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Summary

This thesis is concerned with solutions to nonlinear evolution equations. In particular
we examine two soliton equations, namely the Novikov-Veselov-Nithzik (NVN) equa-
tions and the modified Novikov-Veselov-Nithzik (mNVN) equations. We are interested
in the role that determinants and pfaffians play in determining new solutions to various

soliton equations. The thesis is organised as follows.

In chapter 1 we give an introduction and historical background to the soliton theory
and recall John Scott Russell’s observation of a solitary wave, made in 1844. We
explain the Lax method and Hirota method and discuss the relevant basic topics of
soliton theory that are used throughout this thesis. We also discuss different types of
solutions that are applicable to nonlinear evolution equations in soliton theory. These

are wronskians, grammians and pfaffians.

In chapter 2 we give an introduction to pfaffians which are the main elements of
this thesis. We give the definition of a pfaffian and a classical notation for the pfaffians
is also introduced. We discuss the identities of pfaffians which correspond to the Jacobi
identity of determinants. We also discuss the differentiation of pfaffians which is useful
in pfaffian technique. By applying the pfaffian technique to the BKP equation, an

example of soliton solutions to the BKP equation is also given.

In chapter 3 we study the asymptotic properties of dromion solutions written in
terms of pfaffians. We apply the technique that is used in [35] for the Davey-Stewartson
(DS) equations to the NVN equations. We study the asymptotic properties of the (1,1)-
dromion solution and generalize them to the (M, N)-dromion solution. Summaries
of these asymptotic properties are given. As an application, we apply the general
results obtained for the (M, N)-dromion solution to the (2,2)-dromion solution and

to the (1,2)-dromion solution and show the asymptotic calculations explicitly for each



dromion. In the last section we give a number of plots which show various kind of
dromion scattering. These illustrate that dromion interaction properties are different

than the usual soliton interactions.

In chapter 4 we exploit the algebraic structure of the soliton equations and find so-
lutions in terms of fermion particles [54]. We show how determinants and pfaffians arise
naturally in the fermionic approach to soliton equations. We write the 7-function for
charged and neutral free fermions in terms of determinants and pfaffians respectively,
and show that these two concepts are analogous to one another. Examples of how to
get soliton and dromion solutions from 7-functions for the various soliton equations are

given.

In chapter 5 we use some results from [61] and [62]. We study two nonlinear evo-
lution equations, namely the Konopelchenko-Rogers (KR) equations and the modified
Novikov-Veselov-Nithzik (nNVN) equations. We derive a new Lax pair for the mNVN
equations which is gauge equivalent to a pair of operators. We apply the pfaffian tech-
nique to the KR and mNVN equations and show that these equations in the bilinear

form reduce to a pfaffian identity.

In this thesis, chapter 1 is a general introduction to soliton theory and chapter 2 is
an introduction to the main elements of this thesis. The contents of these chapters are
taken from various references as indicated throughout the chapters. Chapters 3, 4, 5
are the author’s own work with some results used from other references also indicated

in the chapters.
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Chapter 1

Introduction

1.1 The First Observation of a Soliton

Over one hundred and fifty years ago, while conducting experiments to determine the
most efficient design for canal boats, a young Scottish engineer named John Scott
Russell (1808-1882) made a remarkable scientific discovery. As he described it in his
“Report on Waves” [1] in 1844 :

“I was observing the motion of a boat which was rapidly drawn along a narrow
channel by a pair of horses, when the boat suddenly stopped - not so the mass of water
in the channel which it had put in motion; it accumulated round the prow of the vessel
in a state of violent agitation, then suddenly leaving it behind, rolled forward with great
velocity, assuming the form of a large solitary elevation, a rounded, smooth and well-
defined heap of water, which continued its course along the channel apparently without
change of form or diminution of speed. I followed it on horseback, and overtook it still
rolling on at a rate of some eight or nine miles an hour, preserving its original figure
some thirty feet long and a foot to a foot and a half in height. Its height gradually
diminished, and after a chase of one or two miles I lost it in the windings of the channel.
Such, in the month of August 1834, was my first chance interview with that singular

and beautiful phenomenon which I have called the Wave of Translation”.

Following this discovery, Scott Russell built a wave tank in his laboratory, and in

order to study this phenomenon more carefully, he made further important observations



of the properties of the solitary wave.

1.2 The Discovery of the Soliton and the KdV equa-

tion

Fifty years later in 1895, after extensive investigations, two Dutchmen, Korteweg and
de Vries, developed a nonlinear partial differential equation governing long one di-
mensional, small amplitude, surface gravity waves propagating in a shallow channel
of water. Their aim was to model the propagation of shallow water waves appli-
cable to situation that Scott Russell saw. (The attempt, in 1982, to recreate the
phenomena on the original site (Union canal) was a complete failure, but a more re-
cent attempt, in 1995, to recreate the soliton wave was successful. See the URL:
http://www.ma.hw.ac.uk/solitons.) This famous equation is known as the KdV equa-

tion [2] (named after Korteweg and de Vries)

Uy + 6UU, + Usgy = 0. (1.1)

One of the interesting properties of the KdV equation is the existence of permanent
wave solutions. To obtain a travelling wave solution of the KdV equation, we seek a

solution in the following form
U(z,t) = W(z —ct) = W(2).

Substituting this into the KdV equation in (1.1) yields a third order ordinary differential
equation

W" + 6WW' — W' =0,
where ' = £. Integrating this twice gives
(W = —W3+ 1eW? + AW + B,

where A,B are constants. If we add the boundary conditions

W, W' ,W” — 0 as z — %00, the constants of integration are zero, and we have

(W2 = -W3+ 1eW?,

L
2



Solving this differential equation gives us the solitary wave solution

Uz, t) =W(2)=¢ sech2(—>§(x —ct)).

2

If we take —3§ = k, then the solution can be written as
Ul(z,t) = 2k? sech®(k(z — 4k%t)), (1.2)

where k is the wave number. The speed is ¢ = 4k% and the amplitude is a = 2k%. A
key feature of KdV is that the speed of solitary waves is proportional to their height.
Therefore taller waves travel faster than shorter waves and there is a tall, fast, thin
solitary wave or (it could be) a small, slow, fat solitary wave. The obvious question
then arises: what happens when a taller solitary wave overtakes a shorter (and therefore
slower) solitary wave; in particular, do the individual pulses survive the collision? The
answer to this question was not known until 1965 when Norman Zabusky and Martin
Kruskal [3] discovered numerically that KdV solitary waves maintained their identity
following collisions, and reported that “here we have a nonlinear physical process in
which interacting localized pulses do not scatter irreversibly.” They considered the

initial-value problem for the KdV equation

Ut + UUz + 62Ux.1::v =0
U(z,0) = cos(rz) 0<z<2

and took & = 0.022. They discovered that after a short time the wave steepens and
almost produces a shock, and later a train of at least eight (well-defined) solitary waves
develop with the faster waves overtaking the slower waves. When two solitary waves
given in the form of (1.2), with different speeds and are initially well separated with
the faster one behind the slower one, the faster wave overlaps the slower wave and the
waves interact nonlinearly. After the interaction, the waves separate with the larger
one in front of the smaller one, and have their initial profiles. The only effect of the
interaction is the phase shifts, that is the waves are at different positions than where
they would have been. Zabusky and Kruskal coined the term ‘soliton’ to reflect the

particle-like nature of these robust travelling solitary waves.

Definition 1.2.1 (Soliton) A soliton is a solution of a nonlinear equation or system
which represents a wave of permanent form, is localized and decaying at infinity and

interacts with other solitons so that after the interaction it retains its form.



1.3 Conservation Laws

An important stage in the development of the general method of solution for the
KdV equation was the discovery that the KdV equation had an infinite number of
independent conservation laws. A conservation law is an equation of the form

or 0X
2+ ar =0,
where T is density and X is the associated flux. If additionally X — 0 as |z] = co
then

% / : T(z,t)dz = ~[X]= = 0.
Therefore

/_oo T(z,t)dz = C

o0

for all time, and so C is conserved. The first three conservation laws for the KdV

equation are

U+ (3U% + Usz)e = 0,

(U, + (4U® + 20U, - U?), = 0,

(U* = LU2), + ($U* + 8UUpp — 6UU2 — Uplpge + LUZ). = 0.
The first two of these conservation laws correspond to conservation of mass and mo-
mentum respectively. The third was discovered by Whitham [4] in 1965. The fourth
and fifth conservation laws for the KdV equation were found by Kruskal and Zabusky
[5] in 1963. Later four more conservation laws were found and subsequently Miura
found the tenth conservation law for the KdV equation. The reason that they are

called first, second etc. is due to the highest order of the density, for example, the

conserved densities for the first three conservation laws are Ty = U, T, = U? and

T3 = U3 - -;—U:LZ.

After studying the conservation laws of the KdV equation, in 1968, Miura [7] dis-

covered the following transformation, now known as Miura’s transformation:
U=—-(V*+V,). (1.3)
If V is a solution of the modified Korteweg-de Vries (mKdV) equation

‘/t - 6V2Vx + ‘/.1::1::1: = 0,



then U given by the Miura transformation (1.3) is a solution of the KdV equation (1.1).

This can be seen from the relation

3
U + 6UUz + Usaz = —(2V + 2)(Vi — 6V?V; + Viga). (1.4)

Every solution of the KdV equation can be obtained from a solution of the mKdV
equation via Miura’s transformation, but the converse is not true. Miura’s transfor-
mation leads to many other important results related to the KdV equation. Initially it
formed the basis of a proof that the KAV and mKdV equations have an infinite number

of conservation laws [8]. Let W be such that
U=W —eW, — eW?, (1.5)

which is called the Gardner transformation and may be thought of as generalization of
Miura’s transformation (1.3). Then the equivalent relation to (1.4) is

d
Uy +6UU, + Upge = (1 — i 28W) (W, + 6(W — EWHW, 4+ W)

(1.6)

Hence, U given by equation (1.5), is a solution of the KdV equation if W is a solution
of

Wi+ 6(W — EWHW, + W =0, (1.7)

and again the converse is not true. It is clear that if we set e = 0 then (1.7) becomes
the KdV equation and the Gardner transformation reduces to U = W. Since the KdV
equation does not contain ¢, then its solution U depends only on z and t¢; however
W, a solution of equation (1.7), depends on z, t and e. Then, in order to generate
conservation laws for the KdV equation, we take a power series solution of (1.5) in the

form

o

W(z,t;¢) = Ze"Wn(x,t). (1.8)

n=0
Since the equation (1.7) is in conservation form

0 0
&(W) + -a;(Wxx + 3w — 2€2W3) =0,

then
/ W(z,t;€)dz = constant,
—00



and so the power series in €
[o o]
/ W,(z,t)dz = constant,
—o0

foreachn = 0,1,2,.... Substituting (1.8) into (1.5) and equating coefficients of powers

of € and solving recursively gives

Wo = U,
Wl = WO,:L‘ = U.’L"
W2 = W1,1-+W02 - U1;3;+U2, (19)

W3 = W2,:z: + 2I/VOWI = U:ra:x + 4UU£,
W4 = WS,:L‘ + 2I/VOI/V2 + W12 = Uz:c:c:v + 6UU:::.1: + 5Uz2 + 2U3,

etc.. Continuing to all powers of € gives an infinite number of conserved densities.
The corresponding conservation laws can be found by substituting (1.8) and (1.9) into
equation (1.7) and equating coefficients of powers of ¢. In particular we note that each
odd power of € gives an exact derivative and the corresponding integral repeats an
earlier conservation law. However the even powers of ¢ give independent conservation

laws for the KdV equation.

1.4 Lax Method

Shortly after the discovery of the “soliton”, in 1967 Gardner, Greene, Kruskal and
Miura [6] discovered a new method of solution for the KdV equation by making use
of the ideas of direct and inverse scattering. They termed the procedure the inverse-

scattering-transform (IST) method.

In 1968 Lax [9] put the inverse-scattering-transform method for solving the KdV
equation into a more general framework which subsequently generalized as a method
for solving other partial differential equations. Let us consider two operators L and
M, where L is the operator of the spectral problem and M is the operator governing

the associated time evolution of the eigenfunctions

Lv = v, (1.10)
v, = Mo. (1.11)



Now we differentiate (1.10) with respect to ¢ to get
Lo+ Lvy = Mo + Ay,
and hence, using (1.11), we get
Liv+ LMv = Mv+ AMuo,
= v+ MAv,
= Mv+ MLv.
Therefore we obtain
[Li + (LM — ML)]v = \v
and if we solve this equation for nontrivial eigenfunctions v(z,t) we obtain
L+ [L,M] =0, (1.12)
where
[L,M]:=LM - ML, (1.13)

if and only if A, = 0. Equation (1.12) is called Laz’s equation, and (1.13) is the
commutator. The Lax equation contains a nonlinear evolution equation for suitably

chosen L and M. For example if we take

82
L = o5+U, (1.14)
3
M o= 12 sl 39y (1.15)

dz3 Jr Oz
then L and M satisfy (1.12) provided that U satisfies the KdV equation (1.1). There-
fore, the KdV equation can be thought of as the compatibility condition of the two
linear operators given by (1.14) and (1.15). If a nonlinear partial differential equation
arises as the compatibility condition of two such operators L and M, then (1.12) is

called the Laz representation of the partial differential equation and L and M are the

Laz Pair.

1.5 Hirota Bilinear Method

In 1971 Hirota [10] developed a direct method for finding N-soliton solutions of non-

linear evolution equations, which are obtained from a nonlinear evolution equation via



a dependent variable transformation. This method is called the Hirota bilinear method

and has application to a large class of nonlinear evolution equations [29].

Here we show how the KdV equation can be written in the Hirota bilinear form

and hence we find soliton solutions of the KdV equation [11].

We start by introducing the dependent variable transformation in the following

form:

62
U=25-logf, (1.16)

where f(z,t) is a new dependent variable. Substituting (1.16) into (1.1), integrating

twice with respect to = and setting integration constants to zero, we obtain

fz:tf—fzft+f:c:v:vzf"‘4fzzzfz+3 _31; =0, (117)

which is the bilinear form of the KdV equation. This equation can be expressed in

terms of Hirota bilinear derivatives in the following way
(Dz Dy + D3)f - f =0, (1.18)
where D, and D; are Hirota operators. These are defined in more general form by

DLDyD}g- f =

o 9\ (o a\"(d oY\
(8_16_6_113;) (6_1/_5;7) (a_é-t;) g(way,t)f(way’t)lzfzz

t'=t

for nonnegative integers [, m, n. To find soliton solutions of the KdV equation from

the Hirota form (1.18) we look for solutions in the form

N
f=1+) ™. (1.19)
n=1

Substituting (1.19) into (1.18) and equating coefficients of powers of ¢ gives the follow-

ing recursion relations:

€: fagiarx+fa(::) = 0,
e: B4+ = _YD,D,+ D)W . f, (1.20)
. O+ = _(D.D,+ DV . fO

and so on. The N-soliton solution for the KdV equation is found by assuming that

fM has the form
N

F =" exp(m),

=1



where 7; = 2k;z — wit + x40 and k;, w; = 8k? and z;o are constants. Then the N-soliton
solution can be written in the bilinear form in the following form:
N N
fr= Y exp [z i+ zu,-u,-A,-,-] ,
7=0,1 i=1 >3

where

ki — k;i\?
exp(A;j;) = (ki n k,-) .
For N =1, we take
fO = exp(m),

and by solving (1.20) we find that

i =, for n

\"%
)

Therefore we have
fi=1+exp(m)

and substituting this into (1.16), we get the same solution as in (1.2) apart from a

phase constant

U(z,t) = 2k} sech®(kiz — k3t + 2, ),
the one-soliton solution for the KdV equation.

For N = 2, we take
f® = exp(m) + exp(nz),

and by solving (1.20) we find that

f@ = exp(m + 72 + A1),

ki —ky\ 2
exp(Ap2) = (ki-}-kz) ,

where

and

f™ =, for n>3.

Therefore the two-soliton solution for the KdV equation is obtained from
2

0
U(z,t) = 25 (log f2),
where

f2 = 1+ exp(m) + exp(n2) + exp(m + 72 + Ai2).



1.6 Wronskian, Grammian and Pfaffian Solutions

More recently the series ansatz (1.19) has been replaced in the Hirota method by
expressions in terms of wronskians [12], grammians [15] or pfaffians [44]. Wronskians
and grammians are special types of determinants and will be explained below. Pfaffians
are explained in the next chapter. There are two main advantages of these types of
solution over the series ansatz; they allow much easier methods for verifying solutions
and are a convenient form in which to study the asymptotic properties of solutions. The
method of solution in terms of wronskians, grammians or pfafians can be applied to
many nonlinear partial differential equations, and give rise to different type solutions,

for instance soliton solutions, lump solutions and dromion solutions.

1.6.1 Wronskian Solutions

Writing the solution of evolution equations in terms of wronskians has the advantage
of avoiding long complicated calculations, especially when verifying the N-soliton so-
lution. The wronskians have nice properties when differentiated since each row of a
wronskian is the derivative of the previous one. Therefore the derivative of a wronskian
is a single determinant. Higher derivatives lead to sums of determinants that depend
on the number of differentiations and not the number N of solitons. For example we

consider the Kadomtsev-Petviashvili (KP) [37] equation

(Ut + 6UU1‘ + szz)z + 3Uyy =0 (1.21)
which has the solution
52
U= 25‘17 log f (1.22)

Substitution of (1.22) in (1.21) gives

ffot = fofe+ f foooe + 3fnz — 4fafozz + 3f fy — 3f2 =0, (1.23)
and this can be written in Hirota form as
(D:Dy+ D, +3D3)f - f = 0. (1.24)
Next we introduce the wronskian determinant, namely

f = W(¢1’¢2"'°,¢N)a

10



where the wronskian W of the elements ¢; (¢ =1,...,N) is defined as

by e .
CR " o
W(¢19 ¢2a ey ¢N) = ¢1 N , with ¢)f'7) — %
: : oxI

oY SV-1)

and ¢; satisfies the partial differential equations

0 _ 06 _
oy 02 7
g ¢
o T T

In order to make the differentiation of wronskians easier, it is convenient to use the

following notation for f

by e (N-1)
P by ceree gN‘l)
BN e -1

- |¢ ...... ¢(N-1)| . (1.25)

(See [12] for details). To obtain the soliton solutions we take
by = e~ RietRivtaklt o hotkly=aklt g ) N (1.26)

where a; are constants. Differentiating f in (1.25) and substituting the derivatives into
the left hand side of (1.23) gives a 2N x 2N determinant, which vanishes by virtue
of Laplace expansion. Thus, using the relation in (1.26), (1.22) gives the N-soliton
solutions for the KP equation (1.21).

1.6.2 Grammian Solutions

Grammian solutions are the determinants of a matrix whose elements are in an integral
form. The grammian method is much more practical than the wronskian method,
since the Nth order wronskian solution requires by definition (N — 1) differentiations,
whereas the Nth order grammian needs only one integration. In this method the

solution is expressed in terms of grammian determinants and is verified by using the

11



Jacobi identity. For example for the KP equation (1.21), the solution f is given in the

following determinantal form
f=1fl (1.27)
with the entries
fii=cji+ /_:o $i;dz,

where ¢;; are constants and the ¢; and ; are functions of x, y, and satisfy the following

linear partial differential equations

(42— 0)¢i = 0
(407 =0)y; = 0
(302 +8,)¢; = 0,
(302 -8,)¢: = 0

(See [15] for details and that f given in (1.27) satisfies the bilinear equation (1.23) by

virtue of a Jacobi identity.)

There is a similarity between grammian solutions and pfaffian solutions. The gram-
mian solution of a soliton equation reduces to a Jacobi identity, whereas the pfaffian
solution reduces to a pfaffian identity. These identities are described in the next chap-
ter. The derivative of grammians and pfaffians also have similar structures. The
derivative of grammians can be expressed in terms of bordered determinants. These
expressions arise because, in general, for an n x n matrix A whose entries a,; are such
that a}; = a;0;, the derivative of its determinant can be written as

n

A = D (DM
1,7=1
0 B -+ Pa
— a1
= - . ,
Qn

where A;; is the (4,7)th minor of A. The derivatives of pfaffians are explained in the

next chapter.

12



Chapter 2

Introduction to Pfaffians

Roughly speaking, a pfaffian is the square root of the determinant of a skew-symmetric
matrix. Let
A = (ai;)
be a n x n skew-symmetric matrix (i.e. a;; = —a;; and consequently a; = 0 for
i,j = 1,2,--- ,n). It is known that if n is odd, then det(A) is zero, but if n is even
det(A) is a perfect square of a polynomial in the entries a;;, called the pfaffian of A
and denoted by Pf(A). To be precise, for even n
Pf(A) = ) €(0) @s(1),0(2) " ** Catn-1),0(n)»

where ¢ runs over the permutations of {1,--- ,n} such that
o(1) < 0(2),0(3) < o(4),- -+ ,o(n — 1) < a(n),

o(l)<oB) <+ <o(n-1),

and ¢(o)(= %1) is the parity of this permutation. For example, if we take the dimension

of matrix A to be 4 we have,

0 a2 @13 G4

—a2 0 a3 424
_ _ 2
det(A) = = (12034 — €13a24 + @14023)

—a;3 —a3 0 a3

—a14 —a24 —aazs 0

13



and we can write the pfaffian of A as a triangular array and expand it as
| a1z a1z auq
Pf(A) = a3 Qg4 | = Q12034 — @13024 + G14023.

Q34

A classical notation for the pfaffian of A [53] is
Pf(A) = (1,2,--- ,n),

where (i, j) = a;;. One expansion rule for pfaffians is given by

(1,2, ,n) = 3 (=1)(L,8)(2,8, -+ 5, ,n),

1=2
where * indicates that the index underneath should be deleted. We can write the

example above with pfaffian representation as

(1a2’374) = (1’2)(3a4) - (1’3)(2a4) + (1a4)(2a 3)

2.1 Identities of Pfaffians

Identities of pfaffians correspond to the Jacobi identity of determinants. The Jacobi
identity is given as follows: for an N x N matrix A, we write A;c”, for the minor
obtained by omitting the sth,. .., jth rows and the kth,. .. /th columns, in this notation

the Jacobi identity is

| AL A
Al =| "8 TR
A A
If, for example, we take
P ab
A= T 0 0
¥ 0 0

with {7,7} = {k,{} = {2, 3}, then we get the following identity

P a b
P a P b P a b
c 0 0||P|= - ,
T olldT o d 0|l o
dl 0 0

14



where P is a square matrix, and a, b, ¢, d are vectors.

Let m and n be positive integers. For the even case (even number of a;) we have

the following pfaffian identity
(a1,a2,-*+ ,am,1,2,-++ ,2n)(1,2,--+ ,2n)

2m
= Z(—l)s(al)as, L2,---, 2n)(a2’a3’ cre g dgy ity A9m, 1,2, 0 72n), (2'1)
s=2
and for the odd case (odd number of a;)

(a1,a2, -+ ,a2m-1,1,2,--+ ,2n — 1)(1,2,--+,2n)
2m-1

=Y (-1 e 1,2, 2 = D)(ar, a0,y Aoy s Gamers 12,000, 20), (22)
s=1
where q; are just extra indices in the same way that the a,b, cT, dT are extra columns
and rows. (See [60] for the proof of the identities (2.1), (2.2).)
For example from (2.1) and (2.2), for m = 2, we have the following pfaffian identities
(al’ a2,0a3, a4, 132, T )2n)(1, 2a e ,2Tl)
= (ah as, 1, 2a R} 2”)((13, Qay, 1, 2, e azn)
"'(a‘lva33 ]-a 27 tee ,2n)(a2’a47 1,2, Tt 2”)

+(ay,a4,1,2,- - ,2n)(az,as,1,2,--- ,2n)

and

(a1,az,a3,1,2,-++ ,2n —1)(1,2,--- ,2n)
= (a171,2)"' ,277,—' 1)(&2,03,1,2,--- 7277')
"(a2a1a2,"' ,2n — 1)(a17a371,2,"’ a2n)

+(as, 1,2, -+ ,2n — 1)(a1,a3,1,2,--- ,2n).

2.2 Differentiation of Pfaffians

In this section we will show how the derivatives of pfaffians may be represented by the

sumn of pfaffians. Suppose that

(i’j)l‘ = g(ot)f(oj) - f(et)g(oj)a

15



where f, g are differential operators, then by defining indices f and g such that (f,7) =
f(8:), (g,3) = g(6;) and (f,g) = 0, we have

| (f,9) (f,1) (f.9)
(i,j),;=(f,g,i,j) = ( ) (ga)
)

.

(
|0 f(6:) f(6;)
9(6:) 9(6;)
7)
)

(i,
= 9(6:)1(6;) — £(8:)9(8;)-

In general, it can be shown that [60]

0
5;(172a"' ’2"') - (f,gala2a"' ,2n).

Higher order derivatives of pfaffians can be calculated in a similiar way. Let us
assume that
5(0,3) = 1(8)4(65) = (I8,
where k, | are differential operators and (k,%) = k(6;), ({,¢) = {(6;) and (k,!) = 0, and
we also assume that fok=ko f, fol=lof,gok=kog,gol=10g, where ‘0’ is

explained later. We then have

0

6—y(1,2,--- ,2n) = (k,1,1,2,--+ ,2n)

and
0
—(1’2’ ’2n) = %(f,g,lﬂ,'“ ,2n)
= (fOk,g°l,1,2,'“ ,2n)+(fol,gok,1,2,--- ’2"')
+(f)g’k,l’172,"° ’2"’),
where (f o k,3) = f(k(6:)), (g 0,1) = g(i(6:)), (f o,2) = f(L(6:)), (g 0 k, %) = g(k(6:))
and (f’k) = (fal) = (g,k) = (g)l) = 0.
For example if
3 6,3) = 0z — 0isby
0,. .
a—y(z,]) = 6;,0; — 00,
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then

21,2, ,2n) = (8s1,1,2,--+,2n),

8
gy (L2 o2) = (10,12, ,2n)

52
ayax(l

where (0,,1) = 6; ., z = z,y,zy, and (I,7) = 6;.

2.3 Soliton Solutions to the BKP Equation

The BKP equation
(us + 15uua; + 15ud — 15uzuy + use)r + Susgy — Suyy =0
may be written in the bilinear form as

(D& —5D? - 5D3D, + 9D, D,)r - 7 = 0.

v 2,000 ,2n) = (0, 1,1,2,--+,20) + (6;,0,,1,2, -+ ,2n),

2.3)

In this section we will show that the n-soliton solution 7, satisfies the BKP equation

by virtue of pfaffian identities. This was first proved by Hirota [60] and is called the

pfaffian technique. The 7 function is expressed in terms of pfaffian as

whose (2, 7)th element is given by

. = [9f; af; .
(Z,J)=C,'j+/ [%fj—f,-a—{i] dz, ,7=1,2,--- ,2n

-~00

where f; satisfies the linear differential equations

ofi _ 0°f; ofi _ 0°f;

oy ~ 023’ ot 8z
For example, if we choose

fi =€ with & = kiz + kly + k}t,

where k;, ¢=1,2,--- ,n are constants, then the (7, j)th term is

. ki—kj ¢ ..
(1,7) = ¢ij + A kj it

17



The two-soliton solution 7; can be obtained by choosing the constants ¢;2 = ¢34 = 1

and c¢i3 = ¢14 = ca3 = ¢24 = 0. Hence, from (2.4)

= (1,2,3,4) =(1,2)(3,4) - (1,3)(2,4) + (1,4)(2,3)

k kg k k'4
- 1 €1+€2) (1 e ™4 €3+€4)
(+h+h P otk

(kl —kiky— ks  ki—ksky - k4) iteatistés
ky +kaky+ks ki+ksks+ky

= 1+ ehrtlatanz | latlatass | Alze€1+€2+€a+€4+a12+as4,

_1 ki — ks —log [z =k
12 = log kl +k2 ) Q34 = lOg k3+k4

(kv — ka) (k1 — ks) (k2 — ka) (k2 — k4)
(ky + k3) (ky + kq) (ko + ks) (k2 + k4)’

gives the two-soliton solution for the BKP equation.

where

and

Ap =

In order to show that the 7, in (2.4) satisfy the bilinear form (2.3), we need to
differentiate the pfaffian given by (2.4). We begin with the differentiation of the element
(2,7) with respect to z, from (2.5)

2 i) = g 5o,

= (dO’dl,i,j)

where we have used the pfaffians representing derivatives of functions f;(z), hence
(do, i) = fi, (d1,i) = £ f; and (do,d;) = 0. The derivative of the pfaffian (2.4) is given

in the following form
1,2,' . ,2n) = (do,d1,1,2,' . ,2n)

Higher order derivatives of the pfaffian (1,2,---,2n) can be calculated by using the

following relation

0
g (dmidn 1,2, ,20) = (dmy1,dn, 1,200 ,20) + (s, s, 1,2, -+, 20)
+(d0’dladm,dn,1,2,"’ ,271)

18



From this relation the higher order derivatives can be written as follows;

2 .
%(1,2,... ,2n) = (do,ds,1,2,--- ,2n)
03
5;:—3(1,2,..- ,2n) = (dl,dg,l,Z,-.. ,2n) + (do, d3,1,2,- - - ,2n)
4
565(1,2,-.- ,2n) = 2(d1,d3,1,2,-.- ,2n) +(d0,d4,1,2,... ,2n)
S5
%5-(1,2,--- ,zn) = 2(d2,d3, 1,2,-0- ,2n) +3(d1,d4,1,2,... ,2n)
+(do,d5,1,2,--- ,2n)
6
%6'(1,2,--- ,2n) = 5(d2,d4,1’2,'-- ,2n) +4(d1,d5, 1,2,-.. ,2”)

+(d0ad6, 1a2a' v ,271) + 2(d0,dlad27d3, 1a2’ vt ,27’2)

Next we calculate the y-derivative of (z, 5), from (2.5)

a .. . [, [ 0fi0%f; 8fiofi 0%
'a“(”)z/ [3:1:4f %20 9P o oat ]

where we have used %3 = %Zéi. Integrating this integral by parts, we get

205y = Phy g (32f.-%_6f.'02fj)
29?;-(2"]) - 63f f' ~“\ 022 9z Oz Oz?

= (dOa d3’7'7.7) - 2(d1’ dz’ 1"])

Higher order derivatives of the pfaffian (1,2, - - ,2n) are obtained by using the following

relation

0

@(dm, dna 1727° o ,271,) = (dm+3,dm 1,27' o 72n) + (dm,dn+3»1a2a et ,2”)

+(do, d3,dm, dn, 1,2, -+ ,2n) — 2(dy,d2,dm, dn, 1,2, -+, 2n).
The t-derivative of the element (¢, 5) is calculated as follows

E(%J) = (dO’d517'a.7) - 2(dl,d4a2a]) + 2(d2,d3,2a])'

Hence, following the same procedure, we find the necessary derivatives for the proof as

follows:
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—(1,2,--+,2n) = (do,d3, 1,2, - ,2n) — 2(dy,dp,1,2,--- ,2n),

_(la 2"' * 72n) = "'(dlad371’2" *t ’2n) + (dO,d4,1’2," ) ’2n),

,2,++ ,2n) = —(dg,d3,1,2,- -+ ,2n) + (do,ds, 1,2, ,2n),

—_(1,2, ,2n) = —(dg,d4,1,2,"' ,2Tl) +(d1,d5,1,2,°" ,2n)

+ (do,d6,1,2,' L ,2n) - (do,dl,dz,ds, 1,2,' . ,2n),

+ (do,ds, 1,2, v ,2”) - 4(d0,dlad2ad3’ 1’2’ U a2n),

+2(dg, d3, 1,2, -+, 2n),

62
Oz 0t
+ 2(d0,dl,d2a d3, 1,27 e 72n)

2
6—(1,2, ,2n) =2(d2,d4,1,2,"' ,2n) —2(d1,d5,1,2,"' ,2n)
=—(1,2,-++,2n) = (do, d5,1,2, - ,2n) — 2(dy,d4, 1,2, ,2n)

(1,2,"' 72"') = -(d17d5’1’27"° ’2n)+(d0ad6a1a2a"' ,2”)

Substituting these results into the bilinear BKP equation (2.3), we get

(d07dl, d2’d31 132a ot ,2”)(1, 2a ot ,2n)

_(do,dl’ 1a2a tee ’2n)(d2, d3a 1,2a v
+(d0, d2, 1v2a Tt ,2n)(dl,d3a 1,2, e
—(dO,dS, 1a2$ o ,2n)(d1,d2, 1a2’ e

which vanishes by virtue of the pfaffian identity (2.1).

,2n)
,2n)

,2n)

In the next chapter we will study the asymptotic properties of dromion solutions

written in terms of pfaffians. In chapter 4 we will see how pfaffians arise naturally in

the fermionic approach to soliton equations and in chapter 5 the pfaffian technique will

be applied to two other integrable systems.
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Chapter 3

Dromion solutions of the
Nizhnik-Veselov-Novikov equations

and their asymptotic properties

3.1 Introduction

In recent years the generalizations of integrable (141)-dimensional equations to (2+1)
dimensions have been widely studied. The integrable generalization of the nonlinear
Schrédinger (NLS) equation are the Davey-Stewartson (DS) equations [34]. Gilson
and Nimmo [35] studied the dromion solutions of the DS equations [25] and their
asymptotic properties. The generalization of the Korteweg-de-Vries (KdV) equation
has two possibilities which are the Kadometsev-Petviashvili (KP) equations [37] and
the Nizhnik-Veselov-Novikov (NVN) equations [38]. These generalizations, the DS and
NVN equations, have two dimensional localized hump solutions that decay exponen-
tially in all directions, which are called two dimensional solitons or dromions. The KP
equation does not have such solutions. The word dromion comes from the Greek word
dromos, which means track and has been given [31] to these objects, because they are

located at the intersection of plane waves, which can be thought to form tracks.

An alternative approach has been through direct methods using the bilinear form

of the DS and NVN equations. Hietarinta and Hirota [40] and Jaulent et al. [41]
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obtained a broader class of dromion solutions of the DS equations in terms of wronskian
determinants and as polynomials in exponentials respectively. Athorne and Nimmo [43]

and Ohta [44] obtained dromion solutions of the NVN equations in terms of pfaffians.

These (2+1)-dimensional generalizations also possess the usual features of (1+1)-
dimension integrable equations, namely solvability by the inverse scattering transform,

existence of Backlund transformations and Hamiltonian formulation [30], [31], [32].

3.2 A class of solutions of the NVIN equations

In this section we recall some results obtained in [43]. The NVN equations are
Ui = Upse + Upy + 3(PclU)e +3(24,U)y (3.1)
U = &, (3.2)
A class of solutions of (3.1) and (3.2) is given by
U =2 (log(P(81,"* 165)))zy> (3.3)
where 0; are solutions of the linear equations

oy + ©5) ¢ =10 (3.4)

$1 = booa + byy + 300002 + 3000, (3.5)
and
(1,2,---,n) n even
(1,2,-++,n,I) nodd
where (i,5) = P(6:,0;), (i,I)=46; and

P(ol,... ,on)= {

P(6,,0;) = / W.[0.,6,] dz — W, {6:,6,] dy. (3.6)

In (3.6)
Wx|[0:,0;] = 0:0,x — 6,x0;

denotes the wronskian of 8; and 6; with respect to variable X = z or X = y and so

P(8;,9;) is skew-symmetric.
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In particular, setting ®(°) = 0 in (3.4) and (3.5) yields separable 6,
;= 0;(z,1) + 61 (3,2),
where
=i,

for X =zo0r X =y.

To obtain plane wave soliton solutions, we choose
0 = o, exp(kiz + k¥t) and 0% = Biexp(liy + 13)

and then (3.3) gives, in the case n =1,

U= —%lsechz (% [kx —ly+ (K* — P)t + log (%)D .

If £ or [ tends to zero then U tends to the trivial solution. Then the individual solitons

are a kind of “ghost” solitons [49], parallel to the z and y axes. These are given by
0 = aexp(kz +k°t)+ 8 and 60 =a+ Bexp(ly+ 3t)

respectively.

A single dromion solution may be thought of as a two-soliton solution made out of
two intersecting ghost solitons. Outside the interaction region, the solution is approx-

imated by individual ghost solitons and the physical field U vanishes.
If we take n = 2 with
0, =0 = aexp(kz + k%) +1 and 6, =6 =1+ Bexp(ly + I3)
and using equation (3.6), the pfaffian becomes
P(6,,0;) = /Wx[ﬁl,oz] dz — W,[6,, 0] dy (3.7
= —(6102+c-1), (3.8)
where c is some constant. From equation (3.3)
U = 2 (log(P(61,02)))zy
and thus

2kl(c—1)ap

U= (ce—fl/2e-P/2 + ae’)/ze—p/z + ﬂe—n/2ep/2 + aﬂe”/2ei’/2)2’
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where

Here, we see that as (z,y) — oo at least one of the terms in the denominator tends to
infinity, and hence U is a localized solution which we call the (1,1)—dromion solution

of the NVN equations. This is illustrated in figure 3.1.

Figure 3.1: (1,1)-dromion plot for the parameters given by k = | = %, c = 2 and

a=0=l.

wjw

An (M, N)-dromion solution, in which M + N is even, is obtained by choosing
0; = ciexp(kiz + kjt)+1 for i=1,--- M

and

Oiam =14 Biexp(liy+ Lt) for j=1,.--,N.

To express the solution in a compact form, we take S as the square of the pfaffian
P(ela S 30M+N)a hence
S = |P(6:,0;)|.
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Then S has the following block structure:

fx Wz[0.~, 0,,] dz —(0,' 0_,' + C,'j)
S = , (3.9)
(0p 0 + cpq) — ¥ W,[6;,6,] dy
where t,p=1,--- ,M and 5,q=M +1,--- ;M + N. Then the solution is given by

U = (log(5))zy-

To obtain an (M, N)-dromion solution where M + N is odd, we may consider a
special case of an (M, N + 1) dromion where clearly M + (N +1) is even. This will be

discussed in more detail later.

In the next section we will show that this describes the interaction of M x N

dromions.

For convenience we introduce an auxilary field to the NVN equations. From equa-
tions (3.1) and (3.2), we see that the NVN equations have two dependent variables; U
corresponds to the physical field and ® is related to an auxilary field

V = 2(82 + 97)(log(9)) (3.10)

which is introduced to help visualize the nature of the soliton. While U is localized,
V is not in general. For the solution we discuss, the point of intersection of the plane

wave solitons in the V-plane and the localized solitons in the U-plane coincide.

3.3 Asymptotic analysis of the (1,1)-dromion solu-
tion

To understand the meaning of the parameters that appear in the (M, N)-dromion
solution (3.9) we consider the simplest case in which M = N = 1. The form of S is

then
S(61,0,) = (P(6,,02))* (3.11)
and from (3.7) and (3.8) we get

P(6,,6;) = —6,0; + constant. (3.12)
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To simplify the presentation, we use P instead of P(#,0;). Taking
0i=14+¢" and G, =1+¢€
P becomes
P=—c—e"—¢’ -t (3.13)
where ¢ is constant and

n=k(z + kzt), p=Ily+ lzt).

The effect of the parameters c, k and ! on the properties of the solution to the NVN

equations is explained in the following theorem.

Theorem 3.3.1 Forc >0 and k,l # 0,
U =20,0,(log(P)) and V =(82+ 93)(log(P)) (3.14)

with P given by (3.13) have the following properties:

1) V is the interaction a pair of plane wave solitons, one parallel to the y-azis, V®),
parametrized in terms of k and the other parallel to the z-axis, VW), parametrized in
terms of . These waves have speeds —k? and —1?, and amplitudes ’;—2 and % respectively.
The relative phase shifts of the plane wave solitons at the interaction may be expressed

in terms of

F, = log(c),

the ‘perpendicular phase shift’; for V(%) the relative phase shift is sgn(l)Fy and for V¥
it issgn(k)F,.
2) U decays to zero exponentially as (z,y) = oo in any direction and the amplitude

18

Ug =
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At time t the mazimum or minimum on the dromion is located at

log(c) — 2k3t log(c) — 2/3¢
2k ’ 21

(z,y) =

1 _ 1 -
= (Fur-w -y - -,

where T and z,b;h are the phase constants in the plane waves in the V-plane at y = +o0

and x = *oo respectively. The trajectory of the dromion is the line

2, 2. _ L 3_p3
ky lz—2kl log(c) (k° = P°).

Proof. 1) To find the speeds and the amplitudes, we fix y and hence p in P

P = _c_e'ﬂ_ep_e"l’H’

= —c—e’~(1+¢e’)¢€”
p
= —(C+6p)(1+1+e e").

c+ e

Since p and c are constants, this expression for P gives the same U and V as
P=1+ae,

where a = (1 + ¢€?)/(c + €*).

Hence

Vo= (08 +0%)(log(P))
= 03(log(1 + a €"))
ak?e”

(14 cen)?
= Lirseon? ( 1k [(z + #2) + L1og(a)
= gkse 5k | (@ 3 log(a

which is a one-dimensional plane wave soliton propagating in the z direction. Hence

the speed is —k? and the amplitude is -’;i. If we fix ¢ and hence n in P, the other
one-dimensional plane wave soliton perpendicular to this one, propagating in the y

direction would be of the form

V = 8(log(l+ fe”))

= 312 sech? (%l [(y +1%t) + ;lc-log(ﬂ)]) .
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Hence the speed is —/% and the amplitude is %.

To determine the phase shift we consider the change in P as z and y change from
—oo to +o00. To get the phase shift in the z direction we fix z and ¢ in the limits as

y — oo and as y — —oo.

In what follows, the symbol = is used to denote functions that are ‘asymptotically
equivalent’. We say that two expressions P = B and P = C are equivalent under the
changes of variable (3.14) from P to U and V if C = aeP**"B for some constants
a, 3, so that both B and C give the same U and V. So, we write A~ Bas X = a
to mean that A ~ C (A is asymptotic to C') as X — a and B and C are equivalent in

the sense given above.

For [ > 0,as y = o0

P = —e’(ce™”+€e""4+1+¢€")

1

14 €7

hence

k2 2 1 2
V = TseCh §k($ + k t)

and as y = —oo
P~ —c—e
hence
V—k—2 ech? lk: (x+k2t)—ll (¢)
=7 5 7 log()| ) -
Thus the phase constants at y = *oo are

¥F=0 and 45 =7 log(o

and then the phase shift in the plane wave parallel to the y-axis is

Ya — ¥ = - log(c). (3.15)

x|

By a similar calculation, the phase shift when [ < 0 is

1
vE -y = log(e). (3.16)

Hence the relative phase shift (= (wave number) x (absolute phase shift)) is sgn(/) log(c)

as required.
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Similarly to get the phase shift in the y direction we fix y and ¢ in the limits as

z —>oo0and asx = —o0. For k> 0,as ¢ = o0

P = —e(ce"+1+€e7"+4¢€")

~ 14¢€°

hence
v = Lech (Liy + 22)
B R
and as £ —+ ~o0
Pr~—c—-¢€
hence
= Poech? (L1 [y +12) = Liog(o)
=1 2 VY 18
Thus the phase constants at £ = *oo are

!

pF =0 and o, = llog(c)

and then the phase shift in the plane wave parallel to the z-axis is

1
¥y — ¥y = 7log(c) (3.17)

and the phase shift when £ < 0 is

zp;' — Py = ——;-log(c). (3.18)

2) For P given by (3.13)
2 kl(c—1)emt?
(c+ €7+ e? + entr)?

_ 2kl(c—-1) 310
T (cem(rtn)/2 4 e(n=p)/2 4 e=(1-0)]2 4 e(n+r)/2)2 (3.19)

U

from which we see that U is exponentially localized since at least one of the exponential
terms in the denominator tends to infinity as (z,y) — oo. To show this we consider
the exponentials in the denominator in (3.19) and a ray in any direction y = az, where

a € R. With y = az and the appropriate expressions for 5 and p,

c e~ a2 4 ((n=p)/2 4 o=(1=P)/2 4 o(n+e)/2
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becomes

¢ e—(Urkal)z+(B4+13)0/2 | ((b-alle+(B=P)0)/2 4 o~ ((k=ae+(~L)0)/2 4 ((k+al)z+(B+P)1)/2,

Here, if £ — 0o or £ — —oo the expression tends to infinity, whatever the signs of &, {

and « are.

To find any critical points we need to solve the equations U; = 0 and U, = 0. From

2 klekz+k3t+1y+13t (c _ 1)

U=
(c+ ekl@+k?t) | elly+21) 4 ekz+k3t+1y+l3t)2

differentiating with respect to z gives

9 L2 ekr+kt+ly+t (c—1) (c _ H(=+k?t) + Hv+t) _ eka:+k3t+ly+13t)
U; =

(c+ ekla+k2t) L lly+2t) 4 ekz:+k3t+ly+l3t)3
and differentiating with respect to y gives

2kl2ekz+k3t+1y+13t (c _ 1) (c + ek(z+k2t) _ el(y+l’t) _ ekz+k3t+1y+13t>

U, =
y (c + ekletk?t) | ely+?t) 4 hathdttiy+1)3

One obvious solution of this pair of equations is ¢ = 1, but this corresponds to the trivial
solution U = 0 and it is therefore excluded. Hence, solving the equations U, = 0 and

U, = 0 for = and y is the same as solving the equations

2 2 3 3
c— ek(z+k t) + el(y-H t) _ ekz+k tHy+Pt 0

c+ ek(:z:+k2t) _ el(y+l2t) _ ekx+k3t+ly+l3t =0
which imply that

ekz+k3t+ly+13t k(z+k%t) _ ez(y+l%)

=c¢ and e

This pair has a unique real solution

log(ve) -k _ log(v/e) — It

Since U — 0 as (z,y) — oo and there is a unique critical point, this clearly must be a
local maximum or minimum located at the point

log(c) — 2k3t log(c) — 213t
(a:,y):( g( )2k ) ()21 )
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By eliminating ¢t we get the trajectory of the dromion
1
2, _ 2. — 3_ 53
ky — "z k1 log(c) (k° = I°).

If we substitute the critical values of z and y into U, we obtain the amplitude of the

dromion, namely

vp= FL Vel
°T 2 Je+1
which can be written in terms of the phase shift F', as follows:

kl eiFr — 1

U0= 5 —e-;-F_L_I_l.

Summary of results for (1,1)-dromion:

The main result is that there is a dromion in the U-plane and a pair of perpendicular

plane waves in the V-plane. We observe further from Theorem 3.3.1 that

e The dromion may have arbitrary amplitude, positive, negative or zero. The

amplitude is

1. positiveif kl >0andc>1lorkl<0and 0 <c<1,
2. negativeif kl<O0Oandc>1lorkl>0and 0 <c< 1,

3. zeroif kl=0o0re=1

e The plane waves always have positive amplitude and exert a phase-shift on one
another. In particular, the directions of these phase shifts (forward or backward)
depend on the signs of k, [ and log(c). The phase shift is zero if and only if the

dromion amplitude is zero.

e At any fixed time, the dromion (in the U-plane) is symmetrically located between
the plane waves (in the V-plane). This is illustrated schematically for the case

k>0,1>0,log(c) >0 in figure 3.2.

We next consider the general case in which V consists of M + N plane waves, M
plane waves parallel to the y-axis and N plane waves parallel to the z-axis, each set
of plane waves interacting like one-dimensional multisolitons and U consists of M x N

dromions situated symmetrically at the interaction of the plane waves in the V-plane.
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plane wave

phase-shift .
L dromion
/
A
plane wave
¥ phase-shift
\v/

Figure 3.2: Phase shifts in the plane waves and the location of the dromion.
3.4 Asymptotic analysis of the (M, N)-dromion so-

lution

In this section we consider the nature of the (M, N)-dromion solution as t - +00. In
order to get succinct expressions for these asymptotic forms of the solution we order

the parameters k; and [; in this way:
ki <ko<:---<kym and L <lh<---<lIy. (3.20)

Also, to have non-singular solutions we make the following choices for the arbitrary

constants appearing in the solution
a;=pj=1 for ¢,7 odd

a;=f0;=-1 for i, even.

Next we write the (M, N)-dromion solution given in (3.9), in the case when M + N is

even, in the following form
0, O,
S= (3.21)
-0T 6;

where ©, and O3 are skew-symmetric matrices with entries

: kp—ki _mi :
= ¢ — ae" " o, K=k it
Oip = cip — ai€™ + e + aiapige™ 1<i<psM
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: 1=l : .
On+iM+q = CMiM+q + Bie” — Boe® + BiByrigter™  1<j<q< N

respectively, and ©, has the entries
ei,M+J' = CiM+j; — a,-e"‘ - ,Bjepj - a.ﬂje”‘“’f 1= 1, ey M,j - 1, N ,N

where ¢;p, cpm4jM+q and cipyj are arbitrary constants. We will only be interested in
¢;;j such that the solution has no singularities. The conditions on ¢;; which give this

property will be found by considering the asymptotic form of all of the M x N dromions.

To study the (M, N)-dromion solution in the case M + N is odd, we may consider
an (M +1,N) or an (M, N + 1) dromion in which we set a k; or an [; equal to zero
respectively. In making this choice it is important that the ordering (3.20) is preserved.
An example of how a (2,1) dromion is obtained from a (2,2) dromion will be given

later.

Further, it is convenient to express the determinant S in (3.21) in terms of other

matrices, so that it can have simpler structure, namely
S=|C+DA-ATD +DBD|. (3.22)

The matrices in (3.22) have the following structure: A is a constant matrix with the

(17)-th entry

4

(=1)' (1 = 6y;) for i=1,....,.M

j=4L,....M+ N
A = ¢ _ :
(=1~ M+ (1= §;) for i=M+1,...,M+N

j=1,....M+N

\

where §;; is the Kronecker § symbol; B is a skew-symmetric matrix with the block

structure

K R
B= (3.23)
~RT L

in which K and L are constant skew-symmetric matrices with entries

K; = (-1)*+i—:f J‘r : 1<i<j<M (3.24)
J H
Ly = (~)nEzh cicion, (3.25)

L+
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R is a rank-1 matrix with entries
R = (-1 for i=1,...,M, j=1,...,N;
C is the general constant skew-symmetric matrix, which has the entries
Cij for 1<1<3<M+N
and
D = diag(e™,e™,...,e™; et ef? ... eN) (3.26)
is a diagonal matrix, where

n; = k,(:l) + k,zt) (327)

pi = li(y +13t) (3.28)

fori=1,...,Mand y=1,...,N.

To determine the asymptotic form of the solution we fix the mth (z,¢)-dependent
plane wave and the nth (y,t)-dependent plane wave and we call the corresponding

dromion the (m,n)th. We write S given by (3.22) in terms of
t=z+knt and §=y+ 1%

so that the (m,n)th dromion is independent of ¢ (i.e. is stationary) when % and § are

fixed. Also, we write the expressions (3.27) and (3.28) in terms of & and § we have

o= k(@4 (k= kn2)t)
L@+ (15 - L))

Pj
fori=1,...,Mandj=1,...,N.

We will show that the asymptotic form of the solution as ¢ — +o00 is a dromion.
This will show that the (M, N)-dromion solution consists of M x N dromions separate
asymptotically as ¢ = +oo. Unlike solitons however amplitudes are not necessarily
preserved. The study of these limits is rather technical but in the end we will obtain

compact expressions for the change in amplitude of the dromions due to interaction.
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Considering the limits of S with # and § fixed we have

ast — —o0

+o00 for 1< m +o0o for j<n
n — and p; —
—oo for t>m —oo for j>n
and as t = oo
—oo for t<m —oo for j<n
i — and pj —
400 for 1> m 400 for 7>n

while 7, and p, are t-independent, and the limits of the exponentials are
ast =+ —o0

e =20 (1<m) e""20 (j<n)
e®" =0 (:>m) e’ =0 (j>n)

and as t = oo

e" =20 (t<m) €20 (j<n)
e =20 (:>m) e 50 (5>n)
To exploit these limits we must use appropriate equivalent forms for S given by

(3.22). We factorize the diagonal matrix D given by (3.26) so that the factors or their

inverses have finite limits as £ & —oo and as ¢t — oo, as
D=D_D,Dy,
where
D_ = diag(l,...,1,1,e™+, .. e™;1,...,1,1,ef L efN),
D, = diag(l,...,1,e™,1,...,1;1,...,1,e,1,...,1),
D, = diag(e™,...,e™ ", 1,1,...,5;€", ..., 1,1,...,1).
Hence we get, as t & —o0
D_ - diag(l,...,1,1,0,...,0;1,...,1,1,0,...,0)
D' — diag(o,...,0,1,1,...,10,...,0,1,1,...,1)
and as t =& oo
D, — diag(0,...,0,1,1,...,1;0,...,0,1,1,...,1)
D' - diag(l,...,1,1,0,...,0;1,...,1,1,0,...,0).
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To find the asymptotic forms of S as t & —oco and ¢t — 0o we take out factors of
D, or D_ so that it is expressed solely in terms of matrices having finite limits.

Ast =5 —o0

S = |C+DA—-ATD + DBD |
= |C+D,D_D,A- ATD_D,D, + D, D,D_BD_D,D, |
= | D4 || D;'CD;' + D_D,AD;' — D*A"D_D, + D,D_BD_D, || D, |

so the limit is

S_~|D;'CD;' + D_D,AD;' - D;'A"D,D_ + D_D,BD,D_ |.
(3.29)

Ast -

S

|C+DA—-ATD+ DBD |
= |D_||Dz'¢DZ* + DyD,ADZ* - D*ATD,D,+ D,D,BD.D, || D_ |

and the limit is
S, ~|D'CD:' + DyD,AD=' — D-'A"D,D, + D, D,BD,D, |.
(3.30)

We see from (3.29) and (3.30) that S_ and Sy are the determinants of skew-symmetric
matrices and are hence the squares of the pfaffians P_ and P, respectively. By ex-

panding P_ and P, by their mth and (M + n)th lines one finds that
P_. = P, + Pe™ + Psef~ + Pyenmten

p+ = p5 + PGe"Im + P7ePn + psenm+pn_

A necessary and sufficient condition that P_ and P, have no zeros, and hence U =
2(log Py ).y has no singularities, is that Pj,..., P4 and Ps,..., Py have the same sign.
Furthermore, an overall change of sign in Py does not change U, and so, since U is

supposed to be non-singular, without loss of generality we may write

P 'Pll + |P2|e"lm + |p3|epn + |P4|e"7m+Pn

(3.31)

P+ |P5| + |P6|e’7"‘ + |p7|epn + |p8|enm+pn
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where the pfaffians P; (i = 1..8) satisfy the relation P? = S; and are defined in terms

of minors of A, B and C, and S; are the skew-symmetric determinants

S

S2

S3=

Sa

0 (B) 1gi<m

<j<m

0

0 (B)xg.'gm

<jEm

0 (B)1<i<m

i<j<m

0 (B) 1€¢gm

i<jgm

Wige Buiss..
(C) mgigm (—AT) mgigM
i<jEM M+1gj<M+n
0 (B) Mt1gi<M+n
1<j<M4n
0
(A) 1gigm (B 1<igm
m<i <M M+1€i<M4n
(C)m<igm (—AT) m<igM
i<iEM M+1<;<M+n
0 (B) M+1gi<M+n
t<y<M+n
0
i B i<m
Wiga  Bluigs..
(CYmgism  (—AT)  mgigm
i<ISM MH41<iEM+n
0 (B) Mt1gigM+n
i <HEM4n
0
(A) 1gigm (B) 1gigm
m<iEM M41%&M+n
(C)m<i(M (—AT) m<isM
<M M41<iS Men
0 (B)M+1<.‘<M+n

<jEM4n

0
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(4)

1€i<m
Men{HiSM+N

(€)

mgi<M
M4n i< M+N

(A) M41gi<M+n
Ming;EM4N

(C) M4ngiKM+N
i<iSM+N

0
(A) 1€i<m
M4n<iSM+N

(C)  meicn

M4ngiSM+N

(A) M41€i<M4n
M4enCiIKM+N

(C) M4nigM+N
I<ISMEN

0

(A)  1gi<m

M4n<jEM+N

(€)

mgigM
M4+n<jSM+N

(A) m+1gigMtn
M4n<jSM4+N

(C) M4n<iKM+N
I<HEM+N

0
(4)

(€)

1€igm
M4+n<jEM+N

m<i€M
M4n<jEM+N

(A) Mi1gigM4n
M4n<iSM+N

(C) MAen<iKM4N
IJSM+N

0




0 (C)icigm (—AT) 1cigm (C)  1gigm (—AT)  1gigm
i<igm mi <M M41€iSM4n M4n<iSM4N
0 (B)m<igmy  (A)  m<igM (B)  m<igm
<M M+1jSM4n Min<jKM+N
Ss = 0 (C) M+1gigM+n (—AT) Margigmen
i<jEM+n Min<jKM+N
0 (B) Man<igM+n
< HEM+N
0
. _ AT . . _ AT )
0 Onger CAgm O8O 080,
0 (B) mgigm (A) mgigm (B)  mgigm
<M M+Iig i€ M+n Min<yKM+N
Se = 0 (C)M}l_(i(M+n (—AT) M+1<iM+n
i<jEM+n Min<jSM+N
0 (B) Min<igMan
<)M+ N
0
1 - T igm igm - T ¢
° Ohggn CANgg OuigGn, T8
0 (B)m<isa  (A)  m<igm (B) mcigm
i<jM M4+1)i<M+n M+nj€M+N
S7 = 0 (C)mtigicmin  (—AT) Margicmsn
i<j<M+n M4ngiSM+N
0 (B) M+ngigM+N
i<IEM+N
0
0 (C)lgi<m ('—AT) l(tt(m (C) lgi_<m (—AT) 1g<i<m
i<j<m m<iKM M+1€<M+n MingjSM+N
0 Bloggy (W nesy,, B nssn,
Ss = 0 (C) Ma1gi<M4n (——AT) M+1<i<M4n
i<j<M4n M4nSISMAN
0 (B) MingigM+N
i<jEM+N
0

It may be shown (see Appendix) that each of the S; (¢ = 1...8) may be factorized

into skew-symmetric determinants defined in terms of minors of B and C to be precise,
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Sy = C;;>B<;<, Sz = C>->B<-<,

12> <X

S3 = C>;>B<;S, S¢ = C>;> BS;Sa
(3.32)
SS = C<;<B>;>7 SS = C<;$B?;>a

=

Sr = C<;<B>;>, Ss = C<;<B>:>-

The subscript notation in (3.32) is used to denote certain principal minors of an (M +
N) x (M + N)-dimensional matrix for fixed m and n. For instance, X< means
the minor formed from rows and columns 1,--- . m — 1, M +1,--- ,M + n of the
corresponding matrix X. In general, let W be a skew-symmetric (M + N) x (M + N)-

dimensional matrix with the entries

X Y
W= (3.33)

-YT Z
where X isa M x M,Y isa M x N and Z is a N x N dimensional block matrix. For
agivenm, n (1 <m < M and 1 <n < N) and inequalities <;, <, (where <; and <,

can be <, <, >, and >), we define W to be a particular sub-matrix of W:

(X)ixim  (Y) ixym

~ Jj<1m J<2M+n

(—YT) i<gMtn  (Z)i<aMin

<1m J<2M+n

then Wy, ., = det(W). We also define the pfaffian

Pf(W) for even-dimension

W<ii<2 = € ) .

Pf for odd-dimension
- 0

where € is the column matrix with all entries equal to 1.

We give an example on this for a (2,2)-dromion solution and a (1,2)-dromion so-

lution in the next section.

Further, minors of B in (3.32) can also be factorized (see Appendix) into other
minor skew-symmetric determinants, defined in terms of parameters k; and [;, which

are given in (3.24) and (3.25) respectively. Hence, we have the fully factorized form of
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the skew-symmetric determinants S;:

51 = CyKcL, S; = Cs KL,

z

53 = C>;>K<Lg, S4 = C>;>K<Ls,
(3.34)
Ss = C<;<K>L>, Se = C<;<K>L>,

==

S7 = Cg< K5 Ly, Ss = Cq<K;yLy,

where the single subscript notations are defined in a similar fashion. In general, for a
given m and n (1 <m < M and 1 £ n < N) and inequality <, (where < can be <,
<, >, and >), we define K to be the sub-matrix of the (M x M) block-matrix K in
(3.23)

K= (K)im.

j=<m

Then K< = det(K) and we also define the pfaffian

Pf(K) for even-dimension

K e
Pf for odd-dimension
T
- 0

where € = (—1,1,...,+1). Similiarly, we define L to be the sub-matrix of the (N x N)
block-matrix L in (3.23)

k<=

L. =det(L) and

Pf(L) for even-dimension

l< = z/
Pf ‘ for odd-dimension.
T
- 0

Now we write the pfaffians P; (i=1... 8) (3.31) of the skew-symmetric determinants
S; (i=1 ... 8) in terms of minor pfaffians of the corresponding minor determinants
formed from C, B in (3.32) and C, K, L in (3.34). We will denote the pfaffians with the
lowercase letters of the corresponding uppercase letters that have been used for denoting

skew-symmetric determinants. For instance, cg;< is the pfaffian corresponding to the
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skew-symmetric determinant Cg;<. From (3.32) we have the pfaffians |P;| = (S,-)%:

Al = lepizbesc], Pl = lesipbgicds
1Ps| = lesnbagl, [Pl = lesinbel,s
|Ps] = legigbsis, |Psl = lecighzisls
|Prl = leg<bsizl, IPs| = le<icbyizl,

and the pfaffians in the fully factorized form, from (3.34):

|Pi] = leppkcl<]s [Pl = lesipkgl<ls
|P3| = |c>;>k<l<|, |Ps| = |C>;>k<l<|,
|Ps| = leggkslsl, [Pl = ecicksls],
1Pl = legickslsl,  |Ps| = leqickyls]

Here the pfaffian ¢ determines the phase shifts F, between the interacting per-
pendicular plane waves and determines the amplitude of the dromions. The pfaffian b
determines the phase shifts between the two sets of parallel plane waves in the V-plane.
These interpretations may be made, because, if we choose the entries of pfaffian ¢ so
that the perpendicular phase shift and hence the amplitudes of the dromions vanish
then the only phase shifts we get, determined by the pfaffian b, are the parallel phase
shifts experienced by the parallel plane waves in the V-plane. This is achieved by
setting all arbitrary constants in ¢ to be 1, so that all minor pfaffians c4,.<, are equal

to 1.

Then the asymptotic expressions in (3.31) can be written

ast - —o0

P = [bec] + [bgi<le™ + [beicle® + [bgigle™Fm, (3.35)
and as t = oo

Py = |bsis| + [byis|e™ + [by 3 e7 + (B35 [e™+4n. (3.36)

(3.31) can also be written in the following way
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ast - —o0

P_ = |k<l<| + |k<l<|e"“‘ + lk<l<|ep" + lkglgle"""*'p"
kg l< k<l<
~ 1 77m Pn Nm+pPn
ol i i o R ey

— 1+ NMm+ ",+ePn+F‘“—v +e77m+Pn+F":+F‘"y

and as t = oo

P+ = |k>l>| + |k>l>|€nm -+ |k>l>|€p" + |k>l>|6n"‘+p"
k> elm l ePn k>l> g'mton
AR PN LA TN L PN

+ 4t
= 14 Hi 4 eonthil, 4 emmtontFLAF,

where F”i; and F”f/ are the relative phase shifts experienced by the (z,t)-dependent
and (y, t)-dependent parallel plane waves in the V-plane respectively. This is a case in
which all of the dromions have zero amplitude and the solution for this case is U = 0.
As a consequence of these two pfaffians b and ¢ being independent, these two kinds of

phase shifts, determined by b and ¢, are independent from each other.

We have now shown that the (M, N)-dromion solution U decomposes into M x N
dromions determined by (3.31) as { & —oo and as ¢ = oco. To identify the properties
of the resulting dromions, we compare the asymptotic expressions in (3.31) with (3.13)

generalizing Theorem 3.3.1, and give the theorem for the general case:

Theorem 3.4.1
U = 8,0,(log(S)) and V = (82 + 32)(log(S))

with S given by (3.22) have the following properties:

1) V is the interaction of M plane-wave solitons parallel to the y-azis and N plane-
wave solitons parallel to the z-axis which decomposes asymptotically into M x N solu-

tions as described in Theorem 3.3.1 part 1.

2) U decomposes asymptotically into M x N dromions as described in Theorem 3.3.1
part 2. The amplitude of the (m,n)th dromion is

l‘_ 1 lF‘"
PR it S R/ A R it

1
a vmin - T 3.37
2 el 41 2 etFl 41 (3:37)

Us =
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ast — —oo and t — oo respectively, and the perpendicular phase shifts are

C>i>C2i2 C<;<Cg;ig

F =log
C<i<Cig

and Ft =log (3.38)

205>
ast — —oo and t = oo respectively.
The location at time t of the (m,n)th dromion moves from

1

- lﬁt)
ast — —oo to

1 2

as t — oo, giving the two-dimensional phase shift due to all interactions

C>:>Cs; >l

2

2
C3i3Coi> ke

-kt 21 log

2
C>;>c>;>k< c>;>c>;>1g

2
cgic i<kl cgigl<igls

2
— k.t 21 log

2
c<;<c<;<k; c$;<c<;<l;

2 1.2 212
( 1 log C<i€ <5< C>,>C>;>k>k< 1 log C<;<C<;<C>;>c>;>l>lg )

212 |° 272 |/
2k, C<;<C<i< cz,;C;;>k<k> 2, c$;<c<;<c?:>c>;>l<l>

Summary of results for (M, N)-dromion:

We observe from Theorem 3.4.1 that the summary of results for (1,1)-dromion can be
generalized to (M, N)-dromion. The main result is that there are M x N dromions in
the U-plane and M + N perpendicular plane waves in the V-plane. We observe further
that

e The (m,n)th dromion may have arbitrary amplitude, positive, negative or zero

and varies as t = —oo and ¢t = oo. The amplitude is

1. positive
(a) ast — —oo: if kmln >0and |es;5c5,5] > leginesis
C€>;>C3;>
orkmln<0and0< m <1,
(b) ast = o00: if knl, >0 and |ciccgig| > legiclaig
€<;<Cg;ig
or knl, < 0and 0 < e<oes <1,

2. negative
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(a) ast—= —oo: if knln <0and [esnen5] > fepinesiy

C>i>Cx:
or kyl, >0and 0 < c;::: <1,
(b) ast = o00: ifknly <0and |cq;cegg] > egicccig
or ky,lp, >0and 0 < :::: <1,
3. zero
(a) ast = —oo: ifkmly =0o0r |es5e55] = |episenis],
(b) ast > o00: if kmln =0 or |eqicegig| = legicecig]

o The plane waves in the V-plane always have positive amplitude and exert a phase-

shift on one another. The directions of these phase shifts (forward or backward)

depend on the signs of &, [, and

log [ 22522 | op Jog |SSi<Csig
C2>C> CgicCgig

The phase shifts in (3.38) are zero if and only if the corresponding dromion

amplitude is zero.

o At any fixed time, the (m,n)th dromion (in the U-plane) is symmetrically located
between the mth plane-wave soliton parallel to the y-axis and the nth plane-wave

soliton parallel to the z-axis (in the V-plane).

3.5 A class of (2,2)-dromion solutions

In this section we apply the general results obtained in section 3.4 on the asymptotics
of the (M, N)-dromion solution to the (2,2)-dromion solution. In order to clarify the
results of the last section, we present the asymptotics explicitly for these solutions.

From (3.21) the (2,2)-dromion solution is
0 012 ©O13 Oy

-0, 0 O3 Oy
S = (3.39)

-0f; -0 0 O

-0, -0 -5 0
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where

k2 - kl eﬂ1+172

Oz = ciz—eM —e”—
ky + ki
613 = ¢3— eM — Pt — em+m
Oy = clq—e™ 4 e” +em+Pz
@23 = ¢34+ e — Pt + e'h‘H’l
Oy = cyte™+e?— emtr
”n P2 12 - ll p1tp2
Oy = cuyte? +e”+—e .
la+1

Here the arbitrary constants c;2, €13, €14, 23, C24, €34 Will be chosen so that the solution
has no singularities. The conditions on the constants which give this property will be

found by considering the asymptotic form of all of the (2) x (2) dromions. Also,
m = ki(z + kit) 2 = ka(z + kit)

pr = l(y +1t) p2 = b(y + 13t),

where the parameters ky, k3, {1, 2 have the ordering
0<k <k, and 0<ly <l

Next we expand the (2,2)-dromion solution (3.39), as in the form (3.22)

SN =|C+ DA - ATD 4+ DBD|, (3.40)
where
0 -1 -1 -1
1 0 1 1
A= , (3.41)
' 1 1 0 1
-1 -1 -1 O
ko—
0 —ﬁTIEf 1 1
b=k 1 —1
B keth , (3.42)
1 -1 0 B
=1
-1 1 -+ 0
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0 Ciz €3 Ci4
o= | T 0 ca3 c2 (3.43)

—Ci3 —C23 0 C34

—ciqg —Cyq —c3q¢ 0

and

D = diag( e™, €™; e, e ).

To obtain the asymptotic solution for the (2,2)-dromion solution we focus on, for
example, the 2nd (z,t)-dependent plane wave and the 1st (y,t)-dependent plane wave,
hence 7, and p, are fixed, and the corresponding dromion is the (2, 1)th dromion. Then,

from (3.31), one can write the asymptotic solution for the (2, 2)-dromion solution

PCD = || 4 |PIDlem 4 [P 4 |PD)|emtor (3.44)
3.44
PP = [PEO4 IR Dlem 4 | Plen + | B et

where the pfaffians P{*? (i = 1...8) are defined in terms of minors of A, B, C in (3.41),
(3.42) and (3.43) respectively.

We now represent the pfaffians R(2'2) of the corresponding skew-symmetric deter-
minants S,-(m) with the notations used for the general case in section 3.4. To show this,
we rearrange the skew-symmetric determinants S,-(z’z) and its block matrices, formed
from minors of the matrices (3.41), (3.42), (3.43), (for further explanation see section
3.4). It is done as follows: If the entries of any of the determinants S,-(z'z), formed from
minors of the matrices (3.41), (3.42), (3.43), are not in the block structure, then we
interchange the appropriate rows and columns of the determinants S This is the
case for S§2’2) and Séz,z) and in each case we need to interchange a pair of rows and a
pair of columns to make them factorizable (see Appendix for the general case). If the
block entries of any of the determinants S§2’2) are odd-dimensional, then we enlarge
the determinants S,-(2'2) by adding an extra row and column to each block matrix, so
that the block matrices are not singular, yet the determinant of the overall matrix is
unchanged. The extra row and column to the block matrix formed from (3.41) are
in the same structure as the block matrix itself, so that the enlarged sub-matrix is a
rank-1 matrix. The extra column to the block matrix formed from (3.42) is in the form

e= (—1,1, -1, 1,..., £1), and the corresponding row is —¢”, and the extra column
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to the block matrix formed from (3.43) is in the foom e = (1, 1, 1, ... ,1), and the

corresponding row is —e”.

In the following, first we show the skew-symmetric determinants S

(2.2)

;7" In terms

of minor skew-symmetric determinants, formed from (3.42) and (3.43), and then the

pfaffians H(2’2) in terms of minor pfaffians of the minor skew-symmetric determinants.

2
The Si(“) = (Pi(m)) are as follows:

0 -1 =1 -1 -1 -1
0] -1 -1 -1 |1 0] 1 L
S§2,2) _ 1 0 ¢z c2 _ 1 =110 e 1
1| —ca 0 ca e 0 e 1
1| —cq —caa 0 I -1f-c —ca 0 1
1 =1 =1 -1 -1 0
0 €23 Cag 1
_ 0 =1 || —cs 0 ¢3¢ 1 = Be« Cois = (ca3 — C24 + C34)
1 0| —ca —cay 01
-1 -1 -10
IPEI| = |beic ezl = lozs — caq + el
0 —hzhl 1
o _ | B 0 | 1
1 -1 0 cas
1 -1 —C34 0
ll?ﬁ_-% 0 —c3y 0
IPED] = b e5ip] = Im%ﬁ{f‘
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0 -1 -1 -1 0 -1 -1 -1
56— 1 0 -1 cu| |1 O 11
1 1 0 1 1 -1 0 cu
1 —cyq -1 0 1 —-1|—ca O
= > O en = B«ig C>;>=(024)2
1 0 —cyy O
1P| = Jbesg ezi>] = leadl
0 -k -1 -11-1 -1
0 -k -1)-1 om0 1 111
G0 — ol 0 1) _| ! -1 0 -1 1 1
1 -1 0 1 1 -1 1 0]|-1 -1
1 -1 -1} 0 1 -1 -1 1] 0 1
1 ~1 -1 1{-1 0
0 —gp -1 -l
_ ok 0 11 O (%2:"&)2
1 -1 o0 -1|}j-to| T 7 2t
1 -1 1 0
IPPD] = lbgg o>l = leﬁ%\
0 c12 <3 11 -1
0 ci2 asll —C12 0 ¢ 11 -1
S§2’2) _ —C12 0 caa |1 _ —C13 —Ca3 0 111 -1
—c13 —C€23 01 —1 -1 -1 0|1 -1
-1 -1 =130 -1 -1 -1 -1]0 -1
1 1 1 1]1 0
0 cz2 ¢ 1
_ —c2 0 ¢ 1 0 -1 — Ce B>;>=(clz-—c13+c23)2
—c3 —cz 01 1 0
-1 -1 =120
|PP?) = egig boi) = oz —ca + ca3]
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0 -1 a3 1 0 ewi=1 1
Sé2.2) _ 1 0 1 -1 _ —c3 0 [ -1 1
—C13 -1 0 1 1 1 0 -1
-1 1 -1 0 B B
0 as3f||0 -1
_ E= C<;$ B;,) = (613)
—a3 0 |[1 0
|Pé2,2)l _ |C<:S b>;>| = |013|
0 cz2| -1 1
ng) _ —¢2 0 -1 1
Ip-1
11 0 2
Ip=1
-1 -1 -5 0
0 o2 0 e
_ o la+h — C<< B>;> = ( 1212;51)
—c2 0 _ﬁTTxL
|P7(2'2)l = |egic byip] = ’c”%ﬁ—%’
0 1j-1 -1 1 -l
o|-1 -1 1 -1 0)-1 -1 1 -1
1l 0 1 -1 L1 o 1 -1 -l
s&? = PR I B
1| -1 0 L+, bt ° Hh 1
1=l -1 - -5 -
-1 1 T+ 0 1 1 1 éWlL 0 !
1 11 -1 1 0
0o 1 -1 -1
0 1|l-1 o0 @Zm 1 2
= lp=l; . = Cu< B>>=(ﬁ)
-1 0 1 T+ 0 ~1
1 -1 0
|Pé2'2)| = |ecic b>;>I= giﬂ

Hence, from (3.44), the asymptotic expressions, (when the (2, 1)th dromion is fixed)

for the (2,2)-dromion solution are

2,2 ky—k kz—k;
PP = egs — caq + caal + |caa BTE| €™ + |eaale? + |32 emth
P(2'2) — lc — + | l mn” 4 L= cm L=l | gm2+p
+ = 12 — €13 + ca3| + |aisle S Yool Ko ol vl 2 .
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3.6 A class of (1,2)-dromion solutions

Next we show the (1,2)-dromion solution as a reduction from the (2,2)-dromion so-

lution. As mentioned earlier, the (2,2)-dromion solution has two plane waves parallel

to the y-axis and two plane waves parallel to the z-axis. If we cancel out one of these

plane waves by making its amplitude zero, then we get the (1, 2)-dromion solution. Let

us take k;, = 0. Hence we have one plane wave parallel to the y-axis and two plane

waves parallel to the z-axis. From (3.39) we write the (1,2)-dromion solution with the

arbitrary constants chosen as ¢;2 = ¢j3 = ¢j4 = 2:

s1.2) -

where
0n =
Oz =
O =
O =
O =

634 =

0 O O13 O
—9’{2 0 (')23 @24
-0f; -0 0 O

_®1T4 "@;4 —(9;4 0

1 —2e™
1 — 2
1 + 2¢*?

co3 + e — Pt + en2+m

Cas + e” + ef? — en2+p2

, (3.45)

la -1
Cas + e”! + ef? + ePl+P2.

L +1

Here the arbitrary constants cy3, c24, cag are chosen such that the solution has no sin-

gularities. The conditions, on the constants, which give this property will be found by

considering the asymptotic form of all of the (1) x (2) dromions. The phases are

M = ka(z + kjt)

pr=bL(y +13t)

where the parameters k;,![;,[; have the ordering

0 <k,

p2 = ly(y + 13t),

and 0<y <y
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Next we expand the (1,2)-dromion solution (3.45), as in the form (3.22), namely

S =|1C+DA-ATD + DBD|, (3.46)
where
0 -1 -1 -1
1 0 1 1
A= , (3.47)
1 1 0 1
-1 -1 -1 0
0 -1 -1 1
1 0 1 -1
B = o , (3.48)
1 -1 0 eh
-1 1 =& 0
0 2 2 2
-2 0 c c
C = B (3.49)
—2 —ci3 0 c34
-2 —cyq —c3y 0
and

D = diag( 1, e™; €™, e ).

To obtain the asymptotic solution for the (1,2)-dromion solution, again we focus on,
for example, the (z,t)-dependent plane wave and the 1st (y,t)-dependent plane wave.
Hence n; and p, are fixed, and the corresponding dromion is the (2,1)th dromion. Then,
from (3.31), one can write the asymptotic solution for the (1,2)-dromion solution
PO = P4 P Dem + | Pt D|en 4 | PP |emtar
(3.50)

PP = [P 4 [P em 4 [P |er 4 | PYMD)|emter
where the pfaffians P9 (i = 1...8) are defined in terms of minors of (3.47), (3.48),
and (3.49). To apply the notations used in the last section, we rearrange the corre-
sponding skew-symmetric determinants S,-(m) of the pfaffians |P,~(1'2)] in the same way

as it is done for the (2,2)-dromion solution.
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2
The 551'2) = (P,-(l'2)) are as follows:

0 —-1| -1 -1 -1 -1
0 -1 -1 -1 1 0 1 1 1 1
Sil'Q) _ 1 0 Co3 Ca4 _ 1 -1 0 Co3 Co4 1
1 —C23 0 C3q 1 -1 —C23 0 C34 1
1 —Cy4 —C34 0 1 -1 —C24 —C34 0 1
1 -1} -1 -1 =1 0
0 Ca3 Ca4 1
0 -1 —C23 0 C34 1
= = B« Cyp = (23 —caa + c34)’
1 0 —Cgq4 —C34 01
-1 -1 -10
P = beic e3ip| = lezs = caa + cad
0 -1 -1 -1
50 _ 1 0 11
1 -1 0 C34
1 -1 —C34 0
0 -1 0 C34
= = Bgi< C;3 = (caq)
1 0 —C34 0
|PU?)| = |bgic €53 ] = lead]
0o -1 -1 -1 0 -1 -1 -1
S:gl’2) _ 1 O —1 024 — ]. 0 1 1
1 1 0 1 1 -1 0 c24
1 —C24 -1 0 1 -1 —C24 0
0 -1 0 C24
= = B¢ Cyi> = (c24)
1 0 —C24 0
1P = lbaig ei5] = lead]
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0 -1 -1 -1|-1 -1
0 -1 —1[-1 1o 1 1|1 1
I R R U R SR Y N
1 -1 0] 1 1 =1 1 0f|-1 =1
1 -1 -1 0 1 -1 -1 1 0 1
1 -1 -1 1] -1 0
0 -1 -1 -1
1 0 | 1 01 2
= = B¢ Cs> = (1)
1 -1 0 -1 -1 0
1 -1 1 0
|P4(1'2)| = |b<:< e =1
0 2 2 111 =1
0 2 2 -2 0 e 11 -1
Sél'z)z —2 0 C23 _ -2 —c3 0 111 -1
-2 —c3 0 -1 -1 -1 01 -1
-1 -1 -1|0 1 -1 -1 —1]|0 -1
1 1 1 111 0
0 2 21
-2 0 c 1 0 -1
= ® = Cg¢ B> = (€23)?
—2 —c3 0 1ff1 0
-1 -1 -1 0
IPD] = legig bis] = leasl
0 -1 2 1 0 2 | -1 1
5 10 11| -2 0]-1 1
2 -1 0 1 1 1] 0 -1
-1 1 -1 0 -1 -1 1 0
0 2 0 -1 )
= C<<B?;>—(2)
-2 011 0
|PD] = Jecig byis| = 2
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o 2| -1 1
e | =2 2L =0
{o=1
1 1 0 Tgﬁxk
1a—1
-1 =1 -ﬁ 0
- 0 b ’
_ o L+l | C$;< B>;? = (2%)
-2 0 || -3+ O
2 ¥
1P = Jegic bsip| = 2§§T&|
o -t -1 1 -l
0ol-1 -1 1 -t 0)-t -t 1 -1
o 1l o 1 s 00 DN R TR N IR U -1 -1
Ip=1 o
1|-1 o0 b S IO
Iz=1 a
-1 1 - 0 Bt B+
byt =r 0
o 1 -1 -l
0 1||-1 o ‘b s54)
= L=l 20l 1 = C<;< B?'Z = (ﬁ;—lt)
-1 0 I —u: -
-t 1 0
Y2 T
1P = Jegie byl = ;J’T;‘L‘ ’

hence, from (3.50), the asymptotic expressions, (when the (2,1)th dromion is fixed) for

the (1,2)-dromion solution are

1.2

pPU = |cas — 2a + C3a| + |casle™ + |caale” + €M ¥
(1,2) _ 2 L=l ., =l | ;m+m

Py = |cos| + 2e™ + 212+11 e + |3t e .

3.7 Plots of Dromion Interactions

In the generic case, both before and after the interaction, the (2,2)-dromion solution
has four dromions (see figure 3.3) situated in the U-plane at the corners of the rectangle
formed by the plane-wave solitons in the V-plane (see figure 3.4). Using (3.37) and
(3.38) we determine the class of pfaffians ¢ which makes the amplitude of some of these

dromions zero either as ¢ & —oo or as t — 0o. In order to get a particular dromion
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interaction, we also need to find out the asymptotics in each case when a particular
dromion is fixed. In section 3.5 we found the asymptotic expressions when the (2,1)th
dromion is fixed. Similarly, if we follow the same procedure, we get the following
asymptotic expressions as ¢ = —00

(when the (1,1)th dromion is fixed)
P( 2 = = |c12€34 — €13C24 + C14C23| + |C23 — Coa + C34] €™ + |c12 + €24 — C14]€”t + |coq| €M TP

(when the (1,2)th dromion is fixed)

I -1, l; —

(22) _ _ M p2 L]l om+p2
PY" = |e12 — c14 + Caa| + |coale™ + 01212 I LTl e
(when the (2,1)th dromion is fixed)
ko —k k, —k
P(212) = _ 2 1l m2 + o 2 1] _m+e
-3 |cas — 24 + caa| + C34k2 T e |c24le”* + ks + Fo e
(when the (2,2)th dromion is fixed)
ky — ky -1 ky—kyly—1,
P( 2) _ 12 P2 n2+p2
|624|+ ks + ky e lz+lle + k2+k112+lle
and as t = 00
(when the (1,1)th dromion is fixed)
ky—k Iy -1, ky —kily — 14
P(2 2) _ Liem Pl 21 m+m
el + |53 |t an |t R TR G T
(when the (1,2)th dromion is fixed)
ko —k k, -k
(2,2) _ 2 1l om 2 2 1l m+e2
Py" = ez — c1a + caa + UL e™ + |eisle” + T+ Ko enTe
(when the (2,1)th dromion is fixed)
P(2 2) |612 —c3+ C23| + lclslenz 61212 — ll efl + l2 l en2+P1
l,+1, 12 + 1

(when the (2,2)th dromion is fixed)
P(2 2 = = |c12€34 — C13C24 + CraC23| + €13 — C14 + caa] €7 + |12 + €23 — 13]€” + |cra] €72,

To avoid singularities in the solution, we restrict the constants such that

Ciz < 0, C34 > 0, C12 < 0, Cyq < 0,
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Cla—C34—¢13<0, cyy—caa—c34<0, c2+e—ci3<0,
C12 + 24 — €14 <0, c12€34 — 13624 + €14¢23 < 0,

so that the coeflicients in the asymptotic expressions have the same sign. We determine
the dromion amplitudes from (3.37). The amplitudes Uy = 0 and Uj = 0 when the
phase shifts F[ =0 and F} = 0, respectively. Thus, as t & —oo,

the (1,1)th dromion does not appear when

c24(C12€34 — €13C24 + €14€23) = (€24 — C23 — C34)(C12 + C24 — €14),

the (1,2)th dromion does not appear when C14 — C12 — Ca4 = C12Ca4,
the (2,1)th dromion does not appear when C24 — C23 — C34 = C4Ca4,
the (2,2)th dromion does not appear when cyq = —1,

and as t = o

the (1,1)th dromion does not appear when ci3 = —1,

the (1,2)th dromion does not appear when C14 — C34 — €13 = C13Caq,
the (2,1)th dromion does not appear when €13 — C12 — €33 = C13C12,
the (2,2)th dromion does not appear when

c13(C12€34 — €13C24 + €14C23) = (€14 — €13 — €a4)(€12 — €13 + €23).

In particular, we consider the case in which the (1,1)th and the (2,2)th dromions do
not appear before and the (1,2)th, (2,1)th dromions do not appear after the interaction
to produce a solution describing the 90° scattering of two dromions. This kind of
scattering is shown in figure 3.5; two dromions with equal amplitudes are approaching
each other and interacting (a head-on collision) at time zero. During the interaction a
double dromion occurs as the two dromions collide. After the interaction two dromions
appear, one with bigger amplitude and faster than before the interaction, the other
dromion has smaller amplitude with different sign. For this plot, we have taken the
following values for the parameters ki = [y = 1, ky = lp = 2, ¢;, = -1, ¢;3 = -§,
€14 = —%, C23 = —%, C2a =—1, ¢34 = %

Next we consider the case in which the (1,2)th and the (2,1)th dromions do not
appear before and the (1,2)th, (2, 1)th dromions do not appear after the interaction to

produce a solution describing the 0° scattering of two dromions. This kind of scattering
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is shown in figure 3.6; two dromions one with positive amplitude and the other with
negative amplitude are approaching each other and interacting. At the interaction, all
four dromions appear and after the interaction two of them disappear and they almost
recover their initial profile. This kind of interaction is similar to soliton interactions, as
they do not change their initial profile upon interaction. Details of this interaction are
shown in figure 3.7. For this plot, we have taken the following values for the parameters

— — 7], =3 = . | = — — —
k1=11—1,k‘2-—l2—§,012—*3, €13 = — 3 ciu=1,c3=1, 04 =~2, ¢34 = 3.

Next we consider the case in which the (1,1)th and the (2,2)th dromions do not
appear before and after the interaction. Two dromions one with negative amplitude
are approaching each other and collide. This collision is not exactly an interaction like
in other dromion interactions. After the collision the dromions bounce away and have
bigger amplitudes than before the collision. This kind of scattering is shown in figure
3.8. For this plot, we have taken the following values for the parameters k; = [; = 1,

3 — 1 — —
y C12 = —3, Ciz = —1, Cly = —5,C3 = —5, Cu = —]., C3q = 2.

L] o]

ko =1y =

Next we consider the 2 x 1 dromion scattering obtained from the (1,2)-dromion
solution. The asymptotic expressions for the (1,2)-dromion solution are as follows as
t— —00

(when the (2,1)th dromion is fixed)
PO = |cy3 — cog + caa| + lcaale™ + |caale” + €™

(when the (2,2)th dromion is fixed)

I, —
(1,2) _ N2 2l e n2+p2
P2;" = |cas| + € +l+l + 12+11
and as t =& o0
(when the (2,1)th dromion is fixed)
lg =1 ly —1
P(l 2) _ 9eMm 9:2 1l _m 2 Ll me+m
= |eas| + 2™ + Ll —12+11 e

(when the (2,2)th dromion is fixed)
P(l 2 = = |12 — €13 + c23] + |c23|€™ + |eisz]e”? + e™ P2,
This kind of scattering is shown in figure 3.9; initially two dromions with positive

amplitudes are approaching each other and interacting. During the interaction one
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dromion absorbs the other dromion, and after the interaction we see only one dromion
with a bigger amplitude then the dromions before the interaction. For this plot, we

have taken the following values for the parameters ky = 0, I} = 1, k; = l; = 3,

—

1 _ _ _ _ 3 . _
ci2=—5 a3=—1,cq4=-1,c3=—1, c0a = -3, caa = 3.

We also investigate whether there exists an annihilation property for the (2,2)-
dromion solution. We look for a scattering that has two dromions before the interaction,
but no dromion afterwards. That means that the dromions after the interaction must
have zero amplitudes. In order to have all dromion amplitudes zero, we must take the
following values of constants ci3 = ¢4 = €23 = ¢3¢ = —1. These values of constants
also makes the amplitudes of dromions, before the interaction, zero. Therefore, the

annihilation property for the NVN equations does not exist.

Next we also consider the case in which the (1,1)th and the (1,2)th dromions do
not appear before and the (1,1)th, (1,2)th, (2,1)th dromions do not appear after the
interaction to produce a solution describing the 2 x 1 scattering of two dromions. This
kind of scattering is shown in figure 3.10; two dromions one with positive amplitude
and the other negative amplitude are approaching each other and interacting. During
the interaction the dromion with the positive amplitude absorbs the dromion with
the negative amplitude, and after the interaction only one dromion emerges, that has
smaller positive amplitude than the dromion before the interaction. This shows that the
dromion with negative amplitude has negative effect on the other dromion’s amplitude.
For this plot, we have taken the following values for the parameters k; = [, = 1,

ky=l=2% ca=-1,ci3=-1,cla=~1, c13= -1, Caa = =2, Cas = 2.

It turns out that in contrast to one-dimensional solitons these two-dimensional soli-
tons (dromions) do not in general preserve their form upon interaction. Only for a
special choice of the parameters do these solutions preserve their form. In general the
computer generated plots show that the dromions have different interaction proper-
ties as compared to soliton interactions, as their initial profile is changed after the

interaction.

Appendix
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To factorize the pfaffian P; and the skew-symmetric determinant S; = (P;)?, we take

its skew-symmetric matrix form and denote with G, hence
det(G) = S, = P2

For convenient we write G in the following block structure:

Bl A1 Bz Az
AT ¢ A5 G

G = ,
—BT AT By A4
—A] -cf -A] Cs
where
B, = (B)ig A, = (A) 1<
1= (Bligiens v= (A
B, = (B ; A, = (A 1<i<
2 ( )M+11§,<<'R'4+,.’ 2 ( )M+n§3<7\'4+1v’
= C m<i A = _AT <M
Ci = (O mgigu A = (-AT) mocn
= ' By = (B)Mt1gi<M+
C2 (©) MmN’ 3 ( )M+12<M+: ’
Ay = (A) MrigicM4n , Cs = (C)Mingigmsn.
Min<iKM+N M4n<iSM+N

In order to have simpler structure for factorization, we exploit the matrix G in
the following way. We interchange columns and rows in the determinant, so that the
determinants S; can be written in the form of block structure. The numbers of the
interchanges of the columns and rows are given by r;. We interchange the rows in the
second block-row with the rows in the third block-row, so the number of interchanges
is # = (M —m+1) x (n—1), and we also interchange the corresponding columns in the
second block-column with the columns in the third block-column, so again the number
of interchanges is ¥ = (M — m + 1) x (n — 1). Hence the number of total interchanges

in the matrix Gisrm =2 x (M —m+1) x (n —1).

The interchanges of the columns and rows do not affect the value of the determinant,
since whenever two columns are interchanged so the corresponding two rows are also
interchanged, nullifying the change in sign. Therefore the numbers r; are even for the
determinants S;, but may not be even for the pfaffians P;. Therefore, we take the

absolute values of the pfafians, namely |P;|.
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This process is achieved simply by pre-multiplying the permutation matrix P by G
and PT.

’

S ~ O

0
0
0

O O O~

0
0
I
0 0 I

where I and 0 are identity and zero block-matrices respectively.

Hence we get G = PT G P. Next we take G to continue with the proof, since

det(G) = det(G). We have

B, B A1 A
. -BT By -AY A,
_AT A G G
47 -aT ~cf

B A
Pk (3.51)

where B and C are skew-symmetric matrices, and A is a rank-1 matrix given by

) B, B . A A - C: C
B= 1 2 A= 1 2 C — 1 2 .
_BT B, ~Al A, —C7 G

Next we factorize the matrix (3.51) in this form

. B o I B'A
G = . R (3.52)
_AT | 0 C+ATB-1A

where, again I and 0 are identity and zero block-matrices respectively. Taking the

determinants of the factorized matrices in (3.52), we get
det(G) = det(B) det(C + ATB*A).

The expression ATB~1A is a zero matrix, as long as the A is a rank-1 matrix and
the B is a skew-symmetric matrix. If B is skew-symmetric then so is B! a skew-
symmetric matrix. (If B is odd-dimensional, and hence not invertible, then see page 46

for explanation.)
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Thus we get

det(G) = det(B) det(C)
S = B<;< 02;2

2 _ 12 2
Pl - b<;<c>;>

[Pl = [bgic einl.

Further we can also factorize the matrix B in terms of skew-symmetric matrices B,

and Bs; defined by the parameters k; and /; respectively.

. B, B
B = 1 2
—-BT B,
B, 0 I B'B,
-BT 1 0 Bs+ BIB['B,
det(B) = det(B;)det(Bs+ BIB{'B,)
= det(Bl)det(Ba)
By« = Kc L<
b = kS

|b<;<| = |k< l<|,

where I and 0 are identity and zero matrices respectively, B is a rank-1 matrix, B,
and Bj; are skew-symmetric matrices and the entries for the matrices By, and B; are

given in (3.24) and (3.25) respectively. Hence

S1 = B¢< Cyp

>

= K<L Gy

-
|| = |b<;< C>;>|

= Ik‘< l< C?;?I.

The proof for the other pfaffians |P;| (i=2 ... 8) can be done in a similar way.
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Figure 3.3: The location of the dromions in the U-plane.
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V-plane.
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Figure 3.5: 90° Dromion scattering. (a)t = —10; (b)¢
(e)t =0; (f)t = 1; (g)t = 2; (h)t = 5; (i)t = 10.
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(&) (h)

Figure 3.6: 0° Dromion scattering. (a)t = —10; (b)t
(e)t = 0; (Nt =1; (g)t =2; (h)t =55 (i)t = 10.
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(2) (h)

Figure 3.8: Dromion interaction. (a)t = —10; (b) ¢
(e)t = 0; (f)t =1; (g)t =2; (h)t = 5; (i)t = 10.
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() (h) (i)

Figure 3.9: 2 x 1 Dromion scattering. (a)t = —10; (b)t = —5; (¢) t = —2; (d)t = —1;
(e)t =0; (f)t = 1; (g)t = 2; (h)t = 5; (i)t = 10.
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Figure 3.10: 2 x 1 Dromion interaction. (a)t =

(elt =0; (£}t =L (g =2 (A =5 (=10,
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Chapter 4

Algebraic Solutions of Soliton

equations

4.1 Introduction

In recent years solutions to soliton equations in soliton theory have been given in
many ways such as by means of Grammians, Wronskians, Pfaffians etc.. The diversity
of expressing solutions reflects the richness of algebraic structures which the soliton
equations possess in common. It is Sato [14] that unveiled the structures by means
of the method of algebraic analysis in the study of the Kadomtsev-Petviashvili (KP)
hierarchy. Among the variety of soliton equations, the KP hierarchy is the most widely

studied one.

In this chapter, we exploit the algebraic structure of soliton equations and find
solutions in terms of fermion particles. These particles can either be charged or neutral,
and they can have one component structure or they can have more than one, depending
on the structure of the equation. An example of their fermionic structure is shown in
the table below for some soliton equations. We write the T-function for charged and
neutral free fermions in terms of determinants and pfaffians respectively, and show that
these two concepts are analogous to one another. We write the T-function for charged

fermions in the following form

7y = det(A) det(A™! + V),
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where A is a constant matrix and V is a matrix with the entries of charged fermions.
And we also write the corresponding pfaffian analogue of this 7-function in the following

form

14 = Pf(A)Pf(A" + V),

where A, A’ are constant triangular matrices, A" is the analogue of the inverse A and
V is also a triangular matrix with the entries of neutral fermions. Observe that 7, is in
determinant form and 7, is in pfaffian form. These are explained in more detail in the
later sections. In section 5, we derive new general formulae for charged fermions, from
which the rational solutions and soliton solutions for the KP hierarchy can be obtained.
In section 6, we derive formulae for the rational solutions of the 1-component and 2-
component BKP hierarchies. In section 7, we give general formulae for the soliton
solutions of the 1-component and 2-component BKP hierarchies. Examples of how to
get the soliton and dromion solutions to various soliton equations, from 7-functions are

also given.

Fermions | 1 component | 2 component
charged (%) KP DS
neutral (¢;) BKP NVN

4.2 Preliminaries

Here we recall some results from [54]. Let A be an associative algebra over C with

generators v, ¥ (1 € Z), satisfying the anti-commutator relations
[¢ia¢j]+ =0, [¢i7 ¢;]+ = (Sl'ja [¢:’¢;]+ =0, (41)

where [X,Y ] = XY + Y X. The generators ¢, ¢! (i € Z) will be referred to as free

fermions.

Here ( ) denotes a linear form on A, called the (vacuum) expectation value, defined

as follows. For a € C or quadratic in free fermions

(@ =a, (Y)=(¥i)=0 (1€2)

(W) =0, (YY) =0, (i,j€Z) (4.2)
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i 8 (1>
<¢;¢;>={6’ (<) | <¢;w,->={ (20

0  (otherwise) 0  (otherwise) .
For a general product w; - - - w, of free fermions w;, we apply Wick’s theorem to compute

the expectation values

(01 -wr) = { 0 (r odd)

Y 0 880 0(Wo(1)Wa(2)) * * * (Wa(r-1)Ws(r)) (r even)
where ¢ runs over the permutations such that o(1) < ¢(2),--- ,0(r — 1) < o(r) and
o(l) < o(3),- ,0(r — 1). We see that this theorem gives the expectation value of

the general product of free fermions w; - - - w, in terms of a pfaffian. Therefore, Wick’s

theorem can be expressed in terms of pfaffians in the following way

<w._.w>={o (r odd)
' Pf((wiw;)) (r even)

Lemma 4.2.1 From Wick’s theorem we have

(=1)3 4D det((ys, 7)) r=s

(i - i, 95, - ¥5,) —{ :
0 r#s

Proof.

—($ud}.) ($.95)

where k,l = 1,--- ,rand m,n = 1,--- ;s. Using the definition of the expectation value

(s, - i, -+ 93,))° —dt( (Vitbu) <¢«~w;-,,>)

in (4.2)
0 QWY
(("/’il' ¢,, i ’l/)h)) = det (¢ w1n>
~(¥!Yim) 0
_ det((@bi,i/’;q))z r==:
0 7’763 ’
hence

tdet((yi,¥])) r=s

(i, -+ i, 5, - ¢f,) = { . s

Looking at the term (v;,%7},) - - - (i, ¢}, ) on each side we see that the sign is (=1)ar(r+1),
O
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It is convenient to use the generating functions for free fermions defined as

Y(p) =Y bip',  ¥(@) =) ¥iq. (4.3)

{€Z JEZ

Lemma 4.2.2 The ezpectation values are given by

(W @) = 2o @) =~

and

(¥"(g5)o) = (Yo% (pi)) = (Yo%) = 1.
Proof. From the definition (4.3)

@BE) () = Y Bm¥PIG = Y Smablg;"

m,nezZ mn<0
o0 m

- Y (%) =%
mel Di Pi —q;

and similiarly

@ @G@) = D (GG = D Smaplg"
m,neZ mn>0
s (e\"___4
- ,;,(%) pi—aq;

4.2.1 Partitions

Here we introduce some notations from {56] which will be used later in this chapter.
A partition is any sequence
A=A A2 005 A0000) (4.4)
of non-negative integers in non-increasing order,
MZA > 2 A2

and containing only finitely many non-zero terms. The non-zero A; in (4.4) are called
the parts of A. Sometimes it is convenient to use a notation which indicates the number

of times each integer occurs as a part:

A= (rmr,-e 27 1™)
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means that exactly m; of the parts of A are equal to .

The diagram of a partition A may be formally defined as the set of points (z, j) € Z?2
such that 1 > j > M;. In drawing such diagrams we shall adopt the convention, as with
matrices, that the first coordinate ¢ (the row index) increases as one goes downwards,
and the second cordinate j (the column index) increases as one goes from left to right.

For example, the diagram of the partition (5441) is

consisting of 5 squares in the top row, 4 in the second row, 4 in the third row, and 1
in the fourth row. We shall usually denote the diagram of a partition A by the same

symbol .

Another notation for partitions which is occasionally useful is the following, due to
Frobenius. Suppose that the main diagonal of the diagram of A consists of r squares
(4,1) (1 <1< r). Let oy = A; — i be the number of squares in the ith row of A to
the right of (,4), for (1 < <), and let §; = A; — i be the number of squares in the
ith column of A below (¢,7), for (1 < i <r). Wehave ay > a3 > -+ > o, > 0 and
B1 > By > -+ > B, >0, and we denote the partition A by

A= (al,...,arlﬂl,. . .,,B,-) = (a|ﬂ)

For example, if A = (5441), then we have a = (421) and § = (310), hence A =
(421310).

Let a,b > 0, then (alb) is the Frobenius notation for the partition (a + 1,1%).

4.3 Charged Free Fermions

We give “time” evolution to the free fermions via a hamiltonian H(z). For a € A

a(z) := eH@geHE)

where H(z) =} (mn Y w,-emn).

n>1 i€Z
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Note first of all that

(H(z), $(p)] = > A
€Z

n>1,k i€Z

- Zup* (Z(¢;¢:+nwk - w;w:;n))-

n>1,k€Z 1€EZ

Then using (4.1) we have

[H(z),¥(p)] = Z ank(ztsk,i+n¢i)

n>1,k€Z i€Z

= Y zap*Prn = zap™Y(p)
n>1,k€Z n>1

= f(@.ap)lb(p)a

where £(z,p) 1= Z znpp". Then

n>1

P(p,z) = H@y(p)e~HE
= e(adH(E))',[J(p) = (1 +ad H(z) + %(ad H(g))z +.. %),

where (ad H(z))X = [H(z), X] and so (ad H(z))’¢(p) = (é(z,p))#(p), hence
¥(p, z) = EPy(p). (4.5)
Similarly, [H(z), ¥*(q)] = —¢(z, 9)¥"(q) and so

P*(g,z) = e @y (q)e™H @ = e=tlaaly*(q). (4.6)

We call a polynomial 7(z) a T-function if it is representable in the following form

for some g:
n(2,9) = (lg(@)|l) := (Y7 g(z)¥1) (4.7)
for each [ € Z, where
Yoy 1<0 (ZHEREE A R |
YooY, >0 Yicr- o >0
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For example we take

g =9(p1) - p(p )" (q1) - - ¥*(as) (4.8)

for some r,s. Then for r = s,

To(z,9) = (0|9(£)|0)
= eZI=,E(£.pe)-€(£,q.')(g)

= eZi=1 &@pi)—Ezai) det({y(pi)¥*(q;)))

and then, using Lemma 4.2.2, we get

T0(z,g) = det (ef(z’p‘)'f(g"”) % ) (4.9)
Pi—q;

Next we wish to express the r-function 7. From (4.7)

ni(z,g) = (llg(z))

= (¥ig(z)¥)

= (Ys9(z)vo)

= eXin 8Er)=t@n) (Yr(py) - (P )Y (q1) - - $(g-)0)
—(¥*(q)do) - —(P*(g)do)  —(gio)
_ T fzm)—tza) (B(p )™ (@) - @)y (a)) —(¥sv(p1))

(@)Y (@) - (e )v*(e)) —(¥gv(pr))

using Lemma 4.2.2 we get

-1 -1 -1
, | W L |
n(z,g) = eLli=1 §@Pi)={(za) | P1-a Pi—ar i (4.10)
4 ... 4 _
Pr—q1 Pr—4gr

Next we do the following operation in the determinant in (4.10): we subtract the first

row of the determinant from the rest of the rows. We get
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n(z,g) = exi=ié@ri)-¢ze) T -

= (=1)reXi=i ézp)—tlza)

——L e 0 —L

pr—a1 Pr=ar
= (~1)" det (ef(ﬁ"")‘f@"”)pi ’f q,-)' (4.11)

Lemma 4.3.1 For all g € A,
7(z,9) = T1-m(2, tm(9(2))), (4.12)

where y(v;) = i and y(Y;) = Y1,

Proof. In order to proof the lemma, we first need to show

(2, 9) = 7o(z, u(9)), (4.13)

where g is given by (4.8). Using the definition of fermions from (4.3)

u(@P) =Y u@)p =Y viap' = p'v(p)

i€Z i€Z
and
u(@*(q) = > u(¥))e? =) ¥iug =g (g),
JjEZ JEZ
and hence
— H::lpi
"l(g) - H:=1q1'g.

Using these results we can show the equality in (4.13):

t= p3
ro(z,u(9)) = ==—m(z,9)
)) Hi:lqi
- H:;:lpi det (ef(z.p.‘)—f(.r..q:) % )
H,’:l‘li Pi—4q;

= det (ef(z,pe)—f(g.q,‘) Pi )
Pi—¢q;

= n(z,9)
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Then, clearly

n(z, 9) = m-(z,ulg)) = Tl—z(ﬁ,bl(bl(g))) = 7-2(z, 02(9)) T
= 7z, u(g)) = To(z, u(g))

and
Tl(z, g) = Tl—m(ﬁ’ "m(g))
= 7o(Z, ti-m(tm(9)))
= To(z, u(g))-
Every product of free fermions is the coefficient of some powerof py, -+ ,p,,q1,** , g,

in g defined in (4.8). By expanding both sides of (4.12) with respect to these parame-
ters, the full result follows. Hence the result is proved for g given by (4.8). O

Now we wish to express the 7-function 7o in terms of Schur functions [56]. In general

a Schur function Sy, where A = (a1,...,a.|01,...,5), is defined by
Sy = det(S(ailﬁj))’ (4'14)

where

B
S(alp) = Z("l)kha+1+k($)eﬂ—k($),

k=0
where h;(z) and ej(z) are the complete and elementary symmetric functions, respec-

tively.

The element g as given by (4.8) can be written as

Z coplrgrt g,

< In€l
Jlr"' 1In€Z

where

g =i ¢cu ’ ¢Ju
Then (4.9) can be used as a generating function to determine 7o(z; g') by looking at
the coefficients of pi' - - ping[ ' - - g9, where i) > g+ -+ > in,jy > j2a > -+ > jn € L.

Next we expand the entries of the determinant in (4.9) in the following way:

(e o]

£@ri) — Zh‘.(x)p‘, e~¢@%) = Z(—l)jej(m)qj (4.15)

1=0 3=
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and

-] k
G _ _ Z (_&)
pt_QJ k=0 qJ

Thus the (7, j)th entry in (4.9) can be written as

eXi=1 (E@p)—€(z9:) q;

j+l t+k j—k
—— (~1* hi()ey(e)p

1,7=0

3D (DR ()er(z)p'e,  (4.16)

1,7=0 k=0

8

Nk
zfg{\ﬂs

where hy,(z) = e,(z) = 0 for n < 0 and ho(z) = €o(z) =1 .

Lemma 4.3.2 The coefficients of pi! ---pﬁ,"ql'j‘ coog7im in (4.16) can be expressed
in terms of Schur function in the following form:

oo

Z(—l)k_j+lhi—k(x)ek—j(x) = (“1)_j_15(i|—j—1)

k=0 '
= (—1)—"—15(,'.’.1,1—]—1).

Proof.
E( 1)F=i+h_i(z)er—;(z Z( 1)+ hy_i(z)ei(z) = 0 (4.17)
k=3 i=0
since
1 = ezi=ol’izie—2k=ol’k3k
= Zh(z)p Y (—1)rer(e)pt
k=0
k
= ZE )Y hi—i(z)ei(z)p*
k=0 1=0
k
0 = Y ) (-1 hii(z)ei(z)p*
k=1 =0
k .
= ) (1) hr-i(@)ei(@).
=0
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From (4.17)

S (k@) + (-1 his(@)erss(x) = 0

k=3 k=0
Y ()b (@)er—j(x) = Y (=1 hik(z)er-j(z)
k=0 =j
= D (D) ki (2)eos-jo(2)
k=0

= (=1)7'SG-5-1)

O

Hence (4.9) can be written as

7o(z,9) = det( >, (—1)'j"5(;|—j-1)p‘q’j) (4.18)

1,j=0

and
To(z,g) = (=1)7 777" det (5(.1—:'-1))
= (=1)77Tin det (S(;.,.I,I-J-n)) .
Similiarly 7,(z, g) can be written from (4.18) by using Lemma 4.3.1 as

n(z,9) = det(i(—l)'j 5(;-1|-j)p‘q'j)

,j=0
and
n(z,g) = (—1)'j""'"j"det(su—u-j))
_ (1) det(s(,.,l-,,).
In general -
Ti(z, g) = det (Z (—1)-j+l_lS(i—l|—j+l—l)Piq—j)
and .

n(z,g) = (‘U“jlw_jnwandet(s(i_u—ju-l))

- (_1)-j1—..._jn+nl-n det (S(i—l+1,1—1+'—‘)) .
Hence, by (4.14), each 7 is a Schur function. These give rational solutions of the KP

equation, where u = 29%(log 7).
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4.4 Charged Free Fermions with 2 Components

In this section we consider free fermions with 2 components. Consider free fermions

2 , ()* indexed by n € Z and j = 1,2, satisfying the anti-commutator relations

D0 =0, N0 =0, [, v = ikdma,
(4.19)
where [X, Y] = XY +Y X. Such fermions are obtainable by renumbering the fermions

of a single component. For example, the simplest choice is

1(11) = ¢2m ¢$l2) = ¢2n+l
P =g, o=y, (4.20)

Fixing the renumbering (4.20), we identify the vacuum expectation values for the 2
component fermions with the single component fermions. The time evolution for the
2 component fermions are induced by the following Hamiltonian
H(z®,z®) = 3 2y,
i1

n€l
=12

where the time variables are zU) = (_:g(lj),ggj), L) =12).

Lemma 4.4.1 The ezxpectation values of 2 component free fermions are given by

(») (h)

h * 4; w (b h q;

(1/)(h)(Pz(' ))"[’(h) (qj('h)» = p(h) ’ q(h)’ (¢(h) (QJ( ))'p(h)(l’.(' ))> = —p(h) ! q(h)
i T4 U

and

(™ ()8 (gB)) = (pM*(g{M)p®(pH)) = 0,
(™ (M) p® (M) = (p®*(gM)yp®*(giM)) = 0,

where h,k =1,2.
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Proof. From the definition (4.3) and (4.20)

GOEP @) = S (Bt pP)m (M)

m,n€Z

= Y (emt3) B (@)

mmneZ

= Z 62m 2n (h))

m,n<0

(=) h
_ q" g"
= 2 M) = om_m
b; p; q;

m=1

and similiarly

@O (@p® M)y = Y (P B (M)

m,neZ

= > Watam) ()" ()
mneZ

= Z <s2m 2n(p(h) (h))
m,n>0

f: ( (h)) (h)
= 5) =
o \g pM — ¢

Note first of all that
(G, 2®), 6060 = 5 |3 il el o

i>1,k€Z neZ
= 3 Y <J>k(z(w<1>¢fi’,: "’—wif’wﬁ.%.‘i’:))
>1,keZ neZ

then using (4.19), we have

HEW,£0),p06)] = ¥ wﬁf’p<f>k(2«sk,,-+n¢£,“)

i>1,k€Z n€Z
_ Z x?)p(j)kd)l(g—)i = Z wEJ)p(j)i,/}(j)(p(j))
i>1,keZ i1

{(g(j), p(j)),/,(j)(p(j)),

where ¢(z0), pti)) := Z :v(J) ()%, Then the time evolution
i>1

PP(ph) g @) = HED2®) ) (p))e~H D 2)

= e(&dH(z(‘),a.v.(’)))d,(j)(p(j))

(1 +ad H(z0,2®) + 5(ad H(z®, ) + ... )y (p1)),

I
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where (ad H(z™, ()X = [H(z™,z?), X] and so
(ad H(g:_(l),g(z)))md)(j)(p(j)) = (f(z(j),p(j)))m¢(j)(p(j))_ Hence

@ (p), g1, z) = & pD) () (pld)), (4.21)
Similarly, [H(z®, ), p*(¢?)] = —¢(2?, ¢?D)plD*(¢?) and the time evolution for

PpO*(q\), g, 2D) = HED &)yl (gli))e-H =)

=6 a0 ()40,

The 7-functions for the 2 component free fermions with the total charge {; + 5, we

define in the following form for some g = g(*)g(?):

T11'12;13(£(1),£(2)) = (1,2 IeH(g(l),g(Q)) llg = I3, 11 + 13) (4.22)

Vxg, (2)*_H(g) g® 2 1
= (U, o)

where
p gl 1< Dl 1<
T 1=0, ¥=¢1 1=0 .
e 1> 0 Oyl s

For example we take
g9 = ) DD (g") - () (4.23)
for some r,s. Then for r = s,

r000z®,2®) = (0,0]9(z™,z®)|0,0)

T imr £ o) -g(2) ,¢)
= e =12 <g>

and, using Lemma 4.4.1, we get

T0.00(z™M, z?)
o1 €@ pl? (1) g
= o SR e ()0 (gf)) detl (P () (o))
(1) (2)
— (—1)t-1) eepM-e@o __ % &M -e@®q®)__ G
(-1) det(e () 0 det RO (2) .
J 1
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4.5 Charged Free Fermions In General

In this section, we wish to express g more generally in the following form
g P e:?f,ﬁl a‘f'ﬁi'pj., (4.24)

where the ¢', ¥* (i,j = 1,...,N) can be either one-component or two-component
fermions. For example, in this chapter we will take ¥ = ¥(p;) for the one-component

case and ¢* = pM(pV)) or %' = P (p?) for the two-component case. Then the

T-function g is

0 = {(g(z))
N . . N . . 3 .
= 14 3 a0+ Y aniang (WYY 4
iLn=1 11,J1.92,J2=1
N . . . .
+ Z Qiyj, " ai'NJ'N<¢"¢J" T 'wb‘NwJN*)' (425)

13 1jl (20 1'.N1jN=l

If we give the following expectation values
(i) := (P"p#*) := 0 (4.26)

and using Wick’s theorem, the 7-function in (4.25) can be written in the (N x N)

determinantal structure in the following form:
10 = det(I + AV), (4.27)

where I is the identity matrix, A is a constant matrix with the entries A = [a}],
and V is a matrix with the entries of expectation values of quadratic free fermions

V = [(¢¥*¢?*)]. See Appendix for the proof.

Next we give a general M order 7-function, from which the higher order 7-functions

can be obtained. This formula can be written in the following form

™ = <¢i1-”_¢iM:g¢ﬁ_”¢iM}
XY
G 7

(4.28)

where
(d)ild)h) . (,¢,i1,¢N-)
X = : .. :

Y

(¢‘M¢l*) (¢iM¢Nt>
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(¢,i1 d)ilm) e <,¢)c‘1¢€M-)
Y = : : :
(W) oo (i)
(¢1¢i1~) Ve <¢,1¢,th)
Z= : : ,
(@Nyp®) - (PpNyine)

and while g can be given either as
g=9 Nl pl (4.29)

or as in (4.24), then the matrix G can be either G = (ef(z,pe)—f(z.q,)p_i‘qu_) orG =1+AV,
respectively. Thus, G depends on the choice of g. For example, for M =1, N = r and
g is given by (4.29), we have

n = (p**g(z)y™)

W)ilwl*) - (d)ild)n) (¢i1¢il-)

_ <¢l¢il-)
G :

(1/)7',‘/):'1:)

If we choose ) = ¢, $** = ¢ and % = $(p;), $3* = $*(g;) (j = 1,+- ,r), then we

recover the 7,-function in (4.10).

In order to get the soliton solution for the 1-component case, we choose the constants

a;; =0 (i # j). From (4.25)

N N
To= 14w (I 4+ Y ahi (R YYRE ) 4oy
f1=1 i1 <iz=l

N
Z Gigiy ** Qigin (PIPT - PN YINT)

11 <2< <iy=1

gives rise to the N-soliton solution.
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For example, for N = 2 from (4.25) we have the following solution

o = 1+ 22: @i (Y177) + | Xz: 1aimai,jz('/’“%/)j"fl’i’*/’j")
= 1+ ::(';1%51*) + 012(1/’17»4’;,)]1:2221(1/’271’“) + an(P*P*)
+anan(P YY) + anan (P> Y’Y)
= 14 au($'9™) + aiz('9™) + an(P*9") + an(P*y*)
+(a11a22 - auan)(<¢‘¢‘*)<¢’¢2*) - (¢‘1¢'2*)(¢‘2¢‘“))
1+ an(@9™) + an(2")  ann($'9?) + an ($29)
a(¥'Y") + an(P*) 1+ an(¥'y®) + an(P?y®)
and this can be written as in (4.27), 7 = det(I; + A;V2) where I; = diag(1, 1),
Ay = ( a; an ) and V; = ( (W'Ph) <¢1¢2*> )
4y G (P2p1*)  (h2ep?*)

In general the 2-soliton solution can be written from (4.30) by choosing aj; = a2 =

(4.30)

0 (the reason for this choice will be explained in a later example)

1+ an(P'9™)  an(y'y®)
az(P?P) 14 an(Py®)

(4.31)

Example 4.5.1 As an ezample for the one component fermions, we put P! =

Y(p1), v = ¥*(q1) and ¢ = ¥(p2), ¥** = ¥*(q2) in (4.31). The T-function is

7 = 14 an(¥(p)¥"(@1)) + a22(y(p2)¥"(2))
tanaz((¥(p1)¥* (q1)) (¥ (p2)¥"(g2)) — (¥(p1)¥"(22)) (¥ (p2)¥" (@1)))-

Taking the expectation values and choosing ay; = 2 q— kE , G2 = q;flz we get
1 2

— +
T=14+€"+e™+ Ape™™™,

where
ni = &(pi,x) — E(gi, ) i=1,2

and

Ao = (nm —p2)(q1 — q2)
12 = .
(P — @)(q1 — p2)
Hence u = 20%(log 7) gives the 2-soliton solution [12] for the K P equation

(g + Uty + Uggr )z + Suyy = 0.
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Example 4.5.2 Here we give an ezample for the resonant soliton solution for the
KP equation. The 4-soliton solution for the KP equation arises from the following

choice
g= ez},,l axk¥(Pr)¥* (k)

The T-function 7 is

T = (g(z))
= 14 an{(p)v*(q)) + a22(¥(p2)¥"(q2)) + aas(¥(p3)¥*(g3)) + aaa(¥(pa)¥"(q4))
+a11a22(p(p1)¥* (@)Y (p2)¥* (92)) + arrass(v(p1)¥"(q1)¥(ps)¥™(gs))
+ay1a44(P(P1 )" (@)Y (Pa)¥" (as)) + a22a33(b(p2)¥"(g2) % (p3) ™ (g))
+azase(P(p2)¥" (42) Y (Pa) ¥ (9)) + aa3a44(P(P3) Y™ (gs) ¥ (Pa) ¥ (qu))
+a11022033(3) (P19 (91)¥ (P2)¥"(22)¥ (P3) Y™ (43))
+a11622844(% (1)¥"(91) ¥ (P2)¥"(92)¥(Pa) ¥ (q4))
+a11033044(P(p1)¥*(91)¥ (P3)¥" (93) 1 (Pa) ¥ (g4))
+a22033044 (1 (p2)¥" (92)¥(p3)¥" (43)¥(Pa) V" (24))
+a11022033044(P(P1)¥"(91) ¥ (P2)¥ " (42) ¥ (Ps)¥™(g3) ¥ (Pa)¥™ (a4))-

Now we make the following choice of the parameters, namely we substitute p; = py,

then ps = pa, ps = P2, @1 = @2, and gz = q1. Then the T-function

T = 14 an(P(p)v™(q1)) + a22{(p1)¥™(q2)) + asa(P(p2)¥™(q1)) + asa(¥(p2)¥7(q2))
+an1a44(P(p1)¥* (q1)¥(p2)¥*(q2)) + azzas3{t(p1 )" (g2)¥(p2)¥" (q1))-

Taking the expectation values and choosing ay; = h

y W22 — y 33 — )
1 U}
Gaq = P2 — Q2 we get
q2
r = 14 eE(m,z)-E(quz) + ef(th)—f(%yz) + ef(m.z)-€(qx.x) + eE(pz,z)—((qQ,z)
+Alze€(m.w)-€(m .x)+£(pa.z)—£(qz.z)’
where

Ay = (P2 = p1)(q1 — @2)(pr — p2) (@1 — @)
(p1 = @)(p2 — @1)(Pr — 01)(P2 — @2)
This gives rise to the resonant 4-soliton solution of the K P equation.

In order to get the T-function for the 2-soliton solution, as in the previous ezample,

here we choose ay; = aszs = 0. The reason for this choice is that this makes the 2nd

86



and 3rd terms vanish in the T-function. Hence the resonant behaviour that gives rise

to a solitoff [36] vanishes and we get the 2-soliton solution.

Example 4.5.3 For the two component free fermions, we take ay; = a2 = 0 and
put §! = pM(pV), i+ = yW*(gM) and y? = YA(p?), Y = p(**(¢?) in (4.30).
Then the T-function 1, from (4.30) is

" = 1+ an($?P™)  an(P*P™) (432)
012<’(/)1'(/)l*> 1 + al2(¢1¢2‘>
= 1+ ap(p®(EW)p@*(q@)) + a5 (@ (p)p*(¢V))
+a2a2 (O (D)@ (¢@)) (@B (p?)yp ) (g))

— (@D (g)) (D (D) (¢D))).

. p — g0 g® — p(@
Taking the expectation values and choosing ay; = T az = @ we get

the T -function for the two component KP-hierachy (DS equations)

(1) £5(2)
n=14e" 177,

where
ﬂ(j) = f(p(j)7x) - {(q(j),:z,') J=12 (433)

Hence u = 2 gives the 1-soliton solution [54] to the DS equations, where 73 is the

bordered determinant of (4.32).

Example 4.5.4 In order to get the 1-dromion solution for the DS equations we
define the following functions [54] ( see (4.22))
n(z) = (hla—1]ef@gll; —1-1,1; +1),
m(2) = (h+1,lp—2|e¥g|ly -1 —1,1; +1), (4.34)
m3(2) = (li—1,5]e¥Gglly =1 - 1,1, +1),
then the DS equations can be written in the following bilinear equations
DPry 1+ DP'r o my = 0,
Dgl)'rl ‘To + Dﬁl)zrg -1y =0,
DPr 7+ D' ry .1 =0, (4.35)
Dgl)'ra 1+ Dgl)z‘rl -3 =0,
DIDPr .1y — 97515 = 0.
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The T-functions in (4.34) provide a method for generating solutions of the two-component
KP hierarchy of bilinear equations. In what follows we take the simplest choice | = |; =

l,— 1 =0. Hence we have

n(2) = (g(2)),  m(2) = WP %g(2)),  7(2) = (B8 "g(2)),
where g(z) = e ge=HG), The 1 -function is as in (4.30)
1+ an (") + aa () an (') + aa ()

a1(PY") + aze(P*P*) 1+ an(P'Y®) + an(P?P*)
= 14+an('v™) + 012(14'11/’2') + a2l<¢2¢h) + a22(1/)21,/)2*)

+(ana2z — a12021) (¥ ") W?9>) — (P> ) (")),

where we choose P! = @b“’(p“’), P = d)“’*(q(‘)) P2 = ,/,(2)(,,(2))’ P> = ¢(2)~(q(2))
p() — g1) p@ _ @ pl1) = g2 p@ (1)
and a;; = —W’ ay = T’ ap; = T, as = —q(l_)— Taking the

T =

expectation values, we get
(1) (2 (1) 4-5(2)
n=1+€"" +e" +Ape” 7,

where
n(j) = g(p(j)’z) - f(q(j),z) j=1,2

and
_ (0@ —p")(¢!?) - ¢V)

27 (0 — @) (p® — @)’
The Ty-function can be written from (4.28) in the following form.:
<¢i1,‘/)1*) w)i,,‘/)z-) W,ild)i,-)
T2 =| 1+ an(P'9™) + an (") au($'P™) +an(Pp?)  (plyh*)
a12(¢1¢1*> +a22<,¢)2,¢1m) 1+a12<¢1¢2:) +a22(¢2,¢2~> (wzd)i,-)

where we choose Y! = ,lp(l)(p(l))’ PI* = ¢(‘)*(q(1)) 2 _ ,1,(2)(1,(2)), P> = ¢(2)"(q(2)) and
1

; s (2 p) — ¢ .
Y1 =y, P =9, an = @ Then the T,-function is

—— q(l)(p(l) - q(z))e2E(p(l)v2)_E(q“)'z)_f(q(z) vz)
[ O ey '

Similarly the T3-function can be written from (4.28) in the following form
(d)il,(bl-) (¢i,¢,2t) (¢il¢i“)
T3 =1 1+an(®'Y”) +an(®®P™)  an(@'¥) +an(p?*) (P9
au(d)lwl-) + a22(,¢)2,l/)lt) 1+a12<¢1¢2-> + a22(¢2¢2-) <d)2wi,->
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where we choose P! = ) (p(M), Yp1* = p(*(g(1)) 2 = A (p(2)) 2* = $P*(¢?) and
: , (2) _ 4(1)
Pr = 111((,2)"', PH = z[)(_ll), ag; = qu)q_ Then the T3-function becomes

_ 0% - ) 2(P,2)=€(a®) ,2)~¢(a) 2)
[ ) ) :

The transformations P = 2,Q =3, U=logmn yield the bilinear equations (4.35) to
the following DS equations

_i})t + Pzz + Pyy + 2(UE.‘L' + Uyy)P = O,

1Qt + Qoc + Quy +2(Uzz + Uy )Q = 0,

QP = 4U,,.

Hence Q = 2 is the 1-dromion solution [54] for the DS equations.

4.6 Neutral Free Fermions

In the previous section we constructed charged free fermions ¥, and ¥ (n € Z) for
the KP-Hierarchy. Here we exploit neutral free fermions ¢, (n € Z) [50], [54] for the

BKP-Hierarchy, satisfying the anti-commutation relation
[@ms bal+ = (=1)"0m,—n.

The charged free fermions introduced in the previous section can be split into two

sets of neutral free fermions. Namely, if we set

_ d"m + (_1)m¢:m c .d)m - (_l)m :m
b = \/5 s Om =1 \/5 3 (m € Z),

we have [¢m, #n]+ = (—1)™0m,~n, [‘b'\maq;nh = (—1)"6m,-n and [¢m, ¢An]+ = 0.

The expectation values of neutral free fermions are defined by
(=1)"6nn >0

(¢m¢ﬂ> = % m,0 n= 0
0 n<0

and the generating function for neutral free fermions is defined as

$(p) =) _ dip'. (4.36)

1€Z
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Lemma 4.6.1 The ezpectation values are given by

G200 = 3BT (p(pn) =5

Proof. From the definition (4.36)

BN = T GnboloP e = 5+ (=)o}

mneZ n>0

1 o q. n lp._q
= -+ -1 "(_J) = _85n 1

2 §( ) pi 2pi+4q;

and similiarly

($p)do) = Y (bmdolpl =3 pmapl = 3.

mneZ m>0

The time evolution for the neutral free fermions
$(z,pi) = e DP(p)e~ 7@ = etlerlg(p), (4.37)
where the Hamiltonian H(z) is defined as

H@)=3 3 (- aidndon

nel
1=1,3,...

The r-function

T = (g(z)),

where we choose

9=9¢(p1) - é(par), (4.38)

for some r. Then using Wick’s theorem

To(Z,9) = e}:?;xf(z,p.')(g)
(e(p)d(p)) -+ s {(p1)b(par))
elim1 £(zpi) (¢(p2)d(p3)) - (¢(p2)P(p2r))

=1

<¢(p2r-l )¢(p2r ))
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and using Lemma 4.6.1, we get

ro = (9@, p1) - $a, par)) = 5 [ B e T, (4.39)
'<J pi T p;
Now we wish to express the T-function 74 in terms of another class of symmet-
ric functions, Schur’s Q-functions [56], [57], [58]. In general, for a partition A =
(A1,...,Am), a Q-function is defined by

PREDENE | ICAEY I CRESH Y | PNCT e

1<i<j<m i=1
which reduces to the Schur function S)(z) when ¢t = 0, so that Qx(z;0) = Sx(z). In
particular we have the Q-function for the partition A = (i7), namely

j-1

Qi = @95 +2 ) (— 1) qirrs1 gk, (4.40)

k=0

For a general )\, we define a triangular matrix 4 = (Q», A,)). Then, if A has even

number of parts @y = Pf(A), and if A has odd number of parts then

| axr

A q
Q= A

Dm

The element g is given by (4.38) can be written as
Y. PR,
N /
where
g =i G-
Then (4.39) can be used as a generating function to determine 74(z, g’') by looking at

the coefficients of pi! - .- pi2r, where i; > i3+ > i3, € Z. Next we expand the entries

of the determinant in (4.39), in the following way:

lpi—pi _ 1 ( Pj)"“ tam) — N K
= =>4 -2}, R = N g (z)pf, 4.41
2pi+p; 2 g pi ,Z; (441)
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where g(z) are the complete symmetric functions. Thus the (z, j)th entry in (4.39)

can be written as

1 P. D; y
(d(z,pi)d(z, p5)) = 0B Lepi)+e(mp))

2pl + pJ
n+l ) 0
- (3+35(-2)") Satont Sacom
n=0 k=
1 (o ¢}
= 5 Z‘qumfp, + Z Z 1)"+lqkqlpf -n—1 I+ﬂ+l
k=0 k=0 n=0
=0 1m0
1 e o o0
= § Z q"q’p' pJ + Z Z(‘l)"+IQk+n+1QI-n-xpfp§-
i *o! =0
0 00
= 3 Z (qqu +2 Z lqk+n+lq1-n-l)PfP;', (4.42)
km—1 n=0

im0

where g;(z) = 0 for i < 0 and go(z) = 1 . The coefficients of pF p] in (4.42) are the
Q-functions defined in (4.40). Therefore, we can write the (i, j)th entry of neutral free

fermions in terms of Q-functions as follows:

(#(z, p:)d(z, P3)) ZQ(kl)P.p,

hm=1
[{ 14)

Hence the 7-function in (4.39) can be written in the following form:

[+ o)
T6(2,9) = 277 Pf(Z Q(k.-:,)pf‘P;’)

kjm—1

l]--o

)
= 27 Z (Q(k.l,) pr pl ’ pﬁ'r

ki, hr=m—1
Ip,er lpm0

and
To(z:g) =27 Pf(QGJ‘))
Hence by (4.40) each 7, is a Q-function. These give rational solutions [50] of the BKP

equation, where u = 28, (log 7).
4.7 Neutral Free Fermions In General
Next we wish to express g more generally for the neutral free fermions in the following

form:

g - 62?2,,-1 a‘j¢‘¢J s
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where ¢', ¢/ (i < j = 1,...,2N) can be either one-component or two-component
fermions. For example we will take ¢* = ¢(p;) for the one-component case and ¢*' =

¢M(pM) or ¢* = ¢ (p(®) for the two-component case. Then the r-function is

s = (9(z))
2N . . 2N . - . .
= 1+ Z G4y 51 <¢u¢.n) + Z A4y 5y Gizga (¢ @) + - +
#1<n=1 i1<j1,42<j2=1
2N . . . .
Z Gy 5, Qinjn (¢“¢Jl te ¢‘~¢JN)- (4.43)

11 <1, iN<INTL

Next we give the following expectation value
(¢'¢') := 0. (4.44)

Using the definition of the expectation value in (4.44) and Wick’s theorem, the 7,

function in (4.43) can be written in the following pfaffian form:
s = Pf(A) Pf(5), (4.45)

where A and A’ are constant tri-angular matrices with the entries A;<; = [ayj], 4ic ;=
[a;j] respectively and S is the tri-angular matrix with the entries Sic; = [a;; + (¢'¢')].
A and A’ have the relations A = Pf(A4)(A")! and (Pf(A4))~! = Pf(A').

Consider a triangular array A = [aijli¢j=1,...n Of size n, i.e.

a2 413 ‘- Q1n
a . s e a
A= 23 2n
Qpn—1i,n

Then one may define an adjoint array A' = [(—1)"**'a} ]icj=1,..n Whose entries are
pfaffians of subarrays of A. To be precise aL is the pfaffian of the array obtained by
deleting the k-th and [-th lines in A. Now we define

A4 =gt

Note that this array is the analogue of the inverse of a matrix; for a matrix M,

1
-1 _ t
- det(M)M
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Indeed if W and W’ are the skew-symmetric matrices whose upper triangles are A and

A’ respectively, then W' = W-1,

For example, for N = 2 from (4.43) we have the following solution:

4 4
T, = 14 Z Qi1 (¢‘.1 ¢Jl) + Z i, 51 Qizja (¢" ¢'2¢”>
f1<j1=1 f1<)1,i2<s2=1

= 1+ a12(¢'¢") + a13(8'¢°) + a14(8'¢) + a23(¢°8%) + a24(d”¢") + az4(¢°¢")
+012034(F' 6°6°F*) + a12024(0' $°6°¢) + ar4023(¢' ¢'0’6°)
= 14 a12(8'¢%) + a13('8%) + a14(8'8*) + a23($*6°) + a24(d*¢') + ase(¢°4")
+(a12034 — a13a24 + a14023)((¢1¢2)(¢3¢4) (¢l¢3)(¢2¢‘> + (¢’1¢4)(¢2¢3))
1 a2 a13 a4 4
- 2104 (5 *+ Fg @)+ B )+ Bty 'Y
oAy ) + Pf‘z”/; Laak P;‘(j; (86 + (8 4)(8°4)
@S + (SN
= Pf(4,) (Pf(A;) + a34(9'8%) — a34(8'8%) + ag3(8'*) + 0,,(8°¢°)
—ay5(¢°¢*) + a12(8°0") + (¢! ') (8°¢") — (¢'6°)(¢°¢")

+(¢‘¢“)(¢2¢3)) , (4.46)
where
[am a13 a4 a;u —alu alzs
Ay = azs Gz | Pf(4,) 4, —ay
as4 | ay, ]
and -
a'm alls alu

[ !
Gy3 Q4

’
G3q |

Now we can write the expression 74, in (4.46) in the form of (4.45)

Ts, = Pf(A2) PI(S52), (4.47)
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where
[a’m F @) dt (B dit (86
Sz = ahs + (626°) ah + (476
a3q + ($°4*)

Example 4.7.1 For the soliton solution for the one-component case, we put ¢' =
+ +
8(p1), 9 = 8(q1), $° = B(pa), ¢ = $(gz) and choose ary = 22T, 0g, = 9B 2T

nh—q P—q
a13 = Q14 = Q23 = 424 = 0. The T-function from (447) 1s

1+ a12(¢(p1)d(@)) a2(d(p)d(p2))  ar2(é(p1)b(g2))

= aza(H(q1)P(p2))  ase(d(q1)9(q2))
1 + a34(p(p2)d(q2))
= 14 a12(é(p1)#(q1)) + a34(B(p2)$(q2)) + a12a34({B(P1)#(q1)){¢(P2)(q2))

—(¢(p1)d(p2)){B(q1)P(g2)) + (B(P1)#(g2))(B(q1)b(p2)))
= 1l4+e"+e™+ Blge’“"'"’,

where n; = {(2,pi) + &(z, ) (1 =1,2) and

_ (m =)@ — @2)(P1 — @2)(q1 — P2)
(pr+ P2)(@ + @2)(Pr + @) (1 + p2)

Hence u = 28,(log T) gives the 2-soliton solution [58] for the BKP equation

Bl2

(us + 15uus, + 15ud — 15uzuy + usg)s + Suazy — Suy, = 0.

Example 4.7.2 For the two-component case, we put ¢! = ¢V (p!1)), ¢? = ¢(V(¢'V)),
¢® = ¢ (p?), ¢* = ¢ (¢?) in (4.47). Then the T-function from (4.47) is

1+ ayp(M(pM)M(¢M)  ars(¢W(pV)gM(gM))  ar(¢M(pM)e V()
TE azs(6@(p D)D) azu(¢(p)4)(q))
1+ ase($D(p®)4D (g D))
= 1+ (W (p)E(g)) + asuld D (p)8 ()

+(a12a34 — ay3azy + 014023)(¢(l)(P(l))¢(l)(q(l)))<¢(2)(P(2))¢(2)(q(2)))
1p0 =gV  1p® —¢®

_ 1 1 () 402
= Lo mrm® Tegmrgme e ’
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where n® = £(z@,p¥) + (29, ¢1) (i =1,2) and

1p0) — g p@) _ 4@

Bl2 = (a12a34 — Q13024 + al4a23)zp(1) + q(l) p(g) + q(z) .

Hence u = 8,,(log T) gives the 1-dromion solution [{4] for the NVN equations

Ut = Uggy + Uyyy + 3(Q.ﬂ:u)-‘b‘ + 3(¢w“)y

u = P

We note that the r-function in (4.45) is the pfaffian analogue of the 7-function in

(4.27), namely from (4.45) 7 can be written in the following form
T = Pf(A) Pf(S) = Pf(A) Pf(A" + V),

where Vi¢; = [(¢*¢’)] and the corresponding determinantal form can be written in the

following form, from (4.27):

7 = det(] + AV) = det(A(A™' + V) = det(A)det(A™' + V).

Appendix

To show that the expression given in (4.27) is valid, we take W = AV (where W is an
(N x N) matrix with the entries W = [w;;]) and expand in the following form [55]:

0 = det(I + AV) =det(I + W)

N N .. .
= 1+ Ewii + z ot
i=1

iG=1| Wi Wjj

+---+}W|, (4.48)

where w;; = ax;(1*1)’*). Hence the expression in (4.25) is reduced to the expansion in

(4.48) after eliminating some terms according to the definition given in (4.26).
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Chapter 5

The KR and mNVN Equations:
The Pfaffian Technique

5.1 Introduction

In this chapter we study two (2 + 1)-dimensional integrable nonlinear evolution equa-
tions; both have dimensional reductions to known integrable equations in (1 + 1)-
dimensions. If the two spatial variables appear on an equal footing and hence allow
such reductions in either variable one calls the (2 + 1)-dimensional system a strong
generalization of the (1 + 1)-dimensional system. For example, the KdV equation has
two generalizations to (2 + 1)-dimension, namely the KP equation which is a weak
generalization, and the NVN equations which are a strong generalization of the KdV
equation. The Konopelchenko-Rogers (KR) equations are a (2 + 1)-dimensional strong
generalization of the (1 + 1)-dimensional sine-Gordon(sG) equation analogous to the
modified Novikov-Veselov-Nitzhik (mNVN) equations

4u; = Usge — Uyyy + UgVsr — uyvyy, — ud + ud

Vgy = Ugly.
These reduce to the potential mKdV equation

3
2us = Ugzz + 2“,

when y — —z. Hence the mNVN equations are a strong generalization of the potential

mKdV equation. Both the KR and mNVN equations have pfaffian solutions.
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In section 2, we recall some results from [61] and [62]; we apply the gauge transfor-
mation to the Lax pair of the KR equations and, after rescaling the Lax pair, we derive
the weak Lax pair for the KR equations. The compatibility of this Lax pair leads to
the KR equations. In section 3 we carry out the same procedure as in section 2 and
obtain a new result for the mNVN equations. In section 4, we show that the KR and
mNVN equations in the bilinear form reduce to the identity of pfafians. These are

new results.

5.2 The two-dimensional sine-Gordon equation

The system of Konopelchenko and Rogers [59] arises as the compatibility conditions
for the triad of operators

Ll = 6,\’ + Say,

LQ = 6¢3y - VaY - WYs

L3 = 6{0){ - Vax - Wx,

0 . . C .
where 3, = — is a derivative with respect to the indicated variable and

0z
cosf sind
g = : (5.1)
sinf —cosd
V= l 0 _0' )
2\6, o0
1 odx — cos Oy ¢y sin 0
Wy = —— ~ ¥ ’
2sin 6 —¢y sinb —(dx + cosO¢y)

1 ¢y — cosBox ¢x sin 0
Wx = —— ; y ’
2sin @ —¢xsind  —(¢y + cosO¢px)

in which 6, = ¢ + .

Next we will transform the Lax pair of the 2-dimensional sine-Gordon(sG) equation

into a new Lax pair which is gauge equivalent to a pair of operators. The Lax pair of
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the 2-dimensional sine-Gordon or Konopelchenko-Rogers (KR) equations is

L := g'Lig=0x-Joyr+Q
M = g—l(Lg - JL3)g = 0,0y + S8,0x + %(ayA + BXSA)a,
+1(0.8y + OyiA + 0x.SA) + W, + W,

J= (5.2)
0 1

where g is the gauge and

is the reflection matrix,

(%)
A= , (5.3)
-1 0

in3¥ _ 36

~1 _ Ox: sin 3 Ccos 3
W, = z . ,

4COS§ _c083_0 “Slny

2 2

. 1 [ (px+0ye—py)tand  (px — Oy +pv)
W2 = -
4\ (—px+0vi+py) (px +0y +py)tan?

in which p = ¢ — é. The matrix S = S can be written in the following form

Sg = —ReJ = —JR_y,

cos® —sind
(5.4)
sin@ cosf

is the rotation matrix and J is the reflection matrix given in (5.2). The gauge is chosen

where

Ry

to be a ‘half-rotation and reflection’, thus g := Sy, for which g2 = I. If we rotate axes

(X,Y) = (z,y) so that 3, = 0x + dy, 8, = Ox — Gy we get the following Lax pair

Lo [ o s
—%0,, au

M - 9,0, +0, 16,9, ,
—%ozat axa! + @r
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where

_ _Pyt8ycosh

— 6.4 cos

_ Pz
9, = 2sin d

2sin @

To simplify the notation and to free § for more conventional usage, we rescale

f — 2u and © — v;. In these variables the Lax pair is

Let

M = 6,,6, + Uyt uva, .
_uzat axat + vz

(%)

(5.5)

(5.6)

(5.7)

be a common solution of L& = M® = 0 for L and M given by (5.5) and (5.6)

respectively. If we write L& = 0 and M® = 0 in component form we get the linear

equations for the KR equations

¢ +ud® =
¢;2, - uyd’l =
45,1,: + vvt‘bx + uv¢? =
G2+ ved® — U =

-

-

o o o o

The commutator for (5.5) and (5.6) is

[L,M]=LM — ML = (

where

(L, M)
(L, M],
[L, M]3,
[L, M),

[L»M]l.l [LsM]lJ
(LM, (LM )

Vpyt + Uylys — (u? — u,’,)a,,
UgVpt — UgVyp — Upyt — uztay <+ (uz: + uv)(a:r - ay)ah
uyvxt - uyvyt + uzyt + uytaz' + (u:: + uV)(aI - ay)ah

2 2
Uryt + UpUsze + (’u;. - uy)af'
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To eliminate the operators, we use the linear equations (5.8)-(5.11) in the above com-

mutator, then we get

[L’ M]l,l = Ugyt — UyUgpr — UpUy,
[Ly M)y, = —ugVy — Uzyt — UyVre,
[L, M)y, = v+ Uy + uzvy,
[LyM)y; = vzye — sty — uyus,.

Solving these equations for the compatibility condition {L, M] = 0, we get the KR
equations

Uyt + ULVt + UV = 0, (512)
Vgy — Ugy = 0. (5.13)

5.3 Lax pair for the modified Novikov-Veselov-Nithzik

equations

It is known that a Lax pair that gives pfaffian solutions of nonlinear equations satisfies

the following equation [63]
OxL+ L'dx =0, (5.14)

where L is one of the Lax pair and L' is the adjoint of L. As shown below this is
satisfied by L, for the KR equations. We wish to study similar Lax pairs which obey

this constraint.

We take the following Lax pair

~

L = 0y + S0x

~

M = 8,4+ (Ed% +0%F + Tdx + 0xH + B)dx,

where S is given in (5.1) and E, F, T, H, B are arbitrary 2 x 2 matrices, which we
will find out later. The adjoint pair is

It = —oy —0xST7,
M' = —08,—0x(0%ET + FT0% — 0xTT — H79x + BT).
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Next we substitute these into the left hand side of (5.14). We get
OxL + Lt0x = 0x(8y + SOx) + (~0y — 8xST)dx =0
and
3xM + Mfax =
Ox(0: + (EO% + 0% F + Tdx + 0x H + B)dx)
+(—0; — 3x(6}ET + FTO} —0xTT — HT0x + BT))ax =0
when F = ET, H = —TT and B = BT. The compatibility condition for this Lax pair

[L,M] = [by,8)]+ [0y, EB}]+ (0y,0% ETOx] + |8y, T%) + [0y, —0xT"x)
+([8y, Bix] + [SOx, 8:] + [SOx, EO%] + [SOx, 0% ET x|
+[S0x,TA%] + [SOx, ~0xTT0x] + [Sdx, Bdx] = 0

gives E = S and T = —TT. Hence we can write the Lax pair (strong) [63] for the

mNVN equations in the following form:

L = v+ Sox (5.15)

~

M = 0,4+ (58% +08%S + Tox + dxT + B)dy, (5.16)

where S is given in (5.1), T = wA is a skew-symmetric matrix in which A is given
by (5.3), and B is a symmetric real matrix. The matrices S and A have the following

properties
S*=1 A*=-I, SAS=-A, ASA=S5, AS=-SA (5.17)

and
(AS8)? = (8A)* =1, (5.18)

where I is the 2 x 2 identity matrix. To find the entries of the matrices T and B, we
make use of the compatibility condition of the Lax pair, [L, M] = 0. This commutator

is
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[L,M] = [8v,8)]+ [0y, S0%)+ [8y,0% SOx] + [0y, TO%] + (O, Ox T x|
+[0y, BOx] + [SOx, 04 + [SOx, S0%] + [SOx, B% SOx]
+[S8x,T8%] + [Sx, 0xTOx) + [SOx, BOx]
= 2(Sy —SSx — SxS+ ST — TS)0% + (2Sxy + 2Ty — 3SSxx
—SxxS —48% +35Tx — AT Sx — TxS + SB — BS)d%
+(Sxxy + Txy + By —S: — SSxxx — SxxSx — 25xSxx
—2TSxx + STxx — TxSx + SBx — BSx)0x. (5.19)

Before looking at this in more detail we will determine the necessary derivatives of the

matrices S and A. Using the properties of the matrices S and A given in (5.17), (5.18),

we have
Sx = 0xSA, Sy =6y SA, S =6,5A, (5.20)
Sxx = 0xxSA — 6%S, Sxy =0xySA—0x0yS, (5.21)
Sxxx =0xxxSA—30x0xxS — 6% SA, (5.22)
Sxxy = OxxySA — Oy0xxS —20x0xyS — 050y SA, (5.23)
Tx = wxA, Txx = wxxA, Txy = wxyA. (5.24)

In order that the compatibility condition (L, M ] = 0 is satisfied, the coefficients
of the operators Ox, 8%, % must vanish. Using the derivatives (5.20)-(5.24) and the
relations in (5.17) and (5.18), from (5.19), the coefficient of 9% vanishes if

Sy —8Sx —SxS+ ST -TS =SA(8y +2w) = 0.
Hence w = —16y and T = —10y A. From the coefficient of 8%, we get
(26xx + 0yy)A =SB - BS (5.25)
and, from the coefficient of dx, we get

(Oxxy —26:)SA —30x0xyS + 2By + 2SBx —20xBSA
= (Oxyy + zoxxx)A. (5.26)
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From (5.25) B = SBS + (20xx + 0yy)SA. To write B explicitly, we take B in the

following form
1
B = (6xx + §0yy)SA +aS + 81, (5.27)
where o and S are to be found in terms of dependent variables, and then

1 1
Bx = (Oxxx + §9xyy)5A —0x(0xx + 50}'}’)5 + axS + alxSA + Bx,
(5.28)

1
By = (OXXY + %eyyy)SA — ey(exx + -2—0yy)5 +ayS+abySA+ By.
(5.29)

Next, we substitute (5.27), (5.28) and (5.29) into (5.26) and, after simplifying, we get

the following equations

30xxy + Oyyy — 26, +2a8y —280x = 0 (5.30)
—30x0xy — 20y0xx — Oybyy +2ay +20x = 0 (5.31)
—0x(20xx +0yy)+ax + P8y = 0. (5.32)
From (5.31), we write
1o 1o
(@ = 26x = 70v)r = (Ox8y — B)x,
and define the following relations
1 1
'l/)X = ZO} - Zogz, '¢Y = 0,\'0)/ - ,6 (533)
From (5.32), we write
1
(a = 0% + 563)x = (Bxby = B, (5.34)

and then we substitute the expressions defined by (5.33) into (5.34). We get the

following relation
3 02 2
Yxx — vy = 7(6k — Oy )x. (5.35)
Hence using the definition (5.33), the B in (5.27) can be written in the following form

1 1 1
B = (0xx + §0YY)SA + (¥x + ;1'03( + 4—0?/)5 + (Ox0y — ¥y)l.

(5.36)
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In summary we have

~

L = 0y + S0x

~

M = 8 +(S0% +0%S+Tox +0xT + B)dx

where S is given in (5.1), T = wA is a skew-symmetric matrix in which A is given by

(5.3), and B is given by (5.36), and the compatibility condition gives (5.30) and (5.35).

5.3.1 Alternative form of the Lax pair

Now we will use a Lax pair which is gauge equivalent to the pair L, M given by (5.15),
(5.16) respectively. To do this, again we observe that the matrix S = Sy may be written
in terms of the rotation matrix given in (5.4) and the reflexion matrix given in (5.2),

so that
Sy = —ReJ = —JR_,.

Again, the gauge is chosen to be a ‘half-rotation and reflection’,
g := Sep2

for which ¢* = I, and g7! = g. For further usage, we also observe the following

equalities of matrices
Ag=—-gA, gAg=-A, (gAP?=1,  gSg=gSAgA= -/,

~JA=gSgA=_C,

where C is defined as

and the derivatives for g are

1 1
gx = §9x9A gy = §0Y9A

1 1 1 3
—OxxgA — Zofvg gxxx = -2-9xxng -1

gxx=2

1
OXHXXQ - '8-03(gA
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Then the gauge transformation for the Lax operator L is

L=g'Lg = g(0y +Sox)g
= ggv + g°0 + gSgx + gSg0x
= 6y—Jax+%0yA—%0xJA

and hence L can be written in the following form:

L =08y -J0x+Q, (5.37)

0 Ox+by (5.38)
bx —0y 0 ’

and the gauge transformation for the Lax operator M is

where

N —

Q:

M = g-lMg

= (8. + S8% + 8% S0x + Td% + 0xTdx + Box)g

= gg:+ g°0: + gS0%g + g0% SOxg + gTO%g + g0xTAxg + gBOxg

1 1 1 1
= 8+ (8xxC + Zag(.i + EaxyA - 50yyc —xd — 4-03,J — Yy)0x
1 1 1
+(0xC + 0YA)8§( - 2.]6?( + 50¢A + 203(0}’14 - §0xl,[)yA

1
8

1 1
—2 — Z0xx0y — ~O0x0xy.
49x9YYJ 50xx0y — 70x0xy

i 1
+0xxxC — %o;;c + 50xxC + Z0x03C — 20x0xxJ

Hence M can be written in the following form
M =8, + Pox +2Q0% — 2J3% + R, (5.39)

where

Oxx — 30vy — 20xy (0% — 6%) — vx — vy

Q is given by (5.38), and
R Ry R,
Rs R,
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in which

1 1
R, = §9xx(0x —by) + Zax(aw —Oxy),
1 1 1 1 1
Ry = 500+ 10x0y(6x + 50v) + 50x(¥x — vy) + Oxxx — ga‘},
1 1 1 1 1
Ry = ""2‘0t - 4—9x0y(9x - §0Y) + -2-9x(¢x +y)+0xxx — 50},
1 1
Ry = —§0xx(0x +0y) - Zax(oyy + Oxy).

If we rotate axes (X,Y) — (z,y) so that 3, = Ox + 0y, 0, = Ox — Oy, then we have

By = O ; % (5.40)

_8.+9,

aX 9 ’

and
1 1 !
Ox = 5(0:+0,), Oy =3(6:=6,),  Oxy = 7(0x = by),

1 1
0XX = Z(a:r:a: + 20:1:1/ + aw)’ 0YY = 2(031‘ - 20-"’1’ + 0“‘)’

1
Oxxx = '8‘(0.7:1'2: + 3020y + 302y, + 0y, ).

After substituting these expressions into (5.37) and (5.39), we get the following Lax

pair
10 0 0. 1o,
[ = 0X+6Y 2(X+ Y) — 2 (5_41)
Loy —0y) Oy —Ox 19, -9,
and
1
M=&+%ﬂ&+@ﬂé@@&@f—ZN&+@V+& (5.42)
where

DN —

P = —419$Hy + ‘/’y %032 + %0111 : Q — 0 0-"-' ’
%Byy + %azy %ozoy - ¢x 01/ 0
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in which

1

n = 160 (20,,,, + 30wy + 30141/) + = 16 x(ow ry),
1 1
1
+§(azxz + 30::.1:y + 30zyy + oyyy)’
ry = —50, - -3—2—(03 + 6, 02 + 36,02 — 03) + (0 +6,)¢,
1
+§(ozxz + 3020y + 30zyy + Oyyy),
1 1
If we simplify (5.42) by taking out the multiples and powers of L, we then get the
following:
M= M, M, ,
Ms M,
where
1 1 3 3
M, = a,+263+§¢y 6006 +160 Oyy,
M, = Yo.02_1Lo s +—0 +—¢0 +—o,+i(03-30,,02—03)
2 8::;,; 8.1::::1‘ SyW 4!IU 2 32\ ® v v
1 1 1 1 1 1
M3 = §0y63 - gayyay + "ozzz + _¢30 - '2'0t - 3—2'(0: + 30;40: e 03),
1., 1 3
_ _ I3 —0,0,..
M4 at 4az 2¢zaz + 0 0 a 6
To simplify the notation we rescale the variables
3
6 — 2u, Y - 5(% +v,) (5.43)

so that we can get the appropriate form of the mNVN equations. In these variables

the Lax pair for the mNVN equations is
O us 1{ My M
L= ¢ and M=-| ' "], (5.44)
uy —0, 1\ M M,

M, = 40, + 83+ 3(vzy + vy — upuy )0, + 3uyuy,

where

My = 82 — useOs + 3(uyvay + uyvyy — uzud) + uyyy + du, 4+ 0l - u

3

2 3
M3 = Uyay - uyyay + 3(“::”:::: + UgVzy — uyuz) + Ugzr — 4ut - Uu, + uy

My = 40, — 02 = 3(Voz + vy — Uztty) 0 — Juztty,.
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Now, we take the common solution ® given by (5.7) so that L& = 0 and M® = 0

and write them in component form. Thus we get the following linear equations for the

mNVN equations

¢L+u? = 0,
¢2 —u, ' = 0,
4¢; + ¢3l/yy + 3(voy + vy — ”r“y)d’; + Buyuy, ¢
s @R, — Uzed + B(uyvoy + U0y — Usu))$?
+ Uy @ + 4w + (ud —u)g® = 0,
467 — B2z — 3(Vez + Voy — Ugtly) Bl — BUatizsd’
+uy¢;y — uw¢; + 3(Ug Vg + Uggy — uyul)d!

+ uzzz¢l - 4ut¢l - (u: - u3)¢1 = 0.

(5.45)
(5.46)

(5.47)

(5.48)

Next we write the compatibility for (5.44) and in order to write it in the simplest form

we exploit the evolution equations given by (5.45)-(5.48). Hence we get

1 ( 300, — Au, 3Auy + A, )

[L,M]=LM - ML=~
4\ 3Au + A8, 3Ad; + Au,

where

A= Urzy + Vgyy — (uzuy)x - (uzuy)y

and

A= 4Ut — Ugzr + Uyyy + ui - u: - 3“::(”1:.1: + Uzy + U:) + 3u!l(vll!/ + Uzy + u:)'

The compatibility condition [L, M] = 0 for (5.44) is only satisfied when A = 0 and

A = 0. Thus, under this condition, we get the mNVN equations

3,,3
dupy = Ugpr — Uyyy + JUgVsz — JUuyvy, — up +uy

Vgy = Uglly.
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Using (5.49) and (5.50), the equations (5.45)-(5.48) can be simplified to

¢ + Uz’ = 0, (5.51)
¢2 —uydt = 0, (5.52)

Ap} + Bl + Buyy B} + Buyuyy @ 4 usdl, — el
+(3UgVzz + Uzzs)d® = 0, (5.53)

497 — By — 000l — Bustnad’ + uydy, — Uy,
+ (Buyvyy + Uy )9t = 0. (5.54)

The compatibility condition of the strong Lax pair in (5.15), (5.16), as we expect,
gives the same equations as in (5.49), (5.50). From (5.30), after substituting values
for a and B from (5.33) into (5.30), we rotate the axes as in (5.40) and rescale the
variables as given by (5.43), and then we recover the equation A = 0. Similiarly from
(5.35), we do the same scaling and rotation of axes and then we recover the equation
A = 0. The compatibility of the strong Lax pair given in (5.15), (5.16) and the weak

Lax pair given in (5.44) lead to the same nonlinear equation given in (5.49), (5.50).

5.4 The KR and mNVN equations: The Pfaffian

Technique

In this section we will prove that Pfaffians satisfy the KR and mNVN equations.

The bilinear form of KR equations can be written in the following way
U = Ug + ZIH(G/F), v =0+ ln(GF), (5.55)

where G and F are complex conjugates of one another. Introducing this change into

(5.13) we get
Vozy — UprUoy + (FG)—I[Dsz - i(UOny + uoyD,,)]G -F=0. (556)

We suppose that (uo,vo) is itself a solution of (5.12), (5.13) and so from (5.56) we find

the bilinear equation

[DsDy — i(uosDy + uoyDz)]G - F = 0. (5.57)
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Now considering (5.12) in a similar way we get
uOJ:yt + UpzVoyt + Uy Voxt
+ (FG)_I[Z(DszDt + vOztDy + vOytDz) + an:DyDt + uOyDz-Dt]G ¢ F
+ (FG)™*(=iD\G - F)[D,Dy — i(uoz D, + uo,D;)]G - F = 0.

Since we suppose that (uo, vo) satisfies (5.12), and using (5.57), we get a second bilinear

equation

[D;,;Dy Dt + vO:l:tDy + vOytDz‘ - i(quDyDt + UOyD;-Dg)]G -F=0.
(5.58)

The pair (5.57), (5.58) are the Hirota form of (5.12), (5.13). Particularly, if we take
uo = 0, vzt = A and voy; = p, then the Hirota form (5.57), (5.58) simplifies to become

(D.D,D; + \D, + pD;)G-F = 0,

D,D,G-F = 0.

We introduce pfaffians denoted by (1,2,---,2n) (see chapter 2) which represent

the functions G and F in the following form

G=(1,2,---,2n) (5.59)
and

F=(@,2-,2n)" (5.60)
whose elements are given by the skew-product

St 01 = [ Welte 1dz — W, 04,051y + (B3(65)c — (615,
(Fote) (5.61)
where * denotes the complex conjugate, for X = « or y or ¢, Wx[a,b] = abx — axb and
Or = &) + id}

in which, for k = 1,...,2n, ¢} and ¢? satisfy the equations (5.8)-(5.11). The integral

in (5.61) is written so that it is exact, thus

ny[oi’aj] =- yz[ai,oj], Wztloi,oj] = (9:(0J)¢ - (0,-)t0]'.),,
Wyel0:, 6] = —(67(6;) — (6:):85),-
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Therefore, we may find the ¢ dependent element in (5.61) by using these equalities with
the linear equations given in (5.8)-(5.11). The (%, j)-th element of pfaffians in (5.59),
(5.60) is (i,5) = S[6;,0;] and (I',5) = 4%, (I, I?) = 0. Thus the (i, 5)-th element can

be written in the following form

+HWilgl, ¢3] + Wild}, &i])dt + i(Weldl, 7] + Wal#], 4])dz
—(W,(8,83] + W, (6, 6i1)dy + (i 6] — 6{])dt).

In order to prove the equations (5.12), (5.13) we exploit the identities of pfaffians
which correspond to the Jacobi identity of determinants, and show that the derivatives
of the pfaffians are represented by the sum of the pfaffians. From (2.1) and (2.2), for

m = 2, we have the following pfaffian identities

(a1,a3,a3,a4,b1,b2,+ ;b2 )(b1, b2, + , bom)

= (ay,az, by, by, -+ ,bom)(a3,a4,b1,b2,"+ , bom)

—(ay,a3,b1,b2,- -+ ,bam)(az, as, b1,b2, -+ ,bom)

+(ay,aq,b1,b2,- -+ ,b2m)(az,as, 1,02, - ,bom) (5.62)

and

(a1,az,a3,01,b2,- ,bam—1)(b1,b2,°* ,bom)

= (a1,b1, b3, -+ , bamm—1)) (a2, @3, b1, b2, - - , bam)

—(ag,b1,b2, -+ ,bam—1))(a1,@3,b1, b2, - ,bom)

+(as, b1, b, -+ s bam—1))(@1,a2,b1, b2, ;bom). (5.63)

With these properties we prove that the KR and mNVN equations reduce to the identity
of pfaffians. To write the derivatives of the pfaffians we introduce the symbol 6} such
that (8},:) = ¢!, where Z = z,y,t,zy,t,yt,zyt etc. and (8%,8%) = 0. In this
notation we have the derivatives of (5.59), (5.60)
G, = (8}, 1',1,2,--- ,2n) + (82, 1%,1,2,--- ,2n)
+i(8%,1',1,2,-+- ,2n) +i(1%,8},1,2, -+ ,2n),

G,_- = —ux(Iz, 11,1,2,"' ,2n)+(12,a_3-,1’2"" ’2n)+i(a:31151a2,"' a2n)’
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Gy = —u,(1%,1',1,2,--- ,2n) + (I',8},1,2,--- ,2n) +i(1%,8,,1,2,--- ,2n),

G = —un(l’,1,1,2,--,2n) — uy(06},1',1,2,--- ,2n)
+(8%,0%,1,2,--- ,2n) + (1%,82,8},1',1,2,- - ,2n)
—ivg (1%, 14,1,2,--+ ,2n) + iug(0},1',1,2,--- ,2n)
+i(82,04,1,2,--+ ,2n) + 4(1%,82,87, 11,2, ,2n),

Gy = —up(l?1,1,2,--+,2n) +u,(8;,1%1,2,- - ,2n)
+(8},85,1,2,--- ,2n) + (I',8,,8}, %, 1,2, -+ , 2n)
—iv, (1%, 1',1,2,- - ,2n) +du, (82, 1%,1,2, -+ ,2n)
+i(02,0},1,2,--- ,2n) +i(I',8,,1%,8,1,2,-- - , 2n),

G-“!/ = —u,(12,6;,1,2,--- a2n) +uv(Il’a:’1’ 2,0 ’2"’)
+(Il,6;,12,63,1,2,--- ,2n) — tuguy(I%,1',1,2,-- - ,2n)
+i(82,8},1,2,- -+ ,2n),

Geyt = ugvu(I?1',1,2,---,2n) + uyvg(I3, 14, 1,2,- -+ ,2n)
—uzuy (8}, 1',1,2,-++ ,2n) —ux(1%,0,,1,2,-+ ,2n)
~ug(87,8,1,2,+++ ,2n) + up(I',82,1,2,- -+ ,2n)
+uy(8},02,1,2,-++ ,2n) — ugu, (02, 1%,1,2,- -+ ,2n)
+(I',8},82,82,1,2,- - ,2n) — (8,,64,1°,03,1,2,- -+ , 2n)
—iv (12, ni,2,---,2n) — iv,,(]z,aé, 1,2,---,2n)
—iv,(82,11,1,2, -, 2n) — iuguy (87, 1',1,2,+ -+ ,2n)
—iuzuy(IQ,Btl,l,Z,--- ,2n) +iu,(3,1,3;,1,2,--- ,2n)
—iuy(82,8%,1,2,--+ ,2n) +i(I',8;,82,8},1,2,--- ,2n)
+i(1%,02,8},0,,1,2,- - ,2n)

where we have taken uo = u and vo = v, for simplicity. Substituting these results into

the left hand side of (5.57), we obtain
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2((1,2,--- ,2n)(I',8;,I%,82,1,2,--- ,2n)
+(I%,14,1,2,- -+ ,2n)(82,8),1,2,- - ,2n)
—(I%,82,1,2,--- ,2n)(1',8},1,2,-- - , 2n)
—(657 Il’ 112, T ’27‘)([2’6:’ 1a2v tt ’2’7'))

which vanishes by virtue of the pfaffian identity of the form (5.62). Similarly substi-
tuting these derivatives into the left hand side of (5.58), we obtain

2((I',I%,1,2,--- ,2n)(8;,6;,83,1°,1,2,--- ,2n)
—(8},8, ' 1%, 1,2,-- ,2n)(8}, 1%, 1,2, -+ ,2n)
+(8L, 8, 1", 1%, 1,2,- - ,2n)(8}, 1%,1,2, - - , 2n)
-8, 8}, 1", I*,1,2,--- ,2n)(82,I%,1,2,- -+ ,2n)
+(I%, 11,2, -+, 20)(8;,8},02,1',1,2,- -+ , 2n)
—(8, 8, 1%, 1',1,2,--- ,2n)(8}, I',1,2,+ - ,2n)
+(8;,0%, I*,1',1,2,- - ,2n)(82,1',1,2,- -+ ,2n)
—(9;,0, 1, 1'1,2,--- ,2n)(82,1',1,2, -+ , 2n))

which vanishes by virtue of two pfaffian identities of the form (5.63).

Next we prove that the mNVN equations reduce to the pfaffian identities. We have
already shown that equation (5.50) reduces to a pfaffian identity. Similarly, the bilinear
form of equation (5.49) can be written by substituting the expressions in (5.55) into

(5.49). We get

4ot — Uozzz + Uoyyy — SUozVosz + StoyVoyy + Uy, — "3.:
+(GF)™'[i(4D; — D% + D} — 3vo5: D: + 3voyy Dy + 3u3, D — 3u3, D,)
‘-3Uo¢D: + 3uwD3]G -F=0.

Since we suppose that (uq, vo) satisfies (5.49), then we get the following bilinear form

[4D; — D2 + D3 — 3(voss — u3,) Dz + 3(voy, — ud,) D,
+ 3i(up. D2 — uoy DI)IG - F = 0. (5.64)
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Particularly, again if we take up = 0, vo,t+ = A and vg,; = p, then the Hirota form

simplifies to become

(4D, - Di+ D})G-F =0.
For the mNVN equations, the elements of G are given by the skew-product

(23) = [(W.16t,8) - Welgh, 62 — (Wil ]~ Wil o2y
—(W.l¢}, 63] + Wilg?, 6] — §Weldl., 41.) + sWil6i,. 4, ))dt
(Wl 67) + WLld2, ¢ll)dz — (Wylg}, 61 + Wyl61, 8}))dy

+($1 4} — 479} )udt)

in which, for k = 1,...,2n, ¢} and ¢? satisfy the linear equations (5.51)-(5.54). The z
and y dependent elements of this integral are the same as in (5.61), and also exact, and
hence we can write the ¢ dependent elements (i.e. by differentiating the z dependent
element with respect to ¢t and integrating with respect to z, and exploiting the linear

equations given in (5.51)-(5.54)).

In order to reduce the bilinear form (5.64) to pfaffian identities, we need the fol-
lowing derivatives together with the previous derivatives of G, again for simplicity , we

take up = u and vy = v.

Gt = (Il’atl’l’z"”’2n)+(12aat2’1a2$"°’2n)
(B} O 1,2, 2m) + (0, OB 1,2, 2m)

yy)?

+i(63,11,1,2,... ,2n) +i(1%,01,1,2,- -+ ,2n)

Gox = —Uge(I?14,1,2,-+ ,2n) —us(83,1',1,2,-+ ,2n)
+(12,3zz,1,2,--- ,2n) +i(63,,1‘,1,2,--- y2n)
—iug (02, 1%,1,2,-++ ,2n)

ny = _uyy(12’111172"” ’2n) —u (1231?1’27“. ,2“)
+(I',85y,1,2, 0+, 2n) +4(1%,8,,,1,2, -+, 2n)
+iuy(11,0},1,2,- - ,2n)

' Yy?
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Grge = _u:wz(lz’ Ila L2,-.-- ,2n) - 2uzz(a:’ 11, L2,-.-.
_uw(a:z’ Il’ 1’2’ v ’2n) + “:(az, 12, 19 21 te
+(82,82,1,2, -

xx)

+i(0%,,, 11, 1,2, -+ ,2n) — 21u,(82,, 1%, 1,2, -
+i(1%,02%,82,,1',1,2,- -+ ,2n) — fuz(02, I%,1,2, -

Guyy = —tiygy(I% 11,1,2,+ -+ ,20) — 2uy, (12,8, 1,2, -
—ul(1',8),1,2,-++ ,2n) —u,(1%,8,,,1,2,- -
o, 2m) 4+ (14, 8L,,1,2,-

' Yy

+(93,8},,1,2,

vy

+i(1%,0)

vy

+i(1*,02,1%,0%,,1,2, -

Yy yy?

©y2n) + (1%,02,,,1,2,- -

'y Yyyy?

- ,2n) +z'uw(11,6;,1,2,---

1,2,-++,2n) + 2iu,(I',8},,1,2,- -

Substituting these results into the left hand side of (5.64), we obtain

4i((1,2,--- ,2n)(I%,82,82,,1',1,2,- -

—(I%,1',1,2,-- ,2n)(82,82,,1,2, -
,2n)(82,1',1,2, - --
2n)(82,,1',1,2,- -

+(1%,8%,,1,2,---

—(12,343,1,2,"' ’
(I, 84,1,2,- -,

»Hyr

_(12 01,2,

» Yy

+(12a11,1,2)"' ’

+(1a2" v ’Zn)(I2

2n)(I%, 8,

y’

2n)(1%,8%,,1,2,- -

Y Yyy?

2n)(81,8%,,1,2, "+

W

a o I1'1,2,- -

Yy Y

1,2,

»2n))

which vanishes by virtue of the pfaffian identity of the form (5.62).
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