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SUMMARY

This thesis reports research carried out towards numerical simulation of hypersonic flows
around space— plane shapes. For high speed flows around conical geometries, a locally
conical approximation was introduced, which resulted in locally conical Navier— Stokes

equations.

In order to achieve accuracy and efficiency for steady state solutions, various
methods were investigated. Based on the MacCormack implicit scheme and the
Beam— Warming implicit scheme, two implicit procedures were developed to solve the
locally conical Navier— Stokes equations (LCNSE). A new implicit boundary treatment
was introduced in the MacCormack implicit scheme. The source term in the governing
equations was treated explicitly. A simplified Beam— Warming implicit scheme was
developed for its application to the LCNSE. Accuracy of the two schemes was
investigated. The time step dependence of steady state solution with MacCormack— type

schemes was analyzed and a procedure to reduce the error was proposed.

To further accelerate the convergence to the steady state, two multigrid methods
were applied to the two implicit schemes respectively. An extention of Ni— type
multigrid method was developed to accelerate the MacCormack implicit scheme, and the
FAS multigrid method was employed to accelerate the simplified Beam— Warming

implicit scheme.

In parallel, a new approach for fast steady state solution — sparse quasi— Newton
method — was proposed to avoid difficulties in linearization associated with implicit
schemes for general CFD problems. Formulation was given for three— point and
five— point spatial discretization schemes. Preliminary results of a nozzle problem with
van Leer's flux splitting and Harten's TVD high shock— resolution schemes illustrated
significantly faster convergence to steady state with the sparse quasi— Newton approach

than those with corresponding implicit operators of van Leer and Harten.



Numerical simulations by solving LCNSE with the two implicit schemes developed
in this study were carried out on hypersonic flows around a cone, on the leeside of a
delta wing and beneath/over a cone— delta— wing combination. Detailed structures of the
complex flow interaction were well predicted including the existence of embedded shock
waves and secondary vortices. Comparison with available experimental data was made.

Euler solutions were also carried out to compare with the N— S solutions.

In the present hypersonic delta wing flow simulation, different phenomena were
found than would have been expected from the Miller and Wood classification in the

lower speed range.

The numerical simulation of hypersonic viscous flows around a cone— delta— wing
combination was the first flow field simulation around such a shape representing
wing— body interference. It was found that the complexity of the flow field results from
the shock—shock, shock— boundary layer and shock— vortex interactions in the flow
field. High local heating and its cause were revealed near the corner on both the

windward side and the leeward side surfaces of the geometry.
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NOMENCLATURE

Jacobian approximation in sparse quasi— Newton method
inviscid Jacobian, oFy/oU

matrix defined in (3—4)

inviscid Jacobian, 8Gy/dU

matrix defined in (3— 4)

speed of sound

inviscid Jacobian, 9H/3U

surface pressure coefficient,(py— Pe)/(1/2)pe |V Iw?, at r
specific heat at constant pressure
matrices defined in (3—5)

total internal energy

x or r direction flux vector

y or ¢ direction flux vector
inviscid flux vector

Z or ¢ direction flux vector
inviscid flux vector

source term vector

inviscid source term

Jacobian, OR(U)/3U

thermal conductivity

Mach number

normal direction

Prandtl number, cpy/k

matrix projection defined in (3— 80)
pressure

heat transfer rate

vector space
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R viscous Jacobian defined in (3— 37) or the gas constant

R(U) nonliear operator resulting from spatial discretization

Rey ¢ characteristic Reynolds number, pg|V et/ fo

r radial coordinate, measured from the vertex of the shapes

rj ith component of R(U)

S ~ vector projection defined in (3— 81)

S solution vector in (3—82) or viscous Jacobian defined in (3— 37)

Se, SSP matrices defined in (B—2) and (B—4)

St Stanton number, |qw|/p°°|V|°ocp(Ta— Ty)

T temperature

t time

U conservative vector

Uy, Uy, Uz velocity components in Cartesian coordinates

u, U, Uy velocity components in spherical coordinates

A" total velocity vector

X Cartesian coordinate

y Cartesian coordinate

z Cartesian coordinate -

o angle of attack or }|V|?2

8 vy - 1

0% ratio of specific heats

A increment

Ay A forward and backward finite differencing operator,
respectively

6 spherical coordinate, conical angle

A delta wing leading edge sweep angle

Aa, AB diagonal matrices defined in (3—2), (3—3)

@ viscosity

P density
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Tij stress tensor
© spherical coordinate, circumferential angle, measured from

windward symmetry surface

Subscripts

a adiabatic value

c cone surface

i,j value at (I',Gi,gpj)

T coordinate component

t derivative with respect to time
w wall value

X,Y,Z coordinate components

0 stagnation value

0 free— stream value

8,0 coordinate components or derivative to 8, ¢, respectively
Superscipts

n time level

T transpose



CHAPTER_ONE

INTRODUCTION

1.1 Hypersonic Interest and Projected Spacecraft

During the past few years a strong international interest has been renewed in all
aspects of hypersonic flight, driven by new spacecraft concepts such as the British
HOTOL (HOrizontal Take— Off and Landing), the French Hermes, the West German
Sanger and the American NASP (National Aero— Space Plane) [1,2]. These hypersonic
flight wvehicles are primarily planned to operate as more economic space satellite
launch vehicles to satisfy the increasing demand for development of space for
communications, scientific experiments and material manufacture. Among them the
HOTOL and the NASP are aimed at a historical goal for launch vehicles, i.e. full
reusability. This HOTOL— class spacecraft reduces drastically the cost of present day
launchers, i.e. the rocket system or the US space shuttle, mainly by taking advantage
of a horizontal take— off from a conventional runway and by economies achieved
through air— breathing in the lower level of the atmosphere. Furthermore, due to their
airplane— like operation within the atmosphere, the design of HOTOL— class spacecraft
is directly relevant to a new generation of sub— orbital hypersonic transport vehicle for

fast and economic trans— global operation.

For the design of such hypersonic vehicles, in addition to the importance of the
prediction of aerodynamic forces due to their airplane— like operation, one of the most
demanding factors is the prediction of the aerodynamic heating rate, As pointed out in
[3, 4], high heating is not only limited to the stagnation line on the windward surface.
Flow interactions can introduce locally very high heating rates. Accurate knowledge of
skin temperature and heating rate is essential in deciding what materials are used to

build the structure and what insulation is required.



1.2 Classification and Modelling of Hypersonic Flow

The term hypersonic flow usually refers to flows with Mach number M > 6. A major
complexity associated with hypersonic aerodynamics is that the hypersonic regime covers
the whole flow range from the continuum flow to molecular flow. Hypersonic flow can
be classified according to the value of the ratio of the mean free path of the
molecules and the characteristic length of the considered problem, denoted by the
Knudsen number, Kn. In the continuum flow range at very small Kn, i.e. Kn < 0.1,
the Navier— Stokes equations can generally be used to describe the flow processes. This
is true for atmospheric flight in altitudes up to around 100 km. In the other limiting
case, at very large Kn, the mean free path of the molecules becomes of sufficient
magnitude relative to the vehicle dimensions that the continuum model breaks down and
the full Boltzmann equation must be used. Here molecular flow simulations should be
employed, wherein the motion of a large number of molecules is computed, such as in

the direct simulation Monte— Carlo method.

Because of the wide range of the hypersonic regime, in addition to the
well— known difficulties in compressible flows associated with the determination of
transition from laminar flow to turbulence and the modelling of turbulence, hypersonic
flows often involve such new problems as real gas effects, equilibrium or
non— equilibrium chemical reactions and the flow behaviour in the transitional range

between continuum and molecular ranges.

In the hypersonic regime a major design driver is the prediction of peak
aerodynamic forces and peak aerodynamic heating rates, which usually occur at lower
altitudes within the continuum range. However hypersonic flows around flight vehicle in
this flow rang often involve strong flow interactions such as shock— shock,

shock— boundary layer, shock— vortex and other viscous/inviscid interactions.

Solutions of Euler equations or even simpler inviscid modelling can sometimes



provide useful data on aerodynamic forces and can be coupled with proper boundary
layer codes to generate such important parameters as skin friction and heat transfer
rates. However this approach is not applicable when strong viscous/inviscid interaction
occurs. The boundary layer approximation is no longer valid in such regions as on the
lee— side of the vehicle at high angles of attack, near the nose of the body and around
the leading edge of the wing at high Mach number. Therefore, for strong interactive
flows, a Navier— Stokes solution is required to predict accurately hypersonic

aerodynamic characteristics.



1.3  Wind Tunnel Experimentation and Hypersonic CFD

With the continuous development of more powerful computers as well as more
sophisticated and efficient numerical algorithms, computational fluid dynamics(CFD) has
emerged as a viable tool in understanding complicated fluid dynamic phenomena in
subsonic, tran§onic and supersonic regimes. CFD is now routinely applied to practical
problems, in complementary ways, with wind tunnel experimentation in the aircraft

design and verification process.

Although CFD is playing an increasingly important role, wind tunnel
experimentation has been the major design tool for modern aircraft. It is also
well— known that the development of the US Space Shuttle took place mainly in wind

tunnels or by other means of experimental investigation.

Unfortunately, difficulties with wind tunnel experimentation in the hypersonic
regime become much more severe than in the lower flow speed regimes. For the flow
conditions which existing hypersonic wind tunnels can achieve, high energy consumption
makes this approach very expensive. On the other hand, the accuracy of such crucial
parameters as the heat transfer rate, is difficult to achieve by conventional measurement
techniques due to the usually small dimension of the hypersonic wind tunnels, which
limits the size of the models to be tested. Furthermore, experimental simulation of a
hypersonic flow field in which non— equilibrium reaction chemistry is important would
require the air density, flight velocity and vehicle scale all to be reproduced
simultaneously. This is not possible in existing ground— based experimental facilities. A
typical example is the situation with the US space shuttle programme. The experience
gained in free flight as compared to experimental and theoretical design shows that
many flow phenomena lack basic understanding and require further study. Examples

include the severe heating rate found on the leeside surface of the Shuttle.



In contrast, CFD capabilities can be extended to the hypersonic regime more easily
without the fundamental difficulties apparent in hypersonic experimental investigation.
The simulation of the density, velocity and scale is possible in computer flow
simulation. The renewed interests in hypersonic flight is in fact partly attributed to the
confidence in using CFD solely in design because of the impossibility of simulating the
wide range of the actual hypersonic conditions in a wind tunnel. As a result, CFD is
anticipated to be the primary tool, or the only tool in some conditions, for providing
the extensive flow simulation information required in the design process of new
hypersonic vehicles. The hypersonic flow regime will probably be the first to be
dominated by CFD. This of course necessitates the development of efficient and robust
hypersonic CFD codes which are reliable in predicting important quantities such as

aerodynamic loading and heating.

Although today's numerical algorithms are more accurate, efficient and robust than
those of a few years ago, they are still unsatisfactory in many aspects. Worthwhile
codes have been produced, but further improvements in algorithm technology could
multiply their usefulness many times over. Major improvements are needed in spatial
accuracy, convergence reliablity and convergence rates [5, 6]. CFD methods today can
simulate flow about complex geometries with simple physics, or about simple geometries
with more complex physics, but they cannot do both. To change this situation, one of
the most pressing needs today is the improvement of the convergence rate in Euler and
Navier— Stokes solutions. This need is more severe in hypersonic CFD because the

complexity of the flow usually involves solution of high order equations.

A wind tunnel must be calibrated after it is built. A numerical code needs to be
validated to ascertain its accuracy before or during the computer simulatidn of the flow.
This wvalidation can wusually be done by running the code under conditions where
well— documented experimental data are available and comparing the numerical results
with the experimental data. It should be noted that the existing experimental data in

hypersonic regime are rare and the quality of these data are usually low as compared



with the extensive and well—documented data in subsonic, transonic and supersonic
regimes. This is clearly attributed to the difficulties with hypersonic experimentations as
mentioned earlier. Expensive free— flight tests would be the only way to validate

numerical codes in the full hypersonic regime.



1.4 Aim and Approaches of This Study

This practical requirement inspired the present research to simulate continuous
hypersonic flow by solving the Navier— Stokes equations in order to provide extensive
flow field data for both the basic understanding of complex flows and for actual design

purposes.

As a first stage towards this ultimate goal the present study assumed that the gas
is perfect. Therefore validation of the codes could be carried out by comparing the
numerical results with existing experimental data. Confidence in wusing the codes,
together with the ability of Navier— Stokes CFD to assess real gas effects not generally
simulated in experimental facilities, will naturally lead to the exploration of the real gas

effects on such parameters as lift— drag ratio, stability and aerodynamic heating.

Laminar flows were investigated in this study because of the lack of reliable
determination of transition and turbulence modelling for 3D hypersonic strongly
interactive flow and also due to the prevalence of laminar flow in the hypersonic

regime.

The final assumption concerns the geometry. Conical shapes were chosen in this
study. The reason for this is twofold. First of all they include fundamental or generic
shapes that can represent spacecraft geometries. Important examples of such shapes are
(1) cones, (2) elliptic cones, (3) delta wings, (4) conical body/delta wing combinations,
(5) axial corners, (6) caret wings and other wave riders. Secondly a locally conical
approximation can be made for hypersonic flow around such shapes downstream of the
apex, which decouples the 3D NS equations in the radial direction. Therefore
computation and storage requirements are reduced radically so that a systematic
investigation on both the numerical methods and the physical phenomena could be
carried out with a medium—sized computer, namely, the ICL 2988 of Glasgow

University Computing Centre, which was available during this study.



To sum up, the assumptions made in the research reported in this thesis are:
(a) the flow is a continuum;
(b) the gas is perfect;
(c) the flow is laminar;

(d) the geometry is conical.

Under these assumptions, a mathematical model — the locally conical

Navier— Stokes equations(LCNSE) — can be established for the simulation of the flow.

The presentation is naturally divided into two major steps: (1) numerical aspects;
(2) physical aspects, which were in fact closely related to each other in the

development of the research.

On the numerical aspects, for an efficient simulation, emphasis was put on the
improvement of the convergence rate, which is considered to be one of the most
pressing needs in hypersonic CFD with N—S solutions. To achieve fast convergence to
the steady state, two implicit time marching schemes were developed to solve the
locally conical N—S equations. These two schemes are based on (1) the MacCormack
implicit scheme [7]; (2) the Beam— Warming implicit scheme [8]. Major new inputs into
the application of these two implicit schemes to the LCNSE are: (1) in the
MacCormack implicit scheme an implicit boundary condition treatment according to the
explicit boundary condition was adopted; (2) an explicit treatment of the source term in
the LCNSE was employed and justified; (3) a simplified version of Beam— Warming
implicit scheme was proposed for steady state solution; (4) steady state dependence on
time step of MacCormack— type schemes was revealed and the measures to avoid it was
investigated; (5) accuracy and efficiency of these two schemes were compared and

discussed.

To further accelerate the convergence, two multigrid methods were presented for

these two implicit schemes respectively. This original work was motivated by the recent



progress in multigrid theories [9] and some successful applications of the multigrid
procedures to accelerate explicit time marching schemes in CFD [10—12]. The
Ni— type multigrid procedure [10] was applied to accelerate the MacCormack implicit
scheme [13] while the full approximation scheme(FAS) [14, 15] was used to speed up
the convergence of the simplified Beam— Warming implicit scheme. This was done
according to the basic structures of the two different implicit schemes. Different

strategies in the multigrid procedures were studied.

In parallel to this, a more basic numerical investigation was carried out on a
sparse quasi— Newton method [16— 22] for a fast steady state solution. This was a result
of an analysis on the inherent shortcomings of the existing implicit schemes for steady
state solutions. A general procedure of the method was proposed and formulation was
demonstrated for three and five point spatial discretization schemes. Preliminary results
were obtained for a nozzle problem modelled by 1D Euler equations with high
shock— resolution schemes, i.e. van Leer's flux vector splitting scheme [23, 24] and
Harten's total variation diminishing(TVD) scheme [25, 26]. Compared with the
corresponding implicit operators, the sparse quasi— Newton approach showed a much

faster convergence to steady state.

This thesis presents numerical flow field simulations for three simple while
representative geometries of hypersonic flight interest. Cones, delta wings and
cone— and— delta— wing combinations were studied. Comparisons are made with the
experimental data of Tracy [27], Cross [28] and Meyer and Vail [29] respectively. The
flows around cones and delta wings in low speed regimes were well understood. But
their behaviour in hypersonic regime needs to be further investigated. The present
codes provided this possibility. Unlike the situation with cones and delta wings, the
hypersonic flow around a cone— and— delta— wing combination is more complicated due
to the more complex flow interactions. The only information available about this flow
was some surface measurement data [29— 31]. The flowfield data did not exist and the

surface measurements near the junction was not certain. A first flowfield simulation of



such flow by the codes developed in the present research [32] provided further insight
into the complex structure of the flow and revealed high local aerodynamic heating
regions and their causes. The leeside flow above the combination was also explored

with the present computer simulation [33].

10



1.5 Arrangement of the Thesis

As mentioned in the previous sections, the major contribution can naturally be divided
into (1) numerical method development; (2) hypersonic flow simulations. As a
consequence, after the mathematical model is established in Chap. 2, the thesis develops
in the two following chapters on these two aspects respectively. Chap. 3 presents
research efforts towards faster convergence after detailed presentation of the basic
numerical schemes. Accuracy studies will also be reported in this chapter. In Chap. 4,
some simulations are presented. Interesting physical phenomena revealed by the
simulation will be discussed. General conclusions drawn from this study and future work

are addressed in Chap. 5.

11



CHAPTER TWO

GOVERNING EQUATIONS

2.1 Introduction

In this chapter, the governing equations are described under the assumptions mentioned
in Chap. 1. As a starting point, the unsteady three dimensional compressible N—§
equations in Cartesian coordinates are presented in Sec. 2.2. They are then transformed
into spherical coordinates in Sec. 2.3. In Sec. 2.4 the locally conical approximation is
introduced to the N—S equations in spherical coorodinates and the locally conical N—§
equations result. Conical Euler equations are derived in Sec. 2.5 by simply deleting
viscous terms in the locally conical N—S equations. Sec. 2.6 describes the initial and

boundary conditions.

12



2.2 Compressible N—S Equations in Cartesian Coordinates

The unsteady, three dimensional, compressible Navier— Stokes equations in Cartesian
coordinates (x,y,z) without body forces and external heat addition can be written in

conservation form as

oU . oFE oF = oG

where the dependent variable vector U is given by

P

P
puy
U= puy (2-2)
puy

L pe

and the flux vectors E, F, G are given by

( puy
PUy? + p - Tyy
E = PUYUy = Tyy (2-3)
pPuzUy = Tzx

(pe + puy + gy - UyTyy ~ UyTyyx = UzTzyx |

" ouy
pulUy = Tyy
F = puy2 +p-Tyy (2-4)
pUZUy = Ty

(pe + p)uy + Qy = UxTyxy = UyTyy = UzTgy |

 puy

PUxUz ~ Txz
G = | puyuy - 7y, (2-5)
puz?2 + p -7,

(pe + pluy + Az - UgTyy = UyTyy = UzTzgp -

13



and the components of the stress tensor are

2 Ju Ju du
= = —& . =Y - =2
Txx =3 4 (25 oy 3z )
2 Ju Ju du
= —Y - X . ¥
Tyy "3k (257 "% T ey )
2 ou Ju Ju
= = At Ao 4
T2z =3 H (250 -5 T x ) (2-6)
Too. = (_a_}‘_x+a_u¥)=
xy = F LSy T ax Tyx
Ju Ju
Txz = b (5525 + 52 ) = Tzx
Ju du
vz =k () T Ty

Fourjer's law for heat transfer by conduction will be assumed so that the

components of the heat flux q can be expressed as

T
U = - k5
3T
= - Kk — 2.7
Ay 3y (2-7)
T
2= - k35

Because a perfect gas is assumed, the equations of states are

P = pRT ' (2-8)
T=(Cy-1)T[e-1IVI?/2 ]/R (2-9)
where R = 287 m?/sec?'K is the gas constant and 4y = 1.4 is the ratio of specific

heats.

The coefficient of viscosity is given by the Sutherland's formula

T3/2
F=Corrc (2-10)

where C, and C, are constants given as 1.458 x 10~ ¢ kg/msec: K% and 110.4 K

respectively.

14



The coefficient of thermal conductivity is related to the coefficient of viscosity by

the Prandtl number

C
Pr = —i—” (2-11)

So far nine equations in Egs. (2—1), (2—8)—(2—11) are obtained for nine
unknowns, the‘density p, the three velocity components uy, Uy, Uz the internal energy
e, the pressure p, the temperature T, the coefficient of viscosity p and the coefficient
of thermal conductivity k. The description of the problem will be completed with the
specification of appropriate initial and boundary conditions, which will be discussed

later.

As pointed out by Peyret and Viviand [34], the system of the above N—S
equations is of hybrid parabolic and hyperbolic type. Without the time dependent term

in Eq. (2—1) the steady N—S equation system is of hybrid elliptic and hyperbolic type.
With grid generation techniques, a general transformation can be made for general

body— fitted coordinates. In spite of this, a specific transformation is introduced in the

next section which suits conical shapes.

15



2.3 Compressible N—S Equations in Spherical Coordinates

For the study of the flow around conical shapes, it was found that a spherical
coordinate system is much easier for a simple body— fitted mesh generation. For these
shapes, therefore, it is not necessary to use a general grid generation technique. Such a
technique usually involves solutions of partial differential equations for a body— fitted

coordinate system.

Eq. (2—1) can be transformed into the spherical coordinate system (r, 6, ¢) via

the following transformation

x = x(r, 8, p) = r sinb cosp, r >0
y=y(r, 8, ¢) = r sinf sing, 0 0 g (2-12)
z = z(r, 6, p) = r cosgp. 0 g p g 27

Fig. 2.1 shows the relation between the two coordinate system.

The resulting equations in a spherical coordinate system can be written in weak

conservation form as

oU AL 0E | oF A oG | -~
§?+$+§§+W}+H=O (2-13)

where

pur
U=r2 sind | puy (2-14)
Pu,
L pe

pup

pur? + p - Tpp
E=r2 siné pPUgUy - Tpp (2-15)
PULUy = Top

L (pe + p)up + dy = UpTpp - UgTgp - Yol pr -

16



( pug
purly = Trg
F= r siné pug? + p - 799 (2-16)
pu Uy = T,
L (pe + plup + dg - UrTrg - UgTgp - UyT,g
pu,,
pupy, - Tre
G = r pugu, - T, (2-17)
puw2 + P - Te
L (pe + P)u¢ tldp - UrTry ~ T gy = UpT ey,
and the source term vector is
[ 0
- Cpup? +p =799 ) = (puy? +p - 75,
H=r siné - ctgd ( puso2 + p - T op ) + pugpug - Tpp (2-18)
ctgl ( PUGU, = T gy ) + pupuy - Tre
L 0
The components for the shear stress tensor are
Trr = 24 g;ﬁ - %y div Vv
_ 1 du up 2 .
700‘2“(F_ﬁao + L) - gpdivy
Twzz“(rsi eg—%J’gtJ'&ngB) '%"di"v
nv op (2-19)
Jo,u 1 du
Tro = Tor = #Lr pGED + £ gt ]
_ _ sinf o, u, 1 duy
Top = Tpo = . = 35 5Thg rsinfd dyp ]
1 du 9. u
= = - - r —
Tro = Tor a rsingd op * rar(F‘p) }
. B 1 S, L, . o . 9
div V = PPV [ §F(r sinfu,) + 55(r51n0u0) + §G(ru¢) ]
and the components of the heat flux are
oT
dr = - k 3r
1 oT
qg = - k T30 (2-20)
- kL _of
dp rsiné 9y
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In spherical coordinates, conical shapes are wusually easily defined. Especially
interesting is that the spherical coordinate surfaces compose a variety of practical
conical shapes without further transformation. These shapes include cones (Fig. 2.2),
delta wings (Fig. 2.3), cone/delta wing combinations with or without the wing dihedral
(Fig. 2.4), and some waveriders such as caret wings (Fig. 2.5). As shown in the figures
a cone with a half—cone angle 6. is composed of a 6§ = 6. ( 0 < ¢ < 27 )
coordinate surface. A delta wing with leading edge sweep back angle A is composed of
6= w2 (— n/2 + A o m2 — A). A cone/delta wing combination is composed
of 6 = 6, (0 g pg2r), p= w2 ( 6 < 0 <72 — A)and p = —a/2 ( 6, <

6 ¢ w2 — A).
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2.4 locally Conical Navier— Stokes Equations (IL.CNSE)

Numerical solution of the 3D N—S equations described in Sec. 2.2 or 2.3 requires both
a huge computer storage and a very large amount of computing time even for simple
aerodynamic configurations. This has led researchers in the past to simplify the
equations through neglect of the stress terms ( therefore, inviscid flow) and/or by
reduction of the number of dimensions to be considered in the problem. This section
introduces the local conicity concept after description of the global conical flow. The
locally conical approximation decouples the 3D N—S equations in the radial direction

and leads to the locally conical N—S equations.

2.4.1 Definition of Conical Flow

Generally speaking, a conical flow can be defined as a flow in which all flow
quantities are constant along rays passing through a common vertex. If a conical shape
is defined as a shape generated by rays passing through a common vertex, a truly
conical flow can only be an inviscid supersonic or hypersonic flow around a conical
shape with a bow shock wave attached to the vertex of the shape. The exclusion of a
significant length scale has the effect of reducing the number of independent variables

in the problem by one.

If a body— fitted spherical coordinate system centred at the vertex of the conical
shape is used to describe the flow, then all the spherical surfaces must have the same
vector and scalar values of the flow quantities for a given (6, ¢) point. Therefore all
the derivatives of the flow quantities with respect to the spherical radius (r) of these

spherical surfaces from the origin must be zero.

19



2.4.2 TIocally Conical Approximation

As noted in Sec. 2.4.1, the concept of conical flow is strictly valid only for inviscid
flow. Conicity disappears when viscosity is involved. However examination of many
experimental studies [27—31] of supersonic or hypersonic flows around conical shapes
revealed that these flows exhibit a locally conical behaviour downstream from the nose
region even though relatively large viscous regions exist. If the flow is described in a
spherical coordinate system, this locally conical behaviour indicates that, for a given r,
the gradient in the radial direction is much smaller than those in the crossflow

spherical surface.

Based on this examination, MacRae [35] introduced an approximation to the 3D
N—S equations for supersonic or hypersonic flows around cones. Unlike MacRae's
presentation a local point of view is stressed here in this approximation to avoid

confusion with the global inviscid conical flow.

For a given spherical surface, i.e., a given r, a locally conical approximation is

done by neglecting the derivatives of the flow quantities p, u., uy, e, p, T, p and

U
k with respect to r in the 3D N—S equations (2—13).

2.4.3  Derivation of Locally Conical Navier— Stokes Equations

Under the locally conical approximation, the changes made in the expressions (2—19)

for the shear stress tensor are

Try = = %—p. div V

= - £ ( - + a_ut )
Trf = T0r = T Y9 T 37

L -
"ro = Tor = ¢ C5ing 35 " Ve ) (2-21)
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: 1 . o . duy
div V = Teind ( 2upsing + W( u.sing ) + 3 )
q = 0 (2-22)

Therefore from the expressions in (2—15) and (2—21) the derivative of the r
direction flux vector with respect to r becomes
[ 0

Trr

rril
N

= ZE - r2sing —a—i Tor

QJlQJ
=t
—

Tor

U UpT ey + UgT gy + uwTwr J
0

Trr
E + rsiné Tor (2-23)

=N
|

Tor

C UpeTpyp + UgT gy + u¢7¢r J

By substituting expression (2—23) into Eq.(2—13), the equations become

a0 oF oG -

—— — — ' == " -
5t + 7 + 3 + H 0 (2-24)
where
[ 0
Trr
l—{'=ﬁ+%fl+rsin0 Tor
Tor
L UpeT ey + UpT gy + u¢1wr J
( 2pu,
2pu.? - pug? - pu«,2 ~Trr Y 700t Ty
= rsind 3pupuy -cth(puw2 + p) +ctgh T op 2740 (2-25)
3puruSZJ + ctgl pugu, - ctgd T 0y —ZTW,

L 2Up(pe + p) - UrTrr ~U9Tro “UsTrp
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2.4.4 Non— dimensionalisation of LCNSE

The locally conical N— S equations are nondimensionalised by

* _ _Up
Ur T TVl
* p
p bR —
Peo
* e
e =
VT2

x _ _Up * _ Yy
u = u =
0~ TVl Y Ve
* _ P * _ B
P pool\”oo2 # Hoo
T * t
T = t¥ =
T,-To r/1Vle

(2-26)

where the nondimensionalised variables are denoted by an asterisk. The free stream

conditions, denoted by =, are used for the non— dimensionalisation and r is the location

of the spherical surface where the locally conical approximation is made.

As a result, the nondimensionalissd LCNSE can be written as

a_U + oF

3t = 94
where

U= siné

F = siné

G =

L pe

. pug

L (pe + plug + qg - UpTrg - UeTgg ~ UpT,p

. ou,,

+=—+H=20
©

pUL.
pug
P,

PUpUp — Tyg
pug? + p - 79y
pULUy = Ty

puru¢ - Trq/
pLIgusD - TB‘P

2 -
PuL? + P = Ty

(pe + pPlu, + Qy = UpTry, = UPT g, = UpT ]

22

(2-27)

(2-28)

(2-29)

(2-30)



[ 2pu,

2pup? - pug? - pu,? - T + Tge + T

(02 P
H= siné 3pupuy -ctgt?(pusz,2 + p) +ctgh oo 2740 (2-31)
3puru¢ + ctgd pugu, - ctgh T 0p —ZTW,

L 2ur(pe + p) - UrTrr ~U9Trg ~UypTrep 3

where the components of the shear stress tensor are

2 dug 1 9du
Trr = 7 3 Req r (2ur + 55~ + ct8Y9 * 5y @‘Q )
2u ou
760 = Ree r ( 600 U )t Ter
2 1 du
Top = Rew 1 ( Sind 3, + up + ugctgh ) + T.p (2-32)
ou,
"r0=70r_Re::r ( -ug + 555
_ _ K du, 1 dug
Top = Tpb Rey, (# ctgd Yo * Sing dp ]
_ _ w 1 ou,.
Tre = Ter T Reg ¢ Cstno 3p ~ %)
and the components of the heat flux in (2—29) and (2— 30) are given by
p
S
99 2Re,, (Pr 30 (2-33)
- - p oT
dp = 2sTnfRe,  Pr 3p

With non— dimentionalisation (2— 26), the equations of state, (2—8) and (2—9) become

p - %%1 T (2-34)
T = 2y(e - |V12/2) (2-35)

For simplicity of the layout of the above governing equations, which are used in
the following computation, the asterisk for all the nondimensionized variables are

omitted.

Note that the length scale r still appears in the governing equations through the

characteristic Reynolds number

_ Pool Vil (2-36)

Rem,r m
(o]
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in the expressions for shear stress (2—32) and heat flux (2—33). As a consequence,
solution of the locally conical N—S equations depends directly on the position r where
the computation is carried out. And it is also evident that the non— conicity, i.e. the
difference in the solutions for different values of r, is totally attributed to the viscous

effects.

With the help of the LCNSE (2—27), the claim that a conical flow has to be
inviscid flow can be proved. Suppose the flow is conical and described by 3D N-—S§
equations (2—13). Then (d/dr) should be zero with respect to all flow quantities. This
results in the LCNSE (2—27). Because the flow is conical, the solution should be
independent of r. But r appears in (2—27) through (2—32) and (2—33). Therefore the
coefficient of viscosity p should be zero. In other words, inviscid flow is a necessary
condition for conical flows. The conical boundary condition requires that a conical flow

should be supersonic or hypersonic.
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2.5 Conical Euler Equations

As discussed in the last section, conical flows are inviscid and, therefore, solutions of
Euler equations. Conical Euler equations can be derived by neglecting viscous terms in
the locally conical N—S equations. Therefore the conical Euler equations may be

written in the following form.

oU oF oG
5c T FY + 30 +H=20 (2-37)

where

[ o
pur
siné pug (2-38)
pPU,

L pe |

(ot
I

" pug
pPurpuy
F = siné pug? + p (2-39)
pu g
(pe + plug |

[ puy,
purl,
G = pugu, (2-40)
pu,? + p
(pe + plu,

[ 2pu,
2pup? - pug? - pu<p2
H= siné 3pupuy —ctg()(puw2 + p) (2-41)

3pupu, + ctghd pupu

4 4
2u,.(pe + p) ]

Examination of the above equations reveals that the significant length, r, is missing

in the unsteady Euler equations.
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The conical Euler solutions will be presented for comparison with the locally
conical N— S solutions. Of course, they can be used to provide useful force data if the
viscous/inviscid interaction is not very strong. The conical Euler code can also be used

as a tool for the basic study of conical flows.

It should be noted that conical flow is only defined for steady state flow. The
unsteady form is used for the steady state solution, while for the study of the initial
transient pheno menon of high speed flows around conical geometries a full three

dimensional unsteady solution is necessary.
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2.6 Initial and Boundary Conditions

The descriptioh of a differential system of equations is not complete without the
specification of appropriate initial and boundary conditions. This section describes the
general initial and boundary conditions for the locally conical N—S equations and the
conical Euler. equations presented in the previous sections. The boundary conditions
determine the shapes simulated. More specific conditions for different geometries will be

given in detail in Chap. 4, where flow simulations are presented.

2.6.1 Boundary conditions

The three typical boundary conditions in the present problem are:

(a) On the wall of the conical shapes. As the flow is assumed to be continuum
throughout the flowfield, no—slip condition is applied on the solid wall for viscous
solutions. Either temperature or its normal derivative (corresponding to the heat

transfer) is prescribed on the wall to ‘be a given constant. That is,
oT .
u. = ug =u, = 0; Ty or (§ﬁ)w given (2-42)

For the inviscid solution of the Euler equations, a tangential velocity condition is

applied on the wall.

(b) The outer boundary. Because shock— capturing schemes are used in the numerical
solution of the governing equations, all shock waves in the flowfield are captured
automatically with the numerical solutions. As a conseqence of this, the flow properties
on the outer boundary are set to the properties of the free stream as long as the outer

boundary is sufficiently far away from the conical wall to include all the shock waves.
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(¢) The symmetry boundary. If the flowfield is symmetric, the computational domain
can be halved by the symmetry boundary. On this boundary, all the normal derivatives
of the flow properties are identically zero except for that of the normal velocity
component., The normal velocity component is set to zero on the symmetry boundary.

This boundary condition is commonly referred to as the reflection condition.

2.6.2 Initial Conditions

Although the major interest of this research is steady state solutions, a time marching
numerical procedure is followed by solving the unsteady governing equations to achieve
a steady state. In all the following computations, the flowfield is initialized to free
stream values of the flow quantities at all points except for the points on the wall,

where the appropriate wall boundary condition is applied.



CHAPTER THREE

NUMERICAL METHODS

3.1 Introduction

Flows governed by the equations presented in Chap. 2 can be simulated numerically by
finite— difference solution of these partial differential equations subject to appropriate
initial and boundary conditions. In this chapter, methods and numerical considerations
related to the finite— difference solutions of these equations will be presented. As stated
in Chap. 1, one of the most pressing needs in the algorithm technology in CFD is to
improve the convergence rate of Euler or N—S solutions. As steady state solutions are
of major concern in this research, the emphasis will be on the achievement of fast

steady state solutions.
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3.2 Review of Existing Numerical Schemes

Before detailed presentation of the numerical approaches taken in this research, a brief
review of existing schemes along with some discussion are given in the present section
with concentration on steady state solutions of N—S equations. This review also justifies
the approach ‘Faken in the reseach. More general reviews can be found in [5, 6, 34,

36]

3.2.1 Time Marching Approach

A time marching approach is gererally followed in solving the compressible N—S§
equations although in many cases only a steady state is of interest. There are three
reasons for this. As mentioned previously in Chap. 2, the steady compressible N—S
equations are a mixed set of hyperbolic and elliptic equations which are difficult to
solve because of differences in numerical techniques required for hyperbolic and elliptic
equations. However, with the unsteady term, the compressible N—S equations become a
set of mixed hyperbolic and parabolic equations, which can usually be solved more
easily with a time marching approach due to the similarity of the numerical techniques
for these two types of equations. Furthermore, following a physical time process assures
robustness of the solution procedure and prevents non— physical states such as negative
density, which may occur in non— physical iterative schemes to terminate the
computation. Another obvious advantage of a time marching approach is the versatility
of the code, which, if the time accuracy is retained in the scheme, can be used for
both steady and unsteady problems. Due to these features, nearly all successful solutions
of the compressible N—S equations have employed the unsteady form. The steady state

solution is obtained by marching the solution in time until convergence is achieved.

On the other hand, if the physical time process is followed strictly, a time

marching approach may be excruciatingly slow when one is interested solely in steady
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state solutions. If one is willing to give up some versatility and interest is concentrated
on the steady state problem then a faster method can be expected. Emphasis of the
present research on the numerical aspect is focussed on the achievement of fast steady

state solutions.

3.2.2 Time Discretization — Explicit or Implicit ?

If the wunsteady form of the compressible N—S equations is employed, there exist
essentiaily, as far as time discretization is concerned, two classes of methods: explicit

or implicit methods.

Explicit methods such as the famous MacCormack two—step explicit method [37]
have been widely used in solving compressible N—S equations since the algorithm is
relatively simple. Another advantage of explicit methods appearing recently with the
development of vector computers is that a full vectorization of the codes is usually
straightforward. For example, Shang et al [38] vectorized the MacCormack explicit code
on a Cray machine. Another more recent tendency is to use an explicit multi— stage
Runge— Kutta method for Euler [39] or N—S [40] solutions. The major advantage of
this approach over conventional explicit methods is that the severe stability restriction is

relaxed to a certain extent due to the enlarged stability region.

As is well— known, a major difficulty with an explicit method is that the stability
condition is often so restrictive that a huge number of time steps have to be taken
before reaching a steady state. This situation is especially severe for N—S solutions at a
high Reynolds number, where highly stretched meshes are generally involved for
accurate resolution of the viscous effects. The reason behind this is that most of the

explicit methods follow automatically a true physical process.
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A radical development in compressible N— S solutions is the non— iterative implicit
methods proposed by Briley & MacDonald [41] and Beam & Warming [8]. The
non—iterative feature is achieved by linearizaton and the nonlinear problem is solved
linearly at each time step. This approach is loosely referred as the implicit method in

the literature and it will be used in the following text.

Recently MacCormack [7] extended his well— known explicit scheme to a implicit
version. A saving in computing time by a factor of 17.5 was found compared to his
former explicit scheme. It was also applied by Shang and MacCormack [42] to
axisymmetric biconic configurations and computer time reduction by a factor of 13 was
achieved against its fully explicit predecessor. This scheme has been applied to PNS
solutions [43], viscous shock layer solutions [44] and to multiequation turbulence

modelling [45].

The Beam— Warming implicit scheme and the MacCormack implicit scheme are
now two of the most widely used schemes for compressible N—S solutions for the
understanding of complicated flow phenomena. Generally, as compared with explicit
methods the penalty that the implicit ‘methods take more computation per time step and
more coding work is amply offset by the great improvement in convergence to steady

state by taking much larger time steps.

If only the steady state is of interest, the implicit time marching can be
considered as a special iterative method. Because the time accuracy is not important,
simplification can be introduced in the linearization of the flux vectors. In fact, exact
linearization is generally impractical for N—S solutions. Hence many implicit steady
state solutions of the compressible N—S equations were achieved with some kind of

simplification in the linearization of the flux vectors.

Any kind of simplification in the implicit procedure can degrade convergence rate

and blocks the way to accelerating the convergence further to steady state by taking
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larger time steps. As a result, for a efficient time marching scheme for steady state
solutions, there is a tradeoff between the simplification of the procedure, therefore, the
amount of computation per time step and the convergence rate of the procedure. The
two extremes are the explicit time marching, which is the simplest while usually the
slowest, and the fully implicit scheme with exact linearization, which, as At - o,
reduces to a Newton iteration method with quadratic convergence while it is inevitably
the most complicated. It is Dbelieved that the most efficient scheme should lie
somewhere in between. It may be useless to produce an algorithm simple enough but
with a very slow convergence rate. It is equally useless to develop a scheme with a fast

convergence rate but a huge computation per iteration.

Furthermore for a practical multidimensional application, approximate factorization
of the implicit operator is also introduced in the implicit time marching procedure. The
error introduced by the approximate factorization is another reason in limiting time
steps in implicit schemes with factorization. Recently, as the pressure on computer
storage is released due to the appearance of modern supercomputers, some relaxation
schemes have been proposed to avoid the factorization of the implicit operators

[46— 49].

3.2.3  Spatial Discretization — Central or Upwind ?

The above mentioned MacCormack— type schemes [37, 7], Beam— Warming implicit
scheme [8] and the explicit Runge— Kutta schemes [39, 40] have all one thing in
common: the use of central differencing for discretization of the spatial derivatives and

the addition of some form of artificial dissipation for capturing the shock waves.

In contrast, for Euler equations, there are a variety of schemes which produce
sufficient dissipation by non— centred discretization in space. These schemes (monotone,

total variation diminishing, flux splitting, flux difference, lambda) employ some form of
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upwind differencing under the assumption of characteristic theory and wave propagation.
The work of Steger & Warming [50], van Leer[23, 24], Osher and Chakravarthy[51],
Roe [52] and Harten [25] all fall in this category. This approach is attractive because it
closely relates the inviscid physical features of the problem to the spatial discretization
schemes. High resolution of shock waves is achieved. The drawback of such an
approach is itg complexity, chiefly in multidimensional problems. Moreover all of these
schemes were originated from Euler solutions and the high resolution feature for shock
waves does not always exist for shear layers with these schemes as has recently been
discovered in [53]. These are supposed to be the two major obstacles for their

application to multidimensional N— S solutions.

As pointed out by Pulliam [54], an upwind scheme is equivalent to a central
differencing scheme plus a certain form of dissipation. He illustrated the wupwind
connection to artificial dissipation using the plus—minus flux splitting method of Steger
and Warming [50]. Yee and Harten [S5] also demonstrated that a TVD scheme is

equivalent to a central differencing scheme plus a more sophisticated dissipation term.

As mentioned previously, one recent trend is to use relaxation methods with
unfactored implicit operators. An upwind scheme usually yields an implicit operator with
a better matrix property, which is a desirable feature for a successful use of relaxation
methods. Chakrarvathy [46] related the diagonal dominance of the coefficient matrix
with the TVD property of the discretization scheme. This important advantage possessed
by some upwind schemes would be able to make them superior to central difference
schemes for fast steady state solution because this property allows efficient relaxation
procedures to be used. Mulder [48], Chakravarthy [46], Thomas and Walters [49] have

recently presented some preliminary while interesting investigations along this line.

In conclusion, since the central differencing schemes are comparatively simple and
more flexible, they are preferable at the present time for compressible N—S solutions

provided the artificial dissipation is added properly. In fact, upwind schemes can be
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used to guide the development of nonoscillatory, robust and efficient artificial dissipation
schemes. On the other hand, upwind schemes wusually provide better resolution of
discontinuities, especially shock waves, and can become competitive in the near future
to central differencing for steady state solutions in efficiency by using appropriate

relaxation methods to solve the resulting large sparse linear system.

3.2.4 Multigrid Acceleration

While the available theorems in the mathematical theory of multigrid methods generally
assume ellipticity [9], the multigrid idea and schemes have been applied to accelerate
time marching methods in CFD with great success. Ni [10] was the first to propose a
multiple— grid scheme to accelerate time marching Euler solutions with a Lax— Wendroff
type explicit method. The motivation was to propagate waves more efficiently on
coarser grids whilst maintaining the fine grid accuracy. This acceleration procedure was
then applied by Johnson [11] to the time marching N—S solution with the MacCormack

explicit method as the fine grid scheme.

A more direct application of the mathematical multigrid method is the application
of the full approximation scheme (FAS) [14, 15] to accelerate time marching schemes.
Jameson [12] used the FAS multigrid scheme to accelerate his explicit Runge— Kutta
calculations. This FAS multigrid scheme, a nonlinear multigrid scheme, is based on the
fact that iterative methods usually work well in reducing high frequency errors while

low frequency errors can be reduced more efficiently on coarser grids.

Although these two types of time stepping multigrid methods are now becoming
popular for acceleration of steady state Euler or N—S solutions, the success of their
application is problem dependent. Also there are so many factors in the multigrid
procedures, i.e. the cycling strategy, the level number, the iteration number on each
grid, which can influence the convergence that extensive numerical experiments are

necessary if an optimum is to be found.
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3.3 Implicit Solution of LLCNSE

For rapid achievement of steady state, implicit schemes were preferred to explicit
schemes in this research. Two implicit schemes were applied to the locally conical N—S§
equations. Their formulation and special considerations required for this particular
application are discussed in this section. Special features of these two schemes and a

comparison of their accuracy and efficiency are also addressed.

3.3.1 MacCormack Implicit Scheme for LCNSE

Since the details of the numerical integration method has been contained in
MacCormack's original paper [7], the scheme outlined here will provide details more
specific to the problem being analyzed, i.e. the problems governed by the Ilocally
conical N—S equations. The solution procedures are included to describe clearly the

scheme, especially the implicit boundary treatment.

3.3.1.1 Formulation

Eq. (2.27) may be integrated in time by the following implicit predictor— corrector set

of finite difference equations:

Predictor:

n n n n
AUi,j = —At(A_FFi,j/AB + A+Gi,j/Ag0 + Hi,j)

[ T - (At/AO)ALIA"| ][ T - (At/A¢)A+|B“|-]aUﬁ - AUy (3-1a)

n+i n n+1
Ui,j = Ui, j+ oUi,
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Corrector:

ATty = -acaFYT /a0 + AGTT /00 + HYT))

vy oy + vy
[1 + (At/A0)A_IA™ 1211 + (At/Ap)A_|B” ‘[-]50?,3 - AU?,B (3-1b)

vty = /) o+ sUTT )

In these equations, (A4 /Ap) and (A_/Af) are one—sided forward and backward
differences, respectively. |A| and |B| are matrices with positive eigenvalues and are
related to the Jacobians A} = (OFpdU) and By = (8GydU), and I is the unit matrix.

The dots in the equations indicate that the differences operate on all the factors to the

right. The inviscid Jacobians Ay and By can be diagonalized by Sy and S, that is,
Ay = ST TApSy By = S¢_1ABS(p (3-2)
where
ug 0 0 0 O ] u, 0 0 0 0
0 wuw O 0 O 0 wu, O 0 0
AA=10 0 uptc O O |, Ap=1|10 0 wu, O 0 (3-3)
0 o0 0 ug O 0 0 ugte 0
L0 O 0 0 up-c L0 0 O 0 u,-c

and Aj, By, are given in Appendix A and Sy, Sy 7, Sso and S‘p_1 are given in
Appendix B. The matrices |A|] and |B| in Egs. (3—1a) and (3—1b) are formed by
replacing the diagonal matrices Ap and Ag with positive valued diagonal matrices D

and Dg. The matrices |A] and |B| are thus defined by

[A] = SG—1DASG |Bl = S _‘DBS

®
where DA and Dp are diagonal matrices defined by

Dp = max ( |Apl + XpI, 0.0 ), Dg = max ( |Agl + XgI, 0.0 ) (3-5)

In the above expressions, |Ap| and |Ag| are diagonal matrices with absolute value

elements of Ay and Ag and
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- 2v

sinfAp

-1
2

- psinfApReq, At

with

4
v—max(gp., g—r,u).

(3-6)

Viscous effects are included in the implicit operator through the coefficient ».

For regions of the flow in which At satisfies the following explicit stability

conditions

1
(lugl+c) /A6 + 2v/pA4‘)2Rem’r !

1
(|u¢|+c)/A¢>sin0 + 2v/p(sinfAp) 2Re°o’r ’

At

At

DA and Dp vanish and the set of difference equations (3—1)

well— known MacCormack explicit method. In that case,

n+1 n n+1 n+1
5Ui,j-AUi,j' 6Ui,j-AUi,j

3.3.1.2  Solution procedure_and numerical boundary conditions

(3-7)

reduces to the

Supposing ¢y is the outer flow boundary, ¢, is the wall boundary, and 1+ 3 PI— §

are the symmetry boundaries, the solution procedure and the explicit and implicit

boundary condition treatment is given below.

Predictor:
1) Calculate the explicit increment AUir,’-from (3-1a)
2) For j=2,3, ..., J-1

i=1-1,1-2, ..., 2,

calculate 6ui’fj from
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At n * n At n *
(U+ gy AL, POV j = AU+ T IAiej Ui, j (3-8)

As boundary condition at i = I is fixed to the flow properties at infinity, i.e. u,
= Upey Up = Ugey Uy = U T = T, and p = pe, the corresponding implicit
boundary condition is 6U1Tj = 0, which starts the above block bidiagonal solution
process.
3) For i = 2,3, ..., I-1

j=J-1,1-2, ..., 2

calculate 5Ui,3 from

n+1

At n n+1 * At n
(Ir + Y IBli,j)‘SUi,j = 6Ui,j + yovn lB'i,j+15Ui,j+1 (3-9)
#J J
To start the above procedure, the value
n n+1
IBlj, 5y 6Uj g
has to be known.
Implicit symmetry boundary condition
As boundary condition at j = J — 1/2 is a symmetry bbundary condition, i.e.
Uri,J = Upri,J-1» Y9i,J = Y9i,J-1» Yi,J = 7 Ypi, J-1>
i, J = ©f J-1s Pi,J = Pi,J-1" (3-10)

The implicit boundary condition is treated correspondingly as:

a) If At and Apj is so chosen that the scheme reduces to an explicit version at the
boundary, then lBli?J = 0.

b) If a very fine mesh is necessary near the symmetry boundary, an implicit treatment
on this boundary corresponding to the explicit boundary condition is

n+1 n+ n n
8U7 y = E 8U7 yo,,  IBl{y E=E IBl{ ), (3-11)
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where

(1 0 0 0 0]
01 0 0
E=]10 0 1 0 (3-12)
0 0 0-1 0
L0 6 0 0 1.

Therefore, by substituting (3—11) into (3—9), the following equation is solved for

i= J-1

At n n+1
(I'E)lBli,J-1 ]5Ui,J~1 =

*
1+ 5 sUY 3 (3-13)

The matrix on the left 'hand side can be inverted easily and the solution of the block

bidiagonal system (3—9) starts with

(1 0 0 0 0
0 1 0 0 0
n+1 *
8Uj y-, = | © 0 1 0 0 SU[)_)'—i (3-14)
~a, -as 35 1 g
l+a, 1+a, 1l+a, 1l+a, 1l+a,
L 0 0 0 0 1
where
2At n '
ay = C IBly 5-¢) , k=1,2, ..., 5
k Aoy, i,J-1/4,k
¢) This boundary condition can also be treated more approximately by taking
ey
8UY o, = oUT ., (3-15)
Thus
n+1 n+1
IBIT, ysUT 5 = IBIT JESUT -, = EIBI j_,6Uf j_,  (3-16)
4) Update the solution
uity = uf o+ eulT] (3-17)

Corrector:
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1) Calculate the explicit increment

i
from Eq.(3—1Db).
2) For j=2,3, ..., J—-1
i=2,3, ..., I-1,
calcuiate 6Uf”'°j from
(1 + 2 |A|’1‘+3 youlYy - aufty 4 AL |A|’,’f} T (3-18)

This procedure necessitates the specification of an implicit boundary condition on the

wall,

Implicit wall boundary condition:

a) On the wall, the boundary condition is u, = uy = Uy = 0, T = Ty,
(9p/a6)y, = O thus the flow state on the wall can be expressed as a function of the

state away from the wall. Supposing P1,j = Paj is used to approximate (Jp/d6)y, =

0, then
. k%
Pi,j
0
ok ok o 3Q
U, ; = sinéd 0 = Q(U, i), U, ;= =r%w— oU (3-19)
1,14 1 2, 1, aUz,j ’J
0
*h kK
P1,3%1,]
where
2y 2y 2y 2y 2y
=|V] - = u - == u - =t u : =t
Ty T, T2:J Ty 02:J T, ?%J T,
0 0 0 0 0
9Q
ST 0 0 0 0 0 (3-20)
2, j
0 0 0 0 0
VI = Upy LN “Upz, .
Therefore, the block diagonal solution procedure (3—18) can start with solving
At 3Q *k n+1 _
[ I+ZB_2 Al 5 - 1AL, j a_**_U ) 18U, j = AU, (3-21)
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b) This boundary condition can also be treated more approximately by taking

CAAPA" JUP S a1 SN 3-22
3) For i = 2,3, ..., I-1
i= 23, .., J-1

calculate sUPT 1 from

At n+1 n+1 wk At n+1 n+1
(1 +H lB'i,j ) ‘SUi,j = 0Uj +H- lBli,j—15Ui,j—1 (3-23)
J J
On the symmetry boundary, j = 1+ %, the implicit boundary treatment is similar to
that on j = J— i, which will not be repeated here.

In the above procedure, the solution of the block bidiagonal system is carried out
making use of the known decomposition of |A| and |B|, which reduces the
computation in the inversion of the block matrices. For example, to solve Eq. (3—8) in

the predictor, the equation is rewritten as

At

n *
Ad; [Alj4q, '5Ui+1,

-1 At n * n
Soi,jl0 * zoy Padi,j 1Se1,5 01,5 = 401, j + j j

and can be easily solved as

At n

-1 n - At n *
Ui, j = Soi, jll + zgr (DA)i,j 177 Sei,jlAU; j + Z@"i“lAli+1,j5Ui+1,j]-

Note that the block matrix inversion is trivial because S i ,‘ j and Sei,j are known
and [ I + (At/A6)) (Dp)i?j ] is diagonal. This in fact means that a block bidiagonal

matrix inversion is reduced to a scalar bidiagonal matrix inversion.

It is important to note that all the boundary conditions are treated corresponding
to the explicit boundary conditions, which is an approximation of the physical boundary
conditions. This treatment was found to be more stable than MacCormack's "zero" or

"reflection" treatment of the implicit boundary conditions[7].
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It should be noted that explicit adaptive second order artificial viscosity is added in
(3.1) to overcome oscillations near the shock waves. This artificial viscosity should be
controlled to its minimum to assure the accuracy of viscous parameters on the wall,

Details are given in Appendix C.

Compared to the flux vector derivative terms, the source term in Eq. (2—27) has
a lower order influence on the stability property of the difference scheme. In fact, the
von Neumann stability condition is independent of the source term if the Jacobian of

the source term is bounded, as proved in Appendix D—1.

3.3.1.3 Features of the scheme

The above method is unconditionally stable, and is second order accurate in both
space and time under the condition that vAt/pA62? and »At/p(Agsing)? remain bounded

as At, A9 and Ay approach zero.

In addition to this, the following features of this scheme should be pointed out.

a) For regions of the flow satisfying explicit stability criteria, the implicit method
reduces to the corresponding explicit method and therefore no more computing time
than the explicit scheme is needed in these regions. Due to this feature, the implicit

MacCormack scheme is also called explicit—implicit or hybrid in some literature.

b) Viscous effects are included in the implicit operator in an approximate and very
simple way to enhance the stability for viscous flows. Therefore the computation of the
implicit operator and its inversion can be done with the help of the knowledge of the
inviscid Jacobians. Two block bidiagonal matrix inversions are reduced to two scalar

bidiagonal matrix inversions, a fact which greatly reduces the computation.
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c) Although the scheme is unconditionally stable in von Neumann's sense, At is still
limited in practical computation, which is considered to be mainly due to the error
created by approximate factorization taken in the procedure and the approximate

linearization.

d) An intrins}c property of the two—step MacCormack type schemes, explicit or
implicit, is the time step dependence of the steady state solution, as analyzed in
Appendix E. Thus, convergent steady state solutions may only be reliable with
sufficiently small At. Therefore one measure to achieve spatial accuracy is to reduce
time step towards the end of the marching until variation of the solution with this
reduction diminishes. This is obviously a disadvantage of the scheme for steady state

solutions.

3.3.2 A Simplified Beam— Warming Implicit Scheme for LCNSE

3.3.2.1 Beam— Warming implicit scheme

If the inviscid and the viscous parts in the flux vectors and the source term are split,

the LCNS equations can be written as
3U  3Fy . 3Gy _ dFy , 3Gy
5t t 35 +a¢ + Hj = 37 +a¢’ + Hy. (3-24)

By using backward Euler implicit time discretization, the equation can be discretized in

time as follows,

n+1 n n+1 n+1 n+1 n+1
U -U oFy oGy n+1_ oFy oGy n+1
: + 37 +a<p + Hj =33 +3s0 + Hy . (3~25)

Linearization of the nonlinear flux vectors and the source term gives
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=}

A %%l ( Ut - gn )+ 0(At2), (3-26)
n+1 n 3Gy

G =G + 3~ (UM — UM ) + 0(At?), (3-27)
n+ n _ OHY

Hp ' = H] + 5g& (UM~ U7 ) + o(Ae?). (3-28)

If the viscous flux vectors are further split into two parts as

Fy = Fy,( U, Ug ) + Fy,( U, U, ), (3-29)
Gy = Gy, ( U, Uy ) + Gy,( U, U, ), (3-30)
where Uy = 0U/a9, Uy, = 0U/d¢p, the linearization is
n+1 n 3FY OFy n+1 n
Fy, = Fyi+ s’ ( Untr - gn ) + gﬁ%'< Upg - Uy ) + 0(At2), (3-31)
n+1 n OFy SFYy n+1 n
Fy, = Fy,+ gﬁMZ( gntt — gn oy 4+ 3ﬁ§2< Uy - U, ) + O(At?), (3-32)
n n
Gyl = Gyi+ g%ll( umtt — gn ) 4+ g%%1( ugt! - U ) + o(At2), (3-33)
n+1 n FYelt FYelt n+1 n
Gy, = Gy,+ 3622( gt — gn oy o+ §ﬁ§2< Up - Uy ) + 0(At?), (3-34)
n+1 n OHY SHy n+1 n
Hy ' = Hy + 3 ((UMFT - U0 4+ 56% (Ug ' - Up)
iHJlr; n+1 n 2
+ 50, (U, =~ Uy) + 0(4at?), (3-35)

After the above linearization, the equation can be written in the following delta

form as

1

9 n. n.
[ gr 1+ 355CA1 - P+Rp-M=-X+YM - 55 R

a n. n,
t5, (Bl - Q+ Sy - N-W+ZeN - 558

92

— —— n - n. n
aeagp(Y + Z)D + (CI L + My + NSD) ] AU

%

n n
=-(ﬂ:l+%gl+ﬁl+(g—g¥+§%l+ﬂv)+0(m), (3-36)

gntr = yn 4+ Agn,
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The Jacobians in the above equations are

oF oF OF OF OF
_ 9Fp _ 9Fy, _ 9Fy, _ 9Fy, _ 3Fy,
Al = 37 P =30 R =31, X =30 ¥ 5,
3G 3C e 3G 3C
= L = V2 = V=2 = Vi1 = V1 -
Br = 5v Q=37 5”3, V= 3o Z=3g, 3D
oH oH oH oH
cr=3  L-3 M= 35, N -5,

Beam and Warming [8] used approximate factorization for a direct solution of the
equation by solving two block tridiagonal systems. For that purpose, cross derivatives
should be avoided by lagging the following two terms in time,

n-1

AFy, = AFy,' + 0(Ac?), AGy, = AGy,' + O(4t?). (3-38)

In this case the Jacobians X, Y, W and Z in (3— 36) vanish and three time levels are

involved.

3.3.2.2 Simplification of the implicit procedure

It is difficult to derive analytically all the Jacobians listed in Eq. (3—37). Fortunately,
for steady state solution, only the spatial accuracy is the major concern. From the
delta form of Eq. (3—36), the spatial accuracy of the steady state solution is
determined by the right hand side, RHS, in Eq. (3—36). The implicit operator can
only influence the convergence to the steady state. A simplified implicit operator is
presented here, which includes the inviscid Jacobians and representative  viscous

Jacobians to enhance stability. The factorized simplified form is expressed as

I+ At(<2A;- - <2 R- I + At(<2B;- - <>25- )] AUM — RHSMAt
[ (371" - 352 )11 (3;1*37,2 = ,

(3-39)
untt = gn 4 Ayn,

where Ap, By, R, and S are given in Appendix A. As has been analyzed previously in

the MacCormack implicit scheme, the source term is treated explicitly.
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3.3.2.3 Solution procedure and numerical boundary conditions

Supposing 6y is the outer boundary, 6, is the wall boundary, and ¢, 4, and @y 4

are the symmetry boundaries.

1) Calculate the right hand side of (3—36) or the residuals

RHSM = Z( %% + %g +H) g (3-40)

2) Solve the block tridiagonal system

2
[ T + At( A—?Aln— %R")-]AU* = At RHSD, (3-41)
i.e.
* X & n
Bi, jAUj-y,j + Dj, jAUj j + Cj jAUjy,, j = AtRHST, (3-42)
i= 3, 4, , =2,
j = 2) 3) ) J_l,
where
At At
B: - A, s = — Ri_, i,
1,] 0i41-01-, 171, AgyZ Ti-1,
2
Di,j=1+ A6y ? Ri,j'_ (3-43)
At At
Ci + = —=2 A .- At . .
1,] 0i+1_6i—1 i+1, § A0i2 1+1, ]

a) For i=I-1, the boundary condition at i=1 has to be embedded in the implicit

operator,

* * * *
AUI,j = 0, BI—1,jAUI—2,j + DI—1,jAUI~1,j = AtRHSI_1’j. (3-44)
b) For i=2, implicit wall boundary condition is applied to evaluate AU,TJ-.

* At A *

B2, i80, g = [ - g oar Ati - Zez Re, 3140 (3-45)

2,]

AU *. = 0 and

It is easy to verify that on the wall Rh] i =
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0 0 0 0 0
0 0 0 0 0
* * fBsiné
Ay, AU, i = | o% —u,.* -u -u,¥ 1 (AU, ;s BT (3-46)
I, j2%, ] r 0 14 2, sind,
0 0 0 0 0
0 0 0 0 0 Jz2,j
Therefore
. * = *
Bz,jAU1,j = Bz,jAUz,j (3-47)
and the equation to be solved on the wall boundary is
- * *
( Dz,j + Bz,j )AUz,j + C2,jAU3,j = AtRHSz’j. (3-48)
3) Solve the block tridiagonal system
A ) A7 L. e _
[I+At(A—¢ By -AP——S )YJAU = AU™, (3-49)
i.e.
*
Ei,jAUi,j—1 + Gi,jAUi,j + Fi,jAUi,j+1 = AUi,j’ (3-50)
j= 3,4, .., J-2,
i= 2,3, .., -1,
where
At n At n
Ei { = - ———— Byj i_, = ——= Si i_.,
D pigmeioy T T gy P
2 n
GI’J =L+ A@Jz Si:j’ (3—51)
At n At n
Fi + = — = By ", - Si iyq-
i, ] Cjt19]-1 Ii, j+ ijz i, j+1
On the symmetry boundaries
AUi,1 = E AUi,z, AUi,J = EAUi,J_1. (3-52)
The equations on the symmetry boundaries are
*
(Ci,z + Ei’2I‘ )AUi,z + Fi,zAUi,s = AUi,z* (3-53)
*
Ei,0-1804 g5 + (Gj gy + Fi g 1DAV; 5o, = AUy 5., (3-54)
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4) Update the solution
gnt1 - yn 4+ Apn, (3-55)

It should be noted that in the shock— capturing hypersonic simulation of this
research (presented in Chap.4) a second order adaptive artificial viscosity was added to
the right hand side of (3—39) and a corresponding second order implicit term was
added to the ‘left hand side for stability. The fourth order artificial dissipation term,
usually used in Euler solutions, was found unnecessary for the present N—S solutions
and it degraded the accuracy of viscous parameters on the wall. Details of the adaptive

artificial viscosity is given in Appendix C.

3.3.2.4 Features of the scheme

The simplified Beam— Warming scheme presented above is second order accurate as far
as the spatial accuracy is concerned. The implicit time marching is unconditionally

stable in von Neumann stability analysis.

It is obvious from the above procedure that the implicit scheme needs to solve
two general block tridiagonal systems. Because Ay and R, and Bj and S cannot be
diagonalized simultaneously, this block tridiagonal system cannot be reduced to a scalar
tridiagonal system as has been done in the inviscid case by Pulliam and Chaussee [56]

or in the implicit MacCormack scheme for the LCNSE presented previously.

Some authors suggest omitting completely the viscous effects in the implicit
operator to simplify the implicit procedure. This, of course, will not influence the
accuracy of the steady state solution. However the purpose of implicitization is to
relieve the severe stability condition for high Reynolds number N—S solution. Therefore
the influence of explicit viscous treatment on stability needs to be analyzed. This is

investigated in Appendix D with a scalar convection— diffusion equation modelling. It is
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found that if only the inviscid term is treated implicitly while the viscous term is
ignored in the implicit operator, the time step is limited by the viscous effects, which
can be severe in the viscous region where the mesh is very fine. Therefore the
advantage of the implicit scheme is lost for viscous solutions, if viscous effects are not

taken into account in the implicit operator.

On the other hand, because of the generality of the block tridiagonal solution, the
implicit boundary conditions are evidently easier to be embedded in the solution

procedure.

In contrast to the implicit MacCormack scheme presented in Sec. 3.3.1, an
important advantage of the simplified Beam— Warming scheme is that accurate steady
state solutions can be achieved with large time steps because the formulation separates
the time discretization from spatial discretization and, therefore, indicates a time step

independence of a steady state solution. This point is analyzed in Appendix E.

Again, as in the MacCormack implicit scheme, the time step in practical
computation is still limited due to- the errors introduced by (1) the approximate
factorization; (2) the imperfect linearization. Therefore in practical computation, an
optimum time step needs to be found by numerical testing for best convergence to the

steady state.

3.3.3 A Comparative Study of the Two Implicit Schemes

To compare the two implicit schemes, some statistical data from the numerical
simulation of this research is shown in Table 3.1. The total computation time shown in
the table is the time for convergence. Because the convergence criteria are different —
maximum relative error max|URt 1—UN|/At is used in the MacCormack implicit

scheme and the root mean square of the residuals is used in the simplified
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Beam— Warming scheme — a strict comparison of convergence is not convenient.
However, a same physical non— dimensional time of about 2 is found for all the cases
to reach a converged flowfield with the pressure distribution and all the shock waves
reaching their steady state. From (2—26), this means the time for flowfield convergence
is roughly the time for the incoming flow to sweep twice from the vertex to the
computation station. This convergence criterion is used for the comparison of the two
implicit schemes in the following table. It should be noted that viscous parameters such

as heat transfer needed longer time to settle down to their steady state.

Table 3.1 Computation time comparison, LCNSE solution, mesh 6565

ICL 2988 computing time, cpu

Algorithm time step At per time step total to
per grid point convergence
(second) (hour)
MacCormack explicit 0.0001 0.269 x 10-2 63.14 *
MacCormack implicit 0.005 0.343 x 10~2 1.61
Simplified B-W implicit 0.02 0.302 x 1071 3.54

* Estimated

From Table 3.1, it is clear that both of the implicit schemes are marginally more
efficient than the explicit scheme for steady state solutions. Due to the very fine mesh
near the wall, the time step used in the explicit scheme was severely limited by the
stability condition (3—7) while the implicit procedure could march in time with much
larger steps. Steady state solution of the problem with an explicit scheme is prohibitive
on the computer available.

It is interesting to note the small difference in CPU time per time step between
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the MacCormack explicit and implicit schemes. This is partly due to the low cost of
the implicit procedure. It is also attributed to the useful capability of the implicit
scheme which can switch automatically to the explicit scheme in regions where

implicitization is not necessary.

Also show in the table is the difference between the two implicit schemes. The
computing time of the simplified Beam— Warming scheme per time step is much longer
than that of the MacCormack implicit scheme. The reason for this is clear by analyzing
the formulation of the two different schemes. The difference is due to the difference in
the inversion of two block tridiagonal matrices and that of four scalar bidiagonal
systems per time step. On the other hand, it was found that the simplified

Beam— Warming scheme can use larger time steps for faster convergence.

Furthermore it should be noted that the accuracy of the steady state solution with
the MacCormack implicit scheme may be degraded by large time steps, as analyzed in
Appendix E. From numerical experience, whether this At dependence is severe is
problem dependent. Therefore as a safeguard for the accuracy of the steady state
solution in the MacCormack implicit-scheme, the time step, At, should be reduced at
the end of the time marching until no more change appears in the solution with this
At reduction. However, with the simplified Beam— Warming scheme, the steady state
solution only depends on the spatial discretization and, therefore, large time steps will

not influence the accuracy of the steady state solution.

Fig. 3.1 shows the heat transfer for the cone— delta— wing combination at
o = 0°. Time step dependence of the MacCormack implicit scheme is clearly revealed
by the marginal difference between the solutions of the MacCormack implicit scheme
with At fina; = 0.005 and At fpq) = 0.001. However after the final time step was
reduced to 0.001, this dependence was overcome and the solution did not change with
further reduction of the time step. This converged result agrees with the simplified

Beam— Warming solution and the experimental data quite well.
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3.4 Multigrid Acceleration of the Implicit Schemes

As mentioned in Sec. 3.2, multigrid acceleration schemes are becoming a more widely
used tool in CFD. For the Euler and N—S solutions some time stepping multigrid
schemes have been proposed to accelerate the convergence of explicit time marching
solutions to tt_le steady state. But the multigrid acceleration idea is not confined to
explicit schemes. In this section two multigrid schemes are presented for the implicit

schemes formulated in the previous sections.

3.4.1 Ni— type Multigrid Acceleration of the MacCormack Implicit Scheme

3.4.1.1 Ni's multigrid idea

In Ni's scheme [10], the Lax— Wendroff finite difference method, which is derived from
the Taylor series expansion, is formulated in such a way that the corrections ( §U =
Unt 1 — UN ) at each grid point are related to the changes ( AU ) taking place in
the neighbouring control volumes. This formula is called distribution formula. After the
corrections, §UD, are calculated on the finest grid using this one— step Lax— Wendroff
type method, the corrections are restricted to the next coarser grid and replace the
changes, AU 2h occurring in the control volume of the coarse grid. The distribution
formula is then used to obtain corrections, U2, on the coarse grid. By bilinear
interpolations the corrections at the intermediate fine grid points is filled in and the
solution can be updated. It is important to note the difference between the fine grid
scheme and the coarse grid one. Instead of using the Lax— Wendroff scheme on the
coarse grid, the changes on the coarse grid are resfricted from the fine grid
corrections. Therefore the coarse grid scheme is in fact a procedure of redistributing
the corrections from the fine grid solution through the distribution formula. It is clear
that the fine grid spatial accuracy is not influenced by this correction redistribution.

The basic idea behind Ni's multigrid scheme is the use of coarse grids to propagate the
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fine grid corrections properly and efficiently throughout the field, thus improving

convergence rate to the steady state while maintaining low truncation errors.

Based on the above analysis, various methods other than the one—step
Lax— Wendroff method can be used for the purpose of generating fine grid corrections.
In fact, the MacCormack explicit scheme has been used with Ni's distribution formula

for multigrid acceleration [11].

Due to the advantage of implicit methods over explicit methods, especially for
N—S solutions where a highly stretched mesh is necessary, it is the author's belief that
more efficient procedures can be derived for steady state solutions by combining the
advantages of implicit methods and multigrid schemes. It is possible because the implicit
corrections can also represent changes on the coarse grid as explicit corrections. The

physical meaning of the distribution formula is maintained.

3.4.1.2 Application to the MacCormack implicit scheme

The Ni—type multigrid procedure is used with the implicit MacCormack method

presented in the last section as follows.

Define successively coarse grids by successive deletion of every other line in each

coordinate direction. This necessitates the definition of the mesh number as m-2P + 1.

1) The implicit corrections on the finest grid are defined as

h + 1 n+ n+
8U; ) j = Uf, | -Ui',‘j=7( oUT § + 8U%, 5 ) (3-56)

from (3—1).
2) These fine grid corrections are restricted to the changes occurring in the coarse grid

control volumes, i.e.
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h

auzh — 1% sub, (3-57)

3) The distribution formula is used to calculate corrections on the coarse grid points.
Ni's distribution formula was derived without a source term. From the same idea of

Taylor expansion, distribution formula with a source term is derived as follows,

sUTY ;= 2 [ AU - A ( A+ %g + 2 )4 s
+ 2 Av - A (A %g + 1AM )4 oy
+ 3 AU - A (- B %g ST S PR
+ 1L AU - A (- - %g + M5 oy (3-58)

where (i+1,j+1), (i+1,j—1), (i—1,j+1) and (i—1,j—1) represent the four coarse grid
control volumes surrounding the ccarse grid point (i,j), as shown in Fig. 3.2(a).
Derivation of the above distribution formula for one dimensional case is illustrated in

Appendix F.

4) Interpolate the coarse grid corrections calculated from the distribution formula

(3— 58) back to the fine grid and update the solution, i.e.

su = 1,0 su2h, ' (3-59)
h
Upew = U + 50U 0. (3-60)

The procedure is illustrated in Fig. 3.2,

Because the coarse grid scheme (3—58) is a wave propagation procedure, it
implies a convection mechanism as pointed out by Johnson [11]. Therefore in the
present N—S solutions the coarse grid scheme only involves inviscid Jacobians, which

makes the multigrid scheme more efficient. That is in the distribution formula

_ aFI _ aCI _ aHI
AF = 30 AU, AG = 30 AU, AH = 30 AU. (3-61)

For stability a local time step, which is determined by the local inviscid stability

condition, is used in the coarse grid scheme,
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Af sinfAp

At = CFL min [ i
|ugl+c |u¢|+c

], CFL ¢ 1. (3-62)

The above procedure is repeated on successively coarser grids until the coarsest
grid is reached. The strategy used in the present multigrid cycling is the sawtooth

cycling.

3.4.1.3 Numerical test

In Fig. 3.3 convergence histories are shown against a work unit, which is defined as
the unit CPU time for one time step using the MacCormack explicit method. The case
taken for this test is the cone case with My, = 7.95 and o = 0° (computation details

can be found in Chap. 4).

The Ni— type multigrid scheme has evidently accelerated both the explicit and the
implicit schemes. A marginal difference in the convergence is shown again between the
explicit and the implicit schemes. The figure shows that the implicit scheme with a two

level multigrid is the most efficient approach.

By monitoring the shock position during the time marching, it was observed that

the multigrid scheme particularly speeded up the movement of the shock wave from the

wall to its steady position. This corresponds to the physical meaning of Ni— type

multigrid method and the inviscid nature of the present coarse grid scheme.

3.4.2 FAS Multigrid Acceleration of the Simplified Beam— Warming Implicit Scheme

3.4.2.1 Full approximation scheme (FAS)

The original idea behind the multigrid method is that on a given grid relaxation
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methods generally work well in reducing high frequency components of the error but
poorly reducing low frequency components. A multigrid approach uses a relaxation
scheme to smooth the high frequency error on the fine grid and then use successively

coarse grids to reduce the low frequency error {14, 15].

Consider the discrete nonlinear problem arising from the discretization of PDE,

Ry(Up) = fp, (O ). (3-63)

The FAS nonlinear multigrid scheme can be presented as follows.

Let Uh* be an approximation of the solution Ujp of (3—63), which is obtained

after v, relaxations. Denote the error of Uh* by
*

vh = Uy - Uy (3-64)

and the defect of Uh* by
%

dy, = fp - RL(Up) (3-65)

Trivially, the Qp— defect equation
* *

Rh(Uy + vp) - Ry(UL) = dp (3-66)

is equivalent to the original Eq. (3— 63), yielding
*
Uy = Uy + vp. (3-67)

Eq.(3— 66) is approximated on (5 by

% *
Ry(Uyg + vy) - Ry(Up) = dy (3-68)
or equivalently by
% %
Ry(Wy) = dy + Ry(Uy) = fy, vg = Wy - Uy. (3-69)

After the solution on the coarse grid (g is obtained, the error vy can then be
interpolated to vy on the fine grid (f and the solution on the fine grid can be
updated by (3—67). After », relaxation on the fine grid a new solution Uh** is

obtained.

57



The procedure for solving (3—63) can be used to solve (3—69) and a multigrid

cycling results.

It is important to note that transferred back to the fine grid Qp is not Wy but
the correction vy since only the correction and the defect quantities are smoothed by

the relaxation process and can, therefore, be approximated well on the coarse grid.

3.4.2.2 Application to the simplified Beam— Warming scheme

The implicit time marching schemes presented in Sec. 3.3, when used for steady state
solutions, can be considered as a relaxation scheme for the steady state problem. After
certain time steps ( or iterations ) the high frequency components are reduced and the
correction from one time step to the next becomes smooth. Thus a multigrid

acceleration can be applied.

Using the simplified Beam— Warming implicit scheme presented in the last section
as a relaxation scheme in the FAS multigrid method, the following solution procedure is

derived, which is also illustrated in Fig. 3.4.

1) Solve Eq.(3—63) by the implicit time marching approach, assuming the initial value
Upt.

- Ul + Av, (3-70)

After », relaxation an approximate solution Uh* is obtained.

2) Calculate Rh(Uh*) and the defect
dp, = f, - Ra(Up™). (3-71)
3) Restrict the fine grid solution to the coarse grid

Uzh* = Izg Uh*'
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4) Restrict the defect to the coarse grid

A =T 20 ap. (3-72)

5) Solve the coarse grid equation
Roh(Wah) = dpp + th(Uzh*) = f2h (3-73)

using again implicit time marching with Uzh* as initial value,

Wop'= Wop + AW,y (3-74)

and a approximate solution W,,* is obtained after », time steps.

6) Compute the correction

Vah = Wop™ - Upp™. (3-75)
7) Interpolate the correction to fine grid

Vh = Izg Vah. (3-76)
8) Compute the corrected approximation

Up™™ = Up* + vp. (3-77)
9) Solve again

Rh(Up) = fp ' (3-78)

with time marching of », steps using Uh** as initial value and Uh*** is obtained.

2
Several time steps can be advanced in each grid level, but a simple procedure was

preferred by taking », = 1 and », = 0. This means immediately after one step time

1
marching, the solution is updated and restricted to the next coarse grid with the defect.
This forms a nonlinear problem on the coarse grid. Using the restricted solution as an
initial value, another time step is marched on the coarse grid. This procedure continues
until the coarsest grid is reached. After one iteration on the coarsest grid the
correction is interpolated back to the successively coarse grids without time marching.

The solution on the finest grid is then updated. This sawtooth cycling scheme adds no

more storage to the implicit method because Uh* = Uhn'"1 and th* = thn"'l.
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3.4.2.3 Numerical test

Fig. 3.5 shows the convergence histories of the simplified Beam— Warming scheme with
and without multigrid acceleration. The test case was the cone case with M, = 7.95

and o = 4° (Details can be found in Chap.4). A mesh of 65X17 was used.

The multigrid acceleration is evident. However, as the FAS multigrid procedure
needs to solve LCNSE on the coarse grid, the overall computation saving is not much
in the present case. The multigrid was only with one level of coarse grid. A higher
level of coarse grid exhibited no more benefit in this case. The FAS multigrid

efficiency needs to be further investigated with more numerical testing.
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3.5 Sparse Quasi— Newton Method for Fast Steady State Solution

3.5.1 Motivation

As discussed previously most of the implicit methods used in CFD, though based on
time dependent formulation, are only used to determine the steady state solutions. The
time dependent term is, therefore, used merely as a parameter for generating an
iterative scheme. The requirement on time accuracy is quite often relaxed in various

ways.

If the linearization is exact, the implicit scheme will, as Atsw, reduce to a Newton
iteration method for the nonlinear system derived from the discretization of the steady
state equations. The procedure of exact linearization is in fact the procedure of

evaluating the Jacobian of the nonlinear system.

Using the exact linearization, Mulder and van Leer [57] found a quadratic
convergence to the steady state in the first order flux splitting solution for a nozzle
problem. This fast convergence can only be obtained if an applicable procedure exists

for the exact linearization (i.e. the evaluation of the Jacobian).

Unfortunately this is seldom the case in practice. The differential equations can be
discretized by various methods in space. Some sophisticated schemes have been
developed for high resolution of crucial fluid phenomena. The flux vector splitting and
TVD schemes, for example, were recently proposed by wvan Leer[23, 24] and Harten
[25] respectively for high resolution of shock waves in gasdynamics. On the other hand,
viscous effects may be a dominant factor in the problem and turbulence modelling has

often to be involved.
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In all these cases, the evaluation of the Jacobian is often too difficult to apply so
that different simplifications in constructing the implicit operator are made for a specific
discretization scheme or for a specific problem. This process brings about an
irretrievable loss of information that exhibits itself in the degradation of the
convergence rate. The designer of such an implicit scheme finds himself in the position
where he ha; to compromise convergence rate and generality to achieve a workable
method. Furthermore the programming effort and computational cost spent in
constructing the implicit operator usually still occupy a large portion in each time step,
though the incorrect Jacobian already prevents the implicit method from quadratic

convergence.

Noting the difficulties in linearization in implicit schemes for most problems in
CFD, the author proposed a new strategy, which updates the Jacobian by a sparse
quasi— Newton method for the solution of nonlinear system [21, 22]. The sparse
quasi— Newton method was first presented by Schubert [16] and Broyden [17].
Superlinear convergence was proved in [18, 19]. To form a successful nonlinear
algorithm, this fast local convergence is combined with the robustness of some time

dependent approach to form a globally convergent procedure.

3.5.2 General Procedure of the Sparse Quasi— Newton Method

for Stedy State Solutions

In this section a general procedure of the sparse quasi— Newton method is given. Those

who are interested in the theoretical aspects can refer to [16—19].

3.5.2.1 Properties of the nonlinear system arising from CFD

Consider the nonlinear system,
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R(U) = 0, (3-79)
which may arise from the discretization of the differential equations governing some
physical process in CFD.

The Jacobian J(U) = JR/OU has a sparse structure. In other words, each single
equation depends on relatively few of the unknowns. Taking advantage of the zero or
the sparse structure of J is crucial in order to solve the problem by a Newton or
quasi— Newton method, where the Jacobian or its approximation is needed. The saving
in both storage and arithmetic operation by taking advantage of the sparsity is very
significant. Furthermore if the discretization scheme is finite differencing, the resulting
nonlinear system usually has a regular banded sparsity pattern, e.g. block tridiagonal,

block pentadiagonal, and so on.

In spite of this sparsity, the system is usually large. And each single equation can
be very complicated. Therefore the analytic expression of the Jacobian is generally

unavailable and furthermore the function evaluation is usually very expensive.

Since the Jacobian is usually unavailable, strategies other than the Newton method
need to be sought. By making use of the sparse structure, a sparse finite difference
Newton method [20] can be devised and the usual n additional function evaluations can
be reduced significantly. This reduction can be seen from the formulation for block
tridiagonal and pentadiagonal structured Jacobians in the following section. Although the
reduction is remarkable, many function evaluations per iteration may still be too time
consuming. To avoid these extra function evaluations, a quasi— Newton approach can be
taken, which is one of the most fruitful and successful theories in the field of the

numerical solution of nonlinear systems [19].

The basic idea of the quasi— Newton method is to approximate the Jacobian of
the nonlinear system using only function values already calculated. However, when
solving sparse systems, the advantage of the well—known Broyden method, using an

approximation to the inverse of the Jacobian, cannot readily be retained since the
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inverse of a sparse matrix is in general not sparse, and the consequent benefit would
then be destroyed. Neither is it possible to use equivalent Broyden update on the
Jacobian since this consists of adding a single—rank matrix to the old approximate
Jacobian to form the new one. This single rank correction is generally not sparse so

that again the advantage conferred by sparseness would be lost.

3.5.2.2 Sparse guasi— Newton method

To make a full use of sparsity in the quasi— Newton updating of the Jacobian, Schubert
[16] and Broyden [17] proposed the sparse quasi— Newton method, which is introduced

here to solve problems in CFD.

Define the matrix projection operator Py : R  RDXN py

0, if J(U)i,j =0 for all U ¢ R
(Pj(M)) = (3-80)

Mi,j’ otherwise

That is Pj zeros out the elements of M corresponding to zero position of the sparsity

pattern of J(U), while otherwise leaving it unchanged. Similarly define S; ¢ R% by

0, if J(U)i,j =0 for all U ¢ RR
(S1)j = (3-81)

Sj, otherwise

That is, S; is the result of imposing on S the sparsity pattern of the ith row of J(U).

The procedure of the sparse quasi— Newton method may be written as following:
Given R: R 5 RN UC ¢ RN, A0 ¢ RPXN
DO for k = 0,1,2,..
Solve Aksk — _R(uUK) for sk
pk+t1 - gk 4 gk
Yk = r(Ukt1) - R(UK) (3-82)

Ak+1 - Ak 4 PJ[D+(Yk - Aksk)(sk)T]
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Here Dt ¢ RDX j5 a diagonal matrix with

1/¢6)T(sy),  if (SpT(S4) # 0
(b = (3-83)
0, otherwise.

Although constructing the above sequence imposes no analytical assumption on R
and no requirement on the initial value U® and A9, care has to be exercised to enable
a successful application. The above update scheme has been proved to be locally
q— superlinearly convergent under standard assumptions on R [18, 19] including: (1) R
is continuously differentiable; (2) the existence of the solution U*, R(UY = o; (3)

J(U*Y™ 1 exists with 11 J~ (U™ 1 ¢ B; (4) J is Lipschitz continuous.

Since the R in question is generally complicated, little analytical information about
it is known. Thus it is usually impossible to check all the analytical properties of R
before using the method so that numerical experiments are needed. However it is
important to note that the fast convergence is a local property and the initial values
for the procedure might be needed to be close to the final solution to exhibit this high
performance. The basic idea in forming a successful nonlinear algorithm is to combine
a fast local convergence strategy with a global convergence strategy in a way that

derives benefit from both.

3.5.2.3 Initialization and global convergence

a) Initial value U® — Time dependent approaches

There are several ways to make the convergence of a Newton procedure global. One
dimensional searching of a corresponding optimization problem, for example, is proposed
by Dennis and Schnabel [19] for this purpose. However for problems in fluid dynamics,
a natural and robust way to get the initial approximation is the time— dependent

approach, although as an iterative method it may be extremely slow. Following the true
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physical process prevents the solution from non— physical states which may cause the
procedure to stop, e.g., when the density becomes negative. The time— dependent
marching is switched to the sparse quasi— Newton iteration as soon as the solution goes
into a convergent region. Because the theory appropriate to the convergent region for
the sparse quasi— Newton method is wunavailable, this switching point has to be

determined by experimentation to achieve the fastest convergence rate.

b) Initial approximation A® to the Jacobian — Sparse finite difference Newton method

If in the above initialization procedure, an explicit time differencing is used, the initial
approximation A?9% to the Jacobian J(U?P) is evaluated by a sparse finite difference
Newton method to start the sparse quasi—Newton procedure. While if an implicit time
differencing is used in the initialization, the implicit operator can be used for the initial
A®, The latter approach is simpler, but, if the implicit operator is far removed from
J(U9), the convergence may be greatly degraded. Since implicit mehtods are used in

the following calculations for initialization, both approaches are tested for comparison.

3.5.3 Formulation for Three— Point and Five— Point Schemes

In the last section, the general formulation and application procedure are discussed.
Here it is formulated for three— point and five— point schemes not only for their
practical importance but also to provide a clear presentation of the application of the

sparse quasi— Newton method and the sparse finite difference Newton method.

Suppose the steady state problem has been discretized by a three— point or

five— point finite difference scheme in space. Introduce the notation

f u, ' ’ r, ' [ S,
uz r, S,

u= | |, R=1|" |, s=1" [, (3-84)
9 uI J L I‘I L S
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. Tgs m
where uj,ri,s; € R
and
5= 10— Ui ),
for three— point scheme or
= (V- U= Ui+ Ui o)

for five— point scheme.

The Jacobian has a block tridiagonal or pentadiagonal structure

[ 1 CT ( 1 1 C11
oR D, C B C Cl
= e = 2 2 2 2 2 2 2
J(U) oU or
B].3 B3 D, C3 C13
By Dy L BlI By Dy

(3-85)

where Dj, Bj, C;, Blj, Cl; ¢ R MXM 1t js suppose that the boundary conditions at

i= 1 and i = I can be embedded into the above structures.

3.5.3.1 Block tridiagonal and pentadiagonal quasi— Newton updating

The sparse quasi—Newton update for the tridiagonal or pentadiagonal Jacobian is
presented here. Because the approximation Ak to J(UK) will have the same sparse
structure as J, one only needs to update the approximation Dik, Bik and Cik to
D-l(Uk), Bi(Uk) and Ci(Uk). By referring to (3— 82), the procedure may then be written

as follows.

For k = 1, 2, -
1) Solve
Aksk — _Rr(uk) for sk,

gkt = vk + Sk,
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for three-point scheme

dij = [ (51T )+ Ts+s140)T(si44) ]

for five-point scheme

dij =

[(51-0T(s1-)+(si-DT(si- D+ DT+ 1) T(s 1)+ (5140 T(s145)]

where s_, s;,sy4,; and sy;, are equal to zero.

2) Update AK to Ak*1 by
Dk+1i - Dki - diirk+1i(ski)T
Bk+1i = Bki - diirk+1i(ski_1)T
Ck+1i - Cki - diirk+1i(ski+1)T
and for five-point scheme add
Blk+1i - Blki _ diirk+1i(ski-2)T

C1k+1i - Clki - diirk+1i(ski+2)T

1—1’ ,I,

i=2,...,1, (3-86)
i=1,...,I-1,

1=3y 9Iy

i=1,...,I-2,

3.5.3.2 Block tridiagonal and pentadiagonal FD Newton method

In the sparse finite difference Newton method, one only needs 3xm or Sxm additional

evaluations of R(U) for a finite difference approximation of J(U) for block tridiagonal

or pentadiagonal sparsity patterns respectively.

For the block tridiagonal case, this approximation can be evaluated by

(Di).pn = [riCuj_;,uj+hMjem ujy ) -rj(uj_,,uq,u44,) /b0y,

(Bj).n = [rj(uj_,+h™j_,eMuj,ujy )-ri(uj_,,ui,ui4) /b, (3-87)

(C{)pn = [ri(ui-1’ui’ui+1+hni+1en)'ri(ui—1»ui»ui+1)]/hni+1,

where el ¢ RM js a vector whose nth element is 1 and all the other elements are

zero. h is chosen according to the machine zero.
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It is » clear that the calculation of rj(uj— upt heBu, ),
rj(ui— ,+ h%_ efu,uiy ), ri(uj— ,,u3ui4+ ,+ h%y ;e only needs 3xm evaluations of
R(U). Similarly one can derive formulas for a block pentadiagonal structure, which

needs 5xm evaluations of R(U).

In computations, boundary conditions should be embedded into the above

formulation according to R(U).

3.5.4 Application to Flux— Splitting and TVD Schemes for a Nozzle Problem

In this section a nozzle problem is chosen and two high shock— resolution finite
difference discretization schemes are used to demonstrate the detailed procedure to
apply the present method to existing robust discretization schemes. A comparison of the
sparse quasi— Newton method with the original implicit procedures is given. The sparse
quasi— Newton method is also compared with the sparse finite difference Newton
method. The influence on convergence by using different initial Jacobians for the sparse

quasi— Newton procedure is studied.

3.5.4.1 The test problem

The governing equation for the nozzle problem [26] can be written as

‘%fl + H(u) = 0 (3-88)
with
pK mK ] 0
u= | m [, F = (mz/p-!-p)KJ, H = |-p(3k/dx) |, (3-89)
ek (e+p)mk /p 0
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with k, the area of the nozzle, a function of x

K(x) = 1.398 + 0.374 tanh ( 0.8x - 4 ). (3-90)
Here u is the vector of conservative variables, F is the flux vector, and m= pv. The
primitive variables are the density p, the velocity v and the pressure p. The pressure p
for a perfect gas is defined as

p = (y-1)(e-m?/2p) (3-91)

where < is the ratio of specific heats.

In all the calculations the computational domain was 0 ¢ x ¢ 10. The spacing of

Ax = 0.5 is used. The initial and boundary conditions are treated as in Yee et al [26].

3.5.4.2 Time dependent approach — backward Euler implicit operator

Use a backward Euler differencing in time, the implicit scheme can be written as
[ (1/Ac) - Mk ] (uk+iuk) = reuk), (3-92)

which can reduce to the Newton method as At - O if the linearization is exact, i.e. if

M = J = OJR/3U. Therefore it provides a possibility for quadratic convergence.

The convergence is monitored by the maximum residuals
RES = max (| rl; |/1 ulj 1) (3-93)
and the time step with the implicit operator is
Atk — e/REsk, (3-94)
where ¢ is a positive number to control the initial transient. The implicit operators

used below are of this evolution/relaxation type with At -» « as RES - 0.
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3.5.4.3 Van Leer's flux vector splitting

a) First order accuracy

A flux vector splitting spatial differencing method [23, 24] is used to solve Eq.
(3—88). The resulting nonlinear system can be written as

ri = ri(uj.,,84,u44,) = =(Fy¥ - Fy_F + Fiy, " - Fj7)/Ax - Hy = 0, (3-95)
where F*, F~ are defined in the same way as in [23]. This flux— splitting scheme has
the advantage that the split fluxes Ft, F~ are continuously differentiable and an

analytic expression of the Jacobian for this problem can easily be derived.

Implicit operator. After the exact linearization of the implicit backward Euler time
differencing the implicit operator can be written as
D; = I/At + (E*; - E7j)/Ax - Gy,
Bj = -E*i_,/Ax, (3-96)
Cj = -E7j4,/8x.
where E* and E~ represent 8F+Y/3u and 8F~/du. Corresponding to the explicit

boundary conditions, the implicit boundary treatment is

o]
p—t
I

-1 = Dyp_, + (Z/AX)E—II1, (3-97)

BI—] = BI-1 - (1/AX)E—II1,

where

This correspondence on the boundary is important for the implicit operator. Otherwise

the implicit operator will not reduce to the Jacobian as At > .
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Sparse quasi—Newton method. In the sparse quasi— Newton method, formulas in (3— 86)
are used to update approximations DK, BK CK to Dk+ 1 Bkt 1 ck+ 1 Note that no

special treatment on the boundary is needed.

Fig. 3.6 shows the convergence histories against the iteration number and the work
unit respectively.” Here one work unit is defined as the CPU time per iteration needed
for the corresponding implicit method. As shown in Figs. 3.6(b) and 3.6(c) the sparse
quasi— Newton approach has almost the same efficiency as a Newton approach. The FD
Newton method can achieve the same convergence as achieved by a Newton method if

the increments are properly chosen according to the machine zero and R(U).

b) Second order accuracy — MUSCL approach
The MUSCL approach is used for a second order flux vector splitting scheme
Fi=ri (0o, Uiy, U, Wiy, Ujgy)
="[F+(u‘i+1/2)'F+(u_i—1/2)+F—(“+i+1/2) 'F—(u+i-1/2) 1/8x - H(uy)
(3-98)

where u~ and ut are defined similarly as in [49].

Implicit operator. The implicit operator is the same as the first order case, which does
not affect the accuracy of the right hand side but prevents the method from reducing

to a Newton method as in the first order case.

Sparse quasi—Newton method. Since the scheme is a five— point scheme, the block

pentadiagonal quasi— Newton update is used.

Fig. 3.7 shows the result for the second order case. As expected the convergence
by the implicit operator is heavily degraded compared to the first order case, while the
sparse quasi— Newton approach still exhibits a high convergence rate as compared to
the FD Newton method. Although the FD Newton method has a slightly higher

convergence rate (shown in Fig. 3.7(b)), the sparse quasi— Newton with the FD Newton
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method evaluating the initial Jacobian is the most efficient (shown in Fig. 3.7(c)) as far

as CPU time is concerned.

3.5.4.4 Harten's TVD scheme

If a first or second order accurate (in space) TVD scheme [25, 26] is used in the

discretization, the resulting non— linear system may be written as

where

and

ri = - (1/8x)(Fiy,/, - Fi-y/,) - Hj = 0, (3-99)

= 1 1 11 1 1 1 1
Fivi/o =5 (FitFig ) + 5 L [8i+8i+1/27a541/2MYi41/2)% 41 /2]Pi41/2

1 : 1 1 1 1
gi = S max [0,min(0j4, /510544721 SOj-/205-4/2)],

: 1
S = sign (wjy,/, ),

1 1 1. 1
1 (Bi+1-81)/%i41/2> ®ip1/, # 0,
Yi+1/2 = 1
0, ®it1/, = 0,
1 1
Tit1/2 = 0(aj4,/2),
U(Z)=%Q(Z) and
2
S (Fea, Izl <5,
Q(z) =
1zl Izl 3 6.

Implicit operator. To accelerate convergence to steady state, Harten [25] extended his

explicit TVD scheme to an implicit method by a so—called TVD linearization. The

resulting implicit operator can be written as

Dy = (1/A0)1 + (1/Ax)( EqY,/, + EiL, /5 ) - G,
By = (/&%) E;Z, /. (3-100)
Ci = -(1/8x) Ei_y /5,
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where

+ . +,.1 1 -
Ei41/2 = Pigr/, diag [CT(a +y )ity /21 (P ) i /2,
ctz) = (1/2) [ Q=) ¥ z ]
and P is the matrix which consists of the right eigenvectors of JF/oU, i.e., P =

(P1,P2,P3). At the downstream boundary By and Dy are modified as in (3—97).

This "TVD linearization" is clearly not an exact linearization of R(U). Hence the

implicit operator will not reduce to a Newton iteration method as At > .

Sparse quasi—Newton approach. The above scheme is a five— point second order
accurate (in space) scheme. Therefore the five point sparse quasi—Newton method

formulated Sec. 3.5.3 is used.

To get the three— point first order accurate TVD scheme, simply set g=+4=0 in

the above second order form.
Figs. 3.8 and 3.9 show the results for first and second order TVD scheme

respectively. The convergent rate is improved greatly and the CPU time is reduced

marginally by the sparse quasi— Newton approach.

3.5.4.5 Analysis of convergence and efficiency

A detailed analysis of the CPU time has revealed that:

a) In the first order cases the implicit operator needs more CPU time per iteration

than the sparse quasi— Newton method;
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b) In the second order cases the sparse quasi—Newton method spends almost the same
CPU time as the implicit method per iteration though the block pentadiagonal matrix is

more expensive to invert than the block tridiagonal matrix;
c¢) The sparse FD Newton method has the fastest convergence rate but spends much
more time per iteration due to many times of functional evaluation, so its efficiency is

outperformed by the sparse quasi— Newton method;

d) Using sparse FD Newton method for the initial Jacobian approximation gives better

results than directly using the implicit operator for this purpose.
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3.6 Concluding Remarks

In this chapter, two implicit schemes were developed for steady state solutions of
the locally conical Navier— Stokes equations. In the implicit schemes the source term
was treated explicitly based on Fourier stability analysis. For the MacCormack implicit
scheme, the implicit boundary conditions were treated according to the explicit boundary
conditions, which was found to be more robust in the computation than the implicit

boundary treatment proposed in MacCormack's original paper.

Both of the implicit schemes showed much higher convergence rate than the
MacCormack explicit method for the staedy state N—S solution. While comparison of
the two implicit schemes revealed that the simplified Beam— Warming implicit scheme
spends substantially more time per time step than that of the MacCormack implicit
scheme. On the other hand, it was found that the simplified Beam— Warming scheme

can generally use larger time steps.

Analysis of both a model problem and numerical results indicated that the accuracy
of steady state solutions using MacCormack— type schemes will be influenced by time
step size. However, it was found that accuracy of steady state solution using the
MacCormack implicit scheme can be achieved by reducing the time step successively
towards the end of convergence until the variation of the solution with the time step
size disappears. A similar analysis of the Beam— Warming schemes revealed a time step
independence of steady state solutions due to the spatial discretization is separated from
the time discretization in the formulation. Nearly identical results of such crucial

parameters as heat transfer rates with the two implicit schemes were obtained.
Two multigrid schemes were found to be able to accelerate the convergence of the

two implicit schemes further to the steady state, as achieved previously in acceleration

of explicit schemes.
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A sparse quasi— Newton scheme was proposed in order to avoid the difficulties in
the linearization needed in implicit schemes and to achieve fast convergence to steady
states. The rapid local convergence of the scheme was combined with the robustness of
the time marching scheme to obtain a globally convergent procedure. The simplicity
and generality of this procedure suggests its use as an efficient tool for fast steady state

solutions in CFD.

Preliminary results were presented for high resolution schemes to solve a one
dimensional nozzle problem. Due to the sophistication of high resolution schemes, exact
linearization in the implicit procedures is usually very difficult. Therefore simplification
was introduced in the corresponding implicit schemes. For example, a first order
implicit operator was used in the second order van Leer's flux splitting scheme and a
TVD linearization was used in the Harten's impplicit TVD scheme. The sparse
quasi— Newton method gave significantly faster steady state solutions as compared to the

implicit operators of van Leer and Harten.
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CHAPTER FOUR

HYPERSONIC FLOW SIMULATIONS

4.1 Introduction

A major step towards understanding the flow over general hypersonic vehicle shapes can
be made by numerically predicting the flow over simplified yet representative shapes.
Cones, delta wings and their combinations are such shapes which exhibit their usefulness

in the forebody and wing design for high speed flight vehicles.

Owing to their practical importance, cones and delta wings were extensively studied
in the past both experimentally and numerically in supersonic flows, However, due to
the complexity of the flowfields, especially on the leeward side at high angles of attack
where strong viscous/inviscid interations take place, the understanding of the flow
behaviour is still far from satisfactory. Furthermore, hypersonic flows introduce new
flow phenomena and new problems. It was believed that further study of these shapes
in the hypersonic regime can contribute to the basic insight of hypersonic flow

behaviour for more general hypersonic vehicles.

A cone— and— delta— wing combination provides the simplest case for investigating
wing— body interference in hypersonic flows. Some experimental investigations were done
in the 60's [29— 31]. Unfortunately, the experimental data are not of high accuracy due
to the difficulties encounted in hypersonic experimentation. Only surface measurements
were made and large scatter appeared in the data near the junction where the
interaction is strong. Furthermore, knowledge of just surface data is not sufficient for

understanding the flow and misinterpreting of the surface data is not unusual.

78



In this chapter, numerical simulations carried out on hypersonic flows around such
conical shapes as cones, delta wings and cone— and— delta— wing combinations are
presented. Validation of the codes was achieved by comparing the numerical results with

the limited experimental data available.

For the cone— and— delta— wing combination, the author's first numerical simulation
[32] provides details of the flowfield and explains the complex flow behaviour on the
vehicle surface. The "possible" pictures given by the experimentalists are justified or

modified.
To explore the leeward side of the combination, where neither experimental nor
computational investigations had been carried out, numerical simulation by the present

codes was implemented to investigate the resultant phenomena [33].

Numerical solution of the conical Euler equations was also made to illustrate, by

comparing with LCNS solutions, the importance of including the viscous effects.
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4.2 Hypersonic Flow around Cones

Experimental data indicate that at high angle of attack, the flow on the leeward side
of a cone separates in a circumferential mode and forms counter— rotating longitudinal
vortices. In addition to the bow shock around the cone, embedded shocks terminating
the supersonic crossflow over the cone were also observed in the experiments under
certain conditions. This complex flow structure clearly necessitates a N—S solution for

representative simulations.

4.2.1 Computational Conditions

A well— documented experimental investigation was carried out by Tracy [27]. The
present cone computation was carried out under his experimental conditions to enable

validation of the code.

Table 4.1 Conditions for cone flow simulation

cone half angle 0o 10°

free steam Mach number My 7.95

free stream temperature T 55.4 K

wall temperature Ty 309.8 K

total temperature T, 755.6 K

computation station r 0.1m ( 4 in )
characteristic Reynolds number Reg, r 4.2 x 105

Prandt1l number Pr 0.72

angle of attack o 0°, 4°, 8°, 12°, 20°, 24°
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The geometry and the solution surface are illustrated in Fig. 4.1. Fig. 4.2 shows
the mesh system, where a mesh from 65 X 3 for o = 0° to 65 x 65 for o = 24° is
stretched in the 6 direction so that a very fine grid is achieved near the wall in order
to resolve the viscous effects. The mesh in the ¢ direction is evenly distributed for the
cone case. A symmetry boundary condition mentioned in Sec. 2.6 is applied on the two
lines at ¢ = 0° and p = 180° so that only half of the whole flow field needs to be
computed. On the wall the no—slip boundary condition is used. The wall is isothermal

and the temperature is set to the given value Ty,.

As has been mentioned in Sec. 2.6, the flow field is computationally initialized by
setting it to the flow condition at infinity. If the incoming flow and the spherical
coordinates are related in such a way as shown in Fig. 4.1 for the cone -case

simulation, the initial and the outer boundary conditions can been expressed as

poo=1,

Upe = cosa cosf - sina cosp sind,

Upe, = - cosa sinf - sina cosp cosd, (4-1)
Upo = sinasing,

1

1
o T Y DMz T T

4.2.2 Flow Field Simulation

Flow field simulations were done for an angle of attack range from o = 0° to
o = 24°. At lower angles of attack the viscous/inviscid interaction is not strong and
the flow field is characterized by a bow shock wave around the cone and a boundary
layer fully attached on the cone surface. The case at o = 0° is a special case where
the modelling is reduced to a one dimensional problem because the variation in the ¢
direction vanishes. The two implicit schemes and their multigrid accelerations were all
first tested on this case before going to more complicated situations. This cone case at
zero angle of attack provides a simple test model for the N—S codes since both a

shear layer and a strong shock wave are involved.
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The more interesting and complex cases are at high angles of attack. The
unfavourable crossflow pressure gradient on the leeward side of the cone separates the
boundary layer and the shear layers rotate into two vortices on both sides of the
leeward symmetry plane. Two simulation cases, o = 12° and o = 24° are selected to

demonstrate the flowfield and the results are shown in Figs. 4.3 to 4.5.

Figs. 4.3(a) and 4.4(a) show the cross flow velocity vectors in which both their
direction and magnitude are given. General pictures of the flow field are given by the
simulation illustrating such major features as the bow shock waves, the flow separations
and the vortices. Also plotted in these figures are the experimental data on the
positions of the bow shock waves and the separation points. A closer look at the

separation point and the vortex flow is given in Figs 4.3(b) and 4.4(b).

The pressure and density contours in Figs. 4.3(c),(d) and 4.4(c),(d) give a clear
picture of the bow shock wave. The embedded shock can also be detected from the
contours in the o = 24° case. This is actually a fairly mild shock and, thus, appears
in the computed results only as relatively small changes in pressure and density

compared to the strong bow shock.

The computed surface pressure is plotted in Fig. 4.5 compared with experimental
measurements. Good agreement is observed, although the computed pressures on the
windward side are slightly lower than those measured experimentally. The same
tendency has been observed in previous calculations of these cases [35] and is generally
attributed to experimental pressure taps that were large in relation to the windward

boundary layer thickness.
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4.3 Hypersonic Flow on the Leeside of Delta Wings

Delta wings are clearly quite common wing shapes for high speed atmospheric flight
vehicles. A classification of the flow phenomena was first given by Stanbrook and
Squire [58]. They divide the types of flow by means of a boundary defined around the
normal Mach number My = 1, which separates the flows with leading edge separated

vortices from those with a shock attached at the leading edge.

The classification of the flow was further enriched by Miller and Wood [59] based
on experimental investigétions at supersonic speeds. From pictures derived from wvarious
flow visualization techniques the flow is divided further into seven types representing

seven different flow phenomena. This is illustrated on the left half of Fig. 4.13.

Lack of information in the hypersonic regime makes the flow behaviour in this
regime unclear, which motivated the present simulation. The numerical codes developed
in the last chapter provide this opportunity. With extensive numerical simulations the

classification may eventually be extended to the hypersonic regime.

4.3.1 Computational Conditions

The numerical simulation carried out here is under the conditions corresponding to the

experimental work carried out by Cross [28], as shown in Table 4.2.
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Table 4.2 Delta wing flow simulation conditions

delta wing sweep back angle A 75°

free stream Mach number My 10.17

free stream temperature Teo 45.6 K

wall temperature Ty 699.5 K

total temperature T, 989 K

computation station r 0.14 m
characteristic Reynolds number Reg, 2.4 x 1068

Prandt]l number Pr 0.72

gas constant 0% 1.4

angle of attack o 0°, 5°, 9°, 11°, 15°

The normal angle of attack, i.e. the angle of attack normal to the leading edge,
and the normal Mach number, i.e. the component of Mach number normal to the
leading edge are defined by

tgo

— M. (l-cos2asin?A)z -
oA’ My = My(l-cos?asin?A)z, (4-2)

ay = tg_1

Under the present conditions the variation of op and My against o is listed in the

Table 4.3,
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Table 4.3 Variation of oy and My against a at My, = 10.17 and A = 75°

o 0° 5° 9° 11 15
oy 0° 18.7° 31.5° 36.9° 46.0°
My 2.6 2.8 3.0 3.2 3.7

Due to the very high Mach number in the present case, the points (N, Mp) are
all outside the classification chart given by Miller and Wood [59], where the maximum

My is 2.

The computational surface and the geometry are related as shown in Fig. 4.6. The
mesh system is shown in Fig. 4.7. The mesh is stretched in both directions. In the ¢
direction the mesh is stretched to obtain a fine grid near the wall and in the o
direction the mesh is stretched to obtain a fine grid around the leading edge to avoid
overexpansion. The symmetry boundary, ¢ = 0°, halves the computational domain. The
wall boundary condition is applied on the wing surface at § = 90°(0° ¢ < 90°— ).

The outer boundary condition and the initial condition are given as

poo=1,

Uy o = - sina cosf + cosu cosp sind,

Ug o = siny sinf + cosa cosp cosé, (4-3)
Uy o = - cosa sinp,

1

1
= —— e+ =,
G YO-DMZ T 2
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4.3.2 Flow Field Simulation

Crossflow velocity vectors are plotted in Figs. 4.8(a)—4.12(a). Details near the

symmetry plane are shown in Figs. 4.8(b)—4.12(b)

Crossflow Mach number and density contours in Figs. 4.8(c), (d) — 4.12(c), (d)
clearly indicate the shock wave attached to the wing leading edge, the shear layer

lifting off from the inboard of the wing surface.

At o = 0° the flow field is characterized by a bow shock wave and the boundary
layer remains attached to the wing surface. No embedded shock is observed in both the
present numerical simulation and the experimental investigation, while it may occur in

the lower Mach number range as indicated in Miller and Wood's classification.

Particularly of note is the embedded shock wave above the shear layer shown in
a = 5° o= 9°, o = 11° and o = 15° cases. This embedded shock wave was
clearly observed in the experimental investigation in the latter three cases. It strongly

interacts with the wing boundary layer resulting in the separation on the wing surface.

Miller and Wood's classification is illustrated on the left half of Fig. 4.13. Data
points from the present simulation are plotted in the (o, My) chart and are shown to
lie outside the scope of the Miller— Wood classification. The flow phenomena
corresponding to different angles of attack for the present simulation are also illustrated.
It is clear that the two straight lines in the Miller— Wood classification cannot be
extended to the hypersonic regime on the right half of Fig. 4.13 because phenomena
such as a leading edge separation bubble combined with a shock wave and an
embedded shock along with no separation were not observed in the present hypersonic
simulation. This is in agreement with the experimental investigation carried out by

Cross [28].
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The above observation indicates that hypersonic flow around delta wing exhibits
some different features from those in the lower speed range. Extensive numerical
simulations could provide a valuable classification of types of delta wing flow in the

hypersonic regime.
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4.4 Hypersonic Flow beneath/over Cone— Delta— Wing Combinations

In early studies it had been expected that the interference effects on the windward side
of a wing— body combination in high speed flows would favour lifting effectiveness.
Lack of knowledge of the shock—shock and shock— boundary layer interactions
associated with it and difficulties in predicting the resultant separation, vortex flow and
reattachment, however, did not allow the full exploitation of this benefit. On the other
hand wundesirable high local heating peaks were generated as a result of these

interactions.

Attempts made two decades ago to understand these complicated flows involved
surface measurement in supersonic and hypersonic flow beneath such simple geometries
[29—31]. The small scale of experiments and the large scatter in the data, however,
was so as to make it difficult to predict accurately, especially near the wing— body
junction, the details of the surface pressure signature due to the vortex flows generated

by the interactions and the resultant high local wall heating rates.

To understanding the behaviour -of this complex flow field, numerical experiments

were carried out using the present computer simulation.

4.4.1 Computational Conditions

The cone— delta— wing configuration tested experimentally by Meyer and Vail[29] is
chosen. Fig. 4.14 shows the sketch of the geometry and the solution surface. The flow

conditions are listed in the following table.
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Table 4.4 Flow conditions for cone-delta-wing combination simulation

cone half angle 0c 12°

delta wing sweep back angle A 60°

free stream Mach number Mo 12.65

total temperature T, 1800 K

free stream temperature Te 54.54 K

wall temperature Ty 288 K

computation station r 94 mm

characteristic Reynolds number  Rey 3.78 x 10°

Prandtl number Pr 0.72

Angle of attack o -10°%  -_5°% Q°, 5° 15°

*  The minus degree corresponds to the leeward side flow simulation.

No experimental data exist for these two cases.

The mesh of 65x65, illustrated in Fig. 4.15, is stretched in both ¢ and o
directions in such a way as to ensure sufficient resolution of the viscous effects. The
initial flow field is set to the flow properties at infinity. The expression is the same as

in Eq. (4—1) for the cone case.

The boundary conditions supplied are
ajon the wall: u= v= w= 0; T = Ty = constant (isothermal wall)
b)outer boundary: free stream values

c)symmetric plane: reflection condition
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For the conical Euler solutions the wall no—slip boundary condition a) is replaced
by tangency condition with v .= 0 on the cone surface and w = 0 on the wing

surface.

4.4.2 Windward Side Flow Field Simulations

1) Angle of attack o = 0°

According to inviscid flow theory, flow at zero angle of attack is quite simple. In this
case the free stream is aligned with the surface of the wing so no shock wave is
generated by the wing. Part of the wing captures the high positive pressure of the cone
shock layer and this so— called "inviscid interference pressure" produces an interference

lift on the wing.

Unfortunately this is not the case in practice. Viscous effects complicate the flow
field. Figs. 4.16(a)— (f) show th;a numerical results for this case. Fig. 4.16(a) presents
the crossflow velocity vectors at each grid point and Fig. 4.16(b) gives a closer view
near the junction. Figs. 4.16(c) and (d) show the crossflow Mach number and pressure
contours. Figs. 4.16(e) and (f) compare the surface pressure and heat transfer with the

experimental data respectively.

The high pressure field of the cone shock layer interacts with the wing boundary
layer, which results in separation on the wing. This is the major feature of the flow
interaction, which is clearly shown in Figs. 4.16(a)— (d). The separated flow from the
wing forms a very strong vortex, which reattaches first on the cone surface at A, and
then on the wing surface at A,. Flow reattachment creates high local heating rates on

the surface as seen in Fig. 4.16(f). A secondary vortex between the wing and the
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primary vortex is easily observed with reattachment at A,. The thick viscous layer
beneath the wing interacts with the oncoming flow and a weak shock wave forms from
the wing leading edge. The outer edge of the viscous layer and the weak shock wave
are clearly illustrated in Fig. 4.16(c). This weak shock wave again interacts with the
cone shock wave and a resulting strong internal shock wave appears clearly outside the
primary vortex to decelerate further the high speed flow passing through the weak wing
shock and deflecting it into the primary vortex. The internal shock curves inwards
because of the influence of the wall as shown in Figs. 4.16(c) and (d). A shear layer
resulting from the slip surface is seen lying between the shock— sﬁock interaction point
and the reattachment point A, in Fig. 4.16(c), which divides the flow processed by the

cone shock from that by the wing shock.

With the flow field pictures in mind, the surface pressure distribution and the heat
transfer to the wall become understandable. Comparison with the data of Meyer and
Vail's surface pressure measurement is made in Fig. 4.16(e). The pressure spike at A,
predicted by the numerical results aligns qualitatively with measurements at zero angle
of attack as reported in [31]. Unfortunately Meyer and Vail[29] failed to give data in

this region due to difficulties in measurement near the junction.

As shown in Fig. 4.16(f) the peaks in heat transfer correspond to the reattachment
points, A,, A, and A, while the valleys to the separation points, S,, S,. Quite good
agreement with the experimental data has been observed in this case. Also observed is
the good agreement with the two different codes, which gives the author confidence for

the numerical simulation.
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2) Angle of attack o = 5°

Figs. 4.17(a)— (f) illustrate the results of the numerical simulation of the case at
an angle of attack of 5° using the same set of illustrations as for the o = 0° case.
At this small angle of attack, a number of its features as described for zero angle of
attack are seen, but the effects on the surface parameters on the wing are more
accentuated due to the interaction being more directed towards the wing. In the
crossflow Mach contour, Fig. 4.17(c), the "three—shock configuration" is well
represented and instead of a slip surface the shear layer between the shock— shock
interaction point and the reattachment point A, is clearly seen. The shock resulting
from the shock— shock interaction further interacts with the wing boundary layer and
another internal shock emerges close to the junction due to influence of the wall. This
internal shock directs the strong crossflow to roll through the junction into a strong

primary vortex beneath the wing.

Significant is the appearance of a vortex rolling up from the cone surface, which
is not seen in the zero angle of attack case. This vortex is seen more prominently in
the o = 15° case to be described. It is seen from Fig. 4.17(e) that the predictions of
the surface pressure distribution agree well with the measurements of Meyer and
Vail[29]. In Fig. 4.17(f) the heat transfer distribution agrees reasonably well with the
experimental measurements in identifying the peaks and the valleys but the level is
lower than the experimental data on the cone surface. At this stage this discrepancy is
not understood. Communication of the work at an International meeting [32] did reveal
from a colleague of the authors of this 1967 experimental study [29] that measured
heat transfer results were higher than empirical results would show at the higher angle

of attack cases, but this observation remains unsubstantiated.
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3) Angle of attack o = 15°

Figs. 4.18(a)— (f) have an equivalent sequence as in the o = 0° and 5° cases.
Figs. 4.18(a) and (c) show crossflow features of the flowfield. At this high incidence,
the flow structure is clearly different from those at zero and 5° angle of attack cases.
From the crossflow velocity vector plot, Figs. 4.18(a) and (b), there is observed a
narrow separation region beneath the wing and the high energy flow reattaches on the
wing first instead of on the cone as in the previous cases. The main stream of this
flow passes through the corner then reattaches on the cone surface. It meets the cone
boundary layer and rolls up into a vortex. When the high energy flow passes through
the corner, a small part of it divides and forms a small vortex near the junction. A
secondary separation on the cone surface beneath the primary one can be identified in

Figs. 4.18(b) and (c).

At this angle of attack, the wing shock wave becomes stronger and the difference
in strength and intersection angle between the two shock waves is reduced. The two
shock waves appear to merge into each other and the interaction only results in weak
compression waves and a shear layer. The compression waves interact with the wing
boundary, while the shear layer joins into the process of rolling up of the primary

vortex.

The comparison of the wall pressure distribution is given in Fig. 4.18(e). The two
high pressure peaks near the corner represent the two reattachment points of the high
energy stream. Peaks in heat transfer distribution, Fig. 4.18(f), exhibit all the four
reattachment points, A,, A,, A,;, A,, on the wall, two on the wing and two on the
cone surface, while the valleys in heat transfer distribution are associated with the
separation points, S,, S,, S;, S,. These peaks and valleys are clearly results of the
flow structure shown in Fig. 4.18(a)—(d). The discrepancy with experimental data

appears larger in the level of heat transfer distribution at this higher angle of attack.
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4.4.3 Exploration of Leeward Side Interaction

The problem of leeward side heating in hypersonic streams was brought into
prominence with the space shuttle programme one— and—a—half decades ago.
Experience gained from the wind tunnel and flight tests associated with the NASA
Space Shuttle development indicated that there can be significant localised heat transfer

rates taking place on the leeward side of the vehicle due to flow reattachment.

With the confidence of the previous numerical simulations it is interesting to
extrapolate our knowledge from the windward side to the leeward side around such a
simple wing— body geometry. This will allow the leeward side wing— body interaction in
hypersonic flow to be assessed. Special attention will be put on the high local heating
problem. The leeside flow is simulated with the same code and conditions as the

windward side simulation except for a negative input for the angle of attack.

Figs. 4.19(a)— (d) show the leeside flowfield at « = 5° derived from the computer
simulation. It is interesting to compare these pictures with the delta wing case. Due to
the existence of the upper cone body, the interaction is stronger at this low angle of
attack than as seen in the delta wing leeside flow. The weak wing shock turns the
body shock towards the cone surface and peak pressures and high local heating rates
can be found at the resulting reattachment point as illustrated in Figs. 4.19(e) and (f).
As stated earlier no experimental data exist for this case to compare with the

prediction.

4.4.4 Euler solutions

To illustrate the importance of viscous effects it is usful to compare the Navier— Stokes

solution with the Euler solution. Figs. 4.20(a)— (d) show solution of the conical Euler
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equations for the 5° angle of attack case. It is not surprising to find that no vortex
exists in the inviscid solution. The delta wing shock layer is much thinner than that in
the viscous solution due to the absence of the thick boundary layer. The three shock
configuration is clearly shown with a resulting shock reflected on the wing surface. The
totally different flow structures produced by Navier— Stokes solutions and Euler solutions
indicate the strong viscous effects associated with this problem, and justifies use of the

N—S equations.
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4.5 Concluding Remarks

Numerical simulations of hypersonic flow around a cone, above a delta wing and
beneath/above a cone— delta— wing combination have been generated by solving the
compressible Navier— Stokes equations using a "locally conical" assumption. Illustrations
derived from these solutions and comparisons with surface measurements and conical

Euler solutions have resulted in the following conclusions.

1) Numerical simulations can provide detailed information of the flow field and help

understanding of the complex flow processes.

2) Various types of vortex flows resulting from the shock—shock, shock— vortex and
shock— boundary layer interactions dominate the flow on the leeside of the cone, on the
delta wing and both beneath and over the combination. The comparison of the results
with those from a conical Euler analysis indicates further that the flow is strongly

influenced by viscous effects.

3) For all three geometries, embedded or internal shocks were observed from the
numerical simulation. For the cone and the delta wing, the embedded shocks seem to
be a phenomenon associated with moderate to high angle of attack, while for the

combination they are more evident at low incidence.

4) For the combination, surface pressure peaks near the junction are features at low
angle of attack cases and very high aerodynamic heating rates were observed in all
cases around the strong vortex reattachment points. Due to different interaction
structures at different angles of attack, the flow behaviour appears quite sensitive to the
angle of attack, showing large difference between results at 0° and 15° angles of

attack.
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5) Reasonable agreement with surface pressure measurements provides validity of the
locally conical assumption and the numerical method. For the wing— body combination,
computed heat transfer rates agree well with the experimental data at low incidence,
while the discrepancy with the measurement in the level of heat transfer distribution at
high angles of attack needs to be explained further in the light of difficulties in

measurement at those conditions.

6) Almost identical results, even with the most crucial parameter — heat transfer, from

the two different codes gives further confidence of the simulations.

7) The results give important guidance to designers of high speed vehicles concerning

the complex nature of aerodynamic loading and heating on surfaces.
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CHAPTER FIVE
CONCLUSIONS AND FUTURE WORK
Recently renewed interest in hypersonics necessitates a reliable, robust and efficient
Navier— Stokes code for the understanding of the associated complex flow behaviour.
Research towards the development of numerical methods and flow simulations of
hypersonic flow around representative space— plane shapes is reported in this thesis. The

research is naturally divided into two parts, numerical and physical. Some conclusions

are drawn from this research.

5.1 Numerical Aspects

In the numerical part of the study, two basic implicit schemes were applied to solve
the locally conical Navier— Stokes equations. Comparison of the efficiency and the
accuracy of these two schemes were made in relation to the popular MacCormack
explicit scheme. Further acceleration of these two implicit schemes was achieved by
employing multigrid methods. In parallel to these studies, a totally new approach, the
sparse quasi— Newton method, was proposed for fast steady state solutions. The

following conclusions on numerical aspects are drawn from the research.

1) Compared to the MacCormack explicit scheme, both of the implicit schemes showed
a much faster convergence to the steady state by taking much larger time steps.
Therefore for Navier— Stokes solutions, where a highly stretched mesh is usually
necessary, as in the present simulation, an implicit scheme is preferred to an explicit

scheme.
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2) For steady state solutions, all the MacCormack— type schemes, both explicit and
implicit, have the disadvantage of a dependence of the steady state solution on the
time step, At, used in the time marching. This is proved both from a model problem
analysis and from the results of numerical simulations. On the other hand, the
Beam— Warming— type implicit schemes, including the simplified version presented in
this thesis, have the advantage that the steady state solution does not depend on the
time step used in the time marching. This was also proved from both a model problem
analysis and from the numerical results. The key reason behind this difference is that
in the MacCormack— type schemes the time differencing and the spatial differencing is
mixed while in the Beam— Warming— type schemes the time differencing and the spatial
differencing is separated. However, it was found that accuracy of steady state solutions
using the MacCormack implicit scheme can be achieved by reducing time step size
successively towards the end of convergence until the variation of the solution on time
step disappears. In this way, nearly identical results of such crucial parameters as heat

transfer rates were obtained using the two different implicit schemes.

3) The simplified Beam— Warming scheme presented in the present thesis was found to
need much more computing time per- time step than the MacCormack implicit scheme.
This is due to the fact that two block tridiagonal matrix inversions need to be done
per time step in the simplified Beam— Warming scheme while, in the MacCormack
implicit scheme, by making use of the decomposition of the inviscid Jacobians only four

scalar bidiagonal systems need to be solved.

4) Multigrid methods can further accelerate implicit schemes. Although the Ni— type
multigrid scheme is not originated from mathematical theory, it is efficient in
propagating the waves with the help of the coarser grids. Treated as an iterative
scheme for the steady state solution, the simplified Beam— Warming scheme can be

further accelerated by a FAS multigrid procedure.
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5) The proposed sparse quasi— Newton approach provides a new and very promising
direction for fast steady state solution. Difficulties in the linearization needed in implicit
schemes are avoided and the procedure depends only on the sparsity of the Jacobian
and the solution from the previous iteration. Therefore the procedure is independent of
the complexity of the right hand side and the system can be treated as a black box.
The other important advantages are the superlinear convergence property and the
simplicity of the procedure. Results of the sparse quasi—Newton method with van
Leer's flux splitting and Harten's TVD spatial discretization schemes applied to an
inviscid one dimensional nozzle problem showed a significantly faster convergence than

the corresponding implicit schemes,
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5.2 _Physical Aspects

The two implicit schemes with multigrid acceleration have been applied to simulate

representative hypersonic vehicle shapes. Conclusions drawn from these simulations are:

1) For hyper§onic flows around a cone using solutions of the N—S equations, the
numerical simulation appears to have captured all the mechanisms of the flow field.
Strengthening viscous effects appear at increasingly higher angle of attack. The position
of the bow shock and the embedded shock, the separation points and the surface

pressure distribution are all in reasonable agreement with experimental data.

2) The hypersonic flow on the leeside of a delta wing was found to behave differently
than in the lower speed range from imcompressible to supersonic flows. Miller and
Wood's chart was found to be incapable of direct extension to the hypersonic regime,
New flow structures appear in the hypersonic regime. In all the cases at positive angles
of attack, even at @ = 5°, a crossflow induced separation on the wing surface was
detected in the numerical simulation. This observation was not found in the
experimental work at o = 5° possibly due to the small size of this recirculation
region. Similar to the behaviour of the viscous layer, this recirculation region grows
with increase of the angle of attack. The embedded shock, which lies above the

rolled— up vortex also strengthens with angle of attack.

3) The hypersonic flow around a cone— delta— wing combination is considerably more
complicated than that over separated shapes due to the the interference between the
wing and the body. The nearly straight wing shock and the curved cone shock
intersects, resulting in the formation of another shock. This shock further interacts with
the boundary layer on the wing and a strong vortical flow is introduced. Due to the
high strength of this vortical flow a secondary vortex was also observed between the
primary vortex and the wing surface. An embedded shock was detected on the primary

vortex. This gives a typical picture of hypersonic flow around wing— body combinations
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at a low angle of attack. In contrast to the single cone or the single delta wing case,
stronger interactions occur at lower angles of attack due to stronger resulting shock

waves.

Leeside flow is mainly dominated by the phenomenon that the cone shock is
turned towards the cone surface by the weak wing shock. This induces high localised

aerodynamic heating rates on the cone surface.

4) A totally different picture is given by Euler solutions indicating that the
viscous/inviscid interaction dominates the flowfield and Euler inviscid modelling does not
apply for these simulations. This justifies the higher order modelling by N—S equations

in the present research.
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5.3  Recommendations and Future Work

The research reported in this thesis prompts some topics for further study.

1) The most important extension concerns the application of the sparse quasi— Newton
approach to multidimensional cases. This extension necessitates an efficient way to
invert the regular sparse matrix resulting from the discretization of the multidimensional
problem. Efficient direct inversion of this matrix usually does not exist and some
relaxation methods need to be sought. The combination of a relaxation scheme with the
sparse quasi— Newton procedure overcomes the two barriers of conventional implicit
schemes for fast steady state solution, that is, (1) the difficulty in linearization, i.e. the
evaluation of Jacobian; (2) the factorization error due to the approximate factorization

used in multidimensional problems.

2) For simplicity only sawtooth multigrid cycling was studied in the present research.

More work needs to be carried out to find an optimum strategy.

3) Reduction of computing time per time step for the simplified Beam— Warming
scheme can be achieved by replacing the viscous Jacobians R and S with the
corresponding maximum eigenvalues Agmayl and Agmayl. Therefore the diagonalization
as in the Euler solution can be carried out and the block tridiagonal inversion reduces
to a scalar tridiagonal inversion. However, the influence of this further simplification on
convergence needs to be studied to determine whether it is worthwhile for an efficient

steady state solution.

4) With vector supercomputers available, explicit methods show one advantage over
implicit ones because they are usually able to be vectorized directly. Vectorization of
the implicit codes is clearly a further direction of research for more efficiency. One
interesting work has been reported in [60], where the vectorization of the

Beam— Warming implicit scheme is achieved.
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5) More flowfield investigations can be done with the present codes. For example,
extensive simulation of the hypersonic flow on the leeside of delta wings may extend
Miller and Wood's classification to the hypersonic regime. Other geometries which can
be directly simulated with the present codes include a waverider shape composed of a
right angle caret wing, a cone with a nose fin, cone— body combined with a dihedral
delta wing. Infleed, supersonic and hypersonic flow around any conical shapes composed

of spherical coordinate surfaces can be simulated directly by the present codes.
6) For more general conical shapes or even more general 3D geometries, general 2D

or 3D grid generation techniques need to be employed. This is clearly a important

factor for simulation of more practical 3D problems.
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APPENDIX B

DIAGONIZATION OF Ay AND By

The inviscid Jacobians Ay and By can be diagonized by S, and Sw

respectively, i.e.

Al = Sy M Sy,

@’
where
(1 0 0 0 -1/c2] [ 1 0 0 0 0 ]
010 0 O -u./p 1/p O 0 0
Sg=TgP=[0 0 pc 0 1 -ug/p 0 1/p O 0
00 0 1 0 -u,/p 0 0 1/p 0O
L0 0 -pc 0 1 Lo -upB -ugh -uf 6]
1-af/c?  Pup/c?  Pug/c? Puy/c? -f/c?
~u,./p 1/p 0 0 0
= ~-cugtaf ~Bu, c-fuy —Bu¢ ¢
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APPENDIX C

ADAPTIVE ARTIFICIAL VISCOSITY

In the present simulation of hypersonic flows all the shock waves are captured from the
numerical solut-ion. Although shock fitting is also possible in some cases, the complexity
of the interaction and the existence of embedded shock waves make this approach too
complicated to apply. However in order to capture shock waves by central differencing
numerical schemes some explicit artificial viscosity term needs to be introduced to
overcome the oscillation near the shock waves. The artificial viscosity technique used in
the present simulation is a modification of the adaptive artificial dissipation proposed by

Jameson [61]. From numerical tests the following modifications were made.

1) Jameson used a combined second and fourth order artificial dissipation for his Euler
solution. However the fourth order artificial viscosity term was found not necessary in
the present hypersonic N—S solution. And its use degraded the accuracy of viscous

parameters such as heat transfer. Therefore only the second order term is retained.

2) It was found that the artificial viscosity term needs to be totally switched off near
the wall. This is essential for a accurate viscous solution. Also found from the
numerical experience was its strong influence on the convergence. If it is not totally
switched off near the wall the residuals near the wall cannot go down any further after

two or three orders of reduction.

The present artificial viscosity in the 6 direction has the following form:
Do, j = doi+s,j ~ doi-4, | (oL
with

dgi+s,j = Coi+s,j €i+d,j € Uisr,j - Ui, j) (C-2)
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where

C0i+%,j = k0|u0+cl/A6i (C-3)

The 6 direction sensor of a shock wave, v 6, is defined by

o= |Pit1,3 = 2Pj it Piog ] (C-4)

o
IR T T T

voi+s, ) = max ( voias j Yoidr, o P01, jr P6i-1,j ) (C-5)

€gi+4,j = min [ k,, k, max ( 0, vgjpy j = K3 ) | (C-6)
The constants kj are choosen in the present simulation as
k, =0.1 k, =0.5 k, =1 k, = 0.01 (C-7)

1

Note that k, is introduced in the present numerical simulation to switch off the

artificial viscosity when the pressure gradient is small enough.

The artificial viscosity in the ¢ direction is similarly defined.
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APPENDIX D

SOME FOURIER STABILITY ANALYSES

D.1 Source Term Influence on Stability

Consider the following problem

Ju Ju d2u
+ v m + S(u) (D—l)

3t ~ T ° 3

Integrate the above equation by backward Euler time differencing and central spatial

differencing with the source term treated explicitly

ur_1+1 un un+1 un+1 un+1 2un+1+ un+1
ch SR 5 R g - = S L RO Pt - - H ] J=1 + s(un D-2
At 2Ax Ax? (™) ( )

Use Fourier analysis and substitute

uf = gne! X (D-3)
into Eq.(D—2) and define the amplification factor G by

gnt1 - gEn (D-4)
Then the magnitude of the amplification factor is

| 1 + (3s/dou)At|

1C(o, A | = At /A%y TsTnZolx + [ 1+2(rAt/AxT) (I-cosomy 7 J¢ (P~
If (0s/0u) is bounded, the von Neumann stability condition [62]
IG(o,At)] < 1 + O(At) for all ¢ (D-6)

is always satisfied. Hence the finite difference scheme is unconditionally stable. From
this analysis the normal source term with explicit treatment has no influence on the

stability properties in the von Neumann sense.
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However for practical problems At has a finite size and the influence of the

source term on stability is reflected in Eq.(D— 6) through the term (Js/du)At.

a) If —2/At ¢ 9s/du g 0, the explicit source term treatment has the effect of

stabilizing the method.

b) If 9s/ou > 0 or 9s/du < —2/At, the source term with explicit treatment has the
effect of degrading the stability. The limit is the abnormal case where ds/du is so large

that the stability is totally destroyed.

One may naturally think that the implicit treatment of the source term could make
a positive influence on stability from the experience with implicitization of convection

and diffusion terms. Examine the implicit treatment of the source term, i.e.

un+1 uq un+1 un+1 un+1 2un+1 ur}+1
o IR, PSP, . I = T SRl - j i=1 4 g(unt1y . D-7
At A% ax? (= §0-7)

The magnitude of the amplification factor is

1

1G(a. A | = oAt /Ay Ts TnZoax + [T+2(rAt/Ax?) (1-cosoAx) —(9s/u) AT T 2}

(D-8)
Again the von Neumann stability condition (D—6) is satisfied and the scheme is

unconditionally stable.

From Eq.(D—8) it is clear that the implicit source term treatment still cannot

always have a positive effect on stability.

a) If 9s/ou ¢ 0 or ds/du » 2[1/At + 2(v/Ax2)], the implicit treatment of the source

“term has the effect of stabilizing the method.

b) If 4(v/Ax?2) < 9s/du < 2/At, the implicit source term treatment has the effect of
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degrading the stability. It is noted that in this region the stability can be destroyed if

ds/ou is abnormally large, which can happen in this region.

The above analysis indicates that the von Neumann stability is not influenced by
the source term. In practice, the source term, whether treated explicitly or implicitly,
has a lower order influence on stability as compared to the convection and diffusion
terms. If the derivative 9s/0u is abnormally large, the stability can be totally destroyed
even through implicit treatment of the source term is employed. Implicit treatment of
the source term cannot always stabilize the solution while explicit treatment of it can
sometime have a positive effect on stability, which depends on the sign and the
magnitude of the derivative os/du. Unfortunately, for the cases where abnormal source
terms may occur, e.g. the source term from turbulence modelling, this information is

generally unavailable.

For the problem studied in this thesis, the source term in the LCNSE or CEE
results from coordinate tranformation (from Cartesian to spherical) and from the locally
conical approximation. This source term is thought to be normal and, therefore, an
explicit treatment of the source term is reasonable from above analysis. This was
proved from the computational results. No better stability has been observed in the

computation with an implicit treatment of the source term.

D.2 Stability Condition with Explicit Diffusion Term

It is obvious that, in the Beam— Warming implicit scheme, the main computational
effort is caused by the inversion of the block tridiagonal matrix. In the inviscid case,
Pulliam and Chaussee [56] reduced the block tridiagonal solution to a scalar tridiagonal
solution by taking advantage of the known diagonal form of the Jacobians of the
inviscid flux vectors. This procedure substantially reduced the computation.

Unfortunately, in the viscous case, this cannot be done because there is no single
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transformation matrix which can diagonalize the inviscid and the viscous Jacobians
simultaneously. One way to employ a diagonal form for N—S solutions is to omit the
viscous effect in the implicit operator allowing the implicit part to be diagonalized as in
the Euler solution. The question to be asked about this explicit viscous term treatment
is whether the stability of the implicit scheme is severely degraded or whether it is

worthwhile to pay in stability for the saving in the matrix inversion.

Consider the model convection diffusion problem (D—1) without a source term. If

the problem is integrated by

n+1 n n+1 n+1 n 2 n n
Uy - ui oo Yy - Yyoy o, Ugyy T U F UG (D-9)
At 24x Ax 2 !

the magnitude of the amplification factor from Fourier analysis will be

| 1 - 2(vAt/Ax?) (1-cosgAx) |

16Co, A = T (cAt /Ax) Zs inZodx 17 (D-10)
Therefore the stability condition is
AX2
At < 5. (D-11)

The above analysis reveals that if the diffusion term is treated explicitly the time step
will be limited by condition (D—11). It is clear that the inviscid part has been released
from the stability condition due to its implicit treatment. But the effect of using
condition (D—11) can be severe because viscous computations usually involve very fine
mesh near the wall. Therefore simply omitting the viscous effect in the implicit
operator is thought not to be a good practice for implicit computation of viscous flows.
It is necessary to account for the viscous effect in the implicit operator for the sake of

stability, which is an important feature with implicit schemes.
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APPENDIX E

TIME STEP DEPENDENCE OF STEADY STATE SOLUTION

WITH MACCORMACK— TYPE SCHEMES

Consider the following convection diffusion equation

Ju Ju 02u
F——C&' (E"'l)

+ v —.
ox?

Apply the explicit two— step MacCormack scheme to the above model equation,

Predictor:
Adf = - %éi (ujp, - u]) + %é% (uip, -2U; +ui") (E-2)
u§:T = u? + Au? (E-3)
Corrector:
?+1= % (u? + u?iT - Au?IT ) (E-5)

The two—step scheme is equivalent to the following one— step scheme,

n+1 n 1 cAt n n v At n n n cAt . n cAt n n
ujp = uj o+ 5{- o (Wit~ + (Ui, -2ujhug gy - ==[uj- (U4, -uj)
+ £§%<ui21"2u?+“ig1)_“i?1+ %éi(u?-uiT,)- %é%(u?-Zui?1+ui?2)]
+V§§7[U?+1 —23i+u?_1 -0%5_(u?+2-u?+1—2u?_1+2u?_2+3i—u?_1)]
+ (%é%)z[uiﬂz—Zui21+u?—2(ui21—2u?+ui?1)+U?-2u?_1+ui?2]} (E-5)
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The above equation can also be rewritten as

n+1 n n n n 9 n n
u: - - U - - e ui+12;xui_1 + Uig, - ug + ui_,
t
n n n
1 uj - 2uji + uj
= o2 1+1 1 1-1
+ 5 c?2At L

n pu: D n no_ 5,0 n
- crAt (ui+2 - u;+1 + uj uj - «uj_ +u1“2)/2Ax

- T
n n n n n
+ % p2Ar Ytz — 494, t 6“3 - Aujoy tujo, (E-7)
From the Taylor expansion
n+1 n
i - uj d At 92
—l = GRY TG+ o) (E-8)
Use Eq.(E—1)
32 32 d3u d4%u
Ge = G - Zevym t rin (E-9)

These three terms from the second order time derivative are approximated by the last
three terms on the right hand side of Eq.(E—7). Therefore the scheme is proved

second order accurate in both time and space.

However it is important to note that, if steady state is achieved,
(u?*t 1 — uM/At = 0, the solution clearly depends on the time step through the last

three terms on the right hand side of Eq. (E—7).

It is clear that these terms have stronger influence in the regions where the
derivatives are larger and, therefore, stronger time step dependence of the steady state

solution will occur in these regions.

In the transient analysis, the MacCormack scheme is a second order finite

difference scheme with a truncation error O(At?, Ax?). However, in the steady— state
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analysis, because the term (w2 ' — uM/At is missing the last three terms on the
right hand side of Eq.(E—7) can no longer be balanced by the transient error on the
left hand side and remain as implicit artificial viscosity terms. These implicit artificial
viscosity terms are results of steady state analysis. Roache [63] pointed out the
difference in transient and steady state analysis for some other schemes. When a time
marching scheme is used for a steady state problem, a steady state analysis should be

considered.

All the MacCormack type two—step schemes, such as the implicit MacCormack
scheme presented in this thesis, are based on the two— step explicit scheme so that the
steady state solution from these schemes are all actually dependent on time steps used
in the time marching. From Eq.(E—7) it is clear that the only way to reduce this
At— dependence and to achieve a accurate steady state solution with MacCormack— type
schemes is to reduce the At and therefore reduce these implicit artificial viscosity effects

in steady state solution.

To compare with this At— dependence, apply the Beam— Warming scheme with
backward Euler time differencing, i.e. backward— time centred— space differencing, to

the model problem, then

un+1 un un+1 un+1 un+1 2ur.1+1+ ur'1+1
e Tk oo iy iR Pled g o Bl P 1= E-10
At 2Ax Ax? ( )

It is clear from the above expression that when the finite difference solution of the
above equation reaches a steady state the solution will approximate the steady state
partial differential equation to the second order without any time step dependence. The

steady state independence of At i obvious.

The key point is that the MacCormack scheme mixes the time and the spatial

discretization while in the Beam— Warming scheme the time discretization and the

spatial discretization is independent.

117



APPENDIX F

DISTRIBUTION FORMULA FOR EQUATIONS WITH SOURCE TERM

For simplicity of presentation the following one dimensional problem is considered

oU OJF
5? + 5; + H=20 (F—l)

The Taylor series expansion gives

suf - Ui - ol - (gf)“At + <§t?>" A7 | ocar?) (F-2)
From Eq. (F—1)
aU.n n -F; n
= - = - _lil__l_l Ax 2 -
e (ax Y = + H)] + 0(Ax?) (F-3)

o .oF oF n oH oF n
(W)' = &[ﬁ(x + H)]i+ [ﬁ 3% + H)]i

1[ oF dF
= Ax{(aU)1+5[Ax(Fl+1 “Fi)+Hi 4] - (56)i-é[ZQ(Fi‘Fi-1)+“i—%]}n
1} oH ’ oH 1
+ 0(Ax?2) (F-4)
Define
AUi_% = [-(Fj-Fj_,)/Ax - Hi_%]At (F-5)
AFj_y = (3F/3U) _4AU; 4 (F-6)
AHi_% = (aH/aU)i_%AUi_% (F-7)

then the distribution formula can be written as

5U; = » [ AU - At( = AH) ]

i+3

[ AU - At( -~ AH) ]

1
2
1
7 (F-8)

l\')]l‘—" N =
BlE KI5

i-3
The distribution formula with source term for the two dimensional case, which are used

in Sec. 3.4.1, can be derived similarly.
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Fig. 2.1 Relation between Cartesian and Spherical Coordinates




Fig. 2.2 Cone in Spherical Coordinates

Fig. 2.3 Delta Wing in Spherical Coordinates



Fig. 2.4 Cone— Delta— Wing Combination in Spherical Coordinates

Fig. 2.5 Caret Wing in Spherical Coordinates
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Fig. 4.1 Cone Geometry and Solution Surface

CONE

Fig. 4.2 Mesh System for Cone Case
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Fig. 4.6 Delta Wing Geometry and Solution Surface

DELTA WING

Fig. 4.7 Mesh System for Delta Wing Case
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delta wing surface ¢

Fig. 4.8(c) Crossflow Mach Number Contours

delta wing surface ®

Fig. 4.8(d) Density Contours
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Fig. 4.9(c) Crossflow Mach Number Contours
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Fig. 4.9(d) Density Contours
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Fig. 4.10(d) Density Contours
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Fig. 4.11
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DELTA WING

Fig. 4.12 Results for Delta Wing Case at o = 15°

(a) Crossflow Velocity — Overall View
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Fig. 4.12(b) Crossflow Velocity — Details near Central Line
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Fig. 4.12(c) Crossflow Mach Number Contours

delta wing surface

Fig. 4.12(d) Density Contours
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Fig. 4.13 Miller & Wood's Classification and the Present

Simulation of Delta Wing Flows



Fig. 4.14 Cone— Delta— Wing Combination Geometry

and Solution Surface
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Fig.

CONE

415 Mesh System for Cone— Delta— Wing Combination Case
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Fig. 416 Results for Cone— Delta— Wing Combination Case
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Windward Side at «

(a) Crossflow Velocity — Overall View
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Details near the Junction
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Fig. 4.16(c) Crossflow Mach Number Contours
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Fig. 4.16(d) Pressure Contours
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Fig. 4.17 Results for Cone— Delta— Wing Combination Case

Wingward Side at o« = 5°

(a) Crossflow Velocity — Overall View
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Fig. 4.17(c) Crossflow Mach Number Contours
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Fig. 4.17(d) Pressure Contours
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Fig. 418 Results for Cone— Delta— Wing Combination Case

Windward Side at o« = 15°

(a) Crossflow Velocity — Overall View

Fig. 4.18(b) Crossflow Velocity —

Details near the Junction
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Fig. 4.18(c) Crossflow Mach Number Contours
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Fig. 4.18(d) Pressure Contours
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Fig. 419 Results for Cone— Delta— Wing Combination Case
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