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Abstract

Abstract

The underlying thread of the research work presented in this thesis is the development of
a robust, accurate and computationally efficient germrglose Reynoldéveraged
NavierStokes code for the alysis of complex turbulent flow unsteady aerodynamics,
ranging from lowspeed applications such as hydrokinetic and wind turbine flows te high
speed applications such as vibrating transonic wings. The main novel algorithmic
contribution of this work is t# successful development of a fullgupled multigrid
solution method of the Reynolds/eraged NaviefStokesequations and the two
equation shear stresmmsport turbulence model of Menter. The new approach, which
also includes the implementation of atrigyder restriction operator and an effective
limiter of the prolonged corrections,implemented and successfully demonstrated in the
existing steady, timéomain and harmonic balance solvers of a compressible Navier
Stokes research code. The harmonlamee solution of the Navietokes equations is a
fairly new technology which can substantially reduce thetime required to compute
nonlinear periodic flow fields with respect to the conventional 4ilomain approach.
The thesis also features the isttgation of one modelling and one numerical aspect often
overlooked or not comprehensively analysed in turbulent computational fluid dynamics
simulations of the type discussed in the théli® modelling aspect is the sensitivity of
the turbulent flow slotion to the, to a certain extent, arbitrary value of the scaling factor
appearing in the solid wall boundary condition of theosel turbulent variable of the
Shear Stressransportturbulence modelThe results reported herein highlight that the
solution variability associated with the typical choices of sudtaing factor can be
similar orhigher than the solution variability caused by the choices of different turbulence
models.The numerical aspect is the sensitivity of the turbulent flow solutidinet order
of the discretisation of the turbulence model equatidie results reported herein
highlight that the existence of significant solution differences between first and second
order spacaliscretisation of the turbulence equations vary wittltve regime (e.g. fully
subsonic or transonic), operating conditions that may or may not result in flow separation
(e.g angle of attack), and also the grid refinement.

The newly developed turbulent flow capabilities are validated by consideringea wid
range of test cases with flow regime varying from-gpeed subsonic to transonic. The
solutions of the research code anenpared with experimental data, theoretical solutions

and also numerical solutions obtained with a stihe-art timedomain commercial



Abstract

code. The main computational results of this research regard-spksd renewable
energy application and an aeronautical engineering application. The former application is
a thorough comparative analysis of a hydrokinetic turbine working in-gp@&d laminar

and a highReynolds number turbulent regime. The tid@nain results obtained with the
newly developed turbulent code are used to analyse and discusses in great detail the
unsteady aerodynamic phenomena occurring in both regimes. The maratiootfor
analysing this problem is both to highlight the predictive capabilities and the numerical
robustness of the developed turbulent tdoenain flow solver for complex realistic
problems, and to shed more light on the complex physics of this emeargewable
energy device. The latter application is the tidoenain and harmonic balance turbulent
flow analysis of a transonic wing section animated by pitching motion. The main
motivation of these analyses is to assess the computational benefit@ablehlayusing

the harmonic balance solution of the Reynoddgraged NavieiStokesand Shear Stress
Transport equations rather than the conventionattioreain solution, and also to further
demonstrate the predictive capabilities of the developed CongnabFEluid Dynamics
system. To this aim, the numerical solutionsha$ research codare compared to both
available experimental data, and the tidmmain results computed by a stafehe-art

commercial package regularly used by the industry and tdemia worldwide.

Keywords compressible ReynoldsAverage NavieiStokes equations shear stress
transport eirbulencemodel, harmonic &lance finite volume discretisation,

multigrid, hydrokinetic turbines, transonic wings.
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1.1 Computational fluid dynamics

Chapterl
INTRODUCTION

1.1 Computational fluid dynamics

The growth of digital computer technology the last two decadesas dramatically
reducedhe time needed for engineersatizurately analyse and solve very complex flow
problems. This hagtl not only to significant improvements in the design of a wide range
of products, ranging from cars to aircraft and aircraft engines, but also to the exploration
of new design solutions which were previously not considered due to the complexity of
the flud dynamics of such solutions, and to the high level of uncertainty associated with
such complex fluid dynamics. Due to the abovesaid rapid growth of computing power
and the availability of revolutionary new and powerful computing hardware such as
GeneralPurpose Graphics Processing Un{tSPU)[1], designers and researchbeve
developed nevaerodynamicand aereelasticanalysis and desigrechnologies to solve
complex fluid problens for modern engineering taskbhe developmenof these
aerodynamicand aeralastic computational toa applicable tomany areas, including
mechanicglaeronautical, marine and cihgineerings thesubject ofComputational

Fluid DynamicgCFD). The underlying principle of CFD is the numericaligan ofthe
fundamental conservation lawsf fluid mechanics at the discrete points of a
computational grid, discretizing the physical domain of intgigs8, 4] For boththe
academic andhe industrial sectos, a variety of new numerical methods hdeen
implementedn complex computer programgth great succedsoth in terms ophysical
accuracy and computational efficiendyowadays, CFD is used by both industry and
academia for a wide variety of @ngering applications, including design and analysis of
wind [5], hydraulic[6] andgas[7] turbines, aircraff8] androtorcraft[9] component®r
whole aircraff10], car shapgl1l] and many other diverse produd@ the other hand in

high complexity physical model applications, experimental results may leeanourate

than those of CFD. For this reason experiments aretlstilsubject of research and

development and their results are an invaluable source of data for validating new CFD

15



1.1 Computational fluid dynamics

methodsThe rapidly increasing popularity of CFD in the industry in thstfew decades

has enablé the reduction of product development cost since expensive experimental
campaigns could be reduced by cheaper CFD simulations. Although the final
development stages of complex prodstich as aircraft and aircraft engines sély on

costly experimental measurements campaigns, the use of CFD is allowing substantially
more innovative design to be introduced, such as the highlydmesnsional fan blades

of modern ultrahigh-bypassratio turbofan eniges[12].

Thefundamental tool o€FD is a computer code developed to satuenericaly the
physical conservation lavgoverning the fluid problem at hanthere exist several levels
of fluid flow models of widely varying complexitysuch models rage from the steady
incompressible inviscid irrotational potential flow model that can be solved (humerically
in general, and analytically only in special cases) by considering a Laplacian operator, to
the timedependent compressiblavierStokegNS) vicous flow mode[13], that can
be solved by considering a system of parabolic (with respect tevanmgble)partial
differential equationgPDESs).The NavierStokes flow model is one of the most general
ones, but unfortunatgl in the vast majority of flow problems of practical interest it is
impossible to determine the analytical solution to these equations. This is the reason why
the development of novel numerical approaches required by Néwikes CFD codes to
solve engieering flow problems of practical interest is a crucially important problem.
Historically, the expression Navi&tokes equations denoted only the equation
describing the conservation of the linear momentum of the flow field under consideration.
More recefly, however, the expressitras beemised to name all three conservation laws
required to solve a timdependent compressible fluid flow problem, namely the
conservation of mass, the conservation of linear momentum (which is a vectorial equation
with 3 or2 components depending on the problem dimensionality), and the conservation
of energy. Many real floviields paststaionary or movingobjects(e.g.wings, blades,
buses aircraft or shipsareturbulent. This means that the flow field is stochastic and
chaotig andeddies of random size cappeain theflow field.

Using the NavieiStokes equations to solve directly all temporal and spatial scales of
turbulent highReynolds numbeflow requires formidably high temporal and spatial
resolutions duéo the very wide range of temporal and spatial sqaksent in sucfiows.

This approach, calleBirect Numerical Simulatio(DNS)[14] is not affordable for most
problems of engineering itest due to the present lack etfficiently large
computational resources. Fortunately, there are several other approaches to accounting

for turbulent flow effects when using the Navi&tiokes equations to solve complex
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1.1 Computational fluid dynamics

turbulent fluid flow problems, and such approaches differ from et both because

of their level of approximations of the turbulent flow features, and their computational
cost. In General, the models with fewer approximations are the computationally more
expensive ones, as expected. One of the most widespread, samgleomputationally
cheap approaches is that associated with the use of tb&llst ReynoldsAverage
NavierStokefRANS) equations. In this methalde NS equationare timeaveragen

the timescales of turbulenc®y doingso,one obains the RANS egations which is a

set of 3 partial differential equations formally very similar to the NS equations. Formally,
the RANS equations differ from the NS equations for a small number of additional terms
resulting from the tim@veraging, taking into accoungtleffects of turbulence in a mean
sense. Such additional terms introduce new unknowns, and, in oalesé¢the system,

i.e. have an equal number of PDEs and unknowns, one has to introduce a turbulence
model[15]. Turbulencemodel can consist of a single algebraic equation resulting from
the use of a sesrampirical model, like the Baldwihomax model[16], one or more
additional partial differential equations, like the esguation Spalaifllmaras model

[17], and the twaeequationd - [18] and0 71 [19] models, and also the seven
equation Reynolds stress mod@l, 21] From a conceptual viewpoint, the main
differences betwen the NS and RANS equations is that in the former case the flow
variables represent instantaneous values of the-dependent highly fluctuating
turbulent flow, whereas in the latter case the flow variables represent mean ualues (
time-independent)and the only information on the turbulent fluctuations is contained in

an averaged form in the additional terms of the RANS equaiitlefReynolds averaging
approach requiring the use aie or just a few additional partial differential equations

has thdundamental benefit that the temporal and spatial refinement of the computational
grids required to tackle realistic engineering problems is such that the problem can be
analysed using relatively small computational resources. This is because one does not
need a particularly high refinement since there is no need to solve temporally and spatially
the turbulence scales, neither the very tiny nor the large ones. The effects of turbulence
are accounted for in an averaged fashion. The use of RANS modelsayiedsr fidelity

than that achievable by DNS, and this is because the turbulence model required for the
system closure depesgartly on empirical coefficients determined from a small number

of experimental results. The turbulence models featuring sudtaris are then applied

to a wide variety of problems in which the assumptions of the experiments used to
determine part of the turbulence model coefficients, often do not hold. Nevertheless, in
flow problems characterised by a low to medium degree ofrggma near solid wall
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1.1 Computational fluid dynamics

boundaries and where the main objective ofahalysisis the calculation of the forces
acting on the body of interest rather than thefildd evolution of wakes and shed
vorticity, it is found that the fidelity of RANS modelsagequate for solving a wide class

of practical engineering problems. It should be mentioned that other turbulence modelling
approaches for the NS equations featuring fidelity higher than those of the RANS models
and lower than that of DNS exist. The mostable method of this classliarge Eddy
Simulation(LES)[22]. The LES approach to turbulence modelling is conceptually similar

to that of the RANS approach. The main difference between LES and RANS models is
that the formempproach simulates directly (both temporally and spatially) the larger
temporal and spatial turbulent scales, whereas it models (similarly to what the differential
turbulence models used for the turbulence closure of the RANS equations do) the smaller
temporal and spatial scales of turbulend@ée modelling fidelity of LES is higher than

that of RANS particularly for predicting the ffield temporal and spatial evolution of
wakes and regions away from the body where such rotational flows originate. However
it is often found that, despite this feature, the LES and RANS prediction of the force
acting on aerodynamic bodies such as aircraft wings and twibthe blades are very
close[23]. For highReynolds number walbound flows however, the grid refinement
required for accurate LES CFD simulations makes these analyses barely affordable on
the largest supercomputers available today, and therefore the use of LES for practical
engineering design remains still very limitddhis isalso the castor hybrid RANS/LES
methods knowasDetached Eddy Simulatio(BES)[24, 25, 26JandDelayed Detached

Eddy SimulatiofDDES)[27, 28] In DES, the RANS maal is used close to solid wall
boundaries, and LES is used in the rest of the domain. The use of RANS in the wall
proximity, enables the use of substantially coarser grids than LES would require, and this
reduces the computational cost of DES with respgecthat of LES, though the
computational cost of DES remaisignificanty higher than that of RANS approach. The
DES approach is a promising compromise between computational cost and solution
accuracy, particularly for higiReynolds numbeflows featuringsignificant vorticity
production and propagation. Two of the main difficultieaa€liable DES CFD code is

the selection and the implementation of an adequate criterion that identifies the domain
portions whereghe useof either the RANS or the LES amachis applicable and he

implemenéation ofa smooth transition from one model to the of28r 30].
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1.2 Oscillating wings

Threecomplex and realistic timdependent fluid flow problems that are of particular
interest to this thesis, as they will also sehe purpose of highlighting the predictive
capabilities and the computational efficiency of the computational methods developed in
this research, are the unsteady fluid dyanof hydrokinetic turbines, theansonic
aircraft wing sectionsnd subsonicoscillating wing Thesethree problems share the
existence of an oscillating wing animated by a harmonic motion, and such a motion is the
root cause of the observed flow unsteadiness. An additional reasoeldotirg the
hydrokinetic turbine problem is that the computational technologies developed in this
research have also been used to investigate the complex flow physics of this device and
obtain novel information on this emergirenewable energy device. &threeproblems

are brieflysummaised in the following twosubsections, along with a brief literature

survey of the work carried out in these areas.

1.2.1Hydrokinetic turbines

Largescale electricity production from the wind is primarily based on teeofisnulti
megawatt horizontal axis turbind2ecently, the interest in the exploitation of tidal and
river flows is also rapidly increasing. In most cases, the machine desigmsethmging
considered and starg tobe installed for the exploitation téflal energy are derived from
wind turbne technology, due to knowledge and measured data already available in the
wind energy case. Therefore, even for tidal flow applications, one of the most popular
machinelayoutsthat is being considered is that oéthorizontal axis wind turbin@1],
though the vertical axis concept is also receiving some attd@@pnHowever, the use

of significantly different devices for rem@able energy production basemh the
conversion of the kinetic energy of fluid streams into mechanical and ultimately, electrical
energy is receiving increasing attention from the scientific and industrial communities. A
promising concept relies on the use of oscillating wings simedtasly heaving and
pitching as power extraction devices. This concept was initially proposkttkiynney

and DelLaurief33] in 1981, and was further investigated by Jones ef34]. more
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1.2.1 Hydrokinetic turbines

recently. A thorough parametricCFD investigation into the effects of kinematic
parameters (heaving amplitude, pitching amplitude and frequency) and geometric
parameters (airfoil shape and location of pitching axis) on the efficiency of the power
extraction achievabl by the oscillating wing has been performed by Kinsey and Dumas
[35]. The simulations reported in that study have been performed using the
incompressible solver of the commercial CFD package FLUENT, and the majority of
these aalyses refer to a laminar flow regime with a Reynolds number based on the airfoll
chord and the freestream velocity of 1100. The main conclusions of the @hiLkre

that the oscillating wing can extract energy from anoomag fluid stream with
efficiencies as high as 34%, and the main aerodynamic feature responsible for such a
relatively high efficiency is the unsteady leading edge vortex shedding associated with
dynamic stall. These condions were als@onfirmed by a dter independent study
performed by Campobasso and Drofelnik using the compressible resedemhith a
low-speed preconditioner optimized for tirdependent flow§36].

A prototype of the oscillating wing for extraairenergy from an oncoming water
stream has been recently tested in water afBesuport near Quebec City. The measured
data have confirmed fairly high values of the energy conversion efficiency of this device.
Based on the data reported[BV], the Reynolds number of the considered operating
condition was 0.48 million. In this condition, the flow regime is predominantly turbulent,
and CFD analyses aiming to provide accurate and quantitative data for investigating the
fluid dynamics of the oscillating wing and optimizing its design ought to include the
effects of turbulence. In a recent article of Kinsey and DyB&jsthe hydrodynamics of
the oscillating wing for power production at a Reynolds neimdf 0.5 million is
investigated by means of twibimensional (2D) and thredimensional turbulent
incompressible FLUENT flow simulations using tBpalari Allmaras(SA) turbulence
model [17]. Although the article[38] does not report a comparative study of the
hydrodynamics of the oscillating wing in the laminar and turbulent regimes,- cross
comparison of the laminar and turbulent flow simulations reported in the aJ86le38]
points to the fact that the efficiency of the energy conversion appears to increase
significantly as the Reynolds number increases from low values, typical of laminar
regimes, to fairly high values, at which a predominantly turbulenieegs expected.

This crosscomparison analysigsetween laminar regime at a Reynolds number of 1100
and turbulent regime at a Reynolds number of 1.5 milhas been performed by
Campobasso and Piskopakis ef38] using acompressible research codgth the twe

equation turbulence model of Menfé0] for closure The main conclusioof article[39]
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1.2.1 Hydrokinetic turbines

is that the oscillating wing can extract energy from an oncgnfiimid stream with
efficiency as high as 4% but due to turbulent flow effectghe optimal kinematic
parameterobtained for the laminar regimeave been lostA new marametric CFD
investigation onthe effects of kinematic parameters (heaving amplitude, pdchi
amplitude and frequencyd achieve a maximurefficiency of the power extracticior
the turbulent regimat a Reynolds number of 0.5 millitvas been performed by Kinsey
and Dumag$41]. The main conclusions of the artif4g ] are that the oscillating wing can
extract energy from an oncoming fluid streaith efficiencies as high as %3 and the
main aerodynamic feature responsible for such a relatively high efficiemoyl@ger
related taheunsteady leading edge vortex shedding associated with dynamasstak:
of the optimal casesasfound to be without a leading edge vortex shedding.

To date, there appeats exist more experimental and prototypesed studies
regarding the usefdhe oscillating wing device to extract energy from oncoming water
rather than air streams. Nevertheless, overall feasibility studies and detailed aerodynamic
analyses aiming at developing oscillating wing devices to extract energy from the wind
are ongaing. In 2008 Platzer et g42] have proposed the use of the oscillating wing
technol ogy for t he de vwnb pqwereganeratoosffor thed | vy i
purpose of tapping into the abundant energy available in the gwltal jst r e ams 0 .
have also provided preliminary multidisciplinary assessments of the technical viability of
this concept, which has been patented by Bradley and Platzer if43)0%he interest
in the use of the oscillatingying device to extract energy from air streams is also
highlighted by the increasing number of computational studies in thi§4ted5, 46]

A review of progress and challenges in flapping foil power géioaraan be found here
[47].

One of theobjectives of this thesis is to thoroughly investigate the effects of flow
turbulence on the detailed aerodynamic features accounting for the energy extraction of
the oscillating wilg by performing a comparative aerodynamic analysis of the device at
the laminar flow condition with a Reynolds number of 1100 considerfbir36] and
a turbulent regime with a Reynolds number of 1.5 mil[@@]. The presented analyses
will highlight that the different aerodynamics of the laminar and turbulent regimes result
in significantly different levels of power conversion efficiency. Although the turbulent
flow analysis of the agllating wing operating at a Reynolds number of 0.5 million has
been reported ifi38], it is instructive to perform comparative turbulent/laminar CFD
analyses of this device because the Reynolds number of real installatikely i® vary

due tobothsite-dependent design specifications andd#gign operation. Hence, detailed
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1.2.2 Wing aerodynamics

knowledge of how the fluid dynamics of oscillating wing devices vanesawide range
of the Reynolds number for given geometric and kinematicackexistics is needed to
accurately assess the energy yield of this device. From this perspective, the pessent t

is complementary to the otheublished studies in this area.

1.2.2Wing aerodynamics

Wing aerodynamics has been a subject of researainday yearsin 1911Bryan[48]
introduced the first aerodynamic models that could be appheflight dynamics, and
since then many types of experiments have been perfdionéest and desigpurposes
Recently McDaniel et a49] compared computational fluid dynamics solutions for a
fighter aircraft with realistic flight test datdahe so calleaircraft flight testind50], which

is acostlyprocessas a aircraft hago be developedAn alternativeexperiment, cheaper
than aircraft flight testing, is the WinBunnel testing of scaled modd&l], where the
object under consideration is positioned inside a didgbular passage whetfee wind

is produced by powerful fan Constraints such aaling, blockage effects and the fact
thatit is difficult to achieve reallight conditions limit the effectiveness of Windlunnel
testing Nowadays lte most cosefficient approach used by indusyr and academia
worldwide,to designpredict and optimizaonlinear flow physicgs Computational Fluid
Dynamicg[52].

In CFD applications, griodic oscillating wings have recently been a subject of
research by aeronauticangineers which include flutter oscillations for aircraft
aeroelastic stabilitys3] or windmills [33], hydroelectric generatof87] and horizontal
[31] or vertical [5, 54] axis wind turbinesto extract energy from an oncoming fluid
stream[55, 56] The aim of these applications is nomerically compute thesought
periodic solutionof an oscillating wingusing CFD toolsThe sought periad solution
obtained fromtime-domain CFD solvers requigesignificant computational effort to
bypass transient effects, which, in many cases of engineering interest, means taht seve
periods have tbesimulated57, 58] An alternativeand computationb cheaper method
with respecto the timedomain approaches hascentlybeen developedhe soecalled
harmonic balance methoathichwill be introduced in the following subsection.

One of the objectives of this thesis is to assess the computational efficiency of the
turbulent RANS SST harmonic balance solver by performing-tioreain and harmonic
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balance turbulent analyses of a transasiillating airfoilanimated by pitching motion
representative of the cross section of a transonic aircraft \aind comparing the
computational resources required by either approalsh. comparison of the reiime
associated with the COSA tirtmmain andharmonic balance analyses will highlight that
the latter approach reduces at least one order of magnitude thieneurequired to
determine the periodic flow solution with respect to thetmme requied by the time
domain analysis. Similar comparisomadyses will be perfored for a subsonic
oscillating airfoil animated by pitching motiamhereeven higherun-time reduction of

the harmonic balance with respect to thetiore of the time domain wilbe highlighted.

1.3 COSA solver

The computational tnologies developed in this research and discussed in this thesis
have been implemented and used to analyse the fluid dynamics problems discussed above
in acompressible timelependenRANS research code. Ti@&FD Optimisged Structurd
multi-block Algorithns (COSA) RANS cod€[39] solves the steady and tirgependent
compressibl®ANS equationspacediscretized on structured mulilock grids using an
efficient explicit multigrid solverThe turbulent COSA solvesolves the twesystems of
algebraic equations resulting from the tinaed spacealiscretization of the RANS (or

mean flow) equations and thego-equationShear Stress Transp@40] turbulence model
equations by means of an explicit multigaigorithm based on a fostage Rung&utta
smoother. The two systems are solved using a strongly coupled apfz6aéld, 61]

whereby the mean flow and the turbulence equations are solved simultanedbsgly in
iterative process. This integration approach has been shown to lead to significantly faster
convergence rates than the loosely coupled mg#®db3] whereby the mean flow and
turbulence equations are solved seapely and often with different methods. It is also
possi bl e t o use a Ohybridé i ntegration
simultaneously to the two systems, and tiima&rching on each grid level is decoupled

[64], but ths approach has not been adopted in the COSA code, which instead features
the standard strongly coupled approach: the multigrid solver is applied simultaneously to
the mean flow and turbulence equations, and the two systems arenaircieed
simultaneouslyn each grid level. The turbulent COSA code adopts the strongly coupled
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1.3 COSA Solver

integration method also for computing tirdependent problems, whereby the explicit
multigrid integration is used to solve thasteady RANGJRANS) equations coupled to
the SST turbwnce model. For such tirdependent problems, the turbulent multigrid
solver also features a poimbplicit treatment of certain terms arising from the
discretization of the physical tirderivatives. This approach is an extension of the
stabilization proess reported by Melson et f85], and itenables the use of fairly high
Courant Friedrichs Lew (CFL) numbers, thus significantly reducing the number of
multigrid cycles required to achieve a ugéren reduction ofthe flowresiduals.

COSA features two different approaches to the solution of the URANS equations. One
approach, applicable to general unsteady fl@g.{ransient states) is the classical time
domain solution, based on tdeal time steppingDTS) approat whereby oneuses a
backward finite difference discretisation to implicitly timearchthe solution from one
physical time to the next one with a uggren time stepand the multigrid solver to
compute iteratively the solution at each physical {i6&. The otheapproachapplicable
to nonlinear period flows, is the nonlineafrequencydomain(FD) harmonic balance
(HB) integration. The harmonic balance is a perturbation method for the rapid solution of
nonlinear problemdescribed by one or mooedinary differential equation€ODE). The
sought solution is represented as a truncated Fourier series retaining a user given number
of complex harmonics, and the given thsh@mainproblem is reformulated and solved in
the frequacy-domain using the solution approximation provided by the truncated Fourier
series. The method is particularly effective when only a relatigetgll number of
complex harmonics is required to represent accurately thedimain solution. In the
case ofperiodic turbulent flow, the harmonic balance solution enables a substantial
reduction of the computational time with respect to the-tilmmain case with negligible
accuracy penaltietike all frequencydomain methods, it aims at computing directly the
sought periodic solution, whereas thdemain methods need to solve also the flow
transient preceding the establishment of the sought periodic state. This is one of the main
reasons why the harmonic balance solver is substgntester than the timdoman
solver. Another important reason for the effectiveness of the harmonic balance RANS
technology is that many periodic flows of engineering interest, though significantly
nonlinear, can be accurately represented by using a few harmonics. As showrthater in
thesis, the computational advantage of using the harmonic balancethathéne time
domain solution is particularly high when the number of retained complex flow
harmonics is low. The harmonic balance solution of the RANS equatvassfirst

introduced by Hall el al[67], who first showed that, for the case of turbomachinery flows,
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the technologycan reduce the computational tirtee solution byat least one orderfo
magnitude compared to thiene-domain approach

The development of COSA started within an EPSRC prg&ttin 2008. By the end
of the project, the code featured novel advancetidl boundary conditionfBCs)[69],
a novel unstady lowspeed preconditioner (theso-called mixedpreconditioning
algorithm) [70] to enable the CFD analysis of very l®peed flows as well as flows
featuring both highand lowspeed regions, the harmonic balance solver for the rapid
analysis of unsteady periodic flows like those associated with the yawed wind regime of
horizontal axis wind turbine§70], and also a first implementation of tie 1
turbulence model of Wilco{19], a tweequation eddy viscosity modelhe first
implementation of0. ] model, however, was not robust. As a consequence, neither
the advanced lovgpeed modelling capabilitiesy@bled by the mixeg@reconditioning
technologynor the substantial reductionsf the runtime of unsteady periodic flow
analyses enabled by the harmonic balance solver could be proved in the case of realistic
high-Reynolds number turbulent flows. Part bétresearch work of this thesis consisted
of investigating and successfully solving the robustness issueswf thg turbulence
model, and successfully implementing a new, more robust and accurate turbulence model,
namely Shear Stress Transpo(SST) model of Mentef40]. The first published
demonstration of the new SST capabiigyeported i{39].

1.4 Objectives, novelty and oerview of thethesis

The main drive of the research work reported in this thesis wa$otd:oon one hand,

the research aimed to develop, assess and validate novel atgoréghd modelling
technologies to improve the robustness and the computational efficiency of the RANS
modetbased analysis of general unsteady and periodic flow fields; on the other hand, the
work aimed to demonstrate the accuracy and the effectivenesise ofleveloped
technologies by using the newARS framework to investigate threehallenging
turbulent highReynolds number unsteady flows, namely the unsteady aerodyraraics
hydrokinetic turbinethe periodic transonic flow field past a transonic oatilly wing
section,anda periodicsubsonimscillating wing.More specifically, the main objectives
associated with the algorithmic work of this research were to
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U develop a numerically robust istable, multigridbased solution framework for the
fully-coupled integration of the steady, thlemain and harmonic balance RANS

and SST turbulence model equations, and

U assess the computational efficiency of the turbulent RANS SST harmonic balance
solver by performing timelomain and harmonic balance turbulangalyses of a
transonic wilg section animated by pitching motion and comparing the

computational resources required lagleapproach.

The main objective associated with the applied fluid dynamics part of this work was
instead to investigate the Wlomechanisms accounting for the high energy extraction
efficiency of a hydrokinetic turbine both at a kReynolds number laminar flow
condition, and a higfiReynolds number fully turbulent flow condition.

The thesis presents several elements of ngveh the algorithmic side, on the
turbulence modelling side and also on the fluid mechanics of hydrokinetic turbines. The
developed multigrid fully coupled integration of the steady and-toreain RANS and
SST equations is partly an extension of the aggin proposed by Liu and Zhefx®] for
steady equationand Yaoet al [71] for the timedomain equations. However, the
adatation of this approach to tI&ST turbulence model and the detailed tegoal and
numerical analyses carried out to optimise the algorithmic design of this procedure are a
novel feature reported for the first time in this thesis. Here, this approach is also extended
to the fully coupled integration of the turbulent harmonadabhce RANS and SST
equations, and this is also a feature, W
never been implemented and used before. On the modelling side, the thesis reports, for
the first time, an important parametric analysis on the nigalesetup of the turbulent
wall boundary condition of the second turbulent variabld& his study highlights that the
variations of the solution associated with the, to a certain extent, arbitrary choice of the
scaling factor for at the wall using a given turbulence model, can be of the same order
of magnitude or even larger théhe variations observed using a given scdiatpr and
different turbulence models. This result highlights an additional, typically overlooked
sourceof uncertainty in the RAN®ESbased turbulent flow analyses. Another important
algorithmic aspect dhe thesis is a comprehensive assessment of the solution sensitivity
to the use of first or second order schemes for the turbulence equations for both subsonic

and transonic flow problems. As for the fluid dynamics of hydrokinetic turbines, the
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reported sidy highlights that the flow mechanisms accounting for the high energy
extraction efficiency of oscillating wings in laminar and turbulent flow conditions are
different. This new finding has recently been confirmed in a paper published 42014

The thesis is organised as follows. Chapter 2 reports in great detail theotinaen
formulation of the compressible RANS and SST turbulence model equations, the
Boussines@pproximation yielding the assumption of isotropidtuence and enabling
the use of eddy viscosity turbulence model, and thdidlt and solid wall boundary
conditions for the system of RANS and SST equations.

Chapter 3 presents the classical formulation of the harmonic balance perturbation
method or finding the periodic solution of systems of ordinary differential equations, and
also the sacalled highdimensional formulation of the harmonic balance method, which
is a variant of the former formulation better suited to the numerical solution ®fgtean
of the RANS and SST equations. The two formulations are highlighted with a simple
ODE example, and the chapter is concluded with the harmonic balance formoi&tien
RANS and SST equation€hapter 4 focuss on the celicentred finite volumespae
discretisation of COSA. It briefly reports the methods used for the space discretisation of
the convective fluxes, the diffusive fluxes and the source terms of the SST turbulence
model. The chapter highlights how the space discretisation of the RANSSAndartial
differential equations yields a large set of nonlinear algebraic equations, the numerical
solution of which yields the sought CFD solution.

Chapter 5 focuses on the ungery iterative solver (smoother) used to solve
iteratively the steag time-domain and harmonic balance RANS and SST equations,
namely a fowstage Rung&utta scheme. The smoother is modified to enable a
numerically robust fullycoupled integration of the flow and turbulence equations. Two
versions of such a fully coupleapproach are presented and discussed, an exact variant
and an approximate variant yielding a reduction of computation costs. The chapter also
briefly describes several convergence acceleration techniques used for the integration,
namely the local time gdping method, a variable coefficient centred implicit residual
smoothing algorithm and two CFL ramping schemes. The COSA code also uses a full
approximation scheme multigrid algorithm for further accelerating the residual
convergence. A detailed descriptiof the turbulent multigrid algorithm used by COSA
is reported in chapter 6. This includes new variants of the restriction and prolongation
operators implemented in this research aiming at further improving the robustness of the
integration of turbulentiéw problems.

Chapter 7presents the solution of three turbulent flow problems, which are used to
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validate the turbulent flow predictive capabilities of CO%Astly a steady flat plate
boundary layer for whictheoretical results agvailable is onsideredThe characteristic
boundary layer profiles computed by COSA and the available theoretical results are
compared.The second test casetise NACA4412 airfoil in a lowspeed freestream
featuring a significant amount of flow reversal on the rear @iathe suction side. The

third test cases a RAE2822 airfoibperating in a transonic flow regimall three test

cases are analysed not only to validate the predictive flow capabilities of COSA, but also

to:

U assesthe computed solution variability.€. uncertainty level) associated with the
typical values selected for the scaling factor of thterbulent flow variable at solid

wall boundaries,

U demonstrate the high robustness of the turbulent solver resulting from the fully
coupled integration anthe turbulent multigrid enhancements developed in this

research, and

U assess the impact of using either a first or a second order discretisation of the
computed turbulent flow equations for both subsonic and transonic problems and

also for varying degreeof mesh refinement.

The importance of this last analysis stems from the fact that published literature on this
aspect provides a sewhat patchy set of conclusions, as some studies conclude that the
use of second order discretisation for turbulenceaisad essential for high accuracy
solution, and some other studies claim the opposite and prefer the use of first order
discretisation, presumably because this may lead to more stable numerical solution
procedures. Moreover, none of the existing studrethts topic addresses exhaustively
the dependence of this issue on the flow regime and the grid refinement level.

Chapter 8providesthe main computational results of this research, consistirag of
low-speedrenewable energy applicati@md two aeranautical engineering applicatian
The firstapplication is a thorougtomparative aalysis of a hydrokinetic turbine working
in a lowspeed laminar and a higkeynolds number turbulent regime, and it is also
analyses and discusses in great detail theeadgtaerodynamics phenomena occurring
in both regimes. The main motivation for the analysing this problem is to highlight the

predictive capabilities and the numerical robustness of the developed turbulent time
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domain flow solver for complex realistic pileins, and also to shed more light on the
complex physics of this emerging esmable energy device. The secapglication is the
time-domain and harmonic balance turbulent flow analysis of a transonic wing section
animatedby pitching motion. The main mettion of these analyses is to assess the
computational benefits achievable by using the harmonic balance solution of the RANS
and SST equations rather than the conventionatdiomeain solution, and also to further
demonstrate the predictive capabilitefsthe developed CFD system. To this aim, the
numerical solutions of COSA are coarpdto both available experimental data, and the
time-domain results computed by a statehe-art commercial package regularly used
by the industry and the academia woridew The harmonic balance and time domain
comparison analysis is then repeated for a third application but in a subsonic fidgme.

conclusions of the thesis and future work are provided in chapter 9.
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2 Reynolds Averaged Navi&tokes equations and turbulence closure

Chapter2

REYNOLDS AVERAGED
NAVIER -STOKES EQUATIONS
AND TURBULENCE
CLOSURE

The underlying principle of Computational Fluid Dynasig the numerical solution of

the governing equations of fluid mechanics at the discrete points of a computational grid,
discretizing the pysical domain of interest. This chapter outlines the derivation of the
ReynoldsAveraged NaviefStokes equations. This derivation is a msttge process.

First the timedependent equations are averaged on the turbulencesdates. This
operation yield a new system, which differs from the original thaependent equations

for two reasonsa) the new system does no longer have-il@egvatives, so it can be used

for the numerical solution of steady turbulent flows, Bpthe new system has additional
unknown terms which form the components of a second order tensor, Rajedlds
stress tensoin order to determine this tensor, use of the Boussinesq approximation and
two-equation turbulence models is made. The solution of steady turbulent problems is
obtained by solving the systemBartial Differential Equation§PDES) made up of the
NavierStokes equations averaged on the turbulencedoakes (i.eReynolds Averaged
NavierStokes equations) and the two PDEs associated with the turbulence moael. Ti
dependent turbulent flows can instead be solved by adding to each RANS PDE and to
each PDE of the turbulent model a new physical 4ilegvative, which considers time
variations on the timscales of the engineering problem at hand fegod of oscikation

of vibrating blade or period of vortex shedding from blunt objects in fluid flows). The
Arbitrary Lagrangian Eulerian(ALE) formulation of the unsteady RANS equatipns

neecdfor solving moving body problems, is also presented.
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2.1 Integral form of the Navie®tokes equations

2.1 Integral form of the Navier-Stokes equations

The fundamental equations of fluid dynamics are based on the three universal laws of
conservation: conservation of mass, conservation of momentum and conservation of
energy. The conservation of mass states that the totabfrasg system remains constant
over time and mass is neither created nor destroyed. This system is closed from any
external transfers of matter, energy or any kind of external sources (e.g. combustion).
This equation is also known as continuity equatibhe principle of the momentum
conservation derives from Newtsensecond law, which states thie variation of
momentum is caused by the overall force acting on a mass element. In two dimensional
problems, the momentum conservation results in $e@arequations, one for each
direction In fluid mechanics these equations are known as momentum equations. The
conservation of energy, known as energy equation, corresponds to the first law of
thermodynamics which states that the total energy remains consgtartime. In fluid
dynamics the momentum equations are by definition thealed NavierStokegNS)
equations. However, in recent years theressiondNS e g u a t refasriosafl four

equations mentioned above.

dS

Figure 2.1:Control Volume

The NS equationcan be written in the differential form, applicable at a point or in the

integral form, applicable to an extended regidhis region can be identified from a
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2.1 Integral form of the Navie®tokes equations

quantity of matter calledontrol masgCM). Thistechniqueis commonly used in solid
problemshowever this is not the case in fluid flows. It is very difficult to investigate the
motion of a specific particle of matter through the physical domain. For this reason a
spatial region is used, callebntrol Volume(CV). Figure 2.1 highlights a volumed
bounded by a surfac¥ The figure also depictssurface elemer2 “#ndits normalunit
vector= . This volume ishe secalledControl Volumeln two dimensional problems

is a surface andfis a curve The mass elemefi dis enclosed by an finitesimal volume

‘Q uand it is equato”'Q cwhere” is the densityThe expression of thantegral form of

the NS equations depends on whethes CVis fixed or not.In case of a fixed CWe

say that lhe "Eulerian approach” is usethe following paragraphs explain briefly the
terms of each equation as they arelwstablished in the literatufg, 3, 4]

The conservation of mass yields:
"Qw " 00 QY T 21y

wherethe symbolsband¢ arethe timeand the flow velocity vectorespectively The
first term ofthe continuity equation ragsents the variation of masstime over aCV
andthe second termepresents theansfer ofmassthrough theboundaryof the control
volume

The conservation ahomentum, or Newton's second Igiglds

—T . "0 Qw O 0O QY
T 0
(2.12)

A= QY WO Q"8

The symbol is the static pressure akidlenotes the molecular stress ten3bis tensor
depends on the divergence of the flow velocity ve¢tand the strain rate tensgrFor

a Newtonian fluid, thexpression of stress tensor is:

— (213
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2.1 Integral form of the Navie®tokes equations

where' is the molecular dynamic viscosity  are the Cartesian compongof the
flow velocity vecto,] is the Kronecker Delta Function arnd  arethecomponents

of theposition vecto e. Sutherland's Law is used to cpute the dynamigiscosity* :

¢ ¢ — ~ (214

where “Y is the static temperature, PXp®pT QQai , Y
¢ X w andY p p&V. The first term okquation(2.1.2)represents the vation
of momentumin time over theCV and the second term represents the transfer of
momentum throgh the ontrol boundary. The first terraf the ight hand side of the
equation 2.1.2 representshe pressure forces acting on the control volume, valseies
second term coesponds tohe shear stressasting on the control volumegspectively

The last conservation law, which is an expression of the first law of thermodynamics,

provides the conservation of energy. Its expression is:

T

o "0Qw "0 0 O« QY Wo0 O Q7Y

(2.15)
OO QY 40 QY

where the symbdD denoteghe total energy per unit mass aadepresents the hethiix
vector. The first term represents the variation of energy in time over the control volume
and the second tergendesthe transport of energhrough theboundaryof the control
volume The first two terra of the righthand sideof the same equatiaorrespond to the

rate of work doneon control volume The lastterm of equation(2.1.5) represents the
thermal heat fluxes, the rate of heat energy transfer through the control volanteis

given by the generalized Fick's gradient law, Q “YwhereQ is the therral

conductivity. The definitiorof the total energiis:

(O JN0) -

0 Q Tﬁ Q 'Y (2.16)

where the symbd2denoteghe internal energy per unit mass ands the specific heat

at constant volume. For a calorically perfect flow, the specific heat coefficients are

33



2.1 Integral form of the Navie®tokes equations

constant. As a redillit is possible to relate temperature to the internal energy and static

enthalpyand rewrite the equatio.(L.5 as:

T

o "0Qw 00 O QY WO O« Q7Y
(217)
AD QY
where'Ois the total enthalpy per unit magts definition is:
. . 00 ., N : n
(@] QThQ w™h 0 O - (2.1.8)

wherethe symbolQis static enthalpy per unit mass aidis the pecific heat at constant
pressure.

Finally we can write the Eulerian formulation as:

T—‘ 50w QY 1 (2.1.9)
T o

where thesymbol denotes aarrayand5 is the array othe conservative flowariables.
The symbols and are the generalized convective and diffusive flux vectors,

respectivelyThe arrayb of conservative flow variables is defined as:

W (2.1.10)

wher e t he a&anatesthstamspopetoperator. The generalized convective flux

vector is:
% =, & =, (2.1.12)

whereO and"Oarerespedvely thew andw-component®f and are given by:
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2.1.1 Arbitrary Lagrangia Eulerian formulation

% "0 "0 n 66 "60 (21.12)
& "6 "060 "6 n "6 08 (2.1.13)

The generalized diffusive flux vector is:
e, &=, (2.1.14)

where% and& are respectively the-xand ¥ components of and are given hy

» it T of ot n (2.1.15)

& nt T of ot n 8 (2.1.16)

The scales) andr] are the Cartesian components of the heat flux vecfbine system

of PDEs defined so faand used to determine the solution of #thmensional problems,
has 5 unknowns, namely 2 velocity components and 3 thermodynamic varialdes. Th
relationship required to close the system ispgbdect gagequation of statelhatcan be

written as:
\ [T p ” 4 4
n r p O c 00 8 (2117

Wherethe symbof is the ratio of secific heat and is takeas 1.4

2.1.1Arbitrary Lagrangian Eulerian formulation

The formulation just presesd is adequate for the solutioh fluid dynamic problems
with motionless bodiesncluding unsteady problems, whehe unsteadineswiginates

from phenomena sh us votex shedding.n this studyhowever, we are also interested
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2.2 Reynoldg~avre averaging

in solving problems with moving bodieBor such problemghe Eulerian approach has
to be generalized to include body motion. For this reason thealked Arbitrary
Lagrangian Eulerian(ALE) formulaton of the NS equationisas to be adoptgd3]. In
the ALE formulationthe CVis allowed to moveand deform during the considered time
interval. Given a timevarying control volumeo 0 with boundaryYo , it can beshown

thatthe ALE integral form of the system of the 2D tindependent NS equations is:

—a

— 50w QY 18 (2.1.19

O‘

The generalized convective flux vector is:
% = o & =, 0%5 8 (21.19

The vectoroy is the velocity of the boundafyo, and the flux term o45 is the
boundary velocity contribution to the overall flux balar\dhen the velocityy is equal
to the velody of the fluid, it can be easily proved that the second term of the mass
conservation2.1.1) becomes zerdNhen that happens, the mass remains constant and
the CVis also aCM. In this case we have the Lagrangian mass conservation
equation! & O Tt The generalized diffusive flux vector using the ALE

formulation isunchanged fronthe Eulerian approach

2.2 ReynoldsFavre averaging

In the case of turbulent flows, the effects of turbulence are often taken into account by
averaging the NSgeiations on the timescales of turbulence. In 1895 Reynolds proposed
the firstapproximationof turbulent flows[72]. The idea i9asedon the decomposition

of the flow variables into a mean and a fluctuating darbrder b calculate the mean

part of the flow variableghere are three well known forms of averadidgl9)]. The first
method is the soalledtimeaveraging which is suitable fostationaryturbulencelows.

This type ofturbulence flow on average, doe®t change in time. Theecond method is
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2.3 Boussinesq approximation

the so calledpatial averagingused in turbulent homogeneous flows which are uniform
in all directions. The last method is the so caledemble averagingvhichdepends on
expeimental data.ln this study, time averagingiethod is used, athe flow is not
homogeneouslhe derivation of Reynolddverage NavieiStokes equations along with
the differences between Reynoldseragingand Favre averaging are reported in

Appendix A.

2.3 Boussinesq approximation

The Boussinesq approximatid@] forms one of the most important assumptions in
turbulence modellingtt arises from the observation that in the turbulent flow, the
momentum transfer is dominatey the large energetic turbulent eddies. The Boussinesq
hypothesisassumeghat the turbulent shear stress is lilggropational to the mean
strainrate as in the laminar flowin this way one can write tHeavrestress tensor as:

T 0O O C Y B_T—d)(] 6_ K)(] (2.3.1)
. pTo 10

y B = ‘ 232

cfo Ta 32

where is the Favreaveraged straimate tensor, the formal definitionf which is the
sameasthat ofthe moleculastrain ratéensor.In addition t is found that the total stress

tensorfhHuis the sum of the laminar stress tentorand the secalled Favre-Reynolds

stress tenr

tHH T t 8 (233)

Theformal definition of the molecular stress tengoris given by equatio2.1.3). The
symbol 0 in the equation (2.3.1is the turbulent kinetic energy antet symbol*

representaneddy viscosityparameter, which does not represent a physical characteristic
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2. 4 Wiflkyormdelb s

of the fluid, butis a function of the local flow conditions atite flow history. The total

dynamic viscosity is the sum of a laminar and turbulent component

‘ f ‘8 (234)

Other approximations relative to the Reynefdseragel NavierStokes equations can be

found inAppendix C.

24 Wi | cox 0 sodd 1 ¥ m

One sees that the RANS equations contain two additional variables with resgect to t
nonaveraged NSequations, namely the eddy viscosity and the turbulent kinetic
energyQ These two variables establish a strong coupling with the 2 PDEs associated
with the 0 7 turbulence modelThev 7 turbulence modelkonssts of two
transport equations: ne PDE describing the convection, diffusion, creation and
destruction of the turbulent kinetic energy, and B describingthe evolution of the
specific dissipation rate, the second turbuleatiable of they 1 model. The
turbulent kinetic energy) has dimensionsa i and the specific dissipation
rates] has dimensioh . In the present work, theersion of they 1 turbulence

modelreportedby Wilcox [19] is used:
turbulent mixing energy,

I.

70 — "0 0
o] Tw
e T - (24.0)
O Zn 3 3
T o =71 Q o " o
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2. 4 Wiflkyormdelb s

specific dissipation rate,

T_"'| T_”é'|
T‘

0 Tw
, (24.2)
|-) ” T O T_ ‘

Tw Tw

The eddy viscosity at any position in the computational domain is deteed by using

the current values af and|
‘ r’—8 (24.3

In Equation(2.4.1) the termt — leads to production of turbulent kinetic energy,

whereas the terin”®” 7 '(®ads to destruction dhe same variablend these are the so

calledsource term8Y Diffusion of the turbulent kinetic energy is instead enforced by the
term— . - — . Following Wilcox [15], it is appropriate to notice th#ébe

Pressure Diffusion and Pressure Dilatation s not included in equations (2.4.2) and
(2.4.3) as they are simply ignorbdcause of the densitipctuations Summarizinghe

source term®f all equations one can writegtffiollowing equation

5ot 2he g
5 ‘ (2.4.4)
0O 11 ¢h O "1 8 (24.5)

The production ters®0 and0 can also be written as:

0 52 200 (246)
o
0 P70 r— S %0 24.7)
o
. p
0 ¢ 1 c X0 o8 (248)
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2. 4 Wiflkyormdelb s

It can be shown that the production tebmis always positiveThus the source teswof
the tubulent kinetic energgquaton includea term which is always positiproduction
term proportional ta) ), a term which is always negative (destruction t&mhanda
term which is positive or negative depending on the sign @¢. Similarly to the
U equationcase the sourceerms of the] equation alsancludea term which is always
positive (production term proportionabd ), a term which is always negative
(destructiontermO ), and a term which is positive aegative dpending on the sign
of 9. As highlighted in pasttudieg60, 59]on the numerical integration of the
1 turbulence model equations, the identification of positive and negative source terms is
of crucial imprtance Whenone usesonvergence acceleratiomethodssuch aexplicit
multigrid method, the adoption oflifferent numerical treatmestfor the positive and
negative source ternmmsiproves the convergence rate of the solution protésie detail
can befound in the chaptés: numerical integration

Finally in order to close the system of equations the turbulent coefficients have to be
specified. e 1 model has six closure dfieients. Following Wilcox[19], these

coefficients can be derivday the following relations. Firt, in order to be consistent

with the experiments thatve taken plackey Townsend73] it wasfoundthat— -.

Secondly, in order to beconsisent with the law of the wall74] 1 — — for the

inner layer of a anstaripressire boundary layer anith orderto reproduce a correct
solution (withll g8 pthe Von Karman constantyye concludehatf * and, are
equalto T8t wand T® respectively. The values of the constants defining the T

turbulence modedre:

O W U
— — — P8t T T 8 (249

T TP TTTIW

More details about the derivatioh the turbulent coefficients or the complete derivation

of the 0 71 turbulerce modé as well as the approximations adopted in this process

can be found in the book of Wilc¢£5].
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2.5 Mentero6s shear st

25 Menter 6s shear stress tr a

Menter[40] introducel two newvariantsof the U 7 turbulence modethe so called
Baseling BSL) modeland theso calledShear Stressrainsport(SST) model. The design

of the BSL model is basedn the original 0 1 model of Wilcox and the
standardo - model[18, 75]rewritten using thge rather than the variable.In the

near wall region the model esthe robust andairly accurateb 7 model Outside

the boundary layer, the BSchangesgradually to the standard - model The
advantage of using thé - model outside shear layers is that sucimodel is
substantially less sensitive to the freestream turbulence data than the standard

1 model. Conversely,thé 1 modelis more accurate thantbe - modelin the
prediction of boundary layergor free shear layers the new modeVirtually similar to

the 0 - model as well. Using the samerliulent transport equations tfie BSL

mode| Menter introducd a secondvariant of the0 17 model namedSST model.
Suchamodel has improved predictive capabilities of separated flows in adverse pressure
gradient with respect to the BSL moddhe SSTmo d e | is based on
assumption that the principal shesiress is linearly portional to the turbulent kinetic
energy. Thetwo transport equations of MentddQ] for the turbulent mixing

energyu and the specifidissipation rate are respectively

I.

) - 00UV
0 Tw
T T — (25.1)
0 L o1
T_ ”'| T_ ” 0'|
T O Tw
!T T_(,) . T_ | | u (25.2)
‘ Tw Tw " Tw
60
where
0
00 ¢" p O, BT—‘T 1 8 (25.3
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2.5 Mentero6s shear

The new definition of eddy viscosity is:

" Q
i A1 h O

(25.4)

wherg and areaconstanandthemodulus éthevorticity respectivelyThe variables
"Oand"O are blending functions used to combinethe - and0 1 modebk. Their

definitions are:

0O OATAOC (255

AO I Q& O Q Mo F‘U nn F‘T R (25.6)

¢ R OG=—5 =5 Mg >
e prT T

00 aw Ty T 25.

g T of hp 257

0 OATABDC 259

AO 6 G Y F‘UHL’T (25.9

C aw(’% Z-| Q !7—| Q ~

whereQis the distance tche nearest walEquation (25.4) selects the minimum eddy
viscosity between thevalue of the standardd 71 model and the Bradshdsv
assumptiorfthe principal shear stress is proportional to the turbulent kinetic enéfogy
blending function™O limits Bradshaws assumptiorwithin the boundary laye region
whereaghe rest of the@mputational domaimakes use dahe original definition bthe
turbulent viscosity.The source term of the equationfeaturesthe additionalcross
diffusion termd’O  compared with theorresponding source term in thgginal 0

1 model This crosddiffusion term can bpositive or negative.

Finally in order tacomplete the definition of the SST turbulence mothed,turbulent
coefficients have to be specifielth the SST model, there are two sets of coeffiots,
which are combinedusing the blending function  The constants for set 1
ar¢f ,, ,, and ,andforset2ak,, ,, and which are reported in
equations(2.5.19 and @.5.13 below. Other coefficientsised by the modedref *
mtll 1@ Eand @ p The equation used to calculate the coefficights
and’ is:
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r — — — —38 (25.10

Using theblending function defined byequation (2.5.11) one can compute the

coefficientsb,, ,, andofor any areaf the computational domain
O p O (25.11)
ot ) r TBIX UMV T M UV 0 P ) (25.12)
OAkQ@r , I TIPC st mPu Emd T T B (2513

As mentioned aboyeboth modelsthed 7 model of Wilcox and the SST model
of Menterare tweequdion eddy viscosity turbulence models, which require the solution
of two additional transport equations, one for the turiikenetic energy, and one ftire
specific turbulence dissipation rate. The SST model is an extension of the original

0 1 model of Wilcox, developed to

U greatly reduce the sensitivity of the original 71 model to the somewhat
arbitrary value of the specific dissipation rate enforced at the farfield boundaries of
the computational domain, and

U enhance the solution agacy of turbulent flows by improving the capability of the
0 1 model to predict the onset and amount of separation in adverse pressure

flows.

The numerical results ¢#0] and later comparative analyses performedrftarnal[76]

and external]77] turbulent flows highlight that the SST model achieves both objectives.
Other extensions of the origineal 1 model aiming to achieve the same objectives
have also been developed by Wilcdx8]. Oneequation eddy viscosity turbulence
models[17, 79] require the solution of only one transport equation. Historically, the
development of onequationmodels has followed that of twequation models, and its

main motivation has been to reduce the computational cost associated watuatamn
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2.6 Boundary conditions

models while limiting the accuracy loss with respect to flow simulations based en two
equation models. Sever@mparative analyses of realistic turbulent flow problems using
both one and tweequation turbulence modelling highlight that, though the results of
modern tweequation models often appear to be closer to experimental data, the solution
differences betweae one and tweequation models are indeed often small. A wider
review of turbulence modelling is beyond the scope of this study, and the interested reader
is referred to the review artic[80] for a wider overview of the presestate, challenges

and needs of turbulence modelling for engineering applications, and long term projections

for the progress in this area.

2.6 Boundary conditions

Appropriateboundary conditiongBCs) must be imposed at the far field and solid wall
boundaries The results afurbulent flowsimulatiors strongly dependn the models used
to define the boundary data (e.g. calculation o&t wall boundaries), and, in some cases,

directly on usegiven data (e.g. value of at far field boundaries)

2.6.1Far field

In the case of external flow problems, theffald BCs for themean flow equations are
based on suitable combinatis of onedimensional (1D) Riemann invariants and user
given freestreamdaia, namely sound speed, entropy and velocity compongstagall

the aboveree stream valuesne can compute theonservative variable§ h” 6 h” 6 h

" (patthe farfield boundary Thewayin whichtheusergiven free stream boundadgata

are combined depends whetherthe flow is subsonic or supersonic and whether the
flow is entering(inflow boundary)or leaving (outflow boundary)the domain.The
complete fomulation of the characteristic far field boundary conditioas be found in

the paper of James¢§8l].
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2.6.1 Far field

In the case ofnternal flow problems, the subsonic inflow BCs for the mean flow
equations are constructed by extrapolg the outgoing 1D characteristic variable and
enforcing usegiven values of total temperature, total pressure and flow dire¢tan.
supersonic inflonconditions, all thermodynamic and kinematic variablesiraposed.

The subsonic outflow conditiorese determined by enforcing a uggven value of the

static pressure and extrapolating the remaining variables from the interior of the domain
with suitable procedures, whereas the supersonic outflow conditions are obtained by
extrapolating all flow varibles from the interior. Several variants of theffald BCs for
internal problems, including one which preserves the nominal second order of the
numerical scheme for problems with strong flow gradients on thigefdrboundaries,

are reported in the acte [69].

On far field boundaries at which at inflow regime occurs, the two equations of
the 0 1 model require the prescription of the fieeam values d2and . Making
use of equation (2.5.4), oman then calculate the turbulent viscosity. It is also possible
to specify at the boundary the valuestofand’ and thernuse the equation (2.5.4) to
calculate the free stream value of Only if the flow is entering the domain then tinee
stream values of the two selected turbulent variables are enforced at the farfield boundary.
On the other hand if the flow is leag the domainthenthe values ofQand] are

extrapolated from the interior.

2.6.2Solid wall

At solid wall boundaries, the static pressure is extrapolated frormtigor and he
density is computed frorstaticpressure using the adiabatic ddion of thewall. Both
velocity components are set equal to the wall velocity, which is zero only in the case of
problems with motionless grid¥he two equations dche 0 1 or SST turbulence
model require two wall conditions. One is that thgbulent kinetic energy must be
zero at the wall boundary and the other condition requires specifying the valuatof
the wall. Two models are implemented to determine the valueabfwall boundaries

The firstone wasproposed by Wilcox15] and allows roughness effects to be taken

into accountAccording to this modehe dissipation rafe atthe wall is:
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2.6.2 Solid wall

(26.1)

wherebgsdenotes the flow velocity component parallel to the wall bounddrg symbol
= denotes the local coordinate normal to the wall’ants the kinematic viscosity at the

wall. The symbok,is the friction velocity andits definition is

ow 8 (262

The symbol™Y denotea surface roughness parameter, varjaegyveenrt Y Ho.
The valueY 1t corresponds to a rough wall, aiid © Ho for a smooth wall. The
parametef’Y depends orthe average light of the sandjrain roughnesslementsQ.
Note that'Q has the dimensioof a length, and it is customary tse’Q, the non
dimensionakounterpart ofQ obtainedby using the reference length 76 . For flow

over vey rough surfacefl5] the following relationship was found:

0 (26.3)

wheret is the shear stress at the wgilten

T Ogs
ﬁ (264
where* is the dynamic viscosity ahe wall. Analytically, for a smooth wall one
hasQ o) 1. Fromthe above definitionand followingWilcox [15], it is possible

to determme a value fotY using:

“Y DI 0 ”
0 (QEV] (26.5

- pmm .

Y Q Q ¢ B (2.66)
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2.6.3 Comparison of Wilcox and Menter wall boundary conditions

Note that equation2(6.5 corresponds to the case of smooth walls, and also that,
numercally, one cannot use the analytical condition of smeath™Q T, since this
would yield overflow wherwomputing'Y. Indeed, hesolverused in this studgetsQ
v in the case of perfectly smooth wall@ (). More recenstudies, however, propose
Y ¢ v rfar a smooth wal[82]. The impact of the choice 6¥ on the computed
viscous drag is analysed¢hapter 7

The second formulation to determine the value atasmooth wd wasproposed by
Menter[40]. According to this author, the valuelofat a smooth wall can be obtained

using the equation:
1 0 TET— (26.7)

wherew wis the distance to the §ir point off the wall from the wall itself arid is a
turbulentcoefficient Menter reports that equation /) is equivalent to equation (2.9.1
written for a smooth walprovided that the nondimensionalised wall distance from the
wall @ is equalto or smaller than 3The two different options that we have considered
are examined in detail in the next subsection ashhee a strong impact on the numerical

solution.

2.6.3Comparison of Wilcox and Menter wall boundary

conditions

In the previous sulestiontwo different wall boundary conditions for the calculation of
the specificdissipation ratg have been presentelth this subsectigrthe two BCs are
compared with an emphasis on the impact of either model on the accuracy of the
numerical solution and the stability of the numerical integratgiarting from Wilcox

wall boundary conditiori2.61) for smooth wall{'Q L), it follows that

p T

8 (26.9
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2.6.3 Comparison of Wilcox and Menter wall boundary conditions

Inserting the expression of the Law of the Wa@H] provided by equation (2.6.9nto
the wall boundary condition proposday Menter i.e equation(2.6.7, and using the
given valug oft Tyields equation (2.6.10

w ‘ (26.9

] ——38 (26.10

Insertingww ointo equation2.6.1Q one finds that Wil cox:¢
Ment erds wall BC yi el d,as stated leydMenten Impea CRDb | e
simulations, however, the value®f at the wall varies significantly along the wall. Such
avariatonisnomccounted for by Menterds wall B
constant and equal to 3. Numerical experiments performed within the work of this thesis
have shown that when the mean valuevofs close to 3, the computed solutions obtained
byusingei t her Wil cox6és or Menteros wall BCs
@ . When the mean value o differs significantly from 3, however, the solutions
obtained with either wall BCs differ significantly. Numerical experiments repanted
chapter 7 also show that Ment erdw betweenl | B
1 and 3 close to viscous wall boundaries yields computed solutions which are in better
agreement with available experimental and theoretical data than computgdnso
obtainedusingWiax 6 s BC. Thi s highlights the nece
appearinginWd ox 6 s condi ti).n Wielguaxdédonw®l.16. BC
l evel of f 1l exi bi |l i tbothbecaudethe fermerwiton degemmds Me n t
on the local value of the viscous stress at the wall (which is more realistiethanding
from the distance of the first pointoffthewall and because Wil cox©o
into account wall roughne$$9] and variation of this parametdB2].

From a numeri cal vi ewpoint, the use of
Thi s 1 s becausieatiewall depedds onvthe minimumaliktance from
the wall, a parameter affected by the local grid refinement. Moreover, even when the grid
i's sufficiently 1 atfthewad kteps dangirgameldthe minanuni e ¢
wall distance is further reduced. This feature may prevent a grid independeiunsol
from being attained due to the dependence of the value af the wall on the wall

di stance. Wil coxbés wal l BC structur e, co
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2.7 System of URANS and SST equations

the value of at the wall depends on the wall viscous stress, and suchgiaratones no
longer vary with further grid refinement once a grid independent solution has been
obtained. To prevent the déduncontroll edd
using Menter 6s wead.[33]) i, adosted grshnddlowt dependent
bounds of the wall values of provided by equation (2.6.7Convesely, the use of
equation (2.6.lyields values gf which, above a minimum level of grid refinement, are
grid independent without requiring additional constraints.

The use of Wi lcoxod6sowallblBCaavanthge aw
BC when using the multigrid algorith(ohapter 6for convergence acceleration. The use
of suchacondition, in fact, would leatb valuesof] at the wallwhich are similar on all
grid levels, provided that also tleearser grids have sufficient spatial refinement. Using
Menterds BC, conversely, woull atheawallagls yi
grids, since the wall distance is doubled every time the solver moves from a grid level to
coarser level. Thesstrong variations of at the wall on the various grid levels may spoil
the convergence of the multigrid solver, and the problem may be alleviated only by

introducing additional constraints, thus increasing the complexity of the computer code

2.7 Systemof URANS and SST equations

In section 2.2, the RANS equationave been obtainday averaging théme-dependent
NavierStokes equationan the turbulence timscalesFor steady problems the averaged
time derivative is zero. For timggependent problenteeRANS equations are augmented
with newtime-derivativesaccounting fotime-variatiors on thecharacteristic timecales
associated with the engineering problamhand.Thus, br time-dependent turbulent
problems we solve the smalled Unsteady Reynds Average Navier Stok@gRANS)
equationsThischapter is concluded by the presentation of thediorensional URANS
and SST equations inivergenceand integral form. The derivation of the nen
dimensional form of the RANS equations can be fourfpiperdix D whereas @ompact
divergencdorm and aquastlinearform of the equations areported inAppendixE and

F respectively
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2.7.1 Divergence form

2.7.1Divergence form

The divergence fornof the 2D timedependent RANS equations coupled to the two
transport equations of th&r“Ytifbulence model in nedimensional forrmare

mass conservation

I .

L f -
S ) Tt 27.1)
momentum Conservation:
T_”() T_”(')o U U_TiU“Q Fr;ﬁ 270
o T 7 Yol P @72
mean energy conservation
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turbulent kinetic energy conservation:
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dissipation rat¢ conservation
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2.7.2 Integral form

: . = 00 (2.7.5)

2.7.2Integral form

Given acontrol volumew 0 with boundaryYo , the integral form of the 2D time
dependent RANS equations coupled to the two transport equations 6ttf#bulence

model in nordimensional formare

T

5 5Qw QY YQ (2.7.6)

—a

where analytically the equations can be written separately as:

mass conservation

TT_O Q0 " 0 O« QY mh 27.7)

momentum conservation

T—‘ "0
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O 0O QY (2.7.8)
= QY U WO Q™A
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mean energy conservation
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2.8.2 Integral form
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turbulent kinetic energy conservation:
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3 Harmonic balancermulation of the govering equations

Chapter 3

HARMONIC BALANCE
FORMULATION OF THE
GOVERNING EQUATIONS

At presenthe most common method to solwemerically the URANS and the turbulence
modelequatioms is the timedomainapproachs, whereby the timdependent solution is
time-marched from an initial state undilusergiven physical timeln the case of periodic
flows, this method ofterequiresa long wall clock timelue to the fact that several periods
have to be simulated before a periosidutionis achievedA computationally cheaper
alternativeis to solve the URANS and the turbulence modegjuationsby using a
FrequencyDomainformulation As discussed iohapter 1, the use oféguencyDomain
methods for computing unsteady periodic flows basn shown to redudke runtime

of the CFD simulation by oner moreordes of magiitudewith respect to the case in
which the conventional timmarching solution is used. ThHermonic balancgHB)
methodis an efficient nonlinear frequendomain method for the solution of nonlinear
periodic problems defined by angle ordinary differential equatiofODE) or a system
of ODEs After providing the general definition of the HB solution procdsis, chapter
presents the HB solution of single ODE, the Duffing oscillator This example is
discussed to further clarifyhé general HB solution process and also highlight the
differences between two mathematical implementations of the methed]assical
harmonic balance meth@hdthe high dimensional harmonic balan¢dDHB) method.

A comparisorof these two methods provided to explain why HDHB route is adopted
for solving the system of ODEs resulting from the spdiseretisation of the time
dependent CFD equationBinally the formulation ofthe HDHB formulation of the

URANS and the turbulencenodelequationss presated
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3.1 Harmonic balance

3.1 Harmonic balance

At present the most common method to solve numerically the URANS and the turbulence
model equations i$0 solve this system of equations in tti@e-domain (TD). The
solution process starts from a ugg@ren initial time andhe solution is timenarched
until a usergiven final time.In general this method often requires long veddick times.
Inthecaseof time-periodic flows such as oscillating wings vertical axis wind turbines
one isoften interested only in the periodsolution, rather than the whole transient from
an arbitrary initial solution to the sought periodic state. &sdisircumstances, th€D
solution approach is inefficient becauseveral periods have to be simulated before a
fully developedoperiodic solition is achievedWhen multiple simulations of this type are
required, like in the case of design optimisation, the numerical burden associated with the
unnecessary solution of the transient phase becomes enotmouder to achieve this
periodic solutbn within a reasaable time, a new technology Haeen recently developed
which exploitsthe periodiccharacteof thesoughtflow solution by solvinghe URANS
equationsn theFrequencyDomain(FD). In this way one can define a harmonic form of
the unstady flow problemand solve the unsteady problem as a steady system.

Firstly in 1999Verdonet al.[84] andlaterin 2000Clark et al[85] developed a time
linearization techniquerherdoy the wnsteady flow fields decomposed into two parts, a
steady nonlinear mean flow and a snma@fmonicperturbationUsing this modification,
the computational cost needed to complete the calculateaeducedoy more than one
order of magnitude compared to conventional timanarching algorithms.The
disadvantage of this technology is that it cannot catrosmgnonlinear flow features
like shock discontinuitieAnotherFD techniquenvas developedt the same timby Ning
and He[86] named timeaveraged nonlinear harmonic technique whselm compute
correctly flowshock discontinuitiesNing and Hg86] followed the same proceducé
Verdon et al[84] which splitsthe unstady flow field into two parts but instead of using
a steady flow field they useal timeaveraged flow fieldasthe basis of the harmonic
perturbations.

In 2002,Hall, Thomas and Clarf67] generalisedhe approach of Nig and He, and
developed a new nonlinear frequency dontaithniquecapable of solving arbitrarily
strong nonlinear periodic flows. This method, callermonic balance(HB), uses

truncated Fourier seriesfor representing the nonlinear periodic variation esch

54



3.1 Harmonic balance

conservation variableThe first term of the Fourier series represents the-tévezagd
flow-field solutionover one periodwhile all the other terms of the series represent the
harmoniccomponents of thansteady flomunder investigationThe frequiency used in
each term othe Fourier series is a constant uggren input andhis is thefundamental
excitation frequencyof the engineering problem at hardall et al.[67] found that
making use ofeveral terra of the Farrier series (harmonics) improves the solution of
the aerodynamic forcelserting the~ourier representatisnnto the original equations
will yield a system otoupledpartial differentialequations where the unknowns are the
Fourier codfi cientsof theseriesThe processf matching or balancing harmonics of the
same order yields a systeithe size of which equalso the numbernf the starting
nonlinear PIES times the number oktainedFourierharmonicsThe same authof§7]
introducedthe High-Dimensional Harmonic Balanc€HDHB) method which is an
implementation of the harmonic balance technology more amenable to the solution of the
turbulent NS equations. The HDHB approagh be explained in detail in the following
sections.This systemresulting from the spaediscretization of the HDHB turbulent
RANS equationgan be solved using standgpdeudo timanarchingCFD methods.
Maple et al]87] following the work of Hall et al[67] developed @imilar HB solverto
solve the Euler equationgth the abilityto change the number of harmonics at each grid
point dependingn the local flow conditionsin thelast two years researchers started
using the HB method to b@ the RANS equations and the turbulenuedelequations

for closure. L. He[88] usedthe oneequationSpalartAllmaras turbulence modeto
calculate the flow arounturbo-machineryblades with separatiprwhile Corral and
Crespo[89] used the) ] turbulence modedf Wilcox [19]. In the lastenyears many
otherstudies have been done using the HB appr{&@91, 92, 93, 94, 95, 96]

The computational cost of the HB method depemlshe size of the grid and the
number of harmanics to baused.As one will see later in chapt8yfor a given turbulent
flow field without discotinuities, a small number of harmonissneededto compute
accuratelythe aerodynamic forceandit was found thathe HB method was at least 8
times fastecompared testandard timenarching techniquge On the other hand when the
flow field has strong dicontinuities more harmonieserequiredto achieve the desired
accuracy.Many researchers have developed the HB methodtlzeyghave found a
significant reduction of the computational cf&t, 98, 99 100]
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3.2 Harmonic balance integration: ODE example

3.2 Harmonic balance integration: ODE example

DuffingG oscillatoris a nonlinear ODE wich differs from the linear equation defining
the forced response of madashpotspring system because of a nonlinear term
proportional to the third powelf the mass displacemeat The equation that describes

thetime-dependent forced motion of this nonlinear oscillasor i
G Qo T oo "a MQeo (321

whered is the massQis thecoefficient of the lineadampig term, Gis the stiffness of
the oscillator, andbis the constant coefficient of the nonlinear cubic térhe symbolO
denotes thamplitude of the harmonircesapplied to the system is theexcitation
frequencyand 0 is the time The natural frequency and the nondimensionalized
damping coefficient- of the linear oscillator obtained meglecting the nonlinear term

are given respectively by:

3 (32.2)
a

Q
ca

(32.3)

In order tosimplify the ndation in the solution process presented belovg, dbnvenient

to nondimensionali equatior(3.1.1)usingthefollowing expressions

o — (3.2.4)

1 11 (3.25)

®» 0w (3.2.6)

where thet,]7 andware thenon-dimensional timefrequency andinknown function,

respectivelyTheexpression ofQJis:
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3.2 Harmonic balance integration: ODE example

8 (3.2.7)

el 3t |

Using the expression abgwbe nordimensional form of equation (3D isfound to be:
W C—-0 W o "a et (3.2.8)

where the expression of thendimensionalized external force amplituste

o 2 O
z 2

3.29
0 329

i

3.2.1Classical harmonic balance

Using the same nomenclature introducefd 01], the standard implementation of the HB
method is defined as classical HB here fbims method was successfully implemented
by Virgin [102] to solve theDuffingés oscillatoproblemusing onlyone harmoni¢HB1).
Moreover Donescu[103] implemented the classical HB method to solve the same
problem usingnore harmonics.n this subsectionhte solution steps of the same ODE
using theclassicaimethodwith one harmoniare reported in great déta

In general, the HB calculation of the periodic solution of a nonlinear ODE like that
associated with the Duffingds oscillator
as a truncatedrourier series ratning 0 complex harmonics. Théorm of such a

truncated Fourier series is:

WO W W WEE O w | CQE O (3210

wherg is theknownfundamental frequencyrhe termw is the mean value of the sought
peiiodic solution, whereas the symbdls andw , for &€ pRtf8 h) contain the

real and imaginary parts of tlile complex harmonics retained in the presentation of the
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3.2.1 Classical harmonic balance

sought periodic solutionOne can also write the expressianfsthe time-derivatives
appearing in the ODE at hand as truncate
oscillator only the first andecond timealerivativesof the unknown solution is needed.

The Fourier series of the first and second derivativesespectively:

w0 g1 ® B O & ® wéE] O (3.2.12)

WO £l W OEE] O
(3212
€] w i ¥ o 8

The crucally important point is that all nonlinear terms appearing in the ODE at hand
must al so be expressed as truncated Four.i

the Fourier representation of the nonlinear cubic term is:

w o 1HU I wegE] o 1HIi Q&) o (3213

wherei His the mean value of the cubic teikhly is the real part of the complex
harmonic of the nonlinear cubic term, ardis the inaginary part of th& complex

harmonic of the nonlinear cubic teritheir expressions can be defined as

© WEEl o (3.2.14)

w i & o Qo

58



3.2.1 Classical harmonic balance

® wWEéEE] O (32.15

w i G o AT & 00Qo

© wEEl O (32.19

w i & O OEd 60 Q@

It is noted that the coeffients defined by equations 23L4), (32.15) and (.16) are
functions of the unknowrcoefficientsw . The processof matching or balancing
harmonicsof the same order yields a systemctf  p equations for theinknown

q] p harmonic coefficientsy . TheqO p algebraic equations of the above system
can be written in a vector form as:

¢-—" Ov Y "00 (3.2.17
where
@ o HJI’I LSS
- 1 I(fo i 1 I‘l HJﬁv Y1
V] nw eh Y nikieh "0 ape (3.2.18
11 € n 11 €n I gn
w U dH O )\
and

59



3.2.1 Classical harmonic balance

NT[ ’ 11
1 U s o
(0] ] U ~h
i 8 ~n (32.19
u v U
. R | S o -
) € o T h ¢ phch8 ho

The array® ,'Y and’Ohave lengthc( phand he matrixd has a block structure
where only the diagonal blocks comtanonzero entries. The block (1,1) is a scalar O,
whereas all the other diagonal blocks are 2x2. Thealiveize of 0 is 0 p

|y p 8Solvingthe harmonic integrals appearimgequations3.214), (3.2.15) and

(3.216) using0 phone finds the following expressions of thézoefficients:
. . g . . 0. .
H -0 w -0 W (3.2.20)
C S
. o o . o
I oww T w W w (3221
. o g . o
IH ow w T W W w (3222

The above expressions of the coefficiamigsomplete tle defintion of equation (3.27).
The comparison of the HB solutiontamed by solving system (31%) and the nmerical
solutionobtained by solving the ODE (38} with a MATLAB ODE solver is reported in
AppendixG.

Equation (3.217) represents a system of algebraic quadratic equations. It is thus seen
how the HB method simplifies the calculationpEriodic solution: a given ODE (and
more generally, a system of ODES) is transformed into a system of algebraic equations.
Each equation yields one harmontommponentof the truncated Fourierseries
representation of theoaghtperiodic solution. The cqaling of these equations is caused
by the nonlinear term of the given ODE, and it manifests itself in the dependence of the
iHon the harmonic components of the sought periodic flow. The calculation ofthe
terms for ODEs and PDEs featuring nonlingarms having a very complicated
expression becomes extremely difficult, and this is the reason why, in such cases, the
classical HB solution procedure presented above cannot be easily used. This problem is
discussedby Hall et al. if67] and more recently biyiu et al.in [101]. It wasencountered

when proposing the HB procedure for calculating the periodic solution of the RANS
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3.2.2 Highdimensional harmonic balance

turbulence model equation®his problem can be circumvented by wgsihe secalled

high-dimensional HBnethod presented in the next subsection.

3.2.2High-dimensional harmonic balance

In the case of NS equations and, even more, the RANS equations augmented with the
PDEs of differential turbulence models, the derivatiothef Hierms is so complex that

the authors who first proposed this approach in RAldSed CFDHall et al.[67]) gave

up this route. The same auth@#g] developed a new variant of the HB metltodt was

later calledthe High-Dimensional Harmonic BalanggiDHB) method[101]. The main
rationde for using HDHB approach is to avoid the derivation ofitHéerms, a process

that even for simple problems suchasihe f f i ngés oscill ator is
by the complexity of equations (3.2.14), (3.2.15) and (3)2.T8e fundamental
simplification introduced by the HDHB approach is to replacecthe p unknowns
corresponding to the mean value and tla¢aead imaginary parts of the retained complex

0 Fourier harmonics of the sought periodic flow solution with  p equally spaced
time-domain snapshots of the same sought periodic flow solution. This modification
enormously simplifies the deritian of the HB equations to be solved, and it is also
results in the form of the equations to be solved taking an extremely simpleTioem.

cO p harmonic balance Fourier coefficient solution variablesre related tqo

p equally spaedsolution snapshots over a period of oscillation via a coast Fourier

transform matrixO . This dependence can be expressed as

0 O v (32.23

where
0 W0 wWo0 wo 8 wo wo (32.29
0 ® O O 8 w ® (32.29
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3.2.2 Highdimensional harmonic balance

and

0O ————38 (3.2.26

(0
p AT100 OBio E  &&N 0 o i Qtb o
b AT100 OBlo 8 Q&b o i Qeb o
£ @ 8 E 8 8
p AT100 OB10o 8 G0 O o i Q0 0
w Ai00 OB 8 Q&N 0 O i Q0 0w

The relationship betweethe solution snapshot8 and theFourier coefficientof the

solutionis obtined by inverting equation (3.2)2and is given by:

0 ov (3.2.28)
where
N o) [0y E p7¢ o 4229
,,&)é}i 0 WET O 8 WET O o
i Q¢o i Q¢o 8 i Qeo "
., \ v o, \ v ., \ I
0 "C [IWE C] O wWeEE] O 8 wWEC o fig
cVL P Qg o i Q& o 8 {1 Qg o ':'
] 2 é E 'é |,|
Ik, \ T o . = v, 1
l(f)svl 0 WeEL ] O E wev ] i
Uy Q10 (QET0 E iQE1O U
Similarly
Y oY (3.2.30)
'O 00 (3.2.3)
where
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3.2.2 Highdimensional harmonic balance

Y WO wo WO 8 wo 0o (3.2.32

'O i @¢ i Q¢ i @e 8 i Qs i Q¢ 8 (32.33

Inserting equations (3.2.28), ($R), and (3.2.3Linto the classical HB formulation of
Duf f i ngosquaian@.2.1%lyieldsor e

¢c-" 000 oY "00"08 (3.2.34)

Multiplying both sides of the above equation®@y gives

O ¢-0 ©0v Y "00 (3.2.35)

where

0O O 06Oh O 0 0 08 (3.2.36)

Equation (323 i s the HDHB f or mul a tBbtl equatohs Du f
(3.2.17) and (3.2.35epresent aoninear ystem of U p equationsUnlike equation
(3.2.17%, the assembly of equation 2335 does not requirecomplicated analytical
transformations such as those needed for the construciibbeoims of equation (3.2.1.7

This simplicity feature bthe HDHB approach is crucially important when applying the
HB technology for solving sophisticated system of equations such as those arising from
the discretisation of the RANS equations and the PDEs of differential turbulence model
equations. It sould also be noted that the coupling of tth@w snapshots in equation
(3.2.39 occurs through the nesiagonal matrice®® and Ohwhich are the spectral
counterparts fathe second and first timgervatives in the timedomain. These operators

link the unknown snapshots in the system of equat&smpreviously stated, the coupling

of the flow harmonics in equation (327) occurs instead through the terirdwhich

depend on the unknown coefficients of the retained Fourier harmbntbg.casel)
p, one ha® T, O — ando —. Thereforethe matrixOandO become

respectively
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3.2.2 Highdimensional harmonic balance

323
P7C pc ) (S Y (3.2.37)
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ut P P
rvp p TT i (3.2.38)
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From the equation (3.19) one can compute the arraysando
m T T (3.2.39)
0 m T P
m p T
m 1T T (3.2.40)
0 T p T
T T p

and thraugh those arrays one can calculate the new aitagad' O needed for the

HDHB method:

Nt At 3.2.41
o m- EI’I ( )
11 (0) on
Il A~ N~ 11
O 11 m— Tt m I
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3.3 HDHB formulation of RANS and SST equations

3.3 HDHB formulation of RANS and SST equations

As shown later in this thesis, spatiscretising the systenf tme-dependent RANS and

the turbulence equationghapter 4, but retaining the continuinghysical time
derivativesresults in a very large system of nonlinear ODHsenumberof those ODEs

is equalto the number of discrete points or cells used sorditise the physical domain of
interest and the number aihknowns(i.e. PDES) per point or cell. Therefore, the
calculation of timedependent solutions of the RANS and the turbulence model equations
is accomplished by timmarching such large system oD@s. In the case of periodic

flow fields featuring strong nonlinearity levels, the solution of the aforementioned time
dependent CFD equations can be achieved by applying the HB techtmltigylarge
system of ODEs resulting from the spafiscretisation The application of the HB
approach to this system yields a system of nonlinear algebraic equations the size of which
equals that of the starting system of nonlinear Ofdgss the number of harmonics to be
used.In view of the higher simplicity of obtaimg the HB equations using the HDHB
approach rather than the classical HB approach, the former technique has been used for
obtaining the governing HB RANS and SST equations solved byRBesGlver used in

this researchRecently Ekici and Hall developed &iDHB approach to solve the RANS
equations and the Spalaktimaras turbulent equatiofl04, 105] Denotingby I andi
respectively the volume and surface integral i RANS and turbulencesquatiors

(2.7.6), one can approximate both variables by means of the following truncated Fourier

series:
1o | 1 AT106go 1 OBT¢o (3.3.1)

) i i AT10¢0 i OBfT¢o (332

The timederivative of'l is instead approximated by:

€ T i Qeed 1 AT10g 0 (33.3)
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3.3 HDHB formulation of RANS and SST equations

Note all arays appearing in equations (3.3.1), (3.3.2) and (Bi&&length0  , where

0 is the number of considered conservation laws. Ircése of 2D RANS equation
coupled to the SST modal are equalo 6. Inserting theexpressiong3.3.2 and

(3.3.3 into equation276) and Oo6bal ancingd or matching
results ina system of0 0 q] p equations i) unknowrs, which can be

expressed as

1 07 i 8 (3.34)

The symbob denotsal w0 matrix containing the entrieof equation (3.2.)9while
the arraysl. andi . havelengtth  and represent respectively the real and imaginary
parts of the complex harmonics of the volume and surface integrals of the system of
RANS and SST equations.

As highlighted with the example ddé& the
diffic ulty with solvingequations (3.3)2s derivinganalyticallythe expression$or i . as
functionsof “I, . To avoid this problem, thelDHB method is appliedy doingthis the

unknowns become thel p equally spaced snapshots of the souggriodic flow

field with period”Y —. Thearray®l containing thesnapshots of theolumeintegral

and the array containing the snapshots of the surface integral are given respectively by:

[} !’I b (+b I,IY I,I! i O (m [ 1}
vl O 00 1’v el O 00 1’y
; 8C A - 8C A
rp 8 v ! 'y 8 ™y (339
1’y 8 v Y 8 Y
vl o Y v io Y @
where;wd6 ——.As in the exampl e déurietharmdnicsargy s o

related to the snapshots loyeans of aFourier matrix O through the following

transformation:

“l O (3.2.6)

i O i 8 (33.7)
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3.3 HDHB formulation of RANS and SST equations

Inserting these expressions imguation (3.3}) gives

AN Oi 8 (3.3.8)

Multiplying all terms by théransformation matri}O

1 0 7wl O 0Oi 1 (3.3.9)

And

1 O i 8 (3.3.10)

Inserting the integral definitions &f andi into equation (3.3.10leadsto the so called

high-dimensioal harmonic balanceformulation [95] of the RANS and turbulene

equations:
17 O TT_‘o 5 Qw aY YQw (3.3.11)
Where
5 50 50 50 8 50 50 (3312
(3.3.13)
0 0 0 8 0 0 8

Similarexpressions hold for and’Y. As onecansee theaumber of unknowns of the
system hadeenincreased from 0 to0 q] p . Despitethe factthat the

number of P D E 6 dncreased, ithe HBsapgdroach dllows arse to compute
unsteadyperiodic flows at a lower computational cost widgspect to the timdomain

approachThis will be shown irchapter8 of this thesis.
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4 Space discretisation

Chapter4
SPACE DISCRETISATION

Chapter 2 highlightedche physicainterpretationof the PDEs of theRANS system and
alsothe twoPDEs of the shear stress transport equation used for the turbclleswe

and outlined the main steps taken in the derivation ofettespiations Chapter 3
introduced the Harmonic Balance form of the RANS and SST equations, an alternative
form to the timedomain formulation of these conservation laws, well suited for the rapid
calculation of unsteady periodic flow fieldghe presenteglystem of PDEs, however, can

be very rarely solved analytically. In general, these equations have to be solved
numerically. The first stage of the numerical solution consists of spiaceetising the
system of RANS and the SST equationbkis chapter ouithes thespacediscretisation

used to solve these governing equations in the framework of this reseastl. the
physical domain has to bs&pacediscreti®d andthis lead to the construction of the
computational domaito which one can associate a meSmce the generation of the
mesh is completk the equations have to be discretischoosing a particular
discretisation approach (finite differences, finite volumes, finite elements or other
methods). This step yields a large set of nonliaégebraic quationsIn this research, a
cell-centred finite volume discretisation stratelggs been ededed. The form of the
governing equations best suited to the finite volume discretisation is the integral form of
the conservation laws. As customary in comptasdinite volume methods a different
discretization type has to be used for the convective fluxes, the diffusive fluxes and the
source terms, evetmougha singlegeneral discretization approach is selected to move
from the continuous to thdiscreterepresentation of the governing equatioihe
discretisation ofheconvective fluxes is performed using Van Lée&lonotone Upstream
centred extr ap lod-ddferencersditting methgd®nd 8ud@ bnitefs are
applied to avoid nophysical value®f the entropy The diffusive fluxes are computed

by using the generalized curvilinear coordinates associated with the grid line system, and
central finite differencing. All source terms of a particular cell are evaluated at the cell
centre, and thereforenlike the convective and the diffusive fluxes, the discretization of
the source terms of a cell, does not couple the unknown flow field of that cell to that of

neighbouring cells.
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4.1 Meshes

The RANSand SSTequations described chapter 2have to besolved in a bounded
physical domain. For this reason the physical domain of interds&tdsetised by means

of a computational mesh or grid, whichdigided into a number of geometrical elements
calledcells This processknown agyrid generationyields a computational grid or mesh.
Meshescan beunstructured or structured. At the conceptual level, unstructured meshes
are obtained by considering a cloud of points enclosed by the boundaries of the
computational domain and joining these points accortiegrtain rules. In 2D problems,
unstructured meshes are usually (not always) made up of triangles, whereas in 3D
problems, they are made up of tetrahedral. Because of thestraction, unstructured
mesleslack the inherent topology required to easagntify the neighbours of a given

grid node, the edges sharing a commeriexand the volumes sharing a common vertex.
These characteristics increase the complexitgertain aspects of unstructured CFD
codes, such as the calculation of the convectivees. The typical motivation for
accepting this kind of additional complexity of unstructured CFD codes, is the ease by
which unstructured grids can handle geometomplexities, i.e. the grid generation
process required to model thevilpast very comgix geometries.

A simple structured mesh is defined by 2 (in two dimensional problems) and 3 (in
three dimensional problems) families of grid lines intersecting each other and filling the
space defined by the physical domain. The vertices of the esteyss define the grid
vertices. Since the intersections can be easily numbered using a progressive sequence in
each direction, the neighbours of each vertex, the exdtgegig a common vertex and the
volumes sharing a common vertex can be immediatelinetsf given the intrinsic
topology of the structured meshes. In 2D problems the elements of structured meshes are
rectangles, whereas in 3D problems the elements are hexahedra. An example of a simple
structured mesh required for the calculation of the field past a NACA412 airfoilis
provided infigure 4.1

The structured grid generator, namely a computer program that takes as input the
geometry of the boundaries of the physical domain, and otheredaittd information
such as number of grid ks in the 2 directions and the stretching factors and/or minimum
distances from selected boundaries, gives as output the coordinates of the vertices of the
required computational grid. When using structured meshes, necessary conditions to

guarantee a goablution quality are that the grid lines be as smooth as possible (i.e. their
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4.1 Meshes
first derivatives should not have discontinuities) and the linear dimension of the grid

elements in each direction vary as smoothly as possible. The family lines (2 in 2D
problens and 3 in 3D problems) should intersect locally at an angle that should be as
close as possible to 90 degrees, i.e. the grid should be as close as possible to the local
orthogonally condition. In addition no holes should exist betweergrid cellsandthe

lines that connect the vertices should not overlap.

&Y\/\/\/\’W\\\\\“\

-

Figure 4.1:structured grid

The main advantage of using structured meshes is that certain features of structured
CFD solvers, such as the calculation of the convective fluxes, are simpler than irethe cas
of unstructured CFD solvers. A potential disadvantage of the structured meshes comes
from the fact that it is hard to generate good quality meshes past very complex geometries
using a single block, like that reported in figure 4.1. This problem, howsvegsily
overcome by using mulblock grids, i.e. composite structured grids resulting from the
union of simple structured blocks. An example aoktructured multblock grid is

illustratedin figure 4.2
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[

Figure 4.2: structured multi-block grid

The strictured multiblock capability allows geometric complexity to be effectively
handled also with structured meshes. The nflidtcking feature, however, introduces
additional complexity in the architecture of the structured CFD solver, particularly in the
cocke sections associated with the data information among blocks. Hence, it is seen that
the overall level of added complexity of structured and unstructured CFD solvers when
dealing with fluid problems with complex geometries ends up being fairly similar.
Detailed information on the theory behind structured and unstructured grid generation,
and good practice in both processes can be fourjflO6] whereasdetails about the
generation of structured and unstructured grids can belfoutlhe books of Thompson
et al[107, 108]

For complex turbulent unsteady problems, computationalimes can be very large,
particularly when using meshes with large nursbécells. It is therefore eestialto use
a high level of spatial refinement only where strictly necessary, that is in the flow region
characterisetby large flow gradients. The necessity of mairtagrthe overall grid size
within the bounds that make the simulation affordatitd the available computational
resources, introduces grid generation constraints that make the grid generation process
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4.2 Discretisation approaches and the finite volume method

more involved. An additional, complementary, means of reducingimes is to make

use of parallel computing. A typical effective way ofglkelising large CFD simulations

is to use distributed parallel computing based orMbssage Passaging Interfa@dPl)
libraries. In the case of structured midtock codes, each MPI handles a subset of grid
blocks, and periodically, flow informatiors iexchanged among the MPI processes
through the interfaces of the grid blocks. More detail on the MPI parallelisation on the
CFD solver used in this reseaistavailable inf109, 110, 111]

4.2 Discretisation approaches and the ihite volume

method

Once the generation of the mesh is compldtee equations can be discretized leading to
a large set of nonlinear algebraic equations. Tleecthree kinds of discretization
approaches for the numerical solutmira PDE or a system theredhefinite difference
(FD) method, théinite elemen{FE) method, and thienite volume&(FV) method.

The finite difference methd@, 3, 4, 13, 112vasproposed by Euler around 1768 and
wasthe first method applied to the numerical solution of differential equations. Using this
approach, the conservation laws are solved in differential form at each grid point. The
derivatives of the flow variables areplaced by finite differences obtained switably
combining truncatedaylor seriesForaonedimensional structure mesh withdiscrete
points®w, "Q pMB h) one can approximatie first derivativeof a functioné @ at the

pointw, using a Taylor seriess:

Tée o6 6 .
o e 0w @2
1o 6 0 v
To w0 422

wherewwis the distance between the discrete points anaw is the truncation error.
Both equations (4.2.1) and (4.2.2) &rst order approximations dhe first derivative of
0 whereas the former equation is #wecalledorward differenceandthe latter equation

is the so calledbackward differencdn addition one can use theincated Taylor series
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4.2 Discretisation approaches and the finite volume method

to obtain asecond order approximatidar the first derivative 06, the secalled central

difference, writteras:

0 0 0 v
— — LU ow 8 (4.2.3
w LW

—n

Equation (4.2.3)can be usedo calculate the derivative of the mpaint betweernw

andw , or betweenw andw. In this way the forward differencer backward

difference can be considered as second order approximations of the derivatives

7

and respectively.

To g 0 0 .
: ; UV w 8 (42.9
T w A
To g 0 0 .
- - U ww 8 (4.2.9
T w A

As a result each grid point yields one algebraic equ#étioaach PDE to be solvedd
the number of unknowns of eaefuation is equal to the numbermafdes used to form
all finite differences usedtdiscretise each PDE at a given grid veridare details about
the development of the FD formulas and their accuracy can be found in the book of
Hildebrand[113]. The mainadvantage®f the FD methodhre its simplicity and tle
potentiallyhigh-order thatan be achieved by usable suitable finite differertdesiever,
one of the general drawbacks of e methodis that itcan be used only for structured
mesheslin the case of compressible CEPplicationsthe use of the FD ethod does not
yield shockcapturing schemes, a property of crucial importance for the solution of
transonic flow problemd-or this type of applications, a compressible CFD solver based
on the FD method would require the use of a shock fitting mdttibtl 115]and this
would significantly complicate the implementation of the CFD code

The finite elemenfFE) methodwas first introduced by Turng¢t16]in 1956and later
by Clough[117]in 196Q Using this approach, thieethod discretizes the physical domain
into a number of geometri cal Ael @soadlynt s O
the shape of these elements is triangular and quadrilateral andrtlyeconstrainis to
fulfil the physical domairand not overlapvith each otherlinsideeach element anits
boundaries, one can define a certain number of poinése the values of the PDEs and

their derivatives have to be solved. The total numtbem&nownsfor each elemenis
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4.2.1 The finite volume method

called degrees of freedoraf the numerical problemin addition the saalled shape
functionsrepresenthe varigion of the solution inside each element and they have to be
defined. Usually shape functions are linefinad in suchaway that their value outside
of the corresponding element is zefbie nature of the FE discretisatiorethod makes
it more suitable for unstructured grids and for this reason the method can be used to solve
fluid flows past very complex geonmits. More detail about the FE method can be found
in the book of Taylor et g118], Chung[119] and Thomasse{120]. More advance
applications of finite elements taftl flows can be found in Bak§t21].

The most popular methdd discreti® the PDEsis the finite volume methodyhich
was first proposed and implemented by McDor{aP] in 1971 for the simlation of
two dimensionalinviscid flows. The idea is touse the mesh tesubdivide the
computationadomaininto a number of arbitrary C8/and apply directly the integral
formulation of thegoverning conservation law$he methods very flexible as itan be
used for anyypeof grid andalarge number of options are availafide deining the CV.
The approximation of the surface intervadgivesfrom the sum of the fluxes on the faces
of the CV. The accuracy of this approximation depends on the saisaddo calculate
the fluxes.One of the main advantages of the FV method is thiaastthe ability to
compute weak solutions on the governing equatidies means that it is a shock
capturing method while, on the other hand, FD method does not haabititys Its main
drawbackis that ité slifficult to obtain high order scheme®mparedto FD and FE
methodsSince the study reported in this thesis has been performed using a compressible
CFD code based on the finite volume method, this approach iglsEsa more detail
in the following subsection.

4.2.1The finite volume method

The FV methodolvesdirectly the integral form dRANS and turbuleneequationsThe
most common scheme$ FV are the @ll-centred scheme and the eedirtex schemdn
thecell-centedschemethe unknown flow field is taken to be referred to the cell centres
of the grid cell or finite volumesand the C\¥ over which the conservation laws are
enforced arehe grid-cells themselvesA grid cell is highlighted with a solid rddhe in

the leftsubplot offigure 4.3 In the celtvertex scheme,rothe other handhe unknown
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4.2.1 The finite volume method

flow field is taken to be referred to cedrtices of the grid, which are the nodes of the
given computational gridn this casethe CVs over which the oservation laws are
enforcedare the cells on the dual grid obtainedjdipning the cell centres of the input
data. A finite volumef the grid for a celvertex CFD code is reported in the right subplot
of figure 4.3 The CFD code used for the researchasented in this thesis uses a-cell

centred finite volume scheme.

Figure 4.3: Left: cell-centred scheme, Right: cell-vertex scheme

When using the FV to solve the RANS and the turbulence equations, the general
integral from the governing equations givendoyation (27.6) and reported below for

clarity

TT_O 5Qw QY YQw (4.2.6)

is applied to each of the finite volumes defined by the given grid. The entries of the
unknown flow field stat® aretaken to beaveragedsalues over th&€V, and such an
average is taken to be defined at the cell ceiitne.first termon the éft hand side of
equation (4.2)6 and the term on the right hand side of the same equation require
integration over the CV. The simplest approximation to compute these temmerically

is to replace the volume integral by the product of the mean value of the integiand
the volume of the cellThe second term of the above equation represents the net flux
through the CV boundary aficcan be replaced by the sum of thexfisover all the faces

of theCV, the number of whicls equal to 4n two-dimensional problems, and 6 in three
dimensional problemsApplying the FV method tothe continuous form of the
conservation layrovided by equation (4.2.§ields the following pacediscretisedorm
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4.2.1 The finite volume method

of the governing equations

| : ~
'|'_05 w Y YW 4.2.7

wherethe subscriptc denotes a particular\Cor cell o the mmputational domain and

is the volume of theell. EachCV producesone algebraicequationandthe sum of all

these equationsyields equation(4.2.6§, which can thus be viewed as the set of
conservation laws applied to the control vokinorresponding to the entire physical
domain, as previously discussékhe first termof equation(4.2.7) represents the time
variation of5 . In order to computthis term (which, as shown in the following chapters,

is the key term for solving the set of discrete equations by means of the explicit-pseudo
time-marching processjhe calculation of theolumesw is required In the celtcentred
scheme which is used in the present studye tcalculation ofw simply requiresthe
coordinates of the mestertices, which are the points defining all C\r&ie net flux of

each cellis calculated indepatenty of that of all other cells fothe domain, but the
calculation of each face flux requires multiple cell centres, as discussed in the following
sections. The coupling of the flow field at all cell centres is caused by this dependence of
each face flux on multiple cell centres. As shawrsection 4.3, the calculation of the
convective fl uxes i s Manotane UpptieamerireddSchbnyes V a n
for Conservation LawgMUSCL) [123] and Ro&s flux-difference splitting[124]. The

use of this approach requires knowledge of both the value of the flow field at each cell
face, and the discontinuity or jump of the flow field at the same interFanally, the
diffusive fluxesare computetby using the system of generssid coorahates associated

with the family lines of the structured grid, aagdplying centratdifferencing.This is

explained in more detail in section 4.5
4.3 Convective fluxes

In this section the approximation of the convective fluxes will be explametktal.

There arananymethods that one can use to calculate the values of the fluxes using the
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4.3 Convective fluxes

FV method.The method that is used in this study is Bhex-Difference $litting (FDS)

[125]. In this methodeach entry of the conveet flux vector (i.e. mass, momentum and
energy flux) is written athe sum othe average of a left and right flux (left and right with
respect to the considered cell face), and a flux difference across the considered face. Each
flux differencecan be sfit into two components according to the sigrnilté speeds of

the characteristi variablesof the Euler equationghe characteristic variables can be
viewed as the dependent variables of a system of wave equations equivalent to the Euler
equations[4]). Each flux difference is written as a sum of wave or characteristic
contributions taking into account the direction of propagation of each wave. This, along
with the use of suitable averagd26], guarantees good shock capturing features of the

FV scheme thus constructdd.this way a better resolution of shoaen be achieved.

Before presentingthe maindescriptionof Ro eDS andVan L MESCbh s
extrapolationsthe meaning of the designais of left(L) and right (R) has to be
introduced Figure4 4 reportsa 1-D mesh with several points. Each point belongs to one
CV with two boundariesand each facean beapproachedrom two different sidesfrom
theleft side of the facer from the rght sideof the faceAs shown laterusing theupwind
method the calculation of the leftux through the right face of cef2equires e flow
states otell 'Qand cellQ p, and the calculation of theght flux through the rightace

of the sameall "Gequires the flow states of cell3 p, andQ .

| | | il | |
& & & & &

| -2 | i-1 | i | i+1

i+2 |

Figure 4.4: Flux-difference splitting

In 2D problems, tarting from equation(2.7.6) the analytical expression of the

convective fluxeghrough a cell face of ar& ™dnd unit norma# is givenby:

Fr O QY %s, &=, QY (4.3.2)
where= , and= , are respectively the-xand y component®f = . In order to calculate the
fluxes , theflow state®Ymust be extrapolatefiom the cell centres to the sides of the

CV faces under consideratioriFollowing [127], if we consider a flow stafer of a cellE

(figure 4.4) and calculate the first derivative of Y obtainedby suitably combiing
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4.3 Convective fluxes

truncated Taylor seriesneobtainsthe expressiorbelow.

'Y o5 15 5
T w G G

O ww 8 (43.2)

Equation(4.3.2 is asecond order backwarthite differenceapproximatiorand can be
expressedsthesum offirst order backward differencé.Q.2 and a correction for second

order accuracy:

v 5 5 5 5 5 & w3
T w G ¢ QW ¢ QW
Equation (4.3.3) can be writtes:a
x 5 5
ry - - (43.9
T o G0
where
5 5
5 5 _ (43.5
- C
5 5
5 5 f8 (43.6)

The superscript symbol e ¢ denotes he backward finite differenceSimilary,
calculating the first derivative ofY with a second orderforward finite difference

obtainedby suitablycombining truncated Taylor serieseobtainshe expressiohelow:.

Y 5 15 o5
T w AN

0w 8 (43.7)

Following the same procedufgut using this time the second orderforward finite

differenceapproximationpne can obtain thexpressiorbelow:
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~ 5 5
'y - - (43.8
T o A
where
5 5
5 5 - (43.9
- C
5 5
5 ~ 5 fS (43.10

The superscript symba cdenotes the forwarfihite difference Using the expressi@n
(4.3.5) and (4.3.9) one can approximate a convective flux from the Idfiteandhe right,
respectively,using only informationfrom one side of the fluxThis is the secalled
monotone upstrearnentred schem#r conservation lawgMUSCL). Finally onecan

write equations (4.3.5) and (4.3.9) as:

5 5 _— (43.11)
5 5 B (43.12
Equations(4.3.11) and (4.3.12) provide second order fully one $idte and right

approximations of the flow state on the interf&ce- andsuchapproxinmationform the

basis of thdinear upwind methodLimiters have to be applied in equation (4.3.11) and
(4.3.12) to avoid any oscillations around shocks and otldéscontinuities or sharp
changes in the solutiastomain The Van Albada limitel{128] has beeimmplementedn
this study.Using this limiterequationg4.3.1) and @.3.12 can be written as:

5 5 e | — (43.13

5 5 e | — (4.3.19

where
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1 p - Y Y @319
l p ’?‘Y ’;’Y e
ii p. .Y Y
. - h i — (4.3.16)
| p Y Y

After calculating thdlow state™Yat thecell facesthe numerical representation of the
continuousconvective fluxesdescribed by equation (4.3.1) dtetcell faces can be
obtained by using the flux difference splitting meth@te adoption of this technique
yields:

’ g FY EY O 17Y 8 (43.17)

Here the superscritz ¢ denots anumerical approximation. Theubscrips f, L andR
denoterespectivelyfacefluxes, andflow statesextrapolated from the left and from the

right side of the cell face under considerati®he numerical dissipatiolerm 0 | Y

depends on thflow staé discontinuity across the cell face, definet By °Y 7Y,
and the generalized flux Jacobi&h evaluated at the face undeonsideration using

suitably defined mean values of the flow state. The expression oluthidaicobian is

! r% T&
T,Y T?'Yo T':'Y

., o=, On, (4.3.18

where he symbol® andd denoterespectively the flux Jacobiarf the convective fluxes

in the x and y direction.One can rewrite the last term of equation (4.3.17) as:

] Q1Y o1y oo (4.319)

where ||- is the matrix of the right eigenvectors'@f (more specifically the columns (ﬂf
are theright eigenvectors ofQ ), Q is the matrix of the eigenvalues @& (more
specifically Q is diagonal and its nonzero entries are the eigenvalué&3 ypfandthe
symboll w denotes the dismtinuity of the characteristic vatles at the cell interface

defined byt & |F 1 7Y. The symbol|[ denotes the matrix of the left eigenvectors
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of Q : its rows are the left eigenvectors d . Equation 4.3.19 highlights that the
construction of the numericdissipation requires the calculation of the eigenvalues and
the eigenvectors d . More detailson the calculation of the numerical dissipation term
of equation (4.3.9) can be founchiAppendixH.

There are other methods that one can oseatculate thenumerical fluxes at the
interfaces of the cells when using the FV meth8dch methods includeCentral
differencing [112], Flux-vector splitting[124, 129] and Total variaion diminishing
(TVD) [130, 131] The simplest method entral differencingvhere the approximation
of the convective fluxes is based on the values of the two adjacer(ecgligion (4.2.4)
and (4.2.5))It is a seond order method but is unbound&tis means thatniproblems
characterised bgtrong shocks, the method prodsicenphysical oscillationsFor this
reason the introduction of numerical dissipation is required. When using the so called
matrix-dissipaton method132] the properties of the central differencing method can be
made similar to those of the fltdifference splitting approach discussed abd¥emain
ideaunderlying thesecond method;lux-vector splitting is that the flux can beplitinto
two components according to the sign of certain characteristic variables. In this way a
better resolution of shocks and boundary layers can be achieved. This method is more
suitable forthe Euler equationghan for the RAIS eqiations For the latter flow model,
in fact it has beerfound that the method leads to inaccurate stagnation and wall
temperatureThe main idea underlying the last meth@dtal variation diminishingis
that the total variation of any physically admissibolution does not increase in time.
This usuallyis basedn nonlinear limiters where the variation of the numerical solution
is controlled in a nodinear way.More details on the particular implementation of these
methods care foundin the books oBlazek[2], Peric[13] or other relative books in

computational fluid mechanics

4.4 Entropy fix

It has been showthatR 0 e 6 s m ehe batculatidiobconvectivefluxesat the cell
interfaces is not consient with an entropy inequalitfgecond law of thermodynamics)
[133, 134, 135, 136]As a consequencéhe scheme might converge to Aoimysical
solutiors such as unphysical expansisiocks, characterised by unphysical entropy
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reductionsWoodward and Colellfl35] used a variety of different methods to treat the
discontinuities othe flow and theyhighlighted the importance of this probleiio fix
this problem a slight modification can l@roduced in the construction of the numerical
dissipation (flux differencesY.his modificationis known as entropfyx . The entropy fix
prevents the occurrence of unphysical features like expansion shocks, whith thiela
second law of thermodynamicBhe entropy fixused in this studys thatproposed by
Yee in 1989[134]. In his report, Yee has recommended tbkowing relatiorship to
modify the eigenvalues used to construct the nuoardissipation term of equation
(4.3.19)

SR - 1
R R (4 I,

(4.4.2)
wherd is a user given small constént.  Ttcorrespondso the use of no entropy fix.
The larger thevalue ofti, themore dissipative # scheme beooes Yee[134] found that
for subsonic to low supersonic steady state NACA0012 asifimitilations the resolution

of theshock wavess good andairly insensitiveto the values df in theinterval @

1 1 ¢.Thus, for this type of flowghe use of constant valuef] in the entropy fix
seemdo be sufficientHowever for hypersonic flows, especially for blunt body flows,
the use ofa constarit was found to benadequateOn the other handin entropy fk
based orvariablevalueof] , that is a value depending on the locaapal radius of the
flux Jacobian is verybeneficialboth in terms ofsolution accuracy andtability and
convergence ratef the solver A proper choice of the entropy paramétefor higher
Mach number flows not only helps in preventing fptysical solutions but casmooth
theconvergence rate amehprove the resolution (i.e. sharpnestjhe shocksHowever,

1 cannot bearbitrarily large. In his referenc¢l34] it is reported that for the blubbdy
steady state calculationthe solution accuracy can be significantly improvedubing

thefollowing expressiorior| :

T 1 s 0 ® (44.2

with T8t v T® L More recently Madrane and Tadmofl37] proposed a new
entropy condition combining the work of Hart§86] and Tadmof138] in order to
achieve a better resolution at staipra point. They recommend the following relation
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for _:

2 _ 17
= G 1 T¢I - 17¢ 449
4.5 Diffusive fluxes
The discretizatiorat the cell facesf thederivatives (i.e—, —, —, —) appearing in

the components of thdiffusive fluxesgiven by equationsB.5) and B8.6) arebased on
second order finitglifferencing,whereasll theface values of the flowariablegdensity
", static pressur@, turbulent kinetic energyQ and static temperatureyrequired to

calculate the molecular viscosity areby means of simple arithmetic averages of the

form:

I I 45.)

whereg is any of theaboveflow variables[ andl are the values @ihe midpointof
cells" and’Q p, respectivelyandf ¢ is the sought value at the interface of &all
andQ p.

To illustrate the discretisation of the diffusive fluxes, let us consider the net flux
balance of the viscous stresses over a contrahwelof aredY Such overall flux is given

by the integral of the viscous stress onamely by:

W3 QY (452

Theexpressiorabovehasto be discretized on the faces of eaell of the computational
domain Hence thediscretisedepresentation of the net flux of the viscous stogsthe
boundary otell ‘A0s given by he sum of the fluxegarallel to théamily of grid lines
and parallel to th&family of grid lines. The xcomponent of the net flux of the viscous

stresds thus given by:
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tHe  tHeE Y - fHE  fHe oY, .
tHE  HE oY Th (4.5.3)
fHe  fHe oY, .
Whereas the-gomponent of the net flux is given by:
tHe  THE WY - fHe  fHE oY, .
e tHE Y TR (4.5.4)

fHe  ftHiE oY, .

Thecomponenty ,t andt , of the stress tensor need to be compuiethe four

faces of each control volume. From the definition of the stress tensor (2itlf8)lows
that

] ‘ T O p T O T () q ”n Y
tH C _T : p _T % _T o p Q (4.5.5)
‘ ‘ T é T é
TH o 1o (459
‘ N p 1o To G, .
H c 5 0T o To = Q (4.5.7)

The Cartesian velocity derivatives needed to calculateetimeponents of the molecular
stress tensonWand also those of the turbulent stress ten$fir are determined by
considering the lcal generalized curvilinear coordinates €) associated with the grid
lines, usinghe chain rule to relate the Cartesian derivatives of the velocity components

to their derivatives ithe ( , —) domain
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Q- ® ® _* ® ® ®
aQ p
® ® ® ® ® ®

Q

Figure 4.5: Mapping function between Cartesian and Curvilinear coordinates

We introduce a mapping function between the Cartesiarthewlrvilinear coordinates
system figure 45) as:

, , ahw (4.5.8)

-~ oo (459)

wherethe spacingy ,andw -areconsideredo beequatto 1. Usingthis mapping function
andthe chain rulepne can compute allelocity derivativesappeaing in the equatios
(4.5.5), (4.5.6) and (4.5.Wheretheir expressionare reportedh Appendix |

In the energy equation one has to discretisévibeterms below:

W 3 Q%Y (4.5.10)

AD Q"8 (4.5.12)

The procedure followed to discretigguations (4.3.0) and (4.511)is the same explained
for the case of the two components of the momentum equation where their expressions

can ke found inAppendix |

85



5 Numerical integration

Chapter 5
NUMERICAL INTEGRATION

Numericalmethods for solving the large system of algebraic equations resulting from the
spacediscretisation of the flow and turbulence model equations can be explicit or
implicit. After briefly reviewing advantages and ddvantage®f both categories, this
chapter provides a detailed description of the adopted explicit integration strategy for
solving the spaecdiscretised RANS equations and the two equations of the SST
turbulence modelThe sttady RANS equations anthe two-turbulence equations are
treatedasasingle set of strongly coupled equations and soitezdtivelywith the same
multi-stage Rungd&utta smoother.The detrimental effects of the system stiffness
resulting from the preseacof certain source terms in the turbulence equations are
alleviated by treating implidiy such source terms within tlRungeKutta integration.
General timedependent flow problems are solved using thealedduattime-stepping
approach, whereby thehypsical timederivatives of the spaadiscretised governing
equations are discretised by means of backward iliiterence yielding a system of
nonlinear equations for the flow field at each discrete physical time. Each of these systems
is then solved usg the same RumgKutta smoother used for the solution of steady
problems. In the case ohsteadyperiodic flows the high-dimensional harmonic balance
RANS and SST equations are solyad this resudtin substantial reductions of ritimes

with respecto the case in which the tirdomain equations are solvethe harmonic
balance RANS and SST equations are solved using the same numerical integration
strategy used for steady problems. Local tstepping and centred varialeefficient

implicit residua smoothing are adopted for accelerating the convergence rate of the
Runge-Kutta smoother, and a brief description of both methods is also reported. An
additional importahconvergence acceleration technique used by the CFD code of this
studyis a full appoximation scheme multigrid solver, but the description of this feature

is provided in the next chapter. The chapter is concluded by the description of two CFL
ramping strategies which have been implemented in the CFD code used in this study, and
havebeenfound to greatly improve the stability and the convergence rate of complex

turbulent problems.
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5.1 Explicit and implicit integration

The spacaliscretistion ofthe convective and diffusive terms of teeeady RANS and

SST equations, and the spatiscretisation of the source terms of the steady SST
turbulence model equations yield a systermoftlinear algebraic equation§uch a
system can be solved by using an explicit or an implicit-timaeching strategylime-
marching methods rely on -etroducirg the timederivatives of the unknown flow
variables at the cell centres into the system of algebraic equations resulting from the
spacediscretisation of the governing conservation laws. This operation yields a system
of ODEs, the steady state of whichndze obtained by timmarching, enabled by suitably
time-discretising the aforementioned tirderivative. The timanarching starts from a
convenient initial solution and is carried out until the sought steady solution is achieved.

Denoting by Q0 thesystem o) equations obtained from the space discretisation, and

0 the arraystoring the unknowng i) 8 h) , the solution of the steady equations can

be obtained by timenarching the solution of the following system of ODEs:

0 .
— Qb m8 (5.L.1)
(o]

—n

The sought steady solution is obtained wiggh , which represents the residuals of the
steady equations, eqsatero

A simple explicit time-marching method can be implemented by evaluating the
residuals teriQU  attimelevel and using a first order finitdifference to approximate

the timederivative, obtaining:

0 0 QU (5.1.2

where0 is the value off attime® & "QEquation (5.1.2) can be used initerative
fashion to update the stage  until the procedure converges abd becomes an
accurate estimate of the steady solution. Each step of the explicintmoding solution
procedure does not require a large numbédtoatting points operationgFLOPS), and,
from this viewpoint, explicit time marching is quite convenient. Moreover, the approach

does not require building and storing Jacobian matrices, and for this reason it is very
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5.1 Explicit and implicit integration

convenient in terms of memory usage. On the othadhthere exist bounds on the size

of the marching stef®2 For numerical stability reasons, the valuéQpfiust be smaller

than schemeependenaind also problerdependent thresholds. As a consequence, the
number of iterations required to obtain the sought steady solution may become very large.
Thus, the overaFLOP count of explicit methods (and therefore the time required to carry
out the calculation) can become quite large since each iteration is computationally cheap,
but averylarge number of iterations is required. For this reason, explicitriimaehing
methods cannot be used in their simplest form, but require the concurrent use of
acceleration techniques such as implicit residual smoofl@éhg 139, 140, 141hnd
multigrid [142, 143]

One of the most widely adopted explicit thmmearching strategs for solving the
RANS and the turbulence model equations is the explicit ratdge Rung&utta time
marching method, which was first introduced by Jameson t@ $bb/ Euler equations
[144]. The method was later extended to the solution of the laminar NS equa#éhs
and the RANS equations augmented with algebraic turbulence njadéls16]and
differential turbulence model equatioj@®, 59, 147]

Implicit time-marching solution methods also rely on using the-il@evatives of the
governing equations to timmarchthe solution until a steady state is achieved. However,
the residual is evaluated at time legel p and the timederivativesare discretised by
means of a backward finHgifference. With reference to the system of ODESs represented

by equation (5.1.1), implicit approach yields the following system of algebraic equations:

0 0 Q0 8 (5.1.3

It is thus seen that computing the solutiofad T by applying iteratively equation
(5.1.3 requires solving a system of equations at eachléxed ¢ p. The fact that the
solution update requires the solutidnaolarge system of equations at each tstep is
certainly a disadvantage with respect to the explicit 4nmaeching method. The
attractiveness of implicit timenarchingapproach however, stems from the fact that
numerical stability analysis shows tliaé maximum size of the tirgepQusable with
implicit time-marching is substantially higher than in the explicit tima&rching case.
Hence, the overall amotunf FLOPs requiredomputinga stealy flow solutioncan be
comparable or even smaller than with explicit methods augmented @viilergence

acceleration algorithms, because, though each implicit-dtey@ is computationally
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expensive, the overall number of required tisteps can be substantially smaller than
with explicit methods. In other words, using implicit methods, the additio
computational cost associated with solving a system of equations at each time level may
be outweighed by a significant reduction of the number of-8taps required to achieve
the sought steady state. In general, the overall number of FLOPs andian-time to
solution needed with explicit and implicit tinmarching methods for a given amount of
computational resources is quite caspendent.

In order to illustrate in more detail the solution of steady problems using the most
commonimplementéons of implicit timemarching methods, one needs to linearize

equation %.1.3. Performing this operation yields:
= 0 W "QU (5.1.4)
where

w0 0 0 (5.1.5

and the Jacobian matrixis defined by:

=

= 8 (5.1.6)

One way of solving (5.1.4) consists of solving the systelimeér equations arising at
each time step  p using an effective, often preconditioned, linear solver such as the
generalized minimal residualgorithm[148], a Krylov subspace method. After each

linear system is solved, tlselution is updated using the relationship:

0 ) WO (5.1.7)

and the implicit timemarching procedure then moves to the next-te@. This type of
approach is adopted in the CFD code describ§tiia, 66, 150]

It should be noted that using this approach and setting thestepdo very large value,
thus reglecting the term proportion @fQ n equati on (5.1.4) yie
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5.1 Explicit and implicit integration

The convergence of this integration progexl is quadratic, and therefore extremely
favourable. However, it is very difficult to dewgl a stable solution procedure based on
Newt onds method because this algorithmr
the sought steady solution. Forghi r e as o n, CFD codes based ¢
by using a relatively small time step h, and this often happens only towards the end of the
implicit time-march. More detail on the use of this approach for solving the N&to&es
equations can be foumd the articles of ihgg [151] and his researchejs52, 153]

Another very popular technique for solving the RANS and turbulence model equations
represented by system (5.1.4) by meahsnplicit time-marching methods consists of
approximating the matrix operator on LHS of equation (5.1.4) using the product of 2 (in
two dimensions) or 3 (in three dimensions) suitably built simple matricesr{giagonal
matrices). Each factor or thgroduct refers to a particular direction in space. System
(5.1.4)can be solved iteratively, by solving 2 (or 3) simple systems at each iteration. At
the end of each iteration the residuals represkoy the RHS of equation5(14) is
updated using theaue of0  just calculated. This type of methods is the so called
Approximate Factorization Alternating Direction Implicit technid@&-ADI), and it has
been used by many research@é, 155,156, 157, 83]

The computational cost of wusi ng-Skokewvt ond
equations in terms of ratime may vary significantly depending on the method used to
solve the system of linear equations arising at each step afnlieear solution process.

The memory storage also varies significantly on whether rafa&ex o matrix-based

I mpl ementations of the iterative Il inear
When using |linear it er @.tthecheicesfthprecanditoneat e a
plays a significant role on the convergence of the linear solver, which in turn affects the
overall runtime to solution153,158] The main advantage of |
quadatic convergencewhich allows the sought steady state to be achieved in a very
small number of steps. Its main disadvantages include: a) the difficulty of starting the
solution process when the initial solution is not sufficiently close to the sougilibsol

b) the very high memory storage whed using a matrixree implementation of the

linear solver, and c) the high computational cost required to solve each linear system. The
convergence rate of ARDI methods is usually not as favourable as thaNewton

solvers, but AFADI solvers have the significant advantage of being métee, which

substantially reduce the memory requirement of the simulation.

90



5.2 RungeKutta timemarching

5.2 Runge-Kutta time-marching

Oneof the most popular explicit timmarching approaches to teelution of RANS and
turbulence model equations is the msltigeRungeKutta (RK) time-marching, the
integration method used in this study. The use of rstdije Rung&utta timemarching

for solving the Euler equations was first introducedRigzi andEriksson[159], who
implemented a three stag®K scheme to solva transonic flow around a wing and
fuselageJamesomand his researchef$44] expan@dand optimised the RK method into

a fourstage schemeMore recently other researchers liK60, 161, 162, 163have
implemenedthe RK timemarching algorithm with great succe$be undening idea of

this method is that the tirgerivative apearing in the Euler and NaviStokes equations
can be used to timearch the flow field until a steady state is achieved asymptotically.
Time-marching is accomplished by discretising the time derivative using optimally
designed RK schem¢§64, 165]

Once discretized in space, the governing equations are reduced to a set of ordinary
differential equations of the same system (5.1.1). The staltje RK schemes introduced
by Jamesogompute the RHS of the system %) at several values @f in the interval
betweent wd and ¢ p woO. Consideing a Qstage RKcycle, the sequence of

operations required to advance the solution from time feeelime leveld pis:

0 0
0 0 © QO
0 0 0 W'QO
v
8 (52.1)
8
0 0 ® QO
0 0

where® , ® and® are theRK coefficientsThe G-D code sed in this study uses a feur

stageRK4 scheme, and itsoefficients are:

91



5.2 RungeKutta timemarching

¢
s
¢
s
¢
s
©

(52.2)

=10
Ql©
N0

These coefficients are those proposed by Jam@Jgrior use with spee discretisation

of the Euler equations based on central schemes. Van Leer and his resgbdhégo]

later introduced a method for optimising the RK scheme coefficients, thus providing a
tool to maximise the convgence rate of the Euler equations also taking account the type
of adopted space discretisation. The coefficients of tstage RK scheme based on
upwind space discretisation of Euler equations are:

@ TTHTO T8 eMmcHd mWnhed p (5.2.3

The comparative analysis of the convergence rate of the turbulent solver used in this
research using either set of coefficients was beyond the scope of this research, but
preliminary investigations have shown that the choice of either set does not significantly
vary the convergence rate of the solver for complex turbulent flow problems.

The turbulent flow solver used in this study solves the two systems of algebraic
equdions resulting from the space discretization of the RANS equations and the
turbulence model equations by means of an explicit multigrid algorithm based on explicit
time-marchingapproachaccomplished by using a festage RK algorithm with stage
coefficients provided by equation (5.2.2). The two systems are solved using a strongly
coupled approacf60, 59, 61] whereby the mean flow and the turbulence equations are
solved simultaneously in the iterative prag€eEhis integration approach has been shown
to lead to significantly faster convergence rates than the loosely coupled nG2h6al
whereby the mean flow and the turbulence equations are solved separately aniloften
different integration method447, 152] As reported later in this chapter, the turbulent
CFD code used in this study adopts the strongly coupledratten methodor solving
the TD formulation of the RANS andhe turbulence model equatiof39], and the
harmonic balance formulation of the two syst¢@&d. In TD case, the turbulent multigrid
solver also features a poimplicit treatment of certain tens arising from the
discretization of the physical tirgerivatives (see below). This approach is an extension
of the stabilization process reported by Melson g64al, and it enables the use of fairly
high CFL numbers, thausignificantly reducing the number of multigrid cycles required
to achieve a usegiven reduction of the flow residuals. A similar stabilisation procedure
has also been successfully developed and applied to the HB case. In this circumstance,
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5.2.1 Turbulent steady problems

the pointimplicit treatment is applied to the source term which is the spectral counterpart

of the time derivatives of the conservative variables in the TD[¢8s85]

5.2.1Turbulent steady problems

For steady turbulent problesthe timederivative appearing in equation {&) vanishes.
The spacaliscretisation of all remaining teriigads to a system of ndinear algebraic

equations bthe form:
Y 0 Tt (5.2.4)

The entries of the array are the unknown flow variables at the salentresof the
discretizedphysical domain. Ithe computational grithasé  cells, then he arrayd
canismade up of  subarrays,each ofwhich storesthenumber of PDE{ ) flow
unknowns at a particular cell cemtThe length of) is therefore{ x& ). The array

'Y storesthe cell residuals, and itgructure is the same as thatofFor each cellthe
residual of each PDIs obtained by adding the convective fluxes and the diffusive
fluxes through all its faces, and, for the and] residuals, by also adding the
associated source terrievaluated at the cetiente, given by guatiors (E.6 - E.10).

The unknown flow array) is computed by solving iteratively equation (5.1oh) the
usergiven computational grid (the developed turbulent multigrid capability of the CFD
code in this study is described in greltail in the next chapterA fictitious time
derivativel 07 T premultiplied by the cell volumes is added to this system, and this

yields:

—a
CA
2

8 (5.2.5

e
|

<

C

The fictitious timederivative is then discretized with faur-stage RKscheme. The
numerical solution is thus marched in psetidte until the steady state is achievéte

convergence rate is greatly enhanced by meéiscal timestepping(LTS), variable
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5.2.1 Turbulent steady problems

coefficient centralimplicit residual smoothingIRS) and full-approximation scheme
(FAS) multigrid (MG) algorithm.The LTS method consists of using an optimal pseudo
time-marching step for each cell. The IRS technique results from applying a smoothing
operator to the entire residual field, and this procassbe viewed as the application of

a Laplacian operator with homogeneous Dirichlet boundary conditions enforced at the
boundaries of the computational domain. The MG algorithm is a technique for
convergence acceleration resulting from solving the equatinnsultiplegrid levels,
including the usegiven grid (fine grid), and a sequence of internally built coarse grids
obtained by coarsening the fine grid recursively in each direction. The use of MG results
in the appearance of a forcing term in the eguatio be solved on the coarse grid levels
and depending on the residuals of the fine grid. Each metiilolde explained irmore
detailin sections 5.3, 5.4 anthapter 6yespectivelyDenoting byw fthe local pseudo
time-step,athe RK cycle countefQthe RK stage index andl the™Q RK coefficient,
theexplicit RK iterationfor solving the RAS andd 1 SSTturbulent equationss:

C
(e}

0 0 ®wiw 0 Y O "Q (5.2.6)

whered  denotes the IRS operator, di@ is the MG forcing functionwhich is zero
only on the fine gridThe diagonal matrig stores the volumes of the grid cells. It can be
viewed as a bloekiagonal matrix of size&€( x& ) with each block being the identity
matrix of size§ x¢& ) multiplied by the volume of the cell the block refers to.

The iteration (5.2.6)has a very poor conwgence rate, due to the stiffness of the
iterative operator caused by the large negative source terms of the turbulence model, such
as O and O . To alleviate this problem, a seimplicit integration strategy can be
adopted: the negative soarterms of the turbulence equations are evaluated at the RK
stage™Qrather than at the sta@ p. Liu and Zheng59] adopted this approach to
develop an efficient strongly coupled MG iteration for the compressible RANS ewgiatio
coupled with the standatd 7 model. Those authors treat implicitly also the negative
source term proportional tolv 3> when the velocity divergence is positive. The turbulent
RK iterationimplementedn this studyuses a approactsimilarto that deeloped in[59]

and later adopted by other researcherqd7a¢, but also presents important differences
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5.2.1 Turbulent steady problems

highlightedbelow, with respect to the scheme of Liu and Zheng, due primarily to the

modellingdifferences of the standatd 1 andthed 71 "Y"Yivodels.

Theequations ofVilcoxd 8 71 turbulence modetan be written as:

T 7Q ) o
S Y " H ] L (52.7)
T o
T " N
: Y oh' ] Lt (528
T o
where
-Y ” ‘m7—| B' B B “Y (529)
w
N~ p «
Y oh' ] a |3 B Y (5.2.10

whereg andB are the discrete form of the convective fluxiofand respectively.
The symbolss andB  denotethe discrete form of the diffusive flux of) and
1 respectivelyThe symbolsY and™Y denote the cell values 6the source termsf U

and] equations respectively. Thexpressions of the terms appearing on the RHS of
equatia (5.2.9) and (5.2.10) are:

B "0 0, 00}“ (5.2.11)

B "1 0. 00}“ (5.2.12

B ‘ o 0 gw“ (5.2.13)

B ‘ o 1 300” (5.2.14)

v G < % "0 T_ "o (5.2.15)
o

Y ‘ % 20 "1 T_ "1 (5.2.16)
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wherethe expressn of 0 is given byequation (2.48). The turbulent viscosity that
appears in the second term of the rigimidhside oéquation @.4.7) does ndonger appear
in equation (5.2.16) as ithas been replacedrom the equation (2.4.3).
The 0 and’ ” 0 terms are the major contributors to the production

of 0 and respectively. Those two source termare always positive. The
terms - 20 "0 and T - 0 "1 provide minor contributions to the

production ofb and , but they can be either positive or negative. The

z
”

terms — "0 "1 and — "] aredestructiorterms andare always negative.

Thus, theyannihilate 0 and : the larger these terms, the fasieand] deay, but the
system also becometffer due to the larger negative eigenvalues.

The explicit timemarchingformula forthe 0 and] equationsused aiach stage of
the multi-stagescheme can be modified toeat part of the source terms implicitly
reducing the equation stiffness and thus improving the convergence rate of the turbulent

equationslf we define
NN S
() a w(mh—o 20 (5.2.17)

all negativesourcetermsof the 0 and] equations can be moved to the LHS of the
equatios (5.2.7) and (5.2.8 to form asemiimplicit time marching formulaLet us

rewrite equatior{s.2.7 as:

T, P . . o
3 v o B B 0 Ww”"Q w’”Q
. 2.18)
T ” U ”—| T[
where
C
W 8'1 X w8 (5.2.19

The general RK step wittemtimplicit treatment can be written as
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L b
ot W
W " Q w " Q W " Q
, s P, (5.2.20)
w " Q — LU 7]
(R (I
— LU 7] — U "] T

where thesuperscriptQdenotes the Ristageand ¢ is the RK stagecoefficient. The
underlined terms fornthe term’Y , which denote the complete deresidual array

of” ‘QThereforeone obtains

P w "Q - w "Q
| ot | ot

’ 5.2.21)
TT ” U ” —| ” U ” -| ( )

Y

in whichthetwo following approximations have been used:

W W (5.2.22)
,,ﬂ ,,L (5.2.23

Following the same pcedure for the equationone obtaisthe following seni-implicit

iteration for updating :

f (5.2.24)
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whereY denotes the @mplete cell residual arragf ] . We now have to linearize

equations (5.2.21) and (5.2)2#troducing the following definitions:

1mQ  "Q " Q (5.2.25)
1717 " " (5.2.26)
the linearized form of the terms” Q "] and " "] , are found to be
respectively:
” ‘Q ”—| ” ‘Q (-I ” ‘Q 77—| (-I ” —|
e " Q "1 Q17 (5.2.27)
T Q
”—| ”—| 17—| (-I ” —| ”—| (-I ” —|
(5.2.28)
e " " ¢ " 171

Inserting expressn (5.2.27) into the equation (5.2 2 the final equation fanpdating” 'Q

becomes:
P wtw 17 " Q | ot Q7]
" Q | wtw ¢t " 'Q (5229
| wTY

Similady, inserting equatiofb.2.28)into equation (5.2.2¢ theequation for updating

becomes:

P OWwtrw ¢l "
" | 01l w QT T " (5.2.30)
| 0ty

It is thus seen that, using the semplicit integration of’ ‘and” 7, the update of Q
depends on the new valueof . Due to this partial coupling of theand| equaions,
one must update first, and” UthereafterThefully coupledRK iterationfor updating

boththe RANS and the 7 variables incorporating IRS and MG can be written as:
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0 0
0 Owf 0
0 ®»wt 0 (5.2.31)
®wtw 0 Y O Q
0 0

Thematrix * is block-diagonal andt hassize(¢  x& ). The only nonzero elements
of each(¢  x & ) block on the diagonal 6f are those of the bottom right (2 x 2)
partition, anddue to the structure of these blodkss occurrence results in thecessity

of updating” 1 before” 0 Thedefinitions of the matk™ is:

" udphudp o) ‘ (523

in which all variables are evaluated at the RK sfgep.

In the case aheSST modelthe equation oftheturbulent kinetic energ{is identical
tothat ofWilcox 0 7 model but forthe equation of the specific dissipation ratbas
an additional crosdiffusion term6’O . In additionthe turbulent viscosity is given by

the eqation (2.5.4). The source term of theequationcan be written as:
Y ” z C ” ey
Y "o rr p X — = "] 00 (5.2.33

The crosdliffusion term6'O can be positive oragative depending on the local flow
conditions, and therefore, when negative, it could be treatedlilke the semimplicit
integration. However, this approach would make the implementation substantially more
complex and less efficient because #r@t0’'O  depends onv andn] . The evaluation

of these gradients at sta@@would couple the update process of several cells, thus
requiring the inversion of significantly larger systems. For this reason, it has been
preferred to treat the terGiO explicitly regardless of its sign. It should be noted that
this term is absent in the standard 7 model.Following a proceduresimilar to that
adopted for the case of the standard] process, the iteration for updatihigband” 1

in the SST case is found to be formally identical toagigns (5.2.31). The expressioh

thematrix ” , howeverjs different and igjiven respectively by:
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w 177 17Q
®

" udphudyp 0 r

52.3
- ¢l 1 (5239

Oneimportantdifference between the seimiplicit integration of the standana 1
model reported imeferences[60, 59] and that of the SST model is that, in the former
case,” 1 can be updated independently’ofQThis is however not possible in the SST
case, since the element (2, 1)tof is not zeroDue to this feature, a (2 x 2) matrix
inversion is required at each grid cell to updaté and” 1. The different turbulent
variables update af 1 and SST models occurs because the expression of the turbulent
viscosity of theformer model is obtained by settif@ 71in equation (2.5 In general,
when using the SST toulence model, one would adopt equat{bt2.34) rather than
equation(5.232). However,numerical experiments performedthis studyreveaédthat
the results computed with either approach prezserddifferences for lowspeediows
and transonidlows for Mach number less than aneor this reason and due to lower
computatioal cost associated with the use of equatibr2.89, all low-speed flow
analyses present@tchaptei8 arebased on the use of this equatidhe errors associated
with the choice okquation(5.2.32 when using the SST model may fignificant for
high-speed problemgsupersonic) due to the higher values of D¢ caused by
compressibilityeffects.

In the update process performed by the R¥ation the new estimate af is
prevented from assuminmphysicalow values by limiting it with a mimhum threshold
based on the production tefm of equation (2.4), following the guidelines d69]. This

limiter is given by the following expression:

" Pt 0 (5.2.35

5.2.2Turbulent time-domain problems

In order to compute the flow state at each physical &§imep, the phystal time
derivative of system (2.6) is discretized with a second order backwiarde difference

computed at the aforementioned time level p, and all spatialerms are also evaluated
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at the same physical lev@lhe set of nonlinear algebraic equations resultiom this

implicit time-discretization and the spaediscretization of system (Z.6) already
discussed irthapter4 is then solved using the same egipltime-marchingprocedure

and the same LTS, IRS and MG convergence acceleration techniques used for solving the
steady equationd he discretization of the physical tirderivative of the unknown flow

state by means of a second order backward finfferdnce and the introduction of the

fictitious time-derivativew — required to implement the explicit tirmearching

solution procesgield the equation:

Y D T (5239

where

J
Q
C
CR
1

v € T ll) ' ’ . O
Y 0 - w Y U 8 (52.37)
C o

The symbolY denotes a residual vector which also includes the source terms associated

with the discretization of the physical tirgerivative — contained inequation(2.7.6).

Note that, also for timeependent problems with moving bodies, the matoixs
independent of the physical tinkevel (denoted by theuperscripte p, € ande p)
because in this studynly rigid-bodygrid motion isconsidered. The symbabindicates
the usemiven physical timestep. Equatin (5.2.3§ can thus beiewed as a system of

(¢ x¢& )ordinary differential equations in which the unknown is , the flow state

attimelevel¢ p. The calculation 0b is performed iteratively by discretizirtge

fictitious timederivative — of equation(5.2.39 with the samefour-stage RK

schemedescribed in the previous subsectiangd marchinghe guations in pseudome
until a steady state is achieved. Such steady state is the flow salttherphysical time
beingconsidered. Similarly to the case of steady flmablems the convergence rate is
enhanced by means of LTS, variabteefficient catral IRS and MGwhich will be
explained in the following section®nce the flow solution @he physical timdevel

p has been calculated, the arfay is moved ta) , the array) is moved td)
and the calculation of a new tirhevel is started. This procedure is thecatled dual

time-steppingapproach to the integratimf timedependent probleni66, 166, 39]
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This solution procedure may become unstable when the physicabtiémen is
significantly smaller than the pseutime-stepw T This instabity was reported if167],
and thoroughly investigated bdylelson et al.[65]. The latter studyconsidering the
simulation of turbulent flow problems by means of the4hyer Navier Stokes and the
algebraic BaldwinLomax turbulence mod¢l6] elegantly solved the stability problem
by treating implicitly theterm 0 of the physical timalerivative within the RK
integration processThis strategy has also been implemeritethe turbulent TD flow

solver used irthis study The residualY is split into the contribution depending on the
0 term of the physical timelerivative, and a terilY equal to the difference 6f

and the aformentioned)  term:

0 "Q0 Y O (5.2.39)

Vall e

W
w0
where

‘Qu ho CL i@ U 8 (5.2.39

Y U Y U — U (52.40

with

U T® L Y U 8 (52.4)
Including the additional terms resulting from the backward discretisation of the physical
time-derivative into equation (5.2.21the iteration used for updatirig Qn the case of

steady poblems, and treating such terms as described above, yields the following
iteration for updating the turbulent kinetic energy in case of-egendent problems:
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(5.242)

Starting from equation (5.2.24) and following the same steps, the iteration used for
updating the specific dissipation rate in the casinoddependent problems is found to
be:

I (5.2.43

Equationg(5.2.42) and (5.2.4%an be linearized following the same procedegeorted
above forthe steady cas@fter doing so, heRK cycle for updating all conservative flow
variables at physical time level p in the case of turbulent tirdepenent flows

reads:

0 O wf 0 O @i Y 0 244)

where® is shorthand fob  and

i pEB)_ogT (5.2.45)

The stability analysis of65] shows thathe gability of algorithm (5.2.4% no longer
depends o the ratiow Twd. However iteration (5.2.4%is still unsuitable when IRS and
MG are also used, because both acceleration techniques havapplibd to a residual

term that vanishes at convergence, and ighisot the case oY . The solutionis to

103



5.2.2 Turbulent tim@&omain problems

introduce the residu&’ which does vanish at convergendsing equation (5.2.4®ne

finds:

wty 0 L) wtY 0 8 (5.246)

Inserting this expressio into equation(5.2.49 and performing some algebraic
transformation, one finds théte IRSMG-tailoredcounterpart of algorithm (5.2.44s:

C?
C

0 Owtf O wf 0 (5.247)

Note that the matrix multiplying  at the second linef algorithm(5.2.47 is block
diagonal with0  blocks. In each block the top left (4 x 4) partition is proportional to
the identity matrix through theoefficient p  ® | , the bottom right (2 x 2)
partition is given by the sum difie (2 x 2) identity matrix multiplied byp @ |

and a on-diagonal (2 x 2plock given byequation $.2.39 or (5.2.34, depending on
whether the exact or approximaipdate of’ 7 is used, and all other entries are zero.
Similarly to the case of the integration of the steady equations, this structure of the matrix
premultiplying 0 results in the coupling of the update process of the turbulent
variables, whereas it still enables the four mean flow variables to be updttedt\any
actual matrix inversion. Due to the fact that the term arising from the backward
finite-difference of the physical tireéerivative is evaluated atageQalgorithm 6.2.47

is saidto be based pointimplicit RungeKutta (PIRK) integration of the timelependent
mean flow and turbulence equations. The stanflahg explicit RungeKutta (FERK)
integration method is retrieved by setting Tt in this algorithm. The integration
scheme of the steady equations is instead obtdigealso replacingY with Y in
algorithm 6.247). Severahumerical tests, including ttamalyses of the oscillating wing
presented in chapté (result9, havehighlighted that the turbulent PIRK integration
significantly improves the dbality of the fully-coupled integration, enabling stable
pseudetime-marching with larger CFL numbers than with the standard FERK
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5.2.3 Turbulent harmonic balance problems

integration. This yields significant reductions of runtimes, due to the reduction of the
overall number of MG cycles requirdd achieve a usegiven reduction of the flow

residuals.

5.2.3Turbulent harmonic balance problems

The only formal difference between thetegral harmonic balance formulation of the
system of RAIS andSSTequations 3.3.1) and the integral D formulation(2.7.6) is

that he timederivative of the latter systenis replaced bya volumetric source term
proportional t@ and a combination of the flow snapshots resulting from the flow
harmonics retained in theourier representation of the sought periodic floBuch a
volumetric source term corresponds to the spectral derivative representation of the high
dimensional harmonic balance formulatidine system ofonlinearequationgesulting

from the space discretisation of the harmonic balance RANS and SSibesisasolved

using thesameRK smoother used for steady probleamsidescribed in section 5.2.1. A
fictitious time-derivative Q) TQf premultiplied by the cell volumes is added to this

system and this operatioyields thefollowing system of ordinary differentigquatiors:

D ®w 'Y 0 Tt (5.2.48)
Qf

where
Y 0 1 ®OL Y O (5.2.49

The arrayd is made up ot( p subarrays Eachsubarrayrepresenttheflow state
or snapshot at one of tipaysical tims definedby equation(3.2.26. Thus the array

can be written as:

(5.2.50)

CR
C
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o

where each subrray 0 6 haslength & € and denotes theunknown flow
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5.2.3 Turbulent harmonic balance problems

variables at the cells centres at timeThe arraySY and’Y have the same structure.
The formerstoresthe cell residualassociated with the convective and diffusive fluxes
and the turbulent source terni$e latteris the sumof theresiduals’Y and the source

term] wOO . The matrixOis defined by equatior8(2.3§ and he number of unknowns
of the systent5.2.48 is equato ¢ € cO p .The source term is treated

implicitly for the stability reasonsliscussedhn [70]. As a result gcretising the fictibus
time-derivative of equation (5.2.38vith the samemulti-stage RK schemesed for

solving the steady equatigrad considering the sme termof Equation (5.2.48at stage

k rather than at stage (k :T 1) yields thi
0 0
O & ot 10 0
0 W wt "0 Gw o Y D 251)
0 0

The symbotyt denotesn arraymade up of 0 p subarrays one for each harmonic
These subarrays havdengthe  and they store¢he local time stepf each cell.The
matrix * has ¢0 p subarrays and each of them hsige(¢  x & ). Equation
(5.2.5) is still not suitable for using the MG and IRSceleration technigs This is
becaus¢hese methods have to &gpliedto a residual term that vanishes at convergence

Therefore, theresidualarray’Y  has tobe replaced by the residudf by using the
equation (5.2.49 because the residudl becomeseroat convergence. By suitably

comhbning equations.2.49) and (5.2.51the MG and IRS enhanced RK iteration for

solving the HB equations is found to be:

(o]
c

0 & ot 10 0
0 Owt " 1 00 (5.252)
Owtw 0 Y 0 Q
0 0
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5.2.3 Turbulent harmonic balance problems

where the array of the HB MG forcingrm™Q  has the same structuséthe arrayd .
The HB IRS operator has tlsame block structure 6f. The use of the turbulent PIRK
HB smoother (5.2.52enables the use of significantly larger CFL numbers than the use
of its FERK caunterpart. Moreover, the highstability of this PIRK relative to that of
the FERK iteration increases significantly with8

It should be noted that the computational cost reduction achieved by using equation
(5.232) rather than equation (5.2)34 even higher when using the SST turbulence model
with the HB RANS and SSTsolver[70]. This is because, using the stad®lil iteration
(5.2.59 and the SST structure of the mattiXequation(5.2.39, the size of the mati
inversions at each grid cell required to update)alicomplex harmonic components of
" Dand” 1 is ¢ g0 P ¢cb p . Conversely, thendependence of the
update on the new value of obtained byusing equation (5.2.3) requiresonly the
inversion of block size ¢0 p q] p , for updating the harmonic components
of 0 and . For highly nonlinear periodic flows, the valuelof needed for a satisfactory
time-resolution often exceeds 5, and this implies ¢hat matrices of sizep p p por
more have to be inverted using the 1 structure 0f5.2.32) andé  matrices of size
¢ ¢ ¢ ¢or more have to be inverted using the SST structu(é.2f39. Since these
¢  matrices are deesand unstructured, Gaussian elimination is used for their inversion,
and the computational cost of such inversions is proportional to the third power of the
system size. Therefe, theratio of the computational cost for updating the harmonics of
the SSTturbulencevariables using equation (5.2)3nd (5.2.32) is 8, and therefore the
use of equation (5.2.32ather than equation (5.2 3tr updating the harmonics of the
SST turbulence variables yields a reduction of the computational cost of nearlglene o
of magnitude.Like in the TD case,the errors associated Wwithe choice of equation
(5.2.32 when using the SST model may be significant for fsgeed problemi®r Mach
number greater than due to the higher values®f3® cawsed by compressibiliteffects
However, it should be noted thaetprimary cause of thmssiblanadequacy of equation
(5.2.32 for updating the SST turbulence variables for kFegked flows, is not the non
negligible magnitude oft 3¢, but rather the SST expression®of, which in general
prevents decoupling the seimiplicit update of” 0 and ” 7. Other tweequation
turbulence models, including theaBeline model of Mentd#0], feature expressions of
* structurally similarord e nt i c al t o Ut h model,ahd thefeforeceaablé s
an exact computationally cheaper update of the turbulence variables for betmbbw

high-speed flows.
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5.3 Local timestepping

5.3 Local time-stepping

The time step fthat appears iequations (5.2.31) and (5.2)4Teedso bedefined In

explicit time-marching methods, the tirstep is subject to an upper threshold dictated by
numerical stability requiremenf®, 13]. This upper threshold depends on the numerical
scheme adopd to solve the problem at hand, on local flow field parameters such as the
local flow and sound speeds, and on local characteristic length. The dependence of the
time step on the scheme is represented b theantFriedrichsLewy(CFL) number,

a paramedr representing the maximum time step suitablydimognsionalizedising local

flow variables and characteristic lengths. For a given numerical scheme, one could
compute the local time step for each cell of the computational grid and take the minimum
valueto time-march the whole solution using a single time step. Ehike secalled

Global time steppin@pproach. ldwever it is extremely inefficient when using time
marching methods to solve steady problems. This is because the speed by which the
solutionproceeds towards convergence will be heavily reduced in all regioa® the

time step can be higher than in the area requiring the minimum time step determined with
the stability analysis. Since the tiraecuracy is not important when using timarching
methods to solve steady problems, a much more effective solution approach consists of
using alocal time steppingapproach that is using the maximum possible time step
dictated by stability analysis for each cell of the computational domain. By doilag so,
significant acceleration of the convergence process is achieved. In the case of the multi
dimensional RANS and SST equations different expressions of the locatemean be
used[168, 169, 17Q]Thedefinition of thelocal time ste@dopted by the CFD code used

in this study is

R, ) (531)
0t 00 —_ 706 1o

where he symbol€Q andQ denote thebsolute value of the maximueigenvalues of

the convective flux Jacobidrased on the two contravariant velocity congras and the

sound speed. The expression®odndQ are

Q 95 WY (532)
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5.4 Implicit residual smoothing

w WY (53.3)

where symbol? denotesthe normal vectoon x and y direction whereasymbol &
denoteghe speed of sound. The symhbd¥ denotes the mean size of the cell faces with

normal in thewdirection, andy'Y denotes the mean size of the cell faces with normal in
thewdirection.The synbol Q andQ in equation (5.3.1dlenotes the viscous eigenvalues

and its expression is:

T ‘ ‘ WY

o _F ~ & (53.4)
0 0 W
, L WY
0 0 ()

wheresymbols' and‘ are thelaminar andurbulentdynamic viscosityrespectively,

whereas) and0 are the laminar and the turbulent PramdtmbersThe derivation of

the expression dhe viscous eigenvalues can be founfiLé8].

5.4 Implicit residual smoothing

Theimplicit residual smoothing is eonvergencecceleration technique whi@nables

the use of significantlyhigher value of the CFL numbex with respect to those one can

use with the unsmoothed scheriibe use of higher CFL numbers leads to larger local
time steps, and this reduces the number of RK cycles required for the solution
convergence. The method was thoroughly analysed and extensigelfousolving both
external and internal aerodynamics probld8i 139, 141, 145, 161, 171, 173lhe
general principle is to apply an implicit Laplacian operator with homeges Dirichlet
boundary conditions at each step of the iterative solution process. To avoid the solution
of large linear systems, the exact Laplacian operator is generally approximated with a
factorised operator, namely as the product of-dineensional perators (one of each
direction) applying the smoothing in each direction separately. The coefficients of the

linear system for each direction can be consf@n}, or variable[172] constructed as
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5.4 Implicit residual smoothing

functions of the local flow field variabl¢$39, 141] These operators are applied to each
PDE separately, but when using variable coeffickensionsof the IRS method, coupling

of smootled residuals of all PDEs occutBrough the dependence of the system
coefficients on all local flow variableB) the CFD code used in this studpefactorised

IRS operatoris applied tasmooththe residuals at the end eachRK stagewhere the
residualsY are replaed by thesmoothed residual¥ before the solutiod is updated.

This implementation requires the solution of two sets of tridiagonal systems, one for each
direction, at each RKiage Denoting respectively b2 and’Q the numbeof cells in

“‘Cand Qirections, the first set h&® ¢  systems and each system has %ize
whereas the second set f@as &  systems and each system s unknowns. The

tridiagonal systers, one of each direction can be written as:

Y p ¢ Y Y Y (54.1)

Iy p ¢t Y 1Y Y (542)

where the coefficients andf aregiven bythe following expressions:

i & wa 6o - h (54.3)
T 3o 1 ph T “

i & oooaq 00 : h T (5.4.4)
T &0l pn P “

whered O and® "O@re user given parameters and their ratio is recommended to be

equalto 2 [172]. The expressions ef andi are given respectively as:

. p i (54.5)
. p i (5.4.6)
. Q
i o (54.7)
_ s (54.8)
o
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5.5 CFL ramping

By applying the IRS technologyhe residual variations are averaged and the stability of
the solvers increased, making possble to use higher CFL numbers. The method can
be found analytically in a lot of CFD books such as Blg2¢knd Hirch[4].

5.5 CFL ramping

In order to make the numerical algorithm stable amdish a CFL ramping methdths

been usedin the early phase ofurbulent flow simulations starting from a crude
freestream flow initialisationt is very hard to uskigh values othe CFL humber and
maintain the numerical stability of the solution pregeThese numerical stability
problems are further exacerbated by the use of MG. On the basis of numerical
experiments, this appears to be due to the fact that fairly high grid refinement is required
to maintain the robustness of the timarching integrabn of the coupled RANS and

SST turbulence model equations, particularly when the flow state ussdrtap the
simulation is quite far from the problem solutiddhen using a sufficiently refined user
given grid, the coarser grids created by the MGeodre often insufficiently refined to
preserve the aforementioned robustness due to the poor quality of the initial solution. In
order to maintain the numerical stability of the solution process, low CFL numbers have
to be used in the initial stage of teenulation. As the calculation progresses, the flow
state approachdébe soughsolution and higher CFL numbers can be therefore be used.
This increment of the CFL number from the small value required in the first MG cycles
to the final high value is cat CFL ramping and this phase usually requires only a
relatively small fraction of the overall number of MG cycles needed to obtain a converged
solution starting from the freestream initialisatiorwo different schemes$or CFL
rampinghave been implemeedin the turbulent CFD solvers used in this study.

111



5.5 CFL ramping
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Figure 5.1: CFL ramping

The first method, callechmpingl, has three stages. The first stage starts from the
first MG cycle of the simulation and ends at the iteration labelled iterl in Figurén5.1
the first stage, the CFL number is kept constant and equal to the minimum level denoted
by MIN CFL in figure 5.1. In the second stage, the CFL number increases linearly from
the value CFL MIN to an intermediated value, called CFL MID. This variattmurs
from the MG cycle iterl to later MG cycle labelled iter2, as visible in the figure. In the
third and last ramping stage, the CFL number increases in a cubic fashion from MG cycle
iter2 to a later MG cycle labelled iter3, at which the CFL number fgk&rsal maximum
value, denoted by MAX CFL. This value is then maintained until the conclusion of the
simulation.

The second ramping stage, caltadhpingZ has four stages. The first two stages are
the same as those of rampingl. In the third stlgeCFL is kept constant until the MG
cycle, labelled iter3. In the fourth and final stage, the CFL number increases again in a
linear fashion until it reaches MAX CFL at the MG cycle labelled iter4. The CFL number
then remains constant and equal to itsximam value until the conclusion of the
simulation. The values iterl, iter2, iter3, iter4 and the values MIN CFL, MID CFL and
MAX CFL are all usemiven parameters. The complete pattern of ramplingl and

rampling2 are sketched in Figure 5.1.
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6 Multigrid acceleration

Chapter 6
MULT IGRID ACCELERATION

This chapter outlines@nvergencacceleration technique calletultigrid and describes

the implementation of this method in the CFD code used for the analyses of this thesis.
The multigrid method was initially proposed for the salntof elliptic multtdimensional
problems[143, 173]on uniform (i.e. unstretched) gridslultigrid has been shown to

yield a dramatic reduction of the computatiotiale required for solving iteratively these
problems.Successively, several multigrid variants for reducing the computational work
required for solving nowlliptic problems on highly stretched grids were developed,
including multigrid algorithms for solving the RANS equations and those resulting from
the decretization of the PDEs of differential turbulence mo¢igds 64, 174] However,
developing an efficient multigrid sep for the computationally efficient solution of
realistic turbulent flow problems ften still a challenging task, due to the extreme grid
stretching required for adequately solving turbulent boundary layers, and resulting in very
large cell aspect ratios, of up to 1 millidrhe chapter starts withigeneral introduction

to the basicsfamultigrid. This is followed by a description of multigrid cycling, and the
fundamental operators of the algorithm, namely the prolongation and the restriction
operators, including the higbrder restriction operator used for the solution of the
turbulentflow equations of the adopted CFD code. Then, a section reporting how the
multigrid solver can be used for solving nonlinear problems, like the discrete system of
RANS and SST turbulence model equations is presented. The chapter is concluded by a
sectionfocusing on the modifications of the nonlinear multigrid algorithm required for

achieving a numerically stable solution process of the RANS and SST equations.
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6.1 Introduction

6.1 Introduction

The multigrid method is the mopbwerful andefficient acceleratiorechique known
today[4, 66, 142, 175]The full potential of thenultigrid approach wasrst defined and
customized by BrandiL73]. It has recently beeapplied with greasuccess to a variety
of problems,such askEuler and NavieStokesequations,and it is still a subject for
research anddevelopment.Multigrid takes its name from using multiple grids to

approximate the solution to the original problem.

S, SN SN SCS S SN
S SN Level 1

~
\ Level 3

Figure 6.1: Multigrid

The accurate numerical solution of some fluid dynamics problems often requires
computationalgrids to be \ery fine, eitheroverthe entire computational domaan in
some criticalareas, such as wall boundary layers, shock and/or flow separationsregion
The iterative solution of the governing equations basedas®itinds of gridscanrequire
very large amounts of computing time. One way to reduce this computational cost is to
solve the equations using multiple grids where each grid will halferent number of
cells.Finer grids provide more accuraelutions compared with coarser grid®wever,
if the coarser grids not too coarseinformation about the solath can be interpolated
from it onto the finelgrid to accelerate the solution proceldse fundamental idea behind
the multigrid method is to use coarser grids in order to smooth rapidly the numerical
errors and drive faster the solution on the finest grid. We actually use a-gadrse

solution to correct a fingrid solution. These numeal errors are made up bigh- and

114



6.2 The multigrid cycle

low-frequencycomponents and they will be explained in the next section of this chapter.
In structuredmultigrid methodspne starts from a userven fine grid,calledlevel 1

grid. Coarser grids are then built lgcursivelycoarseninghe given fine grid. Denoting

by "Qthe mesh size of the fine grithe level 2 coarse grid, with spaciQ@? is obtained

from the level 1 gridby removing every second grid line each directionThe level 3

coarse grid is obtained the same manner starting from the level 2 coarse grid. When

using three multigrid levels, the level 1 grid is called fine grid, the level 2 grid is called

medium refinement grid, and the level 3 grid is called coarse grid. A schematic view of

the threagrid levels is reported in figure 6.1. As a consequence of this coarsening process,

each cell of grid levelQ p will correspond to four grid levelzells sharing a common

vertex. Consequently, grid lev& p will have one fourthof the cellsof grid levelQ

Even in complex CFD problems, one could use nmbas 3 grid levels. In turbulent

problems, howeverthe numerical difficulties associated with the solution of the

turbulence model equations rapidly grow as the grid refinement of the coarser grids

decrease. For this reason, it is seldom found that realistic turbulent flow simulations are

carried out usig more than 3 or 4 multigrid leve]64, 83, 162, 176, 177, 178, 179, 180]

6.2 The multigrid cycle

Iterative solvers achieve convergence by progressively reddoenguumerical errors
representing the difference between the sought solution and the current estimate of the
sought solution. Sucmumerical errors are made up bigh- and lowfrequency
componentsUsing the fine grid (i.e. level 1 grid), smoothers ltke RK pseuddime
marching algorithm described in section 5.2 can rapgthyce thdigh-frequency errors
of the solution. On the o#in hand the removalof the lowfrequency errocomponents
using the same level 1 grid is significantly slower, and usthequires many more
iterations than the removal of the hiffequency error components. Since the solution
estimate at all iterations contains, in general, both-hagld lowfrequency errors, the
iterative solution based on the level 1 grid is veryfineit, due to the high number of
iterations required to remove the ldrequency error components.

One of the key principles of multigrid is to accelerate the removal of th&émuency

components of the solution estimate throughthé iterative solution process. The
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6.2 The multigrid cycle

construction of the multigrid cycle starts by observing that the current solution error on
the level 1 grid can be represented by a spatial truncated Fourier series. Thedffobt
the components of su@truncated series haslatively low spatial frequency, whereas
the secondalf of the components h&sgh spatial frequency. Representing the level 1
solution eror on the level 2 grid has as a restlie lowfrequency error component$
the level 1 solution to appeas highfrequency erroon the level 2 grid. Thus applyireg
few RK iterationson both grid level 1 and grid level 2 results in an overall faster
convergence to the sought solution because this process results in a faster removal of the
low-frequency errors on thesergiven grid [181]. This approach can be applied
recursively using more than two grids at a time. For linear elliptic problems, one could
coarsen the level 1 grid until a grid with a single cell is obtained (provided kvl
1 grid has the same number of points in all directions). Using this approach, linear elliptic
problems can be solved with a single multigrid iteration. The solution of nonlinear
problems, however, requires the recursive applicatiaimemultigrid cycle, and these
problems cannot be solved with a single multigrid cycle. In strongly nonlineagel ot
problems like the NavieBtokes equations, it turns out that the optimal choice of the
number of grid levels is often between 3 and 5. This iaumethe addition of more levels
increases the amount of floatipgint operations per multigrid cycle boften does not
increase by a large extent the convergence rate of the overall iterative process. As an
example, using 10 rather 3 multigrid levelsymaduce the number of required multigrid
iterations to achieve a given convergence level by 10 percent but the cost ofdkiel 10
multigrid iterations may be 30 percent higher than the cost of dleeeB multigrid
iteration. Inthese circumstancgtherun-time of the 16level calculation would be higher
than the runtime of the-@vel calculation, despite the fact that the required number of
multigrid cycles of the former calculation is smaller than that of the latter one. The
distinction between oveltauntime and ovall number of multigrid cycles is essential
when assessing the perfornsanof a newly developed multigrid algorithm, since
consideration of the number of multigrid cycles alone can lead to misleading cornglusion
on the effectiveness ohé¢ method. Further detail on the computational cost of the
multigrid cycle as a function of the selected number of grid levels can be fo[i&1Lin

Using the multigrid error handling strategy highlighted above, one needs
mathematical operator to represent the errors or the entire solution estimate of grid level
“onto gridlevel Q p, and also to perform the inverse step, i.e. report the solution error
estimate or the entire solution obtained on grid |&ep back onto gridevel 'QThe first

operation is achieved by means of the restriction operator andatiee by the
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6.2 The multigrid cycle

prolongation operator. Both operators are described and discussed in the next sections of
this chapter.

Before introducing all the step=f the multigrid cycle, it is necessary to give the
definitions of the residuals and the numericalog. Let us onsider a system dinear
equationsand denote it b 6 "Q whereo is the soughtsolution 0 is a constant
coefficient square matrix ari@is the righthandside of the systeng constantvector.
Denoting byy an approximatiorto 6, we can compute the numerical eri@and the

residuald as:

Q o6z0 (6.2.0)

1 "Q 00U (6.2.2)

respectively.One can combine the above equations and rewritegitten systemas

follows:

0Q 18 (6.2.3

Equation (6.2.3) is the residual equation &nalays a crucial role in the multigrid cycle,
as it allows one to establishralationship between the residual of the equations and the
error affecting the solution &ach iteration of the smoothdrhis information enables
one to obtain the error estimates on each grid level required by theti@stand
prolongation operators discussed below. Equation (6.2.3) refers to the case in which
multigrid is used for the solution of linear problerrsthe case of nonlinear problems,
the residual equation has a different form, though the solution strat¢ge nonlinear
multigrid cycle is conceptually the same as that of the linear multigrid iteration. The
nonlineammultigrid strategy will be explained in section 6.5 of this chapter.

The multigrid cyclefor linear problemstarts by applyingne @ more sweeps of an
iterative methoan thefine grid, where a nevapproximatiorsolutionv is computed and
its new residual is evaluatedUsing a restriction operatorhé newresidual $ then
transferred to a coarse gmahd aftersolving equation (6.2.34n estimate errofof the
solution is obtainedFinally this erroris transferredback to the fine gridusing a

prolongation operatowhere itcorrect the solutionb using the equation (6.2.1).
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* * -

V—cycle W-cycle

A/

Figure 6.2: multigrid cycles

For both linear and nonlinear problems, two main multigrid cycles exist, namely the
OV cycl eW aydhed/doyeledsiarts on the finest level and trévall the
grids, applying the selected smoother on each lamél it reaches the coarsegtd. Then
it traves back until it returns tohe finestgrid. This sequence of operations forms the
skeletoro f Vdyded 6 The iiddWilartya | teltbe OV cycl tha@i e x ¢
it does twocoarsest gridorrections pemultigrid iteration.In figure 6.2one sees the two
di fferent approaches. VIhceycQGA CFD code

6.3 Restriction operator

The restriction operator, as mentsatabove, transfers the solution from a fine to a coarse
grid. In order to highlight how the restriction operator works, it is convenient to consider
a onedimensional problem, in which the unknowns are staiteithe nodes of the user
given grid. In CFD, this approach is knownthscell-vertex schemerigure 6.3 depicts

a fine grid and the corresponding coarse grid. The coarse grid is obtained by removing
every second point of the fine grid. The figure alsovahthe initial relationship between

the nodes of the coarse grid and their counterparts on the fin€tlygidimplest restriction
method is the injection operator. In this case, the only node values of the fine grid
transferred to the coarse grid arestdefined at fine nodes which also exist on the coarse
grid. The transfer takes place by simply copying or injecting the fine nodal values to their

corresponding positions on the coarse grid, as shown in figure 6.3.
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Figure 6.3: 1-d simple injection

An alternatve restriction method is théull weighting operator. The information
transferred from the fine to the coarse grid is reportdidjume 64. With full-weighting,
each coarse mesh point eaes a contribution from its counterpart on the fine grid (like
in the injection case), but also receoantributions fronthe twofine grid nodes adjacent

to its fine grid counterparhe three contributions are weighed: the contribution of the
fine counterpart is %2 and that of the two fine neighbours Bdraconsigency, the sum

of the weighting factors should always be equal to one.

Fine mesh 2k-22k-1 2k 2e+124+2

[ [ S S I
T T

1/4

Coarse mesh

| | | | | |
| | | | | |

k-1 k l+1

Figure 6.4: 1-d Full weight restriction

In the case of twalimensionaproblemstheinjectionoperator hathe samestructure
of its onedimensional counterpanly thesolution estimateof thefine grid point which
also exists on the coarser gradtransferred to theorrespondingoarse grichode The
principle behind the design of the twdoamensionafull weighting restrictioroperators
the same as in the ow@mensional case, bihe numerical stencil of twdimensional
implementation is expectedly more articulatedth@atwo-dimensional casmformation
from 9 nodes of the fine grid is used to build the restricted solution estimate at each node
of the coarse grid. The numerica&ncil of the twedimensional full weighting restriction
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operator is shown ifigure 6.5
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Figure 6.5: full weighting restriction operator for two-dimensional

cell-vertex schemes

Here the fine grid is defined by both the solid and the dashed lines, whereas the
represented portion of the underlyiogarse grid is defined by thestadlines only. In

other words, all 9 blue circles are grid vertices of the fine grid, whereas only the central

cycle isthevertex of the underlying coarse grid. The sketch also teploe weights by

which the 9 fine grid nodal values have to be scaled to build the coarse grid central node
estimate of the solution. Such an estimate is therefore a linear combination of the 9 fine
grid values. Note that also in the present-tlimensioml case, the sum of the weights is

one for consistency.

The sketch of figure 6.5 refers to the case in which the unknowns are defined at the
vertices of the usegiven grid. Such circumstance arises when the differential form of a
set of governing eqions is spacdiscretised using a finitdifference approach, or when
the integral form of a set of governing equations is splesmetised using a cellertex
finite volume approach. Alternative, the integral form of a set of governing equations like
the NavierStokes equations, can be spdcretised using a cetlentred finite volume
approach. In this case, the unknowns are stored at the centres of the cells or finite volumes
defined by the usegiven grids.n the case of multigrid solvers appliexthe solution of
the Euler and NavieBtokes equations spadescretised with a celtentred finite volume
scheme, the fullveighting restriction operator reported for the -a&itex case is often
replaced by a simpler weighted restriction operator relheonly four fine grid cells are
used.

In this case, the four fine grid cell volumes, to which the fine grid cell centre values

used to build the coarse grid cell centre values refer, are the weights of this weighted
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6.3 Restriction operator

restriction operator. The struge of this weighted restriction ss®ntially that of the
injection restriction operator. The numerical stencil of this weighting-cegitred
restriction operator is sketched in figure 6.6, where the blue circles denote the cell centres
of the four finegrid cellsenclosed by the dash lineend the red circle denotes the cell

centre of the coarse grid cell enclosed by the solid.line

Wp . \ ; ‘/’,, L YOI
e ey e :

Figure 6.6: weighted restriction operator for two-dimensional

cell centred schemes

Denoting byd solution estimatesp cell volumes, superscrifi2fine grid variables and

superscript;’Qcoarse grid variables, the mathematical form of this weighted operator is:

(i)(1 6 R (bﬁ 6 R W f l~) R w R LU j (6.3.1)

Asdiscussed beloviheuse of multigrid for solving nonlinear problems like Euler and
NavierStokes equations results in the necessityansferalso fine grid residuals tié
coarse grid not only thefine grid solution estimate0d . Two different waysfor
transferring fine grid residuals to the coarse gagle beerevelopedand testedn this
work. The firstapproach consists @ummingthe residuals of th&ur fine grid cells
forming the cell of the coarser grid level to obtain the restricted residual on the coarse
grid. This operation amounts to apiply the injection restriction operator to obtain the
coarse grid residuals from the fine grid residuals. The mattieal form of this operator

is given by equation (6.3.2), where the synmildalenotes residuals.
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6.3 Restriction operator

Y Yi  Yi Y 5 Y 5 8 (63.2)

A graphical representation of the set of performed operations is provided in figure 6.7

Figure 6.7: residual injection operator

The second residual restriction approasta new higkordered restriction operat{1],
the stencil of which is reported figure 6.8. Using this operator, the coarse grid residual
is calculated using 12 fine grid residualsheatthan four fine grid residualShe coarse

grid residual computed by the new higher order restriction operator is:

. p . . . .
Y- — WYy WY WY ; WY ¢
R ) h h h h
oY
ovY ¢ oY oY oY (633

oY R oY R oY R Y R
Y & Y & Y &
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6.3 Restriction operator

and a graphical representation of this operator is provided in figure 6.8. It is shown that,
when te higher order restrictiols used, reidual boundary values of the fine mesh are
required in order to compute the coarse grid residuals in the cells adjacent to the domain

boundaries.

Figure 6.8: 2-d residual high-weighted restriction operator

Numerical experiments have shown that the choicenef dirid boundary cell residuals

that gives the best numerical stability is:

Y Y (6.3.4)

where'Y is the residal of the interior cell adjacent tbe wall.The use of equation (6.3.4)
results in a reduction of the residuals in the wall proximity. It has been observed that the
main effect accountingof the good convergence rate of the turbulent multigrid solver

accomplished by using equation (6.3.4) is the reduction of the residualfotharp
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6.4 Prolongation operator

gradient of and its residual near the wall is always observed near the wall. Equation
(6.3.4) reducedhee gradient of and its residuals on the coarser grid levels, and this has

a beneficial effect on the convergence of the turbulent multigrid solver. On the other hand,
since the accuracy of the final solution is unaffected by the approximations mdue on t
coarser grid levels, the use of equation (6.3.4) does not spoil the accuracy of the computed
solution. At fine grid faifield boundaries, the residual boundary condition adopted for

the highorder residual restriction is instead:
Y Y 8 (6.3.5

The reason for not reducing thee grid boundaryesidual weighat farfield boundaries

is that such residuals havenegligible impact on the rate of convergentkis happens

becaus¢he residuals close to the far figldd alsoheir gradientsre very small compared
to the residuals close to the wall.

For the high Reynolds number flow analyses performed in this study and reported later
in the thesis, it has been found that the usbehigher order restriction operatgreatly
improves numerical stability with respect to the simpler injection operator provided by
equation (6.3.2). In most higReynolds number flow problems, the sought solution could
be computed only by using the higher order restriction as the CFD coderfgahe
injection operator was unstable. Moreover, for cases in which both the injection and the
higher order restriction worked, it was often found thatconvergence rate of the code
featuring the higher order restriction was higher than that ofctige featuring the

injection operator.

6.4 Prolongation operator

The prolongation operator serves the purpose of transferring or interpolating the solution
from a coarse grid to a fine gridaking a onedimensional cellvertex example for
simplicity, the method to transfer a coarse grid solution to the fine grid is a linear
interpolation. Using this approach, the value at a fine grid node which also exists in the

coarse grid is taken to be the coarse grid value. The value at a fine grid point which does
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6.4 Prolongation operator

not exist in the coarse grid, conversely, is taken to be the arithmetic average of the two
coarse grid points to the left and the right of the coarse grid point which exists also on the

fine grid. The weights of this ordimensional fulweighting prolongabn are reported

in figure 6.9.
Fine mesh 2221 2k 2k+12k42
A
172% 1 1/2

Coarse mesh
| | | | | |
| | | | | |

k-1 k k+1

Figure 6.9: full-weighting prolongation for one-dimensional problems

For two dimensional celfertex problems the prolongation operator transfers information
from the coarse grid point that exists also on the fine grid to itgfidecounterpart and
to the 9 neighbouring points of its fine grid counterpart. The stencil of this operator is

shown in figure 6.10.

AN
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=
Figure 6.10: full-weighting prolongation for two-dimensional

cell-vertex problems

In this figure, the dashed and solid linesiefthe fine grid cells, whereas the dashed
lines define the grid lines of the coarse grid. Tibenbes next to each linehows the

local weight factor between the fine and the coarse mesh fundimotie case of cell
centred finite volume grids the cdastweight factos are often replaced by local volume
weights. The prolongation operator that has been implemented in the turbulent multigrid
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6.4 Prolongation operator

solver used in this research is a constegightbilinear interpolation This prolongation
operator uses four agse grid values to compute the fine grid solution (or a correction to
the fine grid solution estimate in the case of nonlinear problems). The weighing values of

each cell can be seen from the figure 6.11.

BN,

G/16 3/16

3/16 1/16

Figure 6.11: bilinear prolongation for two-dimensional cell-

centred problems

6.5 Multigrid for nonlinear problems

The typical form ofnonlinear problemsso 6  "Q where 0 denotes a system of
nonlinear equations, is the array of unknowns, affds a constant vectofhe numerical

error is defined by equation (6.2.1) and the residuals can be fsimgithe equation:

i "Q o0UL8 (6.5.1)
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6.5 Multigrid for nonlinear problems

Howeer, for nonlinear problemsquation (6.2.3)s nolongervalid, asthe equations are

nonlinear, andor this reasorhe residual equation has a different form defined as

00 00 i (65.2)
and

OO0 Q 00U i8 (65.3

As oneseesfrom equation (6.5)3t is not possibléo compute the numerical errdirectly
(solve the system of equation (6.2.8Wd use it to coect the approximate solution thfe
fine grid, as due to nonlinearity, the set of expression® cannot be wtten as the
product of a constamoefficient matrix and the unknown arr@yThere are twanain
approaches one can usectcumventthis difficulty. The first approacks the secalled
Newt on & s[158hevhich lmekarizes the equations anghakes them suitable fone
linear multigrid algorithm whereas the second approach is the -called full
approximation schem@-AS), which applies the multigrid algorithm directly to the
nonlinear equationsn this study the secondathod has been used and will be explained
in detailin the following paragraphs

The FAS multigrid cycle for nonlinear problems starts by applgimgor more sweeps
of an iterative methodn thefine grid where a new approximatiorio the sought solution
is computedand its new residualis evaluated, similar tthe linear problem casdsing
a restriction operatorheé new residual is then transferred to a coaysd, like in the
linear multigrid algorithm, and repressithe right hand side of the equation. However,
due to the nonlinearity dhe systend it is not possible to compute the numerical error
directly on the coarse gridsing only the restricted residualsoiRhis regon one has to
transferthe approximatesolution 0 computed orthe fine gridto the coarse grid with a
suitable restriction operatdf.one considersherestriction operat@O andO which
transferthe solutionb and the residuals, respectively, from a fine to@arse gd then

equation (6.5.8can be written as:

oL Q 00 O i (6.5.4)
or,
© 00 O i © 60 (65.5

or,
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6.5 Multigrid for nonlinear problems

o 0 i 0 0 (6.5.6)

wheresymbol'Qdenoteshat the discrete equations are consideratd@fine meshwhich

is thaton which the solution is sought. This symbol wie usedas a subscript or
superscript in ordeio indicate the mesh on which the operators or the soluvdhke
defined.The richt hand side of the equation (6.5.6) is known duedsymbolb  on the
left hand side of the same equatierthe newarray of unknown®f the systenon the
coarser grid After severalsweeps of an iterative methaoh the coarse mesh a new
approximation solutiom is computed and it can be used to comphéenumerical
error Qby calculating the difference between the new computed solutionand the

restricted solutiom from the fine meshs:
Q 0 O 0L 8 (65.7)

One cartransferthe numerical error computenh thecoarse meshsinga prolongation
operatorandthencorrect the fine mesh solution using tb#owed equation:

0 0 O 0 Ouv 8 (6.5.9)

As explained irchapter 5, the large system of algebraic equations, megditom the
spacediscretisation of the flow and turbulence model equations, is expressed by equation
(5.2.5) Applying the abovesaid FASIG method on the RANS an8ST turbulence

equations, the equation (5.2.5) is expressed as

_ —Y 6.5.9
T T W v ( )

wheresymbol'Qdenotes the fine gridhe entries of the arrdy representhe unknown
flow variables at the cells centres of the discretized physical domain and thévarray
storesthe cell residualsFollowing theabove procedureone has to applgne or more
sweeps of th&®K integration(5.2.31)where the new solutiod  is computed and its
new residualy is evaluated. The new solutiorntientransferred to a coarse grid using

therestiction operaton(6.3.1)
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6.5 Multigrid for nonlinear problems

0 00 (65.10
where ymbol ¢'Qdenotes the coarse grid afd is the restriction operatofhe restricted
solutiond is then used at the®!stage of the Rkcycle wherethe newresidualsY

are evaluatedn addition, the residuals of fine gfidd  are alsdransferred to the coarse

grid using the restriction operator (6.3.3)he difference between the residudl

transferred from fine mesh, @nhe residualcomputed on the coarsmesh’Y is the
so-calledforcing function This source term is requir@d order to maintain the accuracy
of the new systenm thecoarse mesh and to guarantee that the residuals ubedaarse

mesh ag those fronthefine mesh. The expression oktforcing function is equab:

Q oY Y 8 (6.5.11)

This source term is computed after the restriction operator and only for the first RK step
of the first iterationof the equation (5.2.31). The equationstibacoarse grid aréhen
smoothed usinghe RK schemewhereafter several sweeps, an approximatiorthef
correctionw)  is obtained at a reduced computational cost, since there are fewer mesh

points ard its expression is:

w0 0 0 8 (65.19

Finally the correctiond s transferred back tfine mesh in order to generate awne

approximation of the solution:

0 0 O w (65.13

whereO is the polongation operatadescribedn section 6.4
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6.6 Technicalities on the application of multgrid to
RANS and SST equations

While MG methods are well defined in a mathematical sense, their efficient application
to the RANS equations with twequation turbulence models is rather diffi¢a#]. There

are twobasic approaches to the incorporation of the turbulence models in MG methods.
The firstone is nameeanflow multigrid (MF-MG) and he second onEully-coupled
multigrid (FC-MG).

In MF-MG, the mearflow equations are solved on all grid levels, while the turbulence
model equations are integrated only on the finest grid wthersolution is sought, as in
single-grid computations.n this approach, turbulence variables are simply injected into
coarser grids, where they are frozen. This allows bypaskangumerical difficulties
arising from the desthilizing effects produced by theource term®f the turbulence
model However, insftficient acceleration of the turbulence transport equatidne to a
partial use of singkgrid computations in MAMG, may result in an overall reductiar
convergence rate

In FC-MG approacks both the meaffiow and the turbulence model equaticare
solved on all grid levels, however A@G implementation is farfrom being
straightforward. Usually, stabilization techniques are used to damp nunadifficalties
encountered itheintegration of turbulence transport equations on coarse grid lefvels
the MG solutionln earlystagesf the simulation, the fine grid residualuesarelarge.

As a result, higimeanflow gradients may appear on coarse grid levels, with the potential
of causing excessivealues in thesource term®f the turbulence nael. Moreover,the
accuracy of strongly nelinear sourcagerms cannot be fully preserved on coarse grid
levels, possibly leading to divergenceimaccurate coarse grid correction. To improve
stability, turbulence source terms are computely onthefine grid, and then restricted
into coarser grid levels where they are frozen. Tghnique is commonly termed source
term freezingSome researchergstead of applying sourd¢ermfreezing only employ
turbulence viscosity freezing on coarse grid lewelsrderto increase stability of the
coupling mechanism between the mdlaow and turbulenceariables

In some cases, straightforward applications may lead to loss of positivity of fine grid
turbulencevariables namely the turbulent kinetic energyand the dissipation rate.

For this reasothe multigrid algorithm which solvepintly the RANSandturbulerce
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6.6 Technicalities on the application of multigrid to RANS and SST equations

equations requires a positivitgreserving scheme. Positivipreserving difficulties

within MG may arise in the smoothiifigelaxation) angbrolongation stages. Inappropriate
numerical treatment of turbulence equations may result inphgsical values of
turbulencevariables leading to ineffieent fine grid correction and to loss of multigrid
robustnessin this study at the endof eachstageof RK integration if the values of
turbulence kinetic energy or dissipation rate are less than a minimum positive value then
they areforced to be equato that minimum positive valuelhis positivity scheme is
applied m all grid levelsIn addition when using MGthe residuals of the equation are

limited before being restricted to a coarser grid, as propog4&8Jin

"1 "1 (6.6.1)

Wt
where theY is the newsmoothed residual and the] depend®ntheproduction
term as:
" r"0 8 (6.6.2)

The turbulent viscosity is computed on each grid level, but the production teramsi
w are computed only otinefineg grid level and reported twoarser levels by using the
restriction operator.Moreover, equation (6.5.13 does not prevent the turbuten
variables from becoming negatiged i is possible that the coarse grid correctibthe
turbulence variableson thefine-grid lead tononphysicalnegative valuesThis issue
arises mainly in the first few nearall cells A common technique to avoid this issue in
the prolongation stage is temploy artificial fixes by either allowing only positive
increments, or by ladly neglectingcorrections that cause loss of positivity this study
a limiter has been developed to guarantee the positive valuestoftibkencevariables

Using suchalimiter, the equatior6.5.13) is modified as follows:

C
CA
1

L Ow (6.6.3)

wherew is the correctionNote that this limiter reduces the value of the correction
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6.6 Technicalities on the application of multigrid to RANS and SST equations

"Ow0 only when it is negative. Parametemffectsthe level of reductiotthat will be
applied to the correctiorkliassonand Wallin[61] proved that the value 6f has vey
small influence on theonvergenceate and shold for most cases be greater than 10 for
robustnas reasons. In this work we seequal to 100Whenthe value of theorrection
"Ow) becomes smatlompared tahesolutiond , and only if itis negativethen the
reduction of the correctiof® w0 forced bythe limiter (6.6.3) becomes smallhe
higher order restriction combined with the new correctioniter has substantially
improvedthe robustness of the turbulent MG code used in this reseasdillations
which were obvious the turbulent viscositgrofiles fora variety of test casémvenow
disappeared. Results relative to gtability of the turbulent multigrid method can be
found in chapter Validatioro.
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Chapter 7
VALIDATION

This chapter outlines numerical results computethiree exteral flow problemsFirstly

a steady turbulent flat plab®undary layeis consideretthenumericalkolution of COSA

is compared with availabldeoretical results. The second test cagbasNACA4412

airfoil in a subsonic turbulent floeaturing a flowreversal in the rear portion of the
suction side. The COSA solution has been compared to avadebdded hotwire
boundary layer measuremeni&e third test cases a transonic flow field past the
RAE2822 airfoil. This transonic flow field is charactezed by a significant
shockboundary layer separatiamteraction on the suction sidaf the airfoil and such an
interaction causes a boundary layer separation in this &reall test casesomparison

bet ween Wil cox6s and Maeniotteeturbudent guartity afe o u n d :
presentedlt is highlighted that the solution variations due to particular choices of this
boundary conditiorare often largethan those caused by the use of different turbulence
models.The chapterlso presentcomparison®f the numerical solidns obtained by
using either a firstor asecondorderaccurate spaesiscretizatiorof the two turbulence
model equations. This analysis highlights that significant differences between the
solutions obtained by using either approach exist in the cas®tbfsubsonic and
transonic flow problems. This is an important result, since available literature on this
aspect points to the fact that the use of a second order rather than first order discretisation
of the turbulent equations is more important fons@nic flows with shockg$zinally the
convergence rate of the residuals &tirtestcasess examinedo highlight the significant
convergence and stability improvements obtained by using theohilg restriction
operator and the other turbulent mulidgadjustments presenteddhapter 6.
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7.1 Steady turbulent flat plate

7.1 Steady turbulent flat plate

The turbulent flow over a flat plate leading to the formation of a turbulent boundary layer
Is considered. The computational domain is rectangular and the flat plate liesowethe
horizontal boundary. Théeading edge(LE) of the flat plate is in the origin of the
Cartesian system, and itmiling edge (TE) is atw p, where the (vertical) outlet
boundary is positioned. The inlet boundary isyat p¥o, and the upper horizaaltside

is a farfield boundary positioned @ p. The mesh can be se&nfigure 7.1

0.8

0.6

0.4

0.2

0 0.5 1

Figure 7.1: Grid for turbulent flat plate.

The adopted Cartesian grid is #l@ck grid and it has 384 mesh intervals alongnd
the size of these intervals increases fritvia lower horizontal boundary to the upper
horizontal boundary starting from a minimum valug@&f p 1 with w always less
than 1.The grid has 256 equal mesh intervals alahghere192 are on the flat plate and
64 in the space between thie and the inlet boundary. The freream Reynolds number
Y@@ p mandthe freestream Mach number is & . All simulations have been
performed using the stalledimproved auxiliary state fafield BCsfor internal flows
[69] on the vertical left and right boundaries of the computational domain, and a standard
externalflow far-field condition on the top horizontal boundaf81]. Symmetry
conditions are imposed on the portion of lilnger horizontal boundary between the inlet
boundary and the LE of the flat plate, and ashp condition is applied on the flat plate.
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7.1 Steady turbulent flat plate

The turbulent intensity at fdield boundary is equal to 1% and the rdtiof' is set
top 1 . Mesh refinement analyses conducted for each of the modellhgpseliscussed
below have revealed that the solution computed with the grid defined above presents
negligible differences from the solution computed by using grittssubstantially higher
spatial refinement.

This turbulent flow field has been computed using bothuthg and the SST
turbulence models using a second order upwind scheme for all equatiensultigrid
method has been applied to the systdrgoverning equations order to increasthe
convergence rate of the residuals. Moreovéigh order restriction operatd6.3.3) is
usedto transfer the residual from a finedjto a coarser grid aradlimiteris added to the
prolongation operator, deed by equation (6.6.3)n order b guarantee the positive
values of theurbulencevariables Three multigrid levels with \ycle have been used in
all computations where for each multigrid ay@& RK iterations have been perforneed
the first level, 5RK iterations on the second level and 2 RK iteration the coarsest
level. All computations started frora freestreanflow initialisation and used "0O0 T.
The total number of multigrid cycles was seRt0. For each turbulence model, three
analysesiave been performed, one computingwith Wi | ¢ modd (®quatio2.6.1)
and’Y p m,7Oone computing wi t h  Menadel equaton(2.6.7), and one
computingl  with equation (2.6.1) andY ¢ v 1T &s proposed ifi82]. The four
profiles of the nordimensionalized velocity component parallel to the flat plate on a line
orthogonal to the flat plate itselfat @, computed with 7 and’Y"Yamalysis using
either equation (2.6.1) withY p 1 or equation (2.6.7), are reported in the top left
subplot of thdigure 7.2

The variable on thehorizontal axisis the logarithm in base 10 af, the
nondimensionalized wall distance, and its expressagiven by guation (2.6.9 The
varieble on thevertical axis is6 the nondimensionalized velocity components
parallel to the wallwhich, in this case, is thexcomponent of the velocity vector. Its
expression i® 0ss70 .The subpl ot al s ofilerwhiphasraposverSp a |l «
series interpolation of experimental data joining the linearlaydr to the logarithmic
region of the turbulent boundary layer occurring on a flat plate in the absence of a stream
wise pressure gradiefi4]. It is observed that the velocity profiles computed with either
turbulence model using equation (26.7 (prof il es | abeblij,d 6SS
ment wé6) are very close to each other, an.
velocity profiles computed with either turbulemoedel using equation (2.6§.Wwith Y
pnnttprofiles |l abel lved, 65T 0 wdwerg @asedto eathd o 6
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Figure 7.2: Turbulent flat plate analysis. Top Left:c ompar i son ovélocigypal di

profile and velocity profiles at e 8 computed with L © and SST models using

Wil c de 6s )andMe nt wall BG. Top Right: comparison of theoretical skin

friction coefficient (fig) and Jig computed with £ © and SST models usingWi | c o x 6's
dl4 Spal di
profile and velocity profiles at e=0.5 computed with L © and SST models using

Wil c o-ﬁq 0s Rattbnh RighC .comparison of

theoretical g and qg computed with L o and SST models using Wilco x o{§  (

)and Ment er BE. Bateooinlleft: compari son of

} and Ment er 6 s

)and Menter 6 s wal | BC.

The skin friction coefficienf along the flat plate obtained with these four simulations is

reported along the vertical axis of the top right subpfotigure 72. The theoretical

estimate for this problem & T8¢ D YQ is also reported for reference.
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7.1 Steady turbulent flat plate

One notices that the differences between dherofiles obtained by using the two
turbulence models with the same wall BC arehaf same order of magnitude as those
observed when using one turbulence model with two different wall BCs, and this
highlights the impact of the adopted conditionjfor on the computed solution. The

velocity profiles obtained with the 1 and SST simulations using either equation
(2.6.1) with”Y ¢ v Totequation (2.6.7) are presented in the bottom left subplot of
figure 7.2, where use of the former condi
left subplot highlights that the fowelocity profiles are substantially closer to each other
than in the top subplot and this occurs I
valuesof cl oser to t hose Thefsaméeondusion bodds forda d i t i
profiles of thebottom right subplot. The differences between the two solutions obtained
using a given turbulence model with either equation (Rd@.&quation (2.6.7) withY

¢ v mare significantly smaller than those between the former solution and that obtained
with equation (2.6.7) withY  p T1t.7The remaining significardifferences between the
computed profiles for a given wall B@nd use of either turbulence model are likely to

be caused by structural differences between the turbulence modelsgsstiah lower
sensitivity of the SST model to the freream valuef] . The theoretical value of the

drag coefficienth for the considered configurationa® t p 1 , whereas the values

of 0 obtained with theix presented simulationseareportedn table7.1, and thesdata

emphasize again the impact of the wall BC foon the computediscous drag.

BC SST 0
wiclw opao pT oL pPT
wlcOw ok W pTT o® ¢ pT

mentw o8tw pTl o p pPTl
theory oPT pPT oPT P

Table 7.1: Flat plate drag coefficient computed with L
© and SST turbulence models using different wall

boundary conditions for © 8

The convergence histories tife four RANS PDEs and the two turbulence model

PDEs of theSST analysis using equation (2.5 atre reported in the left subplot fadure
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7.3, whereas the six convergence histories of the SST anabisigequation (2.6.1with

Y ¢ v mare shown in the right subplot thfe same figure.

1 1 1 i 1
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
MG cycle MG cycle

Figure 7.3: Convergence histories of turbulence SST analysis of flat plate using
Wi | cox{ys BC). (

The variable on thhorizontalaxis is the number of MG cycles, and the variafsieon

the vertical axis is the logarithm in base 10 of tteot mean sgare (RMS) of the cell
residuals of the considered conservation equation normalized by the RMS of the cell
residuals at the first MG iteratiomhe convergence histories of the glation based on
equation (2.6.1are fairly oscillatory, and the overalldction of the residuals is smaller
than that achieved by the sitlation based on equation (2.6.7his is due to the
difference in the estimates of the strong stre@se gradient gf  at the LE on the fine

and coarser grids, caused by insufficient spatial resolution in the sivisandirection of

the coarser grids. This circumstance results in oscillations of the flow residuals strictly
localized to the LE of the flat plate. Axpected, this problem does not occur without
MG. This phenomenon is alsbsent when using equation (2.6with or without MG,

as this condition does not introduce any significant stre@a gradient gf at the wall

on any grid level. For flow problesrfeaturing rounded LES, the oscillatory character of
the convergence histories of the turbulent MG solver bagetthe boundary condition
(2.6.]) is less pronounced than in the right subplot of figure Thss is because of the
smaller streanwise gradiats of] associatedvith the use of equation (2.6.Wvith
respect to the flat plate problewhere the sharp LE essentially leads to a flow singularity.

It is alsoexpected that increasing the streamse grid refinement in thevall proximity
reduces the redual oscillations under anaigsand preliminary numerical tests this
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researclappearto confirm this hypothesis. Therefore, in view of its previously discussed
advantages, the wall B2.61) with Y ¢ v mthras been usetbr all simulations

presaéted in thechapter8, unless otherwise stated.

7.2 Steady NACA4412

In this section, the turbulent flow field past the NACA444d#oil corresponding to the
condition of maximum lift is considered. The fregeam Mach numbeas &, and the

AOA isp @ X. The Reynolds number based on the airfoil chord and thesfream
velocity isp® ¢ p 1t This operating regime is characterized by a flow reversal in the
rear part of the airfoil suction sideetailed hotwire boundary layer measurements have
beenperformed aNASA Ames and reported if182]. Similar numerical studies have

been carried out bylenter[40] andMoryossef{179] more recently. Other studies can be
foundhere[64, 183] The Ggrid adoptedor the flow simulations reported below is that
available on thaveb site of the NASA CFD code CFL384]. This grid is a Zolock

grid and ithas 177points along the airfoil, 41 points in the-¢lit, and 81 points ithe
normallike direction, giving 20,480 celligure 7.4).The farfield boundary is at about

20 chords from the airfoil, and the distance of the first grid points off the airfoil surface
from the airfoil surface ist8t p 1 b of the chord withw always less than TThe
turbulent intensity athe far-field boundary is equal to 1% and the ratiof" is set

top 1t . In order to further assess the impact of the wall BC fon the accuracy of the
computed soliion, three analyses have been performed, one computingwith

Wi | cox ds ¢ gwitthiYt iountorie2sing eqation (2.§.with Y p 11,71

and one computing wi t h Ment er & 9. Thedunbdlent flonofield under 6 . 7
investigation has been computed using only the SST turbulence model making use of both
second and first order upwind scheaméhe Multigrid method has been applied to the
system in order to increase the speed of the computational time making use of the low
(6.3.2) and high (6.3.3) order restriction operat&@itinear interpolation is used for the
prolongation operator. Three multigrid levels withcycle have been used in all
computations where for each multigrid cy@eRK iterations have been done on thstfi

level, 5 RK iterations on the second level and 2 RK iteratianthe coarsest levelll
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7.2 Steady NACA4412

computations started from freestream values usin®0 p andthe total number of

multigrid cycles was set to 2500.
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Figure 7.4: Grid for NACA4412. Top left plot: computational area. Top right plot:

airfoil area. Bottom left plot: leading edge area. Bottom right plot: trailing edge

area.

Figure 7.5 presentthe comparison between measured and numerical results for the

static pressure coefficient around the airfaulrface. For both the experimental and

computed results, the variabl@along the horizontal axis denotes the position along

the airfoil chord, and the variable along the vertical axis denotes the static pressure

coefficient on the airfoil surfacel h e

obtainedusingWic ox 6 s wavl l¢ uBiCttwh @ hcomput ed

comput ed
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Figure 7.5: Turbulent flow past NACA4412 airfoil at
TS,

Comparison of measured static pressure coefficient

0o pa@xhyQ pd ¢ pftand O

(Il abell ed
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BC with Y
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turbul ence
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Wi |
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| abel gsdall 6wl c1wbd) ,
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6s walllabBed I(epd ob&me netswd ) .

The numerical results for the static pressure coefficient on the surface of the airfoil, using

all the differem wall boundary conditions, are imery good agreement with the

experimental data. The choice of the first or second alideretisatiorscheme for the

turbulent equations hanegligibleimpact on theeomputedstatic pressure coefficient.

The six subplots digure 7.6presenthe compason between measured and computed

velocity profilesat the six chordvise positions using a second order upwind scheme for

the turbulent equations. The position of the profilgsorted below isndicated by the

value of thescovariable reporté in each subplot. For bo#xperimental and computed

results, the variable¥calong thevertical axis denotes the distance from the airfoil,

measured along a line orthogonal to the chord and intersecting the chord at thedndicate
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7.2 Steady NACA4412

value ofcfd The variabledéf6 along the horizontal axis denotes the velocity
component parallel to the chord taken along the above said line orthogonal to the chord

itself and nordimensionalized by the fregtream velocity
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7.2 Steady NACA4412

Examination of the velocity profiles presentedfigure 76 confirmsthat the results
obtaired using different wall BC fqr can differ significantly, and also that the solution
obtained using W¥YI ¢ o xigsgnifiseatly tlosds (0 exparirhental
data compared to that b tpatifhigdedelovagreemendVi | c o
iIs comparable with that dflenter[40]. The agreement between the solutions obtained
with Menterds and Wi lcoxos wall BCs can
the constantY appearing in equatio(2.6.1) beyond 2500, but this has not been done
because the recalibration of this parameter is beyond the scope of this study.

The six subplots digure 7.7presenthe comparison between measured and computed
velocity profiles at the six chordise positions using the first andthe second order
upwind scheme for the turbulemequationsThe position of each profilis indicated by
the value of theXdvariable reported in each subplot. The structfriorizontaland
verticalaxes in figure 7.7 follow the same pattern adigure 7.6. The computed results
|l abell ed 6wl clwltdnedaynugsingWinmemnad xwd 6 vidled v BIC Wi
andMent er 6s wal | wbBhQG,first ordes ppwindt schenesinyilarly, the
computed results | abelled 6éwlclwsd and o6
BC with”'Y qumamnd Menter d0s wa with a BeCond orderupvend t i v o
scheme. Examination of the velocity profiles presented in figure 7.7 confirms that the
results obtained using first order upwind scheme for the turbulent equations fail to predict
correctly the boundary layer profil@his failure can be seest the positions 6t
T ¢, Wl T o and o¥® T Y df figure 7.7.For the three above said positions
the values of the velocitidsr both wall boundary conditions (Wilcox and Menter) are
fartheraway from the experimental ddten the values computed using seeond order
scheme for the turbulence equatidngheotherpositions presented figure 7.7 namely
WO TR T,0FD TE wand A T L, one sees thahe experimental datppear
to bebetween the resultsbtained using first order upwind scherfor the turbulece
equationsand the resultebtained usingecondrder upwind schem®ther studie§t4,
179]used a first order upwind scheme for the turbcteguationsmost likely to reduce
the computational ast and improve the numerical stability. Also Men{dO],
commentingon the turbulent flow analysis of this test case usrgymilar grid to that
adopted in the present analysiated that the solution is virtually indepentef the order
of the scheme used for the turbuderquationsbut this statement appears to contradict

the outcome of the analysis discussed above
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7.2 Steady NACA4412

In order to further investigate the impact of usedjrst or second order upwind
scheme for the turbuler equations, one additional comparative study has been carried
out. Theturbulert flow field past the NACA4412 airfoihas been computday keeping
the same values of the Reynolds and Mach number, but decreasing the Aog &om
too& x. In this way the flow will not be reversea the rear part of the airfoil suction
side and no separation will occur. The same type of comparative analysis reported in
figure 7.7 has been carried out for this new flow regandit has bee found thathe
velocity profilesobtained usingfirst order upwind scheme fdine turbulece equations
and the resultskdained usinga secondrder upwind schemaow present negligible
differences. This indicates that tbeder ofthediscretization bthe turbul@ce equatiors
is highly importanin order to predict correctly the flow fieldhen separation occurs.

One explanation of the differences appararthe velocity profiles between the first
and second order schesn@hen separation occuis the flow field, is that the grid
refinement is insufficient. More precisely, using the given grid to solve fluid problems
with strong gradients, such as those associated with the flow reversal under analysis, the
discretisation error of the first ordecheme is likely to be significantly higher than that
of the second order scheme. This large difference explains the solution differences
observed in the higAoA case. When the flow reversal is suppressed by lowering the
AoA, however, flow gradients areulsstantially reduced. In this circumstance, the
discretisation errors of the first and second order schemes using the same given grid are
substantially closer, and no significant solution difference is observed. Other numerical
experiments performed withithis research but not reported herein for brevity have
revealed that, even in the case of flow fields featuring significant flow gradients like flow
reversals(turbulent flow field past the NACA4412 airfoilnder analysjsand shocks
(turbulent flow fieldpast the RAE2822 airfoMvith Mach number equab 0.73, the
solutions of the first and second order discretisation becomes asymptotically close as the
grid refinement is increased. These investigations suggest that a second order accuracy of
the turbulece model should always be used particularly in the case of flow separations
(a feature that can affect both subsonic and transonic problems), and shocks. In these
cases, the use of the second order discretisation enables a high solution accuracy using
conmputational grids with moderate spatial refinement. These considerations highlight the
importance of the robust fullgoupled turbulent multigrid solution procedure developed
in this research. The high robustness of this implementation allows one to ssedhé
order discretisation of the turbulence model equations even with relatively coarse grids,

whereas many other published research works use a first order discretisation in the interest

145



7.2 Steady NACA4412

of numerical stability. Unfortunately, that choice may also hageificant detrimental
effects on the solution accuracy.

The values of the lift coefficientt , the drag coefficierd , and the pitching moment
coefficient (computed about the point lying on the airfoil chord at 25% of the chord from
leading edge)0 obtained with the three COSA SST simulationsraported in Table
7.2.The significant variations of the force coefficients with the wall BQ fphighlight
once again the impact of this modelling choice on the computed fédseghe different
orders of the upwind scheme for the turbulent equations has a significant impact on the
values of the force#\s one sees the value of the drag coefficient has been increased when
a first order upwind scheme has been used for the tudmggpations, compared to the
value computeavith asecond order scheme.

BC 0 0 0
wlclwf PH C T TMITTTP TAUL YU
wiclws PH WO TMIOXTO TAPOT (
wlcOws PpH T O TIT¢CPpuw TBQT YUY
mentwf pH UL O TMIePULYX TBIL YT U
mentws PH Y 1 mMto PPt T8 @ G L )
exp PH ¢ W
Table 7.2: Turbulent flow past NACA4412 airfoil at == = 8 °h{ m
8 and 4 8 : lift, drag and pitching moment coefficients

computed with SST turbulence model using different wall boundary
conditions for © with first and second order upwind scheme for the

turbulent equations

Figure 78 presentshe comparison betweehefirst andthe second order numerical
results for the skin friction coefficient around the airfoil surfadee variableifcalong
the horizontalaxis denotes the position along the airfoil chord, and the vatGalaleng

thevertical axis denotes thskin friction coeficient on the airfoil surface.
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Figure 7.8: comparison of skin friction
coefficients at 6 € 6 p @ Xh'YQ p® ¢

p ftand O TI& between results computed

with first (labell ed 6mentwfd and

second(l abell ed O6mentwsd and 6wl clwsbd)
discretisatonusi ng Wil cox 6 wal | BC with

cuvmand Menterds wall BC.

Figure 78 highlightsthatthereis asignificantdifference between the calculated results
obtained using first order upwind schemandthe calculated results obtained using a
second order upwind schen#es a result, these differencaffect the values of the drag
coefficientspresentean the table 7.2. Moreovieme sees that at 80% of the airfoil chord
on the siction side, the skin friton coefficient is nearly zero éuto the fact that
separatioroccurred.

Also, numerical experiments for the turbulent flow field past the NACA4412 airfoll
have been done, using the exact SST equation (5.2.34) for the update process of the RK
scheme This analysis has highlighted that both the computed solution and the
convergence histories of the code using either the exact SST update (equation (5.2.34))
or the approximate update (equation (5.2.32)) present negligible differences. For this
reason dlthe analyses present&u chapter8 for low speed casesebased on the use of
equation(5.2.32)
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7.2 Steady NACA4412

The convergence histories of the four RANS PDEs and the two turbulence model
PDEs of the SST analysis using equation (2.6.7) are reported in thebjalps of figure
7.9, whereashe six convergence histories of the SST analysis using equation (2.6.1) with

Y ¢ v mare shown in the bottom subplots of the same figure.
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Figure 7.9: Convergence histories of turbulent SST analyses of flow field past

NACA4412 airfoil at © ¢ O p @ Xh'YQ p® ¢ p i) ™&. Top Left plot:

simulation using Menterd6s BC wTopRightmotr or der

simulation wusing Menter6s BC wiBokhomhliefgh or d

plot: simulatonu s i ng Wi |™ o & érxwitBI@v ofder prolongation operator.
Bottom Right plot: si mul ati on usi AYy c¢Wixlwithohigh ordeB C  (

prolongation operator.
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7.3 Steady RAE2822

The two subplots on the left hand side of figure 7.9 are the residualstiuslog order
restriction operator defined by equati3.2) whereas the residuals obtained vittle

high order restriction operator defined by equation (6.3.3) are presented in the subplots
on the right hand side of the same figuBilinear interpolationis used for the
prolongation operator whereadimiter is added to the prolongation operator, defined by
equation (6.6.3), in ordeptguarantee the positive values of thebulencevariables.
Examination of theconvergence historiesf the simulationpresented in figure 9.
confirms that thdow order restriction operatdails to reduce the residuals more than
three orders of magnitude. Comparing the plots on the right hand side of the figure 7.9
and the plots on the left hand side of the same figueesees the high importance of
using a high order restriction operator in order to achieve a converged solut®n.
convergence histories of the sitation based on equation (2.pafe smoother than those

of the simulation based on (2.6.1n both caseshowever, all residuals decrease by at
least four orders of magnitudehen a high order restriction operator is udeds also
expected that increasing the spatial refinement of the computational grid reduces the
residual oscillations under analysis, gireéliminary numerical tests appear to confirm

this hypothesis.

7.3 Steady RAE2822

In this section, the turbulent flow field past the RAE2822 ainigth sharp trailing edge

is considered. Thisperating regime is characterizby a transonic flow whershock
boundary layer separation appears58o of the airfoil chord.The freestream Mach
number is® ¢gand the AoA i£& . The Reynolds number based on the airfoil chord
and the freestream velocitys@® p 1. Detailed experimentaneasuremesthave
been performed by Cook et al. and reportgd &5]. Similarnumerical studies have been
doneby Fassbendel62] and Swansor[140] recently The Ggrid has beergenerated
using the NUMECA packad@86]. This gridhas twablocks and ithas 449oints along
the airfoil, 97 points in the €ut, and 12%oints in the normadike direction, giving
81,920cells (figure 7.1Q. The farfield boundary is at about 20 chords from the airfoll,

and the distance of the first grid points off the airfoil surface from the airfoil surface is
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7.3 Steady RAE2822

p8t p 1 P of the chord withw always less than. The turbulent intensity dhefar-

field boundary is ecal to 1% and the ratio T* is settop 1t .
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Figure 7.10: Grid for RAE2822. Top left plot: computational area. Top right
plot: airfoil area. Bottom left plot: leading edge area. Bottom right plot: trailing

edge area.

In order to further assess the iagp of the wall BC for on the accuracy of the

computed solution, two analyses have been performed, one computwg t h

condition (2.6.1) with"Y

¢ L Ttamd one computing

Wi |

Menter 6s C

C O X

wi t h

(2.6.7).The turbulent flow fikd under investigation has been computed using only the
SST turbulence model making use of both secondfiestdorder upwind scheme. The
multigrid method has been applied to the system in order to increasantrergence rate

of the simulation. Both thealculation using théow-order restriction operator provided
by equation(6.3.2) and that using thieigh-order restriction operator given by equation
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7.3 Steady RAE2822

(6.3.3)have been carried awilinear interpolation is used for the prolongation operator.
Three multgrid levels with \fcycle have been used in all computatioRer each
multigrid cycle 5 RK iterations have been done alh grid levels All computations
started from the freestream initialisation, dinel total numbeof multigrid cycles was set
to 2,90. 6 "Otamping was used to increase the maximum value dj ti@umber for
all equations. The maximuth "Oaumber for the NS and SST equations were set to 4 and
6, respectively.

Figure 7.11presentshe comparison between measured data and meahegsults for
the static pressure coefficient around the airfoil surface. For both the experimental data
and the computed results, the variageoalong thehorizontalaxis denotes the position
along the airfoil chord, and the variatde along the vertical axis denotes the static
pressure coefficient on the airfoil surfadehe computed results |
those obtained usind Wb iran xhé sompuied rdesultB C w
| abell ed O6ment w6 are whlolseBObt Bh@mesdymlso In
the end of each label indicate if the computation used first or second order upwind scheme
forthe turbulenee quati ons, respecltbi aal0P .6i Bhé c ay mb

computation used the entropy fimiter (4.4.1)or no entropy fix, respectively.

Figure 7.11: Turbulent flow past RAE2822 airfoil at & £ & ¢& hyQ ¢® p ftand

0O T oComparison of measured static pressure
numerical results computed with SST tMrbulenc
¢umand Ment er Olseft plat:l dompa@isdn of the first and second order
discretisation scheme for the turbulence equations. Right plot: comparison with or

without entropy fix.
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