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A b stract

The com putation of the unsteady aerodynamic phenomenon of buffet is be­

coming more feasible with the advent of faster computers and better numer­

ical methods. This thesis is concerned with the com putation of the Reynolds 

Average Navier-Stokes equations (RANS) in an attem pt to further the un­

derstanding of the physics related to  transonic buffet despite RANS being 

an approximation. The report concentrates on 2-dimensional (2-D) buffet 

of two supercritical aerofoils and comparisons of experimental and com puta­

tional results are presented. Different turbulence models were employed in 

the computations. Results show th a t bo th  steady and unsteady flow fields 

are heavily dependent on the turbulence models used. The two equation SST 

and Baseline models are found to be the most reliable models in predicting 

the onset of buffet. However, the Baseline model tends to over-predict the 

intensity of the buffet phenomenon. A comparison of various turbulence 

properties was made in order to explain why buffet occurs at certain angles 

of attack. Detailed time and grid refinement studies were also performed, 

although further grid refinement is necessary.

19



A cknow ledgem ent

I would like to  give my sincere thankfulness to my project supervisor Prof. K. 

Badcock for giving me the opportunity to work in the field of Com putational 

Fluid Dynamics. His guidance and support were most appreciated during 

my university years.

The financial support provided by EPSRC and BAE Systems is gratefully 

acknowledged.

I would also like to thank my Head of Departm ent and the Accommodation 

Office for their support during the difficult stages of my studies.

I also want to thank my m other and my younger brother. Because of their 

financial and spiritual support, I have been able to come to Glasgow and 

study at an advanced academic level.

I am grateful to  all the present and past members of the CED Laboratory at 

Glasgow University especially Dr. G. Barakos for their help and many useful 

discussions we had during the project.

Last bu t not least, I thank the almightly Lord for his grace.

20



C hapter 1

In trod uction

1.1 Scope and m otivation  of project

One of the most challenging problems in com putational fluid dynamics is the 

com putation of unsteady viscous flows around aerofoils. Turbulence and vis­

cous effects are of fundam ental im portance to the aerospace industry, being 

param ount in aerodynamic design. This is becoming even more im portant 

because, as the design of aircraft, helicopters and jet engines is improved, a 

large number of unsteady phenomena appear th a t have serious implications 

in term s of achievable performance or safety. As the speed and memory ca­

pacity of computers continues to increase, the com putation of unsteady flows 

is becoming more feasible, however it is still quite expensive. In addition, 

relatively little effort has been spent in the systematic analysis of the time- 

accurate com putations of unsteady flows. Current efforts have been focused 

on improving our understanding and modelling of complex, viscous, unsteady 

flow phenomena such as turbulence, transition and shock-boundary layer in-
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Transonic Buffet Introduction

ter action.

The present study deals with the computations of the RANS equations for 

2-D aerofoils in transonic and high Reynolds Number flows. Two test cases 

were studied in this project; test case 1 involves work done on the BGK 

N o.l supercritical aerofoil and test case 2 is on the 0 A T I5A supercritical 

aerofoil w ith a blunt trailing edge. Previous work on test case 1 has mainly 

been experimental work by Lee[32,34,36,37], whilst previous work on the 

0 A T I5A aerofoil has been both experimental and com putational work done 

at 0NERA[12]. 2-D aerofoil buffet computations can now be conducted at 

relatively low com putational costs and there are large quantities of experi­

mental d a ta  available for validation.

Buffet was detected over fifty years ago but the physics and cause of the peri­

odic shock motion is still not fully understood. This study aims a t improving 

our knowledge of the self-sustained motion of shock waves in a buffet flow 

regime. At transonic flow conditions, many unsteady phenomena are asso­

ciated with shock wave interactions w ith separated regions. The resulting 

pressure fluctuations can cause control surface oscillations known as aileron 

buzz, periodic flows in supersonic intakes and cascades, and m any other un­

desirable unsteady effects [36].

The onset of buffet can be predicted by numerical methods using fast com put­

ers. Viscous effects such as viscous-inviscid interactions can be numerically 

simulated on modern computers with relatively low CPU costs. However, 

the efficiency in predicting buffet onset using com putational m ethods still 

has room for improvement.

Solving the Navier-Stokes equations is usually done by averaging the conser- 
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vation equations, Reynolds Average Navier-Stokes (RANS) equations. These 

equations were proposed by Osborne Reynolds over a century ago. In the 

Reynolds-average approach to turbulence, all of the flow param eters are as­

sumed to  be composed of a mean and a fluctuating quantity. Averaging the 

Navier-Stokes equations gives rise to term s th a t must be modelled, known 

as Reynolds stresses. The presence of Reynolds stresses means th a t the 

RANS equations are not closed. Some approximations are needed to repre­

sent the Reynolds stresses. The approximations introduced are called tu rbu­

lence models. The models mainly used in this study are the k-w, SST and 

Baseline two equation models and the Spalart Allmaras one equation model. 

The equations, therefore m ust be used with caution if they are to be used to 

understand flow physics.

1.2 Transonic A erodynam ics

1,2.1 Transonic A erod yn am ics o f A erofoils and W ings

Transonic flow occurs when there is mixed sub- and supersonic local flow in 

the same flow held (typically with freestream Mach numbers from M =  0.6 

or 0.7 to 1.2). Usually the supersonic region of the flow is term inated by a 

shock wave, allowing the flow to slow down to subsonic speeds. As the Mach 

number increases, shock waves appear in the flow field, getting stronger as the 

speed increases. Figure 1.1, taken from Mason[51], shows the development 

of the flow with increasing Mach number, starting  from subsonic speeds.
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Figure 1.1: T ransonic flow p a ttern  [51]

At some Mach number the flow becomes sonic at a single point on the 

upper surface where the local flow reaches its highest speed. This is the 

critical Mach number. As the Mach number increases further, a region of 

supersonic flows develops. Normally the flow is brought back to the subsonic 

region by the occurrence of a shock wave in the flow. As the Mach number 

increases, the shock moves aft and becomes stronger. As the Mach number 

continues to increase, a supersonic region and shock will develop on the lower
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surface. As the Mach number approaches unity, the shocks move all the way 

to the trailing edge. Finally, when the Mach number becomes slightly greater 

than  one, a bow wave appears ju st ahead of the aerofoil, and the shocks at 

the trailing edge become oblique, many variations in the specific details of 

the flow field development are possible, depending on the specific geometry 

of the aerofoil.

1.2.2 T ransonic buffet o f aerofoils and buffet b ou n d ­

aries

Buffeting is the dynamic response of an aircraft structure, such as a wing, 

to  unsteady forces acting on it. The buffet loads at transonic speeds are far 

more severe than those at low subsonic or supersonic, th a t is why this review 

mainly concentrates on transonic buffeting. Transonic buffet is of greater 

im portance in term s of aircraft manoeuverability and structural integrity 

considerations. The process is essentially driven by the interaction of the 

shock wave with the boundary layer which influences the development of the 

shock-induced separation or rear separation. The divergence of an aerofoil’s 

trailing edge pressure can be used to estimate the magnitude of buffet loads. 

A normal practice in buffet aerodynamics is to define a buffet boundary. An 

example of one of the early definitions of the biifl'et boundary illustrated in 

a lift versus Mach number plot is shown in Figure 1.2. Thom as[79] defined 

the onset boundary to be a curve separating the regions where the flow is 

essentially attached or partially separated and those where the flow is fully 

separated. In the subsonic region the boundary coincides with the maximum
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lift versus Mach number curve. As the flight speed is increased, a shock wave 

is formed and it moves rearwards and flnally reaches the trailing edge of the 

aerofoil. Separation will disappear and we have a buffet-free supersonic flow. 

For th in  wings a t small incidence, this condition can be reached even before 

the shock wave has a tta ined  an intensity great enough to initiate  buffeting. 

There is a buffet-free corridor whereby it is possible for a suitably designed 

supersonic aircraft to pass through the transonic region without encountering 

buffeting. The onset of buffet is defined similarly for fighter and transonic 

aircraft, bu t permissible operation of the aircraft excursion into the buffet 

regime is different. For a combat aircraft, light buffeting is defined as the 

first appearance of sizeable vibrations noticed by the pilot and the aircraft 

can safely operate in th a t regime. The margin set for m oderate buffeting 

represents the highest values of instantaneous pull-ups or tu rn  rates a t which 

the weapon platform  may still be effective in releasing stores or carrying 

out a tracking mission. Heavy buffet is determined by the structural limits 

of the aircraft and should be avoided a t all costs. For transport aircraft 

during normal cruise, the  aircraft may encounter a strong gust which carries 

it over the buffet boundary. However, excursion inside this boundary for any 

prolonged period of time is not permissible.

Pearcy[60] and Pearcy and Holder[6 Ij defined one of the earliest m ethods to 

determine buffet onset. Buffet onset is determined by the Mach num ber or 

incidence when the bubble reaches the trailing edge and bursts. This can also 

be obtained from the divergence of the trailing edge pressure. Mabey[48] also 

defined another m ethod for determining buffet onset using unsteady forces 

or pressure measurements. In two-dimensional aerofoil testing, a  convenient

University o f Glasgow 26 MSc Thesis



Transonic Buffet Introduction

TOTAL SEPARATION(STAtU
SH Q CH

I ATTACHED FLOW
5H0CH
I TOTAL SEPAMTIOH

I BUFFET tiOUNOAHV

BOUNOARY FOR 
CRITICAL FREESTREAM'
c o m n o N s

«  D E S m  POINT

•SUBSONIC

FffE£Srff€AM MACH NUMBER, M

F igure 1.2: B uffet boun dary from  [79]

quantity to use is the unsteady normal force obtained either from integration 

of the unsteady pressures on the aerofoil surfaces or from direct measurement 

with a force balance. Lee and Tang[43] used the divergence of this quantity  to 

define the buffet boundary. Lee and Ohman[42] have shown experimentally 

th a t for the BGK N o.l aerofoil, large fluctuations in the normal forces are 

detected at Mach number approximately 0.733. It is shown in Figure 1.3 th a t 

the aerofoil can experience a large normal force from a small excursion into 

the buffet regime a t transonic flow conditions. The source of this behaviour 

is associated with the presence of the periodic shock motions.

Figure 1.4 shows the region where shock oscillation occurs for the BGK 

No. 1 aerofoil. Comparison with Figure 1.3 shows the region where large 

values of normal force fluctuation is detected lies inside the shock oscillation 

region. This region where discrete frequency oscillations occur increases in 

dimension for thicker supercritical aerofoils.
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F igure 1.3: B u ffet on set accord ing to  [36]

The excursion into the buffet regime is shown in Figure 1.5 where a  is 

fixed at approximately 6° and the Mach number varied from 0.6 to 0.81. 

The results obtained by Lee for the BGK N o.l aerofoil show the fluctuating 

normal force to increase almost linearly from M  =  0.6 to 0.69. The onset 

boundary is crossed at M  =  0.615 and the shock oscillation region begins at 

M =  0.67. Between M — 0.67 and M — 0.69, the shock is very weak and 

the normal force continues to increase approximately in a  linear manner. A 

maximum normal force is located at M—0.733 close to  the design value of
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F igure 1.4: R eg ion  o f shock  oscilla tion  for B G K  N o. 1 aerofoil [32]

0.75. The slope of the graph for 0.616 < M  < 0.69 is much smaller than 

for 0.69 < M  <  0.733 where fairly strong shock oscillations occur in the 

la tte r range of M. At the higher values of Mach numbers (M  >  0.733), the 

shock weakens and the pressure field due to shock oscillations decreases with 

increasing M, resulting in a decrease in the normal force.

1.3 Shock induced separation

1.3.1 F low  separation

Some familiar types of flow separation encountered in or around engineering 

structures are shown in Figure 1.6. These are quasi 2-D bubble separations
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which can be modelled and the associated pressure fluctuations predicted. 

However, aircraft performance is also influenced by the increase of drag and 

buffeting arising from the separation of a  boundary layer from an essentially 

smoothly-contoured lifting surface. Because of the wide variation of Mach 

number and angle of attack, flow separation on combat aircraft wings can 

be expected in certain regions of the flight envelope. In m anoeuvring flight 

a combat aircraft wing exliibits a complex, changing pattern  of attached, 

separated and vortex flows across its span. The management of separated 

flows and minimization of buffet requires significant design effort.

1.3.2 T yp es o f separation

For the subsonic attached flow past an aerofoil, viscous effects are usually 

assumed to be confined to  a thin layer adjacent to the aerofoil surface and in
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Figure 1.6: T yp es o f  bub b le flow [61]

the wake. As Ma,ch is increased, a critical value is reached. Above the critical 

Mach number, a supersonic region appears which is generally term inated by 

a shock wave. W hen the pressure rise across the shock reaches a sufficiently 

large value, shock-induced separation of the boundary layer occurs.

In considering shock-induced boundary layer separation on aerofoils, there is 

always a region of supersonic/subsonic flow separated by a shock wave. This 

is followed by the presence of continuous adverse pressure gradient in the 

subsonic flow downstream of the shock. Development of upper-and lower- 

surface boundary layers near the trailing edge and their merging into the 

wake have significant influence on the circulation, and through it the pressure
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distribution and shock location.

At low incidences when shock waves occur on both surfaces, the introduction 

of a disturbance at the foot of the shock will cause a change in the pressure 

recovery downstream of the shock. The flow at the lower surface is affected 

which in tu rn  causes the shock to move rearwards. The static  pressure along 

the wake is also disturbed and in order th a t the pressure may fall to the 

freestream value to  satisfy the compatibility condition, the shock and the 

separation point on the upper surface must move forward. The compatibility 

condition is where the static  pressure on the two sides of the wake has to  be 

equal, or near equal[60].

Pearcy[60] and Pearcy and Holder[61] studied mostly bubble separation. A 

sketch of this type of separation found commonly in aerofoils of conventional 

design is shown in Figure 1.7 where a supersonic region extends along the 

edge of the bubble downstream of the foot of the shock. This region lies 

in an area where the pressure increases in the downstream direction causing 

the streamlines to converge. This offsets the tendency for the shear layer 

to re-attach and delays the closure of the bubble. On the other hand, a 

local subsonic flow with diverging streamlines would help to  prom ote re­

attachm ent. As long as the rise near the forward part of the bubble re­

establishes subsonic flow, the bubble size would tend to be self-limited.

In addition to the presence of a bubble separation, rear separation tends 

to  occur and spread forward from the trailing edge for thick supercritical 

aerofoils. The onset and rate of forward movement depends m ainly on the 

thickness and velocity profiles of the boundary layer approaching the trail­

ing edge as well as local pressure gradient. Complicated interactions between
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F igure 1.7: Sketch illu stra tin g  shock  boun dary layer in teraction:  
(a) b ub b le sepai’a tion , (b) bubble and rear separation  [61]

rear and bubble separation can occur. If the boundary is already on the verge 

of separating near the  trailing edge when a bubble separation occurs further 

forward, this bubble will likely disturb the boundary layer profile sufficiently 

to  trigger rear separation. Pearcy et al [61] named this flow separation as 

model B to distinguish from the bubble separation which is model A (see 

Figure 1.7).

As sta ted  earlier, the nature of flow separation is complex. Figure 1.8 illus­

tra tes  several different characteristics encountered in the flow over the upper 

surface of the aerofoil as incidence is increased for a range of subsonic speeds 

[60]. In producing high maximum lift at low speed a strong adverse pres­

sure gradient is generated well forward on the section which can separate the 

boundary layer (possibly still laminar) as a bubble close to the leading edge. 

The bubble itself is a  source of buffet and circumstances can cause a sudden
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expansion of the bubble, creating a wide unsteady wake, a rapid increase of 

buffet (Cases 1 and 2 in Figure 1.8). In practice excessively high suction on 

the leading edge could be relieved by introducing camber. In th a t  case, the 

initial buffet would arise from the growth of separation spreading forward 

from the aerofoil trailing edge (Case 3).

fi«pamt!on grpiriOQ R fqr «epoAitlôn R w r WporotlDn R to r M poration
from trq îf în g « lç»  from »fwûKviflvô provoW dbyitw A - prOvohW by w w * tr#

induCsfd bubblp

F igure 1.8: P ossib le  ty p e s  o f  flow separation  on  aerofoils [60]

In general at higher speed (Cases 4 to 7) as discussed earlier, a  region of 

supersonic flow will develop on the upper surface of the aerofoil, term inated 

by a shock. W ith  increasing incidence and /o r Mach number the shock wave 

moves rearwards until the pressure rise through the shock is sufficient to 

cause the boundary layer to separate a t the foot of the shock. Initially, this 

shock induced separation will form a closed bubble with a re-attachm ent a 

short distance downstream from the shock wave. At this stage there may 

be no trailing edge separation (Case 4); or a trailing-edge separation may be
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present prior to the shock-induced separation onset fluctuations.

1.3 .3  Shock w ave loca tion

The factors th a t affect the shock wave location are the incidence, freestream 

Mach number and the aerofoil configuration.

Increasing  incidence

W ith the freestream Mach number held constant, an increase in incidence 

increases the local Mach number at fixed points upstream  of the shock wave. 

For a small bubble a t the shock, the disturbance dies out before reaching 

the trailing edge where the pressure is practically unaffected by the change 

in incidence. As the bubble grows in size, it will affect the trailing edge 

pressure causing divergence when the separation bubble reaches the trailing 

edge. A further increase in incidence results in a greater decrease in the 

trailing edge pressure and a stronger disturbance a t the wake. Pearcy [60] 

showed th a t for a 6% thick RAE 104 aerofoil a t Mach numbers between 0.7 

and 0.95, the shock initially moves downstream with incidence until a  value 

is reached where any further increase will cause the shock to move forward.

Increasing  M ach num ber

The behaviour in the shock position with increasing Mach number is quite 

similar to th a t for increasing incidence. In this case, the freestream pres­

sure falls as the Mach number increases, and the separation becomes more 

severe due to  the stronger local Mach number ahead of the shock wave. The

University of Glasgow 35 M Sc Thesis



Transonic Buffet Introduction

aerofoil shape determines the local Mach number ahead of the shock and 

hence controls the onset of separation as well as the rate a t which the shock 

moves over the surface [36]. As Mach number increases the shock usually 

tends to move rearward. However, for thick aerofoil sections such as those 

found in supercritical aerofoil design, a forward moving shock may occur for 

sufficiently high freestream Mach numbers.

1,4 E xperim ental work on aerofoil buffet

1.4.1 18% th ick  circular arc

Levy [46] has conducted extensive experiments on the 18% thick circular arc 

aerofoil to investigate its buffet properties. This aerofoil is characterised by a 

constant radius of curvature. The experiments were conducted in the NASA 

Ames high Reynolds number wind tunnel. This wind tunnel is designed for 

operation at Reynolds numbers per foot up to  40x10*  ̂ for subsonic flows and 

to 200x10*  ̂ for supersonic flows. To eliminate upper and lower wall interfer­

ence effects, and to  prevent choking of the tunnel, these walls were contoured 

to follow the aerofoil free-air streamlines for the chosen test condition.

The test da ta  included surface-pressure measurements on the aerofoil and 

channel walls, oil-film studies to  display surface streamlines and locate lines 

of flow separation and flow field shadowgraphs. The tests were conducted at 

freestream Reynolds numbers, based on aerofoil chord length, ranging from 

1x10® to 17x10®. The test Mach number was varied from near the critical 

value (M=0.71) to the highest possible without choking the channel. Pres­
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sure measurements were made along the centerline on both  upper and lower 

aerofoil surfaces and a t spanwise stations on one surface. The results indi­

cated two-dimensional flow over most of the aerofoil.

During the course of the investigation it was discovered (from viewing high­

speed shadowgraph movies of the flow field) th a t unsteady oscillatory oc­

curred for certain combinations of Reynolds numbers and Mach numbers. 

To provide detailed information in this unsteady flow regime, four m iniature 

pressure sensors were located directly in the aerofoil.

A shadowgraph of the flow field taken through the test section windows at 

M =0.79 and Re=llxlO® is shown in Figure 1.9. At these test conditions 

shock-induced separation occurs near the foot of the shock wave and extend 

downstream beyond the shock wave and Mach waves appears to  em anate 

from the interface between the turbulent shear layer and the outer flow. Su­

perimposed on the shadowgraph are mean axial velocity profile da ta  obtained 

with a laser velocimeter.

The values of the surface pressure and skin friction were also investigated 

by Levy [46], see Figure 1.10. The da ta  show a small pressure recovery 

aft of the shock-induced separation point. The m agnitude of the pressure 

coefficient downstream of the separation is slightly lower than  the critical 

pressure and the flow may be slightly supersonic. This in terpretation is 

consistent with the shadowgraph observation (Figure 1.9) which revealed an 

oblique shock near the separation point.

A portion of the experimental surface pressure time histories taken during 

a Mach number sweep through the unsteady flow region for two positions 

on the aerofoil are shown in Figure 1.11. Exam ination of these d a ta  shows
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Figure 1.9: Shadow graph o f stead y  shock-induced separation  w ith  
an overlay show ing m ean ve loc ity  profiles, M = 0 .7 9  and R e = l l  m il­
lion [46]

th a t the unsteady pressure are periodic and th a t the pressures on the upper 

and lower surfaces are 180° out of phase. The frequency of oscillation was 

found to be independent of the position with a value of 188 Hz. A series 

of weak shock waves form near the trailing edge where they build strength 

and coalesce into a single wave tha t moves toward the midchord. As the 

shock approaches the midchord it weakens appreciably and the cycle repeats 

itself periodically. A similar situation occurs in the lower surface 180° out of 

phase.

A vortex is seen to form near the trailing edge and sheds alternately
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Figure 1.10: E xp erim enta l and com p u ted  pressures and skin  fric­
tion  on th e  aerofoil surface, M = 0 .7 9  and R e = l l  m illion  [46]

upwards and downwards, depending on the direction of the asymmetry of 

the periodic flow.

Levy [46] used laser velocimetry to determine the velocity field during
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the  flow oscillations. Instantaneous velocity components were recorded and 

plotted against dimensionless fraction of time for one cycle of the oscillation, 

Figure 1.12. The velocity increases with time initially and then shows a 

marked decrease as the shock wave passes upstream. Exam ination of the 

velocity field da ta  and the shadowgraphs revealed a complete picture of the 

flow field. As the shock wave begins to form near the rear of the aerofoil, it 

strengthens and moves upstream. Separation occurs at the foot of the shock 

with subsequent re-attachm ent on the aerofoil surface. Downstream at the 

trailing edge a small vortex is formed and circulation occurs from the aerofoil 

surface with attached flow, around the trailing edge to the surface w ith shock 

separated flow.

Levy observed both trailing edge separation as well as separation at the

University of Glasgow 40 MSc Thesis



Transonic Buffet Introduction

400

300

200

100

-100

x/c = 0.70 
Y/c = 0 .125

0  u
□  V

■  •  OBLIQUE SHOCK 
THEORY

^QQtZJQgQOE)

±

Q

.4 .6
T

1.0

F igure 1.12: T im e h istory  o f  m ean  v e lo c ity  com p onents from  con­
d ition a lly  sam pled  data  for one cycle  o f flow oscilla tion , M ~ 0 .7 6  
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foot of the shock. At M—0.75 the pressure recovery over the aft portion 

of the aerofoil is weak and the shock-induced separation occurs. The flow 

field is directly affected by the displacement effect of the boundary layer and 

the effect of changes in Reynolds number on peak pressure coefficient, shock 

strength, shock location,and aft pressure recovery are appreciable, particu­

larly a t low Reynolds numbers. In general, the Reynolds number effect is 

small for numbers above 10 million.

Levy also concluded th a t as test Mach number is increased above the criti­

cal value (M=0.71), steady flow with strong aft pressure recovery, and with 

boundary layer separation located near the trailing edge (x /c—0.9), persists 

for the test Reynolds number range (1x 10® to 17x10®) until approximately 

M=0.76. As the freestream Mach number is increased from about 0.76 to
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0,78, the flow is unsteady. A bout M—0.78 the flow is again steady (except 

for the lowest Reynolds number of 1 million), w ith separation now fixed at 

the base of the  shock wave.

M cDevitt et al [52] also conducted tests on an 18% thick circular-arc aero­

foil a t Reynolds number between 1 and 17x10®. By varying the peak Mach 

number ju st ahead of the shock from about 1 to 1.4, weak and strong shock 

boundary layer interactions were observed. Unsteady pressure measurements 

were taken a t x /c= 0 .5  and 0.775, and these measurements show periodic mo­

tion of the flow to be asymmetric and the shock movement on the upper and 

lower surfaces is exactly 180° out of phase. This is consistent w ith the results 

obtained by Levy. Shadowgraph movies were taken of the flow over the aft 

portion of the aerofoil as Mach number was varied from 0.74 to  0.785 a t a 

rate  dM /dt=0.001, and the results show th a t on the aerofoil surfaces, alter­

nate shock-induced and trailing edge separation occur.

M cDevitt suggested th a t during a particular phase of the oscillation cycle 

when the peak in pressure is ahead of the shock on the upper surface is 

above the the critical value, shock-induced separation will occur. The shock 

on the lower surface, being closer to  the trailing edge, will induced rear sep­

aration. The effective aerofoil profile is no longer symmetrical and the effect 

of the negative camber is to  slow down the flow over the upper surface. This 

tends to  suppress the shock-induced separation phenomenon bu t a t the same 

tim e induces higher velocities over the lower surface, and the flow fields re­

verse. W hen the freestream Mach number is increased to a value sufficiently 

above the critical, the oscillatory behaviour ceases and both  surfaces experi­

ence steady, shock-induced separation.
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Figure 1.13 shows the regions where periodic shock oscillations occur for in­

creasing and decreasing Mach number a t a rate  of d M / d t  =  ±0.001. This 

figure was documented by McDevitt after further works on the circular- 

arc aerofoil. The right-hand boundaries are essentially the same but the 

left-hand boundaries are consistently different. The first appearance of the 

shock-induced separation on the onset of periodic flow occurs a t peak Mach 

number ahead of the shock to be approxim ately 1.25.

Ac:citiunNo new

— » I 001II

«

I

4

0
■n N .71 .10

occiitiu riN e ruiw  
~  --«ooi

M

Figure 1.13: U n stea d y  flow dom ain [52]

1.4.2 12% th ick  N A C A  16 series aerofoil

Extensive measurements of pressure fluctuations caused by two-dimensional 

shock/boundary layer interactions on a 12% thick NACA series aerofoil were 

conducted by Mundell and Mabey[58]. The measurements illustrated some 

interesting features of shock/boundary layer interactions not well established 

previously.
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A NACA 16 series aerofoil had a thickness/chord ratio of 11.7%, a chord of 

152 mm and a span (2b)of 606 mm was used in the experiments. This model 

was m ounted in the RAE 2ft x 1.5ft transonic tunnel. The Mach number 

range for this investigation was from M—0.7 to 0.86, Reynolds num ber was 

relatively low; 1.4 million for a  — 0° and 3.6° and 1 million for a  =  6.7°. 

Ti'ansition was free for a  — 0° bu t fixed for a — 3.6° and 6.7° by roughness 

bands a t x /c= 0.07  and 0.1 on the upper and lower surfaces respectively. 

M abey did a classification of the shock/boundary layer interactions from 

results obtained in these experiments. This is illustrated in Figure 1.14 for 

constant Mach numbers as the angle of incidence increases. Type 1 indicates 

the weak shock with a turbulent boundary layer. In the tim e-m ean flow the 

m ain effect of the shock is to thicken the turbulent boundary layer. The 

three regions of excitation may be identified:

1. upstream  of the shock, a low level rms pressure at all frequencies.

2 . close to the shock a low level, low frequency, small scale excitation, and

3. a short distance downstream of the shock, the pressure fluctuations re­

vert to  the tunnel-em pty level. The low frequency excitation close to 

the shock could be integrated to give a small net force a t low frequen­

cies. However this force would be masked generally by the net force 

due to unsteadiness in most transonic tunnels.

Type 2 is a complicated interaction of a shock sufficiently strong to  sep­

arate the turbulent boundary layer locally, this separation being followed by
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type 1 Weak shock
thickens boundary 
layer

CKtitaHon rég ions

1, Low le v e l u p s tre a m  of shock a t 
all freq u e n c ies .

2, Low lev e l, low frequency , sm all scale 
clo se  to  shock.

3, T u n n e l-e m p ty  noise level {attached  
b oundary  la y e r  p r e s s u re  fluc tu a tio n s  
o u ts id e  m easu rem en t bandwidth

ty p e 2 Stronger shock

1, Low lev e l u p s tre a m  o f shock
2, Higti le v e l, low frequency  la rg e r  scale 

fa irly  c lo s e  to  shock
3, High freq u e n cy  due to bubble (ou tside  

m easu rem en t bandw idth  in th e se , t e s ts )
( ,  Low freq u en cy  p re s s u re  f lu c tu a tio n s  

fa ll a s  b oundary  layer re c o v e rs  a f t e r

.........
followed by 
reattachm ent

1, Low level u p s tre a m  of shock
2, High lev e l, low frequency  ex ten d s 

o v e r  wide reg ion
2A T ow ards th e  end  o f s e p a ra te d  

reg ion  high frequency  p re s s u re  
f lu c tu a tio n s  from  bubble ap p ea r  
in m easu rem en t bandw idth In 
th e s e  t e s t stype 3 Very strong shock 

separates boundary 
layer to trailing edge

F igure 1.14: C lassification  o f  sh o ck /b o u n d a ry  layer in teraction s  
and e x c ita tio n  on th e  aerofoil [58]

re-attachm ent. In the time-mean flow the main effect is a rapid increase in 

the boundary thickness a t the trailing edge, and the divergence of the trailing 

edge pressure. Five regions of excitations may be identified:

1. upstream  of the shock there is a low level rms pressure. Quite similar 

to  type 1.

2 . fairly close to the shock a high level, low frequency large scale excita­

tion,

3. along the bubble the low frequency excitation due to the shock atten-
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uates and the high frequency excitation due to  the bubble increases.

4. as the boundary layer recovers downstream of the re-attachm ent the 

low frequency excitation falls rapidly, and

5. towards the trailing edge the excitation due to the shock reverts to the 

tunnel-em pty level.

Type 3 is the final stage of the shock induced separation. The strong shock 

now separates the turbulent boundary layer and this does not re-attach to 

the aerofoil. In the time-mean flow the main change is the thick separated 

shear layer a t the trailing edge. Three regions of excitation may be identified:

1. upstream  of the shock there is low level rms pressure,

2 . downstream of the shock a high level, low frequency large scale excita­

tion extends from over the wide separated flow region, and

3. towards the end of this separated flow region, some high frequency 

excitation from the bubble, formed by the closure of the wake appears.

However, the results from these experiments were greatly influenced by 

the wall effects from the tunnel. W hen the shock from the model intersects 

the boundary layer on the roof of the tunnel, shock disturbances can prop­

agate upstream  through the subsonic portion of the plenum chamber of a 

slotted tunnel.

M abey also kept the angle of incidence constant a t 3.6° while the Mach num­

ber was varied. A weak shock with attached flow was observed for M =0.74. 

The steady pressure distribution shows th a t close to the leading edge there
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is a small region of supersonic, term inated by a weak double shock. The 

rms pressure fluctuations have a maximum at the shock (upstream  of the 

measurement position for this condition) and then decrease steadily as x /c  

increases, reaching the tunnel level.

The Mach number was increased to  M—0.8, a t this Mach number the shock 

was sufficiently strong to  cause separation which is followed by re-attachm ent. 

The Schlieren images showed th a t the shock now oscillates about a mean posi­

tion. The average Mach number a t the shock derived from the mean pressure 

distribution is only 1.18 and it is therefore not surprising th a t attached flow 

is predicted for this condition. The rms pressure fluctuations have two max­

ima, the first in the vicinity of the shock and the second in the vicinity of 

the re-attachm ent point. Downstream of the re-attachm ent the rms pressure 

fluctuations fall rapidly towards the tunnel level. The spectra of the pressure 

showed some interesting features. For x /c=0.45 , upstream  of the  m ean shock 

position, there is peak at very low frequency. This is caused probably by the 

in term ittent separation associated with shock oscillations. In the vicinity of 

the shock (x /c= 0.5  and 0.55) this low frequency peak is present, together 

with higher peak characteristics of shock-induced separation with turbulent 

boundary layers.

W hen the Mach num ber was increased to 0.82 a shock-induced separation 

w ithout re-attachm ent was noticed. The shock was sufficiently strong to  pro­

voke separation w ithout re-attachm ent. Steady pressure distribution gives 

no indication of a bubble, and oil flow photographs showed th a t separation 

extends from the shock to the trailing edge. The average Mach num ber at 

the shock has increased to 1.25. The rms fluctuations are extremely low up-
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stream  of the shock, have a maximum in the vicinity of the shock and then fall 

rapidly. Between x /c= 0 .7  and 1.00 other experiments by Lee [39] suggested 

th a t the pressure fluctuations should increase steadily as the separation bub­

ble increases in depth towards the trailing edge. The spectra of the pressure 

fluctuations show th a t the level of excitation is extremely low upstream  of 

the shock. At the shock the excitation is dom inated by the peak character­

istic of the shock boundary layer interaction. The tunnel Schlieren system 

shows th a t the amplitude of the shock oscillation is larger a t M^O.82 than 

at M—0.80. At M —0.84, measurements showed a shock sufficiently strong to 

extend to the roof of the tunnel, as well as to provoke shock-induced sep­

aration without re-attachm ent. The steady pressure distribution resembles 

closely th a t a t M =0.82 but now the shock is a little further downstream 

(although weaker) and the separation is not two-dimensional in the vicinity 

of the trailing edge. The rms pressure fluctuations are low up to  the shock, 

have an exceptionally high maximum at the shock (about p /q=0 .08) and 

then fall rapidly to p /q= 0 .02  a t x /c= 0 .7 , where q is the dynamic pressure. 

The spectra of the pressure fluctuations are particularly interesting. At the 

shock the level of pressure fluctuations is about three times higher than  at 

M =0.82, although the shock in time-averaged flow is a little weaker. This 

large increase in pressure fluctuations is due probably to the propagation of 

disturbances from the boundary layer of the tunnel.
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1,4 .3  14% T hick B icon vex  W in g

Mabey [48] conducted experiments on the 14% thick biconvex aerofoil sec­

tion. The tests were made on small models (c=300mm). Periodic flow oc­

curred with both  lam inar and turbulent shock wave boundary layer interac­

tions. The flow involves the periodic movement of the shocks between the 

trailing-edge and the maximum thickness position on alternative sides of the 

aerofoil (as sketched in Figure 1.15) and generates large unsteady pitching 

moments. The model was tested over the Mach number range from the criti-

Steady How, 
tra ilin g -ed g e  

** se p a ra tio n

C f

RxlO

O scilla tory
se p a ra tio n

X O X

Steady flow 
shock-induced  

se p a ra tio n

X ,— C o m p u ted  
by  lev y

0.82 0.66 0.90

F igure 1.15: F low  dom ains for a 14%  th ick  b icon vex  aerofoil a; =  0°, 
fixed  tran sition  dom ains [48]

cal value, M—0.74 to M—0.9 a t a to ta l tem perature of about 290 K and over 

the Reynolds number range from Re—1 xlO® to 7x10^ .

M abey [48] noticed th a t ju st below the onset of periodic flow, for a  Mach 

number M =0.81, there is a shock between x/c=0.65 and 0.7. This shock does 

not cause significant flow separation because the trailing-edge pressure does 

not diverge. However high speed shadowgraph pictures show a small area
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of separation a t x /c=0.87, well downstream of the shock. W ith  an increase 

in Mach number to M—0.85, in the region of the periodic flow shows th a t 

the mean shock weakens a little and moves forward to about x /c= 0 .6 . High 

speed shadowgraph pictures show th a t there is no steady shock position. In­

stead a periodic motion develops, w ith shock moving upstream  from about 

x /c —0.75 to  0.55, alternating between the upper and lower surfaces (ie the 

shocks move in anti-phase). The mean separation position of x /c= 0.83  was 

observed by surface oil flow test at R e = 2x l 0 '̂  .

W ith  an increase in Mach number to M—0.88, just above the region of pe­

riodic flow, the mean shock position moves back to between x /c —0.65 and 

0.70. The small Mach number gradient behind the shock indicates th a t the 

flow is completely separated from the shock to the trailing edge.

M abey also observed th a t the steady pressures indicate no unusual features 

in the  transonic flow. The classic Mach number freeze develops upstream  of 

the shock, and trailing edge pressure divergence clearly indicates the onset of 

significant flow separation. For the critical Mach number, M =0.74, the pres­

sure fluctuations are nearly symmetric about the midchord of the wing, with 

a maximum of p /q=0.04. This peak is a ttribu ted  primarily to  the influence 

of wake fluctuations and flow unsteadiness on the development of the region 

of the sonic flow about maximum thickness.

W hen the Mach number increases to M =0.81 a small peak (p /q—0.04) devel­

ops near the shock. Upstream  of the shock the pressure fluctuations are at a 

common, low level of p /q = 0 .01 , because the shock partially inhibits forward 

movement of disturbances from the trailing edge or the diffuser of the wind 

tunnel. In contrast, downstream of the shock the pressure fluctuations are
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at a higher common level of p /q —0.02 because disturbances can propagate 

upstream  into this region from the wake and diffuser.

W hen the Mach number increases to  M =0.85 there is a radical change. Over 

the region where the upstream  shock motion occurs (from x /c= 0.75  to 0.55) 

the pressure fluctuations increase substantially, peaking a t p /q=0.34 . These 

pressure fluctuations are an inevitable result of rapid periodic changes from 

supersonic to subsonic flow. Upstream  of the shock, at x /c —0.5 the flow is 

always attached, but the pressure fluctuations are a t the relatively high level 

of p /q= 0 .02  w ith an additional increase close to the leading edge. Forward of 

the shock, weak pressure wave propagate obliquely over the top of the shock 

as the region of supersonic flow collapses.

W hen the Mach number is increased to M—0.88 the periodic flow is sup­

pressed and the mean shock position starts  to move downstream again. The 

pressure fluctuations peak at the shock with p /q=0.1 . Upstream  of the 

shock the pressure fluctuations are around 0.03, consistent with the low level 

of pressure fluctuations known to propagate downstream from the settling 

chamber of the RAE 3ft tunnel. Downstream of the shock the pressure fluc­

tuations are random  in character, with p /q  about 0.03. Thus these pressure 

fluctuation measurements for M =0.88 are fairly typical of the  normal excita­

tion encountered at transonic speeds. The high speed shadowgraph pictures 

show th a t the shock waves remain at about x /c=0.67  on both  surfaces, but 

alternate in height, and presumably in strength, between the top and bottom  

surfaces. The large pressure fluctuations are developed by the periodic flow 

because of the large chordwise movements of the shocks on opposite surfaces 

of the wing. Shadowgraph pictures suggested th a t the shock moves forward
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from x/c=0.78  to 0.55 and remains stationary there for about half a  period, 

gradually becoming weaker until the flow suddenly reattaches and the shock 

disappears.

1.4 .4  C A S T  7 /D O A l

Stanewsky carried out experimental investigation on a supercritical aerofoil 

CAST 7 /D O A l to determine the effects of Mach number, angle of attack 

and Reynolds number on the buffet phenomena and especially the effects on 

shock oscillation frequency and am plitude [79].

It is vital th a t the effects of Reynolds number on the flow development is 

known when developing a transonic aerofoil. The state  and condition of the 

boundary layer upstream  of the upper surface plays an im portant part in the 

development of shock waves and regions of separation. The aerofoil model 

has a chord length of 100 mm. The experimental setup is shown in Figure 

1.16. Surface pressure orifices were installed to measure and to determine 

the average pressure distribution, surface flush-mounted dynamic pressure 

transducers recorded the pressure fluctuations a t various chord locations and 

surface hot-fllm sensors mainly to  detect transition and separation locations. 

Density distributions in the unsteady flow field and flow visualization were 

obtained by a holographic high-speed, real-time interferometer.

Figure 1.17 shows the surface time-aver aged pressure distribution at a 

constant Mach number of M—0.775 and Reynolds number of Re — 8x10^ , 

w ith increasing angle of attack going from a pre-buffet state to a condition 

beyond buffet onset. The upper surface pressure distribution is character-
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F igure 1.16: T he C A S T  7 /D O A l m odel and in stru m en tation  [79]

ized by a strong expansion near the leading edge followed by a plateau-type 

pressure distribution over the mid-section of the aerofoil and followed by a 

relatively strong shock wave and fairly large rear adverse pressure gradients 

making the aerofoil susceptible to trailing edge separation[79]. It can be seen 

th a t the shock wave moves upstream  with increasing angle of attack and a t 

the same time there is a rapid drop in trailing edge pressure. Decreasing 

trailing edge pressure indicates a strong thickening of the boundary layer 

at the trailing edge and it is likely th a t either separation starts  to develop 

at the trailing edge or the shock-induced separation bubble has reached this 

position. At an angles of attack  of 3° and 4° shock oscillations were observed.

Stanewsky and Easier[79] suggested th a t the thickening of the boundary 

layer at the trailing edge and the corresponding drop in the trailing edge 

pressure are the driving mechanism for the periodic shock motion. Figure 

1.18 shows the variation in shock strength represented by the height of the
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Figure 1.17: A veraged  pressure d istr ib u tion s at pre and post-b u ffet  
on set con d ition s [79]

shock wave in a cycle of shock oscillation. It is indicated tha t during the latter 

stages in the downstream movement of the shock, the strength of the shock 

increases, a process th a t continues during the subsequent forward movement 

until a certain position on the aerofoil is reached. During the remainder of the 

forward movement, the shock strength decreases[79]. The bottom  plot shows 

th a t during the whole process of the upstream  movement the boundary layer 

thickness at the trailing edge increases. It is believed th a t the thickening of 

the boundary layer at the trailing edge and the corresponding drop in trailing 

edge pressure is driving the shock upstream  since the shock m ust adjust its 

position according to the trailing edge pressure.

The amplitude and frequency of the shock oscillation are likely to be de­

pendent on the Reynolds number or some characteristic boundary layer pa-
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F igure 1.18: R ela tion  b etw een  shock  m ovem ent, shock  stren g th  
and tra iling  edge bou n d ary  th ick n ess [79]

ram eter since this process is closely related to the development of separation. 

Consider the  dependence of the reduced frequency on the Reynolds number 

for angles of attack well w ithin the buffet domain, Stanewsky observed tha t 

the reduced frequency, based on the chord length, generally decreases with 

Reynolds number, Figure 1.19. This holds for the two angles of attack con­

sidered, alpha— 4 ° and 5 °, as well as for the three Mach numbers depicted, 

M— 0.74, 0.76 and 0.78. Note th a t the shock oscillation frequency increases 

with Mach number.
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1.5 C om putational work on aerofoil buffet

1.5.1 18% C ircular A rc A erofoil com p u tation s by  L evy

C om p u tation a l set-u p

Levy[46,50,72] from NASA Ames Research Center has done extensive work 

on the 18% circular arc using both  experimental and com putational fluid 

dynamics for testing and guiding the development of turbulence modelling 

within regions of separated flows. The transonic flow field about the aerofoil 

was simulated numerically using a program  th a t utilizes an explicit finite- 

difference m ethod to solve the tim e-dependent, two-dimensional, Reynolds 

averaged form of the Navier-Stokes equations applicable to compressible tu r­

bulent flows. The turbulence is modelled using an algebraically expressed 

eddy viscosity model.

The control volume, -12 and 4-8 chords in the x direction and ± 6  chords in 

the y direction, is divided into a 78 x 35 mesh. The flow field development 

within this volume is followed in time until it a ttains a steady state. A t the 

far upstream  and transverse boundaries, the flow is assumed uniform and at 

freestream conditions. At the downstream boundary, all gradients in the flow 

direction are assumed negligible. The aerofoil is assumed impermeable (no­

slip boundary condition) and adiabatic, and the pressure gradient normal to 

the surface is assumed zero.

University of Glasgow 57 M Sc Thesis



Transonic Buffet Introduction

R esu lts

Experim ental pressure distributions and computed results are shown for three 

sets of freestream conditions, Figure 1.20. The steady flow field at M =0.720 

is characterized by a weak shock wave and trailing-edge separation. The 

computed results are in good agreement with experiments over most of the 

aerofoil. Failure of these results to better predict the pressures in the sep­

arated  region near the trailing edge is a ttribu ted  to inadequate turbulence 

modelling in the region. The steady flow field at M=0.783 is characterised 

by a strong shock wave and shock-induced separation. The computed results 

are in excellent agreement with experiment ahead of the shock wave. The 

large differences between the computed and experimental results in the region 

of the shock wave and aft in the region of shock-induced separation again 

are a ttribu ted  to inadequate turbulence modelling. The unsteady flow field 

a t M—0.754 is characterised by periodic shock-wave oscillations and bound­

ary layer separation between the trailing-edge and shock-induced separation. 

The calculated and experimental m ean pressures agree well over the forward 

half of the aerofoil. The similarity in the trends of the variation of the magni­

tude of the pressure fluctuations about the mean value strongly suggests the 

possibility th a t the wave form of the experimental pressure fluctuations also 

may be reproduced by the calculations. The qualitative agreement between 

the different wave forms is surprisingly good considering th a t the computed 

unsteady results were obtained using a simple algebraic eddy viscosity to 

model turbulence. The 180° phase difference between the dynamic pressures 

on the upper and lower aerofoil a t identical chord stations dem onstrate th a t
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the oscillatory unsteadiness is an asymmetric phenomenon, both in the ex­

perim ent and in the computations. The reduced frequency of the surface 

pressure oscillations determined from the numerical solution differs by only 

20% from data.

M=0720

LiJ  1-------- 1_____ I_____ I_____ I_____ I_____ i Z J

M=0.754

-4

x/c

M=0.783

F igure 1.20: C om p u ted  and exp erim en ta l pressure d istr ib u tion s on  
th e  circular arc aerofoil, R e =  11x10® [46].

Com puted and experimental skin-friction distribution can be seen in Fig­

ure 1.21 , as in the case of the pressure distribution the agreement between
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the computed and measured values is good ahead of the shock wave. The 

poor agreement in defining the shock-wave location and aft in the separated 

flow region is again attributed to deficiencies in the turbulence model.

.004
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c,

-.002
O  EXPERIMENT, 

 COMPUTED

-.004
1.0

x/c

Figure 1.21: C om puted  and experim en ta l skin-friction d istribu­
tion s on th e  circular arc aerofoil, R e =  11 m illion, M  =  0.783 [72]

A comparison of the computation with the velocity and eddy diffusivity 

deduced from the experiments at two chord-wise locations on the aerofoil is 

presented in Figure 1.22. The predicted separation height is smaller than 

th a t determined experimentally. The maximum eddy diffusivities compare, 

but their relative position in the boundary layer differ because the computed 

shear layer is too thin. The main deficiency of the computation is th a t of un- 

derpredicting both  the separation region and the outer shear layer thickness 

relative to the experiment.
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F igure 1.22; C om p u ted  and exp er im en ta l v e lo c ity  and ed d y  diffu­
s iv ity  profiles on th e  circular arc aerofoil, R e =  11 m illion , M  =  
0.79 [46]

1.5 ,2  N A C A 0012  A erofoil com p u tation s by R agh un athan  

C om p u tation a l Set-up

A two dimensional thin layer Navier Stokes code capable of computing flows 

over an aerofoil w ith a moving grid was used by R aghunathan[63,65] to  in­

vestigate the mechanism of the origin of shock oscillations on a NACA0012 

aerofoil. The code developed for these investigations included heat transfer 

effects and a moving grid option in order to  investigate the effect on periodic 

flow of a trailing edge splitter plate motion, a flap motion or a pitching aero­

foil.

The implicit code solves the mass-weighted thin-layer Navier-Stokes equa­

tions using an upwind implicit predictor/corrector cell-centred finite-volume
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scheme. A modified version of the simple algebraic Baldwin-Lomax model 

turbulence model was employed. The minimum normal grid spacing was re­

duce to 5 milli chords, ensuring a value of less than 5 everywhere on the 

aerofoil surface which ensured adequate resolution of the viscous shear layer. 

Ti’ansition to turbulence was fixed on both the upper and lower surface a t 

3% chord.

R esu lts

The prediction of shock motion on the NACA0012 aerofoil a t a Mach num­

ber of 0.7, Reynolds number of 10x10® and incidence of 6° can be seen in 

Figure 1.23. This type of periodic motion has also been computed by Ed- 

wards[19]. The predictions for both unsteady lift and shock motion agrees 

favourably with the prediction of Edwards and experimental da ta  available. 

The non-dimensional frequency predicted by Raghunathan is 0.21 compared 

with 0.235 by Edwards.

ww\
°0  100 200 500 600 700

F igure 1.23: P eriod ic  shock  m otion  on  th e  N A C A  0012 aerofoil, 
M = 0 .7 , R e = 1 0  m illion  and a  =  6° [65]
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R aghunathan computed the flow field for a Mach number of 0.7, Reynolds 

number of 10x10® and at incidence of 5°. This condition is ju st outside the 

periodic regime and solutions for lift converge to a finite limit, Figure 1.24. 

It was observed from the pressure contours and skin friction values th a t the 

boundary layer downstream of the shock is separated.
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F igure 1.24: N A C A 0012  airfoil at M = 0 .7 , R e =  10 m illion  and  
0  =  5° [65].
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1.5 .3  N A C A 0012  A erofoil com p u tation s by B arakos 

and Drikakis 

C om p u tation a l set-u p

Com putations on the NACA0012 have also been carried out by Barakos 

and Drikakis[6], The computations were carried out for the experimental 

cases of McDevitt and Okuno [54]. Their experiments were performed for 

the NACA0012 aerofoil a t Mach numbers between 0.7 and 0.8, angles of 

incidence less than  5° and Reynolds number between 1 and 14 million.

The numerical simulations have been carried out using an implicit CFD solver 

developed for unsteady and turbulent aerodynamic flows. The main feature 

of the m ethod is the coupling of the turbulence model with the Navier-Stokes 

equations, via an implicit unfactored scheme and a Riemann solver. The 

Riemann solver is used in conjuction with a third-order upwind interpolation 

scheme. This scheme in conjuction with a characteristic-based flux averaging 

is used to  calculate the inviscid fluxes a t the cell faces. At each tim e step 

the flnal system of algebraic equations is solved by a point Gauss-Seidel 

relaxation scheme. According to the present m ethod, the transport equations 

for turbulence model are solved coupled with the fluid flow equations. The 

following turbulence models were employed in this investigation: Balwin and 

Lomax model, the one-equation model of Spalart and Allmaras, the Launder 

and Sharm a and Nagano and Kim linear k-e models, as well as the k-w version 

and the non-linear eddy-viscosity model (NLEVM)[6|.
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R esu lts

The pressure coefficient distributions for M — 0.775 and a  =  4° using various 

closures and different grids are compared with the experimental results, see 

Figure 1.25. For this Mach number and incidence angle, the flow has been 

found to be steady and all turbulence models predicted steady flow as well. 

As can be seen, none of the models was able to capture the exact experimen­

tal shock position.

Figure 1.26 is a comparison of numerical and experimental results for the 

buffet onset. There is a well-defined region of Mach number and incidence 

angle where buffet occurs. Initially, four computations were performed at 

conditions below the experimentally reported buffet onset and a steady-state 

solution were achieved (labelled no SIO: no shock-induced oscillation). After­

wards, the incidence angle was slowly increased to obtain unsteadiness and 

it was found th a t after the initial peak of the lift coefficient curve the com­

putations resulted either in periodic loads, thus indicating buffet (labelled 

SIO), or in steady-state flow.

For combinations of Mach number and incidence angle considered here, the 

linear k-e models led to a steady solution, thus failing to predict buffet. The 

com putations predict the buffet onset boundary slightly shifted to higher in­

cidence angles and Mach number.
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N A C A ( X ) 1 2 , S « 6
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F igure 1.25: P ressu re  coefficient d istr ib u tion  around th e
N A C A 0 0 1 2  aerofoil: (a)grid  size effects, (b )com parisons b etw een  
linear tu rb u len ce  m od els  (c)com p arison  b etw een  non-linear tu r­
b u lence m od els [6].
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5
SIO

SIO

SIO
no SIO

3

X SIO

2
no SIO

exp. buffet onset
1

no SIO

0 L-
0.72 0.74 0.76 0.78 0.8 0.82 0.84

Witch Number

F igure 1.26; B uffet onset for th e  N A C A 0012  aerofoil (R e =  10 m il­
lion , M —0.775, a — 4°). So lu tion  ob ta in ed  using th e  Spalart A ll­
m aras m odel (crosses) and th e  non-linear k-w m odel (squares) [6].
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D escrip tion  o f te s t cases

2.1 Previous work on test cases

2.1 .1  T est C ase 1 : B G K  N o .l  A erofoil

Lee [32,34,36,37] lias done extensive work on the BGK N o.l aerofoil. Skin 

friction and pressures were measured by Lee in some of his experiments to 

study the characteristics of separated flows. He also considered the fluc­

tuating normal forces of the unsteady loads experienced by the BGK N o.l 

aerofoil. The BGK No.l supercritical aerofoil has a design Mach number 

and lift coefficient of 0.75 and 0.63 respectively. The thickness to chord of 

the aerofoil is 11.8 %. Figure 2.1 shows a schematic of the aerofoil. There 

are 50 pressure orifices on the upper surface and 20 on the lower surface for 

steady pressure measurements. For the unsteady pressure measurements six­

teen fast response m iniature transducers were used, all positions are shown 

in Figure 2.2.
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F igure 2.1: Schem atic  o f th e  B G K  N o .l  aerofoil show ing pressure  
orifice lo ca tio n s[37]

Lee experimented using several flow conditions, however only the flow 

conditions of M—0.71, and RCc =  20x10*’ will be discussed. Various angles 

of attack were measured from —0.136“ to 6.97°.

TRANSDUCER E G H 1 J K L

x/o 0.20 0.30 0.35 0.40 0.45 0.50 0.55

TRANSDUCER M N O P Q R S T  

x/c 0.591 0.632 0.673 0.714 0.765 0.796 0.837 0.870

F igure 2.2: L ocation  o f th e  fast resp on se  tra n sd u cers[37]

Lee observed shock/boundary classifications similar to those previously 

proposed by Mundell and M abey [58]. The first one was a weak shock which 

interacts with the turbulent boundary layer resulting in a low level excitation 

close to  the shock. A short distance from the shock, the pressure fluctuations 

revert to the empty tunnel level. The average surface pressure coeflicient, Cps 

from these experiments are shown in Figure 2.3. At a  — —0.316“ the flow on 

the upper surface was found to be sub-critical. At a  — 1.396°, a weak shock
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is formed and the turbulent boundary layer thickens near the interaction 

region without separating. Figure 2.4 shows th a t there is a small increase in 

the fluctuating pressure intensity, Cp'  behind the shock. Increasing to  3.017“ 

results in a large rise in the pressure intensity behind the shock a t x /c= 0.4 . 

The fluctuating pressure is limited to  a small region near the shock. For 

the three values considered so far, the fluctuating pressure intensity a t the 

last measuring position is very close to the tunnel level. This indicates th a t 

trailing edge separation has not occurred, or has not reached the position of 

the last pressure transducer a t x /c=0.87. Cp'  [37]is expressed as:

C p '  =

Qoo

A t  a  =  4.905°, the steady pressure results show the formation of a 

stronger shock which caused the flow to  separate and reattach to form a 

bubble. The intensities of the pressure are practically constant in the reat­

tached region, which s ta rts  a t approximately x / c  = 0.6 and continues to  the 

last transducer location a t x / c  =  0.87. The pressure intensity plot shows 

a small hump between x / c  ^  0.45 to  x / c  =  0.6. This hump is usually 

a ttribu ted  to a separation bubble.

W hen a  is increased to 6.97°, the flow becomes fully separated . The 

pressure levels are large behind the shock bu t decrease rapidly and reach 

a constant value of about 0.1 from the shock to x / c  — 0.87. This value 

of pressure intensity is significantly higher th an  the tunnel level of 0.004, 

which is an average value a t M =  0.71 from a  between —0.316° to  6.97°. 

The ensemble-aver aged pressure coefficient, Cp  time histories are shown for
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- 2.0
SYMBOL a (DEG.) 

o - 0 .3 1 6
Û 1 .396
+ 3 .0 1 7
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0.0
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0.0 0.4 0.6 0.8
x/c

F igure 2,3: S teady  pressure d istr ib u tion s on th e  upper surface o f 
B G K  N o .l  aerofoil at various a [37]

M  — 0.71 and several angles of attack in Figure 2.5. The pressure coeffi­

cient for the first two values of a  indicate lines of constant m agnitude. At 

a  =  3.017°, small pressure oscillations are observed a t transducer I. The pres­

sure field decays rapidly and fluctuations are hardly noticeable at transducer
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BGK NO. 1

TRANSDUCER: E

TRANSDUCER: M 
X (INCHES) 5 .9

0.30-
M = 0.71 SYMBOL ot (DEG.) 

o -0 .3 1 6
Û 1.396
+ 3.017
X 4.905
 ̂ 6.970

0.25-

0 . 20 -

0.15-

0 .10-

TUNNEL LEVEL0.05-

0 .00—  
0.0 0.2 0.4 0.6 0.8 1.0

F ig u re  2.4: V a ria tio n s  o f p re s s u re  in te n s itie s  on th e  u p p e r  su rface  
o f B G K  N o .l  aerofo il a t  v a rio u s  ang les  o f a t ta c k  [37]

J[36j. As a  is increased to 4.905°, large pressure oscillations at transducer I 

are detected. Pressure fluctuations are quite uniform inside the separation 

bubble. Pressure fluctuations are quite small downstream of the bubble. The 

ensemble-averaged pressure coefficient, Cp  [37] was calculated using:
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Cp — Cps +  Cp

>2.0
a *  1.396' a -3.017'

-1.5

- 1.0

- N
~0

-0,5

0.0

TIME (MILLISECONDS)

F igure 2.5: E nsem ble-averaged  pressure coefficient at various an­
gles o f a ttack  [37]

2.1 .2  T est C ase 2 : O A T I5A  aerofoil

Both experimental and com putational work has been conducted on the above 

aerofoil. Experim ental work has been done in the S3 wind tunnel of the 

ONERA Chalais-Meudon centre. O A TI5A is a supercritical aerofoil w ith a 

thickness-to-chord ratio of 12.3%, a chord length equal to 230 mm and a 

thick trailing edge of 0.5% of the chord. Flow conditions were the following: 

M  — 0.73, Pi — 10^5ar, % — 300R and Rec=3xl0®. Tests were done from
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a=2.5° to a=3.91°. Com putations were conducted using the elsA code devel­

oped at ONERA which solves the three dimensional compressible Reynolds 

Averaged Navier-Stokes equations. It is based on a cell-centred finite volume 

discretization[12]. Three turbulence models were used to model the buffet 

phenomenon. The first one is the one transport equation Spalart-Allmaras 

turbulence model. The second one is the two transport equations k — uj/k — e 

Menter model with SST corrector. The last one is an ASM model. The mesh 

used in ONERA is shown in Figure 2.6. The total number of nodes used is 

65,234. The far-field conditions are imposed 50 times the chord length.

.'Anmuinni;
’ 'V.ua'- iUii , ;

■  -w. ..."l'yi/l

Î - <1 1)

: 7:1
• < • . ,

Figure 2.6: M esh  around the O A T15A  aerofoil [12]

Figure 2.7 shows the steady pressure distribution at a  =  2.5°. At this 

angle of attack, a separated zone exists at the foot of the shock and in the
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trailing edge region. Pressure levels are very well predicted on tire lower side 

of the aerofoil, and in the supersonic and the trailing edge regions on the 

upper side. All turbulence models fail to predict the correct shock position. 

The Menter SST turbulence model predicts closest the location of the shock 

in comparison with measurements but pressure levels are much too high at 

the foot of the shock, showing an under-estimation of the size of the separated 

area located in this region. The Spalart-Allmaras turbulence model computes 

the most aft position of the shock[12].

0.5

Exp#. - a  » 2.El * • M « 0.73
— W - o = 2.S* - M = 0,73
— am i'W l -  a  a  2.6* - M a  0.73
—  ap«t#rt • a  *  2.6* - M  a  0.73
— M antarM t* a  * 2.5*> M 3 0.73
™ M#nl#r M t - w l - « « 2.6* ' M a 0.73

0.5

0.750.5
x / c

0.25

F ig u re  2.7: S te a d y  p re s s u re  d is t r ib u t io n  a t  M = 0 .7 3  a n d  a  — 2.5
[12]

In Figure 2.8, the tem poral evolution of the shock location is plotted a t 

the angle of attack of 4.5° and 5°. Concerning the ASM model, two angles 

of attack 4.5° and 5° are presented because the behaviour of this model at 5°
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is different in comparison with the other models. At 5° (and higher values), 

the oscillating movement of the shock is not perfectly sinusoidal because of 

the different separated areas. On the other hand, at an angle of attack equal 

to 4.5° (and lower values) the movement is sinusoidal as computed with 

the other turbulence models. All models predict approximately the same 

frequency for the buffet phenomenon around 78 Hz and the mean location of 

the shock is about x/c=0.4.

0.55 r

0.5

0.45

0.4

0.35

0.3

ASM - a = 4.5"
ASM-a = 5.0" 
Spfftart-Aimaras - a = 5.0" 
MentwS^T-WL-a = 5.0̂

0.25

0.2 0.1
t(s)

0.05 0.15 0.2

Figure 2.8: Tem poral evo lu tion  o f th e  shock loca tion  [12]

Figure 2.9 represents the mean pressure fluctuations. This figure shows 

th a t the computations carried out with the ASM model a t the angle of a t­

tack equal to 4.5° is in very good agreement with experimental measurements 

performed at an angle of attack equal to 3.5°. One must note tha t exper-

University of Glasgow 76 MSc Thesis



Transonic Buffet Description of test cases

iments showed th a t the buffet phenomenon first appeared at an angle of 

attack equal to 3.25° and the main frequency of the phenomenon was about 

70 Hz whatever the angle of attack.

20000

15000
CO
&
CO

‘10000

5000

Expe. M = 0.73 - a = 3.0 
Expe. M = 0.73 - a = 3.5 
ASM

 ASM - waH functions
Spalaft-AMmara»
Mentor SST
Mentor SST wal fLmcOcMW

! r  ,rk mk ntrtk

x/c

Figure 2.9: M ean pressure fluctuations, com p utational resu lts at 
a — 4.5° and experim en ta l resu lts at a =  3° and 3.5° [12]

2.2 C om putational set-up for test cases

2.2.1 Test Case 1- B G K  N o .l  A erofoil

Com putations were performed using the pmb3D code developed a t University 

of Glasgow which solves the three dimensional compressible RANS equations
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for multi-domain structured meshes. Further discussion of the code and 

turbulence models implemented is given in Appendix B. This solver is based 

on cell-centred finite volume discretization. Several turbulence models can be 

implemented in the pmb3D solver. The param eters used in the com putations 

are summarised in Table 2.1.

S te a d y
p a ra m e te r s

U n s te a d y
p a ra m e te rs

T u rb u le n c e
m o d e ls

S te a d y Explicit CFL: 0.4 SST
c o m p u ta tio n s

Explicit steps: k-w
1000

Implicit CFL: 20

Implicit step: 5000 Baseline

Convergence: 1x 10“®

U n s te a d y Explicit CFL: 0.4 Final time: 600 k-w
c o m p u ta tio n s

Explicit steps: 100 No. of steps: 6000 SST

Implicit CFL: 20 dt: 0.1 Baseline

Implicit step: 100 Tolerance: 0.01

Convergence : 1x 10 Pseudo step: 50

T a b le  2.1: N u m e ric a l p a ra m e te r s  u s e d  fo r t e s t  ca se  1

Three grid levels were employed in the computations, a coarse, fine and 

finer grid, see Figures 2.10, 2.11 and 2.12 respectively. The com putational 

domain was extended from 11 chord lengths upstream  to  10 chord lengths
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downstream of the leading edge of the aerofoil. Table 2.2 lists details of finite 

volume grids used. All dimensions have been non-dimensionalized using the 

aerofoil chord, c.
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T otal num ber  
o f  n odes

M inim um  and  
m axim um  x  
coord in ates

M in im um  and  
m axim um  y  
coord im ates

W all d istan ce  
o f  th e  first 
node

C oarse grid 14, 760 -10/11 -10/10 5x10"^

F ine grid 57, 316 -10/11 -10/10 5x10"^

Finer grid 208,380 -10/11 -10/10 5x10-^

Table 2.2: Details of the finite volume grids used for test case 1

0 .5

>-

-0 .5

0 .5

Figure 2.10: B G K  N o .l  aerofoil - coarse grid
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!!!!!!!!!!! i i i i !

F igure 2.11: B G K  N o .l  aerofoil - fine grid  

2.2 .2  T est C ase 2 - O A T 15A  A erofoil

Computations were conducted using the pmbSD code developed at University 

of Glasgow. Only the two equation Baseline turbulence model was used for 

both steady and unsteady computations for this test case. Table 2.3 lists 

other CFD parameters given to the solver for this test case.

Two grid levels were employed in the computations, a coarse and fine 

grid, see Figures 2.13, and 2.14 respectively. The computational domain was 

extended from 54 chord lengths upstream to 60 chord lengths downstream of 

the leading edge of the aerofoil. Table 2.4 lists detail of finite volume grids 

used for this test case. All dimensions have been non-dimensionalized using
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Figure 2.12: B G K  N o .l  aerofoil - finer grid

the aerofoil chord, c.

Grid points were clustered towards the aerofoil surfaces because of the 

large flow gradients that are expected in the boundary layer. Also, more 

points were allocated on the upper surface than on the lower surface because 

of the formation of shock that should occur on the upper surface. This 

aerofoil is truncated at the trailing edge hence a lot of points were clustered 

at the trailing edge in order to resolve the trailing edge boundary layer.
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S tead y
p aram eters

U n stea d y
p aram eters

Tfirbulence
m od els

S tead y
com p u ta tion s

Explicit CFL: 0.4

Explicit steps: 
1000

Implicit CFL: 20 

Implicit step: 4000 

Convergence : 1x10

Baseline

U n stea d y
com p u ta tion s

Explicit CFL: 0.4 

Explicit steps: 500 

Implicit CFL: 20 

Implicit step: 2000 

Convergence: 1x10“®

Final time: 200 

No. of steps: 2000 

dt: 0.1

Tolerance: 0.01 

Pseudo step: 100

Baseline

Table 2.3: N u m erica l param eters used  for te s t  case 2

T otal num ber  
of n od es

M in im um  and  
m axim um  x  
coord in ates

M in im um  and  
m axim um  y  
coord im ates

W all d istance  
o f th e  first 
node

C oarse grid 32, 948 -54/61 -55/55 1x10-®

F ine grid 129, 300 -54/61 -55/55 1x10“®

Table 2.4: D eta ils  o f  th e  fin ite  vo lu m e grids used  for te s t  case 2
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Figure 2.13: O A T 15A  aerofoil - coarse grid
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Figure 2.14: O A T I5A  aerofoil - F ine grid
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V alidation and d iscussion  o f  

com putational resu lts

3.1 BG K  N o .l  Aerofoil

3.1.1 S h ock /b ou n d ary  layer flow field

The freestream conditions used by Lee in his experiments were simulated 

in the computations [33,34,35,37]. The freestream Mach number was held 

constant at 0.71, the Reynolds number at 20x10® and the angle of attack 

varied from —0.316° to 6.97°. At ct — —0.316°, the flow on both surfaces was 

found to be sub-critical using the Baseline turbulence model and the coarse 

grid (see Figure 3.1). This finding is in agreement to Lee’s experimental 

results. A sub-critical flow is a flow without a shock forming. Streamlines 

indicate th a t the flow is fully attached on both surfaces (see Figure 3.1).
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1 64224 
175756 
V67268 
1 5882 
1 50362 
1 41864 
1 33416 
1 24947 
116479 
1 06011

Figure 3.1: P ressu re  contours and stream lin es p lot a t M =  0.71, 
R e=20xl0®  and o  =  -0.316°

At a  =  1.396°, a weak shock forms but the flow still remains fully at­

tached, see Figures 3.2.

1 79669 
1.68707 
1 57825 
146943 
1 3606

F igure 3.2: P ressu re contours and stream lines p lo t at M  =  0.71, 
R e=20xl0®  and a  =  1.396°

A stronger shock is noticeable when a  is increased to 3.017°. Figure
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3.3 shows pressure contours and streamlines plot at a  =  3.017°. There is a 

thickening of the boundary layer after the now strengthened shock. Results 

indicate that the shock is strong enough to induce a small separation bubble 

at the foot of the shock, however there is still no evidence of trailing edge 

separation. This result is inconsistent with experimental findings by Lee[37], 

where the flow remains attached on both surfaces.

.78495
66655
54815
.42976
31136

.19296
07456

).956165
).837767
).71937

.01 Ll I l i l l l l l A t l  l.l
0.5 0.6 0.7 0.8

x/c

F igure 3.3: P ressu re contours and stream lines p lo t a t M  =  0.71, 
R e=20xl0®  and a  =  3.017°

Increasing a  to 4.905° results in the formation of a stronger shock which 

causes the flow to separate and then reattach to form a separation bubble. 

The separation bubble has now increased in size. Trailing edge separation is 

also formed, see Figures 3.4 and 3.5. This result is in disagreement with Lee’s

University of Glasgow gg M Sc Thesis



Transonic Buffet Results

findings, which showed no trailing edge separation at this angle of attack.

1.7794
1.65558
1.53176
1.40794
1.28412
1.1603
1.03649
0.912666
0.788847
0.665027

Figure 3.4; P ressu re  contours and stream lines p lot a t M  =  0.71, 
R e=20xl0®  cuid a  =  4.905°

When a  is increased to 6.97°, the flow becomes fully separated. This 

is consistent with Lee’s findings. Also the structure of the shock has now 

changed from a normal shock to an oblique shock, see Figure 3.6.

Turbulence models play a significant role in the validation of computa­

tional results. Figure 3.7 shows that prediction of the shock position varies 

depending on the turbulence model employed. It can be seen that the Base­

line and SST models give the best shock locations at high angles of attack. 

However, at low angles of attack there are only small differences in the pre­

diction of the shock location. All the turbulence models accurately predicted
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Figure 3.5: M ach num ber contours and ve loc ity  vector  p lo ts  at 
M  =  0.71, R e=20xl0®  and a  =  4.905°

Figure 3.6: M ach num ber contours and ve loc ity  v ecto r  p lo t at  
M  =  0.71, R e=20xl0®  and a  =  6.970°
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the relationship between shock location and angle of attack, a downstream 

movement of the shock as angle of attack increases until a critical angle of 

attack is reached when then there is an upstream  movement. However, this 

critical angle of attack depends on the turbulence model used.

0.6

0.5

^  0.3

0.2 K-w
B aseline

5 5 T

Alpha (deg)

F igure 3.7: Shock loca tion  re la ted  to  angle o f a ttack  for th e  differ­
ent tu rb u len ce  m od els

The prediction of separation regions is also heavily dependent on the 

turbulence models employed. Consider Figure 3.8, which shows th a t a t angles 

of attack  of —0.316° and 1.396° all the turbulence models predicted a fully 

attached flow on the upper surface of the aerofoil. This is in agreement with 

experimental results.

Discrepancies in the separation regions begin to appear when a  is in­

creased to 3.017° (see Figure 3.9). Both the Baseline and SST models pre­

dicted a very small separation bubble at the foot of the shock, inconsistent 

with experimental findings by Lee. The k-w model gives the best agreement
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F igure 3.8: A ttach ed  flows at tw o different angles o f  a ttack s

with experimental results.

0 0.2 0.4 0.6 0.8 1
x/c

Figure 3.9: A ttach ed  and separated  flow at 0=3.017°

Differences in the separation regions are also noticeable when a  is in­

creased to 4.905°, see Figure 3.10. The k-w model gives the best agreement 

with experimental results. Both the Baseline and SST models over-predicted 

the separation bubble and in addition predicted a trailing edge separation. 

The k-w model predicted separation further downstream than experimental 

findings and the other two models.

When the angle of attack is increased to 6.970° Lee observed total sepa- 

raton at around x /c=0.4 . Here the SST and Baseline models give the closest
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Experimental

Baseline

0 0.2 0.4 0.6 0.8 1
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F igure 3.10: A ttach ed  and separated  flow at a=4.905'

agreement to Lee’s results (see Figure 3.11).

Experimental

Baseline

K-W

SST

0 0.2 0.4 0.6 0.8 1
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F igure 3.11: A ttach ed  and separated  flow at 0=6.970°

An investigation of different boundary layer properties might explain why 

the regions of separation vary with turbulence models. Figure 3.12 shows the 

turbulence Reynolds number profile for a=4.905° before the shock, where,

Re. = ^ T
/ie
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here k is the turbulent kinetic energy, e is the dissipation rate of k and fi is 

the coefficient of molecular viscosity. It can be seen that the k-w model has a 

thicker boundary layer than the SST and Baseline. The more turbulent flow 

before the shock for the k-w model is responsible for the delayed separation.
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0.009

0.000

 5610.007

0.006
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0.002

0.001

100 200
RET

300 400

Figure 3.12: T urbulence R eyn o ld s num ber profiles before th e  shock  
(x /c = 0 .3 5 )  for different tu rbu len t m od els, alpha =  4.905°, M  =  0.71 
and R e =  20x10®

The Baseline and SST models have a thicker and more turbulent bound­

ary layer after the shock (see Figure 3.13). This is because the centre of 

the separation bubble for the Baseline and SST is located at the x /c=0.57  

vicinity where as x /c=0.57  is at the start of the separation bubble for the 

k-w model. There is a thicker boundary layer at the centre of the separation 

bubble than at the start.

The difference in convergence levels of the steady solution helps to give an 

understanding into why the different turbulence models produce different
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Figure 3.13: T urbulence R eyn o ld s num ber profiles after th e  shock  
(x /c = 0 .6 )  for different tu rb u len t m odels, alpha =  4 .905°, M  =  0.71 
and R e =  20x10®

separation regions and to an extent give an indication of which models will 

produce a buffet flow field at the various angles of attack when an unsteady 

calculation is ran. Figure 3.14 shows the convergence levels at a=-0.316° for 

the three models. Attached flow was predicted for all turbulence models at 

this angle of attack and hence good convergence levels are deduced from the 

plots.

The residual plots for a = 3.017° reveals small fluctuations in both the 

mean and turbulent residuals for the Baseline and SST models (see Figure 

3.15). These fluctuations occur because there is an emergence of a separation 

bubble for these models. Fluctuations are of higher magnitude for the Base­

line model than for the SST hence the Baseline model has a larger separation 

region. However, the k-w model has reached a good convergence level and as
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F igure 3.14: R esidual p lo ts  for alpha  
R e =  20x10®

=  -0 .3 1 6 ° , M  =  0.71 and

a result there is an attached flow field.

The residual plots for a  =  4.905° show fluctuations in both the mean and 

turbulent residuals for the Baseline and SST models, however fluctuations 

only occur in the turbulent residual for the k-w model (see Figure 3.16). 

The convergence levels are poor for all models indicating the occurence of 

separation for all models. One should expect larger regions of separation for
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F ig u re  3.15: R e s id u a l p lo ts  for a  =  3.017°, M = 0 .7 1  a n d  Re = 20x10®

the SST and Baseline models.

The residual plots for a  =  6.970° follow the same trend as for ct =  4.905°. 

However the fluctuations are of higher m agnitude for all models. The fluc­

tuations are of greater m agnitude for the Baseline models than for the SST 

model (see Figure 3.17).

The residual plots for the steady solutions have established th a t the Base-
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Figure 3.16: R esidual p lots for alpha =  4.905°, M  =  0.71 and R e  
20x10®

line and SST models are most likely to produce a buffet flow field and th a t 

buffet will occur between a  = 3.017° and a  = 4.905°.

A validation of steady surface pressure was also carried out. Figure 3.18 

shows th a t the agreement between experimental and com putational results 

is relatively very good for an angle of attack of —0.316°, this is because there 

is no evidence of large pressure gradient in the flow field. The ripples on the
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Figure 3.17: R esidual p lo ts for alpha =  6.970° M  =  0.71 and R e  
20x10®

com putational surface plots are due to the fact th a t the geometry published 

for this aerofoil isn’t very smooth.

Figure 3.19 shows the surface pressures for an angle of attack of 1.396° . 

At this angle of attack there is a formation of a shock on the upper surface and 

all turbulence models fail to correctly predict the position of the shock. All 

turbulence models slightly over-predict the pressure plateau in the supersonic
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F igure 3.18: S tead y  surface pressure p lo ts  on th e  upp er surface o f  
th e  B G K  N o .l  aerofoil at o;=—0.316°

region. However, there is a relatively good agreement in the trailing edge 

pressures, this is because all turbulence models predicted attached flow at 

the trailing edge.

Figure 3.20 shows the surface pressures for an angle of attack of 4.905° . 

At this angle of attack there is a formation of a stronger shock on the upper 

surface and all turbulence models fail to correctly predict the position of the 

shock. The strength of the shock is reasonably predicted by all models. The 

k-w model predicts the trailing edge pressure better than the other models, 

this is because only the k-w model predicted an attached flow at the trailing 

edge as observed in experiments and the other models predicted separated 

flows.
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Figure 3.19: S tead y  surface pressure p lo ts  on th e  upp er surface o f  
th e  B G K  N o .l  aerofoil at 0=1.396°

3.1 .2  U n stea d y  m echan ism  o f  buffet

Unsteady computations for the BGK No.l aerofoil were done for three angles 

of attack using the Baseline turbulence model, at 3.017°, 4.905° and 6.970°. 

All other computational parameters were kept constant and the influence of 

angle of attack was investigated. The variation of lift coefficient with time 

can be used to indicate the differences in the flow field as the angle of attack 

is increased. Figure 3.21 shows the variation of lift coefficient with time as 

the flow passes over the aerofoil quarter chord position. At 3.017° there is a 

steady decay of lift at that point as time increases and this eventually comes 

to a constant value. However at a=4.905° and 6.970°, the lift coefficient 

oscillates almost at constant amplitude. It can be concluded that at the two
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F igure 3.20: S tead y  surface pressure p lo ts  on th e  upp er surface o f  
th e  B G K  N o .l  aerofoil at q=4.905°

latter angles of attack there is an unsteady flow field, whilst the flow at 3.017® 

is steady.

It can also be concluded that the level of unsteadiness is of a higher 

magnitude for a = 6.970® than for a = 4.905®. This result is consistent with 

the experimental results of Lee.

The unsteady mechanism of buffet can be understood by considering 

the behaviour of the shock movement. The variation of shock strength and 

boundary layer thickness can be used to explain the driving-mechanism be­

hind the self-sustained shock movement. Figure 3.22 shows the shock move­

ment on the upper surface of the aerofoil at angle of attack of 4.905® . This 

figure shows an upstream and downstream shock movement as time changes.

The frequency of shock oscillation is under-predicted; Lee found the fre-
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Figure 3.21: Lift coefficient p lo ts  using th e  B aselin e  m od el for 
vEirious angles o f a ttack  using th e  coarse grid, M  =  0.71 and  
R e =  20x10®

quency of oscillation to be around 75 Hz in his experiments whilst the compu­

tational shock oscillation is only around 60 Hz. This frequency was calculated 

by taking the reciprocal of the time the shock takes to complete a full cycle 

of movement. The m agnitude of shock movement on the upper surface of 

the aerofoil is over-predicted using the Baseline turbulence model. Lee found 

the m agnitude of shock movement to be around x /c  =  0.05.

Figure 3.23 shows the changes in shock height as the shock moves both
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Shock movement(M = 0.71, alpha = 4.905 deg, time step = 0.1)
0.58

Shock oscillation = 60.24 h(z
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F igure 3.22: Shock m ovem ent w ith  th e  B aselin e  m odel

upstream  and downstream on the aerofoil. The shock height is defined as the 

maximum distance of the shock normal to the aerofoil surface. The shock 

height is also a way of representing the shock strength, a stronger shock will 

have a higher shock height. It can be seen th a t the shock strength increases 

as the shock moves downstream of the aerofoil. This should be expected 

because the shock naturally increases speed as it moves downstream due to 

the curvature of the aerofoil. The higher speeds lead to a stronger shock.

The reverse occurs for an upstream  movement of the shock. Figure 3.24 

shows the changes in trailing edge displacement thickness as the shock moves 

either upstream  or downstream of the aerofoil. The trailing edge displace-
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Figure 3.23: O ne cycle  o f  shock m ovem ent at o=4.905°, B aselin e  
and coarse grid

nient thickness, a* was calculated using the following relationship:

dya  =

where p and U are density and velocity respectively, Pe and Ue are density 

and velocity a t the edge of the boundary layer respectively.

During the upstream  movement the displacement thickness a t the trailing 

edge increases. The communication between the shock strength and the 

trailing edge displacement thickness and the coupling between the shock 

movement and the changes in the trailing edge pressure is responsible for the 

self-sustained shock movement.
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F igure 3.24: O ne cycle  o f shock  m ovem ent at q = 4.905°, B aselin e  
and cocirse grid

The close relation between shock location and the boundary layer thick­

ness a t the trailing edge and the separation bubble is illustrated in Figure 

3.25. It can be seen th a t the most forward shock location corresponds closely 

to a sta te  in time where the boundary layer at the trailing edge and the bub­

ble reaches maximum thickness, while the most aft location of the shock is 

associated to  a nearly attached boundary layer a t the trailing edge or the 

bubble.
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Figure 3.25: V ariations in shock  m ovem ent, shock  height and
boun dary  layer th ickn ess through  tim e for q=4.905°

A validation of the unsteady pressure coefficient, Cp was also carried out. 

Cp was calculated using the following equation:

Cp = Cps +  Cp

where Cpa is the steady surface pressure coefficient and Cp is the fluctuating
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pressure coefficient.

Figure 3.26 shows the unsteady pressure coefficients at different probe 

points along the upper surface, experimental results are on the left and the 

com putational results using the Baseline model are on the right. These probe 

points correspond to  the location of the transducers discussed in section 2 .1.1. 

Lee detected large pressure oscillations at transducer I; pressure fluctuations 

were quite uniform inside the separation bubble and pressure fluctuations 

were quite small downstream of the bubble. Com putational results show 

large pressure oscillations a t transducers I, J and K. This indicates a stronger 

shock was predicted computationally. The magnitude of the computational 

pressure fluctuations are relatively large compared to the experimental pres­

sures downstream of the bubble; this may be because a trailing edge separa­

tion was predicted by the Baseline model whilst Lee observed attached flow 

in his experiments.
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F ig u re  3.26: E x p e r im e n ta l  u n s te a d y  p re s s u re s  c o m p a re d  w ith  co m ­
p u ta t io n a l  u n s te a d y  p re s s u re s  u s in g  th e  B a se lin e  m o d e l, a  =  4.905°, 
M  =  0.71 a n d  R e= 20x l0®

Figure 3.27 presents a closer look a t the experimental and com putational 

unsteady pressure coefficients a t transducers I and J. It can be clearly seen
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th a t the pressure fluctuations are larger computationally than  experimen­

tally, indicating th a t a more unsteady flow was predicted by the Baseline 

model.

UnaJoncly pressura coolliciont forpmbo 6

■ oxporimoniûl 
compulationrrl |

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02 0 000 2  0.004 0.006 0.006 001 0.012 0.014 0.016 001 6  0 02

Tiansducer I
ümû (coo)
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F ig u re  3.27: A  c lo se r c o m p a riso n  b e tw e e n  e x p e r im e n ta l  a n d  com ­
p u ta t io n a l  u n s te a d y  p re s s u re s  u s in g  th e  B ase lin e , m o d e l a  =  4.905°, 
M  — 0.71 a n d  R e —20x10®

Figure 3.28 shows the variations of pressure spectra at various probe 

locations for the baseline model using the coarse grid. The probe locations 

on the aerofoil upper surface where the spectra are computed are shown in 

section 2 .1.1, A single dom inant frequency at around 60 Hz can be seen 

at all probe locations, this dom inant frequency is due to  the discrete shock 

movement. This frequency is consistent with the frequency calculated in 

Figure 3.22. Note th a t a linear scale is used here only to  dem onstrate the 

dom inant frequency and i t ’s corresponding pressure peak, as this frequency 

and pressure peaks are due to  the unsteady shock oscillations. The pressure 

a t this dom inant frequency is considerably higher for the probes immediately 

after the shock location. Probe K is located very close to the bubble and
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trailing edge separation interaction zone hence have higher pressures than 

probe T which is located at the trailing edge separation, further away from 

the interaction zone. Also visible on this plot are the harmonics for the 

dominant frequency.
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Figure 3.28: V ariations o f  pressure sp ectra  at various probe lo­
ca tion s at M =  0.71, R e=20xl0®  and a  =  4.905° using th e  B aselin e  
m od el and coarse grid.

One should note that all the results so far were obtained using the coarse 

grid.
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3 .1 .3  G rid  an d  t im e  s te p  refin em en t  

S tead y  flow field

The influence of grid refinement on the steady solution was also investigated. 

Figures 3.29 and 3.30 show that the surface pressures are independent of 

grid resolution. Only the Baseline model was used in this investigation. This 

clearly indicates that the three grids generated are of good quality for steady 

flows. However, the very fine grid does show some oscillatory behaviour 

which may suggest that the steady flow field may be grid dependent. This 

oscillatory behaviour may be due to the fact that the geometry published for 

the aerofoil is not very smooth. This can only be proven by doing further 

grid refinement studies.
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F igure 3.29: E ffects o f  grids on surface pressures a t a  =  —0.316'
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Figure 3.30: E ffects o f  grids on surface pressure at a  =  1.396° 

U n stea d y  flow field

Next, all the computational parameters were kept constant and the effect of 

turbulence models on the computational results was investigated at an angle 

of attack of 4.905°. The coarse grid was used in this part of the study. Figure 

3.31 shows the lift coefficient plots for three different turbulence models. The 

results of the unsteady computations are heavily dependent on turbulence 

models employed. Both the k-w and SST models produced a steady flow 

field. Only the Baseline model produced an unsteady result.
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Figure 3.31: Lift coefficient p lo ts using th e  B aseline m odel for 
various angles o f attack  using th e  coarse grid, M  =  0.71 and  
R e =  20x10®

A time step refinement study was carried out using the coarse grid and 

the Baseline model. Figure 3.32 shows results obtained using two different 

time steps. A time step of 0.5 gives a steady result and a time step of 0.1 

gives an unsteady result. The refinement study also revealed unsteady results 

for all time steps <0 .1 .

Figure 3.33 revealed that both the frequency of oscillation and magni­

tude of shock movement is independent of the time step. The slight phase
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Figure 3.32; Lift coefficient p lo ts using tim e step s o f 0.1 and 0.5

difference in the lift is maybe due to slight difference in the steady solution 

upon entering the unsteady calculation.

The pressure intensity plots for different time steps can be seen in Fig­

ure 3.34. The shock position is correctly predicted for both time steps, the 

shock position is located at the maximum in the pressure intensity. It can 

be seen however that there is a difference in the prediction of the peak pres­

sure intensity; computational results show a higher pressure intensity peak 

than experimental results. This higher pressure intensity peak may be due 

to a stronger shock and larger separation regions. Also notice that the ex­

perimental pressure intensity is almost constant at the trailing edge but it 

gradually increases in the computational results for both time steps; this is
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Figure 3.33: Lift coefficient p lo ts using tim e step s o f 0.1 and 0 .02

because Lee observed attached flow at the trailing edge but calculations with 

the Baseline model give a separated flow.
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Figure 3.34: P ressu re in ten sity  p lo ts using tim e step s o f  0.1 and  
0.02

A grid reflnement study revealed that the characteristics of the shock
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movement are heavily dependent on the grids employed. Figure 3.35 shows 

the shock movement for the three different grids used in this study. All 

the grid levels predicted the upstream and downstream shock movement 

that is expected, however the frequency of the shock oscillation decreases 

as the density of grid increases. Furthermore, a clear trend could not be seen 

between the magnitude of the shock movement and the grid density. The fine 

grid predicted larger shock movement than both the other grids. This may 

suggest that the magnitude of shock movement increases with grid density 

until a critical number of grid points is reached and then there is decrease in 

shock movement when grid points exceed this critical number of grid points. 

However, finer grids are needed in order to confirm this hypothesis.

Grid refinement: Baseline
coarse: (req=60.10 Hz, shock mov-0.1532 
fine: freq-53 90 Hz. shock mov-0.1916 
finer: lreq-47.44 Hz. shock mov«0 1339

0.6
—  fine 

finer

0.5

0.4

1500 1550 1650 1700 
reduced time

1800 18501600 1750

F igure 3.35: Shock m ovem ent using th e  th ree  different grids at
a  =  4.905°

The temporal behaviour of the separation regions using the coarse and 

fine grids can be seen in Figures 3.36, 3.37 and Figures 3.39, 3.40. Figures
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3.36 and 3.39 show an increase in the separation regions during the upstream 

movement of the shock and decrease during the downstream movement of 

the shock as illustrated in Figures 3.37 and 3.40. However, the fine grid 

seems to produce larger separation regions than the coarse grid. Both grids 

generate an interaction between the separation bubble and the trailing edge 

separation, hence producing an unsteady flow field.

t=5810 t=5830

t=5850 t=5870

F igure 3.36: T em poral variation  in separation  regions during an 
upstream  shock m ovem ent at a  =  4.905° using th e  B ase lin e  m odel 
and th e  coarse grid.

Figure 3.38 shows the variations of pressure spectra at various probe lo-
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F igure 3.37: Tem poral variation  in separation  regions during a 
dow nstream  shock  m ovem ent at a  =  4.905° using th e  B aselin e  m odel 
and th e  coarse grid.

cations for the Baseline model using the fine grid. This figure shows some 

significant differences from the pressure spectra for the coarse grid. A domi­

nant frequency can now be seen at around 53 Hz at all probe locations. Only 

probe G is located before the shock and hence has lower pressures than the 

other probes. The fine grid produces a larger range of shock movement and 

a larger interaction zone than the coarse grid, this explains the higher levels 

in the pressure peaks for both probes I and K.
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F igure 3.38; P ressu re  sp ectra  p lo ts  a t different probe loca tion s for 
a  =  4.905° using  th e  B aselin e  m od el and th e  fine grid

Another significant result obtained from the grid refinement study is the 

change in the flow field for the SST turbulence model as the grid point 

density is increased. However a further grid refinement study is needed to 

fully justify this hypothsis. The SST model produced a steady flow field 

with the coarse grid but produced unsteady results when the grid becomes 

finer. Figure 3.41 shows the shock movement for both the SST and Baseline 

models with time. The results were obtained using the fine grid. There is 

only a slight difference in the frequency of shock oscillation but a significant 

difference in the magnitude of shock movement. The magnitude of shock 

movement using the SST model is closer to Lee’s experimental results than 

that of the Baseline model.

Figure 3.42 shows the variations of pressure spectra at various probe loca­

tions for the SST model using the fine grid. This figure shows some significant 

differences from the spectra for the baseline model. A dominant frequency
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Figure 3.39: T em poral variation  in separation  regions during an 
up stream  shock m ovem ent at a  =  4.905° using  th e  B aselin e  m odel 
and th e  fine grid.

can now be seen at around 56 Hz. Both probes G and I are located before 

the shock hence have very low pressure peaks.

The temporal behaviour of the separation regions using the SST model and 

the fine grid can be seen in Figures 3.43 and 3.44. Similar to the Base­

line model this figure shows an increase in the separation regions during the
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Figure 3.40: T em poral variation  in separation  regions during a 
d ow nstream  shock m ovem ent a t a  =  4.905° using th e  B ase lin e  m odel 
and th e  fine grid.

upstream movement of the shock and decrease during the downstream move­

ment of the shock. However, notice that the separation regions are much 

smaller for the SST model than for the Baseline.

The frequency of shock oscillation is under-predicted for both models 

using the finer grid. The magnitude of shock movement is still over-predicted
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Shock movement: M«0.71, alpha-4.905 deg. tine grid
0 8
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1500 1550 16501600 1700 
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F igure 3.41: Shock m ovem ent using th e  SST  and th e  B ase lin e  m od ­
els w ith  th e  fine grid at q =  4.905°

7000

f  5 0 0 0

Figure 3.42: P ressu re  sp ectra  p lo ts  a t different probe loca tion s for 
a  =  4.905° using th e  SST  m od el and th e  fine grid

by the Baseline model but under-predicted by the SST model, see Figure 3.45.

The behaviour of the shock movement using the fine grid was compared 

with that of the finer grid, (see Figure 3.46) using the SST model. The fine 

grid produced a larger shock movement than the finer grid; the frequency
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Figure 3.43: T em poral variation  in separation  regions during an  
u p stream  shock  m ovem ent at a  =  4.905° using th e  SST  m od el and  
th e  fine grid.

of the shock oscillation decreases with grid point density. The results are 

similar to those obtained using the Baseline model.

Shock height and trailing edge displacement thickness are also effected by 

grid resolution. Figure 3.47 shows that the fine grid produced a larger range 

of shock height than the other two grid levels. There is also larger shock
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Figure 3.44: T em poral variation  in separation  regions during a 
dow nstream  shock  m ovem ent at a  =  4.905° using th e  S ST  m odel 
and th e  fine grid.

iiiovenieiit as discussed earlier.

The effect of grid resolution on the trailing edge displacement thickness 

can also be seen in Figure 3.48. The fine grid generated the thickest boundary 

layer.

The differences between the Baseline and the SST models can be further
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Shock movement; M=0.71, alpha=4.905 deg, finer grid
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Figure 3.45: Shock m ovem en t using  th e  SST  and th e  B ase lin e  m od ­
els w ith  th e  finer grid at a  =  4.905°
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F igure 3.46: Shock m ovem ent using  th e  SST  m odel at a  =  4.905°
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M=0.71, aipha=4.905 deg, Baseline1.2
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Figure 3.47: Shock height using different grids
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F igure 3.48: Trailing ed ge d isp lacem en t th ickn ess w ith  different 
grids at a  =  4.905°
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discussed by considering the shock height and trailing edge displacement 

thickness plots using the fine grids. Figure 3.49 shows the shock strength 

plots for both models. It can be clearly seen that the Baseline model produces 

a larger range of shock height and also a larger range of shock movement.

M-0.71, alpha~4.905 cteg, Finer grid1.2

-  -  up. baMlina
-  down, bMoUna
-  - up, SST 
  down, SST

0.42 0.46 0.48 0.5 0.52 0.54
x/c.

F igure 3.49: Shock height re la ted  to  shock  m ovem ent for th e  B ase­
line and SST  m od els at a  =  4.905®

The trailing edge displacement thickness plots also revealed that the Base­

line model generates thicker trailing edge boundary layers than the SST 

model, see Figure 3.50.

Figure 3.51 shows the effect of grid resolution on the pressure intensity, 

using the Baseline model. Both the coarse and fine grids over-predicted 

the pressure intensities. The fine grid gives a higher pressure peak than 

the coarse grid. However, both grids gave a good prediction of the shock 

position. Notice that the experimental results show a slight hump in the 

pressure intensity after the shock, this hump is due to the separation bubble
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F igure 3.50: Trailing edge d isp lacem en t th ickn ess re la ted  to  shock  
m ovem ent for th e  B aselin e  and SST  m od els at a  =  4,905°

after the shock. Both grids failed to predict this hump.

Figure 3.52 demonstrates another difference between the SST and the 

Baseline model. The SST model failed to exactly predict the position of 

the pressure peak, this is because the SST never predicted the correct shock 

position in the steady computations. The Baseline model produced a higher 

pressure peak than the SST, this may be because of the larger range of shock 

strength and the larger shock movement. Also notice that the Baseline gave 

higher pressure intensities towards the trailing edge than the SST, reason 

being that the Baseline generated a thicker displacement thickness at the 

trailing edge than the SST.
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F igure 3.51: P ressu re in ten sities  for th e  B aselin e  m odel u sing  tw o  
different grid levels at a  =  4.905°
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Figure 3.52: P ressu re in ten sities  for th e  B aselin e  and SST  m od els  
using th e  fine grid at a  =  4.905°
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3.1 ,4  U n stead in ess due to  em ployed  tu rb u len ce  m od ­

els

A comparison of the turbulence Reynolds stresses may give an explanation 

into why the SST and the Baseline model gave an unsteady flow field whilst 

the k-(u d idn’t. Figures 3.53, 3.54 and 3.55 show the Reynolds turbulence 

stresses a t different positions on the upper surface for the different turbulence 

models. These stresses were calculated using the following relationships:

f  du d v \

(  4: du 2 dv  2 dtu \  2

, 2 d u  4 d v  2 dw  \ 2

There are clear differences in the behaviour of the turbulent stresses along 

the upper surface of the aerofoil for the different turbulence models. These 

figures show th a t the stress levels for the k-tu model gradually decrease as the 

shock is approached followed by an increase after the shock. For the Baseline 

model, there is a gradual increase in the stresses as the shock is approached 

bu t this is followed by a drastic increase after the shock. However the oppo­

site happens for the SST model, there being a gradual decrease in the stress 

levels as the trailing edge is approached. This decrease in stress levels for 

the SST model may be responsible for the smaller shock movement dicussed 

earlier.
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F igure 3.53: R eyn o ld s tu rb u len ce  stress, Txy profiles a long th e  up­
per surface for th ree  different tu rb u len ce  m odels, M = 0 .7 1  and  
0 = 4 .9 0 5 °
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F igure 3.54: R eyn o ld s tu rb u len ce  stress, Txx profiles a long th e  up­
per surface for th ree  different tu rb u len ce  m odels, M = 0 .7 1  and  
0 = 4 .9 0 5 °
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Figure 3.55: R eyn o ld s tu rb u len ce  stress, Tyy profiles a long th e  up­
per surface for th ree  different tu rb u len ce  m od els, M = 0 .7 1  and  
0=4.905®
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3.2 OAT 15A Aerofoil

3 .2 .1  U n s te a d in e ss  d u e  to  ch a n g e  in a n g le  o f  a tta ck

Results obtained from test case 2 will be used to explain why buffet occurs 

a t a certain angle of attack but steady flow is observed at lower angles of 

attack. A comparison of certain flow field properties will reveal the behaviour 

of the separation region and also a significant change in some of the steady 

flow field properties as the angle of attack is increased and hence leading to a 

buffet flow field. The flow properties at two angles of attack will be looked at 

in detail, 3° and 3.5°. There is a steady flow field a t 3° and an unsteady flow 

field at 3.5°, see Figure 3.56. This suggests th a t buffet occurs a t an angle of 

attack between 3° and 3.5°; this is consistent with experimental findings at 

ONERA, where buffet first occurred at 3.25°.
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F igure 3.56: Lift coefficient p lo ts at tw o different angles o f  a ttack s  
for M  =  0.73 and R e =  3x10®
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As the angle of attack increases, the  shock becomes stronger. The stronger 

shock leads to a larger separation region. At o; 2.5°, there is a small sepa­

ration bubble present at the foot of the shock followed by a region of attached 

how, (see Figure 3.57). This result qualitatively is in good agreement with 

experimental hndings.

O.OS5

O.OS

0.055

0.S5O.G 0.7

F ig u re  3.57; S tre a m lin e s  in d ic a tin g  a  s e p a ra tio n  b u b b le  a t  a= 2 .5 °

At a  =  3°, the shock becomes stronger, a larger separation bubble is 

formed and there is also an emergence of trailing edge separation (see Figure 

3.58).

At a  =  3.5°, the shock continues to become stronger, a larger separation 

bubble is formed at the foot of the shock signalling a larger trailing edge sepa­

ration. However, the circulation from the bubble now reaches the circulation 

from the trailing edge, (see Figure 3.59).

W hen a  is increased further to 3.91° there are formations of larger sepa­

ration regions caused by the stronger shock. There is more evidence of the
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F igure 3.58: S tream lines in d ica tin g  a separation  bub b le and tra il­
ing ed ge separation  at a=3°
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F igure 3.59: S tream lines in d ica tin g  a separation  bubble, tra iling  
edge sep aration  and an in teraction  region  b etw een  th e  circu lation  
regions at o:=3.5°
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two circulation regions interacting with each other, (in Figure 3.60).
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Figure 3.60: S tream lines in d ica tin g  a separation  bub b le, tra ilin g  
edge separation  and an in teraction  region  b etw een  th e  circu lation  
regions at 0=3.91°

It seems like the necessary condition for a buEet flow field is the com­

munication between circulations of the separation bubble and th a t of the 

trailing edge separation. The larger these separation regions are the heavier 

the buffet intensity. At even larger angles of attack, these separation regions 

merge to become one large separation region extending from the foot of the 

shock to beyond the trailing edge. For these, a heavier buffet intensity is 

observed.

Figure 3.61 compares the convergence of levels of angles of attack 3° and 

3.5° using the coarse grid. Note th a t this convergence plot is only for the 

steady part of the calculations. The maximum error in the calculations of the 

mean and turbulence equations is used as an indicator of convergence. One
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can notice th a t for the higher angle of attack there are larger fluctuations 

in the errors of both  the mean and turbulent properties than  for the lower 

angle of attack. This maybe due to the larger separation region at the higher 

angle of attack.

Or
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Iterations
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■2ta

I
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1500

(d) 3.5°

F igure 3.61: R esidual p lo ts  at tw o different angles o f  a ttack , M  
0.73 and R e  -  3x10®

This difference in separation region gives rise to  different levels of tu r­

bulence flow properties. Figures 3.62 and 3.63 dem onstrate th a t  the level 

of the average turbulence Reynolds number increases as the angle of attack 

increases from 3° to  3.5°. One can also notice th a t the size of the separation 

bubble also increases considerably in size. This increase in the size of the 

separation region from 3° to 3.5° and the resulting rise in the average tu r­

bulence Reynolds number at 3.5° is due to the interaction between the two 

circulation regions. This finding is also true for the trailing edge separation.

Figure 3.64 is a plot of the turbulence Reynolds number a t different points
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Figure 3.62: Ret con tours at th e  separation  b ub b le, M  =  0 .73, 
R e =  3x10® and 3°

on the upper surface. There is a gradual increase in the turbulence Reynolds 

number as the distance away from the shock increases. However, there are 

higher turbulence Reynolds numbers at an angle of attack of 3.5° than at 3° 

within the separation regions.

Other useful properties to quantify the levels of turbulence in the steady 

flow fields are the turbulence Reynolds shear and normal stresses. These 

stresses arise due to the velocity fluctuations in a turbulent flow. Figures 

3.65, 3.66 and 3.67 show plots of the Reynolds shear and normal stresses 

along the upper surface of the aerofoil.

Figure 3.68 indicates the levels of turbulence Reynolds normal stresses 

generated at the blunt trailing edge. In the flgure, xO is distance away from 

the trailing edge. Again higher levels of normal stresses are generated in the
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F igure 3.63: Ret contours a t th e  separation  bub b le, M  =  0.73, 
R e =  3x10® and 3.5°
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F igure 3.64: T urbulent R eyn o ld s num ber p lot a long th e  upp er sur­
face for 3 and 3.5 deg.
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Figure 3.65: T urbulent Shear stress, Txy p lo ts  a long th e  upp er sur­
face for 3 and 3.5 deg.
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Figure 3.66: T urbulent x-norm al stress, r̂ x p lo ts  a long th e  upper  
surface for 3 and 3.5 deg.
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Figure 3.67: T urbulent y -norm al stress, Tyy p lo ts a long th e  upper  
surface for 3 and 3.5 deg.

wake at 3.5°, indicating a more turbulent flow at that angle of attack.
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F igure 3.68: N orm al stress profiles in th e  wake for tw o  different 
angles o f  a ttack , M  =  0.73 and R e =  3x10®

The temporal behaviour of the separation regions at a= 3° and 0=3.91° 

can be seen in Figures 3.69, 3.70 and Figures 3.71, 3.72. There isn’t any 

change in the separation regions as time increases for o=3°. Both separation
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regions remain stationary, preventing any interaction between the separation 

bubble and the trailing edge separation and hence the flow field is steady (see 

Figures 3.69 and 3.70). However at 0=3.91°, there is a slight change in the 

size and location of these separation regions caused by the shock movement. 

Figure 3.71 shows a slight increase in both the separation bubble and the 

trailing edge separation during the upstream  movement of the shock and 

Figure 3.72 shows a slight decrease during the downstream movement.

3.2 .2  U n stead in ess due to  grid refinem ent

Pressure intensities obtained using the two grid levels were compared with 

computations done at ONERA. Figure 3.73 shows th a t the peak pressure 

intensities are under-predicted on both  grid levels for an angle of attack of 4.5 

deg. However, this peak pressure intensity is greatly improved by increasing 

the grid point density and the position of the peak pressure intensity over 

the upper surface is improved with the fine grid.

The reason for the higher peak pressures for the ONERA com putations 

can be clearly seen in Figure 3.74, the shock movement is for the coarse 

grid, ONERA predicted a larger shock movement and hence higher pressure 

peaks. Both grids gave a reasonable agreement in pressures before the shock 

position.

There is a large difference in the peak pressure intensities between the 

two grids when the angle of attack is increased to 5° and 5.5° , Figures 3.75 

and 3.76 respectively. The above observation a t an angle of attack of 4.5 deg 

is also consistent for the two latter angles of attack.
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F igure 3.69: T em poral variation  in separation  regions during an 
upstream  shock m ovem ent at q =  3.0° using th e  B aselin e  m odel 
and th e  coarse grid.

The temporal behaviour of the separation regions using the fine grid at 

an angle of attack of 3.91°can be seen in Figures 3.77 and 3.78. This figure 

shows a buffet flow field as there is an interaction between the bubble and 

the trailing edge separation. However, the fine grid seems to produce larger 

separation regions than the coarse grid (Figures 3.71 and 3.72) and hence
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F igure 3.70: T em poral variation  in separation  regions during a 
dow nstream  shock m ovem ent at o  =  3.0° using th e  B aselin e  m odel 
and th e  coarse grid.

the finer grid produces a higher buffet intensity.
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Figure 3.71: T em poral variation  in separation  regions during  an  
u p stream  shock m ovem ent at q =  3.91° using th e  B ase lin e  m odel 
and th e  coarse grid.
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Figure 3.72: T em poral variation  in separation  regions during a 
dow nstream  shock m ovem ent at o  =  3.91° using th e  B ase lin e  m odel 
and th e  coarse grid.
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F igure 3.73: P ressu re  in ten sity  p lo t a long th e  upper surface a t 4.5  
deg.

F igure 3.74: Shock m ovem ent a t 4.5  deg.
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F igure 3.75: P ressu re in ten sity  p lo t a long th e  upper surface at 5 
deg.
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F igure 3.76: P ressu re  in ten sity  p lot a long th e  upper surface at 5.5  
deg.
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Figure 3.77: T em poral variation  in separation  regions during an 
upstream  shock m ovem ent at a  =  3.91° using th e  B ase lin e  m odel 
and th e  fine grid.
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F igure 3.78: Tem poral variation  in separation  regions during a 
d ow nstream  shock m ovem ent at a =  3.91° using th e  B ase lin e  m odel 
and th e  fine grid.
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C onclusion  and Future W ork

Both steady and unsteady characteristics of shock/boundary layer interac­

tion have been investigated for two supercritical aerofoils using a CFD code 

developed a t Glasgow University.

Steady results obtained dem onstrated the shock/boundary layer classifica­

tions observed by experimentalists. At low angles of attack  a weak shock 

with an attached boundary layer is formed. Increasing the angle of attack 

causes the shock to increase in strength allowing the boundary layer to  sep­

arate a t the foot of the shock forming a separation bubble followed by an 

attached flow and a trailing edge separation. At an increased angle of attack, 

there is to ta l separation at the foot of the shock caused by a higher shock 

strength. The Baseline and SST models predicted the shock positions better 

than  the other two models. However, the k-w model gave better agreement 

with the regions of separation observed in experiments.

An investigation into the different boundary properties revealed th a t the k- 

cj model produced a more turbulent boundary layer before the shock. The
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more turbulent flow is responsible for the delayed separation.

The difference in convergence levels of the steady solution was also used to 

explain why the different tubulence models produce different separation re­

gions. It was concluded th a t attached flows can be related to good levels of 

convergence. Fluctuations tend to appear in both  the mean and turbulent 

residual plots for higher angles of attack. These fluctuations occur because 

of emergence of separation regions.

Validation of the com putational steady surface pressures showed a good 

agreement w ith experimental results for sub-critical flows. However, dis- 

crepacies appear for super-critical flows due to the emergence of adverse 

pressure gradients and separation regions.

Buffet was found to occur a t higher angles of attack using the Baseline and 

SST models. Qualitatively the results obtained using the above turbulence 

models are in good agreement with experimental results obtained by Lee. 

However, the frequency of shock oscillation was under-predicted by both 

models. The Baseline model tends to over-predict the m agnitude of shock 

movement whereas the SST model uder-predicted the m agnitude of shock 

movement.

It seems like the necessary condition for a buffet flow field is the interac­

tion between circulation from the separation bubble and circulation from the 

trailing edge separation. The larger these separation regions are the heavier 

the buffet intensity. The communication between the shock strength  and 

the trailing edge displacement thickness, and the coupling between the shock 

movement and the changes in the trailing edge pressures are responsible for 

the self-sustained shock movement.
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A  time step refinement study revealed th a t buffet occurs for time steps of 

0.1 and below. Grid refinement studies revealed th a t the prediction of buffet 

using the SST model is heavily dependent on the grid density; only the fine 

and finer grids produced a buffet flow field. The frequency and m agnitude 

of shock movement are heavily dependent on the employed grids, the fre­

quency of shock oscillation decreases as the grid density increases. However 

further grid refinements are needed for both  test cases in order to fully un­

derstand the effects of grid resolution on the buffet phenomenon. Another 

future study could be a detailed investigation into the influence of tu rbu ­

lence models on the buffet phenomenon. Both linear and non-linear models 

may be implemented in this study. Finally another interesting study will be 

to run calculations on three-dimensional grids and to compare and contrast 

with the two-dimensional results.
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Sum m ary of experim ental work
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Aerofoil Section References Tests Param eters Available D ata
BGK N o.l 28,29

27,31

M-0.688,
Re^ 2 0  million

Alplia=3.99, 
4.95, 6.43, 6.94 
and 9 deg

• Power spectra of nor­
mal force

•  Steady state  pressure 
d istribution

•  Pressure fluctua- 
tion /itensity  plots

•  Skin friction plots

• Normal force plots

• Cross-correlation

• buffet boundaries

# M=0.71, Re=20 
million

• A lpha=-0.316, 
1.396, 3.017, 
4.905 and 6.970 
deg

• Power spectra of pres­
sure

• Steady sta te  pressure 
distribution

• Pressure fluctua- 
tion /itensity  plots

•  Pressure-tim e histo­
ries plots

• Cl V M plots

• Normal force plots

•  Unsteady pressure 
distribution

Table 4.1: Summary of experimental work done on the BGK N o.l aerofoil
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Aerofoil Section References Tests Param eters Available D ata
11.8% Joukowski

• Mach numbers 
in transonic 
range, alpha= 0  
deg

• M=0.85-0.89, 
alpha—3 deg

•  M=0.87-0.89, 
a lp h a s 6 deg

• No periodic flow at 0 
deg

• Periodic flow at 3 deg

•  Periodic flow at deg

Table 4.2: Summary of experimental work on the Joukouski aerofoil

Aerofoil Section References Tests Param eters Available D ata
W TEA  II 32

• Re=20 million

• M = 0.612-0.792

• alpha—0 .886 , 
2.505, 3.736 and 
5.546 deg

• Normal force fluctua­
tion V lift coefficient 
plots

• Power spectra of mor- 
mal force

• lift coefficient v M 
plots

Table 4.3: Summary of experimental work done on the W TEA II aerofoil
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Aerofoil Section References Tests Param eters Available D ata
12% thick NACA 16 50

• Re=1.4 million, 
M=0.7-0.86 and 
alpha= 0  deg

• Re—1 million, 
alpha=6.7 deg,

•  classification of inter­
actions

•  surface pressures

•  excitation spectra

Table 4.4: Summary of experimental work done on the 12% thick NACA 16 
series aerofoil

Aerofoil Section References Tests Param eters Available D ata
NACA 0012

Re=0.4-0.5 mil­
lion, M—0.82-
0.84 and al- 
pha= 0  deg

M=0.84-0.87,
alpha—3 deg,

M=0.84-0.88,
alpha= 6  deg

Periodic flow 
M =0.82-0.84

at

Frequency v Mach 
number

Table 4.5: Summary of experimental work done on the NACA 0012
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Aerofoil Section References Tests Param eters Available D ata
14% thick biconvex 42

• M—0.86-0.9 and 
alpha—0 deg

• M—0.9 and al- 
pha= 4 deg

• Periodic flow a t both 
cases

• Shock development 
w ith time

• Frequency param eter 
with mach number

Table 4.6: Summary of experimental work done on the 14% thick biconvex 
aerofoil

Aerofoil Section References Tests Param eters Available D ata
Cast 7/DOA 1 70

• Re=2-30 million

• Transonic Mach 
numbers

•  alpha=0“5 deg

• surface pressure plots

•  shock oscillation plots

• trailinf edge boundary 
layer thickness plots

•  shock strength

•  shock oscillation fre­
quency and amplitude 
plots

Table 4.7: Summary of experimental work done on the Cast 7 /D O A l aerofoil

University o f Glasgow 160 M Sc Thesis



Transonic Buffet Appendix

Aerofoil Section References Tests Param eters Available D ata
NACA 631-012

•  Laminar

• M -0 .65  to 0.75

• Alpha—0 to 10 
deg

•  Mean shock-wave po­
sition V alpha

•  flow regions

• shock wave amplitude 
V alpha

• frequency

Table 4.8: Summary of experimental work done on the NACA 631-012

Aerofoil Section References Tests Param eters Available D ata
18% circular arc 44

• M=0.76, R e-11  
million

•  Alpha—0 deg

• tim e histories of veloc­
ity, turbulent kinetic 
energy and turbulent 
shear stress

•  velocity and shear 
plots at different 
locations

41

• M -0.72 , 0.754 
and 0.783

•  Re—11 million

•  A lpha—0 deg

•  surface pressures

• skin friction plots

• Pressure-tim e histo­
ries plots

Table 4.9: Summary of experimental work done on the 18% circular acr
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N um erical form ulation and turbulence m odels

N u m erica l F orm ulation  

G overning E q uations

The governing equations represent the flow conservation laws and the fluid 

property laws. The conservative form of the govering equations is a covenient 

form of presenting the continuity, energy and momentum in com putational 

fluid dynamics codes. In a three-dimensional Cartesian coordinate system, 

the non-dimensional form of the equation may be w ritten as;

d W  d{F  ̂ -  d(G' -  GC d(H^ -  HC 
8t +  d i  +  &y +  di  =  °  (4 .1 )

Here the vector W  is the vector of conserved flow variables and is some-
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W (4.2)

times referred to as the solution vector. It can be w ritten as:

(  P ^

pu 

pv 

pw

\ p E  )

In the above p is the density, u, v and w are the components of velocity 

given by the Cartesian velocity vector U  — {u ,v ,w )  . Finally E  is the to tal 

energy per unit mass. The flux vectors F, G , and H  consist of inviscid {̂ ) 

and viscous ('") diffusive parts. These are w ritten in full as
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pu 

pu^ + p  

puv 

puw  

\  puH  )

^  pv \  

pvu  

pv"̂  A-p 

pvw 

\  pvH  j

(  pw 

pwu  

pwv 

pw ‘̂ + p  

y pw H  j

(4.3)
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Xxx

Tcy

T~xz

G"
Re

Txx y

'yy

' y z

(4,4)

\  UTxy  +  VTyy  -f- WTyz R  C[y j

J _
Re

( 0

' x̂z

Tjz

\

\  U T x z  + VTy:, + +  Qz /
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f ^ d u  2 f  du dv dw

f ^ d v  2 f  du dv dw
■̂yy =  -  3  +  g ;

'“ I
f  du d v \

f  du dw
=  “ ‘̂ ( â ï  +  â ^

f  dv dw

and the heat flux vector components are w ritten as

1 /a dT
Qx

1 7 -

'  i ' r - l ) lV P „ P r d v  (4.6)

(7  — 1)M ^ P r  dx  
1 t-i d T
l ) M ^ P r  dij 
1 p dT

(7  — 1)M ^ P r  dz

Here 7  is the specific heat ratio, P r  is the laminar P rand tl number, T  

is the static  tem perature and Mqo and Re  are the freestream Mach number 

and Reynolds number, respectively. The various flow quantities are related
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to each other by the perfect gas relations

H  -  E - A -  
P

E  — e -j- — (u^ +  (4.7)

P = (7  -  1) pe

P _
P

The lam inar viscosity p  is evaluated using Sutherland’s law,

â - © ’" T S
where /xq is a reference viscosity at a reference tem perature Tq. These can be 

taken as po =  1.7894x10“  ̂ kg/(m .s) with To =  288.16 K. All quantities have 

been non-dimensionalised as follows:

W ij
X  —
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P - - J Î ©  t = T -  e =  ^^  ̂ ^  T/*2 ’  ̂ 7-* ’ ^ y^2
P oo P oo  ^  G O  O O  * ^ 0 0

(4.9)

R eyn olds-averaged  form

The instantaneous variables in a turbulent flow can be decomposed into a 

mean value and a fluctuating value. For example, density, pressure and 

velocity components are decomposed as:

p — p + p \  P ^ P  + P', u ~ u p u ' ,  v = v P v \  w — w + w".

One reason why we decompose the variables is th a t in most engineering 

applications we are usually interested in the mean flow values rather than 

the time histories. Another reason is th a t a very fine grid will be needed in 

order to resolve all the turbulent scales and will also require a fine resolution 

in time. The Reynolds-averaged form of the Navier-Stokes equations are 

identical to those presented earlier, except for the stress tensor and heat flux 

vector components shown below. The variables should be considered as mean 

flow quantities (superscripts are dropped for clarity).
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T~xx — -  ( p  +  P t )

Tjy = -  {P  +  P t )

Tzz — -  { p  +  P t )

Pcy — - { p T  P t )

‘T'xz ~ -  (/i +  P t )

r'yz — -  { p  T  P t )

2 14 du
3 '[^dx

2 (̂  du
% 3 (<̂ dx

2
~  3 [ d x

Qx —

Qy — ~  

& =  -

(7  -  1)M ^  
1

(7  -
1

C urvilinear form

dv d w \ \  2 ,
dy dz J J  3
dv d w \ \  2

dv d w \ \  2
+  -77-  ) +  ~pkdy dz  J  J  3

/ d u  d v \  
\ d y  d x )  

du d w \  
dz dx )  

/  dv d w \  
V9z dy  J

P P t  

P r  PrT )
1 dT
' dx

P , PT~^ 
P r  P tt  j

\ ? L
' dy

P  P t ')

P r  PrT J
, d T
( dz

(4.10)

(4.11)

The model equations are w ritten in curvilinear (APjC) foi'ui to facilitate use on 

curvilinear grids of arbitrary  local orientation and density. A space transfor­

m ation from the Cartesian co-ordinate system to the local coordinate system
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must then be introduced

V y,  

C (a;, Î/,

t

The Jacobian determ inant of the transform ation is given by

J  — d { / , V , 0

The equation 4.1 can then be w ritten as

d W  d{F^ -  FQ  a (G ' -  GQ  ~ F F )  ^
+  —— — -  ̂ +  ——  -------  +  —— —   -  0 (4.12)dt dr] dÇ

where

W

p i

G '

H '

F^

G"

W
T

=  j © F ‘ +  7 G ‘ +  Ç .t f )  

=  j ( v ^ F '  + n,jG* + v . & )  

=  J (C zF ' +  CyG ' +  C aH ‘)

=  1 & F ” +  7 G ” +  ? ,H ”) 

=  ^ ( t F '  +  ^ G '  +  ^ H " )

=  j ( C , F ’' +  C G '’ +  C.H”)

(4.13)
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The expressions for the inviscid fluxes can be simplified somewhat by defining

U - +  /yV +  Qw

V  =  OxU +  PyV +  Q w  

W  == CxU + CyV +  CzW

(4.14)

The inviscid fluxes can then be w ritten as

(  pU 

puU  +

pVU + /yP

pwU + (zP 

p u f ï

/  pV  

puV  A- i]xP 

pvV  A- i-jyP 

pw V  A- PzP 

\  p V H

pW

puW  A- CxP 

pvW  +  Cyp 

pw W  +  Qp 

\  p W H  y

(4.15)
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The derivative term s found in the viscous fluxes are evaluated using the chain
I

rule, for example j

du du du du  |

S tead y  S ta te  Solver

The Navier-Stokes equations are discretised using a cell-centred flnite volume 

approach. The com putational domain is divided into a finite number of non­

overlapping control-volumes, and the governing equations are applied to each 

cell in turn. Also, the Navier-Stokes equations are re-written in a  curvilinear 

co-ordinate system which simplifies the formulation of the discretised term s 

since body-conforming grids are adopted here. The spatial discretisation of 

equation 4.12 leads to a  set of ordinary differential equations in time,

I  (W ) (4.16)

where W  and R  are the vectors of cell conserved variables and residuals re­

spectively. The convective term s are discretised using Osher’s upwind scheme 

for its robustness, accuracy, and stability properties. MUS CL variable ex­

trapolation is used to provide second-order accuracy with the Van Albada 

limiter to prevent spurious oscillations around shock waves. Boundary con­

ditions are set by using ghost cells on the exterior of the com putational
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domain. In the farfield ghost cells are set at the freestream conditions. At 

solid boundaries the no-slip condition is set for viscous flows, or ghost values 

are extrapolated from the interior (ensuring the normal component of the 

velocity on the solid wall is zero) for Euler flow.

The integration in time of eciuation 4.16 to a steady-state solution is per­

formed using an implicit time-marching scheme by

_ WR 1
 ' ' " A t  ( w ; ;« )  (4.i7)

where n - f  1 denotes the time (n +  1) * A t. Equation 4.17 represents a system 

of non-linear algebraic equations and to simplify the solution procedure, the 

flux residual is linearised in time as follows.

R iJ ,k ( W '‘+ i) =  R ij,k  ( W )  4- +  0 ( A f  )

«  R ij,k "(W ») +  ^ ^ A W , j , k  (4.18)
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where A W ;j,k  — -  W ij^ h  Equation4.17 now becomes the fol­

lowing linear system

At a w y ,k
A W u ,k  =  - % . , ( W " )  (4.19)

The complexity of a direct m ethod to  compute a linear system is of the 

order of , which becomes prohibitive when the to ta l number of equa­

tions M  becomes large. On the other hand, iterative techniques such as 

Conjugate Gradient (CO) methods are capable of solving large systems of 

equations more efficiently in term s of time and memory. CG m ethods find 

an approxim ation to  the solution of a linear system by minimising a suit­

able residual error function in a finite-dimensional space of potential solution 

vectors. A Krylov subspace algorithm  is used to solve the linear system. 

The preconditioning strategy is based on a Block Incomplete Lower-Upper 

(BILU) factorisation since it appears to be the most promising and has the 

same sparsity pa ttern  as the Jacobi an m atrix (BILU(O)) - i.e. the spar­

sity pa ttern  of the Lower and Upper matrices is defined with respect to the 

sparsity of the unfactored m atrix  for simplicity. Furthermore the BILU(O) 

factorisation is decoupled between blocks to  improve parallel efficiency and 

this approach does not seem to have a m ajor impact on the effectiveness of 

the preconditioner as the number of blocks increases.

Implicit schemes require particular treatm ent during the early stages of
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the iterative procedure. The usual approach in starting  the m ethod is to  take 

a small CFL number and to  increase it later on. However, it was found th a t 

smoothing out the initial flow doing some explicit iterations, and then switch­

ing to the implicit algorithm  was equally efficient. In the present m ethod, 

a specified number of forward Euler iterations are executed before switching 

to the implicit scheme.

The formulation leads to a Jacobian M atrix with a number of non-zero 

entries per row. Trying to  reduce the number of non-zero entries would have 

several advantages. First, the memory requirements are lowered. Second, the 

resolution of the linear system by the GCG m ethod is faster in term s of CPU­

time since all the m atrix-vector m ultiplications involved require less operation 

counts. Finally, the linear system is easier to solve since the approxim ate 

Jacobian m atrix  is more diagonally dominant. The steady sta te  solver for 

the turbulent case is formulated and solved in an identical m anner to th a t 

described above for the mean flow. The eddy-viscosity is regarded calculated 

from the latest values of k and u  (for example) and is used to  advance 

the mean flow solution and then this new solution is used to  update  the 

turbulence solution, freezing the mean flow values. An approxim ate Jacobian 

is used for the source term  by only taking into account the contribution of 

the dissipation term s D/. and i.e. no account of the production term s is 

taken on the left hand side of the system.
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U n stea d y  S ta te  Solver

The formulation is described for the  turbulent case. The lam inar and inviscid 

cases represent a simplification of this.

Following the pseudo-time formulation, the  updated mean fiow solution 

is calculated by solving the steady sta te  problems

= 0  (4.20)2At

Qli./. =  ~  2A’f  ^  q b , J  =  0. (4.21)

Here k m ,k tjm  and k  give the tim e level of the variables used in the spa­

tial discretisation. Here the grid is moved rigidly but if grid deformation was 

required then tim e varying areas would be required in the expression for the 

real tim e derivative in equations 4.20 and 4.21. km = h  = Im — k  — n S-1 

then the mean and turbulent quantities are advanced in real time in a  fully 

coupled manner. However, if km = Im = h =  and kt ~  n  then the equa­

tions are advanced in sequence in real time, i.e. the mean fiow is updated 

using frozen turbulence values and then the turbulent values are updated 

using the latest mean fiow solution. This has the advantage th a t the only 

modification, when compared with the lam inar case, to the discretisation of 

the mean fiow equations is the addition of the eddy viscosity from the previ­

ous tim e step. The turbulence model only influences the mean flow solution
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through the eddy viscosity and so any two equation model can be used with­

out modifying the mean flow solver. Hence, the implementation is simplified 

by using a sequenced solution in real time. However, the uncoupling could 

adversely effect the stability and accuracy of the real time stepping, with the 

likely consequence of limiting the size of the real tim e step th a t can be used.

Equations (4.20) and (4.21) represent a coupled nonlinear system of equa­

tions. These can be solved by introducing an iteration through pseudo time 

T to the steady state, as given by

^  +  ^ n -1

A r  2 A t
M ^ , q‘y  =  0 (4 .22)

^ ^  q4.) =  Q. (4.23)

where the m  — th  pseudo-time iterate at the n-f-H/r real time step are denoted 

by and respectively. The iteration scheme used only effects the

efficiency of the m ethod and hence we can sequence the solution in pseudo 

time without compromising accuracy. For example, using explicit tim e step­

ping we can calculate using km — n  +  1, m and kt =  n  -H 1 , m  and

and k  = n - \- l,m .  For implicit tim e stepping 

in pseudo time we can use km — l,n = k = n  l ,m  + 1 and kt = n  -1- l ,m .  

In both of these cases the solution of the equations is decoupled by freezing 

values but at convergence the real time stepping proceeds with no sequenc­

ing error. It is easy to recover a solution which is sequenced in real time
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from this formulation by setting kt ~  n  throughout the calculation of the 

pseudo steady state. This facilitates a comparison of the current pseudo 

tim e sequencing with the more common real time sequencing. In the code 

the pseudo steady-state problems are solved using the implicit steady state  

solver described in detail in section 4.
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T urbulence M od els

T h e  S p a la r t-A llm a ra s  (S -A ) T u rb u le n c e  M o d e l

The S-A model is a  one-equation model. This model is defined as follows: 

E d d y  V isc o s ity  F u n c tio n

(4.24)

where

(4.25)

C o n v e c tiv e  T ra n s p o r t  E q u a tio n  o f th e  E d d y  V isco sity

— C h \ S y  +  —[V.(((/ 4- 5 )V 5) -f- Cb2(VC')^] — c ^ i f f (4.26)

where

(4.27)

and

fw — 9
1/6

, 9  = r A  Cw2 {r^ - r ) ,  r =

C lo su re  C oeffic ien ts

Cf>i =  0.135, (T — 2 /3 , Cb2 =  0.622, k  =  0.41,
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Cyj± ~  2.762, c^2 — 0.3, =  2, — 7.1

Cy,i =  2.762, Ciu2 — 0.3, c -ujs — 2, c^i =  7.1 (4.28)
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T h e  k-o; T u rb u le n c e  M o d e l

The two-equation k-w model by Wilcox can be defined as follows;

E d d y  V isco sity

Pt  — pk/io (4.29)

T u rb u le n c e  K in e tic  E n e rg y

dk  1
P fff  -  P k -P * p ku j  (4.30)

S pecific  D is s ip a tio n  R a te

+  pV. Vw — V. [(/.A-f o’/ij') Vw] — — Ppu}"̂  (4.31)

C lo su re  C oeffic ien ts

a  =  5/9, /? =  3/40, ^  =  9/100, n  =  1/2, n* -  1/2 (4.32)
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In the above relations the production term s of k and w, Pk and P^ respec­

tively, are

Pk =  Pt P  -  -^pkS

Pu> Oi — Pk k

and

(4.33)

(4.34)

P  =

s = v.v
(V V  +  V V ^) : V V  -  -  (V .V)' (4.35)

(4.36)

The equations as shown above use the same non-dimensional quantities as 

in section 3.1.1, w ith the addition of

k*Re

%

lo*L*
(4.37)

T he Shear S tress T ranspost (SST ) T urbulence M od el

The SST turbulence model of Menter is defined as follows:
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E d d y V isco sity

pk/oj
m ax  [1 ; (cuo;)] ’

ai — 0.31 (4.38)

In turbulent boundary layers the  maximum value of the eddy viscosity is 

limited by forcing the turbulent shear stress to  be bounded by the turbulent 

kinetic energy times a i . This effect is achieved by using an auxiliary function 

F2 and an absolute value of the vorticity, fl. This auxiliary function is defined 

as a function of the wall distance {y) as

F2 ~  tanh max
\ /k  500/r

0.09ioy^ py ’̂uj
(4.39)

T urbulence K in etic  E n ergy

The two transport equations of the model are defined below with a blending 

function Fi for the model coefficients of the original w and e model equations. 

The transport equation are given by

1
Re

V. [(aa +  T / i r )  V/c] =  P k - f f p k u j  (4.40)
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Specific  D issip a tion  R ate

/9 -^  +  /?V .Vw — V . [{p +  (JujPt ) Vw ] — Pqj — (dpiuP

+2  (1 -  Fi) ^ V k V t o
CO

(4.41)

C losure C oefficients

The function Fi is designed to  blend the model coefficients of the original 

k — u) model in boundary layer zones with the transformed k — e model in 

free-shear layer freestream zones. This function takes the value of one on 

no-slip surfaces and near one over a large portion of the boundary layer, and 

goes to zero a t the  boundary layer edge. This auxiliary blending function, 

F i, is defined as

Fi =  tanh mm max
V k  bOOp

O.OQujy' pŷ LO
Apa^2k A (4.42)

where

C D  key =  max VkVüj: 10-20
ÜJ
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where stands for cross-diffusion in the k — uj m odel The constants are

= 0 .3 1 , /?" =  0.09, K =  0.41 (4.43)

The model coefficients /?, 7 , ak, and denoted with the symbol f  are 

defined by blending the coefficients of the original k — to model, denoted as 

01, with those of the transform ed k — e model, denoted 02-

0  — F 101 +  (1 — Fi)02,

where

0 =  |o-A,,n^,/),7 ] (4.44)
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with the coefficients of the original models defined as

Inner model coefficients

cTfci =  0.85, cr^i =  0.5, pi — 0.075,

7 i =  Pi/P* -  ^  0.553 (4.45)

O uter model coefficients

ak2 — 1.0, 0-̂ 2 =  0.856, 02 — 0.0828,

72  =  02/0* -  O y 2 i ^ i =  0.440 (4.46)

University of Glasgow 186 MSc Thesis



B ibliography

[1] Girodroux-Lavigne P, Le Balleur JC. “Unsteady viscous-inviscid inter­

action m ethod and com putation on buffeting over airfoils” . Proceedings 

of Joint IM A/SM AI Conference, Com putational methods in aeronauti­

cal fluid dynamic, University of Reading, Berlin: Springer, 1987.

[2] A lsta tt MC. “An experimental and analytical investigation of a tran ­

sonic shock-wave boundary layer interaction” . Technical R eport AEDC 

T R  77-47, Arnold Engineering Development Center, May 1977.

[3] Anderson JD Jr. “Fundam entals of Aerodynamics” . Second Edition, 

Aerospace Science Series, McGraw-Hill International Editions, 1991.

[4] Baldwin B, Lomax H. “Thin layer approximation and algebraic model 

for separated turbulent flow” . AIAA 78-257, AIAA 16th Aerospace 

Sciences Meeting,, Huntsville, Alabama, January 1978.

[5] Barakos G, Drikakis D. “An implicit unfactored m ethod for unsteady 

turbulent compressible flows with moving solid boundaries” . Comput 

Fluids, 28(8):899-921, 1999.

187



Transonic Buffet Appendix

[6] Barakos G, Drikakis D. “Numerical simulation of transonic buffet flows 

using various turbulence closures” . In t J  Heat fluid flow, 21(5):620-6, 

2000 .

[7] Bartels RE, Rotlimayer AP. “An IBL approach to multi-scaled shock 

induced oscillation” . AIAA 95-2157, AIAA 26th Fluid Dynamics Con­

ference, San Diego, CA, June 1995.

[8] B atina JT. “Unsteady transonic algorithm improvemens for realistic 

aircraft configurations” . Aircraft J, 26(2):131-9, 1989.

[9] Bauer F, Garabedian PR, Korn D. “A Theory of Supercritical Wing 

Sections, with Computer Programs and Examples” . Lecture Notes in 

Economics and Mathematical Systems, 66 , 1972.

[10] Benoit B, Legrain I. “Buffeting Prediction for Ti'ansport Aircraft Ap­

plications Based on unsteady Pressure M easurements” . AIAA 87-2356, 

August 1987.

[11] Bradshaw P. “An introduction to turbulence and its m easurem ent” . 

Pergamon Press, 1971.

[12] Brunet V. “Com putational Study of Buffet Phenomenon with Unsteady 

RAN8 Equations” . AIAA Paper, 2003-3679, 2003.

[13] Butefisch KA, Stanewsky E. “Experim ental flow field study on a super­

critical airfoil” . Aircraft J, 24(11):783-8, 1987.

[14] C antariti F, Dubuc L, Gribben B, W oodgate M, Badcock K and 

Richards B. “Approximate Jacobians for the solution of the Euler

University of Glasgow 188 M Sc Thesis



Transonic Buffet Appendix

and Navier-Stokes equations” . Technical Report Technical Report 5, 

Aerospace Engineering, University of Glasgow, 1997.

[15] Coe CF. “Buffet forces on two-dimensional airfoils as affetced by thick­

ness and thickness distribution” . NACA RM A53K24, National Advi­

sory Committee for Aeronautics,, February 1954.

[16] Couston M, Angelini J. “Numerical solutions of nonsteady two- 

dimensional transonic flows” . Fluid Eng J, 101:341-7, 1979.

[17] Deiweit GS. “Com putation of separated transonic turbulent flows” . 

AIAA-75-829, AIAA 8th  Fluid and Plasm a Dynamics Conference, H art­

ford, Conneticut, June 1975.

[18] Edwards JW . “Transonic shock oscillations with a new boundary layer 

coupling m ethod” . AIAA 93-0777, AIAA 31st Aerospace Sciences Meet­

ing, Reno, Nevada, January 1993.

[19] Edwards JW , Thomas JL. “Com putational methods for unsteady tran ­

sonic ffows” . AIAA 87-0107, AIAA 25th Aerospace Sciences Meeting, 

Reno, Nevada, January 1987.

[20] Eggleston B, Poole RJD. “Thick supercritical airfoils w ith low drag and 

natural lam inar flow” . Aircraft J, 24(6):405-ll, 1987.

[21] Finke K. “Unsteady shock-wave boundary-layer interaction on profiles 

in transonic fiow” . AGARD-CPP-168, Paper No.28,, 1975.

[22] Geissler W  Ruiz-Calavera. “Ti'ansition and turbulence modelling for dy­

namic stall and buffet” , www.sm .go.dlr.de/ wolfgang/corsica.99.fr.pdf.

University of Glasgow 189 M Sc Thesis

http://www.sm.go.dlr.de/


Transonic Buffet Appendix

[23] Gerteisen EA. “Com putations of unsteady flows around airfoil sections 

by explicit and implicit methods solving the Euler and Navier-Stokes 

equations” . AGARD CP-507, Transonic unsteady aerodynamics and 

aero elasticity,, pages 13.1-13, San Diego, CA, USA, 7-11 October 1991.

[24] Gibb J. “The cause and cure of periodic flows at transonic speeds” . Pro­

ceedings 16th Congress of the International Council of the Aeronautical 

Sciences,, pages 1522-30, Jerusalem, Israel, August-September 1988.

[25] Gillan MA. “Com putational analysis of buffet alleviation in viscous 

transonic flow over a porous airfoil” . A IA A  J, 33(4):769-772, 1995.

[26] Hirose N, Miwa H. “Com putational and experimental research on buffet 

phenomena of transonic airfoils” . Technical Report TR-996 T, National 

Aerospace Laboratory, Japan, September 1988.

[27] Jameson A. “Time dependent calculations using multigrid, w ith applica­

tions to unsteady flows past airfoils and wings” . AIAA Paper, 91-1596, 

1991.

[28] Johnson DA, Bachalo W D, Owen FK. “Ti’ansonic flow past a symmetric 

airfoil at high angle of a ttack” . AIAA 75-1500, AIAA 12th Fluid abd 

Plasm a Dynamics Conference,, W illiamsburg, Virginia, July 1979.

[29] Kawai N, Hirose N. “Development of the code NSFOIL for analyz­

ing high Reynolds number transonic flow around an airfoil” . National 

Aerospace Laboratory, NAL-TR-816:Japan, 1984.

University of Glasgow 190 M Sc Thesis



Ti'ansonic Buffet Appendix

[30] Le Balleur JC, Girodroux-Lavigne P. “A viscous-inviscid interaction 

m ethod for computing unsteady transonic separation” . Proceedings of 

th ird  Symposium on Numerical and Physical Aspects of Aerodynamic 

Flows, California S tate University, p. 252-71, 1986.

[31] Le Balleur JC, Girodroux-Lavigne P. “Time-consistent com putation 

of transonic buffet over airfoils” . ICAS -88-5.52, Proceedings of 16th 

Congress of the International Council of the Aeronautical Sciences, p. 

779-87, 1988.

[32] Lee BHK. “Investigation of flow separation on a supercritical airfoil” . J  

Aircraft, 26(ll):1032-7, 1989.

[33] Lee BHK. “Oscillatory shock motion on an airfoil caused by transonic 

shock boundary layer interactions” . A IA A  J, 28(5):942-4, 1990.

[34] Lee BHK. “Ti’ansonic buffet on a supercritical airfoil” . Aeronaut J, 

pages 143-52, May 1990.

[35] Lee BHK. “Effect of trailing-edge flap on buffet characteristics of a 

supercritical airfoil” . J  Aircraft, 29(8):93-100, 1992.

[36] Lee BHK. “Self-sustained shock oscillations on airfoils a t transonic 

speeds” . Progress in Aerospace Sciences J, 37:147-196, 2001 .

[37] Lee BHK and Ellis FA and Bureau J. “Investigation of the buffet char­

acteristics of two supercritical airfoils” . J  Aircraft, 26(8):731-6, 1989.

University of Glasgow 191 M Sc Thesis



Transonic Buffet Appendix

[38] Lee BHK, M urty H, Jiang H. “Calculation of compressible turbulent 

boundary layers with heat and mass transfer” . A IA A  J, 9(6); 1091-7, 

1971.

[39] Lee BHK, M urty H, Jiang H. “Implicit finite-difference sim ulation of 

flow about a rtitrary  two-dimensional geometries” . A IA A  J, 16(7):673- 

86 , 1978.

[40] Lee BHK, M urty H, Jiang H. “Role of K u tta  waves on oscillatory 

shock motion on an airfoil experiencing heavy buffeting” . AIAA 93- 

1589, 34th A IA A /A SM E/A SC E/A H S/A SC Structural Dynamics and 

M aterial Conference,, La Jolla, CA, April 1993.

[41] Lee BHK, M urty H, Jiang H. “Role of K u tta  waves on oscillatory shock 

motion on an airfoil” . A IA A  J, 32(4):789-96, 1994.

[42] Lee BHK, Ohman L. “Unsteady pressure and force measurements 

associated with transonic buffeting of a two-dimensional supercritical 

aerofoil” . Technical Report NAE-AN-14, National Research Council of 

Canada, June 1983.

[43] Lee BHK, Tang EC. “An experimental study of transonic buffet of a 

supercritical airfoil w ith trailing edge flap” . Technical Report NAE-AN- 

54, National Research Council of Canada, September 1988.

[44] Lee BHK, Tang EC. “Tmnsonic buffet of a supercritical airfoil with 

trailing-edge flap” . Aircraft J, 26(5):459-64, 1989.

University of Glasgow 192 MSc Thesis



Transonic Buffet Appendix

[45] Lessen M, Fox JA, Zien HM. “On the inviscid stability of the laminar 

mixing of two parallel streams of a compressible fluid” . Fluid Mech J, 

23(2):335-67, 1965.

[46] Levy Jr. LL. “Experim ental and com putational steady unsteady tran ­

sonic flows about a thick airfoil” . A IA A  J, 16(6):564-72, 1978.

[47] Liepmann HW and Roshko A. “Elements of Gasdynamics” . John Wiley 

and Sons, New York, 1957.

[48] M abey DG and Welsh BL and Cripps BE. “Periodic flows on a rigid 

14% thick biconcex wing at transonic speeds” . Technical R eport TR  

81059, Royal Aircraft Establishm ent, May 1981.

[49] M arvin JG. “Experiments planned specifically for developing tu rbu­

lence models in computations of flow fields around aerodynamic shapes” . 

AGARD Conference Proceedings No .210 on Numerical M ethods and 

wind tunnel testing, Paper No. 14, Von Karman Institu te  for Fluid Dy­

namics, Rhode-St-Genese, Belgium,, June 1976.

[50] Marvin JG  and Levy Jr  LL and Seegmiller HL. “Turbulence modeling 

for unsteady transonic flows” . A IA A  J, 18(5);489-96, 1980.

[51] Mason WH. “Transonic Aerodynamics of Airfoils and Wings 

(D RA FT)” . WWW.a o e .v t .e d u / , 2002.

[52] M cDevitt JB. “Supercritical flow about a thick circular-arc airfoil” . 

Technical Report NASA-TM-78549, National Aeronautics and Space 

A dm inistration, January 1979.

University o f Glasgow 193 MSc Thesis

http://WWW.aoe.vt.edu/


Transonic Buffet________________________________________ Appendix

[53] M cDevitt JB and Levy Jr LL and Deiwert GS. “Transonic flow past a 

thick circular-arc airfoil” . A IA A  J, 14(5);606-13, 1976.

[54] McDevitt JB, Okuno AP. “Static and dynamic pressure measurements 

on a NACA 0012 airfoil in the Ames High Reynolds Number Facility.” . 

Technical Report NASA TP-2485, National Aeronautics and Space Ad­

m inistration, USA, 1985.

[55] Menter FR. “Zonal two equation kappa-omega turbulence models for 

aerospace flows” . AIAA Paper, 93-2906, 1993.

[56] M enter FR. “Zonal two equation k-uj models for aerodynamic flows” . 

AIAA 99-3118, July 1993.

[57] Mohan SR. “Periodic flows on rigid aerofoils at transonic speeds” . 

AIAA-91-0598, 29th Aerosoace Sciences Meeting, Hartford Conneticut, 

January 1991.

[58] Mimdell ARG and Mabey DG. “Pressure fluctuations caused by tran ­

sonic shock/boundary-layer interaction” . Aeronaut J, pages 274-81, 

A ug/Sept 1986.

[59] Nagano Y, Kim C. “A two equation model for heat transport in wall 

turbulent shear flows” . Heat Transfer J, 110:583-9, 1988.

[60] Pearcy HH. “A m ethod for the prediction of the onset of buffeting 

and other separation effects from wind tunnel tests on rigid models.” . 

Technical Report AGARD Report 223, 1958.

University of Glasgow 194 AISc Thesis



Transonic Buffet Appendix

[61] Pearcy HH, Osborne J and Haines AB. “The interaction between local 

effects at the shock and rear separation-a source of significant scale ef­

fects in wing-tunnel tests on airfoils and wings” . Paper 11 AGARD CP 

35, 1968.

[62] Raghunathan S. “Passive control of shock-boundary layer interaction” . 

Prog Aerosp Sci, 25:271-96, 1988.

[63] Raghunathan S, Gillian MA, Cooper RK, Mitchell RD, Cole JS. “Shock 

oscillations on biconvex aerofoils” . Aerospace Sci Technol, 3 ( l) :l-9 , 

1999.

[64] Raghunathan 8 , Hall DE, Mabey DG. “Alleviation of shock oscillations 

in transonic flow by passive controls” . Aeronaut J, 937:245-50, 1990.

[65] Raghunathan S, Mitchell RD, Gillan MA. “Ti-ansonic shock oscillations 

on NACA0012 aerofoil” . Shock Waves, 8(4):191-202, 1998.

[66] Redeker G and Proksch HJ. “The prediction of buffet onset and light 

buffet by means of com putational m ethods” . Technical Report AGARD 

CP-204, NASA Ames Research Centre, Moffat Field, CA, USA, Septem­

ber 1976.

[67] Reynolds WC. “Large-scale instabilities of turbulent wakes” . Fluid Mech 

J, 54(3):481-8, 1972.

[68] Roos FW . “Surface pressure and wake flow fluctuations in a supercritical 

airfoil flowfield” . AIAA 75-66, AIAA 13th Aerospace Sciences Meeting,, 

Pasadena, California, January 1975.

University of Glasgow 195 MSc Thesis



Transonic Buffet Appendix

[69] Roos FW . “Some features of unsteady pressure field in transonic airfoil 

buffeting” . J  Aircraft, 17(ll);781-8, 1980.

[70] Rumsey CL and Thomas JL and W arren GP and Liu GC. “Upwind 

Navier-Stokes solutions for separated periodic flows” . AIAA-86-0247, 

AIAA 24th Aerospace Sciences Meeting, Reno, Reno Nevada, January 

1986.

[71] Rumsey Cl, Sanetrik MD, Biedron RT, Melson ND, Parlette  EB. “Effi­

ciency and Accuracy of tim e-accurate turbulent Navier-Stokes com puta­

tions” . AIAA-95-1835, 13th AIAA Applied Aerodynamics Conference, 

San Diego CA, June 1995.

[72] Seegmiller HL and Marvin JG and Levy Jr  LL. “Steady and unsteady 

transonic flow” . A IA A  J, 16(12):1262-70, 1978.

[73] Shen-Jwu Su, Chuen-Yen Chow. “Improvement of transonic buffet by 

geometric modifications” . Aircraft J, 32(4):901-903, 1995.

[74] Singh JP . “Estim ation of shock-induced buffet onset” . Acta Mechanica, 

151(3-4):245-253, 2001.

[75] Sod GA. “Numerical m ethods in fluid dynamics” . Cambridge University 

Press, UK, 1985.

[76] Sorenson RM, Wyss JA, Kyle JC. “Preliminary investigation of the 

pressure fluctuations in the wakes of two-dimensional wings a t low angles 

of attack” . NACA RM A51G10, October 1951.

University of Glasgow 196 MSc Thesis



Transonic Buffet Appendix

[77] Spalart P, Allmaras S. "A one-equation turbulence model for aerody­

namic flows” . AIAA 92-0439, AIAA 30th Aerospace Sciences Meeting 

abd Exhibit,, Reno, Nevada, January 1992.

[78] Spee BM. “Wave propagation in transonic flow past two-dimensional 

aerofoils” . Technical Report NLT-TN-T.123, National Aerospace Labo­

ratory, July 1966.

[79] Stanewsky E, Easier D. “Experimental investigation of buflPet onset and 

penetration on s supercritical airfoil a t transonic speeds” . AGARD CP- 

483, Aircraft dynamic loads due to flow separation,, Sorrento Italy, 1-6 

April 1990.

[80] Tij deman H. “Investigation of the transonic flow around oscillation 

airfoils” . Technical Report NLR T R  77090, National Aerospace Labo­

ratory, The Netherlands, 1977.

[81] Wilcox DC. “Turbulence modelling for CED” . DOW Industries, La 

Canada, California, 1993.

University of Glasgow 197 MSc Thesis

'- r  GLASGOW 
UNiVERSTfY ^

I LIBRARY


