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ABSTRACT

DEPARTMERT OF MECHANICAL ERGINKERING
UNIVERSITY 0F GLASGOW

Doctor of Philosophy

THEE RESPONSE OF VEHICLE COMPONENTS TO
RANDOM ROAD SURFACE UNDULATIONS

by

Colin J. Dodds

Standard technigues of random vibration analysis have been anplied
to the problem of determining tne response of vehicle components to random
road surface undulations. A simple road classification method, which
will typify the general terwain inputs to vehicles is proposed and iz
based on the knowledge of the spectral density of any longitudinal track,
Finally, this work introduces a novel technique for simulating in the
laboratory the response of a vehicle to recad profile excitation,

Three analytical mcdels of increasing complexity ave used to
describe the road surface roughness. The first considers the road as
consisting of a cylindrical surface which can be defined by means of
a single longitudinal track?/zﬁﬁx), treated as a member funcition of a
Gaussian random process {ﬁ{&x)g » In this case the spectral densit,
,d;(n), of the track,'ﬁ}(x>, completely defines the process. v

To introduce lateral irregularities into the road surface
description, a second model is discussed in which the surface is considened
to consist of random fluctvations in the longitudinal direction with a
constant lateral slope which varies randomly for each longitudinal
increment. Complete description of this surface i3 provided by the
spectral density,-JD(n), of any longituvdinal track and the coherency
function, ﬁ(n), which describes the related properties of any two parallel
T

trackss in this case it is implicitly assumed that the cohevency function
H v

is invariant with track width,



Finally an examination of the surface ag forming part of a
completely homogeneous two dimensional random process is shown to have
definite promise and to provide perhaps the most accurate and yet
analytically simple method of road descriptionsy it is demonsitrated that
the spectral densiqty§ Jg(n), of any longitudinal: track provides the
exhaustive probability characteristic necessary to describe the suxnface,

General response relationships are derived for the various
mathematical models used to describe the vehicle, Models with one, two
and four inputs are considered, In the case of one particular vehicle,
the pradicled responses of selected components are compared with those
actually measured on the vehicle., The degree of agreement obtained is
encouraging; exceedingly simple road-vehicle models being necessary to
achieve this.

Finally a simulation technique which will enable vehicle response
to be reproduced in the laboratory is proposed. The test, which is
currently under development, is described; synthesised displacements,
based on a knowledge of road profile spectra, are applied to the
vehicle, It is shown that there are considerable difficvlties in bhasing
such a test on previously recorded stress histories, and that this new
technigue, coupled with the response analysis derived for the various

vehicle models, seems likely to provide a very good simulation of

vehicle response to road surface undulations.,
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CHAPTRR 1,

When a velicle travels along a road the undulations of
the road surface impose continuously varying displacements atl the
points of contact of the tyres and the road, and so give rise
{to resvonses in the form of stresses or accelerations in the
various components of the vehicle. Since, on normal roads,
the surflace 1rrégularities are in general random in nature, it is
difficult in vibrating systems as complex as motor vehicles to
analyse and understand the response by purely experimental means,
and resort to mathematical.analysis is essential.

Road surfaces appear amenable to representaticn as randonm
procasses, provided that the effects of such occasional large
irregularities as potholes are removed from the analysis and
treated separately: ‘these must not of course be ignored, If
this is the case, description of the road surface as a stationary
random process will permit ana’ysis based on stochastic vrocess
theory which has been developed into the theory of random vibration,
treated from various aspects by ROBION [l], CRANDALL {iQ,BtS,
BLACKMAN and TUKSY { 4|, BENDAT and PIERSOL |57, CRANDALL and
Rk (6] ana L1 | 7],

In the particular case of stationary random excitations
with a Gaussian distribution and zero mean valve, it is necessary
to consider the time histories of the excitations and compute

their second order moments/...




moments, or in effect, their gpectral densities, to provide a
sufficient statistical descrintion of the process, This descrin-
tion of the road, coupled with a harmonic analysis of the wehicle
will provide a response analysis which will describe, precise
enough to be useful, the response of the systenm expressed in terws
of displacement, acceleration or stress.

A four wheeled vehicle running along a road is subjected
to four imposzed displacementmexciﬁations, one at each wheel,
Complete description of the road surface would therefore need to
provide enough information to describe adequately the displacement
imposed at each wheel (at least in statistical terms) and any
correlation between the four displacements.

There is clearly no major difficulty in providing a
digital survey of the two rcad tracks along which the vehicle wili
traverse, This sampled data can then be used to compute the
gtatistical parameters necessary to provide the required descripliion,
The computational problems in handling large volumes of data have now
largely been overcome with the advancement of computer hardware and
the techniques of random data ana’ysis have greatly improved since |
the days of BLACKMAN and TUKEY [4] with the introduction of the
Fast Fourier Transform algorithm (COOLBY and TUKEY LS} ).

| Using conventional survey techniques to establish the

statistical description of road surface prcfiles, although accurate,
is very slow and time consuming. However, otvher methods of
measurement have heen developed which permit a fast traverse of

the road. MACAULAY [91 gave an account of the state of the art as

it w94S/0 . e
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MTRA (The Motor Industry Research Asgociation)

jof)

in 1963% an
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reported on their first profilometer in 1964 &10&» Subsequent
development produced their existing profilometeriillg 12i§ which
was used to es%ablish the spectral densgities of a wide range of
British and Continental roadé (1970) Yl?j . A similar programme
of road measurement was carried out in Germany under MITSCHKR at
the Instituts flr Fahrzeugtechnik der Technischen Universitat
Braunschwelg, and reported by BRAUN’[13] in 1966e Braun deveioped
a vrofilometer, contained in a single-wheel trolley, which was
pulled behind a vehicle and measured the regsponge of a known
system from which he derived the spectral description of the
sﬁrface undulations.,

However this previous work has been based on establishing
ﬁhc statistical properties of a single track and no account has
been taken of correlation between two adjacent tracks., Work by
PARKHILOVSKT [14] in 1968 has suggested that the cross-correletion
properties are not as complex as they may appear at first sight
and descriptions of the cross properties of two parallel tracks
have been presented independently by KANESHIGE{iﬁ] and DODDS
and ROBSON [16] . |

Howeﬁer a theory vhich will define in statistical terms
a sufficient description of the road. surface in both longitudinal
‘énd lateral directions has not previously béen available and it
' is shown in Chapter 2 that consideration of the road surface
as part of a two-dimensional random process with homogeneous
properties will provide a complete description of the vehicle

excitation environment.



To determine the response characteristics of the vehicle
to rozd surfeace undulation reaquiras not only a gtatistical
description o§ the excitation bul alsc a knowledge of the hermonic
response of the wvehicle, Virtually completé dynamical description
of a vehicle is possible if sufficient degrees of freedem are involved.
Such complete description of the problem is not alweys necessary,
however, and for pzacticai purposes and in an effort to un&eistand
the vehicle-road interaction simplified models are to be preferred,

However, to satisfy this form of analytical treatment
two important restrictions are placed on the vehicle models,
Firstly, to maintain stationarity in the response requires the
vehicle to traverse the road surface at constant speed. This is
not as severé a restriction as mey seem at first sight, as it has
been shown by VIRCHIS and ROBZON [17] s who considered the response
of a single degree of freedom vehicle model to random profile
excitation, that for speeds and accelerations likely to be of
practical importance in road vehicles it would be, at least to a
first approximation, reasonable to neglect such non-stationary
effects due to vehicle acceleration. Secondly, to ensure the

applicability of the spectral density approach in which the

response spectrum of the system isg given by the equation [see eg. i]
O(e) = la(if)l® s¥(r) 1

where Sl(f) is the excitation spectral density and a(if) the
frequency response function of a constant parameter system, requires

not only stationarity in the excitation, but also for a rigorous

use/...



uze of equation (1) requires o(if) to be linear, 7This important
assumption is discussed in Section 2.8,

There have been many notzble contributions to the study
of vehicle dynamics by such avthors as ELLTS |18, 19| BARsoN [20)
anc HALES [2]] , put these have genexrally been concerned with
particular problems associated with deterministic inputs and
not directly relevant {2 the problem under consideration.
Contribufions to the mroblem of profile excited vehicle response
prior to 1967 suffered from a vrelative lack of road surface
descriptions,; although KOZIN and BOGDANOFF [223 (1962)
advanced a response theory in which the description of the
excitation was based on tre models favoured by oceanographers
studying the surface of the sea [251 .

The application of the simple relation (1) between the
sbectral densities of the response and excitation for the
vehicle problem was demonstrated by BIENIEK {24} in 1960
and later by RiPIN [25, 26] in 1962 and 1965, who developed
the spectral response for a single and double input vehicle model,
but was prevented from applying the relationships to a
successful prediction of vehicle response by the lack of road
surface information. More recent work by VAN DEUSEN [27] (1967)
and ROSSINI [28] (1969) consolidated particular aspects of
the vehicle response problem, and it was shown by DODDS and
ROBSON [29] (1970) that successful analyticé,l prediction of
vehicle component response could be carried out using simple

analytical models and a statistical description of the road

surface/...



surface, In thig latter paper the avthors considered single,

double and four input vehicle models and developed the ideas

of PAREHILOVIRY Lléj to provide a simple yet complete descrip-
tion of the cross and dirvect properiies of two random tracks.

It is the object of this present work to show that the
~response of vehicle components to road surface undulations can
be described in statistrcal terms from a knowledge of the road
and vehicle characteristics. Various mathematical models
describing the road surface undulations will be presented and
their relative success in predicting the actual properties
discussed.,

The behaviour of a number of simplified analytical
vehicle models will be examined., In the first instance we
‘shall assume a model system in which only one imposed displace-
ment affects the response, This is not an inconceivable
situation: there are many components in whose response a single
imposed displacement has a predominating effect. We shall take
a greatly simplified dynamical model, which also simplifies
the analysis. Following this, systems having two inputs and
four inputs will be considered - these necessitating correspond-
ingly more complex dynamical models.

The predicted analytical response of various vehicle
.éomponents’will be compared with experimental responge measure-—
ments taken from a test vehicle.

¥inally the ultimate aim of the work is to show how

the testing of wvehicles and their components in the laboratory

as an/ ...



as an alternative to, or in order to supplement, road testing
is possible with recourse to the analysis (coupled with the
experimental verification) presented for rosd and response
description.

Since attention will be confined to the case where a
vehicle runs at constant velocity and is subjected only to
vertical random displacement excitations the fechniques presented
in this work are to be regarded as an essential step towards
the solution of the complete road-vehicle problem rather than
offering the complete solution. Many other environmental and
driver controlled inputs will affect the response, and although
-ignored here, must be included in any vehicle design or vehicle
test specification,

In Chapter 2, the theory of profile excited vehicle
response is presented drawn from the basic theory of random
vibration {13 to [71 . The response relationships for single and
double (inputs fore-and aft) input vehicle models are
presented and following from the hypothesis suggested by
PARKHTLOVSKT [14] a greatly simplified response relationship
is derived for a four input (real vehicle) road-vehicle model,
The conception of a coherency function, 3{n), is introduced
and its usefulness in the road descriptive process explained,
‘Finally it is shown how a complete road surface description
can be achieved by consideration of the homogeneous properties

of a two dimensional random process.



It is assuvmed throughout thig work, and discuseed at
the end of Chapter 2, thzv, for stretches long enough for
statigtical Qescripﬁions to be meaningful, representation
of the road surface as a realisation of a étationary Gaugsian
process is permissible,

In Chapter %, the response relationships derived in
Chapter 2 are applied to a series of vehicle models of
incereasing complexity. Their response characterisiics to
random profile and harmonic excitation are examined. Thig
approach makes it possible to assess the value of increased
complexity not only in the vehicle model, but also in the
method of road-surface description.

The probability characteristics of road surface
roughness are described in Chapter 4, Three road-surface
models, based on the analysis presented in Chapter 2, are
proposed, and in each case, their applicability to the
description of actual road surtfaces discussed. Experimental
response spectra, computed from measurements taken on test
vehicles are examined to validate the response analysis.
Finolly, the response spectra of selected components on the
test vehicle are compared with predicted response spectra
from the analysis derived in Chapter 2 and ﬁsing as input
data one «f the measured test surfaces,

Finolly, in Chapter 5 it is shown that with a
successful response analysis available, together with a

sufficient knowledge of road surface properties, the whole

concept/,..




concept of vehicle testing may be changed by bringing complete

vehicles or their components into the leboratory for simulated

response testing, The dravbackg of gimmlation testing based on
pre-recorded data are demonstrated and a new technique proposed
vhich ig founded simply on a knowledge of the road surface

properties, and built on the analytical techniques developed

for response prediction.



COAPTER 2

AMATYSTS OF T3 ROTTON OF A VEHTGLE MOVING WITH CONSTANT

VELOCTTY ALONS S AANDOM TRACK

The object of this chapter is to present the theory
applicable to the determination of the response of a vehicle
moving along a random ftrack with constant velocity. A brief
exposition of <the theory of random vibration will be given, from
material drawn from references,{1,2§5,6,71 ; and this will form
g8 bagis for the subsequent’analytical treatment., It is also
considered appropriate at this stage to'discuss the asgsumptions
-~ of stationarity, ergodicity and linearity a.nd their applicability

to the present problem,

2.1 Response of a system to multiple random excitation

Consider the system shown in figure 1, excited by a
random point displatement xl(t) having a vesponse at point
xo(t). The impulse function of the linear system is W(t)
and its frequency résponse function, o(if) is given by the

Fourier Transform of W(T) -

o -

a(if) = ,( W(t) e = T g4 2.1.1

- O

The response xo(t) to the random excitation X3(t) is

given by

.o
xo(t) = xl(tmml) W(Tl) dty 2.1.,2

o

- 10 -



The autocorrelation R . {t) »f the resnonse ig defined as
¥ 0 i

(1) = oy (4 BATAN -
RO(1> = <\AO(C) . Xo(ﬁ+m) ) £.1.3

where the angular brackels denote averaging over all time and
Wiener and Khinchin showed independently that the spectral
“density 2(f) could be defined by taking the Fourier transform

of R(T) -

e

s(f) = 2 n(t) e

== O

en l?ﬁfT dT 2;1‘4

Since the inverse relationship is also true

[se
R(t) = j 1/2 s5(£) 2T gp 2.1.5

-

the useful relationship between the mean square value of the

gignal and its spectral density can be simply derived,

(s e}

< xz(t) > = Rr(0) = J 1/2 s(f) af
= jaﬁ 5(f) ar 2,16

These quantities have been defined in terms of a single:
realisation, of infinite duration, of a random process {xo(t)} ;
Mty if the process is stationary and ergodic they are charac-
teristic of the process as a whole. Moreover, if the process
is Gaussgian, the three related quantities,<fx2(t)>, R(m) and
S(f) conpletely define the process. '

Ti:e spectral density of the response Xo(t) in terms of
the spectra. density of the excitation xl(t) can then be shown

[1!5,‘697] t2 be

so(f) = o(if) o (if) Sl(f) 2.1.7

where/...

- 11 -



wvhere the asterisk indicates complex conjugate. The crogs—
correlation function Rlo(r) between the excitation and responae

is defined as
Rlo(f) - < Xl(t) . Xo(t 1) 7 2,1.8
and the Cross-3Spectral density is related to the input spectrum
by
S510(f) = aOI(if)Sl(f) | 2.1,9

Congider now the model shown in figure 2 where the
lirear system is excited by the imposed displacement inputs
.X1<t)’ x2(t) e xn(t), which have spectral densities Sl(f),
| Sz(f) ce Sn(f> and cross spectral densities Slz(f), SlB(f)
coe 823(f) ees The response spectrum will contain contributions
from all the direct spectral densities as in eguation 2,1.7

and from all the cross-spectral densities and is given by

. n n %
So(f) - 2;& g§;:1 o, (if) . as(if) Srs(f) 2.1,10

Noting that we write Sl(f) for %1)(f) ete,, and that the freguency
response function qr(if) is the response of the system to the

rth input, all other inputs being quiescent.

2.2 Single input case; point follower on a random track

Suppose a road (figure 3) to have a profile Ty(x)
which can be considered to be a member function of an ergodic
random process {‘3(x)~g. Suppose that g vehicle moves along

it with constant velocity wv.

- 12 -



In considering the response of a vehicle we shall bq
interestcd in the disolacement imposed on the vehicle at the noint
of contzet as a function of time, and this we will denote by
z(t)° it is obvious that the displacement ’%(x) and Z(t)

v

coincide for corresponding values of x and {, and since

£ = vt 2.2.1

then

1"

z(t) 2,2.2

?g(vt)

When we congider the responsé we will uvse the spectral
density S(f) of the p?ocess {z(t)§ . However, as this will
pe velocity dependent we will need to define a spectral density
ofkthe Process {43(X)S . Let this be denoted by Tf(n) where
n represents the spatial frequency.

The relationship between these two spectral densities
can be derived as follows,

Define the autocorrelation function of the process

f\(é) . < b( x) o (x 6) 2.2.3

Now if R(T) is the autocorrelation function of the

process {z(t)} then

11

Calt) o oalt +4) >

Ab(vt . vt ) S
L A4x) .3@{ +8) Y b=
g?(é) | 2,2.4

R(7)

il

it



, Wi . .
The spectral density & (f) i given hy

-

. e
st(f) = J(QR(T> e T
HS‘? ” ., &
[ Rey o =375 ()
RS &) )
(f = vn and & = vt)

g
/f\ - .
_ % Uggj{(é) o 12nnd a6
B

= L) | 2.2.5

Thus if the profile specirum /J(n) is known the respongce

of the vehicle at any speed can be determined by
L(r) = la 1f)|2 An) 2.2.6

~if we can evaluate the linear transfer function, m(if). This
equation is analagous to equation 2.1.7.

Bquation 2,2.6 gives the response relationship for a
particularly simple’case of profile—-imposed excitation, but
already some characteristic features can be identified., Consider
the effect of varying.the traversal velocity v at any given
frequency. TFirstly, by virtue of the factor 1/v an increase
invelocity tendsto reduce response, and secondly response is
also affected by the presence of v in the argument of Ckf/v).

If for exampie
S () < L/m? 2.2.7

then <f(f/v) would be considerably increased by any change of v,
and as a result of the two factors together, the response would

increase proportionally with v.

- 14 -



N , . . A R .
In certain cases the form of \/(n) [ 30, 31 may be guch

that a change of v may bring into prominence - or sUPPress -

a particular peak of the recenitance curve, and so may have a

congiderable influence on response,

. 2. .
The factor la(1f)| is a property of the vehicle system

- only and is of course independent of v,

2.3 Double input case; two point followers separated by

a simple lag

Consider now the case, shown in figure 4, where the

vehicle is excited by the given profile ?{(x) at two points 1

“and 2 separsted by the distance, a. This ccrresponds to one

pair of front and rear wheels, We assume that the rear follower

will always follow the same profile iy(x) as the front, but

separated by a constant lag, i.e.

% () 4 (x)
20 = 7 - a)

Again for constant velocity

1l

1

7, (t) = '?i(Vt) A1)

zgé(X)

il
1l

7.,(t)

72(vt)

2.%.1

@’/(x)

E?(X - e 2.3.2

To establish the response relationship we note from

equation 2.1,10 that we must first esctablish the cross~spectra,

Sllz(f), and S;l(f) in terms of the road profile spectrum Tjkn),

-15 -



The cross-correlation function is given by

<zl(’u) . z?(t + 1) >

i

Rlz(r)

N\

< (\rt) /, (VL +vE) Y

i

i

< j](l> o/u (n -+ 6)’\/\

il

< /O/(x) O/J(A + 6 = a) >
Reo - 2.5

and hence the cross-—spectrum

i

[ee)
i . _ -ienfy .
57 ,(f) = | 2R, (1) e ds
) iy 2 8
= 23\(6-43,) e vd(;)
= % 2R (5 - a) 7120 g5
) o
- QS s ( B ) s
= % ‘J2qz(6 - a)e i2mn(6-a) d(6-a) e 12mna
1 =i2 .
- _:,_ i21na ( ) 2.%.4
Similarly
i 1 i2nna . ,
S 21(f) = 7 e /J(h) 2:%.5

The response relationship can now be derived.

il

s°(£)

a;(if) ) (if) Si(f) + ai(if) @, (if) Silz(f)

+

% . i K . i
a2(1f) al(lf) 521(f) + az(lf) az(lf) SQ(f)
2.3.6
1 * )
= = lo o +o -1i2nna * i2nna
v [- 1% T Oy + %a, e oy € ]/d(n)

2.3.7

(omitting, for simplicity, the (if) )
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The o's are receptances comneciving the response with
the imposed displscement (t) at the erxcitation point concerned:
in order that superrosition should be vermigsiltle it is cssential that
cach receptance should be established with the other excitation
point assumed fixed.

This may be conveniently written as

S L(r) = }; [ Alf) + B(£) cos 2mna + C(£) sin 2nna]/f(n)
2.%.8
. ) X ¥
where A(f) = ooy b, o,
B(r) = 2 Re[og «, ]

T c(f)

i

-

2 j“"l“l “21
Equation 2.%.8 establishes the response spzctrum for a single

’track vehicle, provided we can evaluate the rcceptances « (Jf)
and a2(if), which again will be only vehicle dependent. However it
may be noted that at all frequencies the traversal velocity v now
appears in the exponential factors (because n = f/v) as well as
in the factor 1/v and in the profile spectral density. It will
be worthwhile to obtain a meaningful physical picture of this :
response relationship and to predict how changes in velocity

might affect the response of such systems in general.

2,4 The double input transfer function

Examination of equation 2.5;8 shows the respouse spectrum

is related to the road spectrum'dkn) by the function

'Wj(f)‘Qz A(f) + B{(f) cos 2nna + c(f) sin 2mna

= a*a + a*a + *a e i2ma + a* 121ma, 2.4.1
TN T RN T 6% 2% © -

- 17 -



, 0] 1 N2 , ,
i.e. L) = = IT(e) 15 (n) 2,4.2
This is similar to equatior 2.2.6 for the response of s

single input system. 1% is therelore worthwhile to congider some

. . S s ' ey
of the properties and specisl cases of this function, jﬂ(fﬂ .
Whereas the single input receptance, or transfer function, is
dependent only on the dynamic properties of the vehicle system this

new function is also dependent on the vehicle speed since

n = f/v ' 2.4,%
From 2.4.1 we have

¥* * * * ;% *
“Tzf)izz a“a 4+ o0, (q1a2 + agal) cos 2mna + i(azal - alaz)sin 21na

171 2°2
* * J * % | ) A
=00 b Uy, 2 gfog 00,0, COS (2mna - © 2.4.4
jv(((l2) S\-ﬁ(a] )
* # \ - :
ilona. = ooan) Relos) Re(, )
‘ 21 T M/ kel 1 -
vhere . tan 6 = % m = $i@ ) e ) AH
Aqly + Oy , . 72 vy
Q&((xz) * R&(al)

The phase anéle 9 is in fact simply the phase difference
between the two receptances, ard the form of 2.4.4 emphasises the
significance oflTXIﬁl which is th= magnitude of the vector sum
of the two receptances with relative phase modified by the quantity
an.

As n »changés equation 2.4.4 will oscillate between
the two values:

| 2

+ ¢ ¥ X
- (a2a2)2

N

| (o)
and/...

- 18 -



and its general form is given in figure 5, for one varticuler

frequency £ with the velocity v varying, It cen be seen that

the response is a minimum st certain speeds., A similar graph is
. . Tr » 2 .

obtained when plotting l (l)l against a, the wheeclbase of the

vehicle.

Phese results may be interpreted as meaning that there are
certein values for any given vehicle, of wheelbase or velocity which
can produce a maximum or minimum response.

o . { r 2. .

Some appreciation of the quant1ty~7(f)l in the two point

problem can be obtained by considering one particular case of

equation 2.4.4, when the vehicle is symmetrical fore and aft, i.€.

% = % 2,4.6

Equation 2.4.4 reduces in this instance to

) *
F Tl = 20504 (1 + cos 2n %%) 2.4.7
This will have maximum values wh=n
v = fa', ;L-Qa';, ecoo0c e 20408
and minimum values when (figure 6)
2
v = 2fa, /3 fa ., ,... 2.4.9

Tn general, the a's will not-be equal, but this special
case should be olose to the general case and shows that at a correct choice
of speed,v,or wheelbase, a, any particular resonance peak can be

eliminated.

- 19 -



2.5 TFour inpnt road~vericle model

To take sccount of 2ll four inputs of & {our vheeled vehicle
will require analysis in which, even if the rear vheels can be
assumed to follow in the track of the front wheels, the spectra -
and cross spectra - of the two gseparate tracks must be considered.
The need to consider cross-spectra introduces conciderable complexity,
but it will be shown that this can be witigated somewhat.

Tf we assume that the rear wheels IOLLOV the same profile
as the front, so that (n «f (n)s AJLR(n) and—<fL(n) represent
the direct and cross spectral densities of the two tracks-éﬁ(x)
and—%{L(x) (figure 7) we can derive the response gpectrum, So(f)
rétarting from the general response relationship given in equation

201010

~ °() - T T el 8t (D) )
i.e. s(f) = ggi Z. o, 5o 2.5

Simplification of the above equation is achieved by noting

that
i i .
si(e) = si(0) = 3 A 2.5.2
» . l )
from Section 2.2, and that
i 1l -iZmna '
51,(f) e /fR(n) 2.5.4
ol 1 —iEnna,/j (n) 2,545
oM(f) = Ze L |
i0) . 1 iomna ) 2.5.6
SZl(f) Towv f (n °
i 1 i2mna g (n) 2:.567
845(f) = S e jL |

from Section 2.3,
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Consider now the eross—correlation funetion between the eycitations

at the offside and nearside front vheels.

Ry () = () om0

=/ n&tR(vt') e%(vt +ve)

- <’/?)/R(X) /D@L(x +8)

- Q. (e | 2.5.8

Similarly,
ry(x) = R 1
Roy(v) = @RL(@) 2,5.9
Ryp(3) = R 1l
J

Using the transform relationship we obtain the corresponding input
spectra e.g. ’

s:iL_j,(f) = %JBL(n) = %J;R(n) 2,5.10

By similar argument it can be proved that {the relatiouships
between the four remsining pairs of cross-spectra, 8;4(f>, S;Z(i),

ol i
555 (f)y 543 (f)

are

1

<

e_lQM%RL(n)

51,()
2.5.,11

3

1 -i27na
= 1 i ()

< i+

-2] -



i y . A, —iZmna o
qgg(f/ - v - /‘JLR\n) 2;,%]"
i 1 i2mna f .
Sz’)),(f) = ; e ! ‘jLR\n) 2,5.1%
- 1 i2nna ¥ e
Sp3(f) = e ‘fLR(n> ‘ 2e0.14

Substituting the relevant relationships established above
into equation 2.5.1 we reduce the response relationship to the

apparently longer, hut in fact simpler, form:

¥ % A 3% . )
vsi(f) - [‘“1 Iy T Uy Gp H Gy Oy i %2 ™ el?}Jﬁ&n)

¢ [ag aB . aZ wy a; oy e—i¢ + aZaa eigLJi(n)
+ {ai oy a: oy ai oy e—i¢ + aZ oy eiglﬁzR(n)

* > * gl
+ iaB €+ &y Uyt ag ey e Ty 0y e JJiR(n)
2.5.15
where § = 2% % a, and asterigks indicate complex conjugate

v

as before,

Equation‘2.5.15 gives the response spectrum in terms of
the two direct spectral densities and the complex—valued crogs speciral
densities of the route. Determination of the response of any
component in the vehicle is thus seen to necessitate prior determina~
tion of the cross spectral densitieé of the rozd in addition 1o the
two direct spectral densities and the various linear receptances, «.
If the surface profile forme part of a stationary, Gaussian random
process with a mean value of zero fhen equation 2.5.15 completely .
defines the probability and frequency characteristic of the response,
as the Gaussian distribution will remain Gaussian‘through the linear

transformation [3?} .
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Simplification of equation 2.5.1% can be achieved and prior
determination of the cross spectra can be avoided if we deveiop
certain assumplions sugzested by PARKHLILOVSKI [14} in 1968,

Parkhilovski svggested that the rozd surlface be charzcter-
iged by two random funciions, {(figure 8&)'?(X)v the ordinate of
the centre traclk and \#(X) the angle of inclination of a transverce
croass—-section, Then if-Zﬁ(x) and'ﬂ/(x) are the track vrofiles as

2L

shown in figure 8a,

Ap(x) 2 (x)

F) - '

T 2.5.16
o )~ )

2b

i

Parkhilovski assumed that the mean height Z&(x) and the
transverse slope ¥f(x) of the two randdm signals rfR(x) and'ZE(x)
were uncorrelated; so that the crosg spectral dsnsity, </ (n)

. %Y
of'Z(x), yu(x) satisfied

/Jb/f(n) = 0 2.5.17

Now, since this implieg that the cross correlation

function, 92 (8) is also zero we have

R =300y
<Vﬁ§(x) + ﬁﬁi(x) 4?§(z + 8) - izi(x + 6)
5 .

2b

'}ﬁ{%(é) ~Rue) +Rpa(e) -Rp ()]

It

]

= 0

which/ ..,
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which if @R(ﬁ) ‘{\)T\u) 2.5.18
T . ) A ¢ o

then ELT{((> = {\1)] (é) = i‘\:)l,}-(<"6) Ze 76]9

Thus if we ascume that the direct spectra of the tracks
4/ (y) and'ba(x) are identical then it follows from Perkhilovski's
hypothesis that, <5LR(H>’ the cross spectral density of the two
profiles, is a real valued quantity.

ﬁhe response equation 2.5.15 can bg reduced nov, using

the above simplifications to the form

B

s°(f) = ; { [A(f) + B(f) cos ¢ + C(f) sin ¢] Jn(n)

{D(f) + B(f) cos ¢ + F(L) sin ¢1~Ji(n)§A

265,20

i

where ’JD(H) = JL(n) TJ)R(H)

Iy (m) fm@ )
¥ H* ¥
A(f) = IR P S PR
S
R(f) = 2 Qe @y vy a4] ,
d = %
c(f) = 2 dm4?1 ay + GB a4]
D(f) = 2 Q&{g Qs a; a4\

B(f) = 2 QQ&qi a, a; a21

F(f) = 2 jmiai oy U«; C‘A J

which/,.e




which can be written as

°(s) = L [T N2 )+ & [T (002 ) 2.5.71
where
[T1b(fi]2 = A(f) + B(£) cos ¢ + C(f) sin ¢
2.5,22

i

p(f) + B(f) cos § + F(f) sin ¢

[T;(fﬁa

1f we define a coherency function %(n) by

| (o)l
?Q(n) L ) 2.5.2

@) )

M

(here the quantity'éin) ig analogous to the quantity Yz(f) as
‘used elsewhere in the 1itera£ure [5] ) then for the case under

consideration this reduces to

(n)
%”(n) = & /JD(H) 2.5.24
We can then define a corresponding Qﬂf) such that
gv(f) = gv(nv) = an) 2.5.25

and it should be noted that for any given n, 8v(f) must be a
function of velocity;

From equations 2,5.21 and 2.5.25 we obtain

°(g) =

<l

{[TD<f.)]2 + & (£) [Tx(fﬂ'ﬂ«/])(n) 2.5.26

-25 =




This equation describes the response of a four wheeled vehicle
to random road surface inpuls, It implies that the regponse devends

on

. 1 1
i) the cuantities ‘ ﬂ<f) and | v(f)a .
A€ y FaS
These quantities in turn define the dynamic properties of the
vehicle and are functions of freguency and vclocity due to the

phased input at the rear,

ii) fhe coherency function gv(ijm;hich ig derived from ?(n) and
thus is dependent on the road surface properties and the velocity
v, because cf the relationship between n and f. Moreover, it is
“implicitly assumed in the definition of the coherency function
Cg(n) that it must also be dependent on the track width 2b, i.e, the
distance between the measured tracks'ﬁ%(x) andA'gi(x). The

exact relationship is not at all clear at this stage but will be

explained later,

]
iii) the direct spectrum 0%(32 of either track in the direction

of traverse of the vehicle.

©,6 The coherency function,g(n)
d

To elucidate some of the implications of the response
equation 2.5.26, let us first consider two special cases, that

when

i
=

i) 7(n)

04nsg oo 2.6,1

1t
O

'ii) ?y(n)
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1
1t

Coherency function gin)
Y

This implies an equality Dbetween the direct and crogg-
svectra, snd produces g road surfece of a cylindrical nature, with
®
random undulations only in the direction of traverse. Consideration

of +the dynamic properties cf the vehicle will perymit the assumption

that

2‘6‘2

N

provided we measgure the response at a point along the centre line

between the two tracks. This then reduces the response equation to

P(e) = T2 [T ]2} 4w 2.6.5

énd expanding inside the bracket and substituting the relationship

of equation 2.6.2 we obtain

o 4 ¢ % * * -1 * i
s°(r) = 3{“1 Xy ¥ O Gt Uy Ay e P %2 M € ¢SJD(n>

2.6.4

vhich is of the form of the response relationship obtained in ‘he
two input case when the excitation was considered to he due to
a single track (equation 2.3.7), noting that in this>case,
5ecause of the model considered the o's will each be one half of the
a's in the double input problem,

From 2,5.16 ve can derive the-spectra of the mean track

and slope between the two tracks in terms of the spectra and cross-

spectra/...
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spectra of the two measured tracks.

/t',:}' 1 ) " 3 ) \
4@) ! IJ“”) v ) s Ty () o+ 4 () 1

1 ( / oy |
- 2o« 4 ] 2.6.5

]l

., ?/f ~ , .
and -Ad(n) : -wl§ :dg(n) + 'jL(n) - fﬁélﬂn) - _<{R(n)]

= s L - ] | 2.6.6

Tf we now incert the relationship for the coherency function from

(2.5,24) we obtain

¥ + Y

—J (n) = “Lmé- *.-W—‘)x /RJD(H) 246e7
LV - 'l’l) }

{ (n) = L—-%/iw Ap(n) 2.6.8

2b

Tor the case under consideration when,ﬁ(n) = 1 this implies that

4l -y
1
J@ = 0

which satisfies our physical picture of the problem,

26,9

Coherency function,?{n) = 0

From equation 2.5.24 this implies that the cross-spectrum

between the two tracks f{ﬁ(x) and ?gi(x) is zero, i.e.

,
/dx(n) = 0 2.6,10
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The response ecuation under the gsame assumptions stated in ths

previouns gsection reduces to

2.6.11

9]
(@]
—~
-
~—
i
< Ino
—
<
[
‘_1
e
=~
N sk
2
N
jo
- Sk
[}
b}
®
1
e
=L
e
o)
N
<
1_]
o}
-
RSN
C
bi'“
—~
=3
~

which a2t each frequency f is one half the value of the completely
coherent case, implying a % 4B reduction in the response; Zo(t),
of the system.

From equations 2.56.7 and 2.6,8 putting 3{n) = 0 yields
s y
/d 01) /dg(n)/Z

4 = 4 mye?

which gives the relatibnship between the mean and slope spectra

1

2,6.12

for two incoherent tracks to be

| g |
vﬁr%n) = b‘?ﬁ(n) 2.6,1

AN

remembering also that ' /<£én) = 0,

General case, coherency function 0 < QKn)<il
U

For roads in general neither of the above cases will be
true, but it will be possible to define certain limits on the value
of this function. Just as the more common coherency function yg(f)

satisfies for all f [5]

0< y(£)k 1 2,6.14

S0/ 40
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so by similar argument used to derive 2.56,14 ES} the func
?{n) nmost eatisfy the same conditions for all n,
Moreover, from practical considerations it is possible
to say that ?{n) mist approach unity for small wevenumbers, i.e,
long wavelength, and zero for large wave mumbers, i.e. short
wavelength,
Congider the definition of coherency expressed in equation

2.5.24¢ J’( )
n) = ‘X " 69-1
AN 261

Transposing this equation giveg

' </X(n) = Z{n) d;(n) : 2,6.16

and thus this function, ¢ n) which must be weal since it.was shown
(equation 2.5‘19) thatka(n) wag real, can be considered as the
amplification factor by which the direct spectrum must be

nultiplied to obtain khe_cross gpectrum, Clearly then this coherency
function is simply analégous to the amplitudé gain of a lineaw

system expressed in terms of the cross-spectrum between

the response and the excitation spectrum which can be dexrived from

equation 2.1,9:

s, (£)1?
|a01(f)|2 - 20 2.6,17

[s ()

Taking/...
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Taking the Fourier transforms ol equation 2,6,16 vields

e vl
Qx(é) j'f»\(é - o) '\:E%D(@‘-) as' 2.6.18

9]

where ¢L(6> is the TPourier trancform of 3<n)* This equation gives
the relationship between the cross-correlation function of the two

tracks, which is even, and the autocorrelation of ecither ore of them.

2.7 The road as a completely homogeneous surfsce

In our treatment of the problem of road surface description
we have only considered the statistical properiies along the direction
of tfaverse, This has enabled uvs to define a ccherency function
ﬁ(n) vhich although simply defined by equation 2,5.24 left in doubt
its exact relationship with the surface properties in a direction
perpendicular to the traversal direction. Thus although for any
given vehicle track width 2b, equation 2.5.26 completely defines

the response, if we change the vehicle track to 2bl whereas the
direct spectrum of the road surface irregularities will not change
the coherency function may. To obtain a response relationship

will require a new measurement of the new tracks.-g%ﬁx) and'gﬁ(x)

to obtain the new cross gpecirum <fxﬁn), (there is no reason to
assume that the assumptions of equal direct spectra and a real valued

cross—spectrum will not be valid) and hence a new coherency function

/Cf(n)
%/l(n) _ /A{(n) R | 2.7.1
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i
In order to examine the possibility of deriving %/(n)
{
, ! . .
for a track width 2b from any given ?(n) for a track width 2b let
/
us now consider an analysis of the surface irregularities, treating -
them as part of a two dimensional staticonary Gaussian random
| 4 +) ¢
process \/j(qu)ﬁ .

The two dimensional correliation function can be defined as

X, ¥
(P\ (E;,,;)) = ,g,b:wb %‘; f ] /{/(va)‘ Z/(X + gj s ¥ OF '7)dXdy 2‘7‘2
N :

yW‘v’ o X my

which with our usual notation of angular brackets to denole averag-

ing can be written as

R (8,m) = (*’g(xpy) e yx 48 ¥ 4m) P 2.7.3

Putting respectively-7 =0, and & = 0 in equation 2,7.% gives the

autocorrelation functions in the x and y directions.

Q@ =R 0 27,4
R = R0,) 2.7.5

and heunce we can assume that @2(5f7) will be even in & for /7 = 0
and even in ] for §= 0,

Coasider the two tracks Zé(x)Aand f%i(x) (figure 8b) along
the road surface which are defined for Yp = b and vy, = +b.
The mean heights*ﬁ(x) and slope V(x) between these tracks can be

written as

"?((Xf'b) | + /‘lx’<xv +b)
U 2 4

% (x)

2.7.6

i

/K(Xy"“b> = //’T(X"*“b>
{/ 2b v

s
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Fxamination of the cross-—correlation between these two

parameters yields

i

0@ .
i,}g)

4

N

1 C . 1
75 { L."!O/(x,b) o7 0-0) 1 Al +6,1) - gl €,~b)

e

= --14«% (/z)(x,b) e-g(x '+f§9b)>

i

A, =b) o (x +§,-—b)\7m<ﬂ}(x,b) . 2Ax +5,-b)
Y, ¢ 0

<4K(Xy"b> o /B/(X "‘geb) 7

s

- 5[ RG0) -R(50) - s 20y +RE,20) |
- LR @) -R, o0 | 2.1

= 0

only 1f(}2(§,7) is even in ‘5,”2, or if €= 0,

The cross correlation between the two original tracks

"

R0 '/'3(X’”b)

/('D’L'(X) = é/(xyb)

2,7.8

has heen defined by

R 0 (®

]

) o+ 805
=z, -b) A +5,0)

= @(‘izb) . | 2.7.9

;

and thus (P\(?,f?) can be obtained by measuring %L(S”) for a range of
values of 2b.

However/...

_35...



However,; since

R

P A _ )
\LR<\>> - ‘

(5, -2p) 2.7.10

and since the previous analysis has exhibited that (equations

2.5.17, 2.5.18, 2,5,19)

‘7‘) e = (j (G -
y‘RL({;) = Kp(S) 2.1.11

then it is reasonable to suggest that&?(?;j) will be even in both

5 an&lb, and that the suriace will be completely homogeneous.

If homogeneity is complete then not only must
R, 00 = Rom 2.7.12
/ |

but also the autocorrelation function of the profile along any
straiéht line must be identical in form to that taken along any

ofher straight line. This requires
gg(ﬁcos @,/’sin 8) = Ga(f), 2.7.17

the latter being defined in the usuval way along a line making an
angle 0 with the x axis (figure 8b).

Equations 2,7.10 and 2.7..% together imply that
© ({2 O, 2 2
K8 =X = K%+ w®) 2.7.14

and if use is made of the ergodic hyppthesis this may seem to be
obvious, the definitiohs of both sides beiag identical and equal
.to<%(xl,yl) »?Kxg,y2)> and averaging across the ensemble causes
no difficulty.

fhe direct and cross spectral densities of the two tracks
(x) andzfi(x) separated by a distance 2b follow by Fourier

e
DR

transformation,
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()

\ {
/JH(H) :’r’(jL(n) = /\/}}D<]'l) = } 2

X
[P

{

{

Ny =iP0n¥
N

& 21215

/] /I /) P ,;""-.2“‘ S >
-%,R(M :"JRLW) =yln) = J i p(8)e Ty

[aa

Q(Q(/s) o H2ME g 2,7.16

L

i
| ———

R
vhere F::Jg + 4b 2.7.17

Thus from a knowledge of the autccorrelation function
@z(g) of any single track along the road the cross-correlation
(Q LR(EZ) can be derived from equation 2,7.14 by first evaluating the

autocorrelation function

Rep)

Y

@(J?Q +Z?) 2.7.18

and then equating

o)
=
o
PN
[72 1)
N
]

Q((/) 2.7.19

The coherency function %(n) defined by equation 2.5.24

can then be obtained for any value of track width 2b since

Ly 2[R
%/ - JD(H) - ,(jD(n) B 2}9’2(?) e-—-iQﬂ.nEdg
JQUETT57 ) ot

= [“@(f) e-—i2nn§d§ 2.,7.20
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2.8 Stationarity, ergodicity and linearity

Throughout this work it has been assumed that for sfretches
long enovgn for statistical descriptions to be meaningful, represent-
ation of the road surface as a vealisation of a stationary Gaussian
process is permisgible, DOOB [53] showed that a Gaussian random
process whose power spectral density functions are absolutely
continuous will be ergodic and hence the random process {ﬁy(x)g
which represents the road surface will be an ergodic stationary
process. 1t has been shown by DAVENPORY and ROOT [52} that if a
Gavgsian process undergoes a linear transformation, then the
output will still be a Gaussian process, and hence the vehicle
reéponse,will contorm to the same form of description as the input
it the vehicle model is assumed linear throughout.

Road surface spectra [12, 13] are continuous, i.e., no
delta functions corresponding to infinite mean square densities
at discrete frequencies,and thus we need only satisfy ourselves
on the conditions of stationarity and that the surface is character-
ised by a Gaussian distribution.

One basic requirement for a Gaussian profile to be (weakly) '
stationary is that it has zero mean, or constant mean. Although
this may not be true of "raw" road data, as most roads exhibit
trends in slope, clearly as these gslopes will not affect the dynamic
response of ~the vehicle (slopes centaining wévelengths greater than
‘50 m would require a vehicle to travel at a speed of 50%f m/s to
excite any frequency f) they must therefore be filtered from the

data, and the subsequent analysis carried out using the new

filtered/...



filtered dats as the random process characterising the road, This
filtered data will contain a zero mean value and hence indicate that
the assumption df gtationarity is acceptable provided we can satisfy
one further condition: the autocorrelation function @%(6) will

yield the same results for all values of x, i.e. it is independent

of the length of road taken for measurement., As the speciral
denéities of similar road surfaces (eag, motorways) are similar
{;2,13} and és it is shown in this work that the same spectral density
is obtained for any longitudinal track along the road, then it seems
reasonable tc accept that the random process {Wﬁ(x}& characterising
the road surface is (weakly) stationary.

To justify the asgumption that the road irregularities follow

a Gaussian distribution is much more difficult as,in the first instance,
only a finite data length is available for analysis. ROBSON [ll
“showed that the expectation of a peak greater than kox per unit

time of a Gaussian process was given by

o A
%-;; -(—j-)-(- o= /2 2.8.1
X
2 02 s
where o " = (x (+) ) 2.8.%

For the problem under consideration converting equation 2,8,1 to the
spatial domain we observe that the expectation of a peak greater

than Ac, per unit distance is given by

¥
2
1 % A )
on ;% e / 2.8.3
J
[4>) ™ l
= 2

L>n2</(n) dn 2 A /2 2.8.4



vhich for a typical road spectrum /j?n) in which low frequency will
predominate will be small especially when considering peaks greater
than 30 (i.e. A = 3). Hence it ig difficult for a finite data
length ever to co?pletely satisfy the Gaussian distribution for a
signal vhose Speétrum ig proporﬁional to 1/n2 és is the presént
case,

However, in the present study, it is shown thal a Gaussian
distribution can be fitted to the experimental data, bearing in
mind that the fit is obteined over the mean position,but there is
1ittle published evidence to support this claim, although many
aguthorg in this field widely accept this assumption.

To justify a rigorous analytical treatment of the response
problem by the methods outlined in this Chapter requires the model
characterising the vehicle {0 be a linear consiant parameter system.
It has often been remarked in engineering circles that "the world is
non-linear" and this phrase is quite applicable to the dynamic vehicle
model, Suspension springs and shock absorbers are generally non-
linear units and there ig an apvreciable amount of friction in the
suspensioh system as a whole. However, a linear model is necessary
to anclyse the vehicle motions and while it placesg some restrictions
on the mndel analysis it does allow for a convenient solution that will
yield a good deal of ingsight into the vehicle behaviour.

In the last resort justification of the validity of all
these assumptions can be confirmed from the comparison between analysis

and experiment which is presented in Chapter 4.
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CHAVIER 3

THE RESPONSE CHARACTERISTICS OF VEHICLE MODELS

TO HARMONIC AND RANDOM EXCTTATION

Having developed the bagic theory of random vibration as it
can be applied to the problem of profile excitation we may proceed
with the study of the response of some simple models to profile
excited vibré,'tion° This simplification is necessary since before
we can apply this theory to predict the response of a8 real vehicle;
we must first understand the response behaviour. Initially thervefore
the system to be considered will be a single~degree of freedom
system with one input., The excitation will be assumed to be g
stationary random Gavssian pProcess { §7(x)§ with zero mean value

and a spectral density given by

[

41t2nZ

dD(n) =
(which implies an excitation spectrum which is white in terms of
"slope). We will then proceed to examine g model with two inputs
and so cover the simple cases as fully ag possible. Models of increas-

ing complexity will be presented and their significant trends in

behavicur examined.

3,1 Regponse relationship: single degree oY freedom, single input
model

The response relationship for a single input system is

given by
s°(r) = Ia(if)|2 s*(£) 3.1.1

vhere/...
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ela2

N

wvhere Si(f) = % /d(n)

and £ = vn

It is possible to interpret this relationship in a variety
of ways. While the input variable is best kept displacement; the
output could reasonably be displacement, velocily, or acceleration,
or even relative displacement. The receptance, or transfer function,
must of coﬁrse be defined to conform with the chosen inpul and
output,

It will therefore be convenient to use a more specific
notation; we shall use e.g. So(iyf) for acceleration output spectrum

a(%, Z,f) for displacement -«-acceleration
receptance.

For a single degree of freedom system (figure 9) the

recéptances will be as follows

a(z, Zys f) = X

(s, =, £) = ionfX 3,1,%

oz, Zys £) = - 4ﬂ2f2X

fn2 + i2Zff :
where X = 5 5 1 3.1.4
: f ° - £% 4 i2Zff
. n n
. f2

and a(z - Zys Zys f) = 5 3615

£ % - £2 4 iozfr
n e
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In order to expiore the responge of this system to a
stationary Gaussian random procesLs with zero mean,; it is lmportant
that we choose a typical profile spectium. 'This need not reproduce
closely eny actual profile spectrum Wi shovld-possess the essential
features of actual spectrs asnd,concistent with this?should be as
simple as possible.

The forms of observed spectxaIELIZ,]S] suggest that a white

slope spectrum would form a sultable basis to cstablish the funde-~

mental response cuaracteristics, i.e.

17»7(‘759 11) . <{ 3,1.6

4

vhence the profile spectrum is given by

/5 /J!
Je) = S 51,7
2.2
4 n
!
These imply an infinite mean.square,=<<%(x)>' and also that <f(n)
v
hag an infinite density at n = 0. However, as it is neither practical
nor possible to evaluate response at these extremes we will take

our limits of integration to be finite and nron-zero.

It follows from 3.l.7 that the input spectrum to the vehicle

A
v IR
A

= 4n2f2,

ig given by

1

st(r)

5.1.8

and it/...
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and it can be seen that incressing the velocity, v, simply has the
effect of increasing Si(f) at all frecuencies.

After &n‘}nitial transient lasting several correlstion
intervals the response, z(t)plbecomes a statiénary Gaussian process
with zero mean, The response gpectral density can be obtained by

combining equations 3.1l.1l, %.1.8 and the suitable receptance,

i

S‘O(va) l X‘g s < 019

()
Q

-
N

i
3t
ON
=
M-
L4>
i
>4
s
|
<
|

$ (5,1)

il
o~
a
N
H:
N
]
N

3,1,10

Again, increasing v has the effect of increasing the response at
all frequencies.

The mean square response can be evaluated by integration of
the response spectrum. However, to avoid difficulties arising from

thiy integration we shall define a band-limited mean square, 54, to

" be

£
2 1 :
¢ = J s(f) ar _ 3,1.11

f2 ‘

In the examination of the response chéracteristics of this
simple road-vehicle model (figure 9) we will be interested in two
response parameters: .

i) displacement of the mass m, (%)

ii) acceleration of the mass m, %(t).
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Their response specira arc given by equations %.1.9 end %.1.10
respectively. The displacement regponse apectrum is shown in
figure 11 for parameters given in Tablc 1 which are typical of a

real vehicle-road system, It is obviouvus {rom equation

.

TABLE 3
fn & I"‘l f2
1.5 0.1 0,1 25
Hz Hz 7

Single Degree of freedom model - parameters

3.1.9 that as
f - 0 850 SO(Z,f) —_— O

Also, it is worth noting that after resonance the response falls off
sharply at 12 dB/octave and thus the characteristic shape of the
acceleration response spéctrum (figure 12) will be white when remote °
from rosonance;

The mean square response in both cases will incfease
1inear1y with velocity, v; The effect of varying the model parameters
is of little interest with the exception of the damping factor, &,

which has the effect of reducing the mean square acceleration

response/. ..
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response., (This parameter nas been suggested by some aunthors [31,54]
[?5] as providing a ride comfort index), Figures 1% and 14 show how

8% and 8; vary with damping and a minimun mean sguare acceleration
(optimum comfort) is realised.

It was shown by DINCA (1969) Lﬁilwho was aided by the author, ;
that in a parametric study of this vehicle - roéd model, and using as
input data various specified forms of road spectra, (see Chapter 4,
Section 4.2) there did exist a value of & between 0,2 and 0.3 for
which the mean square acceleration responze wag a minimum, thus
reinforcing the general result of figure 13,

This type of optlimisation proceéure was advanced by
THOMPSON [36] (1969) who using the same evaluation criterion, optimised

guspension damping in a more complex vehicle model with both linear

and non-linear damping.

3,2 Single degree of freedom, double input case

To appreciate the effects of a second input subjected to the
same random e#cifation ag the first, but separated by a constant lag,
consider now the vehicle model showm in figure 10, which is symmetric
fron% and rear. It will be sﬁbjected to symmetric inputs with the same,
form of excitation as in the previous case, with spectral density

given by

) = I | 3,2,1

The response spectrum, given by equation 2.3.8 for the general case

of a vehicle with two inputs, reduces to (equation 2.4.7)

o} : _ ® fa ”47v
4~ f
when al = a2



The response z(t) of this model is related to the excitations

zl(t), zz(t) by the differential equation

b (3 . ;_ 2 . -
7+ 2§wnz tw o= éwn(zl + 42) S (él + zz) %.2.3

from which we obtain

2
“n /2 + iéwwn

oz, z,, T) = -
c (w 2. w2) 4 1280w
n n

f 2 + i24ff
n n

= 0 2
( fn

- )4 i24ff
n.
= cx(2'9 2,y f) 30204

Coﬁbining equation 3.2.2 and 3.2.4 we obtain the response spectral

density
0( 1 fn4 * 4é2f2fn2 fa)-“iv
- 87 (z,f) = = e 5 (1L + cos 21 ) 5
2 (r 2_f2) . 442f2f 2 v 4n2f2
n n ‘
3.205

which if the wheelbase, a, is zero coiresponds to the single input

spectrum given by equation 3.1.9.

.

The acceleration spectrum is given byv

sz, £) = 16ttt 5%, £) 3.2,6
which can be related to tgat obtained from the single input case
by/ees
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by

(%, 1) = so(g,f)E x = (1 + cos 2m %%m) 3,2.7

Tt is clear by examination of figurcs 6 and 12 that by a
sultable choice of gpeed or wheelbage we can eliminate or reduce
the resonance in the response spectrum (3;2,7). For example, %o
eliminate the resonance at 1.5 Hz in figure 12 we could choose

from figure 6

\gﬁ% = 2 3,2.8
(f = 1.5)
= < = 3 3.2.9

and the new response spectrum would peak when (equation 2.4.6)

!

1, 005 soe ' 5.2010

Il

i.e. at f . 3 Hz, 6HZ ... 3,2.11

This is shown in figure 15.

Although in general the receptances, oy and o, will not
be equal, the case considered here will not be far removed from
the practical problem, and has demonstrated a method by which the
wheelbase ol a vehicle can be chosen to avoid major resonances
in the vehicle, T4 was shown by BOGDANOFF and KOZIN [37] that
the wheelbase, ¢, is an important variable in deltermining limiting
‘vehicle velocity if the limit on driver comfort is set hy the

maximum value of SO(Z, £).
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The variation of the mean square responge with speed will

not be linear for low speeds, but as speed increases

and linearity is approached (figure 16).

3.3 Two-degree of freedom - single input modal

In an attempt to obtain a more realistic vehicle model
consider now the simple linear system of figure 17, which will
represent a single wheel-suspension unit,; subjected to a single
raﬁdom displacement excitation imposed by the road. The response
spectra, are given by the general relationship of equation 3.1.1
andithe interest in this more realistic model is the effcet on the
response of varying the model parameters,

This model has been extensively used to represent the
basic dynamic properties of a vehicle suspension system,

[26, 28, 29, 34, 36] and it is not the object of this thesis

to dwell at great length on its characteristics. A recent
paramatric study of this model may be found in MITSCHKE'S "Dynamilk
dexr Kraftfahrzeuge" [38] (1972). However, to maintain continuity'
and aid urnderstanding of the experimental work which will follow in

a subsequent chapter the main results of the author's study will be

presented. ("hey are in broad agreement with MITSCHKE'S work).
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The model showm in figure L7 is governed by

equations
m 0 =
u v
¢
0 m x
s¢ Losy

the di

O

which may be solved for the various receptances -

oc(zS , 2, 1)

a(zu , z, f)

oc(zS

"
o\7Z
S

_Zu
1

v 2y f)

,Z,f)

digplacement of mass m
t

displacement of mass m.
N 1

relative displacement of spring k|,

acceleration of mass ms
t

The relationship between the model parameters and a real vehicle

is given in Table 2.

TABLE 2

fferential

3.3.1

PAP AMETER

VEHICLE COMPONENT

proportion of vehicle sprung mass (i.e,
body )

proportion of vehicle unsprung mass (i.e
axle, etc.) carried by single suspension
system

tyre stiffness and damping parameters

sugpension spring rate and linear dampin
coefficient

carried by single sugspension system

Ll

g

Descripticn of Model Paramesiers
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It is the object of this paragraph to examine thesc paramet
in order to zain a measure of their relative importance on the
response to base excitation of the model. This will give a guide
to the accuracy which must be attsined in assegsing their values
for a real vehicle sc as to enable succesgsful prediction of vehicle
response to be carried out.

The system paramcters arve defined as:

body natural frequency fn =
' &

axle natural frequency fT =
1

c
'
suspension damping factor &, = e
24k'ms
CT;
tyre damping factor éT = s
t 2 kn m
Ty Ty

The subscript (!) is usé& to denote that these parameters refer to
a single suspension wnit (e.g. front) and corresponding definitions
with subscript (2) will be used when we consider a vehicle with

two inputs. Natural frequency and damoing parameters discussed
throughout this work will be defined in the general terms of

equations 3.%.2 to equations 3%.3.5, (i.e. vncoupled frequencies).

3.%3.1, Analysis of body lifting acceleration, ES ¢ Ags previously
'

mentioned this parameter is used as a ride comfort index. Solving
-equation 3.3%.1 for a(%s s Ty £) and using parameter values typical

¢
of modern British wvehicles we can plot the receptance against

frequency/...
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frequency, varying the sprung messg L guspension sprivg stiffness

&
L

k., suspencion damping and tyre damping.

[
It is obvious from figures 18-21 that an increase in M
' t
decreases the acceleration responge and, of course, lowers the
natural frequency. Thus an empty vehicle has pooref ride comfort,
according to the criterion, than a lader vehicle. Variation of
the suspension spring rate, k‘, causes a decrease in the receptance
for a decréase in k:, especially at the first, body bounce,
natural frequency. Change in suspension damping yields, as one
would expect, the characteristic effect at body resonance. However,
at the axle resonance (fn ~10 Hz ), body acceleration at first
decreases with higher suspension damping, but increases again as

Z

‘ increases further. There is thus a minimum at a relatively

low damping factor.

kT ’ éT’ have little effect on
) t

o Es s Zy f£) noting that tyre damping is of the order Z§>rj_\<1‘0.1 i39]c

The tyre parameters,

!

3.%3.,2 Analysis of the displacement 2y ¢ This tends to be a
t

relatively uninteresting parameter from the analytical side and
it is questionable whether it woulda be useful practically due to
the difficulty of measurement. It is worth noting, however, that
as suspension damping tenés to be mederately high (é. in the range
0.15 - 0.4) the receptancela(zglz,f)lp?edcminates at the first
natural frequency and behaves in a like manver to that of a single

. degree of freedom model.

- 50 -



3¢%03., Analysis of relative suspension movement z - 2z, ¢ 'This
2 " .
1

parameter will determine the force in the sugpension spring as

Fo=k(z, -2z,) | 3.3,6

%

S
and thiéxéorce ig one of the measurements taken on a real vehiclie
and compered with the theoretical predicted force in Chapter 4,
Plotting a(zs ~ Zyy Zs f) against frequency (figures 22 t024)

t
it can be seen that the variation of mass, mg and suspension

i

spring rate have the obvious effects on this parameter i.e. lowering
or raising the natural frequency respectively. Lowering of suspension
damping will increase the magnitude of the first resonance peak

and if sufficiently low (€ 0.125) allow the axle resonance to

become visible.

Variation of axle mass, m. or tyre hardness k,,has little
‘

~effect on any of the above receptances; but it should be mentioned

that any effects of variation of these parameters only becomes

noticeable in the axle resonance region,

In an attempt to summarise the above results we shall
restrict our comments to the determinztion of a(%s s Zy £) and

t
cx(zS ~Zyy Zy f) as body acceleration ano spring force will be the

¢
parameters finally measured by experiment., It is abundantly clear
(figures 20,24) that for a successful prediction of vehicle response,

based on this model, determination of a suspeision damping parameter

is of primary importance. Vehicle sprung mass, is liable to be accurately

knovmn/. ..
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known, but a small variation on m_ (figare 18, insert) will produce
o, ;

a proportionzl change on the receptznce. It will be necessary Lo

obtain an accurate estimate of spring rate (figurcs 19,25) hecause

of its noticeable effect at body resonance. Tyre and axle paraneters

need only be in the correct range for the vehicle under considerstion

and are of secondary importance,

3,4 Double~input models

The single'input model considered in paragrapn 3,% lends
itself well only to the consideration of response in components
which are particularly dependent on the excitation of a single
wheel. We shall require, however, a more gophisticated model if we
hope to consider components which are not so conveniently situated.

We shall next consider .a two input model as shown in figure
25, It is assumed that each pair of wheels moves together, but that
the rear wheel follows the same profile'%(x) as the corresponding
front wheel, The dynagic model must now include front and rear
suspensions, and the moment of ivertia of the body must be
explicitly included,

I¢ wag shown in 2.%.8 that the response spectrum is given

by

s (£)

i

.%;[A(f) + B(£) cos 2mna + C(£) sin 2wna1 d (n)

304,11
where/o ...
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A(f) = 0. oo

vhere 1 % o %o
. R
B(f) = 2 \myal ) :
) = 2 §la o)
c(f) = 2 Jmloy oy,

and we will examine the behaviour trends pecoliar to this model

which will affect response.

(Changing the basic mass, spring and

damper parameters has a similar effect on response to that exhibited

by the single input model discussed in Section Bej)e

The equations of

can he written

’ . »
vhere z, z and

in matrix form as

« o)

z are column matrices.

ok
+
| oa—
(2]
| SR
fs
]

motion for the model shown in figure 25

3.4.2

The coefficient matrices are

[MJ = m ° . °
Uy
. m ® .
g
A 3e4e3
p
L2 . L mU
P ‘2:"
l’C ] = CT‘ +cy -C, «l‘c‘ 0
(symmetric matrix)
c 4 s c,z' - 02£2 -C,
c,l? + ‘252 c2£2
i c, + C
T2
\‘-—w-l
3.4.4




and_LK:jis identical to YC] with kr replacing CLe The input matrix

T 1 will depend on the receplance under considerstion ¢.g.
N )3 14

for a‘(if) [I 1 = Je, %+ k, 7

and

for ay(ir) 1] = [ o

7 -+ kT z | 3.4.6

" These may be solved for the two receptances, a'(if) and ocz(if)e
Since the overall transfer function ljj(f)lz is dependent on

vehicle speed where
1Tﬂ(f)|2 = A(f) - B(f) cos 27 %% + C(f) gin 2n i% Bed el

(See Sections 2.4 and 302) consideration of these individual terms
A(f), B(f) and C(f) which are independent of speed, will provide

an understanding of the effects of the second input on overall
vehicle response, 1t is obvious that for components in close
proximity to a single wheel (e.ge suspension spring) one would

expect the contribution from the other inputvto be small and hence
|Tj(f)|2 would vary only slightly with speed. In figure 26 three
cases are considered, and in each case the receptance is evaluated

© for displacenment at various points on the chassis frame. At the

pOint/o oo
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point directly above the suspension the main contribution to

e 2 . . )

' (f)l‘ comes from the A(f) term with a negligible contribution

from the receptance az(if) vhereas at the centre of gravity

contributions from A(f) and B(I) equally combine to yield a transfer
. 0 2 . .

fonetion |1 (£)1° heavily dependent on vehicle speed V.

In order that realigtic conclusions may be drawn from
further consideration of this vehicle model the response analysis
was performed using data peritaining to test vehicle A (See Appendix
%) which is a typical modern Continental passenger car. The

responses will be evaluated in terms of

- i) the force in the smspension spring kﬁ

ii) accelerations on the chassis frame.

The various parts of the transfer function |Tﬁ(f)!2 for
the iesponse at the front suspension spring are shown in figure 27
and it is noted that changes in velocity will affect |Tﬂ(f)l2 only
in the region df the first (body) natural frequency. The
contribution to the response from the rear input, az(if) is
negligible. Because of the general trend in the form of the road
input spectrum (l/fz) the response spectrum of this component
will predominate in the frequency range around 1 Hz, and the axle
resonance at 10 Hz will be reduced by about 20 4B,

The acceleration responses al various points along the
vehicle chassis are of interest for two reasons:
i) due to the relative ease of measurement at these points they
are ideal for comparing exﬁerimental response with analytical
predicted response

ii) the mean square acceleration response has been shown to

agree vwith ride comfort,
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For this vehicle model the redgponse gpectra were calculzted from

equation 3,4.1 substituting the road spectrum under consideration,

The mean square response vas cvalusted at 6 pointe along the chassis

bean (figure 28) and plotted as a function of its podition on the
chasgis. A miniwmum r.m.s. acceleration occurs in the region of
the driver's seat (position 3). This has been confirmed by
experiment.

The transfer function for some of the poéitions are shown
in figures 29 to 32 for various speeds v, and emphasige the two
points discussed above -

1) the importance of the speed v in determining resonance and
'2) the response pogition in relation to the front and rear inputs
in determining the basic shape of the transfer function and its

dependence on speed (figures 29,31).

Although this model has inherently four natural frequencies

consisting of two unsprung mass frequencies and a coupled pitch
and bounce frequency of the sprung mass, the transfer function for
spring force (figure 27) exhibiis only 2 of these: +the first peak

at 1 Hz being a combination of the pitch and bounce frequencies,

I3

3.5 Models with four inputs

To enable accurate prediction of vehicle response may require

a mathematical model in which all four inpus are considered. The

dynamics of the vehicle can be as complex as e like and the general

v

equation for the harmonic response analysis for the individual

determination of the «'s will be

)z e [e]s o+ [xle =01
r = 1’2,5149 5¢5.1
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where the matrices are of the gerneral fomm to those in equations
%403 1o 3.4.6 and the layout of the inputs is described in ligure
T. The ats can then be combined and ir we consider the response
analysis to e performed using the simplifi=d ,esponse equation
2.5.26 the two transfer functions Aj D(f) and || y(l) can be
kN

evaluated. (See squation 2.5.22).

The response spectrum at any ponnt on the model is given by

5°() = ;1,-§ [T0l? a0 {17 4w 5.5.2
and it vas discussed in Section 2.6 that the effects of lsteral
out-oi-phase road irregularities on the vehicle oscillations would
be dependent on the form of the coherency functiontg(n) noting
that

g,(f) = g (nv) = Z;(n‘ 34545
We shall therefore restrict our discusnzion of this general model
to'an examination of the two transfer functions [TﬂD(f)]g and
[qu(f)]z for the particular case of vehicle B, (British saloon
cay; parameters given in Appendix 3) and we shall consider the
effects on the response when they are combined and coupled with
the coherency function in the response equation 3%.5.2
Trhhe model chosen was one with seven degrees of freedom
(figure %%3): four independent verticai oscillations of the
unsprung masses and the bounce, pitch and roll modes of the vehicle
.body. The respwmses were evaluated in termg of the force in the
front coil spring and the éccelerations at various points on the

rigid body.
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The direct and cross transfer functions for the force in
the fronl coil spring are shown in figure 34 for a fixed speed v,

together with the transfer function evaluated for the two input

model (figure 25) with the came paraumeters. Suspension damping

was of the order of £ = 0.3%>, and even although tyre damping was
very small ( éT = 0,04), this ensures that the transfer function

predominates at the first resonant condition (Section 3.3)., It
can be seeh from figure 34 and by examination of equation 3.5.2
that if the coherency function ??(n) = 1 then the {two functions
plotted are additive and become equal to the transfer function
for the double~input, single track case. In the more general

case,if(n) # 1, and since it was shown that

%?(n) —=-1  as n -+ 0 1
%y(n)—w$“0 as n e O %.5.4
and

g, (£) =g, (nv)

%(n) ]

it becomes impoftant to know the frequency range for which gv(f) = 1.
For example, if

a(n)sl for n £ 0.2 ¢/m
then

"gv(f) £ 1 for f (=nv) < 0,2v

and for the case shown in figure 34 when v = 1%.3 m/s (30 mph)
this implies that

1 forf < 2,7 Hz 3,5.6

e

g, (f)

and/...
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and that the response in the frequency »enge O0<f < 2,7 Hz will
be identical to that produced ny the single track, double-input
model. Moreover, remembering that the profile excitation decreases
at around 6 dB/ootaveythen any changes in the response duve to
the difference between the direct and cross trensfer functiong in
this model at frequencies greabter than 2.7 Hz,will produce a8
negligible difference beiween the mesn square response evalvated
from the single track vehicle model and that evalusied from the
double track, four input model. In cénsideration of the response
of this component, increased complexity of the road-vehicle model
to attempt to reproduce :a more accurate response picture may
not be justified. It will be shown in Chapter 4 that the
assumptions concerning the values of the coherency function,
equations 3.5.4 and %.5.5, are perfectly reasonable for normal
roads, However, there will be some cases, in particular when the
vehicle is traversing a very rough surface (e.g. pavé) when the
coherency function falls very quickly to zero and the roll input
to the vehicle becomes important. Finally, from the results in the
previous section, change of.vehicle speed will produce only small
chanzes in the tfansfer functions for this component.

If we now consider the acceleration respongse of the body
(figure ZS)Vaﬁd choosgse any point along the centre line, which in
a symmefrical vehicle model will bisect the centre of gravity,

then it is oovious from equation 2.5.15 that by putting

{k
R

ocl 3
36547
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the direct and cross transfer functions are equal and both egual
to ocne half of the transfer function of the double-input, sgingle
track case. Variation of vehicle velocity will again produce
similar offects on these functions, as wag oblained in the previous
Secticn (figure 29).

However, this new model will enable us to examine the
response of points on the chassis which are off-centre and figure
%36 shows the acreleration response of a point on the vehicle sill

in line with the centre of gravity. It is still true that

[’“l’“‘D(f)_"jz + [M’T;{(f)“]2 = {1"?‘@)!23 double input 3.5.8

and 1t can be seen that the regsponse depends Beavily on the form
of gv(f). But the response spectrum, because of the nature of

the profile excitation, will predominate in thé region of the first
resonance at 1.5 Hz and any changes in the specirum due to roll
oscillations in the frequency range 12-15 Hg will be 20 4B down

and thus have little effect on the mean square response,

In attempting to summarise the effects on response that
result from increasing the complexity of the road=vehicle model from
the single-input, single~track, single degree of {reedom model to
the four wheeled two track multi-degree of freedom model discussed
above, we must bear in mind two important facts,

i) The excitation provided by the road has a spectrum which is

typically of the form

s*(£) « ;; with W 5.9

Jr
N
N
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ii) the coherency function for normal roads will for a certain
range of freguencieg be approximately 1, Only for frequencies
grester than about SHz will gvlf) tena to zexo,.

Hence response will tend to predominate at the low
frequency end of the spectrum and thus a single track road model
will be sufficient to reproduce in most instances a form of
excitationraccurate enough to base vehicle re<ponse prediction.
However, there will be roads wvhere gv(f)-M&'O for very low values
of ffequency and there will be cases when we will be interested in
the high frequency response (e.g. laboratory simulation for
endurance testing, see Chaptef 5) where a true picture ¢f vehicle
fesponse can only be obtained from accurate vehicle models and
a more complete form of road surface description than is provided
by a single track profile.b Moreover, there will be components
shose situation in the vehicle will require the more complex four
input model for analysis, if only to maintain their geometiric

compatibility with the remainder of the wvehicle.
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CHAPTER 4

THE RESTOUSE OF VEUICLE COMPOUBNTS 70

RARLOM KOAD SURFACHK ITRREGULARITINWG

The theéry of wvehicle response to random displacement
excitation has bLeen developed and it has been applied to a series
of analytical vehicle models whose response characteristics have been
examined. It is the object of this Chapiter to investigate the
gtatistical properties of road surface roughness in order to justify
the road descriptions proposed in Chapter 1 and hased on random
process theory. Also, experimental response spectra taken from a
test vehicle will be examined and the validity of the response
analysis checked., ¥Finally the respcnse spectra of selected components
will be compared with predicted fesponse spectrs derived from the
analytical models discussed in Chaﬁter 3 and using as input data

the speciral descriptions of one of the measured road surfaces.

4,1 Road surface description

In Chapter 2 it was shown that the road surface undulations
along a aingle track iy<x) could be considered as a member function
of a stationary Gauvssian process{ia(x)j' It was pointed out that
using this single function to oharactefise.the road surface implies
consideration »f its. properties as a random cylindricsl sgurface.

‘It is not in fact comprised of such a surface, and we do expect

its probability characteristics to change not only in the
longitudinal/,..
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1ongitudina1 direction but also in the iateral direction acrogs
the road. Hence, for a more complete analysis of the probability
characteristics of the road surface, it must be examined asg a
random function of two variables, the length x and the width y.
If we assume that this svrface can be expressed as a random,
staticnary function with a zero mean value then a two dimensionzl
correlation function serves as its exhasustive probability charac-
teristic and tc determine these latter functions the surface profile
recordings relative to a fixed plane are required throughout
every possible longitudinal road surface section, so forming
a surface matrix of points (xr, yr)“ This can then be analysed
to obtain the general autocorrelation functions

R (xy.5 xy,) = E [/g(xr, ) ey v, ] 4.1.1

The establishment of these autocprrelatioh fun;tions (401.1)
ﬁill be an extremely laborious operation both in data acgquisition
and computing time and it is doubtful if any useful analysis could
be based on them, Thus we are put into a position whereby we must
seek a simplified road surface description, and as mentioned at
the outset treat a single longitudinal frack with homogeneous
properties along the direction of measurement. Historically we
are on firm ground as this is the descriptive process employed
by the majority {10, 12, 13, 22, 24, 25, 26, 27, 28, 30, 31] of
workers in this field.

If we consider the surface irregularities fto be represented
" by a member funciion ?f(x) of a random process{z%(x)g then for the

analysis in Chapter 2 to be applicable the measured length of
road/...
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Toad ‘g\x) must conform to the reguirement

of stationarity and
have its smplitude levels governed by a Gaunsaian distribution.

T
R A

these requirements are satisfied then the surface irrvegularities

can be deflined by their second order moments and in effect by the

spectral density function-d(njf from which the autocorrelation

function, mean square valve and distrvibution can be defined:

)} Y q 99
%1(6) _ % Jn) elzwnédn

? LD .
02 = <(/)/(x)>’ = jf-{/(n) dn

{ Vo
<2
] =%
%(50: T e 207
o] J2n

The next step in the descriptive process

mast be to cons

4613
4elo4

idex

the properties of two parallel tracks ?&R(x) andf?fl(x) (figure 8a)

under the same conditions assumed for the single

track., In this

case the surface is being treated as a separately homogenecus

~>

P

surface in the

given by equation 4.1.1 can be expressed as

REm) = <olmy) o glx 45 v 49D >

wvhich for the particular case

and/...

under consideration when
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and writing

():) = /‘//l (?xgye) }

reduces to, for the casze of the cross-correlation function between the

two tracks:

SRRL(Q} = S% (gs Yo .V]) 4,1.8

Although the complete surface has not been defined, as
to do so would require a sufficient set of values ofﬂ7, we have
obtained a road surface model, hased on two measured longitudinal
tracks which will provide the necessary data in terms of spectra
and cross spectra to enable respénse analysis to be performed,
based on equation 2,5.15, for a vehicle of fixed track, 2b.
If the track width is changed to>2b' then to evaluate the response
of this new vehicle necessitates the measurement of a new track

Az(x,yB) such that

’/é/(xaya) -/?(ngl) = Zb; 4,1.9

Although we may hope that the autocorrelation functions of the tracks
zﬁ(x,yl),'?(x,yz) and'7(x,y3) will be the same there is no justifica-
tion for

@(gﬁf ZY2 - }’l) = @(g’ y3 = Yl) 4,1.10
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An approach for simplifying this form ol road surface
description wags sugrested by PARKITILOVSKI {}41 ong from his
nypothesis a simplitied response analysic has been derived in
Chapter 2 (Section 2.5)., Veritication of this hyprthesis requires
the stationary properties of the two random tracks 1§h(x) and
?5£(X) to conform to certain ruleg:

i) the cross—correlation function between the mean track and
the slope beiween the two tracks must be zero (equations 2.5.16,
2.5.17).
ii) the auvtocorrelation functions of both tracks must be equal,
(Equation 2.5g18). If these conditions can be satisfied then
a response analysis based on equation 2.5.20 or on equation
2.5.26 may be performed.
| However although some form of surface description has
teen achieved in utilising Parkhilovski's hypothesis, i.e. a
random longitudinal signal with a randomiy varying constant lsteral
slope across the track for each longitudinal increment (figure 8a), it
is clearly not as realistic as. we would desire. It does permit . -
response analysis to be performed utilising equation 2,5.26
and will permit a complete description, albeit intuitively
suspect, of the road surface. Hence the coherency function
obtained and reguired by equation 2.5.26 to define the
relationship between the traCkS‘5ﬁ<X) andfzi(x) would in fact
define the relationship between any pair of longitudinal tracks,
and the response equation 2,5,26 would be effective for any

vehicle, with any track width, traversing the road.



Finally, a complets surface descriptive process is presented
in Section 2.7 in which the rcad svrfece i charvscteriscd by
a completely homogeneous surface in beih the x  and vy  direciions, |
I% was shown that, in this case, the surfece oroperties can be
obtained from measurements token from a single track along the
road. 1t the response analysis is performed according to
equation 2.5.26 2 different CoherenCy function would result when
the track width, “b, is varied since the crosgs-correlation function
between the two tracks was shown o be a Tunction of the track
‘width,

These three road-surface models have heen presentéd by
the author in an effort to obtain an increasingly more accurate
description of the road surface, yet comply with the requirementis
of a simple response analysis. The spsctral density A%(n)
of any single track along the road is common to gll of them and
the complexity arises from & need to describe the cross-properties
between the two tracks along which the vehicle will travel.
It is not expected thet any of the above models will completely
dafine every road surface, ﬁut if permitted to deséribe suitable
surraces will allow for verification of the analysis presented

in Chanter 2.

4,2 The surface as a single realisation of a random process

Lyl

The total published work on vehicle response to road

surface undulations has, up to the presentation of this thesis,
been founded on this premise, and measured road profile spectra

are now available for a wide and varied range of motor roads Ll?,l}] .
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Discounting related work on aircraflt runways, road
profile gpectra were first presented hy QUINN and THOMPSOW 140§

in 1962 who obtained their data from a series of gurveyed points
This was followed by work donme by PRVZNER and TIKHONOV’L}O}
(1964) who surveyed the surface profiles of various types-of
road in the USSR and from the data established analytical

expressions for the spectral density. These are presented in

Table 3 in terms of g normalised spectral density defined as

- /
S(w) = %%%%

which represents the displacement-time spectrum of the réad as
Afiewed from the vehicle at any given speed v. (R(0) is of
course the mean square value and the uniis are cmz; the wnits
of v are m/s).

The optimisation work carried out by DINCA f}l] and mentioned
above in Chapter %, Section 3.1, was perlormed using these spectra
as typifying road surface unduvulations. If we examine some of these
gspectra it is obvious from the form of the equations in Table 3 that
¢ resonznt condition can bé achieved by driving the vehicle at a speed
such that the natural frequency of the vehicle coincides with the
"resorance" in the spectrum. This phenomenon is likely to be observed
on poor.y made-up roads, where a periodic component has been super-
imposed on the surface roughness due to the vibration characteristics
ol heavy venicles traversing the road. It has not been observed

on road spectra presented by other authors [}2,13] R

Table 3/...
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TABIR %

TYPE OF ROAD EQUATTION IFOR BSPECTRAL DENSITY
SURFACK

Cobbles of
sotisfactory S(w) = w;&gxlﬁjxﬂ;
guality Sw o+ 0,2 v
Cobbles with N -
holes and ridges S(w) = e 0a1507
2 2
w + 0,29 v

0.0096v (0° + 4,04 v°)

+ 7
(0° - 3.96v°)" + 0,64 v*
Aephalted S(w) = 5 0. 54v ,
’ w + 0,04 v
0.0024v (W° + 0.36 v")
+ 5 5 1
(0° - 0.36 v°) + 0.00%6 v
Cement Concrete S(e) = 0.048v

w2 + 0.0225 v

Analytical expressions for the normaslised spectral density for various
E; Y

types of surface profile after PRVZNER and TIKHONQV Tjd)

..6'9.,.



Attempts to specd up the profile measurement techniaue
resulted in mechanical profilometers belig developsd by MIRA
[10,11,12} and BRAUH :15} who preseunted, independently, s wide
range of road profile spectrs taken from a single track measured
along the road. Bravn summarised his results by assuming thatb
road épectra conld be approximated by an equation of the type

]
4 {J(n )
An) = —- 4.2.2
n .

s

B 14
and listed corresponding avecaged valuves for 47(n0) (s roughness
coefficient) and w (waviness) for various types of surface.

These are given in Table 4.

TABIE 4
Type of Road Condition fean Valueg
W “J(no) cm5
Cement-Concrete - Very Cood 2.29 0,6
Good 1 ° 97 4 . 5
Medium 1.97 8.7
Bad 1.72 56.3
ssphali-Concrete Very Good 2.20 1.3
Gnod 2.18 6.0
Medium 2.18 22,%
Macada. Good 2,26 8,9
Medium 2.26 20.8
Bad 2.15 42.9
Very Bad 2,15 158
Cobble Stone : Good 1.75 13,7
Medium 1.7% 22,8
Bad 1.81 36.4
Very Bagd 1.81 323
Unsurfaced Good 2.25 31.8
Medium 2.25 ©155
Bad 2.14 602
Very Bad 2.14 16300

Spectrum varameters of test routes according to BRAUN rl3]
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/ ) -
(%ﬁ(no) is the value of the spectrum at ~/21n ¢/m or 10 2 radian /cm),

The MIRA road survey programpe was carried out during
the pericd of the present work and the MIRA profilometer recordings
and analogue spectral znalysis techniques were compared with
results obtained by the author utilising geodesic measurement of
the road surface and a digital approach to the spectral analysis
techniques. The comparison of the spectra so obtained (figures

57 s %8 ) ploced a fair degree of reliability on the profilometer

measurements taken by MIRA,

If we prrform a similar analysis on the road spectra
p:oduued by MIRA as was carried out by Braun we find that these

spectra can be approximated by an equation of the form

N ,/ -‘. o
Kj(n) = A§<n0> (ﬁ;) w1 n < ng
4.,2.3
= /é(nb)(%z) Yo nyon,

¥

where Af(no) is the "roughness coefficient" (valuec of the spectrum)
at the frequency ho’ The measurements can be classed into vaxrious
groups and tlie parameter values for each group are given in Tablwe
5. (The range of road sections covered is given in Appendix 1).

| From the spectra presented by MIRA a wavelength of 20 ft,
averaged out as the dividing line befween the two slopes, It is worth
noting that this happens to be one of the standard lengths used in
road construction techniques and corresponds to approximately %; c/m,

which was chosen as the standard value of no.

Table 5/...
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TABLE 5

n, = Egvo/m
- e g S S
ROAD CLASS , {,;’(no) iy
RANGE Mean Standard Mean
Deviation
Motorways Very Good 2 -8 1.945 464 1,360 .22)
Good, 8 ~ %2
Principal Roads| Very Good 2~ 8 -
Good 8 - 32 - . P
Average %32 - 128 2205 - 461 1.440 » 205
Poor 128 - 512
Minor Roads Average 32 - 128
Poor 128 - 512 | 2,28 534 1.428 263
Very Poor | 512 - 2028

6

mi/c

(note: to compare directly with table 4 requires division by 2n)

wdQn> measured in vnits of 10~

Claggification of Roadsg )
based on road spectrs presented by MIRA [12]

Clagsification of road specilva by this means is proposed by the

author, and although much work is still needed to confirm ihe parameters'

in table 5, it is felt that this could ferm a sound basis for future
road classification. wﬁkno) ig simply the hasic roughness coefficient.
Since it is expressed in termsvof the spectral deansity the ratio of
amplitﬁde roughness between two roadsis proporiional to the square root

7
of the ratio of their respective /J(no) values. The exponents w, and

1

Vo have completely contradictory significance, For a given.ﬁ&no) a

high valuve of w, indicates a road with increase in proportional

1

roughness at the longer wavelengihs, Conversely a road with a high

w, exponent suggests a road with a decrease in proportional roughness

2

at shorter/...
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at shorter wavelengths., As a8 road's state of remzir deteviorates,

bl -

a decrense in the exponent Vo ig to be anticipated (figure 59 )0

|

N

4
}

~,

The resulits ol these varvicus surveys and others {43¢
are prescnted in the form of spectra in figure 40 . T4 can bhe
sssumed that as these spectra cover a wide rvange of road surfaces
from motorways to pavé test tracks then the whole range of input
spectra to which road vehicles are exposed in normal use hag been
covercd, ‘The cwvectra follecw the same general trend with the excepition
of the Russian ones 156} which deviate at the low frequency end,

This is due to the analysis technique employed by these authors
who evaluated the aviocorrelation function of the route?approximated

to it by a mathematical function of the type

naglél ) -a, |6l X
Ale - A2e 2 cos B &

I
k-3
N
L3
N

where Aly A2’ ayps 2, and B are constants and then calculated the
profile spectrum by Fourier transform of this function. The low
frequency cut off is irherent in the structure of the approximste

spectral density equation so obtained and presented in Table 3,

4,% The Probability characteristics of three test routes

The geodegic surveys carried out by the present author
were taken on three different types of surface:
l) a motorway; black top on concrete;
2) a country road; black top
s, .
5) a pave test track; stone set in concrete
and are tabulaied as Routes A;B and C respectively. The measurenments

are taken at equispaced points/,o.



at equispaced points in the longitudinzal direcition on two wmarallel
. e RS [ 1
tracks, a distance 4 ft. (1.2m) apart. The measurement and spectrel

analysis techniques developed are discussed in Appendix 2,

These meagsursments were token for the following reasons:

1) As there are some digcrepancies in the particular form of
spectra presented by other authors, an independent check as to
their validity would be valuable,
2) There is no published evidence on the probability characteristics
of the road surface undulations and in particular the probability
density function. |
3) With the exceptions of the work published by PARKHILOVSKI [14]
in i968 who considered the crogsg properties of two tracks along a
single road in support of his hypothetical surface, no other
evidence is available to support . his theory although both BRAUW [13]
and KANESHIGE ﬂié} both supported the premise that the same road
specorum resulted from measurements taken on any track along the
road. | )
4) It would be desirable to check the theory presented in Section 2,7
inbwhich the rosd was treated as a 2-D random process with completely'
homogeneous properties,,

In this Section we shall discuse the results of this work
with reference to points(l) and(?) above. The cross-properties
of the various surfaces are discussed in Section 4.4 and finally
“in Section 4.5 we investigate the possibility of treating the
road surfaqe undulations in terms of a completery homogeneous

surface in both the x and y directions,
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The form of the signal obtained directly [rom lhe survey levels for

route B is shown in Figure 41 . This is typical of the others, in
that data pertaining to the surface irregularities is supsrimposed
on a linear or low {reguency trend. Since the length cf data sample

will determine the lower limit on frequency resolution, it would not

be possible to prove stationarity from a dats sample of finite length,

n

Any component of the signal with & Tredquency less than the lower
cut~off valﬁe vould appear as a trend or non-sgiationary component
that will contaminate the power spectral density estimates computed
from this “raw" data.

We must therefore separate this trend from the comnonents of
surface roughness likely to affect the vehicle dynamics., This is
achieved by processing the data through a high-pass filter. Two types
of filter were tried by the author, the first based on a linear moving

average which has a frequency characteristic shown in figure 42 , and

given by
N ' . oy 2
‘Q’(in)!z = (1 il %@) 403!,1
for A = 159t (45.7m) '

It can be seen that this filter has the undesirable characteristic
of contaminating the data in the range of interest. The second
filter was derived from a filtering techniue suggested by MARTIN [45}

where each data point was modified as follows



1
and the hy s were based on a sevies of weights given by Martin., The
3

freauvency characteristic of this filter is shown in figure 4% and

‘

it snhould be noted that the function is within 2% o

f being a perfect
filter over mostgof the freauency range. .

Uging either of these filters to remove the non-gtationary
trends in the data resulted in a detrended profite which exhibited
the property of a zero mean value, Moreover if the anslysis had been
performed on the original data, while it might appear that the trend
would only alter the low frequency components of the signal it does
.in fact alter all fregusncy components (figure 44 ) (BLACKMANN
and TUKEY [4] discuss the reasons for this anomaly), |

: Having satisfied one of the conditions for stationarity in
road surface data, the major hurdle which remains is the assumpiion
of 'a Gaussian disiribution for the road heights. The probability
density function was evaluated from the filtered data for the three
roads surveyed and a Gaussian distribution curve for the given mean
équare value superimpoSed on the measured distribution. It can be
gseen from figure 45 that the data appear to have a Gaussian
distribution noting, however, that the data values obtained for class:
intervals greater than three siandard deviations, is, as expected,
exceedingly small due £o the finite data length examined. The
probability density curves computed from the other profiles of tracks
B and C were also Gaussian in nature,

The spoctral densities of the three tracks were computed
"and these are shown in figure 46 ., Comparison with those obtained

by other authors tends to favour the MIRA results and an approximate

equation/. ..
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equation of the form 4.2.3%:

J(n)

. { . .
with the parametersﬂﬁ(no)g v, and v, given in table

= ,/f(nO) ()

it

NG

o) (2)

3

TABLE 6

n 4

6 for

A, Motorway 1%.0 2,10 1.42
B, Minor Road 28. 4 3.30 1.48
C, Pavé Test Track 870.0 1.80 Y

Spectrum parameters for the three surveyed tracks

It can be seen that the parameter valves fall roughly within

the limits imposed by our analysisg of the road spectra presented by

L4

MIRA with the exception of route (¢ which has an extremely low valuve

of Voo

is to be erpected on a route which was

endurance teunting.

This then confirms

method for road description based on a

density for a single track.

Moreover,

This inmplies a very rough surface at short wavelengths, which
specially built for accelersted
the proposed classification
knowledge of the spectral

since the surface undulations

vere Gaussian, then this will provide the complete description of

the suiface as a single track profile.



tracks along

4.4 the properties of

To obitain & more complele descripticn of the woad input to
a real vebicle raquires a knowledge of the direct and crogs~properiies
of two random tracks, Both BRAUN (13| and KAWRSHICHE [15] concluded
that the same spectrum was obtained independently of the track
7{(xg yx) measured. It can be seen from figures 47, 48 and 49 .
that for routes A, B and C this concluszion can be drawn. Marther
evidence in suppert of this was obfained privately by the author
from VOLVO (Gdteborg, Sweden;i972> who had suﬁveyed two parallel
tracis of one of their endvrance test surfaces and computed their
individual spectra (figure 50). '
Although we have not measured every track ~§(x9 yr) it seems

reasnnatle to infer from the above evidence that

@(ffs v, JR(%?) Cp=1,2,3... 4.4.1

and the spectral density of the road surface profile in the long-
itudinal direction is independent of the track taken for measurement.
(FProm practical considerations it may be wise to modify this and '
exclude any measurements taken cn tracks in close proiimity to the
kerbs which may contain a slightly higher short wavelength content in
the spectrum).

The CTOSSw§peotra between the two measured tracks 5{x,yl)
and~§(x,y2) for the routes A,B and C were found to be real (the
ima.ginary part being of the ordér of 20 dB down on the real part

and hence/se.
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and hence we conclude that

‘) ) ‘)"’.‘\ .

f . i ‘m
(G, vy =) =0 (5) 44,2

ig even in § for o given (y2 - y1>f The cross-correlation function
for route B is shown in figure 51 and is geen to be even in ¥,

This latter conclusion from the messured dsta is certainly
one which is not generally true of cross—-spectra, but PARKHILOVSKLEl&]
had derived this conclusion, from a set of measurements taken on a

test surface., He aszumed that the road surface could be described

by

4,403

g(x) =

which would represent the mean heights along the road and

(%) = e ()
Y() = AR 4o4.4

which would represent a constant slope across the road and varying

.
]

for each longitudinal increment. He hypothesised that

g{&@) = 0 4445
0

from which if the autocorrelation functions of the two original
tracks are equal then as was shown in Section 2,5 it was concluded
O v ,
that K (5;) is even in © (i.e, the cross~spectrum between the
tracks is a real vslued quantity)a
Parlthilovski's hypothesis which hag been confirmed by
the analysis of the three roads surveyed (see for example figure

h2 ), greatly simplifiegs the response analysis and it was

shovn/e .o

19



shown in Chapter 2 that the vesponge of a four input vehicle in this

case was given by (equation 2.5.26):

ke 1T 812 NN |
() = 2T+ e 0 [Tl ) R
Thus for complete surface description a knowledge of ﬁﬁin)

and the coherency function 3(n) would suffice, 1If a constant
angular slope across the road was assumed then jg(n) vould be
independent of the track width 2b, otherwise Tor a vehicle of
different track a new profile measurement would be required. The
coherency functions for the three test tracks are presented in

figure 53 and it can be seen that they conform to the restrictiong

imposed on them in Chapter 2 (Section 2,6).,
i.e, 0 46"(11) 41

(a(n) -] as 1N =0 4.4.7

8(n) -~ 0 ag ‘ N - O

It can be seen that whereaé on the motorway type surface
(route A) 8(n) = 1 for wavelengths as low as 5m, the coherency
falls off rapidly on the specially built track (route c) indicating
that in the latter caée a gsevere roll ovcillation would be imposed

on the wvehicle,
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4.5 'The road surface as z completely homogeneous rendom surface

Treatment of the xosd surface properties as forning paxid
of & completely homogeneous rengom surface wag shown ia Chaptexr 2
(Section 2.7) to lead 1o a simple reiationshid between the crogsg-

correlation function of any vair of longitudinal ftracks and the auto-

correlation funcivion of either one of them:

Wle? o p?) 4e5.1

o
o~
vTh
~—

!

vhere 2b is the itrack width., It is implied by equation 4.5.1 that

9

L E) = R 4502

Thus from a knowledge ofEQKQ%) we can establish ggL(%;) for any

given track, 2b, and by Fovrier transform the corresponding direct

aﬁd,real crogs—spectrum, from which the coherency function can be

obtained. This will provide perhaps a more realistic description

of the surface irregularities chan was provided by the assumptions

due to Parkhilovski, since it allowg the surface to contain random

fluctuations in the lateral direction without imposing any restrictions

on their respective heights as was imposed by Parkhilovski's assump-

tion ¢f a constant lateral glcpe for each longitudinal increment,
However, to establigh the validity of the assumption of

complete homogeneity requires measurements to be made in any direction

o establish the wiformity of ®(§), Roads in general do not

extend in a darection perpendicular to the direction of travel, but

if we are prepared to consider that the surface could be extended

in all directions then,since gimilar constructional technigues would

be used throughout, the assumption of complete homogeneity could/,..
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couvld reasonably ve applied. l‘We must of course ignore the
camber effect which will net contribute to the vibrational
input to any vehicle travelling in the longitudinal direchion
and consider the road swiasce as consisting ¢f a plane suriace in the
lateral direction (figure 54 )o
From the gutocorrelation functions of routes A, B and C
the cross»correlation.functions were derived for various values of
2b and it can be seen from figures 55 and 51 that remarkgble agreement isg
7y s
obtained between‘khL(W;) computed from equation 4.5.) and that obiained
from the measured data of two parallel tracks. Further, it is observed

that as the track width decreases so

( : ),
R o8 — K@ 1523
and ag M i O
50 R (€) 0 4.5.4

The coherency, functions for the three measured surfaces
were computed by this means and are compared with those obtained by
computation from direct measuremonts in figure 56 for the measured
track width 2b. Agreement is good ~onsidering the errors which must
be induced in this type of analysis.
Figure 57 shows the effect of a varying track width on the
coherency function for route B and confirms the intuitive result

expected.
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This then confizms that, fox the limited data available,

trestment of the road surflace as & completely homogeneous randon

surface ig possible and that & single meosurement of the auto-

correlation function of any longitudinal track will serve as

-

the exhaustive prohability characteristic required to describe the

surface,

4.6 Ln examination of vehicle response gpectra, vehicle model
parameters and testing technigue

Before proceeding o predict vehicle response spectra Irom
o, knowledge of the vehicle dynamics and road surface properties it
will be useful to examine *ypical vehicle response spectra to ensure
the applicability of the previous anélysis and in particular that

the general response equzations given in Chapler 2:

¥
s°(f) = oy (if) oy (if) :; .J(n) 4,61
and |
(1) = % {A(f)‘+ B(f) cos 2rna 4+ C(f) sin 2nnaik4f(n)
4.6.2

apply to the present problem,

Whether component response requires analysis based on a
single or double input vehicle model (equation 4,6.1 and 4.,6,2
respectively) ig irrelevant if we invert equations 4.6.1 and
4,6,2 and examine the transfer function so obtained for any given

speed, v, on a range of road surfaces:

-‘fﬁg%l = 1 T()1? 4.6.

AN
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2 * . L . .
| . for the single input nodel

whexe 17ﬂ(f)
= A(F) + B(F) cog 2rnsn - O(f) sin 2nnz
for the double input model,

A rigorous analytical treatment of the problem demands that | | (£
gshould be constant for any given speed v over a range of roads vhose
direct spectrum ig given by J(n), Using experimental response spectrs
supplied by MIRA [44j for vehicle B (see Appendix }) the transfer
funciion foﬁ the force in the front spring was evalusied according
to equation 4.6,% for a variety of measured road surfaces,
Figurcs 58 and 59 show the spread of results for two given speeds;
the response spectrs being teken on widely differing surfaces from
motorway to country class B type roads. The maximum variance on the
mean result is 27%@ but when we consider the msasurement and analysis
task involved this represents a surprisingly consistent result,

Evaluating mean square response for the same component
yields an interesting and yet not unexpected result., If the experimental
mean square values arerlotted against vehicle speed (figure 60)
it ig . clear that for smooth roads (motorways) a linear variation is
obtained, suggesting that a negligible pitch motion is induced
in the vehicle whereas for roads with a rougher surface the variation
of mean square responge is similar to “hat observed in Chapler 3,
Section %.2, when we congidered the respunse of a double-input model
(figure 16).

Effects due to vehicle roll motion were not expected tc
contribute to any of the above response spectra and hence the assump-

tion of a single track vehicle model was taken to be valid,
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Similay results were obhtained for the tranaler fimaetions for

the response at various other points on the vehicle with a similar

gpeed. It was noticed, however, that roads with spproximately the same .

4 4

see Section 4%2) yielded almost identical transfer

TN

roughness cvefficien
functions (figure 58) guggesting that some of the variance in the resulis
may be due to vehicle non-linearity and in particular, in the case of
vehicle B, the suspension shock absorbers.

Tests were carried out on the shock abscrbers of vehicle B
to evgluate their force-displacement receptance and it can be seen
from figure 61 that this is heavily dependent on lhe piston stroke,
Thus while the other parameters for the vehicle models were evaluated
from manufacturers dravings and specifications, or from examination
of the actual test vehicle, the dampers were tested independently
and a linear approximation to viscous damping obtained, based on a
foreknowledge of the roughness coefficient of the test route.

The experimental response spectra were computed {rom pre-
recorded data taken from transducers situvated at the various messuring
points on vehicle B. Strain gauges were fitted to the suspension
components and accelerometers placed on the chgssis. The signalax .
were amplifTied and recorded on a frequency modulated tape recorder.

On arrival at the test route, the car was allowed to »oll to
g standstill, withoutl braking, on a level surface. This allowed a zero
signal (representing the static sirain in the strain gauged components)

to be recorded. The car then accelerated to the required speed, and

the/e..
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the recordings initiated by viilisation of a voice channel, Constant

1~

gpeed was maintained throughout vhe test run over the selected surface
of about 0.5 ~ 1 mile in length.

Although the author did cake part in some of the data acquisi-
tion, the vast majority of this work was caxried out by MIRA who
supplied all of the experimental response spectrs and the test

vehicle. Some of the vehicle parameters (e.z. roll and pitch moment

of inertias) were obtained on cxperimentsl avparatus available at MIRA,

4.7 Comparison between expecimental and predicted vehicle response

In this Section we shall treat a typical problem - the
determination of response in a particular component of one vehicle
runming on one of the measured test routes, route B -~ using a sequence
of énalytical models of increased sophistication. The analysis
relevant to cach model has bszen presented in Chapter % and the test
route parameters in Section 4.% of the present Chapter, Comparison
with the experimental résults at each stage will enable the value of
innreased sophistication to be assessed,.

We shall concentrate our attention on the response of the

front ¢2il spring of vehicle B; running along the given stretch of

route B on two parallel tracks, a itrack width apart.

4.7.1 Bingle input model

We sha’l initially consider an exceedingly simple analytical
model in which the vehicle is taken to be represented by the simple
linear system of figure 17, and subjected to a single random displace-

ment - excitation imposed by the rozd profile. It was shown in

Chapter 2/
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Chapter 2, Section 2.2 that the response spectral density of the system

vhen travelling atv constant npeed, v, over the profile a4 %) was
- - 19

%

given by
Ss(f) = %j uz (i) al(if> 4f(n) 4.7.1

The propervties of a front spring system of the fest vehicle
were simulated (as indicated in Appendix 3) by allocating to the
parameters of tho system of Figure 17 values derived from the parameters
of the actuval vehicle. These original psrametexrs were nainly taken
from the manufacturer's dravings, or in a few casges from direct
measurements on the test vehiclej it was found difficult to obitain
damper parameters and these were obtained from special tests on the
individuwal dampers and discussed in the previouvs Section. It was
thus possible to determine the recepitance of the force in the spring
kl with respect to imposed displacement at the point of contact.

For the frequency range 0~30 Hz which is relevani to ride and stressing
a simple linear type moéel is Jjustified: +tyre parameters can be
determined [39} if tyre type, pressure, and vehicle gpeed are known.

Using the known spectral densityp&{n) of the profile of

Route B, and the calculated receptance a](if) of the force in the

spring k

1 it wags therefore possidble by asing Equation 4.7.1 to predict

.the spectral density So(f) of the force in the spring due to traversing
the profile at any speed v.

Tigure 62 shows the predicted response spectrum, together
with the experimental spectrum obtained by analysis of a strain-gauge
record for the actual spring. Agreement is remasrkably good considering
the simplicity of the vehicle model, but clearly leaves something to

be desired.

- 87 -



There are other reasons too for believing that a single

inpub model is inadequate. Bvaluvation of the aquantity oo (if) o, (11)
K - v 1 T

in equation 4.7.) in terms of the model in figure 17 yields an
expression which is dependent only on freguency and the constants
of the system. It wes ghown that equation 4.7.1 could be rewritien

as

IT'ol® =« SO(f) / - (n) 4,7.2

and using equation 4.7.2 the guantity ﬁT“(f)iZ vhich for the singleml
input case ié identical to the gguare of the modulus of complex
receplance, was evaluated from experimental measuvrements of response
and . road spectra. Ixamination of these results for one component,

» 5
on a variety of roads at various speeds, shews the function '] (f)l
not independent of velocity., It may be inferred therefore either that
receptance is velocity»dependent.or that the single input model is
not valid.

Farthermore the single input model lends itself well only to
the coneideration of response in components which are particularly
dependent on excitation of a single wheel., As the spectra of Figure 62
concern such a component, reasonable agreement was perhaps to be
expected: we shall however require a more sophisticated model if we

hope to consider components which are no% so conveniently situated.

4,7.2 Double input model

We shall next consider the model (two winput model) as shown

in figure 25, which includes both front and rear suspensions, It

vas/eo.
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s

. . - . \ ., Qs
wag shown in Secticn 2,.% that the response spectral density S (i)

of any variable of such a two input system was given by

Su(f) = -£} A(?) + B(f) cos 2una + C(F) sin Qﬂné},Jkn)

A:Te3

It hag been dcmone'ratéd that this transfer function is speed dependent
and fulfils the requirements'lacking in the singie input case,

Again properties of the test vehicle (as ¢efined by th
manufacturers) ware simulated by allocating suitable parawmeters to
the system of Figure 25 as explained in Appendix %; this enabled
receptances al(if), a2(if) allowing the force in the front spring
kl due to excitation at front and rear wheels to he determined.
Use of egquation 4.7.3 then gave the response spesctral density of

the force in k The predicted spectrum ig compared with the

e
experimentally obtained spectrum in Migure 63, Comparison with the
predicted spectrum of Figure 62 shows that prediction has been

improved.

The more complex model permits the prediction of other response
spectra, and Figures 64 and 65 show the spectral densities respectiveiy
of the acceleration of the centre of gravity of the body, and of the
force in a rear spring. Comparison with =2xperimental spectra shows
that agreement here is quite good although the model is not yet good
enough for precise prediction. It ceems desirable to consider a

four~input model, althovgh so improved dynamicel model might also

prove effective.
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4.7.% Four input madel

For the vehicle shown in Figore 3% it has bheen shown that
the response spectrum (undev ceritain assumpiions discussed in Chapters

2 and 4) reduces to

°r) = HTH0]7 + ete) [T fm) 1.7.4

and the general form of these new transfer funcitions has been presented
in Chapter 3 (Section 3%,5).

It remains to see how the predicied response spectra are
affected by the adoption of this new road vehicle model;

The coherency function @(n) for Route B iz shown in Figure
53e It will be seen that v(n) 1 for n<0,Ll7, and it follows thet
8 (f) 1 for £ (= nv)<0.17v. Thus for v = 48 km/h, i.e. 13,3 m/s,
g(f) & 1 for £<2.3 Hz,

As the receptance fox a front‘spring hag its peak value wcll
within thig frequency ?ange, it can be assumed th&t—at all frequencies
contributing significantly to re&ponseléf(n) %/Jl(n), and in fact
that approx1mately (y) = JP(X) a3 far as the relevant frequency
is concerned. Differences between:ﬁi(x) andjjgh(x) cannot therefore
significantly affect the response of our test vehiclc on this road
and no purpose would therefore be served br computing response for
this case.

This is in agreement with our conclusions drawn at the
end of Chapter % when we considered vehicle response based on this
four-input model and the effects ofivarious forms ef coherency

funotion.%(n) on this response,
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srocednte was appliced to predict the

regponse of similar components in 3 third vehicle whose suspension
characteristice varied slightly with those of vekicle B, The
comparison hetween predicted and response spoclra was good with

characteristics of & similar nature to those presented above, and

no useful purpose can be served by presenting the results,
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To reproduce in the 1aﬁoratory the response of a vechicle,
or vehicle component, Lo a given road at a given gpeed for a sufficient
variety of different roads and speeds has long been the gozl of
vehicle development engineers. Achicevenent of this goal requires a
complete road surface description, a road classification technigue
and indications of the proportion of its life each vehicle gpends on
each class of road. Moreover, a reliagble response analysis.must be
achieved before component testing can be introduced without recourse
to prototype vehicle testing.

It is the object of this Chapter to show how the theory
developed in Chapter 2 coupled with the response analysis of Chapter
% and the road description and classificatidn methods proposed in
Chapter 4 can Torm the basis of developing the only reliable
simulation test of vehicle service stress. It will he demonstrated
that a laboratory simulated test based on recordings taken from a '
prototype vehicle has very limited scope, whereas the test based on
the work n»resented in this thesis shows definite promise and is
currently being developed for the industrial testing of vehicles,

The simuvlation test method proposed does not describe the
complete vehicl=z environment and may seem only a limited objective
‘in comparison to ~omplete testing, but such & test would itself
form a very powerful tool, besides offering the first step towards

eventual complete simulation testing.
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5.1 The nature of the problem

The term Simulation Testing emtodies an atiractively simple
idea ~ the reproduction in the laboratory of service conditiung -
but even whenh restricted to ithe vehicle Figld embodies a greatl
variety of different types of test. The wltimate objective of
thig test may be to define vehicle durability criteria which is
in itself a work of major imporiance., We will confine our attention
on one particular test, that of reproducing in the laboratory the
response of a vehicle to road surface undnlations. We will assume
that the vehicle travels at constant speed and hence we can draw
on the response analysis and results presented in Chaptér 2 to 4.

It was shown that successful response prediction required
a knowledge only of the speciral density of a single track along
the road. But, to design a gimulatioﬁ techrniique for a compleﬁe
vehicle based on symmetrical inputs to both off-gide and near-side
wheels is undesirable, especially when the final objective of the
work may be durability testing. Thus, we must endeavour to produce
a test which will correctly simulate the four input signals,
together with their related inter~depen&enoe, which can be applied
to the fdur wheels of the vchicle,

It will be shown in Section 5.% that it is possible to obtain
these signals, with the same spectra and cross spectra, as would
have been messured on the road. Although we are considering only
the simunlation of spectra, i.e. we shall be satisfied if at the
wvheels of the test vehicle all possible direct and cross—spectral
dehsities are identical to those obtained on the road, if we ensure

that our simulation signals are Gaussian, then the simulation



o, complete slmulation of the

as

technique bosed on spectyva will be
excitation. It was chown in Chapter 4, Section 4.3 that the road
surface undulations were governad by & Geaussian distribution.

The method outlined in Section 5.3% for the simulation
testing of complete vehicles may be applied to discrete components
since the input spectra to any conmponent in the vehicle may be obtained
with recourse to the analysis of Chapter 3. It may not, at first
sight, be obvious why one should adopt this technique for testing
individual components and it ig shown in Section 5.2 that the more
obvious form of testing, using prerecorded data, contains some
major drawbacks in its application.

The equipument necessary to perform either type of simulation
test is now generslly available and consists basically of four or
more servo-hydraulic actuabtors which can be driven frow any <xternsl
source. There are yet many problems to be considered in the specifica-~
tion of such equipment and in the conditions of its use, but these
will not generally concern us here., We will examine the two possible
methods of supplying the external signal sources - the random
excitation which the test vehicie or component will 'see! as a .

simulation of the road surface roushness,

5.2 Prototype-based testing

The most obvious form of simulation test is to measure
displacements or stresses in a component whi-h forms part of a
prototype vehicle under service conditions, and to apply such
forces as will reproduce similar effects in a similar component in

the laboratory.
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This technigue, alfthough simple in principle, has three major draw-
backs.

i) Before any test can be carried out, a prototype vehicle has to
be constructed, instrumented, snd then driven over a series of test

tracks to recerd a stress history of the varicus components under

test.

ii) The application of the reguisite forces and constraints to an

isolated component can impose serioug practical difficulties.

iii) If it should prove necessary to modify any part of a component
under test (e.g, to stiffen a structural component), then 1t is
only by installing the modified component in the criginal vehicle
and obtaining new stress histories that a properly modified test
can be established. Testing the modified system with the original
excitations could lead to serious errors in stress simulation.

This last difficulty is an important one and can be
illuminated by analytical treatment of the problem., Consider for
example the system shown in Figure 66 where system « represents a
perticular component to be tested and system X the remainder of i
the system in service including the vehicle suspension. Suppose that
FO cauwves a displacement %q at the point O on system X and that

ve are interested in the response 7z, at the point 2 on «. The systems

2

are comnnecved at the point 1 where they have a common displacement

zl amd experlence equal and opposite forces Flo

test for the svstem a in isolation it is necessary to ensure that

To provide a suitable

25 is properly simulated, and so that the proper force Fl is applied

to it.
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Then the responses and excitations are related by

“o = Koot T Aot

21 = Kglo Aty

6 = wy (1) 5.2,1
hy = gy (W) ]

where O s XTo are receptances (or transfer functions) representing

0

the response at v to unit harmonic excitation at s.

Solving 5.2.1 forkz2 in terms of Zg we obtain

%1%
VA o= : VA

%1700 ~ MoRor T Ffee O

5.2.2

This is the response which rmust be excited when the component
o is tested alone, and this will require imposing a force Fl which
correctly simnlates that in the combined system.

Let us now consider instead of a a modified system 8 (figure

67 ) and determine its response when the force Fl is applied to it.

Let the response “g in thig test be denoted by Zz(ﬁ).

From equations 5.2.1 the force Fl is given by

X
10
F, = - y > ; Ze 50243
- 0
1 “11%0 = *10%01 * M1%00 ©
vhence the regponse of system B alone is given by
(8) B21M0
2 - e Zoe n20
2 - Xy Koo+ Koo X Y be2.4

%1%00 10701 11700
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However, by making the necessary changes in 5.7,.2 it ig clesr that
if system 8 had replaced « in our original model the response Yy

would instead have been given by

CEN VI P21%10 . 5.2.5
2 Bi1%oo = Aiofor * Hpfe O
The ratio (B) Ly :
"v i Aol e L - ey kY X
2o " PiaRog m Mk KK 506
- s - - \ s ~ : ¢ 6 Lo
Z?(k BT g Ky - Rk KRy

. relates the response of the system B to a test based on the service
behaviour of o to that in & correctly prescribed test: it will not
in general be unity, and the extent of its departure from unity will
be a measure of the error which has arisen,

Unless « the ratio given by equation 5.2.6 will

1 = Pays
be effectively unity only if

2
: KoK= X
) 11700 01 .
lalll and IBlll & ‘ 7 5.2,7
00
The difficulty is best illustrated by means of an example,
Suppose that the system a(and B) is a chassis frame, and that X is

the vehicle suspension, represented by figure 68,

It car be shown that

' 2
Ky q Koo = X e’ = (p + p.)

100 10 \ p
M) = = e 5.2.8

>
00 -
Py (mo D)

where/...

b= O




wher L= ko, 4+ dowe + = Kk LW o
thexe py, LT ey Py 1+ 1¢

Clearly the masgnitude of [j\(f)l will be frequency dependent,

- o~

and ther~ are ranges of Ireguency where 1l may bhe expected to be small.
Figure 69 . shows how fj&(f)fz varies with frequency fox a particul&r‘f
set of parameter values teken frowm a public service vehicle,
Particularly for high values of frequency this must limit the
gtiffnesses of alternative chassis frames to which a gingle gpecified
test will apnly.

In thig simple case where only & single excitation is
involved, it is an easy matfter to compensate the force which was
ovtained from ivhe (a+X) test so0 as to meke it applicable to the new
(a+6) test. Turther complexities arise, however, when two or more
inputs have to be considered.

The analysis was carried out for the case when two inputs
were congidered and force compensation vas also achieved. It was
found that it required not just the simple multiplication of equation
5.2,0 but a complex algebraic manipulation of the various receptances

'

in the systen,

5.3 Test baged on road profile spectra

The difficulties of prototype-based testing are avoided by
a testing technique which uses as input, data based on the rosd itsels,
Now that adequate road profile data islavailable it is pessible to
produce synthegsised signals which represent the vertical displacements
imposed by the road at the vehicle tyres. This type of input can be

applied to a prototype vehicle, or indeed to a component in the

- 98 .



f

vehicie provided the data is meditfied 1o allow for the filtering action
of the remainder of the vehicle,

Congider a test rig consisting o 4 electro~hydravlic actustors’
which apply controlled vertical displacements to the 4 wheels of g
‘complete vehicle under test. T% igs in fact possible to devise a
means of imposing suitable digplacements at the four wheels without
the necessity of making the vibrators follow actual point-by--point
road data, ss the following analysis will show.

Suppoge that two parzllel tracks on a given road have profiles

, . iy g ," 4 lm
i (x) and 7. (x) for which the spectral densiiies @é(n), ﬂ/ (n), . .(n)
() L (;/R . RIL. LR
)

and»<L(n) are known. Then if we delfine new varisbles

if

.%{(x) 5Zh(x) +/51(x)j /2,

i

V) = [0 - 5,0 /2v, 5.3.1

(

‘ v ﬁ%"
where 2b is the track width, and let 4J(n) and qj(n) be the spectra

of the two new signals defined by equation 5.4.1 then it was shown

in Chapter 2 (Section 2.6) that

Sy« 250 J g

2

ti

3.2

\J1

i

') - 2240 )

2b

where .<jD(n) = J;(n) = Af;(n) )

ol ,J%(n)
5 = e !

1

and 4fx(n) = <ﬁﬂﬂn) = <é3(n)
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I% is then possible to synthesise uncorrelaled ngn&lswﬁ(x)

v

and 1f(x) which have gpectral densities given by H.25.2.

It remains only to cenbine thes~ signals to give ths

displacements at the wheels ol the wvehicle, If %i(x)gcﬁé(x).
?,,f l“/

are the required displacements atl the seversl wheels ag numbered in

. - , . Y ,
Figure these are related to & x) and Y (x) by the equations
& b f b

?fi(x> = ”5(X)»L bl%(x) 3
?{2(X> = ’§(X+a) + blf(x+a)

U
©
AN
®
N

/b%(x> = f%(x) = b y(x)

zfi(x) fb(x+a) - b}V{X+&> J

i

I the signalej(x)9 \F(X) are stored on tape or are digitally
generated the translations such as that froml»g(x) tolé(x+a) and
the transfer from‘s<x) to z(t) are easily enough accomplighed.

The definition of the four imposed displacements by 5.3.3
completes the specification of the test. The imposition of the
devired displacement at each wheel is then accomplished by suifable
contrﬁl systems.,

Where it is not possible to test a complete vehicle a test
on the sawe principle can be devised, at least in the case where
the behaviour of a constant velocity vehicle is to be simulated, in

which the analrsis, presented in Chapter 2, ie used to replace
some part of the complete test specification. The test must now
consist of displacements imposed at the pointe at which the component
to be tested is in contact with the remainder of the vehicle., The
spectral densities of these impoced displacements must be determined
by analysis snd signals having these épectral densities must then
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be applied.

5e4

on of road surface

A simlation test based on the analysis ol Section 5,3% caa
be applied through the wheels of any four wvheeled vehicle irrespective
of wvehicle wheelbagse or track width. The input signals which represent
the imposed displacements and are expressed in equation 5.%.% can
be defined from a knowledge of the direct spectrsl) density of the road
and the coherency Tunction. Moreover, if we are prepared to assume
that the road surface roughness is characterised by a completely

homogeneous two-dimension Gsussian random process, and this seoms

to be a reasonable assumption in the cases of the routes considered
in bthis thesis, then a complete road simulation; complete, that ig,
in the present context, can be performed with only a knowledge of
the autocorrelation function of any longitudinal track along the
road, For it was shown. in Chapter 2 (Section 2,7) that the
coherency functlion describing the relationship between two parallel

tracks a width 2b apart could be ohtained from the autocorrelation

funétion through the relationship:

Q) =R (%) =R 2 P .
Hpp(8) = K p(8) = (8" + 4% ) 5edol
Thus the method of road description and classification
proposed in Chapter 4 (Section 4,2) in which road surface spectra

‘were approximated by the simple power law relaiionship

Ay = S )@ = ornan,
, L 5.4.2
= \y(no)<§” V2 for n wn
" )
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(with the proposed parameter values given in Table 5) is sufficient

material on which to found the propored simulation test,
Generation of the imposed displacement dignals presents

no mgjor difficulty. SHINOAUKA L45j has shown that a Gaussien random

stationary process with a zero mean velue whose spectrum is given by

S(w) can be simulated by the way of the series

1
z(t) = o (%) 2 cos (mrt +\;) 5:463

vhere o° = <z2(t)§ : and wr(r = 1.2 ... N) are independent rendom
variables identically distributed with the density function p(w)ﬁgp(wr)
given by

plw) = S(w)/o2 ' 5.4.4

and v; are independent random varizbles identically distributed with
the uniform density 1/(2n) between O and 2n,

The input signals to the vehicle have their complete spectral
info.mation contained in equation 5.4.2, The simulation technique is
to genevrate the signalS‘g(x) and’%(x), with spectra given by
equation 2.3%.2, using the method outlined above and then add ﬁhese two

-

uncorrelatea signals to obtain the required input signal, e.g.

'?ﬁ(x) = %y(x) + bﬁ%(x) . 5ede5
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An alternstive method used to provide the four imposed displace-
ments can he achieved by means of cpplying anslogue (or digital)
filters to the uncorrvelated outpuls of two random white noise generatorsg
Identical high pass and low pass [ilters with fall-olf rates ranging |
from BdB to 9 dB per octave can be applied to each noise generator
to establish the two basic uncorrelated signals f&(x) and ‘f(x)
required for the test. The varying fali-off rates enable gpectra
with any expone: © w to be realised;and the coherency function to

be approximately reproduced by a low pass filter,

Basic testing equipment requirements can be simply established.
Por complete vehicle simulation, with inputs applied directly throuzh
the tyres the vibrator stroke, velocity and aoceleration requirements
can be evaluated as follows.

The signal applied to each vibrator is given by, for example,

frem ecuation 5.%.3

7gi(x) = 'Z(x) + b (%) 5ede6

The spectrum (dl(n) can be obtained:

I o
J n) + e /{f (n)

ii

i)

1+ Hn 2 1 -9 o
= -"""”*gz‘}“(“ﬂ' + b7 ey E“U\ A pn)
2b J 0
from equation 5.3.2
, .
= .//D(n) 5edo]

with the expected result,



Herce the input spectrum to the vehicle can be evaluvated by

combining equations 95.4.7 and 5.4.2, and this will represent the

displacenment spectrum of the vibrator stroke, Sh<f)@
o (g vl gy [ Ty y
e h(,.) = v ~ 110 " { n = nO
RELTNS
50408
: ooy W
oMol i 2 .
=V /.‘v;(no) [n ! n e n,
)
The mean square valuve is given by
.i‘
.
N 2 - . .
a, = Sh(f) af
f2
£
= /J( ) VTt a v " Y ar
= A no o | i
JL'ﬂ2
f
i Woml W . -
+ Ao ) vieTt g M2 £V af
0 o}
. b
jul
vhere £ = n.v

5¢4.9
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The maximum piston stroke is then given by 2>\6h where A is the nwiber
of standard deviagtions. A similar analveis will yvield the moximom
velocity and acceleration requirements.

This simple form of analysis shows how basic information can
be obtained regarding test equipment gpecification, and could easily be
expanded, utiliging the response analysis of Chapler 3, to provide

the complete equipment specification necessary to provide an accurate

simulation of road surface roughness.
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(‘par T L
JALL R O

FONCLUSTONS

The major findingz of this work are:

1) Road surface unduviations may be treated and analysed by

consideration of their statistical properties ag member functions

of a stationary random Gaussian process. Three road surface models

have been proposed and their properties analysed and presented using

standard techniques based on the existing theory of random vibration.
In the first instance, it was shown that the road could be

considered as a cylindrical surface with random properties in the

longitudinal direction. Complete description was thus provided by

the spectral denzity of a single track along the road in the direction

of traverse,

Secondly, a more reaiigtic picture was obtained by consideration
of the surface as consisting of a mean random track with a randomly
varying, constant lateral slope for each longitudinal increment.
Specification of this form of surface reguired either a knowledge of
the two uncorrelated spectra of the mean track and lateral slope
V@riations, or, és was demonstrated in Chapter 2, the direct spectrum
of any track along the road together with the coherency function
between two parallel tracks. The surface format suggested must preclude
any variation in either the direct spectrum or in the form of the

coherency funciion for varying track width.
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Finally, consideration of the roasd surface as part of a two
dimensional completely homogeneocus random process was shown not
only to provide a practical and plausible descripiion of the actual
gsurface, but also to allow for its complete description to be provided
by a single avtocorrelstion function; this latiter function being
evaluated from any longitudinal track. Tt was shown that the coherency
function for any pair of longitudinal tracks could be derived, with
characteristics vhich varied with track width. Hence a single direct
spectral density function scrves as the exhsustive probability charac-

teristic required to define roed surfaces, and a new rozd clagsification

method is proposed based on this function.

2) The theory of random vibration has been applied to the problem
of determining the response of vehicle components to road svrface
excitation. A response theory has been developed in which the various
forms of rcad surface description specify the excitation environment.
Simple relationships Betyeen the response and excitation spectral
densities were obtained not only for the case of a single input system,
but also for s system with four inputs and a vehicle model with as
sophisticated dynamics as may be necessary.

However, it was shown that a very simple road-vehicle model
gave surprisingly good prediction of the response of a given vehicle
component; a more sophisticated vehicle model with iwe inpubs gave
even better results. A model with four inputs was examined and found
to give virtuvally no improvement for the particular component considered,
It was suggested that unless the component of interest requires a four

input model for geometric compatibility, or unless the coherency function
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of the excitetion departs from unity at a very low freguency, increased
gophistication of the wvehicle model to a case with four inputs conld
not be justified. Vehicle regponse to road surface undulations wust

alwvays predominate at the lower frequency end of the spsctrum,

3) A novel technique for the laboratory simulation of vehicle
response to road surface roughuness hag been developed which iz based

on the statistical properties of the road surface and bence independent
of the dynamic characteristics of the vehicle. 1% was shown that ithis
has a major advantage ovexr other methods and, if properly developed,
seems likely to provide a very good simulation of vehicle response to
road profile undulations.

No simulation can be perfect, and there are of course certain
factors which have not been considered here. The effect of rolling
tyres cannot easily be reproduced: certain components will be heavily
stressed due to cornering or acceleration: a stationary random process
cannot exactly reproduce the profiles of a real road since occasional
large irrvegularities as potholes have been removed from the analysis.
But certainly the founding of a tect specification on basic road
properties does seem likely, even in its basic form, to offer a

meaningful type of test which has not previously been available,

Vhile every effort has been made to vrovide experimental
verification of the theoretical analysis of rcad surface roughness
and vehicle response, it is recognised that thic must be limited,
The results of this work must therefore be taken as providing a
sound theoretical treatise of the problem, andsalthough the results

may not be avplicable in every case, it has been shown that there
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is sound justification that the proposcd theory of profile excited

o A
¥
i

vehicle response based on the theory of zandom vibration, can be

applied to provide sufficient® ivformation aboul road surface
description, acéﬁrate vohicle response prediction and a hasic form

of eimulation test. It must ie remembered, however, that this forms
only part of the overall problem of vehicle response, Much work needs

to be done to provide the complete respense or complete simulation

of o vehicle's excitation environment.
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AFPRIDLE 1

A Range of Joad Sectiona Meagvred by M. T.R, Al

The reference letters and locations are taken from M,I.H.A. Reponrt
No 1970/5ﬁ The subjective ralings vary from fat (very smooth) to 11 {very
rough) and are the rating given to the road hy several M.1.R.A. engincers,

The roads are given in thiee sections

T g L

Motorwayss
Principal Roads;
Minor Roads.

They are arranged in ascending order of their 4(n_ ) value
& ¥ \ ) b4
) 1
withh n = === /i,
0 2n /

HOTORYAYS

M.T.Reho Location ‘Subjective Road Spectrun Upper | Lower
hef., Rating at Spatial Slope Slope
Frequency wl Yl o

FTB/C CM3/C

BK "High Speed Circuit b 0,0000781 2,20 7,89 1.43%
M.I.R.A. Proving Ground

AU Ostend-Brussel Autobahn a 0.00009 | 2.55 2.86 1.53%
Jabbeke ‘ .

BF Autoroute Al, 25 Km N, a 0.00014 | 4.00 1.87 1.46
of Paris

U Ml. Leicestershire a 0.00016 | 4.5% 1.75 1.44

AW Cologne~Bomm Autobahn a 0,00016 | 4.53 1.66 1.1
8 Km S. of Cologne,

Vv M6, Staffordshire b 0.0004% |12.18 1.70 1,08

AL Ostend~BrusselsAutobahn b 0.00044 [12.45 1.80 1.06
Ghent )

BL Horizontal Twin Track b 0.,00069 {19.59 2.,03% 1.57

Straight. M.I.R.A.
Proving Ground

BZ Ostend-Brussels Autobshn b 0.00079 |22.49 1.84 1.28
Bruges

BA Autoroute du Sud a 0.,00081 | 23,02 1,52 1. 80
31 Km S. of Paris

AZ Cologne=Frankfurt ¢ 1 0.00096 {27.04 1,96 1.27
Autobahn Wieshaden 2

AY Cologne-Frankfurt c 0,00174 [49.21 1.46 1.29

Autobahn VWiesbaden
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PRINCIPAL ROADS

o Lo RoA Location Subjective Road bpectrum at Upper
lef, Rating Spatial Frequency Slope Slope
%, 3 1% Y
7/ cM7/0 1 2

BP B, Horndon Bssex b 0,00017 4.92 2.89 1.57

BE N20 N. of Btampes 47 Km 0.00030 .55 2.57 1,61
S. of Paris ‘

AC AS High Cross b 0.00039 11.02 2.82 1,13
Warwickehire

AS Mons-Brussels N7 1% Km b 0.00049 1%.87 2.10 1.5%
N, Of Boignes

AD A5 Rugby Warwickshire b 0,.00085 24,10 1.18 1.33

AT A5 VWeedon Northants 0.00096 27.04 2.41 1.49

AB A5 Atherstone 0.001%2 37.%3 1.81 2,08
Werwickshire

7 Coleshill Warwickshire c 0.001.62 45.92 1,67 1617

BU Iuton Bedfordshire c 0.00166 46,99 1.77 1.3%6

BH N347 1.5 Km E. of 0.00178 50.36 1.63 1.39
Les Moeres

BG N16 W, of St. Pol Sur d 0.0026% T4.48 2,07 1.15
Ternoise

BB N191 0.4 ¥m S, of 0.00302 85.92 1.70 1.00
Ballancourt

BC D17 W. of Ballancourt 0.00372 105.21 2.34 1,61
%35 Km., S. of Parisg

BJ N347 0.4 Km W, of 0.00417 118.04 2.25 1.42
Les Moeres

BD D17 W. of Le Bouchetl d 0.00479 1%35.53% 2.16 1.7%
35 Km, S. of Paris

Al Coventry Warwickshire a 0.00510 141,92 1.43 1.44
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MIHOR ROADS

Fie ToR. Location oubjective Road Spectrum at Upper | Lover
Ref. Rating Spatial Prequency Slope Slope
P57 /C or/e | M ¥
BM Dunton Essex 0,00026 T0%6 2,72 1.46
B Gladbach-lrp 30 Kn 0.00026 . %6 1.54 1.20
S.W. of Cologne ’
BW Beeley Derbyshire 0,00081 23,02 2,67 1.6C
BR Private Drive Fssex c 0.0008% 24.10 1,96 1,42
H Hednesford a 0.00112 31,71 3.08 1.52
Staffordshive
BN B. Horndon kssex c 0.00120 34.04 2.19 1.41
C Huntingdon c 0,00123% 34,84 2,30 1.24
Staffordshire
W  Fosseway Varwickshire a 0,00166 46,99 2,40 1.21
BQ E Horndon Essex 0.00234 66,38 2,23 1.96
AP 10 Km N. of HMons 0.002%34 66.38 2.10 1.26
B Gailey Staffordshire d 0.0023%4 66.38 2.3%8 0.95
Y Slaley Derbyshire 0,00288 81,67 2.48 1.58
BS Private Drive a 0.00288 81.67 2.56 1.23
Bedfordshire
BV Iuton Bedfordshire, 0,0033%1 9%.72 2.90 1.47
AH Market Bosworth 0.00347 98,18 1.66 1,04
Leicestershire
X Fosseway Leicestershire " 0,003%98 112,73 2,11, 1.44
AG Upton Leicestershire 0.00447 126.49 2,14 1.55%
BT Luton Bedfordshire 0.00457 129.4% 2.40 1.43%
AN 6 Xm N. of Mons 0.00724 205,14 1.46 1.46
BX Beeley Derbyshire 0.00955 270,42 2.16 1.64
AM 2 Xm S.W, of Ghent 0.01202 340,44 1.63 1.39
J Pavé M,I.R.A. Proving 0,01738 | 492,09 | 3.49 1,17
Ground
AQ 5 Xm, E. of Mons 0.02239 65%,9% 2.14 1.18
AV Ghlin 5 Km N. of Mons 0.03802 | 1076.57 3.15 1.88
AR 4 ¥Km E. of Mons 0.21%8 6054,02 1.3%4 2.01
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ADTEUDIR 2

The Measurement

A brief description of the measurement and anslysig technigues
developed during the course of thig work, and used to estimate road

and response spectra, is given.

A2,1 Messuremen?® of road surface uvndulstions

The surface undulaiions of the routes 4, B and C presented in
Chapter 4, Section 4.3, were measured by the same gurvey technique.
Redpced levels were obtained fox twb parallel tracks, 4 ft. (1.2m)
apart, and running for distances of the order of C.5 to 1 mile
(0.8 = l;6 km), The levels were recorded in three sets with a
different longitudinal spacing Ax:
1) the complete distance at ax = 4 4. (1.2m)
2) 3/4 of the complete distance at ax = 2 ft. {0.6m)
3) 2 separate lengths o% around 1/8 of the complete distance at

px = 1ft. (0.3m).

This would ensure that the complete frequency range of the spectrun
was covered with a minimum time spent on the field measurement.
Typical progress was in the region of 130 levels per hour.

The levels were read to 0.01 ft. (3mm) with an allowable error
of & 0,005 ft (1.5 mm)., This in turn would produce typical errors
in the épectrum of around 10% at wavelengths of 10 ft. (%m) and

1% at wavelengths greater than 25 ft. (7.5m).
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b

The data so obiained to represent the random process{%@xﬁ
)
was thus in the form of discrete saumples of finite length, and
consideration of the analysis technicues developed to obtain an estimatel
of the "{rue'" road spectrum Jku)g ig given in Section AZ.2. FPrior
to this anslysis, however, preliwinary filtering wes carried out on

the data as explained in the text,; Section 4.3%.

42.2 Annlysig of rcad surface roughnegs

The definitions for the correlation function;gQ(é)y and the
road spectrum, 4Kn) given in the text; have been based on a continuous
(in)finite signal with the Fourier transform of the correlation function
defined for all lag values, 6. In order to evaluate these functions,
however, we must initroduce the idea of discrete, finite data, i.e. we
must be prepared to carry ont our analysis workbon the sefies of discrete
gampled values which represent the signal of finite length character-
ising the road. That is, we have a gignal 5(x) in the interval Oésxpgxhax
and we sample values of %&X) at equidistant intervals ax to obtain
a sequence of N discrete observations Zﬁ ﬁé cos ﬁﬁ‘

Before proceeding further it is necessary to state withoat
proof some theorems and ideas related to the handling of discrete asta.
The sampling theorem attributed to SHANNON [AIJ states that if the pover
in '(X) is limited to a band less than E%E’ then sanpling at an intexrvel

of Ax enables one to reconstruct the signal uniquely.

Secondly, if A(in) and«g(x) are an integral Fourier transform

pair o
i.e. A(in) = J'ﬁ(X) ewizjtmt dx
e K21
/6(x) = A(in) e TP g |
—



and we defline the discreve Fouricr tronaform to be

11

A(T‘) > /?/(l{) e'*‘iQ‘IEIQE/N o= 0,12 oo0e. N
[ D
k=0 D .2

then provided ig sampled from #(z) at equally spaced points

T
(Wyquist samples) then A(r) is closely related to A(in)., It is
beyond the soop@Aof this note to expand on this point and further
information can be obtained from COCHRAN [A2] (1967) and COOLEY [A%]
(1969). |

Lastly, all the theoremg relating to the integral transfoxm

e.8.y convolution,; are applicable to the discrete case.

. . H
A2.2.1 Standard Method or BLACKMAN=TUREY Method of Spectral Analysisg (AQL

The correlation function is evaluvated from the sampled data
and the spectrum through its Fourier transform. Since the correlation
function is an even function of &, we can define the "one~sided" spectrum
to be

("o |
./J(n) = 4 ) ¥ (6) cos 2nndas

0 A2

NSt

where qz(b) = 3 ;;~f 2 ﬁ{(x)xg(x+6) ax

1
[
=
=3

A2.4

The continuvous signal;”?(x), with zero mean value, is sampled
at equal intervals, ax, to obtain the finite series %k for k = Q,1,
1

25 ecoe N=lc. 'The choice of Ax must ba such that the largest frequency

-~ 1

N
]
1]



in the record

- o e aisin Aoy &
Do = ohx Lf“”

.1t is obvious that wheress the correlation function defined by
equation A2.4 is ;valuated for all lag values, "6, in the discrete case
of N samples, it will not be p&ssible to obtain an infinite nuwnber of
lag valves, and moreover. it is usvally not desivable to use lag
values longer than about 5% ~ 10% of the record length LA4Q

We therefore replace equation AZ.4 by an apparent correlation

function for the discreie case. One common estimator of this function,

and used in this present work is given by

) I ey
g;(r) ~ Ner \\ Z{k"k + T A2,6
k=0
for r = 0,1,2, D || with & = » &x

~ The number of lag values, m, decides the equivalent frequency

)

bandwidth of the spectrum in the frequency interwval (0, n

c
2n
c 1
Be - m T m Ax ' h2.T

and for small statistical uncertainty in the spectrum estimates we
should chnogse m « N gince the maximum number of degrees of freedom
is 2W/m. Bat, wnfortunately, high resolution will result when m is
large, and a compromise situvation has developed,

Because the apparent correlation function A2.6 has no value
for 6‘>6max7we m.st replace this function by a modified correlation

I
function %2(6) wvhich is defined for all &, This is achieved by
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. . ) .
multiplying the appasrent corrvelation function ﬁ(é) by a prescribed
4

even function of &, P(&) subject %o the restriction that

P(O) = 1
h2.8
P(6) = © b wb e
N ‘(f::'
i.e, @2(6) = 52(6) . P(5) A2.9

This new function may not be a good estimate of the true

s RO . . ,
correlation functlon‘m(é), but its Fourier transform gives a veny
respectable estimate of the true spectrum zd(n) £A43a

The function used for P(é) is the lag window, whoge use 1is

called "Hamming"

0.54 + 0.46 cos ,%ém“ &l ¢ 6max
max A2.10
max

P(5)

il

Further functipns for P(é) may be found in references
(84, 15, 48.)

However, one of the advantages of the digital technigu= is
that instead of modifying the apparent correlstion function as in
equation A2.9 it is possible to evaluate a'rough' spectrum,,vfn),
from the apnarent correlation function and then linearly "smooth"
or convolve this spectrum with the spectral window Q(n)
corresponding tc P(8). (The transform of a product of two signals

yields the convolution of the transforms of each signal), Moreover,

if the rough specitrum is evaluated for a frequency interval

1 1 |
26 T2m Ax A2, 11
max
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this provides for m/2 independent speciral estimates (since those

2no :
at points less than s Brg apait will be corvelated), and

i e -
the spectral vindow simplifies to smooihing adjacent points witn
I ! i

the weights 0.23%, 0.%4, 0.23,
We can now evaluaste the "“rough' spectrum be means of <he

discrete Fourier transform which for the case of = r1eal even funciion

can be written as &ABKQ

. m-1 .
§ '4‘; R r‘j\: . o
._/j(nr) =2 8% 1 (0) + 2 > © (k) cos g + (n=1)”f§2(m)J A2.12
k=1
AN S« 4
where B = 2ﬂ6nr = 21 (k bx) - e = " m

r = 09192g coeococcecs 1N

The final "smoothed" estimates of the spectrum are obtained
by A
J(n) = ozaj(n )+05Aj(n)+op3g)zn )
b MR S | e T °" r+l

A2.13

A
and/J(nr) is our sampled estimate of the true spectrumfégn), vhich

is usged in the main body of the te.t.

A2,2.2 Direct method using the Fast Foarier Transform of
COOLEY and TUKEY [A6) ‘

1f-§& is our sampled signal of N poinis we can evaluate using
the F.I', T, algorithm the discrete Fourier transform for the N point
sequence. Nel

Ay = ZZ~ ?{k

k=0

eml?ﬂkr/N £2.14

fOl‘I‘ = 09192; eae»eonoeocnoaeN"‘l
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Forming the modulus squared of the complex A coeflficients we
e
evaluate the periodogram I{n) which is not, wnfortunately, a good

estimate of the spectrum.

5 A ~ . .
T (nr) = fzif"_},:‘b. - ! A l < 2,15
- T
vhere n o= ﬁi; r= 0,1, ciecsece h/Z

(It is worth noting that although N real data pointzs were transformed

to N--2 complex frequency values (Ao and An are resl), due to the

P B )
proparty that Ar = A L AN . (i.e. sequence"%k is real) and since our
aatt - [%d

. . . 1 o
maximum frequency in the record in n, = Ce values of Ar and I(n )
> A - T

are redundant for g:4r<;N)a

It remains now a matter of smocthing the spectrum with an
appropriate window,or multiplying the original data by a prescribed
fuﬁction defined for all values of distance, x. Examples of smoothing
functions may be found in reference [A71 p

Programs based'on both of these analysis techniques were
developed by the avthor and used to establish the estimate of the road
spec hrum, Jkn). The latter technique, based on the F,F.T, algorithm,t

wag used mainly for the response analysis, since a narrower anslysis

bandwidth could more readily be obtained.,
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SITDIA 3

Teat Vehicle Yarameters

The parameters of the two test vehicles A and B are given

in Tableg Al and A2 respectively. The {ollowing notes apply to

hoth gets of parameters.

1,

2.

The total mass was assumed distributed between front and rear
suspension in such a way that the position of the centre of

gravity, G, was maintained,

A half-width model was considered; all masses are equal to half

those of the test vehicle,

Equivalent spring and dsmping rates in the vertical directionr,

at wheel centres.

These are estimates of the damping rate, in the vertical direction,
obtained from a knowledge of the roughness coefficient of the

test route, and from individual tests on dampers.

Tyre parameters cbtained from & knowledge of tyre type, pressure

and vehicle speed [39} o

Test vehicle mass includes personnel and testing equipment.
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TABLE A

Test Vehicle Pgrameters — Vehicle A

PARAMETER SYMBOTL NOTE MO, VALUE IN VALUE TH
BRIWIBH UNITS Sel. UNITS
Front near-side mass m 1, 6
§
TFront unsprung mass mu‘ 2 2.4 1bf secz/ft 35 kg
Rear unsprung mass mu? 2 3.5 1bf secz/ft 51 kg
I'ront suspension spring kl 2 680 1br/ft 9.8 klN/m
Rear sugpension spring k2 3 13GC0 1bf/ft 18,9 kN/m
Mass at centre of 5 )
gravity m, 2, 6 %29.1 1bf sec”/ft| 573 kg
Pitch moment of inertia I 2, 6 670 1bf sec® £+ | 910 kg m°
Front damping ¢y 3, 4 68.5 1bf sec/ft 1 kN s/m
Rear demping ¢, 3.4 68,5 1bf sec/rt 1 kN s/m
Length G to front Zl 433 T4 1.3l m
G to rear 22 4,37 £t 1.32 m
Track 2b
Tyreg: front stiffness kT, 5v 8400 lbf/ft 122.% kN/m
damping CT' 5 12,6 1bf sec/ft 0,184 kX s/m
rear stiffness kT? 5 8400 1bf/{t 122.5 kN/a
damping CT; 5 12.6 1bf sec/ft 0.184 kN g/n
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- DABLE A2

Tegt Vehicle Parnmetery « Vehicle B

e B T
PARAMETER | SYHMBEOL NOTE RO, VALUE IN VALUR IH
BRITISH UNITS Se.ts UHITS
Front near-side mass | m_ 1, 6 12.28 1bf secg/ft 180 kg
]
Front unsprung mass mui 2 1,66 1bf secg/ft 24,% kg
Rear unsprung mass mu? 2 1.72 1lbf secg/ft 25.72 kg
Front suspension spring kl 3 1214 1bf/ft » 17.8 ki/m
Rear suspension spring s, 5 1788 1bf/ft 26,0 k¥/m
Mass at centre of o ]
gravity i, 2, 6 32.5 1bf sec”/ft 475 kg
Titoh moment of inertia Ip 2, 6 324 1bf sec2 % 440 kg m2
Front damping cy 3, 4 85 1bf sec/ft 1.24 X4 s/m
.Rear damping - cy %, 4 95 1bf sec/Tt 1.%59 kN s/m
Length G to front 2 " 4.25 £t 1.3 m
G to rear . 32 2.58 % 185 m
Track 2b 4.0 £t 1.22 m
Tyres: front stiffness kT‘ 5 7500 1bf/ft 110 kﬁ/m
damping cT' 5 9 1bf sec/ft 0.131 XI s/m
rear stiffness kT? 5 11800 1bf/ft ' 172 kN/m
damping CT; 5 11 1bf sec/ft 1 0,161 kN s/m

-~ 130 -



P
- &3

L]

% (E)

L i

2 wwny
2,

G

e
(E2Y
o)

" S
fewse® .
P L
e D P
Yl B @]

s b

o

m. et gy R S

Ty 7 Z w{,&a £ & ‘,,,a? & o
pOINT EHGI

R
&a
3 5 il

FIGURE 2




FIGHURE 3
gﬁﬁ%?@ ?@EE‘EZ follower on G random
track
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FIGURE 4

Two point follower on a random
track
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FIGURE O
Single input,single degree of freedom
vehicle model’

FIGURE 10

Double input,single degree of freedom
vehicle medel
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| FIGURE 26
Functions A(f),B(f),Cc{) aguinst frequency
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Transfer functions, front spring, vehicle A
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FIGURE 33

it, 7-degree of freedom vehicle model
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