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Abstract

The properties of 1-, 2- and 3- dimensional periodic structures, generically known as 
photonic crystals, are examined using the transfer matrix technique with a view to 
application in the mm-wave and optical domains. Periodic structures are now well 
acknowledged in their ability to control the propagation of electromagnetic radiation. 
Through careful design of crystal lattice parameters and consideration of the materials used 
in fabrication, periodic materials are known to display gaps in their dispersion relation 
where there are no allowed modes or states: the photonic band gap, such that any impinging 
electromagnetic wave will be reflected regardless of its incidence angle or polarisation.

Within the first half of this work several structures and approaches are examined, with 
the objective of finding a truly 3-dimensional photonic band gap for use as an antenna 
substrate. In the process, through careful investigation, many design considerations are 
highlighted, such that some structures are shown to be successful in achieving this goal, 
while other structures are shown to be inadequate.

In the second half of this work the analysis moves away from the search for the complete 
photonic band gap by examining incomplete band gaps and the influence of various defects 
and alterations that may be incorporated into photonic crystal structures. These alterations 
or the inclusion of intentional defects are set to play a significant role in the marriage 
between photonic crystals and current day optoelectronic and mm-wave components.
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CHAPTER 1 Introduction

Overview

Periodic structures are now well acknowledged in their capability to 

control the propagation of electromagnetic waves. In 1987 perfect periodic 

structures demonstrated in the work of Yablonovitch [1] and John [2] were 

shown to display ranges of frequency where propagation was forbidden for a 

given, or for every direction. These struetures, regardless of their operational 

frequency and dimensionality, are now generically called photonic crystals. 

The forbidden frequency range is called the photonic band gap, PBG, and is 

said to be complete if a PBG exists for all polarisations and all propagation 

directions.

Photonic crystals are characterized by three parameters the spatial period, 

the fractional volume of the constituent materials and their dielectric 

constants, the ratio between which is the dielectric contrast. By properly 

selecting these parameters, gaps in the electromagnetic dispersion relation 

can be created within which propagation is forbidden. Dimensionality relates 

the number of dimensions within which periodicity has been introduced into 

the structure. Photonic crystals can therefore be either one, two or three 

dimensional with the band gap respecting the dimensionality. Examples of 

one, two and three dimensional photonic crystals are shown in Figure 1.1 

overleaf. Bragg stacks are the classic example of one dimensional photonic 

crystals.
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Figure 1.1 \  isualisation  o f I-, 2-,  3 -d im ensionai photonic crystals.

1.1: History & Application

Possib le  app lica t ions  o f  p ho ton ic  c rys ta ls  can be found across  the e lec trom agne tic  

spectrum. Depending on the intended application the periodic spacing o f  the crystal can 

range dramatically  in size. For applications in the m m -wave regime the structures can be 

m ade with standard  m ach in ing  and m icro  m achin ing  techniques. Yablonovite, the three 

cylinder structure [1] nam ed after Eli Yablonovitch, was one o f  the first structures to be 

d e m o n s t ra te d  to have  a c o m p le te  3 - d im e n s io n a l  p h o to n ic  b a n d  gap . W h ile  in it ia l  

demonstration o f  photonic band gap properties was carried out at m icrowave and millimetre 

w ave  f re q u e n c ie s ,  a t t e n t io n  q u ic k ly  fo c u se d  on o p t ica l  a p p l ic a t io n s .  T he  p h y s ic a l  

dimensions o f  photonic crystals are scalable such that the resultant crystals can be applied 

to a wide range o f  frequencies.

For some optical app lications  the periodicity  that can be m anufactu red  is limited by 

today’s fabrication technology and associated resolution. Micro-machining, photo-, stereo-, 

holographic and electron-beam lithography are a few o f  the com m on fabrication techniques 

that can be used to manufacture photonic crystals. These fabrication techniques continue to 

evolve such that the challenges and limitations imposed today will most likely have been 

addressed or superseded  by m ore advanced  processes in another  few years. W hile some 

limitations are im posed by lithographic  techniques se lf  organising  crystals, w hich form 

colloids, operating at optical frequencies can be made by chemical deposition.

While the dispersion curves for photonic crystals often show gaps for both polarisations 

they  do not n e c es sa r i ly  ove r lap .  In it ia l  and  co n tin u e d  e m p h a s is  has been  p laced  on 

structures where there is a com m on gap for both polarisations. Such gaps are called absolute 

photonic band gaps and the forbidden region extends to cover all propagation directions for

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering,
Rankine Budding. The University’ o f Glasgow, Oakfield Avenue.Glasgow. GI2 8LT.



Introduction  H istory  & A pplication

a range of frequencies. Such structures can be used for a variety of applieations inclusive of 

substrates for antenna systems [3].

Antenna Applications

In the present European Space Agency earth observation studies, millimetre and sub 

millimetre iimbsounding instruments such as MASTER+, SOPRANO, PHYRAMID, are 

already using frequencies up to ITHz. This frequency band also has applications related to 

astronomical missions, FIRST, PLANCK, where the frequency range may extend over and 

above 3THz [4], As the intended operation frequencies increase, the physical size of the 

system front end and associated components reduces. The integration of an antenna system 

and associated cireuitry such as the mixer, local oscillator etc. onto a single substrate is 

therefore advantageous and is made possible using current m icro-m achining and 

lithographic teclmiques.

By using planar antenna systems in conjunction with semiconductor substrates the 

possibility of coupling to parasitic substrate modes becomes a distinct reality, detracting 

from the overall radiation efficiency of the antenna. An antenna prefers to radiate into the

substrate medium rather than air by a factor of where E is the substrate dielectric 

constant [5]. This means that for a bulk silicon substrate only about 4% of the power is 

radiated into free space.

The reasons which cause substrate mode coupling are well known, and several 

techniques can be employed to minimize such losses while maintaining the small size and 

versatility of the original device. Since photonic crystals can be designed to forbid the 

p ropagation  o f e lec trom agnetic  w aves they in essence re flec t any im pinging 

electromagnetic radiation. It was in 1946 that Purcell [6] first suggested that a mirror would 

alter the emission properties of a dipole. By integrating an antenna onto the surface of a 

photonic crystal the antenna is unable to radiate into the photonie crystal substrate, negating 

the possibility of coupling to the parasitic substrate modes and increasing the radiation 

efficiency significantly.

Optical Applications

For applications in the optical regime, where the periodicity is smaller, fabrication issues 

are much more complex. By extending the periodicity of structures to three dimensions and
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ensuring sufficient dielectric contrast then optieal propagation can be controlled or entirely 

suppressed in all three dimensions. Opportunities to control spontaneous emission using 

photonic crystals offer vast potential in drastically improving laser design in reducing 

threshold and increasing efficiency. Not all applications require three dimensional photonic 

crystals, many applications in the optical and other domains can be addressed by one or two 

dimensional photonie crystals. The vertical cavity laser or VCSEL exemplifies the 

application of a one dimensional photonic crystal in so far as the periodic modulation of 

material index defines the lasing cavity.

An excellent review of the motivations behind the driving forces of photonic crystal and 

future perspectives has been provided by Krauss [7], as much of the way society currently 

illuminates its life is vastly inefficient:

“it is still surprising that we still rely mainly on such archaic light sources as the 

incandescent light bulb or on fluorescent strip-lights, particularly since these light sources 

typically waste 80-95% o f the electrical energy input. ”

Light emitting diodes, LEDs, as currently manufactured also suffer from the same 

wastage problems. While the devices have very high internal quantum efficieney, in excess 

of 90%, much of the light is trapped within the material with only a few percent escaping. 

The trapping mechanisms are not dissimilar to those experienced by the conventional 

integrated planar antenna systems discussed in the previous section. Once again photonic 

crystal substrates offer vast potential in overcoming the wastage hurdle.

Photonic crystals are not limited in application to addressing the wastage in light 

emitting devices or suppressing substrate modes for antenna applications. The explosive 

growth of the internet has resulted in considerable pressure on the telecommunications 

network back bone as it tries to meet the eurrent day demands for bandwidth and high speed 

date transfer rates. Consequently there is a large need for completely integrated photonic 

chips. These chips would work entirely with light, offering light speed performance, and 

would maintain the same functionality as their electronic counterparts, which consist of 

millions of transistors, in a much smaller ehip. Sueh chips could integrate all the elements 

of larger optoelectronic systems onto a single chip including emitters, waveguides and 

couplers etc. One of the fundamental elements of such a integrated system would be the 

interconnecting waveguides. While photonic ciystals may be used to enhance the efficiency
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of the emitters and other devices, waveguides can also be made using photonic crystals. For 

example, a guiding region can be introduced by inserting a continuous cavity through an 

otherwise perfect crystal. Within such waveguides light can be turned around corners at 

length scales comparable to the wavelength of the light itself [8].

1.2: Initial concepts

As in any technological field, many of the initial demonstrations involved experimental 

demonstration of the ideas due to the lack of reliable prediction techniques. As the potential 

for photonic crystals was rapidly realised the development of theoretical methods was quick 

to follow. The description of electromagnetic waves in pure photonic crystals involves the 

solution o f M axwell’s equations in periodic media. Over the last few years several 

techniques have emerged which allow us useful insight into different properties of the 

erystals providing essential pre fabrication and experimental data. There are a few 

numerical models that are used in modelling photonic crystals. Order N, Finite Difference 

Time Domain, F.D.T.D., Plane Wave Method, P.W.M. and the Transfer Matrix Method, 

T.M.M. Each of the methods can provide useful and different insight into the properties of 

photonic crystals.

The Plane Wave Method is used extensively to compute the band structure with the 

assumption that the structure is infinite in extent. The Order N method utilises mode 

orthogonality to decrease computation times and can be used to compute the Density of 

States, D.O.S., as well as the band structure for infinite structures. The Transfer Matrix 

M ethod im poses two periodic boundary conditions and allow s the com putation 

transmission and reflection co-efficient for finite thickness structures. Finite Difference 

Time Domain is well suited to applications where truly finite struetures are required and has 

the added advantage of being able to compute the response for point sources within the 

structure, pulse response as opposed to plane waves, and could also include active elements 

such as antennas. Each of the methods has inherent advantages and disadvantages and each 

provides different information. The applicability of one method over another depends 

primarily on whieh analysis provides the most useful information.
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Describing Lattices

Many of the numerical methods exploit the inherent periodicity of the stmcture s. In 1946 

Brillouin [9] wrote an authoritative text concerning wave propagation in periodic structures. 

As crystals have small unit cells that repeat throughout the structure the crystals can be 

described by a set of primitive direct lattice vectors. These vectors describe the distances 

and directions required to translate between similar points and can be applied to 1-, 2- or 3- 

dimensional lattices, see Figure 1.2 on page 6.

F igure 1.2 G eneric  2-d im cnsional periodic lattice.

There is also a reciprocal lattice that is simply related to the direct lattice through the 

Ki'onecker delta matrix:

ik (1.1)

For 2-dimensional lattices the orthogonality between the direct and reciprocal lattice 

vectors is easily understood and can be seen clearly from Figure 1.2. In 3-dimensional 

systems the equations extend by simply making use of the vector triple product such that the 

reciprocal lattice vectors bj are related to the direct lattice vectors dj through Equation 1.2.

-

■ (^2X^3) 
^3 X 

4  • (dj^xdf  

d\ X d̂
• { d ^  X  d { )

(1.2)
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By moving from the direct to reciprocal lattice we move from a real space to a /c~space 

description of the lattice. Within reciprocal space the Brillouin zone can be constructed, this 

is a region in /c-space that is constructed by perpendicular bisectors from an origin point to 

the neighbouring reciprocal lattice points. Examples of Brillouin zones for square and 

hexagonal lattices are shown by the shaded areas in Figure 1.3.

M

X

F igure 1.3 B rillouin  zones for square and h exagonal lattices
The main Brillouin zone is shown by the lightly shaded region and the irreducible zone is shaded with black. The labelling for 
the zones has also been shown.

Within the Brillouin zone there is a smaller region, called the irreducible Brillouin zone. 

This smaller zone can be rotated and repeated as many times as necessary to fill the larger 

Brillouin zone. In essence the information that can be obtained from the irreducible 

Brillouin zone characterises the perfomiance over the whole Brillouin zone, facilitating the 

analysis.

The bulk medium dispersion relation

The dispersion relation for a bulk medium is one of the most important equations

pertinent to photonic crystals. The dispersion equation relates angular frequency, material

refractive index, the speed of light in a vacuum and the /c-vector, see Equation 1.3, where n

is the refractive index of the material, cq is the speed of light in a vacuum ,/is the frequency,

£0 is the angular frequency and X is the wavelength.

Co =  n f X  

n l n f k
(1.3)

2 k

(On = Cq/c

The final expression is the most commonly known form of the dispersion relation, 

further details relating to the dispersion relation can be found in Appendix A.l on page 176. 

By changing the components of the A:-vector the magnitude and direction can be altered 

such that the allowed modes within the irreducible Brillouin zone can be characterised, 

indeed this technique is known as the plane wave method [10]. On examining a “piece” of 

air using Equation 1.3 the artificial boundaries imposed allow the response to be
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characterised. As the refractive index of air is .0 the dispersion relation in

Equation 1.3 is also known as the light line. Figure 1.4 shows the light line relating 

normalised frequency to the /c-vector.

y  o.B

K-Veclor

Figure 1.4 B ulk air response.
Shaded area below the light line corresponds to evanescent modes.

The piece of air has been normalised such that the /c-vector has units of ti/ct, where a is 

the spatial period of the lattice conunonly known as the lattice constant. The shaded areas 

below the line in Figure 1.4 relate to evanescent modes and the line folds back in to form 

the distinctive diamond shape due to the artificial boundary imposed. Using Equation 1.3, 

only the gradient of the line is altered for materials other than air. Normalised frequency, 

given by Equation 1.4 below, is frequently used such that for dispersionless materials the 

units become dimensionless and consequently can be scaled to any application.

Normalised Frequency ~ ~ ^ (1 .4)
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Elementary Bragg stack

Elementary Bragg stacks are 1-dimensional photonic crystals that are made from two 

materials which periodically repeat. By introducing a second material into a bulk material 

there is a considerable change in the behaviour of the structure. At each dielectric boundary 

waves are both transmitted and reflected a well known phenomena governed by FresneEs 

equations. If the ratio of material thicknesses and dielectric constants is chosen correctly, 

sizeable gaps in the dispersion or band diagram can be created. Figure 1.5 shows the band 

diagram for a homogeneous medium £j.=12.96, the familiar diamond shape described by 

Equation 1.3 on the left, and the band diagram with O.la air slices introduced into the bulk 

medium on the right, where a is the period lattice constant.

D ielecinc Block E r= 12 95

W ave-V ector (k  a)

B rag g  S leek  
0  9 a  D ie lec tn c  E r= 12 !

0 1a Air Er-1 0
1 0

0 S

0 6

Ë 0.4

0 2

0 0
-3 ■2 0 1 2 3

W ave V ecto r (Ita)

F igure 1.5 B and d iagram  response

Left: The band diagram response for a bulk medium o f  6,.= 12.96. Right: Response for a Bragg stack made from 10% air, and 

90% material £,.=12.96.

For the right inset response there are small ranges in normalised frequency where there 

are no allowed bands, examples of the photonic band gap. If the ratio of air to the other 

material is altered such that the air layer is 0.7a, then much larger gaps are opened [11]. The 

band diagram and the transmission response for five periods for a wave impinging in the
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transverse (normal) direction to the top of the stack calculated using the transfer matrix 

tecluiique and are shown in Figure 1.6.

Bragg Slack
Bragg Stack 

0 3a Dielectric E r - t ?  35

1 0 4

3

Transmission

Figure 1.6 B and diagram  and  transm ission  respon se for a s im p ie  B ragg stack .

The Bragg stack is made from 0,7o air and 0.3o £,.=12.96. The example shown can be compared directly with the results 

presented in [11]. Transmission response shown for a crystal thickness, where a is the periodic lattice constant.

The response of structures is highly dependent on the direction and polarisation of the 

impinging wave. Figure 1.6 shows that a large photonic band gap exists for a normally 

incident plane wave onto the stack while in another direction there may not exist a band gap 

region at all. Under certain circumstances Bragg stacks can display omni directional 

reflectance, that is to say that there are complete band gaps regardless of polarisation. This 

is an idea that would at first contradict the known transmission due to the Brewster angle 

and is investigated further in Chapter 2.

1.3: Chapter Aims and Objectives

The first four chapters deal with the characterisation of 1 - and 2- dimensional photonic 

crystals. The objectives within these chapters is to examine the applicability of the 

structures as omni directional reflectors, that is to say that the structures should not allow 

propagation for any polarisation or incidence angle.

F igure 1.7 A  p ictu re o f a s im ple B ragg stack

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
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Within chapter 2 simple 1-dimensional Bragg stacks are examined. The transmitted level 

through optimised Bragg stacks is investigated as a function o f  polarisation and incidence 

ang le  for various  m ateria ls .  By c o n s id e r in g  S n e l l ’s Law, w h ich  s ta tes  the re la tionsh ip  

between the impinging wave incidence angles and the transmitted or reflected angles, it is 

sh o w n  tha t  B rag g  s ta c k s ,  u n d e r  p a r t ic u la r  c i r c u m s ta n c e s ,  d isp la y  om ni d i re c t io n a l  

reflection. It is a lso dem onstra ted  that the c ircum stances  under w hich  om ni d irectional 

reflectance occurs are somewhat limiting, in that waves are free to propagate, not least due 

to the Brewster angle, in o ther d irections w hen the criteria required  for om ni-directional 

reflectance are removed.

Figure 1.8 A p icture o f the 'd ielectric  sandw ich '

Chapter 3 builds on the idea o f  using a Bragg stack as the base mechanism  for a proper 3- 

dimensional reflector. For a given operational frequency, an optimised 2-dimensional lattice 

o f  air holes is introduced into a finite thickness high refractive index slab o f  material, such 

as silicon, to suppress any lateral p ropagation o f  waves at the operational frequency. The 

introduction o f  correctly sized holes is sufficient to create a full photonic band gap within 

the period ic  p lane  o f  the slab, w hile  s im u ltaneously  serv ing  to reduce  the effec tive  or 

average w eighted index o f  the slab significantly. This reduction in effective index is then 

used in creating a periodic m odulation in refractive index in the plane transverse to the slab 

by sandw ich ing  the perfo ra ted  slice be tw een  two pieces o f  the sam e bulk m ateria l, see 

Figure 1.8. Consequently  the structure formed is a pseudo 2+1-dimensional structure. The 

thickness o f  each slab can also be controlled to give optimal reflectance for the operational 

frequency . H ow ever ,  the  re f rac t iv e  index  con tra s t  be tw een  the bu lk  m ate ria l  and  the 

e f fe c t iv e  index  o f  the  p e r fo ra te d  lay e r  is show n  to be in su f f ic ie n t  to open  a full 3- 

dimensional band gap.

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering.
Rankine Budding. The Universi tv o f Glasgow, Oak/ield Avenue.Glasgow. GI2 HLT.

11



Introduction C hapter A im s and O bjectives

Figure 1.9 D rilled B ragg stack
Reproduced with the kind permission o f Dr, Peter de Maagt, ESTF.C

Chapter 4 extends the thinking o f  Chapter 3 by using two different materials to form the 

stack and also ex tends the holes stra ight th rough  stack, see Figure  1.9. This  facilitates 

fabrication considerably and the idea has been patented by the European Space Agency. For 

the m ate ria ls  e x a m in ed  the resp o n se  o f  the 1-d im ensiona l  s tack  is o p t im ise d  for the 

operational frequency before the holes are introduced. Incidence onto the side o f  the stack 

p resen ts  a s tra tif ied  m ed iu m  to any  im p ing ing  w aves w hich  are c o n seq u e n t ly  free to 

propagate along the stratifications.

The introduction o f  air holes serves to kill these propagating modes, and various hole 

sizes are examined for both square and hexagonal lattice patterns. Both patterns degrade the 

performance o f  the Bragg stack, as the effective index o f  each layer o f  the stack is reduced. 

The final systems examined take into account for the trade o ff  between the degradation in 

the stack perfo rm ance  due  to the in troduction  o f  the holes from  the initially  optim ised  

Bragg stack and the lack o f  lateral m ode propagation if  the holes are not introduced. It is 

concluded that for the range o f  materials studied, that this 2+1-dimensional structure also 

has insufficient sym m etry  to display full 3-dimensional photonic band gap behaviour for 

both polarisations.

Figure 1.10 W oodpile s tructure with a sem i transparent m em brane.
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Chapter 5 demonstrates that interleaving two, 2-dimensional photonic crystal lattices to 

make a woodpile structure, see Figure 1.10, results in the successful creation of a full 3- 

dimensional photonic band gap. It is shown by examining the transmission properties, that 

the strong polarisation discrimination exhibited by the constituent 2-dimensional sub 

lattices in their respective stop-bands leads to a completely 3-dimensional photonic band 

gap crystal in all polarisations when the two sub-lattices are interleaved. Many of the 

properties of the resultant 3-dimensional photonic crystal can be predicted directly from a 

knowledge of the properties of the sub-lattices thereby radically reducing the computational 

cost of their determination. The chapter then examines the properties of a previously 

published woodpile structure for an operational frequency of 94GHz. The examination 

verifies the transmitted levels through the crystal for various crystal thicknesses using both 

theoretical and measurement techniques and also confirms the existence of the full 3- 

dimensional photonic band gap. The performance of a slot antenna placed onto the surface 

of the crystal is also presented.

Chapter 6 examines the influence of placing a dielectric membrane with translational 

invariance over the top layer of an underlying 2-dimensional photonic crystal. It is known 

that membranes themselves are capable of supporting substrate modes, through total 

internal reflection, and in conjunction with the underlying crystal, may also support surface 

modes where the mode evanescently decays on either side of the surface. The chapter 

examines the transmission performance of several membranes, both experimentally and 

theoretically, for a range of membrane materials, thicknesses and for two underlying 

geometries of photonic crystal. It is demonstrated that the combination of the membrane 

and top layer of photonic crystal can result in the excitation of surface waves but for 

application at the chosen operational frequency of 94GHz such surface waves are not 

excited.

Chapter 7 introduces a planar cavity defect into an otherwise perfect 2-dimensional 

photonic crystal. The structure is then examined theoretically and the resonance created by 

the supported mode in the cavity displays strong impinging wave incidence angle 

dependence. Measurements confirm the findings and such cavities have already been shown 

to increase the directivity of a resonant antenna that is placed within the cavity.
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Figure I . i l  A piece o fh ex a g o n a i iattice with defects introduced .

C h a p te r  8 ex a m in es  the in f lu e n ce  o f  in tro d u c in g  a su p e r la t t ic e  o f  d e fe c ts  into an 

otherw ise  perfect hexagonal lattice o f  air holes in dielectric. The defects are crea ted  by 

filling in the air hole at the defect sites in the high symmetry axis o f  the crystal, see Figure 

1.11. The coupling between neighbouring defects is examined as a function o f  distance and 

direction o f  propagation within the lattice.

For defects that are introduced at every second lattice site, as shown in Figure 1.11, the 

coup ling  is strong and there is a band  o f  a llow ed resonance  f requencies  with a distinct 

d iffe rence  in pe rfo rm ance  dep en d in g  on the d irec tion  o f  p ropaga tion . As the d is tance  

between the defect lattice sites is increased the coupling between defect sites reduces at a 

m uch faster rate than expected. This  is identified by the rapid narrow ing  o f  the band  o f  

resonance frequencies.

Defect coupling can also be used as the m echanism to form waveguides, also known as 

coupled resonance optical waveguides, CROW s. Such waveguides make use o f  the inherent 

symmetry o f  the lattice to allow light to be guided around corners without the inherent bend 

loss or reflections encountered by conventional techniques. In the conclusion o f  the chapter 

a simple idea for a wavelength dependent optical waveguide splitter is presented.

C hap ters  9 and 10 exam ine  the p roperties  o f  opal co llo ida l  c rysta ls . These  crysta ls  

operate in the optical domain and consequentially small sized particles are required to build 

the crystal. The crystals are manufactured using various techniques but most are fabricated

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
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by taking advantage o f  the fact the crystals se lf  organise to form face centred cubic, f.c.c., 

lattice formations, see Figure 1.12.

Figure 1.12 Scann ed  E lectron M icrograph o f an opal co llo id .
Reproduced with the kind permission o f Dr.. Richard Amos, DERA

Chapter 9 examines the transmitted level through the crystal for two o f  the main crystal 

surface truncations, the <100> and < 1 1 1> planes. The transmission through the crystal is 

investigated as a function o f  various crystal parameters. The properties o f  the photonic band 

gap region are com pared  for tw o distinct d irections o f  propagation , the [100] and [111] 

directions, for silica based  opals as functions o f  dielectric coating placed around the non 

touching areas o f  the spheres, for sintering a thermal process that shrinks and stabilises the 

crystal, and as a function o f  total crystal thickness.

C hapter 10 exam ines the inform ation that can be obtained optically  by exam ining  the 

intensity and the intensity profiles as a function o f  incidence angle, o f  the diffracted orders 

generated  by a laser beam  probing the colloidal crystal. Both the intensity and its profile 

provide definitive information concerning the stacking sequence and purity o f  the sample 

under test, in effect defining optical signatures for the structure.

Chapter 11 summarises the findings and concludes this thesis.
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CHAPTER 2 Omni-directional Reflecting Bragg 
Stacks

Overview

Considerable work has been spent during the last decade in developing 

periodic structures that display electromagnetic rejection bands, the so called 

‘photonic band gaps’ (PBG). For certain applications the PB G must be 

completely three dimensional and absolute, both TE and TM polarised 

waves should be rejected for all angles of incidence. In the field of optics 

(anti)-reflection coatings have been studied for some time and are well 

understood [12-15]. Recently the understanding that omni-directional 

reflection can be achieved, under specific criteria, with simple 1 -dimensional 

periodic structures commonly known as Bragg stacks [16-20], has resurfaced 

and is changing the approach to certain problems.

The most important issue for deciding the applicability and usability for 

these omni-directional reflecting structures is that the excitation source must 

be far enough away from the initial dielectric boundary so that no evanescent 

wave coupling can occur [16]. When a radiating source is placed in close 

proximity to a boundary then power between the two can be exchanged if the 

evanescent fields between the two overlap to a significant extent. Evidently 

the coupling between the two can be significantly reduced by increasing the 

distance between them.

A fundamental point that is of vital importance is that the band structure 

for the crystal need not necessarily display a complete photonic band gap;
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O m n i-d irectional R eflecting B ragg S tack s O m n idirectional reflectance from  I-d im en sion al d ielectric film s.

the condition for omni-directional reflectance is that there be no allowed states internal to 

the crystal to which any external incoming illuminating wave can couple.

2.1: Omnidirectional reflectance from I-dimensional dielectric films.

The light line for any am bient m edium  can be projected onto the a llowed m odes o f  a 

photonic crystal. For a given frequency or range o f  frequencies if  the area bounded by this 

l ight line con ta in s  a reg io n  w here  there  are no m odes  then  the s truc tu re  will d isp lay  

omnidirectional reflectance.

The transfer matrix method, TM M , as suggested by Pendry and Bell [21] illuminates the 

structure under study with a defined frequency plane wave from a user definable reference 

medium. The rotational symm etry o f  1-dimensional structures, assuming that the structure 

is infinite in the xv- plane, see Figure 2.1, simplifies the analysis o f  the om ni-directional 

reflectance by reducing the forward hemispherical sweep required for 2-dimensional and 3- 

d im ensional structures. C om plete  character isa tion  can be achieved  for a 1-d im ensional 

s t ru c tu re  by sw e e p in g  any  p lan e  p a ra l le l  to the  su rface  n o rm a l ,  i.e. the  %z-plane in 

Figure 2.1. By scanning  the incident p lane wave control vectors  to cover this plane the 

reflectance can be investigated.

Surface Normal
Incident 
Wave

Figure 2.1 S chem atic o f a B ragg stack  being illum inated  by incom ing p lane w ave at an arbitrary angle.

For verif ication  purposes  the s tructures presented by W inn et al. [16] were analysed  

using the transfer matrix method, TM M . The structure studied was made by stacking pairs 

o f  layers where each layer was quarter wave length thick. The materials used to make the
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O m n i-d irection al R eflecting B ragg Stacks Silicon and K apton B ragg Stack

Stack had refractive index ri]-3A  and f?2= l .7 and the impinging plane waves were assumed 

to start from an air medium. The order o f  the materials makes no difference after the initial 

boundary between the ambient m edium  and the stack. Analysis was carried out for normal

incidence, 45° and 89° and found to be in good agreement with the published results.

TM & I E  T ra n sm iss io n  R e s p o n s e  
B rag g  S tack  L =5a h j/h , = 1 .7 /3 .4 , n„=1.0, n ,= 3 .4 , n^=1.7

TM (Upper) & TE (Lower) Transmission Response ° ^
Bragg Stack L=8a hyh,=1.7/3.4, n^=1.0, n,=3.4, n^=1.7

0  I n c i d e n c e
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F igure 2.2 T ransm ission  R espon se (left) and specific angle  respon se (r ight)
Lefi: The transmission response for TM (upper half) and TF. (lower half) polarisations plotted as a function o f external incidence 
angle for a four pair quarter wave stack o f two materials refractive index n^=7>A and rij=l .7. Right: Specific angle response for a 
ten film stack o f the same materials for TM and TE polarisations, this thickness has been shown for literature comparative 
purposes. N O T E : While the responses shown above have the same constituent stack parameters the crystals have a different 
number o f total periods.

For normal incidence onto the surface o f  the Bragg stack the TE and TM polarisations 

are not d is t ingu ishab le  due to the ro ta tional sym m etry  o f  the stack, but for off-norm al 

inc idence  the re sp o n se  for each  p o la r isa t io n  is qu ite  d iffe ren t.  The  no rm al inc idence  

c ond it ion  de fines  the uppe r  band  edge, the low er band  edge be ing  set by the ob lique  

incidence condition o f  the TE response curve. Increasingly oblique incidence results in a 

decrease in transm itted  level for the TM  polarisation while  the converse  applies for TE 

polarised waves.

2.2: Silicon and Kapton Bragg Stack

Two com m on and inexpensive materials with a large difference in dielectric constant are 

silicon and kapton. The relative dielectric constant (refractive index) for silicon is £^=11.7

Photonic Band Gap Materials Research Group. Department of Electronics <& Electrical Engineering.
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(77=3.42) and for kapton £^=3.7 (77=1.92) at radio frequencies and it is assumed that the 

materials are dispersionless. Kapton is a strong polymer material that is frequently 

metalised and used as a thermal and radiation shield for satellites. The contrast between 

these materials is sufficient to open an omnidirectional reflecting band gap when the stack 

is illuminated by waves impinging from air. The optimum choice of layer thickness 

constituting the stack is not far off the quarter wavelength mark, the optimal stack is 

constructed such that /?2/c7=0.38 where /?2 is the thickness of silicon and fl=/?2+/7]. Quarter 

wave Bragg stacks can be easily designed by using Equation 2.1 below where a is the lattice 

constant, X is the free space wavelength, 77] and 772 are the refractive indices of the materials 

of the stack. The thickness of each layer is expressed as q (̂ 2) for the 77] (772) layer.

= z f -  + - )4v«i n^JLattice Constant a = -j  — + — 1 where a = 7, + 7g

(2 .1)
7-, n.

a  « I  +  «2 o  /7 ] +  «2

The omnidirectional response for the optimal stack is shown in Figure 2.3 on page 21 

for transmission through eight layer pairs. The calculation stops in the final layer of the 

structure and does not assume an underlying substrate. The omnidirectional gap can be seen 

to extend from a normalised frequency, defined by Equation 1.4 on page 8, ofyh/c=0.185 to 

approximately fa/c=0235, a gap / mid gap ratio of approximately 24%.
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O m n i-d irectional R eflecting B ragg Stacks Silicon and K apton B ragg Stack

TM «

TM (Upper) & TE (Lower) Transmission R e sp o n se  
Braoq Stack L=32a, h„/a=0.38 e  =1.0 e  =3.7 e  =11.7

0.15 0.20 0.25 0 30 0.35

N orm alised  F re quency  fa/c

0.40

Figure 2.3 T ransm ission  R esponse for a B ragg Stack m ade from  Silicon and Kapton

The stack has been optimised to give the largest omnidirectional reflection. TM (TE) polarised waves are shown in the top 
(bottom) half o f the figure and the response is shown for a finite thickness crystal thirty-two periods thick.

As previously  stated the norm al incidence condition defines the upper band edge, the 

lower band edge being set by the oblique incidence condition o f  the TE response  curve. 

This is observable in Figure 2.3 and Figure 2.4. While the increase in transmitted level for 

the TE polarised waves for increasingly oblique incidence is significant, some 40dB for a 

32 pair layer Bragg stack as shown in Figure 2.4, it still does not negate the omnidirectional 

reflectance o f  the structure.

External jncidance Angle vV /  /
30 \

60

---------- 90 '
;

£xlamal Incidence Angle

30 '

80 '

 90 '

0 150 0 175 0 2 00  0 .2 2 5  0 2 50

N orm alised  F re q u en c y  fa/c

0 150 0 175 0 200  0 2 25  0 .250

N orm alised  F req u en cy  fa/c

Figure 2.4 T ransm ission  as a function  o f external angle for TE and TM  polarisations
Transmission response from a Bragg stack made from silicon and kapton, /i2/«=0.38, for externally incident plane waves, i.e. incident 
from an air medium.
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Explanation

Chigrin [18] has provided an excellent overview o f  omnidirectional reflectance, the main 

point o f  which is re-iterated here. W hen a plane wave illuminates the 1-dimensional Bragg 

stack the tangential component o f  the ^-vector remains constant throughout the crystal due 

to interface matching boundary conditions given by Equation 2.2. The refractive index o f  

the current m edium  is given by n, (O is the angular frequency, c is the speed o f  light in a 

vacuum and a  is the external incidence angle o f  the plane wave in the stack.

Kparallell =  (2.2)

The a llow ed  values  for the paralle l  com ponen t  o f  the A-vector lie be tw een  zero  for 

normal incidence and (a7C 0)/c  for oblique incidence. Any other values for the parallel vector 

are evidently outside the allowed range and, in most instances, can be disregarded.

Block Medium Band Structures

O 0 35

0) 0 25

$ 0  20

0 10 Bands'
Air
Kapton
Silicon

0 05

•30 -2 5  - 2 0 - 1  5 -1 0 - 05  0 0  0 5  10  15  2 0  2 5  3 0

Normalised K-Vector 

Figure 2.5 A llow ed bands w ithin solid  d ielectric blocks.

Figure 2.5 shows the allowed bands for individual dielectric blocks o f  air, kapton £,.=3.7, 

and silicon e^=l 1.7. The cells that were analysed were norm alised such that the Ar-vector 

varies between ±n. The significance o f  the refractive index in Equation 2.2 can be seen in 

the gradient o f  the resultant bands. At a given frequency an increase in the refractive index
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of the material increases the value of the parallel A:-vector for any fixed angle generating a 

resultant decrease in the gradient of the line.

Any of these ambient medium curves can be drawn onto the allowed bands of a photonic 

crystal. Any regions below the line defined by Equation 2.3 are evanescent and can be 

disregarded. Therefore for an ambient medium of air, any bands within a photonic crystal 

that are below the black line composed of squares in Figure 2.5 can be ignored as no wave 

starting in the air medium can couple to them. This reference medium projection is 

demonstrated in Figure 2.7 on page 24 for an air reference medium and a Bragg stack.

In general a Bragg stack may display omnidirectional reflectance when the host medium 

has a refractive index which is less than the smallest index of the stack materials. When the 

stack is embedded in the same material as the largest refractive index of the constituent 

materials there is no omnidirectional reflectance, this a direct result of the Brewster angle.

Allowed propagation state restrictions due to SnelVs law

Air
Brewster

Angle

Allowed States

Kapton Kapton

F igure 2 .6  A llow ed  In lcrna) A ngles o f  P ropagation w ith in  a B ragg Stack

A sketch o f  the range o f  allowed internal angles o f propagation are shown in white for incoming incident waves from air, 
"kapton""̂ ^̂ silicon“ -̂42.

A wave incident at the Brewster angle, of the correct polarisation, for a given dielectric 

boundary is completely transmitted. If multiple boundaries using different materials are 

used then Snell’s law. Equation 2.3, allows accurate prediction of transmitted wave angles 

given any initial incidence angle. Snell’s law relates the incidence angle 0j in material to 

the transmitted angle 0̂  in material «2, both angles are measured from the surface normal of 

the interface plane between the two materials.

(2.3)

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
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Using the kapton / silicon stack in an air medium, illustrated in Figure 2.6, an obliquely 

incident wave from air will have a transmitted angle o f  approxim ately  31" within the first 

kapton layer. As the Brewster angle for the following kapton-silicon boundary requires an 

incident wave angle within the kapton layer o f  60" transmission due to the Brewster angle is 

not achievable when the wave impinges externally onto the stack.

Therefore for the kapton / silicon dielectric boundary we need only consider the allowed

i n c i d e n c e  r a n g e ,  O < 0 < ± 3 1 " ,  w h i c h  r e s u l t s  i n  a n  e v e n  n a r r o w e r  r a n g e  o f  a l l o w e d

propagation angles within the silicon layer 0 < 6 < ± I 7 " .  The Brewster angle for a silicon / 

kapton  boundary  is 29", larger than the a llow ed  p ropaga ting  w ave range, ensuring  that 

transmittance through the structure due to the Brewster angle for either dielectric boundary 

case cannot occur. R e-o rder ing  o f  the layers, i.e. silicon- kap ton  as opposed  to kapton- 

silicon, does not alter the response o f  the structure.

TM

TE

TM (Upper) & TE (Lower) Transm iss ion  R e s p o n s e  
Bragg Stack L = 32a  h^/a = 0 .38  e, = 3.7  6^=11.7

0.05 0 10 0 15 0.20 0 25 0 30 0 35

N orm alised  F re q u en cy  fa/c

Figure 2.7 T ransm ission  R esponse for a B ragg Stack  m ade from  Silicon and K apton em bedd ed  in S ilicon .

The transmission response tor TM (TE), upper (lower) half o f the figure plotted against the incidence control vector k^. The 

response shown is for a 32 layer pair stack

F ig u re  2.7 sh o w s  the  t ra n s m is s io n  r e s p o n s e  fo r  the  s i l ico n  / k ap to n  B ra g g  s tack  

em bedded in a silicon background m edium  where the silicon layer is 0.38 o f  the periodic 

lattice constant. This value was chosen to optimise the om ni-directional reflectance using

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
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the analytical solution presented by Chigrin [18]. By using a silicon reference medium there 

is no restriction over the allowed angle range. The free space light line, (ù-ck, has been 

projected onto the diagram. The information encompassed within the cone represents the k~ 

space that can be excited from an air reference medium, n=1.0. The line can easily be 

adjusted for any reference medium by altering the refractive index n as 0)n-ck. The region 

encompassed within the central trapezoid in Figure 2.7 has no transmission for either 

polarisation and as this region represents all angles that can be excited externally for the 

stack zero transmission indicates omnidirectional reflectance.

The TE polarisation has a point where the upper and lower bands touch at values of 

(approximately) /c-vector=-1.0,/a/c=0.29. This point is related to the Brewster angle and 

the value in degrees can be calculated by Equation 2.4 on page 26. Using a refractive index 

for silicon n-3.42 and for kapton n= \.92 the resultant Brewster angle assuming that silicon

is the initial or reference medium is 29.3°. The response in Figure 2,7 has been re-plotted as 

a function of normalised frequency against angle in degrees in Figure 2.8 to allow 

confirmation of the Brewster angle point. For more information concerning the dispersion 

relation consult Appendix A on page 175.
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The response o f  the stack em bedded in an air m edium is shown in Figure 2.3 on page 21 

for an eight layer pair stack. (Figure 2.8 shows the transmission response for 32 layer pairs)

90
80
70
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40
30
20
10
0

10
20

-30
-40
50

-60
-70
-80
-90

TM (Upper) & TE (Lower) Transmission Response  
Bragg Stack L=32a hya=0.38 e,= 3 .7  E;=11 .7

TM

TE

.0

I
I

0 00 0 05 0 10 0 15 0 20 0 30 0 35 0 40 0 45 0 50 0.0
Normalised Frequency fa/c

Figure 2.8 in tern a l T ransm ission  M odes for a B ragg Stack m ade from  Silicon and K apton.

The transmission response for TM (TE), upper (lower) half o f the figure plotted against the internal angle. The response is 
shown for a 32 layer pair stack.

Examining a range o f  embedding m edium s starting from air and rising in value decreases 

the Brewster angle. Equation 2.4 where n; and n? are the refractive indexes o f  the materials 

before and after the boundary respectively.

(2 .4)

Figure 2.9 on page 27 shows the TE and TM polarised wave transmission response for a 

Bragg Stack when the reference m edium  dielectric constant is altered. The param eters  o f  

the stack rem ain  una lte red , /72/c/=0.38 w here  £,-2=11.7 and £^1=3.7, only  the re fe rence  

m edium  from where the plane wave is incident is altered.

The TM transmission response clearly improves as the refractive index o f  the em bedding 

medium  is increased, demonstrated by the gap region widening. For the TE polarisation the 

converse situation is found. Initially there is a complete gap when the structure is embedded 

in air, but as the reference m edium  increases in dielectric constant value the Brewster angle 

closes the gap. For a stack embedded in a reference medium o f  kapton, £^=3.7, the Brewster

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering.
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angle  can be easily  ca lcu la ted  for the silicon interface £^=11.7 using Equation 2.4, and 

visually verified from the lower inset o f  Figure 2.9 at approximately -60".

Figure 2.9 TE & TM  transm ission  evolution  as a function o f em b ed d in g  m edium  d ielectric constant.
The TE and TM polarisation transmission response as a function o f the embedding medium. The parameters o f the stack 
remain unaltered, Ai/rf-O 38 where E^|=3.7 and E^i^l 1.7. The TM transmission response improves as the embedding medium 
constant is increased as the gap region widens, while for the TE polarisation the Brewster angle can be seen closing the gap as 
the reference medium dielectric constant increases. The two figures show the same information from difference perspectives

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
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2.3: Full angular transmittance characterisation o f  the Bragg Stack 

Excitation from an air medium

TM P o l a r i s a t i o n TE  P o l a r i s a t i o n

90 -80 70  -€0 -50 40  30  20  10 0 10 20  30 *0  SO 60  70 80 

A n g le  ( D e g r e e s )  XZ P l a n e

n
90 80  70  60  s o  40  30 -20 10 0 10 20  30 40  50  60  70 80 90 

A n g le  ( D e g r e e s )  XZ P l a n e

Figure 2.10 E xternal T ran sm ittan ce R esponse for the S ilicon / K apton B ragg Stack

TE & TM transmittance plots for the full forward hemisphere o f available incidence angles on to the top o f the Bragg Stack 
The incident waves are from an air medium. The stack was a silicon / kapton stack /;2/r/=0 38, where E,2 =l 1 7 (silicon) and 

Er|=3.7 (kapton). The analysis has been carried out a normalised frequency o f fa /c-0.20. Normal incidence, i.e. parallel to the 
surface normal o f the stack is found at the central point within both insets where both the xz- and yz- angles are zero valued

Figure 2.10 shows the transmittance through an eight layer pair Bragg stack for incident 

p lan e  w a v e s  o r ig in a t in g  f ro m  an a ir  m e d iu m . T he  TE  p o la r i s a t io n  has  the  h ig h e s t  

transm ission co-efficient, -20dB at close to oblique incidence, while the TM polarisation 

has -35dB as the highest transmission co-efficient at normal incidence on to the top o f  the 

stack. The TM  polarisation transm itted  level decreases at increasingly oblique incidence, 

normal incidence is located at the central point o f  the insets in Figure 2.10 where the xz and 

yz  angles are both zero. The TE polarisation transmitted level increases away from normal 

incidence from the lowest value o f  transmission at normal incidence to the highest value at 

close to oblique incidence.

Bragg Stack Rotational Symmetry

T h e re  is m u ch  re p e t i t io n  in the  t ra n s m is s io n  da ta  sh o w n  in F igu re  2 .10 . At f irs t  

appearance by splitting the angular characterisation into quadrants each quadrant is simply 

related to another by mirror symm etry about the zero %z- and yz- angle lines. However as the 

stack possesses full rotational symm etry in the xy-plane, if  Figure 2.10 was plotted using the 

A:-vector com ponen t  as opposed  to the angle  in degrees, then the responses  would  have 

rotational symmetry. Consequently  it is sufficient to perform an angular scan from normal

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering,
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incidence to oblique incidence in any one direction over the surface plane to characterise 

the full forward hemispherical incidence response o f  the structure.

This is an attribute that can be used to reduce the calculation times that are involved in 

character is ing  these structures. However, w hen further e lem ents  are in troduced into the 

s truc tu re  w h ich  b reak  the co m p le te  ro ta t iona l  sym m etry , then  full angu la r  ana lys is  is 

required.

Excitation from a silicon medium

TM P o larisation TE Polarisation

0 0 - 7 0 -6 0 -5 0 -4 0 -30 -20-10  0 10 20 30 40 50 60 70 80 90 

Angle (D e g re e s) XZ P la n e

90  80 -70 -60 -50 -40 -30 20  10 0 10 20 30 40  50 60 70 80 90 

A ngle (D eg re es) XZ P lane

Figure 2.11 in tern a l T ran sm ittan ce R esponse for the S ilicon  / K apton B ragg Stack

TE & TM transmittance plots for the full forward hemisphere o f available incidence angles on to the top o f the Bragg Stack The 
incident waves are from an air medium. The stack was a silicon / kapton stack where Er2~* * T (silicon) and E^|=3.7
(kapton). The analysis has been carried out a normalised frequency of7d/c=0.20.

Figure 2.11 shows the transmittance through an eight layer pair Bragg stack. Both the TE 

and TM polarised waves have complete transmittance through the stack for certain ranges 

o f  angles. The plane w aves im pinging  on the structure orig inate  from a silicon m edium , 

therefore the restrictions on allowed internal propagation angles due to Snell’s Law are not 

applicable (See “ Allowed propagation state restrictions due to Sne l l’s law” on page 23.). 

Both polarisations increase in their transmission level from their normal incidence value to 

com plete  transmission before the transmitted level drops dram atically  to over -200dB for 

angles close to oblique incidence.
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2.4: Conclusion

By using Snell’s Law all propagation angles at a dielectric interface boundary can be 

calculated for any incident wave. This allows accurate prediction of the range of angles 

within the second material. By careful choice of stack and ambient materials the Brewster 

angle for the Bragg stack dielectric material interfaces can be made unobtainable, resulting 

in an onuii directional band gap. It has been demonstrated that Bragg stacks are capable of 

displaying omni-directional reflectance for both TE and TM polarised waves. The condition 

required is that waves impinge onto the top of the stack from a medium that is different and 

smaller in refractive index value than that of either of the constituent stack materials. 

Evidently stacks that utilise air as one of the constituent materials will not display omni

directional reflectance due to transmission at the Brewster angle. Furthermore the wave 

source must be spatially distant from the stack such that no coupling via evanescent waves 

may occur at the surface of the stack.

For device application, evanescent coupling places serious limitations on the usage of 

omnidirectional films. To use such a reflector for antennae, which may involve placing 

antennae either on the surface or within the stack, coupling via this mechanism would 

undoubtedly occur, resulting in parasitic losses such as substrate modes. By introducing 

further periodicity into the structure, such as a 2-dimensional periodic lattice within the 

stack, these substrate modes may be suppressed giving rise to a true 3-dimensional photonic 

band gap. This is investigated in the following two chapters.
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CHAPTER 3 Photonic Crvstal Sandwich

Introduction

C o m b in in g  1-d im e n s io n a l  and  2 -d im e n s io n a l  p h o ton ic  c ry s ta ls  m ay  

present the opportunity to create a 3-dimensional photonic crystal. The idea 

is to construct a dielectric Bragg mirror constructed with, at m inimum , two 

effec tive  d ie lec tr ic  cons tan t  m ateria ls  w hich , w hile  no t conside red  here, 

c o u ld  in c lu d e  m e ta ls .  M e ta l s  c o u ld  p ro v e  u s e fu l ,  d e p e n d in g  on  the  

o p e ra t io n a l  frequency , due  to the ir  large d ie le c tr ic  cons tan ts .  H o w ev er  

m o d e l l in g  o f  m e ta l l ic  s t ru c tu re s  req u ire s  ca re fu l  ch o ic e  o f  the  spa tia l  

sampling mesh to ensure correct sampling o f  the wave fields which decay on 

much shorter length scales than their dielectric counter parts.

One or more o f  the periodic layers in the Bragg stack will be etched with a 

2 -d im ensiona l pho ton ic  crysta l lattice in an a ttem pt to suppress laterally  

propagating substrate modes.

F igure 3.1 Schem atic  o f d ielectric S a n d w ic h ' structure.
Each pair o f  solid and perforated layers has been separated with air to aid visualisation
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The idea is shown conceptually in Figure 3.1 with three layer pairs, each pair employing 

a single solid layer. The layers have been separated to aid visualisation only.

3.1 : Issues related to the structure

As discussed in the previous chapter Bragg stacks are created by repetitively stacking at 

least two layers to form a periodic structure. For the “sandwich” structure at least one of the 

constituent layers will be perforated with a 2-dimensional photonic lattice. As the 2- 

dimensional photonic lattice will reduce the effective dielectric constant of that particular 

layer the stack can be made from a single material. The dielectric contrast between the 

layers required to observe the Bragg effect is then provided by the reduction of the effective 

dielectric constant of perforated layer through the introduction of the 2-dimensional 

photonic lattice with that of the solid layer.

By introducing a 2-dimensional photonic lattice into one of the layers it is hoped that 

suppression of substrate modes can also be achieved at the intended operational frequency. 

The 2-dimensional photonic lattices could also be shifted relatively to each other to 

construct face centred cubic, f.c.c., and body centred cubic, b.c.c., lattices which may 

negate the usage of the solid inter-spatial layer, but initially the response of the structure 

using a solid interspatial layer is investigated. The structure has many degrees of freedom 

and the investigation starts by studying the achievable photonic band gap in a pure 2- 

dimensional triangular photonic crystal. Thereafter the analysis incorporates this crystal as 

one of the periodic layers into a Bragg stack and the resultant performance is investigated.

Assuming that the materials behave in a linear fonu, the effective index for a hexagonal 

lattice is expressed in Equation 3.1, Seffective is the resultant effective dielectric constant, 

^feature i® the dielectric constant of the feature used in the lattice, erefmedium is the reference 

dielectric constant and /is  the filling fraction.

^ e ffec tive  ~  f '  ^ fea ture  ( 1 ~ I )  ^refmeciinm  (3*1)
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The form ula  for deriv ing  the filling f ra c t io n , / ,  for a hexagonal lattice consis t ing  o f  

cy linders , a ssum ing  that the rad ius  to lattice spacing  ratio  does  not exceed  r /a -0 .5 ,  is 

expressed in Equation 3.2.

Filling fraction /  = ^  (3.2)
73

The hexagonal lattice appears as m ore prom ising than the square lattice as there is an 

operation region where a complete band gap for both TE and TM polarised waves exists for 

air cylinders in dielectric substrate [8]. There is a further advantage in using the hexagonal 

lattice because the complete gap occurs when the ratio o f  the radius to the lattice constant is 

relatively large, around r/a=0A5.  U sing the form ula in Equation 3.2 a value o f  r /a -0A 5  

reduces the effective index o f  an isolated silicon w afer substantially. W hen this w afer  is 

then integrated into the sandwich structure, which consists o f  a solid silicon layer and the 

perfo rated  silicon layer, the reduced  effec tive  index o f  the perfo rated  layer will aid the 

omni-directional reflectance properties.

3.2: Initial Design Parameters for 80GHz

An operational frequency o f  80G H z was chosen as the W-band network analyser has a 

m easurement range from 67-1 lOGHz. The optimum r/a value for the hexagonal lattice was 

investigated and r/o=0.44, a = 1 5 0 0 p  m were found to provided gap region at 80GH z for a 

hexagonal lattice for EM plane wave incidence, see Figure 3.2.

---------------------------------------- ► TM

Figure 3.2 H exagonal L attice D efin itions
A schematic o f  a hexagonal lattice o f air holes in a dielectric medium showing the commonly known reciprocal space lattice 
directions.
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Simple hexagonal lattice o f air holes in silicon

A ngular investigation o f  im pinging plane waves was carried out with the plane w aves 

arriving from both silicon and air media to rem ove any limitations over excitable /r-space, 

the silicon response being o f  greater significance as this characterises all the internal modes 

o f  the structure. Figure 3.3 and Figure 3.4 on page 35 show the TE and TM transm ission 

re sp o n se s  for inc iden t  w aves  c o m m e n c in g  in a ir  and  in s il icon  respec tive ly .  N orm al 

incidence is for end fire incidence, i.e. within the periodic plane, for the FM direction.
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Figure 3.3 H exagonal lattice; w aves im p inge from  air
Hexagonal lattice o f air cylinders in silicon er=11.7 r/a=QA4, o= l500pm , FM orientation for normal incidence. Wave

propagated through a thickness o f crystal L=16a’ where a ’=a 73
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Figure 3.4 H exagonal lattice; w aves start from  silicon
Hexagonal lattice o f air cylinders in silicon 8^=11 7 ;/«=0.44, w=l 50()pm. FM orientation for normal incidence. Wave

propagated through a thickness o f crystal L=16a’ where a ’=a 73

Both Figure 3.3 and Figure 3.4 show the TE and TM polarisations plotted on the same 

figure. The TM polarisation has been plotted on a positive incidence angle scale while the 

TE polarisation response has been plotted on the negative angle scale. This has been done 

merely to show both sets o f  information on the same graph and to ascertain whether there is 

a range in normalised frequency where there is no transmission for both polarisations.

Both Figure 3.3 and Figure 3.4 show that there is a complete band gap in the normalised 

frequency range from 0.395-0.420 for both TE and TM polarised waves. Figure 3.3, which 

assumes that the waves start from air, shows the existence o f  a complete photonic band gap 

for the TM polarisation in the norm alised frequency range 0.26-0.28. Examination o f  this 

range when the waves start within silicon. Figure 3.4, show that this gap is indeed complete 

as the gap  does  not c lose . C o n se q u e n t ly  the  gap  seen  in the 0 .3 9 5 -0 .4 2 0  n o rm a l ise d  

frequency range is a complete photonic band gap for all directions within the 2-dimensional 

plane for both TM and TE polarised waves.

Interim Conclusion

The utilisation o f  a hexagonal lattice o f  air cylinders in silicon can be used to design a 

photonic crystal with a complete band gap for TE and TM polarised waves. This has been 

demonstrated for a system for suggested usage at 80GH z by setting the lattice constant to 

1500pm  and employing an optimised radius to lattice constant ratio r/a=0A4. Utilisation o f

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering.
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the effective m edium  form ula in Equation 3.2 on page 33, derives an effective dielectric 

c o n s ta n t  for the 2 -d im e n s io n a l  h ex ag o n a l  pho ton ic  crysta l  o f  £^=4.18. This  e ffec tive  

dielectric constant is used in the next section in the Bragg stack calculations.

3.3: Bragg Stack Response

Using the effective dielectric constant computed for the hexagonal lattice with r/a-Çf.44,

£^=4.18 and bulk silicon £^=11.7 a Bragg stack can be optimised for operation at 80GHz by

tailoring the layer thickness. An illustration o f  a generic Bragg stack is shown on the left o f

Figure 3.5, the Bragg stack could be considered as an effective illustration o f  the dielectric

sandwich structure shown on the right.

Incident ^Surface Normal 
Wave

Figure 3 .5  G eneric I llustrations o f  a B ragg Stack  & San dw ich  S tructure
Left: Bragg stack structure with TE/TM, surface normal and co-ordinate axis detmtions. Right: Proposed dielectric sandwich 
structure.

In this instance the dielectric sandwich structure is constituted entirely from silicon but 

with one o f  the periodic layers reduced in effective dielectric constant by introducing a 2- 

d im ensional photonic crystal. U tilising the effective dielectric constant o f  the perforated 

layer in conjunction with a solid silicon layer, near optimal performance can be obtained by 

setting each layer thickness to a quarter wavelength, X,/4, such that the period o f  the lattice, 

<7, is À/2. The lattice constant for the Bragg stack can be calculated using Equation 2.1 on 

page 20.

Important Point concerning lattice constants

The operational frequency has been defined as 80GHz. The lattice constant for the Bragg 

stack is not the same as that used within the hexagonal lattice calculations. Calculation o f  

the lattice constant for the Bragg stack, assuming quarter wavelength thickness for the two 

layers as defined in Equation 2.1 on page 20, results in a lattice constant « = 7 3 3 p m . This

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering.
Rankine Budding. The University' o f Glasgow. Oakfield Avenue.Glasgow, GI2 HLT

36



P h oton ic  C rysta l San dw ich B ragg S tack  R esponse

results in layer thickness to lattice constant ratios of ?2/<^=0.3736 and ti/a-0.6264. 

Consequently the normalised operational frequency of 80GHz for the Bragg stack is 

fa/c=0A95, and not/a/c-0.40, as was the case for the 2-dimensional hexagonal photonic 

crystal. A quick reference table of normalised frequencies for both the Bragg stack and 

hexagonal lattice constants is provided in Table 3.1.

Quick reference normalised frequencies

Frequency GHz

Normalised Frequency/a/c

a=  1500pm a=733pm

60 0.300 0.1466

65 0.325 0.1588

70 0.350 0.1710

75 0.375 0.1832

80 0.400 0.1955

85 0.425 0.2077

90 0.450 0.2199

Table 3.1 Quick reference normalised frequency.

Bragg stack wave incidence from air

The Bragg stack transmission was investigated as a function of incidence angle by 

illuminating the top of the structure as shown pictorially in Figure 3.5 on page 36. The 

plane waves are launched from an air medium external to the stack. The following 

calculations assume a truly 1-dimensional stack made from two dielectric materials,

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Building, The University o f G la.sgow, Oakfield Avenue.Glasgow, G12 8LT
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£^1=4.1 8 and  £^2=11.7 w ith  t2 la -0 A 1 2 b .  The  t ra n sm is s io n  re sp o n se  for TE and  TM  

polarised waves is shown in Figure 3.6.
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Figure 3.6 B ragg S tack : E x ternal TE & TM transm ission response Ejn„,ai=l.00 
The TE, (TM) transmission responses plotted on the upper, (lower) half o f the diagram. The plot shows the transmission 
response plotted as a function o f incidence angle and normalised frequency NOTE: due to the rotational symmetry o f  the 
structure the TE and TM polarisations are indistinguishable for normal incidence. The stack was made from two dielectric 
materials, £^1=4.18 and £^2=11 7, lattice constant t/=733pm  with r2/(^=9.3736, total thickness L-Sa.

Figure  3.6 d e m o n s t ra te s  tha t  there  is a co m p le te  gap  for bo th  p o la r isa t io n s  in the 

normalised frequency range 0.18-0.23. This gives a gap to mid gap ratio/7A/=0.243, some 

24%, with a central operational frequency o f  84GFIz using the band extremities to generate 

the mid point. The TE polarisation can be used to obtain both the upper and lower band 

edge ex trem ities , the norm al or 0" degree  angle  condition sets the upper band edge at a 

norm alised  f requency  o f /à /c= 0 .2 3 ,  w hile  the oblique incidence condition , the absolute  

angle being 90", sets the lower band edge o f fa /c -0 .18.

By rem oving the assum ption that the plane waves impinge from air and assum ing that 

they start from within silicon, the stack can be fully characterised and the Brewster angle 

observed, (see the following section “ Bragg stack wave incidence from silicon” ).

Bragg stack wave incidence from silicon

Rem oving the assum ption that the plane waves impinge onto the Bragg stack from an 

ambient m edium  different to the constituent materials o f  the stack allows us to characterise

Photonic Band Gap Materials Research Group. Department of Electronics d  Electrical Engineering,
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the Stack m o re  thoroughly . T ransm iss ion  o f  the TE polarised  wave due to the B rew ster  

angle can be more clearly seen where the upper and lower bands touch. A Brewster angle 

exists for any boundary betw een two dielectric materials. As discussed previously  om n i

directional reflectance [16-19] is obtained by limiting the internal propagation angles within 

a s tructure stack to values be low  the B rew ster angle. This is ach ieved  by S ne ll’s law by 

in troducing  a third m ateria l w hich  acts as the initial or refe rence  m edium  with a lower 

refractive index than the stack materials.

A wave starting in this initial m edium  will experience a reduction in propagation angle 

upon entry into the first layer o f  the Bragg stack due to S n e l l ’s law. I f  the m ateria ls  are 

selected correctly  then the resultant angular propagating range can exclude the Brewster 

angle and therefore transmission due to the Brewster angle can never occur.

The TE and TM polarised wave transmission response for waves that start in silicon as a 

reference m edium  is shown in Figure 3.7. The transmission response has been plotted as a 

function o f  norm alised frequency and incidence angle. The TM  polarised wave has been 

plotted on the upper ha lf  o f  the figure while the lower ha lf  shows the TE polarisation. The 

angular range merely runs from -90 to +90 so that both TE and TM  polarised waves can be 

shown on the same diagram.
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Figure 3.7 B ragg slack  transm ission  response, w aves start from  silicon Ejn„iai=ll.7 
The TE, (TM ) transmission responses plotted on the upper, (lower) half o f the diagram. The plot shows the transmission 
response plotted as a function o f incidence angle and normalised frequency. NOTE: due to the rotational symmetry o f a I - 
dimensional Bragg stack the TE and TM polarisations are indistinguishable for normal incidence. The stack was made from 
two dielectric materials, £^1-4.18 and £ 2̂ =) 1 7, lattice constant «=733pm  with total thickness L -^a .
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Brewster Angle

The B rewster angle is defined in Equation 2.4 on page 26. For the situation show n in

Figure 3.7 when the waves were initiated within a silicon m edium  /j, = / l  1.7, =  /4 .18

giving a resultant Brewster angle o f  30.8". This can be clearly seen in Figure 3.7 on page 39 

for the TE polarisation at the point where the two bands touch.

W hen  the em b e d d in g  m ateria l  is c h a n g ed  such that = 74.18, tu = 7l 1-7 then the

B rew ster  angle  changes  to 59.1". To p rov ide  verif ica tion  and to fu rther  test the m odel 

capabilities, this scenario was also investigated and the results are shown in Figure 3.8. The 

increase in transmission can be clearly seen at the desired angle, again at the point where the 

TE bands touch.
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Figure 3.8 Brugg stack  transm ission  response, w aves start in e,n„,ai=4.l8 
The TF, (TM) transmission responses plotted on the upper, (lower) half o f the diagram. The plot shows the transmission 
response plotted as a function o f incidence angle and normalised frequency NOTE; due to the rotational symmetry o f a I- 
dimensional Bragg stack the TE and TM polarisations are indistinguishable for normal incidence. The stack was made from 
two dielectric materials, e^|=4.18 and £r2~' ' 7, lattice constant «=733pm  with /2/(f=0 3736, total thickness T=8r;

Discussion

When considering that the Bragg stack is illuminated from an air reference m edium  there 

is a sizeable photonic band gap with som e 24%  useable band width at 80GHz. A ssum ing 

that the waves are incident from air does not characterise all o f  the allowed directions that 

can propagate within the structure. For these initial Bragg stack calculations hom ogeneous

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering.
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dielectric layers have been assum ed with dielectric constants that have been derived from 

effective m edium  formulae (Equation 3.2 on page 33).

The Brewster angle exists for every simple dielectric layer boundary, and transmission 

th rough  a 1-d im ensiona l  B ragg  stack  is there fo re  a lw ays  poss ib le . T he re fo re  w ithou t  

limitation such a structure will never posses a complete photonic band gap for all internally 

and externally excitable directions. However a 1-dimensional Bragg stack calculation does 

not take into account the possib ili ty  o f  suppressed  transm ission  due to the em bedded  2- 

d im ensional photonic  crystal w hich also helps to negate the Brew ster angle leakage. To 

verify this full 3-dimensional calculations are required and discussed in the next section; “ 3 

dimensional verification” on page 41.

3.4: 3 dimensional verification

The 3-dimensional sandwich structure was analysed by plane waves at normal incidence 

onto the top o f  the structure, i.e. parallel to the surface normal o f  the stack. The results are 

shown in Figure 3.9 for either the TE or TM polarised waves for several crystal thicknesses. 

The inset is labelled transmission but is valid for either TE or TM polarised waves due to 

the three fold rotational symmetry o f  the structure.

.2

Es

Figure 3 .9  N orm al incid en ce transm ission  response for the 3 -d im en sion al structure.
TM or TE polarised wave transmission response for the full 3-dimensional dielectric sandwich structure made from silicon 
with a hexagonal pattern o f  holes removed in the perforated layer, hole size is ;/a=0.44. 1500pm. The Bragg stack has been
optimised for 80GHz operation and the layer thickness /2/('=0.3736 with r/=733pm. TM and TE transmission responses are the 
same for normal incidence due to the three fold symmetry o f the hexagonal lattice.

By com paring Figure 3.9 with Figure 3.10 on page 42, which shows the 1-dimensional 

effective index model response for the same incidence, (normal incidence onto the top o f  

the stack), the d ifferences  betw een  the full 3 -d im ensional m odel and the 1-dim ensional
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B ragg Stack model can be seen. At this stage it is noteworthy that both the 1-dimensional 

and 3-dimensional model show significant, but different attenuation, for similar thicknesses 

o f  crystal due to Bragg reflection.

C o n s e q u e n t ly  the a s su m p t io n  c o n c e rn in g  the e f fe c t iv e  d ie le c t r ic  c o n s ta n t  o f  the 

perfo ra ted  layer used  w ith in  the 1-d im ensiona l  m odel is inappropria te . The cho ice  o f  

dielectric constant in the 1-dimensional model results in a decrease in the transmitted level 

when compared to the 3-dimensional model results for normal incidence. This indicates that 

the effective dielectric constant calculated for the perforated layer is too small in value and 

an increase in this value decreases the dielectric contrast within the stack and weakens the 

Bragg stack effect increasing transmission.
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Figure 3 .10  N orm al incid en ce response for a I-d im en sion al B ragg stack
Stack parameters, E |- l  1.7. thickness 3736 where </=733pm. As the transmission analysis has been performed
at normal incidence the TF, and TM transmission response curves are identical.
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J.5; Normal incidence into the side of the crystal

The crystal was re-orientated so that normal incidence relates to waves that impinge onto 

the side o f  the crystal such that the waves propagate parallel to the layers, i.e. parallel to the 

periodic plane o f  the hexagonal perforated layer. The TE and TM  transmission results are

shown in Figure 3.11 for a finite thickness crystal L=8a’ where d  = H j l a .
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Figure 3.11 TE and TM  respon se for side incidence into the sandw ich  structure.
Structure: Full 3-dimensional dielectric sandwich structure made from silicon with a hexagonal pattern o f holes removed in 
the perforated layer, hole size is r/a=0,44, r;=15()()pm. The Bragg stack has been optimised for 80GHz operation and the layer 

thickness f2/r/=0.3736 with c/=733pm, and the total crystal thickness L -8 a ' where a ’=8 JS a

In contrast to the results  for the “ Sim ple hexagonal lattice o f  air holes in s il icon” on 

page 34 the transmission results for the full 3-dimensional calculation are quite different. 

For norm al end fire incidence  onto  the side o f  the structure  the TM polarisa tion  show s 

photonic band gap behaviour due to the periodic hexagonal pattern o f  holes r/a-QA^  that 

have been introduced into one o f  the layers that form the stack. Furthermore the width o f  the 

photonic band gap for the TM polarisation is quite wide, ranging from 76GHz to 88GHz, a 

width o f  12GFIz.

Conversely  the TE polarisation has a normal transmission response that is rem arkably 

poor  in com parison  w hen  co m pared  with its 2 -d im ensiona l coun terpar t  (F igure  3.4 on
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page 35). There  appear to be two regions where possible band gaps are opening, both o f  

w hich  are na rrow  band, 8 2 -8 4 G H z  and  87 -89G H z. The TE and  TM  responses  for the 

sandwich structure are almost the reverse o f  what was expected, in that the expected results 

were a wide band response for TE polarised waves and a narrower band for TM polarised 

waves. It turns out that these two gaps are independent and further investigation o f  their 

response was carried out by scanning the angle within the periodic plane o f  the hexagonal 

lattice; the results are presented within the next section.

Angular analysis within the periodic hexagonal plane o f the dielectric sandwich structure

The transm ission response for the structure was studied with w aves incident onto the 

side o f  the structure and scanned parallel to the hexagonal lattice. The response is shown in 

Figure 3.12.
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Figure 3.12 A ngular transm ission  analysis for side incidence.
Siructurc: Full 3-dimensional dielectric sandwich structure made from silicon with a hexagonal pattern of holes in the 
perforated layer, hole size is r/«=0.44, r/=l500pm . The Bragg stack has been optimised for 80GHz operation and the layer 

thickness /2/c/-0.3736 with £/=733pm, and the total crystal thickness L=8a’ where a '= 8  73 a. The transmitted level is shown as

a function o f incidence angle against normalised frequency with 0-90" relating to TM polarised waves where -90-0" relates to 
TE polarised waves.

Both the TM and TE polarisations show that there is no complete photonic band gap for 

the operational design frequency o f  80GH z. The pattern o f  the bands is reassuring w hen 

com pared  to Figure 3.4 on page 35 as it had been noted in the prev ious section that the 

po la r isa t io n  resp o n se  had  been  s u b s ta n t ia l ly  d iffe ren t  to that ex p e c te d ,  see “ N orm al 

incidence into the side o f  the crystal” on page 43.
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When comparing Figure 3.12 with Figure 3.4 on page 35 and taking note of the differing 

X-axis frequency scales, both the TM and TE polarisation band gaps have closed. For both 

polarisations the upper and lower band edges of the gap shown in Figure 3.4 have moved 

towards each other, closing the photonic band gaps and negating the intended effect of 

substrate mode suppression.

3). 6: Conclusion: D ielectric sandwich with solid  interspatial layer

The transmission analysis has shown that there is no complete band gap for either TE or 

TM polarised waves which propagate parallel to layer interfaces. The solid layer between 

and in conjunction with the perforated layers is providing a medium for the waves to travel 

through. As there is always transmission through a Bragg stack for TE polarised waves due 

to the Brewster angle, assuming that these directions can be excited, it is not surprising that 

the sandwich structure with the solid interspatial layer does not posses a full photonic band 

gap. Higher index materials may provide a possible solution to this problem as the Brewster 

angle could be foreed to larger angle values. This would ensure that any transmission into a 

perforated layer due to the Brewster angle would then be killed by the photonic band gap 

effect within the layer. U tilisation of different shaped scatterers has already been 

investigated by Baba [22] and while found to alter the in-plane response the sensitivity of 

the response has been clearly shown to be dependent on the lattice adopted rather than the 

scatter shape.

The results also indicate that there is insufficient synunetry within the structure to open a 

full photonic band gap. This suggests that the solid interspatial layer should be removed and 

perforations are required in all layers in conjunction with adjacent layer shifting to form 

face centred cubic, f.c.c., and face centred tetragonal, f.c.t., lattice variants which can 

display full photonic band gap behaviour.
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CHAPTER 4 Drilled Bragg stacks

Introduction

In the previous chapter, “Photonic Crystal Sandwich” on page 31 a 

photonic crystal was made from a single material by sandwiching a 2- 

dimensional slab of photonic crystal between sheets of solid dielectric 

material. The structure was then repetitively stacked to form a Bragg stack. 

The photonic crystal served two purposes: firstly to aid in the formation of 

the Bragg stack as the crystal layer has a lower refractive index than the bulk 

material due to the periodic hole pattern; and secondly it was hoped that the 

photonic crystal would suppress any laterally allowed substrate modes that 

otherwise propagate within a stack. However while parameters were 

carefully chosen to optimise structure performance the suppression of the 

substrate modes did not occur.

The structure patented by ESTEC' extends this train of thought by 

utilising two materials for the Bragg stack and extends the lattice of holes 

straight through the structure facilitating fabrication, see Figure 4.1 on 

page 48. In this chapter the analysis characterises the transmittance of such a 

PBG material which consists of periodic air cylinders anunged in a square or 

hexagonal lattice which have been drilled through a repeating stack of two 

periodically alternating and differing materials.

European Space Research and Technology Centre, ESTEC, located in Noordwijk, The Netherlands.
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Dr illed B ragg stacks Scope

4 .1: Scope

The re  are m any  perm uta tions  o f  param eters  that define the structure; the type o f  the 

lattice that can be drilled through the stack, the size o f  the drilled features, and the ratio o f  

m ateria ls  that form the periodic  stack itself. Analysis could be ex tended  to other shapes 

etched through the stack, such as bars or triangles, which have been shown by Baba to alter 

the response o f  the photonic band gap performance within the periodic plane [22].

As the structure is constructed by stacking alternating sheets o f  materials, the thickness 

o f  each individual layer cou ld  a lso be ad justed  in an a ttem pt to obtain  ultra  w ide band 

perform ance. If  the feature sizes in each layer pair were also altered  then this technique 

would not be dissimilar to that suggested by Agi [23] who stacked different PBG crystals. 

However, this type o f  construction would detract from the simplicity o f  the structure.

An an tenna  p laced  on the su rface  o f  the crysta l will u n d o u b ted ly  in te rac t  w ith  the 

substrate and incorrect design may cause coupling and excitation to either or both substrate 

and surface modes. The inclusion o f  the correct size o f  holes and lattice type should ensure 

that substrate modes are suppressed.

"  <  r - '

Figure 4.1 Patent Structure: B ragg Stack  with a hexagonai lattice o f  air cy lind ers.
Picture courtesy o f Peter De Maagt, ESTEC

Slab Waveguides

Simplistically guided m ode propagation in a hom ogeneous slab o f  material is governed 

by the  c r i t ic a l  a n g le  b e tw e e n  the  s lab  m a te r ia l  and  any  b o u n d a ry  m a te r ia l .  W aves 

propagating at angles above the critical angle are reflected at the dielectric boundary and 

guided along the layer by total internal reflection, T.l.R. The materials used in the analysis 

o f  the structure are silicon and kapton, Esiiicon”  ̂1 7 and £kapton~^-'^-

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Budding, The University’ o f Glasgow, Oakfield Avenue.Glasgow, G 12 HLT.
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D r illed  B ragg stack s S cop e

From Snell’s law, Equation 2,3 on page 23, the critical angle for T.l.R. between silicon 

and kapton is 34.2°, between kapton and air is 31.3°, and between silicon and air is 17.0°. A 

wave initiated within the stack will therefore only pass from one layer to another if these 

incidence angles are not exceeded. These T.l.R. substrate modes can be killed by employing 

a 2-dimensional lattice of dielectric holes in each layer. The photonic crystal should 

therefore still operate at that the largest T.l.R. out of plane propagation angle, for any 

relevant material boundary combination, the silicon kapton boundary in this instance. The 

choice of lattice pattern, feature size and constituent materials directly influence the 

performance of the structure.

The angles which will give rise to total internal reflection are known for any arbitrary 

choice of materials. Consequently the 2-dimensional PBG crystal should work over these 

out of plane propagation angles. The 2-dimensional PBG response degrades as the out of 

plane component grows. Brewster angles for different material boundaries can also be 

calculated providing useful infoimation to aid in the design of the crystal. Utilising Snell’s 

law, Equation 2.3 on page 23, the path of any incident plane wave can be traced through the 

structure, such issues have already been addressed in many standard optics textbooks and 

thin film work [12-15].

It has already been shown that e.m. waves concentrate the majority of their power in high 

dielectric constant regions [8]. Within the silicon / kapton stack the higher dielectric 

constant material is silicon and the consequent analysis considers a square and hexagonal 

lattice of air holes introduced into the structure. Drilling a pattern of holes tlirough the stack 

reduces the effective dielectric constant, shifts the central frequency and alters the angular 

response of the structure.

Objective

The objective is to design a photonic crystal with a complete PBG by drilling air 

cylinders through an optimised Bragg stack made from silicon and kapton. The air cylinders 

should be aiTanged in a lattice configuration that displays complete PBG behaviour within 

the periodic plane i.e. circular cross sectional plane of the cylinders, but without excessively 

compromising the performance of the Bragg stack. The PBG should continue to operate for 

the range of out of plane angles resulting from T.l.R. within the structure as discussed 

previously.

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue,Glasgow, GI2 8LT.
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D r illed B ragg stacks Filling Ratio E volution

Initia lly  the tran sm ittance  is s tud ied  for an incident p lane  w ave onto  the top o f  the 

structure, i.e. parallel with the surface normal o f  the Bragg stack, see Figure 4.3 overleaf. 

Thereafter the response is studied for a wave incident parallel to the periodic plane o f  the air 

cylinders i.e. perpendicular to the stacking axis o f  the Bragg stack. The Bragg stack that has 

been modelled is made from silicon and kapton and has been optimised for omni-directional 

reflectance, see “ Silicon and Kapton Bragg Stack” on page 19.

4.2: Filling Ratio Evolution

For both the square and hexagonal lattices the amount o f  material that will be rem oved 

from the stack will directly influence the response. For an increasing hole radius to lattice 

spacing ratio r/a, the hexagonal lattice unit cell has progressively m ore material rem oved 

than for the square lattice. Equation 4.1 and Equation 4.2 express the filling ratios for the 

hexagonal and square lattices. Both equations are valid so long as the ratio o f  the radius o f  

the cylinders, r, to the lattice spacing, a, does not exceed r/a<0.5.

Hexagonal Lattice Filling Ratio FR = (4 .1)

(4.2)Square Lattice Filling Ratio FR = j 
The evolution curve for the filling ratio as a function o f  radius size is shown in Figure 4.2

100

90 Lattice Type
 Square
  Hexagonal
 Relative Difference

80

70

60

(5 50

30

20

10

0
0  00  0  05  0  10 0 15 0  20  0 25  0 30 0 35 0  40  0 45  0  50

Radius to Lattice Spacing Ratio r/a

Figure 4.2 F illing R atio E volution  for the square and hexagonal lattices
The tilling ratio plotted as a function o f the radius to lattice spacing ratio r/a for generic square and hexagonal lattice types 
The relative difference between the two lattice type curves is also shown.

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Budding, The University o f Glasgow, Oakfield Avenue,Glasgow, GI2HLT. 50



D r illed B ragg stacks Filling R atio E volution

For low filling ratios the square and hexagonal response curves are similar but as the 

feature size increases the difference between the curves becomes progressively more 

apparent. These trends are reflected directly in the comparative transmission response 

curves of Figure 4.3.

T op In cid en t W ave

Hole Size r/a

0.20
- 2 0 -E

2»-
0 .3 0
0 4 0-25 -

0.20 Î
0 .3 0  I  
0 .4 0  z

0 10 0 15 0 250  20 0 30 0 35 0 40

41»

Norm alised F requency  fa/c Side Incident Wave

Figure 4.3 C om p arative  TM  transm ission  for the square and hexagonal lattice  drilled  through a B ragg Stack .
Left: The solid (dashed) lines represent the transmission for a normal incidence plane wave onto the top o f the Bragg stack with 
a hexagonal (square) pattern o f  air cylinders drilled through the stack. The transmission performance for the hexagonal pattern 
degrades faster than for the square lattice as for the same radius size more volume per unit cell is removed. Right: Schematic of 
the stack with a square lattice o f  air cylinders showing plane waves incident from the top and side onto the stack. Material 
between the layers has been removed to aid visualisation

When a normally incident plane wave illuminates the structure, the introduction of a 

square or hexagonal lattice of air cylinders shifts and degrades the first order band gap of 

the structure. The dashed, (solid) lines in Figure 4.3 show the TM or TE transmission 

response for various sizes of air cylinders in a square (hexagonal) lattice drilled through the 

stack. For normal incidence the TE and TM polarisations are indistinguishable due to the 

four-fold symmetry of the structure. However away from normal incidence the two 

polarisations behave differently.

As the air cylinder size increases the transmitted level through the structure increases and 

the central band frequency increases, a sign that the effective index of the stack is reducing. 

This is expected behaviour as both constituent materials of the stack have larger dielectric 

constants than that of air, and the extraction of material to form the lattice of cylinders will 

reduce the effective index of the stack.

Photonic Band Gap Materials Research Group. Department of Electronics Electrical Engineering.
Rankine Budding, The University o f Gla.sgow, Oakfield Avenue.Glasgow, GI2 8LT
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D r illed B ragg stacks Square lattice o f  drilled  holes

4.3: Square lattice o f  drilled holes

Normal end-fire incidence in the periodic square lattice plane

S q u a re  Lattice of Air C ylinders in a B ragg S tack 
S tack  h /a» 0  38 r  .*3 7 r  « 1 1 7

S q u a re  L attice ot Air C ylinders in a B ragg  S tack  
S ta ck  ti,/a  = 0 38. f  ,«3  7 t  .= 11 7

• Hole s iz e  r/a -
— ■— 0.20
— — 0.25 :
— 0. 30 -
— — 0.35
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Figure 4.4 T ransm ission  R esponse for norm ally  Incident p lane w ave on the side o f structure.
The transmission response in dB, for TM (TE) polarised waves shown on the left (right) as a function o f the radius size o f the 
square lattice o f cylinders that has been drilled through the periodic stack. The response shown is for eight periods o f cylinders

Before any cylinders are introduced into the structure a wave incident onto the side o f  the 

stack encounters  a stra tif ied  m edium  with no periodicity  in the p ropaga tion  plane. The 

stratification is transverse to the direction to propagation and given the choice o f  materials 

acts as a stacked set o f  slab waveguides. Consequently both TE and TM polarised waves are 

transmitted through the structure.

Once cylinders are drilled into the structure and the radius size is gradually increased, 

band gap regions develop as periodic scatterers have now been introduced into the system. 

Figure 4.4 shows that for an increasing size o f  cylinder both the attenuation in the band gap 

reg ion  as well as the cen tra l  band  gap  f requency  increase . T he  in fo rm ation  show n  in 

Figure 4.4 is for one direction only, recall that the gap has a strong angular dependence, see 

“Angular effective m edium  transmission response: waves incident from air” on page 56.

Complete hand gap in a square lattice o f  air holes in dielectric

To evaluate the presence o f  a com plete  band gap for either polarisation a full angular 

analysis must be made. By calculating the m axim um  allowed transm ission for a range o f  

frequencies for any angle and also scanning the filling ratio, a photonic band gap map is 

created. The gap maps for a square lattice o f  air holes in silicon, £^=11.4, are shown for TE 

and TM  polarised w aves in F igure 4.5. By locating regions in the gap m ap o f  near zero 

transmission for both polarisations, any regions that overlap define complete photonic band

Photonic Band Gap Materials Research Group, [department of Electronics & Electrical Engineering.
Rankine Budding. The University o f Glasgow, Oakfield Avenue.Glasgow, G 12 HLT.
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D r illed B ragg stacks Square lattice o f drilled  holes

gaps. For the square lattice o f  cylindrical holes in bulk silicon it is not until the radius size is 

some 0.45 o f  the lattice constant that a small complete TE and TM band gap opens.

Cylindrical Holes : Square Lattice 
TM  Polarisation E r=l 1.4

85 95 105 115 1 29 1 35 1 45 155

IOOtc

Cylindrical Holes : Square Lattice  
TE Polarisation E r = ll  4

100 71
( s r

1.0

I

J
55 65 75 85 95 1 09 115 125 1 39 1 45 155

0.0

Figure 4.5 G ap  m aps for a square lattice o f  air holes in silicon .
The maximum transmission response for TM (left) and TF. (right) polarised waves for a full angular in plane scan plotted as a 

function o f  filling ratio and normalised frequency. Note: when r=a/2 neighbouring cylinders begin to touch and when r = a / ( J l )  the 
cell cylinders completely fill the unit cell.

The drilled Bragg stack consists o f  a stack o f  two different m aterials with an effective 

index smaller than that o f  a similar lattice in bulk silicon. Therefore while a similar cylinder 

rad ius  to lattice constan t ratio , r /o , m ay also  open a full gap in the drilled  B ragg  stack 

structure the normalised operational frequency will be different due to the scaling properties 

o f  M axw ell’s equations for bulk media.

If  the structure were to be used in conjunction with an antenna then the embedding host 

m edium  could be considered to be air as only the radiative m odes couple to and from air. 

Following the arguments presented for the omni directional reflecting Bragg stacks, there is 

a very  ev iden t  p e r fo rm an ce  d iffe rence  be tw een  the response  o f  the s truc tu re  from  air 

relating to the radiative coupling modes, and the modes that can be excited internally within 

the stack.

This is o f  substantial significance to the analysis concerning the response o f  the structure 

within the periodic plane o f  the cylinders. I f  the analysis is limited to the modes which can 

radiate, it is easier to match the band gap response to that o f  the substrate modes within the 

stack. Conversely considering all a llowed substrate modes, not just the radiative coupling 

modes, makes the gap matching task more elusive.

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Budding, The Universitv o f Glasgow, Oakfield Avenue.Glasgow, GI2 HLT
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D r illed B ragg stacks E stim ation  o f the effective  d ielectric  constant

4.4: Estimation o f  the effective dielectric constant

F rom the calcu lations show n in Figure 4.3 and Figure 4.4 an air hole radius to lattice 

spacing ratio r/t7=0.40 is chosen . This value is a com p rom ise between the opposing trends 

in transmission response. As the air hole cylinder size increases the B ragg stack response 

deg rades . Figu re 4.3, w hile  enhancing  the pe riod ic  p lane response . At a radius / lattiee 

sp a c in g  co n s ta n t  r/ûf=0 .40, the  ban d  gap  resp o n se  fo r n o rm a l ly  inc iden t  TE  and  TM  

polarised  plane w aves incident on to the top and side o f  the structure  is rela tive ly well 

m atched in normalised frequency. Normal incidence onto the top o f  the stack at this radius 

size resu lts  in a T E /T M  gap  w ith  m ax im u m  a ttenuation  o f  -30dB  for a gap rang ing  in 

norm alised frequency from 0 .225-0.325. Incidence within the periodic plane o f  cylinders 

has a TM gap, -20db,yb/c=0 .225-0.310, and a TE gap, -45db ,^ /c= 0 .225 -0 .335 .

To estimate the effective dielectric constant for the structure, analysis o f  a square lattice 

o f  air holes in a 2 -d im ensional photonic  crystal was ca rried out for a range o f  dielectrie 

m aterials . To attain an estim ation, the uppe r  and lower band edges for the 3-dim ensional 

sq u a re  la t t ic e  s t ru c tu re  a re  m a tc h e d  w ith  the  c o r r e s p o n d in g  b a n d  e d g e s  fo r  the  2- 

dimensional square lattice transmission response curves shown in Figure 4.6. The TE and 

TM polarisation transm ission  responses  for a square lattice o f  air cylinde rs  in dielectric  

radius r/c/=0.40 for a range o f  dielectric materials are shown in Figure 4.6.

Figure 4.6 E volution o f the Sq uare L attice w ith D ielectric C onstant
The TM (TE) Polarisation transmission response shown on the left (right) for a square lattice o f  air cylinders r/r/=0.40 in a varying dielectric 
medium . The plots show the response as a function o f  incidence angle for a plane wave starting in an air medium .

M atch ing  the response  cu rves  for the squa re  lattice r/<r=0.40 patent s truc ture  cu rves 

suggests an effective dielectric constant for the stack o f  £effective“ ^-^- The curves relating to

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering.
Rankine Building. The University o f Glasgow. Oakfield Avenue.Glasgow, GI2 HLT.
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D r illed B ragg stacks E stim ation  o f the effective  d ielectric constant

the r/a=OAO from Figure 4.4 on page 52 for 3-dimensional analysis can be com pared with 

Figure 4.7.
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Figure 4.7 N orm al in-p lane incid en ce response for a 2 -d im en sion al square lattice
The TM and TE transmission responses for normal incidence onto a square lattice or air holes using an ‘effective m edium ’ 
dielectric constant o f 5.6. The air holes were chosen to have a radius to lattice spacing ration r/r/=0.45, L-Ha.

The effective m edium  is in relatively good agreem ent with the transm ission analysis 

carried out at normal incidence in the periodic square lattice plane.The TM polarised wave 

has both the uppe r  and lower band edges and a com parab le  p rofile to the 3-dim ensional 

structure calculation . The TE polarised wave has a similar band width but has up-shifted in 

normalised frequency and does not have such a strong attenuation profile in the band gap 

for the effective m edium  calculation . This is indicative o f  under estimation in the value o f  

the effective dielectric constant. The angular performance o f  the effective medium is shown 

in Figure 4.8.

Photonic Band Gap Materials Research Group. Department o f Electronics <& Electrical Engineering.
Rankine Building. The University o f Glasgow. Oakfield Avenue.Glasgow. G 12 HLT
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Angular effective medium transmission response: waves incident from air

TM  ( U p p e r )  & T E  ( L o w e r )  T r a n s m i s s i o n  R e s p o n s e  

S q u a r e  L a t t i c e  o f  Air  H o l e s  in D i e l e c t r i c  r  = 5  6  r / a = 0 . 4 0

0 100 0 125 0 150 0 175 0 200 0 225 0 250 0 275 0 300 0 325 0 350 0 375 0 400 Q  ( )  

N o r m a l i s e d  F r e q u e n c y  fa / c

Figure 4.8 E ffective m edium  square lattice transm ission  response: w aves incid en t from  air.

The TM (Upper) and TE (Lower) transmission response for a square lattice o f cylindrical air holes in dielectric £r=5 .6 for 
plane waves incident within the periodic plane onto the structure from an air medium . The radius o f  the cylinders is related to 
the lattice constant a, such that r/a=0.40

From the effective m edium  angular characterisation plot. Figure 4.8, there is a very small 

range o f  normalised frequencies where there is near zero transmission for both TE and TM 

polarised waves. This small gap will most likely close when the internally excitable modes 

that are otherwise evanescent in air i.e. non radiating, are taken into account, such that there 

will be no full photonic band gap within the periodic square lattice plane o f  this structure.

The s truc tu re  is fu r the r  e x a m in ed  by rem ov ing  the a ssu m p tio n  that the response  is 

limited to the A-space excitable from air. By limiting the excitation range to angles excitable 

from  air, not all a l lo w ed  p ropaga tion  d irec tions  w ithin the c rysta l  are exam ined .  This  

exc lus ion  is s ign if ican t  for any  rad ia ting  source  located on, in te rnally  or w ith in close  

p roximity to the photonic crystal. Examination o f  these ‘internal’ modes o f  the crystal are 

discussed in the next section.

Angular effective medium transmission response: non radiative modes included

The internal response for the sam e crystal displays different behav iou r  as the angular 

b o u n d a ry  im posed  by the a ir  a m b ie n t  m ed iu m  is rem oved .  T he  new  resp o n se  cu rves  

encompass the same information as that shown in Figure 4.8 on page 56 but assume that the 

plane waves are launched from within bulk silicon, rem oving the ^-space limitation . This

Photonic Band Gap Materials Research Group. f)epartment o f Electronics & Electrical Engineering.
Rankine Building, The University’ o f Glasgow, Oakfield Avenue,Glasgow, G 12 HLT
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issue has already been discussed in detail. See “ Allowed propagation state restrictions due 

to Snell’s law” on page 23.

TM (Upper) & TE (Lower) Transmission R esponse 
2D Square Lattice of Air Holes r/a=0.4 e =5.6

(A 2 0

®  10

0.15 0.20 0.25 0.30

Normalised Frequency fa/c

0.35 0 40

Figure 4 .9  Internal TE  & TM  T ransm ission R esponse; Sq uare Lattice

The TM (Upper) and TE (Lower) transmission response for a square lattice o f cylindrical air holes in dielectric 6^=5 6 for 

plane waves incident onto the structure from a bulk reference medium 6^=5.6. The radius o f the cylinders is related to the 

lattice constant a, such that r/t/=0.40. There is not a complete photonic band gap for either polarisation.

C o m p a r in g  the responses  for the e ffec tive  m ed ium  sys tem s be tw een  F igure  4.8 on 

page 56 and Figure 4.9, the latter show s no ove rlapping  region that encom passes  every  

a n g le  fo r  a s in g le  f re q u e n c y  w h e r e  e i th e r  p o la r i s a t io n  o r  m o re  im p o r ta n t ly  b o th  

polarisations show near zero transmission . This m eans that there is no complete ‘inte rnal’ 

band gap available for the structure for these choice o f  materials as other analysis has also 

confirmed [8].

Effective Medium Overview

The pho ton ic  band  gap  reg io n s  o f  the ‘e f fe c t iv e ’ s truc tu re  have  s trong  d irec tiona l 

dependence, and the goal o f  aligning the in-plane 2-dimensional response with the Bragg 

stack m ust not be fo rgotten .  The value  o f  r/c/=0 .40 was chosen  in an a ttem pt to obtain  

optimal performance for the 2-dimensional photonic crystal. Examining the response curves 

shown in Figure 4.4 on page 52 shows that both the TE and TM polarisations share a lower 

band  edge norm alised  frequency o i  fa /c-0 .125 . This is slightly  h ighe r  than required to 

m atch  the m id  gap  B ragg  stack resp o n se  tha t  is show n  in F igu re  2.3 on page  21. By 

reducing  the air hole size in the lattice the band gap will reduce  in frequency, helping to

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering.
Rankine Budding. The University o f Gla.sgow. Oakfield Avenue.Glasgow. GI2 SET
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D r illed  B ragg stacks 3 -d im ensional ch aracterisation  o f  the stru ctu re  w ith a square lattice

align the systems responses. Therefore a radius to lattice spacing ratio of r/ü~030  was 

chosen to help align the 2-dimensional crystal transmission response with that of the stack.

4.5: 3-dimensional characterisation o f  the structure with a square lattice

The transmission performance for the structure with a square lattice of air holes drilled 

through it was characterised for the full range of angles aided by the symmetric properties 

of the structure. A full forward hemispherical sweep of angles onto the top of the structure 

can be reduced to a sweep of one quadrant of the hemisphere due to the discrete rotational 

symmetry of the structure. Successive rotation of the incident plane wave in 90® steps 

results in the same performance, see “Bragg Stack Rotational Symmetry” on page 28 for a 

brief discussion on symmetry issues.

Following the discussions and conclusions in the “Effective Medium Overview” on 

page 57 the stack’s transmittance was analysed as a function of angle for a single frequency. 

The holes were drilled in a square lattice formation, r/a=0.30, though the stack and analysis 

was carried out at a normalised frequency of/h/c=0.25. These figures were chosen as a 

direct result of the previous 3-dimensional analysis for incidence onto the top of the 

structure, see Figure 4.3 on page 51 and in an attempt to match the best performance for the 

in-plane response for TM and TE polarised waves, see Figure 4.4 on page 52.

The structure was examined twice with differing assumptions concerning the medium 

from which the plane waves are launched. Firstly the transmission response is shown for 

waves launched from air and then from silicon. Incidence is controlled by the k-vector, 

angular scans have been carried out from normal incidence (k^,ky)={0,0), to oblique 

incidence for the two reference mediums, (k^,ky)={0.53).5) for air, and (k^,ky)={ \ .1 , \ .1) for 

silicon. Normalisation issues related to the k-vector are presented in Appendix A on page 

175,

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
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Incidence from air
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Figure 4.10 T ransm ission  response for p lanes w aves launched from  air.
TM (TE) polansed wave transmission response shown on the left (right) for waves incident onto the top o f the structure 
assuming that the waves are launched from an air medium . The structure consists o f the optimised bragg stack, h /a -O .J fi, 
made from silicon and kapton, e^iiicon^' ' 7, Ei;apton=3.4, with a square lattice o f air holes drilled through the structure with a 
radius to lattice spacing ratio r/a=0.30  for a normalised frequency o f fu/c=0.25.

Figure 4.10 shows the TM and TE polarised wave transmission response for incidence 

onto the forward hemisphere o f  the drilled structure. The-two fold symmetry along the k^=0 

and ^^,=0 lines is immediately apparent. The trends in transmission as the incidence moves 

from normal incidence to increasingly oblique incidence are in agreement with those found 

in “Full angular transmittance characterisation o f  the Bragg Stack” on page 28. For the TM 

polarised wave, the transmission is at a m axim um  at normal incidence and decreases as the 

incidence becom es increasingly  oblique; how eve r  at \k  ̂ = (0 .3)  w hen =10 .5

then there is an increase in transmitted level. For the TM polarisation this increase does not 

negate  the full angu la r  band  gap . In con tras t  the TE po la r ised  w ave has a transm iss ion  

m inim um  at normal incidence and increases as the incidence angle becomes more oblique. 

H ow eve r  for the same values o f  ^-vector, ( k d \ - { 0 3 )  w hen =±0.5 , there is a

marked increase in transmitted level through the structure such that the structure completely 

transmits.
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I f  the w aves  are launched  from  a s il icon bulk  m ed ium  then the pe r fo rm ance  o f  the 

structure will deg rade fu rther such that both polarisations will result in full transmission . 

This is exactly what occurs in Figure 4.11
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Figure 4 . II T ran sm ission  response for planes w aves launched from  silicon .
TM (TE) polansed wave transmission response shown on the left (right) for waves incident onto the top o f the structure 8 
periods thick with the assumption that the waves are launched from silicon. The structure consists o f the optimised bragg 
stack, hJa=0.3H, made from silicon and kapton, Esiiicon '̂ I 7, Ekup,o,=3.4, with a square lattice o f air holes drilled through the 
structure with a radius to lattice spacing ratio r/ct-0 .30  for a normalised frequency o f  la /c-0 .25 .

Conclusion

The results show that for a normalised operational frequency of fa/c=0.25 for a square 

lattice o f  air cylinders r/a=0.30  drilled through an optimised Bragg stack there is not omni 

directional reflectance from the structure. Transmission through the structure is possible for 

a small range o f  incidence control vectors when the waves are launched from air onto the 

structure. W hen the plane waves are assumed to start from a silicon reference m edium  there 

is a larger set o f  angles for which the structure transmits.

Once holes are drilled through the B ragg stack the transmittance th rough the structure 

increases  d ram a tic a l ly  for ce r ta in  ang les  fo r the TE po la r isa t io n .  For the sizes  o f  a ir 

cylinders examined there is not a value where a full, complete photonic band gap exists both 

internally and externally to the stack at the same normalised frequency . This finding is in 

ag reem en t  w ith  o the r  w o rk  done  on ‘h o m o g e n e o u s ’, i.e. non s tra tif ied 2 -d im ensiona l-  

photonic band gap lattices where no complete PBG was found.

The overall aims between this chapter and the chapter “Photonic Crystal Sandw ich” on 

page 31 are the sam e, to p roduce  a pho tonic  crystal with a com ple te  band gap for both

Photonic Band Gap Materials Research Group. Department of Electronics cS Electrical Engineering.
Rankine Building. The University' o f Glasgow, Oakfield Avenue.Glasgow, G12 SLT

60



D r illed  B ragg stacks 3-d in iensiona] ch aracter isa tion  o f  the stru ctu re  w ith a square la ttice

polarisations. The difference between the chapters concerns the 2-dimensional lattice that 

has been introduced into the structure, hexagonal and square lattices of holes. It has now 

been shown that for the materials, feature sizes and investigative frequencies studied that 

the introduction of either a square or hexagonal lattice into effectively or properly stratified 

media does not open a complete photonic band gap. These systems can be classified as 2+1 

systems where the numbers are representative of the combination of structure symmetry. 

Such 2+1 systems may well be suited to applications that do not require a complete 3- 

dimensional band gap such as planar waveguide structures where the +1 confinement could 

be used to help suppress leakage in the third dimension.

In the next chapter the interleaving of 2-dimensional photonic crystals is presented 

which form true 3-dimensional structures known generically as the “logpile” or “woodpile” 

structure which do possess a complete 3-dimensional photonic band gap [24].
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CHAPTER 5 Interleaved 2D lattices creating 
fully 3D Photonic Crystals

Overview

A  2-dimensional lattice consists of an inliomogeneous dielectric medium 

which has periodic variations of permittivity along two linear directions, and 

is uniform in the third dimension. This chapter considers a class of 3- 

dimensional photonic band gap materials formed by the interleaving of a pair 

of 2-dimensional lattices whose uniform directions are mutually orthogonal, 

the so-called ‘woodpile’ geometry. It is shown by numerical calculations that 

the strong polarisation discrimination exhibited by the constituent 2- 

dimensional sub-lattices in their respective stop-bands leads to a completely 

3-dimensional photonic band gap crystal in all polarisations when the two 

sub-lattices are interleaved. For a general class of such synthetic crystals, 

having arbitrary 2-dimensional distributions in the sub-lattices, many 

properties of the 3-dimensional interleaved crystal can be predicted directly 

from a knowledge of the properties of the sub-lattices, thereby radically 

reducing the computational cost of their detennination.
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5.7; Introduction

Three dimensional periodic structures, known as photonic crystals, have generated 

substantial interest in various fields. Within the microwave and sub-millimetre regime, 

where fabrication is much simpler than in the optical regime, several 3-dimensional 

structures have been suggested [25,26]. The periodicity in 3-dimensions of these structures 

leads to the possibility of complete Bragg reflection in all propagation directions which can 

actually be attained in a number of known structures, generally of quite high contrast in 

dielectric constant between dielectric and air regions in the unit cell of the crystal. The 

requirement for a complete bandgap in all propagation directions and all polarisations is a 

very strong condition, and cannot be met in all structures with 3-dimensional periodicity; 

only those with a high dielectric contrast and whose unit cell belongs to restricted symmetry 

classes will exliibit the phenomenon.

Millimetre-wave applications utilising photonic crystals as substrates for planar 

microwave circuits and antennas demand complete band rejection over all angles, as well as 

over a range of frequencies. It is generally part of the design process that the bandgap 

performance must be predicted in advance before fabrication, which requires numerical 

modelling of the electromagnetic problem of the wave propagation within the interior of the 

crystal. Ideally the model should also incorporate the antenna as the performance of both 

sub systems is not mutually exclusive but this problem is yet to be properly tackled and will 

provide challenging future research. The numerical modelling of the 3-dimensional crystal 

is itself a complex and computationally demanding task requiring substantial amounts of 

time. Unfortunately, there are at present no simple ways of predicting the stop-hand 

frequency range, and it is difficult to gain the physical insight necessary which might 

provide such simple design methods.

A widely-studied class of PBG crystals for microwave applications is the so-called 

‘woodpile’ geometry consisting of stacked layers of identical parallel dielectric rods with 

rectangular cross section, with a quarter-turn rotation between successive layers in the 

stack, and (optionally) a half-period spatial translation between every second layer. These 

are of interest because they are relatively easy to fabricate, even up to the millimetre-wave 

and recently infra-red ranges using wet-etch micro-machining of silicon wafers and other
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deposition and etch techniques. Using this technology, PBG woodpile crystals have been 

demonstrated with stop bands up to 25 THz centre frequency [27,28].

Although the stop bands of woodpile geometry crystals are both experimentally and 

theoretically proven, there are many possible variants in the possible dimensions and 

materials. Therefore the choice and reasoning required for the structure, apart from 

fabrication considerations, is non trivial, nor is it easy to demonstrate the propagation 

characteristics without elaborate 3-dimensional numerical computations, which are very 

costly to carry out. Alternative geometries and constructions have been previously 

suggested by Sozuer et al. [24], but in this paper we examine a specific geometrical 

characteristic of these structures, namely that they consist of an interleaved pair of 2- 

dimensional sub-lattices each consisting of parallel rods arranged in parallel layers with a 

space between layers, and with orthogonal orientations for the direction of translation 

invariance of each sub-lattice. It turns out that significant properties of the 3-dimensional 

crystal are determined principally by the characteristics of the 2-dimensional sub-lattices, 

and computation of the latter properties is much less costly than computing those of the 3- 

dimensional crystal directly.

5.2: Interleaved 2-dimensional lattices

Case 1 Case 2
e e #

•a e_
e

#

e

i) Cylinders

ii) Bars

F igure 5.1 2-d im cnsional square lattices

Figure 5.1 shows 2-dimensional square lattice configurations for cylinders and bars with 

lattice spacing a. By altering the view point of the lattice by rotating about the y axis, we 

obseiwe a square lattice that has h a lf lattice-spacing shifts between consecutive layers. The 

lattice spacing is chosen so that a=a’, e~45% so the spacing between the cylinders or bars 

in the z-direction will allow another to be interleaved. The condition for the correct 

interleaving is that d=2b, where b is the diameter of the cylinders, or the height of the bars
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for their respective lattices. In effect we have fixed one dimension of the dielectric bar 

structure, or the diameter of the cylinder. Woodpile structures as suggested and fabricated 

by Ozbay [25,26,27] are built by successive stacking and rotation of wafers of similar 

thickness. In each of the structures [25,26,27] the wafer thickness is b and is application 

dependent, while e ranges in value from 50.7 to 59.5 depending on the structure. All of the 

structures maintain the d=2b relation and the half lattice spacing shifts for the Case 2 

lattices before interleaving.

5.3: N um erica l results

Using the transfer matrix method we show that the characteristics gained from 2- 

dimensional analysis can be used to design a 3-dimensional photonic crystal. The vast 

decrease in processing time for a 2-dimensional structure allows a more extensive analysis 

of the structures before interleaving to create optimised 3-dimensional crystals.

0

Normalised Frequency (fa/c>

F igure 5.2 M axim um  transm ission  for 2-d im ensional b ar  lattices

Figure 5.2 relates the transmission co-efficient of the multi-layer 2-dimensional crystal 

to normalised frequency for the two lattice cases of dielectric bars (8=11 .4 ) shown in 

Figure 5.1. The transmission plotted in Figure 5.2 is the maximum in the xz and % z ' plane, 

found by scanning the incidence angle of the plane wave onto the structure in the 2- 

dimensional plane orthogonal to the direction of translation invariance. The transmission 

response related to the normalised vector (0< /ĉ  <1 relates normal (/cx-0) to oblique 

(/cx=l) incidence) and frequency is shown in Figure 5.3. In order to preserve a consistent 

fill ratio of 10.8%, the 45° rotation about the y-axis required to transform Case 1 to Case 2 

also requires a 45° rotation of the bars; this has caused a slight upward shift in the bandgap
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reg ion  o f  the c ry s ta l ,  a l th o u g h  it has no t d e g ra d e d  the w id th  o f  the gap. O n ly  the E- 

pola r isa tion  or transve rse  m agne t ic  (TM ) response  is show n, as there is no substan tia l 

complete 2- dimensional interaction for the / /-po la r ised or transverse electric (TE) wave. 

We define  E ( / / )  p o la r ise d  w aves  as those  w h ich  have  the ir  m ag n e t ic  (e lec tr ic )  f ield 

confined to the xz plane, that is to say the electric (magnetic) field is parallel to the y-axis .

The slight upwa rd  shift in m id-gap  frequency m ay be attributed to the dec rease in the 

physical spacing betw een featu res due to the 45° bar rotation . The distance betw een bar 

edges in the xy direction for the Case 1 lattice and the jc y  direction for the Case 2 lattice 

n a r ro w s  by 3%  due  to the  4 5°  ro ta t io n .  T h is  n a r ro w in g  m e a n s  th a t  the  in te r a c t io n  

wavelength for band gap region will decrease causing a slight rise in central frequency for 

the Case 2 lattice.

1.00

080

060

0.40

0.20

000

E Polarisation Er=11.4
Cas* 1 ; No Rotation Co m  2 : 45 Dagroot Rotation

' 0.20
1.00 0.80 0.60 0.40 0.20  0.00 0.00 0.20 0.40 0.60 OJK) 1.00

'Transm iation

Figure 5.3 T ransm ission  for A n gu lar  Sw eep o f C ase I & C ase 2 L attices

To investigate the response o f  the band gap for other va lues o f  0 in the Case 2 lattice a 

super-cell m ethodology was adopted. The square super-cell o f  dimension 4h (unity aspect 

ratio), contained two bars, one static bar and one bar free to move in the x direction to allow 

9 to change as illustrated within the inset o f  Figure 5.4. For the choice o f  super-cell, angles 

be low 32.5° were not attainab le due to the physical dimensions o f  the cell.

Near-optimal interleave response is obtained when 0 = 45°, and there is a prog ressive 

narrowing o f  the band gap as 0 tends to 90°. For a small range o f  interleave angles, around
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6=80° there is no 2-dim ensiona l  band gap for £ -po la r ised  waves. Previously constructed 

woodpiles utilise alternate interleave ang les but cannot be compared with Figure 5.4 unless 

the super-cell is square, however it has been demonstrated that these other instances do give 

rise to complete 3-dimensiona l band gap behaviour when the lattices are interleaved[24-28].

1 00

0 8 0

0 6 0

0 4 0

0 20

000

P
Transmission E-Polarlsation, Er=11.4

0 5 .0 0

7 5 4 »

6 5 .0 0

In te r leave  fitw te  BOJW

5 5 .0 0

5 0 .0 0

4 5 .0 0

4 0 .0 0

3 5 .0 0

3 0 .0 0
0 .2 0  0 .2 5  0 .3 0  0 .3 5  0 .4 0  0 .4 5  0 .5 0  0 .5 5  0 .6 0

Z NonuaHsed Frequency

F igure 5.4 O ptim um  A ngle o f Interleave

Interleaving two Case 2 bar lattices orthogonal to each o the r ’s respective 2-dimensiona l 

plane while m ainta in ing  the inter leaving condition creates a new  definition for woodpi le  

structure. Figure 5.5 shows the unit cell for this structure for silicon bars with e -  11.4. 

Norma lised and ky vector com ponents control the incidence ang le o f  the plane wave onto
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the woodpile  structure, while the transfer ana lysis is conducted in the z-direction. Normal 

incidence o f  the plane wave onto the structure is achieved when à\. =  -  0.

U nit Cell

Z A z ù \

X A%i.

' ** Dielectric Constant

Figure 5.5 Interleaved Bar Unit C ell

Transmission through the new description o f  the woodpile structure is shown in Figure 

5.6 for both  E- and / /-p o la r isa tio n s .  In ter leav ing a second lattice w hich is rotated with 

respect to that o f  the first, resu lts in a lattice structure which disp lays photonic band gap 

b e hav iou r  in both  po la r isa tions . We have crea ted  a photonic  band  gap response  for H- 

polarised waves by interleaving a structure responsive to / /-pola r ised  waves into a structure 

responsive to E-polarised incident plane waves. The plots in Figure 5.6 show the m axim um  

transmission versus frequency for nested sweeps o f  the and k̂ , incidence control vectors. 

Both po la r isa tions  share  a c o m m o n  m id -gap  frequency  o f  0.317 . The shift in m id -gap  

frequency is only small with respect to the non-interleaved lattice although the width o f  the 

band has narrowed. These factors are related to the change in average dielectric constant as 

a direct result o f  interleaving. The new description o f  the woodpile structure has achieved a 

bandgap width o f  approximately 12% o f  the mid gap frequency.

Woodpile  Structure

  E Polarisation
—  H Poiarisation

O 2 2  O 2 3  O 2-4 O 2 f  O 2 0  O 2 7  O 2 8  O 2Q  O 3 0  0  34 O 3 2  O 3 3  O 3 4  O 3 0  O 3 0

N o r m a l i s e d  F r e q u e n c y  ( f a / c )  

Figure 5.6 Woodpile Frequency Response
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Verification o f  the com ple te  pho tonic  bandgap  was carried  out with high resolu tion 

sweeps o f  the incidence ang le  plane w ave control vecto rs. As and are no rm a l ised, 

scans from -1 < k  ̂^, .y<  1 re late to incidence ang les from -90 to +90 in the jc or y  p lane 

respec tive ly . T h ese  scans  c o v e r  the  fo rw ard  h e m isp h e re  o f  in c id en ce  d ire c t io n s  at a 

norma lised mid-gap frequency o f  0.317. Figure 5.7 shows negligible transmission for both 

E- and / /-pola r isa tions for a crysta l eight cells thick. M axim um  transm ission through the 

structure is approxim ately 0.1%, resu lting from //-pola rised  waves. The orientation o f  the 

first set o f  pa ra lle l bars as seen by the incident p lane w ave, (responsive  to E-po la r ised  

waves for our structure) results in the m axim um  E-polarisation transmission response being 

even less than that o f  the / / ,  some 0.005%. This is in good agreement with the findings o f  

Ozbay[25] who also found polarisation dependence due to the orientation o f  the first layer 

o f  parallel bars.

1

E -P o la r isa tio n 1 H-PolarLsatlon

Figure 5.7 W oodpile M id G ap T ransm ission

5.4: Characterisation and application o f  a 94GHz Woodpile

Further investigation o f  the woodpile  crystal for app lications at 94G H z was carried out 

by fabricating the structure as suggested by Ozbay [25]. Figure 5.8 shows a picture o f  the 

assem b led woodpile  m ade from sixteen stacked silicon wafers to form  4 unit ce lls o f  the 

structure. The w oodpi le  structure is m ade from high resistivity silicon bars Esilicon” * 1 7, 

340x390pm  in the jc- and z- directions respectively, and the bars have a periodic spacing o f  

1275pm in the xv- plane. Each layer o f  bars is formed by etching straight through a silicon 

wafer which, with careful thought over the alignment marks, will stack together correctly to 

form the w oodpi le  s tructure utilising co rrectly positioned guiding pins. The layers

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
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are he ld togethe r  using sma ll c lips so that alteration o f  the structure is facilitated. Sma ll 

deviations in a lignment and stacking were not found to alter the experimenta lly m easured 

response significantly.

Figure 5.8 P hotograph & Schem atic  o f  the 94C H z W oodpile
Left: The structure is made from silicon bars, 340x390pm, Esiiicon“ ' ' 7. The bars have a penod o f  1275pm, each layer has been 

rotated by 90" to the preceding layer and parallel layers are half period shifted such that four layers are required for one penod 
Rifihl: Schematic illustrating the repeat pattern o f the woodpile structure with a semi transparent membrane over the top 
surface o f the crystal

Theoretical analysis o f  the structure for normal incidence predicts a band gap from 79 to 

117GHz. For thin crystals, only a few cells thick, the attenuation is polarisation dependent, 

but as the crystal becomes thicker both polarisations confirm a central band gap frequency 

o f  app roxim ately lOOGHz, see Figure 5.9. With over 12dB attenuation attainab le for one 

cell o f  the structure, depending on the impinging wave polarisation, and over 17dB per cell 

for thicker structures this woodpile  geometry has strong attenuation characteristics. This is 

in excellent agreement with the findings o f  Ozbay [25].

20 130 140 150

« Cell*

F req u en cy  (GHz) F req u en cy  (GHz)

Figure 5.9 T heoretical T ransm ission R esponse
TM (TE) polarised wave transmission response shown on the left (right) for 1, 2, and 4 cells o f the woodpile crystal.

Measured Response

The TE polarisation transmission response through the structure was measured using a 

vector network ana lyser and the measured results and theoretical predictions were found to 

be in good agreement. Figure 5.10 shows the transm ission response at norma l incidence
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on to  the su r face  p lane  o f  the  w o o d p i le  c ry s ta l  w h ich  w as  4, 8, and  16 w a fe rs  th ick  

corresponding to 1,2 and 4 unit cells respectively.

The measurements confirm the predictions and the finite size o f  the crystal can be seen in 

the ripp le leading up to the lower band edge. Due to the m easu r ing  limit o f  the W -band 

ne tw o rk  ana lyser  frequenc ies  h igher  than 1 lOGHz could not be m easured . The h igher  

frequency ripple in the m easurem ents m ay be attributed to the perspex substrate on which 

the crystal has been stacked and the consequent Fabry-Perot resonance it introduced into the 

measurement.

Wcxxlpile Response
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Figure 5 .10  M easured & T heoretica l R esponse for the 94C H z W oodpile.
Measured and theoretical predictions tor TE polarised wave transmission through the woodpile crystal. The top, middle and 
bottom inset correspond to the response for 1,2 and 4 cells o f the crystal. Each inset shows the measured response, red line, 
against the theoretical response, black line with symbol. The measured responses have been corrected for the free space loss 
measurement
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5.5: Angular Performance

A full angular scan of the crystal was performed at 94GHz to ensure the existence of the 

complete photonic band gap. The angle of incidence was scanned to cover the full forward 

hemisphere of the structure, see Figure 5.11.

TM Polarisation

60dh

-70

-lOOdh «0 
80

I E  P o la risa tio n

-5(hlh

I

-W dh
90-a0 70-00 50-40-30 20 10 0 10 20 30 40 50 SO 70 80 90

X Angle
90-00-70-00-50-40 30 20 10 0 10 20 30 40 50 00 70 00 90 

X A ng le

Figure 5.11 A n gu lar  respon se for 4 C ells r« 94G H z: W aves im p inge from  air
The TM (TE) polarised wave transmission response shown on the left (right) as a function o f incidence angle for the I OOüHz 
woodpile structure Analysis has been carried out at 94GHz to match the radiation frequency o f  a slot antenna used in 
conjunction with the woodpile in the next section The waves were assumed to impinge onto the crystal from an air medium

Figure 5.11 shows for the angular analysis for the TM polarised waves, that for incidence 

angles relatively close to oblique and normal incidenee onto the surface of the crystal give 

rise to the maximum transmission through the crystal. As the incidence angle is scanned 

between these two extremes the transmitted level drops.

The TE polarised wave does not have maximum transmission for normal incidence onto 

the surface of the crystal. Maximum transmission for the TE polarised wave occurs for 

various ranges of angle away from normal incidence. However, both polarisations show 

strong attenuation, the maximum transmission level is -5()dB, resultant from the TE 

polarised wave. Launching the plane waves from a bulk silicon medium removes any 

restrictions placed by Snell’s law and a full angular scan similar to that presented in Figure 

5.11 is shown in Figure 5.12.
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TM P o la r is a tio n TE P o la r is a tio n
40dh-53dh

UOdh
s o  70  s o  5 0  4 0  30  2 0 - 1 0  0  10  2 0  3 0  40  50  6 0  70  80  90  

X A n g l e  ’ ***

9 0 - 8 0  70  6 0  50  40  30  20  10 0 10 20  30  40  50  60  70
-ISOdh

Figure 5.12 A ngular respon se for 4 C ells  (n 94G H z: W aves im p inge from  silicon
The TM (TE) polarised wave transmission response shown on the left (right) as a function o f incidence angle for the lOÜGHz 
woodpile structure. Analysis has been carried out at 94GMz to match the radiation frequency o f a slot antenna used in 
conjunction with the woodpile in the next section.The waves were assumed to impinge onto the crystal from a bulk silicon 
medium.

From the insets for TM and TE polarisations shown in Figure 5.12 for waves that were 

launched from a bulk silicon medium the transmitted levels do not exceed -40dB for either 

polarisation. There is a small rise in transmitted level for both polarisations as a result of 

transmission achieved through angles that were not attainable from when the waves 

impinged from air. The increase does not return the transmission to a high level, -40dB 

maximum, consequently it is fair to state that for the lOOGHz woodpile photonic crystal 

studied that it does have a complete 3-dimensional photonic band gap. Depending on the 

application higher levels of attenuation may be required, this can be increased simply be 

increasing the finite thickness of the crystal.

5.6: Antenna Radiation Response

Theoretical analysis and measured demonstration of the woodpile crystal [25] verify the 

existence of the complete photonic band gap and some optimal design parameters [29] also 

exist. One of the possible applications of the woodpile photonic crystal is for a substrate for 

antennas; Brown et al. demonstrated the idea by placing a bow tie antenna on Yablonovite, 

successfully demonstrating the suppression of radiation into the photonic crystal and 

enhanced radiation into air [30]. Since then the idea has been further researched and 

patented by several research groups [31-36]. Previous work has measured the response of 

the woodpile and antenna systems in the 12-15GHz range [29,36-38]. A slot dipole antenna

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering.
Rankine Budding, The University o f Gla.sgow, Oakfield Avenue.Glasgow, GI2 8LT
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with an optimal radiation frequency of 94GHz was fabricated on a thin, 100pm silicon 

membrane, and the radiation performance measured for various positions and orientations

on the surface of the woodpile photonic crystal'.

C ase 2 C ase 3 C ase 4

F igure 5.13 Schem atic  o f  the m easurem ent scenarios.
The figures show the position and orientation o f the antenna relative to a generic visualisation o f a woodpile structure Neither 
the woodpile nor the antenna is to scale.

Figure 5.13 shows schematically the four measurement scenarios. The antenna radiation 

response is measured in isolation without the photonic crystal and then measured in three 

different positions and orientations with the photonic crystal. The slot antenna had a slot 

length of 601pm, the equivalent approximate length to a half wavelength at a dielectric/air 

boundary at 94GHz. The antenna is fed by a coplanar waveguide, CPW, which enabled on- 

wafer probing using a Cascade AGP 100 W-band probe. The positional data relative to the 

illustrations in Figure 5.13 is summarised in Table 5.1.

Position: Description:

Case 1. Slot antenna without PBG crystal.

Case 2. Slot antenna and CPW aligned on gap o f  PBG crystal.

Case 3.
Slot antenna aligned with dielectric bar o f top wafer o f  the PBG crystal, 
feed aligned with air gap o f  top wafer.

Case 4.
Slot antenna perpendicular to dielectric rod on top wafer o f the PBG 
crystal with the CPW feed aligned along one o f  the dielectric bars.

T able 5.1 S u m m a ry  of an tenna  o r ien ta t ions

Summary o f Measured Response

Case I : Antenna without PBG

Figure 5.14 on page 78 shows the £-plane and //-plane radiation patterns for the four 

measurement scenarios at 94GHz. The Case 1 results show that the antenna radiates in both 

the forward and backward directions with a preferential radiation in the backward direction.

I would like to thank Harold Chong for his time and patience in designing and measuring the performance of the 
antenna system on the woodpile photonic crystal. I would also like to thank Alex Ross for all his technical expertise in 
assisting with this work
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This is not unexpected as the antenna prefers to radiate into the substrate medium rather

than air by a factor of where e is the substrate dielectric constant [5]. This means that 

for a bulk silicon substrate only about 4% of the power is radiated into free space. The 

introduction of the woodpile substrate crystal alters the radiation properties of the antenna 

significantly, forbidding the backward propagation and enhancing the forward radiation.

For all of the following cases, which use the photonic crystal woodpile substrate, the 

backward radiation has been suppressed as the antenna driving frequency of 94GHz is 

within the band gap region of the structure, see Figure 5.9 on page 71.

Case 2: Antenna &. feed  aligned over gap

With the antenna and CPW feed aligned over the gap between the bars of the top wafer in 

the woodpile structure the //-plane power level has increased by approximately 3dB while 

the /"-plane power levels remain the same.

Case 3 & Case 4

For either measurement situation the measured radiation power for either the /-p lane or 

//-plane was found to be lower than that of the Case 2 situation. Indeed the radiated power 

levels were found to be less than for the Case 1 scenario when no PBG substrate was used.

Summary

These findings are contradictory to our expectations and may be attributable to the 

following observations. There is a positional dependenee of the effective dielectric constant 

observed by the antenna. In both the Case 3 and Case 4 situations the antenna was in close 

proximity to a dielectric bar which may have de-tuned the resonance frequency. This in turn 

may cause a rapid deterioration in the radiation efficiency of the slot explaining the reduced 

measurement power levels.

As the antenna has been fabricated on a planar 1 OOjim silicon membrane structure it is 

not clear how this structure will interact with the substrate, or whether the combination may 

result in either or both substrate modes or evanescently bound surface mode states, of which 

both are parasitic loss mechanisms. This topic is explored further in the following chapter 

entitled “Membrane Analysis” on page 81. The manufacturing tolerances will certainly 

effect the response, the extent of which has yet to be explored.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The Universit}> o f Glasgow, Oakfield Avenue.Glasgow, G12 8LT.
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The directivity of the antenna can easily be improved by introducing a defect into the 

crystal into which the antenna can be placed. The introduction of a planar cavity defect into 

a woodpile crystal is facilitated by the simple layer by layer construction. The defect cavity 

can be tuned to a specific frequency by altering the width, and the response of the cavity has 

incidence angle excitation dependence. Consequently antenna radiation is only supported 

for a narrow range of angles [32], assuming that the cavity has been carefully designed such 

that the cavity itself does not act as a waveguide. The angular properties of a planar cavity 

defect introduced into a 2-dimensional photonic crystal are explored in the chapter entitled: 

“Tuning Planar Cavity” on page 101.

Photonic Band Gap Materials Research Group, Department o f Electronics <& Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue.Glasgow, G12 8LT.
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Figure 5.14 M easured A ntenna R esponses at 94G H z

See Table 5 .1 on page 75 for an explanation o f  the position and orientation o f the antenna on the woodpile substrate

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering,
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5 J :  C onclusion

Through careful thought, construction and analysis two 2-dimensional lattices can be 

interleaved to create a full 3-dimensional photonic band gap material. The polarisation 

response for the ^'-polarisation for the 2-dimensional lattice is sufficient to create a similar 

response for the /f-polarisation when a second 2-dimensional lattice is rotated and 

interleaved with respect to the first structure. The decrease in processing time of a 2- 

dimensional lattice allows optimization of the structures before interleaving allowing the 

construction of band optimised 3-dimensional photonic band gap materials. The optimum 

aspect ratio of the super cell used before interleaving as well as the interleave angle itself 

merit further investigation; this methodology may also be applicable to other structures 

such as the hexagonal lattice.

Fabrication and measurement of the 94GHz woodpile provides further confidence in the 

theoretical prediction capability as the agreement between the two is excellent. The 

integration of planar slot dipole antenna onto the surface of the woodpile crystal has shown 

promising results for enhancing the radiation characteristics of the antenna, as has other 

published m aterial [35,36,38]. Further work is underway in the researching and 

optimization of our design and measurement system.

Photonic Band Gap Materials Reseaivh Group, Department o f Electronics & Electrical Engineering,
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CHAPTER 6 Membrane Analysis

Introduction

To place antennae on the surface of a photonic band gap crystal presents a 

challenge as many structure surfaces consist primarily of air [25,26,27]. 

Studies have shown that the radiation response is dependent on the antenna 

orientation [5] and support for the antennae is required if they span regions 

of air. Membranes may therefore be used to support the antenna structure 

although the membrane will affect the performance of the crystal, especially 

for a crystal only a few periods thick.

The influence of various membranes as a function of thickness and 

constituent material is examined for membrane placement on the front 

surface of a 2-dimensional silicon photonic crystals which display full TM 

photonic band gap. The crystals studied are those which can then be 

interleaved to construct the 3-dimensional woodpile system as suggested by 

Ozbay [25,27] for operation at 94GHz and 500GHz. The examination of 

membranes includes both silicon esilicon“ H .7 and kapton ekapton” 3.4 

materials.

It is well known that thick membranes can support substrate modes. The 

higher the application frequency and the refractive index of the material used 

as a membrane, the easier it becomes to excite substrate modes. Therefore 

the characteristics of a membrane on a PBG crystal must be thoroughly 

checked so that this loss mechanism is not inadvertently added to the system.

81



M em brane A nalysis 2-D im en sion al L attices w ith M em branes

Unlike the plane wave technique [10], the transfer matrix method [21] is well suited to 

examining finite thickness structures that incorporate defects such as membranes. The good 

agreement between measured and theoretical results reinforces the applicability and 

usability of the transfer matrix method in examining structures incorporating defects.

6.1: 2-Dimensional Lattices with Membranes

Membrane

Infinitely tiled

T

Normal Incidence 
Propagation Direction

Figure 6.1 G eneral v isualisation  o f a m em b ran e p laced over a lattice o f 2-d im ensional d ie lectric  bars.

Figure 6.1 shows the application of a membrane placed over 2-dimensional dielectric 

bars. The membrane is transverse to the direction of propagation and is assumed to be 

infinite within the translational symmetry plane.

TE

TM
©— ►z

rx TM

Figure 6.2 P olarisation  & Lattice D efin itions
Membranes are applied to the first layer within the structure only, both examples show structures that are six layers thick.

The influence of two-membrane materials is examined as a function of membrane 

thickness for kapton and silicon, 6^=3.7 and e^=l 1.7 respectively. The membrane is placed 

over the illuminated surface of 2-dimensional PBG crystal consisting of dielectric bars of

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering.
Rankine Budding. The University o f Gla.sgow. Oakfield Avenue.Gla.sgow. GI2 8LT
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silicon, E^=\ 1.7, Figure 6.2 shows the 2-dimensional lattice configurations used, the normal 

incidence condition defining the crystal orientation, FX and FM [39]. A general FM lattice 

with every second row displaced by a fractional part of the lattice constant a, can be 

interleaved [40] to form the layer by layer or woodpile crystal, [24,25,26,27,28]. Our 

structure interleaves to form the woodpile as suggested by Ozbay in [25] which possess a 

full 3-dimensional PBG. The PBG crystals studied in this chapter have a=1275p.m and for 

the 2-dim ensional lattices discussed /7-780p,m, the silicon bars have dimensions 

340x390pm in the directions respectively.

Finally we note the definition of TE or E- (TM or H~) polarised waves as those which 

have their E~ {H~) field confined to the xz plane, that is to say the {E~) field is parallel to 

the y-axis, see Figure 6.2.

The analysis that follows presents results frequently tabulated in terms of layers, each 

layer relates to an infinite periodic plane of dielectric bars transverse to the z-direction and 

periodic in the x-direction. For example, the lattices shown in Figure 6.2 for the FX and FM 

systems are both shown as six layers thick in the z-direction. To avoid confusion within the 

angular response analysis the crystals studied are also named by their normal incidence 

orientation, FX and FM.

While the application of a membrane on the structure degraded the performance of the 

PBG in certain areas it also enhanced the response in others. For comparative purposes both 

silicon and a secondary material, kapton, were used to investigate the influence of 

membrane types. Thereafter thicker crystal analysis was carried out in both the FX and FM 

directions for a varying number of layers. For the ealculations the dielectric constants used 

were esilicon~ll-^ and Ekapton"^-^' The membranes that were studied were 25, 50 and 

100pm thick. Relevant information regarding relative wavelengths within the different 

materials is shown in Table 6.1 while Figure 6.3 shows the information graphically.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oalfield Avenue,Glasgow, G12 8LT
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Material
Dielectric
Constant

Refractive
Index

Wavelength  
@ 100G H z (a 500GHz

# Wavelengths within membrane  
@ lOOGHz 
(g 500GHz  

25um 50um lOOum

Free Space ! 1 3mm 600um 8.3x1 O' 

41.6x10-^

16.6x10-''

83.3x10-^

33.3x10-3

166.6x1Q-3

Silicon 11.7 3.42 0.877mm 175um 28.5x10--'* 

142.8x10''

57.0x10--''

285.7x10-''

114.0x10-3

571.4x10-3

Kapton (i) 3.7 1.924 1.559mm 312um 16.0x10-''

80.1x10-''

32.1x10-^

166.7x10''

64.14x10-3

3 2 0 .5 x 1 0 -3

Kapton (ii) 4.0 2.0 1.5mm 300um 16.6x10-^

83.3x10-^

33.3x10-3 

166.7x10-3

66.6x10-3

333.3x10-3

Table 6.1 M ater ia l  p rope r t ie s  and  re la tive w avelengths quoted fo r  lOOGHz and 500GHz.

0.90  • 
0 .85  ■ 
0.80  • 
0 .75  ■ 
0.70  • 
0 .65  • 
0 .60  • 
0 .55  • 
0 .50  • 
0 .45  ■ 
0.40  ■ 
0 35 ■ 
0.30  • 
0.25 
0.20  
0 15 
0 10 
0.05  
0.00  •

• 100GHz @ 500G H z (n)
-— Air — '— Air 1.0
«—  Silicon — •—  Silicon 3.42
-— Kapton —  Kapton 1.924
-— Kapton Kapton 2.0

0 10 20 30 40 50 60 70 80 90 100 110 120 130

Membrane Thickness pm

Figure 6 3  N um b er o f w avelen gth s inside a m em brane for Air, silicon and kapton.
The number o f wavelengths that will be found inside a membrane for various materials plotted as a function of membrane 
thickness. Analysis has been carried out at lOOGHz and 500GHz as these frequencies are most relevant to the structures under 
study.

For both lOOGHz and 500GHz we see that the lines relating to the silicon membrane 

contain the largest number of wavelengths for all thickness of membrane. This is a direct 

consequence of the refractive index of silicon being larger than the other material studied.

6.2: Substrate Modes

The application of membranes on the surface of a photonic crystal may lead, through 

external excitation, to substrate modes within the membrane. This is a particularly relevant 

loss mechanism to any radiating element that may be placed on the surface or within the

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering.
Rankine Budding. The University o f Glasgow. Oakfield Avenue.Glasgow. GI2 8LT.
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photonic crystal. Below a certain thickness membranes will not support the guiding of a 

wave through total internal reflection and the membrane is considered to be a waveguide 

operating at a frequency which is said to be “cut-off’, i.e. no guided modes are allowed. To 

a first approximation the cut-off frequency of the guided m o d e s , c a n  be predicted by 

Equation 6.1 [41,42] where n is an integer multiplier, h is the thickness of the substrate, c is 

the speed of light in a vacuum, and e is the dielectric constant of the membrane material.

4/7
(6.1)

Figure 6.4 shows the first four modes that will propagate along either silicon or kapton 

membranes plotted as a function of the membrane thickness. For sub-millimetre wave 

applications in the range of 500GHz then isolated silicon membranes come dangerously 

close to supporting substrate modes for membrane thickness in the region of 50pm.

S ubstrate M odes In a  Silicon M em brane r  « 11 .7

1E13

I
*  1E12

I
TM,

0 10 20  30 40 50 60 70 80  90 100 110 120 1 30 140 160

S u b s tra te  M odes in a  K apton M em brane r  = 3.7

0 10 20  30 40  50  60  70  8 0  90  100 110 120 130 140 150

Membrane Thickness pm M em brane T h ickness  pm

Figure 6.4 S u b strate  M odes in silicon and kapton M em branes.
The first four substrate mode cut off frequencies (Hz) plotted as a function o f membrane thickness for silicon E^=l 1.7 and 
kapton e=3 .7  membranes shown on the left and right respectively. Note that this analysis assumes that the membrane is 
grounded on one side.

The analysis assumes that the membranes are excited in isolation from the photonic 

crystal. For given operational parameters, intended application frequency and membrane 

material and thickness, it may be safe to assume that the membrane does not support 

substrate modes itself, however the membranes will influence the performance of the 

crystal. By placing a membrane onto the surface of a photonic crystal the combination may 

form a grating coupler, an effect that is investigated later. In many ways the membrane can 

be considered as a defect on the surface of the crystal.

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Building, The University o f Gla.sgow, Oakfield Avenue,Glasgow, G 12 8LT
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6.3: 94GHz 2-Dimensional System: Single Layer 

Silicon Membranes: Normal Incidence

Several thicknesses of silicon membrane were studied by placing them on a single layer 

of dielectric bars of a 94GHz woodpile system. Analysis was carried out for normal 

incidence onto the membrane, since for a single layer of dielectric bars there is no 

associated crystal propagation direction.

Propagation

Silicon M em brane Er=11.7 on a 
Single Layer of 2D Dielectric Bars E r=11.7

1 0 
0 9 -  

0 8 -  

0 7 

= °6- 
Ë  0 5 -  

0 4 -  

0 3 - 

0 2 -

No M em brane
25um

4 " -  50u 
lOOum
t&Oem MemtKene

100 120 

F requency GHz

Figure 6.5 Various silicon m em branes p laced on a sing le  layer o f periodic d ielectric bars for 94G H z system .
TM polarisation transmission response for various membrane thickness’ placed on top o f a single layer o f periodically spaced 
dielectric bars embedded in air. The period o f the bars is 1275pm and the dimensions are 340x390pm in the x and z direction 
respectively. The dielectric constant o f the bars and membrane were assumed to be £^=11.7.

Figure 6.5 shows the TM transmission response for 0, 50, 100 and 150pm silicon 

membranes placed on a single layer of periodically spaced silicon bars. As the membrane 

thickness increases there is a marked increase in the transmitted level in the expected and 

wanted band gap region of 80-120GHz. There is an evident development of the lower band 

edge with increasing membrane thickness. For the 150pm silicon membrane transmission 

curve the response of the structure has degraded by increasing to a transmitted value of 1 

around lOOGHz. For membranes thicker than 50pm the transmission through the structure 

has decreased for frequencies higher than 130GHz enhancing the reflection properties of the 

substrate.

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
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Kapton Membranes: Normal Incidence

Ï  0 45

I .. .

K apton  M e m b ra n e  E r= 3.7  
S in g le  L ay e r of 2D  D ielectric  B a rs  E r= 1 1.7

—  No M e m b ra n e

— 5 0um  M e m b ra n e  
-► lOOum
- r  150um

K ap to n  M e m b ra n e  Er=4 0 
S ing le  L ay e r of 2D D ielectric B a rs  E r= 1 1 7

- No M em b ra n e

SOum M em b ra n e  
■ lOOum 

ISOum

F re q u e n c y  G H z F re q u e n c y  G H z

Figure 6.6 K apton m em brane analysis
The TM transmission response for various thicknesses o f kapton applied to a single layer of silicon bars ^^=11.7. The bar 
dimensions were 340x390|im in the x and z directions respectively. See Figure 6.2 on page S2. Two types of kapton membrane 
were analysed, e =3.7 response is shown on the left and £^=4.0 on the right.

The TM transmission response for 25, 50, 100 and 150pm membranes for two values of 

kapton £^=3.7 and £^=4.0 are shown in Figure 6.6. As the membrane thickness increases the 

transmission response through the structure is increasingly perturbed. The perturbation 

level is not as strong for kapton membranes when compared to similar thicknesses of silicon 

membranes, a positive attribute for the kapton membrane. However the kapton membrane 

also degrades the PBG by increasing the transmitted level through the structure. In contrast 

to the silicon membrane the kapton membrane requires a much larger thickness to 

significantly alter the response.

Comparative performance: single layer kapton & silicon membranes

The small difference in dielectric constant between £^=3.7 and £^=4.0 causes a small 

change in the transmission properties through the crystal. The difference is increasingly 

apparent with thicker values of membrane. Figure 6.7 shows the difference for TM 

polarisation transmission levels between various membrane thicknesses placed on a single 

layer of silicon bars and the transmission response for the same structure without the 

membrane present. The analysis covers both silicon £^=11.7 and kapton £^=3.7 membranes 

for 25,50,100 and 150pm membranes. Negative deviation is shown by a decrease in 

transmitted level, positive deviation relates to an increase in transmission through the 

crystal.

Photonic Band Gap Materials Research Group, Department of Electronics cê Electrical Engineering.
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R elative D ifference for Silicon Er=11 7 m em branes 
to a sing le layer of Silicon b ars  witfi no m em brane  app lied

M em brane T hickness

Relative Difference for Kapton Er=3 7 m em branes to a 
single layer of Silicon bars Er=11 7 with no m em brane applied

ao 90 100 n o  120 110 i«o
F requency  GHz

M em brane T hickness 
ZSUITT 
50am  
lOOum 

-  1 SQum

F requency  GHz

Figure 6 .7  R elative D ifference curves for silicon and kapton m em branes.
The difference in TM transmission between a single layer o f silicon bars 6^=11.7 without a membrane and vanous membrane 
thicknesses for both silicon, Ef=l 1.7 and kapton £^=3.7. The silicon membrane curves are shown on the left, the kapton curves 
shown on the right Both plots show membrane thicknesses o f 25,50,100 and 150pm.

As the membrane thickness increases the maximum deviation from the zero difference 

level increases for both the silicon and kapton membranes. The gradients of the lines at the 

zero point crossings also increase with the membrane thickness. For the silicon membranes, 

and to a lesser extent the kapton membranes, the curves return to similar gradient values at 

higher frequency values. Consequently for frequency operation at the zero point crossings 

membrane application narrows the operation point bandwidth.

From Figure 6.8 the silicon membranes affect the TM transmission response much more 

than the kapton membranes. The gradients of the lines close to the zero point difference 

nodes are much larger for silicon than for kapton. This is the expected response as the 

thinner the membrane and the lower its dielectric constant then the less the transmission 

performance of the crystal will be perturbed.

There are regions of operation /o r  normal incidence onto the crystal where the 

application of a membrane enhances the performance of the photonic band gap by 

decreasing the transmitted level through the structure. This is particularly apparent for the 

50pm and 100pm silicon membranes in the > lOOGHz region for one period of the structure 

studied. While the membrane has been shown to affect the transmitted level through one 

layer of periodic dielectric bars, the addition of further layers of PBG will also play an 

important part in characterising the structure. Further analysis for thicker crystals and other 

incident angles is required. The angular response must ensure that no substrate modes are 

excited within the membrane before definitive analysis can be presented.

Photonic Band Gap Materials Research Group, Department o f Electronics Electrical Engineering,
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Consequently the transmission response for a crystal with various membranes was 

analysed for both single layer and thicker PBG substrates. Angular analysis was performed 

to characterise the crystal response within the periodic plane for 25pm kapton and 100pm 

silicon membranes.

Convergence

Within the modelling code, structural representation is limited by the resolution that can 

be achieved by the discretising mesh. While the mesh can be increased to ensure correct 

representation of the finer details of a structure, the computation time involved increases 

substantially. In order to gauge the difference in transmission level at the thinnest mesh 

thickness, a 25pm membrane of kapton 6^=3.7 was analysed using two different mesh sizes. 

The 94GHz system cell has dimension 1275x780pm and contains a silicon bar 340x390pm 

with a membrane, dimensions are quoted in x,z respectively and the cell tiles infinitely in 

the x-direction. The left inset of Figure 6.8 shows the representation of the cell obtained 

with the 54x33 mesh. The mesh is chosen so that the inter-point spacing is as similar as 

possible for the x- andy- directions although the code corrects for minor deviations.

2 5 p m  M e m b r a n e  C e ll D ie le c tr ic  C o n s t a n t

11.7

25pm Kapton M em brane f= 3  7 p laced on a sing le layer 
of Silicon Bars c,= 11 7, 340x390pm

0 50 100 150 200 250 300 350 400 4 50 500 550 600 650 700 750

Z Dimension pm

Propagation Direction (z) ^

TM Transm ission

c  0 65 
® 0 60

10 o

F re q u e n c y  G Hz

Figure 6 .8  C ell & C on vergen ce  Plot for a 2Sum  kapton m em b ran e using d ifferent m eshes.
Note that the hard boundary edge of the silicon bar is softened slightly by the sampling mesh

The TM transmission response is shown for the two different mesh analyses for the same 

cell. For increasing frequency there is a small difference in the transmitted level through the 

system. The difference is at maximum for the highest frequency shown of 150GHz; 

expressed as a percentage relative to the 54x33 mesh, the difference is approximately 18% 

in transmitted level. The larger differences are found only in the higher frequency range of 

study and for the region leading up to 130GHz convergence is expected to be better than

Photonic Band Gap Materials Research Group. Department o f Electronics di Electrical Engineering.
Rankine Building. The University o f Glasgow. Oakfield Avenue.Glasgow. G 12 8LT
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4%. (The experimental set-up is limited to an upper operational measurement frequency of 

llOGHz).

6.4: Experimental Verification

Theoretical and experimental analysis of the 2-dimensional crystal with and without 

membrane has been carried out between 67 and llOGHz, the limit of the W-band analyser. 

A silieon membrane 100pm thick and a 25pm kapton sheet were independently analysed on 

the surface of both the FX and FM orientated 2-dimensional lattices. The S-parameters 

were measured with a Wiltron 360B Vector Network analyser and the Load-Reflection- 

Load, LRL method was used for calibration.

Figure 6.9 overleaf shows good agreement between the theoretical predictions and 

measurements made on the FX orientated lattice. As the crystal thickness was increased 

there was a steady increase in the attenuation of the transmitted normally incident plane 

wave tlirough the structure. For increasing crystal thickness, F, the gradual formation of the 

lower band edge, expected at 84GHz and measured at 82.5GHz for a crystal F=8/?, i.e. 8 

periods thick, was observed.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avemie,Glasgow, G12 8LT.
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Figure 6.9 PX  L attice: M easured and theoretical TM  response.
Top, middle and bottom plots correspond to the TM transmission response for a crystal thickness where L=2h, 4h and Hh thick. Plots 
on the left, red, green and black correspond to the no membrane case, 25pm kapton membrane and 100pm silicon membrane 
respectively Plots on the right, solid, dot, dash correspond to the theoretical response for the no membrane case, 25pm kapton 
membrane and 100pm silicon membrane, respectively.

Measurements were limited by the noise floor of the measurement set-up of -35dB. The 

influence of the membrane is more prominent for the thinner PBG crystals with the 100pm 

silicon membrane than for the thicker crystals. Transmission through the L-2h  crystal is 

decreased with a 100pm silicon membrane in the 65-85GHz region before increasing the 

transmission response over the 85-1 lOGHz region. The 25pm kapton membrane has little 

effect on the response for all crystal thicknesses. The 100pm silicon membrane slightly 

down shifts the lower band edge for all crystal thicknesses for the FX orientated lattice, out- 

with the measurable range for the L-2h  lattice, from 78GHz to 76GHz for the L-Ah lattice 

and from 82.5 to 81.5GHz for the L-^h  lattice, figures that are in excellent agreement with 

the theoretical predictions. As the underlying PBG substrate thickens the perturbing 

influence of the membrane is masked by the dominating PBG behaviour.

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering.
Rankine Building, The University of Glasgow. Oakfield Avenue.Glasgow. G12 SLT.
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Figure 6.10 FM  L attice: M easured and theoretical TM  response.
Top, middle and bottom plots correspond to the TM transmission response for a crystal thickness where L=2h, 4/i and 8/i 
thick Plots on the left, black, green and red correspond to the no membrane case, 25pm kapton membrane and lOOpm silicon 
membrane respectively. Plots on the right, solid, dash, dot correspond to the theoretical response for the no membrane case, 
25pm kapton membrane and lOOpm silicon membrane, respectively.

Similar trends are observed with the FM lattice as shown in Figure 6.10. The 25|im 

kapton membrane has little effect on the transmission measurements relative to the PBG 

crystal without a membrane present. The 100pm silicon membrane again shifts the lower 

band edge frequency, but shows convergent behaviour with the non membrane case as the 

crystal thickens, as was observed for the FX oriented crystal. From the theoretical 

calculations the attenuation for the FM lattice per layer thickness is nearly twice as large as 

that of the FX orientated crystal, although the experimental noise floor of the system 

prevented experimental verification for the thicker crystals. Membranes have the interesting 

effect of enhancing the lower band edge cut-off gradient, an effect most noticeable for both 

the kapton and silicon membranes for the L=8/? FM oriented crystal. This is echoed in the 

measurements which show the kapton and silicon response curves attaining transmission 

levels in the noise floor before the crystal with no membrane.

Photonic Band Gap Materials Research Group, Department o f Electronics <& Electrical Engineering.
Rankine Building, The University' o f Glasgow, Oakfield Avenue, Gla.sgow, Gl 2 8LT.
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6.5: Angular Response FX Orientated Crystal 

Perfect Crystal: no membrane
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TM Transm ission R esp o n se  : 4 Periods
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Figure 6 . II Perfect crysta l angu lar transm ission  response
The transmission response o f the perfect crystal as a function o f frequency and incidence angle. The response is shown for a 
crystal four periods thick in the z-direction. The crystal is made from silicon bars, 340x390pm, with a period o f 1275x780pm 
in the x- and z- directions respectively. The upper (lower) band edge envelope has been marked with the ‘+ ’( ‘x ’) symbol to 
guide the eye. Same information shown in both plots but from a ditTerent visualisation perspective.

By scanning the incidence angle of the impinging plane waves to cover all available 

incidence angles within the 2-dimensional periodic plane of the structure, the angular 

transmission response is characterised. From Figure 6.11 the normal incidence condition, 

angle=0° sets the upper frequency limit of the lower band edge while the lower frequency 

edge of the upper band is found close to oblique incidence. Increasing the number of layers

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering,
Rankine Building, The University’ o f Glasgow, Oakfield Avenue.Glasgow, GI2 8LT,
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serves to increase the attenuation within the band gap and steepen the gradient of the 

transmission curves close to the band edges. The total band gap lies between 84 and 

108GHz, a range that is also echoed by the band structure calculation for the same but 

infinite crystal: see Figure 6.12.
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Figure 6.12 T M  ban d  structure.

Left: Normal incidence; Right: Oblique incidence (90®); onto an infinite crystal o f  silicon bars, 340x390[J.m, with a period of 
1275x780pm in the a -  and z- directions respectively. The normal (oblique) incidence condition sets the upper (lower) 
frequency limit o f the lower (upper) band edge.

Influence o f kapton & silicon membranes

The introduction of a 25p,m kapton membrane over and touching the front surface of the 

otherwise perfect crystal has a marginal effect on the response of the structure. This was 

reflected in the measurement data where the normal incidence transmission data for the 

perfect crystal and kapton membrane crystal were also virtually indistinguishable. However 

the introduction of a 100pm silicon membrane markedly alters the response of the structure.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The Gniversit)’ o f Glasgow, Oakfield Avenue.Glasgow, GI2 8LT.
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TM Transmission R e s p o n s e  ; 4 Periods  
100p m  Silicon Membrane
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Figure 6.13 100pm  silicon  M em brane response on the oth erw ise  perfect crystal
The transmission response of the perfect crystal as a function o f frequency and incidence angle. The response is shown for a 
crystal four periods thick in the z-direction. The crystal is made from silicon bars, 340x390pm, with a penod o f 1275x780pm 
in the v- and z- directions respectively. The envelope o f the upper (lower) band edge has been marked with '+ '( '% ') to guide 
the eye.

Figure 6.13 shows the angular response of four periods of the crystal with a 100pm 

silicon membrane placed over the front surface. The upper and lower band edge envelopes

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue,Glasgow, GI2 8LT
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have been highlighted with ‘+ ’ and ‘x ’ symbols to guide the eye. When compared to the 

angular response for a similar thickness perfect crystal, shown in Figure 6.11, there are 

evident differences. For angles close to normal incidence the upper band edge has dropped 

from 130GHz to 120GHz. There is also considerable alteration in the higher frequency 

region with the effect that the upper band envelope has changed considerably when 

compared to the perfect crystal case. The distinctive pattern of the upper band edge 

envelope for the perfect crystal is due to the asymmetry of the unit cell. The unit cell is 

1275x780pm with the silicon bar, 340x390pm in respective x- and z- directions, centred in 

the cell. The choice of cell and bar correspond to the experimental conditions but are not 

optimum.

It is noteworthy that the lowest frequency limit of the upper band edge is located at a 

slightly higher frequency, llOGHz, when compared to the perfect crystal response of 

i08GHz. However the upper frequency limit of the lower band edge, still defined by the 

normal incidence condition at 0°, is now less well defined and has moved upwards in 

frequency.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue, Glasgow, GI2 8LT
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Comparative Performance & Conclusion

D ifference in TM T ran sm iss io n  b e tw een  no m em b ran e  and  
100pm  silicon m em b ran e  for 4 periods of crystal.

I OdB

-I OdB

Frequency (GHz)

Figure 6.14 D ifference in TM T ransm ission

The di(Terence in the TM transmission response is shown between the no membrane case and the I OOflm case for a lattice that 
is four periods thick in the z-direction. The crystal is made from silicon bars, 340x390pm, with a period of 1275x780pm in the 
V- and z- directions respectively. Regions that have a larger deviation than lOdB are shown in white. The lower band edge has 
been projected onto the figure with the symbol ‘x*.

Figure 6.14 shows the difference in the TM polarisation transmitted level between the 

perfect crystal lattice and the same lattice with the 100pm silicon membrane included. The 

plot has been limited only to show a lOdB deviation from the no membrane response, areas 

which have a deviation larger than lOdB are shown in white. The range of frequencies 

analysed has been limited to those which could be examined experimentally so that 

comparison can be made with the insets of Figure 6.9 on page 91. For the regions with large 

deviations in transmission within the band gap, (the regions at 80.5 and 82.5GHz are within 

the lower band edge), the deviation assists the band gap behaviour as it reduces the 

transmitted level through the crystal. There is a small region that increases the transmitted 

level through the crystal at 87.5GHz, but when the same region is examined in Figure 6.13 

on page 95 the total transmitted level is not above -25dB.

Limiting the discussion to the complete TM band gap region, between 85 and 1 lOGFIz, 

the utilisation of a 100pm silicon membrane does not display attributes that significantly 

degrade the performance of the crystal. The main concern is the possible existence of 

surface waves that may exist within the membrane in conjunction with the top layer(s) of

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue,Glasgow. G12 SLT.
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bars. Such waves are noted by the transfer matrix by a characteristic resonance in 

transmission and reflection.

The combination of the first layer of bars and the membrane presents an effective index 

to the impinging wave and therefore can be thought of as a waveguide, albeit transverse to a 

normally incident wave. However such a wave can couple to the effective waveguide with 

the coupling mechanism being the bars.

Waves within the effective waveguide can be excited in various manners, not least of 

which could involve placing a source close to the surface. Waves could then couple tlirough 

the evanescent fields. However, in our scenario the structure is being exciting with plane 

waves assuming that the source is far from the crystal surface. Concern lies in the 

possibility that waves within the effective waveguide may be excited tlirough diffraction.

Excitation of waves within the guide can occur before the onset of conventional 

diffraction due to the larger effective index of the waveguide than that of air. The effective 

index of the waveguide lies between the refractive index of air and the refractive index of 

silicon, which form the dielectric bars and the membrane. Therefore for a given operational 

frequency, the /c-vector within the effective waveguide is larger than that in air as, (Hn-Qjc, 

(Equation 1.3 on page 7), where co is the angular frequency, n in this instance, is the 

effective index, Cq is the speed of light in a vacuum and k is the /c~vector.

For waves to be excited within the effective waveguide, the /c-vector within the guide, 

must coincide with a reciprocal lattice vector of the grating formed by the periodic bars. To 

illustrate the problem, three cases for normal incidence have been studied.

Figure 6.15 on page 99 shows the TM transmission response for the constituent parts of 

the structure, a single layer of periodic silicon bars 340x390pm with a period of 1275pm, a 

100pm silicon membrane, and their combined response. The transmitted level has been 

plotted against normalised frequency where the lattice constant, c7-l275pm. Conventional 

diffraction commences at a normalised frequency offa/c-alX-\.0. Frequencies between 60

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Building, The University o f Gla.sgow, Oakfield Avenue,Gla.sgow, G12 8LT
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and 150GHz are found between normalised frequencies of 0.255 and 0.6375 respectively, 

stated so that comparison with Figure 6.5 on page 86 can be made.

Bars & 100pm m em brane
•  Sing le layer of bars only
* 100pm m em brane only
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Normalised Frequency fa/c

Figure 6 .15  Su rface w ave excitation .

The response for the isolated membrane is as expected, the transmission through the 

membrane shows no anomalous behaviour, illustrated by the smooth slowly changing 

profile. The response for the single layer of periodic bars is more interesting with a notable 

resonance in the transmitted level just before the onset of conventional diffraction at a 

normalised frequency of 0.98. This resonance is attributable to the excitation of the guided 

waves within the effective waveguide as discussed. Once the membrane is integrated onto 

the surface of the bars the effective index of the guide increases, consequently the ^-vector 

increases in magnitude with the results that the resonance moves down in normalised 

frequency to a value of 0.93. Given the bar period of 67=1275pm, a normalised frequency of 

0.93 relates to a frequency of approximately 218GHz. Therefore using a 100pm membrane 

as a support structure for our intended operational frequency of 94GHz, should not be cause 

for concern.

Consequently for the membrane materials and thicknesses examined, it has been shown 

both through theoretical investigation and experiment that it is safe to use a thin membrane 

on the surface of 2-dimensional photonic crystals to support an antenna structure. The 

thinner the membrane and the lower its dielectric constant the less chance there is of 

exciting guided modes within the membrane structure or forming a grating coupler with the 

top layer of the photonic crystal.

Photonic Band Gap Materials Research Group. Department o f Electronics d  Electrical Engineering,
Rankine Building, The University  ̂o f Glasgow, Oakfield Avenue.Glasgow, G 12 8LT.
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By careful fabrication it is possible to fabricate the membrane structure and the top layer 

of the photonic crystal from a single wafer. The benefits to this are two fold; firstly thinner 

membranes can be made which, as demonstrated in this chapter, are required for higher 

frequency applications, secondly, it will inherently strengthen the top layer, especially if the 

membrane is thin. Fabricating the top layer in this way facilitates the integration of an 

antenna, such as a patch antenna, and associated circuitry onto the wafer due to the reduced 

fragility. The wafer can also be reused, an added benefit, as once thin membrane structures 

are placed onto the surface of a crystal there is often no way of moving or removing them. 

Through rotation and repositioning, the wafer can be used to investigate the orientation 

dependenee of the antenna to the underlying photonic crystal, or simply be removed for 

replacement with other designs.

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Building, The Univei'sity o f Glasgow, Oakfield Avenite.Gla.'igow, G12 8LT.
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CHAPTER 7 Tuning Planar Cavity

Abstract

The introduction of defects into a crystal either at single or multiple lattice 

points can be achieved by adding, removing or distorting material in the 

crystal. Defects break the crystal symmetry and may give rise to a defect 

state or allowed frequency within the PBG region of the perfect crystal. Such 

defect states appear as resonances in the PBG transmission response. In this 

chapter a planar cavity defect is introduced into an otherwise perfect 2- 

diniensional photonic crystal lattice of dielectric bars. The introduction of 

planar cavities has been explored in 1, 2 and 3-dimensional photonic crystals 

[43,44,45]. Planar cavities have been shown to enhance the performance of 

detectors placed within the cavity [53] and increase the directivity of antenna 

radiation [32]. In this chapter the defect frequency is investigated as a 

function of plane wave incidence exeitation angle.
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7.1: Introduction

As photonic crystals act as mirrors with reflectance, R, which depends on the crystal 

thickness, reflectivity values in excess of 95% have been reported [46,47]. A planar cavity 

between two sueh mirrors can be likened to a Fabry-Perot interferometer. The modes that 

are supported by the cavity at normal incidence are given by the phase matching condition:

2nL * 271 / ^  = 2mTC (7.1)

where L is the total eavity length L -L y flL p ,  is the cavity spacing, Lp the penetration 

depth and m is an integer, and n is the refractive index of the cavity material. The width of 

the supported mode, Equation (7.2) is related to the quality factor, Q-, Equation (7.3) and 

the frequency of the m ode,/ The quality factor of the cavity is related to the cavity finesse 

by F, defined as the ratio of separation of adjaeent maxima to the half width of the 

individual fringes [48].

A f= f/Q  (7.2)

Q = niF (7.3)

Finesse is related to the mirror reflectivity, R by:

F = 7 t / ?  /(1-R) (7.4)

Consequently high Q- and F- factors can be achieved for defeet states in resonant 

eavities. However the ^-factor does saturate, such that it reaches a maximum value due to 

dielectric losses, and any further increase in the thickness of photonic crystal has little effect 

on the iQ-factor beyond saturation [49].

7.2: Structure

The crystal was made from silicon dielectric bars £,.=11.7. The bars are 340x390pm in 

the X -  and z- dimensions respectively with a periodic spacing of 1275pm in the %-direetion 

and 790pm in the ^/-direction. A schematic of the crystal and a photo of part of the 

experimental set-up are shown in Figure 7.1.

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue,Glasgow, G12 8LT.
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Figure 7.1 Schem atic  & picture o f the ph otonic crysta l.

Each vertical column of the crystal represents a single wafer or layer of silicon bars. The 

bars were fabricated by a wet etch process, the dimensions chosen to facilitate the 

construction of the layer-by-layer or woodpile structure[24] as published by Ozbay[25].

The transmission response for the perfect crystal was examined, both theoretically and 

experimentally. Experimental analysis was carried out between 67 and 1 lOGHz, the 

limitation range of the W-band system. Full 2-port S-parameters of the structures were 

measured in the frequency range 67-110 GHz using an Anritsu 36GB Vector Network 

Analyser. The VNA has short WR-10 waveguide sections at the test ports to which 

standard gain horns were connected. The horn separation was around 80 mm, with the 

membrane/PBG structure between.

The measurement system was calibrated using the Line-Reflect-Line (LRL) method 

using a Flann Microwave bronze WR-10 waveguide calibration kit which comprises a 

quarter-wavelength offset, a fixed termination, flush short circuit and through waveguide 

section. After calibration, the measurement reference planes are situated at the flanges of 

the short sections of waveguide at the test ports of the VNA to which the standard gain 

horns were subsequently attached. Thus 0 dB transmission loss refers to the situation when 

the short lengths of waveguide at the VNA test ports are joined. A small additional loss and 

uncertainty will be introduced by attaching the horns after calibration but this will be 

relatively small compared with the internal VNA system losses whose influence is removed 

by this calibration procedure.

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering.
Rankine Budding. The University o f Glasgow. Oakfield Avenue.Glasgow. GI2 8LT
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7.3: Perfect Crystal

The transmission response for the perfect crystal was examined for various crystal 

thicknesses. The transfer matrix m ethod, TMM, was utilised for the theoretical 

calculations[21,50]. The calculations assumed that the crystal has a finite thickness in the z- 

direction but was infinite in the jcv-plane.

Due to the limited frequency range of the experimental set-up only the lower band edge 

results are presented as the upper band edge is outwith the measurable range. As the number 

of periods increases in the propagation direction the PBG behaviour strengthens. This 

causes the lower band edge gradient to increase, a result predicted and echoed in the 

experiment. The TM transmission results are shown in Figure 7.2 for normal incidence in 

the z-direction.
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Figure 7.2 Perfect crysta l response.
TM transmission response versus frequency as a function o f the number of layers o f dielectric bars. The response has been 
shown for a crystal that is 2,4,8 and 12 layers thick by using a circle, square, diamond and triangle respectively.

The noise floor in the experimental set up limits the transmission measurements to an a 

minimum level around -30dB. For a finite thickness crystal the number of periods 

influences both the upper and lower band edges. As the number of periods increases the 

lower band edge moves upwards in frequency as the photonic band gap effect strengthens; 

in this instance the lower band edge develops around 85GHz. The characteristic Fabry- 

Perot resonances associated with finite size structures can be seen as ripple in both the

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering.
Rankine Budding. The University o f Glasgow. Oakfield Avenue.Glasgow, GI2 8LT.
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theoretical curves and in the measured results at lower frequencies leading up to the lower 

band edge.

The band structure is shown in Figure 7.3 for a TM polarised wave incident onto the 

same, but infinite, crystal. Figure 7.3 shows that the lower band edge is at 86GHz and the 

upper to be at 13IGHz. The unit cell has been normalised in units of 7i/a, where a is the 

lattice constant. The wave vector is in units of cell length.
IMt̂  
I 4 ( l [  

I V )  I

A A. 11 q 1, J. ii
2 5  4

Wave Vector

Figure 7.3 TM  Band structure, perfect crystal.
A llowed bands for the infinite photonic crystal, normal incidence.

Changing the external incidence angle from normal incidence in the xz- or yz- planes 

degrades the width and attenuation within the gap region as shown in Figure 7.4. At close to 

oblique incidence within the periodic plane the band gap is located between 84 and 

108GHz, some 25% bandwidth with a maximum attenuation of 97dB compared with 42% 

bandwidth and an attenuation of approximately 25dB for normal incidence. Consequently 

increasingly oblique incidence decreases the bandwidth of the gap while increasing the 

attenuation through the structure due to the asymmetry of the structure cell.

A ltering the incidence angle in the yz- plane degrades both the bandwidth and 

attenuation of the band gap region. This is caused by the increasingly compromised 

periodicity as the incident wave angle deviates from the periodic plane. This finding has 

also been reported by Sigalas[51] for a periodic hexagonal lattice. As the incidence angle in 

the yz- plane becomes more oblique there is a rapid upward frequency shift in the lower

band edge. When the yz- incidence angle is 50° the PBG region has moved to approximately 

100-138GHz, some 32% bandwidth with a maximum attenuation of 20dB.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
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F igure 7.4 In & O ut o f Plane A ngular R esponse.
The TM transmission response for an angular scan within Left: the periodic %z-plane. Right: the vz-plane The upper and lower 
band edges have been marked with the *+' symbol.

7.4: Planar Cavity Defect

The planar cavity defect in the crystal is created by removing the central row of bars 

perpendicular to a normally incident propagating plane wave. Figure 7.5 shows the 

theoretical transmission response for the defect and perfect crystal case. Both crystals have 

a total thickness of 3.95mm equivalent to 5 silicon bar layers plus 5-spacing elements 

required to generate the periodic pattern. An inset has been included in Figure 7.5 to show 

the planar cavity defect crystal and cavity length L^.

The planar cavity causes a defect state to appear within the PBG region of the crystal at 

106GHz. The frequency of the defect can be tuned by altering the length of the defect 

cavity, to accurately tune the defect mode [46]. For the defect case depicted in Figure 7.5 

the upper and lower band edges have moved apart when compared to the perfect crystal 

case. This is due to the combined effect of the introduced defect and a reduction in the total 

number of periods within the crystal.

Photonic Band Gap Materials Research Group. Department o f Electronics <& Electrical Engineering.
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Figure 7.5 C avity  transm ission , norm al incidence.
TM transmission response for a perfect 5 layer photonic crystal (xquares) and for a planar cavity defect introduced centrally 

into the crystal (circ les). The inset shows the planar cavity within the crystal with cavity length L ^.

Utilising the defect frequency for normal incidence, the total cavity length including the 

penetration depth can be derived from Equation (7.1) as 1=1.415mm. From the crystal 

geometry and the actual cavity length of 1 .̂= 1.19mm the penetration depth is calculated to 

be 12|im at both ends of the cavity.

As the external incidence angle is varied theoretical calculations predict that the 

frequency of the defect state rises for increasingly oblique incidence. Figure 7.6 shows the 

transmission response for both the xz- and yz- planes for the crystal with the planar cavity 

defect as a function of plane wave incidence angle. The defect frequency is found at 

106GHz for normal, 0‘\  incidence for both planes.

For increasing incidence angle in the xz- plane there are two notable characteristics, 

firstly that the defect mode frequency moves upwards in frequency, and secondly that the 

lower band edge has dropped in frequency. The sensitivity in the lower band edge 

frequency arises from reduction in the number of periods of the crystal, an effect that is 

exaggerated in this instance as the crystal is only a few periods thick.

The increasing central frequency of the defect, as the incidence angle within the periodic 

plane is altered, occurs as the effective length of the planar cavity is correspondingly 

reduced. The effective cavity length is given by /^ceff ~ L^cos(^, where (j) is the angle of 

incidence but the penetration length also changes. As the cavity length decreases the 

resonance frequency of the cavity increases. Recent work by Centeno has also shown this

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering,
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tuning effect for changing incidence angle for localised defects within photonic crystals 

[52].

For the xz- plane the defect mode merges with the upper band edge at an incidence angle 

of approximately 50° at a frequency of 113 GHz. For the yz- plane the defect mode 

gradually merges with the band edges at approximately 70° incidence angle.
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Figure 7.6 TM Defect In- & O ut of plane response.
Left, in-plane Right: Out o f Plane TM transmission response for a planar cavity defect in the centre o f the crystal as a function 
of external incidence angle. For normal incidence, 0 degrees, the defect can be seen at 106GHz. The upper and lower band 
edges have been marked with the + symbol, the defect with an ‘o ’ to aid the eye.

Using the same experimental set-up, the TM transmission response for a planar cavity 

defect centrally located within the crystal was measured. The measured results for several 

discrete angles in the xz- plane are shown with the corresponding theoretical curves in 

Figure 7.7. The agreement between theory and measurement is excellent. For the given 

experimental set-up TE polarised waves are completely transmitted through the structure 

and consequently are not examined.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineerinff.
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Figure 7.7 A ngular xz-p lan e transm ission  response.
Top: Theoretical response for the defect transmission as a function o f external incidence angle. Bottom: Measured results

7.5: Conclusion

A 2-dimensional photonic crystal has been characterised using the transfer matrix 

method for both in-plane and out of plane propagation for the defect and perfect crystal 

case. Experimental results from a crystal made for operation at microwave frequencies are 

presented and found to be in excellent agreement with the theoretical results.

The defect mode frequency generated by introducing a planar cavity defect into the 

crystal was found to be angular-dependent. The angular dependence of the defect state may 

play an important role in directional and tunable filters for both microwave and integrated 

optics applications. By using a wide band emitter in conjunction with a crystal with a planar 

cavity, an angular filter with thickness controlled quality factor, Q, can be created. The 

angular dependence of a planar cavity introduced into a woodpile crystal has been 

demonstrated by Temelkuran [32] by measuring the radiation pattern of an antenna that was 

inserted into the cavity. The radiation pattern was found to be highly directional.

Photonic Band Gap Materials Research Group. Department o f Electronics <& Electrical Engineering.
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CHAPTER 8 Localised Defects in Hexagonal 
Photonic Crystals

Introduction

In the previous chapter the introduction of a planar cavity defect into a 

square lattice photonic crystal gave rise to a defect state into the transmission 

response of the crystal. While previous work has examined photonic crystals 

with the introduction of more than one localised defect as a function of 

distance [54], in this a superlattice of defects is introduced into an otherwise 

perfect hexagonal lattice of air holes in dielectric. The effect of localisation 

is investigated by a ltering the number of lattice constants between 

neighbouring defects.

The defects are introduced into the hexagonal lattice by altering the size 

of one or more of the constituent features of the lattice. This hexagonal 

lattice is created by placing air cylinders into dielectric material. The defects 

were created by completely in-filling a superlattice of periodically spaced air 

cylinders within the crystal. By placing defects periodically tliroughout the 

crystal, the creation of mini bands within the photonic band gap occurs. A 

mini-band is created by two or more allowed bands in close proximity to 

each other. If they are located within a band gap region then the transmission 

response shows a region of transmission with two or more peaks rather than 

a single localisation frequency.

The dependence of the defect mode or mini-band width and position is 

investigated as a function of the cross-talk or coupling between defects

11
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within the lattice. Cross-talk minimisation or defect isolation was achieved at a much faster 

rate than was at first expected. The defect mode band was found to have directional and 

width dependence as a function of the distance between defects for the two lattice 

directions, FK and FM, studied.

8.1: Motivation

It has been shown that perfect photonic crystals have application as reflectors for a wide 

range of applications ranging from antenna systems to their already current usage as 

reflective optical coatings. In general these applications assume that the crystal is being 

used as a complementary device in their application and as such is not an integral part of the 

device.

As photonic crystals have rejection bands which specifically forbid propagation, they 

also forbid spontaneous emission. By controlling spontaneous emission, or suppressing it 

completely, the opportunity to control and enhance the efficiency of optical devices such as 

light emitting diodes (LEDs), and lasers is enormous. Efficiency close to 100% have been 

theoretically predicted. Defects introduced into a photonic crystal have very particular 

properties and their frequency dependence and quality factor, (Q), amongst other properties 

can be engineered to suit their intended application.

W ithin LEDs defects can be used as emitters with the surrounding PBG lattice 

suppressing propagation and enhancing the emission characteristics. If an array of emitters 

can be used then the emitted power of the “chip” can be increased. Therefore insight into 

the effects of cross-coupling between defects would be interesting and also act as a gauge as 

to how close together the emitters can be placed.

Previous work [8] has shown an interesting application of particular photonic crystals as 

waveguides where a continuous channel o f crystal has been removed in an otherwise 

perfect 2-dimensional crystal to form the waveguide. Such systems have heen made from 

square lattices of dielectric cylinders such that the waveguide has been made from air. 

Bends of 90° have been introduced into the waveguide but suffer consequential insertion 

loss due to reflection [55,56]. Such systems also have light containment problems in the 

third or vertical direction and serious device integration, coupling and fragility problems. If 

a hexagonal lattice is employed rather than a square lattice then reflection at the bend still

Photonic Band Gap Materials Research Group, Department o f Electronics <& Electrical Engineering.
Ranldne Building, The Univet'sity o f Glasgow, Oakfield Avenue,Glasgow, G12 8LT
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occurs and once again parasitic loss mechanisms are introduced into the system. By 

employing the inverse lattice, such that air holes are introduced into a dielectric material, 

then a similar waveguide can be formed by in-filling a chain of holes or by separating two 

pieces of similar crystal, see Figure 8.1,

W #
Figure 8.1 A p lan ar defect in trod uced  into a hexagonal lattice ph otonic crysta l.

With the kind permission o f Dr Christopher Smith.

Such systems then guide within the dielectric channel and have the added benefit that 

guiding is maintained within the periodic plane by total internal reflection, which was not 

the case for the guide made from air. Compatibility with other semiconductor devices 

relative to integration and coupling issues is also overcome. However these dielectric 

guiding systems also suffer from reflections at bends introduced into the waveguide, 

consequently performance comparisons should be kept in mind with conventional 

waveguide corner techniques.

By altering a continuous dielectric guide to be a periodic chain of lattice sites that have 

been either completely or partially in-filled then the coupling properties of the defects can 

be used to form coupled resonance optical waveguides, CROWs. Light can still be guided 

within the crystal and bends can be introduced into the waveguide path by taking advantage 

of the crystal’s inherent lattice symmetry, without consequential bend reflection loss 

[57,58]. Experimental verification of wave guiding has successfully been demonstrated for 

various photonic crystals in the microwave regime by Bayindir, Temelkuran et al.[56,59- 

61]

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering.
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8.2: Hexagonal Lattice Definitions 

The perfect crystal

A section of the hexagonal lattice studied is shown in Figure 8.2 and the two main crystal 

directions are labelled within the figure. The refractive index of the material was chosen to 

be resulting in a dielectric constant of 6^=7.9, figures representative of the

effective index of a GaAs waveguide that is X72 thick and that has oxidised AlGaAs on one 

side, and air on the other for application at 1.5pm. The air cylinders in the

material were chosen to have a ratio of radius, r, to lattice constant, t/, of r/a=0.35 to 

emulate the fabrication scenario.

Figure 8.2 Section  o f H exagonal lattice  sh ow in g  the two propagation  d irections studied .

Periodic defects

The results presented are frequently shown with evolutionary curves for the number of 

cells of photonic crystal over which the transmission analysis has been carried out. A cell is 

defined as the smallest building block that self-repeats to generate the crystal, some 

examples of the “cells” including periodic defects are shown in Figure 8.3.

--------------------------------------------►TK
FM A

Perfect
I in 2

1 in 3

I in 4
1 in 5

Figure 8.3 ‘'C ells"  used to bu ilt the perfect and hexagonal lattices.
Shown from left to right are the cells used to build the perfect hexagonal lattice, the defect lattices, one in two, one in three, 
one in four, and one in five for analysis in either the PK or PM directions as shown in the figure.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Budding, The University’o f Glasgow, Oakfield Avenue.Glasgow, GI2 8LT
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Perfect Crystal Results

Before defects were introduced into the crystal, transmission analysis for TE polarised 

waves was carried out for the perfect crystal in both the VK and FM directions. For the 

range of normalised frequency studied the TM polarised waves do not display photonic 

band gap behaviour and therefore are not studied.

Hexagonal Lattice Gam m a M diiiection
Air IK4l's 111 Dk'L'i Uii. Ln'l = 7 V r/a=U

—  I »c ll2 l elU

T E  P o f a r i n t im

Hexagonal Lattice G am m a K direction
A ir  I M e s  in  D i^ le c in c  Pxef=7.<) r/n=O ..W

Jcdls'

Figure 8.4 Perfect C rystal: TE Polarisation  R esponse for the PM and PK directions.

The TE Polarisation transmission response for photonic crystals l,2,4,and 8 cells thick.

The response for the perfect crystal displays the expected parabolic attenuation response 

within the stop band of the crystal. The FK response shows less attenuation for the same 

number of cells compared to the FM direction; this is not unexpected due to the symmetry 

of the lattice.

Photonic Band Gap Materials Research Group, Department of Electronics cS Electrical Engineering.
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8.3: Defects: One in every two, FK & FM

One Defect in Every Two ( t in  2) 
Localised Delects in a Hexagonal Lattice rx

No Of Cells

One Defect in Every Two (1 in 2) 
Localised Defects in a Hexagonal Lattice I'M

Normalised Frequency fa/c Normalised Frequency fafc

Figure 8 .5  Periodic D efects: O ne in every tw o, FK & PM .
The transmission response of a TE polarised wave as a function of normalised frequency and crystal thickness expressed in terms 
of the number o f cells through which the wave has been propagated, definitions o f cells given in Figure «.3 on page 114. Defects 
have been introduced periodically along the high symmetry axis of the crystals one in every two lattice spacings. Left PK 
response. Right PM response. Centre: Cell schematic showing filled in lattice sites one in every two in the high symmetry lattice 
directions.

Figure 8.5 shows the TE polarised wave response as a function of normalised frequency 

for various crystal thicknesses and for a superlattice of defects introduced once in every two 

lattice spacings. By filling every second lattice site in the high symmetry axis directions, a 

defect band is immediately obvious in both lattice directions although the width of the mini 

bands which are formed is substantially different. For the FK direction the introduction of 

the defect causes the appearance of a considerably narrower mini band than for the FM 

direction.

The defect band for the FK direction is found at a norm a lised frequency of 

approximately 0,325. The mini band forms slowly as a function of crystal thickness, mildly 

visible for a single cell, considerably more pronounced for two cells and then well localised 

for further increases in crystal thickness. The mini-band for the FM direction is already 

notable for one cell of the structure and is centred at a normalised frequency closer to 0.30. 

In strict contrast to the FK direction, as the thickness of the crystal increases in the FM 

direction, the mini-band covers a range of normalised frequency from 0.280 to 0.325. 

Consequently the coupling in the FM direction when defects are introduced one in every 

two lattice spacings is stronger than that for the FK direction. This is a finding that can be 

used to our advantage if a wide band response is required, an application idea which is 

expanded later in this chapter.

Photonic Band Gap Materials Research Group, Department of Electronics cS Electrical Engineering.
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8.4: Defects: One in every three, FK & FM

One Defect In Every Three ( l ln  3) 
Localised Defects In a Hexagonal Lattice TK

One Defect in Every Three ( 1 in 3) 
Localised Defects in a Hexagonal Lattice n a

t*i Of Cells

fvo of Cells

Notmellsed Frequency fate
I '. 'f  osoo « ) /  

Normalised Frequerxry fafc

Figure 8.6 P eriodic D efects: O ne in every three, FK & FM .
The transmission response o f a TE polarised wave as a function of normalised frequency and crystal thickness expressed in terms of 
the number o f cells through which the wave has been propagated, definitions of cells given in Figure fi.3 on page 114. Defects have 
been introduced periodically along the high symmetry axis o f the crystals one in every three lattice spacings. Left FK response. Right: 
FM response. Centre: Cell schematic showing filled in lattice sites one in every three in the high symmetry lattice directions.

When the defects are introduced into the lattice by filling in every third lattice site in the 

high symmetry directions both FM and FK directions show a high degree of localisation. 

Figure 8.6 shows the TE polarised wave transmission response versus normalised frequency 

as a function of crystal thickness in terms of cells. Note that due to the definition of the 

cells, (see “Periodic defects” on page 114), that the actual physical length per cell in the 

propagation direction is larger for the defects introduced one in every three than for the one 

in two lattices. The “one in three” inset from Figure 8.3 on page 114 shows the cell that is 

used for the calculations.

The transmission response for either lattice direction show marked localisation at a 

normalised frequency offa/c=0.31. This localisation is even present for a single cell but this 

is attributable to the increased number of lattice periods required to build the cell. As the 

number of cells increases the localisation frequency does not alter significantly and the 

mini-band forms as expected, see Figure 8.7. The mini-band formed is however much 

narrower than that of the “one in two” defect superlattice as presented in Figure 8.5.

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering.
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One Defect in Every Ttiree (1 In 3) 
Localised Defects in a Hexagonai Lattice rW

.5

No. of Celis

03ÛD0 0 3035 0 3050 0 3076 0 3100 0 3125 0 3160 0 3175 0 3200 0 3225 0 3250

Nomiaiised Frequency fa/c

F igure 8.7 C loser look at 1 in 3 defects in th e FM  lattice  d irection .
The TE polarised wave transmission response for a superlattice o f defects introduced into the lattice by in-filling every third 
lattice site in the high symmetry directions o f the lattice. The response is plotted against normalised frequency as a function of 
the number o f  cells through which the plane wave has been propagated.

There is asymmetry present in the transmission response shown in Figure 8.7 which may 

be attributed to possible plane wave coupling issues. It is noteworthy that the number of 

oscillation peaks present in the mini band is directly attributable to the number of defects 

encountered by the plane wave.

For any given superlattice of defects, the single cells shown in Figure 8.3 on page 114 

each incorporate the lattice sites of three defects. This is necessary to cover the primitive 

cell that has been highlighted with a triangle in the central insets of either Figure 8.5 or 

Figure 8.6 with an orthogonal discretisation mesh. For example a plane wave propagating in 

either lattice direction for the “one in three” cell shown in Figure 8.3 encounters successive 

columns of air holes, two of which contain defects. Therefore for the single cell response 

shown for the “one in three” defect superlattices in Figure 8.6 the transmission response 

contains two peaks in the mini band region. For the two cell response, two single cells must 

be bolted together. For the FM direction this results in three columns which now contain 

defects, as a defect site is shared between cells; hence there are tliree peaks in the two cell 

mini band transmission response. This finding is true for any number of coupled defects.

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
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8.5: Superlattice evolution

Localised Defects In a Hexagonal Lattice FK 
All plots for 2 cells

Localised Defects In a Hexagonal Lattice FM

Defects 
—  1ln2
 1 1n 3
 11n 4

0 300 0 326

Normalised Frequency fa/c

Defects

 11n 4
 tin  5

0 SOÛ 0 326

Normalised Frequency fa/c

Figure 8.8 E volu tion  for superla ttice  spacing.
The TE polarised wave response against normalised frequency as a function o f the neighbour to neighbour defect superlattice 
spacing.

The TE transmission response as a function of the neighbour to neighbour defect 

superlattice spacing is shown in Figure 8.8 for transmission through two cells of structure. 

The plots clearly show convergence of the defect mode localisation frequency as the 

distance between the defects increases. The most noteworthy curve is for the FM direction 

for a defect superlattice of “one in two” shown in the right inset of Figure 8.8. As discussed 

previously the mini-band formed by this defect lattice is wide band when compared to the 

next defect lattice of “one in three”, or to the same defect superlattice for transmission in the 

other crystal direction. This means that the defects are coupling strongly to each other. 

When the distance is increased to “one in three” rather than “one in two” between 

neighbouring sites the coupling decreases, the width of the m ini-band formed is 

substantially decreased.

Both lattice directions show localisation towards a normalised frequency of/«/c=0.310 

as the distance between defects is increased. The quality factor of the defect state is also 

improved by increasing the distance between defects which results in an increased 

reflectivity between defect sites, an effect already discussed in the chapter entitled “Tuning 

Planar Cavity” on page 101 within the introductory remarks. This means that for certain 

applications the quality factor, Q, of the system can be engineered to match either the 

wanted Q or to increase the coupling efficiency between the photonic crystal chip and other 

emitting eomponents.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue.Glasgow, GI2 8LT

119



L oca lised  D efects in H exagonal Photonic Cry stals Su perlattice  evolution

Applications

In summary, future devices would benefit greatly from using coupled defects to guide 

electromagnetic radiation. Bends in coupled defect chains can be introduced along the 

crystal’s inherent symmetry axis with no insertion loss i.e. mode mismatch due to bends in 

straight wave guiding does not occur. The Q-factor of the defect state can be tuned to suit 

the intended application as can the localisation frequency by altering the type of defect 

introduced into the lattice. It is noteworthy that the defects introduced into a lattice need not 

necessarily be a superlattice themselves, nor involve the complete filling of lattice sites. 

Chains of defects in a straight line with a periodic pattern will suffice to guide a signal 

through a photonic crystal chip.

For example, a frequency splitting or combining Y junction could be formed by 

employing a wide band guiding system which then splits into two directions each 

supporting a different localisation frequency, see Figure 8.9. Defects introduced one in 

every two lattice sites for TE polarised waves show for the FM direction a wide “mini” pass 

band. By then using the hexagonal lattice’s inherent symmetry this chain could then be split 

into two, with different chains of defect lattice used in each of the branches supporting 

different defect localisation frequencies and Q-factor, engineered as required. In much the 

same way, planar waveguide filters could also be realised. This is an idea worthy of future 

research both experimentally and theoretically.

Figure 8.9 An idea for a Y -Splitter

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering.
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CHAPTER 9 Opal Colloidal Crystals

Introduction

It is now well acknowledged that periodic systems can be used to control 

the propagation of electromagnetic radiation [1,2,8,62,63]. These systems 

can be made with relative ease for low frequency applications while the 

fabrication of their optical counterparts is considerably more complex due to 

the vast reduction in the crystal size and lattice period [64]. This has been the 

main motivational factor in the study of self-ordered systems such as 

colloidal crystals, three dimensional arrays of periodically ordered structures 

which can be made from dielectric spheres [65,66]. The synthetic opals 

studied here are made from either silica, SiO?, or PMMA spheres that self 

organise into an ordered face centred cubic, f.c.c., lattice.

F igure 9.1 SEM  M icrograph of a shear ordered  PM M A  O pai
Reproduced with kind permission from the authors [67]
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9.1: Motive

Fabrication of artificial opal can be achieved via various techniques. However all 

methods build on the property that the dielectric spheres, the constituent particles of the 

crystal, self-organise themselves into a face centred cubic, f.c.c. crystal, see Figure 9.2 .

Figure 9.2 T he face cen tred  cubic cell.

After fabrication the opal may then be post processed. The resultant opal may display 

either partial or complete photonic band gap behaviour depending on the size and 

constituent material of the particles and the host medium within which they are embedded. 

With small enough spheres and lattice period the photonic band gaps can be observed at 

optical wavelengths, thereby opening opportunities for telecommunications and other 

applications.

In simple form a bare opal is made from silica spheres in air and has a weak refractive 

index contrast, (1.5:1). Such opals do not posses complete gaps even when the voids 

between the spheres are in-filled with semiconductor material [68-75]. However inverted

opals', which have the inverse dielectric matrix to that of bare opals, can now be realised 

due to advances in fabrication technology [76,77]. Band structure calculations have shown 

that inverted opals have complete photonic band gaps between the eight and ninth 

bands[78]. The existence of the complete band gap is conditional on the refractive index 

contrast ratio between the spheres and embedding medium. If the ratio contrast between the 

embedding medium and the spheres is greater than 2.9, assuming that the voids are 

completely in-filled, then a complete gap exists [75].

The main challenge still lies in the fabrication process of the crystals where large crystal 

sizes and crystal purity remain important issues. Crystal impurity degrades the performance 

of the crystal. Normal deposition and etch techniques for three dimensional photonic 

crystals are expensive and become increasingly complicated for structures that operate in 

the optical domain. Self-organising colloidal crystals are however, comparatively cheap.

fabrication issues concerning opals are discussed briefly see “Crystal types” on page 124

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering.
Rankine Building, The University'of Glasgow. Oakfield Avenue.Glasgow. G12 8LT
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There are still many questions to be answered over device application and integration, but 

the reproducibility and purity of opal crystals remains an important issue.

Through the theoretical study of colloidal crystals a greater understanding of their 

possible performance can be obtained. This not only provides insight and allows prediction 

but also arms the experimentalists with guidelines and a set of absolutes to help enhance the 

performance of their colloidal crystals.

Aims & Objectives

The initial phase of the European funded PHOBOS project investigated the performance 

of opals in terms of both band structure and transmission. These were then investigated as 

functions of direction of propagation, filling factor and other fabrication related properties 

such as inversion, coating and sintering. Sintering is a post fabrication thermal process 

which partly merges the constituent spheres adding mechanical stability to the structure. 

Evidently the combinations of these are rather extensive so the study was limited to 

particular ‘types’ of opal, some simple combinations, and the two main common crystal 

directions of propagation, the [100] and [111] directions, see Figure 9.3.

Figure 9.3 O pal |I I I |  and |I 0 0 | surface trun cations.
The definitions o f the surface plane truncations as seen by a plane wave arriving into the page.

In collaboration with the University of Montpellier II, as part of the PHOBOS project, 

Dr. David Cassagne performed plane wave expansion calculations to determine the band 

structure of opals and also developed an order-N code to investigate the evolution of the 

bands as functions of coating and sintering effects. With his kind permission some of those 

calculations are included to provide a comparison to the results calculated using the transfer 

matrix method.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering.
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9.2: Crystal types 

Normal /  Bare opal

Normal opals consist of dielectric spheres packed into an embedding medium; these 

systems self-assemble and may take the form of close packed, face centred cubic, f.c.c., 

lattice. This bare opal is often the template that is used in fabricating inverted, coated and 

sintered opal systems. There are two forms of the pure f.c.c. lattice available, the ABC and 

ACB repeat pattern lattices, where each letter refers to a single monolayer. In pure form the 

differences are in definition only. For all variants of opal the properties can be adjusted by 

altering the filling ratio, the materials used for the spheres, coatings, and host medium and 

by adjusting the level of sintering.

Inverted opal

These systems are the dielectric inverse of a normal opal. They may eonsist of air 

spheres embedded in a background dielectric medium. Their fabrication follows that of a 

normal opal, after which the opal is completely infiltrated with a background medium. After 

completion of the infiltration the original opal is removed by the usage of an etch step 

resulting in air spheres in a background medium [76].

Coated opal

Coated opals come in both inverted and nomial foim. Fabrication is similar for both with 

normal opal, dielectric spheres in the background medium being fabricated first. After 

completion of this step, the background medium, which may have been a fluid is drained 

and replaced with another. This later infiltration of the opal can either be complete or 

incomplete. The result is a eoating which is applied over all non-touching parts of dielectric 

spheres. Thereafter, if required, another etch step to remove the dielectric spheres can be 

carried out resulting in an inverted, coated opal. The coatings assumed in these calculations 

try to reflect the fabrication process; they cover only non touching areas of the spheres and 

are assumed to be uniform in thickness.

Sintered opal

Sintered opals are created through heat treatment of the various other opal systems. The 

effect of the heating is to cause the dielectric spheres to merge slightly, in effect causing a 

circular cross section between neighbouring spheres. Sintering results in better connectivity 

between the spheres while simultaneously reducing the fragility of the structure. In these
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calculations sintering is assumed only to shrink the lattice spacing while fixing the radius, 

no shape distortion of the sphere is included, see Figure 9.4. Shape distortion is likely to 

alter the response to a marginal extent, the performance of the colloid being more sensitive 

to the lattice type and material rather than the individual atoms.

Figure 9.4 S in tered  & Inverted  opal
Example o f a Sintered opal (100) (left) and an Inverted opal ( I I I )  (right). Note the small overlapping areas between the 
spheres for the sintered opal. For the inverted opal red areas (dark) represent areas o f high dielectric constant and scale down 
through the colour spectrum to blue (light) representing air. The pure air spheres have been removed to aid understanding of 
the visualisation.

Throughout the calculations, unless stated otherwise, the refractive index of the spheres 

was assumed to be nsphere~*-^’ coatings when applied were assumed to have an index of

^coating~^‘̂ '

9 3 : Unit Cell Approach 

Conventional Cell

One of the inherent difficulties with modelling the opal system is that the simplest cubic 

unit cell used to make a face centred cubic, f.c.c. lattice configuration contains volumetric 

sections of dielectric spheres. To construct an f.c.c. lattice, spheres are centrally positioned 

on each vertex and face of the cube. This requires a total of fourteen individual spheres to 

build the cell. In order to achieve a good representation of the cell a large sampling matrix is 

consequently required, making theoretical modelling a complicated and time consuming 

task.

The images within Figure 9.5 overleaf depict the cells required to build a realistic block 

of the opal crystal for analysis in the [100] direction. The central cell can be repeated as 

required to provide a block of opal although without the addition of the front and rear 

interfaces for the block the representation of the opal is somewhat unrealistic. However, 

usage of an initial front interface, a block of crystal, and then a final rear interface does not

Photonic Band Gap Materials Research Group. Department o f Electronics & Electrical Engineering.
Rankine Building. The Universitv o f Glasgow. Oakfield Avenue,Gla.sgow, G12SLT
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drastically alter the performance of the crystal and can be ignored for crystals that are larger 

than a few conventional cells thick.

As with many photonic crystals there are a few vital formulae that are used. We can 

define the filling ratio for the cell. Equation 9.1 but this is only valid for values of radius 

where the close packed condition. Equation 9.2 is not exceeded, i.e. radius r < RadiuSf.,̂ ^^

Filling Ratio= (9.1)

For the close packed system, the radius of each sphere is related to the lattice constant 

through the relation:

Close Packed Condition: a = I r j l  (9-2)

For the close packed situation the filling ratio is 74.04%. Reduction in the filling ratio 

from 74%, the condition for a close packed lattice, results in an ever increasing distance 

between neighbouring spheres, breaking the connectivity of the lattice. The simplest way of 

creating an opal is shown below in Figure 9.5, the front interface cell, central conventional 

cell and rear interface cell are shown.

F igure 9.5 Front, C on ven tion al, and Rear C ells to construct opal 110(l|
The colour scale ranges from air (blue) to pure material (orange). Pure air has been removed to aid visualisation

When using the conventional unit cell a large matrix is required to represent the central 

cell in the figure above and numerical instabilities within the code can arise. To further 

complicate the matter the analysis of coatings and sintering demands a mesh that will 

sufficiently discretise the cell such that the effects are noted; a larger discretisation mesh is 

therefore required. It was decided to exploit the inherent symmetry within the central cell 

and to split the cell calculation in two, overcoming some inherent numerical problems, and 

allowing a slightly finer discretisation mesh to be employed.
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Split Cell

Within the general unit cell the unit cell was split in half in order to obtain better 

resolution and representation of the opal cell. The front and rear interfaces remain the same 

as shown in Figure 9.5, while the new cells constituting the conventional cell are shown in 

Figure 9.6.

Figure 9.6 Split C ell opal |I0()|

With the split central cell larger matrices can be employed to sample the structure and 

hence the effect of thin coatings can be studied more accurately. The usage of larger central 

matrices also results in better convergence of the results. There is however one problem 

with using the split cell method; because the matrix sizes are large it was not possible to 

included the front and rear interfaces for the calculations as at the time there was 

insufficient computer memory. Comparative calculations in 2-dimensions demonstrated 

that the front and rear interface cells have little influence on the performance of the crystal 

once the thickness is above a few crystal periods.

Figure 9.7 Split C ell opal | l l l |
The three constituent layers that are used to build the ABC repeat pattern for normal incidence in the [ 111 ] direction

The split cell method was also used to change normal incidence to the [111] direction. 

Figure 9.7 shows the three cells that were used to build the ABC repeat pattern to form the
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f.c.c. lattice. A hexagonal close packed lattice, h.c.p. can also be formed in a similar way 

and requires only two cells to achieve the required periodieity.

Matrix Processing Time Considerations

While there is no limit to the number of points that ean be used in the mesh to represent a 

structure, the representational structure matrix determines the size of the transfer matrix 

employed in the calculation. For 3-dimensional systems the computational time is a serious 

consideration, a matrix size of 14x14x7, (18x10x7) used to sample the cell in the x, y and z 

directions respectively for [100], ([111]) opal requires a considerable amount of time to run. 

Present day computer systems take between 20-30 minutes for one frequency point 

depending on the thickness of crystal analysed. Therefore the computational demand for 

such calculations is severe and the utilisation of parallel super computing is beneficial. The 

utilisation of multiple proeessors on a super computer can cut the time for the same 

calculation considerably. To this end the transfer matrix code was made parallel using the

Message Passing Interface, MPI, and run on an IBM SP2 super eomputer.^

9.4: Bare Opal

Transmission along the [100] direction

1.3 -, 

1.2 -

1.0 - 

0.9 .

I
0.5 . 
0.4 . 
0.3 - 
0.2 -

0.0

c
omin

0.6

0.710 0.715 0.730 0.735 0.7400.720 0.725

0)9/2%
Figure 9.8 Band structure & |I00| transmission response.

Left: Band structure diagram o f a bare opal showing the high symmetry points in the Brillouin zone. The TX point corresponding to 
the [100] direction has been highlighted with a circle. Right; Transmission as function o f number of lattice planes in the [iOO] 
direction for the opal crystal. Thicknesses shown are for 8,16,32,64 layers annotated by solid, dash, dash-dot and dot. Both insets 
assume a close packed f.c.c. lattice o f  silica spheres, MgiHca l̂ .5 in air corresponding to a filling ratio of 74%.

The transmission response in the [100] or TX direction for a face centred cubic, f.c.c., 

close packed opal is shown in the right inset of Figure 9.8. The gap studied is the first order

2. I would like to acknowledge the extremely beneficial use of the CNUSC super computing facility.
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pseudo gap, which is both very narrow and incomplete for other directions as can be seen 

from the band structure diagram, the left inset of Figure 9.8. The position of that gap 

calculated by the T.M.M. method is found to be in good agreement with the plane wave 

method, P.W.M., with the central gap frequency converging on a nomiaiised frequency just 

below 0.723. The results are presented in terms of normalised frequency, coa/27Tc = a!X, 

where co is the angular frequency, a is the lattice constant, and c is the speed of light in a 

vacuum.

Several planes of crystal in the [100] direction were required for the band gap effect to 

manifest and there is a characteristic shift in central band gap frequency as the crystal 

becomes thicker. The shift is not unexpected and may be analogous to impedance mismatch 

such that the thicker the crystal the less mismatch. While the central band gap frequency 

moves, the amount of shifting decreases as the number of layers increases, converging in 

the infinite limit to the same value highlighted by the circle in the left inset of Figure 9.8 as 

considered automatically by the P.W.M. calculation.

In summary, the attenuation in the [ 100] direction tlirough a bare opal photonic crystal is 

weak even for a large number of layers. The information from the band diagram backs this 

finding as the gap between the first order bands is small. Therefore the first order pseudo 

band gap for a bare, close packed opal [100] is not of great interest until the crystal is of a 

substantial thickness.

Transmission along the [111] direction.

To study the transmission of the [111] direction the split crystal cell for the [111] opal 

was utilised, see Figure 9.7. Three cells were used, each one defining one layer of the ABC
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repeat pattern found within an f.c.c. lattice of close packed spheres. Each cell incorporates 

the influence of the preceding and following layer.

K 0.8

IE -3

1E-4

0.58 0.60 0.62 0.64 0.66

X u X W K w9/2%C
Figure 9.9 B and s tru c tu re  & | l l l j  transm ission response.

LefU Band structure diagram o f a bare opal showing the high symmetry points in the Brillouin zone. The TL point corresponding 
to the [111] direction has been highlighted with a circle. Right: Transmission as a function o f  the number o f crystal planes in the 
[111] direction. Thicknesses shown are for 4,8,16,32 planes corresponding to solid, dash, dash-dot and dot curves. To convert

into a thickness related to the lattice constant a the number of layers should be multiplied by ^ 3  . Both insets assume a close 
packed f.c.c. lattice o f silica spheres, «silica"! ,5 in air corresponding to a filling ratio o f 74%.

In contrast to the findings in the [100] direction we find that the transmission in the [111] 

direction, EL, is considerably less for a similar comparison of crystal thickness. For 16 

crystal planes in the [111] direction, corresponding to a crystal thickness of 27.7a there is 

less than 1% transmission through the structure. The central gap frequency once again 

shifts in frequency with an increasing number of layers, converging on a value of 

nomiaiised frequency of approximately 0.64, confirmed by the P.W.M. analysis.

Comparison o f response in the [100] and [111] directions

Figure 9.8 on page 128 and Figure 9.9 show the calculated transmission for plane waves 

impinging at normal incidence onto the <100> and <111> surfaces respectively. The figures 

show the evolution of the transmission co-efficient as a function of normalised frequency 

and for N  number of layers in each particular direction. The distance between two identical

layers for the [111] direction is aV3 while for the [100] direction it is simply a, where a is 

the lattice spacing.

For the [111] direction a gap minimum appears at a normalised frequency of 0.63, a 

figure also predicted by the band structure calculation at the FL point. As the crystal 

thicloiess is increased the transmission through the structure weakens and reaches a level of 

lO"'̂  for a slab thickness of T=50a. While the gap is incomplete the attenuation is
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significant. For the [100] direction the gap minimum is at a higher frequency of 0.73, 

corresponding to the FX point in the band structure. It is remarkable that at a thickness of 

L=6Aa 50% of the incident plane wave is transmitted, a vast difference compared to the 

[111] direction.

0.1
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Figure 9.10 T ransm ission as a function of thickness

The minimum transmission as a function o f slab thickness L. The solid line is for normal incidence on the (111) surface of 
bare opal. The dotted line is for normal incidence on the (100) surface o f bare opal. Finally the dashed line plots the 
transmission response for a bare opal that has been fully in-filled with a dielectric material with a refractive index "in n ir^  O.

From the transmission response curves presented in Figure 9.8 on page 128 and 

Figure 9.9 on page 130 for incidence in the [100] and [111] directions respectively it is not 

immediately evident that the attenuation has an exponential dependence on the thickness of 

the crystal. By plotting the transmission minima as a function of the number of layers on a 

logarithmic scale. Figure 9.10, the response becomes linear for either the [100] direction, 

dotted line, or the [111] direction, solid line. The slopes of the lines correspond to the 

attenuation lengths, A m  =3.4a and Aioo=87.4a. For the sake of comparison Figure 9.10 

also shows the response of a bare opal fully in-filled with a dielectric material with a 

refractive index of «inf,i]=3.0. In summary, to achieve the same attenuation with bare opal as 

for the in-filled opal presented in Figure 9.10 requires approximately twice the number of 

monolayers.

9.5: Coated Opal 

Comments on Coatings

The application of a coating over the already close packed spheres provides a completely 

connected network of higher dielectric material. The transfer matrix method uses a 

discretisation sampling technique to define the average refractive index seen at a mesh 

sampling point, hence the accuracy of the representation of coatings is mesh dependent.
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While the coating is expressed in an absolute ratio relative to a pre-defined condition, the 

actual coating thickness as seen by the T.M.M. code will be somewhat blurred due to the 

averaging effects of the sampling lattice.

The range of coatings that can be covered in simulation is not necessarily representative 

of those which can be achieved experimentally. The range of values of coating investigated 

theoretically probably exceed the current capabilities of the laboratoiy, but the findings and 

trends are important none the less. Forthcoming advances in fabrication technology justify 

the inclusion of data for structures that currently present fabrication challenges.

Transmission along the [100] direction

Application of thin coating to the spheres previously placed in a close packed lattice for 

plane wave incidence in the [100] direction results in a pronounced enhancement of the first 

order pseudo band gap of the opal. The coatings are applied such that they only cover non

touching areas of the spheres and are uniform in their extent of coverage. The coating 

thicloiess is expressed as a percentage of the ratio of the coating thickness to the radius 

required to achieve a close packed lattice before coating, Equation 9.3.

Coating Thickness % =  c i o S ’S e d S u s  R „  T

The application of a thin coating, ^coating” -̂̂ » to a bare silica opal greatly enhances the 

performance of the gap. Figure 9.11 shows the response for a bare opal with a 10% coating 

for varying crystal thicknesses. There is a marked decrease in the transmission through the
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crystal for the coated opal when compared to the bare opal response shown in Figure 9.8 on 

page 128.

1-
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Figure 9.11 10%  C oated opal [100)

Transmission through a Close Packed 10% coated opal in the [100] direction for various thicknesses. Solid, dash, dot, dot- 
dash and dot-dot-dash correspond respectively to 1,2,4,8,16a where a is the lattice spacing.

The evolution of the transmission for varying coating thicknesses was studied for the 

range of 0-10% by the T.M.M. and found to enhance the gap, see Figure 9.12. The band 

evolution curve, the left inset of Figure 9.12, shows that the gap gradually opens with 

increased coating thickness to a maximum gap width at value of approximately 12% before 

slowly tapering. It is also noteworthy that the central band gap frequency decreases with 

increased coating thickness, a direct result of the increasing effective index of the structure. 

The band evolution predictions are echoed by the transmission response shown in the right 

inset of Figure 9.12 with a small deviation in central gap frequency for similar coating 

values.
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F igu re  9.12 [lOOj Evolution fo r various coating thicknesses
Left'. The lowest two bands calculated using the order-N method showing normalised frequency against the ratio o f coating thickness, 
Cg, to the sphere radius, Rg. Right: Transmission as a function o f  coating thickness for a close packed opal in the [100] direction. Solid, 
dash, dot and dash dot lines correspond to 0,1,5,10%  coatings. All data shown is for a similar thickness o f  crystal, 16o where a is the 
lattice constant.

When the evolution of the transmission is plotted as a function of the crystal thickness, 

shown in Figure 9.13 for 0,1,5 and 10% coatings, for the range of coatings studied the 

photonic band gap properties are enhanced due to the marked decrease in the transmitted 

levels.
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Figu re 9.13 |100] Transm ission against thickness fo r various coatings.
The evolution of the transmission against crystal thickness for close packed opal in the [100] direction. The thickness is 
expressed in terms o f lattice constant a for various coatings, solid, dash, dot and dash dot lines correspond to 0,1,5 and 10% 
coatings.
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Transmission along the [111] direction

The application of a coating results in some interesting behaviour for the transmission 

through the opal in the [111] direction. In contrast to the performance in the [100] direction, 

the application of a thin coating first enhances the transmission through the crystal. For 

values of coatings less than 5% the transmission through the crystal increases in comparison 

with the non-coated bare case before decreasing for coating values larger than 5%. 

Simulations for coating values of 1,5,10% were carried out for a fixed crystal thickness and 

the transmission level as a function of normalised frequency is shown in the right inset of 

Figure 9.14.
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F igu re  9.14 | l l l |  E volution as a function of coating  thickness.
Left'. The lowest two bands calculated using the order-N method showing normalised frequency against the ration o f  coating 
thickness, ê ., to the sphere radius, Rg. Right: Transmission as a function o f coating thickness for an opal crystal 21.1a thick, 
where a is the lattice constant. Solid, dash-dot, dash and dotted curves relate to 0,1,5 and 10% coatings respectively. The 
refractive index o f  the spheres was assumed to be «=1.5, coating «=3.0.

The evolution of the transmission for the central band gap frequency as a function of 

crystal thickness is shown in Figure 9.15. The arrow is to guide the eye from the non-coated 

case tlirough the 1,5 and 10% coatings to the completely in-filled case. The application of a 

coating causes the transmission response to increase for thin values of coating.

The increase in transmission is caused by a redistribution of the energy within the 

stmcture such that thin coatings can be thought of as a matching layers. Impinging waves 

prefer to distribute their energy in the highest refractive index of the structure [8]. For thin 

values of coating the energy contained in the coating is likely to be similar to that within the 

spheres. Therefore an impinging wave encounters a medium which appears more as a bulk 

medium rather than a periodic structure. As the coating value increases further the energy 

continues to redistribute such that becomes increasingly distributed in the coating. At this
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Stage, the propagating wave once again sees the periodicity of the structure and the band 

gap behaviour reappears as a noticeable drop in transmitted level through the structure. 

Further increases in the coating thickness eventually result in the voids of the structure 

being completely filled with coating material. In this instance the dielectric contrast 

between the coating material and the dielectric spheres is larger than that of the bare opal 

before in-filling, consequently the band gap region has stronger attenuation and down shifts 

in frequency due to the increased effective index. These trends are shown in Figure 9.15, 

which shows the transmission through the structure for the initial bare opal through a few 

coating thicknesses to the completely in-filled case.
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F igu re  9.15 [111] Transm ission versus tliickncss for various coatings.
The evolution o f  the transmission through a close packed opal in the [111] direction as a function of coating thickness. Solid, 
dash, dot, dash dot, and dot-dot dash lines correspond to 0,1,5,10% coatings and completely in-filled opal respectively. The 
refractive index o f the spheres was assumed to be n=1.5, coating /j=3.0. The arrow is only to guide the eyes through the 
evolution o f coatings from the non-coated to completely in-filled case.

9.6: Sintered Opal 

Comments on implementation

Sintering is a post fabrication thermal step that causes a slight shrinkage of the lattice 

constant. For a close packed lattice sintering slightly merges neighbouring spheres resulting 

in a circular cross section connection between spheres. The level of sintering is expressed as 

a percentage of the ratio relating the difference between the actual radius sphere size and the

consequent close packed^ radius size due to the lattice shrinkage to the same close packed 

sintered radius size, Equation 9.4.

Sintering Level (%) =
Sphere Radius -  Rci> sintered 100

R
(9.4)

CP Sintered

3. See Equation 9.2 on page 126
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Transmission along the [100] direction

We find that the effect of sintering in the [100] direction enliances the photonic band gap 

as the transmission through the crystal decreases. Figure 9.16 shows the effect of sintering 

for an opal crystal \6a  thick for 0,5 and 10% sintered. Whilst causing a decrease in 

transmission thi'ough the crystal, sintering also down shifts the central band gap frequency, 

an effect possibly explained through the average refractive index of the crystal which will 

undoubtedly increase per conventional cell upon sintering. Figure 9.17 on page 138 shows 

the effect of the crystal thickness as a function of the same sintering levels as shown in 

Figure 9.16, the exponential dependence on thickness can easily be recognised by the 

straight line on a log scale.
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F igu re 9.16 [100] T he effect of S intering
Transmission response as a function o f  sintering for initially close packed opal Z--16cf. The solid, dash, and dot lines 
correspond to normal bare opal, 5 and 10% sintered opals respectively. The refractive index o f the spheres was assumed to be 
"sphere"' embedded in air.
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Figure 9.17 |100] Transm ission versus thickness as a function of sintering .
The transmission response as a function o f thickness for various levels o f sintering in the [100] direction. The number o f 
layers corresponds exactly to the thickness o f the ciystal in terms of a, the lattice constant. Solid, dashed and dotted lines 
correspond to 0,5,10% levels o f sintering respectively. The spheres were assumed to have a refractive index of/isp),crc“ ' 5 and 
were embedded in air.

Transmission along the [111] direction

In contrast to the resu lts for the [100] direction, the effect of sintering on the 

transmission in the [111] direction degrades the photonic band gap. For the sake of similar 

comparison the results presented cover 0, 5 and 10% levels of sintering.
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Figure 9.18 [111] Evolution of T ransm ission as a function of s in tering  level.
The transmission through an opal in the [111] direction versus normalised frequency as a function o f  the level o f sintering. 
Solid, dashed, and dotted lines correspond to 0, 5 and 10% levels o f sintering respectively. Note that the increasing level of 
sintering degrades the photonic band gap by increasing the level o f  transmission. All data for a crystal 16 [111] lattice planes 
thick i.e. 21.1a where a is the lattice constant.

Figure 9.18 shows the transmission response versus normalised frequency for 0, 5 and 

10% levels of sintering for an opal in the [111] direction. Increasing the sintering levels 

from the close-packed, non-sintered case, causes the photonic band gap to degrade both in 

width and in attenuation level. This is also seen in Figure 9.19 on page 139 where sintering
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clearly decreases the gradient of the line relating the transmission through the crystal to the 

thickness expressed in lattice constants for the close packed condition.
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Figure 9.19 ( I I I )  T ransm ission versus crysta l thickness as a function of the  s intering  level.

The transmission as a function of crystal thickness expressed in terms a, where a is the lattice constant defined by the close 
packed condition. Solid, dashed, and dotted lines correspond to 0, 5 and 10% levels o f sintering respectively. As can be clearly 
seen the effect of sintering progressively decreases the transmission through the crystal.

9.7: Conclusion

The transmission response for opal photonic crystals for two of the main directions of 

interest has been investigated. Furthermore, the photonic band gap behaviour changes 

significantly as a function of sintering and of coating and the response to these functions is 

highly direction dependent.

The application of a coating to a close-packed lattice of silicon spheres in the [100] 

direction causes substantial enliancement of the photonic band gap behaviour of the crystal. 

The continued thickening of the coating serves only to enhance the photonic band gap for 

the [100] direction, no saturation behaviour has been seen for the ranges of coatings studied. 

In strict contrast the application of coatings in for [111] incidence initially degrades the 

photonic band gap before reinforcing it for larger coating values.

The effect of sintering also effects the photonic band gap in different ways for different 

incidence directions. For the [111] direction sintering cause degradation of the photonic 

band gap both in bandwidth and through an increase in transmission magnitude. This 

behaviour is not unexpected as sintering of the close-packed [111] plane will reduce the 

interstitial void volume between the spheres. This reduction increases the average refractive 

index presented to the incident wave and explains the downward shift in frequency of the 

centre of the photonic band gap whilst simultaneously closing the gap as the crystal starts to 

look more and more like a bulk piece of material for continued sintering.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oalcfield Avenue,Glasgow, G12 8LT.
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Conversely the same levels of sintering for the [100] direction enhance the photonic 

band gap by increasing the width of the gap and decreasing the transmission magnitude 

through the crystal. While the downward shift of the central gap frequency follows the 

reasoning for that of the [111] direction, the decrease in transmission is explained through 

the packing of the [100] plane. The [100] plane is less densely packed than that of the [111] 

plane and an increase in the plane packing through sintering enhances the gap for the values 

studied. Carried to extremes the effect of sintering will also close the gap in the [100] 

direction for the same reasons outlined for the [111] direction.

The combined effects of coating and sintering have still to be investigated, and with 

shape distortion and tolerances incorporated the models will reflect the experimental 

situation more realistically. As the effects of coating and sintering have opposing trends, 

depending on the lattice orientation, a trade off in performance is expected.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
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CHAPTER 10 Optical characterisation of shear 
ordered colloidal crystals

Introduction

In the process of physically making colloidal crystals there is a very large 

chance that stacking faults and defects will occur during fabrication. 

Stacking faults can alter the repeat pattern from one type of face centred 

cubic, f.c.c., crystal to another if they do not randomise the structure 

completely. Assuming that the colloid constructs itself properly, there are 

two types of pure f.c.c. crystal; one is the ABC crystal and the other is ACB, 

where each letter corresponds to one monolayer and the letter order 

corresponds to the stacking sequence. The stacking sequence is most easily 

visualised when the <111> plane is the surface truncation plane.

Figure 10.1 G eneric ABC Colloid

Thin crystals, several tens of monolayers, can be easily fabricated using 

the process of shear ordering to form either ABC or ACB colloids by lateral 

oscillation in the <111> surface plane. By laterally shifting either the top or 

bottom <111 > surface plane with respect to the other, the crystal can be 

switched between the two stacking orders. For thicker crystals stacking 

faults may occur, changing the stacking sequence which can result in the
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crystal being a mixture o f  the two pure f.c.c. lattice types, or having a completely random  

s tack ing  sequence . As d e m o n s tra ted  w ith in  the prev ious ch ap te r  the p rope r t ie s  o f  the 

colloids are very sensitive and any information that can be obtained concerning the purity o f  

the sample is beneficial. Fortunately the stacking sequence o f  thin colloidal crystals can be 

characterised by examining the intensity o f  diffracted Bragg spots and further information 

reg a rd in g  the pu r ity  o f  the sam p le  can be g leaned  by e x a m in in g  the in tens ity  o f  the 

diffracted spots as a function o f  incidence angle.

10.1: Building The Crystal 

Theoretical representation o f the crystal

For incidence onto the < 1 1 1> surface plane the transfer matrix code discretises the cell in 

an orthogona l Cartesian co-ordinate basis, which utilises a non primitive cell. Figure 10.2 

shows the < 1 1 1> surface plane relative to the face centred cubic cell.

^crystal

crystal
< I l l>  Mono layer

Figure 10.2 < l l l >  plane within the cubic crystal lattice 
The x-markers on the mono layer illustrated on the right show the translational shift required from point O to form the two 
dirt'erent mono layers that are used to build an f.c.c. cell. The labelling of A,B and C for each mono layer can be chosen at will 
so long as the definitions remain consistent.

By considering  the pe rpend icu la r  b isec to rs  o f  triang le  A O D  or BOG the shift that is 

required from point O, located centrally in the right inset o f  Figure 10.2, to either x point is 

one third o f  the distance AB. Within the m ode lling tool this fact is used to our advantage 

such that on ly one m onolayer is defined and then shifted by the re levant am ount to form 

e ither  the A B C  or A C B  rep ea t  pa tte rns . The m ode l  uses one ce ll for each m o n o la y e r  

incorporating the influence o f  the previous and next monolayers. Renditions o f  each layer 

used for im pinging wave incidence onto the < 1 1 1> opal surface p lane have a lready been 

shown in Figure 9.7 on page 127.

Photonic Band Gap Materials Research Group. Department of Electronics & Electrical Engineering.
Rankine Building. The University o f Glasgow, Oakfield Avenue,Glasgow, GI2SLT.
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Fabrication using shear alignment

The tecluiique of shear alignment allows the fabrication of large domain colloids. In the 

experiment PMMA spheres, approximately 785nm in diameter, are mixed with octanol 

such that a 54% filling ratio mixture results. The mixture is then placed on a microscope 

slide. 10|im diameter spacer beads are placed on other areas of the slide to control the 

thickness of the crystal and then a second microscope slide is placed as a top cover over the 

sample. The crystal is then formed by laterally oscillating one of the slides forcing the 

spheres to self-organise. Once the crystal has formed continued oscillation switches the 

lattice repeat pattern from ABC to ACB.

For two layers of the <111> crystal there are certain directions in which each layer will 

slide relative to the other. By moving the top slide one monolayer will slip over the layer 

below and then lock. For thicker crystals the first two layers now being locked together will 

then slip over the third, lock, and the process continues down through the crystal. Once the 

maximum extent of the lateral shift has been reached the oscillatory motion then reverses 

the process and the crystal repeat pattern is then reversed. The crystal can therefore be 

changed from ABC to ACB or vice versa, see Figure 10.3.

Lateral Shift

ABC.... ACB...
F igure 10.3 S hear A lignm ent

A cross section o f the crystal during the process o f shear alignment for the two extremes o f  the lateral oscillation. The <111> 
surface is shown in cross section for 5 monolayers o f  the crystal.

When compared with conventional deposition and evaporation techniques the domain 

size and purity of shear ordered opals is superior. If the shear ordered opal is left such that 

the host medium can evaporate then domain granulation and cracking does occur.

Emulating the experiment

The colloid used in the experiment consists of a 54% suspension of PMMA spheres 

^sphere”  1*49 ill octanol «octanot“ l-43. The diameter of the PMMA bails has been estimated 

at 785nm with the first order gap to be found at 194 him. Due to the small index difference 

between the materials a thick crystal is required for the photonic band gap effect to become

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Ranidne Building, The University o f Glasgow’, Oakfield Avenue, Glasgow, G12 8LT.
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apparent. Figure 10.4 shows the transmitted intensity as a function of normalised frequency 

for various crystal thicknesses calculated theoretically and measured experimentally.

it M o n o lay ers

C  0 7  
.2

Ë

i 48
962

90

C  6 0
o
w  5 0w
2  4 0

C  3 0  
2

( -  20

1 7 0 0  1 8 0 0  1 9 0 0  2 0 0 0  2 1 0 0  2 2 0 0

N o rm a lise d  F re q u e n c y  fa/c w avelen gth  (nm)

F igure 10.4 P M M A  & O ctanol < 111> surface transm ission
Left: The TM polarised wave transmission assuming that the waves impinging from the ciystal start from octanol.
Right: The transmission at normal incidence as a function for a 10pm thick (solid) and a 115pm thick (dotted) PMM A-octanol 
colloidal crystal. The first order band gap is evident as a reduction in transmission at 1941nm. (With kind permission from the 
authors o f [67])

From Figure 10.4 the band gap is located at a normalised frequency o f fa/c=0.S9. 

Recalling the expression for the filling ratio for colloids, Equation 9.1 on page 126, and 

given the approximate radius of the spheres of 785nm and the filling ratio of 54%, the 

lattice constant can be derived to be approximately a=1150nm. Using these parameters to 

convert the predicted normalised frequency first order band gap at fa/c~0.59 to wavelength, 

the model predicts a first order band gap located at 1949nm, figures that are in good 

agreement with the measurements.

10.2: Diffraction

The interaction of electromagnetic waves and periodic structures can lead to diffraction, 

a well known effect that plays an important role in the characterisation of structures and 

devices. Photonic colloidal crystals can also cause incident radiation to diffract, the onset of 

diffraction being determined by the diffraction limit or cut off frequency for the structure. 

There are many texts that deal exclusively with X-ray diffraction through crystals. One of 

the most notable being written by Sir William Lawrence Bragg [79], and another by 

Woolfson [80] both of which extensively cover diffraction through crystal structures. 

Examples of diffraction through hexagonal crystal planes, also examined here, along with 

other stnictures can be found on page 318 of Woolfson.

Photonic Band Gap Materials Research Group, Department of Electronics <6 Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakf eld Avenue,Glasgow, GI2 8LT.
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Diffraction Limit

For many of the common photonic crystal structures the effects of diffraction need not be 

considered, as operation within the first order band gap occurs at frequencies where no 

diffraction occurs. Once the frequency of interest exceeds the diffraction cut-off frequency 

for the structure then diffraction starts to occur and plays an important role in characterising 

the structure. To verify the integrity of the transfer matrix code in predicting diffraction 

within PBG structures, a return to simple grating structures is required. Diffraction starts to 

occur when the lattice, or grating periodicity, a, is equivalent to the free space wavelength 

of the incident plane wave for normal incidence, X.

Diffraction Cut-Off ; X= a

The famous analogy is in fact the experiment carried out by Young, in the ‘Young’s Slit’ 

experiment. This experiment shows that diffraction starts to occur only when the periodicity 

and wavelength relation outlined is fulfilled. If the frequency is increased further then 

higher orders of diffraction are seen.

Normal Incidence

t
-90 0 +90 
First Order

-90 0 +90 
First Order

-90 0 +90 
Second Order

F igure 10.5 D iffracted  O rders resu ltant from  a norm ally  incid en t w ave.
The transmitted / diffracted orders resultant from a single normally incident plane wave. From left to right the illustrations 
show Left: the condition at the diffraction limit. Centre: beyond the diffraction limit (but only first order diffraction), Right: 
second order diffraction.

The orders of diffraction are defined in relation to the main plane wave passing through 

the structure. For an incident wave that is normal to the vertical periodicity of a two 

dimensional grating that just satisfies the criterion for diffraction, two diffracted orders are 

found in addition to the zero order non diffracted wave. This is illustrated in the left-hand 

diagram of Figure 10.5, one order is diffracted upwards, and one downwards and the zero 

order diffracted order passes through the grating. The two diffracted orders are a direct 

result of the symmetry of the structure, the condition of normal incidence and the

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue, Glasgow, GI2 8LT.
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relationship that derives the position of the diffracted orders, discussed next. The angles of

propagation of the diffracted orders can be simply found by considering the frequency or

wavelength of the incident plane wave and an integer number, n, of the reciprocal lattice 

grating vectors in conjunction with the component of the incident wave vector parallel to 

the grating.

_ 7. . 2n7i:
^^allowedll ~  '^incident 11 ^  (10-1)

' ' ^ g ra t in g  11

Figure 10.5 shows normal incident plane waves for three different frequencies arriving 

on the same grating. The black dots represent the reciprocal lattice points of the grating and 

the circle is representative of the k of the incident plane wave, the higher the frequency of 

the wave the larger the diameter of the circle. For frequencies where the circle does not 

encompass any of the reciprocal lattice points there is no diffraction and the system is below 

the cut-off frequency.

The choice of normal incidence on the system ensures that there are no parallel 

components of the wave vector on the grating, and this simplifies the explanation of the 

diffracted orders. To calculate the allowed diffraction orders, horizontal lines are drawn 

through the reciprocal lattice grating vectors, see Figure 10.5. The intersection of these lines 

with the /c-circle relating to the operational frequency tlirough the relation co=ĉ /c, where co 

is the angular frequency and Cq is the speed of light, defines the allowed diffraction orders.

At the onset of diffraction, the first example on the left of Figure 10.5, the diffracted 

orders exist at angles oblique to the incident plane wave, that is to say +/- 90 degrees. These 

are the first diffracted orders and they are symmetrical about the main transmitted ‘zero’ 

diffracted order. As the frequency of the incident wave continues to increase then these 

diffracted first order waves will move consistently closer to the main transmitted beam, and 

if the /c-circle overlaps a second set of parallel lines, then second order diffracted beams 

occur. If the power into the system is normalised then the summation over the main 

transmitted order (zero order) and any existing diffracted orders, evanescent waves and 

reflected orders should be unity.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue.Glasgow, GI2 8LT
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Off-Normal Incidence

Parallel
Component

e

-90 0 +90 
First Order

t 1 t
-90 0 +90 
Second Order

-90 0 +90 
Second Order

Figure 10.6 O ff no rm a l incidence diffraction.

On moving away from normal incidence there is a component of the /c-vector which now 

exists for the direction perpendicular to normal incidence, the parallel component of the k- 

vector to the grating, which has to be considered. The reciprocal lattice vectors of the 

grating must be displaced by this parallel component, which can lead to a situation where 

only one diffracted order exists, and there is not the symmetry about the main transmitted 

order as was found for the normal incidence scenario. The asymmetry occurs when the 

incident angle results in a component of the /c-vector parallel to the grating, which upon the 

addition or subtraction of a reciprocal lattice grating vector, see Equation 10.1 on page 146, 

allows only one diffracted order after the zero order. Wlien higher orders of diffraction are 

allowed then the there will be angles where there will be even total numbers of diffracted 

orders rather than a odd number as was the case for normal incidence.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
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10.3: Diffraction resultant from  the <111 > surface plane

Figure 10.7 Two possib le  orientations o f the <111> surface plane.
The empty circles represent the actual spherical atoms that constitute the lattice while the solid circles represent transmitted 
orders. Within the insets the zero order (main transmitted beam) is the central black dot while the surrounding six dots are the 
first order diffracted spots. The insets assume that the probing beam in normal to the <1 ! 1> surface plane shown and that the 
normalised frequency is over unity such that there is diffraction.

By considering the atoms that constitute the <111> surface a set of lines can be drawn 

that form a geometrically tiled pattern of isosceles triangles due to the three fold symmetry 

of the surface plane. Two vectors drawn from one point to any two different nearest 

neighbour points define the direct lattice vectors. Due to the three fold symmetry of the 

surface plane, the reciprocal lattice is simply related to the direct through Equation 10.2 

where b is the direct lattice vector, d  is the reciprocal lattice vector and ô is the Kronecker 

delta unity matrix.

( 10.2)

A rotation through ninety degrees of either inset of Figure 10.7 generates the other, such 

that either could be the direct or reciprocal lattice with respect to each other. Three sets of 

parallel lines are drawn along the high symmetry directions of the lattice defining the 

diffraction planes which give rise to the diffracted orders. The diffracted orders are 

equidistant relative to the main zero order transmitted beam, assuming a normally incident 

impinging probe beam onto the <111> surface plane. The three sets of diffraction planes 

result in six first order diffracted spots for the surface layer. The existence and deviation of 

the diffracted orders from the zero order beam is a function of the frequency of the probing 

wave.

Photonic Band Gap Materials Research Group, Department of Electronics & Electrical Engineering,
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The f.c.c. Structure repeats every three mono layers in the [111] direction with each layer 

consecutively shifted to the previous layer to form either the ABC or ACB stacking 

sequence. These stacking sequences cause the six diffracted spots to split into two pairs of 

tln ee. Three of these spots are more intense than the others, either IKM, or JLN. Each group 

of three dots itself form an isosceles triangle. Depending on the f.c.c. type the opposite three 

dots are more intense, therefore by experiment the lattice stacking sequence can be 

determined.

As the f.c.c. crystal structure thickens, such that it is several tens of monolayers thick, it 

is very likely that the resultant colloid will be a mixture of the two lattice types arising from 

stacking faults. The diffracted order intensity can also be used to obtain an idea of the 

disorder within the colloid.

Diffraction through the colloid

A normalised frequency of 1.7674 was chosen for the diffraction calculations to emulate 

the Helium-Neon, HeNe, laser that was used in the experiment. Both forms of pure f.c.c. 

lattice were examined and the diffraction data for both ABC and ACB lattice types was 

computed. For thin crystals all six Bragg spots can be measured in the experiment and they 

are also generated by the model. Figure 10.8 shows the diffraction spot angles in the xy- 

plane for a normally incident plane wave. The transmitted beam which passes straight 

through the crystal is located at an angle of (90,90), shown in the centre of the figure. The 

diffracted spots which form the expected hexagon shape are joined together by the black 

line. Due to the rectangular nature of the non-primitive representative cell there are also 

spurious diffracted spots which have been joined to form a diamond shape highlighted by 

the red line. These dots are related to the artificial boundaries of the 3-dimensional 

rectangular cell that has been used to represent the structure in the calculation and do not 

relate to the physical properties of the crystal in any way, and consequently they can be 

ignored.

Pholonic Band Gap Materials Research Group, Department of Electronics c& Electrical Engineering,
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170

X A n g le

Figure 10.8 C ode generated  d iffracted  orders.
The diffracted orders as calculated by the code plotted in the xz- plane for a normal incidence plane wave at a normalised 
frequency o f 1.7674 on the < 1 11> plane.

The data files for the ABC and ACB simulations were then sorted to extract the most 

intense diffracted spots to give the results in Figure 10.9.

ABC

100 110 120 130 140

140

ACB

60

60 120

A n g le  X A n g le  X

Figure 10.9 D iffraction  patterns for ABC and A C B  f.c.c collo ids
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The experimental results for a disordered crystal, a large shear crystal and the two types 

of f.c.c. lattice for the PMMA / octanol opal defined in “Fabrication using shear aligmiienf ’ 

on page 143 are shown in Figure 10.10.

Figure 10.10 M easu rem en ts on shear aligned opals
The observed diffracted Bragg spots from a) a disordered crystal, b) a crystal aligned with a large scale shear, c) face-centred 
cubic crystal structure and d) the alternative face-centred cubic structure. Figure reproduced with kind permission from Dr. 
Richard Amos, DERA.

Figure 10.9 and insets c) and d) of Figure 10.10 illustrate that the stacking sequence 

clearly affects which of the three diffracted orders are primarily excited. The measurement 

results and theoretical predictions agree. For completeness, Figure 10.11 illustrates the 

difference in diffracted order intensity between the tlrree main excited diffracted orders and 

the others for an ABC lattice 96 monolayers thick.

Photonic Band Gap Materials Research Gt'onp, Department of Electronics cè Electrical Engineering,
Rankine Building, The University o f Glasgow, Oakfield Avenue, Glasgow, GI2 8LT.
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Figure 10.11 D iffracted  order intensity for an ABC' collo id .
The ditïracted order intensity for a TM polarised normally incident plane wave. Colloid is 96 monolayers thick. Analysis at a 
normalised frequency o f 1.7674 The main transmitted order related to normal incidence is found at an angle o f (x,r )-(90.90)

Twinned Opal

A tw inned opal consists o f  a m ixtu re  o f  the two pure f.c.c. lattice types. Ana lysis was 

carried out for even ly twinned opals, the first ha lf  o f  each opal being ABC, and the second 

ha lf  being ACB, and vice versa.

ABC/ACB ACB/ABC

I

Figure 10.12 T w inned O pal Intensity responses
Both simulations assumed a normalised frequency o f 1.7674 and normal incidence onto the < l l l >  surface plane The main 
transmitted order related to normal incidence is found at an angle o f (.v.v)=(90,90)
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Both simulations assumed the following structure: 48 monolayers of one type of crystal, 

a single change-over layer, and then 48 layers of the other crystal type. Therefore the 

overall thickness of the crystal is 97 monolayers. Comparing the transmission response to 

that of the pure f.c.c. results shown in Figure 10.11 it is interesting to note the differences in 

the diffracted order spot intensity. The three most intense dots depend on which type of 

crystal is first encountered by the incoming wave. The other three diffracted spots, while 

less intense than others, when compared in intensity level to the less intense orders of a pure 

f.c.c. lattice for similar circumstance and thickness, are considerably more intense. 

Consequently there is a recognisable signature for either a twinned or pure f.c.c. colloid 

which can be examined optically.

10.4: Optical characterisation o f  a shear ordered colloidal crystal

Further information concerning the stacking sequence and purity of the sample can be 

obtained by examining the intensity of the diffracted spots as a function of impinging laser 

beam angle. By scamiing the incidence angle of the laser beam onto the sample an intensity 

profile for the diffracted spots can be obtained, see Figure 10.13. An impinging laser beam 

with a sufficiently long wavelength will generate six diffracted beams and a main

transmitted beam when the laser beam is normally incident onto the sample, i.e. 0=0° in 

Figure 10.13. The spots can be paired using the diffraction grating planes that generate 

them, from Figure 10.7 on page 148, the pairs are I and L, K and N, and J and M.

By ensuring that both diffracted spots of one pair, generated at normal incidence, lie 

within the angular plane that can be swept by the experimental set-up, the surface 

orientation of the crystal is known (previously discussed in “Diffraction resultant from the 

<111> surface plane” on page 148).

Detector

Laser

Sample

Figure 10.13 T h e experim ental set-up
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The modeliing tool should emulate any required rotation on the <111> surface plane that 

is used in the experimental set-up, see Appendix C on page 195. Tlirough careful choice of 

unit cells that are used to represent incidence onto the <111> surface plane of the colloid, 

limiting the incidence scan in the xy-plane suffices to theoretically characterise the 

diffracted spot intensity as a function of incidence angle and emulate the experimental set

up.

By scanning the incidence angle an intensity profile of a diffracted Bragg spot can be 

obtained. With the kind permission from the authors of [67], the intensity profiles for one of 

the diffracted Bragg spots for both types of shear ordered pure f.c.c. opal that were 

calculated using Mie scattering theory are shown in Figure 10.14. Note that the colloid 

modelled within Figure 10.14 was also made from PMMA and octanol but with a different 

volume concentration to that used in our experiment, consequently the incidence angles 

associated with the Bragg peaks of our sample are different. However, the findings are 

applicable nonetheless.

10

0
4 0  -20 0 20 40 60 80

Angle of Incidence 0

Figure 10.14 B ragg sp ot in ten sity  profiles as a function o f in cid en ce angle.
The theoretical scattered intensity o f  one o f the Bragg spots as a function of the angle o f incidence for a) a pure f.c.c. structure 
with a stacking sequence o f ABCABC, b) a pure f.c.c. structure with a stacking sequence o f ACBACB. All plots are for 20 
layers o f colloid suspended between two glass plates. They have been scaled and offset for clarity. Figure and caption 
reproduced with the kind permission from the authors o f [67].

From Figure 10.14 it can be seen that the type of f.c.c. crystal clearly affects the intensity 

profile. The two pure f.c.c. crystal intensity profiles, insets a) and b) show a strong and 

clearly different incidence dependence with noteworthy peaks for particular angles of 

incidence. These peaks are related to the satisfaction of the three dimensional Bragg 

condition for the colloid, such that for a given incidence angle the wave propagating within 

the structure encounters a periodic modulation of refractive index enhancing the reflection.

Photonic Band Gap Materials Research Group, Department of Electronics c£ Electrical Engineering,
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Similar analysis was carried out for a twinned f.c.c. opal, and is shown in Figure 10.15 

again with the kind permission of the authors of [67]. The twinned structure shows two 

distinct Bragg resonances, one attributable to ABCABC-stacking sequence and the other 

related to the other f.c.c. crystal ACBACB-stacking sequence. The transfer matrix was then 

used in an attempt to verify the findings for a similar shear ordered colloidal crystal made 

from PMMA and octanol.
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Figure 10.15 B ragg spot in ten sity  profile for  a tw in ned f.c.c. as a fu nction  o f  incid en ce angle.
The theoretical scattered intensity o f one o f  the Bragg spots as a function o f  the angle o f incidence for a twinned f.c.c. 
structure based on 10 layers o f  ABCABC-type stacking and 10 layers o f ACBACB-type stacking. Figure and caption 
reproduced with the kind permission from the authors o f  [67].

The measurement set-up

The colloidal crystal measured was made with a solution of 720nm diameter PMMA 

spheres dispersed in octanol with a volume concentration between 49 and 54%. The 

colloidal crystal was ordered using the shear ordering technique and optical characterisation 

was performed using a laser beam of 441nm confirming the ordering of the sample. The 

laser beam showed six spots which were observed to oscillate between the two bright sets of 

tliree spots as the shear direction changed, as discussed in the previous section. On removal 

of the shear the sample relaxed to six spot configuration corresponding to a twinned f.c.c. 

structure. Glue was then used between the slides such that it also encompassed the sample 

to prevent further movement of the slides or evaporation of the octanol.

The structure was then characterised by monitoring the intensity of all of the transmitted 

and reflected orders, including the diffracted orders. This was achieved by placing the 

sample on a rotation stage with an impinging laser beam of wavelength 543nm as shown in 

Figure 10.13. A silicon photo-diode detector was mounted on a second rotation whose 

centre of rotation was coincident to the sample. Both stages were then scanned through
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computer control to characterise the angular performance of the sample. Polarisers were 

inserted in front of the sample and the detector so that differentiation between input and 

output polarisation could be made. The scattered light for normal incidence onto the sample 

for both the transmitted and reflected orders is shown in Figure 10.16 for the twinned f.c.c.

structure. Information concerning the transmitted orders is shown between ±90° while 

reflection data is shown from +91° to 270°. Note that due to physical limitations of the 

experimental set-up the detector mechanism blocks the reflection measurement when the 

sample angle and detector angle are coincident.
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F igure 10.16 E xp erim en ta l data for  the tw inned f.c.c. P M M A  collo id  in O ctanol
The transmission and reflection data shown for normal incidence in arbitrary units for a twinned f.c.c, colloidal crystal made 

using the shear ordering technique. The transmission data is shown in the anguiar range from -90“ to +90“ while the reflection 

data is shown from +90“ to 270°. The main transmitted (reflected) order can be seen at 0“ (180°). The transmitted (reflected) 

Bragg spots can be seen at ±50° (130° and 230°). Note that the dip in the main reflected beam is caused by the blockage o f the 
beam by the detector mechanism.

The computer was then set to perform iterative measurements of both the reflected and 

transmitted orders as the sample angle was changed. Figure 10.17 on page 157 shows a gray 

scale map of the optical scattering for the sample as a function of the incidence angle 

against the angle measured with respect to the sample surface normal, white relates to high 

intensity. Note that the angle conventions adopted in Figure 10.16 on page 156 have been 

reversed for Figure 10.17. The transmission data is shown on the right-hand side of the

figure, from 90° to 270° while the reflection data is shown on the left-hand side from -90° to

+90°. Figure 10.18 shows the same data in 3 dimensions in colour, showing the intensity 

change in the scattering as a function of incidence angle more clearly.
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80 1
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Figure 10.17 G ray scale m ap o f the optical scatterin g  o f a tw inned f.c.c. co llo idal crysta l.

Reflected light corresponds to angles from -90° to +90° while transmitted light corresponds to angle from 90° to 270°. The 
diagonal straight lines correspond to the zero order transmitted and reflected beams. The first and second order Bragg spots 
can be seen as the incidence angle is varied. White relates to high intensity, black relates to low intensity.

Figure 10.18 3 -d im en sion al co lou r  m ap o f the optical scatterin g o f a tw inned f.c.c. co llo idal crysta l.
Same caption as for Figure 10.17, with the information shown on a colour scale showing the intensity variation more clearly

Photonic Band Gap Materials Research Group, Department o f Electronics & Electrical Engineering,
Rankine Building, The University’ o f Glasgow, Oakfield Avenue, Glasgow, GI2 8LT

157



O ptica l characterisation  o f  shear ordered  co llo ida l crysta ls O ptica l characterisation  o f  a sh ear  ordered  co llo id a l crysta l

The transfer matrix code was set up to emulate the colloidal crystal and the measurement 

scenario, the diffracted order angles for the zero, first and second orders along with their 

associated intensity were calculated as a function of incidence angle. Figure 10.19 shows 

the order’s incident angle plotted against the propagation angles measured with respect to 

the sample normal.

c  -30

90 100 110 120 130 140 150 160 170 180 190 200 210 220 230 240 250 260 270
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F igure 10.19 T h e zero, first and secon d  TM  orders predicted  by th e T M M  code.

The angular information in Figure 10.19 from the model can be compared with the 

right-hand side of Figure 10.17 on page 157 for the experiment and is found to be in good 

agreement.

The experimental data was processed such that the intensity of the first order diffracted 

spot could be plotted as a function of incidence angle, see Figure 10.20 on page 159. As can 

be seen from the figure the intensity for the first order transmitted Bragg spot peaks when

the impinging incidence angle reaches approximately 55°. The peak is somewhat broader 

than expected, but can be attributed to the variation in the PMMA sphere radius size, 

approximately 5%, and the angular resolution of the detector.
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F igure 10.20 E xperim enta l in ten sity  o f  the first order B ragg spot.
The experimental intensity as a function o f incident angle o f  the first order transmitted Bragg spot.

Considerable time and effort was put into modelling the structure, various discretisation 

meshes were investigated as the mesh sizes used to predict the location of the first order 

band-gaps in the [111] direction were found to be insufficient to accurately resolve the 

angular positions of the diffracted orders. Consequently the discretisation mesh size was 

increased to a level where the diffracted order intensity for one of the Bragg spots peaked at 

the same angular value as measured in the experiment. At this level of representation the 

demands on computer resources are considerable, such that given the limitations of the 

machine used for the modelling only pure f.e.e. opal was investigated with several hours 

required to calculate the response for a single angle of incidence. The results for the 

intensity of the first order transmitted Bragg spot for three different discretisation meshes 

are shown in Figure 10.21.
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Figure 10.21 T heoretica l in ten sity  o f th e first order B ragg spot.
The theoretical intensity as a function o f incident angle o f the first order transmitted Bragg spot.
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The agreement between theory and experiment is good but the computation times, 

forethought and care involved in obtaining the results in Figure 10.21 are substantial.

10.5: Conclusion

By examining the intensity of the first order Bragg spots for colloidal crystals which are 

a few tens of monolayers thick information concerning the stacking sequence can be 

obtained. For normal incidence onto the <111> surface plane an impinging plane wave of 

sufficient frequency will generate six first order diffracted spots due to the three fold 

symmetry of the <111> surface plane. There are two types of pure f.c.c. lattice, ABCABC 

and ACBACB where each letter eorresponds to one monolayer of the stacking sequence. 

From the six diffracted orders generated two isosceles triangles can be constructed. 

Depending on which pure f.c.c. lattice type is being examined three spots that form the 

vertices of one of the triangles are much more intense than the other three. The situation 

reverses for the other type of pure f.c.c. lattice. Consequently there is exists a method for 

optically characterising the f.e.e. lattice type.

Optical characterisation is particularly suited to the examining the properties of opal 

colloidal crystals that have been ordered using the shear ordering technique. The shear 

ordering technique uses a suspension of particles in a liquid sandwiched between two glass 

microscope slides. Spacer beads are used between the two slides such that a minimum 

spacing between them is assured. The top slide is then laterally oscillated and the crystal 

then self orders into one type of f.c.c. crystal, on reversal of the lateral shift the stacking 

sequence is altered and the other type of crystal is formed. However once the lateral 

oscillation is stopped the suspension relaxes into a mixture of the two pure lattice types 

called twinned opal.

By examining the intensity of one of the diffracted spots as a function of the impinging 

wave incidenee angle there are distinct optical signatures. The pure f.c.c. lattice types 

display a marked increase in intensity for a particular, but different incidence angle 

depending on the lattice type. For the twinned structure two peaks are generated due to the 

mix of the two lattice types. The peaks in the response are resultant from the three 

dimensional Bragg condition. When the Bragg condition is satisfied the diffracted beams 

that are generated by each monolayer add together in amplitude and phase. As the thickness
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of the crystal, in temis of monolayers, inereases the range of angles which satisfy the Bragg 

condition becomes increasingly smaller. Both experimental measurement and theoretical 

models have confirmed the optical characteristics of the colloids. This demonstrates that the 

information contained in the diffracted spots, when they are scanned as a function of 

incidence angle, can provide definitive information concerning the internal structure of the 

colloidal crystal.

The agreement between the measurement and theoretical results demonstrates the 

applicability of the transfer matrix method in modelling the diffraction properties of 

colloids. However considerable computer resources and patience are required to model the 

diffraction properties of the crystals. Careful thought must also be exercised over the choice 

of discretisation mesh that is employed in building the dielectric matrix used to represent 

the colloidal structure.
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CHAPTER 11 Summary, Conclusions and Future
Considerations

Summary & Conclusions

A fter the introduetory chapter, chapters 2 to 5 characterised the 

performance of 1-, 2- and 2+1-dimensional photonic crystals. The objective 

was to find a design for an omni-directional reflector, a structure that should 

not allow propagation for any polarisation or incidence angle for a range of 

frequencies.

Chapter 2 demonstrated, tlirough the limitations imposed by Snell’s Law, 

that a 1-dimensional Bragg stack under particular circumstances can display 

omni-directional reflection. However the circumstances under which these 

conditions apply are limited, and it was shown that upon removal of these 

conditions omni-directional reflectance was no longer sustainable.

Chapter 3 built on the idea of using a Bragg stack as the base mechanism 

for a proper 3-dim ensional reflector. By sandwiching a slab of high 

refractive index material, perforated with an optimised 2-dimensional 

hexagonal lattice of air holes, between two pieces of the same bulk material a 

pseudo 2+1-dimensional structure was fonued. The refractive index contrast 

between the bulk material and the effective index of the perforated layer was 

shown to be insufficient to open a full 3-dimensional photonic band gap.

Chapter 4 extended the thinking of chapter 3 by using two different 

materials to form the Bragg stack and extended the holes straight through the 

stack. For the materials examined and for the range of frequencies studied, it
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was concluded that the 2+1-dimensional structures examined in chapters 3 and 4 had 

insufficient symmetry to display a full 3-dimensional photonic band gap.

Chapter 5 demonstrated that interleaving two, 2-dimensional photonic crystal lattices to 

make a woodpile structure resulted in the successful creation of a full 3-dimensional 

photonic band gap. Many of the properties of the resultant 3-dimensional photonic crystal 

could be predicted directly from a knowledge of the properties of the 2-dimensional sub- 

lattiees. This radically reduced the computational overhead in terms of the time and cost 

involved in the determination of their properties. Examination of the properties of a 

previously published woodpile structure demonstrated the existence of a full 3-dimensional 

photonic band gap, confirmed both experimentally and theoretically. An increase in the 

performance of a slot antenna placed onto the surface of the crystal was also presented. It 

was concluded that the woodpile was a truly 3-dimensional photonic band gap material 

which showed promise as a substrate for integrated antenna systems.

Chapter 6 examined the influence of placing various dielectric membranes over the top 

layer of an underlying 2-dimensional photonic crystal. It was demonstrated that concerns 

over surface wave excitation due to the combination of the membrane and top layer of 

photonic crystal were justified, but concluded that for our operational frequeney such 

surface waves were not of concern.

Chapter 7 introduced a planar cavity defect into an otherwise perfect 2-dimensional 

photonic crystal. The supported mode in the cavity displayed strong impinging wave 

incidence angle dependence. Both theory and measurement confirmed the angular filter 

dependence. It was suggested that by placing an antenna, with a resonant frequency 

supported by the cavity, into the cavity, the directivity of the antenna could be vastly 

improved providing further explanation of recently published work.

Chapter 8 examined the coupling between defects that were introduced as superlattices 

into an otherwise perfect hexagonal lattice of air holes in dielectric. The coupling between 

neighbouring defects was examined as a function of distance and direction of propagation. 

The coupling was strong for defects that were close to each other, and as the distance 

between the defects was increased the coupling between them reduced at a significant rate. 

Waveguides made from coupled defects were discussed; these present the opportunity to 

guide light around corners without the inherent loss encountered by conventional
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techniques. In the conclusion of the chapter a simple idea for a wavelength dependent 

optical waveguide splitter was presented.

Chapters 9 and 10 examined the properties of opal colloidal crystals. These crystals are 

mainly fabricated by taking advantage of the fact that the crystals self organise to fonu face 

centred cubic lattices. Chapter 9 examined the transmitted level through the crystal for 

different surface truncations as a function of various crystal parameters. The influence of 

dielectric coatings and sintering, a thermal process that shrinks and stabilises the crystal, 

were examined as functions of crystal thickness.

Chapter 10 presented analysis of the information that can be obtained optically by 

examining the diffracted orders generated by a laser beam probing a thin colloidal crystal. 

The intensity of the diffracted orders and their angular dependence defined optical 

signatures for the structure being probed, providing useful information concerning the 

stacking sequence and purity of the colloidal crystal.

Future considerations

The transfer matrix technique has been clearly demonstrated to be a useful modelling 

tool and confidence has been built in the technique through experimental verification. 

Photonic crystals are set to be an important partner in their marriage to current mm-wave 

and optical devices. As yet there are many stmctures and properties still to be investigated. 

The accurate modelling of anteimas incorporated onto the surface of photonic crystals and 

the integration of active material into optical photonic crystals is yet to be properly 

undertaken and will eertainly provide a challenging task for the future.
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A .l The Dispersion Relation

The free space dispersion relation is give by Equation A. 1.1. For a given frequency this 

equation allows the external incidence angle of a plane wave incident from air onto a PEG 

crystal.

cô  = k] + k], + k] A .I .:

The code assumes that the period in the x-direction relates to the dimension of the first 

Brillouin zone, (FEZ) and normalises this dimension to n / a . The light line defined by 

Equation A. 1.2 can then be used in conjunction with Equation A .1.1 to scan the relevant 

values of the k-vector to cover all external angles of incidence, where n  is the refracive 

index of the material, Cq is the speed of light in vacuo and co is the angular frequency and k 

is the k-vector,

COM =  Cq/c A .1.2

The diagram on the left of Figure A.l shows the k  ̂and k  ̂components for several fixed 

frequencies in a 2-dimensional plane assuming that ky=0, i.e. it is the graphical solution of 

Equation A. 1.1. The normalised boundaries of ± n / a  have also been marked on the diagram 

in the k  ̂direction. For any given k value this can be broken down into the constituent k^

and ky parts and the incidence angle G taken using the kg=0 plane as a reference.

- Ti / a - n / a

-90<

0.5

CO = ck

n / an / a

03C7

2 ti:c

F igure A .l T lie  light line

When the light line is plotted against normalised frequency as on the right hand side of 

Figure A .l, the repetitive diamond structure is seen. This diamond structure is a result of the 

periodicity introduced in the k^ direction, the free space mode defined by the light line
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continues to propagate by folding back within the k^ zone as shown. For a given normalised 

frequency below a value of 0.5 scamiing the k  ̂vector between ±K/a covers all incidence 

angles from -90° to +90° degrees across the face of the crystal. This has been shown in 

Figure A.l for a particular frequency co'. Values of k  ̂ that result in a complex k  ̂relate to 

evanescent waves in the structure.

Point o f  Interest

Inside the program the k-vector has been normalised to units of Ti/a. Consequently for the 

largest value of normalised frequency the oblique incidence value of the /c-vector is found 

using Equation 13.1.

COM =  ck

I nf n = ck' -  
a

= )
(13 .1 )C a lcuIating  the relevant k-vector.

W here CO is the angular frequency, (0=2jtf, the k-vector is k, the speed o f light in vacuo is c, the lattice constant is denoted by a, and 
the refractive index o f  the ambient medium is n.
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Appendix B THc TroHsfer Matrix Method

The transfer matrix method for analysing the reflection and transmission 

characteristics of stacks of layers which are ID-periodic in the plane of the 

layers under plane wave incidence from outside the stack has been described 

by Pendry, Bell and Ward [21,50,63,82,83,84]. This appendix presents an 

overview of the main techniques used within the program, which has been 

extensively modified from the original version distributed by Professor Bell, 

Professor Pendry and Dr. Ward from the Condensed Matter Group of 

Imperial College’s Science Technology and Medicine, (ICSTM), Imperial 

College, London.

In essence the fields on one interface of the stack are expanded in Fourier 

series with respect to the spatial coordinates along the layer plane. Each 

spatial harmonic is the projection on the plane of a sum of upward- and 

downward-propagating plane waves in the layer medium, so the Fourier 

coefficients of the spatial harmonics on opposite interfaces of each layer are 

related by a scattering matrix which describes the inhomogeneity of the layer 

between the interfaces.

By cascading the scattering matrices for each layer, Fourier coefficients 

can be propagated down through layers by successive matrix multiplications. 

A boundary condition, that there can be no inward propagating wave in the 

half-space beyond the stack not illuminated by the illuminating plane wave, 

is applied, and this is sufficient to determine the transmission coefficient of 

the plane wave which exits from the stack propagating parallel to the
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incident plane wave direction, along with the amplitudes of all its associated diffraction 

orders.

B. 1 The Transfer Matrix & Co-ordinate Definitions

The transfer matrix technique relates the electric and magnetic fields from one co

ordinate plane in space to another through knowledge of the dielectric profile of the 

material between the planes. Defining a Cartesian co-ordinate system, shown in Figure B.l, 

the fields can be propagated in the z-axis from the z-0  plane to another plane, z-c.

F igure B .l C artesian  co-ord in ate  system  for a generic periodic structures.

Once the initial electric and magnetic fields have been defined in the z=0 plane then by 

using the transfer matrix, T, the new fields can be calculated at the z -c  plane. The transfer 

matrix relates how the electric and magnetic fields cross a slab of material and therefore if 

the calculation is set up correctly and normalised the transmission and reflection co

efficients can be derived directly from the resultant transfer matrix.

F( z =  0) = \ E f z =  0),£',,(z= 0 ) , H f z =  0) ,Hy(z=  0)]  

F( z =  c)  = T{c, Q)F(z=  0)
B .l.I

B.2 Formulating the calculation

Before the transfer matrix technique can provide results a methodology of application is 

required for a computer. One strategy is to sample the dielectric structure intended for study 

with a mesh, a technique also commonly used for Finite Element, (F.E.), and Finite 

Difference Time Domain (F.D.T.D.), techniques. These strategies require that Maxwell’s 

equations are discretized onto such a mesh, facilitating a computer solution. The transfer 

matrix method, (T.M.M.), also discretizes Maxwell’s equations and for the transmission 

and reflection co-efficient calculation adopts a Finite Difference Frequency Domain, 

(F.D.F.D.) approach.
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To outline the operation o f  the code. Figure B.l shows the genera l process flow chart. 

The band structure ca lculation side o f  the code has not been deve loped while extra features 

and capabilities have been added to the transmission and reflection coefficient part o f  the 

p rog ram . The code now  hand les  the seam less  integration o f  m ultip le  ‘c e l l s ’, each cell 

c o n ta in in g  a d i f fe re n t  s t ru c tu re  and  i f  re q u i re d  d is s im i la r  z -d im e n s io n .  Each  ‘c e l l ’ 

represen ts  a piece o f  the c rysta l  s tructure  a llow ing  the user m o re  freedom  to introduce 

defects and higher resolution meshes.

Input structural & 
other run time 

parameters.

f
labulate matrices 
representing the 
structure e(r).

f
Uenerat

Reality
Cry

e Virtual 
File of 

stal.

reate a Plane 
wave Basis set for 

the reference

alculate the 
transfer matrix for 

real space.

lagonalise T- 
matrix to obtain 
band structure.

alculate the 
Transmission & 

Reflection

alculate l- atrix
for all cells

ombine dinerent 
cells to build bulk 
crystal response.STOP

Jutput Results 
into files.

STOP
-► Band Structure Calculation (i)
-► Transmission / Reflection (ii)

Figure B .l S im plified  Flow C hart o f Program  O peration .

B.2.1 Discretizing MaxwelTs equations

M axw e l l ’s equations in SCI form are shown in Equation B .2 .1 where D is the electric 

disp lacem ent vector, B is the m agnetic  flux density, E is the electric field vector, H  is the 

magnetic field vector, p is the charge density and j  is the electric current density.

V -D  = p V ■ B = 0

V x £  = Vx / i  =
dt  dt

B.2.1

As the code uses a finite difference frequency domain approach operation is carried out 

in the f requency  dom ain . T he  quan ti t ie s  that are used w ith in  M a x w e l l ’s equa tions  are 

w ritten  in Equation  B .2 .2 with  their  t im e and frequency  dependence , in fo llow ing  the 

convention used by Imperial College is adopted, and it must be noted that this follows the 

style adopted by physicists rather than engineers.
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D{r , t )  = D(r)exp(-/CûO E{r , t )  -  E (r)exp(-/co f)

B {t \ î )  =  .B(r)exp(-/co/') H{r , t )  =  / / ( ; • )  exp(-?O)0 B.2.2

p(/’,0  = p(/')exp(-/coO = y(f)exp(-/coO

Returning these expressions into Maxwell’s equations in Equation B.2.1, performing the 

partial derivatives, defining the electric displacement vector, the magnetic flux and current 

density defines the scope of the problem which is expressed in Equation B.2.3.

V D  = p v - 5  = o 

V x E  = itüB V x H  = { - i w ) D  + j  B.2.3

D  -  EEgE B = j  ~

Further simplification is made such that there are no embedded electric currents or 

magnetic sources allowing us to assume that p and j  are zero. By substituting our 

expressions for D  and B back into Equation B.2.3 it is then elementary to obtain the 

expressions in Equation B.2.4

V D  = 0 v-5 = 0
B.2.4

V x E  =  / c o p p o ^  V X =  -{(peEqE

Fourier Transforms

As much of the transfer matrix work is carried out in k-space it is also necessary to 

Fourier transform Maxwell’s equations. The expressions for the electric and magnetic field 

can be simply rewritten from Equation B.2.3 by implementing the Fourier transform. The 

generic Fourier transform translates functions from time to frequency or vice versa.

F{k,  co) = (271) ' J / ( r ,  7) exp (/CO/) exp (-/A ■ r)di  

/(;■,/) = (2tt:)~ 'Jf(A , co)exp(-/co/)exp(-/A  ■ r)(7/c

^dt

B.2.5

ĉ/co

To apply the Fourier transform to the Maxwell equations expressed in Equation B.2.3 the 

quantities in Equation B.2.2 are expanded via their position vector, r. When the Fourier 

transform from position and time to frequency and k-space is applied the differential 

operator yields a factor of i k  for the expressions for the electric and magnetic field and the
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time differential introduces a multiplicative factor of -ico for the electric displacement 

vector and the magnetic flux. Both the time and frequency electric and magnetic Maxwell 

equations are expressed in Equation B.2.6.

D{ i \ t )  =  D exp(/(A  • / * - (O/)) E{r , t )  = Fexp(;(A - r -  (O/))

B{r, t )  = 5 exp ( /(A  • r - CO/)) = //exp(/(/c  ■ r - c o / ) )

V xF (r, /) = VxT/(r, /) =

Fourier transform to give:

/A X E(A, co) = /co5 (A, co) /A x //(A , co) = -/coZ)(A, co)

Approximating the k-vector

The free space dispersion relation can be expressed exactly and is adjusted simply for 

alternative media by including the relevant refractive index, Equation B.2.7. However when 

discretising Maxwell’s equations on a mesh it is necessary to approximate the k-vector.

CO = cA Free Space Dispersion Relation
B.2.7

COM = ck  Generic Expression for any medium

With a little  thought over the choice o f how the /c-vector is represented  the 

approximation can be used to help in the discretisation process. The discretisation process 

should ideally relate fields at one point to another via some difference relation. Recalling 

the shift property of Fourier transforms, a positional shift of ‘a ’ in real space relates to a 

modualtion in /c-space, then this property can be used with the /c-vector approximation to 

help set up a set of difference equations. At this point it is now not necessary to move 

Fourier transform into A:-space as a set of difference equations can be written directly, 

however the transformation to /c-space and then back to real space included below for the 

sake of completeness. The reader may jump directly to the section entitled “Real space 

difference equations” on page 183

In the process of Fourier transforming from {r,t) to (k,(ù) space for both the electric and 

magnetic field equations expressed in Equation B.2.6 the differential operator results in a 

multiplicative factor. Therefore the approximation for k should be divided by this same 

factor to ensure that the two cancel. Finally k is approximated such that when a Taylor 

expansion is used for the exponential all terms higher than second order are neglected.
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Written in x,y,z components the A-vector approximation is summarised in Equation B.2.8 

where a,b,c are the discretisation lengths in the x,y,z directions respectively.

ky = —{exp({ikyb) -  1))

k, = —[ exp{ { i / cc )  -  1 ) )

-/q. =  — (exp((-//qM ) -  1 ))

' -  Kjj -/c,, = ^ (e x p ( ( - /A jF )  — 1 ))

-A, = - (  exp((-/A^c) -  1 ))

= K. B.2.8

Expanded Maxwell’s equations

With the approximations for k  now defined and returning to the expressions for the 

Fourier transformed Maxwell equations expressed in Equation B.2.6 the expanded 

expressions are shown in Equation B.2.9

kyE, -  kMy = ~
^^z^x-K^z = ^^z^x-K^z = -^Dy
k̂ Ey -  kyE,. = coF, Â.//̂ , -  kyĤ  = -coD,

B.2.9

Now substituting for k  using for the E  and for the H  equations the equations are:

^(exp((/A^,A) -  1 ) )E .  -  ^ (e x p ( ( /A ,c )  -  I ))Ey = coF,.
 ̂ ( exp (( /A ^ c)-  1 ) ) F , - ^ ( e x p ( ( / A , . a )  -  1))F , = (üBy

ic

—(exp((/A^.<7) -  1 ))Ey -  — (exp((/A^,Z?) -  1 ) )F ,  = coF,

B.2.10

y j (e x p ( ( - /A ^ A )-  1 ) ) / / , + ^ ( e x p ( ( - / A , c ) - =

exp((- /A .c )  -  1 ) ) / / ,  + £ ( exp((-/A^.M) -  1 ))H^ = 

 ̂( exp((-/A^.cr) -  ! ) ) / / ,  + ^(exp((-/A^,A) -  I  =
la

-COD,.

-coD_,,

-CûD,

B.2.II

Recalling the shift property of Fourier transforms that has been discussed previously 

Equation B.2.10 and Equation B .2 .11 can be transformed to real space to obtain the 

following real space difference equations.
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B,2.2 Real space difference equations

^{E.{r+b)-E.{r))-^{Ey{r-\-c)-Ey{i')) = 

l - { E ^ { r + c ) - E ^ . { r ) ) - ^ { E ^ { r  + a ) - E . { r ) )  = (o^,,(/‘)

■j^{Ey{r + a ) - E y { r ) ) ~ — { E^{ r  + b ) - E ^ { r ) )  =

B.2.12

' ^ { H ^ { r - b ) ~ H . { r ) ) ^ Y f H y { r ~ - c ) - H y { r ) )  =  -coZ) ,.(/•) 

- c ) -//,(/•))+ ^(//,(/* -rt)-K (/’)) = -^Dy{r) B.2,13

Recalling the definitions of B  and D from Equation B.2.3 and using the z-components 

from Equation B.2.12 and Equation B.2.13 an expression for the z-components for E and H 

can be written as

Y{Ey{r + a)-Ey{r)]~Y[E^{r + b)~E^{r)] = mpo|a(r)Zf.(r) 

y { r  -  a)  -  H y i r ) ] j i \ H ^ { r  -  b)  -  H^{r)'\ =  -(OCQe(r)Æ ',(r)

B.2.14

The expressions for the E and ZT fields on the next plane z+c relative to the current plane 

z, can then be easily derived by substituting for the z-components of the following equations 

by using the expressions in Equation B.2.14. Note that in deriving the expressions for the %- 

and y- components of //th a t r+c has been substituted for r in Equation B.2.13.

E ^ { r + c )  = E^{r) + ic

Ey{r + c) = E y { r ) ~ i c

H^{r + c) = H^(r) -  ic

Hy{r + c) = Hy{r)  + ic

CDfioP(r)//v(r) + ^[ E^i r  + b) -  E„{r)]

coe^etr + c) E ,{r + c) + —[/Z,(r + c - a ) -  H, { r  + c)]

C0£oe(r + c)E^{r  + c) + —l / / , ( r  + c - / ) -  H^{r + c)]

B.2.15
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Substitu ting  for the z- com ponents o f E  and H  from  Equation B.2.14 gives 

Equation B.2.16

Ef r yc)  =

IC

- i c
oco£Q£(r + a)

acoeoe(r)

-1

, - i

a \ H A r ) - H A r y  a)]

E ,{r + c) -

bw£Q£(r + b)

b [H^{r + a - b ) ~  H^{r +a)]_

L-6”' 6)-/ / , (,OlJ
o ^[Hy{r-a + b)-H ,ir + b)̂

- b  { H f r  a - b ) -  H f r  + a ) \

H f r - y c )  -

IC

flCopoM-(r- + c)

H f r )  -  /ccoeoe(r + c)£',,(r + c) +

a~\E^Xr + c)-E y(r-a + c)]

_-b + b + c)  -  E f r -  a + c)],

a~' [ E f r  + a + c) -  E f r  + c)]  ”

+ b + c ) -  E f r  + c)]_

—IC

H J r  + c) =

flcopop(r+ c)

H f r )  + /cco£Qe(r + c ) E f r  + c) +

' a ~ \ Ey ( r  + a -  b + c) - E y ( r -  b + c)]  

_ - b ~ \ E f r  + c ) - E f r - b  + c)]

' a ^ \ E y { r  + a + c) -  E f r  + c)]  ' 

_-b~  ̂[ E f r  + b + c ) -  E f r  + c)]_

Z?copoP(/'- Z» + c)

/copog(r + c)

B.2.16

These equations can then be further simplified by introducing the reduced magnetic field 

and recalling that the speed of light in a vacuum, c^, can be derived from the dielectric 

permittivity and magnetic permeability. Note that c is a discretisation length.

-H
C ( Û £ q

ôM̂o

B.2.17
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E f r  + c) =
a£{r)

a [ If  y f  — a)  — t f  y{r)\
-1

a e ( r + a)

- Ia [ f f y( r )  — tPy(r + a)]
- 1~b [H'_y{r + a - b ) - H ' _ f r  + a)]_

E J r  + c)  =

2 2
E J r )  -  ^

bE{r) - Ib - [ } f A r - b ) - H ' A r ) l

bui£QE{r + b)
a [hPy{r -  a + b)  -  I f  y{r + b)]  

-1 ;

I f A r  + c) =

i f y { r  + c )  =

- 6 '  [ I f  x f a -  b) -  I f  A r  + a ) \  

IfxA') + E{r  +  c)Ey{r  + c )  +

a ~ \ E y { r + c ) - E A r - a  + c)]  

[ E y ( r -  a  + b + c ) -  EAf" -  ci +  c ) ] .  

cl  r  a ~ \ E y { r  +  a  +  c ) - E y { r  +  c ) ] '  

a(S)^{r +  c )  + b + c) -  E f t '  +  c ) ] .

EPyir) -  e(r  + c )E ,(r  + c )  +

<7(0 |l(r -  + c)

-Cf
6(0  | i ( r -  6  +  c )

(7 [Ey(r + a - b  + c) -  Ey{r -  b + c)]'

6(0 ii(7' + c)

- 6  +  c )  -  £^.(r -  6  +  c ) ]

r“'[£'j,(r+ a + c) - E y { r  + c)]  ' 

_-6" ' +  6 + c )  -  EAt ‘ + c ) ]_

B.2.18

The equations that relate the electric and magnetic field values on a plane relative to 

another are now defined. This now allows the transform relation from one position to 

another to be defined, the ‘Transfer Matrix’.

EAr + c)'
Ey{r + c)

I f  y{r + c)

I f y( r  + c)

T,A r,n  r,2(r, /)  r;3(r,r') T^Aur') 
f A>%r ' )  T 2̂( u r ' )  f A u r ' )  f A u  r') 

T.Aur') f A u r ' )  f A u t A  f A u r ' )  
f A u r ' )  T, Ar , r ' )  f A ^ r ' )  T^Au r')

Exir'y
Ey{r')

ff.Ar')

[ l f y { f \

B.2.19

B 3  Boundary conditions

During the calculation there are instances when the code requires fields outwith the 

defined scope of the cell. As photonic crystals are periodic materials the Bloch condition 

can be imposed on the calculation in the directions transverse to the integration direction.
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With the transfer matrix the total thickness of the crystal can be controlled to a finite value 

while the other two dimensions are assumed to be infinite.

The Bloch condition states that the fields at one point in a periodic material must be the 

same as those which are an integer number of periods distant with a multiplicative phase 

factor. In calculating the reflection and transmission coeffecients the Bloch condition is 

applied only in the %- and y- directions, the %y-plane being assumed to be infinite while the 

crystal has a finite thickness in the z-direction.

When the band structure calculation is wanted the code also implements the Bloch 

condition in the third dimension, the z-direction such that the crystal is assumed to be 

infinite in all three dimensions. Assuming that the distance c, is the periodic lattice constant 

and the dimension of the cell in z, then the Bloch condition in the z-direction states: 

e x p ( i k , c ) F ( z -  0)  = F { z =  c) = T(c , 0) F( z= 0)  B.3.1

The band structure K(œ) can be obtained by calculating the eigen values of the real space 

transfer matrix T.

B.4 Polarisation & the plane wave basis.

In “Formulating the calculation” on page 178 the flow process of the program is 

discussed and Figure B.l on page 179 shows the block diagram. There are many elements 

involved in the calculation of the transmission and reflection co-efficients but one of the 

most important is the initial set-up of the plane wave basis. Before the transfer matrix 

routines can be used we must determine the plane wave basis for the reference medium and 

incorporate the effects of incidence angle and polarisation.

Polarisation relative to the surface normal

There are two distinguishing cases that must be differentiated within the basis set, 

nonnal incidence and off-normal incidence. In defining polarisation a surface normal to the 

crystal is introduced, and it is relative to this surface normal that polarisation is defined. 

Between the two incidence conditions it is normal incidence that is the simpler of the two 

but has the catch that for either s- (TE) or p- (TM) polarised waves the dominant electric or 

magnetic field component could lie at any position within the surface plane of the crystal.
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In brief returning to Maxwell’s equations for the electric and magnetic fields and making 

the substitutions for the magnetic flux density the electric displacement vector i), and 

performing the partial derivative, the expressions in Equation B.4.1 are obtained.

V xE  = ~
dt

V x / /  = | f
B.4.1

V x£ = /|Li|LLQa)// V x // =

Recalling the reduced magnetic field from Equation B.2.17 on page 184 it is then 

possible to write Equation B.4.2, the expressions therein are then Fourier transformed into 

k-space.

VxE =
Co

V x f f  = ^ E B.4.2

i k x E  ^ a f f
c

iKe XE = —off
c

(fl) i k x H'  =  ib)

ic) iKf jXH'  = ^ E  id)

B.4.3

/q = y^,(exp((/7qfl)- 1))

ky = Yicxpiiikyb)- 1))

/c, =  — (exp ((f7c ,c) -  1))

= K, -l<̂y = jjf^'Xpii—ikyb) ~ 1))

-/c. =  exp ((-/7c ,c ) -  I ) )

B.4.4

The expressions for the A:-vector have already been defined, see Equation B.2.8 on 

page 182 and for convenience are rewritten above. From here onwards we assume that the 

mesh used to discretise the structure is uniform such that a=b=c.

General polarisation definitions

For both normal and off-normal incidence polarisation is defined relative to the crystal 

surface normal n. Both s- (TE) or p- (TM) polarised waves are assumed to be orthogonal to 

the surface normal and to each other, a condition enforced using the cross product where g  

is the reciprocal lattice vector.

[ ( A + g ) x / / ] ________

po lar isa t ion

p o la t i s a tn m  f i k + g ) X n ]  ■ [ ( A + g ) X M ]

^  ______________ [(/f +  g ) x ( ( A : + g ) x i O ] ______________

f i k + g ) x i i k  + g ) x n ) ]  • [(/c +  5 )̂ x  ( ( A + ^ ) X h ) ]

B.4.5
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From expressions (c) and (d) in Equation B.4.3 the E-field is perpendicular to k,, and the 

H-field is perpendicular to . Thus

E s  ^  X n 

ITp = K^xn

(a )

ic)

M's = id
£70)

%X(K„X«)

Ep — — k^x(k^xw)
^ref

ib)

id)

B.4.6

B.4A Normal incidence

For normal incidence the and ky components of and are respectively zero. For 

each polarisation plane waves are incident from an infinite distance from the left and the 

right side of the crystal.

S- or TE- Polarisation waves from  + infinity

For the TE- polarised waves the electric field is completely directed along the x- 

direction. Therefore the reduced magnetic field only has only one non-zero valued 

component.:

2
i k x E  =  % a t f

X y  z

0 0 1) 

I 0 0
c

0) £7

B.4.7
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P- or TM- Polarisation waves from  H- infinity

For the TM- polarised waves the analysis is similar but this time the electric field is 

directed along the y- axis. This is due to the orthogonal nature between the TE and TM 

polarisations as defined by Equation B.4.5 on page 187.

i k x E  =
Cn

0
l a

Co

ÜD a

B.4.8

Waves arriving from  - infinity

The same analysis is performed from waves arriving from -infinity for both TE and TM 

polarised waves by changing the sign on the A-vector in the exponential.

B,4.2 Off-normal incidence

When the off-normal incidence condition is considered there are no simple assumptions 

that can be made concerning either TE or TM polarised waves.

S- or TE- Polarisation waves from + infinity

The analysis is similar to that of the normal incidence condition but this time there are no 

simplifications for the E-field:

X y  z [ < 1
k ^ + g x n  = <  /cf

-

0 0 1_ _ 0 _

B.4.9
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Equation B.4.3 on page 187 part (a) can then be used in conjunction with the full 

expression for E-field derived in Equation B.4.9:

X y  z

a a a

-  I) -  I) 0
l a  l a

Cq

1 )(/'•-"-1)
ia

,)(/■"_ 1)
ia

1)]
ia

=

Cq

B.4.10

which provides verification of the expression given in part b) of Equation B.4.6 on 

page 188.

P- or TM~ Polarisation waves from  + infinity

As was the case for the normal incidence condition Equation B.4.6 is used to derive the 

components of the P- or TM- polarised H-field:

kp + g xn  =
y z

,E jEK by =

0 0 1 _ 0 _

Hr B.4.1I

Thereafter part d) of Equation B.4.3 on page 187 provides verification of the expression 

for the E- components for the P- or TM- polarised field which is also expressed in part d) of 

Equation B.4.6 on page 188:

X y  z

a  a  a

1) 0
l a  l a

ia

ia

ia

B.4.12
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Waves arriving from - infinity

The same analysis is performed from waves arriving from -infinity for both TE and TM 

polarised waves by changing the sign on the Æ-vector in the exponential.

B.5 Calculating the reflection and transmission coefficients

B.5.1 Unitary transformation

At the end of the section “Formulating the calculation”, Equation B.2.19 on page 185 

defined the transfer matrix for propagation through a slab of finite material thickness. The 

equation can be rewritten,

F{z  + c) = T{z)F{z)  B.s.i

where

F{z)  =
E f r )

HAr)

//,(/•)

B.5.2

is a vector containing information relating to the electric and magnetic fields in the slice 

located at z. If the waves are propagating in free space such that e and p are unity then the 

eigen vectors of matrix T  from Equation B.5.1 define electromagnetic waves in free space. 

Since the transfer matrix T  is not Hermitian then the left and right Eigen vectors are distinct 

such that.

= r y t z  + c) = ezp(if"-'c)rr(z)

r y { z ) T f „ e  = Til  (z + c) = e x p { i l / y ’c ) r i j  (z)
B.5.3

Therefore a unitary transformation can be defined using Equation B.5.3 to define S,

s  = ' ^ r y i z f r u ) B.S.4

assuming that the Eigen vectors have been normalised.

rr-vr  = 5„. B.5.5
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Using the unitary transformation we can then operate on the free space transfer matrix 

such that for every eigenvalue Qxp(ikf' '̂^c) there is a second which is opposite, exp(-ikd''‘''‘''e).

expiil/f'c)

exp c)

exp(-;7(2 “ c)

B .5.6

The eigenvalues are ordered such that all the waves travelling from left to right are 

listed first, followed by the waves propagating right to left.

B3.2 Transmission and reflection from a slice

To calculate the transmission and reflection coefficients of a slice we consider a general 

slice of material where both e and p do not take their free space values. By performing the 

unitary transfomiation for a general slice of material Equation B.5.7 can be written:

-,-1ST{ z ) S  = T{z)  = T (z) T (z) 

f \ z )  T \ z )

B .5.7

A wave that impinges onto the right hand side of a slice of material, travelling from the 

right to left produces transmitted and reflected waves such that on the left hand side of the 

material there is only the transmitted wave, see Figure B.l.
-free

+ -  „ + fr e e

Figure B .l A w ave  incid en t on to the right hand side o f  a slice o f  m aterial
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Therefore by using our transfer matrix the transmitted wave can be related to the 

reflected and impinging wave through Equation B.5.8.

y (z)  t \ z ) 0

I f \ z )  T \ z )_ /■
IÎ.5.8

From matrix algebra it follows that

T {z) = t \ f - )  

t ' (z) = i n '
B.5.9

The other two components of the unitary transform ed transfer matrix given in 

Equation B.5.7 are found by starting the wave on the left hand side of the slab, see 

Figure B.2

Such that

^̂ free

- fr e e

s
3c/]

,+free

Figure B.2 A wave inciden t on to the  left side of a slice o f m ate ria l

T (z) T (z) 

f \ z )  f \ z )
B .5.10

From Equation B.5.10 it is now possible to derive expressions for the other components 

of the transfer matrix, and using the expressions for the already derived components from 

Equation B.5.9 we can then write Equation B.5.11

{z) = r - Ÿ \ z ) C  =

f \ z )  = -  f \ z ) C  =
B .5.11

Pulling the components from Equation B.5.9 and Equation B.5.11 :

h z )  =
(z) t \ z )

J ^ z )  ~ f { z \
B.5.12
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B.5.3 Transmission and reflection from a block.

A block consists of several slices, and as the transfer matrix translates the electric and 

magnetic field for one slice to go through a slab it is simply a matter of iteratively 

performing the transfer matrix operation. The result is a transfer matrix for the block of 

material. Equation B.5.13.

h i , )  = jq n z ) B.5.13

Transforming to the free wave basis to perform the unitary transformation yields the 

equivalent equations for a block of material as per the slice, Equation B.5.7 becomes 

Equation B.5.14.

^-1s n u ) s  =  T{LA = T {LA T {LA

t \ l a  ~t {l a

t{la  =
UÏJ

B.5.14

Due to numerical stability problems, in so far as wave fields may grow with an 

exponential dependence as they are integrated through the slab, there is a finite number of 

slices that can be used to form a block before numerical accuracy of the machine is 

swamped and the results are useless. This problem is overcome by using a numerically 

stable multiple scattering algoritlim to combine the transfer matrices for blocks. In this way 

different transfer matrices can be combined together such that the response for a system 

with dissimilar blocks can be found.
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Appendix C Polarmetric scattering from 
opal colloid photonic crystals

A cknowledgements:

I would like to thank Dr. John Roberts from DERA whose time, 

explanation, patience and docum entation were fundam ental in the 

preparation of this Appendix.

C .l Motivation

For the ideal f.c.c. colloidal crystal the crystals are frequently named after 

the ordering of the monolayers which form the crystal. There are two types, 

one ordering is named ABC such that the colloid repeats ABCABC through 

the crystal while ACB ordering repeats ACBACB. Each letter relates to one 

monolayer within the crystal. For thin crystals, several tens of monolayers, 

which can be easily fabricated using the process of shear ordering, and the 

resultant crystal can be switched between the two stacking orders. For 

thicker crystals stacking faults can result in the crystal being a mixture of the 

two lattice types. The purity of colloidal crystals can be estimated by 

examining the intensity of diffracted Bragg spots and further information can 

be gleaned by also examining the intensity of the diffracted spot as a function 

of incidence angle.

The transfer matrix method is well suited to calculate the transmission, 

reflection and diffraction intensity properties of photonic crystals. However 

care must be taken with the method due to the definitions of the crystal itself
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and polarisation. Within the code the crystal unit cell is non-primitive as the version of code 

limits the discretisation of the crystal to orthogonal Cartesian space. The situation for 

polarisation is further complicated as there are two distinct cases to be considered, normal 

incidence and off-normal incidence. The transfer matrix code defines polarisation relative 

to the crystal surface normal. At normal incidence both s- (TM) and p- (TE) are orthogonal 

to the surface normal and mutually orthogonal, therefore we are free to choose the 

directions within the surface plane of the s- and p- polarised waves. When the incidence 

direction is off-norm al the situation becom es more complex. Depending on the 

experimental and code coordinate frame definitions it may be necessary to implement co

ordinate transforms to ensure that the laboratory co-ordinate frame is modelled correctly 

within the code or vice-versa.

C.1,1 Polar Spherical Co-ordinates

Figure C .l Spherica l P o la r Co-o rdinafes.

Where r is the position vector, 9 is the polar ang le and (j) is the meridian.

The projections of a position vector r onto the x,y,z cartesian axis are listed in 

Equation C.1.1 In the experiment the crystal surface is aligned in the xy- plane such that (j) 

is 0°.

7 'sin 0 cos (j)̂

V = rsin0sin(|)

\ zJ < /'C O S0 J

c.1.1
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C.2 The experimental set-up

In the experiment the laser beam is incident onto the photonic crystal with a surface 

normal n . The laser beam is incident in the Oz direction and s- and p- polarisations are 

defined as being along the Ox and Gy directions respectively. Within the experiment the 

incidence direction of the impinging laser beam can be altered to probe various properties. 

This incidence angle is within the xy- surface plane of the photonic crystal. A deviation 

angle, 0, can be defined from the surface normal direction of the photonic crystal. 

Retrospectively the surface normal of the crystal can be defined from the deviation angle 

using the projection equations in Equation C.1.1,

n =

( sin0^ 
0

COS0,

C.2.1

In the experiment the intensity of one of the diffracted orders is examined as a function 

of incidence angle. However the experimentalists are free to choose an orientation of the 

crystal in the surface plane such that the diffracted order lies in the same plane as the 

incidence angle scan. Consequently one of the Bragg spots is projected into the xz- plane 

such that there are no y- components. Any spot can be analysed by considering the Miller 

index, such that if there are no components in the y- direction then:

i p X c r y s t a l  +  t'Zcrysta l)  ' V — 0 C .2.2

The crystal vectors, x̂ j.ygta], ycrystaP ĉrystal the primitive lattice vectors for the cubic 

cell that contains the f.c.c. structure. However the transfer matrix code uses a different co

ordinate frame to analyse incidence onto the <111> surface such that a co-ordinate 

transform is required.

M l , b d \ 2 ^ 1 3 X c r y s l a l

ÿ
— M 21 M 22 M 23 y ’c r y s ta l C .2.3

X
Tvatusfer

M atr ix
M 31 M 32 "^33_ f c r y s t a l
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Equation C.2.3 relates a co-ordinate transform from one orthogonal co-ordinate axis to 

another. The matrix M is therefore itself orthogonal which means that To relate the

crystal vectors to the transfer matrix frame, simple matrix algebra yields Equation C.2.4.

S c r y s t a l M , J M 21 A /23

y c r y s t a l
=

^ 1 2  ^ 2 2  ^ 2 2 y

f c r y s ta ! _ ^ 1 3  ^ 2 3  ^ 3 3 ?

C.2.4
Tranxfer

M a tr ix

Returning to Equation C.2.2 and substituting the expressions for the crystal vectors 

obtained in Equation C.2.4, the projected Bragg spot in xz-plane can then be written as 

Equation C.2.5.

( p M |  1 +  ^A ^I2 + / 'M ] 3 ) ( x ' - y )  +  (p A / 2 1  +  ^ ^ 2 2  + '" ^ 2 3 ) ( y  ■ y )  +  ( P ^ 3 l  +  ’ y )  =  0  C.2.5

Recall that the surface normal of the crystal has been defined such that h ~ ? where 

z' “ xsine + ZCOS0. However to define the x' and y  vectors we recall that the rotation about 

the surface normal of the crystal is allowed to align diffracted spots within the xz- plane. 

This rotation amounts to another co-ordinate transform.

C.2 A  Rotation in a plane.

- X s i n  r j y ’ y  sin Ti C

Figure C .l Rotutlon in a p lane
Unit vectors in x (x’) & y (y ’) are i ( i’) & j (j’) respectively, The vector r  can be represented by the summation o f the axial 
contribution vectors.

The projection of the original position vector r onto the various axes allows us to obtain 

an expression for r in terms of the original and rotated co-ordinate frames.

xi  = xcosT]/ - x s in r p  

y j  = v s im i/'+ ycosT \/'
C.2.6
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In the original co-ordinate system r= xi + yj. Using the expressions from Equation C.2.6 

the expression in Equation C.2.7 for the position vector can be obtained. The terms in the 

brackets relate to the components in the rotated co-ordinate axis, (x’,y’).

r = xcosr] / ' - x s in q /+ > ' s in r i / '+ vcosq/'  

r =  (x co sq  +ysinr |)/ '  + (y co sq  - x s i n q ) /  ^  ̂^

x' = xcosr) + vsinri 

y  = -  xsinri + vcosq

C.2.2 Rotation in the plane relative to the colloid

The (x’,y’) components realted to the rotated co-ordinate frame are known in relation to 

the original (x,y) frame through Equation C.2.7. Expressions for the x’ and y’ values can be 

derived utilising the cross product and the crystal’s surface normal, Equation C.2.1 on 

page 197.

Figure C.2 Schem atic of an O pa l Colloid <I1I>  S urface
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M X X  \  ( n x { n x x )  \cosn. ] + Sinn , |
X X | /  \|/1 X (M X x ) | /

( n x x ( nx (nxx) \y  = -  smrilp—n]+ cosrii ;  ' I
\|A7 X x|  /  V|/7 X (/7 X X ) | /

n x x  -
X y  z  

s i n 0  0  COS0  

1 0 0
= [o COS0 o] = [o 1 o] = V

« X X

n x y  =
X y  z  

s i n 0  0  COS0  

0 1 0
-  [ - C O S 0  0  s i n 0 l  • ' • p  -  [ - C O S 0  0  s i n 0 ]|« xyl

. . x '  =  c o s T | v  +  s i n r | (  s i n 0 z  -  c o s 0 x )  

/ . y  =  -  s i n r )  V +  c o s r i (  s i n 0 z  -  c o s 0 x )

- s i n r | c o s 0 c o s r j  c o s 0 s i n 0

c o s r j y  = s in r j 0

s i n r i  s i n 0 c o s r j  s i n 0 COS0

C .2.8

With generic values for the rotated co-ordinate frame now defined the expressions can 

now be substituted into Equation C.2.5 on page 198. We must now define our matrix M.

( / ; M | , + ^A/,2 + r A / |3 ) c o s r |  + (;?A/2| +  ^A/22 =  0 C .2.9

^  ► ’‘crystal
- ĉrystal

Figure C .3 <111> p lane w ith in the cubic crystai lattice

The initial crystal cubic lattice vectors define the f.c.c. structure that is shown in 

Figure C.3 with 2 cubic cells which have been outlined with thin black lines. To examine 

the <111> plane within the code a new unit cell is defined and in Figure C.3 the x’y’ plane 

primitive cell is shown with a dotted line. With no assumptions concerning the x’ or y’ cell 

direction lengths and by picking a right-handed set of co-ordinates for the new x’,y’,z’
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directions, a definition of the new lattice vectors in relation to the cubic crystal lattice 

vectors can be written.

_  /1  " I " ^
— -^Xcryslal ~  'ÿ^crystu i  j  ~  ^ L,.

A

n -  ,1 - -  ̂ _ 3 ,
^ 2  ~  ^ \ 2 ^ c i y s l a l ' ^  ^ c r y s t a i  j — ^  J  2 ^

^3 ~  ( t ( .X c r y s t a l  y c r y s l a l  ^ c r y s t a l )  — O^JÏiZ

C.2.10

By manipulating this matrix to find expressions for x’,y’,z’ the transformation matrix M 

can then be found, Equation C .2 .11. Using the relevant values o f the m atrix in 

Equation C.2.9 then allows us to formulate a general formula for {p,q,r} Bragg scattering. 

Note that the scattering is expressed in terms of the Miller indices relative to the original 

f.c.c. cubic co-ordinate frame.

M  —

7 2  J i  °
1 1 /2 

j~ 6 s  à
_L _L _L 
V3 VÂ

c.2.11

1
V6 'V6

(/? -  ^ )c o s ri +  — (p  + ^  -  2 r )s in r i  =  0 
V2 V6

C .2.12

All the equations are now defined to allow us to solve for Bragg scattering in the new 

transfer matrix frame given any Miller index of a diffracted Bragg spot in the original 

crystal frame. To control the incidence direction onto the laboratory frame 0 can be 

changed. The incidence angle is chosen by altering the /c-vector. The projection of the k- 

vector onto the x ’ and y’ axis is required as it is the x ' and y’ components of k  that are 

conserved going into the crystal.

1̂1 = ^ [ ( z  ■ x' )x'+ (z ■ y ' ) ÿ ]

=  ^ s in 0 (s in r ix '+ c o s r i / )
C .2.13
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Experimentalists alter the angle if\ to ensure that the Bragg spot of interest is in the same 

plane that is being scanned. Equation C.2.12 can be manipulated to express sinp and cosr| 

in ternis of the transformation matrix using standard trigonometric expressions.

acosC + 6 s in g  = 0 x{aco&Q -  b s m Q )  

cos^Q -  sin^Q = 0
Route 1 ( cos Q)

-  b ^ Q  = 0 
-  6^(sec^C- ] ) = 0

a'̂  + b̂  = 2 _  COS Q

cos^Q = ^
cî  + b̂

cosQ =

Route 2 4- (sin Q)  

a^cot^Q~b^ = 0

fl^(csc^C" ) ) -  b̂  = 0
2  , , 2  

2 „  a + b esc Q = ----- —

sin Q -
a +b^

s in g  =

C .2.14

Using the expressions for cosQ and sinQ from Equation C.2.14 in conjunction with 

Equation C.2.12, the expression for the parallel A-vector, Equation C.2.13 becomes:

k \  =
CO

+ (p + q - 2 r Y
: sin0 -  g)x' -  ^ { p  + q -  2 r ) ÿ C.2.15

For the choice of vectors in Equation C.2.10 we can choose {p,q,r}={0,0,l} to select one 

o f the diffracted  orders. W ith this choice of M iller index the d iffracted  order 

Equation C.2.15 reduces to Equation C.2.16.

/c I! = ^ s i n 0 y
C.2.16

This reduced equation shows that for this choice of Miller index and crystal definition in 

the <111> plane there is a Bragg spot that is within the y  z '-plane. The intensity of this 

Bragg spot can then be investigated as a function of incidence angle by scanning the k- 

vector within the y  z ’-plane.
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c.2.3 Issues related to the Translight program

The choice of the aj and a2 vectors in Equation C.2.10 define the orientation of the 

<111> surface in the x’y’-plane which is in fact the reverse of that used in the Translight 

program. As the vectors in Equation C.2.10 form a right handed set, swapping the â  and a2 

vector components to reflect the situation in the code requires that -a  ̂ is used.

] — Cl\,^Xcrystal ^ y e r y s ta l  Zcrys/al j  ~

/u . u  \ _ 1 ,
a 2 — Ol\-^Xc r y s t a l  2 y r i ' y s t a l  j  —

C .2 .I7

7 '
C?3 — X c r y s t a l  ~  y  c r y s t a l  Z c y y s t a i )  — C l / j 3 z

Follow ing a sim ilar ana lysis to that used in deriving Equation C.2.15 a new 

transformation matrix must be formed.

M  =

JL  _L
Vô rj6

7 2 T2  ̂
z l  z l  z l  
73 V3 73

C .2 .18

Consequently

/ c l l
2 { p - q )  + { p y q - 2 r Y

sin 9 j A p y q -  2r)x'  9 ) y C.2.19

which, when we choose the same diffracted spot Miller index to study {p,q,r}={0,0,l} 

Equation C.2.19 then reduces to Equation C.2.20.

All = f j s i n e i p : c.2.20

/f|| = ^sinGx'

With the definitions of the crystal as used by the program the r=l Bragg spot sits in the 

x ’z ’- plane. By scanning in the k-vector in the x z ’-plane the intensity as a function of 

incidence angle of the Bragg spot can be examined.
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