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CHAPTER 1

INTRODUCTION

1.1 Background
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CHAPTER 2

LITERATURE REVIEW

2.1 Historical Perspective

2.1.1 Jeffcott’'s Rotor
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2.1.2 Origins of Vibration Theory
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2.5 Perturbation Methods
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Figure 2-1: Typical temperature-transformation curv es of a NiTi alloy (Marc van der Wijst
1998).
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CHAPTER 3

ANALYTICAL MODELLING OF FLEXIBLE ROTOR
SYSTEMS

3.1 Introduction
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3.2 Derivation of the Equations of Motion
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3.2.1 Rotor Model
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Figure 3-1: Reference frames for a disk on a rotati  ng flexible shaft.
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3.2.2 Kinetic Energy of the Rotating Disk
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3.2.4 Strain Energy of the Shaft

Figure 3-2: Coordinates of the geometric centre C and an arbitrary point B on the shaft
(Lalanne & Ferraris, 1990)
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H(a—y) %) }dy
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(! .W0+) /100 "20,UU,8 (O

| 2
U= S
29 oy

*jzﬂx[azvfﬂdwij{ﬁj ("Wj}dy (3.2- 26)
oy 24|\ oy oy

/U L4 ) 9WNK /) /310100 3 ko 24 §) 0 1)) 2
/1) 3 (/10 (2 9 ) () /00 " /)/310140
3U/0+ w21 . 00) 3 ( +)W! . 0 0 R 100" 81/&0)E""F

/0+=E "™:"$>+ +11 +3 _ "1 E:"2

U =ucosQt —w sinQt

(3.2- 27)
W =usinQt +w cosQt (3.2- 28)
( 3 8ULO0E"™"WI1/0 ,& 0/)
| 2
EJ' (cothau—sttaWj d
2% oy’ ay°
[ 2 2. \2
Ej |X(- U L o "”j] dy (3.2- 29)
29 oy oy
23
+-29 dy
20
/%23 (- )1 __ 0N 3/) . BY/B A 1 =1,=12 (

Y /50 0 " 1 _)

R R

3.2.5 Kinetic Energy of the Mass Unbalance

0 /40 & 0 %/+ (/ &) é- k4 /% /0+1/0 1 0% 0¢ O
SO+ )M L) m WL +/ 7400 d3 - (- @
10 3 ( )/32/0+) &) -0 &1 O * T, (/) 1M1+
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( ./) -/i0)i0/ /0 0+4114/ ( y /%) /0+8) ! +0/
/50" (y /9%) &) /1 0)/0 <+ 0+#0" 0 ( 40 3 (
30! 3/. =/%00 /0+ 7 8)2577#

0)i+ €0°/ & =110 W I-.8)> /&0 ( 1°C ( /0% Qt2
6

Figure 3- 3: Ma ss Unbalance

() W1 0180 ( X+ 1800

ODX:U+dSith (3.2_ 31)

( ) W1 0180 ( Z+ 1i08)

ODy =w+d cosQt (3.2_ 32)

JO+0) /1 0)/0 (0 ( Y +# 140

( 3 (WY 0 3 ( /)0 ( X2Z /0+Y + 14 0)1/0
L4 0/)

u+dsinQt (3.2- 33)
OD = const
w+d cosQt

.C 10)( )0) ¢ , +10)/0
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(O*% 1 1/0 )/ +/)

U+ dQ cosQt (3.2- 34)
V= d(OD) _ 0
dt ) .
Ww—-dQsinQt

J0+ ( <0 & 0 " 3 ( -/)10 /%01 §)

T, =%(u2 + W +Q%d? +2QducosQt - 20wd sinQt) (3.2 35)

( . mQ3d?/2 8 /10)/0 0 () '0 9 /0+ (/)O )L)810
0031 0! 0 ( 81/40) ( -/)10 /401 m, & )./ (/0 ( -7)
3 ( 2) ( 9 D03 ( -0 &1 0 "0 L& 0/)

T, Om,Qd(ucosQt - wsinQt) (3.2- 36)

3.2.6 Simplified Model

( /7%8Ce< o (+0)1)+ Y1+ / -+ %Y - )Y+ 3/)(/3 3
0" (12)1 0 /+)-%1/ +/ I, /40" ()3 =) "1 Ed )
1) + +%) 0, 9 O3 ( +#)WI -0 0 ( x /0+ z
+H O 1§0)80 .) 3 ( "0 /%) +! +0/ ) ( ) /). +
Y%- k)1 +/ (0¥ /0+0 "% 140" ( /1.0 t3 )i W 2
( 9 MO03 ( *H)W! _ 0% ( x/0+z+ 140)/

u(y,t) = f(y)a, () = f(y)a (3.2- 37)
w(y,t)= f(y)a, (1) = f(y)a, (3.2- 38)

L( 20 /0+q,/ 0 /H) +80+ 0+0 ! +0/ ) /0+ f(y) &) (
+H) W1 - 0 31014027044 §)1()O0/) (O /M) +3%) -+ )/ 3
/ /. (/1 0)/0 1 )) 14060 0HO" /0+ ). b )1 +/  (
0+)2 /0+ &) "t* 0 /)
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f(y):Sin(lﬂj (3.2- 39)
Z 4 I
< »| W
Il : I v\ Hza_vv
«— I I oy
+ [
| |
_____________ | —
! Y
|
_i_

__ou
X / ‘) YTy

Figure 3- 4: Coordinates

640 "1 E:4d) ( /01 +#) WY1 - 040 ( Z + 10070+ ¢ ) (
/01 +#) W1 - 0 40 ( X + 180 )/0"1W +) W1 _ 0) 6 /0+ ¢
/o) (1 S %/ +

9="_-9) ¢ _ 5y, (3.2- 40)
dy dy

__ou__diy), __ 3.2- 41

7 YIS 9(y)a, ( )

e 2g(y):’|—7coslﬂ/o+& D1 G073 - HB 08/ ( H) W1 -0

310140 O +110" ( +f) ¥/!' - 0 31014 0=81/4 0=E™E7» 0 (
S0 810 " 3 ()) -2, (/F23  ( +B)-2

1 2 1 W2,
T, = oM 2006+ )+ 1,070){a3+ alcos @ (0. (3.2-42)

1 1 2 .
+§ IdyQz +_2|dygz(|1)q128|n2(g (ll)CIz)_ Idng ( 1)q15|n(g (1)1 2)
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()3

T= 2 (@) Josfaare i) @

+pILQ? +p—2' [o*(ndy{&7sin*@(.)a,)} - 201 Q[ g(y)dya, sin@ (1,

( +)-/70+)(/3 ' - 0 +

T :%{Mdf2(|1)+p5_[fZ(Y)dY}(Qf"'qg)

+%{|dxgz(|1) +pl _.’le(y)dy}{qz2 + qlzcosz © (1):]2}

(3.2- 44)
+Q2(% ly, +pILJ+%[Idyg2(|l) +p|Igz(y)dy:|{q123in2(g(|1)q2)}
—Q{Idyg(ll) +2pl jg(y)dy}{qlsin(g (1 )a,)}
§- %3 40" 81/ & O=E ":44> "¢* )
(3.2- 45)

T :%m(()&2 + q22) +QZ(—;|dy +p|Lj_Qaz (qISin(YqZ))

(2
| |
Y=g(,)2m=m+P2m =M, ?(l,)+ps| £ *(y)dy2P=1,0°(I,)+ ol [ 9°(y) dy?
0 0
|
o= 12 3, =1,9(,)+ 201 [g(y)ay 2 f(h)=sin(%j2/0+ g()=TTeos™ 1,
0
/0+ | */%1 )/ /00 +3 - (C 9 &t O/% &7
) 40 +110" ( +&) W1 - 0 310'¢& 0= 81/¢& O=E "™:E7>»>¢&0 ( -0 &t
0 " 3( /)10 /%01 9 )& O0 3 81/ 0=E ™EH "t* )

T, = m,Qdf (I, )(g, cosQt - g, sinQt) (3.2- 46)

- ,0) 260 +110" (B +) W' _ 0 31014040 () /0 0 " 3 (
)(/3 )1h)i02
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u== j R (y)cly (o + ) + -2 [otd(aira) 24D

2
- 2 h(y):% G- W3 40" 81/ & O=E ":4F> "* )
y

1, (2, 2 ;
U =§ks(q1 +q) (3.2- 48)
. ( 2ks=Ellfh2(y)dy+Fo|I92(y)dy /0+8) () 80)) 3 ( )3

81/ 4 0) =E ":41>2=E ":4H> /O+=E™:4$>/ ( -0 & 0 " 9 )i 03

( +)- 70+ )(/3 ' _ 10+ ( -0 & 0 9 NO03I ( -7

10 40V 70+ () Zi0 O * 9 )NE03 ( )/3 ) 'i*h240
)3 0 /) +1 HO/ )

3.2.7 Nonlinear Bearing

0 /460" _/'¢G 2 ( +0/-41)48330)) 3 ( /0" , @) ) (
/80" )(/3 /0 (/* [/ )T083%1/0 81/0& /& /0+8L/% /é* 31 0O (
* /40 ,6 @0 ( /1@ O / 11w & /33V) ( -/Y@0 sy
) +) /0+ ( *% /40 &0 , O 1&g/ ) +) 6O ® / &0%)
) - - )(™* OOKO /7 ) O 1/ /1T i) +1 % - 344070+
( /071 1% / /0! >, 0 W /0+ &0 = 0: ( O et.al 577B> ,0
et.al =5774> /))1_.40" %0 / +/. 40" 3 1 /0+ 1)i0" )( /80" (
* e+ (/7 N o+ 3/ 8N )1 + (+ +0/7_.41 ; 10/%
/ &0" 1/0 )( .0 * W o ,(C0 ( / ¢0" 10 /%/0!
3 9t ) (/7804 /+ (Oetal. (577940 ( )1+ 31/ )
@0 ( 10 /%/0' + ) 0) 3/ 3% 9%k )1 + th3h-.  /40%)
LA (COOKO /7 )1) OO0/)1-. +/%0 / +/. 0"3 1 /0+ (& 3%0O+0")
YW, + (/ ( +#.-.080 3 ( /0" 10 /; ! &) 3 /1 /% /0+

'/ (/0 , 0) - /10" 1 0+ & 0)280+1/7 80" (/ ()) -BI0
/)/ 31/ W - &0 Yoo WRI/202 ( +/- 0073 1) 3 (
740"/ /)1. + %O /  (1)2 ( 81/&0) 3 ( /10°3 1)/

)( ,080 ¢1 Exl/ 9 )) +40 ( 3% ,é0"
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F =k x+k z+k x"+k_ z"+C_x+C_z (3.2- 49)
F, =k, x+k,z+k x"+k,z"+C, x+C_z (3.2- 50)
,( 2n=12.2
ki/ %O / ) 80" ! 3K 0) i,j=xz
ki/ 0O®O /) 0! 3% 0)Ei,j=x2

C/ WO/ +/_ 80" 1 3% O0)ij=x2z2

1

O /1@l 2/%'Y - 00) 3 () OOKO/ 3 V)/ / _/-+ 1
( G+ , 3 +3140)40 MO , MM /80%) =/_/.
et.al57$5> ( 3 2 (  /i0"®/)1l. + (/* 11410 0KO / ) {02
JO+ WO / +/_. 80" V(/ /Y DY) M) NHI.+ ( 0 /) +3 !
3 . ( /010 ,i 0/)

F=F+F (3.2- 51)
(% %, -N) W +,4(/"0 /%) +3 1 9
oW, =[F, |oq (3.2- 52)

O (0 /M3 RN W e (N0 /R +1 +0/
G /-0 u/0+w /)W )WY _0) 3 (10 3./) 3 ( H)-
AC ) ! ( %9 +37- XY,Z2 (O ( * 1/, -2 ,@1CY) (

Yo 3 ( % W%, - )3 ( +/. 10" /0+)880)) BI1) 3 (
/40%21/0 9 ) +i3u—u+du /0+ Sw=02 "¢

W, =[-K,,u] 8u+[ -k, w] du+[ -k,u*]du (3.2- 53)
+[ kW [du+[~c,u] du+[~c, W] du

) .( w - w+dow /0+ du=02 ( 02

49




Chapter 3: Analytical Modelling of Flexible Rotor Systems

MW, =[-k,w] dw+[-k,u] 5W+[—EZVV3]5W (3.2- 54)
+[ -k, [ow+[~c, W] dw+[~c,u] dw

( "0 /M) +3 1)/ 0°/& /1) 3, -+0 ( /10" 0

¢ )3

K =Kz =0 (3.2- 55)
JO+/ 40" 81/4 0:=E":11>  81/4 0):=E ":1E> /O+=E 14> , (/*

AWy =[-k,u]u+ —k,u® |du+[-c,u] du (3.2- 56)

W) =[ kW] Sw+ | —k,W* | ow+[—-c, W] ow (3.2- 57)

) 2 O = W, +IW, (3.2- 58)
"=0"

oW =[F,Jou+[F,]ow (3.2- 59)

u-ut+ou (C oufp) v /%% 6 C C F, 1 - 00)/0+3 w- w+dw
C owd sz v /o 68 (C C F, ' - 00)2 (1) 8174 0)=E "™ IH /0+
S | S
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F, =~k x—k,x* - Cx (3.2- 60)

F, =—k,z-k,z-Cz (3.2- 61)

h 40" 81/ & 0) =E ":EF> /0+ =E ":E$> =E ":H#> /0+=E ":H5> , (/* 2

Fo = ko f (1) o=k [ T (1)) ~Co F (1) (3.2- 62)
F, =k, T (L) o~k [ F(1,)a,] —C.f(1,)d, (3.2- 63)

/) .. un 1o
ko F(1,) =k, f(,) =k (,) (3.2- 64)
K, f3(,) =k, f(1,) =k () (3.2- 65)
C,f(,)=C,f(,)=C,f(,) (3.2- 66)

(2% 072

ki (1,) =k, (3.2- 67)
k= (1,)=b (3.2- 68)
G i) =0 (3.2- 69)

O 2k 8 ( /i07)480)) ! 3UNO /0+c &) (/80" +/. (0"
I 3% 0 1 )E&160" 81/40)=E'™:H4> =E":H7>40 81/ 4 0) =E ":H™
/0+=E ":HE> ,  /i0
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Fy, =Ky —bay - ¢, (3.2- 70)
F,, = k.0, —bd; - ¢, 4, (3.2- 71)
,( 0F /0+F,/ ( , ' . 00)3 (3

( -/ Y1/ 0 +1V)/Y 4V +/%M3 V1 - 000 (
/03 1 @®®/3 1 F 4 ! +/40"Y ,(0),61(+ 02/0+
( 3 (%% 1%, -9 )0 3 81/&0=E":17> 9 04)

OW =[F,]du+[F,]ow+[F,]ov (3.2- 72)

F /). + ¥bx /1) 48 9 0/ ( 3 9 ))N0" F, 40
-) 3¢ /0+q, , (/¥ F =F.q /0+F =F,q, ) &% ( 2

F. & C /11 3V = O+#9 53 ( + &/40 3 ( /11/

3 1 > Vov+ov2 ( ove) P /%% ,6 C C F,P o 00)2) (

, 1 . 00)3(C31)9 o+
Fy = K0 ~ b — 6,8, + Fa 0y (3.2- 73)
F,, =—k0 —bd; —,g, +F..Q, (3.2- 74)

3.2.8 Equations of Motion

,/ 10" /"/0"B) 81/40)=E"5 ( -0 & 0 " w0 (
J++ 40 3=E™41>/0+=E"™:4H>/0+ () /60 O " "¥* 0  =E ":4$> /0+
10" q /0+ g, /) "0 /) +1 +0/ ) /0+ ( "0 /w)+3 1) /)
F, 70+ F,  )1%)0 ( 81/40)t0 ( 3% ,607)1) 14 0)
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3.2.8.1 Alternative Analytical Model A

0@ -+ +3%1¢0)/ /1 __ +/ +,0¢0 ( 81/:i0)
md, — Qaq,Cos( Yq,) + ka, + ba? +G,4,~ F.,q,= mdQ*sinQt (3.2- 75)
mg, + QaSqlCos(Yqz) + kq2+ bq32+qu 2~ Faal = deQZ cosQt (3,2- 76)

. 0 k=k +kla,=a,Y2Y=g(l,)=1.3252 (&) &) I/¥114/ +1)0"+/ /3 _

( 9 4. 0/ 2/0+ k&) ( /80" /%) 1330 ) ) 040"
(! -0+ 113 O ) - & )B0)) 3 ( Y(/3 10+
/40")
3 01 0+9 " %+ )/+)I1) 0 3 ( 81/ & 0)=E ":FI> /0+
=E ":FH>

3.2.8.2 Alternative Analytical Model B

0" /1- (-0 & 0 " 9 )0 81/%&0=E™:4l>/0+/ 40"
Y- /H/0% /  9%./%0 3 (3 . sinf=@ /0+ cosf= 14 /+)

1 o 1 . i
T=§m(qf+q§)+92(—zldy+ple-Qa2qlq2(Y) (3.2-77)

(1) 81/L0=E™FF> I _)

1 4. . 1 . -
T:Em(of+q§)+QZ(—2ldy+ple—Qa5q1q2 (3.2- 78)
h " /® /0" B) 81/ & 0) =E ":5 ( %0 & 0 ° "+ 0 (
/++ & 0 3=E ":F$ /0+=E ":4H>/0+ ( ) /80 O " "* O E ":4% "¢ )
( 81/t 0)

mg, — Qayq, + ka, +bas + 6,4, - F,e .= m,dQ?sinQt (3.2- 79)

mg, + Qa.g, + kg, + b} +c.q,—- F..q,= mdQ?*cosQt (3.2- 80)

53




Chapter 3: Analytical Modelling of Flexible Rotor Systems

3.2.8.3 Alternative Analytical Model C

/-60" /) /% /0% /  9%_./40 (  +% 81/%0) 10" (

&% , O
/14/1 40 ¢) @0 ( 3 sinq2=q2—§2|+§2|—+... /0+
2 4
cosq2=1—%+%—+... 9 /0+ (&0 - @1/4310'4 0) 40 81/ ¢ 0)
E ":FI> /0+ =E ":FH>  /))1_40" ( 3 9 ¢ W /% )N/ & 0)

%06 2 1 0 * W " 2/0+3 )_/#W/0%) 3q2 ( 9 /0) 0) 3 )i0q,
/0+1)q, M + -0/ + (b /+H0T - ()3 )-/H* /L0),
1/0 ./- ( / %-/&0 3 wuo" sin(Yg,)  (Yg,)/0+ cos(Yq,)
12 81/ & 0) =E ":FI>/0+=E ":FH> ( 3 12

mg, — Qayq, + ka, +bas + 6,4, - F,e .= m,dQ?sinQt (3.2- 81)
md, + Qayg, + kg, +ba + 6,4, F,ed,= m,dQ* cosQt (3.2- 82)

3.2.9 Linear Viscous Damping

/80" 8 /0040 / (0 - 00 /0+) - 9/_%)/ () &
+/.80"2 14 . + 38 80/0+/ +0/_8V+/" 0/ *)! 1) +/. i0"
0 /0 &+ /)76 02 @1 M)/ - L 0/h  * % 1E OIf1H0"
KO / *®)! 1) - =c,q>40 81/ & 0) =E ":FI>2 =E ":FH>2 =E ":F752 =E ":$#52
SE$5 /0+=ESS , * ( ( 8L/40 . + ¥/

3.2.9.1 Model A
md, + cg, — Qa,Cos( Ya,) + ka, + ba3 - F,,q,= mdQ*sinQt (3.2- 83)

md, +Cq2 +Qa5‘1COS(Yq2) + kq2+ bq32_ Fac’rq 2= deQZ cosQt (3.2- 84)
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3.2.0.2 Model B
md, +cg, — Qa g, + kg, + b} - F,,q,= mdQ*sinQt (3.2- 85)

md, +cd, + Qagg, + kg, + ba;, - F,,q,= m,dQ* cosQt (3.2- 86)

3.2.9.3 Model C
mﬁ|1"'qu_Qasqz"'kq1+bq?i_I:actql: ”LszSi”Qt (3.2- 87)

mg, +cq, + Qaq, + kg, + b} - F.,q,=m,dQ*cosQt (3.2- 88)

,C Bc®) ( +/- 0" 3% O /0+ c=c +c2 /0+ ¢ &) ( +/. 10"
1 3% 0 3 ( )(/3 WY & -/  +% 0+ Y ., (/ ( /
B 081/480) 1V 1 /0+ (. /M/)L1. )_/%/0% /  9%./4 0)

3.2.10 Parameter Estimation Procedure

Yo/ (/7. d=cb>+ ) &0t ( , /-4 +/. 10" /0+ , /-

00O / 11 41)4330 )1 3314 0) 9 4. O/ - NH10" ( /7 3
+ 1/ 33 /. W1+ HWHW/L0)3  ( MO/ )V 1) +/. (0" ! 3% O
c 2) 0#9 43 ( )&-/780 3 ( WO/ *®V 1) +/. 0"

I 3% 0> /0+3 _ 3 81L01: ) 0) )HI)3 b ) 1 )
0,0 (/23 /0 9N/iO0W*w ( /.%w1+r / ( /- 3 (
I ) 0+0"3 8101: ) 0) 11* + 0+4) 0 ( +/- 0" */41 2 /0+
( B! 3 (O0O0KO/Z& & Noww HY® ( /7.7 3 - (
0/1/43 810! w /)) - i ((/+00"00KO /& 2 (/-8
Y@ +  ( &"(0/0+80 ( 1/) 3/)3 000 OHO /& & &))@ +
( %3 ( /0k1+ 3 (YW + 04) 0 () 0°(C 3 (
00O /& =/3(/0+ -257F7> (L)2 -0 60" ( /- Wi+ /7 (
/- 70+ (3 810! )2t &) ) Ye/ 7 %/ b (
B OOMO /& ! 3%WO 3/ )) - ( + [+ )i-/&0
1 +1 g+ )18 +60 ( 3% ,80")1 ) 140

55




Chapter 3: Analytical Modelling of Flexible Rotor Systems

3.2.10.1 Nonlinearity Estimation
0" 133%0°B) 81/4¢0/)"¢* 0 = ( .) 02577B>
y+ary+by® = F cosQt (3.2- 89)

,C 2 by ( OOWO/ 114 )80)) . /0+ F & 9% /¢0
/. W1+ ( )¥EO0 3 ( OOMO / O/1/%3 8101 3% /40§
* 0

3 F ]
-t +3paz-E (3.2- 90)
“ 4 A
BI/LO=E™TH ) /+ +3 (@, 2.,( wi ( %07/ 0/1/%
3 8101 /0+ w, & ( OOWO / O/1/43 8101 ( Cow b))/

310160 3A2,QI(H () 0) /. %1+
) A0 /) )2 w, /%) 0 /7)) 1 ) OO /)8 9 1 +3 /
(/+ 00" ) 80" = ( )02 57765 3 W " /. Wi+ A & 1'()O0 /0+
+0 +/)A,, (/% ( 3% .0

_ 342 F 3.2- 91

( @y ( %) 0080/ 0/1/43 8101 ( */1 3 A /0

W01 /) +  + 1 /) + Ye(h ¢ (0! /o + 1 /0" (
9N /4 0 b * § @ /% + ) 0) /. W1+ 1/ + A = 072
57$$>. (1) ( 8L/ 4 0=E™7# 1 _ )
_ 3.2 F -
(‘)nz|(2)_(‘)2+ZbA2 n (3.2- 92)
( @b /-0/) ( )'10+00#0 / 3 810! _ /0% 14/ (0"

81/ & 0) =E ":75> /0+ =E ":7"2 b §) */¥1/ +

b Hahy-chp)  aF (3.2- 93)
3(A-A) 3AA(A+A)

@) 0 /0 + /0 9 4. 0 /) ! 0+1! + /0+ + )¢ +1¢0 0+49
[ )( Lh+ 0o + Wy /0+ Wy -0 * )2 /0+ (/
/M1/ , - 0/7) vV1_/0/%) & (C Oh  /VEN/% ,/ 34+ 043 40"

56




Chapter 3: Analytical Modelling of Flexible Rotor Systems

@WYB /) () 0) /- W1+ §)1B)@)3 - A A +110" ( )-/4
1(/0" 40 +1' + )(@340" ( 9N /& 0/. W1+ % * 4

3.2.11 Discussions

YY) - 1/0 YO+ +/* /80%)) -0 ( W))E/H) 0)

) YO + /)) . 3 81/40) ,('( W ) 9% /i0) /0+
)y 0))2,( ) 0)) 380 )/ - 40) 3 (" - Mro0o 3
( )(/3 9%/:i0)1/0 +1 /10" _/)) 10 /4/0! ) 0/0!
10440 9)) ,(0 ( 3 8101 3 9/40 +1 _/)) 10 /i/0!
1goN+ ) e ( ( O/1/43 8101 ( /10%)) - (/) * /1081
3/1 )1 ./ + ( % /80" )) .) +1 i) /40 /)
10 /4/0! ) 9N/80 ,@(Y) )0 ,(0* ( ) 40)0 3
@ /)0 _/)10 /40 10N+ +/080 /% / 3 ( J0/%)) /)
Y+ /0 9n/&0 _ ( O0+Ol 3/ +§)-8) /0" 1%/
. . 01. ( - -01. 3 ( i) 1 1% e ( /%0
/ 1 ( /0" WM+ (Co) @ 331D/0+ /1)) ( 0/ 1/
3 810N)  * Li( ) + 81/:0) 3 ( Y) -/

/10 +)) /8% 80 ( 3 W LE0" ./ &) (9 )E0) 3 ( +)-
-0 §12)(/3 -i0 412 _/)) 10 /401 -0 &1 /0+) /i0 O k) 3 (
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CHAPTER 4

APPROXIMATE ANALYTICAL AND NUMERICAL
SOLUTIONS TO THE EQUATIONS OF MOTION

4.1 Introduction
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4.3 The Method of Multiple Scales

4.3.1 Introducing the Time Scales
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4.3.3 Secular Terms to First Order Perturbation
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Table 4- 1: Data of graphs plotted

4.3.9.1 Amplitude Response Plot — without Parametri ¢ Force Term
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Figure 4-1: Amplitudes of the response as functions of the frequency at mass unbalance
m,=0.004kg and damping coefficient of 13.6 Ns/m.
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Figure 4- 2: Amplitudes of the response as functions of the frequency at mass unbalance 3m,
and damping coefficient of 13.6 Ns/m.
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Figure 4- 3: Amplitudes of the response as functions of the frequency at mass unbalance m,
and damping coefficient of 15 Ns/m.

4.3.9.2 Amplitude Response Plot — with Parametric F  orce Term
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Figure 4- 4: Amplitudes of the response as functions of the frequency at mass unbalance m,
and damping coefficient of 13.6 Ns/m with parametric force term.
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4.4.1 Results from Mathematica™
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4.4.1.1 Numerical Integration Plot- without Paramet  ric Force Term
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Figure 4- 5: Amplitudes of the response as functions of the frequency.

4.4.1.2 Numerical Integration Plot- with Parametric Force Term
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Figure 4- 6. Amplitudes of the response as functions of the frequency at the inclusion of
parametric force term.
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Figure 4- 7: Plots of response for MMS and Numerica
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4.5 Discussion of Results
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CHAPTER 5

STABILITY OF STEADY-STATE SOLUTIONS

5.1 Introduction
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_-1b b,

_p. DG (5.2- 47)
2
GG G

d,
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( 1C1.,i<'% 20)/ ) (/ ( O1- 3 )3 W opu
81/40 ,6( & /% /)b 81/ ( Ol. 31(/0" )10 )i"0 3 (
%) 1'¥1.0 3 ( / / 11 +Ho" 1@®)/7® 14 €02 ( 01))/

JO+)13%16 0 YO+ &0 (/ /# ( & 0%l ) 3 ( Y/ /! B 81/40
(* 078 /M /7)) (/M (Y 3E0) 3 N(// B 81/E0
/ Y&+ 0+ /8 ( )0 ( %) 'w.0 3 1( 7/ (*
Y&r )r0)23 /)7 %)) 270+ (D). /8 40 /% 155 (D)
( X0 3 (! 3WWEO0)WO ( %) '¥.0 3 ( 1( / 1((/0")

b.NE3W L) (4 (WY )Y 81/E0 () Y L e/
/ )2/0+ (1) ()) -810)7 4

C 3 9% 4 . /07 )) - 0T 1ON +( 2% 3WL)3 -
81/¢ 0=1 "E7> (/ n=42 ( 3

as'+as’+as’+as'+as’=0 (5.2- 48)

3 - 8174 0=1"E7P

8 =k; &=k a,=k;a=k,;a,=k, (5.2- 49)

a,>0|a,>0|4a>0 | a>0

a>0|a>0|a>0 | a>0

b>0 | b, b,

Table 5- 1: Summary of conditions for stability acc ording to Routh’s criterion
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01 2 8174 0)=l ™4 =1 ™4F>1/0 )/ +/)
b =k, - kll(k4 (5.2- 50)
b, =k, - klk(o) =k, (5.2- 51)
b,=0-0=0 (5.2- 52)
Ik
—k, - Kaks (5.2- 53)
Ty
¢, =0-(% - (5.2- 54)
b,
g =b,-20 (5.2- 55)
G

( 3 ( %-0)3(C%)1V¥L-03(C 1( /7

8, =k2 a =k,2 b1=k3_k|1<k4 2C1:k4_L 2/0+ d, =k,
: - Kks
3 k2

( 1C1.,6<'d ¢0 8L ) (/ /% ( %) '4.0 % . 0)/

W&* /0+ /g >028 k >02 k,>02 k;>02 k,>02 k;>02 ks—%>02/0+

2

k2k5
Kk,
(s

5.3.1 Stability Results

K, - >03 )/ W

( )W) 3 ( )/8 3 () /+)/ HY¥L0)/ *il) /)
10 /401 */%1 ) 3 ( 3 9 ¢ . /80%)) -/ YO0 +40 /4 1"
/0+ "1 ) 15 /0+ 1" ( Y)W ., ( (/7 *1) 3 /)
10 /400 3 L@ ( )) - 0 )/ 10074 /4% "))
+0)1 _N))10 A0V <L) i ( (b1 3% 0 */HL ) 0+ & O*/4L )
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W0+HI/0") /7 W /7 () */11)

"1 ) 1570+ M), )/ 8 "/ (O 31 3% 0)/0+ _/)) 10 /4/01 2
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_ @1 )5 /0+ 12/ J/) 10 /%0 x4l ), 0< O+ # #HH-"2
/% (1 3% O0)k k*ML)/ "/  (0< /0+ ( / 0 O
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_N) 10 /400 <L)/ (JO##ET-T2 () -0/ % W) /W
(! ™WEO0) Kk k*ML)Ys/ /7  (0< 2/0+ ( / 0O N0
1(/0" )0 ( %) '¥.0) 3 ( 1(/ /) ¥ /M ( & O/ML) A
WA

7))
A
0 /#/0!
a /i) i 0%/41 ) A =2 0) /%
= >
= pR-"S
k, = 0.000256k, = 0.077; A =-29231,=-11.15
k = 0.000256k, = 0.135; A =—475.9, 1, =—11.44
3m, ks =2.79:k, = 14.87kg=- 0.4'| A, =-10.07A, = 0.032;
k, =0.000256k, = 0.163; A =-567.7;1,=-11.58
4m, ks =3.44;k, = 18.39Ks = - 0.4 | 1, =-9.99; A, = 0.033;
k, = 0.000256k, = 0.192; A =—659.5 1, =—11.73
k. =0.000256k, = 0.221; A =—751.3, 1, = 11.87
6m, ks =4.73k, = 25.42k; = 0.1 Ay =-9.82; A, = -0.045;
k, = 0.000256k, = 0.250; A =-843.1 1, =-12.01,
7m, ks =5.38;k, = 28.94k; = 0.4 Ay ==9.72; A, = -0.0602

Table 5- 2: Discrete mass unbalance values with the ir stability indicators
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Figure 5- 1: Stability plots for k values
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CHAPTER 6

INVESTIGATION OF SYSTEMS DYNAMICS

6.1 Introduction

0 0OKO / + O/_81/% )) -) J0/%))2 9/1 )WL &O0) / (/+2 83 0
i DLh %O+ O /+H L0 § 40" 0 /0/% &1/%) Y14 0)3  ( 3 9% ¥
2~ () /0 /%) W1+ 0&)8LM/E (/%1 ( /0/%)b)
() b #10 @)1+ /7 oML 3 ( +0/-8 /30 §) 3 (
2 #) WY - 0:k-. % )2 WML /) /0+ ©B11/40 +/7 /)
/%_.1. /10* 9 00 /05 ) &) /M) 1)+ " ( i( ( / *
_0L0+3/1 i) + -0 ( 0) 10Hi0)3 1/ U
80 3/)) - 3MI0 /W81 Tl 28)  (/* 1 D) +3%I1y
H1 /0+ 10 b Ol §+ 08360 '(/ ¥ - LO/0O+ 3 /% /-0

) ) /*&+ "0 /80" ( VO+#HE&O0) ,@( 0+11 ¢ / C @ ¢
i. /0 (3 210+ ) /00" ( + O/_&) 3/0 /0/% /M - + W +
Y) - 1/0 9 0+ +31 ( 11) 1081 ) /) + 0) N/li< +

01. &/%80* )& /60) * ( /)201_. 1))3,/ 0/_. %2 Dynamics
Solver, XPPAUT 70+ AUTO /. 0" ( ) (/* 0) M3/ + )0 +3 (
/0% )) 3+0/_e/%)) ) () )3,/ ) [/r-/7) V0 -+
0 / b)) 3 8L &/2 W-& Y Yh)2 B1W&O0+//.)/0+ /10 *
9 00) ( &-/ 310140 3 () )) -+0/_t))3 ,/7 /1'-/7)Y)
3 - 01. /%0 "/740)/0+01. /%1 0801760 ( O1. «&1/%
80 /40 1(O88L )& /& /0+ %)/ w+3  ( -/; & 30 OKO /
)) ) (/7 0 /0% W/ ) W/ % 2/0+ ( /; ! t) / %./7 +
1/411%/ 40" /) 81 0! 3) %1 40)/ /"0 &+ 3 &- 0 ( ( (0o+2
( 0O1. /%1 0¢%01/7&60 1(O881L &) - % + /' /7 (C3)1&0)
/%*0)) /) 0 - / /. */W1L ) */ & )2 /M ,0" 0 310+
( #811v¢0)2/7/0+ ( /%" 3)/7% /0+10)/7 % )H&0) 1)) /0+
- =774 (/* +*% + 01. /% /0/%)) ) 3,/ 2 Dynamics, 3
' - 1/740/%01. &W/%80* )e"/60) 3)) .+ 0/_-41) 1)) et.al., =57742
5771> /0+ (0 et.al., 5774 (/* 1) + (&) ) 3,/ 3 V/%11W/ 40" &1 1/¢ 0
W/t /)2 /N0) 3/ /v 02/0+ /10* 9 00)3 / /07 3 ()W
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00 )0")) -.) 0, +it 02Dynamics 2, /%) + *% + 1)) /0+

- 0 577% (/) )o! 0 &0 1) 0 (& )1+2 ( Dynamics 2 /0+
Mathematica ™) 3 ,/7 )/ 0" _ % +(C NV 1780/ /N))3
( 8L/® /& /) )- 0) 3 311/¢0/0+ /1814 ( ®1Y40) (/
9 )N) ( 10+ 3 ()/% /0+10)/ % . &0)2,&(/0+ (1 (
00 +11%0 3 //. 13 1 )0 (" * 00" 81/40)+ *§ o+
00 (/ E

6.2 Program Code

6.2.1 Dynamics 2 Code

( Dynamics2 " /._.40" 0% 0. 0 (/)0l. 1) 9/. %) 3 _./)/0+
+33 O&/% 81/40) 1% ¢ 9/-. %) 3 W0 -/)/ ( 00 ./2
4/ /AM/WO? - /2 B /2 1NF & HY% /2 10- W
/2 0 7270+ ( &Y L0) WO/ -/ /.07 () ( HB 0wk
81/ ¢ 0) 0N+ (1/B) 14 1162  +,60B) 81/4 02 9/. %) 3 /_& OO

Y) )2 ( <)) )2 ( /2 0%/ 81740023 1 4/ +
O+11. 81/802 /7 / /. /% 91 + 13%0° 81/402 ()
81/402/0+ ( 3 '+ /0+ % 81/t¢0 - 3 ( +3%0 + 81/¢&0)

3 . (/.1 D3W LN

00.76

H(x,y) :(,o—x2+Cl,x)

/6

L(x) = px(1-x)

V' +:+/_ + O+141.6

X" +CX +C,sinx= p(C,+ cogQt])
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/ /- &1/% 91¢ + 133%0" 81/ & 06
X' +CX = x+C, (1+ psin[Qt]) x* + C,( 1+ p sifQt]) x* = ¢
' +*/0 + h 81/ & 06
X' —CX (1— xz) +C,x+Cx° = psin[Qt]

O pb) ( 9M/E0/. R1+2Q0 (
/0+C,/ /%1 0)/0)

91,/ ¢ 03 81 0! 2/0+ C,2C,

R L(Y+ &) M43 /x4 3./ )/0++H33 0 8174 0)i0 (

Dynamics 2 /.2 VP 1h+ #33 Ot 81/40) / O + 30 +
,* 2 40),L((0ODynamics2 /% , ( /+H4&0 3 ) - _/( -/ 0/
_+® (/. 1 5% 0H9 )( L) /) 0+1. 3 (
L+ (/L)Y /7 +3 (/0/5)) 3 ( '1%+HB 0w 81/40) (
/+ &) 3 + 0+9 3 ( +3%0k&0 3 ( /-1 + 1) +140
1 B2/0+ /%) 3 /)l../ 3+ /@ + 1+l )3 /+H0" ) -
H3 0% 81/:0)i0 Dynamics2 ( - +1%) 3 ( 3 9% )) -
/) +)I) +60 (/ E/J 1) +/3 ) - _ HXI/L0)3 /J0/%<i0" (
(/1 3 ( +0/.t1/%)) . 10" ( Dynamics2) 3 ,/ ( 3
, & + 4 81/40)0 ( 3 W ,0"3 _6
%+Cx-C,ycos(y )+ Cx+C,x* = p sinQt ' 6.2- 1)
y+C,y+C,xcosly +C,y+C,y° = p cosQt 6.2- 2)

~
[p)
<
I

@CZ:aS_Q@C:
m

3=

3o

6.2.1.1 Nondimensionalisation

( 81/40) 3 - &0 10/i0 +. 0RO/ //. ) /0+ 0 .,/

+100" (4 3 ( + R0 /T B W ( 81/40) 3. §0 (
YIhgr / /. ) -/ /3 Q) /40 1

3

_ 0 O+i- 0t O/
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O+.- 0% O/% O1. ) ()W) w0 */ _10( /7 1 /7)) -

O+. 0) O/8)/ & 0+ )0 1(/0° ( +0/-81) 3 C)) - ()0
D+ I /" ++%0 % (0, + N0 ( ). +0/_4/

/* 1 01. &/%)-1/ &0 /) 0))I/H0"1/0 1) + 1 0+#40 (
81/ & 0) YI/H0"2 (33 01 0+ 3 _/T0L 1+

, 001. )1/0 )i0@1/0%  +11 + YU/KO™ LG /%) +11
(' - 1780/ . ( k- t &) OO0+. 0% O/M) +  1)0" (

)) - O/1/% 3 8101 w  O+H.- 0%O/M/E0 3 (& )/ 0
81/ 4 0) =H ™5 /0+ sH™:"™> 0 +11 + ) /40" r=vJat2 ,( 2w (

o/1/%3 810" 3 (C &) -+ 3 (C 9%t )) - ( 3 2
c_d’x_  d’x  _ d I\
- dt? _d(rjz _a’drz N X(t)_wx (T)
\/Z) (6.2- 3), (6.2- 4)
x:%_i:@% 0 X(t):\/Z)X'(T)
dt d(rj r
Jow
L_diy_ d’y  _ d¥ R
y= dtz_d(sz woz 0 oyt)=wy ()
Ja (6.2- 5), (6.2- 6)
ZQ:L:\/Z)Q [l y(t)—\/Z)y'(z')
dt d(rj d
Jo

0 ) 3 ( +- 0XO0t)) 4. )W/h2 72 81/40) =H"™5 /0+ =H ">

X +~JaCX —JaC,y cos(y )+ Cx+C ¢ = p sir{ij r (6.2-7)
Jw

wy" +7aCy +JaC,X cosfy )+ Cy+C,y° = p co{%} r (6.2- 8)
w

. ( ( & ()+0 )H)HB 00 ,6( ) ! +. 0)k 0% )) &-

I UNH0" 8174 0)=H "™:F>/0+=H'™:$ w2 "t*)
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X"+CxX -C,y' cosfy + C.x+Cx° =P sif¢t) (6.2- 9)
w
y'+C,y +C,X cosy )+ C,y+C,y° :g cogat) (6.2- 10)
C C C C
’ 2C,=—42~0C,=—20C,=—329C, =2 —w
( 1 \/6_0@ 2 \/6_0@ 3 w@ 4 w@ @

( )10+ + +H0/ +33 0% 81/40)/ (O0)H &0 3%) +

+0/ +833 O0&% 81/¢40) ./-0" ( - - 1 _ /!
X =u (6.2- 11)
u' =§)sin(qa)—clu +C,vcosfy - C.x—Cx° (6.2-12)
y =v (6.2- 13)
% =§)cos@t )-Cy-C,u cosy »Cx-Cx° (6.2- 14)

6.2.2 Mathematica ™ Code

%0 / + 07 _&! 70/%)0) 3 ( 1/0 /%) 1/ ¢+ 1 1)0" (

B 01. &1/%40 "/ & (80 Mathematica™ ( “/.'+ (/) O
+*4% 43 (/) WO 10) 11402 O/ L./ "0 /&0/0+ 4. %
1/501%/ & 02/0+8) ) 0 +10 0+H9 " 33 14 /0+ 3318 O /0/% )b)

( )V O+ +  HO/ +H33 OW% 81/40)/ )W 0 , %) +
+0/ 33 0% 81/40)/)/ 8L/40)=H™55 =H™5k () %)
+ 81/40)1/0 (O 1)+ MY k. ) 0))2 (/) WO
/; 0 §)2/0+ +1E0) 3 $311/40)

6.2.3 Definition of Parameters

( /7. M1 )3 ( /v +)/ YO +40 /% H:53 (
_+FH 31 1%+ 81/740) L4 ( /0+ 4(1 ( //-. W3 _2
I ) O0HO" /M ( +//+ )i +i0 (/ )E/0+4
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Program Parameters

io 0N O/ /7. )

1330 ) /. 0" 11/ 1330 ) 91 /& 0
=0 /> 3316 O 1 - 114ib - W1+
Rs™S Rs™S Rms™2S Rm™2s™2S R_ s?2S

C,=61901.6 C,=21.9  C,=1533.7 C,=8.1510 p=12

) o _C,=0.4s"0
3 0! 3 810! 6 w=248.8rad /s@ /7 /. &3 810! 6 Q,=497.6rad /s

O+k- 0 O/% /7 /. )

1330 )) /. 0" 11/ 1330 )) 914/ 4 0

=10 /> 3318 0 ! = 14D W1+

C,=2488  C =14 C,=6.16  C,=3.28&10 P -0.048
w

Y U _C,=0.025 @=248.8/+?)) @ =497.6 /+?)

Table 6- 1: Data used for numerical simulations

6.3 Bifurcation Analysis
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i- b)) E# | 5 | # | # | "#F | 4 | O

/) 0) E# | 5 | # | # | "#F | 4 | O
w0/ 7)) E# | E# | # | # | "HE | 4 | B
BL1/ 6 0+ /-) E# | E# | # | I | SHAH | SHeH | 33
/10 *+/° 7.) E# | E# | # | \## | i | S#E#E | O

Table 6- 2: Progra m command values for Dynamic 2 Plotting

6.4 Lyapunov Exponents
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Figure 6- 1: Sketch of the change in distance betwe  en two nearby orbits used to define
Lyapunov exponent

1 HM)C L) (0 /W) + BLI/GO0H/T /) 3/ W+ ) x J0+ X, /)
/310080 3 ( 9%/&03 810 Q ( 2x& ( /- %1+ 80 (
(IKO/b+ 14070+ %, 8 ( /- %1+ €0 ( * W/h+ 140 ( 3)
4+ 0 9/.00+7 10+ ( )0/0 %O b)) MO (/ /) ( -/)
10 /800 =_p )01 /) +3 - ( *AL) 3 81 H" () 3 HM=e
( ) 0) /. W1+ )ior /)2 (O! /HV W0 e (-1
Y/A) DIE) 3 &1 4" w1 H" /M) ) ,) ( /10* 9 00)
B +3 () Vi $311/:80) 3 ( */i1) /)10 /01 ) &+
.80/ R+ 03 - (0 *f) 3 ( /10%* 9 00) )
/770 %0 (/ (W01 /) 0 /)10 0 _/-) ( (/+ 00" 33!
.0 W/

6.5 Bifurcations as Functions of Excitation Accelerati on

"1 HE) ,) ( /10* 9 00 /0+ BLY&O0+/"/.) 3/ %1+
/)10 W+ (0 /W) + 9W/40 /104 /502 ,(0 ( 9U/&0
3 810! §) 84 ( ®) -+ )0/01 38101 0 () ()N)/
L/ 0O0MO /7 )) - &) 80T 0* )&/ #2/0+3  ( (M) -

110




Chapter 6: Investigations of Systems Dynamics

. 00 G0)1/M O OKO / (. 9% /&0 /1'% /30 /0+ (
0O0KO / 11§11 3% 0 */%l ) (/* 01 /) + & ( 01 /)0 (
_/)) 10 /4/0! J/-80" ()3 - 39k 2 ( ( 3 10

+ /10 70+ 80% )&/  ( N 40,0 ()) -8 .- ) 0%

00KO / ( -/)) 10 /%01 */¥1 &) / G&N/M (0 /) + */i 1) _1igh)
3 C /NI @) /0 1/ E00Y /) ( 9%/E0*ML 7 @G(
% b+ 450" ( , /b OOHO/ )) -4 . O0OHO/ /1() 3 (
) 0) /0" _/-0" ( B! 3 ( 0OO0WO/ ) Lo/t /

o ( , i+ (LB ® B /Y)) C)) - HC. )ik
BL1/40) 1(/) ( &+ ) 0) 3 (YY) N+ 0 ()-/H)
_/)) 10 /01 &0 &1 HE/S % (- ) L, /-H 00%O/ ) 0) 0
(/ )4 W2 @11/ ) W)/ ( -/)10 /401 01 /7)) kg
/10* 9 00)3 %1 YHE/= ) 1@ ), 1/ 01/ 40 3
1/ ) ,@ ( 0/ /10* 9 00)) ,)/% - 40 ® 3 -
() "/702/7) (C ) 0 ! _ I/ W2%)) 9%/L0 /1% /400
8Lk +40 /Y( 3 ( 31 WH))HIM))*E 0 3%0+) (/ %+ -i0+) 3
Y) - - 40 %) * ( /0" 3 9N/LO/VN Y JiO*ML) () /

Y/ b )0 P+ - 802 )/ 4+ ., - L02)/ % i+ 31
S 802)/ % 8Lk & ! _1hE b+ . 402/0+1(/ ¥ - &0

"1 HE=/>)(,) ( 81178080 ( ( &O/b+ 180/ 0 W+
( 0 /%) + 9N/&O0 /1Y% 740/ / _/) 10 /#/0! 3 m, =0.004kg 2
160" ( %) -+ )0/01 3 810! *41 Q3 . /% H5 [/ /)
(/3 O _/®)+ 9 /eO0/1V % /L0*/M )3 . "# FE® ( & /)
) b +,0 0 /39 + 0 (@) ON+ + i+ 0 - &0
( */M1 3FE# ( %0+ 0 ! _)10)/ % /0+ (L ++1%)24
(¢ /7 )*L , 4B 0 *AL)i 10 @ */1 i+ 0
.80 Y _)10)/ % 803/*1 3/)/% &+ , - &0 &1 HE=>
O+ =), ( ®B11/74080 ( ( &O/ + Y40/) 10 W+
9 /4 0/ % /403 ( -/))10 /80 */%1 ) 3m, /O+ 4m, ) ! &< 4

01 /)%0" ( -/)) 10 /%01 */v1 ) ( P+ ) 0) ©B11/ )

P+ + 1 WOT /0+ 30/  V(/) /& /10* 9 00))( ., )/
Sk 02,( (k7 10%* 9 00))( LM/ M0HI/40 31(/)

111




Chapter 6: Investigations of Systems Dynamics

P+ +1WOT BLY/EO0 ) ) *+ (/3 ( W0 3
10 /%00 */41 {0 &1 H:E=+> B+, 2 4+ 31 /0+ _1hi &+
_ 40)1/0 310+3 ("6 0) 3 9N /&O/1N % /EO%/+HO" N(/)
H ) ,08/ L++1WOT BLI/E0 1 )b /HOT /)1 O0+1(/ W
8 0/3  ( R) W/ M. &0 170 /%) )y *+3 _ "1 HE
/0 &. ()) - BLVW ) @(C -1eh) 3 g+ - 202/
1. 1 (< H*4 ( /10%* 9 00 % 1112 ,QI(Y) /MK /0
OHY/L0 (/ ()) - - *) @( -Le%) 3 ( &+

"1 H4 ) ,) ( BLYE0 /) 10 W+ 0 _/%) + 9%/¢0
/U0 /0080 ( ( &O/%+ 120270+ 1)80° ( %) - + ) 0/0!
3 8100 *M12 ,(0/ //. 3! )0+ S S/
3 8100 3 .81 ( %) -+ )0/0! 3 810! */u1 01 /)0" (
_/) 10 /400 */41 )2 (0 &+ ) 0)) /0 ! ( BLY/&0
H/T /) + 0 (/0" BL/M/Ech2 L, ( 0°/& /10* 9 00)
YC,)/ % L+ . 40 (- /0)1 080 +140" ( / /. i3 1

)0 ()) M b++1HOT/O+I(/ 81 - 20) )0 40 (
Y) “2/0+ ) * 480 &1 HE2 V. )/%  @0H ) ( (

B++ 1 HOT/0+1(/ B - 2 0)2,GN(E) 10+ + ( BL1/E0) 20)
/1 /% )@ + )14E0T0) /b &+ - 0)

0! 9N /40 /1N /40 d0)40 &1 YHE/O+HA4/ )41 +3
( % 80" 3 (/) WO 80V L _/)/0+ &. % )3 /. o+ [i+
10+ ) /040" 3 ( )) -B)+0/_41)80 ( 09 )1¢0

112




Chapter 6: Investigations of Systems Dynamics

<osScoT e

~sSosoTXm

(an, =0.004 (Bin,

(Jm, @,

Figure 6- 2: Bifurcation diagrams showing amplitude as a function of Q (X-axis: QY-
axis: X, X,), where X =X, =X.
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Figure 6- 3: Lyapunov exponent and Bifurcation diag rams of amplitude as a function of the
normalised excitation acceleration in the horizonta | direction.
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direction.
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6.6 Phase Planes, Poincaré Maps and Time Plots
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6.6.1 Analysis of Phase Planes, Poincaré Maps and T  ime Plots
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6.6.1.2 At Normalised Excitation Acceleration of 40 0 (Figure 6-6):
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6.6.1.3 At Normalised Excitation Acceleration of 46 O (Figure 6-7):
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6.6.1.4 At Normalised Excitation Acceleration of 50 5 (Figure 6-8):
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6.6.1.5 At Normalised Excitation Acceleration of 61 8 (Figure 6-9) and 840
(Figure 6-10):
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Figure 6- 5: Dynamical analysis of response to norm  alised excitation acceleration at 250 in
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CHAPTER 7

EXPERIMENTAL INVESTIGATIONS

7.1 Controlling Flexible Rotor Vibration by means o f an

Antagonistic SMA/Composite Smart Bearing.

7.1.1 Introduction
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2008/03/21 14:16

(a) Antagonistic Bearing (b) Electric Motor

(c) Pulley-belt system (e) Cooling Fans

Figure 7- 2: Schematic view of Instruments used for the Antagonistic SMA/Composite Smart
Bearing experiment
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Figure 7- 3: The Antagonistic SMA/ Composite Smart Bearing Test Rig
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7.1.3 Active Bearing Concept
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Figure 7- 5: The amplitudes of disc vibration versu s excitation frequency for the right hand

side of the Antagonistic Bearing.
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Figure 7- 6: The amplitudes of disc vibration versu s excitation frequency for the left hand

side of the Antagonistic Bearing.
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7.2 Controlling Flexible Rotor Vibration by means of a

Piezoelectric Stack Exciter.

7.2.1 Introduction
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Figure 7- 7 : Close -up of the Piezoelectric Exciter

20080312

Figure 7- 8: Asse mbly of the Piezoexciter Test Rig

7.2.3 Design and Selection of Piezoexciter Componen t
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Figure 7- 9: (a) Shaft-end assembly when rotoris n ot whirling, (b) Shaft-end assembly when

rotor is whirling at maximum amplitude and (c) Free length of spring.
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Figure 7- 10: Schematic of the piezoelectric exciter.

7.2.5 Experimental Results
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7.2.6 Piezoelectric Exciter Applications
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(c) Piezoexciter activated at  Q, < 2Q,

Figure 7- 11: The amplitudes of disc vibration vers  us frequency with a spring compression
length of 20.2mm.
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APPENDIX A

A.1 Smart Material Force using Lagrange’s Equation.
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Figure A.1- 2: Sch ematic of the shafts movements.
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A.2 Mathematica Validation of Equations (3.2-75) an  d (3.2-76)
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= 1/""]= R85R $2 $]= ]8R S>>

J5?2"]-]==85R $> U=8"R $> >
W, w3R9/0.RtCalpt1 ). qiptiTy ity Uss #

. w3r9 /0w t (o2 t1l): e2taTy q2eaUss #
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57" - =85R S'U'R § >
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A.3 Linear Viscous Damping Factor.

N1 -0 3 ( / 3+ 33  H)UM/LO0) M /1000 ,/
+ 40 (/- 10 34/_.40° )0 40 ()) - 3 ( +/. 0"
W2/ 3+ w7

+/_ 0"* /40 9 )X 011/0 "t 0 ( "0 /% 81/¢% 02
X = Xe“(‘“Sin(\/l—fzaxﬂo) (A.3-1)
C 2¢8 C (/) /0%

@YWL / +/)40 &1  E:5

A.3- 1: Graphical Rep resentation of Decay

W B /A 1 L0 D)0 411+ @D +FU + /) (
O/ L/%% /8 (. 3 (C /& 3/0 , )LL) /- Ki1+) ( 9 )L 0)
3 (CH/E( B+ 0 (0 1o_)
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o= |n(ﬁ} =1|n e_&dgp(“l_fza +¢) \ (A3_ 2)
e—fw(tﬂd)gn( /1_52 t+ Td)+§0)

X2
0+ )01 ( *MA1) 3 ( MO)/ 81/h ,(O0 ( k. B N+ (
/.00 k21,2 (7 * WE0 +11)

—&ut

e Wry — O
5=||’]W:|ne‘r _fwz'd (A3 3)
. 27
1)¢10" 3 ( +/. + bt r,=—=——2 (C 9 NO03 (
w1- &2
b /& (C-0+ 1 _ O 1 _ )
5=_2" (A.3- 4)
1-¢?
@& /70 9/1 81/40
/) /H+/- 0" /4 x=x,2/0+ 0<<12) (/
fo0l (A.3- 5)

217
3Ix 0+ x,/ ) W) O0*M1 (/ 9 &- O/h+8) 01§ 0 , 0 (C -
b /vev/m /0 /0% -/ -+ o+ 10", ) * o+
/- %1+ ) , @/ 0" W)Y/ / ( +/. 0" 31! 3 ( &% %) 3 10+
9 - O0/% O ( 3W ,0") 140
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A.4 Damping Coefficient Estimation

( +/- 60" 1 3% 0 &+ 40+ 9 k. O/W2/0+ (Ve )
+ 0 ( WO/ 4/ 10" 3V &3 ( W2/0+ (0 Y&/ (
4/ 8071 30 c (BN & . ®)),AN(+ 3370+ ( 3%

Y) & 9% + ) 40" ( H)- Lk (/ /7 W0 (/--. (/. H1l+) X

JO+ X, 3 ., 1O0) e )W - 0),@(/ - N1 +/7 ( 1)

// 3 ( +1Y0° YW L0/ /+ 333 - ()l ) O
L1 8 / +)* fko )/s0+ (/< /0 3 (/- /- */i1 )
/ /-0 ( /- /- *ML ) 3 X, 0+ X,/ HAH* %) O+ # " *h)

Y Tex g (WML E0 3 ( +/- 803 1) ( + &#/L0 3
F /a4 + 1 -0 81/40= E2/0+1 0)L)&1&0 3*ML)3 X,

J0+ X, "t* )
n | X,) 3002
L( 208 (Ol. 31 M%) &) +

3#0+ ( +/- 40" 3! Chv/7eCér+1 0 *1 0=0276¢% /-
)1 )81 +%0 81L/& 0= E:I>"i%0"

g -9 0.044 (A3-7)
21T

( +/- 80"V 3R 0 §) (OVMIY +/)

Cc=2méw=13.6Ns /m (A.3- 8)
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A.5 Experimental Determination of the Value b for the Nonlinear Cubic
Stiffness Term.

( :'¢ 3@ 9 (.08 + 0 ( *M 3b3 (11
) 4330 )) S @ 9 GO0/ N+ - (+ 3 &+ 080" 11 g
OOKO /48)3 OOKO/ )) -).,N3%) 1)+ 0" (0 57$$ 0 ( 1)1/%

J/000 31/ 80 1 (9 k- 02 ( &,/ 9N +/ &) 9 4. O/
OO%O / 3 8101 3E7TH </0+ ,0( ( /& 3 () ' 1_/70%) (
/. W1+ 0%8) /) /0 +/0+ Y ++/)A with @, /)E) ) 0/0!

38100 ( 09 ) 3 ,/+.,/) HY® ( 38L0 3 914/40
YW (4% /0+0 , /. W1+ 3% /&0 A ,&(&)! ) 0H+H0"3 810!
Wy ) N @O/ 3 )% fihl ) /0+ /0 H1+) 3#5"
*§) O+ #557* %) , JI0+3 A0+ A ) Vixh x4/ )/
(01 O0* +140 - )/0+ ( *M) 3 wu2 @2 A /0+ A/
)L )41 +40 81/& 0 =E":7E>

_ 4(“43(1) _a)nzl(z)) : 4F
(A -A)  SAA(A*A)

2 Ad-1
=5.05% 16729 (A4-1)
sm
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Appendix B

APPENDIX B
B.1 Simultaneous Solution of Amplitudes p, q, r, s- without Parametric
Force Term
{, .as ,c,b} {0691 000L 2488, 219 815 10°%)
cp as r c2 q ca s 3 2a2qg 3bpiqg 3bPf

Solve[{[ 5 8 2 4 2 g 2 >3 > 2 ] 0164 0,

c q as s ¢ p casr 3 2a2p 3bgp 3bp

2 2 8 2 4 2 8 2 2 2 2 2 ] 0% 0

cr as p ¢2 s ca q Z2a’s 3brZs 3bs3

2 2 8 2 4 2 8 2 2 2 2 ] 0%4 0

c s as q c2r ca p 2a?r 3bs?r 3br

2 2 8 2 4 2 g 2 2 2 5 ] 0le4 0},
(pgrs 3]
{0.697,1,0.001°,248.8",21.9°,8.15 *"9}
{{p - ] .
0.00211902258821777 ,q 0.00041952572031022116},{p 0.0010603

879792571763 -0.0016899612702690975"
q -0.00020473606482728724 +0. 000254657775694461‘
}{p 0.0010603879792571763 +0.0016899612702690975 ,
q -0.00020473606482728724°-0.000254657775694461"
}{p 0.0075527239412491445" -0.04329451602546732 ,
q -0.04330005477589113°-0.007550667319177746
hp 0.0075527239412491445" +0.04329451602546732° :

q -0.04330005477589113 +0.007550667319177746 h
{r -0.00016644670174246828 -0.00033437589022070584" ,
S -0.0010630247650816708°-0.0016830682814302487" h

{r -0.00016644670174246828 +0.00033437589022070584" ,
s -0.0010630247650816708 +0.0016830682814302487"
h{r  0.00031931322453801616",s 0.0021284184422404335},
{r 0.04256287130820719 -0.007423398857843448" ,
S 0.007423493543825637" +0.04255585754269378"
b{r 0.04256287130820719" +0.007423398857843448" :
S 0.007423493543825637" -0.04255585754269378" }
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B.2 Simultaneous Solution of Amplitudes p, q, r, s-

with Parametric Force

Term
{, .as , 2c,b,F } {0691 0001 2488, 4976,219,815 10°,198733,0  }
Sove [

[H as r c2q cas 2a2q 3bpaq 3bq3( =2 )
{\2 2 8 2 4 2 8 2 2 2 22\(8222)(1623)q)
as c . F c F as F s\ .

G b2 om) e so) (T e s 0 ) )

F c F as Fr
(PRI 163](:05[]]] o
cq @®q c2p cap *a p 3bgp 3bp F )
[Tz 8 2 4 2 8 2 2 2 22 (8 2 3 @6 , 3
as . c F c F a F s .
(Z {l 2 ) i) {16 Cost ]} {(4 2 P 3§ 3 6 3 ) S'n[]}
F cF as Fr
({4 2 95 s P 75 3 ) Cost ])] 0
[g as r ¢ s ca s 2a’s 3brds 3bs8 P2 ,
{2 2 8 2 4 2 8 2 2 2 2 2 (@8 2 2 @36 o 3 )
as . c F c F a F s .
(Z [1 2 ] S'n”] [16 Cost ]] [(4 2 P 13 6 3 ] S'n”]
F c F as Fr
(PRI 163](:05[]]] o
[Q as s c2r c as r 2a_r,2r3b32r3br3( P2
\2 2 8 2 4 2 8 2 2 2 2 2 (@8 2 2 (16 2 3)7)
as c . F c F as F s\ .
(Z {l T) COS[]} {16 S'””} {(4 P T B R )S'n[]}
F c F as Fr
(PRI 163](:05[]]] %
(pars 3]
{0.69°,1,0.001°,248.8°,497.6°,21.9°,8.15*"9,19873 .3°,0}
{{p -894.7379882695416°-0.9729102385553624" ,
g -0.9779853527565429°+895.1785380877246° 1,
{p -894.7379882695416°+0.9729102385553624" ,
g -0.9779853527565429°-895.1785380877246" 1,
{p -0.0032642071606207228-0.03256906353255708" ,
g -0.032617320406510907°-0.0027971079970158974" 1,
{p -0.0032642071606207228+0.03256906353255708" ,
g -0.032617320406510907°+0.0027971079970158974" ,
{p -0.000012132187738244567",q -0.00003742338553602895},

{p 0.0033653530222304304" -0.03262057366766362" ,

g 0.032651548148452246" -0.0026947631597000793" }
{p 0.0033653530222304304" +0.03262057366766362" ,
g 0.032651548148452246° +0.0026947631597000793" 2
{p 895.1553564118768" -0.982031010887873" .

g 0.9779698367073695" +895.178443007957" I3
{p 895.1553564118768" +0.982031010887873" ,
g 0.9779698367073695 -895.178443007957" I3

r -0.0019614024487508972",s -0.019791428012050954},

-1.1174595304377865 *"-6,s -0.00003513406798268923

{r

{r 3.1667071803621055*"-7-0.019786282522361136"
0.00001753142221042751°-0.001714560160168787"
HWr 3.1667071803621055 **-7+0.019786282522361136"

S
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0.00001753142221042751°+0.001714560160168787"

}{r 0.001967245099456199",s 0.01982653707275483},{r 88038.13746949122
) -107213.08058734308" ,S  4145.347064433491°+4197.079934276428"
}{r 88038.13746949122" +107213.08058734308" ,S 4145.347064433491° -
4197.079934276428" HWr 105938.7465238797" +0. ,S -4145.347046889566 -
4197.079931597161° hWr 105938.7465238797°+0.",s -
4145.347046889566 +4197.079931597161" B




Appendix B

B.3 Coefficients of the Characteristic Equation

K = a0,

k = aoboE + borCOS}/lo _ a(rgnyzo + az(pa gZOS(/I 104 b2§2§ QOS‘// 1C
2w 2 2 20 2

K = a,b,C* L bLrCosyy, af a,L£osy,, bfa Sny,, agrSny ,
4ar 2w 2 2 w
_*Cosy, Sny,, , acQalosy,, , bgQaCosy , afQagosy Gosy
4 20 20 )
_brQaCospy,Sny,, b%alltga Sy 10, azgl £a sy 10, aoonZaSZCOSZ‘//lo
4w 2w 20 4af

K = b,C°l Cosy,, aLl a,4Cosy,, TI’a Cosy . Cosy ,, bgra Sny

‘ 8af Aw 4 4o
_aCTSny,, Tr’Cosy,Sny,, . [a,dny,8ny,, afRacoy ,
807 4o 4 s

+ ngZQQSCOSl/’ 10 4 aoE I_Q§5COS(,[/ 1&:081/ 10_ b !)_ a 295 QOSJ/ 2@09//10
8w’ 4af 4w
_alaQagCosy,Sny,, bgroaCosy gdny,, _bga Qagny .,
4w 4ar 4or
, 80,08y, afa,Qagosy Sy, bEa Qasny gy ,
407 4o 4
L hro’aiCosy, Cosy,, _afQalosy,Sny,
8/ 8af
L abaQ*aCosy, Sy, | abg R°aCosy Jny
4o 4ef
L hro’aiCosy, Sny, Sy, _bfQ*a'Cosy Sny
40 8af
_a,rQ%azany,,Sn%y,, N af,Qaﬁgtosi//er bQ&Losy ,,
8/ 8w’ &’
L Q%8 Cosy, Snyy, | biQ*aCosgp, Sny,,
8w’ 8w’

B-4
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K =- Cl*Cosy,Cosyy, , [*a, @1 ,£0sy ,Siny 4, TT ‘Cosy ,Fny 4,
8w 4 160/
L C ey Sny, Sny,, , ag’TQaosy,Losy
8w 16¢°
_ b0Er HZOQaSCOSVZ&:Og[I 10 _ a 6_:r algza g:ogll 13 ny 10
8w’ 8w’
_hecroacosy, Sny,, , agl a,0aCosy;,Sny,,
16 8w’
brag,Qalosy,Swy,, afa.g Qagny Sny
4w 4w
+ el aioQasg Ny, r‘(»[/10+ al a‘19252§05y 2g:052‘/’ 10
8/ 8/
_ bor a'ZOQZESZCOSZ[// 103 ny 10_ r ZQ za 5?COSV 18303 %// 1$ ny 5
8w’ 160/

bl a,Q°a;Cosy, Cosy, Sy, agl Q*aiCosy ,Cosy ,§ny

8/ 160

r *Q°a’Cosy,Cosy,LCosy, Sny + bgroa’Cosy ,giny Sny .,

164/ 160

_ala,Q%Coxy, Sny, Sy, M*Q*a‘Cosy §Siny Siny Siny

8af 16¢/
_ berQ*aiCosy, Sny,, *Q’alosy ,Sny,ny
1667 160/
_ aOEFQZQSZS nyzognzwlo + achSasscosylg:OS%/’ 10
16¢° 16
_ borQsa:COSS‘//IOS ny20 _ b(rQ Baﬁosy ZQOS@ lg r!// 10
16¢ 16°
+ aOFQSaSCOSZI/IlOS ru/log rw lO+ aOI_QSEF?COSylocog[IlOS nzw 10
16¢° 167
_ borgsaf?cog/llog ny20§ nZ[// 10 b (!—Q 35 ¥OSV 2$ n :Z/I 10
16¢° 16°
+ aOI_Qsa‘SSS nleS nS‘/IlO
16¢7
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APPENDIX C

C.1 Screen Dump of the Code for the Analysis of the Coupled Differential
Equations

DG ailes fur oy =] Pﬂ‘

Enter wector field:

LTTHCIRET-C2 Y T A eos (1. 32547 +C3 P E+CE S X 3=rho*sin (phitt)
YTTHOIAYTHC2* KT fcos (1. 3255V +C3FYHCA* YA I=rho*cos [phi*t)
yi0l=siy[l]l=t;w[2]=X"; y[3]=Y":y[4]=E; y([5]=Y;

" = 1 ! this iz time

tT 1 | this is time mod 2* pi/ phi (see window below)

3T 5]

¥1oi= w

u' := rho*sin(phi*t)-Cl*utC2*v*cos (1. 325*%y) -C3*x-C4*x™3 | EOML
v' = rho*cos(phi*t)-Cl*v-C2*u*cos (1.325%y) -C3*y-C4*y™3 | EOMZ2

t:=0sx:= 0 y:= 0 u:=0 v:=0 | Set initial conditions

XCo =4 vCo =2 ! Plot X({x-axis) ws XT(y-axis)

¥ _upper :=0.05 ¥ lower :=-0.05 ¥ upper := 4 ¥ _lower := -2

cl :=1.4 CZ2 :=0.025 Cc3 :=245.8 C4:=32500000 rhe:=0.0485

phi :=248.8

gpc = 30 ipp := 30 | Take 30 steps per 2pi/phi and plot once in 30 steps.
' If you have an autonomous system, include a line like step := .01

t = mod{t,0,2%pi/phi)

Figure C- 1: Dynamics 2 Program Code for coupled Du  ffing equations
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C.2 Specialized Code written in  Mathematica™

C.2.1 Numerical Integration

eqns=qt] +&* of § - & djJtcos[ ¥ @1k +a? [d,t *b [§,t)
—u*d* Q*sin[ O }

eqnt = ci[t] +&* qf 1 — ¢ & jtcos[ ¥ @t +a [t *b (d,t)
- u*d* Q*cos[ Q* {

)) -J i R_ 80)JJ#2 80 JI#2 0] ==02 q,[0] ==02 ¢[0] ==02

Q0] ==0"2 20,2 220142 /9 )= 0%04 2 M1/ /i 1 _/ 412
)80 /% - 1 /&2 -40" 1)L 0 - "HS

b R */%1/ RqRS?) ) -S2_2221#2 /. - 12 /. -)- 1 _/412
+0)- 1 /&2 /. / h-_ k. 2RSS

R */M1/ RQRS?) ) -S2_2a20#2 /. - 12 /. -)- 1 _/412
+i0)- 1 /812 /o / h-_d- 2RSS

C.2.2 Plotting of Poincaré Map
)) -J ™ R_ 80)JJ#2 80 JI#2X0]==02u[0] ==02V0]==02_x"2_2#2 2

( +- 10" M1 72

/9 ) 0308 2 11/ /v 1 /812 WO /i 1 _/4&12
-0" 194 0 - "#S

/ /. 8% R*ML/ RXRS2URS?) ) -S2_2#2 2% /0" - W2
/. - 12 /. / %> xRS2URSS 9 0O/M207/w

/ /. 8% R*ML/ R XRS2VRS?) ) -S2 282 2% /0" - W2
/. - 12 /. / %> XxRS2VRSS 9 0/8207/w
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)/ J10C 9 O/% 01. & +)J"#

01/ )W OR/ZY R*M/ R XR&. &+ RSS2 uRG- &+ RiSS
2)) -S2G#0L1. & 4)S2554) % R 401/ ) ) ! /i o5
/T o E#EMEL Y /0" S {-mi{2.2 2

¥ /% - b  _RC 401/L 1LODS2 9) 8O0 -{-70}2 9 )/ ho x2
U2 % % - 0 i REHSIS i 1 R2HHS'S

C.2.3 Plotting of Time plots and Phase planes
1 & OR -/9SJ ™ R_80)JJ#2 80 JJ#2 x0]==02 u[0]==02v[0]==0"72

X2U2 2777 125842 (+ - 10" M1 /2
/9 ) 0%0& 2 M1/ fho 1 /812 WRO Sho 1 /0
-0" 1)L 0  "#S0) Y5J) W1 & ORSHHHSE

_X2v'2_ 2777 125###2 (+- 107 M1 /2
/9 ) 03%0% 2 111/ /%o 1 /4812 WO o 1 _/4&n2
-0"  1E)E O - "#S0) ¥5J) %1 & ORSH##SO

For time plots

*/ (5R -0a2 -/9as6J % R */¥1/ Xt]?) #5822 _402 /92 /. -~ 1 S0
* / (RT77 1254450

For phase planes

"/ (R -80a2 _/9a$6d / /- &V % R */%1/ Xt]2u[t]?) ¥552_2 _402 _/92
9) b - )L  (@1-0 )RSS2 /. — 1 SB"/ (RTTIISH#HS

"/ R -i0a2 _/9aS6d / /. &% R */W1/  Nt]2Vt]?) 45522 _402 - /92
9) b - )L (-0 RSS2 /. - 180"/ (RTTI2GHHSE
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C.3 Dynamics 2 Commands

C.3.1 General
] 6 " (% e (Y -_./08)= "] (% L,&(- 0D
6 /1) ( /. /3 h 40" 0 +
b) /7t /W 10) ( /. 0 _/%
G 6 W C 1°C C -) ¢&- /0 _ 01)
bo W 6 1 *1). 01
b )W 611 0 1¢0 -0/ ) 3 1)/ 0 -01311 O
- 01
by /Y /W6 _ *)_. 01/0+1 0401 ) % ¢O°
b/ W 6 0) () +=0+ ) )1 Oo»>/0+/7) %140 3 /7 /.
*/41 )
o/_¢1) 6 /) ( /.
6 /0 . 01
61 /7 ) O0G! - -
6 3 )()! O
C.3.2 Colour
b FW 6+ 1 /) 141 01. 5
b $W 6401 /)
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b 7W 61( ) '41 01.

6+) W )T H 1 /b

C.3.3 Change Parameters:

6 / /. 01
bUW 6601 /) =t > (/.10 % /1.
bW 6+ 1 /) ( /. 10

b - W b (&3 EW 6 (/i

b "™ W b (&3 4w 6+ 14

C.3.4 Plotting
6 60% &/M<  1)0" 5

6604 &M< /0+4 7/

6100 1)1 0) */i* + )

6 ""h A% 4. B (/* k- 0 ( ( &< 0/%/9%)

64 ) ( /!

C.3.5 Storing Data
6 1. [/ / +)-

6 &* W1 3 _ +)-

6/++3 - +)-/++) ( W 1 0 () O

6)/* 11 +)-
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C.3.6 Lyapunov Plotting Commands
6) )O1. 3 /10* 9 00)(0sL<?2) 11 +

6 80) ('L O *Ml)3( /10* 9 00)201. )/0+
4. 0)X0 0 () O

C.3.7 Bifurcation Plotting Commands
6 $311/40 &/ /7. O1

6) ) ( O1. 3+ ) § += (&< 0 /hKO >
6) ) ( O1. 3% /)
6) M340" /0" 3 ( W@LWEO //. = " >

6% ) BLI/LO0+/ /. 0) O

63 (4"( 8L/ &1

6 / /.- */ &+
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APPENDIX D

D.1 Parametric Plots
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Figure D- 1: Parametric Plots

D.2 Calculation of Maximum Spring Force

C 79%/M% % /+0*" W/ & 0)(& P—%A&) 1) + &0 3HFO+H0" ( -/9%-1.

H) W1 .0 A2 ,( «C /7. )3 ( VMo 3) 0"/ /)
6P Y (/' 3v 3IME" 2 A=mtL,( r) ( /+1) 3 (
Y(/32E8) ( - +181) 3 W)l 3) k/0+18) ( )3 %0 ( 3#IH.

( 3 a="1 —001¢ (D-1)
AE
, J,=L,-L,=25.2mm (D-2)
40" 3, =0J,-A=25.182nm (D- 3)
"1
(0" 1 0) /70 ) ke = Fsmin =2113Nm™* (D-4)
)
( 3 Smax = ksd 532.:N (D- 5)
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