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Abstract Mathematical modelling and computational simulation are effective tools in studying

the function of the cardiovascular system and diagnosing the progress of diseases in this system,

especially when clinical experiments or measurements are limited or not capable to proceed. A

variety of models have been developed related to different segments in the cardiovascular system,

such as the heart, the valves, the systemic arteries and the pulmonary arteries, etc. Among these

studies, modelling the left ventricle (LV) and systemic arteries (SA) have drawn a great deal of

attention in the last several decade due to the high pressure and high morbidity of the systemic

circulation. The recent models range from lumped-parameter models, one-dimensional models to

three-dimensional models,which expand our understanding of the function of the left ventricle and

systemic arteries respectively, but few of them considered the interaction between two parts. Thus,

the propose of this thesis is to develop a dynamic cardiac-vascular model to study the pressure and

flow wave interactions in the systemic circulation.

Here we employs two advanced models, a three-dimensional finite-strain structure-based LV, and

a one-dimensional dynamic physiologically-based model for the systemic arteries, to complete a

coupled LV-SA model. The LV model is based on Gao et al. [35]’s work. In this model, the

fluid-structure interaction (FSI) is described by an Immersed Boundary (IB) approach, in which

an incompressible solid is immersed in a viscous incompressible fluid, and solved by a Lagrangian

Finite Element (FE) method [40]. The systemic circulation model is employed from Olufsen et al.

[90]’s work, which consists of two groups of arteries, the large arteries and the small arteries or

vascular beds. The large-arteries model uses a LaxWendroff scheme to compute the cross-sectional

area-averaged flow and pressure based on physiological parameters of the arterial tree. The vascu-

lar beds are modelled as asymmetric structured tree, to provide outflow boundary conditions at the

end of each terminal vessel in the network of large arteries. The coupling is achieved by matching

the pressure and flow rate at the aortic root, i.e. the circulation model feeds back the pressure as

a boundary condition to the LV model, and the flow rate from the LV is used as the inflow for the

circulation model. The function of the aortic valve (AV) is modelled as follows: the AV opens

when the pressure in the LV just exceeds the pressure in the proximal aorta adjacent to the valve;

the AV closes when the flow rate is negative (referring to backflow) at the boundary plane in the

LV proximal to the AV. The governing equations of the system is solved by a combined immersed

boundary finite element (IB/FE) method, and the LaxWendroff scheme of Olufsen et al. [90].

To investigate the cardio-vascular interactions under different conditions in the LV-SA system, this

thesis first simulate a standard case defined by using parameters based on measurements of healthy
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LV and healthy systemic arteries from two healthy subjects, and then simulating four diseased-

related cases based on different pathological conditions in the LV-SA model, i.e. stiffening of the

large arteries, functional rarefaction, increasing heart beat rate (by shortening the systemic dias-

tolic phase) and varied end-of-diastolic pressure. The results of pathological cases are compared

with the standard case to provide a more insightful change of the pressure/flow interaction, and the

change of LV contractility.

To better understand the cardiac-valvular-vascular interactions, a lumped-parameter AV model is

coupled in the LV-SA model to further develop it into a more detailed LV-AV-SA model. Compared

to the LV-SA model (no AV), when a normal AV condition is used in the coupled LV-AV-SA model,

the active tension of the LV and the peak LV pressure at early systole slightly increases, but the

peak flow rate and the cardiac output barely changed. While, when a mild stenosis AV condition is

applied in the LV-AV-SA model, the LV function changes dramatically, especially a dramatically

increase of the peak LV pressure and the peak active tension of the LV. This indicates that the valve

condition is also important in studying cardiac-vascular interactions, especially for diseased valve

conditions that the effects are huge and cannot be ignored.

In order to study how the valvular region affects the cross-valve pressure difference, we reconstruct

the valvular region in the LV based on the mid-systolic CMR images, which shows a 93% increase

of the cross-sectional area in the valvular region than early systole. The cross-valve pressure

drop decreases dramatically with a expanded valvular region compared with the narrower valvular

region in previous LV-SA model. This indicates that the a local stenosis in the valvular region may

have significant effects on the heart function, and a better description of modelling the expanding

procedure of the valvular region is needed to predict more physiological results.

This thesis is a step forward for studying the cardiac-valvular-vascular interactions in the systemic

circulation, and can provide dynamic pressure and flow waveforms in the LV and long the systemic

arteries. Moreover, this model not only verifies the effects of pethological conditions but also

quantifies change of pressure, flow rate and ventricular inotropy in the LV-SA system, which is

important progress and has barely been studied before. Further approach of this work is to develop

a patient-specific model in the future to diagnose the progress of disease, as well as providing

practical treatment strategy.



3

Acknowledgments Foremost, I would like to express my special appreciation and thanks to my

supervisor Prof. Nicholas Hill for his guidance and encouragement during my four years’ study

in University of Glasgow. Since English is not my first language, at the beginning of my study

he helped me a lot with improving my speaking and writing skills, and I am very grateful for

his kindness and patient all the time. I am also sincerely grateful to my second supervisor Prof.

Xiaoyu Luo for her thoughtful care of not only my research, but also my living in Glasgow. I am

very enjoying the group meetings hold by them every week, in which people could share ideas,

discuss problem, and gain useful suggestions from other people. The group meeting makes me

feel more like we are a big family and it gives me a lot of comfort when I am missing home. Four

years time gives me an inner view of the advanced British researchers’ spirit, especially from my

supervisors. Their hardworking, conscientiousness, especially the love for their works impress me

and encourage me all the time. I am appreciate for the many fruitful conversations, the conferences

they support me to attend, and the time they have devoted to reviewing my thesis. It is my great

honor to be one of their postgraduate students. Thanks to Prof. Yufeng Nie for his guidance during

university, and thanks to my teachers, Xiaoli Zhao, and Decang Guo in high school. I also want

to give a special thanks to Janette Mcquade for her tutoring in English Cafe in the last two years,

which helps me a lot with my spoken English and gives me a deeper and wider view of Scotland.

Thanks to all the colleagues and friends for their company during the last four years. A special

thanks to Dr. Beibei Li for helping me settle down when I first arrived in Glasgow. Thanks for one

of my best office friends Nan Qi for her wonderful company, especially those get-together parties

during the Chinese traditional festivals. Thanks also to Dr. Hao Gao for his patient answering my

questions of C++ and VISIT. Thanks to my office friend Lei Wang for helping me solve Euclid

problems. During the last year, thanks for the many wonderful conversations with Xin Zhuan, I

have learnt a lot from his creative thoughts and enterprising mind, which makes me think more

of continues self-improving in the future. I am also very grateful to Yuji Chen for taking me

to experience the beauty of Scotland, especially those mountain walkings in winter, giving me a

stronger mind to face and conquer difficulties in life.

I am also grateful to the Chinese Scholarship Council for the four years funding for living, and

thanks for the tuition fee waiver from University of Glasgow. I also acknowledge the excellent

research atmosphere and advanced facilities provided by the University of Glasgow during the last

four years. Thanks also to the people I know or not know in Glasgow, their kindness and their love

for Glasgow makes me love more of this city day by day.



4

Last but not the least, thanks to my dearest mother Yuyun Zhu for her encouragement and strong

supports for my study, and the thoughtful care trough the hundreds of phone calls during the last

four years. Thanks also to my father Weiliang Chen for making me independent and being strong.



List of Figures

1.1 A sketch of the human heart . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 A transverse section through the heart illustrates the four heart valves . . . . . . 2

1.3 Distribution of circulation of blood in the arterial system . . . . . . . . . . . . . 3

1.4 Diagram of arteries, veins, and capillaries . . . . . . . . . . . . . . . . . . . . . 5

1.5 Mean pressure drop across different levels of circulatory arterial system [45]. . . 5

1.6 Schematics of 2-element, 3-element and 4-element windkessel models . . . . . . 9

2.1 The rule-based fiber architecture of the LV and the fiber tracing . . . . . . . . . . 17

2.2 The LV geometry reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3 Reconstructed LV model with inflow and outflow tracts . . . . . . . . . . . . . . 19

2.4 Schematic illustration of boundary conditions of the IB/FE LV model . . . . . . 20

2.5 The loading pressure and boundary conditions applied to the LV model . . . . . 22

2.6 A three-element windkessel model used as outflow boundary condition for the LV 23

2.7 A tapering tube model of a typical vessel . . . . . . . . . . . . . . . . . . . . . . 24

2.8 The velocity profile of the laminar flow in a typical vessel . . . . . . . . . . . . . 27

2.9 Richtmeyer’s two-step version of the Lax–Wendroff scheme . . . . . . . . . . . 30

2.10 The Lax-Wendroff scheme at the inlet boundary in the systemic circulation model 31

2.11 The boundary conditions at the bifurcation . . . . . . . . . . . . . . . . . . . . . 32

2.12 The structured-tree model for the small artery . . . . . . . . . . . . . . . . . . . 32

2.13 The large arteries in the systemic arteries model . . . . . . . . . . . . . . . . . . 37

3.1 Coupling the 3-D LV model and the 1-D SA model. . . . . . . . . . . . . . . . . 41

3.2 The interfacial plane between the 3D and 1D models . . . . . . . . . . . . . . . 41

3.3 Inlet flow for the SA model during initialization . . . . . . . . . . . . . . . . . . 43

3.4 The pressure at the mid point of the ascending aorta during initialization. . . . . . 43

3.5 The Lax-Wendroff scheme at the inlet boundary in the SA model . . . . . . . . . 45

5



LIST OF FIGURES 6

3.6 The time integration for the LV and SA models . . . . . . . . . . . . . . . . . . 47

3.7 Flow diagram for the coupling the LV and the SA models during systole . . . . . 48

4.1 The deformed LV geometry at end of diastole and end of systole . . . . . . . . . 54

4.2 The pressure-volume loop and velocity field in the LV . . . . . . . . . . . . . . . 55

4.3 The aortic flow rate from the coupled model compared with in vivo MRI measure-

ments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.4 LV functions in the LV-SA model for standand case . . . . . . . . . . . . . . . . 57

4.5 Three groups of large arteries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.6 Pressure and flow rate in the aorta for the standard case . . . . . . . . . . . . . . 59

4.7 Pressure and flow rate in the coeliac arteries for the standard case . . . . . . . . . 61

4.8 Pressure and flow rate in long arteries for the standard case . . . . . . . . . . . . 62

4.9 3D pressure and flow rate profile for the standard case . . . . . . . . . . . . . . . 63

5.1 Change of Eh/r0 when simulating an increase of the arterial wall stiffness . . . . 67

5.2 Averaged active tension and the LV pressure for stiffer large and small arteries . . 69

5.3 Comparisons of the pressure and flow rate when stiffening the arterial wall . . . . 71

5.4 Averaged active tension and the LV pressure with different severity of rarefaction 73

5.5 Comparisons of the pressure and flow rate with different severities of functional

rarefaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.6 Averaged active tension and the LV pressure when shortening systemic diastolic

phase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.7 Comparisons of the pressure and flow rate when shortening the systemic diastolic

phase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.8 Comparisons of the pressure and flow rate when when changing the PED-LV . . . 80

5.9 Comparisons of the pressure-volume loops between the standard and disease-

related cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.10 Comparisons of the pressure between different disease-related cases . . . . . . . 84

5.11 Comparisons of the flow rate between different disease-related cases . . . . . . . 85

5.12 Effects on the stroke volume . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.13 Factors relate to increased inotropy . . . . . . . . . . . . . . . . . . . . . . . . . 88

6.1 The valve motion and flow rate predicted by the AV model . . . . . . . . . . . . 93

6.2 The 3D-0D-1D system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6.3 The valve motion and flow rate predicted by the AV model . . . . . . . . . . . . 96



LIST OF FIGURES 7

6.4 The cardiac output with weighted moving average method . . . . . . . . . . . . 97

6.5 The valve state and the pressure difference predicted from the coupled LV-AV-SA

model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.6 Effects of adding a normal AV and a stenosis AV in the coupled model . . . . . . 100

6.7 Comparisons of the P-V loops of the LV-SA model and LV-AV-SA model . . . . 101

6.8 Comparisons of the active tension between the LV-SA and the LV-AV-SA models 101

6.9 Comparisons of the ejection velocity at mid-systole between normal and stenosed

valves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.10 Comparisons of the pressure and flow rate between the LV-SA and LV-AV-SA models103

7.1 Reconstructed LV model from the CMR images at mid-systole . . . . . . . . . . 106

7.2 The velocity field in the LV with the reconstructed valvular region . . . . . . . . 107

7.3 LV functions in the reconstructed LV-SA model . . . . . . . . . . . . . . . . . . 108

7.4 Comparisons of the cross-valve pressure difference . . . . . . . . . . . . . . . . 109

7.5 Pressure and flow rate in the aorta for the reconstructed LV . . . . . . . . . . . . 110



List of Tables

2.1 Geometrical data for the top, bottom radii and length for the large arteries. . . . . 39

4.1 Choice of parameter values for the standard case. . . . . . . . . . . . . . . . . . 52

4.2 Summary of the pressure and flow rate in the aorta . . . . . . . . . . . . . . . . 60

5.1 The effects of changing radius exponent ξ in (2.94) on the vascular density . . . 67

5.2 Effects of variation of arterial stiffness on systolic LV function . . . . . . . . . . 70

5.3 Summary of rarefaction’s effect on systolic LV function . . . . . . . . . . . . . . 72

5.4 Summary of the effect of shortening the diastolic phase on systolic LV function . 75

5.5 Summary of end diastolic pressure’s effect on systolic LV function . . . . . . . . 78

6.1 Values of parameters in the AV model for normal and mild stenosis conditions. . 98

6.2 The effects of adding a normal and a stenosed AV on systolic LV function. . . . . 99

7.1 Summary of systolic LV function with different valvular diameters . . . . . . . . 108

7.2 Summary of the pressure and flow rate in the aorta . . . . . . . . . . . . . . . . 108

8



Contents

1 Introduction 1

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 The cardiovascular system . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Mathematical modelling of the cardiovascular system . . . . . . . . . . . . . . . 5

1.2.1 Modelling of the left ventricle . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.2 Modelling the aortic valve . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.3 Modelling the arterial system . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3 Motivation and objectives of this thesis . . . . . . . . . . . . . . . . . . . . . . . 10

1.4 Thesis layout . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Mathematical modelling 13

2.1 The 3D left ventricle model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.1.1 The Immersed-boundary finite-element method . . . . . . . . . . . . . . 13

2.1.2 LV geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.1.3 Boundary condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.1.4 Numerical solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.1.5 Parameters in the LV model . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 The systemic arteries model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.1 Modelling of the large arteries . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.2 Numerical solutions for the large arteries . . . . . . . . . . . . . . . . . 28

2.2.3 Modelling of the small arteries . . . . . . . . . . . . . . . . . . . . . . . 31

2.2.4 Parameters in the systemic arterial model . . . . . . . . . . . . . . . . . 36

3 Coupling of the LV and the SA models 40

3.1 Description of the interface between 3D and 1D domains . . . . . . . . . . . . . 41

1



CONTENTS 2

3.2 Coupling procedure during one cardiac cycle . . . . . . . . . . . . . . . . . . . 42

3.2.1 Initialization of the coupled model . . . . . . . . . . . . . . . . . . . . . 42

3.2.2 Diastolic filling in the LV . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2.3 Isovolumetric contraction of the LV . . . . . . . . . . . . . . . . . . . . 44

3.2.4 The coupling during systole . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2.5 Relaxation in the LV and systemic diastole in the arteries . . . . . . . . . 44

3.2.6 Implementation of the boundary conditions . . . . . . . . . . . . . . . . 45

3.3 Time integration conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.4 Parameters in the coupled model . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 Results of the standard case 51

4.1 Parameters in the Standard case . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2 Results in the standard case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.2.1 Pressure and flow rate in the LV . . . . . . . . . . . . . . . . . . . . . . 53

4.2.2 Pressure and flow rate in the systemic arteries . . . . . . . . . . . . . . . 56

4.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5 Simulating disease-related cases 65

5.1 Description of pathological conditions . . . . . . . . . . . . . . . . . . . . . . . 65

5.2 Results of changing stiffness of systemic arteries in the coupled model . . . . . . 68

5.3 Results of functional rarefaction . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.4 Results of shortening the diastolic phase in the coupled model . . . . . . . . . . 74

5.5 Results of changing end-of-diastolic pressure in coupled model . . . . . . . . . . 78

5.6 Comparison with an isolated systemic model . . . . . . . . . . . . . . . . . . . 82

5.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6 Effects of aortic valve stenosis 90

6.1 Modelling the aortic valve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

6.2 Coupling the aortic valve model with the LV-arterial model . . . . . . . . . . . . 93

6.2.1 The 3D-0D-1D system . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6.2.2 The discretization method . . . . . . . . . . . . . . . . . . . . . . . . . 95

6.2.3 Time integration conditions . . . . . . . . . . . . . . . . . . . . . . . . 97

6.2.4 Parameter values for the aortic valve model . . . . . . . . . . . . . . . . 98

6.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98



CONTENTS 3

6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

7 Discussion of the pressure drop 105

7.1 Reconstruction of the outlet tract in the LV model . . . . . . . . . . . . . . . . . 105

7.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

7.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

8 Conclusions 112

8.1 Summary of achievements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

8.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116



Chapter 1

Introduction

1.1 Background

1.1.1 The cardiovascular system

The cardiovascular system is composed of the heart and blood vessels, including arteries, veins and

capillaries, and they consist of the two circulatory systems, i.e. the pulmonary circulation and the

systemic circulation. With each heartbeat, blood carries all of the oxygen, nutrients, hormones, etc

throughout the body and takes the toxins and carbon dioxide away from the cells [15, 108]. Every

day, approximately 10 pints (5 litres) of blood travels about 60,000 miles (96,560 kilometers)

through the blood vessels, linking the cells of our organs and body parts [15], starting from before

birth and lasting for a lifetime without break. Since the cardiovascular system is so important in

maintaining human life, it is worthwhile to get a better understanding of it and the interactions

between each component in the system.

The heart

The heart is the key organ in the cardiovascular system. It works as a hollow, muscular pump,

propelling blood throughout the whole body constantly without ever pausing to rest. It has four

hollow chambers enclosed by cardiac muscles.

The upper two chambers are the atria, receiving the blood entering the heart, and are separated by

a common wall, the inter-atrial septum. The bottom two chambers are ventricles, pumping blood

out of the heart, and separated by the interventricular septum wall (Fig. 1.1). The atrial muscles

are thin and develop only relatively low pressures when the atria contract. The right atrial wall

1
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Figure 1.1: A sketch of the human heart. From [45].

Figure 1.2: A transverse section through the heart illustrates the four heart valves. From [10].

is thinner than the left, and the right atrial pressure is consequently lower than the left [68]. The

atrial chambers do not contribute much to the resting cardiac function, since the atrial filling is
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generally considered as a passive process. The ventricular wall is thicker than the atrial walls.

Moreover, the wall thickness of the left ventricular is around two times larger than the thickness

of the right ventricle in order to develop a much higher pressure [68]. The thick interventricular

septum wall laying between the right and left chambers is associated with the pumping action of

the left ventricle.

The ventricle and atria are separated by atrioventricular valves. The tricuspid valve separates the

right atrium from the right ventricle, and the mitral valve separates the left atrium and the left

ventricle. Two other heart valves lie between the ventricles and the large arteries, which carry

blood leaving the heart. These valves are the pulmonary valve, which separates the right ventricle

from the pulmonary artery, and the aortic valve, which separates the left ventricle from the aorta.

These four valves are aligned approximately in the same plane (Fig. 1.2).

Figure 1.3: Distribution of circulation of blood in the arterial system with percentage of total blood

in different parts of the circulation system. From [45].

During each heartbeat, the left atrium gathers oxygenated blood from the lungs to the left ventricle,
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which pumps it throughout the body, while the right atrium receives deoxygenated blood from the

body and delivers to the right ventricle to pump it through the lungs (Fig. 1.3). These double

pumps repeat during each heart beat at the beginning of the systemic and pulmonary circulations.

The blood vessels

There are three types of blood vessels, i.e. arteries, veins and capillaries (Fig. 1.4). The arteries

carry highly oxygenated blood away from the heart, while veins bring deoxygenated blood back to

the heart [7, 94]. The capillaries connect the arterioles at one end and venules at the other, carrying

blood very close to the cells of the tissues of the body in order to exchange gases, nutrients, and

waste products. The wall of an artery consists of three layers (Fig. 1.4), i.e. the innermost layer

(the tunica intima or tunica interna), the middle layer (the tunica media) and the outermost layer

(the tunica adventitia). The middle layer is primarily smooth muscle and is usually the thickest

layer. Since the arteries have a higher blood pressure than other parts of the circulatory system

(Fig. 1.5), the arterial wall is thicker than the other vessels (Fig. 1.4) [7]. The blood pressure

in veins are much lower than arteries with lower flow rate (Fig. 1.5), so there are valves on the

inner layer to prevent reversed flow [94]. The capillaries have the thinest wall among three types

of vessels being only one cell layer thick (measuring around 5 to 10 µm), in order to allow the

exchange of water, oxygen, carbon dioxide, and many other nutrients and waste substance between

the blood and the tissues surrounding them [62]. Remarkably, residual stress and pre-stretch in the

arteries ensures no change in length as the pressure pulse passes through [48].
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Figure 1.4: Diagram of arteries, veins, and capillaries, from htt ps :

//en.wikipedia.org/wiki/File : Bloodvessels− en.svg by Kelvinsong (2013).

Figure 1.5: Mean pressure drop across different levels of circulatory arterial system [45].

1.2 Mathematical modelling of the cardiovascular system

Mathematical modelling and computational simulation are useful in studying the cardiovascular

system and diagnosing the progress of diseases in order to give suitable treatment strategy. A

number of in vivo, in vitro experiments, and advanced imaging technologies, such as magnetic

resonance imaging (MRI) and computed tomography (CT) scan, provide high fidelity haemody-
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namic information for mathematical modelling [11]. There are a variety of models ranging from

lumped parameter (or zero-dimensional, 0D) models [1, 4, 12, 14, 75, 87, 104, 113, 116, 129],

one-dimensional (1D) models [9, 50, 74, 79, 90, 102, 103, 111, 113] to three-dimensional (3D)

models [17, 20, 26, 29, 35, 37, 41, 56, 58, 77, 81, 96, 100, 112, 117, 118, 124, 131] used for

simulating the fluid mechanics in different segments of the cardiovascular system. Such studies

expand our understanding of the function of the heart and other segments in the cardiovascular

system. Here, we have a brief review of three important components of the systemic circulation:

the left ventricle, the aortic valve, and the systemic arteries, so that we can have a better under-

standing of current work and to develop a more detailed cardiac-valvular-arterial model to study

the interactions between each component.

1.2.1 Modelling of the left ventricle

The lumped parameter (0D) models related to the LV characterize basic relationships between the

circulatory variables and heart properties [4, 12, 75, 104, 116]. Among these, the early models

developed by Maughan et al. [75],Beyar et al. [12] and Santamore and Burkhoff [104] are con-

structed with time variable removed, then based on these studies Sun et al. [116] and Arts et al.

[4] further developed four-chamber heart interaction models enable to simulate the cardiac haemo-

dynamics of the heart with normal and diseased conditions. These lumped-parameter models are

efficient in computational simulation, but they do not account for many ventricular properties and

can not provide the propagation of the pressure or flow waves inside the left ventricle.

In order to study the fluid dynamics of the left ventricle, a number of high dimensional computa-

tional models of the left ventricle have been developed [20, 35, 41, 58, 77, 81, 100, 124, 131]. The

basic approach in these models is to construct the three-dimensional geometry and the passive and

active elastic response of the ventricular myocardium. The detailed three-dimensional fiber orien-

tations and sheet structure of the ventricular wall are constructed in Bovendeerd et al. [13], Costa

et al. [20], Nash and Hunter [81], Wang et al. [123]. The elasticity with constitutive modelling of

the myocardium differs in different studies. Early studies are based on isotropic elasticity [23],

which only include the isotropic exponential form in the strain-energy function. Further stud-

ies are based on transversely isotropic elasticity, among these, Humphrey and Yin [51] accounts

for the fibre structure,Humphrey et al. [52] characterize the passive viscoelastic response of the

myocardium, and some other models are based on the components of the Green–Lagrange strain

tensor [13, 19, 43], but a subsequent study shows that the myocardium is not a uniformly branching
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continuum but a laminar hierarchy [65]. More recently, orthotropic constitutive models are devel-

oped to describe the laminar characteristic of the ventricular myocardium [20, 47, 53, 105]. The

active tension generation of the myocardium is modelled by various groups [13, 44, 81, 84, 120].

These active models relate the transmural variations of fibre orientation and the passive response

in the left ventricle.

In order to study the intracardiac fluid dynamics of the left ventricle, detailed fluid-structure in-

teraction (FSI) models are developed by several groups [35, 41, 76, 77, 86, 100, 124, 125]. Some

groups use the arbitrary Lagrangian–Eulerian (ALE) method [76, 86, 124, 125], of which Watan-

abe et al. [124] model the propagation of excitation and contraction mechanics of the cardiac

muscles; Nordsletten et al. [86] use a nonconforming ALE framework for modelling the passive

diastolic and active systolic phases of the heart; McCormick et al. [76] use the fictitious domain

(FD) method to investigating the full range of cardiac motion under LVAD support. These ALE

models can provide detailed fluid dynamics and fluid-solid interactions in the LV, but the dynamic

mesh generation caused by large structural deformations yield significant computational difficul-

ties. An alternative approach to FSI models is based on the immersed boundary (IB) method, first

introduced by Peskin [99]. In the IB approach, the solid structure is immersed in a fluid region, and

the deformation and stress of the solid structure is described in Lagrangian coordinates, while the

momentum of the fluid is described in the Eulerian form, using the Dirac delta function to mediate

the integral transform. The main feature of IB method is that the Lagrangian grid overlays the

Eulerian mesh, thus it does not require a dynamic generated discretization of the solid and fluid.

Thereby, it is more efficient than ALE methods for modelling large structural deformation systems.

The IB method has been applied in modelling the fluid dynamics of the LV [35, 77, 97], the aortic

valve [42], and the mitral valve [33, 36, 71]. Although all these three-dimensional models have

achieved various degrees of success, most applying fixed boundary conditions, and with the ab-

sence of detailed downstream models, cannot provide a more realistic cardiac-arterial interactions

in the whole circulation.

1.2.2 Modelling the aortic valve

To study the complexity of the valve motion dynamics, a number of numerical studies have been

carried out. The lumped-parameter models of the aortic valve are usually based on two altemative

assumptions. One group of models treats the vortex in the sinus as the driving force for valve

motion [8, 30], the other group takes the pressure difference across the valve as the main driver
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for the valve motion [67, 80, 98]. Among them, early studies [25, 46, 95, 122] models the heart

valves as a diode with a resistance. Werner et al. [128] considered the volume of reversed flow

in the valve during closure related with the leaflet opening angle. Korakianitis and Shi [59], Shi

et al. [109] and Mynard et al. [80] considered the local flow resistance and the blood inertial effect

of the valve dynamics. Furthermore, Mynard et al. [80] related the resistance and the inertial

terms with the valve state, which can provide more realistic pressure difference and can be used to

study normal or pathological valve conditions. These lumped-parameter models provide the basic

opening and closing motions of the valve and are easy to be used as part of the global mechanics of

the cardiovascular system. However, these models cannot provide detailed fluid field in the valve

region.

To predict more detailed fluid dynamics in the valve, three-dimensional models have been devel-

oped with the benefits from advanced imaging technology [16, 21, 22, 39, 73, 98]. These models

provide detailed three-dimensional fluid dynamics across the valve, and account for complex flow

patterns and realistic valve sinus.

1.2.3 Modelling the arterial system

Another important part of the cardiovascular system is the systemic arteries. Simple lumped-

parameter models has been developed to describe the heamodynamics of the arterial system [1,

4, 14, 87, 113, 129]. Among these models, the most widely used models are windkessel mod-

els, including two-element (or RC) windkessel models [70], three-element (or RCR) windkessel

models [14, 113, 129], and four-element windkessel models[27, 114]. The key idea of windkessel

model is treating the blood pressure similar to voltage and blood flow similar to current as in

an electric circuit, and using resistance (R) and compliance (C) to adjust the pressure and flow

relations [129]. The RC model taking account of the total compliance (CT ) and the peripheral

resistance (Rp) is shown in Fig. 1.6 (a). The governing equation for the RC model is

q(t) =
p(t)−P∞

Rp
+CT

d p(t)
dt

. (1.1)

The RCR model is the most commonly used windkessel model. It incudes an additional resistance

connecting in series with the RC model (Fig. 1.6 (b)), making the RCR model taking account both

resistive and compliant effects of the proximal vessels, and this resistance is a frequency-dependent

impedance (Rc) [114]

Rc(ω) =
p(ω)

q(ω)
. (1.2)
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Figure 1.6: Schematics of 2-element (a), 3-element (b) and 4-element (c) windkessel models pre-

sented in electrical form. Rc and Rp are the characteristic and peripheral resistance, respectively;

C is the total arterial compliance; L is the inertance.

The governing equation for the RCR model is

p(t)−P∞ +RpCT
d p
dt

= (Rp +Rc)q+RcRpCT
dq
dt

. (1.3)

In the four-element windkessel model, the total arterial inertance L is included in parallel with

the characteristic impedance in the system (Fig. 1.6 (c)) to provide more accurate total arterial

compliance [114]. The inertance is defined as

L =
ρl
A0

, (1.4)

where ρ is the blood density, l is the length of the vessel segment, and A0 is the reference cross-

sectional area. These windkessel models can provide basic blood pressure/flow interactions and

basic heart and vascular properties, but with only a small number of parameters, it can not provide

the effects of wave propagation in the arterial system. The point is that the parameters are ”tuned”

to obtain a ”realistic” pressure and flow. They do not all represent physiologically measurable

parameters, and cannot represent diseased vessels.

To investigate the wave propagation in the arterial system, a series of one-dimensional (1D) mod-

els are developed [9, 50, 74, 79, 90, 102, 103, 111, 113]. Basically, these are cross-sectional-

area-averaged arterial models, in which some basic parameters, such as the length, radius, etc., are

generated from clinical measurements. These models are based on one-dimensional flow equations

and the large arteries are modelled as a binary tree, with lumped vascular models or structured-

tree models to provide the outflow boundary condition of the large arteries. Since 1D models are

efficient in computational simulation, it is possible to take in account of as many as arteries to

do simulations. Currently, 1D models can include as many as 259 arteries in the cardiovascular

system [79], and this also depends on the ability of measurements from clinical techniques. These
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models provide detailed information of volumetric flux (flow) and pressure along the arterial sys-

tem, and they can be used to study pathological conditions by changing the local parameter values.

However, these models do not include detailed local flow information, such as the velocity profile

on the cross-sectional area.

More detailed three-dimensional (3D) models have been developed to study the local fluid dynam-

ics of certain segments of the large arteries [37, 96, 112]. These 3D models can provide values

of localized haemodynamic quantities, such as wall shear stress, and particle residence time, but

these models are limited to small segments of the arterial system due to the high computational

cost and the limitation of measurements [26, 118].

Some multiscale approaches coupling 3D and 1D arterial models have also been developed [28,

69, 119], what can provide more insights into both local and global characteristics of blood flow,

pressure profiles and arterial wall biomechanics. However, a detailed 3D heart is not usually in-

cluded, instead volumetric flow rates are prescribed at the inlet [26, 90, 119], or simplified lumped

heart models are used [4, 56]. Consequently, the cardio-vascular interaction is not fully explored.

1.3 Motivation and objectives of this thesis

Since cardiovascular disease (CVD) is the leading global cause of death, accounting for nearly half

of the 36 million deaths due to noncommunicable diseases [63], understanding how the disease de-

velops and the relationships between each part of the cardiovascular system are very important for

reducing mortality and morbidity, which is the basic motivation behind this work. Computational

simulation is effective in studying the cardiovascular system, since current clinical technology

cannot provide measurements of all physiological segments simultaneously in the cardiovascular

system in order to study the interactions.

Current mathematical models ranging from lumped-parameter models to three-dimensional dy-

namic models have improved our understanding of different segments of the cardiovascular sys-

tem, such as the heart, heart valves, systemic arteries, pulmonary arteries, etc. However, due to

the complexity of the cardiovascular system, very little work has been devoted to study the circu-

latory interactions between segments in the cardiovascular system. Thus, our goal in this thesis is

to develop a complete systemic circulation model including a dynamic left ventricle and a large

brunches of systemic arteries in order to make progress of current works to study the interactions.
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First, we start our work by taking account of relevant models to build up a dynamic LV-arterial

model by adapting two advanced models of the LV and systemic arteries. In this work, we choose

the model described in Gao et al. [32, 35], since this is a full fluid-structure interaction (FSI) model

and includes both passive and active contraction, which is important when making comparisons

with physiological properties. For the systemic arterial circulation, we use the 1-D structured tree

model introduced by [89], since it considers both large arteries and vascular beds, and is based

on physiologically measurable parameters. The 1-D models using cross-sectionally averaged flow

are based on parameters of the arterial tree, such as length, radius, compliance, which could be

measured and then varied to simulate disease. Olufsen et al. [91] also showed how to calculate

pressure drop and flow in the small arteries to the vascular beds. Recently, Qureshi and Hill [102]

have extended the structured tree model of Olufsen et al. [90] to analyse pressure and flow in the

pulmonary arterial and venous circulation, which would be a good support for developing a right

ventricle and pulmonary circulation model in order to study the interactions in the cardiovascular

system which includes the whole heart, the systemic and the pulmonary circulations in the future

study.

After this proof-of-concept study, we improve the coupled LV-arterial model by adding a lumped

parameter AV model [80] to get a new LV-AV-arterial model, which can provide more realistic

results of the pressure drop across the AV plane and can be used to study aortic valve stenosis

problem, which makes the ventricular-arterial model more complete for studying the fluid inter-

actions in this system. The work detailed in this thesis represents a necessary step towards our

goal.

1.4 Thesis layout

This chapter (Chapter 1) includes basic physiological description of the human cardiovascular

system, along with a brief review of mathematical modelling of the left ventricle, the systemic

circulation and aortic valve.

Chapter 2 includes a more detailed description of the mathematical methods for developing the

left ventricle, systemic arteries and the aortic valve models we are using in this work.

Chapter 3 describes the procedure of coupling the three-dimensional left ventricle and the one-

dimensional systemic arterial model.
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Chapter 4 studies the results of the coupled LV-arterial model and comparisons with measured

data.

Chapter 5 gives applications of disease conditions and shows results of four disease-related cases.

Chapter 6 describes the methodology of adding a lumped parameter AV model into the previous

coupled model to get a new LV-AV-arterial model.

Chapter 7 studies the results from the coupled LV-AV-arterial model and shows comparisons and

improvements with previous LV-arterial model.

Chapter 8 summaries the achievements of this thesis and shows the limitations of this work by

giving suggestions for future study.



Chapter 2

Mathematical modelling

In this chapter, the mathematical methods for the description of the left ventricle (LV), and sys-

temic arteries (SA) models are formulated. First, the basic theory employed in the three-dimensional

(3D) dynamic left ventricle model is discussed, along with a general description of the immersed-

boundary (IB) method used in this model. Second, the mathematical methods for the one-dimensional

(1D) systemic arteries model are described, including modelling of the large arteries and vascular

beds, which are modelled as structured-trees. Thirdly, the boundary conditions and the numerical

methods for solving both fluid-structure interaction systems are briefly described in this chapter.

The boundary conditions for the coupled domains between the two models, i.e. the inlet boundary

condition in the arterial system and the outlet boundary condition in the LV model when the two

models are coupled, are described in detail in the following chapter.

2.1 The 3D left ventricle model

The three-dimensional LV model is an imaging-derived model using a hybrid finite difference/fi-

nite element version of the immersed-boundary method [40] to simulate the dynamics of the LV.

2.1.1 The Immersed-boundary finite-element method

The immersed boundary (IB) method is intended to solve fluid-structure interaction (FSI) prob-

lems, in which an incompressible solid is immersed in a viscous incompressible fluid [99]. In the

IB approach, the elasticity of the immersed elastic structure is described by a Lagrangian formula-

13
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tion, and the viscous incompressible fluid is described by Eulerian incompressible Navier-Stokes

equations. The IB equations are based on a fixed Cartesian mesh for the Eulerian variables, and

a moving curvilinear mesh for the Lagrangian variables. These two types of variables are linked

by the interaction equations of the Dirac delta function. The key idea is to make the equations

of the elastic structure as much as possible like the equations of the fluid dynamics, so that the

fluid-structure interaction can be dealt with easy.

The equations of motion

The equations of motion in the IB form is given below, and the more detailed derivation

can be found in Peskin [99].

Let Ω⊂ R3 denote the physical domain occupied by the fluid-structure system, in which

x = (x1,x2,x3) ∈ Ω are fixed Eulerian coordinates. Let U ⊂ R3 denote the reference

configuration of the immersed solid, in which X = (X1,X2,X3) ∈U are fixed Lagrangian

coordinates. If χ(X, t) describes the physical position of material point X at time t, then

the physical region occupied by the immersed solid at time t is χ(U, t) = Ω(t) ∈Ωs, and

the region occupied by the fluid at time t is Ωf(t) = Ω\Ωs. The IB/FE formulation of the

equations is [39]

ρ

(
∂u
∂ t

(x, t)+u(x, t) ·Ou(x, t)
)
= O ·σ(x, t) =−Op(x, t)+µO2u(x, t)+ fs(x, t),

(2.1)

O ·u(x, t) = 0, (2.2)

fs(x, t) =
∫

U
OX ·Ps(X, t)δ (x−χ(X, t))dX−

∫
∂U

Ps(X, t)N(X)δ (x−χ(X, t))dA,

(2.3)

∂ χ

∂ t
(X, t) =

∫
Ω

u(x, t)δ (x−χ(X, t))dx, (2.4)

where ρ is the fluid density, µ is the viscosity, u(x, t) is the fluid velocity, p(x, t) is the

pressure, fs(x, t) is the Eulerian force density derived from the first Piola–Kirchhoff stress

Ps(X, t) as in (2.3), which is determined from the passive hyperelastic properties of the

myocardium and the active tension generated by the myocytes in systole. N(X) is the

exterior unit normal to U , and δ (x) = δ (x1)δ (x2)δ (x3) is the three-dimensional Dirac
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delta function in the following form:

∫
V

δ (x−X)dx =

1, if X ∈V,

0, otherwise,
(2.5)

where V ⊂U is an arbitrary region of physical space.

The first two equations, (2.1) and (2.2), are the Navier–Stokes equations of a viscous

incompressible fluid written in the Eulerian form. Equations (2.3) and (2.4) denote the

interaction between the Eulerian and Lagrangian variables. In (2.3), the Eulerian elas-

tic force density fs(x, t) = ∇ ·σ(x, t) is determined by two integral transforms with delta

functions, which are ∇X ·Ps, the Lagrangian internal force density, and −PsN, the La-

grangian transmission force density. In the IB method, the Cauchy stress is separated into

two parts: one is naturally written in Eulerian framework, and the other is easily described

in Lagrangian form. The Cauchy stress tensor in the coupled fluid-structure system is

σ(x, t) =

σ
f(x, t)+σ

s(x, t) for x ∈ χ(U, t),

σ
f(x, t) otherwise,

where σ f(x, t) is the Cauchy stress of a viscous incompressible fluid, and σ s(x, t) is the

Cauchy stress that describes the elasticity of the immersed structure.

The fluid mechanics of Newtonian blood fluid

Let Ω f (t) = Ω \Ωs denote the fluid domain in the current configuration, in which x =

(x1,x2,x3) ⊂ Ω f are the fluid nodes in the Eulerian coordinates. Then, the velocity of

fluid u is defined as

u =
∂x
∂ t

. (2.6)

The fluid stress from the general Navier–Stokes equation is

σσσ
f =−pI+ τ (2.7)

where p= p(x, t) is the pressure in current configuration, I is the second-order unit tensor,

and τ is the shear stress.

For the Newtonian laminar flow, the shear stress is calculated from

τ = µ(∇u+(∇u)T ) (2.8)

where µ is the fluid viscosity, ∇u is the velocity gradient.
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Solid mechanics of the LV wall

In the LV model, the passive and the active stresses contribute to the total stress for the

myocardium,

σ
s = σ

p +σ
a (2.9)

where σp is the passive elastic response and σ a is the active stress.

Description of deformation

Let F = ∂ χ/∂X be the deformation gradient associated with the structural deformation,

and J = detF is the local volume ratio. Then, the right Cauchy-Green deformation is

defined as

C= FTF. (2.10)

The passive hyperelastic stress response

If the existence of free-energy function W (C) are postulated here, the first Piola-Kirchhoff

stress P(X) is obtained for the incompressible LV wall as

P(X) =−pF−1 +
∂W (C)

∂C
, (2.11)

where p is the hydrostatic pressure.

If the resultant Cauchy stress on the solid infinitesimal in the current configuration is

σσσp(x), the relation between Cauchy and the first Piola-Kirchhoff stresses is written as

∫
∂V

Pp(X, t)NdA =
∫

∂ χ(V,t)
σ

p(x, t)nda, (2.12)

for any smooth region V ⊂U , where N is the outward normal along ∂V in the Lagrangian

coordinates, and n is the outer normal along ∂ χ . By using the Nanson’s formula relating

the current and the reference element of the surface area, the passive part of total Cauchy

stress σσσp is given by

σ
p = J−1PsFT , (2.13)

where J = det(F) is the structural deformation.

The passive elastic property of the myocardium is described by a hyperelastic Holzapfel–

Gasser–Ogden (HGO) stain energy function W [47], first given by Holzapfel and Ogden,
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in terms of invariants of the right Cauchy-Green deformation tensor C= FTF,

W =
a

2b
eb(I1−3)+ ∑

i=f,s

ai

2bi

(
ebi(I∗4i−1)2

−1
)
+

afs

2bfs

(
ebfs(I8fs)

2
−1
)
, (2.14)

where a, b, ai and bi (i = f,s and fs) are material parameters and I1 = tr(C), I4f = fT
0 Cf0 =

f · f, I4s = sT
0 Cs0 = s · s, I8fs = fT

0 Cs0 = f · s, and I∗4i = max(I4i,1). Here f0 and s0 are the

initial fibre and sheet directions.

In this study, the passive and active material parameters in the LV region are determined

by fitting both the end-diastolic and end-systolic LV cavity volumes, and the myocardial

strains to the MR imaging measurements.

The myocardial fibre generation is based on the work of Potse et al. [101]; the fibre angles

rotates from −60◦ to 60◦ from the endocardium to the epicardium, and the sheet angle

rotates from −45◦ to 45◦, thereby corresponding to a normal healthy LV[66] as shown is

Fig. 2.1.

(a) (b)

Figure 2.1: The rule-based fiber architecture of the LV (a) and the fiber tracing (b)Gao et al. [34].

The active stress response

The active stress of myocardium comes from the active contractions of the myocardium

fibers,

σ
a = T f⊗ f, (2.15)

where T is the active contractile tension force determined by the active contraction model

of Niederer et al. [83], which describes the active tension as a function of the intracellular

calcium concentration [Ca]i, the fibre stretch λf, and the changing rate of fibre stretch.
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The dynamics of the concentration of tropnin-bound calcium [Ca]trpn is given by

d[Ca]trpn

dt
= kon[Ca]i([Ca]trpn,max− [Ca]trpn)− koff[Ca]trpn, (2.16)

koff = koff,ref

(
1− T

γTref

)
, (2.17)

where kon and koff are the binding and unbinding rates, koff,ref is the unbinding rate in

absence of the active tension, T is the active tension and Tref is the maximum active tension

at the resting sarcomere length. The value of parameter is given by Niederer et al. [83],

kon = 100 µM−1s−1, koff,ref = 200 s−1, [Ca]trpn,max = 70 µM, In this model, we define

Tref = Tscale×56.2kPa, (2.18)

where Tscale is a dimensionless scale factor determined by matching the end-systolic vol-

ume of the LV to the in vivo LV volume.

2.1.2 LV geometry

The geometry of the LV model is reconstructed from the cardiac magnetic resonance

(CMR) images performed on a healthy volunteer (male, age 28) Gao et al. [32]. The

basic CMR imaging protocol is as follows: slice thickness= 10 mm, in-plane pixel size=

1.3× 1.3 mm2, and frame rate= 25 per cardiac cycle. Three directions of the steady-

state free precession cine images are used for functional assessment, i.e. the short-axis,

horizontal long-axis, and vertical long-axis planes. Seven slices of short-axis images

from base to apex at early diastole (the lowest pressure in the LV) are used for the LV

reconstruction (Fig. 2.2(a)). Long-axis slices are used for reconstructing the inflow (left

atrium) and the outflow (aorta) tracts. The rebuilt LV is shown in Fig. 2.2(b).

In order to simulate the ventricular flow, the inflow and outflow tracts are also recon-

structed as shown in Fig. 2.3 using long-axis MR images. The valvular region between

the valvular rings and the LV base is derived from MR images; the regions above the two

valvular rings are artificial extensions with fixed elliptical openings at the top of the com-

putational box (Fig. 2.3). The region below the LV base is allowed to actively contract.

In this study, because only the LV region can actively contract, we fix the longitudinal

and circumferential displacements of the LV base, but allow the radial expansion. The

remainding LV region is free to move, including the apex. We assume the valvular region
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(a) (b)

Figure 2.2: The LV geometry reconstruction: (a) the endocardial and deformed boundary segments

of the LV; (b) the rebuilt LV mesh with 135,430 tetrahedral elements Gao et al. [32].

Figure 2.3: Reconstructed LV model with inflow and outflow tracts Gao et al. [35].

can only bear passive loads, and is much softer than the LV region. Since this model does

not include the aortic and mitral valves, specific boundary conditions applied on the outlet

plane of the two tracts are used to mimic the function of the valves as follows.

2.1.3 Boundary condition

In this study, the LV model is immersed in a 17 cm× 16 cm× 16.5 cm fluid box, with

inflow and outflow tracts attached to the top plane of the fluid box (Fig. 2.4). The geome-
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tries of the two tracts above the valvular rings in Fig. 2.3 are not derived from the MR

images; they are the artificial extensions for applying flow boundary conditions.

Figure 2.4: Schematic illustration of boundary conditions of the IB/FE LV model. ∂in/∂out denote

the inflow/outflow boundary, and Pin/Pout, Qin/Qout are the pressure and volumetric flow rate at the

inlet/outlet boundary ∂Ωin/∂Ωout, respectively.

During diastole, a maximum displacement of 6 mm is allowed for the valvular region

(Fig. 2.4); beyond that, a tethering force is applied to avoid further deformations. During

systole, the valvular region is gradually pulled back to the original position. The interface

between the valvular region and the LV base follows the LV base’s motion. The inflow

and outflow tracts are fixed during the simulations.

For the fluid region, zero pressure and zero tangential slip are applied at the boundary box

∂Ω(Fig. 2.5)

u · t = 0, p = 0. (2.19)

where u is the Eulerian velocity and t is the unit tangential vector.

The boundary conditions applied on the top planes of the inflow and outflow tracts vary for

the four cardiac phases, i.e. diastolic filling, isovolumetric contraction, systolic ejection

and relaxation. In detail, the boundary conditions are

• Diastolic filling: for the LV region immersed in the fluid domain Ω (Fig. 2.5), a time-
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dependent linearly ramped pressure, from 0 mmHg to the end-of-diastolic pressure

PED-LV, is directly applied to the endocardial surface ∂Ωs(t) of the LV region [60,

123, 127]

ploading = t/0.8×PED-LV, 0 < t 6 0.8s. (2.20)

Boundary conditions for the inlet and outlet region are

uout(t) = 0, pin(t) = 0, 0 < t 6 0.8s. (2.21)

• Isovolumetric contraction: the aortic valve and mitral valve are fully closed during

the isovolumetric contraction, and the boundary conditions are

uout(t) = uin(t) = 0, 0.8 < t 6 0.84s. (2.22)

• Systolic ejection: The aortic valve is assumed to open at 0.84 s, and a three-element

windkessel model is used to provide a pressure boundary condition at the outlet

boundary plane (Fig. 2.6)

pout = pWK (2.23)

where pWK is calculated by a windkessel circulation model [39]. When the backflow

occurs at the outlet boundary plane (qout < 0), the aortic valve is closed.

• Relaxation: The relaxation ends when the total duration for the four phases is 1.2 s.

The boundary condition during relaxation is

uout = uin = 0. (2.24)

Before starting the next cardiac cycle, we allow the LV model to be fully relaxed within

a further duration of 0.8 s, during which the active tension is set to be zero, uout = 0 and

pin = 0. The blood can move freely in or out of the LV cavity through the mitral valve.

2.1.4 Numerical solutions

In the numerical implementation of the IB/FE LV model, the Eulerian equations of motion

are discretized by a finite difference method, and the Lagrangian equations are discretized

with a finite element method [40].
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Figure 2.5: Illustration the loading pressure and boundary conditions applied to the LV model,

reconstructed from Gao et al. [34]. The whole computational domain is represented by the black

box with zero pressure and zero tangential slip along ∂Ω, where u is the Eulerian velocity and t

is the unit tangential vector. The LV cavity pressure loading ploading is applied to the endocardial

surface.

2.1.5 Parameters in the LV model

A time step size of ∆t = 1.22× 10−4 s is used in the diastolic and relaxation phases be-

cause of the explicit time stepping scheme employed by our implementation. The highly

dynamic LV deformation and ventricular flow in systole require even smaller time steps,

we use 0.25 ∆ t in the early systole (0.1 s), and 0.125 ∆ t in the left systolic phase.

A population-based end-of-diastolic pressure, PED-LV =8 mmHg is chosen in (2.20), since

it is impossible to measure the PED-LV in a healthy volunteer.

The passive material parameters for the healthy LV in (2.14) are a = 0.19kPa, b = 5.08,

a f = 1.2kPa, b f = 4.15, a f s = 0.24kPa, b f s = 1.3. The scale factor for the active con-

tractile tension force in (2.18) is chosen as Tscale = 4.
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Figure 2.6: A three-element windkessel model is used as a boundary condition on the outlet

boundary plane of the LV Gao et al. [35]. In the windkessel model, Rc denotes the character-

istic resistance, Rp denotes the peripheral resistance and C denotes the arterial compliance. In the

simulations, Rc = 0.033 (mmHg ml−1 s), Rp = 0.79 (mmHg ml−1 s) and C = 1.75 (ml mmHg−1).

2.2 The systemic arteries model

As discussed in the previous chapter, the diameter of the blood vessels vary dramatically

from the aorta to capillaries, and it is not feasible to include all the vessels to construct a

mathematical model, since the number of vessels is too large for computational purposes.

Therefore, only large and small arteries, i.e. those with a diameter larger than 100µm,

are considered in this model. The geometry of large arteries including radius and length

can be obtained from clinical measurements, such as MR images or CT scans, while the

dimensions of the smaller arteries can also be measured, but due to their large number it

is practically impossible to measure them all. Therefore, we model the larger arteries as

structured trees based on measured data and model the smaller arteries in a simpler way as

asymmetric structured tree tapering around 19 generations to reach the minimum radius

100µm.

2.2.1 Modelling of the large arteries

The large arteries are modelled as a bifurcating tree, in which each individual vessel is

tapering along their length. The modelling of the large arteries are based on the following

assumptions:
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• The arteries in both sides of the body are symmetric and they are modelled identi-

cally, i.e. those vessels which are existing in both the left and right side of the body

have the same dimensions. Hence, for these symmetric vessels with the same inflow,

such as the iliac and femoral arteries, the pressure and flow rate are only calculated

once for one side, and the other side is the same.

• The two coronary arteries, the intercostal arteries and the arteries branching from the

celiac axis, and various branches from the subclavian, brachial, and carotid vessels

have been neglected for computational reasons, since the flow rate in these vessels

are much smaller than that of the other arteries.

Fluid dynamics of the large arteries

A typical vessel is modelled as an axisymmetric compliant cylinder with a rotation sym-

metric tubular surface S and two end-surfaces at x = 0 and x = L (Fig. 2.7). We assume

that:

Figure 2.7: A tapering tube model of a typical vessel [88].

• S denotes the surface of a typical vessel, and S′ = S\(A(0, t)∪A(L, t)) denotes the

surface excluding the two boundary planes A(0, t) and A(x, t).

• The velocity of the surface S is vvv = (vx(x,r, t),vr(x,r, t)), where x is the longitudinal

coordinate and r is the radial coordinate.

• The velocity of the fluid enclosed within S is denoted by uuu = (ux(x,r, t),ur(x,r, t)),

where ur is the radial velocity, and ux is the axial velocity.
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• The blood vessel wall is assumed to be impermeable, and applies the no-slip condi-

tion.

• The pressure of the fluid p(x, t) is approximately independent of r. p0 represents the

diastolic pressure, which is constant during the simulation.

The conversation of volume gives:

∂

∂ t

∫∫∫
V

dV +
∫∫

S
(uuu− vvv) ·nnndA = 0 (2.25)

⇔ ∂

∂ t

∫ L

0

(∫∫
A

dA
)

dx+
∫∫

A(0)∪A(L)
(uuu− vvv) ·nnndA+

∫∫
S′
(uuu− vvv) ·nnndA = 0 (2.26)

⇔ ∂

∂ t

∫ L

0
Adx+

[∫∫
A

ux dA
]L

0
+
∫∫

S′
(uuu− vvv) ·nnndA = 0. (2.27)

where A(x, t) = πr(x, t)2 is the cross-sectional area, and nnn is the outward unit normal to

the surface S. Since we assume the wall moves with the fluid, i.e. u = v on S′, thus the

last term in (2.27) vanish. By differentiating (2.27) with respect to L, and replacing L by

x throughout gives
∂A
∂ t

+
∂

∂x

∫∫
A

ux dA = 0 (2.28)

where ux is the axial velocity. The average velocity over the cross-sectional area is defined

as

u =
1
A

∫∫
A

ux dA. (2.29)

By putting (2.29) into (2.28), we get

∂A
∂ t

+
∂ (Au)

∂x
= 0 (2.30)

With the term of flow rate q = Au, (2.30) can be written as

∂A
∂ t

+
∂q
∂x

= 0 (2.31)

which is the one-dimensional continuity equation we need.

The conservation of x-momentum gives

∂

∂ t

∫∫∫
V

ρux dV +
∫∫

S
ρux (uuu− vvv) ·nnndA+

∫∫
S
(p(nnn · eeexxx)− (dddnnn) · eeexxx)dA = 0 (2.32)

⇔ ∂

∂ t

∫ L

0

(∫∫
A

ρux dA
)

dx+
[∫∫

A
ρu2

xdA
]L

0
+
∫∫

S′
(p(nnn · eeexxx)− (dddnnn) · eeexxx)dA

+
∫ L

0

(∫∫
A

∂ p
∂x

dA
)

dx−
∫ L

0

(∫ 2π

0
(dddnnn) · eeexxxRdθ

)√
1+
(

∂R
∂x

)2

dx = 0, (2.33)
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where ρ is the density, ddd is a tensor representing the shear stresses, R(x, t) is the radius of

the vessel, and eeexxx is the unit vector in the x-direction. The same as previously, we assume

the wall move with the fluid, so the third term in (2.33) vanish. In [88], by assuming the

tapering is small and can be neglected, the last integral in (2.33) can be written as

∫∫
S
(dddnnn) · eeexxx =

∫ L

0

(∫ 2π

0
(dddnnn) · eeexxxRdθ

)√
1+
(

∂R
∂x

)2

dx

=
∫ L

0
2πµR

[
−2

∂ux

∂x
∂R
∂x

+
∂ux

∂ r

]
R

dx, (2.34)

where µ is the viscosity. By putting (2.34) into (2.33), and differentiating it with respect

to L, we get

∂

∂ t

∫∫
A

ρux dA+
∂

∂x

∫∫
A

ρu2
x dA+

∫∫
A

∂ p
∂x

dA−2πµR
[
−2

∂ux

∂x
∂R
∂x

+
∂ux

∂ r

]
R
= 0. (2.35)

With (2.29) and

χ =
1

Au2

∫∫
A

u2
x dA. (2.36)

(2.35) can be writen as

ρ

(
∂ (Au)

∂ t
+

∂ (χAu2)

∂x

)
+A

∂ p
∂x
−2πµR

[
−2

∂ux

∂x
∂R
∂x

+
∂ux

∂ r

]
R
= 0. (2.37)

For laminar flow in slightly tapering vessel, the velocity profile is rather flat [61, 92], so

that it can be assumed to be flat in the center but with a thin boundary layer of thickness

δ (Fig. 2.8), hence

ux =

 u, for r ≤ R−δ

u(R− r)/δ for R−δ < r ≤ R,
(2.38)

where δ = (νT )1/2 ≈ 0.2 cm for the aorta, in which ν = µ/ρ is the kinematic viscosity.

In this case, again ignoring the small tapering, i.e. neglect the terms of order
(

∂R
∂x

)2
, the

last term in (2.37) can be write as

−2πµR
[
−2

∂ux

∂x
∂R
∂x

+
∂ux

∂ r

]
R
≈ 2πµuR

δ
, (2.39)

and

χ =
1

Au2

(∫ R−δ

0
u22πr dr+

∫ R

R−δ

(
u(R− r)

δ

)2

2πr dr

)
= 1− 4δ

3R
+

δ 2

2R2 ≈ 1. (2.40)
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Figure 2.8: The velocity profile of the laminar flow in a typical vessel, with the assumption that

the velocity u(r,x) is flat in the center with a thin boundary layer of thickness δ .

Then, (2.37) becomes

∂ (Au)
∂ t

+
∂ (Au2)

∂x
+

A
ρ

∂ p
∂x

+
2πνuR

δ
= 0. (2.41)

Finally, the momentum equation can be rewritten in terms of the flow q = Au,

∂q
∂ t

+
∂

∂x

(
q2

A

)
+

A
ρ

∂ p
∂x

+
2πνuR

δ
= 0. (2.42)

Equations (2.31) and (2.42) are the basic equations for the one-dimensional theory for

the wave propagation in the arteries. In order to solve for the three dependent variables,

namely p, q and A, we need a third equation, the state equation, giving the relation be-

tween the pressure and the cross-sectional area, which is derived from the linear theory of

elasticity. Assuming that the vessels are circular, that the thickness of the walls are much

less than the radius (h/r0 � 1), and the loading and deformation are axisymmetric, the

external forces can be reduced to a circumferential tensile stress in the form

τ =
r(p− p0)

h
=

E
(1−σxσθ )

(r− r0)

r0
, (2.43)

where (r− r0)/r0 is the corresponding circumferential strain, and σx = σθ = 0.5 are the

Poisson ratios in the circumferential and longitudinal directions. Solving this equation for

p(x, t)− p0 yields

p(r0,A)≡ p(x, t)− p0 =
4
3

Eh
r0

(
1−
√

A0

A

)
, (2.44)

where A0 = πr2
0 is the cross-sectional area and r0 is the radius when p = p0, and the term

Eh/r0 is given in (2.93).
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The continuity equation (2.31) and the momentum equation (2.42) cannot be solved an-

alytically, so a numerical method is needed. Before solving them numerically, they need

to be written in the conservation form. We introduce

B(r0(x), p(x, t)) =
1
ρ

∫
Ad p, (2.45)

so that
∂B
∂x

=
A
ρ

∂ p
∂x

+
∂B
∂ r0

dr0

dx
. (2.46)

By adding (2.46) on both sides of (2.42), the momentum equation becomes

∂q
∂ t

+
∂

∂x

(
q2

A
+B
)
=−2πνuR

δ
+

∂B
∂ r0

dr0

dx
, (2.47)

where ∂B
∂ r0

dr0
dx does not contain any partial derivatives of p, and hence of A and q , so it

can be evaluated directly. Combining (2.31) and (2.47) with the state equation (2.44), the

total system equations can be written in the conservation form

∂

∂ t

A

q

+
∂

∂x

 q

q2

A
+

f
ρ

√
A0A

=

 0

−2πνqR
δA

+
1
ρ
(2
√

A(
√

π f +
√

A0
d f
dr0

)−A
d f
dr0

)
dr0

dx

 ,

(2.48)

where f = 4Eh
3r0

. In this work, these equations are solved numerically using a two-step

LaxWendroff scheme [90].

2.2.2 Numerical solutions for the large arteries

The fluid dynamic equations for the large arteries are (2.31) and (2.33), and with the state

equation (2.44), we get the conservation form shown in (2.48). Before we solve these

equations, it is convenient to rewrite them in dimensionless form. In order to do this, we

use three characteristic parameters rc, qc and ρ to determine the following dimensionless

variables

x̃ =
x
rc

t̃ =
tqc

r3
c

r̃ =
r
rc

(2.49)

Ã =
A
r2

c
q̃ =

q
qc

p̃ =
pr4

c
ρq2

c
(2.50)

where rc = 1 cm denotes the characteristic radius of the vessels, qc = 10cm3 s−1 denotes

the characteristic flow rate, and ρ = 1.06gs−3 is the density of the blood. Then, the
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non-dimensional continuity equation and the momentum equation can be written in the

following form

∂ Ã
∂ t̃

+
∂ q̃
∂ x̃

= 0 (2.51)

∂ q̃
∂ t̃

+
∂

∂ x̃

(
q̃2

Ã

)
+ Ã

∂ p̃
∂ x̃

=−2π r̃
δR

q̃
Ã

(2.52)

where R is the Reynolds number R = ρqc/(µrc) = qc/(νrc). Combined with the state

equation (2.44), the conservation form is

∂

∂ t̃

 Ã

q̃

+
∂

∂ x̃

 q̃

q̃2

Ã
+ f
√

Ã0Ã

=

 0

−2π r̃
δR

q̃
Ã
+(2

√
Ã(
√

π f +
√

Ã0
d f
dr̃0

)− Ã
d f
dr̃0

)
dr̃0

dx̃
.

 .

(2.53)

If we drop the tildes, these equations can be rewritten as follows

∂

∂ t
U+

∂

∂x
R = S (2.54)

where U, R and S are given by

U = (A,q), (2.55)

R = (R1,R2) =

(
q,

q2

A
+ f
√

A0A
)
, (2.56)

S = (S1,S2) =

(
0,−2πνqR

δA
+

1
ρ

(
2
√

A
(√

π f +
√

A0
d f
dr0

)
−A

d f
dr0

)
dr0

dx

)
. (2.57)

Richtmeyer’s two-step version of the Lax–Wendroff scheme

In this work, these equations are solved numerically using Richtmeyer’s two-step version

of the Lax–Wendroff explicit scheme Peskin [97]. When discritising varables, Un
m =

U(m∆x,n∆t), in which m = 0, ,1 ..., M, n = 0, ,1 ..., N, ∆x = L/M where L is the length

of the vessel and M is the number of points along the x-axis, and ∆t = T/N where T is

the length of period and N is the number of time-steps in the period.

• Interior points

The solutions for the interior points (excluding boundary) are determined by four inter-

mediate points at half step (m+1/2, n+1/2) as follows (Fig. 2.9)

Un+1
m = Un

m−
∆t
∆x

(
Rn+1/2

m+1/2 +Rn+1/2
m−1/2

)
+

∆t
2

(
Sn+1/2

m+1/2 +Sn+1/2
m−1/2

)
, (2.58)
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where Rn+1/2
m±1/2 and Rn+1/2

m±1/2 are determined by (2.56) and (2.57) using two intermediate

points at step (m±1/2, n+1/2). Then Un+1/2
m±1/2 can found by the following scheme

Un+1
j =

Un
j+1/2 +Un

j−1/2

2
+

∆t
2

−Rn
j+1/2 +Rn

j−1/2

h
+

Sn+1/2
m+1/2 +Sn+1/2

m−1/2

2

 . (2.59)

where j = m+1/2, m−1/2.

Figure 2.9: Richtmeyer’s two-step version of the Lax–Wendroff scheme for the interior points

[90]. The intermediate points are determined for calculating Q and A at n+1 time step.

• Inflow boundary condition

From (2.53), the cross-sectional area A is determined by q at the boundary. For Lax–

Wendroff scheme at the inlet boundary, all variables marked with a cross are known

(Fig. 2.10). In order to determine An+1
a , qn+1/2

−1/2 needs to be evaluated. At the (n+ 1)st

time step, we introduce a ghost point qn+1/2
−1/2 marked with a circle in Fig. 2.10

qn+1/2
0 =

1
2

(
qn+1/2
−1/2 +qn+1/2

1/2

)
(2.60)

⇔ qn+1/2
−1/2 = 2qn+1/2

0 −qn+1/2
1/2 . (2.61)

Then An+1
a can be found from (2.53),

An+1
a = An

a−
∆x
∆t

(
qn+1/2

a+1/2 +qn+1/2
a−1/2

)
. (2.62)

Then the value of p̄n+1
0 is determined by the conservation equations.

Since the inflow boundary condition changes when the two models are coupled, this part

will be redefined in detail in the next chapter.

• Outflow boundary condition
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Figure 2.10: The Lax-Wendroff scheme at the inlet boundary in the systemic circulation model.

All known variables are marked with crosses; the ghost point is marked with a circle; the boundary

condition is applied at the point marked with a square.

The outflow boundary condition for each terminal large artery is determined by the con-

volution integral in (2.90).

• Bifurcation condition

At each bifurcation, we assuming that there is no leakage, the outflow from any parent

vessel pp at the outlet x = Lp must be balanced by the inflows into the two daughter

vessels qd1, qd2 at the inlet x = 0 for each vessel (Fig. 2.11),

qp = qd1 +qd2 , (2.63)

and with the continuity of the pressure, we have

pp = pd1 = pd2. (2.64)

2.2.3 Modelling of the small arteries

The diameters of the small arteries are approximately 2000–30 µm, from the aorta to the

arterioles, it will have approximately 26 generations if the arteries are bifurcating as a

binary tree [88]. It is practically infeasible to deal with such a huge amount of vessels,

so we model them in a structured and optimal way, i.e. an asymmetric structured tree

(Fig. 2.12), and without tapering along each vessel, so that p is a function of A only. In

this case, the structured trees do not mimic the real geometry of the vessels, but are based

on general statistical relationships estimated from literature data [55, 110].
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Figure 2.11: Illustrating the boundary conditions at the bifurcation, in which the subscript p denote

the parent vessel, and d1, d2 denote the two daughter vessels. The boundary condition is applied

between the outlet plane x = Lp in the parent vessel and the inlet planes x = 0 in the daughter

vessels with conservation of flow, qp = qd1 +qd2 ,, and continuity of the pressure, pp = pd1 = pd2 .

Figure 2.12: The structured-tree model for the small artery, and at each bifurcation the radii of the

daughter vessels are scaled by a factor α and β , respectively [91].

• Fluid dynamics of the small arteries
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Since the amount of each group of small arteries is huge, it is not computationally feasible

to solve a non-linear model for such a big number of vessels. A further simplification is

to linearize the model. Based on a previous study originally suggested by Womersley

[132], [5], and [93], the small arteries is simulated as a linear hydrodynamic model. For

axisymmetric flow with no swirl, the x-momentum equation can be write as

∂ux

∂ t
+ux

∂ux

∂x
+ur

∂ux

∂ r
+

1
ρ

∂ p
∂x

=
ν

r
∂

∂ r

(
r

∂ux

∂ r

)
. (2.65)

We assume the radius of the vessel varies slowly with x, and then the second and third

terms in (2.65) vanish, giving

∂ux

∂ p
+

1
ρ

∂ p
∂x

=
ν

r
∂

∂ r

(
r

∂ux

∂ r

)
. (2.66)

Since the propagation of the blood flow and pressure can be assumed to be periodic for

each heart beat, and thus we can assume that all variables are periodic. Then, they can be

written in the frequency domain using a Fourier series expansions of the form

ux(r,x, t) =
∞

∑
k=−∞

Ux(r,x,ωk)eiωkt , (2.67)

p(x, t) =
∞

∑
k=−∞

P(x,ωk)eiωkt , (2.68)

q(x, t) =
∞

∑
k=−∞

Q(x,ωk)eiωkt , (2.69)

with Fourier coefficients given by

Ux(r,x,ωk) =
1
T

∫ T/2

−T/2
ux(r,x, t)e−iωktdt, (2.70)

Px(x,ωk) =
1
T

∫ T/2

−T/2
p(x, t)e−iωktdt, (2.71)

Qx(x,ωk) =
1
T

∫ T/2

−T/2
q(x, t)e−iωktdt, (2.72)

where ωk = 2πk/T denotes the angular frequency. Hence, (2.66) becomes

iωUx +
1
ρ

∂P
∂x

=
ν

r
∂

∂ r

(
r

∂Ux

∂ r

)
. (2.73)

Since the tapering of the small vessels is neglected, the solution to (2.73) is given by

Ux =
1

iωρ

∂P
∂x

(
1− J0(rw0/r0)

J0(w0)

)
, (2.74)
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where J0(x) is the zeroth order Bessel function, and w2
0 = i3w2 (w2 = r2

0ω/ν) is the Wom-

ersley number. Since the flow rate is given by

Q = 2π

∫ r0

0
Uxrdr ⇔ iωQ+

A0

ρ

∂P
∂x

(1−FJ) = 0, (2.75)

where

FJ =
2J1(w0)

w0J0(w0)
. (2.76)

The continuity equation for the small arteries is the same as the one used for the large

arteries in (2.31), and similarly it can be transformed to

iωCP+
∂Q
∂x

= 0, (2.77)

where C is the compliance which can be approximated by

C =
dA
d p

=
3A0a
2Eh

(
1− 3pa

4Eh

)−3

≈ 3A0a
2Eh

, (2.78)

since Eh� pa. These equations (2.75) and (2.77) are used to simulate the pressure and

flow propagations in the small arteries, and they can be solved analytically. By differenti-

ating (2.75) with respect to x and inserting the result for ∂Q
∂x into (2.77) gives

ω2

c2 Q+
∂ 2Q
∂x2 = 0 or

ω2

c2 P+
∂ 2P
∂x2 = 0 (2.79)

where c is the wave propagation velocity

c =

√
A0(1−FJ)

ρC
. (2.80)

The solutions of (2.79) take the form

Q(x,ω) = acos(ωx/c)+bsin(ωx/c), (2.81)

P(x,ω) = i
√

ρ

CA0(1−FJ)
(−asin(ωx/c)+bcos(ωx/c)), (2.82)

where a and b are arbitrary constants of integration. This analytical solution provides a

frequency-dependent relationship between the pressure and the flow rate in the form of an

frequency dependent impedance

Z(x,ω) =
P(x,ω)

Q(x,ω)
, (2.83)
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where P plays the role of voltage, Q plays the role of current as in an electrical networks.

Hence, the impedance can be solved by

Z(x,ω) =
ig−1(bcos(ωx/c)−asin(ωx/c))

acos(ωx/c)+bsin(ωx/c)
, (2.84)

where

g =
√

CA0(1−FJ)/ρ. (2.85)

Let x = 0 and x = L in (2.84), the relation between the root impedance Z(0,ω) and the

terminal impedance Z(L,ω) can be found as

Z(0,ω) =
ig−1 sin(ωL/c)+Z(L,ω)cos(ωL/c)

cos(ωL/c)+ igZ(L,ω)sin(ωL/c)
. (2.86)

Thus, the input impedance for zero frequency can be found as

Z(0,0) = lim
ω−>0

Z(0,ω) =
8µlrr

πr3
0

+Z(L,0), (2.87)

where lrr = L/r0 is the length-to-radius ratio.

Boundary condition for the small arteries

• Bifurcation condition

At each bifurcation, the radii of the daughter vessels are scaled linearly by factors α (< 1)

and β (< 1) relative to their parent vessel as shown in Fig. 2.12,

rd1 = αrp, rd2 = β rp, (2.88)

where d1 and d2 denote the two daughter vessels, and p denote the parent vessel.

With the continuity of pressure and conservation of flow at each bifurcation shown in

(2.64) and (2.63), the impedance relation can be written as

1
Zp

=
1

Zd1

+
1

Zd2

(2.89)

where the subscript p refers to the patient vessel, and d1, d2 refer to two daughter vessels.

• Outflow boundary condition

From (2.89), if we know the impedance of all the terminal vessels, we can work out the

root impedance by using (2.89) at each bifurcation from the bottom of the structured tree

up to the top. Then the impedance z(x, t) in the time domain can be calculated by inverse
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Fourier transform for Z(x,ω), and an analytic relation between p and q can be get from

the convolution theorem

p(x, t) =
∫ t

t−T
q(x,τ)z(x, t− τ)dτ (2.90)

which provides the outflow boundary condition at the end of each terminal large arteries.

2.2.4 Parameters in the systemic arterial model

• Parameters for the large arteries

The radius r of each tapering vessel follows an exponential curve with the tapering factor

k =log( rbot
rtop

)/L as follows,

r(x) = rtopexp(kx) = rtop(
rbot

rtop
)x/L (2.91)

where rbot, rtop are the bottom and top radii, and L is the length of the vessel, which are

found from measurements for each vessel. The geometrical data for the proximal, distal

radius and the length for each artery are listed in Table. 2.1, which are got from the MR

images of a healthy volunteer Olufsen et al. [90].

Mathematically, the property of the arterial wall can be described by the volume compli-

ance C in this form,

C =
dV
dP
≈ 3A0L

2
r0

Eh
(2.92)

where V is the volume of the segment, P is the pressure, r0 is the radius, A0 = πr2
0 is

the cross-sectional area, L is the length of the artery, E is the Young’s modulus, and h

is the wall thickness.In this equation, the term Eh/r0 can be fitted to experiment data

(Stergiopulos et al. [113]), and the fitted function has the form

Eh
r0

= k1exp(k2r)+ k3 (2.93)

where k1 = 2.0× 107 gs−2 cm−1, k2 = 22.53 cm−1, and k3 = 8.65× 105 gs−2 cm−1.An

increase of the Young’s modulus E in the term Eh/r0 corresponds to a decreasing of the

compliance or an increasing of the stiffness in the arteries.

• Parameters for the small arteries
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Figure 2.13: The large arteries in the systemic arteries model [91]. Detailed geometry information

of each arteries is shown in Table 2.1.

In a cylindrical vessel, the relation determining the radius changes over an arterial bifur-

cation is given by Uylings [121],

rξ
p = rξ

d1
+ rξ

d2
, (2.94)



CHAPTER 2. MATHEMATICAL MODELLING 38

where ξ = 3.0 corresponds to laminar flow, and ξ = 2.33 corresponds to turbulent flow.

The area ratio and asymmetry ratio are given by

η = (r2
d1
+ r2

d2
)/r2

p, γ = (rd2/rd1)
2. (2.95)

By using the relations in (2.94) and (2.95), the scaling parameters are determined as fol-

lows,

α = (1+ γ
ξ/2)−1/ξ , β = α

√
γ. (2.96)

In this model, the radius exponent and the asymmetry ratio are chosen as ξ = 2.76 and

γ = 0.41, then values for other parameters are determined by (2.95) and (2.96), i.e. η =

1.16, α = 0.9, β = 0.6.

The structured tree is terminated when the radius of the vessel r is smaller than a given

minimum value rmin = 10µm. For the terminal vessel with the length L, the impedance is

given and set to be zero, i.e. ZN(L,0) = 0, where N is the number of the generation.
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No. Artery L (cm) rtop (cm) rbot (cm) rmin (cm)

1 Ascending aorta 7.0 1.25 1.14 —

5 Aortic arch 1.8 1.14 1.11 —

7 Aortic arch 1.0 1.11 1.09 —

9 Thoracic aorta 18.8 1.09 0.85 —

11 Abdominal aorta 2.0 0.85 0.83 —

13 Abdominal aorta 2.0 0.83 0.80 —

15 Abdominal aorta 1.0 0.80 0.79 —

17 Abdominal aorta 6.0 0.79 0.73 —

19 Abdominal aorta 3.0 0.73 0.70 —

20 External iliac 6.5 0.45 0.43 —

21 Femoral 13.0 0.43 0.40 —

24 Femoral 44.0 0.40 0.30 0.01

22 Internal iliac 4.5 0.20 0.20 0.01

23 Deep femoral 11.0 0.20 0.20 0.01

2 Anonyma 3.5 0.70 0.70 —

3, 8 Subcl. and brach. 43.0 0.44 0.28 0.01

4 R. com. carotid 17.0 0.29 0.28 0.02

6 L. com. carotid 19.0 0.29 0.28 0.03

10 Celiac axis 3.0 0.33 0.30 0.02

12 Sup. mesenteric 5.0 0.33 0.33 0.02

14,16 Renal 3.0 0.28 0.25 0.02

18 Inf. mesenteric 4.0 0.20 0.18 0.01

Table 2.1: Geometrical data for the top, bottom radii and length for the large arteries.



Chapter 3

Coupling of the left ventricle (LV) and

the systemic arteries (SA) models

The coupling between the LV and SA models is achieved by matching the pressure and

flow rate at the interface plane between two models, i.e. the circulation model feeds back

the pressure as a boundary condition to the LV model, and the flow rate from the LV is

used as the input for the SA model (Fig. 3.1). The aortic valve is not modelled in the

coupled model yet, so we model the function of the AV as follows: the AV opens when

the pressure in the LV just exceeds the pressure in the proximal aorta adjacent to the valve;

the AV closes when the flow rate is negative at the boundary plane in the LV proximal to

the AV. To solve the governing equations of the system, which also incorporate the fluid-

structure interaction and the active contraction of the myocardium, we use the IB/FE code

[40] together with the Lax–Wendroff scheme of [91]. This is an explicit method and a

sufficiently small time step ∆t needs to be used to ensure numerical stability.

This chapter first describes the interface between three-dimensional LV and one-dimensional

SA models, followed by the numerical methods used to solve the equations governing the

fluid structure interactions at the interface. As this is a multiscale model, the time integra-

tion conditions are explained in detail. Finally, the numerical stability of the coupling is

analysed.

40
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Figure 3.1: Coupling the 3-D LV model and the 1-D SA model.

3.1 Description of the interface between 3D and 1D domains

The key idea of the coupling is to simulate the wave propagation properly between the

two models, which leads to a discussion of the treatments of the inflow boundary of the

SA model and the outflow boundary in the LV model. To describe the coupling of the two

models, we first consider two domains Ω3D and Ω1D, representing the outlet tract in the

LV model and inlet of the ascending aorta in the SA model (Fig. 3.2), and the interface

Γa (x = a) is the upper boundary plane of outlet tract as well as the beginning of the

ascending aorta.

Figure 3.2: The interfacial plane x = a at the location of the aortic valve (AV) connects the 3D

model of the LV and the 1-D model of the aorta in the systemic arteries.
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During systole, at the interface Γ(x = a), the cross-sectional averaged flow rate and pres-

sure are continuous across the interface, i.e.

p̄− = p̄+, where p̄− =
1
|Γ|

∫
Γ

pdA, (3.1)

q̄− = q̄+, where q̄− =
∫

Γ

u ·ndA. (3.2)

in which u is the velocity of the fluid, p̄ is the cross-sectional averaged pressure, q̄ is the

cross-sectional averaged flow rate, n is the outward unit normal to the surface Γa, and the

subscript − denotes variables from the 3D model, and + denotes variables from the 1D

model.

3.2 Coupling procedure during one cardiac cycle

3.2.1 Initialization of the coupled model

Normally, the SA model needs 4 to 6 periods before it gets into a steady phase, and it

is too time consuming if we couple it with the 3D LV model directly and wait until the

7th period to get the converged results. Thus, we run the circulation model for 6 periods

as initialization for the coupled model, and during these periods, a converged cardiac

output from the LV model with Windkessel boundary condition is used as inflow for

the circulation model (Fig. 3.3), and the corresponding pressure in the ascending aorta

during these period is shown in Fig. 3.4. After 6 periods initialization, the pressure in the

circulation system has converged to a steady stage. The end-of-diastolic arterial pressure

(PEDA) at the end of the 6th period is recorded and used to determine the opening time of

the aortic valve by comparing it with the pressure in the LV proximal to the AV during

isovolumetrc contraction.

3.2.2 Diastolic filling in the LV

A typical cardiac cycle in the coupled model starts from the beginning of the diastolic

filling, when the aortic valve is fully closed. During diastolic filling, a zero-velocity con-

dition is applied at the boundary of the aortic tract, and the mitral valve is opened to allow
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Figure 3.3: The cardiac output from the LV model with a windkessel boundary condition, used as

inflow boundary condition for the SA model during initialization.

Figure 3.4: The pressure at the mid point of the ascending aorta during initialization.

flow into the LV, i.e. a free velocity boundary condition is applied at the boundary plane

of the atrium tract, and a fixed end-of-diastolic pressure 8 mmHg is applied at the inner

surface of the myocardium, which simulates the passive diastolic filling. Diastolic filling

takes 0.8s before the next stage, isovolumetric contraction, starts.
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3.2.3 Isovolumetric contraction of the LV

From 0.8s, LV isovolumetric contraction starts, and during this period, the cross-sectional

averaged pressure p̄− =
∫

Γ
p/|Γ|dA in the aortic tract is compared at each time step with

the pressure in the ascending aorta at the root of the systemic arteries. Once the pressure

p̄− first exceeds the pressure p̄+ ( p̄− > p̄+), systole begins, and LV and systemic arteries

are coupled. The pressure p̄− increases every time step in the LV model, while the pres-

sure p̄+ is a fixed pressure recorded from the end of the sixth initialization period. The

duration of isovolumetric contraction is about 0.4−0.5s before systole starts.

3.2.4 The coupling during systole

During systole, the aortic valve is fully open and the LV model uses a pressure boundary

condition, while the mitral valve is fully closed with a zero-velocity boundary condition.

The cross-sectional averaged flow rate in the aortic tract at the interface plane q̄− is tested

at each time step; once it becomes negative (q̄− < 0), corresponding to a reversed flow,

systole stops and so does the coupling. After the aortic valve is closed, there is no flow

propagation or interaction between the LV and the systemic arteries, so that two models

are disconnected thereafter. The duration of systole in the coupled model is about 0.25s.

3.2.5 Relaxation in the LV and systemic diastole in the arteries

After the discoupling of two models, the LV model moves into the isovolumetric relax-

ation phase, during which time, a zero-velocity boundary condition is applied at boundary

planes of both the aortic and the atrial tracts. Since the computational duration of the full

cardiac cycle in the LV model is 2.0s, the time for isovolumetric relaxation is about 0.85s;

it is longer than the physiological relaxation time to ensure the computational stability and

to make sure the LV is fully relaxed and returns to the same early diastolic volume each

cycle in order to start another period. At the same time, the SA model enters the systemic

diastolic phase. The SA model has a physiologically realistic period of 0.9s. After the

systole, a zero flow rate boundary condition is applied as inflow to the SA model for the

rest of the cardiac cycle.
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3.2.6 Implementation of the boundary conditions

Inflow boundary condition for the SA model

When the two models are coupled, the flow rate at the outlet boundary of the aortic tract

in the LV model is used as inflow for the SA model. From (2.53), in the SA model, the

cross-sectional area A is determined by q at the boundary. For the Lax–Wendroff scheme

at the inlet boundary, all variables marked with a cross are known (Fig. 3.5). In order to

determine An+1
a , qn+1/2

a+1/2 needs to be evaluated. At the (n+1)st time step, we introduce a

ghost point qn+1/2
a−1/2 marked with a circle in Fig. 3.5

qn+1/2
a =

1
2

(
qn+1/2

a−1/2 +qn+1/2
a+1/2

)
⇔ (3.3)

qn+1/2
a−1/2 = 2qn+1/2

a −qn+1/2
a+1/2. (3.4)

Figure 3.5: The Lax-Wendroff scheme at the inlet boundary in the SA model when the LV and the

SA models are coupled. All known variables are marked with crosses; the ghost point is marked

with a circle; the boundary condition is applied at the point marked with a square.

At the interface, qn+1/2
a (marked with a square in Fig. 3.5) is determined by using the

corresponding flow rate from the LV model at q̄n+1
− and q̄n

− on the interface,

qn+1/2
a = (q̄n

−+ q̄n+1
− )/2, (3.5)

which are different from (2.60) used in Olufsen et al. (2012) [91]. Then An+1 can be

found from (2.53),

An+1
a = An

a−
∆x
∆t

(
qn+1/2

a+1/2 +qn+1/2
a−1/2

)
. (3.6)

The value of p̄n+1
a is determined by equation stateequ, feeding back to the LV model as

the inlet pressure boundary condition, p̄n+1
− = p̄n+1

+ .
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Outflow boundary condition for the LV model

Since the LV and the SA models are coupled during systole, the arterial model is used to

provide the downstream boundary condition at the outlet boundary plane. As described

previously, by assuming the pressure at the interface between two models are the same,

i.e. p̄− = p̄+, we can calculate the cross-sectional area-averaged pressure in the aorta

distal to the AV p̄+ at each time step and feeding back to the 3D outlet domain in the LV

model, p̄n+1
− = p̄n+1

+ . The systolic ejection phase ends when the LV is no longer to pump

any blood through the aortic valve, i.e. backflow occurs at the interface in the LV proximal

to the AV (q+ < 0 mL s−1), and the SA model is then detached from the LV model.

3.3 Time integration conditions

In the SA model, the evolution of the pressure pulse takes place in real time through-

out the whole period in the systemic arteries. The length of time step ∆t is fixed as

∆tSA = T/N = 0.9/8192 ≈ 1.099× 10−4 s, in which T is the length of period and N

is the number of time step during one period. In the LV model, as described in Sec-

tion 2.1, the systole phase takes place in real time, but the diastolic filling and relaxation

of the LV are not calculated in physiological time, rather they occur on a slower time

scale to ensure numerical stability. The length of the basic time step in the LV model is

∆tLV = 1.221× 10−4 s, and during systole, it is decreased to 0.25∆ tLV = 3.052 × 10−5 s

in the early systole (approximately the first 100 ms), and 0.125∆ tLV = 1.526 × 10−5 s in

the rest of systole.

In effect, we run two clocks, one for each model. Physiological time is represented by

the time tSA in the systemic arteries model; and tLV is the ’computational’ time in the LV

model. After initialization is complete, we set tSA = 0 when the aortic valve opens, and

define time points in the SA model by

tm
SA = m∆tSA, m = 0, 1, 2, ..., (3.7)

where t0
SA = 0, and the flow rate at the interface is q0

+ = 0 mL s−1. Time points in the LV

model are denoted by

tn
LV = n∆tLV, n = 0, 1, 2, ..., (3.8)
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where t0
LV = 0, and the flow rate is q0

− = 0 mL s−1 at the interface. The time integration

during one cardiac cycle is shown in Fig. 3.6. Interpolation is used to couple events

happening in the LV model at time tLV with time tSA in the SA model. A flow diagram for

the implementation of the coupling is shown in Fig. 3.7.

Figure 3.6: The time integration for the LV and SA models during one cardiac cycle. Physiological

time is represented by the time tSA in the systemic arteries model; and tLV is the ’computational’

time in the LV model.
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.

Figure 3.7: Flow diagram for the coupling the LV and the SA models during systole. pinter and

qinter are the interpolated pressure and flow rate as given by equations (3.9) and (3.10)

The algorithm for interpolating p and q are as follows:

Algorithm 1: algorithm for interpolating p and q in the coupled model
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if AVopen = True & AV close = False then

if m = 1 then

Interpolation: qm
+ = f1(qn

−,q
0
+, t

n
LV, t

m
SA, t

0
LV, t

0
SA)end

SolverSA(qm
+,q

m−1
+ , pm

+)

m = m+1

end

else

while tn
− 6 tm

− do
Interpolation: qm

+ = f1(qn
−,q

n−1
− , tn

LV, t
m
SA, t

0
LV, t

0
SA)

Solvercirculation(qm
+,q

m−1
+ , pm

+)

m = m+1

end

if tn
− > tm

+ then
interpolation

end

: pn
− = f2(pm

+, pm−1
+ , tn

LV, t
m
SA, t

0
LV, t

0
SA)

end

if qn
− < 0 then
AVclose = True

end

n = n+1
where the interpolation equations f1 and f2 are given as follows:
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f1 : qm
+ =

(qn
−−qn−1

− )∗ (tm
SA− tn

LV)

tn
LV− tn−1

LV
+qn−1
− , (3.9)

f2 : pn
− =

(pm
+− pm−1

+ )∗ (tn
−− tm−1

+ )

tm
+− tm−1

+

+ pm−1
+ . (3.10)

3.4 Parameters in the coupled model

In the coupled model, most parameters values are kept the same as those in the isolated

LV and circulation model [35, 90], and only a few parameters are changed in order to

make the coupling physiologically consistent.

Since the geometry of the LV and the systemic arteries are based on different healthy

subjects, we use 1.25 cm as the radius at the beginning of the ascending aorta in the

circulation model to match with the measurement radius raorta = 1.2505 cm, from the MR

images of the LV model [35].

Since no valve model is included in the coupled model, we assume that the aortic valve

opens by a pressure difference between the interface of two models, and it closes when

the reversed flow occurs in the aortic tract at the interface plane. This means we only

model the fully opened and fully closed actions of the aortic valve, and neglecting the

opening and closing processes. Another assumption is that the two models are coupled

only during systole, and after systole, they are disconnected and allows to finish their

own period. In Chapter 6, we will describe a more complex LV-AV-arterial model with a

proper AV model coupled at the interface between the LV and the SA models, and discuss

the differences and improvements.

The opening of the aortic valve is decided by the end-of-diastolic arterial pressure (PEDA)

in the coupled model, i.e. when the pressure in the LV proximal to the AV exceed the

PEDA in the circulation model, the aortic valve opens. Since the measured value of PEDA

from the healthy subject for modelling the LV is 85 mmHg, the SA model should provide

a similar downstream in the LV model in order to provide physiologically comparable

results. This has been done by setting the transmural pressure p0 = 60 mmHg (in (2.43))

in the SA model giving PEDA = 83 mmHg. The transmural pressure p0 in the SA model

is constant that specifies the external pressure due to the tissues surrounding.



Chapter 4

Results of the standard case

In this chapter, the results of the pressure and flow waveforms of the coupled LV-SA

model are presented in a standard case, which is defined by using measurements of two

healthy subjects for modelling the LV and systemic arteries described in Gao et al. [35]

and Olufsen et al. [90]. The results are compared with clinical measurements, and based

on this standard case, some applications for simulating disease-related conditions will be

presented in the next chapter.

4.1 Parameters in the Standard case

In the standard case, most parameter values are from measurements as in previous pa-

pers Hao et al. [35] and Olufsen et al. Olufsen et al. [90], and only a few is by chosen to

provide reasonable results as described in Section 2.1.5 and Section 2.2.4.

The values of basic parameters in the coupled model are given in Table 4.1.

51
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Name Parameter Value Equation

Length of period (SA) TSA (s) 0.9

Length of time step (SA) ∆tSA (s) 1.099×10−4

Blood density ρ (g s−3) 1.06 (2.33)

Inlet r of the ascending aorta raorta (cm) 1.25

Minimun radius of vessels rmin (µm) 100

Transmural pressure p0 (mmHg) 60

Coefficient of Eh/r0 k1 (g s−2 cm−1) 2.00×107 (2.93)

Coefficient of Eh/r0 k2 (cm−1) −22.53 (2.93)

Coefficient of Eh/r0 k3 (g s−2 cm−1) 4.65×106 (2.93)

Radius exponent ξ 2.76 (2.94)

Asymmetry ratio γ 0.41 (2.95)

Length of period (LV) TLV (s) 2.0

Basic length of time step (LV) ∆tLV (s) 1.22×10−4

End-of-diastolic pressure PED (mmHg) 8

Scale factor of active tension Tscale 4 (2.18)

Coefficient of W a (kPa) 0.19 (2.14)

Coefficient of W b 5.08 (2.14)

Coefficient of W af (kPa) 1.2 (2.14)

Coefficient of W bf 4.15 (2.14)

Coefficient of W afs (kPa) 0.24 (2.14)

Coefficient of W bfs 1.3 (2.14)

Table 4.1: Choice of parameter values for the standard case.

4.2 Results in the standard case

After the first initial period in the coupled LV-SA model, the results are converged to a

steady stage, so we are analyzing the results from the second period and afterward from

the coupled model to study the interactions between the LV and the arterial system. The

averaged computational time is 168 hours per one coupled period with 7 parallel CPUs.
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4.2.1 Pressure and flow rate in the LV

Figures. 4.1 (a) and (b) show the deformed LV endocardial surface (coloured by red) at the

end of diastole and the end of systole, superimposed with corresponding long axis cine

MR images. The deformed LV geometry agrees well with the cine images.

Figure 4.2 shows the LV pressure-volume loop in one cardiac cycle along with the veloc-

ity field in the longitudinal section in different phases during the second coupled period.

Figure 4.2 (a) shows the initial LV deformation at t = 0.0 s. During diastole, the LV vol-

ume increases from 70 mL to 143 mL (Fig. 4.2 (c)) in 800 ms, and a clear filling vortex

in the LV can be seen in the mid-diastole (Fig. 4.2 (b)). During the isovolumetric con-

traction, the myocaridum starts to actively contract with both the MV and the AV closed

(Fig. 4.2 (d)). When the pressure inside LV cavity is higher than the pressure in the aorta

(83 mmHg), the AV opens and the systolic ejection begins. The velocity fields at the early-

systole, mid-systole and late-systole are shown in Fig. 4.2 (e)–(g), and with the increasing

of the LV pressure, the maximum velocity of the ejection domain increases in the middle

systole, and then decreases with the decreasing of the LV pressure. The systolic ejection

continues until the AV closes when the flow rate in the LV proximal to the AV is zero. The

stroke volume in systole is around 74.7 mL, corresponding to an ejection fraction (EF) of

53%, a 4% difference compared with the MR image measured EF (57%). After systole,

the myocaridum relaxes with both the MV and the AV closed to get back to a fully relaxed

phase at the end of this cardiac cycle (Fig. 4.2 (h)).

Figure 4.3 compares the simulated aortic volumetric flow rate to the MR image mea-

surements. The peak aortic flow rate from the coupled model is around 494 mLs−1,

which shows less than 1% difference compared with the MR image measured value of

500 mLs−1. However the peak value arrives earlier in the coupled model compared to

the in-vivo measurements, which is partially caused by the lack of an aortic valve in our

model. Since a zero velocity boundary condition is applied on the boundary planes of

the aortic and atrium trunks after systole, the flow rate from the coupled model stays zero

when the AV is closed. The total ejection period is 260 ms, 40 ms less than the MR image

measurements, shown in Fig. 4.3.

Figure 4.4 shows the detailed LV dynamics during systole including the prescribed intra-
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(a)

(b)

Figure 4.1: The deformed LV geometry at end of diastole (a) and end of systole (b) superimposed

with cine MR images.

cellular calcium transient, aortic flow rate, average active tension, and LV cavity pressure

and volume, normalized with corresponding peak values. At the beginning of systole (0 –

50 ms), the intracellular calcium transient increases quickly, the generated active tension

follows the calcium transient but slightly delayed, and the LV pressure nearly follows the

active tension generation, while the LV pressure is not high enough to open the AV. Af-

ter isovolumetric contraction, the AV opens. Even though the calcium transient begins

to decrease, the generated active tension increases slowly and maintained at a relatively
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Figure 4.2: The pressure-volume loop (center) and velocity field in the LV with the active tension

of the myocardium at different phases during the second caridac cycle in the coupled model, i.e.

from the initial stage at t = 0.0 s (a), mid-diastole at t = 0.4 s (b) and the end-of-diastole at t = 0.8 s

(c), end of isovolumetric contraction at t = 0.85 s (d), early systole at t = 0.855 s (e), middle systole

at t = 0.9 s (f), end of systole at t = 1.1 s (g), and the end of relaxation at t = 1.9 s (h).

high level, because the tension depends not only on the intracellular calcium transient, but

also on myocardial stretch and its rates. The peak active tension is about 74 ms later than

the intracellular calcium transient peak. The LV pressure follows the same trend as the

active tension. The aortic flow rate increases quickly after the AV opens, and reaches the

peak. The first peak of the flow rate arrives 43 ms earlier than the peak LV pressure and

the active tension, but 32 ms later than the intracellular calcium transient.
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Figure 4.3: The aortic flow rate from the coupled model (solid) compared with in vivo MRI mea-

surements (dashed).

4.2.2 Pressure and flow rate in the systemic arteries

In order to have a closer look at the pressure and flow waveforms in the arteries and

provide more informative picture of the systemic circulation, we analyze the pressures

and the flow rates in the 24 large arteries and they are observed divided naturally into

three groups (Fig. 4.5), i.e. aorta, coeliac arteries, and other long arteries.

The first group consist of the segments of the aorta, i.e. the beginning of the ascending

aorta to the aortic arch, the thoracic aorta and down to the end of the abdominal aorta.

Figure 4.6 shows the pressure and flow waveforms through the aorta. The wave forms are

plotted at the midpoint in each artery during one cardiac cycle. Comparing the pressure

waves at different positions in the aorta in Fig. 4.6 (a), it shows that the peak pressure

increases form the proximal aorta to the distal arteries and a clear trend of time delay when

the peak pressure arrives in the distal arteries during systole. The increasing of the peak

pressure is due to the tapering effect of the vessels. At the beginning of diastole (around

0.25 s), there shows a pronounced dicrotic notch in the ascending aorta, and the notch

tends to fade away in the distal arteries (Fig. 4.6 (a)). This notch relates to the reflected
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(a)

Figure 4.4: Normalized calcium transient (peak: 10−7 µ mol), average active tension (peak:

101.5 kPa), LV pressure (peak: 159 mmHg), aortic flow rate (peak: 495 mLs−1 ) and LV cav-

ity volume (peak: 143 mL), 0 s is the beginning of isovolumetric contraction (end of diastole).

Data are only from the systolic phase and normalized with peak values.

flow at the end of systole (Fig. 4.6 (b)). Figure 4.6 (b) compares the flow rate along the

aorta. It shows that the peak flow rate decreases from the proximal artery to the distal

artery, since the cross-sectional area of the proximal artery is larger, thus more volume

flux can be maintained in it than that received in the distal artery. Similarly, there shows a

clear trend of time delay of the peak wave in the distal arteries. Table 4.2 summarizes the

peak pressure (P∗), peak flow rate (Q∗), and the arriving time of peak values T ∗P and T ∗Q in

these arteries are listed in Table 4.2.

The second group are the coeliac arteries separating from the segments of the aorta. The

pressure and flow rate profiles at the midpoints of these arteries are shown in Fig. 4.7.

The pressure profiles of these arteries are quite similar to each other, since they are side

branches from aorta and their inlet locations are within 10 cm in distance, thus the pressure

drop is small among these arteries.The flow rates in these coeliac arteries is much lower
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Figure 4.5: Three groups of large arteries, i.e. aorta (yellow), coeliac arteries (blue), and long

arteries (green).

than those in the segments of aorta, ranging from 1 mL s−1 to 36.5 mL s−1 (Fig. 4.7 (b)),

since the inlet diameter of these arteries is much smaller (around 1/3) than that in the

segments of the aorta at the bifurcation. The wave profiles become flatter and show a

lower peak from the superior mesenterior artery to the celiac axis artery, the renal artery

and the inferior mesenteric artery, which follows the order of the inlet diameter. In other

words, the coeliac artery with larger inlet cross sectional area contains more flux and

shows a higher peak value than the small coeliac arteries.

The third group are long segments of arteries, such as carotid (19 cm), brancial (43 cm)
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(a)

(b)

Figure 4.6: The pressure (a) and the flow rate (b) at the midpoints in the ascending aorta, aortic

arc, thoracic aorta and abdonimal aorta in one period.

and femoral arteries (44 cm). Both the pressure and flow rate drops a lot along these

arteries. Fig. 4.8 (a) shows that the more distal artery has a longer delay of the peak

pressure. The pressure drops are 11 mmHg, 8 mmHg and 5 mmHg in the carotid, brachial

and the femoral arteries. The peak flow rate decreases more than 50% along these arteries,
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P∗ Q∗ T ∗P T ∗Q

(mmHg) (mL s−1) (ms) (ms)

Ascending aorta 112.1 494.5 135.2 49.2

Aortic arc 113.0 382.8 175.5 58.5

Thoracic aorta 115.7 293.3 194.3 79.0

Abdonimal aorta 117.8 202.3 205.6 107.4

Table 4.2: Summary of the pressure, flow rate and arriving time of peak values in the ascending

aorta, aortic arc, thoracic aorta and abdonimal aorta during one cardiac cycle

and a large amount of back flow shows up at the end of the brachial and femoral arteries.

As the pulse propagates along the arteries, we see the peak occurs later in the more distal

vessels. Compared with the time when the peak pressures arrive in these arteries, the peak

flow rates arrive 61 ms, 73 ms and 128 ms earlier in the carotid, brachial and the femoral

arteries.
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(a)

(b)

Figure 4.7: The pressure (a) and the flow rate (b) at the midpoints in the coeliac arteries, i.e. the

celiac axis, superior mesenteric, renal and inferior mesenteric arteries in one period.
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(a)

(b)

Figure 4.8: The pressure (a) and the flow rate (b) at the midpoints in the long arteries, i.e. left

common carotid, brachial and femoral arteries in one period.
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(a)

(b)

Figure 4.9: The pressure (a) and flow rate (b) from the beginning of the ascending aorta to the end

of the femoral artery (artery numbers: 1, 5, 7, 9, 11, 13, 15, 17, 19, 20, 21,and 24 in Fig. 2.13) as

functions of x and t during one cardiac cycle. Peak pressure is 119.4 mmHg, and peak flow rate is

500.6 mL s−1.
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4.3 Discussion

In this chapter, we have presented computational results of the coupled model in a normal

case, and make comparisons with the published experiment data [35], specifically the LV

pressure, the cardiac output profile, the stroke volume and the ejection fraction.

The peak flow rate arrives earlier in the coupled LV-SA model compared to the in-vivo

measurements, which is due to the absence of the aortic valve. We will discuss it in

Chapter 6 when a simple lumped-parameter aortic valve model is coupled in the LV-SA

system.

The ejected blood volume during systole is 73 mL, corresponding to an ejection fraction

of 53%, a 4% difference compared with the measured EF (57%), and it is within the

range of EF values for a healthy subject Mahadevan et al. [72]. We can see that the

LV dynamics are well described and simulated in the coupled model. The systolic and

diastolic pressure in the brachial artery are 120 mmHg and 79 mmHg, which are within

the range of the general physiological data, in which the systolic and diastolic pressure

are 124.1± 11.1 mmHg, and 77.1± 7.1 mmHg [107]. The pressure and flow rate from the

proximal aorta to the distal artery capture the basic characteristics of wave propagation in

the systemic arteries [93].

The peak LV pressure (159.1 mmHg) is close to the experiment data (150 mmHg) with

less than 3% difference [35]. However, compared with the peak pressure in the aorta

distal to the AV (112.1 mmHg), there shows a 47 mmHg pressure drop. The high pressure

drop is due to the geometry of the outlet tract, which is artificially designed based on the

MR images at early systole. The diameter is measured as 1.8 cm at that time, and during

systole, the diameter of the valvular region is expanding to 2.5 cm in mid-systole, but this

expanding procedure has not been fully modelled in the LV model, while we keep the

outlet tract rigid in order to apply boundary conditions easily. The effects of changing the

diameter of valvular region will be discussed in Chapter 7. A more complete expanding

action of the valvular region or a more patient-specific model can be developed in future

study to provide more comparable results with the measurements.



Chapter 5

Simulating disease-related cases

Changing the preload and afterload lead to changes in the LV function [57]. The preload

is the initial stretching of the cardiac myocytes prior to contraction, and there are several

factors that determine the ventricle preload, such as venous blood pressure, ventricular

compliance, heart beat rate, outflow resistance, inflow resistance, etc [57]. The afterload

is the ”load” against which the heart must contract to eject blood, and a major component

of the ventricular afterload is the aortic pressure [57]. In order to study how the preload

and afterload affect the ventricular-arterial system, we apply this LV-SA model to simulate

four pathological conditions, i.e. stiffening of the arterial wall, functional rarefaction,

shortening of the diastolic phase (as an early exploration of increasing the heart beat rate),

and changes in the end-of-diastolic pressure, representing different preload and afterload

conditions. We show results of the pressure and flow rate waveforms in the LV and the

SA compared with the results from the standard case. The comparisons give a general

idea of how pathology affect the preload and afterload, and thus affecting functions of the

ventricular-arterial system.

5.1 Description of pathological conditions

Case 1. Stiffening the arterial wall of systemic arteries

There are clinical observations of age-associated changes in arterial wall structure and

functions, and the most consistent and well-reported changes are wall thickening and a

65
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reduction of elastic properties (stiffening) in the large arteries [64]. There are plenty of

clinical measurements that relate to the stiffness of the arteries [6, 64, 126], and a basic

one is measuring the pulse wave velocity (PWV) along the vessel, which is related to the

average stiffness of the arterial wall [3]. In biomechanics, the Moens–Korteweg equation

describes the relationships between PWV and the incremental elastic modulus Eint of the

arterial wall as follows

PWV =

√
Einth
2rρ

, (5.1)

where h is the wall thickness, r is the vessel radius, and ρ is the blood density. Avolio

et al. [6] shows measurements of PWV for 480 subjects between ages 3 and 89 years, and

giving a linear trend of averaged aortic PWV over age

PWV = 9.2AGE+615. (5.2)

From this equation, the PWV increases approximately by 23% and by 46% in subjects

from age 20 to 40 and 60, corresponding to around 50% and 100% increase of the elastic

terms Einth/2rρ in (5.2). As described in Section 2.2, by increasing the value of Eh/r0

in (2.93) in our model, see Fig.5.1, we can model the stiffening of the vessels. The

increasing stiffness of the arterial wall (or the decrease of the arterial compliance) relates

to increasing of the LV afterload. Two examples, increasing the stiffness of arterial walls

by 50% and 100% for the large and small arteries are studied in this case.

Case 2. Functional rarefaction

Since vessels of diameters between 100 µm and 300 µm have a significant impact on the

pressure and flow rate in the large arteries, it is important to study and to understand the

effects of vascular beds [38, 82]. Vascular rarefaction is a vascular disease caused by a

reduction in the density of small arterioles associated with essential systemic hyperten-

sion [49]. Since the systemic hypertension increases the LV afterload, this is another case

to study the effects of LV afterload in the ventricular-arterial system. In this study, the

vascular rarefaction is simulated by changing parameters to reduce the amount of vessels

in the vascular beds, while keeping the minimum radius of the small vessels rmin = 100

µm fixed. In (2.94) and (2.95), it shows that only any decreasing of either ξ or γ leads

to a decrease in η , which alters the total number of vessels in a structured tree. Thus,

the vascular bed becomes rarefied (i.e. the total number, and thus density, of vessels is
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Figure 5.1: Increasing Eh/r0 to simulate an increase of the arterial wall stiffness, where k3 in

(2.93) is increased by 50% (dash) and 100% (dash-dot) respectively.

reduced). In this model, ξ = 2.76 and γ = 0.4048, represent normal values for a healthy

subject. The severity of vascular rarefaction is simulated by decreasing the radius expo-

nent ξ to 2.6 (decreasing by 6%) and 2.4 (decreasing by 13%), respectively. The effects

of changing the radius exponent on the total number of vessels are shown in Table 5.1.

ξ α β Number of vessels change (%)

2.4 0.8858 0.5672 1.04×104 -70.95

2.5 0.8941 0.5725 1.43×104 -59.93

2.6 0.9017 0.5774 1.96×104 -45.34

2.76 0.9113 0.5835 3.57×104 0

2.9 0.921 0.5897 6.40×104 78.82

3 0.9265 0.5932 9.73×104 171.98

Table 5.1: The effects of changing radius exponent ξ in (2.94) on the vascular density in the

vascular beds and scaling factors α and β . The changing of total number of vessels is for the

vascular beds connected to one of the terminal arteries, the celiac axis artery.

Case 3. Shortening the systemic diastolic phase

Heart beat rate is a reliable reflection of the many physiological factors, and it can be

affected by a variety of impacts, such as aging [106] and exercise [54]. In order to study
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how the heart beat rate affects the ejection phase in the LV and systemic arteries, we artifi-

cially shorten the duration arterial diastolic phase as an early exploration of increasing the

heart beat. Basically, by shortening the systemic diastolic phase, the end-of-diastolic ar-

terial pressure PEDA in the ascending aorta will be raised. This results in a higher opening

pressure at the beginning of systole in the coupled model. The effects of shortening the

diastolic phase is simulated by shortening the length of period in the systemic circulation

model from 0.9 s to 0.8 s, 0.75 s, 0.6 s and 0.5 s, corresponding to an increase of heart beat

rate from 67 b/min to 75 b/min, 100 b/min, and 120 b/min.

Case 4. Changing the end-of-diastolic pressure

The end-of-diastolic pressure is an important factor in the Frank–Starling study of the

cardiac funtion [57], and it is also important for calculating the preload in the LV based

on the Laplace law,

Preload (wall stress) =
PED-LV ·RED-LV

2h
, (5.3)

where PED-LV is the end-of-diastolic pressure, RED-LV is the left ventricular end-of-diastolic

radius, and h is the thickness of the ventricular wall. Increasing the PED-LV leads to an in-

crease in LV preload. A population-based PED-LV = 8 mmHg is chosen in the standard

case, but it can vary when the heart disease occurs [78]. By varying the value of PED-LV

in the LV-SA model, we study how the LV preload affects the LV and systemic arterial

mechanics. The effects of preload is simulated by decreasing the PED-LV to 6 mmHg and

increasing it to 10 mmHg respectively.

5.2 Results of changing stiffness of systemic arteries in the coupled

model

Figure 5.2 shows the changes in average active tension, LV pressure and the aortic flow

rates during systole when varying the stiffnesses of the large or small arteries. Stiffness

changes in the small arteries have no effect on the LV functions compared to the standard

case. As the stiffness of the large arteries increases, the average active tension increases

slightly mainly at late systole with little effect in the early systole as in Fig. 5.2(a). Similar

trends can be found for the LV pressure in Fig. 5.2(b). Table 5.2 summarizes the end-of-

diastolic arterial pressure (PEDA), peak aortic pressure (P∗a ), peak LV pressure (P∗LV), peak
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aortic flow rate (Q∗a), the stroke volume (Vs) and the ejection period (Tej) during systole.

It shows that the aortic flow rate with the stiffest large arteries is slightly less than the

standard case, with a difference of 2.6% for the peak value, and 6% in the stroke volume

per beat. The LV functions are mainly affected the stiffness in the large arteries in the

coupled model, with increased arterial stiffness from 50% to 100%, the PEDA decreases

from 10% to 19%, the peak LV pressure increases from 1.5% to 3.5%, the peak aortic

pressure decreases from 1.4% to 2.7% with decreased cardiac output per beat from 1.9%

to 6%. Over long time, these changes for homeostasis may promote heart remodelling to

compensate for the decrease in stroke volume per beat.

(a)

(b)

Figure 5.2: Averaged active tension (a) and the LV pressure (b) in systole for stiffer large arteries

The effects of stiffening of the walls of the large arteries on the pressure profiles are
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PEDA P∗a P∗LV Q∗a Vs Tej

(mmHg) (mmHg) (mmHg) (mLs−1) (mL) (ms)

standard case 81.31 110.3 159.23 494.53 74.68 259.3

50% stiffer LA 74.68 123.73 161.72 487.45 72.27 257.6

100% stiffer LA 69.55 133.78 164.89 481.02 70.24 257.8

50% stiffer SA 83.3667 112.7 159.8 493.8 74.404 258.3

100% stiffer SA 81.4475 110.2 159.0 493.1 74.869 258.6

Table 5.2: Effects of variation of arterial stiffness on systolic LV function

the same in three groups of large arteries, but the effects of flow rate are different be-

tween these groups, i.e. aorta, coeliac arteries, and long arteries. The pressure profiles

in the large arteries show an increase of the peak values and decrease of trough values

(Fig. 5.3 (a), (c) and (e)). At the midpoint of the ascending aorta, the peak systolic pres-

sure is increased by 3.8% and 8.0% and at the midpoint of the femoral artery it increases

by 7.5% and 16.8% when stiffening the large arteries by 50% and 100%, compared with

standard case (Fig. 5.3 (a), (e)). The peak flow rate decreases in the aorta and long arteries

with an earlier arrival of the backflow (Fig. 5.3 (d), (f)), but the peak flow rate increases

in the coeliac arteries with a more pronounced second peak and lower trough flow rate

(Fig. 5.3 (d)). Fig. 5.3 (f) shows an earlier arrival of peak flow rate compared to the

standard case, which are 37.2 ms (50% stiffer large arteries) and 54.4 ms (100% stiffer

large arteries) at the midpoint of the femoral artery. Increasing the stiffness of the arterial

walls in small arteries has less effect on both pressure and flow rate in the arteries than

increasing the arterial stiffness of the large arteries.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.3: Comparisons of the pressure (left) and flow rate (right) in the ascending aorta ((a), (b)),

the renal artery ((c), (d)) and the femoral artery ((e), (f)) when stiffening the arterial wall of large

arteries by 50% (first row) and 100% (second row).

5.3 Results of functional rarefaction

Figure 5.4 shows the change of systolic LV dynamics with the severity of rarefaction in the

circulation model. With increased severity, the generated active tension increases in order

to pump sufficient blood to the remote vascular bed, as shown in Fig. 5.4 (a). The peak

active tension is increased from 101.5 kPa to 102.8 kPa and 105.2 kPa with the increasing
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severity of rarefaction. It also suggests the averaged power of the LV increases when there

is a rarefaction in the vascular bed. The systolic LV pressure also increases with increased

rarefaction (Fig. 5.4 (b)), for the most severe case (ξ = 2.4), the LV peak pressure is

8 mmHg (7.1 %) higher than the standard case. Because the LV is working harder to

pump enough blood in systole, differences for the aortic flow rates across AV are less than

0.5% of the standard case (Table 5.3). In general, with increased severity of rarefaction,

the aortic flow rates decrease slightly with shorter systolic ejection periods. For the most

severe case (ξ = 2.4), the stroke volume per beat is 4.2% less than the standard case,

which could trigger the heart remodelling in order to maintain the same cardiac output

over long times. Table 5.3 summarizes the end-of-diastolic arterial pressure (PEDA), peak

aortic pressure (P∗a ), peak LV pressure (P∗LV), peak aortic flow rate (Q∗a), the stroke volume

(Vs) and the ejection period (Tej) during systole with different severity of rarefaction.

PEDA P∗a P∗LV Q∗a Vs Tej

(mmHg) (mmHg) (mmHg) (mLs−1) (mL) (ms)

ξ = 2.4 93.17 120.47 165.44 498.52 71.56 249.8

ξ = 2.6 84.40 114.32 161.16 495.40 73.72 255.1

ξ = 2.76 (standard) 81.31 112.12 159.23 494.53 74.68 259.3

Table 5.3: Summary of rarefaction’s effect on systolic LV function

The effects of the functional rarefaction on the pressure are the same for the three groups

of the large arteries, which shows an increase of both the peak and the trough pressure

(Fig. 5.5 (a), (c) and (e)). In the ascending aorta, the peak pressure increases 4.4 mmHg

and 11.2 mmHg (Fig. 5.5 (a)), and it increases 6.1 mmHg and 15 mmHg in the femoral

artery compared with standard case with the increasing severity of rarefaction (ξ = 2.76

(standard) to ξ = 2.6,2.4) (Fig. 5.5 (e)). The trough pressure increases 6.4 mmHg and

16.8 mmHg in the ascending aorta, and it increases 1 mmHg and 11.1 mmHg in the femoral

artery with the increasing severity of rarefaction. Due to the shortening and tapering of

the small arteries at each end of the terminal large arteries, the flow rate caused by the

functional rarefaction shows a slightly higher peak and an increased reflected wave in the

large arteries (Fig. 5.5 (b), (d) and (f)). The peak flow rate increases by less than 0.5% in

the ascending aorta, but it increases by 3.9% and 8.9% with more pronounced back flow

in the femoral artery compared with standard case with the increasing severity of rarefac-
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(a)

(b)

Figure 5.4: Averaged active tension (a) and the LV pressure (b) in systole for different severity of

rarefaction.

tion. In the coeliac arteries group, the peak flow rates remains the same, but after the first

peak, the flow rate decreases faster and stays at a lower value when rarefaction occurs, as

shown in Fig. 5.5 (d).
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(a) (b)

(c) (d)

(e) (f)

Figure 5.5: Comparisons of the pressure (left) and flow rate (right) in the ascending aorta ((a),

(b)), the renal artery ((c), (d)) and the femoral artery ((e), (f)) with different severities of functional

rarefaction (severe rarefaction from ξ = 2.6 to ξ = 2.4).

5.4 Results of shortening the diastolic phase in the coupled model

When we shorten the diastolic phase, the length of period is shortened (from 0.9 s (stan-

dard) to 0.75 s, 0.6 s and 0.5 s), and the active tension increases correspondingly. The

increased active tension can be explained by the increased end-of-diastolic arterial pres-

sure (PEDA) (from 81 mmHg (standard), to 89 mmHg, 100 mmHg, and 106 mmHg for
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PEDA P∗a P∗LV Q∗a Vs Tej

(mmHg) (mmHg) (mmHg) (mLs−1) (mL) (ms)

Tperiod = 0.9 s (standard) 81.31 112.12 159.23 494.53 74.68 259.3

Tperiod = 0.75 s 88.87 116.59 162.05 498.05 73.50 255.8

Tperiod = 0.6 s 100.25 123.22 166.79 503.24 71.63 250.9

Tperiod = 0.5 s 106.10 129.7 170.0 500.60 69.87 248.2

Table 5.4: Summary of the effect of shortening the diastolic phase on systolic LV function

T= 0.9, 0.750.6 and 0.5 s) provided by the systemic circulation model. Higher PEDA re-

quires slightly longer isovolumetric contraction to generate a high enough LV pressure.

The isovolumetric contraction duration is 58 ms for T= 0.5 s, 55 ms for T= 0.6 s, 52 ms

for T= 0.75 s and 50 ms for the standard case. Similarly, the LV pressure also is higher

with shorter systemic diastolic phase due to the enhanced active tension. Because of the

delayed opening of the AV, the cardiac output per beat is slightly less than the standard

case with shorter systemic diastolic phase. In the coupled model with T= 0.5 s, even

thought the stroke volume per beat is 6.5% less than the standard case, the cardiac output

per minute is nearly 1.7 times. Table 5.4 summarizes the end-of-diastolic arterial pressure

(PEDA), peak aortic pressure (P∗a ), peak LV pressure (P∗LV), peak aortic flow rate (Q∗a), the

stroke volume (Vs) and the ejection period (Tej) during systole by shortening the systemic

diastolic phase.

Since the systemic diastolic phase is shortened, the PEDA is raised. The pressure in three

groups of large arteries shows the same trend with a much higher peak and higher trough

pressure (Fig. 5.7 (a), (c) and (e)). In the ascending aorta, the peak pressure increases

4.4 mmHg, 11.1 mmHg and 16.6 mmHg and the trough pressure increases 7.8 mmHg,

20.1 mmHg and 26.5 mmHg when the length of period is shortened from 0.9 s to 0.75 s,

0.6 s and 0.5 s (Fig. 5.7 (a)). In contract, the differences of peak and trough pressures are

smaller in the renal and femoral arteries (Fig. 5.7 (c), (e)). In Figs. 5.7 (b) and (f), the

flow rate in the ascending aorta does not change much, but it decreases 3.4%, 13.1% and

14.9% in the femoral artery when T= 0.75 s, 0.6 s and 0.5 s compared with standard case.

While the flow rate increased dramatically in the coeliac arteries (Fig. 5.7 (d)), especially

the trough flow rate, which are increased by 18.9%, 67.6% and 94.6% in the renal artery

when T= 0.9 s is shortened to T= 0.75,0.6,0.5 (s).
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(a)

(b)

Figure 5.6: Averaged active tension (a) and the LV pressure (b) in systole when shortening sys-

temic diastolic phase.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.7: Comparisons of the pressure (left) and flow rate (right) in the ascending aorta ((a), (b)),

the renal artery ((c), (d)) and the femoral artery ((e), (f)) when shortening the systemic diastolic

phase. The length of period changed correspondingly from Tp = 0.9 s to Tp = 0.75,0.6,0.5 s.
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5.5 Results of changing end-of-diastolic pressure in coupled model

The results show that changing the PED-LV has a big effect on the pressure-volume loop

(Fig. 5.9 (d)), which shows a 4.64% increase of end-of-diastolic volume and 5.03%

increase of the peak LV pressure when increasing the end-of-diastolic pressure from

8 mmHg to 10 mmHg. It also shows an 6.54% decrease in end-of-diastolic volume and

9.37% decrease of the peak LV pressure when decreasing the end-of-diastolic pressure

from 8 mmHg to 6 mmHg. Changing the end-of-diastolic pressure also has substantial ef-

fect on the cardiac output per beat which is decreased by 13% with lower end-of-diastolic

pressure and increased by 9.76% with the higher end-of-diastolic pressure. The length

of ejection phase is shortened by 12.6 ms and lengthened by 11.2 ms, corresponding to

6 mmHg and 10 mmHg PED-LV compared with the standard case (8 mmHg). Table 5.5

summarizes the end-of-diastolic arterial pressure (PEDA), peak aortic pressure (P∗a ), peak

LV pressure (P∗LV), peak aortic flow rate (Q∗a), the stroke volume (Vs) and the ejection

period (Tej) during systole for different value of PED-LV.

PEDA P∗a P∗LV Q∗a Vs Tej

(mmHg) (mmHg) (mmHg) (mLs−1) (mL) (ms)

PED-LV = 6 mmHg 78.72 108.65 145.80 459.43 65.22 247.0

PED-LV = 8 mmHg (standard) 81.31 112.12 159.23 494.53 74.68 259.3

PED-LV = 10 mmHg 81.31 114.51 168.42 509.12 82.14 269.1

Table 5.5: Summary of end diastolic pressure’s effect on systolic LV function

The results of the pressure shows an equal change of the peak but barely change the trough

pressure in all three groups of arteries when changing the PED-LV in the LV, and the major

change of pressure occurs after 100 ms during systole. Fig. 5.8 (a) shows that the peak

pressure decreased by 3.05% with lower end-of-diastolic pressure (6 mmHg) and it in-

creased by 2.24% with higher end-of-diastolic pressure (10 mmHg) in the ascending aorta.

Changing the PED-LV has substantial effect on the flow rate in the large arteries which is

more dramatical compared to other disease-related cases (Fig. 5.8 (b), (d) and (f)). The

peak flow rate decreased by 7.1% when PED-LV=6 mmHg and it increased by 3.0% when

PED-LV=10 mmHg in the ascending aorta (Fig. 5.8 (b)). In Fig. 5.8 (f), the peak flow rate

decreased by 7.5% when PED-LV=6 mmHg and increased by 3.8% when PED-LV=10 mmHg
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in the femoral artery compared with the standard case (PED-LV=8 mmHg).
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(a) (b)

(c) (d)

(e) (f)

Figure 5.8: Comparisons of the pressure (left) and flow rate (right) in the ascending aorta ((a), (b)),

the renal artery ((c), (d)) and the femoral artery ((e), (f)) when changing the PED-LV = 8 mmHg to

PED-LV = 6,10 mmHg.
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(a) (b)

(c) (d)

Figure 5.9: Comparisons of the pressure-volume loops of the left ventricle between the standard

case and disease-related cases. The effects of stiffening the large arteries, functional rarefaction,

shortening the diastolic phase, and changing the end-of-diastolic pressure are shown from left to

right.
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5.6 Comparison with an isolated systemic model

The results of the standard case and disease-related cases 1-3 are compared with the results

calculated using Olfusen et al.’s [91] model with the cardiac output from coupled model

in the standard case as inlet flow rate boundary condition instead of a dynamic LV, and the

other parameters are kept the same as those in the coupled model. Thus, we can compare

the difference between the circulation model with and without a dynamic LV, which is

important for both mathematical modelling and clinical analysis.

In Figs. 5.10 and 5.11, both the pressure and flow rate from coupled model (red) show

the same trends compared with circulation model (blue) simulating different situations of

diseases. However, the peak values for pressure and flow rate are different between two

models, in which the peak pressures and flow rates in the coupled model are lower than

those in the circulation model.

The results show that the difference of the peak pressure is 3.8 mmHg in the ascending

aorta (Fig. 5.10 (a)), and 3.2 mmHg in the femoral artery (Fig. 5.10 (b)) when stiffening

the large arteries by 100%. The peak flow rate in the coupled model is also lower than

that in the circulation model. The difference of peak flow rate is 27.6 mL in the ascending

aorta (Fig. 5.11 (a)), and 1.7 mL in the femoral artery (Fig. 5.11 (b)) when stiffening the

large arteries by 100%.

The results of the most severe functional rarefaction (ξ = 2.4) show that the coupled

model has a lower peak pressure in three groups of large arteries than the circulation

model, and the major difference occurs from the middle systole and ends with lower end

of systemic diastolic pressure compared with the circulation model. The difference of the

trough pressure is approximately 2 mmHg in the ascending aorta and the femoral artery

(Fig. 5.11 (c) and (d)). The flow rate from the coupled model shows a faster decrease after

the first peak in the aorta and limb arteries compared with those in the circulation model

(Fig. 5.11 (c), (d)). It also shows a shorter ejection phase and an earlier arrival of back

waves in the coupled model compared with the circulation model (Fig. 5.11).

The effects of shortening the systemic diastolic phase in two models are quite the same,

but the peak pressure and peak flow rate are slightly lower in the coupled model than

those in the circulation model (Figs. 5.10 (e), (f) and Figs. 5.11 (e), (f)). The peak pres-



CHAPTER 5. SIMULATING DISEASE-RELATED CASES 83

sure arrives 3.2 ms earlier in the femoral artery from the coupled model than that in the

circulation model (Fig. 5.10 (f)).
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(a) (b)

(c) (d)

(e) (f)

Figure 5.10: Comparisons of the pressure in the aorta ((a), (c) and (e)), and the limb arteries ((b),

(d) and (f)) between the coupled model and the circulation model with prescribed cardiac output.

The effects of stiffening the large arteries by 100%, the most sever functional rarefaction (ξ = 2.4),

and shortening the diastolic phase (T= 0.5 s) are from the top to the bottom in each group.



CHAPTER 5. SIMULATING DISEASE-RELATED CASES 85

(a) (b)

(c) (d)

(e) (f)

Figure 5.11: Comparisons of the flow rate in the aorta ((a), (c) and (e)), and the limb arteries ((b),

(d) and (f)) between the coupled model and the circulation model with prescribed cardiac output.

The effects of stiffening the large arteries by 100%, the most sever functional rarefaction (ξ = 2.4),

and shortening the diastolic phase (T= 0.5 s) are from the top to the bottom in each group.
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5.7 Discussion

In this chapter, we simulate four pathological cases and present the effects on the LV func-

tion and the systemic arteries for each case, i.e. stiffening of the large arteries, functional

rarefaction in the vascular beds, shortening the systemic diastolic phase, and varied end-

of-diastolic pressure. The results show that different pathology conditions have different

effects on the ventricular preload and afterload, thus affect the LV contractility and the

pressure and flow rate in the arteries.

The first two cases are related to increased afterload, and the last case relates to an in-

crease or a decrease in preload, while changing the heart beat rate affects both preload

and afterload, but in this study we only model the changing of afterload by shortening the

arterial diastolic phase.

• Stiffening of the large arteries correspond to an decrease of arterial compliance,

which leads to an increase of the aortic pressure, and the increase of aortic pressure

is regarded as an increase of ventricular afterload.

• The functional rarefaction increases both the peak and the mean pressures in the

LV and along the large arteries, which agrees with the hypothesis that rarefaction in

vascular beds may lead to hypertension in the large arteries [2, 85]. Since it increases

the aortic pressure, this case also relates to an increase of ventricular afterload.

• Shortening the arterial diastolic phase leads to a higher than normal end-of-diastolic

pressure in the aorta, so the LV contracts for a longer to reach a higher AV opening

pressure during systole, which indicates an increase of ventricular afterload. The

results quantify the increasing of both the peak and trough pressure along the ar-

terial tree during systole, which corresponds to the physiological phenomena that

the shortening of diastolic phase leads to higher LV and arterial pressures [57]. The

results also show a decrease of the ejection duration, which agreed with the study

of Wilkinson et al. [130].

• Increasing PED-LV corresponds to an increase of the end-diastolic volume, and thus

increase the LV preload. Changing the PED-LV also has an effect of flow rate in the

arteries, unlike the other three disease-related cases, in which the flow rates in the

LV and in the aorta barely change.
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Effects on the stroke volume

The stroke volume is determined by the end-of-diastolic volume and end-of-systolic vol-

ume, Vs = VES−VED. The results show that increasing the afterload leads to an increase

of the end-of-systolic volume, and thus decrease the stroke volume, while increasing the

preload increases the end-of-diastolic volume, and contribute to an increase of the stroke

volume. The effects on the stroke volume is summarized in Fig. 5.12.

Figure 5.12: Effects of preload and afterload on the stroke volume. ’+’ denotes increase; ’−’

denotes decrease.

Effects on the ventricular contractility

A common effect of the first three pathological conditions on the ventricular contractility

is that they all lead to an increases of the active tension in the LV during systole. The

results of changing PED-LV in the fourth case show that increasing PED-LV increases the LV

active contraction, while decreasing PED-LV has the opposite effect. The effect of the LV

inotropy is summarized in Fig. 5.13, which agreed with the study of Klabunde [57].

Effects on the aortic pressure

The aortic pressure is mainly determined the stroke volume and the aortic compliance Klabunde

[57]. In this study the effects of four pathological conditions relate to changes in the stroke

volume and the arterial compliance. To be specific, stiffening the large arteries and the

functional rarefaction decreases the arterial compliance, and decrease the stroke volume,

which ends up to an increase of the aortic pressure. Shortening the arterial diastolic phase
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Figure 5.13: A re-sketched diagram of factors relate to increased inotropy based on the study

of Klabunde [57]. ’+’ denotes increase; ’−’ denotes decrease.

leads to an increase of the end-of-diastolic arterial pressure, and a decrease of the stroke

volume, which leads to an increase of the aortic pressure. Increasing the PED-LV increases

the VED, leading to an increase of the stroke volume, and thus increase the aortic pressure,

while decreasing the PED-LV has the opposite effect.

Effects on the pressure-volume loops

By comparing the P-V loops in Fig. 5.9 (a), (b) and (c), we observe that there is a trend

for the cardiac output to be maintained by slightly changing the end-of-diastolic volume

when disease occurs in the systemic arteries. However, when the end-of-diastolic pressure

is changed (Fig. 5.9 (d), the cardiac output changes dramatically, and this affects both the

LV pressure and the flow rate significantly throughout the system. Thus, when disease

occurs in the arterial system, the LV works with increased inotropy and suffers higher LV

pressure than normal, and changes in inotropy are a prominent feature of cardiac muscle,

that lead to remodelling over long times [57].
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Comparing the results from the coupled model with those from the circulation model

with a prescribed cardiac output as inflow in Section 3.6, it demonstrates that the both the

pressure and flow rate from the coupled model are lower than those from the circulation

model with prescribed cardiac output. In the coupled model, when disease occurs, the LV

tends to increase the active tension and decrease the cardiac output to reduce the increase

of pressure in the arterial system, as well as to decrease the flow rate in the late systole.



Chapter 6

Effects of aortic valve stenosis

The main interactions between the LV and the systemic arteries depend on the ejection

phase during systole. Thus, in order to provide more physiological conditions, we couple

a lumped-parameter (0D) valve model between the LV and the SA model to develop a

cardio-valvular-arterial model (LV-AV-SA model).

In this chapter, we first describe the mathematical definition of the 0D AV model. Sec-

ondly, the 3D-0D-1D system is presented, and the coupling and time-integration condi-

tions during systole are described. Thirdly, we explain how to choose the parameters in

the AV model when it is coupled in the LV-SA system. Two different conditions of the AV,

i.e. a normal condition referring to for a healthy subject, and disease condition referring

to a mild stenosis of the AV, are simulated in the coupled LV-AV-SA model. The results

of the LV-AV-SA model with two AV conditions are compared with the standard case

(without an AV) in the LV-SA model, followed by a discussion at the end of this chapter.

6.1 Modelling the aortic valve

Model description

The active valve motion is simulated by a lumped-parameter (0D) valve model first de-

signed by Sun et al. [115], in which the pressure drop across the valve is described by the

90
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Bernoulli equation

∆p = Bq|q|+L
dq
dt

, (6.1)

where ∆p is the pressure difference across the valve, q is the flow rate through the valve,

B is a Bernoulli resistance and L is the blood inertance. The Bernoulli resistance B corre-

sponds to the pressure difference caused by the convective acceleration and the dynamic

pressure losses due to the diverging flow field downstream of the vena contracta, while

the blood inertance L relates to the pressure differences caused by the rapid acceleration

and deceleration of the blood across the valve. The Poiseuille-type viscous losses (pro-

portional to q) are small compared with convective acceleration and inertance effects, and

thus are neglected [115]. Mynard et al. [80] further developed this valve model by relat-

ing the two coefficients B and L to some physiological variables, instead of using constant

values as in Sun et al. [115]. Thus this valve model can be used to investigate a larger

range of context, including the normal valve function and pathological conditions, such

as valve stenosis, valve regurgitation, etc. The Bernoulli resistance is defined as [80]

B =
ρ

2A2
eff
, (6.2)

where ρ is the blood density, Aeff is the effective valve area. The blood inertance is defined

as

L =
ρleff

Aeff
, (6.3)

where leff is the effective length. To describe the valve motion, the effective area is con-

sidered to be a variable and we define a valve state index (0 6 ζ 6 1; ζ = 0, valve closed;

ζ = 1, valve fully open) such that

Aeff(t) = [Amax(t)−Amin(t)]ζ (t)+Amin(t) (6.4)

where Amax(t) and Amin(t) are the maximum and minimum effective areas defined as

Amin(t) = MrgAann(t), (6.5)

Amax(t) = MstAann(t) (6.6)

where Aann is the annulus area. Changing the values of parameters Mrg and Mst represents

different valve conditions. A healthy valve is characterized by Mrg = 0 and Mst = 1.

Mrg > 0 represents a regurgitant (or leaky) valve, since Amin > 0, and the valve is not

fully closed. By contrast, Mst < 1 represents valve stenosis, since Amax < Aann, such that
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the valve is not fully open. In this study, it is assumed that the rate of valve opening

and closing is determined by only two variables: (1) the pressure drop ∆p between the

immediate proximal and distal sites of the valve; and (2) the current valve position ζ . The

rate of opening (occurs when ∆p > 0) is determined by

dζ

dt
= (1−ζ )Kvo(∆p−∆popen) (6.7)

where Kvo is the opening rate coefficient (units: mmHg−1 s−1). The rate of valve closing

(occurs when ∆p < 0) is determined by

dζ

dt
= ζ Kvc(∆p−∆pclose) (6.8)

where Kvc is the closing rate coefficient (units: mmHg−1 s−1).

At each time step, the coefficients in (6.1) are calculated from (6.2) and (6.3), and the

updating flow rate is calculated by a first order discretisation of (6.1), yielding

qn+1 = qn +
∆t
L
(∆pn−Bqn|qn|). (6.9)

An initial valve state and flow rate, ζ 0 = 0 and q0 = 0, are specified at the start of the

simulation. To demonstrate the valve’s performance, a sinusoidal pressure difference with

increasing amplitude is imposed as input (Fig. 6.1 (a)),

∆p(t) = (n+1)sin(t), t ∈ [nπ,(n+1)π], for n = 0,1, ...,5. (6.10)

The corresponding valve motion ζ and the flow rate q predicted by the AV model are

shown in Fig. 6.1 (b) and (c). As the pressure difference grows, the opening and closing of

the valve become faster, and the peak of flow rate increases, while increasing the opening

and closing rate coefficients Kvo, and Kvc has the same effects on the opening and closing

rates of the valve, but only small effects on the flow rate.
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Figure 6.1: The valve motion (b) and flow rate (c) predicted by the AV model by using a sinusoidal

pressure difference with increasing amplitude (a) given by (6.10). In this example, Kvo = Kvc =

0.006 (dashed line in red), 0.012 (solid line in blue), 0.025 (dash-dot line in black).

6.2 Coupling the aortic valve model with the LV-arterial model

The 0D valve model is coupled into the LV-SA model described in Chapter 3 to mimic

the opening and closing process of the aortic valve (or providing a dynamic pressure drop

across the valve), so that we can get more physiological results during systole as well as

studying the cardio-valvar-vascular interactions.
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6.2.1 The 3D-0D-1D system

As described in Chapter 3, we have accomplished a coupled LV-arterial model including

a 3D dynamic LV and a 1D systemic arterial model. To couple the valve model between

the 3D and 1D segments, a proper coupling condition needs to be defined between each

model. As shown in Fig. 6.2, for this 3D-0D-1D system, we assume that the flow rate

does not change between the proximal and distal sites of the AV

QAV = Q+ = Q−. (6.11)

The cross-valve pressure difference is defined as

∆p≡ p̄−− p̄+, (6.12)

where p̄− is the cross-sectional averaged pressure at the outlet tract of the LV, and p̄+

is the cross-sectional averaged pressure at the inlet of the aorta. After calculating the

pressure difference ∆p from the AV model, the pressure p̄− = p̄++∆p is fed back as the

pressure boundary condition for the outlet plane of the LV model.

Figure 6.2: The 3D-0D-1D system. The AV model connects the outlet tract of the LV model

and the inlet of the ascending aorta of the SA model, and provides a time-dependent cross-valve

pressure drop ∆p between the LV and the SA. Subscripts + and − denote variables in the SA

model and the LV models. The cross-valve pressure difference is ∆p≡ p̄−− p̄+.
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6.2.2 The discretization method

In order to use the flow rate to calculate the pressure difference from the AV model, we

discretize (6.1) into

∆pn = Bqn|qn|+L
(

qn−qn−1

∆t

)
. (6.13)

When ∆pn > 0, The aortic valve opens, and the rate of opening is discretized as

ζ n−ζ n−1

∆t
= (1−ζ

n−1)Kvo∆pn ⇒ ζ
n = (1−ζ

n−1)Kvo∆pn
∆t +ζ

n−1. (6.14)

When ∆pn < 0, the aortic valve enters the closing state, and the rate of closing is dis-

cretized as

ζ n−ζ n−1

∆t
= ζ

n−1Kvc∆pn ⇒ ζ
n = ζ

n−1Kvc∆pn
∆t +ζ

n−1. (6.15)

As a testcase, a sinusoidal flow rate with increasing amplitude is used as the inlet boundary

condition (Fig. 6.3 (a)),

q(t) = (150+100n)(1+ sin(t)), t ∈ [(4n−1)π/2,(4n−3)π/2)], for n = 0,1,2,3.

(6.16)

The corresponding valve motion ζ and the pressure difference ∆p predicted by the AV

model are shown in Fig. 6.3 (b) and (c). With higher flow rates, the valve opening and

closing rates are faster, and the peak of the pressure difference increases.

Since the coupled LV-SA model is a dynamic system running with small time steps, the

cross-sectional averaged flow rate in the LV proximal to the AV is noisy if we look at the

flow rate difference at each time step. It cannot be used directly as inlet flow for the AV

model, since a small change in dq in the second term of (6.13) has a dramatic effect on

dq/dt when dt is very small. In order to smooth the flow rate, we use a weighted moving-

average method, which has the same effects as a low-pass filter [31], to attenuate the high

frequencies in the input signal and smooth the flow rate, i.e.

Qn = sQn +(1− s)Qn−1, s ∈ [0,1], (6.17)

where s is the smoothing factor. The first term is the contribution of the current input,

and the second term refers to the inertia from the previous time step. As s gets closer to

zero, the inertia increases, so that the higher frequencies are attenuated and the flow rate
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Figure 6.3: The valve motion (b) and flow rate (c) predicted by the AV model by using a sinusoidal

flow rate with increasing amplitude (a). In this example, Kvo = Kvc = 0.012.

becomes smoother; whereas, if s tends to one, the higher frequencies are retained and the

smoothing effect is small. For the cardiac output from the LV-SA model in the standard

case, we choose s = 0.04, and the corresponding effects of the flow rate and dq are shown

in Fig. 6.4 (a) and (b).
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(a) (b)

Figure 6.4: The comparisons between the original cardiac output from the standard case in the LV-

SA model and the cardiac output with weighted moving average method (a), and the corresponding

effects of dq (b). The smoothing factor s = 0.04.

6.2.3 Time integration conditions

In the LV-SA model, the LV model is running in computational time with a longer period

than real physiological time and a varied length of time step to ensure the computational

stability, while the SA model is running in physiologically realistic time with a fixed

time step, so for the AV model in the coupled system, we use ∆tAV = ∆t+ = 0.9/8192 ≈

1.099× 10−4 s, i.e. the same as that in the SA model. The AV model is only applied

during ejection phase in the coupled model. The AV opens when

p̄− > p̄+, (6.18)

p̄− being the pressure in the LV proximal to the AV, and p̄+ is the pressure in the aorta

distal to the AV. During ejection, the pressure difference ∆p is predicted from the AV

model and fed back to the LV using the interpolation method

pn
− =

(pm
++∆pm− (pm−1

+ +∆pm−1))(tn
−− tm−1

+ )

tm
+− tm−1

+

+(pm−1
+ +∆pm−1), (6.19)

where subscripts + and − denote variables in the SA and the LV model respectively, and

m denotes the current time step in the SA, n denotes the time step and the LV model.

Systole ends when the valve state ζ = 0 when the AV fully closed, or when back flow

occurs (q− < 0).
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6.2.4 Parameter values for the aortic valve model

The value for the annulus area Aann = 4.9 cm2, and the effective length leff = 6 cm are

taken from measurements. For simulating the normal and stenosis valve condition in the

coupled model, the values of the other parameters are given in Table 6.1.

Cases Mst Mrg Kvo Kvc

Normal 1 0 0.012 0.012

Mild stenosis 0.5 0 0.001 0.008

Table 6.1: Values of parameters in the AV model for normal and mild stenosis conditions.

The initial value for valve state index and flow rate, ζ 0 = 0.01 and p0 = 10 dyne cm2 ≈

7.50×10−3 mmHg, are specified to start the simulation.

6.3 Results

In this section, the resulting pressure and waveforms are presented for the coupled LV-

AV-SA model. Two different conditions of the AV, i.e. a normal healthy condition and a

diseased mild AV stenosis condition are simulated. The parameters for both AV conditions

are listed in Table 6.1 and all the other parameters are the same as those in the LV-SA

model for standard case (Table 4.1).

(a) (b)

Figure 6.5: The valve state (a) and the pressure difference (b) predicted from the coupled LV-AV-

SA model with normal AV condition (solid blue) and the mild stenosis condition (dashed red).
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The simulated aortic valve motion and the pressure difference for normal AV and stenosis

AV conditions are shown in Fig. 6.5. The pressure difference across the AV for the nor-

mal AV condition ranges from −8.15 mmHg to 7.62 mmHg. In contrast, it ranges from

−20.15 mmHg to 50.62 mmHg for the mild AV stenosis. Table 6.2 summarizes the end-

of-diastolic arterial pressure (PEDA), peak aortic pressure (P∗a ), peak LV pressure (P∗LV),

the maximum and minimum pressure difference (∆pmax and ∆pmin) across the AV, peak

aortic flow rate (Q∗a), and the ejection period (Tej) during systole. The PEDA changes by

< 1% for both normal AV and mild stenosis AV compared with the coupled model with-

out the AV, while P∗a increases by 1.9% and 36.3% for the normal AV and stenosed AV

respectively. P∗LV increases by less than 1% for the normal AV condition, but by 13.1%

with mild stenosis of the AV. Q∗a decreases by 3.5% to 4.9% with normal and stenosed

AV, compared with the absence of the AV. The pressure and flow rate wave forms during

systole in the LV are shown in Fig. 6.6. The length of ejection phase is 3.2 ms and 31.8 ms

longer for the normal AV and stenosed AV, compared with the absence of the AV.

PEDA P∗a P∗LV ∆pmax ∆pmin Q∗a Tej

(mmHg) (mmHg) (mmHg) (mmHg) (mmHg) (mLs−1) (ms)

standard case 81.31 110.3 159.23 0 0 494.53 259.3

normal AV 81.73 112.4 159.9 50.62 -20.15 477.1 262.5

mild stenosis AV 81.99 150.4 180.1 7.62 -8.15 469.9 291.1

Table 6.2: The effects of adding a normal and a stenosed AV on systolic LV function.

The pressure-volume loops for the LV-AV-SA model with normal AV and stenosis AV

conditions are compared with the standard case in the LV-SA model (Fig. 6.7). At early

systole, it shows a small increase of 5.1 mmHg of the LV pressure when a normal AV

is added in the LV-SA system, while there is dramatic increase of 33.4 mmHg in the LV

pressure with a mild AV stenosis (diamonds in Fig. 6.7).

Figure 6.8 compares the active tension between the LV-AV-SA model with normal or

stenosed AV conditions and the LV-SA model without the AV. By adding a normal AV into

the LV-SA model, the peak active tension increases by 8.7%, and the whole active tension

profiles during systole have a similar trend. Comparing with the normal AV condition, for

an AV with a mild stenosis, the peak active tension increases by 10.2%, and it shows an
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(a)

(b)

Figure 6.6: Effects of adding a normal AV (dashed red) and a stenosis AV (dash-dot black) in the

coupled model compared with the standard case (solid blue) on the pressure in the LV proximal to

the AV (a), the LV pressure (b) and the flow rate in the LV proximal to the AV (c).

earlier arrival of the peak value. Figure 6.9 shows the comparisons of the peak ejection

velocity in the LV with normal and stenosed AVs. With mild stenosis of the AV, the peak

velocity increases by 15.1%, compared with the normal AV.

The effects of the different AV conditions on the pressure and flow rate in three typical

arteries, i.e. the ascending aorta, renal and femoral arteries, are compared in Fig. 6.10.

The peak pressures in the three arteries are almost the same in the LV-SA model with and

without the AV in the normal condition, but for the mild stenosis of the AV, it shows a

lower peak value with a short delay in the arrival of the peak (Fig. 6.10 (a), (c) and (e)).
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Figure 6.7: Comparisons of the pressure-volume loops of the LV-SA model (solid) and LV-AV-SA

model with normal (dashed) and stenosis (dash-dot) valve conditions.

Figure 6.8: Comparisons of the active tension during systole between the LV-SA model (solid)

and the LV-AV-SA model with normal (dashed) and stenosis (dash-dot) valve conditions.

Similarly, the peak flow rate are almost the same in the LV-SA model with/without AV

in normal condition, but for the mild stenosis AV condition, the peak flow rate decreases

with a short delay of the arrival of the peak values (Fig. 6.10 (b), (d) and (f)).
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(a)

(b)

Figure 6.9: Comparisons of the ejection velocity at mid-systole for the LV-AV-SA model with

normal (a) and stenosis (b) valve conditions. The maximum velocity in the coupled model with

stenosis AV is 15% higher than that with the normal valve condition.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.10: Comparisons of the pressure (left) and flow rate (right) in the ascending aorta ((a),

(b)), the renal artery ((c), (d)) and the femoral artery ((e), (f)) between the LV-SA model (solid)

and the LA-AV-SA model with normal AV (dashed) and stenosis AV (dot) conditions.
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6.4 Discussion

In this chapter, a lumped-parameter AV model has been included to further develop the

LV-SA model into the LV-AV-SA model to study the effects of stenosis of the AV. With

a normal AV condition representing a healthy AV, the predicted peak cross-valve pres-

sure difference is 7.62 mmHg, which is close to the measured peak pressure difference

of 9.4 mmHg in dogs [24]. For mild AV stenosis, the predicted peak cross-valve pres-

sure difference is 50.62 mmHg, which is within the range of the measured peak pressure

gradient (10–100 mmHg) for mild stenosis [133].

Compared to the LV-SA model (no AV), when a normal AV is used in the coupled LV-AV-

SA model, the active tension in the LV and the peak LV pressure at early systole increase,

but the peak flow rate and the cardiac output barely change, with only a short delay in the

arrival time of the peak values. This corresponds to the pressure difference and the con-

trol of the opening and closing valve motion provided by the AV model, which increases

the LV pressure as well as slowing down the flow rate to make the peak arrive slightly

late. When a mild stenosed AV is used in the coupled LV-AV-SA model, the LV func-

tion changes significantly, especially the peak LV pressure and the peak ejection velocity.

This indicates that the valve condition is also important in studying cardiac-arterial inter-

actions, especially for diseased valve conditions that the effects are huge and cannot be

ignored. The effects of changing the aortic valve condition are more relates to changing

the LV function, and these changes for homeostasis may promote heart remodelling over

long time.



Chapter 7

Discussion of the cross-valve pressure

drop in the LV

As discussed in Chapter 4 and Chapter 6, we have developed a LV-SA model and a LV-

AV-SA model, which provide detailed pressure and flow wave propagations from the LV

to the systemic arteries to study the interactions between the LV and systemic arteries.

From the results, we can see a large pressure drop from the centre LV to the outlet plane

in the LV proximal to the AV with or without the AV model. Considering the diameter

of the valvular region is measured as 1.8 cm at early systole, and it expands to 2.5 cm in

mid-systole, corresponding to a 93% increase in the cross-sectional area of the valvular

region, but this expanding procedure has not been fully modelled in the LV model, we

reconstruct the outlet tract with the diameter in mid-systole to analysis how the geometry

of the valvular region affect the cross-valve pressure in the coupled model.

7.1 Reconstruction of the outlet tract in the LV model

The valvular region is reconstructed from the cardiac magnetic resonance (CMR) images

at mid-systole as shown in Fig. 7.1. At that time, the diameter of the valvular region is

2.5 cm. We use the same geometry of the inlet tract and the LV region to combine into

a new LV model. Since the valvular region is expanded, and the LV is operating under a

lower peak pressure, the required active tension is less than previous LV-SA model. Cur-
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rently, we let Tscale = 3 and use the same values for all the other parameters as described

in Table 4.1 when couple it with the SA model.

Figure 7.1: Reconstructed LV model from the cardiac magnetic resonance (CMR) images at mid-

systole. The diameter of the valvular region is 2.5 cm.

7.2 Results

First, we compare the pressure between the center LV and the pressure in the LV proximal

to the AV as shown in Fig. 7.4 (a). The peak LV pressure during systole is 110.2 mmHg,

and the peak pressure in the LV proximal to the AV is 111.7 mmHg, which is close to

each other. The corresponding pressure difference is shown in Fig. 7.4 (b), in which the

pressure difference increases in early systole with peak value of 7.24 mmHg, and then

decreases until the end of systole, reaching the minimum value of -9.02 mmHg.

The main characteristics of the LV functions during systole are shown in Fig. 7.3 and

in Table 7.1. Compared with previous LV-SA model with narrower valvular region, the

results show that the peak LV pressure decreased dramatically, and the pressure drop

through the outlet tract reduced significantly, and the peak flow rate increases about 11%

with a 33.2 ms shortening in the ejection duration. The stroke volumes are similar when
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using early systole and mid-systole valvular diameter to construct the valvular region in

this model. The peak velocity decreases from 409.4 cm s−1 to 135.7 cm s−1 with a wider

valvular region in the LV (Fig. 7.2).

Figure 7.2: The velocity field in the LV with the reconstructed valvular region based on mid-

systolic CMR image in middle systole at t = 0.92 s.

The pressure and flow rate along the aorta are shown in Fig. 7.5. Detailed peak values

of the pressure and flow rate in each arteries are listed in Table 7.2. Compared with the

previous standard case in the LV-SA model (Fig. 4.6 and Table 4.2), the pressure profiles

in the reconstructed model with wider valvular region shows more pronounced peaks in

mid-systole instead of early systole, and showing a time delay in the arriving time of peak

values along the aorta.
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Figure 7.3: Normalized calcium transient (peak: 10−7 µ mol), average active tension (peak:

68.99 kPa), LV pressure (peak: 113.1 mmHg), aortic flow rate (peak: 549.4 mLs−1 ) and the aortic

pressure (peak: 111.7 mL), 0 s is the beginning of isovolumetric contraction (end of diastole). Data

are only from the systolic phase and normalized with peak values.

Diameter of the PEDA P∗a P∗LV Q∗a Vs Tej

valvular region (mmHg) (mmHg) (mmHg) (mLs−1) (mL) (ms)

d=1.8 cm (standard) 81.31 110.3 159.23 494.53 74.68 259.3

d=2.5 cm 81.32 111.7 110.2 549.4 73.3 226.1

(change) (+0.02) (+1.7) (-49.03) (+54.87) (-1.38) (-33.2)

Table 7.1: Summary of systolic LV function with different valvular diameters

P∗ Q∗ T ∗P T ∗Q

(mmHg) (mL s−1) (ms) (ms)

Ascending aorta 113.5 548.3 135.5 55.0

Aortic arc 114.7 421.2 126.9 61.3

Thoracic aorta 117.2 322.4 181.8 82.1

Abdonimal aorta 119.6 227.8 198.5 116.0

Table 7.2: Summary of the pressure, flow rate and arriving time of peak values in the ascending

aorta, aortic arc, thoracic aorta and abdonimal aorta during one cardiac cycle
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(a)

(b)

Figure 7.4: Comparisons of LV pressure and pressure in the LV proximal to the AV (a) and the

corresponding cross-valve pressure difference (b) during systole.
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(a)

(b)

Figure 7.5: The pressure (a) and the flow rate (b) in the ascending aorta, aortic arc, thoracic aorta

and abdonimal aorta in one period for the reconstructed LV.
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7.3 Discussion

By expanding the valvular diameter based on the CMR images in mid-systole, the pres-

sure difference between the centre LV and the pressure in the LV proximal to the AV be-

comes much smaller than that in the previous LV-SA model. The trend of the cross-valve

pressure difference is closed to physiological measurement even with a simple boundary

condition to mimic the fully open and closed actions of the AV [80], in which the LV

pressure first exceeds the aortic pressure in early systole when the AV opens, and then

it becomes lower than the aortic pressure when the AV starts to close. The pressure and

flow profiles in the SA have the same trend as shown in previous simulations in Chapter 4,

which indicates that the main effects of changing diameter of the valvular region is on the

LV function. This also suggests that a local stenosis in this region may have significant

effect on the heart function. This reconstructed LV-SA model based on CMR images in

mid-systole shows different prediction than the previous model based on CMR images

in early systole, and it suggests that the valvular extension needs to take into account

in future work. A further step is to establish a subject-specific or patient-specific model

when enough information is obtained from clinical measurements, so that we can simulate

cardio-vascular interactions as well as comparing results with clinical measurements.

Currently, a paper including study of the coupled LV-SA model, in which the diameter of

the valvular region is 2.5 cm, has been submitted to Journal of Biomechanics [18]. In this

paper, the cardio-arterial interactions are studied under normal physiological and several

pathological conditions of the LV and the arteries. The quantitative changes provided

from the coupled model are useful for analyzing cardio-arterial interactions and future

clinical applications.
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Conclusions

The purpose of this study is to develop a dynamic cardio-vascular (or LV-SA) model,

which includes a detailed left ventricle and systemic arteries in order to predict pressure

and flow interactions in the systemic circulation. This has been successfully achieved

by employing a three-dimensional finite-strain structure-based LV, and a one-dimensional

dynamic physiologically-based model for the systemic arteries, to complete a coupled

LV-SA model.

The LV model is based on Gao et al. [35]s work, in which the fluid-structure interaction

(FSI) is described by an Immersed Boundary (IB) approach, and solved by a Lagrangian

Finite Element (FE) method. The systemic circulation model is employed from Olufsen

et al. [90]’s work, which consists of two groups of arteries, the large arteries and the

small arteries or vascular beds. The large-arteries model uses a Lax–Wendroff scheme to

compute the cross-sectional area-averaged flow and pressure based on physiological pa-

rameters of the arterial tree, and the small arteries are modelled as asymmetric structured

trees, to provide outflow boundary conditions at the end of each terminal vessel in the

network of the large arteries. The coupling is achieved by matching the pressure and flow

rate at the aortic root, i.e. the circulation model feeds back the pressure as a boundary

condition to the LV model, and the flow rate from the LV is used as the inflow for the

circulation model. There is no aortic valve in the LV, so we model the function of the

AV as follows: the AV opens when the pressure in the LV just exceeds the pressure in

the proximal aorta adjacent to the valve; the AV closes when the flow rate is negative at

the boundary plane in the LV proximal to the AV. The governing equations of the system
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are solved by a combined immersed boundary finite element (IB/FE) method, and the

Lax–Wendroff scheme of Olufsen et al. [90]. This is an explicit method and sufficiently

small time step ∆t is used to ensure numerical stability. Below we give a summary of

the achievements and observations generated in this thesis and state the limitations of this

work and present the course of future works.

8.1 Summary of achievements

In this study, the pressure and flow waveforms in the LV and SA are studied in the LV-SA

model. First, this model is tested by a standard case in Chapter 4, based on measurements

of healthy LV and healthy systemic arteries from two healthy subjects. The results are

compared with those calculated using Olufsen et al. [90]’s model with a periodic cardiac

output from the coupled LV-SA model as inlet flow rate boundary condition instead of

using a dynamic LV, and the other parameters are kept the same as those in the coupled

model. Results in the standard case show that the flow rate in the LV proximal to the

AV agrees well with the experiment data (< 2% difference in peak value). The peak

LV pressure (159.1 mmHg) is also close to the experiment data (150 mmHg) (< 3% in

difference).

Secondly, in Chapter 5, we consider four different pathological conditions, i.e. the arterial

stiffening with aging, the functional rarefaction in the vascular beds, the fastened heart

beat rate and varied end-of-diastolic pressure (EDP) in the LV, to study the effects of

disease on the cardio-vascular system. The results show that different disease-related

cases have different effects on the cardio-vascular system, but a common effects on the

LV function is an increase of the active tension and LV pressure, except for decreasing the

EDP in the LV, which has the opposite effects. The effects on the pressure and flow rate

in the SA are different:

• Increasing the stiffness of the large arteries results in increased pulse pressure and

decreased trough pressure in the SA, and shows an early arrival of the peak flow

rate, while increasing the stiffness of small arteries has less effect on the pressure or

the flow rate during systole.

• Increasing the degree of vascular rarefaction increases both the peak and the trough
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pressures in the SA, and more pronounced back flow in the distal arteries, but the

peak flow rate barely changes in the SA.

• Shortening the diastolic phase results in increased mean pressure in the SA, and

increased cardiac output per minute.

• Increasing the EDP increases the end-of-diastolic volume, the stoke volume and the

peak LV and SA pressures, while decreasing the EDP has the opposite effects on

these characteristics.

Compared with the recalculated results from Olufsen et al. [90], the waveform of the

pressure and the flow rate in our model have the same trend as those in the circulation

model, but both the peak and the trough pressures in the coupled model are lower than

those in the circulation model. Moreover, the increasing of the peak pressure caused

by disease is less in the coupled model than in the circulation model. This means that

the dynamic LV tends to decrease the pressure, reducing the effects of diseases on the

systemic arterial system.

Then, in Chapter 6, a lumped-parameter AV model has been included to further develop

the LV-SA model into the LV-AV-SA model to study the effects of stenosis of the AV.

With a normal AV condition representing a healthy AV, the predicted peak cross-valve

pressure difference is 7.62 mmHg, which is close to the measured peak pressure differ-

ence of 9.4 mmHg in dogs [24]. For mild AV stenosis, the predicted peak cross-valve

pressure difference is 50.62 mmHg, which is within the range of the measured peak pres-

sure gradient (10–100 mmHg) for mild stenosis [133]. Compared to the LV-SA model

(no AV), when a normal AV is used in the coupled LV-AV-SA model, the LV function

does not change much, but when a stenosed AV is applied in this model, the LV function

changes significantly, especially a significant increase of the peak LV pressure and the

peak ejection velocity. This indicates that the valve condition is also important in study-

ing cardiac-arterial interactions, especially for diseased valve conditions that the effects

are huge and cannot be ignored. The effects of changing the aortic valve condition are

more related to changing the LV function, and these changes for homeostasis may pro-

mote heart remodelling over long time. Compared to the LV-SA model (no AV), when a

normal AV is used in the coupled LV-AV-SA model, the active tension in the LV and the

peak LV pressure at early systole increase, but the peak flow rate and the cardiac output
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barely change, with only a short delay in the arrival time of the peak values. This corre-

sponds to the pressure difference and the control of the opening and closing valve motion

provided by the AV model, which increases the LV pressure as well as slowing down the

flow rate to make the peak arrive slightly late. When a mild stenosed AV is used in the

coupled LV-AV-SA model, the LV function changes significantly, especially the peak LV

pressure and the peak ejection velocity. This indicates that the valve condition is also im-

portant in studying cardiac-arterial interactions, especially for diseased valve conditions

that the effects are huge and cannot be ignored. The effects of changing the aortic valve

condition are more relates to changing the LV function, and these changes for homeostasis

may promote heart remodelling over long time.

Finally, in order to study how the diameter of the valvular region affects the cross-valve

pressure difference, in Chapter 7, we reconstruct the valvular region based on the mid-

systolic CMR images instead of using the early systolic CMR images as shown in the

LV model in previous chapters. Since the cross-sectional area of the valvular region at

mid-systole is about 93% wider than that in early systole, the cross-valve pressure drop

decreases dramatically compared with the narrower valvular region in previous LV-SA

model. This indicates that the a local stenosis in the valvular region may have signif-

icant effects on the heart function, and a better description of modelling the expanding

procedure of the valvular region is needed to predict more physiological results.

With the systemic arterial model providing realistic downstream conditions for the LV,

this is the first study to predict the pressure and flow rate profiles simultaneously in the

LV and systemic arteries during systole, which is important progress in simulating the

cardiovascular system. This coupled model makes it possible to study more detailed

interactions between the LV and the systemic arteries under various physiological and

pathological conditions during systole. It also provides quantitative changes that are use-

ful for prospective clinical applications. With a simpled aortic valve model, the more

complete coupled LV-AV-SA model can also be used to explore the effects of aortic valve

stenosis on the circulatory system.
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8.2 Future work

Although the current LV-SA and LV-AV-SA models are developed to simulate the pres-

sure and flow dynamics under physiological and pathological conditions, and predict good

agreement with physiological features, there are still plenty of room to make further im-

provements of this work.

First, a wave propagation analysis along the arteries will be useful to study the reflected

wave at bifurcations, and it is undergoing at the moment. This study will give more

insights of wave propagations and the pressure wave velocity (PWV) will be useful results

that is comparable with clinical measurement.

In the current models, the geometry of the LV and SA are not from the same subject,

which can be used to study healthy or pathological phenomenons, but can only provide

limited results that are comparable with clinical measurements, thus one future work is to

establish a subject-specific or patient-specific model, so that we can simulate the cardio-

vascular interactions as well comparing the results with clinical measurements. However,

it is still difficult to obtain the detailed geometry data for the same subject, thus the patient-

specific material parameter estimation remains a challenge.

Since the mitral valve is not included in this model, the diastolic filling state is modeled

by applying a pressure boundary condition on the endocardial surface in the LV, which

can be further improved by adding a MV model to predict more physiological diastolic

filling procedure.

As we have discussed in Chapter 7, the size of the valvular region has big effects on the

cross-valve pressure drop in the cardio-vascular system, and a local stenosis in this region

have a significant effect on the heart function. Although we have used a lumped-parameter

model to predict a physiological opening and closing procedure of the AV between the LV

and the SA, the valvular extension is still not considered, which needs further development

when we have a better understanding of modelling this region.

In conclusion, this thesis is a step forward in understanding the cardio-vascular interac-

tions in the systemic circulation. By using the LV-SA and the LV-AV-SA model presented

in this thesis, we can study the pressure and flow propagation in the LV-SA system. More-

over, this model can also be used to study a wide range of pathological effects on both



CHAPTER 8. CONCLUSIONS 117

the pressure and the flow rate in the LV and the SA. Despite for having room for further

developments, the LV-SA and the LV-AV-SA models have a good prospect for clinical

applications.
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