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Abstract

What is a latent variable? Simply defined, a latent variable is a variable that cannot
be directly measured or observed. A latent variable model or latent structure model is
a model whose structure contains one or many latent variables. The subject of this
thesis is the study of various topics that arise during the analysis and/or use of latent
structure models. Two classical models, namely the factor analysis (FA) model and the
finite mixture (FM) model, are first considered and examined extensively, after which
the mixture of factor analysers (MFA) model, constructed using ingredients from both
FA and FM is introduced and studied at length. Several extensions of the MFA model
are also presented, one of which consists of the incorporation of fixed observed covariates
into the model. Common to all the models considered are such topics as: (a) model
selection which consists of the determination or estimation of the dimensionality of
the latent space; (b) parameter estimation which consists of estimating the parame-
ters of the postulated model in order to interpret and characterise the mechanism that
produced the observed data; (c) prediction which consists of estimating responses for
future unseen observations. Other important topics such as identifiability (for unique

solution, interpretability and parameter meaningfulness), density estimation, and to



a certain extent aspects of unsupervised learning and exploration of group struc-
ture (through clustering, data visualisation in 2D) are also covered. We approach such
topics as parameter estimation and model selection from both the likelihood-based and
Bayesian perspectives, with a concentration on Maximum Likelihood Estimation via the
EM algorithm, and Bayesian Analysis via Stochastic Simulation (derivation of efficient
Markov Chain Monte Carlo algorithms). The main emphasis of our work is on the
derivation and construction of computationally efficient algorithms that perform well on
both synthetic tasks and real-life problems, and that can be used as alternatives to other
existing methods wherever appropriate.

This thesis is organised as follows: Chapter 1 presents a general introduction to latent
variable models, together with a brief overview of the statistical and computational
methods and tools used to study them. In chapter 2, we present a review of the factor
analysis model. We propose a new approach to model selection based on stochastic
simulation, and we suggest new ideas on a Bayesian sampling alternative to varimax
factor rotation. Chapter 3 starts with a brief review of finite mixture models, along
with a survey of some recent research in the field. However, the major part of this
chapter introduces and extensively studies the mixture of factor analysers model. More
specifically, we present a thorough analysis of the stochastic simulation treatment of
mixtures of factor analysers, with applications to both real and synthetic data, and
we offer a comparison between our approach and the existing results in the literature.
Chapter 4 extends the mixtures of factor analysers model by incorporating fixed observed
covariates into the model via the latent variables. An EM algorithm is then constructed
for parameter estimation and prediction, and the resulting scheme is tested on artificial
data. In Chapter 5, we use the assumption of conditional independence to allow our
manifest vector to be made up of variables having different distributions, and we use a
generalised linear models formulation to ease the analysis of the resulting model, and
to construct the corresponding algorithms for parameter estimation. Chapter 6 presents

our conclusion, a discussion and elements of our future research.
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Notation

Variables, Parameters and Sets

Notation
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N 4 4
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diag(my, -+ ,myk)
1,

0

AT

Description

Generic name for the input (sample) space.

Generic name for latent space.

Generic name for parameter space.

Bold letters used for random variables.

p-dimensional random variable (in column vector form).

Bold small letters used for random variates.

Bold capital letters used for sample, ie X = {1, -,z }.

Also used as data matrices, X = [&;| - |@,]" is an n X p matrix.
Complete-data matrix (contains both observed and latent data).
Set of real numbers )

k-dimensional identity matrix

k-dimensional diagonal matrix

k-dimensional vector of ones.

Generic name for one parameter.

Complete collection of model parameters.

Transpose of matrix A.

c-th column of matrix A.

r-th row of matrix A.

rc-th entry of matrix A.

Parameter set at the ¢-th iteration.

Functions, Densities and Distributions

Notation

Pr(z = a)

p(z)

Pr(xz =aly =)
p(z|6)

E [z]

V{z]

Ip(z)

Np(p,Z)
N(u,0?)

Description

Probability that @ equals a.

Probability density of the variate .

Conditional probability that & equals a given y = b.
Conditional density of & given 6.

Expectation of a Random Variable.

Variance of a Random Variable x

Indicator function value of z in the set E.
p-dimensional normal (Gaussian) distribution.
Univariate normal (Gaussian) distribution.



Ga(a, B) Gamma distribution.

Di(ay, -, o) Dirichlet distribution.
Mn(n;my, - -+, k) Multinomial distribution.
Po(n) Poisson distribution.
Bi(n, p) Binomial distribution.
Be(a, B) Beta distribution.

Ber(7) Bernoulli distribution.
Exp(6) Exponential distribution.
Wk (p, X) Wishart distribution.
L(6;X) Likelihood function.
£(0;X) Log-likelihood function.
cov(z, z) Covariance of z and z.
[z|--+] ~D(6) The full conditional distribution of  is D with parameters 0.

z ~ D) x follows distribution D with parameters 6.
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Chapter 1

Introduction

Without a measureless and perpetual uncertainty,
the drama of human life would be destroyed.
Sir Winston Churchill

1.1 What is a latent variable model?

In recent years, the analysis of latent variable models has widened its scope, extending its
ramifications from its original social sciences community to many other scientific commu-
nities such as mainstream statistics, neural networks and machine learning communities.
This intensification of interest, partly encouraged and fuelled by the availability of power-
ful computational facilities and the development of a variety of sophisticated statistical
methods, has allowed the use of latent variable models in many real-life applications
in various different fields ranging from engineering to physical and biological sciences.
The increasingly significant contribution brought in by the development of the Bayesian
paradigm has also added to the established frequentist maximum likelihood estimation
techniques, allowing the development of a great variety of methods and tools for latent
structures analysis. In order to set the ground for an introduction to the building blocks
of this vast topic, we begin this section by giving very general definitions of both a latent
variable and a latent variable model.

Definition 1: A latent variable is a variable that cannot be directly measured or ob-

served. The idea here is that such a variable has not yet manifested itself, and is therefore



CHAPTER 1. INTRODUCTION

qualified as latent as opposed to the manifest ones.

Definition 2: A latent wvariable model or latent structure model is a model whose
structure contains a set of latent variables, a set of manifest variables and a mechanism
linking the two sets of variables.

Note: It is worth pointing out here that the above definition of a latent variable model
does not make any probabilistic assumption. This rather general definition is deliberate.
In fact, it allows us to touch on deterministic models that have turned out to be latent
variable models in their own right, because of the existence of non-directly observable
variables in their structure. Very broadly speaking, we can essentially distinguish two

different classes of latent variable models.

e Probabilistic latent variable models

— Latent variable models for data reduction.

— Latent variable models for density modelling.

e Deterministic latent variable models.

1.2 Probabilistic latent variable models

Probabilistic latent variable models are the ones generally referred to in the majority of
texts on the topic. They all have in common the fact that they make probabilistic as-

sumptions. We distinguish two subclasses of such models: (a) models for data reduction

and (b) models for density modelling.

1.2.1 Latent variable models for data reduction

Latent variable models for data reduction are the subclass of models generally treated
in the mainstream texts on the topic. Latent variable modelling was originally essen-
tially a subclass of multivariate statistical analysis born from the need to condense many

variables from large-scale statistical enquiries into a much smaller number of latent con-
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structs with as little loss of information as possible.

Data reduction for interpretation: Historically, t}‘vlej‘need for latent variable mod-
elling arose from the fields of social and behavioural sc;enccs where investigators wanted
to quantify information on non-directly measurable cdnéépts such as intelligence, social
class, personality and ambition. This social science perspectlve of latent variable mod-
elling hypothesises a set of latent constructs (concepts) and then accordingly designs
an experiment consisting of manifest variables which’ can be measured and which are
related in some ways to the latent quantities of 1nterest From this perspective, the ex-
perimenter sceks to condense many observed varlable; 1n£o the fewer hypothesised latent
constructs so as to provide an interpretation (meamng) of /latent scores. In this case,
he/she is generally also interested in the characterlsatlon of the mechanism linking the
latent and manifest variables. The observed quantltles can therefore be thought of as
the effects, while the latent scores are their causes, or v1ce-versa According to this view,
manifest quantities such as high grades in Mathematlcs Phys1cs IQ tests and other
intellectual disciplines would therefore be 1nterpret<]3d as the effects of high intelligence
reflected by high scores on this latent variable named zntellzgence. It is important to note
that, in this case, the starting point of the modelling eiercise is the set of hypothetical
latent constructs (with possibly some a priori meanings and labels attached to them),
and the observed variables are just a means to this end. The source (cause) of what

we see is in reality something latent that we do not see. This cause-effect interpreta-

tion generally raises a lot of controversies, and, for that reason, we do not address it here.

Pure data reduction: Another view of latent variable modelling common to social
sciences, physical sciences and engineering uses latent scores as a convenient parsimo-
nious description (representation) of complex high—dirﬁensional observations. In fact, in
applications where observed variables are high-dimensional and assumed to be highly
correlated, it is tempting and often desirable to seek just a few uncorrelated latent vari-

ables that explain in some way all the associations existing among the initial manifest
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variables. In pattern recognition for instance, a digit only occupies a small portion of
the rectangular grid, and the essential information about a high-dimensional vector of
a handwritten digit can therefore be represented in a much lower-dimensional subspace
without much loss of information. From this perspective, the starting point of the mod-
elling exercise is the manifest variable for which we simply seek an internal parsimonious
representation. Here, no interpretation of latent scores is a priori sought!.

Note: This first class of latent variable models explain the associations among the
observed variables by making use of a concept known as the assumption or axiom of

conditional independence that we will discuss later.

Examples: Generically, there are four main types of latent variable models for data
reduction defined according to the types (continuous or categorical) of manifest and
latent variables that they model. The general classification taken from Bartholomew
(1987) is given in Table 1.1. Modern texts in multivariate statistical analysis provide a
comprehensive coverage of the above models, and we refer the reader to such references
as Lawley and Maxwell (1971), Everitt and Hand (1981), Bartholomew (1987), Anderson
(1984), Press (1972), Johnson and Wichern (1998) and Krzanowski and Marriott (1995).
There are many extensions of the above models, some of which consist of combinations
of ingredients from the generic models. von Eye and Clogg (1994) provide a collection
of articles on some relatively recent advances in the analysis of these probabilistic latent
variable models.

Link to classical statistical techniques: As we shall see later, there exist close
connections between the above data reduction latent variable models and some classical
statistical techniques. Latent variable models are similar to measurement error models
in the sense that manifest variables are modelled by a combination of latent variables
plus an error term. In fact, as we shall see later, holding the latent variables fixed in

the normal factor analysis model allows us to treat the resulting model as a multivariate

'From this perspective, no label or meaning is attached a priori to the latent constructs, but the
experimenter can always carry out an a posteriori interpretation of the latent variables once the reduction

is achieved.
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Manifest variables

Continuous Categorical

Latent | Continuous Factor Analysis Latent Trait Analysis

iabl .
Variable Categorical | Latent Profile Analysis | Latent Class Analysis

Table 1.1: Classification of latent variable models

regression model. On the other hand, as established by Everitt and Hand (1981) and
Titterington, Smith, and Makov (1985), there is a close connection between latent class
models and finite mixture models. With an ever-increasing number of real-life problems
giving rise to complex multivariate observations that can be adequately summarised by
fewer latent variables, the analysis of latent structure models has now become an integral

part of multivariate statistical analysis.

1.2.2 Latent variable models for density modelling

The concept of latent variable is also used as a convenient way to model the probabil-
ity density function of random observations assumed to be related in some way to some
other variables that are hidden (latent) and cannot therefore be directly observed. While
latent variable models for data reduction are exclusively based on multivariate observa-
tions, latent variable models aimed at density modelling can be used for both univariate

and multivariate random variables. In this case, the aziom of conditional independence

is not needed, since there is no interest in data reduction?.

Examples: Finite mixture models and Hidden Markov models fall into this category.
Gaussian Process Classifiers, as studied in Fokoué (1998) and Csaté, Fokoué, Opper,

Schottky, and Winther (2000), are also latent variable models from this subclass.

2The Mixture of Factor Analysers model that we will be studying later is a combination of both data
reduction and density modelling.
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1.3 Deterministic latent variable models

For many purists, it might seem inadequate to call these models latent variable models,
but, as we said earlier, they comply with our general definition. Deterministic models like
feedforward neural networks are now presented in some texts as latent variable models.
In fact, the hidden layer of a multilayer perceptron (MLP)? constitutes a latent space in
its own right, and the differences with the traditional latent variable models lie in the
fact that MLP’s are essentially nonlinear models and they do not have any probabilistic
assumptions attached to them.

Note: In this thesis, we restrict our focus to probabilistic latent variable models, and
especially to various aspects of factor analysis and finite mixture distributions. From

now on, all the latent variable models mentioned will be probabilistic latent variable

models.

1.4 Notation and terminology

Both manifest and latent variables are represented mathematically by random variables,
since they vary from one subject (entity) to another in a random manner. The relation-
ships between them are therefore expressed in terms of probability distributions. For
notational economy, we use &' = (zy,--- ,Ip) to denote both our p-dimensional ran-
dom manifest variable in column vector form, and its corresponding random variate or
sampled value. Similarly, 27 = (21, -+, 2;) denotes both the g-dimensional continuous
random latent variable and its corresponding random variate or sampled value. Our
categorical latent variable is denoted by y. With a slight abuse of notation, we also use
y as a vector of indicators or categories. With k categories, we have y7 = (y1,+*+, %),
where y; = 1if y = j and y; = 0 otherwise. We use A’ as a generic name for our sample
space. We use &* to denote a vector that contains the complete collection (all manifest

and all latent variables) of the variables of the models. The corresponding sample is

31t is worth pointing out here that the Neural Networks literature now has a good number of articles
treating probabilistic versions of multilayer perceptrons
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denoted by X*. For the majority of this thesis, we consider a continuous sample space,
namely X C I??. Our latent space is either categorical or continuous, or a product of
both, and is denoted by #, while ® denotes our parameter space. We use @ as a generic
name for a parameter, and @ denotes a collection of model parameters. Our samples are
denoted by bold capital letters, and, according to that, X = {x;,--- ,z,} is a sample of
n observations, while Z = {zy,- -, 2,,} is the corresponding sample of continuous latent
variables. We also use our samples as data matrices, which means that X7 = [z4|- - - |2,]
is an n x p matrix. For simplicity, we use the same p to denote the probability density
function whatever the variable. Thus, p(x) is the density of the random variate &, while
p(z) is the density of the random variate z. We adopt a similar simplification for Pr,

the probability distribution function.

1.5 Marginal density of manifest variables

By definition, a latent variable model contains both manifest and latent variables, and

we can write an expression of the joint distribution of both variables as follows:

p(x, z) = p(2)p(z|z) = p(x)p(z|x). (1.1)
The joint density in equation (1.1) will also be referred to as the complete-data density
for reasons that will become clear when we consider the statistical analysis of our models.

Since we only observe &, our inferences will be based on the marginal distribution of z.

For a continuous latent space H C IRY, the marginal density of & (also referred to as the

observed-data density) is given by
p(o) = [ ple,2)dz = | pa(alz)az. (12)
For a categorical latent space # = {1,---,k}, this marginal density of  becomes
k
p(z) =Y Pr(y = j)p(zly = j). (1.3)
i=1

For the rest of this chapter, and without loss of generality, we base our developments
on models with a continuous latent space. In many cases, the results apply mutatis

mutandis to cases where the latent space is discrete.
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1.6 Axiom of conditional independence

Given a random observation =T = (zy,- - ,I,) on p manifest variables assumed to be
correlated, our aim in latent variable modelling is to determine a set of ¢ < p uncorrelated
latent variables 27 = (21, -+ , 2,) that explain all* the associations (dependencies) among
the manifest variables. This means that, once all the g values of the z;’s are known and
held fixed, then the z;’s will be uncorrelated, since the correlations among the z;’s are
induced by the z;’s. In probabilistic terms, this means that the z;’s are conditionally
independent given the values of the z;’s. This statement is often referred to as the
assumption (or axiom) of conditional (or local) independence®. It is a fundamental
assumption of latent variable modelling when data reduction is the aim, and, as we shall
see in the following chapters, it will appear in many of our models in various different
ways. According to the conditional independence axiom, the number of latent variables

g must therefore be chosen in such a way that the conditional density of = given 2 has

the form
P

p(z|2) = [[ pi(zl2). (14)

i=1

With that, the aim of data reduction can be expressed as follows:

Given a sample X of multivariate observations, latent variable modelling es-
sentially seeks the smallest ¢, the adequate p(2) and all the p;(z;|2) such that

the marginal distribution p(z) of = has the structure

p(@) = [ o) ][ mlale)dz (1)

Note: As stated by Bartholomew (1987), it can be misleading from a pure statistical

point of view to think of the aziom of conditional independence as an assumption of the

4This is an important part of the assumption in the sense that we want the zj’s to be complete,
meaning that no extra latent variable apart from the ¢ chosen is needed to account for the assumed
correlations among the z;’s. In other words, once the ¢ latent variables are determined, any other latent
variable should be redundant.

5 As we said earlier this axiom is not needed when we simply want a convenient representation of the
density of . All we need in such a case is either equation (1.2) or equation (1.3).
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kind that could be tested empirically, because there is no way in which z can be fized®,
and therefore no way in which the independence can be tested It is better regarded as a

definition of what we mean when we say that the set of latent variables z is complete’.

RIS

1.7 Difficulties and Problems
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1.7.1 Indeterminacy and non-ldentlﬁablhty,

1
"y lx

From a given sample of observations, all that we can truly model is the marginal density

p(x) of the manifest variable, and it is obvious that for a glven value of ¢, there exist
various choices p(2) and p(z|2) such that p(z) canlbe decomposed as in equation (1.2).
In other words, such a decomposition of p(x) is not Iunl"qwlue Th1s phenomenon, known as
indeterminacy or non-identifiability, is one of the bottlepecks of latent variable modelling.

We shall address this issue in each model considered Sii;l‘)sequently.

1.7.2 Multimodality and computatlonal ‘dlfﬁcultles

Caine
In high-dimensional spaces, the surface of the hkehhood function is often likely to ex-
hibit genuine multimodality, leading to the existence of many local maxima as its natural
consequence. Besides this genuine multimodality, there is another type of potential mul-
timodality that could arise from situations where the prior distribution p(2) is symmetric
thereby causing p(z) to be invariant to permutatiqns of the indices of z. This is the
case for instance with finite mixtures. This phenomenon constitutes a serious bottleneck
for both maximum likelihood estimation and Bayesian inference. In practice, estimation

and inference in such situations require more sophisticated algorithms. We shall return

to this aspect in subsequent chapters.

8This statement is only partially true, since the use of the complete-data methods mentioned earlier
allow the imputation of hypothetical values to the latent variables throughout the iterative estimation
procedures.

"This completeness of the set of ¢ latent variables, by avoiding a more complex model with more
latent variables, can be thought of as an application of Ockham’s razor principle (Law of parsimony)
which states that unnecessarily complex models should not be preferred to simpler ones.
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1.7.3 Efficiency and interpretability

Since latent structure models may involve very high-dimensional data, the number of
parameters that characterise these models can also be very large. First of all, it is clear
that models with too many parameters are in general difficult to interpret, and are com-
putationally very intensive. Unless the number of observations is large enough to contain
sufficient items of information about the large number of parameters, the estimation of
those parameters is often inefficient and prone to over-fitting. For many models consid-
ered in our work, this complexity is often dealt with by imposing some constraints on
the parameters in order to have reduced models that are therefore easier to understand
and interpret, computationally more realistic, and also more useful in prediction. As far

as interpretability is concerned, I totally espouse Marriott (1974)’s view expressed in the

following statement:

If the results disagree with informed opinion, do not admit a simple logical interpretation,
and do not show up clearly in a graphical presentation, they are probably wrong. There
i3 no magic about numerical methods, and many ways in which they can break down.
They are a valuable aid to the. interpretation of data, not sausage machines automati-

cally transforming bodies of numbers into packets of scientific facts.

In other words, the analysis of models should produce meaningful results that can be

easily interpreted.

1.8 Goals, Issues and Applications

Fundamental to any latent structure analysis is the crucial choice of the prior distribution
of the latent variables and the conditional distribution of the manifest variables given
the latent variables. The choice of these two distributions is essentially arbitrary and
does not form part of the systematic analysis process. It consists of mere assumptions

made on the basis of expertise or sometimes for convenience, but also on the basis of
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the appropriateness of the distribution to the modelling task at hand. In practice, there
are standard established distributions that have stood the test of time and that almost
always produce satisfactory results.

If we assume that the above choice of distributions has been made, the analysis of latent

structure models involves one or many of the following issues:

e Data reduction. Essentially, data reduction is achieved through the estimation

of latent scores. Broadly speaking, we distinguish two main aspects here:

— Characterisation. The interest in this case is in estimating the latent scores
for the sample of observations used to analyse the model. It is often hoped
that the set of estimated latent scores will provide a much simpler structure,
and thereby allow an easier interpretation of the interdependence amongst
the original variables.

— Prediction. The aim in prediction is the estimation of latent scores for fu-
ture unseen observations. This often presupposes that the model has been
analysed and validated, and is being used as a device (tool) to provide intrin-
sic representation of new observations. This is particularly useful in pattern

recognition where data reduction is used as a preprocessing tool.

There are many applications of data reduction in real life, among which are the

following:

— Ezploration of group structure. It is a common practice whenever that is
reasonable, to project a high-dimensional dataset onto the plane. In general,
a scatter plot of the resulting latent scores is a data visualisation device that
can be used to explore the existence of a group structure in the population
under study. It is however fair to point out that this is not always guaranteed
to reveal the group structure, especially if a 2-dimensional latent space is not

an adequate intrinsic representation of the original manifest variables.

— Data compression. Data compression is used to reduce the amount of space

required for storing huge amounts of data. It is particularly useful in scientific
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imaging where image compression allows huge databases of images to be stored
in minimum amounts of space. Obviously, the original data are later retrieved

and recovered through a process known as reconstruction.

— Feature ertraction. Data reduction is also extensively used in pattern recog-
nition as a preprocessing tool for feature extraction. In fact, as explained by
Bishop (1995), although a certain amount of information is always lost during
the data reduction process, many classification and regression systems gener-
ally produce a better performance when the input is first projected onto its
intrinsic lower-dimensional space before actually being processed. This is par-
ticularly true if the input variables are highly correlated, since the sparseness

induced by strong correlation leads to an inefficient use of the input space.

e Density estimation. There are two main aspects of density estimation to be
considered here: sample density estimation and predictive density estimation. By
predictive density estimation in this context we have in mind the estimation of
density for unseen observations. Sample density estimation on the other hand

concerns itself with the estimation of density for the observations contained in the

sample.

e Parameter estimation. Since latent structure models are essentially parametric,
the estimation of model parameters constitutes one of the main issues of interest.
In fact, some approaches to both data reduction and density estimation require

the parameters of the model to have been estimated. There are two main ways in

which parameters are used:

— Characterisation. In many applications of latent structure modelling, the
experimenter is interested in interpreting the way in which manifest variables
affect latent variables or vice-versa, or the way in which groups of manifest
variables combine to form latent constructs. Model parameters are often used
as a way to achieve such characterisations. Such cases are frequent in social

sciences, and the analysis of the model places an emphasis on the ability
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to provide useful and meaningful parameter estimates that are as easy to

interpret as possible.

— Instrumental. There are also many applications in which parameters are sim-
ply instrumental in that they are only needed as a way to compute either
estimated latent scores or predictive density estimates. In such instances,
the experimenter simply needs a valid set of model parameters and is not

interested in interpreting them.

e Model selection. Essentially the aim here is to determine the dimension of min-
imal latent subspace. In other words model selection consists of the determination
or estimation of the smallest number of latent variables that can be used to rep-
resent the original manifest variables without much loss of information and model

the density of the manifest variables as adequately as possible.

Note: For simplicity, we have so far written the expressions of our probability density
functions without explicitly showing their dependence on a set of parameters 8. However,
since the models we are dealing with are essentially parametric and one of the main goals
in the analysis of such models is the estimation of parameters, we now include parameters

in our expressions whenever necessary.

1.9 Parameter estimation

Rigorously speaking, our complete collection of model parameters @ can be divided into
a subset of parameters for the observed part of the model, 8z, say, and a subset for the
missing part, denoted by 5. Thus, @ = {0z,6z}. For simplicity, we only insist on this

difference if the need arises. The complete-data density is therefore given by
p(z*|0) = p(x, 2|0) = p(2|0)p(z|2,0) = p(x|0)p(z|z, 0), (1.6)
and the corresponding observed-data density has the following form:

p(z|6) = /H p(z, 2|0)dz = /% p(210)p(z|z, 6)dz. L7)
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We approach all our parameter estimation tasks from both the likelihood-based and

Bayesian perspectives.

1.9.1 Observed-data likelihood and posterior

Given a sample X of independent and identically distributed observations, the observed-

data likelihood function can be written as
n
L(6;X) x p(X|0) = | [ p(=:l0), (1.8)
i=1
and, for a given prior density p(@), the observed-data posterior can be expressed as
- p(6|X) o L(6; X)p(0). (1.9)

However, in this particular setting where part of the model is latent, the marginal den-
sity over the latent variables generally leads to observed-data likelihood functions such
as (1.8) that are generally not mathematically tractable. From a likelihood-based per-
spective for instance, such likelihood functions do not allow the derivation of closed form
expressions for parameter estimates, and gradient methods like Newton-Raphson type
iterative algorithms have been used for many decades to find maximum likelihood esti-
mates. However, the main drawbacks of this class of algorithms is that they are generally
very complicated and awkward, and their convergence is often not guaranteed. From a
Bayesian perspective, posterior densities like (1.9) generally lead to intractable integrals
in high-dimensional spaces which makes it impossible to obtain closed form expressions
for the posterior averages of interest. In practice, asymptotic approximations are used
to tackle such intractabilities, but they suffer from the crucial drawback of not allowing
a systematic and objective assessment of how close approximating distributions get to
the true posterior distribution of interest.

An alternative to the use of the marginal density of the manifest variable is based on
the formulation of latent variable modelling as an incomplete-data problem where the
latent variables are treated as missing data. In this thesis, all our algorithms, from both

the likelihood-based and Bayesian perspectives, make use of this idea.
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1.9.2 Latent variable models as missing data models

Since latent variables are not observed, they can be treated as missing variables®. Latent
structure models can therefore be thought of as a subclass of missing data models, also

referred to as incomplete-data models. As we said earlier it turns out that the marginal
A-' /’ i
density of x leads to likelihood functions that are computatlonally not easy to deal

o

with. In practice, a vast body of algorithms have now been developed that avoid basing
inferences and estimations on such complicated margmal hkellhood functions, and that
instead use the complete-data density of equation (1 1) and the correspondlng complete-

data likelihood functions. The EM algorithm Dempster Lalrd and Rubin (1977) and the

Data Augmentation algorithm Tanner and Wong (1‘987) are respectwely the likelihood-

0 \ '
based and Bayesian applications of this complete- data approach "These two very popular

algorithms perform parameter estimation through 1terat1ve processes the former being

deterministic while the latter is stochastic. The key 1deas behmd those two algorithms are

3

essentially very simple and intuitive, and can be summansed in the following statement:

‘|] -“‘, oy

Solve a difficult incomplete-data problem by')repeatedly"solving a tractable

PR
o,

complete-data version of it until some convergence criterion is satisfied.

Despite the fact that these algorithms are generally slower than the ones based on
marginal densities, they have two main advantages that certainly justify their ever in-
creasing popularity: (a) They are simple and easy to write, especially for the very fre-

quently encountered exponential family of distributions; (b) Proven theorems exist that

establish their convergence.

1.9.3 Distribution of latent variables :

In practice, once x is observed, one of our main interests is to gather information about

z given x. Since the distribution of  depends on 8, information on z is obtained by

8The missingness here is systematic, unlike in other cases where the missingness arises when data
are simply not available for a given observation.
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specifying the posterior conditional density p(z|x, 8) of z given x and 8 given by
p(z|z,0) x p(z|0)p(z|z,0). (1.10)

p(z|x,0) is also called the predictive density of the missing data given 6, and plays a
central role in our complete-data algorithms since it captures one of the main ingredients
of those algorithms, namely the interdependence between the parameters @ and the
missing data z. Schafer (1997) explains the central role of p(z|z,8) as follows: when
viewed as a probability distribution it summarises knowledge about z for any assumed
value of 8, and when viewed as a function of 0 it conveys the evidence about @ contained
in z beyond that already provided by z.

Estimation of latent scores: Once p(z|z,8) is completely specified, it can be used

the compute the conditional expectation of the latent variable given & and 0 as follows:
E[z|z,0] = / zp(z|x, 0)dz. (1.11)
H

For many models like those with an assumption of normality, the integral calculation
of equation (1.11) is not necessary, and the conditional expectation E [z|, )] is easily
obtained by direct application of the properties of expectations. In general, an expression
for the conditional variance-covariance matrix of z given x is also easily derived. In the
following sections, we give details of both the EM algorithm and the Data Augmentation
algorithm, and we also touch on some of their beautiful properties that justify their
appropriateness for our context. The complete-data likelihood that they both use is

denoted by L(8; X*), and the corresponding complete-data log-likelihood is denoted by
£(0; X*).

1.10 The EM Algorithm

As we anticipated earlier, the building blocks of the EM algorithm rest on the interde-
pendence between the missing data z and the parameters 8 expressed by the central
role of the predictive density p(z|x, 8) of the missing data given 8. On the one hand, 2

contains information relevant to the estimation of 8, and, on the other hand, @ contains
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information that allows us to find likely values of 2. When only « is observed, this
interdependence between 2 and @ can be exploited to estimate 0 as follows: Choose an
initial estimate for @. (i) Fill in the missing z based on the current estimate of 6. (ii)
Re-estimate @ based on both = and the filled-in z. Iterate the two-stage scheme defined

by (i) and (ii) until the estimates converge. A pseudo-code form is as follows:

The EM Algorithm

e Choose a tolerance € and initial (¢ = 0) values 8 for the parameters.

e Repeat
o t=t+4+1

— E-step - This Expectation step compensates for the missingness by

averaging the complete-data log-likelihood of the parameters over
the probability distribution p(z|x,8®) of the latent variables 2.
Q(6]6®) =E [e(o; X*)[X, o(t)] with
E [£(6;X)[X,00)] = /H £(6,X*)p(2|z,0")dz

— M-step - This Maximisation step then performs the traditional
Maximum Likelihood principle on the above expected log-likelihood
Q(6]6™), which means determining #“*") that maximises Q(0]6®).
6+ = arggnax Q(8]6"Y)

o Until [[£(6“Y; X) — £(0“; X)|| < e or |6+ — 69)|| < |0V

As we can see, the algorithm is so intuitively appealing that it is no surprise that appli-
cations of it (not known as the EM algorithm) seem to have appeared as far back as in
1926. The generic EM algorithm, as we know it today, was made popular by Dempster,
Laird, and Rubin (1977). It is an iterative two-stage algorithm that uses its Expectation
step (E-step) to average the log-likelihood function over the distribution of the latent
variables, then uses its Maximisation step (M-step) to find current maximum likelihood

estimates of the expected log-likelihood. The EM algorithm starts from some arbitrary
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guess of parameter estimates, and then keeps repeating the E-step and the M-step until

convergence is attained.

1.10.1 Aspects and properties of the EM algorithm

Convergence and stationary values: One of the most appealing and central results
of the EM algorithm is that the sequence {O(t) ,t =0,1,2,---} converges, at least to a
local maximum.

Theorem 1.1 (Convergence and stability) Since 8%*Y is chosen so as to mazimise
Q(0|6), 8%*Y) is therefore a better estimate than 8 in the sense that its observed-data
log-likelihood is at least as high as that of 0. Successive iterations of the EM algorithm

are therefore guaranteed never to decrease £(0;X). In other words, fort = 0,1,2,---,

we always have

2(6%); X) > £(69; X) (1.12)

Elements of Proof: More details on the convergence properties of the EM sequence can
be found in such references as Dempster, Laird, and Rubin (1977) and Wu (1983). For

now, we simply present very general ideas used in the more detailed proof. In fact,

Q(0)6™) can be expressed as
Q(0]6Y) = £(6;X) + H(0]|0") + constant, (1.13)
where
H(0]6®) = / log p(z|, 0)p(z|z, 09)dz. (1.14)
The difference £(8**Y; X) — £(6; X) can therefore be expressed as
g(g(tﬂ);x) — 09 X) = Qe 19M) — Q(8®|0)
+ H(6Y|6W) — H(6"D|g"), (1.15)

In equation (1.15), the quantity Q(6*+V|0®)—Q(6®|09) is non-negative because ¢+

is by construction chosen such that

QeI ]e®) — Q(8]6W) >0 VO € ®. (1.16)
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As for the remainder of (1.15), it can be written as

p(z|z, e(t))

HOD19®Y — () 191y = /1
( I ) ( I ) Og p(le, 0(t+l))

} p(zlz,6%)dz,  (1.17)

which turns out to be the Kullback-Leibler divergence of p(z|z, 8®) from p(z|z, 8**).
It therefore follows that H(8)|8®) — H(6®+1|9®) > 0, by virtue of the non-negativity
of the Kullback-Leibler divergence, and as a result we have £(8“+Y; X)-£(6®;X) > 0. O

The stability® of the EM algorithm is one of its most attractive features and constitutes
its greatest advantage over gradient methods like Newton-Raphson for which stability is
not guaranteed.

Characteristics of estimates: For well-behaved problems, especially in cases where
the observed-data likelihood function L(8; X) is smooth, bounded from above, unimodal
and log-concave over the entire parameter space ©, the stationary (fixed) point yielded by
the algorithm is a global maximum, and the EM therefore produces the unique maximum-
likelihood estimate of @ which is the maximiser of £(0;X). However there are many
cases in practice, such as the analysis of finite mixtures, where the likelihood function
is unbounded and has many local maxima. In such ill-behaved problems, the EM does
not necessarily converge to a unique global maximum, and in fact easily gets trapped
into local maxima. There have been many extensions and variants of the EM algorithm
aimed at circumventing this crucial issue. Ueda, Nakano, Ghahramani, and Hinton
(2000)’s Split-and-Merge EM (SMEM) algorithm provides an alternative to the generic
EM in the context of the analysis of finite mixture models.

Rate of convergence: The EM algorithm is often criticised for its slow convergence.
This is due to the fact that its rate of convergence is only linear. Many variants of the
EM exist that use various schemes to accelerate the convergence of the sequence to at
least super-linear or even quadratic in some special cases. It must however be said that
in some cases this apparent slow convergence is caused by the shape of the likelihood

surface. In fact, if the likelihood surface is very flat, then successive values of 0® will

9By stability in this setting, we have in mind the monotonic convergence of the EM algorithm.
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not appreciably increase the observed likelihood, even if the values 8®) are significantly
different. It is therefore good practice to monitor both successive values of 8® and the
corresponding values of £(8®; X) to détect this type of problem.

Starting points: One of the main drawbacks of the EM algorithm is that its limiting
position is often sensitive to initial guesses. In practice; an empirical heuristic solution
to this problem is the use of many different starting values and to keep on trying until

something “reasonable” appears.

1.10.2 Further aspects of the EM algorithm

Restricted EM: As we mentioned earlier, many of our models involve a large number
of parameters. For such models efficient and meaningful parameters estimates can only
be obtained if we restrict the model by imposing some constraints on the parameters.
There has recently been some research on the use of the EM algorithm under restrictions
Dong and Taylor (1995) on the parameter space.

Maximum A Posteriori via the EM: While the EM algorithm is most often used as
a tool for computing maximum likelihood estimates, it can also be used as a Maximum
A Posteriori (MAP) technique for the computation of posterior modes. In other words,
instead of using the EM algorithm to find values of 8 that maximise the observed-data
log-likelihood £(@;X), the EM algorithm can be used to find values of  for which the
observed-data posterior p(@|X) is the highest. This is easily done by replacing the
complete-data log-likelihood £(6; X*) by the the complete-data posterior p(8|X*) =
L(0;X*)p(8) at the E-step. Since log [p(8|X*)] = £(0; X*) +log(p(0)), it can be shown

easily that the objective function to maximise at the M-step now becomes
Q"**(816) = Q(616") + log(p(6)) (1.18)

Aspects of the steps of the algorithm: While the Expectation and Maximisation
steps of the EM algorithm generally allow the derivation of closed form expressions for the
well-behaved regular exponential families of distributions, there are many applications

in practice where this is not possible. In many settings, for instance, the E-step involves
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the computation of high-dimensional integrals which méy be intractable. The Stochastic
EM algorithm is one of the variants that provides an attractive solution to this problem.
In some cases, Monte Carlo EM is a good alternative‘to the generic EM. McLachlan

and Krishnan (1997) provide a comprehensive coverage" of _.f:he EM algorithm and its
extensions. G

A
N

1.11 Inference by Stochastic Slmulatlon
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While the EM algorithm is aimed at finding max1mum hkehhood estimates of the param-
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is used in the Bayesian framework to draw samples ffrom the posterlor distribution of
\ l 15 o )/ 5 PR
parameters by stochastic simulation. Before presentlng Data Augmentatlon in greater

details, we first briefly introduce some general elements of Bayesian inference via Markov

Chain Monte Carlo. \
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1.11.1 Bayesian inference via MCMC " -
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N

The main ingredient for Bayesian inference is the posterior distribution p(8|X) of the
Lo

parameters. Unlike its deterministic likelihood-based counterparts like MLE that pro-

duce a single point estimate of the parameter of intéfeét, the Bayesian approach yields
the posterior density p(@|X), and inference is made by computing summary statistics of
the form L

E[g(6)] = /@ g(e)p(OIJC:)?iB, (1.19)

for some function g having its domain in ©, and integrable with respect to p(6|X).

Note: In the majority of cases, it turns out that th’ere.is no closed-form analytical ex-
pression for the integral of equation (1.19). Approximetions are therefore needed. There
are many ways in practice of tackling the intractability of such integrals encountered in
the Bayesian analysis of complex models. One that has been applied for many years is

the use of asymptotic approximations. However, because such approximations are not
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guaranteed to provide an accurate representation of the posterior distribution of interest,
an alternative is to construct algorithms that can simulate the posterior distribution. In
this thesis, we shall more precisely resort to Monte Carlo methods and Markov Chain

Monte Carlo algorithms to make our stochastic simulation based inferences.

1.11.2 Monte Carlo approximation

In some very few simple applications, while the integral of (1.19) remains intractable, it
is possible to fully specify p(@|X) in closed-form, and therefore to directly sample from

it, which allows one to produce a Monte Carlo estimate of (1.19), namely
E[9(8)] = 7 >_9(6"), (1.20)
t=1

where 81, ..., 0T are i.i.d samples drawn from the distribution with density p(8]X).
The most interesting (and important) result in the theory of Monte Carlo simulation is

that %ZL_I g(6"Y) is an unbiased estimate, and by the strong law of large numbers, it

converges almost surely (with probability 1) to fg ¢(8)p(6|X)d6. In other words,

Pr ( Jim, 7 35000 = /@g(o)pwlxwo) =1 (.21

1.11.3 Markov Chain Monte Carlo (MCMC)

In the analysis of latent structures, it is often the case that a closed-form expression for
p(0|X) does not exist, so that it is not possible to simulate it directly as in the above
simple Monte Carlo case. This further complication constitutes one of the bottlenecks of
the analysis of complex latent structures. Markov Chain Monte Carlo (MCMC) methods
offer a vast body of algorithms that approach posterior intractability by a stochastic

simulation of the posterior. Essentially, there are two main classes of MCMC algorithms:

the Metropolis-Hastings algorithms and the Gibbs sampler.

Definition 1.1 A Markov Chain Monte Carlo (MCMC) method for the simulation of a
distribution f is any method producing an ergodic Markov chain (O(t)) whose stationary

(equilibrium) distribution is f.
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1.11.4 General properties of MCMC algorithms

For economy of notational space, let us assume that the distribution we want to sample
from has density p(6). The key idea behind the MCMC body of algorithms can be
described as follows: since we cannot sample directly from p(@), we iteratively construct
a sequence of probability distributions having p(6) as its limit, so that draws from the
converged sequence can be assumed to be draws from p(6). The Markovian property
of the sequence is essential here, since we require the chain not to depend on its initial
state, in such a way that the state of the chain at time ¢ + 1 only depends on the state
of the chain at the previous time point ¢. The construction of such a stochastic sequence
relies heavily on the specification of a transition kernel, T, say, that allows the chain to

have the following two key properties:

e Irreducibility: The chain should be such that there is a positive probability of

visiting all other states from any given state.
e Aperiodicity: The chain should be guaranteed not to get trapped in cycles.

A chain that is both irreducible and aperiodic is said to be ergodic. In practice, a
sufficient, but not necessary condition that guarantees that p(8) is the desired invariant

distribution is the so-called detailed balance or reversibility condition.
p(0)T(6|6') = T(6'6)p(6) (1.22)

Intuitively, the reversibility (detailed balance) condition of (1.22) means that under the
target distribution p(@), the probability to go from state 8 to @', is exactly equal to the
probability to go from state @' to 6. All the MCMC samplers that we consider in our

work throughout this thesis produce ergodic chains.

1.11.5 The Metropolis-Hastings algorithm

The Metropolis-Hastings (MH) algorithm is arguably the easiest to implement of all
the MCMC algorithms. In fact, given an ”appropriately” specified proposal distribution
7(6'|0) and the target distribution with density p(8), the MH sampler moves the chain
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from state 8' to state 8’ with acceptance probability c(8®), ') := min (1 PO T @67

otherwise it remains in state 6®. A very general description of the MH sampler is given

below.

The Metropolis-Hastings Algorithm

Set 9 :=@,.
Fort=0toT -1
Simulate u ~ U[o,l]
Simulate &' ~ T7(6'|6%)
min [ 1, 2E)ITOV16) )
p(0")T(0'16Y)

Compute (68, ') :=
If u < (6", @) then
oty .= ¢’

Else
ottt .— g

End.

While the MH sampler is easy and straightforward to implement, the choice of 77(6'|0)
can have a strong bearing on the performance of the sampler. For instance, if the proposal
distribution 77(8'|0) is too different from p(8), then the chain of interest might converge
extremely slowly. More generally, it is important to find a proposal distribution such

that transitions are not of very small size and occur relatively often.

1.11.6 The Gibbs sampler

The Gibbs sampler is the second most commonly used MCMC algorithm. It is partic-
ularly adapted to situations where it is possible to derive full conditional distributions
p(0;]0_;), where 0_; is defined as 0_; = (0y,---,0,,8,41,---,60,). A very general
description of the Gibbs sampler is given below.

There are well established and proven theorems Robert and Casella (2000) that show that
the stationary distribution reached by the Gibbs sampler is indeed the target distribution

p(0) of interest. In other words, if the chain has converged after T, iterations, then

69 ~p@), Vt=T, ---,T

)
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The Gibbs sampler

Set 6 := (6, .., 6.

Fort=0to7T -1
Simulate 6%Y ~ p(6,165, 659, - .. | 69
Simulate 65%Y ~ p(6,16{4Y, 68, ...  69)

Simulate 01(-t+1) ~ p(0jl0§t+1), s ,9,(~t_+11)’ 0,('?-1, e ,91(1”)

Simulate (),(,t“) ~ p(0p|g§t+1), gét+1)’ . ,ez(’t_-i-ll)
End.

1.11.7 Simulation by completion

Definition: Given a probability density f, a density g that satisfies

/Zg(x, z)dz = f(z) (1.23)

is called a completion of f. The density g is chosen so that its full conditionals are easy

to sample from, and the Gibbs sampler is then applied on g instead of the original f.

1.11.8 The Data Augmentation algorithm

The Data Augmentation algorithm Tanner and Wong (1987) that we present in this
section is also known as the Two-stage Gibbs sampler. It is essentially a special case
of the Gibbs sampler. This idea of completion is the fundamental ingredient of the
Data Augmentation algorithm. Since p(8|X) is intractable and not easy to simulate, we
instead use a completion of it that is more tractable in the sense that its conditionals
are easy to simulate. We first remark that the observed-data posterior density p(6|X)

can be expressed as the marginal of p(8, Z|X) as follows:
p(6]X) = / p(6, Z|X)dz / L(0;X,Z)p(0)dZ (1.24)
H H

In other words, p(0,Z|X) is a completion of p(6|X). The good news here is that
the full conditional densities of p(@,Z|X), namely the predictive density of the latent
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variables p(Z|X, 8) and the complete-data posterior p(68|X, Z), are easy to simulate for
the majority of our latent structure models. Given the availability of these tractable
conditionals, Data Augmentation is essentially the application of Gibbs sampling to
(6, Z|X). To put this in the more general context of missing data problems, let V,p, oz
be our observed variable and let Vi, & 2 be our missing variable. Data Augmentation,
also known as the Imputation-Posterior algorithm, is a two-step iterative process with
each iteration alternating between (i) Imputation: drawing samples from p(Vj,is|Voss, 6)
to "augment” (fill-in or complete) the data, and then (ii) Posterior: drawing new

samples of parameters values from p(8|V,s,, Vinis) given the observed-data and filled-in

values of the missing data. Below is a pseudo-code for the algorithm.

The Data Augmentation Algorithm

e Choose a value for 8, then choose a number of iterations T and a
burn-in number T,.

e Fort=1,---,T

— I-step - Draw a value of the missing data from the conditional

predictive distribution of Vp,;;. (Augmentation)

V(t+1) ~ p(Vmial‘/obsa a(t)) (125)

mis
— P-step - Then, conditioning on V,,(:itl), draw a new set of parameters

0 from its complete-data posterior.

0+ ~ p(8|Vos,, VD) (1.26)

e Extract 0(‘),t =T,+1,--,T from the final Markov chain.

As we can see from the above algorithm, the basic idea behind the Data Augmentation
algorithm is just as intuitively appealing as the one central to the EM algorithm. In fact,
the I-step of equation (1.25) corresponds to imputing a value of the missing data Vi,

hence the term Imputation, and the P-step of equation (1.26) corresponds to drawing
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a value of 8 from a complete-data posterior, and hencé the term Posterior.

In fact, repeating steps (1.25)-(1.26) iteratively from a starting value 0 yields a stochas-
tic sequence {(6, V(w) t=1,2,-.-} which is a Mal}jkov chain that, under mild reg-
ularity conditions, has a stationary distribution with density p(0, Vinis|Voss). Such an
iterative algorithm clearly describes the steps of a tyf;féal Gibbs sampler where the
joint distribution p(8, Vinis|Voss) of the pair (6, V,m,) is :81mulated’ iteratively through
its conditionals p(Viis|0, Vobs) and p(8|Viis, Voss) untll the successive draws converge to
draws from p(0, Viuis|Voss). The very good news is that the sequence {0 : ¢t =1,2,...}
has p(0|V,s,) as its stationary distribution, which is exact]y what we want. By the same

et :,)
token, the sequence {V,,(n)s t=1,2,--+} has p( m,,lVo,,,) as its stationary distribution.
It is pretty straightforward to realise that the IP alg(:)xilthnélJ beéré a striking resemblance
to the EM algorithm, and it would be right to say that The Data Augmentatzon algorithm
is to the Bayesian what the EM algorithm is to the frf‘ng(zelntzst‘when it comes to the study
of incomplete-data problems. ' o

"I'~|'.
\\A L

1.11.9 Aspects and properties of Data \Augmentatlon

A convergence theorem: One of the stimulating features of this approach is the fact
that it is proven theoretically Robert and Casella (200‘0) that, if we assume the chain
{(6®,v®):t=1,2,-..) produced by the Data Augrﬁentation algorithm (Two-stage
Gibbs sampler) to be ergodic, then {O(t) :t=1,2,---} has p(0|Vys) as its stationary
distribution.

General advantages of stochastic simulations: As a stochastic simulation method,
Data Augmentation, unlike methods based on asymptotic approximations, offers many
advantages: (a) for the types of complex model that we consider, it is often conceptually
and computationally easier to implement than other methods; (b) instead of exploring
only an approximation, in theory it explores the entire posterior distribution, and it
converges stochastically to the true (exact) posterior distribution of interest, regardless
of the sample size and the complexity of the problem; (c) samples drawn from the

posterior distribution are available and can be used for various inferential tasks.
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Convergence: This is one of the most difficult aspects of many, if not all, MCMC
algorithms. Unlike deterministic schemes where an objective function to be optimised
offers a way to assess the convergence, the assessment of the convergence of MCMC
sequences still remains an open and difficult problem. There are many ad hoc ways in
practice to tackle this crucial issue, but many still remain mostly empirical. Besides the
difficulty to monitor and assess the convergence of MCMC sequences, there is the crucial
issue of rate of convergence. In fact, one of the main drawbacks of MCMC schemes is that
to date they are in most cases slower than their competitors, and Data Augmentation, as
a special case of Gibbs sampling, is even worse than Metropolis-Hastings type algorithms
in this context. Throughout this thesis, we have used various ways to address these two
aspects of convergence.

Mixing: While the majority of our sampling schemes are theoretically irreducible and
aperiodic and therefore ergodic, it is very common in practice to notice very poor mixing
of the chains, especially with variants of the Gibbs sampler like the Data Augmentation
algorithm. Whereas this poor mixing can be harmless in some cases, it is a serious issue
when the interest is in density estimation, since one would like in such cases to explore
the posterior surface as exhaustively as possible. In some of our analyses, we have
addressed this important issue using methods available in the literature, and adapting
them accordingly.

Storage of sample paths: Whereas the availability of sample paths offers the advan-
tage of allowing a variety of inferential tasks to be performed without extra computation,
it is fair to point out that this also constitutes one of the serious problems of MCMC
methods. In fact, as the size of the problem grows, having to store these sample paths
can quickly become a serious bottleneck. In many of our high-dimensional latent variable
models, we had to resort to a variety of methods to deal with this. In some cases, we
had to resort to on-line methods consisting of computing all our desired summaries each
time a new sample is drawn and therefore avoiding storage. In some cases, we simply
had to store only sample paths of the parameters and use the latent variable draws just

as instruments. In such cases, our random draws of latent variables are simply used to
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complete the data so as to draw new values of parameters. Only parameters are stored
for future inferential tasks, and we use closed-form expressions such as (1.11) to estimate

latent scores once parameter estimates are obtained.

1.12 Variational Approximation

In the Bayesian paradigm, the intractability of p(@|X) is also tackled through the use of
variational approximations. Although we do not use such an approach in our work, it is
useful to give a brief description of what it is.

The key idea behind variational inference can be expressed as follows: to obtain the true
posterior density p(0]|X), we need to normalise p(X|@)p(6#). When the computation of

the normalising constant is intractable, one can construct g¢(X|@, T) such that the bound
p(X10)p(6) > q(X|6, T)p(6), (1.27)

is as tight as possible, and then normalise the variational approximation g(X|8, T)p(0)
to form a proper posterior density function g(@|X, T) that makes the computation of
averages tractable. With a Gaussian prior p(@) and the choice of a Gaussian variational
form for q(X|0, T), the normalised variational distribution is also Gaussian.

Another important aspect of this method is that the normalised variational posterior
approximation g(€|X,Y) depends on the variational parameter Y. For the method to
be complete, one therefore has to specify or determine Y. This is generally done via
an optimisation procedure that finds a value of T that yields that tightest lower bound
in equation (1.27). Amongst the different approaches to finding the best variational
parameter T, there is the use of the Kullback-Leibler divergence as the objective function
for the optimisation procedure. The objective is to find a tractable approximation to
p(0|X), say g(0|X,T), such that the divergence (1.28) of q¢(€|X, T) from p(8|X) is as

small as possible.

L(q|lp) = /log[ OI(;ICXT)] q(0|X,T)dé (1.28)
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As we can see, the idea is very intuitively appealing, and has been successfully applied
to many problems in Statistical Physics, Neural Networks Fokoué (1998),Ghahramani
and Beal (2000), Machine Learning and Information Theory, just to name a few.

Once the approximating distribution is fully specified, approximate estimates of the
summary statistics of interest are then easily obtained using g¢(0|X, T) in place of p(8|X).

More specifically, the integral of (1.19) is approximated by
EGO)] = [ 9(0)a(0iX, Yo, (1.29)

where the form of ¢(8]X, T) is chosen so as to allow an analytical expression for (1.29).
As we said earlier, approximations often produce results faster than stochastic simula-
tions, but they suffer from three main drawbacks: (a) finding a suitable approximating
distribution often requires a lot of mathematical sophistication, and many commonly
used approximating schemes like mean field approximations make assumptions that can
be mathematically very convenient, but that could well be unrealistic and unreasonable;
(b) unlike MCMC methods that explore the true posterior, these methods rely on the
exploration of some approximation of it, with no guarantee of covering the posterior of
interest itself; (c) while many objective functions exist to assess the divergence of the
approximating distribution from the true distribution, only lower bounds are usually

computable, and it is therefore hard to measure how close the approximation gets to the

truth.

1.13 Model selection

Determining the dimension of the minimal latent space is one of the most fundamental
issues in latent structures analysis. In fact, it is the very starting point of the analysis,
and nothing else can be done until this dimension is either estimated or obtained from
experience or exploratory methods. It must however be stressed that model selection in
latent structures analysis is an extremely difficult problem, made even more difficult by
the weak identifiability of the models, the arbitrary nature of the probability densities

used to represent the marginal density of the manifest variables, and the subjective
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definition of what a latent dimension should be. In data reduction, for instance, it
is not always easy to find a clear-cut and objective way of deciding on what makes
a latent factor distinct. The same type of problem arises in finite mixture modelling
where deciding on what is a distinct component can become a very subjective decision.
However, despite these considerations that can sometimes turn rather philosophical,
there are many approaches to model selection that have yielded satisfactory results.
Again, we distinguish the frequentist approach from the Bayesian treatment. In this
thesis, our approach to model selection is essentially Bayesian, and more specifically
based on stochastic simulation.

The Reversible Jump MCMC (RJMCMC) algorithm Green (1995), which is a generali-
sation of the Metropolis-Hastings algorithm to parameter spaces of varying dimensions,
is a model selection algorithm based on posterior simulation. RIMCMC has been exten-
sively applied to some of the models of interest to us. It turns out that, for the models
considered in our work, the dimensions of the latent spaces can be treated as points in
a point process, thereby allowing us to approach our posterior simulation as the simula-
tion of a point process. That is why many of the ideas that we will use in this context
are borrowed from stochastic geometry and spatial statistics Barndorff-Nielsen, Kendall,
and van Lieshout (1999), Stoyan, Kendall, and Mecke (1995), where they have been
applied successfully to a wide range of problems. To be more specific, we will adopt an
approach based on the simulation of a continuous-time birth-and-death process with the
distribution of all the parameters (including the dimension) as its limiting distribution,

in the spirit of Stephens (2000) who constructed a Birth-and-Death MCMC algorithm

for model selection for finite mixtures.
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Elements of Factor Analysis

Science is the attempt to make the chaotic diversity of our sense-erperience correspond
to a logically uniform system of thought
Albert Einstein

The factor analysis model is arguably the oldest of all the latent variable models that we will be
considering throughout this thesis. To the best of our knowledge, the first development of factor
analysis was due to Charles Spearman who, while studying the correlations between test scores,
noted that many observed correlations could be accounted for by a simple model Spearman
(1904). In this chapter, we study the factor analysis model from both the likelihood-based
and Bayesian perspectives. We review the EM algorithm for factor analysis, and we explore
the possibility of a restricted EM extension for interpretability and efficiency of parameter
estimation. We also present a detailed Bayesian treatment of the model from a stochastic
simulation perspective. A new stochastic simulation method for model selection is derived
and applied to both synthetic and real-life data. The chapter also touches on ideas for a new

Bayesian sampling alternative to varimax factor rotation for interpretability and derivation of

simple structures.

2.1 Introduction

The main goal of factor analysis (FA) is to describe the covariance relationships among

many variables in terms of fewer underlying latent (unobservable) constructs represented
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by random quantities known as factors. Factor analysis is therefore a data reduction
or dimensionality reduction technique, since the number of factors is always assumed
to be far less than the number of originally observed);rariables. FA is one of the most
popular techniques for dimensionality reduction, and céﬂ be considered as an extension of
principal component analysis’ (PCA) Jolliffe (1986) \Whiie FA and PCA both attempt
to approximate the structured covariance matrix, the \approx1mat10n based on FA is
clearly more elaborate. Besides data reduction, FA is also used as a way of providing an
interpretation of the covariation among the observed val;riables, although it must be said
that such interpretations can be very subjective as they dépend on each experimenter.

FA was originally developed by psychometricians wh(;se ‘alin was to quantify and possi-
bly explain unobservable (not directly measurable) cor;ciegts iike intelligence and physical
fitness by modelling their relationship with such observable (and therefore measurable)
quantities as test scores in various disciplines. While d?i;a ;ec}ﬁction still remains impor-
tant in such a context, the ability to produce a simpie and easy to interpret structure is

i
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obviously far more important here. In general, sociéi jséiéﬂtiétéand psychologists need
to come up with an interpretation of their factor an;ﬂy&s rééhlfs.

FA has been extensively used in the Neural Networks; Machine Learning and Artificial
Intelligence communities as a probabilistic model for unsﬁpervised learning in the context
of statistical pattern recognition. In such a context, FA is a feature extraction technique
essentially used to preprocess the data in order to obtain features or special character-
istics of observed quantities. If we consider the handwritten digits recognition task for
instance, we can easily conceive that a 64-dimensional (digitised 8 x 8 picture) vector
representing one single observed character can be reduced to a far lower-dimensional in-
ternal vector since the character itself occupies only a 'tiny portion of the space allocated
for writing. In contexts like pattern recognition, FA is just a means to an end, not the
end itself, since its results (estimated factor scores) are then used for other tasks such as

classification, clustering, density estimation or even regression, to name just a few. It is

worth mentioning that FA is not used for interpretation in pattern recognition, since no

1This method is sometimes preferred over FA because of its simplicity and the fact that it does not
assume any model.
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particular meaning needs to be attached to the estimated factor scores in such a context.
We sce from the above that FA is motivated by problems of great interest to both social
scientists and physical scientists. The former carefully and purposefully design the study
and therefore select a set of variables that have a particular meaning to them. For such
scientists, it would be natural to also think of assigning meaning to the common factors.
However, for a modeller in pattern recognition solely interested in the reduced dimension
of an image, for instance, the high-dimensional observed vector of image characteristics
does not have any particular meaning, and therefore such an experimenter will not seek
any interpretation whatsoever of the estimated factor scores or factor loadings.
Whatever the objective, assuming that there are fewer factors than there are observed
variables implies that the fundamental structure of the data is no more complicated than
that of the observed variables, and the primary question in factor analysis is whether
the data are consistent with the postulated structure.

Many issues of interest in FA modelling have been extensively studied over the years
from a purely frequentist perspective. There has been a reasonable amount of research
from a Bayesian perspective recently. It must however be said that, apart from Lopes
and West (1999) and a couple of other authors, Bayesian analysis of the FA model from
a stochastic simulation perspective has not benefited from enough attention. In this
chapter, we aim at providing a coverage of that alternative perspective of Bayesian FA.
Section 2 of the current chapter provides an introduction to the orthogonal factor model,
together with the main issues of interest in factor analysis, the inferential difficulties
inherent to the structure of the FA model. Elements of solution to the most impor-
tant difficulties are also presented. The section concludes with some ingredients for
parameter estimation. Section 3 re-examines the EM algorithm for FA, while section
4 mainly deals with Bayesian parameter estimation from a stochastic simulation per-
spective. The appropriateness of Bayesian sampling is clearly presented, and efficient
Markov Chain Monte Carlo (MCMC) algorithms are derived for both the identified and
the non-identified versions of the model, with the use of suitably chosen loss functions

as a way to deal with rotation invariance. Elements of model goodness-of-fit are pre-
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sented in the Bayesian framework. Section 5 is dedicated to model selection. A brief
summary of the most popular methods used to determine (estimate) the number of com-
mon factors is given, but the main concentration is on the construction of an ergodic
Markov chain used to simulate a continuous time birth-and-death point process having
the posterior distribution of the number of common factors and the other parameters as

its equilibrium distribution. Section 6 presents examples and applications.

2.2 The Orthogonal Factor model

The factor analysis (FA) model assumes that a p-dimensional manifest random vector €
I? is made up of highly correlated variables that can be grouped by their correlations,
with variables within a particular group being highly correlated among themselves, but
having relatively small correlations with variables belonging to a different group. With
such an assumption, each group of variables can be thought of as the representation of
a single underlying construct also known as a factor or more precisely a common factor,
that is responsible for the observed correlations. The factor analysis model postulates
that @ is a linear combination of ¢ < p latent random variables z, 2, -, 2, called
common factors, plus p additional sources of variation ey, ey, - - , e, referred to as errors
or disturbances or even noise. These additional sources of variation are sometimes called
specific factors as opposed to the above common factors, since each e; is specifically
associated only with its corresponding observed variable z;. We recognise here all the

ingredients of a typical latent variable model for data reduction as defined in the previous

chapter.

2.2.1 Probabilistic construction of the FA model

In a typical setting, all we have is a sample of i.i.d. observations, and the starting point of
the statistical analysis is to assume a probability distribution for each of the observations.
The FA model traditionally assumes that our p-dimensional manifest random vector x

has a Normal distribution with mean y and covariance matrix £2. Our interest being in
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data reduction, the next fundamental step in our analysis is to find ¢, p(z) and p(x|z)
such that the distribution of = can admit a representation of the form (1.5). One such

representation is derived using results from distribution theory. In fact, if we assume
z~Ny(0,I;) and [z]2] ~ Np(@; 4 + Az, E), (2.1)

then it is straightforward to show that the marginal density p(x) of = is Gaussian with
mean g and covariance matrix @ = AAT + £, which is what we required. From now
on, we use p(z) = Ny(z;p, AAT + %) and & ~ Np(u, AAT + £) interchangeably. In
(2.1), ¥ is assumed to be a diagonal matrix. This assumption is a very crucial and
fundamental one, since it satisfies the axiom of conditional independence stated in the
previous chapter. The conditional mean E [x|z] = p + Az of & given 2 conveys the fact
that the manifest variable @ is a linear function of the latent variable z. With all the

above developments, the generative equation of the model can therefore be expressed as:
z—-—p=Az+e or z=Az+pu+te, (2.2)

which can be written in a more detailed form as

-

n—m = Anz + Az + o+ Mgz + e
Ty—2 = Iz + Anzm + 0+ Ay + e (2.3)
=y = Az + dpm o+ o 4 Az + 6
In matrix-vector form, equation (2.3) becomes
(2?1—/11\ //\11 Az e /\lq\ / \ /61\
21
Iy — 2 A1 Azt Ay e
2
= : : : : I Bl B (2.4)

\zp"l‘p} \)‘pl Aozttt Apg \ep}
The coefficient \;; is called the loading of the ith variable on the jth factor, and the matrix
A € IRPX9 is referred to as the matriz of factor loadings. p € IRP is the marginal mean

of ¢, and e € IR” is the independent disturbance vector. The FA model further assumes
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that e and z are independent, so that with e ~ N,(0,X), where & = diag(c},:-- ,072),

it is easy to see that cov(z,z) = A, and that cov(e,2) = E[ez'] = 0. With ¢ ~
Np(p, AAT + X), the orthogonal factor model implies that @ can be simply seen as
multivariate Gaussian random vector with a structured covariance matrix. This structure

of the covariance matrix of & allows us to write,
Vg =M+ 25+ + 2% + 07 = h? + 07 (2.5)

where hZ = A2, + A}, + -+ + A7, represents the portion of the variance of z; contributed
by the g common factors, while o7 is contributed by the specific factor. h? is called the
ith communality, and o? is known as the uniqueness or specific variance.

Note: In some real life applications of factor analysis, especially in such fields as sociol-
ogy, psychology, marketing research, psychometrics and education, many problems give
rise to common factors that are correlated. In such cases, cov(z) is no longer diagonal,
and the corresponding model is known as an obligue factor model. Press (1972) gives the
following example to illustrate the idea: suppose the observable vectors represent the so-
cioeconomic characteristics of buyers of a certain type of automobile. The latent factors,
though different from one another, probably all depend in some complicated way upon
the utility function of the buyer. Therefore, it is quite likely that the factor structure is
composed of mutually correlated factors. One could rightly argue that the complexity
of the oblique factor model fails to achieve the aim of factor analysis which is to derive
an elemental or simplest structure, and the argument could go as far as imagining a
further factor analytic step on the results of oblique FA aimed at reaching the simplest
possible structure. Throughout this thesis, we shall assume an orthogonal factor model.
The reader is referred to Manly (1986) and Johnson and Wichern (1998) for a simple
introduction to the orthogonal factor model. Press (1972), Everitt (1984), Anderson

(1984) and Bartholomew (1987) present a more general coverage of the topic.
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2.2.2 Issues of interest in factor analysis

Essentially, there are three mains goals in FA. Model selection consists of the determi-
nation or estimation of the adequate number of factors that can be used to represent the
original manifest variables with as little loss of information as possible; mathematically
speaking, this means finding the intrinsic dimensionalitir g of the data or the dimension
of the minimal latent subspace, such that the distribution of & can have the form (1.5).
Parameter estimation consists of estimating the parameters (especially the factor
loadings) of the postulated model in order to interpret and characterise the covariance
(association) structure of the manifest variables. Prediction has to do with estimat-
ing factor scores for future unseen observations for such purposes as data-reduction.
Estimated factor scores can be used in image compression to store high-dimensional
images that are later reconstructed. Estimated factor scores can also be used for data
visualisation in the plane (2-factor model) to explore group structures in the observed
population of interest. Psychometricians, sociologisté and educationalists are generally
interested in factor loadings as a way to explain or at least interpret the associations
(correlations) amongst some designed variables (tests grades, monthly expenses, etc.)
and their relationships to some hypothesised latent (not directly measurable) concepts
like intelligence, social class or aptitude.

However, the estimation of factor scores requires a set of model parameters, which in turn
requires some knowledge (estimate) of the number of factors. Estimating the number of

factors is therefore central, and we address it later. For now, we assume the number of

factors to be known and fixed, and we focus our attention on the other issues.

2.2.3 Identifiability, Unique Solution

Parameter estimation presupposes the existence of a unique set of parameters that char-
acterise the proposed model, so that the objective of the estimation task is to determine

that unique set of parameters 2. Unfortunately, as we shall see, our model as specified

2In some applications, the meanings of parameters are not relevant. In such cases, FA is just a means
to an end, so that all that is needed is any set of factor scores providing a valid reduced representation
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by equation (2.2) is indeterminate (unidentifiable), and does not provide a unique set

of parameters, but a multiplicity of parameter sets,"..éach related to the other by an

N

orthogonal transformation.
In fact, A has pq free parameters (factor loadings). Thé diagonal matrix ¥ has p free pa-
rameters (specific variances). We therefore have p(q+ 1) varlance-covarlance parameters

to be estimated. Now, given a sample of observations \X {ml, -+ ,&,}, our objective

is to use the 2p(p + 1) items of information prov1d(‘ed by the sample covariance matrix
to estimate our p(g + 1) unknown free parameters.\ Asilwe see, in most cases, we will
have p(g+1) > 1p(p+1), and the sample will therelfc‘)r\e? not pr0v1de enough information
to allow the estimation of a unique set of A and ./ In fact' the FA model is inherently
a non-identified model: for a given set of data, t};‘(;rg“( )f'(vi's(tsf an infinity of orthogonal

transformations of the matrix of factor loadings that would produce the same covariance

structure. To see this more clearly, let us assume ¢ > 1 and let T be any ¢ x g orthogonal

matrix, so that TTT = I''T" = I,. Then the expressmn 1n equatlon (2.2) can be written
":‘ "1&'.; ha

T—p= Az+e—AI’I‘Tz+e—A*z,+e (2.6)

AR
where A* = AT and 2* = I'T2. It is easy to see that lE [z*] =TITE[z] = 0, and that
cov[z*] = [cov (2] =TT =1I,. In other words, the factors z and 2* =T'"z have the
same statistical properties. Looking at equations (2.2) and (2.6), it is therefore impos-
sible, on the basis of observations on x, to distinguilsh‘ the matrices of factor loadings A
and A*. Moreover, @ = AAT + % = ATTTAT 4+ £ = (A*) (A*)T + £, which means, that
although different in general, A and A* both generéte the same covariance matrix §2,
and therefore the same representation of the data.

Geometrically speaking, the columns of A can be ‘\riéwed as defining the axes of the
lower-dimensional latent space (coordinate system) of factors. Since a rotation is a non-
singular orthogonal transformation, and a permutation of columns is particular type of
rotation, we say that a factor solution is invariant to permutations of axes. This feature
will be useful later when we address the estimation of the number of factors. In practice,

a unique solution is guaranteed by imposing some constraints on A so that the only valid

of the manifest vector. In such situations, one need not worry about identifiability.
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solution is the one that satisfies the constraints.

In order to achieve efficient estimation of parameters, constraints are imposed in such

a way that the number of parameters to be estimated is at most equal to the number

of items of information provided by the sample. Traditionally, there are two types of

constraint that are equivalent:

1. Constrain A to be such that ATE!A is diagonal. Since ATE~!A € IR7*9 is symmet-

ric and diagonal, %q(q — 1) of its elements are all zeros. This means that %q(q -1)

elements do not need to be estimated by the parameter estimation procedure.

This approach is used when estimation is done via a deterministic optimisation

algorithm.

2. A second approach equivalent to the above consists of preassigning values to some

entries of A as in equation (2.7). This particular lower diagonal form? of A reduces

the number of parameters to be estimated by 1g(¢—1) as above. This is the form of

constraints that we use in the Bayesian sampling framework, since its application

is straightforward.

( Al 0
A21 A22
A3 A3z
A=
A1 Ag2
\ /\p,l )‘p.2

Aq—l,l /\q—1,2 Aq—1,3

’\q,3

’\p,3

’\q—l,q-l

/\q,q—l

Ap)q_l

0
Agq

’\Psq

2.7)

In fact, to guarantee a unique solution under our constraints, all we need is to determine

g such that p(g+1) — 1q(g — 1) < 3p(p + 1), which means

(p+q) < (p—0q)

3We assume A to be full rank, so we constrain its "diagonal” elements to be nonzero.

(2.8)
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From equation (2.8) an upper bound on the number of factors that can be included in a

model is given by

(2p+1-+/8p+1). (2.9)

Note: It must be said that there are situations where solutions satisfying constraint (2.8)

g=<

B[ bt

might not provide an adequate fit for the data. In fact, given a data set, a fundamental
question (without an obvious answer) is whether there exists a matrix of factor loadings
A such that the model in equation (2.2) adequately fits the data. An exploration of this

issue and many other related topics of FA can be found in such references as Bartholomew

(1987), Everitt (1984) and Press (1972) amongst others.

2.2.4 Rotation and Interpretability

We saw earlier that applying any orthogonal transformation to the matrix of factor
loadings would yield a new matrix that would provide exactly the same representation
of the data as the non-transformed matrix. When interpretation is one of the main aims
of FA, deriving a simple structure therefore becomes very important. In such cases,
it is desirable, although not always possible, to derive a structure that would form the
grouping of observed variables into factors in a way that is as straightforward as possible.
This can be achieved for instance if the entries of the estimated matrix of factor loadings
differ appreciably (Kaiser’s varimax) amongst themselves, thereby making it easy and
straightforward to allocate a given variable to the particular group (factor) for which its

loading is very high. In this thesis, we do not use rotation to find simpler structure.

2.3 Elements of parameter estimation

If we assume that identifiability is dealt with and that the intrinsic dimensionality ¢
is known and fixed, then parameter estimation can be carried out. For the FA model,
there are many ways to approach the topic of parameter estimation, but we will focus

on Maximum Likelihood via the EM algorithm and Bayesian Estimation by stochastic



CHAPTER 2. ELEMENTS OF FACTOR ANALYSIS

simulation. The complete collection @ of parameters for the FA model is 8 = {u, A, }.
In reality, the parameter that is of great importance here is A, the matrix of factor

loadings, since the main interest is the characterisation of the covariance structure.

2.3.1 Effect of scale in estimation

It is a well known fact that, in the analysis of the relationship between two variables,
correlation is often easier and more straightforward to interpret than covariance, since
correlation is scale-invariant, and easily conveys the strength of the relationship as a
proportion. This fact explains in part the widespread use of the sample correlation
matrix instead of the sample covariance matrix as the main ingredient for fitting the
FA model. Before we embark on estimation, we first explore some aspects of this scale-
invariant estimation issue in this section. The need for scale-invariant estimation is
often justified by the fact that the units of measurement of the manifest variables can
be arbitrary. Two approaches are generally used to tackle this problem.
Preprocessing approach. The first approach consists of basing the analysis on the
correlation matrix instead of the covariance matrix. This is equivalent to standardising
the manifest variables to ensure that changes in scale have no effect on the analysis. In
practice, this means that the data actually used for the analysis are £ = Cxz, where
C = [diag(S)]‘%, and diag(S) is a diagonal matrix made up of the diagonal elements
of S, the sample covariance matrix. Theoretically, such a preprocessing of the data,
while intuitively appealing, leads to inconsistencies, especially when methods based on
the likelihood are used; in fact, the distribution of the correlation matrix is not the
same as that of the covariance matrix, which means that the results obtained after the
transformation might well not reflect the truth about the data. Fortunately, Krane
and McDonald (1978) have shown that estimates obtained this way are the maximum
likelihood estimates of the scale-invariant parameters.

Post-processing. A second approach with a more convincing theoretical foundation

consists of first estimating scale-dependent parameters A and ¥ using the sample covari-
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ance matrix, then transforming them into scale-invariant estimates A* and ©* as
A* =[diag(€)]"7A and 3 = [diag(€2)]~ S [diag(€2)]~ 7, (2.10)

where diag(fl) is a diagonal matrix made up of the diagonal elements of £ = AAT + 3.
The obvious advantage here is that one is guaranteed not to be dealing with distributions

that are inconsistent with the original assumptions.

2.3.2 A principal component analysis approach to FA

This is one of the oldest methods for obtaining rough estimates of both the number of
factors ¢ and the corresponding matrix of factor loadings A.

Estimating factor loadings. As far as A is concerned, the method basically exploits
the properties of the covariance matrix €2 to find an expression for A such that the
representation (decomposition) 2 = AAT + ¥ holds. In fact, since £ is a real symmetric
positive definite matrix, it is diagonalisable by virtue of a well known theorem of linear
algebra. This means that € can be decomposed and expressed as @ = PDPT, where D is
a diagonal matrix whose elements are the eigenvalues of 2, and P is an orthogonal matrix
whose columns are the corresponding eigenvectors of 2. Consequently, if we assume that
Y = 0 and choose A = PD3, we achieve the desired structure (representation) of 2.
The link with principal component analysis (PCA) comes from the fact, that by setting
T = 0, we do not assume a noise model as is the case in PCA, and, with A = PD%, it is
easy to see from equation (2.2) that Z =PT(z—p) = D3 z defines principal components.
Estimating the number of factors. The above choice of A still contains all the
p original dimensions. Since our aim is to reduce the dimensionality of the data, we
will only retain the ¢ < p eigenvectors corresponding to the ¢ dominant eigenvalues
(that is, those eigenvalues that are "appreciably” larger in magnitude). We first remark
that, if the above diagonalisation is done using the sample correlation matrix R, then,
if 7 = (%,+++,%,)7 is the standardised manifest variable and D = diag(dy, - ,d,), a
well known theorem of linear algebra allows us to write

Z‘V(z]) = tr(R) = tr(PDP") = tr(D) = zp:d] (2.11)
i=1 J=1
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(a) According to Kaiser’s criterion, we retain only factors with eigenvalues greater than
1. This criterion uses the identity of equation (2.11) and the fact that V(z;) = 1, and
essentially means that, unless a factor extracts at least as much variability as the equiv-
alent of one original variable, we ignore it. (b) Another criterion, which is less clear-cut,
consists of retaining only the g-factor model that explains a sufficiently high percentage

of variability. If we use the above eigenvalues, then the proportion of variability can be

measured by

dy+---+d,

di+dy+-+d, (2.12)

The above proportion of variability explained by the g-factor model can also be assessed

using the communalities. In fact, if z; is standardised, then the communality h? now

represents a percentage, since V[%] = h? + 0? = 1. Computing

2.

=1 j

q
L)

Py (2.13)
- .

therefore provides a measure of the total proportion of variability explained by the g¢-
factor model. By this criterion, if adding a new factor does not "substantially” increase
the proportion of variability explained, then that factor is deemed ”unimportant”. (c)
Finally, a graphical assessment can be carried out on the screeplot of the eigenvalues.
The number of factors is then chosen as the point where the ”elbow” occurs on the
screeplot.

Example 1: We illustrate this method of parameter estimation using a sample of

n = 200 artificial observations generated from a factor model with p =9, ¢ = 2,

0.99 0.00 0.00 0.99 0.99 0.00 0.00 0.90 0.90

0.00 0.95 0.90 0.00 0.00 0.95 0.95 0.00 0.00
T = diag(0.02,0.19,0.36,0.02,0.02,0.19,0.19, 0.36,0.36)

AT =

ut = (4.5,6.5,7.5,9.5,11.5,—11.5, -9.5, ~7.5, —6.5)

For our example, D = diag(4.62, 3.25,0.32,0.25,0.21, 0.17,0.14, 0.02, 0.02), where eigen-
values are ranked in decreasing order of magnitude. Figure (2.1) provides the corre-

sponding screeplot. For our toy problem, it is therefore obvious from the values of the
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Scree plot for FA model with p=8 and m=2

4 5 6 / 7
Decreasing order of eigenvalues .

Figure 2.1: Scree plot for an artificial FA madei With p=9andg=2

eigenvalues and the shape of the screeplot, that ¢ = 2, ,Wthh is teh correct value. We

therefore simply retain the corresponding first 2 elgenvectors to form our Apc. Setting
K e ,; gl o
to zero all those entries of the estimate of the matrix’ of factor loadmgs that are less than

0.2 for ease of interpretation, we obtain

0.978 0.000 0.000 0.976 0.975 O. 000 | O 000 0.881 0.885
0.000 -0.921 -0.866 0.000 0.000 -—0 929 ! —0 911 0.000 0.000

\ {

If we ignore the signs, the above rough estimate of ZA 1s lndeed a very good one, and
)

conveys the structure of the matrix of factor loadmgs accurately. Although this is a toy
N

/"\T

problem for which everything was known in advanc;a,"it is fair to say that this ad hoc
method provides rough estimates that in some cases can be satisfactorily accurate.

Our aim in mentioning the principal component approach to the determination of the
number of factors was simply to indicate the existence of methods other than the one
we will be mainly focusing on in this chapter. ( |

In the new edition of his book, Jolliffe (1986) dedicates the entirety of the first section
of the sixth chapter to an extensive review of methods used to determine the number of
principal components. From subsections 6.1.1 to 6.1.3, the book essentially presents the
above (a), (b) and (c) criteria in more details. The remainder of the section introduces
and describes the choice of the number of principal components using a computationally
intensive cross-validation method along the lines of Krzanowski and Marriott (1994),
and concludes with a method based on partial correlation. These last two methods are

particularly of interest to us as they are reported to work better for the determination of
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the number of factors than the estimation of the number of principal components. For
that reason, we provide a brief description of these two methods.
Cross-validatory methods: Before giving a brief description of the key ideas behind
these cross-validatory methods, it is worth mentioning that they are computationally
very intensive, like any other method based on cross-validation. Unlike all the methods
described earlier that are based of the eigenvalue decomposition of the sample correlation
matrix, these cross-validatory methods are based of the data matrix X and used proce-
dures similar to the Singular Value Decomposition (SVD) of the data matrix X. The
key idea is to predict each element &;; of X from an equation like the SVD, but based on
a submatrix of X that does not include z;;. Wold (1978) and Eastment and Krzanowski
(1982) developed two of these cross-validatory approaches to the determination of the
number of PCs. The number of terms in the estimate of X corresponding to the number
of PCs is successively taken as 1,2,3,---, and so on, until the overall prediction of the
x;;’s is no longer significantly improved by the addition of extra PCs. Both Wold (1978)
and Eastment and Krzanowski (1982) suggest that the number of PCs to be retained,
g, can be taken to be the minimum number necessary for adequate prediction. In this
regard, they both use the PREdiction Sum of Squares (PRESS), which is the sum of
squared differences between predicted and observed ;;, namely,
n
PRESS(g) = > (&% — z;)) (2.14)
i=1 j=1

Partial correlation: The method of partial correlation that we briefly present here

was first proposed by Velicer (1976). The criterion suggested is the average of the squared

partial correlations,

*

=Y Z s (2.15)

i=1i#£j j=1

where r}; is the partial correlation between the ith and jth variables, given the first ¢
principal components(PCs). The statistic rj; is defined as the correlation between the
residuals from the linear regression of the ith variable on the first ¢ PCs. It therefore

measures the strength of the linear relationship between the ith and jth variables, after
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removing the common effect of the first ¢ PCs. Velicer (1976) suggests that the optimal
value of ¢ corresponds to the minimum value of the criterion. What makes this method
even more relevant to our context is the fact that it is reported to perform reasonably
well on deciding the number of factors in factor analysis. Another method based on
partial correlation is proposed by Beltrando (1990) who, instead of choosing ¢ such that
V is minimised, rather selects g for which the number of statistically significant elements
in the matrix of partial correlations is minimised.

Readers inclined to know more about the above mentioned methods are referred to the

corresponding references for a more detailed coverage of the topic.

2.3.3 Expression of the likelihood function

In both the frequentist and the Bayesian frameworks, we will need the likelihood function
in order to perform our parameter estimation. Depending on the method of estimation

that we intend to use, there are two ways of dealing with the likelihood function:

e Observed-data likelihood: if we choose to integrate the latent variables out,
then we can deal with the marginal distribution of the manifest variable & ~
N (u, AAT + £), and form the likelihood from the corresponding marginal density.

Given the ii.d. sample X = {z;,---,x,}, the observed-data likelihood in this

case is therefore given by

L(8:X) o [AAT+ £ F exp | ~3 D (2~ ) (AAT +2) i - )| (2.16)

=1

As we said earlier, the observed-data likelihood is often not easy to deal with math-

ematically, and, for that reason, we will not use it in our estimation procedures.

e Complete-data likelihood: As we anticipated in the previous chapter, most
of our methods are based on the incomplete-data formulation of latent variable
modelling, and the complete-data is therefore our main ingredient. Given the
complete-data sample X*, the complete-data likelihood is given by

L(0;X") ox 2 Fexp |2 3 (e = Az = S @i~ Az — )|, (217)

1=1



CHAPTER 2. ELEMENTS OF FACTOR ANALYSIS

and the corresponding complete-data log-likelihood £(@; X*) is given by

n n n
£6;X*) = --’25 log |=| — -;-Z tr[E7'ea]] + ) [Tz + ) [27 571y
" =1 . . i=1 1 . i=1
- Z [uTZ‘lAz,-] ~5 Ztr [ATE‘IAziz,T] ~3 pTE . (2.18)
i=1 i=1 i=1

Note: It turns out that the use of the complete-data likelihood allows the derivation
(construction) of efficient and easy-to-implement estimating procedures in both the fre-

quentist and Bayesian frameworks.

2.3.4 Multivariate Linear Regression Formulation

The complete-data formulation of the FA model, by providing the conditional distribu-
tion of @ given 2z, allows its analysis to be tackled as a multivariate linear regression
problem. In fact, if we define & = & — 4 = Az + e, then for a given complete-data

sample X*, equation (2.2) is equivalent to
X = ZAT+E, (2.19)

where £ = (e;,---,en)7 is the n x p data matrix of errors. Since we assume that
e; ~N,(0,%) for i =1,--+,n, we now have cov[vec(£)] = £ ® I, where ® denotes the
Kronecker or direct matrix multiplication operator. In the above formulation 2.19, the
transpose AT of the matrix of factor loadings plays the role of regression parameters. It

is therefore easy to show that AT, the least squares estimate of AT, is given by
AT=[2"2]7"ZX. (2.20)

Note: Equation (2.20) is actually saying that each time we provide a set of imputed
(*filled-in”) values for the latent (missing) variables, we can easily compute the corre-

sponding least squares estimate of A as

A=X"z[z"z]™". (2.21)
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2.4 The EM Algorithm for Factor Analysis

2.4.1 Construction of the generic algorithm

In their seminal paper, Dempster, Laird, and Rubin (1977) suggested the use of the
EM algorithm for FA, but the first paper to derive the algorithm explicitly was written
by Rubin and Thayer (1982), who later added some extra developments in Rubin and
Thayer (1983). The EM for FA is essentially very simple, and we will only touch on
the major aspects. The expression of the complete-data log-likelihood in equation (2.18)
suggests that, for the E-step, expressions for E[z|«] and E [227|x] must be derived. It
turns out that this is easily done using some linear algebra results, and a closed form

expression is then obtained for Q(8]0®). In this setting, we have

HE(HEN)
= ~N , . (2.22)
T 1 A AAT+3T

From properties of the Gaussian distribution Graybill (1969), Press (1972), the condi-

tional distribution of z given x is also Gaussian, with
Elzlz) = AT[AAT+%] [z —p] and V]z|z]=T,— AT[AAT+3] A, (2.23)

Another approach is to use the identity p(x|2)p(2) = p(z|z)p(z), and it is easy to show

that the conditional distribution of z given z is also Gaussian with
Elz]z] = (I, + AT A IATE (2 — p) and V[z|z] = (I, + ATETIA)L (2.24)

Note: Computationally, equation (2.23) involves the inversion of a p X p matrix for
which the computational complexity is O(p®), while equation (2.24) only inverts a ¢ X ¢
matrix for which the computational complexity is O(¢%) and a diagonal matrix which
is computationally easier (only O(p)). Since we assume that ¢ < p, it is therefore

computationally more efficient to use equation (2.24), and from now on we use
[z]Z] ~ Ny((T, + ATSIA)TIATE (2 — p), (I, + ATETIA)7Y). (2.25)

With 69 = {u®,A®, £®} and E [227|z] = V|[z|z] + E [z]z] [E [2]2]]", we now write:
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Algorithm 1: The EM Algorithm for Factor Analysis
o E-step - Compute E [2;|x;] and E [2;2] |@;] for X = {z;:i=1,-- ,n}.

e M-step -
1 n
u) = - (z: — AOE [z;x;)) - (2.26)
=1
. -1
AGHD  — [ (z; “(t+1)) (E [z;]x;)]) J [ZE zz,z1,|:z:,, J
i=1

1. |¢
st = —diag [Z (i — D — ACDE [23]a]) (2 - u(Hl))T] .

=1

Proposition 2.1 The new estimate A®*V) of A at each iteration of the EM algorithm

(2.26) has ezactly the same form as the least squares estimate of (2.21).

Proof: In fact, since 37, z;z] = Z'Z and 37 | &;2] = XTZ, equation (2.26) can be
rewritten as At = XTE, 3 [2] [Ezjz [272]] " If we drop expectations, then A¢+)
and A will be identical. O

Note: While A1) is used in the EM algorithm, its least squares look-alike A will be

frequently used when we consider the construction of sampling schemes for the FA model.

2.4.2 Numerical results

As we said earlier, principal component estimates can at least be used as initial values
for more sophisticated estimating procedures like the EM algorithm. For the specific

variances o7, we use initial estimates suggested by Joreskog (1975), namely

(-1 ()

where s;! is the i-th diagonal element of the sample covariance matrix S~!. We use
€ = 1075 as our tolerance.
Example 1 revisited. We reconsider the example used for principal component factor

analysis where we had p = 9 and ¢ = 2. For this example, T' = 2000 iterations take
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approximately 3 minutes and produce the following estimates.

AT
AEM

0.989 0.000 0.000 0.985 0.986 : 0.000
0.000 —0.897 —0.807 0.000 0.000 '—0.922 ' —0.889 0.000 0.000

0.000 0.832 0.829

Sem = diag(0.015,0.189,0.342, 0.022, 0.021, 0.144, 0.204, 0.302, 0.305)

Below is a plot of the log-likelihood throughout the itef_atioﬁs of the EM algorithm.

; .
Plot of the loglikelihood for Example 1 [
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Figure 2.2: Plot of the log-likelihood for Example 1

UL BTN
responds to less than 9 seconds, meaning that the EM is reasonable fast. Moreover, with

1000
iteration t

t
[T

Figure (2.2) shows that the maximum is reached af‘f

p !

er just

L

)

t = 100 iterations. This cor-

principal components initial values, the final EM es'ti‘mlates are satisfactorily accurate.

Example 2: Exploration of Group Structure. . For this example, we generate
data from a population with three groups, each group being adequately modelled by
its own factor model, but all groups having the same matrix of specific variances ¥ =

diag(0.02,0.19,0.36,0.02,0.02, 0.19, 0.19, 0.36, 0.36). " Below are the 3 matrices of factor

loadings for the model.

0.00 0.35 0.90 0.00

0.69 0.15 0.00 0.19
A] =

0.00 0.90 0.90 0.00
AT 0.59 0.95 0.00 0.19
3 =

0.00 0.35 0.60 0.90

0.50 0.90

0.99 0.80
0.00 0.00

0.29 0.00
0.90 0.75

0.00

0.00
0.60

0.00
0.80

AT (0.80 0.65 0.00 0.50 0.00 0.00 0.95 0.00 0.00

0.90

0.00
0.90

0.00
0.50

0.90
0.99
0.10 )
0.99
0.00 )
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Using the same initialisation procedure as before, T' = 2000 iterations of the EM algo-
rithm allow us to get a 2-D scatter plot (Fig. 2.3) of the estimated factor scores for the
sample of n = 300 observations. The parameter estimates obtained in this case are not

Visualisation of the toy data in the plane

25 T T T T T v

Figure 2.3: Visualisation of Example 2 in the plane

the true parameters of the model, since we are using a single factor model to tackle a
problem requiring 3 distinct sub-models. However, this single factor model is still able to
provide estimated factor scores that allow us to discover the existence of three different
subgroups in the population of interest. Here, the single factor model has served as a

useful exploratory tool, and has revealed the grouping structure very well.

2.4.3 Some aspects of the EM algorithm

Multiplicity of solutions: As reported by McLachlan and Krishnan (1997) and Rubin
and Thayer (1982) and confirmed by our simulations, one of the main weaknesses of
this generic version of the EM for FA is the fact that it produces a multiplicity of
solutions that are not rotated images of each other. In the above Example 2 for
instance, using different random initial values systematically leads to different solutions.
Mathematically, this multiplicity is easily explained as a consequence of the fact that
the unrestricted factor model is indeterminate (unidentifiable). Restricting the factor

model to guarantee a unique solution is therefore a natural candidate solution to this
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problem, and this essentially boils down to modifying the M-Step of the EM algorithm in
such a way that the maximisation with respect to A becomes a constrained optimisation
problem, with constraints being the ones presented in Section 2.2.3. Liu and Rubin
(1994) developed a variant of the EM algorithm known as the ECME that deals with
this problem. Dong and Taylor (1995)’s restricted EM is a much more general setting
that should provide a good way of tackling this application of the EM under restrictions.
Because these restricted versions of the EM algorithm require extra computational effort
through the implementation of constrained optimisation algorithms at the M-Step, we
do not use them in our work. Finally, it is worth pointing out that the Stochastic
EM algorithm could be another alternative to this multiplicity of solutions, since it is
theoretically insensitive to initial values and does converge to the same fixed point.
Relative convergence rate: The relatively slow convergence of the EM algorithm
can be attributed to the amount of missing data, which is directly and systematically
proportional to the amount of observed data in this context of latent variable models.
We noticed in our simulations that as g grows, convergence gets even slower, and, for
the same ¢, a larger sample would require more iterations to convergence, since more
missing data in such situations need to be "filled-in” or accounted for.

Post Analysis of Estimates: The EM algorithm only provides a point estimate of
0. This is one of the major drawbacks of the algorithm, since it is desirable to also
provide estimated standard errors, in order to give an indication of confidence intervals
or confidence regions for the population parameters of interest. It turns out that such
error estimates can be obtained thanks to some properties of maximum likelihood esti-
mators, but at the expense of extra computational efforts. In fact, from the properties
of the algorithm, the estimate obtained is a maximum likelihood estimate and is there-
fore asymptotically unbiased. Since Oem is a maximum likelihood estimate of @, it is

asymptotically normally distributed. More specifically

A 0%£(0)
~ -1 ] ) g ——_——
Oem ~ N (0,J71(0)) with jiy(0) =-E [3&80,;] , (2.28)
where J(0) = —E[H(0)] is minus the ezpected Hessian matriz (the matrix of second

derivatives). In practice however, what is generally used is the observed Fisher Informa-
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~

tion matriz Ir(6) = —H(8). For a more detailed explanation see Morgan (2000). Since

the EM does not deliver I, extra computational effort is needed to find it.

2.4.4 Goodness-of-fit test for Factor Analysis

With the normality assumption for the manifest variable x, we performed maximum
likelihood via the EM algorithm. On the other hand, the goodness-of-fit of the resulting
g-factor model can be judged using a classical likelihood ratio test, with the null hypothe-
sis stating the covariance matrix of & has the structure = AAT+ X, and the alternative

saying the covariance matrix is unconstrained. Under the normal assumption, it is easy

to see that the test statistic for the test is
w =n(tr(Q'S) — log |2 S| - p), (2.29)

where € = AAT + 3 is the estimate of 2, and S is the sample covariance matrix defined
and encountered earlier. A standard result in the literature shows that if ¥ > 0, then
w is asymptotically x? distributed with v = 1 [(p — )2 — (p + q)] degrees of freedom
under the null hypothesis. An alternative setting proposed by Bartlett (1954) suggests
to replace n in (2.29) by n — 1 — (2p + 5) — 2g. It must be said that the value of
v used above presupposes that we have efficiently fitted the model, and therefore that
instead of the p(q+ 1) parameters of the unrestricted FA model, only p(g+1) — 1g(¢—1)

parameters have to be estimated.

2.5 Data Augmentation for Factor Analysis

In the Bayesian framework, we would ideally like to use the posterior density p(8|X) of
0 to make various inferences. Unfortunately, as we said earlier, closed-form expressions
of the desired moments and marginals are not obtainable. Data Augmentation provides
an elegant way to tackle this problem. Our main ingredient for the derivation of the

Data Augmentation algorithm for FA is the completion of p(0|X) given by the following
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equation:
p(0,Z|X) oc L(6;X, Z)p(6) (2.30)

The I-step in this case is straightforward, and simply consists of drawing samples from
the conditional predictive distribution of z given & and the current set of parameter
values 8® as given by equation (2.25). For the P-step, we combine the prior den-
sity p(@) with the expression for the complete-data likelihood L(8;X, Z) to derive the

corresponding full conditional posteriors p(0|X, Z).

2.5.1 Aspects of prior specification

We shall use only natural conjugate priors in this context. In fact, the complete-data
likelihood (2.17) belongs to the regular exponential family of distributions, and therefore
allows a straightforward derivation of conjugate priors. While this choice is made for
mathematical convenience, it also turns out to be the only computationally viable choice
in this context. Martin and McDonald (1981) and lhara and Kano (1995) have shown
that the use of standard improper reference priors leads to the Bayesian analogue of
what is known in factor analysis as Heywood cases®. Treated as a function of the variance
parameter, the negative likelihood of the FA model is bounded below away from zero as

o? tends to zero. Throughout our work, we exclusively use conjugate priors.

2.5.2 From likelihood to natural conjugate priors

We now express the complete-data likelihood as a function of each parameter in turn, and
we derive the corresponding natural conjugate prior. A more comprehensive coverage of
prior specification for this normal model can be found in Box and Tiao (1973), Bernardo

and Smith (1994), Zellner (1971) or Gelman, Carlin, Stern, and Rubin (1995), Press
(1972).

4In the classical maximum likelihood estimation of the FA model, it is often convenient to minimise
the negative log-likelihood or some extensions of it. It often happens that the objective function used
has a relative minimum corresponding to negative values for some variances. Such solutions are clearly
inadmissible and are referred to as improper solutions or Heywood cases.
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Prior distribution for I: Treating equation (2.17) as a function of ¥, we can write

L(Z™Y) o |[Z7 ™2 exp [—%tr(Z'IS)J , (2.31)

n
where S = (2 — Azi — p)(zi — Az — )T = (X - ZAT)T(X - ZAT). The form of

i=1 -
(2.31) suggests that a natural conjugate prior for X! would be a Wishart distribution.

However, since £7! is diagonal, (2.31) can be rewritten as

L(Z™") o fI [07%]™ exp [—%Siia{z], (2.32)

i=1

which has the form of a product of Gamma densities, suggesting that we use a product

of Gamma prior densities p(o; %) for each ;2.

Prior distribution for A: To write the likelihood as a function of A, we remark that
X-ZA)YTX-2ZAT) = (X-ZAT)T(X - ZAT)+ (AT —AT)TZTZ(AT — AT).
Since (X — ZAT)T(X — ZAT) does not depend on A, we can then write
L(A) o exp [—-%trE‘l(AT —ANT(ZTZ)(AT - [\T)J : (2.33)

Let 9 = [0],--- , 07" = vec(AT) =[A],---,A]]". Each 9; isa gx1 column vector made
up of the elements of the j-th row A; of A. Clearly, ¥ is a gp x 1 column vector. Since
tr{S"YAT-AT)T(ZTZ)(AT-AT)} = (0-9)T[Z1®(Z7Z))(9—9) and [E'®(Z7Z)] ™ =
Y ® (ZTZ)™, the likelihood as a function of ¢ then has the form

L(A) = L(¥) x exp [—%(19 -9)TE®(Z"Z2) (¥ - 19)] : (2.34)

which suggests that a Gaussian distribution would be a natural conjugate prior for 9.

Prior distribution for u: As a function of y, (2.17) has the form
L(y) ox exp [—% Z (@i — Azi — ) TS (o — Az — ﬂ)J ; (2.35)
=1

which suggests that a Gaussian distribution would be a natural conjugate prior for u.
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2.5.3 Derivation of full conditional distributions

Using all the elements of prior specification from thg‘vprevious section, we now derive

the full conditional posteriors to be used in our sarﬁbling écheme We assume that
our parameters are a priori independent, and this allows us to write the joint prior

density as p(0) = p(A, 1, Z) = p(ulé, k)p(Ela, T) (Aln, Q) where &, k,a,7,7,§) are

hyperparameters. o '\

Full conditional distribution of ¥X. As we said ea;xilier,"the Wishart distribution for

-1 reduces to a product of Gamma distributions because of the diagonality of . In

\

other words, if we assume o} % ~ Ga(e/2,7/2), then the pI'lOI‘ dens1ty for ¥~ becomes
\ ( o oo

p 1 Ti1

p(Z 7 a,T) HP o, 1) o [ [0 f’ﬁ/.,.:.‘gxp"[%iraﬁ]. (2.36)

i=1 i (\&‘{‘1\ L

If we combine equations (2.36) and (2.32), we easily deri\ze_ a’ Gamma full conditional
distribution of each o;2, that is, [o7%]+++] ~ Ga((n-}‘—‘a")'/?, (Sii +7)/2),fori=1,---,p.

.\... ;v»‘. o

;“ b
Full conditional distribution of u. Let y ~ N ({, ) Whei"e € is a p x 1 column

vector and k is a p X p symmetric positive deﬁmte matrlx, be the natural conjugate
prior for p. If we combine this prior with the complete—data likelihood as expressed in
equation (2.35), standard results from Gaussian theory allow us to derive a Gaussian full

conditional distribution of y, that is [u] - - -] ~ Np(m,, C,.), where £z = Y0, (z; — Azy),

Cill=rl+ nE~! and m, = C,,(k‘\lf + 27 %g). (2.37)

Full conditional distribution of unrestricted A. We assume that the rows of A are

independent, and therefore p(Aln, Q) = [1°-, p(Ai|n, Q). The natural conjugate prior

for 9 = vec(AT) being Gaussian as we derived earlier, we also have Gaussian conjugate
priors for the rows of A. More specifically, we take Ai. ~ Ny(n, Q), where Q € IR?, and

n € IRI. To derive the full conditional posterior for A, we write the prior for J as
1
p(Y) x exp [-—5(19 —9)TB7HI — )], (2.38)

where 9, = [",+++,n"|" and B = I, ® Q. Note that 9, € RP**! and B € RP7*". If we

combine equations (2.34) and (2.38), properties of the Gaussian distribution allow us to
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derive the full conditional posterior [J] -] ~ Npe(msy, Cs), where
C;'=B'+[2'®(2'Z)] and my=Cs[B 19 +[S1 @ (27Z)]71]. (2.39)

Recall that [~ ® (Z27Z)]™! = £ ® (ZTZ)~!. By definition of the Kronecker product,

and by virtue of the diagonality of &, £ ® (Z72)"! is block-diagonal, and we can write

i
o3(27Z)! 0 0
Trp\-1 __ -
I®(Z2'Z2)" = 0 02(Z7Z)1 0 (2.40)
|0 0 02(27Z)7 |

Using (2.21), we write 9 = vec(A), and it is easy to verify that the full conditional for

each row of A is given by [A; |-+ :] ~ Ng(ma, ,Ch, ), where
Cil=01407%27Z), ma, =Ch (X 'n+0727X)), (2.41)

and X is the i-th column of the data matrix X.

Full conditional distributio-n of restricted A. For interpretability and estimation
efficiency, A needs to be restricted as in equation (2.7). Such a restriction leads to a slight
modification in the specification of the full conditional distribution of A. For simplicity,
we now assume a univariate Gaussian® prior for each of the non-preassigned J;;, that is,
Xij ~ N(m,, C,). We define Zjy € IR™* to be the n X ¢ matrix containing the first

columns of Z. The mean vector and covariance matrix of the full conditional distribution
of A;, for the first ¢ rows (i = 1,--+,¢q) are determined as follows:
Cil =C;'Li+074(Z(yZw) and my, = Ch, (C;'m,1i + ofZHXs). (242)
For i = (¢ +1),- - ,p, the hyperparameters become
Cil=C;,+0;%(27Z) and ma, =Ch, (C;'m1g+07Z7X,). (2.43)
5When factor loadings are viewed as correlations instead of covariances, Press (1972) suggests an

alternative assumption which consists of using a transformed Dirichlet prior whose elements are trans-
formed beta variates defined on the range (—1,1). We do not use this approach in our work.
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With all the posterior distributions specified above, the two steps of the Data Augmen-

tation for Factor Analysis have the following form:

Algorithm 2: Data Augmentation for Factor Analysis
e I-step -

[2]&] ~ Ny (T, + ATE A TIATS (2 — p), (I, + ATE1A)1)
e P-step -

[05_2|"‘] ~ Ga((n+a)/2,(Ss+T7)/2) i=1,---,p

[ul-+] ~ Np(my,Cy)

[Aill ~ M(mAi.’CA.’.)) t=1,---,p

2.5.4 Some advantages of Bayesian sampling

Computational efficiency. One of the most striking features of the sampling scheme
we have just derived is that all the full conditional posterior distributions are familiar
distributions that are easy to simulate. Hence, Data Augmentation is efficient here.
Initial conditions. Unlike the EM for which different initial values tend to lead to
different limiting values, Data Augmentation overcomes the multiplicity of solutions
as the algorithm always converges to the same limiting distribution regardless of the
initialisation of the chain.

Adaptability. On the other hand, the scheme is also elegant and adaptable as we can
see from the ease in deriving the conditional posteriors for the restricted FA model.
Post analysis. One of the main strengths of the Bayesian sampling approach is its
ability to allow a post-analysis of the derived model. In fact, the sample generated from
the Markov Chain Monte Carlo iterations can be used to make further inferences about
the model. For instance, the MCMC sample path can be readily used to assess the fitness
of the proposed model, and also derive standard error estimates of the parameters for

the construction of confidence intervals or confidence regions. One of the key advantages
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here is that these additional inferential tasks are all by-products of the same process and
do not require any further heavy computations, unlike with the EM algorithm where
such inferences could mean resorting to computationally intensive methods.

Note: While the Bayesian paradigm offers all the above advantages, it is fair to point
out that it requires the specification of the prior distribution. In any real application,

care should be taken to assess how sensitive the results are to prior specification.

2.5.5 Elements of MCMC convergence

The crucial issues of convergence of MCMC iterations are twofold. First of all, MCMC
algorithms are relatively slower than their deterministic counterparts. As we shall see
in our numerical section, the Data Augmentation algorithm requires considerably more
computation time than the EM algorithm on the same tasks. Secondly, as we said
earlier, one of the most difficult areas in MCMC methods is the assessment of conver-
gence. While deterministic methods like the EM have objective functions that provide a
straightforward way to assess the convergence of the iterative process, MCMC methods,
especially in the multivariate setting are still far from offering clear-cut and computation-
ally realistic and efficient tools to monitor the convergence of chains. In a multivariate
setting, like the one of interest to us, there are methods that consist of assessing the
convergence of each scalar quantity separately. One of the easiest ways to assess the
convergence of scalar quantities is the use of time-series plots over iterations. This is
obviously not a practical solution if one has a model with many parameters. Gelman
and Rubin (1992)’s method based on the analysis of variance of multiple chains provides
satisfactory results, but again it focuses on individual scalar parameters, and the need
to have many chains run simultaneously makes the implementation of the method both
complicated and computationally intensive. In general, all such methods based on scalar
quantities can quickly become impractical when the number of parameters is large, since
some parameters would converge while others have not yet reached their equilibrium
regime, There is a crucial need for methods of convergence assessment that can be both

easy to implement and easy to interpret. The topic is currently very active, and both
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theoretical and empirical methods are being devised to address this important issue. The
reader is referred to such references as Cowles and Carlin (1996), Gelman and Rubin
(1992), Gelman (1995), Geyer (1992) for a more detailed account and review of conver-
gence monitoring and assessment for MCMC. As far as our work is concerned, whenever
possible, we use some of the tested methods to monitor the convergence of our chains,
and, in some cases, we rely on large numbers of iterations to achieve convergence if our

theoretically ergodic chains tends to be slow to converge.

2.5.6 Point estimates and standard errors

It is a well known fact in statistical estimation and inference that uncertainty about the
point estimate of a parameter should be summarised by computing estimated standard
errors and constructing the corresponding confidence intervals or regions. However, while
the construction of such confidence intervals or regions often requires extra computational
burden in likelihood-based methods in our context, it is easily done in the Bayesian
sampling framework as follows. Suppose that we have discarded the T, draws of the
burn-in step of the process once convergence is judged to have been reached. In the
event of very slow convergence, successive draws from the equilibrium distribution tend
to be correlated, and, as explained by Schafer (1997), dependent samples can make
the inferential task extremely difficult. In practice, subsampling the chain is a solution
that works. Hence, we use subsampling to overcome the dependency of our MCMC
samples: instead of summarising our posterior by 81 9T+ ... @Te+M) we rather
use OTot) gTot2) .. @To+Me) where ¢ is chosen large enough to make the sample
values approximately independent. Let {#® : ¢ = 1,-.., M} be our resulting chain of
parameters. As we said in Chapter 1, this can be regarded as a genuine sample from the

observed-data posterior p(0]X). Our point estimates for both the parameters and the

factor scores are

9:——2 ® A-_—_._E ) i =1.... )
M 2 0\ and 2; W 2 2z, i=1,+++m, (2.44)
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and the corresponding estimates of variances are given by

—— 1 M ~ -~
V[OIX] = > (69 -8)(©6Y -8)T
t=1
V{zX] = 37— Y P -2z - 2)Ti=1,- ,n. (2.45)
t=1 -

Remark: Even without subsampling, the above estimate of @ can still be appropriate®.
In fact, a law of large numbers for MCMC Tierney (1994) states that under quite general
conditions, if ZM, Z®@), ... ZM) ig a realisation of an MCMC run with target distribu-
tion f, then M1 " g(Z®) converges to E f [g(Z)] almost surely, for any real-valued
function g(Z) as M — oo, provided that E f [9(Z))] exists.

2.6 Bayesian assessment of model fitness

Fitting a model to a given set of data is one thing, but whether or not the fitted model
is the most plausible mechanism that generated the data is another issue altogether, an
issue of paramount importance in statistical modelling. Every serious statistical analysis
should therefore include at least a check to see if the posited model should be excluded,
based on whether or not it does provide a reasonable summary of the data at hand. A
standard classical approach for this kind of model-checking is to perform a goodness-of-
fit test, which consists of calculating a tail-area probability under the posited model to
quantify the extremeness of the observed value of some selected discrepancy (used as test
statistic), one of the natural candidates used to measure discrepancy being some measure
of the difference between the observations and the predictions. Essentially, in the classical
approach the tail-area probability, or p-value, is used as a computationally convenient
way to locate the observed value of the discrepancy in the reference distribution under
the proposed model. The bad news with this classical approach is that, for many complex
problems like the ones we are interested in, it is not always possible (or at least it is not
easy) to specify a reference distribution for the test statistic, and even the test statistic

itself is not always easy to define and specify. The good news is that, in the Bayesian

61t is important to note that this does not hold true for the variance estimates.
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paradigm, this is both feasible and requires almost nolextra computational burden in

the framework of Bayesian sampling.

2.6.1 Posterior predictive assessment of model fitness
\'v", e

The method we will now describe and use provides a‘satlsfactory Bayesian alternative
i ( ) i

to the classical approach. It was introduced in the zBayesmn framework by Gelman,

x 'l P
Meng, and Stern (1996) to perform posterior predlctlve assessment of model fitness,

following earlier work by Rubin and Thayer (1983)\ Whlle the classical approach to

model-checking overemphasises the need to check and test the correctness or trueness of

,/
"(‘ |’.

the proposed model, this new Bayesian counterpart fo<[‘uses pn assessm_q the discrepancies

i
’( ’ \“ [

between a model and the data. The emphasis in thls new method is therefore placed on

the usefulness rather than correctness. The startlng pomt 1s obv1ously the statement of

the null hypothesis, which in this case is simply Ho’l." The proposed model is correct.

2.6.2 Details of the method

The method provides a new way of assessing the plaus1b111ty of the proposed model via
the use of replicates and realised discrepancies. For ou; FA model with & ~ Np(p, AAT+

¥), we use a x? type discrepancy measure, namely'/the sum of squares of standardised
residuals |

D(X,0) = Z(m, T[AAT + z:] (; — p). (2.46)

For the above discrepancy, D(X,#), we derive a feference distribution for the joint

posterior distribution of ™ and @ given the proposed model H and the data X.
Pr(z"?, 0|H, X) = Pr(z"*|H, 8)p(8|H, X) (2.47)

where Pr(z"?|H, 8) is the posterior predictive distribution of "? under the proposed
model, while p(8|H, X) is the posterior density of the corresponding model parameters.

The tail-area probability of D(X, 6) under the derived posterior reference distribution
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is then defined as follows:
p-value = Pr(D(X"%, 8) > D(X, 6)|H, X). (2.48)

For each of the iterates in the set {8 : ¢t =1,... , M }, it is easy to simulate a replicate
data set Xr?® = {2[*® ... 27"} by drawing samples 27" from the posterior
predictive distribution Pr(z"?|0®), H) of x"e?, given the proposed model H and its cor-
responding parameters, after which realised discrepancies D(X, 8®) and D(Xrer®), 9*))
are computed for both the original sample and the replicate respectively. Given the

sample path {0“) :t=1,--+, M}, an empirical version of the above p-value is given by

M
p-value = —AIZZ][(t:D(X””(t),()(t))>D(X,0(‘))) (2.49)
t=1
1
= -M—#{t:D(X""(‘),G(‘)) > D(X,6Y)} (2.50)

which intuitively is the proportion of subsequent experiments that support the null hy-
pothesis, and therefore serves to numerically assess the fitness of the proposed model.
A graphical assessment is also obtained through a scatterplot of D(X"eP®), ) against
D(X,0M), and the p-value is in fact the proportion of points above the 45° line.

Remark: It is worth stressing the point that the above test does not indicate whether a

model is correct or not, but rather aims at finding out whether there is evidence of lack

of fitness.

2.6.3 What makes Bayesian sampling appropriate?

It is worth pointing out that this assessment of model fitness is made easier because
of the availability of MCMC samples: in fact, at each iteration of the MCMC process,
each draw of the complete collection of model parameters actually defines a possible
model. This can therefore be thought of as a realisation of a subsequent experiment
that can generate other datasets (replicates in this case) from the posterior predictive
distribution and then compute the corresponding test statistic (measure of discrepancy).

On the other hand, while the theoretical specification of the reference distribution of the
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test statistic can be very complicated if not impossible, the availability of MCMC sample
paths makes it possible to specify an empirical approximation to this distribution as we
shall see later. In other words, with the availability of MCMC sample paths, one can
readily implement the idea (concept) of comparing subsequent experiments to the one
that generated the data at hand, and therefore (at least empirically) decide whether the
data at hand support the null hypothesis more than any other subsequently generated
data. It is therefore fair to say that Bayesian sampling offers a complete platform to

perform this posterior predictive assessment of model fitness via realised discrepancies.

2.6.4 Numerical results

Example 1 revisited: For this first example, we run T, = 6500 burn-in iterations,
after which we use subsampling with ¢ = 5, and we finally retain a sample path of
M = 300 draws. As expected, the restricted version of the algorithm produces sat-
isfactorily accurate estimates, and does so regardless of the initial values’. However,
the algorithm takes considerably longer than the EM algorithm, but has the following
additional advantages: (a) it allows the easy computation of estimates of precision in
the form of estimates of posterior standard deviations, and (b) provides a satisfactory
assessment of the fitness of the proposed model. For economy of space, we only provide
estimates of uniquenesses and their standard errors. In this case, the estimate is Ypa =
diag(0.017,0.184,0.340,0.022, 0.022, 0.166, 0.199, 0..401, 0.378), and its standard error es-
timates are Error(£pa) = diag(0.002,0.028,0.039, 0.003, 0.003, 0.023, 0.028,0.030, 0.032).
Figure (2.4) shows a reasonably large number of points above the 45° line, and the
p-value is 0.485. With a cut-off at 0.05 in the spirit of the significance level used in
classical tests, 0.485 > 0.05 is very supportive of the null hypothesis, suggesting that

there is no evidence of lack of fitness. As expected, we can therefore conclude that the

proposed model is a plausible fit of the data.

"Despite the fact that algorithm is insensitive to starting values, we make it a point to always use
the same initial values as in the previous sections
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Figure 2.4: Scatterplot of realised discrepancies for Example 1.

Example 2 revisited: For this example, we used exactly the same T,, ¢ and M as
before, and our aim in this case was simply to assess the fitness of the proposed model.
Figure (2.5) shows a rather very small number of points above the 45° line, and the
corresponding p-value in this case is 0.03. If we use the same cut-off of 0.05 as earlier,
the small p-value of 0.03 < 0.05 can serve as a evidence to reject the null hypothesis,
therefore suggesting lack of fitness of the proposed model. As expected, the single factor

model is NOT a plausible candidate model to handle our data generated from a three-

component population.
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Figure 2.5: Scatterplot of realised discrepancies for Example 2.
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2.7 Stochastic model selection for FA

While there are many cases in practice where the number of factors ¢ is known and/or
fixed, as we assumed earlier, it must be said that this value is very often unknown
in real-life applications, and the study of the FA model therefore needs to address its
uncertainty. At the root of model determination in Factor Analysis lies the difficult issue
of finding and/or defining principled methods to decide what makes a particular factor
important. In fact, for FA, this difficult problem of model determination has been one of
the burning issues over the years, captivating the interests of researchers from both the
likelihood-based and Bayesian perspectives. The reader is referred to such references as
Krzanowski and Marriott (1994), Krzanowski and Marriott (1995) and Press (1972) for

detailed coverage of these approaches.

2.7.1 A review of a classical empirical approach

The most widely used method is entirely based on the eigenvalues of the sample correla-
tion matrix. While this very often produces satisfactory results as we saw in the previous
sections, the fact of focusing only on the eigenvalues could lead to the neglect of vital
information: almost all the criteria used to decide on the number of factors to retain are
essentially ad hoc (eigenvalues less than 1) and often subjective (elbow of the screeplot)
criteria that in some special cases would either overestimate or underestimate the ade-
quate number of factors. For instance, if one variable is virtually independent of all the
rest, it will appear as a separate component with variance slightly less than 1, but there
is no reason to suppose that such a variable is uninformative. Thus, while this method
may provide rough estimates of the number of factors, there is a clear need for more
principled and objective model selection methods in this context. In the new edition of
his book, Jolliffe (1986) offers a comprehensive coverage of this classical approach, along

with recent developments of more principled methods.
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2.7.2 Likelihood-based approach

From a classical likelihood-based standpoint, model selection in factor analysis simply
consists of sequentially applying a series of likelihood ratio tests as described in section
(2.4.4). In practice, one starts with ¢ = 1 (single factor model), then fits successive values
and tests the goodness-of-fit as in section (2.4.4), until the test produces a non-significant
result indicating in a sense that the fit of the model is adequate. However, while this
method appears as an objective procedure for estimating ¢, it is not strictly valid as a
hypothesis test as argued by Krzanowski and Marriott (1995), since no adjustment is
made to the significance level to allow for its sequential nature. On the other hand, the
fact of having a non-significant p-value cannot be taken to indicate that the optimum
value of ¢ has been found, since large values of ¢ correspond to more parameters and
therefore better fits, obviously at the expense of more complex models and risks of
overfitting. For the "best” model to be determined, there needs to be a trade-off between
the number of parameters and the goodness-of-fit. In this likelihood-based framework,
one way to determine the "best” model is to use Akaike’s Information Criterion, which

consists of selecting the model that minimises AIC as defined in (2.51).
AIC = —2log(maximised likelihood) + 2(number of parameters fitted). (2.51)

In the factor analysis context, the above criterion (2.51) is equivalent to choosing ¢ that
minimises w — 2v, as suggested by Akaike (1987), where w and v are respectively the
test statistic and the number of degrees of freedom as defined in section (2.4.4). It has
been noticed in practice that AIC tends to overfit models. In the analysis of mixtures for
instance, AIC tends to overestimate the correct number of components. The Bayesian

Information Criterion (BIC)of equation (2.52) is often used as an alternative to AIC.
BIC = —2log(maximised likelihood) + log n(number of parameters fitted)  (2.52)

The reason why BIC performs better than AIC can be explained simply as follows: the
penalty term of BIC penalises complex models more heavily than AIC, whose penalty

term does not depend on the sample size. BIC therefore reduces the tendency of the AIC

criterion to overfit models.
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2.7.3 Elements of stochastic model selection for FA

In this thesis, we adopt a stochastic simulation approach to model selection. This ap-
proach is based on the construction of an ergodic Markev chain having the posterior
distribution of the complete collection of all the un‘krlewns (parameters and q) as its
equilibrium distribution. | i

When the dimension of the parameter space is kn(.)v;rr;.'iand fixed as we assumed ear-
lier, traditional MCMC algorithms like the Gibbs sampler or the Metropolis-Hastings
and their hybrid versions are used to construct the ergodlc Markov chains of interest.
However, if this dimension is allowed to vary throughout the MCMC iterative proce-
dure, the classical algorithms mentioned earlier are no longer valid, and they have to

H
‘,\‘lnf U’

be replaced by birth-and-death type algorithms capable of _]unrpmg between spaces of
different dimensions. |

In the Bayesian framework, Green (1995)’s Revers1ble Jump Markov Chain Monte Carlo
(RIMCMC) algorithm is one such algorithm. These algorlthms make transitions based
on extended versions of the classical MCMC detailed b;f;}lé'éd requlrement that take into
account the varying dimensionality of the support of the parameters Richardson and
Green (1997) offer a detailed and comprehensive presentatlon of the application of RIM-
CMC to the Bayesian analysis of mixtures of univariate distributions with an unknown
number of components. Lopes and West (1999) applied an adaptation of RIMCMC to
the factor analysis model with an unknown number of common factors, and obtained
good results on both synthetic and real-life problems. .More recently, Stephens (2000),
using ideas from stochastic geometry and spatial statistics, developed an alternative to
RIMCMC, based on the simulation of a continuous-time birth-and-death Markov marked
point process. He applied the derived Birth-and-Death MCMC (BDMCMC) method to
mixtures of univariate and bivariate Gaussians with unknown numbers of components,
and obtained promising results. Despite the fact that RIMCMC is based on a discrete-
time Markov process while BDMCMC is based on a continuous time Markov process, the
two methods are essentially equivalent in that they both successfully construct ergodic

Markov chains in spaces of varying dimensions. In fact, BDMCMC can be thought of
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as a limit of RIMCMC. However, for practical reasons and to a certain extent for com-
putational convenience, we adopt an approach closer to BDMCMC. To the best of our
knowledge, no one before us has treated model selection in factor analysis using an adap-
tation of Stephens (2000)’s BDMCMC as we do in this thesis. Our contribution in this
context therefore offers an alternative to Lopes and West (1999)’s treatment and other
existing methods of model selection in factor analysis. The first reason is the modularity
and portability of the BDMCMC scheme: we note that, unlike with RIMCMC, ideas de-
veloped in BDMCMC and applied to mixtures can be readily adapted to model selection
in FA. The fact that RIMCMC makes use of the latent variables is not appealing in our
context in that it would be very complicated to apply it to a scheme with a mix of both
continuous and categorical latent variables as we shall see in the subsequent chapters.
From a computational point of view, we find death rates calculated on the basis of the
"importance” (as measured by functions of the likelihood) of the component easier to
interpret than RIMCMC'’s birth-and-death moves occurring uniformly. Finally, while
RJMCMC has been extensively used in the analysis of mixtures of univariate distribu-
tions, its extension to mixtures of multivariate distributions still poses many difficulties,
such as the complexity of the Jacobian calculations, and this prevents it from being a
good candidate method for an essentially multivariate model like ours where we intend
to analyse mixtures of multivariate distributions. Since the BDMCMC scheme treats
parameters as points (no ordering) in a point process, it does not make use of such iden-
tifiability constraints as ordering, and its extension to multivariate distributions such
as the ones of interest to us is therefore straightforward. Moreover, in contrast to the

RIMCMC, the method requires very little mathematical sophistication and is easy to

implement and interpret.

2.7.4 A point process view of Bayesian sampling

The central idea behind this approach is to view and treat each parameter that directly
affects the dimensionality of the model as a point in the parameter space, and adapt

the methodology of point process simulation to help construct a Markov chain with the
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posterior distribution of the parameters as its equilibrium distribution. The method
developed is therefore general and applicable to every context where parameters can be
treated as point processes. Ideas used in the BDMCMC scheme are similar to those de-
veloped by Grenander and Miller (1994) and Phillips and Smith (1995) who approached
this same problem of Bayesian model comparison via jump diffusions. However, it is
fair to point out that the implementation of the schemes developed by Grenander and

Miller (1994) and Phillips and Smith (1995) is more complicated than Stephens (2000)’s
BDMCMC.

Definition: The mathematical definition of a point process ® on IR? is as a random vari-
able® taking values in a measurable space of families of all sequences ¢ = {v;,vg,+++ ,vq}

of points in IR¢ satisfying two regularity conditions:

1. the sequence ¢ is locally finite (each bounded subset of ¢ must contain only a

~ finite number of points of ),
2. the sequence is simple (with elements such that v; # v; if i # 7).

As we discussed earlier, FA has a posterior distribution that is invariant to permutations
of the order of their parameters. From a stochastic simulation perspective, the collection
of parameters can therefore be viewed as a random configuration or point process. This
complete collection of our model parameters is now given by 8 = {g,u,A,Z}. If we
assume that g is unknown a priori, our aim in parameter estimation from a stochastic
simulation perspective now extends to the construction of an ergodic Markov chain with
the joint posterior distribution p(g, s, A, £|X) as its equilibrium distribution. In the
previous section, we constructed a Markov chain with p(u, A, g, X) as its equilibrium
distribution using Data Augmentation. Now, we must accommodate the new counting
random variable ¢. Intuitively, our overall sampling scheme takes a Gibbs sampler-like

form, with each iteration consisting of the following two steps:

8See Stoyan, Kendall, and Mecke (1995) for a detailed version.
®Grenander and Miller (1994) used the term random configurations to refer to point processes.
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Step 1: gD ~ p(q|u®,A®, 5O X).

Step 2: (IJI(H-I), A(t+1), E(t+1)) ~ p(ﬂ, A, Elq(t+l)) X)7

In the above scheme, Step 1 allows us to draw a new value of ¢ = ¢(*+!) by simulating
a birth-and-death Markov point process, the main difference with a classical algorithm
of this type being that the dimension of the parameter vector is allowed to vary at each
iteration. Step 2 draws a new set of model parameters via Data Augmentation (as
described in Algorithm 2), using the value of ¢ obtained from the run of the birth-and-
death process.

The simulation of the type of birth-and-death process that we use in our work has been
extensively studied and applied in recent years, and the reader is referred to references
like Stoyan, Kendall, and Mecke (1995) and Barndorfl-Nielsen, Kendall, and van Lieshout
(1999) for comprehensive coverage of applications of such sampling schemes in stochastic
geometry and spatial statistics. Baddeley (1994) and van Lieshout (1994) also provide
very useful insights into other aspects of such sampling schemes. Stephens (2000) pro-

vides a detailed account of his application of BDMCMC to mixtures. Here we focus on

our adaptation of BDMCMC to factor analysis.

2.7.5 Birth-and-death point process for Factor Analysis

From our previous arguments, the number of common factors is nothing but the number
of columns of A. We showed earlier that AAT + X is invariant to permutations of axes
in A. From a probabilistic perspective, the invariance to permutations allows us to treat
A as a "random configuration” or point process as defined earlier. For simplicity, we
adopt a vector notation for A by defining the configuration variable ¢ = {A1,A4,-+*}
10, Qur aim being to construct a Markov chain with p(g, A, p, £|X) as its stationary
distribution, we also simplify further and use h(c) in place of the posterior p(-|X), since

our emphasis in this context is on the configuration c¢. Assuming fixed hyperparameters

10By configuration here, we have in mind the complete collection of distinct parameters (u, A, X) for
a given value of g. However, since only A plays a role in the determination of the complexity of the
factor model, we explicitly only show A for simplicity.
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¢ and ¢ for the densities of ¢ and ¢ respectively, we can write

h(c) o L(c)p(gle)p(c|e) (2.53)

It turns out that we can efficiently construct our ergodic Markov chain by simulating a
sampling scheme comprising a birth-and-death point process step and a Data Augmenta-
tion step, both jointly converging to p(q, A, 1, £|X) as the stationary distribution. The
key idea behind the simulation of the birth-and-death process is that each birth increases
the number of points in the configuration by one, while each death decreases this number
by one. Furthermore, both the birth and the death processes are constructed in such a
way that they are inverse operations to each other in the equilibrium state of the chain.

One way to construct such a process is to define births and deaths!! as follows:

Births: We define a birth density b(c;v) according to which new points are added to
the current configuration of the point process. For simplicity, we restrict ourselves
to cases where births are assumed to be occurring at an overall constant rate
B(c) = B. However, as we shall see in our simulations, such a simplification has

the disadvantage that many different birth rates have to be tried empirically before

the ”appropriate” one is found.

Deaths: When the current configuration of the chain is ¢ = {A;,Aq,- -}, each point
A ; dies independently of the others as a Poisson process with rate &;(c) = d(c; A;),

where d(c;v) is the death density function, so that the overall death rate is given
by 6(c) = 32 di(c).

Remark: In their simulations of similar birth-and-death point processes, Ripley (1977)
and van Licshout (1994) have found it more convenient to define births and deaths in
an alternative way, namely: use an overall constant death rate and instead compute the
birth rate using information from the data. In her application of the similar scheme to
image analysis, van Lieshout (1994) provides a more general definition where both the

birth rate and the death rate are computed from the data.

11 The general practice consists of imposing suitable constraints on the birth and death functions b
and d to ensure that the process does not jump to an area with zero density.
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With B(c) and §(c) defined, we use the following general theorem (stated without proof)
on Poisson processes to obtain the distribution of the time to the next event in the

simulation of the birth-and-death process.

Theorem 2.1 The birth and the death being independent Poisson processes, the time to

the next event (birth or death) is exponentially distributed with mean 1/(B(c) + 6(c)).

Property 2.1 Since the overall rate of the birth-and-death process is equal to 5(c)+6(c),
the next event will be a birth with probability B(c)/(8(c) + &(c)), while the death of A;
will occur with probability 6;(c)/(B(c) + d(c)).

We are therefore in the presence of a continuous-time process since the time to the next
event is a continuous random variable, and, by virtue of the memorylessness property
of the exponential distribution, we have a continuous time Markov process. In order to
simulate such a continuous time process, we define a fixed unit of time, p, say, and we
construct a discrete-time Markov chain {c(?, c(?,¢(32) ...} that we use as an approx-
imation of the continuous-time chain {c?+9) : s > 0}. This simply means that, at each
discrete iteration (t = 1,---,T), we run the birth-and-death process for a duration of p.
Preston (1976) stated sufficient conditions that the above densities b and d must satisfy
for the above birth-and-death process to define an ergodic Markov chain with the desired
equilibrium distribution. Preston (1976)’s work was later extended and applied by Ripley
(1977), and recently adapted to the analysis of finite mixtures by Stephens (2000). The
following theorem, which states the sufficient conditions that b and d must satisfy, is
from Preston (1976) and Ripley (1977). A proof of its extended version as applied to

finite mixtures can be found in Stephens (2000).
Theorem 2.2 If the birth density b and the death density d satisfy
(74 1d(cU {v};v)h(cU {v}) = B(c)b(c; v)h(c) (2.54)

for all configurations ¢ and all points v, then the birth-and-death process defined above

has p(q, A, 1, £|X) as its stationary distribution.
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Remark: In the above theorem, h(cU {v}) represents the posterior density of a config-
uration with ¢+ 1 points. Intuitively, equation (2.54) means that, under the equilibrium
distribution p(-|X), transitions from ¢ into c U {v} are exactly matched by transitions
from c U {v} into c. From equation (2.54), it is easy to see that

d(c;v) = b(c;v) [ﬁf}c)] [h(’cl\(g})” " (2.55)

where c\{v} represents the current configuration c less the element v. If we choose our
\

birth density to be the prior density of a candidate element v to be added to the current

1

configuration, then we can write b(c; v) = p(v|i). If we use (2 53) and (2.55), it is easy

l

to see that the appropriate death rate for element A\ (z = 1 .-+ ,q) is given by

a9 = 2] [Honsa) [p@;q;;;ér

As far as the prior distribution of ¢ is concerned, a geod eandidate is a Poisson distri-

N

bution truncated at the right end by a predetermmed value q,,m Thus, we have
P I ‘.’A .
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Based on all the above ingredients, a pseudocode of tlle birth-and-death process is.

Algorithm 3: Birth-and-death MCMC for FA.

Use B(c) := B, set ts, = 0 and ¢ := ¢*~1 from (-1 * ©
Repeat :
Compute d;(c) := L(ICI?;\) 1) B
Compute &(c) := 3_3_, §; (c)
Simulate s ~ Exp(l/((ﬁ( )+ 6(c))) and Set ¢4, := t,,, +s
If (Ber(8(c)/(B(c) + d(c)) = 1) /* 1t is a birth */

Setg:=q+1

Simulate A g ~ p(v|t)

Set c:=cU{A,}
Else /* It is a death */

Simulate j' = Mn(8;(c)/é(c),- -+ ,8,(c)/(c))

Set ¢ :=c\{A;}

Setg:=q—1
Until (tfa 2 P)
Return ¢ and ¢'2.

—forj=1,-

1215 reality, the knowledge of ¢ implies the knowledge of ¢, but we indicate both for the sake of clarity
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Ber, Exp and Mn represent the Bernoulli, the exponential and the multinomial distribu-

tions respectively. The full stochastic simulation scheme for FA is therefore as follows:

Algorithm 4: Stochastic simulation for FA.

Initialise ¢ and c, and choose S(c) = 8.
Fort=1,.--,T

Run Algorithm 3 using ¢ and c¢®, and return ¢+ and c(t+D)

Run Algorithm 2 to update the complete collection of model parameters.
End

2.7.6 Bayesian inference for ¢

Once the Markov chain {(¢®,c®): ¢ =1,--- T} has converged to the desired equilib-
rium distribution, the sequence {¢® : ¢ = 1,---,T} is essentially a sequence of draws
from the marginal distribution p(g|X). Inference for ¢ can be based on an estimate of

this marginal posterior distribution obtained from the MCMC sample path as follows:
Pr(g=i|X] = lim —1-#{t : W =i} —1—#{t ;¥ =i} (2.58)
M—=oo M M

Intuitively, (2.58) simply means that the appropriate estimate for q is obtained by choos-

ing the value of ¢ having the highest frequency in the sample path of the Markov chain.

2.8 Implementation and Results

In this section, we present two simulations, one based on the real-life and moderately
high-dimensional (p = 13) wine dataset'3, and the other based on a synthetic dataset that
we generated to illustrate our methods. All our simulations are written in Matlab 6.0 for
Unix. By personal preference, we use the golden section ' or its multiples wherever we

need an arbitrary real constant. From time to time, we also use multiples of the inverse

of the golden section as our "arbitrary” constants.

13This data set is available at the Machine Learning repository of the University of California, Irvine
Blake and Merz (1998)

14(,/5 —~1)/2 = 0.61803.... The golden section is also known as the golden ratio, the golden mean and
sometimes the divine proportion. It is closely connected with the Fibonacci series. The inverse of the

golden section is 2/(v/5—1), and has the property 2/(v5—1) = 1+(v5-1)/2 = (V5+1)/2 = 1.61803....
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2.8.1 Example 3: Analysis of the wine data set

For the wine dataset, it is believed that there are k = 3 distinct varieties of wine. Our
first aim here is therefore to use a single factor model to explore the group structure in
the data, so as to (subjectively at least) find out whether there are actually 3 groups in
the provided dataset. Our second aim is to use our BDMCMC for FA to estimate the

intrinsic dimensionality of the data, assuming that ¢ is the same in all the groups. As far

Visualisation of the wine data in the plane Approximate distribution of q for the Wine Data
T T T T T T .
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Figure 2.6: 2D Visualisation and histogram for the wine data.

as group structure is concerned, we run Algorithm 2 assuming ¢ = 2 to project the data
on to the plane and therefore explore its group structure. We plot the estimated factor
scores as shown in (Figure 2.6-left). At least in the plane, the figure seems to agree with
the hypothesis that there could be 3 classes of wines. We shall be reconsidering this
example in the next chapter when we study mixtures of factor analysers. To estimate g,
we run Algorithm 4, using 7, = 9500 burn-in iterations, S = 0.618 as our overall constant
birth-rate, and M = 2500 useful final MCMC samples. (Figure 2.6-right) shows the
histogram of the relative frequencies of values of ¢ as produced by the sample path
of the Markov chain obtained from the BDMCMC. This strongly suggests that ¢ = 6
would be the intrinsic dimensionality of the wine data. The good news is that the result
obtained here by stochastic simulation is consistent with the one obtained by McLachlan

and Peel (2000) through the use of sequential likelihood ratio tests.
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2.8.2 Example 2 revisited: Analysis of Simulated data

This second example is purely illustrative, and is based on simulated data. We generate
a synthetic data set from a Mixture of Factor Analysers with £ = 3, p = 9 and ¢ = 2.

Our sole aim in this example was to test Algorithm 4 on a toy problem. With 7, = 12000

Approximate distribution of q for the toy data with p=10,q=2 Visualisation of the toy data in the plane
— 25— —

3

4 5 6
Values of q

Figure 2.7: Histogram and scatterplot for the data with ¥k =3, p =9 and ¢ = 2.

burn-in iterations and M = 2000 useful MCMC final samples, the algorithm easily infers

g = 2 as shown in (Figure 2.7-left). The visualisation of estimated factor scores in

(Figure 2.7-right) clearly reveals that there are indeed 3 groups.

2.8.3 Simulation remarks

Our simulations reveal that the BDMCMC algorithm is insensitive to initial conditions
and always infers the right number of common factors regardless of whether we start the
chain with one factor (¢ = 1) or with many factors (¢ = gma) '°. However, since we
are in a setting where we wish to determine the smallest number of factors consistent

with the data, we prefer to start the chain with ¢ = 1 and let it create more as becomes

necessary.

15Although convergence to the right number of factors is still achieved from this starting value, it
must be said that it results in more iterations and therefore a computationally less efficient procedure.
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2.9 Discussion and future work

2.9.1 General comments

The performance of the stochastic simulation scheme for model selection is satisfactory
when applied to the single factor analysis model. However, it is fair to point out that
the choice of the overall constant birth rate is crucial, and does have a strong bearing
on the mixing properties of the Markov chain. In practice, some birth rates do allow
the chain to mix very well, making it possible to visit as many potential models as
possible. Unfortunately, some other choices of birth rates cause the chain to remain only
in some areas of the entire parameter space. One of the solutions to this problem consists
of adding a small uniform perturbation to the birth rate at every iteration. We have
implemented this empirical solution, and it generally leads to remarkable improvement.
On the other hand, in the stochastic geometry literature, there are many variants of the
basic algorithm that we have used here. We consider exploring some of those variants in
our future research. Our results suggest that the stochastic simulation method we have
proposed for model selection is a good alternative to existing methods. We believe that
a careful study of the limitations noticed so far would lead to remarkable improvements.
Besides, the Bayesian sampling approach to factor analysis, despite being slower that
its counterparts, offers many advantages that would justify resorting to it as a valid
competitor to existing approaches. Lopes and West (1999) amongst others have used
Bayesian sampling to tackle factor analytic model uncertainty, with applications to such
fields as analysis of exchange rates and portfolio management, and we believe
that our overall scheme has the potential to address such real applications.

We have explored aspects of the Factor Analysis model from both the frequentist and
Bayesian perspectives. Both approaches have their strengths and weaknesses!®, and the
decision to adopt either one heavily depends on the context, and can in many cases

become a simple matter of taste. However, it is fair to say that our Bayesian approach

181t i3 my opinion from practical experimentation that the alleged slowness of the EM algorithm
is very often overstated. In fact, in many practical settings, the EM algorithm can be very quick at

providing satisfactory parameter estimates.
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based on stochastic simulation offers a flexible alternative to existing methods, unifying
parameter estimation, assessment of model fitness and model selection in a single efficient
scheme. The good performance of the scheme on both artificial and real data strongly

encourages an exploration of improvements and extensions of the scheme.

2.9.2 Beyond the single linear factor model

As we saw with Example 2, a single factor model is inherently linear, and therefore
fails to capture the generative mechanism underlying the data when there is structural
nonlinearity in it. It is therefore more reasonable and more realistic to use models
capable of handling nonlinearity. In the Neural Computation community, the particular
task of dimensionality reduction that FA performs is sometimes done by MultiLayer
Perceptrons, which are essentially nonlinear tools. In the next chapter, we introduce
and explore an alternative solution based on the Mixture of Factor Analysers model

which is an extension of the basic FA model constructed in such a way that it can handle

nonlinearity.
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The most tmportant thing in science is not so much to obtazn new facts as
to discover new ways of thmkmg about them
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A shortened version of the content of this chapter hé.é_ been accepted for publication
Fokoué and Titterington (2001) in the special issue of Machine Learning on MCMC.
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In the previous chapter, we studied various aspects of t‘h‘e é‘llas)sfcal Factor Analysis (FA)
model, and we noted that besides the mainstream spgtlstlcs and the psychometrics com-
munities, FA has over the years been recognised by t'h:'e Machine Learning and Neural
Computation communities as a well established probébi_listic approach to unsupervised
learning for complex systems involving correlated va‘fizlibles in high-dimensional spaces.
As we saw earlier, FA aims principally to reduce the dimensionality of the data by pro-
jecting high-dimensional vectors on to lower-dimensional spaces. However, because of its
inherent linearity, the generic FA model is unable to capture data complexity when the
input space is nonhomogeneous. One way to overcome the limitation due to the inherent
linearity of the FA model would be to resort to a nonlinear version of it by constructing
an extended model in which the manifest variable would be a nonlinear combination of
factors. Another way would be to construct an extended model that would allow the data
in each cluster of the nonhomogeneous input space to be modelled by a local FA model,

thus creating a finite Mixture of Factor Analysers (MFA). A finite Mixture of Factor

Analysers (MFA) is a globally nonlinear and therefore more flexible extension of the ba-
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sic FA model that overcomes the above limitation by combining the local factor analysers
of each cluster of the heterogeneous input space. The structure of the MFA model offers
the potential to model the density of high-dimensional observations adequately while also
allowing both clustering and local dimensionality reduction. Many aspects of the MFA
model have recently come under close scrutiny, from both the likelihood-based and the
Bayesian perspectives. In this chapter, we will touch on elements of recent developments
concerning the MFA model, but we shall mainly focus our attention on the Bayesian
approach, and more specifically on a treatment that bases estimation and inference on
the stochastic simulation of the posterior distributions of interest. We first treat the case
where the number of mixture components and the number of common factors are known
and fixed, and we derive an efficient Markov Chain Monte Carlo (MCMC) algorithm
based on Data Augmentation to perform inference and estimation. We also consider the
more general sctting where there is uncertainty about the dimensionalities of the latent
spaces (number of mixture components and number of common factors unknown), and
we estimate the complexity of the model by using the sample paths of an ergodic Markov
chain obtained through the simulation of a continuous-time stochastic birth-and-death
point process. As we noted in the previous chapter, the main strengths of our algorithms
are that they are both efficient (our algorithms are all based on familiar and standard
distributions that are easy to sample from, and many characteristics of interest are by-
products of the same process) and easy to interpret. Moreover, they are straightforward
to implement and offer the possibility of assessing the fitness of the model via the use
of realised discrepancies. Experimental results on both artificial and real data reveal
that our approach performs well, and can therefore be envisaged as an alternative to the
other approaches used for this model. Before studying Mixtures of Factor Analysers, it

makes sense to present a brief review of finite mixture models.
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3.1 Introduction to finite mixtures of distributions

Finite mixture models provide another rich class of latent variable models that are heav-
ily used in statistical modelling, and that have been extensively studied in recent years
by many scientific communities for a variety of practical applications. The use of finite
mixture models is particularly relevant to applications where the input space is assumed
to be nonhomogeneous (heteregeneous), so that it would be unrealistic to use a single
density function to model the distribution of the data. Mixture models allow the rep-
resentation of the density function as a weighted sum of component densities, thereby
making it possible to take into account the heterogeneity of the input space. Mixture
models can therefore be used for density estimation as an alternative to traditional non-
parametric kernel density estimators. The analysis of finite mixtures is a vast topic. In
this section, we only review some of the key issues related to mixtures, and the reader is
referred to such references as Titterington, Smith, and Makov (1985), Everitt and Hand
(1981) and McLachlan and Peel (2000) for more detailed presentations. Chapter 9 of

Robert and Casella (2000) provides a recent account of the analysis of finite mixtures by

MCMC methods.

3.1.1 Definitions, concepts and notations

Our basic definition of finite mixtures is taken from Titterington, Smith, and Makov
(1985). Suppose that a random variable or random vector, &, takes values in a sample

space /X, and that its distribution can be represented by a probability density function

of the form

p(@)=mfi(@)+ -+ mfi(z) = Zﬂjf,-(w) (z € X) (3.1)

where
k

m; > 0, J=1,--4,k; 7r1+---+7rk=27rj=1,
j=1

and
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() >0, /f(w)d:c—l j=1,--- k.
In such a case, we shall say that = has a finite mizture distribution and that p(+), defined
by (3.1), is a finite mizture density function. The parameters 7, --- ,m; will be called
the mizing weights or mizring proportions, and f,(:),--+, £+(-) will be referred to as the
component densities of the mixture. It is straightforward to verify that (3.1) does indeed
define a valid p.d.f. In many situations, f;(-),---, f(-) will have specified parametric
forms and the right-hand side of (3.1) will have the more explicit representation

k
mfi(@ld) + -+ mfi(@lde) = ) mif(2l8)), (3:2)

i=1
where ¢; denotes the parameters occurring in fj(-). The complete collection of model

parameters @ will therefore be @ = (my,- - , 7k, 1, , #). With a slight abuse of no-

tation, we shall write ¢ = (¢1,:++, ¢x), ™ = (m1,- -+ ,m) and then write 8 = (m, @).

Example: If the probability density function of a univariate random variable & can

be represented by a two-component mixture of Normal densities with common variance,

then we can write
p(z]0) = 7N (z; p1,0) + (1 — )N (2; pa, 0). (3.3)

In this case, m =7, my=1-m, ¢ = (u1,0), &= (u2,0), &= (u,u20), and
the complete collection of model parameters is therefore 8 = (m, uy, p2,0).

Note: In both univariate and multivariate settings, miztures of normal densities, also
known as miztures of Gaussians or Gaussian miztures have been extensively studied over
the years, since they have a wide range of applications. Finite mixtures of Gaussians are
indeed the most frequently encountered form of finite mixture distributions.

While there is no requirement that the component densities appearing in (3.2) should
all belong to the same parametric family, it must be said that in most applications, this
will be the case, and the finite mixture density function will then have the form

p(x|0) =Y m;f(x|é)), (3.4)

i=1
where f(z|¢,) denotes a generic member of the parametric family under consideration.
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3.1.2 General mixture densities

In the case of a finite mixture model defined by (3.4), each of ¢y, , ¢ is an element
of the same parameter space ©. It follows that @ = (my,- -, 7;) may be thought of as
defining a probability distribution over ©, with m; = Pr(¢ = ¢;), for j = 1,--- k. If
Gr(-) denotes the probability measure over ® defined by , then (3.4) may be formally

rewritten as

p(z|6) = /@ £ (@/4)dGr (). (3.5)

Throughout our work, we only deal with finite mixtures, which correspond to cases
where Gr(-) defines a finite, discrete measure over ©. It is however worth mentioning
that equation (3.5) suggests a generalisation to general mizture densities by allowing

Gr(:) to be a more general form of measure over ©.

3.1.3 Latent structure formulation

Another formulation of finite mixture models, which we shall make extensive use of
throughout our work is the latent structure formulation. In fact, given an observation z,
a finite mixture model assumes that & was generated from one of k subpopulations, each
containing a proportion m; of elements of the wider population. Each subpopulation
is also known as a component of the mixture, and can be viewed as a cluster in the
input space. Since the component from which the observation originated is not directly
observable, it is usually convenient to define a discrete random latent variable y that
identifies such a component or cluster, and its distribution is given by Pr(y = j) = =;
for j = 1,---,k. If we use the indicator variable version of y (i.e y7 = (v, , )
as defined in chapter 1) it is easy to see that y has a multinomial distribution, y ~
Mn(1;my, -+ , 7). Here, m; represent the probability that the observation 2 comes from
source 7, and play the same role as the mixing proportions or weights that we encountered
earlier. We obviously have 7; > 0for j =1,---,k,and }_ 7; = 1. In each subpopulation,
x has a specific class conditional density (the component density defined earlier) given

by p(xz|y = j). With p(z,y) = p(z|y)p(y) and dP(y) = p(y)dy, the marginal density
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of x is therefore i
pa) = [H p(e,)dy = | Plelp(y - [ pavire)
- EPr(y—J)p(wly j)= Zvr;b(wly ). (36)

Jj= 1} l :
As we shall see later, it will be more convenient in most cases to use the complete-data
density instead of the above marginal density of the observed data . The complete-data

v

density for our k-component finite mixture can be wrltten as . )

kvl,

p(z*) = H [rip(zly = 5)]“ =[] =} ,[P(-’Bly = )" 3.7
J ll , o

3.1.4 Aspects, aims and issues in ﬁnit“e};ﬁli}'j{tﬁres
Clustering: Statlstlcal methods used to analyse ﬁmte mlxtures generally deliver the
clustering of the data in the form of estimates of the expected latent scores E [y|z].
Discriminant analysis and classification: Wh'enl;the components of a mixture
have some physical meaning (interpretation), ﬁmtel r'nlxtures can be used in pattern
recognition as a classification tool. 7‘: -‘

Parameter estimation: The estimation of parameters in a finite mixture has to
overcome the identifiability hurdle that we will be explaining later.

Density estimation: Traditionally, nonparametric friéthods tend to be preferred when
it comes to density estimation. However, finite mixtures can, in some settings, serve as
an alternative to these classical nonparametric approaches.

Model selection: To date, determining or estimating the number of components is
one of the most complex topics in the analysis of finite mixtures. From a likelihood-
based perspective, the task is very similar to the one we encountered with the FA model.
Essentially, it consists of a test of significance similar to the one used for goodness-of-
fit. The bad news is that such a test is not easy to construct, and to date, the field
remains virtually unexplored because of extreme mathematical difficulties in deriving

appropriate test statistics and their corresponding reference distributions. Because of

these limitations, we adopt a Bayesian approach similar to the one used in Chapter 2.
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3.2 Difficulties with finite mixtures

The statistical analysis of finite mixtures generally encounters structural, inferential and
computational difficulties, especially when parameter estimation is the main aim of the

analysis. In this section, we briefly review some of the most common difficulties.

3.2.1 Identifiability

In this section, we simply give an intuitive definition of identifiability. A more formal
and more mathematically grounded definition is provided by Titterington, Smith, and
Makov (1985), pages 35-37. In fact, identifiability is inherently linked with parameter
estimation, which has to do with the characterisation of the proposed model. In Chapter
1, we presented the general issue of identifiability, and we encountered it again in Chapter
2. When one thinks of parameter estimation, there is an underlying assumption that
there exists a unique set of parameters that characterise the model, and the aim of
parameter estimation is therefore the determination of that unique set of parameters.
This uniqueness is an aspect of identifiability, and when such a unique set does not
exist, the model under consideration is said to be non-identifiable. Finite mixtures are
essentially non-identifiable, because the value of the density p(x|0) remains unchanged
for all the k! permutations of the component labels y;. Thus, if 8' = ¢(8) is a new set
of parameters obtained by a permutation of labels, then p(x|@') = p(x|0). In other
words, given a sample X assumed to have arisen from a k-component mixture, there are
potentially k! different collections of parameters that would equally ”characterise” the
model. This is obviously not a desirable situation, since one would like to unambiguously
determine a unique set of model parameters. As we shall see later, this difficulty, which is
structural, also leads to another difficulty which is computational in nature, namely the
label switching problem that constitutes one of the bottlenecks of Bayesian sampling for
finite mixtures. Many approaches have been used so far to tackle this difficult issue, and

we shall touch on some recent solutions later. However, it seems that no fully satisfactory

solution exists as yet.
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Remark. It is worth stressing that identifiability is such a crucial issue only when
parameter estimation (model characterisation) is the aim of the analysis. When finite
mixtures are used as alternatives to traditional nonparametric density estimators, the
labelling of components is not a critical issue.

Note: Without loss of generality, we shall from now on base all our developments on
finite mixtures of Gaussians. In many cases, general aspects apply mutatis mutandis to

other forms of mixtures.

3.2.2 Unbounded likelihood and singularities

!

The likelihood function for a Gaussian mixture is unbounded, and allows the existence
of singularities when an iterative method like the EM algorithm is used for maximum
likelihood estimation (MLE). A simple and widely used illustration of this arises in a
mixture of univariate normal distributions where the likelihood tends to infinity if we
set 1, to x; and allow o? to tend to zero Everitt and Hand (1981). In other words,
the first component of such a mixture only contains a single point x;, whatever the
number of iterations performed, thereby yielding a partitioning of the population that is
meaningless and clearly not of any interest. This aspect of the likelihood function affects
both likelihood-based and Bayesian methods of estimation. In fact, in the Bayesian
sampling framework, the use of a standard hierarchical prior structure for mixtures of
Gaussians often leads to situations where a given component is allocated a very small
number of observations, resulting in an almost zero probability for that component to
be allocated more observations, or to have some of its few observations allocated to any
other component. In fact, it turns out that these almost-absorbing states in MCMC are
the analogues of the singularities encountered in the MLE approach. In other words, if
a component variance o;‘-’ is allowed to become extremely small (i.e term of very small
magnitude with respect to machine precision) at any given sample point, then that
component of the mixture will be allocated that single point, with no chance of having
any other point allocated to it, since the fixed hyperparameter will obviously never

change the state of the chain. In practice, many devices are used to circumvent this
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difficult issue, one of them consisting of constraining all the component variances to be
equal. However, such a constraint is clearly unrealistic in the majority of cases. While
the likelihood-based approach has to rely on ad hoc methods to tackle this issue, the
Bayesian framework makes it possible to provide a more principled solution along the
lines of Richardson and Green (1997), a solution that consists of adding an extra layer to
the hierarchical prior structure in order to allow the hyperparameters of the variances (or
covariance matrices) of the components of the mixture to be stochastic quantities. Such
an extension allows the covariance matrices to be similar without constraining them to
be equal, and effectively allows the sampling scheme to explore extensively the current

modal region thereby increasing the chance of escaping from trapping states.

3.2.3 The label switching problem

Label switching is a difficulty that arises during the statistical analysis of mixture distri-
butions. In the Bayesian framework, when we combine the use of symmetric priors for
model parameters (mixing weights and component parameters) with a likelihood that
is invariant to permutations of labels, we end up with a posterior distribution that is
also invariant to relabelling. This means that, for a k-component mixture, the posterior
essentially has k! modes of equal importance. During the MCMC iterative sampling
procedure, samples of parameters drawn from the stationary (equilibrium) distribution
are therefore likely to have originated from one of those k! modal regions of the posterior
surface. Ideally, for parameter estimates to be meaningful, the samples that provide
them have to have been drawn from the same modal region. While label switching is
desirable in that it is an indication of good mixing and therefore good exploration of the
posterior surface, a careless treatment of its effect would lead to meaningless parameter
estimates. 4

Many strategies have been used to address the difficult issue of label switching. The most
natural approach, tested by Diebolt and Robert (1994) ,Richardson and Green (1997),
Fokoué (2000), Fokoué and Titterington (2000a) and many others, consists of imposing

an ordering a priori to make sure that all the samples of the Markov chain come from
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the same modal region of the posterior surface. In practice, one may decide to accept
only samples satisfying the constraint 7; < 72 < -+ < 7 or in the univariate setting to
impose an ordering on the means of the Gaussians, e.g. u; < pg < -+ < pg. Despite
its intuitive nature, this approach leads to a poor representation of the geometry of the
posterior surface. Besides, it cannot be easily extended to the multivariate setting and,
worst of all, it leads to a high rejection rate (especially in multivariate settings) and
considerably retards the sampler.

Some other solutions to this problem based on k-means-like clustering algorithms and
the use of loss functions have been proposed by Celeux (1998), Celeux, Hurn, and Robert
(2000) and Stephens (2000), and tested by Fokoué and Titterington (2000d) and Hurn,
Justel, and Robert (2000). In our work, we use an online clustering algorithm Celeux
(1998), Celeux, Hurn, and Robert (2000) that consists of isolating one of the k! modes

(the mode of reference). The reader is referred to the cited references for details of the

methods.

3.2.4 Estimation efficiency and overfitting

When used for density estimation, finite mixtures of Gaussians can be prone to overfit-
ting in high-dimensional spaces. In fact, as the number of mixture components increases,
density estimation is greatly improved. However, this increase in the number of compo-
nents leads to a significant increase in the number of free model parameters when full
covariance matrices are used, and this naturally leads to overfitting in the event of small
samples. An extreme solution to this problem consists of constraining the covariance
matrices to be isotropic. This is obviously not a very realistic solution in most cases.

In the next chapter, we will explain how mixtures of factor analysers (MFA) provide a

better solution through structured covariance matrices.
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3.2.5 Multimodality, local maxima and poor mixing

Because of the invariance to permutation mentioned earlier, the likelihood surface of
a mixture model is inherently multimodal. This multimodality can become a serious
computational problem with iterative algorithms that may easily get trapped in a local
maximum while the true global maximum (if it exists) is actually located at a different
modal region. In practice, as we noticed throughout our simulations, label switching does
not happen very often when the generic Gibbs sampler is used, since the Gibbs sampler
is not very good at jumping between different modal regions of the posterior surface of
the parameters. In a sense, this might be good for parameter estimation for reasons
given above, but can lead to very poor density estimation. The use in this context of
sampling strategies like simulated tempering Celeux, Hurn, and Robert (2000) allows
better exploration of all the modal regions of the posterior surface, which results in good

mixing and therefore many occurrences of label switching.

3.3 Introduction to Mixtures of Factor Analysers

Unlike the fundamentally linear FA model, the MFA model is more flexible, with its
inherent ability to partition a heterogeneous input space into clusters while simultane-
ously achieving local dimensionality reduction in each of the derived subspaces. Under
the assumption of orthogonal factor analysis, the MFA is a reduced-dimensional mixture
of multivariate Gaussians that can be used as an approximate method of density estima-
tion in high-dimensional space, especially in cases where samples are of small sizes. In
fact, while a plain mixture of multivariate Gaussians with full covariance matrices would
be prone to overfitting when the number of mixture components is increased, the MFA
model allows one to control or avoid overfitting by varying the dimensionalities of the
latent subspaces (i.e. the number of common factors), thereby reducing the number of
free model parameters significantly without imposing such strong constraints as forcing
the covariance matrices of the local Gaussians to be isotropic.

The MFA model, by its construction and structure, is a rich and interesting extension of
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both Factor Analysis and finite mixture models, and therefore has the potential for an
even broader range of applications. In fact, in recent yeairs, the study of MFA has received
considerable interest. The psychometrics community with its traditional interest in FA
and related multivariate models has produced a good pumber of papers among which
Yung (1997), Dolan and Van der Maas (1998), Armmger Stem and Wittenberg (1999),
all address the fitting of MFAs or closely related models, by varlous versions of Maximum
Likelihood Estimation (MLE). From the Neural Computatlon community, Ghahramani
and Hinton (1997) derived an EM algorithm for parameter estimation within the model.
Ghahramani and Beal (2000) later considered a Bayes1an treatment of MFA via a vari-
ational approximation. Ueda, Nakano, Ghahramanl, ,land aHlnton (2000) applied their
Split-and-Merge-EM (SMEM) algorithm to the MFA\II;O‘(‘le’] ,and obtained good results
in such tasks as image compression and handwritten diglts r'ecognltlon From the main-
stream statistics community, McLachlan and Peel (2000) proposed a variant of the EM
algorithm for a study of the MFA model with apphcatlon to clustermg and density es-
timation. They applied the resulting algorithm to artlﬁmal and real data, and obtained
good results. If we consider the Bayesian frameworlf,'lt:he‘n‘1tl‘emerges that, apart from
Fokoué and Titterington (2000a) and Fokoué and ,’I“i)t(lterington (2000d), only approxi-
mate techniques have been used to address the intractability of the functions of interest.
While these techniques can be fast in producing reaéonably good results, assessing the
closeness of approximations to the true values of interest still remains a complex prob-
lem. |

To the best of our knowledge, the first attempt toiuse an "exact” technique (no ap-
proximation of the functions of interest) for the Bayesian analysis of the MFA model
was presented by Fokoué (2000)!, who constructed an efficient sampling scheme for the
posterior simulation of the distributions of interests. .The derived Markov Chain Monte
Carlo (MCMC) algorithm was essentially a straightforWard adaptation of Data Aug-

mentation (a two-stage Gibbs sampler) to the complete-data formulation of the MFA

inferential task. There have since then been some other developments along the lines

'For the writing and the presentation of this paper, I was awarded a Young Researchers’ Prize for
the best full contribution at the Compstat 2000 conference in Utrecht (The Netherlands).
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of stochastic simulation for MFAs, namely in Fokoué and Titterington (2000a). We re-
cently discovered that Utsugi and Kumagai (2001) independently worked on a similar
Bayesian sampling scheme for MFAs with known and fixed k¥ and ¢q. Fokoué and Tit-
terington (2000d) presents a more extended treatment where model selection is tackled
in the Bayesian framework through the simulation of a continuous time birth-and-death

point process; see Section (3.8) below.

3.3.1 What is a Mixture of Factor Analysers?

Definition: Let us once again consider our manifest random variable x € X C IRP.
Suppose that the sample space X’ can be partitioned into k clusters, so that the proba-
bility of = to have originated from cluster j is m; = Pr(y = j) as defined earlier in Section
(3.1.3). If we also suppose that in each cluster j, all the assumptions of orthogonal factor
analysis hold, so that p(z|y = j) = Np(@; pj, AjA] +X;), for j = 1,--- ,k, then it is

easy to show that the unconditional probability density function of & can be written as
k
p(x) =D mNo(; iy AjA] +T5). (3.8)
j=1

The density function p(-) defined by (3.8) is a mizture of factor analysers (MFA). The
intrinsic dimensionality of the data in cluster j is g;, so that A; € IRP*% for j =1,--- , k.
Generative equation: Let 2; € IR% and e; € IRP respectively denote our random
vector of factor scores and our random vector of noise in cluster j. The assumptions
here are z; ~ N, (0,1,;), €; ~ Mp(0,%;) and Elz|y = j,z;] = Ajz; + 5. Thus,

conditional on ¢ = j, the generative equation for the MFA model can be expressed as
z=Ajz;+pi+e, j=1,---,k, (3.9)

Missing data formulation of MFA: As a combination of two latent variable models,
the MFA model is obviously a latent variable model itself. As before, the missing data
formulation of the model will prove to be crucial for many inferential tasks. Using
elements from both FA and finite mixtures, and assuming that y and 2z are a prior:

independent, it is easy to see that the complete-data density of all the variables of the
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model is given by
k
p(e,y,2) o [ nf V(s 15 + Ay 25, )] (3.10)
j=1

With © = {7y, ,me}, o = {p,-- i}, A = {A1,-- , At} and B = {Zy, -+, 5},
our complete collection of model parameters is now given by 8 = {m, u, A, Z}.
Remarks: As the form of (3.8) suggests, a mixture of factor analysers is nothing but a
finite mixture of multivariate Gaussians with structured component covariance matrices.
Related work: Closely related to the MFA model are: the Mixture of Probabilistic
Principal Component Analysers, studied by Tipping and Bishop (1999) who used the
EM algorithm for parameter estimation; and to some extent (although purely univariate
at this stage), the Mixture of Regressions studied from a stochastic simulation perspective
by Hurn, Justel, and Robert (2000). A good understanding of the MFA model should

form a good starting point for estimating Mixtures of Multivariate Regressions.

3.3.2 Why use a Mixture of Factor Analysers?

We have already presented many difficulties underlying the use of both factor analytic
and finite mixture models, and it stands to reason that combining these two models
naturally results in even more difficulties. Despite all the modelling challenges inherent

in it, there are many reasons that make MFAs appealing, two of which can be simply

explained as follows:

o Locally linear but globally nonlinear Factor Analysis: Combining a finite number
of local factor analysers results in a globally nonlinear model that is theoretically

more flexible and therefore better able to capture the complexity of the data.

o Improved density estimation via parsimonious Gaussian mirtures: When used for
density estimation, finite mixtures of Gaussians can be prone to overfitting in
high-dimensional spaces. In fact, as the number of mixture components increases,
density estimation is greatly improved. However, this increase in the number of

components leads to a significant increase in the number of free model parameters
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when full covariance matrices are used, and this naturally leads to overfitting in the
event of small samples. MFAs control or avoid overfitting by using the intrinsic
dimensionalities of local factor analysers to control the number of model param-
eters. This is a good trade-off between the use of restrictive isotropic covariance

matrices and the use of full covariance matrices.

Note: In the majority of applications where factor analytic models are used, the dis-
turbance (noise) is generally measurement error. It is therefore reasonable and realistic
to assume that such a noise has the same distribution across all the components of the
MFA model. We shall therefore consider the general case where ¥; are distinct across
clusters, but, for practical applications, we shall assume that £; = ¥, j =1,--- k.

On the other hand, we will treat a general situation where g; are distinct across clusters,

and the special case where ¢; =¢q, j=1,---,k.

3.4 Likelihood function for MFA

From the expression for the marginal density of & in equation (3.8), the observed-data

likelihood for a sample of n i.i.d observations is given by

L(6|X) ﬁ (Z TiNp(xi; 1, A]'A;!- + E,-)) (3.11)

i=1 \j=1
The first thing to notice is that it would be hard if not impossible to derive closed-
form expressions from (3.11), if one were inclined to use maximum likelihood estimation
for instance. The only way forward would therefore be to resort to Newton-Raphson
type algorithms, a solution we have so far avoided for reasons given earlier. On the other
hand, (3.11) involves the evaluation of k" terms corresponding to the different allocations
of observations &; to their corresponding components in the mixture model. If such
an evaluation were to be repeated in an iterative algorithm, it would quickly become
computationally unrealistic and almost infeasible even for samples of size greater than

40. For both likelihood based and Bayesian estimation methods, the use of the above

observed-data likelihood is therefore not attractive, and we shall instead make use of the
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complete-data likelihood whose expression is given by

=1

n k
L(6;X,Y,2) [ | <H i [Np(ei; 1 + Aj 245, 21)]”“) (3.12)

j=1
By ”de-mixing” the likelihood function, the complete-data formulation makes it possible
to derive closed-form expressions for the EM algorithm, and familiar full conditional pos-
terior densities for Data Augmentation. Moreover, being a typical incomplete-data prob-
lem, the inferential task inherent in the MFA model naturally lends itself to two-stage
iterative algorithms where the first stage imputes values to the missing (unobserved)

data while the second stage performs the estimation based on the complete-data.

3.5 The EM algorithm for the MFA Model

The EM algorithm for mixtures of factor analysers is essentially a straightforward ex-
tension of the EM for Factor Analysis that we encountered earlier. On the other hand,
since a MFA is a mixture of Gaussians for which the EM is now fairly standard, we avoid
lengthy details here, and only provide the main results.

Remarks: (i) At this stage, it is probably fair to point out that, besides its great
advantage of guaranteed convergence, the EM algorithm would be an even more appeal-
ing alternative to its other Maximum Likelihood estimation counterparts (the Newton-
Raphson types) if closed-form expressions could be derived for both the E-step and the
M-step. Fortunately, this turns out to be the case as we show later.

(ii) So far, we have, for simplicity, systematically omitted the indication of the parameter
set @ in our expressions (for example, p(x) in place of p(x|@)). While such a simplifi-
cation is harmless in the likelihood-based framework where parameters are simply fixed
quantities to be ”plugged-in”, it could lead to confusion in the Bayesian paradigm where

parameters are stochastic entities, making an expression such as p(x) a marginal density

of x over 0.
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3.5.1 Likelihood-based inference for MFA

The EM algorithm for MFA that we shall be describing in the next section will yield a
Maximum Likelihood point estimate Oem of 8, and quantities of interest can be estimated
by simply plugging in the value of Oewm in the appropriate expressions.

Density estimation: According to this, the density io(m|0) would therefore be esti-
mated by p(z|0em), with p(z|0) defined as in equation (3.8).

Classification and Clustering: In the same way, the classification probabilities defined
in equation (3.16) could be estimated by Pr(y; = 1|z, fem).

Data reduction and factor scores estimation: Finally, expected factor scores
E [z|z, y;, 0] could be estimated by E [z|a:, yj,éEM]. In the case where ¢; = g, the
marginal expected factor score E [z|x, 0] is itself a mixture and has the form

k
E 2]z, 0] = Ey [E[2le,,6] = 3 Pr(y = 12)E[e]z,y; = 1,6]  (313)

i=1

E [z|x, 0] of (3.13) can then be estimated by E [zl:c, QEM].

3.5.2 Elements of the E-step

The expression of the expected log-likelihood for the MFA model is given by
n [k
Q(6|6Y) =E [log [H (H T [Nop(i; i + Ajzij, 21‘)]””)” : (3.14)
i=1 \j=1
An expansion of (3.14) reveals that a closed-form expression for Q(O[B(t)) can be derived
easily if closed-form expressions for E [y;z;|z] and E [y;2;2] |«] exist (see Appendix B for
details). It turns out that, if we use y as a vector of indicator variables, y = (g, - , )T,

then the event {y = j} is the same as {y; = 1}. With p(y;, z;|x) = p(y;|x)p(2;ly;, =),
E[y;z;lz) = E[y;|z] E[zj|@,y;] and E [yjzjz;-r]:c] =E[y|z]E [zjz;-rla:, y;] - (3.15)

E[z;]z, y;] and E [z;2] |z, y;] are expressions that we derived when studying the EM
for Factor Analysis. We therefore only need to find a closed-form expression for E [y;|x],

which turns out to be quite straightforward as we now show.
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If we average the complete-data density p(zx, y;, z;) over z;, we can write p(z, yj) =

P(ylz)p(z) = p(y;)p(zly;). With Pr(y; = 1) = m; and p(yle) « p(y)p(ely;), we

derive Pr(y; = 1|z) oc mN (; pj, A;A] +I;). Introducmg the normalising constant, we

can therefore express Pr(y; = 1|x) as follows:

7Ny (; gy A AT’+E )
k
ZWJ:N a:uJ, rA +)3 )
.7'_1 , T [
,, RN
Definition: We define a;; = E[y;;|x;] = Pr(y,J 7 ll:c. for each x; and the corre-

(3.16)

Pr(yj = 1'53)

sponding ;j, (i =1,+-,nand j =1,--- k), so that ‘a ) )18 the current value of a;; at
the t-th iteration of the EM algorithm. In the same way, b( ) and C(t) are respectlvely

,((

the values of b;; = E [2;|;, y;;] and Cy; = E [z,]zula:., y,J] ]at the ¢-th iteration of the

AP\v

algorithm.

RSN
3.5.3 Elements of the M-step updat'es
, e _.' '
i 'l )( ] l1 1“
It turns out that the analytical expression of Q(BIO“’) bbtalned earlier also allows the
derivation of closed-form expressions at the M- step \ The detalls of the results of this

f
i

section can be found in Appendix B. We define ;"" ‘

=) wi=#{®iiyi=j i=1--,n} (3.17)

as the number of observations currently allocated to qdmponent j- A pseudocode for one

iteration of the corresponding EM algorithm is provided by Algorithm 5.

Remark: As we discussed in Section 3.2, the af)plication of the EM to mixtures
generally encounters such problems as: (a) singularities due to the unboundedness of the
likelihood; (b) existence of many local maxima due to the usually multimodal nature
of the likelihood surface; and (c) sensitivity to initial parameter values. In fact, our
simulations reveal (see Section 3.7) that the above EM algorithm, once trapped in a
local maximum of the likelihood surface, cannot escape it, thereby yielding solutions

that in some cases are very far from the truth and therefore not of great use. Such
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limitations stimulate one to resort to an alternative approach. McLachlan and Peel

(2000) propose an extension of the EM, while we opt for a Bayesian solution via Data

Augmentation.

Algorithm 5: The EM Algorithm for Mixtures of Factor Analysers
e E-step - With current 8% , compute afj), b(t) and C(t)

e M-step -

W](t+1) _ Z a(t)

”§t+1) — Za(t)( (t)b(t)):l [Ea(t):l
=1
-1
P
j _;a, z; — ™) (b9) Z_:l

if T,=%, Vje€{l,---,k} then

nt+) —d|ag [Zza(t) ( (t+1) A§t+1)bg)) (mi M§t+1))T:|

i=1 j=1

if T;=%; for j#j' then

—dnag [Za ( (t+l) A(t+1)b(t)) ( u§t+1))1]

Note: The details of the derivation of the above algorithm are given in Appendix (B).

3.6 Bayesian inference for MFA

As we discussed earlier in Section 2.5, our main ingredient for inference in the Bayesian
framework is the posterior density p(@|X). All quantities of interest in this case are

obtained by averaging over the parameter space, with averages weighted by p(6|X).
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Predictive density: For a future (unseen) observation &,e,, the predictive density

P(Tnew|X) of Tpew given X is provided by
P(@oen|X) = fe P(@0ew|8)D(6]X) 0. (3.18)

Expected factor scores: For observations contained in the sample used for parameter

estimation, the expected factor score E [2|X] is given by
E[2|X] = Eg [E[2X, 0] = /@ E [2[X, 8] p(6]X)d6. (3.19)
For a future (unseen) observation &pew, the expected factor score is given by

E [znewlmnewa X] = ]Eo [E [znewlmnewa X, 0]] = /@ E [znewlwneW7 0] p(olmnew: X)d0

1
= T /@E[znewmew,e]p<mnew|e)p<e|><)do- (3.20)

Clustering and classification: The classification probabilities for all the observations

in the sample are provided by
Pr(y; = jIX) = /9 Pr(y; = jlz:, 0)p(6|X)d6, (3.21)

where Pr(y; = j|zi,0) is defined by (3.16). Finally, for a future observation ©pew, the

classification probability will be

Pr(ynew = jlmnew; X) = /6 Pr(ynew = jlmnew’ o)p(glwnewa X‘)do
1
—————= | Pr(ynew = J|Tnew, 0 new|0)P(0|X) {822
o PWnen = 310 O)p(nen|O)p(61X) 2822
Note: All the above averages cannot be obtained in closed-form, because of the in-

tractability of the integrals involved. To remedy this, we draw samples from p(8|X) via

Data Augmentation, and then we compute approximations of the above integrals.

3.6.1 Elements of Data Augmentation for MFA

In Chapter 2, we used Data Augmentation for the analysis of the single factor model,
along the lines of Lopes and West (1999), Martin and McDonald (1981) and Ihara and
Kano (1995), and we showed that the derived scheme was efficient. Diebolt and Robert
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(1994), Richardson and Green (1997), Escobar and West (1995), Celeux (1998) and Hurn,
Justel, and Robert (2000) among others, have applied the method to the analysis of finite
mixtures. Combining ideas from both these camps, it turns out that Data Augmentation
(two-stage Gibbs sampler) provides a natural framework for the derivation of an efficient
sampling scheme for the MFA model. In fact, if we assume a fully specified prior density
p(0) for 6, we can then use the complete-data likelihood of equation (3.12) to form the

complete-data posterior density for the MFA model, which is given by

n

k
p(0,Y,Z[X) [H (H i Np(ai; 1 + Ajzij’zj)]mj)} p(0). (3.23)

i=1
The good news here is that our complete-data likelihood function makes it possible to use
a conjugate prior structure, which in turn allows us to derive full conditional posteriors
that are standard and easy to simulate. The resulting sampling scheme for p(8, Y, Z|X)
is therefore an efficient one. Note that this sampling scheme is essentially the same as
the one derived in Section 2.5, with the main difference that we now need additional

sampling for ¢ and the corresponding .

With 89, Y®) Z® as the current values of the chain the algorithm has the form

Algorithm 6: The Data Augmentation Algorithm for MFA.

Imputation step: Impute some values for the missing latent variables.
Simulate Y1 ~ p(Y]0®), X, Z®)
Simulate  Z(t+D) ~ p(Z|6®, X, Y1)

Posterior step: Draw new parameter values given the augmented data.

Simulate  9t*D) ~ p(B|X, YD), Z(E+D)

In the spirit of the Gibbs sampler, the equilibrium distribution reached by Algorithm 6

should provide samples from posterior marginals p(8|X), p(z|X) and p(y|X) that can

then be used to obtain estimates of parameters, estimates of expected factor scores and

estimates of classification probabilities respectively.
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3.6.2 Bayesian inference via Data Augmentation

As we said earlier, once the Markov chain constructed by Data Augmentation has con-
verged to the equilibrium distribution, it provides ingredients for a variety of inferential
tasks. The key advantage here is that all these ingredients are obtained simultaneously,
and many aspects of inference in this case are just by-products of the same process, with
little extra computation needed. Before giving a detailed description of the sampling
scheme, we first address some important issues related to inference. First and foremost,
if we assume that problems like label switching and convergence have been dealt with,
Bayesian parameters estimates are straightforward. With M useful MCMC samples re-
tained after ”burn-in”, the chain {#® : ¢ =1,..., M} provides a sample of draws from

p(6]X), and, just as before, the estimate 8pa of 8 is given by
1
o = — E ®
Ooa 7 2 0. (3.24)

Expected Factor scores: With the sample path {Z® : ¢t = 1,..., M} produced
by Algorithm 6, it is natural and straightforward to compute the corresponding ergodic
averages, and to use them as Bayesian estimates for E[2|X]. However, for problems of
even moderate intrinsic dimensionalities, having to store these vectors of common factors
can quickly become explosive in terms of the storage capacity required. This is indeed a
major drawback. Two straightforward solutions that avoid such explosive storages can
be adopted in this case: (a) On-line estimation of ezxpected factor scores, which consists
of updating averages such M. 20 at each iteration. (b) auziliary latent variables.
Instead of storing the 2® so as to compute averages later, one can simply use the current
draw to "augment” the data for the sake of parameter estimation. Once convergence is
achieved, simply use the chain of parameters to compute the corresponding estimates
of expected factor scores. For instance, this would mean combining the expression for

E [z]X, 6] of equation (3.13) with (3.19) to produce an approximation of E [z|X] given

by

M
E[z|X] ~ % YE [z|X, 9“)]. (3.25)
t=1
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In this way, the 2(!)’s appear in the sampling scheme just as auxiliary variables to facil-
itate the estimation of parameters.

Classification probabilities and clustering: Eachset Y® = {y® :i=1,... n}in
the chain {Y® :¢=1,--., M} provides a possible clustering of the data, corresponding
to the current set 8®) of model parameters. For the same reasons as before, it is inefficient
to store the chain {Y® : ¢t = 1,...,M}. We simply use each draw y® just as an
instrumental variable for the completion of the data in view of parameter estimation.

Using the chain {8 : ¢ = 1. , M}, compute estimates of our classification probabilities

. 1 & .
Pr(y; = 41X) ~ 37 > Pr(y, = jl:, 6). (3.26)
t=1

Estimates provided by (3.26) can then be used for soft or probabilistic clustering of the
data. More specifically, soft clustering is achieved by drawing the label y; of @; from a
multinomial distribution with parameters k£ and Pr(y; = j|X),j = 1,--- ,k. A hardor

outright clustering can also be obtained by assigning each observation to the component

for which the posterior probability Pr(y; = j|X) is the highest.
Density estimation: Last but not least, it is worth pointing out that density estimates

for future observations in this case are straightforward, and are given by

M
1
p(mnewlx) ~ ‘M‘ Zp(mnewlo(t)), (3'27)
t=1

which can also be used for all the inferential tasks involving future observations.

3.6.3 Hierarchical structure specification

It is worth remarking that the MFA model lends itself to a hierarchical structure speci-

fication. The natural approach to prior specification in this context would be to use the

standard hierarchical prior structure as given by
p(0) = p(r|0)p(pl¢, k)p(Zla, )p(Aln, Q), (3.28)

where §,&, k,0,7,7, are hyperparameters. With the prior defined by (3.28), the hi-

erarchical structure of the MFA model is given by Figure (3.1). However, as reported
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¢ K a T Ui 1 1) k §

Figure 3.1: Direct Acyclic Graph (DAG) showing the hierarchical structure of the MFA
model. A circle indicates an unknown random quantity, while a square (or rectangle)
represents a constant. The double box is dedicated to the Qbserved data.

by Robert and Casella (2000) and also noticed in 9ur ‘S}'rrl‘glatlons the use of this stan-
dard hierarchical prior structure leads to smgularltles and trapping states in sampling
as explained in Section (3.2.2). To simplify our descrlptlon we first restrict ourselves to
the case where £; = X, and ¢; = ¢, Vj € {1,--- ,k}.\ Adaptation to the other cases is
straightforward. In fact, if one of the component povariance matrices Aj/\JT + ¥ is al-
lowed to become extremely small (i.e have terms of :véry small magnitude) at any given
sample point, then that component of the MFA will be allocated that single point, with
no chance of having any other point allocated to it, since the fixed hyperparameter will
obviously never change the state of the chain. Instead of using the standard hierarchical

prior structure? of equation (3.28), we use the extended structure of equation (3.29),

where an extra layer allows the component covariance matrices to be explored at least

locally through the stochasticity of the hyperparameters of A:

p(0) = p(|8)p(ulE, k)p(Ele, T)D(Aln, Q)p(Qg, h), (3:29)

21t is fair to point out that, while this is feasible via the use of an extended prior structure, such a
flexible and principled solution is not available in the deterministic setting of the EM algorithm.
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where g and h are the hyperparameters of the hyperprior Q2. The extended prior defined
in (3.29) modifies the hierarchical structure of the MFA model, and the new DAG is

given by Figure (3.2). As far as prior distributions are concerned, we use conjugate

Figure 3.2: DAG of the extended hierarchical structure for the MFA model.

priors as we did before for the FA model. The main difference from the FA model in this
regard is the discrete categorical latent variable y which has a multinomial unconditional

distribution, allowing us to use a Dirichlet conjugate prior for the mixing weights .

3.6.4 Construction of the sampling scheme

The sampling scheme for the MFA model is essentially just an extension of the scheme
that we constructed for the FA model in Chapter 2.

Imputation step for MFA: This step consists of simulating samples from the condi-
tional posterior distributions of the latent variables. It can be easily shown that y has
a multinomial conditional posterior distribution, denoted here by Mn. With 2z having a

Gaussian distribution, imputation here has the following form:
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[ -] ~ Mn(1, 73, -+ mp;) with 73 oc NG (5 15 + Aj24, )
[Zigmjl -+ ] ~ No((Tg + AT A) TIATE (@ — gy), (I + AJE71A)7Y).

Fori=1,---,nand j=1,--- ,k

Full Conditional posteriors: The derivation of full conditional posteriors for the MFA
model follows naturally from the construction of conditional posteriors for the FA model
as encountered in Chapter 2, with the only exception that we now have to include the
mixing proportions. Since we gave ample details of the construction in Chapter 2, we
will just present the key elements of our extended full conditional posteriors.

Mixing proportions: From the expression of the joint posterior, we have for

k k
p(mln, Z,A,X°) LH T } p(m) = LH w;"} p(m). (3.30)

The expression of the likelihood function allows us to use a symmetric Dirichlet prior
distribution as the natural conjugate prior distribution for our mixing proportions. More
specifically, we have 7 ~ Di(é, - - - , 8), and we write p(7) oc 7 --- 78 = H;:l 4. Combin-

ing the Dirichlet prior with the complete-data likelihood yields a Dirichlet full conditional

posterior:
[7I'I"'] NDi((5+n1,"° ,6+nk),

Component means pu;: Details of this derivation are the same as described in Chapter
2. For each y;, we use the Gaussian prior u; ~ N(€, £) and the full conditional posterior

for yu; is therefore Gaussian, that is [p;] - -] ~ Np(my,;, Cy,), with

C';jl =k'+n;Z7! and my, =C, (k6 + T yg,). (3.31)

In the above equation (3.31), &z, = Y iy.—; (Ti — Ajzi), for j=1,--- k.

Specific covariance I: Essentially, the only new aspect here is that we now need
to redefine the matrix S as S = 2;7:1 Y igimi (& — Ajzi — ) (T — Ajzi — ;)T. Since
o1 = diag(o7?,-++,0,2), we use independent Gamma conjugate priors for each 0,2,
namely 072 ~ Ga(e, 7), for r = 1,+++,p. From all that, we easily derive a Gamma full

conditional conjugate posterior of the following form:
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[U:zl e ] ~ Ga(a + n/2, T+ Srr/z)

Factor loading matrices A;: We define the column vector A, € IR?, made up of the
r-th row of the j-th matrix of factor loadings. We also define Z; € IR™* to be the
n; X q matrix containing all the factor scores currently allocated to component j. We
use the zero mean Gaussian prior Aj,, ~ N(0,Q) forj=1,--+ ;kandr =1,--.,p. If we

use the same details of derivation as in Chapter 2, this gives a Gaussian full conditional

posterior [Ajr.| -] ~ Ny(ma,,,Ch,, ), with
Crn. = +07%Z]Z;) and my, =C, (6772Z]X,;,) (3.32)

where X is the data matrix obtained from X; = ¢ — pj, and )"(.j, is a column vector
containing the elements of its r-th row in component j.

Note: A full conditional posterior for an MFA model with constrained underlying factor
analysers is easily obtained mutatis mutandis as for the factor model of Chapter 2.
Posterior for : We assume €2 to be diagonal. More precisely Q! = diag(w;?,--- Wy 2),
We also define B = Z;=1 3P 1 AjrAj,. Since each Aj has a Gaussian distribution, we
use an independent Gamma conjugate prior for each w;?, for ¢ = 1,+--,q. Finally,
with w;? ~ Ga(g,h), we easily derive a Gamma full conditional conjugate posterior

distribution for w2

[wg?l -] ~ Ga(g + kp/2, h + Be/2).

If we combine all the above elements, one step of Data Augmentation for MFA would be
given by Algorithm 7. In this algorithm, all the full conditional posterior distributions of
interest are standard and therefore easy to simulate, making the algorithm an efficient
sampling scheme. However, it must noted that for moderately large values of ¢ (e.g.
g > 7) and k (e.g. k > 10), the algorithm can become extremely slow to converge,
for the simple reason that the amount of "missing-data” to be ”filled-in” then grows
accordingly. Another consequence of having to fill-in” these latent variables in sampling
is the poor mixing due to the fact the sampler tends to remain for too long in a tiny local

region of the parameter support. Faced with a similar problem while analysing mixture
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models similar to MFAs, Celeux, Hurn, and Robert (2000) and Hurn, Justel, and Robert
(2000) have used versions of Langevin Metropolis and random walk in univariate settings.
During a personal communication, the above authors revealed to us that they did not
achieve any significant gain in performance. Besides, it is not easy to extend their
attempts to multivariate settings such as ours. We have tried in our study to construct
hybrid schemes along the lines of Nobile (1998) in order to improve both mixing and

convergence, but it is fair to say that we did not achieve any progress in this regard.

Algorithm 7: Data Augmentation for Mixtures of Factor Analysers
o I-step-Fori=1,---,nand j=1,--,k
[%]--7] ~ Mn(l,m;,---,m) with 75 o0 mNG (@35 15 + A2, E)

[Zigimsl -]~ NG((Tg+ ATE7 A TATE Y@ — pj), (I, + A] 1A )1

e P-step -

] ~ Di(6+ng,---,0+mn)
] ~ Np(my,;,Cy;), G=1,--,k
[072-+] ~ Gala+n/2,7+S,/2), r=1,---,p
] ~ Ga(g+kp/2,h+B./2), c=1,--+,q
]

~ 'qu(mAj,-,’CAjr,)) j=11"')k r=1,-,p

3.6.5 On-line clustering for label switching

Although the poor mixing of the two-stage Gibbs sampler drastically reduces the occur-
rence of label switching in our essentially multivariate setting, we still have encountered
it in some of our problems. Since the simple and intuitive ordering constraints often do
not agree with the geometry of the parameter surface, they often fail to isolate one of
the k! modes of the posterior. We have opted for Celeux (1998)’s online clustering, and

we briefly describe it in this section, using the author’s notation. The main advantage of
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(
"!

this algorithm is that it does not require the MCMC sample path to be stored, as all the
inferential quantities of interest are computed online. . Here @ is a d-dimensional vector
containing the complete collection of model parameters 50 that if we have a total of b
individual scalar parameters in a k-component mlxture then 0 would be kb-dimensional.
The procedure is initialised with m MCMC samples 91 ‘02,’, ,0™, where m is chosen
such that label switching has not yet occurred, wh1ch 1n practlce may require an inspec-
tion of the samples. 3 The method then defines reference centres f; together with their

corresponding componentwise variances s; for all the parameters as follows:

mn;‘

—.=%if and s; = Z( ::‘.,

]1)
l

!
h .
"H l

It then sets s = s;,i = 1,--- ,d. With 8 = §, the (k' 1— 1) other centres O, ...

are deduced by permutation, and one run of the r-th 1terat10n is given by:

Algorithm 8: On-line clustering for label sw1tch|ng - .
1. Allocate §™*" to the cluster j* (where j = 1 k! that minimises the

normalised squared distance e n !;
d ml+r s {‘["'i?.l]' >2

~r—1 (0'\‘»"_'0"| )
o7 = 8771 = X =

i=1 ' 9% .

where (Z[;'l] is the i-th coordinate of 0—3[.',',1 Lt j* # 1, then permute the
coordinates of ™" to get j* = 1.

2. Update the k! centres and the d normalising coeflicients
(a) Compute

gl=mEr=dgen, 1 gmir

m+r +1

(b) Derive the (k! — 1) other centres by permutation
(c) Update the variances fori=1,---,d

~1 oy mAr—1,0 0
= Tl ol - oy

m+r m+r
1 ]
+ m(()?w - iz,

3Typically, m must be large enough (this choice is not very sensitive, generally m = 100 or so works
well) to ensure that the initial estimates are a reasonable crude approximation of the posterior means.
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Remark: Because of its k! computational complexity, the above algorithm would not
be interesting for mixtures with more than ¥ = 6 components, for that would mean a

huge extra computational burden at each iteration to isolate the good mode.

3.6.6 A decision-theoretic solution to label switching

An alternative to the above algorithm is the decision-theoretic solution proposed by
Celeux, Hurn, and Robert (2000) and used by Hurn, Justel, and Robert (2000). The
method mainly consists of specifying ”suitable” loss functions £(8, 9) for the inferential
tasks at hand®. These loss functions are chosen so that they do not rely on the labelling
of the components, and are therefore not affected by the lack of identifiability due to
invariance to relabelling. This section is purely informative, and we therefore do not give
ample details here. The reader is referred to either Celeux, ‘Hurn, and Robert (2000) or
Hurn, Justel, and Robert (2000) for a more complete description of the method. Once a

"suitable” loss function is chosen according to the inferential issue of interest, the method

essentially consists of the following:

Algorithm 9: Decision-theoretic approach to label switching

1. Compute the expected loss EO]x [C(O, 9)}.

2. Find 8" that minimises the above expected loss E0|x [E(G, 9)] , le

"

9" = argmin  Egyx (e, 6)]

As reported by Hurn, Justel, and Robert (2000), it is not possible to find 0" explicitly
for many choices of £. The good news however is that, for a large class of loss functions,
a computationally feasible two-step procedure due to Rue (1995) helps overcome the

drawback. Below is a description of the two-step procedure:

4The authors report that such a choice is not easy, and in many cases can render some calculations
analytically intractable.
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Step 1: Use MCMC ergodic averages to approximate Ee|x [E(O, 9)] for a given 8.

Step 2: Perform the optimisation of the above estimated expected loss over 8.

Note: We did not implement this decision-theoretic approach in our study, mainly

because of the difficulty encountered in choosing suitable loss functions in our setting.

3.7 Implementation and Numerical results

Amongst some of the key issues that arise in the numerical application of our sampling
scheme are the suitable choice of the fixed values of hyperparameters and the choice of
initial parameter values that would speed up convergence. As far as hyperparameters are
concerned, Richardson and Green (1997) used data-dependent hyperpriors for mixtures of
univariate normals. We simply extend and adapt some of their ideas to our multivariate
coniext along the lines of Stephens (2000). For our mixing proportions 7, we use a
Dirichlet prior with § = k. Such a choice tends to favour a model in which all the
components a priori have equal weights °. Taking § = 1 would cause the weights to
differ significantly. For £, we use the same initial values as in Chapter 2, and we choose
our fixed hyperparameters a and 7 such that a/r = 62, where 62 is Joreskog (1975)’s
initialisation of Chapter 2. For p, we use € = (&,++-,&,)7 where &; is the midpoint of
the observed range of z;, for ¢ = 1,--- ,p. We also define R; as the observed range of g,
for i = 1,--+,p, which allows us to choose k = diag(Ry,--,R,). We use a zero mean
(n = 0) prior for A, and we choose values of g and h that favour draws of A; that are

similar (but not equal). Our initial values for A; are the same as in Chapter 2.

3.7.1 Artificial data: Example 2 revisited

It is fair to stress here that this example is purely illustrative. Hence, despite its sim-

plicity shown by well separated components in Figure (2.3), we use it to compare the

5This choice is sensible in our context because we mainly aimed at analysing datasets for which the
number of mixture component is assumed to be small.
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performances of the EM algorithm and Data Augmentation in parameter estimation and
density estimation. We saw in Chapter 2 that our single factor model was unable to learn
the underlying structure of this 3-component MFA. Recall that p = 9 and ¢ = 2 in this
case. The data in this example come from an MFA with m; = 0.3, 7y = 0.45, 73 = 0.25.
With n = 300, this corresponds to n; = 90,7n, = 135,n3 = 75. The matrices of factor
loadings, the vectors of means and the specific covariance matrix ¥ are the same as in

Chapter 2. The observed-data log-likelihood for this toy problem is £(8, X) = —2256.03

0 2000 4000 6000 8000 10000
iterations

Figure 3.3: Observed-data log-likelihood for Example 2 from a 3-component MFA.

EM solution: Despite the use of many different starting values, the EM algorithm
consistently ends up getting trapped in a rather meaningless local maximum. As Figure
(3.3) shows, the algorithm falls into the local maximum after fewer than 500 iterations,
and despite the 9500 subsequent iterations, it remains trapped and never gets out, lead-
ing to a rather poor performance on such a simple task. For instance, as far as density
estimation is concerned, the observed-data log-likelihood produced by this EM solution
is £ = —3040.00, which is very far from the global maximum £(8, X) = —2256.03. Sim-
ilarly, the clustering produced by such a meaningless local maximum is equally very
unsatisfactory. In fact, despite the apparently good estimates of mixing proportions
iy = 0.27, 7, = 0.30, 73 = 0.42, the corresponding factor loading matrices are very in-

accurate, and the misclassification rate quite high (more than 25%). One could argue
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that trying more starting points could lead to a better solution, but it is clear that this
sensitivity to initialisation and this inability to escape local maxima constitute serious

weaknesses of this algorithm.

Data Augmentation: As expected, the performance of Data Augmentation on this
simple task turns out to be very satisfactory. With 7, = 9500 burn-in iterations and
M = 1500 MCMC samples, the algorithm yields very good density estimation, accurate
and precise parameter estimates and perfect clustering.

Goodness of fit by Discrepancies Analysis

1000

Replicate Data Set
SN8

)

900
Original Data Set

Figure 3.4: Scatterplot of discrepancies for Example 2 analysed with a 3-component MFA.

In fact, here the estimated observed-data log-likelihood produced by Data Augmentation
is £ = —2324.00 which is much closer to the true value £(0,X) = —2256.03 than the
EM estimate £ = —3040.00 is. On the other hand, the estimated mixing weights exactly
equal the true values, and the algorithm achieves 100% good clustering rate. As shown
by Figure (3.4), the posterior predictive assessment of model fitness looks very much

in favour of the plausibility of our proposed 3-component MFA model. Overall, Data

Augmentation clearly outperforms the EM algorithm on this task.
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3.7.2 The noisy shrinking spiral

This problem was proposed by Ueda, Nakano, Ghahramani, and Hinton (2000) whose
aim was apparently to show how one could extract a one-dimensional manifold from a
3-dimensional system. The MFA model appeared to be“a good candidate for modelling
such a task. The authors in their original work used.'an‘MFA with £ = 14 components,
and ¢ = 1 (one-dimensional). They compared the perfdffnance of their Split-and-Merge
EM with the generic EM algorithm. They found that $MEM could easily escape local
maxima and extract the one-dimensional manifold ééﬁigféctorily, while the generic EM

algorithm produced a poor extraction as a result of itst i'fllébi‘lity to escape local maxima.
In their variational approximation approach to MFAS'}Ghahramani and Beal (2000) also
A A
Iftltvt\’x,\‘ll‘: Fip (
used the same example. In this section, we compare the performances of the generic EM

(
p | |

algorithm and Data Augmentation on extracting that one-dimensional manifold from

this very same three-dimensional noisy shrinking spiral.’

20 -2

-2 -2

(a) Original spiral. (b) EM Algorithm. . ; (c) Data Augmentation.

Figure 3.5: Extraction of a one-dimensional manifold from a shrinking spiral.

Comments: We use k = 14, and sample size n = 500. The lines in (Figure 3.11-(b)
and (c)) that are used to plot an estimate of the one—dimensional manifold are obtained
using estimates of p and A. More specifically, the centre of each line is /i; (which is the
centre or mean of the corresponding local Gaussian), and the direction of the line is given

by /(j which in this case is 3-dimensional column vector of factor loadings. For the EM

algorithm, we run 7" = 10000 iterations. Despite many starting values, the algorithm
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gets trapped in poor local maxima. (Fig 3.11-(b)) shows the poor extraction produced
by the local maximum reached by the EM algorithm. A run of Data Augmentation with
T, = 9500 and M = 1500 MCMC samples produces a very satisfactory extraction as
shown by (Fig 3.11-(c)). As expected, Data Augmentation outperforms the generic EM

algorithm on this task.

3.7.3 Wine data set (revisited)

We encountered the wine dataset in Chapter 2, and we used the BDMCMC algorithm
to find that an estimate of the intrinsic dimensionality of these data would be ¢ = 6.
We also established the existence of three groups or classes in the data. In this section,
we model the data using a 3-component MFA, and we reconsider parameter estimation,
density estimation and clustering. In fact, with p = 13, the full covariance matrix for
each component would have 91 free parameters to be estimated, an estimation that
would be very inefficient and prone to overfitting with the small sample of only n = 178
observations. The use of the MFA model is therefore justified for this task. We assume
that all three hypothetical classes (components) have the same intrinsic dimension gq.

Using ¢ = 2, Data Augmentation produces the estimated posterior expectations of factor
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(a) Class 1. (b) Class 2. (c) Class 3.

Figure 3.6: Estimated posterior means of factor scores

scores shown in (Fig 3.6). The good news here is that none of the plots in (Fig 3.6) shows
any group structure, meaning that each class is homogeneous. The assumption of the

existence of three classes therefore seems reasonable.
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Data Augmentation: If we use different values of ¢ (i.e. ¢ = 1,---,6), Data Aug-
mentation yields an overall very good performance in clustering, with the percentage of
correct clustering ranging from 95.00% to 98.31%. As expected, the highest log-likelihood
is obtained with the value of ¢ found by the BDMCMC, namely ¢ = 6, suggesting that
the best density estimates would come from an MFA with ¢ = 6.

EM algorithm: The performance of the generic EM algorithm on this task is very
unsatisfactory. For example, T = 10000 iterations of the EM with ¢ = 6 lead to a very
poor local maximum, yielding a data log-likelihood equal to £ = —6200.00 compared to
£ = —3190.00 produced by Data Augmentation. The corresponding clustering produced
by the EM is equally unsatisfactory. Once again, the Data Augmentation algorithm

clearly outperforms the EM algorithm.

3.8 Stochastic model selection for MFA

In (;ur treatment of the MFA model, we have so far assuméd the number of mixture
components k known and fixed. In some cases, we have had to use our BDMCMC for
FA to determine the intrinsic dimensionality g of the data, especially in cases where we
assumed g to be the same across all the components. At the root of model complexity
determination for finite mixtures lie difficult questions such as: (a) what makes a com-
ponent a separate and homogeneous entity? (b) Isn’t there always the possibility of a
hierarchy of clusters, with a given cluster being made up of its own inner clusters? In
Section (2.7), we addressed the stochastic estimation of ¢. In this section, we concen-
trate on learning the number of mixture components k, which is generally unknown in
practical applications. The problem is very similar to the one treated in Section (2.7),
and almost all the difficulties explained in Section (2.7) for the FA model apply mutatis
mutandis to finite mixtures. For example, the application of classical tests in this con-
text is made very difficult and almost impossible because of the complexity involved in
deriving test statistics and their reference distributions. In the Bayesian paradigm, the

stochastic simulation approach used in Section (2.7), seems to offer an attractive and
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promising framework where such a complex problem is made tractable, and we present
elements of such an approach in this section.

FA and finite mixture models have in common the fact that they both involve poste-
rior distributions that are invariant to permutations of the labelling of some of their
parameters. In both cases, the collection of parameters can be viewed as a random con-
figuration or point process. Throughout this section, we also treat the case where the
number of common factors varies across the clusters. In such a case, each local factor
analyser has its own intrinsic dimensionality, g¢;, j = 1,---,k, and we define the k-
dimensional vector q = {q1,-+ ,qx}. If we assume that q and k are unknown a priori,
then the complete collection of our model parameters becomes 8 = {k,q, 7, u, A, L},
and our aim in parameter estimation from a stochastic simulation perspective now ex-
tends to the construction of an ergodic Markov chain with the joint posterior distribution
p(k,q,m, u, A, Z|X) as its equilibrium distribution. In a previous section dedicated to
Data Augmentation for MFA, we constructed a Markov chain with p(w, u, A, |k, q, X)
as its equilibrium distribution. In Chapter 2, we treated FA with unknown ¢, and we
used BDMCMC to estimate ¢. The extension we are considering here must accommo-

date our two counting random variables k and q. Intuitively, we are in the presence of a

two-level nested counting process:

o Between factor analysers: simulate a birth-death Markov point process to estimate

the number of components k.

o Within a factor analyser: simulate a birth-death Markov point process to estimate

the number of common factors g; in each local factor analyser.

If we knew k, then at each iteration we would simply simulate a birth-and-death point
process for each j to estimate g; as described by Algorithm 3. With k unknown, we first
need to simulate a current value for k through a process similar to the one described in
Section (2.7). If we have reason to assume that ¢ is the same across all the components

of the mixture, then the overall process need not be nested.
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3.8.1 Model selection between factor analysers

The derivation of the algorithm needed in this section is essentially the same as in
Section (2.7). The main differences are the form of the detailed balance equation to be
satisfied, and the elements of the configuration set c. We saw earlier that the likelihood
L(k,q,m, 1, A, £|X) is invariant under permutations of component labels. It is also easy
to see that the prior distribution p(k,q,m, s, A, X) does not depend on the ordering of

component labels. As a result, the posterior
p(k,q,7,p, A, Z|X) < L(k,q,, g, A, 2[X)p(k, q, 7, p, A, Z)°

is invariant under permutations of component labels. We are therefore in the presence of
a point process. If we assume q known as will be the case at each iteration of our overall
MCMC sampling scheme, then the key ingredient for the estimation of ¥ would be the
posterior density p(k,m, u, A|q, X). For simplicity, we use exactly the same notation
as before in the description of the birth-and-death point process. Typically, each point
or random configuration in the corresponding point process would therefore be of the
form v; = (mj, 11, A;). However, since each A; presupposes a current value for g;, we use

points of the form v; = (g;,7;, 4, A;) for clarity. We therefore define our configuration

variable as
c= {((11,7T1,ll1,A1),((12,7T2,H2,A2),' T ,(Qk,Wk,ﬂk,Ak)} = {v1, s U}

The principle behind the simulation of the birth-and-death process is exactly the same
as before: a birth increases the number of mizture components by one (k — k+1),
while a death decreases it by one (k — k —1). In this case, births should occur in such
a way that the mixing proportions in the new configuration sum up to 1. To satisfy
this constraint, the birth density is defined as b(c,v) = k(1 — 7)*~1p(v), where p(v) is
the prior density of one element of the configuration v = (m, s, A). The death rate is
computed in the same way as before. When a new component v = (, 4, A) is born, the

process jumps into a configuration characterised by the set of points cU {v} defined by

8For economy of notation, we ignore X in the description of our point process, since we are dealing
with the case where T is the same for all the components, and is therefore fixed in the point process.
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cu {U} = {(QI’WI(l - W)’Mla Al)’ Tt (Qk,ﬂk(l - ﬂ'),/*l‘k’Ak)y (q, ™, 1, A)}

When a new component is born, we set the intrinsic dimension ¢ of its corresponding
factor analyser to ¢ = 1. When a new component v; = (;, u;, A;) is selected to die, the

new configuration of the process is characterised by the set c\{v;} defined by

c\{v;} = {(q1, 1—3,7,#1,/\1), oy (g4, fﬂ—;,uﬁl,/\jﬂ), (qk, Toe My Ai) ).

With the above birth-and-death process so defined, all we need for its simulation is
to make sure that its corresponding Markov chain is irreducible and aperiodic. The
following theorem from Stephens (2000) presents a ”detailed balance” equation whose
satisfaction theoretically guarantees the convergence of the chain to the limiting distri-

bution of interest. We use the function h in the same sense as in Section (2.7).
Theorem 3.1 If the birth density b and the death density d satisfy
(k +1)d(cU {v};v)h(cU {v})k(1 = 7)* = B(c)b(c; v)h(c) (3.33)

for all configurations ¢ and all points v, then the birth-and-death process defined above

has p(k,m, u,A|q, X) as its stationary distribution.

A description of the algorithm used to simulate the above birth-and-death MCMC scheme

for mixtures is given by Algorithm 11, and the overall stochastic model selection for MFA

can be described as follows:

Algorithm 10: Stochastic model selection for MFA.

Assuming a current set (), q®, 7®, u® A of parameters,
Simulate k®*! through a run of Algorithm 11 .
Forj=1,---,k{t+)

Simulate q(-t“) through a run of Algorithm 3.
End
Set g+ = (g{"*", .-+, g1
Simulate (7(+D), pt+) A+D) via Algorithm 7 given (k¢+D), g(t+)

As before, we use a Poisson prior for k, with hyperparameter p. At each iteration ¢ of the

overall algorithm, the continuous-time birth-and-death process is simulated as follows:
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Algorithm 11: Birth-and-death MCMC mixtures.

Set B(c) = B, tum = 0 and k = k(-1
Repeat e
L(c\v;) B . s

Compute §;(c) := L(c) . forj=1,---,k >

Compute 4(c) := 3_7_, d;(c) .

Simulate s ~ Exp(l/(,B(c) +6(c))) and Set t,y, == t,,‘,,'n + S

If (Ber(B(c)/(B(c)+d(c))=1) [*Itisa blrth */
Setk=k+1 T
Simulate (u, 7, A) from p(v|e) and set ¢ =1 '
Set ¢ := cU {(q,m, 1, A)}

Else /* It is a death */ TR
Simulate j' = Mn(6,(c)/6(c), - -+ ,6k(c)/6(c)) 111w
Set ¢ := C\{(Qj',wj"/‘j',Aj')} "; LA
Set k:=k—1 i

Until (tm > 1)

¢

The algorithm combines the simulation of birth- death point processes between and within
factor analysers with the basic Bayesian sampling to concurrently perform model selec-

tion and the corresponding parameter estimation. ' ( 5,
!

i e ‘- | v

l

(

3.9 Numerical examples of model selection

In this section, we have mainly analysed examples where the intrinsic dimensionality g,
although unknown, is the same across all components Examples with different intrinsic

dimensionalities require only minor changes, and will be treated in our future work.

1
!

i

3.9.1 Artificial problem with 4 components

This first example is purely illustrative, and is mainly‘aimed at testing the performance
of our scheme on a simple task. At each iteration ¢ of thé overall process, the birth-and-
death process is run for a time period p = 1.618. The overall constant birth rate in this
case is B = 0.618, and we take hyperparameter ¢ = 3. The components of the mixture
in this case are well separated, and the dimensionalities of both & and z are small (p = 2

and ¢ = 1). The task at hand is therefore simple enough for the scheme to be able to
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solve it easily. Since we assume that ¢ is the same across all the components, we first run

Factor 2

R T T 0 1 2 3 107 2°980F 40 57657 810197 0. 1 12
Factor 1 k
(a) 2D Projection of the data (b) Estimation of Pr(k = i|X)

Figure 3.7: 4-component MFA with histograms approximating Pr(k = i|X)

Algorithm 4 separately, and it finds no problem determining that g for these data is equal

to 1. If we use the known value of ¢, the overall stochastic simulation scheme for MFA
produces an estimation of Pr(k = i|X) as shown in Figure (3.7) after 30000 iterations.
The estimation of the number of components k in this case is satisfactorily. However, it
is worth pointing out the fact that other values of £ do have reasonably high frequency
in the chain. This could be attributed to a birth-rate allowing a good exploration of all
possible configurations, in which case a larger number of iterations would be required to

reach an equilibrium distribution that peaks on the true value of &.

3.9.2 Artificial data: Example 2 visited yet again

We have already encountered this example twice now. In this section, we use the esti-
mated value of ¢, and we test the performance of the birth-and-death process in deter-
mining the number of components of our mixture. B = 0.618 turns out to be a good
value for our overall constant birth rate. After 30000 iterations, the algorithm produces
a very good approximation of Pr(k = i|X) as shown in Figure (3.8), and as expected,

the estimated value of k, that is £ = 3, is correct.
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Figure 3.8: 3-component MFA with histogram approximating Pr(k = i|X)

3.9.3 Wine data set (revisited)

As we said earlier, it is believed that there are three (3) types of wines in these data.
Our aim in this subsection is to estimate k, and to compare this estimated value to the
hypothesised k = 3. With ¢ = 3 and § = 0.15, the approximation of Pr(k = i[X) after

15000 iterations is given by Figure (3.9).

0.35

Figure 3.9: Estimation of Pr(k = i|X) for the wine data.
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3.9.4 Iris data set

This is probably one of the most used datasets in statistical analysis. With p = 4, it is
fair to recognise that this is clearly not a high-dimensional data. However, for the sake

of illustration, we shall use our scheme to estimate both ¢ and k for this dataset.

0.3

1 2 3 4 5 6 7 8 9 W N

1 ] 3 4

(a) Estimation of Pr(g = i|X). (b) Estimation of Pr(k = i|X).

Figure 3.10: Plots for the Iris data

We first assume that all the 3 hypothesised classes of iris have the same intrinsic dimen-
sionality ¢, and we use our BDMCMC for Factor Analysis to estimate q. As seen on
Figure (3.10)-left, our simulations seem to be suggesting that ¢ = 2 could be the intrinsic
dimensionality of the iris data. If we use ¢ = 2 and 8 = 0.618, a run of 10000 iterations
of the BDMCMC scheme for MFA yields an approximate distribution for k£ as shown
in Figure (3.10)-right. From these findings, It seems therefore pretty likely that k = 3

could be the number of types of iris.

3.9.5 Model selection for the spiral data

We encountered the spiral data earlier, and we successfully extracted the underlying one-
dimensional intrinsic manifold using Data Augmentation on an MFA with £ = 14. In
this last part of our numerical examples, we use the birth-and-death process to estimate
k. For this example, 8 = 3.3 turns out to be a ”good” overall constant birth rate for the
process. Compared to the much smaller birth rates used so far, this birth rate causes

the overall scheme to run for much longer before producing the output. With a run
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of T" = 2000 iterations, the corresponding approximation to the posterior distribution

Pr(k|X) of k is given below

20 25

(a) The spiral data. (b) Estimation of Pr(k = i|X).

Figure 3.11: The spiral data: how many components?

Figure (3.11)-right clearly suggests that k for the spiral data is likely to be between 12

and 15, with £ = 14 having the highest frequency as expected.

3.10 Discussion

We have developed a stochastic simulation based algorithm for the analysis of the Mix-
ture of Factor Analysers model. Our experiments show that our approach performs
well in parameter estimation, clustering, density estimation and model selection. We
have not yet tested our sampling scheme on very high-dimensional tasks like handwrit-
ten digits recognition or image reconstruction, but we are actively working on devising
faster sampling schemes that should handle such tasks in practically acceptable com-
puting times. The bulk of our computational burden lies in sampling from the Gamma
and the Multivariate Gaussian distributions. For large values of ¢, this sampling can
be computationally very demanding. There is therefore a need to concentrate on this
important computational issue, maybe by devising more efficient ways to sample from a
multivariate Gaussian. One of the main drawbacks of Data Augmentation in this very
high-dimensional context is the fact that the computation of ergodic averages for factor

scores requires the storage of a large number of high-dimensional variables through-
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out the sampling process. This easily becomes explosi;}e even for problems with latent
spaces of moderately high dimensions. We showed earlier how this difficulty can be
circumvented by avoiding the storage of latent variables during the sampling process.
Our simulations reveal that the use of an extra layer m the hlerarchlcal prior structure
effectively eliminates singularities and therefore achleves an advantage over the EM algo-
rithm, for which we noticed many occurrences of smgularltles -However, despite escaping
singularities, we still noticed rather poor mixing of thé éhalns when k and ¢ were known
and fixed. An improvement on this might come from the use of tempered transitions,

and we are exploring a simulated tempering version O\f lour algorithm to achieve better
exploration of the posterior surface. We only used)\;agu\e conjugate priors throughout
our study. We did this partly for computationally conjvedwnce but also because these
priors have produced excellent results in similar codté)éts Richardson and Green (1997),
Diebolt and Robert (1994) and have somehow become standard It would be nice to be
fully Bayesian and consider the use of more 1nforrnat1ve prlors but their incorporation

]

in the sampling scheme could be very difficult and éduld destroy some nice properties
of the Markov chains. Our adaptation of BDMCMé{tbt‘P“actor Analysis is probably the
aspect of our proposed method that does not requlre much extra work, apart from the
need to use data-dependent birth rates. It works very well so far on both synthetic and
real-life tasks. The nested scheme, however, requires sdme improvements, especially on
the derivation of an adaptive birth rate that would ‘evlolve dynamically as a likelihood-
related function, allowing only likely models to be Born. We are exploring ideas from
van Lieshout (1994), Stoyan, Kendall, and Mecke (1995), Barndorff-Nielsen, Kendall,
and van Lieshout (1999) to find solutions to this problem. Overall, our results suggest
that the scheme we have proposed is a good alternative to other existing methods such
as the EM algorithm, the SMEM and Variational approximations. We believe that a

careful study of the limitations noticed so far would lead to better sampling schemes

that would then be fully applicable to truly high-dimensional Machine Learning tasks.



Chapter 4

Analysis of the Effect of Covariates

Creativity, as has been said, consists largely of rearranging what we know in order to
find out what we do not know... Hence, to think creatively, we must be able to look
afresh at what we normally take for granted.

George Kneller

We present an extension of the Mixture of Factor Analysers model that investigates the
effect of fixed observed covariates on both the continuous latent variable (common fac-
tor) and the discrete categorical latent variable (component label). The extended model
allows us to study, not just the relationship between the manifest and the latent vari-
ables, but also the influence of external fixed observed covariates on the latent variables.
Such an extension gives more ingredients and greater flexibility in developing a better
and more realistic model. We assume a linear model with some Gaussian noise relating
the continuous latent variable to its corresponding covariate, and we use a polytomous
logistic regression model to link the discrete categorical latent variable to its correspond-
ing covariate. We then derive an EM algorithm for estimating the parameters of the new
model. Application of the algorithm to synthetic tasks yields good performance under

suitably chosen initial conditions. This chapter is essentially an extension of Fokoué and

Titterington (2000c).
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4.1 Introduction

In the previous chapter, we presented a Bayesian sampling approach to the analysis of
the generic MFA model, and we reviewed the main ingredients of the EM algorithm used
for the Maximum Likelihood estimation of parameters. However, the MFA model, as
we have studied it so far, focuses solely on the relationship between the manifest vari-
ables and the latent variables. This can lead to a neglect of useful information when
the latent and/or manifest variables are related to fixed observable covariates. In this
chapter, we only model the effect of covariates on the latent variables. An extension that
allows covariates on the manifest variables is straightforward. Our extension of the MFA
model is similar to previous work by various authors. Lee and Shi (1999) have studied
an extension of the Structural Equation Model (SEM) by allowing fixed observed covari-
ates on both the manifest and the latent variables, and have used a Bayesian sampling
approach for inference and estimation. Thompson, Smith, and Boyle (1998) have in-
corporated concomitant information into fixed observed covariates on both the manifest
and the latent variables in their assessment of diagnostic criteria for diabetes using a
two-component finite mixture model. Muthén and Shedden (1999) use fixed covariates
in their study of the extension of finite mixture models with mixture outcomes. Finally,
Sammel, Ryan, and Legler (1997) also found it useful to incorporate fixed covariates in
their study of latent variable models for mixed discrete and continuous outcomes. The
use of fixed observed covariates in the MFA model therefore seems to be justified by
such great practical interest. In the first part of this chapter, we give a brief review of
some key ingredients of the MFA model needed in this context. We then present the
mechanisms by which the covariates are incorporated into the model, after which we give
a description of how the EM algorithm is derived for the extended MFA model together

with some expressions used in the iterative EM process. The last part is dedicated to

simulations on artificial tasks.
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4.2 Modelling the Effect of Covariates

Since we are studying an extension of the MFA model, we shall refer to our previous
form of the model as the generic MFA model. To simplify our description, we shall
restrict ourselves to generic MFA models with ¢ = ¢ and £; = Z for j = 1,--+ ,k. The

generative equation of the corresponding generic MFA model in such cases is therefore
z=Ajz+pj+e, j=1,--- k. (4.1)

The main motivation for incorporating covariates into the model can be simply stated as
follows: latent variables are related to manifest variables via the mechanism that we have
so far modelled with the generic MFA model. However, situations may arise in which
those same latent variables are also related to other observables via other mechanisms.
As far as the MFA model is concerned, we shall focus in this section on the introduction
of two such additional mechanisms: one for the continuous latent variable 2z and the
other for the discrete categorical latent variable y. Throughout this chapter, we shall
assume that k and ¢ are known and fixed.

We first assume that each continuous latent variable z; is related to a fixed observed

covariate w; € " through the multivariate linear regression model
z; = dw; + v, (4.2)

where @ is the ¢ x r matrix of regression parameters, and v; € IR? is the error or
disturbance term with, v; ~ N (0, ). As earlier, we restrict ourselves to an orthogonall
factor structure, and we therefore assume ¥ to be diagonal, that is ¥ = diag(v)1, -+ , %,).
Moreover, since the estimation equations in factor analysis are invariant with respect to
scale changes in the factors, as we explained in Chapter 2, we retain only the simplest
covariance matrix for z;, that is ¥ = I,. Thus, each 2; has a multivariate Gaussian
distribution, z; ~ Ny(®w;,1,). Essentially, the change brought by the covariate is that
the factor score now has a nonzero mean, as opposed to the zero mean assumption

used for the generic MFA model. It is possible to imagine a more general extension in

1'We assume factor scores to be uncorrelated.
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which there is a different ®; for each component j of the mixture, and where ¥ is a full
variance-covariance matrix reflecting the fact that factors are allowed to be correlated.
We restrict ourselves to the case of identical & and ¥ =I,.

We also assume that the discrete categorical latent variable y is subject to the influence
of a fixed observed covariate, u, say. Since y takes its values from {1,---,k}, a good
candidate for dealing with this is the widely used polytomous logistic regression model.
Given a vector u € IR® of covariates, the unconditional classification probabilities are

therefore defined through the logit model as follows:

Pr(y = j|u) 7T~ T T ;
T i+ =P u=u'P, =1,--+,k—1 4.3
log [Pr( k) $oj + ;i =;u ¢; for j=1,---,k—1, (4.3)

~T -T ,
where @; = (¢15,+ , Ps-1,5) € IR°~! and ¢}- = (@oj» @;) = (doj, b1j> " ,Pa-1,4)" € IR’
for j = 1,---,k — 1. In the same way, u' = (1,4") € IR®, with & € IR*"!. For
identifiability, we set ¢, = 0. It is easy to show from (4.3) that the classification

probabilities are given by

[ exp(u’ ;)

k-1
1+ Z exp(uTqu,)

'=1 ) (4.4)
for j=k.

for j=1,-- k

Pr(y = jlu) =

k-1
1+ Z exp(uTqu,)
=1

L J'=

For simplicity and convenience, we define m;;(w;, ¢;) = Pr(y; = jlu) for j =1,--- ,k
and i =1,...,n. As we shall see later, it turns out to be more convenient to reformulate
our mo‘del here as a multivariate Generalised Linear Model (GLM) for multicategorical
responses. More specifically, we now consider the (k — 1)-dimensional vector of indicator

variables y; = (%1, " ,¥is-1) - We define U; € RE-Dsxk-1s g ¢ R*-Ds  and

mr; € IRF-1 as follows:

uf @, [ i1
ul Ti2
U; = ! , , ¢= ¢f2 and m; = ’ . (4.5)
'U';r i k-1 i | k-1 |
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From the above definitions, the systematic component of our GLM for a given covari-

ate u; is the vector n, = =My Mig-1) s with 'lm = uTqu, forj=1,---,k-1.
The response function here is a vector-valued functlon f = ( Fiso0y Fe_1), with
exp(m )i
fj(ni)——-fj(nila"'anz‘,k—l) ! T .7=1,"‘,k"1, (4.6)
1+ Zexp(m, )
J'=1 '
which allows us to express the 7r; of equation (4. 5) as 1r. : _f (n,) F(U;¢). Expressed

in terms of the link function of the logit model, we have n, 3_

(91’ .

ygk~1) is a vector-valued function such that \.

g;(mi) = 9;(Tity+++ s Mig-1) = log [

o

g(m;) = U;p, where

| (@)

+ 7rz k— 1)
," ",)l ('(‘ ; \;
The variance-covariance matrix for a given categorlcal varlable Yi = (Vs oo s Yik—1)' IS
Ta(l=ma)  —mamgso e L =T Mg
* : '."-‘2; \
—TiaTi (1 —7Tzz) Ve =TT -1
cov(y;) = C; = Ci(¢) = FERS RTEN - (48)
, KT
(\ [l-\ « .‘ ’( .";'
—Mik—1Ti1 ‘ " oo Tig-1(1 — mig-1) |

- mm]. Wlth ¢= {y,-
,u,E @}

Note: For economy of notational space, we shall omlt the explicit mention of covariates

It is easy to verify that C; = diag(m;) , @r_1}, our complete

collection of model parameters is now 8 = {¢, A

and parameters in many of our expressions of probability densities and

expectations, unless a need for clarity requires it. For instance, we shall simply write

[z;]y; = j] instead of [x;|y; = j,w;, 6], and Pr(y = j) instead of Pr(y = j|u, 8).

4.3 Elements of estimation and inference

Modelling the effect of covariates on latent variables can only be fully justified if the
estimation of latent scores plays a central (key) role in the statistical analysis being
carried out. It is therefore important in this context to concentrate a large amount

of effort on addressing the estimation of both posterior expectations of factor scores
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and posterior classification probabilities. Parameter estimation obviously remains the
prime focus, since the other inferential tasks depend on it. If we use all the basic
assumptions of the traditional factor model as seen in the previous chapters, it is easy
to see that [@;|y; = j] ~ Np(@i; g + Aj®w;, A;A] + ). Since z and e are assumed to

be independent,
cov(z,z) = E [227] —E[2] (E[z])T = A] - Qww ®TA] = (I, - dww ®")A], (4.9)

and, as a result, in each component j of the mixture, we have the following distribution:

z Negwn dw I, (I, - PwwT®T)A]
~ N(gtp ) .
T pi + A Pw A1, — dww'dT) S+ AjAT

From theorem (A.1), we derive [z|®,y = j] ~ Ng(mzz,y=j, Cz|x,y=;), where

mzizy=; = Qw+(I;— <I>wa<I>T)A;~r (A,-AJT + E)_l (z — p; — AjPw).

Caimy=i = L— (I — Sww @)AT (AA] +5) 7" Aj(I, - dwwT®T). (4.10)

Thus, given an observation z;, a covariate w;, an assumed value y;; of the label of x;

and a set of parameters @, an estimate of the expected factor score is given by

E [z,-|'w,~, T, Y, = j] = <I>w,- + (Iq - @w,'wT@T)AI (A]A;r + E) -1 (a:,- — Ui — A,(I>w,)
(4.11)

It is also easy to show that the posterior classification probabilities are now given by

7 Np(i; i + A dw;, A;AT + 2
Pr(y; = l]z:) = — Npl@i i + Ay i ) ) (4.12)

Z i Np(@i; pp + Ay Pw, AJ-'A} + X)

i=1

where 7;; = mi;(ui, ¢;) = Pr(y; = 1). Here, ;; is an indicator variable as defined earlier,

and it is easy to see that E [y;;]x:] = Pr(y; = 1]z).

4.4 Parameter estimation via the EM algorithm

The above estimates of posterior expected factor scores (4.11) and posterior classification

probabilities (4.12) presuppose the existence of a set of parameter estimates. In this
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chapter, we only tackle parameter estimation from a likelihood-based perspective via
the EM algorithm. The EM algorithm for this extended MFA model makes extensive

use of elements from Chapter 3. In fact, the joint density of all the variables is now

p(z,y, z) = p(z|y, 2)p(y|u)p(z|w), (4.13)

and the corresponding complete-data log-likelihood of the model is therefore given by

8(0, X* Z Z Yij logp(mzlyz] =1 zz) + Z Z Yij log mi; + Zlogp(zllwl)

i=1 j=1 i=1 j=1
(4.14)

4.4.1 Constructing the E-step

As usual, we need to construct an analytical expression of the expectation of the complete-
data log-likelihood Q(6]0®) with respect to the joint conditional distribution of our

latent variables (y, z) given X and 6, which is defined as
Q(6]6Y) = E(y,z) [e(o,X*)lx, 6| = /H (6, X")p(y, 2|X,0M)dydz.  (4.15)

Our expectations are taken with respect to the joint distribution of (y, z) conditional on
X and 0(‘), and we therefore simply use E instead of E(y 2). Based on the expression
of £(8,X*) in equation (4.14), the formation of an analytical expression for Q(8|6) in
(4.15) requires analytical expressions for a,(-;-) =E [yij]a:i, 0“)] , bg-) =E [z,-ly,-j =1,x;, B(t)],
Cg.) =E [z,—zfly,-j == 1,:1:,-,0(t)], E [zilm,-,a(t)] and finally E [zizflmi,()(t)]. From the

fact that Ey 2) [z,-lmi, O(t)] =Ey []Ez [z,-la:,-, v 6(”]], we easily derive
k
E [z,-la:,-, 0(‘)] Zaft)b(t) and E [z,-z;rlcci, 0(”] Za(t)C(t) (4.16)

With the above expressions clearly defined, the derivation of the expression of Q(8,8®)
turns out to be straightforward, making the E-step an easy one in this case. However,
as we shall see later, some of the parameters do not allow direct analytical updating at
the M-step. Nevertheless, the good news is that the Newton-Raphson iteration used to

find new updates turns out to behave well, thanks to the good properties of the function

of interest.



CHAPTER 4. ANALYSIS OF THE EFFECT OF COVARIATES
4.4.2 Estimating ¢ to obtain the mixing proportions

With the incorporation of fixed observed covariates into our model, we now have to obtain
the mixing proportions through their corresponding parameters ¢,. As a function of ¢,
our expected log-likelihood function @ can be written as
n ok n k
Q) =E DD uylog(m;(ui )| =YD aff log(my(ui @) (4.17)
i=1 j=1 i=1 j=1

Recall that our aim at the M-Step is to find a new ¢ that maximises Q(¢) subject to

k k
Y mi=1 and Y af =1 (4.18)
i=1 j=1

Estimation of ¢ for a 2-component mixture
We first restrict ourselves to a 2-component mixture in order to gain more insights into
the estimation of ¢. In fact, if we only have two components, then y has a Bernoulli

distribution Ber(r), where 7 = m(¢, u) is a function of u and ¢ defined as follows:

TR . J (L))
Pr(y,- = llu,).-— Ty = W. (419)

From (4.19) and (4.18), our expected log-likelihood function @) in this binary case is now
n

Q(9) = Y a{" log(m) + (1 - a{”) log(1 — m). (4.20)
=1

It is easy to see that Q(¢) is a nonlinear function of ¢. On the other hand, it is important
to note that the form of Q(¢) does not allow the derivation of a closed-form expression

for its maximiser. We use Newton-Raphson iteration to find the maximiser, which in

this case is obtained by solving the equation 55 =0.

0Q _ a’-—m O _ (1 — s
5;; = m and 8¢ = 7r,,(1 ’ﬂ',)u, (421)

: 0Q _ 0Q0om . . .
If we use the chain rule —a-z = %, 0’ it is straightforward to find that

0Q _ N~ (20 _ 1y =
56 ; (a;” = m)u; = F(¢). (4.22)



CHAPTER 4. ANALYSIS OF THE EFFECT OF COVARIATES

The Jacobian matrix J(¢) in this case is given by

J(@) = gg =— Zm(l - m)uu] . (4.23)
i=1

With F and J thus defined, the update ¢+ of ¢ at iteration ¢+1 of the EM algorithm

is obtained by the following Newton-Raphson iteration.

Algorithm 12: Newton-Raphson Iteration for updating ¢®

Set m :=1 and ¢"*(m) := ¢, and choose Tol
Repeat
m:=m+1;
¢new(m) = ¢new(m - 1) _ J—1(¢new(m _ 1))F(¢new(m _ 1))’
Until (]|@"™**(m) — ¢™**(m — 1)|| < Tol) or (m = Mmax)
¢(t+1) — ¢new(m)

At each iteration of the EM algorithm, Algorithm 12 is applied to ¢®. It is important
to point out that, although simple in its formulation, the behaviour of Algorithm 12, in

terms of convergence and stability, depends heavily on the accuracy of initial guesses

and the existence of J~1(¢).

Property 4.1 According to a standard Newton-Raphson property, Algorithm 12 achieves

local quadratic convergence if its initial values are accurate enough and J~1(¢;) ezists.
Proposition 4.1 The Jacobian matriz J(¢) defined by (4.23) is negative definite.

Proof: Since u;u] is a positive definite matrix, and the term 7;(1 — ;) is a positive
number, the sum Y ©  m(1— 7;)u;u] is therefore a positive definite matrix, and as a
result, J(¢) is a negative definite matrix. O

Remark: Since J(¢) is negative definite, J~1(¢) exists, and Algorithm 12 should there-
fore require very few iterations to yield the desired updates.

Estimation of ¢ for a k-component mixture

If we use the GLM formulation of Section (4.2), then we can rewrite Q(¢) as

Q6) x 3 [20Tni — b)) w21)

=1
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where a9 = (9. .. ,,c) )7 and b(n;) = log(1 + z exp(n”)) so that 6(1;71) =m,;.
, dm, _ 8°b(n, '
It is also easy to show that 677;‘ = Br()m) = Ci(9), 'Where Ci(9) is as defined in (4.8).

om;  Om;0n; : om;

o¢ O, 09 O
of @ in (4.24), and considering the fact that our loglstlc link function is a canonical

U; = C' (¢)U ;.. From the above definition

We use the chain rule

link function, a well established result in GLM theory;’McCullagh and Nelder (1989),

Fahrmeir and Tutz (1994) allows us to easily derive F and J as follows:

F(¢) = ZUT[“) m] and J(qs)i =—ZUTC U; (4.25)

Proposition 4.2 The Jacobian matriz J(¢) deﬁne‘lt“f by (4.25) ‘_z's negative definite.

i '\ |
vv' ""’I"“"\-\' [N
The proof of the above proposition is stralghtforward\ Slnce )J (¢) is negative, J~1(¢)

exists, and a conveniently extended version of Algonthm 12 should have quadratic local

convergence to the update ¢®+Y,

4.4.3 Estimating the regression parameters@
As a function of ¢, @@ can be written as "

Z Z a(t)qu)T‘I; lb(t) Z thl)T\Il lq)w’

=1 j=1 1_1)

The maximiser of Q(®) is given by |
' -1
i+ — [Zza(t)b(t) :I [Z wyw) J )
=1 j=1 =1
The equations for updating the rest of parameters y, A, have the same form as the
ones derived in Chapter 3 for the generic MFA model, ‘although it must be noted that
al¥ b(t) and C( ) are computed differently when covariates are used. The details of the

z]’

derivation are provided in Sections B.2.3, B.2.4 and B.2.5 of Appendix (B).
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WD = Za(t)( (t)b(t))} [Zau)J

i'=1

-1
T
A;t+1) — Zag’(wi—u?“’) (bf;)) } [Za(t)c(t)J

=1

G —dnag [Zza(t) ( (t+l) Ag.‘“)bg)) (w.' u;_m))TJ

i=1 j=1

4.4.4 Identifiability and other estimation difficulties

To gain insights into the extent of our identifiability problem, recall that we now have
[:ly: = 5] ~ Np(zi; 15 + A;@wi, A;A] + ), (4.26)
the corresponding marginal density of &; being a mixture with the density

p(z;) 7r, (@i 1 + AjQw;, A AT + X). 4.27)
7 j

As we discussed extensively earlier, the generic MFA model itself already poses two main
identifiability problems, one of which is brought about by the factor model, while the
other is caused by the invariance of the mixture density to relabelling. Our approach has
so far consisted and will once again consist of restricting the model to allow the determi-
nation of a unique set of parameters characterising our model. Besides the inherent lack
of identifiability of the generic MFA model on which our extension is based, we have to
contend here with new aspects of identifiability. As remarked by Titterington, Smith,
and Makov (1985), it is difficult to give general rules for model identification, so that
this difficult issue is always tackled according to the task at hand. Let us consider an
unconstrained underlying local FA model, and a ¢ x g orthogonal transformation I' such
that TTI' = I'TT = I,. Given our set 8 = {¢, A, 1, 2, ®} of parameters, we apply the
following transformations: ® = I'T® and A; = A;T. It is easy to see that both the mean

and the covariance matrix in (4.26) remain unchanged if we substitute A; and & by A;
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and ® respectively. The parameter set 0 = {9, A, ", 2, <i>} is therefore equivalent to @,
and we conclude that the model as defined is not identifiable. However, if we constrain
each local factor analyser as we did in Section (2.2.3), 8 = {¢,A, p, T, ®} will define
an entirely new model, since transformations will lead to a violation of our restrictions
on the structure with parameters not satisfying our constraints. The identifiability of

our extended model is therefore achieved by the constraints imposed on the local factor

analysers.

4.5 Application to synthetic tasks

Our examples in this chapter are all based on synthetic datasets. Since our fixed observed
covariates are all assumed to be continuous variables, we generate datasets of covariates
from multivariate Gaussians with some chosen mean and variance. Once the two sets
of covariates are formed, the generation of & follows easily. As the derivation of our
EM algorithm shows, the estimation equations for g, A, £ are very much the same
as those obtained for the EM for the generic MFA model. On the other hand, the
estimation equation for ® is very straightforward. We shall therefore only concentrate

on the estimates of ¢, since the estimation is done via a new mechanism that we wish

to explain and interpret.

4.5.1 Example 1

We first consider a relatively simple case where the underlying factor model has intrinsic
dimensionality ¢ = 1. For this toy problem, we choose p = 3, r =1, and s = 2. Our
true parameters are the following: @7 = (-0.3,0.9), ¢1 = (0.60,-0.40), & = 2.7 and
Y. = diag(0.01,0.05,0.02). We use the above parameters to generate n = 155 observations
from a k = 3-component mixture of factor analysers. We also generate the corresponding
covariates for z and y. A 3-D plot of the data is given below in Figure (4.1). In our

artificial dataset, we have n; = 69, ny = 52 and ng = 34, which translates into the

following mixing proportions: m; = 0.44, 73 = 0.35 and 73 = 0.21.
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Figure 4.1: 3D plot of a 3-component MFA| with ¢ = 1.

The good news. The application of our estimation scheme to this task yields en-
couraging results. It is particularly encouraging to point out that the Newton-Raphson
iteration used to update the ¢;’s had quadratic local convergence. In fact, in many cases,
fewer than 3 Newton-Raphson iterations are required to produce the update ¢ at
each EM iteration, up to a point where one could think of using a one-step Newton-
Raphson updating instead of full Newton-Raphson described by Algorithm 12. For this
particular task, we obtain ¢1r = (—0.42,0.97)7 and q;;- = (0.74,—0.36)T, which are very
accurate. As far as the estimation of expected latent scores is concerned, it is also en-
couraging to note that the scheme achieves 100% correct clustering for the training data,

with the above estimates of ¢ allowing us to find very accurate estimates of the mixing

proportions, namely 7, = 0.44, 7, = 0.34 and 73 = 0.22.

4.5.2 Example 2

Our second example is also a toy problem, with the only difference that we consider
more components and more covariates on the component label than earlier. Here, qblT =
(—0.3,0.5,0.10), ¢, = (0.60,-0.40,-0.20) and ¢ = (—0.50,0.40,-0.30). We use
s = 3, and k¥ = 4. Our mixing proportions in this case are m = 0.352, m, = 0.252,

73 = 0.160 and m4y = 0.236, which correspond to n; = 88, nyg = 63, ny = 40 and



CHAPTER 4. ANALYSIS OF THE EFFECT OF COVARIATES

ny = 59 for our sample of n = 250 observations. Again, the algorithm achieves good local
quadratic convergence when initial values are close enough to the true values of interest.
For instance, using either of ¢\ = (—0.40,0.90, 0.00)T, = (0.60,0.40,0.00), and
) = (0.00,0.00,0.00)T, or ¢{ = (0.00,0.00,0.00)", “” = (0.00,0.00,0.00)T, and
© = (0.00,0.00,0.00)7 as initial estimates yields, ¢ = (—0.21,0.41,0.11), @] =
(0.65,—0.56, —0.08)" and ¢] = (—0.30,0.05,—0.14)7, corresponding to #; = 0.345,
fra = 0.258, 3 = 0.160 and 75 = 0.236, all of which are very good estimates.

The bad news. However, the scheme still suffers from the weaknesses of both the EM

and the Newton-Raphson algorithms, namely

e Dependence on initial conditions. Although we obtain relatively accurate es-
timates for this example using two different sets of initial values, we also experience
total lack of convergence with some sets of initial values, especially those not close
enough to the neighbourhood of the true values of interest. For instance, d)SO) =
(—2.00,0.00,0.00)T, ¢ = (0.00,—1.00,0.00), and ¢ = (0.00,0.00, —1.00)7
fails to produce any meaningful set of estimates. This is typical of Newton-Raphson

iteration, because of its essentially local behaviour.

e Inability to escape local maxima. Once a fixed point is found, the scheme tends
to remain there, no matter how long we iterate. In the event that the fixed point

is far from the true value sought, the algorithm fails and yields very inaccurate

estimates.

4.6 OQutline of a Bayesian treatment

A natural alternative to the EM algorithm that we have just studied is the Bayesian

treatment of the model. In our analysis of the generic MFA model, we found that
the model allowed the use of conjugate priors, and we used Bayesian sampling on the
complete-data posterior to perform estimation and inference. If we consider our set of
parameters & and the form of the likelihood for the extended MFA model, it is easy to

see that we can still use the same priors for u, A and X. As far as the two newcomers
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¢ and & are concerned, a Gaussian prior on the columns or rows of & should lead to a
full conditional posterior that is also Gaussian. The only parameter that could demand
extra concentration of effort in this case is ¢. In fact, a good candidate prior for each ?;

is a Gaussian prior. Let us consider deriving the corresponding full conditional posterior
n
p(¢;]- ) o [ Ip(=ilys, z:)Pr(y; = jlu)]* | p(e);). (4.28)
i=1

In (4.28), p(@;) is Gaussian, and p(x;|y;, z;) is also Gaussian, but the logistic distri-
bution function Pr(y; = j|u;) is non-Gaussian, so that the derivation of p(¢;]---) is
not straightforward. One of the classical solutions to this problem is the use of approx-
imations, namely the Laplace approximation. This Laplace approximation consists of
approximating the logistic function by a Gaussian, which then allows the derivation of
an approximate Gaussian full conditional posterior p(¢;|---). We will be exploring this

Bayesian treatment in our future work.

4.7 Conclusion and discussion

In this chapter, we have studied an extension of the MFA model motivated by the possi-
bility that latent variables could be affected by fixed observed covariates. The EM algo-
rithm for this extended model is found to perform well, despite the need for approximate
Newton-Raphson updates. Despite some of the weaknesses of the EM algorithm and
the Newton-Raphson iterations, the scheme allows us to obtain reasonably accurate pa-
rameter estimates. Last but not least, it is worth mentioning that the Newton-Raphson
iteration provides an extra advantage which is an estimate of the variance-covariance
matrix of the maximum likelihood estimate.

While it is possible to extend the covariate mechanism on z by allowing a different ®;
for each component, it must be noted that such an extension could run into greater
identifiability problems, partly because of the invariance to permutations of labels.

We have so far tested our inference and estimation algorithm only on artificial tasks, but
we would like to use it on real life applications. In our future investigations, we plan to

address identifiability by implementing a constrained version of the EM algorithm.
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MFA models with m1>’éed outcomes
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An expert is someone who knows some of the worst mistakes,
which can be made, in a very narrow ﬁeld
Niels Bohr """

In all our analyses so far, we have treated the mamfest variable & in the pure spirit

(«"<

of traditional factor analysis which assumes & to be a vector of continuous attributes.

f‘,, v

While there are many practical applications for wh1<':hl:thls is the case, fields such as
social science, psychology and psychometrics are fuli lof applications where the manifest
variable is made up of attributes of various dlfferent types (continuous, categorical,
counts). Many authors have studied various models allowmg the observed quantities
to be a mix of continuous and non-continuous random variables. Sammel, Ryan, and
Legler (1997) for instance have studied latent 'uarzable models for mized discrete and
continuous outcomes, and have used their scheme on medical applications. Along the
same lines, Shi and Lee (2000) have explored the anélysis of latent variable models with
mized continuous and polytomous date, with applications to a variety of problems in
psychology. Finally, in their study of finite mz'ztufel ﬁodelling with mizture outcomes
using the EM Algorithm, Muthén and Shedden (199@) touched on some extensions of
latent variable models that allow the manifest variablé to be made up of attributes of
different types. Extending our MFA model so as to allow it to handle such applications
is therefore fully justified.

In this chapter, we introduce and study such an extension of the MFA model, and
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in particular we examine such issues as parameter estimation and prediction from a
likelihood-based perspective via the EM algorithm. Thanks to the axiom of conditional
independence that we introduced in Chapter 1, we are able to treat each manifest at-
tribute (variable) separately, and this allows the whole extended model to be treated
as a collection of Generalised Linear Models (GLM). Although the resulting model does
not allow the derivation of closed-form expressions for both the E-step and the M-step
of the corresponding EM algorithm, it turns out that relatively simple Monte Carlo ap-
proximations make it possible to compute parameter estimates efficiently. This chapter

is an extension of Fokoué and Titterington (2000b).

5.1 Introducing Mixed Outcomes

As we saw in Chapter 1, one of the pillars of latent variable modelling is the axiom
of conditional independence introduced and explained in Section (1.6). Intuitively, this
meéns that, under the factor analysis assumptions, the vafiables that constitute the
observed vector become independent once the common factors are known, since these
common factors account for the inter-dependence among the observations. In other
words, in the particular case of the MFA model, the conditional distribution of the
p-dimensional observed vector €7 = (z1,++, %) given both the common factors and

the component labels is the product (5.1) of the conditional distributions of each of its

individual attributes:
4
 p(zly,z) =[] p(aaly, 2). (5.1)
h=1

Thanks to this conditional independence, the conditional distribution of each outcome

(attribute of the manifest vector) can therefore be modelled separately.

5.1.1 Model for a single outcome

Before we embark on the analysis of mixed outcomes, it makes sense to go back to the

generic MFA model and see how we can model the conditional distribution p(z;|y, 2)
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of each z,,h = 1,---,p, separately under the normality assumptions of the traditional
factor analysis model. In the context of equation (3.9), we will end up with p equations

of classical linear models for normal responses, namely
Ip = A]T,Lz + tin+ e = zTA,-h, + Uin + ep, (5.2)

where e, ~ N(0,0%), since the disturbance vector e is distributed as Np(0,%) with
¥ = diag(o?,+-- ,02). In this simple and essentially illustrative case, all the outcomes
have the same conditional distribution, namely the normal distribution. In the next
section, we examine a generalisation of this simple case, by allowing the conditional
distribution of each z; to be different.

Note: Given a sample X = {;,- - ,x,} of i.i.d observations, we shall first concentrate
on the specification of the distributional aspects of z;, which is the h-th outcome of the -
th observation @;, withi=1,---,nand h =1, ,p. For economy of notation, we shall
from now on simply write Pr(z;s|« -+ ) or E[z;| - - -] instead of the full Pr(zy |y, = J, 2i, 0)

or E [z|y; = , 2i, 6] respectively.

5.1.2 Generalised Linear Model formulation

In order to fully specify the conditional distribution of the single outcome z,, we re-
formulate the conditional model for z; as a Generalised Linear Model McCullagh and
Nelder (1989),Fahrmeir and Tutz (1994). We first consider the simple case of a normally
distributed z;,, which in a sense is equivalent to simply extracting each attribute of the

manifest variable from the factor analysis model as we did in the previous section.

1. The Random Component: this is represented here by the random disturbance
term ey, and comes from our distributional assumption about the model. For
some types of outcome (categorical for example), we may not be able to write an
equation for the outcome as in (5.2), and specifying the random component of the
GLM would therefore simply mean indicating the assumed probability distribution

of the outcome, and defining the corresponding mean mj, = E [z3] - - -]
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2. The Systematic Component: this is represented here by the linear expression in
the parameters 1,5, = 2" Ajn. + pjn. If we define 27 = (2,1) and ﬂ}h = (AJy.s 1)
then we can write 7;, = Z'8;,, where Z and B, are both (g + 1)-dimensional

column vectors. This is a result of our structural assumption about the model.

3. The Link between systematic and random components
mjn = f(n;,) where f(-) is referred to as the response function. We can also write

N, = g(m;p) where g(-) is referred to as the link function.

We further assume that the density of each outcome z;; can be expressed as a regular

exponential family density with canonical parameterisation as follows:

p(zn|-++) = exp [(zinm;n — b(m;n))/ en + <(zin, o1)] - (5.3)

In (5.3), b(+) and c(-) are specific functions defining the type of exponential family under
consideration, ¢, is an additional scale or dispersion parameter, and n;, is referred
to as the natural parameter. The canonical parameterisation of (5.3) offers the great
advantage that it is a general formulation, and can therefore be used for the analysis

of different types of outcomes by simply specifying ¢, b(n,;) and cp(zs, ¢,) for the

outcome of interest. In many of our subsequent developments, we will need expressions

for the mean m;, = E[z;| -+ ] and the variance Vj, = V[z;] -+ ] of 2. In fact, we have
9b(n,1) 5°b(m;»)
min = b (1m;1) = aE, 25 and Vi =b(nyy)) = o), (5.4)
j

aﬂ?h
For all the types of outcomes that we shall consider, Fahrmeir and Tutz (1994) provides

a table that offers all the above ingredients, namely ¢, b(n;,), c(n;4), Mjn, Vjn-

5.2 Exploring different types of outcomes

Our introduction to GLM in Section (5.1.2) gives an example of continuous outcome

with Gaussian random noise. We now present a more detailed description of the GLMs

for the different types of outcome that we intend to analyse.
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e Categorical outcome: If z; is categorial, then a good candidate for modelling it
is the logistic regression model. For a simple binary case, we have z,, € {0,1}, and

7y, follows a Bernoulli distribution with

exp(7;,)
m.thz-z.h...=Prxih=1|...)=_____]_, 55)
J [ I ] ( ) 1 + exp(n]‘h) (
so that our response function is the logistic function f(-) = —e}fg(—')—. This can
1+ exp(+)
also be expressed in terms of the logit link function as 1, = log 1 er-': , which
— mjn

defines the log odds. For a Bernoulli distributed outcome, ¢, = 1, and b(n;;,) =

log(1 + exp(n;3)), so that Vjz = mjz(1 — mj).

e Gaussian outcome: As we saw earlier, the Gaussian outcome is the most natural
of all. In fact, in the Gaussian case, both the link function and the response function

are simply identity functions, and we have
min = E[zs|--]=ny, and p(znl|---) = N(zin; 0, 07)- (5.6)
For a normally distributed outcome, ¢, = 0,2,, and b(nj,,) = nfh /2.

e Poisson outcome: For an z;, following a Poisson distribution, we need to make
sure that mj, > 0 since this m;, is both the mean and the variance of the Poisson
distributed random outcome. A good candidate for the response function is obvi-
ously the exponential function, and this leads us to the log-linear Poisson model.
We can therefore write 17;, = log m;, which is equivalent to

a —Mip
mj,e”"

m;, =E [2in] -] = exP(njh) and Pr(zp=al-+-) = —a (5.7)

For a Poisson distributed outcome, ¢, = 1, and b(n;,) = exp(n;).

5.3 Elements of Estimation and Inference

Among the variety of interesﬁing issues that could be addressed for this extended model,

the estimation of latent scores (categorical and continuous) occupies a central place.
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However, the estimation of the parameters that charaeterise the relationship between
each outcome and the latent variables remains the mest important issue. We define
B; = (Bj1,++1Bjp)y B = (B1,-++,B) and p = (<P1‘,:;';',‘Pp), so that the complete
collection of all the parameters of the model is 8 = {ﬂ, <p,1r} In this chapter, we
examine the maximum likelihood estimation of parameters via the EM algorithm. As
we shall see in the next section, the EM algorithm i 1n thls case is not as straightforward
as the one constructed in Chapter 3, but the extra computatlonal effort required is

not alarming. If we simply consider the extension of the generlc MFA model, then our

complete-data likelihood is L '-15"7 "

n k ‘:" ‘
Le;x) =] [’H [ v (Hp mmlz

?/z 7

H
i=l {j=1 0
b \

If we incorporate the effects of covariates, then the cefrii)lete-data likelihood becomes

5
....

L(6;X*) = H [,H [(Hp(m,hlz,, y,J)) Pr(yu llu,)] p(zilwi)} . (5.9)

=1 Lj=1 h=1 e
TN
For simplicity, we ignore the effects of fixed covarxates m this analy51s of mixed outcomes.
l( ( ".‘

Thus, we shall concentrate on the complete-data hkehhood of equation (5.8) throughout

this chapter. The analysis of an extension that allows covarlates follows from this one.

The complete-data loglikelihood corresponding to (5.8) is given by

n k

»
£(0,X*) = z Z Yij log p(Zin|yij, i) + ZZy,] log ;. (5.10)

=1 j=1 h=1 : i=1 j=1

If we use the GLM general formulation of equation (5.3), £(8, X*) becomes

k 4 n k
£(0,X*) = Z Z Z Yij [(xihnjh —b(m;1))/¢n + (i, ‘ph)] + Z Z Yij log 7;.

i=1 j=1 h=1 i=1 j=1
(5.11)

We define the scores of the i-th observation and the entire sample respectively as

S:(0) = aao 6,z) and S(6) = 660 (@, X*)—ES(B (5.12)
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5.4 An EM Algorithm for the model

Our main ingredient for the derivation of the EM algorithm is Q(8|0®), the expectation
(5.13) of £(@; X*) with respect to the conditional distribution p(y, z|x, 8?) of y and 2

given the observed data X and the current set of parameter estimates §®.
Q(616”) =E [£(6;X")[X,6%] = / /H £6;X")p(y, 2|, 0V)dydz.  (5.13)

In our previous analyses, the manifest variable * had a Gaussian distribution, and
this made the computation of the conditional expectations E [y;;|x;], E[2;y;]2] and
E [z,-z;ry,-jla:i] straightforward, allowing us to have a closed-form expression for Q(OIB(‘))
by direct manipulation of expectations (see Chapters 2, 3, and 4). In this new extended
model, the manifest variable & is no longer Gaussian. Moreover, the situation is made
even more complicated by the *mixed” nature of  that does not allow a closed-form
expression for p(y, z|x, 8?). As a result, all expectations with respect to p(y, z|z, 8®)
involve integrals that are intractable. We therefore need to "efficiently” compute (hope-

fully) accurate approximations to the expectations of interest.

5.4.1 Notations and remarks
All our expectations are taken with respect to p(y, z|z, 8)). We therefore simply write

E[g(x;y, )] instead of E [g(a:; Y, 2)|x, 0(”], so that we have

Elg(z;y,2)] = / /Hg(m;y,z)p(y,zlm,o(”)dyda (5.14)

Under the regularity conditions that allow the interchange of differentiation and integra-

tion, we have

-a%]E [¢(6,X")] =E [5%3(9, X*)] =E[S(0)]. (5.15)

0
At the M-step, our aim is to solve 55(2(0]0(‘)) = 5%]1*3 [£(6,X*)] = 0. As we shall see
later, it will turn out to be more convenient (mathematically) in many cases to use the

above regularity conditions and instead solve the expected score equation E [S(8)] = 0.



CHAPTER 5. MFA MODELS WITH MIXED OUTCOMES
5.4.2 Approximating intractable expectations

As we remarked earlier, the integrals needed for the computation of our expectations are
all high-dimensional non-Gaussian integrals for which closed-form expressions cannot be
obtained. The two main approximation methods that are most commonly used to tackle
this intractability are: (a) the Monte Carlo approximation and (b) the Gauss-Hermite
quadrature approximation. Sammel, Ryan, and Legler (1997) examined both approxi-
mations in their work, and found the Gauss-Hermite quadrature to be faster in reaching
convergence. OQur main focus in this chapter is on the Monte Carlo approximation. We

give an outline of the Gauss-Hermite quadrature approximation at the end of the chapter.

5.4.3 Monte Carlo E-Step

If we could sample directly from p(y, z|z,8®), then we would simply draw a sample

(y1,21), »(Yp, 2p), and a straightforward Monte Carlo approximation to E [g(z; y, 2)]

would be given by

Elg(z;v, 2)] = % > 9(x; Y4, 24)- (5.16)

However, since we do not have a closed-form expression for p(y, z|z, o ) in our context,

such a direct sampling is not possible. To solve the problem, we write p(y, 2|z, %) as

p(zly, z,69)p(y10“)p(2|0) (5.17)

p(y,z[m,a(‘)) = *
/ /H p(zly, 2, 09)p(y]|0®)p(2|609)dydz

Since y is a discrete categorical random variable with Pr(y = j 189 = 7r](.t), we can write
(t) — 4 ® ®
Vplzly =73,2,0 z|0

7, p(z|ly = j,2,6")p(2]0") . (5.18)

k
) /z Op(zly = 7', 2,00)p(2]00)dz
=1

p(y = j’zlm’ e(t)) =
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Equations (5.17) and (5.18) allow us to rewrite E [¢(z; y, 2)] as
/ /H 9(z; y, 2)p(zly, 2,0)p(y|6")p(2|6") dydz

| [, iy z.09(169)p(=16)dydz

E[g(z;y, z)]

k
Z/ nj(t)g(w;'y = j, z)p(zly =j’z,9(t))p(z|0(’))dz
- (5.19)

z / Op(aly = i, 2,00)p(210)dz

for which the Monte Carlo approximation is given by

D
> 9(x; vy, za)p(2 |y, 24, 6©)
Elg(z;y,2)] » E—; , (5.20)
D p(elys 24,07
d=1

and where the samples (g, 24) with d = 1,---, D are samples drawn from p(y|6®)
and p(z]|0®) respectively. p(y|0®) is the multinomial distribution y ~ Mn(k;7) and
p(2]0®) is the standard multivariate Gaussian distribution, both of which are distribu-

tions that can be simulated easily. It is also possible to avoid sampling y, in which case

the Monte Carlo approximation is given by

D
> s(=y =7, 27 p(@y = j, 24,60

d=1
= . (5.21)

k
> m)p(ely =5, 24, 6%)

j'=1d=1

.
I x
-

Elg(z;y,2)] ~

Remark: The obvious advantage of (5.21) over (5.20) is that with (5.21) we avoid the
sampling of . However, it must be said that this is done at the expense of an extra loop
on k which could become computationally burdensome for large k and large D.

Note : One of the main drawbacks of this Monte Carlo approach is its slowness to
converge. In fact, to get accurate approximations, large samples are required, and this
is very time consuming in multivariate settings such as ours. Sammel, Ryan, and Legler

(1997) have reported T' = 10000 as the number of iterations needed to get accurate

estimates.
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In pseudocode form, computing (5.20) can be described as follows:

Algorithm 13: Computing expectation E [¢(z; y, z)]
Set N:=0and D :=0;

Ford:=1to D
Simulate y, ~ Mn(k, (), /* Choose component */
Simulate z4 ~ N,(0,1,); /* Draw a common factor */

Compute g(z; Yy, 24);
Compute p(z|y,, 24);
Set N := N+ g(=; Yy, 24)P(T|Y 4, 24);
Set D :=D + p(z|y, 24);
End;
Set E[g(z; y, 2)] =~ N/D;

5.4.4 Constructing the Maximisation step

As we said earlier, our M-step consists of solving the expected score equation

E[5(6)] =Y E[Si(0)] =0, (5.22)
where
E[5:(6)] = f /H 5:(0)p(y, z|z:, 09)dydz. (5.23)

Clearly, our complete-data loglikelihood function (5.11) has two main parts: (a) one that
contains the conditional distribution of the manifest variables, and the other (b) that
contains elements of the distribution of the categorical latent variable y. For the second
part (b) of £(8,X*), the expression of the update 7rJ(-t+1) of 7r](-t) can be easily written.
However, because of the nonlinearity of some of the terms involved, we will resort to the

Fisher scoring method to find updates 8%+Y) of 8 for part (a) of the loglikelihood.

5.4.5 Updating the mixing proportions

To determine the updates 7rJ(.t+1) of the mixing proportions at the M-step, we consider

n k
g(ﬂ', X*) = Z Z Yij IOg Ty. (524)

=1 j=1
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¢ I |‘; ’
If we use the Lagrange multiplier method to maximise £(1r X*) subject to the constraint

iy

}:;:1 m; = 1, then it is easy to see that

1 \ o
t+1 oL
7r](- ) = ;ZE[yJIz,]‘) o (5.25)
i=1 DRI
Lot
Recall that y; is a indicator variable. Therefore y; fol'lo(v(ls‘ a Bernoulli distribution with

parameter 7r() Hence E [y;|z;] = Pr(y = j|z;, (‘)) //p ) = j, z|@;, 09)dz, allowing

us to write .' g

ll .
/ plely = j,z, o(* )p(zIG‘”)
E[yjlxi] =% z ’:“:?‘:;".' Vo : (5'26)

> fz mp(ely =7,

i'=1

. } ’ ’
The Monte Carlo approximation to E [y;|z;] in thls case '1s therefore given by

D
Zw(‘)p(wzly—J,zm 0“)) e
Dij = "5 = (5.27)
S5 7 lPp m.ly—J,za,O”)
j'=1d=1 I \“.‘ \""".‘, :,

il 0
If we choose to also sample y, then an alternative to (5 27) would be

Y)’

D A
Z p(miiyda Zd, e(t))
Dij — d=1 1yd—j -

Zp (:lya, 24,6 ’)

d=1

ot

An update of 7rJ(.t+1) via Monte Carlo approximation would therefore be

it = ZD,, . (5.28)

5.4.6 Updating the GLM parameters“,

Because of the nonlinearity of the functionals of interest, we will use a Newton-Raphson
type scheme to update our GLM parameters at each step. In general, we need to estimate

the parameter B, that characterises the effect of the h-th outcome in the j-th component
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of the mixture. If we focus on the part of the loglikelihood function that involves the

GLM model, it is easy to show that a general expression for the expected score is
G(Ba) =E[S8,0)] = E |55208 X0 = - 38 s s~ ma(8,0)] 4

= 5; ;E (3312 E [[2in ~ mjn(B;n)]Zilig, ] (5.29)

Solving the expected score equation, E [S (,th)] = 0, then requires the computation of

3, 0%L(B;,, X* 1 & L
J('th) 3ﬂJ [S(ﬂjh)] = E [—é‘é%ahth‘)} = ";; ZE [yz‘jvjh(ﬂjh)ziziT]
JREE i=1

= - S EE Va@E ] (630)
With (5.29) and (5.30), the update of B, is given by the following Newton-Raphson
scheme:
B = B3 — T (BI)G(BS). (5.31)
It turns out that J(B,,) = —F(B,;) where F(8;,) is the expected Fisher information
matrix. For this reason, (5.31) can instead be written as

BV = g1+ F-1(BD)G(BY). (5.32)

Note: It is interesting to note that the above framework for updating the GLM param-
eters is very general, and therefore makes it easy to compute updates for any type of

outcome.

Algorithm 14: Newton-Raphson Iteration for updating ,352

Set m :=1 and B}, (m) := ﬂgt,f, and choose Tol
Repeat
m:=m+1;
ﬂnew(m) _ ew(m 1) _ J—l( new( 1)) ( ;;;:w(m _ 1));
Until (II,B"ew(m) ,B"e“’(m -1)|I < Tol) or (m = Mmax)
,B(t+1) = new(m)

Note: Because of the quadratic local convergence of the Newton-Raphson scheme, we
can just use a one-step Newton-Raphson updating. However, in the event of bad guesses

of initial values for 3;,, the full Newton-Raphson updating of Algorithm 14 should be

preferred.
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5.4.7 Updating the scale parameter ¢,

For the Bernoulli and the Poisson outcome, the scale parameter ¢, is equal to 1. For
a Gaussian however, we have ¢, = o2, and it is straightforward to estimate it. Note
that we consider the error to have the same distribution across of the components of the
model. That is why we only have ¢, instead of ¢;;,. In fact, for a Gaussian outcome,
our loglikelihood for a single outcome z;;, simply becomes

ox*)—ZZy--[—— (@~ 21 By)* - Hog(e})|. (5.33)

i=1 j=1

If we solve the expected score equation E [S(aﬁ)] for o}, it is straightforward to find
that for h=1,--- ,p, the update (o2)+ is given by

2+ = 2 ZZ]E vij [(mn — 2] Bj)?]]- (5.34)

1._1_71

5.4.8 Aspects of the derived scheme

It 1s important to note that the "mixed” form of the input space has as an immediate
consequence the complication of the whole computational procedure. The computation of
densities for instance requires calls to different functions, and this leads to computational
inefficiency and the need for a case by case treatment. In other words, the generality
enjoyed when dealing with input spaces with variables of the same type is lost. On the
other hand, the Monte Carlo approximation that we use here is extremely slow, almost
rendering the whole scheme impractical for tasks of moderately high dimension (g > 6,
k > 3, p > 5). For instance, the computation of the observed-data loglikelihood alone is

a very demanding task in this context. In fact the marginal density p(z) of  is given

by
/ / (zly, 2)p(y)p(2 )dydz—zwg /z (zly = j, 2)p(2)dz.  (5.35)

J=1
Since there is no closed-form expression for the above marginal density, we resort to its

Monte Carlo approximation which in this case is given by
k

D D
p(z) = 1—15 SN mip(aly =j,za) %Zp(wlyd, Z4). (5.36)
d=1

j=1 d=1
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If we used the above p(z), then the Monte Carlo approximation for the observed-data

loglikelihood is given by

k D n D

£(0;X) =~ %Z ZZﬂjp(:c,-ly =J,24) N %Z Zp(milyd, Z4)- (5.37)

i=1 j=1 d=1 i=1 d=1
If we consider the need to draw samples from the distribution of y and z with all the loops
involved in the expression of £(0; X) plus the fact that the computation of p(z|y,, z4)

is not straightforward, then it becomes obvious that the computational burden is indeed

heavy.

5.5 Implementing MFA with mixed outcomes

Our main aim in the numerical examples of this chapter is parameter estimation. We
have exclusively used Monte Carlo approximations to tackle the intractability of integrals,
and in most cases we have not used large enough Monte Carlo samples, because of
the slowness of Matlab 6.0 in dealing with this. We like to emphasize the fact that
our simulations in this chapter are essentially experimental, and that the unsuitability
of Matlab in this case has prevented us from exploring as many numerical examples

as desirable. We will concentrate in our future work on improving the computational

scheme so as to make it ready for use in practical applications.

5.5.1 Estimating the 8,

In this first example, we assume the mixing proportions known, and we focus on the
estimation of the GLM parameters 3;,. We consider an artificial problem with a 3-
dimensional input space having three different types of outcome, namely one Bernoulli,
one Poisson and one Gaussian. Our mixture in this case has 2 components, with m; = 0.60
and 7, = 0.40. Our sample size here is n = 200. A; = (0.90,0.40,0.50)7, A; =
(0.20,0.90,0.40)T, p; = (1.10,1.20,2.40), and p5 = (—1.00,2.40,1.40)". In other words,
the parameters that we wish to estimate have true values 8;; = (0.90,1.10)7, B,; =

(0.40,1.20)7, B, = (0.50,2.40)7, B, = (0.20,—1.00)7, By = (0.90,2.40)T and By, =
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(0.40,1.40)T. After 17 EM iterations, the estimates obtained are the following: B,, =
(0.85,0.88)", B1, = (0.44,1.36)T, B3 = (0.52,247)7, By = (0.18,-0.81)T, B,, =
(1.11,2.10)7, and B,; = (0.13,1.62)T. For our Monte Carlo approximations, we used
D = 200. In principle, one would be expected to use a far larger number of Monte Carlo
draws in order to hope for an accurate approximation. The small number we used here
seems satisfactory, probably because of the low dimensionality (p = 3) of the task at
hand, and the fact that the "random” starting values must have happened to be in the
region of the parameter space containing the true values of the parameters. The least

one can say about these estimates after 17 iterations is that they are reasonably good 1.

5.5.2 Estimating the mixing proportions =

We reconsider the above synthetic task, this time with k =3, p =3, ¢ =1, m = 0.30,
ma = 0.45 and 73 = 0.25. We use the same set of parameters 3 with the B’s for component
3 given by B; = (0.40,-2.00)7, B3, = (0.50,2.00), and B,3 = (0.90,0.40)7. In this
section, we assume B known and fixed, and we use the scheme to estimate our mixing
proportions. We use 7r§°) = 0.30, 7r§°) = (.35 and 7r§0) = 0.35 as initial guesses, and
D = 1000 as our Monte Carlo sample size. The first 30 iterations of the EM algorithm

yield frf‘w) = 0.40, ﬁi(’so) = 0.32 and 7?;(,30) = 0.28, which seem to be converging to a set of

mixing proportions reasonably close to the true values.

5.5.3 Estimating both 8;, and =

We reconsider the synthetic task of the previous example, but this time m; = 0.30,
7y = 0.45 and 73 = 0.25. B,; = (0.90,1.10)T, B,, = (0.40,1.20)7, 8,5 = (0.50,2.50)7,
Ba1 = (0.20,-0.50)T, Ba = (0.90,1.50)7, By3 = (0.40,1.50)T, B, = (0.40,~1.10)T,
B3, = (0.50,1.80)7, and B33 = (0.90,0.50)T. Here, we use D = 1000 as our Monte Carlo

'In toy (artificial) problems where we know the true values of the parameters, a reasonable solution
is one that is close enough to the true (known) values. In such cases, if a starting point leads to limiting
values that are too far from the true values, other starting points are used. In practice (when the
true values are unknown), we do something similar. Since the properties of the algorithm guarantee
monotonic convergence to a maximum of £(8,X), we systematically try at least a couple of starting
points and pick the one that yields the highest crude approximation of £(8, X).
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sample size. We run our scheme to estimate both 3;, an‘d‘ 7. Our sample size in this case
is n = 200. With random starting values for # and 7r(0) = 0.60, 7r§0) = 0.25 and 7r§0) =
0.15 as our initial values for the mixing proportions, the ﬁrst 30 EM iterations produce
#3 = 0.37, 489 = 0.45 #%? = 0.18, and B, _A(o 81 1.25)7, By, = (037, 1.17)7,
B = (0.32,2.50)7, B, = (0.12, -0.38)7, By = (0 97 1. 45)T By = (0.32,1.71)7,
Ba = (0.25,—0.57)T, By, = (0.50,1.74), and fB; 1=,.,:'=(0-83, 0.88)T. One of the most
striking features in these simulations is the local behé&buf of the estimation scheme. In
fact, when starting values are not close enough to the true values of the parameters of

interest, the scheme is very slow to converge, and in some cases eventually gets trapped
.’ [ -
LI

in local maxima, producing solutions that are in most cases not satisfactory.
LA
Another important point to note here is the fact that \the Mopte Carlo approximation

can cause the overall scheme to become unstable if I‘t)he/ nur(nber of Monte Carlo samples
is not large enough (D > 1000) to allow accurate apprexjmations of the integrals of
interest at each step of the EM algorithm. I, '1 - |

The above reasonable solution is obtained after tfymg;varlous starting points. This
approach which consists of trying different startingjgrjel‘l}lesj 1i's ‘{rery commonly used when
dealing with the EM algorithm for mixture models,. Beeeﬁse of the tendency of these EM
algorithms to get trapped in local (and often not vefy useful) regions of the parameter
surface. In this particular context, the shape of the berameter surface must be quite
complex, and it therefore comes as no surprise if the scheme gets trapped in local regions.
On the other hand, to lessen the overall computational burden, we only used the one-step

[

Newton-Raphson in our simulations, but we anticipate that a full Newton-Raphson at
each EM iteration should improve the speed of convergence.

It is important to note that convergence problems were less serious when we only es-
timated either the mixing proportions or the GLM baira,meters. An obvious reason for
that could be the fact that the simultaneous estimation of both 7 and 8 is a much more
complex task requiring the search of a much larger parameter space. When we studied
the generic MFA model, the Bayesian treatment allowed us to circumvent some aspects

of these local maxima, as the sampling scheme was less dependent on initial guesses. We
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will be addressing these issues in our future work.

As far as the implementation of our scheme is concerned, it is important to note that
Matlab 6.0 that we use for our simulations is not particularly suitable when many loops
are used in the computations, as is the case here. We therefore plan to implement our
scheme in C++ in our future work, and we anticipate that this is likely to improve the

computational efficiency.

5.6 Approximation by Gauss-Hermite quadrature

5.6.1 Introduction

Let Z = IR be our domain of integration. The use of the Gauss-Hermite quadrature
approximation rests on the ability to express the integrand f(z) : IR? — IR as a product
of a weight function w(2) : IR? = IR, and another function, g(z) : IR? — IR, say. More
precisely, if f(z) is to be integrated, this method first expresses it as f(2) = w(2z)g(z),

where w(2) is referred to as the weight function. The integral is then expressed as

f(z)dz =/ / w(z, -, 29)9(21, 00, 29)dz - -+ dzy. (5.38)
Jiial R R
In (5.38), w(z) = exp(—27z) = exp(—27) - - - exp(—22). With the weight function speci-
fied, the Gauss-Hermite approximation to (5.38) is given by

f@)iz 3o 3w, 49, (5.39)

I =1 ig=1

where z,-(") is the i,-th zero of the Hermite polynomial of degree n,, and w,(:) is the

corresponding weight.

All the integrals that we need to calculate in our analysis involve the standard multivari-
ate Gaussian density p(2) = Ny(2;0,1;). With N(z;0,1;) = (2n)"92exp(—32"2), we
readily have an appropriate weight function. In fact, by considering a simple transforma-
tion 2 = —\}—z-z, we easily derive the weight function w(2) = exp(—27Z). As a result, the

application of the Gauss-Hermite quadrature to our context is relatively straightforward.
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5.6.2 Limitations of the Gauss-Hermite quadrature

As clearly explained by Fahrmeir and Tutz (1994), the number of nodes needed for
the Gauss-Hermite approximation of (5.39) is [J?_,n,. The bad news here is that
this number increases exponentially with the number of dimensions ¢ of the domain of
integration. This exponential increase makes this method unappealing for integration
in higher-dimensional spaces such as those we are interested in. Fahrmeir and Tutz
(1994) also report that the method works well in practice for ¢ < 6. For reasonably
lower-dimensional integrals (¢ < 6), the method is found to be computationally far more

efficient than Monte Carlo approximation as confirmed by Sammel, Ryan, and Legler

(1997) in their study.

5.7 Conclusion and discussion

5.7.1 Modelling strengths

The extension of the MFA that we have studied in this chapter is justified by similar
closely related work that we mentioned earlier. Our work in this regard can be seen as
an extension of Sammel, Ryan, and Legler (1997) who studied the same type of model
for a homogeneous input space, while we have now extended it to finite mixtures for
which the input space is heterogeneous.

The good news here is that the use of the GLM machinery allows the derivation of an
estimation procedure that is straightforward and easy to interpret. This is a strength,
since the model at first sight has two sources of heterogeneity, namely the mixed form
of the input variable and the mixture structure of the input space itself. One would

imagine a complicated estimating procedure, but it is encouraging to remark that the

scheme derived here is fairly straightforward.
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5.7.2 Computational weaknesses

The bad news here is the computational inefficiency of the candidate methods used to
tackle the intractability of the integrals of interest. The implementation of the algorithms
in this case is indeed very inefficient, because it does require many different loops that
cannot be vectorised (because of functions of different types) to speed up computations.
Because of the heterogeneous nature of the conditional densities involved, it is difficult if
not virtually impossible to perform efficient function calls for the computation of densities
and likelihood values, and this is a heavy drawback in this context since the bulk of the
computation effort lies in the calculation of these densities.

The Monte Carlo approximation that we have used in this context is so slow that it
is very close to being impractical, especially when implemented in Matlab where loops
cause programs to become inefficient. We anticipate that coding in C or C++ will render
the scheme more efficient, and that we will then be able to use large Monte Carlo samples
to guarantee accurate estimates of our integrals.

Another point worth stressing is the fact that one cannot visualise anything to assess the
plausibility of the result obtained. With traditional models where the observed vector is
not "mixed”, one can project the original data onto the plane to have some ideas, albeit
limited, of the underlying structure of the data. In this case, with different types, it is
hard if not impossible to think of a visual representation. Moreover, the geometry of
the parameter space for such a fundamentally heterogeneous model is certainly a very

complex one, and this is likely to cause major difficulties in estimation procedures.

5.7.3 Future work

Despite the fact that its extension to multivariate settings runs into trouble for ¢ > 6, a
good alternative to the Monte Carlo approximation in this context is the Gauss-Hermite
quadrature that we outlined earlier. We plan to explore this alternative in our future

work.

Another alternative worth considering is the Bayesian treatment. As we have seen
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throughout our research, the Bayesian approach has proven to be essentially more flex-
ible than its counterparts, and it would certainly offer a good platform for addressing
the analysis of a heterogeneous model like this one. Such a Bayesian treatment can
be made efficient, especially if we use ingredients encountered in Chapter 3. All our
conditional densities being from the regular exponential family, it is straightforward to
find the corresponding conjugate priors for the parameters, and to get the conjugate
posteriors. It is easy to see that the 3,, would naturally have a Gaussian conjugate
prior, especially for a normal outcome. This way, it is easy to specify case by case a
suitable prior distribution for the parameters of interest. Obviously, the #’s in this case

still have a Dirichlet distribution, since y clearly has multinomial distribution.
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Conclusion

If a man will begin with certainties, he shall end in doubts; but if he will be content to
begin with doubts, he shall end in certainties
Francis Bacon

Throughout this thesis, we have provided a conclusion and a discussion at the end of

each chapter. In this final chapter, we present a brief summary of our work, and we

outline ideas for future research investigations.

6.1 Justification and relevance

As we have scen throughout, latent variable models can be used to tackle practical prob-
lems in a great variety of fields, ranging from social sciences to engineering to physical
and biological sciences. Our contribution in this regard has been to propose relatively
new models drawing inspiration from existing ones, and motivated by a potential for
application to practical problems. Some of the models that we have studied have been
around for quite some time now, but we have in every case relevant and useful extensions
(or at least alternatives) capable of handling situations not treated by existing models.
Chapter 4 and Chapter 5 are particularly illustrative in this regard. Although we have
in some cases not provided applications of our work to real data, some of the references

cited show that our proposed models can be used for practical applications.
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6.2 Complexity of latent variable models

It is important to note that the price to pay for the vast potential of applicability of

latent variable models is their inherent complexity.

6.2.1 Structural complexity

All the latent variable models we have studied in this thesis have in common the fact
that they are both structurally complex and computationally intensive. In all cases, the
number of model parameters tends to grow very fast as the dimensions of the observable
and latent spaces are increased. On the other hand, all the models considered have some
degree of lack of identifiability, making it difficult to find a unique set of parameters that
characterise the model. It emerges from our work that there are mainly two ways to
approach model identification, namely the use of constraints and the use of a decision-

theoretic treatment of the quantities of interest.

6.2.2 Inferential difficulties

The large number of parameters and the lack of identifiability also make interpretability
very difficult. In such cases therefore, unless parameters have clear and unambiguous
physical meanings attached to them, it might well suffice to content oneself with a set
of reasonably accurate parameter estimates that can then be used for such tasks as the
estimation of expected latent scores. As we have seen throughout, parameter estimation

is prone to ineficiency, because of the large number of parameters to be estimated in

situations where there might not be much data.

6.2.3 Estimation and Computational difficulties

Throughout our work, we have addressed statistical estimation and inference from both
the likelihood-based and Bayesian perspectives. From both perspectives, the structural
complexity of the model makes it difficult to use traditional estimation techniques. Our

contribution in this regard has been the construction of variants of the EM algorithm and
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Data Augmentation, and to some extent the adaptation of recent ideas from stochastic
geometry. The main strength of our algorithms is the ease of interpretation that they

allow, and the fact that they are all relatively easy to implement.

6.3 Future work

6.3.1 Mixtures of oblique Factor analysers

Throughout our work, we have assumed an underlying orthogonal factor model. A
possible future direction would be to consider the assumption of an underlying oblique
factor model, and to study the corresponding Mixture of Oblique Factor Analysers. Such
an extension of the generic MFA model should have many applications in social sciences,

in the light of the example from Press (1972) given in Chapter2.

6.3.2 A sampling alternative to varimax

When it comes to achieving better interpretability of a factor analysis solution, rotation,
and in particular Kaiser’s varimax rotation, tends to be the most commonly preferred
approach. Intuitively expressed, the key idea behind Kaiser’s varimax rotation is to find
a new solution such that, for each row of the matrix of factor loadings, only one entry has
a large magnitude (close to 1 when the analysis is based on the correlation matrix) while
all the other entries are as small as possible, so small that they can be set to zero. While
Kaiser achieves this through a deterministic optimisation procedure with a well-defined
objective function, it is our belief that the same idea can be incorporated more much
efficiently in the overall Bayesian sampling scheme. We are currently exploring ways
to specify an extra layer in the hierarchical structure of the model, so that a carefully
chosen hyperprior on A can allow its posterior distribution to concentrate its sampling
of rows on realisations for which the above maximum variation criterion is met. A very
naive alternative solution to the above extra layer idea would be to perform rejection

sampling with a systematic rejection of draws not verifying the condition. Unfortunately
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such an alternative is not attractive in multivariate settings since efficiency would be lost

due to the fact that rejection slows sampling schemes considerably.

6.3.3 Efficient sampling

Despite the flexibility of the stochastic simulation approach used in this thesis, we have
noted its relative computational inefficiency in terms of slow convergence. Part of our

future work will be focused on the derivation of more efficient sampling schemes.

6.3.4 Applications

Many of the models that we have studied in this thesis have the potential to be used in
practical applications. We are currently in the process of applying the generic Mixture

of Factor Analysers model to the analysis of genetic data.
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Appendix A

(General Theorems and Formulae

A.1 General definitions

A.1.1 Direct product of matrices

Let A = (a;;) be a p X p matrix, and B = (ay) be an n X n matrix. Then the pn x pn
matrix C = A ® B is called the direct product (or Kronecker product) of A and B, and
is given by

(auB a12B v al,,B

C=A®B=

_a,,lB ap2B -+ apB

-

Direct products of matrices as can be seen throughout our work are very useful in

multivariate statistical analysis, escpecially in multivariate regression.

A.1.2 Conditional normal distributions

Theorem A.1 Let V = l: ! } be a normally distributed random vector with a mean
Va

0 : : X L2 . L
py = and a covariance matriz Ly = . Then the conditional distri-
H2 Z21 222

bution of V; given (Vo = v2) is also normal with a mean vector that is a linear function of
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v2, and a covariance matriz that is independent of vo. More specifically, [V1|Va = vy] ~

N(Mlp, E1|2) where M2 =t + 21222—21(1’2 ~ liz) and 21[2 =Xy - 2122521221-

A.2 DMatrix and vector operations

A.2.1 Vector representation of a matrix

Throughout our work, we use vec(A) to denote a vector representation of matrix A. The

vector vec(A) stacks in a column vector the columns of the matrix A.

A.2.2 Important Multivariate Derivatives

In this section, we provide general formulae for multivariate derivatives that are used at
the M-step of our EM algorithms. Let x and u be two p-dimensional vectors. Let y and
v be two g-dimensional vectors. Let A € IRP*P and N € IRP*? be two real matrices.

(Graybill 1969) and (Press 1972) provide details of the derivation of the following useful

identities.

Ox"u _ Ou'x _

ox  Ox
T
Ox_Ax =(A+AT)x
ox T™NT
T
6uaNN Y =uv’ and v Nu 6§ -
OxTAx OxTATx o
dA  ~  0A
T™NT
-QV—I;—NA—M = ATNvy" + ANyv'
Jdlog|A -1 T
QL8 IAl _ (a7 = [a7]
otr [AN] _ Otr[NA] NT an otr [ATN] _ otr [NAT] N
77 A — 0A
T
otr [ATNA] _ (N+NT)A (A1)

0A
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Derivation of Estimation Equations

B.1 Elements of estimation for Factor Analysis

E[zz"] = E[(Az+e)z"] =E [(A227 + 2]
= AE[22"] + E [z€7]
= A (B.1)
Viz] = V[Az+u+e]
= V[Az]+V]e]
= AV[z]AT +V][e]
= AAT+Z (B.2)

At the EM step of the EM algorithm for factor analysis, we form an analytical expression

for Q(0|0®) =E [Z(O;X‘)IG(‘),XJ, where £(6; X*), is given by equation (2.18), i.e

£6;X") —-—loglE]——Ztr [E 'z +Z 2727 M%) +Z z] 571y

- Z W= Az - Ztr [ATE1Az;2]] - EZ[LTE_IH.
im1

=1
If we use identities from (A.1), we can easily compute the necessary partial derivatives

needed at the M-step of the EM algorithm for both the FA and the MFA models.
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B.1.1 Estimating the mean of the Gaussian

Estimating the mean g in FA model is straightforward. In fact, as a function of y, the

function @) can be written as

n

1
Q) = —5 > [~22]5 7 u+ 2uTETAE [zifa] + uTE 4.
=1

ouTE-1 Ty-1 Ty-1 T
Since 2 = £ _ 2>y, Oz X p =Y 1] and Ou T AR [zi|@] = L7AE [z,
ou ou ou
0Q(p)

it is easy to show that solving ou = ( yields the maximiser of Q(u) that is given by

pltty) = ;1;2 (z; — AVE [2;]zi]).

i=1
B.1.2 Estimating the matrix of factor loading

If we treat @ as a function of A, we can express it as

Q(A) Z(m, p)TETAE (2] - —Ztr [ATETIAE [2:2] |xi]],

=1

and the corresponding partial derivatives with respect to A are given by

B(m,- - ,U)TE_IAE [z,~|:c,~]
OA
otr(ATSMAE [z;2]|x;])
OA

= =Y — p) (Elzilz])"

= 257MAE [z:2]|zi] .

The solution of 86;/(\./\) = 0 yields the maximiser of Q(A) which is explicitly given by

n

A+ — Z( — pD) (E [2;]24)) J [ZE zy 2} | J— )

i=1 i'=1
B.1.3 Estimating the uniquenesses %

As a function of X, Q can be written as follows:

QE) = ——logIEI——Ztr ey — p) (i — )]

=1

+ Z (z; — p)TE AR [2;]xi] - %z": tr [ATS AR [z:2]|xi]].

=1
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It is easier to derive the partial derivatives of Q(X) wifﬁ respect to £-1, and they are
otr [ (z; — p) (@i — )]

oy-1 = (@ir ) (s — p)7
dlog|X|  Olog|E1!
e T
O(z; — p)TE1AE [z;|;
R [Py
Btr(ATE1AE [2;2] e ’
r( az—l[z zZ; |:c ]) — AE [;;zflmz] AT.
The solution of 22 o
e solution of Se1 = 0 yields the maximiser of Q(E) Wthh is given by
1, [& SR
B = diag |3 (o — ) (i = W) 2(.3:, u<‘+1>>uﬁ: 2o TA) ]
[ i=1 i 1 .:’ o
[ n v
+ ldiag Z [ACDE [2;2] |z [A(t“)]T] “.{"’"
e »
| i=1 L

I :
If we replace A(tY) by the expression obtained above then the update £t+D of ¥ is now
given by L

n

2(t+1) — %dlag Z (xi _ [l,(H-l) A(H—l)]E [Z I(m ]) (m _#(t-i-l)) jl

i=1 ‘i"/"'/,’v’,\'z'} Y ." ‘
B.2 Analysis of Mixtures of Factor Analysers

For simplicity, we use aﬁ,’, b(..) and Cg-) as deﬁned inv Section (3.5.2), that is ag.) =

E [yij]2i], b = E 2y, @] and C = E [z:2] |y, @i]-

B.2.1 E-Step for the generic MFA Model

nf k
QleY) = E[e6, X)X, 00)] =1E[log [H (HW;H w(x,.;A,.z,.,z)]w)H

i=1 \j=1
n k '

n k '
= Y S E[ylwillog(ns) + Y > Elyislog V(@i Ajzi D)l ] (B.3)

i=1 j=1 i=1 j=1 ! .
B.2.2 Estimating the mixing proportidhs

As a function of m, ) can be written as

Q(m) = Z Z E [y;;|x:] log(;) Z Z a(t) log(7;)- (B4)

=1 J =1 t:l 1—1



APPENDIX B. DERIVATION OF ESTIMATION EQUATIONS

'To find estimates for the mixing proportions, all we need to do is find the set of m; that
Maximize Q(7) subject to the constraint that Zle 7 = 1. By the Lagrange multiplier
method, this means maximizing Q(m,v) = Q(w) + v (1 - Z;zl Wj) where 4 is the
Lagrange multiplier, and Q(r,~) the Lagrangian of the original function Q(m).

9Q _ ® Q_,_ v
87rj_ 7+ Za and 87—1 jglw,

96 ~
To obtain the maximum, we solve —Q = 8_62 = 0, from which we obtain

or; O«

7TJ(-t+l) — l - az(_;)
24 i=1

Smce the set of w(t“) must satisfy the maximization constraint, we therefore have

Z (t+1) _ Z S) = — =1 which in turn leads to v = n. Thus, we have
0 i

=1 j=1

(t+1) Z a(t) (B.5)

B.2.3 Estimating the means of the Gaussians

Estimating the means ugt“) of the Gaussians is rather straightforward. In fact, as a

function of u, the function @ can be written as

Qp) = — Z Z al) [~22TS 7y + 2 STADY + uIS |-
1—1 i=1
ouI S L 0TS Y i OuI=TIALY © .

: ) "y - , t =% ; d-—-——-———-——_—_.Z:—1 b7 it 1
Since o 2575, % x; an s Ajb;;, it is
easy to show that solving Qgg‘l = ( yields the maximiser of Q(u) that is given by

3

WD = [Zam( (t)bm)] [Z a“’}

1!-

B.2.4 Estimating the Factor Loadings

If we treat @ as a function of A, we can express it as

Q(A Z Z a(t) AU'J')TE lA b(t) — = Z Z a(t)tr [ATE 1A, C(t)]

i=1 j=1 t—l] 1
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and the corresponding partial derivatives with respect to A; are given by

B(a:,- - uj)TE‘lAjbg)

9A;
otr(AJE-1A,C0) .

: ~15.C®

oL, 2571A,CY.

9Q(A)
oA,

-1
T n
- [t | ]

=1

The solution of = 0 yields the maximiser of Q)(A) which is explicitly given by

B.2.5 Estimating the uniquenesses ¥

As a function of X, @) can be written as follows:

QE) = —= loglEI — = ZZa(t)tr l(mi — llj)(mi - ﬂj)T]
t-—l j=1
n k 1 n k
+ DY a (@i — ) TETADY — 32D dtr [ATE A C(t)]
i=1 j=1 =1 j=1

It is easier to derive the partial derivatives of Q(X) with respect to £, and they are

otr [S=(x; — ;) (e — 15)"] = (@i — ) (@i — )T

0r-1
Olog|Z| _ dlog|=7l| _ 5
or-1 or-1

A(z; — ;) TS 1A;bY T

52—1 = (- ) (bz(;)) A}
otr(ATE-1A,;CH) (t)
. 0QE) . . S
The solution of Go-1 = 0 yields the maximiser of (%) which is given by
k T
= ——dlag [ZZa ((ar:z ((a:, pi) 7T =2 [Ajbg-)] ) + A]-C,(;-)A}')} .
i=1 j=1

After simplification, the update X)) of ¥ is now given by

(1) — dlag [Zza ( x; — u§t+1) - A§t+1)b$)) (a:.- - u§t+1))7} .

1=1 j=1




