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Abstract

There has always been an ambition from Structural Engineers to design structures which are
as efficient as possible, yet meet current design requirements. In the modern era, this pro-
cess has relied heavily on the use of computational packages to carry out detailed analyses.
However, for the design requirements to be met, the materials being used must be accurately
understood and their behaviour must be accurately captured. In materials such as concrete,
this understanding can be obtained by carrying out detailed analyses of the material at the
mesoscale. At this scale, capturing the behaviour of concrete can be accomplished by recog-
nising three distinct phases. First, the heterogeneities themselves, which are stiff particles
usually made of crushed rock; second, we have the cement matrix which surrounds the het-
erogeneities and third, we have the weak interfacial transition zone (ITZ) between the two.
By accurately describing the behaviour and interaction of these three phases, the complex

behaviour of concrete can be captured.

This thesis brings together several novel contributions in order to create a computational
modelling framework for modelling fracture in concrete at the mesoscale in three dimen-
sions. All cracks are discrete in nature and restricted to element interfaces. As fracture can
generally be considered to be a stress driven problem, an accurate description of the stress
state in the model is essential. To achieve this, hybrid-Trefftz stress elements are used for
the bulk elements in the mesh. The hybrid-Trefftz stress elements are characterised by their
separate approximations of the stresses over the element domain and the displacements over
the element boundary, allowing for a much higher order of approximation for the stresses to
be utilised. The discrete cracks are modelled using continuous interface elements to allow
the non-linear behaviour of concrete to be captured. The initiation and evolution of cracks
was modelled using a plasticity model for the interface elements. This model followed the

work of Winnicki and its implementation is presented in this thesis.

Unlike the conventional method of using interface elements, where they are present in the

i



mesh from the start of the analysis, in this work, interface elements are inserted dynamically
as and when the material yield criterion is violated. A crack insertion methodology is pre-
sented for the inclusion of discrete cracks along element boundaries in 3D. The procedure
takes advantage of properties of the hybrid-Trefftz stress elements to aid in its implementa-
tion. In particular, due to displacement continuity being enforced in the weak sense, faces of
the same tetrahedron can be considered to be independent from each other but still produce
statically admissible results. Results are presented showing that this methodology works

well for different topological scenarios.

To generate an accurate geometric representation of the mesostructure, a method called the
Maximum Level Set method was developed. For a given geometry, this method generated
the mesostructure by placing aggregates within the domain at a maximum distance from
both the boundary of the specimen and existing particles in a sequential manner. A Level Set
function is used to calculate these distances and is updated as each sequential particle was
added. This procedure is compared to the standard Random Sequential Addition method,
used throughout the literature, and shows favourable results both in terms of computational

cost and the suitability of the geometry for use in the creation of finite element meshes.

Finally, the application of the overall framework to realistic problems is presented. The
procedure for carrying out an entire load step using a standard Newton-Rhapson procedure
is outlined and the determination of the parameters used in the constitutive law is presented.
Preliminary results are that demonstrated the performance of the overall framework. In these

results, the softening of concrete due to fracture was captured.
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Chapter 1

Introduction

1.1 Aims and Scope of the Study

With the modern day preference for light-weight, robust and durable structures, it is im-
portant that computational strategies are developed which will allow the behaviour of the
materials being used to be captured. If the behaviour of the material at smaller scales can be
accurately described, then the response of important structural elements will be more easily
predicted. For heterogeneous materials, such as concrete, the mechanical behaviour is rooted
in the behaviour of its heterogeneous microstructure. The work presented in this thesis will
focus on capturing the crack evolution and propagation in concrete at small scales, allowing
for a better understanding of its behaviour to be realised. In recent history, the increase in
computational power has allowed researchers to develop methodologies where the hetero-
geneous mesostructure is explicitly resolved by the finite element mesh. This allows the
behaviour of concrete in three distinct zones to be analysed; the aggregate particles them-
selves, the surrounding cement matrix and the weak interfacial transition zone between the

two. As such, the work presented takes place at the mesoscale of concrete.

Cracking is driven by the stress state in the material, and so it is important to be able to
approximate the stress state in an accurate fashion. This is achieved by using hybrid-Trefftz
stress elements for the bulk elements in the analyses. When modelling crack evolution and
propagation in concrete, there are various methods which have been utilised. Here, the
discrete crack model has been used to explicitly model displacement discontinuities, which
appear in a material when a crack appears. This was achieved by using continuous interface

elements to capture the material non-linearity. These elements relate the tractions across



1.2. Outline of the Thesis 2

the discrete crack with the width of the crack. In this work, it has been assumed that the
discrete cracks are limited to element boundaries. However, deviating from convention,
there are no predefined areas in the mesh where cracks will appear. To ensure this was
possible, a dynamic crack insertion algorithm was developed, which inserted cracks into a
3D mesh as required. When carrying out analyses where the heterogeneous mesostructure is
explicitly resolved by the mesh, it is vital to ensure a geometry is created which allows the
computational framework to perform well. Therefore, a particle packing methodology was
developed, called the Maximum Level Set method, which allows geometries to be created in

an efficient manner whilst producing good quality finite element meshes.

The overall objective for the work in this thesis was to develop a robust computational frame-
work, which encompasses all the required aspects of capturing crack evolution and propa-
gation in heterogeneous materials such as concrete. To achieve this, there are three distinct
novel aspects to the work presented. First, the use of hybrid-Trefftz stress elements to ac-
curately model the complex stress state needed to capture crack initiation and overcome the
issue of traction oscillations when using interface elements. Second, the development of the
new crack insertion methodology, which utilises properties of the hybrid-Trefftz finite ele-
ments. Finally, the development of the Maximum Level Set method for generation of the

mesostructure.

1.2 Outline of the Thesis

The thesis has been split into various Chapters, each of which can be read individually with
little cross referencing. The exception being Chapter 7, which uses the work presented in
the preceding Chapters to illustrate the overall computational framework. The focus of each

chapter is as follows:

— CHAPTER 2 - A literature review is presented for different methodologies which have
been used to capture failure in concrete. Throughout the Chapter there is discussion
on the suitability of each method for use in the project being carried out in this the-
sis. A discussion on the historical development of hybrid type finite elements is pre-
sented along with a comparison of their benefits and limitations when compared to

both boundary elements and classical finite elements.
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— CHAPTER 3 - A full derivation of the hybrid-Trefftz stress element is presented start-
ing from the linear momentum balance equation. The formulation of the Trefftz func-
tions which satisfy equilibrium a priori is discussed and simple numerical tests are

presented which demonstrate the elements’ performance for elastic problems.

— CHAPTER 4 - The formulation of the continuous interface element is presented. Its
integration into a mesh with bulk elements consisting of hybrid-Trefftz stress elements
is discussed, with apparent benefits being highlighted. A plasticity-based constitutive
law, called the Winnicki law, is presented and its numerical implementation is demon-
strated, including a stress return algorithm. Simple 3D numerical tests are presented

to demonstrate its effectiveness at capturing Mode I and Mode II fracture.

— CHAPTER 5 - A computational strategy for inserting discrete cracks along existing el-
ement boundaries in 3D is presented. The methodology ensures that the yield criterion
is obeyed at all times and it is demonstrated how the use of hybrid-Trefftz stress ele-
ments has aided its implementation. Numerical results showing the insertion algorithm

in action are presented.

— CHAPTER 6 - A method known as the Maximum Level Set method for creation of
the heterogeneous mesostructure of concrete is presented. It is compared to the con-
ventional method used in the literature, known as Random Sequential Addition. The
benefits of the method are discussed and the computational implementation of the
Maximum Level Set method is shown, along with results, to demonstrate its effective-

ness.

— CHAPTER 7 - This Chapter brings the work outlined in the preceding Chapters to-
gether into an holistic framework to solve problems where heterogeneities have been
resolved explicitly by the mesh.

— CHAPTER 8 - Concluding remarks on the work presented are given.

1.3 Notation

Throughout this thesis, matrix-vector notation will be used. In this notation, all matrices and
vectors will be distinguished by bold-faced characters. A list of symbols is included for any
symbols which are referred to more than once. Voigt notation has been used for the stress

and strain vectors where appropriate.



Chapter 2

State of the Art Review

The behaviour of concrete has been widely investigated in recent history to allow a better
understanding and description of its overall response to be obtained. Generally, the ap-
proach taken in the analysis of concrete can be split into two distinct groups. There are
macroscale models, where concrete is often considered to be homogeneous, and mesoscale
models, where heterogeneities in the concrete are explicitly considered. In this Chapter, a
review will be undertaken to investigate the different methodologies which have been used to
capture the quasi-brittle behaviour at both scales. The physical mechanisms which occur in
concrete when it fails will be outlined and various methodologies to capture this behaviour
will be discussed. Finally, due to the use of hybrid-Trefftz stress elements throughout this
thesis, a review of the historical development of these elements will be undertaken to demon-

strate their advantages when compared to different types of finite elements.

2.1 Failure Mechanisms in Concrete

In certain brittle engineering materials, linear elastic fracture mechanics can be used to pre-
dict crack growth and propagation. The stresses present near the crack front in 3D, or crack
tip in 2D, are a function of the stress intensity factor, distance to the crack and the crack
size, while the propagation of a crack is governed by the energy release rate of the material.
However, these properties are not able to be determined exactly for a heterogeneous material
such as concrete, where the structural makeup of the material due to aggregates, air voids
and microcracks influences them. When evaluating concrete at a smaller scale, three distinct

phases can be identified. First, there are the aggregates themselves, which are usually made

4
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100
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Figure 2.1: Simplified Softening Curve for Concrete Specimen in Tension[102]

up of crushed rock or gravel, second there is the matrix which is made up of the cement
paste and third, there is the weak interfacial transition zone (ITZ) between the matrix and
the aggregate. The relative stiffness of the first two phases causes stress concentrations to
appear around the aggregate in the I'TZ, which results in a non-uniform stress distribution.
This phenomenon, and the relative weakness of the I'TZ due its high porosity [102], results
in microcracking initially occurring in this location. It has been found that the localised
strains in the ITZ can be as high as 4.5 times the average strain in the specimen and the
corresponding stresses were roughly twice as high, which explains why the initial cracking
in concrete at the mesoscale appears in this area [25]. The heterogeneous structure results
in quasi-brittle damage of the material, and the investigations carried out in this thesis will

develop a computational methodology to find an accurate method to capture this behaviour.

In tension, concrete reaches a peak load before its ability to carry load is reduced by crack
evolution, propagation and nucleation. An example graph of the applied load vs (average)
crack opening over the cracked region of a simple notched beam subject to tension is shown
in Figure 2.1. As can be seen, there is a period within concrete where microcracks form in
the I'TZ but the overall response is still almost linear. The ability of the specimen to carry
tensile forces only reduces when these microcracks coalesce to form larger macrocracks. In
fact, while cracking in concrete at the macroscale can be seen to be a fairly localised form
of failure, the failure at the mesoscale occurs in a much less localized sense [102]. It has
been found that when a macrocrack appears in concrete, the material still has the ability to
transfer load due to the interlocking of crack faces and due to crack face bridges. Crack
face bridges are essentially areas of the macrocrack where there is still a connection to the
other side because the crack is not continuous, usually due to an aggregate particle, and this
results in the tail of the graph in Figure 2.1. The detailed mechanism behind crack bridging
is demonstrated in Figure 2.2. Interlocking of crack faces is caused by the friction between

the two opposing crack faces not being smooth and trying to shear relative to each other.
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(a) Crack Bridging Around Stiff Aggregate (b) Crack Fully Connected Around Aggregate

Figure 2.2: Idealised demonstration of crack bridging[100]

Both Mode I and Mode II cracking are a combination of these two forms. Crack face bridges
contribute almost exclusively to the residual load capacity of a specimen subjected to Mode

I fracture, while interlocking does so for Mode II cracking [100].

The microstructure of concrete plays an important part in the overall behaviour of the mate-
rial, from the initial loading to its post peak response. Van Mier [100] suggests that fracturing
in concrete under tensile loading is a 3 stage process; firstly, there is nucleation of micro-
cracks near large aggregates to create macrocracks; secondly, this macrocrack continues to
grow while the crack bridging phenomena appears until finally, the crack bridge fails and
there is complete failure of the material. Clearly, in all these stages, the heterogeneities in
the material play an important part in the overall behaviour, regardless of the scale of the
analysis. As such, the correct method of capturing the interaction with the heterogeneities is
crucial. One way to do this is to explicitly resolve the heterogeneities in the material using
the finite element mesh. This would then allow the behaviour in the ITZ to be accurately
captured, giving an accurate solution in the macroscale. This method will also allow the
critical issue of crack bridging to be captured. When analysing concrete to capture these
phenomena, the macroscale approaches do not do this explicitly but capture them in a more
holistic and average sense by treating concrete as a homogeneous material. On the other
hand, there are approaches which have been used carry out detailed analyses of these phe-
nomena where the heterogeneities are explicitly accounted for. Details of both approaches
will now be discussed to present the preferred option for analysing the failure mechanisms

present in the heterogeneous structure of concrete.
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2.2 Computational Methodologies for Modelling Concrete
Fracture

There has been a wide and varied investigation for many years into the numerical modelling
of failure in heterogeneous materials, such as concrete, that began with the seminal papers
of Rashid [76] and Ngo and Scordelis [64], which introduced the smeared and discrete crack
models. A smeared crack model, in the most basic sense, modifies the stress-strain relation-
ship within a finite element to represent a discontinuity in the continuum, while the discrete
crack model inserts a strong discontinuity into the continuum and uses a traction-crack dis-
placement relationship to represent the material behaviour. Both approaches were investi-
gated and this section will discuss the evolution of both, as well as other relevant methods.

A strong discontinuity, mentioned above, represents a jump in the displacement field within

Figure 2.3: Body split by a discontinuity I'¢,

the finite element mesh. A representation of this can be seen in Figure 2.3 where the sur-
face, I'.;, splits the body into two distinct regions QT and ~.When a strong discontinuity
occurs the strains, locally, can be considered to tend to infinity. However, weak disconti-
nuities and diffuse discontinuities also exist. Weak discontinuities occur when there is only
CY continuity (i.e. there is a fracture zone of finite thickness and a jump in the strains in
Q takes place [65]). This is the essential idea behind the smeared crack model which will
be discussed later. Finally, diffuse discontinuities occur when strains have extremely strong
gradients [105]. For this case, the fractured zone is finite but the exact definition of the zone
is established a posteriori from numerical results. A graphical representation of each type of
discontinuity, with respect to the displacement and strain distributions, can be seen in Figure

2.4 for a case of uniaxial tension.
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Figure 2.4: Displacement and strain distributions for different discontinuities

2.2.1 Smeared Crack Model

After the proposal of smeared cracking by Rashid, various studies were carried out to im-
prove the accuracy of the initial computational results. The introduction of a shear retention
factor [88] allowed results to more closely match those obtained from experiments as the
model could now capture aggregate interlock. In early investigations, it was assumed that
the finite elements lost all stiffness in the direction of the principal stress to capture the soft-
ening behaviour of concrete and the shear retention factor was a scalar value which allowed
the user to define a percentage of shear stiffness that was retained. However, the simple
inclusion of this factor caused the principal stresses to rotate at an integration point on a
crack when the loading was increased [28]. In the initial investigations into concrete, it was
assumed that it was a perfectly brittle Griffiths material, which is not the case in reality. Con-
crete retains some level of cohesion when a crack develops, due to unbroken tendons across
a crack and crack bridging, and as such tension-softening models were introduced to capture
this phenomena. The introduction of this softening model, in conjunction with the shear re-
tention factor, lead to a physically impossible situation where the major tensile stress could
easily exceed the tensile strength in a different direction not perpendicular to the initial crack
[27]. Another major problem discovered when using a smeared cracking approach with the
simple inclusion of a tension-softening law, was an unrealistic and non-physical mesh sen-
sitivity in the results [10]. To demonstrate this phenomena a simple 1D numerical model,

shown in Figure 2.5, was evaluated. In this model, a single marginally weaker element was
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Slightly Weaker Element

Figure 2.5: 1D problem to test mesh sensitivity
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Figure 2.6: Load vs displacement graph for different element lengths

incorporated to ensure the location of the strain softening was known a priori. Representa-
tive values were used for material properties, a linear post-peak softening law was adopted
and analyses were carried out for different levels of discretisation. The results in Figure 2.6
clearly show severe mesh dependence in the problem. In terms of energy dissipation, as
the elements are reduced in size, the damage localises into a zone of smaller volume and this
phenomena can reach a stage where, with infinitesimally small elements, there is failure with

no energy dissipation [72].

2.2.2 Fracture Energy and the Fictitious Crack Model

Various methods to overcome the inherent problem of mesh sensitivity have been adopted.
One of these was the introduction of fracture energy. In reality, concrete is a quasi-brittle ma-
terial and displays some ductility after reaching its strength limit. This ductility appears in a
small zone in front of the crack tip where microcracks begin and further develop. This area

is called the Fracture Process Zone [28]. When the Fracture Process Zone is small enough in
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Cohesive Zone

Figure 2.7: Cohesive Zone Model Figure 2.8: Fictitious Crack Model [41]

relation to the overall dimensions of the model being investigated it can be assumed linear-
elastic behaviour is being observed. This can be seen in Figure 2.1, where cracks can be
considered to be developing in the mesoscale even in the early loading portion of the graph.
However, if large cracks begin to develop, and the Fracture Process Zone grows in size, there
is a cohesive zone in the material which must be taken into consideration. The first applica-
tion of the cohesive zone to quasi-brittle materials was the Fictitious Crack Model proposed
by Hillerborg [41]. In a cohesive zone, all the microcracks that occur are lumped into a
discrete line, shown in Figure 2.7, and it is assumed that there is a constitutive relationship
which governs the stress reduction across the crack as the width increases. The model tries
to capture the phenomena where stress transfer across the microcrack is still possible due to
the presence of intact tendons in the material until eventually, this ability to transfer stress
diminishes. A graphical representation can be seen in Figure 2.8, where g, is the value of
gap width where no tractions are transferable and g is the gap width at a given location. The
energy required to overcome the residual tendons in the material is known as the fracture

energy, g, which can be expressed as:

gf = /Gdu 2.1)

where ¢ and u are the stresses and displacements across the Fracture Process Zone. The
fracture energy is a material parameter which can be obtained experimentally [24, 59, 106],
is dependent on both the material type and the size of the specimen being tested and has
the dimension J/m?. It also represents the area under the stress-displacement curve once
the stress has reached the maximum tensile stress, f;, as is shown in Figure 2.9 for a simple
linear softening law. Here, g, represents the relative displacement value at which a full crack

has formed.



2.2. Computational Methodologies for Modelling Concrete Fracture 11

P Q

Ji

gf

1
Ju

Figure 2.9: Linear softening law demonstrating fracture energy

The Fictitious Crack Model was originally applied to discrete cracking problems, but was
adapted to be used in a smeared context by Bazant and Oh [14]. This application of the
theory, to remove the mesh dependence in the formulation in 1D, is presented extremely
effectively by de Borst [28]. It is also demonstrated that the adaptation of the formulation
has introduced the element size into the equations to allow the mesh independent softening
branch to be captured. However, this change to the model does not completely remove the
mesh dependence in two and three dimensions and this difficulty had to be overcome. In fact,
it has been suggested that the cracks should localise into a crack band of a given size, which
is dependent on different element variables such as length and shape of the element. While
the introduction of fracture energy into the smeared crack model alleviated some problems,
there were still issues surrounding convergence due to the mesh refinement, the inherent
length scale in the formulation because the element size cannot be smaller than the width
of the crack band without further modification which introduces further complexity, mesh

dependency of crack patterns and element types affecting crack patterns [55].

2.2.3 Nonlocal Approach

The nonlocal approach was proposed to overcome the mesh dependence problem identified
above. In contrast to the local approach, here the stress state at a point depends on the strain
in the vicinity of that point. The volume is defined in many different ways, but according
to BaZant [12] the characteristic length, ¢, which defines the volume can be considered to
be roughly the same size as the size of the Fracture Process Zone. In 2D cases, ¢ can be

either the diameter of a circle or the side of a square, with the stresses being calculated at the



2.2. Computational Methodologies for Modelling Concrete Fracture 12

centre point. BaZant also noted that the characteristic length can be related to the maximum
aggregate size in concrete, or the maximum grain size in rocks or ice, by some multiple [12],
but the evidence to support this conclusion is somewhat circumstantial. However, with the
introduction of this characteristic length the nonlocal model is able to capture energy dissi-
pation in the specimen being analysed. By ensuring there is a volume in the formulation, the
nonlocal approach ensures that the strain-softening cannot localise into a region of vanishing
volume and as such energy dissipation must occur. Finally, it was suggested that the nonlo-
cal approach should only be applied to material variables which could be subjected to strain
softening, while the rest of the variable should remain local [13]. This point was of specific
importance to the elastic strain, which could develop substantial errors if calculated using the
nonlocal method. Nonlocal models can broadly be split into two distinct groups; integral-
type models and gradient-type models [7]. The difference between them is the integral-type
models use a constitutive relationship which relates the stresses to the strains by carrying
out some weighted averaging procedure, while gradient-type models enrich the constitutive
relationship around the point in question with the gradient of a variable in the model. For
instance, in calculating the stress at the point using the gradient-type method, the standard
local stress-strain relationship is altered by the Laplacian of the strain. However, both types
are considered to be nonlocal models as they contain the concept of a characteristic length
and depend on the values surrounding the point in question rather than just the point itself
[46].

There are both advantages and disadvantages to the nonlocal method. An advantage of the
nonlocal method for curing mesh dependence over the fracture energy approach, is that all
the inelastic deformations do not localise into one element. This localisation zone is there-
fore independent of the size of the element. Also, the plastic deformations in the model are
not restricted to one element but restricted to the characteristic length, ¢, which can be some-
what approximated using experimental data. The characteristic length presents problems
because, although there is guidance on how it should be calculated, the actual values cannot
be exactly related to a single material parameter. However, there is evidence to suggest the
characteristic length can be related to material parameters in concrete relatively accurately. If
the characteristic length is very small in comparison to the dimensions of the problem being
investigated, this can results in very detailed analyses, with very fine meshes, having to be

run to ensure correct results.

Throughout the brief overview of the smeared crack model presented, it can be seen that
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there are computational difficulties associated with trying to approach the strain-softening
phenomena in the continuum setting. Regardless of the method used, remedying the mesh
dependence present in the initial work has been achieved by the introduction of a length
scale. This may take the form of either a crack band in the model or a characteristic length
scale. Both of these issues present their own unique problems which are still being overcome.
However, the reason the non-local method cannot be used for the problems being investigated
here is its unsuitability to accurately explicitly capture the exact crack paths or effects such

as crack bridging as the crack is not modelled by the finite element mesh.

2.2.4 Discrete Crack Model

The method where a strong discontinuity in inserted into a finite element mesh is known as
discrete cracking. This method involves modifying the mesh, and changing the connectivity
of the elements, to introduce new degrees of freedom into the system so that a crack is
present. It has been suggested, by Rots [78], that there are two major problems with this
type of approach. First, the change of nodal connectivity is seen to go against the nature
of the finite element displacement method and, second, the results are largely dependent on
the underlying finite element mesh due to all cracking being limited to element boundaries.
However, it was claimed, that when Mode 1 fracture of a material is being investigated,
the discrete crack method can be a simple and effective way to analyse the model, as the
orientation of the cracks were able to be predefined. While Rots felt that changing the nodal
connectivity of a mesh to introduce a discrete crack was not an acceptable solution when
using the finite element method, various proposals have been made to try and accomplish
this in both 2D [21] and in 3D [67, 68, 69, 70]. Another solution to this problem will be
discussed in Chapter 5 of this thesis, to demonstrate how discrete cracks were inserted into
the initial finite element mesh by taking advantage of the hybrid-Trefftz stress elements used
for the continuum. Another proposal to alleviate the problems of mesh dependency and
connectivity changes, which has gained a large amount of popularity in recent times, is to

allow a crack to pass through the domain of finite elements in the partition of unity approach.

2.2.5 Partition of Unity and XFEM

The partition of unity method was developed from the research into meshless methods [17]

to overcome some of their drawbacks, as it was found that meshless methods were less
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robust that classical finite elements, more computationally expensive and more difficult to
implement in three dimensions [29]. The partition of unity in a domain € is achieved by

using a set of functions Mj(x) which satisfy:
1
Y Mi(x)=1, vxeQ (2.2)
n=1

Using (2.2), an equation for the displacements, or nodal unknowns, in an enriched sense, can

be written as:

1 1
u'(x) = Y M(xw+ Y Mi(x)y(x)q; (2.3)
n=1 n=1
where Nj are the standard isoparametric shape functions which satisfy the partition of unity,
u; are the standard nodal degrees of freedom, M; contains a separate approximation base
which can be, but is not usually, different to N;, y contains the enrichment function and q;
are nodal values of unknown parameters, which when applied to the enrichment function
ensure the approximated solution is correct [16]. In the modelling of strong discontinuities,
y(x) is the Heaviside function. The introduction of an enrichment function into the partial

differential equations was a precursor to the extended finite element method, or XFEM.

XFEM was initially seen as an ideal, and versatile, tool for numerical modelling of problems
investigating discontinuities, singularities, localised deformations and complex geometries
[16]. The main benefit of XFEM was its ability to produce an accurate evolution of cracks
without the need for re-meshing; thus eliminating one of the main drawbacks of using dis-
crete cracks. Re-meshing was not required as the finite elements were enriched to allow
the crack to pass through their domain rather than follow their boundaries. However, while
XFEM can be considered perfect for modelling discrete cracks in homogeneous materials,
there are several issues with the implementation. A simple demonstration of a crack mod-
elled using XFEM is shown in Figure 2.10. The elements that contain a crack are highlighted
and the nodes connected to a fully split element, known as step enriched nodes, are grouped
into Q¢, while the nodes of the partially split element, known as tip enriched nodes, are
grouped into Q7. In XFEM, the highlighted elements contain the enrichment function to
capture the discrete crack. This is different to the general partition of unity method, where
the enrichment in carried out globally. However, obtaining the form of the local enrich-
ment function can be extremely complex. Different enrichment functions are required when
analysing different types of fracture (i.e. brittle or cohesive fracture) and when analysing

fracture in an element containing a full crack or crack tip.
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Figure 2.10: Mesh with crack showing enriched elements

When analysing fracture around a crack tip, a special enrichment function must be used,
which are defined in terms of curvilinear coordinates ¢ and y and are related to the crack
direction. These must be continuously updated throughout the analysis using the Level Set
method. The Level Set method is used in XFEM because it is an efficient way to represent
the crack by a simple level set function, fr. This function is equal to zero at the crack location
and as such the crack surface, I';;, can be described as:

Ter = {x| fr(x) =0} 2.4)

and will allow the crack geometry to be implicitly described by a scalar value at each node
in the mesh [46]. The Level Set method also allows the evolution of the crack over time to
be captured. This is done by solving the hyperbolic evolution function:

d fr

7—’_‘)’1

Ifr

ol = 0 (2.5)

where v, is the velocity in the normal direction to the crack surface and ¢ is time. However,
solving this hyperbolic function is often not accurate using the initial finite element mesh so
another mesh, often a finite difference mesh, is used to update the Level Set values. Another
problem in using the Level Set method is the crack surface must be frozen once it develops
[16]. This problem has still yet to be adequately solved for XFEM.

Another problem that has been encountered in XFEM relates to the use of Gauss quadrature.
When an element is enriched by a discontinuous function to capture cracking, standard Gauss
quadrature can become extremely inaccurate and cause poor convergence of the system. To

remedy this problem there are several known methods discussed by Belytschko [16]. All
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these different methods add additional complications to the formulation and in some cases

even result in subdivision of the elements containing a crack.

Another issue when using XFEM is the transition in a mesh between enriched elements,
which contain a crack tip, and non-enriched elements. The problems associated with this are
present in the hatched elements in Figure 2.10, where the elements contain both enriched and
non-enriched nodes. Due to this mix of node types and the need to use a singular function
to capture the crack tip, the shape functions in these elements no longer obey the partition
of unity [16], which can result in errors and lead to a reduction in the rate of convergence.
While this issue is able to be overcome, it again is adding another level of complexity to the

formulation to overcome another weakness.

Finally, there are two explicit reasons why XFEM has not been used in the work carried out
in this report. First, in problems where heterogeneities are explicitly resolved by the finite
element mesh, there is a likely to be multiple cracks. This means that there will have to be
large areas of the mesh where enrichment functions are used and as such the method does not
become computationally viable. Second, in such problems with heterogeneities, the majority
of cracks will initiate and propagate from the weak interface between an aggregate piece and
the surrounding cement. As the finite element mesh will coincide with these weak interfaces
it will be easier to insert discrete cracks into the topology in these areas without the added

computational effort associated with XFEM.

Throughout the literature XFEM has been used to model brittle fracture, cohesive fracture
[99], dynamic crack growth and various other forms of fracture in different types of material.
In publications, the limitations and problems associated with XFEM have been discussed and
explained and an attempt has been made to overcome them. This section of the report has
outlined some of these limitations and given a brief overview of some of the solutions pre-
sented. However, it has also been shown that in solving the inherent problems with XFEM,
layers of complexity have been added to the initial concept of the partition of unity which has
made the implementation of XFEM to obtain accurate results challenging. It has also been
noted that, while XFEM may be suitable for application to problems where the material is
homogeneous, the case is less strong for materials where the heterogeneities are resolved by
the mesh itself.
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2.2.6 Interface Elements

It was suggested previously, that there were two major problems with using the discrete
fracture approach: changing the connectivity of the mesh and mesh dependence of results.
However, in this project, as the heterogeneities will be explicitly resolved by the finite el-
ement mesh, there is no obvious mesh dependency. This theory was presented, and results
shown which supported it, by Kaczmarczyk and Pearce in 2009 for a two dimensional prob-
lem [52]. In this work, the relative stiffness of the heterogeneities to the surrounding material
governed the crack path to a much greater extent than the underlying finite element mesh.
Therefore, the results for the crack path and stress distributions for the numerical tests were
found to be largely independent of the mesh used. Also, due to the explicit representation of
the heterogeneities, the discrete fracture approach is able to accurately capture the mesoscale
processes of crack initiation, growth and propagation in a manner that smeared crack meth-

ods cannot due to its smoothing process [30].

When using the discrete crack model, and limiting cracking to the element boundaries, in-
terface elements have been widely used to model the cohesive nonlinear behaviour after the
crack initiates. The initial work on interface elements was applied to model joints, or inter-
faces, in rock masses which contained discontinuities [36], but was then advocated for use in
fracture mechanics of quasi-brittle materials such as concrete. Interface elements have a con-
stitutive relationship embedded within them, which relates the tractions, t, and gap width or
relative displacements, g, across the interface, which was first proposed by Hillerborg’s Fic-
titious Crack Model [41] discussed in Section 2.2.2. Traditionally, interface elements were
inserted into a mesh before the analysis began and an extremely high elastic stiffness was
used to ensure the elastic response of the model was captured. This procedure could either
by carried out in certain areas, if the crack location and propagation direction was known a
priori , or interface elements could be inserted everywhere in the model. Xu and Needleman
[107] suggested that, for 2D problems, an increase in computational time of the analysis of
at least two, compared to a conventional finite element formulation, could be observed if
interface elements were widely used, due to a large increase in degrees of freedom. This
problem would be further exacerbated in 3D, where the numbers of degrees of freedom are
much greater and the topology of the mesh is much more complex. Also, this approach can
introduce errors into the linear-elastic result, as the extremely high elastic stiffness, known
as a penalty stiffness, is employed. If the value of this penalty stiffness is too low then
the model can become overly flexible, resulting in continuity of displacements not being
achieved. However, if it is too high, then the resulting set of equations can become poorly
conditioned [84]. In most discrete cohesive crack models, the penalty stiffness is chosen by
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the user but careful consideration must be given to ensure a robust and accurate solution is

found.

When using classical displacement finite elements, a significant problem of traction oscilla-
tions is present due to the inclusion of a high penalty stiffness [78, 79]. This issue occurred
when using Gauss quadrature for the numerical integration of stiffness matrix and internal
force vector of interface elements and was explored in some detail by Schellekens and de
Borst [80]. Here, it was suggested that large stress gradients over the interface element and
nodes on each separate side of the crack being coupled with one another were the root cause.
To remedy this issue, nodal interface elements, or a different numerical integration scheme,
could be used for a linear interface element. However, for a quadratic interface element the
use of Newton-Cotes, Lobatto and Gauss integration schemes all resulted in traction oscil-
lations occurring. It was suggested that, when using quadratic elements, Newton-Cotes and
Lobatto integration schemes only resolve the traction oscillation issue for certain directions
of displacement gradients and to remove the oscillations linear interface elements or extreme
mesh refinement must be employed. In the work that is being carried out here, the problem
of traction oscillations related to the interface is not applicable for two reasons. Firstly, as the
traction oscillations occur due to the penalty stiffness, the development of a dynamic crack
insertion algorithm reduces the number of inactive interface elements in the mesh. However,
if an interface is inactive, the penalty stiffness is employed and Gauss integration is used
the traction oscillations could occur. To remedy this hybrid-Trefftz stress elements are em-
ployed for the bulk elements in the mesh [52] with the reasoning behind this being discussed
in Chapter 4.

It was shown that, in principle, the discrete crack model is intuitively much easier to un-
derstand and visualise and, in the author’s opinion, is currently the best method to analyse
cracking when heterogeneities are explicitly resolved by the mesh. The major problems as-
sociated with this method can be overcome and, as such, the discrete crack method will be
used in the subsequent Chapters. There will be further discussion on both the use of inter-
face elements to model the cohesive cracks and the crack insertion technique employed in
Chapter 4 and Chapter 5.
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2.2.7 Embedded Discontinuity Method

Another method of modelling fracture in materials, which has been widely used and inves-
tigated, is the embedded discontinuity method. A comprehensive literature review of this
method was carried out by Jirdsek [45], but this section will outline the details given in this
paper to give an understanding of the method as well as some further advances in this method
since the publication of this paper. The development of the embedded discontinuity method
was carried out in response to the issue of shear locking in other smeared cracking meth-
ods. Shear locking occurs in these methods due to the linking of nodes on either side of a
discontinuity in an element and results in spurious stress transfer across a wide crack which
is not physically possible or realistic. This was caused by the inherent weakness of these
other smeared methods in representing the kinematics the discontinuous displacement field

and the embedded discontinuity method was developed to try overcome this.

The initial work into the embedded discontinuity method focused on modifying the linear
elastic stress-strain relationship to take account of the softening or discontinuity within an
element. This was achieved by replacing the relationship with a reduced secant stress-strain
relationship which accounted for the damage in the element. However, the scope of this
work was limited, as it was only able to be applied to simple perfect plastic cases and was
not suitable for any other types of material which exhibit strain-hardening or strain softening.
The seminal paper by Ortiz [66] focused on enriching the strain field of an element to allow
a weak discontinuity, described in Figure 2.4, to be captured. This initial work allowed one
weak discontinuity line to be captured per element. This meant that if there was a localisa-
tion band present in the specimen at least two elements were required to capture it. Through
the course of the development of this method, it has been applied to different element types
such as Constant Strain Triangles and Quad8 finite elements with a reasonable level of suc-
cess. Following on from this work and its limitation of having only one line per element,
Belytschko [15] introduced an improvement to allow at least two weak discontinuity lines
to be present in each element. This meant the method became somewhat mesh independent
and the localisation band width became a material parameter which could be found from

experimental data.

While the early work associated with the embedded discontinuity method focused on weak
discontinuities, Dvorkin [32] developed a formulation which could include a strong discon-
tinuity within the element. This work was carried out using the principle of virtual work

where an extra term was inserted into the formulation to allow the cohesive tractions over
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Figure 6.12: Particle packing of test cube with volume fraction of 0.7 demonstrating the wall
effect of the M-LS method

with a volume fraction of 0.7. While both methods produce an extremely dense level of
packing some differences can be noted. When viewed from the front, it can be seen that
towards the boundary of the cube there is a defined border where larger particles are not
placed in the M-LS results compared to the RSA results. This phenomena is similar to the
wall effect in concrete where the formwork used in the pouring process causes an uneven
distribution of particles close to the border [108]. Since large particles are placed first, they
will always be placed further from the outer walls of the body and as such will replicate this
wall effect more effectively than would be the case with the RSA method. This effect is able

to be observed even more clearly when lower values of volume fractions are used.

6.5.2 Maximum Level Set Method in Action

The previous section has shown that the Maximum Level Set method performed well when

compared to the Random Sequential Addition method. However, the objective of this Chap-
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Figure 6.13: Taurus particle packing test Figure 6.14: Dog bone particle packing
test

ter was also to demonstrate a methodology which could be implemented for bodies of any
shape and not be limited in scope to simple problems such as the 100mm cube shown in
Figure 6.12. As such, Figures 6.13 and 6.14 present two more examples of complex shapes
at different scales where particle packing was performed. As can be seen from these exam-
ple, with the use of CGAL, any shape can be adequately packed using the M-LS method.
CGAL is instrumental in allowing the particle packing to be carried out in these examples
as it allows different geometric test to be carried out efficiently. In particular, the ability to
check whether a point was within the boundary and to calculate the distance of the point to

the boundary was vital.

The methodology which has been outlined above has been developed for the purpose of
producing a mesostructure which can be used in a finite element analysis. To allow this
mesostructure so be used the commercial meshing package Cubit was used to create the
finite element mesh from the mesostructure. While performing the M-LS analysis, a script
is created which allows Cubit to subsequently be used to create the finite element mesh.
Within Cubit there are several different options to produce the mesh allowing the user to
use tetrahedrons, cuboids, first order elements and second order elements. Cubit always
tries to produce a finite element mesh with as good quality elements as possible to ensure a
robust solution is found. The element size can also be specified within the Cubit script and
the only limitation on this is that it must be small enough to allow the smallest particle to be
resolved sufficiently into the mesh. To demonstrate the effectiveness of using Cubit, a simple
analysis was performed. A cube, 10mm x 10mm x 10mm, was created and a M-LS analysis
was performed to achieve a volume fraction of 0.8, where d,;,,x = 4mm, d,;;, = lmm and

diny = lmm. The element size used to produce the finite element mesh was kept constant
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Figure 6.15: Example finite element mesh using Cubit

for the entire body at an element size of 0.5. The mesh which was produced can be seen in
Figure (6.15).

6.6 Conclusions and Further Improvements

This Chapter has presented a new method for particle packing of a body using an approach
known as the Maximum Level Set method. The standard method of particle packing, Ran-
dom Sequential Addition, is known to be extremely inefficient when trying to achieve high
volume fractions of particle packing due to the random nature of the method. The random-
ness causes the completion time of the method to vary exponentially with the target volume
fraction which is a major obstacle for concrete where the volume fractions required are high
(> 0.7). To overcome the inherent inefficiency of RSA, the M-LS method does not randomly
select a position for placing particles but places them at pseudo-random locations. The pro-
posed method over-saturates the body with randomly placed grid points and then places the
first particle at the grid point with the largest Level Set value. The Level Set value of all
the grid points is then updated to take account of the placed particle and the process is re-
peated until the required volume fraction is achieved. As has been shown, this new method
is much more efficient at achieving higher volume fractions and is still relatively competi-

tive with RSA for lower volume fractions. The proposed method also allows a better quality
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finite element mesh to be produced because, in general, it will ensure that the proximity of
particles to one another is not too small. Finally, the proposed method has also, somewhat

serendipitously, reproduced the wall effect present in physical concrete samples.

While the newly proposed method has been demonstrated to perform particle packing in an
efficient manner there are several ways in which the methodology could be further improved
to make the results more realistic. The first of these would be to include non-spherical in-
clusions in the analysis. This modification would be of benefit because, although spherical
particles are conventionally used when modelling aggregate in concrete, the use of non-
spherical aggregate could have a significant effect on the overall fracture behaviour of the
specimen [42]. As crack initiation and propagation are stress driven, the use of non-spherical
particles would lead to additional stress concentrations. This could be accomplished in a
number of ways, such as attempting to initially use Smallest Enclosing Spheres to place the
particles originally before creating randomly shape particles which are enclosed by these
ghost particles. Another option could be to create several pre-made randomly shaped parti-
cles, which could be inserted into the body using the M-LS method [42]. Obviously for this
method to work, the Level Set calculations would be much more complex than for spherical
particles. Using the k-d tree methodology outlined in this Chapter, along with the ray func-
tion in CGAL, would make the implementation of non-circular inclusions somewhat more
straightforward than it otherwise may have been. The k-d tree would allow distances be-
tween non-circular particles to be calculated more easily and the ray function could be used
to check for any cross-over with existing particles. It is felt that this would be an interesting

area in which to expand the particle packing methodology developed in this Chapter.

A final variation that could be used in the M-LS method concerns the Level Set function
used. In the analyses carried out in this Chapter using the M-LS method, a simple Level Set
function was used to define the Level Set value of each randomly created grid point after
the placement of every new particle. The grid point with the largest Level Set value was
then chosen to be the centre of the next particle. The Level Set function used was linear
with respect to r, which is the distance from the element boundary in the normal direction,
as seen in Figure 6.16. This function essentially calculated the relative distance between the
surface of two different particles being examined which was used to confirm if the particles
overlapped. However, if we allow the Level Set function to vary in a non-linear fashion, as
shown in Figure 6.17, which eventually tends to a value r,,y, then this equation could be

designed to ensure a more random distribution of particles. This would be done by selecting
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Figure 6.16: Linear variation of LS with Figure 6.17: Nonlinear variation of LS
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all the possible particle locations which satisfy the condition, LS(r) = r,4y, then picking
one at random as the location for the next particle. This would result in a more random
particle distribution than for the M-LS method. This would be of particular use if extremely
high values of the OSR were used, where using the M-LS method may result in overly
deterministic particle packing being produced. This method of randomly selecting a particle
location based on the Level Set satisfying a particular condition is the approach that was

taken by Sonon et. al [86] in their work on particle packing.



Chapter 7

Implementation and Analysis of Overall
Computational Framework

The goal of the work presented in this thesis has been to create a computational frame-
work to model quasi-brittle fracture in heterogeneous materials, where the heterogeneities
are explicitly resolved by the finite element mesh. Initially, this Chapter will focus on the
computational implementation of the framework. To do this, the implementation of the non-
linear analysis will be discussed and mathematical libraries that have been used, which have
been optimised for computational efficiency, will be outlined. Next, the Chapter will focus
on how realistic values of material properties were chosen for the constitutive laws, before
moving on to numerical examples to demonstrate the performance of the overall framework.

Finally, this Chapter will discuss how the framework could be further enhanced.

7.1 GComputational Implementation of Overall Framework

This section will outline how the various components of the overall framework are brought
together to allow detailed analyses to be performed. The overall aim of the work presented
so far was to capture the response of concrete during fracture. When concrete is subjected
to tensile loading, its response is highly non-linear, so a solution strategy was developed to
capture this. It has been assumed throughout, that the work presented in this thesis is solely
investigating material non-linearity in concrete and geometric non-linearity is not consid-

ered. In an implicit non-linear analysis, at the end of each load-step the body must be in
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equilibrium. This is described mathematically by:

fzxt_f?nt =0 (7.1)

where f7,; is the vector of externally applied nodal forces at load step n and fi . contains

int
the internal nodal forces corresponding to the stresses in the element [9]. To satisfy this
equation, an iterative scheme, such as the classical Newton-Rhapson technique, is used. The
linearisation of the problem results in a tangent operator, known as the tangent stiffness
matrix, K, being determined. The tangent stiffness is used to find the updated value for the

displacement degrees of freedom, q", by using:

i_lKn6q = fzm —1 f?nt (7.2)
‘q"=""q+6q (7.3)

where the conditions at the start of the load step are:
(O)qn — qn—l & (O)Kn — K}’l—l & (0) "= f;'Ln—tl (74)

Here, i signifies the iteration number of the load step n and the tangent stiffness matrix is
updated at every iteration of the load step. If the tangent stiffness matrix is dealt with in this

manner, the convergence rate of the load step to equilibrium will be quadratic.

In the analyses which are performed in this thesis, all non-linear behaviour is restricted to
the interface elements. The hybrid-Trefftz stress elements, which make up the bulk material
in the mesh, are considered to be linear-elastic and as such the stiffness matrices of these
elements will not change as the analysis progresses. If we consider the “stiffness” matrix
of the hybrid-Trefftz stress element, KHATS | which is obtained by static condensation of the

system of equations in (3.29), this can be written as:

KATS — AF AT (7.5)

KIN T

while the stiffness matrix of the interface element, , which was previously defined in

(4.17), can be written as:
KN — / ULR'D(g)RUrdI (7.6)
l—‘CI‘

For a simple problem, shown in Figure 7.1, which is comprised of two bulk elements which
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Interface Element

HTS Element - '/

Figure 7.1: Simple visualisation example for hybrid-Trefftz stress element and interface
element

are hybrid-Trefftz stress elements (1 and 2) and that are connected by an interface element,

the global stiffness matrix would take the form:

It can be seen that the two hybrid-Trefftz stress elements do not share any degrees of freedom
and are solely connected through the interface elements. It is also important to note that
during the non-linear analysis, K{{ TS and KSI TS do not change and the only change (and thus
non-linear behaviour) will occur in K7, When carrying out the analysis, it is possible to
calculate the element matrix F~! for the hybrid-Trefftz stress element once at the start and
save this matrix, rather than carrying out the calculations required each time the stiffness
matrix is being constructed. This is possible as the matrix is constructed using terms which
correspond to the number of stress degrees of freedom being used and is not altered by any
changes in connectivity which can occur due to the crack insertion algorithm. There are
contributions to fi,¢ from both the hybrid-Trefftz stress elements and the interface elements

which can be given by:

fit* =K""q (1.7)
fiN' = / UIR™t"¢dr (7.8)
rcr

while fex¢ contains the externally applied loads. However, the numerical tests performed use
prescribed displacements to capture the post-peak softening response of the concrete rather
than prescribed force, the benefit of which is demonstrated in Figure 7.2. This ensures that

the post-peak response is able to be captured without the the need for any sophisticated arc-
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Figure 7.2: Comparison of force control and displacement control

length control to be implemented. The implementation of prescribed displacement follows
the standard procedure where the node is fixed in the direction of the prescribed displacement
and the system of equations is modified to ensure the stiffness matrix remains symmetric.
The entire procedure for a single load step, including the dynamic introduction of discrete

cohesive cracks, is shown in Algorithm 7.1.

In Algorithm 7.1, building and solving the system of equations in the iterative procedure is
the most expensive computational task. Therefore, it is important that this process is carried
out in an efficient manner and, here, this was done using the computational package called
PETSc [8]. In PETSc, the user creates two procedures to evaluate (7.1) and the stiffness
matrix at each iteration, before the package solves the system of equations. The iterative
procedure is carried out until the non-linear system of equations converges and a scalar value,
given by the norm of the the residual force vector in this case, is less than a user defined

tolerance. The norm of the residual force vector is given by:
R[] = [['fexe — Tiue (7.9)

In the analyses which are presented in this Chapter, the tolerance value was set at 1x107°.
PETSc also allows the user to select different methods of matrix factorisation to solve the
system of equations in the non-linear solver. In the analyses presented here, LU factorisation
is used for this purpose. There are several different options that can be used to increase
the computational efficiency of this procedure, such as using different preconditioners, and
PETSc allows the user to select different forms of factorisation, such as incomplete LU,
to aid with stability and convergence. Cubic line searching has also been utilised within
PETSc, which again increases the stability of the numerical solver and its ability to reach

a converged state. Another obvious benefit of PETSc, which can be used to dramatically
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for Load Step n do

Set initial conditions: Iteration Number i=0, O ¢ = ¢"~!, (OK" = K",
(O)fn = fnil N

int int °

Update solution vector with prescribe displacements: ‘q" = Oq" + Aqpre

while ! if';"nt >Tolerance do

ext
Iteration Number i =i+ 1;
for All hybrid-Trefftz stress elements do
Calculate element stiffness matrix, KA7S;
end
for All Interface Elements do
for Each integration point on face do
Carry out Closest Point Projection - Figure 4.1;
Calculate algorithmic stiffness contribution for Gauss Point;
end

Construct interface stiffness matrix, K/V7;
end

Assemble global stiffness matrix for iteration, K",

Solve system of equations: *!q" = ['K"] - 8¢ — fine

Using “*1q", calculate "2, — iy

end
for All faces do
Check traction state to see if material law violated;
end
if Faces marked For splitting >0 then
Insert discrete cohesive crack into the mesh;
Restart load step (i.e. n = n);
Iteration number i=0, (O)q" = q"fl, OK" = K1, O — n-1,
else
Move onto next loadstep (i.e. n=n+1);

end

end

Algorithm 7.1: Entire load step procedure
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decrease the computational cost of analyses, is its ability to perform analyses while taking
advantage of parallel processing. This feature has not been utilised in the analyses presented,

but a discussion on this will be undertaken in Section 7.4.

7.2 Material Parameters

At the mesoscale, concrete can be split into three distinct regions. First, there are the aggre-
gate pieces which are generally made up of crushed rock. Second, there is the softer matrix
of cement surrounding these aggregate pieces and third, there is the interfacial transition
zone (ITZ) between the cement matrix and aggregate pieces. Separate material properties
had to be set for these three distinct regions and those used for the cement and aggregate
can be seen in Table 7.1. It has been found that the bonding strength in the ITZ in concrete
is weaker than the strength of a cement-cement bond. To reflect this, the yield strength of
the bond in the ITZ was set at 2N/mm? while the yield strength of the cement bond was
5N/mm?.

In all the analyses carried out in this Chapter, it was assumed that the normal and shear
strengths of the materials were equal and used the relevant values stated above. This was
done for simplicity, but these values could easily be different in future tests. As was high-
lighted in Chapter 4, the Winnicki constitutive law was somewhat phenomenological in na-
ture, as there were variables in the softening laws which were user defined. The equations
used in the constitutive law to capture the softening behaviour of the material are repeated

here for convenience:
C(k) = (Co—Cu)exp (— (ax)) +C, (7.10)

B(x) = (Bo—Bu)exp (— (Bx)") +B (7.11)

If we consider the concept of fracture energy, Gy, it can be accurately defined as the energy
required to produce a full crack of unit area. This can be related to the load-displacement
curve by stating the fracture energy is equal to the area encompassed by this curve [28]. If
we consider the equation above, which is used to capture the tensile response of the material,

then the equation for the fracture energy can be written as:

Gf:/c(x)ax /co— Jexp (— (ak)") +C, 0k (7.12)
0
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Figure 7.3: Relationship between G and o used in softening law

where K is the degradation parameter and o and y; are the user defined parameters. Due to
the inclusion of 7, this equation is not able to be integrated exactly. However, if we assume
that Cy = 5N/mm? and C, = ON/mm?, then we can numerically integrate this equation to
investigate what effect varying o and 7y has on the relationship between k and G¢. A graph
showing this can be seen in Figure 7.3. There are two interesting points that can be noted
from this graph. First, there is an obvious relationship between the value of G and «,
which means that o can be chosen to reflect the value of fracture energy for the type of
concrete being analysed. Second, the relationship between G and « is largely independent
of the value of y;. In the graph, the change in the relationship from y; = 2 to y; = 20 is
almost negligible, even though a change of this magnitude has a dramatic effect on the load-
displacement response. Therefore, it can be concluded that y; controls the brittleness of
the concrete only, with no dramatic effect on the amount of energy being dissipated in the
body, while o can be considered a pseudo-material parameter which is related to the fracture
energy, Gy. In the analyses carried out in this Chapter, o = 60,000 (60) which corresponds
to Gy = 100N/m (0.IN/mm). This value of fracture energy is in the correct range for an

average type of concrete, as defined experimentally by Cifuentes et al. [24].

7.3 Numerical Examples

In this section, results from numerical test will be shown, where heterogeneities have been
explicitly resolved by the finite element mesh. The results presented will show that the
framework developed works well, although computational efficiency remains an issue. The

geometry of the 3D body used in the subsequent numerical test is shown in Figure 7.4, where
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Figure 7.4: Geometry of Dog Bone Specimen

D = 50mm. The computational framework outlined, has been developed to analyse complex
problems in 3D with a detailed heterogeneous structures. To analyse problems with thou-
sands of heterogeneities, very fine meshes with a large numbers of elements and degrees of
freedom are required. However, due to the computational cost of these types of analyses, the
topology of the problem and the mesostructure being analysed was simplified. This allowed
problems to be assessed in a realistic time frame. The dog bone specimen used is useful for
this purpose, as the stress concentrations will occur in the centre portion of the body (i.e.
the curved section). This allows a finer mesh to be used in this area only, thus reducing the
computational cost. As the stress is concentrated in this region, the heterogeneities will be
explicitly resolved in this area only, as it can be correctly assumed that cracking will initiate,

propagate and coalesce here.

In the overall framework, one advantage of using the hybrid-Trefftz stress elements was their
ability to approximate stresses extremely accurately. As crack propagation can be considered
to be a stress driven problem, for all the numerical tests presented here, the stresses were
approximated to the fourth order. The approximation matrices, Sy, containing the Trefftz
functions up to this order can be seen in Appendix A. Using an approximation of stresses up
to the fourth order also ensured that the number of stress approximation functions was greater
than the number of displacement approximation functions, which was a requirement for the
hybrid-Trefftz stress element to produce a unique solution. All the analyses also used 10-
noded tetrahedrons for the finite elements and 6-noded triangles for the interface elements.
As before, isoparametric shape functions were used to approximate the displacements on the
element boundaries. Gaussian integration was used for all numerical integration throughout,
where a sufficient number of integration points were used to ensure accurate integration was

achieved. Finally, an adaptive load step was employed in all analyses to ensure a consistent
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EINCLU SION 53GPa
ECEMEN T 20GPa
EIN TERFACE 2000GPa/m
% 0.25
Ci’% & BiI* 2.0MPa
CITz & BITZ 0.0MPa

CgEMENT &BgEMENT 5.0MPa
CEEMENT &BSEMENT 0.0MPa

o &p 60.0
h&y 2.0
Non-linear tolerance 1x10~¢
CPP tolerance 1x10~°
initial 0.0Imm
iSreq 15

Table 7.1: Material properties and numerical values used for numerical examples

number of iterations per load step was achieved. This was done using the following equation:

its
Unew = Uold < > (713)

itSreq

where i is the value of prescribed displacement for the load step, its is the number of iter-
ations of the previous load step and its. is the user-defined variable for the required num-
ber of iterations. In all the analyses carried out its,., = 15. This ensured that the analysis
remained stable and was able to converge, whilst also ensuring the number of load steps re-
quired was kept to a minimum. To summarise, the subsequent numerical examples all used
the same material properties and values required for the non-linear solver. These values are
given in Table 7.1. In this Table, the value of i;,;;;,; Was used for the first load step and was
the biggest value of prescribed displacement which could be applied in a single load step.
The adaptive load stepping was limited to not being able to allow the prescribed displacement

to be bigger than this value to ensure numerical stability.

7.3.1  First Numerical Example

The topology of the finite element mesh used in the first numerical test can be seen in Fig-

ure 7.5 along with the boundary conditions that were applied to the corner nodes of the end
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@ = Fixed in y & z direction
@ = Fixed in z direction only
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(a) Mesh topology showing heterogeneities (b) Nodal boundary conditions

Figure 7.5: First numerical test setup with prescribed displacement applied in the x-direction
only and boundary conditions applied to corner nodes of the mesh highlighted

faces. The Figure demonstrates the simplifications applied to the problem, as a small num-
ber of heterogeneities have been resolved by the finite element mesh in the central region. A
constant radius of 4mm for the radius of the heterogeneities was used in this test. This en-
sured that the number of finite elements required in the mesh was kept to a minimum. It was
found that, when meshing the central portion of the body, to sufficiently capture the shape
of the heterogeneities in Cubit, an element size similar to the radius of the heterogeneities
had to be used. This also ensured, for this distribution of heterogeneities, that a good quality
finite element mesh was created and the mesh between the heterogeneities was sufficiently
fine. Figure 7.5 also demonstrates how the prescribed displacements were applied to the
model to enable the tensile response of the concrete specimen to be captured. The initial
mesh topology mesh also shows that, outwith the central portion of the specimen, the mesh
is much more coarse. This, again, was done to reduce the number of elements to ensure the

solution was solved in an acceptable time-frame.

The load-displacement curve for the end face showing the behaviour of the full analysis can
be seen in Figure 7.6. As can be seen, the exponential softening of the concrete has been
captured and the specimen has been tested to almost complete failure. Figure 7.7 shows
the results at Sample Point 1 on the load-displacement graph, where it can be seen that
cracks have initiated around the heterogeneities. The graph in Figure 2.1, which shows the
theoretical stages of the cracking process in an concrete specimen subject to tensile loading,
demonstrates that microcracking in concrete occurs in the early stages of loading, when the
overall response of concrete at the macroscale is still considered to be linear-elastic. The
results presented at this Sample Point demonstrate that this behaviour is being captured.

Microcracks have formed around the inclusions in the specimen but the overall response
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Figure 7.6: Load-displacement curve of end face for first numerical test

of specimen can be considered to be very close to linear elastic, as the non-linear response
is not large enough to be seen in the load-displacement graph. From the beginning of the
analysis, the presence of heterogeneities led to stress concentrations to occur which are still
present after initial cracks appear, as demonstrated in Figure 7.7b. It was found that, as the
analysis progresses, the location of these stress concentrations was where the cracks began
to propagate out from the ITZ into the cement matrix. These stress concentrations either
appeared at points where the heterogeneities were close to the boundary of the body, as was
the case for the initial crack propagation into the cement in this analysis, or in areas where
two heterogeneities were very close together. The crack initiation in the ITZ around the stiff

inclusion propagating out into the cement was the behaviour which was expected.

In concrete, the microcracks at the ITZ eventually propagate into the cement and coalesce
into a single macrocrack. These microcracks coalescing into the macrocrack is the point
where the softening response of the overall body becomes apparent. If we look at the results
for Sample Point 2, shown in Figure 7.8, we can see that the macrocrack has developed
and softening is being captured in the load-displacement curve. This is in line with the
expected behaviour. The XX stress state, shown for Sample Point 2, has reduced from the
peak stress value as the cracks have propagated into the cement matrix and softening has
occurred in the specimen. The stresses around the heterogeneities have also reduced from
their peak to a lower level at this Sample Point. Sample Point 3, shown in Figure 7.9, shows
the development of the macrocrack further into the analysis. As the analysis continued,

the stress state in the specimen continued to drop as the macrocrack developed. Figure
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Figure 7.7: First numerical test at Sample Point 1 - displacement magnification x 500
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Figure 7.8: First numerical test at Sample Point 2 - displacement magnification x500

12.000

-4.000
-4.523

0.000

-2.000

S—

S
h«a?‘“\\\\

Ry =——ar

(b) XX stress state (N / mmz)

(a) Final macrocrack in model (interface elements rep-

resented by blue faces)

Figure 7.9: First numerical test at Sample Point 3 - displacement magnification x500
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Figure 7.10: First Numerical Test at Sample Point 3 showing active cracks - blue signifies
no interface, green signifies elastic interface element, red signifies plastic flow in interface
element

7.9a demonstrates an interesting phenomena, which supports one of the major reasons for
carrying out analyses with the methodology which has been presented in this thesis. Due
to heterogeneities being explicitly resolved by the finite element mesh, the issue of mesh
dependence is largely avoided because the heterogeneities will govern the crack path more
than the underlying finite element mesh. The results in Figure 7.9a indicate that this theory
holds for 3D analyses. In the results presented, the macrocrack has followed the edge of the
left three heterogeneities very closely and this has governed, to a large extent, the overall
shape of the macrocrack. This phenomena would be even more pronounced if a higher

number of heterogeneities were included in the initial mesh.

If we consider the development of the macrocrack throughout the analysis, it can be seen
from Figure 7.9 that there is a defined crack where most, if not all, of the non-linear soften-
ing behaviour is taking place. Figure 7.10 demonstrates where the active interface elements
are located in the mesh at Sample Point 3. As can be seen, the inactive (green) interface
elements are still present in the analysis, but are behaving elastically by using the penalty
stiffness. The non-linear behaviour is occurring on the surface of the macrocrack (red ele-
ments) and the areas outwith the macrocrack have unloaded. This, again, is in line with the
expected behaviour. In Chapter 5, a crack insertion methodology was developed to overcome

some of the computational inefficiencies of using interface elements. Traditionally, interface
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Figure 7.11: Variation in number of interface elements as test progresses

elements would have been inserted into the initial mesh in the central portion of the speci-
men to ensure any crack propagation was captured. Figure 7.11 demonstrates the number of
interfaces elements which have been added to the mesh as the analysis progressed and how
the number of active interface elements varies over the course of the analysis. The plateau in
the number of interfaces (both total and active) at Point A is the stage in the analysis where
discrete cracks have been inserted around the heterogeneities. All of the interface elements
are active at this stage as the cracking has initiated in the I'TZ without having localised into a
macrocrack. Point B is the most computationally intensive time in the entire analysis. Here,
the largest number of interface elements in the mesh are active. This is the stage where the
cracks are propagating out from the ITZ into the cement matrix. This is demonstrated by
this being the time where the rate of increase in the total number of interface elements being
inserted into the mesh is greatest. As the analysis progresses, fewer interface elements are
active, which is supported by the development of the macrocrack shown earlier. At Point C,
towards the end of the analysis, 88 out of 538 (approximately 16%) of the interface elements
present in the mesh are active. This supports the use of the crack insertion methodology as
it shows that the majority of the interface elements present in an analysis, such as this, will

not be required to capture the non-linear behaviour after the formation of a macrocrack.
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Figure 7.12: Mesh topology showing heterogeneities for second numerical test

Over the course of this analysis, 538 interface elements were inserted into the mesh using
the methodology outlined. This caused the total number of nodes in the mesh to increase
from 1954 nodes, at the beginning of the analysis, to 7014 nodes by the end of the analysis.
Clearly, there has been a substantial increase in the number of nodes, which effects the
overall computational cost of a load step. However, it is felt that the proposed methodology
still has advantages over the traditional methodology employed for interface elements, where

they are included in the analysis from the beginning.

7.3.2 Second Numerical Test

The geometry for the structure of the heterogeneities, as well as the topology of the finite
element mesh, for the second numerical test can be seen in Figure 7.12. The boundary
conditions applied to the mesh were the same as those for the first numerical test which
are outlined in Figure7.5. In this test, a more complex structure has been used to investi-
gate whether the results are consistent with those found for the first numerical test and the
methodology performs in a satisfactory manner for larger scale problems. In this test, the
heterogeneities were, once again, limited to the central portion of the specimen. Unlike the
first numerical test, where the heterogeneities were explicitly placed at their locations, the
new structure for the heterogeneities was created using the procedures outlined in Chapter
6. For this structure, the diameter of the heterogeneities range from 3mm to 10mm in 1mm
increments, where any particle smaller than 3mm was assumed to be part of the surrounding
cement matrix. The volume fraction for the specimen was assumed to be 0.75. The load-
displacement graph for the analysis can be seen in Figure 7.14. Considering the results of
Sample Point 1, shown in Figure 7.14, we can see that microcracks have initiated around the

inclusions at the interfacial transition zone in the expected manner. As with the first numeri-
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Figure 7.14: Second numerical test at Sample Point 1 - displacement magnification x 1000

cal test, stress concentrations have again appeared at areas where the two heterogeneities are

close together and where a heterogeneity and the boundary of the specimen are close. It was

in these areas of the cement matrix where cracks then propagated to start the process of the

macrocrack formation. Figure 7.15, which is a snapshot of Sample Point 2, demonstrates

the macrocrack which has formed in the central region of the specimen. The formation of

the macrocrack was preceded by extensive crack propagation into the cement matrix from

the ITZ as expected. In this test the macrocrack again closely followed the heterogeneous

mesostructure that was present in the specimen. This reinforces the theory that limiting
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Figure 7.15: Second numerical test at Sample Point 2 - displacement magnification x 1000

cracks to element boundaries is acceptable if the heterogeneities are explicitly resolved by
the finite element mesh. In fact, compared to the first numerical test this behaviour was even
more pronounced as more heterogeneities were present. Over the course of this analysis, the
number of nodes in the mesh increased from 17,000 nodes to 56,000 nodes at Sample Point
2 due to the insertion of 4100 interface elements. This clearly demonstrates the issues with
computational efficiency for problems of this size. However, the results provided for the
second numerical test show that the computational framework is able to capture the expected
phenomenological behaviour of concrete when a more complex heterogeneous structure is
used. There are issues with computational time which will need to be solved to allow even

more detailed analyses to be performed.
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Whilst no direct comparison was able to be made with experimental results, the trends found
in the results were able to be compared to the experimental work carried out by van Vliet
and van Mier [101], where the tensile response of a dog bone specimen of a similar size to
those analysed here was measured. In their work the smallest test specimen was a dog bone
with D = 50mm which is the same as the specimens analysed here. However, in their tests
the thickness of the specimen was kept constant at 100mm for all sizes investigated, while
here it was limited to 25mm due to computational limitations. Even with this difference
in specimen properties there are similarities and differences between the results found by
the analyses carried out here and their work. In their work, two concrete samples were
tested which were cured in dry and wet conditions and gave peak load values of 2.54N /mm?
and 2.17N/mm? respectively. As can be seen from Figure 7.6 and Figure 7.13, this value
broadly agrees with the value of peak load that was found when carrying out the numerical
tests in this Chapter. It is believed that if further numerical tests were carried out where more
inclusions were included in the topology the peak loads found would reduce further to be

more in line with the experimental values.

When comparing the post peak response between the numerical tests and experimental re-
sults it was found that the numerical tests showed the material to be more brittle than was
the case in reality. Van Vliet and van Mier suggested that most of the residual capacity of
the dog bone specimen was lost when the end face displacement reached a value of roughly
0.150mm, while in the numerical tests a similar stage was reached at a value of 0.016mm.
Clearly there is a large difference between these values but it is believed that there are a
number of factors in the numerical analyses which could be altered to ensure the material
behaved in a less brittle manner. The major area where the analysis results could be improved
in by using more representative values of o, 3, 71 and 7, in the softening equations. These
values control the softening response in the numerical model and could be altered to allow a
more realistic response to be captured. Whilst the numerical results and experimental results
do have some differences it is felt that this is down to the numerical values which have been
used in the analysis and improvements could be made by further investigation of the mate-
rial parameters being used. It is also felt that the comparison with experimental results is
initially encouraging and reinforces that the computational framework that has been outlined

is sufficient to capture the post-peak behaviour of concrete at the mesoscale.
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7.4 Future Improvements to Overall Framework

The results presented in this Chapter have demonstrated the effectiveness of the overall
methodology which has been outlined through this entire report. While the results have been
promising, it is felt that there are some readily apparent areas in which the implementation

could be improved upon to improve the computational efficiency.

The first major improvement which could be made, on a general level, would be to take ad-
vantage of parallel processing. The entire framework, which has been outlined throughout
this thesis, contains different elements which are suited to parallel implementation. First,
the hybrid-Trefftz finite elements, which were outlined, are ideally suited to parallel imple-
mentation [52] and the calculation of the stress degrees of freedom lends itself particularly
well to parallel processing. Second, the programs which have been used to carry out the
non-linear analyses, such as MOAB and PETSc, are both optimised for parallel processors.
In the analyses performed, a majority of the computational time was spent either solving
the system of equations or building the global stiffness matrix, both of which are processes
required by PETSc. Therefore, utilising the support within PETSc for parallel processing
could dramatically reduce the amount of time required for the analyses to be performed.
This would then allow much larger problems to be analysed where much more complex het-
erogeneous structures are resolved by the finite element mesh. It would also allow analyses
to be performed on problems of larger dimensions. To further implement parallel processing
some thought would need to be given on how to accurately partition the mesh. This would
involve assigning sections of the mesh to different processors to allow the computational

effort to be equally divided between processors.

7.5 Conclusions

This Chapter has presented the numerical results obtained by combining the work carried out
in the previous Chapters. The methodology for carrying out a single load step was presented
and the material properties used in the analyses were outlined. In particular, the variables
used in the constitutive law for the interface element were related to the fracture energy of the
material being analysed. Two different numerical tests were presented. These tests presented
the tensile response of concrete in a realistic manner by showing how cracking initiated and

developed in the specimen. As was the case in physical experiments, the cracks initiated
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around the heterogeneities resolved by the finite element mesh, before propagating out into
the cement matrix to produce a macrocrack. The theory of heterogeneities in the mesh
playing a more important role in the propagation of cracks than the underlying mesh was
also supported by these tests. There is a realisation by the author that the results presented in
this Chapter are a proof of concept for the methodology. Clearly, work needs to be carried
out to further increase the computational efficiency to allow larger problems to be examined,

which would allow the methodology to be validated against experimental results.



Chapter 8
Conclusions

The work in this thesis has presented a computational framework for analysing fracture in
heterogeneous material at the mesoscale in three dimensions. In developing this framework,
a wide range of issues have been investigated to ensure a solution scheme was produced
which gives robust and realistic results. There were several distinct novel aspects to the work
that was presented in this thesis. First, the use of hybrid-Trefftz stress elements enabled an
accurate description of the complex stress state to be obtained, which is of paramount im-
portance for capturing crack initiation. The use of these elements also overcame the issue of
traction oscillations when using interface elements. Second, a new crack insertion methodol-
ogy was presented, which utilises properties of the hybrid-Trefftz finite elements and insert
discrete cracks into the mesh as the analysis progresses. Finally, to produce an efficient
procedure which created mesostructure geometries which produced good quality finite ele-
ment meshes, a new particle packing method was developed called the Maximum Level Set
method.

The initial work focused on the derivation of the hybrid-Trefftz stress element which are
used for the bulk elements in the mesh. As fracture is a stress-driven process, an accurate ap-
proximation of the stress state in the model was vitally important. The hybrid-Trefftz stress
element approximates the stresses over the domain of the element, while the displacements
are approximated over the boundary. The stresses can be approximated to a much higher
order by using specially designed Trefftz functions which satisfy equilibrium a priori. Fur-
thermore, an additional benefit of using the hybrid-Trefftz stress elements was its ability to
overcome the issue of inconsistencies in the traction field when using interface elements for

the discrete cracks in the material. The full derivation of the hybrid-Trefftz stress element
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was presented from first principles, a demonstration was given on how to construct the Tre-
fftz functions and simple three dimensional numerical tests were performed, which showed

the element formulation produces the expected results.

To model the discrete cracking, interface elements were used with all cracks being restricted
to element boundaries. This is justified for the problems being analysed because the het-
erogeneous mesostructure will play a much more important role in the crack initiation and
propagation than the underlying finite element mesh. All non-linear behaviour was restricted
to the interface elements, which meant the hybrid-Trefftz stress elements were assumed to
be linear-elastic throughout the analysis. The formulation of the continuous interface ele-
ment was presented and its incorporation with the hybrid-Trefftz stress elements was out-
lined showing how compatibility between elements was achieved. In interface elements, the
tractions transmitted across the crack are related to the relative displacements of the crack
by a constitutive law. Here, a plasticity-based constitutive law, formulated by Winnicki,
was investigated to capture the non-linear softening behaviour and mixed mode fracture of
concrete. Its computational implementation using an implicit stress return algorithm was
outlined and the associated algorithmic stiffness was derived, which was necessary to ensure
quadratic rates of convergence for the non-linear system of equations. Simple three dimen-
sional numerical results illustrating the performance of the interface element were presented.
These results showed that the expected softening response and Mode I and Mode II fracture

were able to be captured and quadratic convergence was achieved.

Rather than including interface elements from the start of an analysis, a new methodology
was developed to dynamically insert interface elements into a 3D mesh as the analysis pro-
gresses. This exploited the fact that the displacement field for hybrid-Trefftz stress elements
are approximated separately on adjacent faces, which is a consequence of element compati-
bility being enforced in the weak sense. The full computational implementation was outlined
for the crack insertion methodology, with both the computational procedures and data stor-
age issues being discussed. To ensure the data storage was handled efficiently and robustly,
the computational package MOAB was used. It is noted that the crack insertion methodol-
ogy outlined, creates large numbers of degrees of freedom as faces are treated independently.
This large increase has an effect on the computational efficiency of the resulting framework,
but there are clear advantages in the accurate modelling of crack initiation. Results were pre-
sented for three numerical problems of varying complexity which showed the crack insertion

algorithm produced acceptable results.
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To create a mesostructure which produced good quality finite element meshes, whilst also
being efficient, a novel particle packing method, known as the Maximum Level Set method,
was presented. This method initially over saturated the volume of the specimen with random
grid points. It then inserted particles, in a sequential manner, at the random grid point with
the largest Level Set value. The Level Set values were then updated at the remaining grid
points to take account of the new mesostructure. This method was compared to the con-
ventional method, Random Sequential Addition, and showed that is was more efficient for
creating mesostructures if a high Volume Fraction was required. It also ensured there were
greater minimum distances between particles, which would generally ensure better quality
meshes were produced. Results were presented showing the methodology was able to pro-
duced heterogeneous structures for arbitrary shaped volumes by utilising the computational
packages Cubit and CGAL. It was also noted that the use of these packages could allow the
use of non-spherical inclusions to be implemented into the formulation to further improve

the mesostructures produced.

Finally, the full computational framework was applied to larger scale problems. The pro-
cedure for carrying out an entire load step and combining both the hybrid-Trefftz stress
elements and interface elements was discussed. The procedure for how the crack insertion
algorithm was integrated into the framework was also presented. In the Winnicki law, used
in the interface elements, there were certain variables which were user defined. However,
it was shown that the values o and 8 could be related to the fracture energy of the mate-
rial to ensure realistic values were used. Numerical tests were presented using simplified
mesostructure geometries, which ensured the analyses were completed in a suitable time
frame. The results presented show proof of concept for the computational framework with
non-linear softening occurring in the expected manner and the correct behaviour for the
propagation and evolution of cracks being observed. The cracking initiated around the stiff
inclusions in the mesh, then propagated out through the surrounding cement matrix, before
finally forming a macrocrack where all active interface elements were present. It was found
that the crack path was largely determined by the stiff inclusions in the mesh. This suggested
that limiting the cracks to element boundaries was acceptable in cases where heterogeneities

are explicitly resolved by the finite element mesh.

The work presented in this thesis has produced a computational framework which is suitable
for analysing problems of fracture in heterogeneous materials. While the result presented

demonstrate the overall formulation has been effective, further work could be carried out to
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improve it. The majority of the work required should be focused on making the implemen-
tation more computationally efficient by utilising parallel processing and high performance
computing. This would then allow more realistic problems to be studied and full validation

of the methodology against experimental results to be undertaken.

As a final note, the framework presented is suitable for modification to allow dynamic analy-
sis to be undertaken. Work has been carried out to develop hybrid-Trefftz stress elements so
they can be used in dynamic analyses, these elements are usually known as hybrid-mixed el-
ements, but this work requires more research for 3D problems to ensure robust solutions are
obtained. The crack insertion algorithm, and the use of interface elements, could still be used
in these cases and it is believed that this would be an interesting area of future research. A
further improvement would be to modify the methodology to allow problems involving large
displacements to be analysed. Work has been carried out in this area by different authors
[43, 52, 84] where different methods, such as the corotational formulation, have been pro-
posed to take account of this issue and it would be interesting to incorporate these methods

into the proposed framework.



Appendix A

Trefftz Functions for S,

In the following matrices A and u are the standard Lamé coefficients.

1st Order terms for Sy matrix:

[ A+2u
A

S O O >

2nd Order terms for Sy matrix:

[ 2Ax+4ux 2Ax
Ay+2uy Ay
Az+2uz Az

0 0
Ax Ax+2ux
ST — 24y 24y +4uy
Az Az+2uz
0 0
Ax Ax
0 0
Ay Ay
21z 227

141

A A 0O 0 O
A+20 A0 0 0
A A+2u 0 0 0
0 0 2u 0 0
0 0 0 2u 0
0 0 0 0 2u
2Ax —2Ay—4uy 0
Ay —Ax 0
Az 0 0
0 “2uy 0
Ax —Ay 0
24y —2Ax—4ux 0
Az 0 Wy
0 —2ux 2Uz
Ax+2ux  —uy—Ay 0
0 0 2uy
Ay+2uy  —ux—Ax Uz
2Az+4uz 0 0
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Appendix B

Closest Point Projection Derivation

Taking the two linearized equations:
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An equation for 8t can be found using B.1:
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which can then be substituted into B.2to give:
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This equation can then be rearranged to find an equation for the iterative change in plastic multiplier,

O0A which is shown in Chapter 4. In the Chapter there are various terms which are outlined. These

are detailed in full below to demonstrate where the final equations have been calculated from.
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Appendix C

Algorithmic Stiffness Derivation

St't! — pentl [Bgn+l _ 5gll1)+1] (C.1H
where
Sgngl — AL ] (C.2)
where
o 1
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JF 2Cots,
It B(x)

If the increment of plastic relative displacements are linearized then the following equation is found:
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This can then be substituted back into C.1 to give:
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This equation then be rearranged for §t"*! and divided through by D€ to give:
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As was done in the procedure for the CPP, the yield surface can also be linearized:
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which gives the equation for SA"*!:

sl = m (€8)
Where n+1 nt17 -1
h= aSK Im| & == [K;1+M"+18a‘:m] (C.9)
This equation can then be substituted back into C.6 to give:
m'Zm
St =% [6g"+1 ~ i mTEm sgﬂﬂ (C.10)

So the algorithmic stiffness, which is the change in tractions due to the change in relative displace-

ments, is given by:
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