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ABSTRACT 

Previous research has shown coupling of mechanical behaviour and water retention 

behaviour in unsaturated soils at a constitutive level, with degree of saturation (in 

addition to suction) influencing mechanical behaviour and volumetric strains 

influencing water retention behaviour. An innovative elasto-plastic modelling 

framework incorporating coupling of mechanical behaviour and water retention 

behaviour has been proposed by Wheeler, Sharma and Buisson (2003) for isotropic 

stress states. These authors presented a single constitutive model for both mechanical 

behaviour and water retention behaviour. They did not, however, fully validate the 

model against experimental results. 

The objectives of the current research included undertaking an experimental 

programme specifically designed to investigate the coupling between mechanical 

behaviour and water retention behaviour, and using experimental results to investigate 

the validity of the Wheeler et al. (2003) model. Developments and refinement of the 

model were also to be explored 

An experimental programme of suction-controlled testing was carried out on one-

dimensionally compacted samples of speswhite kaolin in a single steel-walled triaxial 

cell and an isotropic cell. In addition to standard stress paths, such as isotropic loading, 

unloading, wetting, drying and shearing, many non-standard stress path tests were also 

performed. These produced a unique data set, providing evidence of aspects of 

behaviour never previously studied. 

In terms of constitutive model development, the Wheeler et al. (2003) model was 

extended to triaxial stress states, to include the role of deviator stress. In addition, 

bounding surface plasticity concepts were used to develop simple realistic water 

retention models for rigid or deformable unsaturated soils, and a new bounding surface 

plasticity version of the Wheeler et al. (2003) model was developed. However, a 

problem of theoretical inconsistency in the Wheeler et al. (2003) model was identified, 

which occurs if plastic volumetric strains are predicted while the soil is fully saturated. 
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A simple, but rather unsatisfactory, solution to this inconsistency was identified, and 

further research is required to identify a more satisfactory solution. 

Codes were developed for stress point simulations with the original version of the 

Wheeler et al. (2003) model, the new bounding surface plasticity version of the model 

and the conventional Barcelona Basic Model. Simulations were performed of all the 

experimental tests performed in the current research, to explore the performance of the 

different models. 

Comparison of model simulations with experimental results showed that the Wheeler 

et al. (2003) model was able to represent basic concepts of the mechanical behaviour 

of unsaturated soils, but sometimes not with the same level of accuracy or flexibility as 

the Barcelona Basic Model. The Wheeler et al. (2003) model was however able to 

capture features of mechanical and water retention behaviour that could not be 

represented by the Barcelona Basic Model or by other conventional models for 

mechanical or water retention behaviour. The bounding surface plasticity version of 

the Wheeler et al. (2003) model sometimes produced improved predictions. There 

remained, however, specific aspects of behaviour that were not well matched by either 

versions of the Wheeler et al. (2003) model. Some of these may be solved in the future 

by refinement of specific constitutive equations within the Wheeler et al. (2003) 

model, but others appear more likely to be insoluble without a major change to the 

proposed modelling framework. 
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CHAPTER 1                                                            

INTRODUCTION 

1.1 UNSATURATED SOILS 

In unsaturated soils, the pores are filled with two or more fluids, most commonly air 

and water. However, it should be noted that in some special cases, unsaturated soils 

can contain more than two fluid media. For example, oil, water and gas can occur as 

pore fluids in hydrocarbon-bearing soils. In addition, partly frozen soils, which contain 

a mixture of liquid water and ice in the pores, can be analysed using many concepts 

from unsaturated soil mechanics.   

Unsaturated soils with gas (typically air) and liquid water as pore fluids can occur 

either as natural soils or where soil is placed as a fill material. Unsaturated natural soils 

occur above the water table. The thickness of the unsaturated zone can vary from a few 

centimetres (some locations in cool temperate regions) to many metres (in arid, semi-

arid or tropical regions). Generation of natural gases (e.g. methane) within a soil 

stratum can also cause unsaturated conditions. Placement and compaction of soil as a 

fill material (e.g. in embankments, beneath foundations or behind retaining structures) 

generally results in unsaturated conditions. The evaporation that occurs due to a 

heating element could also desaturate the soil lying within a certain range from it (e.g. 

the region around a buried canister which contains nuclear waste). 

Although unsaturated soils occur widely throughout the world, unsaturated soil 

concepts are rarely applied in geotechnical engineering practice due to the following 

issues: 

• In cool temperate regions (such as Northern Europe and North East USA, where 

much of the pioneering development of Soil Mechanics and Geotechnical 

Engineering occurred) natural soils are typically unsaturated to only very 

shallow depth and the majority of foundation construction and other geotechnical 

activity will take place beneath the unsaturated zone. 
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• Understanding the mechanical behaviour of soils under unsaturated conditions 

has proved far more difficult than under saturated conditions. 

• Laboratory testing of unsaturated soils has proven to be costly, time-consuming 

(as the permeability of soil is lower under unsaturated conditions than under 

saturated conditions) and less reliable (due to the difficulties involved with 

measuring negative pore water pressure and volume change of unsaturated soil 

samples). 

• Constitutive modelling of the behaviour of unsaturated soils has been found to be 

very complex, even at the basic level of prediction, partly because of the 

interaction between mechanical, water retention, thermal and chemical 

behaviour. In addition, the role of soil fabric produced by either natural or 

manmade processes may be particularly important under unsaturated conditions. 

• Numerical modelling of problems involving unsaturated soil has proved to be 

highly complex because of coupling between mechanical, hydraulic, thermal and 

chemical processes and because of complex constitutive models with many 

parameters which are difficult to determine reliably. 

The facts listed above mean that most practicing geotechnical engineers have 

employed classical (saturated) soil mechanics to analyse geotechnical engineering 

problems even if unsaturated conditions are involved. This is wrong, because some of 

the fundamental features of unsaturated soil behaviour, such as volumetric 

compression during wetting (often called “collapse compression”) can not be properly 

represented without an understanding based on unsaturated soil mechanics. In reality, 

field applications such as analysis of slope instabilities, landslides, underground 

disposal of radioactive waste, earth dams, embankments and highways all require 

proper understanding of the behaviour of unsaturated soils, as do foundations and all 

other geotechnical activities in regions where the natural soil is unsaturated to 

considerable depth. 

Within the last four decades, considerable improvement in the understanding of the 

behaviour of unsaturated soils has been achieved with developments in experimental, 

constitutive modelling, numerical and analytical techniques. However, there is still 

more work to be done to develop a comprehensive understanding of unsaturated soil 
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behaviour, especially in the area of constitutive modelling, where different modelling 

approaches have been proposed without being able to capture all significant features of 

the behaviour of unsaturated soils.  

1.2 MECHANICAL BEHAVIOUR OF UNSATURATED SOILS 

The mechanical behaviour of soils relates stresses and strains, and includes volume 

change and shear strength. Mechanical behaviour can be represented mathematically 

by a mechanical constitutive model, consisting of a set of constitutive equations. A 

mechanical constitutive model is typically proposed based on the physical principles 

involved and then supported or modified by the results of experimental tests. 

Understanding the volume change behaviour of unsaturated soils has proved more 

difficult than is the case for saturated soils, because of the role of two different pore 

pressures and the geometric arrangement of the two pore fluids. To be precise, the 

ability of the water to occur not only as “bulk water” (like in saturated soils) but also as 

“meniscus water” (formed around particle contacts)   has a profound impact on 

mechanical properties and causes the complex nature of the volume change behaviour. 

Changes of pressure in bulk water produce both tangential and normal forces at inter-

particle contacts whereas meniscus water exerts only normal forces at inter-particle 

contacts, providing additional stability to the contacts. During a wetting process, 

increase of pore water pressure within bulk water causes swelling of the soil, while the 

possible loss of meniscus water rings can trigger inter-particle slippage, resulting in 

volumetric compression. The magnitudes of these two opposite forms of behaviour 

depend upon the confining stress, the previous stress history and the physico-chemical 

properties of the soil (e.g. Matyas & Radhakrishna, 1968, Jennings & Burland, 1962). 

Several early proposals were made to explain the volume change behaviour using 

constitutive equations (e.g. Fredlund & Morgenstern, 1976 and Lloret & Alonso, 

1985). However, these equations are not able to describe features of volume change 

behaviour in a comprehensive manner.  

Shear strength of unsaturated soils may be uniquely related to certain stress state 

variables, such as mean net stress p  (total stress in excess of pore air pressure) and 

matric suction s(pore air pressure in excess of pore water pressure), because the 
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critical state may not likely to depend on the initial conditions or previous stress 

history. Early experimental programmes conducted on unsaturated soils led to 

suggestions that the shear strength increased linearly with increasing matric suction 

(Fredlund et al., 1978, Escario, 1980). However, later experimental evidence and 

physical explanations indicated that a linear relationship will not hold for all types of 

soils and for a wide range of suction (e.g. Gan & Fredlund, 1988 and Escario & Saez, 

1986). Several constitutive equations have been put forward to predict the shear 

strength of unsaturated soils mostly based on net stress and suction or water retention 

curves (e.g. Fredlund et al., 1978 and Vanapalli et al., 1996) 

Treating volume change behaviour and shear strength separately is not an entirely 

successful approach to understand the mechanical behaviour of unsaturated soils, as 

these two aspects of behaviour are related to each other. A constitutive model for 

unsaturated soils based on critical state concepts is helpful to describe significant 

features of both volume change and shear strength behaviour accurately. Initial 

attention focused on proposing a stress state variable equivalent to “effective stress” in 

saturated soils, so that all significant features of mechanical behaviour of unsaturated 

soils could be explained by this variable. One of the famous examples is the stress 

variable proposed by Bishop (1959) incorporating total stress, pore air pressure and 

pore water pressure. However, significant experimental evidence and theoretical 

discrepancies have been put forward against a single stress state variable approach. It 

has therefore been proved that two independent stress state variables should be used in 

order to correctly predict the mechanical behaviour of unsaturated soils (Matyas & 

Radhakrishna, 1968 and Fredlund & Morgenstern, 1976).  

Most of the recent mechanical constitutive models are formulated in terms of net stress 

and matric suction. Alonso et al. (1987) were among the first researchers to present a 

qualitative description for an elasto-plastic constitutive model in terms of net stress and 

suction for unsaturated soils, based on critical state concepts. This idea was then 

developed to a complete elasto-plastic model with mathematical formulation by 

Alonso et al., (1990). This model is now known as the Barcelona Basic Model (BBM).  

This framework has been able to describe many of the important mechanical features 

of unsaturated soils. A key feature is the inclusion of a Loading Collapse (LC) yield 

curve, named by its ability to explain plastic volumetric compression occurring either 
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during isotropic loading or during wetting as the same process (i.e. yielding on the LC 

yield curve).  Wheeler and Sivakumar (1995) presented comprehensive experimental 

test results supporting the qualitative ideas proposed by Alonso et al., (1987). They 

also have proposed an elasto-plastic model which was intended to be more flexible and 

realistic than the BBM in modelling the mechanical behaviour of unsaturated soils. 

1.3 WATER RETENTION BEHAVIOUR    

Water retention behaviour of a soil can be defined as the relationship between water 

content (or degree of saturation) and appropriate stress state variables (most generally 

suction). The amount of water in the voids of a soil can be expressed as gravimetric 

water content (w ), volumetric water content (θ ) or degree of saturation (rS ).  

Figure 1-1 shows typical water retention behaviour expressed in terms of rS  and 

suction. It can be seen from the figure that during each wetting and drying process, 

water retention curves follow different paths. This phenomenon, called ‘hydraulic 

hysteresis’, means that no unique relationship between water content and suction can 

be established. Due to hydraulic hysteresis, a soil which does not exhibit any volume 

change during wetting and drying path would tend to have the following features of 

water retention behaviour (Croney, 1952 and Vachaud et al., 1971): (1) a main drying 

curve (followed during drying from a saturated state); (2) a main wetting curve 

(followed during wetting from an infinite (or very high) value of suction); (3) scanning 

curves (these are drying and wetting curves commencing at intermediate value of 

suction). In addition to the irreversibility shown in Figure 1-1,   the complexity of the 

water retention behaviour is increased by the fact that changes in size of pore voids and 

of passageways between voids modifies the suction necessary to flood or empty the 

voids, hence shifting the main wetting and drying curves (Wheeler et al., 2003).  

Many researchers have attempted to correlate some other hydraulic or mechanical 

properties of unsaturated soils with the water retention behaviour (Fredlund & 

Rahardjo, 1993). For example, the variation of water permeability of an unsaturated 

soil had often been expressed in terms of the water retention function and the saturated 

permeability of the soil (e.g. Fredlund et al., 1994 and Leong & Rahardjo, 1997). 

Several proposals have also been made to derive the variation of shear strength with 
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suction from water retention behaviour and the saturated shear strength relationship 

(Fredlund et al., 1995 and Vanapalli et al., 1996).  

 

Figure 1-1 Typical water retention behaviour for non-deformable soils 

Correlation between permeability or shear strength and the water retention behaviour 

may be feasible because of the close relationship between the water retention curve 

and the pore size distribution of the soil. For example, as the permeability depends on 

the pore size distribution, knowing the water retention curve may provide some 

information on the variation of permeability with suction. However, it should be noted 

that the water retention curve is significantly influenced by the void ratio of 

unsaturated soils (Gallipoli et al., 2003a), meaning that shear strength functions based 

on the water retention curve unrealistically predict different values of shear strength for 

different initial void ratio. It is therefore unrealistic to expect that a complete picture of 

shear strength variation, or of some other aspect of mechanical behaviour, can be 

derived simply from knowledge of a water retention curve. 
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1.4 COUPLING OF MECHANICAL BEHAVIOUR AND WATER 

RETENTION BEHAVIOUR 

As mentioned in Section 1.3, changes in the size of voids (i.e. change in void ratio 

arising from volumetric straining) modify the water retention curves. This shows the 

influence of mechanical behaviour on water retention behaviour (Gallipoli et al., 

2003a, Vanapalli et al., 1999, Romero & Vaunat, 2000). With decreasing void ratio 

water retention curves in the sSr :  plane are shifted to higher suction range, because 

the values of suction necessary to flood or empty the voids are inversely related to the 

void dimensions.  

Two soil samples, equivalent in terms of net stress, suction and specific volume but, 

with different degree of saturation, will have different numbers of voids filled with 

bulk water and influenced by meniscus water. As a consequence, mechanical 

behaviour of the two samples would differ significantly, due to the differences in the 

inter-particle contact forces in the two cases. This means that changes of degree of 

saturation (arising from the water retention behaviour) affect the mechanical behaviour 

of unsaturated soils, in addition to the role of suction (Jommi, 2000; Gallipoli et al., 

2003b, Wheeler et al. 2003 and Tamagnini, 2004) 

From the above arguments, it can be concluded that water retention behaviour and 

mechanical behaviour are coupled together, in both directions, at a constitutive level 

(Wheeler et al., 2003). This means that any model, which ignores the coupling 

phenomenon, will not be able to fully explain either mechanical behaviour or water 

retention behaviour.  

Most of the elasto-plastic models for mechanical behaviour proposed to date are 

expressed in terms of net stresses and suction. The use of these stress state variables 

means that it is difficult to incorporate the influence of water retention behaviour 

because degree of saturation is not included through stress state variables. Due to this 

reason, several other models (e.g. Jommi, 2000 and Gallipoli et al., 2003b) have been 

proposed in terms of alternative stress state variables, in which at least one of the stress 

variables contains degree of saturation. Several elasto-plastic models have also been 

proposed for water retention behaviour taking into account the influence of void ratio 
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(Gallipoli et al., 2003a, Romero & Vaunat, 2000). However, these models for 

mechanical behaviour or water retention behaviour do not couple both behaviours 

mutually at a constitutive level. Wheeler et al. (2003) put forward an innovative and 

comprehensive elasto-plastic framework in terms of alternative stress state variables, in 

order to describe both mechanical and water retention behaviour in a single 

constitutive model, incorporating coupling in both directions at constitutive level. A 

detailed discussion of this model can be found in Chapter 3.  

1.5 PROBLEM STATEMENT AND RESEARCH OBJECTIVES 

Even though significant improvements in understanding and modelling the behaviour 

of unsaturated soils have been made in the last two decades and a considerable amount 

of data has been generated, some complex areas of the behaviour of unsaturated soils 

have not yet been addressed properly. One of the important aspects to be addressed is 

the coupling of mechanical behaviour and water retention behaviour, which occurs at a 

constitutive level in unsaturated soils. Any model which ignores this phenomenon will 

not be able to model the soil behaviour properly because of the interdependency 

between mechanical and water retention behaviour. A few mechanical modelling 

frameworks, such as Gallipoli et al. (2003b) and Tamagnini (2004) are able to partially 

address the problem. However, these models for mechanical behaviour need a separate 

water retention model or experimental results of water retention behaviour if they are 

to be used for simulations even for problems where the variation of suction is fully 

defined. Wheeler et al. (2003) proposed a single model for mechanical and water 

retention behaviour, where both aspects of behaviour are coupled at constitutive level. 

However, this model had not yet been properly validated against experimental results. 

In this research, an attempt is made to increase the knowledge and understanding of the 

interaction between mechanical behaviour and water retention behaviour of 

unsaturated soils, in order to facilitate more comprehensive modelling of unsaturated 

soil behaviour. In order to accomplish this goal, experimental testing under a wide 

variety of stress paths was required. Suction-controlled isotropic and triaxial stress path 

tests were carried out on statically compacted kaolin samples. The experimental data 

arising from the project, together with other data from the literature, were used to 

investigate the validity of the Wheeler et al. (2003) model. The intention was that this 
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would lead to validation of the model or to modification of the model or, if necessary, 

to the proposal of an entirely new model.  

The specific objectives of this research were as follows: 

• to undertake a programme of experimental testing specifically designed to 

investigate the coupling (at  constitutive level) between mechanical behaviour 

and water retention behaviour; 

• to use experimental testing to investigate the validity of both the underlying 

conceptual ideas of the Wheeler et al. (2003) modelling framework and the 

specific forms of the constitutive equations proposed in the Wheeler et al. (2003) 

model; 

• to revise the modelling framework and the specific form of the constitutive 

equations (if necessary) in the light of experimental results; 

• to extend the model to non-isotropic stress states and investigate against 

experimental test results; 

• to address some unrealistic features of the model (e.g. water retention behaviour) 

with appropriate modelling technique such as bounding surface plasticity,  

without compromising the simplicity of the model; 

•  to propose an alternative new framework, if the experimental results indicate 

that there are fundamental weaknesses in the Wheeler et al. (2003) framework. 

1.6 RESEARCH METHODOLOGY 

An experimental programme was carried out for both isotropic and triaxial stress states 

employing the axis translation technique to investigate the inter-dependency of 

mechanical and water retention behaviour and the capabilities of the Wheeler et al. 

(2003) constitutive model. Samples of speswhite kaolin were prepared by one-

dimensional static compaction. In addition to the experimental programme, bounding 

surface plasticity concepts were introduced into the Wheeler et al. (2003) modelling 

framework in order to improve the model performance. 
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1.7 THESIS LAYOUT 

Chapter 2 of the thesis provides a general background review in two major sections. 

The first section describes the occurrence, mechanical behaviour, water retention 

behaviour and various modelling frameworks for unsaturated soils. Particular attention 

is given to the Barcelona Basic Model. The second section covers experimental testing 

of unsaturated soils and summarises techniques available for control or measurement 

of suction and for measurement of sample volume change in triaxial testing of 

unsaturated soil samples. 

 Chapter 3 explains the coupling of mechanical behaviour and water retention 

behaviour in unsaturated soils, and summarises the combined mechanical and water 

retention model proposed by Wheeler et al. (2003). Included within this chapter is 

extension of the model of Wheeler et al. (2003) to include the role of deviator stress 

(Wheeler et al., 2003 limited their proposal to isotropic stress states). 

 Chapter 4 presents the development of improved models incorporating bounding 

surface plasticity concepts. First, a bounding surface plasticity water retention model is 

presented for rigid and deformable soils. Then this concept is extended to mechanical 

behaviour to formulate a bounding surface plasticity version of the combined 

mechanical and water retention model of Wheeler et al. (2003). 

 Chapter 5 describes the experimental equipment used in the research project along 

with the measurement and calibration techniques.  

Chapter 6 describes the experimental procedures used for sample preparation, setting 

up of the samples, suction-controlled testing and data processing. 

Chapter 7 presents some initial test results in order to determine model parameter 

values. Parameter value determination was performed for the BBM, the Wheeler et al. 

(2003) model and the bounding surface plasticity version of the Wheeler et al. (2003) 

model.  

Chapter 8 presents experimental results for isotropic stress states, including complex 

sequences of variation of net stress and suction. Simulations with the BBM and the 
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Wheeler et al. (2003) models (elasto-plastic and bounding surface plasticity versions) 

are presented along with the experimental results in order to examine the performance 

of the models.  

Chapter 9 presents triaxial test results along with corresponding simulations from both 

the BBM and the Wheeler et al. (2003) model. 

 Chapter 10 discusses the Wheeler et al. (2003) model in the light of the experimental 

results. A problem of inconsistency in the Wheeler et al. (2003) model is also detailed. 

Chapter 11 presents the conclusions from the research and makes recommendations for 

further research. 
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CHAPTER 2                                                            

BEHAVIOUR, CONSTITUTIVE MODELLING AND 

EXPERIMENTAL TESTING OF UNSATURATED SOILS 

This chapter describes the history of development of unsaturated soil mechanics, 

paying attention to the evolution of constitutive modelling of mechanical behaviour 

and water retention behaviour and to the advancement of experimental techniques.  

2.1 OCCURRENCE OF UNSATURATED SOILS 

The occurrence of unsaturated soils is very common, as a consequence of either natural 

processes of desaturation or practices adopted in geotechnical engineering such as 

placement and compaction of fills. Based on the different formation processes 

involved, unsaturated soils can be categorised into three different types as set out in the 

following sections. 

2.1.1 Evapo-transpiration from the ground surface 

The surface deposits are typically unsaturated in all regions. The depth of the 

unsaturated zone can vary from a few centimetres to several metres depending on the 

weather condition and type of soil. Figure 2-1 shows three different pore water 

pressure profiles for varying weather conditions in a simplified and qualitative manner. 

In reality, the pore water pressure distribution would take different shapes. For 

example, if the water flow affects the saturated layers below unsaturated zone the pore 

water pressure distribution in this saturated zone will have different gradient to that of 

hydrostatic pressure distribution, with magnitude depending upon the flow velocity.    

The soil below the water table is generally saturated and the pore water pressures are 

positive. Immediately above the water table is the capillary fringe, a zone of saturated 

soil with negative values of pore water pressure relative to atmospheric pressure (see 

Figure 2-1b). The effective stress principle can be applied within both these saturated 

zones, irrespective of whether the pore water pressure is positive or negative. The 

thickness of the layer of saturated capillary fringe depends mainly on the pore size 
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distribution of the soil. Above the capillary fringe there will generally be an 

unsaturated zone, with the pore air at atmospheric pressure and the pore water at 

negative pressure. Consider the pore water distribution shown in Figure 2-1b, which 

corresponds to a hydrostatic distribution, as a starting point. During dry weather 

conditions, moisture from the surface layer of soil will be lost due to evapo-

transpiration, the depth of the unsaturated zone increases and the pore water pressures 

within it became more negative (see Figure 2-1a). On the other hand, during wet 

weather conditions, pore water pressure in the surface layer of soil will be increased 

(due to precipitation) to reach atmospheric pressure (see Figure 2-1c). This may result 

in a surface layer of saturated soil (at positive or negative pore water pressure) above 

the unsaturated zone and capillary fringe. In extreme wet conditions the unsaturated 

zone and capillary fringe may disappear entirely, as the water table rises to ground 

surface.   

 

U - Unsaturated zone, NS -Saturated zone with negative pore water pressure, CF- Capillary 

fringe, PS - Saturated zone with positive pore water pressure 

Figure 2-1 Typical pore water pressure distribution in natural soil deposit 
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2.1.2 Gassy soils 

Gassy soils occur where natural gases are released within the soil or migrate into it 

from a source at depth. Sources of the gas include decomposition of organic materials, 

bacterial activity, gas flows from deeper hydrocarbon reservoirs or melting of gas 

hydrates. Offshore and estuarial environments, organic deposits and marshy land, such 

as swamps, are some of the places where this type of soil can generally be observed. 

The gas produced by the biological or other activities generally occurs as discrete 

bubbles. The size of these discrete bubbles can be either significantly smaller or bigger 

than the average particle sizes. In the former case, gas bubbles can be accommodated 

within the water-filled voids without affecting the soil skeleton, leading to the 

applicability of effective stress principle with a modification for the additional 

compressibility of the pore fluid arising from the compression of occluded gas bubbles. 

Similarly, a constitutive model for unsaturated soil can be modified to incorporate the 

additional compressibility due to small gas bubbles within the pore water void. 

Vanoudheusden et al. (2003) proposed a model to explain the mechanical features of 

gassy soils based on elasto-plastic unsaturated expansive soil model proposed by 

Alonso et al. (1994).   

 In the latter case of large gas bubbles, each bubble is surrounded by many particles 

meaning that effective stress approach is no longer applicable. Hence, the gas bubbles 

and surrounding saturated soil matrix should be treated as two different phases being 

coupled to each other. In addition, several mechanisms of water and gas flow between 

these two phases (e.g. flooding of gas bubble with water) should be considered for the 

better representation of soil behaviour (see Wheeler, 1988a). These bubbles can 

significantly influence the mechanical behaviour of the soils such as compressibility 

and shear strength (Sills & Nageswaran, 1984, Wheeler, 1988b and Sills et al., 1991).  

2.1.3 Compacted soils 

Compaction is defined as a method of mechanically increasing the density of the soil 

by reducing the volume of air voids and arranging the soil particles to a lower void 

ratio. Compaction is utilized in almost every civil engineering construction project, 

such as placement of fills behind retaining walls or beneath foundations and 

construction of embankments and earth dams. Compaction will not exclude all air 
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voids, so soils will almost inevitably be in an unsaturated state immediately after 

compaction. 

A compaction process often leads to a distinct type of fabric in unsaturated fine-

grained soils. Following the work by Proctor (1933) on compaction properties of soils, 

a considerable amount of research has been carried out on the influence of the 

compaction process on soil fabric and the consequent effects on mechanical and water 

retention behaviour of unsaturated soils.  With the introduction of Mercury Intrusion 

Porosimetry (MIP) and Scanning Electron Microscopy (SEM) methods, pore size 

distribution and fabric can be either quantitatively measured or directly observed (e.g. 

Barden & Sides, 1970, Diamond, 1970 and Prapaharan et al., 1991). These techniques 

have provided a realistic picture of the fabric of compacted soils.  

The MIP method involves progressive intrusion of a non-wetting fluid (mercury) into 

the evacuated pores of a soil sample by applying an external pressure. The pressure 

required to force mercury into a given pore is related to contact angle, pore size and 

shape and surface tension of the fluid (Diamond, 1970). By assuming that the pores are 

cylindrical in shape, it is possible to relate the applied pressure with an equivalent pore 

diameter.  

 

Figure 2-2 Pore size distribution of a sample of aggregated kaolin after compaction (Thom et 
al., 2006) 
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Figure 2-2 shows the measured pore size distribution for a sample of aggregated kaolin 

compacted dry of optimum. Two distinct peaks can be observed in the figure, 

suggesting the existence of two different pore populations within the sample. This bi-

modal pore size distribution can be explained (Alonso et al., 1995 and Wan et al., 

1995) by the existence of large pores between aggregates (inter-aggregate pores) and 

small pores between clay particles inside the aggregates (intra-aggregate pores).  

Figure 2-3 shows a typical compacted clay fabric showing two different pore 

populations. The intra-aggregate pore water is mainly affected by the particle surface 

forces, such as physico-chemical clay-water interaction, and these pores tend to be 

saturated unless the suction is extremely high, whereas inter-aggregate pore water is 

influenced by the capillary forces and generally the pores are unsaturated (Alonso et 

al., 1990). For samples compacted wet of optimum, a different fabric is observed, 

involving a uni-modal pore size distribution with a single peak (Juang and Holtz, 

1986). 

 

Figure 2-3 Idealised fabric of a fine-grained compacted soil (dry of optimum)  

The different fabrics (i.e. uni-modal and bi-modal pore size distributions) produced 

during compaction wet or dry of optimum can significantly influence the mechanical 

behaviour of soils. Gens et al. (1995) conducted a series of tests in a suction-controlled 

oedometer apparatus to investigate the effect of soil fabric on the volume change 
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behaviour during wetting. Samples were prepared by compaction either wet or dry of 

optimum water content. In order to eliminate the effects of initial void ratio, water 

content and suction,  samples compacted wet of optimum were taken through a 

specific stress path prior to final wetting, so that the void ratio, water content and 

suction for soil compacted wet of optimum and dry of optimum would be the same. 

The results showed that the initial compaction fabric had significant influence on the 

volumetric strain during wetting. Sivakumar & Wheeler (2000) investigated the effect 

of compaction pressure, compaction water content and method of compaction on the 

subsequent behaviour of compacted speswhite kaolin under isotropic stress states. 

They concluded that compaction water content (i.e. soil fabric) radically influences the 

behaviour (compared to other factors) by not only affecting the initial state of soils but 

also the positions of normal compression lines for different values of suction. This 

finding was further confirmed by Wheeler & Sivakumar (2000) for triaxial stress 

states, where the locations of critical state lines for different values of suction were 

found to be influenced by the change in compaction water content. 

2.2 SUCTION IN UNSATURATED SOILS 

The conceptual idea of suction has been used by soil physicists from the early 1900s 

(e.g. Buckingham, 1907). Aitchison (1965) provided general definitions of soil suction 

and suction components from a thermodynamics point of view.  

2.2.1 Total suction 

Total suction (ψ ) is defined as the total free energy of the soil water per unit volume. 

Total suction can be mathematically defined using Kelvin’s law as follows: 
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where R , T , wM ,  pp  and sp  are respectively universal gas constant (8.314 J/mol 

K), absolute temperature, molar mass of water vapour, partial pressure of water vapour 

in equilibrium with the pore water in the soil and saturated water vapour pressure in 

equilibrium with pure water with a flat surface at the same temperature. )( sp pp  is 

the relative humidity of air in equilibrium with the pore water. 
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Total suction is important for flow of liquid water through unsaturated soils, because 

flow of liquid water is driven by the gradient of total hydraulic head h, which is 

defined by: 

ww

au
zh

γ
ψ

γ
−+=  (2-2) 

where z is the elevation relative to some reference datum, au  is the pore air pressure 

and Equation 2-2 ignores the kinetic energy of the pore water (which is typically 

negligible).  Hence, if the pore air pressure is constant throughout the soil and after 

accounting for elevation differences, it is the gradient of total suction that produces 

flow of liquid water through soil given that the soil presents some degree of osmotic 

efficiency i.e. the soil should act, at least partially, as an osmotic membrane. 

As the name implies, the total suction is an addition of components, namely: matric 

suction (s) and osmotic suction (π ).  

s+= πψ  (2-3) 

2.2.2 Osmotic suction  

Osmotic suction arises from differences in the salt concentration within the pore water 

from that of pure water. For example, when a pool of pure water is placed in contact 

with a salt solution through a membrane, which allows only the water to flow through, 

an osmotic potential will develop due to the difference in the concentration of salt 

solution and water will flow through membrane. Van’t Hoff (1887) derived an 

equation for the osmotic suction as shown below: 

cRT∆=π  (2-4) 

where,  T  and c∆ are absolute temperature and difference in the concentration 

between two solutions. 

2.2.3 Matric suction 

Matric suction s is defined as the pore air pressure ( au ) in excess of the pore water 

pressure (wu ) in unsaturated soils and is written as: 
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wa uus −=  (2-5) 

Matric suction is related to surface tension at a curved air-water interface giving rise to 

a capillary phenomenon. 

Figure 2-4 shows an infinitesimally small element of air-water interface in equilibrium 

state with forces exerted by air pressure, water pressure and surface tension. 

Considering the equilibrium of the element, an equation can be derived for matric 

suction as follows (Fisher, 1926): 
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where sT  is surface tension and 1r  and 2r  are the principal radii of curvature of the air-

water interface, considered to be positive when measured on the air side and negative 

when measured on the water side. Within the pore spaces of a soil, geometrical 

constraints and the need to satisfy the appropriate contact angle, where the air-water 

interface comes into contact with a soil particle, means that the content of the bracket 

in Equation 2-6 is invariably positive. As a consequence pore air pressure au is always 

greater than pore water pressure wu . 

 

Figure 2-4 Forces acting on a infinitesimally small element of air-water interface  
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Under field conditions, au  is typically equal to atmospheric pressure, given that the air 

voids are inter-connected and connected to the atmosphere at the ground surface. This 

means that, in the field, pore water pressure wu  in unsaturated soils is negative 

compared to atmospheric pressure. 

For non-expansive soils, the variation in matric suction is much more important than 

the variation of osmotic suction in controlling the mechanical behaviour of unsaturated 

soils (Alonso et al., 1987 and Tang et al., 2002). However, for expansive soils, high 

salt content or chemically active contents in the pore water (i.e. pore fluid chemistry) 

can have significant influence on the mechanical behaviour of the soil (Iwata et al., 

1995). This influence is often interpreted as due to osmotic suction, so that these 

effects can be conveniently explained through pressures. The mathematical definition 

of osmotic suction takes account of only pore fluid chemistry (see for example 

Equation 2-4), even though the interaction between active minerals within the soil 

particles and pore fluid chemistries is, in fact, what contributes to the mechanical 

behaviour of expansive unsaturated soils. It is therefore possible for two different fine-

grained soils with the same pore fluid chemistry (i.e. the same osmotic value of 

suction) and the same matric suction to show differences in the mechanical behaviour.    

This means that osmotic suction cannot simply be added to matric suction to explain 

the mechanical behaviour of unsaturated soils i.e. the effects on the mechanical 

behaviour of different unsaturated soils for 1 kPa change of matric suction would not 

be same as the effects of a 1 kPa change in osmotic suction. 

 This research is primarily concerned about the behaviour of non-expansive soils, and 

therefore the term suction will be often used to refer to matric suction. 

2.3 IMPORTANCE OF MENISCUS WATER RINGS 

Pore water and pore air are the most common fluids contained in unsaturated soils. As 

stated in Section 1.2, pore water can exist in two different forms, namely bulk water 

and meniscus water, as shown in Figure 2-5. Bulk water occupies water-filled voids, as 

in saturated soils, whereas meniscus water forms around the particle contacts where 

there are air-filled voids. The influence of meniscus water on forces transmitted at 

particle contacts is radically different from that of bulk water. Changes of pore water 
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pressure in bulk water produce changes of both tangential and normal forces 

transmitted at particle-contacts, just like in saturated soils, whereas the presence of a 

meniscus water ring produces only an additional normal force at inter-particle contacts 

(Fisher 1926).  

 

Figure 2-5 Idealized structure of unsaturated soils (after Wheeler et al. 2003) 

Figure 2-6 shows two idealized spherical particles of radius R in contact, showing the 

additional inter-particle force N∆  produced by the meniscus water ring. Making the 

simplifying assumption that the cross-sectional profile of meniscus water rings is 

circular of radius1r , then simple application of Pythagoras’ theorem produces the 

following relationship between the two principal radii of curvature of the air-water 

interface 1r  and 2r  (where 2r  is measured on the water side of the interface, see Figure 

2-6): 

( )2

2
2

1 2 rR

r
r

−
=  (2-7) 

Equation 2-7 can be combined with Equation 2-6 (remembering to apply a negative 

sign to 2r  in Equation 2-6) to give the following expression for matric suction in terms 

of the dimensionless ratio Rr2 , as given by (Sharma 1998): 

Air Bulk Water  WaterMeniscus
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It can be noted from Equation 2-8  that when 3/22 =Rr  suction is zero 

(because 21 rr = ) and as Rr2  approaches zero suction tends to infinity.  

 

Figure 2-6 Additional inter-particle force at contact point for idealized spherical soil particles 

Considering the equilibrium of forces at the inter-particle contact and making use of 

Equations 2-6 and 2-7 an equation for the additional inter-particle force N∆  produced 

by a meniscus water ring can be derived as follows (Fisher, 1926): 








 −=∆
R

r
RTN s

22π  (2-9) 

Equations 2-8 and 2-9 can be used to calculate how the additional inter-particle normal 

force N∆  varies with matric suction wa uu − . For a soil with particles of radiusR , 

suction can be calculated for any given value of Rr2  from Equation 2-8 and the 

corresponding value of N∆  can be calculated using Equation 2-9. From Equations 2-7 

and 2-8 it can be seen that under zero suction, the radius of curvature of meniscus 
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water rings on air side (1r ) is equal to the radius of curvature on the water side ( 2r ). 

This condition is geometrically possible for the two idealized spherical particles in 

contact (see Figure 2-6) meaning that there can be an inter-particle force even under 

zero suction (see Equation 2-9). Figure 2-7 shows the resulting variation of N∆  with 

( wa uu − ), presented in non-dimensional form, as RTN s∆  plotted 

against swa TRuu )( − . The figure clearly shows that an increase in suction will raise 

inter-particle contact forces providing additional stability at contacts. However, N∆  

reaches a limiting value as suction tends to infinity. The increase in additional inter-

particle normal force when suction varies from 0 to ∞  is only 50 %  of the value at 

zero suction (see Figure 2-7). This influence of suction on the additional stability at 

particle contacts, and its role on the yielding of the soil, is taken into account implicitly 

or explicitly in some constitutive models in which the influence on water retention 

behaviour on the mechanical behaviour is incorporated (e.g. Gallipoli et al., 2003b). In 

contrast, Wheeler et al. (2003) argued that the variation of additional inter-particle 

contact forces with suction can be ignored, because the formation of a meniscus water 

ring around a particle contact or the disappearance of the meniscus water ring occurs at 

intermediate values of suction (see Wheeler et al., (2003)). Further discussion on this 

aspect with experimental evidence will be given in Chapter 8. 

 

Figure 2-7 Variation of additional inter-particle force N∆  with suction in non-dimensional 
form 
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2.4 STRESS STATE VARIABLES 

The mechanical behaviour of soil is expressed in terms of stress state variables and 

appropriate strain variables through specified constitutive relations. For saturated soil, 

Terzaghi (1936) put forward a tensorial stress state variable, called “effective stress”, 

to express the mechanical behaviour of saturated soils. He stated; 

 “the stresses at any point of a section through a mass of soil can be computed from 

the total principal stresses1σ , 2σ , 3σ   which act at this point. If the voids of the soil are 

filled with water under stress u, the total principal stresses consist of two parts. One 

part,u  acts in the water and in the solid in every direction with equal intensity. It is 

called the neutral stress (or pore water pressure). The balance u−= 1
'
1 σσ , 

u−= 2
'
2 σσ  and u−= 3

'
3 σσ  represents an excess over the neutral stress u and it has 

its seat exclusively in the solid phase of the soil. This fraction of the total principal 

stresses will be called the effective principle stresses….” 

All the measurable effects of stress changes, including volume change and shear 

strength, can be expressed in terms of effective stresses in saturated soils. Several 

attempts have been made to find an equivalent effective stress variable in unsaturated 

soils. One of the most well known proposals of equivalent effective stress for 

unsaturated soil was suggested by Bishop (1959), who put forward the following 

relationship: 

aw uu )1( χχσσ −−−=′  (2-10)  

where σ ′  is effective stress, σ  is total stress, au  is pore air pressure, wu   is pore water 

pressure and χ  is a material parameter which mainly depends on degree of saturation 

and varies from 1 (at saturated state) to 0 (at dry state). If the proposed relationship 

holds for unsaturated soils, it should be possible to express all stress-strain behaviour, 

including change in volume and shear strength, exclusively in terms of this effective 

stress tensor and the behaviour of an unsaturated soil sample should be identical to that 

of a saturated sample of the same soil which experiences the same variation of 

effective stress as the unsaturated soil sample (Jennings and Burland 1962). This 
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implies that every expression for saturated soil behaviour could also be used for 

unsaturated soil behaviour by simply using Bishop’s definition of effective stress. For 

example, as stated by Bishop et al. (1960), the shear strength would be given by; 

φχχστ ′−−−+′= tan))1(( aw uuc  (2-11) 

where cohesion /c  and friction angle /φ  are independent of degree of saturation. 

Unfortunately, at a very early stage, the effective stress proposal of Bishop (1959) was 

found to be unsuccessful. When an unsaturated soil sample is wetted (decrease of 

suction) under low normal / isotropic load, the sample will swell. In contrast, when the 

sample is wetted at higher normal/ isotropic load the sample will reduce in volume 

(collapse compression). These two different aspects of mechanical behaviour under 

wetting cannot be explained by the single effective stress approach. In contrast, the 

effective stress approach would always predict swelling on wetting, despite the fact 

that collapse may actually occur at higher magnitudes of normal/isotropic load as 

reported by Jennings and Burland (1962). These experimental observations clearly 

proved that a single stress state approach is unable to capture the yielding behaviour of 

unsaturated soils in a comprehensive manner. The inability of the single stress state 

approach to capture the yielding behaviour of unsaturated soils leads to unrealistic 

prediction of volume change behaviour. This was explained by the occurrence of 

meniscus water rings between soil particles which apply the stress only through the 

contact points, whereas isotropic applied pressure would produce a uniform soil 

skeleton stress throughout the sample. This probably makes it impossible to relate the 

volume change with applied stress by using a single unique stress function as pointed 

out by Burland (1965). 

Consider a situation where suction is increased. This will result in elastic deformation 

of the soil particles under the increased normal and tangential inter-particle forces, 

resulting in elastic compression of the soils. This would be interpreted as an increase in 

effective stress, as in saturated soil. On the other hand, the same increase of suction 

will decrease the possibility of slippage (plastic strain) at inter-particle contacts, by 

increasing the normal force exerted by the meniscus water rings. This reduction in the 

possibility of plastic straining would be interpreted as a decrease in effective stress in a 
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saturated soil. These two apparently opposite effects on the effective stress during a 

change of suction prove that a single effective stress approach can not satisfy the 

fundamental mechanisms behind the mechanical behaviour of unsaturated soils. Based 

on the experimental evidence and theoretical discrepancy of an effective stress 

approach, researchers (e.g. Matyas & Radhakrishna 1968, Fredlund & Morgenstern 

1976) realised that mechanical behaviour should be presented through two independent 

stress state variables. 

Fredlund and Morgenstern (1976) stated that the mechanical behaviour of unsaturated 

soils can be well explained by two independent stress variables selected from( )au−σ , 

( )wu−σ  and( )wa uu − . The two normally selected are “net stress” ( )au−σ and 

suction( )wa uu − . Null tests conducted by Fredlund and Morgenstern (1977), by 

keeping net stress and suction constant while changing pore air pressure, pore water 

pressure and total pressure, produced no volume change of the soil. This provided 

further support to the applicability of two independent stress state variables to 

unsaturated soil.  

Many  researchers (e.g.: Bolzon et al., 1996, Jommi & Di Prisco, 1994, Kohgo et al., 

1993a, Kohgo et al., 1993b, Khalili & Khabbaz, 1998 and Lloret & Khalili, 2000) have 

made attempts to describe the behaviour of unsaturated soil through alternative pairs of 

stress variables. In some of these proposals, one stress variable was called “effective 

stress”. The effect of a second stress state variable (typically suction) is however 

implicitly or explicitly introduced, often as a hardening parameter in an elasto-plastic 

model. However, it is now widely accepted by the research community that the 

terminology “effective stress” should not be used in unsaturated soil unless the 

proposed stress variable can be used to describe every aspect of mechanical behaviour 

by itself. Reviews of alternative pairs of stress state variables for unsaturated soils are 

presented by Wheeler & Karube (1995) and Gens (1995). 

2.5 MECHANICAL BEHAVIOUR 

2.5.1 Volume change 

Many efforts have been made, particularly from the early 1950s, in order to understand 

the volume change behaviour of unsaturated soils. Even though some features of 
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behaviour, such as collapse compression during wetting, were reported by researchers 

like Bishop and Blight (1963), a comprehensive understanding was only possible from 

the 1980s with the improvement of experimental techniques to measure and control the 

relevant pressures and volumes accurately. Consequently, a better representation of the 

volume change behaviour of unsaturated soil has been proposed in a comprehensive 

manner (e.g. Alonso et al., 1987). In this section, the current understanding and 

modelling concepts of the features of volume change behaviour of unsaturated soils are 

listed. 

• During isotropic loading stages at different values of suction, the yield stress 

increases with increasing suction, known as suction hardening as reported by 

many researchers like Wheeler & Sivakumar (1995) (see Figure 2-8). 

• The slope )(sλ  and the position of 1-D or isotropic constant suction normal 

compression lines in the ( )aorpv σln:  plane for different values of suction 

depends on suction level. Many researchers reported an increase in the slope 

with increasing suction to reach a peak value and then reduce slightly (e.g. 

Wheeler & Sivakumar, 1995 and Sivakumar, 2007). There are also some 

suggestions that the slope of constant suction normal compression lines would 

increase with suction to reach a constant value (e.g. Estabragh and Javadi, 2008). 

The equation of a normal compression line can be written as below: 

pssN ln)()( λν −=  (2-12) 

 In fact, one would expect that the normal compression lines at non-zero suction 

progressively converge towards the saturated line during isotropic or 1-D 

loading. This means that a constant gradient for a normal compression line may 

not be appropriate. An example of non-linear behaviour of a constant suction 

normal compression line will be presented in Section 8.1.5.  

• During an isotropic or 1-D unloading stage, swelling of the soil occurs. This can 

be characterised as elastic behaviour. Many researchers such as Sivakumar 

(1993) reported that the gradient of swelling lines is almost independent of 

suction.  
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• During a wetting stage swelling occurs at low values of net stress and collapse 

compression is observed at high values of net stress (e.g. Matyas and 

Radhakrishna, 1968). This can be explained by investigating the constant suction 

compression curves for different suction levels. Figure 2-9 shows the 

compression lines for saturated and unsaturated soil crossing at a net stress of 

ip . If wetting was performed at a net stress less than ip , swelling would be 

observed. However, if wetting was performed at a net stress larger thanip , then 

it would result in collapse compression.  

• During a drying path, shrinkage is observed, often with an apparent yield point 

(e.g. Alonso et al., 1995). This aspect of yielding during drying will be discussed 

in detail in the context of coupling of mechanical behaviour and water retention 

behaviour in Section 3.2.2. 

 

Figure 2-8 Variation of specific volume during isotropic loading (Wheeler & Sivakumar, 
1995) 

Many of the aspects of behaviour listed above are inconsistent with the early proposals 

for representing volume change in unsaturated soils, such as the state surface approach 

(Bishop & Blight, 1963 and Matyas and Radhakrishna, 1968), where a unique (i.e. 
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elastic) “state surface” was proposed relating void ratio e to net stress ( )au−σ  and 

suction ( )wa uu − . A second unique state surface was proposed relating degree of 

saturation rS  to ( )au−σ  and  ( )wa uu − .  

 

Figure 2-9 compression curves for saturated and unsaturated soil in pv ln:  plane (after 
Alonso, Gens and Josa, 1990) 

Based on the fact that aspects of mechanical behaviour listed above are inter-related 

(see Figure 2-9 ), Alonso, Gens and Hight (1987) proposed a yield curve in the ps :   

plane, called the Loading Collapse (LC) yield curve, which enables the model to treat 

collapse compression under wetting and elasto-plastic compression during isotropic 

loading of net stress as the same phenomenon (i.e. yielding on the LC yield curve).A 

mathematical form for the LC yield curve was later proposed by Alonso Gens and Josa 

(1990).  (see Section 2.6.1 for more detail) 

2.5.2 Shear strength 

Much experimental evidence shows that the shear strength of a soil in an unsaturated 

condition is higher than that of the same soil in saturated conditions at the same net 

stress (e.g. Fredlund et al., 1978). Several expressions have been proposed by 

researchers to represent the shear strength variation of unsaturated soils. Most of them 

have been able to predict the shear strength τ  with reasonable accuracy. One of the 

most widely known expressions was proposed by Fredlund et al. (1978) using two 

independent stress variables as follows: 

1

)0((((λλλλ

1

)s((((λλλλ

Collapse

Swelling

1
κ

1
κ

)0(0p 0p plnv

0=s

1ss=

ip

I



Chapter 2: Behaviour, constitutive modelling and experimental testing of unsaturated soils 
--------------------------------------------------------------------------------------------------------- 

- 30 - 

b
waa uuuc φφστ tan)(tan)( −+′−+′=  (2-13) 

where /φ is the friction angle associated with changes in net stress and  bφ  is a friction 

angle associated with changes in suction. Fredlund et al. (1978) treated bφ  as constant 

for a particular soil. However, it subsequently became apparent that bφ  can not be a 

constant, because when suction increases to very high values (infinity in theory) the 

soil can not have infinite value of shear strength, which means that bφ  should decrease 

with increasing suction (Escario & Saez, 1986; Fredlund et al., 1987; and Gan & 

Fredlund, 1988).  In fact, the value of bφ   would be equal to /φ  until suction reaches 

the air entry value of the soil, which is sufficient for pore air to start entering the soil. 

After this transition from saturated to unsaturated state, the tangent value of  bφ   would 

keep on decreasing to a value much lower than that of /φ  as the suction increases. This 

phenomenon is supported by many sets of experimental results, including Escario and 

Juca (1989). Physically this can be explained by the following argument. As the 

suction increases from zero, more and more water-filled voids become air-filled voids, 

leading to additional stability at particle contacts (see Section 2.3). However, once 

most of the voids become air-filled (i.e. very few voids are still filled with bulk water) 

additional stability at inter particle contacts primarily depends on suction but, as shown 

in Figure 2-7, additional inter-particle forces reaches a limiting value, meaning that any 

increase in shear strength after a certain value of suction would be insignificant. 

Some researchers (e.g. Vanapalli et al., 1996) have suggested that knowledge of the 

water retention curve can be used to calculate the variation of shear strength of an 

unsaturated soil with suction. However, as mentioned in Section 1.3, it is unrealistic to 

expect a unique shear strength function relating shear strength to water retention, as the 

water retention behaviour is more complex than the shear strength behaviour.  

Many other researchers, such as Bolzon, Schrefler & Zienkiewicz (1996), Kohgo et al. 

(1993a), Khalili & Khabbaz (1998), proposed alternative stress state variables for their 

constitutive models, in such a way that one stress state variable can exclusively 

represent the variation of shear strength. 

 



Chapter 2: Behaviour, constitutive modelling and experimental testing of unsaturated soils 
--------------------------------------------------------------------------------------------------------- 

- 31 - 

2.6 CONSTITUTIVE MODELLING OF MECHANICAL BEHAVIOUR 

2.6.1 Barcelona Basic Model (BBM) 

The irreversible nature of unsaturated soil behaviour and the need to predict volume 

changes and shear strength behaviour through a single framework motivated 

researchers to propose an elasto-plastic critical state model for unsaturated soils 

(equivalent to models such as Modified Cam Clay for saturated soils). Alonso, Gens 

and Hight (1987) presented a qualitative description of an elasto-plastic constitutive 

model for unsaturated soils. As a continuation of that, Alonso Gens and Josa (1990) 

proposed the mathematical formulation of an unsaturated elasto-plastic critical state 

model which could merge to the Modified Cam Clay (MCC) model as suction reached 

zero. This model was intended to model low plasticity and moderate plasticity fine-

grained soils. The model is now widely known as the Barcelona Basic Model (BBM). 

In the formulation of the BBM, isotropic normal compression lines for different values 

of suction s  were assumed to have different gradients and intercepts. The expression 

for specific volume on these isotropic normal compression lines was given by: 









−=

cp

p
ssv ln)()(N λ  (2-14) 

where  p  is the mean net stress (p  = aup − ). )(sN  is the value of specific volume v  

on the normal compression line when p  is equal to a reference value cp  ( cp  is an 

additional soil constant) and )(sλ  is the gradient of the normal compression line, 

which was assumed to decrease monotonically with increasing suction. The variation 

of )s(λ  with suction was assumed to be as follows: 

[ ]rsrs +−−(=( )exp()1()0) βλλ  (2-15) 

Where )0(λ is the saturated value of )s(λ  (at zero suction), r is a parameter related to 

the minimum value of )s(λ  ( )s(λ tends to a minimum value of )0(λr  as suction tends 

to infinity) and β  is a parameter giving the rate of change of compressibility with 

suction. Assuming a value of r  between zero and 1, Equation 2-15 predicts decreasing 

compressibility of the soil with increasing suction. 
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 Elastic changes of specific volume v  are given by: 

)( atm
s

e

ps

ds

p

pd
dv

+
−−= κκ  (2-16) 

The soil constant κ  is related to elastic compressibility of the soil with respect to 

changes ofp  and the soil constant sκ  is related to the elastic compressibility of the soil 

with respect to changes in suction. Atmospheric pressure atmp  was arbitrarily 

introduced to avoid prediction of infinite elastic volumetric strains as suction tends to 

zero.  

Figure 2-10a shows the predicted variation of specific volume with net stress for two 

different constant suction values ( 0=s  and ss = ) during isotropic loading and 

subsequent unloading and reloading. The corresponding LC yield curve is shown in 

Figure 2-10b. 

Having defined the variation of )s(λ  with suction together with form of elastic 

behaviour, Alonso et al. (1990) showed, by considering a stress path 1-2-3 in Figure 

2-10, that the LC yield curve expression is given by:  

[ ] [ ]κλκλ −)(−(0)
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 (2-17) 

Here 0p  is the net stress on the LC yield curve (under isotropic stress states with 

deviator stress 0=q ) at a given suction s and )0(0p  is the value of 0p   at zero suction 

(the intercept of the yield curve with the p  axis).  

The above derivation involves one additional assumption, that the LC yield curve is a 

straight vertical line when at the reference pressure cp . However, there is no 

experimental evidence for this particular feature of the modelling and this assumption 

has introduced some unrealistic features into the model (see Wheeler, Gallipoli and 

Karstunen (2002) for more information). 
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Figure 2-10 Relationship between preconsolidation stresses 0p  and )0(0p  : (a) compression 

curves for saturated and unsaturated soil; (b) stress path and yield curve in (p , s) stress 
plane (after Alonso, Gens and Josa, 1990) 

Cross-sections of the yield surface at constant suction are assumed to be elliptical in 

shape in the pq :  plane (see Figure 2-11a) and given by: 
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Where k is a material constant giving an assumed linear shift of the critical state line 

with suction in the pq :  plane (see Figure 2-11a). The critical state line is then given 

by:   

MkspMq +=  (2-19) 

where M  is the gradient of the Critical State Line in the pq :  plane (see Figure 2-11a).  

.  

Figure 2-11 LC yield surface: (a) constant suction yield curves (b) isotropic stress states 
(after Alonso, Gens and Josa, 1990) 

As clearly shown by Equation 2-19 , the shift of the critical state line with suction (i.e. 

the increase of shear strength with suction) was assumed to vary linearly with suction 

and M  was assumed to be independent of suction. These assumptions were introduced 
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for simplicity, but they reduce the flexibility of the model. In particular, the assumption 

of a linear variation of shear strength with suction, which is equivalent to the proposal 

by Fredlund et al., 1978 (see Section 2.5.2), is contrary to the experimental 

observations (e.g. Escario and Juca, 1989). A non-associated flow rule was assumed on 

the yield surface by Alonso Gens and Josa (1990). 

The Barcelona Basic Model was the first milestone in the development of elasto-

plastic constitutive models for unsaturated soils, being able to describe many of the 

complex mechanical features within a single framework. However, the model has its 

own limitations due to some assumptions made to simplify the model in order to make 

life easy for numerical modelling and application in the field.  Wheeler, Gallipoli and 

Karstunen (2002) discussed some of the limitations of the Barcelona Basic Model 

proposed by Alonso et al. (1990) which arise from the possible combination of cp  and 

r  values. 

2.6.2 Alternative elasto-plastic models 

2.6.2.a Wheeler and Sivakumar (1995) model 

Wheeler and Sivakumar (1995) proposed a similar model to Alonso et al. (1990). 

Fewer simplifications were made in the model in order to keep the model more flexible 

and realistic. Unlike the BBM, normal compression lines were fitted through 

experimental data for different values of suction. The shifting of the critical state line 

with suction in the pq :  plane was related to a function of suction rather than directly 

proportional to the suction value as assumed in the BBM. An associated flow rule was 

assumed on the yield surface. 

2.6.2.b Models for anisotropic soils 

Although the BBM and the model of Wheeler and Sivakumar (1995) assume isotropic 

behaviour, many unsaturated soils display anisotropic behaviour (just like saturated 

soils). Cui & Delage (1996) carried out several tests under isotropic and triaxial stress 

states on one-dimensionally compacted Jossingny silt samples. For the volumetric 

behaviour for isotropic stress states, BBM was found to be adequate to explain the 

features of behaviour. However, constant suction cross-sections of the yield surface 

were found to be inclined in the pq :  plane, having the 0K  line as an axis. Figure 2-12 
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shows the inclined elliptical constant suction cross-sections of the yield surface 

proposed by Cui & Delage (1996) compared with their corresponding experimental 

yield points in the pq :  plane. Due to a few simplifications, the model was unable to 

provide a good fit for all suctions. 

Stropeit et al. (2008) proposed an anisotropic elasto-plastic model by incorporating the 

features of the S-CLAY1 model (a model proposed by Wheeler et al., (2003b) for 

saturated soft clay with anisotropy) into the conventional BBM to model unsaturated 

soil. Simulations with the new anisotropic model and the conventional BBM were 

carried out of the experimental tests of Cui & Delage (1996). It was shown that the 

anisotropic version of the model was able to better fit the experimental results, 

including the shape and size of yield surfaces and the volumetric strain during constant 

suction shearing, than the original BBM.    

 

Figure 2-12 Model yield curves and experimental yield points in the pq :  plane (Cui & 
Delage, 1996) 

2.6.2.c Models for expansive soils 

Unsaturated soils containing highly expansive clay minerals, such as montmorillonite, 

show significantly different behaviour compared to slightly or moderately expansive 
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soils, particularly during a first wetting process, where a substantial irreversible 

component of swelling can be observed. Chu & Mou (1973) carried out wetting and 

drying cycles on highly expansive clay. A major irreversible swelling was observed 

during the first wetting as shown in Figure 2-13. This type of behaviour could not be 

captured by models like the BBM.  Gens & Alonso (1992), Alonso et al. (1994) and 

later Alonso, Vaunat & Gens (1999) proposed a modified version of BBM to account 

for irreversible volume change during wetting and drying cycles in highly expansive 

soils. The irreversible volume change was explained by analysing the unsaturated soil 

at macro- and micro-structural levels. As stated in Section 2.1.3, compacted 

unsaturated soils are commonly found to include two levels of pore size: micro-pores 

and macro-pores (double porosity). 

 

Figure 2-13 Wetting and drying cycles on highly expansive clay (Chu & Mou, 1973) 

The irreversible volume change was explained by Gens and Alonso (1992) by the 

elastic expansion or compression of saturated micro-pores with clay packets exceeding 

a threshold limit of the macro-structure, and hence introducing plastic volume change 

of the macro-voids. This was represented by two additional yield curves (SI and SD 

yield curves) as shown in Figure 2-14. Upon yielding on SI or SD yield curve, cyclic 

wetting and drying of an unsaturated soil may produce a net irreversible swelling or 

shrinkage depending on the ‘coupling functions’ applying for yielding on the SD and 

SI curves. These coupling functions give the ratio of the plastic volumetric strain of the 
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macro-structure to the elastic volumetric strain of the micro-structure as a function of 

the confining and yield stresses. 

 

Figure 2-14 Yield loci for an elasto-plastic double structure model (Alonso, 1998) 

2.6.2.d Models based on alternative stress state variables 

The commonest stress state variables used in the development of constitutive models 

for unsaturated soils are the net stresses and the suction. However, a substantial 

number of researchers (e.g. Kohgo et al., 1993a, Kohgo et al., 1993b, Jommi & Di 

Prisco 1994, Modaressi & Abou-Bekr, 1994, Pakzad, 1995, Bolzon, Schrefler & 

Zienkiewicz 1996 and Khalili & Khabbaz, 1998) have proposed elasto-plastic models 

employing different stress state variables. In many cases, one of the variables is 

selected in such a way that the shear strength can be related solely to this stress 

variable.  

Many of these alternative stress state variable models explicitly or implicitly include 

degree of saturation in one of the stress state variables. For example, several of them 

use, as one of two stress state variables, a tensorial stress parameter referred to as either 

the “average inter-granular stress” or the “Bishop’s stress”, defined as follows: 

arwr uSuS )1( −−−=∗ σσ  (2-20) 

where σ is total stress. Typically suction s or some function of suction is employed as 

the second stress variable. In order to use such models to predict the mechanical 

behaviour of an unsaturated soil, even at a stress point level, the mechanical model 
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must be solved simultaneously with a water retention relationship or model (which 

provides the variation of degree of saturationrS  for use in the Bishop’s stress variable 

defined by Equation 2-20). In this sense the water retention behaviour influences the 

mechanical behaviour at a constitutive level. However, such models are generally not 

capable of modelling some of the key features resulting from the full coupling of 

mechanical behaviour and water retention behaviour at a constitutive level, which are 

discussed more thoroughly in Chapter 3. 

One model which had the potential to be developed to fully represent the coupling of 

mechanical behaviour and water retention behaviour at constitutive level was the one 

presented by Jommi & Di Prisco (1994). This mechanical model is expressed in terms 

of the “Bishop’s stress” tensor, but with the yield stresses also dependent on the degree 

of saturation rS (in order to represent the stabilizing effect of meniscus water rings). 

Jommi & Di Prisco (1994) went on to use a unique water retention relationship 

between degree of saturation rS  and suctions, which effectively meant that their 

mechanical model reduced to one that could be expressed in terms of Bishop’s stress 

and suction. If, however, they had assumed a water retention model incorporating 

features such as hydraulic hysteresis (see Section 2.7), their mechanical model would 

have had the capability of capturing some of the crucial features resulting from the 

coupling of mechanical behaviour and water retention behaviour. This issue of 

coupling of mechanical behaviour and water retention behaviour at a constitutive level 

is discussed more fully in Chapter 3.  

2.7 WATER RETENTION BEHAVIOUR 

A water retention curve from its name means the variation of amount of water retained 

within a soil with the stress state variables. The amount of water retained in soil pores 

at a particular suction depends on the shapes and size distribution of the pores, 

mineralogy and surface activity of the solid particles and the chemical composition of 

the soil water. For example, at a given suction a clay soil can typically retain 

significantly more pore water than an equivalent sand (i.e. with the same void ratio).  

The water retention curve is generally expressed as a relationship between either water 

content w  or degree of saturationrS  and the suctions. Suction can be either matric 
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suction or total suction depending on the significance of the role played by the 

interaction between pore water chemistry and particle mineralogy, which is often not 

well represented by the definition of osmotic suction. In general, at higher suction 

levels, matric suction and total suction can be considered to be equivalent (Fredlund & 

Xing, 1994). However, like in mechanical behaviour (see Section 2.2.1), the same 

changes in osmotic suction and matric suction would not produce a equal changes in 

water content or degree of saturation, meaning that matric suction and osmotic suction 

cannot always be added together. 

2.7.1 Features of typical water retention curves 

Figure 2-15 illustrates typical water retention curves for a soil at constant volume, 

showing some of the important features. If a soil sample with constant volume is dried 

from a saturated state, the water retention behaviour follows a unique curve of 

variation of degree of saturation (or water content) with suction, known as the ‘main 

drying curve’. As the suction is increased to about 1,000,000 kPa, water content or 

degree of saturation is observed to reach zero value (Croney & Coleman 1961) 

regardless of soil type or pore size distribution, and this observation was also supported 

by thermodynamic considerations (Richards 1965). During wetting of the sample from 

a dry state the behaviour traces a different unique curve, namely the ‘main wetting 

curve’ (see Figure 2-15). While following a main wetting or main drying curve, if 

suction variation is reversed then the water retention state of the soil traces a different 

curve called a ‘scanning curve’. Infinite numbers of scanning curves can be observed, 

gradually re-joining the main wetting curve or the main drying curve if the suction is 

monotonically increased or decreased. The existence of different curves during wetting 

and drying is described as hydraulic hysteresis, which can be caused by following the 

reasons (as described by authors such as Klausner 1991): 

• the cross-sectional areas of void passageways are generally irregular in shape, 

meaning that advancing and receding air-water interfaces along a passageway 

would correspond to different suction levels, a phenomenon known as the “ink-

bottle effect” (Haines 1930); 

• the contact angle on the water side of an advancing air-water interface is always 

greater than that of a receding air-water interface; 
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• air trapped in the voids may have different volumes during wetting and drying; 

several researchers have reported significant volumes of trapped air (being 

unable to achieve full saturation) during a wetting process, whereas a first drying 

path may start from a saturated state (e.g. Liu & Muraleetharan 2006).  

Change of void ratio of the soil has a significant influence on the positions of the main 

wetting and main drying curves. This is because the void ratio change implies 

alteration of the pore size distribution, which influences the water retention behaviour. 

For example, reduction in void ratio would shift the water retention curves to higher 

suction range, because the size of the voids is reduced, hence requiring higher suction 

to empty or fill the voids with water. Gallipoli et al. (2003a) plotted rS  against suction 

for different values of specific volume v  for the experimental data of Sivakumar 

(1993) on compacted Speswhite Kaolin, as shown in Figure 2-16. A clear shift in the 

water retention curve can be observed due to the modification ofv  (all curves shown in 

the figure effectively correspond to wetting curves) 

 

Figure 2-15 Typical water retention curves for fine-grained soils 
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Figure 2-16 Water retention curves at different value of v  fitted to experimental data of 
Sivakumar (1993) (Gallipoli et al. 2003a) 

The main drying curve and the main wetting curve usually take a shape similar to a 

sigmoidal function curve having an inflection point, when plotted on a semi-

logarithmic scale. However, water retention curves can also have more complex 

shapes, mainly because of the pore size distribution. For example, for a soil with a 

strong bi-modal pore size distribution, the drying curve and wetting curve may exhibit 

two inflection points (Al-Mukhtar et al., 2006).  

The “air entry value” is the suction required for air to enter the largest pores during a 

main drying curve. At suctions less than the air entry value, the soil can be assumed to 

be saturated, and mechanical behaviour can be explained by the conventional saturated 

‘effective stress’ proposed by Terzaghi (1936). If the suction is increased beyond the 

air entry value, a significant decrease in rS  can be observed. In this situation, 

understanding of unsaturated soil mechanics is necessary to explain the mechanical 

behaviour of soils.  

A residual state in water retention behaviour can be defined as a state where the water 

phase is discontinuous and occurring only as  meniscus water rings at inter-particle 

contacts or as thin film (contractile skin) surrounding the soil particles (Luckner et al., 

1989 and Sillers, 1997). In this state, water can only be transferred through the soil as 

water vapour. The residual water content or degree of saturation has been defined from 

the shape of the water retention curve in many ways in the literature, based on 
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empirical rules (Brooks & Corey 1964, Van Genuchten 1980), physical arguments 

(Sillers 1997) or graphical construction (Van Genuchten et al. 1991). 

2.7.2 Modelling water retention behaviour 

2.7.2.a Equations for main wetting and drying curves 

 Several proposals have been made in the last four decades to model water retention 

behaviour. Most of the proposals are empirical in nature, and based on the shape of 

main wetting or drying curves (Gardner 1956, Brooks & Corey 1964, Brutsaert 1966, 

McKee & Bumb 1987). The pore size distribution function and capillary theory 

(statistical or micro mechanical approach) have also been utilized to derive water 

retention models (e.g. Van Genuchten, 1980, Kosugi, 1994 and Fredlund & Xing, 

1994). Among the most widely used equations are Brooks & Corey (1964), Van 

Genuchten (1980) and Fredlund & Xing (1994).   

The constitutive equation proposed by Brooks & Corey (1964) is given by: 
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where a  is the air-entry value of soil and b  is a parameter related to the pore size 

distribution of the soil. It can be seen that the Brooks & Corey (1964) equation  

assumes 1=rS  for suction less than the air entry value and a power law decrease in 

rS  as suction increases from the air entry value. The model is simple in terms of the 

number of parameters needed and the form of the equation. However, it is less flexible 

than many of the alternatives and the discontinuity of the equation at the air entry value 

can give rise to numerical instability. 

Van Genuchten (1980) proposed a closed form equation for the entire range of suction, 

given by: 
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where a , n  and m  are parameters related to air entry value, rate of change slope of 

curve and asymmetric shape of the curve respectively. The Van Genuchten (1980) 

equation generally provides better fitting than the Brooks & Corey (1964) equation as 

it is more flexible and it describes a continuous function. The parameters a , n  and 

mcan be related to physical properties of the soil to some extent.  

Fredlund & Xing, (1994) proposed an equation somewhat similar to Van Genuchten 

(1980) for main wetting and drying curve as given below; 
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where a , n  and m  are parameters related to air entry value, rate of change slope of 

curve and asymmetric shape of the curve respectively (and e is the base of natural 

logarithms). Even though Van Genuchten (1980)  and Fredlund & Xing, (1994)  

equations show great similarity, it has been observed that Fredlund & Xing, (1994) 

equation requires fewer iterations to determine the parameter values in order to fit 

experimental data (Sillers, 1997). 

A detailed review of the water retention equations mentioned above can be found in 

papers by Leong & Rahardjo (1997b) and Sillers et al. (2001), paying attention to 

advantages and disadvantages of the different equations.  

2.7.2.b Water retention models incorporating scanning curves 

The water retention curve equations, mentioned in the last section are able to describe 

the main wetting and drying curves. However, even a water retention model for rigid 

soils will only be complete if the ability to represent the scanning curves is 

accommodated into the model. Several proposals have been made for this purpose, 

based on either physical arguments (or domain models) or simply as empirical 

equations with parameter values determined by curve fitting.  

Numerous researchers (such as Néel (1942, 1943), Poulovassilis 1962, Philip 1964, 

and Mualem 1974) used the domain concept to describe hydraulic hysteresis and hence 



Chapter 2: Behaviour, constitutive modelling and experimental testing of unsaturated soils 
--------------------------------------------------------------------------------------------------------- 

- 45 - 

the form of scanning curves. Most of the domain models assume that two different 

suction values can be assigned to a pore, one corresponding to filling with water and 

the other corresponding to emptying of water. A group of pores, called the domain, 

corresponds to narrow suction ranges within which the pores can either fill or empty of 

water. Several domains can combine together to form a porous system (e.g. a soil). If 

the behaviour of a particular domain is assumed to be unaffected by neighbouring 

domains, then it will be called an independent domain system, leading to an 

independent domain model. On the other hand, a dependent domain model takes into 

account possible influence between domains, such as blockage of water or air entry 

from adjacent domains. The domain model theory has been widely used in soil physics 

and several improvements have been made in the last few decades. 

Several proposals have also been made based on experimental observations to model 

hydraulic hysteresis by empirical equations. Some of these models describe scanning 

curves purely based on fitting the curve against experimental data (e.g. Kawai et al. 

2000, Feng & Fredlund 1999) while others were proposed relating scanning curves to 

main wetting and drying curves (e.g. Dane & Wierenga, 1975; Hanks et al. 1969 and  

Hayashida 2003,). In the latter case, a few models were proposed based on elasto-

plasticity (e.g. Dangla et al., 1997 and Wheeler et al., 2003) whereas a few others were 

based on bounding surface plasticity (e.g. Li, 2005 and Liu & Muraleetharan, 2006). 

The empirical approach to describe scanning curves has proved to be useful and 

provides reasonably good predictions of experimental results.  

2.7.2.c Water retention model incorporating change of void ratio 

As discussed in Section 2.7.1, water retention behaviour is significantly affected by 

changes of void ratio. In geotechnical engineering practice, soils often have to be 

treated as deformable materials, as the mechanical behaviour is the centre of interest in 

analysing geotechnical based applications. This means that a water retention model 

which does not include the influence of changing void ratio (i.e. the impact of 

mechanical behaviour on water retention behaviour) will not only be able to correctly 

represent real water retention behaviour but also the mechanical behaviour itself due to 

the coupling between mechanical behaviour and water retention behaviour (see 

Chapter 3). 



Chapter 2: Behaviour, constitutive modelling and experimental testing of unsaturated soils 
--------------------------------------------------------------------------------------------------------- 

- 46 - 

Kawai et al. (2000) proposed a water retention model based on the Brooks & Corey 

(1964) equation. The parameters a  and b  in Equation. 2-21 were modified to 

incorporate the influence of void ratio.  

Romero & Vaunat (2000) modified the Van Genuchten equation (Equation 2-22) in 

order to take into account only the water retention curves in inter-aggregate region (see 

Section 3.3). The influences of void ratio on the parameters a , n  and m  were 

determined by curve fitting against varying void ratio.   

Gallipoli et al. (2003a) proposed modification of the Van Genuchten (1980) equation 

(Equation 2-22) in order to incorporate the influence of changing void ratio on the 

water retention behaviour. Parametera  in Equation 2-22, which is closely linked to the 

air entry value of a soil was replaced with a function of void ratio e as given below: 

** ψφ ea =  (2-24) 

where, *φ  and *ψ  are soil constants. The model have been validated against 

experimental test data from Sivakumar (1993) and Zakaria (1995), including isotropic 

loading and unloading at constant suction, shearing at constant suction and shearing at 

constant water content.  

Wheeler et al. (2003) proposed a water retention model based on elasto-plasticity, 

which includes both hydraulic hysteresis and dependency on changes of void ratio. 

Main wetting and drying curves are represented by straight lines of the same slope in 

the *ln: sSr  plane ( *s  is suction multiplied by porosity of the soil, see Section 3.6). 

These curves will be shifted horizontally to higher suctions if plastic volumetric strain 

occurs during a stress path. Movement along the main wetting or main drying curve is 

assumed to involve both elastic and plastic components of change of degree of 

saturation. Scanning curves are represented by elastic behaviour, also with straight 

lines in the *ln: sSr  plot. More detail of this model will be discussed in Chapter 3.  

Sun et al. (2006) analysed the effect of soil density (i.e. void ratio) on the water 

retention curves by carrying out several triaxial tests on samples compacted with 

different compaction energy but the same water content. They also proposed a water 
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retention model which is linear in the sSr ln:  plot. Unlike the Wheeler et al. (2003) 

model, Sun et al. (2006) assumed main wetting and drying curves to have different 

slopes. 

2.8 METHODS OF SUCTION CONTROL AND MEASUREMENT 

For unsaturated soils, suction is an additional (compared to saturated soil) and 

important stress state variable. Hence, it is necessary to measure or control suction in 

laboratory or field testing in order to understand and model the behaviour of 

unsaturated soils. Unfortunately, suction has been found to be very difficult to measure 

or control reliably for various reasons. For example, as mentioned in Section 2.2.3, 

pore water pressure in unsaturated soil in the field is typically negative with respect to 

atmospheric pressure. If the same situation is to be reproduced in the laboratory, then 

cavitation (a dynamic process of nucleation and rapid growth) can occur in the pore 

water pressure line, leading to bubble formation and problems with correct pressure 

application or measurement as well as problems with incorrect measurement of the 

volume of water flowing into or out of the soil sample. In the last five decades, several 

methods have been developed and improvements have been made in the experimental 

techniques to reliably measure or control suction. 

2.8.1 Axis translation technique 

Hilf (1956) was the first researcher to propose the axis translation technique, which 

involves increasing total pressure σ , pore air pressure au  and  pore water pressure wu  

by equal amounts so that wu  can be raised to a positive pressure  with respect to 

atmospheric pressure in order to avoid cavitation. Many laboratory experiments have 

been successfully carried out using this technique, with equipment including 

oedometers (Alonso et al. 1995), direct shear apparatus (Escario & Saez 1986) and 

triaxial apparatus (Matyas & Radhakrishna 1968 and Wheeler & Sivakumar 1995). 

Pore water pressure is applied to a soil sample through a high air entry porous filter 

(generally a ceramic disc) in order to prevent air from the soil sample at pressure 

au flowing into the pore water line which is at a lower pressurewu . Figure 2-17 shows 

such an arrangement with an idealized porous filter (the pores are represented by 

cylindrical tubes), where the air-water interfaces on the top surface of filter are 
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concave on the air side, because wa uu > . The radius of curvature of the air-water 

interfaces is inversely proportional to the suction as stated in Equation 2-6. If suction 

wa uu −  is increased gradually, the radius of the interfaces will reduce until it reaches a 

critical radius corresponding to the radius of the (largest) pores in the high air entry 

porous filter. Any further increase in wa uu −  could not be sustained by the air-water 

interfaces, and would cause air to flow into the pore water line. The suction 

corresponding to the critical radius is called the air entry value of the porous disc. Even 

with suction less than the air entry value, small amounts of dissolved air can diffuse 

through the ceramic disc, causing problems in correctly measuring pressure and 

volume if the dissolved air subsequently comes out of solution after passing through 

the ceramic disc. This problem will be further discussed in Section 5.1.6. 

The axis translation technique is widely used because it is relatively easy to convert 

existing equipment for saturated soil testing by simply adding a high air entry filter and 

an air pressure source. In addition to that, all pressures, including suction can be varied 

in a continuous fashion so that the detailed response of a soil sample can be obtained. 

 

Figure 2-17 Schematic picture showing the principle behind high air-entry value filter 
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One of the disadvantages of the axis translation is that field conditions, such as 

possible cavitation within the soil due to negative pore water pressure, cannot be 

reproduced. This means that any consequence of cavitation can not represented by this 

technique. For example, during de-saturation of a sample from a saturated state using 

the axis translation technique, each water-filled void becomes air-filled only if the 

suction reaches the air entry value corresponding to the pore size. However, under field 

conditions, a water-filled void can become air-filled even before the corresponding air 

entry suction is reached if cavitation occurs.  

Another limitation of the axis translation technique pertains to the maximum values of 

cell pressure and suction that can be achieved in experimental testing. The maximum 

air entry value of filters that are available commercially is 1500 kPa, meaning that 

suctions more than this value can not be applied. Also, as suction is increased, the cell 

pressure must also be raised, requiring a high pressure capacity cell if high suctions are 

to be investigated.  

Axis translation requires the air and water phases to be continuous in order to 

characterize actual suction within the soil sample. However, at higher degree of 

saturation, pore air often occurs as occluded bubble (Tarantino & Mongiovi, 2000). In 

this scenario, the response time of the sample to reach equilibrium conditions after 

changes of applied net stress or suction would be very slow, because equilibration of 

au  between the occluded air bubbles within the soil and the value applied at the 

boundary of the sample would only be possible by the diffusion of dissolved air.  

2.8.2 Osmotic control of matric suction 

In the osmotic technique for controlling matric suction, a soil sample is placed in 

contact with a semi-permeable membrane while an aqueous solution of large size 

molecules of polyethylene glycol (PEG) at atmospheric pressure is circulated on the 

other side of membrane. The semi-permeable membrane allows only smaller size 

molecules, such as water to pass, but not large PEG molecules. Due to the 

concentration difference of ions in the soil water and in the PEG solution, water will 

flow from the soil sample through the semi-permeable membrane to the PEG solution. 

This withdrawal of water from the sample will reduce the pore water pressure within 

the soil (an increase of matric suction), generating a pressure difference between the 
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PEG solution and the pore water. This pressure difference induces a corresponding 

tendency for water flow into the soil sample from the PEG solution. Equilibrium is 

reached when the matric suction within the soil sample is sufficient to generate a 

tendency for inward flow of water which exactly compensates the tendency for 

outward flow of water caused by the concentration difference across the semi-

permeable membrane. Hence, by changing the concentration of the PEG solution, 

different values of matric suction can be attained within the soil. The important point is 

that this can be achieved without having negative values of pressure within the (PEG-

filled) external tubing, thus removing the risk of cavitation within the tubing. 

The osmotic technique was first used in biology (Lagerwerff et al. 1961) and then in 

soil science (Zur, 1966 and Waldron & Manbeian 1970). Subsequently, the technique 

was introduced in geotechnical engineering by Kassiff and Ben Shalom (1971). Delage 

et al. (1992) carried out testing in an oedometer using the osmotic technique by 

circulating PEG solution using a peristaltic pump at the bottom of the soil sample (see 

Figure 2-18). Water exchange was measured using a burette and the PEG solution 

bottle was placed in a temperature-controlled water bath in order to avoid any 

influence from temperature fluctuation on burette measurement. Dineen and Burland 

(1995) resolved the problem regarding temperature fluctuation by measuring the 

weight of PEG solution (rather than volume) by placing the bottle on an electronic 

balance. The osmotic technique has also been applied to triaxial testing (e.g. Cui & 

Delage, 1996). 

The main advantage of the osmotic control of matric suction is that real field condition 

of negative pore water pressure can be replicated (i.e. cavitation within the soil is 

allowed). In addition, higher suctions can be reached without needing to raise the cell 

pressure like in the axis translation technique. Suctions as high as 10 MPa can be 

reached by increasing the PEG concentration to near saturation (Delage et al. 1998).  

A disadvantage of the osmotic control technique is that continuous variation of suction 

is difficult to achieve, as the PEG concentration is typically varied in steps. In addition, 

pore water exchange during application of a given suction will modify the intended 

concentration of the PEG solution. This can be partially solved by using a large 

volume of PEG solution (Delage et al. 1992). Another drawback of this method is that 
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the cellulotic semi-permeable membrane is fragile to bacterial attack (partially solved 

by applying penicillin) and excessive stress (Delage & Cui, 2008). Slatter et al. (2000) 

and Monroy et al. (2007) avoided this problem by using a synthetic sulfonated 

membrane instead of cellulotic membrane. Several researchers, such as Dineen and 

Burland (1995), Tarantino & Mongiovi (2000) and Monroy et al. (2007), reported that 

the calibration curve, between PEG concentration and induced matric suction, is 

influenced by the type of membrane. 

 

Figure 2-18 Osmotic technique applied to oedometer (Delage & Cui, 2008 –modified after 
Delage et al. 1992) 

2.8.3 Control of relative humidity by saturated salt solutions 

As stated in Equation 2-1, under local equilibrium, the relative humidity of the air in 

contact with pore water can be related to total suction. It is therefore possible to control 

total suction by controlling the relative humidity of the pore air, which can be achieved 

by having a sealed volume of air in contact with a saturated solution of a specific salt 

(see Figure 2-19(a)). Relative humidity can be altered by using different saturated salt 

solutions or varying the concentration of same salt solution leading to different total 

suction values. 

Advantages related to this technique are similar to those of the osmotic control of 

suction technique. In addition, very high values of suction (in excess of 1000 MPa) can 

be applied using this technique. 

Water exchange control 
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Figure 2-19 (a) Controlling relative humidity with saturated salt solution (Hoffmann et al. 
2005) (b) Error in total suction in vapour equilibrium transfer technique ( Agus & Schanz 
2005) 

A disadvantage of this technique is that continuous variation of suction is difficult to 

achieve, as the concentration of salt solution is typically varied in steps. In addition, as 

the pore water exchange occurs in vapour form, a very long time is required to achieve 

the equilibrium suction throughout the soil sample and measurement of the volume of 

water inflow or outflow to the sample is difficult. Vapour is usually circulated along 

the surface of the soil sample in order to reduce the equalization period (see Figure 

2-19a). This technique is not reliable for total suction values below 10 MPa, because 

measurement error or fluctuation in relative humidity and temperature can produce 

large errors in the resulting total suction. Figure 2-19b shows the errors in total suction 

caused by a temperature difference of only 0.5 0C or an error in   relative humidity of 

only 0.5%. 

2.8.4 Measurement of suction with tensiometers 

Theoretically, pure water can withstand a negative pressure of 500 MPa (Tabor, 1979) 

if there are no impurities in the water to form nucleation sites for cavitation. Ridley & 

Burland (1993) were among the first researchers to use this fact in order to measure 

negative pore water pressures greater than 1 atmosphere in soil samples by developing 

a miniature tensiometer. Figure 2-20 illustrates a typical design of such a tensiometer. 

)(a )(b
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A miniature tensiometer essentially consists of a high air entry filter serving as an 

interface to allow the water flow in or out of a water reservoir from the soil, a small 

water reservoir and a pressure transducer (typically consisting of a strain-gauged 

diaphragm). When the high air entry filter is in contact with an unsaturated soil sample 

with a negative pore water pressure, this pressure will transfer negative pressure to the 

water reservoir. This negative pressure deflects the diaphragm, which is in contact with 

the water reservoir, and this diaphragm deflection is detected by the strain gauge. If the 

deflection of the diaphragm is calibrated against known pressure then it can be used to 

measure negative pore water pressure within a soil sample. The tensiometer is 

normally calibrated against positive water pressure after saturation of the ceramic disc 

and reservoir, and this calibration is then extrapolated into the negative range. 

Tensiometers can typically measure matric suction up to about 1500 kPa (limited by 

the air entry value of the ceramic discs that are available commercially). 

The problem often encountered while measuring negative water pressure is cavitation 

at suction as low as 100 kPa. Cavitation is mainly attributed to the fact that undissolved 

gas nuclei often exist in the interstices on the surface of the water reservoir rather than 

within the water (Harvey et al. 1944). Full saturation of the filter and water reservoir 

has been found to be crucial to achieve the full range of suction measurement and 

stable measurement avoiding cavitation (Ridley & Burland 1993).  

 

Figure 2-20 Schematic picture of Imperial College tensiometer (Ridley & Burland, 1999) 
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2.8.5 Alternative methods of suction measurement 

Several other methods for measuring suction can be found in the literature. Many of 

these methods use indirect measurements, such as the water content of a filter paper in 

direct contact or close proximity with the soil, to measure suction. The calibrations of 

these devices are generally carried out using one of the techniques for suction 

application discussed in Sections 2.8.1, 2.8.2, 2.8.3 and 2.8.4. Table 2-1 summarises 

some of the techniques of suction measurement found in the literature. 

Device 
Measurement 

Mode 
Range (kPa) 

Approximate 

Equilibrium time 

Thermocouple psychrometer Total suction 100-7,500 minutes 

Thermisor/Transistor 
psychrometer 

Total suction 100-71,000 minutes 

Chilled-mirror psychrometer Total suction 
500-30,000 (or 
higher) 

10 minutes 

Filter paper (no-contact) Total suction 400-30,000 7-14 days 

Filter paper (contact) Matric suction 30-30,000 7 days 

Thermal conductivity sensor Matric suction 1-1500 Hours to days 

Electrical conductivity sensor Matric suction 50-1500 6-50 hours 

Table 2-1 Alternative methods of measuring suction (after Ridley & Wray 1995) 

2.9 METHODS OF MEASURING SAMPLE VOLUME CHANGE 

The volume change of a saturated soil sample in a triaxial apparatus can be directly 

related to the volume of water flowing in or out of the sample. In the case of 

unsaturated soils, volume change measurement in triaxial apparatus is more complex, 

because total volume change is attributed not only to pore water volume change but 

also to the volume change of pore air due to compression and exchange. During the 

last three decades, several methods for measuring the total volume change of 

unsaturated triaxial test samples have been proposed (Geiser et al., 2000). These 

methods divide into three basic categories: 
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• Indirect measurement: measuring the inflow or outflow of the cell fluid 

surrounding the soil sample, generally with the help of a double-wall cell or 

some other form of special cell design; 

• Direct measurement: measuring sample volume by mounting local lateral and 

radial displacement gauges on the soil sample or by obtaining deformation 

profiles using laser or image processing techniques; 

• Separate measurement of pore water volume changes and pore air volume 

changes. 

2.9.1 Indirect measurement of sample volume change 

In order to correctly measure the sample volume change by an indirect measurement 

method, a calibration for the apparent volume change of the cell (the inner cell if a 

double-walled cell is employed) with cell pressure change is necessary. It would 

therefore be ideal to have any apparent volume change being eliminated or reduced to 

an acceptable level. In the latter case, it is preferable to have a linear response of 

apparent volume change with cell pressure and no (or negligible) creep.  

Bishop & Donald (1961) developed a triaxial cell by adding an inner cell attached to 

the base of the existing cell, as shown in Figure 2-21. The lower part of the inner cell 

was filled with mercury to a level above the top of the soil sample. The upper part of 

the inner cell and the entire outer cell were filled with water. Overall volume change of 

the soil sample during a test was measured by monitoring the vertical movement of a 

stainless steel ball that was floating in the mercury, using a cathetometer. To avoid any 

volume change caused by expansion/contraction of the inner cell, the pressures in the 

inner and outer cells were kept equal by having a direct connection at the top of the 

cell (through a “cut-away” in the inner acrylic cylinder).  

The major disadvantages of this technique were that volume changes could not be 

automatically logged or controlled and the safety issues associated with the use of 

mercury as a cell fluid. The latter problem was avoided by Cui & Delage (1996) by 

replacing mercury with coloured water and applying confining pressure with air. 

Dissolution of air into water and evaporation was minimized by adding a silicon oil 

layer above the coloured water. Subsequently, the automatic logging of volume change 
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of the soil sample was achieved by Ng et al. (2002) by measuring the difference 

between the water level in the inner cell and a reference water level in the outer cell by 

using a differential pressure transducer as shown in Figure 2-22. Any problem 

concerning absorption of water by an acrylic material (Wheeler and Sivakumar, 1995) 

were avoided by Ng et al. (2002) by the use of an inner cell made out of aluminium. 

However, this prevents visual inspection of the soil sample during a test. Also, 

evaporation of water may be a problem in case of long duration of testing. It should 

also be noted that there are safety issues in the designs of Cui & Delage (1996) and Ng 

et al. (2002), because compressed air is used as a confining fluid. 

 

Figure 2-21 Modified apparatus for testing unsaturated soils (Bishop & Donald, 1961) 
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Figure 2-22 Double-walled cell triaxial apparatus (Ng et al., 2002) 

Wheeler (1986) took a slightly different approach to measure the volume change of 

unsaturated soil samples by modifying the Bishop & Donald (1961) technique (see 

Figure 2-23). Instead of mercury, his inner cell was entirely filled with water, and there 

was no connection between inner and outer cells at the top of the cell. By applying 

same pressure to inner and outer cells, it was theoretically possible to avoid apparent 

volume change of the inner cell and to monitor sample volume change by measuring 

the flow of water in or out of the inner cell. However, a calibration is still required in 

order to account for apparent volume change of the inner cell due to flexure of the top 

plate and bottom pedestal, compression of the water, expansion of the connections and 
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absorption of water by the acrylic cell.   In this approach, the safety issues were 

resolved and also sample volume change could be logged automatically. This kind of 

triaxial cell is now widely known as a double-walled triaxial cell. Several researchers 

such as Wheeler (1986), Sivakumar (1993), Sharma (1998) and Sivakumar (2007) 

reported reliable measurement of sample volume change using this technique. The 

original Wheeler (1986) design had a few drawbacks, such as absorption of water by 

the inner acrylic cell and flexure of the top plate and the bottom plate of the inner cell 

as the cell pressure was varied, because the top plate of the inner cell was not subjected 

to equal pressure on top and bottom over the full area (see Figure 2-23). The 

absorption issue is generally solved by conducting calibration (Wheeler & Sivakumar, 

1995).  

 

Figure 2-23 Modified apparatus for testing unsaturated soils (Wheeler, 1986) 

Sivakumar (2007) modified the original design of Wheeler (1988), as shown in Figure 

2-24. In this “twin-cell” arrangement, the inner cell was accommodated entirely inside 

the outer cell so that expansion of the inner cell during confining pressure changes due 

to flexure of the inner cell top plate was eliminated.  
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Figure 2-24 Modified apparatus for testing unsaturated soils (Sivakumar, 2007) 

The double-wall cell or twin cell is generally employed in order to eliminate the 

relatively large volume change caused by pressure changes due to the 

expansion/contraction of the cell. On the other hand, with a suitable calibration, it is 

possible to measure the volume change utilizing a single cell. The magnitude of 
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volume change during pressure changes can be minimised if a stiff material (such as 

steel) is used and if a thick cell wall is used. Buisson (2002) developed single steel 

wall cells for both isotropic and triaxial testing. Unlike double wall or twin cell 

designs, setting up of a sample in the single steel wall cells designed by Buisson (2002) 

is relatively easy. The major disadvantage of this technique is that visual inspection of 

the soil sample during a test is not possible. A single steel wall isotropic cell and a 

single steel wall triaxial cell developed by Buisson (2002) were used to conduct the 

experimental programme on unsaturated soils in the current research (see Chapter 5). 

2.9.2 Direct measurement of sample volume change 

Sample volume change during unsaturated triaxial testing can also be monitored by 

measuring the axial and radial strains of the sample (e.g. Matouk et al., 1995 and 

Zakaria, 1995). This can be achieved by directly mounting local gauges on the soil 

sample. This technique is advantageous for measurement of small strains and to 

monitor any anisotropy of soil response (Zakaria 1995). However, at large strains, 

local strain measurement would provide unrepresentative overall volume change 

because of non-uniform deformation such as barrelling and local shearing. 

Several other methods have also been used to measure the sample volume change such 

as using a laser to profile the sample boundary (Romero et al., 1997) and image 

processing (i.e. employing a contouring technique to profile the boundary) using a 

digital camera (Macari et al., 1997 and Gachet et al., 2007).   

2.9.3 Measurement of pore air and pore water volume changes 

Overall volume change of an unsaturated triaxial test sample can also be estimated by 

measuring the pore air and water exchanges independently. Several methods have been 

proposed to measure the air volume change (e.g. Bishop & Henkel, 1962, Dunlap & 

Weber, 1971 and Adams et al. 1996). Measurement of air volume change is critical, 

because air is highly compressible and also the influence of temperature change on air 

volume is several time higher than that of water. It is almost impossible to get accurate 

measurement of pore air volume change in this method, due to the following reasons: 

• it is very difficult to measure or calculate with sufficient accuracy the quantities 

of gaseous air and dissolved air leaving  or entering the soil sample; 
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• air tends to diffuse through the tubes and the membrane enclosing the soil 

sample; 

• it is very difficult to prevent air leakage through the connections; 

• a small change in pressure or temperature would cause a big change in the air 

volume as the air is a highly compressible fluid, keeping in mind that a small 

fluctuation of pressure and temperature is inevitable even within a controlled 

environment.  
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CHAPTER 3                                                                       

COUPLING OF MECHANICAL BEHAVIOUR AND 

WATER RETENTION BEHAVIOUR IN UNSATURATED 

SOILS 

In this chapter, the coupling of mechanical behaviour and water retention behaviour 

occurring in unsaturated soils is first explained and demonstrated with experimental 

evidence. This is followed by discussion on some of the constitutive models which 

incorporate the coupling, or at least the influence of water retention behaviour on the 

mechanical behaviour. Finally, the Wheeler et al. (2003) model is presented and an 

extension of the model to triaxial stress states is proposed.  

3.1 HYDRO-MECHANICAL COUPLING IN SATURATED AND 

UNSATURATED SOILS 

3.1.1 Saturated soil 

In saturated soils, in order to solve a mechanical boundary value problem under 

drained conditions (i.e. pore water pressure is known at all points), the following 

balance and constitutive equations should be solved simultaneously: 

• Balance equations: 

⇒ Equilibrium of stresses (momentum balance); 

⇒ Compatibility of strains. 

• Constitutive equations: 

⇒ Stress-strain relations (mechanical constitutive model). 

However, for a full, time-dependent solution of a boundary value problem, where pore 

water pressure is unknown and can vary spatially and temporally (e.g. consolidation 

analysis), one additional balance equation (mass balance of water) and one more 
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constitutive equation (a hydraulic model e.g. Darcy’s law for flow of water) are 

required. The required equations to solve the boundary value problem are listed below: 

• Balance equations: 

⇒ Equilibrium of stresses (momentum balance); 

⇒ Compatibility of strains; 

⇒ Mass balance of water. 

• Constitutive equations: 

⇒ Stress-strain relations (mechanical constitutive model); 

⇒ Darcy’s law for flow of water (hydraulic model). 

The mechanical and hydraulic components in the balance and constitutive equations 

means that the problem is coupled and can be termed as a “coupled hydro-mechanical 

boundary value problem”. The coupling generally is assumed to occur only at the level 

of the boundary value problem not at constitutive level i.e. a mechanical model can be 

solved at a stress point level, without requiring a hydraulic model, if stresses and pore 

pressures at the point are defined. Similarly, a hydraulic model can be solved if the 

pore pressure variation is known, without requiring a mechanical model. However, in 

reality, the permeability, which is a parameter in the hydraulic model, depends on the 

void ratio, which is predicted by the mechanical constitutive model. This means that 

mechanical behaviour influences the hydraulic behaviour at a “constitutive level”. 

3.1.2 Unsaturated soil 

If pore water pressure and pore air pressure in an unsaturated soil are known at all 

points in space in a mechanical boundary value problem (i.e. drained conditions) and 

no coupling at constitutive level is assumed, the requirements for solution of the 

boundary value problem are the equations for equilibrium stresses, compatibility of 

strains and a mechanical constitutive model. This is a similar situation to a mechanical 

boundary value problem in saturated soil. However, for full time-dependent solutions 

of boundary value problems in unsaturated soils, where pore water pressure and pore 

air pressure are unknown and can vary spatially and temporally, the following balance 

and constitutive equations are required to be solved simultaneously. 
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• Balance equations: 

⇒ Equilibrium of stresses (momentum balance); 

⇒ Compatibility of strains; 

⇒ Mass balance of water; 

⇒ Mass balance of air. 

• Constitutive equations: 

⇒ Stress-strain relations (mechanical model); 

⇒ Water retention relations ( water retention model); 

⇒ Darcy’s law for advective flow of liquid (hydraulic model); 

⇒ Darcy’s law for advective flow of gas; 

⇒ Fick’s law for flow of water vapour (hydraulic model); 

⇒ Fick’s law for flow of dissolved air. 

From the above list, it is clear that balance equations, mechanical model, water 

retention model and hydraulic model are required to be solved for a full time-

dependent boundary value problem in unsaturated soils leading to coupling at the level 

of the boundary value problem.  

In reality, one constitutive model may depend on the other constitutive models. For 

example, the hydraulic model can be influenced by the mechanical model and water 

retention model, because the liquid permeability depends on both void ratio and degree 

of saturation. This represents coupling in one direction. 

Typically, the mechanical behaviour is assumed to be unaffected by the water retention 

behaviour or hydraulic behaviour, in models such as BBM, i.e. the mechanical model 

can be solved at a stress point level if all stresses and pore pressures are known, 

without knowledge of the water retention model or hydraulic model. However, this is 

not true in reality. For example, the mechanical behaviour is affected by the degree of 

saturation (coming from the water retention behaviour) in addition to stresses such as 

suction and net stress. On the other hand, the water retention behaviour is influenced 

by changes of void ratio, which comes from the mechanical behaviour. This means 

that coupling occurs between mechanical behaviour and water retention behaviour, in 
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both directions, at constitutive level. It is therefore necessary to incorporate this 

coupling into the constitutive models, if the features of behaviour arising from the 

coupling are intended to be captured. The following Sections 3.2, 3.3 and 3.4 describes 

the importance of coupling of mechanical behaviour and water retention behaviour, by 

providing experimental evidence and theoretical arguments. 

3.2 INFLUENCE OF DEGREE OF SATURATION ON MECHANICAL 

BEHAVIOUR 

Wheeler et al. (2003) presented a physical argument for why water retention behaviour 

should influence mechanical behaviour. Figure 3-1a shows the idealized structure of an 

unsaturated soil with specified net stresses, suction, void ratio and degree of saturation. 

Figure 3-1b represents the soil after a wetting and drying cycle, with net stresses and 

suction at the same values as in Figure 3-1a.  

 

Figure 3-1 (a) Idealized structure of an unsaturated soil at a particular net stress, suction and 
void ratio; (b) idealized structure of the soil sample with same stress state and void ratio but, 
after a wetting and drying process. 

During the wetting and drying process, no slippage occurred at particle contacts (no 

plastic strains) meaning that any change in void ratio after wetting and drying is 

insignificant. However, a significant increase in degree of saturation occurred, because 

of the influence of hydraulic hysteresis (see Section 2.7). This increase in rS  means 

that there are a greater number of water-filled voids in Figure 3-1b than in Figure 3-1a 

Air Bulk Water  WaterMeniscus

(a) (b)
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and a smaller number of air-filled voids in Figure 3-1b than in Figure 3-1a. One 

consequence of this is that there are fewer meniscus water rings at inter-particle 

contacts (see Section 2.3) in Figure 3-1b than in Figure 3-1a. This implies that the 

stability of many inter-particle contacts was reduced significantly after the wetting and 

drying cycle even though suction, net stresses and void ratio were the same before and 

after the wetting and drying. This means that degree of saturation (in addition to 

suction) influences mechanical behaviour and therefore that water retention behaviour 

will influence mechanical behaviour at a constitutive level.  

3.2.1 Influence of degree of saturation on mechanical behaviour during 

isotropic loading 

Figure 3-2 and Figure 3-3 show results from two isotropic loading tests on bentonite-

kaolin samples performed by Sharma (1998). In the first test (Figure 3-2), the sample 

was subjected to isotropic loading (a-b) to a mean net stress of 100 kPa, unloading (b-

c), isotropic loading (c-d) to a higher mean net stress of 250 kPa and final unloading 

(d-e), all performed at a constant suction of 200 kPa. During re-loading c-d the sample 

yielded at a value of mean net stress equal to maximum stress previously applied. This 

type of behaviour would be predicted by the Barcelona Basic Model (BBM) (see 

Section 2.6.1).  

In the second test (Figure 3-3), an identical sample was subjected to an identical first 

cycle of loading and unloading (a-b-c) at a suction 200 kPa, but it was then subjected 

to a wetting-drying cycle (c-d-e), before the final isotropic loading/unloading cycle at a 

suction of 200 kPa (e-f-g). During the wetting drying cycle c-d-e there was no net 

change of void ratio (see Figure 3-3), but there was a substantial net increase in the 

degree of saturation, as a consequence of hydraulic hysteresis. Inspection of Figure 3-3 

shows that the sample yielded in the second loading stage e-f at a mean net stress that 

was lower than the maximum stress previously applied, despite the fact that no 

irreversible volume change occurred in the wetting and drying process (c-d-e). 

Wheeler et al. (2003) argued that the lower yield stress was a consequence of the 

increase of degree of saturation during the wetting-drying cycle, leading to reduced 

stability of the soil skeleton as a consequence of the reduced number of stabilising 

meniscus water rings. This feature can not be predicted by conventional constitutive 
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models like BBM, which do not account for the influence of degree of saturation on 

mechanical behaviour. 

 

Figure 3-2 Behaviour of bentonite-kaolin during isotropic loading at constant suction 
(Sharma 1998) 

 

Figure 3-3 Influence of wetting and drying on subsequent behaviour of bentonite-kaolin 
during isotropic loading (Sharma 1998) 

3.2.2 Mechanical behaviour during cycles of wetting and drying 

Figure 3-4 shows the results from an oedometer test carried out by Alonso et al. (1995) 

on compacted Boom clay. The first wetting stage C1 provided swelling followed by 

collapse compression.  The first drying stage C2 produced substantial compression, 



Chapter 3: Coupling of mechanical behaviour and water retention behaviour 
--------------------------------------------------------------------------------------------------------- 

- 68 - 

with the clear suggestion of a yield point during the stage. Similarly, there was the 

suggestion of a yield point in the second drying stage C4 and a corresponding 

subsequent plastic component of compression (although smaller than in the first drying 

stage C2). Wetting stages C3 and C5 can be represented by elastic swelling.  Models 

like the BBM could capture the occurrence of swelling followed by plastic 

compression during the first wetting stage C1 (through yielding on the LC yield curve) 

but would not predict any occurrence of plastic compression during drying stages C2  

and C4. 
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Figure 3-4 Volumetric shrinkage over wetting and drying (Alonso et al. 1995) 

Alonso et al. (1995)  attributed the irreversible behaviour during drying and wetting 

cycles C2 and C5 in Figure 3-4 to the highly expansive nature of the clay minerals and 

the role of the double structure (macro and micro), as described in Section 2.6.2. 

However, Sharma and Wheeler (2000) raised doubts about this explanation in the light 

of experimental evidence by Sharma (1998), where they showed that the type of 

behaviour presented in Figure 3-3 and Figure 3-4 occurred in non-expansive 

unsaturated soils (such as speswhite kaolin) as well as in soils containing highly 

expansive clay minerals. In addition, it can be shown that yielding in successive drying 

stages, such as shown in Figure 3-4, can be predicted by the double-structure model of 

Alonso et al. (1999) only if there is also yielding during each wetting stage (not 

apparent in Figure 3-4). Also the double-structure model can not predict that a wetting-

drying cycle would reduce the yield stress observed during subsequent isotropic 
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loading (as shown in Figure 3-3) unless the wetting-drying cycle produced some 

irreversible volume change (not apparent in Figure 3-3). Sharma & Wheeler (2000), 

Buisson & Wheeler (2000) and Wheeler et al. (2003) argued that all of the features of 

behaviour shown in Figure 3-3 and Figure 3-4 could be explained by the influence of 

degree of saturation on mechanical behaviour.  

3.3 INFLUENCE OF VOID RATIO ON WATER RETENTION 

BEHAVIOUR 

Any change in void ratio of the soil would modify the water retention behaviour, by 

shifting the main drying and wetting curves in the sSr : plane. This can be explained 

by the fact that changes in air entry value and water entry value for individual voids 

(the value of suction at which these voids empty or fill with water during drying and 

wetting respectively) occur if there are changes in the dimensions of the voids and of 

the connecting passageways between voids (see Section 2.7.2). This implies an 

influence of mechanical behaviour on water retention behaviour. 

Romero & Vaunat (2000) examined the influence of void ratio on main wetting and 

drying curves. Figure 3-5 shows the variation of degree of saturation with suction for 

samples of a kaolinitic-illitic soil compacted to three different dry unit weights (i.e. 

three different void ratios). All samples were statically compacted at a water content 

dry of optimum and exhibited double porosity from the analysis of mercury intrusion-

extrusion porosimetry test results. The water retention results in Figure 3-5 show main 

drying curves on samples compacted to three widely different void ratios (0.591, 0.932 

and 1.459) and main wetting curves on the first two of these samples. It is clear that 

compaction to a lower void ratio has shifted both main drying curve and main wetting 

curve to higher suction values, as expected.  

Figure 3-6 shows the same experimental data as in Figure 3-5 (for the two samples 

compacted to 591.0=e and 932.0=e ), but re-plotted as water content against 

suction. Inspection shows that the main drying curves for the two samples now 

coincide in the high suction (low water content) range, and the same is true for the 

main wetting curves. Romero & Vaunat (2000) argued that this showed that the sizes 

of the intra-aggregate micro-voids were unaffected by compaction to a lower void 
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ratio, and that it was the inter-aggregate macro-voids (which control the water 

retention behaviour at low suctions) that were compressed during compaction. This 

finding was further confirmed by Tarantino (2007) for the main wetting curves of 

compacted kaolin samples. 

 

Figure 3-5 Main wetting and drying curves for different void ratios plotted as degree of 
saturation against suction (Romero, 1999) 

One question to emerge from Figure 3-5 and Figure 3-6 is whether it is more useful to 

plot water retention curves as degree of saturation against suction or as water content 

against suction. Interpretation and modelling in the low suction range is probably 

easier in terms ofrS , because all curves approach 0.1=rS  as suction is reduced 

towards zero (see Figure 3-5). However, interpretation and modelling in the high 

suction range may be easier in terms of w , because the behaviour may then become 

independent of void ratio (see Figure 3-6), if intra-aggregate micro-voids experience 

little change of volume. There is still no general consensus on this issue. 
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Figure 3-6 Main wetting and drying curves for different void ratios plotted as water content 
against suction (Romero, 1999). 

3.4 COUPLING OF MECHANICAL BEHAVIOUR AND WATER 

RETENTION BEHAVIOUR 

In Sections 3.2 and 3.3, the influence of water retention behaviour on mechanical 

behaviour and vice versa have been explained with physical arguments and supported 

by experimental evidence. These two aspects of behaviour interact with each other in 

both directions at a constitutive level. Hence, it is important to incorporate the coupling 

phenomena into constitutive models for mechanical behaviour or water retention 

behaviour in order to represent the real behaviour of unsaturated soils subjected to 

different stress paths.  
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In the last few years, several proposals have been made, particularly for mechanical 

constitutive models incorporating the influence of water retention behaviour. Only a 

few of these models were expressed in terms of net stresses and suction (e.g. Vaunat et 

al., 2000 and Buisson & Wheeler, 2000), because these conventional stress state 

variables do not include variables such as the degree of saturation, making it difficult 

to easily incorporate some features such as transition between saturated and 

unsaturated states. Most of the models have been formulated using alternative stress 

state variables, in which at least one of the stress state variables contains a water 

retention state variable such as degree of saturation (e.g. Jommi 2000; Wheeler et al., 

2003; Gallipoli et al., 2003b and Tamagnini, 2004).  

Most of the models developed to capture features of behaviour arising from the 

coupling phenomena, have either made use of two separate models for mechanical 

behaviour and water retention behaviour (e.g.  Tamagnini, 2004)   or relied on 

experimental data for water retention behaviour (e.g. Jommi, 2000 and Gallipoli et al., 

2003b). The disadvantages of this type of approach are the difficulty and complexity 

arising in terms of constitutive equations, the need to couple two separate models and 

the large numbers of parameters involved. In contrast, Buisson & Wheeler (2000), 

Vaunat et al. (2000) and Wheeler et al. (2003) each proposed a single framework in 

order to explain both mechanical behaviour and water retention behaviour. Of these 

three models, Buisson & Wheeler (2000) and Wheeler et al., (2003) include coupling 

in both directions, whereas Vaunat et al. (2000) incorporates only the influence of 

mechanical behaviour on water retention behaviour (but not vice versa)  

3.5 MODELS INCOPORATING COUPLING OF MECHANICAL AND 

WATER RETENTION BEHAVIOUR 

In this section, some fully coupled elasto-plastic models for mechanical behaviour and 

water retention behaviour and some models for mechanical behaviour incorporating 

the influence of water retention behaviour are discussed.   

Vaunat et al. (2000) proposed an elasto-plastic mechanical-water retention model for 

unsaturated soils in terms of net stresses and suction. The framework consists of two 

separate modelling hypotheses for mechanical behaviour and water retention 
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behaviour. The water retention model developed by Romero & Vaunat (2000) (see 

Sections 2.7.2 and 3.3) was coupled with the BBM for mechanical behaviour. Three 

yield curves have been proposed; the Suction Decrease (SD) and Suction Increase (SI) 

yield curves both representing water retention behaviour and the Loading Collapse 

(LC) yield curve representing mechanical behaviour (see Figure 3-7). However, the 

constitutive relations for coupling are complex and 14 model parameters are needed to 

represent the mechanical and water retention behaviour for isotropic stress states. In 

addition, the influence of water retention on the mechanical behaviour was not taken 

into account leading to coupling only in one direction. 

 

Figure 3-7 Yield curves in suction –net stress plane (Romero & Vaunat, 2000) 

Jommi (2000) stated that suction has two different effects on mechanical behaviour at 

a macroscopic level: (1) modifying the mean stress acting on the soil skeleton; (2) a 

stabilizing effect at inter-particle contacts through the influence of meniscus water 

rings. It can be noted that the first effect can be represented by use of “Bishop’s stress” 

(see Section 2.6.2), but that the second effect can not be modelled by a single stress 

state variable. Jommi (2000) proposed a mechanical constitutive model for unsaturated 

soil, based on Modified Cam Clay, but with Bishop’s stress in place of effective 

stresses and an additional hardening function which depends on degree of saturation in 

order to represent the influence of meniscus water rings.  
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Later, Tamagnini (2004) combined the mechanical model of Jommi (2000) with the 

water retention model of Romero & Vaunat (2000) in order to provide a combination 

of a mechanical model and a water retention model that incorporated coupling in both 

directions. The models of Tamagnini (2004) require 12 parameters in order to model 

the coupled mechanical and water retention behaviour under isotropic stress states. 

Most of the parameters were required for water retention behaviour (i.e. 8 parameters). 

A weakness of the model of Jommi (2000) and Tamagnini (2004) is that plastic 

volumetric strain during drying is likely to be predicted only on a first drying path. 

This contrasts with some of the experimental observations, where yield points and 

subsequent plastic compression can be observed not only on first drying but also on 

subsequent drying (e.g. Alonso et al. 1995, see Figure 3-4).  

Gallipoli et al. (2003b) put forward an elasto-plastic framework for mechanical 

behaviour of unsaturated soils incorporating the influence of degree of saturation in 

addition to suction. The model was formulated in terms of Bishop’s stress and a scalar 

constitutive variable, termed the “bonding factor”, to represent the stabilising effect of 

meniscus water rings. The bonding factor was a function of suction and degree of 

saturation. Gallipoli et al. (2003b) demonstrated that, for isotropic virgin loading and 

for critical states, the ratio of the void ratio  e of an unsaturated soil at a particular 

value of Bishop’s stress to the void ratio se  of saturated soil at the same value of 

Bishop’s stress was a unique function of the bonding factor, using experimental data 

from Sivakumar (1993), Sharma (1998) and Toll (1990). Later, further experimental 

evidence was provided for this relationship by Gallipoli et al. (2008) with experimental 

data from Cui (1993) and Barrera (2002). With this empirical relationship, the model 

was able to provide good predictions against experimental results, provided that the 

degree of saturation was obtained from experimental results. However, it would be 

possible to couple the mechanical model with a suitable water retention model, such as 

Gallipoli et al. (2003a), to provide a full predictive model (although this possibility 

was not tested by Gallipoli et al. 2003b). 

Gallipoli et al. (2008) extended the investigation on the relationship between 

unsaturated critical state shear strength, mean Bishop’s stress and the capillary 

“bonding factor” based on the experimental test results from Cui (1993), Barrera 
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(2002), Sivakumar (1993) and Wheeler & Sivakumar (1995). The critical stress ratio 

(the ratio of critical state shear strength of an unsaturated soil at a particular value of 

Bishop’s stress to the critical state shear strength of saturated soil at the same value of 

Bishop’s stress) was plotted against the bonding factor. A decrease in the critical stress 

ratio with increase in bonding factor was observed for experimental results except Cui 

(1993), which exhibited no variation of critical stress ratio with bonding factor 

suggesting that the influence of meniscus water rings on the shear strength behaviour 

may be negligible. 

Several other models (e.g. Buisson & Wheeler, 2000 and Li, 2007a, 2007b) have also 

been proposed to deal with coupling of mechanical and water retention behaviour at a 

constitutive level. Buisson & Wheeler (2000) presented a single qualitative framework 

for modelling both mechanical behaviour and water retention behaviour within a single 

model, incorporating coupling in both directions. However, subsequent development 

of the qualitative framework to a full mathematical constitutive model proved 

impossible. Li (2007a) has proposed a framework for mechanical and water retention 

behaviour of unsaturated soils based on thermodynamic principles, treating soil as 

open multi phase system displaying coupling effects among phases and examining 

work-energy-dissipation relation. In addition to elasto-plastic deformation of soil and 

hydraulic response, a relationship for state of pore air has also been established. Later, 

Li (2007b) used the framework to propose a new elasto-plastic model for the response 

of the soil skeleton (Li, 2007a) and water retention behaviour (Li, 2005). Model 

simulations for various stress paths, such as wetting, consolidation and shearing, were 

compared against the experimental results from Sivakumar & Wheeler (2000) and 

Wheeler & Sivakumar (2000), and were shown to capture some basic features of 

behaviour of unsaturated soils.  

Almost all the models discussed in this section either have been expressed as two 

separate frameworks (for mechanical and water retention behaviour) coupled together 

or a single framework with separate yield curves dedicated to mechanical behaviour 

and to water retention behaviour. 
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3.6 WHEELER ET AL. (2003) FRAMEWORK 

Wheeler et al. (2003) proposed a single fully coupled mechanical-water retention 

constitutive framework. This framework is considered to have advantages over the 

various alternatives discussed in the previous section, and it is described in detail in 

this section. This description includes an introduction to the basic concepts (Section 

3.6.1 ) and description of the illustrative model for isotropic stress states presented by 

Wheeler et al. (2003) (Section 3.6.2). This is then followed by extension of the model 

to include the role of deviator stress (Section 3.6.3). This last stage is an original 

contribution of the author, not included in the paper of Wheeler et al. (2003). 

3.6.1 Modelling concepts 

The framework has been formulated in terms of alternative stress state variables, rather 

than the conventional variables of net stresses and suction. The first stress variable is 

the “Bishop’s stress” tensor or “average skeleton stress” tensor, as described in Section 

2.6.2 and given by: 

[ ] ijarwrijij uSuS δσσ )1(* −+−=  (3-1) 

where ijσ  is the total stress tensor, rS is the degree of saturation, uw is the pore water 

pressure, au  is the pore air pressure and ijδ  is Kroneker’s delta. Bishop’s stress is 

selected as a physically significant stress, which is intended to represent the influence 

of total stresses, pore air pressure (within air-filled voids) and pore water pressure in 

bulk water (within water-filled voids) on inter-particle or inter-aggregate forces, by 

using degree of saturation to determine a weighted average of the two pore pressures. 

Empirical evidence suggests that it may be possible to relate both elastic straining and 

shear strength exclusively to this stress variable. Not all aspects of mechanical 

behaviour can, however, be related solely to Bishop’s stress, because this stress 

variable cannot represent the effect of meniscus water bridges on inter-particle or inter-

aggregate forces. These meniscus water bridges have a stabilizing effect on inter-

particle or inter-aggregate contacts (reducing the possibility of slippage at the contacts) 

and therefore have an important influence on yielding (see Section 2.3). 
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The second stress state variable is a scalar quantity called the “modified suction” and is 

given by: 

)(*
wa uuns −=  (3-2)  

where n  is porosity. The modified suction stress variable has been selected in 

combination with the Bishop’s stress tensor by considering the incremental work input 

for unsaturated soils (see Houlsby, 1997). Strain increment variables conjugate to the 

Bishop’s stress tensor and the modified suction are the conventional strain increment 

tensor ijdε  and the decrement of degree of saturation rdS−  respectively. For isotropic 

stress states, the stress variables simplify to mean Bishop’s stress *p  and modified 

suction *s , with the work-conjugate strain increment variables being the volumetric 

strain increment dεv and the decrement of degree of saturation rdS− . 

Wheeler et al. (2003) proposed two separate physical mechanisms for the occurrence 

of plastic volumetric strain (mechanical behaviour) and plastic changes of degree of 

saturation (water retention behaviour), along with couplings between these two aspects 

of behaviour. Plastic volumetric strain was assumed to be caused by inter-particle or 

inter-aggregate slippage while plastic changes of degree of saturation were attributed 

to flooding and emptying of voids by water. 

Figure 3-8 illustrates the logic behind elasto-plastic modelling of water retention 

behaviour. As suction decreases (Figure 3-8a) from a particular value, an air-water 

interface would move from position 1 to 2. If the suction decreases further the air-

water interface would move further towards the air-filled void, as the radius of 

curvature of the interface increases. A limiting condition is reached when the radius of 

the air-water interface becomes equal to the radius of the largest sphere that can be 

accommodated within the air-filled void (see position 3 in Figure 3-8a). Any further 

decrease in suction would lead to flooding of the air-filled void with water (Fredlund, 

1979). During a drying process (Figure 3-8b), air-water interfaces migrate towards the 

water-filled void from position 4 to 5 as the radius of curvature of the air-water 

interfaces decreases. As the suction increases further, the radius of curvature of an air-

water interface reaches a critical value, which is just enough to bridge the throat 
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joining the water-filled voids to an adjacent air-filled void. Any further increase in 

suction would therefore make air break through into the void, displacing the water into 

adjacent water-filled voids. 

 

Figure 3-8  Movement of air-water interfaces (a) filling of a void with water during wetting 
(b) emptying of water void during drying ( after Buisson & Wheeler, 2000) 

The movement of an air-water interface from position 1 to 2 or position 4 to 5 could be 

considered as an elastic process, despite small irreversibility due to differences in the 

contact angle during advance and withdrawal of interfaces. The above mentioned 

movements of air-water interfaces are therefore associated with elastic changes of 

degree of saturation. On the other hand, the processes of flooding or emptying of a 

void with water are irreversible, as the radii of curvature corresponding to position 3 

(flooding an air-filled void with water) and position 5 (emptying of a water-filled void) 

are different.  Hence, these processes of flooding or emptying of voids with water are 

associated with plastic changes of degree of saturation. 

Figure 3-9 shows the three yield curves proposed in the Wheeler et al. (2003) model 

for isotropic stress states, namely the Loading Collapse (LC) yield curve, the Suction 

Increase (SI) yield curve and the Suction Decrease (SD) yield curve. Yielding on the 

LC yield curve is associated with inter-particle or inter-packet slippage and would 

produce plastic volumetric strain (mechanical behaviour) but no plastic change of 

degree of saturation. Yielding on the SD or SI yield curves is associated with flooding 
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or emptying of voids with water and would generate plastic change of degree of 

saturation (water retention behaviour) but no plastic volumetric strain. 

 

Figure 3-9 Yield curves for isotropic stress states (Wheeler et al., 2003)       

For a given configuration of the soil particles, the value of Bishop’s stress required to 

cause inter-particle or inter-aggregate slippage is influenced solely by the stabilizing 

effect of the meniscus water bridges. It is assumed that this stabilizing effect is 

dependent only on the number of inter-particle contacts surrounded by meniscus water 

bridges and is independent of the suction (or modified suction) within these water 

bridges (see Section 2.3). As a consequence, the LC yield curve takes the form of a 

straight vertical line in the ** : ps  plane (no influence of *s on yielding), but the 

position of the LC yield curve is affected by the occurrence of any plastic changes of 

degree of saturation (arising due to yielding on the SI or SD curves), corresponding to 

emptying or flooding of voids with water (increasing or decreasing the number of 

meniscus water bridges). As a result, any yielding on SI or SD curves causes a coupled 

outward or inward movement of the LC yield curve respectively. There is no plastic 

volumetric strain associated with this coupled outward movement of the LC yield 

curve (because no inter-particle or inter-aggregate slippage is occurring); only direct 

yielding on the LC curve causes plastic volumetric strain. 
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 With a particular set of voids filled with water, and the remainder filled with air, it is 

assumed that the values of modified suction *s  required to cause either emptying of 

further voids of water (during drying) or filling of further voids with water (during 

wetting) are dependent solely on the packing arrangement of the soil particles (which 

determines the dimensions of the voids and of the connecting passageways between 

voids). It is further assumed that this packing arrangement is unaffected by elastic 

volumetric strains caused by any changes of mean Bishop’s stress *p , and is 

influenced solely by plastic volumetric strains (arising from yielding on the LC yield 

curve). As a consequence, the SI and SD yield curves are straight horizontal lines in 

the ** : ps plane (no influence of *p  and hence elastic volumetric strains on water 

retention behaviour), but any yielding on the LC curve causes coupled upward 

movements of the SI and SD yield curves (as the void dimensions reduce during 

plastic volumetric straining). There are no plastic changes of degree of saturation 

associated with these coupled movements of the SI and SD yield curves (because no 

emptying or flooding of voids with water is occurring); only direct yielding on the SI 

or SD curve causes a plastic change of degree of saturation. 

For stress points lying at the corner between the LC and SI yield curves, four possible 

types of behaviour can occur, depending on the direction of the stress path: elastic 

unloading; yielding on only the LC curve; yielding on only the SI curve; and 

simultaneous yielding on both LC and SI curves (with plastic volumetric strains and 

plastic decreases of degree of saturation both occurring). Similar possibilities exist for 

stress points lying at the corner between the LC and SD yield curves. For example, the 

occurrence of collapse compression during a wetting path corresponds to simultaneous 

yielding on LC and SD curves, with the stress point at the corner between the two 

curves. 

3.6.2 Illustrative model for isotropic stress states 

Wheeler et al., (2003) presented a possible mathematical model for isotropic stress 

states, as an example of how their conceptual framework could be used. Figure 3-10 

shows the proposed water retention model. It can be seen that the air entry was 

assumed to occur in correspondence of the main wetting curve rather than main drying 
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curve contrasting experimental evidence. However, this particular assumption was 

made in order to avoid the prediction of irreversible changes rS  in the elastic domain.  

Within the proposed model, elastic volumetric strains and elastic changes of degree of 

saturation are given by: 

*

*d
d
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pe
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κε =  (3-3) 
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s
S se

r

κ
−=  (3-4) 

where κ  and sκ are two elastic constants. The parameter sκ  gives the gradient of 

elastic scanning curves in the water retention plot of rS  against the natural logarithm 

of *s  (see Figure 3-10). A key assumption is that elastic volumetric strains depend 

solely on changes of *p and elastic changes of degree of saturation depend solely on 

changes of*s . This type of elastic uncoupling is not possible in models expressed in 

terms of net stress and suction (such as the BBM). 

 

Figure 3-10 Water retention model without any influence of mechanical behaviour (Wheeler, 
Sharma & Buisson 2003) 
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Yielding on the LC yield curve alone would produce a plastic increment of volumetric 

strain as follows:  

*
0

*
0d)(

d
vp

pp
v

κλε −
=  (3-5) 

where λ  the conventional gradient of the saturated normal compression line and *0p  is 

mean Bishop’s stress on the LC yield curve (see Figure 3-9). 

The occurrence of plastic volumetric strain during yielding on the LC yield curve 

would reduce the dimensions of voids and of connecting passageways between voids 

and would therefore increase the suctions required for flooding or emptying of voids 

with water. This is represented by coupled upward movements of the SD and SI yield 

curves, given by the following equation: 
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where 2k  is a coupling parameter. An associated flow rule was assumed on the LC 

yield curve: 

0
d

dSp
r =
p
vε

 (3-7) 

Yielding on the SI or SD curve alone will produce a plastic change in degree of 

saturation as follows:  
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sλ  defines the (plastic) gradient of the main drying or main wetting curves in the water 

retention plot of rS  against ln ( *s ) (see Figure 3-10). 

The plastic increment of degree of saturation can be thought of as controlling the 

change in number of meniscus water rings, which means a change in stability of inter-
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particle contacts. This is modelled by coupled outward movement of the LC yield 

curve during yielding on the SI curve and coupled inward movement of the LC yield 

curve during yielding on the SD curve. These coupled movements of the LC curve are 

both given by: 
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where, 1k  is a second coupling parameter. An associated flow rule was assumed on the 

SD and SI yield curves: 
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In general, the overall movement of the LC yield curve therefore includes a direct 

component of movement (due to any yielding on the curve), given by Equation 3-5, 

and a coupled component of movement (due to any plastic change of degree of 

saturation), given by Equations 3-9 and 3-8: 
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Similarly, the overall movements of the SD and SI yield curves include a direct 

component (due to any yielding on SD or SI yield curve), given by Equation 3-8, and a 

coupled component of movement (due to any plastic volumetric strain), given by 

Equations 3-6 and 3-5: 
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The general case presented above (see Equations 3-11 and 3-12) includes the 

possibility of both plastic volumetric strains and plastic changes of degree of saturation 

occurring simultaneously. This behaviour corresponds to yielding on SD and LC 

curves simultaneously or SI and LC curves simultaneously, and plastic volumetric 
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strain and plastic changes of degree of saturation can then be expressed by the 

following equations by combining Equations 3-11 and 3-12: 
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The model of Wheeler et al. (2003) can predict, at a qualitative level, observed features 

of mechanical behaviour and water retention behaviour which arise from coupling of 

these two types of behaviour. This includes irreversible volumetric strains during a 

drying stage (see Figure 3-4) and a decrease in the yield stress during isotropic loading 

due to a previous wetting and drying cycle (see Figure 3-3 ) 

The model of Wheeler et al. (2003) was an illustrative example, and still requires: 

• validation of some of the basic assumptions of the modelling framework (e.g. 

uncoupled elastic behaviour, simple shapes of the 3 yield curves (Figure 3-9), 

qualitative forms of coupling relationships and associated flow rules (Equations 

3-7 and 3-10)); 

• enhancement of the water retention model (see Figure 3-10) to better reflect  real 

soil behaviour (e.g. by introducing a bounding surface plasticity formulation); 

• validation of the specific forms of elastic relationships (Equations 3-3 and 3-4), 

hardening laws (Equations 3-5 and 3-8) and coupling relationships (Equations 

3-6 and 3-9); 

• extension of the model to triaxial stress states. 

3.6.3 Extension of Wheeler et al. (2003) model to triaxial stress states 

The illustrative constitutive model presented by Wheeler et al. (2003) was limited to 

isotropic stress states. In this section, a possible form of extension of the model to 

triaxial stress states is proposed i.e. incorporating the role of deviator stressq , 

including the shear strength behaviour. 
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Unlike volume change behaviour, shear strength of unsaturated soils can be 

exclusively related to a single stress state variable with reasonable accuracy (Bishop & 

Blight, 1963). Several proposals have been made for such a stress state variable, 

mostly modifying the Bishop’s stress by replacing degree of saturation with suitable 

material parameters. Khalili & Khabbaz (1998) showed that shear strength of 

unsaturated soils can be adequately related to a stress variable similar to Bishop’s 

stress, but with a power function in terms of suction and air entry value in place of rS . 

Tarantino (2007), on the other hand, suggested that a component ofrS with respect to 

macro-voids instead of total rS  can be employed in the stress variable used for shear 

strength behaviour. However, several authors argue that Bishop’s stress (without 

modification) is sufficient to describe the variation of shear strength of some soils (e.g. 

Nuth & Laloui, 2007 and Gallipoli et al., 2008).  

 

Figure 3-11 Critical state values of q for compacted speswhite kaolin plotted against mean 
Bishop’s stress for Sivakumar (1993) and Wheeler & Sivakumar (2000) experimental test 
data (Gallipoli et al., 2008) 

Figure 3-11 shows critical state values of deviator stress q  plotted against mean 

Bishop’s stress *p  for the experimental data on compacted speswhite kaolin of 

Sivakumar (1993) and Wheeler & Sivakumar (2000) (re-plotted by Gallipoli et al., 

2008). The results cover suctions ranging from zero to 300 kPa, and re-plotted in this 
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way they can be approximated by a unique critical state line of gradient 72.0=M . 

Closer inspection of Figure 3-11, however, suggests that the critical state relationship 

between q  and *p  may not be entirely unique, as there is a small but consistent trend 

with variation of suction, with the saturated data points lying at the top of the range 

and the highest suction data points lying at the bottom of the range. 

Figure 3-12 shows equivalent critical state data for the compacted Barcelona clayey silt 

tested by Barrera (2002) (also re-plotted by Gallipoli et al., 2008). Again a unique 

critical state line between q  and *p seems a reasonable approximation. In contrast 

with Figure 3-11, the saturated test data in Figure 3-12 appear to lie at the bottom of 

the range of experimental data. It is, however difficult to conclude whether there is any 

consistent trend of the influence of suction in Figure 3-12, because of the limited 

number of data points. 

 

Figure 3-12 Critical state values of q for compacted Barcelona clayey silt plotted against 
mean Bishop’s stress for Barrera (2002) experimental test data (Gallipoli et al., 2008) 

With the experimental evidence shown in Figure 3-11 and Figure 3-12, the simplest 

extension of the LC yield curve of Wheeler et al. (2003) to include the role of deviator 

stress is to assume that constant *s cross-sections of the LC yield surface form 
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elliptical yield curves in the *: pq  plane, as shown in Figure 3-13. The yield curve in 

the *: pq  plane is identical to the Modified Cam Clay yield curve for saturated soil i.e. 

an ellipse of aspect ratio *M  passing through the origin and intersecting the *p  axis at 

the isotropic yield stress*
0p . The aspect ratio *M is constant, independent of the value 

of modified suction *s , or of the size of the yield curve (i.e. it does not vary with *
0p ). 

The fact that all elliptical yield curves pass through the origin differs from the 

suggestion of Wheeler et al. (2003), who presented a diagram showing an elliptical 

yield curve spanning to negative values of*p . 

 

Figure 3-13 proposed constant *s  cross-section of LC yield surface 

Three different yield surfaces can now be visualized in ** :: spq  space, as shown in 

Figure 3-14. The equation representing the LC yield surface is given by: 

0)( **
0

**2 =−− pppMq  (3-15) 

Both SI and SD yield surfaces are assumed to be  vertical planes in ** :: spq  space, 

(i.e. the yield values of *s  on the SI and SD yield surfaces are assumed to be 

independent of deviator stress q  as well as *p ), and given respectively by: 
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**
Dss =  (3-17) 

Inside these yield surfaces (i.e. LC, SD and SI yield surfaces), the behaviour of the soil 

is assumed to be elastic. The relationships for elastic volumetric strain and elastic 

changes of degree of saturation have already been defined in Section 3.6.2 (see 

Equations 3-3 and 3-4). The elastic shear strain can be determined by the following 

equation: 

G

dq
d e

s 3
=ε  (3-18)  

where  G  is the elastic shear modulus.  

 

Figure 3-14 Proposed yield surfaces for anisotropic stress states  

Two possible forms of flow rule on the LC yield surface are proposed i.e. associated 

and non-associated flow rules. The associated flow rule is given by: 
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0=p
rdS  (3-20) 

where *
*

p
q=η   

The non-associated flow rule is given by: 
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where α  is a constant given by Alonso et al., (1990) to match experimental 0K stress 

ratio for saturated soils: 
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Either of these flow rules is associated at the apex of the elliptical yield curve in the 

*: pq  plane (see Figure 3-13). This corresponds to a critical state point in the 

*: pq plane. The critical state line is then given by: 

** pMq =  (3-24) 

The above critical state line equation is proposed based on the experimental evidence, 

including experimental data in Figure 3-11 and Figure 3-12. However, the author 

acknowledges that this proposal may not be appropriate for a wide range of soils. 

Flow rules on the SI and SD yield surfaces are still given by Equation 3-10 (i.e. an 

associated flow rule). The hardening laws and coupling relationships are also 

unchanged and, given by Equations 3-11 to 3-14. 

A simulations code was developed at stress point level for the Wheeler et al. (2003) 

model, using Matlab software. The simultaneous incremental equations which must be 

solved for increments of stress, strain and degree of saturation are presented in the 
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Appendix, together with the algorithms employed in the Matlab coding in order to run 

simulations for required stress paths. 
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CHAPTER 4                                                            

NEW BOUNDING SURFACE PLASTICITY MODELS 

FOR UNSATURATED SOILS 

This chapter contains two major sections. In first section the limitations of classical 

elasto-plasticity in representing the mechanical behaviour and water retention 

behaviour of saturated and unsaturated soils are first discussed, with the help of some 

experimental evidence from the literature. The idea of bounding surface plasticity and 

some modelling approaches using this concept are then presented, in order to 

demonstrate certain advantages of bounding surface plasticity modelling over classical 

elasto-plasticity. The second section covers the proposal of new bounding surface 

plasticity models for water retention behaviour and a new bounding surface plasticity 

version of the Wheeler et al. (2003) model.  

4.1 LIMITATIONS OF CLASSICAL ELASTO-PLASTICITY  

Incremental responses of internal variable such as volumetric strain and degree of 

saturation with the changes of stresses are accommodated in a classical elasto-

plasticity mechanical model with the following ingredients: (1) elastic response; (2) 

yield curves; (3) flow rule or plastic potential and (4) hardening rules. Most of the 

mechanical constitutive models for both saturated and unsaturated soils are based on 

classical elasto-plasticity, because of its simple concept, efficiency (in terms of number 

of parameters) and relative accuracy of modelling the behaviour of soils.  

The Modified Cam Clay model for saturated clayey soils and the BBM for unsaturated 

moderate plasticity soils are some examples of mechanical models formulated on the 

basis of classical elasto-plasticity. Critical states, volumetric strain and shear strain of 

normally consolidated soils have been shown to be satisfactorily predicted by these 

classical elasto-plastic models. However, the basic assumption that behaviour inside 

the yield curve is elastic, leads the models to unrealistically predict some features of 

mechanical behaviour of soils. 
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Similarly, a few researchers modelled water retention behaviour in unsaturated soils as 

an elasto-plastic process (e.g. Wheeler et al., 2003). Unlike mechanical behaviour, the 

elasto-plastic approach does not provide a reasonable representation of the basic 

features of water retention behaviour, in particular the forms of scanning curves cannot 

be well represented. The drawbacks of classical elasto-plastic modelling are discussed 

here with respect to mechanical behaviour and water retention behaviour. 

4.1.1 Mechanical behaviour 

In contrast to the assumption made in classical elasto-plasticity, the real stress-strain 

behaviour of soils exhibits highly complex features during some specific stress paths. 

These features of behaviour include the gradual onset of plastic strains during yielding, 

highly non-linear stress-strain behaviour even at small strains, dependence of stiffness 

on changes of stress path direction and the stress-strain behaviour during cyclic 

loading. These features are discussed in detail in the following sub-sections. 

4.1.1.a Yielding characteristics 

A classical elasto-plasticity model predicts sudden onset of plastic strains, with a sharp 

discontinuity of stiffness at yield points. However, in reality, the onset of plastic strains 

is generally more gradual, leading to a progressive change in the stiffness.  This feature 

of behaviour (i.e. gradual change in stiffness near the yield stress) can be partially 

captured by multiple yield surface models (e.g. Prevost, 1977 &1978 and Mroz et al., 

1978). Bounding surface plasticity is however an ideal method to capture this feature 

of behaviour (e.g. Dafalias and Herrmann, 1982 and Al-Tabbaa, 1987). This will be 

discussed further in Section 4.2. 

4.1.1.b Non-linear stress-strain behaviour 

Several researchers, including Jardine et al. (1985) and Burland (1989), reported non-

linear stress-strain behaviour of soil during the very early stage of loading. The 

variation of stiffness with stress or strain can be identified based on the range of strain 

the soil is subjected to (Atkinson & Sallfors, 1991) or based on stress space by having 

different zones (e.g. Jardine, 1985 & 1992). The non-linear stress-strain behaviour at 

small strains cannot be predicted by a classical elasto-plastic model, as linear elastic 

behaviour (at least for shear straining) is usually assumed within the yield surface. 
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Non-linear stress-strain behaviour at small strain levels can be tackled, to a degree, by 

incorporating non-linear elastic behaviour in a classical elasto-plastic model (e.g. 

Jardine et al., 1986 &1991). However, in order to reproduce the non-linear stress-strain 

behaviour for the full range of strain, the concept of multi-yield surface models (e.g. 

Puzrin & Burland, 1998) or bounding surface plasticity models may be necessary.  

4.1.1.c Dependence of stiffness on recent stress history or stress path direction 

Several researchers, such as Atkinson et al. (1990) and Clayton & Heymann (2001), 

reported dependence of stiffness on the recent stress history, particularly at small strain 

levels (i.e. inside the “yield surface” of classical elasto-plasticity).  The highest 

stiffness is reported after 1800 changes in stress path direction in the pq ′: plane and 

the lowest after no change of stress path direction (e.g.  Atkinson et al. 1990).  This is 

known as dependency of stiffness on “recent stress history”. 

In order to incorporate these features into a constitutive model, a kinematic hardening 

model (e.g. multiple-yield surface model) is required. A basic bounding surface 

plasticity model (without kinematic hardening) can also solve this problem partially. 

However, inner kinematic surfaces are necessary for a comprehensive representation of 

recent stress history effects, even for a bounding surface plasticity model. 

4.1.1.d Behaviour during cyclic stress paths 

Cyclic loading on a soil typically produces plastic straining over many cycles and the 

progressive accumulations of strain. After many cycles the soil may either reach a 

stable elastic or plastic “shakedown” condition (converging to a fixed elastic or 

hysteretic loop) or strains may increase at an accelerating rate until shear failure  

(“ratchetting”) occurs (Collins &  Boulbibane, 2000). The latter case can also 

sometimes be associated with “liquefaction” in undrained condition due to the increase 

in excess pore pressures. 

A classical elasto-plastic model cannot describe the behaviour mentioned above during 

cyclic loading. Models based on classical elasto-plasticity would always predict 

reversible behaviour during a loading and unloading cycle as the stress point would be 

inside the yield surfaces. A bounding surface plasticity model can naturally incorporate 

most of the features of behaviour during cyclic loading.  
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4.1.2 Water retention behaviour 

 Unlike mechanical behaviour, even the basic water retention behaviour in unsaturated 

soils can not be satisfactorily modelled with classical elasto-plasticity due to the 

complex variation of water content or degree of saturation with stress state variables 

(see Figure 2-15). This section describes four main aspects of water retention 

behaviour that can not be satisfactorily modelled by the classical elasto-plasticity 

approach. These are the gradual change in the gradient when a scanning curve 

approaches the main wetting curve or the main drying curve, highly non-linear 

behaviour for almost the full range of degree of saturation, dependency on the recent 

stress history or changes of stress path direction and the behaviour during cycles of 

wetting and drying. 

4.1.2.a Re-joining of scanning curves with main wetting/drying curve 

During a wetting or a drying stage, the scanning curves gradually re-join the main 

wetting or main drying curve respectively. A classical elasto-plastic water retention 

model, such as Wheeler et al. (2003), would predict  sharp discontinuities of gradient 

as the scanning curves re-join main wetting or drying curves, whereas the transition is 

actually a gradual process  (e.g. Liu & Muraleetharan, 2006) . A bounding surface 

plasticity model can naturally incorporate this feature of behaviour. 

4.1.2.b Non-linear water retention behaviour 

The water retention curves are often observed to be highly non-linear for the full range 

of degree of saturation or water content. A linear representation of degree of 

saturation/water content against suction by a classical elasto-plastic model would 

therefore be rather unrealistic. However, at the expense of some additional complexity, 

non-linear elasto-plastic models can capture this feature of behaviour. A bounding 

surface plasticity model on the other hand would generally capture the non-linearity 

with relatively manageable complexity. 

4.1.2.c Dependency on recent stress history or stress path direction 

The gradients of scanning curves are actually dependent on suction reversals and 

recent stress history. It is often observed that upon a suction reversal the scanning 

curves exhibit a stiffer response (e.g. Liu & Muraleetharan 2006). A classical elasto-
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plastic model can not take into account the recent stress history. A kinematic hardening 

model based on elasto-plasticity or bounding surface plasticity is required to capture 

this feature of behaviour.  

4.1.2.d Behaviour during cycles of wetting and drying 

During cyclic wetting and drying (over a fixed suction range) an elasto-plastic model 

would predict either elastic behaviour or a closed elasto-plastic loop (e.g. Wheeler et 

al., 2003), whereas in reality, scanning curve development actually shows progressive  

changes of rS  over many cycles. A bounding surface plasticity model can naturally 

predict this type of behaviour.  

4.2 BOUNDING SURFACE PLASTICITY 

As mentioned in Section 4.1, classical elasto-plasticity has proved to be simple and 

reasonably accurate for modelling the mechanical behaviour of soils. However, in 

reality, there is no sharp boundary (as assumed in classical elasto-plasticity) to separate 

elastic behaviour and elasto-plastic behaviour, rather plastic increments of strain 

variables almost always occur (even though plastic strain components may be very 

small in some cases) whenever there are changes in stress state variables. Several 

approaches, including generalized plasticity (Zienkiewicz and Mróz, 1984 and Pastor 

et al., 1990), multiple-yield surface models (e.g. Mroz et al., 1978 and Puzrin & 

Burland, 1998) and bounding surface plasticity (e.g. Dafalias & Herrmann, 1982 and 

Russell and Khalili, 2004) have been proposed to tackle this issue in modelling 

mechanical behaviour of soils. In particular, these different approaches, such as 

bounding surface plasticity, are much better at representing behaviour during cyclic 

loading than a classical elasto-plastic model.  

4.2.1 Introduction 

The theory of bounding surface plasticity is based on the assumption that a smooth 

transition occurs between elastic and elasto-plastic behaviour, which can be modelled 

by a gradual change in plastic modulus when the stress path approaches a bounding 

surface. A bounding surface plasticity model was first introduced by Dafalias (1975) 

for mechanical behaviour of metals. It was then extended to the modelling of 

mechanical behaviour of saturated soils by Dafalias & Hermann (1982). In bounding 
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surface plasticity models, the conventional yield surface is replaced by a bounding 

surface. If the stress point is moving towards the bounding surface, plastic strains 

occur. The plastic strains can be calculated by suitable hardening and flow rules by 

considering the relationship between the current stress point and a corresponding 

image stress point on the bounding surface.  

As an illustration, Figure 4-1 and Figure 4-2 show two possible bounding surface 

plasticity versions of the Modified Cam Clay model for saturated soils (difference 

between them will be discussed in the next paragraph).  The current stress point C  is 

indicated in the pq ′:  plane. The current stress point always lies inside a curve named 

the “bounding curve” (elliptical curve of continuous line in Figure 4-1 and Figure 4-2), 

which replaces the yield curve of conventional elasto-plastic models. A “loading 

curve” (elliptical curve of discontinuous line) can be constructed through the current 

stress point C , having the same shape as the bounding curve. The loading curve 

separates stress path directions moving towards the bounding curve (i.e. loading paths 

involving occurrence of plastic strains)  from stress path directions moving away from 

bounding curve (elastic unloading). An “image stress point” C  on the bounding curve 

is defined such that the direction of the outward normal to bounding curve at point C  

is the same as the direction of the outward normal to the loading curve at point C  (i.e. 

the image stress point is a conjugate point on the bounding curve to the current stress 

point on the loading curve). 

In Figure 4-1, the “projection point” is defined as a fixed point (in this case, the origin 

in pq ′:  plot) and indicated by letterO .  Alternatively, the version of bounding surface 

plasticity model shown in Figure 4-2 has the projection point defined as a variable 

point based on last stress reversal. During the initial loading path AO − , the projection 

point is at the origin in the pq ′:  plot. However, the unloading stage BA− alters the 

position of the projection point. During a loading stage (e.g. stage CB − ) from stress 

point B , the projection point would move along a curve (with same shape as the 

bounding curve), called the “projection curve” in such a way that the direction of 

outward normal to the loading curve would be equal to that  to the projection curve at 

point cO (current projection point). These two different approaches to defining the 
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projection point have their own advantages and drawbacks. These will be explained in 

detail in the next section. 

 

Figure 4-1 A typical bounding surface plasticity version of MCC with projection point fixed 
at origin 

 

Figure 4-2 A typical bounding surface plasticity version of MCC with projection point based 
on last stress reversal point 

 A hardening rule, to calculate the plastic modulus at the current stress point, can be 

obtained in terms of δ  (the distance between the current stress point C  and the image 

stress point C ), 0δ  (the distance between the projection point O  and the image stress 

point C ), the plastic modulus on the bounding curve and material parameters, in such 

a way that plastic modulus decreases smoothly from infinity at the projection point to a 
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limiting value on the bounding curve at the image stress point. Any occurrence of 

plastic strain, caused by movement of the current stress point towards the bounding 

curve, would produce a corresponding movement in the bounding curve. The 

movement of the current stress point and the image stress point would be such that if 

yielding were to continue indefinitely both points would coincide. This mechanism 

ensures a gradual change of plastic modulus as the current stress point approaches the 

bounding curve. 

Several researchers proposed bounding surface plasticity models for the mechanical 

behaviour of saturated soils (e.g. Dafalias & Hermann, 1982, Bardet 1986, Whittle, 

1993, Borja and Amies, 1994, Russell and Khalili, 2004, Khalili et al., 2005). Most of 

these models were proposed specifically in order to model the behaviour during cyclic 

loading. Bounding surface plasticity modelling of mechanical behaviour has recently 

been extended to unsaturated soils by Datcheva et al. (2003), Russell and Khalili 

(2006) and Yang et al., (2008). 

4.2.2 Drawbacks of basic bounding surface plasticity models 

Even though bounding surface plasticity is able to incorporate several features of soil 

behaviour that can not be accommodated by classical elasto-plasticity, it does however 

have some drawbacks. One of the disadvantages of basic bounding surface plasticity 

models is that the predictions during unloading-reloading or abrupt change in stress 

path direction have been found to be rather unrealistic, particularly for models which 

use a fixed projection point regardless of stress reversal.  

For example, consider the behaviour of soil in the εσ :  plane for cycles of unloading-

reloading, with the real behaviour of soil shown in Figure 4-3a and prediction by a 

basic bounding surface plasticity model with a fixed projection point shown in Figure 

4-3b. During the stress path BA−  the real behaviour of soil shows plastic components 

of strain. During the subsequent unloading and re-loading cycles 

HGFEDCB −−−−−−  two features of behaviour can be identified in real soil 

behaviour: (a) elasto-plastic response during unloading stages (though it can be very 

small); (b) a stiff response immediately following any stress reversals. These two 

features leads to a hysteresis behaviour shown in Figure 4-3a (a partially closed 

hysteretic loop). In contrast, a basic bounding surface plasticity model with a fixed 
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projection point would unrealistically predict an open hysteretic loop as shown in 

Figure 4-3b. The second of these two features of real soil behaviour can be 

incorporated into a bounding surface plasticity model either by defining the projection 

point based on the last stress reversal (see Figure 4-2) or by introducing an elastic 

bubble within which the behaviour is fully elastic (e.g. Al-Tabbaa & Muir Wood, 

1989). On the other hand, the first feature (plastic straining during unloading) cannot 

be incorporated into a basic bounding surface plasticity model by the choice of 

projection point; rather the model should be modified to incorporate plastic strains 

during unloading.    

 

 

Figure 4-3 Unloading-reloading response (a) real soil behaviour, (b) basic bounding surface 
model prediction 

Forms of models have been proposed by several researchers in order to incorporate the 

behaviour shown in Figure 4-3a. This includes the approach adopted by Whittle 

(1993), who combined a perfect hysteretic loop (Hueckel & Nova, 1979) within 

bounding surface plasticity (see in Figure 4-4). An alternative approach involves the 

introduction of several kinematic surfaces inside the bounding surface by researchers 

such as Mroz et al. (1979), Hashiguchi (1985) Al-Tabbaa & Muir Wood (1989) and 

Stallebrass & Taylor (1997). 
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Figure 4-4 Modelling the behaviour of saturated soil for unloading-reloading isotropic stress 
path in MIT-E3 model: (a) perfect hysteresis; (b) hysteresis and bounding surface plasticity 
(Whittle, 1993) 

The bounding surface plasticity models which characterize last stress reversal as the 

projection point can also encounter specific problems during small unloading-

reloading fluctuations. For example, consider a monotonic loading stress path, which 

produces plastic straining. If an extremely small stress reversal occurs before 

continuing the same (previous) stress path, in reality, this small stress reversal will not 

produce any significant influence on the subsequent behaviour of the soil during re-

loading. However, a basic bounding surface plasticity model having a projection point 

based on last stress reversal can give a different behaviour as the point of projection 

will be translated to a new position at the end of the last stress reversal. These tiny 

stress reversals would lead to unrealistic predictions in a finite element program, as 

there will always be small fluctuations in the stresses in a finite element program 

because of numerical errors. This issue can be solved again by incorporating internal 

yield surface(s) (or “bubbles”). 

Elastic bubbles within the bounding surface were proposed by several researchers, 

such as Mroz et al. (1979), Hashiguchi (1985) and Al-Tabbaa & Muir Wood (1989). In 

this type of framework, the behaviour of soil is assumed to be elastic within the bubble 

and plastic strain starts to occur as soon as the stress point engages on the boundary of 

the elastic bubble, which is translated with movement of the stress point towards the 

bounding surface.  
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A single bubble kinematic yield surface discussed above is sufficient to describe the 

“immediate stress history” at small strain level. However, for complex stress paths 

such as cycles of loading and unloading, an additional kinematic surface is required 

between the elastic bubble and the bounding surface, to represent the hysteresis 

produced during past history (e.g. Atkinson & Stallebrass, 1991). 

The main disadvantage of the kinematic hardening models is that mathematical 

formulation is relatively complex, requiring large numbers of hardening parameters, 

leading to relatively time consuming computation. 

In the following sections, models based on basic bounding surface plasticity will be 

proposed first for water retention behaviour (see Section 4.3) then for fully coupled 

mechanical-water retention behaviour as an extension of the Wheeler et al. (2003) 

model (Section 4.4). No attempt will be made to incorporate internal kinematic 

surfaces within the models for the sake of simplicity.  

4.3 DEVELOPMENT OF BOUNDING SURFACE W ATER RETENTION 

MODELS  

4.3.1 Previous research 

Several authors have modelled water retention behaviour using bounding surface 

plasticity in the recent past.  Li (2005) proposed a water retention model based on 

bounding surface plasticity in order to capture the hysteretic water retention behaviour 

of unsaturated soils in the sSr :  plane. Figure 4-5 illustrates the formulation of the 

model. The model includes two bounding retention curves: a bounding drying curve 

and a bounding wetting curve. During increase of suction, on a drying path, at point 

P , the plastic changes of rS  are related to the plastic changes that would take place at 

an image point PI  on the bounding drying retention curve. This relationship involves 

the distance between  PI  and P  and the distance between PI  and the projection point 

PO  which corresponds to the last suction reversal. Conversely, during decrease of 

suction on a wetting path at pointQ , the image point is on the bounding wetting 

retention curve at QI  and the projection point is at the last suction reversal QO . Any 

suitable forms can be incorporated for the shapes of the bounding retention curves (e.g. 
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the equation proposed by Fredlund and Xing (1994). Li (2005) also suggested various 

refinements that could be incorporated within his bounding surface plasticity model 

(e.g. a threshold distance within which wetting/drying processes are completely 

reversible). 

 

Figure 4-5 Bounding surface water retention model of Li (2005) 

Liu and Muraleetharan (2006) proposed an alternative bounding surface plasticity 

model for water retention behaviour. The model is similar to that proposed by Li 

(2005) by taking the projection point as the last stress reversal and having a similar 

hardening rule. However, the model by Liu and Muraleetharan (2006) incorporated 

elastic behaviour while elastic behaviour was ignored in the Li (2005) model. The 

model was calibrated and validated against test results from Ottawa sand for several 

wetting and drying processes, including main wetting and drying curves. 

4.3.2 Development of a new bounding surface plasticity model for rigid soils 

A new water retention model based on bounding surface plasticity is presented here, 

initially for rigid soils and then extended to deformable soils. The model is presented 

here in terms of the modified suction variable *s  (defined in Equation 3-2), rather than 

suction s. This is so that the model can subsequently be developed to a fully coupled 

mechanical-water retention model i.e. a bounding surface plasticity version of the 

Wheeler et al. (2003) model (see Section 4.4). However, if the bounding surface 
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plasticity water retention models described in Sections 4.3.2 and 4.3.3 are to be used in 

combination with a conventional mechanical model for unsaturated soils employing 

net stresses and suction (such as the BBM), then *s  can simply be replaced by s. 

Figure 4-6 illustrates the formulation of the new bounding surface plasticity model for 

water retention behaviour. Suction Increase (SI) and Suction Decrease (SD) yield 

curves proposed by Wheeler et al. (2003) in the ** : ps plane are now replaced by 

corresponding bounding curves. A straight line traced through the current stress point 

is termed a wetting/drying line, and separates stress path directions considered as 

wetting (approaching the SD bounding curve) from stress path directions considered as 

drying (approaching the SI bounding curve). Plastic changes of degree of saturation 

occur as soon as current stress point moves towards either of the bounding curves, and 

if a decrease or increase in suction continues indefinitely the wetting/drying line will 

asymptotically approach the SD or SI bounding curve, representing a scanning 

retention curve joining a bounding wetting or drying retention curve. 

 

Figure 4-6 SI and SD bounding curves for water retention behaviour 

4.3.2.a A simple water retention model (analogous to Wheeler et al., 2003) 

Wheeler et al. (2003) proposed a simple water retention model based on elasto-

plasticity (see Section 3.6.2) in which a linear variation of rS  was assumed with the 
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logarithm of modified suction*s . An analogous water retention model is presented 

here but with bounding surface plasticity. The equation for elastic changes of degree of 

saturation is unchanged and given by: 

*

*

s

ds
dS s

e
r κ=−  (4-1) 

where sκ  is the gradient of the elastic part of a water retention curve in the *ln: sSr  

plot.  The plastic changes of degree of saturation on the bounding retention curve can 

be given by: 

( )
*

*

s

ds
dS ss

p
r κλ −=−  (4-2) 

The changes in degree of saturation, when on one of the two bounding retention 

curves, can then be given by adding elastic and plastic component of changes of degree 

of saturation and given by: 

*

*

s

ds
dS sr λ=−  (4-3) 

where sλ  is the gradient of the wetting/drying bounding retention curves in the 

*ln: sSr  plot. The plastic changes of degree of saturation on a scanning retention 

curve can be obtained by scaling down the right hand side of Equation 4-2 with a 

scaling function sR , and given by: 

( )
*

*

s

ds
RdS sss

p
r κλ −=−  (4-4) 

The expressions for the scaling function sR  are given by: 
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The exponent g  is a material parameter (an additional soil constant) which takes a 

positive value greater than 1. Equation 4-5 shows that the scaling function sR  takes a 

positive value less than 1 for drying stress paths moving towards the SI bounding 

curve ( 0* >ds ), with sR  approaching 1 as **
Iss approaches 1 (i.e. plastic decreases 

of degree of saturation build up as the current stress point approaches the SI bounding 

curve). Equation 4-6 shows that sR  also takes a positive value less than 1 for wetting 

stress paths moving towards the SD bounding curve ( 0* <ds ), with Rs approaching 1 

as ** ssD  approaches 1 (i.e. plastic increases of degree of saturation build up as the 

current stress point approaches the SD bounding curve).    

The movements of the SI and SD bounding curves are then given by rearranging 

Equation 4-2: 

( )ss

p
r

D

D

I

I dS

s

ds

s

ds

κλ −
−

==
*

*

*

*

 (4-7) 

This equation is necessary in order to update the positions of the bounding curves, so 

that it is possible to calculate the new value of the scaling function sR  for the next 

increment of *s .  

Equations 4-5 and 4-6 imply that the projection point is located at 0* =s  during 

drying paths and at ∞=*s  during wetting paths. The location of project point during 

wetting path is not straightforward as in the case of drying path. However, from the 

fact that the value of sR  should be zero when current stress point is located at 

projection point, the Equation 4-6 implies that the projection point should be located at 

∞=*s .  In both cases, this corresponds to a fixed projection point, rather than a 

projection point at the last stress reversal, as employed in the bounding surface 

plasticity retention model of Li (2005) (see Section 4.3.1). This type of formulation has 

certain advantages and disadvantages. For example, unlike a bounding surface 
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plasticity model with the projection point based on last stress reversal, the model 

described here, with a fixed projection point, does not predict unrealistic behaviour for 

small fluctuations (reversals) of stress during an essentially monotonic loading stage, 

as explained in Section 4.2.2. On the other hand, the behaviour predicted by this model 

with a fixed projection point is independent of recent stress history, which is 

unrealistic.  

 Figure 4-7 shows simulations from the model assuming linear bounding retention 

curves in a semi-logarithmic plot. For the simulations shown in Figure 4-7, elastic 

changes of rS  have been ignored ( 0=sκ ) and a value of 1 has been assumed for the 

soil constantg .  

 

Figure 4-7 Model simulations with linear bounding retention curves on semi-logarithmic plot 

One of the main advantages achieved by employing bounding surface plasticity is a 

more realistic prediction of scanning curves, which are rather unrealistically predicted 

as an elastic process in the Wheeler et al. (2003) model. In addition, the shape of the 

main drying curve predicted by the bounding surface plasticity model now shows a 

gradual change in gradient from a fully saturated state until the curve reaches the 

bounding drying retention curve i.e. a more realistic main drying curve is predicted, 

even though a very simple linear relationship (on a semi-logarithmic plot) is still 
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assumed for the bounding drying retention curve. However, once the main drying 

curve has reached the bounding drying retention curve, it shows a linear variation of 

degree of saturation rS  with logarithmic value of*s . This limitation arises from the 

fact that a linear relation for bounding retention curves has been proposed in this 

particular formulation. However, it is possible to replace the linear bounding retention 

curves with more realistic forms of bounding retention curves, using equations such as 

those proposed by Brooks & Corey (1964) or Van Genuchten (1980). In the next two 

sections (Sections 4.3.2.b and 4.3.2.c), the idea of bounding surface plasticity 

formulation will be extended to more complex forms of bounding retention curves.  

4.3.2.b Inclusion of Brooks & Corey (1964) equation 

In this section a bounding surface plasticity model is presented, with the Brooks & 

Corey (1964) equation employed for the bounding retention curves. The Brooks & 

Corey (1964) equation can be written as: 

asfor
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s
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asforS

br

r
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=
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 (4-8) 

For as > , differentiating the above equation, the changes of degree of saturation on 

one of the two bounding retention curves can be given by: 
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 (4-9) 

where )( bs =λ  gives the gradient of the water retention curve in a *ln:ln sSr  plot (it 

also gives the initial gradient (at 1=rS ) in the conventional *ln: sSr  plot. This 

equation can be compared with Equation 4-3. By analogy, the changes in degree of 

saturation on the bounding retention curves can be divided into elastic and plastic parts 

as given below: 
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On scanning curves, the elastic part is given by Equation 4-10 and the plastic 

component is given by: 
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By re-arranging Equation 4-11 the movement of the SI and SD bounding curves will 

be given by: 
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Figure 4-8 Model simulations with Brooks & Corey (1964) bounding retention curves  

Figure 4-8 shows simulations from the model incorporating the Brooks & Corey 

(1964) equation for the bounding retention curves. For the simulations shown in Figure 

4-8, elastic changes of rS  have been ignored ( 0=sκ ). When compared to linear 
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bounding retention curves (in the semi-logarithmic plot), as described in the previous 

section, a better representation of water retention curves at low degree of saturation is 

predicted (i.e. the gradient of water retention curves gradually reduces to zero at low 

degree of saturation). However, during a wetting path, the model predicts a monotonic 

increase in the gradient of the curve which does not agree with most experimental 

observations, where the gradient decreases with reducing suction at high degree of 

saturation (in a semi-logarithmic plot). This particular issue can be resolved by 

incorporating a more realistic equation for the bounding retention curves, such as Van 

Genuchten (1980). 

4.3.2.c Inclusion of Van Genuchten (1980) Equation 

The Van Genuchten (1980) equation for bounding retention curves can be written as: 

mn
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s
S





















+
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1
 (4-14) 

where the parameters a , n  and m  are related to the air entry value, the gradient of the 

water retention curve and the asymmetric shape of the curve respectively.  By 

differentiating the above equation the changes of rS  along a bounding retention curve 

can be given by: 
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 (4-15) 

where ns =λ . This equation can be compared with Equation 4-3. By analogy, the 

changes in degree of saturation along a bounding retention curve can be divided into 

elastic and plastic parts as given below: 
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On scanning curves, the elastic part is given by Equation 4-16 and the plastic 

component is given by: 

( ) ( )
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 (4-18) 

By re-arranging Equation 4-17 the movement of SI and SD bounding curve will be 

given by: 
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Figure 4-9 shows simulations from the model incorporating the Van Genuchten (1980) 

equation for bounding retention curves. For the simulations shown in Figure 4-9, 

elastic changes of rS  have been ignored ( 0=sκ ) and 1=m . It can be seen that the 

main wetting/drying curves are virtually indistinguishable from the bounding 

wetting/drying retention curves.  Main wetting/drying curves and scanning curves are 

predicted more realistically than in the previous cases which employed linear or 

Brooks & Corey (1964) equation for the bounding retention curves.  

 

Figure 4-9 Model simulations with Van Genuchten (1980) bounding retention curves  
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4.3.3 Extension of the model to deformable soils 

As discussed in Section 2.7.1, any change in void ratio would influence the water 

retention behaviour. For example, any compression of the soil would reduce the 

dimensions of the voids and of the connecting passageways between voids, 

subsequently increasing the suction values necessary for air to break through into the 

water-filled voids during drying or for water to flood back into the voids during 

wetting. This has the effect of shifting the main drying and main wetting retention 

curves to higher suctions. This phenomenon has been observed or modelled (in 

quantitative or qualitative fashion) by several researchers, including Gallipoli et al. 

(2003a), Wheeler et al. (2003) , Tarantino & Tombolato (2005) and Sun & Xiang 

(2007). 

Gallipoli et al. (2003a) proposed an equation to describe the water retention behaviour 

of deformable soil, by modifying the Van Genuchten (1980) equation (see Equation 

4-14). Gallipoli et al. (2003a) proposed an equation for the parameter a  as a function 

of specific volume ν, to describe the horizontal shifting of the retention curves during 

volumetric straining as follows: 

*

)1(* ψφ −= va  (4-20) 

where *φ and *ψ  are material parameters. Improved predictions (compared to a state 

surface approach for predicting degree of saturation (see Section 2.7.2.c)) were 

observed against experimental data from Sivakumar (1993). These experimental data 

involved isotropic loading, wetting and shearing, but all involved only wetting from 

the as-compacted suction i.e. no suction reversals and therefore no influence of 

hydraulic hysteresis. 

The bounding surface plasticity water retention model described in the previous 

section can be modified to account for the influence of changing void ratio by 

employing modified Van Genuchten expressions for the bounding retention curves, 

with a  given by Equation 4-20 from Gallipoli et al. (2003a). The elastic changes of rS  

will be given by Equation 4-16 and plastic changes of rS  along bounding retention 

curves and the movement of SI or SD bounding curve is given by: 
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 where eis void ratio. On a scanning curve, the plastic changes of rS  is given by: 
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Different equations for bounding retention curves can be incorporated within this 

bounding surface plasticity model. For example, if the Brooks and Corey (1964) 

equation is employed for bounding retention curve then by analogy with Equation 4-21 

the plastic changes of rS  on the bounding retention curves can be given by: 
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The elastic changes of rS  will be given by the Equation 4-10. Similarly, by analogy 

with Equation 4-22 the plastic changes of rS  on a scanning curve can be given by: 
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Similarly if a linear bounding retention curve (in a semi-logarithmic plot) is employed, 

the elastic changes of rS  can be given by Equation 4-1 and the plastic changes of rS  

along the bounding retention curves will be written as: 
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Subsequently, the expression for plastic changes of rS  along a scanning curve can be 

obtained as below:  
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Figure 4-10 shows the prediction of scanning curves during both wetting and drying 

stages for the bounding surface plasticity model with linear bounding retention curves. 

During drying processPP ′ , a volume reduction occurs (shrinkage) and causes a shift 

of the bounding retention curves to higher suctions (i.e. the bounding drying retention 

curve moves from position 0X  to  2X ), as a consequence of the influence of void ratio 

on the water retention behaviour. The positions of bounding wetting retention curve 

are not shown for clarity.  

Similarly, during wetting stage QQ ′  a collapse compression is assumed to occur. Due 

to this reduction in void ratio, the bounding retention curves are shifted to higher 

suctions (i.e. the bounding wetting retention curves moves from position 0Y  to 2Y ).  

The scanning curve approaches the instantaneous bounding wetting retention curve 

during the wetting process. Once again, the bounding drying retention curve is not 

shown to avoid confusion.   

 

Figure 4-10 Prediction of scanning curves during wetting and drying stages with the 
occurrence of volumetric strain for bounding surface plasticity model (with linear bounding 
retention curves) 
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Using a constitutive model for mechanical behaviour such as the BBM, the proposed 

water retention model for deformable soil can be utilized to predict the water retention 

behaviour with the influence of mechanical behaviour. However, a fully coupled 

analysis which incorporates all the features of coupling can only be achieved with a 

mechanical model which incorporates the influence of degree of saturation on the 

mechanical behaviour (e.g. Wheeler et al. 2003, Gallipoli et al. 2003b or Tamagnini 

2004). In that case, the proposed constitutive equations for water retention behaviour 

and any of the above mechanical constitutive model equations should be solved 

simultaneously. 

4.4 A FULLY COUPLED MECHANICAL-WATER RETENTION MODEL 

In this section, a possible form of inclusion of bounding surface plasticity into the 

Wheeler et al. (2003) fully coupled mechanical-water retention model is presented for 

isotropic stress states. Initially, uncoupled mechanical behaviour (behaviour related to 

the LC curve) is presented using bounding surface plasticity concepts. Subsequently, 

this is combined with the bounding surface plasticity model for uncoupled water 

retention behaviour presented in Section 4.3.2 together with appropriate coupling 

mechanisms between the bounding curves in order to formulate a fully coupled 

bounding surface plasticity mechanical-water retention model for unsaturated soils. 

4.4.1 Uncoupled mechanical behaviour 

In the proposed mechanical model the LC yield curve in the Wheeler et al. (2003) 

model is replaced by an LC bounding curve (see Figure 4-11). Plastic increments of 

volumetric strain occur if the stress point is moving towards the LC bounding curve 

(i.e. an increase in*p ). A decrease in *p , so that the current stress point is moving 

away from the LC bounding curve, produces no plastic volumetric strain (elastic 

unloading). 

The relationships between the movement of the LC bounding curve, the plastic 

volumetric strain and the movement of the current stress point are given by: 
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where λ is the conventional gradient of the saturated normal compression line in a 

semi-logarithmic plot of v  against mean effective stress. The relationship between the 

movement of the bounding curve *
0dp  and the plastic volumetric strain given in 

Equation 4-27 is the same as in the conventional elasto-plastic version of the model 

(Wheeler et al. 2003). The relationship to the movement of the current stress point *dp  

given in Equation 4-27 involves a scaling function pR , which is defined by: 
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Figure 4-11 LC bounding curve for uncoupled mechanical behaviour 
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The exponent f  in Equation 4-28 is a material parameter (an additional soil constant) 

which takes a positive value greater than 1. Equation 4-28 shows that the scaling 

function pR  takes a positive value less than 1 for stress paths moving towards the LC 

bounding curve ( 0* >dp ), with pR  approaching 1 as *
0

* pp approaches 1 (i.e. plastic 

volumetric straining builds up as the current stress point approaches the LC bounding 

curve). Equation 4-29  shows that no plastic volumetric strain, or corresponding 

movement of the bounding curve, occurs for stress paths moving away from the 

bounding curve (elastic unloading).    

Figure 4-12 shows the variation of specific volume predicted by the model for 

monotonic isotropic loading and for multiple cycles of isotropic loading and 

unloading. Unlike conventional elasto-plasticity, plastic components of volumetric 

strain are predicted not only for the first loading path but also for all subsequent 

reloading paths. The predicted magnitude of additional plastic volumetric strain 

decreases with each successive loading cycle. 

 

Figure 4-12 Model simulations for cycles of loading and unloading 

4.4.2 Formulation of coupled bounding surface plasticity model 

Figure 4-13 shows the LC, SI and SD bounding curves for isotropic stress states in the 

complete fully coupled bounding surface plasticity model for mechanical behaviour 
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and water retention behaviour. If the current stress point 1X , at mean Bishop’s stress 

*p  and  modified suction *s , moves to a new position 2X , plastic volumetric strains 

will occur if the stress point is moving towards the LC bounding curve and plastic 

changes of degree of saturation will occur if the stress point is moving towards the SI 

or SD bounding curve. Plastic volumetric strain is directly associated with a 

corresponding component of movement of the LC bounding curve (given by Equation 

4-27). There is, however, an additional coupled component of movement of the LC 

bounding curve as a consequence of any plastic change of degree of saturation 

(representing the influence of a change in the number of stabilizing meniscus water 

bridges on the mechanical behaviour, as in the conventional elasto-plastic model of 

Wheeler et al. 2003). Similarly, a plastic change of degree of saturation is directly 

associated with corresponding components of movement of the SI and SD bounding 

curves (given by Equation 4-7), but there are additional coupled components of 

movement of the SI and SD bounding curves as a consequence of any plastic 

volumetric strain (representing the influence of a change in the void dimensions arising 

from plastic volumetric strain on the water retention behaviour, as in the original 

Wheeler et al. (2003) model). When considering whether the stress point is moving 

towards the LC bounding curve (i.e. whether to treat as a loading path or an unloading 

path), it is important to allow for any coupled component of movement of the LC 

bounding curve towards or away from the current stress point. Similarly, when 

considering whether the stress point is moving towards the SI bounding curve or the 

SD bounding curve (i.e. whether to treat as a drying path or a wetting path), it is 

important to allow for any coupled component of movement of the SI and SD 

bounding curves towards or away from the stress point. 

The total movement of the LC bounding curve is given by: 
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where 1k  is a coupling parameter introduced by Wheeler et al. (2003). The first term 

on the right hand side of Equation 4-31  is the direct component of movement of the 

LC bounding curve, associated with the plastic volumetric strain caused by the stress 
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point moving towards the LC bounding curve. The second term on the right hand side 

of Equation 4-31 is the coupled component of movement of the LC bounding curve as 

a consequence of any plastic change of degree of saturation (caused by any movement 

of the stress point towards the SI or SD bounding curve). 

 

Figure 4-13 LC, SI and SD bounding curves 

Similarly, the total movements of the SI and SD bounding curves are given by: 
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where 2k  is a second coupling parameter introduced by Wheeler et al. (2003). The first 

term on the right hand side of Equation 4-32 is the direct component of movement of 

the SI and SD bounding curves, associated with the plastic change of degree of 

saturation caused by the stress point moving towards the SI bounding curve or the SD 

bounding curve. The second term on the right hand side of Equation 4-32 is the 

coupled component of movement of the SI and SD bounding curves as a consequence 

of any plastic volumetric strain (caused by any movement of the stress point towards 

the LC bounding curve). Equations 4-31 and 4-32 are identical to the expressions for 

the movements of the LC yield curve and SI and SD yield curves respectively in the 
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conventional elasto-plastic version of the model presented by Wheeler et al. (2003) 

(see Section 3.6.2). 

In the bounding surface plasticity version of the model, plastic volumetric strain occurs 

if the current stress point is moving towards the LC bounding curve, but this 

consideration of movement of the stress point towards the LC bounding curve must 

also take account of any coupled movement of the bounding curve towards or away 

from the stress point. The magnitude of plastic volumetric strain increment is therefore 

given by:   

( )







−

−
−=

−
p

r
ss

p
p

v dS
k

p

dp
Rd

v

κλ
ε

κλ
1

*

*

 (4-33) 

The first term inside the main bracket on the right hand side of Equation 4-33 

represents the movement of the stress point and the second term represents the coupled 

component of movement of the LC bounding curve away from the stress point. The 

scaling function Rp takes the value given in Equation 4-28 if the stress point is getting 

closer to the LC bounding curve (in a plot with *p  on a logarithmic scale), i.e. if the 

content of the main bracket on the right hand side of Equation 4-33 is positive, and a 

value of zero (elastic unloading) if the stress point is getting further away from LC 

bounding curve. 

A plastic decrease of degree of saturation occurs if the current stress point is moving 

towards the SI bounding curve, whereas a plastic increase of degree of saturation 

occurs if the stress point is moving towards the SD bounding curve, but again this 

consideration of movement of the stress point towards the SI or SD bounding curve 

must take account of any coupled movements of the curves towards or away from the 

stress point. The magnitude of plastic decrement of degree of saturation is therefore 

given by: 
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The first term inside the main bracket on the right hand side of Equation 4-34 

represents the movement of the stress point and the second term represents the coupled 

component of movement of the SI and SD bounding curves. The scaling function sR  

takes the value given by Equation 4-5 if the current stress point is getting closer to the 

SI bounding curve (in a plot with *s  on a logarithmic scale), i.e. if the content of the 

main bracket on the right hand side of Equation 4-34 is positive. sR takes the value 

given in Equation 4-6 if the current stress point is getting closer to the SD bounding 

curve i.e. if the content of the main bracket on the right hand side of Equation 4-34 is 

negative. Equations 4-33 and 4-34 can be combined to give expressions for the plastic 

volumetric strain increment and plastic decrement of degree of saturation in terms of 

the stress increments *dp  and *ds : 
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Equations 4-35, 4-36, 4-31 and 4-32 define the plastic aspects of both mechanical 

behaviour and water retention behaviour. Equations 4-35 and 4-36 give the plastic 

increments of volumetric strain and degree of saturation caused by the stress 

increments dp* and ds*, and Equations 4-31 and 4-32 give the corresponding 

movements of the LC bounding curve and the SI and SD bounding curves respectively. 

The stress point is moving closer to the LC bounding curve if the contents of the final 

bracket in Equation 4-35 are positive. Similarly, the stress point is moving closer to the 

SI bounding curve if the contents of the final bracket of Equation 4-36 are positive, but 

closer to the SD bounding curve if the contents of this bracket are negative. The 

expressions for the scaling functions Rp and Rs are therefore as follows:  
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The inequalities in Equations 4-37 and 4-38, which determine which expression should 

be used for Rp, involve the value of Rs. Conversely, the inequalities in Equations 4-39 

and 4-40, which determine which expression should be used for Rs, involve the value 

of Rp. The process for calculating values for Rp and Rs for the current increment may 

therefore have to start by assuming that a particular inequality holds true, and if this 

subsequently leads to inconsistency the procedure must then be repeated with the 

alternative assumption for the initial inequality. 

The bounding surface plasticity version of the fully coupled model requires 8 soil 

parameters to describe the mechanical and water retention behaviour for isotropic 

stress states: λ, κ, λs, κs, k1, k2, f and g. This is two more parameters (f and g) than the 

original elasto-plastic version of the model presented by Wheeler et al. (2003). With 

the introduction of bounding surface plasticity, however, it will often be possible to 

ignore any elastic changes of degree of saturation (κs = 0) and still achieve realistic 

modelling of scanning water retention curves. In this case the number of soil 

parameters is reduced to 7. 

In selecting values for the coupling parameters k1 and k2, the following inequality must 

be observed (as in the original model of Wheeler et al., 2003): 

121 <kk  (4-41) 

4.4.3 Qualitative model simulations 

Three different stress path simulations are presented here to investigate the capabilities 

and shortcomings of the model at a qualitative level. All the simulations presented here 
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are for isotropic stress states. The values of soil parameters used in the simulations 

were: λ =0.13, κ =0.025, sλ =0.1, sκ = 0, 1k =0.6, 2k =0.8, f =10 and g =2. In all 

simulations, the initial state was given by: mean net stress p =10 kPa, suction s=300 

kPa, specific volume v=2.15 and degree of saturation rS =0.55, leading to 175* =p  

kPa and *s = 160.5 kPa. Initial positions of the bounding curves were given by *
0p = 

250 kPa, *
Is = 600 kPa and *Ds = 150 kPa. 

The stress paths followed in the different simulations were specified in terms of mean 

net stress (p ) and suction s. Increments of *p  and *s  were then calculated from the 

following relationships: 

rr sdSdsSpddp ++=*  (4-42) 

vd
v

s
ndsds ε−=*  (4-43) 

Because Equations 18 and 19 involve dSr and dεv respectively, they had to be solved 

simultaneously with the constitutive model equations before the stress path could be 

defined in terms of *p  and *s  (see Wheeler et al., 2003). A simulation code was 

developed at stress point level for the bounding surface plasticity version of the 

Wheeler et al. (2003) model using Matlab software. The simultaneous incremental 

equations which must be solved for increments of stress, strain and degree of 

saturation are presented in the Appendix, together with the algorithms employed in the 

Matlab coding in order to run simulations for required stress paths. 

4.4.3.a Isotropic loading and unloading at constant suction 

In this simulation, the soil was first isotropically loaded from mean net stress  10=p  

kPa to 300=p  kPa at constant suction s= 300 kPa ( BA−  in Figure 4-14). Mean net 

stress was then reduced to 10 kPa (CB − ), followed by re-loading to mean net stress 

of 800 kPa ( DC − ), with the suction maintained constant throughout at 300 kPa. 

Figure 4-14 shows the predicted variation of v  and rS  with mean net stress during 

isotropic loading, unloading and re-loading at constant suction. During isotropic 
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loading BA− , the variation of v shows an apparent “yield point” (see Figure 4-14a) as 

the stress path approaches the LC bounding curve and plastic volumetric straining 

increases significantly. This plastic volumetric strain causes a coupled upward 

component of movement of the SD and SI bounding curves. As a consequence, the SD 

bounding curve is getting closer to the stress point and this produces plastic increases 

of degree of saturation (Figure 4-14b). 

 

Figure 4-14 Model simulation of isotropic loading at constant suction: (a) specific volume; 
(b) degree of saturation 
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During isotropic unloading B – C the predicted variation of v is entirely elastic, 

because the stress point is moving away from the LC bounding curve. The 

corresponding variation of rS  shows extremely small plastic decrease of rS  (not 

visible in Figure 4-14b), because the modified suction *s  is increasing slightly (due to 

the elastic increase of porosity n ) and hence the stress path is moving slightly towards 

the SI bounding curve. During re-loading C – D the predicted variations of v and Sr are 

qualitatively similar to the behaviour in the initial loading stage A – B. 

4.4.3.b Isotropic loading after a wetting and drying cycle 

 

Figure 4-15 Model simulation of isotropic loading at constant suction after a wetting and 
drying cycle: (a) specific volume; (b) degree of saturation 
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This simulation, shown in Figure 4-15, was similar to the one discussed in the previous 

section, other than a wetting and drying cycle EDC −−  (to s = 150 kPa and then 

back to s = 300 kPa) was added between unloading and re-loading stages.During the 

wetting-drying cycle C – D – E the predicted plastic changes of v were insignificant 

(see Figure 4-15a), because the stress path remained distant from the LC bounding 

curve throughout. In contrast, a substantial net plastic increase of degree of saturation 

occurred during C – D – E  (see Figure 4-15b), as the plastic increase of Sr during 

wetting  C – D  was far larger than the plastic decrease of Sr during drying  D – E. This 

net plastic increase of Sr produced a net downward movement of the SI and SD 

bounding curves and also a substantial coupled inward movement of the LC bounding 

curve. As a consequence, during the final isotropic loading stage  E – F  the apparent 

“yield point”, when substantial plastic decreases of v and plastic increases of Sr 

commenced, occurred at a noticeably lower net stress than was the case without the 

wetting-drying cycle (compare Figure 4-15 with Figure 4-14). This predicted 

behaviour matches experimental observations by Sharma (1998) reported by Wheeler 

et al. (2003) (see Figure 3-3). 

4.4.3.c Wetting and drying cycles 

Figure 4-16 shows the predicted variations of v  and rS  with suction for cycles of 

wetting and drying performed between s=300 kPa and s=20 kPa at a constant mean 

net stress p = 50 kPa. A – B represents initial isotropic loading from p = 10 kPa to 

p = 50 kPa at constant suction s=300 kPa. 

During the first wetting stage  B – C , large plastic increases of Sr were predicted (see 

Figure 4-16b) as the stress path moved towards the SD bounding curve. This plastic 

increase of Sr caused a substantial coupled inward movement of the LC bounding 

curve. As a consequence, the stress point was getting closer to the LC bounding curve, 

even though the value of mean Bishop’s stress p* was reducing significantly during 

wetting. During the early part of wetting stage  B – C  the stress point was still distant 

from the LC bounding curve and hence plastic changes of v were negligible and the 

predicted variation of v was dominated by elastic swelling caused by the decrease of 

p* (see Figure 4-16a). However, as wetting progressed and the LC bounding curve 

approached the stress point, the resulting plastic decreases of v  began to dominate, so 



Chapter 4: New bounding surface plasticity models for unsaturated soils 
--------------------------------------------------------------------------------------------------------- 

- 126 - 

that wetting-induced swelling gradually changed to wetting-induced collapse 

compression (see Figure 4-16a). It is interesting to note that the sudden change from 

swelling to collapse compression predicted by the conventional elasto-plastic model of 

Wheeler et al. (2003) has been replaced by a more gradual transition in the new 

bounding surface version of the model.  

 

Figure 4-16 Model simulation for cycles of wetting and drying: (a) specific volume; (b) 
degree of saturation 
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During the first drying stage  C – D , significant plastic compression was predicted 

from the start of the stage, because the stress point was close to the LC bounding curve 

and moving towards it as p* increased. This feature of model predictions (significant 

plastic volumetric straining predicted from the onset of any drying stage following a 

wetting stage in which collapse compression occurred) is a rare qualitative aspect of 

the model which does not match well with experimental observations (the same applies 

to the conventional elasto-plastic model of Wheeler et al. (2003)). Experimental test 

results tend to show that plastic compression commences later in such stages (see 

Figure 3-4). 

The predicted variation of v and Sr during subsequent wetting and drying cycles  D–E–

F–G-H  is highly realistic, with noticeable plastic compression predicted towards the 

end of each drying stage (Figure 4-16a) and realistic development of scanning curves 

in the water retention behaviour (Figure 4-16b). 

4.5 SUMMARY 

In this chapter, the bounding surface plasticity concept was introduced and its 

capabilities were examined against classical elasto-plasticity (Section 4.1 and 4.2). 

Later, this bounding surface plasticity concept was introduced into the water retention 

modelling framework proposed by Wheeler et al. (2003). It was demonstrated that 

more realistic prediction for water retention behaviour can obtained even with simple 

bounding retention curves. By analogy, more complex forms of bounding retention 

curves were incorporated into the framework and then the influence of void ratio was 

included in the modelling framework, based on the work by Gallipoli et al. (2003a)(see 

Section 4.3). 

A fully coupled mechanical-water retention model was then developed based on the 

proposals by Wheeler et al. (2003), but with bounding surface plasticity rather than 

classical elasto-plasticity (Section 4.4). Some model simulations were also presented to 

demonstrate the capability of the proposed bounding surface plasticity fully coupled 

mechanical-water retention model to capture some of the important features of 

unsaturated soil behaviour arising from the coupling of mechanical behaviour and 

water retention behaviour. 
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CHAPTER 5                                                            

EXPERIMENTAL APPARATUS AND CALIBRATION 

An experimental programme was planned, in order to achieve the main objectives set 

out in Section 1.5, including experimental investigation of coupling between 

mechanical and water retention behaviour and examination of the Wheeler et al. (2003) 

framework and illustrative model assumptions against experimental test results. This 

experimental programme required suitable equipment. A previous research student, 

Mark Buisson, had developed two controlled-suction systems for testing unsaturated 

soils, one for isotropic stress path testing and the other for triaxial stress path testing, 

and these systems were employed in the current research project. In addition, a Bishop-

Wesley type triaxial cell system for testing saturated soil samples was also used. This 

chapter first describes the three different isotropic or triaxial cells systems. The 

calibration of transducers, measuring devices and cells is then presented. 

5.1 SYSTEM A – CONTROLLED-SUCTION ISOTROPIC CELL  

The technique of measuring the volume change of unsaturated soil samples by 

monitoring the effect on the surrounding cell fluid was described in Section 2.9.1. 

With this technique, any volume change of the cell itself must be small and repeatable 

(so that it can be calibrated). Many researchers achieved this by employing a double-

walled construction, as described in Section 2.9.1 (e.g. Wheeler, 1986 and Sharma, 

1998). An alternative is to use a single wall of very high stiffness and made from a 

material with linear elastic behaviour and no creep or mechanical hysteresis (e.g. 

steel), as mentioned in Section 2.9.1.  

Buisson (2002) developed a single-walled isotropic cell in order to test unsaturated 

samples of 50 mm diameter and a maximum height of 100 mm. In order to reduce the 

volume change of the cell with variation of cell pressure and to ensure that the wall 

deformed elastically in the working pressure range, a stainless steel wall of 30 mm 

thickness was employed.  
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5.1.1 Isotropic cell 

In most triaxial or isotropic cells for testing unsaturated soil samples, pore water 

pressure is applied at the bottom of sample and pore air pressure at the top of the 

sample (e.g. Sivakumar, 1993). With this arrangement, the maximum length of pore 

water drainage is the full height of the sample. By having pore water drainage from 

both top and bottom of the sample, the maximum drainage length can be reduced to 

half the height of sample, leading to a substantial reduction of the time required for 

pore water pressure equalisation (e.g. Sharma, 1998). In contrast, pore air pressure can 

be applied from only one end of the sample, because excess pore air pressures 

generally dissipate much more quickly than excess pore water pressures. These two 

aspects have been taken into account in designing both isotropic and triaxial cells. 

Figure 5-1 shows the layout of the isotropic cell. The cell base, cell wall, cell cover 

plate and pedestal were made out of stainless steel of significant thickness to reduce 

the deformation due to the variation of cell pressure. The 65 mm thick cell base 

accommodates all the drainage connections to the sample and the cell. The cell wall, of 

internal diameter 70 mm and thickness 30 mm, can be lowered onto the groove of the 

cell base that accommodates an O-ring to form a seal at the bottom. The cell cover of 

65 mm thick also accommodates an O-ring within a groove and can be lowered on to 

the top surface of the cell wall. The cell cover plate has a sloping under-surface 

towards the centre in order to facilitate venting during filling of the cell with de-aired 

water. Six tie rods made out stainless steel are used to assemble the cell base, wall and 

cover plate in place and make a seal at the top and the bottom of the cell by pressing 

the top and bottom surfaces of the cell wall against the O-rings. Care should be taken 

to tighten each tie rod evenly to ensure proper sealing with the O-rings. 

 Six drainage connections can be seen passing through the cell base. Four of these are 

water drainage lines, two to the top of the sample and the other two to the bottom of 

the sample, with connection to the pore water in the sample through high air entry 

filters. The dual pore water drainage connections to top and bottom are to allow 

flushing of the entrapped air which can build up behind high air entry filters (see 

Section 5.1.6). The two pore water drainage lines for the top of the sample were 

connected through flexible tubing to the top cap as shown in Figure 5-1. The fifth 

drainage connection was the pore air pressure line, which was connected through a low 
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air entry sintered brass annulus on the pedestal (around the high air entry filter for the 

pore water connection). The final connection to the cell base was for applying the cell 

pressure.  

 

Figure 5-1 Layout of isotropic cell (after Buisson, 2002) 

5.1.2 Pedestal arrangement 

Figure 5-2 shows the layout of the pedestal, with the bottom filter arrangement bolted 

to it. A circular high air entry ceramic filter (34 mm diameter) was glued within a brass 

filter holder. The high air entry ceramic filter used in the experimental testings was 

manufactured by Soilmoisture Equipment Corporation and has an air entry value of 

500 kPa.  A circular sintered brass disc of 30 mm diameter was placed beneath the 

high air entry filter, so that the flow from the bottom of the high air entry filter took 

place over as large area as possible, thus minimising the head drop across the high air 

entry filter. A sintered brass annulus (50 mm external diameter and 40 mm internal 

diameter), for pore air pressure connection, was placed around the outer surface of the 

brass filter holder. A single ‘O’-ring seal was provided at the interface between the 

brass filter holder and the stainless steel pedestal, in order to prevent any leakage 
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between the pore air and pore water drainage lines. Further ‘O’-ring seals on the three 

individual drainage lines (one for pore air and two for pore water) were provided at the 

interface between the steel pedestal and the cell base. 

 

Figure 5-2 Pedestal arrangement (after Buisson, 2002) 

5.1.3 Top cap arrangement 

Figure 5-3 shows the layout of the acrylic top cap, with the top filter arrangement 

bolted to it.  

 

Figure 5-3 Top cap arrangement (after Buisson, 2002) 
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across the high air entry filter. No pore air drainage line was provided at the top cap, as 

the air drainage line at the bottom of the sample was considered adequate. 

5.1.4 Overall system layout 

The overall setup of System A, with all the associated pressure and volume 

measurement/control devices and logging and control system can be seen in Figure 

5-4. Here, the notations SM, PM, PT, VC, TC and AW indicate stepper motor, 

pressure multiplier, pressure transducer, volume change device, thermocouple and air-

water interface respectively. A photograph of the same arrangement can be seen in 

Figure 5-5. 
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Figure 5-4 Schematic diagram of System A 
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Figure 5-5 Photograph of System A 

Compressed air for all the testing systems was supplied by an Atlas Copco air 

compressor, at a line pressure of 1700 kPa. This mains pressure was then fed into a 

wall-mounted “off-the-shelf” pressure control system designed at Imperial College. 

The “off-the-shelf” system contains standard 0-800 kPa air pressure regulators 

operated by stepper motors. 

As shown in Figure 5-4, the mains pressure of 1700 kPa was first reduced to 800 kPa 

by a manual regulator before feeding to the three stepper motor-controlled regulators 

SM1, SM2 and SM3 to control cell pressure, pore air pressure and pore water pressure 

respectively. A single step of each stepper motor corresponded to a pressure increment 

of 0.07 kPa.  Each stepper-motor controlled pressure regulator had a pressure range of 

0- 800 kPa. The range of pressure was further increased (if required) by employing 

three pressure multipliers PM1, PM2 and PM3 provided by Imperial College. In this 

case, the inlet valve of the required pressure multiplier was opened to the 1700 kPa 

mains pressure. The stepper motor controlled air pressure acts as a control pressure on 

the diaphragm of the pressure multiplier regulator in order to vary the outlet pressure 

from pressure multiplier. The ratio of the outlet pressure of the pressure multiplier to 

the inlet air pressure from the stepper motor regulator was 2. Two air-water interfaces 

AW1 and AW2 were used to covert air pressure into cell water pressure and pore 

water pressure.  
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5.1.5 Measurement devices 

A differential pressure transducer PT1 with a range of 0-1000 kPa was used to measure 

the radial net stress and a second differential pressure transducer PT3 with a range of 

0-1500 kPa was used to measure the suction s. Finally, pore air pressure au  was 

measured with a standard 0-1500 kPa pressure transducer PT2. The differential 

pressure transducers were preferred for measuring radial net stress and suction, rather 

than measuring cell pressure3σ , pore air pressure au  and pore water pressure wu  

independently, because this improves the accuracy of measurement and control of the 

important stress variables of net stress and suction (the accuracy of only one 

transducer, rather than two, is involved in each use). This is particularly important 

when the value of either radial net stress ( au−3σ ) or suction s is relatively low, but 

individual values of 3σ , au  and wu  are much higher. 

System A required two volume gauges VC1 and VC2, in order to measure the flow of 

water into the cell (and hence the sample volume change) and the water flow in or out 

of the sample respectively. Imperial College (IC) type volume gauges (shown in Figure 

5-6) were used for this purpose.  

  

Figure 5-6 Schematic diagram of Imperial College volume change device (after Sharma, 
1998) 
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IC volume change devices have been used by many researchers. Figure 5-6 shows a 

schematic diagram of such a device. If water flows in or out or the top chamber of the 

device through a drainage line, the piston attached to the rolling diaphragms will move 

vertically. This movement is detected by the displacement transducer. Hence, with a 

suitable calibration, the volume change can be determined. The pressure on the system 

is provided through a back pressure inlet to the lower chamber of the device. Both 

upper and lower chambers are therefore at similar pressures (the only difference being 

due to the weight of the piston), whereas the central portion of the device, between the 

two rolling diaphragms is vented to atmospheric pressure. In order to keep the two 

rolling diaphragms properly inflated (so that the device calibration was reliable) a 

minimum line pressure (acting in the upper and lower chambers) of at least 50 kPa was 

maintained.  The portion of water enclosed within top chamber should be de-aired 

properly in order to get accurate measurement and a flushing valve is provided for this.   

5.1.6 Diffused air flushing system 

Provided that the applied suction was less than the air entry value of the high air entry 

ceramic filters and that the filters were properly water-saturated prior to a test, there 

should have been no movement of gaseous air through the high air entry ceramic 

filters. It was, however, still possible for dissolved air to diffuse through the ceramic 

filters from the soil sample to the other side (Fredlund, 1975). The diffused air then 

came out of solution and accumulated in the water drainage lines within the pedestal 

and top cap. This can cause error in the application of suction or the measurement of 

water volume draining from the sample (Nageswaran, 1983). Fredlund (1975) devised 

a setup to flush and measure the volume of this diffused air. 

Figure 5-7 shows the air flushing arrangement employed in this research, consisting of 

a screw pump, 4-way valve system, air trapping device and air water interface. During 

normal operation of the experimental system, the valves 1V , 4V , 8V , 9V , 10V , 11V  

and 12V  were closed and the pore water pressure was applied through the air-water 

interface and volume change device to the top and bottom of the soil sample. During 

the flushing process, a screw pump was used to generate a flow through the water 

drainage lines, to displace the air bubbles to be collected in the air trapping device. A 



Chapter 5: Experimental apparatus and calibration 
--------------------------------------------------------------------------------------------------------- 

- 136 - 

4-way valve system was used to reverse the water flow direction in the drainage lines 

within the top cap and the pedestal.  

To flush diffused air in the water drainage line within the pedestal, initially 

valves 2V , 3V , 6V , 8V , 10V  and 11V  were closed so that a water flow in the direction 

97 VV −  was achieved. In order to reverse the flow direction, valves 10V  and 11V  were 

opened while the valves 5V  and 12V  were closed. The same procedure was followed 

for flushing air in the water drainage lines within the top cap, by closing valves 7V  and 

9V  and opening valves 6V  and 8V . The experience from previous researchers showed 

that a sudden pressure pulse was sometimes necessary to displace air bubbles trapped 

in the water drainage line (e.g. Sharma, 1998). To achieve this, the screw pump was 

used to generate a pressure pulse at the start of the flushing process. The pressure pulse 

occurred only for a little duration so that no significant inflow water into the sample 

would occur, as the air water interface would ensure a rapid return to the original pore 

water pressure after the pressure pulse. 

 

Figure 5-7 Diffused air flushing arrangement (after Buisson, 2002) 
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400 kPa. During the experimental programme, diffusion of dissolved air into the water 

line was never observed during flushing, presumably because of relatively low values 

of suction involved. 

5.2 SYSTEM B- CONTROLLED-SUCTION TRIAXIAL CELL  

5.2.1 Triaxial cell 

Figure 5-8 shows the overall layout of the controlled-suction triaxial cell. The triaxial 

cell was able to accommodate samples of 50 mm diameter and a maximum height of 

100 mm. The arrangement of stainless steel wall, cell base, pedestal and top cap was 

similar to that of the isotropic cell discussed in Section 5.1. However, the cell cover 

plate was modified in order to accommodate a loading ram and load cell for applying 

and measuring deviator load. As shown in  Figure 5-8, two brass blocks containing ‘O’ 

ring sealing arrangements were inserted around the loading ram at the top and bottom 

sides of  the cell cover plate, in order to prevent any leakage of cell water. As an 

additional precaution, a pressure equal to the cell pressure was applied between the two 

inserts, as shown in Figure 5-8. Due to this loading ram and load cell arrangement, the 

under-surface of the cell cover plate was machined to have a sloping surface with the 

highest point being off-centre in order to facilitate flushing during filling of the cell 

with de-aired water (see Figure 5-8). 

An inverted Bishop-Wesley pressure chamber was connected to the triaxial cell, with 

an appropriate spacer between. The Bishop-Wesley pressure chamber was specially 

manufactured at Imperial College to give a maximum ram travel of 50 mm (standard 

travel is 25 mm). A standard 2.5 kN Imperial College submersible internal load cell 

was used to measure the deviator load. The electrical cable attached to the load cell 

was routed first through a vertical slot made at the top of the loading ram and then 

through an opening in the cylindrical spacer.  

An axial displacement transducer (LVDT) of 50 mm travel was mounted on a cross-

beam attached to the loading ram in the Bishop-Wesley pressure chamber as shown in 

Figure 5-8. 
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Figure 5-8 Overall layout of the controlled-suction triaxial cell (after Buisson, 2002) 
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5.2.2 Overall system layout 

The overall layout of system B with associated equipment can be seen in Figure 5-9 

and a corresponding photograph of the arrangement is shown in Figure 5-10.  The 

overall layout of System B was similar to that of System A (see Figure 5-4). However, 

in order to control the deviator load, a 2 MPa Constant Rate of Strain Pump (CRSP) 

was employed. Each pulse generated by the CRSP corresponds to a volume of 

displaced fluid of 0.0001 cm3. By generating a water flow in or out of the upper 

chamber of the Bishop-Wesley cell by the CRSP (which is controlled by the Triax 

software), the movement of the loading ram was controlled.   
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Figure 5-9 Schematic diagram of system B 
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Figure 5-10 Photograph of system B 

5.3 SYSTEM C- TRIAXIAL CELL FOR TESTING SATURATED SOILS  

Standard Bishop-Wesley triaxial testing equipment was used to test saturated soil 

samples. The original pedestal was designed for testing 38 mm diameter soil samples, 

and this was replaced with a 50 mm diameter pedestal, so that all soil samples tested in 

this programme (saturated or unsaturated) were 50 mm in diameter.  

Figure 5-11 shows the overall layout of the triaxial cell employed for testing saturated 

soil samples. The photograph of the setup of System C with associated equipment can 

be seen in Figure 5-12. The mains pressure of 1700 kPa was first reduced to 800 kPa 

by a manual regulator before feeding to two stepper motor-controlled regulators SM1 

and SM2 to control cell pressure and pore water pressure respectively.  Pore water 

pressure was applied to the bottom and top of the sample through pedestal and top cap 

respectively, as shown in Figure 5-11. The flow of pore water in or out of the sample 

was measured by an IC volume change device VC to determine the sample volume 

change.  



Chapter 5: Experimental apparatus and calibration 
--------------------------------------------------------------------------------------------------------- 

- 141 - 

800 
kPa

SM2 SM1

PT1

PT2

VC

Logging and control

17
00

 k
P

a 
m

ai
ns

 
p

re
ss

ur
e

CRSP
water 
supply

 

Figure 5-11 Schematic diagram of system C 

  

 

Figure 5-12 Photograph of system C 
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A standard submersible internal load cell of 3 kN capacity was used to measure 

deviator load. The movement of the load ram was controlled by a constant rate of 

strain pump, as shown in Figure 5-11. Axial displacement of the sample was measured 

by 50 mm range displacement transducer mounted on the cross-beam of the loading 

ram. 

5.4 LOGGING AND CONTROL SYSTEM 

An automatic control system was employed in the experimental research programme, 

because continuous variations of pressures and displacement were required, in order to 

identify yield points and critical state points. Moreover, some tests involved highly 

complex stress paths (e.g. keeping rS  constant), and thus required highly flexible 

control, which could not be achieved by manual control. Furthermore, due to the long 

durations of tests, experimental variables such as stresses and volume changes were 

logged using an automatic logging system. 

The logging and control system for each system consisted of stepper motor controllers, 

an analogue to digital (A/D) converter and software called “Triax 4.3”, which was 

developed by Toll (2002). For System A, stepper motors for cell pressure, pore air 

pressure and pore water pressure needed to be controlled, whereas for System B, an 

additional stepper motor for the CRSP had to be controlled. For System C, stepper 

motors for cell pressure, pore water pressure and the CRSP were controlled.  The 

connection between all these stepper motors and the computer was established through 

a digital input-output (I/O) board, which could interface with up to 12 controllers. In 

the Triax software, each of these controllers can be added as a device and settings for 

each controller can be configured appropriately. In Figure 5-13, showing the typical 

interface of Triax software for System B, the controllers are indicated in the window 

called “control” by box 1 (cell pressure), box 2 (pore air pressure), box 3 (pore water 

pressure) and box 4 (CRSP). Stepper motors can be controlled using Triax based on 

control equations defined in terms of direct transducer readings (e.g. cell pressure and 

LVDT reading) or user defined variables (e.g. sample volume and degree of saturation) 

which could involve the outputs of several transducers. 
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Figure 5-13 Typical interface of Triax software 

The analogue signals of transducers were converted to digital signals using a 

Measurement System Ltd. (MSL Datascan Unit) A/D converter and transmitted to the 

computer through a serial port (COM1). The calibration of the various transducers was 

carried out using the Triax software. The calibrated readings from different transducers 

could be displayed (see “Monitor” window) and logged (see “Scan” window) at 

specified time intervals. The Triax software also allowed graphs to be plotted for 

different variables in real-time so that the results could be readily analysed visually. 

The logged data could also be transferred in spreadsheet format to other computers for 

post-processing using standard software such as Microsoft Excel and Matlab.  

5.5 CALIBRATION OF TRANSDUCERS 

In order to convert the readings of transducers from voltage to appropriate engineering 

units, the transducers were calibrated against appropriate references. Accurate 

calibration is very important for obtaining good quality experimental results. In this 

section, the calibration procedures for the various transducers are explained. 
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5.5.1 Calibration of pressure transducers 

For Systems A and B, differential pressure transducers for radial net stress and suction 

and a standard pressure transducer for air pressure were calibrated, whereas for System 

C, cell pressure and pore water pressure transducers were calibrated. Each transducer 

was identified as a different logging channel and the raw voltage could be displayed by 

the Triax software. Pressure transducers were calibrated against a standard dead-

weight apparatus (see Figure 5-14), in which weights acting on a vertical piston were 

used to apply pressure to oil contained in a sealed reservoir, which was connected to 

the pressure transducer through an oil-water interface by opening the valve V1 while 

keeping valve V2 closed.  

 

Figure 5-14 Schematic diagram of calibration system for pressure transducers and load cells 

A routine incorporated in the Triax programme allowed these known pressures and the 

corresponding raw voltages from the transducer to be recorded and then a suitable 

regression (typically 1st or 2nd order polynomial) to be performed to derive the 

calibration equation. A linear calibration equation was found to be adequate for all 

pressure transducers. This can be written as: 

baxy +=  (5-1) 

where, y is the calibrated reading in engineering units, x is the transducer output 

voltage and a  and b are regression constants. The calibration using the dead-weight 

apparatus was used to determine the regression constant a (gradient). The accuracy of 

the calibration for the range of pressure 100- 800 kPa was found to be around ± 0.3 
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kPa. Regression constant b  was determined by venting the transducer to atmospheric 

pressure. The regression constant b  seemed to change slightly over time, causing a 

very slow drift in the transducer reading. To avoid any error from this phenomenon, 

transducers were always zeroed (i.e. resetting the value of constantb ) against 

atmospheric pressure before the start of each test. 

5.5.2 Calibration of volume gauges 

Figure 5-15 shows the setup developed to calibrate the IC volume gauges. A glass 

burette with 0.01 ml precision and 5 ml capacity was connected to the upper chamber 

of the IC volume gauge. An acrylic cylinder surrounding the glass burette was 

connected to a screw pump using a flexible tube. The upper parts of both glass burette 

and acrylic cylinder were filled with petroleum ether, whereas the lower parts were 

filled with water. A back pressure of 50 kPa was maintained throughout the calibration 

process, by applying a pressure to the lower chamber of the volume gauge via an air-

water interface. This was to ensure proper operation of the IC volume gauge (i.e. 

correct inflation of the rolling diaphragms).  
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Figure 5-15 Calibration setup for Imperial College volume gauge (after Buisson, 2002) 

Using the screw pump, a measured volume of water (using readings from the glass 

burette) was transferred to the IC volume gauge and this volume was recorded with the 

voltage from the displacement transducer on the volume gauge using the Triax 
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software in calibration mode.  Calibration was carried out over almost the full range of 

the volume gauge: around 0-45 ml for 50 ml units and 0-95 ml for 100 ml units. A 

linear calibration was found to be adequate. The maximum variation of measured 

values from the calibration curve was about ± 0.03 ml for 50 ml units and about 

± 0.08 ml for the 100 ml unit.  

5.5.3 Calibration of load cells 

The dead-weight system shown in Figure 5-14 was used to calibrate the load cells in 

Systems B and C. In this case, pressure exerted on the oil reservoir by the vertical 

piston (loaded with calibration weights) was transmitted to a second vertical piston (by 

closing valve V1 and opening valve V2), which then exerted a force on the load cell. 

The calibration was carried out for a range 200-1700 N for both Systems B and C. a 

linear calibration was found to be adequate and the gradient of the calibration curve 

was determined. In order to account for the influence of cell pressure and self weight 

of the load cell, the deviator force was zeroed at the start of each test. The accuracy of 

the linear calibration was found to be ± 1.6 N, which corresponded to an accuracy of 

± 0.8 kPa on the deviator stress for a 50 mm diameter soil sample.  

5.5.4 Calibration of axial displacement transducers 

The calibration of axial displacement transducers of 0-50 mm range for Systems B and 

C was carried out using slip gauges. The LVDT was clamped to the horizontal cross-

beam of the loading ram of a Bishop-Wesley cell and slip gauges of different heights 

were placed between the cell cover and the probe tip of the LVDT. This arrangement 

was chosen because any error caused by non-vertical clamping of the LVDT during 

the experimental testing could be eliminated. The height of the slip gauges and the 

corresponding voltage given by the LVDT were logged by the Triax software for the 

calibration. A linear calibration was obtained with an accuracy of ± 0.03 mm. 

5.6 CALIBRATION OF CONTROLLED-SUCTION CELLS FOR 

APPARENT VOLUME CHANGE 

In order to accurately measure the sample volume change in the controlled-suction 

isotropic cell and controlled-suction triaxial cell (Systems A and B), any flow of water 
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into the cell with changes of cell pressure or with time, that were not associated with 

change of soil sample volume, had to be calibrated. These flows of water into the cell 

could occur because of expansion of the cell, compression of the water within the cell, 

expansion or compression of flexible tubing, tube connectors or valves, and any water 

diffusion through the flexible tubing.  In this section, the calibration for apparent 

volume change due to the above mentioned factors are presented. 

5.6.1 Time-dependent effects 

During the procedure to check for any leakage in System A, a continuous flow of 

water into the cell of 0.02-0.05 cm3/day was observed depending on the applied cell 

pressure. This was considered undesirable because experimental tests would be 

performed over long time periods (typically about 2 months), and given that flow of 

such magnitude could not be perfectly calibrated, this might have caused unacceptable 

errors over a full test. In order to identify the cause of these continuous water inflows, 

several possible causes were considered and controlled tests were carried out to 

identify and eliminate possible causes. These are discussed below. 

5.6.1.a Creep of IC volume gauge 

 The IC volume gauge was de-aired by flushing with de-aired water several times in 

both directions under a back pressure of 100 kPa. Initially, a sudden flushing was 

carried out by opening the flushing valve to atmospheric pressure whilst a back 

pressure of 100 kPa was applied to the lower chamber. This was considered helpful in 

dislodging air bubbles from the internal surfaces of the volume gauge and rolling 

diaphragm. Shaking of the volume gauge could also help this process. Later, a gradual 

controlled flushing was carried out using a screw pump.  

After the de-airing process, the flushing valve and the main valve from the upper 

chamber of the volume gauge were closed and a back pressure of 400 kPa was applied 

to the lower chamber. The volume change was then monitored for 1 month. The 

volume change was found to be around 0.003 cm3/day. This problem was considered 

unavoidable (without replacing the IC volume gauges with alternative devices) and the 

effect was considered acceptably small.  
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5.6.1.b Leakage from single steel walled cell 

After a few weeks of monitoring a continuous small apparent flow rate into the 

controlled-suction isotropic cell (with cell pressure of 400 kPa applied), the valve to 

the cell was closed and monitoring of the volume change unit was continued for a 

further few weeks. The rate of change of volume was found to be unchanged, meaning 

that there was no creep of the cell itself or leakage directly from the cell. The 

continuing flow rate was therefore entirely attributable to the volume change unit and 

the flexible tubings, tubing connectors and valves between the volume change unit and 

the cell.   

5.6.1.c Other possible causes 

All compression tube fittings were replaced with new ones, in case of any leakage 

through the fittings. Care was taken to ensure that proper sealing was achieved within 

each compression fitting. However, no significant reduction of the flow rate was 

observed after replacement of the fittings.  

Another possible leak could have been through the radial net stress differential 

pressure transducer. However, no leakage was found after some investigation. 

5.6.1.d Diffusion through flexible tubings 

Flexible standard nylon tube of external and internal diameters of 4 mm and 2.5 mm 

respectively was initially used for connecting the various components of each test 

system. To check for possible water diffusion through the walls of the tubing, a 

standard nylon tube 10 m long was pressurised to 400 kPa and the volume change was 

monitored for 1 week. The rate of volume change observed was 0.54 cm3/day. This 

clearly showed that substantial water diffusion through the tube wall was taking place. 

In order to reduce diffusion, all lengths of connecting tube within those parts of the 

system that would affect measured volume changes should be kept to a minimum and 

tubing constructed of a material giving lower rates of water diffusion should be used. 

Higher fluoride content tubing was suggested by the flexible tubing supplier (Legris 

Ltd.) to be less water absorbent. Hence, Polytetrafluoroethylene (PTFE) tubing (of 

different lengths) was tested under 400 kPa back pressure for diffusion rate as shown 
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in Figure 5-16. A clear reduction of diffusion rate can be observed by using PTFE tube 

rather than standard nylon tubing. All tubing was therefore changed to PTFE. 
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Figure 5-16 Variation of rate of water volume loss from PTFE and standard nylon tubings 
pressurised to 400 kPa  

5.6.2 Calibration for temperature fluctuation 

Errors could occur in the measurement of sample volume change due to the fluctuation 

of temperature within the laboratory. This is particularly important because of the large 

volume of cell water involved in the measurement technique. Both the steel cell and 

the water within the cell would expand if temperature was increased, causing two 

opposite effects in terms of potential water inflow to the cell. However, it was 

observed that the temperature-induced expansion of the water within cell was always 

greater than any temperature-induced expansion of the cell itself. 

The temperature of the laboratory was maintained at 210 C by an air conditioning unit, 

in order to reduce the impact of temperature fluctuation. However, variation of 

temperature inside the laboratory was still observed (typically a fluctuation of 

C0.50± ). In addition, for some stress path tests which involved only small changes of 

sample volume (i.e. related to elastic straining), accuracy of sample volume change 
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measurement was extremely important. Because of these reasons, it was decided to 

calibrate flow of water from the cell against temperature variation. 

A beaded wire type J thermocouple was installed on the outer surface of the steel-

walled cell. This type of thermocouple was selected for its low cost, fast response, 

small size and easy installation. The inbuilt calibration for the thermocouple within the 

Triax software allowed logging of the temperature of the outer surface of the cell. Of 

course, this did not necessarily provide a perfect record of the average temperature of 

the entire cell and the water within it, because of the likelihood of significant 

temperature variation between outer surface of the cell and the cell contents.  

In order to calibrate for the temperature effect on cell volume the laboratory 

temperature was increased twice in steps at particular time intervals using the air 

conditioner and thermocouple reading, and corresponding volume changes were 

logged using the Triax software. The average temperature reading from thermocouple 

measured over a period of 12 days was plotted against corresponding average cell 

volume changes (of each step increase of temperature) over the same period of time. 

Linear calibrations were found to be adequate for cells, corresponding to 0.15 cm3/0C 

for isotropic cell of System A and 0.34 cm3/0C  for the triaxial cell of System B. 

 Figure 5-17 shows the temperature variation, the corresponding measured flow out of 

cell and corrected flow out of cell during a 6 day period for System B. During the first 

4 days, the laboratory temperature was controlled to a specific value by the air 

conditioner. However, a long-time temperature fluctuation (diurnal fluctuation) of 

C0.50±  can be observed along with small short-time fluctuations due to the automatic 

switch on/off of the air conditioner and sensitivity of the thermocouple. The measured 

outflow followed the same trend as the long-time temperature fluctuation suggesting 

that the temperature of the cell content was reasonably represented by the reading from 

the thermocouple, which was mounted on the outer surface of the cell. After about 4 

days, the temperature of the laboratory was increased by about 1 degree. Point A  in 

the plot indicates the start of the imposed step increase in temperature. Once again both 

the short-time and long-time temperature fluctuations can be observed. 
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The red line in Figure 5-17 shows the flow out of the cell after correction from the 

temperature effect (using the measured calibration of 0.34 cm3/0C. It can be seen that 

the temperature correction introduces small short-time period fluctuations, because of 

short-time period fluctuations in the temperature reading on the outer surface of the 

cell which are not representative of the average temperature of the water within the 

cell. However, the temperature correction removes the larger-time period (diurnal) 

temperature fluctuation and imposed temperature variation effects in the measured 

flow out of cell. 

 

Figure 5-17 Variation of actual and corrected volume change with time (System B) 

5.6.3 Calibration of apparent cell volume change with pressure 

Calibration for apparent cell volume change with variation of cell pressure was 

performed for Systems A and B. A brass dummy sample of relevant dimensions (50 

mm diameter and either 50 mm or 100 mm height)  was mounted inside the cell but 

with the bottom filter holder on the pedestal and the top filter holder on the top cap 

both replaced with acrylic solid dummies of the same dimensions. All the connections 

and IC volume change units were flushed with de-aired water in order to remove any 

air bubbles.  The cell was then carefully filled with de-aired water. 
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With zero cell pressure (i.e. cell water vented to atmosphere), the cell pressure valve at 

the cell base was closed. The pressure in the IC volume gauge and the cell pressure 

lines was raised to 50 kPa in order for proper operation of the volume gauge (i.e. to 

keep the rolling diaphragms properly inflated). The reading of the IC volume gauge 

was then set to zero (i.e. initial reading) corresponding to zero pressure on the cell but 

50 kPa pressure on the IC volume gauge and the cell pressure line. Identical procedure 

was also followed at the start of each test on a soil sample in Systems A and B. In the 

experimental testing, the initial reading (with the sample initial dimensions 

corresponding to those measured before setting up in the cell) had to be taken at zero 

cell pressure (i.e. no deformation of the soil sample), but 50 kPa pressure was required 

in the IC volume gauge and the cell pressure lines in order to achieve proper operation 

of the volume gauge. By using the same procedure in the calibration process, it was 

possible to eliminate any error caused by expansion of the connecting tubings and 

rolling diaphragm of the IC volume gauge by the application of the 50 kPa pressure. 

After taking the zero reading, the valve located at the cell base on the cell pressure line 

was opened and the cell pressure was increased to 100 kPa. Once the rate of volume 

change was observed to be less than 0.006 cm3/day (usually after 2-3 days) the next 

increment of cell pressure was applied. In this way, the cell pressure was increased in 

steps to 100, 200, 400 and 600 kPa and then reversed. Figure 5-18 shows the apparent 

cell volume change with time for System B after the correction for temperature 

variation.  

Figure 5-19 and Figure 5-20 show the calibration of immediate cell volume change 

with cell pressure for Systems A and B respectively. It can be seen from these figures 

that different curves were followed during increase and decrease of cell pressure, 

particularly at low pressures. This aspect is very apparent for System B (see Figure 

5-20). However, in all the experimental tests on soil samples any reduction of cell 

pressure was relatively small and never brought the cell pressure to less than 400 kPa. 

For this reason, each cell was calibrated with a second order polynomial calibration 

curve based on data for cell pressure increasing  
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Figure 5-18 Apparent cell volume change with elapsed time (System B) 

Apparent cell volume change with time due to the diffusion of water through the 

connecting tubes had been reduced dramatically from 0.025-0.05 cm3/day to 0.004-

0.007 cm3/day after the replacement of standard nylon tube with PTFE tube. A 

correction of 0.006 cm3/day was used for both Systems A and B. The correction was 

independent of cell pressure, as the diffusion rate was found to be almost independent 

of pressure over the range of interest. 

 

Figure 5-19 Variation of immediate cell volume change with cell pressure (System A) 
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Figure 5-20 Variation of immediate cell volume change with cell pressure (System B) 

For System B, an additional calibration for apparent cell volume change with 

movement of the loading ram was carried out. Ram displacement and corresponding 

water outflow from the cell were recorded and plotted, as shown in Figure 5-21. A 

linear calibration with accuracy of ± 0.0045 cm3 was obtained. The effective ram area 

was calculated from Figure 5-21 as 2.5145 cm2. 
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Figure 5-21 Calibration for ram displacement (System B) 
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5.7 CALIBRATION FOR VOLUME CHANGE OF PORE WATER LINE 

The diffusion through the pore water drainage line was 0.006 cm3/day for both 

Systems A and B. Calibration for the temperature effect on the pore water volume 

change was also carried out. A thermocouple was mounted on the top surface of the 

relevant IC volume gauge, assuming that the temperature of the contents of the IC 

volume gauge and the water in the drainage line would reasonably be represented by 

the reading from the thermocouple. The same procedure followed in Section 5.6.2 was 

employed and a linear calibration was obtained, corresponding to 0.022 cm3/0C for 

System A and 0.03 cm3/0C for System B. 

Calibration for the apparent pore water volume change with pressure was similar to 

that of cell volume change. In fact, both calibration tests were conducted 

simultaneously. Figure 5-22 and Figure 5-23 show the immediate volume change of 

the pore water drainage line with pressure, along with the second order polynomial 

calibration curves. Once again, different curves were observed for pressure increase 

and pressure decrease. However, the maximum deviation from one curve to the other 

was 0.05 cm3, which corresponded to an error of about 0.03% in the water content of a 

50 mm diameter and 50 mm height sample. 

 

Figure 5-22 Variation of apparent immediate volume change of pore water drainage line with 
pressure (System A) 
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Figure 5-23 Variation of apparent immediate volume change of pore water drainage line with 
pressure (System B) 
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CHAPTER 6                                                            

SAMPLE PREPARATION AND TESTING 

PROCEDURES 

In the first section of this chapter, soil selection criteria and techniques involved with 

the sample preparation procedure are explained. In the second section, various 

procedures and techniques involved with setting up samples and conducting the 

controlled-suction stress path tests are discussed.  

6.1 MATERIAL SELECTION  

One of the objectives of this research was to understand the coupling of mechanical 

and water retention behaviour of unsaturated soils by conducting an experimental 

programme. Three different choices for samples are generally available for testing in a 

laboratory experimental programme: (1) undisturbed natural soil samples; (2) 

reconstituted samples and (3) compacted samples. Undisturbed natural samples are 

formed by complex natural processes, thus reflecting the soil behaviour at field 

conditions. However, the difficulty in sampling and the variability of stress history and 

constituents leads to non-repeatability of initial conditions, such as fabric, void ratio 

and water content. However, any experimental research to explore the fundamental 

behaviour of unsaturated soil, the repeatability of initial conditions of samples is 

essential. Undisturbed natural soil samples were therefore not suitable for this research. 

The main difference between compacted soil samples and reconstituted samples is that 

samples compacted dry of optimum would tend to have a bi-modal pore size 

distribution and reconstituted samples would have uni-modal pore size distribution. 

This means that the air entry value of reconstituted soil samples of clay prepared from 

slurry would be high (typically suctions of hundreds of kPas) as the pore sizes are 

predominantly associated with micro-pores between particles. Reconstituted samples 

were therefore considered unsuitable for this research, because the maximum suction 

that could be applied to the soil samples was restricted to about 400 kPa. In addition, 

reconstituted samples are less likely to show substantial collapse compression during 
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wetting, because of the absence of the macro-pores. Compacted (dry of optimum) 

samples were therefore used in this research, as their initial conditions are repeatable 

and unsaturated conditions could be maintained for the intended suction range. 

Water retention behaviour was given as much importance as mechanical behaviour in 

this research. Wetting and drying were therefore required to be carried out with 

significant changes in degree of saturation. However, the suction range was limited to 

0-400 kPa in this research for the reasons set out in Section 5.1.6 (i.e. the diffusion rate 

of dissolved air became unmanageable above a suction value of about 400 kPa). 

Compacted Speswhite Kaolin samples can have wide range of rS  (from around 0.60 

to1.0) within the suction range of 0-400 kPa. Hence, it was decided to use Speswhite 

Kaolin rather than any other fine-grained soil. Further advantages of using Speswhite 

Kaolin are listed below: 

• Speswhite Kaolin is commercially available in 25 kg bags in uniform and 

homogeneous form. 

• The rate of consolidation for Speswhite Kaolin is significantly faster than for 

most other clays, meaning that the duration of tests can be minimized. This is 

very important, because controlled-suction testing of unsaturated fine-grained 

soils is very time-consuming (because the unsaturated water permeability may be 

much lower than the saturated permeability). 

• Several previous researchers carried out experimental research on unsaturated 

compacted Speswhite Kaolin samples (e.g. Sivakumar, 1993; Sharma, 1998; 

Tan, 2004; Sivakumar, 2005). It is useful to be able to compare experimental test 

results with these existing data. 

6.2 SAMPLE PREPARATION 

All samples used in the experimental programme were 50 mm in diameter. Samples 

tested in the triaxial cells of Systems B and C were 100 mm in height. The height-to-

diameter ratio of 2 was selected for triaxial samples in order to avoid substantial end 

effects (likely with smaller height-to-diameter ratios) or significant risk of buckling 

(likely with larger ratios).  For the isotropic cell of System A, the sample height was 
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reduced to 50 mm, in order to reduce the drainage path length and thus speed up the 

rate of testing. However, one negative effect of this reduced sample height was that the 

accuracy of sample volumetric strain measurement was reduced, because a given error 

in sample volume change measurement corresponded to a larger error in volumetric 

strain as the sample size was reduced.  

6.2.1 Preparation of kaolin aggregates 

As mentioned Section 2.1.3, the compaction water content has a big impact on the 

fabric and behaviour of unsaturated soils. However, the scope of this research was 

reduced to a single compaction water content so that any additional complexities 

arising from differences in compaction water content could be avoided. A compaction 

water content of 25 % was selected (4% dry of the optimum from Proctor compaction), 

in order to be consistent with previous research by Sivakumar (1993) and Sharma 

(1998).  

In order to prepare the kaolin aggregates, 500g of air-dried kaolin was transferred to a 

mixing bowl. The mixing bowl was then mounted on to a domestic food mixer and 

125 g of de-aired water was added gradually while mixing with a “K” beater. The 

mixing process was carried out for only 2-3 minutes, as further mixing was found to 

have no significant effect on reducing the dimensions of the aggregates that formed. 

The mixture was then sieved through a 1.18 mm aperture sieve. The aggregates 

retained on the sieve were crushed with a mortar and sieved again. In this way, the 

required amount of kaolin aggregates were prepared and transferred to an air-tight 

plastic bag, which was then placed into an air-tight container. The mixture was kept in 

this air tight container for 1 week, in order to achieve moisture equilibrium. 

6.2.2 Preparation of sample 

Sivakumar (1993) prepared samples with different compaction techniques (static 

loading, dynamic loading and kneading) in order to investigate the repeatability of soil 

samples. Static compaction was found to be more reliable than the other methods. 

Several other researchers successfully employed the same method for preparing 

samples (e.g. Zakaria, 1995 and Sharma, 1998). It was therefore decided to follow the 

same method as employed by Sivakumar (1993) in this research. 
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Multi-layered samples were prepared by placing kaolin aggregates into a compaction 

mould and by one-dimensionally compacting using a triaxial frame. For triaxial 

samples, 9 layers of aggregates were used; each with a mass of about 33 g. After 

placement of each additional layer, the sample was monotonically loaded at an axial 

displacement rate of 1.5 mm/min until the axial stress reached 400 kPa. The surface of 

each compacted layer was scarified before adding a new layer, in order to reduce 

discontinuities between layers. For samples to be tested in the isotropic cell, the 

numbers of layers was reduced to 5, with each layer having a mass of about 30 g.  

After compaction, the sample was removed from the compaction mould. The height of 

the sample was measured with a height gauge having an accuracy of 0.02 mm. Four 

measurements were taken to get the average height of the sample. Direct measurement 

of the sample diameter was found to be difficult and unreliable. It was therefore 

decided to measure the internal diameter of the compaction mould instead (ignoring 

any change of diameter on removal from the mould). Finally the mass of the sample 

was measured using an electric balance, with a precision of 0.01 g. 

6.3 SETTING-UP PROCEDURE 

6.3.1 Saturation of high air entry filter 

High air entry ceramic filters, with a manufacturer’s specified air entry value of 500 

kPa, were used for both Systems A and B. The ceramic filters were required to be 

properly saturated prior to use, in order to achieve the manufacturer’s specified air 

entry value. Placing in a de-aired water bath would not guarantee full saturation of the 

ceramic filter. It was therefore necessary to apply water pressure in order to force any 

trapped air bubbles into solution and then to have a flow across the ceramic filter, in 

order to remove the water containing dissolved air. For System A, the controlled-

suction isotropic cell was used to saturate the high air entry filters.  The advantage of 

this arrangement was that it was not necessary to dismantle the filter arrangement, 

meaning that there were no uncertainties of improper sealing between the pedestal or 

top cap and the filter holder.  However, for System B using the controlled-suction 

triaxial cell to saturate the high air entry filters was found to be difficult and time-

consuming because of the complexity and weight of the instrument (at least two 

persons were necessary to set up the equipment). It was therefore decided to develop a 
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saturation chamber that could accommodate both top and bottom filter arrangements. 

A further advantage of this arrangement was that the triaxial apparatus could be used 

efficiently, because a new experimental test could be started immediately after the end 

of the previous test, using filters already saturated in the saturation chamber. 

The procedures followed to saturate the high air entry filters were as listed below: 

• The top and bottom high air entry filter arrangements were mounted on the top 

cap and pedestal respectively. 

• All the drainage lines were flushed with de-aired water in order to remove air 

bubbles. Great care was taken with the drainage lines through the top cap and 

pedestal as these lines had sharp edges and small diameter. 

• The cell was assembled and filled with de-aired water. A cell pressure of 700 

kPa was applied and maintained for two days. During this period no water flow 

was allowed through the high air entry filters by closing valves on the pore water 

drainage lines. 

• With a back pressure of 600 kPa on the pore water drainage lines the valves on 

these lines were opened, so that flow occurred through the high air entry filters 

due to the pressure difference of 100 kPa. This situation was left for 24 hours.  

• The pore water drainage line pressure was then reduced gradually to 50 kPa 

producing an increased flow rate, due to the pressure difference of 650 kPa.  

• After few hours, the valve on the cell pressure line was closed, so that the cell 

pressure gradually decreased to 50 kPa as water leaked out through the high air 

entry filter. 

6.3.2 De-airing procedure 

Proper de-airing of drainage lines, cell and relevant associated instruments, such as 

volume gauge and CRSP was important in order for accurate measurement of volume 

changes and proper application of stresses. A Nold de-aerator was used to de-air the 

tap water used to fill the cell, drainage lines and associated instruments. The de-aerator 

consists of a sealed container, with a capacity of approximately 8.5 litres, a rotating 

disc attached to a motor at the bottom of the container and a vacuum pump. The 
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container was first partially filled with water and a vacuum pressure of about 97 kPa 

was applied to the top of the container. The disc at the bottom of container was rotated 

to promote cavitation and hence enhance the de-aeration process. 

One hour was found to be sufficient to de-air the water. The disc motor was then 

switched off but the vacuum pressure was kept on the container for at least 24 hours 

before the de-aired water was used for filling the cell for an experimental test. This 

procedure allowed the de-aired water temperature to reach equilibrium with the 

laboratory temperature before the start of a test, so that there was no unwanted volume 

change during the initial part of the test as the temperature of the water changed. 

6.3.3 Setting up procedure for System A 

Initially, all drainage valves were closed and a smear of water was maintained on the 

surface of the high air entry filters. Silicon grease was used to fill the large O-rings 

grooves in both cell base and cell cover to minimise the trapping of air within the 

grooves during cell assembly.  If the soil sample was placed directly on the high air 

entry filter, there was a risk that the high air entry filter would de-saturate because of 

the high value of as-compacted suction in the sample. To avoid this, two curved 

lengths of lead solder (each about 0.5 mm in diameter and 15 mm long) were placed 

on the surface of the bottom high air entry filter. The intention was that the lead solder 

would intrude in to the relatively soft soil sample when the cell pressure was applied, 

and only at this point would contact be achieved between the soil sample and the high 

air entry filter. This technique is usually called the “fuse wire technique” and was used 

by several previous researchers (e.g. Sivakumar, 1993 and Sharma, 1998). Lead solder 

was used here because it does not corrode to damage the surface of the high air entry 

ceramic filter. The calibration for the penetration of lead solder into the sample was not 

considered in the calculation of specific volume. The error in specific volume that 

corresponds to the penetration of lead solder is typically 0.0005 for a 50 mm diameter 

50 mm height kaolin sample. 

An air-dried low air entry filter, made of sintered brass, with annular shape was placed 

around the high air entry filter on the base pedestal. The soil sample was then placed 

on the bottom filter arrangement. Two more pieces of lead solder were placed on the 

top surface of sample followed by the top cap with top filter arrangement attached. 
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Using the membrane stretcher, the rubber membrane was placed around the sample 

and sealed with O-rings on the top cap and pedestal. Any excess length of membrane 

was removed using scissors, in order to minimise any air trapped between the 

membrane and the pedestal or top cap surfaces. 

The cell wall was lowered into place and the cell cover was fixed in position using 

steel tie rods. The cell was then slowly filled with de-aired water. Once the cell was 

filled with water, the cell valve and air vent were closed. The cell and pore water 

drainage lines, including the IC volume gauges, were pressurised to 50 kPa and the 

volume gauge readings were reset to zero. 

Pressures on the cell pressure line, pore air pressure line and pore water pressure line 

were brought to 20 kPa, 10 kPa and 10 kPa respectively. The cell pressure and pore air 

pressure valves were then opened simultaneously and then both pressures were raised 

at a relatively fast rate, using the control system and keeping the difference between 

them at 10 kPa until the air pressure reached 400 kPa. Once the air pressure reached 

the required value, the cell pressure was then increased by a further 20 kPa for a few 

minutes, to give a mean net stress of 30 kPa. This procedure ensured that the pieces of 

lead solder were pushed into the soil sample and proper contact between the sample 

and the high air entry filter was achieved. The cell pressure was then adjusted to give 

the required value of mean net stress for the initial equalisation stage (typically 10 kPa 

or 20 kPa). 

Significant volume change was recorded by the IC volume gauge measuring the flow 

into the cell during the process of elevating the cell pressure to the targeted values for 

initial equalisation. Even after the calibration for expansion of the cell and connections 

was subtracted, 3-4 cm3 of remaining volume change was observed.  In almost all 

cases, the initial mean net stress was much less than the expected yield stress at the as-

compacted suction, and it was therefore likely that the actual volume change of the 

sample during application of the net stress was relatively small. It was believed that the 

unexpected measured volume change primarily occurred because of air trapped 

between the membrane and the sample was compressed and then pushed into the open 

structure of sample. This was further confirmed as this unexpected volume change 

almost doubled for System B, where the soil sample was 100 mm initial height, rather 
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than 50 mm. It was therefore decided to assume instead that there was no sample 

volume change during the application of net stress and the increase of cell pressure and 

pore air pressure. It was therefore assumed that the sample dimensions at this point 

were the same as those measured prior to mounting in the cell, and this became the 

starting point for the measurement of sample volume change. 

The pressure on the pore water drainage line was increased to the required value (to 

give the desired value of suction for the initial equalisation stage). The valve on the 

pore water drainage line was then opened, to commence the initial equalisation stage 

(see Section 6.5.1) 

6.3.4 Setting up procedure for System B 

The set-up procedure for System B was similar to that for System A. However, there 

were some additional procedures, because this was a triaxial cell rather than an 

isotropic cell. After the cell wall was lowered into place, the cell cover, with Bishop-

Wesley deviator loading assembly attached, was placed in position and fixed with the 

tie rods. The LVDT for measuring axial displacement was then mounted to the cross-

beam attached to the piston of the Bishop-Wesley deviator loading assembly. After the 

required pressures were attained, the internal load cell was lowered to touch the top 

cap until a contact stress of 5 kPa was recorded. The zero reading of the LVDT was 

then recorded. The load cell was then elevated back to have a safe separation from the 

top cap. During any subsequent test stage that involved deviator loading the load cell 

was lowered again to contact the top cap. The change of height of the sample up to this 

point was calculated by comparing the new LVDT reading with the zero reading. This 

procedure was preferred rather than keeping a small deviator stress on the sample until 

the shear stage, as some tests involved very low suction (as low as 1 kPa) for the initial 

equalisation. Even a small deviator loading at this suction level might have caused 

unwanted plastic volumetric and shear strains. 

6.3.5 Setting up procedure for System C 

The pore water drainage lines were flushed with de-aired water in order to remove any 

air bubbles. All the drainage valves were then closed. A porous sintered brass disc of 

50 mm diameter was placed on the pedestal and on top of that a filter paper was 

located in order to avoid smearing of the soil sample into the porous disc. The same 
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arrangement was adopted for the top of the sample. Once the sample was properly 

mounted, the triaxial cell was filled with water. A cell pressure of 20 kPa was applied 

and a pore water pressure of 10 kPa was applied to the bottom of the sample while the 

top drainage line was at atmospheric pressure, in order to allow a water flow through 

the sample. Once air flow through the top drainage line had stopped, and it was simply 

water flowing from the top of the sample, the same value of pore water pressure was 

applied to both top and bottom of the sample. The cell pressure and pore water 

pressure were then raised to the required values for the initial equalisation. 

6.4 CONTROL STRATEGIES 

In this section, the control strategies used in the Triax software to perform stress path 

tests are explained.  

In the Triax software, the control for a stress path test can consist of many “stages”. 

Each stage represented a particular part of the full stress path (e.g. equalisation, 

isotropic loading, wetting, shearing, etc). Table 6-1 shows the configuration for a 

stage, with user input values in the Triax software for shear straining by wetting the 

sample (with the suction gradually reduced from 300 kPa to 50 kPa) while keeping 

deviator stress constant at 200 kPa. The Triax software can send signals to appropriate 

stepper motors in order to achieve a “target” value for the specified “control variable”. 

This control variable can be very simple, like the value of pore air pressure or can be 

much more complex, such as deviator stress. Calculation of the deviator stress requires 

the value of deviator load (from the load cell) but also the value of the cross-sectional 

area of the sample. Calculation of the cross-sectional area requires the initial sample 

volume, the change of sample volume (which involves the measured flow into the cell 

and the corrections for cell pressure, time (water diffusion through the tubing) and 

temperature), the initial sample height and the change of sample height (from the axial 

displacement LVDT). Hence, calculation of the current value of deviator stress within 

the Triax software requires the outputs from 6 transducers (load cell, IC volume gauge 

for flow into cell, net stress transducer, pore air pressure transducer (these two are 

summed to give cell pressure), thermocouple and LVDT), together with the relevant 

calibration equations. If the “increment rate” is specified as zero, then the target value 

will have constant value that is equal to the “initial value”, otherwise the target value 
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will be updated continuously according to the increment rate until the “hold value” is 

reached (see the control of suction in Table 6-1).  

A tolerance can also be specified for the target values. For example, in Table 6-1 the 

tolerance for the pore air pressure was specified as ± 0.5 kPa. The Triax software 

would therefore not send any signal to the stepper motor controlling pore air pressure if 

the measured air pressure was within ± 0.5 kPa of the target value. If the measured 

value of pore air pressure differed by more than 10 times the specified tolerance from 

the target value then stepper motors would be instructed to operate at maximum pulse 

(20 steps in this example). The step changes were reduced linearly toward zero as the 

difference between the measured and target values varied from 10 times the tolerance 

to the tolerance value. This technique allowed the stress and strain variables to achieve 

their target values relatively rapidly whilst avoiding any overshooting of the control 

variable as it approached the target value.  

Several “alarms” could be set in a stage so that once a particular condition was 

satisfied, the Triax software could be instructed to take a predefined “action”, which, 

for example, could be to move to the next stage, stop the test or wait for a specified 

duration before stopping the test or moving to the next stage. 

Table 6-1 Configuration for stage in stress path test in Triax software 

Stepper motor 

controller 

1 (cell 

pressure) 

2 (pore air 

pressure) 

3 (pore water 

pressure) 
4 (CRSP) 

Status ON ON ON ON 

Control variable Radial net 

stress 

Pore air 

pressure 

Suction Deviator 

stress 
Initial Value 75 kPa 400 kPa 300 kPa 200 kPa 

Tolerance 0.5 kPa 0.5 kPa 0.5 kPa 0.7 kPa 

Increment rate 

and Hold value 

0 kPa/hr   

 

0 kPa/hr 

 

-0.25 kPa/hr 

50 kPa 

0 kPa/hr 

 
Maximum pulses 20 20 20 200 

                                    Condition                                                Action   

Alarm                         Displacement > 50 mm                           Stop 
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6.5 STRESS PATH STAGES 

A typical stress path performed on an unsaturated sample in System A or B consisted 

of several stages. In a typical stage, one or more specified variables were varied in a 

predefined fashion. This section describes some of the important stages involved in the 

stress path tests. 

6.5.1 Initial equalisation 

Each experimental test was started with an equalisation stage, with particular values of 

mean net stress and suction imposed on the sample. During the equalisation period 

(varying from 3 to10 days depending on the value of suction imposed), the sample 

reached equilibrium at a specified stress state. A mean net stress of 10 kPa or 20 kPa 

was typically applied during initial equalisation, whereas suction varied from 1 to 350 

kPa in different tests. In all cases, a water flow into the sample was observed, 

confirming that the as-compacted suction was higher than 350 kPa.  Once the rate of 

sample volume change and pore water volume change were observed to be less than 

0.05 cm3/day, corresponding to a rate of change of v  or wv  of 0.0004/day for a typical 

50 mm diameter and 50 mm height sample, equalization was assumed to be complete.  

6.5.2 Equalisation stages 

After each stage that involved changes in the values of stresses, an equalisation stage 

was performed with constant values of suction and net stresses. During this stage 

changes in void ratio or water content might occur if the previous stage was performed 

at a rate that was slightly too fast for the response of the sample to be in continuous 

equilibrium in terms of stresses and strains. Rates of change of stresses, such as suction 

and net stresses, were therefore determined to reduce the changes in void ratio and 

water content within the subsequent equalisation stage to allowable values while 

keeping the time required for a typical test manageable. Equalisation stage time was 

typically 24 hours. 

6.5.3 Isotropic loading and unloading 

Isotropic loading and unloading (at constant or varying suction) were carried out by 

controlling the cell pressure. A rate of 2 kPa/hr on mean net stress was found to be 

adequate, by considering the response of the soil sample during the subsequent 
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equalisation stage (i.e. to attain reasonably small changes in void ratio and degree of 

saturation during the subsequent equalisation stage). In most tests, isotropic loading 

was carried out at constant suction, however, a few tests involved simultaneous 

changes of both mean net stress and suction (e.g. a stress path where sample volume 

was kept constant) 

6.5.4 Wetting and drying 

A rate of change of suction of 1 kPa/hr was employed in most wetting or drying stages, 

as this rate could provide reasonably small changes in void ratio and degree of 

saturation during subsequent equalisation stages. However, in some wetting stages, it 

was necessary to reduce the rate to as low as 0.25 kPa/hr in order to avoid large 

changes in void ratio and degree of saturation in the subsequent equalisation stage. 

This was particularly true in wetting stages where the suction was reduced below 30 

kPa and where collapse compression was also occurring. 

6.5.5 Shearing 

Most of the samples tested in System B were subjected to a final constant suction or 

varying suction shearing stage. A constant axial displacement rate of 0.072 mm/hr was 

employed in these cases to give a stage duration similar to other stages.  

6.5.6 Constant volume wetting and drying 

One stress path test in the experimental programme involved wetting and drying stages 

whilst keeping the sample volume constant. Pore air pressure was kept constant 

throughout the test. The suction was varied in this test at 1 kPa/hr by varying the pore 

water pressure. Instantaneous sample volume change was calculated by the Triax 

software using the measured flow of water into the cell, together with temperature and 

cell pressure along with appropriate calibration equations. Any volume change 

occurring due to the suction change was counteracted by modifying the mean net stress 

by varying the cell pressure. For example, during suction increase (drying), the sample 

volume tended to reduce (shrinkage). In order to counteract the shrinkage, mean net 

stress was reduced by the control system. In these stages, the specific volume was held 

constant to an accuracy of ±  0.001. 
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6.5.7 Constant degree of saturation wetting and drying 

In one test, wetting and drying stages were performed whilst keeping the degree of 

saturation constant. Similar to constant volume wetting and drying stages, suction was 

varied at a specified rate while mean net stress was continuously adjusted by the 

control system to keep rS  constant. The value of rS  was held constant to an accuracy 

of ± 0.002. 

6.5.8 Stress path with constant deviator stress  

In a few tests, the radial net stress or suction was varied while keeping the deviator 

stress qconstant. The axial displacement was continuously adjusted by the control 

system (using the CRSP) in order to keep the deviator stress constant. The value of 

qwas held constant to an accuracy of 7.0±  kPa. 

6.6 DATA PROCESSING 

The Triax software can log selected variables at specified time intervals so that data 

can later be accessed for detailed interpretation of test results using software such as 

MS Excel or MATLAB. Time, radial net stress, pore air pressure, suction, flow of 

water into cell, flow of water into sample, load cell reading, axial displacement and 

temperature were logged at 30 minutes intervals. With this raw data, the values of 

deviator stress  q  , mean net stress p , suction s, specific volume v , degree of 

saturation rS , mean Bishop’s stress *p  and modified suction *s were calculated as 

shown below. 
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where F is the deviator force, 0V  is the sample volume at the start of the stage, V∆  is 

reduction of the sample volume since the start of the stage, 0H is the height of the 

sample at the start of the stage, H∆ is the axial displacement of the sample since the 

start of the stage, memq  is the membrane correction for 1% axial strain, wρ  is the 

density of water, sG  is the specific gravity of soil particles, 0M  is the mass of the 

sample at the start of the test, sM  is the mass of solids within the sample (measured 

after oven-drying at the end of the test), and wV∆  is the reduction of pore water 

volume since the start of the test.  
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CHAPTER 7                                                            

INITIAL TEST RESULTS AND CALIBRATION OF 

MODELS 

This chapter has two main sections. In the first section, initial conditions of the 

samples are presented in order to investigate the consistency of sample preparation and 

testing methods. In the second section, the values of the model parameters were 

determined for the compacted Speswhite Kaolin for the original Wheeler et al. (2003) 

model, the bounding surface plasticity version of the Wheeler et al. (2003) model and 

the BBM. This was done by analyzing the results from a small number of tests within 

the experimental programme. These three sets of model parameter values are then used 

in Chapters 8 and 9 to simulate the full set of experimental test results.  

7.1 INITIAL CONDITIONS OF SAMPLES 

As described in Section 6.2.2, all samples were one-dimensionally statically 

compacted at the same water content and with the same compaction pressure, with the 

intention of achieving the same initial specific volume, degree of saturation and 

suction in all samples. Each test or sample is named starting with a letter representing 

the system in which it was carried out (i.e. A, B or C) and then a number representing 

the order in which tests were carried out. For example Test A6 means that it was the 

sixth test carried out using System A. Samples tested in the triaxial cells of Systems B 

and C were 100 mm in height, whereas samples tested in the isotropic cell of System A 

were 50 mm in height.  

Table 7-1 shows the details of values of specific volume, water content and degree of 

saturation immediately after compaction and after initial equalization, along with the 

time required for the full test. The initial conditions of samples equalised at the same 

suction were first grouped according to chronological order.  These groups were then 

listed in Table 7-1 in descending order based on the initial value of suction imposed 

during equalization.   
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After compaction After equalization 
Test 

No 
v w (%) Sr (%) p-ua or 

p-uw 
(kPa) * 

s  
(kPa) 

v w (%) Sr (%) 

Full test 

duration 

 (days) 

Remarks 

A2 2.1194 24.25 57.40 20 350 2.1275 24.95 58.64 11 § 

A3 2.1364 24.46 57.05 20 350 2.1380 25.11 58.47 36  

A9 2.1346 24.50 57.22 10 300 2.1469 25.96 59.99 50  

A11 2.1508 24.04 55.37 10 300 2.1668 25.66 58.28 36  

B4 2.1461 24.77 57.28 10 300 2.1501 26.17 60.30 25  

B6 2.1442 24.98 57.85 10 300 2.1587 26.48 60.56 68  

B8 2.1262 24.17 56.87 10 300 2.1236 25.12 59.24 22  

B10 2.1544 23.92 54.91 10 300 2.1756 25.93 58.45 44  

B1 2.1190 23.79 56.34 50 200 2.1218 27.05 63.89 14 § 

B3 2.1548 24.70 56.67 10 200 2.2000 28.72 63.43 24  

A1 2.1226 24.23 57.19 20 150 2.1534 28.30 65.02 28  

A4 2.1455 23.67 54.75 20 150 2.1746 28.13 63.46 31  

B7 2.1523 24.46 56.25 10 100 2.2291 30.65 66.09 37  

A6 2.1337 24.44 57.14 20 50 2.1988 32.07 70.89 54  

A7 2.1324 24.90 58.26 20 50 2.1936 32.21 71.52 16 § 

A8 2.1503 24.64 56.76 20 50 2.2090 32.02 70.19 60  

A5 2.1411 22.91 53.21 10 30 2.2454 33.40 71.06 43  

B2 2.1589 24.37 55.73 10 30 2.2763 34.98 72.62 32  

B5 2.1472 24.90 57.52 10 30 2.2752 34.80 72.31 44  

A10 2.1320 24.48 57.31 10 1 2.2368 42.17 90.36 87  

A12 2.1291 24.04 56.43 10 1 2.2427 42.41 90.43 75  

B9 2.1523 24.46 56.25 10 1 2.2626 41.26 86.59 43  

C1 2.1540 24.37 55.96 10* 0 2.2178 45.15 - 20  

C2 2.1576 24.20 55.41 10* 0 2.1890 43.03 - 27  

C3 2.1327 25.00 58.50 10* 0 2.2018 43.78 - 29  

* :  p-uw  is applicable for Series C  

§ : Discontinued 

Table 7-1 Specific volume, water content and degree of saturation values after compaction 
and after equalisation 

The average specific volume, degree of saturation and water content of samples 

immediately after compaction were 022.0141.2 ± , 3.3%5.56 ±  and 4.1%4.24 ± . 
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These values were slightly different from the values ( 204.2=v  and %8.53=rS ) 

reported by Sivakumar (1993). This deviation can be attributed to the use of a different 

batch of Speswhite Kaolin, and to the fact that a different compaction system was used 

and a different individual performed the sample preparation. 

Figure 7-1 shows the variation of specific volume after compaction for samples. It can 

be seen that Series A had a slightly lower average specific volume than Series B and C. 

This is true even if Tests A1, A2, B1, B8 and C3 are ignored (these show large 

deviations from the rest of the values). This difference between Series A and Series B 

and C can be explained by the fact that samples (of approximately 50 mm height) in 

Series A were prepared with 5 layers (each involving 30.3g of material), whereas 

samples (of approximately 100 mm height) in Series B and C were prepared with 9 

layers (each involving 33.5g of material). Each layer in Series A was therefore slightly 

smaller in height than each layer in Series B and C, and the compaction energy per unit 

volume was therefore slightly greater in Series A. The numbers of layers in this 

research for each series were selected to be consistent with previous research 

(Sivakumar, 1993 and Buisson, 2002). The difference in average specific volume 

between Series A and Series B and C is however around 0.01, which is sufficiently 

small to ignore any influence on the subsequent behaviour of the samples. 

Figure 7-2 and Figure 7-3 show the degree of saturation and water content immediately 

after compaction. It can be noted that both curves follow a similar pattern, 

demonstrating that any variation of  degree of saturation between samples (Figure 7-2) 

was mainly a consequence of variation of water content (Figure 7-3), rather than the 

result of any variation in specific volume (see Figure 7-1, where the shape is different). 

Samples A4 and A5 have unusually low compaction water content, possibly because 

of excessive moisture loss during the preparation of the samples or the previous 

preparation of aggregates.  
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Figure 7-1 Variation of specific volume immediately after compaction 

 

Figure 7-2 Variation of degree of saturation immediately after compaction 
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Figure 7-3 Variation of water content immediately after compaction 

7.2 INITIAL EQUALISATION 

During the initial equalisation, all samples showed an increase in water content (see 

Table 7-1), confirming that the value of suction immediately after compaction was 

higher than 350 kPa, which was the maximum value applied during equalisation. After 

equalisation, the specific volume varied from 2.127 (at 350=s kPa) to 2.263 (at 

1=s kPa), the degree of saturation varied from 58.28 % (at 300=s kPa) to 90.43% 

(at 1=s kPa) and the water content varied from 24.95 % (at 350=s kPa) to 45.15 % 

(at 0=s kPa). It should be noted that the degree of saturation could not be measured in 

System C, as final sample volume was not known. However, it was assumed that 
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setting-up (see Section 6.3.5). 
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equalised at a mean net stress of 50 kPa. 
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Figure 7-4, Figure 7-5 and Figure 7-6 show the increase in water content, degree of 

saturation and specific volume plotted against time during equalisation for the 7 

samples tested in System A at a mean net stress of 20 kPa.  
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Figure 7-4 Increase in water content during equalisation at a mean net stress of 20 kPa 
(Series A) 
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Figure 7-5 Increase in degree of saturation during equalisation at a mean net stress of 20 kPa 
(Series A) 
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Figure 7-6 Increase in specific volume during equalisation at a mean net stress of 20 kPa 
(Series A) 

The increases in w  and rS  (see Figure 7-4 and Figure 7-5) suggest that the suction 

immediately after compaction was greater than 350 kPa. The two samples equalised at 

150 kPa suction (Test A1 and A4) show significantly different changes in w  and rS  

during the equalisation (see Figure 7-4 and Figure 7-5). This is attributed to the fact 

that the initial values of w  (23.67%) and rS  (0.5475) of Sample A4 were much lower 

than those of Sample A1 (24.23% and 0.5719 respectively). It can be seen from Table 

7-1 that the values of w  and rS  for these two samples were much more similar after 

equalisation that they were immediately after compaction. This observation suggests 

that any non-uniformity that occurred in the sample preparation was partially 

eliminated during subsequent equalisation.  

Figure 7-7, Figure 7-8 and Figure 7-9 shows the changes inw , rS  and v  plotted 

against time during equalisation at a mean net stress of 10 kPa. At 30 kPa suction the 

final changes of w  and rS  of samples are slightly deviating from each other (see 

Figure 7-7 and Figure 7-8). This can once again be attributed to the differences in the 

values of w  and rS  immediately after compaction (see Table 7-1).  
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Figure 7-7 Increase in water content during equalisation at a mean net stress of 10 kPa 
(Series A and B) 

 

Figure 7-8 Increase in degree of saturation during equalisation at a mean net stress of 10 kPa 
(Series A indicated by “A” and Series B indicated by “B” where possible) 
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Figure 7-9 Increase in specific volume during equalisation at a mean net stress of 10 kPa 
(Series A indicated by “A” and Series B indicated by “B” where possible) 
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the wetting-induced swelling as suction is reduced from 350 kPa to 30 kPa. The slight 

reduction in specific volume when the suction is decreased from 30 kPa to 1 kPa 

suggests the possibility of a small amount of collapse compression (as discussed in the 

previous paragraph). It can also be observed that the scattering in the specific volume 

data is significantly greater than in the water content data. This is either because of 

difficulties in achieving accurate measurements of absolute values of specific volume 

or because differences in the initial values of specific volume immediately after 

compaction were not eradicated during equalisation as effectively as differences of 

water content.  

No information relating to the equalisation stages in Series C was available, because a 

conventional triaxial apparatus was used to saturate the sample, with water inflow at 

the base and an unmeasured outflow of air and water from the top of the sample. 

During subsequent test stages, sample volume changes in System C were calculated 

based on the water inflow or outflow to the sample. 
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Figure 7-10 Variation of water content with suction after initial equalisation (Series A and B) 
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Figure 7-11 Variation of specific volume with suction after initial equalisation (Series A and 
B) 

7.3 DETERMINATION OF BBM PARAMETER VALUES  

This section describes the procedure employed to determine the BBM model 

parameter values, in order to subsequently perform simulations for comparison with 

experimental test results and Wheeler et al. (2003) model simulations. It was decided 

to select specific tests and results from selected stages of these tests were used to 

calculate the model parameter values. Tests A1, A3, A6, A11, A12, B1, C1, C2 and C3 

were primarily used for this purpose. In order to calibrate the BBM and both elasto-

plastic and bounding surface plasticity versions of the Wheeler et al. (2003) model, 

some simple stress path tests were required, such as isotropic loading at different 

suctions (all the above tests), isotropic unloading (A1, A3 and A12), wetting and 

drying at constant mean net stress (A11 and A12) and shearing (C1, C2 and C3). In 

addition, an unusual stress path (A3) was useful in determining the value of one of the 

coupling parameters in the Wheeler et al. (2003) model. The above combination of 

tests was found to be adequate and optimum in order to determine most of the 

parameter values.  However, determination of some parameter values, such as elastic 

shear modulus G  and critical state parameters, required small portions of additional 

tests. The determination of values of critical state parameters was found to be difficult 
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with the author’s limited experimental results on shearing to failure. It was therefore 

decided to also use some of the experimental results from Sivakumar (1993). 

7.3.1 Parameters related to elastic behaviour of BBM model 

The BBM includes three elastic parameters: elastic swelling index for changes in mean 

net stress, κ ; elastic swelling index for changes in suction, sκ ; and elastic shear 

modulusG . 

The value of κ  can be calculated either from the elastic (initial) part of isotropic 

loading or from the elastic swelling during unloading. The former approach was found 

to be difficult and less reliable, because most of the experimental results showed non-

linear pre-yield behaviour (when presented in a semi-logarithmic plot) during first 

isotropic loading, particularly at higher suction values. It was therefore difficult to 

identify the gradient of the elastic part of the curve. However, isotropic unloading 

seemed to show almost constant and consistent gradient, in the appropriate semi-

logarithmic plot, in most of the tests. It was therefore decided to use all the tests 

involving isotropic unloading (A1, A9, A10 and A12) in order to calculate an average 

value forκ (see Figure 7-12). The calculated value for κ  was 0.02. 
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Figure 7-12 Compression curves and swell-back lines during isotropic unloading stages at 
different values of suctions for Tests A1, A9, A10 and A12 
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The value of the elastic parameter sκ  was calculated using the information from the 

equalisation stages of Tests A9, A10, A11, A12, B2, B3, B4, B5, B6, B8, B9 and B10 

(all conducted at a mean net stress of 10 kPa). In all tests, no apparent collapse 

compression was observed during equalisation, meaning that the stress paths remained 

inside the LC yield curve. It was therefore possible to consider any swelling during 

equalisation as elastic behaviour. By taking the average value of v at p =10 kPa and 

s=300 kPa (from initial equalisation stages of Tests A9, A11, B4, B6, B8 and B10)   

as a starting point and considering the wetting to a specified lower suction (200, 30 or 

1 kPa) in each of the other tests it was possible to calculate a value of sκ  using 

Equation 2-16 for each of these equalisation stages. An average value of 03.0=sκ  

was then selected. The tests where the samples were equalised at a mean net stress of 

20 kPa were not considered in the evaluation of sκ due to concern about the reliability 

of the starting value of specific volume at p =20 kPa and s=300 kPa (only two tests 

were available to determine this value). 

 All the samples tested in System B except for Sample B7 showed no apparent plastic 

straining prior to the first shearing stage, suggesting that for the remaining samples the 

stress point was inside the LC yield curve at the start of the shearing stage. From these 

tests, an average value for elastic shear modulus G  was calculated from the initial 

gradients of the plots of deviator stress against shear strain (at different value of initial 

suction and mean net stress). An average value of MPa3=G  was obtained. 

7.3.2 Parameters related to isotropic normal compression lines and LC yield 

curve 

In the BBM, a specific equation has been proposed to describe the variation with 

suction of the slope of isotropic normal compression lines in the pv :  plane (see 

Equation 2-15). This equation involves the model constants )0(λ , r  and β .In 

addition, an equation has also been derived for the shape of LC yield curve, with a 

critical assumption that the LC yield curve is a vertical line in the ps :  plane when the 

isotropic yield stress at zero suction )0(0p  has a value equal to a reference pressure 

cp , which is a model constant (see Equation 2-17). These two equations (Equations 

2-17 and 2-15) along with the value of )0(N  (the intercept of the normal compression 
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line for zero suction at cpp = ) determine the forms of the normal compression lines 

for different values of suction. It was therefore required to determine the values of the 

parameters )0(N , )0(λ , r  ,β  and cp  for compacted Speswhite Kaolin, in order for 

the model to correctly capture the positions and slopes of the normal compression 

lines. Gallipoli et al. (2002) discussed in detail the influence of the parameters r  ,β  

and cp on the shape of the LC yield curve as it expands and the characteristics of the 

normal compression lines. It is also necessary to specify an initial value for )0(0p , 

defining the initial position of the LC yield curve. As an alternative to a specifying a 

value for )0(N , it is possible to instead give an initial value of specific volume at 

specified values of mean net stress and suction. 

Gallipoli et al. (2002) showed that the BBM could be used to model situations where 

the slope of the normal compression lines increased with increasing suction ( 1>r ), in 

addition to situations where the slope decreased with increasing suction ( 1<r ) as 

envisaged by the original authors of the BBM. For the slope of the normal 

compression lines to increase with increasing suction, the parameter r  should be 

greater than 1 and the value of cp  should be significantly higher than the highest value 

of p  envisaged in an analysis in order to avoid unrealistic shapes of the LC yield 

curve. Researchers such as Sivakumar (1993) and Sivakumar (2007) often observed 

experimental variation of slopes of normal compression lines consistent with 1>r .  

Figure 7-13 shows the isotropic compression curves in the pv :  plane for samples 

which were subjected to isotropic compression at different values of suction. All the 

samples except A11 were isotropically loaded after the initial equalisation, while 

Sample A11 was first wetted from s =300 to s =10 kPa and then dried again to 

s=300 kPa before being isotropically compressed. During the wetting of Sample A11, 

a small amount of swelling was observed, suggesting that the stress path was inside the 

LC yield curve according to the BBM. However, a higher reduction in specific volume 

occurred during the subsequent drying, leading to a net reduction in specific volume 

after the wetting and drying cycle (this could not be predicted by the BBM). It can be 

clearly seen from Figure 7-13 that each sample started to yield as the mean net stress 
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was increased. The isotropic yield stress increased with increasing suction, consistent 

with behaviour reported by previous researchers and with BBM predictions.  
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Figure 7-13 Isotropic compression curves of selected tests for the model calibration  

In order to select best-fit values for the BBM model parameter values )0(λ , r  ,β , cp  

, )0(N  and the initial value of )0(0p , three aspects of the experimental isotropic 

compression curves shown in Figure 7-13 had to be considered: 

• the observed variation with suction of the slope )(sλ  of the isotropic normal 

compression lines (this is controlled in the BBM by the values of )0(λ , r   

andβ ); 

• the observed variation with suction of the isotropic yield stress 0p  (this is 

controlled in the BBM by the current (i.e. initial) value of )0(0p  and by the 

values of )0(λ , r , β  and cp ); 

• the observed positions of the normal compression lines for different values of 

suction (this is controlled in the BBM by the values of )0(N , )0(λ , r  ,β  

and cp ). 
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In the above three aspects, the positions of the experimental normal compression lines 

are typically  not  measured as reliably as the shapes (i.e. slopes and yield points) of the 

normal compression lines, because the absolute values of v  are measured with less 

accuracy than changes of v . Also, the position of normal compression lines for 

kPa0=s was inconsistent with those of normal compression lines for other suction 

values, as this saturated normal compression lines crossed over the normal 

compression line for kPa50=s . This was possibly due to a difference between 

System C and Systems A and B. It was therefore decided to give more weight to the 

variation of the slopes of normal compression lines and the variation of yield stress 

with suction than to the positions of the normal compression lines, in determining 

values of )0(λ , r  ,β  and cp  and the initial value of )0(0p . The positions of normal 

compression lines were used only for selection of )0(N . 

Figure 7-14 and Figure 7-15 shows the variation of )(sλ  and isotropic yield stress 

respectively (immediately after compaction) with suction for the compacted Speswhite 

Kaolin samples tested in the current research programme (along with the selected best 

fit for the BBM) and experimental results of Wheeler & Sivakumar (1995). The 

experimental variations of )(sλ  and isotropic yield stress from the current research 

shows similar trends to those from Wheeler and Sivakumar (1995), particularly the 

variation of yield stress, defining the LC yield curve, where the current results and 

those from Wheeler and Sivakumar (1995) are  almost coincident. This observation 

suggests that the properties such as initial conditions (just after compaction) of soil 

samples prepared by the author and by Sivakumar (1993) were quite similar.  

The experimental variation of )(sλ  with suction (see Figure 7-14) from the current 

research programme shows a sharp increase of )(sλ  as suction increases from zero to 

about 150 kPa and then a modest decrease of )(sλ  as suction is increased further (the 

results from Wheeler & Sivakumar (1995) showed a similar trend). This variation can 

not be fitted precisely with the BBM expression for the variation of )(sλ  with suction 

(Equation 2-15). The selection of values for )0(λ , r  ,β  , cp and )0(0p was therefore 

based upon achieving a good match to the initial shape of the LC yield curve (see 

Figure 7-15) while also achieving a reasonable match to the variation of )(sλ  with 
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suction (see Figure 7-14). The values of )0(λ , r  ,β  , cp and )0(0p  are tabulated in 

Table 7-2. As a consequence of this selection procedure, the value determined for 

)0(λ was slightly bigger than that obtained from the slope of the saturated normal 

compression line. In addition, the initial value of )0(0p  was selected as the observed 

yield stress at a suction of 1 kPa (from Test A12), assuming that this low suction value 

would reasonably represent the situation at zero suction. Saturated samples were not 

used to determine the value of )0(0p , because there was a suggestion of a small 

amount of collapse compression during equalisation of saturated samples. This was 

confirmed by comparing the yield stress at suction of 0 kPa and 1 kPa (see Figure 

7-13). 

The value of )0(N  was then selected by optimising the match of positions of normal 

compression lines at different suctions (largely ignoring results at kPa0=s ). In Table 

7-2, results are shown not as a value for )0(N  but instead as an initial value of vat 

specified values of p  and s (10 kPa and 300 kPa respectively) in order for 

consistency with the Wheeler et al. (2003) model (see Section 7.4).  
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Figure 7-14 Variation of )(sλ  with suction for Speswhite Kaolin samples tested by the 
author, and by Wheeler & Sivakumar (1995)  
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Figure 7-15 LC yield points for the samples tested by author along with best fit BBM yield 
curve and experimental yield curve of Wheeler & Sivakumar (1995) 

BBM model parameters Values ( current 

research) 

Values ( Gallipoli, 

2000) 
G  3000 kPa 10000 kPa 

κ  0.02 0.025 

sκ  0.03 0.02 
cp  5000 kPa 2000 kPa 

)0(λ  0.13 0.13 

r 1.55 1.5 

β  0.0055 kPa-1 0.01 kPa-1 

M  0.889 0.9 

Soil constants 

k  0.5 0.5 

)0(0p  15 kPa 18 kPa Initial 

conditions v  at 10=p kPa 

and 300=s  kPa 

2.153 2.319 

Table 7-2 Values of BBM model parameters determined from the current test programme 
and values proposed by Gallipoli (2000) for Sivakumar (1993) test results. 

Figure 7-16 shows the experimental isotropic compression curves in the pv :  plane 

for samples which were subjected to isotropic compression at different values of 
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suction along with the BBM predictions using the parameter values from Table 7-2. It 

can be noted that the slopes and isotropic yield stresses were predicted by the BBM 

with reasonable accuracy, but the positions of the normal compression curves were 

often poorly predicted by the BBM. This is because less importance was given to the 

positions of the normal compression lines than to the slopes of the lines and the initial 

shape of the LC yield curve in the determination of parameter values for the BBM. 

 

Figure 7-16 Isotropic compression curves of selected tests along with the BBM predictions  

7.3.3 Parameters related to shear strength  

The selection of values for the parameters M and k  is discussed in this section, where 

M is the slope of the critical state lines for different values of suction in the pq :  plot 

and k  is the parameter controlling the variation of the cohesion intercept with suction. 

In the BBM model, M and k  are constants, meaning that the shear strength of 

unsaturated soil is modelled as varying linearly with mean net stress and suction. 

In this research programme, samples were sheared at suction values of 0, 200 and 300 

kPa. For the s=200 and 300 kPa cases, all samples were sheared at the same constant 

radial net stress of 75 kPa. It was therefore not possible to determine a value for the 

parameter M at these suction levels. However, three saturated samples were sheared at 
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constant radial effective stresses of 50, 100 and 200 kPa. It was therefore decided to 

compare the critical state data from Sivakumar (1993) with the current research data in 

order to determine the values for parameters M andk .    

Figure 7-17 shows the critical state points for suction values of 0, 100, 200 and 300 

kPa with best fit for critical state lines for Sivakumar (1993) data and current research 

data. Sivakumar (1993) data points are indicated by open-markers and respective best 

fits for the critical state lines are plotted as dashed lines while data points from the 

current research are shown by solid markers and the best fit line at zero suction with a 

solid line. The slope of the saturated critical state line was calculated as 0.889 from the 

current data, which is slightly larger than the saturated slope of 0.813 determined by 

Sivakumar (1993). Sivakumar (1993) also reported different values for M at different 

suction levels, varying from 0.813 to 0.959. However, with additional subsequent 

experimental evidence, Wheeler & Sivakumar (2000) concluded that the variation of 

M  values for suctions between 0 and 300 kPa was insignificant and an average value 

of 0.863 was suggested. For the simulations in this work, it was therefore decided to 

use the M  value for saturated soils (0.889) for all values of suction, as this value is 

close to the average value of M  suggested by Wheeler & Sivakumar (2000).  

 

Figure 7-17 Critical state points and best fit lines for Sivakumar (1993) data and current 
experimental results.  
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The parameter k  in the BBM controls the relative positions of the critical state lines 

for different values of suction in the pq :  plane. By investigating Figure 7-17, the 

critical state points obtained in the current research for suction values of 0 and 300 kPa 

agree with the Sivakumar (1993) results. However, the two critical state points at 

kPa200=s  (which are coincident with each other, and therefore appear as a single 

point in Figure 7-17) are located well below the critical state line for kPa200=s  

found by Sivakumar (1993). This could be partially due to the uncertainty in the failure 

mode observed in samples tested at 200 kPa suction (i.e. concern for a buckling 

failure). This issue will be discussed in detail in Section 9.2.1. Hence, it was decided to 

ignore the critical state points at 200 kPa suction and to use 0.5 for the value ofk , 

which was suggested by Gallipoli (2000) for the Sivakumar (1993) test data. 

The model parameter values for the BBM determined in this section for the current 

tests on compacted Speswhite Kaolin are tabulated in Table 7-2. Also shown in Table 

7-2 are the corresponding BBM parameter values suggested by Gallipoli (2000) for the 

tests on compacted Speswhite Kaolin of Sivakumar (1993). Significant differences in 

the values ofG , cp  and β  can be observed when comparing the two sets of 

parameter. Many of these differences are attributed to differences in the interpretation 

as much as to differences in the experimental data. 

7.4 DETERMINATION OF WHEELER ET AL. (2003) MODEL 

PARAMETER VALUES 

This section presents the procedures and experimental test results involved with the 

determination of parameter values for the Wheeler et al. (2003) model. The same set of 

experimental test results as was used for determination of the BBM parameter values 

was utilized again, so that an unbiased estimation of parameters for both models could 

be ensured.  

Table 7-3 shows the values of parameters and initial conditions determined in this 

exercise. The procedures for the estimation of parameter values are discussed in the 

subsequent sections of this chapter. 
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Wheeler et al. (2003) model parameters 
Values 

κ  0.02 

sκ  0.006 

λ  0.115 

sλ  0.055 

1k  0.63 

2k  1.05 

G  3000 kPa 

Soil constants 

*M  0.72 
*
Ds  185 kPa 
*
Is  280 kPa 
*
0p  280 kPa 

v  at 10=p kPa and 300=s  kPa 2.153 

Initial conditions 

rS at 10=p kPa and 300=s  kPa 0.592 

Table 7-3 Model parameter values and initial conditions for Wheeler et al. (2003) model 

7.4.1 Parameters of mechanical behaviour for isotropic stress states (κ andλ ) 

The value of elastic swelling index for changes in mean Bishop’s stress κ  was 

determined from the swelling lines plotted in the *: pv  plane for Tests A1, A9, A10 

and A12.  An average value of 0.02 for the slope of the swelling lines κ  was 

determined. The value of λ  was determined using the experimental results from 

saturated soils. An average value of 0.115 for the parameter λ  was selected based on 

the slopes of the normal compression lines in the pv ′:  plane during the isotropic 

loading in the saturated tests C1, C2 and C3 shown in Figure 7-13. It can be noted that 

the value of the slope )0(λ  of the normal compression line for saturated soil 

determined for the BBM was 0.13 (see Section 7.3.2), which is higher than the value of 

λ  selected for the Wheeler et al. (2003) model. In the BBM parameter determination, 

the selected value of )0(λ involved a compromise to get a better representation of the 

variation of )(sλ  with suction (see Figure 7-14). 
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7.4.2 Parameters related to water retention behaviour ( sκ and sλ ) 

The Wheeler et al. (2003) model involves a gradient sλ  of main wetting or drying 

curves in the *ln: sSr plane and a gradient sκ  of elastic scanning paths in the same 

plot (see Figure 3-10 ). The value of the parameter sλ  can be determined from a 

wetting path or a drying path, which corresponds to a stress path yielding on the SD or 

SI yield curve respectively (but without simultaneously yielding on the LC curve). 

However, in the light of the experimental results, it was often found that wetting or 

drying curves not only had different slopes in the *ln: sSr  plane  but also that the 

slopes varied dramatically with the level of degree of saturation. At higher degree of 

saturation (approximately 85.0>rS ), exceptionally low and high gradients of wetting 

curves and drying curves were observed respectively. During wetting at high degrees 

of saturation, gradients in the range of 0.01-0.02 were often found. This low apparent 

gradient could be associated with the occurrence of occluded air bubbles within the 

soil, making it difficult to increase the degree of saturation to a fully saturated state, 

without waiting for extremely long times (to allow diffusion of air in solution from 

occluded air bubbles). On the other hand, drying from very low suctions (around 1 

kPa) showed significant reductions in rS , leading to exceptionally high gradients, in 

the range of 0.09-0.10. This was thought to be because of emptying of macro-voids 

filled with water. These issues will be discussed further along with the experimental 

results in Chapter 8. From the above discussion, it is clear that these two cases are 

associated with special phenomena that can not be taken into account by the Wheeler 

et al. (2003) model. It was therefore decided not to consider these test results to 

determine the value ofsλ .  

Main wetting paths were used in order to calculate the value sλ . The values of rS  and  

*s  at the end of the initial equalisation stages from Tests A1, A3, A6, A11, A12 and 

B1 are plotted in Figure 7-18. Test A11 has two points in the figure, one during the 

initial equalisation at s= 300 kPa and another at s = 10 kPa after a wetting path from 

s = 300 kPa. It was assumed that all these points lie on a single main wetting line. 

This implies that these stress points were assumed to lie on the SD yield curve as far as 

the Wheeler et al. (2003) model is concerned. This assumption is supported by the 
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variation of rS  with suction for Test A11, as shown in Figure 7-19, in which sample 

was first equalised at s=300 kPa and p =10 kPa and then wetted at constant mean net 

stress to s=10 kPa ( BA− ) before drying back to s=300 kPa ( CB − ). It can be seen 

that the wetting curve has a single gradient, suggesting that plastic changes of rS  

occurred on the SD yield curve right from the beginning of wetting.   

A gradient of 055.0=sλ  was obtained from Figure 7-18 for the wetting points from 

different tests, which was consistent with the gradient of 05.0=sλ obtained from 

Figure 7-19 for the single wetting path. The gradients of main drying curves were often 

found to be less than the gradients of main wetting curves. However, according to the 

Wheeler et al. (2003) model, many drying paths would be expected to involve 

simultaneous yielding on the LC yield curve as well as the SI yield curve, and this 

would produce a gradient less than sλ . Drying curves were therefore not used to 

determine a value of sλ . The value of 055.0=sλ  obtained from Figure 7-18 was used 

for all test simulations. 

 

Figure 7-18 Variation of degree of saturation with modified suction for tests at different 
initial equalisation stress states 
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Figure 7-19 Wetting and drying path at 10=p  kPa in Test A11.  

The value of sκ  of 0.006 was determined from the initial slope of the drying curves in 

the *ln: sSr  plane from Test A11 and A12 (e.g. see the first part of the drying curve 

BC in Figure 7-19).  

7.4.3 Coupling parameters 1k  and 2k  

In order to model the interaction between mechanical behaviour and water retention 

behaviour, Wheeler et al. (2003) proposed coupling equations (see Equations 3-9 and 

3-6) linking the movement of the LC yield curve during yielding on the SD or SI yield 
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During a wetting path producing yielding on the SD yield curve only, coupling 

Equation 3-9 defines the path traced by the corner between the LC and SD yield 

curves, which is analogous to the LC yield curve proposed in the BBM. The shape of 

the path traced by the corner is controlled by the value of the coupling parameter 1k  

i.e. parameter 1k  controls how fast the LC yield curve moves inwards during a wetting 
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Considering this feature of behaviour, it was therefore decided to carry out a specific 

stress path test (Test A3) to determine the value of 1k . 

Figure 7-20  and Figure 7-21 show the stress path for Test A3 in the ps :  plane and 

the ** : ps  plane respectively. The sample was isotropically loaded from kPa20=p  

to kPa325=p at s = 350 kPa ( BA− ), so that at the end of the stress pathBA−  the 

stress point would lie at the corner between the SD and LC yield curves (see Figure 

7-21). The stress path DCB −−  was intended to move the stress point away from 

both the LC and SD yield curves but without yielding on the SI yield curve. A wetting 

stage ED −  was then performed from s=365 kPa to s=160 kPa at kPa250=p . 

Part way through the wetting process ED − , the onset of collapse compression was 

observed. This onset of collapse compression was explained within the Wheeler et al. 

(2003) model by yielding on the SD yield curve during wetting producing a coupled 

inward movement of the LC yield according to Equation 3-9, and once the LC yield 

curve reached the stress point, any further reduction in suction would result in plastic 

volumetric strain (collapse compression).  

 

Figure 7-20 Stress path for Test A3 in theps :  plane 
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Figure 7-21 Stress path for Test A3 in the ** : ps  plane with yield curve positions indicated 
when the stress points is at B (dotted line) and E (dashed line) 
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loading stages from Figure 7-15 have therefore been re-plotted in terms of *p  and *s  

(on a log-log plot) in Figure 7-22. The gradient of the best-fit line in Figure 7-22 

suggests a 1k  value of 0.53. This is slightly lower than the value of 63.01 =k  

determined from Test A3. In addition, there is a suggestion that the points in Figure 

7-22 do not fit a simple straight line relationship. This suggests that the coupling 

relationship of Equation 3-9 may require modification, and this point is discussed 

further in Section 10.4. For all model simulations, a value of 63.01 =k , taken from 

Test A3, was therefore assumed. 
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Figure 7-22 Locus of yield points from first isotropic loading in ** ln:ln sp  plane  

The gradients of constant suction normal compression lines in the pv ln:  plane 

depend mainly on the values of λ , 1k  and 2k , while the gradients of the corresponding 

lines in the  pSr ln:  plane depend mainly on the values of sλ , 1k  and 2k . Having 

selected values for λ , sλ  and 1k , it was possible to select the value for 2k  by 

matching the gradients of normal compression lines in the pv ln:  plane and the 

corresponding plastic parts of the curves in the pSr ln:  plane during isotropic 

loading. The selection of values for 2k  involved a small compromise as it was required 

to reasonably satisfy the gradients of normal compression lines in the pv ln:  plane 
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and plastic parts of the curves in the pSr ln:  plane for isotropic loading paths. A 

value of 1.05 was selected for parameter2k . 

7.4.4 Initial states 

All the Wheeler et al. (2003) model simulations were started at an initial stress state 

of kPa10=p , kPa300=s and kPa0=q . The initial positions of yield curves and 

specific volume and degree of saturation were therefore required at this initial stress 

state for the model simulations. As mentioned in the previous section, the initial 

equalisations stage of all the tests can be assumed as yielding on the SD yield curve 

only. From Tests A9, A11, B4, B6, B8 and B10 (which involved initial equalisation at 

kPa10=p , kPa300=s ) an average value of *s  was calculated for the initial 

position of SD yield curve *Ds . 

The Wheeler et al. (2003) model assumes a constant distance between the SI and SD 

yield curves when plotted in the ** :ln ps  plane (i.e. the ratio **
DI ss  remains 

constant). In Test All, a wetting stage BA−  was carried out (see Figure 7-19), and at 

the end of this stage the stress point was assumed to be lying on the SD yield curve. 

During the subsequent drying stage CB − , there was a suggestion of yielding at a 

modified suction of about 10 kPa. By considering this level of modified suction as the 

position of the SI yield curve (after assuming that no plastic volumetric strain 

occurring before the onset of plastic changes of rS   during drying stage CB −  i.e 

stress path first yielding on the SI yield curve during drying CB − ), the ratio **
DI ss  

was selected as 1.5. Using this value it was possible to estimate the initial position of 

the SI yield curve at an initial stress states of kPa10=p , kPa300=s , having 

selected the corresponding initial position of the SD yield curve (see previous 

paragraph). However, the later simulations (see Chapter 8) showed that a constant 

value for **
DI ss  was unable to provide accurate predictions of experimental results, 

because this ratio changes significantly for different stress states of samples. 

In the previous section, the yield points in the ** ln:ln ps  plane were plotted (see 

Figure 7-22) for first isotropic loading. The value of *p  corresponding to the yield 

point for isotropic loading at 300 kPa suction would therefore represent the initial 
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position of the LC yield curve at initial stress state kPa10=p , kPa300=s . This 

value of *
0p  was therefore selected as the initial position of the LC yield curve. 

Finally, the values of specific volume and degree of saturation at the initial state were 

determined by getting the average values for initial equalisation stages at  

kPa10=p , kPa300=s  from Tests A9, A11, B4, B6, B8 and B10.  

7.4.5 Parameters related to shearing G  and M  

The procedure for the determination of elastic shear modulus G  was the same as 

described in Section 7.3.1. Therefore, the same value of 3 MPa was selected forG . In 

order to reliably estimate the slope of the critical state line *M  in the *: pq  plane, 

ideally many experimental critical state points would be required, covering a wide 

range of qand *p values. However, in the current research only limited numbers of 

critical state points were available, covering a narrow range of  q  and *p  values. 

Sivakumar (1993) and Wheeler & Sivakumar (2000) carried out a comprehensive 

range of controlled-suction triaxial tests on compacted samples of Speswhite Kaolin 

prepared in a similar fashion to those of the author. It was therefore decided to use 

their experimental data along with current test data to evaluate the value of*M .   

 

Figure 7-23 Critical state points for compacted Speswhite Kaolin samples plotted as deviator 
stress against mean Bishop’s stress (after Gallipoli et al., 2008) 
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Figure 7-23 shows the critical state points for compacted Speswhite Kaolin samples 

plotted as deviator stress against mean Bishop’s stress for the author’s test data and for 

the data of Sivakumar (1993) and Wheeler & Sivakumar (2000). The current 

experimental data points are indicated by solid markers, whereas the data points from 

the previous research are indicated by open markers. A reasonable agreement between 

current experimental data and the data from the above mentioned literature can be 

observed. A value of 0.72 was determined as the average gradient of the critical state 

line using all the experimental data. 

7.5 DETERMINATION OF PARAMETER VALUES FOR BOUNDING 

SURFACE PLASTICITY VERSION OF WHEELER ET AL. (2003)  

MODEL  

Table 7-4 shows the values of model parameters selected for the bounding surface 

plasticity version of Wheeler et al. (2003) model.  

Bounding surface plasticity version of Wheeler et al. 

(2003) model parameters 
Values 

κ  0.02 

sκ  0.006 

λ  0.115 

sλ  0.055 

1k  0.63 

2k  1.05 

f  10 

Soil constants 

g  2 
*
Ds  185 kPa 
*
Is  280 kPa 
*
0p  280 kPa 

v  at 10=p kPa and 300=s  kPa 2.153 

Initial conditions 

rS at 10=p kPa and 300=s  kPa 0.592 

Table 7-4 Model parameter values and initial conditions for bounding surface version of 
Wheeler et al. (2003) model.  

The formulation of a bounding surface plasticity version of the fully coupled Wheeler 

et al. (2003) model was described in Section 4.4.  As this model is simply an extension 
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of the Wheeler et al. (2003) model, it is logical to use the same values as determined in 

Section 7.4 for the parametersκ , sκ ,λ , sλ , 1k  and 2k  and for the initial state. The 

values of the two additional parameters f  and g , which control the prediction of the 

transition of mechanical behaviour and water retention behaviour from elastic to fully 

elasto-plastic were determined by comparing model simulations with experimental 

results for isotropic compression lines and for wetting and drying curves. This resulted 

in values of 10=f and 2=g . The high value of the parameter f  means that for 

mechanical behaviour the transition from elastic behaviour to fully elasto-plastic 

behaviour is relatively abrupt. The much lower value for the parameter g  means that 

for water retention behaviour the transition from elastic changes of rS  to fully elasto-

plastic changes of rS  (i.e. the transition from scanning curve to main drying or wetting 

curve) is much more gradual. 
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CHAPTER 8                                                            

ISOTROPIC TEST RESULTS, SIMULATIONS AND 

DISCUSSION 

This chapter presents suction-controlled experimental test results performed under 

isotropic stress states in System A, along with the simulations by the BBM and the 

Wheeler et al. (2003) model ( both original elasto-plastic and new bounding surface 

plasticity versions). Simulation codes for stress point simulations with the BBM, and 

the Wheeler et al. (2003) model (both original elasto-plastic and new bounding surface 

plasticity versions) were developed using Matlab. The simultaneous equations that had 

to be solved for increments of stress, strain and degree of saturation are presented in 

the Appendix for all three models. The algorithms employed in the Matlab coding in 

order to run a simulation for required stress paths are also presented in the Appendix. 

Initial tests were primarily designed to investigate the validity of some of the main 

concepts of the Wheeler et al. (2003) framework and of some of the specific 

constitutive equations proposed in the Wheeler et al. (2003) model. Other tests were 

carried out to investigate further the coupling of mechanical behaviour and water 

retention behaviour by performing elaborate stress path tests, which involved wetting, 

drying, isotropic loading and unloading.  

8.1 TESTS TO INVESTIGATE THE PERFORMANCE OF THE WHEELER  

ET AL. (2003) MODEL 

One of the objectives of this research was to investigate the performance of the 

Wheeler et al. (2003) model in the light of experimental test results. Tests were 

therefore designed to investigate whether the model proposals of uncoupled elastic 

stress-strain behaviour, very simple yield curve shapes and particular forms of 

coupling relationships were consistent with experimental observations. 
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8.1.1 Elastic stress-strain relationships (Test A1) 

Wheeler et al. (2003) proposed simple uncoupled stress-strain relationships for the 

development of elastic volumetric strain and elastic changes of degree of saturation, 

with the former dependent solely on the change of mean Bishop’s stress mean *p  and 

the latter dependent solely on the change of modified suction *s : 

*

*

p

dp

v
d e

v

κε =  (8-1) 

*

*

s

ds
dS s

e
r κ=−  (8-2) 

Test A1 was carried out in order to investigate the validity of these particular 

relationships, by performing a stress path inside the yield curves, so that the changes of 

degree of saturation and volumetric strain would be elastic. Table 8-1 and Figure 8-1 

show the stress path.  

Stage 
From To Description 

)kPa(p  )kPa(s  

A A′  Initial equalisation 20 150 

A′  B  Isotropic loading 25020→  150 

B  B′  Equalisation 250 150 

B′  C  Isotropic unloading 100250→  150 

C  C′  Equalisation 100 150 

C′  D  Drying 100 250150→  

D  D′  Equalisation 100 250 

D′  E  Isotropic loading 200100→  250 

E  E′  Equalisation 200 250 

E′  F  Wetting 200 195250→  

Table 8-1 Stress path for Test A1 

The sample was first equalised at p =20 kPa and s=150 kPa (stageAA ′ ). The mean 

net stress was then increased at constant suction to reach p =250 kPa (stage BA −′ ). 

After the equalisation stageBB ′ , an isotropic unloading CB −′ was performed to a 

mean net stress of 100 kPa. This was followed by a drying stage DC −′ to a suction 

value of 250 kPa (ending with an equalisation stageDD ′ ). The sample was then 

isotropically loaded ( ED −′ ) to a mean net stress of 200 kPa (followed by 
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equalisation EE ′ ). The last leg of the stress path FE −′  involved wetting at constant 

mean net stress and was planned to continue until a suction value of 150 kPa. 

However, the test was terminated before reaching the intended final suction value, 

because a pressure drop of the compressor occurred due to faulty operation of the 

water flushing valve of the compressor. 

 

Figure 8-1 Stress path for Test A1 

Figure 8-2 and Figure 8-3 show the experimental variation of  v   and rS  respectively, 

plotted against mean net stress p  in semi-logarithmic plots. Also shown are the 

simulations from the BBM, the original Wheeler et al. (2003) model (WM) and the 

bounding surface plasticity version of the Wheeler et al. (2003) model (WM (BS)). As 

p  was increased in the first isotropic loading BA −′ , the sample showed initially a 

stiff response in terms of both vand rS  (attributed to elastic behaviour), followed by 

transitional behaviour and then, as isotropic loading was continued further, a linear 

normal compression line was followed for v  and a linear post-yield line was followed 

for rS  (attributed to elasto-plastic behaviour).  
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Figure 8-2 Variation of specific volume v  with mean net stress p for Test A1 along with 
simulations  

 

Figure 8-3 Variation of degree of saturation rS  with mean net stress p for Test A1 along 
with simulations  
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According to the BBM, the variation of vduring loading BA −′  is modelled by initial 

elastic response inside the LC yield curve (see Equation 2-16) and then as the LC yield 

curve is reached elasto-plastic volumetric strain is predicted (see Equation 2-14 and  

Figure 8-2). In the case of the WM, at the start of isotropic loading, the stress point was 

on the SD yield curve but inside the LC yield curve. During isotropic loading BA −′  

the mean Bishop’s stress *p  increased and elastic volumetric strain was predicted by 

the WM according to Equation 3-3 until the stress point reached the corner of the LC 

and SD yield curves. Very small elastic and plastic increases of degree of saturation 

were also predicted during the early part of BA −′  (hardly visible in the WM 

simulation in Figure 8-3), according to Equations 3-4  and 3-8, because of small 

reductions in  *s  due to the occurrence of elastic volumetric strain. Once the corner of 

the LC and SD yield curves was reached, substantial elasto-plastic volumetric strains 

and increases of degree of saturation were predicted by the WM, according to 

Equations 3-13 and 3-14.  

In the case of the WM (BS), at the start of isotropic loading the stress point was very 

close to the SD bounding curve and well inside the LC bounding curve. During 

isotropic loading BA −′ , both plastic volumetric strain and plastic increases of degree 

of saturation were predicted by the WM (BS), as the stress point was moving towards 

the LC and SD bounding curves (see Section 4.4.2 for more information). It can be 

seen from Figure 8-2 and Figure 8-3 that, as the isotropic loading continues, the 

normal compression curve for v  and post-yield curve for rS  predicted by WM and 

WM (BS) converged with each other.  

Inspection of Figure 8-2 and Figure 8-3 shows that during the intended elastic sections 

of stress path ( CB −′ , DC −′ , ED −′  and FE −′ ) the changes of both v  and rS  were 

relatively small. These are now examined in more detail. 

Figure 8-4 shows the variation of specific volume v  re-plotted against mean Bishop’s 

stress *p (with *p  on a logarithmic scale). The same data is shown at larger scale in 

Figure 8-5, only for the intended elastic parts ( CB −′ , DC −′ , ED −′  and FE −′ ) of 

the stress path. During unloading CB −′ , the soil sample initially showed a very small 

volume reduction before swelling started to dominate the final part of stage CB −′ . 
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This initial small volume reduction could be due to delayed compression from the 

previous isotropic loading i.e. the compression during the 48 hour equalisation stage 

BB ′ may not have entirely ceased. During drying stage DC −′  a reduction in volume 

(shrinkage) was observed, with v  varying in an approximately linear fashion 

with *ln p . Although the maximum value of mean Bishop’s stress previously achieved 

was exceeded during re-loading path ED −′ , no clear yield point was observed. This 

can be explained by the WM if the drying stage DC −′  produced yielding on the SI 

yield curve, causing a coupled outward movement of the LC yield curve (see WM 

simulation in Figure 8-5).  

 

Figure 8-4 Variation of specific volume v  with mean Bishop’s stress *p for Test A1 along 
with simulations  

The observation of a very small volume reduction during wetting FE −′  may again 
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inside the bounding curves. However, by inspecting Figure 8-5, it can be seen that, 

with the particular parameter values selected, WM (BS) also predicted swelling during 

stage FE −′ (elastic swelling exceeded plastic compression). It can be seen from 

Figure 8-5 that WM predicted elastic variation of v  throughout the entire stress 

path FEEDDCCB −′−′−′−′ . It can be noted that the predictions suggest that the LC 

yield curve was not reached until the very end of the re-loading stage ED −′ , because 

the LC yield curve was pushed outward during yielding on the SI yield curve within 

the previous drying stage DC −′ . On the other hand, WM (BS) predicted elastic 

volumetric strain during unloading and wetting stages CB −′  and FE −′ , but a small 

elasto-plastic volumetric strain during drying and reloading stages DC −′  and  

ED −′  (see Figure 8-5). 

 

Figure 8-5 Variation of specific volume v  with mean Bishop’s stress *p for intended elastic 
sections of stress path in Test A1 along with simulations  
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yielding on the SI curve during drying DC −′ . During unloading CB −′  the 

experimental results show that a small reduction in rS  occurred, while both WM and 

WM (BS) predicted extremely small decreases in rS  (too small to be visible in Figure 

8-6). During drying DC −′ , reduction of rS  was observed, and this is predicted by 

both WM and WM (BS), although neither model achieves a perfect prediction of the 

magnitude of the reduction or the shape of the curve. During re-loading ED −′  a 

further reduction of rS  was observed, whereas WM predicted an extremely small 

increase of rS  (too small to see in Figure 8-6) and WM (BS) predicted a small 

increase of rS  (observable in Figure 8-6). This discrepancy probably represents a 

weakness of the WM and WM (BS) models, although it is probably exaggerated by 

additional experimental decrease of rS  during re-loading ED −′  as a consequence of 

delayed effects from the previous drying and equalisation stages DC −′  and DD ′ . 

During final wetting FE −′  a small increase of rS  was observed. This is well 

matched by the WM simulation and somewhat overstated by the WM (BS) simulation. 

 

Figure 8-6 Variation of degree of saturation rS with modified suction *s  for intended elastic 
sections of stress path in Test A1 along with simulations  
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Overall interpretation of the test results and the question of whether the results support 

the proposed elastic relations of Equations 8-1 and 8-2 are rather inconclusive. This is 

mainly because the observed changes of v  and rS  during test 

stages CB −′ , DC −′ , ED −′  and FE −′  were all relatively small and therefore 

susceptible to distortion by minor influence of complicating factors. If the stress path 

was entirely elastic, and the proposed uncoupled elastic relations of Equations 8-1 and 

8-2 were correct, then the experimental results should follow a single straight line of v  

against *ln p  in Figure 8-5 and a single straight line of rS  against *ln s  in Figure 8-6. 

Clearly this is not exactly what is seen in the experimental results. There are however 

two complications. Firstly, the stress path may not be entirely elastic, with significant 

possibilities of yielding on the SI yield curve during drying DC −′  (see the WM 

simulation in Figure 8-6) or of small components of plastic changes of v  and rS  

occurring during many of the stages, if the transition from elastic to elasto-plastic 

behaviour is a gradual process (see the WM (BS) simulations in Figure 8-5 and Figure 

8-6). Secondly, in many stages there is a distinct possibility that some changes of v  or 

rS  could have been due to delayed effects arising from incomplete equalisation at the 

end of a previous stage. Overall, therefore, the results are inconclusive as to whether 

Equations 8-1 and 8-2 provide a good representation of elastic changes of v  and rS  

respectively. 

Figure 8-7 shows the variation of specific water volume wv   with suction in the 

intended elastic sections of stress path (CB −′ , DC −′ , ED −′  and FE −′ ) of Test 

A1. Prediction of the variation of wv  involves prediction of the variations of both v  

and rS . It is interesting to note that the WM (BS) in particular provides reasonably 

successful prediction of the variation of wv  (probably better than the individual 

prediction of v  and rS ). 
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Figure 8-7 Variation of specific water volume wv with suction s  for intended elastic sections 

of stress path in Test A1 along with simulations  

8.1.2 Relationship for coupled inward movement of LC yield curve (Test A3) 

Coupled movements of the LC yield curve, caused by plastic changes of rS  arising 

from yielding on the SD or SI yield curves have been proposed in the Wheeler et al. 
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To investigate the validity of this proposal, an isotropic stress path test was conducted 

as shown Table 8-2 and Figure 8-8. The first test (Test A2) conducted for this purpose 

was terminated prematurely, because of the same problem with the compressor as 

reported in Section 8.1.1. A second test (A3) was therefore performed. Both Tests A2 

and A3 are presented, to verify the repeatability of the early part of Test A3. 

In Test A2, the soil sample was first equalised at a suction of 350 kPa and mean net 

stress of 20 kPa (stageaa ′ ). The sample was then isotropically compressed to a mean 
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net stress of 250 kPa at constant suction (stageba −′ ). Sample A3 was equalized under 

the same stress conditions as Sample A2 (stage AA ′ ) and then isotropically loaded to a 

mean net stress of 325 kPa (stage BA −′ ). This isotropic compression was intended to 

ensure that the sample was yielding on both SD and LC yield curves simultaneously 

(i.e. producing both plastic volumetric strain and plastic increase of degree of 

saturation). The isotropic compression was supposed to be followed by a simultaneous 

unloading and drying path to a stress state well inside the yield curves to a mean net 

stress of 250 kPa and a suction of 375 kPa. However, the stage was terminated early at 

a suction of 365 kPa as shown in Figure 8-8 (CB −′ ), due to concern about a dramatic 

increase in the rate of diffusion of dissolved air through the high air entry filters at high 

suctions above about 350 kPa (Buisson, 2002). The sample was then unloaded at 

constant suction ( DC −′ ) to a mean net stress of 250 kPa. Next a wetting stage 

ED −′  was performed to a suction of 160 kPa at a mean net stress of 250 kPa. This 

was intended to produce yielding on the SD yield curve and hence coupled inward 

movement of the LC yield curve, so that collapse compression could commence when 

the LC yield curve reached the current stress point. The test then continued with a 

second unloading and drying stage  FE −′  and a second wetting stage GF −′ , to try 

to produce the same effect again (see Table 8-2 and Figure 8-8). 

Stage 

From To Description 

)kPa(p  )kPa(s  

A  A′  Initial equalisation 20 350 

A′  B  Isotropic loading 32520→  350 

B  B′  Equalisation 325 350 

B′  C  Isotropic unloading & drying 280325→  365350→  

C  D  Isotropic unloading 250280→  365 

D  D′  Equalisation 250 365 

D′  E  Wetting 250 160365→  

E  E′  Equalisation 250 160 

E′  F  Isotropic unloading & drying 175250→  185160→  

F  F ′  Equalisation 175 185 

F ′  G  Wetting 175 50185→  

G  G′  Equalisation 175 50 

Table 8-2 Stress path for Test A3 
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Figure 8-8 Stress path for Test A3 

Figure 8-9 and Figure 8-10 show the variation of v  and rS  plotted against mean net 
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of 250 kPa (Figure 8-9) from Tests A2 and A3 ( ba −′ and BA −′  respectively), and 

the corresponding variations of rS  (Figure 8-10), were in close agreement providing 

evidence of the repeatability of the experimental results. None of the models was able 

to perfectly capture the position of the normal compression line for v  and 

corresponding post-yield line for rS . However, the BBM, WM and WM (BS) all 

predict the slope of the normal compression line with reasonable accuracy. The WM 

and WM(BS) appear to predict that the substantial plastic decreases of v  and increases 

of rS  commence too early during this isotropic loading stage. 

0

50

100

150

200

250

300

350

400

0 50 100 150 200 250 300 350 400
Mean net stress (kPa)

S
u

ct
io

n
 (

kP
a

)

AA ′, BB ′,

DD ′,

EE ′,

GG ′,

FF ′,

S
uc

tio
n 

s (
kP

a)
 

C

(kPa)  stressnet Mean p



Chapter 8: Isotropic test results, simulations and discussion 
--------------------------------------------------------------------------------------------------------- 

- 215 - 

 

Figure 8-9 Variation of specific volume v  with mean net stress p for Tests A2 and A3 along 
with simulations  

 

Figure 8-10 Variation of degree of saturation rS  with mean net stress p for Tests A2 and 
A3 along with simulations  

10 50 100 200 400

0.6

0.7

0.8

0.9

Mean net stress p̄ (kPa)

D
eg

re
e 

of
 s

at
ur

at
io

n 
S r 

 

 
Exp.
WM
WM(BS)

A′

B

DD ′,

E

G

FF ′,

B′

a′

b

E′

G′

A′

C

10 50 100 200 400
1.8

1.9

2.0

2.1

2.2

Mean net stress p̄ (kPa)

S
pe

ci
fic

 v
ol

um
e ν

 

 

 

Exp.
BBM
WM
WM(BS)

A′

BDD ′,

EE ′,
GG ′,

FF ′,

B′

a′

b

A′

C



Chapter 8: Isotropic test results, simulations and discussion 
--------------------------------------------------------------------------------------------------------- 

- 216 - 

Figure 8-11 shows the variation of specific volume v  with suction for the later stages 

of Test A3 ( GGFFEED ′−′−′−′ ). During wetting ED −′ , the sample showed small 

reductions of specific volume right from the beginning even though according to the 

BBM and WM, point D′  was supposed to be well inside the LC yield curve. It should 

be noted that similar behaviour was observed in Test A1, described in Section 8.1.1. 

One possible explanation could be incomplete equalization during the preceding stage 

( DD ′ ) and hence delayed compression from the previous unloading and drying 

paths DCCB −′−′ . However, the change of specific volume during the 24 hour 

equalization stage DD ′  was found to be small ( 0003.0=∆v ). If the small volume 

reduction during the early part of wetting path ED −′  was not attributable to delayed 

effects from previous stages, then the BBM or WM would not be able to capture this 

response. However, the bounding surface plasticity version of the WM model could 

theoretically predict this feature of behaviour. In fact, all 3 models predicted swelling 

in the initial part of wetting ED −′   and collapse compression in the later part (see 

Figure 8-11). The WM (BS) model however predicted both elastic swelling and plastic 

volumetric compression from the very start of wetting, with the former dominating 

initially and the latter gradually becoming dominant as wetting progressed. 

 

Figure 8-11 Variation of specific volume v  with suction s for Test A3 along with 
simulations  
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Inspection of the experimental results in Figure 8-11 shows that the onset of significant 

collapse compression during wetting ED −′  was actually a more distinct phenomenon 

than predicted by WM(BS) (i.e. there is a suggestion of a yield point).The occurrence 

of yielding during wetting also suggests that elasto-plastic modelling (rather than 

bounding surface plasticity) may be sufficient to describe the mechanical behaviour of 

unsaturated soil (but not necessarily the water retention behaviour). Both BBM and 

WM were able to capture the yield points corresponding to the onset of significant 

collapse compression during wetting paths ED −′  and GF −′ . The gradient of elastic 

swelling in the early part of the second wetting stage GF −′  was also predicted by the 

BBM and WM with reasonable accuracy. However, neither BBM nor WM was able to 

predict perfectly the gradient of elasto-plastic volumetric reduction (collapse 

compression) for both wetting paths ED −′  and GF −′ .  

In the second wetting path GF −′ , the gradient of elasto-plastic volumetric reduction 

predicted by WM is higher than shown by the experimental results. By incorporating a 

water retention model that better represents water retention behaviour at high degrees 

of saturation or by modifying the coupling equation (Equation 3-9) proposed by 

Wheeler et al. (2003), it is possible to improve this aspect of the WM model 

predictions. Further experimental evidence regarding this issue will be discussed in 

later sections. 

 Figure 8-12 and Figure 8-13 show the variation of degree of saturation and specific 

water volume respectively with suction during the later stages of Test A3. It was 

predicted by the WM that during each wetting path, two yield points would be 

observed in Figure 8-12, the first corresponding to the stress path reaching the SD 

yield curve and the second when the coupled inward movement of the LC yield curve 

brought it to the stress point. However, there was no evidence for clear yield points in 

the experimental variation of rS  during either wetting stage ( ED −′ or GF −′ ). This 

observation suggests that bounding surface plasticity may be helpful to describe the 

water retention behaviour. In addition, the absence of clear yield points in Figure 8-12 

meant that it was not possible to determine the shape of the SD yield curve. WM and 

WM (BS) predictions showed similar variations of rS  for the stress 
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path GGFFEED ′−′−′−′ . The increase in rS  observed from the experimental results 

was predicted by both models with reasonable accuracy.  

 

Figure 8-12 Variation of degree of saturation rS  with suction s  for Test A3 along with 
simulations  

 

Figure 8-13 Variation of specific water volume wv  with suction s for Test A3 along with 

simulations  
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Inspection of Figure 8-13 shows that both WM and WM (BS) predict a reduction in 

the gradient of the curve of wv  against sln  in the later part of wetting path GF −′ , 

which is not apparent in the experimental results. This was due to the fact that the 

amount of collapse compression (void ratio reduction) predicted by WM and WM 

(BS) during the later part of GF −′  was greater than was observed in the experimental 

result (see Figure 8-11), whereas the increase of degree of saturation was well 

represented by the models (Figure 8-12).  

8.1.3 Relationship for coupled upward movement of SD yield curve (Test A4) 

The Wheeler et al. (2003) model incorporates a second coupling equation to represent 

the influence of mechanical behaviour on water retention behaviour: 

*
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dp
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I

I

D

D ==  (8-4) 

 Test A4 was devised to investigate the validity of this coupling equation and to 

determine the shape of the LC yield curve. 

The stress path for Test A4 is shown in Table 8-3 and Figure 8-14. The soil sample 

was first equalized (AA ′  ) at a suction of 150 kPa and a mean net stress of 20 kPa. It 

was then isotropically loaded ( BA −′ ) at constant suction to a mean net stress of 150 

kPa, with the intention that the stress point was on both SD and LC yield curves at the 

end of the isotropic loading. The sample was then simultaneously unloaded and dried 

CB −′  to a mean net stress of 75 kPa and a suction of 200 kPa. This stress path was 

expected to be inside the yield curves, and it was followed by constant suction 

isotropic loading DC −′  to a mean net stress of 250 kPa. According to the Wheeler et 

al. (2003) model, during isotropic loading DC −′ , yield should have occurred first on 

the LC curve and then subsequently a second yield point should have been observed 

when yielding also commenced on the SD curve. This isotropic loading DC −′  was 

followed with another simultaneous unloading and drying stress path ED −′ to a mean 

net stress of 150 kPa and a suction of 300 kPa. The sample was then isotropically 

loaded FE −′  to a mean net stress of 400 kPa. The final stage was a wetting GF −′  

to a suction of 200 kPa at constant mean net stress.  
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Stage 

From To Description 

)kPa(p  )kPa(s  

A  A′  Initial equalisation 20 150 

A′  B  Isotropic loading 15020→  150 

B  B′  Equalisation 150 150 

B′  C  Isotropic unloading & drying 75150→  200150→  

C  C′  Equalisation 75 200 

C′  D  Isotropic loading 25075→  200 

D  D′  Equalisation 250 200 

D′  E  Isotropic unloading & drying 150250−  300200→  

E  E′  Equalisation 150 300 

E′  F  Isotropic loading  400150→  300 

F  F ′  Equalisation 400 300 

F ′  G  Wetting 400 200300→  

G  G′  Equalisation 400 200 

Table 8-3 Stress path for Test A4 

 

Figure 8-14 Stress path for Test A4 
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Similarly was there a first yield point  (on the LC yield curve) during isotropic 

loading stage FE −′  at a value of mean Bishop’s stress equal to that previously 

applied at D ? 

• were there second yield points (corresponding to reaching the corner of the LC 

and SD yield curves) during loading stages DC −′  and FE −′ , and did these 

occur at points consistent with the predictions of the coupling relationship of 

Equation 8-4? 

Figure 8-15 and Figure 8-16 show the variation of specific volume with mean net 

stress and suction respectively. It can be seen from the two figures that all three models 

provide reasonable predictions of the variation ofv , with the WM and WM (BS) 

generally slightly better than the BBM (the BBM underestimates the reduction of v  

during isotropic loading DC −′ , and as a consequence over-predicts the actual values 

of v  throughout the subsequent stages of the test). 

 

Figure 8-15 Variation of specific volume v  with mean net stress p for Test A4 along with 
simulations  
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Figure 8-16 Variation of specific volume v  with suction s for Test A4 along with 
simulations  
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evidence in support of these aspects of the modelling framework of Wheeler et al. 

(2003). 

 The dashed line in Figure 8-15 is an extension of the experimental normal 

compression line for 200 kPa suction from loading stage DC −′ , and it passes through 

the final experimental pointG  (when the suction was again 200 kPa), suggesting that 

at the end of wetting GF −′ , the state of the sample was once again on a unique 

normal compression line for 200 kPa suction. This observation is in agreement with 

the modelling concepts employed in either the BBM (yielding on the LC yield curve at 

points D  and G  ) or the WM (yielding on the SD and LC yield curves simultaneously 

at points D  andG ). 

Figure 8-17 shows the experimental variation of rS  plotted againstp , along with 

model simulations from WM and WM (BS). Generally, both WM and WM (BS) 

provide reasonable predictions of the variation of rS  throughout the test. Both models 

under-predict the reduction of rS  during unloading/drying stage ED −′ , and this 

appears to be a weakness of the models. 

 

Figure 8-17 Variation of degree of saturation rS  with mean net stress p for Test A4 along 
with simulations  
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During the initial part of isotropic loading FE −′ , a reduction in degree of saturation 

can be observed from the experimental curve in Figure 8-17, whereas this is not 

predicted by either WM or WM (BS). It is, however, not clear whether this reduction 

in rS  can be attributed to delayed effects from the previous stage ED −′  (non-

equalisation during equalisation stageEE ′ ). It could also be perfectly possible for  rS  

to reduce during isotropic loading, as changes in rS  depend on both the pore water 

volume change and the total volume change. If the observed experimental reduction of 

rS  during the early part of loading stage FE −′  was correct, then this represents a 

weakness of models WM and WM (BS). However, both models correctly predict the 

significant increase of rS  in the final part of loading stage FE −′  and in the 

subsequent wetting stage GF −′ .  At the end of wetting stage GF −′  (when the 

suction was 200 kPa), the experimental value of rS  was less than the value given by 

extending the experimental curve from loading stage DC −′  (when the suction was 

also 200 kPa); see the dashed line in Figure 8-17 . This observation is counter to the 

predictions of the WM. 

Figure 8-18 and Figure 8-19 show the variation of specific volume and degree of 

saturation with mean Bishop’s stress. Again the simulations of the WM and the WM 

(BS) generally provide reasonable  matches of the observed behaviour, but  the double 

yield points suggested by the WM during isotropic loading stages DC −′  and FE −′  

are no more apparent in the experimental curves when plotted against *p  than in when 

plotted against p  (confirming that it is impossible to investigate directly the questions 

that Test A4 was designed to answer). 
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Figure 8-18 Variation of specific volume v  with mean Bishop’s stress *p for Test A4 along 
with simulations  

 

Figure 8-19 Variation of degree of saturation rS  with mean Bishop’s stress *p for Test A4 
along with simulations  
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8.1.4 Investigation of SI and SD yield curves (Test A5) 

In the Wheeler et al. (2003) framework, two yield curves (SI and SD) were proposed to 

represent the water retention behaviour. Test A5 involved several wetting and drying 

stages over a suction range from 30 to 300 kPa, with the intention of investigating the 

existence of these yield curves and the proposed cross-coupling between them.  

In Test A5, a sample was first equalised (AA ′ ) at a mean net stress of 10 kPa and 

suction of 30 kPa (Table 8-4). It was then subjected to a drying-wetting cycle ( BA −′  

and CB −′ ), over a suction range of 30-300-40 kPa, performed at a constant mean net 

stress of 10 kPa as shown in Table 8-4 and Figure 8-20. It was then dried again 

( DC −′ ) to a suction of 200 kPa, before final isotropic loading ( ED −′ ) at constant 

suction to a mean net stress of 275 kPa. 

Figure 8-21 shows the variation of specific volume v  plotted against suction during 

the drying-wetting paths of Test A5. The experimental curve shows some non-elastic 

behaviour, with net reduction of volume over drying-wetting cycle CBA ′−′−′ , and 

final drying DC −′  not following precisely the same path as wettingCB −′ . None of 

the three models captures this behaviour well. The BBM and WM both predict entirely 

elastic variation of v  during the drying and wetting paths, because they both predict 

that the stress path remains inside the LC yield curve. WM (BS) does predict non-

elastic change ofv , and a net reduction of v  over the cycles, but the shape of the 

predicted curves is a poor match to the experimental results (particularly the form of 

irreversibility observed during stages CB −′  and DC −′ ). 

Stage 

From To Description 

)kPa(p  )kPa(s  

A  A′  Initial equalisation 10 30 

A′  B  Drying 10 30030→  

B  B′  Equalisation 10 300 

B′  C  Wetting 10 40300→  

C  C′  Equalisation 10 40 

C′  D  Drying 10 20040→  

D  D′  Equalisation 10 200 

D′  E  Isotropic unloading  27510−  200 

Table 8-4 Stress path for Test A5 
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Figure 8-20 Stress path for Test A5 

 

Figure 8-21 Variation of specific volume v  with suction s  for drying-wetting cycles of Test 
A5 along with simulations  
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between the two plots. The experimental variation of rS  in Figure 8-22 and Figure 

8-23 shows clear evidence of non-elastic behaviour, with wetting curve CB −′  lying 

below the previous drying curve BA −′ , and final drying path DC −′  lying above the 

previous wetting path CB −′  and below the first drying curve BA −′ . This pattern of 

behaviour is entirely consistent with the many examples of water retention behaviour 

reported in the literature.  

Both WM and WM (BS) predict non-elastic changes of rS  during the drying and 

wetting paths, but neither model provides a good match to the experimental 

observations (see Figure 8-22 and Figure 8-23). WM predicts no plastic changes ofv , 

and therefore the WM predictions for the variation of rS  show a simple closed elasto-

plastic loop for the drying-wetting cycles. This fails to capture fully the observed 

irreversibility.  

 

Figure 8-22 Variation of degree of saturation rS  with suction s  for drying-wetting cycles of 
Test A5 along with simulations  
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Figure 8-23 Variation of degree of saturation rS  with modified suction *s  for drying-
wetting cycles of Test A5 along with simulations  
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8-21) producing coupled upward movements of the SI and SD bounding curves in the 

model, and consequent shifts of the main drying and main wetting curves in the *: sSr  

plane. Unfortunately, however, the irreversible changes of rS  predicted by the WM 

(BS) are generally not a good match to the experimental observations. The predicted 

plastic volumetric strains cause the main drying and wetting curves to be shifted 

upwards in the *: sSr  plane, so that generally net increases of rS  are predicted by the 

WM(BS) over the drying-wetting cycles (see Figure 8-22 and Figure 8-23). This 

contrast with the experimental observations, which tend to show a net reduction of rS  

over the cycles. 

Figure 8-24 shows the variation of specific water volume wv  with suction during the 

drying and wetting paths of Test A5. Again the WM and WM (BS) simulations are not 

particularly good match to the observed behaviour. The model predictions for the 

variation of wv  are calculated from the predicted variations of v  and rS . It is, however, 

interesting to note that, whereas the WM and WM (BS) produce distinctly different 

predictions for the variations of  v  and rS  (see Figure 8-21 and Figure 8-22), the two 

models produce very similar predictions for the variation of wv  (see Figure 8-24). 

 

Figure 8-24 Variation of specific water volume wv  with suction s  for drying-wetting cycles 

of Test A5 along with simulations  
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Figure 8-25 and Figure 8-26 show the variation of specific volume and degree of 

saturation against mean net stress for the final isotropic loading stage ED −′  of Test 

A5. All three models provide a good prediction of the final value of v  (see Figure 

8-25), even though the starting value of v  is under-predicted by the WM (BS) because 

of the poor prediction of v  at the end of the previous drying-wetting cycles (see Figure 

8-21). Detailed inspection of Figure 8-25 shows that the WM and WM (BS) provide a 

slightly better match than the BBM to the final gradient of the normal compression 

line. Figure 8-26 shows that both the WM and WM (BS) provide a good prediction of 

the final value of rS  at the end of isotropic loading stage ED −′ . This is despite the 

fact that the WM (BS) overestimates the value of rS  at the start of stage ED −′ , 

because of problems in correctly predicting the value of rS  at the end of the previous 

drying-wetting cycles (see Figure 8-22) 

 

Figure 8-25 Variation of specific volume v  with mean net stress p for final loading stage of 
Test A5 along with simulations  
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Figure 8-26 Variation of degree of saturation rS  with mean net stress p for final loading 
stage of Test A5 along with simulations  
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Table 8-5 and Figure 8-27 show the stress path for Test A6. The soil sample was 

initially equalised ( AA ′ ) at a mean net stress of 20 kPa and a suction of 50 kPa. An 

isotropic loading stage BA −′  was then performed at constant suction to a mean net 

stress of 250 kPa. During subsequent stageCB −′  the suction was increased at a 

constant rate of 1 kPa/hr to a value of 338 kPa while adjusting the mean net stress to 

keep specific volume at approximately 1.865. The stage was terminated when the 

mean net stress reduced to a value of 10 kPa. Suction was then decreased during 

subsequent stage DC −′  at a constant rate of 1 kPa/hr to 25 kPa while keeping the 

sample volume constant by varying the mean net stress (which reached 155 kPa at the 

end of stage DC −′ ). A final constant volume stage ED −′  was then performed by 

increasing the suction again at a constant rate of 1 kPa/hr to a final value of 200 kPa, 

while varying the mean net stress to a final value of 28 kPa. During the equalisation 

stages CC ′ , DD ′ and EE ′  after the constant volume stages CB −′ , DC −′  and 

ED −′  respectively, suction and mean net stress were held constant, and no attempt 

was made to keep specific volume constant by varying mean net stress as this might 

have led to substantial fluctuation of mean net stress. Any changes of v  during these 

equalisation stages were very small. The final stage FE −′  involved isotropic loading 

at a constant suction of 200 kPa, but unfortunately it had to be terminated earlier than 

intended at a mean net stress of 430 kPa due to a power cut for electrical repairs.  

Stage )kPa(p  )kPa(s  v  

From To Description    
A A′  Initial equalisation 20 50 2.128-2.199 

A′  B  Isotropic loading 25020→  50 2.199-1.873 

B  B′  Equalisation 250 50 1.873-1.865 

B′  C  Suction increase at const vol. 10250→  33850→  1.865 

C  C′  Equalisation 10 338 1.865 

C′  D  Suction decrease at const vol. 15510→  25338→  1.865 

D  D′  Equalisation 155 25 1.865 

D′  E  Suction increase at const vol. 28155−  20025→  1.865 

E  E′  Equalisation 28 200 1.865 

E′  F  Isotropic loading  43028→  200 1.865-1.805 

Table 8-5 Stress path for Test A6 
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Figure 8-27 Stress path for Test A6 
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Figure 8-28 Variation of specific volume v  with mean net stress p for Test A6  
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model. During the subsequent wetting stage DC −′ the BBM initially predicts elastic 

behaviour, with a corresponding increase of p  required in order to maintain constant 

volume. However, when the suction is reduced below 50 kPa, in the later part of 

wetting stage DC −′ , the BBM predicts the onset of wetting-induced collapse 

compression, due to yielding on the LC yield curve. The model therefore predicts a 

sudden change of stress path direction within wetting stage DC −′ , with mean net 

stress now reducing (see Figure 8-29), so as to produce additional elastic swelling (in 

order to offset the effects of plastic collapse compression). Although the experimental 

results show irreversible behaviour during these drying and wetting stages CB −′  

and DC −′ , and a net reduction of p  over the two stages, there is no evidence of the 

predicted reversal of stress path direction during wetting stage DC −′ . During the 

final drying stage ED −′ , the BBM once more predicts elastic behaviour, and the 

predicted decrease of mean net stress provides a reasonable match to the observed 

behaviour (see Figure 8-29). 

 

Figure 8-29 Stress path for constant v  condition of Test A6 in terms of suction sand mean 
net stress  p  
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Figure 8-30 Stress path for constant v  condition of Test A6 in terms of modified suction 
*s and mean Bishop’s stress *p   
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simulation). Further reduction of suction produced prediction of plastic compression 

(wetting-induced collapse compression) during the remainder of wetting stage DC −′ . 

To offset this effect, the WM predicts a reduction of mean Bishop’s stress *p  during 

the later part of wetting stage DC −′ , to produce elastic swelling to counteract the 

predicted plastic compression. This results in a sudden change of stress path direction 

during DC −′  in both the ** : ps  plot (Figure 8-30) and the ps :  plane (Figure 8-29), 

which is not a good match to the observed behaviour. During final constant volume 

drying stage ED −′  the WM predicts elastic behaviour at constant *p (Figure 8-30) 

and decreasing p (Figure 8-29) which is a good match to the experimental behaviour 

as far as the shapes of the curves are concerned. However, part way through stage 

ED −′  the predicted values of mean net stress go negative (see Figure 8-29). This is, 

of course, not possible. The WM (BS) predictions in Figure 8-29 and Figure 8-30 are 

similar to the WM predictions, except that a gradual onset of plastic volumetric strain 

is predicted during constant volume wetting stage DC −′ , as the LC bounding curve 

approaches the stress point, and this produces a gradual change of stress path direction 

in both plots. 

Figure 8-31 shows the experimental variation of rS  plotted againstp  for Test A6, 

along with model simulations from WM and WM (BS). Although both models provide 

a reasonably good match for initial constant suction isotropic loading stage BA −′ , the 

predictions for the subsequent constant volume drying and wetting stages 

( CB −′ , DC −′ , ED −′ ) are generally not a good match with the experimental 

observations. In particular, during the later part of wetting stage DC −′  , both WM 

and WM (BS) predict a significant increase in degree of saturation to reach a saturated 

state, with a small decrease in mean net stress. These predictions were not supported 

by the experimental results even at a qualitative level (see Figure 8-31).  
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Figure 8-31 Variation of degree of saturation rS  with mean net stress p for Test A6  

8.1.6 Suction cycles under constant rS  condition (Tests A7 and A8) 

Test A8 involved several stress path stages at constant rS . Test A7, was originally 
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to a bug in the complex control equation employed in the Triax software to keep rS  
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demonstrating reasonable repeatability (see Figure 8-32). 
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In Test A8, the suction was then decreased (stageCB −′ ) at a constant rate of 1 kPa/hr 

to 111 kPa. In the meantime, mean net stress was varied to keep rS  constant, 

decreasing to a final value of 5 kPa. Another suction increase stage at constant rS  

( DC −′ ) was then performed to a suction value of 200 kPa with mean net stress 

increasing to 94 kPa. Sample A8 was then isotropically loaded ( ED −′ ) at a constant 

suction of 200 kPa to a mean net stress of 250 kPa. A drying stage FE −′  to 300 kPa 

suction was then carried out, followed by a wetting stage GF −′  to 100 kPa suction 

and finally a drying stage HG −′   to 253 kPa suction. Stages FE −′ , GF −′  and 

HG −′  were all performed at a constant mean net stress of 250 kPa (see Figure 8-32). 

Stage )kPa(p  )kPa(s  
rS  

From To Description    
a  a′  Initial equalisation 20 50 0.605-0.715 

a′  b  Suction increase at constant 
rS  22420→  32550→  0.715-0.719 

b  b′  Equalisation 224 325 0.719 

Table 8-6 Stress path for Test A7 

Stage )kPa(p  )kPa(s  
rS  

From To Description    
A A′  Initial equalisation 20 50 0.572-0.702 

A′  B  Suction increase at constant rS  17020→  30050→  0.702-0.697 

B  B′  Equalisation 170 300 0.697-0.695 

B′  C  Suction decrease at constant 
rS  5170→  111300→  0.695-0.698 

C  C′  Equalisation 5 111 0.698-0.697 

C′  D  Suction increase at constant rS  945 →  200111→  0.697 

D  D′  Equalisation 94 200 0.697 

D′  E  Isotropic loading 25094→  200 0.697-0.755 

E  E′  Equalisation 250 200 0.755-0.759 

E′  F  Drying  250 300200→  0.759-0.738 

F  F ′  Equalisation 250 300 0.738-0.737 

F ′  G  Wetting 250 100300→  0.737-0.808 

G  G′  Equalisation 250 100 0.808-0.817 

G′  H  Drying 250 253100→  0.817-0.791 

Table 8-7 Stress path for Test A8 
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Figure 8-32 Stress paths for Tests A7 and A8  

Inspection of the experimental stress path for the constant rS  stages of  Test A8, 

viewed in the ps :  plane (Figure 8-33)and in the ** : ps plane (Figure 8-34) reveals 

that a smooth variation of mean net stress was not achieved , particularly for the stage 

which involved  reduction in mean net stress ( CB −′ ). In Test A8, the fluctuation in 

rS  during constant rS  stress path DDCCBBAA ′−′−′−′ was about 003.0± , which is 
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stages BB ′ , CC ′  and DD ′ .   It can be clearly seen from Figure 8-33 and Figure 8-34 
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where s (or *s ) was increased ( BA −′ and DC −′ ),  whereas both p  and *p  had to 
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Figure 8-33 Stress path for constant rS  stages of Test A8 in terms of suction sand mean net 
stress p   

 

Figure 8-34 Stress path for constant rS  stages of Test A8 in terms of modified suction 
*s and mean Bishop’s stress *p   
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Simulations from the WM and WM (BS) are also shown in Figure 8-33 and Figure 

8-34. The WM and WM (BS) simulations shown in Figure 8-33 and Figure 8-34 for 

each constant rS  stage BA −′ , CB −′  or DC −′  were performed by varying mean 

net stress p  over the same range as employed in the corresponding stage of the 

experimental  test, and then calculating the variation of suction s required by the 

model in order to maintain rS  constant. This was the reverse of the procedure 

employed in the experiment (where s was varied at a constant rate and then p  was 

adjusted in order to maintain rS  constant). However, this was a more stable and 

realistic way of performing the simulations, because the model simulations suggested 

that for some of the test stages very small suction changes would correspond to 

substantial changes of p (i.e. the model predictions suggest almost constant suction for 

some of the constant rS  stages). BBM simulations were, of course, not possible for the 

constant rS  stages BA −′ , CB −′  or DC −′  (without the additional assumption of an 

independent water retention model). 

At the end of equalisation stage AA ′ , according to the WM, the stress point was on the 

SD yield curve and inside the LC yield curve. During constant rS  loading stage 

BA −′  the simulation involved increase of mean net stress, with suction then varied in 

order to maintain rS  constant. The WM prediction shows the first part of this stage as 

elastic, and therefore at constant*s , so that there was no elastic change of rS  predicted 

(see Equation 8-2). This first section of the predicted stress path is therefore traversing 

along the SD yield curve in the ** : ps plane, but without any yielding on the SD yield 

curve (see Figure 8-34). As the increase of *p  produces elastic volumetric strain (see 

Equation 8-1), and hence a reduction of porosityn , the predicted suction s increases 

slightly in order to maintain *s  constant. This small increase of suction in the first part 

of the WM prediction for stage BA −′  is too small to see in the stress path in the ps :  

plane shown in Figure 8-33. This WM simulation for the first part of stage BA −′  is 

not a good match to the experimental stress path (see Figure 8-33 and Figure 8-34). 

Part way through stage BA −′ , the WM simulation shows the stress path reaching the 

LC yield curve (at the corner between SD and LC yield curves). Yielding on the LC 
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yield curve now produces plastic volumetric strain and coupled upward movement of 

the SD yield curve. As a consequence, simultaneous yielding on the LC and SD yield 

curves is predicted for the remainder of stageBA −′ . Yielding on the SD curve 

produces plastic increases ofrS , which must be counterbalanced by elastic decreases 

of rS , so that overall value of rS  remains constant. This implies an increase of *s  (see 

Figure 8-34) in order to produce the elastic decrease of rS . The WM prediction for this 

later part of stage BA −′  therefore involves increases of both *p  and *s  (see Figure 

8-34). It also involves increases of both p  and s (see Figure 8-33). This is a 

reasonable match to the experimentally observed behaviour. 

During constant rS  unloading stage CB −′  the WM simulation involved decrease 

of p , with suction then varied in order to keep rS  constant. The WM simulation for 

this stage shows elastic behaviour, at constant *s  and decreasing*p , with the stress 

path traversing along the SD yield curve (see Figure 8-34). In terms of s and p , the 

stress path involves a large reduction of p  and a very small reduction of  s (too small 

to see in Figure 8-33). Similar elastic behaviour is predicted by the WM for the 

constant rS  re-loading stage DC −′ . The predicted stress paths for stages CB −′  and 

DC −′  are a poor match to the experimental behaviour, which showed significant 

variation of s and *s  in these stages (see Figure 8-33 and Figure 8-34). 

The prediction of the WM(BS) for the constant rS  loading stage BA −′  is similar to 

that of the WM , but with *s  increasing from the start of the stage, due to the predicted 

gradual onset of plastic volumetric strains and plastic increases of rS  (see Figure 

8-34). During constant rS  unloading stage CB −′  the WM(BS) shows elastic 

behaviour at constant *s  (the same as the WM prediction), which is not a good match 

to the experimental behaviour. However, plastic volumetric strains and plastic 

increases of rS  are again predicted by the WM(BS) throughout the constant rS  re-

loading stage DC −′ , and as a consequence an increase of *s  is predicted (in order to 

produce elastic decreases of rS  to counterbalance the plastic increases). This WM(BS) 

prediction for stage DC −′  is a reasonable match to the experimental behaviour. 
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Figure 8-35 shows the variation of v  against p  for constant rS  stages BA −′ , CB −′  

and  DC −′ and subsequent isotropic loading stage ED −′ . The experimental curve in 

Figure 8-35 shows a yield point early in the constant rS  loading stage BA −′ , and 

then the rest of the stage defines a constant rS  normal compression line. Experimental 

curves for the constant rS  unloading and re-loading stages  CB −′  and  DC −′  show 

approximately elastic behaviour but with a significant hysteresis loop. In Figure 8-35 

the experimental curve for the final constant suction loading stage ED −′  (at a suction 

of 200 kPa), appears to have almost the same initial gradient as the final gradient from 

the previous constant rS  loading stage DC −′ , so that the changeover between the 

two curves is almost imperceptible. There is then a yield point during stage DC −′ , 

with the remainder of the experimental curve defining a constant s normal 

compression line. 

Inspection of Figure 8-35 shows that both the WM and the WM(BS), particularly the 

latter, provide reasonable predictions of the variation of v  during constant rS  loading 

stage BA −′ . Both models predict only very small elastic increases of v  during 

constant rS  unloading stage CB −′ , which under-predict the experimental increase of 

v . The WM prediction also shows small elastic decreases of v  during constant rS  re-

loading stage DC −′ , whereas the WM(BS) predicts the gradual onset of plastic 

decreases of v  during stage DC −′ . Both WM and WM(BS) predict that the change-

over from constant rS  loading stage DC −′  to constant s loading stage ED −′  is 

imperceptible in Figure 8-35 (like the experimental results). The WM predicts elastic 

behaviour during the first part of stage ED −′ , and then after a yield point the later 

part of the WM simulation curve defines a constant s normal compression line. The 

WM(BS) predicts a gradual build up of plastic volumetric strain during stage ED −′ . 

It is important to note that, whereas the experimental value of suction at the end of 

constant rS  loading stage DC −′  was 200 kPa, the corresponding values of suction 

from the WM and WM(BS) simulations were 208 kPa and 258 kPa respectively. This 

means that, whereas the final constant s loading stage ED −′  was actually conducted 

at a suction of 200 kPa, in the WM and WM(BS) simulations this stage was performed 

at a different suction of 208 kPa or 258 kPa. 
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Figure 8-35 Variation of specific volume v  against mean net stress p  for constant rS  
stages and constant s  stage of Test A8 along with simulations. 

 

Figure 8-36 Variation of degree of saturation rS  against mean net stress p  for constant rS  
stages and constant s  stage of Test A8 along with simulations. 
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Figure 8-36 shows the variation of rS  against p  during Test A8, together with the 

WM and WM(BS) simulations. Inspection of the experimental curve in Figure 8-36 

demonstrates rS  was kept constant during stages BA −′ , CB −′  and  DC −′  with a 

minimal fluctuation of 003.0± . It can be seen from Figure 8-36 that the WM and WM 

(BS) provide a reasonable match to the increase of rS  during the final isotropic 

loading stage ED −′ .   

Figure 8-37 shows the variation of v  against suction for drying and wetting 

cycles FE −′ , GF −′  and HG −′ , all performed at constant p  of 250 kPa. Over the 

cycles of drying and wetting ( HHGGFFE ′−′−′−′ ) significant reduction of v  

occurred. During stages FE −′ and HG −′  each show a reduction of volume 

(shrinkage), and the gradients of the sv ln:  curves during these two drying stages are 

almost the same. Although the reduction in v  during drying stage FE −′  is small, it 

seems to be associated with an elasto-plastic process, because it is not reversed during 

the initial part of the subsequent wetting stageGF −′ . During wetting stage GF −′  

there was initially a very small reduction of v  (too small to be observed in Figure 

8-37), and this was then followed by a yield point and more substantial collapse 

compression from a suction of about 150 kPa. 

The WM and WM(BS) simulations for the drying-wetting cycles commence at a 

suction of 208 kPa or 258 kPa, rather than the correct suction of 200 kPa. Figure 8-37 

shows that both the WM and the WM(BS) provide a reasonable qualitative match to 

the observed variation of v  during the drying-wetting-drying stages FE −′ , GF −′  

and HG −′ , although the reduction of v  during wetting stage GF −′  is over-

predicted, and hence the predicted values of v  are too low throughout the final drying 

stage HG −′ . Both models are able to predict that the shrinkage during drying stage 

FE −′  is not reversible. This is a consequence of the prediction of yielding on the LC 

yield curve from the start of drying stage FE −′ , and the same is predicted by the 

WM during the early part of the final drying stage HG −′ . The BBM would, in 

contrast, predict entirely elastic shrinkage during drying stages FE −′ and HG −′ . In 

addition, the WM is correctly able to predict that the yield point marking the start of 

collapse compression during wetting stage GF −′  occurs at a suction lower than the 
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value at the start of the drying-wetting cycles at E′ . Again the BBM could not predict 

this. 

 

Figure 8-37 Variation of specific volume v  against suction s  for final drying-wetting cycles 
of Test A8 along with simulations. 

Figure 8-38 shows the variation of degree of saturation rS  with suctions for 
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collapse compression (see Figure 8-37).  
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Figure 8-38 Variation of degree of saturation rS  against suction s  for final drying-wetting 
cycles of Test A8 along with simulations. 
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isotropic loading stage was performed to a mean net stress of 375 kPa at a constant 

suction of 300 kPa. 

Stage 

From To Description 

)kPa(p  )kPa(s  

A A′  Initial equalisation 10 300 

A′  B  Isotropic loading 20010→  300 

B  B′  Equalisation 200 300 

B′  C  Isotropic unloading  10200→  300 

C  C′  Equalisation 10 300 

C′  D  Wetting 10 10300→  

D  D′  Equalisation 10 10 

D′  E  Drying 10 30010→  

E  E′  Equalisation 10 300 

E′  F  Isotropic loading  37510→  300 

F  F ′  Equalisation 375 300 

Table 8-8 Stress path for Test A9 

 

Figure 8-39 Stress path for Test A9 

Figure 8-40 and Figure 8-41 show the variation of specific volume and degree of 
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Figure 8-40 Variation of specific volume v  against mean net stress p  for Test A9 along 
with simulations. 

 

Figure 8-41 Variation of degree of saturation rS  against mean net stress p  for Test A9 
along with simulations. 

10 50 100 200 400

0.6

0.7

0.8

0.9

Mean net stress p̄ (kPa)

D
eg

re
e 

of
 s

at
ur

at
io

n 
S r 

 

 
WM
WM(BS)
Exp.

BB ′,

CC ′,

DD ′,

EE ′,

FF ′,

A′

10 50 100 200 400
1.8

1.9

2.0

2.1

2.2

Mean net stress p̄ (kPa)

S
pe

ci
fic

 v
ol

um
e ν

 

 

 

BBM
WM
WM(BS)
Exp.

B

B

′

CC ′,

DD ′,

EE ′,

FF ′,

A′



Chapter 8: Isotropic test results, simulations and discussion 
--------------------------------------------------------------------------------------------------------- 

- 252 - 

During the first isotropic loading stage BA −′  the sample showed a gradual yielding in 

terms of the variation of v  with p  (and also the variation of rS  with p ), and swelling 

behaviour during the subsequent unloading stageCB −′ . The wetting-drying cycle 

EDDC −′−′  performed after the unloading ( CB −′ ) did not produce any net change 

in v  (see Figure 8-40), whereas a significant net increase of rS  (around 0.05) over the 

cycle can be observed (Figure 8-41). The influence of this increase in the degree of 

saturation (reduction of the number of meniscus water rings, and hence reduced 

stability of inter-particle contacts) on the subsequent isotropic loading stage  FE −′  

can be clearly observed from Figure 8-40, where the sample showed a tendency to 

yield at a value of p  that was lower than the maximum value previously experienced 

by the sample (200 kPa). This experimental observation is consistent with the finding 

of Sharma (1998) (see Figure 3-3). 

All three models provide a good prediction for the final value of v  (Figure 8-40), even 

though the value of v  at the start of the final loading stage FE −′  is under-predicted 

by both WM and WM (BS) because of the poor prediction of v  at the end first 

isotropic loading BA −′ (WM (BS) also incorrectly predicts a net reduction of v  over 

the wetting-drying cycle EDDC −′−′ ). The BBM, however, generally provides a 

good match to the experimental observations for the variation of v  against p (see 

Figure 8-40), although the ‘early yielding’ behaviour observed during re-loading stage 

FE −′  was not captured by the BBM. This feature of behaviour was explained by 

Wheeler et al. (2003) by considering the influence of rS  in addition to suction on the 

yielding behaviour (see Section 3.2.1).  Both WM and WM (BS) captures this “early 

yielding” behaviour observed in Figure 8-40. However, there was no suggestion of two 

yield points, as predicted by the WM during the re-loading stage FE −′ .  

Inspection of Figure 8-41 shows that both WM and WM (BS) over-predict the increase 

of rS  during the first loading-unloading cycle CBBA −′−′  and under-predict the net 

increase of rS  over the subsequent wetting-drying cycle EDDC −′−′ . However, both 

models predict the final value of rS  with reasonable accuracy. Overall, the WM (BS) 

simulations in Figure 8-40 and Figure 8-41 show more realistic rounded shapes for 

compression curves and the variation of rS  than the WM. 
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Figure 8-42 , Figure 8-43 and Figure 8-44 show the variation of v , rS  and wv  

respectively against suction for wetting-drying cycle EDDC −′−′ . Inspection of 

Figure 8-42 shows that there was no net change of v  during wetting-drying 

cycle EDDC −′−′ , even though there was a suggestion of a yield point during drying 

stage ED −′  but not during the previous wetting stage DC −′ . None of the three 

models is able to provide a good match to the experimentally observed behaviour. 

Both BBM and WM predict elastic changes of v  during the wetting-drying cycle 

while the WM (BS) predicts a small plastic reduction of v  during drying stage ED −′ . 

 

Figure 8-42 Variation of specific volume v  against suction s  for wetting-drying cycle of 
Test A9 along with simulations. 
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Figure 8-43 Variation of degree of saturation rS  against suction s  for wetting-drying cycle 
of Test A9 along with simulations. 

 

 

Figure 8-44 Variation of specific water volume wv  against suction s  for wetting-drying 

cycle of Test A9 along with simulations. 
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The experimental variation of wv  against suction plotted in Figure 8-44 shows a 

similar trend to the variation ofrS , because the influence of the variation of v  on the 

variation rS  is negligible. Both WM and WM (BS) predict the gradient of the water 

retention curve plotted in terms of  wv  against suction (see Figure 8-44) with 

reasonable accuracy. It can, however, be noted that the spacing between the wetting 

and drying curves is underestimated by both WM and WM (BS) (see Figure 8-43 and 

Figure 8-44). 

8.2.2 Test A10 

The influence of a wetting-drying cycle on subsequent isotropic loading was explored 

with experimental results from Test A9 in the previous section. In Test A10, the 

influence of a drying-wetting cycle on the response of soil sample during subsequent 

isotropic loading and the influence of loading-unloading on the behaviour of soil 

during a subsequent drying-wetting path were investigated.  

Table 8-9 and Figure 8-45 show the stress path followed in Test A10.  

Stage 

From To Description 

)kPa(p  )kPa(s  

A A′  Initial equalisation 10 1 

A′  B  Drying 10 3501→  

B  B′  Equalisation 10 350 

B′  C  Wetting 10 10350→  

C  C′  Equalisation 10 10 

C′  D  Isotropic loading 6010→  10 

D  D′  Equalisation 60 10 

D′  E  Isotropic unloading  1060→  10 

E  E′  Equalisation 10 10 

E′  F  Drying 10 30010→  

F  F ′  Equalisation 10 300 

F ′  G  Wetting 10 10300→  

G  G′  Equalisation 10 10 

G′  H  Isotropic loading 8510→  10 

H  H′ Equalisation 85 10 

H′ I  Isotropic unloading 1085→  10 

I  I ′ Equalisation 10 10 

I ′ J  Drying 10 32510→  

J  J′  Equalisation 10 325 

Table 8-9 Stress path for Test A10 
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Figure 8-45 Stress path for Test A10 

Sample A10 was first equalised at a suction of 1 kPa and a mean net stress of 10 kPa. 

It was then subjected to a drying and wetting cycle CBBA −′−′  , over a suction range 

of 1-350-10 kPa. Isotropic loading DC −′  to a mean net stress of 60 kPa was then 

performed, followed with an unloading stage ED −′  to a mean net stress of 10 kPa. A 

second drying- wetting cycle GFFE −′−′ , this time over a suction range of 10-300-

10 kPa, was then carried out. After this drying -wetting cycle, the sample was 

subjected to a loading and unloading cycle IHHG −′−′  over a mean net stress range 

of 10-85-10 kPa. Finally, a drying stage JI −′  was performed to a suction of 325 kPa. 

Figure 8-46 illustrates the variation of v  with suction during Test A10. During the first 

and second drying-wetting cycles CBBA −′−′  and GFFE −′−′ , the experimental 

curves show non-elastic behaviour, with net reduction of volume over each of the two 

cycles. Close inspection of Figure 8-46 reveals that the net reduction of v  during the 

first drying-wetting cycle is larger than that observed in the second drying-wetting 

cycle. In addition, the first drying curve BA −′ exhibits a clear yield point at a suction 

of about 10 kPa, but the yield points during the second ( FE −′ ) and final ( JI −′ ) 

drying stages are not clear (see Figure 8-46). A significant net reduction of v  can also 
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be observed over each of the loading-unloading cycles EDDC −′−′  

and IHHG −′−′ .  

 

Figure 8-46 Variation of specific volume v  against suction s  for Test A10 along with 
simulations. 

None of the three models provides a good match to the experimentally observed 

behaviour in Figure 8-46. The BBM predicts elastic behaviour during both drying-

wetting cycles ( CBBA −′−′  and GFFE −′−′ ) and final drying stage JI −′ , which 

is not a good match to the observed behaviour. BBM also predicts net reduction of v  

during both loading-unloading cycles ( EDDC −′−′  and IHHG −′−′ ), due to 

yielding on the LC yield curve, and this is qualitatively consistent with the observed 

behaviour.  Both WM and WM (BS) underestimate the starting value of v  at point A′ , 

because they both predict collapse compression during the initial equalisation stage   

AA ′ (not observed in the experimental results). WM then predicts elastic changes of v  

during all wetting and drying stages which is not a good match to the experimental 

observations, and net reduction of v  during both loading-unloading cycles (i.e. 

qualitatively similar to the BBM predictions). The WM could, in theory, predict plastic 

reduction of vduring drying paths (which would provide a better match to the 

experimental results) by yielding on the LC curve during drying, however, the selected 
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values of model parameters resulted in only elastic variation of v  predicted during 

drying paths. The WM (BS) predictions for drying-wetting stages show some elasto-

plastic behaviour. However, the predicted shapes of the drying-wetting curves are a 

poor match to the experimentally observed shapes of the curves (see Figure 8-46). 

Figure 8-47 shows the variation of rS  against suction for Test A10. During both 

drying-wetting cycles CBBA −′−′  and GFFE −′−′  strong evidence of hydraulic 

hysteresis can be observed, with a net reduction of rS  over each of the two drying-

wetting cycles. Also, there are significant net increases of rS  over each of the two 

loading-unloading cycles EDDC −′−′  and IHHG −′−′ .  

 

Figure 8-47 Variation of degree of saturation rS  against suction s  for Test A10 along with 
simulations. 

Close inspection of Figure 8-47 reveals some interesting features of the water retention 

behaviour. During the first drying stage BA −′ , a clear yield point can be seen at a 

suction of about 25 kPa. This occurs at a higher suction than the yield point observed 

for the variation of v  (see Figure 8-46). This shows the dominant effect of water 

outflow rather than sample volume change on the variation of degree of saturation. 

There is then a flattening of the drying retention curve BA −′  at a suction of about 40 
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kPa, and a slight  suggestion of a second steepening towards the very end of stage 

BA −′ (though not conclusive). If there is really a double steepening of the retention 

curve during the first drying stage it may be explained by the double porosity nature of 

the soil i.e. the first steepening corresponds to draining of macro-voids whereas the 

second steepening corresponds to draining of micro-voids (see Section 2.1.3). This 

feature cannot be captured by either WM or WM (BS). 

The second and third drying curves FE −′ and JI −′  show more rounded shapes, 

without any suggestion for clear steepenings or yield points. One possible explanation 

for the absence of clear yield points at low suction in these second and third drying 

stages is that the suction decrease during the previous wetting stages CB −′  and 

GF −′  might not have been enough to flood the macro-voids with water. It is also 

possible that these macro-voids could have been compressed during the drying stages 

( FE −′ and JI −′  ) and the isotropic loading stage DC −′ .  

Both the wetting curves CB −′  and GF −′  exhibit almost linear behaviour in the 

semi-logarithmic plot of Figure 8-47, with a gradient significantly lower than that 

observed for the drying curves. There is no suggestion of any steepening of the wetting 

curve during the later part of stage CB −′  or GF −′ , as would be predicted as the 

scanning wetting curve re-joined the main wetting curve. This behaviour may be 

linked to trapping of air within the sample (in the form of occluded bubbles) at 

relatively high degree of saturation (which could then only be removed by the very 

slow process of diffusion of dissolved air). 

The WM assumes that the main wetting and main drying curves are both linear in the 

*ln: sSr  plot and that they have the same gradient. Inspection of Figure 8-47 indicates 

that this does not provide a good match to the experimental behaviour. Neither does 

the WM(BS) provide a good match. The match of both models might be slightly 

improved by selecting alternative model parameter values, with a lower gradient of sλ  

and a wider spacing **
DI ss , but this would not really address the main problems of the 

mis-matches in Figure 8-47. However, the poor model predictions in Figure 8-47 are 

probably exaggerated by the possible limitation of experimental technique associated 

with trapping of air within sample during wetting stages at higher values of rS . 



Chapter 8: Isotropic test results, simulations and discussion 
--------------------------------------------------------------------------------------------------------- 

- 260 - 

Although both models capture the progressive upward movement of the hysteresis 

loops with the accumulation of plastic volumetric strain they overestimate the 

magnitude of shifting of the hysteresis loop. 

Figure 8-48 and Figure 8-49 show the variation of specific volume and degree of 

saturation with mean net stress respectively. During both isotropic loading –unloading 

cycles EDDC −′−′  and IHHG −′−′ , significant net reductions of v  and increases 

of rS  were observed, and the experimental curves showing the variations of v  and rS  

have rounded shapes, hence making it difficult to identify yield points.  

 

Figure 8-48 Variation of specific volume v  against mean net stress p  for Test A10 along 
with simulations. 

Close inspection of Figure 8-49 and Figure 8-48  shows that the drying-wetting cycle 

GFFE −′−′  produced significant net reduction of rS  while there was negligible net 

reduction of v . According to the Wheeler et al. (2003) framework, this reduction of rS  

would mean an increase in the stability of inter-particle contacts because of the 

increase in number of meniscus water rings. This would mean that, during subsequent 

isotropic loading stage HG −′ , the sample would start to yield at a mean Bishop’s 

stress (and mean net stress) higher than the maximum value applied during the 
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previous isotropic loading stage DC −′ . However, this argument was not supported by 

the experimental results, which suggest that plastic straining builds up gradually during 

isotropic loading HG −′  and commences at a stress less than the maximum value 

previously applied (see Figure 8-48 and Figure 8-49). No reason could be put forward 

to explain this feature of behaviour. Overall, Test A10 demonstrates the complexity of 

the challenge of modelling unsaturated soil behaviour.  

 

Figure 8-49 Variation of degree of saturation rS  against mean net stress p   for Test A10 
along with simulations. 

All three models provide imperfect matches to the observed experimental behaviour 

shown in Figure 8-48. The BBM tends to over-predict the values of v , whereas both 

WM and WM (BS) underestimate the values ofv . However, closer inspection shows 

that the BBM captures the gradient of normal compression lines and the yield stress 

during first isotropic loading DC −′  with reasonable accuracy, whereas this is done 

less well by the WM (see Figure 8-48). As discussed in the previous paragraph, the 

WM predicts a yield value of p  during the second isotropic loading HG −′  that is 
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noted that WM (BS) predicts rounded shapes for the compression curves, very similar 

to that observed from the experimental results (see Figure 8-48).  

Both WM and WM (BS) overestimate the values of rS  in Figure 8-49. Close 

inspection of Figure 8-49 reveals that WM (BS) predictions for the shapes of the 

curves of rS  plotted against p  are a better representation of the experimental 

behaviour than the WM predictions, although the absolute values of rS  predicted by 

WM (BS) typically show worse over-prediction than WM. 

8.2.3 Test A11 

In Test A9, a wetting and drying cycle was performed after an isotropic loading and 

unloading cycle (see Section 8.2.1).  In Test A11, a similar wetting and drying cycle 

was carried out, but without any previous isotropic loading and unloading cycle. By 

comparing both tests, it is possible to investigate the influence of a loading and 

unloading cycle on both mechanical and water retention behaviour during the 

subsequent wetting and drying cycle. 

Figure 8-50 and Table 8-10 show the stress path followed in Test A11. The sample 

was first equalised (AA ′ ) at a mean net stress of 10 kPa and a suction of 300 kPa. A 

wetting and drying cycle ( CBBA −′−′ ) over a suction range of 10 to 300 kPa was 

then carried out. Finally, an isotropic loading stage ( DC −′ ) was performed to a mean 

net stress of 250 kPa at a suction of 300 kPa. 

Stage 
From To Description 

)kPa(p  )kPa(s  

A A′  Initial equalisation 10 300 

A′  B  Wetting 10 10300→  

B  B′  Equalisation 10 10 

B′  C  Drying 10 30010→  

C  C′  Equalisation 10 300 

C′  D  Isotropic loading 25010→  300 

D  D′  Equalisation 250 300 

Table 8-10 Stress path for Test A11 
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Figure 8-50 Stress path for Test A11 

Figure 8-51 and Figure 8-52 show the variation of specific volume and degree of 

saturation against suction respectively.  Significant net decrease of v  and increase of 

rS  occurred over the wetting-drying cycle CBBA −′−′ , suggesting elasto-plastic 

behaviour for both mechanical and water retention behaviour. Close inspection of 

Figure 8-51 suggests a yield point in the variation of v  at a suction of about 25 kPa 

during drying CB −′ , with no yield point visible during the previous wetting stage 

BA −′ , suggesting that plastic volumetric strains occurred during the drying stage. 

However, Figure 8-52 does not show any clear yield point during either wetting 

( BA −′ ) or drying ( CB −′ ) stages. 

None of the models provides a good match to the experimentally observed behaviour 

in Figure 8-51. As expected, the BBM predicts both wetting ( BA −′ ) and drying 

( CB −′ ) as elastic processes, because the stress point remains inside the LC yield 

curve. Although, the WM can theoretically predict plastic volumetric strain during 

drying (by yielding on the LC curve), the selected parameter values and the initial 

positions of the yield curves means that during drying stage ( CB −′ ) the LC curve was 

not reached in the simulation, and thus no plastic volumetric strain was predicted. 

Although, the WM (BS) is able to capture the overall shape of the curves of v  against 
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suction (see Figure 8-51), with plastic volumetric strain predicted during drying stage 

CB −′ , it under-predicts the absolute values of v , mainly because of underestimation 

of the value of v  at the end of the initial equalisation stage AA ′ .  

 

Figure 8-51 Variation of specific volume v  against suction s   for wetting-drying cycle of 
Test A11 along with simulations. 

 

Figure 8-52 Variation of degree of saturation rS  against suction s   for wetting-drying cycle 
of Test A11 along with simulations. 
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Both WM and WM (BS) provide imperfect predictions for the experimental variation 

of rS  with suction (see Figure 8-52) for the wetting-drying cycle CBBA −′−′ . 

Although, the two models do capture the hydraulic hysteresis observed in the 

experimental result, the values of model parameters selected (particularly sλ  and the 

spacing **
DI ss between the SI and SD bounding curves) provide a poor match to the 

observed behaviour in this test. During drying stage CB −′ , the WM (BS) simulation 

traces a drying water retention curve which is progressively shifted to higher suction 

range (see Figure 8-52) due to the prediction of plastic volumetric strain during drying 

(see Figure 8-51).  

 

Figure 8-53 Variation of specific volume v  against mean net stress p   for isotropic loading 
stage of Test A11 along with simulations. 

The variation of specific volume and degree of saturation against mean net stress for 

isotropic loading stage DC −′ are shown in Figure 8-53 and Figure 8-54 respectively. 

All three models provide reasonably good predictions for the variation of v  (see 

Figure 8-53), particularly the final value of v  and the final slope of the normal 

compression curve, despite the fact that the initial value of v  for isotropic loading 

DC −′  is either under-predicted (WM (BS)) or over-predicted (BBM and WM).  For 
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the variation of rS  with p  (see Figure 8-54), both WM and WM(BS) provide a good 

match to the final value of rS  and the final gradient of the curve, even though the 

initial value of rS  at the start of this stage is significantly under-predicted by the WM 

simulation.  

 

Figure 8-54 Variation of degree of saturation rS  against mean net stress p   for isotropic 
loading stage of Test A11 along with simulations. 

Figure 8-55, Figure 8-56 and Figure 8-57 compare the experimental variations of 

specific volume, degree of saturation and specific water volume during the wetting -

drying cycle of Tests A9 and A11. These figures demonstrate the impact of the 

preceding loading-unloading cycle in Test A9 (which was absent in Test A11). 

Inspection of Figure 8-55 reveals that the specific volume at the start of the wetting-

drying cycle was lower in Test A9 than in Test A11, because of the plastic 

compression during the preceding loading-unloading cycle in Test A9. In addition, 

however, Sample A9 showed no net change of v  over the wetting-drying cycle, 

whereas Sample A11 showed some non-elastic behaviour, with a net reduction of v  

over the cycle. One possible reason for this difference is that the isotropic loading-

unloading cycle performed prior to the wetting-drying cycle in Test A9 induced 

hardening of the soil and thus the subsequent wetting-drying cycle was fully elastic. 
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This feature of behaviour can not be predicted by models like BBM. However, the 

conceptual idea of the WM and WM (BS) is consistent with the experimental 

observation and these models can predict this feature of behaviour, with plastic 

volumetric strain occurring during drying associated with yielding on the same LC 

yield curve that is responsible for any plastic volumetric strain during loading or 

wetting. 

The influence of void ratio on the water retention behaviour is clearly demonstrated in 

Figure 8-56, where both wetting and drying curves are shifted upwards in Test A9 

when compared with Test A11. This feature is once again consistent with the 

modelling ideas of the Wheeler et al. (2003) framework. It is interesting to note that 

the shapes of the water retention curves (in the sSr ln:  plane) of Tests A9 and A11 

are quite similar. However, close inspection of Figure 8-56 shows that the net increase 

in degree of saturation over the wetting-drying cycle is higher in Test A11 than in Test 

A9 (so that the disparity in rS  values between the two samples is reduced by the 

wetting-drying cycle).  

 

Figure 8-55 Experimental variation of specific volume v  against suction s   for wetting-
drying cycles of Tests A9 and A11. 
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Figure 8-56 Experimental variation of degree of saturation rS  against suction s   for 
wetting-drying cycles of Tests A9 and A11. 
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Figure 8-57 Experimental variation of specific water volume wv  against suction s   for 

wetting-drying cycles of Tests A9 and A11. 
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The water retention behaviour is plotted in terms specific water volume against suction 

in Figure 8-57. Interestingly, the experimental results from Test A9 and Test A11 

almost coincide with each other when plotted in terms of wv . This means that the 

influence of void ratio on the variation of specific water volume may not be as 

significant as on the variation of degree of saturation. This experimental observation 

suggests that the water retention behaviour expressed in terms of wv  may be 

considered uncoupled from the mechanical behaviour to a certain extent. 

8.2.4 Test A12 

Sample A10 was first subjected to a drying-wetting cycle 

( kPa10kPa300kPa1 →→ ) as discussed in Section 8.2.2. It was decided to 

investigate the influence of a previous isotropic loading-unloading cycle on the 

behaviour of the soil during this type of drying- wetting cycle, by performing a 

comparator test (A12).  

Figure 8-58 and Table 8-11 show the stress path followed in Test A12.  

Stage 

From To Description 

)kPa(p  )kPa(s  

A A′  Initial equalisation 10 1 

A′  B  Isotropic loading 3510→  1 

B  B′  Equalisation 35 1 

B′  C  Isotropic unloading 1035→  1 

C  C′  Equalisation 10 1 

C′  D  Drying 10 3001→  

D  D′  Equalisation 10 300 

D′  E  Wetting  10 1300→  

E  E′  Equalisation 10 1 

E′  F  Drying 10 2001→  

F  F ′  Equalisation 10 200 

F ′  G  Isotropic loading 50010→  200 

G  G′  Equalisation 500 200 

G′  H  Isotropic unloading 10500→  200 

H  H′ Equalisation 10 200 

Table 8-11 Stress path for Test A12 
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Figure 8-58 Stress path for Test A12 

After an initial equalisation stage (AA ′ ) at a mean net stress of 10 kPa and a suction of 

1 kPa, an isotropic loading-unloading cycle CBBA −′−′  was carried out over a range 

of p  from 10 to 35 kPa. The sample was then subjected to a drying-wetting cycle 

EDDC −′−′  over a suction range of 1 to 300 kPa. The suction was then increased to 

200 kPa at constant a mean net stress of 10 kPa (FE −′ ). Finally, an isotropic loading 

( GF −′ ) and unloading ( HG −′ ) cycle was conducted between 10 and 500 kPa of 

mean net stress. 

Figure 8-59 and Figure 8-60 show the variation of specific volume and degree of 

saturation with mean net stress respectively. During the first isotropic loading BA −′  

at a suction of 1 kPa, a clear yield point can be identified for both v  and rS  variation 

at a mean net stress of about 15 kPa. The subsequent drying and wetting stages 

( DC −′ , ED −′ , FE −′ ), produced irreversible volumetric strains (see Figure 8-59) 

and a net decrease of rS  (see Figure 8-60). During the final isotropic loading GF −′  

at a suction of 200 kPa there is a suggestion of a yield point at a p  value of 150 to 200 

kPa.  
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Figure 8-59 Variation of specific volume v  against mean net stress p   for Test A12 along 
with simulations. 

 

Figure 8-60 Variation of degree of saturation rS  against mean net stress p   for Test A12 
along with simulations. 
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Inspection of Figure 8-59 reveals that none of the models provides an overall good 

match to the experimental behaviour for the variation of v  againstp .  The BBM, 

however, captures the yield points for both isotropic loading stages ( BA −′  

and GF −′ ) with a reasonable accuracy. Both the WM and the WM (BS) provide poor 

predictions for the first isotropic compression curve BA −′ , because they predict 

plastic behaviour from the start of the stage and they mis-predict the position of the 

normal compression line. The WM and WM (BS) do, however, provide a slightly 

better match than the BBM for the second isotropic compression curve GF −′  (see 

Figure 8-59). Once again, the double yield points predicted by the WM during stage 

GF −′  are not evident in the experimental results.  

The overall predictions of the WM and WM (BS) for the variation of rS  against p  

(see Figure 8-60) are generally unsatisfactory. Both models predict saturated 

conditions ( 1=rS ) throughout the first isotropic loading-unloading cycle 

CBBA −′−′ , in contrast to the experimental observations, which show unsaturated 

conditions and a net increase of rS  over the loading-unloading cycle. However, the 

WM (BS) provides a good match to the observed experimental behaviour during the 

second isotropic loading-unloading cycle HGGF −′−′  (see Figure 8-60), while the 

WM underestimates rS  throughout cycle HGGF −′−′ . 

Figure 8-61 shows the variation of specific volume against suction for Test A12. The 

experimental curves show some non-elastic behaviour, with net reduction of v  over 

drying-wetting cycle EDDC −′−′ , and final drying FE −′  not following precisely 

the same path as wetting ED −′ . None of the models captures this behaviour well. The 

BBM and the WM predict entirely elastic behaviour during the drying-wetting-drying 

stages FEEDDC −′−′−′ . Although the WM (BS) predicts a small plastic reduction 

of v  during drying stages DC −′  and FE −′ , the predicted shape is a poor match to 

the observed behaviour (see Figure 8-61) 
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Figure 8-61 Variation of specific volume v  against suction s   for Test A12 along with 
simulations. 

Figure 8-62 and Figure 8-63 show the variation of rS  and wv  against suction for Test 

A12.  The experimental drying curves ( DC −′ and FE −′ ) expressed in terms of  both 

rS  and wv  show a steep gradient just after the yield suction of about 25 kPa and the 

gradient then gradually decreased as the suction increased further. Similar to the 

observed behaviour in Figure 8-47 in Section 8.2.2, there is some suggestion of a 

second steepening of the water retention curve at a suction of about 300 kPa (although 

not conclusive) during the first drying stage DC −′ . Also, the wetting curve ED −′  

shown in both Figure 8-62 and Figure 8-63 exhibits low gradient compared to drying 

curves DC −′ and FE −′ , with no suggestion of a yield point. It can be seen from both 

figures that neither the WM nor the WM (BS) provide a good match to the observed 

experimental features of behaviour, particularly the slope and position of drying and 

wetting curves and the spacing between the drying  and wetting curves.  
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Figure 8-62 Variation of degree of saturation rS  against suction s   for Test A12 along with 
simulations. 

 

Figure 8-63 Experimental variation of specific water volume wv  against suction s   for Test 

A12 along with simulations. 
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Figure 8-64, Figure 8-65 and Figure 8-66 show the experimental variations of specific 

volume, degree of saturation and specific water volume with suction for the first 

drying-wetting cycle of Tests A10 and A12. Inspection of Figure 8-64 reveals that the 

previous isotropic loading-unloading cycle carried out in Test A12 provided a 

reduction in the value of v  at the start of the drying-wetting cycle. As a consequence, 

the yield value of suction observed in the drying stage was increased to around 30 kPa, 

compared to Test A10 where the sample started to yield at a suction of about 15 kPa. 

However, no significant difference between the two tests can be observed for the yield 

stress taken from the variation of rS   or wv  with suction during drying (see Figure 

8-65 and Figure 8-66). Inspection of Figure 8-65 reveals that the drying and wetting 

retention curves of Test A12 plotted in terms of rS  were shifted to higher suctions than 

in Test A10, because of the influence of the reduced void ratio in Test A12. However, 

this influence of isotropic loading and unloading and the consequent reduction in void 

ratio is not apparent when the same data is plotted in terms of  wv  against suction (see 

Figure 8-66). 

 

Figure 8-64 Experimental variation of specific volume v  against suction s   for drying-
wetting cycles of Tests A10 and A12. 
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Figure 8-65 Experimental variation of degree of saturation rS  against suction s   for drying-
wetting cycles of Tests A10 and A12. 

 

Figure 8-66 Experimental variation of specific water volume wv  against suction s   for 

drying-wetting cycles of Tests A10 and A12. 
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CHAPTER 9                                                            

TRIAXIAL TEST RESULTS, SIMULATIONS AND 

DISCUSSION 

This chapter presents experimental test results obtained from suction-controlled triaxial 

tests carried out using Systems B and C. Simulations from the BBM and the triaxial 

version of the Wheeler et al. (2003) model, proposed in Section 3.6.3, are also 

compared with the experimental results in order to investigate the performance of the 

models. Many of the stress path tests carried out in the suction-controlled apparatus of 

System B were designed so that the influence of wetting and drying on the subsequent 

shearing behaviour could be explored. Other tests in System B were conducted to 

investigate particular features of behaviour of unsaturated soil subjected to specific 

stress paths. In the conventional Bishop-Wesley triaxial cell of System C, three fully 

drained tests on saturated soil samples were carried out, in which the samples were 

isotropically consolidated and then sheared under different radial effective stresses. 

The tests carried out using System C were primarily intended for determining the 

values for the slope of the saturated normal compression line λ  and the slope of the 

saturated critical state lineM .  

For BBM simulations, a non-associated flow rule, suggested by Alonso et al. (1990), 

was employed on the elliptical yield surface in the pq :  plane. In order for an 

unbiased comparison of predictions with the BBM, a similar non-associated flow rule 

was adopted for the LC yield curve in the *: pq  plane for the WM simulations (see 

Equation 3-21). 

9.1 PRELIMINARY TEST (TEST B1) 

In order to verify the proper operation of System B, a preliminary test (Test B1) 

without shearing was carried out. Table 9-1 shows the stress path for Test B1. The 

sample was first equalised ( 11AA ′ ) at a mean net stress of 20 kPa and a suction of 200 

kPa. The sample was then isotropically loaded ( 11 BA −′ ) at constant suction of 200 kPa 
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to a mean net stress of 200 kPa, and then an isotropic unloading stage 11 CB −′  was 

performed to a mean net stress of 100 kPa.  

Stage )kPa(q  )kPa(p  )kPa(s  

From To Description    
1A  

1A′  Initial equalisation 0 20 200 

1A′  1B  Isotropic loading 0 20020→  200 

1B  
1B′  Equalisation 0 200 200 

1B′  1C  Isotropic unloading 0 100200→  200 

1C  
1C′  Equalisation 0 100 200 

Table 9-1 Stress path for Test B1 

Figure 9-1 and Figure 9-2 show the variation of specific volume and degree of 

saturation respectively with mean net stress for Test B1 and for the isotropic loading 

stages conducted at a suction of 200 kPa in Tests A4, A5, A8 and A12 (the starting 

points for these tests in System A all vary, because the isotropic loading at a suction of 

200 kPa was preceded by a variety of different stress paths). It can be clearly seen that 

the results from Test B1 are consistent with the results from the tests performed in 

System A, thus confirming the proper operation of System B. 

 

Figure 9-1 Variation of specific volume with mean net stress for Test B1 along with results 
for Tests A4, A5, A8 and A12 for isotropic loading at suction of 200 kPa 
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Figure 9-2 Variation of degree of saturation with mean net stress for Test B1 along with 
results for Tests A4, A5, A8 and A12 for isotropic loading at suction of 200 kPa 
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Test B3, the sample was equalised (33BB ′ ) at a suction of 200 kPa and a mean net 

stress of 10 kPa. It was then isotropically loaded to 75 kPa mean net stress 

(stage 33 CB −′ ) and finally sheared ( 33 DC −′ ) under constant radial net stress of 75 kPa 

and constant suction of 200 kPa. Test B3 did not therefore include the initial wetting to 

a simulation of 30 kPa that occurred in Test B2. 

Stage )kPa(q  )kPa(p  )kPa(s  
From To Description    

2A  
2A′  Initial equalisation 0 10 30 

2A′  2B  Drying 0 10 20030→  

2B  
2

B′  Equalisation 0 10 200 

2
B′  

2C  Isotropic loading 0 7510→  200 

2C  
2C′  Equalisation 0 75 200 

2C′  2D  Shearing 1850 →  13775→  200 

Table 9-2 Stress path for Test B2 

Stage )kPa(q  )kPa(p  )kPa(s  
From To Description    

3B  
3B′  Equalisation 0 10 200 

3B′  3C  Isotropic loading 0 7510→  200 

3C  
3C′  Equalisation 0 75 200 

3C′  3D  Shearing 1860 →  13775→  200 

Table 9-3 Stress path for Test B3 

 

Figure 9-3 Stress path for Tests B2 and B3 
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Figure 9-4 and Figure 9-5 show the experimental variation of deviator stress q  and 

volumetric strain vε  respectively against true shear strain sε  for the shearing stages of 

Test B2 and Test B3, along with the BBM and WM predictions. The experimental 

curves in the sq ε:  plane for Test B2 and B3 look similar (see Figure 9-4). In 

particular, the magnitude of deviator stress approached at the end of the test is almost 

identical. However, close inspection of Figure 9-4 reveals that during the initial part of 

the shearing stage  Sample B2 showed lower shear stiffness than Sample B3, because 

of the previous wetting and drying cycle ( 22 AA ′  , 22 BA −′ ) experienced by Sample B2. 

As mentioned in Section 7.3.3 the shear strength obtained from Tests B2 and B3 for 

200 kPa suction is considerably less than the value suggested by Sivakumar (1995) 

(see  Figure 7-17). Figure 9-6 shows the shape of Samples B2, B3, B4 and B5 at the 

end of testing. Samples B2 and B3 clearly show buckling, suggesting that failure might 

have been attained by buckling rather than shearing. This could be a possible reason 

for the significant reduction in the shear strength. 
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Figure 9-4 Variation of deviator stress qagainst true shear strain sε  in Tests B2 and B3 

along with BBM and WM predictions 
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Figure 9-5 Variation of volumetric strain vε against true shear strain sε  in Tests B2 and B3 

along with BBM and WM predictions 

 

Figure 9-6 Deformed shapes of Samples B2, B3, B4 and B5 at the end of tests 

 The experimental variations of volumetric strain with shear strain for Samples B2 and 

B3 are almost identical (see Figure 9-5), suggesting that the influence of the wetting-

drying cycle on the volumetric behaviour of Sample B2 during subsequent shearing 

was not significant. The experimental results presented in Figure 9-5 show that for 

both samples the specific volume was still changing at the end of shearing (a true 
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critical state was not reached), even though the deviator stress had stabilized (Figure 

9-4). 

Inspection of Figure 9-4 shows that both BBM and WM do not provide a good match 

to the observed behaviour. The BBM predicts the same results in the shearing stages of 

Test B2 and B3, whereas the WM predicts slightly different behaviour during the 

shearing stages of the two tests. The BBM always overestimates the values of q , 

including the critical state deviator stress, whereas the WM initially under-predicts and 

then over-predicts  the values ofq , including over-prediction of the critical state 

deviator stress (see Figure 9-4). These over-predictions of critical state deviator stress 

by both the BBM and the WM may be partly because of the occurrence of buckling 

failure, as discussed earlier. It can be seen from Figure 9-4 that according to the WM 

prediction the deviator stress is still increasing at a shear strain of 0.4, and this is not in 

agreement with the experimental observation. Inspection of Figure 9-5 reveals that 

both the BBM and WM significantly over-predict the amount of volumetric strain 

throughout the shearing stage. 

Figure 9-7, Figure 9-8 and Figure 9-9 show the variation of specific volume, degree of 

saturation and specific water volume respectively against mean net stress for both Test 

B2 and Test B3. Inspection of Figure 9-7  and Figure 9-8 shows that at the end of the 

wetting-drying cycle ( 22 AA ′  , 22 BA −′ ) performed in Test B2 the value of v  was 

identical to the value of v  at the end of initial equalisation ( 33BB ′ ) of Test B3, but the 

value of rS  was, as intended, higher in Test B2 than in Test B3. During the subsequent 

isotropic loading stage ( CB −′ ) and shear stage DC −′ of Tests B2 and B3, almost 

identical variation of v  against mean net stress can be observed in the two tests (see 

Figure 9-7). This experimental observation once again confirms that the influence of 

the wetting-drying cycle on the subsequent variation of v  for Test B2 is negligible. It 

can be seen from Figure 9-7 that both BBM and WM tend to underestimate the value 

of v  throughout the isotropic loading ( CB −′ ) and shearing ( DC −′ ). The BBM does 

not predict any influence of the wetting-drying cycle ( 22 AA ′  , 22 BA −′ ) in Test B2 on 

the subsequent stages, as the wetting and drying stages were predicted to be inside the 

LC yield curve. In contrast, the WM predicts slightly different behaviour in the two 
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tests, with a yield point early in isotropic loading stage  22 CB ′−′  of Test B2, 

corresponding to yielding on the LC curve only, because the LC yield curve was 

dragged inwards during the previous wetting-drying cycle ( 22 AA ′  , 22 BA −′ ). This 

prediction of the WM, that the behaviour of samples B2 and B3 during isotropic 

loading CB −′  should be different, is not supported by the experimental observation 

(see Figure 9-7). 

Inspection of Figure 9-8 and Figure 9-9 shows that the values of rS  and wv  at the start 

of isotropic loading were significantly higher in Test B2 than in Test B3, as a 

consequence of the previous wetting-drying cycle in Test B2. These differences in rS  

and wv  between Test B2 and Test B3 were maintained throughout the isotropic loading 

stage CB −′ , but then gradually reduced during the shearing stage DC −′  to reach 

almost identical values of rS  and similar values of wv  by the end of shearing (see 

Figure 9-8 and Figure 9-9). This suggests that any changes produced by the wetting -

drying cycle in Test B2 were wholly or partially removed by the occurrence of plastic 

processes during the shearing stage.  

 

Figure 9-7 Variation of specific volume vagainst mean net stress p  in Tests B2 and B3 
along with BBM and WM predictions 
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Figure 9-8 Variation of degree of saturationrS against mean net stress p  in Tests B2 and B3 
along with BBM and WM predictions 

 

Figure 9-9 Variation of specific water volumewv against mean net stress p  in Tests B2 and 

B3 along with BBM and WM predictions 
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It can be seen from Figure 9-8 that the WM correctly predicts a higher value of rS  at 

the start of isotropic loading in Test B2 (which involved a wetting-drying cycle) than 

in Test B3, although the model under-predicts the values of rS . The predictions for the 

variation of rS  during the isotropic loading and subsequent shearing stages of both 

Test B2 and B3 are a good qualitative match to the experimental behaviour, although 

the model predicts a rapid convergence of the values of rS  from the two tests once 

shearing commences, whereas the experimental results show a more gradual 

convergence. For a better modelling of this feature of behaviour, a bounding surface 

plasticity model is required. The gradient of the post-yield curve and the value of the 

yield stress during shearing DC −′  are both slightly under-predicted by the WM (see 

Figure 9-8).  

Inspection of Figure 9-9 shows that the WM once again correctly captures the 

qualitative influence of the wetting-drying cycle in Test B2, with a higher value of wv  

at the start of the isotropic loading stage in Test B2 than in Test B3. During the 

isotropic loading stage CB −′  the WM provides a good match to the variation ofwv , 

with a very small decrease inwv , although the model under-predicts the values ofwv .  

The prediction is, however, less good during shearing stage DC −′ , where the WM 

predicts a decrease in wv  during shearing whereas an increase in wv  was observed in 

the experimental results (see Figure 9-9). 

9.2.2 Shearing at 300 kPa suction (Tests B4, B5, B8 and B9) 

In Section 9.2.1, the influence of a wetting-drying cycle on subsequent behaviour 

during shearing was investigated. Although there was a suggestion that a wetting-

drying cycle affects the subsequent shearing behaviour, particularly the variation of rS  

and wv , it was not conclusive whether the wetting-drying cycle influences critical 

states (see Figure 9-8 and Figure 9-9). Further experimental tests were therefore 

carried out to investigate this further, with the intention of producing more substantial 

differences in the values ofrS  at the start of shearing by performing a previous 

wetting-drying cycle over an increased range of suction.  
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Table 9-4, Table 9-5, Table 9-6 and Table 9-7 show the stress paths for Tests B4, B8, 

B5 and B9 respectively, and Figure 9-10 illustrates the stress paths of all the tests. 

Stage )kPa(q  )kPa(p  )kPa(s  

From To Description    
4B  

4B′  Initial equalisation 0 10 300 

4B′  4C  Isotropic loading 0 7510→  300 

4C  
4C′  Equalisation 0 10 300 

4C′  4D  Shearing 2600 →  16275→  300 

Table 9-4 Stress path for Test B4 

Stage )kPa(q  )kPa(p  )kPa(s  
From To Description    

8B  
8B′  Initial equalisation 0 10 300 

8B′  8C  Isotropic loading 0 7510→  300 

8C  
8C′  Equalisation 0 10 300 

8C′  8D  Shearing 2550 →  16075→  300 

Table 9-5 Stress path for Test B8 

Stage )kPa(q  )kPa(p  )kPa(s  
From To Description    

5A  
5A′  Initial equalisation 0 10 30 

5A′  5B  Drying 0 10 30030→  

5B  
5B′  Equalisation 0 10 300 

5B′  5C  Isotropic loading 0 7510→  300 

5C  
5C′  Equalisation 0 75 300 

5C′  5D  Shearing 2780 →  16875→  300 

Table 9-6 Stress path for Test B5 

Stage )kPa(q  )kPa(p  )kPa(s  
From To Description    

9A  
9A′  Initial equalisation 0 10 1 

9A′  9B  Drying 0 10 3001→  

9B  
9B′  Equalisation 0 10 300 

9B′  9C  Shearing 850 →  3810→  300 

9C  
9C′  Equalisation 85 38 300 

9C′  9D  Isotropic loading 85 10338→  300 

9D  
9D′  Equalisation 85 103 300 

9D′  9E  Shearing 28885→  171103→  300 

Table 9-7 Stress path for Test B9 
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Figure 9-10 Stress paths for Tests B4, B5, B8 and B9 
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stress of 10 kPa was started by mistake and then terminated at a deviator stress of 85 

kPa. The radial net stress was then increased to 75 kPa with the deviator stress held at 

85 kPa (stage 99 DC −′ ). Finally, a shearing stage 99 ED −′ was performed at a constant 

suction of 300 kPa and a constant radial net stress of 75 kPa until the sample was 

brought to failure. 

Figure 9-11  shows the experimental variation of deviator stress with true shear strain 

for the shearing stages of Tests B4, B5, B8 and B9. The experimental test results from 

Test B4 and B8 almost coincided with each other, providing confidence about the 

repeatability of experimental technique and sample preparation. The verification of the 

quality of experimental results was very important in this test series, as the differences 

in the experimental results between Tests B4 and B8 and Tests B5 and B9 (which 

involved a previous wetting-drying cycle) were relatively small. 

 

Figure 9-11 Variation of deviator stress qagainst true shear strain sε   for Tests B4, B5, B8 

and B9 
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the operation of the CRSP was controlled by the Triax software. According to the 

control strategy of the Triax software, no signal is sent to the constant rate of strain 

pump (CRSP) if the actual axial displacement of the sample is within the tolerance 

range ( mm01.0± ) of the current target value. Once the tolerance was exceeded, the 

Triax would instruct the CRSP to advance, leading to increase in the deviator stress. 

Once the actual sample displacement fell into the tolerance range the movement of the 

CRSP would be stopped. However, during this inactive period of the CRSP, a 

significant additional axial deformation of the sample would occur due to drainage to 

or from the sample. This leads to a relaxation of the deviator stress, with a negative 

gradient of the sq ε:  curve that is controlled by the (non-infinite) stiffness of the 

loading system (the CRSP, the Bishop-Wesley cylinder on the triaxial cell and the 

connecting tubing). The relaxation of the deviator stress is not evident in the early part 

of the shearing stage, probably because of the stiff response of the sample (i.e. 

additional axial deformations due to drainage are small). This process therefore leads 

to fluctuations in the deviator stress in the later part of the shearing stage. However, 

these fluctuations do not influence the overall shape of the curves (see Figure 9-11), 

and the maximum fluctuation of the deviator stress was only about ±  2% of the 

critical state value of deviator stress.  

It can be clearly seen from Figure 9-11 that Samples B5 and B9 exhibit slightly higher 

values of critical state deviator stress than Samples B4 and B8, presumably because of 

the previous wetting-drying cycles performed in Tests B5 and B9. This issue will be 

discussed now, considering the influence of v  and rS  on critical state deviator stress. 

Figure 9-12 shows the experimental variation of deviator stress against shear strain for 

Tests B4, B5, B8 and B9 and corresponding predictions by both BBM and WM. 

Figure 9-13, Figure 9-14 and Figure 9-15 show the variation of specific volume, 

degree of saturation and specific water volume against mean net stress.  

Inspection of Figure 9-12 shows that the previous wetting-drying cycles performed in 

Tests B5 and B9 decreased the initial shear stiffness of the soil samples when 

compared with results from Tests B4 and B8. This decrease in initial shear stiffness is 

consistent with the observation made in Section 9.2.1.  In addition, an increase in 
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critical state deviator stress of about 20 kPa for Test B5 and about 30 kPa for Test B9 

can be observed from Figure 9-12 compared with the results from Tests B4 and B8. 

 

Figure 9-12 Variation of deviator stress qagainst true shear strain sε  along with BBM and 

WM predictions 

 

Figure 9-13 Variation of specific volume vagainst mean net stress p  along with BBM and 
WM predictions 
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Figure 9-14 Variation of degree of saturation rS against mean net stress p  along with BBM 
and WM predictions 

 

 

Figure 9-15 Variation of specific water volume wv  against mean net stress p  along with 

BBM and WM predictions 
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Inspection of Figure 9-13 shows that the value of v  at the end of the wetting-drying 

cycle in Test B5 is similar to that at the end of equalisation in Tests B4 and B8, 

whereas the value of v  at the end of the larger wetting-drying cycle in Test B9 is 

significantly smaller than that at the end of equalisation in Tests B4 and B8. However, 

in all tests the differences in v  at the end of shearing stages were observed to be very 

small (see Figure 9-13), suggesting that the critical state value of v  was hardly affected 

by the wetting-drying cycles performed in Tests B5 and B9.  

Inspection of Figure 9-14 and Figure 9-15 shows that the values of rS  and wv  at the 

end of the wetting-drying cycles performed in Tests B5 and B9 were significantly 

higher than those at the end of initial equalisations stages in Tests B4 and B8. In 

addition, the value of rS  at the end of the wetting-drying cycle in the case of Test B9 

is higher than that observed in Test B5, because Sample B9 went through a larger 

wetting-drying cycle than Sample B5 (down to a suction of 1 kPa instead of 30 kPa). 

Interestingly, no significant difference in the values of wv  at the end of the wetting-

drying cycles was observed between Tests B5 and B9 (see Figure 9-15). 

Samples B5 and B9 showed significantly higher values of rS  and wv at the end of 

shearing stages 55 DC −′  and 99 ED −′   than the corresponding values for Samples B4 

and B8 at the end of shearing (see Figure 9-14 and Figure 9-15).  The differences in 

the critical state deviator stress observed in Figure 9-12 could then have been linked to 

differences in the degree of saturation at the end of shearing. This clearly indicates the 

influence of degree of saturation on the shear strength of the soil, in addition to suction 

and mean net stress.  

The BBM is not able to capture the apparent dependency of critical state shear strength 

on rS  and therefore predicts unique shear strength regardless of whether a wetting-

drying cycle was performed before shearing (see Figure 9-12). However, the extended 

Wheeler et al. (2003) model (i.e. extended to triaxial states) can incorporate this feature 

of behaviour (in theory) as the shear strength of unsaturated soil is uniquely related to 

the mean Bishop’s stress, which depends on degree of saturation in addition to suction 

as given below: 
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( )sSpMpMq r+== ***  (9-1) 

However, in the WM simulation, the influence of the previous wetting-drying cycle 

was erased during the shearing stage, long before the critical state was reached 

(because of the parameter values and initial positions of the yield surfaces selected in 

the simulation), leading to no difference in the predicted critical state values of 

deviator stress for Tests B4, B8 and B5. The WM simulations show a lower value of 

critical state deviator stress for Test B9 than for the other 3 tests (see Figure 9-12).  

However, the reason for difference is that in the WM simulation for Test B9 the 

sample reached fully saturated conditions while wetting to a suction of 1 kPa and the 

occurrence of plastic volumetric strains during subsequent suction increase (at 

saturated state) caused a different critical state for a particular suction value. This 

inconsistency of the WM model will be discussed in detail in Section 10.5. Generally, 

the WM under-predicts the values of q  during the initial part of the shearing stage and 

over-predicts during the later part of shearing (see Figure 9-12), with the WM 

prediction showing q  still increasing slightly at shear strain of 0.5.  

Inspection of Figure 9-13 reveals that both the BBM and the WM under-predict the 

yield stress and the values of v  during the shearing stage. Although, the WM predicts 

slightly different behaviour during isotropic loading of Test B5 with an earlier yield 

point than in Tests B4 and B8, this prediction is difficult to compare with the 

experimental results because of the very small experimental and predicted variations of 

v  during isotropic loading in Tests B4, B5, B8 and B9. The BBM provides slightly 

better prediction than the WM for the critical state value for v . Once again, the WM 

prediction for the variation of v  of Test B9 produced a different compression curve 

during shearing stage 99 ED −′  because of the inconsistency of the model discussed in 

Section 10.5. However, given that the error caused by the inconsistency of the WM 

during the wetting-drying cycle in Test B9 is very small, the WM correctly captures 

the observed lower value of v  at point  9B′  in Test B9 than the values at points4B′ , 5B′  

and 8B′  (see Figure 9-13). 

Inspection of Figure 9-14 shows that the WM qualitatively captures the influence of 

the wetting-drying cycles in Tests B5 and B9, with the prediction of higher values of 
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rS  than in Tests B4 and B8 both at the start of isotropic loading and at the start of 

shearing (although the magnitudes of the differences of rS  are not accurately 

predicted). The model predicts a unique critical state value for rS , except for Test B9 

(and this was a consequence of the problem with the model discussed in Section 10.5). 

In contrast, the experimental results show higher critical state values of rS  in Tests B5 

and B9 than in Tests B4 and B8. This could (in theory) be predicted by the WM with 

alternative selections for model parameter values, in particular a wider spacing 

between the SI and SD yield surfaces. 

Inspection of Figure 9-15 shows that the WM captures the higher values of wv  at the 

end of wetting-drying cycles in Tests B5 and B9 when compared with the 

corresponding values at the end of the equalisation stages in Tests B4 and B8. 

However, the predicted values of wv  at the end of the wetting-drying cycles in Tests 

B5 and B9 are significantly less than experimental values. The WM provide a good 

match to the observed variation of wv  during the isotropic loading stages of Test B4, 

B5 and B8. During the shearing stage, Samples B4 and B8 showed increase in specific 

water volume, whereas, in Test B5 and B9, the specific water volume first decreased 

and then in the later part of the shearing stage a slight increase in the specific water 

volume was observed. However, the WM predicted a decrease in specific water 

volume during shearing for all four tests.   

9.3 OTHER TESTS 

9.3.1 Test B6 

The influence of degree of saturation on the shear behaviour of unsaturated soil was 

investigated in Sections 9.2.1 and 9.2.2 by performing tests with a wetting-drying 

cycle under isotropic stress states before shearing was commenced. In Test B6, it was 

intended to investigate the influence of a wetting-drying cycle performed under a non-

isotropic stress state on the subsequent shear behaviour. Table 9-8 and Figure 9-16 

show the stress path followed in Test B6. The sample was first equalised ( 66 AA ′ ) at a 

suction of 300 kPa and a mean net stress of 10 kPa. It was then isotropically loaded at 

constant suction (stage 66 BA −′ ) to a mean net stress of 75 kPa. A shearing stage 
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66 CB −′  was then followed to a deviator stress of 78 kPa at constant suction and radial 

net stress. Two cycles of wetting and drying ( 6666 EDDC −′−′  and 6666 GFFE −′−′ ) 

were performed over a range of suction from 300 to 100 kPa while keeping deviator 

stress and mean net stress constant. Finally, the sample was sheared to failure at 

constant suction of 300 kPa and constant radial net stress of 75 kPa (stage 66 HG −′ ).  

Stage )kPa(q  )kPa(p  )kPa(s  
From To Description    

6A  
6A′  Initial equalisation 0 10 300 

6A′  6B  Isotropic loading 0 7510→  300 

6B  
6B′  Equalisation 0 75 300 

6B′  6C  Shearing 780 →  10175→  300 

6C  
6C′  Equalisation 78 101 300 

6C′  6D  Wetting 78 101 100300→  

6D  
6D′  Equalisation 78 101 100 

6D′  6E  Drying 78 101 300100→  

6E  
6E′  Equalisation 78 101 300 

6E′  6F  Wetting 78 101 100300→  

6F  
6F ′  Equalisation 78 101 100 

6F ′  6G  Drying 78 101 300100→  

6G  
6G′  Equalisation 78 101 300 

6G′  6H  Shearing 28078→  168101→  300 

Table 9-8 Stress path for Test B6 

 

Figure 9-16 Stress path for Test B6  
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Figure 9-17 and Figure 9-18 show the variation of specific volume and degree of 

saturation respectively against mean net stress for Tests B6 and B4. Experimental 

results from Test B4 are presented alongside those from Test B6 to show the influence 

of wetting-drying cycles on the subsequent shear behaviour. In Test B6 a significant 

reduction in v  and significant increase in rS  occurred over the wetting-drying cycles 

66 GC −′ . These changes in v  and rS  were associated with plastic processes and will 

be discussed in detail later in this section. Because of these plastic changes of v  and 

rS  an increase in yield stress can be observed compared to the results from Test B4 

during shearing stage 66 HG −′  (see Figure 9-17 and Figure 9-18). Inspection of Figure 

9-17 and Figure 9-18 also shows that the critical state values of v  and rS  at the end of 

shearing stage 66 HG −′  of Test B6 are significantly different from the values obtained 

in Test B4. These differences can be attributed to the influence of the additional 

wetting-drying cycles 66 GC −′  performed in Test B6. 

 

Figure 9-17 Variation of specific volume v  against mean net stress p  for Tests B6 and B4 
along with BBM and WM predictions for Test B6 
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Figure 9-18 Variation of degree of saturation rS  against mean net stress p  for Tests B6 and 
B4 along with BBM and WM predictions for Test B6 
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with no suggestion of a clear yield point as the volumetric compression was very 

gradual. During the subsequent drying ( 66 ED −′ ), wetting ( 66 FE −′ ) and drying 

( 66 GF −′ ) stages, a small net reduction in v  occurred (see Figure 9-19). Both BBM 

and WM under-predict the values of v  throughout the wetting and drying 

stages 66 GC −′ . Although the BBM predicts the overall shape of the curves for the first 

cycle of wetting and drying ( 66 DC −′  and 66 ED −′ ) with reasonable accuracy, it fails 

to capture the additional irreversible volumetric compression that occurred during the 

subsequent wetting-drying cycle  ( 66 FE −′ , 66 GF −′ ). The WM captures the shape of 

the curves for variation of v  for both wetting-drying cycles, including the irreversible 

behaviour observed in the second wetting-drying cycle.  

 

Figure 9-19 Variation of specific volume v  against suction s  for Test B6 along with BBM 
and WM predictions  
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captures the overall shapes of water retention curve with reasonable accuracy. 

However, the model tends to over-predict the values of rS  throughout the cycles of 

wetting and drying.  

 

Figure 9-20 Variation of degree of saturation rS  against suction s  for Test B6 along with 
BBM and WM predictions  
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Figure 9-21 Variation of true shear strain sε  against suction s  for Test B6 along with BBM 

and WM predictions  

 

Figure 9-22 Variation of deviator stress q  against true shear strain sε  for Tests B6 and B4 

along with the BBM and the WM predictions for Test B6 
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The prediction of the BBM for the overall variation of the deviator stress, including at 

the critical state, is a good match to the observed behaviour (see Figure 9-22). The 

WM does provide a very good match to the experimental behaviour during the initial 

part of shearing 66 HG −′ , although it slightly overestimates the critical state value of 

deviator stress. However, both models predict the same value of critical state deviator 

stress in Test B6 and B4 (see Figure 9-22 and Figure 9-12), failing to capture the 

experimental results of higher critical state deviator stress in Test B6 than in Test B4. 

9.3.2 Test B7 

Test B7 was performed in order to investigate the behaviour of unsaturated soil during 

drying stages at constant mean net stress and deviator stress, and shearing stages at 

different suction values. Table 9-9 and Figure 9-23 demonstrate the stress path for Test 

B7.  

Stage )kPa(q  )kPa(p  )kPa(s  
From To Description    

7A  
7A′  Initial equalisation 0 10 100 

7A′  7B  Isotropic loading 0 7510→  100 

7B  
7B′  Equalisation 0 75 100 

7B′  7C  Shearing 750 →  10075→  100 

7C  
7C′  Equalisation 75 100 100 

7C′  7D  Drying 75 100 200100→  

7D  
7D′  Equalisation 75 100 200 

7D′  7E  Shearing 17575→  133100→  200 

7E  
7E′  Equalisation 175 133 200 

7E′  7F  Drying 175 133 300200→  

7F  
7F ′  Equalisation 175 133 300 

7F ′  7G  Shearing 260175→  162133→  300 

Table 9-9 Stress path for Test B7 

The sample was first equalised ( 77 AA ′ ) at a suction of 100 kPa and a mean net stress of 

10 kPa. The sample was then isotropically loaded to a mean net stress of 75 kPa 

(stage 77 BA −′ ). A shearing stage 77 CB −′  at constant radial net stress was then 

followed at constant suction to a deviator stress of 75 kPa. The next stage was a drying 

stage 77 DC −′  at constant deviator stress and constant mean net stress to a suction of 

200 kPa. This drying stage was then followed by a shearing stage 77 ED −′   at constant 

suction and constant radial net stress to a deviator stress of 175 kPa. Another constant 

qand constant p  drying stage 77 FE −′  was then performed to a suction of 300 kPa. 
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Finally, a shearing stage to failure 77 GF −′  was carried out at constant suction of 300 

kPa and constant radial net stress of 75 kPa. 

 

Figure 9-23 Stress path for Test B7  

Figure 9-24 and Figure 9-25 show the experimental variation of specific volume and 

degree of saturation respectively against mean net stress for Tests B7 and B4 along 

with the BBM and the WM predictions for Test B7. During the isotropic loading 

77 BA −′   a considerable reduction of  v  and increase in rS  can be observed, with a 

non-linear (possibly elasto-plastic) behaviour during the later part of stage 77 BA −′ . 

Subsequent shearing stage 77 CB −′  at suction of 100 kPa produced a large reduction of 

v  and a large increase ofrS  without any clear indication of a yield point. The second 

( 77 ED −′  ) and final ( 77 GF −′ ) shearing stages at suction of 200 kPa and 300 kPa, 

however, produced clear yield points. During the drying stages 77 DC −′  and 77 FE −′  

there were considerable changes of v  and  rS  and these will be discussed in detail 

later in this section. It is interesting note that the combination of drying and shearing 

stages performed in Test B7 prior to the final shearing stage 77 GF −′  produced 

significantly different values for v  and rS  at critical state compared to the values 

obtained for Test B4.   

0
50

100
150

200

0
50

100
150

200
250

300

0

50

100

150

200

250

300

Mean net stress p̄ (kPa)Suction s (kPa)

D
ev

ia
to

r 
st

re
ss

 q
  (

kP
a)

77 ,CC ′
77 ,DD ′

77 ,EE ′

77 ,FF ′

7G

77 ,BB ′
77 , AA ′



Chapter 9: Triaxial test results, simulations and discussion 
--------------------------------------------------------------------------------------------------------- 

- 304 - 

 

Figure 9-24 Variation of specific volume v  against mean net stress p  for Tests B7 and B4 
along with the BBM and the WM predictions for Test B7 

 

Figure 9-25 Variation of degree of saturation rS  against mean net stress p  for Tests B7 and 
B4 along with the WM predictions for Test B7 
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The BBM prediction for the overall shape of the curve in the pv ln:  plane (shown in 

Figure 9-24), including the yield points during shearing stages 77 ED −′  and 77 GF −′ , 

is a reasonably good match to the observed behaviour of Sample B7. However, the 

predictions of the BBM for the actual values of v  are not a good match to the observed 

behaviour, particularly due to the underestimation of the reduction of v  during drying 

stage 77 DC −′ . Although the WM provides a slightly  better match to the experimental 

values of  v  than the BBM, the predicted shape of the curve is not such a good match 

to the experimental results, particularly during the second and final shearing stages, 

with plastic volumetric strains predicted from the beginning of these shearing stages, 

corresponding to yielding on the LC yield surface, whereas the experimental results 

show a stiff (elastic) response during the initial parts of these second and final shearing 

stages. 

Inspection of Figure 9-25 shows that the WM generally underestimates the values of 

rS , particularly after the first shearing stage 77 CB −′ . However, the model predicts the 

overall shape of the experimental curve in the pSr ln:  plane with reasonable 

accuracy, including the yield points during shearing stages 77 ED −′  and 77 GF −′ . 

Figure 9-26, Figure 9-27 and Figure 9-28 show the variation of specific volume, 

specific water volume and degree of saturation respectively against suction for Test 

B7. During the initial section of the first drying stage 77 DC −′  a dramatic reduction of 

v  (shrinkage) occurred, with the slope of curve reducing in the later part of the stage, 

whereas a relatively small reduction of v  can be seen with a constant gradient of curve 

during the second drying stage 77 FE −′  (see Figure 9-26).  A similar trend of 

behaviour can also be seen in Figure 9-27 for the variation of wv  , with a clear yield 

point at a suction of about 120 kPa during the first drying stage 77 DC −′  and a 

relatively constant gradient of curve during the second drying stage 77 FE −′ .  
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Figure 9-26 Variation of specific volume v  against suction s  for Test B7 along with the 
BBM and the WM predictions 

 

Figure 9-27 Variation of specific water volume wv  against suction s  for Test B7 along with 

WM prediction 
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Figure 9-28 Variation of degree of saturation rS  against suction s  for Test B7 along with 
the WM prediction 
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the selected parameter values, this does not occur in the WM simulation. During the 

second drying stage 77 FE −′  both models capture the shape of the curve with 

reasonable accuracy. However, the WM provides a better prediction than the BBM in 

matching the experimental values ofv . 

Inspection of   Figure 9-27 and Figure 9-28 reveals that the WM captures the shape of 

the curves for the variations of wv  and rS , except during the initial section of the first 

drying stage 77 DC −′ , with reasonable accuracy. However, the model tends to 

underestimate the values of wv  and rS  throughout the test.  

Figure 9-29 shows the experimental variation of deviator stress with shear strain for 

Tests B7 and B4 along with the BBM and the WM predictions for Test B7. The value 

of deviator stress  at the end of the first shearing stage 77 CB −′  was 75 kPa, which is 

about 40% of the critical state value of deviator stress at that suction level (100 kPa) 

and radial net stress (75 kPa), as computed from the strength parameters for compacted 

Speswhite Kaolin suggested by Wheeler and Sivakumar (1995).  No evidence for any 

yield point can be seen during this shearing stage 77 CB −′ , suggesting that the stress 

point is on the LC yield curve from the beginning of the first shearing stage (the 

gradient is more consistent with elasto-plastic behaviour than with elastic behaviour).  

It is interesting to see from the experimental curve in Figure 9-29 that negative shear 

strains occurred during the first drying stage 77 DC −′ , even though the soil was 

subjected to a positive value of deviator stress. In order to investigate this feature, the 

variation of both radial and axial strains should be considered, as the experimental 

shear strain is calculated from the following equation: 

( ) varas ddddd εεεεε
3

1

3

2 −=−=  (9-2) 

where adε , rdε  and vdε  are the increments of axial strain, radial strain and volumetric 

strain respectively. From the above equation, it is clear that the radial strain was higher 

than the axial strain during the drying stage 77 DC −′  in order for a negative shear 

strain to occur. One possible reason for the negative shear strain is that anisotropy 
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produced during the sample preparation and the previous shearing stage 77 CB −′  

might influence the behaviour of the soil sample during the drying stage 77 DC −′ .  

During the second shearing stage ( 77 ED −′ ), there is a suggestion of a yield point in 

the sq ε:  plane (see Figure 9-29).  At the end of the second shearing stage, a deviator 

stress of 175 kPa was reached (75% of the critical state deviator stress at a suction of 

200 kPa and a radial net stress of 75 kPa, according to the strength parameters 

suggested by Wheeler and Sivakumar (1995)). It can be seen from Figure 9-29 that 

positive shear strains occurred during the subsequent drying stage 77 FE −′  , possibly 

because the applied deviator stress was now a high percentage of the corresponding 

critical state value, and the effect of this was sufficient to outweigh any impact of soil 

anisotropy. 

 

Figure 9-29 Variation of deviator stress q  against true shear strain sε  for Tests B7 and B4 

along with BBM and WM predictions for Test B7 
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higher than that of Test B4 (see Figure 9-25) and the value of v  was significantly 

lower than that of Test B4 (see Figure 9-24). According to the argument put forward in 

Section 9.2.2, one would expect a higher shear strength in Test B7 than in Test B4, 

because of the higher final value of rS  in Test B7.  One possible explanation for this 

unexpected behaviour could be that during the second shearing stage 77 ED −′  the 

sample could have almost reached a critical state. The increase in the suction in the 

subsequent drying stage might not have provided the full expected contribution to 

increase of critical state strength. The final failure of the sample at a value of shear 

strain less than that observed in Test B4 further supports this argument. 

Inspection of  Figure 9-29 shows that both the BBM and the WM overestimate the 

values of shear strain throughout most of the test, but then over-predict the final 

observed critical state deviator stress. The BBM does not predict any shear strain 

(elastic or plastic) during drying stages 77 DC −′  and 77 FE −′  as there was no change 

in deviator stress (hence no predicted elastic shear strains) and no predicted yielding 

(hence no predicted plastic shear strains). The WM predicts (plastic) positive shear 

strains in both drying stages by yielding on the LC surface. This matches the observed 

positive shear strains during the second drying stage 77 FE −′ , but not the observed 

negative shear strains during the first drying stage  77 DC −′ . 

The BBM probably provides a better match to the yield points in the second and final 

shearing stages 77 ED −′  and 77 GF −′  than the WM (see Figure 9-29). Also it can be 

noted that during the initial section of the second and final shearing stages the sample 

showed a very stiff response, attributed to elastic behaviour. This was well captured by 

the BBM as the stress point moves inside the LC yield surface during each of the 

drying stages. However, according to the WM, at the end of each drying stage in this 

particular simulation, the stress point was on the LC yield surface, meaning that during 

the subsequent shearing stage plastic volumetric strain and plastic shear strain would 

occur from the beginning (see Figure 9-29).  

9.3.3 Test B10 

In Test B10, the behaviour of unsaturated soil during a wetting-induced shearing stage 

was explored and the abilities of the BBM and the WM to model this type of behaviour 
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were investigated. Table 9-10  and Figure 9-30 show the stress path followed in Test 

B10. The sample was first equalised ( 1010AA ′  ) at a mean net stress of 10 kPa and a 

suction of 300 kPa. It was then isotropically loaded to a mean net stress of 75 kPa 

(stage 1010 BA −′ ). This was followed with a shearing stage 1010 CB −′  at constant 

suction of 300 kPa and a constant radial net stress of 75 kPa to a deviator stress of 185 

kPa. Finally, a wetting stage 1010 DC −′  was performed with deviator stress and mean 

net stress held constant, with the intention of reaching shear failure by wetting. During 

the final wetting stage, the suction was reduced to 125 kPa at a slower rate of 0.25 

kPa/hr than the typical rate of 1 kPa/hr, in order to minimize any non-equalisation of 

suction within the sample during wetting-induced shear straining. 

Stage )kPa(q  )kPa(p  )kPa(s  
From To Description    

10A  
10A′  Initial equalisation 0 10 300 

10A′  
10B  Isotropic loading 0 7510→  300 

10B  
10B′  Equalisation 0 75 300 

10B′  
10C  Shearing 1850 →  13775→  300 

10C  
10C′  Equalisation 185 137 300 

10C′  
10D  Wetting 185 137 125300→  

Table 9-10 Stress path for Test B10 

 

Figure 9-30 Stress path for Test B10 

0

50

100

150

0
50

100
150

200
250

300
350

0

50

100

150

200

Mean net stress p̄ (kPa)Suction s (kPa)

D
ev

ia
to

r 
st

re
ss

 q
  (

kP
a)

1010, AA ′

1010,CC ′

1010,DD ′

1010, BB ′



Chapter 9: Triaxial test results, simulations and discussion 
--------------------------------------------------------------------------------------------------------- 

- 312 - 

Figure 9-31 and Figure 9-32 show the variation of deviator stress and volumetric strain 

against shear strain. It can be seen from Figure 9-31 that in the later part of the 

shearing stage 1010 CB −′  there was slightly non-linear behaviour, suggesting some 

elasto-plastic straining. Both the BBM and the WM overestimate the development of 

shear strain during the early part of shearing stage 1010 CB −′ , but they predict the value 

of shear strain at the end of shearing 1010 CB −′  with reasonable accuracy.    

 

Figure 9-31 Variation of deviator stress q  against true shear strain sε  for Test B10 along 

with BBM and WM predictions 
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stage 1010 CB −′  and the subsequent wetting stage 1010 DC −′ , there was no visible 

discontinuity in the curve for this abrupt change in stress path direction. This 

observation supports the suggestion (present in both the BBM and the WM) of 

representing plastic behaviour during both shearing and wetting as yielding on the 

same yield surface (i.e. the LC yield surface). Both the BBM and the WM 

overestimate the values of vε  throughout stages 1010 CB −′  and 1010 DC −′ . However, 

the BBM prediction for the critical state value of vε  is a reasonable match to the 

observed value, whereas the WM significantly over-predicts the critical state value for 

vε  (see Figure 9-32). 

 

Figure 9-32 Variation of volumetric strain vε  against true shear strain sε  for Test B10 along 

with BBM and WM predictions 
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wetting stage. The BBM predicts the final value of v  at the end of the wetting stage 

with reasonable accuracy, but fails to capture the gradient of the curve during 

stage 1010 DC −′ . A completely opposite observation can be made for the prediction by 

the WM, where the WM predicts the gradient of the curve accurately but not the final 

value of v  (see Figure 9-33). 

From the experimental variation of rS   with suction during wetting stage 1010 DC −′ , 

there is a slight suggestion of a yield point at a suction of about 290 kPa (see Figure 

9-34). This is not captured by the WM, as it predicts elasto-plastic changes of rS  from 

the beginning of the wetting stage by yielding on the SD surface. Inspection of Figure 

9-34 also reveals that the WM predicts the value of rS  at the end of wetting stage with 

reasonable accuracy, but the prediction for the gradient of the sSr ln:  curve during 

stage 1010 DC −′  is not a good match to the observed behaviour.  

 

Figure 9-33 Variation of specific volume v  against suction s  for Test B10 with the BBM 
and WM predictions 
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Figure 9-34 Variation of degree of saturation rS  against suction s  for Test B10 with the 
WM predictions 

 

Figure 9-35 Variation of specific water volume wv  against suction s  for Test B10 with the 

WM predictions 
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Inspection of Figure 9-35 shows a significant increase in the values of wv  during the 

wetting stage 1010 DC −′ , with a suggestion for a yield point at a suction of about 290 

kPa. However, it should be noted that the initial flat response for the variation of rS  

and wv   during wetting stage 1010 DC −′  may also be attributable to the delayed 

response of the sample to the suction decrease.  The WM prediction for the variation of 

wv   is not a good match to the experimental behaviour even at a qualitative level, 

because, the WM predicts a small increase of  wv  during the initial part of the wetting 

stage followed by a small reduction of  wv  predicted in the later part of the stage, 

leading to a very small net increase in wv  predicted over the entire stage 1010 DC −′ , 

whereas the experimental results show a significant monotonic increase in wv .  

9.3.4 Tests C1, C2 and C3 

Test Series C on saturated samples was carried out using the conventional Bishop-

Wesley triaxial cell of System C (see Section 5.3). Samples were first saturated 

according to the procedure detailed in Section 6.3.5. They were then isotropically 

loaded to different radial effective stress (50, 100 and 200 kPa for Tests C1, C2 and C3 

respectively). Finally, the samples were sheared at a constant displacement rate of 

0.072 mm/hr under fully drained conditions and constant radial effective stress until 

shear failure occurred.  

Figure 9-36 and Figure 9-37 show the experimental variations of deviator stress and 

volumetric strain against shear strain for Tests C1, C2 and C3 along with the 

predictions by the BBM and the WM. Inspection of Figure 9-36 shows that the BBM 

predicts the critical state deviator stress with reasonable accuracy for all three tests, 

whereas the WM underestimates the critical state values of deviator stress. It should be 

noted that the WM over-predicted the critical state values of deviator stress for 

unsaturated samples at suctions of 200 kPa and 300 kPa. These observations clearly 

show that the single critical state line in the *: pq  plane given by Equation 9-1 cannot 

uniquely represent the experimental results (see Figure 7-23). Instead, as mentioned in 

Section 3.6.3 , the critical state points for saturated samples consistently lie at the top 

of the range whereas the results for unsaturated samples at highest values of suction 

consistently lie at the bottom of the range. Inspection of Figure 9-37 shows that both 
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the BBM and the WM significantly over-predicted the volumetric strain throughout the 

shearing stage, including the critical state value of vε . 

 

Figure 9-36 Variation of deviator stress q  against true shear strain sε  for Tests C1, C2 and 

C3 with the BBM and WM predictions 

 

Figure 9-37 Variation of volumetric strain vε  against true shear strain sε  for Tests C1, C2 

and C3 with the BBM and WM predictions 

0 0.1 0.2 0.3 0.4
0

0.05

0.10

0.15

0.20

0.25

0.30

True shear strain ε
s
 

V
ol

um
et

ric
  s

tr
ai

n 
 ε v 

 

 

Test C1(p′
i
=50 kPa)

Test C2(p′
i
=100 kPa)

Test C3(p′
i
=200 kPa)

C3)(Test BBM

C1)(Test BBM

C2)(Test BBM

C1)(Test WM

C2)(Test WM

C3)(Test WM

0 0.1 0.2 0.3
0

50

100

150

200

250

300

True shear strain ε
s
 

D
ev

ia
to

r 
st

re
ss

 q
  (

kP
a)

 

 
Test C1(p′

i
=50 kPa)

Test C2(p′
i
=100 kPa)

Test C3(p′
i
=200 kPa)

C3)(Test BBM

C1)(Test BBM

C2)(Test BBM

C1)(Test WM

C2)(Test WM

C3)(Test WM



Chapter 9: Triaxial test results, simulations and discussion 
--------------------------------------------------------------------------------------------------------- 

- 318 - 

Figure 9-38 shows the variation of specific volume against mean effective stress. 

Interestingly, the normal compression line for 1 kPa suction (from Test A12) almost 

coincided with the saturated normal compression lines, from Test Series C given that 

test series A and C were carried out in different systems with different measurement 

techniques to determine the sample volume change. The yield stress observed for Test 

A12 is slightly less than that of Tests C1, C2 and C3. This could be due to a small 

collapse compression during the saturation of sample for test series C as the initial 

specific volume observed in test series C is slightly lower than that of Test A12. Even 

though the BBM and the WM predicted the slope of the saturated normal compression 

line accurately, the BBM provides a better prediction of the position of the saturated 

normal compression line than the WM.  

 

Figure 9-38 Variation of specific volume v  against suction s  for TestsC1, C2, C3 and A12 
with the BBM and WM predictions 
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CHAPTER 10                                                            

DISCUSSION OF WHEELER ET AL. (2003) MODEL  

The model simulations and the experimental test results presented in Chapters 8 and 9 

show that the WM provides reasonably good predictions in some cases, particularly 

during isotropic loading and unloading, and a poor match to experimental behaviour in 

some other cases, particularly during wetting and drying paths. In this section, the 

strengths and weaknesses of the Wheeler et al. (2003) model will be discussed in the 

light of the experimental test results.  

10.1 STRESS STATE VARIABLES 

The Wheeler et al. (2003) framework was proposed in terms of Bishop’s stress tensor 

*
ijσ  and modified suction*s . For the simplified stress states of the triaxial test this 

reduces to mean Bishop’s stress *p , deviator stress q  and modified suction *s . 

 The use of *p  as a stress state variable involves a major assumption that the air-filled 

voids and water-filled voids can be considered together, by using a weighted average 

of the two pore pressures (weighted by the degree of saturation). With this assumption, 

three key aspects of the model were proposed to be controlled by *p  and they are: 

(a)  elastic variation of specific volume (see Equation 3-3); 

(b) mechanical yielding behaviour (a vertical LC yield curve in the ** : ps  

plane) with additional influence by the plastic changes of rS  ( p
rdS ); 

(c) shear strength (see Equation 3-24). 

The validity of the formulation for elastic volumetric strain was investigated in Test 

A1 (see Section 8.1.1). Isotropic loading, unloading, wetting and drying paths were 

followed, with the intention that these stress paths were inside the LC, SD and SI yield 

curves. Although inspection of the variation of v  against *p  (see Figure 8-4) showed 

the possibility of unique relation between elastic volumetric strains and changes in *p , 



Chapter 10: Discussion of Wheeler et al. (2003) model  
--------------------------------------------------------------------------------------------------------- 

- 320 - 

no firm conclusion could be reached, because the small measured changes of specific 

volume were highly susceptible to any measurement errors or problems of 

experimental technique and because there were doubts about whether the stress paths 

were truly fully elastic. 

In the Wheeler et al. (2003) model, the mechanical yielding characteristics were 

proposed to be independent of modified suction, but predominantly controlled by the 

value of *p  (with additional influence from the plastic changes of rS ) by having a 

straight vertical LC yield curve in the ** : ps  plane. Investigation of this aspect of 

behaviour will be discussed in detail in the next section. 

In the WM extended to triaxial stress states, the shear strength was proposed to be 

uniquely related to *p . However, close inspection of the critical state data from 

Sivakumar (1993), Wheeler and Sivakumar (2000) and the author plotted in the *: pq   

plane shows that there is a small but consistent trend with variation of suction, with the 

saturated critical state data points lying at the top of the range and the highest suction 

data points lying at the bottom of the range (see Figure 7-23). This observation 

suggests that the assumption of a unique critical state line in the *: pq  plane may not 

be true for the whole range of suction values. 

Wheeler et al. (2003) proposed modified suction *s  as a second stress state variable, in 

addition to the Bishop’s stress tensor *
ijσ . This proposal of using *s  in combination 

with *
ijσ  was merely based on the equation derived by Houlsby (1997) for the 

increment of work input per unit volume of unsaturated soil. In almost all cases, it was 

found that plotting water retention curves either in the sSr ln:  plane or in the 

*ln: sSr  plane did not  show any significant differences in the shapes of curves (see 

for example Figure 8-22 and Figure 8-23) , suggesting that there is no particular 

practical advantage of using the complex stress state variable *s  over the simple and 

widely used variable s.  The Wheeler et al. (2003) model involves two key proposals 

in the role of the stress state variable *s : 
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(a) elastic changes of rS  are related solely to changes of *s  (see Equation 

3-4); 

(b) water retention yielding behaviour is assumed to be dependent on the value 

of *s  (horizontal SD and SI yield curves in the ** : ps  plane) with additional 

influence from the plastic volumetric strains (pvdε ). 

In the illustrative Wheeler et al. (2003) model, elastic changes of degree of saturation 

were expressed exclusively in terms of changes of modified suction (see Equation 3-4). 

Test A1 was used to investigate this proposal (see Section 8.1.1). However, the results 

of the test did not provide conclusive evidence supporting the form of this equation, 

because of similar practical difficulties to those discussed earlier in connection with the 

proposed link between elastic volumetric strain and changes of *p  (susceptibility to 

small measurement errors and problems of experimental technique, and uncertainty 

whether the stress path was truly elastic). However, it is important to note that elastic 

changes in degree of saturation and elastic volumetric strains are in reality be very 

small. It may therefore be acceptable to express the elastic changes in v  and rS  

uniquely in terms of changes of  *p  and changes of *s  respectively, in order to 

preserve the simplicity of the Wheeler et al. (2003) model. 

The Wheeler et al. (2003) model also assumes that yielding characteristics associated 

with water retention behaviour are controlled predominantly by the value of *s , by 

employing horizontal SD and SI yield curves in the ** : ps  plane, with additional 

influence of the plastic volumetric strainsp
vdε . This issue will be discussed in detail in 

Section 10.3. 

10.2 SHAPE OF LC YIELD CURVE AND FLOW RULE 

Wheeler et al. (2003) proposed that the LC yield curve associated with inter-particle 

slippage could be represented by a straight vertical line in the ** : ps  plane. The 

proposal was theoretically supported by analysing the influence of suction within the 

meniscus water rings around spherical particles in contact (see Section 2.3), which led 

to the argument that plastic changes of rS  (i.e. changes in the number of meniscus 
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water rings) rather than changes of s or *s  play a key role in determining the yielding 

characteristics as far as mechanical behaviour is concerned. In order to investigate this 

proposal, Test A4 was carried out (see Section 8.1.3). In Test A4 the sample was first 

isotropically loaded (stage BA −′ ) at constant suction of 150 kPa to a mean net stress 

of 150 kPa, with the intention of reaching the corner of LC and SD curves at the end of 

this stage. The mean net stress was then decreased to 75 kPa with a simultaneous 

increase in suction to 200 kPa (stage CB −′ ), with the intention of moving away from 

both SD and LC yield curves (but not yielding on the SI yield curve). During the 

subsequent isotropic loading DC −′  at constant suction of 200 kPa the experimental 

result plotted in the *ln: pv  plane (see Figure 8-18) clearly shows a yield point at a 

value of *p  higher than the maximum value previously experienced by the sample, 

even though no significant plastic reduction of degree of saturation occurred during the 

previous stress path CB −′  (i.e. no yielding on the SI yield curve).  This experimental 

observation indicated that the LC yield curve may not be a straight vertical line in the 

** : ps  plane, as assumed for isotropic stress states, suggesting that the influence of 

suction within the meniscus water rings significantly affects the stability of inter-

particle contacts, and this aspect may need to be incorporated in the framework (by an 

inclined LC yield curve). 

The Wheeler et al. (2003) model predicts plastic volumetric strains but no plastic 

changes of rS  during yielding on the LC yield curve, because of the assumption of an 

associated flow rule on the LC yield curve. However, experimental isotropic 

compression curves in the pv ln:  plane and the corresponding variation of  rS  plotted 

in the pSr ln:  plane show a  yield point in the pSr ln:  plane at the same stress as the 

yield point in the pv ln:  plane in almost all cases (see for example Figure 8-16 and 

Figure 8-17), i.e. there is a clear suggestion that plastic changes of rS  occur during 

yielding on the LC yield curve.  This means that a non-associated flow rule may be 

required for yielding on the LC yield curve if the LC yield curve is assumed to be 

vertical in the ** : ps plane.  It is also possible to have an associated flow rule to 

predict both p
vdε  and p

rdS  during yielding on the LC yield curve if the LC yield curve 

is inclined, as described in the previous paragraph. 
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10.3 SD AND SI YIELD CURVES  

It can be seen from Sections 8.1, 8.2, 9.2 and 9.3 that the water retention behaviour, 

presented as variation of degree of saturation or specific water volume against suction, 

was poorly predicted by both WM and WM (BS). It is obvious that the water retention 

behaviour during wetting and drying (variation of s) is more complex than during 

isotropic loading and unloading (variation of p ). Even though, in the experimental 

results, yield points corresponding to the onset of plastic changes of rS , could be 

identified during most drying stages, there was rarely the suggestion of an equivalent 

yield point during wetting paths, especially at high degrees of saturation (e.g. Figure 

8-47, Figure 8-52 and Figure 8-62). At high degree of saturation, a wetting stage often 

provided an approximately straight line relationship in the sSr ln:  plane, with low 

gradient compared to a drying stage (see Figure 8-65). This is probably because of 

trapped air within the soil sample in the form of occluded bubbles, where the air can 

move to the boundary of the sample only by diffusing in solution through the 

surrounding water voids. As a consequence, extremely long test durations would have 

been required to reach true equilibrium conditions during wetting at high degrees of 

saturation, and the experimental results during such stages may not be fully reliable. 

The non-existence of yield points during most of wetting stages makes it almost 

impossible to identify the position of the SD yield curve. The absence of clear yield 

points in most of the wetting curves in the sSr ln:  plane also suggests that bounding 

surface plasticity is more suitable to describe water retention behaviour than classical 

elasto-plasticity.  

In the Wheeler et al. (2003) framework the SD and SI yield curves were proposed to be 

straight horizontal lines in the ** : ps  plane. One of the objectives of Test A3 was to 

investigate this proposal of a horizontal SD yield curve. Unfortunately, the attempt to 

determine the shape of the SD yield curve in Test A3, with stress paths 

EDDCCB −′−′−′  and GFFE −′−′  (see Figure 8-8), was unsuccessful, because it 

was difficult to find yield points during the wetting processes corresponding to 

yielding on the SD yield curve only. It was therefore almost impossible to verify the 

shape of the SD yield curve. No specific test was performed to determine the shape of 

the SI yield curve. 
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In the Wheeler et al. (2003) model, the spacing between the SI and SD yield curves 

was assumed to be constant when plotted in terms of *ln s . It was intended to 

investigate this arbitrary assumption in the light of the experimental test results. 

However, the complex nature of the water retention behaviour, together with the 

absence of yield points in the *ln: sSr  plot during wetting stages meant that this 

assumption could not be directly investigated. However, the spacing between the SI 

and SD yield curves can be inferred from the spacing between the wetting and drying 

curves in the *ln: sSr  plot (if the form of elastic variation of rS  is known or can be 

assumed). Unfortunately, the experimental results showed that the spacing between the 

wetting and drying curves in the *ln: sSr  plane can not be taken as constant, as it 

varied continuously from one test to another, primarily depending on the level of 

suction and degree of saturation. A value of 1.5 for the ratio  **
DI ss  was selected for 

the simulations (see Section 7.4.4). However, many of the subsequent comparisons 

between model simulations and experimental results suggest that selection of a 

significantly higher value for the ratio **
DI ss  would have given a better match to the 

experimental water retention behaviour (see, for example, Figure 8-43, Figure 8-47, 

Figure 8-52 and Figure 8-62). It is therefore recommended that a higher value for 

**
DI ss  is appropriate for the compacted Speswhite Kaolin in order to obtain better 

predictions of water retention behaviour in the sSr ln: plane or in the svw ln:  plane. 

According to the WM, during a drying stage it is possible for yielding to occur either 

first on the LC curve (plastic volumetric strains predicted) or first on the SI curve ( 

plastic decrease ofrS  predicted), depending on the positions of these yield curves in 

relation the current stress point. However, during most of the drying stages the yield 

points observed in the sSr ln:  plane appear to coincide with the yield points observed 

in the sv ln:  plane (see for example Figure 8-21 and Figure 8-22). The only exception 

is the drying stage BA −′  in Test A10, where the yield value of suction observed in 

the sv ln:  plot is significantly less than that observed in the sSr ln:  plot (see Figure 

8-64 and Figure 8-65). The experimental observation, during a typical drying stage, of 

similar yield values of suction in the sv ln:  and  sSr ln:  plots can be better 

represented by the WM (BS), because a typical drying stage simulation produces both 
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p
vdε   and p

rdS  simultaneously from the beginning and if either pvdε  or  p
rdS  increases 

dramatically in the simulation this tends to produce an associated increase of the other. 

In many tests, the gradient of water retention curves in the sSr ln:  plane during 

drying seems to be higher than that during wetting, suggesting that, in the WM, 

different values of sλ should be used for yielding on the SD and SI yield curves. This 

is more pronounced at higher degrees of saturation (see Section 8.2.2 and 8.2.4). In the 

simulations, a value of 0.055 was selected for the value of sλ . However, comparison of 

model simulations with experimental results showed that in many cases the selected 

value of sλ  overestimated the gradient of wetting and drying curves in the sSr ln:  

plane, suggesting that a smaller value should have been selected forsλ . However, it 

should be acknowledged here that the value of sλ  also has a strong influence on the 

gradient of curves in the pSr ln:  plot associated with yielding on the SD curve during 

isotropic loading, and therefore a compromise should be made in the choice of values 

for sλ . In fact, the very basic water retention model (see Figure 3-10) proposed in the 

Wheeler et al. (2003) model should be replaced with a more realistic water retention 

model in order to better represent the water retention behaviour. 

10.4 PREDICTION OF BEHAVIOUR DURING ISOTROPIC LOADING 

Figure 10-1 shows the as-compacted LC yield points for the samples tested by the 

author along with the BBM yield curve and the yield points predicted by the WM. The 

yield points predicted by the WM correspond to the onset of yielding on the LC curve, 

as outward movement of the stress point and coupled inward movement of the LC 

curve (caused by yielding on the SD curve) bring the current stress point and the LC 

curve together. It can be clearly seen that the WM cannot predict the variation of yield 

stress accurately with suction. The prediction of the variation of yield stress by the 

WM is predominantly determined by the coupling equation given by: 

*

*

1*
0

*
0

D

D

s

ds
k

p

dp
=  (10-1) 
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The above equation represents a straight line yield locus in the ** ln:ln ps  plane, 

whereas the experimental yield locus for as-compacted samples was found to be non-

linear as already mentioned in Section 7.4.3 (see Figure 7-22). It may therefore be 

necessary to modify the form of the coupling equation, in order to get better prediction 

for the variation of yield stress with suction in the ps :  plane. 

 

Figure 10-1 As-compacted LC yield points for the samples tested by author along with BBM 
yield curve and predicted yield points from the WM 

The WM also could not provide a perfect prediction for the variation of the gradient of 

constant suction normal compression lines in the pv ln:  plot for a wide range of 

suction. Although the model provides a good match to the experimentally observed 

gradient of normal compression lines for high suction values (at suctions of 150, 200 

and 300 kPa), it overestimates the gradient at low suction values (at suctions of 10 and 

50 kPa). The WM predicts that the gradients of these constant suction normal 

compression lines hardly vary with suction (being substantially greater than λ  for all 

values of s greater than zero provided that the soil is still unsaturated, see next 

section), whereas the experimental results show a more gradual variation of gradient 

with suction. The gradients of constant suction normal compression lines predicted by 

the WM (during yielding on LC and SD curves simultaneously) are predominantly 
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controlled by the parametersλ , 1k  and 2k . One possible solution to this problem is to 

modify the forms of the two coupling equations proposed by Wheeler et al. (2003) in 

order to better predict the gradual variation of gradient of constant suction normal 

compression lines for a wide range of suction values.  

10.5 A PROBLEM OF INCONSISTENCY IDENTIFIED IN THE 

ILLUSTRATIVE MODEL OF WHEELER ET AL. (2003) 

In this current research a problem was identified in the Wheeler et al. (2003) 

illustrative model, associated with inconsistency of the model if plastic volumetric 

strains occur while the soil is in a saturated condition. This issue is discussed in this 

section.  

Figure 10-2(a) shows the compression curves predicted by the WM for constant 

suction isotropic loading stages performed at different suction values. Parameter values 

and initial conditions used in these simulations are those listed in Table 7-3.  It can be 

seen from  Figure 10-2 (a) that after the initial elastic behaviour different constant 

suction normal compression curves are predicted for different values of suction and all 

of these initially have a gradient greater than λ , as a consequence of simultaneous 

yielding on the LC and SD curves (additional yielding on the LC yield curve is 

required, in order to offset the coupled inward movement of the LC curve caused by 

yielding on the SD curve). During these constant suction isotropic loading stages the 

predicted degree of saturation increases (see Figure 10-2(b)), and in each case a point 

is reached where fully saturated conditions are predicted. The subsequent predicted 

compression curve then follows a saturated normal compression line with a gradient of 

λ  (see Figure 10-2(a)). The inconsistency identified in the Wheeler et al. (2003) 

model is, however, that the saturated normal compression lines predicted for different 

values of suction are not unique; rather the saturated normal compression line is shifted 

down with increasing suction. This non-uniqueness in the positions of saturated normal 

compression lines was also observed when plotted in the *ln: pv  plane. The reason 

for this non-unique saturated normal compression line is now discussed. 
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Figure 10-2 Behaviour predicted by the WM in the (a) pv :  plane and (b) pSr :  plane 
during constant suction isotropic loading at different values of suction 

The prediction of a non-unique saturated normal compression line in Figure 10-2(a) is 

an indication of a problem with the Wheeler et al. (2003) model, which arises if plastic 

volumetric strains occur while the degree of saturation is 1 (or zero). This is because 

the model assumes that both plastic and elastic components of change of degree of 
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saturation cease while rS  remains at 1 (or zero), as shown in Figure 10-3. If plastic 

volumetric strains occur (due to yielding on the LC curve) while 1=rS  this produces 

a shift in the air-entry value of the soil (due to coupled movements of the SI and SD 

curves) and hence a change in the value of *s  at which elastic changes of  rS  re-

commence during drying. This can lead to irreversibility of elastic changes of rS , 

which is fundamentally unacceptable. 

 

Figure 10-3 Variation of rS  against *s  during a specified stress path 

Figure 10-3 shows the variation of rS  against *s  for a specified stress path of interest. 

The initial positions of main wetting and drying curves are shown by the continuous 

lines. During a wetting stage CBA −−  starting at *
1

* ss = , with no plastic volumetric 

strains occurring, the Wheeler et al. (2003) model predicts initially elastic increases of 

rS  and then elasto-plastic increases of rS  (corresponding to yielding on the SD yield 

curve only) to reach a saturated state at *
2

* ss =   (point B ). During stage EDC −−  a 

drying stress path is followed, with increase of modified suction. However, if 

substantial plastic volumetric strains happen to occur (as a consequence of yielding on 

the LC curve) while the soil is fully saturated during path  EDCB −−− , the main 

wetting and drying curves are shifted to higher suctions, as indicated by the dashed 

lines. Hence, desaturation only occurs at pointE . Consider a range of modified suction 
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toE ), there is no elastic change ofrS . This predicted irreversibility of elastic water 

retention behaviour introduces inconsistency into the model (by incorporating a 

permanent memory of past history associated with plastic volumetric straining at 

saturated state) as demonstrated in Figure 10-2.  

The inconsistency of the model can be further illustrated by considering constant rS  

lines in the *ln: pv  plot corresponding to simultaneous yielding on SD and LC 

curves. By adding elastic and plastic volumetric strain increments given by Equations 

3-3 and 3-13 respectively, the increment of specific volume during simultaneous 

yielding on SD and LC yield curves is given by: 
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Similarly by combining Equations 3-4 and 3-14, the change of rS  during simultaneous 

yielding on SD and LC yield curves is given by: 
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Because the stress point remains at the corner of LC and SD curves the following 

equations are applicable: 

*

*
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ds =  (10-4) 
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dp

p

dp =  (10-5) 

The variation of specific volume with mean Bishop’s stress for constant degree of 

saturation lines can be derived by making 0=rdS  in Equation 10-3 and then solving  

Equations 10-2 and 10-3  simultaneously (after inserting Equations 10-4 and 10-5) to 

eliminate ** sds :  
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Equation 10-6 represents straight parallel lines with a constant gradient *λ  (greater 

than λ ) in the *ln: pv  plot for different values of degree of saturation as shown by the 

thin continuous lines in Figure 10-4. The dashed line is the corresponding locus of 

states at which full saturation occurs during simultaneously yielding on the LC and SD 

yield curves for different stress paths. This also takes the form of a straight line of 

gradient *λ .  

In order to explain the prediction of non-unique saturated normal compression lines, 

two stress path tests (Tests 1 and 2) are considered, in both of which the stress point 

remains at the corner of SD and LC yield curves throughout. In Test 1, a stress path 

11 BA −  was followed until full saturation was achieved, and then loading was 

continued 11 CB −  in a fully saturated condition. During this fully saturated loading 

11 CB −  the predicted response follows a saturated normal compression line of gradient 

λ  (Equation 10-6 no longer applies, because elastic and plastic changes of rS  have 

been switched off). In the second test a different stress path was followed (but still 

involving simultaneous yielding on SD and LC curves), so that full saturation is 

reached at 2B . As consequence, during subsequent saturated loading 22 CB −  the 

saturated normal compression line, of gradient λ , that is followed is in a different 

location to the corresponding line from Test 1. In addition, if the soil is subsequently 

de-saturated (e.g. stage 22 DC −  in Test 2) after undergoing plastic volumetric strain 

while fully saturated, it will be found that there will have been a shift in the predicted 

positions of the unsaturated constant rS  lines corresponding to simultaneous yielding 

on LC and SD curves (i.e. the thin continuous lines of gradient *λ  in Figure 10-4 will 

have shifted). 
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Figure 10-4 Predicted constant degree of saturation lines in the *: pv plane during 
simultaneous yielding on SD and LC curves 

The original developers of the Wheeler et al. (2003) model intended that a feature of 

the model would be that, for two samples of the same soil with different stress 

histories, the specific volume v  and degree of saturation rS  would be identical if the 

stress states (in terms of *p , q  and *s ) were the same for the two samples and if the 

yield surfaces were in the same locations for the two samples. This has the effect that 

the mechanical and water retention behaviour of the soil can be affected by the recent 

stress history (e.g. a wetting-drying cycle), but this memory of the stress history is then 

gradually erased by subsequent plastic behaviour. This is physically sensible feature to 

include in a model, and the formulation of the Wheeler et al. (2003) model ensures that 

it holds true while the soil remains unsaturated. However, the inconsistency of the 

model identified and described in this section means that this desirable feature of the 

model is lost if plastic volumetric strains occur while the soil is fully saturated (more 

strictly, if 1=rS  or 0=rS ). 

The problem identified in this section occurs because of irreversibility of elastic 

changes of rS  if plastic volumetric strains occur while 1=rS  or 0=rS . One simple 
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zero. As an illustration, inspection of Equation 10-7 shows that λλ =*  if 0=sκ , so 

that all the constant rS  lines shown in Figure 10-4 now became parallel to a unique 

saturated normal compression line. Putting 0=sκ  would, however, results in highly 

unrealistic modelling of water retention behaviour in the original classical elasto-

plastic version of the Wheeler et al. (2003) model (WM). Making the assumption 

0=sκ  is less of a problem in the bounding surface plasticity version of the model 

(WM(BS)), because plastic changes of rS  are predicted for all wetting and drying 

paths in the bounding surface plasticity model. Alternative adjustments to the models 

(rather than setting 0=sκ ) may also provide solutions to the problem identified here, 

but an initial investigation indicates that this is not easy without introducing new 

problems into the model, and further research is required. 

10.6  OVERALL COMPARISON OF PERFORMANCE OF THE WM AND 

WM (BS) AGAINST THAT OF THE BBM 

In this section the performance of both the WM and the WM (BS) against 

experimental results is compared with that of the BBM, in order to determine whether 

the Wheeler et al. (2003) framework represents a real advance on models such as 

BBM. Important advantages and disadvantages or problems of the WM and WM (BS) 

over the BBM are therefore presented here. Firstly, important advantages of the WM 

and WM (BS) over the BBM are listed below. 

• The WM can predict both the mechanical behaviour and the water retention 

behaviour, together with coupling between them, whereas the BBM can predict 

only the mechanical behaviour. For the BBM a separate retention model will be 

required for the solution of coupled hydro-mechanical problems, and there is no 

scope to include the influence of water retention behaviour on mechanical 

behaviour. 

• 8 model parameters are required for the WM (triaxial version) compared to 9 

parameters for the BBM (and further model parameters would be required for an 

accompanying water retention model with the BBM). 
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• The WM(BS) model would require 10 model parameters if extended to triaxial 

stress states (two additional parameters compared to the WM) but it can provide 

some improved predictions, particularly for water retention behaviour. 

• The WM can capture the experimentally observed influence of rS  on the 

mechanical behaviour at a qualitative level. 

• The WM can predict the occurrence of plastic volumetric strains and plastic 

shear strains during drying stages as often observed in experimental results, 

through yielding on the LC yield surface. 

• In theory, the WM can incorporate dependency of critical states on rS  in 

addition to suction and mean net stress. 

Some problems or disadvantages of the WM and WM (BS) are listed below: 

• The double yield points predicted by the WM for many stress paths 

corresponding to yielding first on the LC curve and then on the SD curve as well, 

are not evident from the experimental results. The experimental results normally 

suggest the existence of a single yield point, as predicted by the BBM. 

• The BBM provides better predictions than the WM of the variation with suction 

of the slope of constant suction normal compression lines. The BBM also 

provides better match than the WM to the shape of the initial yield locus 

observed from constant suction isotropic loading tests performed at different 

values of suction. 

• Although the WM can predict the observed plastic volumetric strain during a 

drying stage, by yielding on the LC surface, it cannot predict the observed initial 

elastic response of soil sample during a subsequent isotropic loading or shearing 

stage, because the WM would predict elasto-plastic volumetric strains from the 

beginning of this isotropic loading or shearing stage by yielding on LC yield 

surface. 

• Inconsistencies are introduced into the WM or WM (BS) if plastic volumetric 

strains occur while 1=rS  or 0=rS . 
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• Critical state values of deviator stress over wide range of suction are better 

predicted by the BBM than by the WM. 

From the above lists it can be clearly seen that although the WM and WM(BS) have 

some disadvantages over the BBM in providing worse predictions of some 

conventional aspects of the mechanical behaviour of unsaturated soils, such as the 

variation with suction of the slope of normal compression lines and the values of 

isotropic yield stress, they show some advantages in predicting features associated 

with coupling of mechanical behaviour and water retention behaviour, such as plastic 

shrinkage on drying and the influence of rS  on mechanical behaviour. One of the 

major problems identified in the WM is the inconsistency discussed in Section 10.5. 

Further investigation into this issue is necessary to incorporate realistic water retention 

modelling without sacrificing the consistency of the model. Some modifications may 

be required both at a framework level (e.g. the shape of the yield curves and the use of 

non-associated flow rules) and at a specific model level (i.e. the precise mathematical 

forms of specific constitutive equations such as coupling equations). From the above 

discussion, it can be concluded that both the WM and WM (BS) have considerable 

potential to better represent the real behaviour of unsaturated soil, and to be a 

significant advance over more conventional models such as the BBM, but further 

modifications are essential in order to improve the model predictions.   
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CHAPTER 11                                                         

CONCLUSIONS   AND RECOMMENDATIONS 

Many researchers, such as Wheeler et al. (2003) and Gallipoli et al. (2003b), 

demonstrated through experimental observations the importance of the coupling of 

mechanical behaviour and water retention behaviour (see Chapter 3). Several features 

of behaviour, such as drying-induced plastic volumetric compression or a reduction in 

the yield stress observed during isotropic loading as consequence of a previous 

wetting-drying cycle, can not be explained by models like the Barcelona Basic model 

(BBM). Several modelling proposals to incorporate the coupling of mechanical and 

water retention behaviour have been put forward, including the framework proposed 

by Wheeler et al. (2003). 

In this research, an experimental programme was carried out in order to investigate the 

coupling of mechanical and water retention behaviour using three experimental 

systems. On the constitutive modelling front, extensions were proposed to improve the 

capabilities of the Wheeler et al. (2003) model and the model performance was 

investigated by comparing model simulations with corresponding experimental results. 

This chapter covers the main conclusions arising from the research described in the 

thesis (Sections 11.1 to 11.5). In addition, some recommendations for future work are 

also suggested (Section 11.6). 

11.1 CONSTITUTIVE MODEL DEVELOPMENT 

• The original Wheeler et al. (2003) model was extended to triaxial stress 

states, to include the influence of deviator stress q  (see Section 3.6.3) 

• A new bounding surface plasticity model was proposed for the water 

retention behaviour, to provide realistic modelling of scanning curve 

development and, if desired also the influence of void ratio on water retention 

behaviour (see Sections 4.3.2 and 4.3.3). This bounding surface plasticity 
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water retention model is suitable for use in combination with conventional 

mechanical models for unsaturated soils, such as the BBM. 

•  A bounding surface plasticity version of the fully coupled mechanical and 

water retention model of Wheeler et al. (2003) was developed (see Section 

4.4). 

• Simulation codes using Matlab software were developed for stress point 

simulations with the original elasto-plastic version of the Wheeler et al. 

(2003)  model (WM), the new bounding surface plasticity version of the 

model (WM(BS)) and the conventional BBM (see Appendix). 

11.2 EXPERIMENTAL EQUIPMENT AND PROCEDURES 

11.2.1 Suction-controlled isotropic and triaxial cells 

• The single steel-walled cell design used for suction-controlled isotropic and 

triaxial cells (Systems A and B) avoided the problem of water absorption 

which occurs with a double acrylic-walled cell. However, use of the steel-

walled cells did mean that air bubbles trapped within cell during filling and 

any problem with sample set-up (e.g. whether the sample remained vertical) 

could not be observed. 

• The dependency of apparent cell volume changes on cell pressure changes 

was slightly difficult to calibrate, because of hysteresis in the apparent cell 

volume variation during cell pressure increases and decreases (see Section 

5.6.3).   

• Both Systems A and B provided good quality experimental results, with 

reasonable repeatability (see Sections 8.1.2, 8.1.6 and 9.2.2 ). 

• The experimental results from Systems A and B are comparable to each other 

(see Section 9.1). 

11.2.2 Sample preparation technique 

• 50 mm diameter samples of compacted Speswhite Kaolin were prepared by 

static compaction, as described in Section 6.2. The samples used for isotropic 

testing in System A were 50 mm in height, whereas the samples used for 
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triaxial testing in Systems B and C were 100 mm in height. The 100 mm 

height samples were compacted in 9 layers, whereas the 50 mm height 

samples were compacted in 5 layers. The 100 mm samples consistently 

showed slightly higher initial specific volume than 50 mm height samples 

(see Figure 7-1). 

•  The variation in the specific volume and the water content was 022.0±  and 

%4.1±  respectively (see Section 7.1). Given that two different sets of 

samples were prepared, the repeatability of sample preparation technique was 

reasonable.  

11.2.3 Experimental techniques 

• A continuous loss of pressurised water from both the cell pressure line and the 

pore water pressure line was observed, due to diffusion of water through the 

nylon tubing. The nylon tubes were then replaced with 

Polytetrafluoroethylene (PTFE) tubes, which reduced the diffusion by about 

80% (see Section 5.6.1). 

• In order to determine the sample height at the start of the shearing in the 

triaxial cell the following procedure was followed. Immediately after setting 

up of a sample (of known height), the loading ram was lowered to just touch 

the top cap and the reading from the LVDT was recorded. The loading ram 

was then withdrawn to sufficient level to avoid any contact with the sample 

during the subsequent isotropic stages. For the shearing stage, the loading ram 

was lowered again to just touch the top cap and the reading from the LVDT 

was recorded. The difference in the two readings gave the change of sample 

height between setting up and start of shearing (see Section 6.3.4). 

11.3 EXPERIMENTAL RESULTS (BASIC BEHAVIOUR) 

11.3.1 Equalisation 

• During initial equalisation, water flowed into the sample in all cases, meaning 

that the as-compacted suction was higher than 350 kPa, which was the 

maximum suction value applied during initial equalization (see Table 7-1).  
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• At a mean net stress of 10 kPa the values of specific volume at the end of  

initial equalisation at a saturated state or at 1 kPa suction were slightly lower 

than after equalisation at a suction of 30 kPa, suggesting that a small collapse 

compression might have occurred as suction was decreased below 30 kPa (see 

Table 7-1). 

• The variability in specific volume, degree of saturation and specific water 

volume immediately after compaction was reduced by the equalisation 

process, particularly for degree of saturation and specific water volume (see 

Table 7-1). 

11.3.2 Isotropic loading and unloading 

• The yield stress observed during isotropic loading increased with increasing 

suction. Clear yield points were identified at low suction levels (e.g. Section 

8.2.4), but at higher suction levels yielding was more gradual and post-yield 

curves (normal compression curves) were slightly non-linear (e.g. Section 

8.1.2).  

• The locus of initial yield stresses in the ps :  plane closely matched the one 

determined for compacted Speswhite Kaolin samples by Wheeler and 

Sivakumar (1995) (see Figure 7-15), meaning that the sample preparation 

procedures used in this research produced very similar samples to those 

produced by Wheeler and Sivakumar (1995).  

• The slope of constant suction normal compression lines )(sλ  increased with 

increasing suction. However, there was a suggestion that the value of )(sλ  

levelled off or even decreased for suctions more than about 150 kPa. The 

variation of )(sλ  with suction was similar to that observed by Wheeler and 

Sivakumar (1995) (see Figure 7-14). However, the positions of the constant 

suction normal compression lines for different values of suction in the pv ln:  

plane were slightly below those reported by Wheeler and Sivakumar (1995).  

11.3.3 Wetting and drying 

• For wetting and drying, a rate of suction increase/decrease of 1 kPa/hr was 

typically employed in the experimental programme. This rate was adequate 
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for all cases except during a wetting process involving collapse compression 

or wetting below 30 kPa suction.  

• Wetting-drying cycles (e.g. Section 8.2.1) or drying-wetting cycles (e.g. 

Section 8.2.4) led to a net change in degree of saturation called hydraulic 

hysteresis.   

• Drying from very low suction (as low as 1 kPa) showed some interesting 

features of water retention behaviour in the sSr ln:  plot (e.g. Section 8.2.4). 

A steepening of the curve at suctions between 20 kPa and 50 kPa was 

observed, followed by a gradual reduction in the slope. There was also a 

suggestion of another steepening at a suction of about 300 kPa. The large 

reduction in rS  between suctions of 20 kPa and 50 kPa could be associated 

with emptying of macro-voids, which were filled with water during a 

previous wetting stage. In order to re-fill these macro-voids with water, it 

seemed to be necessary to reduce the suction to less than 10 kPa. This 

observation is consistent with conclusions made by Sivakumar (2005).  

• Wetting at a high degree of saturation (more than 0.85) generally produced a 

small change in degree of saturation compared to a drying stage over the same 

suction range. These relatively small increases in rS  during wetting at high 

values of rS  were probably due to the trapping of air within the samples in 

the form of occluded bubbles (e.g. Section 8.2.4).  

11.3.4 Shearing 

• During shearing at 0 and 200 kPa suction and radial net stress of 75 kPa, there 

was no visible evidence for a yield point in the sq ε:  plot, suggesting that the 

stress state of the samples might be on the LC yield surface at the start of 

shearing (see Figure 9-4 and Figure 9-36). However, pre-yield behaviour can 

be observed during the initial stage of shearing at constant suction of 300 kPa 

and radial net stress of 75 kPa (see Figure 9-11 ).  

11.3.5 Calibration of models 

• With the BBM it was impossible to select a single set of model parameter 

values to match the observed slopes and positions of the normal compression 
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lines for all suction values and the observed initial shape of the LC yield 

curve. Priority was given to matching the yield points rather than the positions 

of the normal compression lines (see Section 7.3.2). 

• To determine the slope of the critical state line *M in the *: pq plane for the 

WM, critical state points for both saturated and unsaturated samples were 

used, so that the average value of*M  could be obtained (see Section 7.4.5). 

11.4 COUPLING OF MECHANICAL BEHAVIOUR AND WATER 

RETENTION BEHAVIOUR: EXPERIMENTAL RESULTS AND 

MODEL PREDICTIONS 

In addition to standard stress paths, such as isotropic loading, unloading, wetting, 

drying and shearing, many non-standard stress path tests were also performed. These 

non-standard stress path tests produced a unique data set, providing evidence of 

aspects of behaviour never previously studied. 

11.4.1 Influence of wetting and drying on isotropic loading  

• A wetting-drying cycle produced a net increase of the degree of saturation 

and led to early yielding behaviour during subsequent isotropic loading. This 

feature of behaviour was consistent with the observation of Sharma (1998) 

and was captured by the WM (see Section 8.2.1). 

• A drying-wetting cycle produced net reduction in degree of saturation and 

also led to early yielding during subsequent isotropic loading. The WM could 

not predict this feature of behaviour (see Section 8.2.2). 

11.4.2 Wetting and drying 

• The position of water retention curves in the sSr ln:  plane was influenced by 

changes of void ratio. An isotropic loading-unloading cycle which involved 

plastic volumetric strain shifted the water retention curve to higher suctions. 

However, there was typically no visible change in the overall shape of the 

water retention curve during this shift (see Figure 8-56 and Figure 8-65). 

There was a suggestion that water retention curves plotted in the 
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svw ln: plane were less affected by changes of void ratio (see Figure 8-57and 

Figure 8-66). 

• Irrecoverable volumetric strains occurred during most drying stages (although 

sometimes very small). However, volumetric strains during a drying stage 

were generally recoverable if the drying stage was preceded by a loading-

unloading cycle involving plastic volumetric strain (see Section 8.2.3). This 

feature can be captured by the WM, as plastic volumetric strains occurring 

during drying and during isotropic loading are represented by yielding on a 

single LC yield curve. 

• Irrecoverable volumetric strain and no indication of a yield point (suggesting 

plastic behaviour from the outset) occurred during a drying stage performed 

immediately after a wetting stage that involved collapse compression (see 

Section 9.3.1). This experimental observation is consistent with the WM 

predictions.  

• Collapse compression occurred from the start of any a wetting stage preceded 

by an isotropic loading stage involving plastic volumetric strain, (see Section 

9.3.1). This observation is consistent with both BBM and WM predictions. 

• If irrecoverable volumetric strains occurred during a drying stage, this 

significantly reduced the suction at which collapse compression would 

commence during a subsequent wetting stage (see Section 8.1.6). This feature 

can be predicted by the WM. 

11.4.3 Shearing 

• In shearing stages performed at suctions of 200 or 300 kPa the initial shear 

stiffness was reduced by the occurrence of a previous wetting-drying cycle 

which produced a net increase of rS  (hydraulic hysteresis) but no net change 

of v . The occurrence of a previous wetting-drying cycle did not produce any 

significant change in the yield stress observed during shearing in the pv ln:  

and pSr ln:  plots but a slight increase was observed in the yield stress in the 

sq ε:  plane (see Sections 9.2.1 and 9.2.2).  



Chapter 11: Conclusions and recommendations 
--------------------------------------------------------------------------------------------------------- 

- 343 - 

• A previous wetting-drying cycle (under isotropic stress states) had a 

significant influence on the critical state values of rS  and q . With an increase 

in the critical state value of degree of saturation there was an increase in the 

critical state value of deviator stress, suggesting that degree of saturation 

influences the shear strength in addition to suction and radial net stress. 

However, there was a suggestion that the critical state value of specific 

volume was uniquely dependent on suction and radial net stress i.e. 

independent of degree of saturation (see Section 9.2.2). With the model 

parameter values selected, the WM predicted unique critical state values of 

rS , v  and q  for particular values of suction and radial net stress. However, 

the WM could in theory predict different values of rS  (and hence q ) at 

critical states, by employing different parameter values, particularly a higher  

**
DI ss  ratio. 

• Wetting and drying stages performed under anisotropic stress states seemed to 

produce complex effects on subsequent shearing stages and critical states. For 

a constant suction and constant radial net stress the values of deviator stress, 

specific volume and degree of saturation at critical states are significantly 

influenced by the previous wetting and drying stages under triaxial stress 

states (see Sections 9.3.1 and 9.3.2).  

11.5 OVERALL PERFORMANCE OF WM AND WM(BS) 

11.5.1 Elastic behaviour 

• No firm conclusion could be reached on the validity of the elastic 

relationships proposed within the WM, which associate elastic volumetric 

strains exclusively with changes in *p  and elastic changes of rS  exclusively 

with changes of *s . This was because of the susceptibility of the small 

measured changes of v  and rS  to measurement errors or problems of 

experimental technique and because of the difficulty of ensuring that the 

stress path was entirely elastic (see Section 8.1.1). 
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11.5.2 Yield curves and flow rules 

• There was some experimental evidence that the LC yield is inclined in the 

** : ps  plane (see Section 10.2), rather than vertical, as assumed in the WM. 

• The occurrence of a simultaneous yield point in the pSr ln:  plane whenever 

a yield point was observed in the pv ln:   plane (e.g. See Section 8.1.3), 

suggested that yielding on the LC yield curve produced plastic changes of rS  

as well as plastic volumetric strains. This suggests a non-associated flow rule 

on the LC yield curve if the LC yield curve is assumed to be a vertical line in 

the ** : ps  plane. 

• The absence of yield points in most of the wetting curves in the sSr ln:  

plane during wetting paths meant that it was not possible to investigate the 

shape of the SD yield curve. It was unclear whether this absence of yield 

points in the sSr ln:  plots during wetting stages represented a real weakness 

of the WM framework, or whether it was due to experimental difficulties 

associated with trapping of occluded air within samples during wetting at 

relatively high values of rS . 

• No particular test was performed in order to investigate the shape of the SI 

yield curve.  

• The simultaneous occurrence of yield points in the sv ln:  plane and in 

the sSr ln:  plane at the same value of s, during a typical drying stage 

suggests that the WM(BS) may better predict the mechanical and water 

retention behaviour than the WM during a typical drying stage. 

11.5.3 Revised choice of some model parameter values 

• Comparison of the WM predictions for water retention behaviour with the 

experimental results suggests that, in hindsight, a higher value for the ratio  

**
DI ss  than that used in the simulations would have resulted in better 

predictions (e.g. see Figure 8-43 and Figure 8-53) . 
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• The value of sλ  selected for the WM simulations led to over-prediction of the 

experimental values of gradient in the sSr ln:  plane in most cases (e.g. see 

Figure 8-43 and Figure 8-53), and better predictions would probably have 

been achieved with a lower value of sλ . 

11.5.4 Inconsistency in the WM model 

• A theoretical inconsistency of the WM and WM(BS)  was identified. This 

inconsistency occurs if plastic volumetric strains are predicted at 1=rS  or 

0=rS  (see Section 10.5). 

• This theoretical inconsistency in the WM and WM(BS) can be avoided by 

putting 0=sκ . Although this solution would provide unrealistic predictions 

in the WM (because of the absence of elastic changes of rS ), the assumption 

0=sκ  is less of  a problem in the WM(BS), because plastic changes of rS  

are predicted for all wetting and drying paths in the bounding surface 

plasticity version of the model. 

11.6 RECOMMENDATIONS FOR FUTURE WORK 

The experimental programme in this research has helped to provide a better 

understanding of unsaturated soil behaviour, particularly the coupling of mechanical 

behaviour and water retention behaviour. In addition, several proposals were made for 

new constitutive models or modifications of existing models. However, many issues 

regarding experimental technique, experimental results and constitutive models are yet 

to be addressed. In the following sections, some of the issues that were identified to be 

addressed in future research are set out.  

11.6.1 Experimental technique 

• During the calibration procedure, apparent changes in cell volume with cell 

pressure showed strong hysteresis during pressure increase and decrease (see 

Figure 5-20). This could be largely due to air trapped in the cell during the 

filling procedure. However, it was not possible to confirm this, as visual 

inspection inside cell was impossible because of the steel cell wall. Applying 
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a vacuum during filling of the cell might reduce the amount of any air trapped 

within the cell.  

• There was a suggestion that occluded air was trapped within the soil samples 

during wetting at high degree of saturation. This would mean that proper 

equilibrium conditions were not achieved after that point i.e. the pore air 

pressure within the trapped air would not necessarily be equal to the pore air 

pressure applied at the sample boundary. To ensure full equilibration of pore 

air pressure once the pore air was discontinuous, extremely long test durations 

would be required, to allow equalisation by diffusion of dissolved air. The 

way in which the pore air pressure and pore water pressure were applied (pore 

water pressure applied through high air entry ceramic discs at both top and 

bottom of the sample whereas pore air pressure was applied only from the 

bottom of the sample through a sintered brass annulus) may have exacerbated 

the problem of trapped air during wetting. With water entering the sample 

from both top and bottom it is possible for large volumes of occluded air to be 

trapped in the central part of the sample by zones of high rS  above and 

below. This issue of large volume of trapped air might be reduced by 

reverting to a conventional  system which uses single water drainage (from 

the bottom) and single air drainage (from the top), because the water front 

would then be advancing from a single end with air free to leave the sample 

from the other end. Controlled experiments should be performed using single 

and double pore water drainage systems to verify this issue. 

11.6.2 Experimental results 

• Drying from very low suction values produced a significant steepening of the 

sSr ln:  curve at a suction of about 20 kPa. There was a suggestion for 

another steepening at about 300 kPa suction, suggesting the presence of 

double porosity (see Figure 8-62). However, more experimental data covering 

a wider range of suction values is required to confirm the presence of the 

double steepening. 

• A drying-wetting cycle resulted in a net decrease in the degree of saturation 

and led to early yielding during subsequent isotropic loading (see Section 
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8.2.2). This experimental evidence is against the physical explanation put 

forward by Wheeler et al. (2003) for early yielding after a wetting-drying 

cycle. Further experimental data is necessary to fully investigate this 

phenomenon. 

11.6.3 Constitutive modelling 

The Wheeler et al. (2003) model provided a good match to experimental results during 

some stress paths, particularly during isotropic loading and unloading (including the 

effects of previous wetting and drying) and a poorer match to experimental behaviour 

in some other cases, particularly during wetting and drying paths. Some of the 

predictions by the WM could be improved by modifying the specific mathematical 

forms of some of the equations in the model, giving more flexibility to the model. 

However, in order to incorporate some experimentally observed features of behaviour, 

modification at the framework level would be necessary. The following lists the 

features of behaviour that needs to be incorporated in a constitutive model and 

suggestions for the modifications. 

• The experimental wetting curves in the sSr ln:  plane at high degree of 

saturation showed significantly lower gradient than the wetting curves 

predicted by the WM, and there was no suggestion of a yield point in the 

experimental sSr ln: curves during wetting (see Figure 8-62). There may, 

however, have been experimental problems in achieving true equilibrium 

values of rS  during wetting at high degrees of saturation, because of the 

occurrence of trapped air (which could escape from the sample only by 

extremely slow diffusion of dissolved air). This issue should be explored 

experimentally by conducting a single wetting test at an extremely slow rate. 

The problem of trapped air could also be reduced by reverting to a system of 

water drainage from only one end of the sample. These issues should be fully 

explored experimentally before attempting to modify the constitutive model 

to better match the sSr ln: wetting curves observed in the current 

experimental programme. 

• If possible, the impact of the double porosity on the water retention curve 

should be incorporated within the water retention model proposed in the WM.  
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• After a drying-induced plastic volumetric strain, an elastic response was 

always observed during the initial part of subsequent isotropic loading or 

shearing. This is in contrast to WM predictions, which suggest that elasto-

plastic volumetric strains occurring during drying correspond to yielding on 

the LC surface and yielding on this LC surface should continue immediately 

from the start of any subsequent isotropic loading or shearing. Three possible 

physical processes may explain this initial stiff elastic response of the sample 

during isotropic loading or shearing after the occurrence of drying-induced 

plastic volumetric strains.  

a. The rate of changes of stresses imposed on samples may have 

been too high, so that the sample was not able to respond fully 

to the stress changes during the initial part of the isotropic 

loading or shearing. This problem could be solved by 

performing a test at adequately slow rate. 

b. Saturated soil behaviour always shows temporary high stiffness 

after a significant change of stress path direction in the pq ′:  

plane (see Atkinson et al. 1990). It is therefore likely that the 

same phenomenon takes place in unsaturated soils if there is a 

significant change of stress path direction in spq ::  space. 

c. Possible creep strains and ageing may harden the soil sample 

during the previous equalization stage, leading to apparent over-

consolidation and therefore an initial stiff response during a 

subsequent isotropic loading or shearing stage.  

The possible occurrence of these physical processes should be investigated and if 

necessary incorporated into the model. 

• There were experimental indications that the LC yield curve should not be a 

vertical line in the ** : ps  plane, but a curve with positive gradient. There was 

no clear evidence for the shapes of SD and SI yield curves in the ** : ps  

plane. More experimental evidence is necessary to explore this issue and 

modifications to the model might then be made. 
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• The non-associated flow employed on the LC yield surface of the WM for 

triaxial stress states did not provide a good prediction of shear strains. It is 

therefore desirable to replace it with an improved flow rule. 

• The inconsistency in the WM and WM(BS) identified and discussed in 

Section 10.5 should be investigated further, to see whether this inconsistency 

can be removed by modifying the models in a more satisfactory manner than 

simply putting 0=sκ . 

• The Wheeler et al. (2003) model was proposed in terms of stress variables 

*p , *s  and q , rather than in terms of p , s and q , because of the following 

possible advantages: (1) simple uncoupled elastic behaviour for both 

mechanical and water retention behaviour; (2) simple yield curve shapes in 

the ** : ps  plane; (3) simple flow rules; (4) simple critical state relationship; 

(5) the ability to model coupling between mechanical and water retention 

behaviour. In this research, no firm conclusion could be made on whether all 

the above assumptions are valid. The experimental results do cast some 

doubts on each of the first 4 of these points. During  future investigation of 

the model against experimental data, if it turns out that most of the 5 

assumptions are not reasonably realistic, then it will probably be advisable 

develop a new framework in terms of p , s and q  rather than the more 

complex stress variables*p , *s  and q .  
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1APPENDIX  

PROCEDURES FOR SIMULATIONS WITH THE 

MODELS 

In this research many elaborate isotropic and triaxial stress path tests were performed 

using Systems A and B respectively. The experimental results from these tests were 

required to be compared against three constitutive models (WM, WM(BS) and BBM) 

in order to investigate their strengths and weaknesses. Because of the complex nature 

of stress paths and number of constitutive models involved, it was necessary to 

develop a comprehensive program using Matlab in order to perform simulations 

efficiently. In this Appendix the equations for calculation of incremental quantities are 

first presented for all three models (Section A.1), followed with a section (Section A.2) 

explaining the procedures employed for the simulations with all three models.               

A.1 CALCULATION OF INCREMENTAL QUANTITIES FOR THE 

SIMULATIONS 

In this section simultaneous equations (which contain incremental quantities) relevant 

to each model for specified conditions (e.g. yielding on the LC surface) are presented. 

The unknown incremental quantities were determined by solving these equations by 

specifying the required number of known incremental quantities. For example, a 

particular model can be described by m  simultaneous equations for a specified 

condition. The number of unknown incremental quantities is )( mn > . It is therefore 

possible to solve the m  simultaneous equations for m  unknown incremental quantities 

if the values of mn −  incremental quantities are specified. 

A.1.1 The WM  

The general equations for the WM are given below. 

r
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In the above 11 equations, 16 incremental quantities can be found. If any three 

incremental quantities (e.g. pd ,ds  and dq) are specified, this leaves 13 unknown 

incremental quantities (shown with bold font), and therefore two further equations are 

required, in addition to Equations A.1 –A.11. The nature of these two further equations 

depends upon whether yielding is occurring, and if so on which yield surfaces. The 

two additional equations are selected from: 

0=p
vdε  (A. 12) 
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For elastic behaviour, the two additional equations are Equations A.12 and A.13. For 

yielding on the LC yield surface alone, Equations A.13 and A.14 are selected, whereas 

for yielding on the SI or SD surface alone, Equations A.12 and A.15 are selected. 

Finally for yielding simultaneously on the LC surface and on the SI or SD surface, 

Equations A.14 and A.15 are selected. 

While the soil is in a saturated state both elastic and plastic increments of degree of 

saturation are set to zero. Equation A.13 therefore applies and Equation A.6 is replaced 

by: 

0=e
rdS  (A. 16) 

The final equation when the soil is saturated is either Equation A.12 (if the behaviour 

is elastic) or Equation A.14 (if yielding is occurring on the LC yield surface). As the 

soil first arrives at a saturated state it will often be on the SD yield surface. However, 

while it remains saturated Equation A.15 no longer applies. While the soil is saturated 

the value of *s  may be less than the value of *
Ds  i.e. the stress state can lie below the 

SD yield curve in the ** : ps  plane. The saturated version of the equations should be 

used if 1=rS  and if either 0* <ds  or **
Dss <  (or both). If *s  subsequently becomes 

equal to or greater than *Ds , an increase of *s  will lead to the soil becoming 

unsaturated again, with the set of equations reverting to the standard form. 

A.1.2 The WM (BS) 

The general equations for the WM(BS), for isotropic stress states, are given below. 
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The scaling functions pR  and sR  are defined by: 
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In the above 10 equations (Equations A.17- A.26), 12 incremental quantities can be 

found. It is therefore possible to solve these equations for 10 unknown incremental 

quantities (typically those shown in bold font) if any two incremental quantities are 

specified (typically pd  and ds).  

While the soil is saturated, Equations A.22 and A.23 are replaced by: 

0=e
rdS  (A. 31) 

0=p
rdS  (A. 32) 

Again, while the soil is saturated the stress state may lie below the SD bounding curve 

in the ** : ps  plane ( **
Dss < ). The saturated version of the equations should be used if  

1=rS  and if either 0* <ds  or **
Dss <  (or both). If *s  subsequently becomes equal to 

or greater than *Ds , an increase of *s  will lead to the soil becoming unsaturated again, 

with the set of equations reverting to the standard form. 

A.1.3 The BBM  

General constitutive equations for the BBM are given below.  
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In the above 8 equations (Equations A.33-A.40) 12 incremental quantities can be 

found. If any three incremental quantities (e.g. pd ,ds  and dq) are specified, this 

leaves 9 unknown incremental quantities (shown with bold font), and therefore one 

more equation is required, in addition to Equations A.33-A.40, to solve for the 

unknown incremental quantities. The nature of this additional equation depends upon 

whether behaviour is elastic or yielding on LC surface is occurring. 

For elastic behaviour the additional equation is given by: 

0=p
vdε  (A. 41) 

For yielding on the LC yield surface the additional equation is given by: 
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A.2 CALCULATION PROCEDURES 

A.2.1 The WM 

Figure A.1 shows the flow chart for the WM simulations performed using Matlab. 

Firstly, the values of model parameters and initial conditions are obtained from a data 

file. The type of stage (e.g. wetting) is then selected and corresponding values of three 
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known incremental quantities are specified for the first increment. In the next step, the 

unknown incremental quantities are calculated using the simultaneous equations 

provided in Section A.1.1 for all 8 different cases i.e. (1) elastic behaviour, (2) yielding 

on LC yield surface only, etc. The next step involves checking, for each of the 8 

different cases, whether the values calculated for the various incremental quantities are 

consistent wit this particular case. This involves checking 8 different conditions, which 

are described in detail later in this section. If the checks show that one and only one of 

the conditions is satisfied, then this defines unambiguously which one of the 8 possible 

cases applies. However, because of the finite size of increments it is possible that more 

than one condition is satisfied. For example, at the end of an increment it is possible 

that conditions for “yielding on the LC surface only” and “yielding on SI and LC 

surfaces simultaneously” are both satisfied. If this happens then the increment sizes are 

reduced (see Figure A.1) and the procedure is repeated until only one condition is 

satisfied. Once only one of the 8 conditions is satisfied then incremental quantities are 

added to the respective values of variables. The program then moves on to the next 

increment. This procedure is repeated until the required stress path simulation is 

completed. 

When assuming “elastic behaviour”, with soil unsaturated, Equations A.1 to A.13 are 

used and Condition 1 that must be checked has the following 3 parts: 

.
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These 3 parts of Condition 1 must all be satisfied, and each one involves checking that 

the final stress point (at the end of the increment) does not lie outside one of the yield 

surfaces (with the yield surface in the position it was in at the start of the increment). 
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Figure A.1 Flowchart for the WM simulations 
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When assuming “yielding on LC yield surface only”, with soil unsaturated, Equations 

A.1 to A.11, A.13 and A.14 are used and Condition 2 that must be checked has the 

following 3 parts: 
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These 3 parts of Condition 2 must all be satisfied. The first part of equations checks 

whether the final stress point (at the end of the increment) lies outside the LC yield 

surface (with the LC yield surface in the position it was in at the start of increment). 

The second part of the condition checks (assuming yielding occurring only on the LC 

yield surface) that the final stress point is inside the SD yield surface after adding the 

coupled movement of the SD yield surface (due to yielding on the LC surface). 

Similarly, the final part of the condition checks whether the final stress point is inside 

the SI yield surface after adding the coupled movement of the SI yield surface. 

When assuming “yielding on SI yield surface only” Equations A.1 to A.11, A.12 and 

A.15 are used and Condition 3 that must be checked has the following two parts to be 

satisfied: 
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The first part of the condition checks whether the final stress point lies outside the 

position of the SI yield surface at the start of increment. The second part of the 

condition checks whether the final stress point lies inside the LC yield surface after 

adding the coupled component of movement of the LC yield surface (due to yielding 

on the SI yield surface). 

When assuming “yielding on SD yield surface only” Equations A.1 to A.11, A.12 and 

A.15 are used and Condition 4 that must be checked has the following three parts to be 

satisfied: 
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The first part of the condition checks whether soil is unsaturated. The second part of 

the condition checks whether the final stress point lies outside the position of the SD 

yield surface at the start of increment. The final part of the condition checks whether 

the final stress point lie inside the LC yield surface after adding the coupled component 

of movement of the LC yield surface (due to yielding on the SD yield surface). 

When assuming “yielding on SI and LC yield surfaces simultaneously” Equations A.1 

to A.11, A.14 and A.15 are used and Condition 5 that must be checked has the 

following two parts to be satisfied: 
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The first part of the condition checks whether the final stress point lies outside the 

position of the LC yield surface after adding the coupled component of movement of 

the LC yield surface (due to yielding on the SI yield surface). The second part of the 

condition checks whether the final stress point lies outside the SI yield surface after 

adding the coupled component of movement of the SI yield surface (due to yielding on 

the LC yield surface). 

When assuming “yielding on SD and LC yield surfaces simultaneously” Equations A.1 

to A.11, A.14 and A.15 are used and Condition 6 that must be checked has the 

following three parts to be satisfied: 
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The first part of the condition checks whether soil is unsaturated. The second part of 

the condition checks whether the final stress point lies outside the position of the LC 

yield surface after adding the coupled component of movement of the LC yield surface 

(due to yielding on the SD yield surface). The final part of the condition checks 

whether the final stress point lies outside the SD yield surface after adding the coupled 

component of movement of the SD yield surface (due to yielding on the LC yield 

surface). 

When assuming “elastic behaviour with soil saturated”, Equations A.1- A.5, A.7 –A.13 

and A.16 are used and Condition 7 that must be checked has the following 3 parts to be 

satisfied: 
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The first part of the condition checks whether the soil is saturated. The second part of 

the condition checks whether the soil remains saturated (either because 0* <ds  or 

because the final stress point lies outside the position of the SD yield surface at the 

start of increment). The final part of the condition checks whether the final stress point 

lies inside the LC yield surface at the start of increment. 

When assuming “Yielding on LC surface with soil saturated”, Equations A.1- A.5, A.7 

–A.11, A.13, A.14 and A.16 are used and Condition 8 that must be checked has the 

following 3 parts to be satisfied: 
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The first part of the condition checks whether the soil is saturated. The second part of 

the condition checks whether the soil remains saturated (either because 0* <ds  or  

because the final stress point lies outside the position of the SD yield surface at the 

start of increment). The final part of the condition checks whether the final stress point 

lies outside the LC yield surface at the start of increment. 
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A.2.2 The WM(BS) 

Figure A.2 shows the flow chart for the WM(BS) simulations performed using Matlab. 

Firstly, the values of model parameters and initial conditions are obtained from a data 

file. The type of stage (e.g. wetting) is then specified and corresponding values of two 

unknown incremental quantities are specified for the first increment. In the next step, 

the unknown incremental quantities are calculated using the simultaneous equations 

provided in Section A.1.2 for 6 different cases. Next, for each of these 6 different 

cases, the relevant condition is checked (these conditions are described in detail later in 

this section). If more than one condition is satisfied then the increment sizes are 

reduced (see Figure A.2) and the procedure is repeated until only 1 condition is 

satisfied. Once only one of the 6 conditions is satisfied then incremental quantities are 

added to the respective values of variables at the start of increment. The program then 

moves on to the next increment. This cycle goes on until the required stress path 

simulation is completed.  

When assuming “stress point moving away from LC bounding curve and towards SI 

bounding curve” Equations A.17 to A.26 are used, with pR   and sR  given by 

Equations A.28 and A.29 respectively, and Condition 1 that must be checked has the 

following two parts to be satisfied: 
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The first part of the condition checks whether the stress point is moving away from the 

LC bounding curve. The second part of the condition checks whether the stress point is 

moving towards the SI bounding curve. 
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Figure A.2 Flowchart for the WM(BS) simulations 
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When assuming “stress point moving towards LC and SI bounding curves” Equations 

A.17 to A.26 are used, with pR   and sR  given by Equations A.27 and A.29 

respectively, and Condition 2 that must be checked has the following two parts to be 

satisfied: 
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The first part of the condition checks whether the stress point is moving towards the 

LC bounding curve. The second part of the condition checks whether the stress point is 

moving towards the SI bounding curve. 

When assuming “stress point moving away from LC bounding curve and towards SD 

bounding curve” Equations A.17 to A.26 are used, with pR   and sR  given by Equation 

A.28 and A.30 respectively, and Condition 3 that must be checked has the following 

two parts to be satisfied: 















−
<









−
−

<
κλ

ε
κλ

p
v

ss

p
r vd

k
s

dsdS
k

p

dp
2*

*

1*

*

&  

The first part of the condition checks whether the stress point is moving away from the 

LC bounding curve. The second part of the condition checks whether the stress point is 

moving towards the SD bounding curve. 

When assuming “stress point moving towards LC and SD bounding curves” Equations 

A.17 to A.26 are used, with pR   and sR  given by Equations A.27 and A.30 

respectively, and Condition 4 that must be checked has the following two parts to be 

satisfied: 
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The first part of the condition checks whether the stress point is moving towards the 

LC bounding curve. The second part of the condition checks whether the stress point is 

moving towards the SD bounding curve. 

When assuming “stress point moving away from LC bounding curve with soil 

saturated”, Equations A.17-A.21, A.24-A.26, A.31 and A.32 are used, with pR  given 

by Equation A.28, and Condition 5 that must be checked has the following 3 parts to 

be satisfied: 

( )( ) 001 ***** ≤≤+<≥ dpsdssrdsS Dr &o&   

The first part of the condition checks whether the soil is saturated. The second part of 

the condition checks whether the soil remains saturated (either because 0* <ds  or 

because final stress point lies outside the position of the SD bounding curve at the start 

of increment). The final part of the condition checks whether the stress point is moving 

away from the LC bounding curve. 

When assuming “stress point moving towards LC bounding curve with soil saturated”, 

Equations A.17-A.21, A.24-A.26, A.31 and A.32 are used and Condition 6 that must 

be checked has the following 3 parts to be satisfied: 

( )( ) 001 ***** >≤+<≥ dpsdssrdsS Dr &o&   

The first part of the condition checks whether the soil is saturated. The second part of 

the condition checks whether the soil remains saturated (either because 0* <ds  or 

because final stress point lies outside the position of the SD bounding curve at the start 

of increment). The final part of the condition checks whether the stress point is moving 

towards the LC bounding curve. 

A.2.3 The BBM 

Figure A.3 shows the flow chart for the BBM simulations performed using Matlab. 

Firstly the values of model parameters and initial conditions are obtained from a data 

file. The type of stage (e.g. wetting) is then selected and corresponding values of three 

unknown incremental quantities are specified for the first increment. In the next step, 
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the unknown incremental quantities are calculated using the simultaneous equations 

provided in Section A.1.3 for two different cases. Next, for each of these 2 cases the 

relevant condition is checked (these conditions are described in detail later in this 

section). If more than one condition is satisfied, the increment size is reduced. Once 

only one condition is satisfied the incremental quantities are added to the respective 

values of variables at the start of increment. The program then moves on to the next 

increment. This cycle continues until the required stress path simulation is completed.  

 

Figure A.3 Flowchart for the BBM simulations 

When assuming “elastic behaviour” Equations A.33 to A.41 are used and Condition 1 

must be checked: 
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This condition involves checking that the final stress point (at the end of the increment) 

does not lie outside the LC yield surface (with the yield surface in the position it was in 

at the start of the increment). 

When assuming “yielding on the LC yield surface” Equations A.33 to A.40 and A.42 

are used and Condition 2 must be checked: 
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