
Measurement of the Mechanical Loss of Test Mass

Materials for Advanced Gravitational Wave

Detectors

Peter G Murray, M.Sci.

Department of Physics and Astronomy,

University of Glasgow

Presented as a thesis for the degree of Ph.D.

in the University of Glasgow, University Avenue,

Glasgow G12 8QQ

c© P. G. Murray, 2008

May 22, 2008



Contents

Acknowledgements xxvii

Preface xxx

Summary xxxiii

1 Gravitational Wave Detection 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Production of Gravitational Waves . . . . . . . . . . . . . . . . . . . 2

1.3 Sources of Gravitational Waves . . . . . . . . . . . . . . . . . . . . . 3

1.3.1 Burst Sources . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3.2 Continuous Sources . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3.3 Stochastic Background . . . . . . . . . . . . . . . . . . . . . . 9

1.4 Gravitational Wave Detectors . . . . . . . . . . . . . . . . . . . . . . 10

1.4.1 Resonant Bar Detectors . . . . . . . . . . . . . . . . . . . . . 10

1.4.2 Long Baseline Interferometers . . . . . . . . . . . . . . . . . . 13

i



1.5 Sensitivity Limits: Sources of Noise . . . . . . . . . . . . . . . . . . . 17

1.5.1 Photoelectron Shot Noise . . . . . . . . . . . . . . . . . . . . . 17

1.5.2 Radiation Pressure Noise . . . . . . . . . . . . . . . . . . . . . 20

1.5.3 The Standard Quantum Limit . . . . . . . . . . . . . . . . . . 21

1.5.4 Seismic Noise . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.5.5 Gravity Gradient Noise . . . . . . . . . . . . . . . . . . . . . . 23

1.5.6 Residual Gas . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.5.7 Thermal Noise . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.5.8 Optical Distortion (A Technical Limitation) . . . . . . . . . . 26

1.6 The Current Generation of Interferometric Gravitational Wave De-

tectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.6.1 Gravitational Wave Searches (Science Runs) . . . . . . . . . . 29

1.7 The Next Generation of Gravitational Wave Detectors . . . . . . . . 30

1.7.1 Second Generation (Advanced) Detectors . . . . . . . . . . . . 30

1.7.2 Third Generation Detectors . . . . . . . . . . . . . . . . . . . 32

1.7.3 Space-Based Detectors . . . . . . . . . . . . . . . . . . . . . . 33

1.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2 Thermal Noise in Interferometric Gravitational Wave Detectors 36

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

ii



2.2 Brownian Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.3 The Fluctuation-Dissipation Theorem . . . . . . . . . . . . . . . . . . 38

2.4 Sources of Dissipation . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.4.1 External Sources of Dissipation . . . . . . . . . . . . . . . . . 38

2.4.2 Internal Sources of Dissipation . . . . . . . . . . . . . . . . . . 39

2.5 Power Spectral Density of Displacement Thermal Noise in a Simple

Harmonic oscillator . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.6 Thermal Noise Resulting from Spatially Inhomogeneous Mechanical

Dissipation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.7 Thermoelastic Dissipation . . . . . . . . . . . . . . . . . . . . . . . . 46

2.8 Brownian Noise Associated with Dielectric Mirror Coatings . . . . . . 47

2.9 Thermoelastic Noise Associated with Dielectric Mirror Coatings . . . 48

2.10 Thermal Noise Sources in Interferometer Suspensions . . . . . . . . . 49

2.10.1 Pendulum Modes . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.10.2 Violin Modes . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.11 Effect of Combined Thermal Noise in a Gravitational Wave Detector 51

2.12 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3 Measurements of Mechanical Loss of Silica Substrates and Highly

Reflective Coatings 53

3.1 Requirements for Potential Test Mass Mirrors . . . . . . . . . . . . . 54

iii



3.2 Multi-Layer Dielectric Coatings . . . . . . . . . . . . . . . . . . . . . 55

3.3 Mechanical Loss of a Test Substrate - Measurement Principles . . . . 57

3.4 Experimental Procedure . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.5 Modelling of Test Mass Resonant Mode Frequencies . . . . . . . . . . 60

3.6 Calculation of Residual Coating Loss . . . . . . . . . . . . . . . . . . 62

3.7 Calculation of Energy Ratios in ANSYSr . . . . . . . . . . . . . . . . 64

3.7.1 Material Properties of Composite Coatings . . . . . . . . . . . 65

3.7.2 Calculation of Energy Ratios in ANSYSr . . . . . . . . . . . 66

3.8 Determination of the Source of Coating Dissipation . . . . . . . . . . 67

3.8.1 Potential Sources of Coating Dissipation . . . . . . . . . . . . 67

3.8.2 Identification of the Source of Coating Dissipation . . . . . . . 69

3.9 Single Layer Measurements . . . . . . . . . . . . . . . . . . . . . . . . 71

3.10 Investigations into the Effects of Doping Tantala with TiO2 . . . . . . 78

3.11 Investigations into the Losses Associated with Coatings Supplied by

CSIRO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.11.1 Thirty Layer Tantala/Silica Coating . . . . . . . . . . . . . . 83

3.11.2 Tantala/Silica Coatings Produced Using Xenon Sputtering Ions 84

3.11.3 Mechanical Loss Measurements of a Single Layer of Tantala . 85

3.11.4 Lutetium Doped Tantala/Silica Coatings . . . . . . . . . . . . 86

iv



3.11.5 Improving the Mechanical Loss and Reducing the Absorption

of High-Index Coating Layers . . . . . . . . . . . . . . . . . . 86

3.11.6 Finite Element Analysis of CSIRO Coatings . . . . . . . . . . 90

3.11.7 Residual Coating Loss of CSIRO Multi-Layer Coatings . . . . 93

3.12 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4 Measurements of Mechanical Loss of Hydroxide Catalysis Bonds 97

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.2 The Chemistry of Hydroxide-Catalysis Bonds . . . . . . . . . . . . . 99

4.2.1 Hydration of the Silica Surface . . . . . . . . . . . . . . . . . 99

4.2.2 Etching of the Silica Surface . . . . . . . . . . . . . . . . . . . 99

4.2.3 Dehydration and Polymerisation . . . . . . . . . . . . . . . . . 100

4.3 Measurements of Mechanical Loss of Hydroxide Catalysis Bonds . . . 101

4.4 Semi-Empirical Model of Mechanical Losses in Silica . . . . . . . . . 103

4.5 Hydroxide-Catalysis Bonding of Fused Silica Cylinders . . . . . . . . 112

4.6 Scanning Electron Microscope Measurements of the Thickness of Hy-

droxide Catalysis Bonds . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.7 Atomic Force Microscope Measurements of the Thickness of Hydrox-

ide Catalysis Bonds . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.8 Transmission Electron Microscope Measurements of the Thickness of

Hydroxide Catalysis Bonds . . . . . . . . . . . . . . . . . . . . . . . . 122

v



4.9 Finite Element Analysis of Hydroxide-Catalysis Bonds . . . . . . . . 124

4.9.1 Finite Element Analysis of Strain Energy stored in Hydroxide-

Catalysis Bonded Fused Silica Samples Modelled Using Beam

Elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.9.2 Finite Element Analysis of Strain Energy stored in Hydroxide-

Catalysis Bonded Fused Silica Samples Modelled Using Solid

Elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

4.10 Measurement of the Bond Loss of Two Masses Hydroxide-Catalysis

Bonded Together . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

4.11 Calculation of Bond Loss Between Two Silica Test Masses . . . . . . 135

4.12 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5 Measurements of Mechanical Loss of Sapphire Substrates 140

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

5.2 The Anisotropic Properties of Sapphire . . . . . . . . . . . . . . . . . 142

5.2.1 Stiffness Constants of c-Axis Sapphire . . . . . . . . . . . . . 143

5.3 Bond Matrix Transformations . . . . . . . . . . . . . . . . . . . . . . 145

5.3.1 c-axis to m-axis Bond Matrix Transformation . . . . . . . . . 147

5.3.2 m-axis to a-axis Bond Matrix Transformation . . . . . . . . . 148

5.4 Cyclic Permutation of Elastic Properties . . . . . . . . . . . . . . . . 149

5.5 Finite Element Analysis of Sapphire in ANSYSr . . . . . . . . . . . . 151

5.5.1 Finite Element Analysis of m-axis Sapphire . . . . . . . . . . 152

vi



5.5.2 Finite Element Analysis of a-axis Sapphire . . . . . . . . . . . 153

5.6 Investigations into the Effect of Surface Polish on the Mechanical Loss

of Sapphire . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

5.7 Reduction of Suspension Loss Through the Introduction of a Nodal

Support . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

5.8 Measurements of the Coating Loss of Tantala/Silica Coated a-axis

Sapphire Substrates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

5.9 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

6 Measurements of Mechanical Loss of Silicon Substrates 173

6.1 Silicon as a Mirror Substrate . . . . . . . . . . . . . . . . . . . . . . . 173

6.2 Crystal Orientation of Silicon . . . . . . . . . . . . . . . . . . . . . . 174

6.2.1 Stiffness Constants of (100) Silicon . . . . . . . . . . . . . . . 175

6.3 Bond Transformations of Silicon . . . . . . . . . . . . . . . . . . . . . 177

6.3.1 Silicon (100) to Silicon (110) Bond Matrix Transformation . . 178

6.3.2 Silicon (110) to Silicon (111) Bond Matrix Transformation . . 179

6.4 Finite Element Analysis of Silicon in ANSYSr . . . . . . . . . . . . . 181

6.4.1 Finite element analysis of 98 mm diameter by 100 mm long

silicon (100) cylinders . . . . . . . . . . . . . . . . . . . . . . . 182

6.4.2 Finite element analysis of 98 mm diameter by 100 mm long

silicon (111) cylinders . . . . . . . . . . . . . . . . . . . . . . . 185

6.5 Measurements of Mechanical Loss in Silicon Cylinders . . . . . . . . . 186

vii



6.6 Measurements of Mechanical Loss in Silicon Coins . . . . . . . . . . . 189

6.7 Measurements of Mechanical Loss in Silicon Rods . . . . . . . . . . . 192

6.8 Rotation of Silicon Within a Suspension . . . . . . . . . . . . . . . . 195

6.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

7 Silicon as a Mirror Substrate for Third Generation Detectors 198

7.1 Challenges for Future Gravitational Wave Detectors . . . . . . . . . . 198

7.1.1 Mechanical Loss in Silicon Flexures . . . . . . . . . . . . . . . 200

7.1.2 Mechanical Loss in Bulk Silicon . . . . . . . . . . . . . . . . . 201

7.2 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205

8 Conclusions 206

A Process for the polishing of cross-sections 209

A.1 Stage 1 - Mounting the Sample . . . . . . . . . . . . . . . . . . . . . 210

A.2 Stage 2 - Polishing with 600 grit Silicon Carbide Powder . . . . . . . 211

A.3 Stage 3 - Polishing with 9 µm Aluminium Oxide Powder . . . . . . . 212

A.4 Stage 4 - Polishing with 3 µm Aluminium Oxide Powder . . . . . . . 212

A.5 Stage 5 - Final Polish with Syton . . . . . . . . . . . . . . . . . . . . 213

A.6 Stage 6 - Removing Sample from the Polishing Mount . . . . . . . . . 214

A.7 Stage 7 - Cleaning Sample and Polisher Post-Polishing . . . . . . . . 214

viii



B Finite Element Analysis of the strain energy stored in hydroxide-

catalysis bonded fused silica samples using beam elements 216

C Finite Element Analysis of the strain energy stored in hydroxide-

catalysis bonded fused silica samples using solid elements 225

Bibliography 246

ix



List of Figures

1 Peter Murray and Albert Einstein (cutout) at the GEO600 Detector. xxix

1.1 The effect of the h+ and h× polarisations of a gravitational wave on

a ring of test particles, incident perpendicular to the page. . . . . . . 3

1.2 Diagram of a Simple Michelson Interferometer. . . . . . . . . . . . . . 14

1.3 Diagram of a Michelson Interferometer where the optical path length

is increased by folding the optical path. . . . . . . . . . . . . . . . . . 15

1.4 Diagram of a delay-line Michelson Interferometer. . . . . . . . . . . . 16

1.5 Diagram of a Michelson Interferometer with Fabry-Perot cavities formed

in each arm between the end and inner test masses. . . . . . . . . . . 16

1.6 Diagram of a Michelson Interferometer with a Fabry-Perot cavity and

the addition of a power recycling mirror placed between the laser and

the beam splitter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.7 Diagram of a Michelson Interferometer with a Fabry-Perot cavity and

the addition of a signal recycling mirror placed before the photodiode. 20

1.8 Sensitivity curves for the three LIGO interferometer detectors recorded

during the S5 Science Run in May 2007. . . . . . . . . . . . . . . . . 27

x



1.9 Panorama of the VIRGO gravitational wave detector near Pisa (Italy)

with 3 km arms at right angles to each other. . . . . . . . . . . . . . 28

1.10 Sensitivity curves of the VIRGO interferometer detectors in October

2007. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

1.11 Sensitivity curves of the GEO600 detector during the S1, S3, S4 and

S5 science runs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1.12 The Laser Interferometer Space Antenna consists of three spacecraft

orbiting the sun in an equilateral triangular configuration, separated

from each other by 5× 106 km. . . . . . . . . . . . . . . . . . . . . . 34

2.1 Oscillator consisting of mass m and a spring with complex spring

constant k(1 + iφ(ω)). . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.2 Levels of thermal and thermoelastic noise calculated in a single sus-

pended tantala/silica coated fused silica mirror illuminated by a laser

beam with radius r0 = 3.9 cm. . . . . . . . . . . . . . . . . . . . . . . 51

3.1 Schematic of a multi-layer dielectric coating sputtered onto a sub-

strate, comprising of alternating layers of material with refractive

index n1 and n2 respectively. . . . . . . . . . . . . . . . . . . . . . . 56

3.2 A 76.2 mm diameter by 25.4 mm thick fused silica test substrate

suspended by a loop of silk thread. . . . . . . . . . . . . . . . . . . . 58

3.3 Michelson interferometer used for loss measurements . . . . . . . . . 59

3.4 Schematic of the interferometer readout and filtering system used

throughout this research for measuring the ring-downs of resonant

modes of a test sample. . . . . . . . . . . . . . . . . . . . . . . . . . . 60

xi



3.5 Screen capture of LabVIEW script used to capture the ring down of

a decaying resonant mode. . . . . . . . . . . . . . . . . . . . . . . . . 61

3.6 Clover 4 and Asymmetric Drum mode shapes for a 65 mm diameter

by 70 mm long silica substrate where the relative displacements U =√
x2 + y2 + z2 are plotted in normalised, dimensionless units. . . . . . 62

3.7 Convergence of Energy Ratio for the 47339 Hz Resonant Mode of a

30 layer silica/tantala coating on a 76.2 mm diameter by 25.4 mm

long silica substrate. . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.8 Illustration of the substrate/coating interface. . . . . . . . . . . . . . 68

3.9 Illustration of the coating/coating interface. . . . . . . . . . . . . . . 68

3.10 Image of cracks which appeared through the tantala coating during

the annealing process. . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.11 ANSYSr illustrations of the four resonant mode shapes and calcu-

lated frequencies measured on the 76.2 mm diameter by 25.4 mm thick

silica substrates where the relative displacements U =
√

x2 + y2 + z2

are plotted in normalised, dimensionless units. . . . . . . . . . . . . . 73

3.12 Measured mechanical losses of fused silica substrates coated with sin-

gle layers of silica and tantala and of their corresponding uncoated

control samples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.13 Measured mechanical losses of single layers of doped and undoped

tantala compared to their corresponding uncoated control samples. . 77

3.14 Measured mechanical losses of multi-layer tantala/silica coated sam-

ples with differing percentages of titania dopant introduced to the

tantala component. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.15 EELS image of the TiO2 content within a doped silica/tantala coating. 80

xii



3.16 Residual losses of TiO2-doped tantala/silica coating as a function of

TiO2 concentration in the Ta2O5. . . . . . . . . . . . . . . . . . . . . 82

3.17 Measured mechanical losses of four coated samples of fused silica pro-

duced by CSIRO. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.18 Schematic of the tantala/titania // silica multi-layer dielectric coating

produced by CSIRO. . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.19 Schematic of the silica/titania // silica multi-layer dielectric coating

produced by CSIRO. . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.20 Schematic of the tantala/silica // silica multi-layer dielectric coating

produced by CSIRO. . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.21 Measured mechanical losses of three different 30 layer coated fused

silica substrates produced by CSIRO. . . . . . . . . . . . . . . . . . . 89

3.22 Convergence of ratio of energy stored in a 15% titania 85% tan-

tala/silica coating on a 76.2 mm diameter by 25.4 mm tall silica

substrate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

3.23 Convergence of ratio of energy stored in a 65% tantala 35% sil-

ica/silica coating on a 76.2 mm diameter by 25.4 mm tall silica substrate. 93

3.24 Convergence of ratio of energy stored in a 35% titania 65% silica/silica

coating on a 76.2 mm diameter by 25.4 mm tall silica substrate. . . . 94

3.25 Measured mechanical losses of two identical 15% doped titania tan-

tala/silica coated samples produced by two different coating vendors

CSIRO and LMA. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

xiii



4.1 Conceptual design for the monolithic final stage suspension for the

input and end test masses of the Advanced LIGO detectors . The

test mass will be suspended using ears bonded to flats on the barrel

of the mass with silica ribbons welded to the ears. . . . . . . . . . . . 98

4.2 Lowest measured mechanical losses of resonant modes of two 65 mm

diameter by 70 mm long Heraeus Suprasil-311 fused silica cylinders

compared with the losses predicted by the empirical model. . . . . . . 107

4.3 Finite element representation of the 32308 Hz and 36998 Hz reso-

nant mode shapes for a 65 mm diameter by 70 mm long fused silica

substrate where the relative displacements U =
√

x2 + y2 + z2 are

plotted in normalised, dimensionless units. . . . . . . . . . . . . . . . 108

4.4 Finite element representation of the 39873 Hz and 56204 Hz reso-

nant mode shapes for a 65 mm diameter by 70 mm long fused silica

substrate where the relative displacements U =
√

x2 + y2 + z2 are

plotted in normalised, dimensionless units. . . . . . . . . . . . . . . . 108

4.5 Lowest measured mechanical losses of resonant modes of two 65 mm

diameter by 50 mm long Heraeus Suprasil-311 fused silica cylinders

compared with the losses predicted by the empirical model. . . . . . . 109

4.6 Finite element representation of the 44801 Hz and 72048 Hz reso-

nant mode shapes for a 65 mm diameter by 50 mm long fused silica

substrate where the relative displacements U =
√

x2 + y2 + z2 are

plotted in normalised, dimensionless units. . . . . . . . . . . . . . . . 110

4.7 Empirical model fitted for Heraeus Suprasil-311 compared with the

original Suprasil-312 Model and the eight lowest measured mechanical

losses from the Heraeus Suprasil-311 fused silica cylinders. . . . . . . 111

xiv



4.8 Image of the two bonded masses comprising of a) two identical 65 mm

diameter by 70 mm long silica samples studied previously and of b)

65 mm diameter by 50 mm and 70 mm long silica samples studied in

this thesis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.9 Image of two cross-sections cut from the 0.2 µl (top) and 2 µl (bottom)

1 inch diameter hydroxide-catalysis bonded samples. . . . . . . . . . 114

4.10 1,500× and 10,000× magnified Scanning Electron Microscope images

of an unpolished cross-section of the 2 µl hydroxide-catalysis bonded

sample, taken using a Hitachi TM-1000. . . . . . . . . . . . . . . . . 115

4.11 1,000× and 10,000× magnified Scanning Electron Microscope images

of polished cross-section of the 2 µl hydroxide-catalysis bonded sam-

ple, taken with a Hitachi TM-1000. . . . . . . . . . . . . . . . . . . . 116

4.12 10,000× magnified Scanning Electron Microscope image of polished

cross-section of the 2 µl hydroxide-catalysis bonded sample rotated

45◦, taken with a Hitachi TM-1000. . . . . . . . . . . . . . . . . . . . 117

4.13 120,088× magnified Scanning Electron Microscope image of polished

cross-section of the 2 µl hydroxide-catalysis bonded sample, taken

with a FEI Nova 200 Dualbeam FIB system. . . . . . . . . . . . . . . 117

4.14 65,000×, 80,000× and 50,026× magnified Scanning Electron Micro-

scope images taken across a polished cross-section of the 0.2 µl hydroxide-

catalysis bonded sample, using a FEI Nova 200 Dualbeam FIB system.118

4.15 Atomic Force Microscope image of the polished cross-section of the

2 µl hydroxide-catalysis bonded sample. . . . . . . . . . . . . . . . . 119

4.16 Reanalysed Atomic Force Microscope image of the polished cross-

section of the 2 µl hydroxide-catalysis bonded sample. . . . . . . . . . 120

xv



4.17 Second Atomic Force Microscope image of the polished cross-section

of the 2 µl hydroxide-catalysis bonded sample. . . . . . . . . . . . . . 120

4.18 Atomic Force Microscope image of the polished cross-section of the

0.2 µl hydroxide-catalysis bonded sample. . . . . . . . . . . . . . . . 121

4.19 Second Atomic Force Microscope image of the polished cross-section

of the 0.2 µl hydroxide-catalysis bonded sample. . . . . . . . . . . . . 122

4.20 10, 000× Scanning Electron Microscope image of a slice of the 2 µl

hydroxide-catalysis bonded sample fabricated using Focus Ion-Beam

milling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

4.21 Transmission Electron Microscope images of focus ion-beam milled

section of the 2 µl hydroxide-catalysis bonded sample. . . . . . . . . . 124

4.22 Transmission Electron Microscope image of polished cross-section of

an Advanced LIGO ear bonded using 0.7 µl of hydroxide-catalysis

bonding solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.23 Finite element representation of the 23826 Hz resonant mode of the

65 mm diameter by 120 mm long bonded silica mass, and isolated

bond region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

4.24 Ratio of Energy Stored in varying bond thicknesses on the 65 mm

diameter by 120 mm long bonded fused silica sample for four of the

resonant modes, modelled using 3 Node 189 Beam Elements. . . . . . 127

4.25 ANSYSr illustrations of nine resonant mode shapes of the 65 mm

diameter by 120 mm long bonded fused silica substrates where the

relative displacements U =
√

x2 + y2 + z2 are plotted in normalised,

dimensionless units. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

xvi



4.26 Ratio of Energy Stored in varying bond thicknesses on the 65 mm

diameter by 120 mm long bonded fused silica sample for nine of the

resonant modes, modelled using 20 Node 95 Solid Elements. . . . . . 130

4.27 Lowest measured mechanical losses of resonant modes of the 65 mm

diameter by 120 mm long bonded and substrate Heraeus Suprasil-

311 fused silica cylinders compared with the losses predicted by the

Suprasil-311 empirical model. . . . . . . . . . . . . . . . . . . . . . . 133

5.1 Two 25 minute long ring-downs of the 53611 Hz resonant mode of a

30 mm diameter by 100 mm long HEMEX sapphire sample. . . . . . 141

5.2 Diagram of the crystal axes of sapphire. Figure taken from Factors

that influence mechanical failure of sapphire at high temperatures [1]. 143

5.3 Simplified illustration of the crystal axes of sapphire and the orien-

tation of c-axis sapphire cut with its cylindrical axis parallel to the

z -axis, m-axis sapphire cut with its cylindrical axis parallel to the x -

axis and a-axis sapphire cut so that its cylindrical axis lies 30◦ from

the m-axis in the same xy-plane. . . . . . . . . . . . . . . . . . . . . 146

5.4 Illustration of the permutation of axes from c-axis sapphire to m-axis

sapphire. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

5.5 Illustration of the 90◦ rotation of axes about the y-axis from c-axis

sapphire to m-axis sapphire. . . . . . . . . . . . . . . . . . . . . . . . 147

5.6 ANSYSr illustrations of the six resonant mode shapes measured on

the 76.2 mm diameter by 25.4 mm thick a-axis sapphire substrates

where the relative displacements U =
√

x2 + y2 + z2 are plotted in

normalised, dimensionless units. . . . . . . . . . . . . . . . . . . . . . 154

xvii



5.7 Measured mechanical losses of two standard polished and one super-

polished uncoated 76.2 mm diameter by 25.4 mm long a-axis sapphire

substrates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.8 Ratio of energy stored in the surface to energy stored in the bulk

for each resonant mode of the sapphire samples studied with varying

thicknesses of surface layer. . . . . . . . . . . . . . . . . . . . . . . . 157

5.9 t×φsurface for each resonant mode of the three a-axis sapphire sam-

ples studied. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

5.10 t(φsurface1
−φsurface2

) for each resonant mode of the standard polish

samples and the super polished sample. . . . . . . . . . . . . . . . . . 159

5.11 Nodal support created using adapted optics mounts to hold a 76.2 mm

diameter by 25.4 mm thick a-axis sapphire substrate. . . . . . . . . . 162

5.12 Image of the nodal support used for the mechanical loss measurements

of a 76.2 mm diameter by 25.4 mm thick a-axis sapphire substrate. . 162

5.13 Close-up image of the 2 mm diameter ruby ball contacting the flat

face of a suspended sapphire substrate. . . . . . . . . . . . . . . . . . 163

5.14 Comparison of lowest mechanical losses measured on a-axis sapphire

using a silk suspension sling and a nodal support. . . . . . . . . . . . 164

5.15 Sapphire substrate after being suspended in the nodal support (left)

close-up image of the scratches (right). . . . . . . . . . . . . . . . . . 165

5.16 Measured mechanical losses of 76.2 mm diameter by 25.4 mm long

a-axis sapphire substrates coated with multi-layer tantala/silica coat-

ings of differing percentages of titania dopant introduced to the tan-

tala component. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

xviii



5.17 Convergence of Ratio of Energy Stored in a 30 layer silica/tantala

coating on a 76.2 mm diameter by 25.4 mm long a-axis sapphire

substrate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

5.18 Plot of the calculated coating loss of each resonant mode for each of

the five 76.2 mm diameter by 25.4 mm long a-axis sapphire substrates

coated with multi-layer tantala/silica coatings of differing percentages

of titania dopant introduced to the tantala component. . . . . . . . . 168

5.19 Plot of the calculated residual loss of each resonant mode for each of

the five 76.2 mm diameter by 25.4 mm long a-axis sapphire substrates

coated with multi-layer tantala/silica coatings of differing percentages

of titania dopant introduced to the tantala component. . . . . . . . . 169

5.20 Residual losses of TiO2-doped tantala/silica coatings applied to a-

axis sapphire substrates as a function of TiO2 concentration in the

Ta2O5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

6.1 Illustration of the crystal axes of silicon and the orientation of a)

silicon cut with its cylindrical axis parallel to the (100) axis and b)

silicon cut with its cylindrical axis parallel to the (111) direction. . . 176

6.2 Representation of the length of the body diagonal in a cubic crystal. . 180

6.3 Inputting aniso solid 64 element types into ANSYSr. . . . . . . . . . 182

6.4 ANSYSr illustrations of the resonant mode shapes measured on the

98 mm diameter by 100 mm long silicon (100) substrates where the

relative displacements U =
√

x2 + y2 + z2 are plotted in normalised,

dimensionless units. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

xix



6.5 ANSYSr illustrations of the resonant mode shapes measured on the

98 mm diameter by 100 mm long silicon (111) substrates where the

relative displacements U =
√

x2 + y2 + z2 are plotted in normalised,

dimensionless units. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

6.6 Image of silicon (100) cylinder suspended using a loop of silk thread. 187

6.7 Image of the 98 mm diameter by 100 mm long silicon (100) and (111)

cylinders. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

6.8 Lowest measured mechanical losses of resonant modes of the 98 mm

diameter by 100 mm long Silicon (100) and (111) cylinders. . . . . . . 188

6.9 ANSYSr illustrations of the five resonant mode shapes measured

on the 76.2 mm diameter by 25.4 mm long silicon (100) substrates

where the relative displacements U =
√

x2 + y2 + z2 are plotted in

normalised, dimensionless units. . . . . . . . . . . . . . . . . . . . . . 190

6.10 ANSYSr illustrations of the resonant mode shapes measured on the

76 mm diameter by 28.4 mm long silicon (111) substrates where the

relative displacements U =
√

x2 + y2 + z2 are plotted in normalised,

dimensionless units. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

6.11 Lowest measured mechanical losses of resonant modes of the 76.2 mm

diameter by 25.4 mm long Silicon (100) coins and 76 mm diameter

by 28.4 mm long Silicon (111) coin. . . . . . . . . . . . . . . . . . . . 191

6.12 Lowest measured mechanical losses of resonant modes of the 50 mm

diameter by 150 mm long Silicon (100) rods and 51 mm diameter by

153 mm long Silicon (111) rods. . . . . . . . . . . . . . . . . . . . . . 192

xx



6.13 ANSYSr illustrations of the five resonant mode shapes measured on

the 50 mm diameter by 150 mm long silicon (100) substrates where the

relative displacements U =
√

x2 + y2 + z2 are plotted in normalised,

dimensionless units. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

6.14 ANSYSr illustrations of the five resonant mode shapes measured on

the 51 mm diameter by 153 mm long silicon (111) substrates where the

relative displacements U =
√

x2 + y2 + z2 are plotted in normalised,

dimensionless units. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

6.15 Variation of 1/Mechanical loss with rotation of a (100) silicon cylinder

in its suspension, for fundamental longitudinal and clover 4 mode

shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

7.1 Illustration of stainless steel clamp used to hold silicon flexures. . . . 200

7.2 Schematic of the Large Cryostat constructed by AS Scientific LTD. . 202

7.3 Silicon (111) Cylinder suspended in experimental chamber of the

Large Cryostat. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

7.4 Cooling curve of silicon (111) cylinder after the addition of 88 l of

liquid nitrogen to the cryostat. . . . . . . . . . . . . . . . . . . . . . . 204

A.1 Image of the Logitech PM5 Precision Polishing Machine. . . . . . . . 209

A.2 Fused silica cross-section and sample mount are heated to 150 ◦C on

hotplate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

A.3 Hot waxed sample (left) placed on lead block and left to cool until

wax has set (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

A.4 Sample jig (left) and an image from above of the mounted sample in

the jig (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

xxi



A.5 Grooved steel polishing plate (left) and polisher set-up (right) for

Stage 2 of polishing. . . . . . . . . . . . . . . . . . . . . . . . . . . . 212

A.6 Flat steel polishing plate (left) and polisher set-up (right) for Stage

3 of polishing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

A.7 Polytron polishing plate (left) and polisher set-up (right) for Stage 4

of polishing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

A.8 Expanded polyurethane polishing plate (left) and polisher set-up (right)

for Stage 5 of polishing. . . . . . . . . . . . . . . . . . . . . . . . . . 214

xxii



List of Tables

1.1 Estimated detection rates of coalescing binary systems for the LIGO

detectors network. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Summary of the five Science Runs involving the current network of

gravitational wave detectors. . . . . . . . . . . . . . . . . . . . . . . . 29

3.1 Material Properties of silica and tantala. . . . . . . . . . . . . . . . . 65

3.2 Effective material properties of a thirty layer silica/tantala coating . . 66

3.3 Set of samples tested with different numbers of layers and optical

thicknesses, t, of layer material to determine the mechanical loss in

tantala/silica coatings. . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.4 Loss Angles for silica and tantala calculated from multi-layer coatings. 70

3.5 Calculation of the coating loss of a 4.85 µm thick coating of tantala

sputtered onto a 76.2 mm diameter by 25.4 mm thick silica substrate. 72

3.6 Calculation of the residual coating loss of a 4.85 µm single layer of

tantala sputtered onto a 76.2 mm diameter by 25.4 mm thick silica

substrate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.7 Residual losses for layers of coating material applied to fused silica

substrates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

xxiii



3.8 Calculation of the coating loss of a 4.59 µm single layer of silica sput-

tered onto a 76.2 mm diameter by 25.4 mm thick silica substrate. . . 75

3.9 Concentration of TiO2 in the Ta2O5 layers of the coatings, as mea-

sured by the change in refractive index and by electron energy loss

spectroscopy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.10 Calculated residual losses for the different doped silica/tantala coated

test substrates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.11 Table of the material properties used in calculating the effective ma-

terial properties of the high index layers. All values come from [2]

except the density of titania which is taken from [3] . . . . . . . . . . 90

3.12 Calculated effective material properties of the high index layers. . . . 90

3.13 CSIRO measured thicknesses of individual layers and the overall coat-

ing thickness. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

3.14 Calculated effective material properties of multi-layer coatings. . . . . 91

4.1 Parameters used in calculations by Sneddon et al of the bond loss for

a 65 mm diameter by 140 mm long bonded fused silica cylinder [4]. . 102

4.2 Measured mechanical losses of the first five resonant modes of a 65

mm diameter by 70 mm thick Heraeus Suprasil-311 fused silica sample

number 1 for ten different suspensions. The lowest measured mechan-

ical loss for each resonant mode is highlighted in bold. The error in

each measurement is estimated to be 5%. . . . . . . . . . . . . . . . . 106

4.3 Ratio of strain energy stored in the (65± 5) nm bond region of four

resonant modes of the 65 mm diameter by 120 mm long bonded Her-

aeus Suprasil-311 fused silica cylinder, modelled using 3 Node 189

Beam Elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

xxiv



4.4 Ratio of strain energy stored in the (65± 5) nm bond region of nine

resonant modes of the 65 mm diameter by 120 mm long bonded Her-

aeus Suprasil-311 fused silica cylinder, modelled using 20 Node 95

Solid Elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

4.5 Comparison of experimentally measured and modelled resonant fre-

quencies of the 65 mm diameter by 120 mm long bonded Heraeus

Suprasil-311 fused silica cylinder. . . . . . . . . . . . . . . . . . . . . 132

4.6 Lowest measured mechanical losses of nine resonant modes of the 65

mm diameter by 120 mm long bonded Heraeus Suprasil-311 fused

silica cylinder. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

4.7 Lowest measured mechanical losses of nine resonant modes of the 65

mm diameter by 120 mm long substrate Heraeus Suprasil-311 fused

silica cylinder. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

4.8 Bond losses of nine resonant modes of the 65 mm diameter by 120

mm long bonded Heraeus Suprasil-311 fused silica cylinder calculated

using the measured mechanical losses of the 120 mm long substrate

cylinder. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

4.9 Bond losses of nine resonant modes of the 65 mm diameter by 120

mm long bonded Heraeus Suprasil-311 fused silica cylinder calculated

using the theoretical mechanical losses of the 120 mm long substrate

cylinder from the Suprasil-311 empirical model. . . . . . . . . . . . . 138

4.10 Summary table of all the bond thicknesses measured throughout chap-

ter 4 using different measurement techniques for 1) 2 µl one inch

bonded witness sample, 2) 0.2 µl one inch bonded sample and 3)

Advanced LIGO ear. . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

xxv



5.1 Comparison of experimentally measured and modelled resonant fre-

quencies of a 76.2 mm diameter by 29.6 mm long m-axis sapphire

substrate. The sample was modelled in two ways: firstly, by entering

the m-axis elastic properties directly into ANSYSr and secondly, by

entering the c-axis elastic properties and rotating the mass so that it

points in the direction of m-axis sapphire. . . . . . . . . . . . . . . . 152

5.2 Comparison of experimentally measured and modelled resonant fre-

quencies of a 76.2 mm diameter by 25.4 mm long a-axis sapphire

substrate. The sample was modelled in two ways: firstly, by entering

the m-axis elastic properties directly into ANSYSr and secondly by

entering the c-axis elastic properties and rotating the mass so that it

points in the direction of a-axis sapphire. . . . . . . . . . . . . . . . . 153

5.3 Calculated residual losses for the different ‘Formula’ coatings applied

to a-axis sapphire substrates. . . . . . . . . . . . . . . . . . . . . . . 170

6.1 Comparison of experimentally measured and modelled resonant fre-

quencies of a 98 mm diameter by 100 mm long silicon (100) substrate. 183

6.2 Comparison of experimentally measured and modelled resonant fre-

quencies of a 98 mm diameter by 100 mm long silicon (111) substrate. 185

xxvi



Acknowledgements

It took a while to produce, but I have finally completed my PhD thesis. This has

been achieved not only through hard work on my part but also with a lot of help

and support from many colleagues, family members and friends.

First of all I would like to thank my supervisors Jim Hough, Sheila Rowan and

Geppo Cagnoli for all their support, encouragement and, probably most importantly

patience over the last four years. A big thank you is also due to the members of the

Institute for Gravitational Research and colleagues in the Department of Physics

and Astronomy at the University of Glasgow for providing an environment that was

pleasant to work (and not to work) in. I would like to thank STFC and the then

UK research council PPARC for providing the funding required to carry out all the

research presented in this thesis.

I would particularly like to thank Stuart Reid for all the many useful discussions

about our research work and for all the technical advice (not just about building

and over-clocking computers) he gave me throughout the time we spent working in

the laboratory together. This thanks is due despite his semi-successful attempt to

burn the laboratory down and buying himself a nice camera lens in Japan instead

of one for me.

Thanks are also due to Eleanor Chalkley who had to put up not only with my music

in the laboratory while we both worked but also occasionally with my singing and

dancing. It did not happen, but I will work on the plans for a rave in 215. A thank

you should also go to all the people I have worked with on many different projects in

xxvii



the laboratory including Peter Sneddon, David Crooks, Alastair Heptonstall, Eoin
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Preface

This thesis is an account of research undertaken between September 2003 and Sep-

tember 2007 at the University of Glasgow contributing to the investigation of the

mechanical loss of test mass materials for advanced gravitational wave detectors.

In Chapter One the nature of gravitational waves and the different sources which may

produce them is discussed and also the differing ways in which they may be detected

is introduced. It highlights the difficulties arising from various noise sources which

must be overcome for gravitational waves to be detected. It provides an account of

the gravitational wave detectors in operation today, details some proposed upgrades

to them and describes new gravitational wave detectors which are planned.

In Chapter Two aspects of the theory of thermal noise are described to provide a

background into the research presented in this thesis. It details the quantification

of thermal noise and how it affects the detection of gravitational waves. Through

understanding the processes which give rise to thermal noise, methods can be de-

veloped to minimise it.
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J. Hough and S. Rowan with mechanical loss measurements of the bonded sample

made by the author. Sawing and polishing of the witness samples was undertaken

by the author and S. Reid. Scanning Electron, Transmission Electron and Atomic

Microscope imaging was achieved with the help of J. Scott and W. Smith.

In Chapter Five the mechanical loss measurement of bulk samples of a-axis sapphire
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calculated by D. Crooks.
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2Commonwealth Scientific and Industrial Research Organisation http://www.csiro.au/
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Summary

Measurement of the Mechanical Loss of Test Mass Materials

for Advanced Gravitational Wave Detectors

Einstein’s General Theory of Relativity (1916) predicted the existence of gravita-

tional waves. These waves can be considered as fluctuations, or ripples, in the

curvature of space-time. Until now there has been only indirect evidence, produced

by Hulse and Taylor, of their existence. However, for many years various groups

of scientists around the world have been developing ultra-sensitive instruments and

techniques which are expected to be capable of detecting gravitational wave sig-

nals. The direct detection of these waves will provide new information about the

astrophysical processes and sources which produce them.

Gravitational radiation is quadropole in nature, producing orthogonal stretching and

squeezing of space. The resulting fluctuations in distance are, however, very small,

with gravitational waves emitted from violent astrophysical phenomena expected to

produce strains in space of the order ∼ 10−22 over relevant timescales.

One technique for detecting such strains is based on a Michelson Interferometer.

The Institute for Gravitational Research at the University of Glasgow under the

leadership of its director Professor James Hough, has been an active contributor of

research targeted towards the detection of gravitational waves for over 35 years. A

strong collaboration exists with the Albert-Einstein-Intitut in Hanover and Golm,

the University of Hanover and the University of Cardiff. This collaboration has
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developed and constructed a laser interferometer, with arms of 600 m length, in

Germany named GEO600. GEO600 operates in a range of ∼ 50 Hz to a few kHz

with strain sensitivities reaching the order of 10−22 /
√

Hz in this frequency range.

The research presented in this thesis details experiments undertaken on materials

and techniques used in current interferometric detectors and for proposed future

detectors. The aim of this research is to investigate methods of reducing the levels

of mechanical loss associated with the detector optics and thereby minimise the

impact of thermal noise on the overall sensitivity of detectors.

Chapter One explains the nature of gravitational waves, the sources which are ex-

pected to yield the largest signals and also details the development of resonant bar

and interferometric gravitational wave detectors. This is followed by a description

in Chapter Two of thermal noise which is one of the principle limitations of the

sensitivity of detectors. Reducing this thermal noise in interferometric detectors is a

major challenge and studies have been made to establish the sources of thermal noise

associated with the suspended, coated, test mass mirrors used in such detectors.

A significant source of thermal noise in the optics of interferometric gravitational

wave detectors currently in operation arises from the mechanical loss associated with

the coatings applied onto the test masses to create highly reflective mirrors. The

results presented in Chapter Three show that the mechanical loss of these coatings is

associated predominantly with the tantala component of the silica/tantala coatings

used and that doping the tantala with titania can reduce the mechanical loss by

approximately 40%. Results show other dopants such as lutetium may also reduce

the mechanical loss, but not to the extent seen with titania and that the use of a

heavier sputter gas such as xenon in the manufacture of the coatings can lead to a

reduction of the mechanical loss. This is of importance in the determination of the

optimum composition of coatings for the planned Advanced LIGO detectors.

Another significant technique to reduce thermal noise is the construction of mono-

lithic fused silica suspensions. This involves the use of hydroxide-catalysis bonding

as is used in the jointing of the monolithic suspensions of the GEO600 detector and
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which will be used in the Advanced LIGO detectors. In Chapter Four investigations

into the loss of hydroxide-catalysis bonds are presented which show that the levels

of mechanical loss could be as much as four times lower than previous experiments

by E. Elliffe and P. Sneddon suggested.

In Chapters Four to Six mechanical loss measurements of bulk mirror substrates for

current and future interferometric gravitational wave detectors are detailed. Fused

silica, a-axis sapphire and single-crystal silicon samples yielded values for the me-

chanical loss of φsilica = 2.4×10−8, φsapphire = 4.6×10−9 and φsilicon = 8.5×10−9.

The lowest loss values obtained for Heraeus type 311 fused silica were used to modify

the semi-empirical model for the loss of fused silica developed by S. Penn et al. The

low levels of loss in bulk silicon samples are of interest for use in the third genera-

tion of gravitational wave detectors. Measurements also suggest that the mechanical

losses of (111) orientated silicon samples are lower than that of (100) orientated sil-

icon substrates. Silicon also has a high thermal conductivity which is relevant for

these detectors where significant thermal loading is anticipated due to the increased

levels of laser power required to improve the levels of shot noise.

Finally, in Chapter Seven studies of silicon at cryogenic temperatures at the Uni-

versity of Glasgow are discussed. The author was involved in the commissioning of

the two cryostats in operation. Early research shows that the measured mechanical

loss of silicon flexures of single crystal silicon generally decreases as the samples are

cooled to liquid nitrogen temperatures.

xxxv



Chapter 1

Gravitational Wave Detection

1.1 Introduction

Einstein’s General Theory of Relativity [5] describes gravitational waves as distor-

tions of space-time produced by the non-uniform acceleration of mass. The solutions

of the linearised Einstein Equations predict the existence of gravitational waves, rip-

ples in space-time, travelling at the speed of light. Research towards detecting these

gravitational waves began in earnest in the 1960s as a result of experimental work

undertaken by Weber at the University of Maryland [6, 7].

The direct detection of gravitational waves is not only important in the field of

fundamental physics because it will provide confirmation of Einstein’s predictions

made in 1916, but also to astronomy because detection will open up a new window

onto the Universe. This will allow astronomers to study in much greater detail the

properties of objects such as neutron stars and black holes and also, perhaps, to see

early interactions from the Big Bang.

As yet no direct measurement of gravitational waves has been made, but this pos-

sibility grows nearer as a world-wide network of gravitational wave detectors is

currently operating at, or near, their design sensitivities.

1
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There is, however, indirect evidence of the existence of gravitational waves after

Hulse and Taylor discovered the binary pulsar PSR 1913 + 19 in 1975 [8, 9] and

observed its orbital decay over a period of years [10, 11]. They noted that the orbit

of this binary system decayed at a particular rate with the associated loss of energy

being consistent with a model based on the emission of gravitational waves. In 1993

this discovery won Hulse and Taylor the Nobel Prize for Physics [12] for

“the discovery of a new type of pulsar, a discovery that has opened up

the possibilities for the study of gravitation”.

1.2 Production of Gravitational Waves

General relativity restricts the number and type of polarisation states of gravita-

tional radiation. Electromagnetic waves are generated by the acceleration of charge

and in a similar way, gravitational waves are produced by the acceleration of mass.

The conservation of mass is equivalent to the conservation of charge in electromag-

netism eliminating the possibility of monopole gravitational wave radiation. How-

ever, the conservation of momentum also rules out the existence of dipole gravita-

tional radiation. In electromagnetism, dipole radiation can exist due to the acceler-

ation of both positive and negative electrical charges whereas gravitational radiation

results from the acceleration of positive masses. Gravitational waves are therefore

only produced by the non-axisymmetric acceleration of matter and are quadropole,

or of higher pole, in nature.

Gravitational waves produce ripples, or waves, in the curvature in space-time and can

be considered as tidal strains in space. There exist two polarisations of gravitational

waves, which have amplitudes denoted h+ and h×. They can be pictured as arriving

at 45◦ to each other on the Earth from a distant source. The effect of such a wave

passing perpendicularly through a ring of test particles is shown in figure 1.1.

This incident wave distorts the ring of diameter L so that it is stretched in one
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Figure 1.1: The effect of the h+ and h× polarisations of a gravitational wave on a

ring of test particles, incident perpendicular to the page.

direction by ∆L and compressed in the orthogonal direction by an equal amount.

The amplitude of the resultant strain is defined as

h =
2∆L

L
. (1.1)

Gravity is the weakest of the four forces of nature. The relative strengths of the

strong (nuclear), electromagnetic, weak (radioactive decay) and gravitational forces

are 1 : 10−25 : 10−37 : 10−39 respectively. Consequently, for the effect of a

gravitational wave to be significant very large masses and accelerations are required.

1.3 Sources of Gravitational Waves

Heinrich Hertz was the first person to obtain experimental evidence of electromag-

netic waves in 1887 [13] following the prediction of their existence in 1862 by James

Clerk Maxwell [14, 15]. His receiver was made up of a coil with a small air gap

between two conducting electrodes. This receiver was placed several yards from an

oscillator consisting of a high voltage inductor, capacitor and another spark gap. He



1.3 Sources of Gravitational Waves 4

showed that when the oscillator was turned on the sparks from it would induce a

current in the unconnected receiver loop which would send sparks across the gap.

This experiment demonstrated the first transmission and reception of electromag-

netic waves.

It would be ideal if it was also possible to generate gravitational waves in a similar

laboratory environment. A “typical” generator of gravitational waves is described

by Saulson [16], consisting of two masses, each weighing a tonne, separated by two

metres and rotating about a common central axis with a rotational frequency of

1 kHz. The magnitude of h which this generator could produce was calculated to

be ∼ 1× 10−38 at a distance of one wavelength from this source. The corresponding

displacement caused by this strain over a length of several kilometers would be in

the order of 1× 10−35 m. This is too small to be detected by any of the existing, or

currently proposed, gravitational wave detectors which are discussed in sections 1.6

and 1.7.

Instead we must look at large scale astronomical objects to find sources of detectable

gravitational waves. There are several sources of gravitational waves which poten-

tially emit radiation with both a suitable level and frequency to be detectable by a

gravitational wave detector, for example, the coalescence of a compact binary system

to a black hole or the spinning of an asymmetric neutron star. Some of the expected

sources of measurable gravitational waves and their predicted stain amplitudes are

discussed in the following sections.

1.3.1 Burst Sources

Burst sources are events which occur over a short timescale ranging from only a few

milliseconds to several minutes.
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Coalescing Binary Systems

Compact Binaries are systems consisting of pairs of high density stars which rotate

about their common centre of mass. There are three main types of binary system

which are of interest here:

black hole / black hole (BH/BH),

neutron star / neutron star (NS/NS) and

neutron star / black hole (NS/BH) binaries.

This rotational orbital motion produces gravitational radiation which carries energy

away from the system. This results in the orbit decreasing until the inspiralling

trajectory causes the two objects to merge. This sequence of events produces a

distinct chirp signal of gravitational waves.

PSR 1913 + 19, which was mentioned in section 1.1, is an example of a NS/NS

binary. Its orbital frequency, and consequently the frequency of gravitational waves

radiated, increases with time until eventually the two stars will coalesce in ∼ 108

years. The periodic signal increases in amplitude and frequency right up until the

final merger. The signals from this sweep from low frequency through the bandwidth

of all the different types of gravitational wave detectors (described in section 1.4).

Detection of the merger of other NS/NS binaries which coalesce much sooner is one

likely candidate for initial gravitational wave searches.

For a coalescing NS/NS binary comprising of two stars of mass m1M� and m2M�,

where M� is the solar mass, the approximate strain amplitude h is calculated by

Schutz [17] to be;

h ≈ 1× 10−23 mT
2
3 µ

(
f

100 Hz

) 2
3
(

100 Mpc

r

)
(1.2)

for f , the frequency of radiation emitted from a system at a distance r from Earth

where

mT = m1 + m2 (1.3)
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and

µ =
m1m2

m1 + m2

(1.4)

is the reduced mass of the system.

BH/BH and NS/BH binaries are expected to be rarer than NS/NS binaries, but as

they have a greater mass the correspondingly larger wave amplitude makes them

detectable at a larger distance. There are hundreds of known neutron stars, but only

several are located in a binary system. The number of neutron star binaries along

with the rate at which new ones are born can be used to estimate the event rate

of coalescing binary systems. The estimated detection rates for the initial LIGO

detectors, as described later in section 1.6, are presented in table 1.1 [18].

Binary System LIGO Detection Rate (yr−1)

NS/NS 1× 10−4 − 0.03

NS/BH 6 1× 10−4 − 0.3

BH/BH 6 3× 10−3 − 0.5

Table 1.1: Estimated detection rates of coalescing binary systems for the LIGO

detectors network.

Supernovae

Supernovae are some of the most spectacular events to occur in the universe. A

supernova is the explosion of a star, but there are however two classifications of

supernovae: Type I and Type II. Type I supernovae are thought to involve binary

systems of low mass stars such as white dwarfs. The white dwarf accretes matter

from its companion in the binary system until the inward pressure due to gravity

is significantly greater than the outward radiation pressure and subsequently the

star detonates. This explosion if asymmetric, is thought to generate gravitational

radiation.

Type II supernovae are the product of a violent collapse of a massive stellar core

which produces a neutron star or black hole. If this collapse is symmetric then no
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gravitational waves would be produced, but if, instead, the collapse is asymmetric

due to the core of the star having a large angular momentum then a burst of grav-

itational radiation will be emitted. The exact waveform produced by this kind of

occurrence is very difficult to predict. The detection of such a supernova could be

used to assist the efforts being made to model these events.

Schutz however has estimated the strain amplitude h from a star becoming a super-

nova [19] to be:

h ≈ 5× 10−22

(
E

10−3 M�c2

) 1
2
(

15 Mpc

r

) (
1 kHz

f

) (
1 ms

τ

) 1
2

(1.5)

where E is the energy of gravitational radiation emitted by the source at a distance

r from the detector and predominately at a frequency f for time τ . However,

later work on this by Müller using more realistic models of core-collapse supernovae

suggests that the expected strain amplitude may be lower than this [20].

1.3.2 Continuous Sources

The gravitational waves produced throughout the lifetime of a binary system have

too low a frequency, until their last few seconds of life, to be observed by ground-

based detectors hence they are observed as burst sources. However, a space-based

detector, as discussed in section 1.7, should be able to observe such sources over a

much longer timescale. For ground-based detectors there are other potential con-

tinuous sources. The signal-to-noise ratio of all these sources can be improved by

integrating over a long time.

Pulsars

Neutron stars are the collapsed remnants of massive stars. A neutron star is only

about 20 km in diameter but has a mass about 1.4 times larger than that of the
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Sun. This means that the matter contained within such a star is thousands of times

more dense than ordinary matter.

Pulsars were first discovered by Jocelyn Bell Burnell in 1967 [21] and are highly

magnetised spinning neutron stars which have vast jets of particles streaming out

of their magnetic poles. These jets sweep round as the pulsar rotates and can

be observed on Earth as regular flashes of radiation occurring at twice the pulsar

rotational frequency frot. If the pulsar has small irregularities on the surface, or it

has elliptical geometry, then such a non-axisymmetric pulsar will emit gravitational

waves. An estimation of the likely amplitude h from this kind of pulsar observed

over time Tobs is [22]

h ≈ 4× 10−20

(
frot

500 Hz

) 5
2
(

Tobs
1
3

yr

) 1
2
(

1 kpc

r

) ( ε

10−6

)
(1.6)

where the equatorial ellipticity ε is a measure of how asymmetric a star is and r is

the distance of the pulsar from Earth. The most accurately measured upper limit

of the gravitational strain from a known pulsar is 2.6× 10−25 for PSR J1603− 7207

[23].

Low-Mass X-ray Binaries

Low-Mass X-ray binaries are systems where the strong gravitational field of a neu-

tron star pulls matter from a normal companion star. The accretion process results

in a gain of angular momentum of the neutron star until it reaches a limit known

as the Chandrasekhar-Friedman-Schutz instability point [24] where the rotation be-

comes non-axisymmetric and produces gravitational waves [25]. A neutron star

exhibiting this instability is known as a Wagoner Star.

X-ray emissions are observed as matter is accreted towards the surface of the neutron

star and eventually a steady state is reached. This occurs when the increasing

instability from the continued accretion is balanced by the energy lost from the
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emission of X-rays and gravitational radiation. The amplitude of gravitational waves

expected from such Low-Mass X-ray Binaries is defined in terms of the time-averaged

X-ray flux lγ such that [25]

h ≈ 3× 10−27

(
1 kHz

mf

) (
lγ

10−19 Wm−2

)
(1.7)

where the mode number m is approximately 4 and f is the frequency of gravitational

radiation.

1.3.3 Stochastic Background

The final type of gravitational radiation is in the form of a stochastic background.

A random background of gravitational waves is expected to exist from the super-

position of random, uncorrelated signals which cannot be easily be resolved. These

signals are only distinguishable from the noise within a single detector by the cross-

correlation of data from two or more detectors.

There have been many different predictions of the formation of the Universe in-

cluding the cosmic string scenario for galaxy formation and cosmic inflation theory.

If strings were the seeds around which galaxies condensed, then their decay must

produce gravitational radiation which is observable through the cross-correlation

between several detectors. The magnitude of h predicted for the stochastic back-

ground, using the cosmic string scenario for galaxy formation is [26]

h ≈ 1.8× 10−25

(
H0

100 kms−1 Mpc−1

) (
Ωgw

10−8

) 1
2
(

f

100 Hz

)− 3
2
(

B

2 Hz

) 1
2

(1.8)

within a bandwidth B about a frequency f , where H0 is the present value of the

Hubble’s Constant and Ωgw is the energy density per logarithmic frequency interval

required to close the universe.
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Another possible source of a stochastic background is from cosmic inflation theory.

Gravitational waves are produced from the early inflationary period of the Universe

∼ 10−24 s after the Big Bang. The observation of a gravitational wave stochas-

tic background would provide interesting insights into the dynamics of the early

universe.

For periodic sources such as pulsars and low-mass X-ray binaries and also from the

stochastic background, integrating over a long observation time can improve the

signal-to-noise ratio. This increases the likelihood of the detection of gravitational

waves.

1.4 Gravitational Wave Detectors

Despite the vast scale of these astronomical events, it can be understood from the

previous discussion that in order to see gravitational waves on Earth, devices sen-

sitive to extremely small strains, h of 10−23, over relevant timescales are required.

Historically there has been two approaches to constructing suitable devices; resonant

bar detectors, and long baseline interferometers.

1.4.1 Resonant Bar Detectors

The experimental search for gravitational waves began over forty years ago when

Joseph Weber planned and constructed a pair of resonant bar detectors. The design

of each of these detectors consisted of a large cylindrical aluminium bar suspended

from vibration isolation stages and placed under vacuum to further isolate the bar

from seismic and acoustic noise. A description of these sources of noise is given later

in section 1.5. Strain gauges were attached in several locations around the cylinders

to monitor the amplitude of the resonant modes.

The principle of operation is based on the premise that when a gravitational wave
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with frequency components spanning the resonant frequency of the cylinder (∼

1600 Hz) passes through the detector, the bar will become excited. The sensitivity

of these detectors was limited to h ∼ 2 × 10−16 /
√

Hz by the electronic noise from

the sensing system and the collective thermal motion of the molecules making up

the bar itself, a noise source, discussed in detail in chapter 2.

After several years of data collection and refinements to his apparatus, in 1968 Weber

reported coincident signals between two detectors placed 2 km apart, thought to be

from the detection of gravitational waves [27]. He continued to report coincidences

appearing over the following years [28, 29].

Research groups in the Bell-Laboratories (Rochester-Holmdel, United States of Amer-

ica) [30], Munich-Frascati (Germany) [31], Glasgow (United Kingdom) [32], Moscow

(Russia) [33] and Tokyo (Japan) [34, 35] constructed similar experiments but none

of them were able to repeat or confirm the claims of Weber [36]. This was consis-

tent with expectations because the sensitivity of these original detectors was several

orders of magnitude above the levels theoretically predicted for the amplitudes of

gravitational waves produced by typical astronomical sources.

The focus of research then moved into reducing the thermal noise levels in these bar

detectors by cooling them to cryogenic temperatures. The improved detectors have

burst source sensitives approaching 10−20 /
√

Hz over a ∼ 100 Hz bandwidth. There

are four such advanced resonant bar detectors operating today:

Allegro: A 2296 kg aluminium bar detector located in Baton Rouge (Louisiana,

USA). This detector has been operational since 1991 and is cooled to 4.2 K

and has two resonant frequencies at 895 Hz and 920 Hz. The strain sensitivity

at resonance in 2006 of this detector was 4×10−21 /
√

Hz [37] with an operating

bandwidth of 60 Hz. However, this detector is shortly going to cease operation.

Auriga: A 2230 kg aluminium bar detector located in Legnaro (Padova, Italy)

which has been in operation since 1997. Auriga can be cooled to ultra-

cryogenic temperatures of 200 mK [38] with two resonant frequencies at 912 Hz
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and 930 Hz. In 2006, the strain sensitivity at 4.5 K was reported to be

∼ 2× 10−21 /
√

Hz with the detector operating bandwidth of 110 Hz [39].

Explorer: A 2270 kg aluminium bar detector located at CERN (Geneva, Switzer-

land). This detector has been in operation since 1990 and is cooled to 2.6 K

with resonances at 905 Hz and 921 Hz [40]. After some improvements to the

readout system for the detector, the peak sensitivity at resonance in this de-

tector was reported to be 7×10−22 /
√

Hz following a year long run from March

2004 [41]. The bandwidth of this detector is however only 5 Hz.

Nautilus: A 2260 kg aluminium bar detector located in Frascati (Rome, Italy). Op-

erational since 1995, it can be run at ultra-cryogenic temperatures of 100 mK

[42] with resonances at 908 Hz and 924 Hz . In the 2004−2005 science run the

Nautilus detector reached a strain sensitivity at resonance of 7× 10−22 /
√

Hz

while operating at the higher temperature of 3 K [41], again with only a 5 Hz

bandwidth. Better performances may be obtained when the antenna is cooled

to 100 mK temperatures.

Bar detectors have a fundamental disadvantage: they are only sensitive to signals

which have a significant spectral energy in a ∼ 100 Hz band around the frequency

of the fundamental longitudinal resonance mode of the detector at ∼ 900 Hz. How-

ever, improvements in the directional sensitivity have been made through the use of

spherical detectors.

Spherical detectors are omnidirectional whereas bar detectors are limited in this

respect. A sphere has five equivalent quadropole modes compared to the one in a

bar. Therefore when a gravitational wave passes through such a detector the ratio

of the amplitude of the five resonant modes can be used to determine both the

direction and polarisation of the wave. Details of two spherical bar detectors under

development are summarised below:

MiniGRAIL: A 1300 kg CuAl(6%), 0.68 m diameter spherical detector in LION

(Leiden, Netherlands). It is designed to operate at 50 mK, but at 4.2 K a strain
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sensitivity of 5 × 10−20 /
√

Hz has been obtained at the ∼ 2980 Hz resonance

and it operates with a 30 Hz bandwidth [43].

Mario Schenberg: A second 1300 kg CuAl(6%) spherical detector currently being

commissioned at the Universidade de São Paulo (Brazil). It has a target

sensitivity of h ∼ 2 × 10−21 /
√

Hz at 3200 Hz and to operate with a 60 Hz

bandwidth [44].

Unfortunately, a significant disadvantage in the operation of spherical bar detectors

is their physical dimensions which limit them to a narrow frequency bandwidth.

Bonaldi, Cerdonio and others have developed a scheme where the operating band-

width is extended by using a dual resonant mass detector [45, 46]. In this proposed

set up a solid Molybdenum cylinder is nested within a larger hollow cylinder where

the resonant frequency of the larger cylinder is two to three times lower than the

smaller one. A gravitational wave which passes between the resonant frequencies of

the two cylinders, will induce two motions which are 180◦ out of phase. This enables

the resulting differential vibrations to be sensed by a displacement readout. Such a

dual detector should be able to reach strain sensitivities of 2 × 10−23 /
√

Hz over a

bandwidth of several kilohertz.

1.4.2 Long Baseline Interferometers

In 1963 Soviet physicists Gertenshtein and Pustovoit suggested the use of freely

suspended test masses forming a Michelson Interferometer to detect gravitational

waves [47]. Such detectors provide the possibility of higher sensitivity over a much

broader frequency range. Forward [48] and Weiss [49] began research with similar

detectors in the 1970s. A diagram of a simple Michelson Interferometer is shown in

figure 1.2.
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Figure 1.2: Diagram of a Simple Michelson Interferometer.

Laser light is split into two beams by the beam splitter and directed along two

orthogonal arms of the interferometer. These beams are then reflected at the end

mirrors back towards the beam splitter where they are recombined and steered

towards a photodiode. The end mirrors are hung as freely suspended pendulums to

isolate them from seismic noise.

An optimally orientated gravitational wave incident on the detector will increase the

optical path length of one arm by δL and correspondingly reduce the path length

in the other orthogonal arm by the same amount. This gives a total change in the

relative optical path length of 2δL. This results in a relative phase shift between the

return beams of laser light in the interferometer, which, when they are recombined,

is detected as a change in the light power at the photodetector.

A major advantage of the laser interferometer design is that the signal from a grav-

itational wave can be increased by having a longer arm length. This results in

a correspondingly larger δL. However, the curvature of the earth limits the arm

lengths of these interferometers to the kilometer scale.
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Delay-Line Interferometers

There are several techniques which can be implemented to increase the effective

arm length of an interferometer. The first method is by increasing the length of

the optical path of the laser light within the interferometer. Weiss proposed such a

scheme incorporating optical Delay-Lines [50]. This utilises an optical path folded

by the addition of a secondary mirror reflecting the light to mirrors positioned back

near the beam splitter. A simplified version of this is shown in figure 1.3. This folded

delay-line configuration is used as the basis of the layout of the GEO600 detector

discussed in section 1.6.
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Figure 1.3: Diagram of a Michelson Interferometer where the optical path length is

increased by folding the optical path.

The optical path length of a delay-line interferometer can be increased by the ad-

dition of mirrors, each of which has a small input hole, placed close to the beam

splitter in each arm as shown in figure 1.4 [51]. If the mirrors are designed with

a small curvature then multiple, non-overlapping beams can co-exist within each

arm of the interferometer. Researchers at the Max-Planck-Institut für Quantenop-

tik (Garching, Germany) [52] developed a configuration where the laser light in the

interferometer exited each arm through the same input hole where it entered [53].
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Figure 1.4: Diagram of a delay-line Michelson Interferometer.

Fabry-Perot Interferometers

Another technique for increasing the optical path length of the laser light within the

arms of an interferometer is through the use of Fabry-Perot cavities, as shown in

figure 1.5. Each cavity is formed by the placing, in each arm, of one mirror situated

near the beam splitter and one highly reflective end mirror.
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Figure 1.5: Diagram of a Michelson Interferometer with Fabry-Perot cavities formed

in each arm between the end and inner test masses.
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The addition of Fabry-Perot cavities makes the interferometer much more complex

and a significant amount of servo-control is required to hold them on resonance.

However, one advantage of a Fabry-Perot Interferometer over a Delay-Line Inter-

ferometer is that the multiple beams can be overlapped and so mirrors of smaller

diameter can be used. In addition, the effects of scattered light within each of the

interferometers arms is greatly reduced [54].

Prototype Fabry-Perot detectors were constructed in Glasgow and Caltech in Cal-

ifornia. The arms of the Glasgow detector were 10 m in length and those of the

Caltech detector 40 m long. The minimum displacement noise spectral densities of

these detectors were 4×10−19 m/
√

Hz and ∼ 5×10−20 m/
√

Hz respectively [55, 56].

1.5 Sensitivity Limits: Sources of Noise

There is a number of noise sources which are known to limit the sensitivity achievable

by interferometric gravitational wave detectors. Some of the most important of these

different noise sources are discussed below.

1.5.1 Photoelectron Shot Noise

The output signal of the interferometer is held just off the dark fringe because at

this point the signal-to-noise ratio of the instrument is best [57]. To maintain the

interferometer in this condition the output signal at the photodiode is monitored

and, when necessary, a signal is fed to a transducer which adjusts the position of

one of the test mirrors. Information about the change in arm length from a passing

gravitational wave can then be determined by monitoring the feedback signal.

A gravitational wave interferometer needs to resolve differences of less than 10−20 m/
√

Hz

in the lengths of the arms of the interferometer [58]. This is a minute displacement

compared with the wavelength of light which is approximately 10−6 m. The statis-
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tical fluctuations in the number of photons n detected at the output over time τ

introduces a source of noise. According to Poisson counting statistics, the shot noise

of a folded interferometer of length L with N bounces is dependant on the input

power Pin of the laser with wavelength λ, such that [59]:

hshot(f) =
1

NL

(
~cλ

2πPin

) 1
2 √

Hz (1.9)

where c is the speed of light and ~ is the reduced Planck’s Constant (1.05×10−34 Js).

It is assumed that the photodetectors have a quantum efficiency of 1.

Therefore for an interferometer using a laser with a wavelength of ∼ 1× 10−6 m, a

laser power of more than 108 W is needed for a single bounce to reach the desired

detector sensitivity [58]. Increasing the power of the laser to this level is a formidable

task, but the effective power in the interferometer can be built up by the use of Fabry-

Perot cavities, as discussed in section 1.4, and through the recycling of power within

the interferometer. The Fabry-Perot cavities of the 4 km Hanford LIGO detector

[60], detailed later in section 1.6, have an arm cavity finesse of 219 [61].

Power Recycling

Power Recycling is a technique used to enhance the output signal of an interfero-

metric gravitational wave detector [62]. As mentioned previously, these detectors

are operated with the reflected beams interfering destructively to give a dark fringe

at the photodetector. This means that most of the laser power entering the inter-

ferometer is reflected back towards the laser.

By inserting an additional partially transmitting mirror between the laser and the

beam splitter, as shown in figure 1.6, the back-reflected beam can be re-used by

reflecting it back into the interferometer. Similar to the use of a Fabry-Perot cavity,

power recycling increases the power levels within the interferometer without having

to increase the laser-source power.
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Figure 1.6: Diagram of a Michelson Interferometer with a Fabry-Perot cavity and

the addition of a power recycling mirror placed between the laser and the beam

splitter.

Signal Recycling

Signal Recycling is based on the same premise as power recycling in that a partially

reflecting mirror is used to reflect outgoing light back into the interferometer, but

this time by re-using the signal light at the photodetector [62]. As discussed earlier

in section 1.4, the passage of a gravitational wave through an interferometer results

in a differential change in the arm lengths of the detector producing laser light at

the photodetector.

If a mirror with a suitably chosen reflectivity is placed between the beam splitter

and the photodetector, as shown, in figure 1.7, then this signal is recycled back into

the interferometer arms where it resonates, increasing the signal size over a given

bandwidth.

Signal recycling may be used in gravitational wave detectors to increase sensitivity

in a narrow bandwidth. This is particularly useful when searching for continuous

gravitational waves sources, such as those described in section 1.3.
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Figure 1.7: Diagram of a Michelson Interferometer with a Fabry-Perot cavity and

the addition of a signal recycling mirror placed before the photodiode.

1.5.2 Radiation Pressure Noise

Increasing the effective laser power in the arms of the interferometer increases the

levels of Radiation Pressure Noise. This noise arises from fluctuations in the number

of photons reflecting off the surface of the test mass mirrors. There is a force exerted

on the interferometer mirrors from the transfer of momentum during this reflection.

The force on the mirror varies with the fluctuating numbers of photons. For a Delay-

Line interferometer of length L with mirrors of mass m, with N bounces, the strain

sensitivity levels hrp caused by these fluctuations, for a laser with wavelength λ and

input power Pin, can be expressed as [16]

hrp(f) =
N

mf2L

√
2~Pin
π3cλ

1√
Hz

. (1.10)

It can be seen from equation 1.10 that hrp ∝ 1
f2 , therefore the level of radiation

noise diminishes as the frequency increases. Also, if the power is increased, the levels

of noise from radiation pressure will increase.
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1.5.3 The Standard Quantum Limit

Both shot noise and radiation pressure noise are sources associated with the quantum

nature of light. Assuming that these two effects are statistically independent, it is

possible to combine these sources to state them as a single optical readout noise

expressed as [16]

horo(f) =
√

h2
shot(f) + h2 rp(f). (1.11)

For low frequencies this expression is dominated by the term from the radiation

pressure noise whereas at high frequencies the noise levels are set by shot noise,

which is seen earlier in equation 1.9 to be frequency independent.

These combined effects have a minimum noise spectral density when the input laser

power is set to an optimum level Popt. At this power, hshot(f) = hrp(f) which

allows equations 1.9 and 1.10 to be equated to give

Popt = πcλmf 2. (1.12)

This is substituted into equation 1.11 to yield the locus of lowest possible noise

referred to as the Standard Quantum Limit hQL:

hQL =
1

πfL

√
~
m

. (1.13)

The standard quantum limit sets a limitation on the minimum differential displace-

ment which can be measured between two test mirror masses in a simple interfer-

ometer.

In currently operating interferometric gravitational wave detectors the standard

quantum limit is significantly below all other sources of noise. This limit becomes
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important for more sensitive interferometers. It should be possible, however, to

reach this limit in future interferometric detectors, at a tuned range of frequencies,

by squeezing the vacuum field [63, 58].

In principle it may be possible to beat the standard quantum limit by constructing

a cavity which has a strong optical spring [64, 65, 58] which couples the optical field

to the mechanical system.

1.5.4 Seismic Noise

Natural phenomena such as earth tremors and ocean waves and also human activities

like the movement of traffic and machinery, can all lead to significant levels of seismic

noise. These levels are not constant; varying instead throughout the day, and with

a dependence on site location. In a quiet environment the seismic noise levels in

each of the three directions can be approximated by [66]:

δx =
10−7

f 2
m/
√

Hz. (1.14)

The target sensitivity of Advanced LIGO at 10 Hz is ∼ 1 × 10−19 m/
√

Hz [67].

To achieve this it is necessary for the levels of seismic noise to be suppressed by

∼ 1010. Each mirror must therefore be isolated from the seismic motion of the

surroundings over the entire operating frequency range of the gravitational wave

detector. Cantilever springs can be used to isolate the system from vertical motion.

In order to isolate the mirrors in the horizontal direction one technique is to suspend

them as pendulums.

Pendulums attenuate ground motion above their resonant frequency. The transfer

function of a single pendulum can be expressed as [16]

xmass
xclamp

=
f 2

0

f 2
0 − f 2

(1.15)
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where xmass is the displacement of the pendulum’s mass, xclamp is the displacement

of the clamping point of the pendulum caused by seismic motion, f0 is the resonant

frequency of the pendulum and f is the frequency of the ground motion. When

f � f0 the degree of attenuation is approximately −f2
0

f2 .

This attenuation can be enhanced by constructing a multi-stage pendulum system.

For a system with N pendulums at a frequency f far greater than the resonant

frequency of the pendulums f0, the transfer function can be expressed as

xmass
xground

≈
(

f 2
0

f 2
0 − f 2

)N

. (1.16)

Below the resonant frequency of the pendulum the equation 1.15 tends towards unity

as f 2
0 − f 2 ≈ f 2

0 . This means that at such frequencies the pendulum acts as a rigid

coupling between the ground and the suspended test mirror. Thus, to increase the

low frequency sensitivity of interferometric detectors, multi-stage pendulums with

very low resonant frequencies are necessary.

It appears that when f = f0, the transfer function will be infinite. However, as

discussed later in section 2.5, there is damping from internal friction which gives a

more physical bounded value for the transfer function.

1.5.5 Gravity Gradient Noise

The direct gravitational coupling of seismic motions, sometimes referred to as New-

tonian noise, and other fluctuations to the test mass mirrors provides a fundamental

limit known as Gravity Gradient Noise [68]. In this case, vibration isolation tech-

niques have no effect on reducing this noise. For initial interferometric gravitational

wave detectors the levels of noise from these effects lie well below their sensitivities

over most of the frequency range.

Unfortunately, such noise will limit the low frequency sensitivity of future detectors



1.5 Sensitivity Limits: Sources of Noise 24

below approximately 10− 15 Hz. A possible way to reduce this source of noise is to

construct future detectors underground where gravity gradients are decreased. For

example the planned Japanese Large Scale Cryogenic Gravitational Wave Telescope

(LCGT) [69] has a proposed underground site in the Kamioka Mine in order to

reduce this problem.

A second approach is to build a non-Earth based detector, such as the space-based

LISA interferometric detector, discussed in section 1.7.3.

1.5.6 Residual Gas

In order to achieve the target sensitivities, interferometric gravitational wave detec-

tors are required to be operated under ultra-high vacuum. However, any vacuum

system contains some trace amounts of gas which is extremely difficult to remove

from the system. Traces of gas in the beam-path will induce fluctuations in the

refractive index of the arms. Residual gas particles bouncing off the mirrors can

also increase the displacement noise.

1.5.7 Thermal Noise

The random vibrations of atoms in the test mirrors of an interferometer and their

suspensions, which are at finite temperature and have a number of differing resonant

modes, result in thermal noise.

Brownian Motion

Thermal noise results from the Brownian motion of the atoms and molecules. This

motion is related to the thermal energy, specifically 1
2
kBT energy per degree of

freedom, where kB is Boltzmann’s Constant (1.38×10−23 J/K) and T is temperature.

Thermal noise at all frequencies is dependent on the internal friction of the material.
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Lowering the levels of this or reducing the operating temperature will produce a

better thermal noise performance in future interferometric detectors.

Thermo-refractive Noise

The temperature of a body is not constant throughout its volume. Instead there are

statistical fluctuations in temperature from point to point. The refractive indices of

the test mass substrates, the mirror coatings applied to them and the material of

the beam splitter all are a function of temperature. This leads to a source of noise

known as thermo-refractive noise. The refractive index of the material is altered

by temperature fluctuations, resulting in a phase fluctuations of the transmitted or

reflected light.

The consequence of this is that there are levels of phase noise in the interference

point of the interferometer. Braginsky, Gorodetsky and Vyatchanin showed in 2000

that the levels of thermo-refractive noise must be seriously considered for the mid-

operating frequencies of the Advanced LIGO detectors and beyond [70]. In the

GEO600 detector, discussed later in section 1.6, the levels of thermo-refractive noise

is estimated at 100 Hz to be ∼ 7× 10−23/
√

Hz [71].

Thermo-elastic Noise

A further form of thermal noise results from thermo-elastic noise. Levels of noise

result from the statistical temperature fluctuations of a system which couple into

mechanical movement, through the coefficient of thermal expansion of a material.

Thermal noise is one of the most significant noise sources in the sensitivities of

current interferometric gravitational wave detectors. This makes it one of the most

important areas of research in the field of gravitational wave detectors. Thermal

noise will be discussed in greater detail in chapter 2.
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1.5.8 Optical Distortion (A Technical Limitation)

A technical limitation to the performance of interferometric gravitational wave de-

tectors which employ high laser powers is caused by thermally induced distortions of

the optics [72]. The Gaussian intensity profile of the laser light used in the interfer-

ometers combined with the presence of absorption in the substrates and coatings of

the optics results in non-uniform heating of the interferometer mirrors. This heating

leads to thermal lensing of the substrate and thermally induced distortions associ-

ated with the coatings. These thermal effects can be significant, and can require

active thermal compensation [73].

1.6 The Current Generation of Interferometric Grav-

itational Wave Detectors

There are several ground based interferometric gravitational wave detectors operat-

ing.

LIGO: The Laser Interferometer Gravitational-Wave Observatory (LIGO) [60] is

a joint Caltech/MIT project consisting of three interferometers built at two

different sites in the United States of America. In Hanford (Washington)

there is a 4 km and a 2 km interferometer in the same vacuum system. There

is also a 4 km arm length detector in Livingston (Louisiana). These three

interferometers use Fabry-Perot cavities in each of their arms and utilise power

recycling to reduce the effects of shot noise [60].

Each detector employs 10.7 kg fused silica mirrors which are suspended using a

single loop of 0.62 mm diameter steel wire [74]. Magnets attached to the sides

and back of the masses are used to control the movements of the suspensions.

Each detector is operated under vacuum at a pressure of ∼ 10−9 mbar [75].
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Figure 1.8: Sensitivity curves for the three LIGO interferometer detectors recorded

during the S5 Science Run in May 2007.

The interferometers in the LIGO detector network are currently the most sen-

sitive gravitational wave detectors in operation. During the recent S5 Science

Run, discussed later in section 1.6.1, the strain sensitivity in the 4 km Hanford

detector was seen to be ∼ 2 × 10−23 /
√

Hz at 150 Hz. The sensitivity curves

from all three LIGO detectors during this science run are shown in figure 1.8

[76].

GEO600: The German/UK collaboration gravitational wave detector is located in

Ruthe (Hanover, Germany) [77]. Its arm length is only 600 m but this is

doubled by having folded arms. To enhance the signal-to-noise ratio in the

detector both power and signal recycling techniques are employed. Thermal

noise performance in the GEO600 detector is improved significantly by using

very low-loss fused silica suspensions instead of steel wires [78]. These im-

provements enable the sensitivities of GEO600 above several hundred hertz to

approach those of the LIGO and VIRGO detectors in their initial operation.

It can be seen later from figure 1.11 that in June 2006 the sensitivity of the

GEO600 detector was approaching ∼ 2× 10−22 /
√

Hz at ∼ 500 Hz.

VIRGO: The VIRGO detector, pictured in figure 1.9, is a French/Italian 3 km arm
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length detector situated near Pisa (Italy). Construction of this detector was

completed in June 2003 and since then it has undergone several commissioning

science runs [79, 80].

Figure 1.9: Panorama of the VIRGO gravitational wave detector near Pisa (Italy)

with 3 km arms at right angles to each other.

The optics are suspended from 10 m high super-attenuators - an elaborate

system of seven compound pendulums [81] increasing the performance of the

detector down to 10 Hz. In October 2007 the sensitivity of the VIRGO detector

at 500 Hz was ∼ 7× 10−23 /
√

Hz [82].

Figure 1.10: Sensitivity curves of the VIRGO interferometer detectors in October

2007.

TAMA300: The Japanese TAMA300 detector has a 300 m arm length and op-

erates at the Tokyo Astronomical Observatory [83]. Like the current LIGO

detectors it uses Fabry-Perot cavities in the arms and a power recycling mirror

to enhance the laser power in the interferometer.
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1.6.1 Gravitational Wave Searches (Science Runs)

For a gravitational wave to be distinguishable from all the different sources of noise,

discussed earlier in section 1.5, it is desirable that it be seen in at least two indepen-

dent interferometers. To date there have been five different science runs collecting

coincident data from several gravitational wave detectors. The first science run S1

began with the LIGO and GEO600 detectors on the 23rd August 2002 and ended on

the 9th September 2002. The fifth science run S5 was much longer, starting on the

4th November 2005 and ended on the 1st October 2007. A summary of the five sci-

ence runs, and the detectors involved in these runs is given in table 1.2 [84]. Analysis

of all the data collected throughout these runs is currently being undertaken, but

as yet there has been no detection of gravitational radiation.

Science Run Start Date End Date Detectors

S1 23rd Aug 2002 9th Sept 2002 LIGO, GEO600

S2 14th Feb 2003 14th April 2003 LIGO, TAMA300

S3 31st Oct 2003 9th Jan 2004 LIGO, GEO600,

TAMA300, ALLEGRO

S4 22nd Feb 2005 23rd Mar 2005 LIGO, GEO600,

ALLEGRO, AURIGA

S5 4th Nov 2005 1st Oct 2007 LIGO, GEO600, VIRGO

Table 1.2: Summary of the five Science Runs involving the current network of grav-

itational wave detectors.

In between each of the five science runs improvements were constantly made to

different aspects of the GEO600 detector resulting in correspondingly improved sen-

sitivities as shown in figure 1.11 [71].
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Figure 1.11: Sensitivity curves of the GEO600 detector during the S1, S3, S4 and

S5 science runs.

1.7 The Next Generation of Gravitational Wave

Detectors

The current bar and interferometric detectors provide the possibility for the first

direct detection of gravitational waves. There is also a strong motivation to research

and develop improved detectors with greater sensitivities because reducing the noise

levels by one order of magnitude will increase the number of possible detectable

sources by a factor of 1000, enhancing their use in the field of gravitational wave

astronomy.

1.7.1 Second Generation (Advanced) Detectors

Enhanced LIGO: With the fifth science observing run complete a series of up-

grades to the LIGO detectors will be implemented to provide an improved

configuration called Enhanced LIGO [85]. The principal change in these de-
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tectors is an increase in the laser power aimed at increasing the sensitivity

above 100 Hz by a factor ∼ 2.5. To reduce the effects of environmental noise

the dark port sensing system will be placed under vacuum on a seismically

isolated platform. A filter cavity will also be installed in the beam path to

clean up the light and reduce shot noise.

Advanced LIGO: The LIGO Scientific Collaboration propose an Advanced LIGO

detector network with sensitivities improved by more than a factor of ten.

This increase would result in the one year observation time of the recently

completed S5 science run to be equalled in roughly three hours [86]. Targets

have been set to achieve this sensitivity including a reduction by a factor of

40 in seismic noise at 10 Hz, a reduction by a factor of 15 in thermal noise,

and a 10 times reduction in photoelectron shot noise.

In order to achieve such goals several improvements need to be implemented

including the adoption of fused silica fibres from the GEO600 detector [87]

and improved seismic isolation systems [87, 67]. Signal recycling will be intro-

duced, as discussed in section 1.4, along with the use of higher laser powers.

The installation of these upgrades will begin around 2010 with the aim of

commencing observations in 2014.

Advanced VIRGO: This will be a major upgrade to the VIRGO detector to be

achieved in two steps. After the first set of improvements the VIRGO+ de-

tector [88] will have increased laser power and the introduction of a thermal

compensation system to counteract optical distortions. At this stage it will

also have new payloads, possibly with fused silica suspensions, as well as im-

provements to the electronics.

This will lead into the second set of upgrades creating an Advanced VIRGO

detector which should have sensitivity over the entire detector bandwidth im-

proved by an order of magnitude. The target of this research and development

is to make Advanced VIRGO operational at the same time as the Advanced

LIGO detectors.
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GEO-HF: The shorter arm length of GEO600 results in it not being able to match

the sensitivities of the Advanced LIGO and VIRGO detectors over their fre-

quency range. Despite this, it will be able to continue operations during the

down-time when the 4 km LIGO and VIRGO detectors are being upgraded.

GEO600 will work along with the 2 km LIGO instrument and the bar detec-

tors to provide an ‘Astrowatch’ function. Instead, the sensitivity of GEO600

for high frequencies will be improved in small sequential upgrades to reduce

the thermal noise level and photoelectron shot noise. The development of

prototypes and installation of suitable upgrades is called the GEO-HF Project

[89].

GEO600 can operate with optimised tuning at low frequencies for continued

network analysis, or tuned for high frequency performance as GEO-HF. The

advantage of GEO600 is that it can be switched between either low or high

frequency observations depending on the coverage of the LIGO and VIRGO

detectors while their upgrades are implemented.

1.7.2 Third Generation Detectors

Increasing the sensitivity of interferometric gravitational wave detectors by a further

order of magnitude will increase the number of detectable sources of gravitational

waves by a further factor of 1000. However, improving sensitivities beyond the levels

targeted by the second generation of interferometric gravitational wave detectors is

challenging. Even with anticipated improvements to mirror coatings and substrate

materials the thermal noise associated with the mirrors and their coatings will start

to limit achievable sensitivities. The higher laser powers required to reduce photo-

electron shot noise at higher frequencies and increased levels of power held inside

the Fabry-Perot cavities increase the heat deposited in the substrate, the optical

effects of which become increasingly difficult to control.
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New techniques are likely to be required to alleviate these problems including the use

of cryogenics to diminish thermal noise levels and possibly non-transmissive optical

layouts to reduce thermal distortions. Squeezing light may be useful to improve the

sensitivity of detectors because it may be possible to employ it to beat the standard

quantum limit [90].

Discussions are underway for writing a White Paper for a third generation inter-

ferometric gravitational wave detector in the United States of America. There is

also a design study beginning for a combined VIRGO/GEO European Detector

called the ‘Einstein Telescope’ (ET) [91] with research currently being undertaken

across eighteen European laboratories as part of the STREGA project [92]. This

project has the aim of reducing thermal noise in gravitational wave detectors at low

temperatures.

1.7.3 Space-Based Detectors

The formation of a massive black hole with mass 103−106 M� is the largest expected

source of gravitational waves in the Universe. The signals from such events lie in

the 10−4 − 10−1 Hz frequency range which due to Newtonian noise would be hard

to detect using ground-based detectors. The only feasible way to detect signals in

such a low frequency band is to use an interferometer in space.

A joint NASA/ESA mission is under development to create a space-based Laser

Interferometer Space Antenna (LISA) [93]. LISA will consist of three drag-free

spacecraft creating an equilateral triangle of three interferometers with arm lengths

5× 106 km, as represented in figure 1.12 [94]. This array of spacecraft will fly in an

Earth-like orbit around the Sun ∼ 20◦ behind the Earth. Each craft accommodates

two masses which form the end points of the three interferometers. A passing

gravitational wave acting on LISA will change the length of one of the 5 × 106 km

arms relative to the other. LISA is currently planned to be launched in 2015.
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Figure 1.12: The Laser Interferometer Space Antenna consists of three spacecraft

orbiting the sun in an equilateral triangular configuration, separated from each other

by 5× 106 km.

1.8 Conclusion

The experimental search for gravitational waves is a worldwide wide effort with

several resonant bar and long-baseline interferometric detectors in operation around

the world. They are now reaching sensitivities which allow the possibility of the

detection of gravitational waves emitted from astronomical sources. The detection

of this kind of radiation will open up an entirely new field in astronomy facilitating

the study of known sources and discovery of new sources in our Universe.

However, to increase their use for gravitational wave astronomy, it is essential to

improve the sensitivities of interferometric gravitational wave detectors. This in-

troduces significant challenges in improving the levels of thermal noise in the test

mass mirror substrates, the coatings applied to them and in the suspensions which

are used to hang them. In addition the effects of thermal loading resulting from

increased levels of laser power will need to be overcome.
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The experimental research detailed in this thesis focusses on the measurement of

mechanical loss of various substrate materials, coatings and chemical bonds proposed

for use in future detectors. The third generation of detectors may need a non-

transmissive optical layout with a material of high thermal conductivity such as

silicon. Investigations relevant to that are reported later in this thesis.



Chapter 2

Thermal Noise in Interferometric

Gravitational Wave Detectors

2.1 Introduction

Thermal noise associated with the coated mirror substrates and lower stage suspen-

sions is one of the most significant noise sources at the lower operating frequency

range of interferometric gravitational wave detectors. A mirror substrate suspended

as a pendulum is a mechanical system which has many modes of oscillation. Each

of these resonant modes has thermal energy associated with the vibrational, trans-

lational and rotational degrees of freedom of the system.

For a classical system, the Boltzmann distribution of energy from the Equipartition

Theorem [95] states the mean energy of each of these degrees of freedom is equal to

1
2
kBT , where kB is Boltzmann’s Constant (1.38× 10−23 JK−1) and T is the temper-

ature in Kelvin. This thermal energy influences the coherent motion of the entire

system. In an interferometric gravitational wave detector the thermal energy of the

mirrors and suspensions results in displacements of the mirror faces, forming a noise

source in the instrument.

36
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The effect of this thermally induced motion can be reduced in two ways. One tech-

nique is to cool the optics of the interferometer to reduce the levels of thermal energy

within the mirrors and suspensions. However, cooling the optics while keeping a low-

noise environment is not an easy task. This is being considered as a technique for

use in a third generation of gravitational wave detectors, as discussed in section

1.7.2.

The second option is to use materials of low mechanical loss. In low loss systems

the thermally induced motion lies predominantly within the narrow frequency band

of the mechanical resonances of the system. For systems where the off-resonance

thermal noise of each resonant modes is uncorrelated, the narrower the resonances

the lower the off-resonance thermal displacement noise. Details of how this thermal

noise appears in an interferometric gravitational wave detector is detailed in this

chapter.

2.2 Brownian Motion

In 1827, Scottish botanist Robert Brown reported microscopical observations of

particles of plant pollen which, when left to float freely on the surface of water,

moved in a vigorous and irregular manner [96]. Almost 80 years later it was shown

by Einstein that this motion was a result of the stochastic collisions of the molecules

of water with the pollen grains - that is the motion was due to the fluid surrounding

the pollen and not the particles themselves [97]. Einstein also realised that as a

result of these impacts the pollen grains lost their initial kinetic energy while they

moved through the water. This introduced a dissipation process [98].
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2.3 The Fluctuation-Dissipation Theorem

The relationship described by Einstein was an early example of the Fluctuation-

Dissipation Theorem developed later by Callen et al. [99, 100]. This provided a

general relationship between the excitation of a system (fluctuation) and the friction

(dissipation) for any linear system in thermal equilibrium.

The Fluctuation-Dissipation Theorem relates the power spectral density of the fluc-

tuating mechanical driving force, SF (ω), to the dissipative (real) part of the me-

chanical admittance, <[Y (ω)], such that

SF (ω) =
4kBT

ω2
<[Y (ω)]. (2.1)

The Fluctuation-Dissipation theorem enables predictions of thermal noise from dis-

sipation. However, the analysis within equation 2.1 and the sections which follow

deals with systems where the off-resonance thermal noise of each resonant mode

is uncorrelated. Instead, for real, multi-mode systems such as gravitational wave

detector mirror suspensions, further considerations must be taken into account, as

discussed later in section 2.6.

2.4 Sources of Dissipation

2.4.1 External Sources of Dissipation

There exists a variety of external sources of dissipation which can have an effect on

the cumulative levels of thermal noise within an interferometric gravitational wave

detector. Some examples include:
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Gas Damping External viscous damping is experienced by the mirrors and their

suspensions due to the effects of residual gas molecules in the vacuum systems

in which the suspensions are mounted.

Recoil Damping Energy may be lost from the pendulum suspension into a recoil-

ing support structure.

Frictional Damping Friction at the suspension point and where suspension ele-

ments contact the test substrate may introduce stick-slip damping.

Careful design of the technical aspects of the suspensions is essential to ensure these

types of damping are minimised - see for example [101].

2.4.2 Internal Sources of Dissipation

Once all the external sources of dissipation have been minimised, the dominant

source of thermal noise is a result of the internal dissipation of the suspended optics.

Internal dissipation can arise when a material responds anelastically to a force acted

upon it.

When an ideal elastic material is acted upon by a force, a stress σ is produced for

which there is a resultant strain within the material. This strain, ε, is related to the

Modulus of Elasticity M such that

σ = Mε. (2.2)

In an elastic response, the stress and strain are related to the compliance J of the

material so that

ε = Jσ (2.3)

and J is related to the stored energy due to the induced deformation.

When a force is applied to anelastic materials the body returns to a new equilibrium

state after a relaxation time. In experiments to study the behaviour of a material
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a periodic stress is applied to a system. The stress and resulting strain can be

modelled in complex form, where the strain ε follows the stress σ after a phase lag,

φ, such that

σ = σ0e
iωt (2.4)

where σ0 is the stress amplitude and ω the angular frequency (ω = 2πf , where f is

the vibration frequency), and

ε = ε0e
i(ωt−φ). (2.5)

where ε0 is the strain amplitude. φ is the angle the strain lags behind the stress

and is commonly referred to as the loss angle, which for an ideal elastic material is

φ = 0. However, for the anelastic case φ is generally non-zero, so that the ratio σ
ε

is a complex quantity. From equation 2.2 the Modulus of Elasticity must therefore

also be complex, defined as M∗(ω), noting that it is a function of ω.

It is useful to write

M∗(ω) = M1(ω) + iM2(ω) (2.6)

where M1(ω) and M2(ω) are the real and imaginary parts respectively and

tan φ =
M2

M1

. (2.7)

It is then possible to calculate the energy stored and the energy dissipated in a cycle

of the applied stress, taking ε = ε0 cos ωt and σ = M∗ε. The energy ∆E dissipated

in a full cycle, per unit volume, is [102]

∆E =

∮
εdσ = πM2ε

2
0 (2.8)

and the maximum stored energy E per unit volume is given by [102]

E =

∫ π/2

ωt=0

εdσ =
1

2
M1ε

2
0. (2.9)

The ratio of energy dissipated to the maximum stored energy is then, from equation

2.7, related to the loss angle φ

∆E

E
= 2π

M2

M1

= 2π tan φ. (2.10)
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Since tan φ = φ(1 + 1
3
φ2 + 2

15
φ4 + . . .) from its Taylor Series expansion and the

assumption that φ2 � 1, it can be approximated that tan φ ' φ. Consequently

equation 2.10 can be rearranged to give

φ =
1

2π

∆E

E
. (2.11)

φ gives a measure of the fractional energy loss per cycle due to anelastic behaviour

and is more commonly known as the internal friction of the material.

2.5 Power Spectral Density of Displacement Ther-

mal Noise in a Simple Harmonic oscillator

The level of Brownian thermal noise can be obtained from a direct application of

the Fluctuation-Dissipation Theorem. For simplicity, the thermal noise spectrum

will be first derived for a damped harmonic oscillator represented by a mass m on

a spring. For an elastic spring, the spring constant is k and the restoring force is

defined as

Frestoring = −kx. (2.12)

However, to include the effects of dissipation resulting from internal friction, equa-

tion 2.12 must be re-written in complex form, as represented in figure 2.1. Therefore

the force associated with the spring becomes [102]

Fspring(ω) = −k(1 + iφ(ω))x (2.13)

where the loss factor φ(ω) represents the phase lag between the instantaneous force

and the displacement x of the spring.
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x 

Figure 2.1: Oscillator consisting of mass m and a spring with complex spring con-

stant k(1 + iφ(ω)).

The equation of motion for such a damped harmonic oscillator is

F (ω) = mẍ + k(1 + iφ(ω))x (2.14)

where F (ω) is the internal thermal driving force. If x ∝ eiωt then v = iωx and

ẍ = iωv, which allows equation 2.14 to be rewritten in terms of velocity

F (ω) = iωmv − i
k

ω
(1 + iφ(ω))v. (2.15)

The fluctuating force is related to the impedance, Z(ω), such that

Z(ω) =
F (ω)

v

= iωm− i
k

ω
(1 + iφ(ω))

= i

(
ωm− k

ω

)
+ φ(ω)

k

ω
. (2.16)

From equation 2.16 the admittance can be obtained as Y (ω) = Z(ω)−1

Y (ω) =
ω

kφ(ω) + i(ω2m− k)
. (2.17)
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Multiplying both the numerator and denominator of equation 2.17 by the complex

conjugate of the denominator (kφ(ω)− i(ω2m− k)) gives

Y (ω) =
φ(ω) k

ω
− i

(
ωm− k

ω

)
[φ(ω) k

ω
]2 +

(
ωm− k

ω

)2 . (2.18)

Using the Fluctuation-Dissipation Theorem, the real part of equation 2.18 can be

substituted into 2.1. This gives the power spectral density of displacement thermal

noise, Sx(ω), of an oscillator with mass m at temperature T , associated with a

resonant mode of frequency ω0 of

Sx(ω) =
4kBT

ωm

φ(ω)ω2
0

[(ω2
0 − ω2)2 + ω4

0φ(ω)2]
(2.19)

where the angular resonant frequency ω2
0 = k

m
and φ(ω) is the mechanical dissipation,

or loss factor, of the oscillator [103].

At resonance, equation 2.19 may be simplified such that Sx(ω) ∝ 1
φ(ω)

resulting

in a large Sx(ω) if ω0 � 1. Also for frequencies far away from a resonant mode

of frequency ω0 the power spectral density of the displacement thermal noise is

proportional to φ(ω), which when ω0 � 1, results in a small Sx(ω) [104]. One limit

to how accurately the position of the front face of the mirrors can be sensed using

an interferometer is determined by off-resonance thermal displacement noise.

Consequently, the test masses and suspensions in interferometric gravitational wave

detectors have been manufactured using materials of low mechanical loss φ(ω). As

discussed in section 1.6 all current interferometric detectors use fused silica for their

mirror substrates because the mechanical loss of fused silica is known to be com-

paratively low [105, 106, 107]. The GEO600 gravitational wave detector also incor-

porates fused silica suspension fibres in the final suspension stage since silica has a

significantly lower mechanical dissipation than carbon-steel [78].
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However, the analysis derived from equation 2.1 deals with single resonant modes.

In models based on the approach detailed in this section the laser beam reflected off

the front face of a test mirror is considered to be sensing the incoherent sum of the

displacement thermal noise in the ‘tails’ of the individual resonant modes. In real-

ity, these losses are spatially inhomogeneous. Consequently, there are correlations

between the fluctuations in the motions of different resonant modes, for which this

summation does not account [108]. Instead, when dealing with real multi-mode me-

chanical systems, a different approach needed to be developed, as detailed in section

2.6.

2.6 Thermal Noise Resulting from Spatially In-

homogeneous Mechanical Dissipation

For spatially inhomogeneous mechanical loss it is necessary to use the approach

described by Levin [109]. This allows the actual spatial distribution of mechanical

loss and the detailed shape of the laser beam to be taken into account. Levin

considered the effect of applying a notional oscillating pressure P to the front face

of the test mass of the form

P =
F0

πr2
0

e
− r2

r2
0 cos(ωt) (2.20)

where F0 is the amplitude of peak force and r0 is the radius of the laser beam where

the intensity of the beam has decreased to a level of 1
e

of its maximum.

Levin then defines the real part of the mechanical admittance <[Y (ω)] in terms of

the energy transferred into the test mass by the oscillating pressure and subsequently

dissipated by thermoelastic heat flow: a form of dissipation discussed in section 2.9.

From this, the power dissipated Wdiss is then calculated, averaged over the period

2π
ω

of the pressure oscillations, to give
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<[Y (ω)] =
2Wdiss

F 2
0

. (2.21)

This produces a power spectral density of displacement thermal noise of

Sx(ω) =
8kBT

ω2

Wdiss
F 2

0

. (2.22)

It can be shown that

Wdiss = ω

∫
vol

ε(x, y, z) φ(x, y, z, ω) dV (2.23)

where ε is the energy density of the elastic deformation at the maximum applied

notional pressure.

From equations 2.22 and 2.23 it is clear that there is no general formula which can

be given for the case of inhomogeneous loss. However, for spatially homogeneous

loss, and assuming that the diameter of the beam is considerably smaller than the

dimensions of the mass, a test mass may be modelled as forming a half-infinite slab.

It can then be shown that the thermal displacement noise due to Brownian motion

of a test mass substrate having mechanical loss φsubstrate(ω) is given by [110]

Sx(ω) =
4kBT

ω

1− ν2

√
2πY r0

φsubstrate(ω) (2.24)

where Y and ν are the Young’s Modulus and Poisson’s Ratio of the material and r0

the radius of the laser beam where the intensity has fallen to 1
e

of the maximum.

The notional force is applied to the front face of the test mass mirror. Deformation

is biggest, closest to where the force is applied. Consequently, dissipation physically

located close to the front surfaces of the mirrors contributes a greater level of thermal

displacement noise than dissipation located far from the front face of the mirror.
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This is of significant importance for the design of test mass suspensions for the

next generation of interferometric gravitational wave detectors because in order to

maintain low optical losses it is necessary to use ion-beam-sputtered multi-layer

dielectric coatings. These coatings are applied to the front faces of the test substrates

to give highly reflecting mirror surfaces. Unfortunately, such coatings are known to

have much higher levels of mechanical loss of the order 10−4 [111] than that of the

mirror substrate material ∼ 10−8 [105].

Decreasing the mechanical dissipation associated with the mirror coatings it there-

fore currently a substantial area of study. Measurements of the mechanical dissipa-

tion of test substrates with mirror coatings applied to them are presented in chapters

3 and 5.

2.7 Thermoelastic Dissipation

A component of the thermal noise significant in many crystalline materials, such as

sapphire or silicon, results from statistical fluctuations in temperature. Thermoelas-

tic displacement noise results from temperature fluctuations throughout the body of

a test mass creating displacements in the front surface of the mirror due to coupling

via the coefficient of thermal expansion α. These temperature fluctuations cause

areas of the mass to expand or contract as they heat up or cool down. While the

mass attempts to restore the thermal equilibrium, heat flows from the hotter areas

to the cooler regions, which is a source of dissipation.

When the mechanical system is at rest, these local temperature fluctuations lead to

motion through the coefficient of thermal expansion α. In the thin fibres used as

suspension elements for the mirrors in gravitational wave detectors this dissipation

mechanism φ(ω)TE can be quantified via the model [102]

φ(ω)TE =
Y α2T

ρC

ωτ

1 + (ωτ)2
(2.25)

where Y is the Young’s Modulus, α is the thermal coefficient of expansion, ρ is the
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density of the substrate, C is the specific heat capacity per unit volume and τ is the

relaxation time of the laser beam spot on the surface.

Additionally, Braginsky et al showed that thermoelastic dissipation is also relevant

in test mass mirrors [112]. The power spectral density of thermoelastic displacement

noise STE(ω) in a test mass, approximated as half-infinite, where the laser beam

diameter is much smaller than the dimensions of the mirror, is given as

STE(ω) =
4
√

2√
π

kBT
2α2(1 + ν)2κ

ρ2C2r3
0ω2

(2.26)

where the radius of the laser beam r0 is much smaller than the radius of the mirror,

ν is the Poisson’s Ratio of the substrate and κ is the thermal conductivity.

For the case of a finite test mass, Liu and Thorne [110] determined a correction

factor approximately equal to unity for a typical test substrate.

The level of this thermoelastic displacement noise can be equal to or larger than some

other sources of thermal noise within the operating frequency band of interferometric

gravitational wave detectors, as discussed later in section 2.9.

2.8 Brownian Noise Associated with Dielectric Mir-

ror Coatings

As mentioned earlier, the application of dielectric coatings to the front faces of the

test substrates to form highly reflective mirrors has been identified as a significant

source of dissipation [113]. Typically, these coatings are formed with alternating

layers of ion-beam sputtered amorphous silica SiO2 and tantala Ta2O5 [114]. As

detailed in section 2.6 for the approach by Levin, any dissipation physically located

close to the front surfaces of the mirrors will contribute to a greater level of ther-

mal displacement noise. Consequently the mechanical dissipation of these coatings

strongly contributes to the noise in this region.
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The power spectral density of Brownian motion associated with the mirror coatings

may be expressed as [113, 115]

Sx(ω) =
4kBT√

π

1

ω2Y

[
φsubstrate(ω) +

2√
π

d

ω

(
Y ′

Y
φ‖ +

Y

Y ′φ⊥

)]
(2.27)

where Y and Y ′ are values of the Young’s Modulus for the substrate and the coating

respectively. φ‖ and φ⊥ are the values of the mechanical loss from a coating of

thickness d for strains parallel and perpendicular to the coating surface.

2.9 Thermoelastic Noise Associated with Dielec-

tric Mirror Coatings

An important limit to the sensitivity of interferometric gravitational wave detec-

tors results from thermoelastic dissipation associated with the different thermo-

mechanical properties of the layers which form the dielectric coatings [116, 2]. In

the operating frequency band of an interferometric gravitational wave detector the

power spectral density of thermoelastic dissipation from a multi-layer dielectric coat-

ing of a thickness d can be written as [117]

Sx(ω) ≈ 8
√

2kBT
2

π
√

ω

d2

r2
0

(1 + σs)
2

C2
avg

C2
s

α2
s√

κsCs
∆̃2 (2.28)

where properties referring to the substrate are denoted by the subscript ‘s’ and

∆̃2 ≡

{
Cs

2αsCavg

(
α

1− σ

[
1 + σ

1 + σs
+ (1− 2σs)

Y

Ys

])
avg

− 1

}2

. (2.29)

The averaging terms (X)avg denote properties which are averaged in proportion to

their fractional amounts. For a coating comprising of two alternating materials ‘a’

and ‘b’ of thicknesses ta and tb respectively, the volume averaging operator (X)avg

is defined as

(X)avg =
ta

ta + tb
Xa +

tb
ta + tb

Xb. (2.30)
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Recent interferometric studies of the displacement noise in suspended multi-layer

optics are in broad agreement with the predictions using the above models for coating

thermal noise [118].

2.10 Thermal Noise Sources in Interferometer Sus-

pensions

2.10.1 Pendulum Modes

As discussed in section 1.5.4, the test masses are suspended as pendulums. The

lengths of these suspensions are chosen such that the resonant frequency of the

pendulum, typically 0.6− 1 Hz, lies well below the low frequency end of the detec-

tion band. These pendulums however also have thermal noise associated with the

material from which the test mass mirrors are hung.

The mechanical loss of a pendulum of length l at resonant frequency ω0 is related

to the mechanical loss of the suspension material φmat(ω0) by [119]

φpend(ω0) = φmat(ω0)
ξn
√

TY I

2mgl
(2.31)

for a suspension consisting of n suspension elements. T is the tension in each

suspension element, Y is the Young’s Modulus of the suspension material and I is

the moment of the cross-sectional area. ξ takes the value of 1 or 2 depending on

whether the attachment points of the suspension elements constrain the elements to

bend at the top only or at both the top and bottom respectively [120].

The power spectral density of the displacement of the front face of a test mirror

due to the pendulum mode can, above the pendulum resonant frequency ω0, be

approximated for a test mirror of mass m using equation 2.19

Sx(ω) ≈ 4kBT

m

ω2
0

ω5
φpend(ω). (2.32)
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This assumes that the laser beam impinges on the front face of the test mass so

that the thermal noise from the pitch, yaw, rotational and torsional modes of the

pendulums do not significantly couple.

2.10.2 Violin Modes

The suspension elements under tension themselves have resonant modes called violin

modes. The violin modes form a harmonic series which lies within the operating

frequency band of an interferometric gravitational wave detector. If the damping is

considered to be homogeneous, then the losses associated with the violin modes of

the suspension are related to the loss of the pendulum mode such that

φviolin(ω) = 2φpend(ω) (2.33)

which holds true depending on the position of the attachment points [120]. The

resulting off-resonance displacement thermal noise introduced to the front face of

the test mass from the violin modes of the suspension elements is much smaller than

the displacement resulting from the pendulum modes and internal resonant modes

of the test mass.

The suspensions are formed using low mechanical loss materials, therefore most of

the thermally induced motion lies in narrow bands around the resonant frequen-

cies of the violin modes. Techniques have been developed to remove the thermal

displacement noise of the violin modes from the signals recorded by interferometric

gravitational wave detectors [121].
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Figure 2.2: Levels of thermal and thermoelastic noise calculated in a single sus-

pended tantala/silica coated fused silica mirror illuminated by a laser beam with

radius r0 = 3.9 cm.

2.11 Effect of Combined Thermal Noise in a Grav-

itational Wave Detector

To evaluate the effect of the total thermal noise in an interferometer on the achievable

displacement sensitivity, it is necessary to combine the individual contributions to

the thermally driven motion of the optics. This sums the loss components from the

internal modes of the mirror substrate, equation 2.24, the mirror coatings, equation

2.28, the pendulum mode of the suspension, equation 2.32, and the violin resonances.

The expected levels of thermal noise in a typical interferometer mirror planned to

be used in the upgrades of the first generation of detectors is estimated in [122] as

shown in figure 2.2 for a test mass substrate with a loss of 5× 10−9.
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2.12 Conclusion

One of the limiting factors to the displacement sensitivities of ground-based inter-

ferometric gravitational wave detectors is thermal noise. Analysis of the different

sources of loss from the mirror substrates, coatings and the suspensions from which

they are hung, enable estimates of the levels of thermal displacement noise to be

calculated.

Inspection of figure 2.2 shows that for a typical design of suspended test mirror the

source dominating the levels of thermal noise is that from the coatings applied to the

mirror substrates. Therefore, in order to proceed beyond the first set of upgrades

to interferometric gravitational wave detectors ways must be found to reduce the

levels of thermal noise from these coatings.



Chapter 3

Measurements of Mechanical Loss

of Silica Substrates and Highly

Reflective Coatings

As discussed in Chapter 2, an important limit to the sensitivity of long-baseline

gravitational wave detectors is set by off-resonance thermal noise in the interfer-

ometer’s mirrors and their suspensions. The bulk of the research presented in this

thesis concentrates on the study of the mechanical dissipation, or loss, of materials

being used, or proposed for use, as mirror substrates or mirror coatings in these

detectors.

The magnitude of off-resonance thermal noise is related to the mechanical loss of the

substrate material to the extent that materials with a low level of mechanical loss

have lower levels of off-resonance thermal noise. As a consequence, the materials

used for the interferometer mirrors and their suspensions must be carefully selected

to ensure that their thermal noise is minimised. Further to the pre-requisite that

the test mirror material must have a low mechanical loss at room temperature, to be

suitable for use in an interferometric gravitational wave detector it must also satisfy

a number of other requirements detailed below.

53
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3.1 Requirements for Potential Test Mass Mir-

rors

There is a number of factors which affect the choice of material for the mirror

substrates used in long-baseline gravitational wave detectors.

• As discussed, the material must have a low mechanical loss factor.

• It should be possible to produce mirrors in sizes suitable for use in a gravita-

tional wave detector, in mass up to several tens of kilograms, with the aim of

reducing the effects of photon recoil and the Heisenberg Uncertainty Principle

[123].

• The interferometer is illuminated using a high-power laser beam. For inter-

ferometers using transmissive optics the material should be transparent and

have a low optical loss at the wavelength of the laser light used (1064 nm in

all current detectors) so that the heat deposited in the material is kept to a

minimum [124].

• The mirror substrate should have a high thermal conductivity and a low ther-

mal expansion so that when heat is deposited in it by absorption of residual

laser light the resulting thermo-mechanical distortion is minimised [124].

• The material should be suitable for polishing to sub-angstrom surface rough-

ness [125].

• The refractive index should change as little as possible with temperature to

minimise the thermal lensing effects of transmitted laser beams [124].

• The material should be able to be bonded onto suspension elements by the

low loss hydroxide catalysis bonding technique discussed in more detail in the

following chapter [126, 127].

There is a small selection of materials which have low enough mechanical losses to

be used potentially in a gravitational wave detectors. In particular, fused silica has
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a range of properties which makes it appropriate for this purpose. It can be manu-

factured to have low optical absorption, can be polished and coated to appropriate

specifications and is available in the sizes required. Experiments undertaken in a

number of different laboratories suggest that the mechanical losses in different types

of silica lie in the range of 1× 10−6 to 5× 10−9 [105, 106, 107].

The combination of these properties has led to all the current interferometric grav-

itational wave detectors utilising fused silica as a test mass material. It is also the

baseline choice for the test mass substrate in the planned upgrades to the LIGO

and Virgo detector systems. However, as will be discussed, the properties of fused

silica set limits to the performance of all current and upgraded detectors. Therefore

to improve detector performance further, different materials with lower mechanical

losses are expected to be required. Research on the properties of other materials is

presented in chapters 5 and 6 of this thesis.

3.2 Multi-Layer Dielectric Coatings

Interferometric gravitational wave detectors require test masses coated in such a way

that they act as optically highly reflective mirrors. Metallic mirror coatings are not

suitable because their optical absorption is too high. Instead, coatings are formed

by applying ion-beam-sputtered dielectric layers to the front face of each test mass

using alternate quarter wavelength layers of dielectric materials of different refractive

indices in order to obtain a highly reflective surface. A schematic of such a coating,

comprised of alternating materials with refractive index n1 and n2 respectively is

shown in figure 3.1.

Each layer of dielectric material is λ \ 4 in optical thickness, where λ is the 1.064

µm wavelength of the Nd:YAG laser light used in an interferometric gravitational

wave detector. The optical thickness of an individual layer is related to the physical

thickness h such that
λ

4
= nh (3.1)
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Figure 3.1: Schematic of a multi-layer dielectric coating sputtered onto a substrate,

comprising of alternating layers of material with refractive index n1 and n2 respec-

tively.

where n is the refractive index of the material at that wavelength.

These coatings are designed to be highly reflective at a narrow band around this

wavelength of light, while having a very low optical absorption and scatter. All

current interferometric detectors use mirrors whose coatings are formed from ion-

beam-sputtered layers of tantalum pentoxide (Ta2O5) and silica (SiO2) [114].

Although the test mass substrate materials used have low mechanical loss, the ad-

dition of coatings introduces another source of dissipation and thus of thermal noise

in the detector [128]. It is therefore important to quantify the loss of these dielectric

mirror coatings so that their thermal noise and the consequent limits to detector

sensitivity can be calculated. This study is of immediate relevance to the planned

upgrade of the LIGO detector system, Advanced LIGO [129] and, in addition, forms

part of the Glasgow group’s research contributing towards the design of the next

generation of gravitational wave detectors.
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3.3 Mechanical Loss of a Test Substrate - Mea-

surement Principles

Each resonant mode of a test mass substrate can be modelled as a damped harmonic

oscillator. The envelope of the amplitude A of freely decaying resonant motion of

such an excited harmonic oscillator evolves as

A = A0 exp(−1

2
φ(ω0)ω0t) (3.2)

where A0 is the amplitude of the motion of the test mass’s front face at the start of

the decay, t is time, ω0 is the resonant angular frequency and φ(ω0) is the loss at

that frequency [130]. After taking the natural log of each side of equation 3.2, we

find

ln A = ln A0 −
1

2
φ(ω0)ω0t. (3.3)

If a mode is excited and then allowed to decay the natural log of the amplitude of

motion can be plotted against time so that a straight line may be fitted to the ring

down. The loss can then be determined using

φ(ω0) =
2× | gradient |

ω0

(3.4)

where | gradient | is the magnitude of the gradient of the plot.

For the samples studied here, a Michelson interferometer is used to sense the motion

of the front face of a mechanically excited test mass and the mechanical loss of each

resonant mode of the sample found from the time taken for the motion to decay.

As will be described, this arrangement can be used in the study of coating losses as

well as studies of the effects of different test mass materials, sizes and aspect ratios

on measured loss factors.
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3.4 Experimental Procedure

To measure the mechanical loss of the resonant modes of a test mass it is necessary

to mount the sample carefully to minimise any excess mechanical loss in the mea-

surement. One of the most effective ways to isolate a mass from its surroundings is

to hang it as a pendulum. A suspension formed from a single loop of silk thread has

proved an effective choice, as shown in figure 3.2, and greasing the thread reduces

frictional losses at the contact between the loop and test mass [125].

Electrostatic 
Actuator 

Laser spot 

 

 

Teflon 
Catcher 

Clamp 

 

Silk Thread 
Suspension 

Loop 

 

Fused silica 
Substrate 

Figure 3.2: A 76.2 mm diameter by 25.4 mm thick fused silica test substrate sus-

pended by a loop of silk thread.

To reduce the possibility of the test mass modes coupling with harmonics of the

suspension “violin modes” and consequently increasing the measured loss, measure-

ments are repeated for many different lengths of suspension loop [125]. To minimise

gas damping of the excited motion the suspended mass is placed inside a vacuum

tank, visible on the left-hand-side of figure 3.3, and the system pumped out to

∼ 10−5 mbar [16].
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Figure 3.3: Michelson interferometer used for loss measurements

Low frequency bulk displacements of the test mass are of a greater magnitude than

the laser wavelength, therefore it is important to remove the effects of lower fre-

quency motion from the ring-down signal. This is done through the use of an

electronic feedback system.

The first arm of the interferometer, used to sense test mass motion, is formed by

reflecting laser light off the front face of the test mass. The second arm is folded

and incorporates two mirrors, one mounted on a loudspeaker, ‘Mirror 1 ’ in figure

3.3, and the other on a piezo-electric actuator, ‘Mirror 2 ’. The detected signal

is then sent through a two-stage feedback system with suitable filtering such that

the loudspeaker and piezo follow the low frequency bulk motion of the mass, while

leaving high frequency motion (10− 90 kHz) unaffected for recording.

The filtering stage takes the signal from the photodiode and firstly it is inverted.

The signal is then amplified, or reduced, as required and the levels of D. C. adjusted.

The signal is then sent, as shown in figure 3.4, to the piezo and through a second

stage of filtering to a moving coil speaker. In this stage a low-noise pre-amplifier is

used as a low-pass filer. Typically, the corner frequency of the filter was set to 3 Hz

and the gain between 1 and 10, depending on the individual situation. A circuit

diagram of this feedback system can be found in Appendix A of [104].

The frequency of each resonant mode is measured accurately using a spectrum

analyser. These resonances can be excited by adding an A.C. signal of the ap-
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Figure 3.4: Schematic of the interferometer readout and filtering system used

throughout this research for measuring the ring-downs of resonant modes of a test

sample.

propriate frequency to a 750 volt D.C. bias on an electrostatic actuating plate close

to one end of the mass. The electrostatic actuator can be seen positioned ∼ 2 mm

behind the suspended fused silica substrate in figure 3.2.

The decaying resonance signal, which has a typically frequency of a few tens of kHz,

is at too high a frequency for the data acquisition program to handle easily. Instead,

a lock-in amplifier is used to beat the signal down to ∼ 5 Hz and the decaying signal

can be captured by a LabVIEW script [131], a screen grab of which is shown in figure

3.5, and stored in a text file which is then fed into a spreadsheet for the mechanical

loss to be extracted.

3.5 Modelling of Test Mass Resonant Mode Fre-

quencies

In order to find the frequencies of the relevant mechanical modes preliminary calcu-

lation is required. Finite element analysis, (FEA), is a useful tool in the prediction

of the resonant mode shapes and frequencies of the samples being tested. All the

test masses used for these experiments were modelled using the ANSYSr Academic
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Figure 3.5: Screen capture of LabVIEW script used to capture the ring down of a

decaying resonant mode.

Teaching Advanced v. 11.0 finite element analysis software package [132].

As well as providing information about the frequencies of resonant modes it is also

possible in ANSYSr to show graphically the shape of each mode. This is important

because not all resonant modes can be sensed using the interferometer described in

section 3.4. Only those modes which have the greatest displacement of the front

face of the test mass can be sensed using an interferometer. Two such mode shapes

detectable by the current apparatus are the “Clover 4” (16, n = 2) and “Asymmetric

Drum” (1, n = 0) modes, where the numbering denotes the symmetry classification

of the modes, devised by G. McMahon [133]. These mode shapes, modelled in

ANSYSr, for a 65 mm diameter by 70 mm long silica cylinder, are shown in figure

3.6.

In addition, FEA can be used to model the distribution of strain energy in each

resonant mode of a mass. This information is essential to enable experimental

measurements of dissipation to be interpreted correctly, as detailed later in section

3.7.

Interpretation of ring down measurement is more complicated when a mirror coating

is present on the face of a mass to be measured. This situation will be addressed in

the following sections.
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Figure 3.6: Clover 4 and Asymmetric Drum mode shapes for a 65 mm diameter by

70 mm long silica substrate where the relative displacements U =
√

x2 + y2 + z2

are plotted in normalised, dimensionless units.

3.6 Calculation of Residual Coating Loss

The total level of loss for a system is found by summing all the separate loss factors

contributed by different sources of dissipation. In general, the loss φ(ω0) is defined

as [134]

φ(ω0) =
1

2π

Edissipated per cycle

Estored
. (3.5)

Assuming that all other losses, for example surfaces losses, have been reduced to

a negligible level, the measured mechanical loss of each individual resonant mode

of a coated test substrate, φ(ω0)coated, is expressed as the sum of the intrinsic

dissipation in the substrate material, φ(ω0)substrate, and the loss associated with

the presence of a coating on the front face φ(ω0)front face

φ(ω0)coated = φ(ω0)substrate + φ(ω0)front face. (3.6)

From equation 3.5 each loss term on the right hand side of equation 3.6 can be

expressed in terms of the strain energy stored within the entire coated test substrate

for each resonant mode so that

φ(ω0)coated =
1

2π

Edissipatedsubstrate
+ Edissipatedcoating

Estoredtotal.

(3.7)
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Also from equation 3.5 it is possible to express the mechanical losses of the substrate

and coating individually as

φ(ω0)substrate =
1

2π

Edissipatedsubstrate
Estoredsubstrate

(3.8)

and φ(ω0)coating =
1

2π

Edissipatedcoating

Estoredcoating

(3.9)

which can then be substituted into the numerator of equation 3.7 to express φ(ω0)coated

in terms of stored strain energy:

φ(ω0)coated =
Estoredsubstrate

Estoredtotal

φ(ω0)substrate +

Estoredcoating

Estoredtotal

φ(ω0)coating.

(3.10)

The substrates tested are a few centimetres thick whereas the coatings applied to

them are on the scale of only a few micrometres thick. This means that Estoredsubstrate
≈

Estoredtotal
and consequently equation 3.10 can be simplified to

φ(ω0)coated = φ(ω0)substrate +

Estoredcoating

Estoredtotal

φ(ω0)coating. (3.11)

The term

Estoredcoating
Estored

total

is the ratio of the total elastic energy stored within the

coating to the total energy in the coated test substrate. The coating loss must be

calculated for each individual mode since the strain energy distribution is different

for each resonant mode because each individual resonance has a different shape and

occurs at a different frequency.

To determine the coating and residual losses it is necessary to measure the mechan-

ical losses for the resonant frequencies of both an uncoated “control” mass and a

similar but coated mass. The mechanical loss measurements of the control mass can

provide φ(ω0)substrate for each resonant mode, and the measured mechanical losses

of the coated test substrate give φ(ω0)coated [135].
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The coating loss is the sum of losses attributed to Brownian noise and thermoelastic

dissipation

φ(ω)coating = φ(ω)coating (Brownian) + φ(ω)coating (thermoelastic). (3.12)

For each resonant mode φ(ω0)coating may be expressed as

φ(ω0)coating = φ(ω0)residual +

Ecoatingvolume change

Ecoatingtotal

φ(ω0)thermoelastic(3.13)

where the first term, φ(ω0)residual, is the level of loss attributed to Brownian noise

and the second term, φ(ω0)thermoelastic, is loss attributable to coating thermoelas-

tic dissipation - damping associated with a coating, and the substrate to which

it is applied - having dissimilar thermal and elastic properties. For each resonant

mode Ecoatingvolume change
is the energy associated to the change of volume of

the coating during the motion of the resonance. The ratio of the energy associated

with volume change to the total energy stored in the coating was calculated for each

resonant mode by D. Crooks. Once the residual losses of each resonant mode have

been calculated they can all be combined to give an overall residual coating loss for

that particular coating.

3.7 Calculation of Energy Ratios in ANSYSr

The loss for the coating itself is calculated once the fraction of the total strain energy

stored in the coating is established. This can be found using ANSYSr Academic

Teaching Advanced v.11.0 [132] for each resonant mode by treating the entire coating

as consisting of one composite material rather than two separate materials [128].
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3.7.1 Material Properties of Composite Coatings

The effective Young’s Modulus, Yeff, and Poisson’s Ratio, νeff, for such a composite

material can be calculated using [136]

Yeff =
Y1h1 + Y2h2

h1 + h2
(3.14)

and

νeff =
h1ν1Y1(1− ν2

1) + h2ν2Y2(1− ν2
2)

h1Y1(1− ν2
2) + h2Y2(1− ν2

1)
(3.15)

where Y1, h1, ν1 are the Young’s Modulus, physical thickness of each layer and

Poisson’s Ratio of the first material, and Y2, h2, ν2 are the corresponding values for

the second material which constitutes the dielectric coating.

For a coating consisting of two alternating materials of density ρ1 and ρ2 respec-

tively, the volume averaging operator for density is defined as [137]

ρave =
h1

h1 + h2
ρ1 +

h2
h1 + h2

ρ2. (3.16)

The effective Young’s Modulus, Poisson’s ratio and density of a thirty layer sil-

ica/tantala coating comprising of λ/4 optically thick layers of coating material is

calculated using the material properties given in table 3.1 [2], and substituting them

into equations 3.14, 3.15 and 3.16.

Property Silica Tantala

n 1.45 2.03

h (µm) 0.183 0.131

Y (GPa) 72 140

ν 0.17 0.23

ρ (kgm−3) 2202 6850

Table 3.1: Material Properties of silica and tantala.
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Property Silica/Tantala

Y (GPa) 100

ν 0.204

ρ (kgm−3) 4139

Table 3.2: Effective material properties of a thirty layer silica/tantala coating

The calculated effective material properties of a thirty layer silica/tantala coating

are presented in table 3.2.

3.7.2 Calculation of Energy Ratios in ANSYSr

The coating was modelled as a thin disc of appropriate properties and thickness at

the front of the test substrate. For each resonant mode the ratio of the total energy

contained in the coating and the total energy stored in the mass was found.

Figure 3.7: Convergence of Energy Ratio for the 47339 Hz Resonant Mode of a 30

layer silica/tantala coating on a 76.2 mm diameter by 25.4 mm long silica substrate.

To approximate an infinite point model, several models were run with an increasing

number of nodes and a converged value for each energy ratio calculated. As an

example, the convergence of the energy ratio for the 47339 Hz mode of a thirty layer

silica/tantala coating of the type studied here, using the composite properties in
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table 3.2, on a 76.2 mm diameter by 25.4 mm thick silica substrate, is shown in

figure 3.7. It can also be noted that as the number of nodes increases the energy

ratio converges to 2.246728× 10−4.

Using experimentally measured values for the mechanical losses of a set of modes of

coated and uncoated samples, along with the results of finite element analysis models

giving the fraction of energy stored in the coating for each mode, it is possible to

calculate the intrinsic loss of the coatings.

3.8 Determination of the Source of Coating Dis-

sipation

For the last few years, the study of these highly reflective dielectric coatings has been

a project for several research groups within the gravitational wave community. All

interferometric gravitational wave detectors currently operating use coatings consist-

ing of alternating λ/4 layers of silica and tantala. Earlier investigations determined

that the mechanical loss of these coatings was significant enough to be a limiting

factor in the sensitivity of the next generation of gravitational wave detectors, and

studies were made to determine the source of dissipation in these multi-layer coatings

[111].

3.8.1 Potential Sources of Coating Dissipation

There are several possible sources of dissipation in a multi-layer dielectric coating.

The first potential source of loss may be between the substrate and the coating itself,

highlighted in figure 3.8.

Such dissipation could be introduced by the rubbing between these two objects, or

damage done to the surface of the substrate by the coating deposition technique. If

this were to be the dominant source of dissipation, then, for a number of coatings,
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Figure 3.8: Illustration of the substrate/coating interface.

with different thicknesses and composition of layers, the mechanical loss would re-

main constant. This is because the loss would arise primarily from the deposition

of the initial layer.

A second possible source of dissipation might be introduced between the interfaces

between each of the layers of the multi-layer coatings, as indicated in figure 3.9. This

could be due to discontinuities at the edges of each layer as a consequence of the

ion-beam sputtering process. If such interfaces introduced mechanical loss, then for

a series of coatings with the same composition of materials but increasing numbers

of layers, and therefore more intra-coating interfaces, the mechanical loss would be

seen to increase.
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Figure 3.9: Illustration of the coating/coating interface.

The final source of dissipation could arise from the intrinsic loss of the materials used

to create the multi-layer dielectric coatings. If this loss were to be the dominant

source of dissipation, then, for a number of coatings with the same materials and

number of layers, but differing proportions of material, the levels of dissipation would

vary correspondingly.
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3.8.2 Identification of the Source of Coating Dissipation

Harry et al. [114] investigated these three primary sources of dissipation in multi-

layer coatings, by measuring the mechanical losses of a set of coatings which had

varied numbers and thicknesses of coating layers. Table 3.3 lists the five different

coatings tested and states the individual coating losses which they calculated [114,

111]1

Sample Layers t SiO2 t Ta2O5 φcoating (×10−4)

A 0 0 0 n/a

B 2 λ/4 λ/4 0.9± 2.8

C 30 λ/4 λ/4 2.7± 0.7

D 60 λ/8 λ/8 2.7± 0.5

E 30 λ/8 3λ/8 3.7± 0.5

F 30 3λ/8 λ/8 1.9± 0.2

Table 3.3: Set of samples tested with different numbers of layers and optical thick-

nesses, t, of layer material to determine the mechanical loss in tantala/silica coatings.

If the dominant loss of dissipation in coatings was associated with the interface

between substrate and coating, then the coating loss determined for each of the

samples B-F would be approximately equal. It is clear from table 3.3 that the loss

values were not all the same. If, on the other hand, the dissipation originated from

the interfaces between the coating layers, one would expect the coating loss of sample

C to be half the loss of sample D, which has the same physical thickness, but 30

and 60 layers respectively. From table 3.3 it can be seen that the coating losses of

both these samples is identical, indicating that the intra-coating interfaces are not

a dominant source of dissipation.

1Later analysis of three more coated samples identical to B yielded a coating loss of (2.8±0.3)×

10−4, which is in better agreement with samples C and D which have identical fractions of coating

material.
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It can also be seen from table 3.3, that as the proportions of coating materials are

varied in coating types E, C and F, the coating loss increases with the increasing

fraction of tantala present in the coating. This suggests that coating dissipation

is due to the coating materials themselves, and also indicates that the tantalum

pentoxide component of the coatings has a greater mechanical loss factor than the

silica layers.

A coating split analysis was undertaken to separate the calculated coating losses

into the individual losses for the two coating materials. This was determined by

partitioning the energy in each of the five coatings into the amounts stored in its

silica and tantala layers as

φcoating =
tSiYSiφSi + tTaYTaφTa

tSiYSi + tTaYTa
(3.17)

where ti, Yi and φi are the total thickness, Young’s modulus and loss angle for the

ith coating material [114]. By solving simultaneously the fractions for the different

coatings the loss of the silica and tantala components of the coating were calculated,

as presented in table 3.4 [114, 137]. This quantified the suggestion that the mechan-

ical loss of tantala/silica coatings is dominated by loss associated with the Ta2O5

component, showing that the loss angle of tantala is nearly four times greater than

that of silica [114].

Material φ0 (×10−4)

Silica 1.0± 0.2

Tantala 3.8± 0.2

Table 3.4: Loss Angles for silica and tantala calculated from multi-layer coatings.
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3.9 Single Layer Measurements

In an attempt to confirm by direct measurement the values for the losses of silica

and tantala obtained from the multi-layer coatings, Laboratoire Matériaux Avancés

(LMA) [138] in France produced two masses with single layers of coating to investi-

gate the losses introduced by the individual coating materials. These coatings were

applied to silica substrates 76.2 mm diameter and 25.4 mm tall. These dimensions

are chosen to be of a similar aspect ratio to the full scale coated test substrates

used in a gravitational wave detector, but scaled down to a smaller size to fit easily

inside the coating ion-beam sputtering and loss measurement apparatus and which

are also cheaper to produce.

The first substrate was coated with a single layer of silica equivalent to 25 quarter

wavelengths, where 1.064 µm is the laser wavelength used in gravitational wave

detectors, and the second was coated with the equivalent of 37 quarter wavelengths

of tantala. The tantala coated sample was annealed at 600 ◦C, but small cracks

appeared during the annealing process, as visible in figure 3.10.

Figure 3.10: Image of cracks which appeared through the tantala coating during the

annealing process.
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In order to prevent the second coating from similar cracking, the silica coated sample

was annealed at the lower temperature of 400 ◦C. Mechanical loss measurements for

these two samples and for two uncoated control substrates were taken. One control

sample was annealed at 600 ◦C to aid the analysis of the tantala coated sample and

the other annealed at 400 ◦C to match the annealing process of the silica coated

sample.

Loss measurements were made of four resonant modes for each of the samples.

ANSYSr illustrations of each of these resonant mode shapes measured on all the

76.2 mm diameter by 25.4 mm thick fused silica substrates measured throughout

this chapter are shown in figure 3.11. The measured mechanical losses for these four

samples are shown in figure 3.12.

The 4.85 µm thick tantala coating was modelled in ANSYSr using the material

properties detailed in table 3.1, and the ratio of strain energy stored in the coating for

each resonant mode determined using the convergence method described in section

3.7. The converged energy ratios for each resonant mode are presented in column 2 of

table 3.5. Using the mechanical losses measured for the tantala coated substrate and

the corresponding control substrate losses (since φ(ω0)control = φ(ω0)substrate),

the coating loss can be calculated for each resonant mode using equation 3.11 and

is shown in table 3.5.

Frequency Energy Ratio φ(ω0)coated φ(ω0)substrate φ(ω0)coating

(Hz) (×10−4) (×10−7) (×10−8) (×10−3)

20221 0.967 7.86± 0.06 2.16± 0.14 0.79± 0.01

28457 1.040 12.56± 0.06 4.52± 0.08 1.16± 0.01

47402 0.355 5.33± 0.75 3.60± 0.13 1.40± 0.21

73521 0.741 9.92± 0.47 6.02± 0.04 1.26± 0.06

Table 3.5: Calculation of the coating loss of a 4.85 µm thick coating of tantala

sputtered onto a 76.2 mm diameter by 25.4 mm thick silica substrate.
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U = 0                 0.25                  0.5                 0.75                  1

20044 Hz                                                          28364 Hz 

47341 Hz                                                          73094 Hz

Figure 3.11: ANSYSr illustrations of the four resonant mode shapes and calculated

frequencies measured on the 76.2 mm diameter by 25.4 mm thick silica substrates

where the relative displacements U =
√

x2 + y2 + z2 are plotted in normalised,

dimensionless units.
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Figure 3.12: Measured mechanical losses of fused silica substrates coated with single

layers of silica and tantala and of their corresponding uncoated control samples.

The thermoelastic loss associated with the tantala coating can then be calculated

for each resonant mode of the coating using equation 2.28. Equation 3.13 is then

be used to calculate φ(ω0)residual for each of the resonant modes, as shown in table

3.62.

Frequency φ(ω0)coating φ(ω0)thermo- Ecoatingvol change
φ(ω0)residual

(Hz) (×10−3) elastic (×10−5) Ecoatingtotal
(×10−3)

20221 0.79± 0.01 9.22 0.042 0.79

28457 1.16± 0.01 8.45 0.506 1.12

47402 1.40± 0.21 7.27 0.509 1.36

73521 1.26± 0.06 6.26 0.441 1.23

Table 3.6: Calculation of the residual coating loss of a 4.85 µm single layer of tantala

sputtered onto a 76.2 mm diameter by 25.4 mm thick silica substrate.

2The ratios for the volume change were calculated by D. Crooks.
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The individual residual losses for the tantala coating are averaged and presented in

table 3.7.

Sample φ0 (×10−4)

Silica −0.6± 0.3

Tantala 11.2± 1.2

Table 3.7: Residual losses for layers of coating material applied to fused silica sub-

strates.

A similar analysis was also undertaken for the silica coating, as shown in table 3.8,

and the average residual loss for this coating is also shown in table 3.7.

Frequency Energy φcoated φsubstrate φcoating

(Hz) Ratio (×10−4) (×10−7) (×10−7) (×10−4)

20221 4.71 0.94± 0.02 0.93± 0.03 0.01± 0.08

28457 5.06 1.12± 0.09 1.21± 0.05 −0.16± 0.20

47402 1.73 0.94± 0.08 1.16± 0.02 −1.32± 0.48

73521 3.61 1.23± 0.02 1.57± 0.01 −0.94± 0.06

Table 3.8: Calculation of the coating loss of a 4.59 µm single layer of silica sputtered

onto a 76.2 mm diameter by 25.4 mm thick silica substrate.

The data in table 3.7 suggests the residual loss of the single layer of silica coating

is significantly lower than that of the tantala coating. However, the small cracks

on the tantala coating which formed during the 600 ◦C annealing process could

have introduced excess losses, making the loss larger than determined in the earlier

analysis of multi-layer coatings in section 3.8.

The difference between the single-layer coating and multi-layer coating loss values

for silica can possibly be attributed to the fact that although the control sample used

in the analysis had been annealed to the same temperature as the silica coated mass,

it had not been annealed at the same time as the coated sample. This is clearly

indicated in figure 3.12, and table 3.8, since three of the resonant modes of the silica
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coated substrate had losses slightly lower than the corresponding losses measured

on the uncoated control sample which yielded negative coating losses. Reanalysis

with a pair of silica coated and control masses, annealed together at the same time,

may bring this residual loss nearer to that obtained from the multi-layer analysis.

Moreover, a single 4.59 µm layer of silica may not have the same structure as the

much thinner 183 nm thicknesses of silica used in a multi-layer coating.

Having determined that the tantala layers are the dominant source of loss in these

dielectric coatings, the next stage of research has concentrated on improving the

mechanical loss without degrading the required low optical absorption. Jean-Marie

Mackowski from LMA suggested adding titania as a dopant to the tantala layers of

a multi-layer silica/tantala coating.

Firstly, it has a high Young’s Modulus of 290 GPa [2], which is twice that of tantala.

The atomic radius of the titanium atoms is 144.8 pm which is almost identical to

the 143 pm atomic radius of tantalum [139], which allows for dense packing in the

matrix of tantala and oxygen. Finally, the TiO2/Ta2O5 alloy has a relatively high

melting point, which is indicative of a stable amorphous structure. Experiments

on a coating with ∼ 3% titania (TiO2) introduced to the tantala component of a

silica/tantala coating showed the mechanical loss of the tantala was reduced by 47%

[140].

Following this reduction in the mechanical loss, LMA then produced a third single-

layer coated sample, this time with a single 4.73 µm thick layer of tantala doped

with ∼ 3% titania, denoted ‘Formula 1’ by the manufacturers. The measured losses

of this sample are shown in figure 3.13 along with the losses measured for the single

layer of undoped tantala for comparison. As cracks had appeared on that sample

after the 600 ◦C annealing process, the doped tantala sample was annealed at the

lower temperature of 400 ◦C and as a result a different control sample was needed

for the analysis.



3.9 Single Layer Measurements 77

1 2 3 4 5 6 7 8

x 10
4

10
−8

10
−7

10
−6

10
−5

Frequency (Hz)

M
ea

su
re

d 
Lo

ss

 

 
Single−layer of tantala
Single−layer of titania doped tantala

Doped tantala control (annealed at 400 OC)

Tantala control (annealed at 600 OC)

Figure 3.13: Measured mechanical losses of single layers of doped and undoped

tantala compared to their corresponding uncoated control samples.

Analysis of this doped tantala yielded a residual coating loss of (3.5 ± 0.4) × 10−4

which is lower than the tantala losses calculated from both the multi-layer and single

layer samples. This provided some suggestion that doping the tantala with titania

reduced the residual coating loss, however, it was clear that considerable further

investigation was needed.

Unfortunately, LMA was only able to provide an approximate percentage of titania

dopant in this coating, but for later coatings more accurate measurements of the

titania were made, as discussed in section 3.10.
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3.10 Investigations into the Effects of Doping Tan-

tala with TiO2

Given the reduction, seen in section 3.9, in mechanical loss of the single layer tantala

coating doped with ∼ 3% titania, studies were needed to investigate the effect of

doping in multi-layer coatings. LMA produced a series of multi-layer tantala-silica

coatings with differing percentages of titania introduced to the Ta2O5 component.

Each coating consisted of 30 alternating quarter wavelength layers of Ta2O5 and

SiO2 and all were annealed at 600 ◦C.

Each different coating was given a name to identify it; ‘Formula 1’, ‘Formula 2’, etc.

and sputtered onto two different thicknesses of fused silica substrate. The larger

coin shaped samples were 76.2 mm diameter by 25.4 mm thick and were tested by

the author in the University of Glasgow, whereas the thinner 76.2 mm diameter by

2.54 mm disc shaped coated samples were tested at the Massachusetts Institute of

Technology. These thinner discs were suspended with a welded silica suspension and

mechanical loss measurements were made using a birefringence readout, detailed in

[114]. Mechanical loss measurements were also made on the 76.2 mm diameter by

25.4 mm thick coated substrates at the University of Glasgow and are presented in

figure 3.14.

All these silica substrates were coated using ion beam deposition. Two different

coating chambers were used to produce the various TiO2-doped silica/tantala coat-

ings, one with a smaller chamber and one larger, as indicated by column 3 of table

3.10. Apart from the different sizes of the coating chamber, which should not af-

fect the loss of a coating, the ion sources for the ion beam deposition process were

different. The smaller chamber has a Kaufman source which has a gridded broad

beam ion source with a heated cathode filament to provide a source of electrons

[141] whereas the larger chamber has two Radio Frequency ion sources which use

inductively-coupled discharge instead of a hot cathode. The tungsten filament in

the smaller coater also heated the target as well as the substrate.
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Figure 3.14: Measured mechanical losses of multi-layer tantala/silica coated samples

with differing percentages of titania dopant introduced to the tantala component.
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Originally the coating vendor was able to provide only an approximate value for the

amount of TiO2 in the Ta2O5 layers. Consequently studies were made at the Uni-

versity of Glasgow on some of the samples using Electron Energy Loss Spectroscopy,

EELS, [142] to produce a definitive composition of these coatings. An EELS image

of the TiO2 content within a doped silica/tantala coating is shown in figure 3.15.

In this image the light layers show the doped Ta2O5 layers. The brighter the pixel,

the more TiO2 is present.

Figure 3.15: EELS image of the TiO2 content within a doped silica/tantala coating.

LMA was then able to estimate the percentage of titania in each coating from its

refractive index. This was done by comparing the refractive index of the TiO2-doped

Ta2O5 with pure Ta2O5 and TiO2. The TiO2 concentration was then evaluated by

assuming a linear relationship between the TiO2 concentration and the refractive

index. This interpolation had to be made separately for each coating chamber. The

results of this interpolation by the coating vendor and of the EELS analysis are

presented in table 3.9. It is clear that the results from the two different techniques

are broadly consistent.
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Coating %TiO2 from Refractive Index %TiO2 from EELS

T/S 0 −

F1-T/S 6± 0.6 8.5± 1.2

F2-T/S 13± 1 20.8± 4.4

F3-T/S 24± 2 22.5± 2.9

F4-T/S 54.5± 5 54± 5

F5-T/S 14.5± 1 −

Table 3.9: Concentration of TiO2 in the Ta2O5 layers of the coatings, as measured

by the change in refractive index and by electron energy loss spectroscopy.

From the measured losses in figure 3.14, together with the loss measurements from

MIT and the information provided by the coating manufacturer on the composition

of these coatings, the residual coating losses for all the different ‘Formula’ coatings,

and an undoped 30 layer silica/tantala coating were calculated, as presented in table

3.10.

Coating φresidual(×10−4) Coater

T/S 3.0± 0.2 Smaller

F1-T/S 2.7± 0.3 Smaller

F2-T/S 1.9± 0.1 Smaller

F3-T/S 1.7± 0.1 Smaller

F4-T/S 2.1± 0.1 Larger

F5-T/S 2.0± 0.2 Larger

Table 3.10: Calculated residual losses for the different doped silica/tantala coated

test substrates.

The data in these two tables can then be combined to produce a plot of the residual

losses of the different tantala/silica coating as a function of TiO2 concentration in

the Ta2O5, as shown in figure 3.16. It is seen that, in general, adding ∼ 15% TiO2

to the Ta2O5 reduces the mechanical loss by approximately 15% to 40%, but that

increased concentration of TiO2 does not lead to significant further improvement.
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Figure 3.16: Residual losses of TiO2-doped tantala/silica coating as a function of

TiO2 concentration in the Ta2O5.

While Formula 2 and Formula 5 had nominally identical amounts of TiO2 dopant,

they were deposited in different coating chambers. The residual losses of these two

coatings were similar, suggesting that the use of a different coating chamber has no

significant effect on the coating losses.

Low optical absorption is essential to create Fabry-Perot cavities of high finesse in

interferometric gravitational wave detectors. The optical absorption of the stan-

dard tantala/silica coating measured here was found to be 0.9 ± 0.2 ppm whereas

the ‘Formula 4’ coating with 54% TiO2 had a larger absorption of 2.5 ± 0.5 ppm

[143]. However, for coatings with relatively low concentrations of titania the opti-

cal absorption appears to increase only slightly, with the optical absorption of the

‘Formula 3’ coating measured as 1.1 ± 0.1 ppm [143]. This may be problematic

in an advanced interferometer, but further research into improvements in coating

techniques, and using a minimal amount of titania might alleviate the problem.
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The reduction of nearly 40% of the residual loss from the coating results in an im-

provement in thermal noise, which in turn could translate into a greater astronomical

reach for advanced interferometric gravitational wave detectors.

3.11 Investigations into the Losses Associated with

Coatings Supplied by CSIRO

A parallel study of the mechanical loss of coatings produced by Australia’s national

science agency, the Commonwealth Scientific and Industrial Research Organisation

(CSIRO), [144] is underway.

3.11.1 Thirty Layer Tantala/Silica Coating

CSIRO produced first a 30 layer un-doped tantala/silica coating on a 76.2 mm

diameter by 25.4 mm tall silica substrate, using Argon, Ar, as the sputtering gas so

that a comparison of identical coatings produced by the two different vendors, LMA

and CSIRO, could be effected. This coated substrate was annealed at the lower

temperature of 350 ◦C, whereas the LMA sample was annealed at 600 ◦C.

Loss measurements of this sample were made, denoted by ‘Ar sputtered T/S’ in

figure 3.17 and the residual loss calculated to be (4.2± 0.1)× 10−4 which is slightly

higher than the loss of (3.0 ± 0.2) × 10−4, presented earlier in table 3.4, for the

similar LMA sample. The lower temperature used to anneal the CSIRO coating

could account for the increased levels of residual loss from this sample.
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Figure 3.17: Measured mechanical losses of four coated samples of fused silica pro-

duced by CSIRO.

3.11.2 Tantala/Silica Coatings Produced Using Xenon Sput-

tering Ions

The properties of ion-beam sputtered coatings are influenced by the presence of

high-velocity neutral forms of the sputtering gas which are reflected with residual

momentum from colliding with the sputtering target and can bombard the coating

being grown. Some films contain as much as 5% of sputter gas implanted into them

[145]. The introduction of these atoms may increase the internal stresses of thin film

coatings. The residual energy of these particles can constitute a significant fraction

of the energy supplied by the ion-beam system.

The scale of the residual energy is dependent on the relative masses of the sputter

gas and the sputter target. A light sputter gas is more likely to be reflected from a

heavier sputter target. Consequently, a more matched, heavier sputter gas relative

to the sputter target is more effective since a greater fraction of the momentum is

transferred from the sputter gas to the target.
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Argon is used frequently as the sputter gas in ion-beam deposition systems because

it is cheaper than Krypton or Xenon. However, the atomic weight of Argon is 39.95

[146] which is much smaller than 180.94 for Tantalum [146]. A larger sputter gas

such as Krypton (atomic weight 83.80) or Xenon (atomic weight 131.29) [146] would

be a much better choice with the heavier Tantalum sputter target.

CSIRO produced a second 30 layer un-doped tantala/coated sample which was iden-

tical to the previous sample but the sputtering targets were bombarded with Xenon

ions instead of Argon ions. This was produced to establish if the larger Xenon ions

would produce a lower loss coating, since a smaller percentage of neutral sputtering

gas should enter the coating. From the loss measurements, denoted ‘Xe sputtered

T/S’ in figure 3.17, a loss of (3.5±0.1)×10−4 was determined, which is a very slight

improvement on that from the Argon sputtered sample. This suggests that the use

of a heavier sputtering ion may improve the residual loss of tantala/silica coatings

by ∼ 15%. However, this loss is still not as low as that for the tantala/silica sample

produced by LMA.

3.11.3 Mechanical Loss Measurements of a Single Layer of

Tantala

As discussed in section 3.8, it is thought that the dominant source of loss in these

multi-layer coatings comes from the tantala within the coating. To continue this

investigation CSIRO also produced a sample coated with a single 4.65 µm layer of

tantala. Loss measurements were made on this sample which yielded a residual loss

of tantala of (3.8± 0.1)× 10−4, slightly lower than the earlier calculation of the loss

of tantala from multi-layer coatings, in table 3.4, of (4.4± 0.2)× 10−4.

This may, however, be attributed to the lack of an exactly matched control substrate,

because the tantala coated sample had been annealed to 290 ◦C whereas the nearest

control had been annealed to 350 ◦C. Reanalysis with a more suitable control may

bring this residual loss closer to the extracted values.
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3.11.4 Lutetium Doped Tantala/Silica Coatings

As with the studies of improving the mechanical losses of coating produced by LMA,

detailed in section 3.10, investigations have also begun using samples produced by

CSIRO. In Ta2O5 there are two electrons associated with each oxygen vacancy in

the matrix of Ta and O. Based on studies of crystalline Ta2O5 it is possible that

amorphous Ta2O5 has a tendency to form with oxygen vacancies [147, 148, 149, 150].

If this is the case, one way to fill the vacancies may be to dope the coating with an

ion which will bind the two free electrons per vacancy. One dopant which could do

so is lutetium.

Preliminary investigations have begun after CSIRO produced a tantala/silica coat-

ing in which the tantala layers were doped with lutetium. X-ray Photoelectron

Spectroscopy [151] measurements by CSIRO determined there was ∼ 3% lutetium

in the tantala layers of the coating [145]. Using the losses measured on this sample,

shown in figure 3.17, a coating loss of (3.8± 0.2)× 10−4 was determined. This was

a slight improvement of ∼ 10% on the loss of the undoped tantala, but not to the

extent of the 40% seen in some of the titania doped samples from LMA. Research

in Glasgow and MIT will continue to reduce the loss of the tantala layers in the

coatings with lutetium and other possible dopants.

3.11.5 Improving the Mechanical Loss and Reducing the

Absorption of High-Index Coating Layers

One of the best performing doped tantala coatings manufactured by the coating

vendor LMA was the ‘Formula 5’ coating where the tantala layers were doped with

∼ 15% titania [143]. CSIRO then produced a nominally identical coated substrate

so that a direct comparison between coatings produced by the two coating vendors

could be made. A schematic of this coating is shown in figure 3.18.
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Figure 3.18: Schematic of the tantala/titania // silica multi-layer dielectric coating

produced by CSIRO.

Doping the tantala with titania increases the Young’s modulus of the layers. This

also increases the refractive index of these layers resulting in less layers being needed

to achieve a highly reflective coating [152].

Measurements were made on a 30 λ/4 layer coating comprising of 50% titania and

50% silica high index material and silica low index material sputtered onto a 76.2 mm

diameter by 2.54 mm thick disc at MIT. This was manufactured because the Young’s

Modulus of these high refractive index layers would be similar to that of the low

refractive silica layers making it well matched acoustically with the silica substrate,

thus improving thermal noise. It also has been demonstrated that the optical ab-

sorption of such a coating matches the Advanced LIGO requirement of 0.5 ppm

[153]. MIT calculated a promising residual loss of (3.1± 0.2)× 10−4 for this coating

[153].

To further match the properties of the coating with the silica substrates, CSIRO

then manufactured a 30 λ/4 layers coating with a mixture of 65% of silica and 35%

titania to produce the high refractive index layers, as represented in figure 3.19.

This coating was sputtered onto a 76.2 mm diameter by 25.4 mm thick coin, the

mechanical losses of which were measured at the University of Glasgow. However,

such a multi-layer coating would require more layers to achieve the high reflectivity

required in Advanced LIGO.
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Figure 3.19: Schematic of the silica/titania // silica multi-layer dielectric coating

produced by CSIRO.

To provide information on the effect of doping the tantala layers of a coating with

silica, a third substrate was coated with 30 λ/4 layers of material with silica as the

low refractive index layers and a mixture of 65% tantala and 35% silica as the high

refractive index material. A schematic of this third coating is shown in figure 3.20.
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Figure 3.20: Schematic of the tantala/silica // silica multi-layer dielectric coating

produced by CSIRO.

The mechanical losses of these three 76.2 mm diameter by 25.4 mm thick samples

were measured and are presented below in figure 3.21 along with the measured

losses for the standard 30 λ/4 layer tantala/silica coating produced by CSIRO for

comparison.
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Figure 3.21: Measured mechanical losses of three different 30 layer coated fused

silica substrates produced by CSIRO.
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3.11.6 Finite Element Analysis of CSIRO Coatings

In order to determine the residual loss of these three coatings it was necessery

to calculate the fraction of energy stored in the different coatings at each of the

resonance modes measured. Before running finite element models in ANSYSr, the

material properties of the coatings needed to be established.

Material Y (GPa) ν ρ (kgm−3)

Silica 72 0.17 2200

Tantala 140 0.23 6850

Titania 290 0.28 4260

Table 3.11: Table of the material properties used in calculating the effective material

properties of the high index layers. All values come from [2] except the density of

titania which is taken from [3]

Using the material properties stated in table 3.11, it was possible to calculate the

effective Young’s Modulus of the different mixed-composition high index layers using

Yeff =
YaYb

tbYa + taYb
(3.18)

where Ya and Yb are the Young’s Modulus of materials a and b which form the

high-index layer comprising of fractions ta and tb respectively. From equation 3.16

the Poisson’s ratio may be found using

νeff =
h1

h1 + h2
ν1 +

h2
h1 + h2

ν2. (3.19)

Coating Yeff (GPa) νeff ρeff (kgm−3)

85% Ta / 15% Ti 152 0.25 6462

65% Si / 35% Ti 98 0.24 2921

65% Ta / 35% Si 105 0.21 5223

Table 3.12: Calculated effective material properties of the high index layers.

CSIRO was able to provide information about the overall thickness of different

coatings, as well as the average thicknesses of the high and low index layers [154].
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Coating thi (nm) tlow (nm) tcoating (µm)

Ta/Ti // Si 127 187 4.70

Si/Ti // Si 191 129 4.80

Ta/Si // Si 145 174 4.78

Table 3.13: CSIRO measured thicknesses of individual layers and the overall coating

thickness.

From the values in tables 3.12 and 3.13, it was possible to determine the effective

properties of the different multi-layer coatings from equations 3.14, 3.15 and 3.16.

Coating Yeff (GPa) νeff ρeff (kgm−3)

85% Ta / 15% Ti // Si 104 0.21 3922

65% Si / 35% Ti // Si 87 0.21 2631

65% Ta / 35% Si // Si 87 0.19 3572

Table 3.14: Calculated effective material properties of multi-layer coatings.

Using these values, models of the appropriate coating thickness were run in ANSYSr

and the fraction of energy stored in each of the coatings determined.

30 Layer Titania-Tantala / Silica Coating

Several models of increasing numbers of nodes of the 4.70 µm thick titania-tantala/silica

coating on a silica substrate were run and the fraction of energy stored in the coating

plotted against increasing number of nodes, as shown in figure 3.22. The converged

energy ratios for each of the resonant modes can then be used in conjunction with

the experimentally measured results to determine the residual coating loss of the

sample.

The fractions of energy determined from this graph agree to within 1% of the values

determined by D. Crooks for use in the analysis of the nominally identical coating

produced by LMA.
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Figure 3.22: Convergence of ratio of energy stored in a 15% titania 85% tantala/silica

coating on a 76.2 mm diameter by 25.4 mm tall silica substrate.

30 Layer Silica-Tantala / Silica Coating

A similar finite element analysis was undertaken for a 4.78 µm silica-tantala / silica

coating and the convergence of the fraction of energy stored in this coating is shown

in figure 3.23.

30 Layer Silica-Titania / Silica Coating

Similarly, for a 4.80 µm thick silica-titania / silica coating finite element models

were run and the convergence of the fraction of energy stored in such a coating is

presented in figure 3.24.
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Figure 3.23: Convergence of ratio of energy stored in a 65% tantala 35% silica/silica

coating on a 76.2 mm diameter by 25.4 mm tall silica substrate.

3.11.7 Residual Coating Loss of CSIRO Multi-Layer Coat-

ings

These three samples from CSIRO were annealed at 500 ◦C over a period of 24 hours,

however there was no uncoated control sample which had gone through the same

annealing process, so the nearest control sample used in this analysis was one which

was annealed by LMA at 450 ◦C.

Using this control, and the energy ratios determined in 3.22, the residual loss of the

titania doped tantala sample was determined to be (2.4±0.2)×10−4 which is slightly

higher than the (2.0±0.2)×10−4 loss of the identical LMA sample. It does however,

show a ∼ 40% improvement of residual loss compared to the (4.2 ± 0.1) × 10−4

measured on the CSIRO produced thirty layer tantala/silica coating which is similar

to the improvement found from the nominally identical LMA titania doped sample.
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Figure 3.24: Convergence of ratio of energy stored in a 35% titania 65% silica/silica

coating on a 76.2 mm diameter by 25.4 mm tall silica substrate.

This slight increase in residual loss could partly be attributed to the slightly different

control sample used, but when a comparison between the measured losses is made it

is clear that the losses of the resonant modes are all higher for the CSIRO sample as

shown in figure 3.25. It appears that the coating produced by CSIRO is more lossy

than the coating produced by LMA, which is a repeat of the result found earlier in

this section for the standard tantala/silica coatings. Again it is unknown why there

is a difference between identical coatings produced by different coating vendors.

The loss of the sample coated with 65% tantala and 35% silica as the high refractive

index material was calculated to be (2.5 ± 0.4) × 10−4 which is also ∼ 40% lower

than the residual loss determined for a standard tantala/silica coating. This result

suggests that doping the tantala with silica may equally reduce the residual losses

of a multi-layer coating.
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Figure 3.25: Measured mechanical losses of two identical 15% doped titania tan-

tala/silica coated samples produced by two different coating vendors CSIRO and

LMA.

The residual loss of the 35% titania 65% silica/silica coating was determined to

be (1.7 ± 0.4) × 10−4. This loss is greater than the loss of a single layer of silica,

showing that the addition of titania is a source of mechanical dissipation. However,

the magnitude of the dissipation appears to be less than that of tantala.
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3.12 Conclusion

Highly reflective dielectric multi-layer coatings are necessary for all interferometric

gravitational wave detectors. The introduction, however, of such coatings produces a

significant noise source which significantly limits the sensitivities of these detectors.

Studies show that the tantala component of the layers is the source of the majority

of the loss within these coatings and that doping them with titania reduces this loss

by up to 40% as shown by the measurements presented from samples produced by

both vendors.

Early investigations of other dopants and different processes to produce such coatings

also suggest that improvements can be implemented. However a reduction in the

loss of nearly 40% already indicated a great improvement in thermal noise, which

translates into a greater astronomical reach for advanced interferometers.



Chapter 4

Measurements of Mechanical Loss

of Hydroxide Catalysis Bonds

4.1 Introduction

Friction between the fused silica mirror substrates and their suspension fibres in

the test mass suspensions of interferometric gravitational wave detectors can lead

to increased levels of thermal noise [104]. In the laboratory, this friction is reduced

by lubricating the silk suspension loops and the test mass surface around the line of

contact [125]. Whilst this is appropriate for measurements of the dissipation of the

internal resonant modes of the samples tested in the laboratory environment, this

is not suitable for the suspensions of an interferometric gravitational wave detector,

as it would degrade the thermal noise of the pendulum modes of the suspensions.

Instead, low mechanical loss jointing techniques are required to attach the suspension

fibres to the test masses.

The process of hydroxide-catalysis bonding has been studied for use in the con-

struction of low-loss fused silica suspensions and is currently implemented in the

suspensions of the GEO600 detector [155]. Fused silica ‘ears’ are attached to flats

on the barrels of the detector test masses, onto which fused silica suspension fibres

97
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are welded. An illustration of a variant of this quasi-monolithic suspension is shown

in figure 4.1 [87].

Suspension Fibres

                                                      Silica Ears

Test Mass No. 3

Suspension No. 3
(wire)

Test Mass No. 4

Suspension No. 4
(fused silica)

Test Mass No. 5

Figure 4.1: Conceptual design for the monolithic final stage suspension for the

input and end test masses of the Advanced LIGO detectors . The test mass will be

suspended using ears bonded to flats on the barrel of the mass with silica ribbons

welded to the ears.

The technique of hydroxide catalysis bonding of fused silica components was devel-

oped at Stanford University by D. H. Gwo [156] and subsequently patented [157] for

use in the construction of telescopes for the Gravity Probe B experiment [158].

Enhancements to this hydroxide catalysis bonding technique have been made at

the University of Glasgow [4, 159, 160, 161]. Consequently, the currently operating

GEO600 detector utilises quasi-monolithic fused silica test mass suspensions con-

structed using hydroxide catalysis bonds [77]. Current plans to upgrade the LIGO

instruments to form an ‘Advanced LIGO’ detector system incorporate this technique

[67]. It may also be used in the plans to upgrade the VIRGO detector. It is thus

important to characterise the mechanical loss of the bonds and its significance for

thermal noise.

Preliminary experiments on loss were carried out by Elliffe and Sneddon [160, 104]

but it was felt these had to be extended and this was the aim of the work described

in this chapter.
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However, before discussing the experiment a description of the hydroxide catalysis

process is needed.

4.2 The Chemistry of Hydroxide-Catalysis Bonds

Hydroxide-catalysis bonding is used to join oxide materials. Two surfaces, typically

having a global flatness of λ/10 (where λ = 633nm), can be bonded using a very

small volume of aqueous sodium or potassium hydroxide solution, commonly referred

to as the bonding solution. The bonding solution is placed on one of the two surfaces

to be bonded and the second surface is then gently placed on top. This solution

enables a series of chemical processes, detailed in this section, which results in the

formation of a silicate gel which then solidifies, over a period of weeks, to form a

very thin, but strong and rigid, bond between the pieces being joined.

4.2.1 Hydration of the Silica Surface

The surface of silica is normally hydrophilic and attracts hydroxide ions (OH−) to

fill any open bonds of the silica [162]. This process is called hydration and when

the silica is fully hydrated a large number of silanol groups (Si-OH) are formed on

the surface [163]. Any contamination of the silica surface inhibits hydration so it

is essential that before any bonding is performed, the silica surfaces are thoroughly

cleaned to ensure maximum hydration. This process is detailed in [164].

4.2.2 Etching of the Silica Surface

Placing a concentrated aqueous hydroxide solution onto the surface of the silica

causes etching. The additional OH− ions form weak bonds with the silicon atoms

on the substrate surface thus weakening the original lattice bond. This increases

the number of liberated silicate molecules Si(OH)−5 which break away and become
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available in solution. The hydration and etching process are described by equation

4.1 [162].

SiO2 + OH− + 2H2O → Si(OH)−5 (4.1)

4.2.3 Dehydration and Polymerisation

While the Si(OH)−5 ions are being released from the silica into the bonding solution,

the overall number of active hydroxide ions in the solution is being correspondingly

reduced. This means that the pH of the bonding solution decreases and that once

the pH of the solution falls below 11, the silicate ions dissociate [162] to form Si(OH)4

as described in 4.2.

Si(OH)−5 → Si(OH)4 + OH− (4.2)

The Si(OH)4 molecules then start to combine and polymerise to form siloxane poly-

mer chains [162] and to dehydrate as represented by 4.3.

2Si(OH)4 → (OH)3SiOSi(OH)3 + H2O (4.3)

At the interface of the two surfaces, the siloxane chains start to form a rigid bond

while the water evaporates or migrates into the bulk of the material. As the dehy-

dration process continues, the siloxane chains intertwine and tangle rapidly forming

a 3-D network which joins the two surfaces.

If the initial pH of the alkaline bonding solution is increased then the amount of time

required for the silicate ions to become dissociated increases. This then increases

the time required for the bond to set. Measurements have also shown that the

maximum bond strength is achieved after it is left to cure at room temperature for

approximately four weeks [165].
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4.3 Measurements of Mechanical Loss of Hydrox-

ide Catalysis Bonds

Despite the near monolithic properties of bonded pieces of silica, the hydroxide

catalysis bonds introduce some mechanical loss. Quantifying the magnitude of such

losses introduced by this bond is essential for determining the levels of thermal

noise in bonded suspensions intended for use in interferometric gravitational wave

detectors. As detailed in [104, 160, 4] investigations were made to determine the

intrinsic loss factor of hydroxide catalysis bonds. In those studies measurements were

made of the mechanical loss of bonds between three samples bonded with varying

geometries and surface areas. For two of the samples the bonds were between two

pieces of fused silica, and in the third a fused silica piece was attached to a sapphire

substrate.

The first pair of fused silica samples bonded together were of equal size. They

were both cylinders of 65 mm diameter and 70 mm long. The mechanical losses of

each cylinder were measured separately before bonding. The lowest measured loss

value obtained for the 40050 Hz fundamental longitudinal resonant mode of either

cylinder was then used as a measure for the substrate loss. Thereafter the pair were

bonded, left to cure and the mechanical loss of the fundamental longitudinal mode

measured. The test mass was suspended by a silk loop and placed under vacuum.

The resonant modes of these samples were excited electrostatically and the resulting

displacements of the front face sensed interferometrically.

Assuming all other losses in the system are negligible, and letting the measured loss

factors of the unbonded substrate and bonded sample be φsubstrate and φbonded

respectively, we may write the following equation for each mode of the sample [104,

160]:

φbonded =

(
Esubstrate

Etotal

)
φsubstrate +

(
Ebond
Etotal

)
φbond (4.4)

where
Ebond
Etotal

is the ratio of strain energy stored in the bond material, Ebond, to the



4.3 Measurements of Mechanical Loss of Hydroxide Catalysis Bonds 102

total strain energy stored in the substrate and the bond, Etotal.
Esubstrate

Etotal
is the ratio of energy stored in the substrate components, Esubstrate,

alone. The strain energy of the substrate is much greater than the strain energy

stored in the bond, Etotal ' Esubstrate, thus the mechanical loss of the bonded

sample is expressed by equation 4.5:

φbonded ' φsubstrate +

(
Ebond
Etotal

)
φbond. (4.5)

In certain cases the ratio of strain energy in the bond to the total strain energy of a

bonded sample of length L can be found analytically, if the thickness, b, and Young’s

Modulus of the bond layer are known. It can be shown that for the fundamental

longitudinal mode [160]:

Ebond
Etotal

=
2b

L

Ysubstrate
Ybond

. (4.6)

In the previous investigations, Atomic Force Microscope (AFM) measurements were

made of a sample bonded using the equivalent concentration and volume of bond-

ing solution of the samples being investigated. The average bond thickness was

determined to be (81 ± 4) nm and studies of a 1 µm thick bond determined that

the Young’s Modulus of the bond was 11% of the Young’s Modulus of fused silica

[160, 4].

Parameter Value

φbonded (3.7± 0.1)× 10−6

φsubstrate (7.1± 0.1)× 10−7

b (m) (81± 4)× 10−9

L (m) 0.14

Ysubstrate (GPa) 72

Ybond (GPa) 7.9

Table 4.1: Parameters used in calculations by Sneddon et al of the bond loss for a

65 mm diameter by 140 mm long bonded fused silica cylinder [4].
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The parameters presented in table 4.1 can be substituted into equation 4.5 and

4.6 to yield the bond loss of the 20411 Hz resonant mode of the bonded sample of

0.28± 0.04.

There were, however, aspects of this experiment which were not optimised. Firstly,

since the two samples bonded together were the same size, the suspension loop

coincided with the edge of the bond region and the chamfers of the test masses.

This could have introduced excess loss in the measurement of the mechanical loss

of the 20411 Hz resonant mode of the bonded sample.

Furthermore, φsubstrate was determined by measuring the mechanical loss of a

65 mm diameter by 70 mm long cylinder of a mode shape of a similar type to that

measured for the bonded composite mass. However, despite being of a similar shape,

these modes were of different frequencies - 40050 Hz and 20411 Hz respectively.

Recent studies have shown that the mechanical loss of silica can be a function of

frequency and surface to volume ratio of sample studied, thus the mechanical loss of

a mode of the 70 mm long mass may differ from that of an equivalent mode shape

of a 140 mm long sample.

4.4 Semi-Empirical Model of Mechanical Losses

in Silica

There are two companies which are capable of producing fused silica samples in the

sizes and quality required for use in the network of interferometric gravitational wave

detectors. The first vendor is Corning [166], who provided mirror substrates for the

end mirrors and recycling mirror on the LIGO detectors, and Heraeus [167], who

provided fused silica optics for the LIGO input mirrors and beam splitters as well as

the fused silica optics for the GEO600 and VIRGO detectors. Each supplier offers a

number of different optical grades of fused silica which have differing specifications

for absorbtion and homogeneity. As discussed in section 3.1, these optical and
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mechanical properties are of significant importance for interferometric gravitational

wave detectors.

Measurements by Numata et al. [105] suggest that fused silica substrates produced

by Heraeus have a lower mechanical loss than that of fused silica substrates pro-

duced by Corning. They also suggest that the various grades of Heraeus fused silica

have different mechanical losses, with Suprasil-311 and Suprasil-312 both having

the lowest mechanical loss, whereas the differing grades of fused silica produced by

Corning all have similar mechanical losses.

Considerable studies have been made by other authors of the different types, sizes

and aspect ratios of fused silica samples and their mechanical properties in relation

to their use as optics in gravitational wave detectors [168, 169, 170, 171, 172]. A

semi-empirical model has been developed by Penn et al. for the mechanical loss

in fused silica [173]. This model contains terms representing the losses which are

associated with the bulk of a silica sample, losses associated with the surface of the

sample and thermoelastic loss

φ

(
f,

V

S

)
= φbulk + φsurface + φthermoelastic. (4.7)

In this model, the loss of a sample depends both on frequency, f , and the sample

volume to surface ratio,
(

V
S

)
, such that the mechanical loss of a fused silica sample,

φ
(
f, V

S

)
is expressed as

φ

(
f,

V

S

)
= C1f

C2

+ C3

(
V

S

)−1

+ C4φth (4.8)

where V is the volume of the sample in mm3, S is the surface area in mm2 and

φth, the thermoelastic loss, is calculated from the material properties of fused silica

[173]. The coefficients C1, C2, C3 and C4 are constants related to the specific type

of fused silica studied.

The surface loss term for bulk samples is associated with damage from the abrasive

polishing undertaken to obtain the desired flatness. In high quality fused silica the
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bulk loss term is associated with the strained Si-O-Si bonds, where a minimum of

energy at two different bond angles exists. This forms an asymmetric double-well

potential so that when a strain is applied there is a redistribution of bond angles

which results in a source of mechanical dissipation [174]. For the bulk samples

measured in this chapter, the frequencies at which the mechanical loss is measured

(15-80 kHz) lie well away from the peak of thermoelastic loss, therefore this term

may be assumed to be negligible.

The coefficients which have been found to describe best the loss mechanism in Her-

aeus Suprasil-312 fused silica are [173]

C1 = (0.76± 0.02)× 10−11 (4.9)

C2 = (0.77± 0.02) (4.10)

C3 = (6.5± 0.2)× 10−9. (4.11)

However, the samples used throughout this chapter are cylinders of Heraeus Suprasil-

311 fused silica. Suprasil-311 is manufactured identically to the Suprasil-312 type

but with the addition of one more annealing cycle in order to increase the homo-

geneity of the refractive index. Numata investigated the mechanical losses of these

two types of fused silica and found their losses to be identical within experimental

error [105]. Consequently, the same coefficients were used originally in the compar-

ison of the measured losses of the Heraeus Suprasil-311 fused silica samples and the

predictions of the empirical model.

65 mm Diameter by 70 mm Long Fused Silica Cylinders

Loss measurements were made of two 65 mm diameter by 70 mm long fused silica

cylinders. The loss values for each of the resonant modes were measured for at least

three ringdowns of the same suspension. Samples were suspended several times to

mimimise, as much as possible, the measurements being limited by the effects of

suspension losses as described in section 3.4. For each suspension the length and

amount of grease used to lubricate the suspension loop varied, resulting in a large
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variation between the measured losses of each resonant mode with each changing

suspension, as shown in table 4.2. For example, the measured mechanical loss of

the 37998 Hz mode is ∼ 6 times higher in the seventh suspension compared with

measured mechanical loss of the same mode during the second suspension.

Suspension Measured Mechanical Loss (×10−8)

Number 32308 Hz 36996 Hz 37998 Hz 39873 Hz 42901 Hz

1 - 4.61 3.13 4.00 -

2 - 3.04 2.44 3.87 4.29

3 11.03 4.05 3.52 3.62 6.18

4 3.60 3.88 2.50 9.34 3.34

5 4.05 3.80 3.07 4.79 4.03

6 5.78 3.48 3.72 3.08 5.92

7 4.34 7.35 12.61 3.46 4.70

8 4.42 3.87 3.16 3.67 4.29

9 3.69 5.60 2.67 3.13 4.59

10 6.59 6.99 6.70 3.25 4.77

Table 4.2: Measured mechanical losses of the first five resonant modes of a 65 mm

diameter by 70 mm thick Heraeus Suprasil-311 fused silica sample number 1 for ten

different suspensions. The lowest measured mechanical loss for each resonant mode

is highlighted in bold. The error in each measurement is estimated to be 5%.

Each sample was suspended ten times. The lowest average measured mechanical

loss for each of the resonant modes of the fused silica cylinder were then plotted

in figure 4.2 and compared with the losses predicted by the empirical model. The

standard error in the measured loss values is observed to be between 5 and 10%.

It can be seen in figure 4.2 that some of the lowest measured loss values lie close to

the empirical model. It is also clear that several loss values lie significantly above

the empirical model. This is likely to be due to the measurements being limited by

suspension losses.
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Figure 4.2: Lowest measured mechanical losses of resonant modes of two 65 mm

diameter by 70 mm long Heraeus Suprasil-311 fused silica cylinders compared with

the losses predicted by the empirical model.

More detailed analysis of the resonant modes measured can be made by looking at

the shape of each resonant mode with finite element analysis. This provides more

clues as to the source of the excess loss in some of these measurements.

Figure 4.3 shows the summed displacements U where U =
√

x2 + y2 + x2 of two

excited resonant modes whose minimum measured losses both lie above the empir-

ical model. The minimum displacements within each resonant mode is indicated

by the colour blue, and the maximum displacement is indicated by red. There is

considerable motion observed in both these resonant mode shapes around the centre

of the barrel where the thread forming the suspension loop lies. This could lead to

excess stick-slip loss because the thread rubs against the barrel of the mass as the

resonant mode rings down, resulting in a higher measured mechanical loss.

The resonant mode shapes of two of the modes whose measured mechanical losses lie

close to the empirical model are represented in figure 4.4. The relative displacements

around the centre of the barrel of these two modes are significantly lower than those
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U = 0          0.25            0.5           0.75            1

a)                                           b)

Figure 4.3: Finite element representation of the 32308 Hz and 36998 Hz resonant

mode shapes for a 65 mm diameter by 70 mm long fused silica substrate where the

relative displacements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless

units.

of the 32308 Hz and 36998 Hz resonant mode shapes. This is consistent with the

hypothesis that, for resonant modes with significant motion around the barrel of the

sample being suspended, they may be suspension limited.

U = 0          0.25            0.5           0.75            1

a)                                           b)

Figure 4.4: Finite element representation of the 39873 Hz and 56204 Hz resonant

mode shapes for a 65 mm diameter by 70 mm long fused silica substrate where the

relative displacements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless

units.

65 mm Diameter by 50 mm Long Fused Silica Cylinders

As a further check on the empirical model, two 65 mm diameter by 50 mm thick

Heraeus Suprasil-311 fused silica substrates had their mechanical losses measured
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and these are presented in figure 4.5. These follow a similar pattern to the slightly

larger 70 mm thick samples with the measured mechanical loss of resonant modes

with a larger amount of motion at the suspension region being higher than that of

modes with little motion around the suspension contact area.
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Figure 4.5: Lowest measured mechanical losses of resonant modes of two 65 mm

diameter by 50 mm long Heraeus Suprasil-311 fused silica cylinders compared with

the losses predicted by the empirical model.

It is clear, however, that measured mechanical losses of the 44801 Hz and 72048

Hz resonant modes on both fused silica samples lie below the empirical model. This

pattern was repeated for the measured mechanical losses of these modes on both the

50 mm thick samples. Figure 4.6 shows that both these resonant modes have areas

of little motion around the suspension area suggesting that it is the bulk loss which

has been measured, since there should be less interaction with the suspension loop

for those types of resonant mode. This suggests that the coefficients being used in

the empirical model are not quite correct for the Heraeus Suprasil-311 type of fused

silica.
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U = 0          0.25            0.5           0.75            1

a)                                           b)

Figure 4.6: Finite element representation of the 44801 Hz and 72048 Hz resonant

mode shapes for a 65 mm diameter by 50 mm long fused silica substrate where the

relative displacements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless

units.

Fitting the Empirical Model to Heraeus Suprasil-311

The coefficient C2 corresponds to the power-law of relaxation in fused silica due to

thermally activated transitions [174], which is a property inherent to silica glass.

Consequently, this coefficient is unlikely to change between the two different types

of fused silica.

The surface loss of fused silica samples will be dependent on the surface polish. The

final polishing of the four Heraeus Suprasil-311 cylinders measured in this section

was specified to be identical. It is also likely to be similar to the Suprasil-312

samples tested to produce the semi-empirical model because they would be polished

to a similar level before loss measurements were made. Therefore C3 is also likely

to remain the same for the two types of Suprasil fused silica.

This means that the only component of loss which may be expected to change

between the different types of silica will be that of the bulk loss. This indicates that

adjusting the value of C1 should result in the semi-empirical model matching better

the lowest measured mechanical losses of the four Suprasil-311 fused silica cylinders.
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The eight resonant modes with the lowest measured mechanical losses from the

four Heraeus Suprasil-311 samples were fitted to the empirical model. From a least

squares fit, it was found that C1 = 0.63 × 10−11 which corresponds to a reduction

of ∼ 17% in the bulk loss of Suprasil-311 compared to Suprasil-312. This is en-

tirely feasible, because the extra annealing cycle performed in the production of the

Suprasil-312 could potentially result in a reduction of the bulk loss.

The new empirical model for Heraeus Suprasil-311 fused silica was then plotted with

the eight lowest measured mechanical losses and the original Suprasil-312 model for

comparison, as shown in figure 4.7.
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Figure 4.7: Empirical model fitted for Heraeus Suprasil-311 compared with the

original Suprasil-312 Model and the eight lowest measured mechanical losses from

the Heraeus Suprasil-311 fused silica cylinders.
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It is clear from this figure that the new semi-empirical model fits the lowest mechan-

ical loss of these two different aspect ratios of fused silica cylinders much better.

4.5 Hydroxide-Catalysis Bonding of Fused Silica

Cylinders

As discussed in section 4.3, in an attempt to quantify the bond loss of a hydroxide-

catalysis bond produced over a large area (∼ 32 cm2), two identical 65 mm diameter

by 70 mm long fused silica cylinders were previously bonded together to make a

65 mm diameter by 140 mm long cylinder, an image of which can be seen in figure

4.8a. However, as both masses were of identical length, the chamfers of the cylinders,

and the bond region itself, coincided with the suspension loop introducing potentially

excess loss into the mechanical loss measurements.

This experiment was repeated here using non-identical fused silica cylinders so that

the bond region is offset from the suspension loop. One mass was a 65 mm diameter

by 70 mm long fused silica cylinder (sample 1 from section 4.4) and the other was

a 65 mm diameter and 50 mm long fused silica cylinder (sample 3 from section 4.4)

and they were hydroxide-catalysis bonded together to form a 120 mm long fused

silica cylinder, as shown in figure 4.8b 1.

The bond was made between two flat faces on the end of the cylinders. The cylinders

had small chamfers around their front faces making these faces 64 mm in diameter,

so the area bonded is ∼ 32.2 cm2. The bonding solution used is the same bonding

formula proposed for Advanced LIGO [175] which itself is based on the procedures

used in the formation of bonds in the GEO600 detector [78]. It consists of com-

mercially available NaOH ∼ 14%, SiO2 ∼ 27% by weight (diluted 1:6 in de-ionised

water). The sample was bonded by placing 12 µl of bonding solution on the cleaned

1Sample 1 was chosen over sample 2 as the measured mechanical losses of sample 1 were lower

than sample 2. Sample 3 was used because sample 4 was used in another experiment which is not

detailed in this thesis.
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a          b

Figure 4.8: Image of the two bonded masses comprising of a) two identical 65 mm

diameter by 70 mm long silica samples studied previously and of b) 65 mm diameter

by 50 mm and 70 mm long silica samples studied in this thesis.

face of one of the masses and positioning the corresponding face of the second mass

in contact with the solution. It was then left to cure for a period of five months,

when, on inspection, the sample appeared to have successfully bonded with only

a few small bubbles and one small area in the centre which appeared to contain a

tiny amount of contamination. It was thought that these imperfections were not

significant enough to affect the bond and the corresponding loss measurements.

4.6 Scanning Electron Microscope Measurements

of the Thickness of Hydroxide Catalysis Bonds

In order to calculate the ratio of the strain energy stored in the bond region to the

total strain energy in the bonded sample it is essential to establish the thickness

of the bonded region. At the same time as the 50 mm and 70 mm long fused

silica samples were being bonded, a second pair of samples was bonded together to

produce a nominally identical bond which could be studied without damaging the

full scale sample. The two samples which were bonded to create this witness bond

were 25.4 mm diameter by 5 mm long fused silica samples, bonded using 2 µl of

bonding solution. The bonding area of this smaller pair of samples is a sixth of the



4.6 Scanning Electron Microscope Measurements of the Thickness of
Hydroxide Catalysis Bonds 114

area of the bond of the larger sample, so to keep the volumes of bonding solution

identical one sixth of the bonding solution was used.

A third bonded sample was produced from two 25.4 mm diameter by 5 mm long

cylinders, polished by General Optics [176] to λ
10

flatness, and bonded together with

the same concentration but using one tenth of the volume of the bonding solution:

0.2 µl. This volume was just sufficient to fill the bonded area, and after this the

bond was left to set and cure.

A cross-section ∼ 3 mm thick was cut from the one inch diameter witness bonds

using a silicon carbide blade mounted on a Logitech Model 15 Saw [177]. The slices

were sawn in such a way that the bond lies perpendicular to the cut face, as shown

in figure 4.9. In these samples the bond region lies horizontally across the centres of

each of the slices and runs through the sample. It is highlighted by the dotted red

line.

Figure 4.9: Image of two cross-sections cut from the 0.2 µl (top) and 2 µl (bottom)

1 inch diameter hydroxide-catalysis bonded samples.

The samples were then mounted inside a Hitachi TM-1000 Tabletop Electron Micro-

scope [178] and images of the bond region were captured. In figure 4.10, the region

where the bond lies in the cross-section of the 2 µl bonded sample can be seen

clearly running horizontally across the 1,500× magnification image. However, when
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viewed using the maximum magnification of the electron microscope (10,000×) it

is impossible to distinguish exactly where the bond area is from the rough surface

created by the sawing of this cross-section.

Figure 4.10: 1,500× and 10,000× magnified Scanning Electron Microscope images

of an unpolished cross-section of the 2 µl hydroxide-catalysis bonded sample, taken

using a Hitachi TM-1000.

To enable measurements of the bond thickness to be taken from this sample it was

necessary for the surface to be polished to remove the rough surface created by the

sawing process. The slice cut from the 2 µl bonded sample was polished for three

hours on a Logitech Precision Polishing Machine [179] with SF-1 colloidal silica

polishing compound. After this, visual inspection showed that the newly polished

face of the cross-section sample was clear, instead of the scratched opaque colour it

had been before the polishing commenced, and no longer had visible scratches.

The sample was cleaned and studied for a second time with the table-top scanning

electron microscope. This greatly enhanced the surface of the cross-section, and the

bond region can be identified clearly in figure 4.11.

Using the maximum magnification of the microscope, measurements of the bond

thickness were taken at several points on the bond region of the polished sam-

ple. This indicated a bond thickness of (83 ± 7) nm, which is consistent with the

(81 ± 4) nm nm measured in the original experiment [160, 4]. However, the mea-
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Figure 4.11: 1,000× and 10,000× magnified Scanning Electron Microscope images

of polished cross-section of the 2 µl hydroxide-catalysis bonded sample, taken with

a Hitachi TM-1000.

surement tool of the software which controls the microscope increases in 27.8 nm

steps, therefore the 83 nm is of questionable accuracy.

In an attempt to increase the resolution of the measurement tool, the sample was

rotated ∼ 45◦ so that two measurements were taken perpendicular to each other in

the same area. This provided thickness measurements in the x and y directions of

111 nm, as shown in figure 4.12, which, when combined, yielded a bond thickness

of (79± 5) nm.

It was then decided to measure the thickness of the bond using a more powerful FEI

Nova 200 Dualbeam FIB system Scanning Electron Microscope [180] at the Kelvin

Nanocharacterisation Centre [181]. On the first attempt to image the bond using

this microscope the silica sample charged up electrostatically so much under the 15

kV accelerating voltage of the electron beam that the surface of the sample could

not be imaged. To dissipate any charge build-up on the surface of the silica the

sample was removed, sputtered with a few nanometers of gold, remounted inside

the electron microscope with copper tape and re-imaged using a lower accelerating

voltage of 5 kV.

The second scanning electron microscope has a much greater magnification and

imaging resolution. Viewing at 120,088× magnification produced a clearer picture



4.6 Scanning Electron Microscope Measurements of the Thickness of
Hydroxide Catalysis Bonds 117

Figure 4.12: 10,000× magnified Scanning Electron Microscope image of polished

cross-section of the 2 µl hydroxide-catalysis bonded sample rotated 45◦, taken with

a Hitachi TM-1000.

Figure 4.13: 120,088× magnified Scanning Electron Microscope image of polished

cross-section of the 2 µl hydroxide-catalysis bonded sample, taken with a FEI Nova

200 Dualbeam FIB system.
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of an area of the bond region, as visible in figure 4.13. Measurement of this region

indicated a bond thickness of (60.4± 2.0) nm. After this was completed, the copper

tape which was earthing the sample became unstuck and detached itself from the

sample. Consequently, the silica sample charged up, as the charge could not be

dissipated, making further measurements impossible.

A cross-section of the 0.2 µl bonded sample was cut and polished using exactly

the same processes. Bond thickness measurements were made of this sample using

the scanning electron microscope. Measurements of three areas across the cross-

section of the sample determined the thickness of the hydroxide catalysis bond to

be (80.9±2.0) nm, (81.2±2.0) nm and (80.1±2.0) nm, as indicated in figure 4.14.

Figure 4.14: 65,000×, 80,000× and 50,026× magnified Scanning Electron Micro-

scope images taken across a polished cross-section of the 0.2 µl hydroxide-catalysis

bonded sample, using a FEI Nova 200 Dualbeam FIB system.

4.7 Atomic Force Microscope Measurements of

the Thickness of Hydroxide Catalysis Bonds

Atomic force microscope measurements of the bond thickness were then taken of the

sample bonded with 2 µl of bonding solution. This was done with the atomic force

microscope set to tapping mode [182] and taking surface profiles of 2 µm × 2 µm

regions containing the bond region, as shown in the right-hand-side of figure 4.15.
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The graph on the left-hand-side shows the profile of the surface indicated by the

black line in the image. It is clear that in between the two red markers on this line

there is a distinct dip in the height across the profile which corresponds with the

darker bond region. The thickness of the bond can then be determined by measuring

the width of this dip. The cross-section sample was mounted in the atomic force

microscope in such a way that the bond region did not run exactly vertically from

top to bottom of the profile image, so after correcting for the ∼ 5◦ angle the bond

was determined to be 101.2 nm thick.

Figure 4.15: Atomic Force Microscope image of the polished cross-section of the 2 µl

hydroxide-catalysis bonded sample.

However, on closer inspection of the profile image, it is obvious that the red markers

do not coincide exactly with the darker region of the bond area. It was then sug-

gested that the dip in the surface profile could have been created by the abrasive

nature of the polishing process. The silicon carbide and aluminium oxide grits used

in the various stages of the polishing process, detailed in Appendix A, as well as

polishing the scratched face of the cross-section sample could have ground down

the hydroxide catalysis bond but at a much greater rate. This is because the bond

is much softer than the fused silica, as discussed in section 4.3, since the Young’s

Modulus of the bond is ∼ 11% of that of fused silica. Grit in this newly hollowed

out bond region would then erode and curve the edges of the silica pieces where the

bond was originally, accounting for the curved profile at the two red markers. This

erosion was not obvious when the samples were viewed from directly above by the
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two scanning electron microscopes. It is thought not to have affected the thickness

measurements taken by them, since the hydroxide-catalysis bond region could be

determined easily because it appeared to be a different shade of grey from the fused

silica surroundings.

Figure 4.16: Reanalysed Atomic Force Microscope image of the polished cross-

section of the 2 µl hydroxide-catalysis bonded sample.

Reanalysis of this profile was made by measuring the thickness of the dark region

on the image of the bond area, as indicated in figure 4.16. This determined a bond

thickness of 54.5 nm, which is approximately 10% thinner than the 60.4 nm thickness

measured using the higher powered Scanning Electron Microscope.

Figure 4.17: Second Atomic Force Microscope image of the polished cross-section of

the 2 µl hydroxide-catalysis bonded sample.
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A second area on this bonded cross-section was imaged, as shown in figure 4.17,

and measurement of the dark bond region in the surface profile yields a slightly

thicker bond thickness of 61.6 nm, which again is in agreement with the thickness

measured using the scanning electron microscope. The two fused silica pieces which

were bonded together to make this sample were recycled from another experiment.

Consequently, the bonding surfaces may not have been precisely λ
10

flat so it is pos-

sible that the thickness of the bond may vary slightly through the cross-section.

Combining these reanalysed measurements of the bond gives an average bond thick-

ness of (58.0 ± 3.5) nm which agrees with the measurements taken on this sample

using the scanning electron microscope.

Figure 4.18: Atomic Force Microscope image of the polished cross-section of the

0.2 µl hydroxide-catalysis bonded sample.

Atomic Force Microscope measurements were also made on the cross-section cut

from the 0.2 µl hydroxide-catalysis bonded sample. Imaging of two regions on this

sample, presented in figures 4.18 and 4.19, determined the bond thicknesses to be

97.4 nm and 97.1 nm, which combine to give a thickness of (97.3 ± 0.1) nm. This

is slightly higher than the 80.7 nm average thickness measured using the scanning

electron microscope. The combined error in the thickness measurements of this sam-

ple is approximately 35× less than the combined error obtained from the thickness

measurements of the 2 µl bonded sample. This could be because the two faces on

the fused silica samples which were bonded together to make the 0.2 µl bonded sam-

ple were polished to λ
10

flatness which could have produced a much more consistent



4.8 Transmission Electron Microscope Measurements of the Thickness
of Hydroxide Catalysis Bonds 122

bond thickness throughout the cross-section.

Figure 4.19: Second Atomic Force Microscope image of the polished cross-section of

the 0.2 µl hydroxide-catalysis bonded sample.

4.8 Transmission Electron Microscope Measure-

ments of the Thickness of Hydroxide Cataly-

sis Bonds

The technique of Transmission Electron Microscopy can be used to image specimens

which are a few microns thick because an electron beam can transit through these

thinner samples, and show clearly different materials from their differing transmis-

sions. A 1 µm thick electron transmissive slice was prepared from the 2 µl bonded

sample using Focussed Ion-Beam milling, on the FEI Nova 200 Dualbeam FIB sys-

tem Scanning Electron Microscope [180] at the Kelvin Nanocharacterisation Centre

[181]. The gallium ions of the highly concentrated and focused beam were used to

mill out a ∼ 10 µm cubic volume from the bond region. This slice could then be

lifted out by positioning an aluminium tip next to it and attaching them through

sputtering the contact area with platinum and lifting away the sample to be imaged

under the transmission electron microscope. The ion-beam was then used to thin

down the centre of the milled region to make it wedge-shaped where the top of the
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wedge is 1 µm thick, as shown in figure 4.20. The bond region can be seen running

vertically down the centre of this image, with the aluminium tip on the right hand

side of the image.

Figure 4.20: 10, 000× Scanning Electron Microscope image of a slice of the 2 µl

hydroxide-catalysis bonded sample fabricated using Focus Ion-Beam milling.

This sample was then transferred into a FEI Tecnai T20 Transmission Electron

Microscope [183] and the thinned out bond region imaged, as shown in figure 4.21.

This gave a bond thickness measurement of (65±5) nm, which is in agreement with

the thickness determined using the scanning electron and atomic force microscopy.

The Transmission Electron Microscope yielded the clearest image of the bond and

consequently the thickness of the bond in the sample is taken to be (65 ± 5) nm

throughout the analysis in the remainder of this chapter.

The image on the left hand side of figure 4.21 suggests that the bond gets thinner

at the bottom, but this is thought to be due to the manufacturing process of the

TEM sample. The silicate bond is softer than the surrounding silica, so it is possible

that the gallium ions mill this region away at a higher rate. Subsequently, the tip

of the wedge could be milled away completely as the bond area is so thin. With the

sample mounted so that the bond runs vertically, it is possible that the weight of

the lump of silica still attached to the left hand side of the TEM sample, visible in
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figure 4.20, could cause the sample to sag in the middle, making the bond appear

thinner at the bottom. This is less likely to affect the thickness nearer the top of

the sample, as the wedge is much thicker and less likely to bend, consequently the

bond thickness measurement was taken across this area, which is indicated by the

black box.

Figure 4.21: Transmission Electron Microscope images of focus ion-beam milled

section of the 2 µl hydroxide-catalysis bonded sample.

Further evidence of the effect of milling of the bond region is clear in the image

of a different sample. Figure 4.22 shows a transmission electron microscope image

of a bond made, using the same bonding solution, but of an advanced LIGO ear

[184] bonded to a λ
10

silica flat. It is clear in this image that the focussed ion-beam

milling process has worn away all the bond material from the edge of the sample,

thus creating a void. The thickness of this bond is measured to be (34± 5) nm.

4.9 Finite Element Analysis of Hydroxide-Catalysis

Bonds

The ratio of strain energy stored in the bond region to the total strain energy of

the bonded sample as a whole was previously calculated analytically using equation
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Figure 4.22: Transmission Electron Microscope image of polished cross-section of an

Advanced LIGO ear bonded using 0.7 µl of hydroxide-catalysis bonding solution.

4.6 [160] for the fundamental longitudinal (2, n=0) resonant mode, where the num-

bering denotes the symmetry classification of the modes, following the paper by G.

MacMahon [133]. However, it is also possible to evaluate the ratio for this resonant

mode, and others, using finite element analysis. The ratio was calculated in two

ways.

4.9.1 Finite Element Analysis of Strain Energy stored in

Hydroxide-Catalysis Bonded Fused Silica Samples Mod-

elled Using Beam Elements

As described in section 4.8, the thickness of the bond layer in the bonded sample

found using the transmission electron microscope was ∼ 65 nm. This thickness is

much less than the 32.2 cm2 bond area which makes the aspect ratio difficult for the

bond region to be accurately meshed in the ANSYSr finite element package [132].

Instead, the 65 mm diameter by 50 mm long and 65 mm diameter by 70 mm long

fused silica cylinders were modelled using 3 node 189 beam elements [185] with a
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series of hydroxide-catalysis bonds of different thicknesses varying from 1× 10−4 m

to 1× 10−7 m.

Figure 4.23: Finite element representation of the 23826 Hz resonant mode of the 65

mm diameter by 120 mm long bonded silica mass, and isolated bond region.

The strain energy of the entire bonded mass was calculated for each resonant mode

in the finite element analysis before isolating the bond region, as illustrated in figure

4.23, and outputting the strain energy in this region only.

The strain energy ratio
Ebond
Etotal

for four resonant modes was calculated for each of

the thicknesses modelled (1× 10−4 m , 5× 10−5 m . . . 1× 10−7 m) and plotted in

figure 4.24.

A linear fit of this data allows the extrapolation of the energy ratio for bond thick-

nesses below 1 × 10−7 m. Scanning electron microscopy of the witness bonded

sample determined the thickness of the bond, and therefore of the full-scale bond,

to be (65 ± 5) nm. By multiplying the gradient of each of the linear fits with this

thickness the ratio of strain energy stored in the bond region to the total strain

energy can be calculated, as presented in table 4.3.

This technique of determining the energy ratio, is not too processor intensive and

each model can be run in only a few seconds. However, this technique, for an

unknown reason, does not identify all the resonant modes for the bonded silica.
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Figure 4.24: Ratio of Energy Stored in varying bond thicknesses on the 65 mm

diameter by 120 mm long bonded fused silica sample for four of the resonant modes,

modelled using 3 Node 189 Beam Elements.
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Frequency (Hz) Gradient Energy Ratio (×10−6)

15195 136.08 8.85± 0.68

23826 141.04 9.17± 0.71

27255 144.56 9.40± 0.72

40267 60.02 3.90± 0.30

Table 4.3: Ratio of strain energy stored in the (65 ± 5) nm bond region of four

resonant modes of the 65 mm diameter by 120 mm long bonded Heraeus Suprasil-

311 fused silica cylinder, modelled using 3 Node 189 Beam Elements.

4.9.2 Finite Element Analysis of Strain Energy stored in

Hydroxide-Catalysis Bonded Fused Silica Samples Mod-

elled Using Solid Elements

The bonded silica cylinder was modelled instead using 20 Node 95 Solid Elements

[186]. As before, it is not possible to model a bond ∼ 65 nm thick so a series of

models was run with decreasing thicknesses of bonds. The maximum number of

nodes available with the ANSYSr Academic Teaching Advanced v. 11.0 licence to

create the elements in the model is only 256,000. This meant that the thinnest bond

which could be modelled between the two cylinders was 0.2 mm. A series of models

was run between 0.5 mm and 0.2 mm, and the ratio of strain energies stored in each

resonant mode for each bond thickness determined. This technique is detailed in

Appendix C and in a tutorial created by the author [187].

Using the same computing power, each model takes several hours to run, but this

technique identifies all of the resonant modes for the bonded sample, including the

four found using the previous technique. They are shown in figure 4.25. The bond

area in the modelled cylinder is indicated in each of the resonant mode illustrations

by the black band which runs around the barrel.
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15045 Hz                               23367 Hz                              27089 Hz

38498 Hz                               39026 Hz                              39887 Hz

44929 Hz                               48810 Hz                              49633 Hz

           U = 0        0 25         0.5         0.75        1

Figure 4.25: ANSYSr illustrations of nine resonant mode shapes of the 65 mm diam-

eter by 120 mm long bonded fused silica substrates where the relative displacements

U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless units.
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Seven different models were run with varying bond thicknesses, and the energy ratios

for nine of the resonant modes determined and plotted against thicknesses for each

individual frequency in figure 4.26.

y = 124.274 x                                            y = 125.916 x                                            y = 141.934 x

y = 19.484 x                                              y = 13.900 x                                              y = 60.174 x

y = 23.689 x                                              y = 8.575 x                                                y = 7.465 x

Figure 4.26: Ratio of Energy Stored in varying bond thicknesses on the 65 mm

diameter by 120 mm long bonded fused silica sample for nine of the resonant modes,

modelled using 20 Node 95 Solid Elements.

Using the gradient of each of the linear fits, the ratio of strain energy stored in the

(65± 5) nm hydroxide-catalysis bond between the two fused silica cylinders can be

calculated for each resonant mode. These energy ratios are detailed in table 4.4.

The four energy ratios for the bond between the two cylinders determined from mod-

els created using beam elements are in reasonable agreement with the corresponding

energy ratios found by modeling the bonded mass with solid elements.
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Frequency (Hz) Gradient Energy Ratio (×10−6)

15045 124.274 8.08± 0.62

23367 125.916 8.18± 0.63

27089 141.964 9.23± 0.71

38498 19.484 1.27± 0.10

39026 13.900 0.90± 0.07

39887 60.174 3.91± 0.30

44929 23.689 1.54± 0.12

48810 8.575 0.56± 0.04

49633 7.465 0.49± 0.04

Table 4.4: Ratio of strain energy stored in the (65 ± 5) nm bond region of nine

resonant modes of the 65 mm diameter by 120 mm long bonded Heraeus Suprasil-

311 fused silica cylinder, modelled using 20 Node 95 Solid Elements.

It can be seen in table 4.5 that the modelled resonant frequencies from both tech-

niques are in reasonable agreement with those found experimentally on the bonded

mass. The modelled resonant frequencies determined using the solid element mod-

els are slightly below the experimentally found resonant frequencies, Despite this,

the ratios found using this technique, presented in table 4.4, will be used in section

4.11 for the calculation of the bond loss for each of these modes. This is because

the second technique finds the strain energy stored in the bond region for all the

experimentally measured resonant modes of the cylinder.

4.10 Measurement of the Bond Loss of Two Masses

Hydroxide-Catalysis Bonded Together

Mechanical loss measurements were then made of nine resonant modes of both the 65

mm diameter by 120 mm long bonded fused silica cylinder and a 65 mm diameter by

120 mm long substrate Heraeus Suprasil-311 fused silica cylinder, forming a control
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Beam Element Solid Element Experimentally

Modelled Freq (Hz) Modelled Freq (Hz) Measured Freq (Hz)

15195 15045 15280

23826 23367 23756

27255 27089 27605

- 38498 38866

- 39026 39399

40267 39887 40385

- 44929 45389

- 48810 49002

- 49633 49838

Table 4.5: Comparison of experimentally measured and modelled resonant frequen-

cies of the 65 mm diameter by 120 mm long bonded Heraeus Suprasil-311 fused

silica cylinder.

sample for the bond loss analysis. The resonant frequencies and the mode shapes

of all these modes were found using finite element analysis, a selection of which is

shown in figure 4.25.

The samples were suspended by a loop of lightly greased silk thread, placed in

a vacuum tank and pumped out to ∼ 10−5 mbar. The mechanical loss of each

resonant mode was measured several times before repeating the process for different

suspension lengths. This was done to mimimise any excess suspension loss. The

lowest average measured mechanical loss of each of the resonant modes of the bonded

and substrate cylinders are plotted in figure 4.27 and compared with the losses

predicted by the adjusted empirical model for Heraeus Suprasil-311.

It is evident from this plot that the measured mechanical losses of the 120 mm

long bonded cylinder are much higher than the losses measured of the 120 mm long

monolithic cylinder. For all four of the 65 mm diameter by 70 mm long and 65

mm diameter by 50 mm long Heraeus Suprasil-311 fused silica samples some of the
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Figure 4.27: Lowest measured mechanical losses of resonant modes of the 65 mm

diameter by 120 mm long bonded and substrate Heraeus Suprasil-311 fused silica

cylinders compared with the losses predicted by the Suprasil-311 empirical model.
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measured mechanical losses of resonant modes coincided with, or even bettered,

the losses predicted by the empirical model. However, all the measured mechanical

losses of resonant modes of the 65 mm diameter by 120 mm long Heraeus Suprasil-

311 samples follow a trend similar to the line of the empirical model in figure 4.27,

but, this time, the measured points lie approximately a factor of two and a half

times above the model.

There are several possible reasons for this difference, but the exact cause is as yet

unknown. Firstly, the 120 mm long fused silica cylinders weigh approximately twice

as much as the 50 mm and 70 mm long fused silica cylinders and therefore it was

necessary to suspend the larger cylinders with a slightly thicker silk suspension loop.

However, as discussed earlier in section 4.4, suspension losses introduced potentially

by this different silk thread should be minimised for resonant modes with little, or

no, motion in the area where the suspension loop lies. Two such resonant modes are

the 23822 Hz and 27674 Hz resonant modes, shown in figure 4.25, but their measured

mechanical losses are higher than the predicted losses. Therefore it is unlikely that

this is the cause of the difference.

Secondly, the most likely cause for the discrepancy, is that the 120 mm long fused

silica cylinder came from a different batch of Heraeus Suprasil-311 since it was

manufactured and bought nearly three years after the original 50 mm and 70 mm

long fused silica cylinders were produced. It is possible that this different batch

produces a slightly higher mechanical loss. Mechanical loss measurements on a

50 mm and 70 mm cylinder which were purchased from the same batch of Heraeus

Suprasil-311 fused silica as the 120 mm cylinder will provide more information about

this possible cause.

However, as discussed later in section 4.11, the difference between the measured

mechanical loss of the substrate sample and the values predicted by the empirical

model does not make a significant difference to the calculated values for the bond

loss.



4.11 Calculation of Bond Loss Between Two Silica Test Masses 135

4.11 Calculation of Bond Loss Between Two Sil-

ica Test Masses

From the measurements taken throughout this chapter it is possible to calculate the

bond loss for all nine of the resonant modes of the fused silica cylinder measured,

constructed by bonding two 65 mm diameter by 50 mm long and 65 mm diameter

by 70 mm long Heraeus Suprasil-311 cylinders. As discussed in section 4.3, the bond

loss φbond of a singular resonant mode can be determined using equation 4.5, which

can be rearranged to give:

φbond =

(
Ebond
Etotal

)−1

×
(
φbonded − φsubstrate

)
. (4.12)

The measured mechanical losses of the nine resonant modes which were studied by

finite element analysis and modelled using solid elements are presented in table 4.6

for the bonded mass and in table 4.7 for the substrate mass.

Frequency (Hz) φbonded(×10−7)

15280 8.06± 0.06

23756 4.09± 0.03

27605 5.70± 0.06

38866 1.98± 0.16

39399 1.25± 0.05

40385 1.25± 0.05

45839 3.12± 0.19

49002 0.99± 0.05

49838 1.24± 0.04

Table 4.6: Lowest measured mechanical losses of nine resonant modes of the 65 mm

diameter by 120 mm long bonded Heraeus Suprasil-311 fused silica cylinder.
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Frequency (Hz) φsubstrate(×10−8)

15421 5.79± 0.06

23888 3.23± 0.09

27742 3.92± 0.04

38911 4.34± 0.12

39425 4.36± 0.16

40543 5.10± 0.09

45537 3.84± 0.02

49084 7.87± 0.37

49954 8.57± 0.05

Table 4.7: Lowest measured mechanical losses of nine resonant modes of the 65 mm

diameter by 120 mm long substrate Heraeus Suprasil-311 fused silica cylinder.

This data, together with the corresponding energy ratios determined for a 65 nm

bond thickness modelled using solid elements, can then be substituted into equation

4.12 to calculate the bond loss for the individual resonant modes. These losses are

presented in table 4.8.

A value for the overall bond loss was determined by averaging the bond losses from

each of the individual resonant modes. This yields an average bond loss for the 65

nm thick bond between the 50 mm and 70 mm long cylinders of 0.07± 0.01 which

is four times lower than the 0.28 ± 0.04 bond loss of the fundamental longitudinal

mode found by Elliffe and Sneddon [160, 104] with the identical masses.

In figure 4.27 it was shown that the measured mechanical losses of the 65 mm

diameter by 120 mm long fused silica substrate lie approximately a factor of two

above the predicted losses of the empirical model for Heraeus Suprasil-311. The bond

losses of each of the resonant modes were recalculated using the mechanical losses

predicted by the empirical model for such a fused silica test mass. These theoretical

losses are presented in table 4.9 along with the corresponding bond losses for each

resonant mode calculated using them. Averaging these individual losses gives a
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Frequency (Hz) φbond

15351 0.093± 0.007

23822 0.046± 0.004

27674 0.058± 0.004

38889 0.122± 0.016

39412 0.091± 0.009

40464 0.067± 0.007

45463 0.039± 0.004

49043 0.036± 0.012

49896 0.080± 0.010

Table 4.8: Bond losses of nine resonant modes of the 65 mm diameter by 120 mm

long bonded Heraeus Suprasil-311 fused silica cylinder calculated using the measured

mechanical losses of the 120 mm long substrate cylinder.

higher overall bond loss of 0.10±0.01 which is approximately a factor of three lower

than the previous experiment.

The errors in both cases are similar because the largest source of error comes from

the Energy Ratio calculation, as there is an error of ∼ 10% in the measurement of

the bond thickness.

4.12 Conclusions

The measurement of the bond loss of hydroxide-catalysis bonds is crucial in deter-

mining the size of bonds which may be used in producing monolithic fused silica

suspensions in the next generation of gravitational wave detectors. Scanning Elec-

tron, Transmission Electron and Atomic Force Microscopy techniques are useful

techniques to measure the thickness of bonds formed using different volumes and

concentrations of bonding solution. A summary of the bond thicknesses determined

using these techniques is presented in table 4.10.
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Frequency (Hz) φsubstrate(×10−8) φbond

15351 1.33± 0.03 0.098± 0.007

23822 1.84± 0.05 0.048± 0.004

27674 2.06± 0.05 0.060± 0.004

38889 2.65± 0.07 0.139± 0.015

39412 2.68± 0.07 0.114± 0.009

40464 2.74± 0.07 0.074± 0.007

45463 2.99± 0.08 0.048± 0.004

49043 3.16± 0.08 0.130± 0.010

49896 3.20± 0.08 0.202± 0.010

Table 4.9: Bond losses of nine resonant modes of the 65 mm diameter by 120 mm

long bonded Heraeus Suprasil-311 fused silica cylinder calculated using the theoret-

ical mechanical losses of the 120 mm long substrate cylinder from the Suprasil-311

empirical model.

Sample Vol (µl) Area (cm2) SEM (nm) TEM (nm) AFM (nm)

1 2 5.07 60.4± 2.0 65± 5 58.0± 3.5

2 0.2 5.07 80.7± 1.1 - 97.3± 0.1

3 0.7 1.77 - 34± 5 -

Table 4.10: Summary table of all the bond thicknesses measured throughout chapter

4 using different measurement techniques for 1) 2 µl one inch bonded witness sample,

2) 0.2 µl one inch bonded sample and 3) Advanced LIGO ear.
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The thickness of bonds appears not to be related directly to the volume of bonding

solution used to make the bond. The bonds created in samples 1 and 2 were made

over identical areas, but with different volumes of bonding solution yet the sample

with less bonding solution was found to be thicker than the one with ten times as

much solution. Samples 1 and 3 were bonded such that the bonds were identical

except for the surface area of the bond but the thickness of these two bonds was

not the same. This might suggest that the thickness of bonds may be determined

by the flatness of the surfaces being bonded. Future experiments may clarify this

situation.

Measurements of the mechanical loss of a 65 mm diameter by 120 mm long fused

silica cylinder, bonded using non-identical masses, suggest that the bond loss could

be as much as 4 times lower than previous experiments suggested. Thus the levels of

thermal noise associated with hydroxide-catalysis bonds are likely to be lower than

previously calculated.

The empirical model for fused silica agrees with the losses measured in the labo-

ratory of some resonant modes. It also suggests that some of the mechanical loss

measurements may be limited by factors such as suspension losses, instead of intrin-

sic losses. Loss measurements on the longer 120 mm long fused silica cylinder all lie

above the model, but could be due to this sample being produced and polished at a

different time from the original samples.



Chapter 5

Measurements of Mechanical Loss

of Sapphire Substrates

5.1 Introduction

Fused silica is the material of choice for use as the test mass mirror substrates

in the LIGO [60], GEO600 [77], VIRGO [80] and TAMA300 [83] interferometric

gravitational wave detectors operating currently. It was chosen because it can be

manufactured specifically to have low optical and mechanical losses and is available

in the large pieces required. However, the mechanical loss of fused silica will set a

limit on the thermal noise performance of future gravitational wave detectors. In

order to improve the sensitivities of these detectors different materials with lower

losses are necessary.

One such candidate material for detectors using transmissive optics is sapphire

(Al2O3). The relevant properties of sapphire have been studied for a number of

years. The Braginsky group in Moscow State University, Russia, measured mechan-

ical losses as low as 3× 10−9 [125] on samples grown using the horizontal orientated

crystallisation process [188]. Unfortunately, samples produced using this technique

are not able to be manufactured in sufficient size, and of the optical quality required,

140
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for use in a gravitational wave detector.

Instead, samples must be grown using the Heat Exchanger Method (HEM) [189].

In 1999 the laboratory in Glasgow measured losses of 3.9 × 10−9 [190] on such a

HEMEX sapphire sample, fabricated by Crystal Systems [191]. HEMEX is the name

given to the highest optical grade of sapphire which this supplier produces. Loss

measurements were then made by the author and S. Reid on this 30 mm diameter

by 100 mm long HEMEX cylinder, which had a 10 mm wide flat polished along its

length, by General Optics [176], in the intervening period [104]. Figure 5.1 shows

two 25 minute long ring-downs of the 53611 Hz resonant mode. The average loss of

this resonant mode was found to be (4.61± 0.03)× 10−9.

f = 4.641 x 10-9

Figure 5.1: Two 25 minute long ring-downs of the 53611 Hz resonant mode of a 30

mm diameter by 100 mm long HEMEX sapphire sample.

The combination of various measurements indicating the low mechanical losses of

sapphire samples resulted in the gravitational wave communities around the world

becoming more interested in sapphire as a candidate for a mirror substrate in grav-

itational wave detectors, particularly as part of a study evaluating both fused silica

and sapphire as possible test mass materials for use in the Advanced LIGO detector

system [129]. The decision making process was not simple, since both materials

met the design sensitivity goal for Advanced LIGO of ∼ 200 Mpc range for binary

neutron star systems and both materials had advantages and disadvantages.

At frequencies below 100 Hz silica has a lower level of thermal noise than sapphire,
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meaning that if it were used in an interferometric detector, this would make it

more sensitive to low frequency sources, for example high-mass black hole binaries

[192]. The performance and properties of fused silica were better characterised,

especially with regard to the ability to have suitable optical coatings applied to

them, as discussed in Chapter 3, and the joining of the lower-stage optics using the

hydroxide-catalysis bonding detailed in Chapter 4.

Sapphire, on the other hand, has lower thermal noise levels at higher frequencies

which, if it were used instead of fused silica as an interferometric gravitational

wave detector optic, may lead to higher sensitivities in the frequency band where

Low Mass X-Ray Binaries may emit gravitational waves [192]. The higher thermal

conductivity of sapphire [112] would also enable increased levels of laser power to

circulate within the interferometer without the mirrors distorting due to the greater

thermal load. Unfortunately, sapphire exhibits higher levels of both homogeneous

and inhomogeneous optical loss [129] and observations have also noted a larger

amount of optical scattering than with silica [193].

The decision of the Advanced LIGO down-select working group to choose silica as

the material of choice was made due to the better understanding of the properties

of silica and the coatings required to be applied to the test masses. Despite this,

sapphire still remains of considerable interest as it is the material of choice for the

planned LCGT detector in Japan [69] and the AIGO detector in Australia [194].

Consequently, studies of the mechanical losses of sapphire samples and the coatings

which may be applied to them, remain of considerable interest.

5.2 The Anisotropic Properties of Sapphire

Sapphire has a 3̄m hexagonal (rhombohedral) crystallographic system. This means

that a sapphire crystal has 3-fold rotation-inversion and mirror symmetry. Sapphire

has three main crystallographic axes: the c-axis denoted by the (0001) Miller-Bravais

Index, the m-axis indicated by the (101̄0) Miller-Bravias Index and the a-axis which
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corresponds to the (112̄0) Miller-Bravias Index [1]. There are two other sets of crystal

axes, n-axis and r -axis and all five axes are shown in figure 5.2.

Figure 5.2: Diagram of the crystal axes of sapphire. Figure taken from Factors that

influence mechanical failure of sapphire at high temperatures [1].

5.2.1 Stiffness Constants of c-Axis Sapphire

The stiffness matrix [c] for a trigonal crystal class (which is a subset of the hexagonal

class) is defined as [195]:

[c] =



c11 c12 c13 c14 0 0

c12 c11 c13 −c14 0 0

c13 c13 c33 0 0 0

c14 −c14 0 c44 0 0

0 0 0 0 c44 c14

0 0 0 0 c14
1
2
(c11 − c12)


. (5.1)

The material properties of sapphire are defined, by convention, relative to the c-axis.

The values for the c-axis stiffness matrix can be calculated from the compliance sij
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constants [195] (where each value has units m2/N):

s11 = 2.38× 10−12

s12 = −0.70× 10−12

s13 = −0.38× 10−12

s14 = 0.49× 10−12

s33 = 2.20× 10−12

s44 = 7.05× 10−12.

(5.2)

The trigonal conversion between compliance and stiffness constants is defined in

[195] as:

s = s33(s11 + s12)− 2s2
13

s′ = s44(s11 − s12)− 2s2
14

c13 = − s13

s

c14 = − s14

s′

c33 = s11+s12

s

c44 = s11−s12

s′

c11 + c12 = s33

s

c11 − c12 = s44

s′

(5.3)

These equations can be solved to give the c-axis stiffness matrix. Each entry in the

following matrix has units × 1011 kg/ms2.

[cc-axis] =



4.889 1.568 1.115 −0.231 0 0

1.568 4.889 1.115 0.231 0 0

1.115 1.115 4.931 0 0 0

−0.231 0.231 0 1.451 0 0

0 0 0 0 1.451 −0.231

0 0 0 0 −0.231 1.660


(5.4)

Sapphire samples fabricated by the heat-exchanger method are grown more easily

along the m and a-axes. This means that is it is possible to produce larger diameter

cylindrical samples which have their axes in these directions. As the crystal structure
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of sapphire is anisotropic, the mechanical properties are different along each of the

axes, and it is important to calculate the different properties, particulary of the m

and a-axes.

5.3 Bond Matrix Transformations

A technique developed by W. L. Bond, and detailed in B. A. Auld [195], enables the

stiffness matrix transformation of [c] to [c′] by equation 5.5 to calculate the elastic

properties in the other crystal axes of sapphire.

[c′] = [M][c][M̃] (5.5)

The Bond stress transformation Matrix [M̃] is the transpose of [M], which itself is

defined as

[M] =



a2
xx a2

xy a2
xz 2axyaxz 2axzaxx 2axxaxy

a2
yx a2

yy a2
yz 2ayyayz 2ayzayx 2ayxayy

a2
zx a2

zy a2
zz 2azyazz 2azzazx 2azxazy

ayxazx ayyazy ayzazz ayyazz + ayzazy ayxazz + ayzazx ayyazx + ayxazy

azxaxx azyaxy azzaxz axyazz + axzazy axzazx + axxazz axxazy + axyazx

axxayx axyayy axzayz axyayz + axzayy axzayx + axxayz axxayy + axyayx


.(5.6)

Matrix [a], shown in equation 5.7, is the transformation tensor, and it is used to

transform the first set of 3-dimensional cartesian coordinates into a second set. This

matrix can be used to describe rotations about an axis (detailed in section 6.2),

reflections about a plane, stresses applied to planes (both of which are not detailed

in this thesis) and the permutation of axes.

[a] =


axx axy axz

ayx ayy ayz

azx azy azz

 (5.7)

If we use the cartesian coordinate system to describe the relative orientations of the

three main crystal axes of sapphire, then the c-axis lies along the z -axis since its
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Miller-Bravais Index is (0001) and the m-axis along the x -axis as its Miller-Bravais

Index is (101̄0), as shown in figure 5.3. Due to the trigonal nature of sapphire the m-

axis repeats itself every 60◦ in the xy-plane, as seen in figure 5.2. The Miller-Bravais

Index of the a-axis is (112̄0) which corresponds to it lying in the same xy-plane as

the m-axis lying at 30◦ from it. Again, due to the nature of the sapphire crystal the

a-axis repeats every 60◦. This means that the a-axis may correspond to the y-axis

in a cartesian coordinate system.

z 

y 

c-axis sapphire 

x 

m-axis sapphire 

a-axis sapphire 

 

Figure 5.3: Simplified illustration of the crystal axes of sapphire and the orientation

of c-axis sapphire cut with its cylindrical axis parallel to the z -axis, m-axis sapphire

cut with its cylindrical axis parallel to the x -axis and a-axis sapphire cut so that its

cylindrical axis lies 30◦ from the m-axis in the same xy-plane.

Large sapphire crystals are produced more easily in the m and a crystal orientations.

In order to model these different orientations of sapphire in ANSYSr it is necessary

to transform the elastic properties from the c-axis to both the m and a-axes, i.e. so

that their axes point in the z -direction after their respective transformations.

To correctly transform the stiffness matrix to these different axes it is necessary

to permutate the axis so that the z -axis is transformed into either the x -axis (for

m-axis sapphire) or the y-axis (for a-axis sapphire).
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5.3.1 c-axis to m-axis Bond Matrix Transformation

The transformation from c to m-axis involves a permutation in order that the axes

are transformed, as represented in figure 5.4 into:

x-axis → y-axis

y-axis → z-axis

z-axis → x-axis

(5.8)

 

y 

z 

x 

z 

x 

y 

Permutation 

Figure 5.4: Illustration of the permutation of axes from c-axis sapphire to m-axis

sapphire.

which is not the same as a 90◦ rotation around the y-axis, indicated in figure 5.5,

where the transformation of axes yields:

x-axis → −z-axis

y-axis → y-axis

z-axis → x-axis.

(5.9)

 

y 

z 

x 

y 

x 

z 

Rotation 

y 
90° 

Figure 5.5: Illustration of the 90◦ rotation of axes about the y-axis from c-axis

sapphire to m-axis sapphire.
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In both these cases, the z -axis is transformed so that it now points in the direction

of the original x -axis (ie in line with the m-axis), but the original x and y-axes are

rotated differently.

Therefore the [a] to transform from c-axis sapphire to m-axis sapphire is:

[a] =


axx axy axz

ayx ayy ayz

azx azy azz

 =


0 0 1

1 0 0

0 1 0

 . (5.10)

This yields a bond stress transformation [M] of the following form:

[M] =



0 0 1 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 1

0 0 0 1 0 0

0 0 0 0 1 0


. (5.11)

Substituting this into equation 5.5, the Bond stiffness matrix for m-axis sapphire

can then be calculated from [cc-axis] where each entry in the following matrix has

units × 1011 kg/ms2:

[cm-axis] =



4.931 1.115 1.115 0 0 0

1.115 4.889 1.568 0 −0.231 0

1.115 1.568 4.889 0 0.231 0

0 0 0 1.660 0 −0.231

0 −0.231 0.231 0 1.451 0

0 0 0 −0.231 0 1.451


. (5.12)

5.3.2 m-axis to a-axis Bond Matrix Transformation

To calculate the stiffness matrix for a-axis sapphire the same permutation which was

applied to the c-axis stiffness matrix can be used to transform the m-axis stiffness
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matrix continuing the permutation such that:

x-axis → y-axis → z-axis

y-axis → z-axis → x-axis

z-axis → x-axis → y-axis.

(5.13)

Substituting the same bond stress transformation into equation 5.5, the Bond stiff-

ness matrix for a-axis sapphire can then be calculated from [cm-axis]:

[ca-axis] =



4.889 1.115 1.568 0 0 0.231

1.115 4.931 1.115 0 0 0

1.568 1.115 4.889 0 0 −0.231

0 0 0 1.451 −0.231 0

0 0 0 −0.231 1.660 0

0.231 0 −0.231 0 0 1.451


(5.14)

where each entry in equation 5.14 has units × 1011 kg/ms2.

5.4 Cyclic Permutation of Elastic Properties

It was suggested that the stiffness matrix could be rotated directly toward the dif-

ferent axes using a cyclic permutation of the indexes of each cij entry in the matrix

[196]. This method eliminates the need to calculate [a], [M] and [M̄] before finally

calculating [c’]. The stiffness matrix for a trigonal system is:

[c] =



c11 c12 c13 c14 0 0

c12 c11 c13 −c14 0 0

c13 c13 c33 0 0 0

c14 −c14 0 c44 0 0

0 0 0 0 c44 c14

0 0 0 0 c14
1
2
(c11 − c12)


(5.15)

as stated earlier in equation 5.1. To rotate the system using this technique, there

must be two separate cycles. The first one converts the first three indexes in the
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order 1 → 2 → 3 → 1, and the second converts the remaining three indexes so that

4 → 5 → 6 → 4. For example, in the trigonal system, the c33 entry of the original

matrix becomes c11 and the c44 entry is transformed into 1
2
(c11 − c12) in the second

matrix etc . . .

For one permutation equation 5.15 becomes:

[c′] =



c33 c13 c13 0 0 0

c13 c11 c12 0 c14 0

c13 c12 c11 0 −c14 0

0 0 0 1
2
(c11 − c12) 0 c14

0 c14 −c14 0 c44 0

0 0 0 c14 0 c44


. (5.16)

which gives an m-axis stiffness matrix of:

[cm-axis] =



4.931 1.115 1.115 0 0 0

1.115 4.889 1.568 0 −0.231 0

1.115 1.568 4.889 0 0.231 0

0 0 0 1.660 0 −0.231

0 −0.231 0.231 0 1.451 0

0 0 0 −0.231 0 1.451


. (5.17)

where each entry in this matrix has units × 1011 kg/ms2. Inspection shows that

matrix is identical to the stiffness matrix calculated using the Bond transformation

to m-axis in equation 5.12.

Similarly, performing the cyclic permutation on equation 5.16 produces the stiffness

matrix for a-axis sapphire:

[c′′] =



c11 c13 c12 0 0 −c14

c13 c33 c13 0 0 0

c12 c13 c11 0 0 c14

0 0 0 c44 c14 0

0 0 0 c14
1
2
(c11 − c12) 0

−c14 0 c14 0 0 c44


(5.18)
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which again gives the same values as already found in 5.14. Each entry in the

following matrix has units × 1011 kg/ms2.

[ca-axis] =



4.889 1.115 1.568 0 0 0.231

1.115 4.931 1.115 0 0 0

1.568 1.115 4.889 0 0 −0.231

0 0 0 1.451 −0.231 0

0 0 0 −0.231 1.660 0

0.231 0 −0.231 0 0 1.451


(5.19)

Consequently, the stiffness matrices for all three of the axes of sapphire can be used

in the finite element modelling of sapphire test samples in ANSYSr.

5.5 Finite Element Analysis of Sapphire in ANSYSr

Anisotropic materials can be modelled in ANSYSr by entering the density of sap-

phire (3980 kg/m3), the appropriate stiffness matrix (ANSYSr main menu →

preprocessor→ material properties→ material models→ structural

→ liner → elastic → anisotropic) and creating a model of the sample to be

analysed.

It is possible to model the m and a-axes of sapphire in two different ways. The first

technique is to model the sapphire sample using the stiffness matrices found utilising

the transformations described in sections 5.3 and 5.4. The second method is to enter

the c-axis stiffness matrix expressed in equation 5.12 into ANSYSr and to rotate

the workplane (workplane → offset wp by increments . . .→ degrees →

XY, YZ, ZX angles) so that the cylindrical axis of the sample being modelled

corresponds with the correct axis of sapphire.
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5.5.1 Finite Element Analysis of m-axis Sapphire

Finite element models were constructed to determine the resonant mode frequencies

of a 76.2 mm diameter by 29.6 mm long m-axis sapphire cylinder. Two separate

models were run, the first using the m-axis elastic stiffness properties, the results of

which are plotted in the second column of table 5.1.

Mode m-axis Modelled Rotated c-axis Model- Measured

Number Frequency (Hz) led Frequency (Hz) Frequency (Hz)

1 36920 36920 35679

3 54169 54170 54855

7 68482 68483 68629

10 81723 81725 82987

12 87159 87161 87275

Table 5.1: Comparison of experimentally measured and modelled resonant frequen-

cies of a 76.2 mm diameter by 29.6 mm long m-axis sapphire substrate. The sample

was modelled in two ways: firstly, by entering the m-axis elastic properties directly

into ANSYSr and secondly, by entering the c-axis elastic properties and rotating

the mass so that it points in the direction of m-axis sapphire.

The second model was run by entering the c-axis elastic properties of sapphire and

then rotating the cylindrical axis in ANSYSr so that it corresponded with the m-axis

(workplane → offset wp by increments . . .→ degrees → XY, YZ, ZX

angles → 0, 90, 0 → OK). The resonant frequencies found using this technique,

shown in column three of table 5.1, match the resonant frequencies found by the

model using the m-axis properties.

These modelled frequencies are then compared with the experimentally measured

resonant mode frequencies. The precise reason for the discrepancy of ∼ 1 kHz in two

of the predicted frequencies is unknown. It could be that the sample was not grown

exactly along the m-axis. It was also noted that the sample was not quite perfectly

right-cylindrical since there was a slight wedge on one of the faces, giving a height
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at one end of the wedge of 0.0290 m and at the other 0.0302 m [111]. This wedge

shape could account for some of the difference, because the sample was modelled

using the average thickness of 0.0296 m.

5.5.2 Finite Element Analysis of a-axis Sapphire

Similarly for a-axis sapphire, it is possible to model the resonant modes of a 76.2 mm

diameter by 25.4 mm long right-cylindrical sample using the two different modelling

techniques. The results from modelling the sample using the a-axis stiffness matrix

are presented in column 2 of table 5.2. The second model was run using the c-axis

properties, but with the cylinder drawn so that its axis corresponded with the a-axis

(workplane → offset wp by increments . . .→ degrees → XY, YZ, ZX

angles → 0, 0, 90 → OK). Again, the results shown in column 3 agreed with the

model run using the a-axis properties.

Mode a-axis Modelled Rotated c-axis Model- Measured

Number Frequency (Hz) led Frequency (Hz) Frequency (Hz)

1 32416 32417 32573

2 35960 35961 36022

3 50562 50562 50640

6 64243 64243 64134

11 86220 86223 86135

12 86321 86322 86704

Table 5.2: Comparison of experimentally measured and modelled resonant frequen-

cies of a 76.2 mm diameter by 25.4 mm long a-axis sapphire substrate. The sample

was modelled in two ways: firstly, by entering the m-axis elastic properties directly

into ANSYSr and secondly by entering the c-axis elastic properties and rotating

the mass so that it points in the direction of a-axis sapphire.
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The resonant mode frequencies were then measured for a 76.2 mm diameter by

25.4 mm long a-axis sapphire cylinder and compared with the modelled frequencies.

The modelled frequencies are in very good agreement with the experimentally mea-

sured frequencies and the first five resonant modes agree within 150 Hz. The final

resonant mode is still within agreement but the modelled frequency is ∼ 400 Hz

below the measured frequency. ANSYSr illustrations of the six experimentally

measured resonance modes are shown in figure 5.6.

U = 0         0.25         0.5         0.75         1

32417 Hz                        35949 Hz                         50552 Hz

64136 Hz                        86152 Hz                         86642 Hz

Figure 5.6: ANSYSr illustrations of the six resonant mode shapes measured on the

76.2 mm diameter by 25.4 mm thick a-axis sapphire substrates where the relative

displacements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless units.

The results produced in this section show that is it possible to model accurately

samples produced along the different crystal axes of sapphire. Each of the three dif-

ferent techniques of generating sapphire models: using bond transformations, cyclic

permutations and rotating cylindrical axes in the finite element element package

yield the same results, giving confidence in each of the methods described in this

chapter.
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5.6 Investigations into the Effect of Surface Polish

on the Mechanical Loss of Sapphire

Before coatings can be applied to sapphire substrates they must be polished. This

can be done relatively straightforwardly by polishing companies to a standard in-

spection polish with a surface roughness of several nanometers. However, for the real

mirrors used in gravitational wave detectors a more expensive and complex super-

polish is required to achieve a sub-angstrom surface roughness [197]. Three 76.2 mm

diameter by 25.4 mm long a-axis sapphire samples were tested to determine if there

was any difference in the mechanical losses of resonance modes for masses polished

using these differing techniques. Two of the samples were standard polished while

the third was super-polished.

The abrasive polishing compounds used in the final stage of the standard polish have

been shown, in measurements for the Gravity Probe B experiment, to leave a ∼ 1 µm

thick sub-surface damaged layer [198]. The additional chemo-mechanical final step of

the super-polish should reduce this damage, but it has been observed that despite

the improved surface roughness obtained using this technique, the process leaves

surface build-ups of polishing compound and surface particles after polishing [199].

Although this helps to create a smoother surface in order to achieve a higher optical

figure, this amorphous, contaminated surface layer may also affect the surfaces losses

of the super-polished sample.

Figure 5.7 shows that, for four of the five resonant modes for which there was

comparable data, the measured mechanical losses of the resonant modes of the

super-polished sample are lower than those of the standard polished samples. This

suggests that the improved surface roughness of the super-polished sample results

in a lower mechanical loss.
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Figure 5.7: Measured mechanical losses of two standard polished and one super-

polished uncoated 76.2 mm diameter by 25.4 mm long a-axis sapphire substrates.

This can be quantified by expressing the total measured mechanical loss φtotal in

terms of a bulk loss and surface loss components such that,

φtotal =
Ebulk
Etotal

φbulk +
Esurface
Etotal

φsurface (5.20)

where φbulk is the bulk loss of the substrate, φsurface is the loss associated with

the surfaces of the sample, Etotal is the total energy which is stored in the sample,

Ebulk is the energy stored in the bulk of the substrate and Esurface is the energy

stored in a thin layer of the surface. The surface layers, damaged by the polishing

processes, are all very thin, then Etotal ≈ Ebulk and equation 5.20 becomes

φtotal ' φbulk +
Esurface
Ebulk

φsurface. (5.21)

The thickness of the damaged layer resulting from the polishing process is typically

of the order of 1 µm. Finite element models were then run in ANSYSr to estimate

the ratio of energy stored in the surface layer to the bulk strain energy for each

resonant mode. A variety of models was run with decreasing surface thicknesses

down to 1.7 mm which enabled the extrapolation of the energy ratios for a surface
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thickness of 1 µm,
E

1µm surface
Ebulk

to be made. The results of the fractional energies

stored in each of the resonant modes measured of the sapphire samples are presented

in figure 5.8.

0 0.5 1 1.5 2 2.5 3 3.5 4

x 10
−3

0

0.1

0.2

0.3

0.4

0.5

0.6

Thickness (m)

E
ne

rg
y 

R
at

io

 

 
32411 Hz
35955 Hz
50553 Hz
64213 Hz
86177 Hz
86311 Hz

Figure 5.8: Ratio of energy stored in the surface to energy stored in the bulk for each

resonant mode of the sapphire samples studied with varying thicknesses of surface

layer.

The bulk loss of the samples is thought to be much lower than the term associated

with the surface loss. Therefore equation 5.20 can be approximated to

φtotal ≈
Esurface
Ebulk

φsurface (5.22)

=
E

1µm surface
Ebulk

t φsurface (5.23)

where t is the surface thickness in µm. For the different polishing techniques the

thicknesses of the damaged layer and the surface losses, φsurface, are unknown.

However from equation 5.23, the product of both the thickness and loss of the

surface, t × φsurface, it is possible to observe if there is a noticeable difference

between the products for the two polishing techniques.
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Figure 5.9: t×φsurface for each resonant mode of the three a-axis sapphire samples

studied.

Figure 5.9 shows the values of t × φsurface for each resonant mode of the three

samples. It can be seen that the values of t×φsurface for the super-polished sample

are on average 25% lower than those calculated for the standard polished samples.

If mechanical loss measurements are limited by surface losses then for each sample

t × φsurface should be constant for each resonant mode. However, these values

are not constant which suggests there is another factor affecting mechanical loss

measurements, φother. Therefore equation 5.21 should be expressed as

φtotal = φbulk +
Esurface
Ebulk

φsurface + φother. (5.24)

which can be approximated as

φtotal ≈
E

1µm surface
Ebulk

t φsurface + φother. (5.25)

It is still possible though to estimate the reduction in surface loss of the super-

polished sapphire substrate compared to the standard polished samples. For each

individual resonant mode
E

1µm surface
Ebulk

and φother can assumed to be the same

between test substrates. Therefore if the thickness of the damaged layer created by
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the two polishing techniques is the same then

φtotal1 − φtotal2 =
E

1µm surface
Ebulk

t(φsurface1
− φsurface2

). (5.26)

For each of the standard polished substrates it is possible to then calculate

t

(
φsurfacestandard

− φsurfacesuper-polish

)
for each resonant mode, as shown in figure 5.10.
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Figure 5.10: t(φsurface1
− φsurface2

) for each resonant mode of the standard polish

samples and the super polished sample.

From this figure, if the thickness of the damaged layer is the same for both the

standard polished samples and the super-polished sample then the surface loss of

the super-polished sample is on average less than that of the standard polished

samples.

This suggests that the dissipation of a contaminated smoother surface resulting from

a super-polish is less than the dissipation resulting from micro-cracks remaining on

the surface from the abrasive standard polish. However, it is clear from the non

constant difference in the surface losses that there must be some other factor also

affecting the mechanical loss measurements.
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For both the standard polished samples the energy ratios and surfaces losses should

be the same, therefore the measured mechanical losses of each of the resonant modes

on each of the standard polished samples should be identical to within experimental

error. The measured losses on the first two resonant modes of the two standard

polished samples are reasonably similar. However, the measured losses of the 64 kHz

and 86.2 kHz resonant modes of the second standard polished sample are both lower

than the first sample, whereas the measured loss of the 86.7 kHz resonant mode is

instead a factor of two higher.

Since one set of loss values is not consistently above or below the other sample,

this suggests that there is some other factor outwith the samples which affects the

measured loss values. Furthermore, because loss values as low as (4.61±0.03)×10−9

have been measured by the author in sapphire samples of different aspect ratio, this

suggests that the intrinsic mechanical loss factors of the samples have not been

measured here.

Inspection of the resonant mode shapes, shown in figure 5.6, shows that there is

considerable motion around the centre of the barrel where the thread forming the

suspension loop lies. This could lead to excess slip-stick loss because the thread rubs

against the barrel of the mass while the resonant mode rings down, resulting in a

higher measured mechanical loss. It is thought that suspension losses could then be

limiting the mechanical loss measurements in some of the resonant modes of these

samples.
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5.7 Reduction of Suspension Loss Through the

Introduction of a Nodal Support

To reduce the effect of such suspension losses investigations were made into different

techniques of holding test substrates for mechanical loss measurements. Several

classifications of mode shape have areas of little or no displacement while they

resonate. By suspending a test substrate at these positions of minimum displacement

for particular resonant mode shapes the suspension losses should be reduced.

From figure 5.6 it can be observed that for the 32417 Hz, 35949 Hz and 64316 Hz

resonant modes for a-axis sapphire there are nodes of minimum displacement in

the centre of the front and back faces of the substrate. If a test substrate was

supported between these two points then coupling between the substrate and the

support structure should be minimised.

Numata et al. at the University of Tokyo adopted a nodal support technique where

the samples were supported, with their cylindrical axis aligned vertically, at the

centre of their flat faces by two small ruby balls [105]. This orientation of support

would not be ideal for placing inside the mechanical loss measurement apparatus at

the University of Glasgow because the viewports used for interferometric sensing of

the motion of the flat faces of the test substrates while they resonate are positioned

on the side of the vacuum tanks.

Therefore, to test the feasibility of creating a nodal support where the test substrates

were mounted with their cylindrical axis aligned horizontally E. Chalkley and J.

Faller at the University of Glasgow created a simple nodal support comprised of

two adapted optics mounts, shown in figure 5.11. Housings were manufactured to

hold two ruby balls and attached to the optics mounts which could be adjusted to

hold in place a 76.2 mm diameter by 25.4 mm thick a-axis sapphire cylinder. Ruby

balls were chosen to make contact with the sapphire because they are of a similar

hardness.



5.7 Reduction of Suspension Loss Through the Introduction of a Nodal
Support 162

Figure 5.11: Nodal support created using adapted optics mounts to hold a 76.2 mm

diameter by 25.4 mm thick a-axis sapphire substrate.

Using this apparatus it was possible to mount the sapphire substrate horizontally

to find and excite the resonant modes which had no displacement at the contact

points. The mechanical losses measured using this apparatus were however only of

the order 10−6, which is two orders of magnitude greater than the evaluated upper

limit of the support loss of the Japanese nodal support [105]. Having found that is

was possible to suspend a sapphire cylinder in this orientation, an improved, more

rigid, nodal support was designed and manufactured to improve the mechanical loss

measurements. An image of this nodal support is shown in figure 5.12.

Figure 5.12: Image of the nodal support used for the mechanical loss measurements

of a 76.2 mm diameter by 25.4 mm thick a-axis sapphire substrate.
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As with the first nodal support the sapphire substrate was clamped between two

ruby balls, a close-up image of which is shown in figure 5.13, held in larger aluminium

rods which were bolted perpendicular to the holding force for extra stiffness.

Figure 5.13: Close-up image of the 2 mm diameter ruby ball contacting the flat face

of a suspended sapphire substrate.

Mechanical loss measurements were then made of a 76.2 mm diameter by 25.4 mm

thick a-axis sapphire substrate and compared with the best mechanical loss measure-

ments obtained using a silk thread suspension loop. The tension between the ruby

balls holding the sapphire and the substrate itself is adjustable using two screws,

visible on both the left and right-hand side of figure 5.12. As with silk thread loops,

several ‘suspensions ’ of different tensions were made with the nodal support. The

lowest measured mechanical losses are shown in figure 5.14.

From figure 5.14 it can be seen that for the first two resonant modes the mechanical

losses measured using the nodal support are over an order of magnitude higher than

the mechanical losses measured on the same resonant modes using a silk suspension

loop.

Possible reasons for the measured mechanical losses of the first three resonant modes

using the nodal support being higher than those measured using suspension loops

are that the sapphire substrates were not quite centred in the support, the support

itself is not rigid enough at lower frequencies or these resonant modes couple into a
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Figure 5.14: Comparison of lowest mechanical losses measured on a-axis sapphire

using a silk suspension sling and a nodal support.

resonance of the support.

However, the mechanical losses measured using the nodal support appear to improve

at higher frequencies with the lowest mechanical loss measured of 1.72 × 10−8 at

94 kHz. This is comparable to the lowest measured suspension loop loss of 1.61 ×

10−8 at 86 kHz. This indicates that a nodal support is capable of measuring low

mechanical losses, but improvements are needed to the nodal support to lower the

measured mechanical losses at lower frequencies.

It can be seen in figure 5.15 that, after all the mechanical loss measurements were

made of this sapphire sample, small scratches had been formed on the faces of the

substrate at the two contact points with the nodal support. Refinements will need

to be made to the clamping mechanism of the nodal support to ensure that scratches

are not produced on future samples.

The Young’s Modulus of the multilayer silica/tantala coatings of the type used in

an interferometric gravitational wave detectors is ∼ 1 × 1011 Pa which is a factor

of four less than the ∼ 4× 1011 Pa of sapphire and of the ruby ball contacts of the
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Figure 5.15: Sapphire substrate after being suspended in the nodal support (left)

close-up image of the scratches (right).

nodal support. The mechanical loss measurements of silica/tantala coatings applied

to sapphire substrates detailed in the following sections were measured using only

silk suspension loops to prevent them from being scratched since these coatings are

softer than the ruby balls.

5.8 Measurements of the Coating Loss of Tan-

tala/Silica Coated a-axis Sapphire Substrates

A study of the effects of applying coatings to sapphire substrates has begun at the

University of Glasgow. At the same time as LMA produced a series of titania doped

tantala/silica coatings applied to fused silica substrates, as detailed in section 3.10,

a selection of identical coatings was produced on a-axis sapphire substrates. Five

different ‘Formula’ thirty layer tantala/silica coatings were produced with differing

percentages of titania introduced to the tantala layers. The percentages of dopant

present in the tantala layers of these coatings are the same as those produced on fused

silica substrates. The percentages of titania present in the coatings were estimated

by LMA, the coating vendor, and are the same as those presented in table 3.9. These

coatings were applied to 76.2 mm diameter by 25.4 mm thick cylindrical substrates
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and annealed to 600 ◦C. The measured mechanical losses of all these samples are

presented in figure 5.16.
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Figure 5.16: Measured mechanical losses of 76.2 mm diameter by 25.4 mm long a-

axis sapphire substrates coated with multi-layer tantala/silica coatings of differing

percentages of titania dopant introduced to the tantala component.

Two identical ‘Formula 1’ coatings were produced by LMA. The first was applied

to a standard polished sapphire substrate, denoted ‘Formula 1a’ in figure 5.16, and

the second sputtered onto a super-polished substrate labelled ‘Formula 1b’. The

thickness and composition of all these coatings are taken to be identical to their

equivalent coatings applied to fused silica substrates.

The loss for each of the coatings can be calculated once the fraction of energy

stored in the coating is established. This was done in ANSYSr as described in

section 3.7.2 using the a-axis sapphire elastic stiffness properties from equation 5.14.

To approximate an infinite point model six models were run with an increasing

number of nodes, as shown in figure 5.17, and a converged value for each energy

ratio calculated.
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Figure 5.17: Convergence of Ratio of Energy Stored in a 30 layer silica/tantala

coating on a 76.2 mm diameter by 25.4 mm long a-axis sapphire substrate.
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These energy ratios were then substituted into equation 3.11 to calculate φ(ω0)coating.

To eliminate the effects of suspension losses as much as possible the lowest measured

mechanical losses from figure 5.7 were used for φ(ω0)substrate of each resonant mode

as it was thought this would represent more accurately the effective bulk substrate

losses. The coating loss for each resonant mode of the different coatings was then

calculated and is shown in figure 5.18.
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Figure 5.18: Plot of the calculated coating loss of each resonant mode for each

of the five 76.2 mm diameter by 25.4 mm long a-axis sapphire substrates coated

with multi-layer tantala/silica coatings of differing percentages of titania dopant

introduced to the tantala component.

The ratio of energy in the coating associated with the change in volume of the

coating during the motion of each resonant mode was estimated by D. Crooks [200].

These were then substituted into equation 3.13, together with the loss attributable to
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coating thermoelastic dissipation, calculated using equation 2.28, to find the residual

coating losses of each individual resonant mode and are shown in figure 5.19.
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Figure 5.19: Plot of the calculated residual loss of each resonant mode for each

of the five 76.2 mm diameter by 25.4 mm long a-axis sapphire substrates coated

with multi-layer tantala/silica coatings of differing percentages of titania dopant

introduced to the tantala component.

It is clear from figure 5.19 that the residual coating losses for the first two resonant

modes of each coated sample are negative. One explanation for this was that the

minimum loss factor had not been obtained for these resonant modes for the mea-

surements of the uncoated substrate samples. It is thought that, as discussed in

section 5.6, suspension losses may be limiting these loss factors to the ∼ 2 × 10−8

measured in the laboratory.
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In an attempt to calculate an overall residual loss of each of the coatings, the first two

individual losses were excluded as they were unrealistic. Averaging the remaining

four individual losses gives the residual losses as shown in table 5.3.

Coating φ(ω0)residual (×10−4)

Formula 1a 3.3± 0.3

Formula 1b 3.8± 0.3

Formula 3 3.6± 0.7

Formula 4 1.1± 0.5

Formula 5 3.6± 0.6

Table 5.3: Calculated residual losses for the different ‘Formula’ coatings applied to

a-axis sapphire substrates.

These residual losses can then be plotted against the estimated percentages of dopant

present in the tantala layers of the coating given by LMA the coating vendor in table

3.9, as shown in figure 5.20.
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Figure 5.20: Residual losses of TiO2-doped tantala/silica coatings applied to a-axis

sapphire substrates as a function of TiO2 concentration in the Ta2O5.
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From figure 5.20, it can be seen that for low percentages of titania dopant there is

no apparent difference in the residual loss of the tantala/silica coatings. However,

without an undoped tantala/silica coating for comparison it is impossible to deter-

mine whether there is any reduction in the residual loss of the coating due to the

addition of titania.

For the two ‘Formula 1’ coatings produced on standard polished and super-polished

sapphire substrates their residual losses agree within experimental error. This shows

that the residual losses of the samples tested with a standard inspection polish do not

differ from the losses of a super-polished sample. The figure also shows a reduction of

almost 70% in the residual loss of the ‘Formula 4’ sample doped with ∼ 50% titania

compared to the lower percentages of dopant, suggesting that higher percentages of

dopant may reduce the residual loss of tantala/silica coatings.

The residual losses of the doped tantala/silica coatings are broadly all higher than

the equivalent coating sputtered onto a fused silica substrate. At this point it is

unclear whether this is in any way related to the use of a different substrate material,

or other factors such as suspension losses limiting measurements.

Further experiments are needed to verify these results as it is thought that suspen-

sion losses may be limiting some of the loss measurements. In addition, studies

of an undoped 30 layer silica/tantala coating produced by LMA are desirable to

quantify the reduction in loss due to the doping when coatings are applied to sap-

phire substrate compared to the results found for coatings applied to fused silica

substrates.



5.9 Conclusion 172

5.9 Conclusion

Mechanical loss measurements on a HEMEX sapphire substrate show that losses as

low as (4.61 ± 0.03) × 10−9 are possible. However, great care must be taken when

measuring the mechanical loss of 76.2 mm diameter by 25.4 mm thick sapphire sub-

strates so that other factors such as suspension losses are not limiting the mechanical

loss measurements.

Results presented in this chapter indicate that it is possible to measure the mechan-

ical loss of some resonant mode shapes by using a nodal support instead of a silk

suspension loop. Mechanical losses as low as 1.72 × 10−8 on a resonant mode at

94 kHz have been measured which is comparable to the lowest mechanical losses

measured using a silk suspension loop. Alterations need to be made to this support

to improve the measurable mechanical losses of lower frequency resonant modes.

There is some suggestion that the addition of ∼ 50% titania to the tantala layers of a

thirty layer tantala/silica coating may reduce the residual loss of coatings. However,

an undoped tantala/silica coating needs to be produced on a sapphire substrate to

allow a comparison of all the doped coatings to be made.

In this chapter it has been shown that it is possible to create finite element analysis

models of the different orientations of sapphire sample in ANSYSr. Future finite

element models should also improve our estimates of the volume change of the

coating as they resonate. Research into this is beginning at the University of Glasgow

while this thesis is being written. Once completed it should be possible to create

a script which, when the material and physical properties of the substrate and a

coating applied to it are entered into the finite element package, models will be able

to determine automatically the resonant mode frequencies, resonant mode shapes,

the strain energy in these modes and the change in volume of these resonances.



Chapter 6

Measurements of Mechanical Loss

of Silicon Substrates

6.1 Silicon as a Mirror Substrate

High laser power (several hundreds of kilowatts) may be necessary to obtain im-

proved shot-noise limited sensitivity in the future generation of gravitational wave

detectors. At these levels of laser power thermally induced deformations of the inter-

ferometer optics can be significant. The Advanced LIGO detector which is planned

to start observations in 2013 [86] will operate with ∼ 830 kW of laser power stored

in the cavities of the interferometer arms which is expected to result in distortions

of the fused silica mirror substrates and the coatings applied to them to a level

that requires active thermal compensation. A combination of CO2 laser based and

radiative heating elements is proposed to correct these effects [201].

If the laser power incident on the silica mirrors were to be increased even more, the

corresponding thermal deformation of these mirrors would be so great that it would

be difficult to compensate. The magnitude of the thermally induced deformation is

proportional to α
κ

where α is the coefficient of thermal expansion and κ the thermal

conductivity of the material [124]. Using a material in which this ratio is minimised,

173
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it is then possible to improve the tolerance of the substrate to thermally induced

deformations and consequently enable the use of even greater laser powers increasing

the shot-noise performance of interferometric gravitational wave detectors utilizing

this material. The study of materials which have both a low mechanical loss and

ratio α
κ

is of interest to the gravitational wave community.

One such material is silicon [202, 203]. The average thermal conductivity of silicon

at room temperature (145 Wm−1K) [204] is two orders of magnitude greater than

fused silica (1.4 Wm−1K) [2], but it also has a larger coefficient of thermal expansion

(2.54 × 10−6 K−1) [205] than fused silica (5.5 × 10−7 K−1) [2]. Despite this bigger

coefficient of thermal expansion, the ratio α
κ

is ∼ 22 times lower in silicon, meaning

that expansion effects from the absorption of laser power can be tolerated more

easily.

Unfortunately, silicon is opaque to the 1.064 µm of the Nd:YAG laser light used

in interferometric gravitational wave detectors. One way of avoiding this difficulty

would be to construct a detector using diffractive optics [206] to form an all-reflective

layout.

Silicon is widely available in the large sizes required for use as a mirror substrate in

a gravitational wave detector, and research suggests that it can be produced to have

a low mechanical loss. It also has interesting thermo-mechanical properties when

cooled, which are detailed later in chapter 7. Studies of the mechanical loss factor of

silicon samples of different aspect ratios and crystal orientations have been carried

out by the author in the laboratory at the University of Glasgow.

6.2 Crystal Orientation of Silicon

Silicon, unlike sapphire, has an m3m cubic crystallographic system. This means

that a silicon crystal has three fold rotational symmetry and two axes of mirror

symmetry.
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6.2.1 Stiffness Constants of (100) Silicon

The stiffness matrix for a cubic crystal class is defined as [195]:

[c] =



c11 c12 c12 0 0 0

c12 c11 c12 0 0 0

c12 c12 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c44


(6.1)

The material properties of silicon are defined, by convention, relative to the (100)

direction, indicated parallel to the x -axis in figure 6.1. The stiffness cij constants

are stated to be

c11 = 1.657 × 1011

c12 = 0.639 × 1011

c44 = 0.7956 × 1011

(6.2)

where each value has units N/m2 [195]. These entities can be substituted into

equation 6.1 to give the stiffness matrix for silicon in the (100) direction [c(100)].

Each entry in the following matrix has units × 1011 kg/ms2.

[c(100)] =



1.657 0.639 0.639 0 0 0

0.639 1.657 0.639 0 0 0

0.639 0.639 1.657 0 0 0

0 0 0 0.7956 0 0

0 0 0 0 0.7956 0

0 0 0 0 0 0.7956


(6.3)

The orientation of the crystal axis with respect to the cylindrical axis of a sample

may be of importance for loss measurements in a number of ways. Firstly, a similar

elastic distortion (ie a similar mode shape) of samples cut along different axes will

involve different combinations of elastic constants and thus may result in a different

intrinsic loss for the samples.
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a) Silicon (100) 

b) Silicon (111)

Figure 6.1: Illustration of the crystal axes of silicon and the orientation of a) silicon

cut with its cylindrical axis parallel to the (100) axis and b) silicon cut with its

cylindrical axis parallel to the (111) direction.
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Since the crystal structure of silicon is anisotropic, it is important to calculate the

different mechanical properties along the different orientations of the crystal axes.

Investigations in this thesis concentrate on samples manufactured specifically so that

their cylindrical axes are parallel to either the (100) crystal axis of silicon, shown in

figure 6.1a, or parallel to the (111) axis, see figure 6.1b.

6.3 Bond Transformations of Silicon

Using the technique of bond transformation described in section 5.3, it is possible to

determine the elastic properties in the different orientations of silicon. To calculate

the stiffness matrix for silicon (111) it is necessary to rotate the elastic properties

from the silicon (100) direction to the (110) direction and then to the (111) direction.

To perform a transformation by rotating the original axes in a clockwise direction

through an angle ξx about the x -axis, the transformation tensor matrix [a] becomes:

[a] =


axx axy axz

ayx ayy ayz

azx azy azz

 =


1 0 0

0 cos ξx sin ξx

0 − sin ξx cos ξx

 (6.4)

which gives a Bond stress transformation matrix of:

[Mx] =



1 0 0 0 0 0

0 cos2 ξx sin2 ξx sin 2ξx 0 0

0 sin2 ξx cos2 ξx − sin 2ξx 0 0

0 − sin 2ξx

2
sin 2ξx

2
cos 2ξx 0 0

0 0 0 0 cos ξx − sin ξx

0 0 0 0 sin ξx cos ξx


. (6.5)



6.3 Bond Transformations of Silicon 178

Similarly, for a rotation through an angle ξy and ξz about the y and z -axes re-

spectively, the corresponding Bond stress transformations can be calculated and are

shown in equations 6.6 and 6.7.

[My] =



cos2 ξy 0 sin2 ξy 0 − sin 2ξy 0

0 1 0 0 0 0

sin2 ξy 0 cos2 ξy 0 sin 2ξy 0

0 0 0 cos ξy 0 sin ξy

sin 2ξy

2
0 − sin 2ξy

2
0 cos 2ξy 0

0 0 0 − sin ξy 0 cos ξy


(6.6)

[Mz] =



cos2 ξz sin2 ξz 0 0 0 sin 2ξz

sin2 ξz cos2 ξz 0 0 0 − sin 2ξz

0 0 1 0 0 0

0 0 0 cos ξz − sin ξz 0

0 0 0 sin ξz cos ξz 0

− sin 2ξz

2
sin 2ξz

2
0 0 0 cos 2ξz


(6.7)

6.3.1 Silicon (100) to Silicon (110) Bond Matrix Transfor-

mation

To achieve the transformation from the (100) orientation to the (110) direction it is

necessary to apply a 45◦ rotation about the z -axis (shown in figure 6.1). Substituting

ξz = 45◦ into equation 6.7 yields a Bond stress transformation matrix [Mz] of:

[Mz] =



1
2

1
2

0 0 0 1

1
2

1
2

0 0 0 −1

0 0 1 0 0 0

0 0 0 1
2

√
2 −1

2

√
2 0

0 0 0 1
2

√
2 1

2

√
2 0

−1
2

1
2

0 0 0 0


(6.8)
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which when substituted into [c′] = [Mz][c][M̃z] gives

[c′] =



c′11 c′12 c12 0 0 0

c′12 c′11 c12 0 0 0

c12 c12 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c11−c12
2


(6.9)

where

c′11 =
c11 + c12 + 2c44

2
(6.10)

c′12 =
c11 + c12 − 2c44

2
. (6.11)

Substituting the stiffness constants from equation 6.2 into [c′] gives the stiffness

matrix for silicon (110) of

[c(110)] =



1.944 0.352 0.639 0 0 0

0.352 1.944 0.639 0 0 0

0.639 0.639 1.657 0 0 0

0 0 0 0.7956 0 0

0 0 0 0 0.7956 0

0 0 0 0 0 0.509


(6.12)

where each entry in the above matrix has units × 1011 kg/ms2.

6.3.2 Silicon (110) to Silicon (111) Bond Matrix Transfor-

mation

To transform the elastic properties from the (110) direction to the (111) direction

(i.e., to line up with the body diagonal of the cube elements, see figure 6.1) requires

a rotation of ξy = cos−1
(

1√
3

)
determined from figure 6.2.
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Figure 6.2: Representation of the length of the body diagonal in a cubic crystal.

Substituting cos ξy = 1√
3

and sin ξy =
√

2
3

into equation 6.6 gives a bond stress

transformation matrix [My] of

[My] =



1
3

0 2
3

0 −2
3

√
2 0

0 1 0 0 0 0

2
3

0 1
3

0 2
3

√
2 0

0 0 0 1
3

√
3 0 1

3

√
6

1
3

√
2 0 −1

3

√
2 0 −1

3
0

0 0 0 −1
3

√
6 0 1

3

√
3


(6.13)

since

sin 2ξy = 2 sin ξy cos ξy = 2
3

√
2

cos 2ξy = cos2 ξy − 1 = −1
3

(6.14)

which when substituted into [c′′] = [My][c
′][M̃y] gives

[c′′] =



c′′11 c′′12 c′′13 0 c′′15 0

c′′12 c′′11 c′′13 0 −c′′15 0

c′′13 c′′13 c′′33 0 0 0

0 0 0 c′′44 0 −c′′15

c′′15 −c′′15 0 0 c′′44 0

0 0 0 −c′′15 0 c′′66


(6.15)
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where

c′′11 =
c11 + c12 + 2c44

2
(6.16)

c′′12 =
c11 + 5c12 − 2c44

6
(6.17)

c′′13 =
c11 + 2c12 − 2c44

3
(6.18)

c′′15 =
c12 − c11 + 2c44

3
√

2
(6.19)

c′′33 =
c11 + 2c12 + 4c44

3
(6.20)

c′′44 =
c11 − c12 + c44

3
(6.21)

c′′66 =
c11 − c12 + 4c44

6
. (6.22)

Substituting the stiffness constants from equation 6.2 gives the stiffness matrix for

silicon (111) of

[c(111)] =



1.944 0.543 0.448 0 0.135 0

0.543 1.944 0.448 0 −0.135 0

0.448 0.448 2.039 0 0 0

0 0 0 0.605 0 −0.135

0.135 −0.135 0 0 0.605 0

0 0 0 −0.135 0 0.700


(6.23)

where each entry in the above matrix has units × 1011 kg/ms2.

6.4 Finite Element Analysis of Silicon in ANSYSr

It is possible to model all the silicon samples tested in the remainder of this chapter

in ANSYSr and to compare the modelled resonant frequencies with those measured

experimentally. Silicon (100) and (111) samples can be modelled in ANSYSr by en-

tering the density of silicon (2330 kg/m3), the appropriate stiffness matrix (detailed

in section 5.5) and creating a model of the sample to be analysed using aniso solid

64 element types (ANSYSr main menu → preprocessor → element type

→ add/edit/delete → add . . .→ solid → aniso 64 → ok).
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Figure 6.3: Inputting aniso solid 64 element types into ANSYSr.

6.4.1 Finite element analysis of 98 mm diameter by 100 mm

long silicon (100) cylinders

The first sample to be modelled is a 98 mm diameter by 100 mm long silicon (100)

cylinder. This was modelled as described above, and the frequencies found were

compared to those measured experimentally in the laboratory. They are shown in

table 6.1. It can be seen that these modelled frequencies agree on average to within

60 Hz of the resonant frequencies measured on the test mass.

The reason for this small difference could result from the density of the sample not

matching exactly the textbook density of 2330 kg/m3. Also, it is possible that the

sample was not grown precisely along the (100) axis. However, the frequencies are

sufficiently accurate to measure the resonant frequencies experimentally. The mode

shapes and the strain energy stored in them are not likely to change significantly

with small changes in the density.

The resonant mode shapes of all these resonant modes were then modelled in

ANSYSr and are illustrated in figure 6.4.
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Mode Modelled Measured

Number Frequency (Hz) Frequency (Hz)

2 30529 30593

4 31629 31551

5 34811 34858

6 35593 35528

7 37481 37526

9 39966 39956

11 41262 41256

13 45419 45398

19 53993 53902

22 56319 56190

25 57704 57621

Table 6.1: Comparison of experimentally measured and modelled resonant frequen-

cies of a 98 mm diameter by 100 mm long silicon (100) substrate.
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30529 Hz                   31629 Hz                      34811 Hz                    35593 Hz

               37481 Hz                      39966 Hz                     41262 Hz

45419 Hz                   53993 Hz                      56319 Hz                    57704 Hz

                     U = 0      0.25       0.5       0.75       1

Figure 6.4: ANSYSr illustrations of the resonant mode shapes measured on the

98 mm diameter by 100 mm long silicon (100) substrates where the relative dis-

placements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless units.
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6.4.2 Finite element analysis of 98 mm diameter by 100 mm

long silicon (111) cylinders

The second sample modelled in ANSYSr was a 98 mm diameter by 100 mm long sili-

con (111) cylinder. This was modelled using the stiffness constants given in equation

6.23 and then compared to those measured experimentally in the laboratory. Table

6.2 shows that the modelled frequencies agree on average to within 340 Hz (0.8%)

of those measured on the test mass.

Mode Modelled Measured

Number Frequency (Hz) Frequency (Hz)

2 32209 32936

3 33308 33536

4 33752 33717

6 35449 35549

10 43123 43195

12 44591 44437

13 45001 46078

14 46940 47260

19 52089 52374

20 52878 52676

22 54102 53987

26 58540 58552

27 59870 58783

Table 6.2: Comparison of experimentally measured and modelled resonant frequen-

cies of a 98 mm diameter by 100 mm long silicon (111) substrate.

The resonant mode shapes of all these resonant modes are shown in figure 6.5.
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                     32209 Hz                33308 Hz               33752 Hz                35449 Hz

43123 Hz              44591 Hz                 45001 Hz               46940 Hz               52089 Hz

           52878 Hz                54102 Hz                58540 Hz                59870 Hz

                                     U = 0       0.25       0.5       0.75       1

Figure 6.5: ANSYSr illustrations of the resonant mode shapes measured on the

98 mm diameter by 100 mm long silicon (111) substrates where the relative dis-

placements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless units.

6.5 Measurements of Mechanical Loss in Silicon

Cylinders

To begin the investigations into the suitability of silicon for use in an interferometric

gravitational wave detector, measurements of the mechanical losses of eight different

single-crystal silicon test substrates have been made. As before for the silica and

sapphire samples, the mechanical loss factors for each resonant mode of the sili-

con samples were measured using the experimental apparatus described in section

3.4. Each sample was suspended inside a vacuum tank using a loop of very lightly

greased silk thread. The minimum loss measurements were then taken for each of

the resonant modes over, on average, ten different suspensions. For each suspension

at least three loss measurements were taken for each individual resonant mode and

then averaged. A picture of a suspended silicon cylinder is shown in figure 6.6.
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Figure 6.6: Image of silicon (100) cylinder suspended using a loop of silk thread.

The mechanical losses measured on two large 98 mm diameter by 100 mm long

silicon cylinders are presented in figure 6.8. The first cylinder was cut along the

(100) axis, as shown in figure 6.1a, and was undoped with resistivity ∼ 7000 Ωcm,

whereas the second sample was cut so that its cylindrical axis points in the (111)

direction as shown in figure 6.1b, and was boron doped (with resistivity ∼ 20 Ωcm).

Figure 6.7: Image of the 98 mm diameter by 100 mm long silicon (100) and (111)

cylinders.
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Figure 6.8: Lowest measured mechanical losses of resonant modes of the 98 mm

diameter by 100 mm long Silicon (100) and (111) cylinders.

Figure 6.8 shows that the (111) orientated silicon cylinder yielded the lower me-

chanical losses of the two samples as low as (9.6 ± 0.1) × 10−9 for the 43195 Hz

resonant mode. This is comparable with the lowest mechanical losses measured for

other materials, for example, sapphire where losses of (4.61 ± 0.03) × 10−9 were

measured by the author in chapter 5. The lowest mechanical loss measured for the

(100) orientated sample was a factor of three higher at (3.05± 0.03)× 10−8 for the

resonant mode at 34858 Hz.

From the finite element analysis in ANSYSr it can be observed from figures 6.4

and 6.5 that the lowest measured mechanical losses on each of the silicon cylinders

both came from their respective fundamental longitudinal (n=0, 4) resonant modes

[133]. Such resonant modes, as discussed in section 4.4, have very little motion

corresponding to the suspension loop around the barrel, and therefore it is likely

that these measured mechanical losses are a true representation of the mechanical

loss of the material. It is unclear, however, from these two samples whether it is

the crystal cut or the presence of dopant which results in the improved mechanical

losses of the (111) orientated silicon.
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6.6 Measurements of Mechanical Loss in Silicon

Coins

Two coin shaped silicon samples 76.2 mm diameter by 25.4 mm long, with the (100)

axis pointing along the cylindrical axis of the sample and one 76 mm by 28.4 mm

long coin cut so that its cylindrical axis was parallel to the (111) direction were

produced by Prolog Semicor Ltd [207] and their faces were polished to have a global

flatness of λ
10

by Spanoptic [208]. All three samples were boron doped with resistivity

in the range 1− 10 Ωcm.

Finite element models were then constructed of the (100) and (111) orientated coin

shaped silicon samples in ANSYSr. The resonant mode shapes measured exper-

imentally on the 76.2 mm diameter by 25.4 mm long silicon (100) substrates are

shown in figure 6.9. The modelled frequencies were ∼ 4% above the measured reso-

nant frequencies on both the (100) orientated coins and the resonant frequencies of

both the samples tested agreed to within 0.05%. The difference between the mod-

elled and measured resonant frequencies may be attributed to the samples having

possibly a different density from the 2330 kg/m3 used in the finite element analysis,

or not being cut precisely enough along the (100) crystal axis.

Finite element models were also run of the 76 mm diameter by 28.4 mm long silicon

(111) substrate, and the resonant mode shapes of this sample are indicated in figure

6.10. The modelled frequencies this time were less than 1.6% below the experimen-

tally measured resonant frequencies. This suggests that the density of this sample

is similar to the density used in the finite element analysis and that the sample is

close to being cut along the (111) axis.

Mechanical loss measurements were made of all three samples and are presented in

figure 6.11.

Inspection of this figure shows again that the mechanical losses of the (111) orien-

tated silicon coin are lower than the (100) coins with losses as low as (8.51±0.02)×
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Figure 6.9: ANSYSr illustrations of the five resonant mode shapes measured on

the 76.2 mm diameter by 25.4 mm long silicon (100) substrates where the relative

displacements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless units.

29056 Hz                    30704 Hz                     45627 Hz                    52115 Hz

                   55151 Hz                       55258 Hz                 58593 Hz

59208 Hz                    71991 Hz                     73915 Hz                    74124 Hz

               U = 0       0.25        0.5       0.75       1

Figure 6.10: ANSYSr illustrations of the resonant mode shapes measured on the

76 mm diameter by 28.4 mm long silicon (111) substrates where the relative dis-

placements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless units.
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Figure 6.11: Lowest measured mechanical losses of resonant modes of the 76.2 mm

diameter by 25.4 mm long Silicon (100) coins and 76 mm diameter by 28.4 mm long

Silicon (111) coin.

10−9 measured on the 51975 Hz resonant mode. This is comparable to the lowest

mechanical loss measured on the (111) orientated 98 mm diameter by 100 mm long

silicon (111) cylinder detailed in section 6.5. The mechanical losses of both the (100)

coins are all higher, with the lowest loss measured being (4.21± 0.01)× 10−8 on the

38596 Hz resonant mode. Again this is comparable with the lowest losses measured

on the (100) orientated silicon cylinder.

All three samples had nominally the same levels of boron dopant. The difference in

the measured mechanical losses of the different orientations therefore suggests that,

at these levels of measured loss, it is the crystal cut of the silicon which determines

the levels of mechanical loss rather than the level, or type, of doping.

It still remains unclear why the mechanical losses of the two (100) orientated silicon

samples are not similar. Extensive measurements were made on the Silicon (100)

No. 1 sample, but the measured mechanical losses remained approximately a factor

of two above the second sample. Both these samples were purchased from the
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same vendor, at the same time, with identical specifications and polished together

at Spanoptic. This pattern is repeated for the pair of Silicon (100) rods, detailed

in section 6.7, both purchased and polished at the same time as the coins. One

possibility is that although both samples were bought at the same time they came

from different batches of silicon.

6.7 Measurements of Mechanical Loss in Silicon

Rods

Mechanical loss measurements were taken of two 53 mm diameter by 150 mm long

silicon (100) rods and of a 51 mm by 153 mm long silicon (111) rod. All three

samples were again boron doped, provided by Prolog Semicor Ltd. and polished to

have a global flatness of λ
4

by Spanoptic [208].
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Figure 6.12: Lowest measured mechanical losses of resonant modes of the 50 mm

diameter by 150 mm long Silicon (100) rods and 51 mm diameter by 153 mm long

Silicon (111) rods.
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Unlike the loss measurements recorded on the silicon cylinders and coins, there

appears to be no obvious difference in the mechanical losses of the two different ori-

entations of silicon rod. The lowest mechanical loss measured on the (100) orientated

test substrates was (3.22 ± 0.10) × 10−8 on the fundamental longitudinal (n=0, 2)

[133] resonant mode at 24834 Hz. The mechanical losses of the silicon (111) sample,

shown in figure 6.12, appear to improve with frequency, with the lowest measured

mechanical loss measured being (2.28± 0.08)× 10−8 on the clover 4 (n=2, 16) [133]

resonant mode at 71298 Hz.

This is only slightly better than the lowest mechanical loss measured on the sil-

icon (100) rod, while the mechanical loss of the fundamental longitudinal (n=0,

2) resonant mode at 29248 Hz of the silicon (111) sample was measured to be

(3.77± 0.03)× 10−8 which is slightly higher than the loss measured on the identical

mode on the (100) orientated sample.

12277 Hz                          24791 Hz                             27776 Hz

              45466 Hz                               48680 Hz

Figure 6.13: ANSYSr illustrations of the five resonant mode shapes measured on

the 50 mm diameter by 150 mm long silicon (100) substrates where the relative

displacements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless units.

It appears that suspension losses may be limiting many of the mechanical loss mea-

surements made on all three rod-shaped samples. Four of the five resonant modes

measured of the silicon (100) rod shown in the ANSYSr representations in figure

6.13 appear to have motion which corresponds with the suspension loop used to

suspend this mass. Friction losses from the motion of these resonant modes against
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the silk thread could have lead to the higher mechanical losses. The 24791 Hz res-

onant mode has no motion around the suspension which could explain the lower

mechanical loss measurements at this frequency.

13817 Hz                    13959 Hz                    29007 Hz                    29273 Hz                    29777 Hz                    45109 Hz 

                  46619 Hz                    55458 Hz                     58016 Hz                    58233 Hz                   66344 Hz 

66693 Hz                    67036 Hz                    68534 Hz                    68975 Hz                    71191 Hz                     71735 Hz 

                                                         U = 0       0.25       0.5       0.75       1

Figure 6.14: ANSYSr illustrations of the five resonant mode shapes measured on

the 51 mm diameter by 153 mm long silicon (111) substrates where the relative

displacements U =
√

x2 + y2 + z2 are plotted in normalised, dimensionless units.

Similarly, it can be observed in figure 6.14 that the majority of the first resonant

mode frequencies for the (111) orientated silicon rod have motion at points which

correspond to the contact points of the suspension. This could account for the higher

mechanical losses measured on these modes. The resonant modes at 68− 71 kHz all

have very little motion in the suspension area and all have lower mechanical losses.

These losses may be more representative of the losses of silicon rods cut along the

(111) direction. Clearly, further measurements need to be made on higher frequency

modes on the (100) orientated samples for a more direct comparison. To improve

the loss measurements on all the lower frequency modes it is necessary to devise

other methods of supporting the samples for loss measurements. Unfortunately, a

nodal support for the rods similar to the one discussed in section 5.7, would restrict

the loss measurements on the same suspension-limited resonant modes due to the

motion of the faces of these modes.



6.8 Rotation of Silicon Within a Suspension 195

6.8 Rotation of Silicon Within a Suspension

In addition to the differing cuts of silicon samples, the anisotropic crystal properties

of silicon also introduce an extra factor which must be taken into account when

optimising the suspension of a sample. Some of the results presented in this thesis

suggest that the suspensions upon which the test masses are hung may limit some of

the mechanical loss factors measured. Silica is isotropic which means for whatever

orientation the sample is suspended, the resonant mode shapes would be the same

in relation to the suspension.

Silicon is anisotropic so its resonant modes orientations are fixed to the crystal

structure. Consequently, if the mass is rotated in its suspension, the mode shape

would rotate with it. This means that for a resonant mode with varied degrees

of motion around the middle of the mass the slip-stick loss between the mass and

thread will change with rotation. This indicates that, for an anisotropic mass, as

well as an optimum suspension material, suspension length, and amount of grease

there may also be an optimum orientation within the suspension which minimises

the measured mechanical losses.

To test this, the (100) silicon cylinder was suspended at an arbitrary starting posi-

tion, which was indicated by applying a small pen mark to the side of the sample.

The mechanical losses for a resonant mode which should change with rotation, clover

4 (n=2, 16) [133], and the fundamental longitudinal mode (n=0, 2) [133] which

should not change were measured. This was recorded and the mass was rotated

every 30 degrees and re-tested until a complete rotation had been measured.

From figure 6.15 it is clear that there is a small degree of variation of the mechanical

loss for the fundamental longitudinal resonant mode, pictured on the bottom left.

This variation can be attributed to the rotation process of the test sample, which

was done by hand, and could have resulted in the cylinder not sitting exactly as it

was in the suspension loop. There also is a significant variation of the mechanical

loss when the clover 4 mode, pictured on the top left, was rotated. This agrees with
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Figure 6.15: Variation of 1/Mechanical loss with rotation of a (100) silicon cylinder

in its suspension, for fundamental longitudinal and clover 4 mode shapes.

the suggestion that, for anisotropic materials, the orientation in which test masses

are hung is important.

There appears to be a pattern in the mechanical losses of the clover 4 mode, because

the measured loss seems to peak every 90◦ with a minimum mechanical loss measured

of (1.56 ± 0.01) × 10−8 at 180◦. This appears to correlate with the clover 4 mode

shape which has four fold symmetry around its axis. However, it is unclear why the

peaks are not all of similar level of mechanical loss.

Since the start point was chosen arbitrarily, further work needs to be undertaken

to establish whether the improvements in mechanical loss coincide with the areas

of least motion around the middle of the mass lining up with the points where the

suspension breaks off from the mass or with the suspension loop itself.
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6.9 Conclusions

The mechanical losses presented in figures 6.8, 6.11 and 6.12 for the three different

aspect ratios of (100) orientated silicon are slightly above the typical loss values

measured for high grades of fused silica samples, such as those measured on Heraeus

Suprasil-311 in Section 4.4.

The lowest measured mechanical losses on the (111) orientated silicon cylinders

and coins, down to 8.51 × 10−9 are comparable with the lowest mechanical losses

measured on other materials such as the 4.61×10−9 measured on a HEMEX sapphire

in section 5.1.

The loss values for the smaller doped (100) samples in section 6.6 and 6.7 are com-

parable with those of the larger undoped (100) orientated cylinder in section 6.5.

This suggests that the crystal orientation is affecting the measured values of me-

chanical loss, rather than the level or type of doping at the levels of loss measured

here, however levels of doping may still be an important factor for the mechanical

loss of either orientation of silicon, particularly at low temperature [209]. Doping

can also alter the levels of thermoelastic dissipation and the distortion of the mirror

under thermal loads by altering the thermal conductivity of silicon [204]. Further

investigations should increase the understanding of these parameters and how they

would affect the sensitivity of an interferometer comprising of silicon optics.

The results presented in this chapter also suggest that the orientation of silicon, and

other anisotropic materials, within the suspension may also affect the measurable

mechanical loss of the material. Care must therefore be taken in the positioning

of an anisotropic substrate in suspensions because the orientation of the mass may

yield a low mechanical loss for some resonant mode shapes and high mechanical

losses for others at the same time.



Chapter 7

Silicon as a Mirror Substrate for

Third Generation Detectors

7.1 Challenges for Future Gravitational Wave De-

tectors

As discussed in section 1.5.3, the high frequency sensitivity of interferometric gravi-

tational wave detectors is limited by photoelectron shot noise and section 6.1 details

the significant interest in silicon as a future test mass substrate from a thermal

loading point of view. In chapter 6 it has been shown that, at room temperature,

silicon can have a level of intrinsic dissipation similar to that of sapphire, which also

makes it an interesting choice for study as a potential test mass substrate material.

It is predicted that in the frequency band of interest for ground-based gravitational

wave detectors using crystalline optics a significant source of thermal noise will be

present in the form of thermoelastic noise [70]. Therefore, in order to improve the

sensitivity of detectors a further reduction in the level of thermal noise from the

test masses and their suspensions is necessary. One technique for achieving this is

cooling.
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Fused silica is not a suitable candidate material for cooling as it exhibits a broad

dissipation peak at ∼ 40 K [125]. Sapphire and silicon are, however, both good

candidate materials to use in a cryogenic gravitational wave detector. Research in

Japan is being undertaken on the development of transmissive Fabry-Perot layout

interferometers utilising cooled sapphire test masses and suspension fibres [69, 210].

Investigations in the US and Europe are underway on developing the use of silicon

at low temperatures [211, 212, 213, 164].

The spectral density for thermoelastic noise resulting from thermodynamical fluc-

tuations of temperature can be expressed as [70]

STD(ω) ≈ 8√
2π

α2(1 + σ)2 a2κT 2

ρCr3
0ω

3
. (7.1)

The level of thermoelastic dissipation in silicon, at room temperature, is expected

to be broadly comparable to that of sapphire. The thermoelastic loss in silicon has

a noteworthy characteristic in that, with cooling, it may reduce significantly at two

temperatures thus possibly allowing improved detector sensitivities.

The dissipation resulting from the thermoelastic loss varies with the thermal coeffi-

cient of expansion, α, squared. In silicon, this coefficient is particularly interesting

as there are two temperatures, ∼ 125 K and ∼ 18 K, where α is zero [205]. This

means that the thermoelastic noise tends to zero at these temperatures. Studies of

intrinsic dissipation resulting from defects or dislocations in the crystal structure

suggest that there are two peaks in this noise at temperatures similar to where the

thermal coefficient of expansion is zero [202].

It is relevant therefore to investigate the temperature dependence of the mechanical

loss in silicon samples and their potential use as suspension element and test mass

substrates.
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7.1.1 Mechanical Loss in Silicon Flexures

Mechanical loss measurements have been made at the University of Glasgow on

single crystal cantilevers. They were fabricated from a silicon wafer and cut to

be 34 − 57 mm long and 10 mm. A hydroxide chemical etch was applied to thin

them to ∼ 92 µm. One end of each of the cantilevers was masked from the etch

in order to keep a thick end as a clamping block. The cantilevers were fastened

to a stainless steel clamp, illustrated in figure 7.1, which was placed within the

experimental chamber of a small cryostat and pumped out to 3× 10−6 mbar.

Silicon Cantilever 

Stainless 
Steel Clamp 

Stainless Steel 
Clamping Block 

Macor  
Spacer 

 

Figure 7.1: Illustration of stainless steel clamp used to hold silicon flexures.

The clamp was placed on a macor spacer to insulate it thermally from the liquid

nitrogen cooled bottom plate of the chamber. A temperature control system was set

up with a resistive heater and a temperature sensor enabling a steady temperature

of the silicon flexure. This allowed several ringdowns to be made of each resonant

mode at each temperature, and also a series of measurements to be taken at regu-

lar temperature intervals. The mechanical loss of the flexure resonant modes was

taken by exciting the sample with an electrostatic actuator and the ringdowns of

the resonances recorded using an external photodiode to sense the light from an

illuminating laser beam reflected off the surface of the silicon.

Results showed that the mechanical loss decreased with decreasing temperature and

that at room temperature the dissipation strongly on the level of thermoelastic

dissipation in the sample. At lower temperatures other loss mechanisms became
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dominant because the measured mechanical loss was 4.4× 10−7 which is an order of

magnitude higher than the bulk losses presented in Chapter 6. There was however

no distinct 125 K peak in dissipation. Other indistinct peaks were observed but

they were occurring due possibly to coupling between the sample and the clamping

structure. For a diagram of the cryostat used in this experiment and a detailed

analysis of the measurements made on these samples see [213] and [164].

7.1.2 Mechanical Loss in Bulk Silicon

Measurements in chapter 6 suggest that the bulk loss of silicon is significantly

lower at room temperature than the measured mechanical losses of the cantilevers.

D. F. McGuigan et al. made loss measurements over a range of temperatures on

a single crystal silicon substrate, 106 mm in diameter, 229 mm in length and ori-

entated in the (111) direction, as described in section 6.2 [202]. They measured a

mechanical loss of 5 × 10−8 at ∼ 300 K on the fundamental longitudinal resonant

mode of this sample which decreased by two orders of magnitude to 5 × 10−10 at

3.5 K. They observed two maxima of mechanical loss at 13 K and 115 K where the

loss increased to 1×10−7. This increase was attributed to impurities and mechanical

imperfections in the crystal. Recently, R. Nawrodt et al. at the Friedrich-Schiller-

Universität in Jena showed that the mechanical loss of a 76 mm diameter by 24 mm

thick silicon sample also decreased by almost two orders of magnitude from 5×10−6

at ∼ 300 K to under 1× 10−8 at ∼ 4.2 K [214].

To extend the University of Glasgow’s study at low temperatures to include bulk

silicon samples, a stainless steel cryostat with a 30 cm diameter by 40 cm high

experimental chamber was constructed by AS Scientific LTD [215], as shown in

figure 7.2. This cryostat is in the process of being commissioned at the University

of Glasgow.
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Figure 7.2: Schematic of the Large Cryostat constructed by AS Scientific LTD.

This has been designed specifically so that the test masses can be suspended in the

chamber. The bulk samples are suspended from a silk thread loop held by a stainless

steel clamp, as shown in figure 7.3. An aluminium catcher is placed underneath the

bulk sample to prevent the mass from falling should the suspension loop slip or

break during cooling. An interferometer, similar to the one detailed in section 3.4,

is used to sense the motion of the sample’s front face through a sapphire viewport

in the side of the experimental chamber, as shown in figure 7.2.

It is essential to first check that, when the cryostat is cooled with liquid nitrogen,

the suspended silicon test substrate is also cooled. With the experimental chamber

evacuated to ∼ 10−6 mbar, the only direct contact the sample has with the sur-

rounding experimental chamber is through the clamped silk thread suspension loop.

The stainless steel clamp used to hold the suspension loop is attached directly to

the top plate of the experimental chamber enabling it to cool easily to the same

temperature as the liquid nitrogen cooled surroundings. Therefore, for the sample
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Figure 7.3: Silicon (111) Cylinder suspended in experimental chamber of the Large

Cryostat.

to cool, the heat must be lost from the sample to the clamp via the silk thread loop.

A temperature cycle has been made with a temperature sensor attached to the front

face of the silicon test mass with a small amount of cryogenic compatible grease. The

helium and nitrogen spaces were then filled with a total of 88 litres of liquid nitrogen

and the temperature of the silicon test mass recorded over a period of several days.

In figure 7.4 it can be seen that after a period of 24 hours the sample had cooled

to 80 K. The temperature of this suspended test substrate stayed constant for

another 24 hours. It then took another week for the sample to heat back up to room

temperature. This would be long enough for a series of cryogenic mechanical loss

measurements to be made.

In this study of the temperature dependency of mechanical dissipation in silicon it

is essential to have an accurate temperature measurement of the sample. However,

a temperature sensor cannot be attached to the test mass during mechanical loss

measurements, since the value of the mechanical loss would be increased by the

sensor. Furthermore, the temperature of the sample may differ from the temperature

measured by a temperature sensor positioned on the clamp or cold plate.
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Figure 7.4: Cooling curve of silicon (111) cylinder after the addition of 88 l of liquid

nitrogen to the cryostat.

Preliminary measurements of the resonant frequency of the fundamental longitudinal

resonant mode indicated that the frequency had shifted from 43195 Hz at 293 K to

43335 Hz at 140 K. Therefore since the resonant frequency of the sample in the

cryostat will change with temperature, this characteristic can therefore be utilised

as a thermometer for the test mass. This enables the temperature to be determined

by the shift in the resonant frequency of the fundamental longitudinal resonant

mode. By taking another set of readings with a temperature sensor mounted on the

sample, the change in resonant frequency can be recorded, introducing a technique

of determining the temperature of the suspended silicon substrate with the sensor

removed.

The commissioning of the cryostat is ongoing, and once this thermometer is cali-

brated mechanical loss measurements of the silicon substrates presented in Chapter

6 will be undertaken.
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7.2 Conclusions

Studies show that the measured mechanical loss of both silicon flexures and bulk

samples of single crystal silicon decreases generally as the samples are cooled to

cryogenic temperatures. The mechanical loss can increase by several orders of mag-

nitude at some temperatures, partly attributed to impurities and imperfections in

the samples, but great care must be taken to ensure that there is no excess loss

introduced from the sample coupling with the clamping mechanism.

It is planned that the proposed Einstein Telescope detector, ET, will operate with

its test masses at cryogenic temperatures [91]. The study of thermal noise is an

important factor in the decision making process for the choice of test mass substrates,

coatings and suspension material in advanced cryogenic detectors. Experiments at

the University of Glasgow on silicon flexures and bulk single crystal substrates are

continuing.



Chapter 8

Conclusions

As the current generation of gravitational wave detectors which are in operation

around the world reach their targeted design sensitivities, it enhances the possibility

of the first successful detections of gravitational waves emitted from astronomical

sources. To increase the use of these detectors for gravitational wave astronomy,

research and development is continuing to reduce further the various sources of

noise which limit the sensitivities of the current detectors.

The introduction of low-loss fused silica suspension technology from GEO600 to the

longer baseline detectors will reduce thermal displacement noise. In addition to

this, the implementation of higher laser powers together with the necessary thermal

compensation schemes, and other technical advances, will enable the second gen-

eration of gravitational wave detectors to be ten times more sensitive. In order to

allow large-scale astronomical observations of gravitational waves, further research

and development is essential to develop an even more sensitive third generation of

detectors.

The study of material and coating losses is providing information for decisions rel-

evant to the upgrades of the mirrored test masses for advanced gravitational wave

detectors. Finite element analysis is a useful instrument in the modelling of test

mass materials and, together with the experimental measurement of the mechanical
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loss, provides valuable information about the performance of coatings.

Experimental measurements on silica samples coated with single layers of tantala

and silica are broadly consistent with earlier calculations from multi-layer coatings

which suggested that the intrinsic coating loss was dominated by loss associated

with the tantala coating. It has been shown that doping the tantala with titania

reduces this loss by up to 40%, a result shown by the measurements presented

from samples produced by both LMA and CSIRO. Investigations have also shown

that other dopants such as Lutetium and different manufacturing processes used to

produce the coatings can also reduce the intrinsic loss of multi-layer coatings.

Another factor which can increase the levels of thermal noise in an interferomet-

ric gravitational wave detector is the technique used to suspend the test masses.

Hydroxide-catalysis bonding is used as a low mechanical loss jointing technique

to construct quasi-monolithic fused silica test mass suspensions. Results presented

suggest that the bond loss could be as much as four times lower than previous exper-

iments suggested making this method even more attractive for future instruments.

Measurements also show that the thickness of these bonds is ∼ 65 nm.

Loss measurements made on suprasil-311 fused silica cylinders suggested that the

losses of some of the resonant modes were lower than the semi-empirical model

developed for the similar suprasil-312 variety. Adjusting the coefficient of the bulk

loss term of this model enabled a better fit for different aspect ratios of suprasil-311

fused silica. Results also show that the loss measurement apparatus is capable of

obtaining low-loss values with losses of φsilica = 2.4× 10−8, φsapphire = 4.6× 10−9

and φsilicon = 8.5 × 10−9 reached. Analysis shows that care has to be taken to

ensure that these measurements are not limited by other sources of loss such as

suspension losses, especially in anisotropic materials like sapphire and silicon. The

lowest mechanical loss recorded on a coin shaped sapphire substrate measured using

a nodal support is comparable to the lowest mechanical losses measured using a

suspension loop.
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The importance of the magnitude of losses associated with any suspension tech-

nique, for materials such as sapphire, is evident in the analysis of coated sapphire

substrates, while there is an indication that doping the tantala layers of a tan-

tala/silica coating with ∼ 50% titania may reduce the residual coating losses. The

influence of suspension losses on the results is an area that requires further study.

Furthermore, the research presented here highlights the benefit of switching to an

all-reflective optical layout for third generation interferometric gravitational wave de-

tectors using silicon optics. Silicon’s low mechanical loss make it a suitable material

for use in future detectors. Mechanical loss measurements on (111) orientated sili-

con cylinders are comparable to the lowest mechanical losses measured on HEMEX

sapphire. Research suggests that the crystal orientation rather than the level or

type of doping is the definitive factor in establishing the levels of mechanical loss,

for the magnitude of loss seen here.

The research presented in this thesis expands on previous work carried out in the

field of gravitational waves. It emphasises the great care which is needed in the

selection, manufacturing and measurement techniques of test mass materials for use

in interferometric gradational wave detectors. A number of materials meet the low

mechanical loss specifications for a test mass substrate, but the effect of applying

multi-layer dielectric coatings to them must also be taken into account. The effects of

the introduction of these coatings is reasonably well understood on silica substrates,

but requires further study in the case of sapphire. Research to clarify this will

continue at the University of Glasgow in collaboration with other research groups.

A new field of gravitational wave astronomy is opening up with the possibility of

the first direct detections of gravitational waves approaching. The development of

second and third generation detectors will help with these observations, increasing

our knowledge and understanding of the universe.



Appendix A

Process for the polishing of

cross-sections

Cross-sections of fused silica, sapphire or silicon samples are polished using a Log-

itech PM5 Precision Polishing Machine [179], shown in figure A.1. The samples are

mounted onto a polishing jig and then polished with increasingly finer grits of polish

until a flat, smooth and scratch free surface is achieved. The process takes several

hours to complete and comprises several stages detailed in this Appendix.

Figure A.1: Image of the Logitech PM5 Precision Polishing Machine.
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A.1 Stage 1 - Mounting the Sample

Before polishing it is essential that the sample to be polished is firmly mounted to

the polishing jig. This is achieved by bonding the sample to the mount with wax.

The wax is placed between the sample and mount and melted by being heated over

a hotplate, as shown in figure A.2.

Figure A.2: Fused silica cross-section and sample mount are heated to 150 ◦C on

hotplate.

The hot sample and mount are then placed on a lead block to cool down. After

cooling the wax has set and the sample is held firm, as seen in figure A.3.

Figure A.3: Hot waxed sample (left) placed on lead block and left to cool until wax

has set (right).

The sample and mount can then be attached to the polishing jig, visible in figure

A.4.
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Figure A.4: Sample jig (left) and an image from above of the mounted sample in

the jig (right).

A.2 Stage 2 - Polishing with 600 grit Silicon Car-

bide Powder

The first polishing stage is to polish the sample with 600 grit silicon carbide powder.

The silicon carbide solution is prepared by mixing a spatula of powder into ∼ 50 mm

of water in a small beaker.

A small volume of polishing liquid is dripped onto the grooved steel polishing plate

to make it moist. The polisher is set to operate at 40 rpm and the arm holding

the polishing jig set to sweep, as seen in figure A.5. Samples are then polished for

∼ 30 min until all scratches from sawing, or any other manufacturing process, have

been removed. In order to keep the polishing plate moist during all the different

polishing stages more polishing solution will need to be added at regular intervals.

To obtain a smooth finished polish a series of finer polishing stages is needed. Each

of these stages requires the use of a smaller grit size. It is essential to have no trace

of the grit from the completed stage in the following stage as the polish will not be

effective. Therefore, for each stage a different polishing plate is used and the sample

jig and all apparatus are thoroughly scrubbed and cleaned to remove any left over
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Figure A.5: Grooved steel polishing plate (left) and polisher set-up (right) for Stage

2 of polishing.

grit.

A.3 Stage 3 - Polishing with 9 µm Aluminium Ox-

ide Powder

The second polishing stage is undertaken with 9 µm aluminium oxide powder. One

litre of polishing solution is made up with approximately one part in ten of Al2O3

powder to water. This solution is then poured into the automatic feeder barrel

labelled for 9 µm Al2O3 use only. The feed is adjusted so that it drips roughly once

a second onto the flat steel plate used in this polishing stage, shown in figure A.6.

The sample is polished for ∼ 1 hour until the sample is less opaque.

A.4 Stage 4 - Polishing with 3 µm Aluminium Ox-

ide Powder

The next stage of polishing uses 3 µm aluminium oxide powder. This polishing

solution is made up in the same way as detailed in stage 3. The sample is then
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Figure A.6: Flat steel polishing plate (left) and polisher set-up (right) for Stage 3

of polishing.

polished for ∼ 2 hours on a honeycomb patterned polytron plate, shown in figure

A.7 until it starts to become shiny.

Figure A.7: Polytron polishing plate (left) and polisher set-up (right) for Stage 4 of

polishing.

A.5 Stage 5 - Final Polish with Syton

To obtain a smooth, flat and shiny finish the sample is polished using a chemical

polish Syton. A small quantity of Syton is manually dripped onto a porous expanded

polyurethane plate, shown in figure A.8 and the sample is polished for 40− 60 mins

until any remaining opacity is removed. Regular drips of polishing solution are

needed to keep the plate moist.
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Figure A.8: Expanded polyurethane polishing plate (left) and polisher set-up (right)

for Stage 5 of polishing.

Once this stage is complete it is essential that everything is thoroughly cleaned as the

Syton crystallizes when it dries out. To prevent the polishing plate being damaged

by this crystallisation it needs to be rinsed under a tap for 30 mins to ensure all the

Syton is washed away.

A.6 Stage 6 - Removing Sample from the Polish-

ing Mount

When the sample is suitably polished it is necessary to detach it from the polishing

mount. The mount is heated up on the hot plate until the wax softens enough for

the sample to be carefully removed. Once the sample has cooled, the sample needs

to be cleaned with acetone to remove any traces of wax.

A.7 Stage 7 - Cleaning Sample and Polisher Post-

Polishing

It is important that all traces of polishing compounds are removed from the newly

polished sample, so that they do not interfere with any bonding processes or high-
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magnification imaging which may be made of the sample. The sample is thoroughly

rinsed, cleaned with sodium bicarbonate and placed in an ultrasonic bath for ∼

15 mins.

It is important that all apparatus is cleaned after use and carefully stored to prevent

damage to the polishing plates.



Appendix B

Finite Element Analysis of the

strain energy stored in

hydroxide-catalysis bonded fused

silica samples using beam elements
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Summary

Tutorial presents a technique of modelling the 
strain energy stored in a hydroxide-catalysis 
bond between two fused silica cylinders using 
beam elements
Typically bond is ~65 nm thick, which is difficult 
to be modelled accurately in ANSYS®

The ratio of strain energy in the bond region can 
be extracted for each resonant mode by running 
a series of models with 1×10-4 to 1×10-7 m and 
plotting the energy ratios against bond thickness 
for each resonant mode

NOTE: This tutorial is designed for a person with 
some general knowledge of ANSYS®

Case Study

2 Fused Silica 
Cylinders

First 65 mm diameter 
by 70 mm long
Second 65 mm 
diameter by 50 mm 
long

Material Properties
Young’s Modulus: 
72 GPa
Density: 2202 kg/m3

Poisson’s Ratio: 0.17

Hydroxide-Catalysis 
Bond between two 
faces

~65 nm thick bond
Covering entire 
32.2 cm2 area of face

Material Properties
Young’s Modulus: 
7.9 GPa
Density: 2202 kg/m3

Poisson’s Ratio: 0.17
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Case Study

Use Finite Element to:
Model 1×10-4 m thick Hydroxide-Catalysis bond 
between the two cylinders
Apply the properties of the bond
Find the resonant frequencies of the cylinder
Plot the mode shapes of these resonances
Extract the ratio of strain energy stored in the 
bond region to the total energy in the entire 
bonded mass

Creating the Model

Create 4 Keypoints 
At points: 
(0, 0)
(0, 0.070)

70 mm mass
(0, 0.0701)

1 × 10-4 m bond region
(0, 0.1201)

50 mm mass
ANSYS Main Menu
> Preprocessor 
> Modelling 
> Create 
> Keypoints
> On Working Plane

Create 3 Lines
ANSYS Main Menu 
> Preprocessor 
> Modelling
> Create 
> Lines 
> Straight Lines
NOTE: Pick keypoint 1 
and then keypoint 2 to 
create the first line
Repeat for 2, 3 and 3, 4
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Define Material Properties

Silica
ANSYS Main Menu
> Preprocessor
> Material Models
> Material Model Number 1
> Structural
> Linear
> Elastic
> Isotropic

EX: 7.2E10
PRXY: 0.17

> OK
> Structural
> Density

Density: 2202
> OK

Hydroxide-Catalysis Bond
ANSYS Main Menu
> Preprocessor
> Material Models
> Material
> New Model…
> Material Model Number 2
> Structural
> Linear
> Elastic
> Isotropic

EX: 7.9E9
PRXY: 0.17

> OK
> Structural
> Density

Density: 2202
> OK

Creating the Model

Define Element Type
ANSYS Main Menu
> Preprosessor
> Element Type
> Add/Edit/Delete
> Add
> Beam 3node 189
> OK
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Defining the Three Beam Sections

ANSYS Main Menu 
> Preprocessor 
> Sections 
> Beam 
> Common Sections

o ID: 1
o Name: Cylinder
o Sub-Type: Circle
o R: 0.0325 m
o N: 100

> OK

Meshing the Model
ANSYS Main Menu 
> Preprocessor 
> Meshing 
> MeshTool
Element Attributes 
> Lines 
> Set
Pick Line 1 

> Apply 
MAT: 1
> Apply

Pick Line 2 (may need to zoom in) 
> Apply 
MAT: 2
> Apply

Pick Line 3 
> Apply 
MAT: 1
> OK
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Meshing the Model

ANSYS Main Menu 
> Preprocessor 
> Meshing 
> MeshTool
Size Controls 
> Global 
> Set
NDIV : 10

NOTE: NDIV sets the number 
of divisions per segment.  The 
Beam is divided into 3 line 
segments so 30 elements will 
be produced

> OK

MeshTool
> Mesh 
> Pick All  

- NOTE: If the structure 
does not show the next 
command is needed

ANSYS Command Prompt
/ESHAPE, 1 [Enter] 
EPLOT [Enter]

Running a Modal Analysis

Set type of analysis to modal
ANSYS Main Menu
> Solution
> Analysis Type
> New Analysis
> Type of Analysis

Modal
> OK

Set analysis options
ANSYS Main Menu
> Solution
> Analysis Type
> Analysis Options
> No. of modes to extract

25
NOTE: This depends on how 
many modes you wish to find

> Expand mode shapes
Yes

> No. of modes to expand
25

> Calulate elem results?
Yes

> OK
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Running a Modal Analysis

Specify range of 
frequencies to be 
analysed

Start Frequency
1000 Hz

NOTE: This is to 
eliminate displacement 
modes

End Frequency
100000 Hz

NOTE: This is the upper 
limit of experimental 
measurements

Save the Database
SAVE_DB

Run the Analysis
ANSYS Main Menu
> Solution
> Solve
> Current LS
> OK
Warning Message
> OK

Calculating Total Strain Energy

Create Strain Energy 
Table

ANSYS Main Menu
> General Postproc
> Element Table
> Define Table
> Add

Energy
Strain Energy SENE

> OK

List Strain Energy 
Element Table

ANSYS Main Menu
> General Postproc
> Element Table
> List Elem Table

SENE
> OK
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Calculating Total Strain Energy

Sum total strain energy 
by adding individual 
strain energies from table

ANSYS Main Menu
> General Postproc
> Element Table
> Sum of Each Item
> OK

Note total strain energy in 
Excel or MATLAB

For the remaining resonant 
modes

Select Results by Pick
Plot Nodal Solution
Define Element Table

Update
• NOTE: For each picked set 

of results the element table 
must be updated.

List Element Table
Sum of Each Item
Take note of each total 
strain energy

Calculating Strain Energy in Bond

Select only volumes 
that lie in the bond 
region

Select
> Entities
> Volumes
> By Attributes
> Material num

2
> Apply
> Plot

Select only elements that 
lie in the bond region

Select
> Entities
> Elements
> Attached to
> Volumes
> From Full
> Apply
> Plot
> OK
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Calculating Stain Energy in Bond 

Select Results by Pick
Define Element Table

Update
NOTE: For each picked set of results the element 
table must be updated

List Element Table
Sum of Each Item
Take note of each total strain energy
The Ratio of strain energy stored in the bond 
region to the total strain energy in the sample 
can be calculated



Appendix C

Finite Element Analysis of the

strain energy stored in

hydroxide-catalysis bonded fused

silica samples using solid elements
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Summary

Tutorial presents one way to model the strain 
energy stored in a hydroxide-catalysis bond 
between two fused silica cylinders
Typically bond is ~65 nm thick, which is too thin 
to be modelled in Finite Element Analysis
Instead, we can extract the energy ratio by 
running a series of models with 0.2 – 0.5 mm 
thick bonds and plot the energy ratios against 
bond thickness for each resonant mode

Case Study

2 Fused Silica 
Cylinders

First 65 mm diameter 
by 70 mm long
Second 65 mm 
diameter by 50 mm 
long

Material Properties
Young’s Modulus: 
72 GPa
Density: 2202 kg/m3

Poisson’s Ratio: 0.17

Hydroxide-Catalysis 
Bond between two 
faces

~65 nm thick bond
Covering entire
32.2 cm2 area of face

Material Properties
Young’s Modulus: 
7.9 GPa
Density: 2202 kg/m3

Poisson’s Ratio: 0.17
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Case Study

Use Finite Element to:
Model 0.005 m thick Hydroxide-Catalysis bond 
between the two cylinders
Apply the properties of the bond
Find the resonant frequencies of the cylinder
Plot the mode shapes of these resonances
Extract the ratio of strain energy stored in the 
bond region to the total energy in the entire 
bonded mass

Creating the Model

Open ANSYS
Create New Jobname

i.e. Bond0005mm

Select Structural GUI
ANSYS Main Menu 
> Preferences 
> Structural 
> OK
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Creating the Model

Define Element Type
ANSYS Main Menu 
> Preprosessor
> Element Type
> Add/Edit/Delete
> Add
> Solid Brick 20node 95
> OK

Creating the Model

Create First Cylinder
65 mm diameter
70 mm long
ANSYS Main Menu 
> Preprocessor
> Modelling
> Create
> Volumes
> Cylinder
> Solid Cylinder

Radius: 0.065/2
Depth: 0.07

• NOTE: Units 
are in metres

> Apply
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Creating the Model

Create Bond Region
65 mm diameter
0.5 mm long
ANSYS Main Menu 
> Preprocessor
> Modelling
> Create
> Volumes
> Cylinder
> Solid Cylinder

Radius: 0.065/2
Depth: -0.0005

• NOTE: Negative Depth
> OK

Creating the Model

Offset workplane by 
thickness of the bond 
so that front face of 
second silica cylinder 
lines up with bond

Workplane
> Offset WP by 
increments…
> Element Type
> X, Y, Z Offsets: 
0, 0, -0.0005
> OK
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Creating the Model

Create Second Cylinder
65 mm diameter
50 mm long
ANSYS Main Menu 
> Preprocessor
> Modelling
> Create
> Volumes
> Cylinder
> Solid Cylinder

Radius: 0.065/2
Depth: -0.05

• NOTE: Still Negative
> OK

Creating the Model
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Creating the Model

So far the three 
cylinders are in 
contact, but not 
attached
Must glue the 
surfaces together
Select Right View and 
Zoom in on bond 
region

Creating the Model

Glue First Cylinder to 
Bond

ANSYS Main Menu 
> Preprocessor
> Modelling
> Operate
> Booleans
> Glue
> Volumes

Select First Cylinder
Select Bond Region

> APPLY
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Creating the Model

Glue Second Cylinder 
to Bond

ANSYS Main Menu 
> Preprocessor
> Modelling
> Operate
> Booleans
> Glue
> Volumes

Select Second 
Cylinder
Select Bond Region

> OK

Define Material Properties

Properties detailed in Case 
Study Slide
Silica

ANSYS Main Menu 
> Preprocessor
> Material Models
> Material Model Number 1
> Structural 
> Linear
> Elastic
> Isotropic

EX: 7.2E10 
PRXY: 0.17 

> OK
> Structural 
> Density

Density: 2202 
> OK
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Define Material Properties

Hydroxide-Catalysis Bond
ANSYS Main Menu 
> Preprocessor
> Material Models
> Material
> New Model…
> Material Model Number 2
> Structural 
> Linear
> Elastic
> Isotropic

EX: 7.9E9 
PRXY: 0.17 

> OK
> Structural 
> Density

Density: 2202 
> OK

Meshing the Model

Define Hydroxide-
Catalysis Bond Mesh

ANSYS Main Menu 
> Preprocessor
> Meshing
> Mesh Tool
> Element Attributes:
> Global
> Set
> Material Number

MAT: 2
> OK
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Meshing the Model

Set element length to be 
ten times the modelled 
bond thickness

• NOTE: Too small an 
element length will 
create mesh with more 
nodes than the licence 
permits

ANSYS Main Menu 
> Preprocessor
> Meshing
> Mesh Tool
> Size Controls:
> Global
> Set
> Element Length

SIZE: 0.005
> OK

Meshing the Model

Mesh the Bond
ANSYS Main Menu 

> Preprocessor
> Meshing
> Mesh Tool
> Mesh:

Volumes
> Shape:

Hex/Wedge
Sweep

> Select Bond Region
> OK
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Meshing the Model

Define Silica Cylinder 
Mesh

ANSYS Main Menu 
> Preprocessor
> Meshing
> Mesh Tool
> Element Attributes:
> Global
> Set
> Material Number

MAT: 1
> OK

Meshing the Model

Remove the set element 
length

• NOTE: The mesh will 
automatically map to 
match the mesh on the 
faces of the bond

ANSYS Main Menu 
> Preprocessor
> Meshing
> Mesh Tool
> Size Controls:
> Global
> Set
> Element Length

SIZE: 0
> OK
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Meshing the Model

Mesh the Cylinders
ANSYS Main Menu 

> Preprocessor
> Meshing
> Mesh Tool
> Mesh:

Volumes
> Shape:

Hex/Wedge
Sweep

> Select Both Cylinders
> OK

Meshing the Model
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Running a Modal Analysis

Set type of analysis to 
modal

ANSYS Main Menu 
> Solution
> Analysis Type 
> New Analysis
> Type of Analysis

Modal
> OK

Running a Modal Analysis

Set analysis options
ANSYS Main Menu 
> Solution
> Analysis Type
> Analysis Options
> No. of modes to extract

25
• NOTE: This depends on 

how many modes you wish 
to find

> Expand mode shapes
Yes

> No. of modes to expand
25

> Calulate elem results?
Yes

> OK
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Running a Modal Analysis

Specify range of 
frequencies to be 
analysed

Start Frequency
1000 Hz

• NOTE: This is to 
eliminate 
displacement modes

End Frequency
100000 Hz

• NOTE: This is the 
upper limit of 
experimental 
measurements

Running a Modal Analysis

Save the Database
SAVE_DB

Run the Analysis
ANSYS Main Menu 
> Solution
> Solve
> Current LS
> OK
Warning Message
> OK
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Have a Cup of Coffee

Listing Resonant Mode Frequencies

To generate a list of 
resonant mode 
frequencies

ANSYS Main Menu 
> General Postproc
> Results Summary
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Picking Resonant Mode Frequencies

The element results 
for each individual 
resonant mode can 
be selected

ANSYS Main Menu 
> General Postproc
> Read Results
> By Pick
Select result you wish 
to load
> Read
> Close

Plotting Resonant Mode Shapes

Each resonant mode 
picked can be plotted

ANSYS Main Menu 
> General Postproc
> Plot Results
> Contour Plot
> Nodal Solu

Nodal Solution
DOF Solution
Displacement vector 
sum

> OK
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Plotting Resonant Mode Shapes

Calculating Total Strain Energy

Create Strain Energy 
Table

ANSYS Main Menu 
> General Postproc
> Element Table
> Define Table
> Add

Energy
Strain Energy SENE

> OK
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Calculating Total Strain Energy

List Strain Energy 
Element Table

ANSYS Main Menu 
> General Postproc
> Element Table
> List Elem Table

SENE
> OK

Calculating Total Strain Energy

Sum total strain 
energy by adding 
individual strain 
energies from table

ANSYS Main Menu 
> General Postproc
> Element Table
> Sum of Each Item
> OK

Note total strain 
energy in Excel or 
MATLAB
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Calculating Total Strain Energy 

For the remaining resonant modes
Select Results by Pick
Plot Nodal Solution
Define Element Table

Update
• NOTE: For each picked set of results 

the element table must be updated.

List Element Table
Sum of Each Item
Take note of each total strain energy

Calculating Strain Energy in Bond

Select only elements 
that lie in the bond 
region

Select 
> Entities
> Volumes
> By Attributes
> Material num

2
> Apply
> Plot
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Calculating Strain Energy in Bond

Select only elements 
that lie in the bond 
region

Select 
> Entities
> Elements
> Attached to
> Volumes
> From Full
> Apply
> Plot
> OK

Calculating Strain Energy in Bond

Select Results by Pick
Define Element Table

Update
• NOTE: For each 

picked set of results 
the element table 
must be updated.

List Element Table
Sum of Each Item
Take note of each total 
strain energy
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Calculating Energy Ratios

The Ratio of strain energy stored in the bond 
region to the total strain energy in the sample 
can be calculated by:

For this model the first five energy ratios should 
be:

total

bond

EnergyStrain 
EnergyStrain 

6.26E-026.49E+081.04E+10229174

7.08E-029.84E+081.39E+10265205

6.88E-023.07E+084.46E+09150373

6.16E-022.64E+084.29E+09147402

6.16E-022.64E+084.29E+09147401
Ratio Bond StrainTotal StrainFrequency

Calculating Energy Ratio

Repeat Model for different 
bond thicknesses

0.00045 m
0.00040 m
0.00035 m
0.00030 m
0.00025 m
0.00020 m

Plot Energy Ratio v 
Thickness for each mode
Calculate Energy Ratio for 
65 nm
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