University

of Glasgow

Matthews, Brian (2007) Homological methods for graded k-Algebras.
PhD thesis

http://theses.gla.ac.uk/4201/

Copyright and moral rights for this thesis are retained by the author

A copy can be downloaded for personal non-commercial research or
study, without prior permission or charge

This thesis cannot be reproduced or quoted extensively from without first
obtaining permission in writing from the Author

The content must not be changed in any way or sold commercially in any
format or medium without the formal permission of the Author

When referring to this work, full bibliographic details including the
author, title, awarding institution and date of the thesis must be given.

Glasgow Theses Service
http://theses.gla.ac.uk/
theses@gla.ac.uk



http://theses.gla.ac.uk/
http://theses.gla.ac.uk/4195/

Homological Methods for Graded
k-Algebras

by
Brian Matthews

A thesis submitted to the
Faculty of Information and Mathematical Sciences
at the University of Glasgow
for the degree of
Doctor of Philosophy

January 2007

© Brian Matthews 2007



In memory of my granny, Christina Cameron Laird and my nana, Jeanie Taylor Walt.



Abstract

In this thesis we develop results concerning strongly group-graded k-algebras. Chapter 1
is mainly expository: we set up a careful treatment of well-known facts and definitions
regarding graded algebras so that later results run smoothly. A secondary reason for
including the treatment is to give the reader a solid grounding in the basics: much use
will be made of these initial observations throughout the thesis.

In Chapter 2 we establish generalisations of known work for group algebras. Here the
paper Complexity and Varieties for infinite groups, I by D. J. Benson is key, with results of
J. Cornick and P. H. Kropholler discussed and generalised as needed. The main theorems
of this chapter characterise — albeit under specific conditions — modules of finite projective
dimension over strongly group-graded k-algebras for G an LHF-group.

Chapter 3 sees us take a different tack with complete cohomology where we define the
zeroeth cohomology group to be the set of morphisms in certain module categories. We
show that these categories can be realised as quotients of the derived category of suitable
subcategories. This work also generalises results due to Benson.

We introduce some vanishing theorems for modules of type FP, over skew polynomial
rings, with suitable finiteness conditions on the base ring in Chapter 4. Iterated skew

polynomial rings are also investigated, as are iterated skew Laurent polynomial rings.
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Introduction

Hilbert’s Theorem on Syzygies states that if k is a field then the global dimension of the
polynomial ring k[z1,2,...,zy] is equal to n. In the 1960s, Fields [14] showed that if R
is a ring of global dimension n and o is an automorphism of R, then the polynomial ring
R[z; 0] (with multiplication defined by rz = zo(r) for all r € R) has global dimension
n+ 1. In 1975, Goodearl [17] showed that if R is a ring of finite global dimension and
 is an additive map, then the polynomial ring R[z;d] (with multiplication defined by
rz = zr + d(r)) has global dimension either equal to that of R, or more one than it and
that both possibilities can occur. It is now known that if a ring R has global dimension at
most n, then the skew polynomial ring (or polynomial ring of ‘mixed type’), R[z; 0, d] has
global dimension at either n or n+ 1, [26], (where o and ¢ are as before and multiplication
is defined by rz = zo(r) + §(r) for all r € R). Woodward [30] discusses the situations
under which both possibilities occur. These identities imply that modules over polynomial
rings have projective dimension at most one more than their projective dimension over
the base ring (which is necessarily finite).

In Chapter 4 of this thesis, we investigate finiteness conditions on the base ring of skew
polynomial rings and skew Laurent polynomial rings so that the projective dimension of
modules of type FP, over the polynomial ring is finite. The types of base ring we will
consider are:

e Strongly G-graded k-algebras R with k a commutative ring. This is a k-algebra
which admits a k-module decomposition,

R=R,

geG
in such a way that RgRy = Rgp. In particular, we will be interested in the case G belongs
to the class of HF-groups which is the smallest class of groups that contains all finite
groups and which contains a group G whenever there is an admissible action of Gona

finite dimensional contractible cell complex for which all isotropy groups already belong
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to HF. A more conceptually accessible definition of this class of groups appears in Section
2.3.

* Rings R which are filtered colimits of rings possessing finite global dimension, with
the further property that R is flat over each of the rings in the limit.

It turns out that if R is a strongly G-graded k-algebra (with G an HF-group), S =
Rlz,0,6) or R[z7!,7;0) and M is a left S-module of type FP, such that M has finite
projective dimension as an Rg-module for all finite subgroups H of G, then M has finite
projective dimension as an S-module. Also, if R is a filtered colimit of rings of finite global
dimension and § = R|[z,0,0] or R[z™!,z;0], then every left S-module of type FP., has
finite projective dimension.

If T is an iterated skew polynomial ring or iterated skew Laurent polynomial ring and
the base ring R is of either type described above, then more is true: for every intermediate
polynomial ring S; in the construction, every left T-module M of type FP., (with the
property that M has finite projective dimension as an Rg-module for each finite subgroup

H of G, when R is the graded algebra case), all left T-modules N and all integers 1,
Exty(M,T ®s; N) =0

from which the previous results follow as corollaries upon taking N = M, i = 0 and
S;=T.

We conclude Chapter 4 by defining the concepts of bricks, walls and foundations and
we pose questions for further research.

In Chapter 2 we prove a number of results relating to complete cohomology and strongly
group-graded k-algebras. Notable in this chapter is the Vanishing Theorem (Theorem
2.4.13) which extends a result of Cornick and Kropholler (Vanishing Theorem, Section
8, page 50 [10]) to include the class of LHF-groups which comprises those groups whose
finitely generated subgroups are in HF. Their result follows as a corollary.

Much work has been done in the area of finiteness conditions for modules over group
algebras. Given that group algebras are the simplest examples of strongly group-graded
algebras, it seems natural to ask to what extent one can recover results for group algebras
in this greater generality. Some headway has been made in this respect: Aljadeff and
Ginosar [1] in 1996 proved that if G is a finite group and R a strongly G-graded k-algebra,
then an R-module is projective if and only if it is projective as an Rg-module for each

elementary abelian subgroup E of G. This generalises Chouinard’s Theorem which was
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proved twenty years previously [8]. The theorem states that if k is a commutative ring
and G is a finite group, then a kG-module is projective if and only if it is projective as a
kE-module for each elementary abelian subgroup FE of G.

It is in this spirit that we generalise results obtained by Benson for group algebras in [3].
Many of the results there concern group algebras kG with G finite and some condition
(e.g. Noetherian or finite global dimension) on the base ring k. In order to generalise
these results to the case when R is a G-graded k-algebra (G any group), we need similar

conditions to work with. The key observation is:

e Let H be a subgroup of finite index in G. We then choose Ry to be an analogue
of a base ring: we assume the conditions on k from the group algebra case on Ry
in the strongly group-graded problem under consideration. Also, R is a projective

Rpy-module (just as kG is a projective (free) k-module).

We successfully use this observation to state and prove a number of generalised results in
Chapter 2.

If M is an R-module of type FP,, (that is, a module admitting a resolution by
finitely generated projective modules), then the functors E/b?nZR (M , ~) are continuous for
all 7 € Z; that is if ligj Nj is a filtered colimit of R-modules, then E\xt;z (M ,liﬂj Nj) =
l_iggj E/b?c; (M, N;). It is because of this result coupled with the fact that E’;c(;z (M,M) =0
if and only if M has finite projective dimension as an R-module (Lemma 2.1.8), that
modules of type FP,, are so often used when dealing with questions about finiteness of
projective dimension. Indeed, many of our results concerh these modules.

Modules of type FP play a role in Chapter 3. If R is a strongly G-graded k-algebra,
then we can define four categories: gmod, whose objects are left R-modules of type FP
which have finite projective dimension as left R;-modules and whose maps are the set
of left R-module homomorphisms; gstmod, with the same objects as pmod and maps
E}R% (M,N) from M to N; gpMod has objects left R-modules M such that B ® M has
finite projective dimension (where B is the kG-module of maps from G to k which take only
finitely many different values in k) and has maps the set of left R-module homomorphisms;
and prStMod which has the same objects as gkMod and maps given by E/Jx\tOR(M , N} from
M to N. The work done here also generalises results due to Benson who originally defined
the objects of xgMod and xgStMod (for kG a group algebra with k a Noetherian ring) to
be countably presented left R-modules such that B ® M has finite projective dimension.

That the countability hypothesis can be dropped in the group algebra casc was something
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first noted by him in [3]. Working with strongly group-graded algebras, we see that we
can also drop this hypothesis, as well as the Noetherian condition.

In Section 3.2 we show that pstmod and rStMod are triangulated categories. Then.
defining gProj to be the full subcategory of rpMod whose objects are the projective modules,
we show that the category rStMod is equivalent to the quotient category
D?(rMod)/D?(rProj). We also show that when R is Noetherian and G is an LHJ-group,

we obtain the same result for gmod; that is, it is equivalent to D®(gmod)/D®(gproj).



Chapter 1

Preliminaries

1.1 Some basics

Throughout this chapter, k will denote a commutative ring and G a monoid unless other-

wise stated. Unembellished tensors mean ®y.

Definition 1.1.1. Let X be a set. An X-graded k-module is a k-module M together
with a k-module decomposition M = @,y M;. Elements of M, are said to be homo-

geneous of degree x.

Example 1.1.2. Z", n € Nisa {1,2,...,n}-graded Z-module via

n

z" = Pz

1=1

where each @ € (Z"); has the form

for some « € Z appearing in the i*" position.

Example 1.1.3. Z", n € N is a Z-graded Z-module via

o0

zr = P @)
1=—00
where (Z"); = {(a1,02,...,0m) : X7 @ =1}
Of course the above definition ignores any structure that the set X may possess. Much

of what follows will depend on the next few definitions.
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Definition 1.1.4. A k-algebra is a k-module R with two k-module maps: the unit

e:k—-> R

and multiplication

p:R®R—-R

such that the diagrams

ROR<% Rak

]

k@ R——R

ReRo RS ReoR

e J»

R®R—" R

commute. As usual, u(r ® r ) will be written as rr’.

Definition 1.1.5. A G-graded k-algebra is a k-algebra R which admits a k-module
decomposition R = @ gec Bg with the property that for all g,h € G, RyR), C Ryy. For a
subset H C G, Ry = ®96H R, is a k-submodule of R. When H is a submonoid, Ry is a
subalgebra of R called the subalgebra of R supported on H.

Example 1.1.6. Consider Ny as a monoid under addition. The polynomial ring in n
commuting variables
R = k[xl,l‘g, PN ,iL‘n]

is an Np-graded k-algebra if for each n € Ny we define R, to be the k-module generated

by all monomials of total degree n; that is, all z3* 25 ... z& with ) .e; = n.

Definition 1.1.7. Let G be a group and R a G-graded k-algebra. R is said to be strongly
G-graded if for each g € G, there exist n; € N and sequences of elements z,z7,...,7,, €
Ry and y1,92,.--,Yn, € Ry-1 such that Z?" z;¥; = 1 € Ry. An equivalent definition is
RyR;, = Ry, for each pair g,h € G.

Remark 1.1.8. Occasionally it will be necessary to indicate the degree of a homogeneous
element. Where needed, this will be demonstrated through the use of a superscript: xslg )

means “the n'!' element z from R,”. It is hoped that this notation, while cumbersome,

will facilitate understanding in large calculations.
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Example 1.1.9. The simplest example of a strongly G-graded k-algebra for a given group
G is the group algebra R = kG = @@, kg. Note that R; =k here.

Example 1.1.10. The splitting field of the the polynomial X2 — 2 = 0, Q(v/2), is a
Q-algebra which is strongly group-graded by its Galois group. To see this, observe that

Q(V2) = Q& v2Q.

The first summand is a multiplicatively closed field, however, the second summand is
not multiplicatively closed: the product of two second summand elements results in an
element of the first. Also, the second summand is closed under multiplication by elements
of the first summand. There are two elements in Gal(Q(+/2)/Q), namely the identity and
a non-trivial element of order two, that is, the Galois group is Z/2Z. If we label the

summands
(Q(V2))1,,, = Q

and

(Q(V2)) 15/, = V2Q

then Q(v/2) is a Z/2Z-graded Q-algebra. It is strongly Z/2Z-graded because
SVEVI=1.

Example 1.1.11. Let n be a natural number greater than 1 and k a field. The n X n
matrix ring over k, M, (k), is a k-algebra if we map k € k to kI, where I, is the n X n
identity matrix. Decompose My (k) into two direct summands as follows: in the first

summand, allow non-zero entries in positions
(1,7) : 4,5 <m for some 1 <m <n

and

(k,0) : k,l >m.

The second summand is the complement of the first in the sense that non-zero entries
appear in those positions which in the first summand were allocated zero, and zeroes
appear everywhere else. It is obvious that the decomposition so described is not unique

for n > 2: there are precisely n — 1 decompositions. For example, when n = 5, the four

decompositions are
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(koo0o00) [0Kkkkk)
0 k k k k 000 0
)]0k k k @l k 0000
|0 kkkk| |koooo
\0kkkk) \koooo)
[k k000 (00 kK k)
k k 000 0 0 k k k
00k kk|D|k koo
00 k k k k 000
\0 0 kkk/ \kkooo)/
[k kk00) (000 k k)
k k k 0 000Kk k
(i) [ k k k 0 o0 o0k k
000k k k k 00
\oookk) \kkkool
(K k k k 0\ (0000 k)
k k k k 0 0000 K
(iv) | k k k k 0 |] 0000k
kk kko| | 0000k
\0000Kk/) \kkkko)

As in the last example, these algebras (with any choice of decomposition) are strongly

Z./2Z-graded if we allow (M, (k)) to be the first summand and (M,(k)) the

1z/22 —1z/22

second.

In examples 1.1.9 and 1.1.10, R; coincided with the coefficient ring k, but in example
1.1.11, k C (Mn(k))14,,; = Mm (k) ® Mp—m(k), with m depending on the choice of decom-
position. Note that the axioms for algebras only require the existence of a homomorphism

from k to R; (the unit).

Definition 1.1.12. Let R be a k-algebra. A left R-module is a k-module M together
with a map 6 : R® M — M such that the diagrams



CHAPTER 1. PRELIMINARIES 19

RIRe ML pe M

= 0 Jo

ROM—M

ko M-2LRe M

N

M

commute. As usual, (r ® m) will be written as rm. The first diagram tells us that there

is an action of R on M, and the second that this action is unital.

Lemma 1.1.13. Let G be a group, H a subgroup of G and R a strongly G-graded k-algebra.
Then R is projective as a left Ry-module and as a right Rp-module. If [G : H] < oo, then
R is finitely generated as a left Rg-module and as a right Rg-module.

Proof. The first part of this lemma is Lemma 6.2 of [10].

Assume [G : H] < co. We prove that R is finitely generated as a right Ry-module, the
proof of finite generation as a left Ryg-module being similar. First note that R = @, Rig
where T is a transversal to H in G. For each ¢ € T we can find a number n; and sequences
of elements z1,z2,...,Zn, € Ry and y1,y2,.-.,Yn; € Re—1 such that > z;y; = 1. For

e RtH,

r = lur

Tt

= (Z Tiyi)T
i=1
n

= Z(fvi’yi)T

=1

Tt
)
=1

nt
= E TiTs
i=1

where r; = y;r € Ry. It follows that Ry is finitely generated as a right Rg-module.
Since |T| = [G : H] < o0, it follows that R is a finitely generated right Ry-module. [

Lemma 1.1.14. Let G be a group and R a strongly G-graded k-algebra. If H is a sub-
group of G with [G : H] < oo, then Ry left (respectively right) Noetherian implies R left

(respectively right) Noetherian.
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Proof. Let Ry be left Noetherian. Since R = @:cr Rut, T is finite and each Ry is
finitely generated over Ry by Lemma 1.1.13, it follows that R is left Noetherian. The

right Noetherian case is proven similarly. O

Definition 1.1.15. Let R and S be k-algebras. A k-algebra map f : R - S is a

k-module map such that the following diagrams commute:

R, 555

R®
lﬂR Jus
R

_f—>S

€s
k——8

N

R

where ug,€r, us,es are the multiplication and unit of R and S respectively.
We will not need the following definition, but we include it for the sake of completeness.

Definition 1.1.16. Let G be a group and R a G-graded k-algebra. A graded left R-

module M is a left R-module admitting a decomposition

M =P M,

geG

into R;-modules (where 1 is the identity element of G) such that
RyMp C Mg,

for all g,h € G.
A strongly graded left R-module M is a graded left R-module with

for all g,h € G.

Remark 1.1.17. The interested reader can find more details on graded modules over graded

algebras in Dade’s paper, [12].
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1.2 Some dual constructions

There is the notion of a ‘coalgebra’, dual to that of ‘algebra’:

Definition 1.2.1. A k-coalgebra is a k-module C together with two maps: the counit

v:C—=k
and comultiplication
v:C—=>CRC
such that the diagrams
coC 2% Ccok

5]

kel——C

ceceCc® cecC

[1en K

CRC—L—C

commute.

Example 1.2.2. Let X be a set. Then the free k-module on X, kX, is a k-coalgebra if

we define the maps v and <y by

v:r—1,
Y: T TR

Definition 1.2.3. Let C be a k-coalgebra. A left C-comodule is a k-module V together

with a map ¢ : V — C ® V such that the diagrams

CoCoVe cov

o ¢ [¢

CRV eV

keV e coVv

G

commute. The first diagram says that we have a coaction and the second says that this

coaction is counital.
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Example 1.2.4. kG has a left kG-comodule structure, the map ¢ : kG - kG ® kG
defined by ¢ —» ¢ ® g.

Definition 1.2.5. Let C and D be coalgebras. A k-coalgebra map f : C — D is a

k-module map such that the following diagrams commute:

C®C&D®D

o f w{

C——D

k2D

SN

C

where ¢, ve,vp,vp are the comultiplication and counit of C' and D respectively.
The usefulness of the above definitions becomes evident with the following result.

Lemma 1.2.6. Let X be a set. Then there is an equivalence between the category of (left)
kX -comodules and the category of X -graded k-modules.

Remark 1.2.7. This lemma appears as Example 1.6.7 in [27] and a terse proof is sketched.

Since the lemma, is so important for later work in this thesis, we shall include a detailed

proof.

Proof. We show that every X-graded k-module structure determines a kX -comodule struc-

ture, and vice versa.

An X-graded k-module is a k-module V' which decomposes as a direct sum of k-
submodules, indexed by the set X:

V:@Vx.

reX

For each homogeneous element of degree z, define a map
VokX®V,v— Q.

This determines a kX-comodule structure on V.
Conversely, if V is a kX-comodule with map ¢ : V = kX ® V, then define subsets of
V as follows: for each z € X, let V, = {v € V: ¢(v) = z ® v}. The natural map

T EBVI N A

reX
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induced from the inclusion ¢ : V, < V, is an isomorphism. To see this, choose any
element v € V. Then there are uniquely determined elements v, for z € X such that

¢(v) =Y, = ® vy and since we have a coaction, it follows that

Zm@qb(vw):z:x@m@vz

which implies that ¢(v;) = 2 ® vy, so v, € V, for each z. In this step we have used
the commutativity of the square in Definition 1.2.3, just as Montgomery does with her
reference to 1.6.2 b) in the proof of ( [27], 1.6.7). Since the coaction is counital (the
commutativity of the triangle in Definition 1.2.3), we have v = }__ v, and hence 7 is
surjective. Suppose that ) v, = 0 for some finite sum of elements v, € V,. Applying ¢,

we see that 0 = ) ¢(vz) =D, = ® vz and so all the v, are zero and 7 is injective. O
It is now clear that we can redefine G-graded k-algebras as follows:

Definition 1.2.8. A G-graded k-algebra is a k-algebra R together with a k-algebra map
¢ : R — kG ® R which makes R into a (left) kG-comodule.

Example 1.2.9. Let G be a group and R a G-graded k-algebra. Denote by B = B(G, k)
the set of functions from G to k which take only finitely many different values in k. This
can be made into a commutative k-algebra by pointwise multiplication and realised as a
left kG-module via (90)(h) = o(hg). Given a left R-module M, the tensor product B Q@ M
can be made into an R-module via the structure map ¢: R - kG Q® R: forr = > 4G 9>
r-(c®m) = chr@)rgm.
geG

We have homomorphisms of kG-modules: i : k — B (the inclusion of the constant

functions) and p : B ® B — B (multiplication). The cokernel of i is denoted B.

Remark 1.2.10. This works more generally: if R is a G-graded k-algebra, V a (kG k)-
bimodule and M a left R-module, then the tensor product V ® M is naturally a left
R-module via r.(v ® m) = g.v ® rm for each homogeneous element 7 of degree g. This is

called the semi-diagonal action of R.

Remark 1.2.11. Let R, V and M be as in the previous remark. We can make Homg(1". M)

into a left R-module via a semi-diagonal action: for each homogeneous element r € R. of

degree g, (r¢)(v) := r(¢(g~"v)).
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Lemma 1.2.12. Let R be a G-graded k-algebra (G any group), V a (kG, k)-bimodule, and

M and N left R-modules. Then there is a natural 1somorphism
Hompg(V ® M, N) = Hompg(M, Homy (V, N)).
Proof. This is Lemma 3.2 of [10]. O
These ideas sometimes allow for more elegant arguments:

Lemma 1.2.13. Let R be a k-algebra and 7 : G — Q a monoid homomorphism. If R is
G-graded then it is Q-graded.

Proof. Define a map 7 : kG — k(@ by

R() keg) =Y kgm(g).
g g

This is a ring homomorphism. We have the map 7® 1 : kG ® R — kQ ® R, but we also
have the structure map ¢ : R — kG ® R since R is a kG-comodule. We can therefore
define a map from R to kQ ® R as the composite (7 ® 1) o ¢:

R—kGoR

e

5
kQ®R
This map makes R into a k@-comodule, which by Lemma 1.2.6 is equivalent to being a,

(Q-graded k-algebra. O
There is a similar result for strongly group-graded k-algebras:

Lemma 1.2.14. Let G and Q) be groups and w : G — @ a surjective group homomorphism.

If R is o strongly G-graded k-algebra, then it is a strongly QQ-graded k-algebra.

Proof. By the previous lemma, we know R is a (J-graded k-algebra. For each ¢ € @, there
exists a g € G such that 7w(g) = ¢ because 7 is a surjective homomorphism. For each such
g there exists a number ny and lists of elements x1, 72, ..., Zn, € Ry, Y1,Y2,..-,Yn, € Ry

such that Z:-L:gl z;y; = 1 because R is a strongly G-graded k-algebra. Under the structure

map ¢,
;> g@z;andy; = g ' ® Y

for each 1 <7 < ny. Under the map 7 o1 (defined in the proof of the previous lemma).

99z, »T(g) ®T; =q¢Qux;
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and
9 @y mg )y =7(9) '@y =g ®u

for each 4. It follows that for each ¢ € Q, we can find a number ng (= ng) and sequences
of elements z1,z,,... ,ZTn, € Rg and y1,1s,. .. »Yng € Ry-1 such that Z:ﬁl z;y; = 1; that

is, R is strongly @Q-graded k-algebra. a

1.3 Induction and coinduction

Definition 1.3.1. Let H be a submonoid of G and let R be a G-graded k-algebra. If M

is a left Ry-module, then the induced module is the left R-module
Ind§ (M) = R®g, M
with the action of R defined by
s(r®m)=sr®@m
foreachs€ R,r®m € R®pg, M.

Definition 1.3.2. Let H be a submonoid of G and let R be a G-graded k-algebra. If M

is a left Rg-module, then the coinduced module is the left R-module
Coind§ (M) = Hompg,, (R, M)

with the action of R defined by
s¢ T d(rs)

for each s € R, ¢ € Hompg, (R, M).

Remark 1.3.3. We can define another action of R on Hompg, (R, M) by s¢ : r — ¢(sr),

but this is not well-defined for non-commutative rings. For r,s,t € R, ¢ € Homp,, (R, M),
(st)p: r — P(str)
but
s(tp) : v = (td)(sr) = p(tsr)

which are not in general equal unless R is commutative. With our definition, however. we

see that

(st)p : 7 +— P(rst)
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and
s(td) : 7> (tP)(rs) = ¢(rst)
which are equal for any ring R.

Remark 1.3.4. Ind$ and Coind$, are functors from the category of left Ry-modules,

Ry 0D, to the category of left R-modules, g9100.

Lemma 1.3.5. Let H be a submonoid of G and R a G-graded k-algebra.
(i) For each left Rg-module M, there exists a natural homomorphism
vy : Ind% (M) — Coind$ (M)
of left R-modules.

(1) If G is a group, H a subgroup of G and R a strongly G-graded k-algebra, then vy is

a monomorphism.

Proof. (i) Choose a left Rg-module M and define a map
¥ : Rx M — Hompg, (R, M)
by
P(r,m)=roOm

where r ® m is the Ry-map defined for each s € R by
99 €H
There are several things to check:

e r ®m is an Ry-module map. For s1,s2 € R,

romsi+s) = 3 ((s1+52)@r8)m

99’ €H

R
g9’ €H

= 3 (5976 4 s@r@ym
99’ €H

= Y (D) (P ym)
g9’ €H

= Z (s(lg)r(g,))m+ Z (ség)r(g’))m
99’ €H 99’ €H

= roOm(sy) +rem(se).
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For t € Ry,

troms) = 43 (s@r6))m)

99'€H

= Z t((s(g)r(g'))m)

gg’EH

= Z (t(s(g)r(gl)))m

gg'EH

= ¥ (599 ))m,

99 €H

= ¥ ((£5) D7)y,

99' €H
= rOm(ts).

e ¢ is an Rpy-biadditive map. For s € R,

(ri+re) Om(s) = z (s(g)(rl + rg)(gi))m
99 €H

= Z (3(9)(7.§9 ) 4 ng )))m
99 €H
= Z (3(9)r§9 )+ s@9r ym
99 €H
= 3 (O ym+ (O ym)

gg' €EH

= Z (3(9)7"&9 ))m+ Z (s(g)rég))m

99’ €H 99'€H
= 1 ®m(s)+r2 ®m(s).

That is, ¥(r1 + 2, m) = Y(r1,m) + Y(ra, m).
Again, for s € R,

r® (m1+ma)(s) = Z (s979))(my + my)
99’ €H
= Z ((S(y)T(g/))m1 + (59709 )ymy)
99'€H

= Z (S(g)r(gl))ml + Z (5)1(g),«(.f1')),,n2

99’ €H 99’ €H
= roOm(s)+ 71 Oma(s).

That is, ¥(r, m1 + ma) = ¥(r,m1) + P(r, ms).
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For t € Ry, s € R,

rOtm(s) = Z (s(g)r(gl))tm
99 €H

= Z 3(9)(T(9')(tm))

g9 €H

— Z 3(9)((r(gl)t)m)

g9 €H

= Z (3(9)(rt)(g'))m

99'€H
= rt®m(s).
That is, ¥(rt,m) = ¥(r,tm).
It follows by universality that we have a well-defined map

vy : R®gr, M — Hompg, (R, M) of abelian groups. It remains to show that vs is a map

of R-modules; that is, for ¢t € R, t.vp(r ® m) = vp(tr ® m). Let s € R. Then

trom(s) = rOm(st)
- 3 (st)9r8 Ny

99 €H

- ¥ (5986 Nre Ny

gll g/II gl GH

= Z (s(g")(t(gm)r(gl)))m
gl/gl//gleH
= tr @ m(s).

For naturality, choose left Ry-modules M and N and an Ry-map o : M — N, to get

the following diagram:

R®g, M 25 Homg, (R, M)

ja* la*

R®gy; N - Hompg, (R, N)

where the o, are the maps induced from o by
oy : R®ry M > R®Qp, N; r®@m e 1 ®a(m)

a, : Hompg,, (R, M) —» Hompg, (R, N); ¢ — ay.
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We hayve:

a(rom(s) = o Y (s9r)m)

99 €H

= Z (s(g)r(g/))a(m)

99’ €H
= 1O a(m)(s).

That is, a4 o vpr = vy o a, and the square commutes.

(ii) Note that

RQ®p, M = @RH{ Qry M
teT

and

Hompy, (R, M) = Homp, (P Ry-1, M) = [ [ Hompg,, (Rgy-1, M)
teT teT

where T is a transversal to H in G. The map v, carries Rig® Ry M into Homp, (Rg-1, M),
so it suffices to show that for each ¢t € T, v is injective. Fix # and choose elements
T1, %2, Zn, € B, Y1,Y2,5- -+ Yn, € Ry-1 such that Y 0, zy; = 1. Suppose Y Ti®m; €

Ker vy, with the r; € Ry, m; € M. Then Zj rym; = 0 and

¢
dor®my = Y > myir;om,
J

j i=1

n
= Z Z T Q YiT;1m ;5

7 =1

nt
= Z z; ® yi(z r5m;)
i=1 j

= 0.
O

Remark 1.3.6. 1t is required that R be a strongly G-graded k-algebra for part (ii) of Lemma
1.3.5 to be true. For, let R = k[X], the polynomial ring in one indeterminate over a field

k. This can be made into a Z-graded k-algebra with the following grading:
® RO prnd k
e R; = {all monomials of degree i} for i > 0

e R, =0for:<0.
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R is not strongly Z-graded because R;R_; # Ry. We know that vy carries the summand
Rig ®ry M into Hompg, (Rgs-1, M). Let H = 0, the trivial subgroup of Z. Then, for each
¢t > 0, we have R; ® M # 0, but Homy(R;-1, M) = 0 since R,-1 = 0. It follows that vy,

cannot be injective.

Lemma 1.3.7. Let G be a group, H a subgroup of G and R a strongly G-graded k-algebra.
Suppose that |G : H] < 0o. Then the natural monomorphism

v : Ind$ (M) — Coind% (M)
is an isomorphism for each left Ry-module M.

Proof. First note that

Homg, (R, M) = Homg, (EP Rat, M)
teT

= H HOInRH (RHt, M)
teT

= @D Hompg, (Rut, M)
teT

since T', a transversal to H in G, is finite with [G : H| elements.

For a fixed ¢ € T', define
phy : Homp, (Rge—1, M) — Rig ®r, M
by ne
¢ T ® plyi)
=1
where the z; € Ry, y; € Ry-1 and Y 1, xzyz =1.

Look at vps o ph:

153" 2@ dly) 2 (s> 3 () 9(w)
=1 1=1

but

nt

S (sz)dw) = Y ¢((szi)wi)
i=1

i=1
= Y ¢(s(ziws)
1=1

n

= o> sleiw)
1=1
= o(s(3 i)
1=1

= ¢(s).
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Look at uf, o v

but

ng nt

Y w®yrm = Y zmyr)@m

1=1 =1

The result follows. O

1.4 H-injective and H-projective modules

Definition 1.4.1. Let G a group, H a subgroup of G and R a strongly G-graded k-algebra.

An Rpg-split monomorphism is an R-monomorphism
0->L-LM

for which there exists an Ry-map n: M — L such that no~y =idg. It is splst if the map
7 is an R-map.

An Ry -split epimorphism is an R-epimorphism
M- N-0

for which there exists an Rg-map n: N — M such that yon = idy. It is split if the map
n is an R-map.

A short exact sequence of R-modules

0sL-s>M-ZL N0

is Ry-split if there exists a map j € Hompg, (N, M) with poj = idy. Equivalently. the
short exact sequence is Ry-split if there exists a map ¢ € Homp, (M. L) with go¢ = idy.
The short exact sequence is said to be split if the maps j and ¢ are R-maps.

A long exact sequence

n—1

d
0o M, 2 My 23 2 -0
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is Ry-split if for 1 < k <n — 1, each short exact sequence
0— Kerdy - My —» Imd, —» 0

is Ry-split. The long exact sequence is split if each short exact sequence is.

We are now ready to introduce the notions of H- and Rpy-projective modules and H-

and Ry-injective modules.

Definition 1.4.2. Let G be a group, H a subgroup of G and R a strongly G-graded k-
algebra. A left R-module M is said to be H-projective if given an Rpy-split epimorphism
of left R-modules o : A — B and an R-map v : M — B, there is at least one R-map

B : M — A making the following diagram commute:

M

g . l
."“.' ,y
L

«

A »B - 0.

Definition 1.4.3. Let G be a group, H a subgroup of G and R a strongly G-graded
k-algebra. A left R-module M is Rpy-projective if it is projective as a left Ry-module.

Lemma 1.4.4. Let G be a group, H a subgroup of G with [G : H] < 0o and R a strongly
G-graded k-algebra. Then a left R-module M 1is projective if and only if it is both H-

projective and Ry -projective.

Proof. (=) Projectivity of M allows us to lift vy in the following diagram of left R-modules

M

Jy
A » B 30

to a map 8 : M — A. In particular, we can do this when o is Rp-split, so M is H-

«

projective. Since all R-maps are Ry-maps, M is also Ry-projective.

(<) Let a : A — B be an R-module epimorphism and suppose we have an R-module

map v : M — B. We have the following diagram:
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RQgr, A o — R®g, B——0
b2 -M o]
\
< 1l
A = — B — 0
<4 4
0 0

where the Rpg-split maps ¢1 and ¢, are the natural maps sending a tensor r®m to rm (the
splitting being given by m — 1®m) and o* is the (surjective) map induced from «. Since
M is H-projective, we can find an R-map ¢ : M — R ®p,, B such that y = ¢; o 1. Since
M is Rp-projective, we can find an Ry-map w from M to R®pg, A such that ¥ = a* ow,
which we may take to be an R-map since the functor Homg(M, R ®g, —) is an exact

functor on Ry-modules. To see this, note that

HOIHR(M, HOIIlRH (Ra _))

1

HOHIR(M,R QRy —)

1%

Hompg,, (R Qr M, —)

1%

HOIIlRH (M, —)

which is exact since M is projective over Ry. The first isomorphism comes from Lemma

1.3.7 and the second from the standard adjunction
Hompg(A, Homg(B,C)) = Homg(B ®r 4,C)

for rings R and S and modules A, sBg and sC.

The composite @2 o w gives us an R-map from M to A. Filling in these maps:

R®r, A —R®gr, B——0

\V
LN

» B -0

o1

hlg

-

Al
i
—

but
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aogrow = ¢ioa*ow
= ¢109
=7
that is, M is projective. O

Remark 1.4.5. Only the second part of the proof required the hypothesis that [G : H] < oo;
that is, a projective left R-module M is both H-projective and Rpy-projective.

Definition 1.4.6. Let G be a group, H a subgroup of G and R a strongly G-graded k-
algebra. A left R-module M is said to be H -injective if given an R-split monomorphism
of left R-modules @ : A — B and an R-map vy : A — M, there is at least one R-map

B : B — M making the following diagram commute:

0—— A——>B

M

Remark 1.4.7. Modules which are H-injective for H = 14 are called weakly injective.

Definition 1.4.8. Let G be a group, H a subgroup of G and R a strongly G-graded

k-algebra. A left R-module M is Rp-injective if it is injective as a left Ry-module.

Lemma 1.4.9. Let G be a group, H a subgroup of G with [G : H] < 0o and R a strongly
G-graded k-algebra. Then a left R-module M is injective if and only if it is both H -injective

and Ry -injective.

Proof. (=) Injectivity of M guarantees that we can find a map 8 : B — M which makes

the following diagram commute:

(o7

0 ? - B

A

b

M

In particular, we can do this when « is Rg-split, so M is H-injective. Since all K-maps
are Ry-maps, M is Ry-injective.

(<) Let @ : A = B be an R-module monomorphism and suppose we have an R-module

map 7 : A — M. We have the following diagram:
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0 0
0 » A a ' B
\
91 M )
i . 1
0 — Hompg, (R, A) B » Hompg,, (R, B)

where the Rp-split maps ¢; and ¢y are the embeddings of A and B into their coinduced
modules and o* is the (injective) map induced from a. Since M is H-injective, we can
find an R-map ¢ : Hompg, (R, A) = M such that v = 9 o ¢;. Since M is Ry-injective, we
can find an Ry-map w such that 1) = w o a* which we may take to be an R-map since the
functor Hompg(Hompg, (R, —), M) is an exact functor on Ry-modules. To see this, note

that

Homp(Hompg, (R,—),M) = Hompg(R®gr, —, M)

1%

Hompg,, (—, Hompg(R, M))

14

Hompg,, (—, M)

which is exact since M is injective over Ry. The first isomorphism comes from Lemma

1.3.7 and the second from the standard adjunction
Hompg(A, Homg (B, C)) = Homg(B ®r 4,C)

for rings R and S and modules pA, s Bg and sC.

The composite w o ¢2 gives us an R-map from B to M. Filling in these maps:

0 T
0 A — B
\ y
/ \ ®2
0———9H0mR; R, A) 7H0mRH (R, B)

but
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wogroa = woa®odgd

= tYod¢

that is, M is injective over R. 0

Lemma 1.4.10. Let G be a group, H a subgroup of G, R a strongly G-graded k-algebra
and M a left R-module. Then the following are equivalent:

(i) M 1is H-projective.
(%) M is a direct summand of R ®g, V for some left Ry-module V.
(i13) M is a direct summand of R ®g, M.

Proof. (i)=>(iii) We have an Rpy-split epimorphism of left R-modules p: RQg, M —» M
given by r ® m — rm (the splitting is defined by m — 1 ® m). Since M is H-projective,

we can find an R-map § making the following diagram commute:

M
|
R®RHM—p—>M——>0

which gives us a split-exact sequence of R-modules
0 Kerp = R®py, M 5 M =0

and R®pg, M = M @ Ker p.
(iii)=>(ii) Trivial.
(ii)=(i) Suppose we have an Rp-split epimorphism of R-modules w: B — M and an

R-map v : R®g, V — M, giving us the following diagram

R®r, V

v

.“A..A 7r
B _M—0.
T

7 -

We want to find an R-map ¢ : R ®g, V — B, making the diagram commute. By the
adjunction mentioned earlier, Homp(R ®ry V. M) = Hompg,, (V. M). Similarly for B. We

have the following commutative diagram:
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Hompg (R ®ry V, M) «—— Homg(R ®g,, V. B)

ILM T jlfB
— T
Hompg,, (V, M) Hompg, (V, B)
—_

Tx

where ¢js and g are isomorphisms. We have

My OLBOT4xOLp01Y = LMOTyxOT,OLpfOY
= ipmo(moT),ouLp 0
= LMOLMow

= 9
that is, m. is surjective so ¢ = m,(¢) = 7 o ¢ for some R-map ¢ : R®g, V — B. 0

Lemma 1.4.11. Let G be a group, H a subgroup of G, R a strongly G-graded k-algebra
and M a left R-module. Then the following are equivalent:

(i) M is H-injective.
(it) M is a direct summand of Hompg,, (R, V) for some left Rg-module V.
(iit) M is a direct summand of Hompg, (R, M).

Proof. (i)=(iii) We have an Ry-split monomorphism of left R-modules: : M — Hompg, (R, M)
given by m > ¢, where ¢,, is the Ry-map sending an element r of R to rm (the splitting
is defined by ¢ — ¢(1)). Since M is H-injective, we can find an R-map a making the

following diagram commute:
0—>M———>H0mRH (R, M)
which gives us a split-exact sequence of R-modules

0 = M — Homg,, (R, M) — Cokeri — 0

and Hompg, (R, M) = M & Coker i.
(iii)= (ii) Trivial.
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(ii)=>(i) Suppose we have an Ry-split monomorphism of R-modules i : M — B and

an R-map ¢ : M — Homg, (R, V), giving us the following diagram:

7
O—— M

v e
T

Homp, (R, V).

We want to find an R-map ¢ : B — Homg, (R, V), making the diagram commute. By
the adjunction mentioned earlier, Homg(B, Hompg, (R,V)) = Homg,, (B,V). Similarly

for M. We have the following commutative diagram:

Hompg(B,Homg, (R,V)) LHomR(M, Hompg, (R, V))

LBI i* ILM
—_— T
Hompg, (B, V) Hompg, (M,V)
~—~—
p*

where (g and ¢p; are isomorphisms. We have

i*owgop oy o = ipyo0ifoptoip o
= o (poi) ooy
= IMOLMOY

= 9
that is, 5* is surjective so 1) = i*(¢) = ¢ o i for some R-map ¢ : B — Hompg, (R,V). O

Lemma 1.4.12. Let G be a group, H a subgroup of G with [G : H] < oo and R a
strongly group-graded k-algebra. Then a left R-module M is H-injective if and only if it

is H -projective.

Proof. In view of Lemma 1.4.10, we shall prove the equivalent statement “M is H-injective

if and only if M is a direct summand of R ®g, M”.
(=) We have an Rpy-split monomorphism of left R-modules i : M — Hompg,, (R, M).

Since [G : H| < oo, we have that Hompg, (R, M) = R®g, M. Since M is H-injective, we

can find an R-map o making the following diagram commute:

0 - M i%R‘®RHM

a
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which gives us a split-exact sequence of left R-modules

0— M -5 R®p, M — Cokeri — 0

and so R®pg,, M = M @ Coker;.

(<) Suppose we have an Rp-split monomorphism of R-modules ¢ : A — B and an

R-map ¢ : A - R®pg, M, giving us the following diagram

€
0—— AT

o -
N

R®RHM

We want to find an R-map ¢ : B - R ® Ry M to make the diagram commute. Given
that [G : H] < 00, R®p, M = Hompg, (R, M) and by the adjunction mentioned earlier,
Homp (A, R®g, M) = Hompg, (A, M). Similarly for B. We have a commutative diagram

Hompg(B, R ®g,; M) —~— Homg(A, R ®g, M)

}B o :[LA
—
Hompg, (B, M) Homg, (A, M)
—

0,*

where g and ¢4 are isomorphisms. We have

g*otpoo*ora0t = 1p0e*00 0140
= 1p0(c00) 0109
= 140140

= ¢

that is, e* is surjective so 9 = €*(¢p) = ¢ o ¢ for some R-map ¢: B - R Qg M. 0

1.5 Dimensions

Definition 1.5.1. Let R be a ring. A projective resolution of a left R-module M is an

exact sequence,

oo PP g2 PP B M—0

in which each P; (i € Np) is a projective left R-module.
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Definition 1.5.2. Let R be aring. A left R-module M has finite projective dimension
if, in a projective resolution of M, there exists n € Ny such that for all i > n, P, = 0. If
M # 0 has a finite projective resolution, then its projective dimension. pdr(M), is the

least number n € Ny such that there exists a projective resolution of length n:
0P, =3P 12> F—>M->0.

In case no finite projective resolution exists, pdr(M) is defined to be equal to oo.

The zero module is defined to have projective dimension —oo.

Example 1.5.3. Let R be a ring. A non-zero left R-module M is projective if and only
if pdr(M) = 0. In this case, Py = M.

Example 1.5.4. Let p be a prime number. As a left Z-module, Z/pZ has projective

dimension 1:

07257 — Z/pZ — 0.

Definition 1.5.5. Let R be a ring. A left R-module M is said to be of type FP, over

R if it admits a resolution
oo PP,y PL P —>M-—0
by finitely generated projective left R-modules.

Example 1.5.6. If R is a Noetherian ring and M is a finitely generated left R-module,
then M is of type FP, over R because the kernel of every surjective R-map from a finitely

generated free module onto M is finitely generated.

Definition 1.5.7. Let R be a ring and let
da d1 ™
...—)P2——>P1-—>P0—->M—)0
be a projective resolution of a left R-module M. For n > 0, the n'? syzygy is

Kerw fn=0
Qn(M) =
Kerd, ifn>1.

Syzygies help us compute projective dimension:

Lemma 1.5.8. Let R be a ring. The following are equivalent for a left R-module M :

(i) pdr(M) < n.
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(¥) Ext®(M,N) =0 for all left R-modules N and all k > n + 1.

(1) For every projective resolution of M, Q,_1(M) is projective.

Proof. This is Lemma 11.123 of [28]. O

The projective dimensions of modules in an exact sequence are intimately related:

Lemma 1.5.9. Let R be a ring and
0—-A—->B—-C=0

a short exact sequence of left R-modules. If it is the case that two modules have finite
projective dimension then so does the third. In fact pdr(B) < maz{pdr(A),pdr(C)} with
equality unless pdr(B) < pdgr(C) = 1 + pdg(A).

Proof. See, for example, page 247 of [26]. O
Lemma 1.5.10. Let
O—-M,—---—>M —>My—-M >0

be an ezact sequence of R-modules. If M; has projective dimension at most n for all i then

M has projective dimension at most n+ r.

Proof. This is Lemma 10.1 of [10]. O

The following definitions will be used later.

Definition 1.5.11. Let R be a ring. A flat resolution of a left R-module M is an exact
sequence,
o= By oo 5 g M—0

in which each F; (1 € Np) is a flat left R-module.

Definition 1.5.12. Let R be a ring. A left R-module M has finite weak dimension if
there exists a flat resolution of M of finite length. If M # 0 has a finite flat resolution,

then its weak dimension, wdgr(M), is the least number n € Ny such that there exists a

flat resolution of length n:

0—-F,—--—>F —>F—>M-=0.

In case no finite flat resolution exists, wdg(M) is defined to be equal to oco.
The zero module is defined to have weak dimension —oo.

The term “flat dimension” is sometimes used in place of "weak dimension™.
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Example 1.5.13. Let R be a ring. A left R-module M is flat if and only if wdgp(M) = 0.

Example 1.5.14. Let R be a ring. Since projective modules are flat, every projective
resolution of a left R-module M is a flat resolution. It follows that if R is any ring, then

wdr(M) < pdr(M) for every left R-module M.
Definition 1.5.15. Let R be a ring and let
DI SNy RN NG YN
be a flat resolution of a left R-module M. For n > 0, the nth yoke is

Kerm fn=0
Yn(M) =

Kerd, ifn>1.

Lemma 1.5.16. Let R be a ring. The following are equivalent for a left R-module M :
(i) wdg(M) < n.
(ii) Torf(N, M) = 0 for all right R-modules N and all k > n + 1.
(iii) For every flat resolution of M, Y,_1(M) is flat.
Proof. This is Lemma 11.138 of [28]. O
Definition 1.5.17. The left global dimension of a ring R is defined as
[D(R) = sup{pdr(M) : M € obj(gDod)}.
There is a similar notion of right global dimension.
Definition 1.5.18. The left finitistic dimension of a ring R is defined as
[FPD = sup{pdgr(M)}
where M runs through all left R-modules for which pdg(M) is finite.
Definition 1.5.19. The weak dimension of a ring R is defined as
wD(R) = sup{wdr(M) : M € obj(gr9od)}.

It will be noted that we do not speak of the left weak dimension of a ring R. This

is because the weak dimension can be computed using Tor groups which involve left and

right modules simultaneously.
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Lemma 1.5.20. Let G be a group, H a subgroup of G, R a strongly G-graded k-algebra
and M an R-module.

(i) If M is a projective R-module then M is a projective Rg-module.
(1) pdr(R ®Rry; M) = pdr, (M) < pdr(M).
Proof. This is Lemma 6.3 parts (i) and (ii) of [10]. O

Lemma 1.5.21. Let G be a group, H a subgroup of G with [G : H] < co and R a strongly
G-graded k-algebra. Then for every left R-module M with pdgr(M) < oo,

pdr(M) = pdr, (M).

Proof. This is Lemma 6.6 of [10]. O

1.6 Some useful results

In this section we introduce some results we shall need for later work but whose inclusion
elsewhere would interrupt the flow of the thesis.

Recall the following:

Proposition 1.6.1. Let R be a ring. A left R-module P 1is projective if and only if

Hompg(P, —) is an exact functor.

Proof. This is Proposition 7.53 of [28] O

Lemma 1.6.2. Let G be a group, H a subgroup of G with [G : H] < 0o and R a strongly G-
graded k-algebra. Then, given a left R-module N which is projective as a left Ry-module,

we can construct an Ry-split exact sequence of left R-modules

d d dn—
0-N2p 5P S... 3P -0

of any desired length in which the P; (0 <i <n—1) are projective and Py, 1s projective as
a left Ry-module. If N is finitely generated, then each of the P; can be taken to be finitely

generated as left R-modules.

Proof. We have an injection

N —% Homg,, (R, N)

given by

ner (pn : 71— TN).
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As we have already seen, this map is Ry-split via

¢ = #(1).

Thus we have an Rpy-split short exact sequence

0 N Hompg, (R, N) =% Coker 1y — 0.

Note that

HomR(HOIIlRH(R,N),—) = Hompg(R ®g, N,—)
= Hompg, (N,Homg(R,—))

= HOmRH (N, —)

which is an exact functor because N is projective as an Ry-module (by Lemma 1.5.20,
part 1). It follows by Proposition 1.6.1 that Hompg, (R, N) is a projective left R-module.
Because the sequence is Ry-split, Coker ¢ is projective as an Rg-module.

It is clear that we can repeat this process, obtaining another Rpy-split short exact
sequence

0 — Coker ¢y — Hompg,, (R, Coker tg) — Coker¢; — 0
H

in which Hompg,, (R, Coker ¢¢) is a projective left R-module and Coker ¢; is a projective left
Ryg-module.

Set

e Py = Hompg, (R,N)

e dy=1t10mp

and inductively (for ¢ > 1),

e P, = Hompg,, (R, Coker ¢;_1)

odi =110

The construction is illustrated below:
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0 \\ / 0
Coker ¢;

N
do 1" d1 d
P ) P, S

Coker g Coker ¢,

2 NN

We still need to check that the sequence is exact:

e Imd;,_; C Kerd;.

0— N 255

diodi_1 = tiy10mo0m1 =0.

e Kerd; C Imd;_1. Suppose d;(p) = tj+1(mi(p)) = 0 for some p € P;. 1,1 is injective,
so mi(p) € Kerm; = Imy;, by exactness. Thus there exists a p° € Coker;_; such that
L (p’) = p. m;_1 is surjective, so there exists a p' € P,_; such that mi1(p') =p . It follows
that p € Imd;_;.

The sequence is easily seen to be Ry-split: the splitting of d; is the map which is the
composite of the the maps which split ¢;; and 7; respectively.

Suppose N is finitely generated with generating set {ni, ng,...,ns}. Because [G : H] <
0o, we have by Lemma 1.1.13 that R is finitely generated as a (right or left) Rg-module
with generating set {ri,r2,...,7:}. A simple check shows that P, = Hompg, (R, N) is
finitely generated as a left R-module by a generating set containing at most st elements.

It follows by induction that the P; (0 < i < n) are finitely generated. O

Theorem 1.6.3. Let R = li_rga R, be a filtered colimit of rings, A a right R-module and
B a left R-module. Then
AQr B = l_lr_I}A ®r, B.
Q

Proof. For each R, in the limit we have a ring homomorphism ¢ : B, — R. It follows
that A ®r, B = A ®img¢, B for each a and so liﬂa AQ®gr, B = Iiga A ®img¢, B- Thus it
remains to show A ®gr B = ][iga A ®im ¢, B-

Elements of h_lEQ A®im ¢, B are equivalence classes [a ® b, a] where a®b € A®im ¢, B.
and [a ® b,o] = [a' Qb ) if and only if there exist v > «, 8 and maps ¢5 : 4 Qr, B -
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A®r, B and ¢ : A®r, B > A®g, B such that ¢2(a ®b) = ¢{(a’ ® b'); that is. an
element of A ®ym 4, B and an element of A ®r, ¢s B become identified in the limit if they

are equal as elements of A Qg B.

We have a natural map li_n;\a A Qim'¢, B Y4 ®r B defined by [a ® b,a] — a ® b,
which is well-defined: for r € Im ¢,

[ar ® b,al —— ar ® b

[a® b a]— a ® rb.

It is easily checked 1) is an R-module homomorphism.

Let [a ® b,a] € Ker®y (every element of the limit is of this form because the index set
is directed). Then a ® b = 0 so [a ® b, ] is the equivalence class of the zero element and
1) is injective.

Any a ® b € A ®g B is the image under ¢ of [a ® b,a] for any label a. Thus ¥ is

surjective. O



Chapter 2

(Generalisations

In this chapter we will generalise known results for group rings to the strongly group-graded

case. Throughout, k will denote a commutative ring.

2.1 Complete cohomology groups

The projective dimension of a left R-module M is the least n € Ny such that Ext (M, N) =
0 for all # > n and all left R-modules N. As a method for finding projective dimension,
the use of Ext groups is virtually useless; however, very often all we are interested in
knowing is whether the projective dimension is finite. A more appropriate formulation for

this scenario are the complete cohomology groups.

Lemma 2.1.1 (Schanuel). Let R be a ring. Given ezact sequences

0—-—K—-P—->M-—->0

and

0—>K'—>P'—>M—>0,

of left R-modules with P and P’ projective, then there is an isomorphism
KoeP K aP

Proof. The result is well known. A proof can be found on page 10 of 2] O

Let R be a ring and M a left R-module. Because the category r90d has enough

projectives, we are always able to find a projective left R-module P and an epimorphism

P— M.

40
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Let R be a ring and A a set. We can construct a free left R-module F’ A, where each
element has a unique expression of the form ) r,a, a € A, and all but finitely many of
the 7, are zero. Thus, we can define a functor F' : Gets — r9od. This functor is left
adjoint to the forgetful functor p2Mod — Gets which sends a module to its underlying set
and regards homomorphisms as functions. If we define F' : p200 — Gets — gDNod as the
composite of these two functors, then the identity function from the set M to the module

M induces an epimorphism FFM — M.

Definition 2.1.2. Given a left R-module M, QM is defined to be the kernel of an epi-
morphism P — M with P a projective left R-module. (c.f. Definition 1.5.7.) € is not a

functor on gp9Mod.

Remark 2.1.3. To avoid ambiguity, we will occasionally use brackets on this notation to

distinguish (M) & N from Q(M & N), for example.

Remark 2.1.4. Schanuel’s Lemma shows that the definition of Q is well-defined up to

adding and removing projective summands: given two partial projective resolutions of a
module M,
0->QM P —->M—0

and

0-QM —->Q > M =0,
we have Q(M) & Q = QM) © P.

If ¢ is an R-map between two left R-modules M, N, then we may lift as in the following
diagram
0— QM — Py —M ——0

|l

0 —S QN Py — N —0

to obtain a map Q(¢) : QM — QN which is unique up to the addition of maps factoring

through a projective module.
The free module FM obtained from a module M provides an easy way to obtain a

surjective map from a projective module to M.

Suppose we have an R-map ¢ : M — N, then we have a commutative diagram

0 SOM — FM — M —0

o T

0—— QN — FN— N —0
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We can iterate this process, giving us a commutative diagram (and free resolutions of

M and N):

/92M /QM
_____)F3M 7\}712]\4 >FM—>M‘—‘)0
| 2%(¢) Q(¢)
Q2N QN é
e —— 3N > F2N Y FN —— N —— 0.

Where 'M = Ker(F'M — QM) and F'M = F(Q*"1M).

Definition 2.1.5. Let R be a ring. Given any two left R-modules M and N, define
Phompg(M, N) to be the additive subgroup of Hompg (M, N) comprising those homomor-
phisms which factor through a projective module. Hompg(M, N) is then defined as the
factor group

Homp(M, N) := Homg(M, N)/Phomg(M, N)
and there is a natural map Homg(M, N) - Homp(M, N).

Remark 2.1.6. While € is not a functor on g91od, it is a functor on the category which
has the same objects as zr9t0d but whose morphisms are given by Hompg(M, N) for each

pair of modules M, N.

For any two left R-modules M and N, 2 induces a function
2 : Homg(M, N) — Hompg(Q2M, QN)

which is not a homomorphism. However, if P is projective then QP is either projective or

the zero module, therefore we have an induced map
Q : Homg(M, N) — Homp(2M,QN)
which is an additive homomorphism and indeed we get a commutative square

Homp(M, N) —% Hompg(QM, QN)

| |

Homp (M, N) — Hom»(QM, QN)

for any pair of left R-modules M, N. A proof of this appears in (25].
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Successive applications of ) gives us a direct system of R-modules:
Homp (M, N) LN Hom (M, QN) LN Homp(Q2°M, Q2 N) SUNS

Definition 2.1.7. Let R be a ring and let M and N be R-modules. The zeroeth com-
—0
plete cohomology group Extp, (M , N ) is the colimit of the above direct system:

Bxtp(M, N) := lim Hom, (2 M, ' N).
i

For each 7 € Z, we can define EEQ(M,N): for j > 0 as
Extzz(M, N) = ExtR(QJM, N) = h_n)ﬂﬂomR(QzHM’ Q'N)
i
and for j < 0 as

Extp(M,N) := Extp(M, Q7 N) = lim Homp (M, I N).

It is easy to check that E;;; (M,N) is a functor which is covariant in N and con-
travariant in M. There are a number of different (equivalent) definitions of these E}R}
groups. Cornick and Kropholler follow Mislin in defining the E/])?c; in terms of satellites of
functors [9]. Goichot [16] takes cohomology of a double complex of Homs in which he has
factored out the ‘bounded functions’. The above definition is from Benson and Carlson [4].

The following lemma was first proved by Kropholler in [22]. It illustrates the strength

of the above definition so we reproduce the proof.

Lemma 2.1.8. Let R be a ring and M an R-module. Then M has finite projective
——0
dimension if and only if Extp (M,M) =0

Proof. If M has projective dimension r, then for all > r, (M =0 and so

Bxt (M, M) = lim Homp (1M, QM) = 0.

On the other hand, if E/Jx\tgz (M M ) = 0 then the identity map of M goes to zero in the
limit and so there exists an ¢ > 0 such that the identity map on M becomes zero under
the natural map Hompg(M, M) - Homp(M, M) o, Hom g (M, Q*M). But that means
that the identity map on QM factors through a projective module. Therefore QM s

projective and so by Lemma 1.5.8, M has projective dimension at most :. 0O

We now state a number of lemmata which will prove useful later. but first a definition.
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Definition 2.1.9. A functor F between two module categories is said to be continuous
(or finitary) if and only if the natural map liﬂ/\ F(M,)—> F (h_n;/\ M,) is an isomorphism

for all direct limit systems (My) of modules.

Example 2.1.10. Let R be a ring. For any right R-module A, the functors Torf (4 )

y —

are continuous. (For a proof of this, see Proposition 10.99 of [28].)

Lemma 2.1.11. Let R be a ring and M a left R-module of type FP . Then the functors

E/b?c; (M , —) are continuous.
Proof. This is Lemma 5.2.7 of [25]. O

Remark 2.1.12. Tt follows that if (V) is any family of left R-modules and M is a left
R-module of type FPy, then the map @, Exty, (M,N,) — Extp(M, @, N,) is an iso-

morphism because the direct sum is the colimit of all its finite subsums.

Lemma 2.1.13. Let R be a ring,
O->M, ->M_1—--->M -My—L—>0

an ezact sequence of left R-modules and N a left R-module. Then if i is an integer such
that E—x\t;(N,L) s non-zero then there exists a j with 0 < j < r such that E/);&ZH (N,Mj)

18 non-zero.
Proof. This is Lemma 3.1 of [22]. : O

The next result is crucial. Results of this kind are well known for group algebras, but
it has not been possible to find an explicit reference for the general form that is needed.
However, the discussion in Chapter 1 is intended to facilitate proving general results over
group-graded rings. We shall give a proof of this lemma and a careful discussion of two

corollaries (Lemmata 2.1.15 and 2.1.16).

Lemma 2.1.14. Let G be a group, H a subgroup with [G : H] < oo, R a strongly G-
graded k-algebra and M a left R-module. If N is a left R-module which s projective as an

Ry -module, then the natural map

Q: Homg(N, M) - Homp (2N, QM)

s an isomorphism.
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Proof. We show that Q is surjective. Let ¢ € Hom r(QN,QM). We have a commutative

diagram in which the top row is Rp-split exact and the bottom row exact:

0— QN — R®p, N N — 40
LMO¢ ; ”
| N e,

0 YOM —2 SEpm M ' 0

where F'M is the free left R-module on the underlying set of M. Since FM is a projective
R-module, it is H-projective by Lemma 1.4.4 and because [G : H] < oo, it is H-injective
by Lemma 1.4.12. It follows that we can find an R-map ¢' : RQry; N — FM making the
left-hand square commute.

If n € N, then there is an r; ® ny € R®g, N with 7x(r; ® n1) = n because 7y is
surjective. Define ¢ : N — M by ¢ (n) =mpro¢ (r1®ny). ¢ is well-defined because if
T2 ® n2 € RQpy N satisfies my(r2 ® ng) = n, then 7y (r; ® no — rp ® ny) = 0. That s,
T1®n2 —r2 ®na € Kermy = Imuy, by exactness. Hence 71 @ ny — 1y @ ny = LN(n'), for

some n € QN. Thus

/ 7

71'M(¢I(7'1 ®ng —ra2®ng)) = wm(P (ev(n)))

!

= mu(ear(p(n)))
=0

and the right-hand square commutes. It follows that the natural map Q is surjective.
For injectivity, first recall that for a map ¢ : N — M, we obtain a map Q(¢) :

QN — QM. If Q(¢) € Homg(QN, QM) represents the zero map, then it factors through

a projective module P so we have a commutative diagram with an Rg-split exact top row

and exact bottom row:

>PNﬂ—+N———>0

N il
k/ |
P |

Q) F¢ ¢

N,
~ M ‘L M

0 y QM - Py

We already know that the left-hand triangle commutes. Since P is projective, it is H-

0 > ()

~
) 3y
- M > 0.

injective (by the same reasoning above) so we can find an R-map « : Py — P which makes

the top triangle commute. Defining B to be the composite ¢s o ¢ ensures commutativity
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of the bottom triangle. It follows that

(F¢—Boa)ouy = Fgoiy—Boaoiy
= tmo¢) —ipogroaory
= M o8U¢P) —tmogaogy
= tm o) — a0 Q)
= 0,

an observation that we will use shortly.

Define an R-map s : N — Py by sending a pre-image (n' € Py) under my of n € N
to (F¢ — Boa)(n'). s is well-defined because if n” € Py is another pre-image of n, then
mn(n —n") =0, so that ' —n" € Kermy = Imiy. Hence n' —n” = in(n”) for some

n" € QN. Thus, by the above observation,

n

0 = (F¢—Boa)ouy(n”)
= (F¢—Boa)(n' —n)
= Fg(n' —n')—Boa(n —n')
= Fg(n) — Fp(n") = Boa(n) + Boan’)
= (F¢—-Boa)n)—(Fp—Boa)n")

! 1"

= s(n)—s(n)

as required.

By commutativity, ¢ o 71y = mps 0 F¢ but

o F¢ = mpyo(sony+Boa)
= 7rMoso7rN+7rMO,30a
= My OoSOAN+TpOlpOodroa

= 7'{'M0807TN

and since 7y is surjective, we have that ¢ = w7 0s; that is, ¢ factors through a projective

R-module and so represents 0 in Homg(N, M). It follows that the natural map € is

injective. 8

We immediately obtain
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Lemma 2.1.15. Let G be a group, H a subgroup with (G : H] < 0o, R a strongly G-
graded k-algebra and M a left R-module. If N is a left R-module which is projective as an

Rp-module, then the natural map
Homp(N, M) - Extp(N, M)
18 an isomorphism.
Proof. By repeated use of Proposition 2.1.14, we see that the maps in the system
Homp (N, M) % Homp(QN, QM) % Homp (02N, 22M) 2 ...
are all isomorphisms and so the colimit is equal to Homz (N, M). O

Proposition 2.1.16. Let G be a group, H a subgroup with [G : H] < oo, R a strongly
G-graded k-algebra and M a left R-module. If the left global dimension of Ry is finite and

equal to n, then for all © > n and all left R-modules N, the natural map
. . )
Homp ("N, QM) — Extp(N, M)
18 an isomorphism.

Proof. Leti > [D(Rpg), then as an Rg-module, QN is projective. We have a commutative
diagram

Hom p(Q'N, 'M) — Fxty (N, 2 M)
Homp (N, M) ——— Bxty (N, M)

The top map is an isomorphism by Proposition 2.1.15 and the right-hand map is an

isomorphism because the terms in the system
Hom (N, M) - Homp(QN, M) -5 - < Homp(WN,0M) = -
agree with those of the limit system
Hom (N, QM) 5 Hom (' N, QM) 5 .

for 7 > ¢ and so their colimits are isomorphic. It follows that the diagonal map is an

isomorphism also. O
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2.2 Complete cohomology for group-graded k-algebras

The first lemma of this section generalises Lemma 6.1 of Benson’s paper [3]. An obvious
approach when generalising any result is to investigate to what extent one can utilise
the original argument. Benson’s lemma concerns group algebras and his proof involves
a somewhat complicated calculation with group elements, something not immediately
transferable to the strongly group-graded case. As we shall see, the machinery set up in
Chapter 1 allows for a more elegant argument; indeed, it was trying to generalise this result

which motivated the careful treatment of H-injective and H-projective modules there.

Lemma 2.2.1. Let G be a group, H a subgroup with [G : H| < oo and R a strongly
G-graded k-algebra. Let M and N be left R-modules and let v : N — N' be an Ry -split
monomorphism of left R-modules. If ¢ : N — M factors through some projective module,

then it factors through the map .

Proof. Call the projective module that ¢ factors through P. We have the following dia-

gram:

| A

Since P is projective, it is H-projective by Lemma 1.4.4 and H -injective by Lemma 1.4.12
so we can find an R-map 7 : N' — P with 8 = no~. It follows that

aonoy = aof

t

Remark 2.2.2. Compared to Benson’s proof, ours is conceptually more accessible in that
we can see exactly what is happening, and with fewer lines of argument. Also, we did not
require the hypothesis that N be projective as an Ry-module: we may therefore conclude

the hypothesis that N be projective as a k-module in Lemma 6.1 of [3] is redundant.

We shall have need of the following lemma, which is a variation on well-known results.
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Lemma 2.2.3. Let R be a ring and let
O0->M, > - >M - My— M0

be an exact sequence of left R-modules. If pdr(M;) < r—i for each i then M has projective

dimension at most r.

Proof. We proceed by induction on the length of the exact sequence. Let K denote the

kernel of the map My — M. Then the exact sequence
O—->M —---->M - K—=0

comprises modules M;, each of whose projective dimension is at most r — i and so by

induction, pdgr(K) < r — 1. To the short exact sequence
0K —->My—>M-—=>0
apply Hompg(—, X), where X is any left R-module, to give us the long exact sequence
-+ — Extp(K, X) — Exthr (M, X) — Exti (Mo, X) — - - .

The two outside terms are 0 since pdr(My) < r and pdr(K) < r — 1, so exactness forces

Ext:H (M, X) = 0 for all X and
pdr(M) < max{l + pdr(K),pdr(Mo)} <. O
The following generalises Benson’s Proposition 6.3 of [3].

Proposition 2.2.4. Let G be a group, H a subgroup of G with [G : H] < o0 and R a
strongly G-graded k-algebra. If M and N are left R-modules such that N has projective
dimension at most r as a left Rg-module and ¢ : N — M is an R-module homomorphism
which goes to zero in Homp(Q2"N,Q" M), then ¢ factors through a left R-module X of
projective dimension at most r. If N and Q"N are finitely generated then X may also be

taken to be finitely generated.

Proof. Our proof closely mirrors that of Proposition 6.3 of [3]. We have occasionally
included additional details and we have also used the methodology outlined in Chapter 1
to smooth certain arguments.

Choose resolutions and maps

’ / ’ /

d.,. ' dr—l dl ! dO
0—QYN—FP _|— » P, + N >0
Jm(qs) Jd»_l de ¢
dr dr-1 dy do

00— Q"M » Pr_1 SR - Py



CHAPTER 2. GENERALISATIONS 50

with Py, ..., P_1, P, ... ,P;_l projective left R-modules. Since Q7N is left Rpy-projective,

we can, by Lemma 1.6.2 find a projective left Rg-module N’ and projective left R-modules

Fy,...,P,_; (which are finitely generated if Q" N is) so that there is an Rp-split sequence

of R-modules

d// dll d” d”
r . 2 r—1 N 1 \ 1 0 \
0_'_'>QN —’P,’._l 7" /PO INI )0
We have the following diagram:
1" / 7 1
d d d, d
r N 1" r—1 v 1 N 1" 0 \ N
0——)QN ‘IP,,__]_ 7 1P0 ,N’ 10
l (i, / d;- 1 dl dl
A\ — \ 1 LY 0 \
O )QT‘N T—’P,,._]_ ? e /Pé rN 4/\0_

Because Pr'_l, is a projective left R-module, we can appeal to Lemma 2.2.1 to find an
R-map 1,1 making the triangle

/!

d, 1
0—Q"N — P'r'—l

/
d
jv T\;“" Fpr—1

Pr—l

commute. In fact it is almost unnecessary to appeal to Lemma 1.6.2 because P,:_l is
projective, therefore H-projective and so also H-injective by the results of Chapter 1.
Because “cokernel is functorial,” we can find a well-defined map v,_; : Cokerd, —
Cokerd,. As we observed in the proof of Lemma 1.6.2, the map ¢ : Cokerd, — P, _, is
an Rp-split monomorphism, so we can again appeal to Lemma 2.2.1 to find an R-map

24 /
Yr_g Pr—2 — P,

Coker d,
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Also,

/ —~~
d o1 = 1o d, 01
= Jo 1/’;—1 od,
= P, 90 Lo d;,'

= YPrgo0 C{r’—l

so the square commutes. We may proceed in this way along the diagram, finding R-maps
Y;: P, - P, for0<i<r—1land®:N — N.
Applying the (exact) functor Homp,, (R, —) to the exact sequence P, — N — 0 gives

us an exact sequence of projective R-modules

d/l

r

0—>QT—>---—>Q0i>Q—>O
where
e ; =Hompg, (R,P;) for 0 <i<r—1,
e @, = Hompg, (R,Q"N)
e Q =Hompg,(R,N).

and d;’ : Q; — Qi_1 is the map induced from d;-'. For each Pi”, we have a natural map
Li: Pi” — @Q; (the inclusion of Pi” into Q;) so that for each i we have a commutative square

/!

" i "
Pi Iji—l

J{Li J{M— 1
d’ ;

Qi — Qi1

Adding our new sequence to P; — N — 0 gives us an exact sequence P,i ®Qs > NdQ — 0

if we define J; : PZ' D Q; — Pi'_l ® Q;—1 by (p,q) — (d;(p),d'i' (q)). Augmenting the t; by
defining 1;2 = (4;,¢;) has the effect of making them injective. We have, for each 4, a square

1

" bt} 4
S — P
P; P,

d’

P ®Q; —5 P, ®Qi1
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. . . . 17
which is commutative, since for p € P,

Yici(d; () = (im1(d} ), i1 (d, (p)))

= (di(@i(p)), i-1(d; (1))
(d; ($i(p)), d (13(p)))
d;(%3(p), 1 (p))
d,(#:(p)).

I

|

If we extend ¢ by the zero map on the new projective summand, these changes do not
affect the hypothesis or the conclusion of the theorem. (We shall drop the tilde on each
of the v; from this point.)

Turning our commutative diagram upside down

/

d{r ! dr— d’ 7 d,
O—HQT(N)GBQT—)PT—lEBQr—l 1>"' 1>POEBQ0—O>NEBQ—)0
A“d)r Td’r—l A‘A'll)o /[w
d!,., 1/ d:‘,—l dlll " dg '
00— Q"N - P, - — P, N » 0

and thinking of it as lying in a sea of zeroes, we may regard it as a double complex and
therefore as a first quadrant spectral sequence. The differentials on the E’-page are the

vertical maps. Remembering that the 1); are injective, on the E'-page we get:

dl d,r B d, d’
Coker 1), — Coker ¢p,_; —3 - -- — Coker 1)y —> Coker 9.
On the E2?-page there are no relevant differentials, so we are looking at E*.
Reflecting the initial diagram in the diagonal gives rise to a second first quadrant

spectral sequence, so that the Eo—page looks as follows:

N’ — N
N
Td dy

’

P —"oFeQ
dl/

~

1 dl

I
7
A
7
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The differentials on E? are the vertical maps, but the columns are exact sequences and
so the spectral sequence collapses: the El-page consists entirely of zeroes. Since the two
spectral sequences converge to the cohomology of the total complex, it follows that the

original spectral sequence must have collapsed to zero as well and we conclude that we

had an exact sequence

0 — Coker v, i) Coker ¢, _1 ‘-ilr—_; i) Coker vy i) Coker ¢ — 0;
that is, Coker 1y admits a resolution by modules of projective dimension at most 1 for
0 <1 < r—1, ending with a projective module at ¢ = r. By Lemma 2.2.3, Coker ¢ has
projective dimension at most 7.
By hypothesis, 2" (¢) factors through a projective module and so by Lemma 2.2.1 there
exists a map h,_1 : P. | — Q"M satisfying Q" (¢$) = h,—1 o d,. We have the following
diagram:

I
d;l " dr—l
0— 'N— P — -

QT(QS)JV %1 l‘ﬁr—lowr—l

0—— QM —— P

By commutativity of the square,

¢r10%r_10d, = dpoQ(9)
= drohrq0 dl;

and so if we define 6,1 = ¢,_1 0 Y1 — dr o hy_1, then Imd: C Keré,_1 because

Op_10 d’,,' = (. Thus we have the following:

/1
Imd,_;
1" B
V \
1"
Sod
" r—1 "
Pr—l A, PT_2
0r—1 h ,
.: ) r—
k.‘..
F, r—1

where ¢ is the inclusion of Imd,_; into P ,. The map g, : Im d,_, — Pr_1 is defined
by gr_1(a) = 6,—1(8) where B is a pre-image of o, which is well-defined: if v is another
pre-image of «, then 8 —~y € Ker d,_, C Keré,_1 and so 6,-1(B) = dr—1(7).
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Because ¢ is a split monomorphism, Lemma 2.2.1 again provides a map h,_5 : P. 5 =
—2: P, _.

F,_; satisfying g,_1 = h,_5 0+, and so
hy—30 L{;_1 = hy_g0t0 C/r,—l
= gr-10° C/;_l
= 1.
In particular, this means that ¢,_1 0 4,_1 = h,_s o d,_; + d, o hy_1, which by induction

we can extend to

¢io i =hiyod; +diyyo0h

foral0<i<r—1.

We have the following diagram

d,"/ " d"_l dl 7 do P

0———Q'N —P._4 » P, *N -0
T d:' ’ - dfr—l dll , v d;

0—— X (N)®Q, P ®Qra—  — PP @dQ—o NOQ—0

JQT (¢)h7-_1 or-1 .v.-"".ho ¢0_..v";h_1 JQS

K d; L4 R
0— QM ——F1 SR -~ Py M ———0
in which

!

gopody = doo oot
= dyo (h_1ody+d;ohg)

= dOOh_lodg.

Since dg is surjective, it follows that ¢ o1 =dgoh_;.

Consider the pushout of the maps 1 and A_1:

h_
N —— P

Since 1 is injective we have, by the properties of pushout, that @ is injective and ¢ = wor.
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(WA
(WA

Look at the following diagram:

h
N ——— P,

T

NoeQ—1 x

L]

Coker ¢ Coker 6

Equality in the bottom row follows from exactness of the columns. Since Coker ¢ has
projective dimension at most r and Py is projective, we may use the Horseshoe Lemma to
conclude X has projective dimension at most r.

If N and "N are finitely generated, then X may be taken to be finitely generated. For,
let us suppose Py was chosen to be free at the beginning. Since N is finitely generated,
Py contains a finitely generated projective summand F' containing the image of h_1. If we
replace Py by F and let X be the pushout of the maps h_; : N' = F and ¥, then X is

finitely generated because F, N and () are. From here, we may proceed as before. O

Remark 2.2.5. We could have avoided using a spectral sequence argument via the following

reasoning:
Let
,1-, " dlr,—l dl1, " dg '
0—— Q"N - P,_4 — - - P, > N —0
‘wr Jwrﬂ ld)o JVJ
d;‘ ’ d{r—l d; / le
0— V(N Qr — P._; 9 Qr-1 3 ' Py Qo — N —0

be our original diagram. If we add the cokernels:

d;, " d, 1 d 1" dy « npl .
O‘_—"__)QTN >PT—1 > >P0 ﬁN /0
Yr Pr—1 Yo Y
N o T d,_y d T de >
0—V(N)OQr— P ®Qr 11— — I F®Q ——N&Q@——0
<4 E; < d:l ’Jg 4 EE} 4 i
0 ——— Coker 1, ———— Coker ¢, _1 .. —% Coker 1y —— Coker ¢y —— 0

bearing in mind that each of the 1); are injective, we see that we have a short exact sequence

of chain complexes. If we call the top sequence C:, the middle C, and the bottom C,,
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we get a long exact sequence

!

E— Hn+1 (C*)

’” f

H,(C,) — Hy(C,) — H,(C,)

Hn—l(c*) —
in homology, which is actually equal to
I Hn+1(C;<)
\ 0 —— 0 —— H,(C.)

since C, and C, are exact sequences. But this means that H,(C.) = 0 for all n and so

I,
C, is an exact sequence also.

Lemma 2.2.6. Let R be a ring and M be a countably presented R-module. If M is flat

then it has projective dimension at most one.

Proof. See Lemma 4.4 of Bieri [6]. O

Proposition 2.2.7. Let G be a group, H a subgroup of G with |G : H] < o0 and R a
strongly G-graded k-algebra. If M is a countably presented R-module which is projective

as an Ryg-module and flat as an R-module, then M is projective as an R-module.
Proof. By Lemma 2.2.6, M has projective dimension at most one. Let
0P - P2 M0

be a projective resolution of M. Since M is projective as an Rg-module, we can find an
Rpy-map v making the diagram
M

\:"‘.5
Pp—mM —0

commute and so the resolution splits as a sequence of Ry-modules. Since P; is projective.

it is H-projective by Lemma 1.4.4 and H-injective by Lemma 1.4.12. Therefore we can

find an R-map 'y' making the diagram
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(2}
-1

0— P25 P

=Y
P

commute; that is, the resolution splits as a sequence of R-modules, Py & M & P, and so

M is projective. n

Proposition 2.2.8. Let R be a ring for which the left finitistic dimension is finite. Then

any flat left R-module has finite projective dimension.

Proof. This is Proposition 6 of [19]. O

Theorem 2.2.9. Let G be a group, H a subgroup of G with [G : H] < 00 and R a strongly
G-graded k-algebra. Suppose Ry is left Noetherian and has left global dimension at most
r. Then the following are equivalent for a left R-module M :

(i) M has finite projective dimension.
(i1) M has finite weak dimension.

(iit) M is a filtered colimit of finitely generated left R-modules of finite projective dimen-

S10M.
—{
(iv) For every finitely generated left R-module N we have Extz (N, M) = 0.

Proof. (i) = (iv): If M has projective dimension at most n, then "M is projective, so any
homomorphism from Q"N to Q™M factors through a projective module, Hom (92° N, Q* M)
= 0 for all > 7 and so lip. Homp(Q2'N, Q' M) = 0.

(iv) = (iii): Let I be a small skeleton of the category whose objects are the homomor-
phisms N - M with N finitely generated and whose morphisms are the commutative
triangles; i.e. for objects N 2y M, N N M, a morphism from « to 8 is an R-map v

making the diagram

commute.
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J

s

5

We show that I is filtered. Given two objects N =5 M and N’ i) M, we can build

the commutative diagram

where 1,, are respectively the inclusions of N, N' into N @ N'. It follows that the first

condition is satisfied.

For the second condition in the definition of a filtered category, suppose we have two

morphisms from o to S:

Taking the cokernel of ¢ — 1, we naturally obtain a commutative diagram

N

L

/

7

N M

N

Coker(¢ — 1)
Now, 0 =mo (¢~ 1) =mo¢— mo; that is, m o ¢ = 7 o 1 so the second condition is
satisfied.

Let J be the full subcategory of I whose objects are the morphisms N — M with N
a finitely generated left R-module of projective dimension at most r. We show that J is
cofinal in I; that is, every every object of I is the domain of a morphism whose codomain
is an object of J. Let N 2y M be an object of I. Because Ry is left Noetherian,
we have by Lemma 1.1.14 that R is Notherian and so "N is finitely generated if N
is. E/l;&% (N M ) = 0 for all finitely generated left R-modules N by hypothesis, so by
Proposition 2.1.16, « goes to zero in Homp ("N, Q" M) where r is the global dimension of

Ry, and Proposition 2.2.4 tells us that « factors through a finitely generated left R-module
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X of projective dimension at most 7. We have a commutative diagram

v M

4

|
X

Viewing X N M as an object of J and -y as a morphism between a and 3, we see that
since the object N =3 M of I was arbitrary, J is a cofinal subcategory. The module M
is the filtered colimit of the functor from I to the module category which sends an object
N -%5 M to N. It follows that M is also the filtered colimit of the same functor on the
subcategory J; that is, M is a filtered colimit of finitely generated left R-modules of finite
projective dimension.

(iii) = (i1): Let M = lim, My, a colimit of finitely generated left R-modules of finite
projective dimension. It follows from Lemma 1.5.21 and the fact that Ry has finite global
dimension that R has finite finitistic dimension since for any left R-module A of finite
projective dimension,

pdr(A) = pdr, (A) <.

Each M) has finite projective dimension by hypothesis, so the weak dimension of each M)
is finite (see Example 1.5.14). Let n := max{wdr(M,)}. It follows by Lemma 1.5.16 and
Example 2.1.10 that

Torf (R, M) = Tor(R,lig M))
A
= li_I];lTOI‘TIE(R,M)‘)
A
= O;

that is, M has finite weak dimension.

(ii) = (i): Since M has finite weak dimension, it admits a finite resolution
0>F,— - >F >FR->M-=0

by flat R-modules. As was noted above, R has finite finitistic dimension so that by
Proposition 2.2.8, each F; in the resolution has finite projective dimension. It follows by

Lemma 1.5.10 that M has finite projective dimension also. 0
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Corollary 2.2.10. Let G be a group, H a subgroup of G with (G : H] < < and R
a strongly G-graded k-algebra. Suppose Ry is left Noetherian and has finite left global
dimension. If M 1s a left R-module which does not have finite projective dimension. then

there exists a finitely generated left R-module N such that E;c(l)z(N,M) # 0.

2.3 LHY groups

In this short section we recall the definition of Kropholler’s class of LHF-groups.

Given the class § of finite groups, define a class of groups H,§ for each ordinal o as
follows. For a = 0 we define Hy§ = §. For a > 0 we define a group G to be in Ho§ if G
acts cellularly on a finite-dimensional contractible CW-complex X, in such a way that the
setwise stabiliser of each cell is equal to the pointwise stabiliser and is in Hg§ for some
B < a. The class HF is then defined to be the union of all the H,§. A group G is said to
be an LHF-group if every finitely generated subgroup of G is an H§-group.

The following useful observation appears in [23].

Lemma 2.3.1. If G is a countable group whose finitely generated subgroups belong to HE
then G is in HE.

The interested reader can find a detailed discussion of the class of LHF groups and
indeed the closure operations H and L in Kropholler’s paper [22]. We will use the definition

of LHF-groups throughout the remainder of this thesis without further comment.

2.4 Induced modules

Chouinard’s theorem states that if k is a commutative ring of coefficients and G is a finite
group, then a kG-module is projective if and only if its restriction to every elementary
abelian subgroup is projective. The result was subsequently generalised to the strongly
group-graded case by Aljadeff and Ginosar in [1]. In this short section we will apply their
theorem to generalise a result of Benson.

Here is a useful observation:
Lemma 2.4.1. Let G be a group and R a strongly G-graded k-algebra. Then

(i) If V is projective over k then V ® — carries projective R-modules to projective R-

modules;
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(i) if V is free over k, then V ® — carries free R-modules to free R-modules.

Proof. This is Corollary 3.3 of [10]. 0O

The following lemmata were first proved in [24]. The first result is simply proved so

we reproduce the details.

Lemma 2.4.2. Let G be a group and R a strongly G-graded k-algebra. If M is a finitely
presented left R-module, then there is a finitely generated subgroup H < G and a finitely
presented Ry-module M such that M is isomorphic to the induced module R ® Ry M.

Proof. Let
(R" - (R* > M —0

be a finite presentation for M. Then the the first map in this sequence is represented by
a d x r matrix with entries from R. Each entry of this matrix is equal to a (unique)
finite sum of non-zero homogeneous elements, each coming from some Ry,g9 € G. Since
the number of such homogeneous elements is finite, the number of g € G is finite. Let
H be the subgroup of G generated by these elements. We can use the same matrix over
H to present a module M’ : (Rg)" — (Ry)* - M — 0. Applying R ®g, — to this
sequence gives a presentation (R)” — (R)* - R ®g, M — 0 since induction is right

exact. Exactness of the rows and equality of the first two columns of
(R)" — (R)
(R)" — (R)*

imply that M is isomorphic to R ®g, M " O

— R Qry, M —0

Lemma 2.4.3. Let G be a group, H a subgroup of G, R a strongly G-graded k-algebra
and M a left Rg-module. Then R ®pr, M is a left R-module of type FP if and only if
M is a left Rg-module of type FP.

Proposition 2.4.4. Let G be a group and R a strongly G-graded k-algebra. If M 1is an R-
module of type FP o, then there is a finitely generated subgroup H < G and an Ry -module
M’ of type FP such that M is isomorphic to the induced module R ® Ry M

Proof. Every module of type FPoo 1s finitely presented. Now apply Lemma 2.4.2 then

Lemma 2.4.3. S
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Proposition 2.4.5. Let G be a group, R a strongly G-graded k-algebra and M a countably
presented left R-module. Then there is a countable subgroup H < G and a countably

presented left Ry -module M’ such that M is isomorphic to the induced module R®g,, M’
a M.

Proof. Let
A3BS M0

be a countable presentation for M and let {a1, az, ...} be a fixed basis for A and {61.b2,...}
a fixed basis of B. For each n € N, define 4, = @7 ,Ra; and B, = & Rb;. Then
Az@iAi and B zli_ngiBi.

For each i € N, there exists a(i) € N such that a(4;) C By(;). Let o; denote the

restriction of o to A;. Then for each i € N, we have maps
A; =5 Bog

in which the map «; can be expressed as an a(i) X ¢ matrix with entries from R. Fix i.
As in the previous theorem, we can find a finitely generated subgroup H; of G such that

all the entries in the matrix associated to a; come from Rp,. Thus we have a chain
Hi<Hy<...

of subgroups of G. Let H := 1_131 H;. Then H is a countably generated subgroup of G and
the matrix associated to each a; can be thought of as having entries from Ry. Let L; be

the left Ry-module presented by «;, then we have an exact sequence
Ai ﬁ—) Ba(i) —L; =0

and we see that L; is a finitely presented left Ry-module. It follows that we have an exact

sequence of colimit systems:
(Ai) =2 (Bag) = (Li) = 0.
Taking the colimit of the columns, we get an exact sequence
A2 B-limL; -0,
i
and so M := ll_tgz L; is a countably presented left Rpy-module. Since R ®g, — is a right
exact functor, we see that M = R®gry M ', as required. O

The following definition requires us to recall the module B, introduced in Example

1.2.9.
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Definition 2.4.6. Let G be a group and R a strongly G-graded k-algebra. Left R-modules

M for which B ® M is projective as a left R-module (with the semi-diagonal action of R)

are said to be cofibrant.

Proposition 2.4.7. Let G be a group and R a strongly G-graded k-algebra. Suppose that
M is a cofibrant left R-module. If M has finite projective dimension then M is projective.

Proof. We have a split short exact sequence of k-modules:
0—>k—B—B—=0.
Tensoring this with M over k yields the short exact sequence
0->M-—>BM—>B®M —0.

B is a free k-module (see Lemma 5.1 of [4]) and so by Lemma 2.4.1, B® P is a projective
left R-module for any projective left R-module P. On tensoring a projective R-resolution
of M with B, we see that pdr(B ® M) < pdr(M). It follows, by Lemma 1.5.9, that
0 = pdr(B® M) = max{pdr(M),pdr(B® M)}. That is, M is a projective R-module. O

Lemma 2.4.8. Suppose that Ty (o < 7) is an ascending chain of groups, for some

ordinal v, with union J,..T'a = I and R is a strongly I'-graded k-algebra. If M is a

a<y
left R-module which is projective as a left Rr,-module for each subgroup I'a, then M has

projective dimenston at most one.

Proof. Define I'y := I'. We may assume 7y is a limit ordinal for if it were a successor
ordinal, then there would be a greatest ordinal 3 less than vy and so I' = I's4+1. We may
also assume that the union I' = | J,, <y I', is continuous in the sense that if 3 <~ and 8 is
a limit ordinal, then I's = s« Te-

Since M is projective as a left Ri-module, P = R®g, M is a projective R-module
(by Lemma 1.5.20) and the map from P to M is a surjective homomorphism. For each of
the subgroups [y, let Qo := R®pg; M and let P, be defined as the kernel of the natural

surjective map from P to Q- Thus for each a < v, we have a short exact sequence

0> Py, 3P —>Qy—0

in which Q. is projective. Define Q := M.
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Ifa < B <7, then Qs < Qq and P, < Pp. It follows that the surjective map Qo = Q3

splits and its kernel K is projective. We have the following diagram

])' 0 K
Y SN SN S
N
0 » P > P y Qg 50
1
P,B/Pa 0 6

and so by The Snake Lemma, K = Pg/P,. Thus the short exact sequence 0 — P, —
Ps — Pg/P, — 0 splits and Py = Py @ (P3/P,). Furthermore, if 8 < v and 3 is a limit
ordinal, then P = (J, g Pa- It follows that the kernel P, of P — M has a transfinite
filtration by projective modules.
We have a colimit system

1@(0—>Pa = P = Q)

a<y
of short exact sequences which is equal to

0— lim Fp = P — M —0
a<y

because l_1_r_1>1 is left exact and l_igaq Qo = M, by the above discussion. Thus it remains
to show l'iga<7 P, (= liﬂPa) is a projective R-module. We will do this by showing
Hom R(l_iLn} P,,—) is an exact functor.

Given a surjective map U ~5 V — 0, we have the following diagram

Po

1

EE P, 6.

P

U_lr__)v______)o

where 8, is the map obtained from 6, by projectivity of P,. We want to show that we
can always find a map h_rl}lPa — U making the bottom triangle commute in such a way

that éﬂlpa —f, foralla < B <7.

First choose §y. Then, for the choice of §,, we have two options:
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® o is a limit ordinal.

Define

® « is a successor ordinal.

Ja

Wr—U——V<— .

First choose any map ¢ : Py+1 — U such that 7o ¢ =0441. On P, look at the following

composite:

WO(éa—QSOLa) = WOéa—ﬂ0¢0La

= 04 —0aq101L,

I

Ha_aa

= 0.

Thus 8, — ¢ o ¢, factors through W := Ker r.
We can extend éa —@oug toamap 9 : Pyr1 — W (because Py = Py @ (Pat1/Pa)s

as we saw above). Consider ¢ +1): Py 1 = U :

(¢+¢)1Pa = ¢°La_¢’oba+éa

= b,
Define 0,41 := ¢ + . The result follows. O
Here is a Lemma and a Corollary due to Cornick and Kropholler:

Lemma 2.4.9 (The tensor identity for strongly graded algebras). If G is a group. H a
subgroup of G and R a strongly G-graded k-algebra, then for every left R-module M. therc

18 an isomorphism

R®p, M =k[G/H)@ M:r®@m— gH @ rm
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for r of degree g. R ®ry M has the action of R on the left and ]k[G/H] ® M has the

semi-diagonal action of R.

Proof. This is Lemma 5.1 of [10]. 0

Corollary 2.4.10. If G is a group, H a subgroup of G and R a strongly G-graded k-

algebra, then for every left R-module M, there is an isomorphism
Homy (k[G/H], M) = Homg,, (R, M); ¢ = (r = r(¢(g™ ' H)))

Jor r of degree g. Homp, (R, M) has the usual action of R and Homy(k[G/H], N) has the

semi-diagonal action of R.
Proof. This is Corollary 5.2 of [10]. O

The following theorem generalises Theorem 5.7 of [3] although the argument is essen-

tially the same.

Theorem 2.4.11. Let G be an LHF-group and R a strongly G-graded k-algebra. If M is
a left R-module such that B® M has projective dimension at most r and M has projective
dimension at most v as a left Rg-module for all finite subgroups H of G, then M has

projective dimension at most r.

Proof. Observe that Q"M is a cofibrant R-module: if P, - M — 0 is a projective
resolution of M as an R-module, then the r*? kernel of B P, > BM — 0is BV M
which is projective because B ® M has projective dimension at most r. Also, Q"M is
projective as an Ry-module for all finite subgroups H of G. It follows that we may
assume B ® M is projective and that M is projective as an Ry-module.

First suppose that G is an HF-group. We use an inductive argument to prove that A
is projective as an Rr-module for all subgroups I" of G. The proof is on the least ordinal
a such that I' belongs to the subclass HF, of HF. If @ = 0, then I belongs to HFo which
is the class of finite groups and so M is projective as an Rr-module by hypothesis.

If a > 0 then there is an action of I' on a finite dimensional contractible cell complex

X with each isotropy group belonging to HFs for some 8 < a. The cellular chain complex

of X is an exact sequence

0_>C7___)—-)Cl—-)00—)]k-—)0



CHAPTER 2. GENERALISATIONS 67

of permutation modules over kI'. Tensoring with M and using the semi-diagonal action

of Rr yields the exact sequence

0—>CT®M—)---—)01®M—)C()®M—>M—>0

of Rp-modules. Now each Cj is a direct sum of modules of the form k[I'/K] where K is a
cell stabiliser for the action of ' on X and so C; ® M is a direct sum of modules of the

form k[I'/K] ® M. Using the tensor identity, we have
K[[/K]® M = Ry ®g, M.

By induction, M is projective as an Rg-module for all isotropy groups K. By Lemma
1.5.20, each of the Rr ®g, M are projective Rr-modules and so M has finite projective
dimension as an REr-module. Applying Proposition 2.4.7, we deduce that M is a projective
Rr-module. The case I' = G proves the theorem for HF-groups.

Now suppose I' is an LH§-group which is not an HF-group. Then I is necessarily

uncountable and so can be expressed as an ascending union I' = | J,_, [, (for some ordinal

a<y
7) in such a way that each I', has strictly smaller cardinality than I'. Thus R = {J, ., Br,.
By induction, M is projective as a left Rr_-module for each subgroup I'. By Lemma 2.4.8,

M has projective dimension at most one. By Proposition 2.4.7, M is projective. O
Here is the statement of Aljadeff and Ginosar’s theorem:

Theorem 2.4.12. Let G be a finite group, R a strongly G-graded k-algebra and N a left

R-module. Then the following are equivalent:
(i) N is projective over R.
(ii) N is projective over Rg for each elementary abelian subgroup E of G.

The following is a generalised and strengthened version of the Vanishing Theorem of
Cornick and Kropholler ( [10], Section 8). Their theorem covers the case when G is an H-
group. We show that their result holds for any LHJ-group and in fact that it makes sense to
state the result for a pair consisting of an arbitrary group together with an LH§-subgroup.
When this subgroup is an HF-subgroup, our argument is similar to that of Cornick and

Kropholler, but even this special case is not simply a corollary of the Cornick Kropholler

result.
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by
Theorem 2.4.13. Let G be a group, R a strongly G-graded k-algebra, M a left R-module
of type FPo and N a left R-module which has finite projective dimension over Ry for all

. /\i
finite subgroups H of G. Then Extp (M,.R ®Ryr N) is zero for all ¢ and all LHF-subgroups
I' of G. If G is an LHE-group, then Ext%(M,N) s zero for all 1.

Proof. First assume that I' is an H§-group. We use an inductive argument on the least
ordinal a such that I' belongs to the subclass H,§ of HF. If & = 0, then T belongs to HyJ
which is just the class of finite groups and so R @ N has finite projective dimension by
Lemma 1.5.20. Thus the claim holds in this case because complete cohomology groups

vanish on modules of finite projective dimension.
If a > 0 then there is an action of I' on a finite dimensional contractible cell complex

X with with each isotropy group belonging to Hg¥ for some 8 < a. The cellular chain

complex of X is an exact sequence
0—-Cr—--—>C1 2>C—k—0

of permutation modules over kI'. Tensoring with N and using the semi-diagonal action of

Rr, yields the exact sequence
0C, N> -+ 3Ci®N>Ci®N > N0

of Rp-modules. Applying the functor R®pg — preserves exactness because R is projective

as a right Rp-module, by Lemma 1.1.13 and yields the exact sequence
0 R®g (Cr®N) = --- > R®r. (C1 ®N) > R®p. (Co®N) > R®pr, N =0

of R-modules. Each Cj is a direct sum of modules of the form k[['/K] where K is a cell
stabiliser for the action of I' on X and so R ®rg. (C; ® N ) is a direct sum of modules of

the form R ®r, (k[['/K]® N). Using the tensor identity, we have
Ren, (K[/K]® N) = R@r, (Rr @ N) = ROny N

By induction, E/b?t; (M ,R®Rr, N ) vanishes for all isotropy groups K. Since M is of type

FPso, E/))R;Z (M , —) commutes with arbitrary direct sums and so we deduce that
Exty(M,R®g, (C;®N)) =0

for all 7, j. Thus the functors E/b?t;{ (M , —) vanish on all but the right-hand module in the

exact sequence of R-modules, vide supra. By Lemma 2.1.13. it follows that these functors

vanish on the right-hand module as well.
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Assume now that I is an LH§-group. Then, I' = l'ggrl where the limit is taken over all

finitely generated subgroups I of T, ordered by inclusion and so Ry = HERF’- Recalling

that every finitely generated LHF-group is an H{§-group, it follows that for all /.
Extp(M,R®p N) = Exty(M,limR o, N)
= ligExig(M,R®x, N)
= 0.
If G is an LHF-group, then taking I = G establishes the theorem. a

Kropholler outlines a version of the Eckmann-Shapiro lemma for complete cohomology

in [24]:

Lemma 2.4.14. Let G be a group, H a subgroup of G, R a strongly G-graded k-algebra,
M a left R-module and N a left Rg-module. Then for all n, there is a natural isomorphism
between E}R%(R ®ry N, M) and E/b?c;H (N, M).

The concluding result of this chapter was inspired by Theorem 7.6 of [3].

Theorem 2.4.15. Let G be an LHF-group and R a strongly G-graded k-algebra such that
Ry is left Noetherian and has finite left global dimension. Let M be a left R-module such
that for every finite elementary abelian subgroup E of G and every finitely generated left
Rg-module N we have E/b?c?g (R ®Ry N,M) = (. Then

(i) M has finite projective dimension as a left Ry-module for every finite subgroup H
of G.

(i) If M is of type FP, then M has finite projective dimension.
(i) If B® M has finite projective dimension then M has finite projective dimension.
Proof. By Lemma 2.4.14 we have that
Bxtp, (N, M) = Exty(R ®r, N, M) =0,

by hypothesis. By Theorem 2.2.9, we deduce that M has finite projective dimension as a

left Rp-module for every finite elementary abelian subgroup E of G.

Fix a finite subgroup H of G. Then H necessarily contains finitcly many elementary
abelian subgroups E. Define n := max{pdr, (M )}. Then any partial projective resolution

of M as a left Ry-module

0K Py,—-—>>P—M->0
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(where K is the kernel of the map P, — P,_;) is necessarily a projective resolution of
M as a left Rg-module; that is, K is a projective Rg-module for each elementary abelian
subgroup of H. By Theorem 2.4.12, K is a projective Rg-module and so M has finite
projective dimension as a left Ry-module.

If M is of type FP,, we may apply Theorem 2.4.13 (taking N = M and i = 0) and
Lemma 2.1.8 to deduce M has finite projective dimension. If B ® M has finite projective

dimension, we may apply Theorem 2.4.11 to deduce M has finite projective dimension. [



Chapter 3
Categorical Considerations

3.1 Some basics

We recall some basic notions. Much of what follows in this section can be found in [21]

or [29].

Definition 3.1.1. Let C be an abelian category. A complex (X,,d,) in C consists of a

sequence of modules and maps
dn+1 dn
-.._).Xn_'_l—-}xn_)xn_l—)...

where each X; is an object of C and each of the d; (called differentials) are morphisms

in Home (X5, X;_1) subject to the condition d;_; o d; = 0 for all i € Z.
Definition 3.1.2. If (X,,d,) and (Y,,d,) are complexes, then a chain map
f=fo:(Xe,de) = (Ya,d,)

is a sequence of maps f; : X; — Y for all 1 € Z making the following diagram commute:

dit1 d;
""_"X’H—l 7\Xi 'y ] — -
fiHJv , fiJ, fi—lJ
!
d d
e — Y »Y; P Y —

Remark 3.1.3. The category of complexes is again abelian (see, for example [29]) and is

denoted by C(C).

Definition 3.1.4. A complex is bounded above if X; = 0 for large enough n. bounded

below if X; = 0 for small enough n and bounded if bounded above and below.

71
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Example 3.1.5. Every short exact sequence 0 — 4 — B — C — 0 is a complex if we
define X; = A, Xg = B, X_; = C and X; =0foralli¢ {-1.0,1}. The differentials
agree with the maps of the short exact sequence and are the zero map elsewhere. This is
an example of a bounded complex.

Similarly, any we can associate a complex to any module by defining Xq = Al and
X; =0 for all ¢ # 0 and letting all differentials be the zero map. Alternatively. we could
associate to M a projective resolution of M and define X1=M X,=0fori < —2
and X; = P; for ¢ > 0 where the P, come from the projective resolution of M. The first

complex associated to M is bounded and the second bounded below.

Definition 3.1.6. A chain map f : (X,,d,) — (Ye,d,) is said to be nullhomotopic if,

for all 7, there are maps s, : X; — Y,,,1 with

J
fi=di 108+ 810d;

diy1 d;
)Xi—{-l %X,'——Z—)Xi_l——%”

ol A

=Yy Y — Y —— -
dit1 d;

If f,g : (X.,do) — (Ye,d,) are chain maps, then f is homotopic (or homotopically
equivalent) to g, denoted f ~ g, if f — g is nullhomotopic. = is an equivalence relation on

chain maps.

For a complex X in C(C), the n?*-homology of X is the quotient Kerd,,/Imd,;.
Thus we have an additive functor H,(~) : C(C) — C. Complexes with zero homology are

called exact or acyclic. Chain maps which induce isomorphisms on the level of homology

are called quasi-isomorphisms.

Example 3.1.7. Let M be a module in an abelian category C. If M has a projective

resolution --- — P; — Py — M — 0, then we can form the following map of complexes:

"‘——)PZ'———)PI d %P() 50
Lol
40

i) —— 0 » M

— ..
) .

with M appearing in degree 0. Upon taking homology, we obtain

y 0 y0 — By/Imdy —0—— -~
—0 30 — M —0 P
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and we see that the map of complexes defined before is a quasi-isomorphism

Proposition 3.1.8. Homotopic chain maps induce the same homomorphism between ho-

mology groups: if f,g: (X,,d,) — (Ye,d,) are chain maps and f = g, then
fan = Gxn : Hn(Xo) - Hn(Yo)

Definition 3.1.9. Let (X,,d.) — (Y,,d,) be complexes and f a chain map between them.
The mapping cone of f is the complex M (f) where

M(f)i=X,10Y;

and the differentials are given by

that is,
d; (z,y) = (=di_1(2), d;(y) — fi-1())

for z € X;_1,y € Y;. M(f) is related to X and Y via a(f) : Y — M(f);y — (0,y) and

B(F): M(f) = X[1]; (z,y) = —=.

Lemma 3.1.10. A chain map f : (X.,ds) — (Ys,d,) is a quasi-isomorphism if and only
if the mapping cone M(f) is ezact.

Proof. This is Corollary 1.5.4 of [29]. O

Given the category of complexes C(C) for some abelian category C, the homotopy

category K(C), is the category whose objects are the same as those of C(C), but whose
morphisms are

Homg ) (X,Y) = Homg ) (X, Y)/ ~
where ~ denotes homotopic equivalence. K(C) is an additive category, but may no longer

be abelian.

Definition 3.1.11. Let n be an integer. The shift (by n) functor [n] is an au-

tomorphism of the category C(C) which sends a complex (X,..ds) to another complex

(X[n]e, dafn)) defined by X[n]; := Xign and djfp) := (—1)"ditn.

Remark 3.1.12. 1t is a feature of K(C) that M (a(f)) = X[1].
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Suppose we have a category K equipped with an automorphism 7. A triangle on an
ordered triple (A4, B, C) of objects of K is a triple (u, v, w) of morphisms, where v : 4 — B.
v:B — Cand w:C — 7A. This is displayed figuratively thus:

C
N
Auﬁ\B

A morphism of triangles is a triple (f, g, h) forming a commutative diagram in K:

A——B—2sCc—574

[ O N

\
7
u I
v
AI >BI >C w >7—14,

We now proceed to the definition of a triangulated category, essentially as it appears
in Weibel’s book (page 374 of [29]). It will be noted that Weibel’s definition is the same as
that of Verdier (see page 266 of [13]). Konig’s treatment (see page 11 of [21]) is different: he
has six axioms to Verdier and Weibel’s four. What Konig and Verdier call a ‘distinguished
triangle,” Weibel refers to as an ‘exact triangle,” and Verdier has no name for the axiom

the other two call ‘the octahedral axiom’.

Definition 3.1.13. An additive category K is called a triangulated category if it is
equipped with an automorphism 7 : K — K (called the translation functor) and with a
family of triangles (u,v,w) (called the distinguished triangles in K) which are subject
to the following four axioms:

(TR1) Every morphism v : A — B can be embedded in a distinguished triangle
(u,v,w). If A= B and C = 0, then the triangle (id4,0,0) is distinguished. If (u,v,w) is
a triangle on (A, B, C), isomorphic to a distinguished triangle (u,v,w) on (A',B',C",

then (u,v,w) is also distinguished.

A—2 B0 —7TA

FPFF

A Ao p 0 A

This is really three axioms; indeed, they are the first three axioms (TR0, TR1, TR2) in
Konig’s paper.
(TR2) (Rotation). If (u,v,w) is a distinguished triangle on (A.B.C). then both

its ‘rotates’ (v,w,—7u) and (=7 lw, u,v) are distinguished triangles on (B.C.7.1) and
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-1 . o . . .
(t7°C, A, B) respectively. Konig’s rotation axiom states that (u, v, w) is distinguished
if and only if (v, w, —7u) is distinguished, which is seen to be equivalent to Weibel and
Verdier’s axiom.

(TR3) (Morphisms). Given two distinguished triangles

C
N
A uﬁ‘B

and

C/
X
A ~—— B
with morphisms f : A - A, g : B —» B’ such that gu = u f, there exists a morphism
h:C — C so that (f,g,h) is a morphism of triangles.

A——-B—25C YT A

b J ¥

v ——»c —>TA

A

(TR4) (The octahedral axiom). Given objects A, B,C, A, B',C’ in K, suppose there
are three distinguished triangles: (u,7,d) on (4, B,C"); (v,z,i) on (B,C, A'); (vu,y,§) on
(A,C, B'). Then there is a fourth distinguished triangle (f, g, (7;)i) on (C',B', A"

A/
(T\j)/ X
, F)
C 'B

such that in the following octahedron we have

(1) the four distinguished triangles form four of the faces;

(2) the remaining four faces commute (that is, 0 = 0 : C' 5B - rAandz =gy:
C - B — A);

(3) yv=fj:B— B

(4) ud =ig: B — B.
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Remark 3.1.14. The octahedral axiom is notoriously confusing. Verdier does not provide
a pictorial representation of it, which is probably why he did not call it the ‘octahedral
axiom’: it is not immediately obvious that one can associate a Platonic solid to the rather
dry description of TR4 in [13]. In contrast, it would appear that every treatment of this
axiom since Verdier has included some diagram or another in an attempt to make the
octahedron explicit. Konig’s picture looks nothing like an octahedron, it being a 4 x 4
commutative diagram although the reader is assured that the octahedral axiom can be
viewed as a “kind of first isomorphism theorem,” which of course depends on how one
numbers the isomorphism theorems. Weibel provides a very nice diagram in his book of
an octahedron with appropriately labelled vertices and edges. One drawback is that it is
difficult to discern a given face. The current author feels that a diagram retaining aspects
of clarity from both authors would be one which is planar (Konig) and demonstrates the

octahedron (Weibel), hence the use of the octahedral graph in TRA4, above.

Example 3.1.15. Proposition 10.2.4 of [29] shows that the category K (C) with automor-
phism 7 = —[1] (shift by 1 composed with multiplication by —1) is a triangulated category.

The triangles are diagrams of the form

and the distinguished triangles are triangles of the form
x Ly v 29 x.

Remark 3.1.16. The category K(C) contains the full subcategories A *(C) of bounded



CHAPTER 3. CATEGORICAL CONSIDERATIONS 7

below chain complexes, K~ (C) of bounded above chain complexes and K 5(C) of bounded

chain complexes, all of which are triangulated.

3.2 Triangulated categories

The following lemma requires us to recall the module B, introduced in Example 1.2.9.

Throughout this section, k will denote a commutative ring
Lemma 3.2.1. Let G be a group and k a commutative ring. Let B = B(G,k). Then
(i) B is free as a k-module;
(ii) B is free as a kH-module for each finite subgroup H of G.
Proof. This is Lemma 9.1 of [10]. a

The sequence

0>k—>B—>B-0

is split as a sequence of k-modules because the module B is free as a k-module (see Section
3 of [9]). If R is a strongly group-graded k-algebra and P a projective left R-module, then
Lemma 2.4.1 tells us that B ® P and B ® P are projective left R-modules with the semi-

diagonal action of R. Also, given any left R-module M, we have a short exact sequence
0->M-—->BOM ->B®M =0

of left R-modules.
The following is a strengthened version of Proposition 9.2 of [10] in that we extend the

result to include LEF-groups. The argument is essentially the same, the only difference

being that we make use of Theorem 2.4.13.

Proposition 3.2.2. Suppose that G is an LH§-group and that R is a strongly G-graded
k-algebra. Let M be a left R-module of type FP. Then the following are equivalent:

(i) B® M has finite projective dimension over R.
(ii) M has finite projective dimension as an R1-module.

Proof. (i) = (ii) If B ® M has finite projective dimension over R. then by Lemma 1.5.20

it has finite projective dimension over R;. By Lemma 3.2.1, B is free as a k-module and



CHAPTER 3. CATEGORICAL CONSIDERATIONS 78
{

so M has finite projective dimension as an Rj-module because it is an R;-module direct
summand of B ® M.

(ii) = (i) Suppose pdg, (M) < co. We show that B® M has finite projective dimension
as an Ry-module for all finite subgroups H of G. Fix a finite subgroup H of G. Then B is
free as a kH-module by Lemma 3.2.1 and so B® M is a direct sum of copies of kH ® M as
an Rp-module. By the tensor identity, Lemma 2.4.9, kH ® M is isomorphic to Ry ® Ry M
which has finite projective dimension over Ry by Lemma 1.5.20. Since this is true for all
choices of H, it follows from Theorem 2.4.13 that E/]}?t(;z (M,B®M) = 0. As was remarked
in Section 9 of [10}, this implies that E/);t(;z (B® M,B® M) = 0. It follows by Lemma
2.1.8 that B ® M has finite projective dimension as an R-module. O

Let G be a group, H a subgroup of G, k a commutative ring and R a strongly G-graded
k-algebra. Write gpmod for the category in which the objects are finitely generated left
R-modules of type FP,, which have finite projective dimension as left Rj-modules. The
maps from M to N in gmod are given by Hompg(M, N). We write gstmod for the category
with the same objects as gmod, but whose maps are given instead by E/b?c(;z(M ,N).

We also define gMod to be the category in which the objects are left R-modules M such
that B® M has finite projective dimension. The maps are given as before by Homp (M, N).
We write pStMod for the category with the same objects as gMod, but whose maps are
given instead by E-x\t(;z (M , N ) Note that since B is free as a k-module, every module in
zMod has finite projective dimension as an Rj-module because M is an Rj-module direct
summand of B ® M.

By dint of Proposition 3.2.2, we see that when G is an LHF-group and R is a strongly
G-graded k-algebra, gmod can be realised as a full subcategory of gMod, and gstmod can

be realised as a full subcategory of gStMod.

Proposition 3.2.3. Let G be a group and R a strongly G-graded k-algebra. For left

modules M, N in gStMod, the following are equivalent:
(i) M is isomorphic to N in gStMod.

(i) There exist r € No and projective left R-modules P and Q such that

(M) P2 (N)®Q.

Proof. We use =~ to denote an isomorphism in gStMod.
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(=) M ~ N, then there exist f € Exty (M, N) and g € Extp(N. M) such that go f
represents the identity in ﬁ)?c(;z (M M ) and f o g represents the identity in E/‘,}R[I){(N. N).

If g o f represents the identity in E/))?c(l)% (M, M ), then there exist an integer r > 0
and p € Homg(Q2"M,Q"N), 0 € Homp(Q2"N,Q"M) representing f and g. such that
oo p=1idgry in Homp(Q"M,Q"M). Let ¢ and ¢ be R-module representatives for p and
o respectively. Then there exist projective modules @1, Q2 and R-maps «a; : Q"M — Q.
B1: Q1 = UM, ay: "M — Q2, B2 : Q2 — Q"M with ¢ o ¢ = idgra; + 1 0 a7 and
pop =idorn + P20 as.

To avoid notational overload, let us denote idgr s by 1. Choose a projective module P

which maps onto 2" M. Since 1 o ¢ — 1 factors through @1, we have the following diagram

@
P o arm

where
pop—1=pFioa;=0d0o0v0a

and we see that 1 o ¢ — 1 maps though P.
Denote the composite v o a; by €. Then po¢ —doe = 1. We have the following

sequence:

oMl poan ¥ am

and so Q"M is a direct summand of P @ Q"N.

Composing (g, ¢) and (—4,4) the other way, we obtain
c: PN W an Y paoan.
The composite e is an idempotent endomorphism of P @ 1" N because
& = (e —9), 9w —9)
= (e(—0e + o) (¢ — 6), (e + $d) (¥ —9))
= (e(y — ), p(¢ —9))

= €.

!
Because e represents the identity map in Homp(POQYN.POQUN ), so 1" — e represents

the zero map (where 1" = idpgarn) and so factors through a projective module @ . say.



CHAPTER 3. CATEGORICAL CONSIDERATIONS 80

1 — e is also an idempotent endomorphism of P @ Q" N. We have the following diagram:

!

1 —e

, - T
Im(l' —e)——POUN —Q ——PdUN—»Im(l —e)

The composition of the maps is the identity on Im(1'—e). It follows that Im(1' —e) = Kere
is a direct summand of Q" and so is projective. Thus Kere @ Q"M = P @ Q" N.

(<) We have Homp(Q'(M) & P,Q'(N) @ Q) = Homp(2'M, QN) and Homy(Qi(N) @
Q, V' (M)®P) = Homp (N, Q' M). Tt follows that there exist maps f; € Hompg(Q'M. Q!N)
and g; € Homp(Q'N, QM) such that f; o g; = idgij, in Hom (M, QM) and g; o f; =
idgiy in Homp(2'N, Q°N). Because € is a functor on these Homp, sets, it follows, by the

L —0
definition of Ext R(M , N ), that M and N are isomorphic in gStMod. O

Next, let pMod, be the full subcategory of fMod consisting of the cofibrant R-modules
and let RStMod,. be the corresponding full subcategory of gStMod. Similar definitions exist

for gmod, and gstmod,.

Lemma 3.2.4. Let G be a group, k a commutative ring of coefficients and R a strongly G-
graded k-algebra. The inclusion of the subcategory rStMod, into rStMod is an equivalence

of categories.

Proof. Let M be a module in gStMod and suppose that B ® M is projective. Then M is
a module in gStMod. and in particular, B ® M lies in pStMod, also.
Now suppose B ® M has projective dimension r. Recall that there is a k-split exact

sequence

0s5k—-B—>B—0

where B is the free k-module described in the last section, and B is the free k-module

Coker(k — B). Then given a projective resolution P, — M — 0 of M, we see that
0BV M>B®P,_1—--—B®FPh—>B®M >0

is a projective resolution of B ® M and so in particular, Q"M is a cofibrant R-module.
We claim that in gStMod, M is isomorphic to B @ O'M where B =B®---®B

(r copies). We have short exact sequences

05 OM-o>BWM-—>BQM—0

0—>§®QTM——>B®§®QTM—>B'®2®Q’M——>0
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i1 5 .
0B @M BB ' M 5 BY 00" M - 0

0=+BY '@ M 3BoBY oM 5B @ UM — 0

in which each middle term is projective: B®Q" M is projective and B is free as a k-module
so by Lemma 2.4.1, B® B¥ @0 M is projective for each 0 < i < r — 1 where B © := k.

Splicing these sequences together, we obtain a long exact sequence
0 Q"M ->BVFM BBV M—--5 BB '@UM BV QM -0

which can be interpreted as a partial projective resolution of BS" ® Q"M with r" kernel
O"M. It follows that the projective resolution of M, mentioned at the start, agrees with
the projective resolution of B @M just constructed from the r** term onwards and

so, by Proposition 3.2.3, M is isomorphic to B®¥ ® Q"M which lies in rStMod.. O
We need the following:

Lemma 3.2.5. Let G be a group and R a strongly G-graded k-algebra. Let M be a cofibrant
left R-module. Then there are projective left R-modules Py, P, and P3 such that

MoP,=2(BROM)e P, 2 QBQM)® Ps.

Proof. We have the short exact sequence 0 — QM — FM — M — 0. Since B is a free

k-module, we have the short exact sequence

03 BROM -B®FM —-+B®M —0.

We also have

03>M—->B®M—->B®M—0

because 0 — k — B — B — 0 is k-split. By definition, we have the short exact sequence
05 QBoM) > FBM)—»B®M 0.
Applying Schanuel’s Lemma to the first two short exact sequences,

(BoOM)e (BeM) =M (B FM).
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2

Applying the Lemma to the second and third sequence and then to the first and third. we

see
MoFBOM)=QBe M) (B® M)
and
(BeOM)o F(BoM)=QBoM)o (Be FM).
Taking P, = F(B® M) & (B® FM), P, = (B® M) ®F(B®M)and Py = (B® FAl) @

(B ® M) establishes the lemma. O

Lemma 3.2.6. Let R be a ring. Suppose we have a commutative diagram

0 0 0
0— 4" ——pB" "5 o" 0
o B Y
4 . 4 x 4
0— 4 » B — >0
al , ﬁ, ’ ’yl
0— 4 —— B "> » 0
0 0 0
of left R-modules with exzact rows and columns. If the middle row is split, then we have a
diagram
0— 4" y B” >T Yok » 0
0— A" - A — B’ y O y 0

with ezact rows in which the outside squares commute and the middle square anticommutes.

Proof. We have the following diagram
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with exact rows where p and k are the splittings of the exact sequence 0 — 4 — B —

C — 0. Observe that the left-hand square commutes:

" "
kKofor —a = kKofor —KoLoq

= ko(Boi —ioq)

=0

by commutativity of the top left square of our original 3 x 3 diagram and the fact that the

composite x o ¢ is the identity on A.

The right-hand square commutes because

wlolB’op—'y/ = W,OIB,Op—’)’IOﬂ'Op
= (Fof 7y omop
= 0

by commutativity of the bottom right square of the 3 x 3 diagram and the fact that the
composite 7 o p is the identity on C.

For the middle square, consider 8 opoyon +¢ oa okofB. By commutativity of the
top right square of the 3 x 3 diagram, 7y o 7 = o3 and by commutativity of the bottom

left square of the 3 x 3 diagram, ¢ oo/ = 8 o. It follows that

!

g opoyor +/0d okoBf = Bopomof+f owop
B o(pom+iok)op
= B op
0.

O

Lemma 3.2.7. Let G be any group and R a G-graded k-algebra. Let 0 — K — L —

M — 0 be a short ezact sequence with M cofibrant. If Q) is a projective R-module, then

the sequence

0 — Hompg(M, Q) — Hompg(L, Q) — Hompg(K,Q) — 0

18 exact.

Proof. Hompg(—., Q) is left exact, so it suffices to show that the map Hompg(L.Q) —

Hompg (K, Q) is an epimorphism.
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Applying the functor Hompg(—, Q) to the split short exact sequence 0 - k —» B —

B — 0 gives rise to the short exact sequence

0 — Homy (B, Q) — Homy (B, Q) - Homg(k, Q) — 0

which is split because (applying Corollary 2.4.10) Homy(k, Q) = Homg(R.Q) = Q is a
projective R-module, and so Q is a direct summand of Homy (B, ). We have the following

diagram

HomR(L7 Q) — HOII]R(K, Q)
Homp (L, Homy (B, Q)) —— Hompg(K, Homy (B, Q))
and so it suffices to show that the bottom map is a surjection.

By Lemma 1.2.12, the bottom row of the above diagram is equivalent to
Hompg(B ® L,Q) — Homg(B ® K, Q).

Tensoring 0 - K — L -+ M — 0 with B gives the short exact sequence 0 - B® K —
B® L — B® M — 0 which is split because B ® M is projective. It follows that the map
Hompg(B ® L,Q) — Homg(B ® K, Q) is surjective. O

Lemma 3.2.8. Let G be a group, k a commutative ring of coefficients and R a strongly

G-graded k-algebra. For modules M and N in gStMod,, the natural map Homg(M, N) —

=0 . . .
Ext R(M , N ) is an isomorphism.

Proof. We show the natural map Q : Hompg(M, N) — Homp(2M, QN) is an isomorphism
from which we deduce that Homp (Q'M, Q*N) — Homp (21 M, Q"1 N) is an isomorphism
for all ¢ and so E/)x\t%(M,N) = Homp(M, N).

Surjectivity: Given a map ¢; : QM — QN, we can find a map ¢, : Pyy — Py making
the left-hand square commute in the diagram below. For, by Lemma 3.2.7, the map
Hompg (P, Pn) L—7”—> Hompg (M, Py) is surjective, and so we can find ¢o € Hompg(Pys. Py)
satisfying ¢}, (¢2) = en o ¢1; that is, gpoenr =N o ¢1. The proof of surjectivity is now the
same as that of Lemma 2.1.14, giving us a map ¢3: M = N which makes the right-hand

square commute.

0 —— QM 2 Py =5 M ——0

R

0 —— QN X Py =5 N ——0
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Injectivity: Suppose we have a map ¢ : M — N with the property that Q(¢) represents
0 in Homp (M, QN); that is, Q(¢) factors through a projective module P. Then, we have

the following diagram in which ¢ : Py — Py is the map induced from ¢:

127

0—OM —>PM—7rM—)M——)()

A
RN

0—— QN — Py 25 N—0

Q(¢)

The map 8 : Pyy — P exists and makes the top triangle commute by Lemma 3.2.7. 6 : P —
Py is defined to be the composite tn o -y. From here, the proof of injectivity is the same

as that of Lemma 2.1.14: ¢ factors through Py and so represents 0 in Homp (M. N). O

Let us now consider the structure of gStMod. To that end, replace an object M by
an object My in pStMod, isomorphic to it. We will show that pStMod is a triangulated
category. Define a translation functor on pStMod by 7(M) = B ® Mjy; this acts as an

inverse to the functor €2:
Lemma 3.2.9. 7 and Q are mutually inverse functors.

Proof. Tt is easily checked that 7 is indeed a functor, so we prove that it acts as an inverse
to €.
We have
M -5 B® My -5 QB ® M).

By Lemma 3.2.5, Mo® P = Q(B® M) ®Q, so My is isomorphic to Q(B® My) in gStMod,.

Since M ~ My, it follows that M ~ Q(B ® Mo).

Composing the other way:
M- oM 5 B e (QM)o.

If B® M has projective dimension at most 7, then B ® QM has projective dimension at
most r—1. (M )p is the module B ROV LOM) = B '®Q"M (see the reasoning in

- =S —®r—-1 —=Nr r
the proof of Lemma 3.2.4). It follows that B&(2M)o = Bo(BY '@ M) =B @M.

which is isomorphic to M in rStMod,. O

Define the distinguished triangles in #StMod to be the triangles which are isomorphic

to triangles of the form

M—oM =M —7(M)
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where

0> M -2 M —¢—>M"—>0
is a short exact sequence whose modules lie in gStMod, and 7 is the functor defined above.
Note that it makes sense to discuss injective and surjective maps in this category (up to
the addition of maps which factor through a projective module) because of Lemma 3.2.8.

Given such a short exact sequence, the map M — M" can be made injective by replacing

M by M" & (B® M') which is isomorphic to it in gStMod,: given a projective resolution
P3P 5P M — 0,
the sequence
i PP P®BOM) M & (BM) >0

is also exact and indeed a projective resolution of M" & (B ® M') (because B ® M’ is
projective). It follows by Proposition 3.2.3 that these two modules are isomorphic in

rStMod,. and we have a short exact sequence

0M Y5 M ®(BeM)— Cokeryy — 0.

We have the diagram

0 0

g ¢’ M 7
0 + M — BM

¢ L

f !

0—— 1 — M @ (Be M)~ Cokeryy —0
v

s

<4
n "

4
M

~- h

0 0
where ¢ : m = 1 ® ¢(m), o m = (p(m),1® m') and ¢ and 7 are the inclusion and

projection respectively. Note that the top square commutes:

Wp(m)) = ul®¢(m))
= (¢(p(m)),1® ¢(m))

!

= ¢ (¢(m))
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as does the bottom square:

Y (m)) = a(pm),1em)

We have a sequence

’

0> M- BoM Y% Cokeryy — 0

in which Im ¢ C Ker(@l oL):
Y orod =9 ogf 0 =0.

Let > ,b; @ m,; € Ker(@l 0)\Im¢'. Then (Y, b ®m;) € Kerqzzl = Imvy, so we can
find 3, n; € M such that zpl(zi ny) = (32, b; ® m;). In particular, > (W(n),1en) =
>°:(0,b; ® m;) and so >;%(n;) = 0. This means that there exist n; € M such that
¢(>;m:) = 3., n;, but it also means that (tod ) ;m) = (W o ®)(>_; ni), which equals
(32, b; ® m;), implying ¢ (;m) = > bi ® m; (because ¢ is injective). Contradiction.
Thus Ker(@l 0t) CIm¢ and the above sequence is exact.

We have the diagram

0 y M 'BOM ——BM——0
]
0 *M —— B® M — Cokeryp —— 0

and because the left hand vertical map is an equality, we can appeal to Proposition 3.2.3
to deduce that 7(M) = B ® M is isomorphic to Cokert in rStMod,. Thus it is clear

what to take for the map for the third morphism in the triangle
MosMoM - T(M).

We now show that the family of distinguished triangles just defined satisfy the axioms

for a triangulated category:

e (TR 1) Let u: A — B be a morphism in gStMod. Replace A and B by modules Ay

and By isomorphic to them in gfStMod.. Then we have a short exact sequence in gStMod,

0 — Ag — By — Cokeru — 0

and we deduce that
A - B — Cokeru — 7(A)
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is a distinguished triangle. It follows that every morphism can be embedded in a distin.
guished triangle.

The triangle (idyy,0,0) is distinguished. For, replace a module M by a module My in

rStMod, isomorphic to it. The sequence
0— My =5 My —0—0

1s exact and the result follows.
Suppose (u,v,w) is a triangle on (A,B,C) and suppose it is isomorphic to a distin-

guished triangle (u',v,w') on (A", B',C’). Then we have a commutative diagram

v w

A—2pB - C —25 7(A)

FFFF

A —— B o —Lr4).

We may assume that these modules lie in rStMod,. Since the bottom triangle is distin-

guished, it remains to check that that the top row in the diagram

B C
B/

3
7 |

1%

u
A y
'

v
l
u

0 » A 3

v 1 w
YO —0

is exact, which is patently the case.

e (TR 2) Let (u,v,w) be an exact triangle on (L, M,N). We have to show that
M -2 N - 7(L) is an exact sequence in zStMod, and also that the map 7(L) — 7(M)
is equal to —7u.

As we saw above, 0 > M il+ N @ (B® M) % (L) — 0 is a short exact sequence
which in gpStMod, is isomorphic to 0 = M - N — 7(L) — 0. The second point is
easily proved. It follows that (v, w, —7u) is a distinguished triangle.

A similar argument can be had for the triangle (—Qw,u,w) on the other ‘rotate’
(QN, L, M).

e (TR 3) Suppose we have two distinguished triangles L —» M — M - 7(L) and
L —Q M —v—,—> M —w;) 7(L') and maps f : L = L' and g : M — M’ making the first

square
vy Y 3N —7(L)

L M
|,
’ u, ' 'UI

I Y M s N —— (L)

S~
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commute. We can find a well-defined map h: N — N’ such that the diagram

0—L—— M-S N—

Lol

0——L —— M >N —0
commutes (by exactness of the rows). Similarly, we can find a map i : 7(L) = 7(L") which

can be shown to be equal to 7 f and so (f, g, h) is a morphism of triangles

* (TR 4) The Third Isomorphism Theorem for modules can be employed here because

we are dealing with short exact sequences.

3.3 Derived categories

In this section we will show that there is an equivalence of categories between RStMod and
the quotient category formed by the derived categories of two familiar examples. First we

introduce the notion of localisation. The following is from [29]

Definition 3.3.1. Let S be a collection of morphisms in a, category C. A localisation of

C with respect to S is a category S~IC, together with a functor q: C — S7IC such that
(i) g(s) is an isomorphism in S~IC for every s € S.

(ii) Any functor F' : C — D such that F(s) is an isomorphism for all s € S factors

uniquely through ¢. (It follows that S~!C is unique up to equivalence.)

Definition 3.3.2. The derived category D(C) of an abelian category C is the category
D(C):=Q 'K (C)
where () is the collection of quasi-isomorphisms. It is a triangulated category.

Remark 3.3.3. Because we will be working with categories of modules there are various
set-theoretic difficulties which we can ignore. Further information on these considerations

can be found in Set-Theoretic Remark 10.3.3 of [29].

We now give an explicit description of the morphisms in Q'K (C).

Definition 3.3.4. A collection S of morphisms in a category C is called a multiplicative

system in C, if it satisfies the folowing three self-dual axioms:

(i) S is closed under composition (if s,t € S are composable, then st € S) and contains

all identity morphisms (idy € S for all objects .X of C).
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(ii) (Ore condition) If ¢t : Z - Y is in S, then for every g : X — Y in C there is a

commutative diagram “gs = tf” in C with s € §.

_'f_)Z

1%

; l ;
x oy

(The slogan is “t g = fs~! for some f and s”.)

(iii) (Cancellation) If f,g : X — Y are parallel morphisms in C, then the following two

conditions are equivalent:

e sf = sg for some s € S with source Y.

» ft =gt for some ¢ € § with target X.
Definition 3.3.5. A chain in C of the form
fslx e x Ly

is called a (left) “fraction” if s € S. fs~!is equivalent to X +— X, -5y just in

case there is a fraction X <- X3 — Y fitting into a commutative diagram in C:

Z 1N

Xe——X3—Y

N

X2

Homg(X,Y) is used to denote the family of equivalence classes of such fractions.

Composition of fractions is defined as follows: given a fraction X « X -2 Y and

V<V 52 , we use the Ore condition to find a diagram

w fgr —Z

L

t
X ¢ x' 'Y

with s € S; the composite is the class of the fraction X < W — Z in Homg(X. Z). The

Homg(X,Y) form the morphisms of S~!C, which has the samc objects as C.

Remark 3.3.6. There is a similar notion of “right fraction™, from which one can also

. gt -
construct S~1C using the equivalence classes of ¢~ 1g : X Iy ey
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It is noted in [29], that the set Q of quasi-isomorphisms form a multiplicative system

in K(C), so we can describe the morphisms of the category Q1K(C) using the above

formulation.

Definition 3.3.7. Let B be a fu}l subcategory of C and let S be a multiplicative svstem
in C whose restriction SN B to B is also a multiplicative system. For legibility, write‘S Y]
for (SN B)~1B. B is called a localising subcategory of C (for S) if the natural functor
S~'B — S7IC identifies S—!B with the full subcategory of S~1C on the objects of B.

Lemma 3.3.8. A full subcategory B of C is localising for S if whenever C — B is g
morphism in S with B an object of B, there is q morphism B' — C in C with B’ an object
of B such that the composite B — B is in §.

Proof. This is Lemma, 10.3.13 (2) of [29]. O

Corollary 3.3.9. If B is a localising subcategory of C, and for every object C of C there
is @ morphism C — B is S with B an object of B, then S™1B is equivalent to S~C.
Suppose in addition that SNB consists of isomorphisms. Then B is equivalent to S~1C.

Proof. This is Corollary 10.3.14 of [29]. O

It is also shown in Weibel’s book that the subcategories K(A), K T(A), K~ (A) of
K (A) are localising for Q.

3.4 Equivalences

We will now study complexes comprising modules from categories we have already con-
sidered. Throughout, k will denote a commutative ring.

Following Chapter I1 of the Appendix to [13], we write K 1*(sMod) for the category
whose objects are the chain complexes of objects in gMod which are bounded below (this
corresponds to the first index, +) and whose homology is bounded (second index, b). The
maps are chain homotopy classes of maps. We write K®?(zMod) for the full subcategory
whose objects are bounded chain complexes and K®?(gMod) for the full subcategory
with the further restriction that the homology is zero; i.e. exact complexes. The derived
category D?(zMod) is the quotient category K®?(zMod)/K b¢(rMod), formed by formally

inverting quasi-isomorphisms. Details on forming quotient categories can be found in

Gabriel [15], page 365.
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We can also consider gProj, the full subcategory of RMod whose objects are projective
modules and we can form categories K+°(gProj), K®*(zProj), K®®(gProj) and D?(gProj)
in the same way as before. It is easy to see that K®%(gProj) is the trivial category with one
object and one morphism (any complex is homotopic to zero by the Comparison Theorem
for exact sequences), so that K°(gProj) and Db(gProj) are equivalent. Since zMod has
enough projectives we may replace objects by projective resolutions. Given any object
X, in K% (zMod), there is an object P, in K1?(zrMod) and a map of chain complexes
P, — X, inducing an isomorphism on homology. Such a map is called a projective

resolution of X,. The following shows this explicitly:

Definition 3.4.1. Let A be an abelian category that has enough projectives. A (left)
Cartan-Eilenberg resolution P, , of a chain complex A, in A is an upper half-plane
double-complex (P, , = 0 if ¢ < 0), consisting of projective objects of A, together with a

chain map (“augmentation”) P, o — A, such that for every p
(i) If A, =0, the column P} . is zero,

(ii) The maps on boundaries and homology
By(e) : Bp(P,d") = By(A)

Hy(e) : Hy(P,d") — Hp(A)

are projective resolutions in A, where By (P, d") denotes the horizontal boundaries
in the (p, q) spot, that is, the chain complex whose ¢'? term is d"(P,+1,4). The chain
complexes Z,(p,d") and Hy(P, d") = Z,(p,d")/Bp(P, d") are defined similarly.

Remark 3.4.2. Tt is shown in [29] that the total complex Tot®(P) — A is a quasi-
isomorphism in A. In case A is bounded above, the object P, of K+?(gMod) described

above is exactly this total complex.

Lemma 3.4.3. Let Q an object of K+?(gMod) and P an object of K+%(gProj). Then

every quasi-isomorphism t: Q@ — P 15 a split surjection in K+?(rMod).

Proof. The mapping cone M (t) = T(Q) ® P is exact by Lemma 3.1.10 and there is a

natural map a(t) : P — M(t);p = (0,p). The Comparison Theorem shows us that a(t)
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is null-homotopic by a chain homotopy v = (s,k) from P to Q @ T-Y(P). Thus

0,p) = a(t)(p)
= (dMWy + vdP)(p)
= (=d®s(p),d"k(p) ~ ts(p)) + (sd” (p), kd (p))

= (=d%(p) + sd"(p), d"k(p) — ts(p) + kd” (p)).

From the first co-ordinate, we see that s is a chain map, and from the second, that

—ts = idp — dk(p) — kd¥ (p) (i.e. k is a chain homotopy equivalence —ts ~ idp. Hence,
—ts = idp in KHP(gMod). O

Remark 3.4.4. Because the minus sign is annoying, we will suppress it on —s and write

ts = idp in KH°(gMod).
Theorem 3.4.5. There is an equivalence of categories
Db(gMod) — Kt (zProj).

Proof. We have already seen that to each object X of K?(rMod) we can associate an ob-
ject P of KT*(gProj) with P — X a quasi-isomorphism. If X — Y is a quasi-isomorphism,
then so is P — Y. It follows from Lemma 3.3.8 that K*(zProj) is a localising subcat-
egory of K1®(rMod). By Chapter II of the appendix to [13], D’(gMod) is equivalent to
Kt?(zMod)/K?%(gMod), so D?(grMod) is equivalent to K**(gProj)/K*?(rProj). By
Corollary 3.3.9, it suffices to show that every quasi-isomorphism in K +b(RProj) is an
isomorphism to obtain the theorem.

Let P,Q be objects of KT®(gProj) and t : P — @ a quasi-isomorphism. By Lemma
3.4.3, there is a map s : @ — P such that ts = idg in K+®(gProj). Interchanging the
roles of P and Q, s and t, we see that su = idp for some u. In K% (gProj), we have

¢ = tsu = u and so ¢ is an isomorphism in K+?(gProj) with ™! = s. O

DP(yProj) is a thick subcategory of D?(gMod) and so we may form the quotient cate-

gory
D*(gMod)/D*(rProj).

The discussion of equivalences above shows that this quotient is equivalent to

K+’b(RProj)/Kb’b(RPf0j)-
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In the quotient, truncating a chain complex of projectives by replacing the finitely
many modules below a given degree by zero results in an isomorphic complex. It follows
that we can truncate above the homology so that every complex is isomorphic to a complex
which is exact except in a single degree. Such a complex is a projective resolution of a
module in gkMod, possibly shifted in degree. It follows that every object in the quotient is
isomorphic to an object of this form.

There is a functor

rMod — K (zProj)

which sends a module to a projective resolution. Such a resolution is well-defined up
isomorphism in K **(zProj) (by the Comparison Theorem for exact sequences).
The following digression includes material from [23] which serendipitously, is exactly

the formulation we need to advance our discussion.

Definition 3.4.6. Let C and D be bounded below chain complexes of projectives. Then
we can form three chain complexes called the total complex, the hypercohomology
complex and the Vogel complex.

The hypercohomology complex is denoted Homp(C, D), the group of n-chains is de-
fined by

Hompg(C,D), := H HomR(C_p,Dq)
p+g=n

and the differential d : Hompg(C, D), — Hompg(C,D),_1 is defined by
d(¢) :==d op— (-1)"¢0d,

where d and d denote the differentials in C and D respectively. For example, Hom r(C.D);

comprises all maps ¢ of the form

"'“—)Ci—i—l___)Ci—__)Ci—l—_‘)"'

yy‘py

and Hompg(C, D), comprises all maps ¢ of the form

"'——-—)Ci.H ————)C’i———>CZ-_1——>---

Jfbi-{—l Jfﬁi l‘f’i— 1

__)DH_l___)DZ___;DI.___.)
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In particular, chain maps are those maps ¢ € Hompz(C, D)y for which
dog—god=0;

that is, the chain maps are the elements of Kerd,. Also, the nullhomotopic maps are

those maps ¢ € Hompg(C, D) for which
¢=dotp+ipod

for some 1 € Hompg(C,D);; that is, ¢ = d{ (1) € Imd;.
The total complex Tot(C, D) is the subcomplex of the hypercohomology complex in

which the n'® chain group is given by

Tot(C, D)y := @ Homp(C_p, Dy).

The Vogel complex is defined to be the quotient of the hypercohomology complex by

the total complex. Thus we have a short exact sequence of chain complexes:
0 — Tot(C, D) — Hompg(C, D) — Hompg(C, D) — 0,
with the Vogel complex at the right.

Theorem 3.4.7. Let P and Q be non-negative chain complezes of projective left R-
modules and suppose that both have homology concentrated in degree zero, with Ho(P) = M

and Hy(Q) = N. Then
(i) the n** homology group of Hompg(P, Q) is equal to Extp"(M,N); and
(ii) the n'™ homology group of ﬁoTnR(P, Q) is equal to E}RI_{” (M,N).

The morphisms of K T*(zProj)/K**(gProj) are just elements of the zeroeth homology
of the Vogel complex: the maps in this category are chain maps and so elements of Ker dy.
We restrict ourselves to chain homotopy classes of maps, so we factor out the nullhomotopic

maps; i.e. Imd;. Thus we have a functor
& : zStMod — KPP (gProj)/ K" (rProj)

which induces an isomorphism on Hom sets by dint of Theorem 3.4.7. Every object in the
quotient category can be truncated as described before to give a projective resolution of

some module M sitting in degree d > 0 and hence is isomorphic to the image under ¢ of

the translate 7¢(M) in gStMod. We have:
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Theorem 3.4.8. Let G be a group and R a strongly G-graded k-algebra. Then there is

an equivalence of categories
rStMod — D°(gMod)/D®(zProj).

We would like to arrive at a similar result for pstmod, rpmod and RProj, but this is
not possible with the machinery used to obtain the above theorem: given a module Af
of type FP, there is no reason why the translate 7(M) = B ® M should be of type
FP; however, if we restrict the class of groups we work with and re-define the translation

functor, we will see in the next section that we can achieve our aim.

3.5 The inclusion of stmod in StMod

Much of the work we need to do in this section was done in the previous section.

Let G be an LH§-group and R a Noetherian strongly G-graded k-algebra. If M is
an object of pstmod, then by Lemma 3.2.2, B ® M has finite projective dimension as
an R-module and so grstmod can be realised as a full subcategory of gStMod. A result
of Kaplansky says that every projective module is a direct sum of countably generated
projective modules. It follows that if B ® M is projective then it has a finitely generated
projective summand P which contains the image of i ® idpy : M — B ® M and so we have

a diagram with exact rows

0 y M — — P/M ——0

| ]

0—— M —BQM—BeM—0.

It follows that P/M = B® M in gStMod. Note that P/M is a finitely generated R-module

of type FP.
If B ® M has projective dimension r > 0, then in any projective resolution of Af.
Q"M is cofibrant and finitely generated (because R is Noetherian). By repeated use of

Kaplansky’s result, we obtain a series of commutative diagrams with exact rows:

0—s QM ——P_ 1 —— N1 —0

]

0——>QTM———>B®QTM———>73_®QT]\[——*O
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0 5N7-_]_ _“")PT—Q \—)NT—QX*)O

I I

0——>B®QTM——>B®§®QTM___>§®2®QTM__)O

2

| | I

0 )E@’I‘—i—l ® Q,,.M )B ® F@T—i—l ® QTM ) E@'I‘—i ® QTM ) 0

0 ———— Nipq — P; > N; — 0

0 ) ]\If 0 — P4 — N_; —0

0— B0 M— BB o M — B M g rit ——0
In which each of the P; are projective and finitely generated, each of the N; := P, /Nii1.
and each of the middle terms in the bottom rows of the diagrams are projective. Splicing

these diagrams together we obtain two exact sequences
0—-QM—>P_1 5P 3—--—>P >N {0

0>UM—->BRWM—->BBXUM—-- BB WM =B oM 0.

—®r+1

In particular, B ® Q"M = N_; in pStMod and N_; is a finitely generated module

of type FPy. Thus we can define a translation functor on pstmod by 7(M) = B® M,
because

T(M)=BeM=2BgB” @ M ~N_,
which, as we have observed, lies in gstmod. It follows that this functor is the same as the
one defined before on gStMod, up to isomorphism and that gstmod is a thick subcategory
of gStMod (that is, closed under taking direct summands (every direct summand of a
module of type FP, is again a module of type FPy) and triangulated with the same

definition for distinguished triangles). We have the following:

Theorem 3.5.1. If G is an arbitrary group and R a strongly G-graded k-algebra, then

there is an equivalence of categories

rStMod — D?(rMod)/D®(gProj).



CHAPTER 3. CATEGORICAL CONSIDERATIONS 93

If G is an LHE-group and R a Noetherian strongly G-graded k-algebra. then in addition

to above equivalence, we have that

rstmod — D®(gmod)/D®(gproj)

is an equivalence of categories. These equivalences are compatible with the inclusions

induced by the inclusion of gmod as a subcategory of gMod.



Chapter 4

Finiteness conditions and

polynomial rings

Let M be a left module over a ring R. At first glance the questions “does M admit a
resolution by finitely generated projective modules?” and “does M have finite projective
dimension?” would, as in the words of Cornick and Kropholler, “appear to address different
qualitative properties of projective resolutions, and one would not expect either one to
imply the other”. However, it turns out that for certain rings one does indeed imply the

other. In this chapter we will look at examples of rings where this is the case.

4.1 Some motivating examples

We begin with a lemma which we will not need immediately.

Lemma 4.1.1. Let k be a field, G a group, H a subgroup of G and M a left kG-module.

Then as kG-modules,
kG @xg M 2 k[G/H| @ M

where XG @y M has the action of kG on the left and K[G/H]®M has the diagonal action.
Proof. Define maps

¢: kG ®g M - Kk[G/H @ M; g®m — gH ®gm

and

Y k[G/H)|® M — kG ®kn M; gH®mr—>g®g_1m.

99
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¢ and ¢ are well-defined since

9h®ml—>ghﬂ®ghm

g®hm——¢—>gH®ghm

and

gH®m—w—>g®g—1m

| |
ghH ® m —w> gh®h~lg~lm,

¢ and 1) are obviously additive maps. They are kG-maps since

d¢w®n0=gwﬂ¥®mm=w@H®dmn=¢@W9®mN

and

d%@H@mﬂ=9W9®9”m)=59®fﬁnzwwﬂﬂ?®m»

@ and 1 are mutually inverse since

PY(p(g®m)) =¢(gH ® gm) = g®m

and

¢(Y(gH ® m)) = p(g ® g~'m) = gH @ m.

100

]

Proposition 4.1.2. Let k be a field, G a free abelian group of finite rank and M a left

kG-module of type FP,. Then M has finite projective dimension. Moreover, the left global

dimension of kG is finite and equal to the rank of G.

Proof. Let the rank of G be n, then the trivial kG-module k has projective dimension at

most n:

0O—-PFP,—>...oF—>k>0

(this is the Koszul resolution. For details on its construction see Corollary 4.5.5 on page

114 of [29]). Because this sequence is split as a sequence of k-modules, applying — ® M

gives us an exact sequence of kG-modules
0P, M- ... o FBpM->M-—>0
which is a projective resolution of M because

Homy(P; ® M, ~) = Homg (M. Homgg(F;. —))
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which is a composite of exact functors and 80, by Proposition 1.6.1, each P,® M is a

projective kG-module. It follows that M has finite projective dimension.

The fact that M is of type FP., was not used above, we may therefore conclude that

the left global dimension of k@ is finite and equal to 7. O

Proposition 4.1.3. Let k be a field, G a free abelian group of infinite rank and M a left
kG-module of type FPo. Then M has finite projective dimension.

Proof. Since all modules of type FP, are finitely presented, we have an exact sequence
(kG)" = (kG) - M — 0

of kG-modules. The map « can be represented as an r x d matrix L with entries from kG.
Let H be the subgroup of G generated by those g € G appearing in entries of L. Then we

have a finite presentation of a kH-module U:
(kH)" = (kH)? - U — 0.

Since H is free abelian of finite rank, we have, by Proposition 4.1.2, that U has finite
projective dimension over kH. Since kG = @¢crtkH where T is a transversal to H in G:

that is, kG is free as a kH-module and so kG ®kg — is an exact functor. Therefore
(kG)" -5 (kG)? = kG Qxy U — 0
is an exact sequence, M = kG ®xy U and so M has finite projective dimension. O

Let k be a field and let G = Coo 1 Coso = B % Coo where Coo = (t), B = (z; : 1 € Z)
and for all ¢, 7,

tlzit = x5y and [z, 7] = 1.
Then we may view kG as a polynomial ring kB [t~1,t], subject to the above relations.

Lemma 4.1.4. Let k be a field and G = B % Co, as defined above. Then we have a short

ezact sequence

0 - k[G/B] 3 k[G/B] 5k -0
of left kG-modules.
Proof. As kG-modules, k[G/B] = k|[t™!,]. For each i € Z, define maps

a: k[N o k[ ] Kt o kit T — kgt
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Bkt 5 k; kit o k.
We must check the following:
* 3 is surjective. If k € k, then B(k) = k.
e Ima C Ker§.

B(O[(kztz)) = ﬁ(kiti+1 - kztl) = k‘z - kl = (.

e KerfCIma. Ifu= Z’___n kit € Ker g8, then Z:f;_n k; = 0. Hence

m m
u o= > kit - >k
=—n 1=—n
m
= Z (kitZ - kz)
1=—n
_1 m
= ) (kit' — ki) + > (kit' — k)
=—n 1=1

because kot® — ky = kg — ko = 0.
We now show that for each 7 > 1, kt* — k; € Im a, the proof for each s < —1 being

similar. These results, taken together, will prove that v € Ima. It is apparent that

;;ﬁ(—kiti‘j + k;t*~7) = 0. Upon re-associating the terms in the sum, we see that
. - i_l . .
kit' — ki = kit + D (—kit" + kit 9)] — k;
j=1

= (bt — kit ) 4 (kit' ™ — Bt + 4 (kit — k)

= alkt™) + okt ) + ... + alk;).

* o is injective. If 2 is a non-zero element of Ker & with z = 3 k;#* and n is the largest
index with k, # 0, then the coefficient of t"*! = 0 in «a(z) is k,, a contradiction since if

k,t™ is non zero, then so is k,t"t!. Thus Ker o = 0. O

The following will be used in the next section.

Proposition 4.1.5. Let k be a field and let G = Co1 Co. Then every kG-module of type

FPy has finite projective dimension.

Remark 4.1.6. The proposition can be deduced from Theorem A on page 53 of [11] and
more directly from Theorem B on page 44 of [10]. For, G = Cy 1 Cx belongs to HE
and is torsion free. It follows that if M is a kG-module of type FP then A/ is trivially

projective over kF' for all finite subgroups F of G because k is a field. Taking M = .V
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. ) ——0
and 1 = 0, these theorems imply Exty o (M, M) = 0; that is, pdia(M) < >xc. We prove the

proposition directly to make explicit why the method of attack employed for this example

won’t work for a related result that we will consider in the next section.

Proof. By Lemma 4.1.4 we have a short exact sequence
0 - k[G/B] - k|G/B] - k — 0.

Let M be a kG-module of type FP,. The functor — ® M is exact (because M is free as

a k-module) and we get an exact sequence
0 —+k[G/BJ® M - k[G/B]® M — M — 0.

By Lemma 4.1.1, k[G/B]® M 2 kG ®xp M with the action of kG on the left, so our exact

sequence becomes

0 >kGRkp M - kG M — M — 0.

Consider now the long exact sequence
. = Bxty (M, KG ®xp M) — Extyg (M, M) - EE?S(M,B«G@RB M)—...

of complete cohomology groups arising from our short exact sequence. Assume (for a
contradiction) that M doesn’t have finite projective dimension. Then by Lemma 2.1.8,
E;{;]IO(G (M , M ) # 0. Feeding this information into the long exact sequence tells us that
E}RE;G (M ,kG ®xp M) cannot be zero for both i = 0,1.

Now, kG Qxp M = IEQH kG ®xy M where the limit is taken over the direct system
comprising the finitely generated subgroups H of B, ordered by inclusion. Since M is of
type FP,, we have by Lemma 2.1.11 that E}RLG (M, —) commutes with filtered colimits;
that is,

Bty (M, ligkG @i M) = lim Bty (M, kG @ M)
H H

so if E/];&;G (M,kG QkH M) # 0 for one of ¢ = 0,1, then it is non-zero for at least one
finitely generated subgroup H. Fix such an H. Then, since H is free abelian of finite
rank, the left global dimension of kH is finite by Proposition 4.1.2 and M admits a finite

resolution by projective kH-modules:

0= P,—...o>Ph—>M-=0.
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The functor kG ®yy — is exact (because kG = DteTtkH where T is a transversal to

H in G) so applying this to the kH -projective resolution of M gives us a kG-projective
resolution of kG @y M:

0-—)ﬂ(G®]kHPn—>...—-)kG@)kHPo—}kG®kHM—>0

but this means that
Extye(M,KG @y M) — lim Homy (29 M, ¥ (kG @ur M)) = 0
J
since VY (kG ®yg M) = 0 for all 7 > n. Also,
Exty (M, kG ®f M) = lim Homg (M, ¥ (kG @z M) = 0.
J

Contradiction. Therefore M has finite projective dimension. a

4.2 Skew polynomial rings

Let k be a field. We have already seen that the twisted polynomial algebra kG = kB[t~ !, ]
(where G = Co1Cy) has the property that every module of type FP, has finite projective
dimension. Since B is a free abelian group of infinite rank, Proposition 4.1.3 tells us that
every kB-module of type FP,, has finite projective dimension. In the group G we have
the relation t~!z;t = z;,1 for all 5. If we rewrite this as z;t = tz;11, we can form the
twisted polynomial algebra kB{t]. Since kB C kB[t] C kB[t™!, 1], it raises the question
whether every kB[t]-module of type FP, has finite projective dimension.

Immediately we are presented with the problem that we are no longer dealing with
group algebras and so cannot appeal to group properties as we did in the proofs of the
kB and kB[t~!,t] cases. As we shall see, this difficulty can be obviated by considering the
kB([t] case as one of skew polynomial rings.

Definition 4.2.1. Let R be a ring, M a left R-module and ¢ an automorphism of R. The
conjugate module ° M is defined to be the left R-module whose underlying set is {7m :
m € M}, with the same abelian group structure as that of M and scalar multiplication

given by 7.m = (o(r)m) for all m € M and r € R. Details of the construction of 73!
can be found in [14].
Definition 4.2.2. Let R be a ring and ¢ an automorphism of R. A (right) o-derviation

is an additive map 6 : R — R such that for all ,s € R,

§(rs) = rd(s) + d(r)o(s).
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Definition 4.2.3. Let R be a ring. A (right) skew derivation is a pair (0.48) where o

is a ring automorphism of R and J is a right o-derivation.

Definition 4.2.4. Let R be a ring and (o,d) a right skew derivation on R. The (right)

skew polynomial ring over R, R(z;o0,4d), is the polynomial ring R[z] with multiplication

defined by
rez = zo(r) + d(r)
for all r € R.
Remark 4.2.5. We can write every element of R[z;c,d] in the form Y.!_ z'r; for some

n € N and r; € R. We shall not prove this suffice to say that the calculations required to

express a given element in this form become somewhat involved as n increases:

rz = zo(r) + 6(r)
ra? = 220%(r) + z{6(a(r)) + o (8(r))} + 6°(r)

re® = 220®(r) +22{o?(8(r)) + o(§(o(r)) + 8(e”(r)}
+2{o(6%(r)) + 6(c(8(r))) + §2(a(r))} + 83 (r).
Remark 4.2.6. In light of Definition 4.2.4, we see that kB t] is a right skew polynomial
ring with § = 0.

Example 4.2.7. Let R be a ring and T' = R[z;0,6]. In general, N cannot be given the
structure of a T-module without the following relationship between o and é:

Define an action x of T on ? N by
r*xn = (c(r)n)
for r € R and
z*%n ="(zn).
We have that rz = zo(r) + 6(r) in T, so we we need
(rz)«n = (zo(r)) * n 4+ §(r) x7n.
On one hand,
(re)xn = T* (z * “n)
= rx7(zn)
= “(o(r)zn)

= 9(zo(r)n + 8(a(r))n)-



CHAPTER 4. FINITENESS CONDITIONS AND POLYNOMIAL RINGS 106

On the other,

(o(r)) *“n+4d(r)*n = zx(o(r)*n) + “(o(é(r))n)
= zx%(o(r)n) 4+ 7 (a(6(r))n)
= ”(:L'az(r)n) + 7(a(6(r))n)

= 0(1‘0'2 (r)yn + o(8(r))n)
so we have a well-defined action of T on °N if ¢ and § commute.

The following result will prove useful:

Lemma 4.2.8. Let R be a ring and R[z;0,0] the right skew polynomial ring over R
for some right skew derivation (0,0). Then R[z;0,8] is free as an R-module with basis

{1,z,2%,...}.
Proof. This is 2.4 on page 16 of [26]. O

Proposition 4.2.9. Let R be a ring, S = R|z;0,6] the right skew polynomial ring over
R for some right skew derivation (0,d) and M an S-module. Then there is a short ezact

sequence of S-modules
0> S®MDS®RMDB M0

where A(s ® “m) = sz ® m — s @ zm and 7(s ® m) = sm.
Proof. This is the proposition on page 262 of [26]. O

We are now able to answer in the positive the question posed at the beginning of this

section:
Proposition 4.2.10. Every kBt]-module of type FP has finite projective dimension.

Proof. Let M be a kB[t] module of type FP. By Proposition 4.2.9 we have a short exact

sequence

0 — kB[t) ®kp M — kB[t]®@p M = M — 0.

Applying the functor E;t; B[f] (M , —), we get the long exact sequence

— %1 o
e EB@BM (M,kBlt] ®kp M) — Extyp (M. M) - Extypgy (M. kBt] ©xp M) - ...
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Assume (for a contradiction) that M does not have finite projective dimension. Then

-0
Exty, B[] (M M ) # 0 by Lemma 2.1.8 and so exactness requires E/I;tg B[] (M kB[t ®p M )
—1 ’
and Exty gy, (M ,kB[t] ®xp “M) not both be zero.
Now, kB = liﬂ)\ kB) where the By are the finitely generated subgroups of B. so

kB[t g M = ]‘—igx kB[t] ®p, M. Since M is of type FP,, E;(\t;B[t] (M, —) commutes
with filtered colimits by Lemma 2.1.11, so

—0 -0
Extypy (M, kB[t ®xg M) = Ext, By (M, lim kB[t] ®xp, M)
A
. =0
= ]ﬁEthB[t] (M,kB[t] ®]kB/\ M)
A
Similarly,

—1 —1
Exty gy (M,kB[t]®xp M) = lim Exty gy (M ,kBlt] ®kp, °M).
A

——0 ——0
If Exty gy (M, kB(t] ®xg M) # 0 then Exty gy (M, kB[t] ®xp, M) # 0 for some A, but
B is free abelian of finite rank, so by Proposition 4.1.2, the left global dimension of kB)

is finite and M admits a finite resolution
O—->P,—...0Fh—>M-—=0

by projective kB)-modules. Now, kB is a free kBy-module (because kB = ®;csskB)
where S is a transversal to B in B) and kB]t] is a free kB-module by Lemma 4.2.8, thus
kB[t] is free as a kBy-module and the functor kB[t] ®xp, — is exact. It follows that

0 — kB[t] ®B, Pr — ... = kB[t] ®kp, Po = kBlt] ®kp, M — 0

is an exact sequence and so kB[t]®kp, M has finite projective dimension as a kB[t]-module.

As a consequence of this,
ﬁ\xt,ﬁiBm (M, kB[t] ®xp, M) = lig Homy g (@' (M), ' (kB[t) ®k5, M)) =0
i

since ¢ (kB[t] ®kp, M) = 0 for all ¢ greater than some n > 0. An identical argument

shows

ﬁx\tﬂtB[t] (M, ]kB[t] ®IkB/\/ UM) = @Hoka[t}(Qi+l(M). Ql(kB[t] ®lkBA" Ul\[)) =0

for all . Therefore M has finite projective dimension.
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The proof of Proposition 4.2.10 was essentially that of 4.1.5 - the skew polynomial
methods were used only in setting up a short exact sequence. Also, the only property of
kB we have used is that it is expressible as a filtered colimit of rings of finite left global

dimension. This suggests we might be able to exploit the argument to arrive at a general

theorem. Indeed, we have the following:

Theorem 4.2.11. Let R = l_ir_‘i)\ Ry be a filtered colimit of rings of finite left global dimen-
sion with the property that R is flat as an Ry-module for each X and let S = R[z: 0, d] be
the right skew polynomial ring over R for some right skew derivation (0,8). Then every

S-module of type FP, has finite projective dimension.

Proof. We exploit the method employed in the proof of 4.2.10.

e Let M be an S-module of type FP.

e We have the short exact sequence 0 - SQr "M - S®r M — M — 0 by Lemma
4.2.9

e Applying the functor E/))?c:; (M , —) yields the long exact sequence of complete coho-
mology groups in which E\xtg (M,S®gr M) and E;R; (M.S ®R M) cannot both be zero
if M does not have finite projective dimension (by Lemma 2.1.8).

° E}Rg (M , —) commutes with filtered colimits since M is of type FP, so
Extg(M, S ®r, M) # 0 and Exts(M, S ®r, “M) # 0 for some A, X'

e As an Ry-module, M has finite projective dimension since Rj has finite global di-
mension by hypothesis. S is a free R-module by Lemma 4.2.8 and R is a flat Ry-module,
so the functor S ®pg, — is exact, meaning S ®g, M has finite projective dimension as an
S-module. Similarly, § ® R,/ M? has finite projective dimension as an S-module.

. E}?cg (M,S ®g, M) =0 and E/b?t}; (M,S N M?) = 0. Contradiction. Therefore

M has finite projective dimension. O

4.3 Skew Laurent polynomial rings

In this short section we introduce skew Laurent polynomial rings and extend the main

theorem of the previous section.

Definition 4.3.1. Let R be a ring and o an automorphism. The skew Laurent polynomial
ring over R is the the ring R[z7!,z;0] of polynomials over R subject to rz = xo(r) for

allr € R.
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Remark 4.3.2. Each element of R[z—l, z; 0] has a unique representation of the form Zie” rir

with all but finitely many coefficients being zero.

We can improve Proposition 4.2.9:

Proposition 4.3.3. Let R be a ring, S = R[z;0,6] or S = R[z~1, z; o] and let M be a

left S-module. Then there is a short exact sequence of S-modules

0 >S®r’'M - SQrM > M =0
where A(s ® “m) = sz ® m — s @ zm and 7(s ® m) = sm.
Proof. This is the full statement of the Proposition on page 262 of [26]. O
Another result we can improve upon is:

Lemma 4.3.4. Let R be a ring and S = Rz}, 1;0] or S = R[x;0,0]. Then S is free as

an R-module.

Proof. For the proof that § = R[z™!,z;0] is a free R-module, see Proposition 1.16 on
page 16 of [18]. O

We now have for skew Laurent polynomial rings the same tools needed to make the
skew polynomial ring problem in the previous section work: a short exact sequence of
R[z~1, z; 0]-modules for each R[z ™!, r;0]-module M and the observation that R{z !, z; 0]

is free as an R-module. Thus, we can extend the statement of Theorem 4.2.11:

Theorem 4.3.5. Let R = li_ng/\ Ry, be a filtered colimit of rings of finite left global dimen-
sion with the property that R is flat as an Rx-module for each A and let S = R[z;0.9] or
S = R[z~ ', z;0]. Then every S-module of type FP has finite projective dimension.

Proof. The proof is the same as that of 4.2.11. O

It is now evident that to draw a distinction between the kB[t™',t] and kBI[t] cases
introduced in the previous section on the grounds that kB [t~1,] is a group algebra scrves

only to mask the problem.

4.4 When the base ring is strongly group-graded

In the last section we saw that FP, modules over a skew (Laurent) polynomial ring

have finite projective dimension when the base ring has a suitable finiteness condition
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(in the case we considered, finite left global dimension of the rings in the limit was the
condition). In this section we will see that a suitable finiteness condition when the base

ring is a strongly group-graded k-algebra is that the grading group belong to the class HF.
Throughout this section and the next, k will denote a commutative ring.

Recall the definition of the class HF:

Definition 4.4.1. Let § denote the class of finite groups. For each ordinal o we define

operations H, inductively:

e Hof =§
and for ordinals @ > 0

e H,3§ is the class of groups G which admit a cellular action on a finite-dimensional
contractible CW-complex in such a way that each isotropy group belongs to Hg§ for some
B < a (where 8 may depend on the isotropy group).

HF is then the union of all the H,§.

Theorem 4.4.2. Let G be an HF-group and R a strongly G-graded Kk-algebra. Let S =
Rlz;0,8] or S = R[z~Y,z;0] and let M be an S-module of type FPoo such that M has
finite projective dimension over Ry for all finite subgroups H of G. Then M has finite

projective dimension as an S-module.

Proof. We show that for all subgroups H < G and all i, E/h?czs (M S Qry, M ) and
E}Rg (M ,S®r, M ) are zero, from which the main result will follow. For, taking G=H,

exactness of the sequence

o Fxta(M, S ®r M) — Bxtg (M, M) - Extg(M,S ®r M) > -

arising from the short exact sequence provided by Proposition 4.3.3, forces E/))Rg (M M )
0, which by Lemma 2.1.8 means M has finite projective dimension.

The proof is by induction on the least ordinal o such that H belongs to the subclass
. F of HF. If o = 0 then H belongs to H,F which is the class of finite groups and so
RQ®gr, M and R ®ry o M have finite projective dimension. As a consequence of Lemma
4.3.4, the functor S ®p — 1s exact and so S®g R®pry M = S®ry M has finite projective
dimension as an S-module. Similarly, S ®ry M has finite projective dimension as an

S-module. Thus the claim holds because complete cohomology groups vanish on modules

of finite projective dimension.
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Assume now that a > 0. Then H acts on a finite dimensional contractible cell complex

X. Let

0-Cr—=---25C1—=>Ci—ok—0

be the cellular chain complex of X. Ea(;h C; is isomorphic to

P k[H/Hy)

PEX;

where Y; is a set of H-orbit representatives of j-dimensional cells in X and Hy (€H,§

0 < B < a) is the isotropy group of the cell ¢ € X;. Tensoring the sequence with A and

using the semi-diagonal action of Ry, yields the exact sequence
0-C, M —--->C1OM >Co®M - M —0

of Rg-modules. As was seen above, the functor S ®g, — is exact so applying it to the

above sequence of Ry-modules yields the exact sequence
0— S®ry (Cr®M)— - — S®ry (C1® M) — S®ry (Co®M) > S®r, M >0
of S-modules. Applying the tensor identity we see that

S®ry, (C;®M) = P S®r, (kK[H/Hg]® M)
ET;

P S ®nry (Ru ®ry, M)
PeL;

= @ S ®RH¢ M.
PEL;

1%

By induction, E/)x\tg (M ,9® Ry, M ) vanishes for all isotropy groups Hg. Since M is of type
FP,, we have, by the comment following Lemma 2.1.11 that

i —i

Eth(M, @ S®RH¢ M) = @ Eth(M,S®RH¢ M)

$ED; PEY;

and so we can deduce that E)R; (M, S®r, (C;® M)) — Q for all 4, 5. Thus the functors
vanish on all modules in the above exact sequence of S-modules except S ®p, M. But
this is incompatible with Lemma 2.1.13, so in fact these functors vanish on S ®g, M also.
An identical argument using M instead of M yields the same conclusion for S®pr, " M.

Thus the claim holds for the subgroup H.
The strategy outlined at the beginning of the proof establishes the theorem.
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4.5 Some vanishing theorems

We now turn our attention to iterated skew polynomial rings over base the base rings we

have already considered.

Definition 4.5.1. Let R be a ring. An n-fold iterated skew polynomial ring over R
is defined as follows: let Sy = R and for each n > 1, S, :== S, _1[zn;0n—1,6,_1] for some

right skew derivation (0,_1,0,_1) on the ring S, _;.

Definition 4.5.2. Let R be aring. An n-fold iterated skew Laurent polynomial ring
over R is defined as follows: let So = R and for each n > 1, S, := S, _1[z;}, Tp;0pn_1] for

some automorphism o,_1 of the ring S,_;.

Theorem 4.5.3. Let G be an HF-group and R a strongly G-graded k-algebra with the
property that every R-module has finite projective dimension as an Ryg-module for each
finite subgroup H of G. Let T' be an n-fold iterated skew polynomial ring or an iterated
n-fold skew Laurent polynomial ring over R. Then, for all left T-modules M of type FP o,

all left T-modules N and all intermediate polynomial rings Sj, 0 < j < n,
Exty(M,T ®s, N) =0
for all 1.

Proof. We proceed by induction on j.

e j = 0. The proof is similar to that of Lemma 4.4.2. We proceed by induction on the
least ordinal « such that G belongs to the subclass Ho§ of HF. If a =0 then G belongs
to HoF which is the class of finite groups and so as an R-module, N has finite projective
dimension. The functor T®g — is naturally equivalent to T®s,, _, Sn-19s,_,..-®5, S1®R—-
By Lemma 4.3.4, each Sg41 1s free as an Sg-module (0 < k <n—1)soT ®r — is an
exact functor. It follows that 7' ®g N has finite projective dimension as a T-module and
SO E/)x\t;(M,T ®r N) = 0 for all s.

Assume now that o > 0. Then G acts on a finite dimensional contractible cell complex

X. Let
0__)07___)—-)01—)00—)]1(—)0

be the cellular chain complex of X. Each C} is isomorphic to

@D KC/Gy)
PEY
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where ), is a set of G-orbit representatives of k-dimensional cells in X and G (en.3
o BN

with 0 < 8 < ) is the isotropy group of the cell ¢ € >°,. Tensoring the sequence with .\

and using the semi-diagonal action of R, yields the exact sequence
0-C, N> --- =5 Ci1®N > Co®N - N >0

of R-modules. As we saw in the first part of the proof, the functor T ®p — is exact so

applying it to the above sequence of R-modules yields the exact sequence
0>TQ®r(C,ON) > --- 5>TQr(C1i®N) >TQRr(Co®N) > T®r N — 0.
Applying the tensor identity, we see that for 0 <k < r,

T®r(Ck®N) = P Tor(kG/Gy®N)
ISP

@ T Qr (R ®Rg, N)
#E>

= @ T®RG¢ N.
PED

1%

By induction, Ext;w (M T ® Rg, N ) vanishes for all isotropy groups Gg. M is a T-module
of type FP, so by the comment following Lemma 2.1.11,

Bty (M, D T ®re, N) = @ Bxir(M,T 8re, N):
E> €D

that is, E/b?czT (M , T Qg (Cr ® N )) — 0 for all i and all k. The long exact sequence for
complete cohomology groups shows us that in fact E/b?t; (M ,T®g N) =0 for all i.

e 1 <j <n.By Lemma 4.3.3, we have a short exact sequence
0— S ®s,_, 91N = S;®s;,., N> N =0
of S;-modules. As has been observed, the functor T' ®g, — is exact and so
0—-T®s, , %iIN =T ®s;_, N->T®s; N—-0
is an exact sequence of T-modules. By induction,
Bt (M, T ®s, , 9~ N) = Extp(M.T ®s,, N) =0
for all i and so exactness of the sequence
RN EE;,(M,T ®s,_, N) = ﬁx\t;(M,T ®s, N) = E/J)Tt,?l(m.fr ®s,_, PTIN) =

forces ]fx\tlT(M,T ®s, N) = ( for all z.
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Remark 4.5.4. Taking S; =T, N =M and ¢ = 0 gives us Theorem 4.4.2.
Theorem 4.5.5. Let R = I'Lrg)\ Ry be a filtered colimit of rings of finite left global di-
mension with the property that R is flat as an Ry-module for each ). Let T be an n-fold

skew polynomial ring or n-fold iterated skew Laurent polynomial ring over R. Then. for

all left T-modules of type FP, all left N-modules and all intermediate polynomial rings
Sj, 0<j <n,

Bxtr (M, T &g, N) =0

for all 1.

Proof. We proceed by induction on j.
e 5 =0. M is of type FP, so by Lemma 2.1.11,

Extiy (M, T ®g N) = Bxiy (M, iy T ®, N) = lig Bxtr (M, T g, N)
A A

for all i. Each R) has finite left global dimension, so we immediately see that T ®p, N
has finite projective dimension as a T-module because the functor T' ®g, — is exact by
repeated application of Lemma 4.3.4 and the fact that R is flat as an Ry-module. As a
consequence of this, each E;c; (M,T ®g, N) is zero and so E/))?ciT(M,T ®r N) = 0 for
each .

e 1 < j < n. By Lemma 4.3.3, we have a short exact sequence
0—S;®s;,_, " 'N—>5®s , No>N-=0
of Sj-modules. As has been observed, the functor T' ®g, — is exact and so
0->T®s;,_, " 'N—>T®s,_, N—-T®s, N0
is an exact sequence of T-modules. By induction,
Bxir (M, T ®s,_, ' N) = Bxip (M, T ®s, , N) =0
for all 7 and so exactness of the sequence
s R (M, T ®5, , N) = Bxt (M. T ®s, N) = Exiy (M.T@®s,_, 77'N) ==

/\. . D
forces ExtzT (M, T ®s; N) =0 for all .
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4.6 Bricks, Walls and Foundations

Definition 4.6.1. Let B be a poset of subrings of a ring T with the following propertics

e TeB.
e B satisfies DCC.

e T is flat as an S-module for every S € B.
e For all S € B, one of the following is true
(i) S = So[z;0,6] for some Sy € B.

(i) S = lim, S for some Sy € B.

then the S € B are called bricks, each minimal element of B is called a foundation brick

and B is called a T-wall.

Remark 4.6.2. In order to perform various calculations, we have to stipulate that T be

flat as an S-module above because, as the following example shows, we cannot assume it.

Example 4.6.3. Given rings R, S and T with R < § < T such that S and T are flat as
R-modules, it does not necessarily follow that 7' is flat as an S-module. For, take R =k, a
field, § = k[z] and T = k[z, y]/(zy,y?). klz] and k(z, y]/(zy,y?) are free k-modules since
k is a field and so they are also flat. As a k[z]-module, however, k[z,y]/(zy, y?) is not free

or even flat. To see this, first observe that as a kjz]-module,
k[z,y]/(2y,y") =k O K[z]

via the map ¢ : (ay—l—ﬁo—l—ﬁlx—l—ﬂng—l—---)r—>(a,50+ﬁlzv+62:c2+---) where k is the

k[z]-module on which z acts as multiplication by zero; but this means that
Tork#) (i, K[z, 3]/ (e, 7)) = Tor (k. k @ Klz])
>~ Torklel(k, k) @ Tor*l® (k, k[])
= Torkll(k, k)

: -
since Tor,, vanishes on free modules. Thus if Torﬂl([x] (k, k) is non-zero, then kiz. y]/(ay.y*)

cannot be flat as a k[z]-module.

The Koszul complex provides us with a free resolution of the k[z]-module k:

0 — klz] = k[z] > k= 0.
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Considering the complex

0 = K @y Klz] ~23 k @y K[z] — 0

b

we see that the map 1 ® z sends the element 1 ® 1 to 1 @z =21 = 0; that is.
k
Ker(1 ® z) = k ®y; k[z] so Torl[m] k, k) =k ®k(z) k[z] # 0 and therefore k[z,y]/(zy, y?)

cannot be flat as a k[z]-module.

Definition 4.6.4. Let T be a ring and B a T-wall. A T-module which is projective over

each foundation brick is called a foundation module.

Theorem 4.6.5. Let T be a ring and B a T-wall. Then for all bricks S, all T-modules
M of type FP, and all foundation modules N,

Extr(M,T ®s N) = 0.

Proof. In case § is a foundation brick, N is a projective S-module and so T ®g N is
projective (since T is flat over every brick) and the claim holds.

Suppose now that the claim is not true for some brick which is not a foundation brick.
Let S be the least such brick. Then E/)x\tgp(M, T®s N) # 0 for some j. Either S = 1i_1_1\}A Sy
or S = Sy[z;0,9].

o If §= lig)\ Sy, then T ®g N = li_n;)\T ®s, N. M is a T-module of type FP so
Exty(M,T ®s N) = lim Ext (M, T ®s, N)
A
so that if Ex\tgp (M,T ®g N) is non-zero, then E/)x‘\tJT (M,T ®s, N) is non-zero for

some A. But E/)x\t]T (M, T ®s, N ) =0 for all X (since S was the least brick for which

the claim is not true) and the result follows.
o If S = Sylz;0,6], then E/)}R; (M, T ®s, N) = 0 for all T-modules of type FP. and
all foundation modules N.

We have a short exact sequence of S-modules

0—>S®50"N—+5®50N—+N—>0

(where o is the automorphism of Sy used in the construction of S). Applying the
functor T®g— to this sequence preserves exactness (because T is flat as an 5- modle)

and yields the exact sequence

0T ®s'N—=T®s, N> T® N0
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. — .
of T-modules. Applying Extp (M , —) to this sequence yields the long exact sequence

e E/b?t;(MaT®So N) —>E/3;tip(M,T®sN) —>E\xtiT+1(M.T®50 IN) > -

Each Exty(M,T ®s, N) = 0 by hypothesis, so if Exty(M.T ®s N) is non-zero for

some %, then Ext;ﬂ (M,T ®s, °N) is non-zero.

Questions I don’t know how to proceed from here. Does it follow that if N is
a foundation module then N (where o is an automorphism of some brick) is a
foundation module also? If ¢ is an automorphism of the brick Sy, then we certainly

have that pdr(T ®s, ?N) < pds,(?N) = pds,(N).
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