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ABSTRACT OF A P h .D . THESIS by E. M . Barrowman

THERMAL STRESSES IM SPHERICAL SHELLS

The s u b je c t m a tte r o f th is  th e s is  concerns the  

a n a ly t ic a l and e xp e rim en ta l in v e s t ig a t io n  o f the  s tress  d is t i lb u t io n s  

caused^by the s teady s ta te  tem pera tu re  d is tr ib u tio n s  in  sp h e ric a l s h e lls  

w ith  va rio u s  bounaary c o n d it io n s .

A fte r a short c r i t ic a l  re v ie w  o f the  re le va n t l i te ra tu re ,  

co n s id e ra tio n  is  g ive n  in  C hap te r 1 to  the  a n a ly t ic  e xp re ss io n s  fo r  the  

tem perature d is tr ib u t io n s  in  s p h e rica l s h e lls  exposed to  am bient 

tem perature and su b je c t to  the  c o n d u c tiv e , c o n v e c tiv e  and ra d ia n t modes 

o f heat tra n s fe r .

In  C hap te r 2 the  eq ua tions  fo r  the s tre ss  re s u lta n ts  in  

a sp h e rica l s h e ll as p resen ted  by F lugge are m od ifie d  to  In c lu d e  the rm a l 

e f fe c ts .  A p a r t ic u la r  s o lu t io n  o f the  s h e ll equa tion  is  presen ted u s ing  

the  de rived  a n a ly t ic  tem pera tu re  d is tr ib u t io n s .  This s o lu t io n , a long w ith  

an asym p to tic  com p lem en ta ry  fu n c tio n  s o lu tio n  d e rive d  by L e c k ie , g ive s  

a genera l s o lu tio n  fo r  the  the rm a l s tresse s  in  spheri.ca l s h e lls  due to  

a x isym m e tric  tem pera tu re  d is t r ib u t io n s .

The prob lem  o f a heated open ing in  a s p h e r ic a l s h e ll is  

cons ide red  and re s u lts  are presen ted fo r  the  s tresses fo r  se le c te d  va lu e s  

o f the  s h e ll param eters .

In  C hap te r 3 c o n s id e ra tio n  is  g ive n  to  th a t reg io n  o f the  

s h e ll w ith  la rge  m e rid io n a l angle w hereas the  reg ion  o f s h e ll appropria te  

to  the  s h a llo w  s h e ll th e o ry  is  cons ide red  in  C hap te r 4. In  both these  

reg ions  app rop ria te  s im p lif ic a t io n s  can be made to  the  c o m p lica te d  

genera l s o lu tio n  fo r  the  s p h e rica l s h e ll and som ewhat s im p le r exp ress ion s  

fo r  the  s tress  re s u lta n ts  are o b ta in e d .
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I t  i s  shown th a t the s h a llo w  s h e ll th e o ry  is  

su ita b le  fo r  the e v a lu a tio n  o f the the rm a l s tresses in  th a t re g io n  o f the 

sphere w h ich  can be a p p ro p ria te ly  described  as s h a llo w .

Therm al s tresses  in  c y lin d r ic a l s k ir ts  are cons ide red  

and com parisons are made w ith  a n a ly tic  w ork win' ih  has a lre a d y  been 

p re se n te d .

In  C hap te r 5 the  s tress  co n ce n tra tio n s  at the  

ju n c tio n  o f a u n ifo rm ly  heated c y lin d r ic a l s h e ll and a s h a llo w  sp h e rica l 

s h e ll are in v e s tig a te d  and com puted re s u lts  are presented fo r  va rio u s  

c y lin d e r  to  sphere th ic k n e s s  ra t io s .

Asym m etric tem perature  d is tr ib u tio n s  on sp h e rica l 

s h e lls  are cons ide red  in  C hap te r 6 and methods o f s o lu tio n  fo r  the 

re s u lt in g  s tress  d is tr ib u tio n s  are d is c u s s e d . An a n a ly tic  s o lu t io n  is  

presented fo r  a s lo w ly  v a ry in g  lin e  o f tem perature  on a sp h e rica l s h e ll.

The exp e rim en ta l in v e s tig a tio n s  are d e scrib e d  in  

C hap te r 7 w h ich  a lso  in c lu d e s  an exa m in a tio n  o f the prob lem  o f m easuring 

the rm a l s tra in s  by the use o f s tra in  gauges.

Temperature d is tr ib u tio n s  in to  th ree  th ic k n e s s e s  o f 

sp h e rica l s h e ll from  sm a ll u n ifo rm ly  heated c irc u la r  open ings are 

measured and agree fa v o u ra b ly  w ith  the th e o re tic a l p re d ic tio n s .

The s tress  d is tr ib u t io n  in to  a y "  s p h e ric a l s h e ll from  

a u n ifo rm ly  heated open ing  is  measured u s in g  tem perature  com pensated 

s tra in  gauges and agreem ent is  found betw een the  e xp e rim en ta l re s u lts  and 

the  a n a ly tic  p re d ic t io n s .

I n /
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In  Appendix 1 the com pu ta tiona l procedures asso c ia te d  

w ith  the nu m erica l e v a lu a tio n  o f the  a n a ly tic  e xp re ss ion s  deve loped in  

the  th e s is  are co n s id e re d .

The c irc u la r  d is c  is  cons ide red  in  A ppend ix 2,w h ile  in  

A ppendix 3 the c o n v e c tiv e  and rad ia n t modes o f heat tra n s fe r  are 

e xa m in e d .

Appendix 4 g ive s  the  re su lts  ob ta in ed  fo r  the  au tho r by 

Babcock and W ilc o x  from  a com puter a n a ly s is , us ing  the  f in i te  e lem ent 

te c h n iq u e , o f a p a r t ic u la r  tem peratu re  d is tr ib u t io n  on a sp h e rica l s h e ll.  

These re s u lts  are com pared w ith  the e q u iva le n t th e o re tic a l p re d ic tio n s  

de rive d  in  the th e s is .

r-
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NOMENCLATURE

32  ij R ectangular c o -o rd in a te s

r ,  P o lar c o -o rd in a te s

R^^ Radii o f cun^ature o f the m idd le  surface o f a s h e ll

Q  Radius o f cu rva tu re  o f sphere o r c y lin d e r

/ \  A rea, a rb itra ry  constan t^

B  B io t num ber,

c A heat tra n s fe r  param eter,

D M em brane s t if fn e s s ,  D  _ Eh
I-

E Young's m odulus

F Stress fu n c tio n

h T h ickness o f a p la te  o r s h e ll

K Bending s t if fn e s s ,  K, . _Eh____

k  The c o e ff ic ie n t o f the rm a l c o n d u c t iv ity

t  A c h a ra c te r is t ic  le n g th

 ̂ M om ent re s u lta n ts  per u n it le n g th

m The surface heat tra n s fe r c o e ff ic ie n t

VHc The co n ve c tive  heat tra n s fe r c o e ff ic ie n t

The ra d ia n t heat tra n s fe r c o e ff ic ie n t 

N ç,jK ^ The s tress  re su lta n ts  per u n it  le n g th

n A sum m ation in d e x

Transverse shear per u n it  le n g th  

The rate o f heat f lo wI  

b

T  Temperature o f open ing o r boundary

5  H eat tra n s fe r  param eter,
KK
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t  Temperature

U ,V  Independent s h e ll va r ia b le s

U j i r  D isp la cem e n t in  the d ire c tio n  o f the  tangen t
to  the  p a ra lle l c irc le  and the m erid ia n  
re s p e c tiv e ly

ur D isp lacem e n t in  the  d ire c t io n  o f the  norm al
to  the s h e ll surface

oC C o e ff ic ie n t o f l in e a r  the rm a l expan s ion

Shear s tra in

£ e , £ V  S tra ins

x ' * '  S he ll param eter 4>< = D

yU In te n s ity  o f p lane h o t-s p o t

V P o is s o n 's ra tio

O—̂  ) o -y  Stress com ponents

• Shear s tress  

X - Angle o f tangen t ro ta tio n
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INTRODUCTION

The d e te rm in a tio n  o f the the rm a l s tresse s  p la y  an 

im p o rta n t, and fre q u e n tly  even a prim ary r o le , in  the  de s ig n  o f 

n u c le a r re a c to rs , gas and steam tu rb in e s , heat exch an ge rs , 

superson ic  a irc ra ft  and space s tru c tu re s  and many o th e r typ e s  o f 

s tru c tu re  op e ra tin g  at e le va te d  tem pera tu res . The the rm a l s tress  

c a lc u la t io n s  are g e n e ra lly  based on l in e a r  e la s t ic i ty  and th is  o fte n  

serves as a f ir s t  step in d ic a t in g  w he the r fu rth e r com puta tions  w i l l  

be requ ired  to  a llo w  fo r  n o n - lin e a r  e ffe c ts  caused e ith e r  by p la s t ic  

f lo w  and creep o r changes in  the  p h y s ic a l co n s ta n ts  o f the  m a te ria ls  

w ith  tem p era tu re . This th e s is  concerns i t s e l f  o n ly  w ith  the 

assum ptions  o f l in e a r  e la s t ic i ty .

The fo rm u la tio n  o f e la s t ic i ty  prob lem s w h ich  in c lu d e d  

the  e ffe c t o f tem peratu re  v a r ia t io n  is  c re d ite d  to  D U H A M E L ,

He presented the  papers in  1835 , w h ich  was not lo n g  a fte r  the b a s ic  

fo rm u la tio n  o f the th e o ry  o f e la s t ic i ty ,  w h ich  d iscu sse d  the 

g e n e ra lis a tio n  o f the  fundam enta l theorem s o f e la s t ic i ty  to  in c lu d e  

the rm a l s tra in s  and s tresse s  caused by n o n -u n ifo rm  tem perature  

d is tr ib u tio n s  in  an e la s t ic  body. The th e o ry  w h ich  he presented was 

at th a t tim e  o f o n ly  academ ic in te re s t and was not at a l l  deve loped 

u n t i l  the  po s tw a r years when the rap id  deve lopm ents  and advances in  

n u c le a r and che m ica l e n g in e e rin g , gas tu rb in e s , m is s ile s  and 

s u p e rs o n ic /
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superson ic  a irc ra ft have s tim u la te d  fu rth e r in te re s t in  the rm o­

e la s t ic i ty  and have le d  to  e x te n s ive  th e o re tic a l and exp e rim en ta l 

research  on the rm a l s tress  p rob lem s.

S itu a tio n s  re q u ir in g  the d e te rm in a tio n  o f the  m agnitude 

o f the rm a l s tress  are to  be found in  many branches o f e n g in e e rin g . 

Pressure v e s s e ls  in  p rocess p la n ts  are sub je c te d  to  va rie d  

c o n d itio n s  o f op e ra ting  tem perature  and p re ssu re . The opera ting  

tem pera tu res may be anywhere from  extrem e lo w  le v e ls  to  the 

maximum th a t c o n s tru c tio n  m a te ria ls  w i l l  p e rm it. P ressures may 

be h igh  vacuum  or seve ra l thousand pounds per square in c h  o r 

anywhere be tw een. V esse ls  when p laced  in  se rv ice  o r shut down 

com m only undergo la rge  changes in  tem perature  or p re ssu re , or 

bo th . These changes induce  s tresses in  the support s truc tu re s  

th rough v a r ia t io n s  in  expans ion  between the  v e s s e l and i ts  

su p p o rts . Such s tre sse s  may on o cca s io n  be q u ite  la rg e .

In  n u c le a r pow er eng inee ring  the  con ta inm en t v e s s e ls  

w h ich  house the  n u c le a r re a c to r must be capab le  o f w ith s ta n d in g  

the rm a l g ra d ie n ts  p a r t ic u la r ly  at s k ir ts  and n o z z le s . This is  a lso  

true  o f the  a sso c ia te d  heat exchangers where the tem perature  

g ra d ien ts  can be even more severe .

In  che m ica l eng inee ring  many o f the  processes can be 

a c c e le ra te d  and ca rrie d  out more e f f ic ie n t ly  by ra is in g  the 

tem pera tu re  and the  p re ssu re . H ence , in  d e s ig n in g  v e s s e ls  in  

w h ich  a h igh  tem pera tu re  is  needed fo r  ch e m ica l re a c tio n s , the rm a l 

s tresse s  must be in c lu d e d  in  the  des ign  c a lc u la t io n s  and com bined 

w ith  the  s tresse s  due to  pressure and o th e r form s o f lo a d in g  to  

ensure adequate s treng th  and l i f e .

In  p roduc ing  pow er by heat e n g in e s , the  heat c y c le

e f f ic ie n c y /
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e f f ic ie n c y  in c re a se s  w ith  the  abso lu te  tem p e ra tu re , th is  re s u lt 

be ing  im p lic i t  from  the  C arnot e f f ic ie n c y  fo r  the  co n ve rs io n  o f heat 

in to  w ork in  an id e a l e n g in e . An in c rea se  th e re fo re  in  the 

ope ra ting  tem peratu re  w i l l  produce a g a in  in  e f f ic ie n c y  but i t  a lso  

e n ta ils  h ig h e r the rm a l s tresses  and h ig h e r creep ra tes fo r  g iven  

s tre s s . There have been re c e n tly  many c o s t ly  fa ilu re s  in  the  

steam tu rb in  es o f the  E le c tr ic ity  Boai'd due to  the rm a l fa t ig u e .

This fa tig u e  is  caused by the  sh u ttin g  down o f the  p la n t in  the  

even ing  when the  demand fo r e le c tr i.c ity  fa l ls  o f f  and re s ta rt in g  the 

fo llo w in g  m orn ing as the demand in c re a s e s .

A irc ra ft s tru c tu re s  designed fo r  sup e rso n ic  f l ig h t  are 

sub jec ted  to  aerodynam ic h e a tin g . The a ir  su rround ing  the 

a irc ra ft  in  f l ig h t  is  p ro g re s s iv e ly  slow ed down th rough  the boundary 

la y e r  and th is  process generates heat and co n se q u e n tly  a l l  e x te rna l 

su rfaces on the  a irc ra ft  are hea ted . This lead s  to  n o n -u n ifo rm  

tra n s ie n t tem pera tu res o f about lOO^C and 250^0  fo r  M ach numbers 

o f 2 and 3 re s p e c tiv e ly .
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CRITICAL REVIEW

The a n a ly t ic a l founda tions  o f the  th e rrn o e la s tic

th e o ry  were e s ta b lis h e d  by DUH AM EL w h o , in  1835, presented a

paper in  w h ich  he m od ifie d  the equa tions o f iso th e rm a l e la s t ic i ty
(2)

w h ich  had been p re v io u s ly  fo rm u la ted  in  1829 by POISSON

In  D U H AM EL'S fundam enta l equa tion  th e  tem perature  

and the  s tra in  d is tr ib u t io n  are cou p led , as fu n c tio n s  o f tim e  and so 

an exac t a n a ly s is  w ou ld  requ ire  the s im u ltaneous de te rm in a tio n  o f 

both the  s tra in  and tem perature  d is tr ib u t io n s .  Examples o f the  

s o lu tio n  o f th is  coup led  typ e  o f equa tion  are presen ted by BO LEY 

and W EINER^^ .

F o rtu n a te ly  the th e rm o e la s tic  co u p lin g  e ffe c t is  sm a ll 

and i t  is  not u su a l to  in c lu d e  i t  in  the s tress  a n a ly s is  o f p la te  and 

s h e ll s tru c tu re s . I t  is  p o ss ib le  the re fo re  to  de term ine in de p e n d e n tly  

as fu n c tio n s  o f t im e , the  tem perature d is trj. but io n s  and the  

de fo rm ations o f a body. DUHAMEL exam ined th e  im p lif ic a t io n s  o f 

v a rio u s  s im p lify in g  assum ptions and he propounded an an a lo g y , 

a p p ro p ria te ly  named D U H A M E L‘S a n a lo g y , w h ich  e s ta b lis h e s  a 

correspondence betw een the  therm a l s tress  problem  and the body 

and surface s tre ss  problem  w h ich  leads to  id e n t ic a l s tra in s .

At f i r s t  s ig h t i t  may appear the re fo re  th a t the  s o lu t io n  o f many 

the rm a l s tress  problem s are re a d ily  a v a ila b le  in  e la s t ic  th e o ry . 

U n fo r tu n a te ly /
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U n fo rtu n a te ly  th is  is  not so s ince  o n ly  a few  body fo rce  problem s

have been so lved  and those  w h ich  have are o f l i t t l e  in te re s t fo r
(4)

the rm a l s tre s s e s . JOHNS , in  h is  recen t book , o u tlin e s  the

u n d e rly in g  th e o ry  o f th is  ana logy w h ich  he d e sc rib e s  as the

"Body F o rce " an a lo g y .

At about the same tim e as D U H A M E L'S o r ig in a l paper,

NEUMANN^^^ deduced the  th e rrn o e la s tic  s tress  e q u a tio n s , w h ile ,
(6)

in  1879 , HOPKINSON gave the  fu l l  th e rrn o e la s tic  equa tions

e s s e n t ia lly  in  the  same form  as th e y  are found to -d a y  in  the  many

books on the rm a l e la s t ic i ty  th e o ry  in c lu d in g  the w ork by
(7)TIMOSHENKO and GOODIER and the  tw o  books a lrea dy  in d ic a te d .

One o f the most ou ts tand in g  w orkers  in  the rm a l

e la s t ic i ty  was BIOT who as w e ll as d e v is in g  v a r ia t io n a l

procedures fo r the  num erica l s o lu tio n s  o f the heat co n d u c tio n

problem  and the  tim e  dependent equa tions o f the rm a l e la s t ic i ty ,

was a lso  the  f i r s t  to  dem onstra te the  im portance  o f a b a s ic  heat

tra n s fe r  param eter in  the  fo rm a tio n  o f the rm a l s tresse s  w ith in  a body

This param eter,B IO T'S  number (13) is  de fined  by

B « m L 
k

where in is  the  e x te rn a l heat tra n s fe r c o e f f ic ie n t ,  is  a

c h a ra c te r is tic  le n g th  in  the d ire c tio n  o f heat f lo w ,  and k  is  the

the rm a l c o n d u c tiv ity  o f the m a te ria l.
(9)PRZEMIENIECKI observes th a t the  m agnitude o f the 

the rm a l s tresse s  in c rea se  w ith  an in c rea se  in  th e  BIOT number and 

th a t the in c rea se  is  the  more pronounced fo r  the  h ig h e r va lu e s  o f 

th is  num ber. This o b se rva tio n  is  con firm ed by HEÏSLER who 

has prepared cha rts  g iv in g  num erica l va lu e s  o f the  s tresse s  in  f la t  

p la te s  w h ich  are in i t ia l ly  at zero tem perature and are then  sudden ly 

e x p o s e d /
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exposed to  a un ifo rm  am bient tem pera tu re . These cha rts  show the 

in c rea se  in  m agnitude o f the  s tresses  w ith  an in c re a se  in  the  BIOT 

num ber. HLINKA dem onstra tes th a t the same is  a lso  true  fo r  

s labs  and c y lin d e rs . A form  o f BIOT'8 number is  a lso  fundam enta l 

to  the tem perature  d is tr ib u tio n s  w ith in  th is  th e s is  and the e ffe c ts  

o f the  m agnitude o f th is  number on the  m agnitudes o f the re s u lt in g  

s tresses fo r  the  cases cons ide red  can be seen to  fu rth e r con firm  

the  genera l o b se rva tio n  o f PRZEMIENIECKI and th u s  h ig h lig h t the 

im portance  o f the  BIOT num ber.

The govern ing  d if fe re n t ia l equa tions fo r  a x isym m e trica l

s h e lls  o f cons tan t th ic k n e s s  were expressed as fu n c tio n s  o f tw o
(12)in d ep en d en t  v a r i a b le s  U and V by MEISSNER and 

sub seq ue n tly  m o d ifie d  by EICHELBERG and by PARKUS to

inc lude  axisymmetrj.c tem pera tu re  d i s t r ib u t io n s .

The tw o  dependent v a n a b le s  are de term ined from  the  

d if fe re n t ia l equa tions  in  w h ich  the  angle ^  occu rs  as the  

independen t v a r ia b le

L  ( u V v  Hi u

L (V ) f  V V 

w h e re

_  Y 4- <q 
KRt-

E  h ^  V — H C 4**1

(i)

(ii)

L l  ._?) e T ( — ^

cl y

R,, c l f Ri\ c o td )  _  r / c o t  4>.
R . ^ U J  U  oltDc l *

(iii)



(q (,*t^  „ RiC 1 v') ct I (R 1 “ R ^ c o t  t. — clRa- — R% cl
R^h I ^  3C y i

(iv)

H Cdl) "  Ri EV\ oc^cot^l^ I  I _ Rt — ~fcan clR^ t  — E R R x ^ H L )
^ R , ' \  R. R, ^  ; ct<^

(v)

w h ile  the rem a in ing  param eters are as de fined  in  F igures (i -  i i )  

and in  the  in d e x  o f nom enc la tu re .

The s tre s s -re s u lta n ts  and de fo rm ations  are g ive n  in  

term s o f U and V . Thus the problem  o f f in d in g  the rm a l s tresses  

and the re s u lt in g  de fo rm ations  due to  a rb itra ry  a x isym m e trica l 

tem perature  d is tr ib u tio n s  reduces to  the s o lu tio n  o f tw o  s im u ltaneous 

d if fe re n t ia l equa tions  o f the second order in  w h ich  the  'tem perature 

lo a d in g  ' term s occu r on the  r ig h t hand s ides  o f the  equa tions 

re p la c in g  the  o rd in a ry  lo a d in g  te rm s.

The genera l s o lu tio n  o f equa tions  (i) and ( ii)  can be 

separated in to  the  homogeneous s o lu tio n  (com plem entary fu n c tio n ) 

and the  p a r t ic u la r  s o lu tio n  (p a rtic u la r in te g ra l) , The com plem entary 

fu n c tio n s  are used to  s a t is fy  the  requ ired  boundary c o n d itio n s  w h ile  

the  p a r t ic u la r  in te g ra l depends on the tem perature  d is tr ib u t io n  o n ly  

and is  independen t o f the  boundary c o n d it io n s .

The method o f d e sc rib in g  the  tem pera tu re  lo a d in g  in  

term s o f the  mean tem perature  ,and the tem perature  g r a d i e n t  

th rough the s h e ll th ic k n e s s ,K , is  now a lm ost u n ifo rm ly  adopted in  

problem s in v o lv in g  s h e lls  and p la te s .

The exact s o lu tio n s  to  c y lin d r ic a l and c o n ic a l s h e lls  

are a v a ila b le  in  term s o f tr ig o n o m e tr ic  and m o d ifie d  Bessel fu n c tio n s  

re s p e c tiv e ly .

W lie n /
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W hen the  tw o  b a s ic  fu n c tio n s  U and V  have been 

so lved  the  s tress  re s u lta n ts  and de fo rm ations can be ob ta ined  

from  re la t iv e ly  s im p le  e xp re ss io n s . These are sum m arised be low

N, -  -  c o t  (6 V,
R .

M .  = - J l l
R.

Q. = _V

Ld, ”  “  K ( J/, 3" cdtcj) \  ^  c t  B  K t

M ~ k ( Ucot(^ ^  \  oLE b t
^ \  R W  ( i - V )

UOr “  f  V -V- V c o t ç ^ V ^  __ c c R ^ E \v \9 ^ . t l

where do ts denote d e r iv a tiv e s  w ith  respect to  cf? and UT is  the 

d isp la ce m e n t in  th e  d ire c t io n  norm al to  the  s h e ll su rfa ce , 

measured p o s it iv e  in w a rd s .

For the  sp h e rica l s h e ll,  where Rv -  R?_ ~ ^  , 

the  mean rad ius  o f the sphere , these equa tions  s im p lify  co n s id e ra b ly . 

R ecognis ing \J ~ . fo r  the  angle o f tangen t ro ta tio n  X -  and

s in ce  V = a  Cl where Gl i s  s h e a r  s t r e s s  r e s u l t a n t ,  th e n  eq u a t io n s

(i) and (ii) c a n / o r  th e  sp h e r ica l  s h e l l ,  be reduced  to

L  ( % )  -  V X  -  CL
R - b (vi)

L ( G f ) ' f V G l  ^  X  -u
a

(vii)
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w h ich  are s im ila r  to  the  equa tions w h ich  are d e r iv e d /n  C hap te r 2
(15)

o f th is  th e s is / ro m  the s h e ll equa tion  as presented by FLUGGE

and m od ifie d  to  in c lu d e  tem perature  e f fe c ts .

The homogeneous po rtion s  o f equa tion s  (v i) and (v ii)

can be com bined to  g ive  a s in g le  equa tion  in  te rm s o f the  shear

s t r e s s  r e s u l t a n t  G l and upon e l im ina t ing  th e  op e ra to r  L  one

o b ta in s  the  "b a s ic "  equa tion  fo r  the sp h e rica l s h e ll w h ich  was f i r s t

suggested by H . REISSNER in  1912. MEISSNER proposed an

a n a ly t ic  s o lu tio n  to  th is  homogeneous eq ua tion  in  term s o f a

hypergeom etric  se ries  and FLUGGE reached a som ewhat s im ila r

s o lu tio n  when w ith  a s u ita b le  change in  dependent fu n c tio n  he

transfo rm ed the eq u a tio n  in to  the hypergeom etric  form  w ith  tw o

com p lex  s o lu tio n s  whose rea l and im a g in a ry  pa rts  are a set o f fo u r

independent s o lu t io n s .

A genera l a n a ly tic  s o lu tio n  cou ld  the re fo re  be ob ta ined

fo r  the  therm a l s tresse s  in  a sp h e rica l s h e ll p rov ided  the

tem perature  lo a d in g  on the righ t-hand  s ide o f the  equa tions  are a lso

ab le  to  be expressed in  the same form  as the  com plem entary

fu n c tio n , th a t is  as a hypergeom etric  se rie s  o r in  i ts  asso c ia te d  form

a se ries  o f Legendre p o lyn o m ia ls  o f the f i r s t  k in d . This is  the  form
(17)

o f s o lu t io n  proposed by NOWAGKI a lthough  he does suggest th a t

because o f the poor convergence o f the  se ries  one cou ld  fo llo w  the
(25)approx im ate procedure w h ich  had been proposed by GECKELER

The poor convergence o f the  hypergeom etric  se ries  fo r  sp h e rica l
(19)s h e ll problem s has been commented upon by EKSTROM w ho, fo r  

va lu e s  o f = 6 2 .5 , found i t  was necessa ry  to  co n s id e r not le s s  

than  18 term s o f the  s e r ie s , and by FLUGGE who cons ide red  th a t i t  

was p ra c t ic a l ly  im p o s s ib le  (before the  advent o f modern com puters ?) 

t o /



—10“

to  ap p ly  h is  se rie s  to  s h e lls  whose va lu e  is  s u b s ta n tia lly  

g rea te r than  26 and where the  edge to  be cons ide red  has a 

c o - la t itu d e  a n g le , ^  , o f not le s s  than  70*^. NOVOZHILOV 

conc ludes  th a t the  e ffo r ts  to  o b ta in  the m a th e m a tic a lly  exact 

s o lu tio n  are to  a great ex te n t w asted s ince  such s o lu tio n s  are 

in c o n v e n ie n t to  use in  p ra c tic e  and are m oreover in c o n s is te n t s ince  

the  b a s ic  assum ptions o f the  o r ig in a l eq ua tions  in v o lv e  e rro rs o f 

the  order Vo( in  com parison  w ith  u n ity  and he n ce , he c la im s , there  

is  l i t t l e  sense in  re ta in in g  term s in  the f in a l s o lu tio n  o f a sm a lle r 

o rder tha n  Y a  .

Because o f the d i f f ic u lt ie s  a sso c ia te d  w ith  the a n a ly tic  

s o lu tio n s  o f the  s h e ll p rob lem s, va rio u s  form s o f a sym p to tic  

in te g ra tio n  o f the genera l equa tion  have been c o n s id e re d . The 

approx im ate s o lu tio n s  th u s  de rived  are u s u a lly  o f a re la t iv e ly  

s im p le  form  w h ich  makes them d ire c t ly  a p p lic a b le  to  eng ineering  

c a lc u la t io n s .
( 21)

F o llo w in g  the  method d iscu sse d  by JEFFREYS , fo r  

the  asym p to tic  in te g ra tio n  fo r second order d if fe re n t ia l equa tions
(9)w h ich  have one param eter la rge  compared w ith  u n i t y , PRZEMIENIECKI 

proposed as a su ita b le  param eter fo r  a x isym m e trica l s h e lls

\  h R 'Î- / T't'b
w h ich  is  la rge  fo r  s lend e r s h e lls  w ith  th in  w a lls ,  A second 

assum ption  w h ich  he in tro d u ce d  fo r the  a sym p to tic  in te g ra tio n  was 

th a t the rad ius  o f cu rva tu re  must not be equa l to  zero and 

the re fo re  h is  s o lu tio n s  w i l l  break down near the  po in ted  nose o f a 

s h e ll.  Any p ra c t ic a l s le nd e r sh e ll w i l l  how ever u s u a lly  have a 

s o lid  nose to  th a t ^  O and hence th e  a sym p to tic  s o lu tio n  can 

b e /
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be use d . PRZEMIENIECKI the n  presented the  f i r s t  o rder 

a p p ro x im a tion  o f the a sym p to tic  se ries  s o lu t io n  fo r  ring  s h e lls ,  

c o n ic a l s h e lls  and c y lin d r ic a l s h e lls  w h ich  have a x isym m e tric  

tem perature  d is tr ib u t io n s .  H is  re s u lts , w h ich  are sum m arised in  

Table ( i ) , g ive  the genera l s o lu tio n  fo r  the  tw o  b a s ic  fu n c tio n s  U 

and V , in  equa tions  (i) and (ii)  , in  tw o  pa rts ; com plem entary 

fu n c tio n s  w ith  fo u r a rb itra ry  con s tan ts  o f in te g ra tio n  , C%  ̂p  

and ^  and the p a r t ic u la r  in te g ra ls  R^,.(EbR^) and

K w h ich  are know n fu n c tio n s  depend ing upon the

tem perature  d is tr ib u t io n s .  In  the s o lu tio n  fo r  r in g  s h e lls ,  th a t is  

s h e lls  where R, is  a con s tan t and where^u is  as de fin e d  in  Table (i) , 

i t  is  necessa ry  to  use the  in te g ra l \ t

w h ich  cannot be expressed in  term s o f know n ta b u la te d  fu n c tio n s . 

This in te g ra l has been eva lua ted  n u m e ric a lly  by PRZEMIENIECKI 

fo r  a se ries  o f va lu e s  o f and some num erica l re s u lts  are shown 

in  F igure ( i i i ) .

The p a r t ic u la r  in te g ra ls  g ive n  by the  a sym p to tic  

s o lu tio n s  are a p p ro x im a te . Better approx im a tions  can be 

ob ta ined  by u s in g  se ries  expans ion  s o lu tio n s  whose c o e ff ic ie n ts  

are de term ined from  the  d if fe re n t ia l equa tions but th is  w ou ld  

requ ire  an a p p re c ia b le  amount o f com p u ta tio n .

The a sym p to tic  so lu tio n s  fo r  the  rin g  s h e lls  can be 

m o d if ie d , by p u ttin g  ya - o  and R^ = a  , to  in c lu d e  the sp e c ia l 

case o f the  sp h e rica l s h e ll .  The re s u lt in g  e xp re ss io n  fo r  the  

shear s tress  re s u lta n t th e n  becomes

  K  v b  oL t.

(viii)



-12

where the  homogeneous p o rtio n  o f th is  s o lu tio n  is  the  same as

the  a sym p to tic  s o lu tio n  o f H , REISSNER'S sp h e rica l s h e ll equa tion

w h ich  was f i r s t  proposed by BLUMENTHAL . The same

approxim ate  s o lu tio n  fo r  th e  com plem entary fu n c tio n  was a lso
/  (24)

ob ta ined  by METENYI when he reduced the problem  o f a

s y m m e tr ic a lly  loaded sp h e rica l s h e ll to  the problem  o f the  fle xu re

o f e la s t ic a l ly  supported curved beams o f v a r ia b le  w id th . For a

somewhat coa rse r a p p ro x im a tio n , w h ich  is  v a lid  fo r  la rg e  va lu e s  o f
(25)

opening angle (j) , GECKELER proposed a s im p lif ic a t io n  to  

MEISSNER'S equa tions  by dropp ing from the  L  op e ra to r o f equa tion  

( i i i )  a l l  term s o th e r tha n  the  second d e r iv a tiv e  s in c e , he argued, 

th e  second d e r iv a tiv e  is  la rge  in  com parison w ith  the  o th e r te rm s . 

The re s u lt in g  equa tions  are the  same as the govern ing  equa tions  fo r  

the c y lin d r ic a l s h e ll and th e ir  s o lu tio n  is  the  same as equa tion  (v ii i)
- j -

w ith  the  e x c lu s io n  o f the  ^ term  b u t, o f co u rse , % 1

fo r  these  la rg e r va lu e s  o f ^  .

A ll o f the  a sym p to tic  so lu tio n s  fo r  the  sp h e rica l s h e ll

so fa r  l is te d  su ffe r from the  re s tr ic t io n s  th a t th e y  are not v a lid

fo r  sm a ll va lu e s  o f the  angle ^  . To overcom e th is  d i f f ic u l t y ,

LECKIE ^^^^transform ed the  homogeneous equa tion  in to  the  form  o f 
(27)

the  LANGER equa tion  fo r  w h ich  an a sym p to tic  s o lu tio n  is  

a v a ila b le .  Th is s o lu tio n  is  v a lid  fo r  a l l  va lu e s  o f the  ang le  ^  

and i t  g ive s  fo r  the  shear s tress  re su lta n t

\  bin. ^  J

(ix)

LECKIE dem onstra ted th a t th is  s o lu tio n  agrees w ith  the 

sh a llo w  s h e ll s o lu tio n  fo r  sm a ll va lu e s  o f  ̂  , where ~  1

a n d /



“13“

and w ith  the  HETENYI type  a sym p to tic  s o lu tio n  fo r  the  la rg e r

va lu e s  o f the  an g le ,

A fu l l  d is c u s s io n  o f the re levance  o f a l l  the  approxim ate

s o lu tio n s  is  unde rtaken  by TOOTH^^^^.

A method fo r  the c a lc u la t io n  o f s tresse s  and

de fo rm ations  in  s h a llo w  s h e lls  sub je c t to  v a rio u s  form s o f lo a d in g
(29)

was deve loped by AMBARTSUMYAN , Th is method depends on

the  sepa ra tion  o f the F ou rie r se ries  s o lu tio n  in to  a po rtio n

re co g n isa b le  as th a t o f a f la t  p la te  under the  same lo a d in g  and the

rem ainder due to  the sm a ll cu rva tu re  o f the s h e ll.  A lso u s in g  a

F ou rie r a n a ly s is  GRADOWCZYK cons ide red  th e  the rm a l s tresses

on a s h a llo w  sp h e rica l s h e ll and he eva lu a ted  nu m erica l re s u lts

a fte r  program m ing h is  Fou rie r c o e ff ic ie n ts .  O f g rea t in te re s t
(31)

are the  s o lu tio n s  ob ta ined  by GONRAD and FLUGGE fo r  sh a llo w

s p h e r ic a l,  c y lin d r ic a l and h yp e rb o lic  s h e lls  under the a c tio n  o f

p lane and bend ing  hot sp o ts . The s tresses and d isp lace m e n ts  at

any po in t in  a tem peratu re  f ie ld  can be ob ta ined  by in te g ra tin g

the  "e ffe c ts "  o f the  hot spots w h ich  com prise  the  f ie ld .  The

p o te n t ia li ty  o f th is  method fo r  the nu m erica l c a lc u la t io n  o f the rm a l

s tresse s  due to  any tem perature  d is tr ib u t io n  has not ye t been fu l ly

deve loped due perhaps to  the  la c k  o f su ita b le  a lg o r ith im s  fo r  the

K e lv in  fu n c tio n , w h ich  d e sc rib e  the u n it a c t io n s .

Though the  homogeneous equa tion  fo r  the  a s y m m e tr ic a lly
(32)

loaded s h e ll has been so lved  by HAVERS , u s in g  an asym p to tic

method s im ila r  to  th a t o f BLUMENTHAL and by LECKIE u s ing  the

LANGER a sym p to tic  e q u a tio n , l i t t le  w ork has been done to  co n s id e r
(33)the  appropria te  the rm a l lo a d in g s . STEELE , s ta rtin g  from  the 

genera l s h e ll equa tions  as g ive n  by NOVOZHILOV, has shown us ing  

a /
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a wave fo rm , th a t fo r  any type  o f lo a d in g , in c lu d in g  th e rm a l, 

w h ich  has a rap id  v a r ia t io n  w ith  respect to  one cu rva tu re  

c o -o rd in a te  re la t iv e  to  a s lo w  v a r ia t io n  in  another the n  i t  is  the 

rap id  v a r ia t io n  o n ly  w h ich  need be cons idered  when e s tim a tin g  the 

s tress  d is tr ib u t io n .  A p a r t ic u lr  case o f th is  genera l form  had 

a lrea dy  been presented by BOUMA ^^^^who had in v e s tig a te d  s lo w ly  

va ry in g  edge lo a d in g  o f some sh a llo w  s h e ll fo rm s .

The ju n c t io n  p rob lem s, w h ich  a rise  where e x te rn a l 

members meet a sp h e rica l s h e ll,  have re c e n tly , because o f th e ir  

p ra c t ic a l im p o rta n ce , rece ive d  much a tte n tio n  by re se a rch e rs .

The a n a ly s is ,  u s u a lly  in v o lv e d , is  ca rrie d  out by com b in ing  e x is tin g  

s o lu tio n s  o f the  equa tions o f the sp h e rica l s h e ll and th e  pe ne tra ting  

member, o fte n  ano ther s h e ll shape, in  such a w ay as to  s a t is fy  the 

appropria te  c o m p a t ib il i ty  and e q u ilib r iu m  c o n d it io n s .

A grea t number o f va lu a b le  papers on th is  su b je c t were 

presented at the  NUCLEAR REACTOR CONTAINMENT BUILDINGS AND 

PRESSURE VESSELS sym posium . A paper by PENNY tre a tin g  the 

ju n c t io n  o f a c y lin d r ic a l w ith  a sp h e rica l pressure v e s s e l dem onstra tes 

the  va lu e  o f u s in g  m a tr ix  methods fo r the m atch ing  o f the d isp lace m e n t 

o f the  a d jo in in g  e le m e n ts . LECKIE and LIVESLEY ^^^^considered the 

m eeting  o f the c y lin d r ic a l supporting  s h e ll w ith  a sp h e rica l s h e llw h ile
(37)

BAILEY and HICKS in v e s tig a te d  ju n c tio n  problem s betw een a 

sp h e rica l s h e ll and i t s  supporLing s k ir t .

M any c o n d itio n s  o f m echan ica l lo a d in g  o f a c y lin d r ic a l 

s h e ll and the sp h e rica l dome w h ich  i t  in te rs e c ts  have been exam ined 

by  BIJLAARD^^®!

In  a se ries  o f re v ie w  a r t ic le s  on the  supports fo r

l e a l  p ress

o f /
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o f l ite ra tu re  in  the  past number o f years does not d is c lo s e  any 

d e ta ile d  s tu d ie s  o f tem perature  v a r ia tio n s  in  v e r t ic a l s k ir ts ,

in s u la te d  e x te rn a lly ,  in te rn a lly  o r b o th " . He presen ts  the fo lio w irg

e m p ir ic a l e q u a tio n , based on te s t d a ta , fo r  the  m eta l tem perature  "Rx.

at some d is ta n ce  X  in ch e s  be low  the tangen t l in e  on a v e r t ic a l s k ir t

t - x .  = ( t v  - s o " ' ')  -  t-0'57-=c -  O -Z 'S 'I 0 -00< ^=J“ -  o - o o o o y x .

where t lv  is  the vapou r o r l iq u id  tem pera tu re . In  the  te s ts  from  

w h ich  the  above re la t io n s h ip  is  fo rm u la ted  both su rfaces o f the s k ir t  

were in s u la te d  w ith  equal amounts o f in s u la t io n ,  the  to ta l in s u la t io n  

v a ry in g  from  2 to  4y in c h e s . I t  is  assum ed, though not e x p l ic i t ly  

s ta ted  by th e  a u th o r, th a t the tem perature must be s ta ted  in  ^F , 

WOLOSEWICK s ta tes  th a t ,  "the above equa tion  does not s a t is fy  fu l ly  

the  exp e rim en ta l d a ta , but i t  does g ive  fa ir ly  reasonab le  average 

va lu e s  " .

I t  appears , from  the papers by WOLOSEWICK, 

BERGMEN^"^^^ and from  the  many te c h n ic a l reports  w ith in  in d u s try , 

to  be common p ra c tice  fo r  f u l l  sca le  m odels to  be co n s truc ted  o f 

p o rtio n s  o f s h e ll and s k ir t  and the tem perature d is tr ib u t io n s  are then  

"fed in to "  com puter programs fo r  the fu l l  s h e ll and the  subsequent 

s tresses  and de fo rm a tions  de te rm ined . PENNY has s ta ted  th a t th is  

was the procedure adopted by the G .E .G .B . and indeed at the  present 

t im e  th is  same o rg a n is a tio n  are perform ing fu l l  sca le  te s ts ,  in v o lv in g  

tem perature  and s tra in  m easurem ent, on tu rb in e  c a s in g s . I t  has been 

found th a t the  h igh  the rm a l s tresses asso c ia te d  w ith  the d a ily  

"s w itc h in g  o n "  and "s h u ttin g  dow n 'hhave re su lte d  in  the rm a l fa tig u e  

and thus o c c a s io n a lly  the  to ta l lo s s  o f a tu rb in e  s e t. The te s ts  

th e re fo re , l ik e  those  on pressure ve s s e l s k ir ts ,  are d ire c te d  tow ards 

fo rm u la t in g /
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fo rm u la tin g  a des ig n  code to  in c lu d e  the rm a l s tre s s e s .

C orrespond ing  w ith  the g row ing  requ irem ent fo r

eng ine e rin g  s tru c tu re s  to  w ith s ta n d  h ig h e r and h ig h e r tem pera tu res

has been the  n e c e s s ity  to  determ ine the  s tresse s  on the  s truc tu re

when i t  is  in  s e rv ic e . This has m otiva ted  a great dea l o f research,
(41)

p a r t ic u la r ly  by s tra in  gauge m anufacturers such as BALDWIN , 

MICRO-MEAS'JREMENT and BUDD, in to  exp e rim en ta l te ch n iq u e s  o f 

m easurem ent at e leva te d  tem perature  and in  h o s t ile  en v iro nm e n ts .

Several la rge  com m erc ia l o rg a n isa tio n s  have undertaken 

th e ir  own research  in to  m easuring te ch n ique s  and indeed some 

com pan ie s , such as R o lls  Royce, even m anufacture th e ir  own s tra in  

gauges. M uch o f the v a lu a b le  research w o rk , in v o lv in g  s tra in  

m easurem ent, is  con ta in ed  w ith in  te c h n ic a l reports  w h ich  are not 

made g e n e ra lly  a v a ila b le  F o rtun a te ly  the re  has grow n a g rea te r 

in te re s t in  e xp e rim en ta l te ch n iq u e s  and th is  has le d  to  an in c rea se  in  

the  p u b lic a tio n s  d e a lin g  e n t ire ly  w ith  these  to p ic s .  Such a 

p u b lic a tio n  is  the  jo u rn a l STRAIN.

One exp e rim en ta l researcher who has made a va lu a b le  

c o n tr ib u tio n  to  the  unde rs tand ing  o f the  p h y s ic a l be hav io u r o f 

d iffe re n t a l lo y s ,  a t  e le va te d  tem pera tu res and sub je c te d  to  s tre s s , 

is  BERTODO^'^^^, He was seeking  a m a te ria l w h ich  w ou ld  be su ita b le  

fo r  the m easurement o f s tra in s  in  the  tem perature  range from  am bient 

up to  lOOO^G. H is  p u b lish e d  re s u lts  g ive  a c le a r assessm ent o f the 

c a p a b il it ie s  o f most o f the  common s tra in  gauge a llo y s  and in d ic a te  

th e ir  s u i ta b i l i t y  fo r  measurement over a p a r t ic u la r  tem perature  ra n g e .

The e ffe c ts  o f th e  he a tin g  ra tes on s tra in  gauges have 

been cons ide red  re c e n tly  by BROAD . H is  experim en ts  show th a t 

the  rate o f h e a tin g  o f a gauge a ffe c ts  the  recorded s tra in  rea d ing . 

T h e /
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The m agnitude o f th is  apparent s tra in  depends upon the  typ e  o f 

gauge, the  cem ent used and upon the  rate o f h e a tin g . A converse 

e f fe c t ,  to  th a t o f the he a tin g  ra te , is  commented upon in  th is  th e s is  

The au tho r observes th a t the  sudden c o o lin g  o f the  surface o f a 

s tra in  gauge, due to  sm a ll env ironm en ta l changes , g re a tly  a ffe c ts  

the  recorded s tra in  rea d in g .

U n fo rtu n a te ly , even w ith  a ll these  recent 

im provem ents in  s tra in  measurement te c h n iq u e s , the re  is  s t i l l  a 

dearth  o f p u b lish e d  q u a la ta tiv e  re su lts  from  the  m easurem ent o f 

s tra in s  due to  tem perature  d is tr ib u tio n s  on s h e ll s tru c tu re s .
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CHAPTER I

TEMPERATURE DISTIUBUTION
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Before see k in g  s o lu tio n s  o f the  uncoup led  equa tions 

o f the rm a l e la s t ic i ty ,  i t  is  f i r s t  necessa ry  to  d e fin e  m a th e m a tica lly  

tem pera tu re  d is tr ib u tio n s  w h ic h  have some p h y s ic a l s ig n if ic a n c e  

on a s p h e r ic a l s h e l l .

A tem pera tu re  d is tr ib u t io n  is  de rive d  fo r  a s p h e r ic a l s h e ll 

in v o lv in g  th e  c o n d u c tiv e , c o n v e c tiv e  and ra d ia n t modes o f heat 

tra n s fe r . A n a ly t ic  and asym p to tic  so lu tio n s  are presen ted fo r  the 

a x isym m e tric  ca se . These s o lu tio n s  are compared w ith  the  

a p p ro p ria te  known s o lu tio n s  fo r  the  f la t  c irc u la r  p la te  and the  

c y l in d r ic a l s h e ll .  A l l  o f the  s o lu tio n s  co n ta in  a param eter w h ich  

is  id e n tif ie d  as be in g  s im ila r  in  form  to  the  BIOT num ber.

The s p e c ia l case o f a s lo w ly  va ry in g  lin e  o f hea t around 

a s p h e r ic a l s h e ll is  cons ide red  and an a sym p to tic  s o lu tio n  is  

p re se n te d .
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1.1 H eat T ransfe r

The b a s ic  la w  govern ing  th e  heat co n d u c tio n  w ith in  

a body, F o u rie r 's  C o nd uc tio n  Law , s ta tes  th a t the  f lu x  o f heat 

conducted  across a su rface  is  p ro p o rtio n a l to  the  tem peratu re  

g ra d ie n t, take n  in  a d ire c tio n  norm al to  the  su rfa ce , at the  p o in t 

in  q u e s tio n . This la w  is  o fte n  expressed in  the  form

o  .  — k K 
^ cln

1.1

w here denotes the  ra te  o f heat f lo w  across the  area P\ ^

-4 ^- is  the  tem pera tu re  g ra d ie n t in  the norm al d ire c tio n  
cln

and the  co n s ta n t o f p ro p o r tio n a lity ,  k  / is  c a lle d  the  the rm a l 

c o n d u c t iv ity  o f th e  m a te ria l.

The p re d ic tio n  o f the  ra te  at w h ich  hea t is  convec ted  

aw ay from  a s o lid  su rfa ce  by an am bient f lu id  requ ires  an un de r­

s ta n d in g  o f the  p r in c ip le s  o f heat co n d u c tio n , f lu id  dynam ics and 

boundary la y e r  th e o ry . A l l  these  d iffe re n t phenomena have been 

in c lu d e d  in  term s o f a s in g le  param eter by the  assum ption  th a t 

the  lo ss  o f convected  heat a t a su rface  is  p ro p o rtio n a l to  the 

tem peratu re  o f th a t su rfa ce  above am b ien t.

Thus i f  t   ̂ is  the  su rface  tem perature  and t  ^ is  the  

f lu id  tem pera tu re  measured a t some p o in t s u ita b ly  fa r  rem oved from  

th a t su rfa ce , the  heat lo s s , / can then  be expressed by

^  1 . 2 a

w here the  c o n s ta n t c is  know n as the  co n v e c tiv e  heat tra n s fe r 

c o e f f ic ie n t .  This co n s ta n t is  a gross q u a n tity  w h ich  a ttem pts 

o n ly  to rep resen t an o v e ra ll e ffe c t.  I t  does no t in c lu d e  any 

a tte m p ts /
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attem pts to  e x p la in  the a c tu a l m echanism  o f the  heat tra n s fe r, 

w h ic h  m ust depend upon such th in g s  as the  co m p o s itio n  o f the 

f lu id  and th e  na ture  and geom etry o f its  m otion  pa s t th e  su rfa ce .

This lin e a r  re la t io n s h ip  is  know n as N ew ton 's  Law o f C o o lin g .

The f in a l form  o f heat tra n s fe r is  the rm a l ra d ia t io n , 

its  tw o  d is t in g u is h in g  fea tu res  are th a t i t  requ ires  no medium 

o f tra n sp o rt and th a t i t  depends upon th e  le v e l o f tem pera tu re  o f 

th e  e m itt in g  b o d ie s . W hereas the  ra te  o f hea t tra n s fe r by the 

modes o f co n d u c tio n  and co n ve c tio n  is  p ro p o rtio n a l to  the  

d iffe re n c e  in  tem pera tu re  be tw een th e  heat source  and the heat 

s in k  th is  is  no t th e  case fo r  the rm a l ra d ia t io n . Here the  q u a n tity  

o f heat exchanged is  p ro p o rtio n a l to  the  d iffe re n ce s  o f th e  fo u rth  

powers o f the  a b so lu te  tem peratures o f the ra d ia tin g  b o d ie s .

This re la t io n s h ip  is  know n as the  S te fan -B o ltzm ann  Law fo r  ra d ia n t 

heat e m is s io n . This la w  was proposed by S te fan based on h is  

e xp e rim e n ta l ev idence  and was la te r  de rived  by Boltzm ann from  the  

law s o f T he rm odynam ics .

Even though th e  lo ss  o f ra d ia n t energy is  p ro p o rtio n a l to 

the  d iffe re n c e  o f the  fo u rth  powers o f the te m p e ra tu re s , i t  is  n e ve r­

th e le ss  found exp ed ien t in  many eng ineering  a p p lic a tio n s  to  d e fine  

a " ra d ia t io n  c o e ff ic ie n t"  in on the  ba s is  o f th e  lin e a r  tem perature 

d iffe re n c e  be tw een the body and am b ien t. That is  the c o e ff ic ie n t 

m r  is  d e fin e d  such th a t

q p = ft -  t .  p
1 . 2 b

w here is  the  ra d ia n t heat lo s s .

S ince th is  ra d ia n t heat tra n s fe r takes p la ce  s im u lta n e o u s ly  

w ith ,  bu t in d e p e n d e n tly  o f ,  the  co n ve c tive  mode o f tra n s fe r w h ich  

w e /
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w e have expressed in  equa tion  (1 . 2 a), we can the re fo re  com bine 

these  tw o  re s u lts  to  g ive  the  to ta l lo ss  o f heat from  a su rface  as

S u b s titu tin g  from  equa tions (1.2a) and (1.2b) th is  becomes 

\  = A  ( Me + t t l r X t î . -  t p

o r the  tw o c o e ff ic ie n ts  may be com bined to  g ive

«=(_ = . 1 . 2

This re la t io n s h ip , w h ic h  con ta ins  th e  e m p ir ic  

c o e f f ic ie n t ,  rr\ , is  used to  es tim a te  the hea t lo sse s  from  

p ip e s , hea t exchanges and from  c o o lin g  f in s .

The tw o re la t io n s h ip s  (g iven  by equa tions (1.2) and (1.1)) 

can be made com p a tib le  p rov ided  the  tem peratu re  is  measured 

re la t iv e  to  a p o in t rem oved from  the  boundary la y e r , in  w h ic h  case
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1.1(a) The Equation fo r the  Temperature D is tr ib u tio n  
in  a S pherica l Shel l

C o n s ide r a th in  sp h e rica l sh e ll o f rad iu s  a  and

th ic k n e s s  h w h ich  has an asym m etric  tem peratu re  d is tr ib u t io n .

Let us assum e, ho w e ve r, th a t the  tem perature is  cons tan t

th rough  the  th ic k n e s s  o f the  s h e ll.  An energy ba lance  can

be made on an e lem ent o f the  s h e ll such as is  shown in

F ig . 1.1. Adopt the  fo llo w in g  n o ta t io n :-

R., ~ heat conducted in to  the e lem ent at /

= heat conducted out o f the e lem ent at ^  -t-

1- 5 = heat conducted in to  the e lem ent at

heat conducted out o f the  e lem ent at C + h o

heat convected  out o f the  e lem ent at the  tw o
surfaces

' The p r in c ip a l o f the  co n se rva tio n  o f energy , in  the  s teady s ta te , 

requ ires  in  the  e lem ent th a t

From F o u rie r 's  C onduc tion  Law and from  N ew ton 's  Law  o f C o o lin g , 

the above equa tion  may be w r it te n  as

( q 3i.fi h . h o  A  ̂ — k W C g "boS A t____ A

In  the  l im it  where and S© O we o b ta in  the fo llo w in g

d if fe re n t ia l eq ua tion

  A  %  -V- J ^

where the param eter 5  is  g ive n  by

D"" z: CL" 1 .4
k K
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R ecognis ing the  Lap lace Operator in  sp h e rica l p o la r 

c o -o rd in a te s  as

then  we can w r ite  equa tion  (1.3) in  a more co n c ise  form  as

1 %
V  t  :z 5  t  .

For the  p a r t ic u la r  case where the re  is  heat co n d u c tio n  o n ly  

th e  heat tra n s fe r  c o e ff ic ie n t w ould  be zero and th e  equa tion  

(1. 3) w ou ld  then  become

= O  , 5

w h ich  is ,  o f co u rse , L a p la ce 's  Equation.

I t  is  o f in te re s t to  observe th a t the  heat 
%

tra n s fe r  param eter 5  g iven  by equa tion  (1,4) is  ve ry  s im ila r  

to  the  BIOT num ber, B, w h ich  is

B  =
k

where t  is  the c h a ra c te r is t ic  le n g th  in  the  d ire c t io n  o f
(8)

heat f lo w . BIOT showed th a t th is  the rm a l c h a ra c te r is t ic  o f 

a body in flu e n c e d  the m agnitude o f the  re s u lt in g  the rm a l 

s tresses^ The g re a te r th e  m agnitude o f the  BIOT number the  

g rea te r the  m agnitude o f the  s tre ss .
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1.2  S o lu tions  o f the Equation fo r  the  A x isym m etric
Temperature D is tr ib u tio n  in  a S pherica l Shell

1 .2 (a) A n a ly t ic  S o lu tio n  in  Legendre P o lyno m ia ls

For a sp h e rica l s h e ll,  w ith  a x is y m m e try , 

equa tion  (1.3) becomes

_ L _  -bin <6 ^  = R t  '
^ ^ ^ 5 6  1 . 6

w h ich  may be fu rth e r reduced to

-t- := O 1.7

where the  do ts  in d ic a te  d if fe re n tia t io n  w ith  respec t to  ^  .

U s ing  the s u b s t itu t io n  X  = c o t

equa tion  (1.7) ^becomes

C i-o c p  cC _ 'A-x.ckt _ S t  = o  . 1.8
clx.

Legendre ‘s Equation is  o f the  form

( 1 “ __ ^  p ( F  t- t  -  O
ctx.

Equation (1.8) can the re fo re  be expressed as Legendre 

Equation p rov ided  we set

= - X  i  L cl

and the  s o lu tio n  can be the n  expressed in  term s o f Legendre 

P o lynom ia ls  as

t  -  P ^ + B 1 . 9

where /
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where

P j_  ̂ “  Legendre P o lyn o m ia l, zero o rd e r, 1st k in d

Q  , ■ “  Legendre P o lyn o m ia l, zero o rd e r, 2nd k in d

and A and B the  con s ta n ts  o f in te g ra tio n .

F o rtu n a te ly , the se  p a r t ic u la r  Legendre P o lynom ia ls  

o f com p lex  degree have been in v e s tig a te d  and have been shown 

to  be capab le  o f re p re se n ta tio n  in  a se ries  form  o f  e ith e r  s ines 

o r cos in e s  o f the  a n g le . For a fu l l  d is c u s s io n  o f th e ir  

p ro p e rtie s  one can re fe r to  S pherica l and E llip s o id a l H arm onics 

by H o b s o n . There the fu n c tio n s  are c a lle d  C O NIC  FUNCTIONS 

and th e ir  se ries  re p re se n ta tio n  is  g ive n  as

= 1 + ( aLn + _____

+ - j  4 - 3  ) (c_oi> +
"  2  ̂ 4'

o  ^  -<Tr

U n fo rtu n a te ly , in  common w ith  many s o lu tio n s  

expressed as a se ries  o f Legendre P o lyn o m ia ls , th e  convergence 

o f these  s o lu tio n s  is  v e ry  poor. I t  was found th a t the S irius  

C om puter to o k  o ve r one hour to  c a lc u la te  one p o in t when the  se ries  

was con tinu ed  t i l l  a term  le s s  than  0 « 01  per cent o f the sum o f the 

p reced ing  term s was reached. Thus, though we have an a n a ly tic  

s o lu tio n  fo r  the tem perature  d is tr ib u t io n ,  i t  has severe lim ita t io n s  

w h ich  make i t  im p ra c tic a b le  fo r  use in  the subsequent c a lc u la t io n s  

o f the  s tress  fu n c tio n s . This is  o f course e s p e c ia lly  true  o f 

c a lc u la t io n s  near the  apex o f the s h e ll,  where the  angle ^  is  

ve ry  s m a ll,  a reg io n  w h ich  is  o f p a r t ic u la r  in te re s t in  the  s tress  

a n a ly s is  o f the sp h e rica l s h e ll.



1. 2 (b) The C la s s ic a l M ethod o f A sym pto tic  In te g ra tio n

Since the  a n a ly tic  s o lu tio n  w h ich  we have ju s t

ob ta ined  y ie ld s  a se rie s  w ith  poor convergence , le t  us now

co n s id e r an asym p to tic  s o lu tio n  us ing  the method o f asym p to tic
(44)

in te g ra tio n  describ ed  by HILDEBRAND

Assume th a t the  tem perature  t  (<̂ ) can be expressed 

in  th e  se ries  form

-  0 ^^ 2  ty ,5  1 . 1 0
o

where f  e tc . are fu n c tio n s  o f ^  . The exp ress ion s

t  = 2 u s ' '

t '  = S Cs? t-

t " =  e ' t  g  [ ( ï > £ Y t K -+ s g ' t n  + +  t ; - } s " "

are s u b s titu te d  in  the d if fe re n t ia l equa tion  (1 . 11) to  g ive

+ ^ s r t Y t r l  +  cotci ( S Û ,  5  =  O
O

Regarding th is  exp ress ion  as a se ries  in

descend ing  powers o f S we can equate the c o e ff ic ie n ts  o f 
2 1 0 - 1

S , S , S , S , e tc , , to  ze ro , and in  so do ing  we o b ta in  the  

fo llo w in g  in f in i te  set o f equa tions

^ ' t o  -  t o  “ O

- t i  + t ‘ ”t o % ' t J  I' c o t^ to  -  O

+  ^ " t ,  ^  ^  c o t ^ t i  4- t o  -  O

Z t  “  t l  t  t-71. t% t  ̂  + t  1 + C,ot ̂  1 1 -  O

,t "  ̂ " " I* := Q

1 . 1 1  abed
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From th e  f i r s t  o f these  equa tions  (1.15a) we deduce

th a t i s , on in te g ra tin g

J  -  t  ^  H- C ,

The co n s ta n t can be dropped s ince  i t s  e ffe c t is  m ere ly  to  

m u lt ip ly  th e  e n tire  se ries  by a co n s ta n t. The rem a in ing  

equa tions (1 . 1 1  bed) may now be s im p lif ie d  to  read 

Z to *  + c o t ^ X o  -  O  

Z t '  + c o t ^ X ,  ^  - V  ( t o "  -p c o t < ^ . t o 2  

+ C o t  4- c - o t c i . t r ^

U M

1.16 abc

E quation (1.12a) can be re a d ily  so lved  and found to  be

"to “ C-?, sm

where is  the  cons tan t o f in te g ra tio n . S ince the  r ig h t-h a n d  

s ide o f equa tion  (1 . 1 2 b) is  p ro p o rtio n a l to  i t  is  c le a r  th a t the  

p a r t ic u la r  in te g ra ls  o f the  rem a in ing  equa tions are a lso  

p ro p o rtio n a l to  C ^ . S u b s titu tin g  th is  va lue  o f t o  in  th e  r ig h t hand 

side o f equa tion  (1 . 1 2 b) y ie ld s  the d if fe re n t ia l equa tions

% t|" c-o t^. t ,  = ~ C l. U  ' C i:  '*■56 (  t c o r i ^  4- 1 \\

= +  + i . c o t Y ' i  s in " 4 ^

w h ich  has the  s o lu tio n

A tw o  term  se ries  s o lu tio n  fo r  the tem perature  w ou ld  then  be 

t  = 0  '  CG% -t- S 'sm X: si n
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The e ffe c ts  o f the con s tan ts  o f in te g ra tio n  

C ^ / e t c . can be traced  th rough  and the e xp re ss io n  w r it te n

in  the  form

t  = + O5 T c ^ - v ___

to  dem onstra te  th a t o n ly  the  p a r t ic u la r  in te g ra ls  o f eq ua tion  

(1 . 1 2  be) need be con s id e re d .

Thus the tw o  term  se ries  s o lu tio n  is

1.13

For la rge  va lue s  o f ^  th is  s o lu tio n  may be 

reduced to  the  form

-r
%  -  e

Ss

For sm a ll va lu e s  o f ^  the  re p re se n ta tio n  o f the 

tem perature  w i l l  be

( 1 ^ .
^ 4  Bs^
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1.2 (c) La nger's  A sym pto tic  S o lu tion

(27)
LANGER has presented a method o f a sym p to tic  

expans ion  w h ich  has been re c e n tly  app lied  to  s h e ll the o ry  by 

va rio u s  authors .

Form erly i t  had been th e  p ra c tice  when de a lin g  w ith  

sm a ll open ings to  rep lace  co t ^  by ^  , w h ich  in  th is  case

w ould  g ive  the  equa tion  o f the  f la t  p la te  and the  s o lu tio n  w ould  

the n  be v a lid  fo r  sm a ll va lu e s  o f (j) o n ly . The Langer s o lu tio n  

how ever does not su ffe r from  th is  re s tr ic t io n  and is  v a lid  fo r  a ll 

va lues  o f cj) .

U s in g  the  s u b s titu t io n  X  -  t  he

d if fe re n t ia l equa tion  (1 . 6 ) becomes

J — x ( i - "  O
4 ^  doc c lx

I f  we no rm a lise  th is  equa tion  by means o f the 

s u b s t itu t io n  t  = w y , where

W « [%-Cl -  = [  c-os,’' ^  s in  î ^ ' ]

the  re s u lt in g  equa tion  in  y  is  then

(Ty , fjiifcX  + 4 - 0  4, W = o
cLx" L ( I -

Since X  is  lim ite d  to  ! >  X  O and p ro v id in g  S is  

s u f f ic ie n t ly  la rg e , then  the  dom inant term s in  the  c o e ff ic ie n t 

o f y  are the f i r s t  tw o .

The genera l form  o f the  d if fe re n t ia l equa tion  fo r  

w h ich  Langer g ives  the  asym p to tic  s o lu tio n  is

1 .14

1 .15

^  [  C  + A .c x -) ju  == o  1 .16

w h e re /
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where
%

(i) Ç is  a la rg e  cons tan t

( ii)  " y  = 2/ ^  y!)', CT-'  ̂ where ( z /

is  a n a ly tic  and bounded in  the  range ! ^  X  ^  o  

and y c  >  O

( i i i)  is  a constan t

(iv) Is  a n a ly tic  and bounded in  the  range [ ^  Z. ^  O

The asym p to tic  s o lu tio n  o f equa tion  (1.20) is

• u  =

where (a) J6 > -

(b) J  y  (^1) c lz

(d) ^  ( 4  ^ C Y

and  (e)

is  any c y lin d e r  fu n c tio n  o f order p>

Com paring equa tions (]. 15) and (1.16) we fin d

(I ) (p “  -  (C s ')  ,

( I I ) 7 /  '  t / s j Y  "  "b

(I I I ) P\ = o

(iv)XcP) -  f y z V r

and the re fo re

y  = _ ,I    (  6 % ^  sirv 'x ^ r A  3 /  (  L x )  T B 2 2  ( c /S 's iA

F ro m /
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From the  p ro pe rties  o f Bessel fu n c tio n s , we have

Y o C Z  = K o (4) .

R e ca llin g  th a t

t  = ( ’" y

i t  is  the n  p o s s ib le  to  w r ite  the  genera l s o lu tio n  in  the  form

t  = ( f  G K o C y /  1.17

w h ich  is  v a lid  fo r  a l l  va lu e s  o f d  in  the  range Tf ^  ^  O 
2prov ided  S is  la rg e .

When the  angle ^  is  sm all

U y  '  '

and the  e q ua tion  (1 .17) can be w r itte n  as

t  = + B

w h ich  is  the  eq ua tion  fo r  a f la t  c irc u la r  p la te .

For la rge  va lue s  o f 'h<j> we may rep lace  the Bessel 

Functions  To and K ^  by th e ir  a sym p to tic  re p re se n ta tio n .

I f  ^  \0  then

Ï M )  = ‘  e  ** 1 1  -  - 5 ^  "  - -  - ............... 1

' ^ " ' ' 1' ' °  1 ' "  i q ,  U Y / y  '  --------------------- ]
1.18^

I f  th e re fo re  S is  s u f f ic ie n t ly  la rge  and ^  is  in  the  reg ion

o f X

th e n /
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then

I „ c y )  =-

so th a t fo r  these  c o n d itio n s  equa tion  ( 1 .17) becomes

t  ^  0  C  X 6  D .

where C and D are c o n s ta n ts . This is  the  form  o f the  equa tion  

fo r  a th in  c y lin d r ic a l s h e l l .

The e xp re ss io n  fo r the  tem perature  d is tr ib u t io n  w h ich  

we have deve loped u s ing  the  Langer A sym pto tic  Expansion agrees 

w ith  the  know n th e o ry  at the  apex and at the  e q ua to r, where the  

sp h e rica l s h e ll approx im ates to  a f la t  p la te  and to  a c y lin d r ic a l 

s h e ll re s p e c t iv e ly .

The e xp re ss io n  a lso  p rov ides an o r ig in a l a sym p to tic  

form  fo r the C on ic  fu n c tio n s  o r the M e h le r fu n c tio n s  as th e y  are 

c a lle d  by the  Russian au th o rs .
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1.2(d) A C om parison o f the th ree  so lu tio n s

Each o f the  s o lu tio n s  has been com puted over a range 

o f va lue s  o f the a n g le , , fo r  se lec ted  va lu e s  o f the  param eter 5  

These num erica l re s u lts  are presented in  ta b le s  1.1 to  1 .3 .

The th ree  se lec te d  va lu e s  o f S are 8 = 3 , 6  and 12.

I t  is  shown in  C hap te r 1 th a t a reasonab le  va lue  o f 8 , fo r  a 

i  in c h  th ic k  s e m i-p o lis h e d  m ild  s tee l sp h e rica l s h e ll o f rad ius 

58 in che s  , is  8  = 7. The va lu e s  o f 8  used in  the  ta b le s  , how ever, 

were not chosen w ith  any p a r t ic u la r  m a te ria l o r s h e ll geom etry in  

m ind but ra th e r to  i l lu s t ra te  the  lim ita t io n s  o f the va rio u s  form s of 

s o lu tio n  o f the  tem perature  e q u a tio n .

The ta b le s  presen t the  v a lu e s , fo r  s p e c if ic  va lu e s  o f 

the  angle j )  , o f each o f the fu n c tio n s  w h ic h , a long w ith  th e ir  

in te g ra tio n  c o n s ta n ts , make up each o f the th ree  s o lu t io n s .

Each o f these  s o lu tio n s  has tw o  p a rts , the  tem perature  equa tion  

be ing o f second o rd e r, one part be ing a fu n c tio n  w h ich  in c rea se  

w ith  j> the  o th e r a de creas ing  fu n c tio n  w ith  . I t  is  not 

p o s s ib le  to  compare the  th ree  sets o f re s u lts  d ire c t ly  but a l l  o f 

them  can be no rm a lised  to  a common va lue  at some s p e c if ic  va lue  

o f é  .

This is  not unreasonab le  s ince  an id e n tic a l procedure 

is  adopted when th e y  are " f i t te d "  to  any boundary c o n d it io n s .

The va lue  o f ^  chosen fo r n o rm a lis in g  in  the  ta b le s  is  <p ~ 

w h ich  is  the  nearest ta b u la te d  va lue  to  the equa to r o f the  

sp h e rica l s h e ll.

The C on ic  F u n c tio n  se ries  were con tinued  t i l l  a term  

le s s  than  .O lp e r cen t o f the sum o f the p reced ing  term s was 

reached. The S irius  com puter used fo r  the  c a lc u la t io n  took  

a lm o s t/
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a lm ost one hour to  de term ine each va lue  at th e  e x tre m itie s  o f the 

angle shown in  the  ta b le s . The tim e  requ ired  is  such a severe 

l im ita t io n  th a t i t  makes th is  form  o f s o lu tio n  im p ra c tic a l fo r  

fu r th e r w o rk .

The "c la s s ic a l " A sym pto tic  s o lu tio n  w a s , o b v io u s ly , 

easy and q u ick  to  com pute . The va lue s  ob ta ined  compare 

fa v o u ra b ly  w ith  tho se  from  the  o the r tw o  methods o f s o lu tio n  

excep t near the  apex o f the sphere. I t  w ou ld  appear th a t th is  

s o lu tio n  is  not s u ita b le  fo r  sm a ll va lu e s  o f <j) but v e ry  s u ita b le  

fo r  the rem ainder o f the  s h e ll.  U n fo rtu n a te ly , we do w is h  to  

in v e s tig a te  the  s tress  re s u lta n ts  in  the  v ic in i t y  o f sm a ll open ings 

and the re fo re  th is  v e ry  a ttra c tiv e  form  o f s o lu tio n  is  a lso  

u n s u ita b le .

The Langer A sym pto tic  s o lu tio n  agrees w e ll w ith  the 

C on ic  F unc tion  s o lu t io n , p a r t ic u la r ly  near the o r ig in .  I t  has 

a lrea dy  been dem onstra ted th a t the  Langer s o lu tio n  approx im ates 

to  the  s o lu tio n  fo r  a f la t  p la te  in  th a t re g io n . I t  i s ,  how ever, 

n o tice d  th a t fo r  sm a ll va lu e s  o f the  param eter S the  Langer 

s o lu tio n s  near the  va lu e s  o f ^  ^  are not in  so good agreement

w ith  the  C o n ic  F un c tion  s o lu tio n s  as are the  "c la s s ic a l " A sym pto tic  

s o lu t io n s .

Since we are p a r t ic u la r ly  in te re s te d  in  c o n d itio n s  near 

the  o r ig in ,  i t  w ou ld  appear th a t the  most " s u ita b le "  e xp ress io n  fo r 

the  tem perature  d is tr ib u t io n  is  the  Langer A sym pto tic  s o lu t io n , 

nam e ly , equa tion  (1.17)
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1 . 3 Heat T ransfe r due to  C onduction  Only

I f  the re  is  no lo s s  o f heat from th e  su rfaces o f the 

s h e ll due to  co n ve c tio n  o r ra d ia tio n , then  the  heat tra n s fe r 

c o e f f ic ie n t ,  / de fine d  in  th e  re la tio n s h ip  (1 .2 ) is  ze ro . The 

equa tions  , fo r  each o f the  th ree  sh e ll form s c o n s id e re d , w i l l  reduce 

in  each case to  L a p la c e 's  Equation in  the  ap p rop ria te  c o -o rd in a te  

s y s te m .

The problem  o f heat tra n s fe r due to  co n d u c tio n  a lone is  

im p o rtan t s ince  i t  de sc rib e s  e x a c tly  c o n d itio n s  in  an in s u la te d  body 

W hen the  equa tion  (1 .6 ) fo r  the s p h e rica l sh e ll w ith  

an a x isym m e tric  tem perature  d is tr ib u t io n  is  m o d ifie d  to  in c lu d e  

m = o  i t  becomes

c l ^  c l t  _ o

d.f _ 1.19

I f  we in te g ra te  once we fin d

t  * =  c l t
oL ̂

and i f  we in te g ra te  a second tim e

"t =  C ( c o s e c  ^  -  c o t ^ ' )  -1- D

1 . 2 0

1 . 2 1

w here , as b e fo re , C and D are the con s tan ts  o f in te g ra tio n .

These con s tan ts  may be found by in s e r t in g  the  boundary 

t  "  T  at "  9  ̂ I and

1  -- a t  ^  ' 1 . 2 2
Ÿ  -  p

in  equ a tio n  (1 .2 1 ) whence

nr* “  C. "tvL C co&ec (j> I — co t. <j> 'V- D

= C C cohe^<l>7. ~~ Co t  ^  ^
a n d /
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and s o lv in g  these  tw o  equa tions 

C  ^ ~ T -

f  y c o t
Cosec

Q = ( T ^ - T ')  %L (co iP C d f; -

c o se c - 2 23

E xam ina tion  o f equa tion  (1.19) revea ls  th a t fo r sm a ll va lue s  o f the 

ang le  ^  , where co*^cj> or |  ̂ the equa tion  reduces to  th a t o f the

f la t  p la te  whereas fo r  la rg e  va lue s  o f ^  where ~  I

th e  equa tion  becomes th a t o f the c y lin d e r .
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1.4  G eneral Comment on and C o n c lu s io n s  about
A x isym m etric  Temperature D is tr ib u tio n  in  
S pherica l S hells

Let us as an exam ple co n s id e r the  p a r t ic u la r  case 

o f a sp h e ric a l s h e ll w h ich  has the fo llo w in g  boundary co n d itio n s  

t  = T  ^  = O ' I

t  -  O cLt <p ^ t ‘ S'

Let us f in d  the tem peratu re  d is tr ib u tio n s  co rrespond ing  to  the 

fo llo w in g  va lu e s  o f the  param eter S \

5  ^  O J \ y '5, 5  onÀ \0  .

I t  has been a lre a d y  dem onstrated th a t the  most s u ita b le  

form  o f e xp re ss io n  o f the  tem perature d is tr ib u t io n  is

w h ich  re s u lt was ob ta ined  by the  use o f the Langer A sym pto tic  

E q ua tio n .

Taking each o f the va lue s  o f S in  tu rn  and s u b s titu t in g  

in  the  boundary c o n d itio n s  the cons tan ts  A and B are e a s ily  

e va lu a ted  and thus the tem perature  can be com puted fo r  d is c re te  

va lu e s  o f ^  in  the  range o * l ^  ^  ^  \ 'S  . This can be repeated

fo r  a l l  the  va lue s  o f S excep t fo r  8 = 0 ,  the heat co n d u c tio n  ca se , 

where we must u se , in  the  same manner as de scrib ed  above , 

the  eq u a tio n  (1 . 2 1 )

“t  "  C C CO lie c. ^  ~~ cot. ^  -h D

fo r  the  tem peratu re  d is tr ib u t io n .

These com puta tions  have been perform ed and the 

re s u lts  are presented in  F igure (1. 2)

I t /
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I t  is  observed from th is  graph th a t fo r  8 = 0 and 1 

th a t the re  are no n -ze ro  tem pera tu re  g rad ien ts  at ^  = 1 .5 .

For a l l o th e r va lu e s  o f S the  tem perature  has d ied  out before the  

ou te r boundary has been reached w ith  the g re a te r the va lu e  o f S 

the  q u ic k e r the  d ie  o u t . This o f course is  shown in  the 

com p u ta tion  where i t  is  found th a t the con s tan t A ,  asso c ia te d  w ith  

the  lo  te rm , is  a lso  zero fo r  these  la rg e r va lu e s  o f S. This prompts 

us to  exam ine the  form  o f these  M o d if ie d  Bessel F unctions lo  and 

Ko. We can see from  F igure (1.3) th a t the fu n c tio n  Ko is  

p a r t ic u la r ly  asso c ia te d  w ith  the  in n e r boundary ^  

where we have the  tem perature  T. F urthe r, i f  the  tem peratu re  

d ies  out before the  o u te r boundary is  reached, the n  the  con s tan t A 

must be zero and the  equa tion  (L 17) is  then  reduced to

t  =  ( ^ . 1 . 2 4

T h u s , depending on the  va lu e  o f 8 and the  ang le  be tw een the  tw o  

bo un da rie s , we can use th is  s im p le r e xp ress ion  fo r  the 

tem peratu re  and in  the  p a r t ic u la r  exam ple w h ich  we are co n s id e rin g  

i t  appears to  be tru e  fo r  va lu e s  o f b ^  "5 . I t  w i l l  be de m o n s tra te d , 

in  the  exp e rim en ta l s e c tio n , th a t where there is  co n v e c tio n  present 

u s u a lly  ^  5

The tem perature  d is tr ib u t io n  curve  fo r  8 = 0 is  

no ticed  to  be a lm ost l in e a r  fo r  va lue s  o f ^  1*0 . T h is , how ever,

is  o n ly  to  be expected s in c e , from  equa tion  (1. 20)

Ÿ — ——------

and we have already observed that the coiTespending temperature 

in a cy lindrica l shell would be lin e a r.

T h is /
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FIGURE 11 . '5 1  t h e  m o d i f i e d  BESSEL F U N C T IO N S

lo C x ) ,  Ko W  I o ( X )  A.ND I| Cx)
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This o b se rva tio n  o f the  lin e a r  tem pera tu re  

d is tr ib u t io n  is  im p o rtan t s ince  i t  has been shown by DEN HARTOG 

th a t such a tem perature  d is tr ib u t io n  in  c y lin d r ic a l s h e lls  causes 

zero s tress  re s u lta n ts .
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C o nc lu s io n s

E xpressions fo r  the  sym m etric  tem perature  

d is tr ib u t io n  have been de rived  fo r a sp h e rica l s h e ll w h ich  has 

c o n d u c t iv ity  w ith in  the th ic k n e s s  o f the s h e ll and heat co n ve c tio n  

and ra d ia tio n  at the  s u rfa c e s , The co n ve c tive  heat lo s s  from  an 

e lem ent o f area is  assumed to  be p ro p o rtio n a l to  the  tem perature  

at the  e lem ent as is  the rad ia n t heat lo s s .

The s o lu tio n  w h ich  appears most s a t is fa c to ry  fo r  

ease o f co m p u ta tio n , is  th a t ob ta ined  by u s in g  the  Langer 

asym p to tic  expans ion  form  fo r  the  b a s ic  heat e q u a tio n . This 

so lu tio n

t  = (

agrees rea sonab ly  w ith  the a n a ly tic  s o lu tio n  and w ith  the  

s o lu tio n s  fo r  the  f la t  p la te  and the c y lin d e r  over these  reg ions o f 

the sphere w h ich  approx im ate  to  these c o n fig u ra tio n s . This 

the re fo re  is  the form  o f the  s o lu tio n  w h ich  w i l l  be used in  the  

subsequent in v e s t ig a t io n .

W here the  tem perature g rad ian t reduces to  zero on 

the  s h e ll th e  s im p lif ie d  form  o f the s o lu tio n

t  -
may be u s e d .

I f  the re  i s  no co n ve c tio n  lo s s  from  the  surface o f 

the s h e ll,  8 = 0  and the  tem perature  is  then  g ive n  by

t  C  (c o s e c  -  c o t  a- O

where the  tem pera tu re  g rad ien t cou ld  never be zero s ince  no heat 

is  lo s t  at the su rfa ce s . For th is  p a r t ic u la r  case one w ou ld  

a lw ays requ ire  tw o  boundary co n d itio n s  to  eva lu a te  the  

tem peratu re  e q u a tio n .



■51

1,5 A S lo w ly  V ary ing  L ine  o f H eat Around a
S pherica l Shell

V/e s h a ll now extend the scope o f the  present 

cha p te r to  in c lu d e  the unsym m etric  problem  o f a s lo w ly  v a ry in g  

l in e  o f heat around a sp h e rica l s h e ll.  That is  fo r  some s p e c if ic  

va lu e  o f the  angle , say ^  ^   ̂ , we have a tem pera tu re

d is tr ib u t io n  w h ich  can be de fine d  as T^, , The sm a ll s u f f ix  U

is  used to  avo id  any co n fu s io n  w ith  the p rob lem , fo r 'w h ic h  we have 

deve loped a s o lu t io n , o f a un ifo rm  lin e  o f tem pera tu re  around a 

sp h e rica l s h e ll.

Let us im pose a l im ita t io n  to  the  argum ent and 

propose th a t th is  l in e  o f heat is  in  the  ce n tra l p o rtio n  o f the  sh e ll 

where i t  can  be assumed th a t

5m

The unsym m etric  tem pera tu re  d is tr ib u t io n  on a s p h e ric a l s h e ll is ,  

from  equa tion  (1 .3 ), g ive n  by

_ !___ à_ £ > in /> à t. +  -J—  = S \
sinyi 'i>\np

For the c e n tra l p o rtio n  o f the  sphere , where i t  can be assumed th a t 

5 m ^ \ , th is  e q ua tion  reduces to

^  +  A .  =  5 1
. 1 .25

I t  is  p o s s ib le  to  change the re fe rence fo r  the 

c o -o rd in a te  system  from  the p o le , where ^  ^  O , by d e fin in g  

an a n g le 'o t  , measured from  the  l in e  o f h e a t, such th a t

oL — ^  ̂  I

This is  shown in  F igure (1 .4) Equation (1 .2 5 )can  now be

w r i t te n /
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UNE OF SLOWLY 

VARYING TEMPERATURE 

t  = Tn(e)

NEW PLANE OF 
REFERENCE OF THE

CO- LATITUDINAL ANGLE

F I G U R E  0 -  4^  C H A N G E  O F  C O -O R D IN A T E  S Y S T E M  F O R  A

L IN E  O F  S L O W L Y  V A R Y IN G  T E M P E R A T U R E  

R O U N D  A  S P H E R IC A L  S H E L L
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w ritte n  as

—  —  -  %t  1 26

Let us suppose th a t the  v a r ia t io n  o f tem perature 

w ith  ©  is  s lo w . Propose

^   ̂ 1.27

where £  is  some sm all c o n s ta n t. This im p lie s

t  - X- cL j ixS)

and g ive s

Let us express the  tem perature in  th e  se ries  form  

t ( o L , u u l  = t o C v . , u î |  +• g \ , (d U ,U O >  + UOT -V _________

1.28

and substitute this series for t  In equation (1. , to find

É L o  + p ' A i  r  T
_________  'àUD'- à u A _______

= b ^ C t  „  +  2  t ,  ■*- ________

Regarding th is  e xp re ss io n  as a se ries  in  ascend ing 

powers o f £  we can equate the c o e ffic ie n ts  o f £  , £  , & 

e tc .  to  zero and th e reb y  o b ta in  an in f in i te  set o f e q u a tio n s .

S ince , how ever, £  is  s m a ll, le t  us exam ine the  f i r s t  tw o  

equa tions  o f the s e t. They are

= S t .

1.29-30
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From the  f i r s t  o f these equa tions the  e xp re ss io n  fo r  t  o 

is  found to  be

t o  =

when we are co n s id e rin g  the  p a r t ic u la r  case o f the  tem perature  

de creas ing  w ith  angle oL . Equation (1.30) th e n  becomes

w h ich  has the  s o lu tio n

A. /  "N. I S. Z i\ —. Set.

t , -  -V- _L ^  ok ^
à IX)2-

Thus i f  we co n s id e r o n ly  the f i r s t  tw o  term s in  the 

set the se ries  s o lu t io n  o f equa tion  (1.2 6) is

t  *>' £  ( \ 6  _J X A r. ^  S
Z 5  'àuo^ ) . 1 .31

I f  the  cons tan t £  is  s u f f ic ie n t ly  sm a ll th a t
cr "X >

we can n e g le c t the  term s in v o lv in g  C then  th is  e xp re ss io n  

reduces to
-Set. Set

t  = hoQ t- - L  ^_As ^  G
1.32

Let us now p o s tu la te  the  boundary c o n d itio n  th a t 

t  “  RC©) at c t = O

where T n (O ') v a r ie s  s lo w ly  v /ith  the angle ©  . S u bs titu te  th is  

c o n d itio n  in  eq u a tio n  (1.32) . We have there fo re  th a t

so th a t we may re w rite  equa tion  (1.32) as

t  -  T .  -  _ y  ^  cL
%s . 1 .33
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Since v a rie s  s lo w ly  w ith ©  the n A

must be o f sm a ll m agn itude . Because o f th is  and s ince  5  is  a 

reasonab ly  la rg e  num ber, then  i t  w ou ld  appear to  be a s a tis fa c to ry  

app ro x im a tion  to  drop the  second term  in  equa tion  (1. 33) so th a t 

the  tem perature  d is tr ib u t io n  can be expressed as

t  = x c e ^ e " ' " ' "  . .  . 1 ^ 3 4

This ag rees, in  the  l im i t ,  where UC©) “ ~V w ith  the  re s u lt 

w h ich  we have a lre a d y  ob ta ined  fo r  a un ifo rm  lin e  o f heat around 

the  s h e l l .

The re s u lt ob ta ined  in  equa tion  (1. 34) has p ra c tic a l 

s ig n ific a n c e  s ince  the re  are many s itu a tio n s  in  w h ich  i t  is  p o ss ib le  

fo r  the tem pera tu re  to  v a ry  s lo w ly  in  one d ire c t io n  re la t iv e  to  the  

o th e r, fo r  exam p le , where a f la t  p la te  meets the  s h e ll o r at the  

ju n c t io n  o f a s k ir t  w ith  a s h e l l .

A re s u lt s im ila r  to  th is  was ob ta ined  by HOUMA 

fo r  the  s tress  re s u lta n ts  in  a s h a llo w  s h e ll due to a s lo w ly  v a ry in g  

edge lo a d . BÜUMA in  h is  argument used an assum ption  o f the type

Avv cos u s

where v a r ie s  s lo w ly  w i t h ©  , to  d e scrib e  h is  edge

lo a d in g . We co u ld  have used th is  same assum ption  but the 

argument in v o lv e s  a more in tu it iv e  type  o f reason ing  to  produce 

the  same f in a l re s u lt .
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CHAPTER 2

A GENERAL SOLUTION OF THE DIFFERENTIAL EQUATIONS 

FOR THE STRESS RESULTANTS IN  SPHERICAL SHELLS 

SUBJECTED TO AXCSYMMETRIC TEMPERATURE DISTRIBUTIONS
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2 .1 S o lu tio n  o f the D iffe re n t ia l Equations ,

(a) The D iffe re n t ia l Equations in c lu d in g  Temperature 
E ffec ts

(b) A S o lu tion  fo r  the  C om plem entary fu n c tio n

(c) The P a rtic u la r  In te g ra l

2 .2  The Spherica l Shell w ith  the  U n ifo rm ly  Heated
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The w e ll know n d if fe re n t ia l equa tions  fo r  the s tress  

re s u lta n ts  in  a sp h e rica l s h e ll o f un ifo rm  th ic k n e s s  are extended 

to  in c lu d e  the e ffe c ts  o f tem pera tu re .

The p a r t ic u la r  in te g ra ls  o f these  equa tions  are found 

fo r  the  a x isym m e tric  tem perature  d is tr ib u tio n s  in v e s tig a te d  in  the 

p rev ious  C hap te r. These p a z ticu la r in te g ra ls  are added to  known 

com plem entary fu n c tio n  s o lu tio n s  to  p rov ide  a genera l s o lu tio n  fo r  

the  s tress  re s u lta n ts  in  sp h e rica l s h e lls .

The case o f a u n ifo rm ly  heated c irc u la r  o p e n in g , w h ich  

is  free o f ex te rn a l c o n s tra in ts , is  cons idered  in  d e ta il .  The e ffe c t 

o f va  ly in g  the s h e ll and tem perature param eters on the  m agnitudes 

o f the s tress  re s u lta n ts  is  in v e s tig a te d  and the  re s u lts  are 

presented in  g ra p h ica l fo rm .
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2 ,1 S o lu tion  o f the D if fe re n t ia l Equations

The d e r iv a tio n  o f the  d if fe re n t ia l equa tions  fo r  a 

sp h e rica l s h e ll have occup ied  the  a tte n tio n s  o f a great number 

o f researchers  ove r a great number o f years and indeed 

co n tro ve rsy  s t i l l  can be aroused ove r the order o f accu racy  o f 

term s to  be in c lu d e d  or e xc lu d e d . H ow ever, the  form  o f the
(7)d if fe re n t ia l equa tions  described  in  great d e ta il by TIMOSHENKO 

(15)and by FLIJGGE are now g e n e ra lly  accep ted . The au thor w i l l  

deve lop  the  equa tions  presented by FLÙ’GGE to  in c lu d e  therm a l 

e f fe c ts .  The s ig n  co n ve n tion s  adopted by FLITGGE (w h ich  are 

shown in  F igures (2,1 -  2) ) are m a in ta ine d .

2.1(a) The D iffe re n t ia l Equations in c lu d in g  Temperature
E ffec ts

To in c lu d e  the  e ffe c ts  o f tem perature  in  the  equa tions 

as deve loped  by FLÜGGE le t  us assume th a t the  tem pera tu re  

v a r ia t io n  th rough the  s h e ll th ic k n e s s  is  l in e a r  and th a t i t  can be 

represented as

t  ( 8 ;  -  t  t
2 . 1

w here , t  is  the  average tem perature ove r th e  th ic k n e s s ,

is  the tem peratu re  d iffe re n ce  betw een the  in n e r and 

the ou te r s h e ll surfaces and'Z_ is  the d is ta n ce  out from  the  m iddle 

s u rfa c e .

T h is /
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S H E L L  E L E M E N T

a .

ANGLE OF TANGENT ROTATION -  X
H O R IZ O N T A L  D IS P L A C E M E N T  “  S

F i g u r e  "2 .1 . s p h e r i c a l  s h e l l

M e

©

F i g u r e  ( 2 . 'S!) s t r e s s  R é s u l t a n t s  O n  S h e l l  e l e n e n t .
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This he a tin g  o f the  s h e ll w i l l  produce the s tra in s  

~ t  -t- JHl- ol t  -  O
f

c s C t  -t- J H l. o L 't .

h ’ 2 . 2

where cL is  the c o e ff ic ie n t o f the rm a l expans ion  o f the  m a te ria l 

o f the  s h e ll.  H ooke 's  la w  must now be m od ifie d  to  in c lu d e  th is  

the rm a l expans ion  and the  problem  is  then  reduced by exp ress ing  

th e  s tress  re s u lta n ts  in  term s o f the tangen t ro ta tio n  ?C and the 

tran sve rse  shear s tress  re s u lta n t Gt ^  th rough  th e  re la tio n s h ip s

“ "  G l  ^  C o t  ^

= ' + V X c o t ^

H  

N © 

! i  ^

M e

ct
K_ ( \  -I- v )  c L t
h

K  ( r t  v )c J L t  
h 2 .3 - 6

The d if fe re n t ia l e q u a tio n s , in  term s o f.th e se  dependent 

v a r ia b le s , assume the form

L ( X ' )  -  V X C4 -t- oL ( ) T t-
Vn K

L  ( ô y j)  *+• V  ~ D ( l " V ^ ) o L t

when the opera to r L  is  in tro du ced  where

L C . . . . ) “  ( . . . . 1  c o t ^  -  ( . . . _ V o t y  , 2 .7

The constants K  and D are the- bending and membrane 

stiffness of the shell respectively and are given by

D E K
I -  V

T h e /
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The tw o  coup led  equa tions above can be separated to  

o b ta in  the  tw o  independent fou rth  order equa tions  in  and

X. ' ”  . —

L .L (cy ) -yaf  = a.D(i-v') Qf + OG-vv|_L(t) - v t  v . c f  j

L .L iX )  -  v X  ^ - ftPQ-v"') X  T D ( \ -v  V i  ci^t ^  ^ ____   Cue') -  ' i T
K. L K D KO -v) J

w h ich  can be re w ritte n  in  the  form

L .K a y O  -  D ( i - v " u C u t ' ) - v f l -  D ( , - v X i+ V ) 4 X t '

L . L  ( X )  4-3X X  = j )  ( l -  V ) c t c f  t  [ _ L ( t  ' )  -  V t ' ]
K h

2 ,8 -9

where

K 2 .10

The fu l ly  expanded form o f the  eq ua tion  (2. 8) 

when the  tem perature  e ffe c t is  ze ro , is

'Z c o s ^  Gl/  __ ~5 -  %\y\^  cl Qc/ c o s ^  (3-v %

2 . 1 1

This eq u a tio n  was d e rive d  by H . REISSNhR^^^^ in  1912.

The equa tions  ^  \ ) are s im ila r  to  the  equa tions (v'l — v il ')
(12)

w h ich  were de rived  from  the  w ork o f MEISSNER
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2 .1 (b) A S o lu tion  fo r  the C om plem entary F un c tio n

M any s o lu tio n s  fo r  H .REISSNER'S d if fe re n t ia l equa tion

fo r the  s tress  re su lta n t have been proposed. These range

from  a n a ly tic  s o lu tio n s  in  term s o f hypergeom etric  fu n c tio n s  or

Legendre p o ly n o m ia ls , w ith  o f course poor con ve rgen ce , to

approxim ate s o lu tio n s  u s u a lly  v a lid  fo r o n ly  a p a r t ic u la r  p o rtio n  o f

the sphere . A d e ta ile d  d e s c r ip tio n  and c r i t ic a l  re v ie w  o f these
(28)va rio u s  s o lu tio n s  is  undertaken by TOOTH

An a sym p to tic  s o lu t io n , w h ich  is  v a lid  fo r  a l l va lue s  

o f the  angle ^  is

2 . 1 2

ly us 
,(27)

(oc\
This re s u lt was presented by LECKIE . I t  is  ob ta ined  by us in g

the  method o f a sym p to tic  in te g ra tio n  developed by LANGER

This method is  described  in  d e ta il in  C hapter 1 where i t  was used

to  f in d  the  tem perature  d is tr ib u t io n  on a sp h e rica l s h e ll.

The s o lu t io n , equa tion  (2 .12 ), has a lso  been ob ta ined  by 
(46)

GALLETLY u s in g  a d iffe re n t approach.

I t  is  proposed to  use th is  s o lu tio n  as our com plem entary 

fu n c tio n  in  the  ensu ing  in v e s t ig a t io n  in to  the  the rm a l s tresses 

on a sp h e rica l s h e ll.  There now rem ains the  problem  of f in d in g  

appropria te  p a r t ic u la r  in te g ra ls  and hence a genera l s o lu tio n  o f 

the  prob lem .
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The P a rtic u la r L

C o n s id e r the  a c tio n  o f the L  (  ope ra to r on the

tem peratu re  g ra d ie n t. I t  g ive s

L  ( t ' l  = t  + t  c o t  <jt — X.

= C f  f  f c o t ^ ' ) ’ + f

The equa tion  (1 .7 ) fo r the  tem perature d is tr ib u t io n  is  

t  "  t \ o t d  -  S ' t

w h ich  g ive s

L C f )  = t *  .

S u b s titu tin g  th is  v a lu e  fo r L  Ct’ ) in to  e q ua tion  (2 .8 )

we fin d

L . L  (Giy() -r = P ( i - v U a  ( 1 -  v " ) ! )

Propose a p a r t ic u la r  in te g ra l fo r th is  equa tion  of the  form

2 .13

/M l

w h ere , as u s u a l, A is  a cons tan t and s u b s titu te  th is  exp ress io n  

fo rG -^  back in to  equa tion  (2.13) to  y ie ld

'T ™ D  ( I "  v ^ )  cX ( I - >>') t

whence

A  = D ( i - v ' )  ( "àX I - v )
I y  .V. , 2 ,1 4

It  is  observed th a t fo r  the  p a rt ic u la r  case where 8 = 0 ,  th a t is  

no heat lo s s  due to  c o n v e c tio n , the va lue  o f A becomes

A, -  0  C l -  v U  A  ( I -  v )

4 "ZNl
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I t  shou ld  be observed th a t whereas i t  re q u ire s , in  the  

many cases where the tem perature  g rad ien t becomes zero on the  

surface o f the  s h e l l , o n ly  one boundary c o n d itio n  to  d e fin e  the  

con s tan t A, the co n d u c tio n  o n ly  case requ ires  a the rm a l g rad ien t 

at some ou te r boundary and hence there  w i l l  be re s u lt in g  boundary 

e ffe c ts  to  be cons ide red  at th a t boundary.

For the  genera l ca se , the genera l s o lu tio n  fo r  the  s tress 

re s u lta n t,  , on a sp h e rica l s h e ll,  due to  an a x isym m e tric

tem pera tu re  d is tr ib u t io n  and su b je c t to  the  heat tra n s fe r  la w s  

w h ich  have been p o s tu la te d , is

2 .15
where the  con s tan t A is  de fined  in  equa tion  (2 .1 4 )

U s in g  th is  va lu e  fo r  Gty, we can now s u b s titu te  back in to  the

lin k in g  equa tions  (2 .8  -9  ) and o b ta in  the  co rrespond ing
a a

exp ress ion s  fo r the  s tress  re s u lta n ts  and the  d isp la ce m e n ts  as ; 

f \ [  ^  -=5 — ( L o t ^  ^  ^  ^  b e r -  z .  4- K t b e i  %  4- —  A c o t . ^  . ~ t

N e  "   V  ]  A ,  L b e c z .  4 - . I _  +  c o t  b c r ^ T . " ]

-  A ^ lb e r Z  — I ( I c a l^ )  bcL

+ A \ , l k e i  z  + ±  ( ±  + c o t / ^  k e r V l

-  X L k e r T  -  ±  ( i _  f  K e \ t l [
2 - iiN  f  ;

+  f \  ( t- co t “  s t G

X  = f ^  v 4  A 11  b e tz  -  X  _ A z tb e r'z . G e iC )
D C i-v '^) Is if ty i i  I  ,

+ A jL k e i . 'z -  V. k ^ v - z l -  I- X - k e i z - l  C
x■>̂  ̂ •' 3

. d L t'
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[a . I w z -  i L L < z ] ]

A 2.[(-LvZ + z) -  t î-C z)']

■*■ P \s ï.(X ^ Z  -  X w z ) ]

+ A -fU X tZ  +

+  -------- [ 5 1 -  ( i - v )  c o t X t ' T
C S 4- 1 -  V ) /  J

+ -r -L fZ ) -  JV-Z -  W  Z-E

+ ^ ^ \ i i ^ ' ï - -  ^ U l X )  +

4- 01 b  [  cc t  ^  f  V Y> t~)

U k -  g x i r 4  ( N © - v N / 1  + O L ^ m y ^ .o c t
E K

luKcr e

z  -  ' I I  X  ̂

2 . 1 6 - 2 1

“  [ ÿ  *’’ ( l '“ '2.v'^cot^3 

[ ÿ  ^

A =, D ( i - v ' ' ) c x ( M i “ Vb

CAl\À

^  ”  2L__ ( Iv - rx )
civ. e tc ,
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These equa tions  fo r the  s tress re s u lta n ts  and the  

d isp la ce m e n ts  are somewhat in v o lv e d . S im p lif ic a t io n  o f va rio u s  

typ e s  are p o s s ib le , how ever. The most ob v io us  is  the  use o f the  

usua l approx im a tions  fo r  the  tr ig o n o m e tr ic  fu n c tio n s  in  the reg ion  

o f the  apex where (j) is  sm a ll and in  the  reg ion  o f th e  equator where 

. Another p o s s ib i l i ty  is  the  use o f th e  a sym p to tic  form s 

o f the  K e lv in  fu n c tio n s  w h ich  are v a lid  fo r  argum ents g rea te r 

tha n  6. The va rio u s  s im p lif ic a t io n s  w i l l  be d iscu sse d  in  

subsequent chap te rs  as th e y  become a p p lic a b le .

The K e lv in  fu n c tio n s  found in  equa tions (2 .1 6 -2 1 ) are 

o f tw o  d is t in c t  ty p e s . The b e r - b e i  fu n c tio n s  and th e ir  de riva tions 

represent w aves w h ich  are zero or sm a ll at the  o r ig in  but w h ich  

in c rea se  ra p id ly  w ith  the  argum ent; th is  can be e a s ily  observed in  

F igure (2 .3 ) .  The converse  is  true  fo r the  k e r - k e i  fu n c tio n s  and 

th e ir  d e r iv a tiv e s . E xpressions in v o lv in g  the  K e lv in  fu n c tio n s  

th e re fo re  represent w aves s ta rtin g  at the  boundaries but decay ing  

ra p id ly  in to  the  s h e ll.  The term s in v o lv in g  the  b e r - b e i 's ,  w h ich  

in  our case are the term s a ssoc ia te d  w ith  the  co n s ta n ts  A^ and A ^ , 

represent c o n d itio n s  at th e  ou te r boundary w h ich  d ie  out ra p id ly  

in to  the s h e l lw h e r e a s  the  term s in v o lv in g  the  ke r -  k e i fu n c tio n s  

are asso c ia te d  w ith  the  in n e r boundary. I t  is  p o s s ib le  th e re fo re , 

in  those  problem s where the  tem perature g ra d ien t is  asso c ia te d  

w ith  one boundary but is  zero before the o th e r boundary is  reached, 

to  make the  tw o  appropria te  in te g ra tio n  co n s ta n ts  ze ro .

The e q u a tio n s , w h ich  have been d e ve lo p e d , can be 

ap p lie d  to  a number o f s p e c if ic  p ro b le m s . The f i r s t  to  be 

cons ide red  is  th a t o f the u n ifo rm ly  heated c irc u la r  op en ing .
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F1GURE(2.3.') THE KELVIN FUNCTIONS 

b e r ( x ) ,  be i (% ), k e r ( x ) j  l< e L ( x )  

AND THEIR FIRST DERIVATIVES
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2 .2  The S pherica l S he ll w ith  the  U n ifo rm ly  H eated
C irc u la r  O pening

C o n s id e r a sp h e rica l s h e ll w h ich  has an ax isym m e tric  

c irc u la r  open ing Qt(j> -  cj)̂  . Let th is  open ing be .free o f e x te rn a l 

c o n s tra in ts  and be heated to  a con s tan t tem peratu re  T. Further 

perm it th e  tem peratu re  g ra d ie n t, in to  the s h e ll ,  aw ay from  th is  

boundary, to  become zero before some ou te r boundary is  reached.

Let us fo r  such a s h e ll as describ ed  above in v e s tig a te  the  

m agnitude and the  d is tr ib u t io n  o f the  s tresse s  and the d isp la ce m e n ts . 

The boundary c o n d itio n s  o f the  s h e ll may be expressed

■= o

and fo r la rge  va lu e s  o f th e  angle 

t  -  O .
This f in a l c o n d itio n  a llo w s  us to  d isca rd  the term s in v o lv in g  the  

co n s ta n ts  A ^a n d A ^  in  equa tions  (2 ,1 6 -2 1 ),

The f i r s t  tw o  boundary c o n d it io n s , in  c o n ju n c tio n  w ith  

equa tions  (2 .16) and (2 .1 7 ) , now g ive

_______ , [ C i - V ) t | c o t ^ ,  + v s V ]
4-1 — V

2 .2 2 -2 3
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w h ere , i t  is  re c a lle d ,

Eoch ( I ”  V*)
CbV iY  f

A fte r in tro d u c in g  a new constan t B such th a t

B  - E okK
A = ( I -  vA 2 .2 4

we can so lve  equa tions  (2 .22 -23 ) fo r the  con s ta n ts  and A^ to  

fin d

- E h  ckT B
1 4 ^  Z, -  J  4ju, Z,

= EEcCTB ■j

I  — XVlLc2
S)

where

I  ~ ( L x Z , -  "Lvt

J  -  [ iL ^ rZ , -  ^  (L ^ T , +■

For s im p lic ity  o f e xp ress ion  le t  us in tro d u ce  tw o  

fu rth e r co n s ta n ts  and such th a t

-  E K c L T B , 

b K < T  B,^
2 .2 5 -2 6

and o f course  these  new con s tan ts  B^ and B^ can be found from

the  appropria te  exp ress ion s  fo r A and A g iven  above .
o 4

S in c e /
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Since the  tem peratu re  g rad ien t becomes zero before an 

ou te r boundary is  reached , we may w rite  the tem pera tu re  equa tion  

(1.37) as

t  -

and u s in g  the  boundary c o n d itio n  t h a t T  we f in d  the con s tan t 

F to  be

B  -  T  C

The e xp re ss io n  fo r  the  tem perature  in  our problem  is  the re fo re

t  _ y  c 4 r . ^ f  Ko( 5 ^ )
• 2 .2 7

U s ing  the  w e ll know n p ro p e rtie s  o f Bessel fu n c tio n s  we can 

d if fe re n tia te  th is  exp re ss io n  to  f in d  t  , the  tem pera tu re  g ra d ie n t, 

as
*  r- *- %

t  = T
K .C V )

2 .28

The va lu e  o f th is  g rad ien t at the op en in g , when ^  ^ , is  then

t  ( - T f  ^
L Ko(5(^')j

w ith  w h ich  va lu e  we can eva lua te  the con s tan ts  B and B .

The equa tions  (2 .1 6 -2 1 ) fo r  the s tress  re s u lta n ts  can now be 

com puted fo r  the e ffe c ts  in to  the s h e ll fo r  each p a r t ic u la r  open ing 

v a lu e .

The re s u lts  ob ta ined  can be expressed in  term s o f 

s tre s s e s . For the  membrane s tress  re s u lta n ts  hi ^  and 

we need o n ly  d iv id e  the re s u lts  by the th ic k n e s s  o f the s h e ll to  

o b ta in  the a c tu a l membrane s tresses  and

w h e re /



-72-

where the  second s u b s c r ip t, m , in d ic a te s  a membrane a c tio n . 

I f  in  the case o f the bending s tress  re s u lta n ts  we assume th a t 

the  s tress  d is tr ib u t io n  is  l in e a r  across the  th ic k n e s s  o f the 

s e c tio n , the n  the  re la t io n s h ip  between these  s tress  re s u lta n ts  

and the  maximum s tresses  at th e  surface are

where the  s u b s c r ip t ,b  , in d ic a te s  a bending a c tio n .

The exp ress ion s  fo r  the  s tress d is tr ib u t io n  in  the 

problem  w h ich  we have cons ide red  are the re fo re

c r le>m

X

o t  A  (E>-j W t Z- +  By. 7^ —

- 1% X ( +Cot^y»4x| -

= & .L - Z }  f e - W z ] ]

. 4--X ______ , i /
i')"' T T

+ - y  / _ v  - 0 - v ^ ^ y t ' l

+ E>ŷ (FiuZ -t- ^  kvz) -  (&wz -  -E&37
-t-  5 --------   C C l-v '^ t ’ cd ty i +  ■ ^s V ]

4- 1 -  T  ' T

-  v o - - r f h  ^  $

E ^ T

LLk
a . c^T “ E v  e»n ^  g"

wK̂ y
2 .2 9 -3 4

B ■=  ̂ I -  V
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Let us now c o n s id e r the g ra ph ica l re s u lts  w h ich  are 

p resen ted . These re s u lts  can be d iv id e d  in to  tw o  m ain ty p e s .

They are:

(1) the  s tresse s  and the  d isp lace m e n ts  at the  a c tu a l s h e ll

open ing  (these we s h a ll c a l l  hence fo rth  the  open ing  v a lu e s ) , 

and

■ (2) the  s tresses  and the  d isp lace m en ts  in to  the s h e ll from  

a p a r t ic u la r  va lu e  o f open ing .

In  both sets o f re s u lts ,  i t  is  assumed th a t the  va lue  o f 

the  tem peratu re  at the open ing is  T and th a t the tem peratu re  and 

the s tress  d is tr ib u t io n  te rm in a te  w ith in  the p o rtio n  o f the  s h e ll 

be ing in v e s tig a te d  so th a t no ou te r boundary c o n d itio n s  need be 

co n s id e re d .

U s ing  the  re s u lts  o f equa tions  (2 . 29-34); a se ries  o f 

open ing va lu e s  has been com puted fo r  c e rta in  se lec ted  va lue s  o f 

the  s h e ll param ete rs . These opening va lu e s  are presented as 

fu l l  l in e s  in  F igures ( 2 .4 -1 0 ) ,  From the  same equa tion s  the  s tress  

d is tr ib u t io n s  in to  the  s h e ll from  c e rta in  se lec ted  va lu e s  o f open ing 

were a lso  com puted. These re s u lts  are presented as broken lin e s  

in  the  same fig u re s  and the  va lu e  o f the p a r t ic u la r  open ing from  

w h ich  th e y  em ula te is  found a lon gs ide  each l in e .  D e ta ils  o f the 

com p u ta tion  are g ive n  in  Appendix 1.

The va lu e s  o f the s h e ll param eter 'Y u  se lec ted  fo r 

p re se n ta tio n  are 30 , 90 and 150, The reason fo r  th is  cho ice  is  

the  p o p u la r ity  o f these  va lu e s  in  s h e ll l i te ra tu re .  These va lue s  

cove r a fa ir  range o f p ra c t ic a l s h e ll fo rm s . The ch o ice  o f va lu e s  

fo r th e  param eter S was more d i f f ic u l t .  C o n s id e ra tio n  was g iven  

t o /
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to  the  s h e lls  w h ich  are d iscu sse d  in  the exp e rim e n ta l se c tio n  and 

i t  was fe lt  th a t va lu e s  o f 6 , 9 and 12 fo r S w ou ld  ad equa te ly  

dem onstra te  the v a r ia t io n s  due to  heat tra n s fe r e ffe c ts .

The va lu e  o f 0 .255  fo r the  P o is s o n 's ra tio  was a lso  chosen from 

expe rim en ta l c o n s id e ra tio n s . I t  is  the  va lu e  ob ta ined  fo r the  

m ild  s te e l o f the exp e rim en ta l s h e l l . Now le t  us exam ine in  

d e ta il F igures ( 2 . 4 -  10) where some o f these  re s u lts  are 

p re se n te d .
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S T R E S S  (  S - I Q ,  V =  0 - ‘2 5 5 )  T H E  S T R E S S  D I S T R I B U T I O N  

I N T O  A. S W E L L  FR O M  A  P A R T I C U L A R  O P E N I N G  
V A L U E  IS S H O W N  B Y  A B R O K E N  L I N E .

*6

•4

•2
S o

150

•5 1 0 1-50,

F IG U R E  ( Q - 3 ) o p e n i n g  v a l u e s  o f  C I R C U M F E R E N T I A L  

B E N D I N G  S T R E S S  (  S =  I Q ,  V =  0 - 2 5 5 )



-G

- 4
X

(XT

- e

r - ^  = 150

' \  90
\

//
\
\
\
\  30 
\

K  ' '

0 , -2 8 3

\

\ 0 ,= -98 
\

\ \

•I g r , '*

Fig u r e  ( 2 * 6 )  th e  t a w g e n t  r o t a t io n  a t  t h e

OPENING (  S= 12, \) = o

15

1-0

•8

•G
(2f- 98

•4

■2

•5
0 i

F i g u r e  ( 2 - 7 )  t h e  h o r i z o n t a l  d i s p l a c e m e n t  o f
THE O P E N IN G .  ( 8 = 1 2 , 0 - 2 5 5 ' )



-•012

-■008
O'0'm
Ë<T

-•004

+ 004.1------------------

F ig u re  ( ‘2 - B )

- 7 7 -

! \

I \ 
I \

\
n r

-288

0.

0 , - 9 8
\ \

— X —

10

CIRCUMFERENTIAL BENDING STRESS DISTRIBUTION 
INTO SHELL f o r  tw o  OPENING VALUES ( ^  = 40, 5=10,

V  = 0 - ‘253^

O'^b O

• j j

........................
1 \  

/  -...

' ' 11- ' all = •ooêTô

\  S, = -208 
>6 \

/
/
(

\
\

?̂ i = -98 
\

f>•J V /

i-Ô l-S

F ig u r e  (2 -Q) m é r id io n a l  b e n d i n g  s t r e s s  DISTRIBUTION
' INTO T H E  SHELL FOR V A R IO U S  O P E N IN G  

V A L U E S  (  - ^  = 9 0 ^  S ^ I Q ,  V  = O  • 2 5 5 )



_ 7 8~

1

Ô

•e

4

•2

F i g u r e  ( q . I O )

1-

THE TEMPERATURE DISTRIBUTION INTO THE 
shell for various OPENING VALUES 
( k  = IQ, V = 0-Q 55)



ro

! O  
i  h d

pj §
5 \û go

1 $ 
°  I

0pd

1§œ
<

II
o
hO
Un
Un g

CO

%
en

1
X

i
r?

1

l

t
X

é

l l

I
X

s
1

i
"rn
à î

o o g g p
00 ■P' "U vo P en vo p tu o
'U ru f-J o tu o\ o tu KO h-̂
u» h—* o\ tu tu p t-J p tu 1-1
w ru *u eu tu tu en 00 p tu

tu
h-* H* t—*
00 -P- OI 00 p tu 00 p p o
N> w t-* tu p tu o tu 00 tu
h-t VO tu h~* oi eu eu tu o tu

r-» 00 tu VO tu V£) o
K> tu tu

Ul P" Ln tu p p P p p o
00 h-* P' VJD t-l KO o o tu
Ul Ul O 00 00 00 I-* l_J pP- t-* tu t-» tu o crv
LO tu tu
t-' tu .p- (-J tu p to tu tu o
Ul oo 00 tu •u t”» VO CA p p
vo o ru o vo KO p o tu O'!

o\ Oi eu oo tu h-*
(jO tu tu

Ul tu P' tu tu tu tu tu ru o
00 4> tu tu p p tu vo tu
4> Ul 00 tu tu p tu tu 00

tu tu tu tu p er\
CO tu tu
oo tu P' 00 tu tu tu tu tu o
VO t“* o 4> o tu KO 00 er\ eu
vo tu P' p* oo vo tu 00 p VD

<sD p- tu 00 tu KO
■p' p* tu
LO tu tu tu tu tu 00 tu tu o

Ul tu tu tu vo vo tu 1—4 VO
.|> \D tu o tu p p co tuP' oo *u M l-J w

p. p
Ul tu tu p ' tu tu o I-* 1—*
o\ 1”̂ tu tu h-J tu 00 KO 00 Mo oo tu tu tu VD p -u tu

vo eu 00 t-J tu oo tu

P' p
00 1—« tu oi tu o t-» 1-1 1-1
-p' u •u tu p t—' 00 tu p "U
lU p- 00 tu oo p 1—* tu tu tut” » o tu tu t-> KO 00

4> .i> p
VD o tu o o o t-» tu
OO VD .p' tu GO eu 1-1 00U tu o eu 00 00 h-* 00 tu 00

Ul 'U 00 o H-‘ 00 o
4> .p' p
vo O tu* -u o t-* o o o pVû o\ tu 1—* eu CA VO tu VO oN> Ul tu 00 1—1 tu tu tu KO tuo tu p VO tu tu tu

4> p- p
VO o tu eu o 1—' o o o tu

tu 00 p tu tu tu to 1-1
Oi h-j Vû t/l p O'! vo oou •u vo *u tu vo p

4> 4> tu
vo o tu eu o vo o o ■u
-u tu o tu tu p tu oo pvo vo o\ eu tu tu tu tu p 00

00 -u tu tu CA t-* 'U

P' tu H-»
vo o tu tu o oo o o o
Ul l_a o 00 hJ tu t-* tuo 0"\ o VO tu vo tu tu •-vl

tu tu GK tu tu

p- p- tu t-»
o t—1 tu o t~* 00 o o po o VO h-* o tu o o •u VO

ai t\0 tu 00 H-» tu tuo \D 00 er, tu VD

-79



- 8 0 -

The graphs o f the  opening va lu e s  show  up tw o  d is t in c t  

re g io n s . In  th e  f i r s t  re g io n , ap p ro x im a te ly  d e fine d  by O 

the re  are great v a r ia t io n s  in  the  va lue s  o f the  s tre sse s  and o f the 

d isp la ce m e n ts . Beyond the  va lue  o f these  opening

va lu e s  tend tow ard  a more con s ta n t v a lu e . In  th e  next C hap te r 

we s h a ll in v e s t ig a te  th is  reg ion  o f the  s h e ll.

It  is  observed th a t the opening va lu e  o f the  membrane 

c irc u m fe re n tia l s tre s s , fo r  a l l  va lue s  o f the  pa ram ete rs , appear to  

tend to  the  same va lu e  at the  o r ig in ,  n a m e ly , — EoCT w h ile

th e  co rrespond ing  va lu e s  o f the  bending s tre s s , a n gu la r ro ta tio n  

and the  d isp la ce m e n t a l l  tend to  a va lu e  o f ze ro . These l im it in g  

c o n d itio n s  s h a ll be proved la te r  to  be the  ca se . These l im it in g  

va lu e s  are the  same as those  fo r a c irc u la r  f la t  p la te . H ow ever, 

i t  w ou ld  appear wrong from  these  re s u lts  to  co n s id e r any p o rtio n  o f 

the  s p h e rica l form  as a f la t  p la te , a lthough  th is  has been done by 

c e rta in  re se a rch e rs .

S tresses whose m agnitude is  in  the  reg io n  o f t=.oCr 

are h igh  and may requ ire  c a re fu l though t from  the  de s ig n  v ie w p o in t.  

F u rthe r, i t  must be remembered th a t these  re s u lts  are fo r  a 

c o m p le te ly  free open ing . S tresses due to  edge re s tra in ts  must be 

added to  the  s tress  va lu e s  w h ich  we have ju s t  co n s id e re d . This 

problem  we s h a ll co n s id e r when we are in v e s t ig a t in g  the  in te r ­

a c tio n  o f a c y lin d r ic a l s h e ll w ith  a s h a llo w  s p h e rica l s h e ll.

The s tress  d is tr ib u tio n s  shown by the  broken l in e s ,  in to  a s h e ll 

from  a p a r t ic u la r  o p e n in g , d ie  out ve ry  ra p id ly .  Th is ju s t i f ie s  

ou r co n fid e n ce  in  d ropp ing  the term s in v o lv in g  the  con s tan ts  o f 

in te g ra tio n  and from  equa tions (2 .1 6 -2 1 ) when we co n s id e r 

the the rm a l e ffe c ts  a sso c ia te d  w ith  the  lo w e r bound a ly  o f th e  a n g le .

T h e /
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The Tables (2.1 -3 )  a long w ith  the  appropria te  F igures 

show th a t fo r  a f ix e d  va lu e  o f va lu e  o f 90 was the one

chosen  to  i l lu s t ra te  th is  e ffe c t) the  s tresses and the  d isp lace m e n ts  

v a ry  w ith  the  param eter S. The g re a te r the  va lu e  o f S the g rea te r 

are the s tre s s e s . The v a r ia t io n  appears more pronounced fo r  la rg e r 

va lu e s  o f open ing where each o f the  opening term s tends to  a 

con s tan t v a lu e . Th is con s tan t va lue  we w i l l  in v e s t ig a te .

Th is  v a r ia t io n  o f the  m agnitude o f the  s tress  te rm  w ith  the param eter 

S we w ould  ra the r expect but n o t , perhaps , th a t the  e ffe c t w ould 

appear g re a te r fo r  the  la rg e r va lu e s  o f open ing .

I t  has a lre a d y  been observed th a t the  con s tan t S, 

w h ich  is  a heat tra n s fe r param eter, is  v e ry  s im ila r  to  the  BIOT 

num ber, BIOT^^^ has a lre a d y  dem onstrated th a t the  g re a te r the  

num ber the  la rg e r are l ik e ly  to  be the  m agnitude o f the  s tre sse s .

The re s u lts  in  th is  exam p le , fo r  the u n ifo rm ly  heated c irc u la r  

o p e n in g , con firm  the  im portance  o f th is  pa ram e te r’. The re d u c tio n  

o f the m agnitude o f the  the rm a l s tresses in  a s p h e ric a l s h e ll 

th e re fo re  becomes the  problem  o f reduc ing  the  m agnitude o f the  

param eter S.
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CHAPTER 3

STRESSES IN  A SPHERICAL SHELL AT 

LARGE VALUES OF THE MERIDIONAL ANGLE
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For la rg e r va lu e s  o f the  m e rid io na l angle 

the  K e lv in  fu n c tio n s  can  be rep laced by th e ir  a sym p to tic  

fo rm . This re s u lts  in  g rea te r s im p lif ic a t io n  o f the  

exp ress ion s  fo r th e  s tresse s  and the d isp la ce m e n ts  on 

a sp h e rica l s h e ll.  These exp ress ion s  are shown to  be 

s im ila r  to  a n d , in  the  reg ion  o f the  equator o f the  s h e l l , 

th e  same a s , the  re s u lts  fo r  a c y lin d r ic a l s h e ll.

The problem  o f a l in e  o f heat around a s p h e ric a l 

s h e ll is  cons ide red  and g ra p h ica l re su lts  are presented 

i l lu s t ra t in g  the e ffe c ts  o f v a ry in g  the  m ain pa ram ete rs .
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3.1 S tresses in  a S pherica l Shell at Large Values
o f the  M e rid io n a l Angle

(a) The S im p lif ie d  Equations o f the S pherica l
Shell fo r  Large Values o f Angle

(b) The S pherica l Shell w ith  a Large H eated Opening

(c) A L ine  o f H eat Around a S pherica l Shell
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3.1 (a) The S im p lif ie d  Equations o f the S pherica l S he ll 
fo r  Large Values o f Angle

In  order to  s im p lify  the  ra th e r in v o lv e d  e xp re ss io n s  

fo r  the  s tress  re s u lta n ts  w h ich  were de rived  in  C hap te r 2 , we 

cou ld  f i r s t  c o n s id e r re p la c in g  the  K e lv in  fu n c tio n s  by th e ir  

a sym p to tic  fo rm s . They are

b e r Z  = ( '2 . î T z V e - '^ c o s ( ^ - ^ ' )  ; b e r  z  =

b e lz  = ' belz.  ̂ (ZTrz)”^ e^sm

k e r  z  " ( A y  S' ^C O S ( %  1- ^  ( A V  ^ c o s

ketz = ^ s i n ( ^  + ^) , keiZ= G s\n(%. -

3.1 - 8'
TIMOSHENKO and REISSNER^'^®^ suggest th a t

these  e xp re ss io n s  are v a lid  fo r  va lu e s  o f 21 6

H o w e ve r, FLUGGE s ta tes  th a t the la rg e r va lu e  *2. >*■ IQ is  more 

co rre c t and he observes th a t at 2. - lO  the erro rs  made in  us ing  

these fo rm ulae are in  the  order o f seve ra l per c e n t.

U s ing  these a sym p to tic  form s in  the  e xp re ss io n  fo r  the 

shear s tress  re s u lta n t , Q / , equa tion  (2 ,26) w i l l  reduce to

Q /  -  —-— cos -b A 2 *^'^ ^  ^(A-iCos:5T^+

/  (24)
This is ,  how ever, the form  o f the s o lu tio n  ob ta ined  by HETENYI 

when he reduced the  problem  o f the sp h e rica l s h e ll to  th a t o f a 

b e a m /
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(23)
beam on an e la s t ic  fo u n d a tio n . BLUMENTHAL a rrived  at the 

same s o lu t io n , by s im p lif ic a t io n s  o f REISSNER'S b a s ic  equa tion  

(2 .1 1 )/ as d id  LECKIE by u s ing  the c la s s ic a l method o f asym p to tic  

in te g ra t io n .

R eplacing the  K e lv in  fu n c tio n s  in  equa tions  

(2 .1 6 -2 1 ) by th e ir  a sym p to tic  form  as g ive n  in  equa tions  

(3.1 -  8 ), we a rrive  at the  fo llo w in g  exp ress ion s  fo r  the  s tress  

re s u lta n ts  and the  d is p la c e m e n ts :-

N  ^  ^  c o t  ^

“  C s 'm(x/ T - -  Ay. cos ( x /  -r + A ( tco t /

~  C  LA'S c o s t - ' H  h 'f''% ') !]

4* —  [ s  t  —- Cl "  c o t  . t  3h" I — V '

Me ~ ( s in ^ V  \ 6  ^ [h ,  cosCxyS +
' _W

“  C LA^ Cos (x ^  t + Av -H ^

•+ J9!..a, ........ rCl“V')‘t cot -I'VŜ tA
Ŝ-Vl-V /

"X- ~ 'A 'x ( S in^y -  C

4- — ^ ___ -  oCt

I t

a  si A K

C ŝ -v

1_ (w@,- -V + ° L t  3 . 9 - 1 5
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3.1 (b) The S pherica l Shell w ith  a Large H eated Opening

Let us now re co n s id e r the  prob lem  in  the  p rev ious  

C hapte r o f a sp h e rica l s h e ll w ith  a u n ifo rm ly  heated ax isym m e tric  

o p e n in g . H o w e ve r, le t  us im pose the fu r th e r c o n d itio n  th a t

>  10
so th a t the  open ing must be la rg e .

Since we have s tip u la te d  th a t the  o p e n in g , at 

-  cp̂  , is  free o f e x te rn a l co n s tra in ts  and th a t the  tem perature 

d is tr ib u t io n  reduces to  zero before the  ou te r boundary is  reached 

th e n  the appropria te  boundary c o n d itio n s  are

= o , 
= T

and
t  — ^  O

fo r  la rg e  va lu e s  o l p  , I t  is  re ca lle d  th a t th is  la s t  c o n d itio n  

a llo w s  us to  drop the  term s w ith  the  c o e ff ic ie n ts  and A^ in  

equa tions  (3 .9  -  15).

S u b s titu tin g  fo r  the  f i r s t  tw o  boundary c o n d itio n s  in  

equa tions (3,10 & 12) y ie ld s

^   ̂ cob f F Si n +- At, ]

+  —   [  5 4 ,  -  C l - V )  c o t ^ ,  , t ‘ l
S V  I ~ V ‘

o r /
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or e xp ress ing  the se  tw o  equa tions  in  m a tr ix  n o ta tio n

' o " C O S x / i A  -5
-t X  <p < X

-  P \ e

“ t /

0 COS A 4 C s t r C . - v V o t /  t i l

We may now transpose  th is  m a tr ix  to  g ive

A.

A,
■= J z e

t

Let us now  eva lu a te  some o f the  s tre ss  re s u lta n ts  

fo r  our problem  u s in g  these  va lu e s  o f the in te g ra tio n  c o n s ta n ts . 

From eq ua tion  (3.11)

As

P\n

t  A ( tc o t^  -  ^ t ')

A fte r s u b s titu t in g  in  th is  e xp re ss io n  the  va lu e s  o f the  con s tan ts  

o f in te g ra tio n  w h ich  we have Just found , i t  becomes

A C tV o t^  “  b tX

For the  open ing  v a lu e  o f Me , th a t Is  the  va lu e  at b  -

the  e xp re ss io n  reduces to

He, = k x  k [ - t |  -  ZL \  ■it,’ -  C l-U c o t^ , .t, \ t  t.eot^, -  
 ̂ (3.16)4- 1 “  V

By s u b s titu t in g  in  equa tion  (3.14) we can f in d ,  by 

the  same m ethod, the open ing va lu e  o f the angu la r ro ta tio n  to  be

E k 'JI
( i -  v') c o t ^ i . ]  j

3.17
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We co u ld  now eva lua te  these  re s u lts  fo r  p a r t ic u la r  

v a lu e s  o f the  m ain param eters ( V , ^   ̂ L ) but f i r s t  le t  us 

exam ine the  exp ress ion s  fo r  the  tem perature d is t r ib u t io n .

For the e v a lu a tio n  o f the  re s u lts  in  ou r p re v io us  g ra ph s , we 

assumed th a t the  tem perature  d is tr ib u t io n  was g ive n  by equa tion  

(1.21) as

r  -

We have a lrea dy  seen how ever, in  s e c tio n  1 .2  (c ) , 

th a t fo r  la rg e r  va lu e s  o f 'bp the  asym p to tic  form  fo r  the  M o d if ie d  

Bessel F unc tion  w ou ld  g ive

t  - B e"
3.18

I t  w ou ld  seem reasonab le  the re fo re  to  use th is  e xp re ss io n  fo r  the 

tem peratu re  in  problem s o f the  type  we are c o n s id e rin g  where 

JZoAyf > lo  a lthough  we re a lis e  th a t there  cou ld  be cases

(fo r sm a ll va lu e s  o f S) where the tw o  c r ite r ia ,  fo r  u s ing  the

a sym p to tic  fo rm s , are not co m p a tib le .

A p p ly ing  the  boundary c o n d itio n

t j , ,  = T  

to  equa tion  (3,18) y ie ld s

t  = T

3.19

w h ich  when d iffe re n tia te d  g ives  

t  = -  S T
^  “  b / 1

3.20
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At th e  open ing  where p  -  , the  tem perature  g ra d ie n t w i l l  be

t ' -  -  5 T
‘ " 3.21

Assum ing th a t the  tw o  c iû te ria  fo r  th e  a sym p to tic  

form s are c o m p a tib le , we can now su b s titu te  th is  va lu e  fo r  the  

tem perature  g ra d ie n t in to  the  equa tions  (3.16 -  17) to  y ie ld

H ® ,  "  ETo i -V l  1 7. ^  -  S -  5  -  c o to i  . /  1 T-
C s L i ' f  4.3s' ' '  L  5 % 1 - V  \  5 V J

X  "  °<-T
( ^  4"X J

3 .2 2 -2 3

W here the param eter 8 - 1 2  and the  P o isso n 's  ra t io  V* = 0 .2 55 , 

these  e x p re s s io n s , fo r  the  se lec ted  va lu e s  o f ^  g iv e n , reduce to :

N e, ( a ,  -50-) =  ( - O - ' S ' f S S ’ -  0 - 0 8 ^ ( ^ 7 c o C ^ , ' )  E T L . K

N o ,  ( a  = <id) = ( -  0 - 1 9 3 1 -  O - O '5 ' i f f e l  Go t  S , " )  E T o c K

N e , (%  = iso) = ( -  0  • I b l  S' -  0 - O Z Z 7 8  c o t

" X - 1 ( i  = 3.0) = ( " k - T ' = I D +  O -  401  1 c o t  d i " )  « _ T

X ,  ^ o ) = ( -  4 - - 1 0 0 7 +  0  • S ‘̂ 17 .  c o t  cZT

X .  1 ( 4  “ = ( — S-'BS'S'Z -V- 0  • s z o t  c o t  o t-T  .
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We may now compare these  e xp re ss io n s  w ith  the 

g ra p h ica l s o lu tio n s  presen ted in  the  preced ing  C h ap te r. I t  has 

a lre a d y  been obse ived  th a t the  tw o  graphs in  q u e s tio n , those  fo r  

and X j  , q u ic k ly  a tta in  con s tan t va lu e s  fo r  the  la rg e r va lu e s  

o f the  open ing  a n g le . The va lu e  o f c o t i s  v e ry  sm a ll fo r  the  

la rg e  va lu e s  o f y ,  and the  cons tan t term  a sso c ia te d  w ith  i t  is  

a lso  re la t iv e ly  s m a ll.  Thus w ith  the  exp ress ion s  above we 

cou ld  have p re d ic te d  the  " l in e a r "  po rtion s  o f the  g raphs .

I f  we ca rry  the  app ro x im a tion  co n se q u e n tia l to  the  

d ropp ing  o f the c o t  p  term s back to  equa tions (3 ,9  -  15) and 

indeed  back to  the  equa tions in  C hapte r 2 from  w h ich  the  equa tions  

(3 .9  -  15) were d e ve lo p e d , we f in d  an in te re s t in g  re s u lt .  For 

exam p le , the  shear s tress  re s u lta n t Q .^ w ou ld  be , o m itt in g  the  

t  term

The com p lem enta ry  fu n c tio n  p o rtio n  o f th is  e xp re ss io n  is  the 

s o lu tio n  o f the  d if fe re n t ia l equa tion

Q .^  O  3 ,2 4

A lte rn a t iv e ly , i f  we c o n s id e r th e  L C  op e ra to r

L C - - -U  — ( ...... 1 f  C o t^  -  ( . . . 4  c o t  ^

and drop the re  the  term s in v o lv in g  c o t p  th e  equ a tio n  (2 .24)

w i l l  a lso  reduce to  th is  fo rm .

This is  the  form  o f the  s o lu t io n , fo r  la rg e  va lu e s  o f
(? 5)

the  a n g le , proposed by CECKELER , I t  is  a lso  the  s o lu tio n  

fo r  a c y lin d r j.c a l s h e ll so th a t in  e ffe c t we are app ro x im a ting  th is  

re g io n /
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reg ion  o f th e  sp h e rica l s h e ll to  a c y lin d r ic a l s h e ll.

F u ll d is c u s s io n s  o f the  im p lif ic a t io n s  o f th is  ap p ro x im a tion  are 

found in  FLI/GGE and HETENYI. I t  is  o f in te re s t to  us to  n o tice  

th a t our "tem p era tu re " term s in  the stress re s u lta n ts  s im p lify  

c o n s id e ra b ly . The con s tan t A would a lso  s im p lify  s ince  the  

num era tor w ou ld  become and the  denom ina to r 5 ^  +- 

in  p lace  o f ( + i — v  ) and ( l / -t- re s p e c tiv e ly  i f

the  same s im p lify in g  assum ptions are ca rrie d  in to  the  tem perature  

e q u a tio n s .

The equa tions (3 .9  -  15) have thus  been s im p lif ie d  
/

even fu rth e r b u t, as HETENYI ob se rve s , i t  is  a som ewhat coa rse r 

app ro x im a tion  th a t re s u lts .  The equa tions fo r the  s tre ss  re s u lta n ts  

in  th is  case are

+  M *

= o

N  e* ” ~ "X ^ 0  L A  ̂cc>% ( x  ^  t  4- f \ ^  <̂ | Y\ CxHp T-

-  e  L a -j, s ih  -  A4

-  / \ 5 ' t

^  -  A;, COS ( x /

“  C  CO S ( x K p  4- A 4 +■

g A b"'t _______
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M@ - V

X  ^  ^  P \^co sT x^ ')

^  C ^ T . S m X ^  -— fX i f  C O S  > 49̂ ' ) ' ^

4- -  4.3<" cCtJ
5 '̂  +- U-x'*

&  '  "  - " t  3 . 2 5 - 3 1

where
EKoi. S

The s im p lif ie d  re s u lts  o f equa tions  ( 3 .2 5 -  31) are 

o f co n s id e ra b le  in te re s t s ince  th e y  are a lso  the  equa tions  fo r  a 

c y lin d r ic a l s h e ll w ith  a lo n g itu d in a l tem perature  d is tr ib u t io n .

For a c y lin d r ic a l s h e ll i t  is  custom ary to  change from  the 

m e rid io n a l c o -o rd in a te  ^  to  an a x ia l c o -o rd in a te  x  where 

X  = For the  reg ion  o f the s h e l l , where the  GECKELER

equa tions are v a l id ,  the  equa tions  (3 .22  -  23), fo r  the  open ing  

va lu e s  o f the  c irc u m fe re n tia l membrane s tress  and tangen t 

ro ta t io n , become

Ne, = ETc^K  ___^
S'* -'r S i

X  -
' c H , 4-

3 .3 2 -3 3

The h o riz o n ta l d isp lacem en t IX is  g ive n  by 

equa tion  (3.31) as

1 1 = F r  ■ ■<- c) ocT
f o r /  Eh
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fo r  la rge  va lu e s  o f ^  . The va lu e  o f U. at the  s h e ll open ing w i l l ,  

from  equa tion s  (3 .32 ) the n  be

IL , = OcA-T ' +- ■2.x 5 ^ -  5 ' ]
s "  + i+x"*

Equations {3 .33  -  34) can be w r it te n  as

3 .3 4

lA -  <xT r  A. X  —

3 . 3 5 - 3 6

The equa tions  fo r  the tangent ro ta tio n  X  , 

co n ta in s  the  term  ST . I t  has been show n, in  equ a tio n  (3 ,2 1 ), 

th a t th is  is  in  fa c t the  tem perature  g rad ien t at the  open ing  so 

th a t
^>T = - 1 ;

and eq u a tio n  (3 .35 ) can be w r itte n  as

%

:>/* 3 .3 7

I t  is  observed th a t the  tw o  eq ua tions  (3 .3 6  -  37)

co n ta in  term s w h ich  are powers o f the  ra tio  o f the  heat tra n s fe r 

pa ram ete r, S, to  the  b a s ic  s h e ll p a ra m e te r,X  . The va lu e  o f th is  

ra tio  is

i.  L

^  ( w V - ° -

Thus, p rov ided  the  tw o  heat tra n s fe r param eters and the  P o isso n 's  

r a t io /
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ra t io  rem ain c o n s ta n t,  the  ra tio  = c o n s t, / a . This im p lie s  

th a t the open ing va lu e s  o f the  d isp lace m e n ts  are independent o f 

the s h e ll th ic k n e s s  but are fu n c tio n s  o f \ /a .  Th is con firm s  what 

has a lre a d y  been ob se rve d , th a t the "s iz e  e f fe c t "  is  o f 

im portance on the  m agnitudes o f the the rm a l e f fe c ts .

For the  sp e c ia l case o f heat co n d u c tio n  o n ly ,  th a t 

is  where the re  is  no lo s s  o f heat from  the su rfa ce s , the n  8 = 0  

and the  equa tions (3 .36  -  37) reduce to

U | = 3 .3 8 -3 9

F u rthe r, s ince  both = 0  and = 0  th e n  i t  can be seen

from equa tions  (3 .2 5  -  31) th a t there  is  no s tress  d is tr ib u t io n  in to  

the  s h e ll fo r  th i  s tem perature  d is tr ib u t io n .

I t  has been shown in  se c tio n  1 .3 (b) o f C hapte r I  

th a t the tem perature  d is tr ib u t io n  o f a c y lin d r ic a l s h e ll ,  due to  

heat co n d u c tio n  o n ly ,  w i l l  be lin e a r .

TIMOSHENKO and DEN HARTQg ''^^ ' have 

in v e s tig a te d  the case o f a c y lin d r ic a l s h e ll w ith  a l in e a r ly  v a ry in g  

a x ia l tem pera tu re  d is tr ib u t io n  and have con firm ed  th a t the re  should 

be no s tress  d is tr ib u t io n  in  the s h e ll and th a t the  edge d is p la c e ­

ments are as g ive n  by equa tions (3 .38  -  39).

I t  is  o f in te re s t to  compare the  open ing  va lu e s  o f 

the  d isp lace m e n ts  fo r  the  va rio u s  com b ina tions  o f s h e ll pa ram eter, 

^  , and heat tra n s fe r  param eter, 5  , w h ich  have bean used

in  the  e a r lie r  graphs and ta b le s . The va lu e s  o f ' and

have been eva lu a ted  from  equa tions  (3 .36  ™ 37),

X  -  V
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The open ing  va lu e s  are presented in  ta b le s  (3.1 -  2).

The re s u lts  show  e x c e lle n t agreement w ith  the co rrespond ing  

g ra p h ica l re s u lts  in  F igures (2 .6  -  7) fo r the la rg e r va lu e s  o f 

open ing .

For the  h o r iz o n ta l d is p la c e m e n t, U , , i t  is  observed 

th a t i t s  va lu e  decreases w ith  an inc rea se  in  5 so th a t the g rea tes t 

d isp la ce m e n t is  asso c ia te d  w ith  the  con du c tion  o n ly  mode o f heat 

tra n s fe r ,  O , th a t is  w ith  a f u l ly  in s u la te d  s h e ll .

One cannot draw  a genera l c o n c lu s io n  from  ta b le  

(3 .2 ) because the  tem perature  g rad ien t at the o p e n in g , t , / is

i t s e l f  a fu n c tio n  o f 5  , s ince  from  equa tion  (3.21)

t ;  -  5 t

I t  is  p o s s ib le  to  express the dependent term  as^/Jy fo r  a l l the va lu e s  

o f 5 excep t 5"= O fo r w h ich  va lu e s  the  equa tion  (3.21) is  no lo n g e r 

v a l id .  For th is  sp e c ia l case the  tem perature g ra d ie n t is  lin e a r  

be tw een the  opening and some o th e r de fined  boundary .

Table (3 .3 ) s h o w s * ^ j fo r  a l l the  param eters so fa r  

cons ide red  excep t b>- O . I t  is  d i f f ic u l t  to  d raw  any genera l 

c o n c lu s io n s  from  the  va lu e s  p re sen ted . One cou ld  be tem pted in to  

p re d ic tin g  th a t the va lue  o f the tangent ro ta tio n  at open ing w ou ld  

in c rea se  w ith  the  va lu e  o f 5 fo r  any p a r t ic u la r  va lue  o f .

A com parison  betw een the  va lu e s  at S = 9 and 8 = 12 fo r  ^  -  3 0  

sho w s, ho w eve r, th a t th is  is  not the case . These p a r t ic u la r  re s u lts  

in d ic a te  th a t the re  must be a tu rn in g  va lue  in  eq u a tion  (3.37) in  the 

reg ion  o f "  1’ 5  and th a t beyond th is  va lu e  the  tangent

ro ta tio n  X ,  w i l l  decrease w ith  in c re a s in g  S .
(47)

HIGK8 , in  h is  in v e s t ig a t io n  o f the ju n c tio n

p ro b le m /
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30 90 150

0 1 1 1

6 .8375 .9257 .9506

9 .7379 .8658 .9068

12 .6527 .8054 .8598

T ab le  (3 .1 ) The v a lu e  o f  f o r  v a r i o u s  v a l u e s
o f  th e  s h e l l  p a ra m e te r s  5  and X .

(V = 0.255)

30 90 150

0 1 1 1

6 .4536 .6218 . 6896

9 .3251 . 4996 .5784

12 ,2424 .4073 .4893

T ab le  (3 .2 ) The v a lu e  f o t  v a r i o u s  v a l u e s
o f  t h e  p a ra m te r s  5  and x  .

( V -  0 .255)

30 90 150

6 -2.7214 -3.7310 -4.1373

9 -2.9261 -4.4961 -5.2051

12 -2.9084 -4.8878 -5.8717

Tab le  (3 .3 ) The v a lu e  o t^ /o C Y  f o r  v a r i o u s  v a l u e s  
o f  t h e  s h e l l  p a r a m e t e r s ,

(V = 0.255)
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problem  betw een a sp h e rica l s h e ll and i ts  c y lin d r ic a l s k i r t , made 

the  assum ption  th a t the  tem perature d is tr ib u t io n  on the  s k ir t  cou ld  

be expressed  as

t  =
where C a n d a r e  co n s ta n ts  and X  is  the a x ia l c o -o rd in a te .

/
He then  s u b s titu te d  th is  e xp re ss ion  in  the HETENYÏ equa tion  fo r 

the d isp lace m e n t o f a c y lin d r ic a l s h e ll due to  an a x ia l tem perature 

d is tr ib u t io n .  HICKS thus  ob ta ined  so lu tio n s  fo r  the h o r iz o n ta l 

d isp lace m e n t and the  tangen t ro ta tio n  o f the open ing w h ich  are the 

same as those  g ive n  in  equa tions  (3 .36  -  37 ). HICKS the n  s ta tes 

th a t when is  s u f f ic ie n t ly  sm a ll these  fo rm ulae w i l l  reduce to

X ,  -

U | = a<A.T

This i s ,  o f co u rse , the  re s u lt w h ich  was o b ta in e d , in  equa tions 

(3 .3 8  -  39) , fo r  the c o n d itio n  o f heat co n d u c tio n  o n ly ,  where 5 = 0  

HICKS proceeds to  deve lop  a l l  o f h is  in te ra c tio n  equa tions  on the 

assum ption  th a t is  s m a ll.

WEIL and MURPHY^^^^ who in v e s tig a te d  the problem  

o f a c y lin d r ic a l s k ir t  suppo rting  a pressure v e s s e l a lso  made the 

assum ption  th a t the open ing d isp lace m e n ts  are as those  w h ich  are 

produced by a lin e a r  tem perature  d is tr ib u t io n  and are the re fo re  g iven  

by equa tions  (3 .3 8  -  39). These authors in d ic a te ,  ho w ever, by the  

exam ples w h ic h  th e y  p re se n t, th a t th e y  are co n s id e rin g  w e ll in s u la te d  

s k ir ts  w ith  in s u la t io n s  o f 4 " th ic k n e s s  on both su rfa ce s . BERGMAN^^^^ 

presen ts e xp e rim en ta l re s u lts  w h ich  in d ic a te  th a t a 2 " in s u la t io n  

w ou ld  reduce the  va lue  o f 5  to  0 . 46S whereas a 3 " in s u la t io n  w ou ld  

reduce the va lue  to  0 .09  2 5

W EIL and MURPHY presen t,as  an exam p le , the problem

o f /
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o f c y lin d r ic a l s k ir t  w h ich  has the fo llo w in g  e x p e rim e n ta lly  measured 

v a lu e s ;-

a  = 114.9 ins = 7 . 7 x l O " ® / F °

E  = 25 .5  5clO® Ib /in ^  T  = 8 8 0 ° F -  800F°

h = 0 .9063 in t ‘ = - 3 2 . 7  F ° /ln

in s u la t io n  th ic k n e s s  = 4 "  per su rfa ce .

I f  we assume a P o is s o n 's ra t io  fo r  the s k ir t  m a te ria l o f

V  = O 'ZSS*

the n  the va lu e  o f the  p a ra m e te r^  fo r  the s h e ll w i l l  be

and s ince, from equation (3.21) ,

t !  = - S T
I

then

5  = -  5 il “  0 * 0 4 - 0 8 7 5 "
T

The appropria te  va lu e  o f the  param eter fo r  th e ir  she ll is

the re fo re

S u b s titu tin g  th is  va lu e  in  the  appropri.ate exp re ss io n s  fo r  the 

d is p la c e m e n ts , equa tions  (3 .3 6  -  37), g ives  

= -  p C t ’ (, o - s = i 7 n ' )

U ,  = 6  Q ccT  .

This re s u lt som ewhat ju s t i f ie s  the  assum ption  made by the  authors,

p rov ided  c y lin d r ic a l s k ir ts  have 4 " in s u la t io n .  I t  is  in te re s tin g  to

observe th a t ta k in g  a va lu e  o f 30 B tu /h r f t  fo r  the c o n d u c tiv ity  o f
2 o

the s tee l and 1 ,4  B tu /h r f t  F fo r  the c o e ff ic ie n t o f surface heat 

tra n s fe r be tw een s te e l and atm osphere w i l l  g iv e , fo r  the  e q u iva le n t 

u n in s u la te d /
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u n in su la te d  s k ir t

S = ry _ * 14% HI n4 5Q  T- 6_: LZJI-'jS... ] . J.I •+-J. =  10-64-4
K K 1 I O - 40<b-5  ̂ ■5 0 I

w h ich  va lu e  can be compared w ith  the va lue  o f S = 0.040875 

ob ta ined  e a r lie r ,  fo r  the  4 ” in s u la te d  s k ir t .  M o reove r a va lue  o f 

S = 10 .644 w ou ld  le ad  us to  e xp e c t, a fte r equa tions (3 .36  -  37), 

d isp lacem enrs  o f the  order

U i = 0 * 4 3 - 5  a o cT  = 0 * 3 0 7 "

X, = 33* 3 X \o”^
as compared w ith

11, ■= 0 - 7 0 7 "

X, = 0-252. X \o~

fo r  the  in s u la te d  s k ir t .

On the  bas is  o f these  assum ptions about the  re la tio n s h ip  

between the  tem perature d is tr ib u t io n s  and the d isp lace m e n ts  WEIL 

and MURPHY then  eva lu a ted  th e ir  In te ra c tio n  equa tions  betw een the  

s k ir t  and th e  pressure v e s s e l.  BERGMAN, a fte r  com m enting upon 

the  great number o f pressure v e s s e ls  w ith  s k ir t  supports w h ich  had 

been co n s truc ted  s ince  the 1930‘s and w h ich  were in  su cce ss fu l 

ope ra tion  com m ents, "had the a n a ly s is  and exam ples g iven  by WEIL 

and MURPHY and CHENG and WEIL fo r  the  th ree  in te rs e c tin g  c y lin d e r 

problem  been a v a ila b le  du ring  th is  p e rio d , th e y  m ight have been a 

pow e rfu l de te rren t to  the  use o f s k ir t  s u p p o rts . T he ir c a lc u la t io n s  

show s tresse s  on an e la s t ic  b a s is  w e ll ove r doub le  the  co ld  y ie ld  

p o in t o f the s te e l" .
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3.1(c) A L ine  o f Heat Round a S pherica l S he ll

Before proceed ing  to  in v e s tig a te  the  problem  o f a 

un ifo rm  lin e  o f heat around a sp h e rica l s h e ll ,  le t  us f i r s t  co n s id e r 

the re la t io n s h ip  e x is t in g  betw een the edge lo a d in g s  and th e ir  

co rrespond ing  d isp la ce m e n ts  in  th a t reg ion  o f the  s h e ll where 

these  GECKELER type  equa tions are v a l id .

The s tress  re s u lta n ts  M ^  and Q  ^  at <j) -  

are g ive n  by equa tions  (3 .25 ) and (3.28) as

- G ' '  ( K -5 cob I +

. G - t - +■ a f \ T |

where o n ly  the  d is p la c e m e n ts , s tress  re s u lta n ts  and tem perature 

d is tr ib u tio n s  in  the p o rtio n  o f the  sphere be low  the  c irc le  are 

co n s id e re d . In  m a trix  form  these  tw o  equa tions can be w r itte n  as

e

and hence transposed  to  g ive  the  exp ress ions  fo r  the  in te g ra tio n  

cons tan ts

-  /A t ,

co b  T i r )  + ■Ŝ') A s  Lj.

= Jze ^
5Ln — P\t,

^ 4 “ "C O b C O b 3< ^ l MqS + | 2 x M l ,T I
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The co rrespond ing  exp re ss ion  fo r  the  angu la r ro ta tio n  

, eq u a tio n  (3 .30) , a lso  w r it te n  in  m a tr ix  form  is

X
■2. _

IK. o t t
+• A x

S u b s titu tin g  fo r  and /\^a n d  the n  s im p lify in g  le a d s  to

[ 2.
E h

i] Q.^1 A t 4- t f x

This re la t io n s h ip  shows th a t the  ro ta tio n  at the open ing 

is  independen t o f the  v a lu e  o f , w h ich  cou ld  s im ila r ly  be shown 

o f the h o r iz o n ta l d isp la ce m e n t in  the same reg ion  o f th e  sphere.

The independence o f the s tress  re s u lta n ts  and th e ir  co rrespond ing  

d isp la ce m e n ts  from  the  p o s it io n  on the  sphere g re a tly  s im p lif ie s  

any problem  in  th is  re g io n . This fa c to r  has been made use o f by 

re se a rch e rs , in c lu d in g  HICKS when he cons ide red  the  in te ra c tio n  o f 

a sp h e rica l s h e ll w ith  a c y lin d r ic a l s k i r t , and can be re a d ily  shown 

from FLUGGE'S e q u a tio n s . FLUGGE changed the  independent 

v a r ia b le  from  to  where

as shown in  F igure (3.1) , and dem onstra ted th a t the  "e ffe c ts "  from 

a c o n d itio n  at are the  same in to  both porltions o f the  sphere.

The above re s u lts  are o f course co m p a tib le  w ith  equa tion  

(3.18) and indeed cou ld  be sa id  to  be co n se q u e n tia l upon GECKELER'S 

a sse rtio n  th a t th is  p o rtio n  o f a sp h e rica l s h e ll can be cons idered  as 

a c y lin d r ic a l s h e ll.

P roceeding now w ith  the  problem  o f a l in e  o f heat caus ing  

a un ifo rm  te m p e ra tu re T  around a sp h e rica l s h e ll at ^  we

must f ir s t  l im it  ou r argument to  reg ion  where co t ^  is  ve ry

s m a ll/
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SPHERICAL SHELL D IV ID ED  INTO TWO P O R TIO N S  
BY TH E M E R ID IO N A L  ^  0 ,

LOWER P O R TIO N  OF SH ELL SH O W IN G  

V A R IA B L E  02, w h e r e  0 2  = 0  -  01
NEW

F i g u r e  ( 3 - 1 )
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sm a ll and the  GECKELER form s o f s o lu tio n  are a p p lic a b le . I t  is  

more co n ve n ie n t to  co n s id e r the sp h e rica l s h e ll as com p ris in g  

an upper and lo w e r p o rtio n  heated u n ifo rm ly  at th e ir  boundary 

to  a te m p e ra tu re T  . From the fo rego ing  d is c u s s io n  i t  can be seen 

th a t the  tw o  p o rtio n s  are sym m etric  w ith  respect to  the s tress  

re s u lta n ts  and the  d isp la ce m e n ts  a lthough is  not n e c e s s a r ily  

at the equa to r o f the s h e ll.  This enables us to  co n s id e r o n ly  

one p o rtio n  o f the s h e ll,  the  lo w e r, and requ ires  th a t p o rtio n  to  

s a t is fy  the  fo llo w in g  boundary co n d itio n s

O vyij '  X 1 ~ O

to  make i t  com p a tib le  w ith  the  upper p o rtio n .

The tem peratu re  d is tr ib u t io n  in to  the  lo w e r p o rtio n  o f 

the  s h e ll i s ,  a fte r  eq u a tio n  (3 .1 8 ), g ive n  by

t  = B e~
w h ich  a fte r  s a t is fy in g  the  tem perature boundary c o n d itio n  at 

becomes

t  .

and i t  is  apprec ia ted  th a t a s im ila r  form o f tem pera tu re  d is tr ib u t io n  

e x is ts  in  the  upper p o rtio n  o f the s h e ll.

S u b s titu tin g  fo r the  boundary c o n d itio n s  in to  equa tions 

(3 .2 5 , 30) g ive s

^  O  G ^ ' ( l \  n. '^\n

E h

I n /
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O

O

In  m a tr ix  form  th is  can be w r it te n  as

COb A t ;

w h ich  we can transpose  to  g ive

A

A

= At, e;V ,
C O t>  X f “  5m  IX I

c o s
c

Let us now eva lu a te  each o f the  s tress  re s u lta n ts  

us ing  these va lu e s  o f the in te g ra tio n  c o n s ta n ts . S u b s titu tin g  

f ir s t  in to  equa tion  (3 .25) fo r  the shear s tress  re s u lta n t Q_^ 

y ie ld s

— COS :><y, ' —

-  c o sx^

E va lua ting  th is  m a tr ix  we fin d

“  A 5 T G  -  % 2 L  S m  z r < ( ^

I f  we now change the  dependent v a ria b le  by d e fin in g

where the  p h y s ic a l m eaning o f ^ ^  is  as shown in  F igure (3 .1 ),

we have

-  EKoCT

At

S im ila r /
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S im ila r s u b s titu tio n s  fo r the o the r s tress  re su lta n ts  

lead  to  the  fo llo w in g  exp ress ion s  fo r  the s tresse s  in to  the 

s h e ll from the  l in e  o f un ifo rm  tem perature

O Xe>m N&
h

„ (=>a EET s

X

e +- l e
"4- J s

rV '/

ocr a X  
s'" +

G ^  i- Cos'zxÿ^z') — z X  G

11 q  J .. N© + c c r e
\  £h

The equa tions  fo r  the  s tresses and d isp lace m e n ts

have been programmed and num erica l re s u lts  have been ob ta ined

fo r the  same va lu e s  o f the main param eters ( v   ̂  ̂ 5 ^  w h ich

were cons ide red  in  C hap te r 2. The re s u lts  are presented in

g ra p h ica l fo rm , u s in g  the  same conven tions  as p re v io u s ly , in

F igures ( 3 . 2 - 7 ) .

The heat co n d u c tio n  ca se , where 8 = 0 ,  has not been

presen ted . We have a lrea dy  shown th a t,  fo r th is  ca se , the

tem perature  d is tr ib u t io n  is  lin e a r  and th a t fo r  a " fre e "  open sh e ll

the  s tress  re s u lta n ts  are ze ro . This la t te r  p ro pe rty  im p lie s  th a t

the  problem  w ou ld  o n ly  be one o f m atch ing the  d isp la ce m e n t and

the  ro ta tio n . The l in e a r  tem perature case ,  fo r  a c y lin d r ic a l s h e ll,
/

has been p re sen ted , as an exam p le , by HETENYI. I f  we su b s titu te  

o u r /
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our tem pera tu re  d is tr ib u t io n  t  -  "T e . in  the equa tion
/

ob ta ined  by HETENYI fo r the c y lin d r ic a l s h e ll,  u s in g  h is  s im p lif ie d  

approach , then  we o b ta in  re s u lts  id e n tic a l to  tho se  p resen ted .

The same p rob lem , how ever, occurs  in  one o f the  e a r lie s t papers on 

the rm a l s tress  in  s h e lls  w h ich  was w r itte n  by DEN HARTOG^^*^^.

Th is  paper rem inds us th a t the lo w e r end o f the  tem perature  

d is tr ib u t io n  must a lso  be cons ide red  s ince  the re  w i l l  be a ro ta tio n a l 

te rm , though no d isp la ce m e n t at th a t end o f the  f ie ld .

The im portance  o f th is  problem  and o f the  re s u lts  

presented is  th a t th e y  cou ld  be cons idered  as d e s c r ib in g  the e ffe c ts  

o f a l in e  o f heat around the ce n tra l p o rtio n  o f a sp h e rica l s h e ll w ith  

a tem perature  d is tr ib u t io n  aw ay from the l in e  such as is  shown in  

F igure (3.8a)  . T h e o re t ic a lly ,  such a s itu a t io n  is  im p o s s ib le  s ince  

the heat must be tra n s fe rre d  on to  the s h e ll th rough  a f in i te  area.

In  p ra c tic e  i t  is  l ik e ly  to  be tran s fe rred  th rough a band o f un ifo rm  

w id th , fo r exam ple th rough  a p la te  w elded to  the  sphere . The w id th  

o f th is  band is  l ik e ly  to  be o f the  order o f the th ic k n e s s  o f the sh e ll 

so th a t the  assum ption  o f a l in e  o f heat seems not u n re a so n a b le .

We cou ld  i f  we w is h e d , how ever, take  the  w id th  o f th e  band in to  

c o n s id e ra tio n  by d iv id in g  the s h e ll in to  th e  reg ions

O -  ^  ^  i &  I where t  "  X

where t  -  L  C

w h ich  are as shown in  F igure  (3. 8b) , then  m atch ing  up the 

re s u lt in g  boundary c o n d itio n s .

The g ra p h ica l re s u lts  are presented in  F igures 

( 3 . 2 - 7 )  fo r  tw o  va lu e s  o f the tem perature param eter 5  ( . 5 = 5 , 5 -  

a n d /
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FIG URE ( 3 . 2 )  TEM PERATURE D IS T R IB U T IO N S  INTO A SPHERICAL
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d i s t r i b u t i o n  IHTO A  SPHERICAL SHELL FR O M  
A  L IN E  o r  T E M P E R A T U R E  T .
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FIGURE ( 3 - 5 ) The m e r id i o n a l  b e n d in g  s t r e s s  d is tribu tio i' 
IHTO A  SPHERICAL SHELL FROM  A  L IN E  OF 

TEMPERATURE T
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FIGURE (3 -7 )  THE HORIZONTAL D IS P LA C E M E N T DISTRIBUTION 

OF A SPHERICAL SHELL FROM A U N E  OF TEMPERATURE Î
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t  = T e “ ® '̂

F ig u r e  (3.8} CROSS SECTIOH OF THE TEMPERATURE DISTRIBUTION

DUE TO (p .) A LINE OF TEMPERATURE (b) A BAND OF

u n i f o r m  t e m p e r a t u r e AROUND A SPHERE,
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and fo r  tw o  va lu e s  o f the  s h e ll param eter ^  -  is’o'^

C om b ina tions o f the  same va lu e s  o f these  param eters have been 

cons ide red  in  the  p re v io us  sets o f g raphs.

I t  Is  observed once more th a t the  h ig h e s t va lue s  o f the 

s tresses are l ik e ly  to  occu r at the  tem perature  boundary.

Larger va lu e s  o f the  s tresses  are a ssoc ia te d  w ith  la rg e r va lu e s  o f 

S but w ith  sm a lle r va lu e s  o f

The maximum va lue  o f the m e rid io n a l bend ing s tre s s ,

‘ w h ich  has a m agnitude o f \ •OS'Eoi.T fo r  S = 1% and "  "SO 

is  v e ry  pronounced. In  the  c irc u m fe re n tia l d ire c t io n  the  same 

co m b in a tio n  o f param eters g ive  a to ta l maximum s tress  o f 

m agnitude 0 * ^ 2 . These s tresses are com parab le  in  m agnitude

w ith  those  found in  our p re v io us  problem  at sm a ll heated open ings .

I t  is  no tice d  th a t the  m agnitudes o f th e  s tresses at the 

lin e  o f tem perature  depend upon the va lue  o f the  ra t io  

R e ca llin g  from  th e  e a r lie r  d is c u s s io n , in  the  p reced ing  s e c tio n , 

th a t

^  (« /kV -

i t  is  in te re s t in g  to  observe th a t tw o  o f the cases presented have 

v e ry  s im ila r  ra t io s . These are

5 C t . I

and

JTk )
E xam ina tion  o f the  va rio u s  " l in e "  va lue s  o f the  s tresse s  fo r  these 

tw o  p a r t ic u la r  cases dem onstra tes tha t th e ir  va lu e s  are v e ry  

s im ila r  w ith  the  la rg e r va lu e  be ing asso c ia te d  w ith  the la rg e r ra t io . 

The " l in e "  va lu e s  o f the  h o rizo n ta l d isp lace m e n t d is p la y ,  as be fo re , 

a re /
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are c o n tra ry  e ffe c t w ith  a sm a lle r d isp lace m e n t be ing  asso c ia te d  

w ith  the  la rg e r r a t io .

I t  is  re c a lle d , from the e a r lie r  d is c u s s io n , th a t when 

the  param eter is  broken in to  i ts  com ponents

= COTlst TcT

Thus, as w ith  the  s h e ll w ith  the free o p e n in g , i t  is  dem onstra ted 

th a t the  m agnitudes o f the  s tress  and d isp lace m e n t at the  lin e  o f 

tem perature  depend upon the  rad ius 0( th a t is  upon the  ac tu a l 

s ize  o f the  sphere or o f the  c y lin d e r .



-114-

CHAPTER 4

SHAI.LOW SPHERICAL SHELLS
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S ha llow  Shell th e o ry  has been use d , because o f 

i t s  great s im p lif ic a t io n s ,  to  in v e s tig a te  lo c a lis e d  e ffe c ts  in  

sp h e rica l s h e lls .  I t  has a lso  been used in  the in v e s t ig a t io n  o f 

the  in te ra c tio n  e ffe c ts  betw een c y lin d r ic a l nozz le  and a 

sp h e rica l s h e ll.

In  th is  C hapte r i t  is  dem onstrated th a t the 

S ha llow  Shell th e o ry  can be used to  in v e s tig a te  c e rta in  problem s 

in v o lv in g  the rm a l g ra d ien ts  even though much o f the  tem perature 

f ie ld  extends beyond th a t reg ion  o f the s h e ll w h ich  cou ld  p ro pe rly  

be described  as "s h a llo w " .
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4 .1  The Stress R esu ltan ts fo r a  Sym m etric Temperature
D is tr ib u t io n  on a S ha llow  S pherica l She ll

(a) The S o lu tio n  o f the  L in k in g  Equations

(b) A C om parison w ith  the  S pherica l S he ll Theory

4 .2  The S ha llow  S pherica l Shell w ith  the  U n ifo rm ly
Heated A x isym m etric  Opening

(a) A C om parison o f the  Results w ith  tho se  fo r the  
S pherica l S he ll

(b) The L im it in g  Values o f the Stress R esu ltan ts  fo r  
Small Angles o f Opening

4 ,3  The S ha llow  S he ll Equations Expressed in
C a rte s ia n  C o -o rd in a te s
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4.1 The Stress R esu ltan ts  fo r  a Sym m etric Temperature
D is tr ib u t io n  on a S ha llow  S pherica l Shell

To in v e s tig a te  the e ffe c ts  o f the rm a l g ra d ie n ts  near 

th e  apex o f a sp h e rica l s h e ll s im p lify in g  a ssu m p tio n s , o f the  type

= I

cou ld  be made in  the equa tions  w h ich  have a lre a d y  been de rived  

fo r  the  s p h e ric a l s h e l l .

Since the  concept o f "s h a llo w n e s s "  is  o f such great 

im portance  in  s h e ll l i te ra tu re , because o f the  great s im p lif ic a t io n s  

i t  b rings  to  the  in v o lv e d  exp ress ion s  fo r the s tre ss  re s u lta n ts , 

i t  is  o f in te re s t to  see i f  i t  can be u s e fu lly  a p p lie d  to  the  problem s 

w h ich  have a lre a d y  been c o n s id e re d . I t  cou ld  how ever have the  

added c o m p lic a tio n  th a t the tem perature f ie ld  may extend beyond the 

reg ion  w h ich  cou ld  p ro p e rly  be cons idered  as s h a llo w . In  th is  

co n n e c tio n  E. REISSNER^^^^ , who d id  much o f the  p ion ee r w ork  on 

s h a llo w  s h e ll th e o ry , in d ic a te s  th a t a segment w i l l  be c a lle d  sh a llo w  

i f  the  ra tio  o f i t s  he ig h t to  base d iam e te r is  le s s  tha n  l / 8 th  

( th is  w ou ld  in d ic a te  on our sp h e rica l s h e ll the  surface in c lu d e d  by 

^  <  -5 0 " )
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4 .1 (a ) The S o lu tion  o f the L in k in g  Equations

In  h is  in v e s t ig a t io n  o f tem perature  hot spots
(31)CONRAD ' de rived  the  equa tions  fo r the s h a llo w  sp h e rica l s h e ll 

in c lu d in g  the  tem perature  e ffe c ts .  A lthough CONRAD'S w ork w i l l  

be d iscu sse d  la te r ,  i t  is  in te re s tin g  at th is  p o in t to  observe th a t 

he lik e n e d  the to p  p o rtio n  o f a sphere to  a pa ra b a lo id  o f re v o lu tio n  

whose equa tion  he used . One can accept CONRAD'S tw o  b a s ic  

lin k e d  equa tions  w h ich  are g ive n  in  term s o f the  norm al d e fle c tio n  

V / , p o s it iv e  in w a rd s , and a s tress  fu n c tio n  F  . The d e fle c tio n  

is  shown in  F igure (4 .1a ). These equa tions are

v V  -  v V  = _  ' -  V
CIK h

vV 1- DO-v)vW =
4 . 1 - 2

2.
where V  is  the  L a p la c ia n  o p e ra to r, de fin e d  fo r  th is  coo rd ina te  

system  as

+  1 c t ( . -A  .
r  d r

The re la tio n s h ip s  between the  s tress  re s u lta n ts  and 

the  dependent v a r ia b le s  a re , fo r  the ro ta t io n a lly  sym m etric  c a se ,

-  ”  K  ( v ^ w V
[

N r A F  ̂
P

N  e -  F ' '

M r = K  ( i W  "
r

+ V w q  
r

M g = ^  K f  1. W   ̂
 ̂ r

+ v w " l

% ^  V / ' 4 . 4 - 9
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S H E L L  E L E M E N T

FIGURE ( 4 . 1 ol)  s h e l l  e l e m e n t  OF A

SHALLOW SPHERICAL SHELL

F i g u r e  ( 4 . 1 b ^  s t r e s s  r e s u l t a n t s  o n

SH E LL E L E M E N T
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where the  prim es denote d if fe re n t ia t io n  w ith  resp ec t to  P

U s ing  the  te ch n iq u e  described  by REISSNER the 

coup led  equa tions  ( can be so lved  to  g ive

F  ^  i -  b e i  %. +• N ^ k e r Z  +  kc,. k e i  z

4- j \ . L %  t- .

W  “  ___ (  b e t  Z  — jX - i  l o e r  z  -v  ̂ K e . \  z .  — / \ ^  k e r z ^

a O C \-v U

/\  7 /kv P T- f \  % Ot cL t
5"^ -V- 4-24

4 .10  -  11

where % -  ,
Cl

A fte r e lim in a tin g  the  con s tan ts  o f in te g ra tio n  the 

s tress  re s u lta n ts  can be w r itte n  as

F  ~  A j b e r Z  t- X - b k e r z n -  (X ^ k c L Z , —  E K c x V ^ ^ ^ t :

t> ^

W  ~ 2 ,-^ ^  ( l \ i  b e t  z  -  b e r z  +- P\^ k e v z  -  k e r  t l ' )

a

b 4-tk

[ f\, ber % ^  b e i z  ^  k-j k e r 'z  f\^ k e
a"-

K r CL f ki ber % ^  k%beL z ^ k e rb  key_z)
a"^ V z  z  z  z  /

IX e  =: 72 1  l\{ (~ b c L Z  ^ ±  b ^ r  C beY-Z , — ±  b e t  z*)

(-  ke\z -  _1 Kerz') K<^(kerz -  1_ kei z ^ l

e

z  z

E ~><1l ^
S" + k-;x'' ^
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Mr " " J _ r k k b e r Z. -  1 " V b e i  xX ^ t- I — v  b& r  %T)
a  z  z

"^K^lkerZ *“ I -  V  kei  ̂ i \ ^  (ket z  \ - v  k e r z X ]  
% ^

-b EKq  oC L b  t  0  ')%
'k-x

. /
X  '  7  R 'X  ( P\ I b e  I z  “  /X ^ b e r  z  t- k e i z  -  K ^ k e rz X

oi^D 0 -v "^

-  4
+ 4 x '

U. "  P L N «  -  N r l  + r 7 t  
E h

4 .12  -  18

For conven ience  and c o n s is te n c y  w ith  e a r lie r  

se c tio n s  the  prim es and the  do ts  im p ly

k e r  % = ci. I b e rz ^   ̂ 1 -  ci. ( —  ^
..........

This la t te r  op e ra to r is  used s ince  in  the range o f the sh a llo w  s h e ll

H  ;br 
a

and th is  a ffo rd s  d ire c t com parison  w ith  the genera l sp h e rica l s h e ll 

th e o ry .



4.1(b) A C om parison w ith  the  S pherica l She ll Theory

In  C hap te r 2 was de ve lop ed , in  eq u a tio n  (2 .16),  

the  exp re ss io n  fo r  the  s tress  re s u lta n t, N ^  , in  a sp h e rica l s h e ll as

z  +- z X - j , k e r z +  z ') -  K c o t^ . t

For sm a ll va lu e s  o f the  a n g le ^  i f  the  fo llo w in g  assum ptions are made

c o t ^  ^

th e n  th e y  le ad  to

/ — of ( b e e  J z x t ,  t- - t Jz:x e. + ( \  — f \ o \  tL
/ r  o  a a, a r

We see im m e d ia te ly  th a t the  form  o f th is  agrees w ith  the  

com plem entary fu n c tio n  p o rtio n  o f equa tions (4.14) fo r  N ^ i n  a 

s h a llo w  sp h e rica l s h e ll.

To compare th e  p a r t ic u la r  in te g ra l p o rtio n s  we must 

exam ine the  co n s ta n t / \  in  equa tion  (2. 16) in  more d e ta i l .  I t  has 

the  v a lu e , equa tion  (2.14) , o f

/ \  _ E  h + \ "  vX

W hen i t  is  re a lis e d  th a t 4 x  is  a ve ry  la rge  number and th a t 1 — \ 

th e n  i t  can be seen th a t the  tw o  so lu tio n s  are p e r fe c t ly  c o m p a tib le , 

w ith in  a sm a ll o rder o f m agn itude , fo r  a l l va lu e s  o f S .

I t  can the re fo re  be conc luded th a t the  equa tions  w h ich  

have been deve loped u s in g  the  s h a llo w  s h e ll th e o ry  appear to  be in  

ag reem en t, ove r the  appropria te  range o f the sp h e re , w ith  the 

genera l e xp ress io n s  o f C hapte r 2 w h ich  were based upon L a n g e r*s 

A sym pto tic  E qua tion . I t  w i l l  be o f in te re s t now to  compare a c tu a l 

num erica l re s u lts  from  both th e o rie s  and th is  s h a ll be done in  the 

next s e c tio n .



4 .2  The S ha llow  S pherica l Shell w ith  the U n ifo rm ly
H eated A x isym m etric  Opening

Th is problem  has a lready been cons ide red  fo r  the  

genera l case o f the  sp h e rica l s h e ll and fo r  the case o f la rg e  angles 

o f open in g . One can now s p e c ia lis e  the  problem  fo r sm a ll angles 

o f open ing and use the  th e o ry  w h ich  has ju s t been deve loped fo r  

s h a llo w  sp h e rica l s h e lls .

In  the  p re v ious  Chapters were p o s tu la te d  the  boundary- 

c o n d it io n s , fo r  th is  p a r t ic u la r  p rob lem , as

N r, -  M r ,  = O 

t ,  = T
where the sm a ll su b sc rip t \ re fe rs  to  the  c o n d itio n s  at the 

un res tra ine d  open ing  at . Further assum e, as was a lso

done p re v io u s ly , th a t the tem perature d is tr ib u t io n  in to  the s h e ll is  

desc rib ed  by th e  e q ua tion  (1.6) as

%
V  t ^  t

Q'

and th a t the  tem perature  g ra d ien t becomes zero w ith in  the boundaries 

o f the  s h e l l .

A fte r equa tion  (1.7) the tem perature  at any po in t

is  g ive n  by

t  = N  Ko a )

S u b s titu tin g  fo r  the tem perature  boundary c o n d itio n s  th is  equa tion  

becomes

t  '  T

K k y - ' )
4 .19
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and, upon d if fe re n t ia t in g ,  i t  g ive s  

c lt  -
d r 4 . 20

so th a t the  va lu e  o f th e  tem perature  g rad ien t at the  open ing is

/cVtX = -  T  ^

4.21

Now use the  s tress  free boundary c o n d it io n s . They g ive

N o ■= f k e r j z I  -i- f\If. k s i  ZL,
\  Z ,

T z > iE K s U t*

Mr, = O J _ { f \ ^ L k e r Z , -  ( '-  v ) k e t z,]  -t- K [_ k e iZ ,-  C '-v '^ V ;e rz ,l 

E hqcL  [  S T  -  C \ - y > J 5 x b _ l
5*  ̂ -V

and can be more c o n v e n ie n tly  expressed in  a m a tr ix  form  as

o

o
- -

A-i
. E

ke r z,

•^Ckerx, -  i z Z .kei a

* /

-/(ke\Z, -E Iz E k e rz X  
Z| Cl P\ ç^bT-Ci-v ^ x t ĵ

This m a tr ix  can be transposed to  y ie ld

-  Kei z , ”  i "  V  ke r^z , « kei

k e r z ,  +- 1- V kek%, k e rb ,
Z(

-  5 T  -r C r X Ï'Iz x t ,  

4.22
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where

A  = 2 ^ ^  ke iz , -  i ;^v k e r b — k e iz ,^ -k e rz , + t-^v.ke ‘\

One can now s u b s titu te  these  co n s ta n ts  o f in te g ra t io n  back in to  the 

equa tion s  (4.12 -  18) to  g ive  the  fu l l  s o lu t io n , fo r  the s tress  

re s u lta n ts  and d is p la c e m e n t, o f the  prob lem .

4.2(a) A C om parison o f the  Results w ith  tho se  fo r  the
S pherica l Shell

The va lu e s  o f the  s tress  re s u lta n ts  have been 

com puted fo r  a range o f open ing v a lu e s . The va lu e s  o f the 

param eters used were the  same as those o f the  sp h e ric a l s h e ll.

The com puted re s u lts  are ta b u la te d  in  Tables (4.1 -  2) a lon gs ide  the 

co rrespond ing  va lu e s  ob ta ined  u s ing  our genera l sp h e rica l sh e ll 

e q u a tio n s . A lthough o n ly  the "open ing " va lu e s  are p re sen ted , i t  is  

apprec ia ted  from  the e a r lie r  w ork th a t these are u s u a lly  the maximum 

va lu e s  o f the p a r t ic u la r  "e f fe c t"  exam ined . In  fa c t the  s tress 

re s u lta n ts  in to  the s h e ll from  va rio u s  s ize  o f open ing  were a lso  

com puted. T he ir va lu e s  and the re la t iv e  d ive rgence  from  the 

s p h e rica l s h e ll re s u lts  m ere ly  p a ra lle l the open ing va lu e s  w h ich  are 

shown ta b u la te d . For th a t reason and s ince  a fa ir  sample w ou ld  

have to  be show n, th e y  are not p resen ted .

One can conc lude  from  these ta b u la te d  re s u lts  th a t i t  

is  p o s s ib le , w ith  a fa ir  degree o f a ccu ra cy , to  use the  sh a llo w  

s h e ll th e o ry . In  e f fe c t ,  one can use the  s h a llo w  s h e ll th e o ry  fo r 

tem perature  problem s in  s itu a tio n s  where one w ou ld  be us ing  the  

n o rm a l/
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norm al s h a llo w  s h e ll th e o ry . One o f these s itu a tio n s  is  the  

m eeting o f a c y lin d r ic a l s h e ll w ith  a s h a llo w  s h e ll and s ince  th is  

is  such an im p o rtan t problem  the  next C hap te r is  devoted e n t ire ly  

to  i t .

4 .2 (b ) The L im it in g  Values o f the  Stress R esu ltan ts  fo r
Sm all Angles o f Opening

The graphs presen ted in  C hapte r 2 fo r  the  opening 

va lu e s  o f the  s tresse s  and the d isp lace m e n ts  in  a sp h e rica l s h e ll,  

w ith  a free heated op e n in g , in d ic a te d  th a t as the  ang le  o f  opening 

was reduced to  ze ro , these  va lu e s  tended to  th e  same l im it  as fo r  a 

f la t  p la te  under the  same c o n d it io n s . The more s im p le  sh a llo w  

s h e ll equa tions  enab le th is  phenomena to  be exam ined in  some 

d e ta i l .

For sm a ll va lu e s  o f the  argument the  asym p to tic  form  

o f the K e lv in  fu n c tio n s  is

k e r  % = - h a ' Z ,  -r +  H L  +____________

k e ’i 7L "  -  Iz^ -  Tr ^  . _______
4- 4- b

z '  k e r '% .  "= -  -V IT  -v z L  lU 'Z. ...................

K e i Y  -  - I t v Z  " - f  O'5-S-S   4.23
X. 4

Since the  l im it in g  case is  be ing cons ide red  where

O and hence %. —^  O the n  i t  w ould be s u f f ic ie n t  to  take

Kg r  Z ” ■ /La %

Kei Z — -  X
4*

Z Ker'z. ~ i ^ z  -
\ ' „ 4 .24Z" Kei z _ i  l^-z.
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Examine f ir s t  the  c irc u m fe re n tia l s tre ss  re su lta n t 

w h ich  a fte r  eq ua tion  (4.30)  i s ,  in  m a trix  n o ta tio n .

-  k e iz  -  _L z: kerz. -  JLkevz.
T~ X

/X

For the  p a r t ic u la r  problem  o f the  free heated opening 

the  in te g ra tio n  con s tan ts  and P\t  ̂ have th e  va lu e  g ive n  in  

equa tions (4 .22) .

S u b s titu tin g  the re fo re  fo r  them in  the above equa tion

y ie ld s

a

I ■ f , • /-  keiz. “ 1 kerz. kerz - I k e i x -k e \z .~  [zZkerz, - -  %Kkb b ,

• * t  'f  kerz. -  j - v  kei z, kerz,
Xi a"- X,

5  t ,

~“Sbr + C i-v)j2dKt t 

z.

E K c C ,

w h ere , as b e fo re ,

(s '"

A  = 2.2L  ̂ kS n X  (""keiz, -  'z k e r E  -  kei %, t k e r z ,  -i- v k e i  -z ,ll
I  %, %, ) .

For s im p lic i ty  f i r s t  co n s id e r the  l im it in g  va lue  o f th is  

denom ina to r A  by s u b s titu t in g  in to  i t  the  appropria te  va lu e s  from  

equa tions (4 .24) .  I t  becomes

A  ~  '^^^[(-1 4. ir y iL - ( i-v 'X - i  42 1̂ - (  1 L%, -O'3o0lL-^-o-iisi+(i-g±L%+oio^z,' A  s i  2 L ^ 2  j
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w h ich  w ith  a rearrangem ent o f te rm s , is

— ( I ~ v') — _j_ (l “  1j<?ctw.s mucikinc  ̂ poverc> %, 7

^  J

I t  is  obsei-ved th a t the lo w e s t powers o f Z / n  the  

num era tor o f a lso  in v o lv e  Z , . One can th e re fo re  co n s id e r

m u lt ip ly in g  both the  num erator and the denom ina to r by % A  before 

ta k in g  the  l im it  as Z j  O , This w ou ld  g re a tly  s im p lify  the 

t a s k .  One need o n ly  in c lu d e  te rm s o f the order o f 1~ when 

e v a lu a tin g  the  m a tr ix  s ince  a l l  the  o the r term s w i l l  e v e n tu a lly  tend 

to  ze ro .

S u b s titu tin g  from  the  equa tions (4,24) in  the  

e xp re ss io n  fo r  and fo llo w in g  the method as d e scrib e d  above ,

g ive s

N e

This can be s im p lif ie d  to

H©, = EKo^T (  -  I X b  z L t , -  S b

4 .2 5

R e ca llin g  from  equa tion  (4. 20) th a t the  e xp re ss io n  

fo r  the tem pera tu re  g rad ien t is

5 T
di r a

hence

t ;  H d t

.d ( £ \

_  -  5 T



- 1 3 1 "

For sm a ll argum ents the  asym p to tic  va lu e s  o f these 

M o d if ie d  Bessel fu n c tio n s  are

K o W  -  

K , W  -

Hence th e  e xp re ss io n

t ,  ■d ’Z ^ L z ,

F u rthe r, s ince  Z ,  ^  Jz-x ^  th is  e xp re ss io n  reduces in  the  l im it  to  

t  t ^  I bv "X ,
T

S u b s titu tin g  th is  va lu e  back in  e q ua tion  (4. 25)i t  g ive s  

Isf Q  -  B  K olT* ( 4-:>< t= — B K
s -v- 4

^  o  4 .26

Equation (4. 18) has fo r  the  open ing va lue  o f the  h o r iz o n ta l 

d isp la ce m e n t

f UL\ .  J_ N@, + ocT
V r  j ,  EK

U sing  the  re s u lt o f eq ua tion  (4.26)  th is  becomes

f) ° °
' i t .  r, —  ̂ o .

In  a s im ila r  manner i t  can a lso  be shown th a t

Mr, = 7 - , = O

i t . (VS r, — O
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These re s u lts  fo r  the  va rio u s  l im it in g  va lu e s  con firm  

the  g ra p h ica l re s u lts  as presented in  C hap te r 2. F u rthe r, as has 

been a lre a d y  s ta ted ,  these va lu e s  are the same as the  appropria te  

va lue s  fo r  a f la t  p la te . I t  must how ever be em phasised aga in  th a t 

th is  correspondence is  o n ly  true  at the l im it  where r  approaches 

zero and i t  w ou ld  not appear p ra c t ic a l to  co n s id e r the  sp h e rica l s h e ll 

as a f la t  p la te . Indeed th is  is  w e ll i l lu s tra te d  in  C hap te r 7 where 

v e ry  sm a ll open ing  va lu e s  are cons idered  and th e  co rrespond ing  

s t resses are e va lu a te d . I t  is  shown there  th a t the  bending st resses 

are co n s id e ra b le .
(40)

It  is  o f in te re s t to  note th a t HICKS in  h is  a n a ly s is  o f 

sm a ll ho les (and s im ila r ly  in  a n a ly s is  by WATERS ) makes the

assum ption  th a t reg ions o f the  pressure v e s s e l lo c a l to  the opening
O b

can be tre a te d  as a f la t  p la te . PENNY suggests th a t such trea tm ent 

w i l l  be o f lim ite d  a p p lic a tio n . Th is appears to  be the  case fo r  the 

the rm a l g ra d ien ts  w h ich  have been exam ined.
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4 ,3  The S ha llow  Shell Equations Expressed in
C a rte s ia n  C o -o rd in a te s

The l in k in g  equa tions  (4.1 -  2) express the  normal 

d e f le c t io n  w  and the  s tress  fu n c tio n  F in  the  c a rte s ia n  

c o -o rd in a te  system  prov ided  the  L a p la c ia n  Operator reads

V ^ (  _ _ 7  =  +  >  ( . - >

4.27

and where the c o -o rd in a te s  X  and ^  are as shown in

F igure ( 4 . 2 ) .  Separate these lin k e d  equa tions by a c tin g  upon
2

equ a tio n  (4.1) w ith  the  opera to r V  , m u lt ip ly in g  eq u a tio n  (4.2) by 
-1

(aK) and the n  add ing  the  re s u lt in g  equa tions to  g ive

V  W V  W  = ©L V  t :
a  4̂ ' 4 .28

This eq u a tio n  may be sp e c ia lis e d  fo r  the  s in g le  

d im e n s ion a l problem  i f  the re  is  no v a r ia t io n  o f W  in  the  'ÿ d ire c tio n  

and the  opera to r the n  becomes

4.29

The s o lu tio n  fo r  the  com plem entary fu n c tio n  o f 

equa tion  (4.28) fo r  th is  case is

\ f \ l - ^  P\C.O% Xtc. + P\ 2 Si n -XTC."̂  Ç  -JisCos X
'  a  a  c\ a

4.30
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FlGURE (4  2 I  SHALLOW SHELL WITH CARTESIAN C O - O R D I N A T E

S Y S T E M  s h o w i n g  P O S I T I V E  D I R E C T I O N  O F  

D I S P L A C E M E N T  W .
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To fin d  the  appropria te  p a r t ic u la r  in te g ra l one may use 

the  w e ll t r ie d  te ch n iq u e  o f p ropos ing  tha t

where f \  is  some co n s ta n t to  be d e te rm in e d .

A fte r s u b s titu t in g  f o r W  in  eq u a tion  (4.28)  and 

re c a ll in g  from  C hap te r 1 and s e c tio n  4 .2  th a t •

V t  -  ^  t
C l ’ *

fo r  such l in e a r  cases i t  y ie ld s

. oi

The genera l s o lu tio n  o f equa tion  (4 .2  8) fo r  W  is

the re fo re

. 1 r  , n
W  = C  ^ /\^cos>rx, + G -t- f \ ^ |

a  OI o  a

"V* + f \  é. -  4--X ^
S'*- -h

4.31

The co n s ta n t A  ^  ̂ w h ich  rep resen ts  a r ig id  body 

m ovem ent, can be d isca rded  and i f  the  geom etric  c o m p a tib il i ty  o f 

the s h e ll p o rtio n  is  exam ined i t  can show th a t th e  con s tan t 

is  a lso  ze ro .

I t  is  observed th a t th is  s o lu tio n  fo rW  is  the  same as 

the  s o lu tio n  fo r  U , equa tion  (3.31),  ob ta ined  u s in g  the GECKELER 

assum ptions fo r  la rg e  ang les o f open ing . I t  is  re c a lle d  th a t the 

GECKELER s o lu tio n  is  the  s o lu tio n  fo r  c y lin d r ic a l s h e l ls .

I t  w ou ld  appear th a t the s h a llo w  s h e ll s o lu tio n s  are 

c o m p a tib le , at the equa to r o f the s h e ll,  to  the  GECKELER s o lu tio n s  

o f /  .



of C hap te r  3.

The sh a llo w  s h e ll equa tions in  c a rte s ia n  c o -o rd in a te s

have been used by many researchers  in c lu d in g  GRADOWCZYK
GO G'f'i

CONRAD and BOUMA

These c a rte s ia n  form s o f the s h e ll equa tions  are

deve loped at th is  stage and are made use o f in  subsequent

C h a p te rs .
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CHAPTER 5

STRESS CONCENTRATIONS AT THE JUNCTION 

OF A UNIFORMLY HEATED CYLINDRICAL SHELL 

AND A SHALLOW SPHERICAL SHELL
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The problem  o f de te rm in ing  the  s tress  d is tr ib u t io n  

in  a s h a llo w  sp h e rica l s h e ll w h ich  is  jo in e d  to  a heated 

c y lin d r ic a l s h e ll is  co n s id e re d . I t  is  assumed th a t the  c y lin d r ic a l 

s h e ll is  at a un ifo rm  e leva te d  tem perature and th a t the  the rm a l 

g ra d ie n ts  in to  the  sp h e rica l s h e ll are as d e scrib e d  in  C hap te r 1.

The problem  is  eva lua ted  in  m a tr ix  n o ta tio n  and 

the  f in a l re su lts  com puted.

I t  is  dem onstra ted th a t th is  problem  is  the  genera l 

case s ince  the  tw o  l im it in g  va lu e s  o f th ic k n e s s  ra t io  describe  

re s p e c tiv e ly  a free  open ing and a r ig id  in s e r t .

The re s u lts  presented are fo r  va rio u s  common 

th ic k n e s s  ra tio s  o f c y lin d e r  to  sphere and in d ic a te  the re fo re  the  

p o s s ib le  v a r ia t io n s  in  the  m agnitudes o f the  s tresse s  at a 

sp h e rica l s h e ll open ing w ith  d if fe r in g  boundary c o n d it io n s .
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5.1 The H eated C y lin d e r and the  S ha llow  S pherica l Shell

(a) The Equations fo r the  C y lin d r ic a l Shell

(b) The Equations fo r  the  S hallow  S pherica l Shell

(c) The L inke d  E quations fo r  the  Two Shell Forms

(d) Computed Results

(e) C o n c lu s io n s  and O bservations
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F l<3U R e(^5 .1  )  IN T E R A C T IO N  OF A  H EATED C Y L IN D R IC A L
SHELL W IT H  A  SHALLOW S P H ER IC AL SWELL .
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5 .1 The H eated C y lin d e r and the S ha llow  S pherica l Shell

The problem s asso c ia te d  w ith  the  in te ra c t io n  between

c y lin d r ic a l and sp h e rica l s h e lls  have been cons ide red  by a number

o f authors fo r  va rio u s  lo a d in g  c o n d it io n s . BIJLAARD^^^^, in  h is  w ork

fo r  the W e ld in g  Research C o u n c il,  has cons idered  many o f the lo c a l

lo a d in g  e ffe c ts  tra n s fe rred  from  a p ipe to  a s h a llo w  sp h e rica l s h e ll.

M e n tio n  m ust a lso  be made o f the  many papers presen ted at the

sym posium  on R eactor C onta inm ent B u ild ings  and N u c le a r Pressure

V esse ls  he ld  in  the  Royal C o lle g e  o f Science and T echno logy.

M any o f the  papers dem onstra te the  va lue  o f the  m a tr ix  approach to

the  in te ra c t io n  problem s where com p lex cases can be presented w ith

g rea te r c la r i t y .  Perhaps one paper in  p a r t ic u la r  co u ld  be re fe rred to
/35t)-  'S tresses at the  Junction  o f Pressure V esse l and D u c t' by PENNY 

as be ing re le va n t to  the  method w h ich  is  now fo llo w e d .

Let us f i r s t  d e fine  the  prob lem . A c y lin d r ic a l s h e ll is  

jo in e d  a x i s y m m e tr ic a lly  to  a sp h e rica l s h e ll as shown in  F igure (5.1). 

For s im p lic ity  o f com pu ta tion  one can , l ik e  BIJLAARD, use the 

s h a llo w  s h e ll th e o ry  fo r  the sp h e rica l s h e ll p o r t io n . This l im its  

somewhat the  range o f a p p lic a tio n  but a llo w s  the  problem  to  be 

programmed fo r  a sm a ll com puter l ik e  S ir iu s . This p o in t is  

e labora ted  in  A ppendix 1 where the  com p u ta tiona l d i f f ic u l t ie s  are 

d is c u s s e d . The c y lin d e r  is  now assumed to  be heated to  a un ifo rm  

tem pera tu re  and th e  sp h e rica l sh e ll to  have a s teady s ta te  

tem perature  d is tr ib u t io n  w h ich  is  de fined  by the  re la t io n s h ip s  

in v e s tig a te d  in  C hap te r 1.
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5.1(a) The Equation fo r  the  C y lin d r ic a l Shell

For an open c y lin d r ic a l s h e ll heated to  a un ifo rm  

tem pera tu re  T  , the  fo llo w in g  re la t io n s h ip s  be tw een th e  edge 

lo a d in g s  and the  co rrespond ing  d e fle c tio n s  are g iv e n  by TIMOSHENKO;

V/c -  zJ   C pMc + "  RcKcT

5.1 -  2

J   -V- GLc")

where the s h e ll co n s ta n t [3 is  de fine d  by

The sm a ll s u b s c r ip t c is  used to  re fe r to  the

c y lin d e r  and the  s ig n  c o n v e n tio n , w h ich  is  o f g rea t im p o rta n ce , is

as show n in  F igure (5 .2 ) .  The above equa tions  have been used

e a r lie r  in  C hap te r 3 , where m ention was made o f th e ir  a s s o c ia tio n
/

w ith  the w ork o f HETENYI.

In  o rder to  express these  equa tions  in  a more su ita b le  

form  fo r  l in k in g  to  the  s h a llo w  s h e ll e q u a tio n s , in tro d u ce  a new 

param eter T  where

Kc

5 .3

w h ich  param eter corresponds more c lo s e ly  to  , the  param eter fo r  

the  sp h e ric a l s h e ll.  R ew riting  equa tions (5.1 -  2) in  m a tr ix  

n o ta tio n  and in tro d u c in g  th is  new  param eter g ive s

2. ~ l - " a . o

-  Wc
Y

1 Me
R ^ Y . 5 .4
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F IG U R S  ( 5 .9 )  S IG N  C O N V E N T IO N  F O R  A  C Y LIN D R IC A L
SHELL,

F ig u r e  ( 5. 3)  s i g n  c o n v e n t i o n  f o r  a  s h a l l o w
S P H E R IC A L  S H E L L .
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A s t i l l  more s u ita b le  form  o f exp re ss io n  o f these eq ua tion s  fo r 

subsequent m atch ing  is

- X .

— v/c

Q c

a

•h

where the  m a tr ix  [  M J  is

“ 1 "  ^ X o

1
X

R

a

O

5 .5

5 ,6

5.1(b) The E quation fo r  the  S ha llow  S pherica l Shell 

In  C hap te r 4 the  equa tions (4,12 -  18) were deve loped

fo r  the  s tress  re s u lta n ts  and the d isp lace m e n ts  in  an open sh a llo w  

sp h e rica l s h e ll w h ich  has a tem perature d is tr ib u t io n  described  by

V t t

The s ig n  co n ve n tio n  fo r  the  s h a llo w  s h e ll is  show n, once a g a in , in  

F igure (5 .3 ) .

The s tress  re s u lta n ts  N  ̂ and M p at the  boundary 

r  = R can be w r it te n  as

O ’-
__ E. Viol,

A t S'* f
"a ” o ’- 5 .7
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where th e  m a trice s M and

M

M are

k e r  %,

-  ker%. 1 — V keii z

k e \

— ke \Z .,^  ln _X  k e r  zZ|

and

T '

Jz R

At \

A(ê') ) r  = R

S o lv ing  the  equa tion  (5 .7 ) fo r  the  con s tan ts  l \  ^ and y ie ld s

A 3 Nr
Oi^

M z + M 3

M r
a

5 .8

The e q u a tio n  fo r  the  h o r iz o n ta l d isp lace m e n t and the  angu la r 

ro ta tio n  at r  -  R  th e n  become

a
RK

^ 5 0

A±
t -

c^T

5 .9
where th e  m atrices M and M are
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are

H

M S'

ke*i z ,

" k e i Z j -  1 -y V  k e r  z ,

“  J z x  k e r  z

k e r z ,  -  I z V  ke\ %, 
%.,

S u b s titu tin g  fo r  the  con s tan ts  f \  ^ and A q  from  

eq ua tion  (5 .8 ) in to  eq u a tion  (5 .9) g ive s

X R

M M

N

Ms
4

4“

- I

M. M +
S V

+

o

qL \

5.10
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5.1(c) The L inked  Equations fo r the Two Shell Forms

One now can c o n s id e r jo in in g  the tw o  heated s h e ll 

form s at th e ir  common boundary w h ich  in  the  case o f the  sh a llo w  

sp h e rica l s h e ll ,  is  at F = R  . Assum ing th a t the  jo in t  is  r ig id  so 

th a t the a n gu la r ro ta tio n  and the h o riz o n ta l d isp la ce m e n t o f the  

c y lin d e r  and the  sphere are e q u a l, w i l l  g iv e , a fte r  co n s id e rin g  the  

s ig n  co n ve n tio n  and n o ta tio n .

- A c "

- a
R ^ a 5.11

F u rthe r, the  s tress  re s u lta n ts  at th is  boundary must a lso  be equal 

so tha t

a ,  = N r

M ,  = M r

Now s u b s titu te  from  eq ua tions  (5 .5 ) and (5.10) in to  eq ua tio n  (5.11) 

to  fin d

E.hc

o
M, +

M c

NR

CA

i- Ml M
O

olT
5.12

These are a p a ir  o f equa tions fo r  and M ^ w h ich  can be 

s o lv e d /
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so lved  to  y ie ld

M
E X M

q
“ “  — —

-  " "  —

-E

M

T (f

“  — "*o
Ms-

T(r>C-cLcY
5
J

The va lu e s  ob ta ined  fo r  and M m a y  be 

su b s titu te d  back in to  equa tion  (5 .8 ) and hence the  co n s ta n ts  A\y. 

and P\ ^ fou nd . W ith  these  con s tan ts  the  s tress  re s u lta n ts  and the 

d isp la ce m e n ts  in to  the  s h a llo w  sp h e rica l s h e ll can  be c a lc u la te d  

fo r  the p a r t ic u la r  open ing va lu e  o f R  , under c o n s id e ra tio n .

I f  the  c y lin d r ic a l and the sp h e rica l s h e lls  are 

con s truc ted  o f the  same m a te r ia l, w ith  the same va lu e s  o f the 

m a te ria l c o n s ta n ts , th e n  eq ua tion  (5.13) may be s im p lif ie d  to

' n ;
- - - - — 1*

h M, -  Rus"* M ,
Mr, he

- - ^ -
-1

— " « ^ '
— v™.

M , M . M 3

—  — ' — I—. —

-r

5.14
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5.1(d) Computed R esults

A program was prepared fo r  a S irius  com puter to  

eva lua te  the  m a tr ix  (5 .14), A fte r o b ta in in g  va lu e s  fo r  the  tw o  s tress 

re s u lta n ts  and V \^  the  in te g ra tio n  con s tan ts  were then  

c a lc u la te d  from  the m a tr ix  (5 .8 ) . I t  was the n  p o s s ib le  to  f in d  the 

open ing va lu e s  o f a l l  the  s tress  re s u lta n ts  and d isp la ce m e n ts  in  the 

s h a llo w  s h e l l .

I t  shou ld  a lso  have been p o ss ib le  fo r  the  com puter to  

f in d  the  v a lu e s  o f the  s tress  re su lta n ts  in to  the  s h e ll from  a 

p a r t ic u la r  va lu e  o f open ing but u n fo rtu n a te ly  the  storage c a p a c ity  

o f the  m achine cou ld  not cope . The S irius  is  ra th e r a sm a ll 

m ach ine . One ca n , ho w e ve r, take  the  va lu e s  o f the  in te g ra tio n  

co n s ta n ts  and ^from  one program and use them  in  a second

program to  f in d  the  re s u lta n ts  in to  the s h e ll.  This, w a s , how ever, 

not v e ry  s u c c e s s fu l.

The va lu e s  o f the s h e ll param eters used to  ob ta in  

num erica l re s u lts  were the  same as those  used e a r lie r .  The va lue  

o f P o is s o n 's ra t io  is  ta ke n  as 0 .2 5 5  fo r both the  c y lin d e r  and the  

sh a llo w  s h e ll.  A s e le c tio n  o f va lu e s  fo r  the  ra t io  o f the  th ic k n e s s  

o f the  s h a llo w  s h e ll to  the  th ic k n e s s  o f the c y lin d e r  was used fo r  

co m p u ta tio n . G rap h ica l re s u lts  are presented in  F igures ( 5 . 4 - 9 )  

fo r  the  s tresse s  and the d isp lace m e n ts  o f the  s h a llo w  s h e ll fo r  

c e rta in  o f the  th ic k n e s s  ra t io s .  The tw o  l im it in g  va lu e s  o f these  

ra t io s ,  nam ely

Jl  -  O > Az = l O s i o C  )
b, he.



150-

O

2
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J U N C T I O N  V A L U E  OF STR E S S

s t r e s s  D I S T R I B U T I O N  IN T O  
^ E L L  F R O M  A  J U N C T I O N
AT y  = O ' 0 5 7

THICKNESS OF SHALLOW SHELL
^  -  THICKNESS OF CYLINDER

F i g u r e  ( '3 .4 .) J U N C T IO N  VALUÊS o r  t h e  m e r i d i o n a l  MEMBRKNE
S T R E S S  O N  A  S H A L L O W  S P H E R IC A L  S H E L L  .

f i g u r e  ( 5 . 5 )  c i r c u m f e r e n t i a l  m e m b r a n e  s t r e s s
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FIGURE. ( 5.g )  M E R ID IO N A L  B E N D IN G  S T R E S S
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FIGURE ( 5.7 ) C IRCUMFERENTIAvU b e n d i n g  s t r e s s



152

i'O

6

■6

• 4

2

O

F IG U R E  (5 .  ô )  H 0 R I7 0 M T A v L  D I S P L A C E M E N T
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FIGURE ( $ .A) ANGULAR ROTATION
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are in c lu d e d . The im portance  o f these tw o  va lu e s  is  th a t the  

f i r s t  cou ld  rep resen t a r ig id  in s e rt in  a sh a llo w  s h e ll and the 

second rep resen t an open s h e ll.  As in  a l l the p re v io us  graphs 

p re sen ted , a fu l l  l in e  g ive s  th e  opening va lu e  o f the  s tress  fo r  each 

p a r t ic u la r  va lu e  o f open ing .

I t  was cons ide red  o f va lue  to  show  a lso  the  s tress 

d is tr ib u t io n  in to  the  s h a llo w  s h e ll from  a p a r t ic u la r  op en in g .

The va lu e  chosen ~ 0 .0 57  has a lready  been i l lu s t ra te d .

These s tre sse s  are shown as before by broken l in e .  O n ly  the tw o  

l im it in g  va lu e s  o f th ic k n e s s  ra tio  were thought ne cessa ry  to  

i l lu s t ra te  the  s tress  d is tr ib u t io n  in to  the  s h e ll.

The va lu e  vaken  fo r  the heat tra n s fe r  pa ram ete r, S  , 

is  , fo r  a l l  cases , % ~ ,

5 .1(e) C o nc lu s io n s  and Observations

I t  is  observed th a t there  is  a s lig h t " fa l l in g  aw a y" in  

many o f the graphs fo r  la rg e r v a lu e s  o f the  angle ^  . This is  

p a r t ic u la r ly  n o tic e a b le  when the  va lu e s  are o f g re a te r m agn itude . 

This " fa l l in g  a w a y" seems to  correspond to  the  approx im ate  l im it  o f 

the  s h a llo w  s h e ll th e o ry .

The graphs fo r  the lim it in g  c a se , ,

correspond to  the  graphs fo r  the  open sp h e rica l s h e ll ,  w ith  o f course 

the  same pa ram ete rs , presented in  C hapter 2.

The graphs fo r  the  o th e r l im it in g  c o n d it io n , — O ,r\c
show correspondence , fo r the  la rg e r va lue s  o f open ing , w ith  the 

graphs shown in  C hap te r 3 fo r  a lin e  o f tem perature  round a 

sp h e rica l s h e l l ,

L e t /
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Let us exam ine now the  m agnitude o f the to ta l s tre s s , 

th a t is  the  sum o f the bending and the membrane s tre s s e s , on the 

surface o f the s h a llo w  s h e ll.  A lthough i t  is  o n ly  p o s s ib le  to  add 

these  s tresse s  fo r  the  open ing v a lu e s , i t  has a lre a d y  been 

observed th a t the s tress  at the  open ing  is  l ik e ly  to  be the  one o f the 

g re a tes t m a g n itu d e . For the  open s h e ll,  , i t  is  seen

th a t the  to ta l c irc u m fe re n tia l s tress  is  much g re a te r than  the  to ta l 

m e rid io n a l s tre s s , whereas fo r  the  r ig id  in s e r t th e  converse  is  the  

ca se . The va lu e s  o f the  to ta l c irc u m fe re n tia l s tress  fo r  the open 

s h e ll are

é, =  . 0 2  . 0 5  .1

=  1 . 0 7  1 . 0 3  0 . 5 9

fo r  these  th ree  se lec ted  ju n c t io n  v a lu e s . W here the  s h e ll has 

a r ig id  in s e r t the  va lu e s  o f the  to ta l m e rid io na l s tress  fo r  c e rta in  

ju n c t io n  va lu e s  are

= .0 5  .1 . 2  . 3

=  .14 1.164 1 . 1 4 4  1.13
E=i. \

These to ta l va lu e s  are qu ite  c o n s id e ra b le . For a l l  the  cases 

exam ined , ho w e ve r, the  to ta l p r in c ip a l s tress  has not been found to  

be g re a te r th a n   ̂ the  maximum s tress  fo r  a to ta l ly  re s tra ine d  

f la t  p la te . I t  should how ever be em phasised th a t the  r ig id  in s e rt 

cons ide red  in  the  fo re go ing  re s u lts  is  o f the same m a te ria l as the  

s h a llo w  s h e l l . I f  d iffe re n t m a te ria l were used w ith  d iffe re n t 

c o e ff ic ie n ts  o f l in e a r  the rm a l e xp a n s io n , then  the re  w ou ld  be 

g re a te r s tresses  to  be co n s id e re d .

N o /
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No accoun t has been taken  o f th e  v e r t ic a l movement 

o f the  s h a llo w  s h e ll and o f course o f the c y lin d e r .  I f  th is  

movement were re s tra in e d  in  any w a y , fu r th e r s tresse s  are

p ro ba b le . These cou ld  be es tim a ted  u s in g  the  re s u lts  o f 

BIJLAARD 

c y lin d e r .

B I J L A A R D w h o  cons ide red  the  case o f a v e r t ic a l lo a d  on the

The re s u lts  dem onstra te  th a t i t  is  p o s s ib le  to  have 

the rm a l s tresse s  o f q u ite  a h igh  m agnitude at any heated opening 

on a sp h e rica l s h e ll.  These s tresses  are supplem ented by 

boundary c o n d itio n s  w h ich  are a lso  due to  the  tem pera tu re  

d is tr ib u t io n .
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CHAPTER 6

UNSYMMETRIC TEMPERATURE DISTRIBUTIONS 

ON SPHERICAL SHELLS



158-

The genera l problem  o f unsym m etric  tem pera tu re  

d is tr ib u t io n s  is  co n s id e re d .

The s tresses  and d isp la ce m e n ts  on a s p h e ric a l s h e ll 

due to  a tem pera tu re  d is tr ib u t io n  w h ich  v a r ie s  ra p id ly  w ith  

resp ec t to  one lin e  o f cu rva tu re  and s lo w ly  w ith  resp e c t to  the  

o th e r are in v e s t ig a te d . Th is  problem  is  o f p ra c t ic a l s ig n if ic a n c e  

in  th a t such a s itu a t io n  can a rise  from  a s lo w ly  v a ry in g  " l in e  " 

o f heat on th e  s h e ll .  The re s u lts  are s im ila r  in  form  to  those  

ob ta ined  by o th e r au thors fo r  th e  co rrespond ing  boundary va lu e  

prob lem  o f a s lo w ly  v a ry in g  edge lo ad  on a s p h e ric a l s h e ll,

A genera l method o f s o lu t io n  fo r  any tem pera tu re  

d is tr ib u t io n  is  cons ide red  in v o lv in g  tem pera tu re  "hot s p o ts "  

and the  " in flu e n c e  lin e  te c h n iq u e " .

A genera l method o f s o lu tio n  fo r  any a x isym m e tric  

tem pera tu re  in  c y l in d r ic a l s h e lls  is  p resented w h ic h  in v o lv e s  

d iv id in g  the  s h e ll in to  a num ber o f bands each o f un ifo rm  

te m p e ra tu re .

Exam ples are presented w h ich  i l lu s t ra te  the  va rio u s  

te ch n iq u e s  o f s o lu t io n .



6 .1 . The S tresses A ris in g  from  a Tem perature

D is tr ib u t io n  w h ic h  Varies S lo w ly  Along 

One A x is  o f C urvature  but R ap id ly  A long 

th e  O the r.

6 . 2 .  (a) The In flu e n c e  L ine  Technique

(b) C o n ra d ’s S o lu tio n  fo r a P la in  H ot Spot

(c) An In flu e n c e  Band o f U n ifo rm  Tem perature 

Around a S pherica l S h e ll.

(d) EXAMPLES
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6 ,1  The S tresses A ris in g  from  a Temperature D is tr ib u tio n
w h ich  Varies S lo w ly  Along One Axis o f C urva ture  
but R ap id ly  Along the  Other

The case o f a va ry in g  l in e  o f heat on a 

sp h e rica l s h e ll was cons ide red  in  C hap te r 1 where i t  was dem onstra ted 

th a t the  tem peratu re  d is tr ib u t io n  cou ld  be expressed in  the  form

^  T 'iu O  c  -V-

6.1

where 1 i s  the  tem perature  o f the  lin e  o f heat w h ich  l ie s  a long 

the  o rd in a te  at 'X_'=- O . I t  was argued th a t p rov ided  the  tem perature  

o f the  lin e  o f heat was s lo w ly  v a ry in g  and 2S‘a re a so n a b ly  la rge  in  

m a g n itu d e , th e n  i t  w ou ld  be reasonab le  to  drop th e  second term  in  

th is  ap p ro x im a tio n  s ince  — must  be v e ry  s m a ll. The 

tem perature  d is tr ib u t io n  in to  the s h e ll is  th e re fo re ,w ith  these 

c o n d itio n s  ,

-T e  
6 . 2

Let us now exam ine the  s tress  d is tr ib u t io n  l i k e ly  to

a rise  from such a tem perature  f ie ld .  For the a n a ly s is ,  le t  us

s p e c ia lis e  c a rte s ia n  c o -o rd in a te s . The tw o  ap p rop ria te  b a s ic
(31)lin k e d  equa tions  are g ive n  by CONRAD as

V  "w  ~ _L_. V^F O  6.3
ot K

4

6 .4
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They may be separa ted to  g ive

V  W  T- 4  V ^ W  =; -  4  ' a  t  6 .5

V F  4- ^  V  F  “  “ F V i c A V t :
6 . 6

where the  co n s ta n t ç  is  g ive n  by

Ç

Le t us now o b ta in  a s o lu tio n  fo r  e q u a tio n  ( 6 . 5 ) .  

F o llo w in g  the  same a n a ly t ic a l m ethod as was adopted in  C h ap te r 1, 

f i r s t  propose a new fu n c tio n  Oj where

CO -  6

and £  is  some sm a ll c o n s ta n t. F u rthe r, le t  us assum e th a t the  

d e f le c t io n  W  can be expressed in  the  se ries  form  as

W C X j V )  S VVo (%. , <5 Wi  (x., UO) 4- & ''W z(3C ,U ))4-
.6.7

This se ries  e xp re ss io n  fo r W can now  be 

s u b s titu te d  in  eq u a tio n  (6.5)  to  g ive

'h Wc

i -  £  ( ._______   1    =

s
4

a  PC %

6 . 8

Regarding th is  e xp re ss ion  as a se rie s  in  ascend ing  

powers o f £  equate the  c o e ff ic ie n ts  o f e tc . to

z e r o . /
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ze ro . In  so do ing  o b ta in  an in f in i te  set o f e q u a tio n s . The 

tem pera tu re  te rm  on th e  r ig h t hand s ide  o f equa tion  (6. 8) arose from

"to  term  in  e q u a tio n  (1.2 8) and i t  is  the re fo re  o f the  o rde r £  .

C o n s id e r the  f i r s t  o f the se  e q u a tio n s , th a t is  the  

equa tion  from  the  zero order c o e ff ic ie n ts .  I t  is

h- p  ^  V o  » —  4  P ok ^  t :

6.9

The s o lu tio n  fo r  the  com plem entary fu n c tio n  o f th is  

equ a tio n  ob ta ined  by the  au tho r is

V V o  ~  G  ^  ( iC ) n  (5 cc +  % C '/) c o s £  j^5CC^‘5'in^:x.'V (io)c<sj

+- P\s- "X. (=, .

I f  th is  d isp la ce m e n t is  due to  a l in e  o f tem perature  w h ich  decays 

ra p id ly  in  the  x . d ire c t io n ,  the n  one ca n , p rov ided  th e  tem perature  

is  am bient before the  o u te r boundary is  re a che d , d is c a rd  the  term s
u %

in v o lv in g  th e  co n s ta n ts  ; A and . One can a ls o ,  s in ce  i t  

rep resen ts  a r ig id  body m ovem ent, d isca rd  the  co n s ta n t A  c.

To de term ine the  p a r t ic u la r  in te g ra l s o lu t io n , assume th a t i t  is  o f the  

form
W o  -  A t

w here A  is  some c o n s ta n t. Upon s u b s titu t in g  th is  va lu e  fo r W o  

in  eq u a tio n  (6. 8) th is  con s tan t is  found to  be

+ 4
The genera l s o lu tio n  o f eq u a tio n  (6.9)  is  th e re fo re

“ ’ f ’ s a o

It  is  obse ii/ed  th a t th is  s o lu t io n  fo r W o  is  id e n t ic a l to  the  s o lu t io n  

f o r /
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fo r  W  in  the  one d im e n s io n a l problem  except th a t whereas the  

c o e ff ic ie n ts  and A 4  in  th e  one d im e n s io n a l case were

co n s ta n ts  th e y  are now  fu n c tio n s  o f ^  .

The second equa tion  in  the  s e r ie s , found by 

equa ting  th e  c o e ff ic ie n ts  o f £  , is

^ Lj.p'* = -  5 ~  4-p"

Upon s u b s titu t in g  fo r  th e  va lu e  o f Wo from  eq u a tio n  (6.9)  i t  

becomes
t) y  -Z — pX. I X

à W| ifp  à ^  &  V ^  A  ̂ n p%. t- e Cospx: )
"Y x F  ^ ^

V  V t  .
C x J + -

The com plem entary fu n c tio n  can be recogn ised  as 

be ing s im ila r  in  form  to  th a t o f the  p reced ing  eq ua tion  in  the  se ries  

and indeed to  th a t o f a l l  the subsequent e q u a tio n s . The p a rt ic u la r  

in te g ra l has been de term ined u s in g  the  "D " o p e ra tio n  m ethod. The 

genera l s o lu tio n  o f th is  equa tion  is

W , "  G ^ (  Ay "Sm px + P\g co5.(pW) -r f \c i*x  -V P\,t^

A T ( Cos p T  -Y (\h CcospX— S\r\Psch-1 T  ^  
4e

6.11

One ca n , as b e fo re , d isca rd  th e  term s in v o lv in g  the  con s tan ts  A t  

and P\ lo and a ls o , s ince  i t  in v o lv e s  the  term  drop the

f in a l te rm  in  the  e q u a tio n .

The se ries  s o lu tio n  fo r W  c o n s id e rin g  o n ly  the

f i r s t /
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f i r s t  tw o  term s in  th a t s e r ie s , is

W Wo £^Wi

S u b s titu tin g  in  th e  va lu e s  o f and W , presen ted in  equa tions

(6.9)  and (6.10) re s p e c t iv e ly ,  th is  becomes

W ~ G  { L A ‘̂ \Y\ px, 3 P\3 ( l̂Y\p:=C 4- COSpW) A  4-

CAaCOSpDC. T JX. VfivM (cOSfiX, -  f

_  W W o c  . t

(L A  7 T A îj c o s  p

I f  5  is  a sm a ll num ber, th e n , co n s id e rin g  o n ly  th e  f i r s t  o rder 

te rm s , the  s o lu t io n  fo r  the  norm al d e f le c t io n  W  is

V /  “   ̂ ITA-5.t>\np=c T- T>c ( "ô\n o=c_ 4- -t-

A cc>5 pzc + X . ^  4 Y C c o s p x - — s  \ Ki Ç ^  r

— 4 f . t :

&  -
6.12

where A 3 and Aij. are a l l  fu n c tio n s  o f ^

In  a s im ila r  m anner, one can so lve  equa tions  (6 . 6 ) 

fo r  the  s tress  fu n c tio n  F  to  f in d

F  ”  G ^ V L 2» b lu p x  -I- ^  A d )  ( s \n p x  T c o s p x ^ n  *V“
4e ^  ̂ ^

OM COSpx 4- X- A dy ( COSpJK-— 5>in. \
4P ^ ^ ^

  E K oc ,  , -j-

T h e re /
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There is ,  ho w e ve r, an obv ious re la t io n s h ip  between th e  con s tan ts  

o f the  tw o  e q u a tio n s . This re la t io n s h ip  can be found by 

s u b s titu t in g  both these  b a s ic  fu n c tio n s  in to  the l in k in g  equa tion  

(6.3)  to  y ie ld

p  ~  6  ^  4- ( s m p D c .  -e c _ o s  p “

A  £A c o s  P  X  t "  X .  A  A  4 ( ^ C O S p t C  ~  S  1 VT r   ̂ p  o \  p

4P J ^

-  . ± 1  . t :

 ̂ 6.14

The s tress  re su lta n ts  g iven  in  term s o f the  d e fle c tio n  

W  and the  s tress  fu n c tio n  F  a re , a fte r  CONRAD, fo r  the  

c a rte s ia n  c o -o rd in a te  system

Nx- “ F,

= F.

= -  K ( X X L  -V- V w, ̂  A

■
— V \ V W ̂

S ' -  F

t1,j - - ( i -v)K • 6.15 -  20

The e xp re ss io n  o f s tress re s u lta n ts  N-%. and

are the re fo re

U -  y  r £ h l  4- 2 S . k f c  (  a m p x  T COSÇ-T)!
N x - e  [ L

c-ospx. +  —  1^.— ( cobpx-~ y n p > h i r  o K % P
^ 9-e ^ ^ -1 j

s ' .  V t
%
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= -  e . K  1 “  +

1 / A 3  p x l  aiTPDC -  P3CCOSOX.'- 'R ( \  “  W  5>’i n p X .  j  i '
% ^

V X  T A s ( t>\npx- + cobPTcT) 4- % P b\ n p  XL . A y. 4 -
4 e  ^

( ^  A 4  I  pXL  1>\nÇ>PC ^ - ( p x . c O b p x  -  %  (  \ — W  c . 0 5 p x , 3
z  ^ .

S>pc C Cos p x  “  s \n  p x )  \
4 e

4- A p T o c  K  (  T t  T V
V d -  ' h ^ J

6.21 -  22

To de term ine the form  o f the con s tan ts  

and tw o  d is t in c t  s itu a tio n s  seem p o s s ib le  fo r

in v e s t ig a t io n .  One is  where the  s h e ll is  open at cc.^ O  and has a 

tem peratu re  d is tr ib u t io n  1l ■= T  a long th a t boundary. The

second s itu a t io n  is  where the re  is  a " lin e  source o f he a tin g  " a long

oc ^  o  so th a t the tem pera tu re  is  V  = T o n  th a t l in e .

The boundary c o n d itio n s  a long  th is  l in e  are zero ro ta tio n  and zero 

shear s tress  th rough  th e  th ic k n e s s .

C o n s id e r in  d e ta il the  case o f the  open s h e ll w h erea t

^   ̂ °  = t i^  -  o
and

t  -  4 - ( p

and where o f course the  va rio u s  assum ptions w ith  regard to  the 

tem perature d is tr ib u t io n ,  w h ich  were made e a r lie r ,  are s t i l l  v a l id .

F o r /
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For th e  c o n d itio n  o f zero norm al s tress  at the 

boundary DC = O equa tion  (6.21) y ie ld s

5"N
O

cx
th a t is

tv -_ =  O

c?L
cl

p\ HViok . T O

Thus

E K  ^  cpC*-

u

4- C 4 O

CA ^  6.23.

where C and D  are c o n s ta n ts . Though th e y  both must be zero fo r  

the  problem  w h ich  we are c o n s id e r in g , i t  is  o f in te re s t to  observe 

th a t the  con s tan t w ou ld  represent the  edge lo a d in g  in  the boundary 

va lu e  p rob lem . This equa tion  is  d iscusse d  la te r .

From the boundary c o n d itio n  o f zero edge moment 

equa tion  (6 .22 ) g iv e s , at zc = o  ,

M
y~~0

4 P grf. F x . v F '

Y e
\ i

?c“0

S u b s titu tin g  in to  th is  e q ua tion  the  va iu e  o f th e  con s tan t y ie ld s

•b
V t

w h ich  can be in te g ra te d  to  g ive

A 4 P  a  cL V

a'^ ^ 6 .2 4

p lu s /
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p lu s  o f course th e  tw o  co n s ta n ts  o f in te g ra tio n  w h ich  aga in  are zero .

I t  has the re fo re  been shown th a t fo r  th is  p a r t ic u la r

problem

Ax-t = 6 4 .

where and c o n s ta n ts . The norm al d e f le c t io n  W  and

the s tress  fu n c tio n  ^  can now be w r itte n  as

v / “ 0 ^ 7  V r  (smp:>c Cos p:>c'̂ '3

LXBv-Cosp:>c -t- B v X r  (c c s p x . — *biv\Ç>rcS3l

. T e

+ ifç>'

F  =  0. ^ Bu. t>I v\ pIX. 25 Btf X Z l (. 0 .0  s p X ) \
^ 4P ^

F T B ^ C O S Ç J C  4- 25_ ^  — £>\A ^.Ç^OlK

s
E k ^  s "

A  ^  u p "

6 .2 5  -  26

This co u ld  be fu rth e r s im p lif ie d  by re a lis in g  th a t the 

term  in v o lv in g  X T  must be ve ry  sm a ll and thu s  one ca n , fo r  a 

s l ig h t ly  coa rse r a p p ro x im a tio n , drop these  term s and the  equa tion  

then  becomes

  — p x . /  u. “ ■ —
W "  -  T ( X  e  I  5 ^  s m  P x  +  E 4  C o 5 p c c )  — g  ck , n " G

e
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= X G. ^ s inpoc — — Ekg>C . S T  ^

cPf \

6 .27  - 2 8

This is  a most in te re s tin g  re s u lt ;  P rovided the  

tem pera tu re  d is tr ib u t io n  at the open boundary, oc= o  , va rie s  

s lo w ly  in  the  ^  d ire c t io n ,  the n  the  tw o  equa tions  (6 .2 6  -  27) w i l l  

g ive  us a reasonab le  a p p ro x im a tion  to  the e ffe c ts  w ith in  the  s h e ll.

I t  is  n o tice d  th a t these  equa tions are id e n tic a l to  those  fo r  the  

cons tan t tem pera tu re  d is tr ib u t io n  a long the  open edge w ith ,  o f co u rse , 

th e  te rm T 'C ^ '^  re p la c in g  th e  te rm  ~T (a c o n s ta n t) .

M any authors have cons idered  the  problem  o f v a ry in g  

boundary lo a d in g  on s h e l ls . , in v e s t ig a t in g  th e  problem  o f

s h e lls  w ith  s lo w ly  v a ry in g  edge lo a d s , described  th a t lo a d in g  as the 

co s in e  se ries
%  ( s c ,  -= X . .  C s t " )  C O S .  .

He then  showed th a t the  norm al d e f le c t io n  ^  cou ld  be expressed as 

Vs/ ~ £  \1 B n  C-os.y\L^

I f  we re co n s id e r equa tion  (6 .2 2 ) , in  w h ich  the  

co n s ta n ts  62 and were zero fo r  the  problem  under c o n s id e ra tio n , 

we see th a t i f  the re  were no tem perature  d is tr ib u t io n  the n  th is  equa tion  

w ou ld  become

+- D
T.

and the  m eaning o f th is  e x p re s s io n , s ince  -  O is  a s lo w ly

v a ry in g  boundary lo a d in g . This re s u lt to  some ex te n t con firm s the 

s lo w ly  v a ry in g  edge lo a d in g  case in v e s tig a te d  by BOUMA.

GRADOW CZYK^^^V
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GRADOWCZYK^^^^ argued th a t th e  errors occurred  in

re p la c in g  the  e ffe c ts  o f a tem pera tu re  d is tr ib u t io n  by a bend ing

coup le  and a membrane fo rce  a long  an e d g e , fo r  the  one d im en s iona l

problem  on a s h a llo w  sp h e rica l s h e ll ,  are s m a ll. He the n  suggested

th a t the  re s u lts  o f BOUMA’S w ork cou ld  be a p p lie d  to  th e  e q u iva le n t

the rm a l g rad ien t p rob lem .
(33)STEELE has show n, u s in g  the  s h e ll equa tions  o f 

NOVOYHILOV, th a t fo r  any lo a d in g  w h ich  v a r ie s  l ik e  a se ries  o f 

w aves ra p id ly  w ith  resp ec t to  one o rd ina te  and s lo w ly  w ith  respect 

to  the  o th e r, then  a s o lu tio n  is  p o ss ib le  in  term s o f the  e xp ress io n  

fo r  the  d is tr ib u t io n  in  the  d ire c t io n  o f rap id  v a r ia t io n .  The va lu e  o f 

STEELE'S c o n tr ib u tio n  is  th a t i t  embraces a l l  typ e s  o f lo a d in g , 

in c lu d in g  th e rm a l, and though the  wave form  is  q u ite  g e n e ra l, as is  

shown in  F igure (6 .1 ) ,  a h a lf  wave cou ld  be cons ide red  as e q u iva le n t 

to  th e  problem  w h ich  has been cons ide red  in  th is  s e c tio n .

STEELE suggests th a t i f  Ci»^coî>n0 denotes a ty p ic a l 

term  in  the  F ourie r expans ion  o f some ap p lie d  lo a d  and i f  U < ^# < th e n  

the  a p p lie d  lo a d  be term ed "s lo w ly  v a ry in g " .  For such s lo w ly  va ry in g  

loads how ever SIM M ONDS shows th a t the  co n ve n tio n a l in flu e n c e  c o e f­

f ic ie n t  m a tr ix  w h ich  re la te s  the  F ourie r com ponents o f the  edge loads 

to  the F ou rie r com ponents o f the  edge va lue s  o f the  d isp lace m e n ts  and 

a x ia l ro ta tio n  is  i l l - c o n d it io n e d .

A l im ita t io n  o f the  re s u lts  p resented by the  au thor is  

th a t the  ang le  is  s u f f ic ie n t ly  la rg e . That is  the  re s u lts  ap p ly  o n ly  

to  th a t p o rtio n  o f a s h e ll where the GECKELER s o lu t io n s , fo r  the  sym ­

m e tr ic a lly  loaded s h e ll,  are a p p lic a b le . Further, in  o rder to  o b ta in  

the  f in a l re s u lts  presented in  equa tions (6 .2 7 -2  8) i t  was assumed th a t 

the  m agnitude o f the  term  o f m odulus

DC . V t
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in  equa tions (6 .2 5 -2 6 ) , was such th a t th is  te rm  cou ld  be n e g le c te d . 

C hang ing  th e  lo n g itu d in a l d is ta n c e  X. in to  th e  n o n -d im e n s io n a l 

form  <j) , w here ' x - o c j )  , means th a t th e  assum p tion  w o u ld  requ ire

th a t

The fo re g o in g  a n a ly s is  p resen ts a s im p lif ie d  s o lu tio n  

fo r  th e  c la s s  o f asym m etric  the rm a l d is tr ib u tio n s  on s p h e ric a l s h e lls  

w h ich  f u l f i l  th e  requ irem en t o f be ing  s lo w ly  v a ry in g  w ith  re sp e c t to  

one p r in c ip a l a x is  o f cu rva tu re  re la t iv e  to  th e  o th e r.
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a

Figure (GJ ) SHELL SURFACE W IT H  S U R F A C E  L O A D S  OF 

R A P ID  VA RIATIO N  W IT H  R E S P E C T  To ONE  

COORDINATE .
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6 .2 (a ) The In flu e n ce  L ine  Technique

A more genera l method o f ta c k lin g  any tw o  

d im e n s io n a l tem perature  d is tr ib u t io n  is  by a m o d if ic a tio n  o f the  

In flu e n ce  L ine  Techn ique . Th is te ch n iq u e  is  d e scrib ed  in  seve ra l 

papers by  KENEDI and T O O T H .

The in flu e n c e  lin e  te ch n iq u e  assum es the  a p p lic a tio n  

o f th e  p r in c ip le  o f su p e rp o s itio n  and is  based on the  c o n s tru c tio n  o f 

appropria te  in flu e n c e  lin e s  or surfaces co rrespond ing  to  a c o n d itio n  o f 

're c ip ro c a l sym m e try ', w h ich  s a t is f ie s  the lin e a r  th e o ry  between a ll 

po in ts  on the surface o f the  s h e ll.  This c o n d itio n  expressed by 

M a x w e ll's  R e c ip ro ca l Theorem lin k s  the  cause and e ffe c t at any tw o  

a rb it ra r i ly  se lec ted  p o in ts  on an e la s t ic  s h e ll.

The 'in flu e n c e  lin e *  g ive s  the  v a r ia t io n  o f some 

se lec ted  e ffe c t at any p o in t C say o f a s tm c tu re  as a u n it a c tio n  

tra v e ls  from  A to  B a long the  path S o f the ‘lo a d in g * a p p lie d  to  the 

s tru c tu re . The se le c te d  e ffe c t h may be s tre s s , d e f le c t io n , e tc . 

and the  u n it a c tio n  may be re p re se n ta tive  o f ra d ia l o r ta n g e n tia l lo a d , 

'bend ing  or tw is t in g *  m om ent, o r tem perature depend ing on the  nature 

o f the  a p p lie d  'lo a d in g * w

The to ta l e ffe c t at the po in t C due to  the  'lo ad ing * 

ap p lie d  a long S then  becomes j  w  w h ich  can be eva lua ted

n u m e ric a lly  o r g ra p h ic a lly  w h ich e ve r is  most co n v e n ie n t.

W ith  tem perature  g rad ien ts  where th e  e ffe c t is  over an 

a rea , in flu e n c e  surfaces in  p lace  o f in flu e n c e  lin e s  are considered.* 

W here the  c o n d itio n  o f 're c ip ro c a l symmetry* e x is ts  the  c o n s tru c tio n s  

o f the  appropria te  in flu e n c e  l in e  or surface becomes q u ite  s im p le . 

C o n s id e rin g  tw o  p o in ts  , F , on the  load  path AB, and C , any o the r 

p o in t /



po in t on th e  s u r fa c e , the  c o n d it io n  o f re c ip ro c ity  may be sta ted  as

where ^  cf is  the  se le c te d  e ffe c t at F due to  the  u n it a c tio n

a p p lie d  at C , and is  the  same e ffe c t at C due to  th e  u n it  a c tio n

at F. In  such cases th e  in flu e n c e  lin e  requ ired  fo r  C may be

ob ta ined  d ire c t ly  by a p p ly in g  the  u n it  a c tio n  at C to  the  o th e rw ise

un loaded s tru c tu re  and e v a lu a tin g  i ts  se lec ted  e ffe c t a long the  load

path AB. THIS IS SHOWN IN  FIGURE (6 .2 ),

To be ab le  to  make use o f th is  m ethod, how eve r, i t

is  necessa ry  to  know  th e  e ffe c t o f the  u n it  a c tio n  im p ose d . In  the rm a l

a n a ly s is  the  p lane tem pera tu re  hot spot in v e s tig a te d  by CONRAD and 
(31)FLUCCE fo r  a s h a llo w  sp h e rica l dome may be u t i l is e d  fo r  th i s 

p u rp o se .
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INFLUENCE U N E  FOR 
H r  ̂ DEFLECTION k l  C.

u n it  HOT SPOT AT C

% CIRCLE OF IN F L U E N C E  
Ro u n d  h c t  s p o t

t e m p e r a t u r e
d i s t r i b u t i o n

t e m p e r a t u r e
PORTION HAVING NO 
EFFECT ON LOAD

F i g u r e ( € > .2 . ) T H E  IN F L U E N C E  U N E  T E C H N ia U E  FO R F IN D IN G  
TH E  D E F L E C T IO N  AT C D U E  TO A  B A N D  O F  

V A R Y IN G  T E M P E R A T U R E .

TOTAL d e f l e c t io n  " W  AT C  DUE TO TEMPERATURE 
D IS T R IB U T IO N  T  ALONG THE B A N D  A .B . IS
G IV E N  B Y  W s  ^  ( T b S s ) W

A
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6. 2 (b) C onrad 's  S o lu tion  fo r  a P la in  H ot Spot

C o n s id e r a c irc u la r  area P\ o f a s h e l l , heated to  a 

un ifo rm  tem perature  ~T as shown in  F igure (6 .3 K  A p lane hot spot 

can be de fine d  as the  l im it in g  case o f a tem pera tu re  d is tr ib u t io n  such 

th a t a-s i t s  area ^  ^  O  then  ^  so th a t the  q u a n tity

yU. = cLAT rem ains a lw a ys  f in i te .  Th is d e f in i t io n ,  .w h ich  is  

analogous to  th a t to r  the  in te n s ity  o f a concen tra ted  fo rc e , is  chosen 

so th a t a f in i te  s tress  system  w i l l  re s u lt and the  q u a n tity  y ix  is  

th e re fo re  a measure o f the in te n s ity  o f the  hot spo t.

The s o lu tio n  fo r  the fu n c tio n s  W and F  in  the  

reg io n  out w ith  the  ho t s p o t, are

W - /U vT^^H
TT a  c i

7TT

6.29 -  30

from  w h ich  can be de rived  exp ress ion s  fo r  the  s tresses  and the 

d isp la ce m e n ts  , some o f w h ich  are

Nr- -  DC 1 -  k c r  x j r
'X'Sxa r  ^

N© = k e r "
%TT ^

M -  D ( I — r k e r  __ c{

6 .3 1 - 3 3

B y /
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F i g u r e  ( 6 - 3 )  T e m p e r a t u r e  h o t  s p o t

F IG U R E  ( 6 .4 ^  k  P O IN T  F D IS T A N C E  X  F R O M
A  B A N D  O F  U N I F O R M  TEMPERATURE T



- 1 7 8 “

By u s in g  the  appropria te  a sym p to tic  expans ion  form s 

fo r  the  KELVIN fu n c tio n s  i t  can be shown th a t in  the  v ic in i t y  o f the  

hot spot (but not w ith in  the  hot spot i ts e l f )  th e se  s in g u la r it ie s  are o f 

the  form

*w  = —

—' E h
7S\-

N© - E  I
zvr r

My, = ( \ V )  EK>A.
4-Tt-a

6 . 3 4  - 3 7

The e xp re ss io n  fo r  the  ra d ia l d e f le c t io n  

e q ua tion  (6.% ), is  not in  agreem ent w ith  the  re s u lt g iv e n  by CONRAD 

This d is p a r ity  is  due to  CONRAD m aking the  assum ption  th a t when 

approach ing  the o r ig in

Kei %. %  -  Z

w h ich  can be seen by re fe rence  to  any o f the  ta b le s  o f these  KELVIN

fu n c tio n s  or by in s p e c tio n  o f F igure (2 .3 ) to  be in c o rre c t.

DW IGHT in  h is  book "Tab les o f In te g ra ls  and o th e r M a th e m a tica l 

D a ta " g iv e s ,  fo r  sm a ll a rgum ents ,

k e i z  ^  ~  ^  X  — I L  +  ( 2 )

The v a lu e , when approach ing the  o r ig in , should

th e re fo re  be

k e i  ~  ^
4



and th is  is  the  va lu e  w h ich  was used by th e  au tho r to  d e rive  

equa tion  (6 .3 4 ).

I f  one co n s id e rs  th e  e ffe c ts  a t th e  boundary o f th e  hot 

s p o t, where P =" E  , the n  equa tions ( 6 .3 4 -  37) y ie ld

VV = -
4 a

h fr "  ~ A - E V i^ T
7,

-  _L
7.

My, ■”  E K àC r ( i - r v " )  h> X n U x E

4 a  ^
6 .3 8 -4 1

These e xp re ss io n s  agree w ith  the  co rre spo nd in g  va lu e s  

fo r  the  e ffe c ts  w ith in  th e  same hot spo t. There is  o f course  a 

d iffe re n c e  in  s ig n  fo r  the  hoop s tre s s , N ©  , w h ich  m ust be 

com p ress ive  w ith in  the  heated re g io n .

U s ing  these  s o lu tio n s  o f CONRAD fo r  a tem pera tu re  ho t 

s p o t, i t  shou ld  be p o s s ib le  to  es tim a te  th e  s tre sse s  at any p o in t on a 

co n tinu ou s  sp h e n c a l s h e ll fo r  any tem pera tu re  d is tr ib u t io n .

Th is cou ld  be done by in te g ra tio n  o r by u s in g  the  

in flu e n c e  l in e  te ch n iq u e  w h ich  has a lready  been d e s c rib e d . 

U n fo rtu n a te ly  th e  in te g ra ls  must in v o lv e  th e  KELVIN fu n c tio n s  and th is  

makes any s o lu tio n s  d i f f ic u l t .  A ttem pts by th e  au tho r to  n u m e ric a lly  

generate these  fu n c tio n s  were not w h o lly  su c c e s s fu l fo r  the  reasons 

g ive n  in  A ppend ix 1. H o w e ve r, w ith  the  la rg e r com puters now 

becom ing a v a ila b le , th is  cou ld  be a f r u it fu l l in e  o f approach , 

e s p e c ia l ly /
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e s p e c ia lly  s in ce  i t  is  p o s s ib le ,  w ith o u t added d i f f ic u l t y ,  to  in c lu d e  

lo a d in g  and bend ing hot spots in  any c a lc u la t io n .

Le t us now  c o n s id e r a number o f exam ples in  w h ich  

these  re s u lts  are made use o f in  the rm a l s tress  p ro b lem s.
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6 .2 (c ) An In flu e n c e  Band o f U n ifo rm  Tem perature
Around a S pherica l Shell

As a f i r s t  exam ple o f the  use o f the  hot spot tech n iq ue  

le t  us f in d  the  norm al d e f le c t io n  \N  at some p o in t F  d is ta n ce  

from  an in f in i te  b a n d , o f un ifo rm  tem perature  T  and w id th  b  

w h ich  l ie s  a long the  ^  a x is  as shown in  F igure (6 .^) .

Th is problem  can be ta c k le d  by the  in flu e n c e  l in e  

te ch n iq u e  by "e re c tin g  " a u n it  hot spot at F  and in te g ra tin g  the  

"e ffe c t"  o f tem pera tu re  and area a long  the le n g th  o f th e  band. S ince , 

how e ve r, an a n a ly t ic  s o lu tio n  o f the  in te g ra l is  p o s s ib le  in  th is  ca s e , 

le t  us d iv id e  the  bond in to  a number o f hot spots each o f area b  

and o f tem pera tu re  T  . The d e fle c tio n  at the  p o in t F  due to  the  

hot spot at ^  is  , from  eq ua tion  (6 .29)

Ys/ •= b  cLT X  k,G\ ( r>c -V- ^
Trq ^

The to ta l d e f le c t io n  at F  due to  th e  band o f tem pera tu re  is  th e re fo re

W  = 1 Kei c l LA
a  ^ 0

C o n s id e r the  in te g ra l
, cx o

I ( x )  -  7. \ kei CÀ
O

w ith  the  s u b s titu t io n s

TT =  ̂ DC

u  = Jz ^  ^

i t  becomes

I C v ' )  = [  Ke'i ( i r \ u L  Y  c liL

U s ing  th a t know n re la t io n s h ip  betw een the  Bessel fu n c tio n s  

= k e r  (%) + L keF'z.')
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th e  in te g ra l can be expressed as
CAO

K v - )  = l i s -  \  K o  ( L u ' t -  u K r  J-w- .

o
F in a l ly , w ith  th e  s u b s titu t io n

the  in te g ra l ta ke s  th e  form
CX=>

] _ ( u )  k K o C r ^  ^  K 'F

fo r  w h ich  WATSON ^ g iv e s  the  s o lu tio n  as

T  C v ) = -  e  (  c o b  ^  + s m  .

The to ta l d e f le c t io n  W  at the  po in t F is  th e re fo re

W  -  — o t , T ~ b  Ç  { c o s  D<T>c- 4- A  )
^ oi “ or

6 .4 2

and th is  re s u lt is  shown g ra p h ic a lly  in  F igure (6 .5 ) .

S im ila r in te g ra tio n s  lead  to  th e  fo llo w in g  exp ress ion s  

fo r  the  s tress  re s u lta n ts  and ro ta tio n  in to  a s h e ll from  a u n ifo rm  band 

o f tem pera tu re  -

Q _ ^  -  E  K ocT  . D < b  G  COS 'X 'o c

M

T C  = oCT •>(. b  e  s m  X 3 C
c t a

and

N u  = e k [ ^



-183-

7 7 7 / / / / /  ■7-7-77̂ 7T77-
T" WIDTH b

TEMPERATURE T >/X
ot.

o<T>/’ b

OL
F IG U R E  ( 6 . S ' )

R A \D b !k L  D E F L E C T I O N  W A T  A. P O IN T  C 
D I S T A N C E  2 : ^  F R O M  A  U N IF O R M  B A N D  

O F  W I D T H  b  A N D  T E M P E R A T U R E  T .



One w ou ld  be tem pted to  th in k  th a t the  use o f a bqnd 

o f in f in i te  le n g th  was a ra th e r severe l im ita t io n , u n fo rtu n a te ly  

ne cessa ry  fo r  the  e v a lu a tio n  o f the  in te g ra ls  in v o lv e d . An in s p e c tio n  

o f F igure (6 .6 ) ;  w h ich  is  a graph show ing the  norm al d e f le c t io n  at a 

d is ta n ce  from  a hot spot re ve a ls  a q u ick  "d ie  o u t"  o f e ffe c t w ith  

d is ta n ce  from  the  ho t s p o t . Th is is  a lso  true  fo r  the  o th e r s tress  

re s u lta n ts . By a s im p le  a p p lic a tio n  o f the  in flu e n c e  te ch n iq u e  w hereby 

th e  p o in t under c o n s id e ra tio n  is  enc losed  w ith in  a hot s p o t, i t  is  

observed th a t the re  is  th e re fo re  a c ir c le  o f in flu e n c e  round any p o in t 

and any "e ffe c ts "  out w ith  th is  c ir c le  need not be c o n s id e re d . This 

in  the  case o f th e  norm al d e f le c t io n  W  we see from  F igure (6 .6 ) 

a s u ita b le  rad ius  o f in flu e n c e  w ou ld  be o f the  order o f

r  ~  • If

The rap id  fa l l in g  o ff  in  v a lu e  o f th e  KELVIN fu n c t io n s , 

whose in te g ra ls  are re q u ire d , is  shown in  F igure (2 .3 ) .  T h u s , 

a lthough  a band is  ta ke n  as in f in i te ,  the  same re s u lts  are re a so n a b ly  

tru e  fo r a l l  bands g re a te r th a n  a c e r ta in  f in i te  le n g th  w h ich  is  governed 

by th e  s h e ll p a ra m e te rs .

W ith  the se  de rive d  re s u lts  fo r  a u n ifo rm  band o f 

te m p e ra tu re , i t  is  now  p o s s ib le  to  eva lu a te  th e  s tress  re s u lta n ts  due 

to  any a x isym m e tric  tem pera tu re  around a s p h e ric a l s h e ll .  This can 

be a cco m p lishe d  e ith e r  by the  in te g ra tio n  o f the  tem pera tu re  e ffe c ts  

over the  su rface  or by co n s id e rin g  an in flu e n c e  band o f tem pera tu re  at 

a d is c re te  p o in t and sum m ing the  e ffe c ts . U n lik e  the

case o f tem pera tu re  ho t spot the  fu n c tio n s  in v o lv e d  are e a s ily  

"m an ipu la ted  ".
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FIGURE ( 6 .6 )
R A D I A L  D E F L E C T I O N  C J  O F  T H E  S H E L L  A T  

D I S T A N C E  / s  M r  f r o m  A  H O T  S P O T  O F
CL

INTENSITY y i i .
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6 . 2 (d) . EXAMPLES

The case o f th e  un ifo rm  lin e  o f heat around a sphere , 

w h ich  was con s id e re d  in  C hap te r 3, should s u ita b ly  dem onstra te  the  

ease w ith  w h ic h  a s o lu t io n  can be ob ta ined  by a d d in g , a n a ly t ic a l ly ,  

th e  e ffe c ts  o f a num ber o f bands o f tem p era tu re .

The tem pera tu re  d is tr ib u t io n  in to  th e  s h e ll from  such a

l in e  o f heat is

t  -  T e  ^

w here T “  is  the  tem pera tu re  at th e  l in e  cc = o  

Le t us fin d  th e  d e f le c t io n  at th e  p o in t oc = o  due to  th is  

tem pera tu re  f ie ld .  A fte r d iv id in g  th e  s h e ll in to  a num ber o f bands 

each o f w id th  §>:x. and o f tem pera tu re  t  we can in te g ra te  the

e ffe c ts  o f a l l  th e se  bands to  g ive

-  Z  i -  ct. G  0 ° ' (  c o s ^ o c  4- else
^  “  I \  cA a

O
w h ich  when eva lu a ted  y ie ld s

W  “ — a vCT -rO ' ~

*x
By m u lt ip ly in g  both num era tor and denom ina to r by ( S - 'X’x .s  )

th is  reduces to

5*^ -f

This is  the  same re s u lt ,  excep t fo r  a s ig n  change, as 

was ob ta in ed  in  the  eq ua tions  (3 .40  -  43) by th e  genera l s o lu tio n  o f 

the  b a s ic  d if fe re n t ia l equa tion  fo r  la rg e  va lu e s  o f th e  m e rid io n a l. 

T h e /
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The s ig n  change is  due to  CONRAD assum ing th a t a p o s it iv e  norm al 

d e f le c t io n  is  in w a rd .

W e have th u s  dem onstra ted th a t th e  ho t spo t te ch n iq u e  

can g ive  th e  same re s u lt as was ob ta ined  u s in g  th e  more d ire c t 

approach . Let us now  c o n s id e r a nu m erica l exam ple u s in g  th e  same 

In flu e n c e  bcmd te c h n iq u e .

EXAMPLE

To e va lu a te  th e  d e fle c tio n s  and the  s tre sse s  in  a 

c y lin d r ic a l support s k ir t  o f  d im e n s io n s , le n g th  48 in ,  th ic k n e s s  1 .75 

in ,  mean rad iu s  186 in .  These s tresses  are caused by th e  sym m etric  

lo n g itu d in a l tem pera tu re  d is tr ib u t io n  w h ich  is  expressed  as

, / 0-1 SPCt  ( O = ^.oo-iooe + o - o o z s e .

where is  th e  lo n g itu d in a l d is ta n c e  in  in c h e s . Th is d is tr ib u t io n

is  shown in  F igure (6 .7 ) .  The s h e ll m a te ria l p ro p e rtie s  a re , the
—6 oc o e ff ic ie n t  o f l in e a r  the rm a l e xp a n s io n , oL , = 1 3 .0 x 1 0  per C , 

Pois so n 's  ra t io ,  S) , = 0 .3 .

C o n s id e rin g  th e  in flu e n c e  l in e  approach and u s in g  th e  

re s u lts  de rive d  in  equa tions  ( 6 .4 2 -  46) fo r  a band o f u n ifo rm  

te m p e ra tu re , le t  us n u m e ric a lly  eva lu a te  th e  d e s ire d  e ffe c t a t a 

number o f lo c a tio n s  a long  the  s h e ll .  N u m e ric a lly  th is  is  not a 

p a r t ic u la r ly  ea sy  prob lem  s in ce  the  tem pera tu re  d is t r ib u t io n ,  and hence 

th e  s tre ss  d is tr ib u t io n ,  does not become zero w ith in  th e  ra th e r short 

le n g th  o f th e  c y lin d r ic a l s h e ll.  , This req u ires  th e  e ffe c ts  a t the  

boundaries to  be co n s id e re d .

To i l lu s t r a te  th e  nu m erica l method o f  app roach , le t  us 

f in d  th e  norm al d e f le c t io n  at the  po in t C d is ta n c e  tc = I 'C 

a lo n g /
(67)

This exam ple and th e  fo llo w in g  asym m etric  p rob lem , is  due to  PAYNE 
He presen ts  a n a ly t ic  and f in i te  d iffe re n c e  s o lu tio n s  fo r  th is  p a r t ic u la r  
p ro b le m .



— 1 68“

a long  the  s h e ll ,  as shown in  F igure (6. 7b) At th is  po in t e rect an 

" in flu e n c e  band" o f w id th  . The d e fle c t io n  d is tr ib u t io n  due

to  such a band is  g iv e n  by equa tion  (6 .42) as

W  = -  G ^ ( COS'212S: T f \̂y\ TX pc_ ]
% a a

and th is  d is tr ib u t io n  is  a lso  shown in  the F igu re .

The "e ffe c t " at C o f a band o f w id th  -  O '^a
located about a point D  distance 0 .75  g. from C is therefore

W  = -  0 ' 3 4  o L T  b

~  0-154 X 101 X 0 '%  X Q oL

In  a s im ila r  manner the  e ffe c t o f a l l  o f the  o the r bands 

w h ich  make up the  surface o f the  s h e l l , have been ob ta ined  and th e y  

g ive  a to ta l d e f le c t io n  at C  o f

The va lu e s  fo r  the  s tress  re s u lta n ts , ob ta ined  in  a s im ila r  m anner, 

are shown in  Table (6 .1 ).

F igure (6 .7 ) show s, how ever, th a t the  e ffe c t o f the 

in flu e n c e  band at C is  s t i l l  co n s id e ra b le  at both o f the  s h e ll 

bounda ries . I t  is  the re fo re  obv ious th a t the  boundary c o n d itio n s  

must, in  th is  p rob lem , be co n s id e re d . To do th is  an in flu e n c e  band 

is  now "e re c te d " at each o f the  boundaries and th e  re s u lt in g  e ffe c ts  

are es tim a ted  as be fo re . These re s u lts  are presented in  Table (6.1) 

from  w h ich  i t  is  observed the re  are bending moments and tra n sve rse  

shears at both the  bo unda ries . Since th is  is  not the  case fo r  an open 

s h e l l /
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FIGURE (e-l'o) INFLUENCE ON DEFLECTION AT 'C ' 
OF A TEMPERATURE BAND OF WIDTH K b  AT D
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s h e ll ; "c o rre c tio n s  " must be made re la t in g  these  edge boundary 

va lu e s  to  c o n d itio n s  w ith in  the  s h e l l . These co rre c tio n s  are 

in d ic a te d  in  Tables (6 .2 -3 ) .  The va lu e s  o f the  va rio u s  e ffe c ts  

at the  ends rem ote from  the  loaded boundary are sm a ll and have 

co n se q u e n tly  been n e g le c te d .

To fin d  the  d e fle c t io n  at C , in  an open s h e ll we must 

a lso  in c lu d e  the  term s due to  the  bend ing moment and the  tra n sve rse  

shear at both o f the  b o u n d a rie s . F in a lly ,  a term  must be in c lu d e d  

w h ich  w i l l  in v o lv e  the  un ifo rm  r is e  in  tem perature  o f 200 C ^ . U s ing  

Tables (6 ,1 -3 ) th e  d e f le c t io n  at C due to  a l l  o f th e se  e ffe c ts  is  

th e re fo re

Wc " (200 + 86'3 +-2-173 -  0-14  ̂ 0-31S -  2-R4)

= -  0-717 Lv, .

The va lu e s  fo r the  d e fle c tio n s  and th e  s tresse s  , 

c a lc u la te d  in  a s im ila r  manner as the  d e fle c tio n  ab ove , are presented 

in  F igures (6. 8-10) where th e y  may be compared w ith  th e  a n a ly t ic  

re s u lts  o f PAYNE.

C o n s id e rin g  th e  m agnitudes o f th e  term s in v o lv e d , the  

re s u lts  are most encourag ing  and show th a t the  procedure was q u ite  

s a t is fa c to ry .  The w id th  o f in flu e n c e  band used to  es tim a te  the  

e ffe c ts  g ive n  in  Table (6.1) was = 0 .2 ,  A check at th e  le f t -

hand boundary , O , showed th a t the re  was s u b s ta n tia lly  

l i t t l e  d iffe re n c e  betw een band w id th s  o f 0 .1 , 0 ,2  and 0 .4 .

L ik e  the  p rev ious  case co n s id e re d , th is  exam ple cou ld  

a lso  have been "s o lv e d "  a n a ly t ic a l ly  by s tra ig h tfo rw a rd  in te g ra tio n  o f 

the band e ffe c ts .  H ow ever, i t  does i l lu s t ra te  the  c a p a b il ity  o f the  

num erica l approach.
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EXAMPLE

To e va lu a te  th e  d e fle c tio n s  in  a s p h e ric a l s h e ll u s ing  

th e  in flu e n c e  area te c h n iq u e . The s h e ll has s im ila r  d im en s ion s  

and p ro p e rtie s  to  th e  c y lin d e r  o f  th e  p rev ious exam p le . The tem p­

era tu re  d is tr ib u t io n  is  expressed as

t  " looe i +■ C05

w here ©  is  th e  c irc u m fe re n tia l ang le  and ^  is  th e  d is ta n c e  

(in  inches) from  a great c ir c le  around the  sphere . Th is e xp re ss io n  

fo r  th e  tem pera tu re  can  be w r it te n  in  term s o f th e  s h e ll param eters

P78(L f  \
t  - iOO C  ̂ I  \ cos O- 8S“3T. Vhx ©• )

and i t  is  show n g ra p h ic a lly ,  in  th is  fo rm , in  F igure  (6.11), fo r  one 

qua rte r o f th e  tem pera tu re  f ie ld .  Th is tem pera tu re  d is tr ib u t io n  cannot 

be cons ide red  as s lo w ly  v a ry in g  s in c e , in  th e  c irc u m fe re n tia l 

d ire c t io n ,

n -
and

= 18 ' 74-1

w h ich  n e ith e r meets th e  requ irem ent suggested by STEELE th a t

n rxx
nor th e  requ irem en t o f the  method o f s o lu tio n  deve loped  e a r lie r  in  

th is  C hap te r th a t

3 ^  I

An a n a ly t ic  s o lu t io n  has been ob ta ined  how ever u s in g  th e  s im p lif ie d  

re s u lts  as p resen ted in  equa tions (6 .2 5 -2 6 ) and th e  p a r t ic u la r  va lu e s  

are presen ted fo r  com parison  w ith  th e  in flu e n c e  area re s u lts  under the  

t i t le  o f s im p lif ie d  th e o re tic a l v a lu e s .
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As in  the previous example a "unit hot spot" is  considered  

to be acting around the point at which the deflection is  required.

The remaining surface area of the shell is suitably portioned and 

the "effect " of the unit hot spot at each of the "centroids " of area 

is obtained e ither d irec tly  from equation (6 .29 ) by substituting in  

the appropriate d istance or from its  graphical form as presented in  

Figure (6 .6 ) .  Thus to find the normal deflection  at A, in  Figure (6.14) 

firs t surround the point with a unit hot spot. This unit hot spot w ill  

produce a deflection  at point.B , distance

P ~ l'Ô oi

from A, a deflection  of

_  7.
CAlv = 0 * 3  .5K

T ra

The area surrounding B is

P\ t=. 0 '4   ̂ 0 '4  Ct
%

and the temperature associated w ith B is ,  from Figure (6 .1 1 ), 46^C. 

Since the d efin itio n  of a hot spot of in tens ity  is

/ I  = oL / \ T  

then the deflection  at A due to the heated area around B is

u )ab  =V -  O'S' . ck. ,0-\(a .'+(:= = — O •S'gfe Olc^
TTa

I n /
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In  a s im ilar manner the deflection  at A due to a ll of the other 

areas which make up the surface may be added to give

Wq  -  -57-11  ( c 5

The deflections at a number of points on the surface 

were evaluated using th is technique and the results are presented 

in  Figure (6 .12 ). For comparison the results using the sim plified  

approach, which is applicab le for slow ly varying d istributions in  

the circum ferential d irec tion , are included. It is noticeable that 

the "influence area method" indicates a sm aller value of the 

maximum deflections but a greater "spread" of deflection  "into" 

the shell surface. This effect agrees, of course, w ith  the dropping 

of the second term in the sim plified solution. Figure (6.13) shows 

the deflection  d istribution  along a longitudinal lin e  at various  

circum ferential va lues . The s im ilarity  of form between the two 

solutions is noticeab le.

The estim ation of the membrane and bending stresses by 

th is technique is more laborious. Stress variations from a unit 

hot spot are much more "severe " than the normal deflection  d is tr i­

bution. Furthermore the stress is expressed a n a ly tic a lly  in  polar 

co-ordinates re la tive  to the hot-spot whereas the stresses which  

are required do not f it  th is co-ord inate system.

Thus a stress transformation is required at each point B 

under consideration.

Referring, once again , to Figure (6.14) the membrane 

stress resultants and , at the point B re la tive  to the unit 

hot spot at A are from equations (6 .3 5 -3 6 )

z.

H o w e v e r/
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However these stress resultants must be reorientated into the 

co-ord inates. Knowing the relevant angle associated  

w ith the lin e  joining the two points , AB, and the "DC ordinate  

is 51*̂  it  is now possible to transform the stresses, by a Mohr 

circ le  type transform ation, to the cartesian co-ord inate system  

to give

bot " O ' 4 ^  E h

hfe "  O ' 0 5 1 0  E h

lZ :c e  -  O " "4%% ELK
tote 2.To>

considering, as before, the area surrounding the point B as 

A " 0 *  \(o> a

and the associated temperature of th is area as 46°C  then the stress 

resultants , at A, due to th is  heated area are

2a<l . Ek X * 4-6 O 16 o ' = 0-S2.Û EV\=<.

W _ , — O 'S’5'16 E k  I" 4-6 y = q  . o 6 0  E  K<k

The resultant stresses at point A c a n , therefore, be found by summing 

the component stresses at a ll of the small areas which make up 

the heated surface

Stresses at the point A have been estimated using this  

influence area technique. They are

N  © = ”  163 - I l  E K <

= -  i'S'l - 66

M  0  = “ ‘3 5 - 8 ' i  E K <

r l X  " -  '50 ■ H

U s in g /
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Using the "sim plified theory" the equivalent values for the stresses 

are

N e  -  “  47. e h  OR

Nvc == O

M e  " "  5 *^ 7 7  ShoL 

^ M "h%0 E  .

As expected the magnitude of the stresses as indicated  

by the influence area technique is the greater. It could be con­

cluded that the sim plified  solution does not give a reasonable  

ind ication  of the magnitude of the stresses for the temperature 

d istribution .

The example considered was laborious to evaluate by 

the graphical technique employed. Nevertheless a solution was 

obtainable. This same technique is suitable for computer application  

provided the KELVIN functions can be expressed su itab ly  in  a 

series form. One major disadvantage of the technique is its  in a b ility  

to handle changes in  the m aterial properties with tem perature.
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CHAPTER 7

EXPERIMENTAL
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The experim ental work contained in th is  thesis is 

partitioned into two main sectio ns .

The firs t section contains details  of the experim ental 

investigation  of the temperature d istribution on a mild steel 

shallow spherical shell due to a uniformly heated c ircu la r opening 

The experim ental results which were obtained are compared with  

the theoretical p red ic tions.

The second subdivision is  the measurement of the 

strains which are inc identa l to the temperature d istributions  

already considered .

The experim ental strain readings are compared w ith  

the theoretical predictions.



EXPERIMENTAL

7.1 Object of the Experimental Work

7. 2 Temperature D istribution on a Shallow Spherical
Shell due to a Uniform ly Heated C ircu lar Opening

7 .3  Strain D istribution  on a Shallow Spherical 
Shell due to the Uniform Heating of a 
C ircu lar Opening

7 .4  Conclusions and Discussion



" 2 0 6 “

7 .1 The Object of the Experimental Work

One of the philosophical d ifficu lties  in a thesis of th is  

nature is to define what should be the object of any experiment 

performed and what should be its  relationship to the overall 

theoretical developm ent.

The object of the experim ental work now being 

presented is to consider a particular case of temperature 

distribution and to compare the measured values of the thermal 

strain with the appropriate theoretical predictions. In particu lar, 

the case of a uniformly heated c ircu lar opening in  a shallow  

spherical s h e ll, such as would give rise to an axisymmetric 

temperature d is tribu tion , is considered. The opening in  the shell 

and the she ll's  outer boundary are made free of any external 

mechanical restraints and the temperature of the shell is allowed  

to stab ilise  under the conductive, convective and radiant modes of 

heat transfer; the la tte r  two modes being re lative  to a normal 

laboratory at room tem perature.

This experim ental work cannot be considered as a 

confirmation of the theoretical predictions made in the preceding 

chapters since it is merely an examination of one particu lar case of 

thermal stress for one particular set of shell parameters.

Despite th is , it  is valuable to have even one experim ental set of 

results to compare w ith the theoretical predictions.

Since the theoretical results suggest that the thermal

s tra in s /
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strains are l ik e ly  to be small in  magnitude, it  was considered  

prudent to be guided further by these predictions and to  

investigate as small a shell opening as practical since apparently 

the sm aller the opening the greater the magnitude of the maximum 

stre s s .

The experim ental work has been partitioned under two 

d istinct headings. The firs t is  the temperature d istribution  and 

the second is  the measurement of the accompanying therm al strains.

From the outset of the experim ental work i t  became 

obvious that the question of whether thermal strains could be 

sa tis fac to rily  measured or not by the strain gauges currently  

availab le  had to be considered. It is now obvious that for the 

earlie r work the answer must have been no since the order of the 

magnitude of errors in  the strain gauging was considerably higher 

than that of the actual strains being measured. Fortunately much 

improved gauges have recently become availab le  but even w ith  

these more sophisticated gauges the same question must s till be 

fa c e d .
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7. 2 The Temperature D istribution  on a Shallow Spherical
Shell due to a Uniform ly Heated C ircular Opening

Three shallow  spherical mild steel shells each of the 

same mean radius but of d ifferent thickness of m aterial were made 

availab le  by the M otherw ell Bridge and Engineering Company.

These domes had been pressed on the same formers and from the 

same m aterial which was used in  the manufacture of the 1/lOth  

scale model of the Dounreay Sphere upon which much e a rlie r  

experim ental work had been performed, particu larly  by Tooth.

The dimensions of the domes are detailed  in  

Figure (7 .1 ). From specimen samples of the mild s te e l, average 

values of its  physical properties were found to b e:-
2

Young's modulus, = 13 , 700 to n /in

Poisson*s ratio = 0 .2 5 5

C oeffic ien t of lin e a r thermal expansion, ,

= 11.3 X 10” ® / ° C .

The values of Young's modulus and Pois son's ratio were 

determined at room temperature whereas the C oeffic ient of lin e a r  

expansion is  an average value measured over the range 0 —̂  lOO^C.

To determine a suitable size for the c ircu lar opening in  

each of the sh e lls , cognisance.was paid to the d iffic u ltie s  which  

would arise in the ensuing numerical ana lys is . A common value  

for the shell parameter z of 0.1 was chosen for a ll three openings.

Thus

Z  = jF x  ^  = 0 . 1
w h e re /
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where it is recalled  from the theoretical work of the ea rlie r  

Chapters

and ^  is of course the angle of the opening.

The reason for th is choice of value is  that tabulated values of the 

Kelvin functions for th is  argument are availab le  and also th is  

particu lar value im plies a su itab ly small opening in  each of the 

s h e lls .

The radius of the openings, r^, was calculated to b e:- 

shell A ( i " th ick) r = 0 ,2 9 6 5 "

shell B (3 /8 "  th ick) r = 0 .2 5 7 3 "

shell G ( i"  th ick) r = 0 .2 0 9 8 "

and a hole was drilled  and reamed as close to the appropriate 

dimension as practica l in  each of shells .

The uniform heating of the c ircu lar hole both around its  

circumference and through the shell thickness proved d iffic u lt.

To the two major requirements of uniformity and zero force action on 

the w all of the shell must also be added, what subsequently proved 

a major obstacle , the stipulation that no radiant heat be transferred  

from the heating device to the surface of the sh e ll.

After attempts to construct a small e le c tric a l elem ent, 

which would f it  into the opening in  the manner of a loose p lu g , 

had fa ile d , due to the excessive quantity of heat being generated 

in  a small volum e, attention was concentrated on the problem of 

having the source of heat external to the opening and heating the 

hole by conduction or convection from the heat supply. An electric  

furnace was constructed round a th in  copper tube whose external 

diameter was the same as the bore of the shell opening.

T h e /
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The heating rig is shown in  Figure (7 ,2 a ), Both ends of the copper 

tube were allowed to protrude from th is enveloping furnace and, 

w hile one end was fitted  into the sh e ll, to the other end was 

attached an a ir supply which allowed a ir to be pumped up through 

the copper tu b e . This pumping of a ir proved inconsequential.

It  was found that excessive temperatures were required to be 

developed in the furnace to raise the temperature at the opening of 

the shell to even 100*^0, This of course is  due to the quantity of 

heat requiring to be conducted along the copper bit and thus on to 

the sh e ll. Further, since the furnace was at such elevated  

tem peratures, a great quantity of heat was emitted from the lagging  

and th is heat had to be dispersed without affecting the surfaces 

of the sh e ll. There was also the problem of a temperature 

d ifferen tia l through the shell w ith the surface near the furnace in  

excess, due to the conduction effect along the tu b e . This method 

of heating was also considered unsatisfactory.

The method of heating f in a lly  adopted co n s is ts ,again,

of a th in copper tube which mated with the opening in  the sh e ll.

Through th is tube passed the flue gases from the combustion of a

calor gas burner situated under the tube, A funnel is brazed to the

low er end of the tube to ensure that a ll the hot gas passes up the

tube as shown in  Figure (7 .2 ) and schem atically in Figure (7 .3 ) .

This funnel and the low er portion of the tube are lagged to minimise

heat loss to the underside of the sh e ll, A cold a ir supply is also

provided around the tube underneath the she ll. This colder a ir

can be used to prevent the entrapment of hot a ir due to the shape of

the sh e ll. It is found essentia l to insert a small piece of wire

gauze in  the tube above the opening. The heat given off to the 
g a u ze /
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r i

FIGURE (7.2a) ELECTRIC 
HEATING FURNACE.

FIGURE (7.2b) ARRANGEMENT OF 
GAS BURNER AND COPPER TUBE.
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SHELL A  ( z ) SHELL B (  e ) SWELL C ( 4  )

5 5 - 7 7 5 0 7 - 0 7 0 5

7 8 - 0 7 9 7 9 - 8 9 5 9

Cj 10- 5 9 2 2 1 2 - 7 2 7 9

TABLE C7. 0  Equivalent  Values Of The Pa r a m e t e r  S

F O R  T H E  T H R E E  E X P E R I M E N T A L  S H E L L S
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gauze tends to balance that tendency for the low er surface of the 

shell to be warmer, near the opening, than the upper surface.

The ca lor gas burner is  ea s ily  controllable and steady temperature 

conditions can be m aintained.

It is found that the degree of pressure between the tube 

and the opening w a ll is  of the utmost im portance. Any lack  of 

uniform ity of pressure results in  large discrepancies from the 

axisymmetric temperature d istribution which is  required. To ensure 

that the temperature d istribution is axisym m etric, thermocouples 

have been a ttached , to the surface of the sphere near to the opening, 

on the same hoop circ les  but at d ifferent meridional angles.

These thermocouples along w ith the thermocouples along the radial 

l in e , which ind icate the axisymmetric temperature d is tribu tion , can 

be seen on the photograph of the top surface of the i " th ick  sh e ll. 

Figure (7 .4 ) .  Any difference in  readings between the circum - 

fe re n tia lly  displaced thermocouples would ind icate a lack  of 

symmetry in  the heating of the shell and th is  would require to be 

corrected by the appropriate orientation of the pressure of the 

heating tu b e .

The axisymmetric temperature d istribution is measured 

by the same radial lin e  of thermocouples on both surfaces of the 

sphere, Since the temperatures are required to be measured 

re la tive  to room temperature there is  no need for any cold junction  

other than the potentiom eter box its e lf  upon which a reading in  

m illiv o lts , corresponding to the tem perature, can be measured.

The general layout including the temperature measuring equipment 

is shown in the photograph. Figure (7 .4 b ).

A f te r /
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FIGURE (7.4) PHOTOGRAPH SHOW ING THE TOP SURFACE OF SHELL A W ITH  
THE STRAIN GAUGES ON THE LEFT AND THE THERMOOOUPLES ON THE 
RIGHT.
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h

FIGURE (7.4b) THE GENERAL LAYOUT OF THE EXPERIMENTAL RIG
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After several tests the most satisfactory method of 

affix ing  the hot thermocouple junctions to the m aterial was found to  

be by spot w eld ing. To strengthen the weld and also to provide 

a protective coating , a blob of Aral dite was put over the junction. 

The lead wires to the junction were run for a short way along a path 

of uniform temperature w ith that junction.

No difference in temperature through the thickness of 

the plate was found beyond the firs t 4" radius from the a x is .

W ith in  the firs t 4" gradients through the plate could be corrected  

by the pressure of the tu b e , position of the gauze in  the tube and 

cool a ir being pumped round the heater.

Results for three d istinct temperature d istributions are 

presented in  graphical form in Figures (7 .5  -  7) for each of the 

s h e lls .

Each of the traces on the temperature graphs was 

extrapolated to give a temperature value at its  particu lar opening; 

th is is  the opening value of the tem perature, T, which figured so 

prominently in  the theoretica l development. As is common w ith a ll 

extrapolation there is  a degree of human judgement required and 

hence a degree of error can be introduced.

After determining the opening values of the temperature 

each of the distributions was normalised to its  own particu lar value  

and Figures (7 .8  -  10) present the temperature d istribution as a 

function of the opening v a lu e . The results are promising in  that 

they show that it  is  not unreasonable to express the temperature 

distribution as a function of the opening tem perature, T.

We can now investigate the s u ita b ility  of the

th e o re tic a l/
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F ig u r e  ( 7 . 8 b) t h e  n o r m ^ l i s e d  v a l u e s  o r  f i g u r e  ( t -  s )  s h o w n

IN  GREATER D E T A IL  FOR S M A L L  V A L U E S  OF  

THE R A D IU S .

AT

EXPERIMENTAL VALUES □  T=  140 C

■8T

T H E O R E T I C A L  V A L U E S
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th e o re tic a l p re d ic tio n s  fo r  the  tem perature  made in  C hap te r 1.

Equation (1.17) g ive s  fo r  a s h a llo w  sp h e ric a l s h e ll

w h e re , from  e q u a tio n  (1 .4 ),

5 “  % m . 
kK

Let us c o n s id e r an es tim a te  o f the  va lu e  o f th is  the rm a l 

param eter S fo r  s h e ll A. W hereas the re  is  no d i f f ic u l t y  w ith  the  

th ic k n e s s  o f the  s h e ll ,  h , and the  mean rad ius  o f the  s h e ll ,  a , 

much judgem ent is  requ ired  in  the  s e le c tio n  o f the  va lu e s  o f the  

the rm a l c o n d u c t iv ity  o f the  m a te r ia l,  k ,  and the  com bined co n ve c tive  

and ra d ia tio n  c o e f f ic ie n t , m .

Table (A3.2) w ou ld  suggest th a t a va lu e  o f 30 B tu /f t  hr^F  

fo r  the  the rm a l c o n d u c t iv ity ,  k ,  w ou ld  not be u n reason ab le .

R e ca llin g  from  eq u a tio n  (1.2) th a t the  c o e ff ic ie n tm  is  the  sum o f
(56)

th e  tw o  c o e ff ic ie n ts  me and we fin d  in  A ppendix 3 th a t Me ADAMS 

g ive s  tw o  e m p ir ic a l re s u lts ,  one fo r  a h o r iz o n ta l p la te  fa c in g  

upw ard , eq ua tio n  (A3.1) and the  o th e r fo r  the same p la te  fa c in g  

downward , eq ua tion  (A3 , 2). Since we have the  s itu a t io n  o f one 

surface fa c in g  upw ards and the  o th e r dow nw ards, le t  us take  a 

v a lu e  be tw een the  tw o  g ive n  by McADAMS and c o n s id e r

ï Y i c  -  0 -3  ( t s  -  t g

A g re a te r problem  is  the  d e te rm in a tio n  o f a s u ita b le  

va lu e  fo r  the  "c o n s ta n t"  t , ^ , th e  surface tem pera tu re  o f the  p la te . 

Though the  tem pera tu re  at the  opening is  re la t iv e ly  h ig h  the  m ain 

surface is  re la t iv e ly  c o o l.  H o w eve r, to  a rr ive  at some va lu e  le t  us 

c o n s id e r /



-226-

co n s id e r va lu e s  o f 212^F fo r  t   ̂ and 75^F fo r  the room tem pera tu re

thus

m c = 0 .3  (212 -  75)

= 1 .02 B tu /f t  h r°F

The ra d ia tio n  c o e ff ic ie n t ly r  is  g ive n  by equa tion  (A3. 7) as

Wp = C r ' £  ( t s  + t j j 'X t i  + t - b  •

where the  tem pera tu res are in  abso lu te  s c a le . Table (A3. 3) 

con firm s th a t a va lu e  o f 0 .3  is  not unreasonab le  fo r  the  e m is s iv ity ,  

^  , o f the  m a te r ia l. Thus, assum ing the same va lu e s  fo r  the  

tem perature  as used e a r lie r  fo r  the  co n ve c tive  c o e f f ic ie n t ,  we have

m r  = 0.1717 x  0 ,3  (530 + 672) (530^ + 672^) x  10“ ® 

= 0 .454 B tu / f t  ̂ h r°F  

and the  va lu e  fo r  the  com pos ite  c o e ff ic ie n t is

M = M r

= 0 .454 + 1 .02 = 1. 474 B tu /f t^ h r°F

I t  is  o f in te re s t to  note th a t CHAPMAN u s e s , in  h is

exam ples in v o lv in g  m ild  s te e l p la te s , fo r  the c o n d u c t iv ity  cons tan t 

33 B tu /f t  h r^F  and fo r  the  c o e ff ic ie n t m, 1 .4  B tu /f t^  hr^P .

U s in g  the  va lu e s  deve loped the the rm a l param eter S

becomes
X

S = ( 2 X 1.474 X 12)  ̂ ,
( 30 x i  ) ^

= 7 .66

S in c e /
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Slnce the re  are so many ap p ro x im a tion s  and assum ptions 

made i t  w ou ld  s u ff ic e  to  co n s id e r th e  va lu e  o f 

8 = 7

and fo r  com parison  w ith  the  exp e rim e n ta l re s u lts  to  c o n s id e r as 

o u ts id e  bounds th e  v a lu e s  o f S = 5 and 8 = 9 ,

The e q u iv a le n t 8  v a lu e s , u s in g  the  same c o n d u c t iv ity  

and o v e ra ll heat tra n s fe r  c o e f f ic ie n t ,  fo r  the  o th e r tw o  s h e lls  are 

shown in  Table (7 ,1 ),

R e ca llin g  once aga in  th a t the  th e o re tic a l e xp re ss io n  

fo r  the  tem pera tu re  d is tr ib u t io n  is ,  from  eq u a tio n  (1 . 2 1 ) ,

t  " + 5  Ko (by!')

we can d if fe re n tia te  to  f in d  the the rm a l g ra d ie n t as

W ith  the  app rop ria te  boundary c o n d itio n s  a p p e rta in in g  

to  the  e xp e rim e n ta l s h e lls  nam ely

t,  ̂ T at ^ ^

t  " O ot <j) ^

where and are th e  in n e r and ou te r s h e ll boundary v a lu e s ,

the  in te g ra tio n  con s tan ts  the n  become

„   K i  ______

^  =:     ____

W ith  the  ta b u la te d  va lu e s  o f S and the  appropria te

v a lu e s /
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va lu e s  o f and ^ ^  i t  is  now p o s s ib le  to  com ple te  the

correspond ing  th e o re tic a l tem peratu re  d is tr ib u t io n s .

These d is tr ib u tio n s  have been in c lu d e d  in  F igures (7 .8 -1 0 ).

I t  is  observed th a t the  th e o re tic a l tem perature  

d is tr ib u tio n s  ad equa te ly  represent the  form  or shape o f the  curve 

g iven  by the exp e rim en ta l v a lu e s .

C o n s id e r in  d e ta il the  s h e llA , F igure (7 ,8 ) .  At f i r s t  

g lance  the th e o re tic a l tra ce  g ive n  by 8 = 5  seems to .m o s t c lo s e ly  

rep resen t the  e xp e rim en ta l p o in ts . H o w ever, i t  can be seen th a t 

th is  th e o re tic a l tra ce  ove res tim a te s  the  tem pera tu res c lo s e  to  the 

open ing and in  consequence underestim a tes  the  the rm a l g ra d ien t at 

the  o p e n in g . This can be seen more c le a r ly  in  F igure (7 ,8 b ), 

w h ich  shows th e  va lu e s  near the opening in  g rea te r d e ta i l .

I t  is  th is  the rm a l g ra d ie n t w h ich  seems so im portan t in  the  

d e te rm in a tio n  o f the  th e o re tic a l va lu e s  o f the  s tress  d is tr ib u t io n  in  

the s h e ll.  The e xp e rim en ta l tra ce  o f 8  = 7 w ou ld  appear to  be more 

s u ita b le  in  d e s c r ib in g  the  c o n d itio n s  near the open ing and hence 7 

w ould  be a more s u ita b le  va lu e  to  use in  the th e o re tic a l c a lc u la t io n s  

appropria te  to  the  i  in c h  s h e ll A.

In  a l l  cases the  th e o re tic a l tem pera tu res d ive rg e  from  and 

become le s s  tha n  the  a c tu a l tem pera tu res tow ards  the  o u ts ide  boundary. 

This can m ean, p h y s ic a lly ,  th a t not as much heat has been lo s t  from  

the s h e ll surface as has been p red ic te d  th e o re t ic a lly ,  A c lo s e r 

exa m in a tio n  o f the  surface o f the  s h e l l , the upper surface o f w h ich  

is  shown in  F igure (7 .4 ) ,  can prov ide  one reason fo r th is  d isc re p a n cy .

I t  is  observed from  the  photograph th a t a sm a ll part o f the  surface o f 

the sphere has a p a r t ia l in s u la t io n  in  the  form  o f the rm ocoup le  w ire s , 

s tra in  gauges and th e ir  le a d s , and o f course Aral d i t e . This 

in s u la t io n  w i l l  be p a r t ic u la r ly  e ffe c tiv e  near the  open ing  where the 

te m p e ra tu re s /
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tem pera tu res are re la t iv e ly  h ig h . Because o f th is  in s u la t io n  the  

heat w h ich  co u ld  have been lo s t w i l l  be conducted down the  

sphere to  the  ou te r boundary and w i l l  o f course cause h ig h e r 

tem pera tu res on the  s h e ll.  This e ffe c t was not ta ke n  in to  account 

in  the  th e o re tic a l c o n s id e ra tio n s  ,

Th is e xp e rim en ta l e rro r as ide  i t  is  s u rp r is in g  co n s id e rin g  

the  courseness o f the  approx im a tions made in  fo rm ing  our heat 

tra n s fe r  c o e tf ic ie n t S th a t one th e o re tic a l curve so c lo s e ly  f i t s  the 

expe rim en ta l v a lu e s , p a r t ic u la r ly  s ince  so much o f the  heat lo s s  

from  the  surface is  no t a l in e a r  fu n c tio n  o f the tem p era tu re .

I t  is  apprec ia ted  th a t i f  the  s h e ll were broken up in to  

a number o f bands, each w ith  th e ir  own S v a lu e , the n  a much b e tte r 

correspondence cou ld  be a ch ie ve d . S ince , ho w e ve r, we are 

re q u ir in g  a va lu e  o f S fo r our subsequent th e o re tic a l s tress  

c a lc u la t io n s ,  the re  appears no need to  do th is  as we have adequa te ly  

shown the reasonab leness o f the th e o re tic a l p re d ic tio n s  c lo se  to  the 

im portan t heated boundary.

Exam ining now the re s u lts  fo r  the o th e r tw o  s h e lls .  

F igures (7 .9  -  10), we see th a t th e y  con firm  w hat has a lre a dy  been 

sa id  fo r  the  i "  s h e ll but a lso  s ince  th e y  rep resent ano ther tv /o  

d iffe re n t th ic k n e s s e s  fu rth e r con firm  the  v a l id i t y  o f the th e o re tic a l 

e xp re ss io n  fo r  the tem perature  d is tr ib u t io n

where the  th ic k n e s s  o f the  s h e ll ,  h , is  con ta in ed  in  the  con s tan t 

S w h ich  is  g ive n  by

5  ̂ =.

k  h
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FIGURE (7.11)  A STRAIN GAUGE DURING THE GURING CYCLE
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7. 3 S tra in  D is tr ib u t io n  on a S ha llow  S pherica l S he ll due
to  the U n ifo rm  H e a tin g  o f a C irc u la r  Opening

W ith  a l l the  p re lim in a ry  te s ts  ca rrie d  o u t,th e  s e le c tio n  

o f the typ e  o f gauge, its  cem ent and the  method o f w ir in g  m ade, 

i t  is  the n  p o s s ib le  to  proceed w ith  the  gauging o f one o f the  sh a llo w  

sh e lls  .

The s h e ll se lec ted  fo r  gauging was s h e ll / \  w h ich  is  

the th ic k e s t o f the  th ree  s h e lls  considered e a r lie r ,  n a m e ly , i  in c h . 

W ith  a l l  the  s h e lls  hav ing  a common sp h e rica l ra d iu s , Q  , the  

ra tio  o f s h e ll A  is  the re fo re  the  le a s t .  The th e o re tic a l w ork o f the  

e a r lie r  chap te rs  has in d ic a te d  th a t the  lo w e r the K ra t io  the 

h ig h e r is  l ik e ly  to  be th e  m agnitude o f the maximum stresses  

(provided S rem ains c o n s ta n t) .

D e sp ite  the  great care ta ke n  in  the  su rface  p re p a ra tio n , 

the  a p p lic a tio n  o f the  adhes ive  and in  the cu rin g  o f the cem ent, 

i t  was found th a t the f ir s t  tw o  gauges had not p ro p e rly  bonded to  the  

s h e ll su rfa ce , the re  be ing s lig h t gaps betw een the  gauge back ings 

and the  s h e ll.  I t  was fe lt  th a t th is  fa u lt was due to  in s u f f ic ie n t  or 

uneve n ly  d iv id e d  pressure on th e  gauge during  c u r in g . As has been 

in d ic a te d  e a r l ie r ,  a pressure j ig  was co n s truc te d  round the  sh e ll 

and the  bond ing o f the  subsequent gauges proved s a t is fa c to ry .

Forty  gauges were a ttached to  th e  s h e ll ,  e q u a lly  d iv id e d  

betw een the tw o  su rfaces and o rien ted  in  c irc u m fe re n tia l and ra d ia l 

'd ire c t io n s ,  a l l  a long the same ra d ia l lin e  as can be seen in  F igures 

(7 .4 ) and (7 .11 ). M os t o f the  gauges were p o s itio n e d  as c lo se  to  the 

open ing as p o ss ib le  as i t  was fe lt  th a t the more in te re s t in g  s tra in  

d is t r ib u t io n /
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d is tr ib u t io n  w ou ld  be in  th is  re g io n .

A fte r the  s h e ll had been p o s itio n e d  in  the  h e a tin g  r ig  

and the  f i r s t  f u l l  tem pera tu re  te s ts  ca rrie d  o u t, i t  was found th a t 

f iv e  o f the  gauges were u n s a tis fa c to ry  in  so fa r  as th e y  gave an 

e rra tic  response or no response at a l l .  The s h e ll was removed from  

the  r ig  and these  gauges re p a ire d . Three o f these  gauges were found 

to  be damaged and were rep laced  w h ile  the  so ld e rin g  at th e  o th e r tw o  

was found to  be "d ry " .  The o p p o rtu n ity  was then  ta ke n  to  a ttach  a 

fu r th e r te n  gauges to  g ive  a more com p le te  d e s c r ip tio n  o f the  s tra in  

d is tr ib u t io n  fu r th e r aw ay from the  op en in g . The s h e ll was then  

rep laced  on the  r ig  and once aga in  the  experim ent c o n tin u e d ,

The s h e ll was h e a te d , th rough i t s  o p e n in g , a number o f 

tim e s  up to  a maximum open ing tem perature  o f about 2 0 0  ̂ 0  to  a llo w  

the  gauges, e tc ,  to  s e tt le  and to  su b je c t them to  a fe w  lo a d in g  

c y c le s .

F u ll sca le  te s ts  were then  ca rrie d  out h e a tin g  the  

open ing  to  v a r io u s  tem pera tu res and when s teady tem pera tu re  c o n d itio n s  

p re va ile d  upon the  sphere s tra in  read ings were ta k e n . These read ings 

were c o r re c te d , once a curve fo r  the  tem perature d is tr ib u t io n  had been 

p lo tte d , fo r  the  apparent s tra in  and curves fo r  the  hoop and ra d ia l 

s tra in s  on both su rfaces p lo tte d .

I t  was obse ived  th a t a fu rth e r fo u r gauges gave read ings 

w h ich  were ra th e r p e c u lia r  and d id  not f i t  in to  any re co g n isa b le  

p a tte rn . By means o f an Avom eter i t  was q u ic k ly  con firm ed  th a t the re  

was some leakage  from  these  gauges to  the  s h e ll ,  a lth ou gh  e a r lie r  

re s is ta n ce  checks  had proved s a t is fa c to ry .  U n fo rtu n a te ly  a l l  these  

gauges were s itu a te d  on the  lo w e r surface and so once aga in  the 

s h e ll had to  be removed from  the r ig .  Three o f these  gauges were 

re m o ve d /
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removed and re p la ce d . I t  was found on a l l o f them  th a t the  

"e a rth in g " too k  p lace  at the  so lde red p o in t o f a ttachm ent o f the  

le a d s . In  the  case o f the  fo u rth  gauge the re  was a m ino r fa u lt  at 

i t s  ta b s .

D uring  a l l th is  p re lim in a ry  te s t in g , one p e c u lia r ity  

arose w h ich  had not p re v io u s ly  been cons idered  and w h ich  is  not 

m entioned in  the li te ra tu re .  W h ils t  ta k in g  read ings from  a s tra in  

ga ug e , i t  was found th a t the re  was an e rra tic  movement o f the  

ga lvanom ete r n e e d le . This movement became asso c ia te d  w ith  the 

opening and sh u ttin g  o f doors in  the room , draughts and movement 

c lo se  to  the  gauge. The s lig h te s t draught over a gauge was found 

to  cause a v e ry  la rg e  movement o f the  ga lvanom eter and hence a 

la rge  read ing  o f s tra in . The draught d id  not a ffe c t the  lead  w ire s .

At f i r s t  th is  may appear to  be som ewhat o f a c o n tra d ic t io n  s ince  

se lf- te m p e ra tu re  com pensated gauges should be in s e n s it iv e  to  sm a ll 

changes in  tem pera tu re  such as are caused by draughts in  a room . 

H o w e ver, i t  was re a lis e d  th a t the  boundary a ir  in  c lo se  p ro x im ity  to  

the gauges must be at a tem perature  com parable w ith  th a t o f the 

gauge i t s e l f .  Even the sm a lle s t draught w ould  d is tu rb  th is  warm 

boundaiY la y e r  and th u s  cause a change in  the  the rm a l g rad ien t th rough 

the gauge. I t  is  re c a lle d  th a t the e a r lie r  te s ts  fo r  apparent s tra in  

were l ik e  those o f the  s tra in  gauge m anu fac tu re r, perform ed w ith in  an 

oven where the a ir  tem pera tu re  m atched th a t o f the spec im en . This o f 

course ra ise s  the  q u e s tio n  o f w he the r an apparent s tra in  recorded 

w ith in  an oven is  the same as the  apparent s tra in  on a specim en where 

the  gauge is  i t s e l f  tra n s fe rr in g  heat to  a much co ld e r a tm osphere.

To overcom e the  d i f f ic u l t y  o f the  f lu c tu a tio n s  o f the ga lva no m ete r, 

i t  was found e s s e n tia l to  cove r the m a trix  o f the  gauge w ith  a p iece  

o f /
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o f tape capab le  o f p ro v id in g  the rm a l in s u la t io n . This e lim in a te d  

the f lu c tu a t io n s  but o b v io u s ly  fu rth e r in te rfe re d  w ith  the  heat 

tra n s fe r  from  the  s h e ll.

The read ings are presented g ra p h ic a lly  in  F igures 

(7 .1 4  -  17) as (O j-h ). The re s u lts  are fo r  o n ly  tw o  d is t in c t  

tem perature  d is tr ib u tio n s  but are q u ite  re p re se n ta tive  o f the  many 

s im ila r  te s ts  ca rried  out at d iffe re n t tem perature le v e ls .

The F igures (7 .12  -1 3 )  a lso  show the re le va n t th e o re tic a l 

p re d ic tio n s  w h ich  are now d e r iv e d ,

The d im en s ion s  o f the Shell f \  , F igure (7 ,1 ), upon w h ich  

the e xp e rim en ta l the rm a l s tra in  measurement was perform ed are such 

th a t i t  fa l ls  w e ll w ith in  the  ca te go ry  o f a sh a llo w  sp h e rica l s h e ll.

The s im p lif ic a t io n s  to  the  genera l case o f a sp h e rica l s h e ll,  g iven  

in  C hapte r 4 under the  head ing o f S ha llow  S pherica l S h e lls , are thus 

p e rm is s ib le . F u rthe r, s ince  the  tem perature e ffe c ts  are a lm ost zero 

at the  ou te r boundary i t  is  p o s s ib le  to  co n s id e r o n ly  the in te g ra tio n  

con s tan ts  a sso c ia te d  w ith  the  heated open ing . The c o n d itio n s  at 

th is  heated open ing  are

t  T  , N r ' ^ O ^  My' "  O r  = r ,  .

The a n a ly s is  o f th is  p a r t ic u la r  case is  trea te d  in  some d e ta il in  

Section  (4 .2 ) where the above boundary c o n d itio n s  le a d  to

o

Mr, 0

kejr_z, UeLZ,
cx?-

— LziV -U(keLZ,+ i -y k e /z )

and the  in te g ra tio n  co n s ta n ts  are g ive n  by

aL^V-

_ EWc/.
&2S ker z , keLZi 

o-*" a."*- -71,

^ 4 “ kerZ, -V 1“ V k e / z , . -keuz. -  IrA' Ker z,
T,

-  iVT ^ ( V vhHx.'ti 
Z,
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where

/ CA

Equation (4. 21) g ive s  fo r  the  tem perature g ra d ien t 

at the  open ing

s
t ;  - T s

Kü (&

We can now eva lua te  the cons tan ts  and 

fo r  p a r t ic u la r  va lu e s  o f the param eters T  and 5  and hence , by 

s u b s titu t in g  back in to  equa tions  (4 . 1 2  -  18) f in d  the s tress  

d is tr ib u t io n  in to  the s h e ll from  the open ing . For com parison  w ith  

the  e xp e rim en ta l re s u lts ,  the  s tra in  d is tr ib u tio n s  on the  upper and 

lo w e r surfaces o f the  s h e ll have been com puted fo r  s h e ll f \  fo r  th re e ' 

d is t in c t  va lu e s  o f S (S = 5, 7 and 9) and the re s u lts  are presented 

in  Tab les (7 .2  -  5) as fu n c tio n s  ofcCT . Since the  s tra in s  fo r  

the d iffe re n t va lu e s  are so c lo se  to  one ano ther, o n ly  the  s tra in  

d is tr ib u t io n s  fo r  the case ^ “ 7  are presented g ra p h ic a lly  in  

F igures (7 .1 2 -  13) .

I t  is  observed from  the  ta b le s  th a t the  g re a te r va lu e  o f S 
the g re a te r the  in te n s ity  o f the  s tra in  and the q u icke r the  "d ie  out " 

w ith  d is ta n ce  from  the  op en ing . The fea tu re  o f the graphs is  the 

rem arkab le p a tte rn  o f the s tra in  d is tr ib u t io n  near the open ing where 

fo r  th ree  o f the  s tra in s  the re  is  a rap id  chang ing o f s ig n  le a d in g  to  

a tu rn in g  va lu e  and a lm ost a l l o f th is  ta k in g  p lace  w ith in  the  f ir s t  

in c h  from  the  open ing .

W ith  the  e x p e rim e n ta lly  de rived  va lue  fo r  the  c o e ff ic ie n t 

o f l in e a r  e xp a n s io n , oc = 11.3 x  10 ^ /C ^ ,  and the  e x tra p o la te d  va lue s  

fo r the open ing te m p e ra tu re s , T = 72C^ and T = 140G ^, the  param eters 

o f F igures ( 7 .1 2 -  13) can be sp e c ia lis e d  to  those o f the  a c tu a l te s ts

whose exp e rim en ta l re s u lts  are reported in  F igures (7 .1 4  -  17) .

T h e /
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The th e o re tic a l p re d ic tio n s  o f the  s tra in  d is tr ib u tio n s  

fo r  the  a c tu a l open ing tem peratu re  can then  be e v a lu a te d .

They are in d ic a te d  by co n tinu ou s  lin e s  in  F igures (7 .14  ~ 17) 

w hereas the s tra in  gauge read ings are shown as d is c re te  v a lu e s .

I t  is  encourag ing  to  see the la rg e  measure o f agreement 

betw een the  exp e rim en ta l va lu e s  and th e o re tic a l p re d ic tio n s  shown 

on these  g ra p h s .
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Hoop S tra in  x (■ci.T')’”' 

Bottom Surface

Radius 2 = 5 S = 7 S = 9

r  \Y\s.

.297 -1.008364 -1.06467 -1.10187

.445 -  .572175 -  .60073 -  .61785

.594 -  .405389 -  .42293 -  .43194

.742 -  ,319388 -  .33108 -  .33568

.890 -  .266653 -  .27465 -  .27649
1.039 -  .230477 -  .23589 -  .23580
1.187 -  .203582 -  .20720 -  .20565
1.335 -  .182720 -  .18472 -  .18209
1.484 -  .165654 -  .16645 -  .16293
1.632 -  .151340 -  .15116 -  .14692
1.781 -  .139059 -  .13804 -  .13323
2.077 -  .118863 -  .11653 -  .11087
2.226 -  .110386 -  .10755 -  .10156
2.374 -  .102744 -  .09945 -  .09322
2.671 -  .089478 -  .08547 -  .08089
2.968 -  .078339 -  .07380 -  .06695
4.155 -  .047644 -  .04212 -  .03531
4.748 -  .037802 -  .03222 -  .02573
5.342 -  .030391. -  .02491 -  .01886
5.935 -  .024833 -  .01956 -  .01399
7.122 -  .017647 -  .01298 -  .00838
8.309 -  .013810 -  .00982 -  .00612
9.496 -  .011812 -  .00811 -  .00550

10.683 -  .010722 -  .00791 -  .00556
11.870 -  '.09996 -  .00753 -  .00575
13.350 -  .009173 -  .00723 -  .00578
14.838 -  .008252 -  .00663 -  .00545
16.322 -  .007212 -  .00582 -  .00484
17.805 -  .006029 -  .00470 -  .00369
19.289 -  .005597 -  .00377 -  .00307

— 2 39 —

T a b l e  7 „ 2



R a d ia l  S t r a i n  

Bottom S u r f a c e

Radius
r  .

S = 5 S '= 7 S =‘ 9

• .297 +.257133 +.27149 +.28098

,445 - .0 9 9 4 7 2 - .1 0 5 2 4 - ,1 0 9 1 6

.594 - .2 0 8 2 7 5 - .2 1 9 5 8 - ,2 2 6 8 8

.742 - .2 4 80 0 1 - .26 0 87 - .2 68 9 2

.890 - .2 61 8 09 - .2 7 4 8 4 - .2 8 2 6 7 '
1 ,039 - .2 6 4 1 0 5 - .27671 - .2 8 3 9 8
1.187 - ,2 6 0 7 1 9 - .2 7 2 6 2 - .2 7 9 1 9
1 .335 - ,2 5 4 3 3 8 - .2 6 5 4 3 - .2 7 1 2 4
1 .484 - .2 4 63 2 1 - .2 5 6 5 5 - .2 6 16 2

1.632 - .2 3 74 1 1 - .2 4 6 7 6 - .2 5 1 0 9
1.781 - ,2 2 8 0 3 0 - .2 3 65 3 - .2 4 0 1 4
2.077 - .2 0 8 7 7 5 - .2 1 56 2 - .21 7 92
2 .226 - .1 9 9 1 6 4 - .2 0 5 2 3 - .2 0 6 9 3
2 .374 - .1 8 9 6 6 0 - .1 9 4 9 8 - .1 9 6 1 3
2,671 - .17 1 14 5 - ,17 5 09 - .1 6 7 2 0
2 .968 - ,1 53 4 42 - .15 6 12 - .15537
4 .155 - ,09 2 04 9 - .0 9 0 9 9 - ,0 87 8 7
4 .748 - .067091 - ,0 6 4 8 0 - .0 6 1 0 8
5.342 - .0 4 5 7 6 0 - .0 4 2 5 8 - .0 3 8 5 8

5.935 - ,0 27 8 06 - .02407 -.02000
7.122 - .0 0 08 8 1 +,00328 +.00693
8,309 +.016111 +.02002 +.02286
9,496 +.025556 +.02873 + .03068

10.683 +,029592 +.03203 +,03293
11.870 +.030003 +.03159 +.03162
13.350 +,027510 +,02811 +,02731
14.838 + .023464 +.02325 +.02189
16,322 +,019082 +,01829 +,01662
17.805 +,012181 +.01074 +,00873

19,289 +.011632 +.01003 +,00827

—2 4 0 —
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Hoop S tra in  X (.cC T') 

Top Surface

Radius 
r ins.

S = 5 S = 7 S = 9

.19T -.241738 -.28656 -.32923

.445 -.073037 -.09412 -.11482

.594 -.000718 -.01230 -.02425

.742 +.040403 +.03394 +.02713

.890 +.067501 +.06419 +.05965

1.039 +.086931 +.08579 +.08314

1.187 +.101590 +.10201 +.10070

1.335 +.113006 +.11461 +.11426

1.484 +.122065 +.12453 +.12492

1.632 +.129327 +.13249 +.13340

1.781 +.35156 +.13884 +.14017
2.077 +.143573 +.14793 +.14976

2.226 ■ +.146485 +.15106 +.15302

2.374 +.148700 +.15342 +.15546

2.671 +.151399 +.15625 +.15829

2.968 +.152237 +.15707 +.15895

4.155 +.143729 +.14741 +.14814

4.748 +.135268 +.13813 +.13812

5.342 +.125413 +.12741 +.11597

5.935 +.114837 +.11599 +.11458
7.122 . +.093346 +.09299 +.09050

8.309 +.073284 +.07176 +.06858

9.496 +.055847 +.05351 +.04999

10.683 +.041443 +.03863 +.03506

11.870 +.030026 +.02701 +.02350

13.350 +.019480 +.01648 +.01345
14.838 +.012301 +.00953 +.00695
16.322 +.007639 +.00518 +.00308

17.805 +.004832 +.00285 +.00135

19.289 +.003254 +.00153 +.00028

2 4 1 -
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.R ad ia l S t r a i n x ' 

Top Surface

Radius 
r  ms

S = 5 S = 7 S = 9

.297 +.061643 +.07307 +.08395

.445 -.029617 -.03447 -.03903

.594 -.049235 -.05855 -.06743

.742 -.051508 -.06222 -.07470

.890 -.048711 -.05972 -.07034

1.039 -.04449 -.05549 -.06604

1.187 -.040313 -.05100 -.06136

1.335 -.036474 -.04689 -.05696

1.484 -.033187 -.04330 -.05308

1.632 -.030476 -.04031 -.04980*
1.781 -.028314 -.03788 -.04710

2.077 -.025439 -.03453 -.04327

2.226 -.024618 -.03353 -.04203

2.374 -.024139 -.03287 -.04117

2.671 -.024026 -.03246 -.04036

2.968 -.024782 -.03297 -.04050

4.155 -.032121 -.03950 -.04576

4.748 -.036446 -.04343 -.04907
5.342 -.040370 -.04692 -.05192

5.935 -.043588 -.04968 -.05400
7.122 -.047448 -.05246 -.05547

8.309 -.047940 -.05180 -.05355
9.495 -.045731 -.04845 -.04906

10,683 -.041699 -.04334 -.04301
11.870 -.036674 -.03738 -.03633
13.350 -.030003 -.02978 -.02809
14.838 -.022009 -.02281 -.02079
16.322 -.018286 -.01694 -.01480
17.805 -.011074 -.00928 -.00706

19.289 -.010716 -.00907 -.00714

“ 2 4 2 -
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7 . 4 C o n c lu s io n s  and D is c u s s io n

The tem pera tu re  d is tr ib u tio n s  in to , a s h a llo w  sp h e rica l 

s h e ll from  a u n ifo rm ly  heated ax isym m e tric  c irc u la r  open ing  were 

measured fo r  va rio u s  va lu e s  o f the  open ing tem perature  and fo r  

d iffe re n t s h e ll th ic k n e s s e s . Free co n ve c tio n  and ra d ia tio n  o f heat 

was a llo w e d  from  both the  upper and lo w e r surfaces o f the  s h e lls .

Some o f the  exp e rim en ta l re s u lts  are presented in  F igures (7 .5  -  7 ). 

These re s u lts  have been no rm a lised  in  term s o f the  open ing  

te m p e ra tu re , T" , and the  re s u lt in g  n o n -d im e n s io n a l tem pera tu re  

d is tr ib u tio n s  are shown in  F igures (7 . 8  -  10), A lthough the re  is  some 

s lig h t s c a tte r o f the  re s u lts  i t  appears re a so n ab le , from  these  re s u lts , 

to  express the  tem perature  d is tr ib u t io n  in to  the s h e ll as

The th e o re tic a l re la t io n s h ip  deve loped in  C hapte r 1 fo r  such a 

tem pera tu re  d is tr ib u t io n  is

where the  heat tra n s fe r  param eter 5  is  g ive n  as

The heat co n d u c tio n  c o e ff ic ie n t K  is  e m p iric  and i t  

can be seen, from  Table (A. 3 .2 ) ,  th a t i t  i s ,  to  an e x te n t,  tem peratu re  

dependen t. The assum ption  th a t the  heat exchanged by the  ra d ia tio n  

mode o f heat tra n s fe r  can be expressed in  term s o f the  tem perature 

d iffe re n ce  is  le s s  s a t is fa c to ry ,  a lthough i t  is  n o t to o  unreasonab le  

f o r /
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fo r  a sm a ll tem pera tu re  range . The degree o f agreement betw een 

the  no rm a lised  exp e rim e n ta l re s u lts ,  fo r  each s h e ll th ic k n e s s ,  

ta ke n  ove r the  surface o f the  s h e ll and hence ove r the v a rio u s  

tem perature  f ie ld s ,  in d ic a te s  th a t the va lu e  fo r the  ra d ia tio n  

c o e ff ic ie n t is  not c r i t ic a l  fo r  the  range o f tem p era tu re , 0  -  2 0 0 ^ 0  

in v e s t ig a te d . The th e o re tic a l tem perature  d is tr ib u t io n  g ra p h s , fo r  

d iffe re n t va lu e s  o f param eter 5  , fa ith fu l ly  re f le c t the  form  o f the 

expe rim en ta l re s u lts .  Some d i f f ic u l t ie s  e x is t ,  h o w e ve r, in  

de te rm in in g  w h ich  p a r t ic u la r  va lu e  o f 5  most c lo s e ly  rep resen ts  a 

p a r t ic u la r  exp e rim en ta l re s u lt .  A th e o re tic a l c u rv e , fo r  a lo w e r 

va lu e  o f 5  , w h ich  g ive s  a b e tte r o v e ra ll p ic tu re  o f the  tem perature

d is tr ib u tio n s  may not how ever g ive  the best re p re se n ta tio n  o f the  

c o n d itio n s  near the  op en in g . For a b e tte r re p re se n ta tio n  o f the 

s itu a t io n  c lo se  to  the  o p e n in g , where there  are rap id  changes in  

tem p era tu re , a h ig h e r va lu e  o f the c o e f f ic ie n t ,  5  , is  re q u ire d .

For a more accu ra te  th e o re tic a l d e s c r ip tio n  o f the  tem pera tu re  

d is tr ib u t io n  ove r the  s h e l l , the  surface w ou ld  requ ire  to  be "broken 

in to  " a number o f tem perature  zones each w ith  i ts  own v a lu e  o f the 

param eter, S . The tem pera tu res at each o f the  zone boundaries 

cou ld  then  be equated to  g ive  an o v e ra ll d e s c r ip tio n . Such a 

procedure cou ld  a lso  account fo r  v a r ia t io n s  in  the o th e r s h e ll 

param eters w ith  tem pera tu re  and w ou ld  be id ia l ly  su ite d  to  the  f in i te  

e lem ent te ch n iq u e  d iscu sse d  in  Appendix 4. For the  th e o re tic a l 

de te rm in a tio n  o f the the rm a l s tresses  w ith in  a s h e ll from  a heated 

op en in g , i t  is  the  tem perature  d is tr ib u t io n  c lo se  to  the open ing  w h ich  

appears the  more p e rtin e n t to  the c a lc u la t io n s . The v a lu e  o f the 

c o e ff ic ie n t S , se le c te d  fo r  any s tress  c a lc u la t io n  should  be the 

va lu e  es tim a ted  fo r  the  open ing  c o n d it io n s .

T a b le s /
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Tables (7 .2  -  5) w h ich  g ive  the s tra in  d is tr ib u t io n  

in  the  i "  s h e ll fo r  these  va lu e s  o f the  param eter S , show th a t 

n e ith e r the m agnitude o f the  s tra in  nor i t s  d is tr ib u t io n  is  ove r­

s e n s it iv e  to  th e  la rg e  v a r ia t io n s  o f S rep resen ted . For exam p le , 

the  la rg e s t va lu e s  o f the  s tra in s  are those  g ive n  in  Table (7 ,2 ) fo r  

the  c irc u m fe re n tia l s tra in  at open ing; th e y  are ■

C irc u m fe re n tia l s tra in  (S = 5) = -1 .0 0 8 36 4  x  c O '

C irc u m fe re n tia l s tra in  (S = 9) = -1.10187 x  oCV"

The p a u c ity  o f p u b lish e d  expe rim en ta l s tra in  gauge 

re s u lts  in  the  the rm a l s tra in  f ie ld  le d  the  au tho r to  exam ine 

c r i t ic a l ly  the te ch n iq ue s  a v a ila b le .  To th is  end , one s h e ll was 

s tra in  gauged in  o rder to  in v e s tig a te  th e  s tra in  p a tte rn  due to  a 

p a r t ic u la r  tem pera tu re  d is tr ib u t io n .  Two com ple te  sets o f 

e xp e rim en ta l re s u lts  are presented in  th is  C hap te r. These are 

ty p ic a l o f the  re s u lts  from  the many s im ila r  te s ts  w h ich  were 

perfo rm ed. R e p e a ta b ility  was found fo r  the  s tra in  gauge read ings 

and , in d e e d , any la c k  o f re p e a ta b ility  was ta ke n  as in d ic a t iv e  o f 

an u n s a tis fa c to ry  s tra in  gauge.

The exp e rim en ta l re s u lts  are compared w ith  those  

de rive d  e a r lie r  by the a n a ly s is .  On the whole i t  is  fe lt  th a t the 

exp e rim en ta l re s u lts  ob ta ined  con firm  the  genera l anal^h iica l approach 

used in  the  th e s is  and em phasise the im portance o f te s t in g  the s h e ll 

in  th e  co rre c t en v iro nm en t. Regarding th is  la t te r  p o in t,  i t  is  c le a r  

th a t the rm a l s tra in  measurement can o n ly  s a t is fa c to r i ly  take  p lace 

in  id e a l la b o ra to ry  c o n d it io n s .
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APPENDIX 1

COMPUTATION

INTRODUCTION

The com p u ta tion  requ ired  fo r  the  p ro d u c tio n  o f the 

graphs and the  ta b le s  presented in  th is  th e s is  was perform ed on a 

S iriu s  D ig ita l C om puter. Th is m odel o f com pute r, w h ic h  was 

designed p r im a r ily  fo r  te a ch in g  pu rposes , is  l im ite d  in  i t s  storage 

c a p a c ity  to  4 ,000  w ords each o f 10 d ig its  and in  i t s  speed o f 

o p e ra tio n  to  4 m il li-s e c o n d s  access t im e . These l im ita t io n s  are 

ra th e r severe and o f course a ffe c t the num erica l m ethods used in  the  

s o lv in g  o f the va rio u s  e q u a tio n s . W ith  the  la rg e r com puters now 

a v a ila b le ,  g re a te r p o s s ib i l i t ie s  a r is e . For exam ple , a more 

s a t is fa c to ry  program fo r  the  K e lv in  fu n c tio n s  cou ld  be w r itte n  and 

the  the rm a l s tress  problem  cou ld  be so lved  u s in g  the  appropria te  

Greens fu n c tio n .

The M o d if ie d  Bessel F unctions

The M o d if ie d  Bessel fu n c tio n s   ̂ Ko Cz)

and are requ ired  fo r  the com puta tion  o f the  tem perature  and

the  tem peratu re  g rad ien t th roughou t the  s h e ll.  A standard autocode 

program is  a v a ila b le  fo r  these  fu n c tio n s  fo r  va lu e s  o f argument le s s  

than  10. This program uses the  C hebyshev se ries  w ith  the  

appropria te  C hebyshev p o ly n o m ia ls . I t  was fo u n d , ho w ever, th a t 

the  a ccu ra cy  o f the fu n c tio n s  ob ta ined  by u s ing  th is  program fa i l  

aw ay as the  argum ent approached the  l im it in g  va lu e  o f lO ,  T h is , 

o f co u rse , a ffe c te d  the re s u lts  fo r  the s tress  fu n c tio n s  and in  the  

g ra p h s /
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graphs produced a "k in k "  in  the  reg ion  where the  argum ent was 

ju s t le s s  than  10. I t  a lso  made the m atch ing  o f the e ffe c ts  due 

to  an open ing on one s ide o f 71“  \0  w ith  the  e ffe c ts  on the  o the r 

s ide o f th is  va lue  m e a n in g less . The N .P .L .  Tables fo r  th e  

C hebyshev P o lyno m ia ls  (volume 5) g ive  fo r  the  range o f accep tab le  

v a l id i t y  o f th e ir  p o lyn o m ia ls  fo r  the  M o d if ie d  Bessel fu n c tio n s

~ 7- ^  “B .

For va lu e s  o f argument g re a te r th a n  10 the  se ries  form 

fu n c tio n s  as g ive n  by McLAUC!

He g ive s  the  se ries  fo r  and as

fo r  the  Bessel fu n c tio n s  as g ive n  by M cLA U C H LIN  was use d .

IS- lOS" _

A.1.1-2

The va lu e s  ob ta ined  u s in g  these se ries  compare fa v o u ra b ly  w ith  the 

co rrespond ing  va lu e s  in  the standard ta b le s .

The tw o  d is t in c t  se ries  form s w h ich  were used g ive  

a s a t is fa c to ry  s o lu tio n  fo r  the  M o d if ie d  Bessel fu n c tio n s  ove r the 

w ho le  range o f argum ent excep t in  the  reg ion  8  ^  z. ^  IQ .

For accura te  va lu e s  in  th is  reg ion  a fu rth e r set o f C hebyshev 

p o lyn o m ia ls  w ou ld  be requ ired  to  cove r the  range 8  ^  

and thus  p rov ide  b e tte r c o n t in u ity  over the  w hole  s h e ll.  I t  is  

probable  how ever th a t these  are now a v a ila b le  as one o f the  

standard sub rou tine s  o f the  la rg e r com pute rs .



Züü-

The K e lv in  Functions

The se ries  re p re se n ta tio n  o f the K e lv in  fu n c tio n s  

in  powers o f Z. is

b e rZ  = \G  0  Z.

k.- c>

k-o

2-k
ke rZ  = ( L .Z  - c ^ fe e rx .  i- IT  b e iz .  v V h i Z z Z  V _ L  ,

^  ‘i- L
k = - 0  VYX-a o

oo. 2 V+I

k e iz  - ( L z  -  Z b e ' i z -  TT b e r x - t - V c-O'^x.**"
% ^  L a. z “'‘ ' ' ’ 'E?.k-*>'>ny

r̂ =. 1

where C is  E u le r's  c o n s ta n t. A . I .  3 -6

The s lo w  convergence o f these  se ries  makes them 

im p ra c tic a l fo r  use in  ou r in v o lv e d  program where a great number o f 

K e lv in  fu n c tio n s  may be re q u ire d . Indeed , NOSOVA who is

re sp o n s ib le  fo r  th e  m ost recen t ta b le s  o f these fu n c tio n s , used an 

a sym p to tic  re p re se n ta tio n  fo r  o b ta in in g  h is  ta b u la te d  va lu e s  at the  

la rg e r va lu e s  o f argum ent. This asym p to tic  se ries  fo r  k e r  z  and 

ke'i % is

k e r Z  p  ^  i - ^
\2 z )  L 47 ^ \ î z

K e \z  -  e M „ ( - z ')  c .o s f%  1- L o l Z  s \n (%

w h e r e /
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where

“  \ i-  ̂ ^ ____cot> Z ît  ^  1.1> • 5̂ cos  BTr
u 8 x  ^ k z K - s z y  4

= _  _ L _  s -m iL  —  B 3 '" s 'm  _  K -
11 S x  4  X I  ( . S z y  4  " 5 1  4

A . I . 9-10

and the  a rgum en tz . is  la rg e .

For even la rg e r va lu e s  o f argument the  fu n c tio n s  MoC'Z-'̂  

and LoC z^ can be approx im ated by

L  cXz) “  \

= O
and here the  fu n c tio n s  k e r  and k e i  C z^ should become

kerC-z) -  c o s  ( Z: +  jY
\Z% / 55. S i

t a k i )

A .1.11-12

These are the re p rese n ta tio ns  com m only used in  sh e ll 

th e o ry  and w h ich  were d iscu sse d  e a r lie r  in  C hap te r 3. There i t  was 

sta ted  th a t these  app rox im a tions  were reasonab ly  v a lid  fo r  %, lo  

and th a t the  range o f v a l id i t y z y  G , as g ive n  by REISSNER, is  ra the r 

o p t im is t ic .

Since a se ries  o f rep re se n ta tio n  o f the  K e lv in  fu n c tio n s  

fo r  the  la rg e r va lu e s  o f the  argument was re a d ily  a v a ila b le  and was 

su ita b le  fo r  in c lu s io n  in  a com puter program , an a ttem pt was made 

to  f in d  the  appropria te  C hebyshev po lyn om ia ls  fo r  the  lo w e r 

a rgum ents. The va lu e s  ob ta ined  were ra th e r l im ite d  in  th e ir  

a ccu ra cy . A fte r correspondence w ith  C . W . C le n sh a w  o f N .P .L .

m o re /
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more accu ra te  va lu e s  and these  po lyn o m ia ls  to  a g re a te r number 

o f d ig e ts  than  w ou ld  be p o s s ib le  to  o b ta in  on the  S iriu s  com pute r, 

were p rov ided  by h im . Since these  va lu e s  have not ye t been 

p u b lis h e d , th e y  are in c lu d e d  now fo r  the sake o f com p le te ne ss .

For the  com pu ta tion  o f the fu n c tio n s  k o .r  % and k e \ 7 -  

fo r  argum ents le s s  tha n  8  w r ite

a y  A . x  y
J L—I

A . I . 13

where

Here the  sum 2  is  the  fu n c tio n  bem z. + e b e \  Z. .

The c o e ff ic ie n ts  and B ^  are now presented to  lO  d e c im a l p la c e s -

£ A B
r r

0 + 4.51042 30966 + 33.42583 45543
1 -29.34949 10970 i 33.85929 29333 1
2 +10.84058 01738 + 30.13631 27446
3 - 8,98868 87413 i _ 3.51819 48725 1
4 + 8.71271 74102 + 11.24784 41174
5 -1- 3.46690 09758 i + 5.59593 16514 1
6 0.85344 63697 1.55752 23300
7 - 0.14735 80153 i - 0.29293 75949 i
8 + 0.01904 82639 + 0.04044 62330
9 + 0.00192 21032 i + 0.00430 622.57 1

1 0 — 0.00015 59976 - 0.00036 56490
11 - 0 . 0 0 0 0 1 04179 1 - 0 . 0 0 0 0 2 53896 i
1 2 + 5830 + 14702
13 + 277 1 + 721 1
14 - 1 1 - 30
15 - 0 i » 1 i
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The c o e ff ic ie n ts  o f the d e r iv a tiv e s  o f the  K e lv in  

fu n c tio n s  can be ob ta ined  e a s ily  by the  standard procedure fo r  

the  d if fe re n tia t io n  o f a C hebyshev s e rie s . U n fo rtu n a te ly , one 

lo se s  one o r tw o  dec im a l p laces  on each d if fe re n t ia t io n  and s in c e , 

in  c a lc u la t in g  c e rta in  o f the  s tress  re su lta n ts  more tha n  one 

d if fe re n tia t io n  is  in v o lv e d , we have what cou ld  be a se rious  lo s s  

o f a ccu ra cy .

In  te s t in g  th is  C hebyshev se ries  on the S irius  

com pute r, the  l im ita t io n  on the  s ize  o f a word to  10  d ig its  becomes 

ra th e r severe s ince  one cannot make fu l l  use o f the  ta b u la te d  

c o e f f ic ie n ts .  Ind ee d , o n ly  the f ir s t  11 c o e ff ic ie n ts  can be used, and 

these  to  a le s s e r  a ccu ra cy . Tests showed good correspondence 

betw een the  ta b u la te d  va lu e s  o f and ke i and those

ob ta ined  u s ing  the  m od ifie d  p o lyn o m ia ls  except approach ing  the 

l im it  o fz . = B where there  were g row ing  d is c re p a n c ie s  e s p e c ia lly  

in  the  case o f the  ken  and k e \ fu n c tio n s . The f i r s t  d e r iv a tiv e s  

o f the  K e lv in  fu n c tio n s  were a lso  s a tis fa c to ry  ove r m ost o f the  range 

u n t i l  the  upper l im it  was approached when the  d is c re p a n c ie s  were 

even g re a te r (to the  order o f 1 0 % error) than  fo r the fu n c tio n  i t s e l f .

S ince th is  source o f e rro r w ou ld  requ ire  to  be m od ifie d  

and a lso  s ince  the  range o f argument B ^  Z - ^  1 0  w ou ld  requ ire

in v e s t ig a t io n ,  i t  was fe l t  th a t i t  w ou ld  be unw ise  to  proceed w ith  

the  a ttem pt to  program the K e lv in  fu n c tio n s  fo r  the  fu l l  range o f 

argum ent. I t  was dec ided  to  w r ite  in to  each program the  va lu e s  o f 

the  requ ired  K e lv in  fu n c tio n s  at a number o f d is c re te  p o in ts  ove r the  

requ ired  range .

W ith  the  great im provem ent o f com puter fa c i l i t ie s  now 

a v a ila b le ,  there  is  now a d is t in c t  p o s s ib i l i ty  o f p repa ring  a program 

fo r  the  K e lv in  fu n c tio n s  w h ich  w i l l  cove r a l l a rgum ents . I t  th is  is  

d o n e /
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done one cou ld  c o n s id e r a nu m erica l s o lu tio n  to  many o f the  s h e ll 

problem s where the  Greens fu n c tio n  in v o lv e s  these  K e lv in  fu n c tio n s .

The C om puter Programs

The com puter program s fo r the e v a lu a tio n  o f the  s tress  

re s u lta n ts  fo r  the va rio u s  s h e ll param eters and c o n d itio n s  o f lo a d in g  

were prepared u s in g  the  se ries  re p rese n ta tio n  o f the  M o d if ie d  Bessel 

fu n c tio n s  and a set o f va lu e s  fo r  the K e lv in  fu n c tio n s  at a f in i te  

number o f p o in ts .

D i f f ic u l t y  was experienced  ove r th a t part o f the  range 

in v o lv in g  B ^  5 ^ ^  1 0  fo r  the  reason m entioned e a r lie r  but ove r 

the  re s t o f the range the  va rio u s  graphs appear smooth and 

c o n tin u o u s .

In  the case o f the  in te ra c tio n  o f the  c y lin d e r  w ith  th e  

sphere i t  was found th a t the  f u l l  problem  o f f in d in g  th e  s tresse s  in to  

the  sphere from  a p a r t ic u la r  open ing  va lue  requ ired  a g re a te r m achine 

c a p a c ity  than  was a v a ila b le  in  S ir iu s . I t  was ju s t  p o s s ib le  to  

o b ta in  the  appropria te  in te g ra tio n  con s tan ts  and a lso  the  opening 

va lu e s  fo r  the s tress  re s u lta n ts . A fu rth e r program is  the re fo re  

requ ired  to  o b ta in  the s tresse s  in to  the sphere . Th is  d i f f ic u l t y  no 

lo n g e r o b ta in s  w ith  the  la rg e r com puters a v a ila b le .

No a ttem pt is  made here to  p resen t any o f the program s, 

w h ich  are w r it te n  in  S irius  A u to code , s ince  th e y  c o n ta in  no m atte r 

w h ich  w ou ld  c o n tr ib u te  to  com p u ta tiona l te c h n iq u e .
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APPENDIX 2

THE CIRCULAR DISC

The ra d ia l displacementUCr) o f a c irc u la r  d is c  w h ich  has

an a x isym m e tric  tem peratu re  d is tr ib u t io n  is ,  by TIMOSHENKO and 
(49)GOODIER , expressed in  the  form

ol \ ZL o4 ( \ t-
clï' L ^ (Ar j  cAr ^

The genera l s o lu t io n  o f th is  equa tion  is  s u b s titu te d , by  them , in to  

the  s tre s s -s tra in  and the s t ra in -d i sp iacem ent re la t io n s h ip s  to  g ive  

the  fo llo w in g  e xp re ss ion s  fo r  the  d isp lacem en t and the s tresses
r

\ i { r )  - (i+- v ) ^ \  t r  d r  -t- c ,r
r  r

- t r  clr - I - E c ,

cLS \ U r  d r  
\

\ “ C \-h V)

Ec.
1 “

*+"
C\rV') r A . 2 .1 -3

w h e re , r= c( is  the  in n e r boundary, C, and are the  cons tan ts  

o f in te g ra t io n .

Im pose the boundary c o n d itio n  th a t y- O at 

r - d  and r  - b  and de term ine these in te g ra tio n  c o n s ta n ts . 

The exp ress ion s  fo r  the  s tresse s  and d isp lace m e n t the n  become

0 ~L X r  d r  —

r -  a  \ X r cA r + 1 iir Ar

t r  o lr

j

t r

U(r) - oL
r

r  r ̂  q
0 -f V")! t  r  d r  ( . 'fv V  I t r  d r

t  i  -J

A, 2 .4 " 6



-264 '

I t  was shown in  C hap te r 1, equa tion  (1.17)that the  

a x isym m e tric  tem perature  d is tr ib u t io n  in  a f la t  p la te  is  g ive n  by

t  = / k l o C c r k  1- B K o C c r ^  

where K and B are con s ta n ts  and

G -  l y k )  .
I f  th e n  the  tem perature  at the in n e r boundary r  ^ a  

is  T  and p rov ided  the  tem perature  g rad ien t becomes zero before the  

o u te r b o u n d a r y  r  -  b  is  reached , equa tion  (1 , 6 ) w i l l  g ive

KoCcci^ A. 2. 7

and , upon d if fe re n t ia t in g ,  the the rm a l g rad ien t w i l l  be

t ’ s X  = -  C T
d r  K c(ca ' )  . A. 2 .8

Examine the  open ing  va lu e s  o f the  s tresse s  and the 

d isp la ce m e n t fo r  the tem perature  d is tr ib u t io n .  The ra d ia l s tress 

at the open ing  is ,  o f co u rse , zero . S u b s titu tin g  in  equa tions  

(A .2 .5 -6 )  the  e xp re ss io n  fo r  the  tem perature as g ive n  in  equa tion  

(A. 2 , 7) w i l l  g ive
b

“  7.0oL %___  \ Ko(o r  clr
KpCca")X

r c r J  =; J  , [  K o C c A r d r  — E
L KoCcâ  Jo,

M a k in g  use o f the recurrence re la tio n s h ip  fo r  Bessel fu n c tio n s

w h ich  is  as g ive n  by ABRAMOWITZ and STEGUN , these  equa tions 

may be in te g ra te d  t o /
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may be in te g ra te d  to

= %qV T  [K.Ced) -  K, Ccbÿl
i-=d (b - a X  K o C c O )

f a X ]  = % o t ^  T  U k ,CcciV  K i C c b - q  __ E .C T  

(b’’-  (Z)c- Ko Ccq')

R e ca llin g  , from  eq ua tion  (A. 2 . 8 ) th a t

A .2 ,9 -10

T  ' “  ”  C T  K 'C cr^
K-Ccv)

and fu r th e r , from  our boundary c o n d itio n  t h a t t  = O at r  = b  

we can w rite  equa tions  (A. 2 .9-10) as

r  ^ _ 7.0 pi- "Lev

C b l  = _ 'Act n  ^  -  E o C r
b ' - o ’’ ‘A"' . A. 2.11-12

For sm a ll va lu e s  o f open ing in  the  c irc u la r  p la te  we can 

once aga in  make use o f the l im it in g  form s o f the Bessel fu n c tio n s  fo r  

sm a ll argum ents . They were

KoCx) -  X , (■z-')
K,(z) =: Z"'

S u b s titu tin g  these va lu e s  the re fo re  in  equa tions 

(A. 2.11-12) and w ith  Z  u  we have

r=  c{

L o - + ]  E.oL A .2.13-14
r  -4

The genera l exp ress ion s  fo r  the  s tress  d is tr ib u t io n  in to

t h e /
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the  p la te  from  the  open ing can be w r itte n  as

\L(f) -  oL 
C V

. r _ r i t : /

o -q = cXE
C -r^

r  -  CL 
b " ~ a

a t ( r t 'v ^  -  a t k ^

b " - a

where the the rm a l g ra d ien t is

- t  • _ _ c T  K , ( c A  
K o C c r^

E<At:

A. 2.15-17
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APPENDIX 3

CONVECTIVE AND RADIENT HEAT TRANSFER

C o n ve c tio n  is  the  term  app lied  to  th e  heat tra n s fe r  

m echanism  w h ich  ta ke s  p lace  in  a f lu id  because o f a com b in a tio n  

o f co n d u c tio n  w ith in  the f lu id  and energy tra n sp o rt w h ich  is  due to  

the f lu id  m otion i t s e l f .  The d is tin g u is h in g  fea tu re  the re fo re  o f 

heat co n ve c tio n  is  th is  f lu id  m o tion .

W hen a f lu id  moves past a s o lid  surface i t  is  observed 

th a t the  f lu id  v e lo c ity  va rie s  from  zero at th a t surface to  some 

f in ite  va lu e  at some d is ta n ce  aw ay. The v e lo c ity  g rad ien t is  

a ffec ted  by the  c o n d itio n  o f the  boundary la y e r in  th is  reg io n  and by 

the a c tu a l geom etric  p o s it io n  o f the  surface w he the r i t  be ly in g  

v e r t ic a l ly  o r h o r iz o n ta lly  and w he the r i t  faces up o r dow n.

I t  must be apprec ia ted  th a t the  co n ve c tive  heat tra n s fe r 

c o e ff ic ie n t w h ich  was in tro du ced  in  equa tion  (1 . 2  h as m c is  o n ly  

an attem pt to  ra t io n a lis e  a ra the r com p lex and v a r ia b le  q u a n tity  fo r  

com p u ta tiona l pu rposes.

E xperim enta l w ork has been perform ed in  e s tim a tin g  the 

rate o f heat lo s s  from  f la t  p la te s  to  the  s t i l l  a ir  w h ich  surrounds them 

I t  was found th a t the  rate  o f heat lo s s  depended upon the s ize  o f the 

p la te  and fo r  p la te s  3 to  4 fee t square th e  fo llo w in g  s im p lif ie d  

form ulae are recommended by Me AD AM 8  ^^^^for the heat tra n s fe r

c o e ff ic ie n t due to  co n ve c tio n  o n ly  -

lYlc = 0--3S ( t ^  -
A.3.1

fo r a h o r iz o n ta l surface fa c in g  upw ard.
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W . -  0 - Z 0 ( - t ,  - t - 0  A .3 .2 :

fo r  a h o r iz o n ta l su rface  fa c in g  dow nw ards, and fo r  a v e r t ic a l 

surface

m c. = 0 *^7  C t  s t.
A. 3. 3

where a l l  th ree  equa tions  are fo r  tu rb u le n t f lo w  o n ly .

I t  is  apparent th a t the  va lue  o f vn c. fo r  an upward 

fa c in g  surface is  a lm ost doub le  th a t fo r  a downward fa c in g  one 

whereas the  va lu e  fo r  a v e r t ic a l surface is  a lm ost equa l to  th e ir  

a r ith m e tic  mean.

THERMAL RADIATION

The ra te  at w h ich  heat is  rad ia te d  from  an e m ittin g  

surface N is  g ive n  by the  S te fen -B o ltzm ann la w  as

A . 3 . 4

where T  is  the  ab so lu te  tem peratu re  o f the  s u rfa c e , c r^  is  a 

u n iv e rs a l con s tan t and £  is  a p rope rty  o f the  p a r t ic u la r  e m itt in g  

surface know n as i t s  e m is s iv ity . For an id e a l ra d ia to r , a "b la ck  

b o d y " the  va lu e  o f the  e m is s iv ity  is  u n ity .

The heat l o s s ,  by ra d ia tio n , from a body o f surface 

tem peratu re  T*s (abso lu te) to  am bient surround ings at tem perature 

(abso lu te) is  the re fo re  g ive n  by the  re la t io n s h ip

Cf = O —  A  £
A . 3 . 5

prov ided  the  area o f the  surface o f the  surround ings is  v e ry  la rge  

in  com parison  w ith  th e  e m ittin g  area 

I t /
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I t  is  found exped ien t to  de fine  a rad ie n t heat tra n s fe r 

c o e ff ic ie n t 100 p u s in g  the  same lin e a r  tem perature re la tio n s h ip s  

w h ich  are in v o lv e d  w ith  the co n ve c tive  heat tra n s fe r  c o e ff ic ie n t 

P ostu la te  the fo llo w in g  re la t io n s h ip

cj = K  -

A .3 . 6

and a lthough  i t  is  re a lise d  th a t th is  e m p ir ic a l fo rm u la  is  

con ven ien t fo r  de s ig n  and some com p u ta tiona l pu rpo ses , i t  

obscures the  rea l nature o f the rad ien t exchange m echanism  since 

vn^m ust be some fu n c tio n  o f cr-^ £  and the ab so lu te  tem peratures 

Ts and . Indeed com b in ing  these tw o  equa tions  (A.3.5)  and 

(A. 3. 6 ) g ive s

-T- - i -Vfly “ U  . o— 6

~ t: jj.

= O— £  (T \ t  ')

Values fo r the e m is s iv ity  o f some common m e ta llic
( r  fz \

surfaces are g ive n  in  Table (A. 3.1).  These va lu e s  are a fte r  HSU
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M a t e r i a l  
Condi t i o n

E m i s s i v i t y  

100°F 500°F

I r o n
Pure p o l i s h e d 0 .0 6 0 .0 8
E l e c t r o l y t i c a l l y  d e p o s i t e d 0 .0 5  • 0 .07
F r e s h l y  rubbed  w i th  emery 0 .2 4 -

Wrought p o l i s h e d 0 .2 8 0 ,27
Wrought smooth 0 .3 5 -

Wrought smooth b u t  r i f l e d 0 .7 5 -
C as t  f r e s h l y  tu r n e d 0 .4 4 -

Cast 0 .21 -
C as t  o x i d i z e d 0 .63 0 .66
Red ru sh e d 0 .62 -

R o l le d  o x i d i z e d 0 .6 6 -
Very r u s t e d 0 .69
E l e c t r o l y t i c a l l y  o x i d i z e d 0 .79 0 .8 0
Rough o x id e  l a y e r 0 .81 -
Matt o x i d i z e d  wrought 0 .95 0 .9 5
Rough o x i d i z e d  c a s t 0 .9 8 -
Red i r o n  o x id e 0 .96 —

S t e e l
P o l i s h e d 0 .07 0 .1 0
Carbonized 0 .52 0 .5 3
O xid ized 0 .79 0 .79
P l a t e  rough 0 .9 4

T ab le  A , 3*1 The e m i s s i v i t y of  i r o n  and s t e e l  f o r
v a r i o u s  s u r f a c e c o n d i t i o n s -  HSU.
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A llo y
T em pera tu re

Range

Thermal
C o n d u c t i v i ty

(k) 0
B t u / f t  h r  F

S t e e l s
0.5% C -212 31 .6
C a r b o n ' s t e e l 68 30.2

212 28.2
392 2 5 .5
572 24 .2
752 20 .2

1112 18.1

1.0% C -212
Carbon s t e e l 68 2 4 .8

212 24 .8
392 24 .2
572 22 .8
752 2 1 .5

1112 18 .8

1.5% C -212
Carbon s t e e l 68 20 .8

212 2 0 .8
392 2 0 .8
572 20 .2
752 19 .5

1112 18.2

T ab le  A . 3.2 The the rm al c o n d u c t i v i t y  of
some a l l o y s t e e l s  f o r  v a r i o u s
te m p e r a tu re  v a lu e s
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APPENDIX 4

FINITE ELEMENT SOLUTIONS

W ith  the advent o f the  modern h igh  speed d ig ita l 

com puter has grow n an in te re s t in  the  num erica l methods su ita b le  

fo r  so lv in g  the  problem s a sso c ia te d  w ith  sh e lls  s tru c tu re s . One 

such num erica l procedure is  know n as the f in i te  e lem ent te c h n iq u e . 

This tech n ique  c o n s is ts  o f "b reak ing  " the  sh e ll up in to  a number o f 

e lem en ts . These e lem ents must subsequen tly  be "m a tched " at th e ir  

boundaries to  g ive  e ith e r  c o n t in u ity  o f s tress  o r o f d isp la ce m e n t.

The s o lu tio n  o f a A e l l  problem  by th is  method requ ires  the  use o f a 

com puter w ith  a storage c a p a c ity  capable o f ha nd ling  the in v e rs io n  

o f the  la rge  m a tr ix  w h ich  is  in v o lv e d .

One com m erc ia l o rg a n isa tio n  w h ich  has a f in i te  e lem ent 

program fo r  sp h e rica l s h e lls  is  Babcock and W ilc o x . T he ir program 

is  capab le  o f e v a lu a tin g  the  the rm a l s tresses on a sp h e rica l s h e ll due 

to  an a x isym m e trica l tem perature d is tr ib u t io n .  S. H . Dance o f th is  

com pany, when approached by the au tho r, agreed to  e v a lu a te , us ing  

th is  f in i te  e lem ent program , tw o  cases o f a heated open ing in  a 

sp h e rica l s h e ll w ith  a s p e c ifie d  tem perature d is tr ib u t io n .

The va lu e s  o f the s h e ll param eters sub seq ue n tly  supp lied  

to  him  were as shown in  F igure (A. 4.1) . The tw o  opening va lu e s  fo r 

w h ich  the the rm a l s tress  d is tr ib u t io n  was requested were

r  0 - 5 1 8  " ) r ,  -  Z 5 -  5 5 7

The tem perature  d is tr ib u t io n  a r is in g  from such heated openings can 

b e /
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I BOUNDKRY CONDniONS

M  r ,

Nr, -  Mr. — O

UNIFORMLY HEATED OPENING
( t e m p  l o o o ® c )

young ’s m o d u l u s  ̂ E ,  =  3 0 1 0  l b / inL 2

COEFFICIENT OF L IN E A R  

T H E R M A L  E X P A N S IO N , o i ,  ~

PO ISSO NS R A T IO ,  V ,  =

— G
1 1  X  1 0  in /ln  c ‘

0-255
r

ASSUMED CONSTAN 
OVER WHOLE SHELL

y

o p e n i n g  t e m p e r a t u r e ,  I , = 1000  C 

t e m p e r a t u r e  D IS T R IB U T IO N ,  t  , = T
^ '  'cCJ

TEM PER ATU R E PARAMETER, S , =• 12

F igure (A 4 .1 )  d e t a i l s  o f  t h e  s h e l l  f o r  w h ic h  
THE THERMAL STRESSES ARE 

EVALUATED.
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e n q I ____
INSIDE SURFACE

O U TSID E  SURFACE ^
E N D  2

Figure (A4 2 ) T Y P IC A L  S H E L L  E L E M E N T  FO R  T H E  F I N I T E  

E L E M E N T  T E C H N IQ U E .

N.B. S IN C E  T H E  P R O B L E M  HAS B E E N  S O L V E D  

U P S ID E  DO W N T H E  L O W E R  D IA G R A M  IS R E Q U IR E D  

TO IN T E R P R E T  T H E  R E S U L T S .
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be e v a lu a te d , u s in g  the  re la t io n s h ip

K o

s ince  a l l  o f the param eters have been p re sc rib e d . These 

tem peratu re  d is tr ib u tio n s  are shown in  Table (A. 4 . 5 ) .

For the  f in i te  e lem ent method Dance d iv id e d  the  surface 

o f the  s h e l l , ove r w h ich  the re  was a no n -ze ro  tem perature  

d is tr ib u t io n ,  in to  40 equa l tapered c o n ic a l e le m e n ts , where the  ta p e r 

i s ,  o f co u rse , zero in  th is  p rob lem . The surfaces o f the  sphere thus 

cons ide red  were

î -or r, -  0 .518"  . 0 .518"  r  ^  4 3 . 9 5 3 "

j-o r T i- 25.557 " 25.557 " ^  f  62.997 "

The problem  was the n  so lved u s in g  a s t if fn e s s  m ethod. 

This method shou ld  ensure reasonab le  accu racy  o f d isp la ce m e n t but 

the  s t resses cou ld  be su b je c t to  some e rro r due to  th e  app rox im a tions  

in h e re n t in  the  m ethod. This type  o f problem  is  so lved  "ups ide  

d o w n ". C om puta tion  beg ins on the o u te r e le m e n t, where the  

tem peratu re  is  zero,  and proceeds to  the op en ing . The assum ption  

is  made th a t the re  is  zero d isp lace m e n t and ro ta tio n  o f the  ou te r 

e lem e n t. I t  is  o f in te re s t to  note th a t the  m eanings o f " in s id e "  and 

"o u ts id e "  su r faces ,  see Figure (A. 4 . 2 ) ,  as used in  the program , do 

not correspond w ith  the  usua l c o n n o ta tio n .

The re s u lts  ob ta ined  by D ance , fo r  c e r ta in  o f the 

e le m e n ts , are presented in  Tab les (A .4.1 and 3).  I t  is  observed 

th a t re s u lts  are presented fo r  both "e n d s" o f each e lem ent so th a t 

the va lu e s  fo r  "end t w o "  o f an elem ent should agree w ith  the  va lu e s  

o f "end o n e " o f the  co n se cu tive  e lem ent. The ta b le s  show pe rfec t 

a g re e m e n t/
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agreement betw een the  end va lu e s  o f both the h o r iz o n ta l

d isp lace m e n t and o f the  ro ta tio n . There is  good correspondence

betw een the hoop s tress  v a lu e s . The a x ia l s tress va lu e s  show

w ide  d is p a r ity  p a r t ic u la r ly  near the  heated open in g . The la rge  va lue

g ive n  fo r  the  a x ia l s tress  at th is  boundary is  d is c o n c e rt in g .

An a n a ly t ic  s o lu tio n  fo r  th is  same problem  is  presented

in  S ection 2 o f C hapte r 2. S u b s titu tin g  in to  th is  s o lu tio n  the

appropria te  va lu e s  o f the  param eters and o f the  boundary co n d itio n s

"a n a ly t ic "  s o lu tio n s  fo r  the s tress  d is tr ib u tio n s  are o b ta in e d .

The a n a ly tic  re s u lts  are presented in  Tables (A. 4, 2 and 4). I t  is

un fo rtuna te  th a t,  because o f the com p u ta tiona l d i f f ic u lt ie s  o u tlin e d

in  A ppendix 1 , the  s tress  va lu e s  cannot be c a lc u la te d  fo r the  exact

va lu e s  o f the ra d ii g ive n  in  the  f in i te  e lem ent re s u lts .

I t  is  observed th a t there  is  reasonab le  agreement

betw een a l l  the  com puted and the  a n a ly tic  re s u lts  excep t fo r  the

a x ia l s t ress va lu e s  near the open ing . The mean o f the  tw o  ad jacen t

com puted a x ia l s tress  va lu e s  does how ever g ive  b e tte r agreement

w ith  the  a n a ly tic  re s u lts .  Rather s u rp r is in g ly  there  is  b e tte r

agreement betw een the s tress  va lu e s  fo r  the  sm a lle r va lu e  o f open ing ^

-  0 . 518 " ,  than  betw een the s tress va lu e s  fo r  the  la rg e r opening

where -  25.557 ",  The same is  not true  fo r the  h o riz o n ta l

d isp la ce m e n t. In  the  case o f  F, ^ 0 .518"
“ 2

U. (computed) = 0.1233 x  10  ^ in
lA (a n a ly tic ) = 0.2116 x  10  in  ,

Once a g a in , how ever, the correspondence betw een the  tw o  sets o f

va lu e s  im proves w ith  d is ta n ce  from  the op en ing .

As w ith  many o the r num erica l procedures i t  w ou ld  be

va lu a b le  to  perform  the  f in i te  e lem ent techn ique  on the  same problem s

u s in g /
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u s in g  d iffe re n t numbers o f e lem ents each t im e . The convergence 

o f the  va rio u s  re s u lts  ob ta ined  fo r  the  s t resses cou ld  th e n  be 

com pared .

The e a r lie r  g ra p h ica l re s u lts  presented in  th is  th e s is  

in d ic a te  rap id  changes in  the  st resses w ith in  a reg io n  c lo se  to  the 

op en ing . An e lem ent s ize  o f a p p ro x im a te ly  1" in  th is  reg io n  is  

ra th e r la rg e . I t  w ou ld  be more s a tis fa c to ry  to  have an elem ent 

whose s ize  v a r ie s  w ith  the  ra d iu s . Thus w ou ld  be p rov ided  sm a ll 

e lem ents in  the  reg ion  o f the open ing  where the rap id  changes take  

p lace  and la rge  e lem ents fa r  removed from  the  open ing  where the 

e ffe c ts  have reduced a lm ost to  ze ro .
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