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Abstract

One of the important challenges in Systems Biology is reasoning and per-

forming hypotheses testing in uncertain conditions, when available knowledge

may be incomplete and the experimental data may contain substantial noise.

In this thesis we develop methods of probabilistic reasoning and inference

that operate consistently within an environment of uncertain knowledge and

data. Mechanistic mathematical models are used to describe hypotheses about

biological systems.

We consider both deductive model based reasoning and model inference from

data. The main contributions are a novel modelling approach using continuous

time Markov chains that enables deductive derivation of model behaviours and

their properties, and the application of Bayesian inferential methods to solve the

inverse problem of model inference and comparison, given uncertain knowledge

and noisy data.

In the first part of the thesis, we consider both individual and population

based techniques for modelling biochemical pathways using continuous time

Markov chains, and demonstrate why the latter is the most appropriate. We

illustrate a new approach, based on symbolic intervals of concentrations, with

an example portion of the ERK signalling pathway. We demonstrate that the

resulting model approximates the same dynamic system as traditionally defined

using ordinary differential equations. The advantage of the new approach is

quantitative logical analysis; we formulate a number of biologically significant

queries in the temporal logic CSL and use probabilistic symbolic model checking

to investigate their veracity.

In the second part of the thesis, we consider the inverse problem of model

inference and testing of alternative hypotheses, when models are defined by

non-linear ordinary differential equations and the experimental data is noisy

and sparse. We compare and evaluate a number of statistical techniques, and

implement an effective Bayesian inferential framework for systems biology based

on Markov chain Monte Carlo methods and estimation of marginal likelihoods

by annealing-melting integration. We illustrate the framework with two case

studies, one of which involves an open problem concerning the mediation of

ERK phosphorylation in the ERK pathway.
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Computer Science is no more

about computers than

astronomy is about telescopes.

Edsger Dijkstra
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Chapter 1

Introduction

Overview

In this chapter we give a general background to the thesis and provide

motivation for our work. We briefly describe the benefits of our work.

1.1 Challenges of Systems Biology

Systems Biology is a discipline of science which studies biological systems and

their behaviour in an integrative way, using methods of mathematical modelling

and analysis.

Burbeck and Jordan (2006) emphasise the central challenge of Systems Bi-

ology to assist in understanding how the various parts of a biological system fit

and function together, and provide a list of major themes and focus areas which

have emerged in Systems Biology:

• Modelling. Descriptive mathematical models are built to summarise and

organise data.

• Simulation. Mathematical models are built to use researchers’ knowledge

about the parts of a biological system to better understand the implications

of their interactions.

• Automated analysis. Automated analysis techniques to make inferences

and predictions from accumulated knowledge and data.

14



CHAPTER 1. INTRODUCTION 15

• Integration of computational biology and experimental biology. Compu-

tational results are used to guide new experimentations followed by addi-

tional computational analysis and modelling of the new data.

All these themes play an important role in shaping Systems Biology, and a

cyclic workflow from experimentations to computational analysis and back to

experimentalists is a commonly accepted way to unravel the complexities of

biological systems.

We consider Systems Biology as a methodological framework to operate on

knowledge, experimental data, and hypotheses about biological systems, and

assist in the development of a unified understanding of the involved biological

processes.

In the scope of this thesis we concentrate our efforts on methods for compu-

tational analysis of biological data and knowledge in conditions of uncertainty.

We focus on biochemical pathways and networks for practical applications for

the methods considered in this thesis.

To establish the cyclic workflow between computational analysis and bio-

chemical experimentation, we consider the methods of interest within the sci-

entific method paradigm. The scientific method is a body of techniques for

investigating phenomena and acquiring new knowledge, as well as for correcting

and integrating with previous knowledge. It is based on gathering observable,

empirical, measurable evidence, subject to principles of reasoning. Having the

roots in ancient philosophy, it was preconditioned by the works by Sir Francis

Bacon, René Descartes, and first formally introduced by Newton.

The scientific method suggests the following guideline for the research:

1. Formulate hypotheses;

2. Perform experiments and collect evidence;

3. Analyse the collected evidence and test the hypotheses formulated at the

first step;

4. Interpret the result and draw conclusions that serve as a starting point for

new hypotheses.

Sir Harold Jeffreys’ book on Scientific Inference (Jeffreys 1937) argues for

reasoning on probability inversion, the basis of what is known today as Bayesian
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inference; this book emphasises the consistency of Bayesian inferential methodol-

ogy with the scientific method, and demonstrates many examples from different

areas of science on how this method is applied to provide sound and consistent

evidential reasoning.

One of the important features in the life sciences is that there can be many

competing hypotheses and corresponding models to explain some phenomenon.

When evidence is collected all these competing hypotheses have to be tested.

We propose to represent such competing hypotheses with mathematical models,

and employ formal methods for the analysis and comparison of such models.

This thesis focuses on methods of formal reasoning and inference which allow

knowledge and hypotheses to be operated in a natural and sound way according

to established scientific method.

1.2 Models as Knowledge Representation

Mathematical models are used to represent knowledge and hypotheses about the

structure and dynamics of a biological system. Generally speaking, there are two

meta-approaches to biological systems modelling. The first one is data-driven

modelling, and the second one is mechanistic modelling.

A data-driven modelling approach means that the main goal of the mod-

els is to mimic the observed behaviour of the model. Such models are often

quantitative, and their main advantage is a precise simulation of the observed

dynamic behaviour of the biological system. An example of a data-driven model

is described in Example 1.1. There are a number of approaches to data-driven

modelling ranging from Gaussian processes (see Rasmussen and Williams 2006)

to S-systems (see Voit 2000). Data-driven models can sometimes be used to pre-

dict system behaviour in yet untested experimental conditions, however, their

explanatory capabilities are limited due to a lack of structural information about

the studied system.

Example 1.1 (Data-Driven Model of a Feedback Amplifier)

A feedback amplifier is a system which amplifies the input signal utilising a

negative feedback to gain stability of amplification (see Figure 1.1). This struc-

ture can be found in many biological systems, this is possibly due to the evolu-

tionary pressure to sustain a stable behaviour while amplifying some stimuli.
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Input
A

β

Output

Figure 1.1: Feedback Amplifier

The basic idea of a feedback amplifier is to feed the output of the system back

to the input of an amplification cascade with a negative feedback, thus inhibiting

amplifier’s input.

The data-driven model for the feedback amplifier does not consider the parts

of the system separately, but rather defines the law by which the output of the

system can be obtained from its input:

Output =
A

1 + βA
· Input,

where A is the amplifier’s gain, and β is the strength of the negative feedback.

Mechanistic models are used not only to mimic the observed behaviour but

also to describe processes involved in producing such behaviour. A mechanistic

model usually considers a system to be built from parts which interact with

each other. In biological modelling, mechanistic models often employ the laws

of molecular kinetics to describe the processes which contribute to the system

behaviour. An example of a mechanistic model of a feedback amplifier is given

in Example 1.2.

Example 1.2 (Mechanistic Model of a Feedback Amplifier)

Consider the same system as in Example 1.1. When modelling this system

mechanistically, we consider a structural model of the feedback amplifier described

using biochemical terms.

The structure depicted in Figure 1.2 gives more details about the processes

involved in a feedback amplifier system. For example, one can see that the nega-

tive feedback is achieved through the competitive inhibition of the input I by the

output O.

The system of differential equations which defines the dynamics of the mech-
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I
Ai

A

Oi

O

Ir

Figure 1.2: Structure of a Feedback Amplifier

anistic feedback amplifier model is the following:

İ = −Vf · I ·O
Kf + I

,

İr =
Vf · I ·O
Kf + I

,

Ȧi = −Va · Ai · I
Ka + Ai

+
Vd · A
Kd + A

,

Ȧ =
Va · Ai · I
Ka + Ai

− Vd · A
Kd + A

,

Ȯi = −Vo ·Oi · A
Ko +Oi

+
Vp ·O
Kp +O

,

Ȯ =
Vo ·Oi · A
Ko +Oi

− Vp ·O
Kp +O

.

In this thesis we will mainly use mechanistic biochemical models because

these include more information about the structure of the modelled system, and

consequently are more expressive when used to define the working hypotheses.

1.3 Reasoning and Inference

Deductive reasoning is a logical framework proposed by Aristotle in the 4th

century B.C. which relies on the application of logical rules such as:

A→ B,A ` B, also known as Modus Ponens;

A→ B,¬B ` ¬A, also known as Modus Tollens.

For example, if we take A ≡ “It is raining” and B ≡ “The sky is cloudy” the

above logical rules define the following deductions:
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• The sky is cloudy when it is raining, and it is raining, therefore the sky is

cloudy;

• The sky is cloudy when it is raining, and the sky is not cloudy, therefore

it is not raining.

This kind of reasoning is the most desirable in practise, but unfortunately, we

may not have all the information to apply deductive reasoning.

In the situations when the essential information is not available to perform

deductive reasoning, plausible reasoning can be employed. Consider again the

example above. Deductively, we cannot conclude that it is going to rain if the

sky is cloudy, but we can say that it is more plausible that it will start to rain if

the sky is cloudy. Plausible reasoning relies on a number of logical rules which

allow one to make such conclusions, for instance:

A→ B,B ` A becomes more plausible,

A→ B,¬A ` B becomes less plausible.

In the first case, observing the consequence B makes the reason A more

plausible, when in the second case eliminating one of the reasons for B makes it

less plausible.

We can assign a degree of plausibility to propositions or events using the

Bayesian interpretation of probability. Bayesian theory defines the concept of

probability as a degree to which a person believes in a proposition. This def-

inition was first proposed by Ramsey (1931), and Bayesian theory was later

developed on this foundation.

The name “Bayesian” comes from the use of Bayes’ theorem which takes an

important place in this theory. Bayes’ theorem states how to update or revise

beliefs in light of new evidence:

P (A|B) =
P (B|A)P (A)

P (B)

where

• P (A) is the prior probability of A, which does not take into account any

information about B;

• P (A|B) is the posterior probability of A taking B into account;



CHAPTER 1. INTRODUCTION 20

• P (B) is the prior probability of B;

• P (B|A) is the conditional probability of B given A, or in other words the

likelihood of B given A.

Automated inference and reasoning are useful not only for faster decision

making, but also to investigate a large number of almost identical hypotheses.

The goal of this thesis is to introduce automated approaches to assist reasoning

about biological systems.

1.4 Thesis Statement

One of the important challenges in Systems Biology is to enable objective hy-

potheses testing and reasoning about models of biological systems. A major

problem for such reasoning is uncertainty of knowledge and experimental obser-

vations.

We propose that model-based reasoning and inference based on probabilistic

foundations are appropriate for tackling the problem of uncertainty representa-

tion. We demonstrate a novel modelling approach using continuous time Markov

chains which enables quantitative model-based reasoning and develop an imple-

mentation of the Bayesian inferential framework for biological applications.

Both methodologies are applied to case studies in signal transduction path-

ways, thus demonstrating the feasibility of the proposed approaches.

1.5 Thesis Contribution

The problem of consistent reasoning and inference for Systems Biology in un-

certain conditions is investigated.

Mechanistic mathematical models are used to describe the working hypothe-

ses in biological research. A novel modelling approach using continuous time

Markov chains (CTMCs) is proposed that enables deductive derivation of model

behaviours and their properties; a Bayesian inferential methodology allows the

inverse problem of model inference using uncertain knowledge and noisy data to

be solved.

Alternative methods of model definition are considered in context of mod-

elling using CTMCs, and the population-based approach is selected as the most
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appropriate for modelling biochemical pathways. We demonstrate that the re-

sulting models approximate the same dynamic system as traditionally defined

using ordinary differential equations. Probabilistic symbolic model checking is

then applied to derive model behaviours and investigate their properties.

A variety of algorithms which implement Bayesian inference methods are

investigated and critically compared to solve the inverse problem of model infer-

ence and testing of alternative hypotheses. Markov chain Monte Carlo methods

are selected as the “gold standard” as these are based on the least constrained

foundations. Hypotheses testing using noisy experimental data is a challenging

problem which requires the latest developments in applied statistics. We se-

lect path sampling methods to obtain stable results; this is demonstrated with

several case studies in Systems Biology.

1.6 Outline of the Dissertation

The following diagram (see Figure 1.3) depicts the relationship between two

major parts of this thesis.

Modelling Observation

Reasoning: to enable logical analysis of
stochastic models

Inference: to find suitable model parameters
from observed data, and perform model

selection

Figure 1.3: Schematic relationship between two parts of thesis.

From left to right, methods for probabilistic, logical reasoning about stochas-

tic models allow us to analyse and map behaviours of such models to observed,

experimental behaviour. In the opposite direction, inference based on the ob-

served behaviour allows us to find suitable model parameters and perform model
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selection.

In Chapter 2 we give an overview of the state of the art.

In Chapter 3 we describe the methods developed for quantitative reasoning

about the dynamic behaviour of models of biological systems. We give examples

of how this kind of reasoning can be applied to the analysis of signal transduction

pathways.

In Chapter 4 we describe the implementation of Bayesian inference method-

ology in a biological context, considering the problems and solutions for model

identification, hypotheses testing, and predictions. Section 4.3 contains two case

studies which demonstrate how the proposed methods and algorithms can be

employed to solve realistic research problems in Systems Biology.

We review our results and achievements and discuss ideas for future work in

Chapter 5.

Summary

We have provided a brief outline of our work and its motivation.



Chapter 2

Related Work

Overview

In this chapter we review existing approaches in the areas of mod-

elling, reasoning and inference for biological systems.

2.1 Ordinary Differential Equations

Modelling with differential equations is currently the most widely used approach

in Systems Biology (see Voit 2000 de Jong 2003).

Definition 2.1: An ordinary differential equation (ODE) is an equation which in-

volves functions of only one independent variable, and one or more of its derivatives.

For example,

ẏ = y

is an ordinary differential equation, where ẏ denotes the first derivative of the

function y by time. An alternative notation is dy
dt

.

In the context of biological modelling, the independent variable is usually

time, and dependent variables correspond to measurable quantities, e.g. protein

concentrations.

The most common approach to building models of biological systems us-

ing ODEs relies on the use of kinetic laws, such as decay dynamics or binding

dynamics.

23
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Models defined with ODEs can be used to produce predictions of system

behaviour by solving an initial value problem.

Definition 2.2 (Initial value problem): An initial value problem consists of a

differential equation and the initial values which must belong to the solution.

Example 2.1 (A Model of biochemical binding)

Consider a biochemical system of two proteins which can bind each other.

We associate variables x, y, and z with the concentrations of the first protein,

the second protein, and their complex respectively. Initially, at time t = 0, the

concentrations of the proteins are x|t=0, y|t=0 and z|t=0. At each instant of time,

there is a chance that a molecule of the first protein will bind to a molecule of

the second protein. The speed of protein concentration change depends on these

concentrations at a given time. A system of ordinary differential equations which

describes how the concentrations of the proteins change over time is
ẋ = −k · x · y

ẏ = −k · x · y

ż = k · x · y

(2.1)

where k ≥ 0 is a model parameter, usually called the binding rate. This type

of chemical kinetics is called the mass action kinetic law (for more details see

Stryer 1995).

Initial value problems are not always solvable analytically due to the struc-

ture of differential equations. Numerical solution methods can be employed in

such situations. There is a wide range of differential equation solvers available

at the moment (for an overview see Press et al. 2002). Different solvers are

usually specialised for better performance on some classes of ordinary differen-

tial equations. For example, the Rosenbrock method is an implicit form of the

Runge-Kutta solver that allows stiff1 systems of ordinary differential equations

1Stiff systems of ordinary differential equations are those which cannot be solved effectively
by basic adaptive step size solvers. This is mainly due to the fast changes in some dependent
variables which require the step size of the solver to be reduced to very small values. Unfor-
tunately, there is no formal definition of the stiff system of ODEs, and a system is usually
declared stiff if the Runge-Kutta solver fails.
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to be solved effectively in the cases when a Jacobean matrix of the system is

available.

2.2 Petri Nets

Petri nets depict the structure of a distributed system as a directed bipartite

graph with annotations. A Petri net has place nodes (depicted with circles in

Figure 2.1), transition nodes (squares in Figure 2.1), and directed arcs connecting

places with transitions.

At any one time during a Petri net’s execution, each place can hold zero or

more tokens. Unlike more traditional data processing systems that can process

only a single stream of incoming tokens, Petri net transitions can consume tokens

from multiple input places, act on them, and output tokens to multiple output

places. Before acting on input tokens, a transition waits until the required

number of tokens appears in every one of its input places. Transitions act on

input tokens by a process known as firing. When a transition fires, it consumes

the tokens from its input places, performs some processing task, and places a

specified number of tokens into each of its output places. It does this atomically,

in one step. A set of tokens allocated at the places of Petri net is called marking

of the Petri net.

Petri net representations can be used for qualitative modelling of biochemical

networks (Goss and Peccoud 1998 Pinney et al. 2003 Sackmann et al. 2006 Heiner

et al. 2004). In such applications species in the network are represented with

places of the Petri net, and reactions are represented with transitions. The

marking of this model with tokens represents the presence of some species in the

system at different points of time.

Example 2.2 (Petri Net model of a biochemical reaction)

Protein P is activated (to become protein P*) in presence of enzyme E. The

reaction which converts P into P* is possible only when some E is available. The

concentration of enzyme E will not be changed during the reaction.

The initial state of the system is depicted in Figure 2.1(a). The initial mark-

ing (tokens in places P and E) corresponds to the presence of protein P and

enzyme E in the system. As all input places for the transition have tokens, the

transition can be fired and the Petri net will change its state to the one in Fig-
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P

P*

E

(a) before firing

P

P*

E

(b) after firing

Figure 2.1: Petri Net representation of an enzymatic activation

ure 2.1(b). In this state P* is present in the system. At the same time, enzyme

E is still present, as it was consumed and then reproduced during the transition.

Above is an example of a catalytic reaction, which can usually be described

with a pair of arcs in the Petri net, corresponding to consuming/producing the

token at the catalyst place.

In general, inhibitory modifications are more difficult to formalise than cat-

alytic ones. For example, a complementary place can be used to define a negated

state of the system. Figure 2.2 illustrates Petri net for Kholodenko’s model of the

MAPK cascade (Kholodenko 2000), this model includes an inhibitory (negative)

feedback loop. This system has been formalised using Petri nets (M. Heiner,

private correspondence).

Petri nets enable a number of qualitative logical analysis techniques, such as

automatic detection of loops in the system and checking of general topological

properties. Additionally, some logical properties can be verified using temporal

logic and model checking algorithms (see Clarke et al. 1999).

A number of extensions of this formalism have been created, such as Petri

nets with inhibitory arcs, coloured Petri nets, stochastic Petri nets, timed Petri

nets, and hybrid functional Petri nets. Using some of these extensions it is

possible to simulate quantitative dynamics of the biochemical networks. We

give a brief overview of a hybrid functional Petri nets approach, focusing on new

capabilities provided and some limitations. Hybrid functional Petri nets extend
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Ras/MKKKK

MKKK MKKK-P

MKK MKK-P MKK-PP

MAPK MAPK-P MAPK-PP

No MAPK-PP

Figure 2.2: Petri net model of the MAPK cascade (features a complementary
place for inhibition labelled “No MAPK-PP”)

the basic definition of Petri nets allowing processing of continuous values on

tokens; real continuous dynamics can be described using special kinds of places

and transitions. This formalism also includes connectivity extensions such as

inhibitory arcs. Another additional connectivity extension is a test arc (drawn

as a dashed arrow) which defines a requirement for non-zero marking in a given

place to allow a transition to proceed. This arc, however, defines that performing

a transition does not impact the marking in a place connected to the transition

with a test arc. Hybrid functional Petri nets are useful for illustrating system

behaviour and mature simulation algorithms exist for these models. However

these algorithms have several significant drawbacks, which we demonstrate with

examples below. We refer to Cell Illustrator (Doi et al. 2004), which implements

the hybrid functional Petri nets algorithms.
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Example 2.3 (Hybrid functional Petri net model of a biochemical reaction)

The enzymatic activation of a protein with the following dynamics (2.2):
Ṗ = − E · P · 2.7

(E + 0.51) · (P + 0.7)

Ṗ ∗ =
E · P · 2.7

(E + 0.51) · (P + 0.7)

Ė = 0

(2.2)

E|t=0 = 0.05, P |t=0 = 2.5, P ∗|t=0 = 0;

can be described with the hybrid functional Petri net depicted in Figure 2.3.

P

P*

E

2.5

0.0

0.05

(E•P•2.7)/((E+0.51)•(P+0.7))

Figure 2.3: Hybrid functional Petri net model of enzymatic activation

Figure 2.4 shows the simulation results produced with MATLAB’s (Moler

2004) ode15s differential equation solver (Moler 2004) (Figure 2.4(a)) and Cell

Illustrator (Figure 2.4(b)). This comparison illustrates that the simulation re-

sults are the same.

However, due to the simulation strategy of hybrid functional Petri nets, the

simulation results for some models can be incorrect. To illustrate this we con-

structed the following example. Consider a hypothetical biochemical network

depicted in Figure 2.5(a). This model consists of six species x1, x2, x3, m1, m2,

and m3. There are four reactions. All the reactions have mass action kinetics

with coefficients k1, k2, k3, and k4. For this example the following coefficients

values have been chosen: k1 = 0.013, k2 = 1.0, k3 = 2.5, k4 = 0.087, and the
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(a) ODE solution
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(b) Hybrid functional Petri net simula-
tion

Figure 2.4: Enzymatic activation simulation results

initial concentrations for the species are the following: x1|t=0 = 10, x2|t=0 = 10,

x3|t=0 = 1, m1|t=0 = 0, m2|t=0 = 0, m3|t=0 = 0. The network topology is

depicted in Figure 2.5(a). The ODE model for this network is

ẋ1 = −k1 · x1 ·m3 − k2 · x1 · x3,

ẋ2 = −k3 · x2 · x3,

ẋ3 = k1 · x1 ·m3 − k2 · x1 · x3 − k3 · x2 · x3,

ṁ1 = k2 · x1 · x3 − k4 ·m1 ·m2,

ṁ2 = k3 · x2 · x3 − k4 ·m1 ·m2,

ṁ3 = k4 ·m1 ·m2 − k1 · x1 ·m3,

(2.3)

k1 = 0.013, k2 = 1.0, k3 = 2.5, k4 = 0.087,

x1|t=0 = x2|t=0 = 10.0, x3|t=0 = 1.0, m1|t=0 = m2|t=0 = m3|t=0 = 0.0.

We solved this problem with MATLAB’s ode15s solver and compare it with

the hybrid functional Petri net (HFPN) simulation produced with Cell Illustra-

tor. The results are plotted in Figure 2.5(b). The comparison shows that the

hybrid functional Petri nets approach does not produce the same behaviour as

the ODEs. This is due to the fact that the simulation algorithm for hybrid

functional Petri nets can evaluate a flux through only one reaction at each given

time. The reaction to be performed is chosen randomly. In this case, the reac-

tion x2+x3 → m2 has been chosen first, and this reaction consumed all available

x3. This took the model into a deadlock. But, continuous dynamics consume

x3 in both x2 + x3 → m2 and x1 + x3 → m1 reactions simultaneously, which

produces the correct trace. We conclude that hybrid functional Petri nets do
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(a) Schematic representation of
model structure. Circles corre-
spond to chemical species and rect-
angles correspond to reactions.
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(b) A comparison of ODE solution result to a hybrid
functional Petri net simulation.

Figure 2.5: An example of a biochemical model for which hybrid functional Petri
nets predict an incorrect behaviour.

not produce correct predictions for this model.

We found that HFPN simulation algorithm also fails when analysing stiff

models. In such a case, the simulation algorithm uses a very small value for the

simulation step size, and the simulation cannot be completed in reasonable time.

On the other hand, fixing the step size on larger values does not give suitable

precision of the simulation results. Thus, hybrid functional Petri nets cannot be

used for modelling stiff systems.

Stochastic Petri Nets can be used for modelling biochemical systems in a way

similar to the approach proposed in Chapter 3. However, such Petri net models

become quite complex to understand when the models become larger.

We conclude that the Petri nets can be quite illustrative for small examples,

but they do not allow any quantitative reasoning and simulation of complex

pathways are often imprecise or incorrect. This motivates the development of

alternative modelling techniques which support structural view of the system,

and also allow quantitative modelling.

2.3 Hybrid Systems

Hybrid systems describe both discrete signals (or variables) and continuous sig-

nals or variables. There have been several attempts to use hybrid systems



CHAPTER 2. RELATED WORK 31

for modelling and analysis of biochemical networks (Alur et al. 2002 Belta

et al. 2004 Lincoln and Tiwari 2004).

The state space of possible variable values can be partitioned into rectangular

domains, in which the flow is qualitatively identical. From this we derive a

qualitative transition system, consisting of the set of all domains, the set of

all transitions between the domains, and a labelling function that associates

the sign of the derivatives of the concentration variables to every domain. A

sequence of states in the qualitative transition system is called a path. A path

describes a possible behaviour of the system. The qualitative transition system is

designed such that it provides an conservative approximation of the dynamics of

the original system, in the sense that to every solution of the model corresponds

a path in the state transition graph. Note, that the converse is not true: some

paths may not correspond to any solution, and therefore represent spurious

behaviours.

The qualitative transition system can be used for model validation with

model checking techniques. As the transition system is labelled with the signs of

the derivatives, model checking queries can only describe trends of the concen-

tration plots. Usually Computational Tree Logic (CTL) (see Clarke et al. 1999)

is used to describe such model properties.

time

x

(a) Possible simulation trace

time

x

(b) Another simulation trace

time

x

ẋ > 0 ẋ < 0 ẋ > 0

(c) Derivative sign pattern

Figure 2.6: Qualitative properties for hybrid systems analysis

For example, the following is a property:
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EF(dsign x = 1 ∧ EF (dsign x = -1 ∧ EF(dsign x = 1))),

where dsign x is a built-in variable for the sign of the derivative of variable x,

and the EFφ quantifier means that there must exist at least one path on which

φ eventually holds. The expression above defines a property for the value of x

as depicted in Figure 2.6(c). Note that this property describes both possible

behaviours plotted in Figure 2.6(a) and Figure 2.6(b).

The analysis of realistic models leads to large state transition graphs, which

make verification of dynamic properties practically infeasible.

It is possible to implement another approximation of model behaviour, that

conserves the quantitative characteristics of the system. In this case, the state

space of the system is decomposed into a number of hyperrectangles defining

approximation domains. The behaviour of the modelled system is approximated

with a linear behaviour in each of these domains. It is possible to evaluate more

quantitative properties using specialised reasoning algorithms. This approach

can be successfully applied to modelling of small networks, but does not scale

up to larger models. For example, a model of the MAPK cascade proposed by

Schoeberl et al. (2002) consists of 94 species, therefore the state space for this

model will have 94 dimensions. The problem to generate a decomposition of this

space into a number of domains is infeasible by itself. Even an approximation

with three linear segments per specie is described with 394 > 1044 rectangles.

We conclude that due to the complexity of state space decomposition into

multiple domains, this approach cannot be applied effectively to the simulation

and analysis of large biological systems.

2.4 Chemical Master Equation and Stochastic

Simulation

Stochastic simulation involves modelling individual molecules. Most simulations

abstract away from location and motion of individual molecules, which is justified

if one assumes that the system is well stirred, which means that the molecules

of all kinds are uniformly distributed through the spatial volume. The following

is usually assumed when considering stochastic simulations: the system is in

thermodynamic equilibrium, and the volume is fixed. The state of such system

is described by a vector X(t) = (X1(t), X2(t), . . . , XN(t)), where Xi(t) is a non-
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negative integer which expresses a number of molecules of the ith kind at time

t. X(0) describes the initial state of the system.

At each time when one of the reactions takes place, vector X(t) can change

its value. This leads to the Chemical Master Equation (CME), which is a system

of ODEs, one ODE per each possible state of the system. At time t, the kth

equation defines the probability that the system is in the kth state. Unlike the

models considered in Section 2.1, the dimensionality of such a system depends

not on the number of chemical species N , but on the number of possible states

of the system X, which in turn depends on the total number of molecules.

Usually, the dimension of the CME is so huge that it is not possible to work

with it either analytically or numerically.

Gillespie (1977) proposed a stochastic simulation algorithm which produces

model behaviours using the CME indirectly. Instead of solving the system of

ODEs to get the probability distribution over the possible states of the system

at each time t, the algorithm produces samples from such distributions.

In spite of the simplicity of the Gillespie’s algorithm, it can be quite inefficient

when some reactions take place frequently. The basic algorithm can be improved

by “lumping together” several reactions, and changing the state vector only when

several reactions took place. This method is called tau-leaping approximation

(see Wilkinson 2006). The error of this approximation is small in the cases where

the system state changes are small.

Several software platforms implement the algorithm (see Kierzek 2002 Adal-

steinsson et al. 2004 Gillespie et al. 2006), but they do not offer additional

reasoning or analysis capabilities (beside simulation).

2.5 Process Algebras and Process Calculi

2.5.1 π-Calculus and Stochastic π-Calculus

The original π-calculus (sometimes referenced as pi-calculus) was developed by

Milner (1999) as a formal language for concurrent computational processes. The

π-calculus provides a framework for representation, simulation, analysis and ver-

ification of mobile communicating systems. In fact, the π-calculus, just as the

µ-calculus (see Kozen 1983), is so minimal that it does not contain primitives

such as arithmetic (no numbers, no operations), boolean values, flow control
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statements usual for programming languages, data structures, variables or func-

tions.

When modelling biochemical systems with π-calculus, individual molecules

and their domains are treated as computational processes, while their comple-

mentary structural and chemical determinants correspond to communication

channels. Processes can be composed in parallel, which means that they are per-

formed at the same time, and communication between such processes is achieved

through rendezvous. Communication channels between computational processes

express chemical bonds between molecules or molecular domains. Biochemical

interaction and subsequent modification is usually expressed with communica-

tion involving channel transmission. Biochemical reactions are modelled by pass-

ing the communication channels from one process to another, thus altering the

communication topology, and therefore describing new bonds between molecules

and molecular domains. For an example of how a model of a signal transduction

pathway can be defined with π-calculus see (Regev et al. 2001).

There exists a number of analysis techniques which can be applied to π-

calculus models of biochemical systems, such as simulation or reachability anal-

ysis.

The basic formulation of π-calculus does not allow quantitative dynamics.

Therefore, only qualitative analysis is possible on such models. However, there

exists a number of extensions which allow association of stochastic time delays

with interactions to be made. One of such extensions is the stochastic π-calculus

(see Priami 1995), and there is a specific implementation of stochastic π-calculus

tools for modelling and simulation of biochemical networks called BioSPi (see

Priami et al. 2001).

Considering analysis techniques for the stochastic π-calculus, these are lim-

ited to quantitative simulations of model behaviour which is usually achieved

with the Gillespie algorithm (see Section 2.4). Since π-calculus and its stochas-

tic extension consider individual molecules as basic components of a model,

there is a problem of a state-space explosion. These approaches, however, are

suitable for modelling systems with only a few molecules, such as protein-DNA

interactions, transcription and translation modelling.

We conclude that, as no tools for quantitative reasoning or inference are

available at the moment, these modelling formalisms are mostly suitable for

simulation.
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2.5.2 Performance Evaluation Process Algebra (PEPA)

PEPA (see Hillston 1996) is a stochastic process algebra which has also been ap-

plied to modelling biochemical systems (see Calder, Gilmore and Hillston 2006).

Unlike π-calculus, the PEPA models do not consider protein structure directly,

but operate on the level of abstract interactions associated with biochemical

reactions. Instead of describing molecular domains and binding them together

using communication channels, PEPA models assign symbolic names to different

species involved in a biochemical network.

Semantically, PEPA is different to stochastic π-calculus, as the former is a

proper process algebra. This allows a natural comparison of models to be made

(e.g. by bisimulation).

Considering an algorithmic support of modelling using PEPA, there exist

a number of software frameworks which implement steady state and transient

analysis of models, for example with the PEPA workbench (see Gilmore and

Hillston 1994). The PRISM model checker (see Kwiatkowska et al. 2002) also

supports stochastic model checking and Monte-Carlo simulation of such models.

PEPA allows multi-way synchronisation (synchronous actions for more than

two processes at the same time) therefore allowing more abstract modelling

of biochemical reactions which involve multiple reactants. A stochastic rate

can be associated with each event in this process algebra, therefore enabling

quantitative modelling of dynamic systems. In some cases a component can be

passive with respect to some activity. This means that the rate of the activity

will be left unspecified (denoted >) and is determined upon cooperation, by the

rate of the activity on the other component.

Calder, Gilmore and Hillston (2006) model the RKIP inhibited ERK path-

way using this process algebra. Two different models of the system have been

developed: a reagent-centric model and a pathway-centric one. In the former

model, each protein in the system is associated with a computational process,

while the reactions are the actions performed by the processes. The performance

rate is associated with each reaction, which allows the reaction speed to be con-

trolled; all the proteins can have only two states: low concentration and high

concentration. In the low state the protein cannot participate in reactions as a

reagent, but can be a product of a different reaction. If the protein is produced,

it changes its state from low to high.

In the pathway-centric model, parts of the pathway are considered as pro-
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cesses. Such pathways can be synchronised together to reproduce a behaviour

of the complete network.

Calder, Gilmore and Hillston (2006) provided extensive analysis of these

models. It was shown that both models are bisimilar, and therefore define the

same observable network behaviour. This could be useful at the stage of building

the model. For example, users can abstract from defining fine-grained players

of the network, concentrating on pathway composition. Particular players can

be defined at the next stage. This approach allows different networks to be

compared, and decide whether they simulate each other.

2.6 Pathway Logic

Pathway Logic (Eker et al. 2002) is a qualitative analysis technique based on

term rewriting.

Pathway Logic is currently used for modelling and analysis of signal trans-

duction and metabolic networks. Pathway Logic models are represented using

the Maude term rewriting system (see Clavel et al. 2003). Models can be queried

and computational experiments can be carried out using the execution, search

and model-checking tools of the Maude system. Some current capabilities of

Pathway Logic include:

• Models with different levels of detail. This means that a model can be

described either on the scale of species and reaction, or on the scale of

molecular domains. For example, it is also possible to define cellular com-

partments and therefore model spacial characteristics of the system, and

molecule transport.

• Analysis of models using search and model-checking. This allows one to

verify logical properties of the models in addition to performing simula-

tions. Though, this approach does not allow quantitative modelling, as

the steps of rewriting do not carry the timing information.

• Transformation to Petri nets for analysis and visualisation.

Using Pathway Logic, biological molecules, their states, and their roles in

network elements can be modelled at very different levels of abstraction. For

example, a complex signalling protein can be modelled either according to an
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(a) Predictions made with Model 1 (originally used for data generation)
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(b) Predictions made with Model 2 (simplified one)
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(c) Predictions made with Model 3 (incorrect one)
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(d) Predictions made with Model 4 (overcomplicated one)

Figure 4.16: Predictions for a new experimental condition.
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Prior arithmetic means estimator
Model Estimate mean Standard deviation of the estimate
Model 1 2.89× 106 5.64× 106

Model 2 2.40× 106 3.78× 106

Model 3 3.35× 10−1 3.21× 10−2

Model 4 2.68× 1010 7.11× 1010

Posterior harmonic means estimator
Model Estimate mean Standard deviation of the estimate
Model 1 2.03× 1031 2.46× 1031

Model 2 2.80× 1019 1.70× 1019

Model 3 8.11 4.46
Model 4 1.64× 1024 1.29× 1024

Annealing-melting integration
Model Estimate mean Standard deviation of the estimate
Model 1 7.98× 1019 1.49× 1019

Model 2 4.87× 1012 2.82× 1011

Model 3 3.36× 10−1 4.47× 10−3

Model 4 1.36× 1015 1.27× 1014

Laplace approximations
Model Estimate mean Standard deviation of the estimate
Model 1 5.85× 1018 1.91× 1018

Model 2 1.14× 1011 2.30× 1010

Model 3 1.76× 10−3 1.12× 10−4

Model 4 4.67× 1013 4.69× 1013

Table 4.8: Estimated marginal likelihoods for models in Case Study 1.

The incorrect model (Model 3) gained the smallest evidential support and

its marginal likelihood is dwarfed by the marginal likelihoods of other models.

Model 1, which was used for data generation, has the maximal marginal likeli-

hood, and therefore should be preferred over the rest of the models. Model 4,

which was constructed to be an overcomplicated version of Model 1, has a smaller

marginal likelihood value, and therefore is rated second. This demonstrates that

Bayesian hypotheses testing accounts for the complexity of models, and imple-

ments Occam’s razor principle.

According to the evidence support categories by Kass and Raftery (1995) de-

fined in Table 4.2, the evidence suggests “very strong” preference of the original

Model 1 over the rest of the models.
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An interesting detail is that Laplace approximations based estimate produces

the correct ordering of the models while maintaining second best relative error.

The error, however, grows with the complexity of the model which corresponds

to the known limitations of this estimator.

Applying information criteria approach for hypotheses testing in this case

study produces correct model order when using AIC or BIC. However, DIC fails

dramatically (producing completely inconsistent results with infinite variance of

DIC score) due to the fact that posterior distributions are not normal. DIC

is designed using an assumption that the mode of the posterior distribution

matches its mean, which does not hold in this case.

Summary of Case Study 1

In the first case study we considered four alternative models. All the models

were artificially constructed to allow testing of the proposed methodology on

an example with a known result. We generated the “experimental” data used

for parameter inference from one of the suggested models; selecting the original

model as the most probable one on the model comparison stage, was a crucial

result to demonstrate the correctness of our approach. We demonstrated how

the principle of Occam’s razor works in this framework, as the more complicated

model was not preferred to the original one despite it being capable of reproduc-

ing the experimental data precisely enough. At the same time, the framework

does not blindly select the simplest model, as the simplified alternative model

was not preferred to the original due to poor likelihood of reproducing the ex-

perimental data. The control experiment using a structurally different model

which was not capable of reproducing the general trends of system behaviour

was also successful, as we demonstrated that this model was rated significantly

lower than the rest of the alternatives.

Additionally to model comparison (and the underlying hypotheses testing)

we performed parameter inference and behaviour predictions using all of the al-

ternative models. Precisely as we expected, the parameter values used for initial

data simulation were identified to belong to the high probability parts of the

parameter posterior. The predictions made with the models using the inferred

parameter posteriors demonstrate how model simulation traces reproduce the

experimental data, but at the same time allow us to make predictions and plans

for new experiments in yet untested experimental conditions.
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In the next case study, we apply this inferential approach to a systems biology

problem. The topic is a current problem in signal transduction pathways study

about the structure of the ERK signalling network.

4.3.2 Case Study 2: The ERK Signal Transduction Path-

way

In the second case study we consider an application of Bayesian inference to

an ongoing research investigation. For this research we collaborated with the

research group of Professor M. D. Houslay. Members of Prof. Houslay’s group

performed biochemical experiments in a laboratory, while we conducted the

analysis of the experimental data and assessment of competing hypotheses.

The aim of this case study is to analyse the ERK signal transduction pathway

using different biochemical interventions to decide which of the alternative hy-

potheses (presented below) about the pathway topology is better supported by

the experimental evidence. This will allow us to test the alternative hypotheses

about the pathway structure, make better predictions for future experiments,

and will contribute to a better understanding of the underlying pathway.

Biological Background and Pathway Description

Epidermal Growth Factor (EGF) and Nerve Growth Factor (NGF) mediate the

different biological processes of cellular proliferation and differentiation (Marshall

1995). It is known that NGF stimulation produces long term activation of Ex-

tracellular Signal-Regulated Kinase (ERK) whilst EGF provides a transient ac-

tivation of ERK and both effects are mediated through the same ERK pathway

(Marshall 1995 Kao et al. 2001). Both growth factors clearly employ ERK in

a different manner to produce either cell differentiation or proliferation but the

biochemical mechanisms underlying this diversity are unknown. The receptors

for NGF and EGF are different and thus may explain why NGF and EGF medi-

ate different biological responses. Indeed there are various Ras and Raf isoforms

which may also lead to the observed differences in response and as both MEK

and ERK are well conserved, they do not contribute to this difference. We are

motivated to consider the role that the isoforms of Ras and Raf play in these

different responses.

It is known that Ras activates c-Raf and generally accepted that Rap1 acti-
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vates B-Raf (York et al. 1998 Wang et al. 2005), each of which directly activates

MEK and subsequently ERK. In (Dhillon et al. 2002) it is observed that c-Raf

is transiently active whilst B-Raf is constantly active. To explain the difference

between NGF and EGF responses, our hypothesis is that NGF employs c-Raf

and B-Raf to sustain the activation of ERK, whilst EGF employs only c-Raf.

Therefore, if c-Raf is inhibited then we would be able to confirm this hypothesis.

It is known that Protein Kinase A (PKA), which is activated by cyclic adenosine

monophosphate (cAMP), inhibits c-Raf (Wu et al. 1993 Dhillon et al. 2002).

To investigate the ERK pathway our collaborators performed experiments

on PC12 cells generated by Greene and Tischler (1976) from a transplantable

rat adrenal pheochromocytoma line.

It is now appreciated that regulation of degradation of cAMP by cAMP

phosphodiesterases (PDEs) plays a pivotal role in controlling intracellular cAMP

concentrations and crosstalk with signalling pathways such as ERK (Houslay

and Kolch 2000). Eight PDE families are involved in cAMP regulation, with

the PDE3 and PDE4 families performing a dominant role in many cell types.

Here we use cilostamide, a specific inhibitor of PDE3, to evaluate the effect of

inhibiting cAMP degradation in PC12 cells by PDE3 on the activity status of

ERK.

For this case study, we focused our interest on the activation of the ERK

pathway by EGF which triggers specifically the proliferation of the cell. The

mechanisms through which EGF activates cell proliferation are not fully under-

stood and other pathways may also be responsible for such regulation. In this

context we consider the cAMP pathway, which activates molecules that have

been shown to be involved in ERK pathway regulation (Houslay and Kolch 2000).

These molecules are PKA and a guanine nucleotide exchange factor (EPAC or

cAMP-GEF). The biologists used a crosstalk between the ERK and the cAMP

pathways to introduce biochemical interventions into the pathway dynamic be-

haviour, and thus were able to collect data which might be useful for model

inference of the ERK signalling pathway.

Working Hypotheses

There are two alternative hypotheses on how the ERK pathway mediates the

phosphorylation of ERK. The first one, supported by Brown et al. (2004) and

Schoeberl et al. (2002), considers a single path of ERK activation by EGF sig-
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nalling (see Figure 4.17(a)): EGF → EGFR → Grb2 → SOS → Ras → c-Raf

→ MEK → ERK. An alternative hypothesis, proposed in the paper by Kao

et al. (2001), considers two ways of ERK activation by EGF signalling (see Fig-

ure 4.17(b)). This second hypothesis consider the second way of ERK activation

through the EGF→ EGFR→ Crk→ C3G→ Rap1→ B-Raf→ MEK→ ERK

cascade (right hand path in Figure 4.17(b)). Kao et al. (2001), Brown et al.

(2004), and Schoeberl et al. (2002), we also consider the possibility that Ras

activates B-Raf, as it was demonstrated by Marais et al. (1997).

EGF

EG
FR

EG
FR

Grb2Sos
Ras

c-Raf BRaf

MEK

ERK

(a) Pathway model supported by Brown
et al. (2004) and Schoeberl et al. (2002).
ERK (Extracellular Signal-Regulated Ki-
nase) is at the bottom of the diagram. We
study regulation of this kinase activity by the
pathway depicted above it. EGF (Epidermal
Growth Factor) is at the top of the diagram,
as it initiates the activation of this particular
pathway. This model (and the corresponding
hypothesis) considers only one way of pass-
ing the signal – through the left and only
branch (EGF, EGFR, Grb2, Sos, Ras, c-Raf
or BRaf, MEK and ERK).

EGF

EG
FR

EG
FR

Grb2 CRKSos C3G
Ras Rap1

c-Raf BRaf

MEK

ERK

(b) Pathway model supported by Kao et al.
(2001). As in Figure 4.17(a) ERK is at
the bottom of the diagram, and EGF is
at the top. There are two ways of pass-
ing the signal from EGF down to ERK: the
first one is through the left branch (EGF,
EGFR, Grb2, Sos, Ras, c-Raf or BRaf, MEK
and ERK) and the second one is through
the right branch (EGF, EGFR, CRK, C3G,
Rap1, BRaf, MEK and ERK).

Figure 4.17: Hypotheses about the topology of the ERK signalling pathway

Crosstalk of the EGF signalling pathway with the cAMP pathway is achieved

through small molecules activated by cAMP. These molecules are PKA and

EPAC (Houslay and Kolch 2000 Baillie and Houslay 2005), and the structure of

the crosstalk is depicted in Figure 4.18. The nature of this crosstalk can take a

variety of different forms that are selectively utilised in different cell types and
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may lead to cAMP either activating or inhibiting the ERK signalling or both.

Here we model both inhibitory and stimulatory cAMP inputs that are mediated

through c-Raf and B-Raf respectively. Experimentally, biologists demonstrated

that PDE3 activity regulates cAMP input into the ERK signalling pathway in

PC12 cells.

EGF

EG
FR

EG
FR

Grb2Sos C3G
Ras Rap1

c-Raf BRaf

MEK

ERK

cAMP

AMP

PDE

Cilostamide

PKA
cAMP

PKA Agonist

EPAC
cAMP

EPAC Agonist

Figure 4.18: Other processes taking place in the cell can impact signalling
through the ERK pathway. We particularly consider a case when another net-
work of biochemical reactions, called the cAMP pathway, interacts with the
signalling processes in the ERK pathway. cAMP (cyclic adenosine monophos-
phate) is an important second messenger involved in many biological processes.
If the cell is stimulated with specific drugs targeted to regulate the levels of
cAMP then the dynamics of signalling through the ERK pathway changes. We
use three of such drugs: cilostamide, EPAC agonist and PKA agonist. The
schematic interactions of these drugs with cAMP and the ERK pathway are
depicted in this diagram.

A series of experiments have then been designed to assess the validity of

the single and dual path hypotheses and the experimental data measured is

then employed in devising single and dual path models to objectively assess the

support of each hypothesis.
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Experimental Data

The biologists performed a number of experiments using PC12 cells generated

by Greene and Tischler (1976) from a transplantable rat adrenal pheochromocy-

toma line to investigate the dynamic behaviour of the ERK pathway. To do so,

they measured the activation of ERK by quantifying the phosphorylation of this

molecule using the Western blotting technique (see Voet and Voet 1995). Cells

were starved for 3 hours in serum-free medium prior to any of the experiments.

Then they were pre-treated for 10 minutes with cAMP analogues that activate

specifically EPAC or PKA. Cilostamide was also used, which is a phosphodi-

esterase inhibitor that increases the level of cAMP within the cell. Next, the

cells were stimulated with EGF for 0, 2, 5, 10, 20 and 40 minutes to activate

the ERK signalling pathway. At the next stage the cells were lysed in lysis

buffer containing protease and phosphatase inhibitors. Cell debris was removed

by centrifugation. The protein concentration of each cell lysate was measured

and normalised to the same concentration in each experiment to load the same

amount of protein in each gel. Proteins were separated by NuPAGE R©Novex

4-12% Bis-Tris gels electrophoresis and transferred on nitrocellulose membranes

to perform Western blots. The membranes were immunoblotted with specific

antibody directed against phosphorylated or non-phosphorylated ERK. These

primary antibodies were detected using fluorescent secondary antibodies that

emit at different wavelengths. The membranes were analysed using an infrared

scanner (Licor, ODYSSEY) that detects the fluorescent secondary antibodies.

As the infrared scanner is able to scan two bands of the spectrum at the same

time, two different antibodies were used on the same gel. The first scanned

band (green) corresponds to the total amount of ERK in the cell lysade, and

the second one (red) corresponds to the amount of the phosphorylated from of

ERK. Consequently, the ratio of the phosphorylated form to the total amount

of ERK can be calculated.

EGF stimulation A number of experiments was performed by stimulating

PC12 cells with EGF only. The cells were stimulated for 0, 2, 5, 10, 20 and

40 minutes after being starved for 3 hours in serum-free medium. 100 ng/ml of

EGF was used for stimulation. This experiment was replicated 4 times. The

results are given in Table 4.9.
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Time Experiment 1 Experiment 2 Experiment 3 Experiment 4
0 9.03% 3.78% 3.29% 3.34%
2 7.03% 4.77% 3.78% 2.75%
5 34.49% 34.49% 30.66% 24.31%
10 23.71% 20.26% 34.49% 34.49%
20 9.03% 6.67% 7.41% 5.09%
40 7.90% 5.10% 4.85% 3.91%

Table 4.9: Data for Case Study 2: control set, stimulation with EGF only.

Cilostamide stimulation PC12 cells were used after being starved for 3 hours

in serum-free medium. The cells were then stimulated with Cilostamide (10 µM)

for ten minutes. At the second stage the cells were stimulated with EGF (100

ng/ml) for 0, 2, 5, 10, 20, and 40 minutes. This experiment was replicated 3

times. The results are given in Table 4.10.

Time Experiment 1 Experiment 2 Experiment 3
0 5.04% 4.47% 3.74%
2 6.72% 3.63% 2.22%
5 61.72% 77.92% 52.82%
10 45.93% 87.52% 54.62%
20 16.96% 18.48% 11.11%
40 6.04% 5.96% 4.39%

Table 4.10: Data for Case Study 2: stimulation with Cilostamide and EGF.

A similar experiment was performed when no EGF stimulation was provided,

and only Cilostamide (10 µM) was used. This experiment has shown no activa-

tion of ERK at all.

EPAC agonist stimulation The cells were stimulated with EPAC agonist

(10 µM) for ten minutes. In the second stage the cells were stimulated with

EGF (100 ng/ml) for 0, 2, 5, 10, 20, and 40 minutes. This experiment was

replicated 3 times. The results are given in Table 4.11.

An experiment when no EGF stimulation was provided was also performed,

and only EPAC agonist (10 µM) was used. This experiment has shown no

activation of ERK at all.

PKA agonist stimulation The cells were stimulated with PKA agonist (10

µM) for ten minutes. In the second stage the cells were stimulated with EGF
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Time Experiment 1 Experiment 2 Experiment 3
0 3.96% 2.84% 3.92%
2 7.63% 7.57% 6.60%
5 61.12% 56.63% 56.75%
10 39.83% 49.63% 51.54%
20 10.33% 9.00% 6.94%
40 5.40% 4.91% 4.14%

Table 4.11: Data for Case Study 2: stimulation with EPAC agonist and EGF.

(100 ng/ml) for 0, 2, 5, 10, 20, and 40 minutes. This experiment was replicated

3 times. The results are given in Table 4.12.

Time Experiment 1 Experiment 2 Experiment 3
0 4.16% 3.15% 3.40%
2 4.33% 3.19% 3.23%
5 24.69% 27.04% 16.98%
10 16.86% 21.82% 24.87%
20 8.03% 5.41% 4.82%
40 5.87% 4.51% 3.68%

Table 4.12: Data for Case Study 2: stimulation with PKA agonist and EGF.

A similar experiment was also performed when no EGF stimulation was

provided, and only PKA agonist (10 µM) was used. This experiment has shown

no activation of ERK at all.

Cilostamide and EPAC agonist stimulation The cells were stimulated

with EPAC agonist and Cilostamide (10 µM each) for ten minutes. In the

second stage the cells were stimulated with EGF (100 ng/ml) for 0, 2, 5, 10, 20,

and 40 minutes. This experiment was replicated 3 times. The results are given

in Table 4.13.

Cilostamide and PKA agonist stimulation The cells were stimulated with

PKA agonist and Cilostamide (10 µM each) for ten minutes. In the second

stage the cells were stimulated with EGF (100 ng/ml) for 0, 2, 5, 10, 20, and

40 minutes. This experiment was replicated 3 times. The results are given in

Table 4.14.
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Time Experiment 1 Experiment 2 Experiment 3
0 5.89% 3.57% 4.02%
2 22.48% 22.99% 5.09%
5 73.63% 90.76% 66.43%
10 51.31% 46.28% 78.12%
20 10.88% 16.14% 11.64%
40 5.32% 6.84% 4.81%

Table 4.13: Data for Case Study 2: stimulation with EPAC agonist, Cilostamide,
and EGF.

Time Experiment 1 Experiment 2 Experiment 3
0 6.53% 4.16% 2.56%
2 9.73% 6.00% 5.64%
5 78.98% 80.19% 52.69%
10 53.42% 67.72% 49.20%
20 10.27% 12.86% 10.25%
40 8.17% 4.55% 4.23%

Table 4.14: Data for Case Study 2: stimulation with PKA agonist, Cilostamide,
and EGF.

EPAC and PKA agonists stimulation The cells were stimulated with PKA

and EPAC agonists (10 µM each) for ten minutes. In the second stage the cells

were stimulated with EGF (100 ng/ml) for 0, 2, 5, 10, 20, and 40 minutes. This

experiment was replicated 3 times. The results are given in Table 4.15.

Time Experiment 1 Experiment 2 Experiment 3
0 5.06% 4.11% 3.75%
2 10.36% 7.27% 4.77%
5 46.72% 38.85% 30.17%
10 50.00% 32.02% 27.09%
20 10.44% 6.52% 6.02%
40 6.65% 4.04% 4.55%

Table 4.15: Data for Case Study 2: stimulation with EPAC and PKA agonists;
and EGF.

EPAC and PKA agonists, plus Cilostamide stimulation The cells were

stimulated with PKA and EPAC agonists, and Cilostamide (10 µM each) for ten

minutes. In the second stage the cells were stimulated with EGF (100 ng/ml)

for 0, 2, 5, 10, 20, and 40 minutes. We replicated this experiment 3 times. The
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results are given in Table 4.16.

Time Experiment 1 Experiment 2 Experiment 3
0 6.92% 3.26% 3.51%
2 38.56% 26.06% 20.21%
5 100.00% 64.48% 63.24%
10 73.15% 58.24% 46.89%
20 9.12% 10.23% 9.41%
40 7.00% 6.16% 4.20%

Table 4.16: Data for Case Study 2: stimulation with EPAC and PKA agonists;
Cilostamide and EGF.

Models

Three simplifications to the pathway models were made. These were done to

reduce the size of the model by removing parts which are not covered by the

experiments described above. The following simplifications of the models are

adopted:

1. For simplification we consider that cilostamide is a direct activator of

EPAC and PKA as it exerts its action solely by increasing cAMP;

2. cAMP itself (along with AMP, and PDE3) will not be considered as a part

of the model, as we have no data available for this part of the pathway;

3. Receptor adaptor proteins activation process will be simplified (as in Brown

et al.’s (2004) model), and defined as EGFR → Sos → Ras and EGFR →
C3G → Rap1 pathways.

The goal of our analysis is to test the main hypothesis concerning the path-

way: Whether the pathway topology is best described by the utilisation of one

or both branches.

We consider two ODE models (see below: Model 1, Model 2) to test these

hypotheses. Model 1 is defined using only one branch of the pathway, and Model

2 has both branches.

Model 1

This model considers only one path of ERK activation through the pathway

stimulated with EGF. The model topology is depicted in Figure 4.19(a). The
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(a) Model 1: The ERK pathway model
with only one activation path defined. Rap1
can still be activated by EPAC, however
there are no reactions which can activate
Rap1 by EGFR receptor.
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(b) Model 2: The ERK pathway model
with two activation paths defined. In this
case Rap1 can be activated by the receptor
through C3G activation.

Figure 4.19: Models used in Case Study 2.

Rap1→ B-Raf→MEK→ ERK path is also present in this model, but it cannot

be activated by the receptor.

Model 2

This model considers both paths of ERK activation through the pathway stim-

ulated with EGF. The model topology is depicted in Figure 4.19(b).

The overall statistical models used for inference also include noise parameters

for the likelihood function depicted in equation 4.19. Following the previous

definitions of the likelihood in Section 4.2, forty-seven noise parameters were

added to each of the models. These noise parameters were inferred from the

data in the same way as the rest of the model parameters.

Non-zero initial concentrations (measured in abstract concentration units, as

no proper calibration is possible when using relative data) used in our models

are:

unboundEGFR|t=0 = 500 inactiveSos|t=0 = 1200 inactiveRas|t=0 = 1200

inactivePKA|t=0 = 1000 inactiveEPAC|t=0 = 1000 inactiveRap1|t=0 = 1200

BRaf |t=0 = 1500 MEK|t=0 = 3000 ERK|t=0 = 10000

Gap|t=0 = 2400 cRaf |t=0 = 1500

We choose the concentrations of drugs used for the experiments as follows:

the concentration of EGF is 1000, which corresponds to the fact that the cells
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are treated with a large amount of EGF to ensure maximal activation. The

concentrations for Cilostamide; EPAC and PKA agonists are chosen to be 100,

which corresponds to the fact that the cells are treated with a tiny amount of

those drugs to ensure that they do not cause signal activation by themselves.

The models are defined in SBML (Hucka et al. 2003) and in average contain

29 species and 28 reactions. They are omitted here due to their size, but elec-

tronically submitted with this theses as supplementary material. The models

can also be obtained from the author.

An application of the Bayesian framework will now be demonstrated to per-

form posterior parameter inference of these models, which in its turn allows

us to generate predictive posterior distributions of the system behaviour taking

the overall underlying uncertainty into account. This analysis is then concluded

with an application of Bayesian Inference for objective model comparison, which

allows testing of the above formulated hypotheses about the pathway topology.

Analysis results

Wide Gamma priors were used for the parameters of our models which corre-

sponds to our ignorance about the parameter values. The important properties

of such Gamma priors are

1. Priors have only positive support, so negative values for the parameters

will not appear in the posterior. This is quite reasonable, given the kinetic

laws used to define our models.

2. Priors are not limited to the right (unlike uniform priors) and therefore

vary large values for the parameters can be considered during the MCMC

simulation.

A description of the kinetic parameters and corresponding priors are listed

in Appendix A.

We applied our implementation of the Bayesian inference algorithms on a

case study of the ERK signal transduction pathway described above. One of

the important features of the Bayesian inferential machinery is how knowledge

is updated when new experimental evidence is considered. To illustrate this

feature we performed posterior inference over parameters in two stages:

1. Wide Gamma priors for model parameters were used and posterior sam-

pling was performed using a subset of the experimental protocols. The
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experiments involving PKA agonist stimulation were intentionally omit-

ted. Therefore, the process of PKA activation by the PKA agonist is

not covered with experimental observations. The obtained posterior for

the PKA activation parameter is depicted in Figure 4.20(a) which demon-

strates that the posterior hardly diverged from the uninformative prior,

so from a diagnostic perspective we can assess how informative a suite of

experiments has been about certain parts of the network topology;

2. By including the data from PKA activation by the PKA agonist we see in

Figure 4.20(b) a significant divergence of the posterior from the uninformed

prior.

 0  5K  10K  15K  20K

Posterior
Prior

(a) Limited dataset. The posterior dis-
tribution is very similar to the prior dis-
tribution which means that there was
no information in the dataset to update
available knowledge about this parameter
value.

 0  5K  10K  15K  20K

Posterior
Prior

(b) Complete dataset. In this case pos-
terior diverged from the prior in a signif-
icant degree. This means that there was
information which allowed us to identify
the parameter more precisely.

Figure 4.20: Distributions for PKA activation by the PKA agonist parameter
Km.

We also computed the correlation of the posterior samples for both mod-

els. Heat maps of the correlation matrices are depicted in Figure 4.21 and

Figure 4.22.

Bayesian model comparison was performed to assess the proposed hypotheses

about the pathway structure embodied in models 1 and 2. Bayes factors were

computed for hypotheses testing.

The marginal likelihoods for the alternative models were estimated using

annealing-melting integration (see Section 4.1.5):

log(p(D|M1)) = −1355.178 log(p(D|M2)) = −1344.778445
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Figure 4.21: A heat map of the correlation matrix for the parameter posterior
of Model 1.
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Figure 4.22: A heat map of the correlation matrix for the parameter posterior
of Model 2.
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The obtained Bayes factor:

p(D|M1)

p(D|M2)
≈ 3× 10−5,

p(D|M2)

p(D|M1)
≈ 32845.

The double logarithm of Bayes factor p(D|M2)/p(D|M1) is approximately 20.8,

which is bigger than 10. This, according to Kass and Raftery (1995) (see Ta-

ble 4.2), suggests “Very Strong” preference of the two-branched pathway topol-

ogy over the single-branched one.

After we identified two-branched Model 2 to be the best supported one, we

resampled the model parameter values from the identified posterior distribution

and generated some behavioural predictions using the preferred model. We

simulated two experimental conditions for these predictions as following:

1. Condition 1: The cells are treated with PKA and EPAC agonists for 10

minutes and then stimulated with EGF (Epidermal growth factor). This

corresponds to one of the performed experiments, so we will be able to

compare model predictions to the real data.

2. Condition 2: C3G is knocked out using a specific siRNA; and the pathway

is stimulated with Epidermal Growth Factor.
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(a) Condition 1: PKA and EPAC ago-
nists + EGF Stimulation. The widest
part of the predicted behaviours distribu-
tion corresponds to a time interval where
no data was collected, and therefore we
still some uncertainty as to how the sys-
tem behaves there.
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(b) Condition 2: C3G knockout + EGF
Stimulation. This is another example of
how the identified model preserves the
amount of uncertainty, as it predicts a
very wide range of possible behaviours in
such condition.

Figure 4.23: Behaviours predicted with Model 2 using the identified parameter
values.
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The predictions are depicted in Figure 4.23. The top line corresponds to

the 95% percentile of the predicted behaviours distribution, and the bottom one

to the 5% percentile. The median is depicted with a dashed line between the

percentiles. The widest part of the envelope corresponds to the time intervals

where the model behaviour cannot be predicted with enough certainty. These

time intervals are located in the areas where model behaviour is transient and

changes rapidly. When planning subsequent experiments these time intervals

will be the best candidates in which to perform additional measurements.

We conclude that the proposed experimental condition when C3G knockout

is simulated is a good candidate for subsequent experiments, as reducing the

uncertainty in this condition should significantly improve our confidence.

Summary of Case Study 2

In this case study we applied the methods of Bayesian inference to an open prob-

lem in Systems Biology of a realistic size. We employed distributed computations

system to produce samples from the parameter posteriors of the alternative mod-

els of the studied system. Each of the statistical models considered in this Case

Study contains over 100 parameters, which causes performance difficulties when

sampling from the parameter posteriors.

We managed to produce the posterior samples, behaviour predictions and

compute Bayes factors for these models. We demonstrated that the experimental

data, collected in the laboratory supervised by Prof. Houslay, supports the

hypotheses of two signalling pathways involvement in this signalling network

significantly stronger than the alternative one which considers only one pathway.

This case study, due to its complexity, also helped us to identify problems

and bottlenecks of the proposed methodology. We discuss possible improvements

of the methods in Chapter 5.

4.4 Discussion

In this chapter we have investigated how the methods of Bayesian inference can

be applied to problems in Systems Biology.

We compared alternative methods to perform Bayesian inference and found

that deterministic approximations to the parameter posterior around the max-

imum a posteriori estimate are quite simple to formulate, however, their appli-
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cation is justified only when the parameter posterior is unimodal and approxi-

mately normal. This condition may not be satisfied when dealing with nonlinear

ODE models. And ever though this method produces quite satisfactory results

with some of the models, its correctness and reliability cannot be guaranteed in

a general case.

We selected Markov chain Monte Carlo methods to perform Bayesian infer-

ence over ODE models, as these are the least constrained in applicability. The

practical use of the MCMC samplers, however, exposed a number of technical

challenges which had to be addressed to guarantee proper convergence of the

Markov chains to the target distribution within reasonable time. We employed

parallel sampling of multiple chains with convergence monitoring, and adaptive

proposal distributions to address these technical challenges.

Evidential hypotheses testing in turn presented another methodological chal-

lenge as it requires estimation of the marginal likelihoods integrated over the

whole parameter space. We had to employ the latest developments in applied

statistics, such as thermodynamic integration methods built upon the path sam-

pling ideas) to produce stable (repeatable with small variation of the result)

estimates of the marginal likelihoods. At the same time we have demonstrated

that alternative methods for model comparison, such as information criteria,

cannot guarantee the correct result on a general case due to the methodological

restrictions.

The selected methods were applied to actual problems in Systems Biology,

demonstrating applicability, tractability and the value of the proposed approach.

The results were produced taking the uncertainty of the data and available

knowledge into account; this was not achievable using traditional methods based

on maximum likelihood estimates.

Summary

In this chapter we developed a Bayesian inferential framework to

enable quantitative plausible reasoning about models of biological

systems. The methods of Bayesian inference were demonstrated,

with a discussion about how model parameters can be inferred from

the data, and how different models can be compared for evidence

driven hypotheses testing. Through two case studies, we applied

Bayesian inference methods to models of biochemical pathways and
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demonstrated how this approach supports the scientific method in

biological research.

The first case study describes four alternative models of a small bio-

chemical network which were specifically built to demonstrate the

proposed methods on a small example with a known solution. We

generated the experimental data from the first of four proposed mod-

els by adding some noise to the selected parameter values. Then, we

discarded all the information about the parameter values used for

data simulation, and assigned wide Gamma priors to the model pa-

rameters. Parameter posteriors were then inferred using these priors

and the data simulated from the first model. Inferred parameter

posteriors for the first model essentially support the original values

used for data simulation: this confirms the correctness of the chosen

method. We also performed Bayesian model comparison to test al-

ternative hypotheses expressed with the models. The correct model

gained the most of evidence support from the simulated data.

In Case Study 2, we performed Bayesian inference and analysis of

an open problem. We consider two alternative hypotheses about

the topology of the ERK signalling pathway. The first hypothe-

sis assumes that only one of the signalling branches is involved in

passing the signal from the EGF receptor. The second hypothesis

assumes that two parallel branches are used. Starting with wide

uninformative parameter priors, we performed Bayesian inference of

the model parameters; and then estimated a Bayes factor to test

the hypotheses about the pathway topology. The two branched

model has been found to be “significantly stronger” (in terms of Kass

and Raftery 1995) supported by the experimental evidence than the

single-branched one.

In both of our case studies we produced possible behaviour predic-

tions from the inferred models.



Chapter 5

Conclusions and Further Work

Overview

In this chapter we summarise the contributions of our work, and de-

scribe its limitations. We also discuss the future of our work, includ-

ing possible improvements and extensions to the proposed method-

ology as well as other work which may be inspired by it.

5.1 Conclusions

Reasoning based on available evidence is the foundation for consistent research

in life sciences.

This thesis demonstrates how mathematical models can be used to describe

hypotheses about the structure of biological systems, and how the methods of

probabilistic reasoning and inference can be used to test alternative hypotheses

and perform plausible reasoning in uncertain conditions.

A probabilistic reasoning methodology proposed in Chapter 3 enables quan-

titative logical analysis of models of biological systems. The proposed methodol-

ogy suggests modelling biological systems using continuous time Markov chains.

Probabilistic model checking is used to verify logical properties of biological

models and to produce estimates of system behaviours. The consistency of the

proposed modelling technique is demonstrated as an approximation of ODE so-

lutions. A practical application of the reasoning methodology is demonstrated

on an example involving the RKIP inhibited ERK pathway. The main contri-

butions made in the area of probabilistic modelling and model-based reasoning

155
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are the following. The problem of faithful stochastic modelling of large chemical

populations is investigated, demonstrating that traditional modelling of indi-

vidual molecules does not perform sufficiently well. Individual-based models

either lead to enormous state spaces or largely misrepresent the dynamics of

large populations. A population-based modelling approach is proposed, obser-

vational uncertainty is addressed by employing symbolic intervals to abstract

from numerical values for model variables. Behaviour simulation and quan-

titative reasoning about the proposed models is performed using probabilistic

symbolic model checking.

A Bayesian inferential approach to plausible reasoning about models of bi-

ological systems is considered in Chapter 4. A variety of algorithms which im-

plement Bayesian inference methods are investigated and critically compared.

Markov chain Monte Carlo methods are selected as the “gold standard” as these

are based on the least constrained foundations. The most challenging problem

is hypotheses testing using noisy experimental data. This requires the latest

developments in applied statistics, such as path sampling methods, to be used

to obtain stable results. We demonstrated the effectiveness of our methods with

two case studies, one of which is an open problem in Systems Biology.

Our approach enables consideration of uncertain knowledge and data at all

stages, this is not possible using traditional maximum likelihood methods.

Parameter inference for ODE models of biological systems is achieved by

Markov chain Monte Carlo sampling using the Metropolis-Hastings algorithm.

The identified parameter posteriors are then used to produce model behaviour

predictions, taking the underlying uncertainty about the parameter values into

account. Alternative models which correspond to competing hypotheses about

the system structure are then systematically compared by the evidence support,

evaluated as the marginal (integrated) likelihoods of the experimental data con-

ditioned by each model. The employed hypotheses testing approach is consistent

with the scientific method paradigm, and implements Occam’s razor principle

which allows the simplest model sufficiently explaining observed data to be se-

lected.

We demonstrate applications of the proposed Bayesian inferential framework

implementation on two case studies in the area of signal transduction pathways.

The first case study operates on artificially designed models and generated data

to demonstrate consistency of the proposed methodology and introduce main
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analysis capabilities on simple models where the correct answers are known.

The second case study demonstrates an application of the proposed inferen-

tial methodology to an open problem in Systems Biology. In this study we

perform model parameter inference and consequent hypotheses testing to de-

termine which of the alternative hypotheses about the structure of the ERK

signal transduction pathway is better supported by the evidence collected in a

biochemical laboratory. The models considered in the second case study are sig-

nificantly more complex than the ones traditionally considered in this context.

Many solutions to nontrivial scientific challenges were investigated and adopted

to enable sufficient performance of the inference algorithms. The main solutions

which allowed inference over realistically large models are simulating several

Markov chains in parallel monitoring their convergence to the common target

distribution, use of adaptive proposal distributions which adjust their shape to

match the current approximation to the posterior, use of marginal likelihood

estimator based on thermodynamic integration principles.

The case studies have also demonstrated the main problems and bottlenecks

of the current methods. We will discuss some ideas for improvements and ex-

tensions in the next section.

5.2 Further Work

There are three main areas where the work presented in this thesis can be sig-

nificantly improved or extended.

The first opportunity for future improvement is to apply the inferential

methodology discussed in Chapter 4 to the stochastic models of biological sys-

tems proposed in Chapter 3.

As structural models of biological systems defined with the PRISM language

are parametric, it would be beneficial to implement inference methods for such

stochastic models. But since the method for model behaviour prediction de-

scribed in Chapter 3 provides only the mean estimate for system behaviour,

it would not be appropriate to substitute this estimate directly into equation

(4.19) defined in Section 4.2 (see page 112), because this would not address the

variance of such predictions properly. A more sophisticated method of likeli-

hood definition is required to implement inference over stochastic models. If a

sound likelihood is defined for the stochastic models, we then could infer model
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parameters for these models from experimental data, and consequently evidence-

based model comparison and a sound description of uncertainty for parameter

values. On the other hand, the models identified with the inferential methodol-

ogy can then be analysed deductively using the reasoning methods discussed in

Chapter 3.

The second area for further improvement is performance of the Monte Carlo

samplers proposed in Chapter 4. Producing a sample from the posterior distri-

bution of model parameters of a nonlinear model in parameter space of many

dimensions is indeed the biggest challenge and the toughest bottleneck for the

methodology proposed in Chapter 4. As mentioned in Section 4.2.2, the analysis

of Case Study 2 (Section 4.3.2), the problem of a realistic size, has taken three

weeks of computing time on a large computer cluster.

We propose to investigate and apply two of the promising methods for im-

proving the sampling performance: Hamiltonian MCMC sampling (MacKay

2003) and population Monte Carlo sampling (Iba 2001). The former method

utilises gradient information to reduce random walk behaviour, and, conse-

quently, to reduce the time required to obtain effectively independent samples

from the posterior distribution. The population-based Monte Carlo methods

are also designed to improve sampling performance by simulating several ran-

dom walks through the parameter space in parallel and allowing such parallel

samplers to share the information about the shape of the target distribution.

Evolutionary Monte Carlo algorithm (Liang and Wong 2001), for example, sim-

ulates a population of parallel Markov chains updating such a population us-

ing genetic operations of mutation and crossover. The chains are embedded at

different temperature ladders to incorporate the attractive features of parallel

tempering.

The third option for future extensions is development of a methodology to

utilise expert knowledge for formulation of informative priors which then can be

utilised more effectively (than noninformative ones) in inferential analysis.

When performing Bayesian inference and evidential hypotheses testing it is

required to formulate the prior knowledge first. In the work presented in this the-

sis we use only highly uninformed assumptions to formulate the initial knowledge

and corresponding priors. However, using informative priors for the hypotheses

enables utilisation of some additional knowledge when performing the inference.

Such knowledge will then be updated using information from experimental ev-
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idence while the inference is performed. An example of an informative prior

can be some information about a plausible model parameter value which can be

estimated using additional experimentation using a different technique. In the

case when this kind of more particular information about the parameter value

is available, it is possible to formulate a more complex hypothesis assignment to

the confidence distribution for this parameter: for example, a narrow Gamma

distribution located at the estimated value with variance related to the experi-

mental error. In such a case, the value estimated with an additional technique

is efficiently defined as the most likely one, but other values are still taken into

consideration if the experimental evidence strongly suggests alternative options.

Another valuable source of initial knowledge is published biological litera-

ture. The main challenge here, however, is not only to find appropriate articles

and formalise the knowledge contained therein, but also to assign proper con-

fidence distributions to the found statements. This problem is quite complex

as there is inconsistent knowledge published in different articles, so alternative

hypotheses should be taken into account. In the case where several alternatives

are described in the published literature, we can consider the number of pub-

lications supporting each of the hypotheses as an initial confidence assignment

for the prior. For example, the number of articles found in PubMed1 weighted

with a journal impact factor can be utilised as a relative probability for each of

the hypotheses.

Expert questionnaires can also be used to collect subjective confidence to

formulate informative priors. The experts can be asked to rate the alternative

hypotheses on a semantic scale (saying that they would, for example, strongly

prefer hypotheses X over hypotheses Y). The relative probabilities then can be

assigned to alternative hypotheses on a scale similar to the one proposed in

Table 4.2.

New work which can be developed on the foundation established in this thesis

can be done along the following two directions:

The first one is to build upon the predictive possibilities of the uncertain

models, especially the ones with parameter distributions inferred with Bayesian

methodology. The next step in this direction can be investigation of optimal

experimental design methods to suggest the most promising experiments for fu-

ture investigation to be performed first. For example, in the cases when two

1A literature database for biomedical publications
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alternative hypotheses cannot be distinguished effectively using the available

experimental evidence the predictions can be drawn using each of the alterna-

tive models for a number of future experiments. Then, the experiment which

proposes the largest difference in the predicted outcomes with different mod-

els should be performed first as it is likely to provide more valuable data for

hypotheses testing.

The second direction is utilisation of approximate methods either to perform

approximate inference or to guide the MCMC sampler during the initial random

walk, thus optimising sampling performance. For example, Laplace approxima-

tions can be used to perform approximate parameter posterior inference, and

then the approximate posterior distribution can be used as a proposal distri-

bution for the Metropolis-Hastings sampler to produce a sample from the true

posterior more effectively. Another method we plan to consider in our future

work is usage of Gaussian processes (see Rasmussen and Williams 2006 Gibbs

and MacKay 2000) for likelihood approximation. Such likelihood approximation

can serve either as a quick guide for the initial random walk, as a sampling

distribution for a part of particle population in population-based Monte Carlo

methods, or as a proposal distribution for the Metropolis-Hastings sampler.

We plan to investigate possible improvements and usage of approximate

methods, and also to address the issues of optimal experiment design in follow-up

projects to this work.

Summary

Probabilistic methods for model-based reasoning and inference pro-

posed in this thesis address the problem of reasoning and hypotheses

testing for Systems Biology in uncertain conditions.

The main scientific contributions of this work are

1. A novel population-based stochastic modelling approach is pro-

posed to model biological systems which involve large chemical

populations.

2. Probabilistic reasoning is performed over the proposed stochas-

tic models enabling logical analysis of possible model behaviours.

3. A Bayesian inferential framework implementation is developed

to enable parameter inference and evidential model comparison

on ODE models of biological systems.



CHAPTER 5. CONCLUSIONS AND FURTHER WORK 161

4. Different methods for estimation of the marginal likelihoods are

compared, and the method based on annealing-melting integra-

tion is selected and implemented to enable hypotheses testing

using realistically sized nonlinear ODE models to describe al-

ternative hypotheses.

5. The proposed methods are applied to perform modelling, rea-

soning and inference in the area of signal transduction pathways.

The work described in this thesis opens several directions for further

extensions and improvements.



Appendix A

Model Parameters for Case

Study 2

The following table defines the parameters for Model 1 used in Case Study 2:

Table A.1: Parameters for Model 1 in Case Study 2

Parameter

index

Description Prior

1 Sos inhibition by ERKPP, Kcat Γ(1.1111, 9.0)

2 Sos inhibition by ERKPP, Km Γ(2.0, 3333.0)

3 Sos activation, Kcat Γ(1.1111, 9.0)

4 Sos activation, Km Γ(2.0, 3333.0)

5 Binding of the EGF to the receptor, for-

ward, mass action k

Γ(1.1111, 9.0)

6 Binding of the EGF to the receptor, back-

ward, mass action k

Γ(2.0, 3333.0)

7 Sos deactivation, Km Γ(2.0, 3333.0)

8 Sos deactivation, V Γ(2.0, 3333.0)

9 Ras activation, Kcat Γ(1.1111, 9.0)

10 Ras activation, Km Γ(2.0, 3333.0)

11 Ras deactivation by Gap, Kcat Γ(1.1111, 9.0)

12 Ras deactivation by Gap, Km Γ(2.0, 3333.0)

13 cRaf activation, Kcat Γ(1.1111, 9.0)

14 cRaf activation, Km Γ(2.0, 3333.0)
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15 cRaf deactivation, Km Γ(2.0, 3333.0)

16 cRaf deactivation, V Γ(2.0, 3333.0)

17 MEK activation, Kcat Γ(1.1111, 9.0)

18 MEK activation, Km Γ(2.0, 3333.0)

19 MEK deactivation, Km Γ(2.0, 3333.0)

20 MEK deactivation, V Γ(2.0, 3333.0)

21 ERK activation, Kcat Γ(1.1111, 9.0)

22 ERK activation, Km Γ(2.0, 3333.0)

23 cRaf inhibition by PKA, Kcat Γ(1.1111, 9.0)

24 cRaf inhibition by PKA, Km Γ(2.0, 3333.0)

25 PKA activation by PKA agonist, Kcat Γ(1.1111, 9.0)

26 PKA activation by PKA agonist, Km Γ(2.0, 3333.0)

27 PKA activation by Cilostamide, Kcat Γ(1.1111, 9.0)

28 PKA activation by Cilostamide, Km Γ(2.0, 3333.0)

29 PKA deactivation, Km Γ(2.0, 3333.0)

30 PKA deactivation, V Γ(2.0, 3333.0)

31 EPAC activation by EPAC agonist, Kcat Γ(1.1111, 9.0)

32 EPAC activation by EPAC agonist, Km Γ(2.0, 3333.0)

33 EPAC activation by Cilostamide, Kcat Γ(1.1111, 9.0)

34 EPAC activation by Cilostamide, Km Γ(2.0, 3333.0)

35 EPAC deactivation, Km Γ(2.0, 3333.0)

36 EPAC deactivation, V Γ(2.0, 3333.0)

37 Rap1 activation by EPAC, Kcat Γ(1.1111, 9.0)

38 Rap1 activation by EPAC, Km Γ(2.0, 3333.0)

39 Rap1 deactivation by Gap, Kcat Γ(1.1111, 9.0)

40 Rap1 deactivation by Gap, Km Γ(2.0, 3333.0)

41 BRaf activation by Rap1, Kcat Γ(1.1111, 9.0)

42 BRaf activation by Rap1, Km Γ(2.0, 3333.0)

43 BRaf deactivation, Km Γ(2.0, 3333.0)

44 BRaf deactivation, V Γ(2.0, 3333.0)

45 MEK activation by BRaf, Kcat Γ(1.1111, 9.0)

46 MEK activation by BRaf, Km Γ(2.0, 3333.0)
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47 BRaf activation by Ras, Kcat Γ(1.1111, 9.0)

48 BRaf activation by Ras, Km Γ(2.0, 3333.0)

49 ERK deactivation, Km Γ(2.0, 3333.0)

50 ERK deactivation, V Γ(2.0, 3333.0)

The following table defines the parameters for Model 2 used in Case Study 2:

Table A.2: Parameters for Model 2 in Case Study 2

Parameter

index

Description Prior

1 Sos inhibition by ERKPP, Kcat Γ(1.1111, 9.0)

2 Sos inhibition by ERKPP, Km Γ(2.0, 3333.0)

3 Sos activation, Kcat Γ(1.1111, 9.0)

4 Sos activation, Km Γ(2.0, 3333.0)

5 Binding of the EGF to the receptor, for-

ward, mass action k

Γ(1.1111, 9.0)

6 Binding of the EGF to the receptor, back-

ward, mass action k

Γ(2.0, 3333.0)

7 Sos deactivation, Km Γ(2.0, 3333.0)

8 Sos deactivation, V Γ(2.0, 3333.0)

9 Ras activation, Kcat Γ(1.1111, 9.0)

10 Ras activation, Km Γ(2.0, 3333.0)

11 Ras deactivation by Gap, Kcat Γ(1.1111, 9.0)

12 Ras deactivation by Gap, Km Γ(2.0, 3333.0)

13 cRaf activation, Kcat Γ(1.1111, 9.0)

14 cRaf activation, Km Γ(2.0, 3333.0)

15 cRaf deactivation, Km Γ(2.0, 3333.0)

16 cRaf deactivation, V Γ(2.0, 3333.0)

17 MEK activation, Kcat Γ(1.1111, 9.0)

18 MEK activation, Km Γ(2.0, 3333.0)

19 MEK deactivation, Km Γ(2.0, 3333.0)

20 MEK deactivation, V Γ(2.0, 3333.0)
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21 ERK activation, Kcat Γ(1.1111, 9.0)

22 ERK activation, Km Γ(2.0, 3333.0)

23 cRaf inhibition by PKA, Kcat Γ(1.1111, 9.0)

24 cRaf inhibition by PKA, Km Γ(2.0, 3333.0)

25 PKA activation by PKA agonist, Kcat Γ(1.1111, 9.0)

26 PKA activation by PKA agonist, Km Γ(2.0, 3333.0)

27 PKA activation by Cilostamide, Kcat Γ(1.1111, 9.0)

28 PKA activation by Cilostamide, Km Γ(2.0, 3333.0)

29 PKA deactivation, Km Γ(2.0, 3333.0)

30 PKA deactivation, V Γ(2.0, 3333.0)

31 EPAC activation by EPAC agonist, Kcat Γ(1.1111, 9.0)

32 EPAC activation by EPAC agonist, Km Γ(2.0, 3333.0)

33 EPAC activation by Cilostamide, Kcat Γ(1.1111, 9.0)

34 EPAC activation by Cilostamide, Km Γ(2.0, 3333.0)

35 EPAC deactivation, Km Γ(2.0, 3333.0)

36 EPAC deactivation, V Γ(2.0, 3333.0)

37 Rap1 activation by EPAC, Kcat Γ(1.1111, 9.0)

38 Rap1 activation by EPAC, Km Γ(2.0, 3333.0)

39 Rap1 deactivation by Gap, Kcat Γ(1.1111, 9.0)

40 Rap1 deactivation by Gap, Km Γ(2.0, 3333.0)

41 BRaf activation by Rap1, Kcat Γ(1.1111, 9.0)

42 BRaf activation by Rap1, Km Γ(2.0, 3333.0)

43 BRaf deactivation, Km Γ(2.0, 3333.0)

44 BRaf deactivation, V Γ(2.0, 3333.0)

45 MEK activation by BRaf, Kcat Γ(1.1111, 9.0)

46 MEK activation by BRaf, Km Γ(2.0, 3333.0)

47 C3G activation, Kcat Γ(1.1111, 9.0)

48 C3G activation, Km Γ(2.0, 3333.0)

49 C3G deactivation, mass action k Γ(2.0, 3333.0)

50 Rap1 activation by C3G, Kcat Γ(1.1111, 9.0)

51 Rap1 activation by C3G, Km Γ(2.0, 3333.0)

52 BRaf activation by Ras, Kcat Γ(1.1111, 9.0)
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53 BRaf activation by Ras, Km Γ(2.0, 3333.0)

54 ERK deactivation, Km Γ(2.0, 3333.0)

55 ERK deactivation, V Γ(2.0, 3333.0)

Detailed semantics of these parameters and the kinetic laws used for mod-

elling biochemical reactions can be found in a formal model definition using

SBML format (see Hucka et al. 2003) which can be obtained from the author.
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