/ () -
f(t,a(t), g(z'))]n(z — aft)), if a(t) — ;1; <z <alt),
(¢, alt), o/ (t)), if z <aft) - &

We note that f,(¢,z,z’) is continuous and bounded on [0, 7] x R2. Moreover, any solution
x of (2.2.6) which satisfies the relations a(t) < z(t) < B(t) and |2'(t)] < C on [0,T], is a
solution of (2.1.1). For t € [0,7] and z € R, define
ple, 7, f) = max{a(t), min{z, B(£)}}.
Consider the system
—2"(t) = sfalt,z,2') + (1~ 5)(pn(t, T) — Az), t € [0, T}
z(0) = =(T), 2'(0) = '(T),

(2.2.7)

where s € [0,1], A > 0 and

pult, ) = e [(at), 2, B(8) ~ a6 AL (B) + XMW +1/m)+

(B(t) — pa(t), z, B(t)) (f(t, a(t), o/ (t)) + Aa(t) — 1/n))], t € [0, T).
For s = 0, the system reduces to

—z"(t) + Az(t) = pp(t,z), t € [0,T],

z(0) = z(T), ='(0) = 2'(T), (2.2.8)
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and for s = 1, it is (2.2.6). That is, (2.2.7) has a solution for s = 0. Now, for s € [0, 1], we

claim that any solution z, of (2.2.7) satisfies
1 1
alt) — o < za(t) < B(t) + o’ t€[0,T). (2.2.9)

Once this is shown we can apply Schauder’s fixed point theorem to conclude that (2.2.6)
has a solution. To verify (2.2.9), we set v,(t) = zn(t) — B(t) — 1/n, t € [0,T]. Then the

boundary conditions imply that
oa(0) = va(T) and v}(0) > v4(T). (2.2.10)
Assume that max{vp(t) : t € [0,7]} = vn(to) > 0. If o = 0 or T', then we have
v,(0) > 0, v},(0) < 0 and v, (T) > 0, v, (T) > 0. (2.2.11)

From the boundary conditions (2.2.10) and (2.2.11), we obtain v},(0) = 0 and v,,(T') = 0.
There exists ¢; € (0,T) such that v,(t) > 0, v},(¢) < 0 on [0,¢]. For every t € [0,%,], we

have
~vp(t) = —zq(t) + B"(t) < sf(2,B(2), B'()) + (1 —s) [f(t,ﬁ(t),ﬁ'(t))
+A(B(t) +1/n) — Awn(t)] - f(&,B@1),8'(2)) = =A(1 — s)va(t) < 0.
This implies that v}, (¢) is strictly increasing on [0, t;) and hence v, (t) > v},(0) = 0on [0,¢1),

a contradiction. It follows that ¢y € (0, T) and hence vn(t0) > 0, v}, (t9) = 0 and vy (to) < 0.

However,
~vn(to) = — T5(to) + B"(to) < 5f(to, B(to), A'(t0)) + (1 = 9) [f(to,ﬂ(to), B'(to))
+A(B(t0) +1/n) — Az,.(to)] ~ f(to, B(t0), B'(20)) = =A(1 = 8)vn(to) <0,

again a contradiction. Hence z,(t) < B(t) + i, ¢t € [0,7]. Similarly, we can show that
zn(t) > a(t) — 1/n, t € [0,T).

The sequence {z,} of solutions of (2.2.6) is bounded and equicontinuous in C'[0,T)
since f, are bounded independently of n. Hence the Arzela-Ascoli theorem guarantees the
existence of a subsequence converging in C![0, 7] to a function z € C 10, T). Since (2.2.9)

holds for every n € N and every ¢ € [0, 7], it follows that
alt) < =(t) < B, t € [0,T]

It remains to show that |z’(¢)] < C on [0, T]. The boundary condition, 2(0) = z(T') implies
that there exists ¢* € (0,T) such that z/(t*) = 0. Suppose that there exists ¢, € [0,T]
such that z'(9) > C. Let [t*,¢3] C [0, T] be the maximal interval containing ¢y such that
z'(t) > 0 on [t*,t]. Let max{z'(t) : t € [t*,t2]} = 2'(¢**) = C, then t** #t* and C > C.

It follows that s .
sds sds
—_— 2 —_— T
/o w(gq(s)) ~ /0 w(g(s)) (2.2.12)



CHAPTER 2. TWO POINT BOUNDARY VALUE PROBLEMS 23

Now, for each t € [t*,t;], since z € [min a(), max B(¢)] and =’ > 0, we have
| - 2"(t)] = | f (¢, 2, 9(2))] < w(g(z)).

It follows that , "
OO _ .

w(g(e)) ~
Integrating from t* to t**, we obtain

A

/Cﬂ z(t**) — z(t*) < max f(t) — min a(t) <,
o wlgls)) ~ t€[0,7] te[0,T)

a contradiction. Similarly, we can show that z'(¢) > —C, t € [0, T).
Hence |z'(t)] < C, t € [0, T). .

2.3 Quasilinearization technique

In this section, we approximate our problem by the method of quasilinearization. We
prove that under suitable conditions on the function f, there exists a monotone sequence
of solutions of linear problems which converges to a solution of the nonlinear problem

(2.1.1) and that the rate of convergence is quadratic.

Theorem 2.3.1. Assume that

(A1) a and B € C?|0, T) are lower and upper solutions of (2.1.1) such that o < B on
[0, T7].

(A2) f € C*[0,T] x R?) and satisfies fo(t,z,x') < —A, for some A > 0. Moreover, we
assume that H(f) > 0 on [0,T] x [min a(t), max B(t)] x [-C, C], where

H(f) = (z - ¥)* fau(t, 21, 22) + 2(z — ) (=’ — Y') fra (b, 21, 22)+
(&' — ') forw (8, 21, 22)

is the quadratic form of f with z; between z, y, and 22 lies between z' and y'.
(As) For (t,z) € [0, T] x [mina(t), max B(t)], fo (¢, z,2’) satisfies

|for (8,2, 01) — for (8,2, 92)| < Llyr ~ v2ls 1, 92 € R,
' fu(t,z,2') >0 for |2'| > C,

where L > 0 and C is as defined in Theorem 2.2.4.

Then, there exists a monotone sequence {wy} of solutions of linear problems converging

uniformly and quadratically to a solution of the problem (2.1.1).
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Proof. Let
S = {(t,z,2') € [0,T] x R? : (¢, z,2') € [0, T] x [min a(t), max B(t)] x R}
and assume that
N = max {|fzs(t, 2,9(a"))], |for (t, 5, 9(&"))], | forw (t 2, (z")] : (¢,2,2") € S}.

Then
[H(f)| < Nllz — y|? on [0,T] x [mina(t), max B(®)] x [-C,C],  (23.1)

where ||z — ylj; = ||z —y|| + ||(x — y)'|| is the usual C' norm. Consider the boundary value

problem

—z"(t) = f(t,z,q(z")), t € [0,T
2"(t) = f(t,2,9(z")), t € [0, T] (2.3.2)
z(0) = z(T), ' (0) = «'(T).
We note that any solution z € C?[0,T) of (2.3.2) with a(t) < z < (t) is such that
|*’L'I(t)| < Con [0, 11,

and hence is a solution of (2.1.1). Therefore it suffices to study (2.3.2). Expanding
f(t,z,q(z')) about (¢,y,q(y')) € S by Taylor’s theorem and using (A;), we have

ft,2,q(2")) 2 f(t,9,9")) + folt,y, q()) (@ — v) + Fo (6, v, a(0) (g(2) — a(¥')), (2.3.3)
for (t,z,2') € S. Define the function
F(t,z,2"y,9') = f(t,9,90") + fo(t, v, @) (@ —9) + f= (B, y, ¢(¥))a(z") —q(y)], (2.3.4)

where (t,z,2'), (t,y,y') € [0,T] x R2. Then F is continuous and bounded on S and
therefore satisfies a Nagumo condition on [0,T] relative to the pair o, 8. Hence there

exists a constant C; > 0 such that any solution z of the problem
—z"(t) + \z(t) = F(t,z,z";y,9') + Ap(y,z,B), t€[0,T], A>0
z(0) = z(T), z'(0) = z'(T),
with a(t) < = < B(t) satisfies |z/(t)] < C; on [0,T], where
p(y, , B) = max{y, min{z, S(t)}}.

Moreover, F; = fz(t,4,9(y')) < —A < 0 and we have the following relations

{f (t,z,q(z')) 2 F(t,2,2"9,Y) (2.3.5)

f(, :L‘,q(.’l?')) = F(t,z, x,;x’xl)’

for (t,z,2'), (t,y,y') € S.
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Now, we set wp = « and consider the linear problem

—z"(t) + A\z(t) = F(t,z,2'; w0, wy) + Ap(wo,z,B), t € [0,T]), \ >0
(2.3.6)
z(0) = z(T), ©'(0) = =/ (T).

This is equivalent to the integral equation
1
$(t) = / G/\(ta S) [F('Sv z, .’L"; Wy, w(,)) + Ap(u)()) z, ﬁ)] ds.
0

Since F(t, z, z'; wo, wy) + Ap(wo, , B) is continuous and bounded on S, this integral equa-
tion has a fixed point (using again Schauder’s fixed point theorem). Now, using (A;) and
(2.3.5), we obtain

—wy (t) + Awp(t) < F(t, wo(t), wh(t)) + dwol(t)
= F(t, wo(t), wy(2); wo(t), wo(t)) + Ap(wo(t), wo(t), B(t)), t € [0,T],

—B"(t) + AB(t) > f(¢, B(2), B'(£)) + AB()
> F(t,B(t), B (t); wo(t), wp(t)) + Ap(wo(), B(t), B(2)), t € [0,T,
which imply that wg and B are lower and upper solution of (2.3.6). Hence, by Theo-
rems 2.2.2, 2.2.4, there exists a unique solution w; of (2.3.6) such that wp(t) < wi(t) <
B(t), lwi(t)| < Cy, t € [0,T). In view of (2.3.5) and the fact that w is a solution of (2.3.6),
we have
—w{(t) = F(t,wi(t), w](t); wo(t), wp(t)) < f(t,wi(t),q(wi(t)), t€[0,T],  (23.7)
which implies that w; is a lower solution of (2.3.2). Now, consider the problem
—z"(t)+Az(t) = F(t,z,z';un, w) + Ap(wi, z, B), t €[0,T]
z(0) = z(T), 2’ (0) = «'(T).

(2.3.8)

In view of (4;), (2.3.5) and (2.3.7), we can show that w; and f are lower and upper
solutions of (2.3.8) and hence by Theorems 2.2.2, 2.2.4, there exists a unique solution w;
of (2.3.8) such that wy(t) < wa(t) < B(t), jwh(t)] < C1, t € [0,T]. Moreover ws is a lower
solution of (2.1.1).

Continuing this process we obtain a monotone sequence {wn} of solutions satisfying
wo <wi <wpLwy< .. Swpy Swn <B,EE0,T]
That is,
a(t) < wa(t) < B(), [wn(t) < Cr,n €N, t€[0,T], (2.3.9)
where wy, is a solution of
—wp(t) = F(t,wn, w); wa—1,Wn_1), t € [0,T]

2.3.10
n(0) = wn(T), w(0) = wh(T). (2:3.10)
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Since F'(t,wn,wy); Wn—1,w,_) is bounded, there exists R > 0 such that
|F(t, wn, wy; w1, wy_y )| <R, neN, t€[0,T].
Using the relation w} (t) = w/,(0) + fot wy, (u)du, we have
lwy, (¢) — wl,(s)] < /it |F (w, wn, wh; wn—1,wh_1)|du < R|t — s, (2.3.11)
for t, s € [0,T]. From (2.3.9) and (2.3.11), it follows that the sequences
{wP )G =01),n€eN,

are uniformly bounded and equicontinuous on [0,T]. The Arzeld- Ascoli theorem guar-
antees the existence of subsequences converging uniformly to zW(j =0,1) € C[0,T).
Consequently, F(t, wn, wh;wn_1,w},_;) + Ap(Wn—1,wn, B) = f(t,z,9(z')) + Az on [0,T] as
n — oo which implies that z is a solution of (2.1.1).

Now, we show that the convergence is quadratic. For this, we set
vn(t) = z(t) — wa(t), t €[0,T], n €N,
where z is a solution of (2.1.1). Then, v, € C?*0,T), vn(t) > 0,n € N, t € [0,T] and
satisfies the boundary conditions
va(0) = va(T), v,(0) = vn(T).

The boundary condition v,(0) = v,(T) implies the existence of ¢; € (0,T) such that

vp(t1) = 0. Now, in view of (2.3.4), we obtain

—vp(t) = —2"(t) + wn(t) = f(t,7,a") — F(t,wn, Wn; Wn—1,Wn_1)
. (2.3.12)
= fz(tv Wnp—1, q(w;—l))vﬂ + fz' (t, Wn—1, q(w;z—l)(x, - Q(w:'l)) + EIH(f)‘a

where

H(f) = (2 — wn_1)?fez(t, c1,2) + 2(x — wn—1)(&" — q(wp_1)) foz (¢, €1, C2)
+(&' = q(wp_1))? forz (t, c1,02),

wn_1(t) < ¢1 < z(t) and cp lies between g(wf,_,(t)) and z'(). Thus, v,(t) satisfies the

boundary value problem
~n(t) + Mn(t) = [fo(t, Wn-1,q(wy_1)) + Non(t) + for(t, wn—1,q(wy,_y)) (&' — g(w)))
+3IHL,

v (0) = va(T), v, (0) = vy, (T).
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This is equivalent to
T
0<wn(®) = [ Gat,8) (Ua(sywn-1,a(who1)) + (o)
0
1
(5, wam1, (w1 ) (@~ gwh)) + 3IH(S)] ) ds,
which in view of (A42)(fz(t,z,2') + A < 0) and (2.3.1) implies that
T ! ! ! N 2
vn(2) S/ Ga(t, 3)(fm'(sawn—la4(wn—1))(z —‘I(wn))'*'?”vn—lul)ds
0
T
= / G)\(t7 S) [fz’ (S, Wn—1, q(w':t—l))v;l + fz’ (33 Wn-1, q(w;—l))(wiz - q(w’:l))
0

N
+ E “vn—l “%] ds.
(2.3.13)

Now, using (2.3.5), we have

—o(t) = f(t,2,2") — F(t, wn, wh; wa_1,Wy_1) 2 f(t,2,2) = f(t,wn, g(w})), t € [0,T).

(2.3.14)
The condition &' fz (¢, 7,') > 0 for |o’| > C, implies that
F(t,wn(t), q(w) (1)) < F(t,wn(t), wa(?)), t € [0, T),
so that (2.3.14) can be rewritten as
~vp(t) 2> f(t,z,2") — f(t, wa(t), wl(2) = foltsdi, d2)vn(t) + for (2, d1, d2)vp (t) (23.15)

Z fx(t1 dl-) d2)vn—1(t) + f:l:’ (t7d17d2)v;1(t)7 te [Ov T]v

where w,(t) < d; < z(t) and da lies between z'(t) and wj,(t). Let u(t) = elo fa (5:d1,d2)ds
and —l; < fu(t,dy,d2) < Ly on [0, T) x [min wo(t), max B(t)] x [-C1, C1], where l;, L1 > 0.
Then

et < pu(t) < et t€[0,T) (2.3.16)

Multiplying (2.3.15) by u(t) and using (2.3.16), we obtain
(WL (Bp(2)) < Moailln(®) € Mloa-1lle™, t € [0,T], (2.3.17)

where A = max{|f,(t,z,z')| : t € [0, T}, = € [minwy(t), max B(t)}, z' € [-Cy,C1]}. Thus,

It
e '
(v ()p(t) — /\||v,._1l|—L—1-) <0,t€[0,T). (2.3.18)

This implies that the function (t) = v, (t)u(t) - Allvn-lu%, is non-increasing in t €
[0, T). Hence %(0) > %(t1) > %(T), which yields

L1ty , denT
il 2 9T (D) = 25 .

A Ae
4(0) = F-livnnsll 2 -2
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Using the boundary conditions v/, (0) = v/,(T'), we obtain

/ , A LT _ Lt LiT
= < 12— e Myl < Y- -1ib 3.
v (0) = vy (T) < H(T)Ll(e e" ) lvpall < L (e Dljon—afl, ~ (2.3.19)
A
v, (T) = v}, (0) > ——Li(ef"t1 —D||vn-1|l > —E(eLlT ~ Dlvp-1]l- (2.3.20)
1
Now the relation (0) > v(t), t € [0, T}, together with (2.3.19), implies
] 1 A eLl - 1 L1t
< el — 14+ el o yll] < ., 2.3.21
vﬁﬂ_uuﬂLﬁ oy Ll ill] < arllon1l (2.3.21)

T 1

where ¢; = ma.x{m(%_r—lJreL‘t) :t € [0,T)}. Therelation 3(t) > ¢¥(T), t € [0, T},
together with (2.3.20), implies

A
p#(t)Ln
where ¢ = max{ﬁ(—{;Tl[u(T)(eLlT —1) +elhiT —el1?] 1 ¢t € [0,7]}. From (2.3.21) and
(2.3.22), it follows that

Uh(t) 2 = [U(T) (BT = 1) + €8T = e lnoa| 2 —qallvaall, (23.22)

v ()] < Qllva-ll, t € [0, 7], (2.3.23)
where Q = max{g;,g2}. We discuss three cases.
1. If for some t € [0, T), w,(t) > C, then
q(wp(2)) = C, 0 < w,(t) — g(wy(t)) < wy(t) — '(t)
and by (A43), we obtain
for(tywn-1(2), g(w)_1 () <for (¢, wn1(t), q(wr(t))) + Lig(wy_1 (t) — a(wy (8))]
< fur(t, wn1(8), a(wn(8)) + L(lvn (B)] + [vp_1 ())).
Hence using (2.3.23), we obtain
(wh(t) — q(wn (£)) for (t, wr1 (), q(wh—1 (1)) < —Vn(t) for (8, wn—1(2), q(w] (1)) +
Livy (8){(lvp (8)] + [on—1 ()])
< — 0 (8) fur (8 wn—1(), 9w (£))) + LQ(L + Q)jvn-1]f}-
2. If for some ¢t € [0, T], w/,(t) < —C, then |
q(wl(t)) = —C, 0 > wl(2) — q(w,(t)) > wy(t) — ' (t)
and by (Aj3), we obtain
For (& wn1(2), qwh_ (8))) = for (t, w1 (), a(wp (1)) — Llg(wy,_; (t)) — g(w), (1))
> for(t, wa-1(8),a(wn () = L(|o},(8)] + vf_; (1)),
hence
(Wi (t) — g(wh (D)) for (8, wa—1(8), g(wn_1 (1)) < —vn(t) for (t, wn_1(t), g(w) (£)))+
LQ(1 + Q)ljon-1}I}.
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3. If for some t € [0,T], |wy,(t)] < C, then g(w,(t)) = wy,(¢t), wh(¢) — q(w!,(t)) = 0 and

by the same process, we can show that
(wn (t) = q(wn(t) for (& wn—1(2), gwn_1 (£))) = 0 < —vi (8) for (¢, wn-1(2), g(wr () +
LR + Q)llvn-1lIi-

Thus, for every t € [0, T], we have

far (8 w1, q(wp_y)) (wy, = q(wy)) < —vp () for (¢ wn-1(8),q(wp (2))) + LQ( + Q)llva—1|}.
(2.3.24)

Using (2.3.24) in (2.3.13), we obtain
vn(t) < /OT Gty 8)[(for (5, wn—1(8), glw_1(8))) = far (8, wn—1(s), g(wy,(5)))) vp(s)
+(LQU+Q) + )l ds

= /T Gty 8)[(fzr (s, wn-1(s), g(wn_1(5))) = for (8, wn-1(s), g(wr (5)))) vr (s)
0

+ 51 an—l “%] ds,
(2.3.25)

where S; = LQ(1 + Q) + &.
Again, using (2.3.24) and (2.3.1) in (2.3.12), we obtain

-—'l)::(t) =< (f:c’ (t, wn_17Q(w:‘l—1) = for (2, wn—IaQ(w;z))v;z(t) + 51 ”'Un-l”%: t e [0,T] (2.3.26)
which implies that

v;:(t) + (fz’(tawn—I,‘I(w;z—l) - fz’(ta wn—laQ(w;))U;(t) > “Slllvn—d“%a te [OvT]'
(2.3.27)

Since (¢, wn—1,q(wh_,)) € [0,7] x [minwp(t), max B(t)] x [~C,C], and fp is continuous,
there exist Lq, I3 > 0 such that
-l < (f:t’ (t, wn-—-ly‘]('wil—l) - fz’(tvw"—l’q(wzl)) <Ly te [0’ T]'

Then the integrating factor y;(t) = efot (f,/ (S,Wn—l1‘I(w:1—l)_le(3,’lUn—-lyq(‘wzi)) ds o tisfies

e 2t <y (t) < e, te(0,T] (2.3.28)
Thus,
(v () > —S1e"? vnllf. (2.3.29)

Integrating (2.3.29) from 0 to ¢;, using (2.3.28) and the boundary conditions v},(0) = v/,(T),

we obtain

S S
V(T) = vn(0) < (e = Dllon-illf < T = Dl (2.3.30)
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Integrating (2.3.29) from ¢ to T, using (2.3.28) and (2.3.30), we obtain

vp (g (t) < v (T (T) + 5: (" ~ ") |jun_1 1}

< 2 [T = 1) + (€557 — 2] o,

which implies that

n(t) < S}ft [ul(T)(eLzT —1) + (eP2T - eth)] lvn-1ll < &1llvn-1l}, t € [0, 7],
(2.3.31)
where o
61 = max S [ (T) (45T = 1) + (17 — o2t

Again, integrating (2.3.29) from t, to T, using (2.3.28) and the boundary conditions
v},(0) = v/ (T), we have

—Sy(el2T —1
h(0) = o) >

If we integrate (2.3.29) from 0 to ¢, use (2.3.28) and (2.3.32), we obtain

~Si1(e 2T-—1)
W (Opa(t) > T [ D)

Hon-1]l3. (2.3.32)

+ (€22 = )] llon_1[3, t € [0, 7]

which implies that

—Syel2t r(el2T _ 1) 2 2
n(t) > Lat _ —1lf = =d2llvpq |3, t €0, 7], (2.3.33)
l0) 2 5= [+ € = )]l 2 ~doloncil, € 0,7),
where bt (e T_y
Sye*? ettt — Lat
0y = + (e*?* — 1) }.
ki Sl (commy )

From (2.3.31) and (2.3.33), it follows that

lvall < dllvn—1llf, & = max{dy,6,}. (2.3.34)
Now, using (2.3.31) in (2.3.25), we have

t) < /0 ) Ga(t,s)(a01 + S1)llva-1liids,

which implies that
T
llonll < / Gx(t,s)(a6y + S1)llvn-1ll7ds < Dlva|f}, (2.3.35)
0

where 0 = max{L,, 2} and D > (041 + S1) fOT Ga(t,s). Let R = max{4, D}, then (2.3.34)
and (2.3.35) gives
lloalls < Rllva-llf

a
If frr = 0, then it reduces to the case when the nonlinearity f is independent of the

derivative z'. In this case the norm ||.||; reduces to the norm ||.|| and this case is studied
in [50,72]. Therefore we have extended previous results.
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2.4 Generalized quasilinearization technique

Now we introduce an auxiliary function ¢ to allow weaker hypothesis on f.
Theorem 2.4.1. Assume that

(B1) «, B € C?0,T] are lower and upper solutions of (5.1.2) respectively, such that

a(t) < B(t) on [0,T].

(B2) f € C?([0,T] x R x R) satisfying fz(t,z,2') < =X and H(f +¢) > 0 on [0,T] x
[min a(¢), max B(t)] x [-C,C], for some function ¢ € C?([0,T] x R x R) with the
property that H(¢) > 0 on [0,T] X [min a(t), max B(t)] x [-C, C].

(Bs) For (t,z) € [0,T] x [min a(t), max B(t)], fz(t,z,z') satisfies
yfz (¢, 2,y) > 0 for |y| > C and
|fzr (8,2, 01) — for (8,2, 92)| < Llva —w2f, y1, 32 €R,
where L > 0.

Then, there erists a monotone sequence {wy} of solutions of linear problems converging

uniformly and quadratically to a solution of the problem (2.1.1).
Proof. Define F : [0,T] x R x R — R by
F(t,z,y) = f(t,z,y) + ¢(t, z,y), t € [0,T].
Then in view of (By), we have F(t,z,y) € C%([0,T] x R x R) and
H(F) > 0on [0,T] x [mina(t), max B(t)] x [-C, C]. (2.4.1)
The condition (2.4.1) implies that

f(t,z,q(2")) > F(t,y,q(y)) + Fz(t,y,q(y")) (€ — ¥) + F (£, 4, 9(¥")(a(z") - a(¥))
—¢(t) z, Q(xl))a
(2.4.2)

for (t,z,2'), (t,y,7') € S. Applying Taylor’s theorem to the function ¢ about (t,y, q(y')),

we have

¢(t,z,q(z)) = ¢(2, y,q(y’))+¢z(t,y,q(y'))(a:—y)+¢x'(t,y,Q(y')))(Q(w’)—q(y’))+%H(¢),
(2.4.3)

where,
H(¢) =(z— y) Prz(t, c1,¢2) + 2(x — y)(Q(x ) — o ’))¢x:z:’ (t, c1,¢2)
+(g(2") = 4(¥")*bow (t, 1, c2),
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where c; lies between z and y and ¢ lies between ¢(z') and g(y'). Let

M = max{|q’>m(t,z,x')|, |z (t, 2, 2"), | (¢, 2, 2')| : £ € [0,T), = € [min a(t), max B(¢)],
z' € [-C,C]}.

Then Iy
H(9)] < (12—l + lg(=) — g™ (2.4.4)

In view of (B2) and (2.4.4), we obtain the following relations
$(t,7,q4(z")) 2 B(t,y,9(s") + bs(t,y,9(¥")) (@ — ) + ¢ (£, 4, 4(¥)) (a(z') — q(y')), (24.5)

o(t, z,q(z")) < d(t,4,9(¥")) + ¢a(t, y,a(¥)) (2 — ¥) + b (8,9, 9(y")) (a(z") — 9(¥"))

(2.4.6)
+ iz~ vl + lala) ~ a(s))
for (t,z,2'), (t,y,y') € S. Using (2.4.6) in (2.4.2), we get
ft,z,q9(2")) > £t y,9(0)) + fo(t,y,9(8))(z — y) + for (t 9, 0(y))a(2') — a()) 24

~5 I~ 91+ la(e') - 46D,
for (¢,z,2'), (t,y,9¥') € S. Define
E*(t,z,y;2',9") = £(t,9,9(v") + f=(t, v, (@ = y) + far (8, 9,9(4")) (a(2') — a(¥/))
~ 5l — 1+ la(a") ~ ),
for t € [0,T], z, y, ', ¥ € R. Then k* satisfies the following relations
{ f(t2,q9(2) 2 k(6,225 9,9), (2.4.8)
f(t,2,q(2") = K (t, 2, 7'; 2, ),

for (t,z,2'), (t,y,y') € S. Moreover, for (t,z,z'), (t,%,%') € S, k* is continuous and
bounded and therefore satisfies a Nagumo condition on [0, T'] relative to «, 8. Hence there

exists a constant C; > 0 such that any solution z € C?([0, T]) of the BVP

—z"(t)+2z(t) = k*(t,z,2"; y,y') + Ap(y, %, B), t €[0,T),
z(0) = z(T), '(0) =2'(T),

with a(t) < z(t) < B(t), t € [0, T] satisfies
|2’ (t)| < Ca, t € [0,T].
Now, set wo = a and consider the boundary value problem

—z"(t)+Az(t) = k* (¢, z, 2’3 wo, wp) + Ap(wo, 7, B), t € [0,T),

, (2.4.9)
z(0) = =(T), <'(0) ='(T).
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Using (B;) and (2.4.8), we have

—wg (t) + dwo(t) < f(2, wo(t), wy(t)) + Awo(2)
= k™ (t, wo(t), wp(t); wo(t), wy(t)) + Ap(wo, z, B), t € [0, T,

—B"(t) + AB(t) = f(t, B(t), B'(t) + AB(D)
.>_ k*(t:ﬁ(t)) ﬂl(t); ’U)()(t), w{)(t)) + )\P(wo, ﬁa ﬂ)7 te [Oa T]3
which imply that wp and B are lower and upper solutions of (2.4.9). Hence, by Theorems

2.2.2, 2.2.4, there exists a unique solution w; of (2.4.9) such that
wo(t) < wy(t) < B(¢) and |wi(t)| < Co, t €0,T].

In view of (2.4.8) and the fact that w; is a solution of (2.4.9), we can show that wy is a
lower solution of (2.1.1). Now, by (B;) and (2.4.8), we can show that w; and § are lower

and upper solutions of

—-x”(t)+/\:z:(t) = k*(tawaz,;wlvwll) + Ap(un,a:,ﬂ), te [O’T]’ (2.4.10)
z(0) = z(T), 2'(0) = £'(T).

Hence by Theorems 2.2.2, 2.2.4, there exists a unique solution wy of (2.4.10) such that
wy < wp < B and |wh] < Cy on [0,T). Continuing this process we obtain a monotone

sequence {wy} of solutions satisfying
wo S wp Swp Swz < .. SWnp1 Swp < Bon [0,7).

By the standard arguments as in the previous section, we can show that the sequence
of solutions of the problems converges to the solution of the original nonlinear problem
(2.1.1).

For the quadratic convergence, let v,(t) = z(t) — wn(t), t € [0, T}, n € N. Then,

—up(t) = —z"(t) + wli(t) = (F(t,z,2') — (¢, x,2')) — k*(t, Wn, W Wn—1,Wh_q) (2.4.11)

Applying Taylor’s theorem on F(t,z,z') about (¢,wn—1,9(wn_1)), using (2.4.5), and the
definition of k*, we have

~01(t) < F(ty w1, 9yo1)) + Folty s, gy 1))@ = Wnm1) + For by wnr, (05 )) x
(&' - quy1)) + SUHE)| = [£(t, 01, a(who)) + Folts a1, ()15 = wn_y)
+ Far (801,900 ) a(wh) — glah 1)) — (100 = W] + lg(w)) = a(w_y)2
= folt, Wn-1, (W ))& — wn) + for (¢, wn-1,9(Wp-1)) (=" — q(w))) + %IH(F)I
+ 5 (wn = wanal + la(w) = glwhn))?,
(2.4.12)
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where,
H(F) = UTQL—IF.’EI(t, 61’ 52) +2vn—1($l _Q(w;z—-l))FIfE' (t5 617 62) + (‘TI _q(w;—l)QFa:’x' (t7 fla 62)
where wy,—1(t) < &1 < z(t) and &; lies between g(w),_,(t)) and z'(t). Let

R, = max{lme t §1a§2)| 'Fzz t 51,62” IFx’z'(t 617§2)|
(t,&1,&2) € [0,T] % [min a(t), max B(t)] x [—Cg,Cg]},

then, |H(F)| < R1(jvn-1] + |z’ — q(w!,_1|)? < Ri|lvn-1l|}. Using this and the assumption
fz < —=Xin (2.4.12), we obtain

—U(8) + Avn(t) < for(t, wn-1,q(wp_1)) (" — g(wy)) + an I3
(2.4.13)
+ 5 (lwn - wn1| + |g(wy) — 4(%_1)0 :
Using the relation
lg(w}) — g(wl_y)] < |2’ — qw),_y)| + |2’ — q(wp)] < Jo_y| + Jog,
we obtain
VD) + Mon(®) < far(ts et Q101 (@ = 9()) + Ly
" 2 (2.4.14)

M
+-2—(||U;z—1||1 + o ))?, t € [0,7),

which is equivalent to

n(t) S/TG/\(t75)(f1:’(3awn—l,Q(w;—l))(z,_Q(w’ )+ il ||vn—1||1+ (111 +v,1)?) ds.
° (2.4.15)

By the same process as in Theorem 2.3.1 [(2.3.23)], we can show that
[vh| < Qllva-1ll < Qllvn—1ll1 on [0,T].

Hence, we can rewrite (2.4.15) as
T 1 !’ / 2
vp(t) < / Ga(t,s) (fz:’ (8, wn-1,q(wp_1))(= — q(wy)) +T”v"_1“1)ds
0

= /T G(t, 8) [ fo (8, w1, q(wh_1))Vh + for (8, Wn—1,q(w]_1)) (wy, — q(w},))
0

+T|va-1/7]ds,
(2.4.16)

where T = %l+%(l+Q). This is similar to that (2.3.13) of Theorem 2.3.1. Hence following
the same procedure as in Theorem 2.3.1, we can show that the sequence converges to the

solution of (2.1.1) quadratically. 0
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2.5 Application to a blood flow model

This section is a joint work with Prof. J. J. Nieto and Angela Torres and has been sub-
mitted for publication in [51].

Now, we apply our theoretical results to a medical problem, a biomathematical model of
blood flow inside an intracranial aneurysm. An aneurysm is a local enlargement of the ar-
terial lumen caused by congenital, traumatic, atherosclerotic or other factors. The natural
history of the development of aneurysms consists of three phases: pathogenesis, enlarge-
ment and rupture. Aneurysmal subarachnoid hemorrhage is a major clinical problem in
the world. The incidence of subarachnoid hemorrhage (SAH) is stable, at around six cases
per 100000 patient a year [26]. The cause of SAH is a ruptured aneurysm in 85 percent of
cases and SAH accounts for a quarter of cerebrovascular deaths [90] . The developments of
the epidemiology and pathogenesis of intracranial aneurysms, methods of diagnosis, and
approaches to treatment have been discussed by several authors [71,85,89]. Different sen-
sitive, but non-invasive, imaging strategies for the diagnosis of intracranial aneurysms are
now used [93]. For effective treatment of patients with intact incidental aneurysms, it is
important to have adequate models in order to understand the evolution of aneurysms and
to propose prognostic criteria upon which to make clinical recommendations. Mathemati-
cal models are now more relevant in biomedical practice [37] and several biomathematical
models of intracranial aneurysms have been proposed in the literature [34,77,78] .

We consider the biomathematical model of blood flow inside an intracranial aneurysm

z” + pz' + az — bz® + cz® — Fcos(ht) =0, t € [0, T}
z(0) = (T), z'(0) = «'(T),

(2.5.1)

where z represents the velocity of blood flow inside the aneurysm, and p, a, b, c, F, h are
positive medical parameters depending on each patient. For example, F is related to the
pulse pressure, h is the inverse of the cardiac frequency, p depends on the elastic properties

of the aneurysm wall, .... for details, see [38,77,79].
Assume that b2 > %, take A = £ > 0 and write the model (2.5.1) as

—z" + Az = f(t,z,1') = pz’ + p(z) — F cos(ht), (2.5.2)

where p(z) = 2z — bz? + cz® = v(z) + &z, v(z) = aT — bz? + cz®. We note that the

equation p(z) = 0 has three real roots namely, 0, 1, Z2 with (0 < z; < z,), where

_b—(p2-Maeyl oy (p2_ldacy}
- 2¢c » T2 = 2¢ :

Clearly, p(z) > 0, for z € [0,z1] and p(z) < 0, for = € [z1,23]. Let ¥(z) = p(z) + Az,
then

I

Ymax = max ¥(z) = ¥(z3) > 0,

Ymin = miny(z) = P(z4) <0,
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(p2_ 3 2_ 2
where z3 = b=(b"da)? (0,z1) and z4 = bt(b"—dac)? (z1,22). Moreover, ¥,(z) <

3c 3c
0, for every z € [z3,z4] which implies that pz(z) < —A for every = € [z3, Z4.

Similarly, 3
v(z) > 0 on (0, §z3),

v(z) <0 on (ga:;;, g:z:,;).

Since 0 < z3 < Hﬂ;ﬁﬂ)ﬁ, it follows that v(z3) > 0 which implies that p(z3) — Az3 > 0.

Thus, .
b— (b2 —4ac)?

Let

N
[

b+ (b? — 4ac)
3c

(6% — 4ac)
3c
Taking oo = z3 and 8 = z4, we have a < 8 and

F = min{tpmay — 2/\(b — ) |%min| + A( )}

" —Xa+ f(t,a,0') = —Azs + p(z3) — Fcos(ht) > max — 2Az3 — F > 0,

B" — AB+ f(t,8,8') = —Az4 + p(z4) — Fcos(ht) < —2Xz4 — |thmin| + F <0,
which imply that «, 8 are lower and upper solutions of (2.5.1).
Now, for z € [z3,x4], t € [0,T], we have

£t 2, 2")| < pla’| + K = w(]a’)),

where K = max{p(z) — F cos(ht) : t € [0,T], x € [z3,24]}. Moreover,

/ ® sds _ / ® sds o
o w(s) o ps+K
Thus the Nagumo condition is satisfied. Hence by Theorem 2.2.4, there exists a solution
of (2.5.1) in [z3, z4).
Now we approximate the solution of (2.5.1). The approximation scheme is given by

solutions of the linear problems

—z" + Az = k(t,z,z";4,¥'), t € [0, T},
2(0) = z(T), #'(0) = ='(T),
where
k(t,z,2'5y,y') = f(t,y,9) + pa(¥) (@ —¥) + p(z' ~ &)
= p(y) + pz(y)(z — y) + pz’ — F cos(ht).
We rewrite
—z" — pz’ + (A = pz(y))z = p(y) — YP=(y) — F cos(ht)
z(0) = z(T), z'(0) = 2/(T),
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in the equivalent form

T
= [ 6369 [ow) ~ woets) ~ F cos(hs)]ds

Since A — pz(y) > 0 for y € [z3,x4), it follows that the Green’s function G(¢,s) > 0 on
(0,T) x (0,T).
The first approximation to the solution is 3. Taking wg = z3, the second approxima-

tion is given by
T
wi(t) = [ Ga(t8)(Uimax — Fcos(ha))ds.
0

In general, the quasilinearization iteration scheme for the solution of (2.5.1) is given by

T
wy, = / Ga(t, s) (p(wn-1) — Wn—1Ppz(Wn-1) — F cos(hs))ds. (2.5.3)
0

To show the sequence of iterates converges quadratically to the solution of the problem
(2.5.1), we set vy (t) = z(t) — w,(t). By the mean value theorem, (2.5.2) and (2.5.3), we

obtain
~Un (t)+Avn (t) = (—2”(t) + Az(t))
= (~wh(t) + Mwa(t))
=pa’ + p(z) — [p(wn-— 1) + pu(Wn-1) (Wn — wy_1) + pwh]
= P + Py (Wp-1)vs 2pxa: (©)va1
< pUp + pr(Wn-1)vn + dllva-1l?,

where d is a bound for |p,;.(z)|. Thus, it follows that
—0p(8) = PV} (t) + (A = po(wn—1)vn(t) < dllon-1]?,

which implies that
“'Un” < 6“”71——1”2’

where d f(;r |Ga(t,s)|ds < 8. This shows that the iterates converges quadratically to a

solution of the problem.



Chapter 3

Three-point nonlinear boundary

value problems

In this chapter, we study existence, uniqueness and approximation of solutions for second
order nonlinear boundary value problems with nonlinear nonlocal three-point boundary
conditions. Firstly, we develop the method of upper and lower solutions to establish
existence results and then the method of quasilinearization to approximate our problems.
Multi-point boundary value problems for ordinary differential equations arise in different
areas of applied mathematics and physics [73,88]. The study of multi-point boundary value
problems for linear second order ordinary differential equations was initiated by II'in and
Moiseev [40,41] motivated by the work of Bitsadze [13] on nonlocal linear elliptic boundary
value problems. Since then, multipoint boundary value problems have been studied by
several authors, for example, [3,21,28-30, 32, 36,42,57,67,70,92].

3.1 Three point nonlinear boundary value problems (I)

In this section, we study existence and approximation of solutions of nonlinear second order

differential equations with nonlinear nonlocal boundary conditions (BCs) of the type

z''(t) =f(t,z,2"), 0 < t < 1, (3..1)
z(0) =a, z(1) =g(z(m), 0<n<l,
where g is continuous and nondecreasing. Simpler versions of these boundary conditions
are well studied [24,28-31,67,70,92]. In contrast to previous studies, we deal with a more
general boundary condition and we also treat the case where the nonlinearity f depends
on z'.
Existence is shown via the method of upper and lower solutions. We show that our

results hold for a wide range of problems, including problems of the form
z" = |2'|P'z’ — f(z), where0<p<2,

38
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subject to the well-studied boundary conditions
z(0)=a>0, z(1)=dz(n), 0<dn<1.

For these particular problems we show the existence of a positive solution when f satisfies
conditions a little weaker than 0 < f(z) < yz? + C for some v < 1.

The approximation of solutions uses the method of quasilinearization. We approxi-
mate our problem by a sequence of linear problems to obtain a monotone sequence of
approximants. We show that, under suitable conditions, these converge quadratically to
a solution of the original problem. In our new result, we control both the function and
its first derivative and prove a result on quadratic convergence in the C' norm. This is
more delicate than the corresponding results when there is no z’ dependence in f, for
example (3,21].

Recently, three-point (and certain more general multipoint) boundary value problems

(BVPs) of the following type have received considerable attention.

z'(t) = f(t,z,2') +e(t), t€J =[0,1], (3.1.2)
z'(0) =0, z(1)=dz(n), 0<n<1, (3.1.3)
z(0) =0, z(1)=94dz(n), 0<n<L (3.1.4)

Existence theory in these cases had been given in a number of papers of Gupta et al. [28,30].
Gupta [29] has also studied the resonance case giving existence and uniqueness results for
the problem (3.1.2), (3.1.3) with § = 1 and for the problem (3.1.2), (3.1.4) with dn = 1.
Positivity of solutions of the three point boundary value problems with 0 < 6 < 1 for
the BC (3.1.3), and with 0 < dn < 1 for the BC (3.1.4), when f does not depend on 2’
[except in a trivial manner] was studied by Webb [92], using fixed point index theory, and
by Ma [67] and others.

When f does not depend on z’, the nonlinear BVP with the nonlinear boundary
condition v/(0) = 0, u(1) + B(u/(1)) = 0 has been studied by Infante [42], by using fixed
point index theory. Here B : R — R is an odd continuous function such that there exists
a number § > 0 such that 0 < B(v) < év for every v > 0, but without any monotonicity
assumptions.

Recently, Eloe and Gao [21], Ahmad, Khan and Eloe [3] have developed the quasilin-
earization method for a three point boundary value problem involving a nonlinear bound-

ary condition
z'(t) =f(t,z), t€J = [0,1],
3.15
2(0) =a, (1) = g(=(1/2)), (3.1.5)

when the nonlinearity f is independent of z’. Our results allows f to depend on z', which

leads to extra difficulties, and they apply to more general boundary conditions.
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3.1.1 Upper and lower solutions method

This section is a joint work with Prof. J. R. L. Webb and has been published in [53].
Consider the nonlinear problem

2" (t) =f(t,2,2'), t € J = [0,1],

z(0) =a, =z(1)=g(z(n)), 0<n<1,

where f and g are continuous. Let k(¢,s) denote the Green’s function for the Dirichlet

(3.1.6)

boundary value problem, z(0) = z(1) = 0, so that

-t(1-3s), 0<t<s<,
k(t,s) =
—s(1-1), 0<s<t<l.

We note that k(¢,s) < 0 on (0,1) x (0,1). We seek a solution z via the integral equation

z(t) =a(l —t) + g(z t+/ k(t,s)f(s,z(s),z'(s)) ds (3.1.7)
We recall the concept of lower and upper solutions for the boundary value problem (3.1.6).

Definition 3.1.1. Let o, 8 € C%(J). We say that « is a lower solution of the BVP (3.1.6)
if
o'(t) > f(t,alt),d (1), te€J
o(0) <a, a(l) < glan)).
An upper solution 8 of the BVP (3.1.6) is defined similarly by reversing the inequalities.
For u € C(J) we write |lu| = maxey|u(t)] and for v € C(J) we write [jvf;y =

vV |v]|2 + ||v'||>. Now, we prove theorems which establish the existence and uniqueness of

solutions.

Theorem 3.1.2. Assume that o, € C?*(J) are lower and upper solutions of (3.1.6)
respectively such that o < 8 on J. Assume that f € C[J xR xR] and satisfies the Nagumo
condition in z' relative to o, 8. Suppose that g is continuous and is nondecreasing on R.
Then there exists a solution z(t) of (3.1.6) such that a(t) < z(t) < B(t), te J.

Proof. There exists a constant N depending on «, B and w such that

/N sds > ma.x,B(t) - mma(t),
x w(s)

where w is the Nagumo function.
Let C > max{N, |l’ll, &'l I, 1811} and q(s’) = max{~C, min{z',C}}. Define modifi-

cations of f(t,z,z') and g(z) as follows.

16,80 + =T > A

F(t,z, z') = f(t,z,q(z)), ifat) <z < (),

Ft,alt),q@')) + —= 2

TTie—a@l Z—a®) if z < aft).
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and

9(Bm)), =z > B(n),
G(z) = { g(z), a(n) <z < Bn),
g(e(n), = <a(n).

Consider the modified boundary value problem

z"(t) = F(t,z,7), t € J,

(3.1.8)
2(0) =a, =(1) = G(z(n).
This is equivalent to an integral equation,
o(t) = a(1 - ) + Gla(n)t + [ Kt 9)F(5,3(5),2'(5)) . (3.1.9)
0

Since F(t,z,z') and G(z) are continuous and bounded, this integral equation has a fixed
point by the Schauder fixed point theorem so the BVP (3.1.8) has a solution z € C?(J),
[21]. Further, we note that

o"(t) > f(t,alt), o' (t) = F(t,alt),d(t), te J
a(0) <a, a(l1) < g(a(n)) = Glaln))

and

B'(t) < £(2,B(1), (1)) = F(t, (), B'(2), te J
B(0) >a, B(1) > g(B(m) = G(B(n),
that is, , B are lower and upper solutions of (3.1.8). We claim that any solution z, of

(3.1.8) with a(t) < z(t) < B(t), t € J, is also a solution of (3.1.6). For if z is such a
solution of (3.1.8), then for t € J, we have

|F(t,2,2')| = | £(t, 2, q(z"))] < @(l']), (3.1.10)

where G(s) = w(g(s)) for s > 0. We note that g(s) = 0 for s > 0 and for s < C we have
g(s) = s. Now

¢ s N o C s N s .

[\ mdsz/; a)—-(ads—i—/;v EJ—(;)_dSZ./A o(s) d3>1{l€aj<,3—ltrél}1a (3.1.11)
and hence as in the proof of Theorem 1.1.7, we conclude that |2'(t)| < C, which implies
that z(t) is a solution of (3.1.6).

Now we show that any solution z of (3.1.8) does satisfy a(t) <z(t) < B(t), t € J. Set
v(t) = a(t) — (), t € J. Then, v(t) € C*(J) and v(0) < 0. We claim that v(¢) < 0 on J.

If not, v has a positive maximum at some to € (0,1]. If £o # 1, then

v(te) >0, v'(to) =0, v"(to) <O.
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However,

'U”(t()) — a"(to) _ .'L'"(t[))

> f(to, alto), ' (to)) — f(to, alto), @ (to)) — z(to) — a(to)

1+ |z(to) — afto)|

>0,

a contradiction. If ¢y = 1, then v(1) > 0, v/(1) > 0. Using the boundary conditions, we

have
v(1) = (1) — (1) < g(a(n) — G(z(n)).

If 2(n) < a(n), then g(a(n)) = G(z(n)), and hence v(1) < 0, a contradiction. If z(n) >
B(n), then G(z(n)) = g(B(n)) > g(a(n)), which implies v(1) < 0, a contradiction. Hence
<

a(n) < z(n) < B(n) and G(z(n)) = g(z(n)). Then v(1) < g(a(n)) — g(z(n)) <0, by the
increasing property of g, another contradiction. Thus a(t) < z(t), t € J. Similarly, we
can show that z(t) < B8(t), te J. O

Theorem 3.1.3. Assume that a, B are lower and upper solutions of the boundary value
problem (3.1.6). Suppose f(t,z,z') € C[J x R x R] is strictly increasing in z for each

(t,z') € J x R and g is continuous and = — g(z) s strictly increasing in x. Then
a(t) < B(t) on J.
Hence, under these conditions, solutions are unique.
Proof. Define w(t) = a(t) — B(t) on J. Then
w € C?(J), w(0) <0, and w(1) < g(a(n) — g(B(n)),
Suppose that w has a positive maximum at some to € (0,1]. If o € (0,1) then
w(te) > 0, w'(to) =0, w"(to) < 0.
Using the increasing property of f(t,z,z') in x, we obtain
w"(t) = " (o) — B (to) > f(to, a(to), @ (to)) — f(to, B(to), &' (t0)) > 0,

a contradiction. Thus £y = 1, w(1) > 0, and w'(1) > 0. It also follows, by essentially the
same argument as above, that w cannot have a negative minimum on (0,1), hence w > 0
on J. If w(n) = 0 then w(1) < 0 from the boundary condition, a contradiction. So we

must have 0 < w(n) < w(1), that is,
a(n) — B(n) < gle(n)) — 9(B(n)),

which implies a(n) < B(n) by the increasing property of I —g. This contradicts w(n) > 0.
We have shown that w(t) <0, t € J. 0
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Example 3.1.4. (A class of examples) Consider the three-point boundary value prob-

lem
2" (t) =|z' ()P~ 2’ (t) — f(z(t)), t € (0,1), where0<p<2,
z(0) =a > 0, z(1) = dz(n), n € (0,1) with 0 < én < 1.
We assume that f satisfies
f(z) > —(a—z)P for 0 <z < a, and f(z) <yxP + C for z > a, where y < 1.

Firstly we show that there is a lower solution of the form a(t) = a — bt, with b > 0. In

fact we take

{m if1<6<1
b= 7
1-4 .

21(37_72, lf6 < 1.

Note that b < a so that a(t) > 0 on J. Then a(0) = a and (1) < éa(n) since a —b <
d(a —bn) < a(l - 6) < b(1 — én). Further,
o' (t) > |/ )P e — flelt))
if and only if 0 > —b” — f(«(t)). This is valid because
fla—bt) > —[a—(a—bOP = (bt > 7.

Hence a(t) is a lower solution of the problem.

Secondly we show that 8(t) = a + Bt is an upper solution, where B > By > 0 is chosen

{o i£5<1
BO = a(d—1 . 1
W if1<s<y
In fact B8(0) = a and it is easy to check that 8(1) > 68(n)-
Further, 8"(t) < |8/|P~18' — f(B) if and only if f(B(t)) < BP. Now since 8 > a,
F(B®) <¥(B@)? +C <vla+BP+C.

Since y < 1, for sufficiently large B we have f(3(t)) < BP and hence B(t) = a + Bt, is an
upper solution of the problem for B sufficiently large.
Finally we show that the Nagumo condition is satisfied. For a(t) < z(t) < 8(t), we have
|l e = f(2)| < |2'P + f()
<|'|P + 2P + C < |2'|P + BP =t w(|z]),

below and where

where w(s) = sP + BP, and

o0 s 2
——ds = for0<p<2
/; &1 5P s = 00 p

Thus by Theorem 3.1.2, there is a solution of this BVP which lies between a and 8, in
particular is positive on [0,1). If § < 1 and f is decreasing then the solution is unique by
Theorem 3.1.3.
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3.1.2 Quasilinearization technique

We now study approximation of solutions by the quasilinearization method and show that,
under suitable conditions on f and g, there are solutions of linear problems that converge

quadratically to the solution of the nonlinear problem.
Theorem 3.1.5. Assume that

(Ay) there ezist lower and upper solutions of (3.1.6), a, 8 € C%(J), such that a(t) < B(t)

on J.

(A2) f € C*(J x R x R) satisfies fz(t,z,z') > 0 for t € J, z € [mina,maxf], and
|z'] < C. Suppose also that H(f) < 0 whenever mina < z; < maxf, |22] < C,
t € J, where

H(f) = (z = y)* faa(t, 21, 22) +2(z = 9) (&' =¥V oo (t, 21, 22) + (2 = ¢ )2 for (2, 21, 22)
18 the quadratic form of f.
(A3) The function g € C?(R) satisfies
0<g'(z) <1 and g"(z) > 0 for mina <z < maxpf.
Then, there ezists a monotone sequence {wy} of solutions of linear problems converging
uniformly and quadratically to the unique solution of the problem (3.1.6).
Proof. In view of (Ay), (A43) and Taylor’s theorem, we have
ft,z,2') < f(t,y,9) + fo(t9,9) (@ — ) + fr (b, 9:4) (& = o), (3.1.12)
where z, y € [mina, max g], 7', y' € [-C,C) and t € J, and
9(z) > 9(y) +¢'(¥)(z —y), for z € R, mina <y < maxf. (3.1.13)
Let S = {(t,z,2') : € [min@, max f], t € J, ' € R} and define on S the function
hit,z,y:2',y') = Ft,y,00) + fo(t,y,9(¥) (= — ¥)
+ for(ty,a(y' ) a(z') — g(¥')). (3.1.14)

Note that h(t,z,y;2’,y') is continuous and bounded so satisfies a Nagumo condition rela-

tive to o, 8. Also, for z, y € [mina, max f], let
G(z,y) = g(y) +9'(¥)(z — y)- (3.1.15)

Then, in view of (A3), G(z,y) is continuous and bounded and satisfies 0 < G,(z,y) < 1.
Moreover, from (3.1.14), it follows that, for |¢'| < C, |'| < C,

he(t,z, 932, y') = fz(t,y,9') 20,
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and
h(t,z,y;2,y) = f(6,,9) + fo (b, 9,9 )z —v) + fo (t,y,9) (2 — o). (3.1.16)

From (3.1.12), (3.1.14) and (3.1.13), (3.1.15), we have the following relations for |z'| <
G lyl<C,

t,z,z') < h(t,z,y; 7',y
f( ) < h( y') (5.1.17)
f@,z,2') = ht,z,2;2',2'),
and
G x’ _<_ x b
(z,9) < g(z) (5.1.18)
G(z,r) = g(z).
Now, we set wp = o and consider the following linear problem on S
"(t) = h(t, z,wo; T, wp), t € J
=(0) = bt 7, wni o (3.1.19)

z(0) = a, z(1) = G(z(n),wo(n))-
Using (A1), (3.1.17) and (3.1.18), we obtain
wg () > f(t, wo(t), wh(t)) = h(t, wolt), wo(t); wo(t), wp(t)), t € J
wo(0) < a, wy(l) < g(wo(n)) = G(wo(n), wo(n)),

and

B"(t) < £(t, B(t), B'(t)) < hlt, B(2), wo(t); B'(2), w(1), t € J

B0) > a, (1) = g(B(n) = G(B(n),wo(n)),
which imply that wy and 8 are respectively lower and upper solution of (3.1.19). Hence, by
Theorems 3.1.2, 3.1.3, there exists a unique solution w; of (3.1.19) such that wo < w; < B

and [w}| < C on J. Using (3.1.17), (3.1.18) and the fact that w, is a solution of (3.1.19),

we obtain

wy(£) = h(t, wr, wo; wi, wp) 2 f(t,wr(t), wi(t))

(3.1.20)
w1(0) = a, wi(1) = G(wi(n), wo(n) < g(wi(n)),
which implies that w, is a lower solution of (3.1.6). Now, consider the problem
z'(t)="h tawil;xlvwiL teJ
©) = (3.1.21)

z(0) =a, z(1) = G(z(n), w1(n))-

In view of (A4;), (3.1.17), (3.1.18) and (3.1.20), we can show that w; and B are lower and
upper solutions of (3.1.21) respectively. Hence again by Theorems 3.1.2, 3.1.3, there exists
a unique solution wy of (3.1.21) such that w; < wp < B and jwy| < C on J. Continuing

this process we obtain a monotone sequence {wy} of solutions satisfying

wyfw SwyLwz<..<wp1 Swn B, teJ,
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and
a<wy(t)<B, and |w;| < C,n=1,2,3,...,t€J, (3.1.22)

where w,, is a solution of the linear problem

wn(t) = a(l — t) + G(wn(n), wn—1(n))t + /01 k(t, s)h(S, Wn, Wn_1;wh, wn_y)ds. (3.1.23)

As h(s,wn,wn_1;wh,w!_,) is continuous and bounded on J, there is L > 0 such that

|h(s, wn, wp—1; wh,w_1)| <L, t € J. Also, for t, s € J, we have
t
lw, (t) — w(s)| < / |h (0, Wn, Wn—1; Wh, wy,_1 )| do < Lt — s|. (3.1.24)
S

From (3.1.22), (3.1.23) and (3.1.24), it follows that the sequences {ng) (t)},( =0,1) are

uniformly bounded and equicontinuous on J. The Arzela-Ascoli theorem guarantees the

existence of a subsequence and a function z € C*(J) with wi (7 = 0,1) converging

uniformly to ) on J as n — co. Passing to the limit in (3.1.23), we obtain

1
2(t) = a(1 ~ t) + g(a(n))t + /0 k(t,5) (s, , ') ds,

that is, z(¢) is a solution of (3.1.6).

Now we show that the convergence is quadratic. For each n, set v, = z — wy. Then,
vn € C2(J), va(0) = 0 and va(t) 20, t € J.

Using the definition of G(z,y) and Taylor’s theorem we have

vn(1) =g(z(n)) — G(wn(n), wn-1(n)) = g’ (wn-1(m))va(n) + %(Q”’z“l(") (3.1.25)

= gl(wn—l("?))vn("l) + dv,2,_1 (),
where £ lies between z() and w,—1(n) and d = g_"éﬂ > 0. Further, using Taylor’s theorem
and (A;), we obtain
Unt1(t) = 2"(t) —wnyy () = f(t,2,2)
— [ (¢, W, wh) + fu(t, Wn, w))(Wnt1 — wn) + for (£, Wn, Wy ) (W 1) — w})]
1
= f(t, wn,wh) + falt, wn, wh)(z — wa) + f (b Wn, wn) (" — wfy) + SH(S)
— [f(t, wny W) + folt, wny wh) (Wnss — wa) + For (b wn, wh) (W yy — w)y)]
1
= fz(t, wnaw:m)'un+1 + for (t, Wn, 'w:z)v:1+1 - ElH(f)L
(3.1.26)

where
2
H(f) = Uﬁfzx(t, c1,c2) + 2vn"~’:1fzm’ (t, c1, c2) + v:; fx/;c'(t, c1,¢2),
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with wy(t) < ¢ < z(t) and ¢ lies between g(w},(t)) and z'(¢). Hence a < ¢; < 8 and
lc2| < C. Then

M = r?é‘]x“flx(ta c1,¢2)ls |f:cz’(tacl,62)l7 | fzrz (2, c1,¢2)|},
is independent of w, and z and we have
|H(f)| < 2M|vnli}, (3.1.27)

where, ||vp||? = ||un]|? + ||v},]|2. Using (3.1.27) and the assumption f; > 0, we obtain from
(3.1.26)
Ung1(t) 2 for (b wn, w) )0y — Mlloall7. (3.1.28)

By a comparison argument (the maximum principle), it follows that

0 < vp+41(t) < r(t), where 7(t) is the solution of the linear problem

r"'(8) = far(t, wn, wh)r'(8) = —Milvnllf

(3.1.29)
r(0) = 0, (1) = ¢'(wa(n))vn+1(n) + dvi ().

Note that 7/(0) > 0 since r(t) > 0. Let u(¢) = e~ Jo for(s:wnwh) ds b the integrating factor,
then

(' (Ou(t) = ~Mu®)llvall3. (3.1.30)

Since a < wp, < B and |w),| < C, fy(t, wn,w)) is uniformly bounded say
"lsfz'(t3wﬂaw;1)SLv lZO,LZO

Then the integrating factor satisfies

1
—Lt < y(t) < €, —— < et (3.1.31)
R0

Integrating (3.1.30) from 0 to t, using (3.1.31) and the boundary condition r'(0) > 0, we

obtain

r'() 2 —-,;%ann% /0 uls) ds > — Mifuall2eBHet — D/ 2 —Mlloa 301,

which on integration from ¢ to 1, gives

r(t) < r(1) + Me* v, |13/ + L))
< g (wn (7)) vns1(n) + dvi(n) + Cillvall3,

MetL ]
where C; = T(Tﬁ? Hence, using 0 < g’'(wn(n)) < L1 <1 we have

Vn41(t) < Lyvpqa(n) + dv;‘:(n) + Cl””n”%‘
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Taking t = 7, solving for v,11(7) then gives
L
vat1(t) < 7= (@3 (m) + Calfonl}) + Cilun
Hence L
ont1(t) < 7= =dll3]l + Callenll,
1-1y
Ch . . A
where Cy = 1. Taking the maximum over [0, 1] gives
i
vns1ll < Csllvall},
L
where C3 = T d + C2. We have proved that
lt 1
lonsall < 03””71”%- (3.1.32)

Since v, € C%*(J), using the Mean value theorem, we can find 0 < { < 1, such that
vn(1) — vp(0) = v}, (€). That is, v,(1) = v},(£). Using (A2) and (3.1.32) in (3.1.26), we

have
1
Un41(2) = fzlt, Wn, w))vn i1 + For (8, We, W) Vg1 — §|H(f)l
< fx(t, wmw;)v:z+l + Nvayy < fo (t, wmw;z)v;l+l + NC3”U71“%7

where 0 < fo(t, wn,w},) < N. It follows that
(V41 (B)p(2)) < NCsllvall3u(t) < NCse|jui3,

which implies that

NCse"
(haa (O(t) = == lwall}) <0

(3.1.33)

that is, the function ¢(t) = v, (t)u(t) — N—Cfe‘—tuvnllf is non-increasing and hence ¢(§) >

#(1) which implies that

NC i NCsel
U1 () = = llvnll} = vy a (u(1) = = llwnl}.

That is,

o (1) <0y ©(E) + T a3 (E — )

NC
T llonliie’ =)

= ”n+1(1)I‘(§) +
Cs

N
= ¢/ (wn(M)vps1(n) +dv} (MIuE) + = llvallF(e' — €¥)  (3.1.34)

< ¢'(Wa(M))vn41(n) + [du(€) + ]—vlga'(el — e)]jlvali?

< [Cag'(wn(m) + dia(€) + 26! = o
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Using (3.1.28), we get
(W1 (BB(®) > ~Ne|lvnlf, t € J.

Integrating (3.1.35) from ¢ to 1 and using (3.1.34), we obtain
! ! N l it 2
Un1(p(t) < vnya (Dp(1) + (e = e)llonlly

< [Cad/ () + (@) + 02! — )+ T — ] onl-

It follows that
v} 11(t) < Rillonll?,

where,

By = ‘?:f{ 0

Now, integrating (3.1.35) from 0 to ¢, we obtain

n(® 2 - Dot > <Rl

where,
N(eft -1)

Let R = max{Ry, Ry}, then from (3.1.37) and (3.1.38), it follows that
01 (8)] < Rlvall}-

Combined with (3.1.32) this establishes
lons1ll < Calloall?,

where Cy = C; + R, that is, we have quadratic convergence.

3.1.3 Generalized quasilinearization technique

We now use an auxiliary function ¢ to allow weaker hypotheses on f.

Theorem 3.1.6. Assume that

(Crg'walm)) +dia@) + 2 — )+ T = ]},

(3.1.35)

(3.1.36)

(3.1.37)

(3.1.38)

(3.1.39)

(By) a and B € C*(J) are lower and upper solutions of (3.1.6) respectively, such that

a(t) < B(t) on J.

(By) f € C[J xRxR] satisfies f;(t,z,2') >0 fort € J, £ € [min o, max g}, and Iz’ < C.
Suppose also that H(f +¢) < 0 on J x [mina, max f] x [-C, C), for some function

¢ € C?[J x R x R] where H(¢) <0 on J x [mine, maxg| x [-C, C].

(Bs) g(z) € C*(R), 0<¢'(z) <1 and g"(x) >0 on [mina, maxA).
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Then, there exists a monotone sequence {wy,} of solutions of linear problems converging

uniformly and quadratically to the unigque solution of the problem.
Proof. Define F: J x Rx R — R by
F(t,z,y) = f(t,z,y) + ¢(t,z,y), t € J.
Then, from (B3), we have F(t,z,y) € C*[J x R x R] and
H(F) <0 on J x [mina, maxf] x [-C, C]. (3.1.40)

Let Q = {(t,z,2z') € J x [mina, max B8] x [-C, C]}. Using Taylor’s theorem and (3.1.40),

we have
ft,z,2'") < F(t,y,0) + Fa(t,y,4) (@ — y) + For (6, 3,4) (&' = ¢') - é(t,2,2"), (3.1.41)

where (¢,z,2'), (t,v,y’) € Q. Further, using Taylor’s theorem on the function ¢, we can

find dy, dy € R with y < d; < = and dz between z’ and Y, such that

B(t,2,2) = 86,1, ¥) + $ult,9,9) (0 =) + LUV ~ 1) + 3H@),  (3142)

where
H($) =(z — y)?boz(t, di,d2) + 2(z — ¥)(&' = ¥)bor (t, d1, d2)
+ (&' — )b (t, d1, d2)
Let
N = max{|¢z5(t, d1,d2)|, |¢ez (£, d1,d2)|; | $ora (£, d1, d2) : (2, dy, d2) € Q}.
Then

|H ()| < 4Nz —yli. (3.1.43)

In view of (B,) and (3.1.43), it follows that
$(t,z,2') < $(t,4,Y") + ba(t,y,¥') (@ — v) + ¢ (t,4,9) (&' — 1) (3.1.44)
and
$(t,z,7) > d(t,u,¥) + 2(t,4,¥')(z — y) + b (6,4, ¥ —¢) — 2N{lz — y||}. (3.L45)
Using (3.1.45) in (3.1.41), we obtain
f(t,z,2') < Ftu,0) + folt,y, 9 )z — 9) + for (8 9,9)) (& — ) + 2N ||z — y||3. (3.1.46)

Define the function h* on S by

r*(t, 2,y 7 y') = F(&9,9(4) + f(t,y,9") (@ — ) + f=(4,9,9(¥) (g(z") — q(v/))
+2N|lz -yl (3.1.47)
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We note that h* is continuous and bounded and therefore satisfies the Nagumo condition.
Moreover, h}(t, z,y;2',y") = fz(t,y,y’) > 0 and
W (t2,y;2'y) = f(6yy) +folt,y, 9 ) @ —y) + fo (8,9,4/) (@' —y) +2N Iz —yll3, (3.1.48)

for |2/| < C, |y'| £ C. From (3.1.46) and (3.1.48), we get the following relations

t? b ! <h* t7z’ ;xl, !
{f(m)_ (t,z,y; 7',y 6.049)

f(t,z,2') = h*(t,z,7;2',2'),
for |2'| < C, |y’| < C. As in the previous section, we obtain a monotone sequence {wy} of

solutions satisfying
a=wy<wi<wy < Lwp, <BteJ
That is
a<wy(t) <Band |w, (t)] <C,n=123,.,teJ (3.1.50)

where w,, satisfies

1
wn(t) = a(l ~ t) + G(wn(n), wn—1(n))t +/0 k(t, 8)h* (S, Wn, Wn_1;wy,, wy,_q) ds. (3.1.51)

The same arguments as in theorem 3.1.5, shows that the sequence converges to the unique

solution of the boundary value problem (3.1.6).

Now we show that the convergence of the sequence of solutions is quadratic. For that, we

set vn(t) = 2(t) — wy(t), n =1,2,3... and t € J. Then, we note that
v, € C3(J), v,(0) =0, and va(t) >0, t € J.
Using (Bs), (3.1.44) and Taylor’s theorem, we get
Vpg1(t) = 2" (t) — Wiy, () = (F(t,2,2") — $(t,7,2") — f (2w, w})
~ fult, Wn, wh) (Wn1 — wn) = for (b, Wn, wh) (Wny1 — wh) = 2N [ wng1 = wnllf
> f(t, wn, wh) + folt, wn, w))(@ — wn) + for(t, wn, wp)(@' — wy) + H(F)/2
— f(t,wn, wh) = folt, wn, w)) (Wnt1 — wa) = for (W, wp) (wrpq — w})
— 2N |wa+1 — wall}
> Folt, wn, wh)omss + for by, s = 5HH O = 2N o,
(3.1.52)

where
2
H(F) = 2 Fp(t,£1,85) + 20q0} Fop (£, €1, €2) + 00" Forp (8,61, 63).

with w, < £ < z, and & lies between w, and z'. Let

M= trenlg‘)l{]{lpzz(t’ El’gz)lv |F1::c’(t1 §17§2)|7 IFz,T'(t’§17§2)l tte J7

& € [minwp(t), max B(t)], &2 € [-C, O]},
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then |H(F)| < 4M||v,||? and hence (3.1.52) becomes
U'Z+1(t) Z f:t’ (ta wn’w:z)v;z+l - 20”’07;"%, (3153)

where C' = N+ M. Here, we used the assumption f; > 0 and the fact that ||wp41 —wy|; <
|vnll1. From (3.1.53), it follows that v,41(t) < r(t), where r(¢) is the solution of the linear
problem
"t) = for(t, wn, wh)r'(t) — 2C v ||?
r'(t) = for (t, wn, w7 (2) lonlly 2 (3.1.54)
r(0) = 0, r(1) = ¢'(wn(n))vn+1(n) + dvy(n),

which is the same equation as (3.1.29). Hence by the same process, quadratic convergence

follows as in Theorem 3.1.5. O

3.2 Three-point nonlinear nonlocal boundary value prob-

lems (II)

This section is the original work of the author alone and is accepted for publication in [49].
In this section we study a nonlinear second order differential equations with nonlinear

nonlocal three-point boundary conditions of the type
- z"(t) = f(t,z,2"), t€J,
2(0) =a, ='(1)=g(z(n)), 0<n<1,

where the nonlinearities f : J x R x R — R and g : R = R are continuous. We show the

(3.2.1)

validity of the classical upper and-tower solutions method to ensure existence of solution of
the problem. Then we develop the quasilinearization method to obtain monotone sequence
of solutions of linear problems which converges uniformly and quadratically to a solution
of the original nonlinear problem. In our new results, we control both function and its first
derivative and prove a result on quadratic convergence in the C! norm. Our boundary

conditions includes the two point boundary conditions

y(0) =0, y'(1) +¥(y(1)) =0,

studied in [2], as a special case. Recently, existence theory for the boundary value problem

of the type

y'(z) = f(z,y), z € (0,1),
y(0) =0, y'(1) = g(y(£),¥'(§)) =0, 0 < < 1,

is studied in [15] with f(z,y) = a(z,y)(y — b).
We write (3.2.1) as an integral equation

1
z(t) = a + g(z(n))t + /0 k(t,s)f(s,2(s),z'(s))ds, (3.2.2)
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where,

t, 0<t<s<l]1,
k(t,s) =
s, 0<s<t<L],

is the Green’s function. Clearly, k(¢,s) > 0 on (0,1) x (0,1).
Now, we know that the linear homogeneous problem
z"(t) + Lz'(t) =0, t € J,
z(0) =0, '(1) =0,
has only a trivial solution for all L(# 0) € R. Consequently, for any o(t) € C(J), the
corresponding nonhomogeneous problem
2"(t) + Le'(8) = o(t), t € J,
z(0) = ¢, 2'(1) = g(z(n)), 0 <n <1,

has a unique solution

1
z(t) = a + g(z(n))t + / kp(t,s)o(s)ds,
0
where for L # 0,
Ls (1-—3"Lt), 0<t<s<1
L la-els), 0<s<t<l,

and for L =0,

—t, 0<t<s<l1
ko(t,8)=
-5, 0<s<t<Ll

We note that k(t,s) < 0on (0,1) x (0,1) for any L € R.

3.2.1 The method of upper and lower solutions
We recall the concept of upper and lower solutions for the BVP (3.2.1).
Definition 3.2.1. Let a € C?(J). We say that a is a lower solution of the BVP (3.2.1),
if

-d'(t) < f(t,aft),d (t), t€J

a(0) < a, (1) < g(a(n)).

An upper solution 8 € C?(J) of the BVP (3.2.1) is defined similarly by reversing the
inequalities.

Now we state and prove the following theorems which establish the existence and

uniqueness of solutions.
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Theorem 3.2.2. Assume that o, € C?*(J) are lower and upper solutions of (3.2.1)
respectively such that a < 8 on J. Assume that f : J X R x R = R s continuous and
satisfies a Nagumo condition on J relative to o, 5. Assume that g is continuous and is
increasing on R. Then there exzists a solution z(t) of (3.2.1) such that aft) < z(t) <

B(t), t € J.

Proof. Let max{|g(a(n))|,|9(B(n))|} = A, then there exists a constant N(> )) depends on
a, B and w such that

N sds .
/A o(s) e A() — minalt). (3.2.3)

Let C > max{N, |||, ||#'ll} and ¢(z') = max{—C,min{z’,C}}. Let ¢ > 0 be fixed and
define the modifications of f(¢,z,z') and g(z) as follows

(£(t,8(t),B'(8)) + % if £ > B(t) +e,
£(t8(t) a(a) + £ (£, 8(2), 8'(2))
! T z—B(t) :
f(t,ﬂ(t),q( o) + 2|, it <o <B) +e
F(t,z,2") = ¢ f(t,2,q(z')), if a(t) < z < B(t),

7t a(),q(2)) + £ (t alt), ()
— £t alt), q(a")) + —20= )] A=z i (1) — e < z < a(t)

1+(a(t)—z
| f(tat), () + H"a‘(;x ; if z < oft) — ¢,
and
9(Bm) + - ﬂ( Y if z > B(n),
G(z) = 4 g(z), if a(n) <z < B(n),

(e(m) + ﬂm_? if z < a(n).

Then F: J x Rx R — R and G : R — R are continuous and bounded.

Consider the modified problem
—2''(t) = N, teJ,
z"(t) = F(t,z,x’) (3.2.4)
z(0) = a, 2'(1) = G(z(n)-

This is equivalent to the integral equation

o(t) = o+ Gz(n)t + /(,1 k(t, ) F (5,2(s),2'(s))ds

Since F and G are continuous and bounded, we apply Schauder’s fixed point theorem to

conclude that the BVP (3.2.4) has a solution. Moreover,

—a"(t) < f(t,at), (1)) = F(t,o(t), (), te J
a(0) < a, @/(1) < gla(n)) = G(a(n))



CHAPTER 3. THREE-POINT NONLINEAR BOUNDARY VALUE PROBLEMS 55

and

—;Bu(t) > f(taﬂ(t)’ IBI(t)) = F(taIB(t)’ ﬁl(t))a teJ
B(0) > a, B'(1) 2 g(B(n)) = G(B(m)).

Thus, « and B are lower and upper solutions of (3.2.4). We claim that any solution z of
(3.2.4) satisfies a(t) < z(t) < B(t), t € J. Firstly, we show that a(t) < z(t), t € J. For
this, set v(t) = a(t) — z(t), t € J. Then, v € C%(J) and v(0) < 0. Assume that

max{v(t) : t € (0,1]} = v(to) > 0.
If ty € (0,1), then v'(tg) = 0 and v"(¢p) < 0. However,

'U"(to) — a"(to) _ zll(to)

> — [t alto), @' (1)) + [f(ta,alto), ' (t0)) + )

1+ v(to)] >0,

a contradiction. This implies that v has no positive local maximum on J. If {, = 1, then
v(1) > 0 and v'(1) > 0. Using the boundary conditions and the increasing property of the

function g, we have
V(1) = /(1) — 2'(1) < gle(n)) — G(z(n)).

If z(n) < a(n), then

a(n) — z(n)
1+ (a(n) — =(

G(z(n)) = g(a(n)) + ) > g(a(n)),

which implies that v’(1) < 0, a contradiction. If z(n) > B(n), then

Glatn) = 9(8) + =L > o(8m) > gle(n)

hence v'(1) < 0, again a contradiction. Hence a(n) < z(n) < B(n). Then

G(z(n)) = g(z(n)) > g(e(n),

which implies that v'(1) < 0. Thus, in this case v'(1) = 0. Since v(1) >0, v(n) <0 and v
has no positive local maximum, so there exists ¢ € [7,1) such that v(¢;) = 0 and v(t) > 0

on (¢;,1]. Now for each t € [t;, 1], we have

V(1) = o'(t) = 2"(t) > —f(t,a(t), /() + [f (£ alt), @' (B)) +
Integrating from ¢ to 1, using v'(1) = 0, we obtain

v'(t) <0 on [t1,1],



CHAPTER 3. THREE-POINT NONLINEAR BOUNDARY VALUE PROBLEMS 56

which implies that v is decreasing on [t;,1] and hence v(1) < 0, a contradiction. Thus,
a(t) < z(t), t € J. Similarly, we can show that z(t) < B(t), t € J.

Now, it remains to show that every solution z of (3.2.4) with a < z < 8 on J satisfies
|z'(t)] < C,t € J. Since g is increasing, it follows that g(a(n)) < g(z(n)) < g(B(n))

which implies that 2'(1) € [g(a(n)), g(8(n))]. Since max{lg(a(m)l, lg(B@)I} = A, we
have |z/(1)] < A. If |2/(¢)| < A < C for every t € J, then we are done. If not, then there

exist 1, t5 € J(say) with (f; < t2) such that
Z'(t) = C, z'(tz) =X and A < 2'(t) < C, t € [t1,t2).

Since f(t,z,z') satisfies a Nagumo condition relative to a,f, for every t € [t1,%;] and

z € [min a(t), max B(t)], there exists a Nagumo function w such that
F(t,z,2') sgn(z') = f(t, z,9(z")) sgn(z) < w(g(z")),

which implies that ()
—z'(t)x" (¢ ,
@) =Y

Integrating from ¢, to t3, we have

C sds t ;
[\ .a_)(;.)_ < x(tz) - a:(tl) < I?Ea-}Xﬁ( ) - I{él}la(t),

which contradicts (3.2.3). Thus, |z'(t)] < C on J, which implies that z(t) is a solution of
(3.2.1). O

Theorem 3.2.3. Assume that o, B are lower and upper solutions of the boundary value
problem (3.2.1) such that a(n) < B(n). If f(t,z,z') € C(J x R x R) is decreasing in = for
each (¢,z') € J x R and g € C(R) is increasing. Then a(t) < B(t) on J.

Proof. Define w(t) = a(t) — B(t) on J. Then
w e C?(J), w(0) < 0 and w(n) <0.

Assume that w(t) < 0,¢ € J is not true, then w(t) has a positive maximum at some

to € (0,1]. If ty # 1, then
w(ty) > 0, w'(¢g) = 0 and w"(2o) < O.
However, using the decreasing property of f(t,,z’) in , we obtain
w”(to) = " (to) — B”"(to) > — f(to, a(to), &' (to)) + f(t0, B(to), &' (20)) > 0,

a contradiction. If £ = 1, then w(1) > 0 and w'(1) > 0. Using the boundary condition at

t = 1 and the increasing property of the function g, we obtain,
w'(1) = /(1) = F'(1) < g(a(n) —9(B(n) <0,

a contradiction. Thus w(t) <0, t € J. O
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Example 3.2.4. Consider the boundary value problem

—2" = —|z'P7'a’ + f(2),0<p < 2, t € [0,1]
2(0) =0, &'(1) = dz(n),

where, 0 < 07 < 1 and f is decreasing and satisfies a? > f(0) > 0 for a fixed a > 0. Taking

a = 0, we have
a(0) =0, (1) = da(n),

o"(t) — o' P~ + (@) = £(0) > 0.
Thus 0 is a lower solution. Now, take 8 = at, we have
B(0) =0, p'(1)=a = adn=3B(n),

B"(t) — |B'P~18' + f(B) = —a” + f(at) < —a” + (0) <O.

Thus, at is an upper solution. Moreover, for t € [0,1] and = € [0, at], we have
= P + f(2)] < [P+ M =w(la])
where M = max{f(z);z € [0,a]} and
®© ods _/°° sds -
/o wis) Jo P+ M

Thus, the Nagumo condition is also satisfied. Hence, by Theorem 3.2.2, the problem has

a solution in [0, at], in particular a nonnegative solution.

Example 3.2.5. In the above example, if we take p = 1 and f(z) = e™%, then the problem
reduces to

—g'=—-2'+e % ted

2(0) =0, (1) = dz(n),
where, 0 < 67 < 1. It is easy to see that o = 0 is a lower solution and § = ¢ is an upper

solution of the probem. Moreover, f satisfies a Nagumo condition. Hence, the problem

has a solution in [a, 8]

3.2.2 Quasilinearization technique

Now we study approximation of solutions by the method of quasilinearization and show
that under certain conditions on f and g, there exists a monotone sequence of solutions

of linear problems that converges quadratically to a solution of the original problem.

Theorem 3.2.6. Assume that
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(A1) a, B € C*(J) are lower and upper solutions of (3.2.1) such that a < 8 on J.

(Az) f € C%(J x R x R) satisfies a Nagumo condition on J relative to o, B and is such
that fu(t,z,y) is non increasing in y for (¢t,z) € J x [mina(t), maxA(t)], f <0
and H(f) >0 on J x [minca(t), maxS(t)] x [-C, C], where

H(f) = (8= 9)* fzz(t, 21, 22) + 2(z — ) (&' =) frwr (8 21, 22) + (&' = )2 fovar (8, 21, 22)
is the quadratic form of f, z lies between y and z, 2 lies between z’ and y'.
(As) For (t,z) € I x [minaf(t), max B(t)], fz (L, z,z') satisfies
|fzr (82, 01) = for (82, y2)l € Llys — 92|, 11, 12 €R,
fo(t,z,C) < =2LC, fu(t,z,—C) > 2LC,
where L > 0.
(A4) g(z) € C?(R), 0< ¢'(z) <1 and g"(z) > 0 on [mina(t), max B(t)].

Then, there ezists a monotone sequence {wn} of solutions of linear problems converging

uniformly and quadratically to the unique solution of the problem (3.2.1).

Proof. The conditions (A1), (A4) and the Nagumo condition on f assure the existence of a
solution of the boundary value problem (3.2.1), (by Theorem 3.2.2). Moreover, there exists
a constant N > X depending on «, 8 and w (a Nagumo function) such that any solution of
(3.2.1) satisfying o(t) < z(t) < B(t) on J satisfies [z(t)] < N on J, (by Theorem 1.1.7).
Choose C > max{N, |||, |8'||} and define q(z'(¢)) = max{~C, min{z'(t), C}}.

Now consider the boundary value problem

—2"(t) = f(t,z,q(z)), t € J
z(0) =a, z'(1)=g(z(n), 0<n<l.

(3.2.5)

We note that any solution z € C2(J) of (3.2.5) with a(t) < z < B(t) is such that
|z/(t)| < C, and hence is a solution of (3.2.1). It suffices to study (3.2.5).

Now, in view of (A2) and Taylor’s theorem, we have
ft,z,q(a") = Fty,a)) + fa(t,y,9(¥)) (@ — v) + fo (t:9,9())(a(2") — a(y"), (3.26)
for (t,z,2'), (t,¥,y') € S. Also, in view of (A4), we have

9(z) > g(y) + ¢'(w)(z — ), (3.2.7)

for z, y € [mina(t), max 5(t)]. Define

K(t,z,2";5,9) = f(&, 9, 9" N+ f=(t, v, 9(0)) (@ —y) + f= (1,4, 9(4)) (a(2") - q(¢)), (3.2.8)
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where z, y, ', ¥’ €R, t € J. Then K is continuous and satisfies the following relations

K (t,z,2';y,9') = fo(t,z,q(z")) > 0 and

{f(t,:v,q(z’)) > K(t,,7sy,9) 529)
f(t,z,q(z")) = K(t,z,2';2,2)
for (¢t,z,z'),(t,y,y") € S. Define G(z,y) by

G(z,y) = 9(v) + 4'(¥) (= — v), (3.2.10)

where z, y € R. Then G is continuous, bounded and satisfies the relations 0 < Gz(z,y) < 1

and

(3.2.11)

{a(x,y) < g(),
G(z,z) = 9(z),

for z, y € [min(t), max B(t)]. Since K(¢,z,z;,y’) is continuous and bounded on J x
[min a(t), max B(t)] x R, therefore satisfies a Nagumo condition on J relative to «, 8.

Hence there exists a constant C; > A such that any solution z of
- 2"(t) = K(t,z,2'sy,9), t €J
z(0) = a, ¢'(1) = G(z(n),y(n)),
with a(t) < z(t) < B(t), t € J satisfies
|Z'(¢)] < C1, t € J for (t,y,y) € 8.
Now, set & = wp and consider the linear problem with the linear boundary conditions

—z"(t) = K(t,z,2';wo, wp), t € J
z(0) = a, '(1) = G(z(n), wo(n))-

(3.2.12)

Using (4;), (3.2.9) and (3.2.11), we get

—wli(t) < (¢, wo(t), wh(t)) = K (¢, wo(t), wp(t); wo(t), wp(t), t € J
wo(0) < a, wh(1) < g(wo(n)) = G(wo(n), wo(n)),

and

-B"(2) 2 f(£,B(¢),8'(1) = K(t,B(2), B'(t); wo(t), wo(t)), t € J
B(0) 2 a, A(1) > g(B(n)) = G(B(n), wo(n)),

which imply that wp and 3 are lower and upper solutions of (3.2.12) respectively. Hence,
by Theorems 3.2.2, 3.2.3, there exists a unique solution w1 of (3.2.12) such that

wo(t) < wi(t) < B(t) on J.
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Using (3.2.9), (3.2.11) and the fact that w; is a solution of (3.2.12), we obtain

— wy () = K (t, w1 (2), i (t);wo(t), wo(t)) < f(t,wa(t), q(wi(?)), t € J

(3.2.13)
w1(0) = a, wi(1) = G(wi(n), wo(n)) < g(wr(n)),

which implies that w; is a lower solution of (3.2.5). Now, consider the boundary value

problem
- (t) = K(t,m,x ;whwl)a tedJ (3214)
z(0) = a, 2'(1) = G(z(n),w1(n)).

By (A1), (3.2.13), (3.2.9) and (3.2.11), we can show that w; and 3 are lower and upper
solutions of (3.2.14). Hence by Theorems 3.2.2, 3.2.3, there exists a unique solution wy of
(3.2.14) such that

w1 () < wa(t) < B(2) on J.

Continuing this process we obtain a monotone sequence {wy,} of solutions satisfying
wo<w <wyLwz< ... Swp1 Swp <G, L€, (3.2.15)
where wy, is a solution of the linear problem

_zu(t) = K(t1za$’;wn—1vw;l—1)7 teJ

z(0) = a, 2'(1) = G(2(n), Wn-1(n)),

and
1
wn(t) = a + G(wn(n), wn_1(n))t + / k(t, 8)K (s, Wn, Wh; Wn—_1, w)_,)ds. (3.2.16)
0

Since (¢, wn_1,w,,_1), (t,wn,w)) € J x [minwg(t), max B(t)] x [-C1, Ci], there exists a
constant M; > 0 such that |K (¢, wy,w!; wp-1,wh_1)| < M1 onJ. Thus for any s,t €
J(s < t), we have

t
h(®) = wh(o)| < [ 1Ky iy 0o, whor)ld < Mt~ sl (3:2.17)
S

From (3.2.15), (3.2.16) and (3.2.17), it follows that the sequences {wf,j)}(j = 0,1) are
uniformly bounded and equicontinuous on J. The Arzela-Ascoli theorem guarantees the
existence of subsequences and a function z € C?(J) such that wd) - 20 (G = 0,1)
uniformly on J as n — oco. It follows that K(t, Wn, WniWn-1,Wy_;) = f(t,z,q(z')) as

n — oo. Passing to the limit in (3.2.16), we obtain

1
z(t) = a + g(z(n))t +[) k(t,s)f(s,z,q(z"))ds,

that is, z(t) is a solution of (3.2.5).
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To show the quadratic convergence of the sequence, we set v, (t) = z(t) —wn(t), t € J,
then v,(0) = 0, and vy(t) > 0, t € J. Using the mean value theorem and the definition of
G(z,y), we have

vp 1 (1) = g(z(n)) = G(wn41(n), wa(n))

= 9(wa(m)) + & (wn () (1) = walm)) + T (2 (0) — wa(m)?

~ [9wn () + ¢ (wam) (wns1(n) = walm)]

g—nz(—gzvi(n)

< g (W (1)) vns1 () + dllvall?,

= ¢ (wa () vn41(n) +

where, 0 < L’z@ < d. Moreover, using (3.2.8) and Taylor’s theorem, we get

_U'Z-i‘l(t) = —(B”(t) + wx+1(t) = f(t, z, IL‘,) - K(ta Wn+1, w':l-}.];wna w;;)

= £ty 1)) + Fo(t w0 g(w)) @ — W) + Far (6w q(wi) @' — a(w}))
+ LH(P) = (7t 0, 9(0})) — Fo(t wa, 00h) (W1 = w3)

— for(t, wn, q(w})) (g(wrg1) = a(w}))]

— Falt, wny )it + for (i, ()@~ @lwns)) + 5 H )

= f.’t(t7 Wn, Q(w;z))vnﬂ + f:c’(tawm q(wn))v;-}-l

ot g (0)) (s — i) + (), L€ T

(3.2.18)

where,

H(f)=(z - 'wn)2fzz(ta &1,6) + 2(z — wn)(xl - Q(w;;))f:cx’(t’ €1,€2)
+(zl - Q(w;z))zf:c’m’ (tv §17£2))
wy(t) < & < z(t) and & lies between g(w/,(t)) and z'(t). Let

R = max {Ifz:t(t1€17§2)|7 lf:c.‘l:’(t7§h§2)'a lf:c'z’(t7§17 {2)' S J’ 61 € [mm'wo(t),ma.xﬁ(t)],
62 € [_01101]}a

then
|H(f)| < R(lz — wa|> + 2|z — wallz’ — g(wh)] + |z’ — q(w;)IQ),

which in view of the relation |z’ — g(w!)| < |z’ — w)| = |vn|, implies that
[H(£)| < Rlval + [03)* < Rllvalli.
Using this and the assumption (A2)(fz < 0), we obtain

—vpa(t) < fo(t, Wn, ¢(w))vp 41 (8) + for (2, wn, g(wp))(wn 4y — Q(wiwl)) + %""’n“%
(3.2.19)
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1. If for some ¢ € I we have |w;,,,(t)| < C, then

w1 (t) — g(wp 44 (2)) =0,

hence

fm’(tawn—laQ(w;z))(w;Hl - (I(w;z+1)) =0.

2. If for some t € I we have w}, ;(t) > C, then wy,(t) — q(w;,,,(¢)) > 0, and using
(As), we obtain

for (8, wa (), q(wr, (1)) < fur (2, wa(t), a(wpa (1)) + Llg(wy (2) — q(wni1(2)]
< fo(t,wn(t),C) +2LC < 0.

Hence
For (t, wn(2), g(wy, (1)) (w41 () — @(wn 44 (2))) < 0.

3. If for some t € I we have w/,,(t) < —C, then wy,;(t) — g(wy,(t)) <0, and using
(As), we have

For (8, wa (t), q(wh () > fur (8, walt), g(wh1 (1)) — Llg(wy (¢)) — g(wp41(2))]
> fo(t, wn-1(2), ~C) —2LC > 0.

Hence
Far (t, wa (), g(wh (£))) (w41 () — @(wn 41 (2))) < 0.

Thus (3.2.19) can be rewritten as
R
—vji 1 (t) < for (, wn, q(w})) Vg + 5““1:”%- (3.2.20)

By the maximum principle, v,;1(t) < 7(t) on J, where r(¢) is a solution of the linear

boundary value problem

R
—r"(t) = far(t, w0, q(w)r'(8) + G llenlE, t € T

(3.2.21)
r(0) =0, r'(1) = ¢’ (wa(n))vn+1(M) + d||vnl3.

Since (t, wn, g(w},)) € J x [minwp(t), max B(¢)] x [-C, C] and fe is continuous on J x R?,
there exist L, [ > 0 such that

_ll S fz’(ty wan(w;z)) S L’ teJ
Thus, L — fz(t, wn,q(w})) > 0 on J. We rewrite (3.2.21) as

P(E) + I (8) = (L far(ty @) (8) = lunll, t € 7

r(0) = 0, r'(1) = ¢'(wa(n))vn+1(n) + dljv, |1}.
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This is equivalent to the integral equation

r(t) = (gl(wn(n))"}n+1(n) + d”")n”%)'ﬂ'

. , R, (3.2.22)
|| ket [(2 = fo (s, wm, 9t )r'(5) = 5 Mol s
0
Let u(t) = elo far(siwn(s)wn(s)ds  then u(t) satisfies
et < put) <elt te (3.2.23)
and from (3.2.21) it follows that
1 ! R 2
(r'(Op)) = "E”vnlllﬂ'(t) <o.
This implies that the function
P(t) =r'(ult), teJ
is non-increasing in t. That is, 1(t) > 9(1), t € J, which implies that
'(1)p(1)
"(t) > 1(——— > 0.
rit) 2 p(t)
Thus,
ki (t,8)(L — far (t, wn, g(wp)))r'(8) < 0. (3.2.24)
Substituting (3.2.24) in (3.2.22), we obtain
R 1
i (8) < 7(8) (g n())nen ) + o)t + ol [ e (e 5)ids
(3.2.25)
R 1
< Wonaa(n) + (dt 4+ 2 / ks (¢, )1ds) lon 13,
0
where 0 < ¢'(wn(n)) <1< 1. At t =7, we have
D
Un41(n) S 7T lllvnllf, (3.2.26)

where D = max {dt + & [ |k.(t,s)|ds; t € J}. Taking the maximum over J and substi-

tuting for v,+1(n), we obtain

D
llwall3- (3.2.27)

"Uﬂ+1” S 1 __l

Using (3.2.23) in (3.2.20), we have
R R
(tharOn(1))' 2 S lonlBu(®) 2~ lonlf (32.29)

Note that v/, ,(0) > 0, since v,{1(t) > 0 on J. Integrating (3.2.28) from 0 to t, using the

boundary conditions v}, ,(0) > 0, we obtain

R(e*t -1
haa @) 2 -,
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which in view of (3.2.23) implies that

R(e" — Relit(elt — 1)
a2 ~ e~ 5 D > -2 D2 > sl ee s (3229)

where §; = ma,x{—R—"’fl—c—(L2 t € J}. Again integrating (3.2.28) from ¢ to 1, using
(3.2.23), we have

R eL _ eLt
U O0) < o (Opa(1) + o 2,

which implies that

L __ Lt Lt L _ Lt
a8 < ha (WA + BEZ D g <ol (050 + B

Using the boundary conditions v/, ,1(1) < ¢'(wa(n))vn+1(n) + d|jvn||? and (3.2.26), we

obtain

1 Reht(el — el?)
U (0) < %(g'(wn(n»vnﬂ(n) +dlonl) + =2 ol
1 Rellt(eL — eLt)
< 20 2o + allonlf) + 5 o (3230)
! Relt(eh —e™
= GO+ 0) + B =D < sfenl,

where, dy = max{;%% (& +d) + Rel1! ;z—e“ :t € J}. Let § = max{é;,dz}, then
41 ]l < 8llvall}- (3.2.31)
From (3.2.27) and (3.2.31), we get
! D S < 2
lon+1lli = llvnsall + lvpsall < (i—_‘_—l +6) < Qllwallt,

where Q = 27 + 4, which show that the convergence is quadratic. O



Chapter 4

Existence and approximation of
solutions of second order nonlinear
four point boundary value

problems

4.1 Introduction

In this chapter, we study existence and approximation of solutions of second order non-

linear differential equations with four point boundary conditions (BCs) of the type

2"(t) = f(t,z,2), t€ I = [a,b],
z(a) = z(c), z(b) = z(d),

(4.1.1)

where @ < ¢ < d < b. We use the method of lower and upper solutions to establish
existence of solutions. Approximation of solutions uses the method of quasilinearization.
We approximate our problem by a sequence of linear problems to obtain a monotone se-
quence of approximants. We show that under suitable conditions, the sequence converges
quadratically to a solution of the original problem, which is joint work with Rosana Ro-
driguez Lopez and part of it is accepted for publication [52].

Existence theory for the solution of four point boundary value problems had been given
in a number of papers by Rachunkova [82-84]. In theorem 1 of [84], Rachunkova, proved
existence of solutions for the four point boundary value problem (4.1.1) under various com-
binations of sign conditions on the function f(¢,z,2'). In Theorem (4.2.3) of this chapter
we study the existence of solutions under the more general conditions of the existence of

upper and lower solutions, that is, there exist a, 8 € C?(I) such that
fta(t),d(t) <a”(t), Ft,B().01)28"(t), tel (4.1.2)

65
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The conditions (4.1.2) include the corresponding conditions
f(tarlvo) <0, f(t,’l"z,O) 207 ry £ 72, 71, TZER‘:

studied in theorem 1 of [84]. Moreover, we also study existence results under the following

conditions

f(t,z,—R) <0, f(t,z,R) > 0 for € [mina(t), max B(t)], t € [a,d], (4.13)
f(t,2,—R) > 0, f(t,z,R) < 0 for € [mina(t), max B(t)], t € (d, ], h

where R > max{||¢/,||#'||}. The conditions (4.1.3) are less restrictive than the corre-

sponding ones in [84], where it is assumed that
f(t,z,Ry) <0, f(t,z,Ry) >0 for all z € [r1,72] and a.e. ¢ € [a,b], (4.1.4)

F(t,z,R3) >0, f(t,z,R4) <O for a.e t € [d,b] and z € [r1,72],

where, R; <0< Ry, R3 <0< Ry, R # R3, Ry # Rs.

In sections 3 and 4, we study approximation of solutions. We develop the generalized
quasilinearization technique for the problem (4.1.1) to obtain a monotone sequence of
approximate solutions of the four point problem which converge quadratically to a solution
of the problem. To the best of our knowledge, the quasilinearization technique for four

point problems (4.1.1) seems not to have been studied previously.

4.2 Upper and lower solutions

We recall the concept of lower and upper solution for the BVP (4.1.1), [82].
Definition 4.2.1. Let o € C2(I). We say that o is a lower solution of (4.1.1) if
o'(t) 2 f(t,o(t), ' (9), tE (a:h)
a(a) < afc), a(b) < a(d).
An upper solution S of the BVP (4.1.1) is defined similarly by reversing the inequalities.
Definition 4.2.2. A continuous function w : [0,00) —> (0,00), will be called a Nagumo

/°° sds = +o0
0 w(s)

We say that f : I x R x R — R satisfies the Bernstein-Nagumo condition on I relative to

function if

a, B, if there exists a Nagumo function w such that
/(¢ 2,y) sgn(y) < w(lyl) on I x [mina, max B] x R, (4.2.1)

£(t.z,y) sgn(y) = —w(lyl) on [a,¢] X [mina, max f] x R. (42.2)
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Now, we state and prove theorems which establish the existence and uniqueness of

solutions.

Theorem 4.2.3. Assume that o and 3 are respectively lower and upper solutions of (4.1.1)
such that a(t) < B(t), t € I. If f : I x R? = R is continuous and satisfies the Bernstein-
Nagumo condition, then there ezists a solution z(t) of the boundary value problem (4.1.1)
such that

alt) < z(t) < B(t), t€ L.

Moreover, there ezists a constant C, depending only on «, B and w, such that |z'(t)| < C

on I.
Proof. Let r = maxsc; B(t) — minges a(t), then there exists N > 0, such that
/ N sds >
o w(s)
Let C > max{N, |||, ||#'ll} and define g(y) = max{ — C,min{y,C}}. Since [ 24 is

continuous and increasing in z, it follows that

C sds N sds
/0 @2/0 ol (4.2.3)

Consider the modified problem

z"(t) = F(t,z,2'), t € 1,

(4.2.4)
z(a) = z(c), 2(b) = z(d),

where

(£t 85, 8'®) + =525k ifz > B(t) +e,
F(t,8(),2") + [f(¢,B(t),8'(2)

~ F(t,B(t),2") + =2 2, i B() Sz < B(H) +e,
F(t,z,2') = 4 f(t,z,2'), if at) < z < B(2),
ft,e(t), ') = [f(t,a(t), o (1)

~ f(tialt), o) + 52y 2, ifalt) —e <z < a(t),
| f(t,a(t), @/ () + 22, if 2 < a(t) ~e,
where € > 0 a small fixed number. Note that F(¢,,z') is continuous on I x R2. Further,

we note that any solution  of (4.2.4) satisfying the relations () < z(t) < B(t), t € I, is
a solution of (4.1.1). For the existence of solution of (4.2.4), we consider the system

g = A\F(t,z,2') + (1 — \)(o(t,z,2") +z), teT

(4.2.5)
z(a) = z(c), z(b) = z(d),
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where X € [0,1], and
o(t,z,2') = f(t,p(t,2),9(z")) — p(t, ),
p(t, ) = max{a(t), min{z, B(t)}}.
For A = 0, the system reduces to

zﬂ(t) =z(t) +o(t, 2, wl), tel,
z(a) = z(c), z(b) = z(d),

(4.2.6)

and for A = 1, it is (4.2.4).

Since o(t,z,z’) is continuous and bounded and the linear problem

'(t) = z(t), tel,
z(a) = z(c), z(b) = (d),

has only a trivial solution, it follows from ( [82], Lemma 1), that the problem (4.2.6) has
a solution. That is, (4.2.5) has a solution for A = 0. For A € [0,1], we claim that any
solution z of (4.2.5) satisfies the inequality

a(t) <x(t) < B(t), te I

Set v(t) = z(t) — B(t) and suppose that v(t) has a positive maximum at some t = ¢y € I.
The boundary conditions imply that v(a) < v(c), v(b) < v(d), so we can suppose ¢y € (a, b).
It follows that v(tg) > 0, v'(tg) = 0, v"(¢o) < 0. If B(to) < z(to) < B(ty) + €, then

v"(to) =2 (t0) = B"(t0) 2 A[f (to, Blto), B'(t0)) + 1= 1(20(10; .[f(/t;?ton ) ~ 2l
+(1-2) [f(t07 ﬂ(tO),ﬂ'(to)) - :B(to) + .’E(to)] - f(to,ﬂ(to),ﬂ'(to))

_Av(t0))?
(1 +v(to))e

+ (1= A)ov(te) >0,
a contradiction. If z(tg) > B(ty) + ¢, then

" 'U(to) .
v (tg) > Am +(1 A)U(to) >0,

again a contradiction. It follows that z(t) < S(t) for every ¢t € I. Similarly, we can show
that z(t) > a(t) for every t € I. Thus, z is a solution of (4.1.1).

Now, we show that |z'(t)] < C on I. The BCs imply the existence of a; € (a,c) and b; €
(d, b) such that z'(a;) = 0, z’(b1) = 0. Suppose that there exists ty € (ay,b;) such that
z'(to) > C. Let [t1,t2] C [a1,b)] be the maximal interval containing ¢y such that z'(t) > 0
for t € (t1,t2). Let max{z'(¢) : t € [t1,22]} = 2'(t*) = C1, then Cy > C and as in the last
paragraph of the proof of Theorem 2.2.4, we arrive at a contradiction.

Now, suppose tg € [a,a1) and [t1,t2] C [a,a;] be the maximal interval containing tg such
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that z'(t) > 0, for t € (t1,t2). Note that ¢;, tp are such that ¢ < aq, t; > a with z'(¢2) =0
and z'(t;) > 0. Let max{z'(t) : t € [t1,t2]} = 2'(t*) = Cy, then C; > C and t* < t;. Since
z € [a(t), B(t)], for t € (t1,t2), using (4.2.2), we obtain

’(t) = f(t,z,2") > —w(z'), for t € (t1,1y),

which implies that
—2'(t)z" (t) Jw(z') < &'(t), t € (t1,t2).

Integrating from t* to ¢5, we obtain

Cr sds
/0 PO < z(te) — z(t*) <

a contradiction.

If to € (by,b), let [t1,t2] be the maximal interval in [b1,b] containing ¢y such that
z'(t) > 0, for t € (t1,12),

where t; > b;, and t; < b are such that z'(¢;) = 0 and z'(t3) > 0. Then t* > t;, where
t* € (t1,t2] is the point such that z'(#*) = max{z'(t) : t € [t1,%]}. Since z € [a, ], for
t € (t1,t2), using (4.2.1), we obtain

' ()" (1)

< 2'(¢), for t € (t1,12).
w(z')

Integrating from ¢; to t*, we obtain

C1 sds
/0 2% <o) —alt) <1

a contradiction. Hence z'(t) < C, t € I.
Now, we show that z'(t) > —C, t € I. Assume that there exists ¢y € (a1,b1) such
that z'(tp) < —C. Let [t1,%2] C [a1,b1] be the maximal interval containing #o such that
z'(t) < 0 for t € (t1,t2). Let min {z'(t) : t € [t1,t2]} = 2'(¢*) = —C2, then C; > C and in
view of (4.2.3), we have f02 sds - . Now for t € (t1,t2) since z € [a(t), B(t)], we have

w(s)

' (t) = f(t,z,2') > —w(z'])-

It follows that , )
T (t).’l: (t) < —:L"(t),
w(|z'|)
and hence

C2
/ :zl:) < z(ty) — z(t*) < ma-xﬂ(t) - ml,na(t) ry

a contradiction. If ty € [a,a;) or (b;,b], we get a contradiction in the same way as above.
Hence |z/(t)| < C, t € I. a
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Example 4.2.4. Consider the boundary value problem

z"(t) = —2'(t) + 9(z)9(2), t € [0,1],

(4.2.7)
z(0) = z(n), z(8) = z(1),

where, 0 <7 < § <1, g: R — Ris continuous and ¢ € C?[0,1] satisfies the linear problem
with constant coefficients
¢”(t) + ¢,(t) - ¢(t) = _p(t)1 te [Oa 1]1
¢(0) = ¢(n), $(6) = 4(1),

where p(t) € C[0, 1] and p(t) > 0 on [0, 1]. Assume that g(0) < 0, g is increasing and there
exists a > 0, such that g(a) > 0. Since

(4.2.8)

y"(t) +4'(t) —y(t) =0, (4.2.9)
y(0) = y(n), y(6) = y(1) (4.2.10)

has only a trivial solution [83], and p(t) is continuous and bounded on [0, 1], it follows that
the BVP (4.2.8), has a solution. We claim that a solution ¢(t) of (4.2.8) satisfies ¢(t) > 0.
If not, then ¢(t) has a negative minimum at some ¢y € [0,1]. The boundary conditions

imply that ¢o € (0,1) and hence
$(to) <0, ¢'(to) =0, ¢"(t0) 2 0.

However,

¢"(to) = —¢'(to) + ¢(to) — p(to) < 0

a contradiction. Thus, ¢(t) > 0 on [0, 1] and since [0, 1] is compact, there exists L > 0
such that 0 < ¢(t) < L.

Now take a(t) = 0. Since g(0) < 0, we have @ (¢) + &/ (t) — g(a)¢(t) = —g(0)é(t) > 0,
which implies that « is a lower solution of the problem (4.2.7). Take 8(t) = a + g(a)$(t).
As B > a and g is increasing, we have g(3(t)) > g(a). Moreover,

B"(D+6'(t) — 9(B)(2) < 9(a)¢"(t) + 9(a)¢'(¢) — g(a)$(t)
=g(a)[¢"(t) + ¢'(t) — 8(t)] < O,
B(0) = a+ g(a)$(0) = a + g(a)$(n) = B(n),
B(8) = a+ g(a)$(8) = a + g(a)b(1) = B(1).
Thus, B is an upper solution of the problem (4.2.7). Clearly, a(t) < B(t) on [0,1]. Now,

for t € [0,1] and z € [min a(t), max ()], we have g(a + g(a)L) > g(B(t)) > g(z). Let
Cs = max{|g(0)|, g(a + g(a)L)}, then for ¢ € [0,1] and € [min a(t), max B(t)], we have

|~ 2'(t) + g(2)$(t)| < ' ()] + LCs = w(l2'(B)]),
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where w(s) = s+ LC3 for s > 0. Moreover, f0°° &‘% = f0°° ;% = 00. Thus, the Nagumo
condition is satisfied. Hence by Theorem 4.2.3, there exists a solution z of the BVP (4.2.7),
such that a < z < 8.
Here we remark that for z € [0,a + g(a)¢(t)], we have
Thus, under the assumed hypothesis we proved that

f(t,0,R) = ~R+g(0)¢(t) < 0, for R >0

f(tv a, —R) =R+ g(a.)qS(t) 2 Oa for - R < 0.

If R > 0, or g(0) < 0 and ¢(t) > 0 somewhere in [0,1], or g(a) > 0 and ¢(t) > 0 somewhere
in [0, 1], then it is not possible to apply theorem 1 of [84].

Theorem 4.2.5. If in theorem 4.2.3, we replace the Bernstein-Nagumo conditions by the

following sign conditions

{ f(t,z,—R) <0, f(t,z,R) 20 for t € [a,d], (4.2.11)

f(t,z,—R) >0, f(t,z,R) <0 for t € (d,b),
where z € [mina(t), max 8(t)], B > max{|c/|], B'll}- Then the conclusion of Theorem
4.2.8 is valid, taking C = R.

Our method of proof is close to that of theorem 1 of [84].

Proof. Let n € N and consider the problem

2"(t) = fo(t,z,2"), t € I =a,b],

(4.2.12)
z(a) = z(c), z(b) = z(d),

where

(£(t,8,8(1) + 52205, ifz > B(1) + L,
ftB(®),9(2") + [£(2, B(t),8'())

- f(t,8(2),9(=") + 9 In(e = BX), i B(t) <z < B() + 1,
faltsz,2") = { f(t,3,q(c)), if o(t) < z < B(1),
f(t, alt), () — [£(t, elt), 0/ (1)

— f(t:a(t),q(2) + T2y In(e — b)), ifa(t)- 1 <z < a(),
[ f(t,alt), o (1)) + 552 if z < ot) - 1,

where ¢(z') = max { - R, min{z, R}}. Further, we note that f,(¢,z,z') is continuous and
bounded on I x R? and any solution z(t) of (4.2.12) satisfying the relations a(t) < z(t) <
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B(t), |2'(t)] < R, t € I, is a solution of (4.1.1). For the existence of solution of (4.2.12),
we consider the homotopy
2'(8) = Malt,3,2') + (1= N(on(t,,2) + ), t € 1

(4.2.13)
z(a) = (c), 2(b) = z(d),

where X € [0, 1], and

oalty ) = £ (t,p(t,2),0(a) ~ 222,

where p(t,z) = max {a(t), min{z, B(t)}}. For A = 0, (4.2.13) has a solution. For ) €
[0,1], we claim that any solution x, of (4.2.13) satisfies the inequality

oft) = £ < z(t) < B(E) + % tel (4.2.14)

n

Set v(t) = zn(t) — B(t) — 1/n,t € I and suppose that v(t) has a positive maximum at
some ¢ = tg € I. The boundary conditions imply that v(a) < v(c), v(b) < v(d), so we can
suppose tg € (a,b). It follows that v(to) > 0, v'(to) = 0, v"(t¢) < 0. On the other hand,

v"(to) =z (to) — B" (o)
> A[£(to, B(t0), B'(t0)) +
Blto) | zn(to)

—_—— + _“——] - f(th;B(tO)aﬂ,(tO))

n n
1 A 1-X
- (U(to) t ;)(l-l—v(to) +% + n

v(to) + &

W] +(1=2) [f(to,ﬁ(to),ﬂ’(to))

) >0,

a contradiction. It follows that z,(t) < B(t) + = for every t € I. Similarly, we can show
that z,(t) > a(t) — 1/n for every t € I.
We obtain a sequence {z,} of solutions of problem (4.2.13) satisfying

af) - L <) < B+ S el (4.2.15)

Moreover, the boundary conditions guarantee the existence of at least one point ¢; € (a,b)
such that z/,(¢1) = 0. Integrating (4.2.13) from ¢; to ¢, we obtain

b
2 ()] < / A falt, Zn(8), 21, (8)) + (1 = N (@nlt Zn(8), Zh(£)) + Tn(t) /m) b,

which implies that {z! } is uniformly bounded on I. Thus, the sequence {z,} is bounded
and equicontinuous in C!(I) and so, by the Arzela-Ascoli theorem it is possible to choose
a subsequence converging in C'(I) to a function z € C'(I). Since (4.2.15) holds for every
n € N and every t € I, it follows that

alt) < o(t) < B(), t €1
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and hence z is a solution of the problem

2'(t) = f(t,3,9(z), te I,

z(a) = z(c), z(b) = z(d).
Now, we show that |z(t)] < R, t € I. Firstly, we show that 2/(t) < R, t € I. The boundary
conditions z(a) = z(c), z(b) = z(d) imply that there exist a; € (a,c) and b; € (d,b) such
that z'(a;) = 0, /(1) = 0. Suppose max{z'(t) : t € [a,b]} = z(tx) > R+ L. Then,
to # a1, by. If to € [a,a1), then there exist t; > o and t2 < a; with #; < t3 such that

(4.2.16)

1
z'(t;) = R+ —, z'(t2) = R and
™ (4.2.17)
R<I'(t) <R+ — for t € [t1, t2).

Integrating (4.2.16) from t; to ¢2 and using (4.2.17) and conditions (4.2.11), we obtain

t

0> / Pt = [ Ft,a(t), Ryt > o,
t

1 t
a contradiction. If ¢y € (a1,b;), then we can choose t1,%2 € (aq,b;] with tg < ¢, < t, < by
such that
1
z'(t)) =R+ oot 7'(t3) = R and

) (4.2.18)
R< x'(t) <R+ ;, te [tl,tz].

Integrating (4.2.16) from ¢, to t2, using (4.2.18) and conditions (4.2.11), we obtain
t2 t2
0> / z"(t)dt = f(t,z(t), R)dt > 0,
t1 t
again a contradiction. Now, if ¢g € (b1, 0], then there exist ¢; > b, and ¢; < ¢y with ¢; < ¢,
such that
1
z'(t1) = R, ©'(t3) = R+ — and
. (4.2.19)
R<i'(t) <R+ oo t € [t1,12).
If we integrate (4.2.16) from t; to t5, use (4.2.19) and conditions (4.2.11), we obtain
t2 t2
0< / "(t)dt = [ f(¢t,z(t), R)dt <0,
t) t1

a contradiction. Hence, z'(t) < R, t € I.

Similarly, using the conditions
f(t,z,—R) <0 for t € [a,d] and f(t,z,—R) 2 0 for t € (d, b],

we can show that z'(t) > —R, t € I. Consequently, z(t) is a solution of the BVP (4.1.1).
O
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Theorem 4.2.6. Assume that o and B are lower and upper solutions of the boundary
value problem (4.1.1) respectively. If f : I x R? — R is continuous and f(t,z,y) is strictly

increasing in = for each (t,y) € I x R, then
alt) <B@), tel
Hence under these conditions, solutions are unique.
Proof. Define w(t) = a(t) — B(t), t € I, then w(t) € C*(I) and
w(a) < w(c), w(b) < w(d). (4.2.20)

Suppose w(t) has a positive maximum at g € I. The boundary conditions (4.2.20) imply
that o € (a,b) and hence w(tp) > 0, w'(tp) = 0 and w”(¢g) < 0. On the other hand, using

the increasing property of the function f(¢,z,z') in z, we obtain
f(to, a(to), @' (to)) < (o) < B (o) < f(to, B(to), B'(t0)) < f(to, a(to), ! (t0)),

a contradiction. Hence
a(t) <p(¢), tel

4.3 Quasilinearization technique
Now, we study approximation of solutions by the method of quasilinearization.
Theorem 4.3.1. Assume that

(A1) a, B € C?(I) are respectively lower and upper solutions of (4.1.1) such that a(t) <
B(t), te I

(A2) f € C%(I x R?) satisfies a Bernstein-Nagumo condition on I relative to o, B and is
such that fz(t,z,z') > 0 and H(f) <0 on I x R%, where

H(f) = (& = y)?fzz(t, 21, 22) + 2(z —y) (2’ — ) fow (1, 21, 22) + (2" ~ §')* farr (8, 21, 22)
is the quadratic form of f and z; is between y, T and 2; lies between ' and y'.
(As) For (t,z) € I x [mina(t), max B(t)] and P > max{||lc'||, 18]I}, f» satisfies

|le(t,$,y1) - fx’(tvz,y2)' < Llyl - y2|v Y1, Y2 € R,
fxl(t,.'lf,P) > 2LP7 le(t,il),—P) < —2LP,

where L > 0.
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Then, there erists a monotone sequence {wn} of solutions converging uniformly to the

unique solution of the problem. Moreover, the sequence converges quadratically on I.

Proof. The condition (Az) implies the existence of a positive continuous function w :

[0,00) = (0, 00) such that

If(t,z,2")| < w(|z']) for a(t) <z < B(t), t€ I, 2’ €R,

/oco :?ss) -

Let r = max{B(t) : t € I} — min{e(t) : t € I}, then there exists a constant N > 0 such

that
/N sds
2>,
0 w(s)

and hence as in the proof Theorem 1.1.7, any solution z of (4.1.1) with a(t) < z < B(t), t €
I satisfies |2'(t)] < N, t € 1.
Let C > max {|lo’,, |8'|l, N} and define ¢(z') = max { — C,min{z’, C}}. Consider the

boundary value problem

and

z'(t) = f(t,z,9(z')),t €1

(4.3.1)
z(a) = z(c), z(b) = z(d).

Note that any solution z € C%(I) of (4.3.1) such that |z'(¢)| < C, is a solution of (4.1.1).
As in the proof of Theorem 3.1.2, any solution z of (4.3.1) such that o(t) < z < B(t), t € I,
does satisfy |z'(t)| < C on I and hence, is a solution of (4.1.1).

Now, in view of (42) and Taylor’s theorem, we have

f(t,z,q(z") < Flt,9,9) + fo(t, v, 0 (@ — v) + fo 6y, a(y"))(a(2') — q(y")), t € I,
(4.3.2)
where z,y,7’,y € R. Define

h(t,z, 29, 9') = F(t,y,q') + fo (t, 4, 9" )) (@ — v) + f (£, 9, 9(¥')) (q(z") ~ a(y')), (4.3.3)

then, h(t,z,z’;y,y’) satisfies the following relations

ha(t,z,2';y,9") = fz(t,y,9(¥)) > 0 and

{f(t,x,Q(w')) < hit,2,7'59,9), (4.3.4)

ft,z,q(z")) = h(t,z,2'; z,2),
forz,y, ',y €Randt €l

Moreover, h is continuous and is bounded on

I x [mina(t), max (t)] x R x [mina(t), max5(t)] x R,
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and therefore satisfies a Bernstein-Nagumo condition on I relative to ¢, 8. Hence there

exists a constant C; > 0 such that any solution z of
z”(t) = h(t7 z, x’; y7 y/)’ t e I’
z(a) = z(c), z(b) = z(d),

for y fixed, a(t) < y < B(t), t € I with the property a(t) < z < B(¢), t € I must satisfy
|z’(t)] < Cy on I.
Now, set wg = a and consider the linear four point problem

2"(t) = h(t,z,z'; wo, wp), t € I,

2(a) = 2(c), 5(b) = z(d),

Using (4;) and (4.3.4), we obtain

(4.3.5)

h(tvwo,wa;wmw{)) = f(t,’U)(),’LUE)) < 'U)g(t), tel

wo(a) < wolc), wo(b) < wo(d),

h(t, B, B';wo, wg) > f(t,8,8) 2 B"(t), te I,
B(a) 2 B(c), B(b) = B(d),

which imply that wp and S are respectively lower and upper solutions of (4.3.5). Since
wp < B on I, hence by Theorem 4.2.3, there exists a solution w; of (4.3.5) such that

wo(t) < wi(t) < B(t), () < Cy, tel
In view of (4.3.4) and the fact that w; is a solution of (4.3.5), we obtain
wil(t) = h(ta w, wll; wo, w(,)) Z f(t’ wy, Q(wi)), (4.36)

which implies that w, is a lower solution of (4.3.1).

Similarly, we can show that w; and 8 are lower and upper solutions of

‘T”(t) = h’(t1 z, xl; wl,wll)r te I7
4.3.7)
z(a) = z(c), z(b) = z(d).
Hence by Theorem 4.2.3, there exists a solution ws of (4.3.7) such that
w1(t) < wo(t) < B(B), lwa(t)l < Cr, tE L

Continuing this process, we obtain a monotone sequence {wn} of solutions satisfying

wo(t) < wi(t) < wa(t) < ..wn(t) < B(M), lwn(t) < Cy, e, (4.3.8)
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where the element w, of the sequence {w,} satisfies the BVP
wx(t) = h(t7wnvw;1;wn-—17w:1.—l)’ te Ia
wn(a) = wn(c), wn(b) = wn(d).
Since h(t, wn,w);wn—1,w,_;) is bounded, we can find a constant A > 0 such that

|h(t, Wy, wh; wp—1,w,_,)] < A for every t € I.

Using the relation
t

z'(t) = 7'(a) -l—/ z"(s)ds,

a

we obtain
t
|w, () — wy(s)] < / |h (1, Wn, Wy Wn—1,Wn_1)|du < At — s, (4.3.9)
s

for any s, t € I, (s < t). The inequalities (4.3.8) and (4.3.9) imply that the sequences
{wi}(i = 0,1) are uniformly bounded and equi-continuous on I and hence the Arzela-
Ascoli theorem guarantees the existence of subsequences and a function z € C*(J) with
wy ) (j = 0,1) converging uniformly to zU) on I as n — oo. Passing to the limit, we
obtain h(t, wn, Wh; Wn_1,w;,_;) = f(t,z,q(z')). Thus, z(¢) is a solution of the boundary
value problem (4.3.1) and hence is a solution of (4.1.1).
Now, we show that the sequence of solutions converges quadratically to a solution of
(4.1.1) on I. For this, set en(t) = z(t) — wn(t), t € I. Note that, e,(t) > 0, for ¢t € I and
en(a) = en(c), en(b) = en(d). The boundary conditions imply the existence of a; € (a,c)
and b; € (d,b) such that

en(a1) =0, ey (b1) = 0. (4.3.10)

We choose a) the smallest and b; the largest zeros of e, (t), so that e}, () # 0 on (a, a;) U
(b1,b). Using Taylor’s theorem and (4.3.3), we obtain

el(t) = 2" (t) — wi(t)
= f(t,2,2") ~ [f(t, Wno1,q(w)_1)) + folt, wn-1,9(Wh_1))(wn — wn_1)
+ for(t, wn1,9(wn_1))(g(wy,) — g(w;,_1)]
= ft, wa-1,9(wn_1)) + folt, wn_1,q(wy_1))(& — Wn-1)
¥ folt v, gl )@ — gluh)) + 3H()
— [f(t,wn—1,q(wh_y)) + fz(t,wno1,q(wWh_1))(Wn — Wn-1)
+ for (t, wn—1,q(wy_1)){(q(wy,) — g(wn_1))]

= a1, g enlt) + Falty a1, 2l = alw})) + ZH(),

(4.3.11)
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where,

H(f) = (z — wn-1)%faz(t,c1,02) + 2(z — wn—1)(2' — q(w},_)) fzar (£, c1, C2)
+(@' = q(wy_1))? farw (b, c15¢2),

wn-1(t) < ¢1 < z(t), c2 lies between z'(t) and g(w,_,(t)). Let

N; = max {lf:t.‘t(tvclaC?)l’ | fz=(t, c1,¢2)l, lfII(tacl,cZ)l ite€l,c € [minwo(t),maxﬂ(t)],
Cc2 € [—C,C]}.

Then,
|H ()| < N1 (len-11* + 2len-1]|z’ — q(wp_)| + 2" — g(w),_1)|?).
Using the relation
|2'(t) — q(wn_1 ()] < |2/ () — w1 ()] = lel,_, ()],

we obtain
IH(£)] < Ni(len1] + [€a_i])” < Nillens |12, (4.3.12)

where, |len-1ll1 = llen—1ll + ll€},_, || is a C! norm. Using (A2) and (4.3.12) in (4.3.11), we

obtain
1 > t / 1 1 Nl 2
en(t) s f:l:’( y Wn—1, q(wn—-l))(m - q(wn)) - 7”671—1“1, tel. (4313)
We rewrite (4.3.13) as follows

€ (t) — for (8, wn—1,9(wn_1))en (t) > for(t, wn1, q(wh_1)) (W — g(w})) — %Ilen_llli tel

(4.3.14)
Since (¢, wn-1,¢(w}_1)) € I x [minwy(t), max B(t)] x [~C, C] and f, is continuous, we can
find Ly, [ > 0, such that

~1 < for(t,wn1,q(wn_,)) < L, tE€ L (4.3.15)
Let M = max{l, L;}. We have three cases to consider.
1. Iffor t € I, |wj,(t)] < C, then
w(t) — g(wn(t)) =0,

hence
for(t, wn1(t), (w1 () (wn (8) — q(wn(2))) = 0.
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2. If for t € I, wi,(t) > C, then w; (t) — g(w},(¢)) > 0, and using (As), we obtain
For (b0 (8), gy (8)) > Far (b w1 (8), g (Wp(8))) — Llg(u_1 (8)) — a(awly(8))]
Z fl"(ta ’U}n_l(t),C) -2LC 2> Oa
and

for(t, wn—1(t), g(wn_1 (1)) < for (B, wn-1(), q(wn (8))) + Lig(wy_1(8)) — q(w}(2))|
<Li+2LC<M+2LC.

Hence
0 < for(t, wa—1(2), q(wh_1 ()} (wr, (t) — g(wy, (1)) < (M + 2LC)|wl, () — g(wh(t))]-
3. If for t € I with w!(t) < —C, then w},(t) — g(w),(t)) < 0, and using (A3), we have

far(t,wn_1(t), q(wy_; () < for (8, wn—1(2), g(wn (8))) + Lig(w)_; (t)) — q(wy,(2))]
< f:t'(t’ wn—l(t)v _C) +2LC < 0,

and

fo(t,wn—1(8),q(wp_1 (2))) = for (8, wn—1(8), (Wi (8))) — Lig(w),_, () — q(w),(t))]
> fo(t,wn-1(t),—=C) — 2LC > —(M + 2LC).

Hence
0 < fo(t, wa-1(t), glwn_y (£)) (W, (t) ~g(wr (1)) < (M+2LC)|g(w], _, (t))—q(w, (¢))I.
Thus, we have

0 < far(t, wn-1(2), g(wn_1 (8))) (wy, (t) — q(wy, (8)) < (M +2LC)lg(w],_, (t)) — q(w, (t))]
(4.3.16)

for every t € I. Using (4.3.16) in (4.3.14), we have
N
eﬁ(t) - fx(t, wn—h‘](w;_l))e:,(t) > —Tlllen—lll%a tel. (4.3.17)

Firstly, we consider the case { > 0 [(4.3.15)]. Let u(t) = e~ J2 for(s;wn-1(s)a(wly_1(90))ds g
the integrating factor, then u(t) satisfies

e l1lt-a) < pu(t) < -2 tel (4.3.18)
From (4.3.17), in view of (4.3.18), we have
N, -
(h(®u®)' = - llenllfe™. (4.3.19)

Integrating (4.3.19) from a; to ¢t > a;, using the condition (4.3.10) (e!,(a;) = 0), we obtain

N; t N, b
eh(On(t) >~ llen1} / el=9)ds > —ZF|len-1 |} /a els=a)gs,

ay
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which implies, using (4.3.18) that

80

N N - -
n(t) 2~ (T =Dllen-rl}/u(®) 2 ~5p (DR D len sl £ 2 a1 (4320

On the other hand, if we integrate (4.3.19) from ¢ to b; (¢ < b;) and use the boundary

condition (4.3.10) (e},(b;) = 0), we obtain

N boo N b
—eOu(t) 2 ~Ghlenaall? [ e s = ~Fhljen [ e

a

which implies, using (4.3.18) that

n

(1) < T 1B Den i3, ¢ < by

From (4.3.20) and (4.3.21), we have

N _ —
len(®)] < 57 (€07 = 1)eF Ve 1|}, t € [ar,br] = L.

For the case [ = 0, repeating the procedure, we obtain
en()] < D26 — a)eMen [}, t € 1.
Considering both the cases, we have
len ()] < Dillen—1llf on I,
where

5 max { J(eHb-2) —1)el1t-9) :te I}, ifi>0
1 =
max { (b — a)el1(t-9) : t € I}, ifl =0,

_ M (elb-a) —1)elrt-a) if1>0
(b — a)elr(b-9), if1=0.

Now, from (4.3.11), we have

(4.3.21)

(4.3.22)

(4.3.23)

(4.3.24)

€l (t) = fo(t, Wn-1,q(wy_))en(t) + for(t,wn_1, g(wn_1))(=' — g(w})) + %H(f), tel

Then multiplying by u(t) = e~ Ja For(swn-1.9(w},_1))d5 e obtain

en(D)p(t) = fo(ts w1, q(wn_y))en(®)n(t) + fo (8, wn-1,9(wy_1)) (@’ — g(wn))p(?)

+ —;—H(f);z(t), tel.

This implies that

(en(B)n(t)) = fo(tswn-1,(w)_1))en(B)u(t) + for (b wa-1,9(wn_1))(a’ — g(w}))p(t)

— fo (o, q(w_ )@ — whu(t) + 5 H(H))

= fa(t,wn—1,9(wh_1))en(t)p(t) + for (ts wn-1, g(wp_1)) (W), — g(w},))p(t)

+ %H( ), te I
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Using the fact that fy (¢, wn—1(t), g(w},_;(¢)))(wy, (t) — g(wy,(t))) > 0, t € I, we obtain

(OB > [alt,wnm1, 6l )eal®) + SHO), t€ T

The boundary conditions (4.3.10) imply that the function () = e],(¢)u(t) has two zeros

on (a,b). Then, there exists a £ € (a1, b;) such that
W(@) = () (B) = 0.
This implies that
[f2(t, wa-1(B), g(wr, 1 ())en(?) + H)M@S&
and using the positivity of u, we get
fo( wn-1(8), q(wn_1(£)))en(E) + H(f) 0,

thus, 1
Jel& wn-1 B, a(wh s (D))end < ~5H() = ZH()I

Let 7 > 0 be such that

min {fz(¢,z,2') : t € I, z € [minwo(t), max B(¢)], =’ € [-C, Cl} =F.

Then

() |H ()
Tl @l 00 S 2 S arlenilh

0<en(t) =
Using (4.3.24) and (4.3.25) in en(t) = en() + f s)ds, we obtain
b
en(®)] < lea®l + | Dillen-allids < Dallenilf, t € 1

where D, = %!- + Dy(b — a). From (4.3.24) and (4.3.26), it follows that

lealls = lleall + llenll < Dallen-1llf + Dillen-1ll = Dllen-1lI} on I,

(4.3.25)

(4.3.26)

(4.3.27)

where D = Dy + D,. (Note that the choice of Ny, 7 and Dy ensure that D is independent

of n). Also, we note that I contains {c, d].

Now, we consider the interval [a, a;]. By the choice of a1, we have
el (t) # 0 on (a, a1).

We have two cases to consider.
Case 1: €,(t) > 0 on (a, a1).



CHAPTER 4. FOUR POINT BOUNDARY VALUE PROBLEMS 82

Integrating (4.3.19) from ¢ to a1, using (4.3.18) and the boundary condition (e},(a1) = 0),

we obtain

N _ -
0<e,(t) < a[e(’“*”““ 9) — ellrDi=a e, 4|1 < Erllen-1]3, t € [a, a1), (4.3.28)

where E; = %max{e(“*')(“l‘“) — ell1th(t-a) . ¢ € [a, a1]}. Since ey(a) = en(c) and
c € I, using (4.3.27), we have
en(a) < D2"en—1”%- (4.3.29)

The relation e, (t) = ep(a) + f: el (s)ds, yields

1
(11009 — 1))]flen-1lI}
Ly +1 Mlen-all (4.3.30)

S D3I|en—1”%a te [a'3 0.1],

0<en(t) < [D2 + %((al - a)e(L1+l)(a1—a) _

where D3 = Dy + %Vl_ max{(a; — a)e(L1+l)(a1—a) _ L_ll__ﬁ(e(L1+l)(t~a) —1):t € [a, a1]}. From

(4.3.28) and (4.3.30), it follows that
lenll < E"en—lll% on [a,a1], (4.3.31)

where E = D3 + E;.
Case 2: €,(t) <0 on (a, a1). In this case, we have

en(t) < en(a) < Dallen—1ll3, t € [a, ai1]. (4.3.32)
Using (4.3.4), we obtain

Cz(t) S f(t,xaz,) - h(t7 wﬂaw;;;wn—law;z—l) S f(t,l', SL") - f(tawnvq(w;z))

, , (4.3.33)
< f:r(ta Wy, Q(wn))en(t) + fz’(t,wmf}(w;a))(z - q(w;,)), te [a, 0:1]-

If for some t € [a, a1}, wy(t) > C, then
Fa (8, wn (8), a(w, (1)) (' (£) — q(uwn(t))) <o.
If for some t € [a, a1), w,,(t) < C, then
for (8, wn(t), (Wi (1)) (2" (8) — q(wi (1)) = for (£, wn (), Wy (1)) (2" () ~ w}y(2)) < O,
if £z (t, wa(t), wh(t)) <0, and in view of (4.3.15),
far (8, wn (), g(wp (£)))(2' (1) — g(un (1)) < ~len(t),
if fz/(t, wn(t), wn(t)) = 0. Thus, we have
fo(t,wa(8), g(wh (1) (2 (2) — q(w} (1)) < —len(?), L€ [a, a). (4.3.34)

Using (4.3.32) and (4.3.34) in (4.3.33), we obtain

e’ (t) + le\ (t) < MDallen1l3, t € [a, ai1], (4.3.35)
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where M = max{f.(t,z,2') : t € [a, a1}, z € [mine, maxpf], ' € [~C, C|]}. From
(4.3.35), it follows that

(en(t)e")” < MDae"llen-1llf, t € [a, a1]. (4.3.36)

Integrating from t to a;, we obtain

MD -
€u(t) 2 =~ (™) ~ Dllen-al}, t € [a, a1). (43.37)

From (4.3.21) and (4.3.37), it follows that
leh(t)] < Eellen—1]?, t € [a, ay],
where Ey = max{%(e‘(b‘“) — 1)ela(t-a), M—P—z(el(“'t) —1): t €a, a1]}. Hence
llenlli < Esflen—1[} on [a, a1], (4.3.38)

where E3 = Dy + FEs.
Similarly, we can obtain quadratic convergence on [b1, &), that is, there exists £4 > 0 such

that
lenlls < Esllen—11l7 on [b1, 8. (4.3.39)

Considering (4.3.27), (4.3.38) and (4.3.39), we have
llenlls < Esllen—1llf on 1,

where Es = max{D, E3, E4}.

Remark 4.3.2. 1. If ¢ = d, then our boundary conditions reduces to three-point boundary

conditions.
2. If c approach a and d approach b, then our boundary conditions reduces to homogeneous

Neumann boundary conditions z'(a) = 0, z/(b) = 0.

Thus our methods apply to three-point and Neumann boundary value problems.

4.4 Generalized quasilinearization technique

Now, we generalize the results by introducing an auxiliary function ¢ to allow weaker
hypothesis on f. Also, we replace the condition (A3) of Theorem 4.3.1, by a weaker

condition and prove that the conclusion of the Theorem 4.3.1 remains valid.
Theorem 4.4.1. Assume that

(B1) a, B € CHI) are lower and upper solutions of (4.1.1) such that a(t) < B(t) on I.
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(B2) f € C*(I x R?) satisfies a Bernstein-Nagumo condition on I relative to a, B and
is such that fy(t,z,z') > 0 and H(f + ¢) < 0 on I x R?, for some function ¢ €
C%(I x R?) satisfies H(¢) < 0.

(Bg) For (t,z) € I x [mina(t), max S(t)], fu(t,z,2') satisfies
yfx’(ta(l:,y) _>. 07 yE R and
|f.’t'(tax, yl) - fz'(t)m,y2)l < Llyl - y2|a Y1, Y2 € R,

where L > 0.

Then, there ezists a monotone sequence {wn} of solutions converging uniformly to the

unique solution of the problem. Moreover, the sequence converges quadratically on I.
Proof. Define F: I x RZ — R by
F(t,z,y) = f(t,z,y) + ¢(t,z,9), t€l,z,yeR (4.4.1)
Then, in view of (B;), we have F € C?(I x R?) and
H(F)<O0on I xR% (4.4.2)
Using Taylor’s theorem and (4.4.2), we obtain

f(t,z,q(z")) < Flt,y,q(¢") + Fe(t,y,9("))(z = v) + For (¢, y,4(y"))q(z') - q(y'))

“QS(t, Z, q(x,))’
(4.4.3)

where t € I, z,y, z',y' € R. Using Taylor’s theorem on the function ¢, we can find
dy, d2 € R where d; lies between z(t), y(t) and d; lies between g(z'(t)), q(y'(t)), such that

2201 = $60,00) 9t a o =)+ S VAN =)
+3H@),

wherete I, z,y, 2,y € R and

H(¢) =(z — y)°dsa(t, dr, d2) + 2(z — ¥)(q(z") — (V') bz (8,1, d3)
+ (Q(xl) - Q(y,))2¢z’z’(tv dl)dz)a

Let Q= {(t,z,2') : t € I, z € [min(t), max B(t)], =’ € [~C,C]} and
M, 2 max{|¢xz(tvxa$’)|v | bz (8, , zi)l’ ‘¢x’z’(t’$’$’)|} : (t,a:,:z;') € Q},
where C is as defined in Theorem 4.3.1. Then

|H(¢)] < My(|z — y| + lg(z') — a")])? on Q. (4.4.5)
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Using (4.4.5) and (B;) in (4.4.4), we obtain

o(t,z,9(z) < ¢t y,9(¥) + $2(t,y,2(¥")) (2 — ) + ¢ (t, v, 9(4"))(g(=") — ¢(¥')), (4.4.6)
fortel, z,y, 2,y €R, and

P(t,z,q(z")) > ¢(t,y,q(y") + d=(t, v, a(¥')) (& — ) + ¢ (8,9, 0¥ ))(g(z") — a(¥'))

(4.4.7)
~Z e~ y] +1a(@) - a7,
on 2. Substituting (4.4.7) in (4.4.3) and using (4.4.1), we obtain
f(t,z,q(z")) < f(ty,9(¥) + fo(t, v, 9y (@ — y) + fr (8 4, (6" )N a(=") — (¥')) (048)

+5M o~y + la(e!) - @)D,
on §1. Define
k(t,z, 25y, ¥) = F(t v, 9(Y) + f=(t,y,9(¥")) (= — v) + fo (t,9,9(u") (g(z") — q(v"))

+ 24 (o — ]+ la(e") — )1V

(4.4.9)
for z,y, 2, ¥ € Rand ¢t € I. Since f; > 0, selecting M; large enough, so that
f=(ty,aW)) (@ —y) + fo(t,y,0(¥")(a(z") — 9(¥') + Mi(z - y)lq(z') - ¢(&/)]
52 = o + @) — g(6)P) 2 0,
for z > y with z, y € [mina(t),max 8(¢)], #/, ¢’ € R, then,
fty,9(¥)) < k(t,z,25y,y') for z > g, (4.4.10)
te I, ', y € R. Moreover, k satisfies the following relations
{f(t,x,q(x’)) < k(t, z,7"sy,y) on Q,
(4.4.11)
ft,z,q(z')) = k(t,z,2';2,2'),

fort € I,z,y,2’,y € R. Also, we note that k is continuous and bounded on I x
[min a(t), max B(t)] x R x [min aft), max B(t)] x R, therefore satisfies a Bernstein-Nagumo
on I. Hence there exists a constant Cy > 0 such that any solution z of the

z"(t) = k(t,z,2";y,9), t €I,

z(a) = z(c), z(b) = z(d),
such that a(t) < z(t) < B(t), t € I satisfies |z’'| < C> on I.
Now, we set a = wg and consider the linear four point problem

z"(t) = k(t,z,z'; wo, wp), tE€ I

(4.4.12)
z(a) = z(c), z(b) = z(d).
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Using (B;) and (4.4.11), we get

k(t,WO(t),wﬁ(t);WO(t)vwf)(t)) = f(ta wO(t)’wG(t)) < wg(t)a tel

k(t, B(t), B'(t); wo(t), wy(t)) = f(t,B(t),6'(t)) = B"(t), tel

which imply that wo and 3 are lower and upper solution of (4.4.12) respectively. Hence,
by Theorem 4.2.3, there exists a solution w; of (4.4.12) such that

wo(t) < wi(t) < B(t), lwi() S Co, t €I
Using (4.4.11) and the fact that w; is a solution of (4.4.12), we obtain
wi(t) = k(t, wi, w);wo, wp) > f(t,wi(t), q(wy(2))), tel (4.4.13)

which implies that w; is a lower solution of (4.3.1).
In view of (4.4.11), (4.4.13) and (B1), we can show that w; and B are lower and upper
solutions of

z’(t) = k(t,z, 5’ wy,wy), t€ T

(4.4.14)
z(a) = z(c), z(b) = z(d).

Thus, by Theorem 4.2.3, there exists a solution w; of (4.4.14) such that w; < wy < B on

I
Continuing this process we obtain a monotone sequence {wy} of solutions satisfying

wo(t) S wi(t) S wat) S ws(t) < ... Swp_1(t) Swp(t) <B(L), tel

That is,
wo(t) < wa(t) < B(t) and |wp(t) S C2,mEN, tel, (4.4.15)

where wy, is a solution of the problem

z"(t) = k(t, z, 2’ wn-1,Wy_1), t€ T

z(a) = z(c), z(b) = z(d).

The same arguments as in Theorem 4.3.1, shows that the sequence converges to a solution
of the boundary value problem (4.1.1).

Now we show that the convergence of the sequence of solutions is quadratic. For this, we
set en(t) = £(t) — wy(t), t € I. Then, e, € C%(I) and en(t) > 0, t € I. Moreover, the
boundary conditions imply that

en(a) = eq(c), en(d) = en(b), (4.4.16)
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which implies that there exist ¢, € (a,c) and t; € (d,b) such that
e (t1) =0, ey (t2) = 0. (4.4.17)

Now, by the Taylor’s theorem, the expression (4.4.6) for ¢(t, z, z') [by taking y = w,_i]
and (4.4.9), we obtain
en(t) = z"(t) — wp(t) = (F(t,2,2") — $(t,2,2)) — k(t, wn, wn; wn-1,wp_q)
> f(t,wn-1, ‘I(w:l-—l)) + fz(t, wn—h‘](w;;—l))(m = wWn—1) + fo(t, wn—la‘](’w;_l))x

(z' — q(wp_1)) + 1H(F) — ft,wam1, q(wp_1)) = fo(t, wa_1, g(wh_1)) (Wn — Wn—1)

2
M
— for(t, wa1, q(wy,_))(g(wy,) — g(wy_1)) — —21(|wn — W] + lg(wh) — g(w)y_)])°

= Felts w1, aho1))en(t) + fo (b wnt, a(wh 1)) (&' = a(wh)) — SIH(F)]
M,

2
— -2—(|wn — wp_1] + lg(wy) - ‘1(“’%-1”) ytel

(4.4.18)

which in view of (Bz) implies that

en(t) > fa(t, wn_l,q(wi,_l))(x'—Q(wL))—%IH(F)I—A—?(lwn—wn~1l+!q(w;)—q(wi,~1)l)2,
(4.4.19)

where
H(F) = €2 _1 Faa(t, &1, 62)+ 2en—1(2'—q(wp_ 1)) Foar (, €1, £2)+ (2" —q(w),_, ) )2 Fr i (£, &1, £2),
wn_1(t) < &1 < z(t), &2 lies between g(w),_,(t)) and z'(t). Let
Py = max{|Fzz (2, 61, 62)), | oo (8,61, &2)), | Fowr (8,61, €2)| = (8,61, &2) € 9},

then

|H(F)| < Pi(len-1] + |z’ = g(wh_1)])? < Pilen] +len_1)® < Pillenillf.  (4.4.20)
Using the relations w, — wn_1 < z — wp_1, |2’ — g(wp_1)| < |2’ —w),_,| = |€¢/,_;| and

lg(wn) ~ g(wn_y)| < |2’ — g(wh_1)| + |z’ — q(wi)] < lef_y| + el
we obtain
en(t) > fo(t,wn-1,q(wp_1)) (=" — g(wy)) — 'I';l“en—l“% - %(len-—ll + b1l + Jell)?

> oty g1 ))(& = ) = en-l = 5 len sl + b))% ¢ € T
(4.4.21)
Now, by (4.4.10), we obtain
en(t) = 2"(t) — wp(t) = f(t,2,2") = k(¢ Wn, Wi wa_1,wp,_;)

< f(t,.'L',IL") - f(tv wn—l,Q(w;-;_l))-
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Using the mean value theorem, we can find ¢, c2 € R with wy,_;(¢) < ¢1 < z(¢), and ¢;
lies between g(w},_,(t)) and z'(t) such that

elr:,(t) < f.”l:(ta c1, C2)€n_1(t) + fl"(tv C17c2)($, - q(w;l—l))
< Men-1(0)] + Lalz'(t) — q(wn-1(2))] (4.4.22)
< Men-1(8)| + Lilen_1 ()] < Aillen—alli, t e T

where, A = max{f.(t,z,z') : t € I,z € [minwp(t),maxp(t)], 2’ € [-C,C]}, \ =
max{\, L}, and L, is as defined in Theorem 4.3.1. Integrating (4.4.22) from ¢; to ¢ > ¢,,
using (4.4.17), we obtain

e (1) < Mt —t1)llen—1lli < Ai(b = a)llen-ll, t € [t1,B]. (4.4.23)
If we integrate (4.4.22) from ¢ to ¢y (¢t < t2), use (4.4.17), we obtain
en(t) > =Ai(t2 — t)llen-1lls > —A1(b — a)llen—1ll1, t € [a, 23] (4.4.24)
From (4.4.23) and (4.4.24), it follows that
len ()] < dllen—1ll1, t € [t1,22], (4.4.25)
where d = A\ (b — a). Using (4.4.25) in (4.4.21), we obtain
e (t) > fo(t, w1, q(wh_)))(@' — q(w})) — Nllena ||, t € [t1, 2],

A 2
where N = -P‘—+M‘2£+—d)—. Thus, we have

€l(t) — fo (tywn—1,q(wp_y))en(t) > for (b, wa—1,q(wp_1))(wy, — g(w})

~ 9 (4.4.26)
—Nllenlli, t € [t1, t2).
We consider three cases.

(1) K wp(t) > C for some t € [t1,12], then g(w,(t)) = C, wy(t) —g(wy(t)) > 0, and using
(B3), we obtain

for (6, wa-1(2), g(wp_1(8)) = for (¢, wn-1(2), (wn (1)) — Llg(wy,_ (£)) — q(wh, (¢))]
> —Lig(w,_1(t)) — g(wn(®))].

Hence
(wh (£) — g(w} (£))) fo (£, w—1(t), g(wh_1 () > —Llwy(t) —g(wy, (2))]|2' (£) — g(w), (2))].

Since

|lg(wh_1(t)) — g(wj ()] < |2'(t) — q(wp ()] + 12'(2) — q(w,_, (1))
< len(B)] + len-1(D)],
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using (4.4.25), we obtain

la(wh_y(8)) = qwp()lw, (t) ~ g(wr (] < (le (8)] + len_1 ()]} len(2)]
< d(1 + d)flen 1T

Thus,
(wh(t) — q(wy, (1)) for (£ wn—1(t), g(wy_1 (£))) > —Ld(1 + d)llen—1 2.

(2) If w),(t) < —C for some t € [t1,t2], then g(wy,(t)) = —C, wl(t) — g(w),(t)) < 0, and

using (Bj3), we have

for(ts w1 (8), g(wn_1(8))) < for (¢ wnr(8), g(wn, (¥))) + Llg(wp,_1(2)) — q(w(2))]
< Lig(w,_1(8) — q(w, ()],

and hence

(wn () ~ @(wp (1)) for (t, wn-1(2), g(wn_1(1))) = —Llg(wr,_,(t)) — q(w](t))|
lwh(t) — a(wy ()] = —Ld(1 + d)|len_1}f3.

(3) If |w)(t)] < C for some t € [t1, ty], then w},(t) — q(wy,(t)) = 0, and

(w;(t) - q(w:’z(t)))fx' (tv wn-—l(t)a q(w;'l—l(t))) =0> _Ld(]- + d)“en—l "%

Thus,
(wh (£) — a(w () fir (b wno1 (8), (w1 (1)) > —Ld(1 + Dllen_1 )2, £ € [t1, ). (4.4.27)
Using (4.4.27) in (4.4.26), we obtain

en(t) — for(t, wn-1,q(wp_1())en (8) > —Ld(1 + d)]len—1|ff — Nllen_1 |1}

(4.4.28)
= —Sllen1ll?, t € [ta, 2],

where, S = Ld(1+d)+ N. The equation (4.4.28) is the same equation as (4.3.17), hence we

can obtain the corresponding results following the same procedure of Theorem 4.3.1. O



Chapter 5

Boundary value problems with

integral boundary conditions

In this chapter, we study existence and approximations of solutions of second order nonlin-
ear boundary value problems with nonlinear integral boundary conditions. They include
two, three, multi-point and nonlocal boundary value problems as special cases. For bound-
ary value problems with integral boundary conditions and comments on their importance,
we refer to [25,44,66] and the references therein. Moreover, existence results for bound-
ary value problems with integral boundary conditions have been studied by a number of
authors, for example [7,8,14,19,43]. In this chapter, we use the upper and lower solutions
method for the existence results and develop the generalized method of quasilinearization
to approximate our problems. We study two type of problems. Firstly, the case that the
nonlinearity is independent of derivative. Secondly, where the nonlinearity depends also

on the first derivative with a little bit simpler boundary conditions than the first one.

5.1 Nonlinearity independent of the derivative

The results of this section have appeared [45]. In this section, we study existence and
approximation of solutions of second order differential equations with nonlinear integral

boundary conditions of the type
2'(t) = f(t,z), te I =[0,1),
20) - bia'(0) = | " ha(a(s)ds, 6.1)
2(1) + kaa'(1) = | ' hala(s)ds,

where f : J xR = R and h; : R =& R(i = 1,2) are continuous functions and k; are
nonnegative constants. Firstly, we study existence results by the method of upper and

lower solutions, then we approximate our problem by the method of quasilinearization. We

90
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show that the sequence of approximate solutions converges uniformly and quadratically
to a solution of the original problem. We also improve the rate of convergence, and show
under some reasonable conditions, that the sequence of approximants converges to the
solution with rate of convergence greater than quadratic.

Recently, B. Ahmad, R. A. Khan and S. Sivasundaram [7] and J. Tadeusz [43] studied the
quasilinearization method for the solution of first order differential equations with linear

integral boundary conditions of the type
z'(t) = f(t, z(t)), t € [0, T)
T
z(0) = az(T) + / b(s)z(s)ds + k= Bz + k.
0

Here, we study a second order problem and also nonlinear boundary conditions. Further,

we improve the rate of convergence of the sequence of solutions.

5.1.1 Existence results

We know that the homogeneous problem

() =0, te J,
2(0) — k12'(0) = 0, z(1) + kaz'(1) = 0,

has only a trivial solution. Consequently, for any o(t), p1(t), pa(t) € C(J), the corre-

sponding nonhomogeneous linear problem

.’E”(t) = O'(t), teJ,
1
20) - ki 0) = [ ;(e)ds, 2V +hoe'(1) = [ pa(a)ds,

has a unique solution z € C2(J),

1
z(t) = P(t) + /0 G(t, s)o(s)ds,

where
1

1 1
Pt)= ————{(1—t+k ds+k+t/
0= - t+k) [ pl)ds+ a0 [ m(o)ds)
is the unique solution of the problem

:c"(t) =0, te J

1
z(0) — k12'(0) = s)ds,
(0) = ki’ (0) /0 p1(s)

1
2(1) + ks'(1) = /0 pas)ds,

and
-1 (k1 +t)(1—s+ke), 0<t<s<1
G’(t,s):-l-c————
1+k2+1 (ky+s)1—t+k), 0<s<t<1
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is the Green’s function of the problem. We note that G(¢,s) < 0 on (0,1) x (0,1). We

recall the definition of lower and upper solutions.

Definition 5.1.1. We say that a € C?(J) is a lower solution of (5.1.1) if
o'(t) > f(t,et), teJ
a(0) — k1o’ (0) < /01 hi(a(s))ds,

1
(1) + ko (1) < /0 ha(a(s))ds.

Similarly, 8 € C?(J) is an upper solution of the BVP (5.1.1), if 3 satisfies similar inequal-

ities in the reverse direction.

5.1.2 Method of lower and upper solutions

In this section, we state and prove theorems on the existence and uniqueness of solutions
of the BVP (5.1.1), in an ordered interval defined by lower and upper solutions of the
boundary value problem (5.1.1).

Theorem 5.1.2. Assume that a and 3 are respectively lower and upper solutions of (5.1.1)
such that a(t) < B(t),te J. If f: JxR =>Rand hi : R - R(: = 1,2) are continuous
and hl(z) > 0, then there ezists a solution z(t) of the boundary value problem (5.1.1) such

that
a(t) < z(t) < B(t), t€ J.

Proof. Define the following modifications of f(t,z) and hi(z)(i = 1,2)

f(t,B(t) + Tz -0 fz> B(t),
F(t,z) = ¢ f(t,z), if a(t) <z < B(¢),
Ft, @) + —— o(t) if z < a(?),

1+ |z —a(t)]’

and

h(BE), ifz>B(),
Hy(z) = { hi(a),  ifa(t) Sz <A(),
hi(a(t)), ifz < af(t).
Consider the modified problem

z'(t) = F(t,z), te€ J,

1
2(0) — k12'(0) = /0 lHl(a:(s))ds, z(1) + ko' (1) = /0 Hy(z(s)) ds. (5.1.2)
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Since F(t,z) : J x R - R and H; : R — R are continuous and bounded, it follows that

the boundary value problem (5.1.2) has a solution. Further, we note that
o’(t) 2 f(t,a(t)) = F(t,at), teJ
, 1 N
a(0) — k1a'(0) < /0' hi(a(s))ds = /0 Hy(a(s))ds,
’ 1 o
a(l) + ko' (1) < /0 ho(a(s))ds —/0 Hy(a(s))ds,
and
B"(t) < f(t,B(t)) = F(t,B(t), t€J
, 1 _ 1
BO) - kB > [ m(Beds = [ Hi(ps)as

1 1
B(1) + k25'(1) _>_/0 h2(,3(3))d5=/0 H,(B(s))ds,

which imply that « and § are respectively lower and upper solutions of (5.1.2). Also, we
note that any solution r of (5.1.2) which lies between  and 3, is a solution of (5.1.1). Thus,
we only need to show that any solution z of (5.1.2) is such that «(t) < z(t) < B(¢), t € J.
Assume that a(t) < z(t) is not true on J. Then the function v = @ — z defined on J, has

a positive maximum at some t =t € J. If tp € (0,1), then
v(to) > 0, v'(to) =0, v"(t0) < 0

and hence

z(to) — a(to) )
1+ |z(to) — alty)]

0 > v"(to) = a”(to) — z"(to) = f(to, (to)) — (f(to, (to)) + > 0,

a contradiction. If ¢g = 0, then v(0) > 0 and v'(0) < 0, but then the boundary conditions

and the nondecreasing property of h; gives
90 < kO + [ h(als)) - Hu(a(s))ds
1
< [ tralate)) - B (as)las.
If 2(s) < a(s), then Hy(z(s)) = hy(a(s)). If z(s) > B(s), then
Hy(a(5)) = m(B(5)) = ha(as)).
If a(s) < 5(s) < A(s), then
Hy(a(s)) = hi(z(s)) > ha(a(s).

Either case contradicts v(0) > 0. Similarly, if tp = 1, we get a contradiction. Thus
a(t) < z(t), t € J. Similarly, we can show that z(t) < B(t), t € J. O
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Theorem 5.1.3. Assume that « and B8 are lower and upper solutions of the boundary
value problem (5.1.1) respectively. If f : J x R — R and h; : R — R are continuous, f is
strictly increasing for each t € J and 0 < hi(z) < 1. Then a(t) < B(t), t € J.

Proof. Define w(t) = a(t) — B(t), t € J, then w € C%(J) and

1
w(0) — kyw'(0) < /0 [h1(a(s)) — b (B(s))]ds
(5.1.3)

1
w(l) + k' (1) < /0 (ha(a(s)) — ha(B(s))]ds.

Assume that w(t) < 0 is not true for every ¢ € J. Then w(¢) has a positive maximum
at some tg € J. If to € (0,1), then w(tg) > 0, w'(fp) = 0 and w"(¢p) < 0. Using the

increasing property of the function f(t,z) in z, we obtain
f(to, ato)) < @”(to) < B"(to) < f(to, B(to)) < £(to, a(to)),

a contradiction. If o = 0, then w(0) > 0 and w'(0) < 0. On the other hand, using the
boundary conditions (5.1.3) and the assumption 0 < h}(z) < 1, we have

! ! '
w(0) < w(0) ~ ') < [ [hs(as) ~BENlds < [ (uls)ds 6.0
< hi(c) max w(t) = hy(c)w(0) < w(0),

a contradiction. If to = 1, then w(1) > 0and w'(1) > 0. But again, the boundary
conditions (5.1.3) and the assumption 0 < hi(z) < 1, gives

1 1
w(1) < w(l) + kaw'(1) S/O [h2(e(s)) — ha(B(s))lds < /0 hy(c)w(s)ds

(5.1.5)
< hy(e) max w(t) = hy(e)w(1) < w(1),
a contradiction. Hence
a(t) < B(t), te J
O

As a consequence of the Theorem 5.1.3, we have

Corollary 5.1.4. Assume that a and B are lower and upper solutions of the boundary
value problem (5.1.1) respectively. If f : J x R = R and h : R — R are continuous, f
is strictly increasing and 0 < h'(z) < 1, z € R. Then the solution of the boundary value

problem (5.1.1) is unique.
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5.1.3 Approximation of solutions[generalized quasilinearization technique]

In this section, we develop the generalized quasilinearization technique to study approxi-
mation of solutions of the BVP (5.1.1). Assume that

(A1) a and B € C?(J) are respectively lower and upper solutions of (1.1.1) such that
at) < B(t),te J.

(A2) f(t,z) € C%*(J x R) is such that f.(t,z) > 0 and fz(¢,2) + ¢zz(t,z) < 0 on
J x [mina(t), max B(t)], where ¢(t,2) € C%(J x R) and ¢z(t,z) < 0 on J x
[min a(t), max B(t)].

(As) h; € C*(R)(¢ = 1,2) are nondecreasing, 0 < hi(z) < 1 and h(z) > 0,z €
[min a(t), max B(t)].

Theorem 5.1.5. Under assumptions (A1) — (A3), there exists a monotone sequence {wn}

of solutions converging uniformly and quadratically to the unique solution of the problem.

Proof. Define F : J xR — R by F(t,z) = f(t,z) + #(t,z). Then in view of (A4;), we note
that F € C%*(J x R) and

Fre(t,z) <0 on J x [mina(t), max 5(t)]. (5.1.6)
Using Taylor’s theorem, (5.1.6) and (A3), we have
f(t,z) < F(t,y) + Fa(t,y)(z — y) — 6(¢,2), (5.1.7)
for (t,z), (t,y) € J x [minc(t), max A(t)] and
hi(z) > hi(y) + hi(y)(z — v), (5.1.8)

for z, y € [mina(t), max B(t)]. Again applying Taylor’s theorem to ¢(¢,z), we obtain

Blt:2) = 9{t,9) + 26,9 (& — U) + 5ea(t:6) (@ — )2, (5.1.9)
where z, y € R and £ is between z and y, which in view of (43) implies that
¢(t,z) < (t,y) + ¢a(t, y)(z — ), (5.1.10)
and 1
$(t,) 2 ¢(t,y) + ¢x(t,¥)(z — ) — 3lbea(t, |z — y|1?, (5.1.11)

for (t,z), (t,y) € J X [mina(t), max B(t)], where ||z — yll = max{|z(t) — y(t)| : ¢t € J}
denotes the supremum norm in the space of continuous functions defined on J. Using

(5.1.11) in (5.1.7), we obtain

£(8,3) < 1t9) + Fo(t.0)(0 — 1) + 310 (6Ol — g2,
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for (t,z), (t,y) € J x [mina(t), max B(t)]. Let
Q; = {(t.7) : t € J, £ € [mina(t), max B(t)]} and Mz = max{|¢,,(¢,z)|: (t,z) € N }.

Then M
f(t,2) < f(8.9) + F2(t:9)(@ —9) + 22 llz — g, (5.1.12)

for (t,z), (t,y) € Q). Define
My 9
g(t,z,y) = f(t,y) + fz(t,9)(z — ) + 5=llz — o, (5.1.13)
where (t,z), (t,y) € J x R and
Hi(z,y) = hi(y) + hi(y)(z — v), (5.1.14)
where z, y € R. We note that g(t,z,y) and H;(z,y) satisfy
i}
gx(t,z,y) = fz(t,y) >0 and 0 < - Hi(z,y) <1,

for z, y € [mina(t), max B(t)], t € J. Moreover, g(t,z,y) and H;(z,y) are continuous and
bounded on 2, and in view of (5.1.12), (5.1.13) and (5.1.8), (5.1.14) respectively, satisfy

the following relations

f(t,z) < g(¢,7,9),
(5.1.15)
f(t7x) = g(t7 w’ x)’
for (t,z), (t,y) € ) and
hi(z) > Hi(z,y)
(5.1.16)
h,‘(I) = Hg(z,fﬂ),
for z, y € [min a(t), max S(t)).
Now, we set wy = a and consider the linear boundary value problem
z''(t) = g(t, z,wq), t € J,
1
2(0) - kia'(0) = | Hafals), wo(s)ds, 5,017

1
(1) + koa'(1) = / Ha(z(s), wo(s))ds.
]
Using (A), (5.1.15) and (5.1.16), we obtain

w(,),(t) ->- f(t’ U)o(t)) = g(ta wO(t))wO(t))v te J7

1 1
wn(0) = k105(0) < [ ha(uo(e))ds = [} o), un(epyas,

1 1
wy(1) + kawp(1) S/o hz(wo(s))ds=/0 Ha(wo(s), wo(s))ds,
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() < £(£,8®) < g(t, BE), wo(t)), ¢ € J,
1 1

B(0) — kiB'(0) 2 /O ha(B(s))ds > /0 H1(B(s), wos))ds,
1 1

B(1) + kaB'(1) > /0 ha(B(s))ds > /0 Ha(B(s), wo(s))ds,

which imply that wo and 3 are respectively lower and upper solutions of (5.1.17). It follows
by Theorems 5.1.2, 5.1.3 that there exists a unique solution w; of (5.1.17) such that

wo(t) Swit) <BE) te

In view of (5.1.15), (5.1.16) and the fact that w; is a solution of (5.1.17), we note that w,
is a lower solution of (5.1.1).

Now consider the problem
z"(t) = g(t, z,un), t € J,
1
2(0) = ky2'(0) = [ Hfa(s) wi()ds, (5.L18)
1
z(1) + k22'(1) =/0 Hy(z(s), wi(s))ds.

Again we can show that w; and 8 are lower and upper solutions of (5.1.18) and hence by

Theorems 5.1.2, 5.1.3, there exists a unique solution wo of (5.1.18) such that
wy(t) < woft) < B(R), te ]
Continuing this process, we obtain a monotone sequence {wy} of solutions satisfying
wo(t) < wi(t) < wa(t) < ..wn(t) <B(), L€,
where, the element wy, of the sequence {wy} is a solution of the boundary value problem
z"(t) =g(t, z,wn-1), t € J,
20) ~ k') = [ H(als) un-1(6))ds,

1
2(1) + kpz'(1) = /0 Ha(2(s), wn_1(s))ds,

and

1
‘!.Un(t) = Pn(t) +‘/(; G(t, s)g(s,wn(s), wn_l(s))ds, (5'1.19)
where
1
Put) = T (L~ t+ k) [ Ha(wn(s),waa(s)) ds

1
(k1) /0 H(wn(s), wn-1(s)) ds}. (5.1.20)
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Employing the standard arguments, as before, it follows that the convergence of the se-
quence of solutions is uniform. If z(t) is the limit point of the sequence, passing to the

limit as n — oo, (5.1.19) gives

1
z(t) = P(t) + /0 Glt, 5)f (s, a(s))ds,

where

1

1 1
P(t) = m{(l —t+ kz)/o hi(z(s))ds + (k1 + t)/o ha(z(s))ds};

that is, = is a solution of the boundary value problem (5.1.1).

Now, we show that the convergence of the sequence is quadratic. For that, set e, (t) =
z(t) — wn(t), t € J. Note that, e,(t) > 0, t € J, where z is the solution of (5.1.1). Using
Taylor’s theorem and (5.1.14), we obtain

enl0) = i64(0) = [ T(a(s)) = Hi{un(e)waa (5)ds
= [ B s (6D + e (0l
and

1
en(1) + bath1) = [ [ha(5(9) ~ Falwe) a1 ()

1
= [ ytun-s(oDents) + 352 (5l

where, wy_1(t) < &1, &2 < z(t). In view of (A3), there exist A\; < 1 and C; > 0 such that
Ki(wn-1(s)) € Xiand 0 < 3hY(&) < Ci(i = 1,2). Let X = max{A;,Xo} < land C =
max{Cl,Cz} 2 0, then

1 1 1
en(0) — k1€, (0) < )\/ en(s)ds + C/ e2_,(s)ds < /\/ en(s)ds + C'Hen_lll2
S 0 ] (5.1.21)
en(1) + kaeh (1) < A/ en(s)ds + C/ el_,(s)ds < )\/0 en(s)ds + Cllen—1||%.
0 0

Further, using Taylor’s theorem, (43), (5.1.10), (5.1.13) and the fact that |jw, — w,_,|| <
llen—1]l, we obtain
en(t) = 2"(t) — wn(t) = (F(t,7) — ¢(t, z))
M
~ [£(t0n-1) + folt, 1) (wn — wno1) + 5 wn — way |

62_ (t) M2
TR N S (5.1.22)

> fz(t,wn-1)en(t) + Fzz(t,&3)
>~ (Fee(t, )] + My)llens

> —Mllenll?,
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where wp_1(t) < & < z(t), wn-1(t) < & < wy(d), Isz(t,x)l < M; on Q; and 2M =
M, + M;. From (5.1.21) and (5.1.22), it follows (using comparison principle) that

en(t) < p(t) on J,
where, p(t) > 0 is the unique solution of the boundary value problem
p'(t) = —Mllen1|?, t € J

1
2(0) — k15/(0) = A /0 en(s)ds + Cllen_y||?

1
p(1) + kg (1) = A /0 en(s)ds + Cllen—y

Thus,
1
en(t) < p(t) = m (Q-t+ kz)()\/o en(s)ds + Cllen_1?)

1 1
# e+ RO [ en(s)is + Cllenal?)] =M [ G, )P

STTh +% +k: oy (M@ =t + k) + (¢t +E)Henll + C{Q =t + ko) + (¢ + k1) Hlen—11)?)

1
+ Men_y? / G (¢, 5)ds
0
= Alenll + Cllen-12 + Mlllen1[i? = Allenll + Lilen_y |1,

where ! is a bound for fol |G(t,s)|ds and L = C + IM. Taking the maximum over J , and

solving for |leg ]|, we get
llenll < dllen-1l?,

where, § = T—f—x m

5.1.4 Rapid convergence

We improve the rate of convergence and show that under some suitable conditions there
exists a sequence of approximants which converges to the solution of the problem (5.1.1)

rapidly. Assume that

(B1) o, B E C?(J) are lower and upper solutions of (5.1.1) respectively such that a(t) <
B(t),t € J.

(B2) There exists k > 2 such that f(t,z) € C*¥(J x R) is such that %f(t,:z:) >20(j =
1,2,3...,k—1), and
t—%‘;(_f(t,z) + ¢(t,z)) < 0 on Q,;, where, ¢ € C*(J x R) and ;%’}qb(t, z) < 0on Q.

(Bs) hj(x) € Ck(R) is such that ﬂ—i;hj(w) < TBT%":T =12 .,k- 1) and jd%,’:l;hg(ﬂi) >0
on [min a(t), max B(t)], where M < 1/3 and j = 1,2.
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Theorem 5.1.6. Under assumptions (B,) — (Bs), there exists a monotone sequence {wy,}
of solutions converging uniformly to a solution of the problem (5.1.1). Moreover the rate

of convergence is of order k.

Proof. Define, F : J x R = R by F(t,z) = f(t,z) + ¢(t,z), t € J. Then in view of (By),
we note that F € C¥(J x R) and

o*
p 5 F(t,z) <0on Q. (5.1.23)

Using (Bj3), Taylor’s theorem and (5.1.23), we have

flt,2) < Z ——,—y)— = ¢(t,2), (5.1.24)
1=0
for (t,z), (t,y) € Q; and
hy(z) > Z & = v’ (5.1.25)
1=0

for z, y € [mina(t), max 3(t)]. Expanding ¢(t,z) about (¢,y) by Taylor’s theorem, we

obtain

8’ T —
300 = 5 it EZ 2+ Zogir 0 (5.1.26)
where z, y € R, t € J and { is between z and y, which in view of (Bz) implies that

5@- & —_y)z, (5.1.27)

$(t,z) <

"M’“
(-]

for (t,z), (t,y) € 1. Using (5.1.26) in (5.1.24), we obtain

fit2) < ki_é LAt ) AP et (5.1.28)

for (t,z), (t,y) € 1. Define
¢'(t,2,9) = 20 AT AL IR AT | Gl L SRS

for (t,), (t,y) € J x R and
Hj(z,y) =i\:1ddi, hj(y )M, (5.1.30)

=0
for z, y € R. We note that g*(¢,z,y) and H}(z, y) are continuous and bounded on Q; and
are such that

k-1 & _ a)i-1 ak _ -
it = 3 ot S~ Zo 0G5
=1 : .
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for (t,z), (t,y) € 1, and

a * ’ (‘T - y)l 1

3—ij (z,y Z dzt hj(y) 1)!

SZ(B M_ ‘B—a)H<M(3— Lyen,

—a)~l (i-1)! 2k-2

for z, y € [mina(t), max(t)]. Further, from (5.1.28),(5.1.29) and (5.1.25), (5.1.30) re-

spectively, we have the relations

f(t,z) < g*(t,z,9),
(5.1.31)
flt,r) = gt(taz’m)a
for (t,z), (¢t,y) € 1, and
h(.’B) > H’!‘(a:,y),
? ? (5.1.32)
hi(z) = HJ‘-‘(:c,a:),
for z, y € [min a(t), max S(t)].
Now, set a = wp and consider the problem
z''(t) = g*(t, z,wq), t € J,
1
2(0) - kis/(0) = [ Hi(a(s),wos))ds 6513

1
2(1) + kaa'(1) = [ Hj(als), wo(s))ds.
0
The assumption (B;) and the expressions (5.1.31), (5.1.32) yield
wg (t) > f(t, wo(t)) = g” (¢, wo(t), wo(¥), t € J,
1 1
wo(0) —klwa(O) S/(; hy(wo(s))ds =/0 Hf(wo(s),wg(s))ds

1 1
wo(1) + kawy(1) g/o H3(wo(s))ds =/0 Hj (wo(s), we(s))ds,

B"(t) < f(t,B(t)) < g(t, B(t), wo(t)), t € J,
1 1

B(0) — kuB'(0) > / ha(B(s))ds > / H}(B(s), wols))ds,
0l 01

B(1) + kaB(1) > /0 ho(B(s))ds > /0 H3(B(s), wo(s))ds

which imply that wo and B are respectively lower and upper solutions of (5.1.33). Hence
by Theorems 5.1.2, 5.1.3, there exists a solution w; of (5.1.33) such that

wo(t) < wi(t) < (L), teJ
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Continuing this process, we obtain a monotone sequence {wy,} of solutions satisfying
wo(t) < wi(t) S wa(t) < ..wn(t) < B(2), te J,
where the element w,, of the sequence {wy} is a solution of the boundary value problem
1"(t) =g*(t, T, wn—1), t € J,

1
2(0) — k' (0) = / H; (2(5), wn1(s))ds,

1
2(1) + koa'(1) = / H3 (o(s), wn1(s))ds

By the same process as in Theorem 5.1.5, we can show that the sequence converges uni-
formly to the unique solution of (5.1.1).
Now, we show that the convergence of the sequence is of order k as in (B;). For this, we

set
en(t) = 2(t) — wy(t) and an(t) = was1(t) — wa(t), t € J.

where z is a solution of the boundary value problem (5.1.1). Then,
en(t) >0, a,(t) >0, € J
Further, we have
ent1(t) = en(t) — an(t), €(t) > ah(t) (i = 1,2...) on J,

and from the boundary conditions, we have

1
en(0) — k1! (0) = /0 (ha((s)) = H} (wa(s), wn_1(s)]ds

1 (5.1.34)
en(1) + koel (1) = /; [ha(z(s)) — Hj (wn(s), wn_1(s)]ds.
Using Taylor’s theorem and (5.1.30), we obtain
* d n—1)°" d* k
hi(@(8) — Hj (wn (), wn1(2)) = Zo & hy(omm )(__‘i‘!’_l_) 2 hy( @)
_Ed L. 1)____‘_%_1
r—O

- d 1 1 d’c s
= [; _d;Th](w"- ’l,' lz: en 1 an_l] en + mh] (C) 7];!
k

M e,_ k
<p_1(t)en(t)+ TE-T k'l < pj(t)en(t) + M |len_i|l

rk-1 k! ’

where

p;(t) _Zd ’h,(w,, 1(®)5 Z o1 (Bap_y (1)
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and r = maxey f(t) — mingey a(t). In view of (B3), we have

M
Z(@ azlzrznl-Z(ﬁ a)i—1 (i = 1),(5 a)7t <1,

It follows that we can find A < 1 such that p;(t) <\, te J, (j = 1,2) and hence

1

en(0) — k1€l (0) < )\/ en(s)ds + }k_le'Hen_lllk
' ° v (5.1.35)

en(1) + ko€, (1) < /\/o en(s)ds + ;,;Tmllen—lllk-

Now, using Taylor’s theorem and (5.1.27), we obtain

en(t) = 2"(t) — wy(t)

i an_ ot k_
= [F(t,z) — ¢(t, )] [;3 i n- _zl_l - -an&(t,g)an]
k-
5 €_,—ai_,) o eny . OF e
= Za—-f(t,wn-l) 2' ! + aka(trcl) k|l + amk¢(t15))ak|l (5136)
_‘9_
8

E;;O 1—11 Ia'£¢ ) ek—l ak ak
(t,‘wn_.l) Cn— en + = (asz(tacl) + gﬁ(ﬁ(t’g))

3! k!

|
bl N1

where —N; < %F(tax) <0,-N; < gi(ﬁ(tsx) < 0and N = ma,x{Nl,N2}. From
(5.1.35) and (5.1.36), it follows that 0 < en(t) < p(¢),t € J, where p(t) is the unique

solution of the problem
k
p'(t) = _N“enl;lu teJ
, 1 M
p0) = ki 0) < X [ enla)ds + Zipslen
’ ! M
p(1) + kor'(1) < /\/0 en(s)ds + Tk—_lk*!llen—ﬂlk,
and

1
en(t) < p(t) = m[(l —~t+ kz)(/\/ en(s) ds + kﬂllk' 5 len— 1” )+

(t'*'kl)(/\'/le (s)ds+——M—lle 1|lk]—N G(t )”en—lu
o T , Gt —5—d

1
< —
“14+k +k

M 1
+ {(1 —t+ ko) + (t+ k,)}mllen—lllk] + N“en—IHZ/ IG(t: s)|ds
1 0

[,\{(1 —t+kg) + (¢ + k) el

= ’\"en“ + C'”en—l”kv
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where L is a bound for fol |G(¢, s)|ds and C' = ;;,_MIF + NL. Taking the maximum over
J, we get
llenll < 41 "en—lnk,

!
where 0; = 1—?_; O

5.2 Nonlinearity depending on the derivative

In this section, we study existence, uniqueness and approximation of solutions for a non-
linear boundary value problem with nonlinear integral boundary conditions in the case
when the nonlinearity f depends also on the derivative z’. In this case, we control both
the function and its first derivative so prove a result on quadratic convergence in the C1
norm. It is more delicate than the corresponding results when there is no z' dependence

in f as in the previous section. We consider boundary value problem of the form
—z"(t) = f(t,z,2'), te€ J =[0,1],

1 5.2.1
z(0) =a, z(1) =/(; h(z(s))ds ( )

where f : JxRxR = R, h: R — R are continuous and a > 0. We use the method of upper
and lower solutions and the method of quasilinearization for the existence, uniqueness
and approximation of solutions. We approximate our problem by a sequence of linear
problems to obtain a monotone sequence of approximants. We show that the sequence of

approximants converges quadratically to a unique solution of the BVP (5.2.1).

5.2.1 Existence results (upper and lower solutions method)

Definition 5.2.1. Let a € C?(J). We say that « is a lower solution of the boundary
value problem (5.2.1), if

-a"(t) < f(t,a(t),d(t), t€J
1
(0) < a, a(l) < /0 h(a(s))ds.

Similarly, 8 € C%*(J) is an upper solution of the boundary value problem (5.2.1), if 8

satisfies similar inequalities in the reverse direction.

Now we prove some results which establish existence and uniqueness of solutions for
the boundary value problem (5.2.1).

Theorem 5.2.2. Assume that a, B € C%(J) are lower and upper solutions of (5.2.1)
respectively such that a(t) < B(t) on J. Assume that fE€C(I xR xR) and satisfies the
Nagumo conditions on J relative to a, B. Then, there ezists a solution x(t) of (5.2.1) such
that a(t) < z(t) < B(t), te J.
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Proof. There exists a constant N depending on ¢, 8 and w such that

N sds .
[\ o) > Iﬁsafﬁ(t) - rtrél}la(t),

where w is the Nagumo function. Let C' > max{N,[[&/[|,(|8’][}. Let n € N and consider
the modified boundary value problem

—.’L‘"(t) = fn(t, Z‘,I’), te Ja

1 5.2.2
z(0) = a, z(1) = [; H(z(s))ds, ( )

where

[ £t.8(t),8'(1)) + £95%, if 2 > B(t) + 2,
f(t,8(8), ") + [f (¢, B(2), B'(1))
— (6 B(t), %) + ThS g In(z - B®), i B(t) <z < B(H) + L,
falt,z,2") = < f(t,3,2"), if aft) < z < B(1),
ft,e(t), 2') = [f(t,a(t), o/ (1))
—f(t,at),2") + iy Inle —a(®), ifa(t) - 2 <z <o),
Lf (8 a(t), o' (t) + gy ifz <oft)— 1

and

h(B(t)), ifz>B(t)
H(z) = S h(z), ifa(t) <z <pB(t)
h(a(t)), ifz<a(t).
Note that fy(t,z,z') is continuous on J x R2. Also, H is continuous and bounded on R.

Moreover, any solution of (5.2.2) with a(t) < z(t) < B(t) on J, is a solution of (5.2.1).
Choose M) > 0 large such that

Mip(t) < f(t,a(t), o/ (1)), £(t,B(2),B'(t)) < ~Mip(t), t € J, (5.2.3)

where B() — o(t) + 2/
— n
) = = o) + 1

and define a bounded continuous function

<0,teJ

M p(t) forz > B(t) + 1/n
on(t,z) = —‘Ml(2;—t E; :r:f fora(t) - 1/n <z < B(t) + 1/n

~M,p(t) for z < a(t) — 1/n.
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Let A € [0,1] and consider the system of BVPs

—z"(t) = Mful(t,z,2') + (1 = Non(t,z), t e J,

1 5.24
z(0) = a, z(1) =/ H(z(s))ds. ( )
0
For A = 0, the system reduces to
- :D”(t) = O'n(t,.’l!), teJ,
(5.2.5)

1
2(0) = a, z(1) = /0 H(z(s))ds,

and for A = 1, it is (5.2.2). The problem (5.2.5) is equivalent to an integral equation

1 1
z(t) =a(l - t) +t/0 H(z(s))ds +/ G(t,s)on(s,z(s))ds,
0
where G(t, s) is the Green’s function corresponding to the problem
-z"(t)=0,teJ, z(0)=0,z(1)=0.

Since o,(t,z) and H(z) are continuous and bounded. This integral equation has a fixed
point by the Schauder’s fixed point theorem, which implies that the boundary value prob-
lem (5.2.5) has a solution z € C2(J). That is, (5.2.4) has a solution for A = 0. For
0 < A < 1, we claim that any solution z, of (5.2.4) satisfies

oft) - 2 <aalt) <BW+ 5 1€

Set v(t) = za(t) — B(2) — ,ll, then the boundary conditions imply that v(0) < 0 and

1 1 1
o) < /; H(z(s))ds — /0 h(ﬂ(s))ds—% < /0 H(z(s))ds — /0 ' h(B(s))ds.

Using the nonincreasing property of h and the definition of H, we obtain v(1) < 0. We
claim that v(t) < 0, for t € (0,1). If not, then v(t) has a positive maximum at some
to € (0,1). Thus,

v(to) > 0, v'(to) = 0, v"(to) < 0.

However, using the definition of 8 and (5.2.3), we obtain

o"(to) = w4 (ta) = B"(t0) 2 £(t0,B(ta), B'(ta)) — [A(Fto, Blto), (1))

B(to) — zn(ta)
14 |B(to) ~ wn(to)l) +- X)Mlp(t)]

= (1 — N)[f (%0, B(to), B (to)) — Mrp(t)] + A

xn(tﬂ) - ﬂ(tO)
~ 14 B(to) — zn(to)|

+

Zn(to) — B(to)
1+ Iﬂ(tO) - d?n(to)l

>0,

a contradiction.
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Similarly, we can show that zn(t) > a(t) — L for every t € J.

We obtain a sequence {z,} of solutions of problems (5.2.4) satisfying
1 1
a(t) - gt zn(t) < B(2) + L tES (5.2.6)

The sequence is bounded and equicontinuous in C?(J) and so, by the Arzela-Ascoli theorem

it is possible to choose a subsequence converging to a function z € C?(J). Thus,
alt) <z(t) <B(t),teJ (5.2.7)

and hence z is a solution of (5.2.1). Moreover, as in the previous chapters, we can show
that |z'(t)] < C on J. O

Theorem 5.2.3. Assume that a(t) and B(t) are lower and upper solutions of the boundary
value problem (5.2.1) respectively. If f(t,z,z') € C(J x R x R) is decreasing in z for each
(t,z') € J xR, then a(t) < B(t) on J. Hence under these conditions solutions are unigue.

Proof. Define w(t) = a(t) — B(t) on J. Then
w € C%(J) and w(0) < 0.

We can show that w(t) < 0 on [0,1). Now, using the boundary conditions at ¢ = 1 and

the nondecreasing property of the function &, we obtain
1
w(D) = a(1) = A < [ (ale)) - h(B(s))ds < 0.
Thus w(t) <0,t € J. 0
We need the following result in the sequel.
Lemma 5.2.4. Consider the linear homogeneous problem

z’(t) + A2’ (t) =0, t € J,
z(0) =0, z(1) =0,
If A # 0, this problem has only a trivial solution. Consequently, the corresponding nonho-

mogeneous problem

"(t) + Az'(t) = o(t), t € J,

2(0) = a, z(1) = [ ' h(e(s)ds, (528)
0
has a unique solution given by
RS S Sy S v ~Xt _q '
z(t) = (e_,\_l)[a(e —e M) + (e - )/0 h(z(s))ds]
(5.2.9)

1
+/0 k(t, s)o(s)ds,
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where,

T A1 —eN)ers

k(t,s) = 1 e -1(e™-e?), 0<t<s<l
(e —1)(e™—e™), 0<s<t<

is the Green’s function of the problem. We note that k(t,s) < 0 on (0,1) x (0,1) for any
M# 0) € R.
5.2.2 Quasilinearization technique

Now we study approximation of solutions by the method of quasilinearization and show
that under suitable conditions on f and h, there is a monotone sequence of solutions of
linear problems converges quadratically to a solution of the nonlinear original problem.

Assume that
(D1) a, B € C?(J) are lower and upper solutions of (5.1.1) such that a(t) < A(¢) on J.

(Da) f € C*)(J x R x R) is such that f;(¢,z,2) <0, fo(t,z,2') is non-increasing in z’
and H(f) > 0 on J x [min a(t), max B(t)] x R, where

H(f)=(z - y)2fxx(t> z,2') + 2(z — y)(«' — Y) frw (2, 2, 2y + (2" — y')zfxrw' (t,2,2")
is the quadratic form of f, y < 2 < z and 2’ lies between z’ and /.
(D3) h € C%(R) is such that A"(z) > 0 and 0 < h'(z) < 1 on [min a(t), max B(t)).

Theorem 5.2.5. Under assumptions (D1)—(D3), there exists a monotone sequence {wy}

of solutions converging uniformly and quadratically to the unique solution of the problem.

Proof. Let @ = {(t,z,2') € J x R?: (t,z,2’) € J x [mina(t), max B(t)] x [-C, C]}, where
C is the same as defined in Theorem 5.2.3. Let

M - (t"gl‘g)xen{lfzz(t’ x’ x,)l, lfxz’ (t’ .’I,', .Z")I, 'f:z:’z:’ (ta xa xl)'})

then
IH(f)| < Mz - yll}, (5.2.10)

where ||z]l; = [lz]| + [IZ’ll is the C! norm. The conditions H(f) > 0, and h” > 0 imply
that

ft,z,2') 2 f(t.9,9(") + folt,y, a0z — 9) + fo (b v,9W N - o)), (5.2.11)

h(z) > h(y) +h'(y)(z - y), (5.2.12)

for z, y € [min a(t), max B(t)], «’, ¥ € R, where ¢(s) = max{~C, min{s, C}}. Let

S ={(t,z,2'): t € J, z € [mina(t),max B(t)], ' € R} C J x R?
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and define the function
F(t,z, 7" 9,9) = f(t,v,9(0) + f=(t, 9,9 (@ —y) + fo (t,y,q(¥")) (2’ — q(¥")), (5.2.13)
where (t,z,2'), (t,y,7’) € J x R2. We note that F satisfies
Fo(t,z,y7',9) = folt,y,09(y)) <0

and
flt,z,3") 2 F(t,z,2'59,9), (5.2.14)

for (t,z,z'), (t,y,y') € S. Also, define
H(z,y) = h(y) +h'(y)(z — y), (5.2.15)

for z, y € R. Then H is continuous and bounded on [min a, max 3] and satisfies (5.1.16)

of the previous section. Let
My > max{|f(t,z,2"), lfz(t, 2, &), If (4,2, 2)] : (t,2,4") € Q},
then for every (t,z,z'), (t,y,¥') € S, we have
|A(t, z, 25y, ¥ )| < My + My + My(|2' — q(y))) < Mi(1+ 7+ C) + My|z'| = wiz'|,

where w(s) = My(1+r+C)+ Mis for s > 0. It is easy to see that w is a Nagumo function.

Hence there exists a constant C; such that any solution z of
-2"(t) = F(t,z,2'9,9'), t€J
1
2(0) = o, 2() = [ H(a(e),u(s))ds,
0

with a(t) < z(t) < B(t), t € J and (t,y,y’) € S, satisfies Iz’ ()| < Cy, te J.
Now we set a = wp and consider the linear problem

—z'(t) = F(t,z, 2" ;wo,wp), t € J
2(0) = 0, 2(0) = [ H(ale),wn(e))ds. (5:216)
Using (D1), (5.1.16) and (5.2.14), we have
—wg(t) < f(t, wo(t), wy(t)) = F(t,wolt), wp(t); wo(t), wh(t)), t e J
wn(0) < a, wo(1) < | " h(wo(s))ds = / " Hwo(s), wo(s))ds,
and
-B"(t) = f(t,B(8),8'(t)) = F(t,8(t), B (t);wo(t), wo(t)), te J
p0) 22, 8(1) 2 [ hipods > | HB(5),wo(s)ds,
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which imply that wg and S are lower and upper solution of (5.2.16) respectively. Hence, by
Theorems 5.2.2, 5.2.3, there exists a unique solution w; of (5.2.16) such that wy < w; < B
and |w;| < Cy on J.

Using (5.1.16), (5.2.14) and the fact that w; is a solution of (5.2.16), we obtain

_wlll(t) = F(t7wl’wll;w0>w:)) < f(t’wl(t)?wll(t))a teJ

1 1 (5.2.17
w(0) = o wi(1) = [ Hewi(s)wo(s)ds < [ htwn(5)ds :
0 0
which implies that w, is a lower solution of (5.2.1).
Now, we consider the BVP
—2"(t) = F(t,z,2";w1,w}), t€ J
(5.2.18)

1
2(0) = a,2(1) = [ Ha(s)wa(e))ds
0
By (5.2.13) and the mean value theorem, we obtain

F(t, wi, w);w,w)) — F{t,wi,w}) = f(t,wi, qwh)) + for (£, wi, g(w))) (W) — g(w}))
—f(t,wliwll)
= (fx’(tywl)Q(w’I)) - fxl(t,'(U1,d))(U);_ - Q(wll))7

where d is between w)(t) and g(w(t))
If for t € J, w)(t) > C), then using the non-increasing property of fu (t,,x') in z', we

obtain

(fz (t, w1 (2), g(w](t))) — faor (£, wi(2),d)) (w1 (t) — q(w](2))) > 0.

If for t € J, |wi(t)| < Ci, then

(f=(t, w1(8), q(w) (1)) — for (t, w1 (1), d)) (W} (2) — q(w](2))) = 0.

If for ¢t € J, w(t) < —C1, then again by the non-increasing property of f,/(t,z,2') in '
D y fz ( ’ 73") n z,

we obtain
(fort, wi(t), gw} (£))) = for(t, w1 (2), 4)) (w1 () — g(w(2))) > 0.

Thus,
F(t’ wlvwll;wlaw,[) Z f(t)wlvwll)7 ted (5219)

Now, by (5.2.19), (5.1.16) and (5.2.17), we obtain
F(tvwlaw’l;wlawll) D f(tiwlawll) Z _w,{(t), tedJ

1 1
w(© =8, 01(1) = [ Hwi(s)wo()ds < [ bt (),
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which implies that w, is a lower solution of (5.2.18). Now, by (Dj), (5.1.16) and (5.2.14)
we can show that § is an upper solution of (5.2.18). Hence by Theorems 5.2.2, 5.2.3,
there exists a unique solution wy of (5.2.18) such that w; < w, < B and |wh| < C; on J.

Continuing this process we obtain a monotone sequence {wy,} of solutions satisfying
wo Swy Swy Sw3 S SwWp-1 Swn < Bon

that is
a(t) < wa(t) < B(t) and |wy(t)) < Ci,meN, te J, (5.2.20)

where w,, is a solution of the linear problem
~z"(t) = F(t,x,x';'w,,_l,'w;_l), teJ

1
2(0) = a, o(1) = / H(2(s), wn_1(s))ds.

0

This is equivalent to

1
wn(®) = (1 =)+ ¢( | Hlun(s), wn-1(s))ds)

1 (5.2.21)
+ [ Gle (s, wn, i wnr w1 ),
0
where,
tl-s), 0<t<s<1
G(t,s) =
s(1-1), 0<s<t<1
is the Green’s function. We note that G(t,s) > 0 on (0,1) % (0,1) and
F(t, wn, w:ﬁwmw:z) > f(t, wmwzz)’ ted (5.2.22)

As F(t,wn,wh;wn_1,w,_;) is continuous and bounded, there exists L; > 0 such that
| F(t, wn, Wh; Wa_1,Wy,_,)| < Ly for t € J. Also, for ¢, s € J(s < t), we have

t
[wn(t) ~ wa(s)| < /; |F (6, Wn, Wn; Wn—1, Wn_1)ldu < Lyjt — 5. (5.2.23)

The expressions (5.2.20), (5.2.21) and (5.2.23) imply that the sequences {w{) (1)}, (j = 0,1)
are uniformly bounded and equicontinuous on J. The Arzeld-Ascoli theorem guarantees
the existence of subsequences and a function z € C*(J) such that w$)(j = 0,1) con-
verging uniformly to zU) on J as n = oo. Thus, by (5.2.14) and (5.2.22), it follows
that F(t, wn, Wh; Wn-1,W)_) = f(t,z,2') as n — 0o. Passing to the limit in (5.2.21), we

obtain

1 1
z(t) =a(l — t) + t(/(; h(z(s))ds) +/o G(t,s)f(s,z,2")ds,
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that is, z(t) is a solution of (5.2.1).
Now we show that the convergence of the sequence of solutions is quadratic. For that, we
set vn(t) = z(t) —~ wp(t), n € Nand t € J. Then, we note that

v € C%(J), v,(0) =0, v,(t) >0, t e J,

which implies that v}, (0) > 0. Further, using the mean value theorem and the definition
of H(wn(t), wn-1(t)) , we obtain

1 1
va(1) =/; h(:z:(s))ds—/0 H(wy(s), wn-1(s))ds
1
= /0 [hl(wn—l(s))'l}n(s)+%h”(§(8))’v,21_1(3)]d8 (5.2.24)
1
S/O R (wn_1(8))vn(s)ds + Callvn_1]1%,

where C; = max {3h"(z) : € [minwp(t), max B(t)]}. Now, using Taylor’s theorem on
f(t,z,2') about (t,wn,q(wy,)), the definition (5.2.13) of F, we have

—oll (1) = —2"(t) + Wiyy = F(E,2,2) = F(f, Wn41, Wny15 Wn, wy)
= (7t wn, awh) + Jaltsum, a(wh)) (@ = wn) + For(t,0m, ())&~ g}
4 SH) = 11w a(wh) + Lol wn,a(00) @ner = wn)
+ foo(t, wn, 9(wh)) Wiy — g(w}h))]

= fz(t, wn, Q(w;))vn+l + fz’(tawnaQ(w:L))v;H-l + %H(f)a teJ
(5.2.25)

where,
H(f) = v2 fzz(t, €1, &) + 20a (2’ — q(w})) oz (8, €1, 62) + (2" — q(w},)) forar (1, &1, &2),
wa(t) < &1 < z(t) and & lies between wf,(£) and g(z/(t)). In view of (5.2.10),
() < Mlonl +12' = g(w)])* < M(Qon) + 1051 < Mo
Using this and the assumption f; < 0, we obtain
o1 (8) < For (s () Wy + el (5.2.26)

Thus, it follows that vn41(t) < r(¢) on J, where r(t) is a solution of the linear boundary
value problem
" ’ ! M 2
-r (t) = fz’(tv wan(w'n))r (t) + —2—””71“17 teJ

1 5.2.27
r(0)=0,r(1) = /0 k' (wn(8))vnt+1(s)ds + Cz”’vn“%, (5:2.21)
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Since (t,wn,q(w})) € Q and fr is continuous, there exist constants L, ! > 0, such that
~1 < fp(t, Wy, q(wl)) < L. Define p(t) = L~ fz:(t, wn,q(w})), then, 0 < p(t) < L+ on J.
We rewrite the BVP (5.2.27) in the form

M
P(8) + Lr'(2) = () (8) — S loallf, t € T
1
r(0) = 0, (1) = /0 K (n(5))Vn41ds + Calvall,
which is equivalent to the integral equation

_ Lt
0 == ( / K (wn (5))ons1(s)ds + Calonl )

+ [ ) [plo)(s) = ] s

The integrating factor u(t) = eJo J=1 (s;wn,a(wi))ds for the differential equation (5.2.27) sat-

(5.2.28)

isfies
et <put)<elt ted (5.2.29)

Using (5.2.29) in (5.2.27), we obtain
M
(FOu()’ =~ el t € J.

Integrating from 0 to t, using (5.2.29) and the boundary condition 7/(0) > 0, we obtain

M it( Lt -1
v > - My e

hence, it follows that

Melt (et — 1)(L + 1)

r'(t)p()k(t,s) < 37 k(t, $)lllvall?, t € J. (5.2.30)
Substituting (5.2.30) in (5.2.28), we obtain
—Lt —Lt
() S 7(0) € T h (wn(ensrls)ds + [T+
(5.2.31)

M L +1
—/ ]k(t,s)l(——els(el’s -1)+ l)ds] ||vn||1, te J
2 Jo L

Taking the maximum over J, using (Ds), we get

2
llonsall € 7 luall1, (5.2.32)
where 1—e Lt [l
< - P
0o =ma{t25, /0 W (wa(s))ds} <1,
and ¢

1-eL M ! L+l i, L
0 < 6 = max {Cor—=+ —2'/0 [k(t, )l (—F—€"(e™ — 1) + 1)ds}.
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Now, using (5.2.29) in (5.2.26), we have
M
(O Bu®) 2 e fonllf, t € (5.2.33)

Integrating from 0 to ¢, using (5.2.29) and the boundary condition v, . ,(0) > 0, we obtain

e It(e

dhpn(t) > — “ D)ol te . (5.2.34)

Since vn41 € C?(J), by the mean value theorem, there exists n € (0,1) such that

Up41(M) = Vny1(1) — Va41(0) = vny1(1).

It follows from (5.2.32) and (5.2.24) that

) 1
vni() < (7= /0 K (wn(s))ds + Cz)lvnll7. (5.2.35)
As 0 > fo(t, wn,q(wl)) > =My, t € J and H(f) > 0, it follows from (5.2.25), that
-U::+l(t) > ~Myv, 1 + fz’(ta wnaQ(wa,rz))U;;+1, teJ
which implies that
(”:;+1(t)#(t))' < Myvpa(Hu(t), t € J.

Thus, using (5.2.29) and (5.2.32), we obtain

Mo
(vhar (D0 = gy gye Ionl) <0, t € .

Then the function

91O = i (O(0) — gz Mol e € 7

is non-increasing, which implies that ¥ (1) < ¥(n), that is

' Mo ,
a1 (Dp(1) = (meLll”nll%) < v (Mpn) - ('L(l—zwid-&-)-el‘"”vn”%).

Hence,

it (DA(L) < v (D) + (72l = i)

g

< Allvall?,

1
5 ), k' (wn(s))ds + C2) + (eF - eLn)] a2 (5:2-36)

M6
L(1-0)

where

A = max {u( 77) / b (wn(s))ds + C2) + L(jy 5 (el _eLn)}
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Now, integrating (5.2.33) from ¢ to 1 and using (5.2.29), we get
2N
V(D) < (VA1) + (e = M)lfonl, £ € 7
which in view of (5.2.36) and (5.2.29) implies that
' it 2N L Lt 2
vpya(t) < e(A+ S (e"—e Mwall3, t € J. (5.2.37)
From (5.2.34) and (5.2.37), we have
vl < Ri|lunll3, (5.2.38)

where R, = max {e/'(4 + ZX (el — elt)), Mfi'—lz :t € J}. From (5.2.32) and (5.2.38),
it follows that

0
Ionsally = lonsill + 1o}l < (=7 + B)llvall? = Dljenll},

where, D = & + Ry, which gives the desired quadratic convergence in the C! norm. O



Chapter 6

Existence of multiple solutions for

three point problems

In this chapter we study existence of multiple solutions for some three point boundary
value problems. We study two types of problems, one with a parameter r and the other
without a parameter. For the first type, we use the method of upper and lower solutions
and degree arguments to show that, for a certain range of values of the parameter, there
are no solution while for other values, there are at least two solutions of the problem. For
the second case we study existence of at least three solutions in the presence of two lower
solutions and two upper solutions. This chapter is a joint work with Prof. J. R. L. Webb.
The results of section 1 is accepted for publication [54] while results of section 2, 3, are
submitted for publication [55,56).

6.1 Existence of at least two solutions of second order non-

linear three point boundary value problems

In this section, we study existence of at least two solutions of a second order nonlinear

three point boundary value problem depending on a parameter of the type

—-z"(t) = f(t,z,2') — r¢(t), t € J = (0,1)

(6.1.1)
£(0) = 0, z(1) = 6z(n), 0 <IN <1,0< <1,

where f : J x R? - R and ¢ : J — R are continuous and r is a parameter. We show
that for a certain range of the parameter there are no solutions while for some other range
of values there are at least two solutions. Our method is based on the use of upper and
lower solutions and on topological degree arguments. Such BVPs have been extensively
studied in recent years by many authors by applying Leray-Schauder degree theory, for
example, [28-30]. The study of (multiple) positive solutions has been done using fixed

point theory in cones, mainly when f does not depend on z', see, for example [70,92].

116
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Existence of at least two solutions for other boundary conditions have been studied in
many papers. for example [17,23,27,80,82]. In [82], existence of at least two solutions
for (6.1.1) with ¢(t) = 1 subject to the four-point boundary conditions is studied in
the presence of constant lower and upper solutions, and it is assumed that the set of
all solutions is bounded above. In contrast, here we study the problem (6.1.1) not only
with different boundary conditions (three-point boundary conditions) but also assume the
existence of lower and upper solutions which are not necessarily constants. Moreover, we
do not require the set of solutions to be bounded. In [27], ¢ is taken to be the normalized

positive eigenfunction associated with the first eigenvalue A =1 of the linear problem
"+ Az =0, z(0) =0, z(w) =0,

existence of at least two solutions for (6.1.1) with the Dirichlet boundary conditions is
studied. It is assumed that the set of all solutions is bounded above and the nonlinearity
f(t,x.z') is bounded for bounded z. In this paper, we allow ¢ to be any positive contin-
uous bounded function and relax the condition on f.

By different methods, existence of at least three solutions of the two point boundary value
problem " + f(t,z,z') = 0, (0) = 0, z(1) = 0, in the presence of two lower and two
upper solutions is studied in {35].

The existence of at least one positive solution for some three-point boundary value prob-
lems. in the case that the nonlinearity f is a non-negative, is given in [32], by using a fixed
point theorem in a cone under different hypotheses.

The purpose of this section is to study how the number of solutions changes as the pa-
rameter r varies and to show the existence of no solution and the existence of at least two
solutions for certain range of values of r. We give a class of realistic examples to show that
our hypotheses can easily be satisfied. Some of the conditions in [32] are more restrictive,

in particular (H3) — (Hs) of [32] can never be satisfied in the type of example we give.

6.1.1 Existence results

Consider the problem

—z"(t) = f(t,z,2') —ré(t), t € J=[0,1],

2(0)=0, =(1)=dz(n), 0<on<l <Ll (6.12)
We seek a solution z via the integral equation
1
2(0) = [ G(t,9)[7(s.2(e),'(6)) = r(s)]as, (6.0.3)

where, G : J x J = R defined by

Gi(t,s), 0<n<s
G2(t1 3), O <s S 7,

G(t,s) =
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1—s)t
Gilt.s) = 1= (1= s)t, 0<t<n<s<i
T (1=-n)s+(0n—-s)t, n<s<t<1,
1- -
Gg(t,s)_—..l 16 [( 8)+6(s Tl)]t, 0_<_tS3§n
T -t +st-n)s, 0<s<p<t<l

We recall the concept of upper and lower solutions for the BVP (6.1.2).

Definition 6.1.1. Let a € C?(J). We say that « is a strict lower solution of the BVP

(6.1.2). if
—(Y”(t) < f(t’a(t)aa’(t)) - 7‘¢(t), tedJ
a(0) <0, a(l) < éa(n).

A strict upper solution 8 € C?(J) of the BVP (6.1.2) is defined similarly by reversing the

inequalities.

Let R(a. B8) = {(t.7,2') € J x R? : a(t) < z < B(t)}. Now we state and prove the

following theorem which establish the existence of solutions.

Theorem 6.1.2. Assume that

(ay) F € Rand a,B € C?(J) be strict lower and upper solutions of (6.1.2) with r = #
such that a < B on (0,1].

(az) f:J x R2 = R is continuous, satisfies a Nagumo condition on R(c, ) and is such

that
f(t.a(t),y) > f(t,a(t),a'(t) fory < (), teJ
f(&,B(t),y) < f(t,B(1),B'(t)) fory > B'(t), t e J.
(as) ¢ :J — R is continuous, positive and is bounded on J.
Then there erists a solution z(t) of (6.1.2) (withr = 7) such that o(t) < z(t) < B(¢), t € J.

Proof. Let max{d|a(n)|,8|B(n)|} = X. Since f satisfies a Nagumo condition on R(a, B), it
follows that for every z € [min a(t), max A(t)], there exist a Nagumo function w : [0, 0c0) —

(0, 00) and a constant N(> \) depending on a, 8 and w such that

|f(t,z,2")| < w(|z']) on R(a, B) and

N sds
/; m > max 3“) mlna(t) (614)

where M = Fmax{¢(t) : t € J}. Let C > max {N,||l, 1811} and define

Q(y) = max { - C, min{y’ C}}»
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a retraction onto [—C.C]. Consider the modified problem

- = F(t,.’L‘,.’L") —F¢(t)7 te J7
r(0) =0, =(1) =dx(n),0<dn<1,ne(0,1),

(6.1.5)

where,

(£(t.8(),8'(1)), if o > B(t) + e,
(6, B@),q('(8))) + [F(t, B(2),8'(t))

— f(6. 80, q@ )] =LY, i B(t) <z < B(E) + ¢,
Ft.r.z') = { f(t.z.q(z'(t))), if a(t) < z < B(t),
f(t.a(t), q(='(£))) + [£(t,a(t), &' (8))

— f(ta(®), o=@ @)=, ifa(t) ~e <z < aft),

Lf(ta(t), (1)), if z < aft) — ¢,

and ¢ > 0 is a fixed number. The modified problem (6.1.5) is equivalent to the integral

equation

1
2(0) = [ Gt,9)[F(s,2(6),'(5)) = 7(5)) s
0
Since F, ¢ and G are continuous and bounded, this integral equation has a fixed point by
Schauder’s fixed point theorem. Hence the BVP (6.1.5) has a solution. Moreover,
—a"(t) < f(t,a(t),a'(t)) — 7é(t) = F(t, a(t), o' (t)) — 7(t), t e J
a(0) <0, a(l) < da(n),

—B"(t) > f(t,B(1),8'(t)) — 7(t) = F(t,B(t), B'(t)) — 7g(t), t e J
8(0) >0, B(1) > é8(n),

which imply that a and 8 are strict lower and upper solutions of (6.1.5).
We show that any solution z of (6.1.5) satisfies o(t) < z(t) < B(¢), t € (0, 1]. For this,
set v(t) = a(t) — z(t), t € J, where z is a solution of (6.1.5). Then, v € C?(J) and the

boundary conditions imply that

v(0) <0, v(1) < dv(n). (6.1.6)
Let max{v(t) : t € J} = v(tg) > 0. If to € (0,1), then v'(20) = 0 and v"(¢y) < 0. However,
v"(to) = a”(to) — z"(to) > —F(to, a(to), &' (t0)) + 7é(t) + F(to, (t0), &/ (o)) — 7p(t) = 0,

a contradiction. Thus v(t) has no nonnegative local maximum.
If to = 1, then y(1) > 0 and v'(1) > 0. If v(1) = O, then the boundary condition
v(1) < dv(n) imply that v(n) > 0 and hence v(1) cannot be the maximum of v(t). Thus
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v(1) > 0. Since v(0) < 0. it follows that there exists ¢; € [0,7) C J such that v(¢;) = 0

and v'(t;) > 0. We claim that
v'(t) 2 0 on [t,1].

If not, then there exists a t; € (;,1) such that v'(t2) < 0. But then v(t) must have
a positive local maximum at some t € (t,t2), which leads to a contradiction. Hence

v'(t) > 0 on [ty.1]. which implies that
u(t) > 0 on [t1,1].

The condition v'(t) > 0 on (¢, 1] yields
q(='(t)) < 2'(t) < (), € [t1, 1],
There exists t3 € (¢;,1) such that v(¢3) = ¢, and
0<o(t) <e tE [t1,13]
u(t) > ¢ t € [t3,1]-

Firstly, we consider the case that 0 < v(t) < ¢t € [t1,23]. Using (a3), we obtain
f(t.a(t).q(' (1)) 2 f(t.a(t).a(t)), t € [t1,t5]. Hence

F(t.z(t). 2'(1)) = f(t,a(t).q(z'(t)) + [f(t,at), o/ () — f(t,a(t), q(' (t)))] U(Tt)
— 2 10, a(0),0'(0) + (1 - 221,00, 900 0)
> f(t,a(t),a'(t), t € [t1,t3]-
Also, for every t € [t1,t3], we have
v"(t) = " (t) — 2"(t) > —f(t,a(t), o'(t)) + 7o(t) + F(t,x(t), 2'(t)) — 7é(t)

> - f(t,a(t),d'(t)) + f(t,aft), o (t)) = 0.

Secondly, we consider the case that v(t) > ¢, t € [t3, 1], then
F(t,z,2') = f(t,a(t),d(t)) on [ts, 1],

and for every ¢ € [t3, 1], we have

v"(t) > —f(t,a(t),a'(t) + Fh(t) + f(t, a(t), &' (1)) — 74(t) = 0.
This means that the graph of v is convex on [t1, 1]. Hence

n—t1 _v(n)(n—t)
”('l)<"(1)1_tl < n (l_tl)’

which leads to n > 1, a contradiction. Thus the maximum of v occurs at t; = 0. Since

v(0) < 0 and v(t) has no nonnegative local maximum on (0, 1], it follows that v(¢) < 0 on
(0,1].
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Similarly, we can show that z(t) < 8(t), t € (0,1].
Now, it remains to show that every solution z of (6.1.5) with a(t) < z < B(t) on J
satisfies |z'(t)| < C, t € J. For t € J and z € [mina(t), max B(t)],

[F(t.z,2") - 7é(t)] = £ (t,z,9(z'(t)) ~ 7o(t)] < wllg(' (1)) + M = &(|z’|) on J,

where w(s) = w(g(s)) + M for s > 0. Since

/ * sds / ¢ sds + ®  sds
— = — —————— =00,
2 @(s) Z» ws)+M  Jo wC)+M
which implies that F — 7¢(t) satisfies a Nagumo condition on R(c, 3). Further, in view of

(6.1.4), we have

C sds N sds
—_— —_— t) — mi
/)\ w(s) — /): w(s)+ M > rzéza}.’xﬂ( ) Itrél.;la(t)’

and hence, by a standard argument as in the proof of Theorem 1.1.7, we conclude that
|’(t)] < C on J, which implies that z(t) is a solution of (6.1.2). 0
6.1.2 Existence of at least two solutions

In this section, we establish multiplicity results for the boundary value problem (6.1.2).

Firstly, we introduce some notations and make some observations. Let k > max{||||, ||3]l},

and assume that
f(t, k,0) — 7p(t) <O for every ¢t € J. (6.1.7)

Let
o = max{|f(¢,k,0)|: t € J},
c = min{¢(t) : t € J}, and d = max{(¢) : ¢t € J},

then o, ¢, d > 0. Define ro = =Z, then ro < 7 and
f(t,k,0) —rogp(t) > 0 for every t € J.

For r < rg, we have
f(t,k,0) — ré(t) > 0 for every t € J. (6.1.8)

Let
r = sup{r € [ro’f) M f(t, k, 0) — T¢(t) Z 0 on J}, (6.19)

then ro < r; < 7 and for every r € (r;,7], we have
f(t,k,0) —ro(t) <O for every t € J. (6.1.10)

Let D, = {z € C*(J) :a(t) <z < k, t € J}. We prove the following theorem.
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Theorem 6.1.3. Assume that (a1) — (a3) of Theorem 6.1.2 hold and that the assumption
in equation (6.1.7) holds. Then, (6.1.2) has at least two solutions in D, for r € (r1,7) and

there erists r,, such that (6.1.2) has no solution forr <r,.
Proof. In view of (a;), we have
-a"(t) < f(t,a(t),a'(t)) — Fé(t) < f(t,a(t),d(t)) — ré(t) forr <7
and
=B"(t) > f(t,B(), B'(t)) — 7(t) > f(t, B(¢),B'(t)) — ro(t) for r > 7.
Thus, « is a strict lower solution of (6.1.2) for every 7 < 7 and S is a strict upper solution
of (6.1.2) for every r > 7. Let

R = sup({r € R: —a"(t) < f(t,a(t),d (1) — ré(8)} > 7,

r*=inf{r e R: —B"(t) > f(t,B(t),8'(t)) —ro(t)} < 7.

Then for every r € [r*, R*], a and B are strict lower and upper solutions of (6.1.2) and
are such that a < 8 on (0,1). Moreover, f(t,z,z’) — r¢(t) satisfies a Nagumo condition

on R(a, B) for every r € [r*, R*]. Hence by Theorem 6.1.2, there exists a solution z € D,
of (6.1.2) such that

a(t) < z(t) < B(t), t € (0,1] and [2'(t)| < C on J

for every r € [r*, R*], where C is a constant.

Define the modification of f as

f(t, k,z'), ifz >k,
F(t, z, :B’) - f(t’ z, zI) if a(t) <z< k,
f(t,a(t),z), ifz < oaft).

Consider the modified problem

- :B”(t) = F(taxyx’) —re(t), te J,

z(0) =0, z(1) = éz(n). (6.1.11)

We note that any solution z of (6.1.11) with a < z < k on J, is a solution of (6.1.2). We
will show that for every r € (r, 7], any solution z of (6.1.11) does satisfy @ < z < k on
J and hence is a solution of (6.1.2). It will then suffice to show that (6.1.11) has at least
two solutions in Do. Let z be a solution of (6.1.11) for some r € (ry, 7). Firstly, we show

that a < z on J. Assume that

max{v(t) = a(t) — z(2) : t € J} = v(to) > 0.
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As in the proof of Theorem 6.1.2, we can show that ¢y € (0,1). Hence v/(¢9) = 0, v"(¢p) < 0.
However.
~v"(to) = —a"(to) + 2" (to)
< f(to, alto), a'(to)) — 7é(t) — f(to, a(to), & (to)) + ré(t) <0,
a contradiction. Secondly, we show that z < k on J. Assume that
max{z(t): t € J} = z(to) > k,
then z'(to) = 0, "(to) < 0. However, by (6.1.10), we have
—IlI"(to) = f(t07ka0) - 'rq'l)(t) <0,

a contradiction. Hence a < £ < kon J. On the other hand, we note that for every
r € (r1.7),

F(t,a(t), a'(t)) — ré(t) = f(t,alt), o' (t) — ré(t)

> f(t,a(t),d(t)) —7(t) > —a"(t), t € J,

and in view of (6.1.10),

F(t1k70) - 7‘¢(t) = f(t,k,O) - T¢(t) < 0, t e J,

which imply that a, k are strict lower and upper solutions of (6.1.11). Moreover, for every

(t,z,y) € R(a, k), we have
|F(t,z,2') — rp(t)] = |f(t,7,2") — ré(t)] < &(]z")),

where @(s) = w(s) + M, for s > 0, M, = max{|ré(t)| : t € J, r € [r1,7]}. Thus, F —r¢
satisfies a Nagumo condition on R(a,k). Hence by Theorem 6.1.2, the boundary value
problem (6.1.11) has a solution z € D, for every r € (r1,7].

Let r = inf {r < 7 : (6.1.11) has a solution in Da}, then (6.1.11) has no solution in D,
for r < ro. We show that r is finite. Let z; € Do be a solution of (6.1.11) for r = ro.
Then, there exists a constant C depending on k and w such that |z| < C on J. Let

m = min {F(t,z,2): a(t) <z <k [2'()| < C, te J},

then,
—ZL"Q'(t) >2m- T2¢(t), teJ,

which implies that
:z:g(t) < —m+rp(t) < —m+r2c, t€J (6.1.12)

Since z2 € C'(J), by the mean value theorem there exists £ € (0, 1) such that

Th(€) = z2(1) — 22(0) = dz2(n). (6.1.13)
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If n € [¢,1). then integrating (6.1.12) from ¢ to £, using (6.1.13), we obtain
£5(t) < TH(€) = m(t = €) +rac(t — €) < Sa(n) —m +rac(t—n), fort > €. (6.1.14)

Integrating (6.1.14) from 7 to 1, we have

z2(1) — z2(n) < dz2(n)(1 —n) —m(l —n) + rzc(l ; 71)2,

which in view of the boundary condition z3(1) = éz2(n), implies that

(1 = n)?

—(1 = dn)z2(n) < —m(l —n) +r2 5

which gives

2;z2(n)(1-69) m
rg>—= - :
2 [ 17 l—n] (6.1.15)
On the other hand, if n € (0, €], then integrating (6.1.12) from ¢ to ¢, we obtain
5(8) — z5(t) < —m(€ — t) +r2c(§ — t) < —m + rac(n — 1),
which in view of (6.1.13) implies that
—z5(t) < —6z2(n) — m + roc(n — t). (6.1.16)
Integrating (6.1.16) from 0 to 5, we obtain
2
~z(n) < —dnz2(n) — mn + r2c—-,
which leads to 2 a(n)(1 = 67)
z2(n)(1—=3dn) m
re > —= 2 —" - —]. (6.1.17)

c 7° n
Let p = max{n,1 — n}, then p > 0 and from (6.1.15) and (6.1.17), it follows that

ry > _g[xz(n)(l —én) _m

=T S .
A 02 P] n (say)

Hence r, is finite.
Now, let ¥ € [r,) be such that (6.1.11) has a solution Z in D,. Then for every r € (7,7,

we have
—a"(t) < F(t,a(t), e (1) - 7g(t) < F(t,a(t), /(1) —re(t), t € J

-z"(t) = F(t,%(t),2'(t)) — 7(t) > F(t,£(t),2'(t)) —ré(t), t € J.

These imply that a and # are strict lower and upper solutions of (6.1.11). Moreover, for

(t,z,y) € R(a,z), we have

|F(t,z,2") - ré(t)] < @(|<')).
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Hence by Theorem 6.1.2, there exists a solution £ € D, of (6.1.11) such that
at) < z(t) < #(t), t € (0,1].
Also. there exists a constant C; > 0 which depends on «, Z, & such that
|z’(t)] < Ci on J.

In case, r > r*, the solution z of (6.1.11) satisfies a(t) < z(t) < B(t), t € (0,1].

Define the modification of F with respect to a, Z as

(F(t,3(), 2(1)), if £ > 3(t) +¢,
F(t,#(t),z') + [F(t, Z(t), = ()
— F(t,&(t),2")]| 229, if (1) < z < &(t) + €,
h(t,z,2') = { F(t,z,1'), if a(t) < z < E(¢),
F(t,a(t),z') + [F(¢, aft), o'(2))
- F(t,a(t),2)]%FE,  ifa(t)—c <z <al),
| F(t, a(t), & (1), if 2 < oft) — e,
and define
(t.z) = (2(t) — p(z, alt), Z)) F(L, a(t),a;fg)) :L((:zgr a(t), z) ~ a(t))F(t,i:(t),:’é’(t)), fe g
where
p(z, a(t), £) = max {a(t), min{z,Z(t)}}, z € R.
Consider the system of equations
— 2"(t) = Mh(t,z,7') + (1 — \9(t,z) — ré(t), t € J, r € (7, 7]
(6.1.18)
z(0) =0, =z(1)=dz(n), X € [0,1].
For A = 0, the system reduces to
—z"(t) = P(t,x) —rd(t), t € J, T € (F,7]
(6.1.19)

z(0) =0, x(1) = dz(n).
This is equivalent to the integral equation
1
z(t) = / G(t,s)[1p(s,a:) - rd)(s)]ds.
0

Since ¥, ¢ and G(t, s) are continuous and bounded, this integral equation has a fixed point
by Schauder’s fixed point theorem. Moreover,
Y(t,a(t)) — ré(t) =F(t, a(t),d(t)) — ro(t)
> F(t,a(t), @ (t) — 74(t) > —a"(2),
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and
V(t 2(t) — ro(t) =F(t, £(t),2'(t)) — r¢(t)
< F(t,2(t), 2'(2) — 7o(t) = 2"(2).

Thus. a. I are strict lower and upper solutions of (6.1.19). Hence any solution of (6.1.19)
satisfies a < r < I on (0.1]. Since (t, ) — r¢(t) is continuous and bounded, it satisfies
a Nagumo condition on R(a.z). Hence there exists C; > 0 such that any solution z of
(6.1.19) with a < r < 7 satisfies |z'| < C} on J.
For A = 1. (6.1.18) is equivalent to

- 1"(t) = h(t,z,2') —rg(t), t € J, r € (7,7

(6.1.20)
z(0) =0, z(1) =dz(n).

Again. a. 7 are strict lower and upper solutions of (6.1.20) and for every (t,z) € J x

[mina(t), max z(t)] we have
[h(t. z,z') = ré(t)| = |F(t, z,2') — ré(t)] < &(|z')).

This implies that h satisfies a Nagumo condition on R(a, £). Hence by Theorem 6.1.2,

the boundary value problem (6.1.20) has a solution z such that

a<z<zon(0,1] and |z'(t)] < C2 on J.

Now. for any A € [0, 1], we note that

A(t. a(t).a' (1)) + (1 = N(t, a(t)) - ré(t) = AF(t,a(t), o' (2)) + (1 = N)F(t, a(t), o' (t))
- ré(t) = F(t.a(t).a'(t)) = ré(t) 2 F(t,a(t),a'(t)) — Fé(t) > —a"(t), t € J
and
ML E(E), E(8) + (1 = A)(e, 2(2) - r(t) = AF(t, 2(t), '(2)) + (1 — N F (¢, 3(2), 2 (£))
—re(t) < F(t,2(t),2'(t)) — rp(t) = —3"(¢), t € J.
These imply that a,  are strict lower and upper solutions of (6.1.18). Further, for A €
[0.1), (¢,z) € J x [mina(t), max £(t)] and 1’ € R, we have
IMB(L, 2. 2') + (1 = A)g(t, z) — ré(t)] < MF(E 2, 2')] + (1= ANyl(t, z)] + M,
< w(lz']) + My + 2M = @(j2')),
where, @(s) = w(s) + My if s > 0, My = M + 2M_ It is easy to see that & is a Nagumo

function. Thus, AA(t, z, 2') + (1 = A)y(t, z) —ré(t) satisfies a Nagumo condition on R(a, T).
Hence by Theorem 6.1.2, any solution of the boundary value problem (6.1.18) satisfies

a <z < ion(0,1] and [z’'(t)] < C3 on J,
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where C3 > 0 is a constant depending on «, £ and @.

To use the Leray-Schauder degree theory, we define the operators
F, : C¥(J) = CHJ), ¥ : CE(J) = CE(J), Hy : CH(J) = CE(J),
by
1
F.z(t) = /(; G(t,s)[F(s,z(s),2'(s)) - ré(s)]ds
1
H.z(t) =-/0‘ G(t,s)[h(s,z(s),z’(s)) ~r¢(s)]ds
1
V(1) = /0 G(t,5) (s, 2(5)) — r(s)] ds,

where C} = {z € C%(J) : z(0) = 0, (1) = dz(n)}. We write (6.1.11) and (6.1.18) in the
following form
(I-F)z=0 (6.1.21)

(I-AH,—(1-X)¥)z=0 (6.1.22)
Let C > max{C), Ca, C3} and consider two open bounded sets in C?(J)
Q= {z e C¥J):|z] <klz'| <C on J},
M ={zeC}J):|z'| <ConJ,a<z<ion (0,1]}

For any A € [0,1), each solution z of (6.1.18), belongs to 2 and so x ¢ 0Q. For A = 0,

(6.1.22) is equivalent to
(I - ¥)(z)(t) =0,

and the homotopy invariance of degree implies that
d(I —,Q) =d(I,Q) =1.
Again by the homotopy property of degree, we have (A = 1),
d(I - H,,Q) = 1.
Since each solution of (6.1.20) belongs to €, by the excision property of degree, we have
d(I - H,,?) =1
Since H, = F, on §,, it follows that
d(I - F,,) =1

Now, since (6.1.21) has no solution for r < ry, it follows by the existence property that,

forr <r,
d(I - F,,Q) =0.
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Also. for r < 7, any solution r of (6.1.21) belongs to © and so =z ¢ 9. Letting r vary

from r, to r, by the homotopy property of degree, we have
d(I — F.,?) =0, forr < 7.
Using the additivity property of degree, we have
d(I - F.,Q\ ) =d(I - F,Q) —-d{I - F,,Q) =0~ (1) = —1.
Therefore. the problem (6.1.21) has at least two solutions in D,. O
Example 6.1.4. (Class of examples) Consider the following boundary value problem

—'I”(t) = f(t,l‘, -tl) -r= _Izllp_lx' + ¢(z) - tE [Oa l]a
(6.1.23)
z(0) =0, z(1) =dz(n), 0 < dnp < 1,

where 0 < p < 2. We take ¢ : R — R to be continuous and to satisfy 4(0) = 0 and y(z) >
0forz < 0and —cz? < ¢Y(z) < Oforz > 0, where 0 < ¢ < 1. Take ¥ = a? (a > 0),

a = —at and 8 = at, then a, B satisfy the boundary conditions
a(0) = 0, a(l) < da(n)
B(0) =0, B(1) > 65(n)-
Moreover, for every t € (0, 1], we have

f(t, —at,—a) — 7 = ¢(—at) > 0,

and
f(t,at,a) — 7 = —2aP +¢(at) < 0.
Thus, a is a strict lower solution and f is a strict upper solution of (6.1.23). Further, we

note that for t € J, z € [—a,a] and z’ € R, we have

1f(t,z,2') — 7 = | = |Z'IP 2" + p(z) — | S |2'PP +aP(1 + ¢) = w(|z')),

/ ® sds 00
o w(s) ’
it follows that w is a Nagumo function and hence f — 7 satisfies a Nagumo condition on

R(-a,a). Now, let k > a, then f(t,k,0) — 7 = (k) — a? <0, and for every r < —kP, we

have

w(s) = s? +aP(1 +c). Since

f(t,k,0) —7 > (k) + k» > kP(1 —c) > 0 for every t € J.

Hence, by Theorem (6.1.3), there exists ro < —k? such that the problem (6.1.23) has
no solution in D, for r < ro, and has at least two solutions in D, for r € (—kP, a?], where

D, = {z € C?: —at <z < at on (0,1]}.
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6.2 Existence of at least three solutions of a second order

three point boundary value problem

In this section, we study existence of at least three solutions in the presence of two lower
and two upper solutions of some second order nonlinear differential equations of the type
-2"(t) = f(t,z,7'), t € J =]0,1],

z(0) =0, =z(1)=dz(n), (62.1)
where 0 < 67 < 1,0 < p < 1land f : J x R? = R is continuous. The growth of f
with respect to ' is allowed to be quadratic. We use some degree theory arguments to
get the multiplicity result. We are particularly interested in the case where f depends
explicitly on z'. An abstract result giving the existence of three solutions of nonlinear
equations has been given by Leggett and Williams [64]. Using the theory of fixed point
index in an ordered Banach spaces they developed a fixed point theorem which guaranteed
the existence of three fixed points. Recently, using the Leggett and Williams fixed point
theorem, existence of three positive solutions is studied [86] when the nonlinearity f is
independent of the derivative. There are many papers dealing with existence of solutions
of (6.2.1), for example, [3,21,24,28-30,67-70,86,92] and of positive solutions but most of
these do not have explicit z’ dependence in the nonlinear term. Moreover the methods of

these papers are entirely different from ours. In [35], existence of at least three solutions
for the two point problem of the type

"(t) + f(t,z,5') =0, t €[0,1],

z(0) = 0 = z(1),
under a smoothness assumption is studied. The main assumption in [35] is the existence of
two lower solutions a;, a; and two upper solutions 81, B2 such that oy < ay, 81 < B, and
that f satisfies a Nagumo condition. In this section we study three point boundary value
problems (6.2.1). We will assume the existence of upper and lower solutions which are not
necessarily constants and we use some topological degree arguments to get multiplicity
result. We give a class of examples to show that the hypothesis of our main result can be

easily verified.

6.2.1 Existence of at least three solutions
Define L : C(J) = C'(J) by
1
Lé(t) = / G(t, s)$(s)ds,
(1]

for ¢ € C(J), where G(t,s) is the Green’s function and is defined in section 6.1.1. From

section 6.1.1, we note that

P
G(t,s) S 1— (57),
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where p = max{n, 1 — n}. By standard arguments L is a compact operator. Define
f:C'(J) = C(J) by
f(@)®) = f(t 6(2),8' (1), t € J.

Then,  is a solution of (6.2.1) if and only if z € C*(J) is a solution of the equation

(I — Lf)z =0, that is, a fixed point of Lf. (6.2.2)
We recall the concept of upper and lower solutions for the BVP (6.2.1).
Definition 6.2.1. We say o € C2(J) a lower solution for the BVP (6.2.1) if

—a"(t) < f(t,a(t),o'(t)), teJ
a(0) <0, a(l) < da(n).

An upper solution 8 € C?%(J) for the BVP (6.2.1) is defined similarly by reversing the

inequalities.

Our main result is the following theorem in which we shall prove existence of at least
three solutions of the BVP (6.2.1). We use the method of upper and lower solutions
and degree arguments to prove that under suitable conditions, there exist at least three
solutions of the BVP (6.2.1). Assume that

(A1) ay, a € C%(J) are two lower solutions and 1, B2 € C?(J) are two upper solutions
of (6.2.1) such that

ag<as <P,y <Pr<Prand ay £ B on J.

(Ag) f:Jx R? - R is continuous and is nonincreasing in the third variable for every
(t,z) e J xR.

(As) Let R(a1,B2) = {(t,z,2') € J x R? : aq(t) < = < Ba(t)}. Suppose that f is
continuous and satisfy a Nagumo condition on R(ay, B;).

(A4) a2 and B are not solutions of (6.2.1).

Theorem 6.2.2. Under assumptions (A1) — (A4), the boundary value problem (6.2.1) has

at least three solutions z; (i = 1,2,3) such that
a<z1<Bhag<zy<PBrandz3 £ b1 and z3 } oy on J.

Proof. Let max{é|a(n)|,d|8(n)|} = A. Since f satisfies a Nagumo condition, it follows that
for £ € [minay(t), max B2(t)], there exist a Nagumo function w : [0,00) — (0,00) and a

constant N(> )) depending on «a, § and w such that

|f(t,z,.’l:')| < “’(lx'l) for (tv 1:) €Jx [minal(t),maxﬁz(t)] and
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N sds )
/,\ o) > axB(t) - mina(t). (6.2.3)

Let C > max {N. [la][, l[ﬂ’H} and define q(y) = max{ — C, min{y, C}}, a retraction onto
-C.C).

We modify f with respect to a; and B2 to obtain a second boundary value problem
and reformulate the new problem as an integral equation. We show that solutions of the
modified problem lie in the region where f is unmodified and hence are solutions of the

original problem. Let ¢ > 0 be fixed and define

(£t B2(0). By(0) + 222, if 2 > Ba(t) +e,
£t Ba(t), (") + [£(8, Ba(8), B3(2)

+ 2 £t 82(8), 0@ Y, if Bo(t) <z < Bo(t) +e,
F(t.z,2') = { f(t.1,q(z")). if a1 (t) < 7 < Ba(t),
ft.ai(t),q(2)) + [f(t, en(t), €1 (1)

+ st — f(ten(8), a(@)] 2, i a(t) —e <z < an(t),

| f(t (), @ (1) + et ifz < oq(t) —e.
(6.2.4)

We note that F is continuous and bounded on J x R? so there exists M > 0 such that

|F(t,z,2')] < M on J x R?.
We choose M, so that M, > max{||a; ||, [|B2ll, T—{L} Consider the modified problem

-2"(t)=F(t,z,2'), t € J,

2(0) =0, (1) = bz(n), 0 <0< 1,1 € (0,1). (6.2.5)
Define F : C'(J) = C(J) by
F(z)(t) = F(t,z(t),2'(t)), t € J.

Then z is a solution of (6.2.5) if and only if z € C*(J) is a fixed point of LF. By definition
of F and choice of C, we have

F(t,n(t),0} (1) = f(t,n(t), () 2 —{(t), t€J

F(t,B(2), B(t)) = f(t, B2(t). B(t)) < —B2(t), te J
so that o, and B, are lower and upper solutions of (6.2.5). Moreover, for every (t,z) €
J x [min a;(t), max B(t)], we have

|F(t,z,2)| = | f(t,z,q(z' (1)) < w(lg('(t)]) = @(l2']),

where @(s) = w(q(s)) for s > 0. Since

® sds C sds ® sds
[\ 5@7:/; ;—(5+/(,' w(©) ~ >
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this implies that F satisfies a Nagumo condition. Further, in view of (6.2.3), we have

C sds N sds .
|z L o> e - pipac

and hence, by a standard argument as in the proof of Theorem 1.1.7, we conclude that
|£'(t)] < C on J. Thus any solution z of (6.2.5) with a;(t) < z(t) < Ba(t), t € J satisfies

lZ'(t)| < C,ted
and hence is a solution of (6.2.1). We now show that any solution z of (6.2.5) does satisfy
ai(t) < z(t) < Ba(t), t € J.

For this, set v(t) = a;(t) — z(t), t € J. Then, v € C%(J) and the boundary conditions

imply that
v(0) <0, v(1) < dv(n). (6.2.6)

Suppose that a;(t) € z(t) on J, then v(¢) = ai(t) — z(t) has a positive maximum at some
to € J. If tg # 1, then v'(¢o) = 0 and v"(tp) < 0. However, if 0 < v(ty) < ¢, then

v"(to) = af (to) — z"(to)
> — f(to, an(to), @y (to)) + [f (to, 0 (to), & (t0)) + ;(1”33’8: )
0
__ ¥*(t)
(1 +v(t))

]
> 0,

a contradiction, and if v(tp) > ¢, then

v(to) = v(to)
(I+v(t))  (1+0(t))

v"(to) > —f(to, a1(to), @} (to)) + [f(to, c1(to), @) (o)) + >0,

again a contradiction. Thus v(t) has no positive local maximum.

If to = 1, then v(1) > 0 and v'(1) > 0. If v(1) = O, then the boundary condition
v(1) < dv(n) implies that v(n) > 0 and hence v(1) cannot be the maximum of v(t). Thus
v(1) > 0. Moreover, if § < 1, then v(1) < v(n) and hence v(1) can not be the maximum
of v. Then v(t) <0, t € J without demanding the assumption (A3). Now, we discuss the
case where § > 1 > dn. Since v(0) < 0, it follows that there exists t; € [0,) C J such
that v(t;) = 0 and v'(t;) > 0. We claim that

v'(t) > 0 on [t1,1}.

If not, then there exists a ¢t € (¢;,1) such that v/(¢2) < 0. But then v(¢) must have a
positive local maximum at some t € (t,,¢2), which yields a contradiction. Hence v'(t) >
0 on [t;, 1], so that

v(t) > 0 on [ty,1],
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and also
q(z'(t)) < oy (2), t € [t1,1].

Then by (A3), we have
flt e (t), @i () = f(t, an(t), q(2' () < 0. (6.2.7)
There exists t3 € (¢;,1) such that
v(ts) =€, and 0 < v(t) <€, L€ [t1,t3], v(t) > ¢, te€ [t3,1).

Firstly, we consider the case that t € [t;,t3] where 0 < v(t) < e. Then, using (6.2.7), we
have

v*(t)
(1+v(t)e
+ [f(t, (), 01 (2) — f(t,al(t),q(x'(t)))]@
_v)
(1 +v(t))e

F(t,z,z') = f(t,an(t),q(z'(1))) +

> f(t, on(t),0q(t)) + > f(t, a1(t), o) (¢)).

Thus, for every t € [t;, 3], we have
v"(t) = o”(t) — 2"(t) > —f(t, aft), ' (t)) + F(t,z,2') > 0.

Secondly, we consider the case t € [t3,1]. In this case

F(t,z, Il) = f(t, al(t)’all(t)) + Q +( )(t)) f(t, al(t)»a’l (),

and for every t € [t3, 1],
v"(t) = o"(t) — 2" (t) > 0.

Thus, v”(t) > 0, for t € [t;, 1], which implies that the graph of v is convex on [t;, 1]. Hence

v(n) < v(l)'ll_ & v(nn) EY - :3,
which leads to n > 1, a contradiction. Thus the maximum of v occurs at ¢, = 0. Since
v(0) < 0 it follows that v(¢) < 0 on J.

Similarly, we can show that z(t) < By(t), t € J.

Thus, it is suffices to show that (6.2.5) has at least three solutions z; such that

a(t) S 2i(t) < falt) €4, i =1,2,3,

Let Q = {z € C!(J) : [z(t)| < My,|z'(t)] < C, t € J}, then Q is a bounded open subset of
C'(J) and is convex. Since LF($2) C € it follows that the degree

d(I - LF,9Q,0) = 1.
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Let
={z€N:z>azo0n (0,1)} andQﬂ‘={x€Q:x<ﬂl on (0,1)}.

Therefore Q,, ﬂ'ﬁ‘? = 0 and, since az £ B on J, the set 0\ Q,, U Qf is not empty. By
(As) and choice of M, C, there are no solutions on 9§24, U0QP1. The additivity of degree

implies that
d(I-LF,Q.0) = d(I - LF,Q,,,0)+d(I-LF,0%,0)+d(I- LF, 0\ @, U, 0). (6.2.8)
Now we show that d(J —~ LF, Qp,,0) = d(I - Lﬁ, Q#1,0) = 1. Firstly, we show that
d(I - LF,Q,,,0) = 1.

Define F,(t, z,z') as follows

(£(t,82(0). B3(1)) + 152224, if £ > Ba(t) +e,
f(tB2(1), (")) + [£(t, Ba(t), B3 (t)

+ 2 - 1,600, a@ N 2L, i f(t) <z < Bot) +e,
Fy(t.z,2') = < f(t, z,q(z")), if az(t) < z < Ba(t),

f(t,a2(2),q(=") + [£ (2, a2(t), a3 (1))
+ ST — £t 0a(t), 0] 2U=E, if an(t) — e < 7 < as(t),
| (2, aa(8), ah(t)) + ety if 2 < an(t) —c.

6.2.
We note that F, = F on §2,,. Now we consider the problem 022
- I'(t) = Fy(t,z,z'), t € J,
z(0) =0, z(1)=dz(n),0<dn<1,ne€(0,1). (6:2.10)
Then (6.2.10) is equivalent to
(I-LE)z =0, (6.2.11)

where Fy(z)(t) = Fa(t, z(t), z'(t)).

By the same process as we used for the problem (6.2.5), we can show that any solution
z of (6.2.10) satisfies £ > a3 on J, which in view of (A4) implies that z # o, and hence
belongs to §2,,. Since LF(Q) C Q, we have

d(I — LF,,9,0) = 1.
Now d(I - Lﬁ, Qq,,0) =d(I - Lﬁg,QQ,,O). It follows that

1 = d(I - LF},9,0) = d(I — LF,Qa,,0) + d(I — LF, 2\ Qq,,0) = d(I — LB, Q,,,0).
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Similarly. we can show that d(/ — LF,Q#,0) = 1. Thus from (6.2.8), we obtain

d(I - LF,.Q\Q,, 00%,0) = —1.
Hence there are 3 solutions, one in each of the sets Q,,, 081 and Q \ m‘f O

Remark 6.2.3. As noted in the proof, if § < 1, assumption (A43) is not needed in Theorem
6.2.2.

We now give a class of examples which illustrate that the assumptions of our theorem can

casily be satisfied.

Example 6.2.4. Consider the following boundary value problem

—z"(t) = f(t,z,2') = g(z') + ¥(2), t € (0,1), (6.2.12)
2(0) =0, z(1) = dz(n), n € (0,1), (6.2.13)

where 6 < 1 and g, ¥ : R — R are continuous, V is increasing near the origin and
g(0) = 0. ¥(0) <0, ¥(—~a) >0, and ¥(b) < 0 for some a and b, which may be large ,

while near the origin, they behave as follows

[[)

)

¥(z) > —¢, for0<z <
(6.2.14)

¥(z) > 2, for g <<

AIO oy

’

and

{g(y) > 3¢, for y € [—c, ‘765] U [%’c]’ (6.2.15)

9(y) 20, fory € [, 7]
for small ¢. Moreover, we assume |g(y)| < c1 + c2[y|P, p < 2, for large |y|. Take

al(t) = —a, a?(t) = Ct(l - t)? teJ
Then ay, az € C?(J) satisfy the boundary conditions

a1(0) < 0, (1) < dai(n)
0’2(0) =0, 02(1) < 6(12(7]).

Moreover, for every t € (0, 1], we have
ay(t) + f(t, an(t), &y (1) = g(0) + ¥(=a) 20,
and by conditions imposed in (6.2.14) and (6.2.15), we obtain

ay(t) + f(t, aa(t), a)(t)) = —2c + gle(l — 2¢)) + ¥(ct(l - ¢)) > 0, t € J.
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Thus. ) and a9 are lower solutions of (6.2.12).
Now, take gy = 0 and S, = b, then £, B, satisfy the boundary conditions

B1(0) =0, B1(1) = 81 (n),
P2(0) > 0, B2(1) > 652(n).
Moreover, for every t € J, we have
Bi(t) + f(t,81(t), B (1)) = 9(0) + T(0) < 0,
By (t) + f(t, Ba(t), B3(2)) = 9(0) + ¥(b) < 0.
Thus, B) and B, are upper solutions of (6.2.12). Further, we note that
ai(t) < a(t) < fa(t), on J

ai(t) < Bi(t) < Ba(t), on J
as(t) £ pi(¢), on J.

Moreover for every (t,z) € J x [~a, b], we have

1£(t,2.2')] < lg(z")] + m < e2lz’|P +my = w(|z]), (6.2.16)

where 1 < p < 2 and m = max{|¢(z)| : ¢ € [—a,b]}. Since [° :E’:) =[O _sds__ — o f

c2sP+my
satisfies a Nagumo condition. Hence all the conditions of Theorem 6.2.2 are satisfied, and

so the problem has at least three solutions satisfying

al(t) < .’l:“(t) < ﬁ?(t)7 te J7 1= 1a23 3.

6.3 Existence of at least three solutions of three point bound-

ary value problem with super-quadratic growth

In this section we study existence of at least three solutions of some three point boundary

value problem of the type

- I”(t) = f(t,a:,z:'), teJ,

z'(0) =0, =z(1) = dz(n), n € (0,1), (6.3.1)

where é < 1. We employ a condition weaker than the well known Nagumo condition which
allows the nonlinearity f(t,z,z’) to grow faster than quadratically with respect to «' in
some cases. Our method uses some degree theory arguments. We replace the Nagumo
condition by conditions of the type

#1(t, T) + ¢s(t, 2)9(t, 2) + f(2,2,¢(t, 7)) <0,
Yelt, z) + (¢, 2)9(t, ) + f(t, z,9(t,z)) >0,
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studied in [11] , to allow higher growth rate of f with respect to z’. Existence of at least
one solution for some nonlinear boundary conditions under the above conditions is studied
in [87]. Here we study the existence of at least three solutions of the three-point boundary
value problems (6.3.1), by using the method of upper and lower solutions and topological
degree. We give a class of examples to show that our theorems can be applied to problems

which allow f(t,z,z’) to have a growth rate |z'|[P, where p is not restricted to be less than

2.
Concerning the existence of solutions, we have the following theorem from [11].

Theorem 6.3.1. Suppose that
(1) a. B € C*(J,R) such that a(0) = B(0), and a(t) < B(t) on J.
(2) ¢ ¥ € CY(J x R,R) with ¢(t,z) < (¢, ) on J X [mina, max 8] such that
#e(t, x) + ¢z (¢, 2)o(t, z) + f(t, 7, 8(2, 2)) <O,
Pi(t, T) + Y (¢, 2)d(t, 7) + f(E,7,9%(t, 2)) > 0,
for every (t,z) € J x [mina, max 3.
(3) ¢(0,a(0)) < a'(0), B'(0) < ¥(0,5(0)).

Then for any solution z of the differential equation (6.3.1) such that aft) < z(t) < B(t)

on J. we have

$(t,z(t)) < 2'(t) < (¢, 2(t), t € J.
Proof. Let z € C'(J,R) be any solution of (6.3.1) such that a(t) < z(t) < B(t) on J.
Then by (1) and (3), it follows that
$(0,z(0)) < 2'(0) < ¥(0,2(0)).
Define v(t) = ¢(t, z(t)) — ='(t), t € J. Then v(0) < 0. Suppose there exist o € (0,1] such

that
v(to) > 0.

By continuity we choose t,, t € [0, o] with ¢; < t2 such that
v(ty) =0, v(t) > 0 for t € [t1,22].
Consequently, v'(t;) > 0.
On the other hand, using (2), we obtain
v'(t) = (p(t, z(t)) - z'(t)) ez, = Be(tr,2(t1)) + E2(t1, 2(81))b(t1, (1)) — 2”(t)
= ¢i(t1, z(tr)) + b= (t1, z(t1))d(t1, z(t1)) + F(t1, 2(81), $(t1, 2(t1))) < 0,
a contradiction. Thus, z'(t) > ¢(t,z(t)) for all ¢ € [0,1]. Similarly,

Z'(t) < ¥(t, z(t)) for all t € [0, 1].
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It is known [28,92] that the Green’s function G : J x J — R for the BVP (6.3.1) is

given by

Gi(t,s), 0<n<
G(t,s) = 1(t, s) nx=s
Gao(t,s), 0<s<y,

where G, : J x J = R are given by

1 J(1-3) 0<t<n<s<l1
Gl(t»s)=—6
=0 a-ss)+(6-1t, n<s<t<l,
§—1Ds+(1=69)], 0<t<s<
Galtes) = 1(s [(6 ~1)s + (1 - dn)] <s<n
L=0 6-1)t+(1—-én)), 0<s<p<t<l

We note that
l1-s < 1

Clt)sy5=1=%

Our main resulit is the following theorem in which we shall prove existence of at least

three solutions of the boundary value problem (6.3.1).
Theorem 6.3.2. Assume that

(Ay) ay. az € C?(J) are two lower solutions and 1, B2 € C*(J) are two upper solutions

of (6.3.1) such that

ay<ay <Py, <P <P andaz L By on J.

(Az) f:J xR? = R is continuous and satisfies
ft,2,2") - f(t,2,9) 2 ~L(z' =) forz' >/,
for (t,z) € J x [min a;(t), max B;(t)], where L > 0.
(As) Suppose that there are ¢, Y € C'(J x R,R) with
#(t,z) < Y(t,z) on J x [mina;, max B},

such that
o(t, £(0)) < 0 < ¥(t,z(0)),

for any solution = of (6.3.1), and that for (t,z) € J X [min ey, max B,),

#i(t,z) + ¢ (t, z)g(t, z) + f(t, 7, 8(t,2)) <O,
Wilt, z) + ¥ (t, 2)(t, z) + f(t, 7, 9(t, 7)) > 0.

(Aq) az and By are not solutions of (6.3.1).
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Then the boundary value problem (6.3.1) has at least three solutions =; (i = 1,2,3) such

that
a1 <z <P, ap <32 < P and x3 £ B and 23 F a3 on J.

Proof. By Theorem 6.3.1 (also see lemma 4 [87]), the assumption (A3) implies that any
solution z of (6.3.1) such that a; < z < 3 on J satisfies

b(t. z(t)) < 2'(t) < P(t,z(t)), t € J.

Let C > max {|6(t,z(8)], l(t, =(t))], |} ()], 185(8)] - (t,2) € J x [minay, max By]}, and
define

q(y) = max { — C,min{y, C}},

a retraction on to [-C,C]. We modify f with respect to a; and S2 to obtain a second
boundary value problem and reformulate the new problem as an integral equation. We
show that solutions of the modified problem lie in the region where f is unmodified and

hence are solutions of the original problem. Let
A =max {|f(t,z,2') — f(t,z,¥)| : t € J, z € [mina1(?), max f2(¢)], ',y € [-C,C]},
and € > 0 be fixed. Define the modification of f as follows

[ £(. 82(1), B4 (1)) + A, if > Ba(t) + e,
f(t, B2(t), (") + [£(2, B2(t), Bo(t))

— F(t,Ba(t), q(z")) + | T2, i By(t) < 3 < Balt) + ¢,
F(t,z,2') = ﬁ f(t.z,q(z")), if o () < & < Bo(t),
f(tan(t), q(z") + [f(t, a1(t), @1 (D))

— f(t,en(t),q(z)) + N 2U=Z, ifay(t) — e < 2 < oy (2),

\f(tr o (t)’all (t)) + A, if z < ai (t) — €.
We note that F is continuous and bounded on J x R?, so there exists M > 0 such that
|F(t,z,7)] <M on J x R?.

We may choose M so that M > max{|lai], |82ll}. Let M; > %, and consider the
modified problem
—2"(t) = F(t,2,7'), t € J,

£'(0) =0, z(1) = dz(n), (6.3.2)

where 0 < 8 < 1, n € (0,1). Define F : C'(J) = C(J) by

F(z)(t) = F(t,z(t),z'(t), t € J.



CHAPTER 6. MULTIPLICITY RESULTS 140

Then r is a solution of (6.3.2) if and only if  is a fixed point of LF. From (A1), we have

F(t.ay(t),a)(t)) = f(t,an(t),0](t)) > ~af(t), teJ
F(t,B2(t), Ba(t)) = f(t, Ba(t), Bo(t)) < —B5(¢), te J

so that a) and B, are lower and upper solutions of (6.3.2). Moreover, for every (¢,z) €
J x [mina (t). max B2(t)], by choice of C and (A3), we have

F(t.z.¢(t.7)) = f(t,z,9(¢(t,2))) = f(t,z,6(¢,2)) < ~(¢e(t, z) + pa(t, 2) (¢, ),
F(t.z,9(t, 1)) = f(t,2.9(¥(t, 2))) = f(t,2,9(t, %)) > —(u(t, z) + (2, 2)9 (¢, T)).
Thus any solution z of (6.3.2) with a,(t) < z(t) < f2(t), t € J satisfies
o(t, z(t)) < 2'(t) < $(t,z(t), te J
and hence is a solution of (6.3.1). We now show that any solution z of (6.3.2) does satisfy
() < z(t) < Ba(t), t € J.

For this, set v(t) = ay(t) ~ z(t), t € J. Then, v € C%(J) and the boundary conditions
imply that

v'(0) > 0, v(1) < dv(n). (6.3.3)
Suppose that ay(¢) £ z(t) on J, then v(t) = a1 (t) — z(t) has a positive maximum at some
t=tge J. If tg € (0,1), then v/(tg) = 0 and v"(to) < 0. However, for 0 < v(¢y) <,

—v"(to) = —a(te) + z"(to) < f(to, a1(to), @) (t0)) — [f(t0, @1(t0), @) (t0)) + %to)]
_ _Av(to) <0,
€

a contradiction and for v(tg) > ¢,
~v"(to) < f(to, a1(to), @} (o)) — [f(to, a1(to): 21 (t0)) + A} = =X < 0,

again a contradiction. Thus v(t) has no positive local maximum.
If tg = 1, then v(1) > 0 and v'(1) > 0. But the boundary condition v(1) < 6v(n) implies
that v(n) > 0 and hence v(1) < v(n), so that v(1) cannot be the maximum of v(t).

Hence to = 0, which implies that v(0) > 0 and v'(0) < 0. This together with the
boundary condition v'(0) > 0, gives v'(0) = 0.
Case 1: If 0 < v(0) < ¢, then there exists an interval [0, ;] C J such that

0<u(t) <e v'(t) <0, tE€[0,t1],

and also
() > q(z'(t)) > ai(t), t € [0, 11]. (6.3.4)
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In view of (A;) and (6.3.4), we have
v(t) = af(t) — 2"(t) > —f(t, (1), e} (1) + F(t,z,2")

> f(t,an(t),q(z)) = f(t, 1 (t), @) (2))
> —L(g(z') - @ (t)) > ~L(z' — o} (t)) = LV'(t), t € [0, 1)

Thus. for each t € [0, ¢,], v(t) satisfies the differential inequalities
v"(t) — LY'(t) >0, v'(t) <0, v'(0) =0,
that is, (v/(t)e™%t)’ > 0 on [0,¢,] which on integration gives
v(t)e ™ >0, t €[0,1],

a contradiction, unless v'(t) = 0 on [0,#,]. If v'(t) = 0 on [0,¢], then z'(t) = a}(¢) on

(0.#,] and hence

Av(t)
£

F(t,z,z') = f(t,a1(t), 0 (1)) + > f(t, aa(t), o (2)).

Consequently, v”(t) > 0 on [0,¢,}, which implies that v'(¢) is strictly increasing on [0, ],
a contradiction.
Case 2: If v(0) > ¢, then by continuity of v there exists an interval [0, 5] C I such that

v(t) > e and v'(t) <0, t € [0,13).
Now, for each t € [0, t;], we have
F(t,z,z') = f(t,on(t),a](t)) + A > f(t, en(t), o} (¢)).

Thus
v"(t) = a (t) — 2"(t) > —f(t, a1 (t), 0} () + F(t,z,2') >0, t € [0, 1],

which implies that v'(t) is strictly increasing on [0, ¢2] and hence v'(t) > v'(0) = 0 for ¢ > 0,
again a contradiction. Thus v(t) < 0 on J.

Similarly, we can show that z(t) < Bs(t), t € J.

Thus, it is suffices to show that (6.3.2) has at least three solutions z; such that

ar(t) < zit) < fot), t€ S =1,2,3.

Since LF(Q?) € Q, where @ = {z € C!(J) : |z(t)| < M1,|z'()] < C, t € J} is bounded
and convex open subset of C!(J). It follows that the degree

d(I - LF,Q,0) = 1.

Ny, ={z€Q:z2>a20n(0,1)} and ¥ ={z € Q:z < B on (0,1)}.
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Therefore 25, N 7' = 0 and. since az £ By on J, the set Q\ Qa, U Q’ls is not empty. By
(A4) and choice of M, C. there are no solutions on 924, UdQ#. The additivity of degree
unplies that

d(I - LF,9Q,0) = d(I — LF,Q4,,0) + d(I — LF,0%,0)

- (6.3.5)
+d(I - LF,Q\ Q,, US?,0).

Now we show that d(] — Lﬁ‘, Q4q,,0) =d(I - Lﬁ, 081 0) = 1. Firstly, we show that
d(I — LF,Qq,,0) = 1.
Define F,(t,r,z') as follows

[ 1(8, B2(8), By(2)) + A, if > Ba(t) +e,
f(t.B2(8),q(2")) + [£(t, Ba(t), Bo(1))

— f(t,Ba(t),q(z") + A2 if By (8) <z < Bo(2) +e,
Fy(t.z,7') =  f(t,z,q(z")), if ao(t) < z < Ba(t),
[(t,a2(t),q(z") + [f(t, a2(t), 25(2))

~ f(t.az(t),q(z") + )22, if ay(t) — e <z < an(t),

(f(t az(t), a5(t)) + A, ifz <as(t) —e.

We note that F; = F on Q,,. Now we consider the problem

- z"(t) = Fy(t,z,7'), t € J,

6.3.6
#(0)=0, (1) = baln) (636)

where 0 < 6 <1, n € (0,1). Then (6.3.6) is equivalent to
(I - LFQ)I = 0, (6.3.7)

where Fy(z)(t) = Fa(t, z(t),2'(t)), t € J.
By the same process as we did for the problem (6.3.2), we can show that any solution
r of (6.3.6) satisfies z > o, on J, which in view of (A4) implies that z # a5 and hence

belongs to ,,. Since LF‘Q(ﬁ) C 1, we have
d(I - LF,Q,0) = 1.
Now d(I - LF,Q,,,0) = d(I — LF,Q,,,0). It follows that
1 =d(I - LF},9,0) = d(I ~ LF;,Q,,0) + d(I - LF3,Q\ Q,,,0) = d(I - LF, Q,,,0).
Similarly, we can show that d(/ ~ LF, QP1,0) = 1. Thus from (6.3.5), we obtain
d(I - LF,.Q\Q,, U%%,0) = —1.

Hence there are 3 solutions, one in each of the sets Qq,, Q%1 and Q \ Qq, U Q‘f . O
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We now give a class of examples which illustrate that we can allow growth in z' larger

than quadratic.
Example 6.3.3. Consider the following boundary value problem

~z"(t) = f(t,z,2") = g(z') + h(z), t € J, (6.3.8)
2'(0) =0, z(1) = dz(n), § < 1, n < V/3/2, (6.3.9)

where g. h : R = R are continuous and are such that g(0) = 0, A(0) < 0 and

h(—a) > 0, h(b) <0,
9(—a) < —M, g(b) > M,
where a > 0. b > 0 and M = max{|h(z)| : z € [—a,b]}. Further for small ¢, 0 < ¢ < a/8,
we assume that g and h satisfy
9(y) 2 4cfor —2c<y < —c,
g(y) 20for —c<y<0
h(z) > —2cfor —c/4 <z <c/2
h(z) > 2c for ¢/2 < z < 3c/4.

(6.3.10)

Take
ar(t) = ~a, a(t) =c(3/4-1).

Then a;. a; € C?*(J) and satisfy the boundary conditions
ay(0) =0, ay(1) < den(n)
a3(0) =0, ax(1) < daz(n).
Moreover, for every t € (0, 1], we have
af(t) + f(t,ou(t), o (t) = 9(0) + h(=a) >0,
and conditions imposed in (6.3.10), we have
ay(t) + f(t, az(t), ah(t)) = —2c + 9(—2ct) + h(c(3/4 — ¢%) > 0.

Thus, a; and a3 are lower solutions of (6.3.8).
Now, take 8; = 0 and B, = b, then B, B2 € C?(J) and satisfy the boundary conditions

B1(0) = 0, (1) = B1(n),
B2(0) = 0, B2(1) > 8B2(n)-
Moreover,
BI(8) + f(t, Bu(t), Bi () = 9(0) + R(0) <O,
Bz (t) + f(t, Ba(t), By(2)) = g(0) + h(b) <O.
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Thus, 3, and 3, are upper solutions of (6.3.8). Further, we note that

ai(t) < oo(t) < Bo(t) on J
ay(t) < Bi(t) < B2(t) on J
az(t) £ Pi(t) on J.

Take ¢(t.x) = —a, then for z € [—a, b}, we have

Pt 1) + (8, T)P(t, T) + f(t,z,(t,T)) = g(—a) + h(z) < 0. (6.3.11)
Take 4(t.z) = b, then for z € [—a,b], we have

Ur(t.x) + ¥ (t, 2)Y(t, ) + f(t,z,9(t, z)) = g(b) + h(z) > 0. (6.3.12)

Thus all the conditions of Theorem 6.3.2 are satisfied, and so the problem has at least

three solutions satisfying
ai(t) < zi(t) < fo(t) and —a < z;(t) < b t€ J i =1,2,3.

We note that, g(z') can behave like |z'|P for |z'| large, so for p > 2, f need not satisfy
the Nagumo condition, so the results of [35] do not apply to this problem for such function

g withp > 2.
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