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Abstract

People are interested in monitoring growth in many fields. Growth charts

provide an approach for doing this, illustrating how the distribution of a

growth measurement changes according to some time covariate, for a partic-

ular population. The general form of a growth chart is a series of smooth cen-

tile curves showing how selected centiles of the growth measurement change

when plotted against the time covariate. These curves are based on a repre-

sentative sample from a reference population. Different modelling approaches

are available for producing such growth charts, including the LMS method

and quantile regression approaches. These approaches are explored in this

thesis using data from the Growth and Development Study data, which allows

construction of gender-specific weight growth charts for full-term infants.
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Chapter 1

Introduction

People are interested in monitoring growth in many fields. Growth charts

provide an approach for doing this, illustrating typical growth patterns, de-

scribing how a growth measurement changes according to some time covari-

ate, often age, for a particular population. They are constructed on a refer-

ence population which contains a representative sample from this population,

whose measurement may have been observed at multiple points (ages) during

growth. The general form of a growth chart is a series of smoothed centile

curves, showing how selected centiles of the growth measurement change

when plotted against the time covariate. They typically illustrate reference

centile curves for a symmetric subset of the 5th, 10th, 25th, 50th, 75th, 90th

and 95th, with the 50th centile representing the median (Cole, 1988). These

reference centile curves separate the reference population into parts, with for

example the 5th centile curve representing that five percent of the reference

populations growth measurements are less than or equal to the estimated

5th centile curve value at each value of the time covariate(each age) and 95

percent above. The reference centile curves therefore give an impression of

the rate of change in all parts of the growth measurements distribution.

My research primarily focuses on growth charts constructed for infants’ weight

measurements, which depict reference centile curves illustrating how infants’

weights change between birth and roughly two years of age.

1



CHAPTER 1. INTRODUCTION 2

Such reference curves are used to monitor infants during the early ages of

development, by determining which centile any given infant lies on at a par-

ticular age given their recorded weight measurement.

Infants whose values move between the centiles with passing age, as well as

those with values that lie outside the reference range are viewed as potentially

having a concerning growth pattern, which should be further investigated.

These reference growth charts are therefore widely used in medical practice

as a screening tool (Cole and Green, 1992).

It is crucial that gender-specific growth charts are constructed, as there are

likely to be differences in how weight changes with age between female and

male infants.

Reference growth curves, which condition on age, only provide a valuable

snapshot of the dispersion of growth measurements at various ages, whereas

reference growth curves which condition on age, as well as prior growth his-

tory and other crucial additional information such as parental heights, can

be more informative. They allow for a more insightful explanation into an

individual’s current growth measurement.

The World Health Organisation (WHO) weight-for-age child growth standard

seen in Figure 1.1 is used internationally to monitor growth in infants and

children from birth to two years of age. This standard, which was updated

in 2006, is based on WHO Multicentre Growth Reference Study (MGRS)

designed explicitly for creating growth charts (de Onis et al., 2006). The

MGRS, which was implemented between 1997 and 2003, collected growth

data and related information from 8440 healthy breastfed infants and young

children from diverse ethnic backgrounds and cultural settings de Onis et al.

(2006). The purpose of using such a diverse reference population was to allow



CHAPTER 1. INTRODUCTION 3

the construction of growth charts which could be used internationally. Al-

though a variety of methods for studying growth have been proposed (e.g.Pan

and Goldstein (1997)), the LMS method is the most commonly applied tech-

nique for constructing growth charts. The LMS methodology has been widely

applied among other methods (e.g. GAMLSS with the Box-Cox power ex-

ponential distribution, Rigby and Stasinopoulos (2004)) for constructing the

WHO growth standards (de Onis et al., 2006). My research aims to explore

the LMS method, an approach discussed in detail in chapter 3, and several

other approaches of constructing growth charts.

1.1 Growth And Development Study Data

The different statistical approaches to growth chart modelling examined

in my research are primarily applied to data from a Growth and Develop-

ment Study from 1994 which investigated growth in infancy in Newcastle

upon Tyne (Wright et al., 1994). This data was kindly provided by Char-

lotte M Wright, Professor of Community Child Health at the University of

Glasgow.

This cohort study contains 3658 infants who were identified using the Child

Health Computer system as being aged between 18-30 months and living

in Newcastle upon Tyne in November 1989. The Child Health Computer

system covers a range of functionalities, which includes registration of in-

fants at birth and documentation of demographical information (Wales Na-

tional Health Service, 2013). The infants’ health records were then reviewed

to collect their birth weight (kg) and up to ten subsequent weights (kg) be-

tween birth and 1132 days of age, together with some other limited medical

information. The ten subsequent weights which may have been documented

in these records, were the infant’s weights observed at around one, two, three,

four, five, six, eight, ten and twelve months after birth as well as their last

available weight after 12 months.
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WHO Child Growth Standards
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Figure 1.1: WHO weight-for-age child growth standards
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The focus of this research was the subset of 3418 full-term infants exclud-

ing the 235 infants born before 37 weeks gestation. This is because these

pre-term infants are likely to be less healthy, weighing less at birth and will

therefore tend to grow differently in their early weeks of development. The

general practice is for separate growth charts, formerly called Low Birth

Weight Charts, to be used to plot growth patterns of such pre-term infants

and those with significant early health problems (Royal College of Paediatrics

and Child Health, 2013). It therefore seems inappropriate for the study data

on pre-term infants to be considered when trying to construct growth charts

modelling typical infants growth patterns.

In this study there are an almost even proportion of full-term infants of

both genders, with 1712 males and 1706 females. This is a positive quality

to the data as it allows suitable growth charts to be modelled for both gen-

ders.

Five years after the study was first established, when the infants were aged

8-9 years, a 20% systematic sample was taken of the 2812 full-term infants

for whom at least three weights had been retrieved (Wright and Cheetham,

1999). The infants in this 20% sample were then traced and a letter and

consent form was sent to the family, which included a request for both par-

ents’ heights. Infants were then measured in school by a research nurse over

an eight month period. Heights were recorded to 0.1mm using the Leicester

height measurer and this additional data is also available for our analysis.

1.2 Exploratory Analysis of Growth and De-

velopment Study Data

Figure 1.2 shows how the weight of full-term infants gradually increases

with age. However the rate of increase appears to steadily reduce with age,
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Figure 1.2: Plot of weight measurements of full-term infants in the Growth and

Development Study data by gender, between birth and 37 months of

age.

reaching a near-plateau by the end of the first year, and continues to taper off

gently from this point onwards. This is the expected overall growth pattern

under conditions of adequate nutrition and psychosocial care with no chronic

infections or unusual rates and/or severity of acute infections (de Onis et al.,

2009). The number of weight measurements recorded for full-term infants

in this study becomes more limited with age, so the trend in the tail of this

distribution is not as clear. This trend in growth is almost identical between

full-term female and male infants with a substantial overlap in records be-

tween infants of both genders. However in some cases the recorded weight

measurements for male infants are slightly higher than those for female in-

fants of the same age. This overall trend observed is clearly non linear and

thus the approaches considered in my research allow the curved nature of the

trend to be incorporated into the modelling of the growth charts.
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Table 1.1: Summary statistics for birth weights of full-term infants in the Growth

and Development Study data by gender

Gender Minimum 1st Median Mean 3rd Maximum Standard

Quantile Quantile Deviation

Female 1.730 2.980 3.290 3.290 3.600 4.920 0.488

Male 1.900 3.090 3.430 3.431 3.750 5.080 0.494

Table 1.1 and Figure 1.3 show that there is a substantial overlap in the

recorded weights of full-term male and female infants. However as indicated

from Figure 1.2, the distribution of male infants’ birth weight is slightly

shifted to the right obtaining a median birth weight of 3.431 kg in compar-

ison to 3.290 kg for female infants. Furthermore the mean birth weight for

male infants is 3.431 kg, 0.141 kg higher than the female infant mean birth

weight.

1.3 Case Infants

For illustration purposes, throughout this thesis, screening based on the

growth charts constructed by each of the considered statistical methods is

performed on four selected case infants from the Growth and Development

Study, who were identified as experiencing unusual growth patterns.

Figure 1.4 illustrates the growth patterns of the two female case infants,

showing that Subject 1500 had considerably lower weight measurements than

most of her peers. However her rate of growth appears to follow the typical

trend identified from Figure 1.2. Subject 146’s birth weight of 2.92 kg was

relatively low, 0.37 kg lower than the average birth weight for full-term fe-

male infants, however she then displays rapid growth till roughly 8 months of

age. After this point a sudden drop in growth rate was observed. Table 1.2

gives more precise details on these measurements, indicating that at the age

of roughly 12 months, the age at which the screening decision is considered,

almost 4 months since her last measurement, subject 146 is reported to have
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Figure 1.3: Histograms of weights (Kg) of full-term infants by gender
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Figure 1.4: Plot of weight measurements of full-term infants in the Growth and

Development Study by gender. Highlighted are the weight measure-

ments observed for each of the four case infants, with the point bor-

dered in black in each case denoting the observation at which the

screening decision is considered.

gained only 0.57 kg.

Figure 1.4 demonstrates the growth patterns of the two male case infants,

showing that subject 12 was only slightly below the median weight at birth.

He then showed an unusual growth pattern up to the age of 4.95 months,

with weight continually increasing but with the rate of growth reducing as

age increased. A small fall in weight of 0.03 kg was then observed between

the age of 4.95 and 5.87 months; the age at which the screening decision

is considered, after which he grew steadily. Subject 1799 was heavier than

most of his peers at birth. He then continually showed a increase in weight up

to the age of 9.64 months, placing his weight well above the typical weight

observed for full-term male infants of his age. However after this point a
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Measurements

Subject 1 2 3 4 5 6 7 8 9

Age (Months) 1500 Birth 1.11 2.26 3.41 4.52 14.13 19.93

Weight (Kg) 1500 1.73 2.52 3.58 4.31 4.82 7.84 8.52

Age (Months) 146 Birth 1.02 1.93 2.85 3.77 4.92 5.84 8.13 12.03

Weight (Kg) 146 2.92 4.4 5.28 6.1 6.71 7.46 7.82 9.1 9.67

Table 1.2: Weight measurements of the two full-term female case infants.

substantial drop in weight was observed, with him reported to have lost 1.39

kg by the age of 11.34 months; the age at which the screening decision is

considered. Table 1.3 indicates that at the age of 11.34 months, 2 months

since his last measurement, subject 1799 is reported to have lost 1.39 kg.

Measurements

Subject 1 2 3 4 5 6 7 8 9 10

Age(Months) 12 Birth 1.28 1.97 2.89 4.03 4.95 5.87 8.39 10.69 11.61

Weight(Kg) 12 3.05 4.71 5.48 6.25 6.68 7.08 7.05 7.82 8.54 8.88

Age(Months) 1799 Birth 0.85 1.51 3.11 4.72 9.34 11.34

Weight(Kg) 1799 4.4 5.29 6.9 9.47 11.17 15 13.61

Table 1.3: Weight measurements of the two full-term male case infants.

1.4 Other Datasets

The data from the Fourth Dutch Growth Study, (Fredriks et al., 2000a)

(Fredriks et al., 2000b), are also used to illustrate several smoothing meth-

ods for curve estimation, identifying how changing particular properties of

smoothing approaches influence the curves produced. This was a nationwide

cross-sectional study of growth and development of the Dutch population be-

tween birth and 21 years of age. The data was collected by trained health care

professionals and measured, among other variables, the height and weight of
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participants, using these measurements to calculate their body mass index

(BMI). The BMI data from this study for 7482 of the male participants are

provided in the R package GAMLSS(Stasinopoulos and Rigby, 2007).

Furthermore, the Abdominal Circumference Data available in the R pack-

age GAMLSS, was used to illustrate the linear quantile regression model

approach. This study, also discussed in Stasinopoulos and Rigby (2007),

recorded the abdominal circumference taken from fetuses during ultrasound

scans at Kings College Hospital, London, at gestational ages ranging between

12 and 42 weeks. The data available in the GAMLSS package includes the

abdominal circumference of 610 fetuses.

1.5 Overview of Thesis

Chapter 2 discusses smoothing techniques, which will be required for pro-

ducing growth charts under some of the studied modelling approaches. This

includes detailed descriptions of natural cubic splines, B-splines, P-splines

and monotonically constrained splines.

Chapter 3 gives a detailed description of the LMS model approach, which

produces reference growth curves that allow for conditionality on a time co-

variate, often age, and assumes the data follows a normal distribution once

a suitable power transformation has been performed. This is the statistical

method used to construct the WHO weight-for-age child growth standards.

The Growth and Development Study Data, described previously, is used

to illustrate the LMS method for composing gender-specific weight growth

charts for full-term infants, firstly using the lmsqreg package and then the

lms function in the GAMLSS package, which are both available in R. Vi-

sual comparison of the curves produced via these packages and screening of

the four case infants based on their gender-specific reference weight growth

chart is performed.
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Chapter 4 describes the quantile regression model approach, a non-parametric

approach which also composes reference growth curves that condition on a

time covariate using both unpenalised B-splines and P-splines, the latter fit-

ted using the package quantreggrowth (Muggeo et al., 2012) in R. The

Growth and Development Study Data is used to illustrate the suitability

of the quantile regression model for composing gender-specific weight growth

charts for full-term infants. Visual comparison of these gender-specific growth

weight charts to those composed using the LMS approaches is also performed,

as well as comparison of the LMS method and quantile regression approach

in terms of centile estimates deduced for the four case infants.

Chapter 5 discusses an extension of the quantile regression approach, which

allows conditionality on age as well as prior growth history and additional

relevant data. The Growth and Development Study data is used to consider

models that allow conditionality on age and a prior weight measurement;

conditionality on age and two prior weight measurements and those which

additionally incorporate average parental height. Screening based on the

resulting growth charts is then performed on the four case infants and com-

parisons to the conclusions drawn from the previous approaches is made.

Chapter 6 describes a user friendly interactive web application which was de-

signed using the R package shiny, and allows monitoring of new infant weight

measurements based on reference growth charts modelled on the Growth and

Development Study data, composed via several of the modelling approaches

discussed in the previous chapters.

Chapter 7 describes the conditional gain SD score approach which is an

alternative approach to constructing growth gain references that allows con-

ditionality on a time covariate as well as a prior growth measurement, by

looking at the change in SD scores. The World Health Organisations’ (WHO)
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Child Growth Velocity Standards for weight, uses this proposed approach for

construction of these standards. The conditional gain SD score approach is

applied to the Growth and Development Study data. Comparison of the four

case infants centile estimates at their screening age is made directly to those

obtained when modelling using the longitudinal model approach.

This chapter then concludes the effectiveness of the different statistical meth-

ods of constructing growth charts, discusses the limitations associated with

each modelling approach and details further work which could be performed.

The Appendix contains a table, detailing the models labelled and referred to

throughout the thesis.



Chapter 2

Smoothing Methods for

Growth Curve Estimation

A nonlinear trend is generally exhibited in growth charts, so smoothing

techniques are required for modelling the relationship between the growth

measurement and the time covariate.

Smoothing techniques can be used to model the relationship between the

response growth variable and the time covariate without specifying any par-

ticular form for the underlying regression function f(x), which describes their

relationship. This function f(x) can be estimated by a smooth function f̂(x).

This process is often called nonparametric regression and fits the model

Yi = f(xi) + εi, i = 1, · · · ,m (2.1)

in the case of one covariate where Y denotes the response growth variable, x

the time covariate and εi is usually assumed to be an independent error term

with mean 0 and variance σ2 (Fox, 2002).

Smoothers have two main purposes. Firstly they provide a way of exploring

and presenting the relationship between the covariate and response variable,

which consequently allows predictions of observations to be made without

reference to a fixed parametric model (Silverman, 1985). Secondly they esti-

mate interesting properties of the curve that describe the dependence between

14
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the mean of Y and the predictor x.

Smoothing methods that are well established include moving averages, ker-

nel and local polynomial regression, smoothing splines, regression splines,

and penalised regression splines (Meyer, 2012). The methods which smooth

using splines are nonparametric regression curve fitting approaches, which

represent the fit as a piecewise regression. They are able to provide a natural

and flexible approach to curve function estimation, which copes well whether

or not observations are observed at regular intervals (Silverman, 1985). A

spline is defined as a function that is constructed piece-wise from polynomial

functions, which are joined together smoothly at pre-defined subintervals of

x. These connection points are referred to as knots.

The main difference between smoothing splines methodology with regres-

sion and penalised regression splines methodology is that smoothing splines

explicitly penalise roughness and use the data points themselves as potential

knots, whereas regression splines can place knots at any point, usually at

equidistant/equiquantile points (Nie and Racine, 2012).

2.1 Smoothing Splines

The most widely used approach to curve fitting is least squares. The

residual sum of squares
∑m

i=1(yi−f(xi))
2 can be minimised by choosing f̂(x)

to be any function that interpolates the data provided that xi are all distinct,

but such interpolation would not be satisfactory (Silverman, 1985), because

it is almost certainly too rough. Therefore, to avoid this, a second term is

added to the expression which is a measure of the local curvature of the func-

tion. This term, referred to as a roughness penalty is the integrated squared

derivative of the regression function and will be large when f(x) is rough

with a rapidly changing slope (Fox, 2002). The modified sum of squares is

then given by
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m∑
i=1

(yi − f(xi))
2 + λ

∫ xmax

xmin

f ′′(x)2dx

where λ is a smoothing parameter. Increasing λ penalises fluctuations, and

so produces a smoother curve. For this choice of roughness penalty, the func-

tion f̂(x) which minimises this modified least squares criterion is a natural

cubic spline with knots at the distinct observed values of x, with λ used to

control the smoothing (Fox, 2002). This means that f̂(x) is a piecewise cubic

polynomial in each interval (xi, xi+1). Therefore when the data is divided up

into m′ intervals by m′+1 knots, the curve estimator can be produced by

fitting a piecewise function of the form

f(x) =



f1(x) if x1 ≤ x<x2;

f2(x) if x2 ≤ x<x3;
...

fm′(x) if xm′ ≤ x<xm′+1.

(2.2)

where fi is a third degree polynomial defined by

fi(x) = αi(x− xi)3 + βi(x− xi)2 + θi(x− xi) + γi

for i=1,· · · ,m′+1. (Mathews and Fink, 2004).

The functions f̂(x), f̂ ′(x) and f̂ ′′(x) are continuous. This function f̂(x)

should give the best compromise between the smoothness and goodness of fit

for the function, for the given value of λ. Natural cubic splines require that

the value of the second and third derivative at the minimum and maximum

values of x are both equal to zero. This implies that the function is linear be-

yond the boundary knots. The complexity of the curve can alternatively be

controlled by adjusting the equivalent number of degrees of freedom (e.d.f)

instead of defining the λ value directly. The effective degree of freedom is

the trace of the smoother matrix, ie tr(S), where the smoother matrix S is

defined as the linear operator that acts on the data to produce the estimate,

such that

f̂(x) = Sy
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where f(x) is the vector of fitted values of each of the explanatory values from

the fitted model and y is the original vector of responses. A full discussion of

the smoother matrix is given in Wood (2006). The e.d.f controls how rough

or flexible the curve will be, and it is quite common for the smoothness of

the fitted curve to be controlled by varying the e.d.f.

Cubic smoothing splines are among the most commonly used splines for prac-

tical and computational reasons and can be fitted using the smooth.spline

function in R.

Figures 2.1a and 2.1b illustrates smooth curves fitted by natural cubic splines

to the Fourth Dutch Growth study data, which is detailed in section 1.4,

showing the effect of differing the value of the smoothing parameter λ or

e.d.f value. This smoothing method performs well, capturing the discernible

trend in BMI with age, even when a small value of λ or e.d.f is given. The

curves evidently become less flexible and more smooth as λ increases, whereas

conversely they become more flexible and less smooth as the e.d.f value in-

creases.

2.2 Regression Splines

B-splines are also attractive for nonparametric modelling. These, as well

as other spline approaches, are underpinned by a set of known functions

called basis functions, which are a common way to build a smooth function.

Smooth functions can be approximated using weighted sums of the individual

functions. While there are a wide variety of basis systems available, the choice

of basis system is often dependent on the data to which the smooth function

are to be fitted. For a general model of the form

Yi = f(xi) + εi i = 1, · · · ,m,

a curve estimator can be produced by fitting the regression

Yi = α0B0(xi) + α1B1(xi) + α2B2(xi) + · · ·+ αpBp(xi) + εi
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Figure 2.1: Plots of BMI of the 7482 male participants in the Fourth Dutch

Growth Study, between birth and 21 years of ages. Superimposed

are smooth curves fitted by natural cubic splines with smoothing

parameter λ values between 0.2 and 1.5(corresponding e.d.f values

between 4 and 60). For clarity the curves are offset from each other

by 0.5 BMI units.
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where the Bj are referred to as a basis functions. Therefore,

f(x) =

p∑
j=0

αjBj(x).

An example of the basis function matrix for a polynomial of degree p would

be 
1 x1 · · · xp1

1 x2 · · · xp2
...

...
. . .

...

1 xm · · · xpm


where the basis functions are B0(x) = 1, B1(x) = x, · · · , Bp(x) = xp.

This idea can then be extended to polynomial B-spline basis functions which

are particularly flexible and computationally efficient for model fitting and

are amongst the most commonly used basis systems. One of their key at-

tributes is the compact support property which means that the basis func-

tions are strictly local, with each basis function being strictly only non-zero

over the interval between a small number of adjacent knots. This property

results in a relatively sparse design matrix which makes B-splines computa-

tionally efficient. Polynomial B-spline basis functions are the most commonly

used basis system and are composed of known spline functions, polynomial

segments, which are joined together smoothly at pre-defined subintervals of

x. Linear combinations of these spline functions can provide simple and quite

flexible curve. In other words, the range xmin to xmax is divided into n′ equal

intervals by n′ + 1 knots and each intervals is covered by q + 1 B-splines of

degree q (Eilers and Marx, 1996). Hence the total number of knots required

to form the B-spline is n′+ 2q+ 1 and the number of B-splines in the regres-

sion is n = n′ + q.

The choice of the number of knots is critical when modelling with B-splines

and has been a subject of much research, with too many knots leading to

overfitting of the data and too few leading to underfitting (Eilers and Marx,

1996). In addition it must be decided if it is appropriate to have knots at
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equally spaced intervals or if more knots are needed in intervals of higher

variability in the response variable y. Equally spaced knots are where knots

are positioned at evenly spaced intervals of the covariate (age). Quantile

knots are usually unequally spaced and if for example two quantile knots are

implemented then one third of the data would fall below the first knot and

two thirds below the second knot. Once the knots are given, the B-splines

are computed recursively for any desired degree of the polynomial (Eilers

and Marx, 1996). Typically natural quadratic (q = 1) or cubic B-splines

(q = 2) are implemented which consist of connecting linear and quadratic

pieces, respectively.

Let Bj(x; q) denote the value of the jth B-spline of degree q at x for a

given set of equally spaced knots. Then a fitted curve f̂ to data (xi, yi) is

the linear combination

f̂(x) =
n∑
j=1

α̂jBj(x; q). (2.3)

This creates a matrix of the B-spline basis function which describes how each

of the n basis functions change with x. This method therefore takes a lin-

ear combination of the weighted averages of the basis functions at intervals

of x as the covariates in the regression. The main disadvantage with this

technique is that the regression coefficient estimates have no direct inter-

pretation, however the plotted curves are generally able to fully capture the

relationship between the explanatory and response variables.

The splines package in R can be used to implement regression splines, and

in particular the bs function is used for fitting curves using a B-spline basis

for a polynomial of any order.

Figures 2.2a and 2.2b illustrate the differences between quadratic and cu-

bic B-spline basis functions with six equally spaced inner knots. Figure 2.2a

shows six B-splines of degree 1, each one based on three knots and Figure

2.2b illustrates five B-splines of degree 2, each based on four adjacent knots.
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Figures 2.3 and 2.3b illustrate smooth curves fitted by B-splines of quadratic

degree composed with varying numbers of quantile and equally spaced knots,

respectively, applied to the Fourth Dutch Study data described in section

1.4. This regression spline smoothing method appears to perform well on the

data, with indications that when there is a smooth pattern in the data, as

illustrated here, low numbers of knots are adequate. This is because more

knots lead to a larger amount of flexibility in the curves fitted which can lead

to overfitting if the true pattern in the data is relatively smooth. The curves

composed from equally spaced knots show more fluctuations in the curves,

particularly in age intervals with fewer observations.

Increasing the degree of the B-spline as shown in Figure 2.4 improves the

flexibility of the curve, with only minor differences visible between the curves

produced by quadratic and cubic B-splines, the most common degrees of B-

splines.

2.3 Penalised Regression Splines

An alternative to regression splines is to control the smoothness by using

a relatively large number of knots but to prevent overfitting of the function

by adding a penalty to the least square objective function which restricts the

flexibility of the fitted curve. This is achieved by P-splines (Eilers and Marx,

1996). P-splines uses a B-spline basis, usually defined on evenly spaced knots,

with a different penalty applied directly to the estimated coefficients of the

fitted curve, with Bj controlling the smoothness of the function. P-splines

have no boundary effects, are a straightforward extension of linear regression

models, conserve moments of the data and have polynomial curve fits as

limits (Eilers and Marx, 1996). Consider the regression of m data points

(xi, yi) on a set of n B-splines Bj(.) . The least square objective function to
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10 15 20 25 30 35
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(a) Quadratic B-spline Basis function

15 20 25 30

0.
0

0.
2

0.
4

0.
6

(b) Cubic B-spline Basis function

Figure 2.2: Quadratic and cubic B-spline basis functions shown for the interior

knot sequence {10, 15, 20, 25, 30, 35}
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(a) Quadratic B-splines with quantile knots
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(b) Quadratic B-splines with equally spaced knots

Figure 2.3: BMI of the 7482 male participants in the Fourth Dutch Growth Study

between birth and 21 years of age. Superimposed are smooth curves

fitted by quadratic B-splines with varying number of quantile and

equally spaced knots. For clarity the curves are offset from each

other other by 0.5 BMI units.
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Figure 2.4: BMI of the 7482 male participants in the Fourth Dutch Growth Study

between birth and 21 years of age. Superimposed are smooth curves

fitted by B-splines of degree linear, quadratic and cubic, each with

16 quantile knots. For clarity the curves are offset from each other

other by 0.5 BMI units.
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minimise is

S =
m∑
i=1

{yi −
n∑
j=1

αjBj(xi)}2. (2.4)

Suppose that the number of knots is relatively large, such that the fitted

curves show more variation than is justified by the data. In order to make

the resulting curve less flexible, Eilers and Marx (1996) proposed to base a

penalty on finite differences of the coefficient of adjacent B-splines:

S =
m∑
i=1

{yi −
n∑
j=1

αjBj(xi)}2 + λ

n∑
j=k+1

{∆kαj}2 (2.5)

where ∆αj = αj − αj−1 and therefore for example ∆2αj = ∆∆αj = αj −

2αj−1 + αj−2. This reduces the dimensionality of the problem to n, the

number of B-splines, instead of m, the number of observations. There is

still the smoothing parameter λ which allows for continuous control over the

smoothness of the fitted curve. For one approach on choosing the smooth-

ness parameter see Green (1987). In practice the e.d.f is used to adjust the

smoothness of the curves. The difference penalty is a good discrete approx-

imation to the integrated square of the k-th derivative. P-splines allow a

great deal of flexibility in that any order of penalty can be combined with

any order of B-spline basis. The penalties are less easily interpreted than

the usual spline penalties and if uneven knot spacing is required then the

advantage of B-splines is lost (Wood, 2006).

The gam function in Wood’s (2006) mgcv package, which is available in

R, is one of many R packages that can be used to implement penalised re-

gression splines.

Figure 2.5 illustrates the use of penalised regression splines on the Fourth

Dutch Growth Study data. Adjusting the difference penalty and the degree

of the P-spline only has a minor influence on the curves produced. These

minor differences, also reflected when smoothing using natural cubic splines

and B-splines with different smoothing choices i.e. changing the number of

knots or degree of B-spline, are primarily due to the large sample size of this
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Figure 2.5: BMI of the 7482 male participants in the Fourth Dutch Growth Study

between birth and 21 years of age. Superimposed are smooth curves

fitted by P-splines of quadratic and cubic degree with second and

third order difference penalties, each with 16 quantile knots and a

smoothing parameter value of 1.2. For clarity the curves are offset

from each other other by 0.5 BMI units.

study. In cases where a smaller sample size is available, the smooth curves

will become a lot more sensitive to changes in these smoothing choices.

2.4 Monotonicity Constraints on Splines

Monotonicity constraints on splines as discussed in detail in Meyer (2012)

and Bollaerts et al. (2006), constrain the function f(x) to be either mono-

tone increasing or decreasing, as well as smooth. In the case of growth mea-

surements, such as height, it is common to assume that f(x) is monotone

increasing. For monotonically constrained P-spline regression, an asymmet-

ric discrete penalty on the k-th order difference is used. This penalty is

asymmetric since it differentially penalizes positive and negative kth-order
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differences, in order to restrict the sign of the k-th order differences and as

such restrict the sign of the kth-order derivative of the fitted function. A

penalty reflecting the constraints of a positive kth-order derivative within a

range as defined by indicator variable vj is

n∑
j=k+1

vjw(α)j(∆
kαj)

2 (2.6)

with

vj =

 1, if the constraint on ∂kf(x)/∂xk is to hold on at least part of the support of Bj;

0, otherwise,

(2.7)

and with

w(α)j =

 0, if ∆k
αj
≥ 0,;

1, otherwise,.
(2.8)

being asymmetric weights. Then, with κ being a user-defined constraint

parameter, the overall loss function is:

S =
m∑
i=1

{yi−
n∑
j=1

αjBj(xi)}2+λ
n∑

j=k+1

{∆kαj}2+κ
n∑
k+1

vjw(α)j(∆
nαj)

2. (2.9)

Monotonicity constraints can also be applied to B-splines. A sufficient condi-

tion to ensure that the fitted curves are strictly non decreasing is to guaran-

tee that the first-order difference of adjacent coefficients are non-negative

(Muggeo et al., 2012). This means ensuring that α̂k,j+1 − α̂k,j ≤ 0 for

j = 1, · · · , n − 1. There are standard linear inequality constraints which

must be considered and discussions of these are found in Muggeo et al. (2012).

The gcrq function in the quantregGrowth package (Muggeo et al., 2012),

which is available in R, can be used to implement monotonicity constrained

regression and penalised regression splines.

Although applying P-splines with a monotonicity constraint to the Fourth
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Figure 2.6: BMI of the 7482 male participants in the Fourth Dutch Growth Study

between birth and 21 years of age. Superimposed are smooth curves

fitted by non-decreasing P-splines of quadratic and cubic degree with

second and third order difference penalties, each with 16 quantile

knots and a smoothing parameter λ value of 1.2. For clarity the

curves are offset from each other other by 0.5 BMI units.
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Dutch Growth Study is clearly unsuitable, Figure 2.6 illustrates the effec-

tiveness of such a constraint on the curves fitted.

The methods discussed in this chapter are used in Chapters 3, 4 and 5 to

estimate growth curves.



Chapter 3

The LMS Method for Growth

Curve Estimation

The first method of growth curve estimation to be explored in this thesis

is the LMS method.

The LMS method provides an approach which conditions on a time covariate,

often age, to obtain reference centile curves for growth data, showing how

the distribution of a growth measurement changes according to this time

covariate. This method is more appropriate than a simple reference range,

as the measurements of growth are typically highly dependent on a time

covariate (Cole and Green, 1992). This approach assumes that the growth

measurement has an underlying skew distribution which can be normalised

by applying a suitable power transformation.

The LMS method describes how the distribution changes by three uncorre-

lated curves, the L, M and S curves. These three curves respectively illustrate

the skewness of the distribution and the trends in the median and standard

deviation at each value of the time covariate.

30
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3.1 LMS Model Methodology

The response growth variable (for example weight), denoted by y, is as-

sumed positive. The LMS method by Cole and Green (1992) applies a Box-

Cox power transformation (Box and Cox, 1964) to the data to obtain nor-

mality, determining the optimal power estimate of λ to do so. This is because

most commonly used measures of growth, with the exception of height, have

data that are usually more skew than the normal distribution (Cole, 1988).

The data is then standardised so that the percentiles can be read off the

normal distribution. This is done by firstly dividing y by the median (y/µ)

and then by dividing this Box-Cox transformed variable by the standard de-

viation σ, so that the data follows a standard normal distribution N(0, 1).

Suppose that y has median µ, and that yλ or in the case λ = 0, loge(y) is nor-

mally distributed. It is then appropriate to consider the transformed variable,

x =
(y/µ)λ − 1

λ
, λ 6= 0 (3.1)

or

x = loge(y/µ), λ = 0

based on the family of transformations proposed by Box and Cox (1964). This

transformation means that x is zero when the value of y and the median µ are

equal, and is continuous at λ=0. For λ=1 the standard deviation (SD) of x is

exactly the coefficient of variation (CV) of y, and this remains approximately

true for all moderate λ (Cole and Green, 1992). The optimal value of λ is

that which minimizes the SD of x.

Denoting the SD of x (and the CV of y) by σ, the SD score of x and hence

of y is given by

z = x/σ

z =
(y/µ)λ − 1

λσ
, λ 6= 0 (3.2)

or

z =
log(y/µ)

σ
, λ = 0



CHAPTER 3. THE LMS METHOD 32

and it is assumed that z has a standard normal distribution.

Assume now that the distribution of y varies with time covariate t, and that

λ, µ and σ at t are read off the smooth curves L(t), M(t) and S(t). It follows

that

z =
(y/M(t))L(t) − 1

L(t)S(t)
, λ 6= 0 (3.3)

or

z =
log(y/M(t))

S(t)
, λ = 0

In general if y has a cumulative distribution function FY (y) = P (Y ≤ y).

The 100τth centile CY (τ) or τth quantile QY (τ) of Y is defined as

QY (τ) = F−1Y (τ) = inf{y : FY (y) ≥ τ}

where τ ∈ [0, 1].

The τth quantile of y at x, denoted by QY (τ |X), separates the reference

population into parts. For example, for τ = 0.05, QY (0.05|X) is the 5th cen-

tile of the distribution of y conditional on the value of X. In other words, 5

percent of the values of y are less than or equal to the specified function of X.

Rearranging Equation (3.3) shows that the 100τth centile of y at t is given by

CY (τ |t) = M(t)(1 + L(t)S(t)Zτ )
1

L(t) , λ 6= 0 (3.4)

Or

CY (τ |t) = M(t) exp[S(t)Zτ ], λ = 0

for the LMS method, where Zτ is the normal equivalent deviate (NED) of

size τ . This shows that if the L, M and S curves are smooth, then so are the

centile curves (Cole and Green, 1992).
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The initial LMS method developed by Cole (1988) requires the data to be

divided into distinct groups by the time covariate, which should ideally be

as narrow as practicable, given the available data to obtain the L, M and S

curves. The optimal power transformation λ to obtain normality is calcu-

lated for each of the series of distinct groups. For each group, λ is estimated

by initially finding the standard deviation of the natural log, inverse and

original growth measurement which correspond to λ values of 1, 0 and -1 in

(yλ (or λ = 0, loge(y)). The geometric mean of the growth measurement is

also computed as

µG = exp(
1

n
Σ(log(yi))). (3.5)

The standard deviation of the original growth measurement is divided by the

geometric mean to give a form of the arithmetic coefficient of variation (Sa).

The standard deviation of the inverse growth measurement is then multiplied

by the geometric mean to give the harmonic coefficient of variation (Sh). The

standard deviation of the natural log transformation gives the geometric co-

efficient of variation (Sg). The estimate of λ is given by

λ =
log(Sh/Sa)

2 log(ShSa/S2
g )
. (3.6)

This process is repeated for each distinct group and the resulting λ values

are plotted against the time covariate value, with the trend then smoothed

across the time covariate to give the L curve.

The median and coefficient of variation have to be similarly estimated for

each group. Firstly the growth measurements are raised to the optimal power

λ, found for that distinct group. The median and standard deviation are then

determined for the λ transformed growth measurement. The standard devia-

tion is divided both by λ and the geometric mean raised to the power λ and if

this result is negative, the absolute value is taken. The median of the trans-
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formed growth measurement is back-transformed by raising it to the power

1/λ (Cole, 1988). The median and coefficient of variation for each distinct

group are plotted on separate plots and then the group values are smoothed

across the time covariate to produce the M and S curves, respectively.

Initially Cole (1988) suggested drawing the smooth curves L,M and S by

eye, but subsequent researchers proposed smoothing methods such as natu-

ral cubic splines. See chapter 2 for details of such smoothing methods. Green

(1988) highlighted the subjective and complex nature of Cole’s fitted algo-

rithm for the LMS method to deduce the L, M and S curves, in particular

the requirement of separating the data into distinct groups which is highly

arbitrary. He alternatively suggested the method of maximum penalised like-

lihood (Green, 1987) which can be used to provide smooth estimates of the

L, M and S curves directly, requiring only the choice of smoothing constants

for the three curves, as detailed in Cole and Green (1992).

For the case of n independent observations yi at corresponding time covariate

values ti, the log-likelihood function ` derived from Equation (3.3) is given

(apart from the constant) by

` = `(L,M, S) =
n∑
i=1

(L(ti) log
yi

M(ti)
− logS(ti)−

1

2
z2i ) (3.7)

where zi are the SD scores corresponding to yi. The curves L(t), M(t), S(t)

are estimated by maximizing the penalised likelihood

`− 1

2
τλ

∫
{L′′(t)}2dt− 1

2
τµ

∫
{M ′′(t)}2dt− 1

2
τσ

∫
{S ′′(t)}2dt. (3.8)

where τλ , τµ and τσ are smoothing parameters. The three integrals provide

roughness according to the squared second derivatives of the L, M and S

curves, so that maximizing Equation (3.9) strikes a balance between the fit

to the data and smoothness of the L, M and S curves. As discussed in detail
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in section 2.1, it can be shown that these forms of penalty lead to natural

cubic splines with knots at each distinct value of the covariate t. Thus only

the smoothing parameters τλ , τµ and τσ need to be chosen in order to fit

the model, as each of the distinct time covariate values will be taken as knots.

Once the L, M and S curves have been constructed they can then be used to

calculate the required normalised growth chart. Firstly it must be decided

which particular centiles are required. For growth curves these are commonly

the 5th, 10th, 25th, 50th, 75th, 90th, 95th centiles, and the value of the cor-

responding Zτ can be read off the standard normal distribution, as explained

earlier on page 32. Also the number of time points at which the smooth

estimates of the L, M and S curves should be extracted for the centile curve

plotting should be decided. These time points will then be evenly dispersed

across the entire time covariate range. Then for each time covariate value (t)

and SD score in turn, values for L(t), M(t) and S(t) can be read off their

corresponding curves and substituted into Equation (3.4) which gives the

100τth centile of the growth measurement at time covariate value t. This is

used to construct an entire growth chart, with more time points required if

the reference centile curves are jagged in appearance.

The lmsqreg.fit function in Carey’s (2002) lmsqreg package in R can be

used to implement this LMS model approach of fitting growth charts, with

the complexity of each of the three fitted cubic spline curves, the L, M and

S curves, determined by its specified equivalent degrees of freedom (e.d.f).

This package uses a default of 50 age points for the centile curve plotting.

An alternative approach for obtaining growth curves using the LMS model is

to use the lms function in Stasinopoulos and Rigby’s (2007) GAMLSS pack-

age in R. This approach uses a generalized additive model for location, scale

and shape GAMLSS to construct the growth charts.Rigby and Stasinopou-

los (2005) defined the original formulation of the GAMLSS model which was
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later expanded to overcome some of the limitations associated with the popu-

lar generalised linear models (GLMs) (McCullagh and Nelder, 1989), (Hardin

and Hilbe, 2007) and generalised additive models (GAMs) (Hastie and Tib-

shirani, 1990). GAMLSS model methodology extends GLMs by allowing for

generalised additive model methodology to be used. The GAM approach

assumes the response variable y follows an exponential family distribution

however this assumption is relaxed and replaced by a general distribution

family when the GAMLSS approach is used. In GAMLSS the systematic

part of the model is expanded to allow modelling not only of the mean (or

location), as in the case when using the GAM approach, but of other param-

eters of the distribution of y also (Stasinopoulos and Rigby, 2007).

A generalised additive model(GAM) is a generalised linear model in which

part of the linear predictor is specified in terms of a sum of smooth functions

of explanatory variables (Wood, 2006). In general the model has a structure

something like

g(µi) = X∗i θ + f1(x1i) + f2(x2i) + f3(x3i) + · · · . (3.9)

where µi = E(Yi) and Yi are i.i.d response variables which follow some expo-

nential family distribution. X∗i is a row of the model matrix for any strictly

parametric model components, θ is the corresponding parameter vector, and

the fj are smooth functions of the explanatory variables xk. Detailed discus-

sion of how to represent the smoothing functions as well as determining the

appropriate degree of smoothness for these functions of the covariate variable

is given in Wood (2006).

GAMLSS are semi-parametric univariate regression models, where a para-

metric distribution assumption is required for the response variable. They

are therefore a generalization of the previous LMS modelling approach where

the response variable has a specified frequency distribution D(µ,σ,λ,α), where

the parameters represent the first four moments of the distribution (Stano-

jevic et al., 2009). A wide variety of distributional forms are available, of
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which the Box-Cox Cole and Green (BCCG) distribution is typically selected

when modelling growth reference curves. This distribution has location (µ),

scale (σ) and shape (λ) distribution parameters. Therefore, essentially when

choosing the BCCG distribution for the response variable, the Cole and Green

(1992) method is being used for centile estimation. Other distributions which

are commonly selected when modelling such data include the Box-Cox ex-

ponential power (BCPE) and Box-Cox t (BCT) distribution, with the latter

distribution being appropriate when there are heavy tails in the response

variable. These distributions are an extension of the BCCG distribution and

include an additional shape parameter α.

The GAMLSS model assumes independent observations yi for i = 1, 2, . . . ,m

with probability (density) function f(yi|Θi) conditional on Θi = (Θ1i,Θ2i,Θ3i,Θ4i) =

(µi, σi, λi, αi), a vector of four distribution parameters, each of which can

be a function of the covariate and/or random effects terms. Let yT =

(y1, y2, y3, . . . , ym) be the m length vector of the response variables. For

k = 1, 2, 3, 4, let gk(·) be known monotonic link functions relating the distri-

bution parameters to explanatory variables by,

gk(Θk) = ηk = Xkβk +

Jk∑
j=1

hjk(xjk),

i.e.

g1(µ) = η1 = X1β1 +

J1∑
j=1

hj1(xj1)

g2(σ) = η2 = X2β2 +

J2∑
j=1

hj2(xj2)

g3(λ) = η3 = X3β3 +

J3∑
j=1

hj3(xj3)

g4(α) = η4 = X4β4 +

J4∑
j=1

hj4(xj4)
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where µ, σ, λ, α and ηk are vectors of length m. βTk = (β1K , β2K , · · · , βJ ′
kK

) is

a parameter vector of length J
′
K . Xk is a fixed known design matrix of order

n × J
′
K and hjk is a smooth non-parametric function of explanatory variable

xjk, j = 1, · · · , JK and k = 1, · · · , 4 (Stasinopoulos and Rigby, 2007).

The lms function in the GAMLSS package, models the distribution pa-

rameters λ, µ, σ and α as additive non-parametric smoothing functions of

the time covariate x, using P-splines for smoothing. This is a smoothing

method discussed in detail in section 2.3. The lms function requires the

e.d.f of each of the smooth non-parametric P-spline functions to be specified,

which adjusts the smoothness of the curves. In the case where the response

variable has a specified Box-Cox Cole and Green (BCCG) distribution this

means that only three e.d.f’s have to be chosen. This is effectively similar

to specifying the e.d.f in the lmsqreg.fit function, which as previously dis-

cussed controls the smoothness of the L, M and S curves, respectively. The

lms function gives more flexibility in the smoothing options than the lm-

sqreg.fit function, by fitting using P-splines. It by default adopts P-splines

of cubic degree with 2nd order difference penalty with 20 equally spaced

knots.

The LMS growth curves, produced by both modelling approaches, can

be used to assess a measurement of growth for any individual by expressing

the measurements in centile or SD score terms (Cole, 1990). If G is the in-

dividual’s growth measurement at time covariate value t then their SD score

is defined as

SDS =
(G/M(t))L(t) − 1

L(t)S(t)
(3.10)

where M(t), L(t) and S(t) are the values read off the curves at age t.
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3.2 LMS Model for the Growth and Devel-

opment Study Data

The Growth and Development Study Data, described in section 1.1, was

used to illustrate the LMS method for composing gender-specific weight

growth charts, firstly using the lmsqreg.fit function in the lmsqreg pack-

age and then the lms function in the GAMLSS package, which are both

available in R. Similar plots to those in Cole and Green (1992) were used to

explore the effect of varying the e.d.f values on the smoothness of the L, M

and S curves when the lmsqreg package was implemented.

Figure 3.1 shows the L, M and S curves for the weight of full-term female

infants from birth to roughly 36 months of age, over a range of fitted e.d.f

values between 2.5 and 8. In each case the smoothest curves with 2.5 e.d.f,

appear to provide a poor fit to the data. As the e.d.f increases the curves

become more complex, and generally those with between 3 and 4 e.d.f seem

to produce sensible curves, with a large similarity between there curves. Con-

versely with 8 e.d.f the curves appear undersmoothed. L, M and S curves

smoothed by natural cubic splines with between 3 and 4 e.d.f therefore ap-

pear to be a sensible choice.

The L curves (Figure 3.1a) fitted with these e.d.f values all illustrate a rapid

reduction in the Box-Cox power of the distribution from birth till around 8

months of age, indicating an increase in skewness to the right. The Box-Cox

power then begins to steadily increase after this dip, in each case. The M

curves (Figure 3.1b) all demonstrate that the median weight of full-term fe-

male infants continually rises as age increases, however the rate of growth

reduces as age increase. The S curves (Figure 3.1c) fitted with between 3

and 4 e.d.f show a substantial dip in the coefficient of variation between birth

and the age of 36 months, with the smallest level of variability occurring at

around 10 months of age.
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Test P-value

Kolmogorov-Smirnov Test 0.252

Student T-test 0.695

Chi-Squared Test 0.895

Table 3.1: Goodness of fit tests P-values, showing the performance of the weight

growth chart for full-term females infants, constructed by LMS Model

1.

The growth charts shown in Figures 3.2a and 3.2b show the seven reference

centile curves, for the 5th, 10th, 25th, 50th, 75th ,90th and 95th centile,

for the weight measurements of full-term female infants, obtained from the

L, M and S curves using Equation (3.4). In Figure 3.2a the curves have

been smoothed by natural cubic spline each with 3 e.d.f, while in Figure

3.2b the e.d.f was equal to 4. The growth chart shown in Figure 3.2b is well

smoothed over the whole age range and is able to capture the trend in weights

of full-term female infants from birth till roughly 36 months. In contrast, the

growth chart in Figure 3.2a exhibits a considerable fall in the growth rate in

the lower centiles which may not reflect reality as curves would be expected

to be non-decreasing. Thus fitting a weight growth chart for full-term female

infants based on the lmsqreg package with L, M and S curves smoothed

by natural cubic spline curves each with 4 e.d.f, which will be referred to as

LMS Model 1 for the remainder of this thesis, seems sensible.

The results in Table 3.1 demonstrate that LMS Model 1 is a good fit to

the full-term female infant data, with relatively high p-value of 0.252, 0.695

and 0.895 being obtained for the Kolmogorov-Smirnov, Student T and Chi-

Squared goodness-of fit tests, respectively. This indicates, as desired, an

overall good agreement between the SD scores from the fitted LMS model

and a standard normal distribution.
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Figure 3.1: L, M and S curves for weight in full-term female infants from birth

to roughly 36 months of age, fitted by a series of natural cubic spline

curves with between 2.5 and 8 e.d.f.
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Figure 3.2: Weight growth chart for full-term female infants from birth to 36

months of age, based on the L, M and S curves in Figure 3.1.
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A similar selection process was used to identify a suitable choice of equiva-

lent degrees of freedom for the smoothness of the L, M and S curves for the

full-term male infant data.

Figure 3.4 shows the fitted L, M and S curves for full-term male infants’

weights between birth and roughly 37 months of age, obtained by setting the

e.d.f to 3, 4 and 5, respectively. In general the trends are consistent with

those observed for the full-term infants with for instance the L curve (Figure

3.3a) illustrating a progressive reduction in the Box-Cox power distribution,

between birth till around the age of 20 months, before it steadily increases

after the dip. This is compatible with the trend seen for full-term female

infants and again indicates an increase in skewness to the right of the data.

The observed trend for median weight measurements for full-term male in-

fants, as seen in the M curve (Figure 3.3b) is also similar to that observed

for the full-term females infants, however the initial rate of growth is slightly

higher. The S curve (Figure 3.3c) for the full-term male infants, also exhibits

a dip in the coefficient of variation between birth and around 37 months of

age, with it being constantly low between the ages of 7 and 17 months.

Figure 3.4 gives the corresponding set of seven reference centile curves, from

the 5th to the 95th, obtained from the L, M and S curves in Figure 3.3. This

illustrates that a sensible weight growth curve estimate for full-term males

infants is composed using the lmsqreg package with the L, M and S curves

smoothed by natural cubic spline curves with respective e.d.f values 3, 4 and

5. This will be referred to as LMS Model 2 for the remainder of the thesis.

The results in Table 3.2 demonstrate that LMS Model 2 is a relatively good

fit to the full-term male infant data, indicating an overall good agreement

between the SD scores from the fitted LMS model and a standard normal

distribution, according to a majority of the three tests. The Kolmogorov-

Smirnov Test result is the exception, as it obtains small p-values for a major-
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Figure 3.3: L, M and S curves for weight in full-term male infants from birth to

roughly 37 months of age, fitted by natural cubic splines curves with

3,4,5 e.d.f’s, respectively.
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Figure 3.4: Weight growth chart for full-term male infants from birth to 37

months of age, based on the L, M and S curves in Figure 3.3.

ity of the age intervals as detailed in Table 3.3 and consequently an overall

small p-value of 0.034 for the whole growth chart, which indicates lack of

fit. However there is a strong agreement between the two other goodness of

fit test approaches that the growth chart is a good fit, with overall p-values

of 0.410 and 0.941 obtained for the Student T-test and Chi-Squared Tests

respectively.

Test P-value

Kolmogorov-Smirnov Test 0.034

Student T-test 0.410

Chi-Squared Test 0.941

Table 3.2: Goodness of fit tests for the growth charts for full-term males infants,

constructed by LMS Model 2.
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Intervals in Age(Months)

0-1.31 1.31-3.08 3.08-5.53 5.53-10.1 10.1-37.1 Overall

Kolmogorov-

Smirnov Test <0.005 <0.005 <0.005 0.333 <0.005 0.034

Table 3.3: Kolmogorov-Smirnov Goodness of fit test for LMS Model 2, in differ-

ent age intervals.

The LMS method was also used to compose gender-specific weight growth

charts from the Growth and Development Study data using the lms function

in the GAMLSS package. Given X = x, Y is modelled by a Box-Cox Cole

and Green distribution, BCCG(µ, σ, λ), where the parameters µ, σ and λ

are modelled as smooth non-parametric functions of x. The e.d.f’s for the

non-parametric P-spline functions must be specified. Identity link functions

were chosen for µ and λ, while log link functions were chosen for the σ to

ensure that σ > 0. The Akaike information criterion (AIC) was proposed

as a modelling selection criterion to determine the most desirable choice of

the e.d.f’s. The AIC (Akaike, 1974) is a measure of the relative quality of

a statistical model, where a small AIC value is optimal. The basic idea of

AIC is to correct the log-likelihood of a fitted model for the effective number

of parameters. The technique chosen to determine suitable e.d.f values was

to initially find the most suitable e.d.f value for the M curve, by increasing

and decreasing its value by 1 until the change in AIC is small. Next the e.d.f

values for the S and L curves curves can be obtained by similar techniques,

where in general smaller e.d.f values are preferred when the difference in AIC

is not large.

As detailed in Table 3.4, although initially increasing the e.d.f value for the

the M curve for the full-term female infant data reduces the AIC consider-

ably, once it exceeds the value of 5 no big improvement is visible so thus this

e.d.f value is fixed at 5. The e.d.f value for the S curves is also similarly fixed
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at 5. A larger e.d.f value for the L curve leads to lack of fit whereas alterna-

tively reducing its value improves the AIC, so it seems sensible to choose a

small e.d.f value of 1. Therefore a sensible weight growth chart for full-term

female infants is produced using the LMS method with cubic P-splines with

e.d.f values of 1, 5 and 5 for the L, M and S curves respectively. This will be

referred to as LMS Model 3.

Similar techniques were applied to the full-term male infant data to choose

the e.d.f’s, as seen in Table 3.5. Although increasing the e.d.f values consid-

erably reduces the AIC there is overwhelming evidence of overfitting in the

growth charts produced. For example modelling with e.d.f values equal to

3, 4 and 3, respectively, as shown in Figure 3.5 exhibits a fall in the growth

rate in the lower centiles, which is not consistent with the anticipated trend.

Hence the LMS method fitted using cubic P-splines with e.d.f’s 1, 3 and 2

for the L, M and S curves respectively, referred to as LMS Model 4, is found

to be sensible.

Figures 3.6a and 3.6b show the weight growth charts for full-term female

and male infants obtained from LMS Models 3 and 4, respectively. These

growth charts both appear to have relatively smooth reference centile curves,

capturing the key trends in weight of full-term infants of each gender.

Comparing the gender-specific weight growth charts for full-term infants pro-

duced by LMS Models 1 and 2 directly to those produced by LMS Models

3 and 4, Figure 3.7, shows that in fact the two approaches of smoothing for

the L, M and S curves, natural cubic splines and P-splines, produce almost

identical reference centile curves with only slight differences being visible at

later months.

These growth curves can then be used to assess individual infants’ weight

measurements. As there is a large amount of agreement between the gender-
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e.d.f

AIC L M S

28364.3 3 3 3

28341.7 3 4 3

28337.4 3 5 3

28337.0 3 6 3

28327.6 3 5 4

28322.5 3 5 5

28320.0 3 5 6

28324.0 4 5 5

28320.9 2 5 5

28286.1 1 5 5

Table 3.4: AIC values for LMS models fitted with a series of P-spline curves with

different e.d.f’s for the L, M and S curves for weight in full-term female

infants from birth to roughly 36 months of age.

e.d.f

AIC L M S

29757.1 3 3 3

29712.1 3 4 3

29750.9 3 3 4

29772.4 3 3 2

29784.3 3 3 1.5

29770.8 2 3 2

29769.9 1.5 3 2

29768.9 1 3 2

Table 3.5: AIC values for LMS models fitted with a series of P-spline curves with

different e.d.f’s for the L, M and S curves for weight in full-term male

infants from birth to roughly 37 months of age.
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Figure 3.5: Weight growth chart for full-term male infants based on the L, M

and S curves fitted with P-spline curves with 3, 4 and 3 e.d.f’s ,re-

spectively.
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Figure 3.6: Gender specific weight growth charts for full-term female and male

infants, obtained from LMS Models 3 and 4, respectively
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Figure 3.7: Comparison of gender-specific weight growth charts for full-term in-

fants, fitted by LMS Models 1 and 2 to LMS Models 3 and 4. The

solid lines represent the reference centile curves produced by the lat-

ter models.
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specific weight growth charts for full-term infants produced by the two model

approaches, screening will focus on the growth charts produced by LMS Mod-

els 1 and 2, as the results ascertained by the other model approach are likely

to be very similar. Screening based on these growth charts was performed

on the four case infants detailed in section 1.3, at the specified screening ages.

Figure 3.8a illustrates that Subject 1500 had considerably lower weight mea-

surements than most of her peers, falling below the 5th centile curve at all

ages. However her rate of growth appeared to remain consistent with the

typical growth pattern. At roughly 20 months of age, the age at which the

screening decision is considered, her weight measurement of 8.52 kg corre-

sponds to an SD score of -2.111, as detailed in Table 3.6. This indicates that

her weight value is below the median weight of full-term female infants of

that age.

Subject 146’s birth weight places her just above the 10th centile curve how-

ever she then displays rapid growth thereafter, with her observed weight at

the age of roughly 8 months placing her just below the 75th centile curve. A

sudden drop in growth rate is then observed after this point, with her falling

just above the median weight by her final weight measurement; the age at

which the screening decisions is considered. Her SD score at this age of 0.187,

indicates that her weight value is above the median weight of full-term female

infants of that age.

Figure 3.8b demonstrates that Subject 12 has a low birth weight falling

between the 10th and 25 centile; he then showed an unusual growth pattern

up to the age of 4.95 months, with weight continually increasing but with

the rate of growth reducing dramatically as age increased. This led to his

weight moving between the reference centile curves. A small fall in weight

of 0.03 kg was then observed between the age of 4.95 and 5.87 months, the

age at which the screening is considered, with him falling just above the 10th
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Subject Gender Screening SD Score

Age(Months)

1500 Female 19.93 -2.111

146 Female 12.03 0.187

12 Male 5.87 -1.100

1799 Male 11.34 2.748

Table 3.6: LMS SD score estimates for the case infants at the specified screen-

ing ages, estimated from the gender-specific weight growth charts for

full-term female and male infants produced by LMS Models 1 and 2,

respectively.

reference centile curve at this age, after which he grew steadily. At roughly

6 months, his weight measurement of 7.05 kg is below the median weight of

full-term male infants of that age, with an SD score of -1.100.

Subject 1799 was heavier than most of his peers at birth, falling on the

95th centile reference curve. He then continually showed a vast increase in

weight up to the age of 9.64 months, placing his weight well above the typi-

cal weight observed for full-term male infants of his age. However after this

point a substantial drop in weight to 13.61 kg was observed by his last weight

measurement at 11.34 months of age. His SD score at this age of 2.748, in-

dicating that his weight value is above the median weight of full-term male

infants of that age.

3.3 Summary

The LMS method appears to perform well on the Growth and Develop-

ment Study data, and it is used extensively to produce conventional growth

charts such as the WHO weight-for-age child growth standard which are used

widely by health professionals for monitoring growth of infants. Although

only the e.d.f value of the three curves has been specified when modelling
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Figure 3.8: Gender specific weight growth charts for full-term female and male

infants produced by LMS Models 1 and 2, respectively. Superim-

posed are the observed weight measurements of the two female case

infants, with the point bordered in black in each case denoting the

observation at which the screening decision is considered.
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using either the lmsqreg package or the lms function in the GAMLSS

package, with what appears to be quite robust approaches for determining

their most desirable values, this modelling approach clearly has its limita-

tions. These include its inability to allow additional informative covariates

to be included in the model as well as assuming that the data has been

normalised once a suitable power transformation has been performed. In

addition, the LMS method does not take into consideration the longitudinal

nature of data, such as the Growth and Development Study data, treating

the measurements as if they are observed independently on different individ-

uals. These conventional growth charts developed for cross-sectional data are

useful when examining an individual’s measurement at a specific screening

age, as done previously. However if we wish to study an individual’s growth

pattern rather than a single measurement, tracking them on a conventional

growth chart may give us an incomplete impression of their growth. When

longitudinal data are available it would be more sensible to incorporate this

information in the model. This is further pursued in chapters 5 and briefly

discussed again in section 7.1.



Chapter 4

Quantile Regression for Growth

Curve Estimation

Quantile regression (Koenker and Bassett, 1978) is another useful tool for

constructing conditional growth charts. This approach is a non-parametric

method, having the ability to estimate quantiles given a time covariate with-

out the usual distribution assumptions. This deals with the limitation of

assuming normality, as stated when using the LMS model, as if the model is

distribution free then there are no assumptions to violate. Quantile regres-

sion models can be used to obtain selected centiles, such as the 5th, 10th,

25th, 50th (the median), 75th, 90th and 95th centiles, helping to give an

impression of the rates of change in all parts of the growth measurement’s

distribution.

4.1 Linear Quantile Regression Model Method-

ology

Consider the linear model

E(Yi) = b0 + b1xi + εi for i = 1, · · · ,m (4.1)

for which the least square estimators of b0 and b1 are determined by minimis-

56
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ing the sum of the squared residuals, ie by minimising
∑m

i=1(yi−(b0+b1xi))
2.

From solving this it is found that the conditional mean of y given x is the

least square estimator of a set of values.

In a similar way the median is the solution to the problem of minimising a

sum of absolute deviations,

m∑
i=1

|yi − (b0 + b1xi)|.

This can be applied in linear quantile regression to determine the median

regression, ie when τ is 0.5, which guarantees that there is a balance between

the number of observations lying above and below the conditional median

line. Koenker and Bassett (1978) proposed further extending this idea to the

estimation of linear parametric models for conditional quantile functions,

allowing estimations for different values of τ . Minimising

m∑
i=1

ρτ (Yi − xTi β) (4.2)

with respect to p-dimensional parameter β yields an estimate of the τth

quantile function of Y given the covariate x, where ρτ (.) is the tilted absolute

value function which takes the form

ρτ (u) = u(τ − I(u ≤ 0)) =

 uτ if u > 0;

u(τ − 1) if u < 0.
(4.3)

This guarantees that 100τ percent of the observations lie below the τ per-

centile line and 1 − (100τ) percent above. In the simplest case where there

is a clear linear relationship between the response y and covariate x, a lin-

ear quantile regression model approach can be used to derive the conditional

quantiles(or centiles) of y given x. For model (4.1), the reference centile lines

can be determined for the τth quantile by minimising

m∑
i=1

ρτ (yi − (b0 + b1xi)).
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This standard form of the τth quantile gives a non smooth function to mini-

mize, that cannot be differentiated. Instead it can be solved efficiently using

linear programming methods as described at the beginning of the chapter.

Inference for quantile estimates can be challenging because it involves non-

parametric density estimation. In practice, resampling methods such as the

bootstrap are employed to produce standard errors and confidence intervals.

For more information on estimation and inference in quantile regression, see

Koenker (2005).

For the special case τ=0.5, the estimate of the absolute value function takes

the form

ρτ (0.5) =

 0.5u if u > 0;

−0.5u if u < 0.

so the median centile estimate, derived for y1, · · · , ym, would be equal to

argminb0

m∑
i=1

ρ0.5(yi − 0.5b0)

argminb0

m∑
i=1

(yi − 0.5b0)I(yi − 0.5b0 > 0)−
m∑
i=1

(yi − 0.5b0)I(yi − 0.5b0 < 0)

The rq function which is available in the quantreg package in R can be

used to implement the linear quantile regression model approach.

4.2 Linear Quantile Regression Model for the

Abdominal Circumference Data

The Abdominal Circumference Data, as discussed in section 1.4, was used

to illustrate the concept of the linear quantile model, which is fitted using

the R package quantreg. Figure 4.1 which shows the change in abdominal

circumference with gestational age across the range of centiles, illustrates the

similarity in the lines produced by the ordinary least squares regression and

the 0.50th quantile (median) linear regression models. This figure also illus-

trates the difference in modelling using the ordinary least square regression,
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Figure 4.1: Abdominal Circumference Data with estimated quantiles(solid lines)

constructed by the linear quantile regression model as well as the

ordinary least squares regression line (dashed).

which draws a single line through the data points to linear quantile regression

which gives a different line for each specified centile.

Linear quantile regression is not usually appropriate for growth chart mod-

elling, because as with the Growth and Development Study Data, the pat-

terns observed in the growth variable across the covariate are most commonly

non-linear.

4.3 Quantile Regression Model Methodology

for Growth Data

More generally, for reference growth charts it is convenient to parame-

terise the conditional quantile functions as linear combinations of a few fixed

basis functions, which allow flexible reference centile curves to be fitted. B-

splines, discussed in detail in section 2.2, are particulary convenient for this
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purpose. Given a choice of knots for the B-splines, estimation of the growth

curves is equivalent to fitting a parametric linear quantile regression with

xij = Bj(xi) where Bj is the jth function in the B-spline basis. For details

see Wei et al. (2006).

For the conditional τth quantile of Y at x, a general form for the quantile

regression model is

QY (τ |xi) = fτ (xi)

where fτ (xi) is a smooth but unspecified function relating the quantiles to

the covariate x, in the general case for growth charts, age. fτ (·) describes

the age-specific growth charts at the selected τ which is expressed when im-

plementing B-splines of degree q as fτ (·) =
∑J

j=1 αjBj(x; q) which is a linear

combination of the J basis functions and the corresponding coefficients α̂j to

be estimated (Muggeo et al., 2012).

This modelling method, which adopts a B-spline term for the covariate, can

be implemented in R using the quantreg package. As detailed in section

2.2, when fitting a B-spline model it is necessary to choose the order of the

polynomials as well as the number and placement of knots. Explanatory ap-

proaches are adopted to determine sensible choices for the remaining of this

chapter.

4.4 Quantile Regression Model for the Growth

and Development Study Data

The Growth and Development Study Data was used to illustrate the quan-

tile regression model for composing gender-specific weight growth charts for

full-term infants, using the quantreg and quantreggrowth R packages

The first approach to choosing the degree of the B-spline as well as the

most favourable number and positioning of knots, was to use a small number
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of quantile knots with B-splines of quadratic and cubic degree. The refer-

ence centile curves produced via these approaches were examined visually,

as well via a diagnostic plot and the number of knots were increased if this

appeared necessary. If sensible curves were not deduced when quantile knots

were considered, the process was repeated with unequally spaced knots until

a more satisfactory curve was obtained.

Fitting a quantile regression model with B-splines of quadratic and cubic

degree with an interior quantile knot at 4.30 months, as shown in Figures

4.2a and 4.2b, to the full-term female data, produces sensible reference cen-

tile curves over the first 21 months of growth for both degrees of freedom.

However after this point the curves struggle to capture the trend with the

cubic spline model exhibiting signs of crossing quantiles, indicating that one

knot is not sufficient.

Adding an additional interior quantile knot, so that interior knots are posi-

tioned at 2.59 and 6.43 months, improves the reference centile curves pro-

duced when quadratic B-splines are implemented, as illustrated in Figure

4.3a. However Figure 4.3a shows that the additional flexibility does not have

a favourable effect when cubic B-splines are used.

Inclusion of a third interior quantile knot, so that the interior knots are

now positioned at 1.77, 4.30 and 9.02 months, as displayed in Figure 4.4,

when a quadratic degree of smoothing is applied, leads to quantile cross-

ing. This implies that fitting a quadratic B-spline model with two interior

quantile knots, is preferable. However there are still visible indications that

this struggles to model the pattern in the later months, due to the sizeable

amount of variability between the limited weights documented in the records

at older ages. Such regions of sparse data, could lead to quantile crossing

which is a problem with the model fit. This indicates that B-splines with

unequally spaced knots where the emphasis is on positioning more knots at
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Figure 4.2: Weight growth charts for full-term female infants constructed by

quantile regression models with quadratic and cubic B-splines, with

one interior quantile knot at age 4.30 months.
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Figure 4.3: Weight growth charts for full-term female infants constructed by

quantile regression models with quadratic and cubic B-splines, with

two interior quantile knots at ages 2.59 and 6.43 months.
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Figure 4.4: Weight growth chart for full-term female infants constructed by a

quantile regression model with quadratic B-splines, with three inte-

rior quantile knots at ages 1.77, 4.30 and 9.02 months.

later months, may produce more favourable reference centile curves, handling

this problem of variability.

The above process of model selection was repeated with alternatively dif-

fering positionings of the knots chosen. Figure 4.5a displays the reference

centile curves produced using a quadratic B-spline with three interior knots

at ages 6, 10 and 13 months. Although positioning knots at later ages leads to

an improvement in the reference centile curves constructed they still struggle

to capture the trend in the upper tail of the distribution. For the full-term

females infant weight data a restricted quantile regression model from birth

to 24 months of age, fitted using quadratic B-splines with interior knots at

ages 2.5 and 10 months, which will be referred to as QR Model 1, gave the

weight growth chart shown in Figure 4.5b. These curves are more robust

than the ones for the full age range shown in Figure 4.5a, because they don’t
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rely on a very small number of observations at the upper-end of the age scale.

To assess the goodness of fit of such growth charts, estimated reference cen-

tile values are simulated from the quantile regression model as described in

Wei et al. (2006). This is done by partitioning by age into equally spaced

intervals between the maximum and minimum age points, with the full-term

female and male weight data being partitioned at 20 and 24 ages, respec-

tively. Then between each of these partitioned ages, at unique ages, weight

measurements are predicted from the quantile regression model for each cen-

tile. These estimated reference centiles are compared directly to the true

centile value at this unique age and thus for each interval in age an overall

level of agreement is deduced.

Figures 4.6a and 4.6b illustrate the goodness of fit of the quantile regres-

sion models shown in Figures 4.5a and 4.5b to the data. It is clear that the

fit of the models is not as good for the later months. This is illustrated by the

fluctuating reference centile curves estimated under the quantile regression

approach at the later months, with the difference between the distributions

appearing to be particularly obvious in the 25th, 50th and 75th centiles. Fig-

ure 4.6a stresses how the agreement between the estimated and true reference

centile curves at the very upper end of the age scale, where a smaller number

of observations are available, depletes very dramatically.

By repeating the same procedure of model selection for the full-term male

infant weight data, a sensible choice for a weight growth chart for full-term

male infants was constructed form birth to 24 months by a quantile regres-

sion model with quadratic B-splines with two unequally spaced interior knots

at ages 3 and 11.5 months. This model will be referred to as QR Model 2.

Figures 4.7a and 4.7b illustrating this growth chart and its corresponding

goodness of fit diagnostic plot, show that the reference centile curves fitted

using QR Model 2 are a relatively good fit to that data. There is again some
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Figure 4.5: From top to bottom, weight growth charts for full-term female infants

constructed by a quantile regression model with quadratic B-splines

with three unequally spaced interior knots, at ages 6, 10 and 13

months modelling across the entire age range and a quadratic B-

spline with two unequally spaced knots, at ages 2.5 and 10 months,

applied to the restricted age range.
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Figure 4.6: From top to bottom, diagnostic plots assessing the goodness of fit of

the weight growth charts for full-term female infants shown in Figures

4.5a and 4.5b, respectively. The estimated reference centile curves

under the quantile regression approach are represented as broken

curves and the unbroken lines representing the true τ100% centile

curves.
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indication that at the later months, the fit is not as good, with in particular

the difference between the distribution being more pronounced for the 25th,

50th and 75th centiles.

The gender-specific weight growth charts for full-term female and male in-

fants, composed by QR Models 1 and 2, respectively, were compared directly

to those produced by LMS Models 1 and 2. Figures 4.14a and 4.14b show

that the two modelling approaches in fact produce relatively similar gender-

specific growth charts between birth and two years of age, capturing how

weight gradually increases with age and how the rate of increase steadily

reduces. In particular only very minor differences are present between the

gender-specific weight growth charts constructed by the two modelling ap-

proaches for the first 11 months. After this point a larger amount of variabil-

ity is visible, with the quantile regression models tending to produce slightly

lower reference centile curves. Overall the two approaches appear to produce

satisfactory reference centile curves for modelling weights of full-term female

and male infants. Although both approaches give similar results for ages

with a large number of observations, the LMS approach appears to produce

realistic reference centile curves in intervals of limited observations whereas

the quantile regression approach struggles. This is a consequence of quan-

tile regression being a non-parametric approach, which requires a sufficient

number of observations for reliable estimation.

Screening based on the gender-specific weight growth charts for full-term

infants can be performed using QR Models 1 and 2. For each of the four case

infants described in section 1.3 centile estimates are used to evaluate the

positioning of the weight measurements on the gender appropriate weight

growth charts, observed at the screening age, as well as to directly compare

between the growth charts constructed by LMS Models 1 and 2 and QR

Models 1 and 2.
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Figure 4.7: From top to bottom, weight growth chart for full-term male infants

constructed by a quantile regression model with quadratic B-splines

with two unequally spaced interior knots at 3 and 11.5 months, and

a corresponding diagnostics plot assessing the curves’ goodness of

fit. The estimated reference centile curves under the quantile regres-

sion approach are represented as dashed curves and the solid lines

representing the true 100τ% centile curves.



CHAPTER 4. THE QUANTILE REGRESSION METHOD 70

Age(Months)

W
ei

gh
t(

kg
)

5
10

15

0 5 10 15 20 25

LMS Model 1
Quantile Regression Model 1
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Figure 4.8: Comparison of the gender-specific weight growth charts for full-term

infants constructed by LMS Models 1 and 2 and QR Models 1 and

2.
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Figure 4.9a illustrates the growth curves for full-term female infants’ weight

measurements, estimated by QR Model 1 described previously. Subject

1500’s growth follows an almost identical trend in relation to the reference

centile curves as that seen in Figure 3.8a, falling consistently above the 5th

reference centile curve. Table 4.1 detailing the centile estimate, suggests that

at the age at which the screening decision is considered her centile estimate

is 0.084, indicating that her weight value falls above the 5th reference centile

curve estimate of full-term female infants of this age. This is slightly different

to the LMS centile estimate of 0.014.

Subject 146’s growth also follows an almost identical trend in relation to

the reference centile curves as that seen in Figure 3.8a. However by her final

measurement at roughly 12 months she falls well above the median reference

centile curve whereas previously, based on the curves produced using the

LMS Model 1, she fell just above. This is reflected in the centile estimate

value, detailed in Table 4.1, with the quantile regression centile estimate of

0.615 indicating that her weight value is well above the median weight of full-

term female infants of this age in comparison to the LMS centile estimate of

0.574 which suggests she is just above. This slight difference is due to the

minor variation in the growth charts produced by the two methods.

Figure 4.9b shows the growth curves for full-term male infants’ weight mea-

surements, estimated by QR Model 2 described previously. Subject 12 follows

an almost identical trend in relation to the reference centile curves as that

seen in Figure 3.8b, moving substantially between the reference centile curves

with age. At the age at which screening is considered, roughly 6 months, he

falls just above the 10th reference centile curve, which is very similar to his

position in relation to the LMS reference centile curves at this screening age.

This similarity is reflected in the centile estimates, detailed in Table 4.1,

with the quantile regression and LMS centile estimates of 0.134 and 0.140

respectively, indicating only a minor difference in the growth chart at this age.
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Subject Gender Screening LMS QR

Age(Months) centile estimate centile estimate

1500 Female 19.93 0.014 0.084

146 Female 12.03 0.574 0.615

12 Male 5.87 0.140 0.134

1799 Male 11.34 0.997 0.979

Table 4.1: Centile estimates for the four case infants, at the specified screening

ages based on the gender-specific weight growth charts for full-term

infants constructed by LMS Models 1 and 2 and QR Models 1 and 2.

Subject 1799 also follows an almost identical trend in relation to the ref-

erence centile curves as that seen in Figure 3.8b, falling just above the 95th

centile curve at birth and thereafter well above. At the age at which screen-

ing is considered, 11.34 months, his centile estimate of 0.979 suggests that

his weight value falls just above the 95th centile reference line. This is a

slightly lower estimate than the LMS centile estimate of 0.997.

These differences are due to the minor variation between the growth charts

produced by these two approaches at the later ages, with in particular the

quantile regression approach generating centile curves that fall slightly above

those produced by the LMS method. However this difference is only slight, so

again these comparisons confirm the similarity in the growth charts produced

by the LMS and quantile regression approach.
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(a) Full-term Female Infants
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Figure 4.9: Weight growth charts for full-term female and male infants con-

structed by QR Models 1 and 2, respectively. Superimposed are

the observed weight measurements of the four case infants, with the

point bordered in black in each case denoting the observation at

which the screening decision is considered.
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4.5 Penalised Quantile Regression Model with

Monotonicity and Non-Crossing Constraints

Methodology

Theoretically reference centile curves should be non-crossing but while the

LMS model method implicity leads to curves of this form via a scaling func-

tion, as seen in chapter 3.2, extra work is required when using the quantile

regression model method to return non-crossing centile curves. A manual ap-

proach was adopted in section 4.3 to determine sensible choices of the quantile

regression models, guaranteeing, that amongst other thing, this property of

non-crossing centile curves held. The R package quantregGrowth, which is

another approach for quantile regression, modifies the model so that any cou-

ple of adjacent quantiles are strictly non-crossing. This approach which also

uses a B-spline term for the time covariate, can additionally apply a penalty

to the B-spline and a monotonicity constraint, both of which are proper-

ties described in sections 2.3 and 2.4, respectively. When implementing

a penalised quantile regression model, the fτk(xi) must be estimated using

penalized spline methods, seen in Claeskens et al. (2009). Furthermore a

full discussion of estimation of non-crossing and monotone quantile curves is

given in Muggeo et al. (2012).

The model selection when implementing the quantregGrowth package was

done by initially fitting a quantile regression model with B-splines with non-

crossing and monotonicity constraints applied. Although the positioning of

knots can not be specified, as by default equally spaced knots are imple-

mented in this package, the number of interior knots and degrees of the

spline polynomial can be. To determine the most effective choice of these

properties, initially a model with limited number of interior knots for both

B-splines of quadratic and cubic degree were specified. The reference centile

curves produced were examined visually and compared using the Schwarz

information criterion (SIC) (Schwarz, 1978), which was ascertained for each
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growth chart. The SIC is closely related to AIC, with SIC being optimal.

If sensible reference centile curves were not obtained in this way then the

number of interior knots was increased and the process is repeated again. If

for a substantial number of interior knots a suitable growth chart was not

found, then smoothing using P-splines with no monotonicity constraints was

considered.

A similar model selection procedure to that discussed previously could again

be used when implementing the penalised quantile regression model with

non-crossing constraints. Additionally now the smoothing parameter λ and

the difference order of the penalty had to be specified. For each combi-

nation of degree of spline polynomial and number of knots, a second and

third order penalty was implemented for a spectrum of smoothing parame-

ter values. This choice of smoothing parameter values was very subjective,

however values 2, 6 and 10 were chosen as this hopefully allowed an adequate

range of smoothing parameter values to be tried. If required, a monotonicity

constraint could be applied to the model, which restricted the smoothing

function to be strictly non decreasing. This required only a minor change in

the model specification.

Clearly these selection criteria are rather subjective, which is one of the

key limitations to this growth curve estimation technique.

4.6 Penalised Quantile Regression Model for

the Growth and Development Study Data

The effectiveness of the quantregGrowth package for composing weight

growth charts for full-term females infants by a quantile regression model

using B-splines with monotonicity and non-crossing constraints, based on

Growth and Development Study Data, was found to be very poor. The ref-

erence growth curves evidently struggled to capture the trend in the later
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Figure 4.10: Weight growth charts for full-term female infants produced by a

quantile regression model with quadratic B-splines with two interior

knots.

months even when a wide variety of number of knots and degrees of spline

polynomial were specified. For instance fitting a quadratic B-spline model

with two equally spaced interior knots, as seen in Figure 4.10, illustrates a

concerning pattern at the upper end of the age scale. This is a similar issue

as that stressed when fitting using QR Models 1 and 2 for composing gender-

specific growth curves over the entire age range.

Fitting a penalised quantile regression model which has a non-crossing con-

straint using P-splines with one interior equally spaced knot, second order

penalty, cubic degree of the P-splines and smoothing parameter value of 6,

was visually found to produce a sensible weight growth chart for full-term

female infants. This Model will be referred to as PQR Model 1, and is the

8th model down detailed in Table 4.2. This indicates that the issue of fluc-

tuating curves at later months, which clearly does not reflect reality, can

be resolved by smoothing using P-splines. The 9th model down detailed in
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Number of Interior Knots Spline Degree λ Difference Penalty SIC

1 Quadratic 2 2 -7.394

1 Quadratic 6 2 -7.276

1 Quadratic 10 2 -7.170

1 Quadratic 2 3 -7.418

1 Quadratic 6 3 -7.371

1 Quadratic 10 3 -7.343

1 Cubic 2 2 -7.477

1 Cubic 6 2 -7.272

1 Cubic 10 2 -7.104

1 Cubic 2 3 -7.558

1 Cubic 6 3 -7.455

1 Cubic 10 3 -7.304

Table 4.2: SIC values for weight growth charts for full-term females infants con-

structed by penalised quantile regression models with a non-crossing

constraint fitted with a series of P-spline curves with one interior

equally spaced knot, quadratic and cubic degree of the P-splines, dif-

fering smoothing parameter λ values and second and third order dif-

ference penalty.

Table 4.2, which is an adaption of PQR model 1 with a reduced λ value of

2 has an SIC value of -7.104. This is a minor improvement on PQR model

1 SIC which is -7.272, however visually choosing λ = 6 seems more sensible,

as seen when comparing Figure 4.11a and 4.11b. The spacing between cen-

tiles curves appears to be more even when PQR Model 1 is fitted, with it

being comparatively more evident at the later months. The resulting refer-

ence centile curves are strictly non decreasing so there is no need to add a

monotonicity constraint.

A similar selection process was used for the full-term male infant data. It



CHAPTER 4. THE QUANTILE REGRESSION METHOD 78

●

●
●●
●

●

●●●●●
●
●

●●●
●

●●

●
●

●●
●
●●●
●
●

●●●●

●●
●●

●

●
●
●
●
●

●●●●
●
●●
●
●
●●●●●●

●●●●●●●
●

●●
●

●●●
●●
●●
●

●●

●
●
●

●

●●

●

●

●

●

●
●
●
●

●●

●

●

●

●

●●
●●
●

●

●●

●
●

●
●●
●
●

●●

●

●
●●●
●
●

●

●●
●
●●●

●

●

●●●
●
●●●●●
●
●

●
●
●
●
●
●●●
●●
●●
●
●
●

●

●●

●
●
●
●

●

●●
●●●●●
●
●

●

●●●

●

●●

●
●

●

●
●●●●

●

●●
●
●

●●
●●●
●
●

●
●

●

●

●

●

●
●
●
●●

●●
●

●

●
●

●

●●

●
●

●●
●
●●
●
●●

●

●

●●
●●●

●

●●●
●

●●
●

●

●
●
●●
●

●
●
●
●●
●●
●

●

●

●

●

●●●●
●

●
●●●●
●

●
●

●●●
●

●
●
●

●●●●
●
●
●●

●

●
●
●●
●

●●

●

●
●●
●
●
●●●
●

●

●●●●
●

●

●

●
●●
●●

●

●
●●
●●●
●

●●
●●●
●

●
●●
●
●
●●●●

●

●
●●
●
●●

●

●
●●
●●
●
●●●●
●●
●
●

●
●

●

●●

●●
●

●

●●

●●
●
●
●●●●

●

●●
●●

●

●

●●●●
●
●

●●
●
●
●●
●

●
●
●
●●●

●
●●●●
●
●
●

●

●
●●●●
●●●
●
●

●
●
●●

●
●●●●
●●
●●

●
●●●●
●

●

●●
●
●●
●

●
●
●
●

●
●

●
●
●
●

●

●
●
●●
●
●
●
●

●

●●●●●●
●
●
●

●

●
●
●●
●
●●●●●
●
●●●●

●

●
●

●

●

●
●

●●

●●
●●●
●●●●
●
●●●●
●●
●●●
●

●
●
●
●
●

●●●
●
●
●

●●
●

●

●
●
●
●

●●●

●
●

●

●●
●
●●●
●●●
●●

●

●
●

●
●●

●●●
●●●●
●
●●●
●

●

●
●
●●●●

●

●
●
●
●●●
●

●

●
●
●
●

●
●●

●

●
●

●●
●●

●●
●●●
●
●
●●●
●

●

●
●
●
●●

●
●

●●
●

●●

●●
●●●●●
●

●
●●●●
●●

●

●
●
●●
●
●
●

●

●

●●
●

●●
●

●

●

●
●

●
●
●●●
●●

●

●

●●

●

●
●
●●●●
●

●●●
●

●

●

●●

●

●
●●
●
●

●
●●●●

●

●
●●

●

●

●●
●●
●

●
●

●

●

●

●
●
●

●
●●●●●
●●
●
●●
●●
●●●●●
●●
●
●
●
●●
●●●●●

●

●

●●
●●
●

●●

●

●●●
●
●●
●
●
●●
●
●●●

●

●●
●●

●

●●
●●

●●
●●●

●●●
●●●
●

●
●
●
●●
●

●

●

●
●●
●
●
●

●●

●●
●
●
●●
●●●●
●

●●●●●●
●
●●

●●●
●
●●
●
●
●
●
●
●●

●
●

●
●
●
●
●●●
●●●●

●
●
●
●●
●

●●

●
●●

●

●●●●
●●
●

●

●

●

●●
●
●●

●

●
●●

●
●

●

●
●
●
●

●

●

●
●●
●

●

●●

●

●
●

●

●

●

●
●

●
●●●
●

●

●●●●

●

●

●
●
●
●

●
●●
●●
●●
●●

●

●
●●●

●

●
●

●

●●

●

●●●●
●●

●

●●●
●

●

●
●

●

●
●●
●
●●●
●●●
●●
●

●
●
●
●●

●

●

●
●
●

●

●

●●●●

●

●●
●

●●
●

●●●●

●●
●
●●

●●

●
●●
●

●●
●●
●

●●

●●
●

●
●

●●
●
●●
●●●

●

●●
●

●
●
●●
●●●
●
●●
●
●
●

●
●
●
●

●
●●
●

●

●●●
●
●
●

●

●
●

●●
●
●●

●●
●
●

●●

●●●

●
●●●
●

●

●

●
●●●●
●●●●
●●
●●
●●

●

●
●●
●

●

●●

●

●●
●

●

●●
●
●●

●

●
●
●
●●
●●●●

●
●
●

●

●●
●●
●
●
●

●

●

●●●●●
●●

●●●●
●●
●●●●
●
●
●
●

●
●●

●●
●

●

●
●●
●
●●

●

●
●

●

●
●

●

●●
●
●●●●●

●
●●
●●●●●

●
●
●
●
●●
●●
●●●●●
●
●
●
●
●●
●

●
●

●

●
●
●●
●●

●●
●

●
●●
●
●
●●
●
●●

●●

●

●

●
●

●
●

●●
●

●

●
●●
●●●
●●

●

●●

●
●●
●●
●

●
●
●
●●●
●
●●

●

●●●

●
●●●
●●●
●●
●●

●●
●

●
●●●
●●●
●
●●

●●●
●
●●●●
●
●
●
●
●
●

●
●

●

●

●●
●●

●
●
●
●●
●
●
●

●
●
●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●

●●

●

●
●
●

●
●
●
●
●

●●●●●

●
●●●●
●●

●
●
●
●●●

●●
●
●
●●

●
●●●

●
●●
●
●

●●
●●

●
●●
●
●

●
●
●●●
●
●●●
●
●
●●
●
●●

●

●●●●

●
●●●●
●
●
●●●

●●
●
●
●●
●

●

●●●

●●

●●
●●

●
●
●●●
●

●

●
●
●●●

●

●●

●

●

●●●
●●

●

●

●
●●●
●
●●

●

●
●
●
●
●
●
●●●●●
●

●

●

●●
●
●●●
●
●●

●

●

●
●

●

●
●

●

●

●
●
●

●

●●

●

●
●

●

●
●

●
●

●●
●●
●

●

●

●
●
●●●

●

●

●
●

●
●
●
●●●
●●●

●

●

●

●●

●

●●
●

●

●

●
●

●●
●
●

●

●

●
●

●●
●
●
●

●
●
●

●●

●

●

●
●
●

●
●
●
●

●

●●

●

●

●

●
●
●
●

●
●

●

●●●●●
●
●

●●●●
●
●
●

●

●
●
●
●●
●
●
●
●●
●
●●
●●
●●●
●
●

●

●●●
●
●

●
●●
●
●
●●●●●
●

●●●

●
●●
●
●
●

●●
●●

●

●●●
●●
●●●
●

●

●
●
●
●●
●

●●
●

●

●

●
●●

●

●
●
●
●

●

●●
●

●

●●
●

●●●

●

●●
●●●
●●●●

●
●

●

●

●

●●●
●
●
●

●

●●●

●
●●
●●
●●

●
●●●●
●

●

●

●

●

●
●

●

●●

●

●●

●

●

●

●

●

●
●
●●●●●●●●
●●
●
●●●
●
●
●
●

●
●●

●
●
●

●

●
●

●

●

●

●
●

●

●
●
●

●●
●

●

●
●
●●●●
●●●
●●●
●

●●●
●●●●

●

●

●

●●
●●●
●

●

●●

●
●●●

●●●

●
●
●

●
●
●

●
●
●
●●●
●●●●●●
●
●
●●●
●
●

●●
●

●

●

●●
●●●●
●
●
●●
●●

●

●
●
●●
●●●
●

●
●●
●●
●
●●
●●

●
●●
●●
●

●
●●●
●●●
●

●●

●

●

●

●

●

●
●

●●

●
●
●●●●

●
●

●
●●●●
●
●●

●

●
●
●
●●

●

●
●●
●
●●

●
●●

●
●
●

●

●

●●
●

●

●

●

●

●

●●
●●
●
●
●
●
●●

●

●

●

●
●
●
●

●
●●●
●
●

●

●

●●
●●

●
●●●●
●

●

●
●●
●●
●

●

●●
●●●●●●
●●●
●
●

●●

●

●
●
●●
●●●
●●
●

●
●
●

●●
●●

●

●●
●
●

●

●

●
●●●

●

●

●●●

●

●
●●

●

●

●

●
●●
●
●
●
●

●
●
●

●
●

●
●
●●●●
●

●●●●
●

●

●

●●●
●

●

●

●●●

●

●
●●
●●●●
●●●●●
●●

●

●●●
●
●

●
●
●●●●
●
●
●

●●●

●
●●●●
●●

●●
●
●
●

●

●

●●
●
●

●

●

●●
●

●

●●

●

●
●

●

●

●
●

●
●
●

●
●
●●
●●●●
●
●●
●
●

●●
●
●

●

●●●
●●
●●

●●

●●
●●

●●

●
●
●
●

●●
●●●
●
●●

●

●

●

●

●●
●
●
●
●

●
●
●

●

●●

●●●

●

●

●
●

●

●●
●

●

●
●
●
●●
●●

●
●●
●●
●

●
●

●
●

●
●●●
●
●●
●
●
●
●
●

●
●

●●
●
●●
●
●
●●

●

●
●●
●
●●
●

●●
●●

●
●

●
●
●

●

●●

●
●●●
●●
●

●

●●
●
●

●●

●
●
●
●

●

●●

●

●

●
●
●
●
●

●●●●
●
●●●●
●●●
●
●
●
●

●

●

●

●

●

●

●●
●●
●
●
●●

●

●●
●●
●

●
●●
●●
●
●●

●
●●●
●●

●●
●●
●

●

●

●

●

●

●●
●●
●
●●
●●●●

●

●●
●
●●
●

●●

●
●●

●
●
●
●

●
●

●

●
●
●

●●

●●
●
●
●

●

●

●
●●

●

●
●

●
●
●

●

●●

●
●

●●
●●●
●●●
●

●
●
●

●

●
●

●●

●

●●●
●

●
●
●

●

●●●

●

●

●●
●

●

●

●●

●

●
●
●

●●●●
●●

●

●
●
●

●
●

●●

●
●●
●●●
●
●
●
●●
●●
●●

●●
●●●●●
●

●

●
●
●●
●●
●

●

●●●
●●
●●
●
●●
●

●

●

●●

●●●
●
●●●
●●●●

●

●●

●●●

●
●
●

●
●
●
●
●
●
●
●●
●

●
●
●
●●●

●
●●●●
●

●

●

●

●
●●
●●
●●●
●

●

●

●●●●●
●

●●

●●

●
●

●

●
●

●
●●

●
●●
●●
●●●●●
●●
●●
●
●
●

●
●
●●●
●
●●●●
●
●●

●

●

●

●●
●

●

●
●●
●

●
●
●
●

●●
●●

●
●
●
●
●

●
●
●
●
●
●
●●●

●

●

●●
●●

●

●
●
●
●
●
●
●
●

●●
●●●●
●
●
●

●

●
●
●
●

●
●

●

●

●
●
●●

●
●●●

●

●●
●●●
●
●
●
●●
●

●

●
●
●●●
●

●

●

●

●●

●●

●

●

●●

●
●

●

●

●

●

●●
●●●●
●

●●

●
●●

●

●

●

●●
●●

●●
●

●●

●

●

●

●

●
●●
●

●
●●
●

●
●

●

●●

●
●

●

●
●●
●
●
●

●

●
●
●●

●
●

●
●

●

●
●
●
●

●●
●
●●
●
●●

●

●●
●

●
●
●●●
●

●
●
●
●●

●

●

●

●●
●
●●●

●

●

●
●
●
●●

●

●
●●

●

●●
●●●

●
●●
●

●

●
●●
●

●
●●

●

●
●
●●●

●

●●●

●

●●

●

●
●

●

●●●
●

●

●

●
●
●
●●
●
●

●

●

●
●
●
●
●
●
●
●
●●

●
●

●

●
●●

●

●
●

●

●
●
●
●
●

●

●
●
●
●●
●

●●
●
●●
●

●

●
●

●
●●
●

●

●

●

●

●

●●

●

●
●

●

●

●

●●

●

●

●●
●●
●
●

●●

●●

●

●●

●

●

●
●●●

●
●●
●
●●

●
●

●
●
●●
●

●
●
●●
●●●
●
●

●

●●●
●
●
●

●

●
●
●
●

●
●
●
●
●

●
●
●

●●●

●

●
●
●●●

●

●
●

●

●

●

●
●●
●
●
●●
●

●

●●●

●
●●
●●●

●

●

●

●

●

●

●

●●
●

●
●
●●

●
●
●●
●
●
●●

●
●
●
●

●
●●
●
●●●
●
●

●

●
●

●
●
●

●●

●●

●●
●

●

●

●

●

●●
●●●●●
●
●
●
●●
●
●●●

●

●●●
●●
●●
●

●

●●
●●●

●●

●

●
●

●

●●
●
●
●

●
●●●

●●

●

●

●●
●

●
●
●
●

●

●

●
●●
●

●

●●●
●
●

●
●
●
●●

●●●●●
●●

●

●●
●
●
●

●

●

●●

●

●

●

●
●
●

●●

●

●
●
●

●

●

●

●
●
●

●
●

●

●

●
●
●

●

●●●●●●
●

●
●●●●

●

●
●
●●

●●

●

●●

●●

●
●●●●

●

●
●
●●

●

●
●●●
●
●

●●
●
●
●

●
●

●
●●
●
●

●

●
●
●
●
●●●●

●
●

●

●
●●●
●
●●●
●
●●
●

●
●

●
●

●

●

●

●●●●
●●
●●
●●

●●
●●●●
●●●●

●

●

●●
●
●

●
●
●●
●●●

●

●●●●
●●
●
●●
●
●
●●●
●

●

●
●●

●

●

●●
●
●
●

●
●
●

●

●
●
●●
●

●
●●
●

●

●

●

●

●

●●
●●●●
●

●
●●
●●●
●
●
●●●●

●

●
●

●

●

●●
●

●

●●
●

●

●
●
●

●
●

●
●
●

●

●●

●
●

●
●
●
●●

●

●●

●
●

●

●●

●
●●●●●
●●
●

●
●
●●●
●
●

●●

●

●
●
●●●●
●●●●
●
●●●
●●
●
●
●

●●●●

●●
●●
●●●
●

●

●
●●●

●

●

●
●

●

●
●●●
●
●●

●
●

●

●●●●
●●●

●

●
●

●

●

●

●
●

●

●

●

●

●●
●

●●

●

●
●●

●

●

●
●
●

●

●●

●●●●
●

●

●●
●
●
●
●
●
●

●

●

●

●
●

●●

●●●●

●

●
●
●
●●●●

●●
●●●
●
●●●
●●●
●

●
●
●
●●●

●

●
●●
●

●
●●
●

●●●
●●

●●●●
●●●●
●
●●
●

●
●

●
●
●●

●

●

●

●
●
●
●●

●
●
●
●●●

●
●

●

●

●●
●●●
●
●
●●
●●●●
●
●●●●

●
●

●

●
●
●●
●

●
●
●●●
●

●

●
●

●
●●

●
●

●

●

●

●●

●
●●
●●

●

●●

●

●
●
●●

●

●

●●●

●
●●
●
●
●●

●●●
●
●●●●
●●
●●●

●

●●
●

●

●

●
●
●
●
●

●

●
●

●●

●

●

●●●
●●
●
●
●●

●
●

●

●
●●

●

●●
●
●
●●

●

●
●

●
●

●

●
●

●

●

●

●
●
●●

●
●

●●
●
●
●
●
●

●

●
●

●
●●
●
●●●●
●
●

●
●

●●
●

●●
●

●

●●●
●
●●●●●●
●
●

●

●
●

●

●

●
●

●●
●

●

●
●
●

●

●●

●

●

●

●

●

●

●●●
●●●
●●●

●
●●●
●

●
●●

●

●

●

●
●●
●
●

●●●
●
●

●
●

●

●

●

●

●

●

●

●
●
●●●●
●

●
●
●

●
●●●●

●

●

●

●

●
●

●
●

●
●
●●
●

●

●
●

●●●
●

●

●

●

●

●

●●
●
●

●

●
●
●●
●
●●●●
●●●
●

●
●●●
●
●●

●●

●

●

●

●

●●●●

●
●
●●●
●●

●
●
●

●

●●
●
●●●
●
●

●

●●
●●
●
●●●●●
●
●●
●●●●●
●

●

●●
●
●●
●
●
●

●

●

●●
●
●

●●
●●

●
●●

●
●●
●

●

●●
●
●●
●

●
●●

●
●
●●

●

●●

●
●
●
●
●●

●

●

●●

●
●●●
●

●●
●●
●

●
●
●

●

●

●
●●

●
●
●
●●

●
●●●
●

●●

●
●●●

●●

●
●
●●
●
●
●●●●

●
●
●
●
●
●●

●

●●

●
●
●
●

●
●
●●●
●●●●●
●
●

●●●

●

●
●●●●
●

●
●

●●

●●●
●

●

●
●
●

●

●

●

●

●
●●●
●
●●●
●●
●●
●

●

●●
●

●●●●

●

●

●

●

●

●

●
●●●

●

●
●

●

●

●
●●●

●

●
●

●
●●
●●
●●●
●●

●

●
●●●●

●

●
●

●●
●●

●

●●
●
●

●

●

●

●

●

●●

●

●

●
●●●

●

●

●
●
●
●
●
●●
●
●

●

●
●

●

●

●
●

●

●

●●

●
●

●●

●
●●
●

●●
●

●●

●

●
●●
●●
●

●
●

●
●●

●

●
●

●

●

●
●●

●

●
●

●
●

●

●●●●
●
●●
●
●

●●●●

●
●
●

●●

●

●
●

●
●●

●
●●●
●

●
●●
●
●●

●
●

●

●●

●
●
●
●

●

●●
●●
●

●●

●●

●

●●●●●

●●

●●●●
●

●

●

●
●●
●
●

●
●●

●

●●●

●

●

●
●
●

●
●
●

●

●

●●

●

●●

●●

●
●
●
●
●

●

●

●

●

●
●

●●●

●●●●●
●

●
●●
●

●

●
●

●

●●

●●
●

●

●●
●●

●

●

●
●

●●

●●●
●

●
●
●
●
●
●

●

●

●●
●

●●

●

●

●

●
●

●
●●

●

●
●
●

●

●
●

●
●●●
●
●
●

●

●
●
●
●
●

●●
●
●
●
●●●●●●●
●●

●●
●
●

●

●
●

●●●●
●
●
●●

●

●

●

●

●
●●●
●

●●
●
●
●

●

●
●
●
●
●

●
●

●

●●

●

●
●
●
●●●
●

●

●

●

●
●

●●
●●
●

●
●
●

●

●

●●

●
●●●

●

●
●●
●●
●
●

●●●
●

●●

●●

●●

●

●

●●

●

●
●●

●
●●

●●●
●●
●

●

●

●●●
●
●

●

●
●

●
●●
●
●
●
●

●

●

●

●

●●
●●

●●

●
●

●

●

●
●

●●
●
●
●●

●
●●
●

●

●

●
●
●

●●●

●●

●

●

●

●

●●
●
●
●

●

●●●
●
●

●●
●
●
●●

●
●
●

●
●

●

●●
●●

●

●

●

●

●

●

●

●
●●

●

●

●
●

●●

●

●

●●●
●●●●
●●
●
●●●●●

●
●
●

●

●
●●●●

●
●
●

●●

●

●
●

●

●
●
●
●

●

●

●●
●

●
●●

●●
●

●
●
●
●
●●
●

●●
●
●

●●●
●
●

●
●

●
●

●

●●

●

●

●

●
●

●
●●
●

●

●
●

●

●●
●●

●

●

●
●●
●●●
●

●

●

●●●

●
●●●
●

●●

●●

●

●

●
●
●

●

●

●

●●●●●
●●

●●

●

●

●

●

●

●
●●●

●

●
●

●
●

●
●
●
●●
●
●

●
●●●
●●●●
●
●
●

●

●●

●

●
●●
●●

●●
●●
●

●

●●
●

●
●●
●

●

●●
●

●●
●
●

●

●

●

●
●

●
●●

●

●●

●

●●

●●
●

●

●

●

●

●
●
●

●●
●
●
●

●

●

●●

●

●

●

●

●
●

●

●

●
●

●
●

●

●●

●

●

●

●●
●●

●●

●

●●

●
●●●
●
●

●

●●

●●

●●
●

●

●

●

●●
●

●
●●

●

●●●●●●
●

●

●
●●
●
●
●●
●

●
●

●
●
●

●
●

●●
●
●●
●
●●
●

●
●●

●
●●

●

●

●●

●

●

●

●
●

●
●●

●
●

●

●

●

●
●

●
●

●●●●

●

●

●●●●

●
●
●

●

●●
●●
●

●

●
●

●

●
●

●
●●

●

●
●
●

●
●
●
●

●●
●●
●●

●

●
●

●
●
●

●

●●
●

●

●●
●
●●●●
●●

●
●●

●

●●●●

●

●

●

●

●
●

●●●

●
●

●

●
●

●

●
●●
●

●
●
●●●●

●●

●●

●●
●
●
●
●●

●
●●●

●●●●
●

●●
●
●
●
●

●

●

●

●●
●●

●●
●
●●
●●

●●
●●●
●
●
●●

●

●

●●
●
●

●

●

●
●●

●

●

●
●
●
●●●●●
●
●
●
●
●
●
●

●

●●

●●
●

●

●●●●●●●

●

●

●

●

●

●

●●

●
●●●
●●

●●
●●●

●

●●
●
●●
●
●

●
●

●●
●

●

●●●
●

●
●●●
●
●
●●
●
●

●

●●
●●
●●●

●

●●●

●
●
●

●

●●
●
●
●

●●●
●

●

●

●●

●
●●

●●

●

●
●
●
●
●

●

●

●
●

●
●

●

●
●●

●

●●

●
●●●●

●
●

●●

●
●●●

●●●
●●
●
●

●
●
●

●
●●

●

●

●
●

●

●

●
●
●●
●

●●

●
●
●●●●

●

●
●●●●
●
●
●
●
●●

●

●

●●

●
●●
●

●

●

●●
●●●

●

●●

●

●●●

●

●●●
●●●
●
●●●

●

●●●●

●●

●

●●
●●●
●

●●

●

●●

●

●
●

●
●

●

●

●

●
●
●
●
●●
●

●

●

●

●
●
●

●

●
●

●

●
●
●

●

●
●

●●

●●

●
●●
●●

●
●●
●●●
●
●●

●

●
●●

●

●
●
●

●
●

●

●
●

●

●

●
●

●

●
●

●

●

●

●
●
●●

●
●●●
●

●●
●

●

●

●

●
●●
●●

●●●

●
●
●
●

●
●

●
●

●
●

●

●●
●

●

●
●
●

●●

●
●

●
●●
●

●

●
●

●●
●●●
●

●
●

●

●

●
●

●●
●

●●

●

●

●●

●

●

●
●

●●

●

●●
●●

●

●
●●●●
●●

●

●
●

●

●
●
●
●

●●
●●

●●●

●

●

●
●
●
●
●

●

●

●●
●

●

●
●

●●

●●●
●●

●

●●
●
●
●

●

●

●●
●

●

●
●●●●●●

●

●

●

●●

●
●
●

●

●
●
●
●

●

●

●
●

●

●
●

●

●●●

●

●
●
●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●
●●●●●●
●●●
●
●

●

●

●

●

●

●

●
●

●

●
●
●
●●
●●

●
●●●
●
●

●
●

●●

●

●

●

●

●

●
●

●

●●●

●
●●
●

●

●●●

●

●●

●

●●●
●
●

●●

●

●

●●●

●

●

●

●
●
●

●●●

●

●

●

●
●
●
●●

●

●

●
●

●

●

●
●
●
●

●●
●

●
●
●
●

●

●
●
●
●

●

●

●

●

●
●
●

●
●
●

●

●●●

●
●
●

●

●

●
●●

●
●

●

●●
●

●

●
●
●●
●

●●●
●

●
●
●

●

●●
●
●
●●●

●

●
●
●●

●

●●

●

●

●●
●●

●
●
●
●

●
●

●

●
●
●
●
●

●

●

●

●

●

●

●●

●

●

●
●●
●

●●●

●●●

●●
●●

●

●

●

●
●●

●
●
●
●
●

●
●

●
●
●
●

●
●

●
●●
●
●

●

●

●●

●
●●●●●
●

●
●
●●

●

●

●

●

●
●
●

●
●
●●

●

●●●

●

●●●

●
●●
●

●
●
●

●●

●

●
●

●●

●
●●

●

●

●

●
●

●
●
●●
●

●

●

●

●
●

●●

●
●●

●●
●●
●
●
●●

●●

●
●

●

●●

●●

●●●
●

●
●●
●●

●
●
●●

●

●●

●
●

●

●●
●●
●

●

●●

●
●●●
●

●
●●

●
●
●

●

●

●●●
●
●●●
●●

●

●●●
●
●●

●

●
●●●●●

●

●

●●

●

●●

●

●
●

●
●
●
●
●

●

●

●
●

●

●
●
●
●●

●

●●

●
●

●

●

●

●

●

●●●

●

●
●●

●

●

●●

●
●

●

●●
●●
●
●

●

●●

●
●
●

●
●

●

●

●
●

●
●●
●●
●
●
●●

●

●
●

●

●

●

●

●

●

●
●
●●

●
●

●

●●

●

●

●

●
●
●
●
●
●
●
●●
●

●

●
●

●
●

●

●

●

●
●
●

●
●

●

●

●

●

●

●
●

●●●
●
●

●

●

●

●

●

●
●●
●

●●
●
●
●

●

●

●●●

●

●

●

●●●●
●

●

●

●
●●
●
●

●
●●●

●●

●●●
●●●
●
●●●●

●

●

●

●

●●

●
●

●

●

●

●
●
●●
●●●
●
●
●
●

●
●

●
●
●

●

●

●

●

●
●
●

●

●
●●

●

●

●

●

●●
●●
●

●

●

●

●

●

●

●
●

●

●

●

●●
●

●

●●●●●●●●●

●●

●

●

●

●

●

●●

●

●●●

●

●●

●

●●

●●
●

●

●

●

●
●●●

●
●
●

●

●
●●

●●●
●
●●●
●●●
●

●

●

●●
●

●

●

●●

●

●

●
●
●

●

●

●
●●

●●

●
●

●

●
●●

●

●
●

●
●●

●

●

●
●
●●

●
●

●
●●

●
●●●

●
●

●

●
●
●
●

●

●●●

●
●

●

●

●

●

●
●
●●
●
●

●

●●
●
●

●●

●

●●

●●●●●●
●●

●

●

●

●

●

●
●

●

●●●●●

●●

●
●●

●
●

●
●
●
●
●

●

●

●
●

●

●●
●

●
●
●●

●

●

●

●

●

●●
●●
●

●

●

●

●●

●

●●●●
●●
●●●

●

●
●●●●
●

●
●

●
●
●
●●
●
●●

●

●●

●

●

●
●●●

●●

●

●

●

●

●●
●
●●

●
●

●

●●

●

●
●

●
●

●

●

●

●●

●●●

●

●●

●●

●●

●
●

●
●

●
●

●

●●

●

●

●
●

●

●
●
●

●

●●

●
●

●
●●
●

●
●

●
●

●

●

●

●
●

●
●●

●

●●●
●

●

●

●●●
●

●
●

●
●●
●

●
●

●
●
●

●

●

●●
●
●●

●

●
●

●

●

●

●●●
●●

●

●●

●
●
●

●●
●
●

●

●

●

●●

●
●

●
●

●

●
●

●

●
●

●

●

●

●
●

●

●●●
●
●

●●

●
●

●

●

●●

●

●
●

●
●

●

●

●●●●●
●

●

●
●●
●

●

●●●
●●
●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●
●
●●
●
●

●

●

●

●
●

●

●
●
●●●●
●
●

●

●●●

●

●
●

●

●

●
●

●

●

●

●●
●
●
●
●
●
●
●

●

●

●

●

●

●●

●

●
●

●

●●

●

●
●

●
●

●

●

●
●

●
●
●
●

●
●

●

●

●

●
●

●
●

●

●
●
●●
●
●
●
●

●

●

●

●

●●
●
●

●

●

●
●

●

●●

●

●

●

●
●
●
●

●

●

●

●

●●

●●

●●

●●
●

●

●
●

●

●

●

●

●

●●●●
●

●

●

●
●
●
●●

●

●

●

●●
●

●
●●

●

●

●

●

●

●●●

●
●

●●

●

●

●

●

●●

●●●

●

●

●●

●

●

●
●

●
●

●

●
●
●●●
●
●

●●

●

●

●

●

●

●●

●
●
●

●
●●

●
●

●●

●

●
●

●

●
●

●

●●
●
●

●●●
●●
●
●●

●●
●
●

●
●●●

●

●●

●

●

●

●

●●

●
●

●

●

●●●
●●
●

●
●●

●
●●

●
●

●
●

●
●

●
●

●●●

●

●

●

●

●
●
●●
●●
●

●

●

●
●
●●
●

●

●

●

●

●

●●
●
●

●

●
●

●
●
●

●
●●●

●●●
●

●

●
●
●
●
●

●

●●●
●
●●●

●
●●
●●●

●

●

●

●●●

●

●
●●
●

●

●

●
●

●

●●

●
●
●

●

●●

●

●
●
●
●
●

●

●
●

●

●

●

●

●

●●●
●

●

●

●●
●

●●
●●●●
●
●
●

●

●
●●

●●
●

●

●

●
●
●

●●
●●
●
●

●

●
●●

●

●

●

●

●
●●
●
●●

●

●●●

●

●

●
●
●

●

●

●

●●
●●●

●
●
●●

●

●

●

●
●

●

●
●●

●

●

●

●

●

●

●

●

●●
●
●

●●

●●

●

●
●●

●
●

●

●

●
●

●

●

●

●

●
●
●

●●

●

●●●

●

●
●
●
●●

●
●
●

●
●

●

●●●
●

●

●
●

●
●

●●

●

●

●
●
●

●

●
●●●

●

●
●
●

●

●●

●

●●
●●

●

●
●

●

●

●

●

●

●

●●

●

●
●●
●
●

●●

●●
●●

●
●
●
●

●●

●

●

●

●

●●
●

●

●
●
●

●●

●

●

●
●
●

●

●

●
●
●●

●

●

●●

●
●

●

●

●●

●

●
●

●
●●●

●

●

●●

●

●
●●

●●
●●
●●●
●
●

●
●

●

●

●
●●

●●

●

●

●

●
●

●●●

●
●

●
●

●

●●

●

●

●
●
●

●
●

●●●

●

●

●
●●●

●

●

●

●

●●
●

●●

●

●
●

●
●
●

●

●●
●

●

●

●

●

●

●

●
●

●

●●

●

●
●●●
●

●●

●

●●

●
●

●

●

●

●●

●

●●●

●

●

●

●

●
●

●

●

●●

●
●

●

●●●

●●
●

●

●●●
●

●

●

●●

●
●

●

●
●

●

●

●●●
●

●●

●●

●

●

●

●
●

●

●●

●

●●
●

●●

●
●

●
●

●●
●●
●

●
●●
●●

●●

●●●

●

●

●

●
●
●●

●

●●●

●

●
●

●

●

●
●

●

●
●
●

●

●

●

●●●●●
●

●
●●

●
●●●
●
●●

●

●
●●

●

●●
●

●

●

●

●
●●●
●

●
●●

●●

●
●●
●
●

●
●

●
●
●
●

●

●
●
●
●●

●
●
●
●

●
●

●

●●

●
●
●●

●
●

●
●
●

●

●
●●

●

●
●●
●●
●●

●
●

●

●

●

●
●

●
●
●

●
●

●

●

●

●
●

●

●●

●

●

●
●
●
●
●
●
●

●

●
●
●

●●●
●●

●

●

●

●

●

●

●

●●
●●
●
●
●
●

●●●

●
●●
●

●

●

●●
●
●
●●
●

●

●
●

●

●
●●

●

●
●

●

●
●

●●

●
●

●

●
●●
●

●

●
●

●

●

●

●●

●

●
●

●

●●●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●●

●

●●

●
●

●●●

●

●

●

●

●●

●

●
●

●
●

●

●

●

●
●●●●
●
●●●
●
●

●●●

●

●●
●
●

●

●

●
●
●
●

●●

●
●

●

●

●●●
●●

●

●

●●
●

●

●●●
●
●
●

●●●

●

●

●
●
●

●●●

●
●●

●
●

●

●●
●●

●

●

●

●

●

●
●●

●

●

●

●

●●

●

●

●
●

●
●

●

●●

●

●

●

●
●●●

●

●
●●●
●
●●

●
●●

●
●

●●

●

●
●
●

●●

●

●

●

●
●

●

●
●
●

●

●

●

●

●
●●

●

●

●

●

●

●●

●

●

●

●

●
●●●
●

●

●●

●

●
●

●

●●
●
●
●

●

●●
●

●
●
●

●
●

●

●

●
●

●

●●

●

●

●
●

●●
●
●
●●●

●

●
●

●
●

●

●

●

●

●

●●

●

●

●
●

●

●

●●●●
●

●

●
●
●

●●

●
●

●
●

●
●●

●
●

●
●
●

●●

●●

●

●

●●●●

●

●

●
●●
●
●

●

●

●

●

●

●●
●

●
●

●

●

●
●

●

●

●

●

●

●

●●●●

●

●

●
●

●

●
●

●

●
●
●●

●
●
●

●●

●●

●●

●
●
●
●
●

●

●●

●

●
●

●

●
●

●

●
●

●

●
●
●

●●●

●

●●●
●

●

●

●

●

●

●

●

●●
●
●

●
●

●
●●●●

●
●
●
●

●●●

●

●

●

●

●

●●
●
●

●
●

●●

●

●

●●
●
●
●●

●

●

●

●
●●●●
●●

●●

●

●●

●

●●

●
●
●
●
●

●

●

●

●

●

●

●●

●
●●

●

●●

●
●
●

●●
●

●

●
●

●
●

●
●

●

●

●
●

●
●

●●
●●
●●
●

●

●
●

●

●

●●

●●

●
●

●

●

●

●

●

●
●
●
●

●●●
●●

●

●

●

●●

●

●
●

●●●

●
●

●

●
●
●

●
●●●

●
●
●
●

●
●

●

●
●

●
●

●

●●●●

●
●

●

●

●●

●

●
●

●●

●
●

●
●

●
●

●

●
●
●●
●

●

●

●

●●
●
●

●

●

●

●

●

●

●●
●●●

●

●
●●

●

●●●
●
●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●●●

●

●●
●

●
●

●

●

●

●

●

●●●

●

●
●
●

●

●

●
●

●

●
●●●
●
●

●

●
●
●

●
●●

●

●

●

●●
●

●●●
●

●

●

●●

●

●●

●
●
●

●

●●
●
●

●

●
●●

●●

●●
●
●●

●

●

●

●

●●

●
●

●
●●●●●
●
●
●
●
●

●●
●

●●
●
●

●

●

●
●●

●

●●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●
●●

●

●
●

●

●
●●●

●

●
●
●
●
●

●

●

●
●
●

●

●

●

●

●

●

●●●
●
●

●

●

●●
●

●●

●

●

●

●

●

●
●

●

●

●●
●

●

●●●
●

●

●
●

●

●●
●●

●●
●

●

●

●
●
●

●

●

●

●
●●

●

●●
●
●
●●

●

●

●

●

●

●

●

●

●
●
●

●

●●
●●

●

●●

●

●

●
●

●

●
●

●

●

●●●

●

●

●

●

●●

●●
●

●

●
●

●●
●

●●

●

●

●

●

●

●

●
●
●

●

●
●

●

●

●

●●●●
●

●●●●

●

●

●
●
●●

●

●●●

●

●●
●

●

●
●
●

●

●●

●

●

●

●

●●

●

●

●
●

●

●

●

●●●

●

●

●
●

●
●
●

●

●●●

●
●
●
●●

●
●

●

●●●●

●

●

●
●
●

●●

●
●
●

●

●

●

●

●●

●

●

●●●●

●

●
●●●

●

●

●
●

●

●
●

●

●

●

●●

●●

●

●
●

●

●
●

●

●
●

●
●

●

●●

●●

●
●

●●
●

●

●

●●●●
●●●●

●

●●
●●●●
●

●

●●

●

●
●

●

●
●

●

●
●

●
●
●

●●
●
●
●

●
●
●

●
●
●
●
●
●

●

●
●●
●

●●

●

●
●
●
●

●
●

●

●

●

●

●●

●●

●
●

●●

●

●

●
●●
●
●
●

●

●

●●
●

●

●

●

●
●

●●
●
●●

●

●●
●
●

●

●
●
●●

●
●
●
●●

●

●
●

●
●

●●

●

●
●
●

●
●
●

●

●
●

●

●

●

●

●
●

●
●●●

●

●●

●
●

●

●

●

●●

●

●

●
●

●

●

●

●
●●

●

●

●
●

●

●

●

●
●●
●
●
●
●

●

●

●●
●

●

●
●
●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●
●

●

●●

●
●

●●
●

●●

●

●

●
●
●●●●

●
●

●

●
●●

●
●●

●

●
●●
●

●

●
●
●

●

●

●

●

●
●●
●

●

●
●

●

●
●

●

●●
●
●

●●

●●

●●

●

●
●
●

●●
●

●

●
●

●

●

●

●

●

●
●

●

●
●●

●
●

●

●

●
●
●
●
●

●

●●

●

●●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●●●
●●

●●●●
●
●

●

●

●
●
●
●

●
●

●

●
●

●

●●●
●
●

●

●

●

●
●

●

●
●
●

●

●
●

●
●
●
●

●

●

●

●●

●●

●

●
●

●
●

●

●

●

●

●
●

●

●
●●

●

●

●

●●
●
●

●
●
●

●

●

●

●●

●

●
●●●
●

●●
●

●●

●●●

●

●

●

●
●

●

●
●

●
●
●
●

●

●

●●
●
●
●●
●
●
●
●●●●

●●

●

●

●●
●
●
●

●

●

●●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●●
●
●●
●

●
●

●●
●
●
●
●●

●

●

●

●

●
●

●

●
●

●
●

●
●

●
●

●

●

●

●

●●●
●
●

●●

●

●●

●

●

●
●

●

●
●
●

●

●

●
●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●
●

●

●●
●●

●

●
●
●●
●

●
●●
●
●

●
●
●
●

●

●

●
●

●
●
●

●
●
●
●●

●
●

●
●

●

●
●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●●
●
●

●

●●
●●

●

●

●
●

●

●

●
●
●

●●
●

●

●

●

●
●

●
●

●●

●

●

●

●

●●

●

●●

●

●

●

●●

●

●

●

●
●

●

●
●

●

●●

●

●

●

●

●

●

●●
●●

●

●
●
●

●

●

●●

●

●

●

●

●

●

●●

●
●

●

●

●
●
●

●

●●
●

●

●

●

●

●

●
●

●

●
●

●

●
●
●●

●

●

●

●

●

●

●
●
●
●
●

●

●

●

●

●

●●

●●

●

●●

●
●
●

●

●

●
●

●

●

●
●
●

●●
●

●

●

●

●

●

●
●
●●
●

●

●
●

●

●
●
●

●

●●

●●

●

●

●

●

●●●●
●
●

●

●●

●

●

●

●●

●
●

●

●

●●●

●

●
●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●●
●

●

●
●
●
●

●

●
●

●

●●

●

●
●
●●
●●

●
●

●

●

●

●

●
●●

●
●

●

●

●

●

●

●
●●

●
●
●

●●

●●●

●

●

●

●
●

●

●

●●

●

●

●
●
●

●
●●●
●●

●
●
●●

●
●

●

●●

●
●

●
●

●
●

●

●●
●

●

●

●

●

●

●
●

●

●

●
●
●

●

●

●

●●

●●

●

●

●●

●

●
●●
●

●

●

●

●

●
●

●●

●
●
●

●●
●●

●
●
●
●

●

●

●
●
●

●

●

●

●

●

●●●

●
●●

●●

●

●

●
●
●
●
●●●
●

●
●

●

●●
●●●

●

●

●●●

●

●

●●

●

●

●
●
●
●

●
●●
●

●

●
●●
●

●

●

●●
●

●

●●

●

●

●

●●

●

●

●●●
●

●
●

●

●

●●

●

●●

●

●
●

●

●

●●●

●
●

●
●
●

●

●

●

●

●

●

●

●
●

●●●●
●

●

●

●

●●

●
●●

●

●

●

●

●

●
●●●

●

●

●

●

●
●●

●

●●

●

●
●●●

●

●

●
●

●

●

●

●●
●

●●

●

●
●●
●
●

●

●●
●

●

●
●

●

●

●●

●

●

●

●
●

●
●
●
●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●●

●

●●
●

●
●
●

●●

●
●
●●
●
●●●●●

●

●

●
●●
●

●

●

●

●●●

●

●
●

●
●●
●●

●

●

●

●

●
●

●

●

●

●●

●

●

●●
●

●

●
●

●

●●●

●

●
●●

●

●

●
●
●
●●

●

●
●
●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●
●

●

●

●
●

●
●
●
●●●
●

●

●●●
●

●

●
●●

●

●

●
●

●●

●●
●

●

●
●

●

●●

●
●
●

●
●

●

●●
●

●
●

●

●

●
●
●●

●

●●
●

●●

●

●

●
●●

●

●

●

●

●
●●

●

●

●●

●●

●

●

●●
●

●

●

●

●

●
●

●
●

●

●●

●
●●●●

●

●●

●

●

●

●●

●

●

●

●●

●

●●●
●

●

●

●
●

●●

●

●

●

●

●

●
●

●●

●●

●

●

●

●●●

●

●●

●

●

●●
●

●

●

●

●

●

●

●

●●

●●
●

●

●

●

●●●
●●

●

●

●

●
●

●
●
●●●
●

●

●

●
●
●
●

●

●●

●

●

●
●
●

●●

●
●

●

●

●
●

●
●●

●

●

●

●

●
●●

●

●

●

●
●

●

●

●

●●

●

●●●●

●

●
●

●

●

●●●

●

●

●●

●

●

●
●

●●

●

●●

●

●●

●

●

●
●

●

●

●●
●
●●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●
●●

●

●

●
●

●

●
●

●

●

●

●

●●

●
●

●●

●

●

●

●
●

●
●

●
●
●
●
●

●

●●●

●●
●

●●

●

●●
●
●●
●

●

●●
●

●

●●

●
●

●

●

●

●●

●

●

●
●
●●

●

●●

●

●

●●

●

●

●

●●

●●
●

●

●

●
●

●

●

●
●●

●

●

●

●
●

●
●
●●

●

●

●

●

●

●

●
●

●

●

●●
●

●●

●

●
●
●
●●

●
●

●
●

●

●●

●
●
●

●

●

●●

●●

●
●●

●

●
●

●

●

●

●
●
●

●
●●

●

●

●
●
●

●

●●
●

●

●

●

●
●

●

●
●
●

●

●
●

●●

●
●
●

●
●

●

●

●

●●

●

●

●

●

●●

●

●

●●

●

●●

●

●
●

●●

●●

●

●
●

●●
●
●

●
●●

●

●
●
●●●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●●●

●●

●

●●

●●
●●

●

●
●

●●
●
●
●●
●

●
●

●

●

●

●
●

●●

●
●

●

●
●

●

●

●

●
●

●●

●

●

●●●

●

●
●

●

●

●
●
●
●
●

●

●●●

●

●

●

●

●

●

●
●●●

●

●

●

●

●●

●

●●
●

●

●

●

●

●●
●

●
●

●●
●

●

●

●

●

●
●●

●
●

●
●
●●●●●●
●

●●●

●

●

●

●

●

●

●●●
●●

●
●●●
●
●

●
●

●

●
●●

●

●

●

●

●

●

●

●

●●
●●

●

●

●

●

●●

●●

●

●
●

●

●

●

●
●
●
●●

●

●●●●

●

●

●
●

●

●
●

●

●●

●

●
●

●

●

●●

●
●

●

●

●

●●●
●●

●

●●
●●

●●

●

●

●
●

●

●
●
●●
●

●

●

●

●

●●●

●
●

●

●
●
●

●●
●
●
●

●

●

●

●●

●

●●

●

●

●

●

●

●

●
●●
●

●

●
●
●

●●

●

●

●

●

●●
●

●●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●●
●
●

●

●
●

●●●
●

●

●

●

●

●

●

●

●

●

●●●

●

●
●

●

●●

●
●
●

●
●

●

●

●

●

●●
●

●●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●●●

●

●

●

●

●

●●●●

●

●●
●
●

●

●

●

●

●

●
●
●●

●

●

●●●

●

●

●

●

●

●

●●

●

●

●
●●

●

●

●

●

●

●

●

●
●

●
●●

●

●

●
●

●

●

●
●

●●

●

●
●
●
●●

●

●

●

●

●
●
●

●
●●

●
●

●

●

●

●

●
●
●

●

●
●
●●

●
●
●
●
●

●
●
●

●

●
●

●

●

●●●

●
●

●

●

●

●

●

●

●●●

●

●

●
●

●●

●

●

●●

●

●

●

●●

●

●

●

●●●
●●

●

●●
●
●●●●●
●

●

●●

●

●

●
●

●

●
●

●

●

●

●

●

●●●

●

●

●

●

●●
●
●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●
●

●
●●

●

●

●
●

●

●

●

●●●

●

●

●

●

●

●

●

●

●●●

●

●

●

●●
●●

●

●

●
●

●

●●
●

●
●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●
●
●

●

●

●

●

●
●

●

●

●

●●

●●●

●

●●

●

●
●

●
●
●

●
●

●
●

●
●

●

●
●
●

●
●

●

●
●
●

●

●

●●●

●
●

●
●

●

●●

●
●

●

●

●●
●●
●
●

●

●

●

●

●

●

●
●●●

●

●

●

●

●

●

●

●
●

●
●

●

●
●
●
●

●

●

●

●●
●

●

●

●

●

●

●

●
●

●

●

●
●●
●

●

●●

●
●
●

●

●

●
●

●
●●
●

●

●●

●

●
●

●

●

●●●●●
●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●●
●
●

●

●●
●
●

●
●
●●

●●

●
●

●●

●
●●
●

●

●●●
●●
●
●

●
●

●

●

●
●

●

●

●

●

●

●

●
●
●

●
●

●

●

●

●
●

●●
●

●

●

●

●

●
●
●
●

●
●●

●

●

●

●
●
●

●●

●
●●●

●

●

●

●

●

●
●

●

●

●●

●

●

●
●●

●

●●

●
●
●●
●
●
●

●
●●●
●

●
●

●

●

●

●

●

●

●
●
●

●

●●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●
●

●

●
●●

●

●

●

●

●

●●

●
●

●

●

●●

●
●
●

●

●
●●●

●

●●●●

●
●
●
●

●

●
●

●

●
●

●

●

●

●

●

●

●
●
●●

●

●

●●
●●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●●●

●

●●

●
●

●

●

●

●
●
●

●

●

●

●●

●

●

●

●●

●

●

●

●

●●

●

●

●

●●●●

●

●
●

●

●
●

●

●

●
●

●●

●

●
●

●●●

●

●

●

●●

●

●
●●●

●

●●

●

●

●

●
●
●●

●

●

●

●

●

●
●

●●

●

●
●●●

●

●
●

●

●●
●●

●

●

●
●●

●

●

●
●
●

●
●

●
●

●

●●
●

●

●
●

●

●

●●
●

●●●●

●●●

●
●
●

●
●

●
●●

●
●

●●
●

●
●
●

●

●●●

●●

●

●
●

●

●

●
●

●

●

●●

●

●●

●

●

●
●

●

●●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●
●
●
●

●

●
●●●

●
●

●

●

●

●

●

●
●

●

●●●
●●
●

●
●

●

●

●
●

●

●

●

●

●

●

●
●●

●

●

●
●

●●

●
●

●●●
●

●

●

●●

●●

●
●

●
●●
●●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●
●

●
●●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●●

●

●
●

●

●●
●

●

●

●

●
●

●

●
●
●

●

●●

●
●
●

●

●

●

●

●
●
●
●

●

●

●
●

●

●

●

●

●

●●

●
●
●
●

●●
●

●

●

●

●

●

●
●
●
●
●

●

●

●
●
●

●

●
●

●
●●

●

●

●

●

●
●
●

●
●

●

●

●

●

●

●
●
●

●●
●

●

●

●●●●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●
●
●

●

●

●
●

●●

●

●
●

●

●

●

●

●

●

●

●

●●

●
●
●●
●
●

●

●

●

●
●●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●
●
●

●

●

●

●

●

●

●

●

●
●

●

●●
●
●
●

●

●

●

●

●
●●

●●

●

●

●
●
●●

●
●

●●

●●
●
●

●

●
●

●

●
●

●●

●

●

●

●

●

●
●

●

●

●
●
●

●●

●

●

●

●

●

●

●
●

●

●
●

●
●

●
●

●
●

●

●

●
●

●

●

●
●
●
●
●

●●
●

●
●●
●

●

●
●
●

●

●

●

●

●

●

●

●●
●
●
●

●

●

●

●

●

●

●
●●

●
●

●
●

●

●
●●

●

●

●

●

●

●

●

●●

●

●

●

●●

●

●
●

●

●

●
●●
●
●
●
●

●

●

●

●●

●
●

●

●

●

●

●

●●

●

●

●

●●

●

●
●●

●

●
●
●

●
●
●

●

●

●

●

●

●

●

●●

●
●

●

●
●

●

●
●
●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●
●

●

●
●

●

●
●●

●

●

●

●

●
●

●
●

●
●

●●

●

●

●
●
●
●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●●

●

●

●
●
●●

●●

●●

●
●

●
●

●
●●

●
●

●
●●
●●

●

●
●●
●

●
●
●

●●●

●
●●●

●

●

●●

●

●

●

●

●

●

●

●

●●

●●
●

●

●●●

●

●

●

●

●
●●

●

●●

●

●

●

●

●
●
●
●
●

●

●

●
●

●

●

●

●

●●
●●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●
●
●
●
●

●
●

●

●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●

●
●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●
●

●

●

●●

●
●

●

●

●

●

●
●
●
●

●●

●●

●
●

●

●
●
●
●
●

●
●

●
●●
●

●

●

●
●

●

●

●

●
●

●●●
●
●●
●

●

●

●
●●

●

●

●
●

●

●
●

●●●

●
●

●
●●
●
●
●●

●
●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●●

●

●

●

●
●

●

●

●

●●

●

●
●●●●

●

●
●

●
●

●●

●

●

●

●●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●●

●

●

●
●

●●
●

●

●

●
●●●

●

●
●●

●

●

●

●

●
●

●
●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●●

0 5 10 15 20 25 30 35

5
10

15

Age(Months)

W
ei

gh
t(

kg
)

0.05

0.1

0.25
0.5

0.75

0.9
0.95
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Figure 4.11: From top to bottom, weight growth charts for full-term female

infants produced by penalised quantile regression models with a

non-crossing constraint, cubic P-splines, one interior equally spaced

knot, second order difference penalty and λ values 2 and 6, respec-

tively.
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Figure 4.12: Weight growth charts for full-term male infants produced by pe-

nalised quantile regression models with a non-crossing constraint,

cubic P-splines, one interior equally spaced knot, second order dif-

ference penalty and λ value 10.

was identified that the quantile regression models with B-splines with non-

crossing and monotonicity constraints again performed badly, but cubic P-

splines with a second order difference penalty, one interior equally spaced

knot and λ = 10 was a sensible choice, visually producing a sensible weight

growth chart for full-term male infants as seen in Figure 4.12. This chosen

penalised quantile regression model (PQR Model 2) which has a non-crossing

constraint has a very small SIC of -6.497 indicating that the model is a very

good fit to the data. Again the resulting reference centile curves are strictly

non decreasing so there is no need to add a monotonicity constraint.

Comparing the gender-specific weight growth charts composed by the QR

Models 1 and 2 to those produced by the PQR Models 1 and 2, as seen in

Figures 4.13a and 4.13b, illustrates that the two approaches of modelling pro-
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duce relatively different growth charts. Although a strong likeness is visible

between the 25th, 50th and 75th reference centile curves composed by the two

model approaches, the other curves evidently diverge from each other, with

the difference greatest at later months. The gender-specific growth charts

produced by the penalised quantile regression models with the non-crossing

constraint appear to be more satisfactory, performing well across the entire

age range. This stresses the advantage of modelling using quantile regression

with penalised B-splines and a non-crossing constraint instead of an uncon-

strained quantile regression model.

Due to the evident similarities in the gender-specific weight growth charts

for full-term infants produced by QR Models 1 and 2 and LMS Models 1

and 2, it was unsurprising that when directly comparing the growth charts

composed by the PQR Models 1 and 2 to the LMS Models 1 and 2, a contrast

in the curves is visible. Evidently the difference, as shown in Figures 4.14a

and 4.14b, between the centile curves fitted becomes more pronounced at the

later months.

4.7 Summary

Although the quantile regression model appears to perform well at com-

posing growth charts, particulary when using penalised quantile regression

models, allowing estimation without a distribution specification, it relies on

subjective choice of smoothing parameters, whereas the LMS method has the

advantage of only requiring the specification of the e.d.f for each model.

Furthermore both the constrained and unconstrained quantile regression

models of weight on age are models for cross-sectional data and would need

to be generalised to accommodate longitudinal data.
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Figure 4.13: From top to bottom, comparison of gender-specific growth charts

of weights for full-term infants, fitted using the QR Models 1 and 2

to the PQR Models 1 and 2. The solid purple and turquoise lines

represent the reference centile curves fitted by the QR models.
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Figure 4.14: From top to bottom, comparison of the gender-specific weight

growth charts for full-term infants constructed by LMS Models 1

and 2 to the PQR Models 1 and 2. The solid purple and turquoise

lines represent the reference centile curves fitted by the LMS mod-

els.
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While a variety of methods for longitudinal data have been proposed (e.g.Cole

(1994)), software implementations were not readily available up to the time

of writing this thesis. An exception was the method by Wei et al. (2006), for

which R code was made available by the lead author. This method and its

application to the growth data are presented in the remainder of this chapter.



Chapter 5

Quantile Regression Models for

Longitudinal Data

The quantile regression approach to constructing growth curves can be

extended to incorporate a subject’s prior growth history as well as other

informative covariates. This facilitates assessing unusual growth patterns,

handling longitudinal growth data in such a way that a subject’s current

growth measurements can be compared directly to their previous measure-

ments. It is also possible for crucial additional information to be incorporated

into the model, enabling the subject’s measurements to be put into perspec-

tive. Recent work on conditional quantile models for growth includes Wei

et al. (2006) and Wei (2008), Geraci and Bottai (2006), Muggeo et al. (2012)

and Geraci and Bottai (2013).

The major advantage of a model conditioning on age as well as prior growth

history and additional information, in comparison to the methods condi-

tioning on age alone, is that it gives a better understanding of a subject’s

current growth status, allowing comparisons to be made to subjects with

similar growth paths. It also provides a complete view of how unmeasured

variables are contributing towards the distribution pattern and allow subject-

level variables such as parent’s heights to be incorporated. Allowance of

crucial additional information like this into the model, enables the subject’s

84
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growth measurements to be put into perspective. In comparison, conditional

reference growth curves, which condition on age alone, just provide a valu-

able snapshot of the dispersion of growth measurements at various values of

age.

5.1 Longitudinal Model Methodology

A challenging aspect of most longitudinal growth data is that measure-

ments are observed at unequally spaced time points. One way to address this

difficulty is to be adopt a simple first order autoregression model where the

AR(1) parameter is specified as a linear function of the time gap between

successive measurements as proposed by Wei et al. (2006). Consider the

case where we observe measurements, {Yi(ti,j) : j = 1, ..., Ti, i = 1, ...,m} on

m individuals. The quantile regression model proposed by Wei et al. (2006)

is

QYi(ti,j)(τ |ti,j, Yi(ti,j−1), xi) = gτ (ti,j)+

[α(τ) + β(τ)(ti,j − ti,j−1)]Yi(ti,j−1) + xTi γ(τ)
(5.1)

where the τth conditional quantile function is additively decomposed into a

nonparametric trend component, gτ , an AR(1) component and a partially

linear component in the covariate vector xi. The nonparametric trend com-

ponent is expressed as a linear expansion in B-splines and is estimated by a

suitable quantile regression model. Estimated standard errors of the para-

metric estimates for the additional covariates can be obtained by the boot-

strap method.
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5.2 Longitudinal Model for the Growth and

Development Study Data

A model of the form (5.1) conditioning on age as well as one prior weight

measurement was considered, taking the form

QYi(ti,j)(τ |ti,j, Yi(ti,j−1), xi) = gτ (ti,j)+

[α1(τ) + β1(τ)(ti,j − ti,j−1)]Yi(ti,j−1)
(5.2)

where g is the nonparametric intercept function of the current measurement

age estimated for the ith infant, for the seven quantile value by the gen-

der appropriate quantile regression model (QR Model 1 or 2 for females and

males respectively), determined in chapter 4. The models given by (5.2) will

be referred to as Longitudinal Models 1 and 2, respectively. Yi(ti,j−1) de-

notes the ith infant’s prior weight measurement, and ti,j − ti,j−1 = Di,j,1 is

the age difference between their current and prior weight measurement. The

coefficients of the autoregressive term of Yi(ti,j−1) are assumed to be linear

functions of this age difference (Di,j,1), where α1 and β1 are the estimated

autoregressive parameters given for the seven quantile values.

The estimated autoregression effect for full-term infants reported in Table

5.1 declines quite dramatically as we move up through the conditional dis-

tribution of weight. In the lower tail, dependence on prior weight is quite

strong indicating that infants in the lower tail of the weight distribution

have a steeper growth profile, while infants in the upper tail have a much

flatter profile. A possible explanation (but not necessarily the only explana-

tion) for this is that infants with initial low weights will then put on weight

more quickly, which is consistent with the weight catch-up growth hypothe-

sis. Catch-up growth is the acceleration in growth of a majority of “small for

gestational age” (SGA) infants soon after birth, where SGA refers to infants

with a low birth weight with respect to a gestational age read on a reference

chart (Han et al., 2010). Generally this catch up occurs during the first 6

months of life.
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Table 5.1: Parametric components of Longitudinal Models 1(females) and

2(males), which condition on age as well as one prior weight mea-

surement.

Females Males

α̂1(τ) β̂1(τ) α̂1(τ) β̂1(τ)

0.05 0.865 0.037 0.860 0.035

(0.260) (<0.0005) (<0.0005) (0.179)

0.1 0.876 0.041 0.867 0.039

(<0.0005) (0.6864) (<0.0005) (0.002)

0.25 0.872 0.047 0.853 0.046

(<0.0005) (<0.0005) (<0.0005) (0.135)

0.5 0.853 0.056 0.831 0.052

(<0.0005) (<0.0005) (<0.0005) (<0.0005)

0.75 0.804 0.064 0.767 0.060

(<0.00005) (<0.00005) (<0.00005) (<0.00005)

0.9 0.714 0.075 0.678 0.067

(<0.0005) (<0.0005) (<0.0005) (<0.0005)

0.95 0.628 0.078 0.586 0.074

(<0.0005) (<0.0005) (<0.0005) (<0.0005)

Estimates of the autoregressive parameters α1 and β1 are given for the seven

indicated quantiles. P-values are given in brackets.

Longitudinal Models 1 and 2 were used to illustrate screening for the four

cases individuals, detailed in section 1.3, who reported unusual growth expe-

riences.

Figure 5.1 illustrates the predictive distributions of the full-term female

weights conditional on age alone, produced by the QR Model 1 and those

obtained by Longitudinal Model 1. The prediction distributions are the es-

timated quantiles from these models, deduced for the case infant at their

screening age. It can be seen that additionally conditioning on the prior
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weight measurement reduces the dispersion of the predictive distributions in

both cases.

For subject 1500, the observed weight of 8.52 kg at the age of 19.93 months

is extremely unusual by the standard of QR Model 1, as discussed in detail in

section 4.3, falling below the centile reference curves. However, additionally

conditioning on her prior weight measurement at 14.13 months of age, her

observed weight of 8.52kg seems reasonable, falling between the 50th and

75th centile reference curve, obtaining an centile estimate of 0.622. It seems

reasonable to conclude that although she is slightly underweight for her age

there is nothing unusual about the measurement made at the age of 19.93

months when compared to her own growth pattern.

For subject 146 the observed weight of 9.67 kg at the age of 12.03 months

is not at all unusual with respect to QR Model 1, falling above the median

centile curve. Relative to Longitudinal Model 1 which additionally condi-

tions on her prior weight of 9.1 kg at the age of 8.13 months, however, her

weight measurement of 9.67 kg almost 4 months later is extremely unusual,

falling below the estimated reference centile curves and attained an centile

estimate of 0.098. Given this subject’s prior growth history it seems reason-

able to conclude that the deceleration in growth experienced by subject 146

is unusual and would therefore be a potential cause of concern and call for

closer follow up.

Figure 5.4 illustrates the predictive distributions of QR Model 2 and Lon-

gitudinal Model 2 for the two male case infants. Conditioning on the prior

weight measurement again reduces the dispersion of the predictive distribu-

tions in both cases.

For subject 12 the observed weight of 7.05kg at the age of 5.87 months

seems reasonable by the standard of QR Model 2, as discussed in detail in



CHAPTER 5. QR MODELS FOR LONGITUDINAL DATA 89

●
●

●

●

●

●
●

τ

W
ei

gh
t (

kg
) 

6
8

10
12

14

0.05 0.25 0.5 0.75 0.95

0.1 0.9

8.52 8.52

● Estimated centiles conditioning on age alone

Estimated centiles conditioning on age and previous weight measurement

(a) Subject 146

●
●

●

●

●

●
●

τ

W
ei

gh
t (

kg
) 

6
8

10
12

14

0.05 0.25 0.5 0.75 0.95

0.1 0.9

9.679.67

● Estimated centiles conditioning on age alone

Estimated centiles conditioning on age and previous weight measurement

(b) Subject 1500

Figure 5.1: Screening subjects 1500 and 146 based on QR Model 1 conditioning

on age alone and Longitudinal Model 1 which additionally conditions

on a prior weight measurement.
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Subject Gender Screening Screening Prior Prior Centile

Age(Months) Weight(kg) Age(Months) Weight(kg) Estimate

1500 Female 19.93 8.52 14.13 7.84 0.622

146 Female 12.03 9.67 8.13 9.1 0.098

12 Male 5.87 7.05 4.95 7.08 0.087

1799 Male 11.34 13.61 9.34 15 0.076

Table 5.2: Centile estimates for the case infants, obtained at the specified screen-

ing ages by the gender appropriate longitudinal model(Longitudinal

Model 1 or 2), which conditions on age and a prior weight measure-

ment.

section 4.3, falling just above the 10th centile reference curve. However, addi-

tionally conditioning on his prior weight of 7.08kg at the age of 4.95 months,

his observed weight of 7.05kg seems extremely unusual, falling below the

centile reference curves and obtaining a centile estimate 0.087. This slight

reduction in weight experienced by subject 12 highlighted by Longitudinal

Model 2 is highly unusual and would therefore be a potential cause of concern

and call for closer follow-up.

For subject 1799 the observed weight of 13.61 at the age of 11.34 months

is unusually high with respect to QR Model 2, falling above the estimated

quantiles for full-term male infants of this age. However relative to Longitu-

dinal Model 2 that additionally conditions on a prior weight of 15 kg at the

age of 9.34 months, the 13.61 kg measurement appears to be unusually low

when compared to his prior measurements, attaining a centile estimate of

0.076. Given this subjects’ prior growth history it seems reasonable to con-

clude that the sudden drop in weight after the age of 9.34 months may call

for further investigation however the slowing down may not be a cause for

concern as the subject was at the top of the weight distribution to begin with.
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This emphasises the differences in results obtained from using QR Mod-

els 1 and 2 and Longitudinal Models 1 and 2, indicating that incorporating

subject’s prior measurement gives a more comprehensive understanding of

the current weight observed.

The AR(1) model may be too simple for describing the longitudinal nature

of the data. To explore this, a model which conditions on age as well as two

previous weight measurement was considered, taking the form

QYi(ti,j)(τ |ti,j, Yi(ti,j−1, ti,j−2)) = gτ (ti,j) + [α1(τ) + β1(τ)(ti,j − ti,j−1)]Yi(ti,j−1)

+[α2(τ) + β2(τ)(ti,j − ti,j−2)]Yi(ti,j−2).

where the terms specified earlier in Longitudinal Model 1 and 2 have the same

interpretation. Yi(ti,j−2) denotes the ith infant’s second prior weight mea-

surement, and ti,j − ti,j−2 = Di,j,2 is the age difference between their current

and second prior weight measurement. The coefficient of the autoregressive

function of Yi(ti,j−2) are linear functions of this age difference (Di,j,2), where

α2 and β2 are the estimated autoregressive parameters given for the seven

quantile values. The full-term female and male weight growth longitudinal

models of the form (5.3) will be referred to as Longitudinal Models 3 and 4,

respectively.

The estimates of the autoregression parameters α1(τ) given for the seven

indicated quantiles as reported in Table 5.3 are highest at the median quan-

tiles and reducing towards the 5th and 95th centiles, where as the estimates

of the autoregression parameters α2(τ) and β2(τ) illustrate that as we move

up through the conditional distribution for both genders of full-term infants

the estimated autoregression effect declines quite dramatically, as before.

Directly comparing Table 5.2 and Table 5.4 illustrates that the same conclu-

sions would be drawn when screening each case infant based on Longitudinal

Models 1 and 3 or 2 and 4, with almost identical centile estimates being ob-

served. This was found to hold in general when screening infants besides the
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Figure 5.2: Screening subjects 12 and 1799 based on QR Model 2 which con-

ditions on age alone and Longitudinal Model 2 which additionally

conditions on a prior weight measurement.
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Table 5.3: Parametric components of Longitudinal Models 3 and 4, which con-

dition on age as well as two prior weight measurements.

Females Males

α̂1(τ) β̂1(τ) α̂2(τ) β̂2(τ) α̂1(τ) β̂1(τ) α̂2(τ) β̂2(τ)

0.05 0.867 0.035 0.024 0.001 0.893 0.036 -0.013 -0.004

( 0.377) (0.051) (0.104) (<0.0005) (<0.0005) (0.131) (<0.0005) (0.218)

0.1 0.908 0.042 -0.012 -0.004 0.895 0.039 -0.013 -0.001

( 0.008) (0.135) (0.003) (<0.0005) (<0.0005) (<0.0005) (0.073) (0.162)

0.25 0.918 0.465 -0.023 -0.001 0.914 0.046 -0.035 -0.001

(<0.0005) (<0.0005) (<0.0005) (<0.00005) (<0.00005) (<0.0005) (0.002) (<0.00005)

0.5 0.927 0.055 -0.050 -<0.0005 0.909 0.051 -0.044 <0.0005

(<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005)

0.75 0.926 0.062 -0.087 0.001 0.889 0.058 -0.060 -0.001

(<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005)

0.9 0.892 0.071 -0.105 0.002 0.831 0.065 -0.069 0.002

(<0.0005) (<0.0005) (<0.0005) (0.002) (<0.0005) (<0.0005) (<0.0005) (<0.0005)

0.95 0.827 0.077 -0.108 0.002 0.788 0.068 -0.081 0.003

(<0.0005) (<0.0005) (<0.0005) (0.002) (<0.0005) (<0.0005) (<0.0005) (<0.0005)

Estimates of the autoregressive parameters α and β are given for the seven

indicated quantiles. P-values are given in brackets.

Subject Gender Screening Screening Prior Prior 2nd Prior 2nd Prior Centile

Age(Months) Weight(kg) Age(Months) Weight(kg) Age(Months) Weight(kg) Estimate

1500 Female 19.93 8.52 14.13 7.84 4.52 4.82 0.561

146 Female 12.03 9.67 8.13 9.1 5.84 7.82 0.098

12 Male 5.87 7.05 4.95 7.08 4.03 6.68 0.076

1799 Male 11.34 13.61 9.34 15 4.72 11.17 0.072

Table 5.4: Centile curve estimates for the case infants, deduced at the

specified screening ages by the gender appropriate longitudinal

model(Longitudinal Model 3 or 4), which conditions on age and two

prior weight measurements.
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case infants. It can therefore be concluded that the AR(2) model is an option

too, but the AR(1) model is chosen for simplicity, requiring less information

on the infant’s growth history.

In addition to an infant’s prior measurements, other factors might play a

role. To illustrate this a model which conditions on age, one prior weight

measurement and incorporates a linear term for average parental height,

γ(τ)xi, was considered. The parental height value, available only for infants

included in the follow up study performed five years after the initial Growth

and Development study, was calculated as

(Father’s Height + Mother’s Height)/2,

and the model fitted therefore takes the form

QYi(ti,j)(τ |ti,j, Yi(ti,j−1), xi) = gτ (ti,j)+

[α(τ) + β(τ)(ti,j − ti,j−1)]Yi(ti,j−1) + γ(τ)xi,

where xi is the average parental height for the ith infant and again the terms

specified earlier in Longitudinal Model 1 and 2 have the same interpretation.

The model of the form (5.3) will be referred to as Longitudinal Models 5 and

6 for full-term female and male weight growth longitudinal models, respec-

tively.

The estimated autoregression effect for full-term infants reported in Table

5.5 again declines quite dramatically as we move up through the conditional

distribution of weight. In the lower tail dependence on prior weight is quite

strong indicating that infants in the lower tail of the weight distribution have

a steeper growth profile, while infants in the upper tail have a much flatter

profile. The effect of average parental height is weaker in the lower tail and

more strongly significant for both female and male infants in the upper tails.

Screening based on Longitudinal Models 5 and 6 which condition on age,

a prior weight measurement and average parental height, was performed on
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Table 5.5: Parametric components of Longitudinal Models 5 and 6, which condi-

tion on age as well as a prior weight measurement and average parental

height.

Females Males

α̂1(τ) β̂1(τ) γ̂1(τ) α̂1(τ) β̂1(τ) γ̂1(τ)

0.05 0.856 0.036 0.003 0.880 0.039 0.005

(<0.0005) (<0.0005) (0.130) (0.026) (0.547) (0.255)

0.1 0.870 0.039 0.003 0.879 0.039 0.005

(0.085) (0.002) (0.042) (0.217) (0.645) (0.622)

0.25 0.893 0.046 0.004 0.889 0.046 0.005

(<0.0005) (0.066) (<0.0005) (<0.0005) (0.147) (0.006)

0.5 0.887 0.054 0.007 0.872 0.052 0.006

(<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (0.001)

0.75 0.850 0.062 0.010 0.821 0.059 0.008

(<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005)

0.9 0.802 0.070 0.011 0.755 0.067 0.013

(<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (0.003)

0.95 0.726 0.071 0.018 0.705 0.068 0.009

(<0.0005) (<0.0005) (<0.0005) (<0.0005) (<0.0005) (0.071)

Estimates of the autoregressive parameters α and β, and the average parental

height effect, γ are given for the seven indicated quantiles. P-values are given

in brackets.
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Measurement

Subject 1 2 3 4 5 6 7 8

Age(Months) 28 Birth 1.11 1.80 3.02 4.10 5.25 9.15 21.61

Weight(Kg) 28 3.29 4.96 5.58 6.46 7.37 8.32 10.1 12.35

Table 5.6: Weight Measurements of Subject 28, a full-term female infant.

the individuals with unusual growth experiences whose parental heights had

been recorded. Of the four case infants initial described in section 1.3 only

subject 12, a male full-term infant, had parental height information recorded.

Therefore an additional full-term female case infant, Subject 28, who ob-

served an unusual growth pattern as well as having her parental information

recorded was selected for screening from the Growth and Development Study

data.

Figure 5.3 illustrates that subject 28 was an average weight for a full-term

female infants at birth, showing an initial growth spurt in her first month.

She then grew steadily thereafter up to the age of roughly 9 months. However

by her next weight measurement, the age at which screening is considered,

her weight does not appear to have increased substantially. Table 5.6 giving

more precise details on these measurements indicates that at the age of 21.61

months, almost 13 months since her last measurement, subject 28 is reported

to have gained only 2.25 kg.

Figure 5.4a illustrates the predictive distributions of Longitudinal Model 1

which conditions on age and a prior weight measurement and Longitudinal

Model 5 which additionally contains a covariate for average parental height.

Subject 28’s weight measurement at 21.61 months is relatively unusual by

the standard of both growth charts, falling between the 5th and 10th centile

reference curves. Table 5.7 detailing her centile estimates at the screening

age based on Longitudinal Models 1 and 3 demonstrates the similarity in
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Figure 5.3: Plot of weight measurements of full-term Infants in the Growth and

Development Study by gender. Highlighted are the weight measure-

ments observed for Subject 28, with the point bordered in black

denoting the observation at which the screening decision is consid-

ered.
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Subject Gender Average Parental Not Containing Containing

Height(PH) PH PH

28 Female 163.83 0.084 0.066

12 Male 165.1 0.076 0.083

Table 5.7: Centile estimates for the case infants, deduced at the specified screen-

ing ages, by Longitudinal Models 1 and 5 or 2 and 6).

results obtained.

Figure 5.4b illustrates the predictive distributions of Longitudinal Model 2

which conditions on age and a prior weight measurement and Longitudinal

Model 6 which additionally contains a covariate for average parental height.

Subject 12’s weight measurement at 5.87 months is unusual by the standard

of both growth charts, falling below the 5th reference centile curve. Again

Table 5.7 detailing his centile estimates at the screening age, based on both

these models, demonstrates the similarity in results obtained.

This suggests that adding a linear trend component for average parental

height does not in this case have any influence on the conclusions drawn.

This is likely to be because parental height is not a very strong predictor

of weight and would perhaps be a more relevant additional covariate to add

when modelling height growth charts.

5.3 Summary

To conclude, a model conditioning on age and a previous weight measure-

ment appears to allow satisfactory monitoring of a full-term infant’s weight

at a particular age, whilst considering their prior growth history.

This longitudinal model which is an extension of the quantile regression

model which performs smoothing using a B-spline basis function, has similar
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Figure 5.4: Screening subjects 28 and 12 based on Longitudinal Model 1 or 2,

which conditions on age and a prior weight measurement, and Lon-

gitudinal Model 5 or 6 which additionally incorporates a covariate

for average parental height.
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properties and limitations as those discussed in chapter 4 for QR Models

1 and 2. Some of these limitations may potentially be resolved by instead

modelling the nonparametric trend component in the longitudinal model by

a P-spline quantile regression model which has additional options of non-

crossing and monotonicity constraints. This is because, as seen in chapter 4,

PQR Models 1 and 2 can construct relatively robust reference centile curves

in covariate intervals when there are limited observations.



Chapter 6

Web Application

In order to demonstrate how some of the methods described in the pre-

vious chapters can be used in practice, a user friendly interactive web ap-

plication was designed using the R package shiny. The application allows

monitoring of new infant’s weights based on reference growth charts mod-

elled on the Growth and Development Study data, composed via several of

the modelling approaches discussed in this thesis. The modelling approaches

included in the growth monitoring web application are the LMS Models 1

and 2, QR Models 1 and 2 and Longitudinal Models 1 and 2. However,

currently accessibility to this web application is restricted to University of

Glasgow computers only, because of confidentiality of the data. Such an ap-

plication can, in principle, run from any web browser without the need for

any specialised statistical software to be installed on the user’s computer.

When first accessing the web application, the start up page, as displayed

in Figure 6.1, requires the infant’s sex, date of birth, date of weight mea-

surement and subsequent observed weight (kg) at this date to be imputed.

This information is used to deduce the infant’s screening age, the age at

which the weight measurement is recorded. The web application defaults to

a female case infant and date 1st January 2000. For the purpose of illustra-

tion, suppose that the application is used to monitor a female infant, with

a date of birth of 20th February 2005 and observed screening date of 3rd

101
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December 2005, at which she weighs 8 kg. Once the infant’s information has

been entered, the user has the option to choose between reference growth

charts fitted using the LMS or the quantile regression modelling approach

or both. The LMS and quantile regression reference growth curves are pre-

sented by black and turquoise curves, respectively. As seen in Figures 6.2, 6.3

and 6.4 both of these modelling approaches produce reference growth charts

with the infant’s weight measurement at the screening age symbolised by a

red triangle. This allows monitoring of the infant’s growth visually, however

additionally a centile estimate is shown for the weight measurement at the

specified screening age when the LMS modelling approach is implemented.

The quantile regression approach returns centile estimates for each of the

seven reference centiles(the 5th, 10th, 25th, 50th, 75th, 90th and 95th) at

the specified screening age, which can be used to determine the positioning

of the infant’s weight in comparison to the reference growth chart.

If additional information on the infant’s prior weight measurements is avail-

able this can be included also, with the date of the previous weight measure-

ment and observed weight needing to be specified. This consequently allows

modelling using Longitudinal Model 1 or 2, which composes a growth chart

which conditions on age and a prior weight measurement. This approach

outputs centile estimates for each of the seven reference centile curves at the

specified screening age. If modelling using the quantile regression approach is

also specified, a direct visual comparison between these centile estimates and

those from QR Model 1 or 2 can be made. These are presented by turquoise

and purple dashed lines, for the centile estimates produced by the quantile

regression models and longitudinal models, respectively. The positioning of

the observed weight at the screening age in comparison to both of these lines

is also shown, illustrating were the infant’s weight measurement falls within

the centile estimates. If this is within the reference range, in other words be-

tween the 5th and 95th centiles, this is shown by the observed weight value in

green, otherwise it is coloured red. Figure 6.5 illustrates such an output, for
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Figure 6.1: Growth and Development Study data web application start up page.
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Figure 6.2: Growth chart web application with LMS modelling approach speci-

fication.
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Figure 6.3: Growth chart web application with quantile regression modelling ap-

proach specification.
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Figure 6.4: Growth chart web application with LMS and quantile regression

modelling approach specification.
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the example case used throughout this chapter, if her prior weight is defined

as 6kg on 18th April 2005.

Specification of the LMS and/or quantile regression modelling approaches

(LMS Model 1 or 2 and or QR Model 1 or 2), when a prior weight measure-

ment is available, has no influence on the growth charts composed as neither

of these approaches can incorporate this additional information. The charts

do however now have both the weight measurement at the screening age as

well as that observed at the prior weight measurement shown on the curves,

presented by a red triangle and pink circle, respectively. Figure 6.6 gives a

representation of this for the illustrative example case of a female infant.

The web application designed in this research is purely for illustration pur-

poses of the different modelling methods of composing growth charts for the

Growth and Development study data. Further improvements could be made

to allow the incorporation of further modelling approaches, enhancements to

it visually and minimisation of the time taken for the web application to run

once specification of the modelling approach has been made.

Such an application could be used by health professionals, advising them

on an infant’s growth and helping them detect unusual growth patterns that

could potentially merit further attention and monitoring. Clearly the charts

composed via the Growth and Development Study Data are not suitable

for monitoring all infants internationally as the data is very specific to a

particular population and is an old data set. However, if appropriate lon-

gitudinal datasets were available, international or country-specific reference

growth charts could be composed using the outlined approaches, and a more

concise, user friendly web application could be designed which could be used

by health professionals for monitoring infants’ growth.
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Figure 6.5: Growth chart web application with quantile regression and longitu-

dinal model specification, when a prior weight measurement infor-

mation is available.
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Figure 6.6: Growth chart web application with LMS and Quantile Regression

modelling approaches specification, when a prior weight measure-

ment information has been inputed.



Chapter 7

Concluding Remarks

This chapter briefly explores possible areas for further work, gives a sum-

mary of the main findings of the research conducted, discusses limitations

and future research directions.

7.1 Conditional Gain SD score

One more approach to constructing growth gain references that was ex-

plored briefly, is that of conditional gain SD score measurements. These allow

conditionality on a time covariate, often age, as well as a prior growth mea-

surement, by looking at the change in SD scores, see page 38. This approach

calculates growth gain in term of the change in the subject’s current growth

SD score (SDS2) at time t2 and the value computed from their growth SD

score on their previous measurement (SDS1) at time t1 (Cole, 1995). The

conditional gain SD score is therefore defined as

SDSgain = SDS2 − SDS1. (7.1)

The World Health Organisation’s Child Growth Velocity Standards for weight

uses this approach for construction of these standards. These contain gender-

specific velocity curves for one, two, three, four and six month weight incre-

ments conditional on age, again based one the WHO Multicentre Growth

Reference Study, a study discussed in detail in chapter 1. These curves
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demonstrate a change in the weight value expressed in units per time period

(g/time). The tables contain centile estimates for ages 0-1, 1-2, ..., 11-12

months (de Onis et al., 2009), as shown in Figure 7.1a for example for the

female one-month increment curves, whereas for instance for the female two-

month increment curves, centile estimates are given for ages 0-2, 1-3, ...,

22-24 months as illustrated in Figure 7.1b. Estimates are also provided in

other accessible tables in SD form. Clinicians can use these tables to monitor

infants, looking at the increment table which most closely approximates the

interval over which the infant’s weight is being monitored.

The WHO Child Growth Velocity standards for weight could lead to ear-

lier identification of weight growth problems than the simpler WHO weight-

for-age child growth standards but are not yet used as widely as a generic

approach for monitoring infants. This is partly due to the scarcity of ap-

propriate longitudinal datasets available for composing the standards, which

results in far fewer velocity references (de Onis et al., 2009).

The SD score gain methodology can be extended to adjust not only for the age

covariate but also for regression to the mean. The theoretical basis for this

approach is the expectation that over time subjects’ growth measurements,

such as weight, drift towards the median from the tails of the distribution.

The conditional gain SD score, adjusted for regression to the mean is defined

as

SDSgainAdjusted =
SDS2 − (r.SDS1)√

1− r2
(7.2)

where r is the correlation coefficient between SDS1 and SDS2 which deter-

mines the expected slope of change in the subject’s growth between the two

times of measurement (Cole, 1995). When measurements are observed at

equally spaced time intervals, r is simply the correlation amongst SD scores

(SDS1 and SDS2) for the subset of subjects whose growth measurements

were observed at both time t1 and t2.
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(a) One-month increments

(b) Two-month increments

Figure 7.1: WHO Child Growth Velocity Standards for female infants.
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An attempt was made to apply the SD score gain approach with adjustment

for regression to the mean to the Growth and Development Study Data, but

as the data has unequally spaced measurements this did not yield satisfac-

tory correlation estimates in some cases. As a result the conditional gain

SD scores, adjusted for regression to the mean are not always meaningful or

reliable. The SD scores used in the calculations were those ascertained using

the gender-specific weight growth chart composed by LMS Models 1 and 2.

The correlation coefficients were computation by only incorporating pairs of

SD scores when their corresponding weight measurements were observed at

most 0.5 months from the desired ages t1 and t2, from weight measurements

observed on infants of the same sex as the infant whose correlation coefficient

was being calculated. Figure 7.2 illustrates an example where this compu-

tation method for calculating the correlation coefficient fails, where the red

points denoting subject 1799’s SDS1 and SDS2 are particularly unusual in

comparison to the other SD scores which are incorporated into the corre-

lation coefficient computation, leading to an unrealistic positive correlation

coefficient estimation.

The centile estimations for the four case infants at their screening ages,

obtained from the conditional gain SD score and the gender appropriate

longitudinal model(Longitudinal Model 1 or 2), as illustrated in Table 7.1,

are similar to each other. This implies that these estimates are more sensible

and are an appropriate approach of monitoring.

To conclude, the standard approach of unadjusted conditional gain SD score,

which is used by WHO for their Child Growth Velocity Standards for weight,

seems to produce feasible centile and SD score estimates which broadly agree

with the quantile estimates from Longitudinal Models 1 and 2, which incor-

porates prior growth history. Both approaches appear to give sensible results

and can be useful for monitoring changes in growth patterns. The regression

to the mean adjustment for SD score gain is an interesting extension which
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Subject Gender Screening Age SDS1 SDS2 r SDSgain SDSgainAdjusted

146 Female 12.03 0.913 0.187 -0.053 -0.726 0.235

(0.234) (0.593)

1500 Female 19.93 -2.064 -2.112 0.0596 -0.048 -1.992

(0.481) (0.023)

12 Male 5.87 -0.460 -1.100 -0.048 -0.640 -1.232

(0.261) (0.131)

1799 Male 11.34 4.408 2.747 0.0103 -1.661 2.702

(0.048) (0.997)

Table 7.1: Conditional gain SD scores, not adjusted and adjusted for regression

to the mean, calculated for the four case infants at their screening

ages. Centile estimates are given in brackets.
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could be explored further in future research, subject to availability of a suit-

able data set with equally spaced measurements.

The conditional gain SD score approach requires an LMS model to be ini-

tially fitted to determine the SD scores, so the limitations associated with

this modelling technique, as discussed in chapter 3 still exist. However the

advantage of this approach to a longitudinal model approach is that it is

able to estimate across the whole age range of the study, determining the

e.d.f values is relatively straighthforward, and appears to be a very stable

approach in general.

7.2 Summary and Conclusions

This research, which studied current statistical methods for composing

growth charts, found each of the proposed methods to be satisfactory when

modelling the Growth and Development Study data.

The LMS model approach, discussed in chapter 3, which can be imple-

mented in R by the lmsqreg package and the lms function in the GAMLSS

package, appears to be a very reliable method for composing gender-specific

growth charts for full-term infants’ weights, modelled on the Growth and

Development Study data. Although a robust approach exists for determin-

ing the most desirable e.d.f values for the L, M and S curves, this modelling

approach also has some limitations. These include its inability to allow ad-

ditional covariates to be included in the model as well as assuming that the

response variable is normalised once a suitable power transformation has

been performed on it. This assumption, which appeared reasonable for the

Growth and Development Study Data, may not be a feasible assumption for

all growth datasets.

The nonparametric quantile regression modelling approach, detailed in chap-
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ter 4, adjudicates this limitation, having the ability to estimate quantiles

given a time covariate without the usual distribution assumptions. One lim-

itation associated with this modelling approach is that no automatic pro-

cedure for selecting the smoothness parameters is currently implemented

in the available software, so determining a suitable smoothing parameter

choice can be a lengthy procedure. The quantile regression model approach

of composing growth charts, which smooth using B-splines, as discussed in

section 4.3, appears to perform reasonably well on the Growth and Devel-

opment Study Data. When modelling across the entire age range, however,

the gender-specific growth charts composed by this approach for the full-

term infants’ weight measurements, illustrate unrealistic fluctuations and

often depleting reference centile curves at later months, where fewer obser-

vation were observed for which the data is sparse. Furthermore while the

LMS model approach implicitly leads to non crossing curves via a scaling

function, the quantile regression model approach needs some extra work to

return non-crossing quantile curves. Discussion of this is given in Muggeo

et al. (2012). The quantile regression model approach requires careful selec-

tion of the smoothing parameters to avoid this issue.

Some of these issues, can be addressed my modelling using the R package

quantregGrowth, which allows growth chart composition using penalised

B-splines in a quantile regression model with a non-crossing constraint. This

model is discussed in section 4.5. In particular, allowance of smoothing us-

ing P-splines appears to have a very positive influence of the growth charts

produced, eliminating the problem of fluctuating reference centile curves at

the later months, which is present when smoothing using B-splines. The

quantregGrowth package is still under development so a limitation associ-

ated with this package is that screening based on the growth charts composed

is currently not implemented.

Longitudinal models, described in chapter 5, which are simply an extension
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of the quantile regression model approach, allow incorporation of individu-

als’ prior growth history and other informative covariates. The limitation

associated with the LMS and quantile regression model approaches, which

only condition on age is hence resolved. Longitudinal models, therefore, cru-

cially allow assessment of an individual’s growth patterns, in such a way

that their current growth measurement is compared directly to their own

previous measurement and comparison to individuals in the reference popu-

lation with similar growth patterns are made. In contrast, approaches con-

ditioning only on age allow monitoring of an individual’s measurement at

a specific screening age, comparing it directly to the reference population’s

growth measurements at that value of the covariate. Applying the longitu-

dinal model approach to the Growth and Development Study data appears

to allow satisfactory monitoring of a full-term infants’ weight at a particular

age, whilst considering their prior growth history, giving sensible conclusions.

Looking at the application of the methods in studying the weights of the

four case infants, from the Growth and Development Study, at their screen-

ing ages, the following conclusions were reached. Although the growth charts

constructed using the LMS and nonparametric quantile regression modelling

approaches lead to almost identical conclusions for each case infant, the longi-

tudinal models were able to put these weight measurements into more context

by drawing on prior weight. On balance the longitudinal approach was there-

fore found to be the more informative for following individual infants’ growth

The web application designed in this research, which is purely for illustra-

tion purposes of the different modelling methods of composing gender-specific

growth charts for monitoring full-term infants’ weights on the Growth and

Development study data, shows the efficiency of the shiny package at produc-

ing user-friendly web applications and the potential of such a web application

to be used as an alternative to paper-based growth charts.
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The conditional gain SD score approach is an alternative approach to con-

structing growth gain references, allowing conditionality on age as well as

a prior growth measurement, by looking at the change in SD scores. The

conclusions drawn from the standard conditional gain SD scores seemed to

be feasible although SD scores may not be as easy to interpret as quantiles.

7.3 Further Work

Further work which would be considered, includes the extension of the

longitudinal models to allow specification of the non-parametric trend com-

ponent by penalised B-splines subject to a monotonicity and non-crossing

constraint, as implemented in the package quantregGrowth. This would

hopefully lead to an improvement in the reliability of conclusions drawn, as

this research has undoubtedly shown the advantages of modelling using this

package. To compose growth charts by such a model, software development

in R would be required, combining and extending the R code currently

available on the longitudinal models to include monotonically constrained

non-crossing P-splines. A predict function could also be designed in R, to

allow screening of an individual’s growth measurement based on the growth

charts composed by this model.

Further investigation of the conditional gain SD score approach with ap-

plication to longitudinal data studies where measurements were observed at

equally spaced intervals in order to determine the effectiveness of this ap-

proach when adjusting for regression to the mean, would also be interesting

additional work.

Application to current and relevant longitudinal data sets of the model ap-

proaches outlined in this research to construct growth charts would also be

considered if appropriate datasets were available. More concise, user friendly

web applications could be designed, containing such growth charts, which
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could be used by health professional for monitoring individuals’ growth.
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Model Model Description Gender Chapter

Introduced

LMS Model 1 LMS model with L, M and S curves smoothed by natural cubic

spline curves each with 4 e.d.f.

Females 3

LMS Model 2 LMS model with L, M and S curves smoothed by natural cubic

spline curves with 3, 4 and 5 e.d.f, respectively.

Males 3

LMS Model 3 LMS model with L, M and S curves smoothed by cubic P-spline

curves with 1, 5 and 5 e.d.f, respectively.

Females 3

LMS Model 3 LMS model with L, M and S curves smoothed by cubic P-spline

curves with 1, 3 and 2 e.d.f, respectively.

Males 3

QR Model 1 Restricted quantile regression model from birth to 24 months of age,

fitted using quadratic B-splines with two unequally spaced interior

knots at ages 2.5 and 10 months.

Females 4

QR Model 2 Restricted quantile regression from birth to 24 months, fitted using

quadratic B-splines with two unequally spaced interior knots at ages

3 and 11.5 months.

Males 4

PQR Model 1 Quantile regression model with cubic P-splines with a second order

difference penalty, one interior equally spaced knot and λ = 6.

Females 4

PQR Model 2 Quantile regression model with cubic P-splines with a second order

difference penalty, one interior equally spaced knot and λ = 10.

Males 4

Longitudinal

Model 1

Extension of QR Model 1 with an additional AR(1) component,

allowing conditionality on age and a prior weight measurement.

Females 5

Longitudinal

Model 2

Extension of QR Model 2 with an additional AR(1) component,

allowing conditionality on age and a prior weight measurement.

Males 5

Longitudinal

Model 3

Extension of QR Model 1 with an additional AR(2) component,

allowing conditionality on age and two prior weight measurements.

Females 5

Longitudinal

Model 4

Extension of QR Model 2 with an additional AR(2) component,

allowing conditionality on age and two prior weight measurements.

Males 5

Longitudinal

Model 5

Extension of QR Model 1 with an additional AR(1) and a partially

linear component in the covariate vector xi. This allows condition-

ality on age, a prior weight measurement and incorporation of a

linear term for average parental height.

Females 5

Longitudinal

Model 6

Extension of QR Model 2 with an additional AR(1) and a partially

linear component in the covariate vector xi. This allows condition-

ality on age, a prior weight measurement and incorporation of a

linear term for average parental height.

Males 5

Table 8.1: Complete list of models used in thesis to compose gender-specific

weight growth charts from the Growth and Development Study data

for full-term infants, including detailed description of each model and

which gender it is modelled on.
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