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SUMMARY

This thesis is concerned with the effect of pre-stress on the
propagation of surface and interfacial waves in elastic materials.
Following a review of the Elassical theory of Rayleigh and Stoneley
waves for linear elastic materials we consider first the propagation
of infinitesimal surface waves on a half-space of incompressible
material subject to a general pure homogeneous pre-stress; the
secular equation for propagation along a principal axis of the
pre-stress 1is obtained for a general strain-energy function, and
conditions which ensure stability of the underlying pre-stress are
derived; the influence of the pre-stress on the existence of surface
waves is examined, and the secular equation is analysed in detail for
particular deformations and, for a number of specific forms of
strain-energy function, numerical results are used to illustrated the
dependence of the wave speed on the pre-stress. Necessary and
sufficient conditions for the existence of a unique surface wave are
obtained. Corresponding results for a compressible material are also

derived.

The propagation of (Stoneley) interfacial waves along the
boundary between two half-spaces of pre-stressed incompressible
isotropic elastic material 1is then examined. The underlying
deformation in each half-space corresponds to a pure homogeneous
strain with one principal axis of strain normal to the interface and
the others having a common orientation. The secular equation
governing the wave speed for propagation along a principal axis 1is
obtained in respect of general strain-energy functions. Detailed

v

analysis of the secular equation reveals general sufficient



conditions for the existence of a wave and, in particular cases,
necessary and sufficient conditions for the existence of a unique
interfacial wave. It is also shown that when an interfacial wave
exists its speed is greater than that of the least of the Rayleigh
wave speeds for the separate half-spaces, paralleling a result from
the linear theory. For the special case of quasi-static interfacial
deformations (corresponding to vanishing wave speed) an existence
criterion is found; moreover, it is shown that inequalities that
exclude surface deformations in each half-space also exclude
interfacial deformations. Dependence of the above results on the
underlying homogeneous deformations and on material parameters is

illustrated by numerical results for the neo-Hookean material.
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Chapter 1

Introduction

In this chapter, we shall describe briefly the main results

contained in this thesis.

In Chapter 2, we summerize the basic equations of non-linear
elasticity which will be required in subsequent chapters. We
introduce in Section 2.1 the notations required for the description
of the deformation of an elastic body. In Section 2.2 we note the
mass conservation equations and in Section 2.3 we discuss stress and
the equations of motion. Constitutive laws for both compressible and
incompressible elastic materials are discussed in Section 2.4, and in

»
Section 2.5 the general forms of strain-energy functions for both
compessible and incompressible elastic materials are mnoted. 1In
Section 2.6 of this chapter we establish the equations of motion for
both compressible and incompressible materials, which are used
frequently in our discussion of surface, Love and interfacial waves.
We also consider plane waves in an infinite medium in Section 2.7. In
Section 2.8 we record the two-dimenstional form of the strong
ellipticity condition. Finally in this chapter we specialize the
equations of motion to of those the linear theory since these are

used in Chapter 3. The work in this chapter is based on standard

texts such as Truesdell and Noll (1965) and Ogden (1984).

In Chapter 3 we review some well-known results of the classical
linear theory. In particular this chapter is concerned with Rayleigh,
Stoneley and Love waves and provides the background against which to

set our subsequent work on waves 1in pre-stressed materials. We start
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this chapter by an analysis for incompressible materials. In Section
3.2 we are concerned with Rayleigh waves and we derive the
well-known secular equation for Rayleigh waves for an incompressible
material. In Section 3.3, we discuss Stoneley waves and again we
obtain the secular equation. In Section 3.4 we discuss Love waves and
derive the classical dispersion relation. The corresponding analysis
for compressible material can be found in Sections 3.5 - 3.8. The
work in this chapter is based on, for example, Achenbach (1984),

Eringen and Suhubi (1975) and Ewing, Jardetzky and Press (1957).

Chapter 4 is concerned with Rayleigh surface waves propagating in
both compressible and incompressible isotropic elastic half-spaces.
We start, in Section 4.1, with the analysis for an incompressible
material. We suppose that the deformed half-space occupies the region
x, & 0 and we consider waves propagating along the x,-axis. For
simplicity we also take the x,—axis to correspond to a principal axis
of the wunderlying deformation. We assume that the incremental
displacement associated with the wave has no component normal to the
(x,, X,)-plane and that the x, and x, components are independent of

x, and we derive the secular equation for the surface wave speed in

3
respect of a general strain-energy function. This secular equation is
used in Section 4.2 to determine inequalities, involving the normal

surface stress o, and the strain-energy function, which ensure

stability of the underlying deformation, namely

vy >0, (1.1)

. . 1
M Wy + N W+ 20,(1 = N7 X)) - 0% /y >0, (1.2)



where \,, X\, and )\, are the principal stretches of the underlying

deformation (subject to the incompressibility constrain A A,\; = 1),

~ -1 -1
WA s Ng) = WON, MO, Ny), (1.3)
W(X\;, N,, \;) being the strain-energy per unit volume, W1 = 8W/ax,,
W,, = 2w/ar? and
N, N2 W
vy =22t . (1.4)
AT - )‘%

We note that each of (1.1) and (1.2) reduces to u > 0 in the
unstressed reference configuration (M, = N\, = A\; = 1, ¢, = 0), where

p is the shear modulus of the material in that configration.

When o, = 0 is a hydrostatic stress, which is discussed 1in
Section 4.2.1, (1.2) requires that -2p < ¢ < 2u. Within this range of
values of ¢ the (positive) wave speed is unique and such that c < cg,
where cg is the shear wave speed (pc% = p, p being the density of the
material) in an unbounded unstrained body, with equality holding if
and only if ¢ = pu. At the extreme values ¢ = * 2y, ¢ = 0 and the
incremental deformation is then a quasi-static surface deformation
superposed on an underlying state of hydrostatic stress. When g, = 0
the inequality (1.2) provides restrictions on the domain of stability
(in the (X\;, X,)-plane, for example), within which surface waves
exist on a free surface. Since the deformation is unaffected by a
superimposed hydrostatic stress, (1.2) also provides limitions on the
normal surface stress o, that can be supported in any state of

deformation for which surface wave exist.
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For a general strain-energy function, we express the secular equation
in a simple cubic form, that can be found in Section 4.2.2. The
coefficients of the two highest powers of the cubic are each equal to
unity, while the other two coefficients depend, in general, on \,,

\,, 0, and the material properties. When ¢, = 0O the equation

simplifies.

In Section 4.3 we consider some particular deformations, namely
plane strain and uniaxial stress, which are studied for a general
strain-energy function. In Section 4.4 we specify the strain-energy
function more explicitly and further results are obtained. The range
of existence of surface waves is illustrated by numerical results and
we observe that in each case considered a unique surface waves exists
for each state of deformation in the stable regime. In Section 4.5 we
note briefly how the results described above are affected by changing
the incremental dead-load boundary condition to an incremental

hydrostatic stress boundary condition (there is no distinction when

o, = 0).

In Section 4.6 we summarize the (two-dimensional) criteria
appropriate to stability wunder all-round dead load and all-round
hydrostatic stress for comparison with the stability results derived

in this chapter.

In Section 4.7 we extend our discussion on surface waves to
consider propagation in a general direction (cosf, sinf) in the
(x,, Xz)-plane. Because, in general, the equation involve cumbersome
algebra, we specialize to the neo-Hookean strain-energy function in
Section 4.7.1 and we obtain results equivalent to those given by

Flavin (1963).
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Also in this chapter we consider the corresponding results for a
compressible material in Sections 4.8-4.11, we consider the surface
waves propagating along a principal axis of the wunderlying
homogeneous pure strain again in respect of the general form of
strain-energy function. We derive the secular equation in Section
4.8, and, as for an incompressible material, we express the secular
equation in a simple cubic form. In Section 4.9 we analyze the
resulting secular equation for arbitrary configurations, including a
number of special and degenerate ones. In each case necessary and
sufficient conditions for the existence of a unique surface wave are
found. The results obtained subsume those given by Hayes and Rivlin
(1961b) and some special cases examined briefly by Willson (1972a,b;

1973). In Section 4,10 we consider some special deformations.

A general method for establishing exsistence and wuniquess of
surface waves in a pre—-stressed compressible isotropic elastic
half-space was developed by Chadwick and Jarvis (1979), and provides
a different approach to that considered in this chapter. The method
used by Chadwick and Jarvis applies to arbitrary strain-energy
functions and arbitrary directions of propagation; in practice, it
yields explicit results only for simple forms of strain-energy
function. For the restricted Hadamard material they obtained an
expression for the surface wave speed. For propagation along a
principal axis, we examine surface wave propagation in such a
material when the normal stress is non-zero. Our general results are
also illustrated for another form of strain-energy function in

Section 4.11.
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Chapter 5 is concerned with Love waves and Rayleigh waves on a
layered half-space. In Section 5.1.1 we begin the discussion by
considering a pre-stressed half-space defined by x, < 0 with a layer
of different pre-stressed material of thickness h on the top with
boundaries x, = 0 and x, = h. We consider wave propagation along a
principal axis and we derive the dispersion equation for Love waves
propagating along a principal axis of the underlying deformation in
respect of a general strain—energy function for an incompressible
material. We also consider in section 5.1.4 the case of equibiaxial
deformations and we present some numerical results. In Section 5.1.5
we recover the result for the linear theory. Also the corresponding

results for a compressible material are examined briefly.

Also, in this chapter we extend the discussion of Rayleigh
surface waves in which there is a layer of uniform thickness h with
the boundaries x, = 0 and x, = h, but because of complicated algebra

involved the secular equation is left in determinant form.

Finally in this thesis we explore a number of aspects of
interfacial waves and deformations for pre—stressed incompressible
isotropic elastic half-spaces. For simplicity, we consider only
propagation along a common principal axis of strain of the two
half-spaces, but no restriction is placed ab initio on the material
properties; thus, we allow the materials constituting the half-spaces
to have arbitrary, but different, strain-energy functions. We follow
the mnotation used in Chapter 4 for surface waves in a single

half-space.
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In Section 6.1 we derive the secular equation governing the
speed of interfacial waves. The secular equation is analyzed in
detail in Section 6.2; firstly, the results on surfaces waves from
Chapter 4 that are needed are summarized briefly; the neutral and
limiting cases are discussed and the question of existence of
interfacial waves is addressed. Contact is also made with the linear
theory. Also, when the material of each half-space is neo-Hookean,
more results are obtained; these are used as basis for numerical
calculations which, for biaxial deformations, illustrate the
dependence of the neutral and limiting curves on certain material
parameters. Finally, the special
deformation in while N\, =\, =X; =1 and xf =\ =2\F=1 is
considered to establish the corresponding result for the classical

linear theory.

In Section 6.3 we extend the discussion to consider the propagation
in any direction (cosf, sinf) in the (x,, X,)-plan and we derive the

secular equation which corresponds to that obtained by Chadwick and

% *

Jarvis (1979) for the case pu = p~ and p = p”. We also specialize to
equibiaxial deformations and obtain the equations of mneutral and
limiting curves, and we present some numerical results for these

cases. Finally in this chapter we consider the corresponding problem

for a compressible material.

The work in Sections 4.1-4.6 forms the basis of the paper 'On
surface waves and deformations in a pre-stressed incompressible
elastic solid' whil® that in Sections 4.8-4.11 has been accepted for
publication. A third paper, based on sections 6.1-6.2 1is being

submitted for a publigtion.
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Chapter 2

Basic equations of non-linear elasticity

In this Chapter we summarize the basic equations of non-linear
elasticity that will be used frequently in the subsequent Chapters.
Detailed derivations are not given because these can be found in
standard texts. We refer to Ogden (1984), for example, for full

details.

2.1 Kinematics

We begin by introducing the notation required for the description
of the deformation of an elastic body. We consider a continuous body
which occupies the region B, in some natural (i.e. wunstressed)

configuration, N, say. Let a typical point of B,, P say, have

0

position vector X relative to some (arbitrarily chosen) origin O.

The motion of the body, in which the body occupies the region B

at time t, is described by the one-parameter mapping

Xt : Br —_ Bt s
and we write (2.1.1)

X = X (X) = X(X,¢0),

for the position x occupied by P in the current configuraton. In

cartesian components equation (2.1.1) may be expressed

»
I

X1(X‘| ’Xzixgyt)r
» = X (X,,X,,X,,8), (2.1.2)
= X;(X,,X,,X,,t).

For a given t, X 1is called the deformation of the body relative to

. . . -1
B.. We require X¢ to have a unique inverse X such that



X=X ® X € B, (2.1.3)

We also assume that X is twice—continuously differentiable when this

degree of regularity is required.

The velocity and acceleration of the material particle P are

given by

(2.1.4)

respectively, where 0/0t denotes differentiation with respect to t at
fixed X.
The deformation gradient tensor, the gradient of (2.1.1), is

given by

A = Grad X(X,t) , (2.1.5)

where Grad denotes the gradient operator with respect to X.

It follows from (2.1.4) and (2.1.5) that

A=LA (2.1.6)
where the superposed dot denotes J/dt at fixed X and

L=grad v (2.1.7)

is the velocity gradient tensor. Note that, in (2.1.7), grad denotes

the gradient operator with respect to Xx.
In cartesian components, we have

A = Xi(X,t) o Oxj, (2.1.8)
oxX i oX 3



Lij = ovi | (2.1.9)
an
We use the notation
J = det A, (2.1.10)

and impose the usual constraint

J >0, (2.1.11)

which ensures that the deformation is locally invertible, i.e. that

A‘l exists. For convenience we write

B=(a T, (2.1.12)

T
where ( ) denotes the transpose a second-order tensor.

In components

Bij = o (2.1.13)

We shall make use of the following polar decompositions for A :

1>
I
I
e
I
<
I~

(2.1.14)

where R is proper orthogonal and U and V are positive definite and
symmetric, and are called the right and Ieft stretch tensors

respectively.

Each of U and V may be expressed in spectral form

=
[

- 3y ud) e ul®
i=1
(2.1.15)

3
R VIR CORP D)
i=1

<<
|
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where \j ( >0 ), i € {1,2,3}, are the principal stretches of the
deformation, and u(i) and v(i) respectively are the unit eigenvectors
of U and V. We shall refer to u(i) and v(1), i ¢ {1,2,3}, as the

Lagrangian and Eulerian principal axes respectively.
We note that

v(1) = R u(D) ie {1,2,3}, (2.1.16)
follows from (2.1.14) and (2.1.15).

The right Cauchy-Green deformation tensor C is given by
3 . -
c=AaTA =102 = 5 u®) e uld) (2.1.17)

For future reference we note that principal invariants of C, denoted

I I

1, 20 I

3, are given by

I, = tr(Q),
I, - 4 I2 - 4 tr(c?) (2.1.18)
I, =det C .

Let N denote the unit outward normal to the boundary OB, of B,
and n the corresponding unit normal to the boundary OB, of By. Then,
according to Nanson's formula, area elements da, and da of OB, and

OBy are related by

nda=J BN da,. (2.1.19)
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2.2 Mass conservation

Let p, denote the mass density of the material in By and p the
corresponding density in By. Conservation of mass is expressed by

means of the equation

pr/p = J = det A. (2.2.1)

For an isochoric (volume preserving) deformation J = 1 and p = pr.
An incompressible material is one for which every deformation is

necessarily isochoric, i.e.

I
l—l

py/p = J X e Bp, (2.2.2)

In view of (2.1.14) and (2.1.15) equation (2.2.1) may also be

written

pr/p = det U = NN Aj, (2.2.3)

with

NAghg = 1 (2.2.4)

for an isochoric deformation.

We shall also require the rate form of (2.2.1), namely

%, 5 divy=0. (2.2.5)
ot

When the motion is isochoric this simplifies to

tr(l) = div v = 0. (2.2.6)
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2.3 Stress and the equations of motion

The traction (load) on the area element da of the deformed

surface OBy is expressible in the form
¢’ n da = sT N day, (2.3.1)

where ¢l is the Cauchy stress tensor (independent of n ) and S the

nominal stress tensor. In view of (2.1.9) equation (2.3.1) yields
$s=JBTg, (2.3.2)
and we shall use this connection later.
In terms of nominal stress the equation of motion has the form
Div § = p, a, (2.3.3)

where a is the acceleration given by (2.1.4), Div denotes the
divergence operator with respect to X and body forces are assumed to
be absent. Alternatively, in terms of the Cauchy stress, the equation

of motion has the form

div g = pa, (2.3.4)

where div is the divergence operator in B.

The rate form of (2.3.3) is obtained by differentiating with

respect to t at fixed X to give, using (2.1.4),
DivsS =P, v, (2.3.5)

where the dot indicates the differentiation referred to above.
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Futhermore, if the reference configuration is upated from B, to the

current configuration By then (2.3.5) is replaced by

div §, = p ¥, (2.3.6)

where, again div denotes the divergence operator with respect to x
and So represents S evaluated in By after differentiation with
respect to t.

The equations of rotational balance are satisfied when the
Cauchy stress tensor ¢ is symmetric, or, equivalently, on use of

(2.3.2)

>

s = sT aT, (2.3.7)

The rate form of (2.3.7) can be obtained by differentiating with
respect to t and updating the reference configuration to Bi. This

yields

S, +Lg=8, +all, (2.3.8)
where L is defined by (2.1.7).

2.4 Constitutive laws for elastic materials

2.4.1 Compressible elastic materials

We consider an elastic material for which there is a strain energy

W(A) per unit reference volume, so that the nominal stress is given

by

(2.4.1)

or, in components,
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g.. o OW

i — (2.4.2)
J aAij

It is assumed that the material is homogeneous so that W has no
explicit dependence on X (i.e. it depends on X only through A). For
the function W to be objective (i.e unaffected by a superposed
rigid-body rotation after deformation), it must depend on A only

through the right stretch tensor U occurring in (2.1.14); thus

w(a) = W(). (2.4.3)

Associated with U we define the so-~called Biot stress tensor T as

T = 30 (2.4.4)

analogously to (2.4.1).

If the material is isotropic relative to B, then W must also be
unaffected by an arbitrary rigid-body rotation before deformation.
Coupled with the objectivity requirement (2.4.3) this leads to the

standard restriction on W, namely
W@ U oh - ww, (2.4.5)
which must be satisfied for all orthogonal second-order tensors Q.

Because of (2.1.15) this ensures that W depends only on the
principal stretches \,, X\,, A\; and is indifferent to any pairwise

interchange of \,, \,, ;. Thus, we write

WA, 08) = WO LA A,) = WO, N L) . (2.4.6)
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It then follows that T is coaxial with U and hence, from (2.4.4),

we obtain

3
R NCLAR C RPN €Y (2.4.7)
i=1 ON ’

analogously to (2.1.15).

The principal values of T are denoted by tj, i e {1,2,3}. It

follows from (2.4.7) that

ty = g%i ie {1,2,3}, (2.4.8)

and hence, for an isotropic elastic material,

3
T=3t; uld) e uld) (2.4.9)
i=1

The corresponding expression for the Cauchy stress tensor g, which

is coaxial with V, is

3
g=30; v o y(1) (2.4.10)
i=1

where o3 and t; are connected through

o = J-1 Nt = J-1 N g%- i e {1,2,3}. (2.4.11)
i

Finally, it follows from (2.3.2) that

3
8§=73 t; uld) oy (2.4.12)
i=1

which should be compared to the decomposition
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=S v ey (2.4.13)
i=1

for the deformation gradient, which can be obtained by wusing

(2.1.14), (2.1.15) and (2.1.16).

2.4.2 Incompressible elastic materials

For an incompressible material it follows from (2.2.1)-(2.2.4)

that the constraint

J=det A=det U= A\, =1 (2.4.14)

must be satisfied at each point X ¢ B,. Equations (2.4.1) and (2.4.4)

are then replaced by

S~z - pBT (2.4.15)
and
I- g% - put (2.4.16)

respectively, where p, which is an arbitrary function of X, is the

Lagrange multiplier associated with the constraint (2.4.14).

T, ¢ and S are given by (2.4.9),

If the material is isotropic
(2.4.10) and (2.4.12) respectively, while (2.4.8) and (2.4.11) are

replaced by

g =M - pyl ie {1,2,9) (2.4.17)
a)\i

(corresponding to the principal values of (2.4.16)) and



i =M — - P ie {1,2,3} (2.4.18)

respectively.

2.5 Strain—energy functions for isotropic materials

In (2.4.6) it was noted that for an isotropic elastic material
the strain energy may be regarded as a symmetric function of
N;» N, A;. Equivalently, it may be considered as a function of the

principal invariants I,, I 1 defined in (2.1.18); in terms of

2, *3

A A X3 these are

17 2

2 2 2
1 = Nt xz + xa,

22 22 22
I 5 S o S o b (2.5.1)

—
I

2 .2 .2
I, =N X x5,

and when the material is incomressible I, = 1, and the remaining

independent invariants are

(2.5.2)

We now consider some specific forms of W for both incompressible
and compressible isotropic elastic materials, which will be used in

later chapters.
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2.5.1 Incompressible materials

With W now regarded as a function of I, and I,, as given in

(2.5.2), equations (2.4.17) and (2.4.18) give

Nti = oy = ZXE L 2x£2 o _ P, ie {1,2,3} (2.5.3)

o1, o1

2

and, on elimination of p, we obtain

2 2 oW -2 -2 oW
Nty - )\jtj =0j - 0§ = 2(N] - )\j )(a—Il+ N )\j 8_12)

(2.5.4)

The Mooney (or Mooney-Rivlin) strain-energy function is defined

as
W=C,(I, -3) +C(I, -3), (2.5.5)

where C, and G, are physical constants. The special case of this
corresponding to G, = 0 yields the neo-Hookean form of strain energy,

namely
W=20C,(I,- 3). (2.5.6)

The strain-energy function (2.5.5) is a particular member of the

class of strain-energy functions proposed by Ogden (1972a). For these

N on on o
W =nz pn (N, + N, + X, = 3) /oy, (2.5.7)
=1
where pu, and op, ne {1,2,....,N}, are material constants, and

(2.4.17) and (2.4.18) yield

N o
Mt =03 =3 kM

-p 1ice€ {1,2,3}. (2.5.8)



20
Comparison of (2.5.5) and (2.5.7) shows that for the Mooney

strain-energy function

(2.5.9)

p, = 2C B, = —2C2’ pn=0 mn e {3,4,...,N}.

1,

A useful generalization of (2.5.7) is the Valanis-Landel strain

energy, for which

W=w(\,) + w(X,) + w()\y) (2.5.10)
and hence

Aty =0 = A W' () - P, (2.5.11)

where w is any suitably well-behaved function.

2.5.2 Compressible materials

For a compressible material use of the invariants (2.5.1) in (2.4.11)

yields

J A 2x2 EH 2 2 I xz) ég 21 ?H (2.5.12)
0: = ts _ . + A3 - . + , o IR
1 1-1 1 oI 1 ( 1 1 812 3 31

1

and hence

2 2 oW 2
J(oj = O'J) = Nty - )\jtj = 2(Nj - )‘j ) ( a + N

(2.5.13)

where (i,j,k) is a permutation of (1,2,3).
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For the strain-energy function
W=20C, (I, - 3) +C,(I, -3) + F(Is),
a modification of (2.5.5), where F(I,) is a suitably well-behaved
function, equation (2.5.13) simplifies to
2 2 2
J(oy - O'J) = \iti - )‘jtj = 2(N\ - )\j)(Cl + Coae ). (2.5.14)

Finally, we consider a similar modification of (2.5.7) namely

WS PRI g (S R 2.5.15
_z#n(I +)\2 +)\3 - )+g()\1)‘2)‘3): ( v de )

n=1

where g is a function of J = X\ \,\;. From (2.4.11) we obtain

N
Joi = Mt = 3 n MR+ Jg (). (2.5.16)

2.5.3 Linear isotropic materials

For infinitesimal strains we use the wvariables

ej =X — 1 ie {1,2,3} (2.5.17)

and linearize the stress—strain equations to obtain

ti =01 = XNe, +e, +e,) + 2ueq, ie {1,2,3} (2.5.18)

where X\, p are the Lamé elastic moduli, correct to first order in

e,, e e,. The bulk modulus k is defined by

2 L

K =X+ (2/3)u. (2.5.19)
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For incompressible materials (2.5.18) is replaced by
t{ = 0§ = 2pey - P ie{1,2,9) (2.5.20)
subject to

e, +e, +e, =0, (2.5.21)

with p having the same interpretaion as in (2.4.16).

Comparison of (2.5.20) with linearized form of (2.5.8) shows that
N
S pn on = 2. (2.5.22)

In particular, for the Mooney strain-energy function (2.5.5) we have

B, — B, =2(C, +C,) = K, (2.5.23)

The corresponding linearization of (2.5.16) again yields (2.5.22),

and, in addition

N
g'(l) +5 py =0, g'' (1) = \. (2.5.24)
n=1

2.6 Elastic moduli

For use in the rate forms of the equations of motion (2.3.5) or
(2.3.6) we shall require rate forms of the equations of the
constitutive laws. First, for compressible materials, differentiation

of (2.4.1) with respect to t at fixed X yields

1%]

I
1>
1>

(2.6.1)

where A is the fourth-tensor given by
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o2w

é = am ) (2.6.2)
or, in components,

éji=Aji1k Akl (2.6.3)
with

o2
Ajjlk = ——— - (2.6.4)
J aAijaAk]_

We refer to A as the tensor of first-order elastic moduli

associated with the variables (S, A) relative to B,

If the reference configuration is now updated to coincide with

the current configuration By, (2.6.1) becomes

loa-
S
I

0 (2.6.5)

where the subscript =zero indicates evaluation in B¢. From (2.1.6) we
deduce that AO= L. The tensor A4, is called the tensor of first-order

instantaneous elastic moduli associated with (S, A).

For compressible isotropic materials the components of A,
referred to Eulerian principal axes of the underlying deformation are
derived in Ogden (1984), for example, and we refer to this book for

full details. Here it suffices to state that the only non-zero

components of A, are
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0
Aoiiii = M =
ON{

o0 § s
Apiijj = M —1 + gy i#j,

8xj
(2.6.6)
0gi — 05 2
Agijij = +—— Az D
2 _ 2
Af )\j
0f — 05 2
Agijji = Apjiij = =) M -~ 0i izj,
AN O— )\j
where 1,j e {1,2,3}, and
Jog = M (2.6.7)
O\
In components equation (2.6.5) has the form
: _ ov
Soji = 40jilk Lkl = 4pjilk —% (2.6.8)

ox]

on noting (2.1.9).
For incompressible materials, differentiation of (2.4.15) with
respect to t at fixed X and use of (2.1.6) and (2.1.12), followed by

an update of reference configuration to By, yields the counterpart

of (2.6.5), namely

Sy =4, L + pL - pI, (2.6.9)

where I is the identity tensor. This is coupled with the rate form of

the incompressibility condition:



tr(L) = divyv =0, (2.6.10)
as in (2.2.6).
In components
: oV ov; .
S s: = A 211, —K 4+ p ZVj _ , (2.6.11)
oji 0jilk Bxy P o1 P "ij
with
i _o. (2.6.12)
ox{

For incompressible isotropic materials the components of A4,

differ slightly from (2.6.6), and are given by

a%w
Agiijj = M N ,
a)\ia)\j
: -y (2 s
Agijij = h A Y i#], (2.6.13)
2 .2
N - )\j
oW .
Aoijji = Aojiij = Aoijij ~ M Z- I
1
where
o = M\ o _ P (2.6.14)

a)\i

and i,j € {1,2,3}.
For the special case in which \j = Aj for i#j the formula (2.6.6)

and (2.6.13) still hold except that in the limit X\ — Ay A4gijij is

replaced by
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Agijij = % (Aoiiii ~ Aoiijj * i) (2.6.15)

for compressible materials, and

ow
Agijij = * (Aoiiii ~ Aodijj * M 5;_)
1

(2.6.16)

for incompressible materials.

The equations of motion (2.3.6) have component form

—_ éoji = pVj ie {1,2,3}

so, for compressible and incompressible materials respectively,

equations (2.6.8), (2.6.11) and (2.6.12) yield

0 ovy
_— (A_.:: —_— = p¥\rs
axJ.( 0jilk Py ) = pVi (2.6.17)
and
o ov ov: op op
2 (A i1 —K)y + =] B _ P o oy 2.6.18
an OJllk axl) axi an axi e ( )

the latter being coupled with (2.6.12),

When the underlying deformation from B — B¢ is homogeneous A,

and p are independent of x and (2.6.17) and (2.6.18) simplify to

o2y )
Agjilk 5;;551 = pVi, (2.6.19)
2v op .
A s o Vk = %P _ v
0jilk 3 o oxg pVi (2.6.20)

respectively.
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Finally in this section we note that the traction rate SE non a

surface with wunit normal n in the current configration By has

components
: ov
Sgji My = (Agjilk —F )Iny (2.6.21)
J J J ox] J
and
éo'i n; = (Ag9i1k + P 63k 0i1) §Xk n; — p nj (2.6.22)
J J J J aXI J

for compressible and incompressible materials respectively.

2.7 Plane waves in an infinite medium

As a prelude to our discussion of surface waves we now consider
the propagation of plane waves in an unbounded medium. For a plane
wave propagating in the direction of the unit vector n with speed c

we may write

v=mf (t - ==) (2.7.1)

and, additionally, for an incompressible material,

), (2.7.2)

where q is a constant and m a constant wunit vector. We refer to m as

the unit amplitude vector.

For an incompressible material substitution of (2.7.1) into

(2.6.10) yields the constraint

(2.7.3)

=

li=]

1
o
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Substitution of (2.7.1) and (2.7.2) into (2.6.19) and (2.6.20)

yields
Agjilk Djn1 £ro(e - géé ) mp = pc2 m; £''(t - gzé )
and
Apjilk ny mp ' ( - gzg ) mpg + qnj £'1(t - gzé )
= pc2 m; £''(t - Ezé )

respectively. On the assumption that f is a twice continuously

differentiable function we deduce that

Agjilk Dj P1 Mk = pc? mg (2.7.4)
for a compressible material, and
Apjilk Pj P Mg + g nj = pc? my my ng = 0 (2.7.5)

for an incompressible material.
We now introduce the notation Q(n) for the second-order tensor
(dependent on n) with components defined by
Qik(n) = Agjilk 0y n1. (2.7.6)
Then (2.7.4) may be written compactly in the form
Q(n)m = pc? m, (2.7.7)

where, in view of definitions (2.6.4) and (2.7.6), Q(n) is symmetric

for each n.



29

This guarantees that the secular equation
det[ Q(n) - pc?l ]=0 (2.7.8)

yields real eigenvalues pc2 for (2.7.7). However, for the existence
of plane waves pc?2 must be positive. This follows if the strong

ellipticity condition

tr [ [ 4, (m®n)] (me g)] [Q@r] . m>0 allmen=0

(2.7.9)

holds.
From (2.7.7) the wave speed ¢ associated with direction of
propagation n and the amplitude m is given by

pc?2 = [Q@m ]. m = Apjilk Dy N1 Mj M. (2.7.10)

Equation (2.7.10) applies for compressible materials. For
incompressible materials, wusing the notation (2.7.6), equation

(2.7.5), yields
Q(n)m + qn = pc? m, m.n = 0. (2.7.11)
Taking the dot product of this with n we deduce that
q = -[ Q(@)m ].n,

so that (2.7.11) can be rewritten, analogously to (2.7.7), in the

form
Q*(n)m = pc?m, m.n =0, (2.7.12)

where Q*(g) is defined by
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Q*(m) = (@) -n e[ of@n ] (2.7.13)
In this case the wave speed is given by
pe2 = [ Q*(@m ]. m = [ Q()m ].m, (2.7.14)

which is the same expression as (2.7.10) except that the constraint

m.n = 0 must be satisfied.

An important distinction between Q(n) and Q*(n) is that, whereas

3(2) is symmetric, Q*(g) is not in general symmetric.

Plane waves for which m.n = 0 are said to be transverse waves, and
the wunit amplitude vector 1is then referred to as the polarization

vector.

Plane waves for which m =n (in a compressible material) are
called longitudinal waves. In general, there 1is no guarantee that
either longitudinal or transverse waves will exist for particular
choices of the direction of propagation. However, if n is along a
principal axis of the underlying deformation then some simple results
follow if m is also along a principal direction. For future reference

we now record these results.

First, for a compressible material, if n = x(i) and m = y(i),
where y(‘), 2(2), 1(3) denote the Eulerian principal axes, and Cij
denotes the associated wave speed, then from (2.6.6), (2.6.7), and

(2.7.10) we obtain

2 303 .
peij = Agiiii T M é;f ie {1,2,3} (2.7.15)
1

or, equivalently,



2 2 32w .
Pr €ii = M — ie {1,2,3} (2.7.16)
ON{
and also
g3 —03
2 1 ] 2 -
peij = Aoijij = 5, M i#j (2.7.17)
MoT N

Equation (2.7.17) is also valid for incompressible materials. We
shall make use of the notation defined in (2.7.15)- (2.7.17) in later

sections of this thesis.

Finally, for waves propagating in an unstrained material we note
that longitudinal and transverse waves exist for every direction of

propagation. This follows from the fact that the components of 4,

reduce to

Apijkl = N 83ij il *+ g (8ik 8351 + 841 8k (2.7.18)

in By, where \ and u are the Lame moduli introduced in (2.5.18), and,

for an incompressible material, to

Apijkl = #(ik 851 + 841 8jk)- (2.7.19)

If cy, and cT denote the speeds of the propagation of longitudinal

and transverse waves respectively in this special case then

chi - pot A+ 2p ie {1,2,3}, (2.7.20)

I
i)
(¢]
=
[

pcgj = PC% = ¢ i#j e {1,2,3}. (2.7.21)
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Basic references to work on plane waves in deformed elastic
materials are the paper by Hayes and Rivlin (1961), which is
concerned with isotropic materials possessing a strain-energy
function, and the monograph by Truesdell and Noll (1965), which
generalizes this to the case where the existence of a strain-energy

function is not required.

2.8 Strong ellipticity condition

At this point we consider the strong ellipticity condition, given

by (2.7.9), in more detail. We write it, first of all,in the form

tr [ [ Aj(men)] (men) ] = [Q@n ].m >0 for all men # O

(2.8.1)

or, in cartesian components,
Agjilk 1y 01 mj mp = Qjk(m) my my > O, (2.8.2)

recalling from (2.7.6) that
Qik(n) = 45jilk nj D1- (2.8.3)

For a compressible material the components of A, are given by
(2.6.6); for an incompressible material the strong ellipticity

condition also takes the form (2.8.1), but with the components of A4,

given by (2.6.13) and the constraint

=}

.n=20 (2.8.4)

imposed.
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For a compressible material the components of Q(n) are given by

ot; .2 sty — Ast 2 Ajt: — Nt 2
JQij = —1 Nf 4 (l"—’z‘—%“jmj L

5 (2.8.5)
N Mo~ A ST
where (i,j,k) is a cyclie permulation of (1,2,3), and
at]-_ )‘jti - )‘itj L
JQij = (5; + —— ) Ny Nj izj (2.8.6)

iooM TN

where Nj = \jnj and n, n, and n, are components of n referred to the
’

Eulerian principal axes.

From (2.8.2), it is easy to see that

ot
BTL N; Nj mj mj

J[Q@mmn]. m= :
LY

i

i~

ty; + tj
+ 3 Z — (Nj ms — Nj m-)2
At )\J 1 7] J 1

i#j

t{ — t3 2
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Similarly, for an incompressible material the corresponding

expression is

3 2w
[ Qn)m ]m= Y N; Nj mj mj
i,j =1 a)\ia)\j
ow oW
_—  —
a)\i a)\j 2

——————  (Njmj - Njmj
izj Mt Aj U

oW oW
Ve )
+ ——  ° (N;jms3 + N;imj >0 (2.8.8)
)\i _ )\j 17] ] l) }

In general, mnecessary and sufficient condition for the strong
ellipticity condition to hold are difficult to express independently

of m and n.

We therefore specialize the above to the two-dimensional

situation to one in which m; = n, = 0, so that, for compressible

materials equation (2.8.7) reduces to

QE‘ N?m? + 2 QE‘ N,N,m,m, + §E2 NE m%
ax, ox, ny
sy {2 E 5 (N, - N2m1)2+ S 7% (N, + szl)z} >0
A+, AN — N,

(2.8.9)
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Also, (2.8.8) reduces to

2 2 2

§—H N?m% + 2 oW N, Nomm, , 9_3 N% m%

or2 o\, 01, a2
oW oW ow oW
- — - =

) { oN, O, N N )2 ™ O, - N )2} 0

+ _— m, - Nm) + —— m, + N_m >

Y 1 2™ VEEY 112 2™

(2.8.10)

Equation (2.8.9) leads to necessary and sufficient conditions for
the (two—dimensional) strong-ellipticity condition for a compressible

material to hold: these are

ot, ot, L A
— >0, — >0, — 50,
o, o\, X% - X%

2 2
ot, ot, [ Aty - xztz] ot, \,t, - )\11:2]
_ — o _—_—.—- < - -_
a1 A, VIEERY A, N -2

3
A t, — At ot, Jt
+ 2 [ -J—J————JLJ] [ —1 —-2l >0 (2.8.11)
A2 -2 ox, O,

or, equivalently,
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> O’ A01212

A01|1~| > o) A02222

2

2
Agi111 Ap2222 1 (Agr1212) ~ (Agr122 + Ag2121)

$
+ 2A01212 (AOI‘III A02222) > 0’ (28-12)

see, for example, Knowles and Sternmberg (1977), Hill (1979).

Since Nj = Ajnj, equation (2.8.10) becomes

2 2 2 32
k? Cali n? m? + 2 M A, oW n,n,m,m, + 2X, é'z n? mf
OX} OX, 0, O\,
oW ow ow ow
2 [ > " ) 2 s [(aax,- ™5 )
+ ) ) " ny m, + 2\, 1 2~ n,n,mm,
2 2
[ 2 -] [2 - 2]
A2 > &, 8 2 m2
+ A3 ; 1 n§ m¢ > 0 (2.8.13)

2
(2 -]
On taking m, = n, =cosf, m, ~—-n, = sinf, equation (2.8.13) can

be written as

A .
Agy21, sin™o + (A01111 * Agz22 t 2451122 ~ 2Ao1221) sinZfcos24

+ Ayzq5,C08%0 > 0, (2.8.14)

for all 6 € [6, 2x].

sufficient conditions for the

It follows that mnecessary and
strong-ellipticity condition for an incompressible

(two—dimensional)

material to hold are
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(2.8.15)

o1111 ¥ Agzz22 — 2A01122 - 2Ao1221 > -2 //A01212 Agzi21-

2.9 Equations of linear elasticity

In terms of the infinitesimal strain tensor ejj and the
corresponding stress 0jj, the constitutive law for a linear isotropic
elastic material can be written

oij = 2u eij + N ekk 5ﬁ’ (2.9.1)

for a compressible material and

oij = 2p ej — P 8ij» (2.9.2)
for an incompressible material.

With the small-strain tensor components

ejj = % (ui,j + uj’i). (2.9.3)

The equation of motion is

0ij,j = PUi, (2.9.4)

and the traction t per unit area on a surface with normal n is given

by

ty = 0ij Dj. (2.9.5)
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On substituting for 0ij from (2.9.1) and (2.9.2), the equations of

motion in terms of displacement uj are

7 ui,jj + (N + p,) uj,ij - pui (2.9.6)
for a compressible material, and
p(uj 5 + Yvj,ij) + P,i = pPUj

with (2.9.7)

Yj,3 =0

for an incompressible material.



39

Chapter 3
Rayleigh, Stoneley and Love waves in the classical

linear theory

In this Chapter we shall use the equations given in Section 2.9 to
establish the well-known results on Rayleigh surface waves, Stoneley
waves and Love waves for compressible materials in the classical
linear  theory. Also we obtain corresponding results for
incompressible materials. This provides some background against which

to set our subsequent work on waves in pre-stressed materials.

3.1 Analysis for an incompressible material

Consider the current position x of the particle X, with a small

displacement u, such that

u=x — X (3.1.1)
Then

x =X+ u, (3.1.2)
or, in cartesian components,

X, = X1 + u,,

x, =X, + u,, (3.1.3)

Xy = X5 + uy,

where in general u,, u, and u, depend on x,, X,, X, and t.

Recall from Section 2.9 the stress tensor cj, for an incompressible

material

0ij = 2p eij — Péij, (3.1.4)
with the small-strain tensor
ejj = % (uj 5 + uj 4). (3.1.5)
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On use of equations (3.1.4) and (3.1.5), we have, in full

011 - 2"" u],] - P,

(3.1.6)
0,2 =05, plu, , + u, ),
013 = 05y = pluy 5+ uy ),
Ta3 = 03 = p(uy 5 + uy ).
With
Uyt u, , tug g = 0. (3.1.7)
Next, we take u, = 0 and assume u,, u, are independent of X, . Then
equation (3.1.7) becomes
U,  tu 5, = 0, (3.1.8)
and hence there exists a function y(x,,x,,t) such that
) 0
u1=_¢'=¢,27 u2=__¢=-¢”1 (3.1.9)
ox, ox,
Also, equations (3.1.6) become
Oy — 2p vy 4, — P,
03, 2pu, 5 - P,
(3.1.10)
033 = — P»
042 =03, = “(u1,2 + Uy ),

where p 1s independent of x,.
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From (2.9.3), the equations of motion then simplify to
Oy1,7 ¥ 0zq,, = PUy,
Ty2,7 ¥ 035,2 = Pﬁz.

From equations (3.1.10), we have
Oy1,0 = 20Uy 4y — P,

0z1,2 = u(u1,22 + u2,12)’

Oyp,0 = p(uy 4, + u2,11)’

Oz2,2 = 21 Uy 52 P o,

or, in terms of y,
19,0 =20 ¥ 112 —P,1»
021,2 = B(¥ 225 — ¥,112)>
012,17 = B 122 ~ ¥,111)
Oa2,2=~ (p ¥ 425+ P,2)-

On use of (3.1.12) in (3.

=

.11), we have
2puy gt pluy 5, + U, 12) — P,y = PUy,
2p V2,22 F plu, 4, + Uy 13) =P, = PUy,

or, in terms of ¢,

¥ 112t 0 ¥, 222 " P,1 = pa,z,

BV 122 " B Y1911 P2 =~ Py, -

(3.1.11)

(3.1.12)

(3.1.13)

(3.1.14)

(3.1.15)
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To eliminate p we must differentiate equations (3.1.15) with respect
to x, and x, respectively and the subtraction of the two equations

yields

B 1900 F ¢,2222) + 2p Y1122 ~ 9(9,11 +.¢,22) = 0. (3.1.16)

We now choose axes so that u corresponds to a wave propagating along

the x,-axis, and we take ¢(x1,x2,t) to have the form

g = £(x,)t0(t = %, /0) (3.1.17)

This represents a wave propagating with (a constant) wave speed c in

the x,-direction. w is the angular frequency.

We also assume that the x, variation of ¢ is of the form

2

e'Skxz, where k = ¥/, is the wave number. Then (3.1.16) gives
post - 2u - pe2)s? + p - pc2 = 0. (3.1.18)

Equation (3.1.18) is a quadratic equation for s2. Suppose it has

roots s% and s%. Then

2 2
pc c
s2+s82=-2-_—, s%s§=1-‘°—. (3.1.19)
[ U
2 pc?
In fact, the roots s% , 85 are l and 1 - — .
©

We also assume that p has the same time and spatial dependence as

V. It follows from (3.1.15) that

ikp = k2(p = pc2) ¥, , = £ ¥, 220 (3.1.20)
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3.2 Rayleigh waves

Here we consider the half-space x, 3 0 occupied by the material
with traction-free boundary x, = 0. We therefore wish to solve the

equations of motion for the given boundary conditions

og,; =0, on x, =0,

that is

0 (3.2.1)

on X2

or, in terms of y,

#(¢’22 - ¢,11) =0,

I
o

(3.2.2)

on X,

2py 4, +p=0.
On use of equation (3.1.20), equations (3.2.2) become

ﬂ(¢,22 - ¢,11) =0,
on x, =0 (3.2.3)
Gp - pc2)k2 ¢,2 B ¢,222 = 0.

For surface waves we must have a solution for y in equation
(3.1.16) which decays when X, — « and which satisfies the boundary
conditions (3.2.3) at the surface x, = 0. Hence, in (3.1.17) and
(3.1.18), if a solution of this type is to exist, we should be able

to find numbers s, and s with positive real parts, and the solution

2?

for ¢y may be written as

Y = (A1e—szkx2 + A, e~SkX,) ei(o(t - X,/c). (3.3.4)
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On substitution of this expression into (3.2.3) we have

(s,2 + 1)A, + (s,2 + 1)a, = 0,
(3.2.5)

s,(ysI2 - 3p + pc2)A1 + sz(psz2 - 3p + pc2)A2 = 0.

For these equations to have non-trivial solutions we must have

s,(5,2 + 1)(ps,2 - 3p + pe?) ~ s .(s,2 + 1)(us,2 - 3u + pc2) = 0.

On rearrangement this becomes

|
©
(¢}
N
[ "
]
o

(s,- sz)[s,sz(pc2 - 4p) - p(sgsg + s? + sg ) + 3p

Assuming s,# s, this reduces to

s1sz(pc2 - bu) - y(sg sg + s% + s% ) + 3p - pc2 = 0. (3.2.7)

Substituting (3.1.19) into (3.2.7), the secular equation becomes
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2
pce 3 pc?
<1—,T)(pc2—4u>—a(3-2_>+3“_pc2=0,
[}

i.e.
pc2 3 PC2 PC2 pc2
p(l= =" (— -4 )-p3 -2 =)+ y3 -2y -0,
* [ " 7
. pc?
on setting X = —, this becomes
§

(1 - x)%(h -x) —x =0,

which, on squaring, gives the well-known result for Rayleigh waves,

namely

x2 = (1 - x)(4 - x)2,

x3 - 8x2 + 24x - 16 = 0. (3.2.8)

The only positive real solution of (3.2.8) is x = x, = 0.912622. Thus

0

there exists a Rayleigh wave with speed c given by

2 _

pct = X pu.

In equation (3.2.7), we have assumed that s,# s,. We now consider
the special case in which s,=s,~s, so the general solution (3.2.3)

becomes
Y = (A + Bx,) eskxz—iw(t - X,/c). (3.2.9)

Using this in the boundary condition (3.2.4), we have

(s2 + 1)A - 2sB = 0,

(3.2.10)

s(us? - 3p + pc2)A + (3p(1 - s2) — pc?}B =0.
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For these equations to have non-trivial solutions we have

s(ps?2 - 3p + pc?) 3u(l - s2) - pe?

(52 + 1) [ 3u[ 1 - s2 ] - pc2 ] + 2s2 [ ysz - 3p + pC2 ] =0,
which gives
us® + (6p — pc2)s2 - 3p + pc2 = 0. (3.2.11)

Equation (3.2.11) is a quadratic for s2, Therefore, the sum of roots

for this case is

(6u - pcz) c2
252 = _ OF - -6 -, (3.2.12)
[ M
since we assumed s, = s, = s, equation (3.1.19), becomes
PCZ
2s2 = 2 - — (3.2.13)
u

From (3.2.12) and (3.2.13), we see s is pure imaginary, that means

there is no decay when X -— o and therefore this case cannot arise
2 ?

and we conclude that A = B = 0.
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3.3 Stoneley waves

Here we consider waves propagating along the interface x, = 0

between two half-spaces of different materials with moduli of

rigidity g, p* in the X, € 0 and x, » 0 half-spaces respectively. Let

oij and U*ﬁ be the stress components in the two half-spaces and p,
* *

P*, u, u are the corresponding hydrostatic pressures and

displacements. Then

o11 = 2u Uy, - po
02 = 20 Uy 5, — P,
0,, =0,, = #(u1’2 +u, ,),
(3.3.1)
0*11 — ou¥ u*1’1 - p*,
0*22 _ ou* u*z,z - p*,
o* , = o%,, = #*(u*1,2 +u¥, )
From (3.1.18), we have
U sh — (2p - pcz) s2 + p - p02 =0,
for the half-space x, < 0.
Similarly
u* s*¥ (2 - p¥*e2) s*2 4 p* - p*e2 = 0, (3.3.2)

for the half-space x, » 0.

Also, from (3.1.19), we have



2 2
c c
s% + s% =2 - il ) sg s% =1 - pe
§
Similarly (3.3.3)
* .2 *,2
c c
sfz + sjz =2 - B——, sfz s§2 =1 e
* *
(3 [

Also, from (3.1.20), we get

ikp = k2(p - pc?) V2 ~ k¥, 2225
and similarly (3.3.4)

ikp* = kz(ﬂ* - P*Cz) w*,z - “'* ¢*,222:

the superscript * in all cases indicating quantities in the region
X, » 0. The half-spaces are bonded together and the boundary

conditions are

—* .—*. =
u=yu-, 0,i = 07,1 on x, = 0,
that is

*

u, —u, = 0,
*  _

u, —u, =0,

(3.3.5)

*

024 0 24 0,

%, % *
“(u1,2 tu, ) - put, , +u

2pu, , - p - 2u* “*2,2 +p~ = 0.
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From equations (3.1.9) and the corresponding equations for the
starred quantities, the above condition can be written in terms of y
as

v, - ¥* , =0,

¢* 1~ ¥, =0,

#(¢,22 - ¢,11) - ﬂ*(w*,zz - ¢*,11) =0,

I
O

2p* ‘l’*,12 +p* — (2p Y,12+tP)

Substituting (3.3.4) in (3.3.7), the boundary conditions become

¢2_‘l/*2 0)

V- ¥, = 0,

on x, =0 (3.3.8)

#(¢,22 - ¢,11) - F*(w*,zz - ¢*,11) =0,
2ikp*  Y¥ L, + K2(pF - p¥e?) yF - pFyr L, - 2k p ¥,
- kz(ﬂkz - pcz) ‘[,,2 +pu ¢,222 = 0.

Next, suppose that the general solutions are given by

s - X
J - (A Sik%, | g eszkxz) o iw(t 1/¢e) for x, < O,
(3.3.9)
—g¥ _g* : - X
S = (A% e sikx, B* o s1kx2) elw(t 1/¢) for x, > 0,

where s,, s, are the solutions of (3.1.18) with positive real part

2

and sf, si the solutions of (3.3.2) with positive real part, this

ensuring that the solutions (3.3.9) decay as x, — % o
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Substituting (3.3.9) into (3.3.8), we have

* A% * p¥% _
s, A+ s, B+ s] A" + s, B® =0,

A+B-A*-B¥=0,

u(s% + 1)A + u(s% + 1)B - y(sfz + l)A* - p*(siz

(3.3.10)
+ 1)B* = 0,

* 2
si(ys% - 3p + pc2)A + sz(us% - 3p + pc2)B + s,(y*sf - 3% 4+ p¥c2)a*

2
+ s3(u¥sy

For these equations to have non-trivial solutions,

*
s, s, s,
1 1 -1
2 2 -
p(s; + 1) p(s, + 1) -pm(s7 + 1)
2 2 * % *2 *
s,(pus; — 3p s,(us, — 3pu s, (u"s; — 3u
+ pcz) + pc2) + p* c2)

On rearrangement this becomes

- 3% + p¥c2)B* = 0.

we must have

-p*(s¥+ 1) =0

* *2
sz(#*sz - 3#*

+ p*c?)




2 42 2 2 * %
(s,- sz)(sf - si) p*z{sf st + s¥° + sj ] + 5,8, p*(hu* - p*cz)

+ ##* sfsi (s,+ sz)(sf + si) + uﬂ*s152(51+ sz)(sf+ si)
+ u* (s¥s% - 1) {By -u [s% +s2 + 5,5, ) - pcz}

2 2
+p (1 - s,s,) {y*(s’f+ s¥ + s¥ s}) —3ﬂ*+p*02] =0
(3.3.11)

As for Rayleigh wave the case of s, =5 does not lead to the

1 2

existence of waves. We therefore assume s.# s s¥ # s* and the

1 2? 1 2

above equation reduces to

+ pop* [ (s, + s,) (s¥ + s%) (s;s, + s¥s%)
2
+ (s¥s% _ 1)[(3 - ﬁi ) - (s2 + 82 + 5152)}

*02

(- 3152){ (%% s*% 4 5.5, - (3 - i;- )}] - 0. (3.3.12)
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On use of equations (3.3.3), the secular equation becomes

| a-eht ety e
T p "

cewl{o -2 e - gy

{1 - (1 - ) }{(1 - % - 1} - {2 _pe?, 2(1 - pCZ)% %
s raRll
2
{2 - ;_S + 201 - L2 } fa - + Q- Z: )5]
2 x .2 * .2 *.2
+ ¥ [(1 - E;E )% (4 - ﬁ;i ) - B;§ ] - 0. (3.3.13)
This equation (3.3.13) can be written as
2 2 % 2
4 — P€7y( - PC _ pC
( m ) ( m ) "
* 2 % *.2 % 3
N A - PC -pc - _ _
#[{<1#>+(1#*>(1#>(1 erefyi )
B { 2 - 8%, 5 (1 - 8%yt ‘ g _ PYe%, 5 (1 - Pty é
rras pe- ez as
2 3 *c2 %
(1 - L2 (1—”—)]
{ I “* }
* 2 *.2
F EH% | @ - )(1 _pe )% -£2 ] - 0. (3.3.14)
B W w* u

This is the secular equation for the propagation of Stoneley
waves at the plane interface between two incompressible linearly

isotropic elastic materials.
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The Rayleigh secular equation which was given in the last section can

be obtained from this equation by taking u* — 0, namely

2 2 2
4 - B2 - STy o (22
K B P

2 2 2
(£ )3 -8 (kS )2 + 24 (BT — 16 = 0.
® 7 3

Finally in this section we present some numerical results based
on the solution of (3.3.14). First of all set o = ﬂ*/ﬂ, B = p*/p,

n = pcz/u. Then (3.3.14) can be written as

4 -7Qa - n)%— n

:

} ;
- o [ 2 {a-npia-8 - a-pia-Eyt 1)

-{2-9+20 - n? }i [2- gﬂ +2(1 - 22)5 }%

{a—nﬁ+<1—?ﬁ}]

+ a2 [ (4 - gﬂ)(l - 5")% -6 ] - 0. (3.3.15)

a o
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We solve equation (3.3.15) for 7 for given values of the material
constants o and . The results are plotted for n as a function of 1/«
in Figure 3.1 for a number of different values of (. Note, in
particular, that n — 0 (i.e. ¢ > 0) as o — 1 (i.e. y* — p ) in
which case the two materials are indistinguishable when 8 = 1. On
the other hand when p*/p — 0 the result (3.2.8) for Rayleigh waves

is recovered, as we mentioned above.

Note that the inequalities

must be satisfied for the equation to have real solutions. For the
range of values of 8 and o considered we have (/o < 1 so the latter

inequality above follows from the former.
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[*€ 2andry
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3.4 Love waves

We consider a half-space defined by x, < 0 on which there is a
layer of different material of thickness h with boundaries x, = 0 and
X, = h. Let p and p* be the modulus of rigidity in the half-space and
layer respectively.

Now suppose the boundary conditions are given by

0,1 =0 on x, = h,
(3.4.1)
= u¥ = . =
u=u", 03§ T 0,§ on X, =0
We assume that
u= (0, 0, uy;y = (0, 0, & e SF¥z2 ¥ 10 —x,/0)y
(3.4.2)
Lot —
u* = (0, 0, u¥) = (0, 0, £(x,) R VO
where
f(x,) = (A'cos s*kx2 + A''sin s*kxz). (3.4.3)
From the equation of motion (2.9.3), we have
Oii,0 % 015,20 % Tyg,3 = Py,
Oa1,0 1 0py,2 7 0g5,3 = pu,, (3.4.4)

Oa1,1 ¥ 03,5,2 7 033,353 = PUs,

On use of equations (3.1.6) and (3.4.2) equations (3.4.4) lead to
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P,, =0,
P,=0, (3.4.5)
plug 4, + Uy 25) = puy,
for the half-space, and
p¥, = 0,
p¥, =0, (3.4.6)
r*( u§’11 + u§,22 ) = Put,

for the layer.

Substituting (3.4.2) into (3.4.5)3, we have

p(s2 - 1) = —pc2, (3.4.7)
and hence
2
s2 = (1 - Py, (3.4.8)
7
Similarly
2 *c2
¥ = (1 -5 (3.4.9)
w

From equations (3.1.6), we have

0ap = B(Uy 3 + ug ) = puy ,. (3.4.10)

The boundary conditions (3.4.1), give u§ , =0 on x, = h and then

(3.4.1), leads to

A" sins*hk-A""cos s*hk=0. (3.4.11)
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Also, (3.4.1), leads to

and hence

(3.4.12)

(3.4.13)

Next, on use of equations (3.4.11), (3.4.12) and (3.4.13), we get the

secular equation

* %
S5 K- cot (s* h k),
u

2]

tan (s* h k) = i
* %

Recall equation (2.7.21),
2
K = pCT,

The secular equation (3.4.14) becomes

where

2 2 2
p cp” < pct < pcT.

Also, equations (3.4.8) and (3.4.9) become

0]
]
~
|2
NN
1
[
~

(3.4.14)

(3.4.15)

(3.4.16)

(3.4.17)
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Substituting (3.4.17) into (3.4.15), we have

tan

CT

2 — 02/c2
kh (c_*z— 1)5]_/‘_*(_1_‘£I)=

(3.4.18)

This equation is the well-known dispersion relation for Love waves in

classical linear theory . See, for example, Achenbach (1984).

3.5 Analysis for a compressible materials

For a compressible material, the stress tensor 0ij is given by

(2.9.1), namely

03] N egk 655 + 2peij,
ejj = % (“i,j + Uj,i).
If i =173, (3.5.1), gives
oii = (3N + 2p)ejy

with summation over i.

On use of equations(3.5.1), we get

044 = x(u1’1 tu, .+ ua’a) + 2#“1,1'
T2 = Muy y +u, 5 +uy 5) + 2pu, ,,
Oz3 = NMu, , + Uy, , + Uy ) + 2pug g,

)
w
]
q
w
Il
=
N
£
w
+
[+
w
=

(3.5.1)

(3.5.2)

(3.5.3)
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Next, if we take u; = 0 and assume U, and u, are independent of x

the above equations reduce to
Oy = MNuy y +u, )+ 2pu,
Oy = Mu, | + u, 5) + 2pu, .

Oa3 = Mu, , + u, ),

0-12=0.21 =ll,(u.| 2+u2,1).

2

The equation of motion is given by
13,5 T PUL
from this equation, when i = 7 and j = 2, we have

Oir1,1 ¥ 042, = P4,

021,01 ¥ 035,, = P4,

Equations (3.5.4) give

q
-
-

.
-

[]

X(u1,1] tuy a) + 2 Uyq,1
032,2 = x(u1,12 t U, 55) + 2 Uz2,2
Oy2,2 = plu, ,, + Uy ,12)
Oz1,1 = u(u, ,, + Usy11).

On use of equations (3.5.6) in (3.5.5), we get

)\(u1’11+u2,12)+2#u]’11+u(u1’22+ u2,12)=pu1

Muy gz F Uy 50) + 2pu, 5, + pu, o, * Uy 55) = pu,,

3

(3.5.4)

(3.5.5)

(3.5.6)

(3.5.7)
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Assume u, and u, are given by

u, = A, eskx, + ix,k - iwt
(3.5.8)
u, = A, eskx, + ix k - iwt.
Substituting (3.5.8) into (3.5.7), we have
{#s2 + pe2 — (\ + 234, - is(n + WA, = O,
(3.5.9)

is(v + WA, - {0+ 2p)s2 — p + pc2} A, = 0.

For these equations to have non-trivial solution for A, and A,, we

must have

ps2 + pc2 — (A + 2p) - is (M + p)

- is (M + ) (N + Zu)s2 + pc2 - u

which gives
p(N + 2y)s4 - {2p(n + 2p) - (N + 3y)pc2}s2 + p(N + 2p)
- pc? - pc?) = 3.5.10
pcé(\ + 3p pc%) 0. (3.5.10)

Recalling (2.7.20) and (2.7.21) that

PC% = N+ 2p, pcT

i
w®

and hence (3.5.11)

N = pc% - 2pc%.
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Equation (3.5.10) becomes

c% c% sh - { 20% c% - czc% + c% )} s2 + c% c% - cz(c% + c% - c2)
= 0.
This is a quadratic equation for s2, with roots given by
2 2
s2-1-%5, s32=-1-5 . (3.5.12)
L cT

From (3.5.8) we can now write the general solution for u, and u, as

kx k i - iwt
u, = (A, oS1KX, | B, oS2 xz) e1kxI w

)

- iwt

’

u, = (A2 es1kx2 + B, eszkxz) e1kx1

where, from (3.5.9), we have

iA, s?u - (N + 2p) + pc2

’

A, s, (N + )
and similarly,

iB2 - us% - (N + 2p) + 902.

B, s,(N + p)

On use of equations (3.5.11), these become

. 2 2 2 2
iéZ _ s%cT - cy + c2= (c1, - cz)(cz/ cT, — l)= ~ s,
By s%(c% - c2) sg(c% - c% )
(3.5.13)
2 2

iB, _ E%F% - cy + c2 (ef - cT ) _ 1

2 ,2 2 s
B, s%(c% - c%) s,(cy, - ¢7) 2



63

3.6 Rayleigh waves

As in Section 3.2 we consider the propagation of surface waves on

a half-space x, 3 0. The boundary conditions are given by
g,i =0, on x, =0,

that is

plu, 5 + u,,4) =0,

on x, =0 (3.6.1)
(N + 2u)u2,2+ N u, = 0.
We seek solutions for u, and u, of the form
u, = (A, eS)kx; 4 B, S KX;)elkx,-iwt
(3.6.2)
u, = (4, eS2kX, 4 B, eS KX, )elkx, —iut

On use of equations (3.6.2) in (3.6.1), we have

ps,A +ip A, +s, puB, +ip B, =0,

(3.6.3)
iNA + (N + 2p)s, A, + N B+ (M + 2p) B, = 0.
Substituting (3.5.11) into (3.6.3), we have
c% s, A+ ic% A, + c% s, B, + ic% B, =0,
(3.6.4)

i(c% - ZC% ) A+ c% s, A, + i(c% - c%) B, + c% B,= 0.

On use of (3.5.13) in (3.6.4), we have
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2 2 B
2ct sy Ay +cr (s, + ;j ) =0,

(3.6.5)

{c% 5 ~ (C% - 20% )} A, + 2c% B, =0,

For these equations to have non-trivial solutions we must have
2s,s, 1+ s,
=0,
c% s% - c% + 20% 20%
which gives
2 2
46% s;8, + (L + s, )(cL - 26% - c% s? )y =0, (3.6.6)

Substituting the expression s%, which given in (3.5.12) into (3.6.6),

the secular equation becomes

hek 55, - cb (1 + 52)(2 -~ c2/ c2 ) = 0,

2
(1 + 82 ) - 4s;s, = 0. (3.6.7)
This is an equivalent result to that given by Eringen and Suhubi

(1975), which also can be written, by using (3.5.12) in (3.6.7), as

2 2 2

2-%55)-40-5) 1-5)-o0. (3.6.8)

CT CL CT
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By squaring and rearrangment, this becomes

2 6 4 2 ,
g S | -8lS | +|2ts-16°% S l-16l1-S%]]=0
cr L T 2 || et 2

2
This equation can be written as an equivalent for ﬁs with parameters

N and pu:

2
- 16 [ 1 - ﬁf ] =0 (3.6.9)

This is the secular equation of Rayleigh waves in the classical
theory. Numerical solutions of this equation can be found in Ewing,

Jardetzky and Press (1957), for example.

3.7 Stoneley waves

As for an incompressible material, we consider propagation along
the interface x, = 0 between two half-spaces of different materials
with Lame moduli p, : and g, N in X, € 0 and x, > 0 respectively.
Again we let 0ij» U*ij be the stress components in the two
half-spaces and u and u* be the corresponding displacements. Then,

restricting attention to two—dimensional motion, as before, we obtain
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Oy = Mu, ; +u, )+ 2pu, o,

Oy = Mu, ; +u, ) + 2pu,

O3 = 0y = puy 5, +u, ), (3.7.1)
o, = X*(uf,l + ut,z) + Zp*uf,1,

Utz = X*(uf,1 + ui,z) + 2y*u§,2,

UTZ = 6?1 = ﬂ*(uf,z + u§’1).

The equation of motion in x, < 0 is (3.5.7). Similarly, in x, > 0, we

have

*
* * * % %, % * _ L%
N(uy gy Uy ) v 2pT Uy, o (uy, . + uj 4p) = p0 4y,

(3.7.2)

*
* * * % %o, %
A(uy g F UG op) F2p7 U L, + ot (u tu

* _ ook
1,12 2,11) = P Uy

Assume that uf and u§ are given by

_* " .
* _ p% 7S kx, iwt + ix k

u.|= 1 )
(3.7.3)
W = A% sF kx, - it + ix,k
and n, and n, by (3.5.8).
On use of (3.7.3) in (3.7.2), we have
{ u*s* - (\* + Zu*) + p*cz} AT + is*(O\F + u*) Ai =0,
(3.7.4)

is¥OX + p*) AY + [OF + 2p%)s™ - 4¥ + p¥e?) A¥ = 0,

From (3.7.4), we have
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ia% _ {pFs* - OF M) + p¥e?y

A¥ s¥ OF + M)

and similarly

(3.7.95)
iB% [ ¥t - % 2p%) 4 p*edy
BY s OF + M)
for the half-space x, > 0.
From (3.5.11), we have
2 2 2 2
peL = M + 2p PCT = 4 \ = pcr, - 2pcT
and similarly (3.7.6)
%2 %2 %2 *2
p*cL =\* + 2p? p*cT = u*, Y = p*cL - 2P*CT.
On use of (3.7.6), (3.7.5) become
*2 2 *2 2 *2
iéj _ sfch - ci + c2 _ _{eT O - cz/ci ) —cp + c2} _ ST
* % %2 %2 * %2 *2 ’
AI S1(CL - C7 ) S1(CL - CT)
(3.7.7)
& *2 2 *2 *2 *2
EEE - (s’;2 e = ci + cz) _ {cr (1 - cz/cT ) —cp, + c2}=_}_
2
BT s§ (cf2 - cT) si(cf - c%% si
Also, from equation (3.5.12), we have
s% =1- cz/c%, s% =1- c2/c%, for x, < 0.
Similarly, (3.7.8)

s =1- °2/CL, s; =1- cz/cT, for x, > 0.
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From (3.5.13) and (3.7.5), we get

iA, = -s, A,, iB, = - gt, for x, < 0,
(3.7.9)
L% * % % B¥*
iA, = s, A, iB, = -, for x, > 0.
3 st

Let now consider the boundary conditions, which are given by

* *
u=u, 0,i = 0,1 on x, = 0.
i.e
- u¥ =
u, uj 0,
%
u, u;, =0,
% on x, =0 (3.7.10)
03,4 02, =0,
*

Substituting (3.7.1) in (3.7.4), we have

onx, =0 (3.7.11)

(N + 200U, 5 + = OFF 20, - Nl = 0.
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We seek solutions for uj and uf, ie {1,2}, of the form

u,= (A1 eS1kX2 + B1 eszkxz)el(wt - kxl)

u,= (s1A2e51kxz + s, B, eszkxz)el(mt - kx,)

(3.7.12)

* * * * * i -
u,= (A, e~S1kx, 4 B, e~S7kx,) el(wt kx,)

* % % % % i -
u2= (S1 A2 e—§1kX2 + SZ B2 e—sgkxz) el(wt k‘X‘l)

On use of these equations (3.7.9) and (3.7.12) in (3.7.11), we obtain

A, +B, - A, - B, =0,

*
B * % B
s;A; + 1L -s A --1-=0,
s s¥
2 2

onx, =0 (3.7.13)

1 * % % * % 1
2pus A, + p(s, + g;) B, + 2u s, Al + p (s, + ;—*)BT =0
2

* 2 * % * %
(A= v+ 20s23A, - 2B+ (N + 240)s) - N} AT + 2,8 - 0.

On use of equations (3.7.6) and (3.7.8) in (3.7.13)3’4, we get

onx, =0 (3.7.14)

* % % * *2_ p*
2ps Ay + p(2 - c2/0% ) 21+ 27, Ay +p (2 - cz/cT ) =L =0,
s, s

2

2,2 * %2 2, %2 % * %
pc% (2 = c7/er )A, + 2uB, — p cr (2 - c" /e DA, - 2 B,=0

?
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*

B * % B
s,A+ =L - s,A -1 =0,

s, s

(3.7.15)

* * *
. 2
25,8, + (2 - 2ty B o B Lk 0 - B - o,

5, K [ S2
* 2 *
(2 - CZ/C% YA+ 2B, — ﬁ— (2 - 02/c¥ )Af -2 Z— BT= 0.

3 * *
For these equations to have non-trivial solutions for Aj, Bj, Aj,

B;, 1 € {1,2} we must have

1 1 -1 -1
s 1 s* 1
1 - B | - =
s, Si
=0
2 * * 2
2s, 2 - <HL 2 &g, K-ty
*
c% S, K H C;Z s,
* 2 *
2 - cz/c% 2 E_Z(Z -Z) -2 %
pwr cf

This is the secular equation for Stoneley waves, in the matrix
form, which is the same form given by Achenbach (1984). The analysis

of this secular equation can be found in Cagniard (1962).
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3.8 Love waves

Let us assume, as in the incompressible material, that the
half-space is defined by =x, < 0 on which there 1is a layer of
different material of thickness h with boundaries x, = 0 and x, = h.
Also we assume p, X and p*, \* the modulus of rigidity in the

half-space and the layer respectively.
Next, let the boundary conditions be given by

0,1 =0 on x, = h,
(3.8.1)

Uu=u"r 0,i =0 ,§ on x, =0,
where u and u* are given by (3.4.2).

For a compressible elastic material, the equations of motion

(3.4.4) are
/"‘(uz,n+ U, 5,) = puy,
(3.8.2)
* % * * %
po(uy g+t U, ,,) = p o,
for the half-space and the layer respectively.
Substituting (3.4.2) into (3.8.2),, we get
u(s?2 - 1) = —pc2, (3.8.3)
and hence
2
s2 =1 - &7, (3.8.4)
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Similarly

s =1-E2°%7 (3.8.5)

2 2 .2

s =1 -8 St . (3.8.6)
2 %2
CcT CT

From equations (3.5.3), we have
Oa2 = #(Uy 5 + Uy 5) = puy . (3.8.7)

The boundary conditions (3.8.1) also give us

2,2 = 0 on x, = h and

from (3.8.3) and (3.8.7), we get the same results given in an

incompressible case.

That 1is, the secular equation (3.4.18) is also the secular

equation for a compressible material, namely

o202
tan| kh| &£ -1 _r & °2/°T ) _ 0. (3.8.8)
ot ¥ (e2/etT- 1)
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Chapter 4

Rayleigh waves in a pre-stressed elastic material

In this Chapter we extend the discussion of Rayleigh waves in the
linear theory covered in Section 3.2 to the situation in which there
is an underlying pre-stress. In particular, we recover certain
results obtained by Hayes and Rivlin (196la), who used a different
notation, and we generalize other results given by Flavin (1963) and
Willson (1973a, 1974a,b) for an incompressible material and Willson

(1972, 1973b) for a compressible material.

4.1 Analysis for an incompressible material

Consider the large homogeneous pure strain defined by
3 X5- (4.1.1)
Upon this deformation we superpose a small displacment u, such that

X, =\, X1 +u,,
X, = X, X, + u,, (4.1.2)

X3 = Ny X5 + u,,

where u,, u,, u, are the components of u. The velocity components are

given by

(4.1.3)

From (2.4.18), we have the principal components of the Cauchy stress

tensor associated with the homogeneous deformation

W

0f = N —
a)\i

P ie {1,2,3}.
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On use of the incremental equations (2.6.11), we deduce that

011 Agiyrr Vi, Y Aori22 Vo, A 4, Viy,3 t PV, TP,

S022 = Agaz211 Vi,1 Y Bo2222 Yy, ¥ Agyp5 Vs, 3 Y PV, . - P

S033 = Agasir Vi,1 t 402233 Vo, * Aggasy Vo, 4 PVy 5 — P,

Sg12 = Bg1212 V2,1 t Bor221 Yy, Y PV, ,,

S013 = Agra1a V3,1 t Aoisar V5 ¥ PV, 4, (4.1.4)
So21 = Ag2a121 Vi,2 t Ao2112 Yy, F PVa,1:

Sg23 = Ap2323 V3,2 + Ag2332 V2,3 * PV,, 3

<
+

031 Agi1313 Va,3 * Bosi1a Vg, t PV, 1

<
+

032 = Aps232 V2,3 t Ao3223 V3,2 + PV, 5,

subject to the incompressibility condition (2.6.12).

4.1.1 Plane incremental motion

In order to keep the algebra as simple as possible we take v, =

0 and assume v,, v, are independent of x,.

Then (2.6.12) becomes
Vit v, ,=0. (4.1.5)
Hence there exists a function y(X,,%,,t) such that

Vi =¥ ., Vo=~V 4. (4.1.6)

Also, (4.1.4) reduce to
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So11 = Aor111 Vi, 45042, Va,2 F
So22 = Ag2211 Vi,1 * Aga22, Va,2 ¥
Soss = 43311 Va,1 * Agaass V2,2 ~

01212 V2,1 T Agy22, Vi,2 t

v + A

01212 02112 V2,7 *

From (2.3.5), the incremental motion is governed by

$0ji,j = PYi-

Thus, from the incremental equations (2.6.11), we get

Soji,j = Aojilk Vk,1j ~ P,i =

pVy.

from this equation, if we take i = 1,2 we have

So12,2

From (4.1.6) and (4.1.7) we get

é011,1 = (Agr1111 ~ 491422 p)¢,112 - P,y
S012,1 = (Agqya21 * PV 221 = Agia12 Y111 s
é021,2 = Apz121¥,222 = (Bgpq,0 + P)¢,112 ’
So22,2 = (Aga211 ~ A02222)¥ 122 — P,

[

Substituting (4.1.10) into (4.1.9), we get

(4.1.7)

(4.1.8)

(4.1.9)

(4.1.10)
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P¢,2 =~ ﬁ,,+ (A01111 - Ao1122 - A02112)¢,112 + A02121¢,222

onx, =0 (4.1.11)

—p¢’1= - p,Z + (Agya21 ¥ Agpa4 ~ A02112)¢,122 = Agiz212¥%, 111

To eliminate p we must differentiate equation (4.1.11) with respect

to x, and x, then we obtain

"P(¢,11 + ¢,22) + A01212¢,1111 + (Ao1111 + Ajrz22 ~ 2401224

- 2A02211)¢,1122 + Aoz1z1¢,2222 = 0.

On setting
@=Agi212 » V= Aga121
(4.1.12)
2B = Agy111 * Agr222 ~ 2401221 ~ 2442210
the above equation becomes
@Y g0t 28 ¥ 1122 VY ¥ 2222 = p(i,,, +.‘./"22)' (4.1.13)

Also, necessary and sufficient conditions for the strong-ellipticity

condition (2.8.15)1,3 simplify to

a >0, B>-/oy . (4.1.14)

Suppose the elastic medium occupies the half-space defined by x, < 0.
In this basic homogeneous configuration the normal stress on the
surface x, = 0 is ¢0,. We assume this is unaffected by the perturbed
deformation, so the incremental boundary conditions wvanish. From

(2.6.22) we therefore obtain

I
o

B =3 =0 on x
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A02121¢,22 - (A01221 + p)'l’,11 =0,
on x, =0 (4.1.15)

(A - Agya22 ~ P)¢,12 -p=0.

01122

From (4.1.11),, we have

p,1 = (A01111 - Agri122 ~ A02112)¢,112 + A02121¢,222 - p@.(4.1.16)

To eliminate p we must differentiate equations (4.1.15) with respect
to x, and using equation (4.1.16) and the notation (4.1.12), the

boundary conditions can be written as

Y (¢,22 - ¢,11) + 02 ¢’11 = 0’
on x, =0 (4.1.17)

(2B + vy - 0y) VY, 112 v 7 V. o222 ~ oy 2 =0,

’

oW

where from equation (2.6.13), we have Aj,,,; = 45,121 — N, 5— and
>\2

hence Agy559 * P = Agz920 ~ 0,

The equibilrum counterpart of equation (4.1.13) was derived by
Nowinski (1969a) in the context of quasi-static surface
instabilities, and also by Hill and Hutchinson (1975) for a class of
incrementally-linear materials. For the dynamic case (4.1.13) appear
to be new although, in different notation, Willson (1973a) obtained
an equivalent equation for the time-harmonic case. Willson also
obtained boundary conditions equivalent to (4.1.17) for the
time-harmonic case with the restriction ¢, = 0O from the outset and

also considered an equibiaxial underlying deformation X\, = \,.
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4.1.2 Propagation along a principal axis

Let us assume y(X,,X,,t) has the form
¥ = f(x,)elot — ikx, | (4.1.18)

which represents a wave propagating with (constant) wave speed c in

the x,—direction. Also, the frequency of the wave w is constant.

Also, we assume the spatial wvariation of ¢ of the form
e(skx, - ikx, + iwt) yhere k = w/c is the wave number. Then equation

(4.1.13) leads to

vy s% - (28 - pc2) s2 + a - pc2 = 0, (4.1.19)

which is a quadratic equation for s2. Suppose it has root s% and s%.

Then

) -
62 + 52 = 28— pc s2 g2 = X pCT (4.1.20)

For surface waves we must have a solution for ¢ in (4.1.13) which
decays when x, — ~o so we shall require s to have positive real
part. In either case 512822 > 0. Since vy is required to be positive
by the strong-ellipticity condition and 9y = p > 0 in the unstressed
configuration, we get from (4.1.20) that the wave speed c is

restricted according to the inequality
pc? < a. (4.1.21)

On the other hand, 28 — pc? may be positive or negative.
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We note here that if cg denotes the speed of a plane (shear) wave
propagating in the x,-direction with displacement in the x,-direction

in an unbounded body subject to the same homogeneous pure strain then

pcZ = a. (4.1.22)

In the unstressed configuration a = p and (4.1.22) is expressible as
¢ < cg. (4.1.23)
We now write the general solution for y in the form
v = (A eS1KX, 4+ B eS,KX;) elwt - ikx, (4.1.24)
where A and B are constants.

On use of equation (4.1.24) into (4.1.17), we obtain
(ys2+y-0)A+ (ys2+y-0,)B=0 (4.1.25)

s, (2B+vy -0, - pc - 7s13 A+ s,(28+y -0, - pc? - 4 5,)2B = 0.
(4.1.26)

For these equations to have a non-trivial solution, we must have

s2 g2

Yy sttty -0, Y sz ty -0,

2 =0,

$,(28 + ¥y - 0, — pc s,(286 +y -0, - pc

-7 s3) - v s2)

which gives
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(s1= s[v(s? + sD(y — 0;) + 42 252 + y 5,5,(26 + 2y - pc2 -20,)
— (v - a)% + (e - 28)(y - a,)] = O. (4.1.27)

Assuming s,# s,, this equation reduces to

v(s? + 53 )(y - 0;) + 9% s¥s3 + v 55,028 + 2y - 20, - pc?)

~(y~ 002+ (y - 0,)(pc2 - 28) = 0. (4.1.28)

Substituting (4.1.18) into (4.1.28), we get

v (a - pc) + (28 + 2y - 20, - pc2) /v(a - pc2) = (v - 02)2.

(4.1.29)

Equation (4.1.29) is the secular equation for Rayleigh surface waves

in a pre-stressed incompressible elastic material.

On squaring and rearrangement of (4.1.29), we obtain

(pe2)3 - p(pe2)2 + q(pc?) - r =0, (4.1.30)
where
P=4B + 3y + a - 4o, (4.1.31)
2 2
q=(28+ 2y - 20,)" 4 20(2B + 2y - 0,) + 2(y - 0,)" - 2ya,
(4.1.32)
' 2
r= { ya (26 + 2y - 202) + (y ~0,) - 70}

{/ve (28 + 2y = 20,) = (v - o)+ ya)/ v

(4.1.33)
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In different notation equation (4.1.30) generalizes the results
given by Willson (1973a), who took ¢, = 0 and considered only

equibiaxial underlying deformations X\, = A\, (A; = X\, in our notation)

throughout his calculation. The squaring process may give solutions
of (4.1.30), which are not solutions of (4.1.29). For instance, when
c = 0, r = 0 and either of the factor in braces in (4.1.33) may
vanish, but only the second of these corresponds to a solution of

(4.1.29).

To avoid this problem we work directly with (4.1.29) and introduce

the notation

n = /(a - pc2)/y , (4.1.34)

so that

pc2 = o - yn2. (4.1.35)

From (2.6.13), we have

2 2
aN; = v A7, (4.1.36)

and from (4.1.21), we must have

0<7< x,x}? (4.1.37)

Now, equation (4.1.29) becomes

3402 4 (28 + 2y —a -2 vy -0 )2 =0 4.1.3

n7 +t + (28 + 2y —a - 20,)n/y - (y —0,) /v - (4.1.38)
For the special case in which o, = 0 this simplifies to give

73+ 92 + (28 + 2y - a)y/a - 1 = 0. (4.1.39)
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In equation (4.1.28) we assumed s,# s,. We now consider the

special case in which s, = s, = s, say. Equation (4.1.24) becomes
¥ = (A + Bx,)eSkX; + lut — ikx,,

On use of this equation in (4.1.16) and (4.1.16), for g, =0 we

deduce

(s2 + 1)k2 A + 2sk B = 0,
(4.1.40)

(v s2 - 28 - vy - pc2 )sk3 A+ (3y s2 - 28 — vy - pcz)k2 B =0,

For equations (4.1.40) to have non-trivial solution for A and B we

must have

(s?+ 1)K2 2sk
=0,
(y s2 - 28 - v - pc2)sk3 (3vys2 - 28 - v - pc2)k2
which gives
v s% + (28 + 4y + pc2)s2 - 28 - y - pc? = 0, (4.1.41)

which is a quadratic equation for s2. Therefore the sum of roots of

this equation is

2s2 - _ (2B + 4y + pc?)
Y

, (4.1.42)

this equation can be written as

962 = — Agu911 t A

02222 — 2403105 + 245505, + 2P . (4.1.43)

AOZ‘l 21
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Since it is assumed s, = s, = s, equation (4.1.20),, becomes

262 = _An1111 * Agz200 ~ 2401520 = 2405425 pc? . (4.1.44)

Ag2121
From equations (4.1.43) and (4.1.44), we get
s2 = -1. (4.1.45)

That is, s is pure imaginary, there is no decay when x, — -». So
this case cannot arise and we conclude that A = B = 0. This result
appears to be mnew, although a corresponding result for the

compressible case has been found by Hayes and Rivlin (1961b).

4.2 Analysis of the secular equation

Before considering the general form (4.1.34) of the secular
equation it is instructive to examine the special case in which the

material is undeformed but subject to a uniform hydrostatic stress.

4.2.1 The case of A3 = A2 = Ay =1 in the presence of hydrostatic

pre—stress

If the wundeformed configuration is subject to a hydrostatic

pre-stress ¢, = ¢, = 0, then we have from (2.7.19)

Agr111 = Agap22 = 20,
Agr212 = Ao2121 = Agzrr2 = Agr2zr T B (4.2.1)
Ag1122 = 443217 = 0.

From (4.2.1) and (4.1.12), it follows that in a state of hydrostatic

stress a = 8 =+ = p and (4.1.20) become
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2
C
s2 + s2 =2 - £ s2s2 = 1 _ P (4.2.2)

o [

Also, the secular equation in the form (4.1.38) for this case becomes

f) =93 + 92+ 3-20)9- (1 -2 =0, (4.2.3)

subject to

0<n<1, (4.2.4)

where 0 = o,/u.

From (4.2.3), it follows that

£(0) = —(1 - 32, f£(1) =4 - g2, (4.2.5)

Also, from (4.2.3), we deduce it has a solution in interval (4.2.4)
provided

-2 <7 < 2. (4.2.6)

The extreme values @ = %2 in (4.2.6) yield the solution 5 = 1, by
(4.1.35), yields ¢ = 0, while @ = 1 corresponds to the solution n = 0
or c = cg where pcs2 = pu. It is easy to show that f(%) is monotonic
increasing for 7 < 4/3 and monotonic increasing for =% > 0 1if
T < 3/2. For 3/2 < 0 < 2 the product of the roots of f'(9n) = 0 is
negative so the maximum of f£f(n) occurs in 7 < 0 and the minimum
in n > 0. Since f(0) < 0 it follows that (4.2.3) has a unique
positive solution in the interval (4.2.4) if and only if (4.2.6)
holds. Thus, a unique wave speed exists for hydrostatic stress

satisfying (4.2.6). When & = 0, equation (4.2.3) reduces to

3+ 92 +3p-1-=0, (4.2.7)
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which has a unique (positive) real solution, say 7,. The approximate
value of 7%, is 0.2956, which by (4.1.35), leads to an approximate
value of 0.9126 for pc2/p. This agrees with the classical results for
an incompressible linear theory, which is given in (3.2.8); see, for

example Ewing, Jardetzky and Press (1957).

2

L ,equation (4.1.30) for hydrostatic stress can

Next, on setting § =

be written

g(&) = E3 + 4(c - 2)22 + 6(7 - 2)22 + (¢ + 2)(T - 2)3 = 0.
(4.2.8)

Then, at the end-points of the interval 0 < { < 1, we have

3 — 4
g(0) = (T +2)(T -2) 7, g(l) = (@ -1) .
Clearly g(0) <0 for -2 <7 < 2,
while g(l) >0 for -2 <7 < 2 except at £ = 1.

Also, we have

g1 (¢) = 32 + 8(7 - 2)E + 6(F - 2)7,

and this is strictly positive except for @ = 2, §¢ = 0. Thus, g(§) is
monotonically increasing for 0 < ¢ < 1 and it has a unique solution
¢ € [0,1] if and only if ¢ satisfies (4.2.6). Furthermore, the
solutions of (4.2.3) and (4.2.8) are such that § =1 - 2. In
particular, for © = 0, E, = 1 - noz is  the (unique

positive) solution of
£3 - 882 + 248 - 16 = 0, (4.2.9)

and has the approximate value 0.9126, which has been mentioned above.
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Equation (4.2.9) 1is equivalent to an equation given by Willson
(1973a), and is the same as that obtained in Ewing, Jardetzky and

Press (1957).

A Rayleigh wave will therefore propagate in a hydrostatically
pre-stressed half-space provided the pre—stress satisfies
-2 < (6 = a/p) < 2, except ¢ = 1. The 1limiting case @ = * 2
corresponding to situations in which the wunderlying homogeneous
deformation becomes neutrally stable. (The stability of such
configurations has been discussed in detail in the book by Ogden

(1984), for example).

The form of g(¢) is illustrated in Figure 4.1 for different
values of 7. Also the results of (4.2.8) are illustrated in Figure
4.2, where we plot { as function of @ ¢ [-2,2]. The value §; is
marked in the figure. We note here that £ =0 when G = * 2. Also
¢ <1, with equality holding only for @ = 1; for @ = 1 the solutions
s2 of (4.1.18) are O and 3, and B = 0 in the solution (4.1.27). In
this case the wave is a plane shear wave with speed given by § = 1;

it is not a surface wave.

When § = 0 (c = 0) g(l) is positive provided -2 < ¢ < 2. This
indicates that, on a quasi-static hydrostatic path of loading from
the stress—-free configuration no incremental quasi-static surface
deformations can appear. In other words, the configuration of the
body in question is incrementally stable. Stability fails in either
tension or compression when @ reaches 2 or -2 respectively and the

body is then in a neutrally stable configuration.
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Figure 4.2
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4.2.2 The general case

We now write the secular equation (4.1.38) in the form

£(q) =73 + 92 + dyp - e = 0, (4.2.10)
where

d=(28+2y - a- 20,)/y, (4.2.11)

e = (y - 02)2/ 72 > 0. (4.2.12)

We consider e > 0 and e = 0 separately.

a)e>0

Here when 5 = 0 f(y) < 0. If d > O then £'(9) > 0, for > 0. If
d < 0 then f(%) has a minimum for < 0 and a maximum for % > O, and
f'(0)< 0. In each case, equation (4.2.10) has at most one root in the
interval (4.1.37). To ensure that a root corresponding to a non-zero

wave speed (& = pcz/y # 0) exists we require f(/a/y ) > 0, which,

after rearrangement, yields

(@ — )y +/ay (28 + 2y) + 20,0y -/ay) - d% > 0. (4.2.13)

We note that £( /o/y ) 0 ensures (4.2.10) is satisfied by ¢ = 0.

For the case ¢, = 0 (4.2.13) becomes

y{a -y + Ja/y (28 + 2¢9)} > O. (4.2.14)
In the undeformed configuration 4 = u, and the second factor in

(4.2.14) reduces to 4p. Since p > O then, by continuity, (4.2.10)

requires that



Yy >0, (4.2.15)
a-v+/a/y (28 + 2y) > 0. (4.2.16)

We note that (4.2.15) is one of the inequalities required by the
(two-dimensional) strong-ellipticity condition (see (4.1.14)). Next,

since

26+2/u—'y—{26+2'y+/ﬁ(a—ﬁ/)}-/‘;—d(/_—/;)2>0,

it follows that (4.2.16) entails (4.1.14),. Thus, (4.2.15) and

(4.2.16) together imply that the strong-ellipticity condition holds.

The inequalities (4.2.15), (4.2.16) ensure the existence of a
unique surface waves when the surface x, = 0 is free of traction
(¢, = 0). They may also be interpreted as ensuring that the
underlying deformation is stable under the given boundary conditions.

Put otherwise, (4.2.15) and (4.2.16) exclude the possibility of

'positions of adjacent equilibrium.'

For an incompressible material the state of deformation
(Ny5X,,N,) 1s unaffeceted by a change in the hydrostatic stress. If
we superimpose a hydrostatic stress of magnitude o, then o, f and ¥y
are unaffected and (4.2.13) serves to place restrictions on the range
of values of the surface stress ¢, that can be supported in the given

state of deformation. It follows from (4.2.13) that

y S =12/ B+ JamT <o, <v-Soy+[ 2 oy 6+ /oy

(4.2.17)
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We note here that, for the same underlying state of deformation the
corresponding (two-dimensional) inequalities for stability wunder

all-round dead load are (see section 4.6)

B+y -0, >0,

(4.2.18)

2
ay >y -o0,),

along with ¢y > 0. Clearly, (4.2.18) imply (4.1.36), but the converse
does not hold in general since the sign of o vy - (y - 02)2 may be
either positive or negative. In particular, in a state of hydrostatic
stress o, the latter simplifies to ¢(2u - ¢), which is positive for

0 < o0 < 2u but negative for -2u <o < 0.
When ¢, = 0, equation (4.2.18) reduces to
B+vy >0, a >y, (4.2.19)
which imply (4.1.14),
bbe=0

For this case we get from (4.2.12) that ¢, = 4 and from (4.2.10)

we get
7=0 or n2 +n7+d=0,
where, for this case,
d= (28 - a)/y. (4.2.20)

The solution % = 0 corresponds to a plane shear wave with speed cg
given by pc% = a and does not correspond to a surface wave. A

different solution exists provided
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-/ya < 28 < a, (4.2.21)
the left-hand equality corresponding to zero wave speed.

If 7 = 0 then pc2 = o and from (4.1.18) we can take s, = 0 and

2
5,2 = (26 = 17

At this point it 1is instructive to express certain of the

inequalities in this section in terms of the strain-energy function

WOy, A =W 0,0, (4.2.22)

which is defined in (1.3). It follows from (2.4.18), (2.6.13) and
(4.1.12) that

A~

0, -0, =0 —y=\W (4.2.23)
where W, = SW/dx,, v is given by (1.4),
a =2 8,702 a2y (4.2.24)
and
28 + 2y = A2 W,,. (4.2.25)
The inequality (4.2.13) becomes
le AW+ AW, + 20,(1 - AT - o2 /vy > 0, (4.2.26)
as (1.2), and this reduces to
N2 WL, o+ AW 0 (4.2.27)

when ¢, = 0. From (4.2.17) the upper and lower bounds on ¢, are
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% 3 A -
- 12 1 2 f2 i
il [ I O A XT'f"Xi 3 (4.2.28)

which reduce to *2y in the case of hydrostatic stress.

4.2.3 Surface deformations

On a path of deformation and (hydrostatic) stress from the origin
(1,1,0) in (M\,,X,,0,)-space, the inequality (4.2.26) just fails at

points satisfying

5 -1
Ny Ny W+ AW+ 20,(L -2 N) -0, /y =0,  (4.2.29)

with ¥ given by (1.4). Equation (4.2.29) defines the boundary of the

domain of stability in (\,,\,,0,)-space. At points of this

boundary the secular equation (4.2.10) has solution 9 =/q/y or,

equivalently, &€ = 0 (i.e. ¢ = 0).

The general solution (4.1.24) with w = ke = 0 then represents a
quasi-static incremental surface deformation, or standing wave with
wave number k. In other words, bifurcation from a state of pure
homogeneous strain into an inhomogeneous mode of deformation can

occur at points (\,,\,,0,) satisfying (4.2.29).

For the case ¢, = 0, equation (4.2.29) reduces to

W,, + N0, =0, (4.2.30)

which describes a curve in the (X\,,\,)-Space.
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Incremental surface deformations, or, 'instabilities', in an
incompressible elastic material have been considered previously by
Nowinski (196%a,b), Usmani and Beatty (1974), Reddy (1982,1983),
Ogden (1984) and Biot (1965) for o, = 0 either in respect of a
specific strain-energy function or for a particular class of
pre—-strains (or both). For the neo-Hookean strain-energy function,

surface deformations in which the displacement u depends on X, as

3
well as on x, and X,, and with u, # 0, were examined by Nowinski
(1969b). Nowinski's results were recovered in the incompressible
limit by Usmani and Beatty (1974), who wused a compressible
counterpart of the mneo-Hookean strain-energy function. With the
exception of the results relating to the latter type of incremental

deformation the results given in the papers mentioned above are

embraced by equation (4.2.30).
For a neo-Hookean strain-energy function, we have

2 -2 2

W) = 20 02 47202 402 -y, (4.2.31)
and equation (4.2.3) becomes
x? + x? A, + 3x1x§ - xz = 0. (4.2.32)

This is the same equation as (4.2.7) and therefore has a unique
positive solution A\, = 7, \,, which may also be written as x? Ny =g,
by using the incompressibility conditions (2.2.4). In different
notation the latter result is contained in Usmani and Beatty (1974).

In plane strain 2\, = x?l (A; = 1) equation (4.2.32) reduces to

6 4 2
A, A+ 3\ -1=0, (4.2.33)

which was obtained by Nowinski (1969 a,b). The solution of this

equation (4.2.33) is \, = /9, .
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4.3 Results for particular deformations

4,.3.1 Plane strain

When the underlying deformation of the half-space corresponds to

plane strain with A\, = 1 we write A\, = X\, A, = »1 and
WD = WO, D). (4.3.1)

It follows from (4.2.23)-(4.2.25) that

o, ~0,=a—v=2\, (4.3.2)
5 oyt §
@ = Ay = AW (4.3.3)
. |
and
28+ 2y = N2 W', (4.3.4)
with W '(l) = 4p, where the prime indicates differentiation with

respect to X\.
The stability inquality (4.2.26) becomes
MW"+ AW +20, Q-R)-02/y>0 (4.3.5)
and, when ¢, = 0, this simplifies to
N U+ > o. (4.3.6)

We note later, in Section 4.6, that the corresponding dead-load

stability inequalities are W > 0, W' > 0.
The bifurcation criterion

NET'+W =0 (4.3.7)
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for the case 0, = 0 was obtained by Reddy (1983);

see also Ogden
(1984, p.448). In different notation an equivalent result was given

by Nowinski (1969a).

For values of the stretch \ satisfying (4.3.6) the bounds on o,

given by (4.2.28) are specialized similarly, and the secular equation
(4.2.10) becomes

~y

ot XS
3+ 92+ N2V - n - 20,) 9/y - (y - 0,)2/4% = 0,
G |

(4.3.8)

with y given by (4.3.3). When ¢, = 0 this simplifies to

1’3 +7’2 + ()\2 -

Ya/y = 1 = 0. (4.3.9)
A -1

In respect of the special case e

0 discussed in Section 4.2 the
right-hand inequality in (4.2.21) now requires

o

k2ﬁ'l< )\W
AN -1

O + 2). (4.3.10)
As we shall

see in the next section this

can be satisfied for
particular strain-energy functions.
4.3.2 Equibiaxial deformation A2 = A1
For this deformation we take A\; = X and A\, = X\, = A~% so that
o =

B=+v=1L, 1w (a7}, )\) and the secular equation (4.1.38)
for this case becomes

p3 + 12+ (3 - 20,/7)n - (1 -0a,/7)2 =0. (4.3.11)
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This equation is the same as (4.2.3), so we deduce from (4.2.6) that
the bounds on o0, are #2y. When o, = 0 equation (4.2.7) yields once

more the surface wave speed is therefore given by pc2 = (1 - n02)a.

4.3.3 Equibiaxial deformation A1 = )\3

In this case we write X\, = A; =\, \, = X—z, and the secular
equation (4.1.38) is specialized accordingly. For the case o, = 0 the
secular equation in different notation was given by Willson (1973a)
for this deformation in the form (4.1.30). Numerical results are
similar to those given for plane strain so we omit further details

here.
For the case ¢, = 0, the boundary of the stability regime is
given by

MR OLN W, (000 = 0. (4.3.12)

This is equivalent to a formula of Reddy (1982), who considered its
implications in respect of a number of strain-energy functions. We

shall discuss it in the next section.

4.3.4 Equibiaxial deformation A2 = )3

For this case we write X\, = A\, N\, = A = \~% and the counterpart

of (4.3.12) is
N/2 % o) + W, (0 xE) =0 (4.3.13)

Again numerical calculations give broadly similar results for the

wave speed to those obtained for plane strain.
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4.4 Results for some special strain—-energy functions

4.4.1 The neo-Hookean material

For the neo-Hookean material, the strain-energy function is given
by (4.2.31), namely

W= a2 +22 40223, (4.4.1)

In plane strain (4.3.1) and (4.4.1) yield
WO = 3 pO2 + X2 - 2)
and the secular equation of the form (4.3.9) reduces to
ﬂ3 + n2 + 39 -1=0.

Again this equation is the same as (4.2.7). Note that 7% is
independent of A. It follows from (4.1.35) that the wave speed c is

given by

ee
]
® I‘O

=22 - 22 2, (4.4.2)

The more general secular equation is obtained by using (4.4.1) in the

secular equation (4.1.39), giving

3

2 2 2 2 2 2 2 2
BN - pc pAMF 3p hy —pe| o p Xy TN pC 3

Y Y Y

On squaring and rearranging this equation can be written as

2 2 4 2.2 4 6 .6 2.4
£3 = (3 N7 + 5 NEZ + (3A] + 10 A)NG + LIX,0E — Ay + A - 11 A7A,

- sah? oo, (4.4.4)
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In Fig. 4.3 we plot E/XzE c2/c§ as a function of A\, where pcg = 2
(recalling (4.1.22)). The wunderlying deformation 1is stable for
N> /17, , and we see that c rapidly approaches cg as )\ increases

from unity.

Turning next to the bounds on ¢,, given by (4.2.28) appropriately

specialized, we find
-Aa-=1-21-x2 <F, < x-1+2a1 422 (4.4.5)

where G, = 0,/n. The range of ¢, and N for which the underlying state
of deformation and stress is stable (and hence admits surface waves)

is shown in Fig. 4.4. In view of the factorization

2

2 + N - 1)()\3 + AT+ N+ 1)

x6 + x4 + 3)2 -1= (x3 + A

we see that the lower bound in (4.4.5) vanishes where N\ =/, , and

this is reflected in Figure 4.4 .

In Figures 4.5 — 4.7 we solve equation (4.4.3) to plot ¢ as a

function of A\, for a series of different values of A,
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Figure 4.4
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4.4.2 The Varga material

For the Varga material, the strain-energy function is given by
W=2p(N, + A, + N\; — 3), (4.4.6)

so that

WO = 2u(n + X1 - 2), (4.4.7)
When o0, = O the secular equation (4.3.9) reduces to
73+ 92 + (N2 +2 - \H)p-1-=0, (4.4.8)

which has a unique positive solution for % in the stable regime. From
(4.3.6) it follows that the latter is defined by A2 > 1/3, and ¢, is

bounded according to
-l - 32,02 + 1) <o, < 2L,
From the solution of (4.4.7) we get

2 2 -2.2
pct 2(N% -\ )
—_= T i , (4.4.9)
U N+ N

while the shear wave speed cg is given by

£, = - (4.4.10)

For the case of e = 0 (0, = y) we have

222
7, = (4.4.11)

x + 21

and from section 4.2.2(b) the secular equation yields

n=0 or 72 + y + 22(2 - A\2) = 0. (4.4.12)
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A non-zero positive solution of the latter equation exists if 22 > 2,

and, using (4.4.9) and (4.4.10), this can be shown to give

E/6s = 02 + 4 24 [ [1+ &202-2) ] - 13, (4.4.13)

Thus, when A2 > 2, two waves can propagate, with speeds given by
(4.4.10) and (4.4.13), provided the surface stress has the wvalue

(4.4.11) but only one of these is a surface wave.

Figure 4.8 shows the stable region in the (\,0,)-plane; it

includes a plot of ¥ = 4/p as a function of N\, and we note that this
lies entirely within the stable region. Figure 4.9 shows (g and { as

functions of N for the case o, = v.

Also, the more general secular equation is obtained by using

(4.4.6) in (4.1.39), giveing

ZpX% - pc2()\1 + \,) ZuX% - pcz()\1 + N,) + 4phon, + 4px§ - ZuX%
2
2yx% 2p\,

- pcz(x% + x%) + 2ux§ - 2ux§

ZuXE

On squaring and rearranging this becomes
O+ AES = 2000 + g, + D2 + a2 (an,+ 2, - 3Dt

SN2 g, - A2 = 0. (4.4.14)

In Figure 4.10 we solve equation (4.4.14) to plot £ as a function

of N\, for a series of different values of \,.
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Figure 4.8
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Figure 4.9
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The strain-energy functions considered in 4.4.1 and 4.4.2 above are
members of the class of functions which, for plane strain, are

defined by

- m -m

W) =2u(N + ) =2)/m. (4.4.15)
Next we consider one further member of this class.

4.4.3 The m = % strain—energy function

For m = 3 in (4.4.15) the results are similar to those for m =1
except that there is an upper bound to the set of A for which the

underlying deformation is stable. The stability inequality yields

- AN +3NT+2\" -2>0 (4.4.16)

and the bounds on 7, are

3 2

_4\"? > Leo /o i 7 3+ 3 ;1 P, .41
A+ 1 N+ N+ N HLD)(NT+H D)
while
Lyun—3 -4
Y= 3 5 d =a N .

A+ AN+ N+ 1

In Figure 4.11 we plot ¢ = pcz/y as a function of N\ for values of
N for which (4.4.16) holds, corresponding to free surface waves
(0, = 0). In Figure 4.12 are shown the bounds on 7,, given by
(4.4.17), as functions of N along with the corresponding plot of
¥ = vy/u from (4.4.18). We note that ¢, = v is possible in the stable

region for a wide range of values of \.
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In Figure 4.13 we illustrate the result for the case o, = 47,
noting that 7 = 0 (¥ = £4) is the unique solution of the secular
equation up to a critical value of A, after which the positive

solution of

2rg-s - anZ o+ =0

becomes effective. The latter solution corresponds to a value of &
which vanishes at a value of A between 3 and 4. This reflects the

fact that the stable region is bounded.
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Figure 4.13
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4.4 .4 A three—term strain—energy function

The final case of the special strain-energy functions we consider
corresponds to the model of rubber elasticity due to Ogden (1972). In
plane strain the strain—-energy function is a linear combination of
terms of the form (4.4.15) for different values of m. We write this
in the form

3

W) = 3 0%+ 9 - 2) /0, (4.4.19)
n=1

where

3
S pn o = 24. (4.4.20)

n=1

Specifically, the numerical values of the constants in (4.4.19) are

o, = 1.3, a, = 5.0, o, =-2.0
(4.4.21)
p, = 1.491p, p, = 0.003p, p, =-0.0237p.
For these values and for ¢, = O the wave speed is shown in Figure

4,14 in the form ¢ as a function of A. We note that the surface wave
speed is very close to the shear wave speed, which is also shown in
Figure 4.14, for the range of values of X\ between 1.9 and 3.4
approximately. The underlying plane strain is stable for )\ greater
than about 0.55. Bounds on ¢, similar to those for the neo-Hookean
strain energy are obtained for this strain-energy function, but they
grow more rapidly as N — « in this case.

When o, = 4 there is a range of values of \ for which d in
(4.2.20) is negative and so the trend of the departure of the surface
wave speed from the shear wave speed is similar to that shown in

Figure 4.14.
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Figure 4.14
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4.5 Hydrostatic stress boundary conditions

If the incremental dead-load traction boundary condition on
x, = 0, which leads to (4.1.9) is replaced by a corresponding
hydrostatic stress boundary condition then we have

Sg21 = 703 V3,1

on x, =0 (4.5.1)

Sg22 T 703 V3, 2,

Equations (4.1.15) are then replaced by

¥,22 = ¥,11 =0,

’ »

on x, =0 (4.5.2)
(28 + YWY 112 Y ¥, 222 ~ oV 2 =0,

and the secular equation (4.1.29) by

(28 + 2y - pc?) /o — pe? - //; (y - a + pc?), (4.5.3)

or, equivalently,
73+ 92 + (26 + 2y - )n/y =1 = 0. (4.5.4)

This is the same as (4.1.39) for o, = 0, but ¢, is not in general

zero here.

The stability regime is again determined by (4.2.15) and (4.2.16),
but no restriction is placed on the hydrostatic stress. When the
stress is purely hydrostatic equation (4.5.4) reduces to (4.2.7). The
surface wave speed is therefore given by pc2 = u(l - n%)

independently of the hydrostatic stress.
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4.6 Note on infinitesimal stability

In this section, it worth noting that, since u > 0, the
undeformed configuration 1is stable wunder arbitrary all-round

hydrostatic loading.

Under all-round dead load the infinitesimal stability condition

(or exculsion condition) is
tr { (4, L)L + p L2} > 0, (4.6.1)

for all L # 0 such that tr(L)=0; see, for example, Ogden(1984) for
detailed discussion. When specialized to two-dimensional incremental

deformations (4.6.1) becomes

2 2 2
(A01111 + A02222 - 2A01122 + zp) L‘I‘I + A01212 L2l + AO2121 L‘IZ
+ 2(Agyy,, = 05) Ly, Ly, > 0. (4.6.2)

In terms of the notation in (4.1.12) necessary and sufficient

conditions for (4.6.2) to hold are

28 + 2y - 20, > 0,
a >0, (4.6.3)

vy o> (y - 02)2'

On the other hand, if the loading is an all-round hydrostatic

stress ¢ then (4.6.1)is replaced by

tr{(4, L) + (¢ + p)L2} > 0 (4.6.4)

and (4.6.2) by

2
bp L2+ p(L,, + L)% 0. (4.6.5)
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Since y > 0 the undeformed configuration is stable for all
hydrostatic stress provided L,, + L,, # 0. The incremental mode of
deformation corresponding to L,, + L,, # O represents a shear in the

(1,2) principal plane.

4.7 Propagation in a general direction

In this section we shall obtain equations for Rayleigh surface
waves propagating in general direction in the (x,,%X;)-plane, in which

the direction of the propagation has the direction (cosf, sing).

For an incompressible material the incremental equations of

motion are given by

Apjilk Vk,jl — P,i = AV,

(4.7.1)
vi,i = 0.
Assume v and p are given by
v = !(Xz) e1(wt - kcoséfx, - ks1n6x3),
(4.7.2)
b = p(x,) ei(wt ~ kcosfx, - ksin&xa)’

that is the components of v are

i(wt - kcosfx, - ksinfx,)

vi = ¢i(x,) e » 1e {n,2,3}. (4.7.3)

From equation (4.7.1),, we have
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Apj111 Vi,31 * Agjalz V2,51 + Agjils Vs, j1 ~ P,q = AV,
Apj21l1 Vi,j1 * Agjalz V2,1 t Agjels Vs, jl ~ P,z = AV (4.7.4)
Apjslr Vi,j1 * Aojala V2,1 t Agjsls Vs, j1 ~ P, = 0V,

Also, from (4.7.1),, we get

-ikcosf ¥, (x,) + ¥,'(x,) - iksind ¥, (x,) = 0. (4.7.5)

By differentiating (4.7.2) and (4.7.3) and substituting in (4.7.4),

we obtain

v.'' — k2 sin2p A 4

k2 cos2¢ A v, + Aga121 ¥ 03131 "1

01111 1

- ikcosf (4,,,,, + A02112)¢2' - k2 cosf sing (Agi133 * Ag31130¥3

+ ik cosf ¥ = —pwz ¢1,

— ik cosb (4,,,,; + A02211)¢1' - k2 cosé Aji212 ¢2
- k2 sin20 Agy,,, ¥, + Agyp,, ¥,
- ik sinf (4,,,,, + A03223)¢3' + ¢ = —pw? ¢2", (4.7.6)
— k2 cosf siné (Agysaaq + A03311)¢1 - ik sinf (4;,5,, + A03322)¢2'
~ k2 cos?6 Ag1313 ¢3 + Agz323 ¢3" - k2 sin?g Ap3sas ¢3
+ ik sinf ¥ = —pw2 ¢3'
Suppose that
V- ey g R

(4.7.7)
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So, equations (4.7.5) and (4.7.6) becomes
is B = cosf A + sind C,
(pc2 + s2 Ajsiar — cos2g Asyii1 — sin26 Agsi31) A

+ is cos® (Ay,1,2 + Ago1712) B — cosé sind (A + A

01133 02112)C

+1i ¢/, cos6 D=0,

— s cost (Aj,,27 * Apz019) A (4.7.8)

+ (pc2 + s2 Agza22 — cosZp Aji212 — sin?g A03232) B

- s sinf (Ay,,35 + Agga23) C— i8¢/, D=0

— cosf sinf (A 53¢ * Ag3317) A+ s sind (4 + A

02332 03322) B

+ (pc2 + s2 A - cos2g A - sinZg A

02323 01313 03asas) ©
. ¢ . _
+1i¢/,sind D = 0.

On elimination of B, equations (4.7.8) become
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[Pcz + 52 Apzra1 + cos29 (Ag1122 * 402112 ~ Ag1111) ~ sinZo Agsiar A
+ [ cosb sind(Agyy22 + Agz112 — Agr13s ~ Ag3a1a) ] C
+1¢/,cos6 D=0,
[pc2 + s2(A02222 ~Agi221 ~ Ag2211) — cos?g Ao1212
- sin?0 Agga32] keosd A + [ pc? + 52 (Ag2222 = 4Ag1221 ~ Ao2211)

— cos2¢ Agr212 ~ sin2g Ajzz3,] k sindC - 1 €/, s2D = 0 (4.7.9)

sinéd coso(Aozaaz + Ags22 ~ Agrast — A03311) A

+ [902 + s2 Agz3zz ~ cosZg Agyars t sinzo(A02332+ Agz322 — Apasas) IC

+ i c/w sind D = 0.

For these equations (4.7.9) to have non-trivial solution for A, C

and D we must have



123

pc2 + 52 Agzr2q cosf sinf(Ag,,22 + Ao1133 i¢/, coséb
+ 00529(A01122 * Agaia - Agz113)
— A y — sing 4
01111 03131
[pc2 + 52(A02222 [pc2 + 52(A02222 -i¢/, s2
- Agy221 Ag2211) - Agy220 T Agyz11)
- cos20 Ag12q, - cos20 Agqiz12
— sin2¢ Aoazsz] kcosé - sin20 Agz232] ksing
sing cosf(Ao2332 pc2 + 52 Ay,.,0s ~ic¢/, sing
+ Agggzn ¥ Ag13g1 - cos2f Agi313
- Agazry) + sin26(Ag2332

+ Agyazz ~ A03333)
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[pc2 + s2 Agai21 ~ cosza(Ao1122 + Ajz112

[sz{pc2 + szAO2323 - cos2g Ajiges t sin20(A

—sin20{p02 + 52(A02222 ~ Agy221 ~ A02211)

— sind cosf (Agyq155 + Agy1133 — Ap3113)

+ s2(A02222 = Agia21 ~ Aga211) ~ cos2p A

- s2 sinf cosé (Agasaz * Ag3zz2 — 4

+ cosé [coso{pcz + sz(Aozzzz —Agqz2q — A

- sin2g Aoazsz}{Pcz + s24 - cos2g A

02323

+

A

- Ao1111)

03322

- c0520 A

01212
01331
02211)

01313

03322 ~ Ap3ass)) ~ sin0k{pc2 + 52(A02222 -

- sin29 A

03131]

- Aoaaaa)}

01212

- sin?g Ags232)]

[siné cosd {pc2

- A03311)

01221

- sin20 A

]

- c0520 A
+ gin2¢(A

- A

03232}

01212

02332

02211)

— cos2p Agi212 ~ sinZg Agg,52){sind cosb (Ag,55, + Agg32,

~ Ao1331 A03311)}] = 0.

This equation is a cubic equation for s

the three values of s with positive real part.

solution in the form

V. = A, b A, 3%z 4 Ag
-s ., kx -s,kx

Y, =B, e 7T +B,e 272+ B,
-s, kx -s ,kx

Yy, =C, e 771 +C, e 2724+ C,

e—51kX1 e-szkx2

2-

e—sakx3

Let s,, s

2

(4.7.10)

and s, be

3

Then we may write the

e—sakxa.

(4.7.11)
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To obtain the speed of surface wave propagation in any direction
for the general <case we must deduce that from (4.7.8) the
ratio Aj: By: Cy: Dj, i e {1,2,3} for A,: A,: A, to be non-zero
solution, the boundary conditions yield the secular equation. Because
of the cumbersome algebra involved we omit details of the general
case here, but concentrate on the application to the neo-Hookean

strain-energy function.

4.7.1 Propagation in general direction for a neo—Hookean material

For a neo-Hookean material the strain-energy function is given by

V=3 p002 #2242 -3y,

and hence, from (2.6.13), we obtain

Ag1111 = 401212 = 401313 T B A

Ajs222 = Aog2121 = Ao2323 = K Mg
(4.7.12)
Agszzs = Aosrar ~ Apgzza3z = K Mg,
Agi122 = 41221 = Agrssr = Ao2233 = Ag2332 T Agszzs T 0

Substituting (4.7.12) in (4.7.10) we obtain

(pc? + u k% s2 - U x% cos2¢ - u x% sinzﬂ)z(s2 - 1) =0. (4.7.13)

This equation is a cubic equation for s2, which yields two

s s . ‘s 2 2
distinct values of s with positive real part, s; and s, say, where



126

2 and s% = (u k%

We require

0 < pe2/p < A2 cos2g + A2 sin2g.

From (4.7.13),

so equations (4.7.11) become

we see that s, is repeated root,

cos2g + u x§ sinZ¢ —pc2)/u X%.

(4.7.14)

(4.7.15)

that is s,

[
0

v, = A, e_slkxz + (A, x, + A,) e—szkxz’

Vv, = B, e_s1kx2 + (B, x, + B)) e_szkxz,
(4.7.16)

y, = C, e—s1kx2 + (Cy x, + C) e—szkxz’

¢ =D, e_SIkXZ + (D, x, + D) e—szkxz.
Next, the incremental boundary conditions for propagation in any

direction are

on x, = 0.

On use of equations (4.1.4), (4.7.2) and (4.7.3) with the above
boundary conditions we get
ov ov
(A +p) T2 44 iz o,
02112 3%, 02121 oz,
ov ov ov .
Agrz11 5;: + (Ajj222 + P) 5;2 * Ao2233 5;: -p=0 onx, =0,

(4.7.17)

ov
—3% + (Agy33, + P)

2

02323

CAC
%

3
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. ow
Since, from (2.6.13), Ag,q,2 = 402121 ~ _; v Aga112 ¥ P = Aga121 ~ 0,
3
and similarly Ag,55, + P = Agz323 — 0,. Also for the case o, = 0
equations (4.7.17) reduce to
Q2+@1 =0
ox, ox,
ov ov ov .
A —1 + (A +p) —2+ A —3 - p =0, on x, =0
02211 ox, 02222 ox, 02233 ox, 2
(4.7.18)
&3 +@2=0
ox, ox,
For a neo-Hookean material these reduce to
&2.*.@1 =0’
ox, Ox,
20 32 a2 _ 5o g, on x, = 0 (6.7.19)
ox,
@3+&2=0,
ox, Ox 4
2

since o, = 0 implies p = p A,

From (4.7.2) and (4.7.3), the boundary conditions (4.7.19) can be

written as

¥,' - ik cosé v,

1
o

]
o

2u x% ¢2' - on x, =0 (4.7.20)

2

I
o

¢3' - ik siné v,

On use of equations (4.7.16) in (4.7.20), we obtain
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I
o

s,k A, -~ A, + s,k Ay + ik cosf B, + ik cosé B,

24 A2 s kB, - B, + 24 A2 s,k B, + D, + D, = O,on x, = 0 (4.7.21)

I
o

s,k C, - C, + s,k C, + ik siné B, + ik sinf B,

Now, we wish to determine the ratio Aj: Bj: Cj: Dj from (4.7.8).
For a neo-Hookean material the second and fourth equations of (4.7.8)

reduce to

(pc? + U x% s2 - U x? cos2f - U X% sin29) A + ic/w cosf D = 0,
(4.7.22)

(pc? + I k% s2 - U x? cos2f - U xg sin26) C + ic/w sind D = O.

For s = s (4.7.22) give

1

—(pc? + U k% s2 - u X? cos2p — u xg sin20)k

21 1
A, i cosé
b, _ ~(pc? + [ X% S% ~ i X% cos2f - U xg sinZ0)k
C, i sing
so that
E‘ = tanf.
A,

For s = s, we have to consider

-s.kx
Yy, = (A, x, + Aj)) e 272,

-s. kx
v, = (B, x, + Bj) e "2772,

¥y = (C, X, + Cy) e—szkxz’ (4.7.23)

~s._kx

A
I
~~
(w)

IN)
»
IN]
+
(w)
w
~
N
N
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Subsitution (4.7.23) into (4.7.6) shows that A, = B, = C, =D, = 0
and hence (4.7.22) applies with s = s,, giving

D, _ -(pc? + M xg s% - I X? cos2§ - M x§ sin20)k

A, i cosé

D, _ —(pc2 + pu xg s% - u x? cosZp - u x§ sin20)k

Ca i siné
and

93 = tand.

Ag
From (4.7.8),, also we have

i s, B, = cosf A, + sinf C, for s = s,

is, By =cosf A; + sinf C, for s = s,.
Thus, the boundary conditions (4.7.21) become

s, A, + s, A, + icosé B, + icosé B, = 0,

2 2
2p N, s,k B, +2pu N\, s, kB, +D, +D, =0, (4.7.24)
ik siné B, + ik sinf B, + s, C, + s, C;, = 0.

Substitution for B,, B,, C,, C,, D,, D, in terms of A, and A, gives

is, B, = —él , is, B, = —éi .

cosf cosé

Equation (4.7.24) can then be written as
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(s, + 1/s,) A, + (s, + 1/s,) A, =0,

(4.7.25)
2

(pc2 + p )\3 s2 - 2u 5 - )\? cos26 — p x§ sin2¢) A,

+ (pc2 +p X% s2

S = 2p x% - u xf cos2f - I x§ sin20) A, = 0.

For A, and A, in (4.7.25) to be non-trivial solution we must have

sz(s? + 1) sl(sg + 1)
p02 + p k% sg - 2u x% p02 + pu x% s% - 2p x% =0,
-1 x? cos2g - x? cos2p
-p X% sin2¢ -p X% sin2g

which gives
(s, - sz)[{pc2 - Bk, cos2p - ITED NN sinZ6 - 2p N} (sys, - 1)

- kXN, 5,8, — A, (s, + s, + s1sz)] = 0.

Assuming s, # s, , the above equation becomes

(pc2 - x? coslp - M x% sinZg - 2u )\%)(5132 -1) - p x% s, S,

~uN2(s2 + s2 + s.5,) = 0.(4.7.26)
This is the secular equation for the propagation of Rayleigh

waves in any direction for a neo-Hookean material. (As in the case of

propagation along a principal axis, s, = s, gives only the trivial

result A, = A, = 0 etc.)
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Next from (4.7.14), we have

s, =1, s, = {(p X% cos29 + p xg sinZf - pc2)/px%}%
so,
2 2 .
s2+s2=1+% Aycos26 + p x3251n29 - pc
wNS
Hence,

7 x? cos2f + u xf sin2p - n x% - pc2 =

p

M X% cos26 + 7] X% sin¢ - p02
2
IR

(pc? = p 2% cos20 - p A2 sin20 - 3p N2).  (4.7.27)

2 2
2 in2
On setting ¢ = pcz/u x% , N = p Ay cos?h + p h, sin?h

, the secular

2
RS
equation (4.7.27) is written as

(m-f(-1=@-Di¢-9-3),
On squaring this becomes

w3+ 5w +1lw-1=0, (4.7.28)

where w = n — §.

This secular equation gives only one positive, solution for w,

w, say, so

y(x% cos26 + x% sin6) - p02 =W, p x%.

Hence,



pe?

——

®

where

by Flavin (1963).

132

x% c0520 + x% sin20 - W, p k%,

Wy = 0.08738. This result is

Equation (4.7.27), for 6 = 0, becomes

2 2 X2 - pc
(AT =AY = pe?) = |BS R
P

equivalent to an equation

) 3
2 2
] (pe? — p AT - 3p 1)),

given

This is the secular equation for Rayleigh surface waves for a

neo-Hookean material propagating along a principal axis which is

given by (4.4.3).

4.8 Analysis for a compressible materials

For compressibl

e

material

the

components

of §  are

0

(2.6.8) In general the components of §, are

011

5033

012

=
022

Sp21 T

013

031

S023

Sg3z2 <

= A

01111

02211

03311

01212

02121

01313

03131

02323

03232

Aon1221

01122

02222

03322

02112

01331

03113

02332

03223

Va,2 ¥ Ac1133 V3,3

(4

given by

.8.1)
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4.8.1 Plane incremental motion

We take v, = 0 and assume that v, and v, are independent of x,.

Equations (4.8.1) become

So11 = Ag1111 Vi, Y Agii22 Va0
So22 = Ag2211 Va,1 Y 492222 V3, 2
So033 =~ Agzz1r Vi,1 t Agszz2 Vi, 20 (4.8.2)
So12 = Ao1212 Va1 Y 4220 Ve, 20
So21 = Agr1212 Va,2 Y Agai12 Vo,

By using the incremental equation of motion for compressible material

(2.6.19) with equation (4.1.8) we get

$0ji,j = Aojilk Vk,1j = PVi-
From this equation, we obtain

011,1 021,2 = PVqs

So012,1 S022,2 = PV,

From (4.8.2), we get

011,1 Agy111 Vi, Y A2,

s = + A

Agr212 V2,11

012,1 01221
So21,2 = Agz121 Vi,22 ¥ 4o2112
Sg22,2 T Agz211 Vi,12 Y 42222

(4.8.3)
(4.8.4)
V2,21
Virze
4.8.5)
V2,120 (
v

2,22
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Substituting (4.8.5) into (4.8.4), we have the required equations of

plane incremental motion, namely

PV = Agiga Vit Ag1022V 2,20 Y Apaqag Vi,22 ¥ 402112 V5,12
(4.8.6)
+
PV =Ag1212 V2,11  Agi221 Ve, 21 +A02211V1,12+Aozzzzvz,zz'
4.8.2 Propagation along a principal axis
We now assume that v, and v, are given by
skx, + ikx. - it
'V1 = A.‘e 2 ik 1 @ ’
(4.8.7)
skx., + ik - iwt
v, = A oSkx, + ikx, lat

2

Equations (4.8.6) yield

- PCZ Ay = (445424 s2 - Agia11) Ay +1s (45,,,, + Aga112) Ay,
(4.8.8)
- PC2 Az = is (Ao1221 + A02211) A, + (Auzzzz s2 - Ao1212) Az.

For these equations to have non-trivial solution for A, and A, we

must have

02121 s - Agyiar + PC2 is(A + A

01122 02112)

is(Ag1221 + Aggaqq) Ajg2222 s - Agizig + PCZ

which gives
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4 _
A02222 A02121 s [A[]11'I‘l A02222 + A0212‘l A01212

2
- (A01122 + A02112) - P‘::2 (A02121 + Aozzzz)] s2

+ A01111 Agr1212 ~ pc2 (Ao1111 + Ajio12 T Pcz) = 0,

which is a quadratic equation for s2. Suppose it has roots s? and s%.
Then
s2 + s2 =
A A A 2 ?
Api111 An2222% An2121 Api2127(Bpa00% Agpiil)” - (Ap2121% Agpp,3)PC
Ag2222 Ao2121
(4.8.10)
2
s2s2 = Agyy91 Agyzyo —Pef(Ag 00y + Agig0p — pc?)
1°2
Agz222 Ap2121

Now suppose that the underlying state of deformation corresponds to a
pure homogeneous strain of a half-space which, in the deformed
configuration, occupies the region x, < 0 with the boundary x, = 0.
We take the incremental surface traction to vanish on the boundary,

so that

From (4.8.2), we get

Ap121 Yy, + A v

I
o

02112 V2,1

on x, =0 (4.8.11)

2

Agrz11 Vi1 ¥ Agaap2 YV, , = 0.
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For Rayleigh surface waves we seek a solution for v, and v, in
equation (4.8.7) which wvanishes when x, — - and which also

satisfies the above boundary conditions.
The general solutions for v, and v, are given by

v. = (Ales,kxz + Bleszkx2 )elkx1 - iwt
(4.8.12)
v, = (Azes]kxz + B2eszkx2 )eikxl - 1wt’

where s, and s, should have positive real part.

Next, substitute equations (4.8.12) into the boundary conditions

(4.8.11) to give

Agar21 S By + 145504, Ay + Ay, 5, s, By +14,,,,, B, =0,
(4.8.13)
10211 Ay + Aggz22 Sq A, +144,,,, By + 4y,,,, s, B, =0.
From (4.8.8), we have
A, _Api111 = Apaias 5% ~ pc?
A, sy (Agyy22 + 492112)
and similarly (4.8.14)
iB, _Api111 ~— 4p2101 S% - pc?
B, s, (Agri22 + Ag2112)

Next, on use of (4.8.14) in (4.8.13) we obtain
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2 _ 2
A Apz112(A01010 = Agzaz1 ST~ PCOy p
{Ao2121 54 + 4 1A
s; (Agy122 * Ap2112)
A (A - $2 - pc?)
+ {Aggyq91S, + 02112 01111 A02121 22 } B,= 0,

S, (Agrr22 + Agaq12)

(4.8.15)
{iAg,54, + Apa222 (An1111 ~ Apai21 §§,‘ Pcz)} A,
1 (Agy122 ¥ 452112)
+ {iA + A02222 (Aoiiay — Angias S% ~ pcz)} B, =0
02211 - 1 .
1 (Agy122 + Ag2112)

This can be written as

sz{A02121<Ao1122 + A02112)s% +t Ajga12(8g,000 — A02I2IS% - 902)} A,

2
+ 5,{A02121 (Ag1122 + Ag2112) S5

+ Agoi12 (Agyyy — Ag2i S% - Pcz)} B, =0,
(4.8.16)

_ 2
{a02211 (Agr122 ¥ Bg2112) ~ Agazaa (Agi100 ~ Aoz121 S% pc)} A,

+ {A02211 (A01122 + A02l12)

= Agzz22 Agii11 ~ Apar2a S% - pc2)} B, = 0.

For these to have a non-trivial solution for A, and B,, we must have
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2
S7S2 Agzi21 (Agiq0, + Apg2145) 5%51 Apa121 (Agyi22 * 4g2112)
+ 8, Aggr1z (Agiqaq + 8, Ajgarqz (Agyaay
— Aoy, S% - pc?) = Agaiay S% - pc?)
-0
Agya11(Agyq22 + A02142) Aga211(Agr122 ¥ Agaraa)
- Aozzzz (A01111 - A02222 (Ao1111
- A02121 S% - Pcz) = Agyy24 S% - pc2)
and hence
2

2 (a
+
s,[s% (4112, 4021120 Aga121 42214

M (A01122 + A021,2)(A + A sg - pc2) A A

o1111 02211 02112

02121

_ <2
sT (Ao1122 + Agypqy) (Ag1111 — Ag2121 S% - pc?) Agz222 402121

- (A 2)

01111 ~ Agoq21 S% - Pcz)(Ao1111 ~ Agaqa2q s% - pc

Agaz22 A02121)]

2 2
- s,[s5 (45,45, + Ago112) Agai21 Ap2211

+ (Agqq,, + Agr112) (Agi991 — Boz12n S% - 962) A A

02211 02112

_ g2 2 2
53 (Ao1122 + A02112) (A01111 + Agyy21 ST - pc ) Ag2222 Ap2121

= (Agi111 = 4g54 0, s% - Pcz) (Agr111 + 4g2124 s% - pc2)

Aoz2222 Ap2121)] = 0.
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Gathering together like terms, we obtain

2
(Agr122 ¥ Ap2112) Agarzy Ag2211 518, (5, — 83)

(A01122 + A02112) Ag2211 Ao2112 [ $,(Ap1111 ~ A02121S% - Pcz)

= 8, (Ag1111 T Apa1 2 S% - Pcz)]

+ (Agyy22 ¥ Agrr12) Agz222 Agz121 [515% (Ag1111 — Agz124 S% - Pcz)

— <2 _
s78, (Agq411 Agoiag s% - Pcz)]

+ (Agqgq00 ¥ Ap2124 S% - pcz)(A01111 + Agzy21 s% - pc2)

Agaiv2 Agaa22 (sy, — s,) = 0.

2
(s, = s,)[(Bg1122 * A03112) Agz121 402211 15,

- (A + A -
(Ap1122 02112) 49214, Agaz11 (Agii11 * Agaq2q Sy, pc2)

+ Ap2222 40212, (Ag1122 + Agarq2)

2
(pec S1S, — A02121 S%S% - Ag1111 5483)

+ (Agy191 — 445, s% - pc2) (Agy111 = Agarar s% _ pc2)
Agg112 Aga222] = 0. (4.8.17)
As for an incompressible material the case s, = s, does not lead

to the existence of Rayleigh waves. We therefore assume s, # s and

2?

hence
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2

S

02121 02211 (AO'I'IZZ +A02112) 132

2y

02112 02211 (A01122 + A02112) (A0111'l - pc

02121 Ap2112 Ao2211 (Agq122 + Apz142) S48,

2 _
02222 Ao2121 (Agr122 + Ag2q42) (pC Agy1111) 5152

2 2
02222 A02121 (Ag1122 + 402112) S%S%

2
02112 402222 Bpr114q — Pcz)

02121 402222 02112 (BAgir1y — pc?) (S% + S% )

+ Aga121 Ap2222 402112 S%S% = 0. (4.8.18)

2

z AG5121{402222 A02112 ~ Ao2222 (Agi1a2 + A02112)}

172

- (s? + s%) Agz121 Ao2222 Agzriz (Borqar — Pcz)
+ 898, Aggiar (Agiizz + 4g2102) {Aori22 40220,
* Agy22 (PCZ - A01111)}
+ Agrriz (Bgiqqq — PCZ) {40222 (Ag1114 - pcz)

~Agza11 (Agyigz + Agaiq2)}3 = 0. (4.8.19)

This equation can be written as
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sgs2 A2

2 02121 A02222 A

01122

+ (5% + s%) Agz121 Ao2222 Bo2112 (Bgyqqq — Pcz)

- A (A - pc2){a (A - pc?)
02112 01111 02222 01111 p

—Agazir (Bgyqg0 * A02112)} =

s.s, A

152 Ag2121 (Ao1122 1 A02112){A01122 Agz211

+ Ajr229 (PC2 - Ao1111)}'

(4.8.20)
From (4.8.10), we have

AD1111A02211+ A0212_LA0_L21J— (Aﬁ\122+ AJ]J112)2 - pcz(A02121+ A02_222)

A02121 AU2222

(4.8.21)

262 = {49109 pc?) (Ag12,, = pc?)
152

A02121 A02222

From (2.7.18), for the classical 1linear theory, we have

= Agy222 = N+ 2p, Ay, = Ay,,5, = and we get that

(262 o O+ 2p ~ pe?) (p - pe?)
172

b

(N + 2p)

since s%s% > 0, we obtain

pc2 <, p02 < N+ 2p.

We also require for the non-linear theory that s2s2 > 0,

785 as in

incompressible theory in Section 4.2.1, so

p02 S Agiz12: pc? < Agyqiar-
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pcZ < min {Ag,2120 Ag1111) (4.8.22)

The alternative to (4.8.22), that pc2 > max (Ag 1715 Ag1212) is ruled

out for reasons that will become apparent in the next section.

First of all, to simplify the notation we set

oy = JA5 0,0 Q,, = JAg;522,
@y, = Jhg,4,2, Y1 = JAg 5120
(4.8.23)
Y2 = J452124> 6 = JAg1122 Y JAG5012s
and
2B = o0yy Q5 + ¥y Y2 - 62°
Recall from (2.6.6) that
Oy = Vs = o (4.8.24)

where

7, = J0o,.

Equations (4.8.20) and (4.8.21) now can be written as

7% Oy, Oy, F (Sg + 5%) (y, = 75) (ay, - pC2)72 PP

= (y2 = 72) (@ = ped) {ay; (ay,= pe?) — @y, 8 )

=5, 5, v, & { a%z T Oy, (pc? - o0}, (4.8.25)
and
s2 + s2 = 28~ (rp * 0pp) pc2’
Y2 Q22
(4.8.26)
s2s% = GG pc2)’
Y2 %22

respectively
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Also, the necessary and sufficient conditions (2.8.12) become

o, >0, a,, >0, v, >0, v, >0 (4.8.27)

and
B+ (o, 0z 7, ¥2)% > 0. (4.8.28)
We note that in (2.8.12) we assumed 7y, = vy,, but in general we note

from (2.6.6) that

2
Y1 N2 T Y2 M (4.8.29)

On use of the notations (4.8.23) it is easy to see that (4.8.28) can

be written as

{//01‘ Y22 +//7‘ Y2 * 6}{/ oy Q5 + /Y1 Y2 5} >0, (4.8.30)

In the linear theory it follows from (2.7.18) and (4.8.23) that

Qyq = @y = N+ 24, Oy = A, Y T Y2 T K
(4.8.31)

6 =N+ p, B=pn (N+ 2p).

Then, the two factors on the left-hand side of (4.8.30) are 2(\ + 2p)
and 2pu respectively, both of which are taken to be positive. Hence,
by continuity, each factor must remain positive on a path of
deformation from the natural configuration (where A\ = 1 and o5 = 0
for i e {1,2,3} ) if (4.8.30) is to be maintained. Thus (4.8.28) can

be replaced by

//;;1 oy, +//,Y1 Y, t 5 >0. (4.8.32)
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In terms of the strain-energy function W, the necessary and

sufficient condtions (4.8.27) and (4.8.32) can be written as

Ay wl -\ W,

> 0, (4.8.33)

11 22
AT - S
and
W, +
W, W, - W 1 2 50,
11 22 ‘|2+)\1+)\2
(4.8.34)
Wiy Wap + W, _ T~ Wa s,
N, — A,

respectively, where Wy = oW / O\y, Wij = oy / O\g BXj, we note here

(4.8.33) are given in (2.8.11)1-3.

For the special case in which N\, = \,, the inequalities (4.8.33) and

(4.8.34) reduce to the pair of inequalities

W,, >0, W,, - W,, + 71w, >0, (4.8.35)
or, equivalently,
a >0, vy >0, (4.8.36)
where
a =0, = a,,, Y =% = Y2 (4.8.37)

On substituting (4.8.26) in (4.8.25), we have
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(o, - pc2)(71 - pcz) O3 Y2

<+

{28 - (y, + azz)pcz} (v2 = 7)(ey, - pc?)

- {o,,(ay, - pc2) - o, 0} (y, — 7)(y, = pc2)

:
2 - pc2
{(a11 = pe)(y, - pe )} {agz + @y, (pe? - a11)} Y2 8.

Y2 @22

The above equation, after substituting the expression for 28, can be

written as
(o, - Pcz)(71 - PCZ) Q5 72
+ {a, 0y, ¥y Y, — 52 - (y, + azz)pcz}(72 - 7,) (o, - PCZ)

- oy, (e, - pc2) -y, 8} (v, — 1 )(ey, - Pcz)

:
2 — 02
_ [(011 - pc9) (v, pc )} {agz + o, (PC2 = 011)} Y2 9,

Y2 %3z
i.e.
(oty, — pcz)[(71 - pc?) Y2 @y, + (¥, — 72){72 (v, - pc?)
+ 5 (o, - a)}]
(o pc2) (y, - pc?) t 2 2
= {—1 = 1 af, + a,, (pc® = a, )¢ v, 8,
Y2 %3
i.e.

(oty, = Pcz)[Yz (v, - pc?) - (v, = 72)2]

Y2 %3,

3
2 _ 2
_ [(0111 — pc?)(y, - pc )] [agz +a,, (pc2 - a11)} Yas
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a,, (a,, - 902)[72 (y, - Pcz) - (y; - 72)2]

= [agz + Q,, (P°2 - 0‘11)][‘3’22 Y2 (o, - Pc2)(71 - pc2)]5,
(4.8.38)

this secular eqution will be investigated in the next section.

Hence, either

6 =0, (4.8.39)
or

2

pc2 = a (4.8.40)

or

{o,; (e, - Pcz)}% {v2: (vq - P°2) - (v, - 72)2}

- [y, (11 - 0D} + (a,,(a,, - pc?) - o2,} =0, (4.8.41)

On squaring and rearranging (4.8.41)

3
Y2 0yy (00, - 72)(902)

Rl O azz[(a1172 =0y Y F 2{yyy, + (v, 7)) )}

2
+ 2(&%2 - a11a22)](pc2)

+ [v, azz(a%1 Gy ~ 7% Y2) * 2y, v, ay(ey, ayy -y, ®33)

2 2
+ 2y, 0y {vy (v —7)7 - 44 01%} =2y, 0y, o, {(yy; - 7y)

4
+ oy va) * (yy, 7o) (e, s 72)]pc2

2
oy, valay ayy viY2 — a?z) + 2 oy, 0y, vy Y2 {a?z -y, — 7107}

4
-0y, oy, {(y, - 7)) +af, a3} = 0.

(4.8.42)
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By dividing this equation by (pc2)3, we have

[ vy v2Qeyy gy vy, - a?z) + 20, 0, 7,7, {a%2 - (v, - 02)2}

- oy, o, {(y, - 0’2)4 + a%1 a%z}] ¢3

+ [y, azz(a%1 Gap = 7% Y2) * 2 91 v, ay(0y, @y, — oy, ®32)
+ 2 o, {v, (vy ~ 06,02 - a,, o? } -2 oy, o, {(y, - 0,)2
Y2 %22 0 Y2 2 11 87, Vi Q22 Oy, 2

+ YY) + (y, - 0,) (o, 4 v2) ] $2

oy, 0y, [(ogy 72 = @pp ¥,) + 2{y,v, + (v, —0) }

+ 2(&%2 - a,0,,)] 8
+y, 0y, (0, —7,) =0, (4.8.43)

where § = 1/pc2.

Equation (4.8.43) is the secular equation for Rayleigh surface
waves propagating along a principal axis in a pre-stressed
compressible elastic medium. An equivalent result, but in terms of
the strain-energy function W and the invariants Ii i€ {1,2,3},
was given by Hayes and Rivlin (1961b). Note, however, that the
squaring process can introduce spurious solutions, as in the

incompressible case and we do not therefore use (4.8.43).
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4.9 Analysis of the secular equation

In this section we shall concentrate on the secular equation of

the form (4.8.38)

4.9.]1 The general case

Here, we shall study the general case of the secular equation

(4.8.38) for the cases § # 0 and § = O separately.

First of all we assume that § # 0, and the secular equation (4.8.38)

can be written as

2
v, (@, = pe2)(y, = pc2) = (a,, - pc2)(y, - 7,)

3 3 3
+ [&%f] [ &y - Pcz] [71 - pcz] {022 (a;; = pc?) - a%z] = 0.

(4.9.1)
Now, for the above secular equation we shall consider the following

special cases

a)0<PC2<71<a11’ b)0<pc2<0111=‘)’1,

c) 0 < pc2 &y < Y1
for both cases when 4, # 7, and y, = 7, separately.

a) The case 0 < pc2 Cv,<a,,

For this case and y, # 7,, the secular equation (4.9.1) becomes

) T
Y2y ~ pe2) = (y, — 1)+ [—12] [ZL__JLTJ
032) &4~ PC

[an oy, - pe2) - a?z] = 0. (4.9.2)
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We set
- 2 :
n = {7] Pcz}’ 4.9.3)
04~ pC
so that
0< < e d (4.9.4)

ay,

the left-hand limit in the above corresponds to pc? = v, and the

righ-hand limit to ¢ = 0.
We also have

pc? = ol R L I £ (4.9.5)
72 - 1

Equation (4.9.2) now can be rearranged as

3
f(y)= [a%?jl agz ’73 + {[‘Yz - 72]2 + v, [an - 71]} 772

+
—
R
F
—_—
Np=
——
R
n
~N
—
R
|
=
—
!
_‘Q
N
—_—
=3
|
~
<
N
|
~
N
-
N
I
o

We seek solutions of (4.9.6) subject to (4.9.4). We have

£(0) = - (y, - 12)2 <0, (4.9.7)

and

3
2
f( _‘YL)E (a-” - 'Y]) o V2 Oy Gy — a%z] + ¥ (72 - 12) .
oy, &y Q32

(4.9.8)

Since, o,, - v, > 0, we deduce that f£f(7) = 0 has a solution in the

interval (4.9.4) if f(/:ll) >0, i.e. if
11
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3
1 Y2 2
T Oy, Oz ~ a%z + ¥,Y, - (v, —7,) > 0. (4.9.9)
O Qg

If equality (4.9.9) holds then this corresponds to zero wave speed (c

= 0).

The following argument shows that the solution guaranteed by

(4.9.9) is unique. First we note that
£ =3 Jog, aj; 1%+ y,(e, —v) + (v, —7)% 7

+ /X2 { (0, = 7,) - a,%}, (4.9.10)

£(0) = /6?2 [ ay,(ey, —v,) - a%z]’ (4.9.11)
22

If £'(0) > 0 then £'(y) > 0 for y > 0, if £'(0) < O then minimum of

and

f(n) occurs for n < 0 (and the maximum for 7 < 0). In either cases

the solution is unique.

Thus, the secular equation (4.9.6) has a unique solution in the

interval (4.9.4) if and only if (4.9.9) holds.

In the natural configuration the left-hand limit of (4.9.9) is
4u2 (N + p)/(N + 2u). This is positive if the shear modulus p and
bulk modulus \ + (2/3)u are positive, which we assume to be the case.

By continuity, the strict inequality

v, Y (0, Oy — 02,) + v, v, = (y, - 702 >0, (4.9.12)
1y (2
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therefore holds on a path of quasi-static deformation from the
natural configuration. The connected region, which includes the
natural configuration, in (X\,, X,, X ;)-space defined by this

inequality is bounded by the surface defined by

2
all_zL (a11 a,, — a%z) + Y, Y2 — (72 — 1'2) = 0. (4.9.13)
11 22

When equation (4.9.13) holds the unique solution of f(y) = 0 is

n = a%f, which corresponds to ¢ = 0. The solution (4.9.12), with

w = 0, is then interpreted as a quasi-static surface deformation. The
inequality (4.9.12) is an exlusion condition, which excludes the
existence of non-trivial quasi-static surface deformations of the
considered type. In the other words, bifurcation from the underlying
homogeneous deformation into a mode of deformation of the form
(4.8.7), with w = 0, is prevented by the inequality (4.9.12), but
becomes possible when (4.9.13) is met. In a limited sense (4.9.12)
also guarantees infinitesimal stability of the underlying

configuration, with (4.9.13) corresponding to configurations

exhibiting neutral stability.

In terms of the strain-energy function W, (4.9.9) can be written as

We - w2
- LA . S
Wy, Wy — W2, + / W, W, [M‘«h — xzwz} > 0. (4.9.14)

It is interesting to note that, given the inequalities (4.8.27), the
inequality (4.8.28) is a consequence of (4.9.12) as we shall sece
shortly. This echoes a results in the incompressible theory as given

in Section 4.4, but is less immediate in the incompressible case.
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Here, we shall prove that (4.9.12) implies (4.8.28).

We set
W, + W W, - W
a=Wyy, e=Wyy,  b=W,, d=gost e =55

the inequality (4.9.12) can written

de

— K2 _
ac b 2acd+e

> 0,

where, from (4.8.27) a > 0, ¢ > 0 and d + e > 0. This can be

rearranged as

/ de 2 2 dze2 2
ac-fd+e > b4 + ——— _ 5 b4,

(a + e)2

and hence

de de
[/ac+b+d+e}[/ac—b+m]>0.

since each factor is positive in the natural configrution we deduce

that
/ac + b + de >0
d + e
hence
el
/ac + b + e > >0,
d e
and

i.e. the inequalities (4.8.34) hold, and these are equivalent to

(4.8.28).
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b) The case 0 < pc2 S Q7= 79,

For the case

0<pc2 <ay, =7, (4.9.15)

the secular equation (4.9.1) reduces to

H
Yo (v, - pc2) = (y, - 7,02 + {all} [an (v, - pc?) - a?z =0,
22

which yields either

pcZ =y, (4.9.16)
or
2
(v, = 02 (v, + foy, 1) = (v, - 1) + 12 o, (4.9.17)
22
If (4.9.16) holds then, by (4.8.26), we may take s, = 0 and
S, = — 52 / ¢,, ¥, < 0, which does not give a surface wave. The

limiting speed ¢ = ¢y satisfying (4.9.16) is associated with a plane

body wave.

Hence, when «,, = v,, pc2 is given uniquely by (4.9.17). When c = O,

(4.9.17) yields

2 ./ 2
Yy, v fay, y) = (y, — 1) a’l—’i oS, (4.9.18)

which is also given by (4.9.13) in this case.
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c) The case 0 < pc2 a,,<7v,

Finally in this section we consider the inequalities

0<pe2 <oy, <9, (4.9.19)

the secular equation (4.9.1) may written as

e P1C R Pcz)% (v, - pc2) = (oyy - Pcz)% (v, - 72)2

+ [z : ¥, = pc? % &y, (e, = pc2) - of,} = 0.
&2

2

Since o, , < v,, the above secular equation may written as

_ oe2l? o

Y2 (v - pc?) FELL‘—jEé} - (y; - 72)% FﬁJ———BS—]

Yi T pC Y: — pc2

X2 : 2 2
* [azz] {“zz (otyy = pe?) - af,} = 0. (4.9.20)
Here, we set
- 2
n= {gll———B%—], (4.9.21)
Y1~ pPC

so that

[0 4
0<n</ —;l , (4.9.22)
1

the left-hand limit in the above corresponds to pc2 - a,, and the

right-hand limit to ¢ = 0, also we have

_ 2
pc2 =% ~ ¥y N (4.9.23)
1-19

so, equation (4.9.20) can be written as

3
h(n) = Gy, = 77 13 + [affl {o2z (ry = @) + a2,y 72
p
t{ys (o mog) = (rp - 10 ) m - [22)7 62, 0. (4.9.24)

o33
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Hence,

h(0) = - a_'YL o?,,
22

2
(v, = ayy) [ /‘%?l {71 Yo - (v —73) ]

and

h(¢/-&11)
Y

Since we have ¥, - o,, > 0, we obtain that h(y) = 0 has a solution in

the interval (4.9.22) if h(/_:;‘u) >0, i.e. If
1

/ 2
—gfl [71 Y, — (Y = 73) ] + a%f [a11 &y a%2] > 0. (4.9.25)

If pc2 # o,, then (4.9.25) shows that (4.9.9) is again necessary and
sufficient for the existence of a unique surface wave. Under the
inequalities (4.8.27) no non-trivial surface waves with pc2 = o,, is

possible.

4.9.2 The case y, =171,

When vy, = 7, and 0 < pc2 < v, < a,, holds, the secular equation

(4.9.6) can be written as

f(n) =7 g(n) =0, (4.9.26)

where

2
212
g(ﬂ)=[aj1] aZ, 7% + Y2l = v4) n + [a?,] [a22(311 — Y1) - a%z} = 0.

(4.9.27)
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If g(0) = £'(0) > 0 then g'(0) > 0 for 5 > 0 so that g(y) = 0 has no

solution for % in the interval (4.9.4). Thus, if

0y, (g = vy) - a%z >0, (4.9.28)

then 7 = 0 is the only solution of (4.9.27). When (4.9.28) holds we

- — o2
may therefore take s, = 0 and s% - %2z (&) = yy) =y > 0, and the
Yz Q22

wave speed is given by pc2 = v,. However, application of the boundary

ei(wt -k x;)

conditions shows that v, =0 and v, = B » which describes

1

a plane shear waves, not a surface wave.

Next, we note that

(/1) = %1 =% /72 _ 2
gj/é:: oy, o,y 0y, Oy ay, * Qry 0oy Yy Y2 .(4.9.29)

Since g(7) is increasing for n > 0 we deduce that g(0) > O implies

that g s/é;;) > 0. Thus, necessary and sufficient conditions for
11

g(n) = 0 to have a unique solution for 7 in the interval (4.9.4) are

oy, = yy) - a%z < 0, (4.9.30)

Oy Oyp ~ a%z +J/a11 ®yy Y1 Ya > 0. (4.9.31)

jointly. The solution corresponding to n = O is then excluded. This

result corresponds to results given for incompressible materials.

If oy, = v, the solution pcz = v, of (4.8.38) does not correspond
to a surface wave, as in Section 4.9.1; the surface wave speed is

then given uniquely by (4.9.17) with v, _ 7,.
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If 0 < pc2 < o,, <y, then pc2 = @,, is a solution of (4.8.38) with

- - a2
s, = 0 and s% - X2 Q) X2, However, as for the case
Y2 Q32
discussed in the paragraph following (4.9.28), application of the

boundary conditions demonstrates that the resulting wave is not a

surface wave, it corresponds to a plane 1longitudinal wave with

ei(wt - kx12

v, = A, v, = 0. A unique surface wave with pc? < o,

exists if and only if the exclusion condition

o, 0,, - 02, +/;11 %2 71 7. ” O (4.9.32)

holds. Quasi-static surface deformations become possible when
(4.9.32) first fails on a path of deformation from the mnatural

configuration, i.e. when

oy, 0y, — a2, +/0111 %y 71 72 > O (4.9.33)

4.9.3 The case § = 0

In the above discussion we considered é§ # 0. In this section we
shall consider the special case in which 6 = 0, so equations (4.8.6)

reduce to

PV = Q3 Vi vy, Vv

1,220
(4.9.34)
PV = %Y1V, %+ ay, Va, 11
and on use of (4.8.7), we get
pc? = &1 T Y, s2, pc2 = Y1 T Qi s2, (4.9.35)
equation (4.9.35),, for s = s, gives
2 Q - pc2
s = 211 , (4.9.36)
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equation (4.9.35),, for s = s,, gives

_ 2
s2 =1 ” P (4.9.37)
as,

Equations (4.8.14) can be written, on use of the notations (4.8.23)

as

isés A, = (0y, — 7, s% - pc2)A1,

(4.9.38)
isd B, = (a4 -7, S% - pcz)B"
so, equations (4.8.12) are replaced by
v, = A, es1kx2 - ikx, - wt),
(4.9.39)
v, - A, eszkx2 - i(kx, - wt).

On use of the notations (4.8.23), the boundary conditions (4.8.11)

become

Y2 Vi,2 ¥ (¥2 = 72) vy, =0,
on x, =0 (4.9.40)
a,, Vv

1,0 ¥ 0 Vy 5, = 0.

Substituting (4.9.39) in (4.9.40), we have

I
o

Yo S, Ay + 1 (y,; - 7y)A,
(4.9.41)

io,, A +o,, s, A,=0.

For these equations to have non-trivial solutions for A,, A, we must

have
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Y2 S i (72 - 72)
= 0’
ia, Oy, S,
which gives
Ya Cpp 89S, oy ,(y, —7,) =0, (4.9.42)

On use of (4.9.36) and (4.9.37) in (4.9.42), the secular equation

becomes

{72 a,, (o, - Pcz) (v, - PCZ)}% +oo,,(y, —7,) =0, (4.9.43)

since we consider § = 0, we then have
Y2 = T2 5 7 Q2 (4.9.44)

equation (4.9.43) becomes

{v, @, (a,, - pc2) (v, - pcz)}i - a%z = 0. (4.9.45)

This equation is the secular equation for compressible Rayleigh

surface waves for the special case § = 0.

Next, equation (4.8.41), for & = 0, becomes
CIPRC pcz)}% {v, (vq - pc?) - a%z }

- {72 (v, - pcz)}% {ay (e, — pc2) - a%z} = 0. (4.9.46)



160

{oz, 2y, - pc?) (y, - PCZ)}% [{a;; (o, - Pcz)}% + {v, (y, - PCZ)}]

- oF, [{ee (@ = 2D} + (v, Gy - peD}H] = 0,

from this equation we can deduce equation (4.9.45).

Equation (4.9.42) embraces the situations in which s, =0,
a,, =y, — 7, = 0, A, = 0 (corresponding to a plane longitudinal
wave) and s, = 0, a,, =9, — 7, =0, A, = 0 (corresponding to a plane

shear wave).

0 exists in configurations for which

A solution with c

2
//a11 Oz Y1 Y2 (yz - 7,0 = 0. (4.9.47)

while the exclusion condition takes the form

2
//a11 Oy2 Y1 Y2 (y; —7,) > 0. (4.9.48)

Rearrangement of the (4.9.45) yields the unique solution

2 o? :
pct =% fa, + v, — (g —yy) + 4 —12— , (4.9.49)
Qyq Q33

satisfying (4.8.22)
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4.10 Results for some special deformations

Here we shall summarize the results for some special

deformations, for which the secular equation simplifies.

4.10.1 Equibiaxial deformation

We now specialize the underlying deformation so that A\, = X\,, and

introduce the notation

a = a]] = azz; 7 ='Y1 = ‘72, T = J01 = J(Tz. (4.10.1)

Then from (2.6.6) and (4.8.23), we obtain

o, =oa -2y +r, b =oa -7, B = oy, (4.10.2)

and equation (4.8.9) becomes

ay s4 - {20y - pc2(y + @)} s2 + ay - pc2(a+y - pc2) = 0.

(4.10.3)
which gives
2 2
s2 =1 - £, s2 =1 - &, (4.10.4)
v a
For 4 # 7 and o # v the inequality (4.9.12) yields
2y @7 o, o< ogy. (4.10.5)

a + 7y

For o = v (and hence § = 0), and y # 7, the secular equation (4.8.38)

reduces to

(@ - ped)[ale - pc?) = (a - %] -0, (4.10.6)
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720 = 7)
o

so that either pc2 =0 or pc2 = . The 1latter is also
obtained directly from (4.9.17), and requires O < 7 < 2o for the

existence of surface wave. If pc2 = o the boundary conditions ensure

that v, = v, = 0, so that no wave corresponds to this case.

When oo > 4y = 7 then pc2 = ¥ and pc2 = o are the only (positive,
real) solutions of the secular equation. The first of these gives a
plane shear wave, not a surface wave, the second again gives the
trivial solution v, = v, = 0. The same is true if 7 = y > «. However,
in this case a unique surface wave also, exists provided 3a > v, and
its speed is given by

, 7 [3 Jo- [y - 3a]

pc ) (4.10.7)

2 /o

Quasi-static surface deformations are possible if y = 3.

If v+ = a = 7 then no surface wave exists. The only solution of the

secular equation is p02 = o and the boundary conditions admit plane

ei(wt - kx,) ei(wt —kx,)’

waves with either v, =0

1 , Vv, =B or v, = A

The results described in this section also apply when stress is

purely hydrostatic and N\, = X\, = X\,

Finally, for the special case N\, = A\, and for the case 7, = 0,

2

equation (4.8.42) reduces to

3 2
ya (pe2)” - 8 42 & (pc2) + 8 43 (3a — 2v) (pc2) + 16 y* (y - @) = 0.
(4.10.8)
This equation is an equivalent to that arising in the linear

theory as we shall see in the next case.



4.,10.2

163

The case Ay = A, = A, =1

Equation (4.10.8) can be written as

Y
o

For

Y2 T M

SRCICR R C RN RS

this case X, = X, =Xx; =1, we have a,, =\ + 2u = pCLZ,

P%T (as given in (2.7.18)), where p and A are the Lamé

constants of the linear theory, so that equation (4.10.9) becomes

which i

Also (4

o1 || ¢ S °1 o1 |[ €2
3 ] =2 ] -8 = | *8 | 3= ] 2
e, Jl et ot cL, L, of.

2

(4.10.10)

s the corresponding result of linear theory (see section 3.6).

.8.46) can be written in terms of the Lamé constants as

2 2 2
- g|rc= - [ peTl S -
] 8[ . ] + [24 16 & #][ ; ] 16[1 - u] 0

(4.10.11)
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4 .11 Application to specific strain—energy functions

For the case 7, = 0 surface waves in a restricted Hadamard
material have been examined in detail by Chadwick and Jarvis (1979);
and also by Willson (1973b), who confined attention to equibiaxial

deformations corresponding, in our notation to \; = \ Their results

7
for propagation along a principal axis can be recovered by appropiate
specialization of formulae given in Section 4.9, When ¢ = 0 the
criterion (4.9.13) for the existence of surface deformations
reduces (when 7, = 0) to a result of Usmani and Beatty (1974) for the

same strain-energy function. The restricted Hadamard material is

characterized by the strain-energy function

W=13%pu (x% + x% + x% -3) + x £QJ), (4.11.1)

where pu ( > 0) and «k ( > 0) are respectively the shear and bulk
modulus of the material in the natural configuration, and the

function f is such that

£(1) = 0, £ (1) =~ #,, £ (1) =1+ 1/3 By
(4.11.2)
Possible inequalities on f'(J) and f''(J) have been considered by
Willson and Chadwick and Jarvis; we do not impose such inequalities
here.

We assume that 7, # 0 and examine two special cases from Section 4.9.

a) If @,, = v, then 4 = 0 and £''(J) = 0. From (4.9.17) or (4.9.47)

it follows that

pc2 =y - a2, / v,, (4.11.3)
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and the exclusion condition is

Ye ¥ 02, = (g Ay A+ kT E£) (ur, A, —kJE) >0,

(4.11.4)

Surface deformations are possible where either p A\, A, =k J £'(J) or
BN Ay =-kJ £'(3), J being given by £''(@3) = 0. Only one of these

equations can hold for a given J since p N\, N\, must be positive.

b) If y, = 7, then £'(J) = 0 and we obtain

0y, (@ = vy) - a%z =Y, 6,

where § = k J2 f''(J). From Section 4.9.2 we find that when 6§ > 0 a
necessary condition for the existence of a surface wave is § < O
(recall (4.9.30)). Thus, no surface wave exists if & > 0. On the
other hand, when 6 < 0 the existence of a unique surface wave is
guaranteed if (4.9.45) holds. In particular, if X\, = )\, the equality
(4.9.32) yields & > - 2/3 v, which is stronger than the requirement

o=y +5 >0,
As second example we consider the strain-energy function
W=2p (A, + N, + 2, +J71 —4), (4.11.5)
with A\, = 1. The left-hand side of (4.9.12) now has the form

202 N2 [7022 - 200, 2]

A, + A

2

so the exclusion condition is

7NT NS > 200, + N, (4.11.6)
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If o,, = v, then 2(\, + \,)= k? A, and (4.11.6) reduces to 7\, > 2X,.

When 6§ = 0 we obatin 2(\, + \,) = X? x% and (4.11.6) is automatically

satisfied.

When vy, =7, then X\, + )\, = x% x% and the exclusion condition

(4.9.32) holds. Also a,, — ¥, has the sign of 2\, — \,; consideration

of (4.9.30) shows that a surface wave exists if A\, < 2/3 A, -

To illustrate the results for the strain-energy function (4.11.5),
the curves a,, = y,, ¥y, = 7, and 8§ = 0 are shown in (\,, \,)-plane

for the region where (4.11.6) holds in Fig. 4.15.

Finally, we note if that X, = A\, then ¥ = p X\, a = 4y A2 and

7 =2y - 3% o; if o =4 then § = 0 and A3 = 4, and the wave speed is
-1

given by pc2 = 3 (4) /3 p==2+vy. If 4 =171 then N =2, a> v and

no surface wave is possible.

Figure 4.15 illustrates the results for the strain-energy
function (4.11.5). In particular, the curves (a) a,,= v,, (b) 7,= T,
() 8 =0, (&) a,, (@, —7,) =0o?,, (e) equation (4.9.13) in the
(N;, N,)-plane in respect of the strain-energy function (4.11.5). The
exclusion condition (4.9.12) holds above the curve (e). The broken

part of (b) is where (4.9.30) fails.
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Figure 4.15
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Chapter 5

Love waves and Rayleigh waves on a layered half-space

In this Chapter we shall consider Love waves in a
pre—stressed layered half-space, where the layer and half-space
consist of different materials. Also, we shall consider Rayleigh

surface waves on a layered half-space.

5.1 Love waves

5.1.1 Results for an incompressible material

We consider a pre-stressed half-space defined by x, < 0 on which
there is a layer of different pre-stressed material of uniform
thickness h with boundaries x, = 0 and x, = h.

*
2!

We assume that (\,, X\,, \;) and (XT, A xf) are the stretches
of the deformation in the half-space and the layer respectively and
let W and W* be the corresponding strain-energy functions. Now
consider propagation along a principal axis by solving equation

(2.6.20) with the boundary conditions given by

$9,1 = 0 on x, = h,
(5.1.1)
v =¥, So2i 5521 on x, = 0,
where v and v* are given by
v=(vy, Vv, V3) = (0, 0, A GSkxz T kx4 lwt),
(5.1.2)
v¥ = (VT, Vt, Vt) = (0, 0, (A' cos s*kx2 + A" 'sin s¥kx,)).



169

On use of (5.1.2), in the equations of motion (2.6.20), we deduce

that
b, =0,

p,, =0, (5.1.3)

A

01313 Va,11 t Agazz3 V3,22 = PV,

Substituting v in (5.1.3),, we get

A02323 52 - A01313 = ‘PCZ, (5.1.4)
which gives
s2 = Ap131a 902.
Ag232s

Similarly
* *
3*2 =P c? - An1313_
*
AQ2323

Then on use of the notation given by (2.7.17), the above equations

become

2 _ 2 2 _ %2
*2
c%a C23

Substituting (5.1.5) into the boundary conditions (5.1.1), we have

Sp23 = Ag2323 Vi,2 F (Agza332 + P) Va,3 = Agazas Vi, 2 (5.1.6)
The boundary conditions (5.1.1), give v§’2 =0 on x; = h, and

from (5.1.2), we obtain

A' sin s* kh - A'"' cos s¥ kh = 0. (5.1.7)
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Also, from (5.1.1),, we get

* * 11
A=A, S Agygq.3 A =87 Af,4,5 A . (5.1.8)

Substituting (5.1.7) and (5.1.8), we deduce the secular equation

* ¥ * % %2
cot s* kh = 5402323 = s_p‘z’m
S Aga3zs S PCZs
i.e.
% S pc2
tan s™ kh = =23 (5.1.9)
* % %2
S°p €4
where
*2 < o2 < 2. (5.1.10)

On use of (5.1.5) in (5.1.9), the secular equation becomes

2
tan = PC23 /73 (5.1.11)

This is the secular equation for incompressible Love waves
propagating along a principal axis in respect of the general

strain—-energy function.
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95.1.2 Limiting cases

Here, we wish to investegate the following limiting cases

a) The case ¢ = ¢, ,

For this limiting case equation (5.1.11) reduces to

tan

this equation leads to

For the general case equation (5.1.11) will have real root for c
when ¢ < c¢,,. The solution of (5.1.11) may have many real roots
every real root corresponds to a particular mode of oscillation of

the layer, see for example Eringen and Suhubi (1975). From the above

limiting case we establish that the different modes correspond to

0,1,2,3,.... as shown in Fig. 5.1.

b) The limit ¢ — cﬁa

For this case equation (5.1.11l) leads to

kh — © as ¢ — ¢
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ﬁ*‘ —+
* Gy 2K ¢,
™ aQ

Figure 5.1
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5.1.3 Love waves for a neo—Hookean material

Next, to illustrate the general results above we consider a

neo-Hookean material, so that

2 2 *2
pcfy = 1, p*eiy = 1 M,

and hence equations (5.1.11) and (5.1.10) become

2
.0, %y _ ¥ A 2 _ 2
can | kn /7D = M LB R SNy 2 Ref/R) (51 19)
%2 %y % *
A, BTN (p*cz/y*) - N
Subject to
* 2 2
PR (¥ L peT )2, (5.1.13)
po* K
* p pc?
on setting o= £, g =5 and ¢t =L equations (5.1.12) and
P * [
)
(5.1.13) become
tan
subject to (5.1.14)
*2
N 2
< & <.
a B

Finally in this section we present some numerical results based

on the secular equation (5.1.14). First of all we specify values of

* *
Ay» N, and N\, , )\, subject to
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(5.1.15)

(5.1.16)

subject to (5.1.14),.

5.1.4 Equibiaxial deformation A1 = A3 and xﬁ - x§

*
By choosing N, = \;, X; =\

, and using the incompressibility

*2
constraint (2.2.4) we deduce A, =1 and x% = 4/3 = 1.333, so the

secular equation (5.1.16) and (5.1.14), can be written as

subject to (5.1.17)

Lo <1333,

a g

Next, we solved this equation (5.1.17) to plot { as a function of
kh  for the following values of o and 3. For the case ¢ =@ =1
the results are given in Fig. 5.2; for ¢ = 1 and 8 = 2 the results
are shown in Fig. 5.3; for « = 1 and = 3 see Fig. 5.4; for a = 2
and 8 = 1 results are in Fig. 5.5; for ¢ = § = 2 the results are in
Fig. 5.6; for ¢ = 2 and § = 3 the results are in Fig. 5.7; for o« = 3
and 8 = 1 the results are in Fig. 5.8; for ¢« = 3 and B = 2 the
results in fig. 5.9; and for @« = B = 3 the results are in Fig. 5.10.
Also equation (5.1.17) was solved for o« = 1 with § = 5, 10, 50 and

the results are given in Figs. 5.11 - 5.13.
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5.1.5 Results for the linear theory

Here we note that for the special deformation in which

* %* %*
Ny =X, =Xx;=1 and A\, = X, = x; =1, the secular equation (5.2.12)

reduces to

3
2 - 2
tan { kh Bif -1 ] l _k |1 (pc?/1) =0, (5.1.18)

which is the result for the classical linear theory of Love waves

which has been discussed in sections 3.4

5.1.6 Results for a compressible material

In this section we shall consider the corresponding results for
compressible material by solving the equations of motion (2.6.19)

with the boundary coditions

(5.1.19)

where v and y* given by (5.1.2)

From (2.6.19), the secular equations of motion in the half-space

and the layer are

Agrars Va, 11 Y 42323 V3,22 = PV
(5.1.20)
*® *
* * gk
Agiars Vi, 11 t Ag2323 V3,22 = PV

respectively.
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On use of (5.1.2), into (5.1.20),, we have

Agza2s s2 - Agrgra t pc? = 0,
i.e.
—- 2
s2 = Agyai1a ~ PC
Ao02323
Similarly
* _ %2
5*2 - Al1313 p_c
*
Aj2323

Also, by using the notations (2.7.17), these become the same as the

incompressible case (5.1.5) namely

2 _ .2 2 _ o2
s2 =%1a = ¢ 5*2 ¢ ~ C13 (5.1.21)
2
*
C%a €23

The boundary conditions (5.1.1),, leads

= A

023 02323 V3,2 T Agoszs Va,3 = Apz323 Vi, 2-

Also, the boundary conditions (5.1.1), gives v, , =0 on x, = h,

from (5.1.2),, we get the same results as in an incompressible case,

namely

This results but not the corresponding results for an

incompressible materaial, was given by Hayes and Rivlin (1961b), but

in different notation.
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5.2 Rayleigh surface waves on a layered half-space for an

incompressible material

In this section, we shall consider Rayleigh waves on a layered

half-space, i.e. we are seeking waves with v = (v,, v 0) for both

2!

incompressible and compressible materials.

* * %
Let us assume that (\,, X,, Ay) and (X\,, A,, \;) are the stretches of

the deformation in the half-space and the layer respectively, and W,

W* are the corresponding strain-energy functions. Also, we assume
*

that the elastic modulus tensor in the layer is A4 and in the

half-space A.
We also assume that

v=(v,, v;, 0), ¥ = (v, v}, 0). (5.2.1)

We wish to solve the incremental equations of motion for an

incompressible material, namely

2 .
Apjilk O % PVi, (5.2.2)
Ox10xj  Oxj
with the boundary conditions
s¥,, =0, st =0 on x, = h,
(5.2.3)
Y=Y, $g,1 - é’gzi on x, =0,

where 59ij are similar to equations given in Section 4.1, in all the
following& cases the superscript * indicating quantities for the

region X, 2 0.
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5.2.1 Plane incremental motion

%
3

* *x

We take v, =0 and v =0 and assume v,, v, and V), Vv, are

2

independent of x,. Thus, in the layer there 1is a function

¢*(x1, X,, t) such that

vE o=y, vy = =¥, (5.2.4)
As in Section 4.1.1, the equations of motion (5.2.2) leads to

Y g1t 28 Y 400, vy ¥, 2222 = p(¢,11 +'¢,zz)'

and similarly, (5.2.5)
* % % % “ -
Q" YT gt 2687 U0, + 7* ¢T2222 = p*(¢f1, + ¢?22)‘
Recall the notations (4.1.12)
@ = Agygq2; Y = Agz121>

2B = Agy111 t Agaz22 — 244,52 ~ 2401122,

and similarly, (5.2.6)
X *
a” = Agq,q2s Y = Ag21210
* * * * *
23 = Ao1111 + A02222 - 2A01221 - 2A01122'

The boundary conditions (5.2.3), become

* * * * *
AGz121 ¥, 22 = (AGa1q2 +P) ¥4, =0,

on x, =h (5.2.7)

* * * %x <% _
(AG2211 = Ag2222 — P) ¥ 12 ~PT = 0.

Similarly, as in Section 4.1.1, to eliminate p* we must differentiate
equations (5.2.7) with respect to x, and on use of the notations
(5.2.6) and equations (2.6.13), the boundary conditions (5.2.7) and

(5.2.3), become
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r* V,22 + (y* - Uj ) ¢f22 =0,

on x, =h

~* ¢f22 + (2% + y* - Ui - p¥c?) k2 ¢f2 =0,
YV, 22 % (¥ —0p) k2 y - 4% ¢T22 - - D k2 y* =0,

YV, 202 - (2B+y -0, - pc?) K2 y — 4% y*,,, (5.2.8)
+ (2% + 4* - 0% - pFc?)k2 y*, =0,

onx, =0

5.2.2 Propagation along a principal axis

We now assume that y(x,, X,, t) in the half-space has the form

2’
y=A eskx2 - ikx, + iot (5.2.9)
and ¢*(x1, X,, t) in the layer has the form
* . .
—87kx, — ikx, + lut (5.2.10)

¢*=A*e ,

these lead to

_ 5e2
s% + s% _ 28 - Pcz, s%s% _ g___ES, (5.2.11)

as given in (4.1.18).

Similarly,

(5.2.12)
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For Rayleigh surface waves on a layered half-space we must have a
solution for ¢y in (5.2.5), which decays when X, — - « and which

satisfies the boundary conditions (5.2.8).

Suppose now that, the general solution for the half- space is

v = (A, es1kx2 + A, eszkxz) elwt - 1kx1, (5.2.13)

and for the layer

*
s kx
+ At e 2772 4 Bi e

_* . _ s
s7kx, elwt ikx,

)
(5.2.14)

Next, on use of equations (5.2.13) and (5.2.14) into the boundary

conditions (5.2.8) we get
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* *
{'y* s *2 + ('y* - o’:)} esIkh A* + {-y* *2 + (‘y* - 0':) eszkh A%
2 kh 2 kh
s (P m Y e VT B+ (P sET (- oDY e 527 By = 0,
* -
{Y* *2 _ (26* + 7* *) +p Cz} s s,kh A* onx, =h

e
- {7* STZ - (26* + 7* - oi) + p*cz} sf e sykh B¥

2 _
- {7* st _ (26* + 7* - Ut) + p*cz} st e "2 B§ =0,
* %

2
(ys2+y-0) 8, +{ysh+y-o) A, - st 0" - o3} AY

2
Y a3 WA AN L Al

-+

C ot st et - o) BY =0,

{v S% - (2 +y —0y) + pc2} A, + {y s% - (2 +y -0y + Pcz} s, A,

+ {26* + y* - oy - p¥c2 — 4* *2} s¥ AY

byt s - 6%+ 4F - 0% - p¥e?) ST a3

) * *2} s*

+ {28% + ¥* - 0% - et -y

+ { v¥ s *2 - (28 + ¥ - 0% + p*cz} s* BY =0, onx, =0
s, A, + s, A, — s} A} + s BY¥ - s¥ A% + s B} = 0,

A, + A, - A¥ - B} — A} - B7 = 0.
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On use of equations (5.2.11) and (5.2.12), the above equations become

2 * 3
(7 (*2 0 1) - %) ST p¥ b x (32 4 1) - oty 52 Ak

2 _a*
B I I N T G
{7* ST (s,;Z + 1) _ *} S kh on X, = h
* % o x2 * *kh
+ {y* s3 (s7 + 1) - 03 2} e
St s R e 1) - oh sy R
*
- {7* sf (s’f2 + 1) - 0§ §} s2kh B¥ = 0,

(y 2+ 1) -0} A+ {y (s3+1) -0} A, - {v* (s¥2 + 1) - o¥) a¥

*2

* (s¥ 4+ 1) - o¥) AT - (vF (s;*2 + 1) - o3} BY

- {
— ot sE e - o B -0,

{r s, (s% +1) -0, s,} A +{ys, (s% +1) -0, s,} A

B AT SRR VI W (A C AR A

Dyt sk (¥ 1) - ok s%) BY 4 (v Y (¥ e 1) - ok sy B - 0,

A, + s, A, - A* + s A* s* B¥ + s§ Bt =0,

s 2 1

1

* * * * -
A, + A, — A¥ — A} - B} - B} = 0.
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For the special case 0, = 0 and oj = 0 these reduce to

%2

S’:kh A*
2 2

*
7* (s’f2 + 1) eS1kh Af + y* (s

+1) e

_aX
boy* (%2 41y &SR px o

*
—S.lkh B* *

Pyt ¥ 1) e :

s*kh

*
7* sf(siz + 1) e AT + 7* sf(sfz + 1) eszkh

*
A2

s*kh

- %
~ 7* s?(siz + 1) e "1 Bf - y* sf(stz + 1) e szkh B¥

> =0,

2 2
v (s2 + 1) A, +y (52 + 1) A, — 4* (s¥ 4+ 1) A% - ¥ (¥° + 1) AF

2 2
~ oy 22w DB - o (82 s DB = 0,

2
v s,(sZ + 1) A, + v 5,(s2 + 1) A, — y* s¥(s¥° + 1) A¥

+ 7* s’f(s’;2 + 1) At - 7* si(s?z + 1) BT - 7* sf(sfz + 1) Bg =0,

) * A% _ % p¥ * pk _
s] A7 + s7 A} s; B + s, Bj 0,

5 1

1 Ay + s, A,

* * * * _
A, + A, — A¥ — a%¥ - B¥ — BY - 0.

1 2

For these equations to have non-trivial solutions for Ajy, Af, Bf,

i e {1,2}, we must have
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2
0 0 v (s¥741) *¥(sF4L)  AF (T (s34
s¥kh S3kh -s¥kh -s¥kh
2 2 2 2
0 0 7*5?(5? +1) 7*s§(sf +1) —y*sf(si +1) —7*5?(5?
* * . _aX
es1kh eszkh o s7kh +1)e sLkh

2 2 2
y(s3 +1)  y(s% +1) —y*(s, ¥4 ¥ (sTTHD) ¥ (s3TH1) ¥ (sTTHD)

N G N I T - A
+ 1) + 1) + 1) + 1) + 1) + 1)
51 S 2 —S’.;‘ ST —S’; S’;
1 1 -1 -1 -1 -1
(5.2.15)

This equation (5.2.15) is the secular equation of Rayleigh
surface waves on a layered half-space propagating along a principal

axis Because of complicated algebra involved we omit details here.
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5.2.3 Specialization to the linear theory

In this section, we shall specialize the theory using equation

(2.7.19), so equations (5.2.11) and (5.2.12) reduce to

2 2
s% + s% -2 - P& s%s% -1- £
[ M
(5.2.16)
*.2 *.2
sfz + 5*2 2 E—E, sfzsiz 1 B—E,
u* pu*

s% =1, s% =1 - (pcz/p), sfz = 1 and stz =1 - (p*cz/y*), which

was given in section 3.2, Also, the secular equation (5.2.16) becomes

2 2 2 2
0 0 pE(STHL)  pF (STl pF(sFHL) pF (¥4
s¥kh s¥kh -s¥kh -s¥kh
e e e e
0 0 u*sf(s§2+l) p*sf(sf2+1) —p*sf(s§2+1) —p*sf(s?z
* * _a¥ _o*
es1kh eszkh o s7kh +1)e s,kh

2 2
u(s? +1) p(s2 +1) —u*(s1*2+l) —pF(sFHL)  —pF(sEHL) (ST

2 2 2 2
us,(s2  ps,(s? -p¥s¥(s% prs¥(s% —p¥FsE (s p¥s*(s¥
+ 1) + 1) + 1) +1) + 1) + 1)
S, s, —ST S:‘— —87; . s’;
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This is the secular eqution of Rayleigh waves on a layered

haf-space for linear theory. Also because of complicated algebra

involved we omit details here.

5.3 Rayleigh surface waves on a layered half-space for a compressible

material

As in Section 4.8, the equations of incremental motion lead to

PV = Agiiaa Ve Y Ag122V 9,20 Y Aga0 24 Vi,22 TV Ag2112 V2,492
(5.3.1)
PV, = Ag1212 V2,11 Y Agi221 V12V Agoa11 Va2t Agaaa Va,22,
as given (4.8.6), for the half-space.
Similarly,
oF* o % v¥ 4 oa* vF 4% v* 4 A% o*
1 01111 V1,11 01122 V2,21 02121 V1,22 02112 V2,12,
(5.3.2)
Tk o4 ¥ v¥ + A¥ v¥ + A* v¥ + A® v*
p V2 01212 V2,11 01221 V1,21 02211 V1,12 02222 V2,22

for the layer.

* % .
Assume now v,, v, and vy, Vv, are given by

skx, + iot - ikx1
e

V.l =A.| ’
+ i o
v, = A, eskx2 iwt 1kx1,
v* = a* e—skx2 + iwt - ikx, (5.3.3)

1 ?

-skx., + iwt - ikx
v, = Ai e 2 1,
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Also, as in Section 4.8 these lead to

s2 + s2 =
2 2
é01111 A0222_2 + AJ]_ZLll A01212_(A01122+ A02112) _(A02121+ A02222)pc,
A02222 A02121
(5.3.4)
o252 = (Ap1944 — pc?)(Ag, 5,5 = pe?) ,
152
Ag2222 Ao2121
and similarly
*2 *2
sy + s, =
* * * * * * 2_, % * *
A01111 AJ_2222 + A0212'| A01212_(A01122+ AD2|12) _(A02'|21+ A02222)p C?‘
* *
Ap2222 Ap2121
(5.3.5)

* * * *
sfzsiz - (Ab113, - P °2)(An1212 - p*c?)

A*

*
A 02121

02222

Next, we wish to solve the incremental equations of motion

(2.6.19) with the boundary conditions given by

§% ., =0, §¥ ,=0 on x, = h,
(5.3.6)
Sp21 = é’gzi, v = v* on x, =0,

also, s,,i are similar to equations given in Section 4.8.
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i.e
At2112 V§,1 + At2121 VT,z =0
A§2211 VT,1 + Atzzzz V§,2 =0
Ag2112 V2,1 Y Bo2121 Va,2 T (A§211
Aga211 Vi,1 Y Bo2222 V2,2 T (A§221
v¥ - v¥ =0,

I

%

2 Va2,

*
1V,

1

51

+ A*

+ A%

02121

02222

on X,

*
vy, 2)

*
vy, 2)

on X

For Rayleigh surface waves on a layered half-space we must have a

solution for v,, v,

and which satisfies the boundary conditions (5.3.6).

Suppose now that

s, kx
(A,e?

s, kx
(Aye™ !

for the half-space, and
s,k

X -
v¥ (AT e 2 4+ BT e 1

s, kx

* * 1582 * o771
v (A e + B e

for the layer.

s, kx

s. kx

s kx
2+B1eZ

s kx
2 + B,e 2

2 4 AT e

2 + At e

2 Ye

in equations (5.3.3) which vanishes when x, — -

(5.3.7)
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To get the Rayleigh waves on a layered half-space for a compressible

material,

we must diffrentiate equations (5.3.7) and (5.3.8) and

substitute them into the boundary conditions (5.3.6) using equations

given by (4.8.14) namely

iA, _ Apii11 ~ Ap2i2s Sg — pc?
A, sy (Agi122 + Ag2112)

iB, _ Agy119 ~ AozLZL,S% - pc?
B, S; (Agr122 + Ag2112)

and similarly

% * * *2 *
iA; _ —(Abi199 —AD2y2: 87 — P 022
* * * %
Aj s7 (AGg1122 + AG2112)
-, * * *2 _ %92
iBY _ —(AT,111 — AGz121 S pc )'
* * 4% *
B3 s, (AG1122 * AG2112)

But also,

because of the

algebra getting more complicated than for

the incompressible case we not give details here.
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Chapter 6
Interfacial waves at the boundary between two pre-stressed

incompressible elastic half-spaces

6.1 Stoneley waves propagating along a principal axis

Here, we shall discuss Stoneley waves on an interface between two
pre—stressed elastic half-spaces of incompressible elastic material

bonded together.

6.1.1 Analysis for interfacial waves

We consider two half-spaces of incompressible isotropic elastic
material. The half-spaces are subjected to pure homogeneous strains
and then bonded along their common (plane) boundary in such a way
that the principal directions of strain are aligned, one direction
being normal to the interface. In rectangular Cartesian coordinates
we take the interface to be x, = 0. Let B denote the deformed
half-space in the region x, < 0 and B* that in x, > 0. The x, and x,
coordinate axes are taken to coincide with the principal directions

of the pure strain that are parallel to the interface.

Let N\,, \,, X\, and Xﬁ, Rg, Xg denote the principal stretches of
the deformations in B and B* respectively. Then, by

incompressibility, we have
- * 4k yk
N, A, A, =1, AT Y = 1. (6.1.1)

We suppose that W(\;,\,,\,;) and w*(xf,xj,xi) are the strain energies
of the material per unit volume in B and B¥* respectively. Let o,, 0,,
*

0, and af, 03, 0§ be the corresponding principal Cauchy stresses;

then
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gi = s oW P
1 1 = ’
O\
(6.1.2)
%
6{ = N{ §E— - p*, ie {1,2,3},
¥

where p and p* are arbitrary hydrostatic pressures in B and B*

respectively.

Continuity of traction across the interface requires that
03 = o0,. (6.1.3)

Let ¥y be the velocity in B associated with an incremental

(infinitesimal) motion superimposed on the underlying deformation.
The incremental motion is governed by
$0ji,j = PVi. (6.1.4)

Using the incremental constitutive equation (2.6.11) we get

92v op
A s k%2 - oy, 6.1.5
0jilk ax10x;  Oxg PVi ( )

Since the motion is isochoric the displacement is governed by

v + v + v = 0. (6.1.6)

6.1.2 Plane incremental motion

We now take v, = 0 and assume v,, v, are functions of x,, x, and

3

time t only. Equation (6.1.6) reduces to

v,  +v, , =0, (6.1.7)

1,1 2,2

and hence there exists a function y(x,, x,, t) such that
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vy =¥, 2 VvV = ‘¢,1’

and similarly (6.1.8)
V* = ‘p* V’; = —d’?])

for B¥, where v* is the velocity in B*,

As in Section 4.1, the incremental equation of motion (6.1.4) leads

to

(Agyi11 ~ Agr122 ~ Ag2112) ¢,112 + Agaiaq ¢,222 - ?,1 = P¢,2’

(6.1.9)

+ A

(Ag1 221 02211 ~ Ap2222) ¥, 122 " Aorz12 ¥,111 ~ Pr2 T PY -

Recall the notations given by (4.1.2)

a = Aj1217> Y = 42121
2B = Agyqar Y Agz222 ~ 2850221 T 2451122,
Similarly, we introduce corresponding notation for B* (6.1.10)
x _ * _
Q" = Agqy12, Y = Ag2121»
K _ ak * * _ *
25" = A01111 + Aozzzz - 2A01221 2A01122’

As in Section 4.1, the incremental equations (6.1.5) lead to

o ¢,1111 + 20 ¢,1122 ty ¢,2222 = p(i’,, +.¢,22)’ (6.1.11)

where p is the mass density of the material in B and a superposed dot
denotes differentiation with respect to t. The coefficients «,f,y on
the left-hand side of (6.1.11) are (constant) material parameters
defined, in terms of the strain—energy function W and the principal

stretches, by



a N2 =y 22 = (6.1.12)
IV IY
28+ 2y = N2 W, + N2 W,, —2 N\, A, W,, + 2\, W, (6.1.13)
2
where Wi = §H—, Wij = ——Q—H——. When N\, = A\, these reduce to
O\ ONg akj
a=B=y=3% 2w, - 2w, +\ W), (6.1.14)

where the right-hand side is evaluated for A\, = \,. Moreover, in the

2-
undeformed configuration, where N\, = X\, = X\; = 1, equation (6.1.14)

reduces to

a=8=v=4u, (6.1.15)
where u ( > 0) is the ground-state shear modulus of the material.

Similarly for the material in B¥*, o¥, g* and ~v* are defined

*

analogously to (6.1.12) and (6.1.13), and the velocity components V]

and vi are given by (6.1.8); , where y* satisfies the equation

o ¢?1111 + 2p% ¢T1122 + ¥ ¢T2222 = p*(if,, +.¢?22) for x, 2 0.
(6.1.16)

6.1.3 Propagation along a principal axis

An interfacial wave 1is characterized by the fact that its
amplitude decays rapidly away from the interface; we therefore seek
solutions for which y — 0 as x, — -« and y* — 0 as x, — o, For
simplicity we consider time-harmonic waves propagating in the

x,—direction and, in B, we take y to have the form

y=A eskx2 - ikx1 + iwt
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Then equation (6.1.11) yields

0% sh - (28 - pc2) s2 + o - pc2 =0, (6.1.17)

and if sg and s% are the roots of the above quadratic equation then

~ pe2 -
s2 + g2 = 28 = pc” s2s2 = 27 PCT (6.1.18)

Y Y

Either s% and s% are complex conjugates or, for consistency with the

requirements on V, sg and s% are positive. Allowing, exceptionally,
for the possibility of one of s, or s, vanishing, we deduce from

(6.1.17) that

0 < pc? < a, (6.1.19)

it being assumed that the inequalities of the strong ellipticity

conditions (2.5.18) hold.

The solution for ¥ in B may now be written

t - ikx

¥ o= plx,) e 1 x,<0, (6.1.20)

where

s. kx szkxz,

o(x,) = A, e51°%2 1 A, e (6.1.21)

A, and A, are constants, and s, and s, are the solutions of (6.1.17)

1

with positive real part.

Similarly, in BY,

ot - ikx

v = o¥(x,) et 1 x, >0, (6.1.22)
with
* x —s¥ kx % -s¥ kx
¥ (x,) = AY 751 a2 4 p¥ o772 T2, (6.1.23)
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where A¥ and A* are constants, and s} and s} are the solutions with

positive real part of the analogue of (6.1.17) for B*. Thus,

* _ %2 * _ %2
%2 4 gx2 _ 287~ pTet s¥2x2 a7 ZpTet (g 1 24
* *

Y Y

and
0 < p*c? < o¥, (6.1.25)

in parallel with (6.1.18) and (6.1.19)

Next, for the two—dimensional motion considered here the active

components of the nominal traction rate on x, = 0, as measured in B,

*

. . * . .
are §,,, and §,,,. For B® the corresponding components are $j,, and
éﬁzz. We assume that on X, = 0 the velocity and traction rate are
continuous, so that the boundary coditions are
v = z*, $92i — étzi on x, = 0, i=1,2
that is
- v¥ =
v, vy 0,
— X =
v, vy 0,
— A% * (6.1.26)
Aga121 Vi,2 * (Agyo20 + P) Vy y — AGay g, Vi, 2
* ¥y ¥ _
= (AG5122¢ * P Vv, , =0,
- — D — a% *
Ag1122 Vi,1 + (Agg32, = P) Va,2 TP T AGi122 Vi
* _oaky X %
— (AG2222 ~P) V3 , =P 0.

On use of the notations in (6.1.10), (2.6.18) and (6.1.8) the

above equations may be rewritten as



(6.1.27)

YV,22 - &y —0) ¥ 4,y - r* ¢?22 + (¥ - oD ¢?11 =0,

(A01122

From (6.1.9) we have

p,1 = [Ao1111 = Agr122 ~ A02112] ¢,112

and similarly

sk A% A%
P = [AG1114 Ab1122

. * * * < % _
= Ajz222 — P) V12— P+ (Agzzzz - AGy122 + P) ¥, + P =0.

+ Agaq2, ¢,222 - p¢,2,

(6.1.28)

* * * * _ % ik
- AGz2112] Y112 * Agz121 ¥, 222 R AP

To eliminate p and ﬁ* we must differentiate equations (6.1.27), with

respect to x, and using equations

(©.1.10), the fourth eguation of (6.1.27) becomes

Y ¥,222 - 2B+ =0V 11, -0, — 7 ¥

- (Zﬁ* + ')'* - Ui}\VT112 + P* ‘f’fz = Q.

On use of equations (6.1.20) and (6.1.22) in
conditions (6.1.27),_, and (6.1.29) and also wuse
(6.1.24) in (6.1.29) , we have

(6.1.28) and the notations in

(6.1.29)

the boundary

(6.1.18) and
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s; A+ s, B+ sy a*+ s B =0,

A+ B - A* - B* =0,

(6.1.30)
+ 1) - o%] A¥

[v (55 +1) - 0,1 A+ [y (s2+1) - 0,] B~ [* (s
s, [v (s% + 1) - o,] A+ s, [v (s% +1) -0,]B

2
VARG R S A R S Sl G R D A R

For these equations (6.1.30), to have non-trivial solutions we must
have
* *
Sy S2 S, S,
1 1 -1 -1
2 2
v(s7 + 1) v(s5; + 1) —*(s¥ + 1) —*(s¥ + 1) |=0,
-0, -0, - 0§ - ot
s, {y(s, + 1) s,{y(s, + 1) s, {v*(s, +1) s,{a%(s, + 1)
- 05} - 0.} -0, - 0,}

which gives




210

72 (sy - 52)(s$ - St)[l — 2 8,8, - 5,5, [S? + S% + 5151]]
R EACEERIC R RPN C R[OS
[ * % _ * % _
- 2] s,8, + s7s; 5,8,8785 1]]
+ 2y (sy = sp)(sY - st)[s1sz[oz - Ut]' [62 - Ut]]
152

2
+ %8, - 8, (s% - S’;)[l -~ 2 s¥s} - s7s} [Sl + 830+ STST]]

+ 2% (s, - Sz)(sf - St) [02 - oi]— sTsj[oz - 0?]]

+ (s, - sz)(sf - Si)[ﬁ% - 2626§ + oiz] =0,

As in Section 4.1, we assume that s, # s, and s} # s%. On removal

of the factors (s, — s,) and (sf - si) the above equation reduces to

* % * %
+YY*[[S1 + Sz][sT + s’é][s,s2 + sfsi] - 2[ s,s, + s7sh - s,s,s%s% —1]]
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Also, this equation for the case oj -~ 0, reduces to

72 [s%s% -1+ s;s, [s% + s% + 2]]

- 77* [2[ 5,8, + 5,8, — 5,858,588, \1]

+ ¥ ls’fzs’;z ~ 1w sksk % 4 sx2 2]] -o. (6.1.31)

On use of (6.1.18) and (6.1.24), the secular equation (6.1.31)

becomes

3
2 [ a -y - p02 + 2(B + o) - pcz[a - pc2] ]

Y Y Y
_ 5 _ ] N * _ %1
— ¥ [ 2{[& ypcz] N [a* Yi*c2] _ [a ypc ] _ [a Yz c ] _ 1}
3 3
_ {26 ; pc? + 2[a —ypcz] }{26* -72*02 N z[a* —Yi*cz}
BN BRI
() =)

3
* * %* * %y _ %2 ok _ %2
N 7*2[ o* — 4% — p*c? L 287+ o) —- p7c [a pc ] ] = 0. (6.1.32)
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£(c) = (28 + 2y - pc2){y (& - pc2)}E + 4 (@ = pc2) - 42

(26% + 2% — p*e2) (7% (@F - p*e2)}? + 4* (@F - p¥e?) - g2

+

+ 2Ly - {7 (@ - Y] [ - (0F (@ - D))

+

[(v* (o - pe2)} + {y (o - p*e2)} ]

[268 - pc? + 2{y (o - pcz)}% ]%

[26% - p*e2 + 2{y* (a* - p*e2)}? ]! =0, (6.1.33)
where the left-hand identity defines the function f.

Equation (6.1.33) is the secular equation governing the speed of
interfacial waves. Whether or not such waves exist depends crucially
on the values of «, B, ¥, a¥, B*, 7*, p and p*. Equation (6.1.33) is
new although special cases of it have been considered previously by
Chadwick and Jarvis (1979a,b). In the linear theory the
specialization of (6.1.33) coincides with Stoneley's (1924) original
result for incompressible materials but is expressed in different

notation.
From (6.1.19) and (6.1.25) we have

x
0 < c2 < min {&, £3}. (6.1.34)
P ¥

By introducing the notation

2
CL=

%
C,iz_ o (6.1.35)
*

° IR

and, without loss of generality, taking c, c¢j and cf to be

non-negative, we obtain
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0 < ¢ < min {cjy, cf}. (6.1.36)

The limiting speeds cy, and cf for the separate half-spaces are the

speeds of plane shear waves in B and B* respectively.
We note that the inequality
vy (s, + 5,02 =28 - pc2 + 2{y(a - pc2)}t > 0

is a consequence of the strong ellipticity condition (2.8.15), and
our assumptions concerning s, and s,, and when ¢ = 0 it reduces to
(2.8.15),. We also note that (6.1.33) does not depend explicitly on
the 3interfacial traction o,, a fact also pointed out by Chadwick and

Jarvis (1979a) in the case they considered.

6.2 Analysis of the secular equation

Here we shall examine the secular equation (6.1.33) in detail,

but we shall consider first some specializations of (6.1.33).

6.2.1 Surface waves on a half-space

We specialize to the case in which o = g% = 7* = 0 corresponding
to the situation in which there is no material in x, < 0. The secular

equation (6.1.33) then reduces to

v2 g(c) = (28 + 2y - pc?){y(a - pc?)} + v (a - pc?) - 42 =0,
(6.2.1)

where the function g defined as g(cz) in Chapter 4.

This is the equation derived in Chapter 4 for the speed of
propagation of Rayleigh surface waves on a half-space with ¢, = 0. We
now note some features of (6.2.1) which were discussed in detail in

Section 4.2,



214
First, necessary and sufficient conditions for (6.2.1) to have a

unique solution c € [0, cp) are
y>0, 2B+t +va-y30, (6.2.2)
Y

with equality corresponding to ¢ = 0. Together, the inequalities

(6.2.2) imply that the strong ellipticity inequalities (2.8.15) hold.

In the notation

7 = {(a - pc2)/y}, (6.2.3)

equation (6.2.1) can be expressed

glc) =3 +n2 + 28Xy @ g g (6.2.4)
Y

and n must lie in the interval

0< g (HE=sh, (6.2.5)
Y A2

From (6.2.3) we also have
pc2 = o — vy 72. (6.2.6)
Given (6.2.1),, the inequality (6.2.2), can be expressed as
g(0) » 0. (6.2.7)
In the special case N\, = \,, use of (6.1.14) shows that
gle)= 13 + 92 + 39 - 1, (6.2.8)

and the unique positive solution, 7, say, of g(c) = 0 in this case is

approximately



Ng = 0.2956, (6.2.9)
and

PE™ 1 - 42 ~ 0.9126. (6.2.10)

6.2.2 Interfacial deformations

The possibility of interfacial deformations arises if (6.1.33)is
satisfied for ¢ = 0. With ¢ = 0, in the notation g and its analogue

g*¥ for B¥, defined by

* * _ %
g¥(c) = g3 4+ g2 4 280 21 & g*- 1, (6.2.11)
Y

where

7* = {(@* - p*e2)/y)E, (6.2.12)

equation (6.1.33) can be written as

£0) = 42 g(0) + v*2 g¥(0) + 2(y v ! (v - at)(v*? - ot}
db 3 3 :
[ oo+ @ s+ 8 o)

{7* g5(0) + (y*% - a**)z}é =0. (6.2.13)

Interfacial deformations described by (6.1.20)-(6.1.23) with w = 0

and k arbitrary are possible in configurations for which £(0) = 0.

When X, =X, and )\¥ =)\¥ the left-hand identity in (6.2.13)

becomes

£Q0) = 4(y + v5)2, (6.2.14)
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which reduces to 4(p + u*)z in the reference configuration \j= X§= 1,
i e {1,2,3}, where p* is the ground-state shear modulus for B¥. Since
f(0) > 0 in this reference configuration it follows by continuity
that interfacial deformations are excluded on any path of deformation
in (N, \,, XT, kt)—space, from the reference configuration along
which f£(0) > 0, with interfacial deformations emerging if £(0)
vanishes. We refer to the inequality £(0) > 0, with £(0) given by
(6.2.13), as the exclusion condition. For surface deformations in the
separate nalf-spaces, B and B¥, the exclusion conditions are g(0) > 0
and g¥(0) > 0 respectively. In the context of surface deformations

the exclusion condition has been examined in detail in Chapter 4.

From (6.2.14) we conclude that interfacial deformations cannot
exist in configurations for which X, =\, and xf = x§ (and hence

o=, of = 7*). We are now in a position to establish the following

result.
THEOREM 1. If g(0) » O and g*(0) > 0 then £(0) > 0.

Proof If o« = v then g(0) = 4 and

f(O) =4 72 + 7*2 g*(o) + 2 v (7*% + a*%)(,y*/a*)ﬁ

O g5 o) + (- *H%L,

It follows that f(0) > 0 if g*(0) » O (this includes the case in

which o = 4%).

If a#vy, o #4%, g(0) >0 and g*(0) > 0 then two possibilities
arise: either (a) (v} - a?)(y*f - o*}) > 0, in which case £(0) > 0
follows immediately from (6.2.13), or (b) (7% - a*)(y*% - Q*%) < 0,

and it follows that
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2

@ = (L] o - ot - e [ )t - ) ]

(6.2.15)

and hence the required result.

If g(0) = g*(0) then £(0) can vanish when ~* a =y o, but this
is inconsistent with the inequality (75 - a%)(y*% - a*%) < 0 in (b).

Hence
*
£(0) = [g_g*]* (v} - ad)(y*% - a*%){[y* a]% + [y a*]éJ,
which is positive.

It follows from this theorem that a necessary condition for the
existence of interfacial deformations is that either g(0) < 0 or

g¥(0) < 0.

6.2.3 Limiting cases

With reference to (6.1.33) we assume, without loss of generality,

that

0<c<cp<cf. (6.2.16)
We consider two limiting cases:
(a) ¢ = cp, < ci

From (6.1.18) we have s% s% =0, so we take s, =0 and

s2 = (28 - a)/y. It follows from (6.1.20)-(6.1.23) that

s, kx s kx i(wt - kx,)
v=(A, e 72+ A, e 2) e LI (6.2.17)
* * .
kx st kx i(wt — kx
¢* = (AT es'l 2 + A’; e 2 2) e ( 1), (6.2.18)

and the boundary conditions are adjusted accordingly.
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For the first term in (6.2.17) to represent an interfacial wave we
require 28 > «o. The second term in (6.2.17) corresponds to a plane
shear wave in B. In general these two waves cannot exist
independently: if A, = 0, it is easily shown that Af = AT = Ai =0

follows from the boundary conditions; similary, if either A, = 0 or

s, 0 (28 = o) then the trivial solution again follows unless either

* * _

s] 0 or sj 0, as exemplified in case (b) below.

Thus, in configurations in which f(cy) = 0, a wave of the form
(6.2.17) in B and (6.2.18) in B* can propagate with limiting speed

cy,, but (6.2.17) does not represent a true interfacial wave.
(b) ¢ = cp, = cf
In this case (6.1.33) gives

flep) = —(y - ¥2. (6.2.19)

We take s, = s

- * _ %
, *=0, 52=2B (04 S*2=26 o

5 g _—, A ————, and the boundary
Y 7*

conditions yield the trivial solution unless 7y = 4*. If 5y = 4% it

follows that A, = A¥ = 0 and Aj = A,. The result is a plane shear

wave given by

ei(wt - kx,).

Y=y = A, (6.2.20)

Such a wave is only possible under the rather restrictive conditions

y = ¥* and @/, = o*/p*.

In the 1linear specialization the result in (a) above can be

compared with that in Case 3 of Barnett at al. (1985, pl6l). On the

other hand, the restriction in (b) reduces to y* = u, p¥ = p in the
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linear theory, i.e. the two materials are indistinguishable (see

Barnett et al., 1985, Case 4). Note, however that the work of Barnett

et al. was set in the context of compressible linear elasticity.

6.2.4 The general case

The secular equation (6.1.33) can be expressed more compactly in

terms of the notation (6.2.3) and its counterpart for B*. Thus, with
7 = {(a - pcz)/v}%, 7 = {(@* - p*cz)/v*}%, (6.2.21)
equation (6.1.33) becomes
£(e) = 42 gle) + y*2 g¥(e) + 2y v* (L - A - 7%

by e ot i@ + (- 2] g + (* - 2] = 0.
(6.2.22)

We assume that the exclusion condition f£(0) > 0, discussed in
Section 6.2.2, holds. In a limited sense this means that the
underlying homogeneous configuration is stable. If we also assume
that the limiting speeds are ordered as in (6.2.16) it follows that a
sufficient condition for the existence of an interfacial wave with

0 < ¢ < ¢, is therefore

f(ep) < O, (6.2.23)
where
Elep) = = 72 + v*% g*(ep) + 2 y y*(1- )
oy "fi [ (28 - a)/vli [g¥(cp) + (7F - 1)2]%
(6.2.24)
and

:
%* *
n{ - [P i &]_ (6.2.25)
*
Py
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The limiting case ¢ = cj, was discussed in Section 6.2.3 and is not

considered further here.

Clearly, circumstances in which (6.2.23) can be satisfied depend
very much on the values of «, B, ¥, a*, B*, y* and p*/p. In
particular, (6.2.23) can be satisfied if y*/y is sufficiently small.
Whether or not (6.2.23) is also necessary for the existence of an
interfacial wave depends on the properties of f(c¢) for 0 < ¢ < c.
For a single half-space, it has been established in Chapter 4 that if
a surface wave exists it is a unique. The question of uniqueness in
the present situation is not clear because f(c) is more complicated
than g(c); at this point it has not proved possible to settle the
question in general, although, as we see below, uniqueness can be
established in some special cases. However, some general conclusions

can nevertheless be drawn.
. . *
Firstly, if cp, = ¢y, then
flep) = - (y - v5)2.

If v # 7* then the existence of an interfacial wave is guaranteed.

The case y = 7* was discussed in Section 6.2.3

Let cp and cﬁ be the (unique) positive surface (Rayleigh) wave

speeds for B and B* respectively, so that

g(cr) = g¥(cg) = 0 (6.2.26)

and

g(0) >0 for 0 c K CR,
(6.2.27)

g°(0) >0 for 0<c < ck.
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THEOREM 2. (a) If cp # cf then

f(c) > 0 for 0 < ¢ < min (cp, cf). (6.2.28)

(b) If cg = cf then
f(c) >0 for 0< c < cg = c} (6.2.29)

with equality holding if and only if ¢ = cg and either

ek =26+ 2y = a - v, g¥cp) = 0 (6.2.30)

or

P*Cﬁ = 28% + 29% = a* - 4%, g(cr) = 0. (6.2.31)
Exceptionally, (6.2.30) and (6.2.31) can hold simultanceously.

Proof (a) This result follows immediately by wusing an argument

parallel to that required for the proof of Theorem 1.

(b) If cg = cﬁ then, by the same argument as in (a), we have f(c) > 0

for 0 € ¢ < cg; we also obtain

£(er) = v ¥*(n 797 [ - DGF - 1| f + 0 *H2,

where ¢ = sign {(n - 1) (p* - 1)}, and 7 and 75* are evaluted for
c = cg. The solution 5 = %* (for ¢ = - 1) of f(cg) = 0 is
inconsistent with ¢ = — 1. Hence f(cg) > 0 with equality if and only

if either 5 = 1 or n*¥ = 1 (or both).

We deduce from (6.2.3), (6.2.4) and (6.2.26) that (6.2.30) holds.
Similarly, for n* = 1, equations (6.2.31) hold. Exceptionally, n =1

and 7* = 1 can hold simultaneously if

ch = (28 + 2Y)/p = (@ = ¥)/p = (26% + 29%)/p* = (& - 4*)/p* .

(6.2.32)
This completes the proof.
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For cgp # cﬁ it follows that if an interfacial (Stoneley) wave exists,

with speed cg say, then

cg > min (cg, cf), (6.2.33)

i.e. the Stoneley wave speed is greater than the speed of the slowest
of the Rayleigh waves for the separate half-spaces (for the same
underlying state of deformation). This extends to the nonlinear
theory a result which is well known in the linear theory (see Barnett

et al., 1985).

The inequality cj, < cf, adopted in (6.2.16), does not in general
imply that cgp < cﬁ. If cp # cﬁ, then the following wavespeed
orderings are possible, depending on the material properties and the

underlying deformations of the two half-spaces:

(i) cg < cg < cg < c, < L.,

(ii) cg < cg < cg < cp < ct,,

(iii) cg < cg < cp, < cg < cT,, (6.2.34)
(iv) cﬁ < cg <cg <ecg < cf,

(v) cﬁ < cg < cg < cp, < cf.
Case (iii) is excluded if cjy, = cf.
If cg = cﬁ then any possible Stoneley wave has speed cg such that

cR = cf < cg < cp, < cf. (6.2.35)

In the case in which cg = cg it is worth noting, with reference to
(6.2.3), that the strict form of the inequality (6.2.2), is

equivalent to a — v > 0.
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The solution cg = cg = cﬁ corresponding to (6.2.30) yields s, = i,

s, = — i, and hence, from (6.1.20) and (6.1.21),

eikx2 ¥ A, e—lkxz) el(wt - kx,)

v = (A, , (6.2.36)

while, for 5* # 1, y* is given by (6.1.22) and (6.1.23), with s¥ and

i evaluated for c¢ = cp, provided g*(cR) = 0 holds. The boundary

s
conditions (6.1.30) show that Af, At and A, can be expressed in terms
of A,. Although (6.2.36) does not describe an interfacial wave, it
can be interpreted in the following way: the terms in A, and A,
correspond to plane shear waves propagating in B in directions
bisecting the coordinate axes, are a wave incident on the plane
boundary x, = 0 and the other reflected from it with changed
amplitude. The incident wave also generates a transmitted wave which,

in B¥, corresponds to an interfacial wave propagating in the

x,—direction.

x

If = y° = 1 then the above solution degenerates to

ikx -ikx,

y=y¥ = (A e 2+, e g0t - kx,),

) (6.2.37)

with A, and A, independent. This represents two independent plane
shear waves which cross the boundary x, = 0 without change in

direction or amplitude.

At this point it is worth noting that the condition 28 +2y = o - ¥
arising in (6.2.30) can be expressed compactly in terms of the

strain-energy function. If we write

WO, ) = WO, ALz, Ay (6.2.38)

then, from (6.1.12) and (6.1.13), it follows that
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28+ 2y =220, a-v=\W,. (6.2.39)
Hence, (6.2.30) requires that
A W=, (6.2.40)
6.2.5 Results for biaxial deformations

If the underlying deformations in the two half-spaces are biaxial
with XA, = X, and AT = At, then, from (6.1.14), we have a = = ¥,

and, similarly, o = ¥ = 4*. Equation (6.2.22) then reduces to

F 2y A -NA -9 + vy )+ D(F+ 1) =0,
(6.2.41)
where
3 3
2 *.2
7= |1 - 257, o= 1 - =2 (6.2.42)
o Ot*

Also, recalling (6.1.14) and (6.1.15) and their counterparts for B*,
we obtain

cr = cL(l - 203, of = cf(1 - 1D 1. (6.2.43)

It follows that cg < cf if and only if ¢y < cf and that

CR Cf = Ci{ CL. (6244)

Of the five possibilities in (6.2.34), numbers (iv) and (v) are now
excluded. Moreover, if cp, = cf then cp = cg and, if a Stoneley wave
exists, its speed cg must satisfy cp = e} < cg < cp, = cf since

(6.2.30) cannot hold in this case.
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From (6.2.14) we have £(0) > 0, while for ¢ = c, < cf (7 = 0) we have
= 2 * (k2 * *2 %3 %2 *
flep) = — 42 + vy ¥ (" - + 2) + 47 (N + N+ 30 -1),

where, specializing (6.2.25), we have Ui = (1 - p*a/ pa*)%.

If cp, = cf this reduces to ~(y - y*)z, as in the more general case
discussed in Section 6.4. But then, for the biaxial deformations

considered here, 5 = #* and (6.2.41) reduces to

2
fle) = (Y2 + y*) (3 + 92 + 39 = 1) + 2 y y¥(n3 + 392 — 5 +1),

which is easily shown to be monotonic for 0 < ¢ < cf..

Thus, if cp, = cf and the underlying deformation is biaxial, a unique

Stoneley wave exists.
The following theorem generalizes this result.

THEOREM 3. If cp, < cf then, for biaxial deformations
(N, = X, XT = xi), the inequality f(er) < 0 1is necessary and

sufficient for the existence of a unique interfacial wave.

Proof Since f(cy) < 0 is sufficient for existence we require to
establish uniqueness. First, we note that (6.2.22) can be factorized

in the form

£(e) = [{p(e) a(®)}? - r() [{p(e) a(e)}? + x(e) ], (6.2.45)

where

p(c) =y {12 + 2n + (26 - )/}t + 4F (%7 4 2F 4 (2% - o) /pN)
(6.2.46)

a(e)= v n {n2 + 210 + (28 -~ o) /y}Ee 4* 0¥ {0*2 + 2% + (26% - %)y}
(6.2.47)

r(e) =y (L -9 -9 (1 - 9%. (6.2.48)
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For biaxial deformations (6.2.46) and (6.2.47) reduce to
p(e) =y (n + 1) + 4% (7% + 1), (6.2.49)
ac) =y (n+ 1)+ 7" (¥ + 1), (6.2.50)
while r(c) is unchanged.

Clearly, p(c) > 0 and q(c) > 0 for 0 < c < ¢, but r(c) may be
positive or negative, with r(0) = 0. Also, p and q are decreasing
functions of ¢, and hence (pq)% is a decreasing function of c¢. In
order to consider the signs of the two factors in (6.2.45) we
investigate the properties of r(c). From (6.2.42) and (6.2.48) we

obtain

*

E© ¢ [B oy ]. (6.2.51)
Y] 1;*

Since (for e, < cf) n* > 7, it follows that r is an increasing

function of ¢ if p > p*. In this case the second factor in (6.2.45)

is positive and hence f(cj) < 0 if and only if

{p(cr) q(cL)}% - r(cy) < 0. (6.2.52)

Thus, when p > p*, p, q and r are increasing functions so that
(6.2.52) is necessary and sufficient for the existence of a unique

interfacial wave.

It remains to consider p < p*. In this case (6.2.51) vanishes

where
p ¥ = o* 1. (6.2.53)

This corresponds to a value of ¢ (= ¢y, say) given by
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2y

* , %2 _
2 - 20 (7 - pf) (6.2.54)
p p* (p* a* - p )
with ¢y < cp, for ¢, < cf. Thus, r has a minimum at c¢ = ¢y, r(c) < O

for 0 € ¢ € ¢ and dr(ec)/dec > 0 for c, < ¢ < cf,.

If r(cpy) < 0 the first factor in (6.2.45) 1is positive for
0 < c<cp. From (6.2.48) it follows that ~* > y/(1 - ") and, after

some manipulation, that
2
pler) qlep) - [rley) ] > O. (6.2.55)

Similarly, if r(cy) > 0, we have 7* >y > 7* (1 - #L), and again it

can be shown that (6.2.55) holds. In this case we also have

{p(cp) q(cL)}% - r(ey) > 0. (6.2.56)

Thus, if p < p*, f(c) > 0 for 0 < ¢ < cy, and the theorem is

established.

We remark that it has not as yet been possible to draw similar
conclusions for more general deformations with p and q as defined in

(6.2.46) and (6.2.47).

In the reference configuration, o = p and o* = p*

and the results
of this section therefore carry over to the linear theory. We note
that, for the compressible linear theory, Barnett et al. (1985) have

established that if a (subsonic) Stoneley wave exists then it is

unique.

It is worth noting here that the boundary conditions (6.1.30) can
be expressed in terms of the Stroh formulation (Stroh, 1962; Barnett
at al., 1985). The secular equation 1is then equivalent to the
vanishing of a 2x2 determinant whose eigenvalues are the two factors
on the right-hand side of (6.2.45). For biaxial deformation it is

easily shown that each eigenvalue is a decreasing function of c.
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6.2.6 Application to the neo-Hookean material

For the neo-Hookean strain-energy function, we get

o= p A2, y=p 2 and 28 = p(02 + 223), (6.2.57)

and similarly for o*, g%, ¥¥» the secular equation (6.1.32) become

3
2 2 2 2 2
(u | BOT =) - pe? | pO\] + 3 - pcz)[p, NS - pc2]
2 2 2
IR IR BN,
: 2 : ) )
—pp |2 RS p02 - u* A, — p*02 _r N = pc2 u*xl - p*c2 _1
N * 3 %2 A2 * \*2
I8 2 K 2 ® 2 2
i y 1
2 2 2
_ Ny + N) - Pcz + 2[}‘t N~ Pcz]
2 2
L 1N BN,
* *2 * g %
ﬂ*()‘1 + 2 ) — P*02+ 2[/’- A - p C2]
2 2
* a3 TN
} 2 }
_ [u N, - pcz] N [u* N - p*cz]
2
LY Tl N
2] %, F *2 *. 2 % N *2 2 :
+#*)\* I‘(>\1—)\2)—PC+#()\1+3M_PC)[# )‘1—pc] =0
2 )
b* g k%2 W%
(6.2.58)
or, the secular equation of the form (6.2.22) reduces to
3 2
F2y Y A=A -+ N0 DY+ =0,

(6.2.59)
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This has the same form as for the biaxial case discussed in Section

6.2.5, but here 5 and #* are given by

3 3
2 9 % K2 k2
y - [E_ll__iﬂﬁ_] and 7* - [” M oec ] , (6.2.60)
BN T\
Equations (6.2.43) are replaced by
2
cp=cp (L—yn2/ o, i =ct Q- v* *aht, (6.2.61)

and (6.2.44) holds if and only if 5 o = 9% @, i.e. A

Since ¢ > 0 it follows from (6.2.58) that (6.2.30) cannot hold

for the neo-Hookean material.
From (6.2.47) and (6.2.48) we obtain

£0) = p2 3 2, + A2 a2 + 30, 23 - \D)
v ¥ (xf3 A+ xfz x§2 + 3 2\¥ x§3 - xﬁa)
+2p #* A, Xt (X, - XI)(ki - XT)

+ o O+ A)OF F DO AT T ). (6.2.62)

The exclusion condition requires that £(0) > 0. For a fixed value of
the ratio y*/y, the neutral surface, N say, given by £(0) =0, is a
surface in (\,, \,, XT, xi)—space. Note that N 1is independent of

p*/p.

For fixed values of p*/p and p*/p the limiting surface, L say,
corresponding to ¢y, < cf, can also regarded as a surface in
(Nys Ny, XT, ki)—space, and its equation is obtained by setting n = 0

and n* = 1f, where



*2 _ 2 \2\%
g o (4 - K7 M) (6.2.63)
*
)\2
and
*
2 = b (6.2.64)
o u

(k > 0) in (6.2.59). Thus

*3 *2 * %2 *
flep) = -2 + 4% (I, 47 +3ML - 1) +yy* (I, - M+ 2)= 0.
Writing
*
ot
M

we can express this in the form

F (N, Ny A%, 6, x) =0, Y > k. (6.2.65)

1?

The equation for the 1limiting surface, L* say, corresponding to
ci < c1, is obtained in a similar way and can also be expressed in
terms of the function F by means of a suitable transformation of

variables. Thus, L¥ is described by

F ()‘fs )";s )‘]s kz, 6~]', K_l) = 0, )\f < K X.I. (6266)

* and p = p*, Chadwick and Jarvis have examined the

For pu=p
structures of N and L (and L*) in detail (for the neo-Hookean
material) as curves in (X,, XT)—space for biaxial deformations with
Ay = XA, A, = XTZ, k: = XT, A? = X;z (1979a) and for fixed values

of \,, N3 (1979b).

In Section 6.2.7 we provide numerical results illustrating the
dependence of N, L and L* on ﬂ*/# and p*/p to complement those

provided by Chadwick and Jarvis for u*/p = p*/p = 1. In particular,



231

we confine attention to biaxial deformations of the form X\, = A\, = X\,

A, = 2, xf = kt = 2\¥, xt = x*‘z. We use the notation

F(N, ¥, €, k) = F(\, X2, »*, A2 €, K), (6.2.67)

so that L, as a curve in (X, X*)—space for fixed € and «, is

described by the equation
FOh, W, €, k) =0, X > k. (6.2.68)
Explicitly, (6.2.68) gives

e MR O C k2 02y (end 4 a*Y) - (e a4+ x*4)2

e b a2 %2 _ g 232)8 13 e b+ e e RO 4 k222) - vty - o,
(6.2.69)
The curve L* is defined by

FO¥, \, €1, «1) =0, M < k. (6.2.70)
6.2.7 Numerical results

In this section we solve the equation for N, namely

8
N1 - 333 - a6 - 29

*3

N N (2 =23 - Z* 4 26 + 43 W3 b 6 %3 4 \3 b

+ €238 (1 -3 a3 w6 yw?

)y = 0. (6.2.71)
for different values of ¢ (e = 1,0.8, 0.5, 0.4, 0.2) for X\ as a

function of \* and \* as a function of \.
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Also, we solve the equation of L, namely

M k2 (R 1 k2 32y [k L3 b k236 K 8 A 1
(el o2 J 2 _ g2 A2y[ el a4 M L a8 \*4 ] =0,
(6.2.72)

for different values of ¢ and k to get the first curve of L and

finally in this section we solve
e N2 (2 C k22)F % h e kb6 C a6t Z 3 e
b e o2 s x L2 32y (e Y = o,
(6.2.73)

for the same values of ¢ and k to get the second curve of L and the
results are illustrate in Figures 6.1-6.15. We note that results do

not show any significant dependence on «.
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* * *
6.2.8 The case A1 = A2 = A3 = 1 and A1 = A2 = A3 = 1

Before we consider the corresponding result of the classical

linear theory, we note from Section 6.2.5 that for the deformation in

which A\, = X, and \¥ = )%,

we get
Apgyr11r = Apaaaas a=v,
ow
Y= 1/2 (Ao1111 —Apyya2 T N, —)
ox,
and hence
B=a=y
Similarly, for XT = xf
3* - o = 7*

On use of the above notations in equation (6.1.32), the secular

equation becomes

RO

Y Y Y
* pc2? pre2y ? pc? p*c?
v {5 e -5 - b -5 - )
_{2—£°_+2[_&‘:_2]%}{—”°2+2[1—p*°2]%
Y 'y”r ‘Y*
9.3 % 0. %
(-2 [ -2
2 *.2 %04

N 7*2[ p:§ - [ - Py: ][1 - Py: ] ] = 0. (6.2.71)
On setting ¢ = BEE, o= Z—, B = P_ and hence p*cz = Eﬁ, equation

Y 7* p* y* o

(6.2.71) is written as
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(4 - 5)(1 - E)% - &

3 3
a- o' -8 -y

- [ {(1 - E) [ BE]

3 33 3
-2 {2 - 4200 - 5)5} {2 - gﬁ + 21 - gé] ) {a - R [2 - Ei] }]

(o4

3 3
+ o2 [[4 _ gé] [1 - gﬁ] _ gE] - 0. (6.2.72)

This equation is the secular equation for Stoneley waves for the

* *
special deformation A\, = X\, and A\, = X,. It is worth noting that this

is the same equation as given in Section 3.3 but for different wvalues

of a, B and ¢ so the solution in Fig. 3.1 is the same as for this

equation.
In this case, we get @ = ¢y = p so equation (6.1.32) becomes

2 2
4 - Py (1 - PC _ P
( " ) ( m ) m

. 2 3 62 4 2 3 *c2 %
E |2 - PC 1 - PS5y - Pc” - P
[ fa- 27+« =) - a A=) }
2
- { 2 - %E +2 (1 - } { -e2 2 2 a-£:2 )%}

2 3% *c2 %
a--L£5"a-£23 ]
{ n #* }

(6.2.73)

This equation corresponds to the that in linear theory, as discussed

in Section 3.3.
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6.3 Propagation in a general direction

In this section we wish to obtain the secular equation for
Stoneley waves propagating in a general direction in the
(%,,%5)-plane, in which the direction of the propagation has the

direction (cosf, sind).

As in Section 4.7, for an incompressible material the incremental

equations of motion are given by

Apjilk Vk,jl ~ P,i = OV4,

vi,i =0,
and similarly (6.3.1)
AFiitk vE 51 — ¥ = 0¥ Vi,
V?,i = 0.

Also, assuming vi, p, v¥ and p¥ are given b
g Vi, P, Vi g y

f(xz) ei(wt - kcosfx, - ksinexa)

I<
I

H

i(wt - kcosfx, - ksinfx,)

g
I

p(x,) e
ie {1,2,3} (6.3.2)

* _ 2*(x2) e1(wt ~ kcosfx, - kslnﬂxa),

I<
|

¢*(x2) e1(wt - kcosbx, - k51n0x3).

.
I

Equations (6.3.1) lead to
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Agjil1 Va,j1 Agjrlz V2,51 + 4ojals Vi,jl ~ P,y =AYy
Agjalt Vi,j1 * Agj2lz V2,j1 + Agjals V3,j1 ~ P,z = AVy (6.3.3)
Apjaly Vi,j1 * Agjsle V2,j1 ¥ Aojsls Va,jl ~P,3 = PVy
Also, suppose that
¥y, = Ae o

¢2=Be 2,

Yy = C e—skxz’ (6.3.4)

and o =D e—skxz.

By differentiating (6.3.2)1,2 and subsituting in (6.3.3) and using
equations (6.3.4), we shall get the same cubic equation for s2 given

by (4.7.10) namely



[pcz + 52 A02121

[52{952 + 52A02323 -

Let

the
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_ ein?
- coszo(A01122 + Agoi12 ~ Ao11|1) sin4f A03131]

cos28 Agig15 * sin26(Agssz2 ~ Agzaas)}

_ 29 A
_Sinzo{Pcz + 52(A02222 - Agy1aa1 T Agyp01) ~ C08 0 £o1212

- sin2¢ A03232}]

: 2
sind cosf (Bgi122 + Apr1133 ~ Aggq13)[sind cosf {pc

_ sinZ
52(A02222 - Agr221 ~ A02211) - 60520 Agi212 sin“d Aoazaz}

s2 sinf cosf (Agy33, + Aoszzz — Agrasr A03311)]

cosf [coso{pc2 + sz(A02222 = Aji1221 ~ Agzz11) ~ cos28 Agqz12

sin26 Aoazaz}{Pcz + 52403325 ~ c0s20 Agys13 * 5in20(Ag23s2

 Ayyaaq)} - sintk{pc? + s2(Ag,050 ~ Aor221 T Agzz11)

A03322

cos20 Agrz12 ~ sin260 Ag3252){sind cos® (Apz33z + Aoa322

Ac13ar Ags311)1]1=0- (6.3.5)

S,» S,, Sy be the values of s with positive real part and write

solution as given in Section 4,7, namely

s,kx s kx
¢|=A1e1 1 +A2e2 2+A3e3 3,
s, kx s kx s kx
¢2=B1e1'+B2e22+Bae3 3
(6.3.6)
s, kx s kx s.kx
Yy, =C, e ' +GC, e 272 + C, e 373,
s, kx, s, kx, 4 D, esakxa.

+ D, e
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* % E3
-sTkx -sokx -sLkx
pr = A% TSR g a% TS 2 4 p% o0,
* x —S¥kx % —s¥kx + —S¥kx
y¥ =B¥ e 171 4 B¥ e 72772 4 BY e 7373,
(6.3.7)
* *  —s¥kx % —S¥kx * -s¥kx
y¥ =c¥ e 1714 g %e 2724 ¢ e 3°%3

* * *
-s™kx -sTkx —-s7kx
p* = DT e 1TV + Dt e 2772 + D§ e 3773,

To obtain the speed of Stoneley wave propagation in any direction
for the general case we must deduce from (4.7.8) the ratio
Aj: By: Ci: Dy and A¥: BY: ¢¥: D¥, i ¢ {1,2,3} and from the boundary

conditions obtain the ratio A, A, Ay

Af: Af: A§ and the secular
equation. Also, because of the cumbersome algebra involved we omit

details of the general case here, as in Rayleigh waves we shall

concentrate on the application to the neo-Hookean material.

6.3.1 Propagation in a general direction for a neo-Hookean material

For a neo-Hookean material, equation (6.3.5) becomes

(pc? + p xf 2 — p 22 cos2p - 4 x% sin26)%(s2 - 1) = 0,  (6.3.8)

which is a cubic equation for s2 and let s, and s, are the values of

s2 with positive real part, as in (4.7.14) s, and s, are given by

s? =1 and s% = (pn k? cos2g + B k% sin2 —pcz)/y XE.

and similarly (6.3.9)

%2 *2 *2
s =1 and 5*2 = (#* A cos2g + p* g sin2g - p*cz)/#* A,
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these require

0 < pc2/p < x% cos2g + xg sin2e,

and similarly (6.3.10)

2 *2
0 < p*cz/u* < XT cos2g + A, sinZg.

Also, as in Section 4.7, s, and sf are repeated roots, that is

S = 8

5 and si = sg, so equations (6.3.6) and (6.3.7)become

3

kx

¥ = Ay e 12

Yy, =B, e 12

4y = 0y 51

and

(A,
(B,

c,

(D,

%
(A3

S
+A) e 272,
s kx

+Bj) e 272,

+GC,) e 272

*
* -sTkx
+ A7) e 272,

* *
* -sTkx -sokx
Yy =B¥ e 12 4+ (BY + B¥) e "2 2,
* *
% _ % _—STkX * * —-sTkx
yy; = Cl e 172 (G35 + C3) e "272,

-s. kx
* D¥ e "1

2 4 (Df X

s kx

+ D?) e T2z,

(6.3.11)

Next, let the incremental boundary conditions for propagation in any

direction be

So2i = Sgai

on X, = 0.
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That is,

<
N
|
<
N ¥
i
o

since  Agy1q02 ¥ P = Agypy ~ 0y Aggggy ¥ P = Ay, - 0,, and

* A*

- * * _ % _ %
similarly Apj,,,, + P = A7, 2, 032 02332 0, and

% _ sk
+ P° = Ajo323

for the special case ai = 0, = 0, the above boundary conditions

become



1 1 0,
v, - v¥ =

2 2 =0,
—_ * =

v, V3 0,

onx, =0 (6.3.12)

* x *
* ov * %] OV * ov * _
402211 ox, [ A52222 + P ] 5;? Aba23s o+ P~ 0,

For a neo-Hookean material the boundary conditions (6.3.12)

reduce to

V1—V§=O,
VZ—V§=Ov
v, - Vv3 =0,
ov,  ov # %20 Ov* vt onx, =0 (6.3.13)
#)‘2[3;{—]2-4‘3;?]_”)\2[&-;4-6;12]_0’
2 *
2“*23‘1‘2‘?‘2ﬂ*x2;§%+p"‘=0.
2 [ ov ov * *20 VE Bt -
R I B el
* * x (*2

since 0, = 03 p = uxz and ¢; = 0= p™ = p™ N, .



By differentiating (6

.3.2)
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and substituting in (6.3.13), we have

*
‘l’1_¢1=0’
*x
‘l’z_'/’2=0’
* _
¢3—¢3—0’
on x, =0 (6.3.14)
*2 ' *2
#)‘E'/"1_ikcosoﬂ)‘§¢2_ﬂ*)‘z ‘!’f + ik cosé I‘**)‘z ‘/’>2k=o'

2 *2
BN ¥, — e = 2% N, yY 4 ¥ =0,

%2 *2 '
ik siné pu x% v, + 1 xf y', — ik siné [Tl VA AR W ¢§ -

|
o

Next, on use of (6.3.11) in (6.4.14), the above boundary conditions

become



* *
A'I + A3 - A1 - AT < o,
* *
B1 + B3 - B1 - B = 0’
* *
C'I + C3 - Cl - C3 = 0’
2 Z 2 ik B
p A, s, kA + pu X, A, +p A s, k Aa ~ ik cosf® pu A, B,
2

xt sg k A§

2 *2
— ik cos# ® )\3 BS + p,* )\t 531\' k A.f - #* )‘2 A’; + #*
%2 . *2
+ ik cosf p* M2 BT + ik cosé u* x, B3 =0,

(6.3.15)
2 2 2 x *2 % *
2p \; sy kB, + 2pu Ny By + 2 2\ s, x By ~ D, — D, + 2p™ X, sy k B}

*2 *2 *
© o a2 w2 AT stk BY 4 DY 4 D - 0,

2
ik sin0 p N2 B, + ik sino pu 22 B, - , A s, kC, - pAic,

2 *2 . . *2
- K\, S, k C3 — ik sine #* A, Bf — ik sing p* A, B§

%2 %2

*2 * *
-1 N st kcy 4 pEN, O -t N, s3 kG-,

are

As for Rayleigh waves, the ratios Ay Bj: Cy: Dy for A A, A,

given in Section 4.7 namely,

for s = s,,

D, _ -(pc? + m k% s% - U x% cos20 - p xg sin20)k
A, i cosé

D, _ —(pc? + M xg sg - u X? cos26 - p X% sinZ0)k
C, i sind

1 = tané.

>0



* *

%2
—(p%*c2 + n* A, s
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*2 *2
fz - p* A, cos2g - u* N, sin20)k

i cosé

2
cos2g - u* xj sin2g)k

= tanf.

Also, as in Section 4.7 for the case s = s,, we have
A,=B,=C, =D, =0 and similarly for s = s§ we have
Aj = Bi - Ct - D§ = 0, and the ratios for this case are as given in
Section 4.7:
D, _ ~(pc? + p xf s% - B x% cos20 - g xg sinZ20)k
Ay i cos#
D, _ —(pc2 + XE s% -p X? cos2§ - u xg sin20)k
Cs i sindg
and
Cs tand.
Aj
Similarly, for s* = s§
*2 *2 x2
2§ _ —(p*c2 + u* \, siz - u¥ A, cos2g - p* N, sin29)k
Ag i cos#
%2 *2 *2
Bj - —(p*c2 + y* A, s§2 - u* A cos2f — u* g sin26)k
*
Cs i siné
and
*
& tand.
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Also, from Section 4.7, We have

is, B,

is, B,
Similarly,

i

i

cos® A, + siné c,

= cosf A, + sind C, for s = s,

sf Bf = cos

*

*s
s By cos#f

. * *
] Af + sinf Cj for s
At + siné Cg for s*

Now, the boundary conditions (6.3.15) can be written as

* x
A, + Ay - AT ~ AT =
% *
B, + B, - BY ~ Bj
* x
C, +C3 - Cy -~ Cj
2 2

isinf pu x% B, +

*2

2
. * * 3 . % Y
u* A, sg Ai + icosf p* N, By + icosf u* N,

=0,

. 2
3 - icosf p x% B, — icosf p N, B,

2
* ¥ * %
2422 o Kk By =Dy - Dyt 27N, STKE]

isinéd , Ay

*2

*
BY = 0,

(6.3.16)

* * % X
* * + D=0
+ 2”, )\2 32 k B3 + D,| 3 )

2
2 By + & X% s, C, + kN 55 Cq

x2 x2

isiné n* N2

B*

1

_#*)\

*
- isin® p* X, BY - p™ X

%2
2

*
53

X
C'l

2
*e g% c¥ = 0.

2

3
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Also, as in Section 4.7, substitution for B,, B, , C,, C,, D,, D, in
terms of A, and A, we get
is, B, = —él , is, B2 =-J§3 ,
cosé@ cosf
and similarly,
* *
isy B} = A , is¥ B¥ = A
cosé cos#f
Thus, equations (6.3.16) become
* * _
A, + A, - A¥ - a¥ -0,
* *
£L+ﬁ3.—él—£3.=o’
* *
Sy S2 s} s%
2 1 2 1 *
BN (s) = A + p N (s, — =) A, + p* £, (sT + —) AY
. s, *
5,
2
P e Ly, -0,
S,
(pc2 + 2p x% + u x% s% - x? cos2§ - 7 x§ sin20 VA,
+ (pc? + 2u X% +p xf s% -u x% cos?6 - © x% sin2y )A,
*2 *2 *2 %2
- (p¥*c2 - 2p* A, + p¥ o, sfz - p* A} cos?p - u* N sin2@ JA¥
*2 *2 *2 *2
(%o - ¥ Ny 4 p Ny sER - p* ) cos20 - u* 2y sin2g )a¥ = 0,

these equations can be written as
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A, +A;, - A, - A, =0,

* % * %k _ * ok _ * Ak _
s,8785 A, + s,s87s; A, s,8,85; Aj S,8,87 A} 0,

2 2 *2 42
U xz(s% - 1)szsfs§ A, +p xz(s% - l)s,sfsf A, + p* N, (sf +1)s1szs§A§

%2
+ p* A, (s’;2 + l)s1szsf A§ =0,

(e + 2u 32 + a2 52 — 42 cos2 - A2 sin2p )a, (6.3.17)

+ (pc2 + 2p xf + p x% s% - u x? cos2p - n xg sin2¢ YA,

*2 *2 *2 %2
- (p%*c2 - 2% A, + p* A, sfz - p¥F N, cos2¢ — p* N, sinzo)Af

%2 *2 *2 *2
~- (p¥e? - 2u* A, + p* N, sjz - u* A, cos2§ - w* N, sin20)A§ = 0.

For A,, A,, A,, A, in equations (6.3.17) to be non-trivial solution

we must have
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1 1 -1 -1
$,5753 55753 ~5,5,53 ~5,5,57
2 *2 42 *2 42
waZ(s2 - 1) pais2 -1 pE L (¥ D e (s%241)
S,575% s,575% 55,53 515,57
2 2 2 2 %2 % \*2 *_2
pcé + 2p N, pct + 2p N, —(pTct - 2u" N, —(p7c
*2 %2
+ u xf s2 + x% s2 + p* N, sT - 24 N,
*2 *2
- X? cos26 - x? cos2f —p* A, cos2p +u* A, st
*2 *2
-u xg sin26 ~p xg sin2g —p* A sin2g) —u* A, cos?g
*2
—u*xa sin29)

On rearranging this becomes
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*2 *2 *2
s, s, s; 85 (s, — sz)(s* - st) p* A, sf st (2p* N, + wx N, cos?g

* *2 *2 %2
+ ¥ A, sin2p + p* A, sf sf - p*cz) + p* A, {p*c2 + p* N, (sf2+ sjz

*2 2 2
*s¥y - 2p* N, - uF XT cos2g — p* xf sin20}

+S1 2

+ u x% s, s, (pc? - § x% s, 5, — 2p x% -u x% cos26 - p x% sin2p)

~ a2 {pe2 - paE(s? + 52 + s, 5,) - 20 3% - u A; cos20- p N> sin26)

2 *2
+ x% (s, s, + 1){p*02 - 2u* A, + p* N, (sf2 + s + s7 sj

* *2
- p* N cos2g - p* A, sin20}

- u* x§2 (s¥ s¥ + 1){pc2 - 2u x% +p X% (s? + sg + s, 8,) - yx% cos?p

2 *2
+ s, s,(s, + sz)(sf + si) TR p* A,

2 *2
sT s’;(s1 + sz)(sf + sg) BN, u* A, =0,

+

Also, assuming that s, # s, and sf # st, the above secular equation

reduces to
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2 2 2
TR (pc2 - 2p ANy — BN, cos2f - B xi sinze)(sl s, - 1)

- #2 kg (s% + s% + s% s% + 8, 8,)

%2 *2 %2 2
+ p* N, (p*c2 - Zu* A, - n* N, cosZg - u* xj sinza)(sf st - 1)
%2
- #*2 N, (s’f2 + s§2 + sfz sfz + sf st)
2
+ p x% (s, s, + 1){p*02 + p¥ kj (sf2 + sjz +s¥s¥ - 2)
2 *2
- p* XT cos2g — p* n, sinZe}
x ¥ w ok 2 2,2 2 2 2
- uF N, (s7 s - L){pct + p\; (s§{ +s5+s, 5, + 2) - p N\ cos‘4é
— u 2% sin20)
¥ sk ¥ byl e 6.3.18
+ (s, + s,)(s7 +8%) (s, s; — sy s5)p N\, uo N, =0, (6.3.18)

From (6.3.9), we have

-1+ & x? cos2f + U kg sin6 - p02

62 + 52 . ,
BNy
2 os2 2 <in2 2
p Ay cos“d + p N, sin‘“d - pc
Sy 82 7 ]
R

2 2 .
+s,=|1+E \j cos?o +42‘)‘3 sin - pc?

Sl
mN o
+ 2[# k% cos2g + u x% sin2g - pc2
2
R
2 2 (6.3.19)
* *
2 e g B0 cos?0 + p* 2 ain20 - pe?,
By
*2 *2 5
_ u* A, cos2g + p* A, sinZf - p*c2
s, S, = —2
v
*2 *2
% 4+ s* =|1 + u* A, cos2g + ﬂ* A, sinZg — p*c2
1 2 * *2
R ,
2 *2 &
+ z[u* XT cos26 + p* A, sinZg - p*c?
w2
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On setting

]

2 2 2
RY cos29 + g Ay sin20’ £ = pcz, " A,
BN, BN, V* Xi
(6.3.20)
%2 *2
* _ p* A, cos2f + u* A, sinZg £* - p*c2 n* = 1

equation (6.3.18) reduces to

which

Also,

m {(E -7 -2)(1 -5, s,) + s? sg + s% + s% + s, sz}

* * * * % * %
m™ {(§7 - 9" — 2)(1 - s] s3) + sy s + 87 + s; + sy s;

(s, s, + 1)(sT s% - 1) - (s¥ s¥ - )(s, s, - 3)

* * *
(s, + s)(s¥ + s¥)(s, s, + s¥T s¥) =0,

can be written as

t-p-2+s2s2+s2+s2-(-9-3)s,s,

m*2 {E* - -2+ sfz stz + s*2

2 * K
¥ op s¥C - (8% - 9F - 3) sT s%

* * % * *
1 S s, 87 s - 1) — (s, + s,) (s + s3)

1

*
2 2

m* {2(s, s, + s

(s, s, + s¥ s3)} = 0. (6.3.21)

equations (6.3.19) reduce to

3
s% + s% =1+9-&, s, s, =1(9-§&)
3.3
s, +s,={l+1n-¢t+2(n-8)°*%},
(6.3.22)
sfz + stz =1+ 9" - £*, sf s§ = (q* - E*)%

s¥ 4+ 8T = {1+ 9% - %+ 209 - E*)%}%,
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Next, substitute (6.3.22) in (6.3.21), the secular equation becomes

pet -l oD@

%242
+ [#* M [n* B A G W T C E*)i]

:

-]

3 3
On putting o = (n — £) and of = (9* - £%)°, equation (6.3.23)

+ [n* - E*]%} = 0.  (6.3.23)

reduces to

2 x% (L -3 a- o2 - a3)

* (2

2
-k p N, xt (2 -a-« 2

2
* *+a2a*+o¢a*)

*+ 02 +4 a0 +a

4
2% (1L - 3 a* - o*2 - a*3) = 0. (6.3.24)

+ p*

This equation is an equivalent to an equation given by Chadwick

and Jarvis (1979), although they considered the same shear modulus

for both regions x, » 0 and x, < 0 and they took the interface

to be x;, = 0. Also this equation is the same equation (6.2.59), which

is given in Section 6.2, so all the numerical results given in
Section 6.2.7 are also solution for this equation.

From equation (6.3.23), by taking the limit m* — 0, we get the

corresponding equation for Rayleigh waves propagting in a general

direction namely

w3+ 5w +1lw-1=0,

where w = 9 - §, (see Section 4.7).
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6.4 Interfacial waves at the boundary between two pre—stressed

compressible elastic half-spaces

Finally in this chapter we shall obtain the corresponding

equations to these given in Section 6.1 for a compressible material.

As in Section 4.8, the incremental equations of motion for a

compressible material lead to

pv v

1T Ao Vi, t Agii22V 2,21 Y Ag2121 V0 Y Agoi2 Vo e

(6.4.1)

+
PV, =Ag1212 V2,11  Agi221 Va,21 ¥ Agazi Vi,i2t 402222V 2,22

for x, < 0.

Similarly
ok _ A% * * * * * * %
PV = AG1111 Vi, Y AGi122V2, 21 F Ad2i Vii22 ¥ AG2112 V3, 12

(6.4.2)

Kk * * + 4% * * * *
PV =A%1212V2,11  AGi221 Vi, 21+ Ao221 VT,12 + AT3522V%, 22

for x, » 0.

6.4.]1 Propagation along a principal axis

Also, as in Section 4.8 we assume that v’}', v’; and v,, v, are given by

skx., + ikx, - iwt
v, = A,e 2 1kx, ot
+ i s
v, = AzeSkxz ikx, 1wt’
(6.4.3)
* . .
s"kx, + - iwt
vT _ Afe 2 + 1kx, Tt
* % S¥kx, + ikx, - iot
v, = Aje 2 ! .
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As in Section, 4.8 (6.4.1) and (6.1&.5)1’2 lead to

s?2 + s2 =
Ap1111 Ap2222 Y Apzi25 Agi212 _(An1122+ A02112)2_ pcz(A02121+ Aozzzz}
Agz121 42222
(6.4.4)
s252 = (Ag1111 = Pcz)(A01212 - pc?)
12 1]
Agz121 Ag2222
for x, < 0.
Similarly
*2 *2 _
s; *ts; =
Ay i At A, A L, Ak o At )2 p¥e2at, +4% 222)
* * ’
A02121 A02222
(6.4.5)
* %02y (A" 2
%2 %2 _ (Agyq19q — P7CO)(Ag1555 = P7CY)
1 52 * - )
ADZ‘IZ'I A02222
for x, 3 0.
Next, let us consider the incremental boundary conditions
% . _ .« % . _
Vi = Vi, Sp2i = Sop2i on x, = 0,

that is



02121

02211

For Stoneley waves we seek a solutions for v,, v, and V7,
decay when x, —

Suppose that the

270

+

v, - vf =0,

v, - vt =0,
1,2 Y Apz112 V2,0 ~ (A§2121 VT
1,1 Y Ag2222 V2,2 ~ (A§2211 vy

1,

y 2

1

onx, =0 (6.4.6)
* *
+ AGs112 V2,10 = 0,
* *
+ AG5222 V3,2) = 0.
* ¥ which

. *
general solution for v,, v, and vf, v,

2?

o and satisfying the boundary conditions (6.4.8).

are given by

(6.4.7)

s, kx kx,, iwt - ikx
v, = (Aje"1 T2 + B,esz 2ye 1
s, kx s, kx,, iwt - ikx
v, = (8,172 + B e52%2)e @ 1
* * . .
—-sTkx -sTkx iowt - ikx
v¥ = (A¥e 124 B¥e 2 %2)e o 1
% % —S¥kx % —S¥kx,, iwt - ikx
vy = (A%e "1 72+ Ble 277 2)e 1

On use of (6.4.7) in (6.1.6), the boundary condtions become

* _ pk _
A, + B, - A¥ - B¥ = 0,
— A% _ p¥ _
A, + B, - A; - B, =0,
Agz121 S1 Ay T Ag2121 S2 B, -1 A5,,128;, —1455,,, B,
on x, = 0 (6.4.8)
* % A% * * p% s 4% * PR *
+ A, sY AT + AQgiaq 53 BY + 1 Agyy,, Ay + 1 Ay, B 0,
145500 Ay + 1 Ag221, B, = Agz222 S Ay Agz222 S2 B,
. * . ak % _ A% * Ak _ g% —
- i A% AT — 1 Ajaan B; Ajy222 S1 A Agz222 S B; = 0.

02211
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Recalling from Section 4.8 that

and similarly

for x2 <O0.

Similarly

for X2 > 0.

Subsitituting

iA Ap1111 ~ Ap2i21 S% - P°2

—_2
’

A, s, (Ag1122 * Ag2112)

: 2 _ 2

iB, _ 4pi111 — Apoi2y 82 pc,

B, s, (Ag1122 * Ap2112)

. * * *2 *
iA7; _ '(An;111 — Apz121 81 — P c2)
* * x ’

Aj s7 (Agq1122 * 452112)

- * * *2 * .2
iBy _ —(Apy119 — ANz121 S5 — p7¢9)
* * % * ’
Bj s; (Agi122 + 4g2112)

(6.4.9)

(6.4.10)

(6.4.9) and (6.4.10) into the boundary conditions

(6.4.8), we get



* * _
A, + B, - A¥ _ B* = 0,
- 2 _ 2 _ 2
Agi1111 ~ 402121 s? - pc A+ |Aor11y ~ Aoz12) S7 T PC B,
s1(Ag1122 * Aozr12) ! s;(Agy1122 + Ag2112)
* _oa* *¥2 _ %2 a* _ a* *2 %2
+ [Aorir 02121 51 P C7la* + [Ao1111 02121 =2 p B¥ =0,
s¥ (4% + A¥ ) 1 s* (X +%*4 )
1 01122 02112 2 Wg1122 02112
A s, - Apo112(A05911 ~ Apayzg s% - pc?) A
02121 s1(Ag1122 ~ Ag2112) !
+ {A 2121 S2 Ap2112(A01911 = 402121 s% ~ pc?) B
[ ° $,(Ag1122 ~ 4p2112 ' on x,= 0 (6.4.11)
[ A* (a* _a* *2 _ % 2
+ A§2,21 ST _ 0211284057111 02121 51 pc )] Af
¥ A% *
S7(AG1122 ~ 402112)
% * * *2 *
+ [A’;zu1 sj - éﬂlllz(A011114: Abz121 87 — P CZ)] BT =0,
kA% *
S2(AG1122 = 4Ab2112)
Agoorr + Ag2222(801111 = Agz12; 5% - pc?) A
Ag1122 t 452112 !
+ Ay, + Ag2222(A01101 = Anzipy 55 = pc?) B,
02 Ag1122 t 4g2112
* * * *2 * 23]
[A§2211 + Ar2222(A011191 ~— A02121 81 — @ c?) AT
% *
Ag1122 F 402112
* * - A% *2 _ % 2y]
A%+ A02222(A01111 = 402121 82 p*c?) BY = 0
02211 - ”
Ag1122 T 402112 J
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We may rewrite these equations as

* *
A, + B, - A¥ - B¥ =0,

% ok g ak *
S, sy 8; (Agyq22 + A02112)(A01111 ~ A S% - PC2) A,
* % gk *
+ s, 87 s, (Ajyqa2 * Aoz112)(A01111 ~ Ay S% - Pcz) B,

* *2 * *
+ 8, 8, 85 (Agyq22 Aoz112)(A§1111 — AZ121 87 - P c?) Aj

* * *2 * * _
+ 5, 8, 57 (Aggq22 A02112)(A§1111 — AZ129 83 - P c?) B =0,

2 x % * *
{s7 s, 87 87 Agarzr (Agiq22 *+ A02112)(A01122 + AGz112)

*

* %
= 8, 87 83 Agoqqp (AG 402 + A§2112) (Agy111 = Agaq21 s% - pc2)} A,

2 K % * *
+ {s; s5 87 85 Aga121 (Agy122 + Ag2112) (Ao1122 + Ag2172)

_ * * * * * _ 2 _ 2
Sy Sy 83 Agzi12 (G110, + ATy, ,2) (Agianr — Aggy2y 82— PC )} B,
*2 * *
+ {s,; s, s7 s; 445, (Agy122 + Ao2112) (Agiq22 + Agz112)

* A% * %k *2 _ %2 *
S7 Avz112 (Agiq22 + Agyqq2) (Aorann ~ Agarzr S pTc)} A

* %2 * *
+ {sy s, 87 5% Agaiz0 (Ag,,,2 + Ap2112) (Ag1122 + Ag2112)
_ * 4% * _ * %2
Sy S, 57 Agz112 (Agry2, + Agar12) (A51111 Agai21 S2

- p*cz)} B, =0,
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* *
{A02211 (Ao11zz + Aoz11z) (A01122 + A02112) + A02222(A0‘122 + A0211z)

(Agy111 ~ Aoziz1 87 — pe2)} A,

* *
+{A02211 (Ao11zz + Aoz112)(A01122 + A02112) + A02222(A01122 + Aoz11z)

(Ag1111 ~ Aoz121 s - pe2)} B,

A% * * *
{A02211 (A01122 + A02112)(A01122 + A02112) + A02222(A01122 + A02112)

* * %2
(AG1111 — Ag2121 1 - P*CZ)} A¥

_ A% * * *
{A02211 (A01122 + A02112)(A01122 + A02112) + A02222(A01122 + A02112)

* * %2 *
(A51111 ~ 42121 S22 — P c2)} Bf = 0.

Also, recall from Section 4.8 that

ayy = Agyq1 0y, = Agz222°

Qy = Agyi220 0y = Ag22110
‘Y] =A01212’ ‘YZ =A02'|21’
- = 2
& = a,y,+ Qg 28 =0y %22 + Y1 Y2 - 67,

for x, < 0.
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Similarly
% _ 4% * %k
a7y = AGiqq1s 0y, = Ajz2225
* .k * .k
72 = AG11229 a7y = Agyz11
* _ % * _ a%
Y1 = Abr1212s Y2 = Ag21210
* _ % * * _ %k * % %2
67 = ay, + oy, 26" = ay, 032 + Y7 Y2 - 5
for x, » 0,

Equations (6.4.4), (6.4.5) and (6.4.12) now can be written as

s% + s% =28 = (yp * 053) Pcz’

Y2 Q33
s2s2 - (@, = pe2) (v, - pcz)’
Y2 Oz
6.4.13)
42, w2 _ 26% - (yf + ok ptc? (
1 2 * % i
Y2 @32
*2.%2 _ (of; = p¥e?) (y¥ - p*c2)
1 52 * % '

Y2 Q3



* ok o _ 2 _
s,8718; & (ay, Y2 S3
+ s,s.8% (e, - 4% s*2
185285 § 1 Y2 Sy

stfsj 5% {Sg Y2 8 — oy (a

*_ % ok .92 _
+ s,87sy 6" {s5 vy, & asz,

* *2 % % _ %
+ 8,8,87 & {s7 3 6 07,

v s,5,5% 5 {s¥7 4% % - of,
5% {oy, 8 + 0y (0, =7, 8
+ 8% {o, 6 + ay, (27, — 7,
-6 {afz % + a§2 (af, - 7?
-6 {afz 8% + ajz (af, - 7§

For these equations to have

Bf, we must have

pc2) A, + s,sfst 6% (ay, — v, s% - pcz) B,

- p*c2) A'f

2
+ S15251: 5 (af, - 7§ S§ - p*cz) BT =0,

11 " Y2 S% - Pcz)} A,

(o7 = 7, s% - pcz)} B,

2
(o, - 7% s¥° - p*c2)} a¥ (6.4.14)
(o, - 4% 8% = p¥e2)) BY - 0.
% - Pcz)} A,

s% - pc2)} B,

*2 * 2 *

s7 — pcf)} A

*2 * .9 *

s; — pcf)} BY = 0.

2

non-trivial solutions for A,, B,, AT and



szsfst 5% (a,,
- Y2 sg - pc
szsfsi 5%
{s3 v,
- ay,(a,,
- Y2 S%
- pcz)}
5% {o,, 8

+ oa,, (a,

=N

- Y2 S

- pc2)}

]

1
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* K

*
sisy 6" (o,

NN

- Y2 872 — P€

NN

~ Y2 S
- pcz)}

5% {o,, 8

+ oy, (0,

NN

- Y2 S

- pc?)}

* *
s,s,s; & (af,

* %2

- Y2 S1 7 p*cz)

- Y2 S,

- p*c?)}

*x *
-8 {a7, &
* %
+ a5, (ay,

2
*
- 7§ S

- p*cz)}

*
s,szs16

* * %2
(a11_ Y2 S3

_ pc2)

2

—p*cz)}

-5 {a¥, o*

* *
+ a5, (a7,

N s

- p¥c2)}
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% * *
6.4.2 The case A1 = A2 = A3 = 1 and A1 = X2 = X3 =1

In this section we wish to get the corresponding equation for
compressible Stoneley waves in the linear theory by considering the
special deformation in which X, = X, = \; =1 and ¥ =2} =% = 1.

So from equation (2.7.18), we have

Agz121 = Agr1212 = 1 Agyaa2 = N+ 2p and Agz211 = M
and similarly (6.4.13)
* _ _ Lk * _ Ny * * * %
Ab2121 = Agi212 = AGg222 = N+ 2p and AGya11 = A,

On use of this equation in the boundary conditions (6.4.8), we get

A, + B, - A¥ - B¥

0,

* *
A, + B, - A} - B} o,

onx, =0 (6.4.14)
* p¥

: : * ok A% *
ps,A +pus, B, —1pA, -1 pB,+ p” s7 AT + p” s, B

- i p*a¥ - i ¥ By =0,
i NA, +1NB, - (N+2p) s, A, - (A+ 2p) s, B, — i ¥ A} - i\*BY
- O\ + 2y*) s? Af - O\ + Zp*) si B§ = 0.

Also, recalling (2.7.20) and (2.7.21) that

2 2
pPCL, = N\ + 2p, pPCT = H,

and hence (6.4.15)
A= pc% - 2pc%.

Similarly
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and hence (6.4.16)

Next, substituting (6.4.15) and (6.4.16) in (6.4.9) and (6.4.10), we

have
iA, _ Ei,_ c% s% - c2
2 2.
A, s, (c1, - 2cT)
(6.4.17)
iB, _ c% - c%rs% - c2
B, sz(c% - ZC%)
for x, < 0.
Similarly 2 2
iAt - c{ - c¥ 512 - 02,
* 2 2
A s¥(cf” - 2¢3%)
(6.4.18)
2 2
iB _cf -cpsi-c?
2 2
Bi si(cf 20% )
for x, > 0.

From the discussion in Sections 3.5 and 3.7, equations (6.4.17)

and (6.4.18) can be written as

LY S iB,__ L, for x, < 0,
A, B, S,
(6.4.19)
* *
1A, - ST: EE% = l; , for x, < O,
AT B S»
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Equtions (6.4.14) now can be written as

* *
A, +B, - A -B, =0,

*
B * % B
s,A, + 1L - s,A - —1=0,
s s*
2 2

on x, =0 (6.4.20)

1 * * % % % 1
2ps Ay + p(s, + s ) By + 2p s, A+ p (s, + = )BT =0,
2 sz

* * %2 *. % * %
{N-(n+2ws23a, - 2uB+ {( N + 2p7)s] - N} A, + 24 B, =0.

On use of equations (6.4.15) and (6.4.16) in (6.4.20), we have

*
A, + B, - A, —B, =0,
B %% B
s, A+ —L - s A, - —i =0,
S2 S2
(6.4.21)
* * *
* % 2
2s,A, + (2 - c2/e2yBra g BN LB 0 - 2k )§¢ -0,
S2 ¢ B S2
* *2 % * %
2 - c2/c% ya+ 28, - f— 2 - Zjeryar - 2 K p¥a 0.

I

For these equations to have non-trivial solutions for A;j, Bj, Af,

Bf, i e {1,2} we must have
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1 1 -1 -1
s 1 : 1
1 - = -
*
2 S2
-0
* *
2s, (2_3_)1_ zﬁs] E(z_c_)l_
* *
C% SZ * H CT2 52
* 2 *
2—c2/c% 2 E -2 -2 £
%2 % [
m T

This secular equation in this form has been given in Section 3.7,
which is the secular equation of compressible Stoneley waves in the

classical linear theory.
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