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A B S T R A C T

This th e s is  presents a coB^rehensive i l lu s tr a te d  review  

o f  published l ite r a tu r e  on the e f f e c t  o f  s tr e s s  r a ise r s  in  the form 

o f  h o les , notches and f i l l e t s  in  plane s tr e s s  f ie ld s*

A th e o r e t ic a l a n a ly s is  i s  g iven  o f  the e f f e c t  o f  a cruciform  

type ’crack* in  an in f in i t e  p la te  under uniform ten sio n  a t in f in ity ,  

using the MUSICfflELISHVlLI method, the ’crack* being sim ulated by two 

machined s l i t s  a t  90® to  each other. The a n a ly s is  i s  extended to  

include a  further range o f  d isc o n t in u it ie s , in  the forms o f  ’square*,

’tr ia n g u la r’ and ’s ta r ’ type openings, and in  a l l ,  s ix  th e o r e t ic a l
\

s tr e s s  concentration  fa c to rs  are derived, corresponding to  the se lec ted  

d isc o n t in u it ie s  in v estig a ted  experim entally. The s e le c t io n  o f  suitable  

conformai transform ations was g rea tly  s im p lif ied  by the use o f  a 

function  generator b u il t  by the w riter , together w ith  a Minispace 

Analogue Computer, th is  a p p lica tio n  being b eliev ed  to  be o r ig im l .  The 

in flu en ce on b a sic  shape and root radius o f  curvature, o f  the number o f  

terms and th e ir  c o e f f ic ie n ts  used in  the se r ie s  transform ation forms 

en^loyed, i s  shown p ic to r ia l ly  by o sc illo sco p e  pattern  photographs. The 

numerical evaluation  o f  the s tr e s s  concentration fa c to rs  a ssoc ia ted  w ith  

the chosen transform ation forms, was f a c i l i t a t e d  by the use o f a Deuce 

D ig ita l Computer, the programme fo r  these ca lcu la tio n s  being g iven  in  the  

Appendix.

The r e s u lt s  o f  an exten sive p h o to e la stic  in v e s t ig a t io n  in to  the 

s tr e s s  concentration  e f f e c t s  o f  a range o f twenty-seven geometric forma o f  

edge and in tern a l d isc o n tin u it ie s  are reported, w ith  examples o f the s tr e ss  

d i str ib u t io n s /
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d i s t r i b u t i o n s  a lo n g  th e  a x e s  o f  symmetry b e in g  shown i n  g r a p h ic a l  form . 

S t r e s s  c o n c e n t r a t io n  f a c t o r s  a r e  q u o ted  i n  a l l  c a s e s ,  and  s e le c te d  

f r i n g e  p h o to g ra p h s  a r e  p re s e n te d .  The p h o t o e l a s t i a  w ork was 

supp lem en ted  b y  th e  u se  o f  a  C onducting  P a p e r A nalogy , d e v is e d  and  b u i l t  

b y  th e  w r i t e r ,  f o r  th e  r a p i d  d e te rm in a t io n  o f  th e  d i s t r i b u t i o n  o f  th e  

sum o f  th e  p r i n c i p a l  s t r e s s e s  a lo n g  th e  a x e s  o f  sym m etry. D e t a i l s  

o f  t h i s  A nalogue a r e  g iv e n  i n  th e  t e x t ,  and  th e  r e l i a b i l i t y  check  

r e m i t s  a r e  d is p la y e d  i n  g r a p h ic a l  form  p a r t l y  i n  th e  t e x t  and p a r t l y  

i n  th e  Appendix#

The e x p e r im e n ta l  r e s u l t s  a r e  c o r r e l a t e d  g r a p h ic a l ly  u s in g  

ÏM s îlS  th e o r y  f o r  n o n - e l l i p t i c a l  h o le s ,  th e  e x p e r im e n ta l  v a lu e s  b e in g  

r e l a t e d  t o  a n  e l l i p t i c  h o le  whose m ajo r a x i s  i s  a t  90® t o  th e  a x i s  o f  

te n s io n .  As a n  e x te n s io n  t o  t h i s ,  th e  t h e c r e t i c a l  s t r e s s  c o n c e n tr a t io n  

f a c t o r s  f o r  c e r t a i n  form s o f  h o le s ,  g iv e n  b y  SAVIN and  STEVENSON, a re  

c o i r e l a t e d  i n  a  s i m i l a r  f a s h io n . U sing  t h i s  a s  a  b a s i s ,  a  d e s ig n  

c h a r t  f o r  h o le s  i n  t e n s io n  p l a t e s  h a s  b e en  draw n u p , e x p re s s in g  s t r e s s  

c o n c e n tr a t io n  f a c t o r s  a s  a  f u n c t io n  o f  th e  r a t i o  o f  h o le  d im en sio n  to  

minimum r a d i u s  o f  c u rv a tu r e ,  and  t h i s  c h a r t  i s  p r e s e n te d  a s  a  s u i t a b l e  

form  f o r  u se  i n  d e s ig n  p ra c t ic e #

The a p p en d ix  in c lu d e s  a  r e p o r t  o f  a n  i n v e s t i g a t i o n  i n t o  com plex 

p o t e n t i a l s  s u g g e s te d  b y  ROTHMAN, and  th e  r e m i t s  (i/diich w ere in c o n c lu s iv e )  

a r e  s t a t e d .

A B ib lio g ra p h y , c o n ta in in g  r e f e r e n c e s  t o  s i x t y - t h r e e  p u b l ic a t io n s  

c o n s u l te d  i n  th e  p r e p a r a t io n  o f  th e  t h e s i s ,  i s  p r e s e n te d  to g e th e r  w ith  a  

r e l a t e d  A u th o r Index#
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L I S T  OF  S Y M B O L S

THEORETICAL WORK

The th e o r e tic a l presen tation  fo llow s GOnFREY’S tra n sla tio n  

o f  SA /̂IN’S work, the n otation  used being as fo llow s : -

X, y ...................................................................  C artesian co -ord in stes

p, 0 ...................................................................  C urvilinear co-ord inates

i  -  x ^ i y  j .....................................  Conjugate : complex variab les

It ft M II

ft tt «  ft

It It tt tt

i  o Ç + i l l  )
I  = g -  i l l  ) ........................................

CoDoponents o f  s tr e s s  in  
<̂ x> ^y> '^xy .................... ...........................  ca r tesia n  co-ordinates*

Components o f  s tr e s s  in  
d> vp6 ................................................  cu rv ilin ea r  co-ord in ates.

0*0 » cTp...... ............................................................ P rin cipal s tr e s se s  a t in f in ity .

0  -  0% + Oy ...........................................  Coznbinations o f  s tr e s s  components,

i  -  Oy -  Ox + 2 iv x y  ...............................

=  CTp +  0 1 0 =  O .........................................

f  ' = 0-0 -  Cp +  Z i v p e ..................................

s  ....................................................  b h e re  a i s  the angle between the
normal to  th e  curve p = constant
and  th e  x -  a x is .

0 ( z ) ,  ^  ( z ) ... ..................................................  Complex p o te n tia ls .

p .....................................................................  Modulus o f  R ig id ity .

V .....................................................................  Poisson*s r a t io .

EXPERIMENTAL WORK

0%, 0*2 ...........................................................  P rin cipal s tr e s s e s  in  the plane o f
the p la te .

Oq .....................................................................  Uniform ten sio n  s tr e s s  (corresponds
to  Ob o f  th eory).



I N T R O D U C T I O N

The ftubjeot of stress oonoentratlon is  of paramount 

in^ortanoe in the field  of engineering design#

Nominal stress is  no longer regarded as sufficient for design 

purpes esi since the form of the part considered may be suoh as to 

produce local imxiinum stresses, the magnitude of which may be the 

over-riding factor determining strength. It is  particularly 

important where high strength to weight ratios are required, that 

magnitude of stress concentration should be &os*aeabl#% itî 'Oî dcr to 

achieve maximum efficiency in the utilisation of material,

The determination of the degree of stress concentration 

presents oonsiderable difficulty, since the avenues of approach require 

a good working knowledge either of advanced mathematics, or of the 
many available experiments methods.

Analytical methods vary, the form of the solution depending 

to a large extent on the in itia l basic assumptions, and also upon 

the limitations introduced by the mathematics involved» Hence, while 

i t  may be possible theoretically to state a form of solution for 

the assessment of stress concentration effeot, i t  may be extremely 

difficult physioally to arrive at a numerical result. Thus it  is  

often necessary, in the analytical approach, to resort to an 

approximate foxm of solution*

Theoretical methods are broadly divisible into two categories, 

firstly  those solutions which employ the classical Stress Function 

technique, and secondly the more recently developed and more elegant 

form/
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form  o f  s o l u t io n  i n  te rm s o f  Complex P o t e n t i a l s .  E ven -w ith in  th e s e  

two im in  g ro u p s  t h e r e  a r e  su h d iv is io n so  F o r exanp le^  i n  th e  S t r e s s  

P u n c tio n  Method^ th e  s t r e s s  f u n c t io n  may h e  e x p re s s e d  i n  te rm s  o f  

a n  i n f i n i t e  s e r i e s  o r  a l t e r n a t i v e l y  i n  te rm s  o f  com plex v a r ia b le s #

W ith in  th e  Complex P o t e n t i a l  g ro u p  o f  so lu tio n s^ , e i t h e r  th e  

* t e n t a t i v e ’ m ethod o f  n ay  he  employed^ i n  -vdiich c a se

th e  com plex p o t e n t i a l s  a r e  assum ed and s u b s e q u e n tly  t e s t e d  t o  s a t i s f y  

th e  b o u n d a ry  c o n d i t io n s ,  o r  a l t e r n a t i v e l y  th e  * d i r e c t*  m ethod o f  

MJSïggHSHVIIjX^^^ « i n  w hich  th e  com plex p o t e n t i a l s  a r e  deduced 

iYom th e  c o n d i t io n s  im posed b y  th e  problem .

G e n e ra lly ,  th e s e  a n a l y t i c a l  m ethods have  b e e n  a p p l ie d  t o  

s im p le  fo rm s o f  d i s c o n t i n u i t i e s ,  i n  p a r t i c u l a r  th e  c i r c u l a r  h o le  i n  

th e  i n f i n i t e  p l a t e ,  and  o n ly  i n  c c a ip a ra t iv e ly  r e c a n t  y e a r s  have 

s o lu t io n s  f w  o th e r  g e o m e tr ic a l  fo rm s b e e n  fo rth c o m in g , su ch  a s  i n  th e  

w ork o f  and  SAVIN^^^ # C o n p a ra t iv e ly  l i t t l e  a n a l y t i c a l  work

h a s  a p p e a re d  on  edge d i s c o n t i n u i t i e s ,  due t o  th e  d i f f i c u l t y  in v o lv e d  

i n  th e  m a th e m a tic a l s p e c i f i c a t i o n  o f  th e  b o u n d a r ie s  i n  a  fo rm  s u i t a b l e  

t o  b e  h a n d le d  b y  th e  m ethod o f  so lu tio n #

îbE perim sn ta l m ethods f o r  d e te rm in in g  s t r e s s  c o n c e n tr a t io n  

e f f e c t s  i n  tw o d im e n s io n a l s t r e s s  f i e l d s  a r e  num erous. B r i t t l e  modéte, 

a c c u ra te  e x te n so m e te rs  and  w ire  r é s i s t a i s ©  o r  f o i l  s t r a i n  g auges a re  

■well-known te c h n iq u e s  f o r  s t r e s s  a n a ly s i s  work# The b r i t t l e  l a c q u e r  

m ethod h a s  b e e n  em ployed f a i r l y  w id e ly  i n  r e c e n t  y e a r s  f o r  a s s e s s in g  th e  

m agn itude  o f  s t r e s s  c o n c e n t r a t io n  e f f e c t s  b y  exam in ing  th e  la c q u e r  c ra c k  

p a t t e r n  a ro u n d  d i s c o n t i n u i t i e s  o f  v a r io u s  ty p e s .  The p h o to e l a s t i c  m ethod 

h a s  b e e n  a p p l ie d  v e ry  e x te n s iv e ly  t o  s t r e s s  d i s t r i b u t i o n  w ork, i n  b o th  two= 

an d  th re e -d im e n s io n a l  s t r e s s  a n a ly s i s  e a s e s .

W ith /
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W ith  e x p e r im e n ta l  m ethods, th e  a c c u ra c y  o f  a s se ssm e n t o f  s t r e s s  

c o n c e n t r a t io n  e f f e c t  i s  o f t e n  l im i t e d  b y  th e  te c h n iq u e  em ployed, so  t h a t  

d i f f e r e n t  m ethods a p p l ie d  t o  th e  same p rob lem  g iv e  v a r i a t i o n s  i n  s t r e s s  

c o n c e n t r a t io n  fa c to r#  Of a l l  th e  a v a i la b l e  m ethods, th e  p h o to e la s t i c  

m ethod s ta n d s  o u t  a s  b e in g  p a r t i c u l a r l y  s u i t a b l e  f o r  th e  d e te rm in a t io n  

o f  s t r e s s  c o n c e n t r a t io n  e f f e c t ,  and  f o r  s t r e s s  d i s t r i b u t i o n  i n  g e n e ra l ,  

p ro v id e d  t h a t  s u i t a b l e  m odels c a n  be  made f o r  th e  purpose#

From th e  d e s ig n  p o in t  o f  v iew , th e s e  t h e o r e t i c a l  and  

e x p e r im e n ta l  m ethods a r e  n o t  r a p i d  m ethods o f  a s s e s s in g  v a lu e s  o f  s t r e s s  

c o n c e n t r a t io n  e f f e c t ,  and  e m p ir ic a l  f o n m la e  become d e s ir a b le #  Such 

fo rm u lae  r e q u i r e  some d e g re e  o f  c a re  i n  a p p l i c a t io n ,  p a r t i a l  Ha r l y  i n  

n o n -s ta n d a rd  c a s e s  o f  s t r e s s  c o n c e n tr a t io n ,  o th e rw is e  in a c c u r a te  

a s se s s m e n ts  may o c c u r , w ith  o b v io u s  r e p e r c u s s io n s .  C le a r ly ,  ex trem e 

a c c u ra c y  i s  n o t  p o s s ib l e ,  n o r  i s  i t  n e c e s s a ry , s in c e  even  a n  ap p ro x im ate  

s t r e s s  c o n c e n t r a t io n  f a c t o r  i s  s a t i s f a c t o r y  f o r  th e  d e s ig n e r ’ s 

req u ire m e n ts#

I t  i s  e v id e n t  t h a t  th e  s t a t e  o f  knowledge o f  s t r e s s  c o n c e n tr a t io n  

e f f e c t ,  a lth o u g h  e x te n s iv e ly  i n v e s t i g a t e d  t h e o r e t i c a l l y  and e x p e r im e n ta l ly ,  

i s  b y  no means f a r  advanced , e x c e p t i n  p a r t i c u l a r  c a s e s  o f  d i s c o n t i n u i t i e s .  

A n a ly t i c a l  m ethods a r e  s e v e r e ly  l im i te d  i n  t h e i r  a p p l i c a t i o n  b y  t h e i r  

c o m p le x ity , e x p e r im e n ta l  m ethods b y  th e  s k i l l  and  p a t ie n c e  r e q u i r e d ,  and  

e m p ir ic a l  r u l e s  b y  t h e i r  s c a r c i ty #  A re v ie w  h a s  shewn t h a t  t h e r e  i s  a  

need  f o r  some s i m p l i f i c a t i o n  o f  t h e  m ethod o f  a sse ssm e n t o f  s t r e s s  

c o n c e n tr a t io n ,  so  t h a t  th e  a v a i l a b l e  r e s u l t s  may b e  more r e a d i l y  a p p l ie d  

t o  d e s ig n .

I t /
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I t  i s  j u s t i f i a b l e  th e r e f o r e  t o  endeavour t o  i n t e g r a t e  th e  

a v a i la b l e  s t r e s s  c o n c e n tr a t io n  i n f o r m t i o n  i n t o  a  s im p le  form  w hich 

v / i l l  be  s u i t a b l e  f o r  u se  b y  th o s e  u n f a m i l ia r  w ith  e i t h e r  th e  

t h e o r e t i c a l  o r  th e  e x p e r im e n ta l  m ethods o f  ap p ro ach . Such a u th o r s  

a s  OOX^^t SA.V.TN̂ '^^. FETERSON^’̂  ̂ an d  have b e e n  p io n e e r s

i n  t h i s  f i e l d ,  and  i n  th e  c a se  o f  th e  l a s t  m en tioned  w r i t e r ,  much 

h a s  b e en  done i n  th e  c o r r e l a t i o n  o f  r e s u l t s  from  th e  c o l l e c t e d  p u b lis h e d  

w orks o f  o th e r  a u th o r s .

I n  t h i s  t h e s i s ,  a  re v ie w  o f  p u b lis h e d  l i t e r a t u r e  d e a l in g  w ith  

s t r e s s  c o n c e n tr a t io n s  i n  tw o -d im e n sio n a l f i e l d s  shows t h a t  th e r e  i s  a  

r e l a t i v e  l a c k  o f  a n a l y t i c a l  and  e x p e r im e n ta l w ork on  ’crack*  ty p e  

d i s c o n t i n u i t i e s ,  p a r t i c u l a r l y  o f  th e  c ru c ifo rm  type^ to g e th e r  w ith  

o th e r  g e o m e tr ic a l  fo rm s o f  edge and  i n t e r n a l  o p e n in g s  i n  t e n s io n  p l a t e s .

I n  th e  c a se  o f  c ra c k  ty p e  d i s c o n t i n u i t i e s ,  a n  a n a l y t i c a l

(7)m ethod o f  s o l u t io n  p ro p o se d  b y  ROTH&%N̂   ̂ f o r  th e  s t r e s s  d i s t r i b u t i o n  

a ro u n d  c ru c ifo rm  ty p e  c ra c k s  h a s  b e e n  in v e s t i g a t e d  by  th e  a u th o r ,  b u t  

th e  r e s u l t s  o b ta in e d  have n o t b een  s a t i s f a c t o r y .  An a l t e r n a t i v e  

ap p roach , u s in g  th e  Complex P o t e n t i a l  Method o f  lU SM EL ISB /IL I , h a s  

y ie ld e d  a  s a t i s f a c t o r y  s o lu t io n .

The P h o to e la s t i c  M ethod, i n  c o n ju n c t io n  w ith  th e  C onducting  

P ap er A nalogy , h a s  b e e n  u se d  s u c c e s s f u l ly  b y  th e  a u th o r  t o  o b ta in  s t r e s s  

c o n c e n t r a t io n  f a c t o r s  and  s t r e s s  d i s t r i b u t i o n s  f o r  a  w ide ran g e  o f  

d i s c o n t i n u i t i e s ,  b o th  edge and  i n t e r n a l ,  i n  t e n s io n  p la te s ^  in c lu d in g  th e  

c a se  o f  th e  c ru c ifo rm  c ra c k .

An a tte m p t h a s  b e e n  made a ls o ,  to  c o r r e l a t e  i n  a  sim p le  m anner.
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the s tr e s s  concentration  fa c to rs  for a wide v a r ie ty  o f  d isc o n tin u it ie s  

in  th in  p la te s  in  u n i-a x ia l ten sion , from both th e o r e t ic a l and 

experimental r e s u lt s ,  and th is  co rre la tio n  i s  presented in  graphicel 

form fo r  ease o f  a p p lica tio n  in  design practice*
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The re v ie w  p r e s e n t s  a  c s r i t i c a l  survey- o f  t h e o r e t i c a l  and  

e x p e r im e n ta l  i n v e s t i g a t i o n s  o f  s t r e s s  c o n c e n tr a t io n s  p ro d u ced  by- 

i n t e r n a l  and  e x te r n a l  d i s c o n t i n u i t i e s  o f r e g u l a r  g e o m e tr ic  fo rm  i n  t h i n  

p l a t e s  o f  i n f i n i t e ^  s e m i» in f in i t e  and  f i n i t e  w id th s  s u b je c te d  t o  

u n i - a x i a l  and b i - a x i a l  t e n s io n s  i n  t h e  p la n e  o f  t h e  p l a t e .  S ing l®  

d i s c o n t i n u i t i e s  a r e  c o n s id e re d  o n ly  g b u t  i t  i s  o f  i n t e r e s t  t o  n o te  t h a t  

t h e  e f f e c t  o f  m u l t ip le  d i s c o n t i n u i t i e s  i n  c lo s e  p ro x im ity  i s  to  re d u c e  

t h e  s t r e s s  c o n c e n tra tio n o  F ig u r e  1 shows t h i s  e f f e c t  g i n  t h e  e a se  o f  

edge n o tc h e s  o f  s e m i- c i r c u la r  form*

t «0

 5

tlO

110

F i g . l .
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( l a )

l o l ( a )  Cirgttlar Hole*

( i )  I n f in it é  P la te

In  1898, published the f i r s t  rigorous so lu tio n

for  the s tr e s s  d is tr ib u tio n  around a cen tra l c ircu la r  hole in  a th in

in f in i t e  p la te  under u n i-a x ia l ten sion  in  the plane o f  the p la te ,

the s tr e sse s  being given  by equations o f  the follow ing forpx;-

-  r 2  4r^2 5r 4
Or ® (1  •  ^;g") + (1 -  -p g -  + " j5 ”)oos 2 8 :....................... (1*1)

O0 ® (1  + ^  (1  + - - ^ ) c o s  2 8 ................................... . • . ( 1 . 2 )

_  2r^2 5r 4
?r8  = ( l  + yg -  - j 5 - ) s in  28  ..........   (1*5)

where the n otation  i s  as shown in  P ig. 2.

Equation ( 1 . 2 ) g iv es  the hoop s tr e s s  round the boundary o f the hole when 

r  « Tq*

Thus 0*0 ■ 0*0 (1 -  2 008  28)

which has a maximum vâue when 8  »  90^, Hence the s tr e s s  concentration  

fa c to r  i s  g iven  by ^ /o q  ■ 5 .0  for t h is  case.

The d is tr ib u tio n  o f  p rin cip a l s tr e sse s  along the v e r t ic a l and 

h orizontal cen tra l l in e s  o f  the p la te  are given  in  P igs. 5 and 4 

re sp ec tiv e ly .

S tr ic t ly ,  th is  so lu tio n  i s  true only for a p la te  which i s  very  

th in  r e la t iv e  to  the hole diameter. Where these dimensions are o f  the  

same order, the s tr e s s  concentration  factor i s  somewhat greater than 5 

a t the mid-plane o f  the p la te  and s l ig h t ly  le s s  than 5 a t the surface  

o f  the p la te  s in ce  in  th is  case the conditions o f gen era lised  plane s tr e ss  

no longer hold.

The/
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The e f f e c t  o f  r a t i o  o f  p l a t e  th ic k n e s s  t o  h o le  d ia m e te r  im s 

exam ined i n  1949 b y  STiiiKHBERG- and  SADOWSKŶ ^^, •who found  t h a t  f o r  d e s ig n  

p u rp o se s  th e  s t r e s s  c o n c e n tr a t io n  f a c t o r  o f  5 f o r  a  c i r c u l a r  h o le  c o u ld  

b e  assum ed v a l i d  f o r  p l a t e s  o f  a r b i t r a r y  th ic k n e s s  r a t i o ,  a s  th e  in c r e a s e  

i n  s t r e s s  c o n c e n tr a t io n  f a c t o r  a t  th e  m id p la n e  o f  th e  p l a t e  was l e s s  

th a n  and  th e  d e c re a s e  a t  t h e  s u r f a c e  d id  n o t  exceed  lO^L F o r 

e x a n ^ le , w ith  a  r a t i o  o f  p l a t e  th ic k n e s s  t o  h o le  d ia m e te r  o f  0*75, th e  

s t r e s s  c o n c e n tr a t io n  f a c t o r  a t  th e  m id p la n e  was found  t o  b e  5*1 and 

a t  th e  s u r f a c e  2 . 8 .

The f in d in g s  o f  th e s e  a u th o r s  w ere b a se d  on a n  app ro x im ate  

th r e e  d im e n s io n a l s o lu t io n  f o r  th e  s t r e s s  d i s t r i b u t i o n  i n  a n  i n f i n i t e  

p l a t e  o f  a r b i t r a r y  th ic k n e s s ,  c o n ta in in g  a  c i r c u l a r  ho3e . These 

c o n c lu s io n s  su p p o r t th e  a s s e r t i o n  t h a t  f a c t o r s  o f  s t r e s s  c o n c e n tr a t io n  

b a se d  upon two d im e n s io n a l a n a ly s i s  a r e  a p p l ic a b le  t o  p l a t e s  o f  

a r b i t r a r y  th ic k n e s s  r a t i o ,

1 .1 ( a )  C i r c u la r  H ole

( i i )  F i n i t e  P la te

The c a se  o f  a  t r a n s v e r s e  c e n t r a l  c i r c u l a r  h o le  i n  a  p l a t e  o f  

f i n i t e  w id th  was t r e a t e d  b y  i n  1929, The p l a t e  was assum ed

t o  b e  bounded b y  tw o p a r a l l e l  edges and u n d e r  c o n d i t io n s  o f  g e n e r a l i s e d  

p la n e  s t r e s s .

The s t r e s s  f u n c t io n  m ethod w as a d o p te d , u s in g  s u c c e s s iv e  

a p p ro x im a tio n s  w ith  i n f i n i t e  s e r i e s ,  th e  hoop s t r e s s  a ro u n d  th e  h o le  

boundary  b e in g  g iv e n  b y

00  = cTq(po -  pgoos 28 -  P4.COS 48 . , . , )  .................................................. ( i ' 4 )

and cTj. = T r6 ..................... *....................................................................... *......................(1 .5 )

t h e /
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th e  n o t a t i o n  "being a s  g iv e n  i n  F ig .  2 , and  Po^ P2 j e t c .  v a ry  -with th e  

r a t i o  o f  h o le  d ia m e te r /p la t e  -width a s  f o l lo w s : -

0  — X  — ► 0 .5

1 .0  ' ^  Po * 1*06

2 .0  — (>2— ► 2 .9 1

Hence a s  A i n c r e a s e s ,  0*0 i n c r e a s e s  a s  shown i n  F ig . 5.

F o r A =• 0 , e q u a t io n  (1 .4 )  re d u c e s  t o  IŒRSOH* S s o l u t io n  f o r  a n

i n f i n i t e  p l a t e ,  nam ely <tq -  o b ( l  -  2 c o s  2@).

A g ra p h  o f  th e  v a r i a t i o n  o f  s t r e s s  c o n c e n t r a t io n  f a c t o r  b a se d

on th e  g r o s s  c r o s s  s e c t i o n  o f  th e  p l a t e  i s  shown i n  F ig . 6 , w hich

i n d ic a t e s  th e  f i e l d  o f  a p p l i c a t i o n  o f  s t r e s s  c o n c e n tr a t io n  f a c t o r s

d e r iv e d  on  th e  a ssu m p tio n  o f  a  p l a t e  b e in g  o f  i n f i n i t e  w id th .
» « f l l ^

I n  1950, iSJOSIROM  ̂ p re s e n te d  th e  s o l u t io n  f o r  th e  c a s e  o f  

a  f i n i t e  p l a t e  i n  t e n s io n ,  c o n ta in in g  a n  e c c e n t r i c a l l y  lo c a te d  h o le ,  

th e  r e s u l t s  a s  su im rarised  b y  FETERSOH, b e in g  shown i n  F ig . 7.

I . l ( a )  C i r c u l a r  H ole

( i i i )  S e m i- I n f in i t e  P l a t e

( l 2 ^A p a p e r  b y   ̂ i n  1948 gave th e  s t r e s s  d i s t r i b u t i o n

pro d u ced  b y  a  c i r c u l a r  h o le  l o c a te d  n e a r  one edge o f  a  p l a t e  i n  te n s io n ,  

th e  o th e r  edge b e in g  a t  i n f i n i t y ,  t h i s  s e t  o f  c o n d i t io n s  b e in g  re g a rd e d  

a s  a  s e m i - i n f i n i t e  p l a t e .  P la n e  s t r e s s  c o n d i t io n s  w ere assum ed and  th e  

s o lu t io n  was o b ta in e d  b y  th e  S t r e s s  F u n c tio n  M ethod, a  co n fo rm ai 

t r a n s fo r m a t io n  b e in g  em ployed t o  o b ta in  th e  c u r v i l i n e a r  c o -o r d in a te  

sy s tem  u se d  i n  th e  a n a ly s i s .

The s t r e s s  v a r i a t i o n  a lo n g  th e  s t r a i g h t  edge o f  th e  p l a t e  n e a r

th e  /



P i g . 7.

Kl BASED OH NET SECTION A-B <7ehrl-Tv0*
A8SÜMM& SECTION CARRIES LOAD

1- ^  (i-ZT-tCfc)*)

FACTOR, Kt
■

STRE$S CbNCÉNTRATlÛN
. FOR TENSION CASE 

OR A
ÉLAT BA$ WITH A CIRCULAR HOLE 

DISPLACED FROM CENTER LINE 
{(■ASCD 0 #̂  MATHEMATICAL ANALYSIS OF fjO sm O M l

F ig . 8,

,!Ü .

VsriBliiiti ti[ «tuiiit tin- TlfBmlil i i Irc (InIII: iiu illirn u tlirn l K ilutim i),



15a .

»

IS

10

r t

04

-J

50 40 JO

Ô ^eÿrees)
V ariatitm  nf stress  alotiK ttu’ filgo of the hole (from  m atbom ntical solnlioiO.

m g . 9,

I I I I'l I II  t m r r

1.4
Z.IS

t.e
3.10

2.0
3.76

* wiVHMtny wi lur vailKTQ oi **i
(and the corresponding values o f .c /R ^  selected for computation.

F i g .10,



0 —  r t i »  p « f i * r ,  t f f u r t m a n ^  

M —  B r a h t f  a t a l

5
I

«’■ 'iir i 'titra iiim  fa c to rs .

F i g .1 1 .



14.
the h o le , a lso  the hoop s tr e s s  v a r ia tio n  round the hole are shown in  

FigSo 8  and 9 re sp ec tiv e ly , corresponding to  various values o f the 

parameter * The r e la t io n  between th is  parameter and the proximity  

o f  the hole to  the edge o f  the p la te  i s  shown in  Pig* 1 0 ,

Prom F ig, 8  i t  i s  evident that a s the th ickn ess o f  the sec tio n  

between the h o le  and the free  edge o f the p la te  decreases, the s tr e ss  

a t the se c tio n  o f  symmetry on the face edge tends to  zero. This

e f f e c t  has been substantiated  by p h oto e la stic  t e s t s .

R eferring to  F ig , 11, the s tr e s s  concentration  fa c to rs  based 

on the gross se c tio n  a t  p o in ts p, m and n are shown fo r  various values  

o f  ^ /r 2 . The sp e c ia l case corresponding to  the SJOSTRQM so lu tio n  i s  

in  agreement. This graph c le a r ly  shows that fo r  ^  4, the p la te

containing the eccen tr ic  c ircu la r  h ole can be regarded as in f in i t e  for  

design  purposes.



F ig .1 2 a .

Elliptical Coordinates, 
defined by (a* 4̂ 3)

Point M is

F ig . 12b.

1—
2b

Strewee Around an Elliptical Hole in a Plate SubjectedAroundStreeM
to Two Perpendicular Uniformly Distributed Loads



(1 .1 )  15.

X. l ( b) E l l ip t ic a l  Hole in  I n f in ite  E late

The so lu tio n  o f  the problem o f a wide p la te  containing a c e n tra lly  

loca ted  e l l i p t i c a l  hole was g iven  by KDLOSOFF̂ ^̂  ̂ in  1909, using for  the  

f i r s t  time in  th is  work the theory o f  Ccn^lex V ariab les. H is methods 

were la te r  extended by COKER and FILOIT^^^\ and

method examined the s tr e s se s  acting  on the surface o f  an element 

which was defined  by cu rv ilin ea r  co-ord inates. Since the s tr e ss  

components wore sta ted  in  terms o f in f in i t e  s e r ie s , very lengthy  

expressions were produced. The combined works o f  the above authors 

cover com pletely the s tr e s s  a n a ly sis  fo r  ten sion  p la te s  containing an 

e l l i p t i c a l  h o le , under u n i-a x ia l or b i-a x ia l  ten sion s applied  a t an angle 

to  the major a x is  o f  the e l l ip s e .  DTIREIJjT and have supplied
I

a u se fu l summary o f  th ese  works, a b r ie f  resume o f  Tdiich i s  no?/ given.

The hoop s tr e s s  round the boundary o f the h o le  i s  g iven  by 
0(3 = (gQ *  °~p) 2ao + (ob -  CTp) [c o s  2ÿ -  coa 2{<j> . . ( 1 . 6 )

dosh 2oo “ cos 2p

when oTj, » = 0, the n otation  being shown in  P ig. 12, and

Oq St the e l l i p t i c a l  parameter d efin ing  the hole boundary 

</> ss the angle between the major a x is  2a o f  the e l l ip s e  and the 

d irec tio n  o f  oy.

When the d irec tio n s  o f  ob and op co incide w ith  the axes o f  

2b and 2a re sp e c tiv e ly , ÿ =? “  and equation ( lo 6 ) reduces to

0* -  (Cq + aihh 2<iq + (op -  Cp) ( e^*^ cos -  1 ) ( 1 7 )
® cosh 2oo -  cos 2 p

and for  the case o f  u n i-a x ia l ten sion  wAien say Op = 0 , 

equation /
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equation (1 . 7 ) becomes

=  CTq
sihh  2ao + cos 2p -  /_ g\

cosh 2oo -  cos 2p ' ..................

This has a maxiinum value when p a 0 or ir, corresponding to  p o in ts A 

at each end o f  th e major a x is  o f  the e l l i p t i c  h o le , g iv in g  the 

maximum hoop s tr e s s  as

[•
sihh  2o0  + e ^ ^  -  1

cosh 2oo -  1
(1 .9 )

Using the re la tio n sh ip s  == sihh  2oo + cosh 2oo

and — ^  _ a  coth oq
cosh 2o o - l

the maximum hoop s tr e s s  can be shown to  be

^A *  Go (1  + » . ................................     ( 1 . 1 0 )

or S tress Concentration Factor = 1 + ^    ............................ ( l . l l )
Cq b

In  a s im ila r  manner, the hoop s tr e s s  a t the ends B o f  the minor

a x is  o f  the e l l i p t i c  hole i s  determined using p ss ^  in  equation

( 1 . 8 ) ,  g iv in g  ctb =- a t p o in ts B, or

S tress  Concentration Factor cr - 1 ,0   . (1 ,12 )
G*o

For 0*0 = 0 , Op becomes the u n i-a x ia l ten sion .

Putting p = 0 or w g iv e s  the hoop s t r e s s  a t  the end o f  the major
ÏT
2

the hoop s tr e s s  a t  the ends o f  the minor a x is  becomes

a x i s  a s  c% = -cr an d  w i th  p ^  ± t

Gg = (T (1  + ^ )       (1 .15 )

These/
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These r e s u lts  apply for  cases o f  tm i-a x ia l ten s io n  normal and 

p a r a lle l to  the major a x is  resp ectively*  For a iy  conibination o f  

b i-a x ia l  ten sio n s o“q and o*p p a r a lle l to  the re sp ec tiv e  a x is , the  

hoop s tr e s s  a t  p o in ts A and B i s  g iven  using the p r in c ip le  o f  

superposition ,

by = o“o -  cÿ .....................................................................* . . .(1 * 1 4 )

and 0*3 = Op ( l  + -  ob .    ..........................................  .(1 .15 )

These two equations are u su a lly  a ttr ib u ted  to  I t  i s  o f

in te r e s t  to  note the sp e c ia l case that for  constant or uniform hoop 

round the boundary o f  the e l l i p t i c a l  h o le , then £ 2  = — , th is
O p &

re la tio n sh ip  being obtained by eq ia tin g  (1 .1 4 ) fî nd (1 ,1 5 ) .

R eferring to  equation ( l .S )  fo r  u n i-a x ia l ten s io n  Oq applied  a t  

angle ÿ to  the major a x is  o f  the e l l ip s e ,  ING-LIS showed th at for  

0  B '*^4 (th a t i s  w ith the a x is  o f  the e l l ip s e  in c lin e d  a t 46® to  the 

a x is  o f  ten s io n ), the point o f  maximum hoop s tr e s s  l i e s  between p o in ts  

A and F a s shown in  Fig* 15. I f  the r a t io  ^ /a  i s  f a ir ly  sm all a 

good approximation to  t h is  maximum s tr e s s  value i s  g iven  by

f* VSaŜ  2b^l  
1̂ 1 + a -  b J^  " ^o 2b 1 *̂** a — b ( • • ♦ o . ..................................     (l*  16)

and the s tr e s s e s  a t  A, P and Q are g iven  r e sp e c t iv e ly  by

°A ® = Ob (1  + - )̂ } ctq = -o-Q

The re la tio n sh ip  between the sem i-axes a and b o f  the e l l ip s e

and the rad ius o f  curvature p  a t the ends o f  the major axes i s  g iven

by b »  Vap

Hence/
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.
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HerKse equations ( l . i o )  and (1 ,16 ) may be reduced to  

%  = Ob (1  + 2  /  a /p ) ............................................................................ (1 .17 )

o- = ................................................................. (1 .18 )

The f i r s t  o f  th ese  equations g iv e s  the maximum hoop s tr e s s  on the  

boundary o f  an e l l i p t i c a l  hope in  a th in  p la te  under u n i-a x ia l (or  

sim ple) ten sio n , the major a x is  normal to  the applied  ten sio n , and the  

second fo r  the major a x is  a t  45® to  the applied  ten sion . From these  

equations, IjNGLIS determined approximate so lu tio n s  fo r  the maximum 

s tr e s s  concentration  fa c to r  produced by in te rn a l d is c o n t in u it ie s  o f  

square and sta r  foims in  wide p la te s  in  s in g le  ten sion . The a and

p valu es used were r e sp e c t iv e ly  the length  o f  the major a x is  o f  the
2

equivalent e l l ip s e  and the com er rad ius, as in  F ig . 14. At that  

tim e, XNG-LIS* so lu tio n  was the only treatment a v a ila b le  fo r  these forms 

o f  d isco n tin u ity . The complete s tr e s s  d is tr ib u tio n s  along the  

h orizon ta l and v e r t ic a l  axes fo r  a p la te  in  simple ten sio n  containing  

an e l l i p t i c a l  h o le , are g iven  in  F igs. 16 and 16 re sp e c tiv e ly .

An in te r e s t in g  exten sion  to  IWLI8 * work on e l l i p t i c a l  forms 

was published by in  1941, This paper g iv e s  the s tr e s s

d is tr ib u tio n  in  an in f in i t e  p la te , under uniform edge s t r e s s ,  containing  

an e l l i p t i c a l  reg io n  f i l l e d  w ith  a m aterial whose s t i f f n e s s  i s  K tim es 

th at o f  the p la te . Thus a s  K in creases from zero through u n ity  to  

in f in it y ,  the d isco n tin u ity  takes the form o f  a h o le , part o f  the 

homogenious p la te , and f in a l ly  a very s t i f f  reinforcem ent.

For a p la te  o f  varying th ickn ess, t h is  theory g iv e s  a reasonable 

In d ica tio iy
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in d ica tio n  o f  the general e f f e c t  produced by a change in  se c tio n  i f  K 

i s  taken as the r a t io  o f  th ickn ess -  tim es -  modulus in s id e  to  th ickness = 

tim es -  modulus ou tside the region . The th e o r e t ic a l approach to  th is  

case was a g e n er a lisa tio n  o f IMtU S'’ work, and for the p articu lar  

case o f a t e n ^ le  load , the s tr e s s e s  at the boundary o f  the  

d isco n tin u ity  are g iven  a s s -

 ̂  ̂ ***" 3K( 1  — K) (r^ *** r  ) W o.oooo.ooooooooooe>£>ooo«ooooDO^^o<^^( 1 * 19 )

0*0 " [ ( 8  + 2K -  Fp)r^ + (4  + 13K + K^)r 9k ]  N » . o o , . . * , . ( l , 2 0 )

P ~ — 5K [  5(k  + r^) + (1  + 6K)r J N (!•  2 1 )

Oq S  —( l  — IC) ^ 3K 4" (4 4" 6 K )r  ̂  N . o o o o o . o o o o o o o o o o o o o a o . o o  (l«* 2 2  )

<Xq
N =, 9k(ri^ + 1) + è(è -  K -  B t2 )v

ar » Ç

P B eccen tr ic  angle o f  the e l l ip s e  a s defined  in  M g. 1 2 *

and (T̂  St the applied  ten sion , p a r a lle l to  the a x is  2b o f  the e l l ip s e .

This so lu tio n  agrees w ith IM3-U!S° so lu tio n  fo r  an e l l ip t i c a l  

h o le , when K e 0  g iv in g

p  B  0 ,  o ^  =  0 ,  0*0 B  (1  4- 2 r ) o Q

3 — = 0 , 0*0 =

Ydien K B 1 , the d isco n tin u ity  in  the p l a t e  d is a p p e a r s

and p = 0 , = 0 , Cq " o'o

2 * ^
TTP -  c*r oTq, 0*0 = 0

For K = 0 0 , representing a very  s t i f f  re  in f  orcenmnt g c% i s  always the  

c r i t i c a l  value as oq -  ^

e>nd P »  0 , o^ —- i  *** )̂^ ô « «. * o «. ««oo.*** • « • o «. . .  *oo*o*.o. ( l*23)

3 " Or  ̂  ̂ *** 3^)Oq « . oooo . os . 0 0 0 0 . . « « . . o o . . . «««««0 (1 »2 4 )
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The con d itions corresponding to  equations (1 .25 ) and (1 .2 4 ) r e sp e c tiv e ly

are shown in  F ig s . 17o and 17b and for the case o f  a c ir cu la r  h o le  in  

F ig. 17a.

A suimnary o f  c r i t i c a l  s tr e s s  concentrations i s  g iven  

grap h ica lly  in  F ig . 18, ■v^ere only s tr e s se s  -which may be c r i t i c a l  under 

ce r ta in  con d itions are shown.

The problem o f an e l l i p t i c a l  hole in  an in f in i t e  p la te  in  

s in g le  ten sion , a t  an angle and a lte r n a t iv e ly  under b i-a x ia l  tension , 

has a lso  been in v estig a ted  by W85IEIZ8H731Æ and STEVENSON̂  both  

o f  -vdiom used the complex p o te n tia l form o f  so lu tion .

in  ah extension  o f  the work o f  msEKBlISHVnj. 

re ferr in g  to  the case o f simple ten sion , inves-tigated the varia-tion in  

s tr e s s  concentration  fa c to r  ivith the o r ien ta tio n  o f  -the e l l ip s e ,  the 

r e s u lts  being shown in  F ig . 19.
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1 .1 (c ) Internal Crack In  InflnHie P late.

The in te r n a l crack in  an in f in i t e  p la te  under eiinple ten sion  

iras considerecL a ls o  by IMtU S  (1915) using the A iry s tr e s s

fun ction  method, the crack being considered as the lim it in g  form o f  an 

e l l ip t i c a l  h o le , the minor a x is  o f  'which tends to zero* Plane s tra in  

con d itions were assumed and the hoop s tr e s se s  produced a t  the ends o f  

the major a x is  (F ig . 20) are

( i )  for the applied  s t r e s s  normal to  the major a x is  2a

Oji »  0 b (l + %) .....................   (1 .85)

Thus T ith  an ^  ra*tio o f  1000, a x  = 2001 Oq and the e l l ip s e

■would appear a s a f in e  stra ig h t crack. Hence a very sm all p u ll across

the crack would s e t  up s-bresses a t  the ends, s u f f ic ie n t  to  tea r  the  

m aterial. The increase in  leng-th due to  the tear  would increase the  

s tr e s s  s t i l l  furth er and rapid  crack propagation would r e s u lt .

( i i )  for  -the applied  s tr e s s  p a r a lle l to  the major a x is

s - O '  , 0 3  ÎS cr   * ..............  ( 1 . 2 6 )

Thus -with an ^  r a t io  o f  1000, ss 1.002 a* and hence a crack

running in  the d ire c tio n  o f  the applied  ten sio n  •would not produce a great 

lo c a l s tr e s s  e f f e c t .

G-RIFFITĤ ^̂  ̂ in  1920, employing irJO-US* so lu tio n  o f the -two- 

dimensional equations o f  e la s t ic  equilibrium  in  the space bounded by 

two concentric e l l ip s e s ,  determined the e f f e c t  o f  the presence o f  a crack 

on the energy o f an e la s t ic  body under the in fluence o f  a  t e n s i le  s tr e s s .

From th is  a n a ly sis  were presented c r it e r ia  o f  rupture for cases  

o f  plane s tr e s s  and plane s tr a in  in  the farm o f  c r i t i c a l  values o f  applied  

s t r e s s . /
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( 211I t  has been sho\m, however, by SDISDDON ^ t h a t  in  general these  

c r ite r ia  do not apply, since the high concentrations o f  s tr e ss  a t the 

ends o f a crack w i l l  induce lo c a l p la stic  flow, thus departing from the 

e la s t ic  conditions assumed by GRIFFITH.

A numerically d ifferen t c r iter io n  was developed in  1954 by 

OROWAN̂ ^̂  ̂ from assumptions sim ilar to  those employed by GRIFFITH.

lESTERGAARD̂  in  1934 produced a rather lengthy so lu tion  for  

the crack problem uaLhg s tr e ss  functions in  terms o f in f in it e  se r ie s .

In a la te r  paper, WBSTERGAARD̂ g a v e  so lu tion s for s tress  

d istr ib u tio n  as influenced by bearing pressures and cracks, under various 

conditions, and in  th is  work the Airy s tr e ss  function  was represented by 

functions of a complex variab le , assuming plane s tra in  conditions to  

apply. In  a l l  cases, the shear s tr e ss  along the a x is  o f  propagation 

was zero. S tress functions are given for  an internal crack in  an 

in f in it e  p la te  under u n i-a x ia l tension , a lso  for  an in tern a l crack 

subjected to l iq i i d  pressure, th is  la t te r  case being equivalent to  equal 

b i-a x ia l tensions,
(25)

The GRIFFITH theory o f rupture was extended in  1946 by SACK 

to  include three-dimensional problems, by considering the conditions for  

rupture in  the case of a disc-shaped crack when one o f the principal 

stre sse s  a cts  noimal to  the plane o f the crack, thus leading to  another 

cr iter io n  for crack propagation.

In the same year using WESTERGAARD * S s tr e ss

function, derived equations for the s tre ss  d istr ib u tio n  in  the in ter io r  

o f  an in f in it e  ’two-dimensional’ e la s t ic  medium, produced by the opening 

o f an in tern a l crack subject to  uniform hydrostatic pressure. This 

a n a ly s is /
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a n a ly sis  i s  more sinrple than liNG-LIS* and employs C artesian co-ord inates  

throughout. The p rin cip a l shear s tr e s s  d is tr ib u tio n  graph i s  

i l lu s tr a te d  in  F ig . 21 , and from th is  the isochrom atics o f  F ig. 22 

were constructed. The GRIFFITH c r ite r io n  for rupture in  the case o f  a 

s tr e s s  free  crack in  a body under the in fluence o f a uniform t e n s i le  

s tr e s s  i s  g iven  as an exten sion  to  the f i r s t  so lu tion . The disc-shaped  

crack i s  a lso  considered by SHSDDON, the crack surface beii% subjected  

to  uniform h ydrostatic  pressure. I t  i s  shown that the crack* assumed 

to  be i n i t i a l l y  a th in  disc-shaped ca v ity , ‘ takes the form of a f l a t  

e ll ip s b id  o f  rev o lu tio n  under the a ctio n  o f  hydrostatic pressure. The 

isochrom atic l in e s  fo r  t h is  case are shown in  F ig. 25.

For s tr e s se s  due to  s tra ig h t, narrow cracks spreading a t high  

v e lo c i t ie s  in  a uniform t e n s i le  f i e ld  under plane s tr a in  cond itions,
 ( ogN

YOFFE'  ̂ in  1961, e n jo y e d  s tr e s s  wave equations, and assumed that the  

crack w hile not i t s e l f  extending, moved across the m aterial in  a  

d irec tio n  normal to  the maximum t e n s i le  s tr e s s . The s tr e s se s  thus 

computed are dependent on the wave v e lo c ity . Thus for  zero v e lo c ity ,  

these equations agree ex a c tly  w ith  those o f IRGU8 .

In  1964, adjusted the plane s tr a in  so lu tio n s o f  IRGLIS^

WESTERGAÆEd) and YCFFE for  the case o f a crack in  an in f in i t e  p la te  under 

simple ten sion , to  represent the cond itions o f gen era lised  plane s tr e s s  

encountered in  th in  w alled  members, and computed v e lu es  fo r  the stress 

system, as shown in  F ig. 24.

The so lu tio n  for  the c la s s  o f  plane problems in  e la s t i c i t y  

corresponding to  a d is tr ib u tio n  o f  rad ia l cracks, equal and f in i t e  in  

le n g th /
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length , orig inating  at the "boundary o f  a c ircu lar  h o le in  an in f in it e

p la te , has "been given by The complex variable method o f

MU'SKHBLXSHV'HiI i s  employed and depends upon the representation  of the

Airy s tr e ss  fun ction  in  terms o f two a n a ly tica l functions o f  a complex

variab le o C riter ia  for rupture based on the hypothesis are

formulated, and numerical r e s u lts  obtained fo r  the cases o f  a s in g le

crack and two cracks. I t  i s  shown that one so lu tio n  i s  con sisten t

with the well-known re su lt  that a sin g le  crack in  an in f in it e  p la te  i s

unaffected by ten sion  in  the d irectio n  o f the crack. For cracks longer

than the hole radius, i t  i s  shown that the e f fe c t  o f  the s tr e ss  f ie ld

caused by the hole i s  n eg lig ib le  so far  as the c r i t ic a l  load for rupture

i s  concerned. On the other hand, i t  i s  sta ted  that for very small

crack lengths, the c r i t ic a l  load appears to  be governed prim arily by the

lo c a l s tr e s s  f i e ld  o f the hole*
( 2 )In  1950, COX' * irnrestigated the e f fe c t  o f  h a ir  cracks on the  

s tr e ss  concentration produced by an Internal e l l ip t i c a l  hole. The

an a lysis  was r e s tr ic te d  to  the e l l ip t i c a l  form sin ce s tr e ss  concentrations 

due to  certa in  forms o f h o les q i i t e  d ifferen t from e l l ip t i c a l  do not 

d if fe r  oonsidei*a"bly from the s tr e ss  concentration due to  ''equivalent 

e l l ip t ic a l  ® h o les . The general method o f so lu tio n  i s  sim ilar to  that o f  

IRQ-LISfl but the a n a ly sis  i s  more d irect and more e legan t, by the use of 

complex v a r ia b les . The conclusion i s  reached that the presence o f small 

h air  cracks on the boundary of a hole, reduces the s t r e s s  concentration  

factor , and renders i t  l e s s  se n s it iv e  to  changes in  the r a t io  , in

comparison w ith the approximate formula K r  1  + 2  \^ /p  .

Using the complex p o ten tia l method, ROTIAIAN and in  1955

reproduced/
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repQToduoad SNEDDON' S eq ia tio n s f o r  an in te r io r  crack su'bject to  imiform  

pressure on i t s  bo-unâaryo ' The c a s ® -of*'a i l  round tension^ s in g le  ten sion  

and d iam etr ica lly  opposite forces applied to  th e  ‘'ndnor a3ds® o f  the 

cracky, were analysed a lso . Graphes, sim ilar t® those o f SNEDDON̂  were 

used to  i l lu s t r a t e  the v a r ia tio n  in  inaadimsm shear s t i ’sssj, and from these  

the isochromati© l in e s  were constructed foi" the simple ten sio n  case^ as  

shorn in  FigSo 25^ 26, 27 and 28,

I t  may be noted, referrii^g to  M gs, 22 and 28 that a l l  the  

isoch rom tios ■ par " '^ through th e  and  o f  the crack, showing that the 

princl{(m l s h e a r  a t r e s s  i s  I n f i n i t e ,

Thus, even fo r  sm all loads, p la s t ic  flow  must occur a t the 

ends o f  the ©rack to r e lie v e  th is  I n f in ite  s tr e ss . Therefore, ther® 

i s  no purely  ̂e la s t ic  ̂  so lu tio n  o f  the problem. I f  however, th® 

applied ten sio n  i s  not too great, the reg ion  o f  p la s t ic  flow  w il l  be 

sm ell and w i l l  not appreciably a f fe c t  the d is tr ib u tio n  o f  s tr e s s  a t  

p oin ts in  the m aterial a t a d istance from the ends o f  the cracko
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lo l(d )  M iscellaneous Inte rnal  Blseorrfcixiaitieg

I t  has h e ^  shown by in  h is  paper on the e l l ip t i c a l

h ole in  an in f in i t e  p la te  that

( i )  the s tr e s se s  a t the ends o f  a d isco n tin u ity  depend almost e n tir e ly  

on i t s  length  and on the form o f the ends,

( i i )  i f  the ends o f  a d isco n tin u ity ,a re  approximately e l l ip t i c a l  in  

form, i t  i s  leg itim a te , in  ca lcu la tin g  the s tr e sse s  a t  these p o in ts, 

to  rep lace the d isco n tin u ity  by an * equivalent e llip se*  having the 

same o v era ll length  and end formation.

By a p p lica tio n  o f  these id ea s, the determ ination o f  the s tr e ss

concentration  e f f e c t s  produced by in tern a l d isc o n tin u it ie s  o f various

forms becomes p o ssib le  (using equations 1@17 and 1*18) as has been

in d icated  fo r  openings o f  square and "star* forms.

In  addition  to  these approximate formulae, d ire c t  th eo re tica l

so lu tio n s fo r  ce r ta in  problems are a lso  av a ila b le .

The work o f  STEVENSON̂  in  1945 developed an approach to

two-dimensional iso tro p ic  e la s t ic  theory (plane s tr a in  and generalised

plane s t r e s s ) ,  using the conplex variab le technique. This resu lted  in

elegant so lu tio n s  having a considerable economy o f  e f fo r t  in  the

in v e s t ig a t io n  o f problems form erly examined by means o f  the A iry s tr e ss

fun ction  aid. the a l l ie d  displacement function. The power o f  the complex

p o ten tia l method i s  demonstrated by find ing appropriate complex p o te n tia ls

fo r  a number o f  problems such as a cu rv ilin ear  regular polygon o f  * n*

sid es  and *n* rounded veirbices, such that
n = 1  or corresponds to  a c ircu la r  h o le,
n « 2  . . , , ,  o c. ” ” e l l i p t i c a l  **
n « 5 . . . . . . . .  ” ** trian gu lar **
n s  4 . . . ' ..............  ” ” square. ^
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(i) ï»—3, A= (ii) »=:4, (“U ;̂;=12, A = ^ < ^ ^ .

Examples of ourvlline«r polygonal boundary curve of hole.

F ig .29.
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The forms o f  the ‘bouiîâary fo r  5  ̂ 4  and 12 are shown in  Mgo 29.

By the complex p o te n tia ls  fo r  such "boundaries^ the s tr e s s  d is tr ib u tio n  

in  an in f in i t e  p la te  containing the appropriate hole may be determined^ 

The s tr e s s  concentration  fa cto rs  a t  the v e r t ic e s  o f  the hole 

are obviously  importantj, and vdien the p la te  i s  under sim ple ten sion  ob> 

t h is  fa cto r  i s  g iv en  by

OÎ0 1
cTq 1 “ A (n-^l) 1  * M »  -  1 ) - (1 ,27)

and in  this",case n == 5 (Ref* 51 ̂  STEVENSON)

where A « a form fa c to r , 0  ^  A (n  -  l )  ^ 1

(3 s  angle between the applied  ten sion  ob and the h orizon ta l

d ire c tio n  {% -  a x is) w ith  reference to  Pigo 29.

The s tr e s s  concentration  fa c to r  a t the other v e r t ic e s  may be deduced

by rep lacing P by p viiere r  s  1 , 2, . . . . . . .  . . ( n  -  1) .  For

p s  ^  ,  that i s  w ith the plat® under simple ten sion  in  the v e r t ic a l  

d irec tio n  (y  a x is ) ,  w ith  reference to  F ig . 29, equation (1 .27 ) reduces 

to

2 l l  + N ( n—5
cr. O O O O ^ O O O O O O O O O O O O (1 ,28 )

As n  »» o o  (and thus A —^  O), the s tr e s s  concentration

fa c to r  tends to  the exact th e o r e tic a l value o f 5. 0  fo r  the c ircu la r  

h o le , w hile for  the three boundary shapes shown in  F ig . 29, the 

appropriate fa c to rs  are 7, 6.575 and 15.764.

For a l l  round ten sio n  the s tr e s s  concentration  fa cto r  fo r  

a l l  v e r t ic e s  i s  g iven  by

Ob
2 1  + (n - l)^

1
(n -l)A
u S p T o o o o o o o o o o o o a o o o o o o o o o e o o o o e
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w h ilst a t the ndd point o f the s id es  o f  the boundaries i t  has the 

reciprocal value. I f  n —^  o o  (and thus —̂  0 as before), equation  

(1 .29) g iv es the exact th eo re tica l value o f  2 .0  for  the c ircu la r  holeo 

For the other boundaries o f  F ig. 29, the appropriate fa ctors are 6 ,

4 and 10.8.

A paper by in  1948 on sim ilar l in e s  to that o f

S'lEVENSON̂  g iv es so lu tion s for  the case o f a hole in  an in f in it e

p la te  under all-round uniform tension , the form o f the hole being e ith er  

( i )  the irsrerse o f  an e l l ip s e ,  ( i i )  the loop o f  a lem iscate ( i i i )  an 

e l l ip t i c  lirnaoon or ( iv )  an approximate square. In  the la t te r  case, 

which i s  o f  sp ec ia l in te r e s t , by assuming the transformation

% ss -Î- ae where Z = x + iy  emd i  » § + ii^

and putting § -  0 , an approximate square i s  obtained, and employing 

' the usual notation  for conformai representation, the s tr e s s  concentration  

factor  i s  given by

ere _ _ â .7 __ __ _
c o s  2 * ^  "i" 9 0 "  O 0 i > o o o o c > o o o o o . o o e < i o . o . . » . o . . e o o o « . o o  \  J - o  V U  y

where c i s  a form factor sim ilar to  A in  STEVENBON' S so lu tion .

The method used by SEN co n sis ts  o f  ̂ Representing s tre ss  con^nents  

e x p lic it ly  in  terms o f certa in  harmonic functions in  such a way that a 

proper choice o f  one o f these functions leads a t once to  the so lu tion  

o f the problem. This method appears to  be u sefu l in  many simple problems^ 

o f  p la te s  w ith cu rv ilin ear boundaries.

The subject o f  th in , iso tro p ic  f la t  p la te s  o f  in f in it e  width 

under plane s tra in  or generalised  plane s tr e ss  conditions, containing h o les  

o f /



P ig .50.
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o f  various shapes m s  treated  in  1951 by SAVIN^^ .̂ This work stems from 

the o r ig in a l work on con^lex p o te n tia ls  by and la te r  by

MJSKHBLIgIVlLl( l 9 ) . Selected  charts o f p articu lar in te r e s t  are given  

in  TigSo SO, 51, 52 and 55. The conversion charts r e la t in g  the parameter 

0  "with the p hysica l angle ÿ fo r  these d isc o n tin u it ie s  are g iven  in  

F igs. 54 and 55.
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CHAPTER 1 .2 . -  EXimiMEKTAL IJWESTIOATIONS



Pig. 56,

Direct «tree, ooocentimtiao factore for ehnpk 
polygonal holee.

Fig. 57,

Streee concentration factor* for equan holm wi& 
rounded oomer*.
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COX  ̂ in  1950p computed the s tr e ss  di str ih u tion  in  the 

neighbourhood o f h o les  o f  the general polynomial type in  in f in it e  p la tes  

under simple tendon» The s tre ss  concentration factors obtained are 

compared w ith the approximate IKGLIS solution)^ asi| shown in  PigSo 56 and 

57. Fig, 56 ^ow s that the IMtLXS form i s  a reasonable approximationo

N evertheless the error in  th is  fœm »  1 + 2v^/p may 

be considerable in  some casesj> p articu larly  for holes in  which the 

radius of curvature varies rap id ly  round the contour near the point of 

maximum s tr e s s <, This ,point i s  il lu s tr a te d  by Fig. 37, a t low values 

o f  ^/p 9 but i t  i s  b rou ^ t out most c lea r ly  in  the case o f  a simple 

polygonal hole with an in f in it e  ii\.iinoer of sid es . As expected th is  

hole form i s  in d istingu ish ab le from a tm e c ir c le  and the s tr e ss  

concentration factor takes the value';of 5,0^ but in  fa c t  the radius 

o f curvature o f the contour o s c i l la te s  in d e fin ite ly  and rap id ly  between 

a/ 2  and in f in it y  g so that the value o f 1  + 2i/^ p  o s c i l la t e s  between 

1 . 0  and 1  + 2/ 2 .

A recent paper by m m .  BROCK anâ published in  1958,

re-examined the problem o f  a rectangular openli^ with rounded corners 

in  a uniformly loaded plate^ under b i»ax ia l or u n i-a x ia l tension^ and 

in  th is  so lu tion , the aspect ra tio  (length  to  width) and the radius o f  

curvature at the com ers were general. This so lu tion  overcame the obvious 

shortcomings o f  the work o f  ING-IIS and SAVIN, and. a lso  o f GREENSPAN̂  ^

whose so lu tion  by another method, for the square w ith rounded com ers, 

fa ile d  to  include a su ff ic ie n t  number o f terns.

The so lu tion  by HSLIER, BROCIC and BART i s  an extension o f the 

ea r lie r  wcrk o f  E R O C K ^ on a general so lu tion  for the en tire  fa n ily  o f  

squares with radiused corners.
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I n  th e  p a p e r on r e c ta n g u la r  o p en ings , th e  s o lu t io n  i s  o b ta in ed  

by  th e  co u ^ lex  v a r i a b le  method a s s o c ia te d  w ith  WSIüîELISHVUjI  , The

shape o f  r e c ta n g u la r  opening i s  de te rm in ed  b y  th e  number o f  term s 

r e t a in e d  i n  th e  s e r i e s  f o r  th e  m ^ p irg  fu n c t io n , and  f o r  a  rea so n a b le  

d eg ree  o f  f i t  f o r  p r a c t i c a l  o p en ings , s ix  c o e f f i c i e n t s  w ere used* The 

s o lu t io n  o f  th e  n in e  s im u lta n eo u s  t r a n s c e n d e n ta l  e q u a tio n s  r e q u ir e d  th e  

u se  o f  an  e le c t r o n i c  com puter, and i t  was a ls o  n e c e ssa ry  to  u se  an  

a p p ro x im atio n  b a se d  on ICTTON^S method. Thus th e  work in v o lv e d  was 

c o n s i d e ra b le  o

The s o lu t io n  was shown to  ag ree  w ith  th e  s o lu t io n s  o f  G-KSENSFAil 

f o r  a n  o v a lo id , IMILIS f o r  a n  e l l i p s e ,  KIRSCH f o r  a  c i r c l e ,  a rd  BROCK 

f o r  a  sq u a re  w ith  rounded  cornerSo

N um erical ■ r e s u l t s  f o r  u n i - a x i a l  te n s io n  w ere c a lc u la t e d  f o r  

th e  fa m ily  o f  r e c ta n g le s  w ith  a s p e c t  r a t i o  1 s 2, and th e  r e s u l t s  

i l l u s t r a t e d  i n  l i g s .  38, 59, 40 and 41.



F ig , 42a, F ig , 42b.
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External D isc o n tin u itie s

Since the “work o f  IBGHS a lso  includes the treatment o f  a wide 

range o f external d iscontinuities^ , i t  i s  convenient to  preface th is ,  

se c tio n  on external d isc o n tin u it ie s  hy reference to  h is  work.

I f  one h a lf  o f  the ten sion  p la te  shovm in  Figo 15 i s  considered^ 

the notched p la te  o f  F ig, 42a i s  the r e s u lt .  The reasoning advanced 

fo r  th is  case i s  as fo llcw s. As the to ta l  force a ctio n  on the edge 

Q’Q amounts to  zero, the s tr e s s e s  on Q*Q have a n e g iig ih le  ejffect on the 

maximum s tr e s s  produced a t A. Accordingly the s tr e s s  a t A for  the 

e l l ip t i c  notch o f  depth i s  g iven  hy the expression  fo r  the s tr e s s  a t  

A on the equivalent in tern a l d isco n tin u ity , that i s  an e l l i p t i c  hole  

o f  semi«-axis *a® as shown in  F ig , 15.

Thus OA " OQ ( 1 "F p) «• , eo, o«, o, , oc* ■ *00,0,00 00*, ( 1* 51 ) 

Carrying t h is  form o f  reasoning further, i t  i s  proposed hy ING-LIS that 

other external d isc o n t in u it ie s , not e l l ip t i c a l  in  form, may he trea ted  in  

a sim ilar manner, and that hy using kn 'equivalent e llip se® , s tr e ss  

concentration  fa c to rs  fo r  such ^'discontinuities as vee , triangu lar, 

rectangular notches, e tc , may thus he determined (F igs, 42h, c ) ,

A sim ila r  consideration  was made hy COX in to  the ap p lica tion  o f  

IHtI I S  ̂ approximate form o f  K = 1 + 2/^ /p , and as in  h is  previou i work 

on in tern a l d isc o n tin u it ie s , the a n a ly sis  was considerahly s im p lified  hy 

the adoption o f  complex v a r ia h le s . Values o f  s tr e s s  concentration factor  

fo r  the notch forms shown in  F ig , 45 were ca lcu la ted  and compared M t̂h 

those obtained from the approximate formulae, and F ig, 44 ^ow s that the  

la t t e r  g iv e s  very  c lo se  approximations to  the th e o re tic a l values.

The/
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The approximate form fo r  the déterminat lo n  o f  the s tr e s s  

concentration  fa c to r  i s  especiaD,ly valuable where a rapid estim ate  

o f  the s tr e s s  concentration  fa cto r  i s  required and where there i s  no 

known th e o r e t ic a l so lu tio n .



CRACK

Fig* 45*
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1 .1 (e ) External Cracks

P hotoelastic  imrk hy in  1954 confirms IMxUS* theory

that the h igh ly  stressed  zone at the head o f  a crack i s  unaffected hy 

the shape o f the structural part a t some distance from i t .  I t  i s  

reasonable therefore to  re fer  the so lu tion  for an edge crack to  that 

for the equivalent in tern a l crack having a to ta l length  equal to  

twice the depth o f .penetration o f  the edge crack.

There i s  however an exact so lu tion  for the external crack 

problem, produced in  1957 by -who examined the stre ss

d istr ib u tio n  in  the region o f  a stationary edge crack in  a th in , 

sem i-in fin ite  p la te . The plane s tre ss  d istr ib u tion s near the Vertex 

o f an in f in it e  sector o f included angle a  for various boundary 

conditions were considered. Thus •vdien the two rad ia l edges o f  the 

plate are unloaded, and the wedge angle approaches ânr, the conditions 

pertaining to  the edge crack are reproduced. Using the Airy s tre ss  

function method, expressions for  the sum and d ifference o f the 

principal s tre sse s  were obtained, and hence the isochromatic l in e s  

around the en^ o f  the crack, as shbim in  Pig. 45. I t  should be 

noted that the shear s tre ss  i s  zero along the l in e  o f propagation 

o f  the crack. Also there i s  a tendency for a sta te  o f  two-dimensional 

or hydrostatic tension  ^diich consequently may permit the e la s t ic  

an alysis to  apply more c lo se ly  to  the end o f  the crack than was 

previously supposed. From th is  i t  i s  evident that an iso tro p ic  point

may e x is t  a t the end o f the crack. Furthermore as the distance from

the crack in creases, the s tr e ss  becomes non-hydrostatic and the 

suggestion i s  that there may be a yielded  region ahead o f  the crack. 

There/



F ig .46,

O a
tl

s .

. , , 1 
!
i

P ig .47.1

....

I

1 1
1

EDGE CRACK



( I . l )  56.

There i s  a lso  a d is t in c t  p o s s ib i l i t y  o f  more h igh ly  y ie ld ed  reg ions a t

+ 70® from the l in e  o f  the crack, and the maximum te n s i le  s tr e s s  i s

found to  occur a t + 60® from the l in e  o f  the crack.

These fin d in gs are corroborated by the p h o to e la stic  a n a ly sis

by POST, the r e s u lt s  o f  \shich are reported in  paragraph 1 .2 (c )
(7)The conplex p o te n tia l method m s  used by ROTBMAN  ̂ in  1957 

to  in v estig a te  the edge crack problem.

For the case o f  a crack in  a p la te  o f  se m i- in fin ite  ■width, 

w ith  reference to  F ig. 46, the transform ation

2 =      (1 .52)

i s  used to  transform the ’cracked* boundary o f  the z-plane in to  the  

stra ig h t l in e  o f  the w-plane, and th e  further transform ation

cr = - r -—  ................................................. (1.55)
1 - 0)  ^

transigorms the upper h a lf  o f  the w-plane on to  the ou tsid e o f  the  

u n it  c ir c le  in  the cr-plane. S tress  equations are developed for the  

crack under various forms o f  boundary loading such as f lu id  pressure 

and "wedge fo rces .

These so lu tio n s  are a lso  extended to  the case o f  a crack in  

a p la te  o f  f in i t e  width, and i t  i s  sta ted  that the s tr e s s  so lu tio n  for  

the edge crack case shown in  F ig. 47 can be obtained using th is  method 

o f  analysis*
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1 .1 ( f )  External Notches

The work o f  INGEIS g iv in g  an approximate so lu tio n  for the 

s tr e s s  concentration e f f e c t s  o f  notches o f  varying depth has heen 

supplemented hy d ire c t th e o re tic a l approaches for  the complete s tr e ss  

d istr ib u tio n  around a noteho in  1956 applied  the s tr e s s

function  method^ and in v estig a ted  the s tr e ss  d is tr ib u tio n  around a 

semi“<sircular notch a t the boundary o f  a th in  platê ^̂ caf se m i-in fin ite  

widths under gen eralised  plane s tr e s s  conditions» Due to  the form 

o f  the boundary being composed o f  two in tersec tin g  parts» the mathematical ’ 

treatm ent’i s  reij^ered d if f ic u lt»  and thg ŝ the so lu tio n  fo r  the s tr e ss  

d istr ib u tio n  shovm in  Fig. 48 may contain  very s l ig h t  errors»

In  1947» LINCj^̂ ^̂  in v estig a ted  the case o f  a bar o f  f in i t e  

width containing symmetrical sem i-circu lar notches» using the Airy 

s tr e s s  fu m tio n  technique» Later» in  1957» repeated th is

so lu tio n  but th is  time used the ' promotion o f  rank® process to  diminidi 

the labour involved in  so lv ing  a problem o f  th is  type» The s tr e ss  

concentration fa cto r  baaed on the net section» fo r  a sem i-circu lar

notch m s  computed by ISŒîüBER̂ in  1957» a comparison w ith LING'S 

solution^ being shorn in  Fig. 49» S ligh t disagreement i s  evident 

(see  Page 55 a lso ) and ATSUMÎ ^̂  ̂ claim s that LING'S r e s u l t s ^ a r e  

unreliable» A lso shown in  Fig» 49 i s  a so lu tion  by WEINEL̂ ^^  ̂ fo r  th is  

same problem» and in  th is  case a new th eo re tica l approach was presented, 

in  which the ten sio n  plat® was divided in to  three longitudinal^ s tr ip s ,  

a central s tr ip  o f  uniform width and two boundary s tr ip s  equal in  width  

to  the notch depth, the boundary conditions being re -esta b lish ed  on the  

cen tra l s tr ip . The s tr e s s  concentration fa cto rs thus found compare 

favourably w ith  those o f  NEUBERo
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The complete f i e ld  o f  shallow  and deep notches was included  

in  HSUBER * S o r ig in a l iiw estigation^  the sem i-circu lar notch "being a 

partioadar case. The general so lu tio n  involved an in terp o la tio n  

"between the two lim itin g  cases o f a shallow e l l i p t i c  notch in  an 

in f in i t e  p la te  and deep hyperbolic notches in  a f in i t e  p la te . MJBER 

sought a fun ction  in  the interm ediate region  vhich would in terp o la te  

"between these two boundary cases, and which would g ive  the proper 

lim itin g  va lues a t  these two extremes. He found the function  to  be

..................................  . . . ( 1 .5 4 )

vdiere Kg e  the s tr e s s  concentration fa cto r  fo r  the lim itin g  case 

o f  a shallow e l l i p t i c  notch in  an in f in i t e  p la te .

» 1 + 2 /^ /p

and Kd -  the s tr e s s  concentration fa cto r  fo r  the lim itin g  case 

o f  deep hyperbolic notches in  a f in i t e  p la te .

where a . » depth o f  e l l ip t i c  notch.

p »  radius o f  curvature o f  notch, 

d = width o f  the net section .

This form g iv e s  the s tr e ss  concentration factor  based on the net sec tio n  

fo r  a p la te  w ith  notches o f  varying depth.

For sem i-circu lar notches, the notch depth equals the notch 

radius and ÎĈ  = 3*0. In  th is  case, equation (1 .54 ) becomes

2(%a -  1)
 ̂ ■>& + (K, -  1)^}     (1*55)

Fronŷ
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From th is  eq ia tion  the curve o f  F ig, 49 was obtained.

The complete range o f so lu tions for symmetrical notches, 

based on m?UBER*S theory i s  g iven  in  Fig, 50.

>



F ig .51.

Boundary in s-planc (A=0*9).

F i g .52.
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Variation of stress concentration factor at B with
depth of notch.
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M lsoellaneous External D iBcoirtinuities

The problem o f a sem i-in fin ite  p la te  bounded by a cubic curve 

-was considered by STEVENSON^i n 1946, the boundary taking the form

o f  a s in g le  smooth notch o f the form shown in  Fig. 51, corresponding
9 
10'

to  A  5s *f;r. This curve has the polar equation

r  = o sec 0 -  X c  cos 8

Tdiere the depth o f  the notch i s  given by . Hence ^ 1

r e s t r ic t s  the form to  a notched boundary for which the depth i s  l e s s

than or equal to  c. For A = 1 the cubic has a cusp. For \  >  1 ,
»

the point 0 in  F ig . dl^beccmes a double point and the^ourve has a loop, 

hence th is  case i s  excluded for  consideration.

For s in p le  tension , under generalised  plane s tr e ss  conditions, 

using the ̂ method o f complex p o ten tia ls , STEVENSON expressed the s tr e ss  

concentration fa cto r  a t the root o f  th is  notch form as

2 + N '

Using various values o f  A , the graph o f Fig. 52 was obtained, showing 

the v a r ia tio n  in  s tr e ss  concentration factor w ith depth o f notch.

ROTHMAN and ROSS^̂ ^̂  in  1955 re-examined t h is  form o f  notch 

and obtained expressions enabling the maximum shear s tr e s s  a t any point 

on the boundary to  be computed.
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1 ,2 , EXPERIMENTAL INVESTIGATIONS.

INTERNAL DISCONTINUITIES g

I»2 (a) C ircular Hole

( i )  C entrally  p ositioned  
( i t )  E coentrioa lly  positioned

Io2 (b) E lliT stioal hole

Io2 (c) In ternal Oraeks

Io2 (d) M iscellaneous Internal D iso o n tin u itie s .

EXTERNAL DISCONTINUITIES g 

Io2 (e )  Ebcternal oradca

To 2 ( f )  External Notches

Io2 (g) External F i l l e t s

la 2 (h) M soellaneous External D isoon tin u ities .
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I .2 (a )  C ir c u la r  Holes

I n  e x p e rim e n ta l w ork, i n f i n i t e l y  w ide p l a t e s  a r e  s im u la te d  

b y  means o f  f i n i t e  p l a t e s ,  i n  w hich  th e  r a t i o  o f  p l a t e  w id th  t o  h o le  

w id th  i s  g r e a t e r  th a n  4*0, a s  t h i s  h a s  b e en  shown by  v a r io u s  

e x p e rim e n te rs  t o  g iv e  s t r e s s  d i s t r i b u t i o n s  w hich app rox im ate  c lo s e ly  

to  th e  i n f i n i t e  p l a t e  s t r e s s  d i s t r i b u t i o n .

( i )  C e n tra l  c i r c u l a r  h o le

The r e s u l t s  o f  s e v e r a l  p h o to e la s t i c  i n v e s t i g a t io n s  o f  th e  

s t r e s s  c o n c e n tr a t io n  e f f e c t s  p roduced  by  a  c e n t r a l  c i r c u l a r  h o le  

i n  a  t h i n  p l a t e  i n  s in g le  t e n s io n ,  a re  sum m arised a s  shown i n  F ig . 55, 

H O W L A N D ^ mat hema t i ca l  r e s u l t s  f o r  v a lu e s  o f  th e  r a t i o  

p l a t e  w id th /h o le  d ia m e te r  g r e a t e r  th a n  Oo5 a re  p lo t t e d ,  a s  a  b a s i s

o f  com parison , to g e th e r  w ith  an  e m p ir ic a l  s o lu t io n  b y
b 5

o i t lie  form  '̂̂ t * ^ ^ o o . . o . o . * . o o . ( >c 0. . , , . c . * * * o p o o o * # o ( 1 o37)

T h is  prob lem  was a p p a re n t ly  f i r s t  ta c k le d  e x p e r im e n ta l ly  i n  

1912 b y  COKERS ' who, u s in g  a  c e l l u l o i d  m odel, d e te rm in ed  th e  s t r e s s e s  

i n  th e  p l a t e  a round  th e  d i s c o n t in u i ty  w ith  th e  a id  o f  a tu n g s te n  f i la m e n t  

lamp p o la r ! s c o p e .

Due to  d i f f i c u l t i e s  i n  e x p e rim e n ta l te c h n iq u e s , how ever, 

a c c u ra te  d e te rm in a tio n  o f  th e  s t r e s s e s  a t  th e  edge o f  th e  h o le  was n o t 

p o s s ib le ,  th e  m ain  t r o u b le  ly in g  i n  th e  u se  o f  a  com pensator method, 

whi.ch te n d s  to  g iv e  th e  a v e rag e  f r in g e  v a lu e  a t  p o in ts  o f  l o c a l i s e d  

s t r e s s  c o n c e n tr a t io n ,  r a t h e r  th a n  th e  maximum v a lu e . I n  com parison
(45)

w ith  f ig u r e s ,  C O K E R r e s u l t s  a r e  low. More r e c e n t ly ,  HEMTIG-

p u b lis h e d  r e s u l t s  from  specim ens o f  o p t ic a l  q u a l i ty  g l a s s ,  and th e s e  

r e s u l t s /
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r e su lts  are a lso  s l ig h t ly  d ifferen t from the mathematical r e su lts . In  

1954 WAHL and BEa;iJWKEŜ ^ \  using a monochromatic l ig h t  source 

polariscope, together w ith b a k e lite  specimens# succeeded in  producing 

the f i r s t  r e su lts  o f  high accuracy. I t  was at that time currently  

believed  that the p h otoelastic  method obscured the true boundary of  

the specimen and hence could not be used for accurate determination o f  

the boundary s tre sse s .

In overcoming th is  d ifficu lty #  WAHL and BEEUWKES engraved 

reference l in e s  on the model and measured the d istances between the 

l in e s  and from them to  the true boundaries o f the model. Measurement 

o f  the d istance between these reference l in e s  on the s tr e ss  pattern  

picture enabled a m agnification factor to  be used# and hence the p osition s  

o f the true boundaries r e la t iv e  to  the s tre ss  pattern were determined# 

followed by the boundary s tre sse s . An "empirical formula quoted by the 

authors g iv es  r e su lts  in  approximate agreement w ith th e ir  experimental 

figures# th u s:-

S t  5 -  5#l5g + S«76(^)^ -  lo"7l(j)^ , , , , , , , o , , , , a . , , .* (1 ,5 8 )  

the notation  being as shown in  Fig, 55.
(4 7 ^In  a d iscu ssion  o f  th is  paper# FROCHT'  ̂ refu ted  the n ecessity  

o f using engraved l in e s  as a datum for determining the true boundaries 

and claimed that these boundaries could be c lea r ly  shown on the s tre ss  

pattern  p icture. As E vidence o f this# a s tr e ss  pattern photograph (Fig, 54) 

was given# on which were v is ib le  two lines#  one a fin e  scratch a t 0,0025®® 

from the edge# and the other o f 0 ,006” width ̂ at 0,004” from the edge,

WAHL and BKEUMES disputed th is  claim# but in  1955 IROCHT̂ ^^ produced 

r e s u lt s /
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r e s u lts  as shown in  Fig. 55, comparable w ith those o f HOVIAFD and of 

WAHL and BEBUWKSSj from a p h otoelastic  in v estig a tio n  o f a tension  

specimen with a cen tra l c ircu lar  hole, the boundaries and boundary 

s tr e ss  values being obtained d ir e c t ly  from the s tr e ss  pattern  without 

the use o f  engraved lines» Thus the work o f  FROOHT gave r e su lts  

o f  high accuracy w ith a much ea s ier  technique than that o f  WAHL and 

BEHUWKESo This method for determining the boundary s tr e sse s  d ir e c tly  

from the frin ge pattern  i s  now generally  used in  p h otoelastic  

in v estig a tio n s. With the great improvements in  p h otoelastic  m aterials  

has come ^further confirm ation o f  the degree o f accuracy obtainable 

from FR0GHT*8 method o f boundary determination. In  1955, FROCHTs in  

asso c ia tio n  w ith GUERNSEY and LAM)SBERG-̂ ^ ^ \ published the r e su lts  

o f a p h otoelastic  in v estig a tio n  o f a ten sion  member containing a 

cen tra l c ircu la r  hole, the r e s u lts  varying from H0WLAHD*8 c la s s ic a l  

so lu tio n  by only 1.8^,

In examining the extreme case o f hole diameter tending to  

p la te  width, WAHL and BEEÜWKE8, in  th e ir  o r ig in a l in v estig a tio n  

obtained the s in g le  point in  Rig. 55 for a value o f ^/D a 0o97, from 

a t e s t  on a s t e e l  model, uM.ng an extensometer. The model was 

4 .1 /8 ’® wide and contained a 4" diameter cen tra l hole. The 0 .5 ” 

gauge length  o f the extbnsometer was large compared w ith the hole  

diameter, and the experimental r e su lts  tend to  be a few per cent low* 

The s tr e ss  d is tr ib u tio n  for a th in  \sec tio n  i s  Imown to  be 

lin ea r , and th is  ev idently  ap p lies to  the two th in  sectio n s a t the hole  

in  th is  case. As the load i s  transm itted as symmetrically to  the  

sectio n s , they tend to  co llap se  inwards with the r e su lt  that as the  

th ick n ess/
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th ickness tends to  zero, no s tr e s s  -whatsoever i s  produced a t the outer 

edgeSo As the s tr e s s  a t the outer edge tends to  zero, the s tr e ss  a t  

the h o le  boundary tends to  tw ice the average s tr e s s  in  the th in  sec tio n  

a s shown in  P ig , 66, Hence as / d tends to  loC, the s tr e s s  concen-fcretion 

fa cto r  based on the net sec tio n  tends to  2 .0 , as shown in  Pig» 55»

This shows an error in  r e s u lts , which in d ica te  that the s tr e ss

concentration fa cto r  based on the net sec tio n  tends to  1 .0  &b ^/d tends

to  loO<

In  1955 JESSOP and conducted a system atic

in v e s t ig a t io n  o f  the e f f e c t  upon the s tr e s s  dis-fcribution a t  the cr o ss-  

sec tio n  through the hole cen tre , o f  v a r ia tio n  o f  the r a t io  o f  hole  

diame^ter to  width o f  bar. The v a r ia tio n s in  the s tr e s s  d ifferen ce  

and in  the separate s tr e s se s  were determined from a I*’ wide s tr ip  o f  

A rald ite r e s in , the cen tra l hole being p rogressively  increased  in  

diameter fo r  each t e s t .  Their comparison o f  the d is tr ib u tio n  o f  s tr e s s  

d ifferen ce  under loads which produced the same mean ten sio n  across the 

se c tio n  through the hole centre i s  shown in  P ig. 57» The va lues  

obtained fo r  th e \s tr e s s  concentration fa cto r  based on the net sec tio n  

a t  the edge o f  the h o le , as shown in  P ig. 68, compare favourably w ith  

those obtained previously  by WAHL and EEEÜWKEŜ  and a lso  PROOHT.

( i i )  Eccentric C ircular Hole

Using the model sho-wn in  P ig. 59, KCHDLIN̂ ^̂  in  1948 

in v estig a ted  the s tr e s s  d is tr ib u tio n  along the stra ig h t edge o f  the 

p la te  and around the boundaryfdf the hole» The s tr e s s  v a r ia tio n  along 

the stra ig h t edge was found to  vary as shown in  P ig. 60 -with a minimum 

value a t  the minimum cr o ss-sec tio n . Thus the s tr e s s  a t  the minimum 

sectioiV'
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se c tio n  tends to  zero, as the r a t io  /r »  tends to  u n ity , which i s  in  

agreement w ith WAHL and BEEtJWKESa The v a r ia tio n  in  the hoop s tr e ss  

round the hole boundary i s  shown in  Fig* 61* Q uantitative agreement 

was observed between these r e s u lts  and MIKDLIN* 8 th e o r e tic a l r e su lts  

fo r  a se m i-in fin ite  p la te . Comparison o f the experimental and 

th e o re tic a l s tr e s s  concentration factors a t the minimum sectio n  o f the 

hole boundary and p la te  edge are given  in  F ig. 11, for  comparison 

w ith the th e o r e tic a l resu lts*

-  - 4- —

---1

V aria tion  of atrcsK a long  th e  edge of th e  hole (from  jthotiH 'laslie e \ |» e riin eH ts \

F ig .61.
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1.2(b) SlliT>tloal Hole

In 1920, OO t̂ and Inrestlgatecl the stress

concentration round the boundary o f  an e l l ip t i c a l  hole o f  axes r a tio  

5/2  in  a f i e ld  o f  pure tension® ■with the major a x is  perpendicular to  

the l in e  o f  pull* The experimental r e su lts  for  the boundary s tr e sse s  

are ooaqoared in  F ig. 62 w ith the so lu tio n  for a p la te  o f

in f in it e  width, g iven  by equation (1 ,8) ,  The same authors 

in v estig a ted  the case o f  an e l l ip s e  with the major a x is  a t an angle 

o f  49® to  the a x is  o f  ten sion , and the r e su lts  for  th is  case are 

oonqpared in  Fig. 65 w ith  the IM3-LIS so lu tion , as found from equation  

(1 ,6 )  w ith 0^ e  0. Experimental and th eo re tic a l r e su lts  are in  

good agreement in  both oases, and thus in d ica te  th at, provided the  

width o f  a t e s t  specimen i s  large r e la t iv e  to  the width o f  the 

d isco n tin u ity , the s tr e s s  d is tr ib u tio n  c lo se ly  approximates to  that 

o f an in f in i t e  p la te .

PUBEIxTjI  and in  1945 gave r e su lts  for an e l l ip t i c a l

hole o f  a x is  jratio  2 /1  in  a wide p la te  under b i-a x ia l  ten sion s o*̂  and 

or o The parameter K = ^* /̂op was varied  from a negative to  a
JT

p o s it iv e  velue. A graph o f the s tr e ss  concentration fa cto r  as a 

function  o f  K i s  g iven  in  F ig, 64̂ , together w ith the corresponding 

graph fo r  a c ircu la r  h o le. This graph v e r if ie s  the v a lid ity  o f  the 

statement made in  the th e o re tic a l treatment o f e l l i p t i c  h o les that fcr 

uniform s tr e s s  round the hole boundary, that i s  fo r  minimum str e ss
0*0 -u

concentration factor , K *  Tfp a % ( = 0# 5 for t h is  ca se ). This 

c r ite r io n  a ls o  a p p lies  to  the c ircu la r  h o le, which i s  a sp ec ia l form o f  

an e l l ip s e ,  in  which case K » b /a  = 1 .0  g iv e s  a s tr e s s  concentration  

fa c to r  o f  2 .0  as the minimum value.
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lo 2 ( c ) I n t e r m l  O m cks

The m a jo r d i f t ^ o u l t y  e ^ e r i e n o e d  i n  th e  esqperimsnteO. i i ï t r e s t ig a t io n s  

o f  s t r a i g h t  i n t e r m l  era^k©  l i e s  i n  p ro d a o iig  th e  c ra c k  i n  a  specim en  

t e s t  p la te o  One m ethod eoaomonly «anployed i s  to  d r i l l  two sm a ll h o le s  

a t  th e  ends o f  th e  c ra c k '' and m achine a  s l o t  b e tw een  th e s e  two h o le s .

I n  p h o to e l a s t i c  d r i l l e d  h o le s  a r e  b e s t  avoided^ due t o  th e  d an g er

o f  m ach in ing  s t r e s s e s ,  hence  a  n a rro w  m achined s l i t  g iv e s  a n  a p p ro x im a tio n  

t o  a  c ra c k  i n  th e  p la te *  The l a t t e r  te c h n iq u e  was u se d  b y  ROTHMAF and 

^ g g ( 2 9 )  a n  i rR r e s t ig a t io n  o f  th e  s t r e s s  d i s t r i b u t i o n  a lo n g  th e  a x is  

o f  sym m stry ly in g  i n  th e  d i r e c t i o n  o f  th e  c ra c k  i n  a  4"" w ide  te n e io n  

p l a t e .  The m c h in e d  s l i t  was 0*015®® w ide and  0*6®® lo n g  and  th e  s t r e s s  

d i s t r i b u t i o n  o b ta in e d  i s  éiosm  i n  I ig «  65* The iso ch ro m a ti©  f r in g e  

p a t t e r n  ( l ig *  6 6 ) shows e x c e l l e n t  ag reem en t w ith  th e  t h e o r e H c a l  f r in g e  

p a t t e r n  sh o rn  i n  Fig* 28*

I t  i s  a l s o  i n t e r e s t i n g  t© compare t h e  t h e o r e t i c a l  p a t t e r n  w i th  

th e  e x p e r im e n ta l  i s c c h r m m t ic  ffin g ®  p a t t e r n  o b ta in e d  b y  PQST^^°^^ f o r  a n  

edge © rack a s  sho'sm i n  Mg* 67* F o r th e  r e g io n  a t  th e  end. o f  th e  ©radc^, 

th e  f f i n g e  d i s t r i b u t i o n s  a r e  s e e n  to  b e  I d e n t ic a l^  and i t  i s  o n ly  on  th e  

p a r a l l e l  s id e s  o f  th e  c ra c k  t h a t  th e  se co n d a ry  e f f e c t s  o f  l o c a t i o n  i n  th e  

p l a t e  make th e m se lv e s  ap p aren t*

U n p u b lish e d  e x p e r im e n ta l  w crk  b y  DIXON^^^^ i n  1966 exam ined th e  

s t r e s s  d i s t r i b u t i o n  due t o  a. c e n t r a l  ®crack® i n  a  f l a t  t e n s io n  p la t e .

The fo rm  o f  th e  ®crack® was s im u la te d  b y  c o n n e c tin g  two d r i l l e d  h o le s  o f  

*065*® d ia m e te r  w ith  a  s l i t  o f  *042*® width* The e f f e c t s  o f  p l a t e  w id th /  

p l a t e  l e n g th  an d  c ra c k  le n g th /p la t®  w id th  w ere exam l3%dg an d  in d ic a te d  

f i r s t l y  t h a t  th e  m ethod o f  loads^ng a f f e c t e d  th e  s t r e s s  c o n c e n tr a t io n  

f a c t o r /
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factor aiîd aeoonâly that an inoroase in the craok length/plate -width 

value produced an increase in the stress concentration factor, i f  this 

were based on the mean stress at the minimum oross-seotion* or 

alternatively a decrease i f  based on the mean stress at the gross cross* 

section. Since the plate width/oraok length ratios used were 5*76, 

5.64, 2*44, 1.87 and 1.5 i t  is evident that infinite plate conditions 

are not satisfied, and that seme deviation from infinite plate theory 

must be expected, as suggested by BI3CT to the writers This work el so 

examined the effect of * strain barriers* on the stress distribution 

around these simulated cracks, and indicated that the barriers had 

very l i t t l e  effect on the stress concentration factor, unless i t  were 

placed ’very near* to the end of the crack.
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Io8(d) M.scellan&ous Iiïfcemal Disccttrfciimities

The r e s u lts  o f  a photoelastio  t e s t  “by PROCHT and on

a s lo tte d  har in  tension^ were published in  1951<, The s tr e ss  

conoentration fa ctor  based on the net section  i s  shown in  P ig. 68  ̂ for  

the cases considered. For the r a t io  t / r  = 1̂  the r e su lts  are in  good 

agreement w ith HOWLAM)̂ S c la s s ic a l  so lu tion  for a c ircu lar  hole in  a 

f in i t e  ten sion  member.

COKER and in vestigated  the s tre ss  d istr ib u tio n  caused

by a v a r ie ty  o f  in tern a l forms o f opening. One most in terestin g  

example was a th in  p la te  under tiniform u n i-a x ia l compression with a 

cen tra l square hole o f  width equal to  h a lf  the p la te  width and w ith corner 

r a d ii equal to one tw elfth  the p la te  widtho Their s tr e s s  d istr ib u tio n  

r e su lts  arc s^own in  F ig. 69. Points worthy o f note are as fo llow s

( i )  the maximum hoop s tr e ss  occurs a t a point on the corner ra d ii  

ju st immediately away from the stra igh t v e r t ic a l sid es .

( i i )  across the cen tra l horizontal section , the lon gitud inal s tr e ss  

i s  almost l in e a r ly  variab le , r is in g  to  i t s  maximum values" at the 

hole boundary.

( i i i )  aloiig the outer v e r t ic a l edges o f  the p la te , the edge s tress  

i s  a minimum a t the horizontal a x is  o f symmetry and r is e s  to  a 

maximum value a t some d istance away from the d iscon tinu ity .

These find ings have been seen to be applicable to  the case o f  

a circu lar  hole in  a p la te  o f  lim ited  width.

A p h otoelastic  in v estig a tio n  on in ternal d isco n tin u itie s  in  

wide p la te s  was carried out by the writer^ in  1968, and the 

experimental so lu tion s for s tr e ss  concentration fa ctors for a range o f  

geom etric/
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geometric forms, as indicated  in  P ig. 70, are compared Tiri.th those for  

equivalent e l l ip t i c  forma. The d eta iled  experimental r e su lts  

are given in  Chapter I I I  o f  th is  th e s is . I t  should he noted that th is  

corresponds with the work o f COX tiÆio in vestiga ted  the accuracy o f using  

the equivalent e l l ip t i c  form hy comparing th eo retica l so lu tion s for  

s tr e ss  concentration fa cto rs for polygonal holes and for deep edge 

notches w ith the IMGHS approximate so lu tion s.

The w riter  suggests that the INGHS  ̂ theory tends to  over

estim ate the s tr e s s  concentration factor  for cases where the eg iiv a len t  

e l l ip t i c  form i s  enclosed hy the actual d isoon tin u ity , whereas i f  the 

d iscon tin u ity  i s  enclosed hy the equivalent e l l ip t i c  form  ̂ the IHxLIS 

value i s  in  agreement with the experimental value.
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1 .2 (e )  Egternal Cracks

The s tr e ss  d istr ih u tio n  around an edge crack was found 

experim entally hy POST^̂ *̂  ̂ in  1954, by independent determination o f the 

sums (isopachic pattern) and d ifferen ces ( isoohromatio pattern) o f the 

principal stresses*  The isopachic pattern in d ica tes minute changes 

in  the model th ickness through a simple two beam in terference e f fe c t ,  

which produces a fldnge pattern whose fringe order i s  proportional to  

change o f  th ickness.

In certa in  resp ects th is  method i s  preferable to other 

p hotoelastic  techniques which may involve graphical work and/or 

arithm etical c o n s ta t io n , and may often  be derived from vaguely defined  

is o c l in io  l in e  s. However, since d is t in c t  in terference fringe patterns

re (p ire  a unique v e lo c ity  o f  l ig h t  through the model, the model m aterial 

must not be permanently or a r t i f i c ia l ly  b irefr ig en t. Thus the isopachic- 

isochromatio fringe method requires two models o f  id en tica l shape to  be 

subjected to  id en tica l load irg. Another argument against the method i s  

that a change o f th ickness in  a model i s  a measure o f a principsO. s tre ss  

sum only where a two dimensional s tr e ss  system i s  realised* Where the 

radius of curvature of the d iscon tin u ity  i s  small compared to  the thickness 

o f the model, la te r a l s tre sse s  develop in  the in ter io r  o f the model near 

the d iscon tin u ity , and may in fluence the experimental resu lts*  The work 

o f SlTOHBERGr and SADOWSKÎ ^̂  for a circu lar hole would, however, ind icate  

that th is  e f fe c t  i s  o f  n eg lig ib le  magnitude*

The specimen dimensions and method of loading used by POST are 

shown in  Tig* 71, the model thickness and ec ce n tr ic ity  o f loading being 

varied* Real cracks were produced by the wedging action  o f  a s te e l  ra^or 

b lad e/
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b la d e  i n s e r te d  i n  a  s im l l  im ohined  groove» so t h a t  th e  c ra c k  was i n i t i a t e d  

from  th e  r o o t  o f  th e  groove and p ro p ag a ted  ahead  o f  th e  b la d e  ̂  Tlie 

e s t im a te d  r a d iu s  o f  c u rv a tu re  a t  th e  r o o t  o f  th e  c ra c k  was 10 ^ t o  lO ^ ^ in s . 

The s t r e s s  d i s t r i b u t i o n  round  th e  c ra c k  i s  é im n  g r a p h ic a l ly  i n  Fig» 72» 

Changes o f  model th ic k n e s s  from  1/52"" to  1/8®" produced no v i s i b l e  change 

i n  th e  f r in g e  p a tte rn »  in d ic a t in g  a s  e x p ec te d  t h a t  th e  t r i - a x i a l  s t r e s s  

system  w hich m ust e x i s t  im m ed ia te ly  a d ja c e n t  to  th e  c ra c k  does not 

s e r io u s ly  a f f e c t  th e  iso o h ro m a tio  p a t t e r n  ov e r a  v e ry  s h o r t  d is ta n c e  from  

th e  cracko The e c c e n t r i c i t y  o f  th e  lo a d in g  o r  deg ree  o f  n o n -u n ifo rm ity  

o f  th e  t e n s i l e  f i e l d  ap p ea red  t o  have no e f f e c t  on th e  o r i e n t a t i o n  and 

shape o f  th e  in n e r  lo o p s  o f  th e  iso o h ro m a tio  p a tte rn »  though  th e  o u te r  

lo o p s  w ere s l i g h t l y  a ffe c te d *  One i n t e r e s t i n g  f e a tu r e  i s  th a t»  c o n tr a ry  

t o  common concepts»  th e  imximum norm al s t r e s s  a t  a  g iv e n  d is ta n c e  ffom  th e  

r o o t  o f  th e  c ra c k  does n o t o c cu r d i r e c t l y  ahead  o f  th e  c ra c k  b u t  r a t h e r

a t  a  la r g e  a n g le  away from  t h i s  d ire c tio n »  Also» th e  s t r e s s  d i s t r i b u t i o n  

a t  th e  r o o t  o f  th e  edge c ra c k  m s  found to  be  v e ry  s im i la r  t o  t h a t  f o r  a n  

. e q u iv a le n t  i n t e r n a l  ©rack ( s e e  48 )o T herefore»  POST"8 work

in d ic a t e s  • t h a t  th e  s t r a s s  g r a d ie n ts  around  th e  r o o t  o f  th e  c ra c k  a re  so 

sever© t h a t  th e  shape and lo c a t io n  ©f th e  crack» th e  s t r e s s  g r a d ie n ts  

round  th e  r o o t  ©f th e  crack» and  th e  m n « u n ifo rm ty  o f  th e  t e n s i l e  lead ing»  

have l i t t l e  e f f e c t  on th e  s t r e s s  d i s t r i b u t i o n  a t  th e  head  o f  th e  crack*

The s t r e s s  d i s t r i b u t i o n  a lo n g  th e  a x is  o f  symmetry th ro u g h  an  

edge "crack" m s  I n v e s t ig a te d  e x p e r im e n ta lly  b y  ROTffiMAM and i n

1955o The "crack® m s  ESimtîlated b y  a  n a ch in ed  s l i t  o f  0t,020®® w id th  and 

0*300"® d e p th  i n  a  s h e e t  o f  Columbia R e s in  1 /8 ” th ick *  The s t r e s s  

d i s t r ib u t io n »  a s  shewn i n  î ig *  73 s h w s  g e n e ra l  ag reem ent w ith  P03T®S 

s o lu t io n  f o r  0  ^  90®*
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Curves of sfresc concentration k

for a bar with grooves in tension
k
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Xo2(f) External Notches

qqĵ ^(44) in  1912 the r e su lts  o f the f i r s t

photoelastic  in v estig a tio n  o f the s tre ss  concentration e f fe c ts  produced 

by sem i-circular notches in  a th in  f in i t e  p la te under simple tens! on,

A comparison o f these r e su lts  with those obtained by WAHL and 

BEEUWKEŜ i n  1934 i s  given in  M g, 74̂  indicating that^ as in  the 

case o f the c ircu lar  hole; COKERS S r e su lts  are lowy probably due to  the 

usa o f the compensation method for determining the boundary fringe  

ordersg and perhaps a lso  partly  due to  the use of the r e la t iv e ly  

in se n s it iv e  (and then’ the only su itab le) c e llu lo id  m aterial for specimens^

In 1956 using the improved experimental l ig h t - f ie ld

technique mentioned ea r lie r , produced r e su lts  for  sem i-circular notches^

-sriiich are compared with those o f WAHL and BEEOWKES in  M g. 65, ER0C3Ü 

a lso  extended the f i e ld  o f  iiw e stig a tio n  o f  deep and shallow grooves 

commenoed t y  COKER and in  1912. In  1951 EROtHT and LAMDSHBRŜ ^^

p u b li^ ed  the r e su lts  shorn in  Mg. 76 fo r  notcheSo This graph c lea r ly  

^cw s that the s tr e ss  concentration factor for notches o f  varying depth 

increases with increase o f notch depth and with decrease in  notch root 

radius 0

In a d iscussion  on th is  paper|> DURETII and JACOBSON̂  conpiled  

a l l  the availab le inforxaation from th eo retica l and experimental sources in  

the graphical forms shewn in  M gs, 76, 77 and 78, The th eo retica l re su lts  

o f NEUBER show c lo se s t  agreement with ïROCHP'8 experimental resu lt  

ind icating  the r e l ia b i l i t y  for design purposes o f  MEDBER'̂ S curve for deep 

and shallow notohes.

The/
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’The paper by in  1954j, gave a lso  the r e s u lt s  o f  an

i n v e s t i g a t i o n  o f  th e  ©as® o f  a  s in g le  edge n o tc h  o f  r o o t ' r a d in s  o f  c u rv a tu r e  

Oo 0 5 5 and  d e p th  0o319®®o T h is  m s  f o r  co m p ariso n  o f  h i s  edge c ra c k  case^  

an d  th e  g e n e r a l  m odel d im e n sio n s  and  m ethod o f  lo a d in g  w ere  i d e n t i c a l  

t o  t h a t  c a s e  ( s e e  Slgo 7 1 )«

The r e s u l t i n g  s t r e s s  d i s t r i b u t i o n  i s  shown i n  Fig^ 79^ show ing 

t h a t  a s  i s  l o g i c a l l y  assumed^ th e  l a r g e s t  s t r e s s  o c c u rs  a t  th e  i n t e r s e c t i o n  

o f  th e  fyre® ‘boundary  w i th  th e  a x i s  o f  symmetry. I t  i s  n o ta b le  t h a t  f o r  

th e  l a r g e r  r a d i i  t h e r e  i s  a  te n d e n c y  f o r  th e  mximum s t r e s s  to  o c c u r  o f f  

th e  a% is o f  sym m etry<> Hence th e  maximum p r i n c i p a l  s t r e s s  a t  a  g iv e n

d i s t a n c e  from  th e  s t r e s s  r a i s e r  i s  shcern t o  b e  l a r g e s t  a t  a  c o n s id e ra b le  

a n g le  away from  th e  a x i s  o f  symmetry» T h is  re se m b le d  th e  d i s t r i b u t i o n  o f  

s t r e s s  a ro u n d  a  ©racko

In  1953, 3R0CHT. GOBRNSEY ana lAHDSBERS '̂̂ ^̂  published a japer  

comparing the th e o r e tic a l so lu tio n s o f  NEUBER and UNG' ^ send.- ,

o i r m 'l a r  n o tc h  w ith  th e  l a t e s t  p h o to e l a s t i c  r e s u l t s »  I n  th e  d i s c u s s io n  

on  t h i s  paj^er^, DUKELLI^^^^ a l s o  in c lu d e d  i n  th e  com parim m  th e  r e s u l t s  o f  

WAHL aiîd  BEEUWKES ( s e e  F ig , 8 0 )  ̂ -which show re m a rk a b le  ag reem en t w ith  th e  

r e s u l t s  o b ta in e d  ffom  m odern t e s t s  u s in g  th e  l a t e s t  t e c h n iq u e s  and th e  

n ew est an d  %mre s e n s i t i v e  p h o to e l a s t i c  m a te r i a l s .  The v a r i a t i o n  b e tw een  

th e  c u rv e s  from  th e  t h e o r e t i c a l  t r e a tm e n ts  o f  EEUBER and  LING- i s  s e e n  t o  

b e  to o  l a r g e  t o  b e  a s c r ib e d  s o l e l y  t o  seco n d a ry  e r ro r s ^  th o u g h  NEUBER 

c u rv e  a g a in  shows th e  b e s t  ag reem en t w i th  th e  r e s u l t s  from  p h o to e l a s t i c  

t e s t s »

HEYWOODp i n  h i s  book^ a n a ly s e d  th e  r e s u l t s  o f  th e  a fo re m e n tio n e d  

p h o t o e l a s t l e /



.y- • .1/; % 'I î̂

l E E E ^

« I
# m & a

«M SI.?

' M #

P ig .81.



(1 .8 )  56.

p h otoelastio  in v estig a tio n s , and deduced the follow ing empirical formula, 

which i s  ap p licab le to  shallow, sem i-circu lar and deep notches

A - 1
= 1 + 1  ÔTÏTsS -  1. 5)'

maximum s tr e s s  a t  base o f  notch

al «
(1 .59 )

where s tr e s s  across minimum section .

D /a
A-lJ^ + 0 .5  v V r  n =  ̂'À  —± ) + y T r  

the notation  beipg as shown in  F ig. 81,
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Curves of stress concentration 
factors k for o bar with fillets in tensionk
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1.2 ( g )  ESetemal F i l le ta

S t r e s s  c o n c e n tr a t io n  f a c to r s  f o r  t e n s io n  members o f  th e  form  

shom i i n  82 w ere d e te rm in ed  p h o t o e l a s t i c a l l j  h j  TIMOSHEKKD a r^

i n  1925, U sing c e l l u l o i d  modelSp and  th e  co m pensâ tion  method 

f o r  s t r e s s  d e te rm in a tio n ^  th e  r e s u l t s  o f  31g, 85 w ere obtained^, th e  s t r e s s  

c o n c e n tr a t io n  f a c t o r  b e in g  b a se d  on th e  s t r e s s  a t  th e  minimum s e c t io n .

The g rap h  shows t h a t  f o r  a  f ix e d  p/D raidOj, th e  s t r e s s  c o n c e n tr a t io n  

f a c t o r  in c r e a s e s  w ith  th e  D /d  r a t i o  u n t i l  a  c e r t a i n  l i m i t  i s  reached^ 

"h e reu p o n  v a r i a t i o n  i n  th e  w id ü i D no lo n g e r  m t e r i a l l y  a f f e c t s  th e  

' maxismsm s t r e s s  c o n c e n tr a t io n  f a c t o r  a t  th e  f i l l e t o

T h is  w ork ex ten d ed  th e  o r i g in a l  i n v e s t i g a t i o n  o f  i n

1921p vho u se d  th e  same e x p e r im e n ta l zi^thodSo i n  1954 sou g h t

r e s u l t s  o f  h ig h e r  a c c u ra c y  b y  u s in g  B a k a l i te  and B ie n o l i te  modelSg w ith  

th e  monoclsromsitic A rii^ e ^ p h o to g ra p h  methodo A com parison; o f  h i s  r e s u l t s  

w ith  th o se  o f  OOIglRs TIHOSHSNKD and DIETZ i s  g iv e n  i n  î ig o  84* WEIBEL  ̂S 

r e s u l t s  Ëiow n e g l ig ib le  v a r i a t i o n  i n  s t r e s s  c o n c e n tr a t io n  f a c t o r  w ith  th e  

r a t i o  D /d f o r  th e  rang® c o n s id e re d , v h ic h  i s  i n  c o n t r a s t  w ith  th e  f in d in g s  

o f  TIMOSHEMO and  DŒTZo I n  th e  en su in g  d lm u s s io n  on  S pAp'erj>

how ever, c r i t i c i s m  by  FROCHT  ̂ WAHD and  BEEUW^S produced  a d m iss io n  fiom  

* TCIHEL t h a t ,  due t o  t h e 's h o r t  le n g th  o f  th e  w ide p o r t io n  o f  h i s  t e s t  

specim ens, th e  r e s u l t s  m igh t b e  low  f o r  th e  r a t i o  D /d  s  5,

F R O C H T p u b l i s h e d  i n  1956 th e  r e s u l t s  ^ o w n  i n  F ig , 85 and 

l a t e r  i n  1951^^^^ th e  r e s u l t s  shown i n  ï i g .  86, f o r  a  s m a lle r  ran g e  o f  r / d  

r a t i o s .  T hese r e s u l t s  show agreem ent w ith  th o se  o f  TXMOSHEHKO and  DIETZ 

i n  t h a t  th e  s t r e s s  c o n c e n tr a t io n  f a c t o r  in c r e a s e s  w i th  d e c re a se  i n  th e  

r a t i o  r / d  and w ith  in c r e a s e  i n  th e  r a t i o  o f  D /d, However, th e  ran g e  o f  

D /d ./



P ig .88.

P ig .89.
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D/d used (1 .1  -  4 .0 )  tois too- amem, to  v er ify  the conclusions o f

TIMGSffiHIg? and DIETZ with regard to  the noiw arianee o f  the s tre ss  

concentration fa ctor  w ith the width D above a certa in  value, as indicated  

by Fig. 85.

I t  should be noted th at, as i s  lo g ic a l ly  expected, the s tr e ss  

ra isin g  e f fe c t  o f  grooves i s  consideratbly greater than that o f  f i l l e t s  

o f  the same parameterso This i s  c lea r ly  shown in  F ig. 87 vhich i s  a  

comparison o f  the r e su lts  for  §  -  2*0 from F igs. 75 and 86.

A corre la tion  by HEOT0QD o f the above p hotoelastic  r e su lts  for  

deep, sem i-circular and shallow f i l l e t s  in  tension  bars y ielded  the 

follow ing em pirical formula;-

5 Ï  1 + t / \   ̂ 1 -1  0.65
2 ( 2 .8 A  -2)  ̂ r J   .....................  . ( 1 . 4 0 )

where fc s  maximum s tr e s s  in  f i l l e t  o f  shoulder 
t  * mean s tr e s s  in  minimum section

and A  = D/d

the notation being as shown in  Pig. 88.
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w

30 6û $0 n o  m  
Inciuded angte o f notch, fi- degrees

-Relative HtroHs concentration in V grooves compared 
with that in U grooves.

F ig .91.

DOS

Iw m90 
Angle, ^

30
*

-Kffect of included angle on the s.c.f. for a small V groove 
in a plate loaded in tension.



( l iS )  59.

I* 2(h) M scellaneouB External Fincontinvilt i e s

( i )  Vee grooves

Vee grooves o f  the form shown in  Fig. 89 should obviously he 

expected to have lower s tr e ss  concentration factors than the 

corresponding p a ra lle l-s id ed  notches, as in  the former case there i s  

a greater tendency to  streamline the l in e s  o f  principal stress* An 

an a lysis hy HEWOOD o f the conditions obtaining in  the vee groove, led  

to  an em pirical estim ate o f the correction  necessaiy  to  a llow  for the 

e ffe c t  o f  the groove angle p on the stre ss  concentration factor.

I f  = S tress concentration factor for a notched p late of

the form shown in  Fig, 81. 

and kp Stress concentration factor for the corresponding

grooved p la te  conforming to  the se r ie s  shown in  Fig, 89, 

and the notation  for d, D etc ,  i s  as shown in  Fig. 81, then for the cases  

(a) and (b) o f  Fig. 89

r  „ 1 + 2 . 4  V Vh ,
kp =  1  + (k q  -  1 )  -  ( ï i ô )  I . . . . . . . . . . . . . . . . . .

and for  case (c) vhere the r a tio  R/h i s  greater than unity.

kp = 1 + (k^ -  1)

These r e su lts  are applicable to  any t y p e  of p la te  loading for *vdiich‘ the 

s tr e ss  concentration factor k  ̂ i s  ava ilab le . A p ic to r ia l re

presentation o f the s tre ss  concentration factors for a l l  shapes o f vee 

groove i s  given  in  Fig. 90,

For the particu lar case o f a r e la t iv e ly  small groove with

k  ̂ = 1 + 2 V ^ /r  ( IICLIS approximte form), the stre ss  

concentration/
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<  P

( a )

•1 ..-*1

(b)

PLATE IN TENSION.

F ig .95. ’̂ 2ZZZZZZZ.

TWO-DIMENSIONAL FLOW THROUGH A SLOT 
(OR THREE-DIMENSIONAL FLOW THROUGH A 
CIRCULAR ORIFICE).
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concentration fa cto r  i s  g iven  d ir e c t ly  in  terms o f  R/h at^ angle 

p, and v a r ie s  as shewn in  B ig. 91.

B igs, 90 and 91 in d ica te  that the s tr e ss  concentration  fa cto r  

kp i s  e s p e c ia lly  s e n s it iv e  to  the approach o f the in c lin e d  s id es  o f the 

groove to  the h ig h ly  stressed  region  a t the root radius on the sec tio n  

o f  symmetry.

( i i )  In clin ed  shoulder f i l l e t s

For in c lin ed  shoulders o f  the form shown in  Big, 92, the 

s tr e ss  concentration  fa c to r  i s  again reduced due to  the more gradual 

change in  p r o f ile , HBCTOOD determined an em pirical re la tio n sh ip  w ith  

the s tr e s s  concentration  fa cto r  for standard f i l l e t s ,  a s  fo llo w s î -

Case a k„ = 1 + (k^ -  1) | 1 -  (fpj) J   (1 .42)

Case b fcp a l  + ( k ^ - l )  1 ^ 1 J .........(1.45)

Tfdiere k i s  the s tr e ss  concentration  fa ctor  for the standard shoulder,o
and kp i s  the s tr e s s  concentration  fa cto r  for the in c lin e d  shoulder,

( i i i )  Streamline shoulder f i l l e t .

C ircular f i l l e t  r a d ii  a t shoulders always produce s tr e ss  

concentration  e f f e c t s ,  hut the id ea l cond ition  would he an optimum f i l l e t  

p r o f ile  g iv in g  constant s tr e s s  along i t s  houndary. in  1955

te sted  progressive curvature f i l l e t s  which gave a c lo se  approximation 

to  the optimum condition . The p r o f ile  was ohtsined from an analogy 

w ith two dimensional flow  through a s lo t  o f  constant width (P ig. 95), the  

equivalent p la te  in  ten sion  heing as shown. The p r o f ile  co-ord inates  

a r e /
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are given by

X = a ^  
2rr

r ,  1 + cos 0 1/1  \ l+Vn^+2Vl cos 0
L 1 - COS e - 2% -  ■üvty.2vf7o'Të 

y =  ̂S  % “ [ 2  t a n - \  -  t a n - 4 i

c *  •  » •  (1.44') 

ovo«.(l« 4'S)

where L ss Raperian logarithm^ 

a s= p late width.

v^ = r a t io  o f in i t i a l  v e lo c ity  to  v e lo c ity  in  section  KP.

6 -  angle o f p ro file  tangent at point (x, y ).

Thus, use o f th is  form o f blending curve decreases the danger o f fa ilu re

by fa tigu e. E l l ip t ic a l  f i l l e t s  reduce the stre ss  concentration factor  

and gave an i l lu s tr a t io n  of achieving an increase o f 30^

in  the * bur sting* speed of a high speed compressor wheel on changing 

from a circu lar  to  an e l l ip t i c a l  fille-^  p ro file .
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CHAITER 5 o GRITIGÆL SUMMARY
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1*5 C r it ic a l Supcary

The review  o f p u b li^ ed  lite r a tu re  on two dimensional cases 

o f  s tr e ss  concentration has shown that a considerable amount of work, 

both th eo retica l and experimental, has been carried out regarding the 

s tr e ss  concentration e f fe c t s  of d isco n tin u itie s  o f various geometric 

forms.

There i s  however, a very marked lack o f a n a ly tica l work 

on d isco n tin u it ie s  in  the form o f edge or in ternal cracks, and in  

p articu lar, cracks o f the cruciform type. Regarding the la s t  mentioned 

the work o f ROTMAN, idio used the ten ta tiv e  method o f so lu tio n  by 

complex p o ten tia ls  i s  the only one known to  the w riter «

The d ifferen t th eo retica l methods have th e ir  own advantages 

and lim ita tio n s , but i t  i s  apparent that the method o f conplex 

p o ten tia ls  i s  mathematically the most elegants

With reference to  the experimental r e su lts  reviewed, these  

. in  general are seen to be in  agreement with th e ir  resp ective an a ly tica l 

so lu tion s 0 However, while m^ch has been accomplished in  the  

v e r if ic a t io n  o f  these an a ly tica l so lu tion s for certa in  forms o f  

d isco n tin u it ie s , such as c ircu la r  and e l l ip t i c  holes, e t c . ,  there i s  an 

evident lack o f experimental corroboration o f the r e su lts  for other 

geometric forms o f  d iscon tin u ities*  Few experimental r e s u lts  have been 

published for rectangular forms and none at a l l  have appeared for triangular, 

and barrel-shaped d isco n tin u it ie s , or for *star° and ® cruciform* type cracks.

Dealirg w ith  the question o f the application  o f the th eo retica l 

€̂ nd experimental r e su lts  to  design, the only s ig n ifica n t attempts a t an 

in tegrated /
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infcegmted approach have heen made by COXg HggKRSON and HBYffPOD, and 

these are not all-em bracing in  th e ir  scope.

The th e o r e t ic a l and experimental work o f  t h i s  th e s is  was 

planned w ith  the foregoing d e f ic ie n c ie s  in  viewr»  ̂ and consequently  

i t  was arranged to  cover the fo llow ing s-

(1) T heoretical a n a ly sis  o f  the s tr e s se s  around a cruciform  type crack 

in  a ten sio n  plate<>

( 2 ) T heoretical evaluation  o f  the s tr e s s  concentration  fa c to r s  for  

se lec te d  forms o f d isc o n t in u it ie s  such as square and trian gu lar  

openingSg and fo r  sta r-ty p e  cracks, in  p la te s  in  uniform ten siom

( 5 ) Experimental in v e s t ig a t io n  o f  the crucifoim  crack type d iscontinuityo

( 4 ) Experimental determ ination o f  the s tr e s s  concentration  fa c to rs  for

a v a r ie ty  o f  d iscon tin u ities^  including those examined th eoretica l ly®

( 5 ) Preparation o f  a sem i«enpirical * D esign Chart® g iv in g  co rre la tio n  o f  

the th e o r e t ic a lly  and experim entally determined s tr e s s  concentration  

factors^ in  a form which may rap id ly  g ive  these fa c to rs  without 

recourse to  lengthy c a lc u lâ t!onso
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CHAPTER I I  « THECSRETIGAL AMLYSIS

PART 1 , THE METHOD OP COMPLEX POTENTIALS,

(Notes The subject matter presented in  the 
te x t  i s  a Summary form o f the more d eta iled  
treatment given in  Appendix Chapter VII, 1. )
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NOTATION

The th eo re tica l presentation  fo llow s GODFREY® S tran sla tion  

o f SAVINGS work, the notation used being as fo llo w s:-

X, y   ..........................................  Cartesian co-ordinates

p, B ............................................... Curvilinear co-ordinates

Z 3= X + iy  ) o. Conjugate complex variab les

H ft »

Q. Components o f  s tr e ss  in  cartesian
X® y  xy * * ' * co-ordinates.

Componmts o f s tr e ss  in  curvilinear  
p* Ô, i,xy <»••♦*•»•*••*•••"• co-ordinates.

0^, c   .......................  Principal s tre sses  at in f in ity .

<S> = + cTy  ..................... .. Combinat! ons cf s tr e ss  con^nents.

»  II If

1
43) s  0* + O'- = (B) . . .  *® ”

p  9
c o

2 ' = *e " °p + 21 tp@ .........
2^^ Where a  i s  the angle between the

*  e § ................................  normal to  the curve p = constant
and the x  -  a x is .

# (z ) , i^ (z)     o CoD^l^ p o ten tia ls .

p  .................................... ................  Modulus o f R ig id ity .

V  ...... ...................... Poisson®s ra tio .
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BASIC EgHATIONS IN COMPLEX POTENTIAL FORM.

( i )  Conformai Transformation:

The 8CBMARTZ-CHRIST0FEEL transformation is^^^ used to  map 

the region  ex ter ior  to  a h o le  in  a p la te  on to  the region  

in s id e  the u n it c ir c le  and i s  o f  the form

Z = o)(è ) » R ^   ̂ + . . . .  ^    (2 .1 )

■vdiere e tc . are numerically le s s  than u n ity , and

diminish as the power o f è  increases.

( i i )  S tress -  Complesc P o ten tia l Equations:

Conditions o f equilibrium  are s a t is f ie d  i f

- i - 0 .............................
and the conditions o f  com patability are s a t is f ie d  i-f

dz.d2 " 0  . . . . . . . . « . . . . . . . . . . . ( 2 *5 )

Thus @ 'vdiich i s  r e a l, may be expressed in  the fcrm

O = 8|'(6'(Z ) + ? ' ( z ) j ................................ ........................... (2 . 4 )

■vdiere the dashes denote d iffe r e n tia tio n  w ith  resp ect  

to  the bracketed variab le , and the bars denote the 

conjugate conplex quantity. A lso, su b stitu tio n  fo r  @ 

in  ( 2 . 2 ) and in tegratin g  g ives

§  = 2  [ z  ÿ"(Z) + t|/’ (z )J   .................................................. (2 . 5 )

Thus the s tr e s s  components a t any point in  the plane may 

be determined from two cm plex  p o ten tia ls  ÿ (z )  and 

vjj(Z) in  terms o f which a l l  other q u an tities  may be 

obtained.
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( ü i )  BouMaary Condition and Résultant Force en the Bo»wflijT«y-

The ■boundary condition  may be shown to  be

* ^^2 '*■ (^^"kant m ÿ (z) + ^ ® (z) + ijj ( z )  ................. (2 .6 )

I f  (X, Y) are the componetits o f  the resu lta n t force on 

the hole boundary L, and R y .f(z) i s  the change in  f ( z )  

where Z iaëkeBi?one c i r c u i t . o f  L, then the boundary condition  

i s  s a t is f ie d  when

X + i ï  = T(^{z) + 2 .? '( z )  + p (z )J ................................. (g ,6a)

( iv )  The DisplaceBients

I f  D e  u + iv  i s  the complex displacement in  the %, y  

plane, then the s tr e ss  combinations §  and may be w ritten  

as ÿ  e      , • • • * • ( 2 . 7 )

®  *  Ï &  ( ^    (2 . 8 )

and ftrom these i t  can be shown that an in teg ra l for D 

i s  g iven  by

2pD = J^(Z) -  2?®(Z) -  ÿ (z )   .........  «......................(2 . 9 )

where K a  (5=4v) fo r  plane stra in

s  (5  -  y ) / ( l  + v) for generalised  plane s tre ss .

(v) Form o f  the compleoc p oten tia lss

The complex p o ten tia ls  take the form

f ( z )  = Z + (B + iC)Z + *^(2)  ................. (2 .10)

ll'(Z) = Z .  (B  ̂ + iC]^)Z + Ipi(Z) ..................(2 .11)

There B, B  ̂ and are constants to  be determined from the 

s t r e s s e s /
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s tr e sse s  a t  in f in ity ,  and C corresponds t o  a r ig id  body

displacement, taken herein  to  be zerof For principal

s tr e sse s  a* and cr a t in f in ity  w ith <r a t an angle o p o
a  to  the X -  ax is, then

B I k * V
®1 *  I  Ba

Cl »  (o^ -  cr̂ ) s in  2a ................................  . . . . , ( 2 2 1 2 )

and for u n i-a x ia l ten sion  o^ i s  taken a s  zero in

these equations*

(v i)  A pplication  o f Confirmai Transformation:

When the point 6 i s  on the u n it c ir c le  Y , i t  i s  denoted

by or, and the complex p o ten tia ls  are expressed in  terms

o f  <r using the conformai transformation

0 (z ) » <p [j»(o*)j s  ÿ(cr)

so that the boundary condition (2 .6 ) becomes

<f){cr) + on y . .  . .  (2 .16)

A lso, using cu rvilin ear co-ordinates, s tr e s s  combinations 

can be w ritten  for @ * and th u s:-  

e a 2 [x(È) + i(è)]............................................................ (2 .14)

if' = p5 l 'T ? y  f  ) + Y'(^ )]. . . . . . . . . (2.15)
Where X ( $ )  =

Using the transformation Z = co( S ) ,  the complex

p o te n tia ls  become

%  logÈ  + X  +  (2-16)
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op oo
) = 2 2   (2 .18)

1 o

being two functions o f  $ v&ioh are an alytic  in sid e  

the u n it c ir c le  _ 1, and are to be determined.

The MO‘SKHSLISHyiI)I method i s  used for th is  determination  

in  the manner now desoribed* The complex p o ten tia ls  

are su bstitu ted  in to  the boundary eg ia tion  (2 ,1 5 ), which 

i s  then integrated  round the un it c ir c le  boundary K , 

applyii^  HARMCK̂ S theorem, the various teim s being evaluated  

using CAUCHg* S In tegra l formula. Hence à ) and 

l|/^( ÿ ) are determined, when the form o f the transformation  

i s  g iven  and, therefore, the co n v ex  p o ten tia ls  ÿ(  ̂ ) and 

Iji ( S ) can be found*

The s tr e ss  combinations in  Cartesian components o f s tress  

a t any point in  the Z -  region are given by

O  » + CTy -  2 £
0) (2 .19)

= «y -  + 21^xy

' g f  a > '(S )r (à )^ co " (S ).,» » (t) l,  J11Ü.)
I  [co'(oj®  r i m )

(2 . 20)

A ltern a tiv e ly  the equations for ®  * and g iv in g  the s tr e ss  

combinations in  cu rv ilin ear s tr e s s  components may be employed.
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SECBCTIOR OF IHE roftW3PCBMATI0N KBM3 

As sta ted  In  eg ia tio n  (2 .1 ) the general fern  o f the  

tr&nsfariDation tised i s  given by the power se r ie s

Z = ü)(J ) »  R(y ♦ ^

lA ere R i s  s  scsLe factor.

By s e le c t io s  o f  appropriate te wns  in  th is  series»  

boundaries o f various geom etric farms can be represented» the 

number o f  terms used deteonninirg the degree o f  approximation 

to  any d esired  shape o f  opening. The c o -e f f ic ie n ts  may a lso  

be varied  to  g ive v a r ia tio n s in  the ihape o f openixg» including  

the degree o f  sharpness c f  re-en tran t ocrners.

As an exemple e f  the tecâmicpxe involved» fo llow in g the  

method o f  SAVIN, the 9C3IWa(IZ-CHRI8Tû#M, transform ation i s  

used to  trainsfcrm the Z-region ex ter io r  to  a square h o le  boundary 

on to the ^ -reg io n  ex ter io r  to  the u n it c irc le»  the s id e s  o f th e  

hole being taken p a r a lle l to  the I  and Y axes. (F ig . 94).

y

$  -

Z = 0)( ^ ) m J i f  ( l - ^ )  .( I -I ^ )  .(1 —̂ ) ^  .( 1 * ^ )  ^ .d ÿ  ••(S«21)

w
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In  th is  case 0^ = 0  ̂ " ^5  " ^ 4  / s  and fo r  symmetry

about both axes

s  ê **V4 s

Substitu ting for  a^ a^ a^ and a^ in  the r ig h t hand side  

o f equation (2o20) and Rouping terms g ives

(1  o. ® (1  « . ^ )  2  ..........    (2 . 2 2 )

and
—I  <=»I

(1 . ( 1  .  (1 - ÿ )  I  ................................................... (2.25)

and m ultiplying these equations together g ives

ai® 1  î l ^ i  i l
( l “ f ^ ) 2 .  ( 1 -   ̂ g) 2 5  (1 + p f)8   ............   ( 2 . 2 4 )

Binomial expansion leads to

(1 + ^ ) 2  = ( 1 + ' ^  -  ♦ 1 6 ------- )   (2 .25)

therefore the transformation becomes

Z »  ü)(ÿ ) = R C  (1 + 2^  “ ^  + l i p s  —)a*  ....................... (2 .26)

1 1  1 
® ® “ 6Î5 + 5 6 ^  “ Ï76p% + --------- )   (2«27)

and th is  expression transforms the 2  » region ex terior to the 

square hole boundary on to  the J -reg ion  exterior to the u n it c ir c le .  

Replacing $ by j  g ives

Z.<o($)  = C(|  - i ÿ S  + — -.)  .................... (2.28)

which transforms the Z -  region  ex terior to  the square hole boundary 

on to  the ÿ -  reg ion  in sid e  the u n it c ir c le .
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The matheniati®*! working i s  reduced i f  the la t t e r  farm (2 .28)  

o f  transformation i s  empQloyedo

Xn GODEREŶ S tra n sla tio n  o f  SAVINGS work» the general 

transformation form fo r  polygonal holes in  given a s t -

+ 4»g2)JL8»r2)  ̂ , {« -2 ](2^ 2)(5^ 2)> ^ " " ^
5n&(5np=l) 12ni(4n»l) e tc . • O• ( 2 *5 2 )

fo r  n sr 5  fo r  triangular hole  

n »  4 fo r  square hole» e tc .

Vrom  th is  expression are obtained the follow ing  

transformation forms 8=

(a) Square ho3e (w ith diagonals along axes)

Z »  o)(f ) s  C (j ^   )  .(2 .2 9 )

where a l l  the terms are now positive» th is  corresponding to  a 45^ 

ro ta tio n  o f  the h o le .
I

(b) Equilateral Triangular Hole (with one median along the ax is)

Z » w ( t  ) « 0 ( | + | ÿ ^   )  (2 .80)

( « )B 3 É E t iç H a e  z . „ ( J )  . c ( f +  a S )   ......................................(2 .51)

which represents the Z -  region  ex ter ior  to  an e l l ip t i c  hole on the 

in sid e  o f a u n it c ir c le . In  order that the transformation i s  

conformai a t  p o in ts in sid e  | ̂  I »  1 i t  i s  necessary that 

Q)*( $ ) i s  non»sero so that |m| ^  1 .

I t  may be shown that the L boundaries represented by these  

transformations in  the Z-plane are not geom etrically id e n tic a l to  the 

d esired /
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desired form» e .g .  the square i s  ’sway-hacked* and has rounded cornerso 

The closen ess o f  the approximation depends upon the number of terms 

used in  the se r ie s , hut by using fewer terms and varying the c o -e f f ic ie n ts ,  

a s u ff ic ie n t ly  accurate f i t  may be obtained. This i s  a necessary  

procedure, otherwise the numerical working would be so voluminous as 

to  make the obtainirg o f a s tr e s s  so lu tion  in  any p articu lar case 

extremely laborious*

The determination o f the degree o f f i t  i s  a lengthy task, i f  

attempted by the usual method of ca lcu la tion  o f  co-ordinates for  

graphical p lotting* For th is  reason, the w riter devised the analogue 

computer ap p lica tion  described in  Chapter I I I ,  and th is  g ives a rapid  

method o f se le c tin g  the number of terms (up to fiv e  in  the equipment 

used) and the values o f the c o e ff ic ie n ts  required for any desired degree 

o f f it*  Transformation fonns for shapes other than qioted by GODFREY, 

as given by th is  process, are sta ted  in  Chapter III*



7 5 .

CHATTER I I  (COim).)

EART 2. STRESS COHDITIOHS DUE TO THE lEESEWCE 

OF A CRUCIPCEM CRACK DT A TMSIOH ELATE.
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TRANSFORMATION FORM K3R CRüCIFQRM CRACK

The région  ex ter io r  to  the cruciform * crack’ shown in

I  V 2 1 ~by the transform ation Z » ^  $ + pg-) 2

Pig. 95 i s  mapped on to  the region  ex ter ior  to  the u n it c ir c le
2

* s

which on binomial expansion g iv es  
„ 1 f l  1 ç5 1 .7  X >11 1
 ̂ = 7 5  It  2 '  -  8  ̂ + 16^  ' " -------------J

(2 .35)

(2 .54)

/

/ / / . /%

/
/

'2 jLLl L (ĉ

/

Z  -  reg ion È -  region

Fig# 95

The use o f  t h is  exact transformation in  the MüSKHPîiTSHVTT.T 

method presents cer ta in  d i f f i c u l t i e s  in  the determ ination o f  residues, 

and i t  was decided to use a modified form o f  th is  transformation which 

gave an approximation to  the cruciform crack ou tlin e correspending to  

the shape o f opening used for the experimental specimen, in  p articu lar  

w ith resp ect to  root r a d ii a t p oin ts A, C, E and G.

The form used, taking the f i r s t  two terms o f  the se r ie s  o f  

( 2 . 5 4 ) with an arb itrary c o e ff ic ie n t  m for the second term was 

Z » ü)(  ̂ ) = R(y 4" m^^)  .................................     ( 2 . 5 5 )
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ivhich i s  a general farm for * square* h o les, w ith R as a sca le  factor
i0  1and $  m pe . Using n »  5 and 0  ̂ m  ̂ — g iv es a range o f

'square* h o les. I f  m i s  p o s itiv e , the diagonals o f th e ^square* are

p a r a lle l to  the X and T axes, and i f  m i s  n egative, the sid es o f the

'square* are p a r a lle l to  these axes.

By ju d iciou s se le c tio n  o f the c o e ff ic ie n t  m using the analogue

computer method given  in  Chapter XII, i t  was found p o ssib le  to  obtain

a shape o f opening g iv in g  end ra d ii o f the same order as used in  the

e3q>erimental specimen, the sid es o f  the 'square* being curved insards

towards the centre. (Fig. 96)

i_ _

This approximation i s  ju s t if ia b le  sin ce the four re-en tran t com ers 

B, D, F and H o f F ig .96must be s tr e ss  f fe e , and the approximation used i s  

tantamount to  removing some o f iA is s tr e ss  free  m ateria l. From the 

analogue computer technique mentioned la te r , the required value o f m 

was found to  be m »  » 0 .194 .
0.15
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IXp4 Derived eamplex p o te n tia ls :

The general trastsformation form i s  

Z = w(% ) = E(y + B ï “)

and the notation  i s  to*(J ) etc# vhere the dash represents d iffe r en tia tio n  

TAdth respect to  the bracketed variab le . On the boundary o f  the u n it 

c ir c le  j Pj »  1, then as before, -when the point J i s  on the boundary 

y o f the u n it c ir c le ,  i t  W.11 be denoted by cr.

Thus «(o') =: ................... ........................................................(2*56)

o)(o') = R (i + « r (o* *......................       (2.5Ÿ)

w'(cr) = R(“g ^  + Sbŵ )........................................................................ (2 .58)

ft)*(cr) »  E ( - ^  ♦ Sn»®) »  ^(<j^ -    . . . ( 2 . 59 )

D erivation o f  S tress Combination ®  * = OL + cr ......... —' " " ---- ----------------------------   0 .------p
In  the follow ing the derivation  o f the s tr e ss  combination

O ’ 3» cr̂  + Op i s  given.

idiicii a fte r  some reduction g iv es

(2 .40)

to 
0) ’

Ijs - ntr f 1 + ^^ (̂1 + SmcF* + 9m̂o\̂ + —)^ .....................(2.41)

The derived boundery cond ition  (See Appendix Chapter V IX .l) 

for ÿ (^  ) and 'f*_(i ) takes the form

^  [«(<r) -  5 (m ]

[S(5-) -  e“^ ^  (o(o-)]

and/
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and su b stitu tin g  (2 .36 ) and (2 .37) in  these equations g ives

+ i f /  = - ^ [ j -  -  e2 i“a . ) ] ...................... (2 ,42)

and

+ O' “ gjg.5 j     (2 .43)

m equation (2o42;

I - S/ [i H
Prom equation (So 42)

1
Siri

■vdiioh by the theorem o f residues g ives
cr E % mcr R «

- i S  " 3nl(sB% - e “ ÿ ) ■ = -g— ( J - —

Sim ilarly

1 -  / i l Ü 2 ! a « r . = ! ^cr “ ÿ 4iri
y ''y

'm -2 ia  5^ ----- —  + cr -  e wr
J O

vhich by the theorem o f resid ues g ives

2n l($  « e / I  «Sia g\ .

2 ® Î   ̂S.

Prom the e<jiation for the boundary condition fo r  6 ( S ) and ^  ( i  )
CO

( See Appendix VII, l )  and using ÿ (cr) -  S
o Ii

therefore -  ■ ^ r « r [ l + ^ ^ ( l + S i « r ^ + 9nff"®)] X
/y  cr«J

•which/
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'w^ich, by the theorem o f  resid ues, g ives  

« (mo^ÿ + Smog) SB -  *= Bm&g

Hence ftom

80,

) + " à ï f  * K  ^  - à î ^ * do*

Equating c o e f f ic ie n ts

™ 0, otç

2

Putting ® X «f iy ,  o^ æ x « i y  

g iv es  X 4- i y  « 2DT +

(1 = m)x

OrtR
-"ÿ=(oo8 2a 4- i  fdn 2a)

A_ _ _  ^oP cos 2acos 2a or x  = -%—<2 \X «» mj

(1 + m)y

2

^  s in  2a  or ^a

and

Thus

M S )

+ a. s in  2a

«^S + «3Ï + !St obR COB 2a . . s in  2a
2(l=ml i «  O O ( 2 * 4 5 )

But as shown in  Appendix Chapter V llo l  
X

0( ̂  ). ® "J o ^ (  5 ) •*■ ÿ@( ̂  ) id iich  on su b stitu tin g  for oj( 5 ) and 

M S )  g iv ss
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_ f r eos 2a i  ' s in  2a
M ^ [ L l W  W m

S  R 4j ■*■ '2

S j s j
2

| ) i  - f S ^  .. e « o o o o o o o o (2 .46)

For ten sion  a lo i^  the XX a x is , a  s  0

'  i - î $ ' i4Ï 4- =m o o o o o o o o o o o o o o o o (2 .47)

and ÿ'(§ ) s  < r ji T 5m

Thu®

X($ % [ ' 4f2 ¥ ]
’2 +

2

vhidh reduc®», to  

X{5 ) ë

« ( §

E<^5sa(l^) ÿ ^ + 2 &  ̂ *=>
,4 1

%[

■)

4- 2Î^ =
^n(l=ffli) (3 ̂  =• “

Then
O

$

«Tg + CTp m g[x( J ) ♦ X( I ) ] Oooooooooeooooovo (2 .48)

5 and 6 æ 90

S im ilarly  fb r  @

cr* 4 cr.

or.
4

o * * « 0 0 0 0 0 0 0 9 0 0 0 0 (2 ,49)

=m
4.

Q O O O O O O Q O O O O O o e o O (2 .50)
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aîid f^ m  thes© th© distrilDfution o f  ou + cr along the X and Y axes9 p
may t e  determiisido

Fot the hoop s tr e ss  on the hole houndary^ p =r 1 

and or e  Op id th  J m ^

Heno® ecpatiom (2o4S) g iv es  the s tr e ss  conoertration fa cto r  on the 

hole hoimdaagr a s

e

pâ L

r  «Sf =5m(Ihsi) Innl
« 1 4 0  1  ̂ -  -140 1L S® -  “-gi 5e « a

(2 .51)

The maximum hoop s t r e s s  oeours on the a x is  T Ï  perpendicular to  the a x is  

XX which i s  the a x is  o f tension^ that iSp $  ^ 9G® g iv in g  the s tr e ss

concentrais, on fa^-Wr as

a o . o o o o o o o o o o . o o o  o a o o o .  . o o  . 0 0 0 0 0 0 (2;-58)

Berivaldon o f S tress Conftdnation s  ou -  <r ^ S ir «

In  the follow ing tîi© d erivation  o f the s tr e s s  combination

® ^0 “ 2 iT ^  i s  given.

m
“ 0 ,  ,  (g- + g^)
oyrt 7  ^  y  ^  ™ _  J  0 0 0 0 . 0  0 . 0 0 .  o o o . o a o . 0 0 0 0 0 * 0 .

p )  ( ^ + S ho2) (Sm /=1)
• o « o ( 2o 5 5 )

Therefcr©

1 I wl<r
2t!±I e^cr) o^ÿ

f t

1
2ni <r(Smtr̂  l)(cr -  S )

do*
o . ( 2 . 5 4 )

P o le s /
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P o le a  o c c u r  'gvhen ( a )  cr s  0^ (lb) <r ^  „

(&) Ihean o" ^ Qo aisd -asi^g oiily the i ^ s t  two relermnt terms in  the serLeSg 

t© lim it  the mathematical working^

m
1

2«1
^ « i r y  âty
koMcaaKaKSMMûMiCStfniO^

Residue

cr

O O O O O O O O O O O O 0 O O O O O 4 O O O O  D O O O o c o 0 (2* 55)

IShen cr s à  »

'(T 
' m + l) (o ^  4- 

Readfiw® g  )

JL_
2iri,

A

0000000000400000 o * o o o * o o # o O ( 5 6 ^

The r e s id u e  on  i n t e g r a t i o n  i s  th e r e f o r e

Ï + m)(a^ + 5®ji 
A  “ ̂ U S m f -

an d  a p p l^ i ig  th e  eg%aM,©n

O O O O O O O O o a o D O O o o o o o o o t o a o o o o (2;'57)

a r

Y o ( ) )
<TR
- r ( ^
or R

?

(ï^mXaj^+SagJ*®)
ooooootfoao (2.58)

m/Cos Sot s in  2a
cos- 2g i  s in  2g  

l “m 1-m

-vdiich/
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which a fte r  some reduction r e su lts  in

or R rI -21a .5 +
cos2a , i  sin2a4-m 1+m ) -f]

(SmS^ -  1)
. • • ( 2 , 59)

Hence from
>2xa

<o(ÿ) + V o ( ^ )

(5mf -  1)

Y (i)
O-̂ EI =

2( 5mï ^ -  1)
..(2 * 6 0 )

Thus equations (2 ,46) and (2 ,60) g ive the complex p o ten tia ls  for  

ten sion  at angle a to  the XX a x is .

For tension  along the YY a x is , a  »  0, these p o te n tia ls  heccme

^ ( 5 )  = + 2 ^ 7 ^  -  ....................................... 61)

The stre ss  combination

ÿt a 0-Ç -  CTp + Si-tpg s 2 f 5 ( F ) r ( n  + f ' f * ) .(2 .6 5 )

can now he f  omed.

The follow ing are required in  the formation o f

i
w( f  ) © R(^ + mj ^) © ^ 4  1 ) . . ( 2 ,6 4 )
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w '( f  ) 

«)"( i  )

«(F)

S - ( f )

= R ( - ^  + 5mJ^) = -  1)

= E(y5 + 6m J ) = ■§^(SmJ ^ + l )  .

s  y  (m F* + l )   ........... ..

E

85.

(2 .65)

(2 . 66) 

(2 .67)

f 2 (5m ?4 _ 1)    (2 .68)

Equation (2 ,62 ) may be -written:

1 , (Sm  ̂ + 1) ( -  Î ( 1
2 f  +' t  T s S ? - ^ (2.69)

+ ( a n ^ )
2 p  2(l-m )

5 ï  ^ (S m î^ -l)-(l-m )(S m î '^-1) 
-  l2 m ï°  + 12mS^(l-m)
  C s Z #  _  i ) — --- - -

.(2 .7 0 )

Also X(^ ) 

and X>(ÿ )

«(*

=  ) -  4 ' ( )  )m"(f )

p ( f  )J
(2 .71)

or Ti'ii ) f ü . )
(U'O ) p ( 5 ) ] "

O 9 0 Q 0 0 C e •  o « o * o o o ( 2 «  7 2 )

From ©quations (2*61) and (2 ,64 ) to  (2 ,68) e tc , the component parts  

o f  equation (2 ,72 ) a r e ,as fo llo w ss“

5m J ^
0'($ ) = V  [“ ij2 + srfer " ]

S fr! "

Also [»’( Î )j  ̂ = & (Smi 4 _ 1 )

cr R
(Smf -3 1) o.

o

,2

(2 .73)

(2 .74)

(2 .75)

(2 .76)
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Hence a f te r  some reduction

^  °'o(Smt‘̂  + 1 ) ( -  1 + m +
jw“( ï ) ] ^  s K S m / -  l)^ .( l-m )

Then i'Tom (2 ,75 ) and (2 .77 )

(2 .77 )

 ̂ « £  r  X + t  l)(5m  i  5nj + 2f 4_m -  1 ) j /-
(1 .  m)(5mr^ -  1)2  J ...........

Equations (2 .6 7 ) , (? .68 ) and (2 ,7 8 ) g ive

(l-m )(5m l^ -  1 ) 2
. . . . ( 2 . 7 9 )

and from (2 .6 8 ) and (2 ,70 )

f" » ‘ ( f )  ■ ' p ^ (5 m f-l)

1 . (5m + 1 )  .  V
Y z *  T î )T '% ^  ” 1)2 ^

K  |sj2(5n,}^»l)+(l„]n)(9m i^+l)-12m t® | I. o. ( 2 o 80 )

E q u a tio n s  (2 .79 ) and (2 .8 0 ) define the r ig h t hand s id e  o f equation  

(2o63).

I t  i s  e a s i ly  shown th a t the boundary va lu es a t  in f in i t y  are 

s a t is f ie d ,  by su b stitu tin g  for  p = 0 and 0 90® and 0® re sp ec tiv e ly .

For 0 ST 90®, equation (2 .7 9 ) i s  zero and equation (2 .8 0 )  

g iv e s  -kTq. Hence from equation (2 ,6 5 ) , o^ = cr̂  s in ce  cr̂  and 

are both zero a t in f in i t y ,  par(h.lei to  the a x is  o f  ten sio n . Therefore 

t h is  g iv e s  uniform ten sio n  along the edge o f  th e  p la te  to  in f in it y ,  

p a r c e l  to  the a x is  o f  ten sion . For 0 © 0®, equation (2 .7 9 ) i s  

again  zero and equation (2 .8 0 ) g iv e s  — <r̂ . Hence equation (2 .65 )
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g iv es cTp s  cr̂  since <r̂  and are aero and th is  corresponds to uniform

ten sion  a t  in f in i t y  along the ends o f  the p la te .

An expression for the hoop s tre ss  on the hole boundary 

corresponding to  that obtained from equation (2 ,51 ) i s  given when 

J s  , J js and p s  1*0, the maximum hoop s tre ss  occurrirg

yrhen 0 ^ 90® from the d irection  o f tension.

Thus the r igh t hand sid e o f eq iation  (2*79) becomes

ea 4 l ) r_ ( 5m 4 l)(Sm  2m — 5) I ô o iü
(5m = 1 )  j_ ( l - m ) ( s m - l ) 2  J

and the r ig h t hand side o f  equation (2 ,80) becomes

“ T to â j ^ * (iS)(2>:i)2 ' 5(5^)+(l-“)(9i»l)+12m j J  . . . .  (2.82)

and as before the sum o f these equations (2 ,81) and (2 ,82) g ives  

the maximum hoop s tr e ss  on the boundary o f the hole, hence the s tr e s s  

concentration fa cto r  can be found.

In order to  f a c i l i t a t e  ca lcu la tion  o f  the s tr e ss  d istr ib u tio n  

alopg the axes o f symmetry, the general expressions fo r  (2*79) and

(2 ,80) were w ritten  as fo llow s:^

Right hand sid e o f  (2 .79) = -

Right hand side o f  '(2.80) ©

(5mp “l )
2  .l)t-5p^(Sing^-=l)+(l-m)(9m*^+l)+12mo®j1_ ^ (5m +1) 

p̂  (l«^)(5mp^ ** 1 )^
(2,84)

Ufd.ng eq ia tion s (2 ,48 ) and (2 ,6 5 ), the sum and d ifferen ce of

OL and c  can be determined, and a lso  Ihe separate s tre sse s , togetherV p
w ith the shear s tr e s s  d istr ib u tio n  a t any point in  the p la te .
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F ig .97.

CENTRE LINE

90

6-0

7.0

40

30 7 0  SO #3750402 0
D I S T A N C E  I N T E R M S  OF CRACK LENGTH

ao

F ig .98.

DISTRIBUTION OF ^  A N D -§ ^  ALONG HORIZONTAL
CENTRE LINE973

80

70

60

-  30

g 20

10

3 0  4 0
DISTANCE IN TERMS OF CRACK LENGTH
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DISTRIBUTIOK OF HilMCIEfll. gCKESSES ALOMS THE AXIS OF 

SÏMMEDRY PERFENDICDIAR TO TIffi AXIS OF TJFIFffl£M TMSION

The d istr ih u tio n s o f ^  are
Ob

shewn in  P ig , 97.

The numerical ev a lm tio n  o f  equations (2 .4 6 ), (2 ,79 ) and

(2 ,8 0 ) fo r  varying va lu es o f p was fa c ilita te d  using the Deuce 

D ig ita l Congjuter a t Glasgow U niversity  Confuting laboratory. The 

Alphacode Mark I I  system  was employed. The programme and d e ta ils  

are g iven  in  Appendix Chapter V II, 2.

From the c a n o te r  r e su ltSÿ the d istr ib u tio n s of 

and 'were obtained, using a hand ca lcu la tin g  machine5 these

d istr ib u tio n s are shown in  P ig , 98,

These graphs show that the e ffe c t  o f ,a ’cruciform* h o le  

in  an infini^te p la te  under uniform u n iax ia l ten sio n  a t in f in ity , i s  

a lo c a l oncp and that the disturbance o f s tr e ss  dim inishes rap id ly  a 

short d istance away from the h o le .
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OHflJTER II (ceata).

PAST 5. SmESS OOMOENTRATION FACTORS



t r a n s f o r m a t i o n  f o r m s  f o r  a  s e l e c t i o n

O F POLYGONAL DISCONTINUITIES IN THE 
INTERIOR OF A TENSION PLATE.

TRANSFORMATION FORM 

( Î )  = R  ( f +§15 )Z =

2.

F ig. 99,
Z -  U  ( t )  -R

i. A  Z -  O  (Ç) =R

6 . Æ Z “  6J (Ç) * R ( ?  " ^ o s)

THEORETICAL STRESS CONCENTRATION FACTORS 
FOR A SELECTION OF POLYGONAL DISCONTINUITIES 

IN THE INTERIOR OF A TENSION PLA TE

I.

S .C .F

9 . 7 3

î lg .io o .

3.

8 8

5 6 7

4. 6.0

5, 7 5 8

6 . 7 93
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STRESS COHDMia.TION FACTORS FOR A SEIECTIOH CF

POEïGOmi, DI800MTIMOITIE8 m  THE m ’SRTOR OF A TmStOW HATE.

S tress concentration fa cto rs fo r  h o les o f d iffer en t shapes 

were determined from general so lu tio n s fo r  fo r  each polygonal

foim  under consideration . A ty p ica l d erivation  and ca lcu la tio n  

i s  g iven  in  Appendix Chapter V II, 5. The maximum str e ss  concentration  

fa cto r  was ascertained  by in terp o la tio n , using increm ental ch a ises  

in  the angle B which located  the p oin ts on the h ole boundary 

r e la tiv e  to  th e a x is  o f ten sion , thus g iv in g  increm ental v a r ia tio n  

in  the s tr e ss  concentration  fa cto r  round the hole boundary. The 

transform ation forms are g iven  in  M g. 99.

A summary o f the ca lcu la ted  valu es o f the s tr e ss  concentration  

fa cto rs found by th is  method i s  given in  M g. 1 0 0 .
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CHAPTER i n .  EXEBmtETmT, TORK
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The experim ental work presented embraces

(a) an adjunct to  the th e o r e tic a l work, using the analogue computer 

fo r  the determ ination o f su ita b le  conformai transform ations to  

g iv e  d isco n tin u ity  forms sim ila r  to  those used fo r  the experim ental 

specimens,

(b) the determ ination o f the p rin cip a l s tr e sse s  and s tr e s s  concentration  

fa cto rs for the forms o f d isc o n tin u itie s  considered. In  th is  

work, the sums and the d ifferen ces o f the p rin cip a l s tr e sse s  a t 

p o in ts in  the ten sio n  p la te  were determined, and then combined to  

g ive th e ir  s^ a r a te  va lu es.

R elaxation  so lu tio n s , using SOUTHWEIIi’S method, fo r  the 

determ ination o f the sum o f the p rincipal s tr e sse s  in  the ten sio n  

p la te , were fu lly  irw estiga ted  by the w riter , but were la te r  replaced  

by a more rapid  technique u t i l is in g  the Conducting Raper Analogy.

B r ie f d e ta ils  o f  th ese  methods are g iven  a t th e  beginning  

o f each o f the re levan t subsections # iic h  fo llo w .
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DETERMmTION OF THE IRANSBDRMftTION FORM 

BY THE AIMIOGPB- OOMHJTER.

Ab s ta te d  in  paragraph I I . 5, th is  a p p lica tio n  o f  the M nispace  

Analogue Computer was demised by the w riter  to f a c i l i t a t e  the 

déterm ination o f  su ita b le  conform ai transform ations, u sing an analogue

computero

THEORY g The general form o f th e  power s e r ie s  i s  g iven  in  equation  

(2o52) and fo r  say a  ’square* h o le  i s  o f  the form g iven  by (2 .2 7 ),

i . e .  Z s  o)( à ) C + . . , . J

■«here n i g S - i ,  0 ^ * + — , ^  -

idThe complex number S æ pe g iv e s  a c ir c le  on the Argand 

diagram fo r  con stant p and varying 0 . A lso ^ » p (cos 0 + i  s in  6 )

and fo r  p s  l ( u n it  c ir c le ) ,  ^ s? (co s 0  + i  s in  0 ) .

Hence fVom (2 ,2 8 )

Z ^ 0 ̂ cos 0 + m ^oos 50 + m^oos 70 + m^^cos 110 + . .  „ j

+iO ^sin 6  + m^sin 50 i  m^sin 70 + ny^^sin 110 + • , o . . . . o , . ( 5 , l )

and t h is  complex number g iv e s  a  conformai transform ation  o f  th e u n it 

c ir c le  in  the ftrm  o f a  ’square’ , on the Argand diagram.

The analogue computer can be used to  con tin u ou sly  p lo t th is  

transform ation  and d isp la y  th e r e s u lt  on an o sc illo sc o p e  screen . For 

t h is  a p p lica tio n , u sing 0  ^ o>t in  equation (5 ,1 )  r e s u lts  in

2 s  C^cos oot 4- m^cos Scot + d^cos 7cot + my^oos llcot + . .« J

•fiC ^-sin  cot + m^sin Scot 4* m^sin 7cot + ny^sin  llcot j o .  (5 ,2 )
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Q cm sm m  M sm m m ssm t

The funs t io n  generator shown in  M g. 1 0 1  t o s  iD uilt, u sin g  

four sine<=eosine potentiom eters o f  th e reotangular card typ e, motor 

driven  a t r e la te d  speeds v ia  change wheels^, so th a t d iffe r e n t speed  

r a t io s  were ava ilah le»

For th e transform ation  o f  equation (5 * 2 ), th e potentiom eter  

speeds were co, 5eo, and 7w and llo ) ra d ia n s/sec . The w iring diagram  

i s  Ëiown in  %g* 102o The potentiom eters were fed  from a  common ^  100

v o lt  supply^ and th e p h asiig  ad ju sted  to  produce v o lta g e s  o f  100 co s Wt,

«100 s in  oyt, 100 co s Scot etc* Each v o lta g e  was then passed through

a sign «reversin g  am pXi^er to  reduce loading errors in  the sin e»  

co sin e  p oten tiom eters, and thence to  an ad ju stab le 10 turn  h e lic a l  

potentiom eter^

Each potentiom eter could be s e t  to  g iv e  the required  

c o e f f ic ie n ts  m ,̂ etc» to  an accuracy o f  0«;1  ̂ o f  i t s  f u l l  sc a le

tr a v e l, u sin g a b rid ge c ir c u it  to  a llo w  fo r  load ing e f f e c t s . The 

r e su ltin g  co sin e  and s in e  v o lta g e s  were added in  separate summing 

a m p lifie r s , th e sums being the X and T component o f  Z ^  o>(è )<> These 

were fed  to  the X and Y p la te s  o f  an o sc illo sc o p e , and a s th e  

potentiom eters generated th e ir  re sp ec tiv e  waveform components, the  

re su lta n t transform ation  form was traced  out con tin u ou sly  on the

o sc illo sc o p e  screen . The ccmputer i s  iâiown in  Mg,' 105 and th e

r e su ltin g  transform ations in  M gs. 104 a , b , c , d , e tc .
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CHOICE OF TOAMBP0RMg.TION BDBM.

îVom th e  r e s u lts  illu stra ted ^  i t  i s  ev id en t th a t the b a sic  

shape produced by the transform ation i s  m ainly determ ined by the 

f i r s t  two terms in  the se r ie s  g v h ile  the higher term s, having sm aller  

c o e f f ic ie n ts , have a minor e f fe c t  oh th e b a sic  shape, but ob viously  

a f fe e t  the com er r a d ii.

The method was th erefore applied  in  tw> sta g e s , f i r s t ly  to  

determ ine the changes in  shape due to  the use o f  th e f i r s t  two 

terms in  the s e r ie s , w ith v a iia t io n  o f  the c o e ff ic ie n t  o f  the second  

term, and secondly to  examine th e changes in  shape due to  th e a d d ition  

©f su ccessiv e  terms in  th e series*  I t  i s  shown by the r e s u lts  (see  

Fig* 104) ■fâiat i t  i s  p o ssib le  to reduce th e corner r a d ii a t th e  expense 

o f  lo s s  o f stra ig h tn ess o f  the s id e s  o f the transform ed openings*

I t  was p o ssib le  using th e f i r s t  method o f a p p lica tio n , to  

deterndne su ita b le  two^term transform ations to  g iv e  a reasonable degree 

o f  correspondence to  the forms o f  d isc o n tin u itie s  considered in  the  

th e o r e tic a l a n a ly s is  g iven  in  Chapter I I .

I t  was noted th at ths number o f s id e s  o f  a transform ation o u tlin e  

was one greater ihan  the h ig h est power in  th e $  -  s e r ie s .

In  th e case o f  the rectangu lar form, the term s ^  + mj 

are ccmbined to  g iv e  an ^ l ip s e  o f axes ( l  4- m) and ( l  « m) then terms 

in  ^  ̂ and §   ̂ are added to  give'rectangular^ o u tlin e s .

That ±m Z s- co(^ ) “ ^  + mg g  ̂ =

s  1̂ (1 + m )cos cot + mgcos Scot + J 
4-i^«(l « m )sin  cot + m^sin Scot f  J , * . . * , . ( 5 * 5 )

This a p p lica tio n  o f  a M inispace analogue conputer i s  to  the w r ite r 's  

knowledge o r ig in a l, and i s  a rap id  technique fb r the determ ination o f
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DECERMimTION OF THE SDIÆ OF THE HÎIKCIPÆL STRESSES USIEG

THE COMDÜOTIWG- SAFER AHAIiOSY AS AH ÜDJOICT TO THE PHOOOEIASTIC AMLYSIS

.THEORXs The d i s t r i b u t i o n  o f  s te a d jr  s t a t e  p o t e n t i a l  V i n  a  t h i n  

conducting sheet o f  c o n s ta n t  th ic k n e s s  and  u n ifo rm  r e s i s t i v i t y  i s  governed  

by the LAPIAQE d i f f e r e n t i a l  e< jaa tio n

A  + A  _ 0 (5  4̂
ax è y

where x  and y are c o - o r d in a te s  i n  th e  p la n e  o f  th e  s h e e t .  A lso , th e  

distribution of the sum o f  th e  p r i n c i p a l  s t r e s s e s  (cr^ + o^) i n  a  

tension field are g o v ern ed  b y  a  s i m i l a r  e q u a t io n

m " " "T —— ,c  ̂ Lf
dx dy

and. this fo rm s th e  b a s i s  o f  th e  an a lo g y .

NOTES A d d i t io n a l ly  t o  th e  above , e q u a t io n s  o f  th e  POISSON ty p e

.2
4H  ̂ constant . . o . . o<i ooo . oooe . . . . . o . * . *(  5* 6 )

ay*̂

can be transformed i n t o  th e  LAPIACE form , and  hence  th e  a n a lo g y  c a n  

b e  extended to in c lu d e  such caseso  I n  p a r t i c u l a r ,  f o r  c a s e s  o f  to r s io n ,  

the d i s t i i 'b u t i o n  o f  th e  m o d if ie d  s t r e s s  f u n c t io n  xjj i n  plan© s e c t io n s  

und.er pure torsion, i s  go v e rn ed  b y  th e  e q u a t io n

4" rt ™ 0  o o o . e . o e o u o o 0 o o o o e o . i > o * o e * a « o p ( 3 o ' ^

èy^

where t|; ^  0 hh ^  (x  + y  )

0 s  s h e a r  s t r e s s  f u n c t io n  

(z s  m odulus o f  r i g i d i t y  

X, y  g ü o -o rd i.r a t e s  o f  p o in ts  i n  th e  p la n e  o f  th e  s e c t io n .
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In  t h is  a p p lica tio n , the use o f the symbols ÿ , tji and 0 are

confined  s t r ic t ly  to  the case o f to rsio n , which was used a s an accuracy  

check on the conducting paper method, and they hear no r e la t io n  to  th e  

symbols used in  the th e o r e tic a l treatm ent fo r  complex p o te n tia ls .

APPARATUS AND TECHNIQUE;

The equipment i s  shown in  F ig . 105 and the c ir c u it  diagram  

in  F ig , 106,

The arrangement provided means of.:-supplying boundary v o lta g es  

from a potentiom eter, to  the conducting paper specim en, the boundary 

v o lta g es  ( in  v o lt s /f r in g e ) corresponding to  the known boundary s tr e s se s  

determ ined from the s tr e s s  specimen. Boundary v o lta g e  w ires were 

soldered  to  o f f ic e  s ta p le s  which p ierced  th e conducting paper a t the  

se le c te d  p o in ts , which were then  sp otted  w ith , s ilv e r  so lu tio n . The 

conducting paper specim ens were cu t from 21" w ide r o l l s  o f  T e led elto s
I

recording paper o f  r e s is ta n c e  approxim ately 2500 ohms per square. The

o u tlin e  was an enlarged v ersio n  o f the photo e la s t ic  model, w ith  th e

excep tion  th a t dim ensions taken across the paper were m odified by

m u ltip ly iig  th ese  measurements by There p and p are they  X
r e s i s t iv i t i e s  along and across the r o l l  r e sp e c tiv e ly . This allow ed fo r

non-unifcrm  r e s i s t iv i t y  o f  the m ateria l a v a ila b le .

V oltages a t p o in ts on the paper were measured by a probe, 

u sin g  an o sc illo sc o p e  as a  n u ll reading in d ica to r , th e  balancing v o lta g es  

then being read by an Avometer. The pantograph arrangement ( l ig .  105) 

f a c il i t a t e d  the p lo ttin g  and recording o f v o lta g e  contours and v o lta g e  

v a lu es a t h o le  boundaries.
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ESTABLISBTOT OF imZEAmiJTy;

The r e l ia b i l i t y  o f the method was esta b lish ed  in  three ways, 

the f i r s t  two o f which are described here, the th ird  "beiî g a to rsio n  

case which i s  g iven  in  Appendix Chapter V II. 5.

( i )  A comparison was made between the exact th e o r e tic a l and conducting 

paper d istr ib u tio n s  fo r  th e sum o f the p rin cip a l s tr e sse s

(o^ + cTg) along an a x is  o f  symmetry through the major a x is  o f  

an e l l ip t ic a l  d isco n tin u ity  in  a ten sio n  p la te , corresponding to  

th e o r e tic a l boundary v a lu es. The d irec tio n  o f ten sio n  was taken 

perpendicular to  the major a x is  o f the e l l ip s e . The r e su lts  

are shown in  M g, 107 and i t  i s  evident th at ex c e lle n t agreement 

was obtained. I t  should be noted th at th is  e l l ip s e  i s  the  

 ̂equ ivalent * e l l ip s e  fo r  the h orizon ta l arm o f the cruciform  * crack*,
0 * 1  +  CT

and th a t the d istr ib u tio n  o f  ^    • was ca lcu la ted  using the

appropriate exact th e o r e tic a l so lu tio n  fo r  th is  form o f opening 

as quoted by COKblk and PILON in  th e ir  ’T rea tise  on H io to e la s tic ity * .

( i i )  A comparison was made between COKER’S experim ental (o^ + a*g) 

d istr ib u tio n  and the conducting paper d istr ib u tio n , fbr an 

e l l ip t ic a l  hole a s in  ( i ) ,  using COKER’S experim ental boundary 

va lu es. The r e su lts  obtained fo r  axes through the major and minor 

axes o f the e l l ip s e  are g iven  in  M g. 108a and 108b. I t  i s  seen  

th at the conducting paper method provides a r e la t iv e ly  more 

co n sisten t v a r ia tio n  than th a t g iven  by COKER, -while remaining

in  c lo se  agreement w ith  same.

The maximum d ev ia tio n  in  both o f the foregoing t e s t s  was -only 2 ,1 /2^ .
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APPUDATIONg

The sums o f  the p r in c ip a l s tr e s s e s  (o*̂  + o^) a lo ig  the h orizon ta l 

cen tre l in e s  o f  p la te s  in  u n ia x ia l ten sio n  contain ing d iffe r e n t shapes 

o f  d isc o n tin u it ie s , were determ ined hy the conducting paper analogy.

The typ es o f  d is c o n tin u it ie s  considered  were a * crack* in  th e  form o f  

a narrow s l i t ,  a cruciform  type * crack* and a square d isc o n tin u ity  w ith  

d iagonals p a r a lle l and a lte r n a tiv e ly  perpendicular to  the a x is  o f  the  

ap p lied  ten sio n .

The houndary v a lu es ap p lied  to  the conducting paper specimen 

were r e la te d  to  th e  s tr e s s  v a lu es obtained from th e  p h o to e la stic  t e s t s  

describ ed  in  paragraph I H .5 .

The (o^ + G^)/o^ d istr ib u tio n s  obtained are :âiown in  F ig s. 109, 

110, and 111, and a ls o  togeth er w ith  th e p h o to e la stic  r e s u lts  o f  the  

next se c tio n  ( i l l , 5 ) .  These d is tr ib u tio n s  are superimposed fo r

comparison in  F3g. 112,

( notes The th ir d  t e s t  fo r  r e l ia b i l i t y  o f  the conductii%  paper technique 

was made on specim ens o f  rectangu lar c r o ss -se c tio n , togeth er w ith  a  sh a ft  

se c tio n  contain ing a  BrLtiËi Standard keyway, a l l  subjected  to  to rsio n .

The r e s u lts  are g iv en  in  Appendix 7 .5 )

In  a l l  o f  the foregoin g , i t  has been c o n c lu siv e ly  e sta b lish ed  

th a t th e conducting paper analogy i s  a r e lia b le  and accurate meihod 

fo r  th e determ ination  o f  th e sum o f  the p r in c ip a l s tr e s s e s  in  ten sio n  

f ie ld s .
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DETERNimTION OF OHS DIFgERENCE OF THE HtllMCIPAL 

gERESSES BY HjOTOEIAgraiCITY

BASISs

The p h o to e la stio  method I s  so ■well-known th a t on ly  a b r ie f  

o u tlin e  o f  i t s  b a sic  concepts i s  introduced here. The method i s  used  

p rim arily  for th e determ ination  o f  the d iffer en ce  o f  ih e  p r in c ip a l 

s tr e s s e s  (<r̂  -  cr )̂ in  plane s tr e s s  f ie ld s . The model m ateria l has 

the c h a r a c te r is tic  property o f  b irefr in g en ce 'when su bjected  to  stresso  

The stressed^ transparent p la s t ic  model i s  view ed in  a  beam o f  plane 

or c ir c u la r ly  p o la r ised  lig h ts  th e r e la t iv e  re ta rd a tio n  o f  the  

appropriate l ig h t  wave components being d ir e c t ly  r e la te d  to  the 

p r in c ip a l s tr e s s  d iffer en ce  (cr̂  -  c^) a t  the p a rticu la r  p o in t view ed. 

T his r e la t iv e  re ta rd a tio n  i s  measured by o p tic a l in ter feren ce  fr in g e s , 

Tdiioh can be s tr e s s -sc a le d  by means o f a c a lib r a tio n  specimen.

In  the determ ination o f  s tr e s s  con cen tration  fa c to r s  and 

s tr e s s  d is tr ib u tio n s , th ere i s  u su a lly  no need to  c a lc u la te  th e a ctu a l 

s tr e s s  v a lu es, s in c e  th e  s tr e s s  ■values may be expressed  in  term s o f  

p h o to e la stio  f f in g e  v a lu es, r e la t iv e  to  the boundary fr in g e  ■value o*̂ . 

T his method has been adopted in  th e p h o to e la stio  work described  

h erein .

Sneoimen M aterial

The m a ter isl used fo r  th e t e s t s  was Columbia R esin  (C.H. 59). 

This r ë s in , being cast-p olym erised  between g la s s  p la te s  i s  h ig h ly  

transparent, hard, strong and has o p tic a l c la r it y  ecjia l to th a t o f  p la te  

g la s s . The s tr e s s -o p t ic a l s e n s it iv ity  o f  Columbia R esin  i s  h igh , and 

compares w e ll w ith  B a k ellte  B.T. 81 -  695.
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The stre»a«retard ation  curve i s  lin e a r  up t© approxiinat^y  

5CXX) lb / in  . O p tical creep i s  not pronounced a t s tr e s s e s  ■well below  th is  

fig u r e , but a t  th e h igher end o f  th e lin e a r ity  range, can prove troublesom e.

Tüfte-edge. s tr e s s  e f f e c t s  and machinii% s tr e s s  edge e f fe c t s  

may a lso  be ev id en t, but can be avoided by ca reftil m achinirg fo llow ed  by 

immédiat® te s t in g  o f  the specimen.
2Erom a ty p ic a l ca lib r a tio n  specimen o f 0^.105 in  c r o ss-  

se c tio n a l area, loaded in  ten sio n  to  267 Ib^ th e Ü iâTû order frXwgfi 

appeared, and from th is  the

Model Eririge Value = ^  ss = 866 I b /in ^ /fr iig e  tèn eion .

SEBŒEMM SIZE:

Each specim en was 6 .1 /4 ” long x 4” wide «  1 /1 6 ” th ic k , and 

th e maximum width o f  d isc o n tln a ity  was 1 /2 ”. This gave a

d isco n tin u ity  w id th /p la te  w idth r a t io  o f 1 /8 , and as has been shown 

by the w riter  in  p rev iou sly  published  work, (29 , 64) a minimum r a tio  

o f  1 /6  g iv e s , fo r  p r a c tic a l purposes, in f in it e  p la te  co n d itio n s.

SPECIMEN PREPARATION:

The specim ens were cu t fjrom the main sh eet by a  pantograph 

engraving machine, u sin g enlarged tem plates fo r  th e p r o f ile s  o f  the  

d isc o n tin u itie a . The c u tte r  diam eter was .0 5 0 ”, and f in e  cu ts a t  

high speeds and l ig h t  feed s were enployed, w ith  a copious supply o f  

cu ttin g  compound. T his produced specimens w ith c lea n  cu t edges, 

fr e e  from machining s tr e s s  frii^ e® . The actusCL dim ensions o f  the  

variou s d isc o n tin u itie »  cu t in  th e p la te s  were measured using an 

E ngineers’ m icroscope.
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APEftMTUS M D  EXEERÎMEICTAL TEGHIŒQCJEs

The p h o to e la stio  p olaxiscope -used, which was designed and 

b u ilt  by th e  w r iter , i s  i^own in  Pig* 115 and co n sis te d  o f  6 inch  

aperture co llim a tin g  and c o lle c t in g  le n se s  o f  12 inch fo c a l len g th , 

togeth er w ith  rem otely co n tro lled , ro ta ta b le  diam eter p o laro id s  

and mica quart er^w ave-plat e s  * The lig h t  sources were a 10 v o lt ,

240 w att compact source tungsten«filam ent prefocus lamp, and a 250 v o lt , 

500 w att coinpact source mercury vapour pre*-foous lamp, togeth er w ith  

a rear p arabolic re flec to r*  "Wratten 77 and 68 f i l t e r s  were employed 

to  is o la te  th e  mercury green lin e  when required .

Photography o f the o v era ll fr in g e  p a ttern s was ca rried  out 

u sin g  a  6" X 4 ” te c h n ic a l p la te  camera, and fo r  reg io n s o f  h igh  s tr e s s , 

where the fr in g e s  were c lo s e ly  spaced, a m icroscope and m icroscope camera 

were employed. In  every t e s t ,  l ig h t  and dark f i e ld  photographs were 

taken, a s a  standard ro u tin e . For m easurirg the r e la t iv e  p o s itio n s  

o f  th ese  c lo s e ly  spaced A ringes, a  tr a v e llin g  m icroscope was used to  

d ir e c t ly  view  and measure the fr in g e  p attern  spacing. Loading o f  th e  

specim ens was ca rr ied  out v ia  f r ic t io n  g r ip s , by a le v e r  system  employing 

a w ater load in g  tank, g iv iig  v a r ia b le  loading rates*  The c a lib r a tio n  

graph fo r  th e w ater tank i s  shown in  P ig . 114.

For th e determ ination  o f  uniform  ten sio n  fr ip g e  orders, and 

fo r  fr a c tio n a l fr in g e  orders in  the specimen, ih e  fr in g e  p a ttern s were 

p rojected  on to  a 5 f t .  square w hite p ro jectio n  screen  carrying a photo*- 

m u ltip lie r  ^diich was coupled to  m moving c o i l  galvanom eter. The 

Sinarmont method o f  com pensation was employed to  e s ta b lis h  -the fr in g e  

v a lu es requ ired .
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Boundary fr ir g e  va lu es in  regions o f  high s tr e s s  were found by p lo tt in g  

the fr in g e  order d is tr ib u t io n  along se le c te d  axes, and ex tra p o la tiig  

to  meet the boundary (F ig . 115).



P ig .116a,
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EXEERIMERPÆi KBgTLTS

A t o t a l  o f  tw enty-seven d iffer en t types o f  d isc o n t in u it ie s  

were in v estig a ted  experimentally* In  ad d ition  to  l ig h t  and dark 

f i e l d  photographs o f  the area around the d isco n tin u ity , s im ila r  

photographs were a lso  taken through th e microscope, o f th e  area in  

th e  reg ion  o f  the h ig h est stress*  To demonstrate the c la r i t y  o f  the  

fr in g e  patterns produced for th ese  h igh ly  s tre ssed  reg ion s, Fig* 115 

shows the l ig h t  f i e l d  photograph o f  the reg ion  a t  the end o f  the  

h orizon ta l arm o f  a cruciform  type  ̂crack ̂  opening in  a ten s io n  p la te , 

the m agnification  heii% about 80X, as photographed hy the microscope 

camera and subsequently enlarged by a 55 mm. enlarger* A s e le c t io n  

o f  ty p ic a l l ig h t  f i e l d  photographs are shown in  Figs* 116a, b , c , d, etc* 

the boundaries o f  th e specimens being c le a r ly  v is ib le *

The d is tr ib u tio n s  o f  the d ifferen ces  o f  the p r in c ip a l s tr e s s e s  

along se le c te d  axes were detem dned fo r  a rep resen ta tiv e  rarge o f  

e lev en  o f  th ese  specimens. In  the case o f  three o f  th ese  the couple te  

s t r e s s  a n a ly s is  procedure was carried  out, the (cr̂  *=• cr )̂ graphs 

obtained from  the p h o to e la stic  fr in g e  patterns being combined w ith the  

corresponding (cr̂  o^) graphs obtained by the conducting paper method, 

a l l  v a lu es being expressed in  terms o f  the uniform ten sio n  fc ir g e  value  

cr̂ o The d is tr ib u tio n s  o f  the separate p r in c ip a l s tr e s s e s , expressed  

in  terms o f the uniform ten sio n  value are shown in  M gs. 117 to

125o

For the remaining s ix te e n  specimens, va lu es o f  maximum s tr e s s  

concentration  were determined, from the r a t io  o f  the maximum f f in g e  order 

a t the d isco n tin u ity  to  the uniform ten sio n  fr ir ^ e  order, and th ese  s t r e s s
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s tr e s s  concentration  fa c to r s  are shown together w ith  the s tr e s s  

concentration  fa c to r s  fo r  the r e s t  o f  the specimens, in  the comprehensive 

ta b le  o f  F ig . 126.

For the range o f square and 'barrel* shaped d isc o n t in u it ie s  

in v estig a ted  experim entally , the Adpge orders round the openings were 

determined, and th ese  va lu es, expressed in  terms o f  the uniform ten sion  

fr in g e  order o^, g iv e  the v a r ia tio n  in  s tr e s s  concentration  fa cto r  

round the boundary o f  the d isc o n t in u it ie s . These r e s u lt s  are shown 

in  F ig . 127.

F ig .llB g . P ig .llB h .
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P ig s .117 -  125.

( st r e s s  d is t r ib u t io n s . )
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( iV . l )  The Cruolforin Crack

In  MgSo 128 and 129 the experim ental r e s u lt s  for the

d is tr ib u tio n s  o f  the sum and d ifferen ce  o f  the p rin cip a l s tr e s s e s  along

an a x is  a t  90*° to  the d ire c tio n  o f  the applied  ten s io n  are shown together

•with the separate "values o f  th ese  s tr e sse s  along the same a x is . P igs.

150 and 151 compare th ese  r e s u lt s  "with the th e o re tic a l d is tr ib u tio n

obtained by the method g iven  in  Chapter Ho I t  i s  seen  th at there i s

good agreement be-tween the th e c r e t ic a l and experim ental r e s u lts . The

s l ig h t  divergence observable i s  regarded as a measure o f  the degree o f

approximation involved  in  using two terms on ly  in  the transform ation

s e r ie s . I t  i s  considered th at in  view  o f  the n e g lig ib le  order o f

deviationp the use o f  two terms only i s  both ra'fcional and acceptab le.

I t  i s  a ls o  c le a r  from the conparison o f  th ese  r e s u lt s  -that

fo r  the d isco n tin u ity  width to  p la te  width r a t io  usedg in f in i t e  p la te

con d ition s have been r e a lis e d  in  the eaperimental specimens used.

I t  i s  observable that in  the graph o f  (cr̂  -  o^) for the a x is  a t 90®

to  the applied  tension^, that there i s  a decrease in  (oi *» crL)/^J. 6 o
immediately p r ior  to the f in a l  h igh increase a t the point o f  maximum 

s t r e s s  concentration . This i s  a feature which -was shown to e x is t  by 

JESSOF and SNPHj in  th e ir  expérim ental work on ten s io n  bars containing  

a c ir cu la r  h o le . I t  should a lso  be re c a lled  that th e th e o r e tic a l  

so lu t io n  for the c ircu la r  hole g iven  by KIHSGH shows a sim ilar  decrease  

in  the (cr  ̂ -  cr )̂ d istribution^

Another feature o f in te r e s t  i s  th at the s t r e s s  concentration  

fa c to r  for a cruciform  crack i s  e f f e c t iv e ly  the same as -that fo r  a s l i t

o f  s im ila r  o r ie n tâ t !0% that i s  *vdien the s l i t  ( in  th is  case the arm o f



DISTRIBUTION OF AND ALQNB MORIZOMTAL

P ig .150,

MB
90

8 0

TO
6
K 60o

C£NTR£ LINE

THCOR.
or#

■ i r r .

♦ M M f t f f I

^5— X +d—:

01^01 fex.1)

2 0  3 0  4 0  5 0  TO  & 6  M 7
DISTANCE IN TERMS OF CRACK LENGTH

F ig .151,

f o  S  ALONG HORIZONTAL
CENT RE  LI NE

DISTRIBUTION OF

9 7 3

9 0

8 0

O bOb

6  7 0

6 0

UJ
H SO

Ob

(/) 4 0
O ',

O b t h e o r

2 0

lO
<roP

O 3 0  4 0  SO  6 0  7 0  8 0  8 37
DISTANCE IN TERMS OF CRACK LENGTH

20



(iv.l) 108.
o f  the cruciform oraok) i s  a t  90° to  the d irec tio n  o f  the applied

tension# Prom th is  i t  may he in ferred  that a s l i t  whose a x is  l i e s  in  

the d irec tio n  o f the applied  ten sion  has no e f f e c t  on the maximum s tr e ss  

concentration# The s tr e s s  concentration fa cto r  would obviously he 

reduced as the number o f  ’arms’ o f  the crack was increased^ u n t i l  the  

c ircu la r  hole case was reached#
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Comparison o f  T h eoretica l and Experiment@1 S tress  Concentration Factors 
fo r  a v a r ie ty  o f  D iscon tin u ities#

The s tr e s s  concentration  fa c to rs  fo r  the forms o f  

d isc o n t in u it ie s  in v e stig a ted  th e o r e t ic a lly  hy the method given  in  

Chapter I I  have been compared w ith  the corresponding fa c to r s  obtained  

by the p h o to e la stio  a n a ly s is , and the valu es are-shewn in  Fig# 152#

I t  can be seen th a t th is  comparison i s  a favourable one, the h igh est  

d ev ia tio n  between theory and experiment- being 6,8^ . I t  i s  o f  in te r e s t  

to  note th a t the two h igh est d ev ia tion s occur fo r  the forms of  

d is c o n t in u it ie s  derived from the ’square h o le ’ transform ation form, 

when the d iagonals o f  the h o les  l i e  along and a t  90® to  the a x is  o f  

ten sio n . As i s  shown la te r ,  the experim ental value for the cruciform  

crack i s  in  agreement w ith  the value obtained by IMG-LIS’S e l l i p t i c  

formula K -  1 + 2/®/p. The w riter  i s  therefore o f  the opinion  that  

the value obtained by the method given  in  Chapter I I  i s  s l ig h t ly  high, 

and th a t t h i s  may be due to  th e shortened transform ation s e r ie s  which 

was used*

In  the case o f  the second ’square h o le ’ , the value for the 

th e o re tio a l s t r e s s  concentration  fa c to r  may be s l ig h t ly  high for  the  

same reason. In  ad d ition , the oorrespondirg IKCLIS value i s  h igher  

than th a t g iven  in  Chapter I I .  For th is  p a rticu la r  type o f  d isco n tin u ity  

however, i t  i s  suggested la te r  by the w riter  th a t the IM3jIS ' method 

tends to  over-estim ate the s t r e s s  concentration  fa c to r , and therefore  

i t  i s  claimed th a t the experim ental fig u re  i s  nearer to  the true value#

S elected  va lu es o f  s t r e s s  concentration  fa c to rs  ca lcu la ted  by 

II^U lS’ formula ( l# 6 )  from the dimensions o f  the experimental 

d is c o n t in u it ie s  shewn in  Fig# 155 are g iven  in  Fig# 154.
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ÎScamination o f  these r e su lts  suggests that in  general the  

IKGElES theory over-estim ates the s tr e ss  concentration  fa cto r  fo r  cases  

■where the equ ivalen t e l l i p t i c  form i s  enclosed hy the actual 

d isco n tin u ity  ( fo r  example ,̂ the square hole w ith i t s  diagonal p a r a lle l  

to  the d irec tio n  o f  ten sio n ), vhereas i f  the discon-tinuity i s  enclosed  

hy the equivalent e l l i p t i c  form the th eo re tica l s tr e s s  concentration  

fa c to r  i s  in  agreement w ith the experimental va lu e, (such as for  the 

h orizon ta l s l i t  and the cruciform) *
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(IV. 5) Oorrelation of Stress CoïMîenfcratlon Factors for Deaign Purposes

As a  fu rth er check on the r e l ia b i l i t y  o f  using an equivalent 

e l l i p t i c  fcrm in  p lace o f  a n o n -e l l ip t ic  form, the graphs o f  F igs. 155 

and 156 were p lo tte d . The conducting paper method was employed to  

determine the (cr  ̂ + o^)/o^ d is tr ib u t io n  along the a x is  through the  

d isco n tin u ity  a t  90° to  the d ir e c t io n  o f  ten sio n , for  both the non=̂  

e l l i p t i c  and i t s  equivalent e l l i p t i c  form. The boundary fr in g e  va lu es  

used in  the conducting paper analogy fo r  the n o n -e ll ip t ic  opening were 

determined by the p h o to e la stio  method. These same boundary va lu es  

were used for  the equ ivalen t e l l i p t i c  openingo Their approximate 

p o s it io n s  on the boundary o f  the equivalent e l l i p t i c  d isco n tin u ity  were 

determined by p ro jec tio n  ftrom the n o n » e llip tic  boundary point to  that  

on the equ ivalent e l l ip s e ,  in  a d ir e c t io n  p a r a lle l  to  the applied  

ten sion . The (cï^ + d is tr ib u tio n s  were then compared^

From the graphs o f  F ig s. 155 and 156 i t  can be seen  that the  

concept o f  u sing an equivalent e l l i p t i c  d isco n tin u ity  in  p lace o f  a  

n o n -e ll ip t ic  one, i s  v a lid  a s fa r  as the d is tr ib u tio n  o f  the sum o f  the  

p rin cip a l s tr e s s e s  i s  concerned.

From a l l  the work done, and as i l lu s tr a te d  p a r ticu la r ly  by the  

cruciform  approximation, i t  appears that the major fa c to r  o f  in flu en ce  

in  s tr e s s  concentration  i s  the c h a r a c te r is tic  shape r a t io  P /a , where 

p i s  the sm allest root rad ius o f  curvature and sl i s  h a lf  the width o f  

the d isco n tin u ity , r e la te d  to  th is  radius.

I t  was considered th a t a sem i-em pirical equation, i f  i t  could  

,be esta b lish ed , purely  fo r  d esign  purposes, would be o f  va lue. Therefore ; 

an a tten^ t has been made, based on IKGUS  ̂ theory, to  r e la te  the  

experim entally determined s tr e s s  concentration  fa c to r s  fo r  n o n -e ll ip t ic
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e l l i p t i c  and in c lin ed  e l l i p t i c  h o les to  the th e o re tic a l s tr e s s

concentration  fa c to rs  fbr equivaJ.ent e l l i p t i c  h o les -whose major axes

are perpenâiculcr to  the d ire c tio n  o f  ten sion  applied  to  the plate»

The th e o r e tic a l s tr e s s  concentration fa cto r  fo r  the n o n -e ll ip t ic  hole

■VTas ca lcu la ted  from the specimen dimension, using IMtLIS equation (1 ,11)

and equated to the th e o re tic a l s tr e s s  concentration  fa cto r  for an

e l l i p t i c  hole Those major a x is  i s  h orizonta l, g iv in g

T heoretical S tress  Concentration Factor fo r  n . o ® -
N o n -e llip tic  hole *  ̂ h -  -  • • -  » J.;

From t h is  equation, an Equivalent® ^  r a t io  was determined^

again st which the experimental s tr e s s  concentration  fa cto r  was p lo tted .

Since h ^  Vap for an e l l ip s e ,  the "equivalent® ^  r a t io  takes account

o f  the s iz e  o f  the hole and i t s  minimum radius o f  curvature,
2aThe graph o f  1 + zg- i s  i^aowi in  F ig , 157 w ith  the experimental

s tr e s s  concentration  fa c to rs  p lo tted  against th e ir  "equivalent *a
r a t io s , ’ and i t  can he seen that in  most cases th is  g iv es  a reasonable

approxiiration from the viewpoint o f design. This form o f  co rre la tio n

i s  a  b a s is  fo r  a  chart su ita b le  for  design  purposes.

This method o f p lo tt in g  has been tr ie d  w ith the th eo re tica l

s tr e s s  concentration  fa cto rs  o f  two o f the authors quoted in  the review,

that i s  SÆVTN and STEVENSON, the resu ltin g  graph being shown in  F ig, 158.

This graph shows that the ING-LIS method would g iv e  higher s tr e ss

concentration fa c to r s , fo r  c er ta in  shapes o f h o le s , than e ith er  SAVIN

or STEVEN̂ N , but th is  would in  a l l  cases be "safe® fo r  design  purposes,

A su ita b le  sem i-em pirical equation which approximates to  the

foregoing graphical forms has been found to  b e s -
« 0 ,6 0

K = 2 + (p)       . ( 4 .2 )
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where K i s  the s tr e s s  concentration  factor,

p i s  the ininiinum radius o f curvature o f the ®equivalent” e l l ip s e ,  

a i s  the semi^inajor a x is  o f  the ^equivalent® e l l ip s e .

From t h is  equation^ the design  chart shovm in  Fig» 159 has heen devised , 

the method o f  use beirg  as in d ica ted  hy the arrowed lineSo Thus fo r  any 

n o n -e ll ip t ic  opening in  a ten sio n  p la te , an equivalent e l l ip s e  i s  ®fitted® 

to  the opening and i t s ““  value determined, then from the design  chart 

the approximate s t r e s s  concentration  fa cto r  may he found.
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Vol The Cruciform Crack

( i )  T heoretical A nalysis

The method o f complex p o ten tia ls  applied  to  the s tr e ss  

a n a ly sis  problem o f  a ten sion  p la te  containing a cruciform  crack has 

been shown to  be com pletely sa t is fa c to r y  in  e l l  re sp ects , even although  

the conformai transform ation s e r ie s  form used to  transform the cruciform  

boundary on to  the u n it c ir c le  was an abbreviated se r ie s .

I t  must be sta ted  however, that th is  method o f s tr e ss  

a n a ly s is , although mathem atically more ®elegant®, i s  a time consumirg 

process, and that in  order to obtain  numerical r e s u lt s  in  a reasonable  

time i t  must be supplemented by the use o f  an e lec tro n ic  computer.

( i i )  Experimental Work.

The r e l ia b i l i t y  o f  the r e s u lts  depends on the accurate 

determ ination o f  the photo e la s t ic  frin ge patterns in  regions o f high  

s tr e s s . The use o f  a tr a v e llin g  microscope, together w ith a microscope 

camera, has been shown to  g ive  r e s u lts  o f  a h igh order o f accuracy, 

even in  reg ions o f  high s tr e ss  and high s tr e ss  gradient such as are 

encountered a t the ends o f two o f the arms o f the cruciform crack case  

in v estig a ted .

( i i i )  S tress Concentration Factor

The th eo re tic a l a n a ly sis  has been v e r if ie d  by the experimental 

work. I t  has been shewn that the s tr e ss  concentration  fa cto r  fo r  a 

cruciform ®crack® sim ulated in  the experiments, whose axes are p a r a lle l  

and perpendicular to  the d ire c tio n  o f  ten sio n  i s  sen sib ly  the same as 

th at for a s l i t  o f  sim ilar dimensions to  one arm o f the crack, ly in g  a t  

90° to  the a x is  o f  the ten sion . The- arm o f  the ® crack® whose a x is  l i e s  

along the d ir e c tio n  o f  the ten sion  appears to have no e f fe c t  upon the 

s t r e s s /
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s tr e s s  concentrât ion  a t the end o f the other arm. This has been shown 

a lso  hy comparison with IH3-LIS® theory, which for th is  form o f  

d iscon tin u ity  and o r ien ta tio n  used g iv es an accurate s tr e ss  concentration  

factor .

S tress D istr ib u tio n

The th eo re tic a l s tr e s s  d is tr ib u tio n  along the a x is  o f  the  

cruciform a t 90° to  the d irec tio n  o f tension , has been v e r if ie d  by the 

experimental work. In  p articu lar , i t  has been d e f in ite ly  estab lish ed  

that in  the d is tr ib u tio n  o f  the d ifferen ce o f  the principal s tr e s se s  

(cr̂  -  cTg) along t h is  a x is , a decrease occurs below the uniform ten sion  

valu e, before the f in a l  increase to  the maximum value a t the end o f the 

’arm® o f the crack.

V.2 The Analogue Technique

( i )  The Function Generator and Analogue Computer

I t  has been shown that by the use of an analogue computer i t  

i s  p o ssib le  to  determine in  an extremely rapid manner, conformai 

transform ations in  s e r ie s  form, containing numerical c o e f f ic ie n ts , for  

an in f in i t e  number o f  geometric boundaries.

For any p articu lar form of transformation, the e f fe c t  o f  

v a r ia tio n s in  the number o f  transform ât!on terms, or in  th e ir  c o e f f ic ie n ts ,  

i s  r ea d ily  determinable. The method may be employed to  obtain a su itab le  

transform ation form which m i l  ’’fit®  a chosen boundary, as was done for  

the case o f  the cruciform  ’crack® boundary in v estig a ted .

I t  i s  concluded that th is  technique could be extended to cater  

fo r  many transform ation forms other than the type used in  the work reported.
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( i l )  The OonAuffiting Paper Analogue

This analogue has heen proved to  he a very accurate and rapid 

method fo r  the determ ination o f  the d is tr ib u tio n  o f the sum o f  the 

p rin c ip a l s tr e s s e s  in  ten sion  f i e ld s ,  and for ca ses  of to rs io n , for  

the d is tr ib u tio n  o f  shear s tr e s s . The experim ental techniques used by 

the m i t e r  for  applying boundary v o lta g es  to  oonductipg paper specimens 

and fo r  measuring vo lta g e  d is tr ib u tio n s , have been most sa t is fa c to r y ,

V, 5 S tress Concentration Factors

A rep resen ta tive  range o f  geometric forms o f  d is c o n t in u it ie s  

in  ten sio n  p la te s  has been in v estig a ted . In  general, i t  has been shown 

th at the experimental s tr e s s  concentration  fa c to r s  are in  agreement w ith  

th ose obtained th e o r e t ic a lly . I t  has been shown that the s tr e s s  

concentration  fa c to r  fo r  any d isco n tin u ity , whether edge or in tern a l, 

i s  dependent la r g e ly  upon the s iz e  o f  the d isco n tin u ity  and the minimum 

radius o f  curvature, th a t i s  upon a ’shape factor® ®/p. I t  a lso  

depends in  the case o f  uniform ten sio n  on the o r ien ta tio n  o f  the 

d isco n tin u ity  r e la t iv e  to  the d ir e c t io n  o f applied  ten sio n , as  

i l lu s t r a t e d  by the f iv e  e l l i p t i c  openings in v e stig a ted  p h o to e la stic a H y , 

The IKG-LIS theory g iv e s  reasonable s tr e s s  concentration  fa c to rs  

fo r  d is c o n t in u it ie s  where the equ ivalent e l l i p t i c  form en clo ses the  

d isco n tin u ity  b eirg  examined, but overestim ates the s t r e s s  concentration  

fa c to r s  for d is c o n t in u it ie s  which en close the equivalent e l l i p t i c  form. 

The ’barrel® shaped d isco n tin u ity  suggested by HEIWOOD g iv e s  a 

r e la t iv e ly  lower s t r e s s  concentration  fa cto r  than those fo r  sqhare 

boundaries o f  approximately sim ila r  dimensions.



ÜL3 “ ]LA) 118.

The s tre ss  concentration fa c to rs  fo r  square and certa in  triangular

d isc o n tin u it ie s  given by SAVIN are generally  lower than those obtained fo r

sim ilar types of d isc o n tin u it ie s  by the experimental work o f  th e  writer^

w hile the th e o r e t ic a l r e s u lts  o f  STEVENSCN for  square^ tr ian gu lar and

polygonal boundaries are generally  in  agreement w ith th e  experimental

r e su lts  obtained:by the writer*

The method of p lo tt in g  the experimental s tr e ss  concentration

fa cto r  against: an * s u iv a ie n t  ^  ratio* fo r  an e l l ip t i c  d isco n tin u ity  with  

major a x is  at 9 0  ̂ to  the d irec tio n  o f the ten sio n , provides a su ita b le  means 

o f comparing^ s tr e ss  concentration fa c to rs  fo r  d isc o n t in u it ie s  of d ifferen t  

b a sic  i^apeso This has a lso  led  to  the drawing up o f  a design chart fo r  
d isc o n tin u it ie s  in  p la te s  in  uniform tension^,

V«A Design Chart for  S tress Concentration Factors

A design chart o f  the form presented i s  considered to  be o f  value  

fo r  th e  rapid assessment o f stress'con cen tra tion  e f fe c t  fo r  any geometric 

shape of d isco n tin u ity  fo r  which a shape fa c to r  Vp pan be estim ated, %he 

s tr e ss  concentration fa c to rs  determined from th is  chart w i l l  be s u f f ic ie n t ly  

accurate fo r  design purposeso I t  must be sta ted  c lea r ly  that t h is  chart 

a p p lies only to  d lsc o n t in u it ies of geometric form in  th in  p la te s  under 

uniform ten sion , i The ra tio  o f d isco n tin u ity , width to  p la te  width i s  not 

greater than 1 $ 8 , to  allow  th e p la te s  to  be considered as in f in i t e  r e la t iv e  

to  the s iz e  o f the d iscontinuity*

For the va lu es o f  greater than 25 (that i s ,  fo r  ^  va lu es l e s s  

than 0*2), the chart may over-estim ate the s tr e ss  concentration effect*

Since d isc o n tin u it ie s  w ith in  th is  range have extremely sm all r a d ii o f  - 
‘curvature, i t  i s  considered th a t fo r .d esig n  purposes a *.self-contàinÈd ‘ 

over-estim ate in  the chart i s  o f  p ra c tica l value* As an example o f t h i s ,  

fo r  an r a t io  o f  100 (that i s  a;: :^ ra tio  of 0*l]j, the over-estim ate in  

comnaiison with th e  INdLÏS value i s  24̂ <i For *  va lu es between 25 and 100, 

the percentage over-estim ate diminishes#
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Theory o f  Complex P o te n tia ls  in  Tyro-DlmarLS.lo.ml .KI.p-.stA.eltor 

A th in  p la te  in  the XOY plane i s  considered, loaded in  such 

a m y  as to  produce cond itions o f plane s tra in  or gen eralised  plane 

s tr e s s .

I f  body fo rces  are absent, the con d itions of equilibrium  

are s a t is f ie d  vhen

dcr dr dr 8(T
I T  +  (? - ] )

and the con d itions o f co n p a ta b ilily  are s a t is f ie d  vhen 

^2 ^2
*"o  ̂ + 0* ) « 0  ««e«oooo«ao*.o»«*«*.«»*«*.oa9t**i}(7c2)

èK ay , y

Changing to  con^lesG co-ord inates g iven  by Z -  x + iy ,  Z = % -  iy ,  

noting that a 1/3  id  ^
TiM n if i M ic f  I

az 2^èx èy^

a _ 1/6 l a  \ 
az “ s 'a x  ay'

and introducing the s tr e s s  combinations

0-y -  o-̂  *.

equations (7 .1 )  and (7 .2 )  become

^ O . . . »  c o O 0 c . 0 ( 7 . 4 )az

a " " 0  ^7~..i»pr—T» “ V Ota.V.OCOOOdO.OOOOa.OOOO.SO.COO.V'O*-'/az. az

I t  i s  seen th a t (fl) i s  r e a l, and as i s  shown la te r ,

@ = 2  ^ÿ'(z) + ?‘(z)j   . . . ____ . . . . . . . . . ( 7 . 6 )
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where the dashes denote differentiation with respect to the bracketed 

variable y and the bars denote the conjugate coiiiple% quantity. 

Substitutirg for ® in (7.6) and integrating gives

§  = 2 [ 2 ^ " ( z )  + f ’ ( z ) J  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ( 7 . 7 )

Thus the stress components at any point in the Z region 

may be determined from two complex potentials 0(Z) and ijv (z) in 

terms of which a ll the other quantities may be obtained.

Boundary Condition

RrttLng n and jB as unit veotors normal and tangential to the 

boundary L of the opening in the Z plane^ and a as the angle of 

inclination of n to the positive X axis as shown in  Fig. I4.O the 

direction cosines of n being (l, m, o) and those of ^  being (- m, 1, o), 

then the stress over an element of L can be represented by the vector 

Rn i*iidh is  related to the cartesian stress vectors R% and by

Rn = Rx +

I f  Xn and Yn are the components of Rn then

Xjj » 1er. + mu
X

xyi T w  + mx
xy

■y
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Taking and to  be known q u a n titie s , they  may be 

r e la te d  to  the complex p o te n tia ls , thus

= ■! e^®® -  I  8 f   .................................................(7.8)

which on su b stitu tio n  fo r  ® and g iv es

\  +  ? ’ ( 2 )  -  [ ^ " ( g )  + f  ( g ) ]    . ( 7 . 9 )

Since Z = x + iy ,  ^   ̂ -  m + i l  = ie^^

therefore

m
idsi ( X ^  +  1Y ^ )=  [l4 ' ( z )  + 0 ' ( Z ) ] ^  +  [ z ? " ( z )  + ? ’ ( Z ) ] -

[?5(Z) + Z g'(z) + ÿ(Z )]  ................ . . . . . . ( 7 . 1 0 )a  
“  a s

Assuming the boundary to  be a c lo sed  curve, and in teg ra tin g  

round the boundary g iv e s

i J  " #( z)  + Z$'(Z) + ip(Z) + constant^

This in te g ra l i s  now w ritten  as f^ + if^  so that the boundary 

con d ition  becomes

#(Z) + 2?*(Z) + îj/(z) = f 2  + i f g  + constant a o , o o o , , * . * . , . . . o . , c ( 7 , l l )

R esu ltant Force on the Boundary

The change in  f ( z )  when Z makes one c ir c u it  o f  the boundary L 

i s  denoted by C f ( z ) ,  e«go C logZ = 0 i f  L does not con tain  the
4/ iJ

o r ig in  and C^logZ = 9iri i f  Ij does contain  the o r ig in .

A lso, i f  (X, Y) are the components o f  ttie re su lta n t force on 

the boundary, then i t  may be shown that

(X + iX) = -  % i  Cy [ÿ (z )  + z?»(2) +?(Z)J   . . . . ( 7 . 1 2 )

D isplacem ent/
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Displacement

Writing the complex displacement in  the (x, y) plane as

D 5= u + iv ,  then the s tr e s s  combinations §  and ® expressed in  terms

o f  the complex displacement are

#  = -  4: fl ..................................................................................(V.IS)

® ...................................... .......................................................................(7 .14 )

(Noteg these expressions may be proved by su b stitu tin g  fo r  D and 

expandirg the r ig h t hand s id es) o

S ub stitu ting  equations (7 ,15 ) and (7 ,14) in  equation (7,4)  leads to

= 0...................................................................(7 .15)
az. az azT

Tdiere K =s 5 -  4v e  bulk modulus for plane s tra in

= Y ” ” gen era lised  plane stressp

In tegration  with resp ect to  Z g iv es  

ÔD ^
ag^ az ~  * C^*(z) and i t s  conjugate

I

K §  ,  f  .  C?-(Z)

which when combined, reduce to

(K  ̂ -  1) ~  = C [ k̂ «(Z)  -  0«(g)]

Putting 0 s  '— gi ves

2 f i ^ s =  K ÿ'(z) -  ÿ ' ( z )   ...................................... (7 .16 )

which on in teg ra tio n  with resp ect to  Z may be shown to  lead  to

2fiD = Kÿ(z) -  Z0’ (Z) -  ÿ (z )   ............ . , . . ( 7 . 1 7 )
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W rit in g  (7 ,1 6 )  a s

^  [ k^®(z ) « ÿ" ( z ) j  an d  i t s  c o n ju g a te

^  [^0® (2) “  <^'>(z)j a d d in g  and s u b s t i t u t i n g  i n  e q u a t io n

(7 o l4 )  g iv e s  a n  e x p re s s io n  f o r  (fi) a s

o r  'y*  ̂ (  Z )  "Ï* 0   ̂ (  Z ) ^  O o « o e , o o « o » o o » o e o e » « * o * « * a * o « o ( 7 a  I S )

S in c e  K s  5 «  4v f o r  p la n e  s t r a i n

K - I s s  2 (1  = 2 v ) , an d  hence  (7 ,1 8 )  re d u c e s  t o  fo rm u la  ( 7 ,6 ) ,  w hich 

i s  a p p l i c a b le  a ls o  t o  g e n e r a l i s e d  p la n e  s t r e s s  when K = 5 -  v / l  + v»
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Form o f  th e  Complex P o t e n t i a l s  

The r e s u l t a n t  boundary  fo rc e  c o n d i t io n  s t a t e d  i n  e q u a t io n  

(7«12) i s  s a t i s f i e d  by  complex p o t e n t i a l s  o f  th e  form

+ o*

o«*o««*e***«*oe*«*(7o19)
¥00

.foo -̂ oo
The _

'  oo
s e r i e s  2  and S  m ust n o t  c o n ta in  te rm s i n  n . ^  2,~,oa n  ..oo

i f  th e  s t r e s s e s  a r e  to  rem a in  f l m , t e  a s  | z | - ^ ^  th e  p l a t e  b e in g  

assum ed t o  b e  l a r g e .  These s e r i e s  may be w r i t t e n  

4®̂  e
Z  .  a'^Z + Ê  = a \Z  + ^ 'o  + ^  '

"®® . . . . . . . ( 7 . 2 0 )

2 b ’ Z” = - b ' .Z +  22  t '  Z  ̂ = b ' Z  + b' + h i  + h â  + " "
- O O  n 1 n 1 o 2

o
Now put ÿ. (Z) = 2 2  *■’ z” and

w ith  a*^ -  B + iC

and  b®^ = + iC ^ w here B, and  a re  c o n s ta n ts  to  b e

d e te rm in e d  from  th e  s t r e s s e s  a t  i n f i n i t y ,  w h i l s t  C c o rre sp o n d s  to  a  r i g i d  

body  d isp la c e m e n t, ta k e n  a s  z e ro .

Then th e  complex p o t e n t i a l s  become

#(z)  = ■ '■ ^ l^ h o g  Z + (B + iC)Z + ÿ^(z)   . . . . . . . ( 7 . 2 1 )

* f ( z )  = z  +  (B^ +  i c ^ ) z  +  f ^ ( z )   . . . . . . . . ( 7 . 22 )
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I f  th e  p r i n c i p a l  s t r e s s e s  a t  i n f i n i t y  a r e  cr^ a M  <T w i th  

th e  d i r e c t i o n  o f  <r inaking a n  a n g le  a  w ith  th e  x - a x i s ,  t h e n

<t>'{z) a  B + iC  

0 '( Z )  = B -  iC

(7.25)

and from

<S> = O-̂  + Oy a  2 [0 » (Z )  + 0 '( Z ) ]

th e n  cr^ + cr^ = 4B. A t i n f i n i t y ,

or + cr sscr 4 < r  ^ 4 B  X y  o p

1o o B * ' T  ( cy* 4 O* ) »oooo#*«*e*eoa***#ea*(7# 24}4 o p'  ̂ '

A lso, from equation (7*21), a t  in f in i t y  ÿ* (z) = 0 and 

equation (7 ,7)  g iv e s

O y - o - ^ + 2 i t ^  = 2 1f»«(z)

= 2(B + iC ^ )

Since (cr -  o^) a (cr -  <r^)oos 2 a

and St “ -(cr_ •= cr ) s in  2 axy p o'

th erefore  (cr -  cr ) ~  2B, = (cr -  <r )co s 2 ay x'  J. ' p o'

^■'xy “ 20^ = “(ov -  (T^)sin 2 a

1g iv in g  -  "g" (cr  ̂ = cr^)oos 2 a

C. “ ■i' (cr -  cr ) s i n  2 a  1 2 o

O O O B O O O O O Q A t t O O O C O O O (7.25)

A p p l ic a t io n  o f  C onform ai T ra n s fo rm a tio n

The r e g io n  e x te r n a l  t o  th e  b o u n d a ry  c u rv e  L o f  th e  a c t u a l  

h o le  i s  now mapped i n t o  th e  ^  - r e g io n  ina idm  a iinn+. Y-k^t 4.1.^
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transform ation Z ~ w(  ̂) ,  and when the point J l i e  s  on the boundary o f

the u n it c ir c le  i t  i s  denoted by cTa The complex p o te n tia ls  are now 

ex p ressib le  in  terms of çr in  the form

0(Z) s  0 [w (c )]  s  0 (0-),

SO th at th e  equation fo r  th e  boundary con d ition  (7 ,1 1 ) now becomes

0(cr) + + ÿ(5^) = f^ + i f g  constant on V ................... (7.26)

I f  ÿ = pe^^, combinations o f  the cu rv ilin ea r  s tr e s s  components can 

be w ritten  in  the form

cooooeDOe.e.««co««o«,(7.27)
p  = cTq -  (Tp + 2i<tpg =

where a  i s  the angle which the normal to  the curve p = constant 

makes w ith  the X -axiâ,

Then in  terms of the complex p o te n tia ls , using equations (7.5),

® “ = 2 [x ($ )  4-X(W)].....  ...........    . (7 ,2 8)

P  sz— -21™ . [s (5 )c X '($ )  4- ip'(?) |  CO..*, . . . . . . . . . ( 7 . 2 9 )
P wXS) L j

where ^̂ (̂$ ) " O l > 0 0 0 0 0 0 u 0 0 0 0 0 0 . 0 0 0 0 0 0 0 . 0 0 . 0 . 0 0 9 0 . . , o ( 7 .  50)

Using the transform ation form

Z ==«>(J)  ̂C ^  4- ^ J , . . . o . . . . . . . . . . . .  (7 .51 )

Now, using equations (7 .21 ) and (7 .22 ) and su b stitu tin g  fo r  Z,

g iv e s  the con^lex p o te n tia ls  as

0 (5  )  »  ' ^ ‘(X ^K y^  ^  4" ^  B  +  0^(S )  O o o o o o o o o .  0 , 0 0 , 0 0 0  . . 0 ( 7 .  5 2 )
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+ # (= 1  + i^ l)  + Y , ( n  ...........................(7 .55)

idiere 0 (S) = 2% ®jid ^ ( ) )  = S b  are two functionsU J XI * O ^  XI

o f  i  ih ich  are an a lytic  in sid e  the u n it c ir c le  |J | = 1,

The Theorem of HARMCK (see  SOKPIiNIKDFF*S ’Theory o f  

E la s t ic ity ’ , page 1 6 o / now applied. This in  e f fe c t  s ta te s  that i f  

two expression in   ̂ are to  be equal at a l l  points on the boundary o f  

the u n it c ir c le , i t  i s  p ossib le  to  m ultiply both s id es  by 

and in tegrate  round the boundary, th is  resu ltin g  in  eq u ality  o f  the 

two functions. Therefore, su b stitu tin g  the complex p o ten tia ls  (7 .52) 

and (7 .55) in to  the boundary condition  (7 .2 6 ),

+ ^  + 0^(0-) .  + 0 ^ '(5 ) |

+ <r + 5ct(B  ̂ -  iO^) 4. f^ (^ ) = q  + I fg  ............... (7 .54)

By reforming, th is  equation becomes

h  *  « 2  -  [ * . w  * # ÿ  '

* ^  ”■ •  • • •  <’ • “ >

The boundary condition  for 0^(J) and i s  now w ritten  as

Î ® -  .................................

Applying HARNACK’S theorem, each terra i s  m ultip lied  by — r and' ' dSm. 0^5
integrated  round the boundary Y o f  the unit c ir c le ,  g iv ing

f,%lfg®ckr
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Usiï% CAUCHY’S In tegra l formula, the f i r s t  in teg ra l i s

*  = * 0 » )

and the th ird  in teg ra l i s

o

thus g iv in g

 (7 .» 7 )
■'x ■'y

the conjugate o f  equation (7 .56 )

^o(^) ...................................(7 58)

and perfarmiîTg the same in teg ra l process leads to

......................(7 .59 )

I f  the fVinotion <o(i) i s  ra tio n a l, equations (7 .57 ) and 

(7 .59 ) lead  to  the values o f 0 ^ (0  and and theréfcre

(7 .52 ) and (7.55)  g ive  the complex p o ten tia ls , from ahioh the 

s tr e s se s  and the displacement may be found.
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A pplication  to  a Hole in  a Tension P la te

Take the s tr e s s  components cr <r x   ̂ to  corres^ ndX y  xy
to  a p la te  without a hole under a g iven  sta te  o f s tr e s s , and consider

these components to  be re la ted  to complex p o te n tia ls  0 ,^ (z )  and

Cp^(z). A lso take the s tr e ss  complnents cr , o* *, x  to  beX y xy
the additional amounts introduced by the presence o f the h o le , re la ted  

to  coB^lex p o te n tia ls  0 (z) and tj/ (%)* The f in a l s ta te  o f  s tr e ss
o  *o%, Gy and x ^ y  i s  then given  by 0^ = 0^ + 0^ , e tc .

Since the e f f e c t  o f  the hole w il l  tend to  be zero as Z tends
l|c

to  I n f in ity , the functions 0 (z )  and (Z) w i l l  be o f  the iype  
e o *

2 2  2 2  6md a lso  0^ ( Z )  =  0 ^ ( 2 )  + 0  ( z )  e tc .
— od

The notation  used on transform ation to the § -p lane i s * -

[o)(5)j = 0 ( s )  Y i  “ Y

0 ® [ w ( 0 ]  = 0 ^ ( 5 )  )3 =

0  [ w ( f ) ]  = y  [ w ( f ) ]  =  Y ) ( n
Then 0(J)  = 0<(r) + 0 0 ( f )  Y ( r )  = Y ^ ( n  + Y ^(f)

Trtiere 0 j $ )  = ^  = Z  .................................(7 .40 )

These are the complex p o te n tia ls  which must be found and which must

s a t is f y  the necessary boundary cond itions,

From (7,57)  and (7.59)  these cond itions g ive

^  < '•“ >

«".(M ........................ < '•« >

■Where + Ifg® I s  the derived boundary con d ition  fo r  0^ (f) and
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and and i s  o f  the type

fl® + ifg® = f^ + i f g .  [ 0 (0-) + | S ^  0*(â) + ÿ ( ; ) ]   ................ (7 . 4 5 )

P la te Under Unifcrm S tress

For uniform s tr e s s  cr̂  a t  an angle a  to  the x -a x is , and 

the boundary o f  the hole in  the p la te  unloaded, thenX + iY e 0 and 

+ i f g  e 0. Hence from equations (7 ,24) and (7,25)

® “ 4®'o

Bi St -  "g cos 2 a

Oi a *1 cTq sltt 2 a

1
4

Iff^(z) et -  i  a*̂ e**̂ ^̂ Z which, using equations (7 .5 )  g ive the above

This s tr e s s  s ta te  can be obtained from complex p o ten tia ls  0^(z) = ^  cr̂ Z,

s tr e s s  components.
1
4  ̂ " ^o

. • . • .aoea ooo o .o . * , 9 ( 7 *4 4 )

Y(S)

The boundary condition  (7 .43) now leads to

[«(<r) +
— #.0**##*###*#000«0o(7o4 5 )

[S(o*) -  a-^^^(o((7)J

Usipg equations (7#41) and (7 ,42 ) the complex p o te n tia ls  0^(5) and 

lp (̂!f ) oan now be determined i f  the form o f the transform ation i s  giveno 

The s tr e s s  ccnbinations at any point in  the Z reg ion  may be 

oalcu lated  using equations (7 ,5 ) ,  for  cartesian  co-ord inates, thus

OL
< = - f
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thus

®  = 0-̂  + 0-y = 2 Ü)#]
$  = o -y -o -^  + S i x ^

= 2 Z

1 4 6 .

(7 .4 6 )

(7.47)

or fo r  cu rv ilin ea r  co -ord in ates, equations (7 .2 8 ) and (7 .2 9 ) may

be employed.
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APEËNDIX VII. 2 DIGITAL OaOTTER HKXIRAMME 

FOR THECRETIOAl STRESS DISTRIBOTION K)R 

CRUCIFORM CRACK CASE.
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-YX-X* S D lpiital Computer Btx>jgrainme for T heoretical S tress  D istr ib u tio n  

for  Cruciform Crack Case.

For the comijutation o f  values o f  (o^ + cr̂ ) and (o^-<rp+ SIt q̂) 

i t  was eventu ally  decided to  compute: va lu es alorg the a x is  through the  

point o f  maximum s tr e s s  a t 90® to  the applied ten sion . The programme 

however was w r itten  and prepared for  ca lcu la tio n s fo r  the a x is  a t  

r ig h t angles to  th is .  Since many o f  the cards were common, i t  was 

found p o ssib le  to  u t i l i s e  these cards for both prograianes, and for  

th is  reason the card numbering code i s  not consecutive in  the (o^ + 

programme, since cer ta in  cards had to  be om itted from the  

(cr̂  -  + SiipQ) programme to  g ive the programme fo r  (o^ + c^).

(Note; I t  i s  p o ssib le  to  u t i l i s e  the computer to  ca lcu la te  values  

over the -ysiiole f i e ld  o f  s tr e s s , and a programme was commenced with  

th is  in  view. I t  was la te r  abandoned however in  favour o f  the more 

d irec t and shorter programmes given. )

Programme for § '  "

For convenience in  programming, expressions (2 .79 ) and (2 .80 )

were used to  ca lcu la te  the va lues o f  ou -  cr + 2 iv  the sum o f  theseG p p0
equations giving the s tr e s s  combination quoted, and on the a x is  o f  

symmetry, = 0 , Therefore t h is  programme g iv e s  the d ifferen ce o f  

the prin cip al s tr e sse s  along the a x is  a t 90® to  the applied  ten sion s,

Programnè fo r  = Cp + Cp

For t h is  programme, equation ( 2 ,50) was used. Cards common 

to  the previous programme were employed where p o ss ib le , and ad d ition al 

cards as required were added.
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Note; I t  wculd have been p o ss ib le  to  have combined both programmes 

so th a t the computer gave the r e s u lt  o f  the separate s tr e sse s  in  

ad d ition  to  the s tr e s s  combinations, but i t  was considered ea s ie r  to  

use a hand ca lcu la tin g  machine to  perform t h is  fbnction*

The r e s u lt s  obtained from the computer, as reproduced from 

the punched card r e s u lts  on the tabu lator, are shown immediately 

a f te r  each programme.

1



asp X. ÜHJCE DIGIMl COMHJTER HÎOGRfflffl® MKRK H Al p h a  -  CODE
JL48a;.

FCR CRUCIFOEM TYPE *CRACK̂  IN M  INFINITE HATE.

C a lc u la t io n  o f  + 21?^^ d i s t r i b u t i o n  a lo n g  a x es  o f  symmetry f o r  m = 1 /5 .5

r R A B Fu n c t io n c D P i N o t e s

1 DATA XL 1 .0  i n  XI

T1 + XI 1 .0  i n  T1
1 DATA XI 2 .0  i n  XI

T2 + XI 2 .0  i n  T2

1 DATA XI 5 .0  i n  XI
T5 + XL 5 .0  i n  T5

1 DATA XI m i n  XI

T4 + XI m i n  T4
E l 1 DATA XI 0 p i n  XI

T5 + XI p i n  T5
XI + T5 p i n  XI

0 1 RESULTS XI 1 p v a lu e  p r in te d .

XI + 0 0 XI made z e ro .

XI T1 + T4 1+m i n  XI

XI T1 -I— XI l/l+ m  i n  XI

X2 T1 • .
T5 1 /p  i n  X2

X5 T5 X T5 i n  X5

X4 X5 X T5 i n  X4

X4 X4 X T4 mp^ i n  X4

' X2 X2 + X4 l / p  ^  mp^ i n  X2

XI XI X X2 l / l+ m ( l /p  + m p^)inXl

0 1 RESULTS XI 1 V alue o f  Z*=(A)( S’ )

XI X4 X T5 0 i n  XI

X2 XI + ■T1 mp^+1 i n  X2

1 XI XI X T5 5mp4 i n  XI

1 X4 XI T1 5mp'^-l i n  X4

1 X2 X2 X4 m p'^+l/am p^-l i n  X2

1 X2 - X2 - (  " * ) i n  X2

1

L



-sœEaLZ-. ÎJÎAEK I I
14%.

ALPHA - CODE
GRUCmm ' CRâCK’

r R A B Fu n c t i o n c D P i N o t e s

\8 X5 XI + T1 5mp'̂  in  X5

19 X6 XI X T4 6b?P^ in  Z6

0 X6 X6 - XI 5m^p*-5mp* in  X6

1 X7 X3 X T2 2p2 in  17

2 X6 X6 — X7 5m2p -̂Smp' -̂2p2 in  X6
5 X6 X6 •f T4 " " +m in  16
% X6 X6 - T 1 " " "  -1  in  X6
) X5 X5 X X6 28 X 54 in  15

) X6 T1 — T4 (l-m) in  X6
' X7 X4 X X4 (5mp^-l)2in 17

X7 X6 X X7 (l-m )(5Bip4-l)2in X7

X5 X5 X7 55 58 in  15

X5 X5 + T1 1 +59 in  X5
X2 X2 X X5 Equation^.79) in  X2

1 1 RESULTS X2 1 Print recu it o f 41
X5 - X5 0 -p^ in  X6

X8 X5 X4 45 4-^  25 in  X8
X9 T1 X5 l/p 2  in  X9

XIO T4 X T4 TS? un XIO

XIO T5 X XIO in  XIO

XIO XIO + T1 5 d ^  +  1  in  n o

X7 XIO ------ X7 48 -A- 58 in  X7
XIO X5 X T5 -5p2 in  XIO

XIO XIO X X4 50 X 25 in  XIO
X ll XI X T5 9mp4 in  X ll

X ll X ll T1 9mp'^+l in  X ll
X ll X6 X X ll 56 X  55 in  X ll

X12 T2 X T2 4 .0  in  X12



aofiDT o MARK I t A lp h a  -  cooc
CRÜCIK)HM ’CRACK'

r R A B Fu n c t io n c D P i N o t e s

56 XL2 n X n 2 12mp  ̂ in  X12

57 X12 n 2 X X5 12jnp® in  H 2

58 XIO XIO + n i 51 + 54 in  XIO

59 XIO
.

XIO + n 2 57 + 58 in  XIO

60 n o X7 X n o 49 X 59 in  XIO

161 X9 X9 + n o 45 + 60 in  X9

62 X8 X8 X X9 Equation(2fiC) ' in  X8

35 1 1 RESULTS XB 1 Print r e su lt  o f 62

54 X9 X2 + X8 0 00 “ 0-p + 2itp0  iriXS

15 2 1 RESULTS X9 1 Print r e su lt  o f  64

16 JUMP HI 0 pick up new p value

7 FINISH

1
1

•!L For 3alc'ula üon of the s tre ss  combina- ;ion 00 -  CTp + 2±Tp 3 a long'the 0=O^axiB,

1 the followi: Tg chanj res must be made in the pri >gramme

epla( !es 52, and cards 51a,57a,and61a are added.

1
1 X6 X6 + 17

1 no “ no
1 X9 - X9

1
1 ...........

■
■
1

..

'

1



COMPUTER RESULTS PGR ou-<r. + w ith 6 = 90°.
- -  — ...........  u  p  p u  —  . - ■ - . .

0 0 I

Î 1 0 0 0 0 0 0 0 0 +  =  p

1 9 9 9 9 9 9 9 9 9 +  = w (S ).

9 7 3 5 7 8 0 2 4 +  = O '.- <T * 21-r .
O p  p o

1 8 9 9 9 9 9 9 9 9  +
I 1 0 4 8 9 7 9 2 2  +

1 0 0 1 2 0 5 9 4 2 1 3 6 -
1 0 0 Î  2 2 3 2 5 2 2 7 4 +

2 0 0 1  2 2 3 1 0 1 3 8 0  +

1 8 5 0 0 0 0 0 0 0  +
1 1 0 8 5 0 3 2 2 8  +

1 8 0 0 0 0 0 0 0 0  +
1 1 1 3 0 0 0 0  0 0 +

1 0 0 1  7 1 4 5 9 2 0 3 7 -
1 0 0 1  8 2 3 3 8 1 6 2 3  +

2 0 0 1  1 0 3 7 8 9 5 8 7  +

I 7 5 0 0 0 0 0 0 0  +
1 1 1 3  5 1 2  8 7 2 +

I 0 0 1  4 6 7 5 6 7 1 2 3 -
1 0 0 1  5 5 3 2 0 1 8 4 6  +

2 0 0 1  9 0 6 3 4 7 2 2 3 +

1 7 0 0 0  0 0 0 0 0  +
1 1 2 5 2 0 5 5 7 5 +

1 0 0 1  3 2 0 0 0 9 8 0 2 -
1 0 0 1 4 0 1 5 7 8 3 0 3  +

2 0 0 1  8 1 5 6 8 5 0 1 9  +

+  
1 -

0 0 1 1 0 2 7 0 6 1  4 2 — = E q u a t io n ( 2 .7 9 ) , 2 +
0 0 1  1 1 2 4 4 1 9 2 2 +  = E q u a t io n ( 2 .8 0 ) . 2 +

1 -  

+

1 + 
1 +

1 -  
+

1 0 0 1  1 1 6 1 6 3 1 7 1 -  1 +
1 0  0 1 1 3 0 6 8 7 3 4 2 +  1 +

2 0 0 1  1 4 5 2 4 1 7 0 8 +

1 -  

+

+
+

1 -  

+

+
+

1 -

1 -  

+

+
+

1 -



j-^ o e .

1 6 4 9 9 9 9 9 9 9 + 1 -
1 1 3 3 2 9 5 9 6 6 + +

] 0 0 1 2 2 6 3 3 0 4 8 3 __ +
I 0 0 I 3 0 3 7 7 1 0 3 1 +

2 0 0 1 7 7 4 4 0 5 4 2 7 +

I 6 0 0 0 0 0 0 0 Ü +
1 I 4 3 0 7 8 5 9 1 +

1 0 0 1 I 6 3 3 4 9 5 Ü 8 —

1 0 0 I 2 4 0 0 4 Î 0 7 6 + +

2 0 0 I 7 6 Î 9 Î 5 6 3 4

1 5 Ü 0 0 0 0 0 0 Ü +
I I 6 9 5 1 2 1 9 5 +

1 0 0 1 3 9 2 2 2 1 4 4 5 —

1 0 0 1 1 6 7 5 7 7 5 8 8 + +

2 0 0 1 7 b 3 5 5 4 4 3 3 +

1 4 0 0 0 0 0 0 0 Ü
1 2 1 0 3 9 0 2 4 4 +

1 0 0 1 4 8 6 4 1 9 2 2 4 _

1 0 0 1 1 3 2 1 3 1 1 7 9 + +

2 0 0 1 3 3 4 3 9 2 5 6 9

1 3 0 0 0 0 0 0 Ü 0 +
1 2 7 9 5 7 1 3 1 5 +

1 0 0 t 2 4 7 1 6 6 1 5 9 _

1 0 0 1 1 1 4 1 8 9 0 3 2 + +

2 0 0 1 8 9 4 7 2 4 1 6 0 +



1 2 5 0 0 0 ü 0 0 0 + 1 —
1 3 3 5 2 1 3 4 1 4 +

î 0 0 î I 6 5 8 2 9 6 7 8 _ 1 __

1 0 0 1 1 0 8 9 1 î 6 2 4 +

2 0 0 1 9 2 3 2 8 6 5 5 9 + 1 —

1 2 0 ü ü 0 0 0 0 0 + 1 —

1 4 \ S 8 2 9 2 b 8 +

1 0 0 I 1 0 3 4 1 8 7 2 3 1 _
1 ü 0 1 I 0 5 2 3 5 7 9 7 + 4-

2 0 ü î 9 4 8 9 3 9 2 4 3 + 1 —

1 1 7 5 Ü 0 0 0 0 0 1 _

1 4 7 3 6 0 Ü 5 0 ü +

î 0 0 1 7 8 3 7 8 5 8 3 1 _ 2
î 0 0 j 1 0 3 8 6 4 1 2 8 + +

2 0 0 1 9 6 0 2 6 2 6 9 2 + 1 -

î I 2 5 0 0 Ü 0 0 Ü + 1 _

1 6 G 9 9 5 0 4 5 7 + +

1 0 0 1 3 9 3 7 3 1 G b 2 2
1 0 0 1 1 0 1 8 b G 1 6 5 + +

2 0 0 1 9 7 9 1 8 8 4 7 9 + 1 —

I 1 0 0 0 0 0 0 0 0 + 1
1 8 3 7 4 1 4 6 3 4 + +

î ü ü 1 2 5 0 5 8 b 9 9 ü __ 2
1 0 0 1 I ü 1 î 6 0 7 7 4 + +

2 ü 0 1 9 8 G 5 4 9 1 4 ] + 1



FOR CRUCIFORM TYRE ’CRACK* IN AN INFINITE ELATE. I48g .

C alculation o f ctq + cTp d istr ib u tio n  along eoceg o f syninetry for m  s  1 /5 .5

16 r R A B Fu n c t io n c D P i N o t e s

X) exai î t i y as fo r previo ' IS programme.

ÏO ti

32 n

34 n

35 n

38 tf

)G I t

TI

9 X7 — X7 -2p% i n  X7

3 X8 X6 X X5 (l-m )(5 m p ^ + l) in  X8

L X8 — X8 -  i n  X8

3 X7 X7 + X8 69 + 71 i n  X7

X9 X6 X X4 (l-m )(5 m p 4 -l)  inX9

X7 X7 X9 72 - 4 -  75 i n  X7

1 1 RESULTS X7 1 E r in t  r e s u l t  o f  74

1 . e . E q u a tio n ( 2i50),

HI 0

FIJ%8H

Me F or c a lc u li i t i o n  o: ' th e  s t r e s s  ccmbinr i t io n (Tg+CTp s lo p 1 th e  6=0° a x is .
card 69 mus' : be re i lO v e d ,

B



COMPUTER RESULTS FOE <T̂  . cr. w ith 6 = 90°. ---------------- — ■ ■ ' o + p — ---------- —

148h.

1 I 0 0 0 0 0 0 0 0 •h = P
Î 9 9 9 9 9 9 9 9 9 “ C ü (è  ̂* 1 —

1 0 0 1 9 7 3 5 7 8 0 2 8 = cr^ + O' +
6 P

Î 8 9 9 9 9 9 9 9 9 \ —

1 Î 0 4 8 9 7 9 2 2

1 0 0 Î 5 4 9 1 2 9 7 5 3 +

Î 8 5 0 0 0 0 0 0 0 + 1
Î Î 0 8 5 0 5 2 2 8

Î 0 0 Î 4 4 5 0 6 2 6 3 7 +

1 8 0 0 0 0 0 0 0 0 1 AT*

Î 1 1 3 0 0 0 0 0 0 +

1 0 0 1 3 7 Î 2 9 5 3 6 1 ... +

I 7 5 0 0 0 0 0 0 0 1 K,

1 1 1 8 5 1 2 8 7 2

Î 0 0 Î 3 1 6 3 4 7 1 8 1 +

Î 7 0 0 0 0 0 0 0 0 1 taw

1 1 2 5 2 0 5 5 7 5 4-

1 0 0 1 2 7 3 9 1 1 2 0 2 +

1 6 4 9 9 9 9 9 9 9 + 1
1 J 3 3 2 9 5 9 6 6 +

1 0 0 1 2 4 0 2 4 1 1 5 8 +

1 6 0 0 0 0 0 0 0 0 + 1
1 1 4 3 0 7 8 5 9 1 +

1 0 0 1 2 1 2 9 7 7 (5 9 3 +
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1 5 G Ü 0 0 0 0 0 0 1
1 1 6 9 5 1 2 1 9 5 ■i"

î 0 0 1 I 7 1 9 4 9 2 5 y + +

1 4 ü Ü 0 Û 0 0 G 0 + 1
1 2 1 0 3 9 G 2 4 4 +

1 0 0 1 1 4 3 3 3 9 6 7 5 4-

1 3 0 0 0 G 0 0 0 G "h 1
1 2 7 9 5 7 1 8 1 5

î 0 0 1 1 2 3 3 9 1 4 0 9 -h •t*

1 2 5 G 0 G 0 0 G G + 1
I 3 5 5 2 1 3 4 1 4 ■h 4-

î 0 0 1 1 1 6 0 0 3 5 6 1 “î* +

1 2 0 ü 0 0 0 0 0 G 4- 1
1 4 1 8 8 2 9 2 6 8 + 4-

1 0 0 1 I 1 0 1 2 5 b 5 4 4* +

1 1 7 5 0 0 0 0 0 G •t* 1 «wr

1 4 7 8 6 0 0 5 G G +

1 0 0 1 1 0 7 7 î 4 3 y 7 + 4"

1 I 2 5 0 0 Ü 0 0 G 4* 1
1 6 6 9 9 3 0 4 5 7 + +

î 0 G 1 1 0 3 9 G 7 0 I 1 +

î 1 0 0 0 G 0 0 G 0 1
1 8 3 7 4 1 4 6 3 4 +

î 0 G î 1 0 2 4 9 3 7 2 3 4-
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VIIo 5 C alcu lations fo r  Thecyetioal S tress Concentration Factors

In  order to  determine su ita b le  c o e f f ic ie n ts  for the t w  term 

transform ations used in  the th eo re tica l a n a ly s is , fo r  a th e o re tic a l  

form of opening w ith  the same P/g^ r a t io  as was used in  the experimental 

specimens, the analogue computer was u t i l i s e d  to generate a fairdly o f  

openirgs for each b asic  shape « Enlarged photographs o f  these were 

used to  determine (by measurement) th e ir  re sp ec tiv e  r a t io s , then  

th ese were p lo tted  aga in st th e ir  corresponding va lu es. By 

in te rp o la tio n  on the re su ltin g  graph, i t  was p o ss ib le  to  s e le c t  su ita b le  

va lu es o f to  g iv e  shapes which corresponded w ith  the actu a l forms 

o f  openings used in  the experimental work*

The s tr e s s  concentration  fa cto rs for the shapes other than  

the cruciform, were ca lcu la ted  using the method o f Chapter I I .  These 

are in d ica ted  in  the follow ing section*

( i )  Cruciform * Crack* with one arm o f  crack along a x is  o f  ten sio n  

As g iven  by the computer programme.

( i i )  Square Holes w ith Diagonal along A xis o f  Tension

The general so lu tio n  was re -w ritten  in  a s l ig h t ly  d iffe r e n t  form, 

in  order to  more e a s i ly  determine the maximum s tr e s s  concentration  

fa cto r .

Hence r i  l  2

X(ï) = _
1 -  5m S ^

O ' I " — ^  +  S ÿ  ^ “  ( l —
■ .Q T"     ̂, .... ,   4 /17 4.0 'S

4'(l~m) (l-5m  ? )

cr f -  + 2  pS _ (l-m )l
X(5) = - - 2 J : ...........       . ( 7 . 4 9 )

4(l-m )(l-5m S
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then ® ' = *8 + Cp

in e

2 [ ( 7 . 4 7 )  + (7.48)  J

150,

Putting $■ = pe = p(cos n 6 + i  s in  n d), with p = 1, and 

J = (cos n 0 -  i  s in  n 0)

in  the above expressions, and c o lle c tin g  terms g iv e s  the stre ss

concentration fa cto r  as

S tress Concentration Factor = 2 1L C +
IB A -  IB
ID C -  iD j

4 [
AC + BP 

C^D^

where A 

B 

0 

D

(l-m ) -  2 cos 2@ + 5m(l-m) cos 4 0 

5m(l-m) s in  4 0 - 2  s in  2 0 

4(l-m ) -  12m(l-m) cos 4 Ô 

-  12m(l«m) s in  4 6

(7,50)

Notes When m i s  numerically p o s it iv e , one diagonal o f  the square 

l i e s  along the a x is  o f tension .

When m i s  num erically negative, the s id e s  o f the square are 

p a r a lle l to  the a x is  o f  telision .

For th is  case, the point of maximum s tr e ss  l i e s  a t the end o f  

the diagonal which i s  a t 90° to  the a x is  o f  tension .

Therefore 0 s  90°, cos 2 0 = -  1, cos 4 © s  + 1 and

S tress Concentration Factor 4

For the se lec ted  value o f m to  correspond w ith the experimental

specimen, m = + 0,182, g iv ing  5m i46

1 — m S3 o 818 

12m 5= 2,154
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Theoretical S tress Concentration Factor =- —i.(l-m ; -  .5m(l-m}

5 c 266
.372

=  8* 8

Experimental S tress Concentration Factor = 8 ,2

Therefore fo D ifference = -   ̂ loO = «=6*8 .̂o* o

( i i i )  Square Hole with. Sides P a ra lle l to  Axis o f Tension

Equation (7.50)  again ap p lies, with the value o f m 

num erically negative w ith m = -  0*216 to  correspond w ith  experimental 

specimen.

Then m = -* 216 

5m " —. 648 

1 — m = 1# 216

12m = -2 .592

and a fte r  in terp o la tio n  the value of 6 for th e  maximum str e ss  

concentration fa cto r  was found to  he about 48°, g iv ing  

A = +2.197 

B = -1 .825

0 = +1.779

D = -0 .656

leadipg to

Theoretical S tress Concentration Factor = 4
(1 .7 7 9 )2   ̂ ( .6 5 6 )2

= 5 .6 7
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Experimental S tress Concentration Factor = 5,55  

Therefore fo D ifference =  ̂ 100 = -2.47%

(iv )  Cruciform * crack* with arms of crack a t 45° to  a x is  o f ten sion  

For t h is  case, using equation (7,60)  and m = -0 .222 to  

correspond; w ith the experimental specimen, an angle 0 = 48° m s  

again found to  g ive  the maximum stre ss  concentration f a c t o r s o  

that m sr - C o  222 

5m = -0 .666

l-m  = 1,222

12 = —2 * 664

and
A s= +2.217

B c  —1* 820

0 = +1.705

D = -0 .677

g iv ing

Theoretical S tress Concentration Factor = 6 .0

Experimental S tress Concentration Fatctor 5 ,78

6Therefore % D ifference ss -  x 100 s  -5,67%

(v) * Triangular* h o le  with one Median along the A xis o f  ten sion

FVom the derivation  given in  Section VII. 1, for triangular  

h o les, the fo llow ing formula apply:-

(7 51%
m  J  *** g  . 0 0 . 0 .  0 0 . 0 0 0 0 0  « 0 .  0 0 .  W j a  i

4(2mS° -  1)

* (? )  = + 2 f  . r  I.)   . (7 .5 2 )
4(2m fS  -  1)
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and as before, using $ = (cos n Ô + i  sin  n 8)

J S5 (cos n 9 -  i  s in  n 6) 

on the hole boundary, and su b stitu tin g  in  the eq ia tio n  for  + cr̂

w ith some reduction lead s to

S tress Concentration Factor « f  — * , . , , . . , , . , , ,  • , . , . .  (7.52)
L J

where A = -  2m cos 5 9 + 2 cos 2 9 - 1  

B = s in  2 6 -  2m s in  5 9 

C s  2m cos 5 9 - 1  

D ^ 2m s in  5 0

For a value o f m s  +0*517 to  give correi^ondence with the 

experimental specimen 

A = -2 ,7 5 4  

B = -0,7576  

C 5= -Oo 570 

D = —0,0695  

and T heoretical S tress Concentration Factor -  7 .58

Since Experimental S tress Concentration Factor s= 7,76  

Therefore % D ifference & + — ^

_ +2

(v i)  Triangular Star * Crack* with one arm a lom  the a x is  of ten sion  

The same formulae as for (v) apply for th is  case, using  

m = 0,525 to  correspond with the experimental specimen, and th is  gives 

A = -2 ,764  

B 5= -0 .761
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C = —0,564  

D = —0.068  

and the ^

T heoretical S tress  Concentration Factor s= 7.95  

Since Experimental S tress Concentration Factor -  8.16
T *7 XfOO

Therefore % D ifference s  + — - 7"95"  ̂"°" ” +2,
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CHAPTER V H .4  INVESTEGATION OF ROTHMAN*S 

SÜCOESTED GOMPIEX POTENTIALS FOR CRUCIFORM CRACK

AND DIGITAL COiklFUTER HK)(gUME FOR SAME

(Note? This in v e stig a tio n  was carried  out prior to  adopting the  

MUSKHEIISHVILr method. In  reporting th is  work i t  has 

been considered e s se n tia l to  adhere to  STEVENSON’S forms 

o f  equations for ®  and §  , as the p o te n tia ls  suggested  

by R0TH11AN are formed to  su it  these equations. As far  as  

p o ss ib le , the same symbols have been used a s  were used in  

the H u sk h elish v ili a n a ly s is ) .
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VIIo 4 In v estig a tio n  o f  ROTHMAN’S Suggested Oomplex P o ten tia ls  fo r

the Cruciform Crack Case and D ig ita l Computer Frograime for  same*
( 7  'SThe p o ten tia ls  given by ROTHI.!AN̂   ̂ are o f  the form

) -  (o* + (t )  /V 2 + AS +.B

i

=(cr  - c r J i V s  + Z C r /^ r

(7.54)

(7.55)

where cr̂  and cr̂  are the uniform tension  s tr e ss  p a r a lle l to  the x  and 

y axes, and the conformai transformation

Z = w(J) = (i^  + V ÿ 2 ) ^ 2   (7.56)

maps the 2-region ex ter ior  to  the cruciform crack on to  the 

ÿ -reg ion  ex ter io r  to  the u n it c ir c le t  

To Show that the P o ten tia ls  S a tis fy  the Boundary Conditions

The external boundary conditions are reached as 2 —̂

Using STEVENSON’S form o f  equation.

®  = cr + cr

and as Z

 ̂ ^y = 2

1
y 2 (7.57)

OO

(o'o + a‘.,)A'2

V /2

Therefore (o^ + cr̂ ) s  (cr̂  + (r^), and for u n iax ia l ten sion  in  the x

d irection , o'  ̂ cr ,X o
The p o ten tia ls  are thus sa tis fa c to ry  for th is  condition* 

Again, using SfEVENSON’ S fo m  o f equation
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^ s  O' -cr 1
2

« , ( ) ) [  -  g»(F)5"(r)l
[ s

[s
and  a s  Z -

cr̂  .  Oy + 2iT

OO

xy 2 0 +
((T_ - cr. )(l//2)

iV ^ z )

0 * 0 0 0 0 0 0 0 0 0 . (7 .58)

Therefore cr - cr + 21t ° (cr - cr )X y %y ' o

Sine® a t  i n f i n i t y ,  w i th  u n i f o m  te n s io n  cr^ p a r a l l e l  t o

th e  d i r e c t i o n  o f  th e  x = a x ie , T i s  z e roxy

th e n  cr ^  crX y % -

o r  crX cr^ , and  t h i s  a g a in  shows th e  p o t e n t i a l s  t o  be s a t i s f a c t o r y

f o r  th e  b o u n d a iy  c o n d i t io n  a t  i n f i n i t y .
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D e te rm in a tio n  o f  th e  C o n s ta n ts  i n  th e  Complex P o t e n t i a l s  from  th e  

I n t e r n a l  Boundary C o n d itio n s .

The norm al and s h e a r  s t r e s s e s  round  th e  boundary  o f  th e  

c ru c ifo rm  c ra c k  a r e  z e ro , hence  th e  e q u a t io n  f o r  th e  boundary  c o n d i t io n  

m ust b e  s a t i s f i e d *

T h e re fo re

? ( f )  + ^  c o n s ta n t  K ( o r  z e ro )  ro u n d

ss 1 « , ( 7 , 5 9 )

Round ^ r  ^  la  f
1
Ï

The component p a r t s  o f  e q u a t io n  (7 .5 9 )  a rc  now form ed.

S (? )  ~ w(y) -  ^  ^

1

Then j  = ( 5 + f s ) ( i + p - + p + ' p 2  + " " • • )

1 i

( f  “  f 5 )

^  + 3ÆjT2 ••■’) ( !  + ^ 4  + | b  + 7

rnf-, 5 11 \
v% (l + % iz  + "TÏÏ + . . « )

? ( J ) = #(% -) -  + ( i . % ^ )

/g  ÿ ^ + (A + B ï)(l + p -  p  -  fs  + J4  •*•)

# '(* )  = % v + = B / f  2(1 + 1 Ï  ) .  i ( A  +  B /ï )
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f C i )  .  " r  “ ^  -  T

-  J ^ ( V i 5  + 1 )^

O’-  + 0°,

C, 2C„ 5C_ 40 .
( j j ' ( i )  = ( o g ) - % ) )  + ( - 7 ^ - - T F - T F " " F ?

S u b s t i t u t i o n  o f  th e s e  com ponent p a r t s  i n to  e q u a t io n  (7*59) fo llo w e d  

b y  th e  e q u a t in g  o f  l i k e  pow ers o f  ^ g iv e s  t h e  fo l lo w in g  c o n s ta n t s : '

A cr i / 2  0-p B =

K -  &  ( %  -  = I  ( %  “

Cg -  J  ( 1 %  “  S°-o) Og = I  (I7<r^ .  &r^)

®4 = i  ( %  “

To s a t i s f y  th e  b o u n d ary  c o n d i t io n  ( 7 .5 9 ) ,  th e  c o n s ta n t  K 

i s  in c lu d e d  i n  th e  f i r s t  p a r t  ®f t h e  com plex p o t e n t i a l  # ( * ) ,  th u s  

g iv in g  th e  bo u n d ary  e q u a t io n  a s

0(5) + w(5)^*(f) + ($) œ Q ro u n d  th e  i n t e r n a l  boundary*

I n s e r t i n g  th e  v a lu e s  f o r  th e  c o n s ta n t s  A, B, C, e téo  i n t o  

th e  e q u a t io n s  f o r  th e  p o t e n t i a l s  (7*54) and (7 * 5 5 ) , an d  p u t t i n g  

(Tĵ  s  0 , c c rre s p o n d ii ig  t o  sim p le  t e n s io n  qr^ p a r a l l e l  to  th e  x - a x i s ,  

th e  com plex p o t e n t i a l s  a r e  fo u n d  to  b o s -

#(&) ® + ° o  ( 7  60)TTK O • • ♦ * * ® * e o * o o o o . # . * . *  \ f o  W  J
V2(> + i ,  )
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2
c£
2

i
Î J 2

i
F " F

) o. . e*c**Q«o(7o Cl )

A -p p lie a tio n  o f  Oompleg P o t e n t i a l s  t o  D eterm ine L o o ii  o f  

C o n s ta n t P rin o j-p a l S t r e s s  D if f e re n c e

The com plex p o t e n t i a l s  w ere u se d , to g e th e r  w i th  th e  con fo rm ai 

t r a n s fo r m a t io n  e q u a tio n , i n  e q u a t io n  (7 .5 8 )  f o r  th e  d e te rm in a t io n  o f  

l i n e s  o f  c o n s ta n t  p r in c ip a l  s t r e s s  d i f f e r e n c e  (cr^ -  c r^ )/o^  i n  th e  

a r e a  i n  th e  Z - re g io n  a ro u n d  th e  c ru c ifo rm  c ra c k , w here i s  g r e a t e r  

th a n  cTg and  th e  c o n v e n tio n  i s  u se d  t h a t  t e n s io n  i s  p o s i t i v e ,  co m p ress io n  

i s  n e g a tiv e »

R e c a l l in g  t h a t

/
-  ,°y>* *  V ’

2

th e n “ °'2

%

an d 1
<T

O L

1 R e a l p a r t  o f  th e  r i g h t  hand  s id e  o f  (7<

f - Z s
O”o

1 1
2 Im a g in a ry tt M

1M u lt ip ly i i^  th e  r i g h t  hand  s id e  o f  e q u a t io n  (7*58) b y  — g iv e s

i ü D M Ü

.  S n F ) .  v ’ ( î )

[S ' S
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The con ^o n en t p a r t s  o f  t h i s  expand a s  fo llo w s :-

« ( 5 )  =  .................................................

(O' ( I )  =

. ( 7 , 6 2 )

(7 ,6 3 )

5"(ï) + f4 ^

+ | ’2>s ( f  + f 2

(7 ,6 4 )

HLD
o

1
7 §

(1  “  21 g )

( I  -  1 5 ^ )^
(7 ,6 5 )

cr
1_
/ 2

2 i -\2

( f - i ï Y  (F -  i D

2( 1  -  2 1 - f r
- 2 \5 Oooeooeeoe*Aeo*oooe (7 ,6 6 )

Î + 2 |
i  ^ 3 S i

^  i F  "  Ü
o

i
(7 .6 7 )

cr 1 + [•
. 3.

j5
9 61 10

w  *  ^  "| 5  ÿ6 ' • • (7 .6 8 )

i0
S in ce  5 “ p  ® , i t  i s  s e e n  the^t b y  i n s e r t i o n  o f  s u i t a b l e

v a lu e s  o f  p  and  0 i n to  th e s e  e x p re s s io n s ,  i t  i s  p o s s ib le  to  o b ta in  

th e  d i s t r i b u t i o n  o f  th e  d i f f e r e n c e  o f  th e  p r i n c i p a l  s t r e s s e s  th ro u g h o u t 

th e  s t r e s s  f ie ld *

I
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The programme was w r i t t e n  f o r  th e  c a l c u l a t i o n  o f  v a lu e s  o f  

i n  t h e  Z -p lan e^  c o rre sp o n d in g  t o  p o i n t s  i n  th e  ^  « p lanep  

u s in g  f o u r  te rm s  i n  t h e  s e r i e s  c ô ü ta in e d  i n  t h e  W (^) p o te n t ia lo

I n  t h e  Deuce C om puter, complex o p e r a t io n s  ( t h a t  i s ,

^ Q -o p e ra tio n s  ’ ) a r e  c a r r i e d  o u t  u s in g  p a i r s  o f  - s t o r e s ,  t h e  r e a l  

p a r t  o f  t h e  com plex num ber b e in g  s to r e d  i n  th e  odd X - s to r e ,  and th e  

im a g in a ry  p a r t  b e in g  c a r r i e d  i n  t h e  even X - s to r e .  F o r  any com plex 

o p e r a t io n ,  o n ly  t h e  r e l e v a n t  odd X - s to r e s  n eed  b e  s p e c i f  led»

T h u s, m u l t ip ly in g  (x  + iy )  by  (u  + iv )  and  g e t t i n g  t h e  r e s u l t  a s  

(m + in )  i s  w r i t t e n  a s

X^ “  Q—m ult o X^

T h is  i s  a  s h o r th a n d  m ethod o f  w rit in g »

% i n  , y  i n  m u l t i p l i e d  by

u  i n  X^ , V i n  X^ g iv e s  t h e  r e s u l t

m i n  X^ ,  n  i n  X^

C o n s ta n ts  may b e  s to r e d  i n  t h e  *T®- s t o r e s ,  o f  w hich  t h e r e  a r e  e ig h t»

I f  a  com plex num ber i s  t o  b e  m u l t i p l i e d  by  a  c o n s ta n t  i n  a  T - s t o r e ,  

th e n  t h e  r e a l  and im a g in a iy  p a r t s  m ust b e  m u l t i p l i e d  s e p a ra te ly »

The programme was a r ra n g e d  so t h a t  p o i n t s  i n  t h e  ÿ - p l a n e  w ere  

l o c a te d  by  v a r io u s  r a d i i  and  a n g u la r  in te r v a l s »  The com puter s e l e c te d  

a  r a d i u s  v a lu e  th e n  p ro c e e d e d  th ro u g h  th e  c a l c u l a t i o n  f o r  a n g le s  b e tw een  

0° and  9 0 ®, u s in g  10® in c re m e n ts»  On c o m p le tio n  o f  t h e  c a l c u l a t i o n s  

f o r  one r a d i u s ,  a  new r a d i u s  v a lu e  was s e l e c te d  and th e  c a l c u l a t i o n s  

re p e a te d »
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The d i s t r i b u t i o n s  o f  (cr^ -  o-g)/(r a lo n g  th e  X an d  Y a x es

o f  th e  c ru c ifo rm  c ra c k  w ere drami^ u s in g  r e s u l t s  ob ta in ed , w i th  one end,

w ith  f o u r  te rm s  i n  th e  s e r i e s  ^  i n  th e  ijj p o t e n t i a l .

(F ig s  1 4 .0 a ,b ). The lo c u s  o f  (cr^ -  o^)/cr^  = 8 ,0  was draw n

(F ig s  14.Q0ÿâ) u s in g  th e  same t e r n s  i n  th e  s e r ie s »

C om parison  o f  th e s e  r e s u l t s  w ith  th e  c o rre sp o n d in g  e x p e r im e n ta l 

r e s u l t s  in d ic a t e d  d isa g re e m e n t to  such  a n  e x te n t  t h a t  f u r t h e r  i n v e s t i g a t i o n  

o f  th e  p o t e n t i a l s  q u o ted  h y  ROIHMAM w as abandoned i n  fa v o u r  o f  th e  

MJSKHBLISHVILI te c h n iq u e  »

i  I  i  i  i

M i n
07 - 0-5

LOCUS OF CONSTANT ' ■ = 2  0  IN THE Z  PLANE

C r
FROM THE RESULT J' j i NG > TgPM >N TmL SERIES 5 Z  

C O N T A I N E D  I N  ^ h I: - Q T »  M  l A L

F ig . l iO o .



t 1 1  t t

n  n  m

LOCUS O F
07 — Ob = 2 - 0  IN THE Z p l a n e  f r o m

t h e  RES ULTS  USI NG A  T j P M S  IN T H E  S ERI ES ^  J r

c o n t a i n e d  i n  t h l «)<(»;, p o t i  n t i a l

F ig . l4 0 a ,



............................................................ . T . . . ; 7 - - 7 7 7 : tt  .TTTT%.— ..................................ALPHA-COOE
K S  CRDCIK m  rm  'CSiCK* -  OSIIR BOraUN’S CCHHJBC FOIBNim S

CALCmATION OP VSLUSS OP ABOUND THB DISCONTINUITY.

M? r R A B rUMCTlOW C D P s NOTES
00 1 DATA n ^ //a  in  %
01 Tl + I I ^ //2  in  T]̂

02 1 DATA I I 2 .0  in

05 T? I ; 2 .0  in  Tg
04 1 DATA I I 5 .0  in

05 T4 + I I 5 .0  in  T4

06 1 DATA I I 5 .0  in
07 ?5 •f I I 5 .0  in  Tg

08 10 DATA I* 0 *® in  X4  to  Xi5
09 «2 1 DATA I I r  in  X%
10 T2 + I I r  in  Tg

11 % * % MODIPr

12 X4 MOVED 0 in  Xg
15 + Tg

14 % MODIFY
16 0 2 HESOI/rS I I 1 r ,0  values printed

16 I I 0 WKED
17 I I Q EXP. I I
18 I I Xl X T2 r  coaOin Xi  ̂ J =% îy
19 l 2 l 2 X *2 r  sin ô in  Xg j^X  ̂ -  2

20 I l5 I I Ox I I p  in  Xi5

21 I l7 1 Q r l i s ^ /^ 2“ in

22 I l7 I l7 0+ I l5 (5  ̂ + V / )  in

25 I l7 0/
-  5 l7

24 I l7 Tl X I l7 S ZaQ>($) in

25 .._IlB Tl X ?1£L. !
26 I l5 I l7 MCfDÜIDS I l 8 * R in  Xifi
27 I l 6 I l7 tah"^ I l 8 6 in  X16

28 % MOMPY

29 100 4 BESUIffS I l5 1 HCCNP R, 5# x ,iy  » 2



x ra .
SaBHf.2?........................................................................................................................ ALPHA-CODE

N? r R A B FUNCTION C D N O T E S

SO I I + I I ) \  s  x - iy  in  H -2
51 - *2 5
52 *1 QX *1 S in  X i9

55
I g l

1 Of I l9 V f 2  i n  X21
54 I 2I QX I 2I V j 4  i n i g g
55 I 25 *25 QX I I V f S  in  X25
86 127 *1 Q- l2 5 ( J -  V f 5 ) in  127

57 ^29 *19 Q+ I 2I (t^  + V f2 ) in  X29

58 I 2 9 0 /
^ 9 ( • )?n  X29

59 %51 *27 Of I 2 9
: > U / p S ) ^ - 2 ^ 1 / u 9 ) l  i n

40 *51 X I 5I
41 *58 T l X I 5 2

y

42 I 25 X *25 ) 5 /  Î *
45 *24 »4 X *24

44 *27 *27 Q X
l 2 7 Cl -  V ^ 5 ) 2  i n  Z 2 7

45 *27 *27 I 2 9 \ '

46 *27 *27 *29 1 ( i  -  V j= )2

47 I 27 *27 % *29 ) ( Ï  +

48 *25 1 Q* *25 ( 1  +  5 / f 4 )

49 *25 *25 04 *29
50 I 95 *25 Q- *27
51 *25 T l X *25 )  5 - (? )
52 T l

X *24 1

55 * 2 1
1 Q X * 1 i f

54 * 2 1 T 5 X
* 2 1 ) 2 i l

1 5 5 * 2 2 T 5
X *22 )

66 *81 1 Q * 2 1 ( 1  -  2 i T )

|5 7 * 8 5
1 QX *19 T F ' ....................... .............

|5 8 *25 I I Q- *25 -  i t * )
I 59 I 2 7 * 2 1 Qr *25 ( l - 2 i î ) / ( Ç  -  i t * )



fX o ALPHA-CODE

N ? r R A B F U N C T I O N C D P  S MOTES

6 0 Ï 2 7 X 2 7 Of X 2 6 ( l - 2 i ; ) / ( F - l ; * ) *  ^

6 1 1 2 7 1 Q - * 2 7
[ i _ ( l - 2 1 r ) / ( - _ i ; 2 ) * ]

6 2 l 2 7 T l X * 2 7 •  ] ) # ' (

6 5 X 2 8 T l X * 2 8 •  ] )

6 4 % 21 X 2 I O r * 2 6 ( l - 2 1 ; ) / ( r - l * d )

6 5 % 21 X 2 I Or * 2 6 ( i - 2 i ; ) 2 / ( r - i ; * ) *

6 6 % 21 * 2 1 Or * 2 6 ( 1 - 2 1 ? ) V ( M ? 2 ) *

6 7 % 25 X 2 5 Q X * 2 5 ( r  -  ! ? * ) ■ ’

6 8 % 25 1 Of ^ 2 6 i / ( t  -  1 » ^ ) ^  _____

6 9 X 2 5 * 2 5 0 + * 2 1
L ( F - 1 F P  ' U - i t i U  J

7 0 % 25 * 2 5 7 T l v [  •  ] ) ; . ( ? :

7 1 X 2 6 * 2 6
•
• T l /C  -  ] )

7 2 X 2 5 * 2 5 Q X * 5 1

7 5 X 2 7 * 2 7 Q X * 2 5

7 4 X 2 5 X 2 5 » - * 2 7
7 5 X 2 5 * 2 5 Of * 5 1

7 6 X 2 5 * 2 6 % * 5 1

7 7 X 2 5 * 2 6 Of * 5 1 Î-(F )
7 8 X 2 5 * 2 6 Q X * 1 7

7 9 X 2 I i Q X * 1 9

8 0 X 2 I * 2 1
•

T 5 ) 1 / 2? ^

8 1 X 2 2 * 2 2 f T 5
Ï

8 2 X 2 7 T4
•
• T 5 5 /2

8 5 X 2 7 * 2 7 Qs- * 1 9 5 / 23? ^

8 4 X 2 7 * 2 7 Q r * 1 5 / 2 ? ^

8 5 X 2 9 ♦ T 4 5

8 6 X 2 9 * 2 9 QX * 2 1 5 i / 2 r ^

8 7 X 2 9 X 2 9 Or * 1 9 5 1 / 2 Ç *

8 8 X l 7 * TS 2
8 9 * 1 7 * 1 7 % * 1 9 [2 / T ®



ALPHA-CODE

KJÇ r H A B FUMCTIOM c D P s MOTES
90 Il7 *17 Qf *19 2 /^
91 Xl7 *17 «r *1
92 %21 *21 Q+ *27 V2Î 4. w
95 X21 *21 Q- *29 V2ï‘ ®/2Ï®- ® /̂2t*
94 %21 *21 Q- *17 _2^>

96 X21 *21 Q- • - î .  5*;
96 X21 *21 Q* *25 V'(F).Z"(F)
97 X25 T5 X T5 i

98 X25 *25 Q* *29 Sl/f*
99 X25 *25 Qf *1 Bi/t'

ICO *29 + T5 5
101 *29 *29 Q* *17 10/f®

102 *29 *29 Qr *1 10/S*
105 *17 + T4 S

104 *17 *17 Q* *27 9/2?®
106 *17 *17 «r *1 9/27*
106 1 %27 i Or *19 -

107 *27 *27 Qf *1 1/f®
108 *29 *29 Q+ *25 10/^  + à / T ... . ■

109 *29 *29 Q" *17 -''/2 r
110 *29 *29 Q- *27
111 *29 *29 Q- i f" (ï)
112 *29 *29 QX *51
115 *29 *29 Q* *21 Îv-(7)5*(î)- ÿ*(F)5-Ô

|114 *29 *29 Or *51
116 *29 _ *29 % *51

|ll6 *29 *29 Or *51 Ÿ"(D
|ll7 *29 *29 0+ *25 *(f ).)" (;) + ÿ»(s)
L ie *29 *29 *

• T{}
t l9 *29 *29 X

- 2 Roal p a rtj

[D
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N9 r R A B FUNCTION C D P t KJOTES

120 _ _ *50 _
#
# ^5

121 ^50 -  Y [im aginary p art]
122 *1 *29 ucnxjLUS ^50 (= ï -  <̂ 2̂ /®'o

125 *2 *ao._ tah"^ ^29 2 X  az%le o f
124 *2 *2 - 2 Angle o f plane o f Tgg
126 N2 MODIPT
126 200 2 Rzsoiirs I I 1

127 Ni DP TO 10

128 N2 Ng + 1

129 JUMP 52

150 FINISH
■

o m CARDS

CeT i s t a i Lt VV2

2

5
5

6 Angli (8 in  re .dlana ( D®, 10®, S0® . . . 90®) Ten Carde

P radl: . (1 .1 , 1# 2̂  e # • • 2, 5> 4 . . . 7 .0 ) F ifteen  Carda

--------
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VII. 5 mVÜSJIGATIOir OF HEDIA.BIUTY AMP 

SITITABHITY OF THE 0QNDÜGTIM5 PAPER ANBIOSY 

TOR CASES OF TENSION AND TORSION
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V IIo5  I n v e s t i g a t i o n  o f  R e l i a b i l i t y  and  S u i t a b i l i t y  o f  th e  Gottâucting;

P a p e r  A nalogy  f o r  C ases o f  T en s io n  and T o rs io n .

The r e s u l t s  o f  th e  i n v e s t i g a t i o n  f o r  th e  c a s e s  o f  t e n d o n

p l a t e s  *s5dth i n t e r n a l  d i s œ n t i n u i t i e s  have h e e n  g iv e n  i n  C h a p te r  111*2* 

The r e s u l t s  o f  th e  i n v e s t i g a t i o n  o f  th e  a p p l i c a t i o n  to  c a s e s  o f  t o r s i o n ,  

w h ile  n o t  d i r e c t l y  r e l a t e d  t o  th e  m ain  work o f  th e  t h e s i s ,  a r e  in c lu d e d  

s in c e  th e  te c h n iq u e  h a s  b e e n  u se d  f o r  th e  d e te rm in a t io n  o f  th e  s t r e s s  

c o n c e n tr a t io n  e f f e c t  o f  a  B r l t i ^  S ta n d a rd  keyway i n  a  s h a f t  o f  c i r c u l a r  

o r o s s “ s e c t lo n ,  s u b je c te d  to  t e r  s i  on*

As s t a t e d  i n  C h a p te r  H I*  2 , th e  d i s t r i b u t i o n  o f  s te a d y  s t a t e

p o t e n t i a l  V i n  a  t h i n  c o n d u c tin g  s h e e t  o f  c o n s ta n t  th ic k n e s s  and u n ifo rm

r e s i s t i v i t y  i s  g o v e rn ed  b y  th e  MPLAGE e q u a t io n

* C oo*ooooooooo*oooooo^7o 69 )
ay^

I n  th e  c a s e  o f  p la n e  c r o s s - s e c t i o n s  u n d e r  p u re  t o r s i o n ,  th e  d i s t r i b u t i o n  

o f  th e  m o d if ie d  s t r e s s  f u n c t io n  Lp i s  go v ern ed  b y  a  s i m i l a r  e q u a t io n ,

Æ  + &  _ 0  (7^  V  w» V  O o e o o o *  # # # o o o o «

G0 r 2 2Ip ^  ^  ̂  y  ) coo*o«oooo»*«**(7o

an d  ÿ s  s h e a r  s t r e s s  f u m t i o n

0  s  a n g le  o f  t w i s t  a t  s e c t i o n

G- “  M odulus o f  r i g i d i t y

3E, y  s  C o -o rd in a te s  o f  p o i n t s  i n  t h e  p la n e

o f  th e  se c tio n *
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From ( 7 . 71)5

0 = t p “ “ 2( 3c  + y )  and  <f> may be  a  c o n s ta n t  ( o r  z e ro )  on

th e  boundary*

P u t t in g  0 ^ 0  g iv e s  Ip ~  (x^  + y^)

o r  Q Q  “ ■ g  (x  Hh y  ) o o o o D o o . o * * o e o « o . o * * « « « o « * o a o a o o o ( 7 o  7 2 )

W ritin g  and y^ f o r  x  and y , t o  r e p r e s e n t  c o -o rd in a te s  o f  p o in ts  

on th e  boundary  o f  th e  c o n d u c tin g  p a p e r specim en, th e  b oundary  v o lta g e  

v a lu e s  u sed  i n  th e  a n a lo g y  a r e  p r o p o r t io n a l  to  th e  v a lu e s  o f

“  {sL  ^  4- V  f 7S iD O D » * « » « « * Q o f l o o o e * c c o * c * « * o e * o « * o # * \ / o / < t J y

Ip
C on tou rs o f  c o n s ta n t  ™  im y be  o b ta in e d  by  p ro b in g  o v e r th e  a r e a

■within th e  b o undary . The s h e a r  s t r e s s  c o n to u rs , t h a t  i s  con to 'u rs o f  

c o n s ta n t
É _
Ge ~ G0  2

Æ .  _  i  •  ( 1 7  Ÿ 4 )
^  J  O Q O O O O O * « O O C ^ Q O O Q O O V Q O O \ f « r ^ 7

c an  th e n  be  o b ta in e d  b y  c a l c u l a t i o n  o f  th e  in d iv id u a l  v a lu e s  o v e r th e  

r e g io n  and s k e tc h in g  i n  th e  c o n to u rs  o f  common value*

The te©hni.que m s  a p p l ie d  to  th e  d e te rm in a tio n  o f  th e  maximum 

s h e a r  s t r e s s  v a lu e s  a r i s in g  on th e  b o u n d a rie s  o f specim ens o f  r e c ta n g u la r  

c ro s s » s e c t!o n  s u b je c te d  to  t o r s io n ,  f o r  com parison  w ith  t h e i r  known 

t h e o r e t i c a l  v a lues*  Pour specim ens -were u sed , w ith  b re a d th  t o  d ep th  

r a t i o s  r a n g irg  from  1 s 1 to  8 s 1 , th e  boundary  v o l ta g e s  b e in g  d e te rm ined  

by  c a l c u l a t i o n  u s in g  e q u a tio n  (7*75) and a  s u i t a b l e  ■voltage sca le*
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4>U sirg  th e  m ethod d e s c r lh e d , th e  d i s t r i b u t i o n s  o f  ■“  a lo n gCïO

th e  a x es  o f  symmetry w ere d e te rm in ed  from  a l l  f o u r  r e c ta n g u la r  s e c t io n s ,  

and  i n  th e  c a s e s  o f  th e  sq u a re  s e c t io n  and th e  Hhin® r e c ta n g u la r  s e c t io n ,  

th e  d i s t r i b u t i o n s  o f  ^ / g0  w ere d e te rm in ed  o v e r th e  -vdiole area*  A lso , 

th e  d i s t r i b u t i o n  o f  th e  s h e a r  s t r e s s  «v a lo n g  th e s e  a x es  and a lo n g  one 

s id e  o f  th e  sq u a re  w ere th e n  found* S e le c te d  r e s u l t s  a r e  shown i n  

P ig s .  141 to  148*

The maximum s h e a r  s t r e s s  v a lu e s  w ere d e te rm in ed  from  th e  

maximum s lo p e  a t  th e  boundary  o f  th e  ^  d i s t r i b u t i o n  a lo n g  th e  

s h o r t e s t  a x i s  o f  syiroTnetry* T h is  s lo p e  was found  a s  a c c u r a te ly  a s  p o s s ib le ,  

u s in g  th e  m ethod o f  l e a s t  squm res to  o b ta in  an  e q u a t io n  f o r  th e  ^  

c u rv e , th e  e q u a t io n  th e n  beirig  d i f f e r e n t i a t e d  f o r  th e  maximum sh e a r  

s t r e s s  value*

These r e s u l t s  a r e  shown (Pig* 149) p l o t t e d  on  th e  t h e o r e t i c a l  

c u rv e  f o r  t h e  maximum sh e a r  s t r e s s  o c c u rr in g  on th e  boundary  o f  a  

r e c ta n g u la r  c r o s s - s e c t io n  u n d e r to rs io n *

I t  i s  s e e n  t h a t  th e r e  i s  e x c e l le n t  ag reem ent betw een  th e  

t h e o r e t i c a l  and th e  c o n d u c tin g  p a p e r  r e s u l ts *

The d i s t r i b u t i o n  o f  th e  s h e a r  s t r e s s  ?  a lo n g  th e  boundary  

o f  th e  sq u a re  s h a f t  was found b y  d e te im in ip g  th e  ^/G 6 d i s t r i b u t i o n s  

a lo n g  l i n e s  p a r a l l e l  to  th e  a x i s  o f  symmetry th ro u g h  th e  c e n t r e  o f  th e  

sq u a re , a s  shown i n  Pig* 150. The s h e a r  s t r e s s  d i s t r i b u t i o n  i s  shown 

i n  Pig* 151*



F i g .141

SQUARE SHAFT M TORSION
cisTmeuTiON o r  and >h6ab s t r e s s  X  auOws

'A-«MAL UMCS CF SYf 'METRY CA AHO Or

GÔC*

MTAWCE ALOWG AXIS

SQUARE SHAFT IN TORSION

F i g .142.
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b e c t a n c u l a r  s h a f t  in t o r s io n
■ f f i C N  y ^  AM? *1 # y

<i«

o 33 V

Pig. 143.

3 » T i« < f * * .> C  M  i

RECTANGULAR SHAFT IN TORSION
S ltm tftg T lO H  OF $  W P  «M EM  * T » t H  T  ALONG

MU 01 Y,

o 3I 2

P ig .144.

0 1  « T A N C E  A L O N G  A A I»
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RECTANGULAR SHAFT H TORSION
«F ♦ we 9mm tmKHV

fm*f

t------1' ’-X-

•1

I

0 MTAWCt *hW><

F i g . 146.

thin rectangular shaft in TORSIQÜ
M T R I W T I O W  0 .  »  AMD iH C A H  t T K C M  *C ALONG M l *  ON
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-  e t  -
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TWN RECTANGULAR SHAFT IN TORSION
o i t T n n o T t o H  o r  é  m o  > m t » t  c  a u o w g  a k i*  o y

172b.

o - s

O 5O 40-Ï

P i g .147.

THIN RECTANGULAR SHAFT IN TORSION

— s

P ig . 148.

c o n s t a n t  u s e s  _
ïHfAM  «TRESS UNES,



TORSION OF RECTANGULAR SHAFTS
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F i g .149.
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SQUARE SHAFT IN TORSION
ilŜWSCTO. X aK tTAtSl t

fCV'f'CAA'r AI
Y

DISTANCE A.0%3 f'Ti.TCAA'

F i g ,151.

SHAFT WITH A KEYWAY IN
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F i g .152,
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A p p l ic a t io n  to  S t r e s s  C o n cen tra t i o n  D e te rm in a tio n

The an a lo g u e  iwas a p p l ie d  to  th e  c a s e  c f ‘ a  c i r c u l a r  s h a f t  

c o n ta in in g  a  B r i t i s h  S tan d a rd  keyway (B ig ,152). I n  t h i s  problem  th e  

d i f f i c u l t y  o f  a p p ly in g  -vo ltage  c o n n e c tio n s  a lo n g  th e  s h o r t  h ig h ly  

s t r e s s e d  r e g io n  a t  th e  f i l l e tg was overcome by  tra n s fo rm in g  th e  s h a f t  

boundary  to  a  more s u i t a b l e  form*

By th e  u se  o f  th e  t r a n s fo rm a tio n

X + i y  s  a  c o th  « » * . . .  *.............   75)

th e  boundary  shown i n  B ig , 155 was o b ta in e d , so t h a t  th e  f i l l e t  r e g io n  

became en larged*  L in e s  o f  c o n s ta n t  ^ /G 6  w ere o b ta in e d  from  a  

c o n d u c tin g  p a p e r  specim en o f  th e  tra n s fo rm e d  shape. These c o n to u rs  

w ere th e n  re - t r a n s fo rm e d  on to  th e  o r ig in a l  c r o s s - s e c t io n ,  on -vAiich th e  

l i n e s  o f  c o n s ta n t  ^ / g6  w ere th e n  c o n s tru c te d  a s  shown i n  Big* 152*

The s t r e s s  c o n c e n tr a t io n  f a c t o r  f o r  th e  keyway was d e te rm in ed  

b y  o b ta in in g  th e  s lo p e , a t  th e  boundary , o f  th e  ^ / g6 c u rv e  a lo n g  a  

r a d i a l  l i n e  draw n th ro u g h  th e  f i l l e t  r a d iu s  c e n t r e ,  a t  th e  p o s i t io n  on 

th e  boundary  w here th e  *^/G6 l i n e s  w ere m ost c lo s e ly  spaced . T h is  i s  

shown i n  Big* 154* T h is  v a lu e , r e l a t e d  to  th e  maxiinum sh e a r  s t r e s s  

v a lu e  i n  a  s h a f t  o f  th e  same d ia m e te r  b u t  w ith  no keyway, and s u b je c te d  

t o  th e  same to rq u e , g iv e s  a  s t r e s s  c o n c e n tr a t io n  f a c t o r  f o r  th e  keyway 

c o n s id e re d , o f  2*95*
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