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Preface

This thesis is an account of work carried out in the IGR between October 2014 and
September 2018. The work focuses upon improving the processes currently used to
determine the coating thermal noise in a gravitational wave detector as well as identifying

materials which can reduce coating thermal noise.

In Chapter 1, gravitational waves are introduced: what they are, how they are formed and
how they can be detected. A summary of all of the detected gravitational wave signals is also
presented.

In Chapter 2, mechanisms of coating thermal noise are discussed. The relationship between

Brownian noise and mechanical loss is described in depth.

In Chapter 3, the theory of bulk and shear loss is presented and is used to design two
mathematical approaches to determine a coating’s bulk and shear 10ss. Using these methods,
the bulk and shear losses of three different coatings were calculated (Electron Cyclotron
Resonance lon beam deposited amorphous silicon, Reactive Low Voltage lon Plating
amorphous silicon and Reactive Low Voltage lon Plating tantala). Both Dr lain Martin and
the author developed the methods used to determine a coating’s bulk and shear losses.
However, it was the author who implemented the theory into Excel VBA code which was
then ran by the author to determine all of the bulk and shear losses presented. The DEKTAK
thickness measurement of the ion-beam deposited (IBD) amorphous silicon coating was
carried out by Mr David Vine at the University of West of Scotland. The mechanical losses
of the IBD amorphous silicon coating were measured by Dr lain Martin, Dr Jessica
Steinlechner and the author. Dr Jessica Steinlechner measured the coated losses of the
reactive low voltage ion plating (RLVIP) amorphous silicon coating and also estimated the
maximum and minimum values of uncoated loss. Mr Simon Tait along with the author
measured the coated losses of the tantala coated silica disc. Dr Raymond Robie measured
the uncoated loss of the disc. All finite element analysis (FEA) presented in this chapter was
carried out by the author, however guidance was sometimes sought from Dr Liam
Cunningham, Dr Matthew Abernathy and Dr lain Martin. All of the analysis of the coatings
(that is not explicitly referred to above) was carried out by the author under the supervision

of Dr lain Martin and Dr Jessica Steinlechner.
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In Chapter 4, the effect of stress and curvature upon the thermoelastic loss of a cantilever
and disc was investigated. Dr Jessica Steinlechner measured the mechanical losses of the
59 x 107% m thick, amorphous silicon coated, silicon cantilever. The author in conjunction
with Liam Cunningham and ANSY'S support wrote a FEA code to calculate and plot the
thermoelastic losses of a cantilever. COMSOL support advised in how best to stress and
curve a cantilever within a thermoelastic loss analysis. The experimental in Section 4.6.3
were all carried out by the author with the exception of the coated silica disc which was
measured by Mr Simon Tait. The experimental and FEA calculated uncoated losses of the
silicon disc, presented in Section 4.7.1, were determined by Dr Matteo Lorrenzini and the
University of Jena respectively. All other measurements and FEA analysis in this chapter,
that was not explicitly described above, was carried out by the author under the guidance
and supervision of Dr lain Martin.

In Chapter 5, the effect of stress and temperature on the optical properties of silicon nitride
membranes at 1550 nm was investigated. Dr Jessica Steinlechner and Dr lain Martin
measured the change in the product of the membrane’s absorption and thermo-refractive
coefficient as a function of 1550 nm and 532 nm laser power. Dr lain Martin, Dt Jessica
Steinlechner and the author measured the change in temperature of the membrane as a
function of laser power. Mr Simon Tait measured the change in frequency of the membrane’s
resonant modes as it’s frame was heated with a 532 nm laser. The data analysis was carried
out by Dr lain Martin, Dr Jessica Steinlechner, Dr Angus Bell and the author. All of the FEA
modelling was conducted by the author, however guidance was given by Dr Liam
Cunningham, Dr lain Martin and COMSOL support.

In Chapter 6, the performance of using silicon nitride membranes as a substrate in
mechanical loss experiments is compared to other commonly used substrates. The loss
measurements of the uncoated membranes and silicon cantilevers were made solely by the
author. However, the silica cantilever losses were measured by Dr Jessica Steinlechner
whilst the losses of the silica discs were measured by both the author and Mr Simon Tait.
The loss of the membrane coated with silica was measured by the author. The loss of the
silica cantilever coated with silica was measured by both Mr Simon Tait and the author. All
of the data analysis and FEA presented in this chapter was carried out by the author under
the supervision of Dr lain Martin. The electric field intensity profiles of the coatings were

calculated by Dr Jessica Steinlechner and Dr lain Martin.




Summary

Summary

Gravitational waves were predicted by Einstein’s General Theory of Relativity which
described gravity as arising from the curvature of space-time due to the presence of mass.
Gravitational waves are caused by the acceleration of an asymmetrical mass distribution
which perturbs space-time causing a ripple-like effect that travels at the speed of light. These

ripples are known as gravitational waves.

The first directly detected gravitational waves were observed on the 14" of September 2015.
These waves were formed from the inspiral and merger of two black holes. Since that day,
gravitational waves have been observed (from four more binary black hole systems and from
a binary neutron star system). These detections have demonstrated the power and potential
of gravitational wave astronomy as they have provided vast new information regarding the
binary systems which produce them (e.g. the mass of black holes, that merging neutron stars

are a source of short gamma-ray bursts etc).

These detections were made using ground-based interferometric detectors in which a laser
beam is split and passed along two perpendicular arms. At the end of these arms, the laser
light is reflected back towards the beam splitter by test masses coated with a highly reflective
mirror coating. At the beam splitter, the two laser beams recombine and the intensity of the
signal is monitored. Differential changes in the arm-length result in changes to the
interference pattern. Since gravitational waves are only expected to change a 1 km arm
length detector by approximately 1 x 10~1° m, it is essential for all sources of noise to be

exceedingly low.

Coating thermal noise - arising from thermally induced motion in the interferometer mirror
coatings - forms a major limit to sensitivity of current gravitational wave detectors at their
most sensitive frequencies. The magnitude of this noise source is proportional to the
detector’s operation temperature, laser beam radius and coating mechanical loss (also known

as internal friction).

The research presented in this thesis focuses upon improving the processes currently used to
determine the coating thermal noise in a detector as well as identifying materials which can

reduce coating thermal noise.
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Chapter 1 contains an introduction to the theory of gravitational waves, describes the sources
used to produce them, the experimental methods used to detect them and summarises all of

the signals already observed.

Chapter 2 presents a detailed description of thermal noise and outlines how the thermal noise
of a highly reflective coating in a gravitational wave detector has been historically

calculated.

Chapter 3 introduces the theory of a new and more accurate approach to determining the
thermal noise of a gravitational wave detector coating by using the coating’s bulk and shear
mechanical losses. Two methods to determine the bulk and shear losses of a coating are
developed and applied to a range of coatings (ECR IBD amorphous silicon and RLVIP
amorphous silicon) that were deposited upon silicon cantilevers. It was found that, the bulk
and shear losses of a coating could be significantly different to each other. The ECR IBD
amorphous silicon coating had a bulk loss of (3.4 +0.8) x 10~* and shear loss of
(1.4 £ 0.2) x 10~*. Whilst the room temperature deposited RLVIP amorphous silicon
coating had a bulk loss of 0 + 1 x 1079 and a shear loss of (1.53 + 0.09) x 10~*.This
thesis is believed to present the first analysis which shows that the bulk and shear losses of
a coating can indeed be significantly different from each other. Furthermore, the results also
showed that it is possible for the loss of a coating to be purely shear loss. Since the thermal
noise of a gravitational wave detector is less sensitive to shear loss than bulk loss, this result
indicates the possibility of being able to further reduce coating thermal noise by using
materials which are dominated by shear loss. Shear loss is explained in this chapter to have
less effect than bulk loss upon the thermal noise of a gravitational wave detector, as a result
of the shear motion of the coating changing the arm length of the detector much less than
the coating’s bulk motion. Chapter 3 lastly investigated whether the same coating deposited
upon two different substrate geometries can be determined to have the same bulk and shear
losses. This was an interesting test as it would help to illustrate the robustness of the methods
developed to determine bulk and shear loss. A tantala coating was deposited upon a
cantilever and disc substrate. The coating’s bulk and shear losses were determined to be
(1.90 + 0.30) x 1073 and (6.7 + 0.5) x 10~* upon the cantilever and (1.28 + 0.22) X
1073 and (7.8 + 0.5) x 10~* upon the disc. Whilst good qualitative agreement can be

observed between the results (the bulk losses for the two geometries are greater than their
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shear loss), the different substrate’s bulk losses are significantly different from one another.

It is expected that this could be due to limited experimental data.

To determine the thermal noise of a coating in a gravitational wave detector, the mechanical
loss of the coating must first be known. Typically, the coating’s mechanical loss is obtained
using a combination of ring down experiments and mathematical equations. However, recent
research and observations have called into question the accuracy of coating losses which
have been determined using this approach when silicon cantilever substrates are used to
deposit the coating on. It is speculated that the inaccuracy of these losses could be due to the
effect of the coating causing the coated cantilever to curve and stress which in turn changes
the silicon cantilever’s thermoelastic loss. Chapter 4 presents an investigation into the effect
of stress and curvature upon a silicon cantilever’s thermoelastic loss. The results from finite
element analysis (FEA) indicated that the thermoelastic loss of a silicon cantilever (which
has been coated) is unaffected by stress but is affected by curvature. Experimental evidence
appears to confirm these conclusions and further imply that either the FEA does not fully
account for the effect of curvature upon thermoelastic loss or an unmodelled effect is also
affecting a silicon cantilever’s thermoelastic loss. FEA was also used to investigate the effect
of stress and curvature upon a silicon disc’s thermoelastic loss. A disc geometry was also
investigated as discs along with cantilevers are the two most commonly used substrates in
mechanical loss experiments due to their low substrate loss. It was observed that the
magnitude of stress and curvature caused by depositing a coating onto a silicon disc in the

lab had no effect upon the substrate’s thermoelastic loss.

Some future gravitational wave detectors, such as the Einstein Telescope (ET), are being
designed to operate at cryogenic temperatures. To achieve these detector’s thermal noise
requirements, new mirror coatings with low mechanical loss and low absorption (to ensure
the mirror coating remains cool) at cryogenic temperatures will have to be found. One
possible material which could be potentially used in a highly reflective coating is silicon
nitride. Silicon nitride has already been shown to have a low mechanical loss which
decreases as its stress increases. However, its absorption is currently too high to meet the
ET’s design requirements if it is to be used as one of two materials in a simple coating bi-
layer structure. Chapter 5 outlines an investigation into whether the absorption of a silicon
nitride membrane can be reduced by changing its stress. Due to experimental limitations, the

direct effect of stress upon absorption could not be quantified, instead the effect of stress
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upon the product of the membrane’s absorption and its thermo-refractive coefficient was
determined. The product of the membrane’s absorption and its thermo-refractive index was
found to be independent of stress. Whilst this result implies that absorption is independent
of stress, this should be explicitly checked. It was also determined from this experiment that
the thermal conductivity and thermal expansion of a Norcada fabricated low stress silicon
nitride membrane is (23 + 3) W/mK and (1.4 + 0.2) x 107° 1/K respectively.

The Institute for Gravitational Research (IGR) has recently gained access to an operational
coating chamber. The usual substrate geometries which coatings are deposited upon for
mechanical loss experiments are not compatible with the coating chamber due to their size.
In this chapter, the possibility of using a thin, low loss silicon nitride membrane as a substrate
for this chamber is presented. If silicon nitride membranes can be successfully used as
substrates it will enable full control over the deposition process, meaning that the effect of
individual deposition parameters upon a coating’s mechanical loss can be investigated.
Chapter 6 presents an investigation into whether silicon nitride membranes can be used as
substrates in mechanical loss experiments and compares their performance to other
commonly used substrates (silica cantilevers, silicon cantilevers and silica discs). Out of
these substrates, membranes were shown to be the second most sensitive substrate to
clamping effects, exhibit the second least variation of loss for nominally identical substrates
and have the second lowest mechanical loss. Whilst none of these results excludes silicon
nitride membranes being used in mechanical loss experiments, they indicate a preference
should be shown in selecting silica discs before membranes. However, it was also observed
that the bulk and shear losses of the same coating deposited upon a membrane and cantilever
had significantly different values. Further work is required to fully understand these
differences in coating loss before membranes can be reliably used for these experiments.
The effect of heat-treatment upon a silicon nitride membrane’s absorption was investigated
at both 1064 and 1550 nm wavelengths. No degradation in performance was observed for
annealing temperatures up to 900 °C, indicating that silicon nitride could be used as a partner
material for amorphous silicon (which requires heat-treatment at 450 °C to reduce it’s
absorption to a usable level). The effect of using a silicon nitride and amorphous silicon
coating in the (ET) was investigated. It was shown that such a coating can significantly
reduce the low-temperature coating thermal noise when compared to an Advanced LIGO
(silica/ titania doped tantala) coating. However, this coating does not have a suitably low

optical absorption and so “multi-material” coating designs were investigated and a coating
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design proposed which meets the ET’s absorption requirement. Whilst this “multi-material”
coating would still not enable the ET to meet thermal noise design requirements, it represents
the best coating which can currently be made from silica, titania doped tantala, silicon nitride

and amorphous silicon materials.
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1 Gravitational wave detection

1.1 Introduction

Gravitational waves — first detected in 2015 - were predicted by Einstein’s General Theory
of Relativity which described gravity as arising from the curvature of space-time due to the
presence of mass [1]. Gravitational waves are caused by the acceleration of an asymmetrical
mass distribution which perturbs space-time causing a ripple like effect, travelling at the

speed of light. These ripples are known as gravitational waves.

Gravitational waves exhibit an extremely weak interaction with matter. Astrophysical bodies
with large masses and large accelerations are therefore required to create waves which are
detectable on Earth. Examples of these astrophysical sources include supernovae explosions,
inspiraling binary neutron stars and merging black holes. Whilst the weak interaction of
gravitational waves with matter makes them difficult to detect, it also makes them an
incredibly useful tool in astronomy as they are less susceptible to scattering and absorption
as they travel through space. Gravitational wave astronomy has already begun to enable the
testing of cosmological theories [2], increase current knowledge of black holes [3] and

neutron stars [4] and may lead to new unexpected phenomena being detected.

Gravitational waves were indirectly proven to exist by Hulse and Taylor in 1974 when they
discovered a binary pulsar system and showed that its orbital decay could be explained by
the loss of energy as gravitational wave radiation [5]. The first direct detection of a
gravitational wave occurred on the 14" of September 2015 and was made by the Advanced
Laser Interferometric Gravitational Wave Observatory (Advanced LIGO) [6]. This signal
(called GW150914) was produced by an inspiral and merger of two black holes. Since this
measurement has been made, a further 5 signals have been measured, some of which were
created by different sources (binary neutron star system [7]), observed by a different detector
(Advanced Virgo) [8] as well as confirmed through non-gravitational means
(electromagnetically) [7]. To enable the detection of weaker signals and improve the signal

to noise ratio, the sensitivity of current gravitational wave detectors must be improved.

The first gravitational wave detector was built by Joseph Weber in the 1960’s. Weber’s

detector consisted of an aluminium bar designed to resonant when interacting with a passing
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gravitational wave with a specific frequency [9]. Since the days of this initial detector,
significant advancements in detector technology has been made, most noticeable the shift
from using resonant bar detectors to interferometers [10] [11]. Whilst current detectors have
proved their ability in measuring gravitational wave signals, their sensitivity must still be
improved to fully reap the rewards of gravitational wave astronomy. This can be achieved
by reducing the current detectors’ dominant noise sources which include: shot noise and
radiation pressure associated with the laser light, seismic noise caused by the Earth’s crust
shaking, thermally induced motion of the mirrors and gravity gradient noise caused by the
direct gravitational interactions between the interferometer mirrors and the surrounding
environment. Current research is directed at tackling these noise sources and it is hoped that

future detectors will show a 10 times sensitivity improvement as a result [12].

1.2 Gravitational radiation

Gravitational radiation is caused by the acceleration of mass. As with the production of
electromagnetic radiation, a time varying moment must exist. The monopole moment of
electromagnetic radiation and gravitational radiation is simply the total charge and total mass
of a system respectively. Due to the conservation of charge and mass laws in a closed system,
neither electromagnetic or gravitational monopole moments are time varying. The
electromagnetic or gravitational dipole moments describe the centre of charge or mass in a
system respectively. No conservation law precludes the existence of a time varying electric
dipole moment and as a result this moment can produce electromagnetic radiation. However,
a gravitational dipole moment cannot be time varying as a result of the conservation of
momentum. All higher order odd-number polarities cannot produce gravitational and
electromagnetic radiation as a result of the conservation of charge and mass laws. However,
no conservation law prevents the existence of higher even moments producing radiation. A
quadrupolar moment is the first moment capable of producing gravitational wave radiation.
To produce a quadrupole moment capable of producing gravitational radiation, an
acceleration of an asymmetric mass distribution is required. Physical examples of this
distribution are the revolution of a non-spherical object or a binary star system where the

individual stars have different masses.

Gravitational waves are transverse waves. They exert differential strains perpendicular to
their direction of motion. The direction of the strains which the wave exerts is specified by

the polarisation of its quadrupole moment. Figure 1-1 illustrates the two different quadrupole

11



1 Gravitational Wave Detection

polarisations of a gravitational wave travelling perpendicularly into the page and through a

ring of masses with diameter L.
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Figure 1-1: Effect of a passing gravitational wave upon a ring of masses. The gravitational wave is travelling

perpendicularly into the page. a) illustrates the effect caused by an h+ polarised wave whilst b) hx.

It can be observed that as the wave passes through the page, the perpendicular axes of the
ring simultaneously experience an extension and compression of magnitude AL. The strain

amplitude (h) of the wave is given by:
h=—. (1.1)

Current gravitational wave detectors aim to measure this strain caused by a passing wave.
The most sensitive, currently operating gravitational wave detectors are the Advanced LIGO
detectors. When it is performing at its technical specifications it is hoped that these detectors

will exhibit a peak strain sensitivity of 3.5 x 1072% Hz Y2 [13].
1.3 Gravitational wave signals

Gravitational wave sources are commonly divided into four categories: compact binary

coalescence, burst, continuous and stochastic.
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1.3.1 Compact binary coalescence

Gravitational waves are emitted by compact binary systems made from any combination of
neutron stars and black holes. In a binary system the two bodies orbit one another around a
common centre of mass. Over time the orbital period decreases as a result of the system
losing energy in the form of gravitational waves. This loss in energy and decrease in distance
between the two orbiting bodies results in an increase of the frequency and amplitude of the
emitted gravitational waves. In the final few seconds before the bodies coalesce, the
frequency of the signal rises from approximately 10 Hz to 300 Hz [14], resulting in the
characteristic “chirp” signal as measured by a detector. The strain amplitude (h) of the

emitted gravitational waves at a distance d, can be approximated as [2]:

5 2
3 3

.. (100 Mpc M, f )
~ 23
h~10 ( d )(1.21\45) (200 Hz) ' (12)

where M, is the mass of the sun, f is the frequency of the gravitational wave and M,, is the

mass parameter of the binary system which can be calculated using:

3
(M M;)5
M, = ——2— (1.3)

(M; + M,)5

where M; and M, are the individual masses of the two bodies in the binary system. Whilst
the population of binary black hole systems is expected to be smaller than that of neutron
stars, Equations (1.2) and (1.3) tell us that binary black holes should be easier to observe due
to their larger masses. A binary black hole system formed of two black holes of 36 and 29
solar masses, located 410 Mpc away from a detector would result in a strain amplitude of

1 x 10721 at coalescence.

Detecting gravitational wave signals from inspiraling binary systems has enriched
astrophysical knowledge. By combining gravitational wave detection with electromagnetic
observations, astronomers have been able to observe that coalescing neutron stars result in
the production of other forms of radiation such as gamma ray bursts [7]. Furthermore, binary
signals have also been used to make an independent measurement of the Hubble constant
[15].
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1.3.2 Burst signal

A burst signal is one which typically lasts less than one second. A supernova explosion is an
example of a burst source. There are two types of supernovae which can result in a
gravitational wave, Type 1a and Type Il [16].

A Type 1a supernova occurs when the initial star collapsing has a mass of less than 5 solar
masses [17]. If the white dwarf formed from the collapse is able to accrete mass from a
companion star and exceeds 1.4 solar masses (and therefore surpasses the Chandrasekhar
limit [18]), a Type la supernova occurs. A Type la supernova explosion which is
asymmetric will result in gravitational waves. Stars larger than 5 solar masses can also
become supernovae capable of creating gravitational waves. These are known as Type Il
supernovae. They occur when a star larger than 5 solar masses fuses a dense iron core that
exceeds the Chandrasekhar limit. An asymmetric explosion will again produce gravitational
waves. Recent investigations show that supernova explosions are frequently asymmetric as
a result of the explosion interacting with orbiting star matter [19]. The strain amplitude from

a supernova explosion is predicted to approximately be [16]:

1
2

b~ S x 10-22 ( E )(15 Mp(:) (1 kHz) <1 mS) 14
- 10-3M,c? d f t ’ 149

where E is the total energy radiated, c is the speed of light and t is the time until core
collapse. Whilst the amplitude of the wave can be loosely calculated, detecting burst signals
from supernovae is going to be extremely difficult as there are no robust theoretical models
which describe their characteristics [20]. Due to the lack of a theoretical model, matched
filtering (the data analysis method used to detect burst and continuous signals) will not be
able to be used to detect this type of event as it operates by correlating theoretical signals
(calculated using a theoretical model) to the output of the detector. Instead of using this
approach, broadband searches of the data will be conducted and any anomalies observed in

multiple detector data streams will be investigated.
1.3.3 Continuous signal

A continuous gravitational wave signal is one which transmits for a long period of time at a
near constant frequency. Although these signals are much weaker than both binary and burst
signals, being able to integrate the signal over long time intervals increases their likelihood
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of observation [21]. The most likely sources of these signals are neutron stars which exhibit

an axial asymmetric: shape, precession or internal oscillation [22].

Axial asymmetry can arise either at the birth of a star or over time, due to changing rotational
speed. The strain amplitude of gravitational waves created from these sources can be
approximated by [23]:

42Gl,,f%e

el (1.5)

where G is the gravitational constant, € is the ellipticity of the star and I,, is the star’s
principal moment of inertia. The ellipticity of neutron stars is highly uncertain but it is
thought to be limited by the breaking strain of their crust. It is suspected that exotic stars
(such as the solid strange-quark star) which have a solid core will be able to support
considerably larger ellipticities than a neutron star (which would enable them to produce

larger strain amplitudes).

An axial asymmetric precession of neutron stars occurs when a star’s symmetry axis and
rotational axis do not match resulting in the star wobbling as it rotates. The strain amplitude
of a gravitational wave caused by this effect can be approximated as [23]:

6 1 kpc v 2
~ 10-27 (Yo
h~10 (0.1)( d )(500 Hz) ’ (1.6)

where v is the orbital frequency and 6,, is the angle of the wobble in radians. It is suspected

that neutron stars may develop their wobble by accreting matter from other neutron stars or
nebula. This is a field of current investigation [24]. The strain amplitude of a freely
precessing neutron star located at 400 Mpc away, spinning at 500 Hz and with an
optimistically large angle of wobble 0.1 [25], is of the order 10727. This signal is
approximately one million times weaker than that of a black hole binary coalescence

(calculated in Section 1.3.1).

Axial asymmetric oscillations of a neutron star’s interior fluids are also expected to cause
gravitational waves. These oscillations can occur naturally in newly formed neutron stars or
in stars which accrete matter from others. The strain amplitude of a gravitational wave
caused by a rotating neutron star’s fluid experiencing axial asymmetric oscillations can be

estimated using [26]:
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h ~ 4.4 x 10—24a( “ )3 (20 Mpc) (1.7)
' VG d ’ '

where a is the amplitude of the oscillation and w is the angular velocity.
1.3.4 Stochastic signal

The stochastic gravitational wave background is created from the superposition of many
weak, unresolved astrophysical signals caused by, but not limited to: the expansion of the
universe after the Big Bang [27], binary systems made from both neutron stars and black
holes [28], supernovae explosions [29] and individual neutron stars [30]. To detect the
stochastic gravitational wave background, multiple detectors are required to cross correlate
their data streams which removes independent detector noise and enables the identification

of mutually observed random signals [31].

Some of the signals which are proposed to be contained within the stochastic gravitational
wave background are expected to date back as far as 10-* seconds after the Big Bang [14].
To put this in perspective, the Cosmic Microwave Background dates from 10° years after
the Big Bang [32]. By being able to detect these ancient signals within the stochastic
gravitational wave background, our knowledge and understanding of the earliest stages of

the universe will be improved.
1.4 Gravitational wave detections

To date, six gravitational wave signals have been observed. The masses and distances

associated with these detections are listed in Table 1-1.

The first gravitational wave was detected on the 14" of September 2015. This signal was
called GW150914 and was measured by the Advanced LIGO detectors [6]. It was produced
by the inspiral and merger of two black holes. The detector at Livingston observed the signal
7 x 1073 s before Hanford which enabled the location of the event to be determined in the
Southern Celestial Hemisphere with a 90 % probability. The chirped signal (Section 1.3.1)
indicative of an inspiral and merger can be observed in Figure 1-2 which shows a time-
frequency representation of the measured strain in each detector. Immediately before the
collision, the black holes were travelling at 1.8 x 105 km/s. The collision occurred at a

luminosity distance (an estimate of a distance to the event based upon its luminosity) of
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approximately 410 Mpc. This signal also represented the first direct observation of a binary
black hole system merging to form a single black hole and provided the first evidence of the

existence of stellar black holes with a mass equal to a few tens of solar mass.

The second observed gravitational wave (GW151226) occurred on the 26" of December
2015 [33]. It was again caused by the inspiral and merger of two black holes and was only
measured by Advanced LIGO. Although the black hole masses forming this binary system
were smaller than those which caused GW150914, the signal lasted five times as long
meaning scientists could get a test of general relativity which was twice as precise as that
made during the first detection [34].

The third (GW170104) [35] and fourth (GW170608) [36] gravitational wave signals were
also caused by the inspiral and merger of binary black holes and they too were only measured
by Advanced LIGO. GW170104 is the furthest confirmed event to date and GW170608
observed the smallest black holes to date.

On the 1% of August 2017, Advanced Virgo joined Advanced LIGO in measuring data. On
the 14™ of August, both of the Advanced LIGO detectors as well as Advanced Virgo
observed the inspiral and merger of a binary black hole system (GW170814) [8]. Observing
the event using three detectors improved sky localisation by a factor of 20 [37]. It also

enabled the first measurement of the polarisation of a gravitational wave.

The most recent gravitational wave detection occurred on the 17" of August 2017
(GW170817) [7]. This event was only observed by the Advanced LIGO detectors, however
Advanced Virgo was able to help in determining the position of the event (as a result of
knowing the direction in which the Advanced Virgo detector is least sensitive to passing
gravitational waves). The signal was produced by the inspiral and merger of two neutron
stars and lasted for over 100 seconds. 1.7 seconds after the gravitational wave detectors
observed this event, both the Fermi and INTEGRAL space telescopes observed a short
gamma ray burst in the direction of the event. After these detections, an alert to other
astronomers was issued. An event with characteristics consistent with merging neutron stars
was subsequently observed over the following days and weeks in both the radio and x-ray
bands. The observations of this event via gravitational waves and multiple electromagnetic
wavelength helped to provide evidence of merging neutron stars being responsible for short

gamma ray bursts.

17



1 Gravitational Wave Detection

512 60
g 5
L 256 2
a 40 v
c 128 B
v N
= 3
S 64 £
- O
[V =2
32
0.30 0.35 0.40 0.45 0.30 0.35 0.40 0.45
Time (s) Time (s)

Figure 1-2: A time-frequency representation of the strain data measured by the two Advanced LIGO detectors:
(a) Hanford and (b) Livingston for the first gravitational wave observed (GW150914). The strength of the
gravitational wave signal (yellow) can be clearly seen through the noise (blue). The gravitational wave signal
can be seen to increase in frequency over time, thus illustrating a “chirp ” signal [6]. The increase in frequency

of the signal is due to the two black holes inspiralling into one another. The signal ends when the black holes

have fully merged.
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Property,
( ) GW150914 GWI151226 GW170104 GW170608 GW170814 GW170817
units
Source of Binary Binary Binary Binary Binary Binary
Wave black hole  black hole  blackhole  black hole  black hole neutron star
Primary
mass, (solar +5.0 +8.3 +8.4 +5.0 +5.7
masses) 35413, 142755 31.2%¢, 12.0234 30.513 1.36 —1.60
Secondary
mass, (solar +3.3 +2.3 +5.3 +2 +2.8
masses) 29.8733 7.5753 19.4723 7.025 25.3755 1.17-1.36
Chirp mass,
(solar +1.8 +0.3 +2.4 +0.2 +1.4 +0.004
masses) 28.27717 8.97,3 21.1755 7.9205 241717 1.188Z5 002
Final mass,
(solar +3.7 +6.1 +5.7 +4.8 +3.2 +0.04
masses) 62.273, 20.8137 48.77 3¢ 18.0Z579 53.225¢ 2.74%501
Radiated GW
energy, (¢* x 3+0.5 1.0+01 2 (0+0.6 0.85+0.07 2 7+0.4 >0.025
solar masses) 0.5 Vo2 V07 090,17 -/-03 .
Luminosity
distance +160 +180 +450 +140 +130 +8
(Mpc) 402180 44027199 880133, 3402140 5407370 4077,

Table 1-1: List of the sources, masses, energies and distances associated with the different gravitational wave
detections [6] [7] [8] [33] [36] [35].
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1.5 Gravitational wave detectors

There are two different types of detector which have been used to detect gravitational waves.

These are known as resonant bar detectors and laser interferometric detectors.
1.5.1 Resonant bar detectors

Joseph Weber built the first resonant bar detector in 1960 [9]. This detector was made from
a large aluminium cylinder which had a resonant frequency of approximately 1660 Hz. The
cylinder was isolated from ground and acoustic vibrations, operated at room temperature and
its motion was monitored by using piezoelectric transducers and amplifiers. Weber designed
his detector with the hope that a gravitational wave would pass through the detector exciting
the resonance of the bar. The resonance of the bar was chosen to match the expected
frequency of a wave caused by a supernovae explosion. To ensure the significance of his
observations, Weber aimed to measure coincident signals from two detectors positioned at
different positions on the Earth (initially they were separated by 2 km but this was later
increased to 1000 km). In 1969 and 1970, Weber reported coincident events in both of his
detectors and claimed that they were caused by gravitational waves [38, 39]. Numerous other
research groups around the world tried and failed to duplicate his observations [40, 41, 42].
Scepticism grew regarding his claims, largely leading to them being discounted when
calculations suggested that Weber’s detectors strain sensitivity was approximately 7 orders

of magnitude less sensitive than required to measure a gravitational wave.

Over the years, improvements were made to Weber’s initial detector design to maximise the
probability of detection. To reduce the effect of thermal noise, some detectors were operated
at cryogenic temperatures [43]. To increase directional sensitivity, some detectors used a
spherical resonant mass which could be excited from any direction [44]. Today, all resonant
bars have been decommissioned. However, two cryogenic spherical detectors are still
operational [44, 45]. The decrease in number of resonant detectors is due to them having
narrower operational bandwidths (only sensitive at detector resonance) and less sensitivity

than interferometric detectors.
1.5.2 Interferometric detectors

To improve upon the sensitivity and operational bandwidth of Weber’s resonant bar detector,

Gertsenshtein and Putovoit [46] proposed a new type of detector based on an interferometer.
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In a Michelson interferometer, a laser beam is split using a beam splitter and passed along
two perpendicular arms as shown in Figure 1-3. Mirrors positioned at the ends of these arms,
reflect the laser light back towards the beam splitter where it recombines forming an

interference pattern.

[——1 End mirror

Laser Beam splitter

Z ' End mirrorﬂ

[1 Photodetector

Figure 1-3: Michelson interferometer. A laser beam is split using a beam splitter. The split beams are reflected
from the end mirrors (test masses coated with highly reflective coating) and recombined. The photodetector

measures the recombined light signal.

In a gravitational wave detector, the mirrors are made by depositing a highly reflective
coating upon a test mass. Furthermore, in a gravitational wave detector, the interferometer
is designed such that when no effects of a gravitational wave are present, a dark fringe falls
upon the photodetector. When a gravitational wave passes perpendicularly through the plane
of the detector, the length of one of the arms increases by AL whilst the other decreases by
AL, as shown in Figure 1-1. This relative change in arm length results in a phase shift
between the two split laser beams causing the intensity of the interference pattern observed
at the photodetector to change. Measuring this change in intensity enables the amplitude of
the gravitational wave to be determined. Measuring the frequency of the change in intensity

enables the frequency of the wave to determined.

The first working prototype of an interferometric gravitational wave detector was built in
the 1970s by Robert Forward [47, 48]. It had an effective arm length of 8.5 m. In the
following years, several other groups around the world built their own prototypes: Germany
[49], USA [50] and UK [51, 52]. When the technology of these relatively small-scale

interferometers (less than 40m) were shown to be reliable and scalable, longer baseline
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interferometers were built (between 300 m and 4 km) which had a more realistic probability
of detecting gravitational waves. These detectors will be discussed in more detail in Section
1.8.

1.6 Limits to the sensitivity of gravitational wave detectors

A number of different noise sources limit the sensitivity of interferometric gravitational
wave detectors. The following subsections will describe the dominant noise sources in more
detail.

1.6.1 Seismic noise

The Earth’s surface is continually moving. When this motion directly causes the detector’s
test masses to move, this is known as seismic noise. Seismic noise is a dominant noise source
in ground based gravitational wave detectors below 10 Hz. Whilst wind and human activity
are largely responsible for seismic noise at frequencies between 1 and 10 Hz, ocean waves
travelling as surface waves in the Earth’s crust are the predominant cause at frequencies
below 1 Hz [53]. To mitigate the effects of seismic noise, gravitational wave detectors are
purposefully built away from large population centres. However, even by building a detector
at these locations which exhibit relatively low seismic noise, no gravitational waves could
ever be observed as the effect of seismic noise upon the test masses is still too great (i.e. the
effects of seismic noise upon the test masses at a relatively quiet location on the Earth is
approximately 7 to 8 orders of magnitude larger than the effect caused by the first observed
gravitational wave [54] ). To reduce the effects of seismic noise upon the test masses a

combination of passive and active isolation systems are used.

The passive isolation systems used in gravitational wave detectors incorporate pendulums
and springs [55, 56]. Test mass mirrors are suspended as pendulums to isolate them from

horizontally induced seismic motion. This is particularly effective at high frequencies as the

mirrors horizontal displacement is proportional to fi at frequencies greater than the

2

pendulum’s resonant mode. Suspending the test masses using multiple pendulum stages
further reduces these seismically induced horizontal displacements. However, one drawback
of using pendulum stages is that they couple the vertical and horizontal motion of the test
masses. Multiple-stage spring systems are therefore used in conjunction with the multiple

stage pendulum systems to suspend the test mass in order to reduce any vertical motion. The
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currently operational gravitational wave detector called Advanced VIRGO employs a 7 stage

pendulum system and a 6 stage spring system [56] to minimise seismic noise.

Another drawback of using pendulum systems to suppress the horizontal test mass motion
is that these systems exhibit resonant modes which can limit detector sensitivity. To reduce
the amplitude of the pendulum mode, active damping is used. This involves sensors to

monitor the motion of the suspension stages and actuators to counteract their motion [57].

1.6.2 Gravitational gradient noise

Gravitational gradient noise is caused by local fluctuations in the gravitational field resulting
in motion of the interferometer mirrors [58, 59]. This motion of the mirrors places a lower
limit on ground-based detector sensitivity at frequencies less than 10 Hz. Numerous sources
can be responsible for gravitational gradient noise, including: seismic waves which travel
over the surface of the Earth, atmospheric changes, ocean dynamics and human activity [60,
53]. Unfortunately, the mirrors cannot be shielded from gravitational gradient noise.
However, steps can be taken to reduce its effects. Locating detectors away from coastlines
can mitigate the effects of micro seismic noise caused by ocean waves. Placing detectors
underground can reduce the magnitude of human induced gravitational fluctuations.
Positioning detectors in space will remove all earth based gravitational field fluctuations.
Current research and development is investigating the use of seismometers to measure local
ground vibrations, with the results being used to subtract the effect of gravitational gradient

noise from the signal measured by the detector [61] .

1.6.3 Thermal noise

Thermal noise is caused by the thermally induced motion of atoms and molecules in the
interferometer mirrors and their suspensions. This thermal motion causes the resonant modes
of the mirrors and suspensions to be excited. Although the suspended mirror is designed
such that the majority of its resonant modes are out with the detection band, the thermal
noise caused by tails of the resonances still provide a major limit to a detector’s peak
sensitivity. The magnitude of the mirrors and suspensions thermal noise is dependent upon
the mechanical dissipation (or mechanical loss) of the materials used to form them. By
choosing materials of low mechanical loss, the off-resonance thermal noise of the mirrors
and suspensions will be reduced as more thermally induced motion will be concentrated near

the resonant mode frequencies. Fused silica is a material which has been identified to have
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very low mechanical loss at room temperature. For this reason, the suspension fibres and test
masses in Advanced LIGO and Advanced Virgo are made from silica [62]. A more detailed

discussion of detector thermal noise and mechanical loss is discussed in Chapter 2.
1.6.4 Shot noise

Shot noise is caused by the statistical variation in the number of laser light photons incident
upon the photodetector resulting in a fluctuation in the photoelectric current. If on average
N photons are incident on a photodetector over a particular time, then the uncertainty in the
number of photoelectrons is equal to VN (as defined by Poisson statistics). This uncertainty
places a limit on detector sensitivity as it hides the small intensity changes due to a
gravitational wave. The smallest measurable strain due to shot noise is [16]:

1
2

h—1<#d> 1.8
~ L\4m2p) ’ (1.8)

where A is the wavelength of laser light, i is Planck’s constant, P is the laser power and L is
the interferometer arm length. Shot noise becomes larger at high frequencies and can be
reduced by increasing laser power. However, increasing laser power has the adverse impact

of increasing radiation pressure noise.
1.6.5 Radiation pressure noise

Radiation pressure noise is caused by fluctuations in the number of photons which are
reflected off of the test mass mirrors. These reflected photons transfer momentum to the test
mass mirrors which results in a differential displacement forming between them. This
displacement places a lower limit upon detector strain sensitivity. This can be calculated at

a particular frequency using [16]:

1
2

I (“P) 1.9
~ Lmf2\4mtAc) ’ (1.9)

where G represents the number of reflections off a test mass mirror and m is the mass of the
mirror. The effects of radiation pressure noise become greater as frequency decreases while

increasing the mass of the mirrors and decreasing the laser power can reduce these effects.
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1.6.6 Standard quantum limit

The Standard Quantum Limit (SQL) describes the limit of detector sensitivity caused by the
combination of radiation pressure noise and shot noise. Radiation pressure noise (Equation
(1.9)) and shot noise (Equation (1.8)) are complementary noise sources which are affected
oppositely by changes in laser power. At each frequency, there exists a laser power where
this combination of noise sources is minimised. This frequency-dependent minimum noise
level is known as the SQL. The SQL occurs when it is assumed that shot noise and radiation
pressure noise are uncorrelated from one another. To surpass the SQL, gravitational wave
detectors use signal recycling [63] and squeezing [64] to introduce correlations between

these two noise sources.
1.7 Interferometric techniques

In practice gravitational wave detectors incorporate many advanced techniques to improve
sensitivity, resulting in more complex detector designs than the Michelson interferometer

shown in Figure 1-3.
1.7.1 Delay line configurations and Fabry—Perot cavities

Longer detector arms are beneficial as they increase the absolute displacement caused by
gravitational waves. However, detector arm lengths are limited in length due to problems
associated with the Earth’s curvature and practical considerations such as cost. Both delay
line configurations and Fabry—Perot cavities aim to improve detector sensitivity by

increasing the apparent arm lengths of the detectors without increasing them physically.

In a delay line interferometer the optical path is folded [65], as illustrated in Figure 1-4.
Figure 1-4 (a) illustrates a method to increase the standard Michelson interferometer’s
apparent arm length by using mirrors located near the beam splitter to reflect the laser light
back towards the photodetector. The gravitational wave detector called GEO600 uses this
configuration to increase its actual arm length of 600 m to an apparent length of 1200 m
[66]. In Figure 1-4 (b), laser light passes through a small hole in the input mirror and reflects
multiple times at different positions off of the input and end mirrors before exiting through
the small hole. This technique was first proposed to be used in a gravitational wave detector
by Weiss in 1972 [65], however due to scattering problems it was never adopted.

25



1 Gravitational Wave Detection

Folding mirror
Mirrors 4| |4
End mirror End mirror ] |
Folding mirror \Eli(i}reo;n Mirrors
Laser % Laser !Q\\ / \
Beam splitteri Beam splitter ‘
a) [1Photodetector b) [] Photodetector

Figure 1-4: Schematics of different delay line interferometer configurations. These interferometers increase
their apparent arm length by: a) using folded arms and b) reflecting the laser light along each arm multiple

times.

Advanced LIGO and Advanced Virgo use Fabry-Perot cavities to increase the arm length
[67, 68, 11]. Figure 1-5 illustrates an interferometer which uses Fabry-Perot cavities. The
light from the laser passes through a partially transparent mirror where it then reflects back
and forth along itself, increasing the laser’s power in the cavity before exiting the same way
it entered. In Advanced LIGO, the light reflects approximately 280 times before exiting,

thus increasing the actual arm length of 4km to an apparent arm length of 1120 km long [69].
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Figure 1-5: Fabry-Perot interferometer. The interferometer has a Fabry-Perot cavity in each arm.
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1.7.2 Power and signal recycling mirrors

A gravitational wave detector is designed such that when no effects of a gravitational wave
are present, a dark fringe is formed at the photodetector. Due to energy conservation laws,
this means the interferometer’s laser light is thus being lost in the direction of the laser
(assuming no scattering losses). By placing a partially transparent mirror between the laser
and the beam splitter, laser light which would have been otherwise lost from the
interferometer can be reflected back into the detector. The addition of this mirror effectively
creates a cavity between the power recycling mirror and the interferometer. As a result, the
power in the interferometer increases and detector sensitivity improves as shot noise
decreases. A schematic of an interferometer which uses a power recycling mirror is

illustrated in Figure 1-6.
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Figure 1-6: Schematic of an interferometer which incorporates a power recycling mirror. The position of the

mirror forms a cavity between itself and the rest of the interferometer.

The size of a gravitational wave signal can also be amplified at a particular frequency by
placing a ‘signal recycling’ between the beamsplitter and the photodiode to reflect any out-
going light (signals) back into the interferometer where it resonates. See Figure 1-7.
Positioning a mirror at this location in the detector creates a cavity between the mirror and
the interferometer. By changing the position of this mirror, the length of the cavity will

change as well as the frequency at which the interferometer can amplify a signal [70].

27



1 Gravitational Wave Detection

Arm cavities
Power
recycling ——1

mirror

— : ]

Signal
recycling C——1
mirror [] Photodetector

Figure 1-7: Schematic of an interferometer which incorporates a signal and power recycling mirror. The
position of the signal recycling mirror forms a cavity between itself and the rest of the interferometer. Varying

the length of this cavity enables the interferometer’s sensitivity to be improved at specific frequencies.

1.7.3 Squeezed light

A classical description of shot noise and radiation pressure noise was presented in Sections
1.6.4 and 1.6.5. However, in order to understand how the SQL limit can be surpassed using
squeezed light, a quantum mechanical treatment of these noise sources is required.

Quantum mechanics describes the origin of both the shot noise and radiation pressure noise
to be due to vacuum fluctuations (photons randomly being created and destroyed in the
vacuum field) entering the interferometer at the output port [64]. Vacuum fluctuations in the
phase quadrature (imaginary part of the detected signal) results in shot noise whilst
fluctuations in the amplitude quadrature (real part of the detected signal) results in radiation

pressure noise.

Light 1s governed by the probabilistic rules of quantum physics. Heisenberg’s uncertainty
principle states that if two commutable physical observables of light are measured, then there
is a fundamental limit to the precision in which these observables can be known. If the phase
and amplitude (commutable observables) of a detector’s laser light is measured and plotted
then this would result in the values being scattered as shown in Figure 1-8 (a), where the
diameter of the circle represents the quantum uncertainty in the laser light’s phase and
amplitude (which is determined by the magnitude of the vacuum fluctuations). The

opaqueness / transparency of the blue colour highlights the probability of observation (where
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opaqueness represents a high probability). This equal uncertainty in phase and amplitude
represents the SQL. By injecting squeezed laser light into a gravitational wave detector at

the dark port of the beam splitter, the SQL can be reduced.

Phase Phase

Amplitude Amplitude

|
(a) (b)

Figure 1-8: Spread in a laser light’s phase and amplitude values. (a) shows the spread in values of unsqueezed
light whilst (b) shows the spread using squeezed light. The larger the spread in values, the larger the
measurement uncertainty. It can be observed that amplitude squeezed light (b), reduces the uncertainty in the
unsqueezed laser light’s amplitude but not it’s phase. The opaqueness/transparency of the blue colour

illustrates the probability of observation (where opaqueness represents a high probability).

Squeezed laser light describes light whose optical field has been manipulated such that there
are more uncertainties in one quadrature (amplitude or phase) and less in the other. An
example of a squeezed state is shown in Figure 1-8(b). Gravitational wave detectors inject
an amplitude squeezed state of light into the dark port and measure the amplitude of the
gravitational wave signal in order to improve detector sensitivity at low frequencies (as it
reduces the dominant radiation pressure noise (amplitude fluctuations)). In doing this, the
detector sensitivity has surpassed the SQL (at low frequencies). Likewise, a gravitational
wave detector will surpass the SQL at high frequencies using a phase squeezed state of light

and measuring the phase of the gravitational wave signal [64].
1.8 Current state of gravitational wave detectors

The first long baseline gravitational wave detectors were built in the 1990’s. Four of these
first-generation detectors were built: three LIGO detectors in the USA, Virgo in ltaly,
GEO600 in Germany and TAMA in Japan [71]. The detectors that are currently used are

29



1 Gravitational Wave Detection

known as second generation detectors. They are first generation detectors which have been
upgraded. These detectors are called Advanced LIGO and Advanced Virgo. The first-
generation Japanese detector was decommissioned and, in its place, a second generation
detector is currently being built, called KAGRA. In the future it is planned that the second-
generation detectors will be upgraded again and a new Indian ground-based detector and
European third-generation detector will be built. A space-based detector is also planned to
be launched into orbit as well. Figure 1-9 shows the strain sensitivity of both current and
future detectors. The following subsections describe the history, present and future of these

individual detectors in more detail.
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Figure 1-9: Strain sensitivity of current and future ground based gravitational wave detectors [54].

1.8.1 GEO600

GEO600 is a 600 m arm-length, ground-based gravitational wave detector near Hannover in
Germany. The project was born from the collaboration of a British university and a German
research institute (University of Glasgow and the Max Planck Institute for Quantum Optics)
who had originally planned to build their own detectors but due to financial constraints

pooled their resources together.
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At the time of construction, GEO600 used a myriad of new technologies in order to
maximise performance. These included a delay line interferometer to increase arm length, a
triple pendulum suspension system to minimise seismic noise, power and signal recycling
mirrors to minimise shot noise and hydroxy-catalysis bonding between suspension fibres
and test masses to minimise thermal noise [72, 66]. The detector underwent a program of
upgrades in early 2009 called GEO-HF [73]. Due to the design of GEO600 and the site which
it is built on, no major changes to the detector infrastructure were made. Instead upgrades
were limited to incorporating advanced technologies into the detector with the primary aim
of increasing detector sensitivity above 500 Hz by decreasing shot noise. Some of these
technological improvements included: increasing the input laser power to 35 W, an output
mode cleaner and the introduction of squeezed light. The improvement in the detector’s

strain sensitivity can be observed in Figure 1-10.
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Figure 1-10: Strain sensitivity of the GEO600 detector pre and post GEO HF upgrades. It can be observed
that above 500 Hz, the sensitivity of the detector was greatly increased post HF upgrades [74].

From 2009 to present day, GEO600 has not been able to measure any gravitational waves.
However, GEO600 can claim to have helped other more sensitive detectors to achieve this
goal by providing a long baseline interferometer where advanced technologies could be
tested and finessed before being incorporated into their setups. As a result of infrastructure
limitations, it is unlikely that GEO600 will be able to keep pace with the sensitivity of
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Advanced LIGO or Advanced VIRGO and their future upgrades. For this reason, it is most

likely that GEO600 will remain for the time being, a testing site for advanced technologies.
1.8.2 Advanced LIGO

Advanced LIGO consists of two gravitational wave detectors that are located near Baton
Rouge, Louisiana and Hanford, Washington. The detectors and their sites are shown in
Figure 1-11.

(@) (b)

Figure 1-11: Pictures of the Advanced LIGO (a) Hanford and (b) Livingston detectors [75] [76].

Caltech and MIT carried out the initial design and construction of these detectors. However,
today more than 100 research institutes contribute to the development, maintenance and
running of Advanced LIGO. The two detectors were initially designed such that they could

be easily upgraded at different points in the future.

These initial detectors were retrospectively named iLIGO (initial LIGO) [77]. The iLIGO
Hanford Observatory was built with a 4 km and 2 km interferometer contained within the
same vacuum system. The iLIGO Livingston Observatory had only one 4 km length
interferometer. Both iLIGO Hanford and Livingston Observatories used a 10 W laser and a
power recycling mirror. Unlike GEO600, the iLIGO detectors did not use a delay line
interferometer but instead used a Fabry Perot cavity to increase its optical path length. To
suspend their highly reflective test masses, iLIGO used a single loop of steel wire.
Construction on iLIGO began in 1994 and the detector became operational in the early
2000’s, reaching peak design sensitivity of 2 x 10723 Hz'¥2 at 110 Hz in 2005 [78].
However, from the time of its first data run until 2007, iLIGO did not observe any

gravitational waves. In 2007, the detector was taken offline and a small number of upgrades
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were made to it resulting in its name being changed to eLIGO (enahanced LIGO) [79]. The
most significant enhancements made to the detectors were to increase the input laser power
to 35 W as well as adding an output mode cleaning cavity. Both of these changes
predominantly helped in reducing the shot noise of the detector at high frequencies, although
the peak strain sensitivity was also improved by a factor of 2. After two years in observation
mode, eLIGO failed in measuring any gravitational waves and in 2007 the detector
underwent major upgrades leading to approximately a factor of 3 improvement in peak strain
sensitivity when compared to eLIGO. This detector became known as Advanced LIGO [10].
Advanced LIGO had a 125 W laser input power to reduce the effects of shot noise, larger
test masses to reduce radiation pressure noise and silica suspension systems and a new mirror
coating to reduce the effects of thermal noise. The different Advanced LIGO noise
contributions can be observed in Figure 1-12. Advanced LIGO detected its first gravitational
wave in 2015 [6]. To date, Advanced LIGO has detected 6 gravitational waves (these are

discussed in more detail in Section 1.4).
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Figure 1-12: Advanced LIGO’s noise sources. It can be observed that both quantum noise and coating

Brownian noise are two dominant noise sources at peak sensitivity [10].
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1.8.3 Advanced Virgo

Virgo was a ground based gravitational wave detector built in Cascina, Italy. Construction
began on Virgo in 1996 and finished in 2003. The detector had 3 km arms, a 20 W input
laser power, a power recycling mirror, Fabry-Perot cavities and pendulum and cantilever
suspension systems made of steel [80]. Virgo began to measure data in 2004 and showed a
peak sensitivity of 6 x 10722 Hz'Y2 at 300 Hz [16]. In 2011, after not observing any
gravitational waves, minor upgrades were made to the detector. Post-upgrade the detector
became known as Virgo+. The most notable changes to the initial Virgo design was to
increase the laser input power to 50 W, use silica suspension fibres and increase the finesse
of the Fabry-Perot cavities [80]. After again not observing any gravitational waves, the
detector was upgraded another time with the aim of a factor ten improvement in strain
sensitivity compared to the initial Virgo. This detector was called Advanced Virgo.
Advanced Virgo had a 200 W laser input power, improved vacuum system, larger test
masses and new optics which corrected for previous spherical aberrations (which affected
Virgo and Virgo+) [11]. Advanced VIRGO joined Advanced LIGO in measuring data on
the 1% of August. On the 15" of August, both Advanced Virgo and Advanced LIGO observed
the same gravitational wave [8]. To date, Advanced Virgo has measured 1 gravitational wave
[8] and contributed to the discovery of another [7] (these will be discussed in more detail in
Section 1.8).

1.8.4 KAGRA

KAGRA is an underground, cryogenic detector. It is currently being built in the Kamioka
mine in Japan. Construction of the detector began in 2012 and it is expected to finish in 2020.
Much of the technology and design of this detector was based on previously built prototypes
called TAMA 300 and CLIO [81] [82]. KAGRA is built more than 200 m underground
where the seismic noise is 100 times less than that measured on the surface [83].
Furthermore, KAGRAs test masses and suspensions will be held at a constant temperature
of 20 K to reduce the effects of thermal noise. Sapphire was used to construct the test masses
and suspensions in KAGRA instead of silica (what is used in other detectors), as it exhibits
a lower mechanical loss at lower temperatures. KAGRA has a 3 km long arm length and a 2
W input laser power. Similarly to other detectors, KAGRA incorporates a multi-stage

suspension system, power and signal recycling mirrors as well as Fabry Perot cavities.
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1.8.5 Future detectors
1.8.5.1 Evolution of Advanced LIGO

There are currently three further upgrades planned for Advanced LIGO. Once these upgrades
are completed the detector will be called, in sequential order: A+, Voyager and Cosmic

Explorer [84].

It is currently estimated that the Advanced LIGO detectors will be upgraded from 2019 to
2022 [85]. These upgraded detectors will be called A+ and will utilize squeezed light (to
reduce quantum noise), have stronger test mass suspensions in order to support larger test
masses (reducing radiation pressure noise) and will use a new mirror coating (to reduce
coating thermal noise). These upgrades should improve sensitivity by a factor of 1.7

compared to Advanced LIGO.

It is proposed that A+ will be upgraded in 2025, with the upgraded detector (referred to as
LIGO Voyager) having a factor of 2 better sensitivity. This major upgrade will operate at
120 K [84]. As a result of this change in temperature, all test masses and the beam splitter
will be replaced with silicon, as it exhibits a lower mechanical loss at this temperature [86]
[87]. Changing to silicon optics also necessitates a change to a 1550 nm input laser
wavelength (as silicon is not transmissive at 1064 nm). Current coatings show an increase in
mechanical loss as they are cooled, and therefore improved coatings are required to reach

desired sensitivity at 120 K.

There are longer-term plans for a completely new LIGO detector, known as Cosmic Explorer
[84]. This detector is forecasted to be fully operational in 2035. The details of this detector
are not finalised as much of its design will depend on the performance of the new
technologies incorporated within A+ and Voyager. However, one currently discussed design
is to increase the arm length to 40 km, increase the input laser power to 300 W and maintain
the silicon optics, cryogenic operating temperatures as well as the 1550 nm laser wavelength
used in Voyager. It is believed that by making these upgrades, Cosmic Explorer should

exhibit a factor of 4 better strain sensitivity than Voyager.
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1.8.5.2 LIGO India

There are plans to build an Advanced LIGO detector in India, which would become fully
operational by 2020 [88]. This detector will be built by a collaboration involving Indian
research institutes and LIGO Labs. LIGO Labs will supply the schematics, parts and
expertise to build an identical detector to one of the Advanced LIGO detectors and the Indian
research institutes will be responsible for its operation and maintenance. Building a detector
in India is extremely useful for the gravitational wave detector community as the
geographical location relative to the other detectors will enable a factor of 3 improvement in

sky localisation [71].
1.7.5.3 Einstein Telescope

The Einstein telescope (ET) is a proposed underground, European gravitational wave
observatory which is still in its early stages of design and not expected to become operational
until 2030 at the earliest [89]. The design comprises three separate detectors positioned in a

triangular configuration as shown in Figure 1-13.

Figure 1-13: Graphic illustrating the planned design of ET. Three different detectors orientated in a triangular

configuration buried under the ground [90].

Each detector has access to two interferometers which have 10 km Fabry-Perot arm lengths.
One of these interferometers is designed to have peak sensitivity at low frequencies (1.5 Hz
to 30 Hz) whilst the other is designed for high frequencies (30 Hz to 10 kHz). The low
frequency detector operates at cryogenic temperatures whilst the high frequency detector
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operates at room temperature. The design of ET not only increases detector sensitivity at a
broad range of frequencies, but it also enables the observatory to more accurately identify
the direction of origin of gravitational waves as well as measure the effects of passing waves
which travel in the same plane as the detector. Significant research and development is still
required to realise ET.

1.8.5.4 Laser Interferometric Space Antenna

The Laser Interferometric Space Antenna, known as LISA, is a space based gravitational
wave detector planned to be launched in 2030 by the European Space Agency. LISA consists
of three identical spacecraft positioned at the corners of an equilateral triangle with length
2.5 x 108 km [91]. This triangular configuration of satellites is to revolve around the sun in
an Earth like orbit, approximately 20 degrees behind Earth as shown in Figure 1-14. The
plane of the triangle is to be inclined 60 degrees relative to the ecliptic to minimise the

relative change in distance between the different spacecraft [91].

Earth

=~23Gm

A
\J

1 AU (~150 Gm)

Figure 1-14: Orbit of LISA relative to the Earth and Sun. The three spacecraft are orientated in a triangular

configuration and the detectors arms are outlined in red [91].

Each spacecraft contains two 2 W 1064 nm lasers, two free floating test masses as well as
monitoring and control systems which are able to detect and realign the position of the test
masses. LISA is designed such that each satellite in conjunction with the other two is able to
form its own Michelson interferometer with an arm length of 2.5 x 10 km. Due to the

immense length of this detector’s arms, LISA does not reflect laser beams from one satellite
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back to the other as the laser experiences significant divergence along its path. Instead
LISA’s spacecraft phase lock a laser to the incoming detected light and transmit the phase
locked light back.

LISA complements current ground-based detectors as it enables gravitational waves to be
observed in a frequency region where ground-based detectors cannot. LISA is designed to
operate between 20 uHz and 1 Hz. In this range of frequencies LISA should be able to see
gravitational waves emitted by supermassive binary black holes as well as extreme mass

ratio inspirals.

1.9 Motivation

The recent detections of gravitational waves has demonstrated the power and potential of
gravitational wave astronomy, provided further proof of General Relativity, proof of the
existence of black holes with a mass equal to a few tens of solar mass and proof of a gamma-
ray burst originating from merging neutron stars. As new detectors come online and the
sensitivity of all detectors improves, the potential of gravitational wave astronomy will only
become greater as more signals from different sources will be detected. To maximise the
benefits of gravitational wave astronomy, further research and development is required to
tackle current limiting noise sources. Coating thermal noise is one of the dominant noise
sources in current detectors at their most sensitive frequencies and will be discussed in detail
in Chapter 2. Whilst chapters 3 - 6 will focus upon presenting the authors research and

contribution to the field of gravitational wave coatings.
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2 Coating thermal noise

2.1 Introduction

The mirrors in a gravitational wave detector are formed by depositing a highly reflective
coating upon a test mass. The thermal noise of the coating is one of the main limits to the

sensitivity of currently operating gravitational wave detectors.

Coating thermal noise describes the combination of three different noises: Brownian noise,
thermoelastic noise and thermo-refractive noise. Coating Brownian thermal noise limits the

sensitivity of ground-based gravitational wave detectors at their most sensitive frequencies.
According to the Equipartition Theorem, every mechanical system has a mean value of % k,T

thermal energy associated with each degree of freedom. This thermal energy causes random,
thermally driven molecular vibrations in the coating at a microscopic level and leads to the
excitation of the resonant modes of the coated test masses at a macroscopic level, thus
changing the detector’s arm-length. This random change in arm-length introduces noise into
the detector. Thermoelastic noise and thermo-refractive noise are caused by random
temperature fluctuations which also have the effect of changing the actual and optical arm
length of the detector. Current research is aimed at minimizing the effects of these noise
sources in order to improve current detector sensitivity as well as enable the design
sensitivity of third-generation detectors to be achieved. This chapter will outline the general
theory and mathematics of thermal noise before individually describing coating Brownian

noise, thermoelastic noise and thermo-refractive noise.
2.1.1 Brownian noise

Brownian thermal noise is caused by random, thermally driven motion of the mirror test-
masses, coatings and the mirror suspensions. Brownian motion was first observed by Robert
Brown in 1828 when he observed the random, thermally driven motion of pollen grains
suspended in water [92]. Einstein explained the origin of this random motion as a result of
collisions between the pollen grains and the surrounding water molecules [93], during which

the pollen grains lose their initial kinetic energy. Einstein therefore connected the fluctuation
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the pollen grains with the dissipation caused by the intrinsic internal friction of the water

molecules.
2.1.2 The Fluctuation-Dissipation Theorem

The Fluctuation-Dissipation Theorem, derived by Callen et al in a series of papers published
between 1951 and 1952 [94, 95, 96] enables the thermal noise of a system to be determined.
The theorem states that any linear system in thermal equilibrium will exhibit random,
thermally driven fluctuations whose magnitude and angular frequency (w) is related to the

dissipative (i.e. real) part of the system’s impedance (R[Z(w)]):
S¢(w) = 4k, TRIZ(w)], (2.1)

where S¢(w) represents the power spectral density of the fluctuating thermal force, k,, is the

Boltzmann constant and T is the temperature of the system. Z(w) represents the system’s

impedance which is equal to:

F(w)

Z(w) Zm.

(2.2)
where F(w) is the force applied to the system and v(w) is the system’s velocity caused by
the applied force. Alternatively, the Fluctuation-Dissipation Theorem can be expressed in
the form:

4k, T
(1)2

Sx(w) = R[Y(@)], (2.3)

where S, (w) represents the power spectral density of the system’s fluctuating displacement
(thermal noise) and Y (w) is the mechanical admittance of the system (which is equal to the
inverse of impedance). To summarise, the Fluctuation-Dissipation Theorem states that
thermal noise is related to energy dissipation and the magnitude of noise is related to the

magnitude of dissipation.
2.2 Dissipation

Most broadly speaking, there are two types of dissipation mechanisms in a detector: external

and internal.
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2.2.1 External Dissipation

External dissipation describes the process of energy being lost to the environment. In a

gravitational wave detector, examples of external dissipation are:

e Gas damping - energy is lost from the test mass mirrors and suspensions to residual
gas molecules (where the suspensions are described in Section 1.5.1).

e Recoil damping - energy is lost from the pendulum into the surrounding support
structure.

e Frictional damping - energy is lost at the pendulum suspension points.

By designing detectors with these dissipative mechanisms in mind, the magnitude of their
effect on detector sensitivity can be minimised. Therefore the dominant source of thermal

noise in a detector is due to internal dissipation.
2.2.2 Internal dissipation

Internal dissipation is caused by a material’s anelasticity [97]. When a stress (o) acts upon

an ideal elastic material, a strain (&) of magnitude:
(2.4)

instantaneously develops within the material, where Y represents the material’s Youngs
modulus. However, when a stress is applied to an anelastic material the strain response is
not instantaneous and instead develops over time. Applying a periodic stress of angular

frequency (o) of the form:

o = gye'®t, (2.5)

to an anelastic material will result in a strain of the form:
€ = gpe(@t=9) (2.6)

where g, and €, are stress and strain amplitudes and ¢ is the phase by which the strain lags
behind the stress. ¢ is known as the mechanical loss angle and is a measure of the ratio of

the energy dissipated per oscillation (Ejgstpercycie) OF the system relative to the total energy

stored in the system (Esiored):
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Elostpercycle

, (2.7)
27-’-'Estor'ed

¢(f) =

where f is the frequency of oscillation. The mechanical loss of a system can be most easily

measured at a system’s mode frequencies.

The internal dissipation of anelastic materials can arise from the rearrangement of molecular
structures or defects such as interstitial impurities, point defects, dislocations and grain

boundaries in response to an applied stress [97].
Knowing a system’s mechanical loss enables the systems thermal noise to be determined.
2.2.2.1 Thermal noise associated with a single resonant mode

The relationship between the mechanical loss and thermal noise for a single resonant mode

can be illustrated by considering the example of a harmonic oscillator.

An anelastic spring supporting a mass m can be described by the modified version of

Hooke’s law:

F(w) = —k(1+ i¢p(w))x, (2.8)
where F is the restoring force of the spring and k(1 + i¢(w)) is the complex spring constant.
Assuming that the system experiences an internal thermal driving force A(w), then the
system’s equation of motion takes on the form:

mi = —k(1 + ip(w))x + A(w). (2.9)

The displacement (x), velocity (x) and acceleration (X) of a harmonic oscillator are related

as follows:
X =—, (2.10)

%= iwx. (2.11)

Equation (2.9) can then be written in the form:
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k
Al(w) = iomx + - (1+ip(w))x. (2.12)

Manipulating Equation (2.12) into the form of Equation (2.2) enables the impedance of the

system to be calculated as:

_k+ip(w)k—w’m

Z ” (2.13)
The admittance is equal to:
Y = ! o 2.14
7 k+ip(wk—w?m’ (214)
and the real part of the admittance is equal to:
wp(w)k
RIV (@)] = Q) 2.15)

(k — w?m)? + ¢p2(w)k? °
The power spectral density of the system’s displacement noise (i.e. thermal noise) can then

be calculated using Equation (2.3):

41, Tk (w)
w(k —mw?)? + k2¢2(w) ’

Substituting k = w3m into Equation (2.16), the thermal noise spectral density of the

S () = (2.16)

oscillator with a resonant angular frequency (w,) can be written as:

4k, Twdd(w)
om[@? (@i + (@ — w?)?]

It is interesting to note that at frequencies equal to the systems resonance (w = w,), the

S.(w) = (2.17)

thermal noise becomes:

, (2.18)

which shows an inversely proportional relationship between thermal noise and mechanical
loss. At frequencies far below the resonance, where w<<w, (assuming ¢?(w)<<1),

Equation (2.17) can be approximated by:
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4k, T
5,(w) = HoTP@) (2.19)
wymw
whilst when w>>w,, Equation (2.17) can be approximated by:
4k, Twip(w)
Sx(w) = T , (220)

Figure 2-1 shows the thermal noise of two otherwise identical oscillators with different
mechanical loss. Both oscillators exhibit the same total amount of thermal noise (when
integrated over all frequencies), however it can be observed that the oscillator made from a
lower mechanical loss material has a lower thermal noise off-resonance and a higher thermal
noise on resonance than the oscillator made from a higher mechanical loss material.
Gravitational wave detectors are purposefully built such that the resonant modes of their
mirrors are at frequencies much higher than the most sensitive operating frequencies of the
detector (approximately 300 Hz for the most sensitive operating frequency). By designing
the detectors this way and constructing the mirrors from materials which exhibit as low a
mechanical loss as possible, the magnitude of thermal noise at the detector’s most sensitive

operating frequencies can be minimised.
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Figure 2-1: Thermal noise spectral densities of two oscillators. One of the oscillators has a mechanical loss of
1 x 1076 whilst the other has 1 x 101, Both oscillators have a temperature of 290 K, a mass of 20 kg and a

resonant mode frequency of 500 Hz.

2.3 Brownian noise in a detector mirror

A gravitational wave detector mirror is a much more complex system than a simple harmonic
oscillator. Thermally induced vibrations at the microscopic level will ultimately lead to the
various mechanical resonances of the system to be excited. When the modes of the mirror
are excited, the arm length of the interferometer changes resulting in a displacement noise.
The dissipation mechanism associated with Brownian noise is the intrinsic internal friction

of the materials used to construct the test mass and mirror coatings [98, 99].

Initial attempts to calculate the Brownian noise of a mirror assumed that the motion of each
of the mirror’s resonant modes as independent from one another (known as the normal mode
expansion method) [100, 101]. This enabled the mirror’s Brownian noise to be determined
by summing the noise contributions from each mode. However, the assumption that a body’s
resonant modes are independent from one another is only true when the mechanical
dissipation is homogeneously distributed throughout the body. A gravitational wave detector
mirror is formed from a large uniform test mass which is coated on one side with a highly

reflective coating. The dissipation of these coatings is several orders of magnitude greater
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than that of the test mass, introducing an inhomogeneous spatial distribution of loss into the
system. Treating the noise contributions from the mirror’s resonant modes independently
from one another is therefore not accurate as the inhomogeneous dissipation introduces
correlations between the Brownian noise of different modes [102]. An alternative approach
to the normal mode expansion method was developed to more precisely calculate the

Brownian noise of the detector mirrors.

The advanced mode expansion method enables the mirror’s Brownian noise to be calculated
as it uses cross mode coupling terms to account for the correlations developed between
different mode’s Brownian noise [103]. However, this method is extremely time consuming
as a large number of modal solutions are required in order to obtain an accurate value of the

mirror’s Brownian noise.

In 1998, Levin outlined a new method to calculate a mirror’s Brownian noise [102] which
assumes that a notional pressure (with the same spatial profile as the detector’s laser beam)
is applied to the front face of the mirror. By calculating the power dissipated in the mirror
(Wy;ss) from this pressure and using the Fluctuation-Dissipation Theorem, the Brownian

noise power spectral density of the mirror can then be calculated using [102]:

5.(f) = T <%) : (2.21)

w2f2\ F¢
where F, is the peak amplitude of the oscillating force applied to the mirror surface. If the

mirror experiences inhomogeneously distributed dissipation then W;4 is equal to:

Wasss = 2f f (o, Doy, 2, AV | 2.22)

vol

whilst for homgeneously distributed dissipation:

Wiiss = anUmax(p(f) ’ (2.23)
where € is the energy density of elastic deformation when the mirror is maximally deformed

by the notional pressure, U, is the mirror’s energy at peak elastic deformation, V' is the
mirrors volume and x, y and z are directions in space. Bondu first applied Levin’s method
to determine the Brownian noise of an uncoated mirror (i.e. test mass). In his calculation

Bondu assumed that the diameter of the test mass was much greater than the laser diameter
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as it enabled him to approximate the test mass as being half infinite. Bondu determined the

Brownian thermal noise to be equal to [104]:

S . Zka 1-— Vz 224
x(f) - f\/? <Y—WO> d)substrate(f) ’ ( : )

where w, is the distance over which the electric field amplitude of the laser beam falls to e—lz

of its maximum value, ¢, pstrate 1S the mechanical loss of the test mass and Y and v represent

the Young’s modulus and Poisson ratio of the test mass’s material respectively.

Nakagawa et al [105] were the first to use Levin’s method to determine the Brownian noise
of a mirror (i.e. coated test mass). Nakagawa et al argued that the mirror’s thermal noise
could not be well-approximated by an uncoated test mass since the detector’s laser light
(which is used to sense for fluctuations) is reflected directly by the coating. Their logic (as
well as Levins) was that a source of dissipation closer to the reflecting surface of the mirror
would contribute more to a mirror’s Brownian noise than if it were further away. Since the
laser light’s first point of contact is the coating, the effect of the coating would have to be
considered. In their derivation, Nakagawa et al approximated the coating to be a uniform
layer which has the same material properties as the test mass but with a different mechanical

10SS (¢ coating)- Their expression to determine the Brownian noise of a mirror was [105]:

— 2 —
Sx(f) = 2:5; <1WT;> (¢substrate + \/% (11 _2vV> (Wio) ®coating ) ) (2.25)

where d is the thickness of the coating. Harry et al [106] derived a more detailed expression
for a mirror’s Brownian noise. Their expression explicitly accounted for the layer structure
of the coating applied to the test masses. In a gravitational wave detector, coatings are formed
from alternating layers of two materials e.g. in Advanced LIGO these materials are silica
and titania doped tantala. Incorporating this layer structure leads to anisotropy of the
coating’s mechanical loss. This can be observed in their expression of a mirror’s Brownian

noise:
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1 /d 1
ST /1 — 12 /¢Substrate + ﬁ(w—o) (YY'(]. — V'Z)(l — V2)> X\
Se(f) == < — >| Y2(1+v)2(1 - 2v)%¢, + . (2.26)
n2f 0 \ YY'v'(1+v)(1+v)(1 = 2v) (¢ — d1)
+YZ(14+v)2(1 - 2v")2¢,

where ¢, and ¢, are the coating’s mechanical losses associated with strains parallel and
perpendicular to the coating surface respectively. In their derivation, Harry et al also
accounted for the coating exhibiting different Young’s modulus (Y') and Poisson ratio (v')
values from the test mass. When Y’ =Y, v' =vand ¢, = ¢,, Equation (2.26) simplifies
to Equation (2.25).

2.3.1 Coating Brownian noise

In an ideal world, a coating’s Brownian noise is determined using Equation (2.26) when
Gsubstrate = 0. However, in practice a coating’s Brownian noise is calculated using
Equation (2.26) whilst assuming ¢, = ¢, This assumption is required as whilst ring down
experiments (Section 3.3) estimate ¢, there is no current approach able to estimate ¢, . In

order to estimate a value of thermal noise, it is therefore assumed in the literature that ¢, =
¢, [106].

2.3.2 Hong’s interpretation of coating’s Brownian noise

Presently, the thermal noise of a coating is estimated using Equation (2.26) (and assuming
that ¢supstrate = 0 and ¢, = ¢, ). However, Hong et al argues that separating the
mechanical loss of a gravitational wave detector coating into its parallel and perpendicular
components is fundamentally flawed as it can lead to unphysical situations where the energy
stored in parallel and perpendicular motion is negative [107]. Hong therefore presents a new
and alternative method of estimating a coating’s thermal noise which is dependent upon the

coating’s bulk and shear losses (see Chapter 3).

The parallel and perpendicular losses of a gravitational wave detector coating arises from its
layer structure (as it was thought that the loss of a coating made from alternating layers of
isotropic, amorphous materials may be different as it moves parallel and perpendicularly to
its surface). Hong’s theory arises from the requirement of amorphous, isotropic materials

needing two independent elastic constants to fully describe their mechanical properties.
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Since each elastic constant represents a source of loss (imaginary component of elastic
constant) then there exist two sources of loss for each isotropic amorphous material.
Therefore whilst there is no real physical reason to suspect a single silica coating layer
having different parallel and perpendicular losses, there is a real physical reason as to why
it may have different bulk and shear losses.

2.4 Coating thermo-optic noise

Coating thermo-optic noise describes the combination of coating thermoelastic noise and
coating thermo-refractive noise. These two noise sources are often considered under the
umbrella term of coating thermo-optic noise as they are both caused by the same
fundamental mechanism (random temperature fluctuations) and both exhibit the same

dissipation mechanism (heat transfer) [99].
2.4.1 Coating thermoelastic noise

Coating thermoelastic noise arises from random temperature fluctuations in the coating
which cause changes in the dimensions of the coating as a result of the coating’s thermal
expansion coefficient. When the coating’s dimensions change, the length of the
interferometer’s arm length changes as well, resulting in displacement noise. The power

spectral density of a coating’s thermoelastic noise is given by [108, 109]:

8k, T?d? (o a? \ -
S, (f) * ————(1 +v,)? —— 4%, 2.27
X f WOZ\/T[—BJC S CSZ KSCS ( )

where C is the specific heat capacity, « is the thermal expansion coefficient and K is the

thermal conductivity. A2 is equal to:

2
Zz _ Cs aavg 1+ Vavg n (1 - zvs)yavg -1 ’ (2.28)
205Capg [1 —Vapg \ 1+ s Y

where subscript s denotes substrate material properties and subscript avg represents coating

material properties which have been calculated by performing a weighted average of the two

alternating coating layer’s material properties:

da db

Copy = C, C ,
avg ada+db+bda+db

(2.29)
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where subscripts a and b represent the two different alternating layers of the coating.
2.4.2 Coating thermo-refractive noise

In a gravitational wave detector, laser light is reflected by mirrors positioned at the ends of
the detector’s arms. This laser light slightly penetrates the coating of the mirror before being
reflected back into the detector. Coating thermo-refractive noise is caused by random
temperature fluctuations in the coating which change the refractive index of the coating
materials and therefore also changes the optical path length of the laser beam in the coating.
The magnitude of a coating’s thermo-refractive noise is dependent upon the coating’s

thermo-optic coefficient (B):

dn

B=—r (2.30)

where n is the refractive index. The power spectral density of a coating’s thermo-refractive

noise can be calculated using [110]:

V2(B2722k,T?)

TwgJ wp.C.K,

where A is the wavelength of the laser, p. is the density of the coating, K, is the thermal

Sx (w) =

(2.31)

conductivity of the coating and C, is the specific heat capacity of the coating. S, is the

effective temperature dependence of the high and low refractive index layers in the coating:

niB + niPy

Ber = 4 —n2) (2.32)

where the subscripts H and L represent the high and low index materials in the coating.

2.4.3 Coating thermo-optic noise

Since both coating thermoelastic noise and coating thermo-refractive noise are caused by the
same random temperature fluctuations in the coating, they can be treated as one noise source
known as thermo-optic noise. Using Levin’s methodology, Evans et al calculated the

coating’s thermo-optic power spectral density to be equal to [111]:
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5,(f) = — 2ol (e~ g2 astC)z (233)
=——(a.d—pr- : :
* w3 KCsf ‘ Cs

where d is the total coating thickness and & is an effective thermal expansion coefficient. &

can be calculated using:
CYX = Zax(l + Vx) ) (2.34‘)

where X € (C,S), subscript C represents coating material properties, subscript S represents
test mass material properties, S is the effective temperature dependence of the high and

low refractive index layers in the coating:

By + B, (2 (Z—i’)z - 1)

4(n% —n?)

f = ) (2.35)

By = ﬁy + ayny , (236)

and Y € (H,L). Interestingly, Equation (2.33) shows that the coating thermoelastic noise

(@.d) and coating thermo-refractive noise (81 and @) can act to cancel one another out.
N

Intuitively this makes sense and can be best observed by way of an example. Consider a
random increase in coating temperature. This temperature change will result in the coating
expanding (if the coating’s thermal expansion coefficient is positive), thus reducing the
interferometer arm length. However, this same increase in coating temperature will also
result in an increase in path length and optical path length within the coating (assuming that
[ is positive). In this example, it can therefore be observed that the displacement noise of
these combined sources will act to cancel one another out. Carefully selecting a coating’s
materials within a gravitational wave detector enables the extinction of a coating’s thermo-

optic noise.
2.5 Effect of coating thermal noise upon detector sensitivity

Coating thermal noise was not a limiting noise source in first-generation gravitational wave
detectors. However, due to detector upgrades (and the magnitude of other noise sources
being reduced) coating thermal noise limits the sensitivity of second-generation gravitational

wave detectors at their most sensitive operating frequencies. This can be observed in Figure
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1-11, which shows the different noise sources present in the Advanced LIGO detectors. The
effects of coating Brownian noise is much larger than coating thermo-optic noise in second
generation gravitational wave detectors. In the future, the magnitude of coating thermal noise
will be reduced by operating detectors at cryogenic temperatures (KAGRA and ET).
However, if different coating materials are used in future upgrades then coating thermo-optic

noise could prove to be larger than coating Brownian noise.
2.6 Finite Element Analysis

In order to accurately model the coatings in this thesis, FEA will be used. FEA is a
computational method used to investigate how a component will react under a variety of
conditions and allows many properties, such as stress, strain, temperature and response to
applied forces, to be modelled. The mathematical algorithm determines these properties of
the component by first dividing the geometry into many small individual elements known as
a mesh. Specific partial differential equations are then allocated to each element in the mesh
to describe the components’ behaviour at that exact location. Each equation is then solved
and the solutions are combined to give a solution for the entire component. The main
challenge facing all finite element modellers is to ensure that the output results are
trustworthy. This is achieved by ensuring that the specified analysis and model inputs are

correct, and that the mesh shows “convergence”.

In general, increasing the number of mesh elements in a model will lead to more accurate
solutions as the mathematical resolution of the body becomes greater. However, densifying
the mesh will also lead to increased computational time. A compromise between these two
competing effects is therefore required. The solution is to generate a mesh which will be
dense enough to give sufficiently accurate results within an acceptable time. This is achieved
by first creating a mesh with few elements and solving the analysis. The number of elements
in the mesh is then increased and the model re-solved. This process is continued until the
results of the model are found to have converged. Performing a mesh convergence is
essential in all FEA models. To obtain “convergence” it is essential to specify correct
boundary conditions as well as the model’s initial conditions as otherwise the FEA model

will try to solve an unrealistic problem which has no converged solution.

The most common FEA software packages are called COMSOL and ANSYS.
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2.7 Gravitational wave detector coating materials

The materials used to make the coatings in a gravitational wave detector must be carefully
selected in order to minimise the detector’s coating thermal noise and absorption. The
current coating used in the Advanced LIGO and VIRGO detectors is a bilayer stack, where
one layer is made from silica and the other titania doped tantala. The mechanical loss of this
detector coating is 2.3 x 10™* [112] whilst its absorption is 0.3 ppm [68]. At room
temperature, this is the best coating which can be used to minimise both detector thermal
noise and absorption. However, at cryogenic temperatures, the mechanical loss of this
coating is high due to silica exhibiting a mechanical loss peak. New detectors which will be
built to operate at cryogenic temperatures must therefore use a different coating which can

ensure that the detector behaves optimally.

Due to its low mechanical loss at cryogenic temperatures, silicon nitride is currently being
considered as a replacement material for silica in gravitational wave detector coatings.
Amorphous silicon is also being considered as a possible partner material to silicon nitride
due to its very low mechanical loss (< 2 x 107> e.g. lower than tantala) at temperatures
below 30 K [113]. However, the draw back of a silicon nitride/ amorphous silicon coating is
that it has high absorption (due to the amorphous silicon layers having high absorption at
1064 nm which is the laser wavelength currently used in gravitational wave detectors). One
way of solving this absorption issue which is being investigated is to use a “multi-material”
coatings [114, 115]. In these coating designs, a few layers of low-absorption silica and titania
doped tantala are deposited on top of a amorphous silicon/silicon nitride coating stack to
reflect the majority of laser power (thus reducing the power in the more highly absorbing
amorphous silicon and silicon nitride layers below). This represents a trade-off between
absorption and mechanical loss, as the high loss of the silica and titania doped tantala layers

will increase the thermal noise of the coating.

The last type of coating that is currently being investigated for future cryogenic gravitational
wave detectors are crystalline coatings. Unlike a lot of amorphous materials which show
mechanical loss peaks at low temperatures, many crystalline coatings do not. Four crystalline
materials which are currently being investigated are Gallium Arsenic, Aluminium Gallium
Arsenic, Gallium Phosphorous and Aluminium Gallium Phosphorous. Current research into

these materials centres around: reducing their absorption (which is higher than a room
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temperature silica/tantala layer) and improving the fabrication process to increase the size

and uniformity of the crystalline coatings.

It is essential that over the next few years developments are made in the field of coating
research, so that next generation gravitational wave detectors can reach design sensitivity.

2.8 Other Applications

The development of highly reflective, low mechanical loss and low optical absorption
coatings is of obvious interest to the gravitational wave community but also has benefits to
other fields of industry and science. One industry which would benefit from these
developments in coating research is the laser building industry. The laser building industry
is constantly trying to improve their coatings as it will directly improve their laser
performance. Using more highly reflective, lower loss and lower absorbing coatings would
enable more precise measurements to be made using a laser, increase the laser’s resolution
and improve the laser’s stability (thermal management). These improvements in laser
performance would benefit high-precision meteorology which uses lasers to detect micro-
movements in the Earth’s crust and are currently limited in sensitivity by the thermal noise

of their laser cavities.
2.9 Conclusion

Thermal noise is one limit to the sensitivity of second-generation ground-based gravitational
wave detectors at their most sensitive frequencies. The thermal noise of a detector’s coated
test mass is dependent upon its spatial distribution of dissipation as well as the mechanical
loss of the materials used to make the coated test masses. Since the detector’s laser beam is
directly reflected off the coating and the coating materials exhibit significantly higher
mechanical loss than the test mass materials, the thermal noise of the mirror coatings will be
a significant limit to detector sensitivity. Second-generation detector’s coating thermal noise
is dominated by it’s Brownian thermal noise component at the detector’s most sensitive
frequencies. In order to improve the sensitivity of future detectors, a coating’s Brownian
thermal noise must be reduced. Current research therefore aims to identify coating materials

with low mechanical loss and low Brownian thermal noise.

54



3 Bulk and Shear Loss

3 Bulk and shear loss

3.1 Introduction

The intrinsic mechanical loss of a material is thought to arise from the rearrangement of
defects or structural units of atoms in response to an applied stress [97, 100]. These loss
mechanisms can be represented by transitions between states in a double well potential (as
shown in Figure 3-1) with stable configurations represented by a potential minimum
(labelled a and b in Figure 3-1) [116].

Figure 3-1: Image of a double well potential. The Y axis represents the potential (V) whilst the x axis represents

position (x). a and b represent the stable configurations of the double well potential.

In principle, different types of motion (i.e. different types of stress) couple to the loss
mechanism (or double well potentials) in different ways, resulting in a different level of loss
[107]. To accurately estimate the thermal noise of a detector’s coating, it is therefore
necessary to correctly account for the type of motion which is used to calculate the
mechanical loss of the coating materials.

Mechanical loss is usually measured using a ‘ring-down’ technique, in which the loss of a
coating is measured at a particular vibrational mode of a coated sample (Section 3.3). Many
different samples and mode shapes can be used — depending on the materials and
applications involved [117, 118, 119]. Since different types of motion couple to the loss
mechanism in different ways, it is not always accurate to compare the loss of a coating
measured at one resonant mode to another coating measured at a different resonant mode.
Therefore care needs to be taken when comparing mechanical loss values measured using

different sample geometries, and even different resonant modes for the same type of sample.
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A solution to this problem was provided by Hong et al [107], who showed that the loss of a

coating measured at a particular mode (¢oating) Can be deconstructed into two loss factors

— one associated with bulk motion and the other shear motion. These bulk (¢g) and shear
(¢ps) loss angles are fundamental to the coating and can therefore be compared across
different types of samples and resonant modes. By deconstructing the resonant mode
dependent loss of a coating into its more fundamental and invariant bulk and shear loss
quantities, Hong shows that it is possible to identify the coating with the lowest bulk and

shear losses even if the coatings have been measured at different resonant mode shapes.

This chapter begins by introducing the theory of bulk and shear loss. It then outlines two
new methods to determine the bulk and shear losses of a coating before applying these
methods to analyse a range of coatings that have been deposited onto different substrate
geometries which oscillate with different mode shapes. The main contribution of this work

is the development of these two new methods of calculation.
3.2 Theory of bulk and shear loss

To mathematically describe any isotropic amorphous coating, two independent elastic
constants are required (e.g. Young’s modulus and Poisson ratio or Young’s modulus and
shear modulus etc) [107]. Since each elastic constant contains an imaginary component
which describes an individual loss mechanism, every isotropic amorphous coating therefore
must have two independent loss mechanisms. Hong describes a coating using the bulk and

shear elastic constants [107] and argues that the mode dependent mechanical 10ss (¢coating)

is therefore made from a combination of both bulk loss (¢g) and shear loss (¢s). Whilst the
loss of a coating determined at different mode shapes will vary (since each mode shape
samples different amounts of bulk and shear motion), the fundamental and independent bulk

and shear losses are invariant. Mathematically, ¢¢qating Can be written in the form [107]:

Upuik Ush
¢coating = Uu B + Uear bs (3.1)
c

C

where the energy stored in bulk (Ug,x) and shear motion (Ugpeqr) are defined as being:

1 2
Upuik = | S Ko av, (3.2)
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Ushear = f.ufijfijdv ’ (3.3)
where:
0 =S, (3.4)
1 1
§= 2 (Sii + Sji) - §gijSkk ) (3.5)

K is the bulk modulus, u is the shear modulus, g;; represents a Kronecker delta function, U,
is the energy stored in the coating, V is the volume of the coating and S;; represents the 3 x 3
strain tensor [107]. The bulk loss arises from motion which involves volume change, whilst
the shear loss arises from shear motion where there is no change in volume but a change in
shape [120]. Examples of both bulk and shear motion are illustrated in Figure 3-2 (a) and (b)

respectively.

Figure 3-2: Two bodies undergoing bulk (a) and shear (b) motion. The dashed volumes illustrate the original
shape of the body whilst the opaque structures show their end state. The arrows illustrate the direction of force

applied to the original body to transform it into its end state.

Using Levin’s approach [102] (described in Section 2.3) Hong derived the thermal noise
power spectral density (S.) of a single coating layer (used as a mirror coating in a

gravitational detector) as being [107]:

4'ka (»bB UBulk ¢SUShear
S, = , 3.6
= af ( R 36
where:
/ Y. (1 — 2v9)2(1 + vy)?
UBulk _ (1 - Zvc)d Ysz (1 - vc)z (3 7)
F2 3nwg 121 -2v)(1+vo)(1 +v,) N 1(A+v)? |’ '
Ys (1 - Vc)z Yc (1 - Vc)z
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Yc (1 — Vet ch) (1 + Vs)z(l - ZVS)Z
Ushear _ 2d Y_sz 1-v)2(1+v) \ (3.8)
F? 3nwg | (1—-2vo)(1+v) (A +v.)(1—-2v) (1—-2v)2A+v)? ]
B Ys(l - Vc)z Yc (1 - UC)Z/

wy is the field amplitude radius of the detectors laser beam applied to the coating surface
(i.e. at radius w,, from the centre of the beam, the light intensity is eiz), v is the Poisson ratio,

d is the coating thickness, k; is the Boltzmann constant, f is the frequency, T is the
temperature, Y is the Young’s modulus and subscript s and c are used to define properties
of the substrate and coating respectively. Applying the simplification (Y, = Y; and v, = vy),

a greater insight as to the effects of bulk and shear loss upon thermal noise can be observed:

_ 8k, T(1—v—2v¥)d

=y UV (1= 21)99). (3.9)

Thermal noise of a single coating layer can therefore be reduced by decreasing its
temperature, the thickness of coating or the relative magnitudes of the coating’s bulk and
shear mechanical loss factors. It can also be decreased by increasing the laser diameter. It is
interesting to note that the thermal noise of a coating is more sensitive to bulk loss than shear
loss. Physically, this occurs because bulk motion within the coating layer causes a thickness
fluctuation of the layer and a fluctuation of the coating-substrate interface which add
constructively together to increase thermal noise (by changing the detector arm length)
[107]. Shear motion has less affect upon thermal noise as when the coating moves in this

way the change upon the detector arm length is smaller than would be for bulk motion [107].

The effect of a coating’s bulk and shear loss upon thermal noise can be observed in Figure
3-3. The three lines represent the same measured mode-dependent coating loss (Equation
(3.1)) but different ratios of bulk and shear loss. It can be seen that as the bulk/shear loss

ratio decreases, the thermal noise decreases.
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Figure 3-3: A single layer coating’s thermal noise calculated using Equations (3.6) — (3.8). Each line was
calculated using the same mode dependent coating loss but with different proportions of loss stored in bulk

and shear motion. As convention dictates the square root of the thermal noise power spectral density is plotted.

The current method used to determine coating thermal noise in a gravitational wave detector
(Equation (2.26) when ¢gypstrate = 0 and assuming ¢y = ¢, = @coating) has a linear
relationship between thermal noise and the coating’s mode dependent mechanical loss. This
means coatings which are measured to have the lowest mode dependent mechanical loss also
have the lowest thermal noise. However, as shown in Figure 3-3, this is not the case when
using Hong’s theory as a coating which has been measured to have a higher mode dependent
loss could theoretically have a lower thermal noise than another coating with a lower mode
dependent coating loss due to its bulk and shear split. Based upon this new thermal noise
theory, coatings that were dismissed in the past as being too noisy (as they had a higher mode
dependent mechanical loss than others) should be reinvestigated as they may in fact improve

current detector performance.

It should be emphasised that Figure 3-3 shows the thermal noise of a single layer coating as
a simplified illustration and not the multilayer stack used in a gravitational wave detector
(see Sections 2.3 and 6.7.3 for more details). A fuller analysis is required to account for the
shear and bulk losses of the two materials used to make a highly reflective coating stack
[107]. Here it is assumed for simplicity that both coating layers have identical thermal
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properties, mechanical properties and loss values, allowing the coating to be treated as a

single layer of material.
3.3 Method to determine the bulk and shear loss of a coating

To determine the bulk and shear losses of a coating, the mode dependent losses of the coating
must first be calculated. In this section, techniques for measuring the mode dependent
mechanical loss of a coating will be described, and the analysis which was developed to

extract the bulk and shear losses will be explained.
3.3.1 Mechanical loss experiments

A material’s mechanical loss is usually measured by exciting a resonant mode of a sample
(made from that material) and measuring the exponential decay of its resulting motion. When
all external sources of energy loss are suitably minimised, this decay is proportional to the
internal mechanical loss of the material. To determine the mechanical loss of a potential
gravitational wave detector coating, the coating is first deposited onto a test-sample
(substrate) of known loss. By measuring the mechanical loss of the coated sample and
determining its difference in loss from the uncoated sample, the loss of the coating can be

calculated.
3.3.1.1 Cantilever substrate geometries

Thin silicon [121, 122] or silica cantilevers [123] are commonly used as substrates in
mechanical loss experiments. Approximate geometries of these substrates are illustrated in

Figure 3-4.
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Figure 3-4: Typical geometries of a (a) silicon and (b) silica cantilever used for loss measurements.

To most accurately calculate a coating’s bulk and shear loss (using the methods derived in
this chapter), the mode dependent loss of the coating should ideally be determined at
resonant mode shapes with different bulk/shear energy ratios. Bending and torsional modes
are the most common resonant mode shapes of a cantilever. They also exhibit significantly
different bulk and shear energy ratios from one another. For this reason, loss measurements
were made at both the uncoated and coated cantilever’s bending and torsional modes. Figure
3-5 illustrates the shape of the first (lowest frequency) bending mode and first (lowest

frequency) torsional mode for a clamped silicon cantilever.

(a) ] (b)

Figure 3-5: Resonant mode shapes of a clamped silicon cantilever. (a) First bending mode. (b) First torsional
mode. The colour blue represents the parts of the cantilever with minimum deflection whilst red illustrates

maximum deflection. The black outline illustrates the undeformed cantilever.

3.3.1.2 Measuring the mechanical loss of an uncoated and coated cantilever

A schematic of the apparatus used to measure the mechanical loss of cantilever samples is
shown in Figure 3-6. The thick end of the cantilever (shown in Figure 3-4) was held

horizontally in a stainless-steel clamp inside a vacuum tank. The clamping arrangement
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using a thicker part of the sample has been shown to be effective in reducing frictional losses

associated with the clamp [124].

To vacuum pumps
Clamping block T

Vacuum tank

4

Cantilever

) Viewport Laser
Mirror
Split photodiode
Electrostatic - sef)nsolz
drive plate

Computer

———1

High voltage
amplifier

Signal generator

Figure 3-6: Experimental setup used to measure the loss of an uncoated or coated cantilever.

The vacuum tank was evacuated to approximately 2 x 10~ mbar and an electrostatic drive
plate (positioned approximately 5 mm below the cantilever) was used to excite the cantilever
by applying an oscillating high-voltage signal at the frequency of the desired resonant mode.
After excitation, the drive plate is turned off and the free amplitude decay a(t) of the
resonant mode is recorded using laser light reflected from the cantilever and directed onto a
split photodiode sensor outside of the vacuum tank as shown in Figures 3-6 and 3-7 (for
more information regarding the electric circuit and DAQ used to measure the current in the
photodiode, please see [123]). To maximise the sensitivity of the experiment, the laser light
was aligned to a position on the cantilever which experiences maximum displacement (the
end of the cantilever, in the case of a bending mode, and close to one edge of the cantilever,

in the case of a torsional mode).
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Figure 3-7: Split photodiode arrangement used to measure the amplitude of oscillation of a cantilever.

The amplitude decay, or ‘ring down’, obtained from monitoring the laser light is collected
using a Labview program. The measured amplitude decay is related to the mechanical loss

(assuming all external sources of damping have been sufficiently reduced) by:
a(t) = ag exp(=mfot), (3.10)

where a, is the initial amplitude, f, is the resonant frequency of the cantilever and t is the
time. The mechanical loss (¢) of the uncoated (Puncoatedioss) OF coated (@coatedioss)
cantilever is calculated by fitting Equation (3.10) to the measured amplitude decay. An

example of a typical ring down and its corresponding fit can be observed in Figure 3-8.
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Figure 3-8: An example of a ring down measurement and its corresponding fit. The attenuated oscillations of

the cantilever are also included in the image.

The frequency (f) of the cantilever’s n" excited bending mode is equal to [125]:

(3.11)

;= (k,L)%a (%)%

4312

where a is the thickness of the cantilever, L is its length, Y is its Young’s modulus, p its
density and k,, L takes on the values 1.875, 4.694, 7.853, 10.996, 14.137 forn = 1 to 5 and

@n-1)=m
2

can be calculated using [127]:

for n > 5 [126]. Similarly, the frequency of the cantilever’s n™ torsional mode

D, |4Ga? 212
=T [ (312)

where G is the cantilever’s shear modulus, b is its width and D,, = (Zn;)n forn > 1.

koL =

3.3.2 Mode dependent coating loss

This subsection describes the analysis required to calculate the mode-dependent loss of a

coating for both a bending mode and a torsional mode of a cantilever substrate.
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3.3.2.1 Bending mode coating loss

The mechanical loss of a coated cantilever at a bending mode (¢coatediossp) has
contributions from both the loss of the cantilever substrate (¢uncoatedn) @nd the coating
material (¢coatingb)- Since the coating is much thinner than the substrate, less elastic energy
from the motion is stored in the coating than in the substrate and therefore only a small
fraction of the energy associated with the resonant mode is able to be dissipated by the
coating. Accounting for these differences in energies stored in the coating and substrate, the
mechanical loss of the coated cantilever can be approximated by [128]:

Uc,b

¢coatedloss,b ~ ¢uncoated,b + U_b¢coating,b ’ (3-13)
S,

where U}, and Ugy, represent the elastic strain energies of the coating and substrate during
a bending mode vibration. The energies stored in a coating and it’s cantilever substrate can
be calculated by considering a bar of length L, thickness a and width b which has a thin
coating of thickness t on one surface. If the coated bar is bent into an arc of a circle with
radius R (as shown in Figure 3-9), the energy stored in the coating layer can be determined

as being:

AL?, (3.14)

where AL is the change in length due to bending.

a edr

\coating layer
of thickness ¢

L+AL

Figure 3-9: A bar of length L, thickness a and width b which has a thin coating of thickness t on one surface

and is bent into an arc of a circle with radius R.
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6 is the angle of bending and it can be assumed that when the angle of bending is small,

the approximation:
a
AL = 50 , (3.15)

holds. The energy stored in the bar can be calculated by splitting the bar into two parts, one
which is experiencing compression and the other expansion. Both parts contribute equally
to the total energy stored in the bar. The energy stored in the half of the beam undergoing

compression (Us b,compression) 1S €qual to:

R+Z Y,bO2(r — R)? 1 Y,b6%a3
Us b,compression = »]R 5L dr = B 1 (3.16)
Therefore the total energy stored in the bar is equal to:
1 Y,b0%a® 1 Y;b6?%a3
US,b =2 X — —_ (317)

48 L 24 L '

and the ratio of energies stored in the substrate and coating for a bending mode can be

approximated by:

Us,b Y;a
Uep 3Y,t°

(3.18)

when 6 is small (Equation 3.15). Combining Equations (3.13) and (3.18) the mechanical

loss of the coating at a bending mode can be determined using:

Ysa
¢coating,b ~ (¢coated,b - ¢uncoated,b) : (3-19)
3Y,t

3.3.2.2 Torsional mode coating loss

The ratio of energy stored in the substrate (Us ) relative to the coating (U,,) for a torsional

mode can be approximated by [129]:

(3.20)
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where G; and G, are the shear moduli of the substrate and coating respectively. The
mechanical loss of a coating at a torsional mode can therefore be calculated using:

Gsa
¢Coating,t ~ m (¢coated,t - ¢uncoated,t) . (3-21)
c

3.3.3 Verifying the accuracy of the bending and torsional mode energy ratio

approximations using Finite Element Analysis

Equations (3.18) and (3.20) are used in the literature to approximate the energy stored in the
coating relative to the substrate for bending and torsional modes [122, 129]. This section
will look at verifying the accuracy in applying these equations to the coating and cantilever
geometries used in loss measurements as well as identify their limitations by comparing their

values to those obtained using finite element analysis (FEA).

FEA is a computational method used to investigate how a component will react under a
variety of conditions and allows many properties, such as stress, strain, temperature and
response to applied forces, to be modelled. The mathematical algorithm determines these
properties of the component by first dividing the geometry into many small individual
elements known as a mesh. Specific partial differential equations are then allocated to each
element in the mesh to describe the components’ behaviour at that exact location. Each
equation is then solved and the solutions are combined to give a solution for the entire
component. The main challenge facing all finite element modellers is to ensure that the
output results are trustworthy. This is achieved by ensuring that the specified analysis and

model inputs are correct, and that the mesh shows “convergence”.

In general, increasing the number of mesh elements in a model will lead to more accurate
solutions as the mathematical resolution of the body becomes greater. However, densifying
the mesh will also lead to increased computational time. A compromise between these two
competing effects is therefore required. The solution is to generate a mesh which will be
dense enough to give sufficiently accurate results within an acceptable time. This is achieved
by first creating a mesh with few elements and solving the analysis. The number of elements
in the mesh is then increased and the model re-solved. This process is continued until the
results of the model are found to have converged. Performing a mesh convergence is

essential in all FEA models. To obtain “convergence” it is essential to specify correct
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boundary conditions as well as the model’s initial conditions as otherwise COMSOL will try

to solve an unrealistic problem which has no converged solution.

To verify the accuracy of the energy ratio equations, FEA was used to calculate the elastic
strain energies in coated cantilevers of varying geometries and material properties. The FEA
modelling package ANSY'S was used and a modal analysis [130] was carried out to identify
the resonant modes of the cantilevers and to determine the coating and substrate elastic strain
energy for each mode. To ensure the models had converged, the mesh density was increased
until the strain energy ratios were observed to stop changing with further increases in mesh

density.
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Figure 3-10: Mesh convergence for the first bending mode (a) and first torsional mode (b) of a coated silicon

cantilever. The blue squares represent the energy ratio for the coated silicon cantilever’s first bending mode

when a particular number of mesh elements was used in the FEA model. A red circle similarly represents the

silicon cantilever’s first torsional mode energy ratio. The cantilever modelled was 34 x 1073 m in length,

5 x 1073 m in width and 63.4 x 10~ m in thickness. The coating was 1 x 10~® m thick amorphous silicon.
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Figure 3-11: Energy ratios (ER) of a crystalline silicon cantilever that has been coated with a 1 x 107® m
thick amorphous silicon layer. The energy ratios were calculated using ANSYS as well as Equations (3.18) and
(3.20). The ANSYS model used anisotropic silicon properties. The cantilever was 34 x 10~3 m in length,
5 X% 1073 m in width and 63.4 x 107® m in thickness.
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Figure 3-12: Energy ratios of a silica cantilever that has been coated with a 1 x 107¢ m thick tantala layer.
The energy ratios were calculated using ANSYS as well as Equations (3.18) and (3.20). The cantilever was
42 x 1073 min length, 5 x 103 m in width and 100 x 10~® m in thickness.
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Figure 3-10 shows the mesh convergence of the energy ratios of a coated silicon cantilever
for the first bending and torsional mode. Assuming that meshes which determine energy
ratios with a deviation of less than 1 % can be described as converged, then it is observed in
Figure 3-10, that approximately 100 elements are required for mesh convergence. Similar
results were obtained for the cantilever's next 18 modes. Figure 3-11 compares the modelled
energy ratio values determined by FEA to those predicted by the analytical equations for a
coated silicon cantilever. A similar comparison for a coated silica cantilever is shown in
Figure 3-12. In both cases a converged mesh of 12500 elements was used. It can be seen that
the energy ratios calculated from Equations (3.18) and (3.20) give a reasonably good
approximation to the FEA values over the frequency range studied. However, all of the FEA
energy ratios display some frequency dependence, which is not predicted by the equations.
For both types of cantilever studied, the FEA bending mode energy ratios appear to converge
as the frequency (i.e. mode order) is increased. For the silica cantilever, there is
approximately a 2% off-set between the converged value and the predicted energy ratio from

the equation, while this off-set is -5% for the silicon cantilever.

The FEA results for the torsional modes show a greater frequency dependence than for the
bending modes. For the silicon cantilever, the FEA ratios are close to the analytical values
at low frequency, but appear to diverge from the analytical value at higher frequency. For
the silica cantilever, the FEA ratios start out higher than the analytical value, but the ratio
decreases at higher frequencies and drops below the analytical prediction. For both
cantilevers it can be observed that the FEA torsional mode energy ratio tends to the bending
mode energy ratio at high frequencies. It is hypothesised that this occurs as a result of the

shape of higher order torsional modes approximating that of higher order bending modes.

It can be concluded, that although the bending and torsional energy ratio equations show
similar accuracy in replicating the FEA values below 20 kHz, the equation for torsional
modes starts to become significantly less accurate at frequencies above 20 kHz. Additional
FEA models with different cantilever geometries were also examined and confirm this

conclusion. The results from these models are presented in Figures 3-13 and 3-14.
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Figure 3-13: Energy ratios of a silicon cantilever that has been coated with a 8.24 x 10~7 m thick amorphous

silicon layer. The cantilever was 34 x 1073 min length, 5 X 1073 m in width and 66.1 x 10~ m in thickness.
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Figure 3-14: Energy ratios of a silicon cantilever that has been coated with a 1x 10~ m thick amorphous

silicon layer. The cantilever was 34 x 10~3 min length, 5 x 1073 m in width and 74.9 x 10~% m in thickness.

In the literature mode dependent coating losses are most commonly estimated using the

approximate energy ratio equations (Equations (3.18) and (3.20)). However, in this thesis all
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mode dependent coating losses will be estimated using FEA. Whilst FEA analysis is more
time consuming, it is more rigorous, particularly since it does not rely upon the small angle
approximations required to derive Equations (3.18) and (3.20). Furthermore, FEA modelling
treats each mode independently which enables it to identify frequency dependent
relationships within the energy ratios.

It should also be noted that the results presented in this section were confirmed using a
second FEA package called COMSOL (licence number 7075984).

3.3.4 Procedures to determine the bulk and shear losses of a coating

Two methods were developed to determine the bulk and shear losses of a coating. The first
method — using simultaneous equations — was quicker to implement but gave cruder results.
The second method — using the minimisation approach — was more time consuming but was

found to give more accurate results.
3.3.4.1 Simultaneous equation method

This first method was developed to allow a relatively quick calculation of the bulk and shear
losses of a coating. The more bending and torsional modes which have been measured, the
better this method will perform. For each bending mode for which uncoated and coated loss
measurements are available, an equation of the following form is constructed:

Ubulk,bx Ushear,bx

d)coating,bx = T'bxqbbulk + U Dshear - (3.22)

c,bx

whilst for each torsional mode, an equation of the following form:

Ubulk tx Ushear tx
¢coating,tx = U ®pulk + U Dshear » (3.23)
ctx ctx

is built where bx and tx are used to represent the different bending and torsional modes e.g.
Ubuikp1 and Upyik 1 represent the coating elastic strain energies stored within bulk motion
for the first bending and torsional modes. To determine the unknown shear and bulk losses
in Equations (3.22) and (3.23), the bulk energy, shear energy, coating energy, substrate
energy and mode dependent coating losses for all of the resonant modes (whose uncoated
and coated losses have both been measured) must be determined. The various elastic

energies were obtained using a solid mechanics eigenfrequency analysis within the FEA
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package, called COMSOL [131]. For each mode shape of the clamped cantilever, the bulk
and shear energies in the coating were calculated using user defined volume integrals
(Equations (3.2) and (3.3) respectively). The total energy stored in the coating and cantilever
were calculated using COMSOL’s predefined elastic energy equation. The energies were
calculated repeatedly for a range of increasing mesh densities until the energies converged

(i.e. they were observed to change by less than 1 %).

These coating and substrate energies were used in conjunction with the measured coated and
uncoated losses to determine the coatings mode dependent losses. COMSOL’s bulk, shear
and coating energies were then input into Equations (3.22) and (3.23) along with the mode
dependent coating losses and a series of simultaneous equations were constructed by pairing

every possible combination of bending and torsional mode equation together e.g:

Ubulkba Ushear,ba
¢coating,b4 = U bpuir + U ®shear » (3.24)
c,b4 c,b4
and
Ubulk t2 Ushear t2
¢coating,t2 = U Ppulk + U ®shear » (3.25)
c,t2 c,t2

where b4 and t2 are used to represent the fourth bending and second torsional mode
respectively. Each pair of simultaneous equations was then solved individually for the bulk
and shear loss. For N bending modes and M torsional modes, N X M simultaneous equations

were formed and N x M values of bulk and shear loss were calculated.

To account for the uncertainties in all of the inputs to this calculation, this process of
determining the bulk and shear losses was repeated a further 99 times. Each time the bulk
and shear losses were re-calculated, every input parameter (coating’s Youngs modulus,
coated loss, uncoated loss etc) was allowed to randomly vary within their associated error
bounds. This allowed the uncertainties associated with all of the material properties, and the
uncertainties associated with the mechanical loss measurements, to be taken into account.
The result was a set of 100 x N x M bulk and shear loss values. These were then averaged
to obtain a best estimate for the loss values, with the error in the bulk and shear losses taken

to be the standard deviation of the set of losses.

3.3.4.2 Minimisation method
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In the minimisation method, random values of bulk and shear loss are used to calculate a
theoretical coating loss for each mode using Equations (3.22) and (3.23). The bulk and shear
loss values are randomly varied until a minimum difference between these calculated mode-
dependent coating losses and the experimental losses is obtained for all modes. Similarly to
the simultaneous equation method, the energies used in Equations (3.22) and (3.23) are
calculated using COMSOL.

Similarly to the simultaneous equation method, the minimisation method was also repeated
a further 99 times using randomly varied input parameters within their associated error
bounds. The final result was 100 bulk and shear losses being calculated. The best estimates
and errors of the bulk and shear losses were determined by taking an average and standard

deviation of the set of losses.

This minimisation method is believed to be more accurate (i.e. to have a smaller error
associated with its method of estimation) than the simultaneous equation approach as the
simultaneous equation approach only uses two data points (one bending and one torsional
mode) to estimate a bulk and shear loss at any one time whereas the minimisation method
uses all data points to estimate a value of bulk and shear loss. Using only two points of
information is more likely to lead to greater outliers in the calculated bulk and shear loss
whereas using all data points will act to constrain the magnitude of these extreme values.
When a standard deviation of the bulk and shear losses is calculated to determine their error,
the set of losses with the most outliers (simultaneous equation approach) will have a larger
standard deviation (and therefore error).

3.4 Determining the bulk and shear losses of a coating

The bulk and shear losses of two amorphous silicon coatings, deposited using different
techniques were determined using the methods outlined in Section 3.3.4. One coating was
deposited using electron cyclotron resonance (ECR) ion beam deposition (IBD) whilst the

other was deposited using reactive low voltage ion plating (RVLIP) deposition.
3.4.1 Bulk and shear loss of ECR IBD amorphous silicon

3.4.1.1 Sample
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A silicon cantilever of 5 x 1072 m in width, 34 x 1073 m in length and 66 x 10~ m in
thickness was coated with amorphous silicon using ECR IBD [132]. During the deposition
process, the cantilever was masked to ensure that only one face was coated. The thickness
of the coating was measured at multiple points along the cantilever using a DEKTAK surface
profiler. This DEKTAK measurement was performed by David Vine [133]. The results are

shown in Figure 3-15.
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Figure 3-15: Image of the thickness profile of the ECR IBD amorphous silicon coating on a silicon cantilever.

The cantilever was fabricated by wet chemical etching from a (100) silicon wafer with the
longest dimension of the cantilever aligned with the [110] crystal axis as shown in Figure 3-
16 [134].

Side view
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™

Clamping Top view Cantilever
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Figure 3-16: Diagram showing the crystal orientation of the silicon cantilever.

The thickness of the coated cantilever was estimated by using the measured bending mode
frequencies of the coated cantilever and Equation (3.11). The average thickness of the
coating was then subtracted from the average thickness of the coated cantilever to obtain the
thickness of the cantilever (66 x 107® m). It should be noted that the first and second
bending modes were not used to determine the thickness of this cantilever as these modes

tend to significantly underestimate the thickness of a coated cantilever when using Equation
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(3.11). Table 3-1, shows the calculated thicknesses of three different cantilevers based on
using their first six bending modes. It can be observed that as the bending mode number

increases, greater convergence of the cantilever thicknesses can be observed.

Bending mode Cantilever 1 Cantilever 2 Cantilever 3
number thickness (m) thickness (m) thickness (m)

1 5.38 x 107° 3.95 x 107 5.71 x 1075

2 6.97 X 1075 4.24 x 107° 6.07 X 1075

3 7.32x107° 431 x107° 6.23 x 1075

4 7.38 x 107> 431 x107° 6.23 x 1075

5 7.39 X 1075 4.32 x107° 6.26 X 1075

6 7.39 x 107° 431 x107° 6.26 x 1075

Table 3-1: Lists the calculated thicknesses of three different cantilevers using their mode frequencies.

It is hypothesised that the first two modes have this effect of underestimating the thickness
of the cantilever because the cantilevers are not perfectly flat but instead follow a D shape
as shown in Figure 3-17 [135].

TP TTITTUPPPpp Cantilever

Figure 3-17: Diagram illustrating the non-uniform thickness of the silicon cantilever. Not to scale.

Since the first and second modes only bend near the clamping block, these modes effectively
sample the thickness of the cantilever where it is thinnest (the bending of the first mode can
be observed in Figure 3-5(a)). Higher order bending modes do not experience this problem
as they bend (and thus sample the thickness) at multiple points along the length of the
cantilever. The thickness calculated using higher order modes will therefore be more

representative of the average thickness of the cantilever.
3.4.1.2 Uncoated, coated and coating losses

The losses of the coated cantilever were measured using the procedure outlined in Section

3.3.1. Since the cantilever was coated prior to this work for another project, it was not
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possible to measure the uncoated loss. However, it is possible to estimate the uncoated loss
of a silicon cantilever, as its loss is dominated by thermoelastic loss which can be calculated
by FEA. The procedure to calculate the thermoelastic loss of a silicon cantilever is described
in Chapter 4. The accuracy of using this approach to estimate the uncoated loss of a silicon
cantilever was tested. This involved measuring the uncoated loss of a silicon cantilever and
comparing the values to the thermoelastic loss values calculated using FEA. This comparison
of losses is shown in Figure 3-18. Very good agreement was obtained between the COMSOL
estimates and the measured losses. Due to the frequency dependence of thermoelastic loss
[136], the FEA losses were able to be linearly extrapolated to ensure the frequency of the
measured and calculated losses exactly matched. The modal losses in the figure can be seen
to follow two different trends corresponding to the bending modes (which follow a higher
loss line) and torsional modes (which follow a lower loss line). This is due to the higher level
of thermoelastic loss associated with the bulk motion of bending modes (see Chapter 4).
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Figure 3-18: Measured loss of a cantilever against the calculated thermoelastic loss values obtained using
COMSOL. The modal losses can be seen to follow two different trends corresponding to the bending modes

(which follow a higher loss line) and the torsional modes (which follow a lower loss line).

For bending modes > 450 Hz (second bending mode of the cantilever), COMSOL’s
thermoelastic loss values underestimated the measured bending mode losses by a maximum

of 5 % and overestimated them by a maximum of 2 %. For torsional modes > 4552 Hz (third
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torsional mode of the cantilever), it can be observed that COMSOL’s thermoelastic loss
values underestimated or overestimated the measured torsional mode losses by 6 %. The
cantilever’s first torsional mode at 885 Hz, shows an extremely large difference between
measured and calculated loss of 58 %. The second torsional and first bending mode of the
cantilever were unable to be measured. Similar level of agreement between measured and
COMSOL losses were observed for two other bare silicon cantilevers (of similar thickness).
Both of these cantilever COMSOL models overestimated the measured bending mode losses
by a maximum of 2 % and underestimated them by a maximum of 10 % for frequencies
equal to or greater than the cantilever’s second bending mode. Similarly, both of these
cantilever COMSOL models overestimated and underestimated the measured torsional
mode losses by a maximum of 8 % for frequencies greater than or equal to the cantilever’s

third torsional mode.

Due to the similarity between the measured and COMSOL losses it was deemed suitable to
use COMSOL’s thermoelastic loss values as a substitute for the bare silicon cantilever
losses. To improve similarity between the silicon cantilever’s losses and COMSOL’s, it was
deemed that 4 % should be added to each of the calculated bending mode thermoelastic loss
values as this was calculated to be the mean difference between the COMSOL and
experimental values for all cantilevers measured. The mean difference for the torsional
modes was 0 %. The error associated with the uncoated bending mode losses was assumed
to be 6 % whilst the error associated with the uncoated torsional mode losses was assumed
to be 8 %. Large variations in the difference between the measured and calculated uncoated
losses of different cantilevers were observed for the 1% bending mode, 1% torsional mode and
2" torsional mode. No repeatable offset or appropriate error bounds could be identified for

these modes.

The measured coated and calculated uncoated loss values of the silicon cantilever (coated
with amorphous silicon) is shown in Figure 3-19. The errors are not shown in the figure as

they are very small on the y-axis scale.
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Figure 3-19: Measured loss of the silicon cantilever coated with amorphous silicon (two clamps) along with

the calculated uncoated loss. The points labelled 1,2 and 3 will be referred to within the text.

The bending and torsional mode coating losses were determined from the lowest clamped
coated cantilever losses and the uncoated losses using Equations (3.19) and (3.21), where
the energy ratios were calculated using COMSOL. In the COMSOL model to calculate the
energy ratios, it was assumed that the coating thickness did not vary along its length and had
a thickness equal to the average of the DEKTAK measurements made. Three modes were
excluded from the analysis. These were the 955 Hz and 2878 Hz modes (labelled 1 and 2 in
Figure 3-19) as they were below the minimum torsional mode frequency at which reliable
uncoated loss values could be estimated (as discussed above) while the 5507 Hz mode is a
lateral mode (labelled 3 in Figure 3-19).

Figure 3-20 shows the mode-dependent coating losses. The errors were calculated using
standard error propagation equations. The errors become progressively larger with frequency
as the random error in the uncoated loss becomes greater with frequency. In order to compare
the bending and torsional mode coating losses, the systematic uncertainties in the coating’s
Young’s modulus and shear modulus must be accounted for (as they can shift the bending
and torsional coating losses relative to one another, as shown in Equations (3.19) and (3.21)).
The errors shown are therefore a combination of the random and systematic errors for each

mode. Furthermore, these errors represent a one standard deviation uncertainty.
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Figure 3-20: Amorphous silicon coating loss for both bending and torsional modes. The errors bars plotted

are made from a combination of random and systematic errors.

It can be seen that the torsional mode coating loss tends to be lower than the bending mode
coating loss. By separating each mode’s coating energy into its bulk and shear components,
it can be observed that bending modes store more energy in bulk motion than torsional modes

as shown in Figure 3-21.
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Figure 3-21: Fraction of coating energy stored in bulk motion for each of the coated cantilever’s bending

and torsional modes.

This observation of bending modes having a greater fraction of their energy stored in bulk
motion than a torsional mode, along with the higher loss generally observed for bending
modes than torsional modes (Figure 3-20), suggests that the bulk loss is likely to be greater

than the shear loss in this coating.
3.4.1.3 Determining the bulk and shear losses

The two approaches described in Sections 3.3.4.1 and 3.3.4.2 were used to determine the
bulk and shear losses of the amorphous silicon coating. The bulk, shear, coating and substrate
energies used in this analysis were calculated from a COMSOL model that used the average
coating thickness from the DEKTAK measurements. The simultaneous equation method
yielded (3.6 + 2.4) x 10~* bulk loss and (1.4 + 0.7) x 10~* shear loss. The minimisation
method calculated a bulk loss of (3.4 + 0.8) x 10~* and shear loss of (1.4 + 0.2) x 10~%.

Figure 3-22 shows the best fit coating losses that were calculated using the bulk and shear
losses determined by the minimisation method. Plotted against these values are the
experimental coating losses. The experimental coating-loss values plotted in this figure are
the same as those in Figure 3-20, however the errors are different. The errors bars shown in

Figure 3-22 do not account for the systematic uncertainty in the coating’s Young’s modulus
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or shear modulus. They therefore represent only the random error in a mode’s coating loss
(as they incorporate only the random error associated with the uncoated loss and coated loss).
The systematic errors were removed as it is misrepresentative to compare the fitted coating
losses to the experimental coating losses when systematic errors are included as they act to
shift all of the bending coating losses together and the torsional coating losses together.
Including this uncertainty would therefore mean no fair comparison could be made between
the trend in fitted and experimental losses. The random error in the mode’s coating loss was
calculated using standard error propagation techniques (i.e. addition in quadrature). From
comparing the error bars in Figure 3-20 and 3-22 it can be observed that removing the

systematic errors has a very small effect.

Figure 3-22 is useful in providing a check of the reasonableness of the bulk and shear loss
values determined using the minimisation method. The more accurately the fitted values
replicate the experimental values, the more trustworthy the calculated bulk and shear losses
are. The trend followed by the bending modes and torsional modes in the fitted loss is the
same as that for the experimental loss i.e. bending modes have higher coating loss than
torsional modes. However, it is not possible for all of the fitted losses to simultaneously
replicate the experimental losses. These differences between the fitted and experimental
values could be explained by underestimating the range of uncoated losses particularly at
low frequencies where this mismatch in experimental and fitted losses is greatest. To
improve future analysis, the loss of the uncoated silicon cantilever should be measured prior
to coating. This would enable a more trustworthy value of the uncoated loss to be used as
well as help reduce the uncertainty in the experimental losses at high frequencies. Using the
calculated bulk and shear losses, theoretical values of coated loss were calculated. These
theoretical values are plotted against the measured values in Figure 3-23. The theoretical

values can be observed to replicate the measured values well.
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Figure 3-22: Experimental coating loss and fitted coating losses. The fitted coating losses were calculated

using the minimisation method’s bulk and shear loss values. The error bars shown are random €rrors.
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Figure 3-23: Coated and uncoated losses of a silicon cantilever coated with amorphous silicon. The coated
losses were measured as well as calculated using the minimisation method’s bulk and shear losses. The lowest,
measured coated loss at each mode (shown in Figure 3-19) is shown. The uncoated loss was determined using
COMSOL.
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The errors of the bulk and shear losses (listed earlier in this section) are formed from both
random and systematic errors and represent the one standard deviation range of the bulk and
shear losses. However, these errors are not useful in evaluating whether the bulk and shear
loss results of the two methods agree within error (as systematic errors shift the bulk and
shear losses calculated using the different methods in the same way). To make this
comparison, the systematic component of the errors must be ignored and purely random bulk
and shear loss errors determined. These are calculated by repeating the simultaneous
equation method and minimisation method when only the random errors in the coated and
uncoated losses are accounted for (and no systematic error in the material properties are
accounted for). The bulk and shear losses determined using the simultaneous equation
method were (3.6 +2.3) x 10™* and (1.4+0.7) x 10™* respectively while those
calculated using the minimisation method were (3.4 + 0.7) x 10~*and (1.4 + 0.2) x 10™*
respectively. While the bulk and shear losses from the two methods show agreement to
within error, the error of the simultaneous equation method can be seen to be much larger
than that of the minimisation method. As described in Section 3.3.4.2, the error of the
simultaneous equation method is larger because it only uses two data points (one bending
and one torsional mode) to estimate a bulk and shear loss at any one time which makes this
method more prone to calculating outlying bulk and shear loss values. Due to the
improvement in accuracy of the minimisation method, only this method will be used to solve

for bulk and shear losses in the rest of this thesis.

The minimisation methods bulk and shear losses (with total error) are significantly different
from one another. This is the first published bulk and shear loss analysis, known to the
author, to reach this conclusion [137]. The implication of this result for gravitational wave
detectors is extremely significant as it demonstrates the possibility of being able to lower
thermal noise by carefully selecting a coating based upon it’s bulk and shear losses (as
illustrated in Figure 3-3). This marks a shift away from the current approach of identifying
the optimum coating to use in a gravitational wave detector as being the one with lowest

mode dependent coating loss.

A highly reflective mirror coating in a gravitational wave detector is formed by a stack of
alternating layers of two materials. The reflectivity depends upon the difference in refractive
index between the two materials, and on the number of pairs of layers which are used. Here,

the thermal noise is calculated for a simplified coating composed entirely of amorphous
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silicon — i.e. assuming identical loss and material properties between the high and low index
layers. The coating thermal noise was calculated using both Hong’s method (Equations 3.6
to 3.8) and the parallel and perpendicular approach (Equation (2.26) when ¢ ¢ pstrate = 0 and
¢, = ¢.). Ideally it would have been best to calculate the thermal noise of a gravitational
wave detector coating whilst accounting for its multi-layer structure using Hong’s method
and the parallel and perpendicular approach, however this is not possible as no estimate for

the bulk and shear loss of a low index silica layer could be found.

The bulk and shear losses obtained from the minimisation method were used in Hong’s
equation. The mechanical loss used in the parallel and perpendicular thermal noise
calculation was an average of the mode dependent coating losses (¢, = ¢, = average
Gcoating )- I these thermal noise calculations, a coating thickness of 2.6 X 107® m was
assumed as this is the required thickness of an amorphous silicon/silica bilayer coating
deposited upon a silicon test mass which would satisfy the reflectivity requirements of a
gravitational wave detector at 1550 nm. It was assumed that the coating and test mass were
held at a constant temperature of 120 K (LIGO Voyager temperature).
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Figure 3-24: Thermal noise of a coating assumed to be composed entirely of amorphous silicon. The thermal
noise was calculated using Hong’s method as well as the parallel and perpendicular approach. Hong’s method
used the bulk and shear losses obtained from the minimisation method whilst the parallel and perpendicular
approach used an average of the mode dependent coating losses. As convention dictates the square root of the

thermal noise power spectral density is plotted.
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Figure 3-24 shows the results of these calculations. The parallel and perpendicular method
(which as mentioned earlier is the currently used method in the gravitational wave
community to estimate a coating's thermal noise) estimates the coating’s thermal noise to be
1.8% less than Hong’s method. Whilst the absolute values in this figure are not directly
relatable to a gravitational wave detector as it is not a multi-layer coating, this graph is useful
in illustrating that Hong’s approach to calculating thermal noise can result in a significantly
different level of thermal noise compared to the traditional method. This difference has
perhaps already been identified by Gras et al [138] who measured directly the thermal noise
of the Advanced LIGO coating. The measured value was 22 % higher than that calculated
using the parallel and perpendicular thermal noise equation. Abernathy et al [137] speculate
that 82 % of this 22 % discrepancy is due to not using Hong’s method to calculate thermal
noise. Further direct coating thermal noise measurements are clearly of interest to fully
verify that Hong’s method gives the correct (or more accurate) results than the parallel and

perpendicular approach.

The A+ future detector (discussed in Chapter 1) aims for a factor of 2 improvement in the
Advanced LIGO detector’s coating thermal noise. Using a coating thermal noise model
(parallel and perpendicular approach) which could potentially be wrong by a factor 1.8 is

therefore not particularly helpful.
3.4.1.4 Dependence of the bulk and shear losses on frequency

A recently published paper by Abernathy et al [137] calculates the bulk and shear losses of
a 25 % titania doped tantala coating deposited on a silica disc. The method used to calculate
the bulk and shear losses is not too dissimilar from the simultaneous equations method
outlined in this thesis. However, one notable difference is that Abernathy calculates two
values of bulk and shear loss: one set which is frequency independent and the other which
is frequency dependent. The significance of the frequency dependent bulk and shear losses
IS not tested, and it is therefore not clear whether or not the losses are frequency dependent
or not. Furthermore, their frequency dependent model results in unphysical negative bulk

losses at high frequencies.

As a result of this uncertainty surrounding the frequency dependent nature of the bulk and
shear loss, the frequency dependence of the amorphous silicon’s bulk and shear losses was

investigated. If a significant frequency dependent bulk and shear loss exists then the
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frequency dependent effect should be observed within the residuals of the fits in Figure 3-
22. The residuals (r) were obtained by subtracting the experimental values from the best fit

values. They were then regressed using the equation:

U U
T = fx X Ppp X % + fx X Pss X shearx ) (3.26)

c,x Uc,x

where f represents the frequency and x is used to denote the different mode numbers. The
frequency dependent bulk and shear losses were obtained as being ¢pp = —1.55 X
1072 and ¢ = —1.09 x 1072 respectively. Since both values are negative, this means that
as the frequency increases the bulk and shear losses of the coating become smaller until they
become negative, which is unphysical (as observed by Abernathy et al [137]). However, it
is important to note the P values of these frequency dependent bulk and shear loss
coefficients to identify whether these frequency dependent losses are significantly different
from 0. P-values represent the probability of observing a coefficient’s value given that a null
hypothesis is true. For a null hypothesis of each coefficient (the frequency dependent bulk
and shear coefficients) being equal to 0, P-values of 0.89 and 0.71 were obtained
respectively. Within statistics, a null hypothesis is commonly rejected when the P-value is
below 0.01, 0.05 or 0.1. The P-values determined from the regression are larger than 0.01,
0.05 and 0.1, and therefore the null hypothesis cannot be rejected (at a 1 %, 5 % or 10 %
significance level). This result implies that these coefficients could likely be equal to 0. Due
to the lack of significance shown for the amorphous silicon’s bulk and shear frequency
dependent losses as well as the untested significance of Abernathy et al’s frequency
dependent values [137] (described above), no compelling evidence points in the direction of
a frequency dependent bulk and shear loss. For this reason, the coatings analysed in this

thesis will only calculate frequency independent bulk and shear losses.

3.4.1.5 Effect of non-uniform coating thickness on the bulk and shear losses

The bulk and shear analysis presented in Sections 3.4.1.3 and 3.4.1.4 assumed a uniform
coating thickness. As shown in Figure 3-15, this is known not to be the case. To assess the
effects of this non-uniform thickness upon the results, a COMSOL model incorporating
variations in coating thickness was constructed. In the COMSOL maodel, the thickness of the
coating was approximated such that its thickness at the edges of the cantilever length and at

the thickest point on the cantilever matched the measurements (which were the average of

88



3 Bulk and Shear Loss

the two measurements at the same position along the cantilever length). In the COMSOL
model, linear interpolation was then used to determine the coating thickness between these
positions. Figure 3-25 compares the measured thickness profile with this model

interpolation. The interpolated model replicates the measured values to within 7%.
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Figure 3-25: Coating thickness measured with DEKTAK against the approximated thickness used in the
COMSOL model. The two sets of DEKTAK measurements taken along both sides of the cantilever length are
plotted.

Using the minimisation method, the values of the amorphous silicon’s bulk and shear losses
were determined as being (3.6 £ 0.7) x 10™* and (1.4 + 0.1) x 10~* respectively. The
errors listed are the total error (systematic and random). Repeating the analysis, the purely
random errors of the bulk and shear losses were determined to be + 0.7 x 10™* and
+ 0.1 x 10~* By comparing these random errors to those obtained assuming a uniformly
thick coating ((3.4 + 0.7) x 10~* bulk loss and (1.4 + 0.2) x 10~* shear loss), it can be
observed that accounting for thickness variations of this magnitude had no significant effect

upon the bulk and shear losses calculated.
3.4.2 Bulk and shear loss of RLVIP

A bulk-shear analysis was carried out upon another amorphous silicon coating deposited by

an alternative method called reactive low voltage ion plating (RLVIP) [139, 140].
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3.4.2.1 Sample

A 1 x 107 m thick amorphous silicon coating was deposited upon a silica cantilever [140].
Using the same procedure as outlined in Section 3.4.1.1, the thickness of the cantilever was
calculated to be 163 x 10~ m. An approximate illustration of the silica cantilever is shown
in Figure 3-4 (b).

3.4.2.2 Uncoated, coated and coating losses

Ownership of the cantilever was gained post-deposition. As a result, no uncoated loss values
were measured. Silica cantilevers are made by hand welding a silica flexure to a silica
clamping block using a 100 W CO: laser. The weld for each cantilever is unique, and these
cantilevers can therefore display a relatively wide range of mechanical loss values. An
empirical model for the loss of uncoated silica cantilevers was constructed from
measurements of the loss of five uncoated cantilevers. Each cantilever was clamped a
minimum of two times and the lowest measured loss for each of the cantilever’s modes was
plotted. Lines of maximum and minimum uncoated loss were then drawn on the graph such
that they encapsulated all of the lowest experimentally measured uncoated losses. The result
of this exercise is shown in Figure 3-26, where the two pink lines encapsulate all of the
lowest measured bending mode losses whilst the orange lines do the same for the torsional
modes. It should be noted that the pink lines do not go below 450 Hz in frequency and the
orange lines below 1480 Hz as these were the lowest resonant modes measured for the
uncoated cantilevers. Figure 3-26 also shows the loss of the coated cantilever as-deposited
(purple diamonds: bending modes, hollow purple diamonds: torsional modes), after heat
treatment for one hour at 300 °C (green squares: bending modes, hollow green squares:
torsional modes) and then after heat treatment for 1 hour at 500 °C (blue circles: bending
modes, hollow blue circles: torsional modes). Heat treatment was carried out in air. The
cantilever was in the oven as the oven heated up and cooled down, with the heat treatment

time corresponding to the length of time at the maximum temperature.
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Figure 3-26: Measured loss of a silica cantilever coated with 1 um amorphous silica after deposition (purple
diamonds: bending modes, hollow purple diamonds: torsional modes), after heat treatment for one hour at 300
°C (green squares: bending modes, hollow green squares: torsional modes) and after heat treatment for 1 hour
at 500 °C (blue circles: bending modes, hollow blue circles: torsional modes). The lines indicate the maximum
and minimum loss of the uncoated fused silica cantilevers, where the bending mode loss is between the two
pink lines and the torsional mode loss between the two orange lines. The modes which are encapsulated by a

grey circle and the modes marked with numbers 1-4 are discussed separately in Section 3.4.2.2

The loss of most modes of the coated cantilever reduces following heat-treatment. In some
cases — possibly due to clamping loss effects — some modes do not follow this general trend.
The bending and torsional mode coating losses were determined using Equations (3.19) and
(3.21). The central value from the range of uncoated losses was used in these coating loss
calculations, with the error in loss of the coating estimated using the maximum and minimum
values of uncoated loss. The results are plotted in Figure 3-27, 3-28 and 3-29. It should be
noted that not all modes were used to estimate the loss of the coating. The reasons for

excluding some of these measurements are listed below:

e No coating losses were determined for bending modes at frequencies greater than
5500 Hz and for torsional modes greater than 11000 Hz as the spread of uncoated
losses were too large to conclude anything significant. The excluded coated losses
are encapsulated by grey circles in Figure 3-26.

e The loss value labelled 1 was not included as no modes in similar frequency were

measured for the uncoated cantilevers that were used to estimate an upper and lower
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bound of uncoated loss. If this point is used, an unquantifiable error would be
associated with its uncoated loss and therefore the loss of the coating calculated.

e The coated losses labelled 2 and 4 were excluded as they break the trend of other
modes where the torsional mode coated losses are less than the bending mode coated
losses of similar frequency.

e The loss value labelled 3 was excluded as it broke a clear trend which all of the other
measurements adhered to: heat treated loss being less than as deposited loss.

3.4.2.3 Bulk and shear losses of the coating

The minimisation method described in Section 3.3.4.2 was used to determine the bulk and
shear losses of the coating in each of its three heat-treatment states. The results are presented
in Table 3-2. For all heat-treatments of the coating, the bulk loss was found to be zero (this
will be discussed later in more detail), while the shear loss was found to decrease with heat-
treatment. The errors listed in the table are one standard deviation total errors (systematic
and random errors). Figures 3-27, 3-28 and 3-29 compare the fitted and measured mode-
dependent coating losses and show the quality of the fitting process. Two error bars are
plotted for each mode’s coating loss. The larger error bar is a combination of the coating
loss’s random error and systematic error (same as Figure 3-20). This uncertainty is useful in
determining whether the bending and torsional mode coating losses are significantly
different from one another. The smaller error bar is only the coating loss’s random error
(same as Figure 3-22). This error bar is useful for comparing the similarity between the fitted

and experimental values. For most points, these error bars are very similar in size.

The best estimates of the bulk and shear loss values are able to fit the experimental mode-
dependent coating-loss trends well as they consistently replicate the experimental trend of
torsional coating loss being greater than bending-mode coating loss. However, discrepancies
do exist between some of the measured and calculated loss values. This can most likely be
explained by an underestimation of the spread in the uncoated losses or by excess loss
associated with some modes of the coated sample (e.g. clamping loss effects at particular
frequencies), which could have been improved by re-clamping the cantilevers more times.
If more bending and torsional modes were able to be measured for the different heat
treatments, coating losses which have extra loss associated with them would have been easier
to identify as they would not follow the fitted trend. It is clear that all fits would have

benefitted from more data points. Figure 3-30 is a 3D plot which helps show the
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improvement in the as-deposited mode dependent coating loss fit (Figure 3-27) as the
theoretical bulk and shear losses are varied. It shows Figure 3-27’s squared residual (the
squared difference between a mode’s fitted coating loss and its experimental value, summed
over all modes) against random values of bulk and shear loss. The bulk and shear losses
quoted in Table 3-2 can be seen to be the best values as they minimise the Figure 3-27’s

squared residual.

Value Error
As deposited
Bulk loss 0 1x1077
Shear loss 1.53x10™* 9x 107
300 °C
Bulk loss 0 1x1077
Shear loss 49x 107> 5x107°
500 °C
Bulk loss 0 1x1077

Shear loss 3.8x 107> 5x10°°

Table 3-2: Table showing the calculated amorphous silicon’s bulk and shear loss values when using the
minimisation method. The table presents the losses for the as-deposited, 300 °C and 500 °C heat treatments.
The table also lists the one standard deviation total error (systematic and random errors combined) of the bulk
and shear losses.
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Figure 3-27: Experimental and fitted as-deposited amorphous silicon coating losses. The fitted coating losses
were calculated using the bulk and shear losses obtained from the minimisation method. The black error bars
represent the total error (systematic and random error) in the coating’s loss. The blue and red error bars

represent only the random uncertainty in the coating’s loss.
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Figure 3-28: Experimental and fitted 300 °C heat treated amorphous silicon coating losses. The fitted coating
losses were calculated using the bulk and shear losses obtained from the minimisation method. The black error
bars represent the total error (systematic and random error) in coating loss. The blue and red error bars

represent only the random uncertainty in coating loss.
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Figure 3-29: Experimental and fitted 500 °C heat treated amorphous silicon coating losses. The fitted coating
losses were calculated using the bulk and shear losses obtained from the minimisation method. The black error

bars represent the total error (systematic and random error) in coating loss. The blue and red error bars
represent only the random uncertainty in coating loss.
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Figure 3-30: This figure illustrates the best fit bulk and shear losses for the as-deposited amorphous silicon
coating. It shows the squared residual (the squared difference between a mode’s experimental coating loss and
fitted values, summed over all modes) for Figure 3-27 against random values of bulk and shear loss. Red points

indicate fitted coating losses which replicate the experimental values well (in Figure 3-27) whilst blue points
represent fitted values which represent the experimental values poorly.
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Table 3-2 lists the total errors of the bulk and shear losses (systematic and random error). To
determine whether the shear losses are significantly different from one another at different
temperatures, the shear losses random errors should be calculated. However, since the shear
losses are significantly different from each other at all heat treatments when using the total
error and the total error is larger than just the random error, then the shear losses must also
be significantly different from each other at all heat treatments when using random errors. It
can therefore be concluded that the shear losses of the amorphous silicon coating are

significantly different from each other for all heat treatments.

As noted above the bulk losses are all found to be equal to zero. Zero represents the minimum
value which the bulk loss can take in the minimisation method. When this minimum value
is marginally increased, the bulk loss is determined to be equal to this new value. Whilst this
value of O bulk loss is perhaps unlikely and possibly represents a limitation of the
minimisation method, the results strongly suggest that the shear loss is much larger than the
bulk loss in the amorphous silicon material. The general trend of torsional modes having
higher experimental coating loss than the bending modes is consistent with the shear loss
dominating over the bulk loss in this coating, as torsional modes contain a greater proportion
of their energy in shear motion. The error associated with the bulk loss was estimated from
the “step size” specified in the VBA code used to estimate the bulk and shear losses of the
coating (where the “step size” defines the minimum variation in the bulk and shear losses
considered by the VBA fitting program). This “step size” was specified to be 1 x 1077 in
the program. Since the values of bulk loss for all of the 100 simulations performed by the
VBA program were equal to 0, the error in bulk loss was estimated to be 1 x 1077, The
shear loss error was defined as normal, equal to the standard deviation of the 100 calculated

shear loss values.

Finding that the shear loss of a coating is greater than its bulk loss is an important result, as
coating thermal noise is more sensitive to bulk loss than shear loss (see Section 3.2). As a
result, this coating would be expected to have lower thermal noise compared to other
coatings which have the same mode dependent coating loss but with a higher bulk loss than
shear. This improvement in using a coating with low bulk loss would go unnoticed if the
parallel and perpendicular method to calculating thermal noise is used. Figure 3-31 shows
the thermal noise of a 2.6 x 10~ m thick gravitational wave detector coating assumed to be

composed entirely of as-deposited amorphous silicon. The thermal noise was calculated
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using the widely used parallel and perpendicular approach (with an average mode dependent
coating loss) and Hong’s method (with the calculated bulk and shear losses). A similar
calculation was carried out for the ECR amorphous silicon coating (Section 3.4.1.3) It can
be observed in Figure 3-31 that the parallel and perpendicular method overestimates Hong’s

thermal noise by a factor of 1.7.
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Figure 3-31: Thermal noise of a single layer amorphous silicon coating with thickness 2.6 x 107¢ m (which
is the required thickness of an amorphous silicon/silica bilayer coating that would satisfy the reflectivity
requirements of a gravitational wave detector). The thermal noise was calculated using Hong’s method as well
as the parallel and perpendicular approach. As convention dictates the square root of the thermal noise power

spectral density is plotted.

Figure 3-32 shows the effect of heat-treatment upon the thermal noise of the amorphous
silicon coating, calculated using Hong’s method and using the same assumptions as for
Figure 3-31. The observed reduction in mechanical loss with heat-treatment translates into a
significant reduction in thermal noise. Whilst the thermal noise values shown in Figure 3-32
do not represent the noise of a detector coating (as a detector coating is made from two
materials and the bulk and shear losses of a low index material which could accompany
amorphous silicon is unknown), this figure is useful in highlighting the trend of a lower
thermal noise for the gravitational wave detector’s coating if higher heat treated amorphous

silicon was used as one of the detector’s alternating layers.
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Figure 3-32: Thermal noise of a coating assumed to be composed entirely of as-deposited, 300 °C heat treated
and 500 °C heat treated amorphous silicon. As convention dictates the square root of the thermal noise power

spectral density is plotted.

Comparing the bulk and shear losses of the RLVIP amorphous silicon to the ECR IBD
amorphous silicon it can be observed that the former was shear loss dominated whilst the
latter was bulk loss dominated. It is speculated that this difference in loss could be due to the
different deposition techniques creating dissimilar types of defects which couple differently

to the loss mechanisms. Further investigations will need to be conducted to verify this.

3.5 Bulk and shear losses of a coating deposited onto two

different substrate geometries

Section 3.4 showed that it is possible to determine the bulk and shear losses of a coating
deposited upon a cantilever. However, a more powerful test of Hong’s theory is to deposit a
coating onto two different substrate geometries and determine whether - as predicted - the

coating on each substrate exhibits the same bulk and shear losses.

To investigate this a silica cantilever and a silica disc were coated with a 500 X 10™° m
thick tantala coating using RLVIP deposition [139, 140]. The bulk and shear losses of the

coating were determined for both substrates and compared.
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3.5.1 Determining the bulk and shear losses of the tantala coating deposited onto

a silica disc
3.5.1.1 Sample

Discs made of silica [118], silicon [141] and sapphire [142] are commonly used as substrates
in mechanical loss experiments. The silica disc used in this experiment was measured to be
2.57 x 1073 m in thickness and 38.07 x 1072 m in radius. The most common resonant
mode shapes of a disc with this geometry are often called butterfly and drum modes.

Examples of these mode shapes are shown in Figure 3-33.

(a) (b)

Figure 3-33: Images of a disc’s (a) I order butterfly mode and (b) 2" order drum mode. Red illustrates

maximum deformation whilst blue represents minimum.

3.5.1.2 Method to measure the mechanical loss of a coated and uncoated disc

The mechanical loss was measured using a ring-down technique similar to that described in
Section 3.3.1.2. The disc was held stationary inside a vacuum tank by two 50 x 1076 m
diameter tungsten wires. These wires support the disc at two points on it’s circumference,
180 degrees apart, as illustrated in Figure 3-34. The amplitude of the disc’s motion was
measured using a SIOS SPS-120/500 laser interferometer [143]. The loss of each mode was
measured at least 5 times and an average was taken. The disc was re-suspended 3 more times
and the losses remeasured. The lowest loss measured at each mode for the different

suspensions was assumed to be the best estimate of the loss of the disc.
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Figure 3-34: Setup up used to support a disc and excite it for ring down measurements.

3.5.1.3 Mode dependent coating loss

The mode-dependent coating loss was determined as follows:

U
¢coating = U_S (¢coated - ¢uncoated) . (3-27)

This formula is a variation of Equations (3.19) and (3.21). The elastic strain energies stored
in the coating and substrate were determined using a COMSOL model following the
procedure used for the cantilevers described in Section 3.3.4.2. The disc was modelled with
no fixed constraints (i.e. no suspension points). This is in line with others in the literature
[141].

3.5.1.4 Uncoated, coated and coating losses

The uncoated disc was suspended 4 times and its modal losses measured each time. The
results are shown in Figure 3-35 and discussed below. Error bars are approximately
+ 1 x 1078 and are too small to see on the graph. It is interesting to note that the higher
frequency modes have a greater spread of losses than the lower frequency modes. This is
due to the higher frequency modes having quicker ring downs (than lower frequency modes)

and therefore less points to fit to in determining the disc’s mechanical loss.
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Figure 3-35: Uncoated loss of a 3" silica disc. The uncoated disc was suspended 4 times and its modal losses
measured each time. These four sets of disc losses are plotted. The losses are grouped and labelled by mode
number. Since the 4™ suspension only measured one mode at 16500 Hz and the loss of this mode fell between
the other modes measured with the different suspensions, it was not possible to identify which group it belonged

to.

The losses for two suspensions of the coated disc are shown in Figure 3-36.
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Figure 3-36: Losses of the silica disc coated with a 500 x 10~ m thick layer of tantala. The coated disc was
suspended 2 times and its modal losses measured each time. The losses are grouped and labelled by mode
number. Since the 1% suspension only measured one mode at 11000 Hz and the loss of this mode fell between
the other modes measured with the different suspension, it was not possible to identify which group it belonged

to.

The tantala coating losses were determined using the uncoated disc losses (Figure 3-35),
coated disc losses (Figure 3-35) and Equation (3.27). The losses of the coating are shown in
Figure 3-37.
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Figure 3-37: Losses of the tantala coating deposited upon the silica disc. Only some of the modes shown in

Figures 3-35 and 3-36 were used to calculate the coating’s loss. The reasons are explained in the text.

It should be noted that not all of the uncoated and coated losses were used to estimate coating

loss. The reasons for excluding some of these measurements are listed below:

Discs exhibit degenerate mode pairs [144] which resonate along different
(orthogonal) axes with the same mode shape, as shown in Figure 3-38. A small
frequency shift is observed between the pairs due to the imperfect symmetry of the
discs. Theoretically, each resonant mode in a degenerate pair should have the same
loss [144]. However due to the suspension technique used to support the disc, one
mode in each pair will always exhibit higher loss due to the suspension wires adding
extra damping into the system. The lowest loss mode is unaffected by the wires as
the position where the wires touch the disc are defined as nodes. Modes 1 and 2, 3
and 4, 5and 6, 7 and 8 and 9 and 10 are degenerate mode pairs with modes 2, 4, 8
and 10 being the higher loss members of their respective pairs, as shown in Figure
3-35 and 3-36. The higher loss mode from each pair was therefore excluded from the
analysis.

Modes 5 and 6 were excluded from calculating coating loss because only one of these

modes was measured post coating deposition. Since the coated loss measured was
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higher than both modes 5 and 6’s uncoated losses it was not possible to identify

which mode this coated loss belonged to.

@ ©)

(b) (d)

Figure 3-38: Disc’s degenerate mode pairs: (a,c) butterfly modes and (b.d) drum modes.
3.5.1.5 Bulk and shear losses of the coating

The tantala coating’s bulk and shear losses were calculated using the minimisation method
to be ¢p = ((1.28 £ 0.22) x 107%) and ¢s = ((7.8 £ 0.5) X 10~*). These values were
determined to be significantly different from one another. The errors shown are one standard
deviation total errors (combination of systematic and random). Figure 3-39 shows the
measured and fitted values for the mode-dependent coating loss. While a similar magnitude
of loss is observed between the fitted and experimental values, it can be seen that all but one
of the fitted points do not match the experimental values within error. This highlights the
same problem discussed previously of fitting to such a small number of data points. The
errors plotted in Figure 3-39 represent the one standard deviation random coating loss error
and they assume that the lowest coated and uncoated losses measured for the disc are in fact
the discs intrinsic loss and no excess loss has occurred from the setup. Usually the lowest
measured loss is accepted as the best value, as it’s much easier to measure too high a loss
value than too low a loss value. Repeat loss measurements are therefore useful as you need

several measurements to know which one is lowest. Measuring the disc multiple times to
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identify this convergence in modal loss between suspensions is therefore essential since there
is no method of quantifying this error. In Figure 3-35 and 3-36, it can be seen that the
uncoated losses show better convergence in values than the coated losses. More suspensions
of the coated disc would have been ideal, however the disc cracked after the second
measurement making this impossible to do. This uncertainty in the coated losses coupled
with the limited number of data points being fitted to could explain the differences in fitted
and experimental values. For example, the shape of the fitted losses is dominated by mode
9. Figure 3-36 does not show absolute convergence for mode 9’s coated losses. If it’s coated
loss were less, its coating loss would be less and therefore the fit could potentially be
improved. One last point to note is that the four coating losses determined were all measured
on butterfly modes. Therefore the modes only showed small variations in their bulk and
shear energy ratios. Theoretically, it would be better to fit to modes which have large
variations in bulk and shear energies as it makes the results less sensitive to errors associated

with the experiment.

9.5X10_4 ] \ ] \ ] \ ] \ ] \ ] \ ] \ ]
= Experiment
e Fitted
9.0x10™ - §9 -
2 8.5x10" 1 . 3 o’/ * b
3 . 8 .
[ ]
8.0x10™ - -
7.5x10*

T T T T T T T T T T T T T T T T
2000 4000 6000 8000 10000 12000 14000 16000 18000
Frequency (Hz)

Figure 3-39: Experimental and fitted tantala coating losses. The fitted coating losses were calculated using

the coating’s bulk and shear losses that were determined using the minimisation method.

3.5.2 Determining the bulk and shear losses of the tantala coating deposited upon

a cantilever
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3.5.2.1 Sample

The same 500 x 107° m RLVIP tantala coating was deposited upon a silica cantilever of
thickness 159 x 107¢ m [139]. The thickness of this substrate was determined using its

uncoated bending mode frequencies.
3.5.2.2 Uncoated and coated losses

The uncoated cantilever was clamped twice and its modal losses measured after each
clamping. As shown in Figure 3-40, there was good agreement between the losses measured
for each clamp. Three modes were measured within the frequency range of 14300 — 14600
Hz. FEA modelling predicts only two modes to exist within this frequency range (a torsional
mode and a higher frequency bending mode). It is suspected that this extra mode is caused
by one or both of the modes being re-excited in some way and remeasured at a slightly
different frequency (an observation that has been made in the past with other samples). It is
also unknown as to whether this effect results in any coupling between the different modal
losses similar in frequency. As a result of not being able to definitively identify which mode
IS bending and which is torsional, these modes have been labelled in Figure 3-40 as “not

known”.
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Figure 3-40: Uncoated losses of a silica cantilever. The losses were measured for two different clamps (clamp
1 (C1) and clamp 2 (C2)).
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The coated silica cantilever was clamped eight times and its losses measured after each
clamping. The lowest measured losses of the coated cantilever are shown in Figure 3-41. All
but two of the coated cantilever’s mode shapes could be easily identified as their frequencies
shifted by less than 20 Hz from their uncoated frequencies. The 7804 Hz coated cantilever
mode could not be definitively identified as being a bending or a torsional mode. This was
because FEA modelling predicts both a bending and torsional mode to exist within 50 Hz of
this frequency (and unlike for the uncoated cantilever mode at this frequency, its loss cannot
be used for guidance as to whether this mode is a bending or torsional mode). It was also not
possible to identify whether the measured mode of the coated cantilever at 14648 Hz was
bending or torsional, as both theoretically exist at similar frequencies and only one mode

was measured.
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Figure 3-41: Lowest losses of the coated silica cantilever.

3.5.2.3 Bulk and shear losses of the coating

The mode-dependent coating losses were determined using the uncoated and coated losses
(shown in Figures 3-40 and 3-41). Using these mode dependent coating losses, the
minimisation method was then used to calculate the coating’s bulk and shear losses. Figure
3-42 shows the measured mode dependent coating losses and the fitted values obtained from
the minimisation method. Similarly to Figures 3-27, 3-28 and 3-29, two standard deviation
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error bars are plotted for each mode’s coating loss. The larger error bar is a combination of
the coating loss’s random error and systematic error whilst the smaller error bar represents
only the coating loss’s random error. For most points, these error bars are very similar in

size.
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Figure 3-42: Measured and fitted coating loss values. The black error bars represent the one standard
deviation total error (systematic and random error) in coating loss. The blue and red error bars represent only
the one standard deviation random uncertainty in coating loss. The experimental and fitted losses of the 3100

Hz mode have been grouped together as they are explicitly referred to in the text.

The bulk and shear losses of the coating were determined to be (1.4 4+ 0.2) x 1073 and
(7.0 + 0.5) x 10~* respectively, where the errors represent the one standard deviation total
error (combination of systematic and random). However, it can be seen in Figure 3-42 that
the quality of the fit used to determine these losses is suboptimum as a large difference exists
between the experimental and fitted bending mode at approximately 3100 Hz (these modes
are circled in the graph). This difference arises from the unusually high uncoated loss
measured for this mode, which is likely to be an effect of excess loss. Evidence in support
of this suggestion can be observed in Figure 3-26 which shows an upper and lower bound
for the uncoated loss of 5 similar silica cantilevers. It can be observed that all of the measured
uncoated silica losses (plotted in Figure 3-40) which were used to calculate coating loss

(Figure 3-42) fall within these upper and lower bounds of uncoated loss (Figure 3-26), with
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the exception of the 3100 Hz mode. Using an uncoated loss for this mode which is equal to
the average of the upper and lower bounds and repeating the minimisation method,
substantially improves the quality of the fit. This improvement in fit is shown in Figure 3-
43 which displays the experimental and fitted losses when this new uncoated loss is used for
the 3100 Hz mode.

Exp. bending mode
Exp. torsional mode | . L
Fitted torsional mode
Fitted bending mode
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Figure 3-43: Measured and fitted coating loss values (using a new value of uncoated loss for the 3100 Hz
mode). The black error bars represent the one standard deviation total error (systematic and random error)
in coating loss. The blue and red error bars represent only the one standard deviation random uncertainty in
coating loss. The experimental and fitted losses of the 3100 Hz mode have been grouped together to make it

easier for the reader to identify them when reading the text.

The bulk and shear losses determined using this fit were (1.90 + 0.30) x 1073 and (6.7 +
0.5) x 10~* respectively, where the errors represent the one standard deviation total error
(systematic and random). Due to the greater accuracy of this fit, there is more confidence in

these loses being a closer representation of the true values of the sample.

3.5.3 Comparing the tantala coating’s bulk and shear losses for the disc and

cantilever substrates

The bulk and shear losses of the tantala coating deposited upon the cantilever were
determined to be (1.90 + 0.30) x 1073 and (6.7 & 0.5) x 10~* respectively. Comparing
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these tantala coating bulk and shear losses to those calculated on the disc substrate
((1.28 4+ 0.22) x 1073 bulk loss and (7.8 + 0.5) x 10~* shear loss) it can be observed that
there is good qualitative agreement between the results, with the bulk loss being significantly
higher than the shear loss in both cases. However, the results from the two sample sets do
not agree to within error. One possible explanation for this difference is that the uncoated
and coated losses measured (of both the disc and cantilever) were not the true values of the
sample and that with more re-clamping and more loss measuring, the uncoated and coated
losses could change, thus affecting the coating losses and the bulk and shear losses. More
possible causes for this discrepancy between the disc and cantilever’s bulk and shear losses
could be due to the limited number of modes measured on the disc and that all of the modes
used in the disc fitting process being butterfly resonances (which makes the analysis more

sensitive to experimental errors).
3.6 Validity of results

3.6.1 Frequency dependence of coating loss

Both the simultaneous equation method and the minimisation method rely upon the
assumption that any frequency dependence in the mode dependent coating losses can be

explained by the frequency dependent bulk/ shear energy ratio.

In the literature a frequency dependent coating loss has been calculated for three different
coatings: aluminium oxide, tantala and silica which were all deposited upon silica discs of
varying geometries [145]. The aluminium oxide coating showed a frequency dependence of
approximately 1 % across 10 kHz, the tantala coating 4 % across 10 kHz and the silica
coating 10 % across 10 kHz [145]. To obtain these results, the loss of the coatings were
determined at different mode frequencies. The modal losses of each coating were then
regressed only against frequency and did not account for the modes bulk and shear energies

changing with frequency (for a cantilever this can be observed in Figure 3-20).

To investigate whether this frequency dependent coating loss could be caused by the bulk
and shear energies of the coated disc’s modes changing, a silica disc coated with silica was
designed in COMSOL and the bulk and shear energy ratios of the coating calculated. It was
observed for the disc’s butterfly modes that the percentage of coating energy stored in bulk
energy increased with frequency. Across 10 kHz, the percentage of coating energy stored in

bulk energy increased by 12%. For a disc’s drum modes, it was observed that the percentage
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of coating energy stored in bulk motion decreased with frequency. Across 10 kHz, the
percentage of coating energy stored in bulk energy decreased by 18%. The frequency
dependent coating loss identified in [145] can therefore be potentially explained by the
modes of a coated disc exhibiting different ratios of bulk and shear energy at different

frequencies.

It can therefore be concluded that the simultaneous equation method, the minimisation

method and the bulk and shear losses determined using these methods remain valid.
3.6.2 Stress and curvature

Stress and curvature are known to develop in coated substrates during (intrinsic stress) and
after the coating deposition process (thermal stress) [146]. In this section, the effect of stress
and curvature upon the coating/substrate energy ratio is investigated to identify whether
these parameters can significantly affect the energy ratio (and therefore the calculated bulk

and shear losses).
3.6.2.1 Coated cantilevers

To observe the effect of stress and curvature upon the energies stored in the coating and
substrate, an FEA model replicating the stress pattern and curvature caused by a coating was
constructed. A silicon cantilever coated with amorphous silicon was used for this study. The
coating was 1 x 10~¢ m thick and the length, width and thickness of the cantilever were
34x1073m,5x 1073 mand 63.5 x 10~° m respectively. The mode frequencies, vertical
displacement (Figure 3-44) and direction of stress within the coating and the cantilever were

all measured experimentally.

Clamping Block

Cantilever

Vertical

................................ /, displacement

Coating Horizontal plane

Figure 3-44: Vertical displacement of a cantilever as a result of depositing a coating on its surface.

Multiple approaches in ANSYS were tested to stress and curve the coated cantilever. The

ANSYS model which most accurately replicated the measured mode frequencies, vertical
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displacement and direction of stress, applied a thermal stress to the cantilever and coating
within a static structural analysis. The thermal stress was applied by defining the coating
and substrate thermal expansion coefficients (3 x 10™° Kt and 4.6 x 1075 K™ respectively)
along with a thermal temperature condition which was used to replicate the cooling effect
from deposition temperature (100 °C) to room temperature (22 °C). When the ANSY S model
was ran, the coated cantilever would cool from an initial temperature of 100 °C to 22 °C
which would result in a thermal stress being developed in the coated cantilever (as a result
in the mismatch of the coating and substrate’s thermal expansion coefficients). The
coefficients of thermal expansion (CoTE) of the substrate and coating were chosen such that
they enabled the FEA model to: bend and stress the coated cantilever in the same directions
as measured in the lab (Figure 3-45); introduce a similar magnitude of vertical displacement
(the cantilever in the lab was measured to have (3 &+ 0.5) x 10~3 m vertical displacement
whilst the model predicted 3.23 x 1073 m) and to reproduce comparable modal frequencies

and shapes to those measured (Table 3-3).

Coating Coating
s - A
- Substrate —_—
(a) (b)

Figure 3-45: (a) direction of stress measured in the laboratory for the amorphous silicon coating and silicon
substrate (compressive stress in the coating and tensile in the substrate). (b) deformation caused as a result of

the stress in the coating and substrate.
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Exp. freq. Unstressed Stressed Diff. between exp. Diff. between exp.
ANSYS ANSYS and and
(Hz) freq. (Hz) freq. (Hz) unstressed freq. (%)  stressed freq. (%0)
76 (b) 77 (b) N/A N/A
465 (b) 479 (b) 480 (b) -3.0 -3.3
715 (t) 921 (t) 725 (t) -28.8 -1.4
1338 (b) 1344 (b) 1352 (b) -0.4 -1.1
2159 (t) 2800 (t) 2066 (t) -29.7 4.3
2635 (b) 2633 (b) 2652 (b) 0.1 -0.6
4147 () 4782 (1) 4166 (t) -15.3 -0.5
4362 (b) 4352 (b) 4379 (b) 0.2 -0.4
5828 (1) 6237 (1) N/A N/A
6516 (b) 6502 (b) 6529 (b) 0.2 -0.2
7567 (t) 6927 (t) 8147 (t) 8.5 -1.7
9095 (b) 9082 (b) 9102 (b) 0.1 -0.1
9174 (t) 9289 (t) 9170 (t) -1.3 0
11438 (t) 11916 (t) 11412 (t) -4.2 0.2
12096 (b) 12092 (b) 12100 (b) 0 0
14845 (t) 14261 (t) N/A N/IA
15519 (b) 15532 (b) 15524 (b) -0.1 0
17344 (t) 18108 (t) 17477 (t) -4.4 -0.8
19400 (b) 19370 (b) N/A N/A
21370 (t) 21063 (t) N/A N/A

Table 3-3: Experimental and computational mode frequencies for a coated silicon cantilever. The table
includes computational mode frequencies for two ANSYS models. One which used the thermal condition to
pre-stress a modal analysis and the other which did not. The letters b, t and | describe the type of mode as
being either bending, torsional or lateral respectively. The cantilevers substrate dimensions were: length
34 x 1073 m, width 5 x 10™3 m and thickness 63.4 x 10~ m. The coating was made of amorphous silicon
and had a thickness of 1 x 107 m. Some modes were unable to be measured experimentally. These are

represented in the table by a blank cell.

Figure 3-45 shows the direction of the stress and curvature of the coated silicon cantilever.
Table 3-3 compares the measured mode frequencies to those obtained from the FEA model.
The stressed and curved FEA model replicates the measured mode frequencies more closely
than the unstressed model. The addition of stress and curvature to the FEA model has a small

effect upon bending mode frequencies (less than 2% change) but a large effect upon torsional
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mode frequencies (up to 35%). Due to the similarity in results between the stressed ANSYS
model and the experimental values, it seems reasonable to assume that the stress and

curvature in this FEA model approximates that present in the coated cantilever as well.

The magnitude of the stress and curvature of the coated cantilever can be increased by
varying the CoTE values. However, it should be noted that the relative magnitudes of the
coating and substrate CoTE should be kept the same (substrate CoTE > coating CoTE) as
this ensures the stress pattern remains unchanged (uniformly compressed coating and tensile
substrate). By running multiple FEA models with varied thermal expansion coefficients and
extracting the coating and substrate elastic strain energies for each mode, the effect of stress
and curvature upon the coated cantilever’s energy ratios can be determined. Figure 3-46 (a)
shows the effect upon bending mode energy ratios whilst (b) shows the effect upon torsional
and lateral modes. It should be noted that compressive stresses of between 0 and 300 x 10°

Pa are commonly measured in coatings that are used in mechanical loss experiments [54].
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Figure 3-46: Effect of stress and curvature upon FEA modelled energy ratios (ER) for a coated silicon
cantilever. (a) shows the effect upon bending modes whilst (b) shows the effect upon torsional and lateral
modes. The energy ratios predicted by Equations (3.18) and (3.20) are also shown. The elastic energy ratios
of four differently stressed FEA models are plotted. The compressive stress of the coating (o) and vertical
displacement (x) of the cantilevers are quoted in the legend. These stresses were measured acting along the
length of the coating. The cantilever’s substrate dimensions were: length 34 x 1073 m, width 5 x 10™3 m and

thickness 63.4 x 10~¢ m. The coating was made of amorphous silicon and had a thickness of 1 x 1076 m.
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The bending mode energy ratio can be seen to increase as the stress and curvature increases.
However, as the frequency increases, the sensitivity of the bending mode energy ratio to
stress and curvature decreases. In contrast, the stresses and curvatures investigated have little
effect upon the majority of the torsional mode energy ratios. The large outlier in Figure 3-
46 (b) with an energy ratio of approximately 70 in the unstressed and non-curved model is a
lateral mode and should not be expected to conform to the torsional mode trend. However,
it can also be observed from Figure 3-46 (b) that the torsional modes near the lateral mode
in frequency are more sensitive to the effects of stress and curvature. This could be due to
coupling of these torsional modes with lateral motion. It can be concluded from Figure 3-46
that both stress and curvature have a significant effect upon a coated cantilever’s
substrate/coating energy ratio and that this effect becomes larger at higher values of stress
and curvature. Additional FEA models of coated cantilevers with different geometries and
material properties corroborated these results. Table 3-4 lists the other models investigated.

Body  Material Length (x 1073 m) Width (x 1073 m) Thickness (x 107% m)

Substrate cSi 34 5 66.1
Coating asSi 34 5 8.24
Substrate cSi 34 5 74.9
Coating asSi 34 5 1
Substrate  Silica 42 5 100
Coating  Tantala 42 5 1

Table 3-4: List of the ANSYS models that were investigated to identify the effect of stress and curvature upon
energy ratios. Each substrate and coating pair was an ANSYS model. The table states the different materials
of the coatings and substrates used in each of the ANSYS models as well as their geometries. Stresses of similar
magnitude to those listed in Figure 3-45 were applied to these models. cSi and aSi refer to crystalline silicon
and amorphous silicon materials.

The coated cantilevers investigated in Sections 3.4 and 3.5 were not particularly curved as
they all exhibited < 1 mm vertical deflection. The stresses of these coatings were
unmeasured. The most curved coated cantilever investigated (in this chapter) was the silicon
cantilever coated with ECR IBS amorphous silicon (vertical deflection ~1 mm). Repeating
the minimisation method using stressed energy ratios, the best fit bulk and shear loss values
were determined to be 3.5 x 10™* and 1.5x 10~* respectively. These values fall within the
random error of the bulk and shear losses determined earlier in Section 3.4.1.2 (bulk loss of
(3.4 £ 0.7) x 10~* and shear loss of (1.4 + 0.2) x 10~%). It can therefore be concluded that
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it is unlikely that curvature and stress significantly affect the bulk and shear losses presented
in this chapter. However, the effect of curvature and stress on the energy ratios of a coated
cantilever should be considered when the coated cantilever is more highly curved and

stressed.
3.6.2.2 Coated disc

When a disc is coated, there is no obvious measurable bending of the coated substrate and

no large shift in resonant mode frequencies observed, as shown in Table 3-5.

Tantala coating on silica disc Silica coating on silica disc
Uncoated freq. (Hz) Coated freq. (Hz) Uncoated freq. (Hz) Coated freq. (Hz)

2789 2790 2808 2779
2813 2813 2832 2834
6351 6355 4240
6361 6365 6395 6395
9734 9742 6405 6403
9738 9802
10969 10973 9806
10980 10975 11039 11038
16559 16564 11050 11039
16564 16573 16661 16662
16670 16669

16856 16845

16848 16851

Table 3-5: Measured resonant mode frequencies for two uncoated silica discs. Table 3-5 also lists the mode

frequencies of the discs when they have been coated with tantala and silica.

An ANSY'S model of a disc which includes stress must therefore replicate these experimental
observations. The method used to incorporate stress in the ANSYS model of a cantilever can
not be used for a disc. This is because a fixed constraint is not used to determine a disc’s
resonant modes (whilst it was used for the cantilever to model its clamped condition) and a
fixed constraint is a requirement of the static structural interface which employs thermal

properties to stress the cantilever. A new method therefore had to be developed.

To stress the coated disc, a modal interface was used along with an ‘inistate’ command which

applied a uniform radial stress to either the coating, substrate or both. The stress was varied
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until the modelled resonant mode frequencies matched the measurements. No deformation
of the disc was observed in this analysis. The energy ratios for each mode were calculated
and the mesh checked for convergence. The energy ratios for differently stressed ANSYS
disc models for a 500 x 10~ m tantala coating deposited upon a silica disc (with
dimensions 2.57 x 10~3 m thickness and 38.07 x 10~3 m radius) are shown in Figure 3-47
where it can be seen that the different stress patterns have an insignificant effect upon the
substrate/coating ratio.
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Figure 3-47: Ratio of energy stored in the substrate with respect to that stored in the coating for a
500 x 107° m tantala coating deposited upon a silica disc (with dimensions: 2.57 x 10~3 m thickness and
38.07 x 1073 m radius).

Since stress has no effect upon the substrate/coating energy ratio, stress therefore has no
effect upon the losses of a coating deposited upon a disc which remains uncurved after
deposition.

In Section 3.6.2.1, coated cantilever energy ratios were shown to be affected by curvature
and stress. In this section, a coated disc’s energy ratios were shown to be unaffected by
stress. It is therefore hypothesised that curvature causes coated cantilever energy ratios to

change in value.

3.6.3 Effect of stress and curvature upon bulk and shear energy ratios
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It was unknown how to define Equations (3.2) and (3.3) within ANSY'S to determine bulk

and shear energies.

Attempts were therefore made at investigating the combined effect of stress and curvature
upon a cantilever’s bulk and shear energy ratios using COMSOL. However, due to a problem
with the software, confirmed by COMSOL [147], it was not possible to investigate the
effects of stress upon a cantilever’s bulk and shear energy ratio as it led to unphysical results
(in some cases negative energy ratios). However, it was possible to identify the relationship
between a cantilever’s vertical displacement (Figure 3-44) and its bulk and shear energy

ratios.

Coated silicon cantilevers of varying vertical displacements were designed in a solid
mechanics interface and an eigenvalue analysis solved (which determined the mode
frequencies of the coated cantilever). Using Equations (3.2) and (3.3) the bulk and shear
energies of the coating were calculated using COMSOL. The silicon cantilever was
60 x 107 m thick, 5 x 1073 m wide and 34 x 10~3 m long. The coating was made from

amorphous silicon and was 1 x 10~ m thick. The results are presented in Figure 3-48.
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Figure 3-48: Bulk/shear energy ratio for varyingly curved coated cantilevers. The coating was 1 X 107 m
thick and made from amorphous silicon, whilst the cantilever was 5 x 10~ m wide, 34 x 1073 m long,
60 x 1076 m thick and made from silicon. (a) Bulk/shear energy ratio for the bending modes whilst (b) shows

the torsional and lateral modes. The vertical displacements of the coated cantilevers are shown in the legends.
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In Figure 3-48 (a) it can be observed that as the vertical displacement of the cantilever
increases, less of the coating’s elastic strain energy for a bending mode is stored in bulk

motion compared to shear motion. This effect can be seen to increase as frequency increases.

It is difficult to identify any clear trend in Figure 3-48 (b). The pure lateral mode in the
uncurved cantilever (approximately 5000 Hz with a bulk/ shear ratio of 0.3) acts more like
a torsional mode as curvature increases (as its bulk/shear energy ratio begins to more closely
approximate the torsional mode values). Furthermore, this lateral mode affects the pure
torsional modes energy ratios’ near it in frequency distorting any trend further (similar effect
was observed in Figure 3-46 (b)). Finally, this picture is further complicated by the curvature
affecting torsional mode frequency. However, it can be said that vertical displacement can

be seen to affect the bulk and shear energy ratios for both bending and torsional modes.

In order to maximise the accuracy in calculating bulk and shear losses, the effect of a

cantilever’s vertical displacement upon bulk and shear energies should be accounted for.

The effect of a cantilever’s vertical displacement upon the coating’s bulk and shear energies
is not expected to have any significant effect upon the bulk and shear losses listed in this
chapter as the vertical displacement of the cantilevers was small (< 1 mm). By accounting
for the effect of vertical displacement and recalculating the bulk and shear losses of the
amorphous silicon coated silicon cantilever (most vertically displaced cantilever
investigated in this chapter), the losses of the coating were still determined to be within error

of the original losses (which did not account for vertical displacement effects).

It should be noted that in reality when a cantilever is coated at an elevated temperature and
is allowed to cool to room temperature, the coated cantilever curves both along its length
(called vertical displacement and shown in Figure 3-44) and its width (called width
displacement and shown in Figure 4-33). Due to the dimensions of the cantilever, the vertical
displacement is much larger than the width displacement. In Section 3.6.2.1, ANSYS was
used to curve a coated cantilever before the stressed and curved coating/substrate energy
ratios were calculated. This method used in ANSY'S to curve and stress the coated cantilever,
curved the coated cantilever both along its length and width. It should be emphasised that
the COMSOL bulk/shear energy ratios shown in Figure 3-48 only investigated the effect of
a coated cantilever’s vertical displacement upon the bulk/shear energy ratio. It was not

possible to determine the effect of width displacement (either individually or in conjunction
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with vertical displacement) upon a coating’s bulk/shear energy ratio due to meshing
problems in the static structural COMSOL model (inverted mesh elements within the
coating caused models not to solve and a failure of solutions to converge i.e. mesh
convergence issues). Whilst the cause of this FEA problem is unknown, it is suspected that
it could be due to a combination of the small coating dimensions and its width deformations.
The effect of width displacement upon bulk and shear energies is an area of further work

that should be investigated in the future.

No investigation was conducted into the effect of curvature upon a coated disc’s bulk and
shear energy ratios, as coated discs do not exhibit any noticeable curvature when they are
coated in the lab (see Section 3.6.2.2).

3.6.4 Effect of Fejer coating thermoelastic loss

Fejer coating thermoelastic loss (Fejer loss) [109] describes a loss mechanism of a coated
substrate which is caused by the mismatch in the substrate’s and coating’s material
properties. Unlike coating thermoelastic loss (Section 2.4.1) which only accounts for random
temperature fluctuations in the coating, Fejer coating thermoelastic loss investigates random
temperature fluctuations in the coating and substrate. It is calculated using [109]:

2

2Y;afT a5 (M) g(®) (3.28)

Prejer(w) =~ 1-—2

Fejer Cf(l _ 'Uf) af Yf(l _ US)CS
where Y is the Young’s modulus, T is the temperature, a is the thermal expansion
coefficient, C is the specific heat capacity, v is the Poisson ratio, the subscripts s and f

represent the substrate and film respectively and g(w) is defined as:
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where w is the angular frequency, ¢ is defined as:
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t is the coating thickness and K is the thermal conductivity. It can be observed in Equation
(3.28) that the greater the difference in the coating and substrate material properties, the
greater the Fejer loss. Strictly speaking, the effect of Fejer loss should always be considered
when the mode dependent mechanical loss is calculated [148]:

U Upuik
¢Coating = U_S (¢Coated - ¢uncoated) - Uu d)Fejer : (3'31)
c c

However, as a result of the Fejer loss being a small effect (particularly at low frequencies),
it is often not considered when calculating the loss of a coating [137] and is therefore not
expected to effect the bulk and shear losses determined in this chapter.

To test the significance of Fejer loss upon the bulk and shear losses previously presented in
this chapter, the bulk and shear losses of the as-deposited amorphous silicon coating and
tantala coating were re-calculated accounting for this effect. The bulk and shear losses of the
as-deposited amorphous silicon coating when Fejer loss was accounted for was 0 + 0 and
(1.45 £ 0.09) x 10~*, which is within error of the losses when Fejer loss was ignored 0 + 0
(bulk loss) and (1.53 4+ 0.09) x 10~* (shear loss). The bulk and shear losses of the tantala
coating when Fejer loss was accounted for was (1.98 +0.30) x 1073 and (6.6 +
0.5) x 10~*, which is within error of the losses when Fejer loss was ignored (1.90 +
0.30) x 1073 (bulk loss) and (6.7 & 0.5) x 10~* (shear loss).

Since neither the Fejer loss associated with the amorphous silicon coating (deposited onto a
silica cantilever) or a tantala coating (deposited onto a silica cantilever) had a significant
effect upon the bulk and shear losses previously determined (which did not account for Fejer
loss), it is not expected that the bulk and shear losses of the amorphous silicon coating
(deposited onto a silicon cantilever) will show any significant effect either (as this coating
and cantilever have similar material properties and therefore will have a relatively small

Fejer loss).
3.7 Conclusion

A method of calculating the bulk and shear mechanical losses of a coating has been
developed and tested for various coatings applied to different types of substrate. These are

the fundamental losses associated with an amorphous coating material and knowledge of

123



3 Bulk and Shear Loss

them allows more accurate thermal noise calculations, using a model developed by Hong, to

be carried out.

For amorphous silicon deposited by an ECR IBD process, the bulk loss was found to be
significantly higher than the shear loss. This is believed to be the first analysis showing that
the bulk and shear loss of a coating can indeed be different from each other. In contrast, for
amorphous silicon deposited by the RLVIP process, the shear loss dominated the loss of the
coating, with the bulk loss being found to be zero. The shear loss of this coating reduced
significantly with heat-treatment at both 300 and 500 °C.

The method was also applied to a tantala coating deposited onto a silica cantilever and a
silica disk, and the calculated bulk and shear losses were compared. For both samples, the
bulk loss was significantly higher than the shear loss. However, the values of bulk and shear
loss obtained from the two samples did not agree to within error. This was possibly due to
too few modes being measured and to inaccurate loss measurements due to substrate loss

effects.

The effect stress and curvature has upon a coated cantilever’s substrate/coating energy ratios
was investigated. It was observed that the stress and curvature of the coated cantilever
significantly affects its modal energy ratios. As the stresses and curvatures of the coated
cantilever increases, the effect upon its modal energy ratios increases. The effect stress has
upon a coated disc’s substrate/coating energy ratios was also investigated. It was observed
that stress had no affect upon the coated disc’s modal energy ratios. From these results it
was hypothesised that the energy ratios of a coated substrate change as a result of curvature
alone. It was concluded from this work that in order to determine the most accurate values
of a coating’s bulk and shear losses, the effect of curvature and stress upon a coated

substrate’s energy ratios should be considered.

A more accurate method (Hong’s method) of determining a coating’s thermal noise can be
used when the coating’s bulk and shear losses are known. Hong’s method of calculating
thermal noise determines significantly different values from the more widely used method
called the parallel and perpendicular approach (a difference of 1.7x and 1.8x for the IBS
ECR and RLVIP amorphous silicon coatings respectively). To ensure the thermal noise of
future detectors is most accurately calculated, Hong’s method should be used to calculate

detector thermal noise.
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To conclude, Hong’s theory of bulk and shear loss enables the gravitational wave community

to identify materials which will contribute least to the thermal noise of a detector.

125



4 The effect of stress and curvature upon thermoelastic loss

4 The effect of stress and curvature upon

thermoelastic loss

4.1 Introduction

Coating thermal noise limits the performance of second-generation gravitational wave
detectors at their most sensitive operating frequencies. To minimise the magnitude of a
detector’s coating thermal noise, detector coatings are made from materials which exhibit
low mechanical loss. To identify these low loss materials, mechanical loss experiments (as
described in Chapter 3) are used. However, recent research and observations call into
question the accuracy of coating losses which have been determined using loss experiments
involving silicon cantilever substrates. If some of these coating losses have been determined
incorrectly, then it is possible that the magnitude of a gravitational wave detector’s coating
thermal noise is unnecessarily high and could be reduced by using a previously tested

coating.

Silicon cantilevers are frequently used as a substrate in mechanical loss experiments [121,
122]. Coatings are frequently deposited onto cantilevers at elevated temperatures to optimise
the coating properties. When the coated cantilevers cool, they become stressed and curved
due to thermal expansion. At room temperature the mechanical loss of a silicon cantilever is
approximately equal to its thermoelastic loss [136]. If the stress or curvature of a coated
cantilever significantly affects the substrate’s thermoelastic loss, then the originally
measured/calculated uncoated loss of the cantilever, no longer applies as the loss of the
substrate in the coated sample. Coating losses determined under these circumstances (using

the method outlined in Section 3.3) would therefore be incorrect.

Studies conducted by Kumar and Haque [149], Pan et al [150] and observations made by the
author suggest that the stress and/or curvature of a coated silicon cantilever significantly
affects the substrate’s thermoelastic loss thus invalidating some previously determined

coating losses.

Kumar and Haque [149] derived a theoretical model which describes how the thermoelastic

loss of a beam can change due to residual stress. Their work showed that as the initial tensile
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stress of the beam is increased, it’s thermoelastic loss decreases. Whilst Kumar and Haque’s
model shows a clear relationship between stress and thermoelastic loss, the stress pattern
they investigated is very simple (axial stress). Furthermore, the beam they investigate does
not exhibit any curvature and as a result their model does not represent the pattern of stress
or curvature a substrate would experience when a coating has been deposited upon it and

allowed to cool.

Pan et al [150] investigated the effect of a coating’s stress upon its mechanical loss. They
deposited varyingly stressed silicon nitride and amorphous silicon coatings upon silicon
cantilevers. They observed that the coated losses measured at bending modes decreased with
increased coating stress and increased curvature to such an extent that the coated cantilever
losses were less than the uncoated cantilever losses. For torsional modes, they did not see
this inversion of coated and uncoated losses. Pan et al speculated from their results that the
coated substrate’s stress pattern was having an effect upon the substrate’s thermoelastic loss,

however they were not able to prove this.

A similar observation to Pan et al was made by this author. A highly stressed amorphous
silicon coating was deposited upon silicon cantilevers. The coated cantilevers were
extremely curved as a result. It was observed that some of the measured bending mode coated
losses were lower than the substrate’s theoretically calculated values of bending mode
uncoated loss (which can be approximately determined using Liftshitz and Roukes
theoretical model). These results are shown in Figures 4-1 and 4-2 which compare the
measured losses of two coated silicon cantilevers of different substrate thickness with their
theoretically calculated bending mode uncoated loss (Liftshitz and Roukes thermoelastic

loss)

From Kumar and Haque’s study, it is clear that stress can affect thermoelastic loss. However,
it is not clear from their work whether the more complicated stress pattern present in a coated
cantilever significantly affects the substrate’s thermoelastic loss (and therefore is responsible
for the lowering of the coated cantilever’s loss, as observed in Figures 4-1 and 4-2). It is

possible that curvature of the coated cantilever could also affect the coated losses.

In this chapter the effect of a coated cantilever’s stress and curvature upon the
cantilever’s/substrate’s thermoelastic loss will be investigated. This chapter introduces

thermoelasticity and its most well-established theories before outlining the mathematics of
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how FEA was able to calculate thermoelastic loss. FEA models which are shown to be able
to replicate the theory and experimental data will then be used to investigate the effects of a
coated cantilever’s stress and curvature upon the cantilever’s/substrate’s thermoelastic loss.

Experiments will then be used to try and replicate the conclusions drawn from the FEA

models.
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Figure 4-1: Measured losses of a silicon cantilever coated with an amorphous silicon coating. The
thermoelastic loss of the uncoated silicon cantilever’s bending modes is also shown. This was calculated using
Liftshitz and Roukes theoretical model (see Section 4.2.2). No theoretical model exists within the literature to
determine the thermoelastic loss of a cantilever’s torsional modes. The cantilever investigated was
64 x 107% m thick, 5 x 10™3 m wide and 34 x 10~3 m long. The coating was 1 x 10~% m thick.
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Figure 4-2: Measured losses of a silicon cantilever coated with an amorphous silicon coating. The
thermoelastic loss of the uncoated silicon cantilever’s bending modes is also shown. This was calculated using
Liftshitz and Roukes theoretical model (see Section 4.2.2). No theoretical model exists within the literature to
determine the thermoelastic loss of a cantilever’s torsional modes. The cantilever investigated was 59 x 107°

m thick, 5 x 103 m wide and 34 x 103 m long. The coating was 1 x 107° m thick.
4.2 Theory of thermoelasticity

Thermoelastic loss is an anelastic relaxation process which describes an irreversible heat
flow across a body caused by the coupling of the body’s temperature and strain fields via its
non-zero thermal expansion coefficient. There are two popular analytical models which are
used to approximate the thermoelastic loss of a cantilever’s bending modes in the literature.

These were derived by Zener [151, 152] and Liftshitz and Roukes [136].
4.2.1 Zener model

Zener investigated the thermoelastic loss of a beam, hypothesising that when an undeformed
beam is taken out of its equilibrium and bent into an arc (as shown in Figure 4-3), half of the
beam will compress and heat up whilst the rest will expand and cool down. This difference

in temperature results in heat flowing across the beam.
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Figure 4-3: A schematic diagram of a bending beam. The initial geometry of the beam is illustrated using
dashed lines. When the beam deflects, one side of the beam experiences compression leading to an increase in
temperature whilst the other side of the beam experiences expansion resulting in a decrease in temperature.

The difference in temperature results in heat flowing across the beam.

When the beam is forced to vibrate and not remain statically bent, the heat flow oscillates
from one direction to the other. This coupling between the strain and temperature fields
provides an energy dissipation mechanism which allows the beam to relax back to its
equilibrium. Zener derived the thermoelastic loss of the beam to be equal to the ratio of the
imaginary I(Yy(w))and real R(Y,(w)) parts of the complex frequency dependent elastic

modulus at constant stress:

¢(w) =

1(Yp(w)) B YaZT( wT ) ’ 41)

R(Yo(w))  pC \1+ w22
where Y is the Young’s modulus, « is the thermal expansion, T is the temperature, p is the
density, C is the specific heat capacity and w is the angular frequency. t is the relaxation

time:

_ pCt?
© m2K

T (4.2)

where t is the thickness of the beam and K is the thermal conductivity. The relaxation time
Is associated with the time taken for the heat to cross the beam. According to Zener’s

expression (Equation 4.1), the thermoelastic loss of a beam as a function of frequency
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follows a Loretzian distribution whose peak value is dependent upon the beam’s relaxation
rate (inverse of relaxation time). When a beam oscillates at a frequency much greater than
its relaxation rate, the beam has no time to relax, the vibrations are therefore adiabatic and
the loss therefore tends to a minimum value. The loss similarly tends to its other minimum
value when the frequency of oscillation is much less than the relaxation rate as the body
dissipates very little energy and remains effectively in equilibrium. The loss peak of the

Lorentzian occurs when the relaxation rate is equal to its angular frequency.
4.2.2 Liftshitz and Roukes model

To obtain the simple closed form expression of thermoelastic loss (Equation (4.1)), Zener
limited his converging infinite series solution to its first term. Liftshitz and Roukes believed
this approximation was unnecessary and instead derived an exact analytical formula for the

thermoelastic loss of a beam using a mathematically more rigorous approach.

Liftshitz and Roukes calculated the thermoelastic loss of a beam by coupling the beams
equation of motion and its heat equation together by noting that the strain (u) of a bent beam
is due to the stress (o) acting along the bent beam as well as an expansion caused by the

beam changing in temperature (AT):

o
u=y + adT . (4.3)

Solving the coupled differential equations (equation of motion and heat equation) under the
condition of harmonic vibrations (beam is oscillating), the normal mode angular
eigenfrequencies of the beam were determined. These eigenfrequencies are complex. The
real part of the angular eigenfrequency is the angular mode frequency of the beam whilst the
imaginary component describes the magnitude of the damping of the mode. Taking the ratio

of the imaginary and real components enables the thermoelastic loss of a beam to be found:

Ya?T ( 6 6 (sinhe + sine) )

O

4.4
€2 €3 coshe+cose (44)

where:

_ ™
e_\/?, (4.5)
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and y is the thermal diffusivity:

4.2.3 Comparison of theoretical models

The two thermoelastic loss models (Zener model and Liftshiz and Roukes model) show good
agreement at frequencies close to the thermoelastic loss peak. At frequencies well below the
peak a small difference of up to 2 % can occur, while at frequencies much higher than the
peak there can be a difference of up to 15 %.

It should be emphasised that both theories calculate the thermoelastic loss for the bending
modes of a beam, they do not calculate the thermoelastic loss of a beam’s torsional modes.
No analytical formula in the literature exists to calculate the thermoelastic loss of the

torsional modes of a beam.
4.3 Calculating thermoelasticity using FEA

A range of FEA methods were investigated to calculate the thermoelastic loss of a cantilever.
Different FEA software and methods were used to identify which method performed
optimally. A brief summary of how these approaches calculated thermoelastic loss is

described below.
4.3.1 ANSYS

A harmonic project was used to determine the thermoelastic loss of a cantilever using
ANSYS. In the project, the geometry of the body was specified, the thermal and mechanical
boundary conditions stipulated, and the material properties defined. To calculate the
thermoelastic loss, a nominal, oscillatory force was applied to the cantilever. This force
would cause the cantilever to oscillate with a particular shape and at a user-defined
frequency. To calculate the cantilever’s thermoelastic loss due to bending, the force would
be applied to the cantilever’s length/width face (as shown in Figure 4-4). To calculate the
thermoelastic loss due to twisting, the force would be applied to two edges of the cantilever’s
length/width face in opposite directions from one another (as shown in Figure 4-4). An
appropriate mesh was also designed for the body and the mathematics of the analysis defined
by specifying a coupled field element.
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Figure 4-4: Direction and position of forces applied to the cantilever to induce bending and torsional motion.

For ANSYS to calculate thermoelastic loss, it must solve a combination of structural and
thermal analyses in such a way that the inputs of one analysis depends upon the results of
the other. To do this, a coupled field analysis is required, which can be activated by
specifying a coupled field element type using a command line. For a three-dimensional
cantilever, the coupled field element called Solid 226 was used [153]. Once this element had
been defined in ANSY'S, ANSYS automatically coupled the cantilever’s equation of motion

to its heat equation (as described for Liftshitz and Roukes analytical model in Section 4.2.2).

A code written by ANSY'S [153] was used to calculate the thermoelastic loss of a cantilever
at incremental frequencies within a specified range (by stipulating an incremental value as
well as an upper and lower value of the frequency range). An oscillating force was applied
to the cantilever at the minimum frequency specified in the code, causing the cantilever to
vibrate. ANSYS then solved for the unknowns of the coupled differential equations at this
oscillation frequency. The stress and strain solutions from these equations were then used to
determine the time averaged total strain energy (U,) for each element [153]:

1
U, = ZJ{O‘}T{S}*dU ) (4.7)

where {o} is the 3x3 stress matrix, {e}" is the 3x3 complex conjugate of the strain and the
integral is performed over the elements volume dv. The time averaged total strain energy
has both a real and imaginary component. The real part represents the average stored strain
energy whilst the imaginary component describes the energy lost [153]. The total imaginary
strain energy and real strain energy are found by summing the values for each element,
allowing the thermoelastic loss to be calculated at the oscillation frequency [153]:
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Im(U
Thermoelastic loss = Letements [M(Ur) (4.8)

Zelements Re(Ut) .
The code written by ANSYSS, then repeats these calculations for each specified frequency to

produce a curve of thermoelastic loss versus frequency.

4.3.2 COMSOL method 1

COMSOL method 1 replicated the same approach described using ANSYS (in Section
4.3.1), except it used COMSOL FEA software.

In COMSOL, a thermoelasticity project [154] was selected along with a frequency domain
study type. The geometry, material properties, boundary conditions and mesh were specified.
A boundary load was also applied to the top surface of the cantilever or edges (to replicate
the effects of the force applied in ANSY'S). The thermoelastic loss of the cantilever was then
calculated over a specified frequency range. COMSOL automatically solved the cantilever’s
coupled equation of motion and heat equation at the specified frequencies. Using volume
integrals, the real and imaginary strain energies were determined and Equation (4.8) was

used to calculate thermoelastic loss.
4.3.3 COMSOL method 2

This method was similar to the first COMSOL method (and ANSY S method) but utilized an
eigenfrequency study type which meant that the thermoelastic loss was only calculated at
the resonant modes of the cantilever (and not at incremental values between a lower and
upper value of frequency). No pressure was applied to the cantilever in this model, as
COMSOL automatically calculated the modal frequencies where the thermoelastic loss was
to be determined. The thermoelastic loss was again calculated by dividing the imaginary

strain energy by its real component as shown in Equation (4.8).
4.4 Building a working FEA model

Before the effect of stress and curvature (caused by coating deposition) on a substrate’s
thermoelastic loss can be investigated, an FEA model which is able to replicate the Zener
model, Liftshitz and Roukes model and experimental data must first be built. Showing that

the FEA model can replicate these simple theories as well as experimental data will give
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greater confidence in the results of the more complicated FEA modelling which is required

to investigate the effects of stress and curvature upon thermoelastic loss.
4.4.1 Thermoelastic loss due to bending motion

An FEA model can be shown to accurately determine thermoelastic loss when its values can

replicate those obtained using analytical models and/or experimentally.

The mechanical loss of an uncoated silicon cantilever 5 x 1073 m wide, 77 x 10~ m thick
and 34 x 1073 m long was measured using the setup described in Section 3.3. Using
Equations (4.1) and (4.4), the thermoelastic loss of a cantilever with these dimensions was
calculated using Zener’s model and Liftshitz and Roukes’s model. Similarly, using the
ANSYS and COMSOL method 1 approaches, the thermoelastic loss due to bending of a
cantilever with these dimensions was calculated. In the FEA models, one of the cantilever’s
thickness x width faces was constrained to have zero displacement to simulate the clamp,
all of the faces were specified to be thermally insulated (same condition as the analytical
models) and a force was applied to one of the cantilever’s length X width faces (as shown in
Figure 4-4). The material properties used in the analytical calculations and FEA models are
listed in Table 4-1. The measured, FEA and analytical loss values are presented in Figure 4-
5.

Material properties (units) Values
Youngs modulus (Pa) 166 x 10°
Poisson ratio 0.27
Density (kg/m?®) 2330
Thermal expansion coefficient (1/K) 2.6 x10°°
Specific heat capacity (J/kg.K) 705
Thermal conductivity (W/m.K) 140

Table 4-1: List of the silicon material properties which were used in both the analytical and FEA models.
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Figure 4-5: FEA and analytically determined thermoelastic loss values of a 77 x 1076 m thick, 5 x 1073 m
wide and 34 x 10~3m long silicon cantilever. The green triangles show the measured uncoated losses of a
silicon cantilever with the same dimensions. The measured losses were obtained at the cantilever’s mode
frequencies. The FEA values were not determined at mode frequencies but at incremental intervals between

an upper and lower frequency bound (as described in Section 4.3.1 and 4.3.2).

It can be seen that the FEA models fail to replicate the analytical or measured values well.
Furthermore, it can be observed that a difference also exists between the analytical model
values and measured losses. The next subsection will explore these differences in values and

describe how a more accurate FEA model was built.
4.4.1.1 Difference in FEA and analytical thermoelastic models

The difference in loss values between the FEA and analytical models shown in Figure 4-5 is

due to the different model assumptions made in the calculations.

The FEA model accounts for the stresses of the cantilever acting in all directions and allows
for the cantilever to exhibit oscillations which vary spatially across its width. These width
dependent variations were observed by splitting the cantilever into 25 equally sized strips
along its length. The thermoelastic loss of each strip was found to vary at different positions
across the width of the cantilever. Figure 4-6 shows the outline of some strips of the
cantilever (labelled 1, 4, 9 and 13) whilst Figure 4-7 shows the thermoelastic loss of each of
these strips.
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Figure 4-6: Outline of 4 of the 25 equally sized strips which the cantilever was split into. The 25 strips of the
cantilever are labelled 1-25. Strips 1 and 25 are at the edges of the cantilever and strip 13 is in the middle of

the cantilever.
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Figure 4-7: Thermoelastic loss of the four strips shown in Figure 4-6. The thermoelastic loss of the cantilever

strips is symmetrical across the middle strip (strip 13).

The analytical models (Zener’s model and the Liftshitz and Roukes model) do not account
for oscillations which vary spatially across the width of the cantilever as they assume a
Poisson ratio equal to 0 in their model. When the Poisson ratio of the FEA model is made
equal to 0, no width dependent oscillations occur in the FEA model and the FEA’s
thermoelastic loss can be seen to be equal to Zener’s model and Liftshitz and Roukes’s
model. Figure 4-8 shows that no width dependent oscillation occurs when the Poisson ratio
of the FEA model is equal to 0 and Figure 4-9 shows that as the Poisson ratio tends to 0, the

values of the analytical and FEA models converge.
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Figure 4-8: Thermoelastic loss of the four strips shown in Figure 4-6, when it is assumed that the cantilever

has a Poisson ratio of 0.

- =m0 Poisson ratio . I . L
1.4x10*4| @ 0.27 Poisson Ratio LAA A L
A 0.36 Poisson Ratio N e *°®
1.2x10™ || ewm—7 cner At e L L
1.0x10™ - i
8.0x107 - L

& 5]

— 6.0x10” o
4.0x10° L
2.0x10° L

0.0 4 o
T T T T T T T T T
0 5000 10000 15000 20000
Frequency (Hz)

Figure 4-9: Thermoelastic loss of three geometrically identical cantilevers each with a different Poisson ratio.

Zener’s values of thermoelastic loss are also shown in the graph.

Having identified the difference and superiority of the FEA model compared to the analytical

models (as it accounts for the more realistic cantilever conditions of width dependent
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variations), the question still remains as to why the analytical model is able to replicate the
measured data better than the FEA model (as shown in Figure 4-5). The answer relates to

the importance of modelling the silicon’s anisotropic elastic matrix.

Isotropic material properties were originally used in the FEA model as both analytical
models assume an isotropic beam with uniform Youngs modulus. However, in reality,
silicon is anisotropic and therefore for the most accurate FEA thermoelastic loss values, the
cantilever should be modelled as such. The crystal orientation of the silicon cantilevers used

in the mechanical loss experiments presented here is shown in Figure 4-10.

Side view
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™~

Clamping Top view Cantilever

Figure 4-10: Crystal orientation of the silicon cantilever.

To define an anisotropic material in a FEA model, a 6x6 matrix known as a stiffness matrix
(C) is required which is used to relate the stress of a three-dimensional anisotropic body to
its strain and therefore contains all information regarding the bodies directionally dependent
Young’s modulus, shear modulus and Poisson ratio. When the geometry of a silicon
cantilever is specified in the FEA program such that it’s length, width and thickness are in
the X, y and z directions, the following 6x6 stiffness matrix is required to correctly specify

the cantilever’s material properties as that represented in Figure 4-10:

1945 357 641 O 0
357 1945 641 O 0
641 64.1 1657 O 0
0 0 0 79.6 0
0 0 0 0 79.6
0 0 0 0 0 50.9

(4.9)

o O O O o

where the matrix is ordered in standard form (X, y, z, yz, zx and xy) and the values have units

of x 10° Pa [155]. Figure 4-11 shows the FEA thermoelastic loss of an anisotropic silicon
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cantilever compared to the analytical and experimental values. It can be observed that both
models now replicate one another well and the FEA model replicates the measured values
more closely than the analytical model due to it’s more realistic assumptions (material

anisotropy).
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Figure 4-11: FEA thermoelastic loss of an anisotropic silicon cantilever compared to Zener’s analytical values

as well as the experimental values.

Moving from an isotropic to an anisotropic FEA model gives better agreement with the
analytical model as the relevant Poisson ratio, which couples length and width deformations
together, is significantly smaller in the anisotropic case (0.064 compared to 0.27). Thus the
anisotropic case agrees more closely with the analytical model, which assumes a Poisson
ratio of 0. Whilst the Poisson ratios which couple cantilever deformations in other directions
are still much greater than 0 (0.36 and 0.27), it is only the Poisson ratio which couples the
cantilever’s length and width deformations that affects its thermoelastic loss. The sensitivity
of the thermoelastic loss of the cantilever upon the length/width Poisson ratio can be

observed in Figure 4-12.
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Figure 4-12: FEA thermoelastic loss of cantilevers with different Poisson ratios (v). It can be observed that
the Poisson ratio which couples the length and width deformations together has an effect upon the cantilever’s

thermoelastic loss whilst the Poisson ratios in the other directions do not.

The small difference in the length/width Poisson ratio from the FEA and analytical model is
responsible for the greater similarity shown between the measured and FEA values as
opposed to the measured and Zener model’s values (shown in Figure 4-11). This can be
observed in Figure 4-9 where the FEA model, which assumes a uniform Poisson ratio of 0,
is shown to be equal to Zener’s values. By accounting for a non-zero Poisson ratio and the
width dependent variations which occur as a result of this assumption, the FEA model is able

to replicate the experimental results more accurately than the theoretical model.

In summary, an FEA model which replicates both the analytical and experimental values of
thermoelastic loss due to bending was built and any discrepancies between the model,

analytical and experimental values was explained.
4.4.2 Thermoelastic loss due to torsional motion

There are no analytical models in the literature which determine the thermoelastic loss of a
beam’s torsional modes. To determine the accuracy of the FEA models in being able to
calculate the thermoelastic loss of a beam’s torsional modes, the FEA values must be

compared to experimental results.
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Figure 4-13 shows the measured torsional mode losses of an uncoated silicon cantilever,
with dimensions 5 x 1073 m wide, 77 x 107® m thick and 34 x 1073 m long. Using the
ANSYS and COMSOL method 1 approaches, the thermoelastic loss of the cantilever due to
torsional motion was calculated (at incremental values between an upper and lower
frequency bound). In the FEA models one of the cantilever’s thickness X width faces was
clamped, all of the faces were specified to be thermally insulated and a force was applied to
two edges of the cantilever’s length X width faces (as shown in Figure 4-4). The silicon
cantilever was modelled as having anisotropic mechanical properties (Equation (4.9)) whilst
its thermal properties are listed in Table 4-1. The FEA model’s thermoelastic losses are

shown in Figure 4-13 together with the measured losses.
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Figure 4-13: Experimental and FEA thermoelastic losses of a cantilever: 5 x 10™3 m wide, 77 x 10~¢ m thick
and 34 x 1073 m long. The mechanical losses of the cantilever were measured at its torsional mode
frequencies. The thermoelastic losses were calculated using COMSOL method 1 and ANSYS. The FEA

thermoelastic losses were determined at incremental values between an upper and lower frequency bound.

Figure 4-13 shows that the two FEA models determine approximately identical losses to one
another and replicate the experimental losses well (within 5%). It can therefore be concluded
that an FEA method has been developed which can approximate experimental values. Figure
4-13 also shows that the FEA thermoelastic losses experience a small, almost sinusoidal

effect (small bumps in losses with frequency). This is not thought to be a real effect. It is
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hypothesised that the sinusoidal effect is caused by some boundary condition of the model.
A similar sinusoidal effect was observed within FEA bending thermoelastic losses and later
removed by a change in clamping constraint. However, changing the clamping constraint (or
any other constraint) could not be observed to have any effect upon the sinusoidal effect
within the torsional thermoelastic losses.

4.4.3 Limitations of FEA models for bending and torsional motion

Whilst both ANSYS and COMSOL method 1 are able to determine non-resonant
thermoelastic losses of a cantilever, neither method is able to determine the thermoelastic
loss at exactly a bending or torsional resonant mode. Figure 4-14 and Figure 4-15 show the
result of using the ANSYS method to determine the thermoelastic loss at a bending and

torsional resonant mode. The same effect was observed when using COMSOL method 1.
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Figure 4-14: FEA thermoelastic loss of a silicon cantilever that is 72.5 X 1076 m thick, 5 x 10~3 m wide and
34.4 x 1073 m long. A bending mode exists 2906.6 Hz.
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Figure 4-15: FEA thermoelastic loss of a silicon cantilever that is 72.5 x 10~ m thick, 5 x 10~ m wide and
34.4 x 1073 m long. A torsional mode exists 3108.6 Hz.

This observation of the model not working at resonant frequencies was confirmed by
ANSYS support who summarised the problem as being a result of nonlinear instabilities
occurring at resonant frequencies. Essentially, ANSYS support’s explanation was that the
ANSYS model calculates thermoelastic loss by forcing the cantilever to bend/twist at a
particular frequency with a hypothetical amplitude and then calculates the cantilever’s real
and imaginary strain energies which are used to obtain the thermoelastic loss. At a non-
resonant frequency, this approach works fine. However, at a resonant frequency the applied
force causes the amplitude of the cantilever to tend to infinity which results in the
cantilever’s real strain energy (stored energy) tending to infinity and therefore the
thermoelastic loss tending to 0 (Equation 4.8). Thermoelastic losses calculated slightly off
resonant frequency however can be used to approximate the resonant loss. COMSOL method

1 suffers from the same problem as ANSYS.

COMSOL method 2 was built to directly determine the thermoelastic loss of a cantilever at
both its bending and torsional resonant mode frequencies. Figure 4-16 shows the FEA
thermoelastic loss against the analytically determined and experimentally measured values.
Good agreement can be observed between the measured and COMSOL method 2’s values.

For bending modes, the COMSOL values underestimate and overestimate the measured
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losses by a maximum of 10 % and 2 % respectively. For torsional modes (excluding the first
mode which shows a 50 % difference due to convergence issues), the COMSOL values
underestimate and overestimate by a maximum of 8 %. From Section 3.4.1.2, it is speculated
by modelling the losses of three other silicon cantilevers, that on average, COMSOL method
2 underestimates measured bending mode losses (2" bending mode and higher) by 4 %
whilst for torsional modes (3rd torsional mode and higher) there is no systematic offset.
Figure 4-16 confirms these results as on average COMSOL underestimated the bending and
torsional mode losses by 4.3 %, and 0.1 % respectively. Good agreement can be observed
between the analytical model and COMSOL method 2’s values. The difference between the
analytical values and COMSOL method 2’s values was earlier identified (as being a result

of the FEA model having a non-zero Poisson ratio, Figure 4-11).
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Figure 4-16: FEA thermoelastic loss of a silicon cantilever that is 77 x 1076 m thick, 5 x 10~3m wide and
34 x 1073 m long. The FEA thermoelastic loss was calculated using COMSOL method 2 and the values were
determined at mode frequencies. Shown alongside these values are the measured losses of a bare cantilever,
with the same dimensions, as well as the analytical values determined using Zener’s equation (theory). The
measured losses equal to or greater than Zener’s values are bending modes whilst those which are lower are

torsional modes.

Being able to determine the thermoelastic loss of both bending and torsional modes is
essential if the effect of stress and curvature upon both mode types is to be investigated.
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4.5 Effect of stress on thermoelastic loss

4.5.1 Building and verifying a stressed FEA model

Before the effect of stress and curvature on the thermoelastic loss of a coated cantilever can
be investigated, it must first be shown that the FEA models developed are able to accurately
replicate the effect of simple stress patterns upon thermoelastic loss. Both Kumar and Haque
[149], and Lepage [156] investigated the effect of simple stress patterns upon thermoelastic

loss.

Kumar and Haque derived an equation which describes how the thermoelastic loss of a beam,
clamped at both ends, changes with tensile stress (where the beam’s length is much greater
than its width and thickness, the beam is clamped along its width x thickness faces and
tensile stress is applied axially along the length of the beam). The derivation is an extension
of the Liftshitz and Roukes theory of thermoelastic loss (Section 4.2.2), in which the initial
stress of the beam, before deformation, is taken into account. Kumar and Haque modified

Liftshitz and Roukes equation for the strain of a bent beam (Equation (4.3)) to include the

magnitude of the beam’s initial stress (gy), in addition to the strain induced by bending (%)

and thermal expansion due to the temperature change of the deformed beam (aAT):

=2t -2 4.10
u=gyta v (4.10)

Equation (4.10) shows that as the initial tensile stress increases, the beam becomes more

difficult to bend resulting in less deformation, less strain and less thermoelastic loss:
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where [ represents the length of the beam, d represents the thickness of the beam and a, is

¢(w) = (4.11)

a boundary condition factor which was determined by knowing that:
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where fsiress represents one of the stressed beam’s modal frequencies and fynstressed

represents the same mode’s frequency when the beam is unstressed.

Lepage developed a finite element method to determine the thermoelastic loss of a clamped-
clamped beam which was stressed axially along its length. A mathematical model of the
thermopiezoeletric properties of a body is formulated, in which the body’s thermal, electric
and mechanical fields are coupled together in matrix form [156]. By setting a bodies
electrical effects to zero, the thermoelastic loss of a body can be calculated by determining
the real and imaginary parts of its eigenfrequency (see Section 4.2.2). This was shown to
replicate Zener’s results. Lepage then used this model to investigate the effects of stress upon
thermoelastic loss. The initial stress of the beam was incorporated into the finite element
method by amending the beam’s stiffness matrix [156] (which relates the magnitude of
deformation a beam will experience when a force is applied to it). The beam’s stiffness
matrix depends upon the beam’s geometry, stress conditions and material properties. Lepage
observed that as the beam’s tensile axial force increased, the stiffness of the beam increased,

resulting in less strain of the beam and ultimately less thermoelastic loss.

Using both the theory of Lepage and the theory of Kumar and Haque, the thermoelastic loss
of a clamped-clamped beam’s first resonant mode was calculated as its initial stress was
varied. The beam was 90 x 107® m long, 4.5 X 107® m wide and 4.5 x 10~ m thick. The
results are shown in Figure 4-17. COMSOL method 2 was used to replicate these results.
This method was chosen as it is the only FEA method able to calculate the loss at resonant
modes and it therefore allows direct comparison with the other models. To incorporate an
axial stress within COMSOL, the initial stress and strain functionality was used. This
addition to the model enabled analytical frequencies of a pre-tensioned clamped-clamped
wire to be replicated in COMSOL, confirming the validity of the approach. The
thermoelastic loss values calculated using COMSOL method 2 are shown in Figure 4-17.

Figure 4-17 shows that as the beam becomes stiffer and more difficult to bend, the
thermoelastic loss decreases in the Kumar and Haque, Lepage and COMSOL models. For
the range of stresses studied, these models agree to within 10 %. The difference between
Kumar and Haque’s loss values and the other two models is due to different model
assumptions being used. The Lepage and COMSOL models account for stresses and strains
acting in all three directions of the beam (i.e. they account for width dependent variations in

thermoelastic loss) whilst Kumar and Haque’s model only considers stress acting along its
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length. This can be observed by rerunning the COMSOL model with a Poisson ratio equal
to 0, which removes any width dependent variations in thermoelastic loss (as explained in
Section 4.4.1.1). The values obtained are shown in Figure 4-17 and are labelled ‘Comsol v
= (. It can be observed that by removing the width dependent variations in thermoelastic
loss, the COMSOL model is able to replicate Kumar and Haque’s analytical values almost
exactly (within 1 %). Since Lepage’s and COMSOL’s values fall within 2 % of one another
and the (less than 10 %) variation between COMSOL’s and Kumar and Haque’s values can
be explained, it can be concluded that a COMSOL model has been built which is able to

successfully replicate axially stressed thermoelastic loss models (from in the literature).
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Figure 4-17: Varyingly stressed, silicon beam'’s first resonant mode’s thermoelastic loss. The silicon beam was
90 x 107 m long, 4.5 x 10~ m wide and 4.5 x 10~% m thick. The thermoelastic loss was calculated using
COMSOL method 2, Lepage’s approach and Kumar and Haque'’s equation. The thermoelastic loss of the beam
was also calculated using the COMSOL method 2 approach when the material was assumed to have a Poisson
ratio equal to 0.

Itis interesting and important to note that the thermoelastic loss of the beam decreases as the

stress increases due to both:

e achange in mode frequency and

e the stress intrinsically changes the thermoelastic dissipation of the beam (imaginary
part of the eigenfrequency, as described in Section 4.2.2).
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This can be observed in Figures 4-18 and 4-19. Figure 4-18 shows the thermoelastic loss
of the beam’s first resonant mode for different axial stresses (i.e. same points as the red
circles in Figure 4-17). Shown against these values are the thermoelastic losses of the
unstressed beam at the same frequencies as the stressed resonant modes (off resonant
values). It can be observed that the decrease in thermoelastic loss caused by increasingly
stressing the beam is greater than the expected decrease in thermoelastic loss caused by
only the resonant mode frequency changing in value. Figure 4-19 explains this larger
than expected decrease in loss as being a result of the stress reducing the dissipation of
the beam. The dissipation values were determined using COMSOL method 2 and
Lepage’s method to further highlight the similarity between both three-dimensional
models. To conclude, a COMSOL model has been built which is able to successfully

replicate axially stressed thermoelastic loss models (discussed in the literature).
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Figure 4-18: Silicon beam’s first resonant mode’s thermoelastic loss under different stress conditions (red

points). Off-resonance thermoelastic losses of the unstressed silicon beam are also shown. It can be observed

that the decrease in thermoelastic loss due to stress can not be fully explained by the beam resonating at a

higher frequency. The silicon beam modelled was 90 x 10~ m long, 4.5 x 107¢ m wide and 4.5 X 107¢ m

thick.
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Figure 4-19: Dissipation (imaginary component of angular eigenfrequency /(w)) for a varyingly stressed
silicon beam’s first resonant mode. The silicon beam was 90 x 107°®m long, 4.5 x 10~ m wide and
4.5 X 107% m thick. The dissipation was calculated using COMSOL method 2 and Lepage’s approach. Both

models agree very well with one another.

4.5.2 Effect of different directions of stress upon a cantilever’s thermoelastic loss

Using the COMSOL model outlined in Section 4.5.1, the effects of simple axial stresses
upon the thermoelastic loss of a cantilever was investigated. The cantilever’s geometry was
34 x 1073 mlong, 5 x 1073 mwide and 72.5 X 10~° m thick. One of the cantilever’s width
X thickness faces was clamped using a fixed constraint. The effects of various compressive
and tensile stresses acting in different directions was then investigated for both torsional and
bending modes. In this analysis, the first bending and torsional mode frequencies were

excluded due to lack of convergence in the FEA model.

Initially, the effects of stress along the length of the cantilever were investigated. As shown
in Figure 4-20, the thermoelastic loss reduces as the tensile stress acting along the length
increases (where positive stress represents tensile stress whilst negative stress represents
compressive stress). This is a result of the stress stiffening the cantilever, resulting in less
bending deformation and therefore less damping due to heat flow. Another effect of the

increasing cantilever stiffness is an increase in the mode frequencies, also seen in Figure 4-
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20. The opposite effect can be observed for a compressively stressed cantilever, where its
frequency can be observed to decrease and its loss to increase. It should also be noted that
the change in frequency and loss is greater for bending modes than torsional modes. The
most likely explanation for this is that by changing the stress along the length of the
cantilever, the bending mode frequencies and bending mode thermoelastic loss will be
directly affected as their values are dependent upon the stiffness of the cantilever along its
length (Youngs modulus). This is not the case for torsional mode frequencies (and perhaps
torsional mode thermoelastic loss) as they are dependent upon the material’s stiffness in its
length and width plane (shear modulus). This explanation is consistent with the effect of
different stresses acting across the width of the cantilever (see Figure 4-21). Changing the
stress along the width has no effect on the bending modes but does affect the torsional modes
frequency and loss. It can once again be observed in Figure 4-21 that tensile stress leads to

a reduction in thermoelastic loss whilst compressive stress leads to an increase.

Figure 4-22 shows the thermoelastic loss of the silicon cantilever when varying magnitudes
of stress is applied through its thickness. Stress in this direction has a similar effect as stress
along the length of the cantilever, with the exception that the torsional modes frequencies
and losses are more greatly affected. It is not yet understood why stress acting through the

thickness has an effect upon the loss and frequencies of the cantilever.

It should be noted that in Figures 4-20, 4-21 and 4-22, the lowest in frequency modal losses
of the most compressively stressed cantilever was not shown. This is because as the
cantilever became more compressively stressed, the frequency of its lowest resonant modes
begin to tend to 0. As the frequency tends to 0, instabilities occurred within the software

which led to purely imaginary losses being determined.
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Figure 4-20: Varyingly stressed, silicon cantilever’s thermoelastic loss. The stress was applied along the length
of the cantilever. The silicon cantilever was 34 x 1073 m long, 5 X 103 m wide and 72.5 x 10~¢ m thick.

Positive stress represents tensile stress whilst negative stress represents compressive stress.
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Figure 4-21: Thermoelastic loss for a silicon cantilever with stress of varying magnitude applied along the
cantilever’s width. The silicon cantilever was 34 x 1073 m long, 5 x 103 m wide and 72.5 X 10~% m thick.

Positive stress represents tensile stress whilst negative stress represents compressive stress.
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Figure 4-22: Thermoelastic loss for a silicon cantilever with stress of varying magnitude applied along the
cantilever’s thickness. The silicon cantilever was 34 X 1073 m long, 5 x 10~ m wide and 72.5 x 107 m

thick. Positive stress represents tensile stress whilst negative stress represents compressive stress.

This section presents how different magnitudes and different directions of simple axial
stresses affect the thermoelastic loss of a cantilever used in mechanical loss experiments.
This chapter will now focus on investigating the more complicated effect of how a
cantilever’s thermoelastic loss could be affected by the curvature and stress induced by

depositing a coating on its surface.

4.5.3 Change in a cantilever’s thermoelastic loss when a coating has been

deposited upon it

Coatings are often deposited upon cantilevers at high temperatures [157]. However, when
the coated cantilever cools to room temperature after deposition, large stresses and
curvatures are induced in the coated cantilever. As discussed in the introduction, it is
speculated (from the work carried out by others and observations made by the author) that

these stresses and curvatures could affect the original thermoelastic loss of the cantilever.

It would have been ideal to have stressed and curved a coated cantilever as described in
Section 3.6.2.1 and then fed the stressed and deformed geometry of the coated cantilever
into one of the FEA approaches (detailed in Section 4.3) which was able to calculate
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thermoelastic loss. The perfect scenario would have been then to use the FEA software to
separate the thermoelastic loss of the coated cantilever into its cantilever and coating
components. This would have enabled the effect of stress and curvature upon the cantilever
substrate to be identified. However, this was not possible to do using either ANSYS or
COMSOL for two reasons. Firstly, neither COMSOL or ANSY'S permitted the solutions
from a separate study (which would have been used to stress and deform the coated
cantilever) to be directly exported into a model able to calculate thermoelastic loss.
Secondly, it was not possible to separate a coated cantilever’s FEA thermoelastic loss into
it’s cantilever and coating contributions, as heat flows from the coating into the cantilever
and vice versa, affecting their individual loss. As a result, new methods were developed to
investigate how a substrate’s thermoelastic loss is affected by the stress and curvature
induced by coating deposition. This also meant that only one of the two effects (stress or

curvature) upon thermoelastic loss was examined at one time.
4.5.4 Stress and thermoelastic loss

When a coated cantilever bends (at a bending mode) and twists (at a torsional mode), both
the coating and cantilever bend and twist together. The amount of bending and twisting the
coated cantilever experiences is dependent on both the stress in the coating and the stress in
the cantilever. As a result, both the stress in the coating and the stress in the cantilever must
be incorporated within a coated cantilever model when its thermoelastic loss is calculated.
Unfortunately, in a computer model of this type it is not possible to determine only the
thermoelastic loss of the cantilever as heat will flow from the coating into the cantilever and
vice Versa, thus affecting the cantilever’s value of thermoelastic loss. However, it should still
be clear from comparing the unstressed and stressed coated cantilever thermoelastic loss
values whether the addition of stress increases / decreases or does not affect the thermoelastic
loss of the cantilever. The reason for this is that the thermoelastic loss of the coated cantilever

is dominated by the loss of the cantilever.

The coated cantilever modelled in COMSOL was the same as that used in Figure 4-1, as it
was observed experimentally that something (perhaps stress and/ or curvature) affected the
coated cantilever’s thermoelastic loss, resulting in the measured coated losses being less than
the calculated uncoated loss. This cantilever was 64 x 1076 m thick, 5 x 10~3 m wide and
34 x 1073 m long. The coating was 1 x 10~ m thick and was made from amorphous

silicon. Using COMSOL method 2, the thermoelastic loss of the coated cantilever assuming

154



4 The effect of stress and curvature upon thermoelastic loss

no stress and no curvature was calculated and is shown in Figure 4-25. To determine the
thermoelastic loss of the stressed coated cantilever, the stresses of both the coating and
cantilever had to first be determined. These stresses were obtained using the same ANSYS
method described in Section 3.6.2.1 to determine the stressed energy ratios i.e. the coated
cantilever was cooled from its deposition temperature to room temperature and taking
advantage of the mismatch in the coating’s and cantilever’s thermal expansion coefficients,
the coated cantilever was stressed and curved until it replicated the experimentally measured
vertical deflection, direction of stress and mode frequencies. The stresses at each mesh
element of the coated cantilever were determined and polynomials were used to fit the
normal (X, y and z) and shear (Xy, xz and yz) stresses of the cantilever. Examples of the
quality of fits are shown in Figure 4-23 and 4-24. The coated cantilever was designed in

ANSYSS such that its length, width and thickness were along the x, y and z axes respectively.
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Figure 4-23: ANSYS and fitted stress values through the thickness of the cantilever. The stress was directed
along the length of the coated cantilever (x axis). The values were taken 1.5 x 10~3 m along the coated
cantilever’s length away from the clamping block and on one of the width edges. Positive stress represents

tensile stress whilst negative stress represents compressive stress.
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Figure 4-24: ANSYS and fitted stress values across the width of the coated cantilever. The stress was directed
along the length of the coated cantilever (x axis). The values were taken 1 x 1073 m along the coated
cantilever’s length (away from the clamping block) and at the bottom of the coated cantilever (opposite side

from coating). Positive stress represents tensile stress whilst negative stress represents compressive stress.

These fitted polynomials were then used to stress the coated cantilever in COMSOL and the
thermoelastic loss of the body was calculated. The thermoelastic losses of the stressed and

unstressed coated cantilever are shown in Figure 4-25.
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Figure 4-25: Stressed and unstressed coated cantilever’s FEA thermoelastic loss. For comparison the
experimental coated cantilever loss is also shown. The silicon cantilever was 34 x 10~ m long, 5 X 10~ m
wide and 64 x 10~¢ m thick. The amorphous silicon coating was 1 x 10~ m thick. For clarity, all of bending

modes of the FEA models and experimental results are enclosed by a line.

The addition of stress has a small effect on the bending mode losses but has a large effect on
increasing the torsional mode losses. This does not agree with the experimental observations,
as they suggest that the addition of stress should have a larger effect upon the bending mode
losses and a smaller effect upon the torsional mode losses. However, it is difficult to quantify
the significance of this result due to errors associated with the stress fits. Whilst it can be
said that overall the polynomial fits gave a good representation of the FEA stress pattern,
some directions of stress at specific locations in the coated cantilever were not fitted well as

shown in Figure 4-26.
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Figure 4-26: ANSYS and fitted stress values along the length of the coated cantilever. The stress’s direction
was also along the length of the coated cantilever. Positive stress represents tensile stress whilst negative stress

represents compressive stress.

Attempts were made to fit the stresses better. However, only small incremental
improvements could be made as a result of localised changes in stress within the coated
cantilever that were too random to fit (particularly around the edges of the coated cantilever).
Fitting the stress pattern was further complicated by COMSOL experiencing rounding
problems when higher order polynomials were used in the fitting process. Whilst slightly
increasing the quality of fits did not significantly change the thermoelastic loss results, the
fits were not exact and the outcomes must therefore be questioned.

However, it may be possible to identify how the stress caused from coating deposition affects
thermoelastic loss by use of a simple argument. Consider a stressed, curved, coated
cantilever resting on a table. At rest, the coated cantilever is in equilibrium (as otherwise it
would move). The coated cantilever’s stresses in all directions must therefore be equally
balanced i.e. the tensile or compressive stress in the coating must be balanced by a stress
acting in the cantilever. If we model a coated cantilever in a thermoelastic analysis and apply
an arbitrary tensile stress to the cantilever acting along its length, it can be observed that both
the frequencies and loss of the coated cantilever change due to the stiffness changing. This

is shown in Figure 4-27. However, in the same figure it can be observed that if we now also
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apply a compressive stress to the coating and increase it in magnitude, both the frequencies
and thermoelastic loss of the coated cantilever shift back to their original unstressed values.
When the force caused by the stress acting in the cantilever is perfectly balanced by the force
caused by the stress in the coating (—1.92 x 108 Pa in the coating and 3 x 10° Pa in the
substrate), both the loss and frequency of the coated cantilever perfectly match the values in
the unstressed case. This same effect was observed to occur when stresses were applied and
balanced in all of the other cantilever directions. This result suggests that the stresses in the
coating and cantilever were not properly incorporated in the COMSOL model used to plot
Figure 4-25. It implies that the net force on the coated cantilever was not zero, resulting in

different thermoelastic loss values for the stressed model compared to unstressed model.

m () Pa coating, 0 Pa substrate (Net force =0 N)
— e 0 Pa coating, 3x10° Pa substrate (Net force = 0.96 N)

-5x10’ Pa coating, 3x10° Pa substrate (Net force =0.71 N)
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Figure 4-27: Varyingly stressed coated silicon cantilever’s thermoelastic loss. The stress was acting along the
length of the coating and cantilever. The net force of the coated cantilever is listed in the legend. The silicon
cantilever was 34 x 1073 m long, 5 x 10~3 m wide and 64 x 10~ m thick. The amorphous silicon coating

was 1 x 107° m thick.

To conclude, due to theoretical arguments and FEA models it was shown that the
thermoelastic losses of an unstressed and stressed coated cantilever (in equilibrium) are the
same and therefore it can be concluded that mechanical loss experiments whose aim is to

determine the loss of a coating are unaffected by the effect of stress upon thermoelastic loss.
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4.6 Effect of curvature on thermoelastic loss

This section presents an investigation into the effect of curvature on thermoelastic loss. FEA
is used to examine whether cantilever curvature can explain the results shown in Figures 4-
1 and 4-2, where it was observed that some of the measured bending mode losses of the
coated cantilever were less than the thermoelastic losses of the uncoated (and uncurved)
cantilevers. The section will conclude by presenting the results from an experiment whose
aim was to verify the computational results (of the effects of curvature upon thermoelastic

loss).
4.6.1 Investigating the effect of curvature upon thermoelastic loss using FEA

The coated cantilever for which the losses are shown in Figure 4-1, exhibited significant
curvature. The cantilever’s radius of curvature (R) was measured (by Raymond Robie [135])
and this value was then used to calculate the stress (o.) of the coating via Stoney’s equation

[158] (which relates coated cantilever radius of curvature to the coating’s stress):

Bsa?

— 4.1
6tR '’ (4.13)

O-C
where B, is the biaxial modulus of the cantilever, t is the thickness of the coating and a is
the thickness of the cantilever. Using a graphical tool, the vertical displacement of the
cantilever was then calculated using the value for radius of curvature. The radius of
curvature, stress of coating and vertical displacement were determined to be: 0.115 m,
1.40 x 10% Paand 5.1 x 10~3 m respectively. Using a static structural analysis in COMSOL
and following the same method outlined in Section 3.6.2.1 (for ANSYS), the vertical
displacement of the cantilever and stress of the coating were replicated computationally. The
curvature of the coated cantilever was then exported into a thermoelastic loss analysis, the
coating geometry deleted and a thermoelastic loss analysis ran on the uncoated curved
cantilever. The results are shown in Figure 4-28 along with the FEA determined uncurved,
unstressed thermoelastic loss of the uncoated cantilever and the measured coated cantilever
losses. To ensure that the FEA modal losses of the uncurved, unstressed and uncoated
cantilever replicated experimentally measured uncoated losses as closely as possible, each

of the FEA bending mode losses were increased by 4 % whilst 0 % was added to the torsional
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modes (see Sections 3.4.1.2 or 4.4.3 for rationale). These results will be discussed in

conjunction with those shown in Figure 4-29.

The thermoelastic loss of the second curved coated cantilever, for which the measured coated
losses are shown in Figure 4-2, was also estimated using FEA. Unfortunately, this coated
cantilever had been immediately heat treated after the loss measurements. This resulted in
stress relief and a change in curvature and therefore it was not possible to obtain the stress
or the vertical displacement prior to heat treatment. However, since this cantilever was
approximately the same thickness, coated at the same time and with the same material as the
first cantilever, it was assumed that both coatings had the same stress. Using Stoney’s
equation, the curvature of this coated cantilever was then estimated and its vertical
displacement obtained. The COMSOL thermoelastic losses of the curved and uncoated
cantilever, uncurved and uncoated cantilever, and the coated cantilever’s measured losses
are shown in Figure 4-29. Figure 4-29’s bending mode losses of the uncurved and uncoated

cantilever were increased by 4 % (see Sections 3.4.1.2 or 4.4.3 for rationale).

The first observation to be made about Figures 4-28 and 4-29 is that the FEA thermoelastic
loss of the curved cantilevers is less than that of the uncurved cantilevers for a majority of
resonant modes. This can perhaps be most clearly illustrated in Figure 4-30 which shows the
ratio between the thermoelastic loss calculated for the curved cantilever and the
thermoelastic loss for the straight cantilever, for each mode. Since a majority of the modes
have a ratio of < 1, curvature can be seen to decrease a majority of modal thermoelastic
losses. This decrease in thermoelastic loss for bending modes is particularly interesting, as
it may explain why some of the measured losses of coated cantilevers are less than the
thermoelastic loss of the uncurved and uncoated cantilevers. This is illustrated in Figure 4-
31, which shows the ratio of measured coated loss to uncoated and uncurved thermoelastic
loss, for each bending mode. Whilst the values of the ratios in Figures 4-30 and 4-31 are not
directly comparable (since the measured coated cantilever ratio accounts for the loss of the
coating and the other ratio does not) the trends of the different ratios can be compared. It can
be observed that the FEA modelling is qualitatively replicating experimental evidence as the
computational and experimental bending mode ratios follow a similar trend (where the

lowest frequency modes have ratios > 1 and the higher modes < 1).

For the first cantilever (Figure 4-28), the effect of curvature reduces the thermoelastic loss

to below the measured loss of the coated cantilever. As expected this new loss of the
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uncoated cantilever is now less than the loss of the coated cantilever (which consists of the
sum of this reduced thermoelastic loss and the loss contribution from the coating). However,
the COMSOL model does not fully explain the measured losses for the second cantilever. In
this case, the curvature does not reduce the thermoelastic loss of every mode sufficiently (i.e.
for some modes, the modelled loss of the cantilever substrate is still higher than the loss of
the coated cantilever - an unphysical situational). This therefore implies that either the
curvature of this cantilever was underestimated (which is possible as it was only estimated
and not measured) or something else other than curvature is also contributing to the coated

losses being so low in value.
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Figure 4-28: Measured mechanical losses of a 64 x 10~ m thick silicon cantilever coated with amorphous
silicon. The thermoelastic loss of the uncoated and curved silicon cantilever is shown along with the
thermoelastic loss of the uncoated and uncurved silicon cantilever. The thermoelastic loss was calculated using
COMSOL. The FEA bending mode losses of the uncoated and uncurved silicon cantilever were increased by 4

% (as described in the text).
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Figure 4-29: Measured mechanical losses of a 59 x 107° m thick silicon cantilever coated with amorphous
silicon. The thermoelastic loss of the uncoated and curved silicon cantilever is shown along with the
thermoelastic loss of the uncoated and uncurved silicon cantilever. The thermoelastic loss was calculated using
COMSOL. The FEA bending mode losses of the uncoated and uncurved silicon cantilever were increased by 4

% (as described in the text).
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Figure 4-30: Ratio of each mode’s curved FEA thermoelastic loss to its uncurved FEA thermoelastic loss. The

ratio was calculated for both the 59 x 107¢ m and 64 x 10~® m thick cantilevers respectively.
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Figure 4-31: Ratio of each bending mode’s measured coated cantilever loss to its uncoated and uncurved
thermoelastic loss. The ratio was calculated for both the 59 x 107 m and 64 x 107® m thick cantilevers

respectively.

An uncurved cantilever exhibits a lateral mode (not shown in Figures 4-28 and 4-29 but an
example can be observed in Figure 4-27). When a cantilever is curved, the FEA modelling
indicates that the lateral mode exhibits some twisting motion (like a torsional mode). This
explains the extra mode of the curved cantilever (labelled “lateral/torsional mode” in Figures
4-28 and 4-29) when compared to its uncurved state. This quasi lateral/torsional mode
exhibits a FEA thermoelastic loss which does not follow the trend of other torsional modes.
Moreover, in the FEA models it appears that this mode couples to other torsional modes near
it in frequency, lowering their thermoelastic loss (a similar effect was observed with the
energy ratios in Figure 3-45 (b)). The curved cantilever’s torsional modes between 10000-
15000 Hz and 12500-15000 Hz in Figure 4-28 and Figure 4-29 represent the quasi
torsional/lateral mode and the suspected coupled modes. Ignoring these specific losses, it
can be generalised that the curvature of the substrate causes the thermoelastic losses of the
bending modes to decrease more in absolute terms than torsional modes. This fits with the
observations made by Pan et al [150] (discussed in the introduction) who saw an inversion
of coated and uncoated bending mode losses when a highly stressed coating was applied to

the cantilever but did not see the same effect for torsional modes.
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It should be noted that when the static structural COSMOL model was used to replicate the
measured vertical displacements of the cantilevers, the COMSOL model also curved the
cantilever along its width (as would be expected from depositing a coating upon a cantilever
at an elevated temperature and allowing to cool). The FEA thermoelastic losses of the curved
cantilevers shown in Figures 4-28 and 4-29 therefore represent the losses of cantilevers
which were curved along their width and length. Figure 4-32 illustrates the curvature along

the width of the cantilever.

o width displacement ~-€ >

T,

(a) (b)

Figure 4-32: Illustration of the curvature along the width (w) of the cantilever. Image (a) represents the
curvature at the end of the cantilever furthest from the clamping block. Image (b) illustrates the curvature of
the cantilever at the end of the clamping block. Due to the size and weight of the clamping block, the face of
the cantilever connected to the clamping block does not curve whilst the face of the cantilever furthest from the
clamping block does. The curvature across the width gradually increases from the clamped end of the
cantilever to the unclamped end. The letter t represents the thickness of the cantilever. The width displacement

is the difference in height between the edge of a cantilever and its centre.

To investigate the effect of each type of curvature upon thermoelastic loss, cantilevers which
were only curved either along their length or width were designed in COMSOL. It should
be noted that the cantilevers modelled with only curvature across their width were designed
to have a constant width curvature along their length due to FEA software limitations. Figure
4-33 shows that curvature along the width has a large effect on decreasing the thermoelastic
loss of the bending modes and a small effect on decreasing the thermoelastic loss of the
torsional modes. The more the cantilever is curved along its width, the greater the effect.
Since curvature along the width increases the bending mode frequencies of the cantilever, it
Is suspected that the curvature along the width of the cantilever increases the stiffness of the
cantilever along its length (and not along its width as it does not change the torsional mode’s
frequencies) resulting in the thermoelastic loss decreasing. It is not known why the lowest
in frequency bending modes increase in thermoelastic loss due to curvature. Figure 4-34
shows that curvature along the length of the cantilever does not affect the cantilever’s

bending mode thermoelastic loss. Furthermore, there is no clear trend between curvature
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along the length of a cantilever and its torsional mode thermoelastic loss. At low
frequencies, it appears that torsional mode losses may be decreasing as curvature increases
but this is difficult to definitively conclude as the mode frequencies are also changing. At
high frequencies, curvature does not seem to affect torsional mode thermoelastic loss or
mode frequencies. At torsional mode frequencies in the middle of this range, the quasi
lateral/torsional mode couples with other torsional modes lowering their thermoelastic loss.
Since stiffness is known to change mode frequencies and the torsional mode frequencies of
the cantilever can be observed to change with curvature, it is therefore hypothesised that
curvature along the length of the cantilever is changing the stiffness of the cantilever
resulting in a change in its thermoelastic loss. It should be noted that the FEA bending mode
losses of the uncoated and uncurved cantilever in Figures 4-33 to 4-36 were not increased
by 4 % as the losses in these figures were not being compared to experimental data but
instead trends and patterns within the modelling were trying to be identified. Increasing the
bending mode losses of the uncurved cantilever will act to skew these trends as can be seen
in Figure 4-34, where if the 4 % were added, it would appear in the figure that COMSOL
predicts that curvature along the length of the cantilever would decrease bending mode
thermoelastic loss, when infact it does not.
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Figure 4-33: Effect of width curvature upon thermoelastic loss. Silicon cantilevers were curved with varying
width displacements as listed in the legend. These width displacements were constant along the cantilever’s

length. The cantilever modelled was 64 x 10~% m thick, 5 x 10~ m wide and 34 x 103 m long.
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Figure 4-34: Effect of length curvature upon thermoelastic loss. Silicon cantilevers were curved with varying
vertical displacements as listed in the legend. The cantilever was 64 x 1076 m thick, 5 x 10~3 m wide and

34 x 1073 mlong.

Figure 4-35 shows the effect of combining the curvatures along the cantilever’s width and
length upon thermoelastic loss. In this figure, the curvature along the width changes with
length (as it does in reality). The width deflection in the legend was noted at the edge of the
cantilever furthest from the clamp. The thermoelastic losses of the cantilever with a vertical
displacement of 8.2 x 10~3 m and width deflection of 4.4 x 10~> m are not shown due to a

lack of convergence within the results.

167



4 The effect of stress and curvature upon thermoelastic loss

m  vert disp = 0 m, width deflect =0 m
lLox10t— @ vertdisp= 2.6x10” m, width deflect = 1.6x10” m
vert disp = 5.1x10” m, width deflect = 3x10° m
]
[}
[ ]
)
L)
_5.0x107- L .
8 ®
3 )
] L
e %
u
n [
[ J
004 Gy sem ¥, _
T T T T T T T T
0 5000 10000 15000 20000
Frequency (Hz)

Figure 4-35: Effect of total curvature upon thermoelastic loss. Silicon cantilevers were curved with varying
vertical displacements and width deflections as listed in the legend. The cantilever was 64 x 107¢ m thick,

5 x 1073 m wide and 34 x 1073 m long.

This figure shows that the FEA combined curvature model simply combines the losses of
the separately curved cantilever models. Figure 4-36 shows the loss of the four highest
frequency bending modes of the curved cantilevers shown in Figure 4-35, plotted against the
width deflection (wd). Each mode’s loss was regressed against its width deflection. The lines
of best fit along with the equations which describe the fits are also shown in the figure. All
of the fitted lines had a R? value of greater than 0.97. It can be seen that an increase in the
width deflection of the cantilever will reduce the cantilever’s bending mode losses
approximately linearly (for the width deflections tested). Furthermore, it can also be
observed from the fit’s equations, that FEA predicts that the higher in frequency bending

modes decrease more with an increase in width curvature.
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Figure 4-36: Loss of the four highest in frequency bending modes of the curved cantilevers shown in Figure 4-

35 and their width deflections. Linear regressions and their equations of best fit are also shown in the figure.

To conclude, FEA modelling predicts that the curvature (caused by coating deposition)
significantly changes the thermoelastic loss of a cantilever and can perhaps partially explain
as to why measured coated losses from a curved coated cantilever are sometimes less than

the uncoated and uncurved cantilever’s losses.
4.6.2 Curvature effect upon coating loss

The COMSOL models potentially underestimate the effect on a cantilever’s thermoelastic
loss due to curvature (as shown in Figures 4-28 and 4-29). However even when using
COMSOL’s potentially underestimated values, the impact of cantilever curvature upon
mechanical loss experiments is significant as the coating loss is proportional to the difference
between the total loss of the coated cantilever and the loss of the cantilever substrate. Since
curvature induced by the coating changes the loss of the cantilever substrate, it is clearly
essential to correctly account for this in the coating loss measurements. This is best

illustrated by a theoretical example.

Consider two coatings whose bending mode losses have been calculated when they were
deposited upon silica cantilevers (which are not dominated by thermoelastic loss and will

not therefore be affected by any curvature effects). Assume that the first coating (coating-1)
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was measured to have a bending mode coating loss of 4 x 10~* whilst the second coating
(coating-2) had a bending mode coating loss of 3.5 x 10~*. Now suppose these coatings
were deposited upon two identical silicon cantilevers with a thickness of 64 x 1076 m.
Assume that depositing coating-1 onto a silicon cantilever resulted in the coated cantilever
to have a vertical displacement of 1.1 x 10™3 m (a typical vertical displacement due to
coating deposition) and a corresponding maximum width deflection of 0.5 x 10~> m. Now
assume that depositing coating-2 resulted in a zero vertical displacement and zero width
deflection. As a result of the coated cantilever curving due to coating-1, the loss of the
cantilever is now approximately 6 % less than it’s previously hypothetically measured
uncoated loss at a bending mode of 9086 Hz (2 % predicted from Figure 4-36 and an extra
4 % due to COMSOL underestimating the bending modes of an uncurved cantilever’s
losses). Using the hypothetically measured uncoated and coated losses, the loss of coating-
1 on the silicon cantilever was determined to be 3.2 x 10™*. The bending mode loss of
coating-2 is the same for the silicon cantilever as that measured on the silica cantilever (as
the coated silicon cantilever does not exhibit curvature). Based upon the losses measured on
the silica cantilevers, coating-1 has significantly higher loss than coating-2 whilst the
opposite is true when using the results measured on the silicon cantilevers. This is of course
contradictory and could lead to a lot of problems in identifying the optimum coating to use.
However, by accounting for the effect of curvature upon the hypothetically measured
uncoated loss and then calculating the loss of the coating, it can be observed that the loss of
the coatings determined upon both of the substrates is now equal. Thus solving the problem.

These calculations are summarised in Table 4-2.

This hypothetical example illustrates the significance of accounting for curvature affects
upon thermoelastic loss when determining the loss of a coating deposited upon a silicon
cantilever. The fact that the modelling potentially underestimates the reduction in
thermoelastic loss (of a bending mode at 9086 Hz), further emphasises the importance of
accounting for curvature effects. To conclude, loss measurements of coatings should not be
made using curved silicon cantilevers unless the thermoelastic loss of the uncoated, curved

cantilever can be accurately calculated.
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Silica Silica Silicon Silicon
cantilever cantilever cantilever cantilever
with with with with
coating-1 coating-2 coating-1 coating-2
Hypothetically measured N/A N/A £Ex10-5 55 x 10-5
uncoated loss
Hypothetically measured N/A N/A  689x1075 7.02x 1075
coated loss
Energy Ratio (Us/Uc) which
account for stress and N/A N/A 23.25 23
curvature
Calculated bending mode
ing | in
coating loss (using N/A N/A 32x107* 35x10°*
hypothetically measured
uncoated and coated loss)
True uncoated loss (which
nts for curvatur
accounts for curvature N/A N/A  517x105 55 x 1075
effect upon thermoelastic
loss)
True bending mode coating
loss (calculated using true
uncoated loss and 4x10™* 35x107* 4x107* 3.5x107*

hypothetically measured
coated loss)

Table 4-2: Theoretical calculation illustrating the importance of accounting for the effect of curvature upon

thermoelastic loss. Two coatings (coating-1 and coating-2) were deposited onto one silicon and silica

cantilever each. The loss of the coatings deposited upon the silica cantilevers was calculated and the loss of

coating-1 was determined to be greater than that of coating-2. When the loss of the coatings deposited upon

the silicon cantilevers was calculated, without accounting for the reduction in the uncoated loss (thermoelastic

loss) of the silicon cantilever due to curvature, the loss of coating-2 was determined to be larger than the loss

of coating-1. By accounting for the effect of curvature upon the uncoated loss of the silicon cantilevers, the

loss of the coatings were determined to be the same as that measured on the silica cantilevers.
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4.6.3 Experimentally verifying computational results

The results from the modelling indicate that stress in a coated cantilever does not change
thermoelastic loss but that curvature does. An experiment was designed to verify these

results.

The concept of the experiment was to coat one face of varyingly thick silicon cantilevers
with a highly stressed coating (1 x 10~¢ m thick) and coat another silicon cantilever on both
faces with half the thickness of the same coating (5 x 10~7 m thick each side). Whilst all
cantilevers would exhibit large stresses, the curvature of the coated cantilevers would be
very different (the cantilevers coated on one side would curve by different amounts whilst
the cantilever coated on both sides would not curve). By knowing the uncoated loss of the
cantilevers (which is approximately its uncurved thermoelastic loss) and the bulk and shear
losses of the coating (which had been previously measured upon a silica disc, that is
unaffected by stress and curvature thermoelastic loss effects), an expected loss of the coated
cantilevers can be determined under the assumption that curvature does not alter the
thermoelastic loss of the cantilever. If the thermoelastic loss of a cantilever is indeed affected
by curvature and not by stress, then the measured loss of the uncurved cantilever coated on
both sides should agree with this expected coated loss (which will be referred to as the
predicted uncurved coated loss). However, for the cantilevers coated on only one side, which
do curve, the ratio between their predicted uncurved coated loss and measured loss should
be > 1 (for modes which have a ratio of curved thermoelastic loss to uncurved thermoelastic
loss of < 1) as the thermoelastic loss of the coated cantilever substrates is expected to
decrease due to curvature resulting in the measured coated loss being less than the predicted

uncurved coated loss.

Four cantilevers were coated with a highly stressed silica coating®. 3 cantilevers
(50.5x 107°m, 62 x 10~ mand 90 x 10~° m in thickness) were coated on one side with
1 x 10~¢ m of silica. The vertical displacements of each coated cantilever were measured.

By replicating the coated cantilevers’ vertical displacements in a static structural COMSOL

11t was originally planned that the silicon cantilevers would be coated with amorphous silicon. This would
have enabled a direct comparison to the previously discussed silicon cantilevers coated with amorphous silicon
(their losses are shown in Figures 4-28 and 4-29). However due to a mistake by the coating vendor, a silica

coating was deposited onto the cantilevers instead of a silicon coating.
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4 The effect of stress and curvature upon thermoelastic loss

model, the compressive stress of the coating was determined to be approximately 440 MPa.
Using graphical software and knowing the geometries and vertical displacements of the three
cantilevers, each of the cantilever’s radius of curvature was estimated. Each cantilevers’
radius of curvature was then plotted against their thickness. Regressing all of the cantilever
radius of curvatures against their thicknesses using a squared function, an excellent fit can
be observed, as shown in Figure 4-37. This excellent fit implies agreement with Stoney’s
theory. Using Stoney’s equation (Equation (4.13)) and the estimated variable (8.4 X 107)
obtained from the fit, the stress of the coating can be determined to be 460 MPa. This shows
good agreement with the independent COMSOL method (described earlier) which estimated
coating stress (to be 440 MPa).
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Figure 4-37: Radius of curvature and thickness of the three differently thick cantilevers which had been coated
with 1 x 107 m of silica upon one side. The points are fitted by a squared function and the good fit implies
agreement with Stoney’s equation (Equation (4.13)). The equation for the line of best fit and its R? value are

included in the figure.

The fourth cantilever coated (which was 74 x 107 m thick), had 5 x 10~7 m of silica
deposited upon each of its sides. The losses of all four coated cantilevers were measured
(using the setup described in Section 3.3.1.2). The uncoated loss of the uncurved
50.5% 107% m, 74 x107® m and 90 x 10~® m thick cantilevers was estimated by
calculating their thermoelastic loss using COMSOL and amending the calculated losses as

described in Sections 3.4.1.2 and 4.4.3 (adding 4 % to the bending mode thermoelastic loss
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values and 0 % to the torsional mode thermoelastic loss values). The uncoated loss of the
uncurved 62 x 107 m thick cantilever was measured pre-coating. As an example of the
measured and calculated losses, Figure 4-38 shows the measured coated loss, calculated
uncoated loss of the uncurved cantilever and the predicted uncurved coated loss for the
50.5 x 107 m thick cantilever. The measured coated losses shown in Figure 5-38 and used
throughout this section have subtracted the loss mechanism caused by the mismatch in the
coating’s and substrate’s materials, known as Fejer coating thermoelastic loss [109] (Section
3.6.4), to ensure fair comparison with the predicted coated losses which do not account for
this loss mechanism (in their calculation). Each mode’s Fejer coating thermoelastic loss

represented less than 2 % of the measured mode’s coated loss.
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Figure 4-38: Uncurved uncoated loss, measured coated loss, curved uncoated loss, the predicted uncurved
coated loss and the predicted curved coated loss for the 50.5 x 1076 m thick silicon cantilever. The uncurved
uncoated loss was calculated using COMSOL (plus an additional 4 % loss to the bending modes) and is equal
to the uncurved cantilever’s thermoelastic loss. The measured coated loss was the coated loss of the coated
cantilever measured in the lab minus Fejer loss. The curved uncoated loss is equal to the thermoelastic loss of
the curved uncoated cantilever as calculated by COMSOL. The predicted uncurved coated loss was calculated
using the uncurved uncoated loss of the cantilever whilst the predicted curved coated loss was calculated using

the curved uncoated loss of the cantilever.

Since the predicted uncurved coated loss is always greater than the measured coated loss for

the cantilever’s bending modes, then the ratio of predicted uncurved coated loss to measured
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coated loss should be greater than 1 for the 50.5 X 107° m thick cantilever’s bending modes.
For the cantilever’s torsional modes, it can be observed that the predicted uncurved coated
loss is sometimes above and sometimes below the measured coated loss. The ratio of
predicted uncurved coated loss to measured coated loss for the cantilever’s torsional modes
should therefore be more similar to 1 than that obtained for the bending modes. These ratios
are shown in Table 4-3 for the cantilevers of different thickness. This ratio was calculated
separately for bending and torsional modes. Table 4-3 also lists the ratios for the 64 x 107°
m and 59 x 107° m thick cantilevers (discussed in Section 4.6.1) which were also coated

on one side with a 1 x 107® m thick layer of amorphous silicon.

Cantilever Vertical Ratio of predicted Ratio of predicted
thickness (m) displacement  uncurved coated loss to uncurved coated loss to
(m) measured coated loss measured coated loss
(bending modes) (torsional modes)
50.5x107% 3.0x 1073 1.59+ 0.19 098 +0.11
59 x 10°° 5.8x 1073 1.42 £ 0.12 0.88+0.11
62 x 107° 2.0x 1073 1.27 £ 0.07 1.06 £ 0.03
64 x 107° 51x1073 1.32 £ 0.12 1.08 £ 0.11
90 x 107° 1.0 x 1073 0.96 + 0.07 1.12 £ 0.10
74 x 107° 0 1.08 + 0.09 0.95 + 0.08

Table 4-3: List of the cantilever thicknesses, vertical displacements and their values for the ratio of predicted
uncurved coated loss to measured coated loss. This ratio was calculated separately for the bending and

torsional modes of the cantilevers.

The vertical displacement of the cantilevers coated with amorphous silicon (64 x 107¢ m
and 59 x 107 m) do not follow the trend of the other cantilevers, coated with silica, due to
the higher stress of the amorphous silicon. This difference in trend between the silicon
cantilevers coated with silica and amorphous silicon can also be observed with the ratios as
illustrated in Figure 4-39 which shows the vertical displacement and ratio of predicted
uncurved coated loss to measured coated loss for the bending modes. It can be observed that
due to different losses of the coating (or perhaps other effects) the ratios of the silicon
cantilevers coated with silica and amorphous silicon are not directly relatable to one another

as they appear to follow different trends.
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Figure 4-39: Ratio of the cantilevers predicted uncurved coated loss to measured coated loss as well as their
vertical displacements. It can be observed in the figure that the silicon cantilevers coated with a silica coating

and those coated with the silicon coating follow different trends.

It can be observed in Table 4-3 that the bending mode ratio is equal to 1 (within error) for
the cantilever coated on both sides. This implies that the stress of the coated cantilever is not
affecting the substrate’s bending mode thermoelastic loss as the measured loss can be
accurately predicted by assuming an uncurved uncoated loss for the cantilever. All of the
other cantilever bending mode ratios are greater than 1 (as expected from the modelling),
except the 90 x 10~¢ m thick cantilever where the ratio is within error of 1. This is the least
curved cantilever and therefore the least affected by curvature effects upon thermoelastic

loss.

It can be observed in Table 4-3 that the torsional mode ratio is equal to 1 (within error) for
the cantilever coated on both sides. This again implies that the stress of the coated cantilever
is not affecting the substrate’s torsional mode thermoelastic losses as the measured losses
can be accurately predicted. However, the story for the torsional mode ratios of the other
cantilevers is unclear as some are greater than 1 (as expected from the modelling) but others
are equal to and less than 1 (which is not expected). The reason for these observations are
unknown. However, it could be speculated that variations in coating thickness may result in
twisting of the coated cantilever and that twisting of the coated cantilever may affect the

substrate’s thermoelastic loss for torsional modes as its mimics its resonant motion.
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Another test of the COMSOL modelling is to directly compare the measured loss of the
coated cantilevers to the predicted curved coated loss which is calculated using the curved
thermoelastic uncoated losses. To compare these, the ratio of the quantities was calculated.
If this ratio is closer to 1 than the previously calculated ratio of predicted uncurved coated
loss (calculated using the uncurved uncoated loss) to measured coated loss (as shown in
Table 4-3), then accounting for curvature effects upon thermoelastic loss enables greater
prediction of the coated cantilever’s measured losses. This would imply that the curvature
effect upon thermoelastic loss is real. Figure 4-38 shows the uncoated loss of the curved
cantilever, the predicted curved coated loss calculated using the curved thermoelastic loss
values to represent the uncoated loss, the predicted uncurved coated loss calculated when
uncurved thermoelastic loss values represent the uncoated loss and the measured coated
losses of the 50.5 x 107® m thick cantilever. The predicted curved coated losses, which
assume a curved thermoelastic loss as the cantilever uncoated loss, replicate the measured
coated losses better than the predicted uncurved coated losses, which assume an uncurved
thermoelastic loss as the cantilever uncoated loss, at bending modes but not for torsional
modes. The ratio of predicted curved coated loss to the measured coated loss will therefore
be closer to 1 than the ratio of predicted uncurved coated loss to the measured coated loss
for the bending modes of this cantilever. However, the ratio of predicted curved coated loss
to the measured coated loss will be further from 1 than the ratio of predicted uncurved coated
loss to the measured coated loss for the torsional modes of this cantilever. These results are
shown in Table 4-4 which lists the ratios of predicted curved coated loss to measured coated
loss as well as the ratio of predicted uncurved coated loss to measured coated loss for all of
the cantilevers. No errors are able to be calculated for the ratio of predicted curved coated
loss to measured coated loss because no error can be quantified for the predicted curved
coated loss as it is unknown how similar the curved thermoelastic loss values calculated by
COMSOL replicate reality.
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Cantilever Ratio of predicted curved coated Ratio of predicted uncurved
thickness (m) loss to measured coated loss coated loss to measured coated
loss
50.5 x 107° 1.45 1.59
59 x 107° 1.13 1.42
62 x 107 1.19 1.27
64 x 107° 1.10 1.32
90 x 10°° 0.91 0.96

(a) bending modes

Cantilever Ratio of predicted curved coated Ratio of predicted uncurved
thickness (m) loss to measured coated loss coated loss to measured coated
loss
50.5 x 107 0.88 0.98
59 x 107° 0.81 0.88
62 x 107° 1.02 1.06
64 x 107° 0.90 1.08
90 x 107° 1.03 1.12

(b) torsional modes

Table 4-4: List of cantilever thicknesses, ratio of predicted curved coated loss to measured coated loss and the
ratio of predicted uncurved coated loss to measured coated loss. The ratios were calculated separately for the

bending (a) and torsional (b) modes of the differently thick cantilevers.

In Table 4-4 (a), it can be observed that the ratio which accounts for curvature effects upon
thermoelastic loss at bending modes is closer to one than the ratio which does not account
for curvature effects, for four of the five cantilevers. This suggests that the curvature effect
upon a bending mode’s thermoelastic l0ss is real and by accounting for it in our predicted
curved coated loss calculation, the measured losses can be more accurately determined (in a
majority of cases). This can be most clearly observed in Figure 4-40 which shows the two
bending mode ratios against cantilever thickness. In this figure it is also clear that the more
curved a cantilever is, the greater the difference in value between the two ratios (as the effect

of curvature upon thermoelastic loss is larger).
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Figure 4-40: Ratio of the cantilevers’ predicted uncurved coated loss to measured coated loss, against
cantilever thickness. Plotted alongside are the ratios of the cantilevers predicted curved coated loss to
measured coated loss. It can be observed in the figure that accounting for the effect of curvature upon
thermoelastic loss helps to explain some of the difference between predicted uncurved coated loss and

measured coated loss (for four of the five cantilevers).

However, it should be noted that the ratio which accounts for curvature is not equal to 1 for
any of the cantilevers. This is important as if the effect of curvature alone upon thermoelastic
loss explains the measured losses (and the COMSOL models accurately calculate the effect
of curvature upon a bending mode’s thermoelastic loss) then this ratio should be equal to 1.
The fact that it is not equal to 1, hints that either an unmodeled property is affecting
thermoelastic loss (D-shape of the cantilever) or the modelling is underestimating the effect

of curvature upon thermoelastic loss.

When considering torsional modes (Table 4-4 (b)), the modelling of curvature is less
successful in predicting the loss of the coated cantilevers. Only for two cantilevers does the
curvature modelling result in a better prediction of the measured coated loss (i.e. curved ratio
is closer to 1 than the uncurved ratio). This suggests that the modelled curvature effect upon
a torsional mode’s thermoelastic loss may not be real as accounting for its effect results in
worse prediction of the measured losses for a majority of the cantilevers. In the future, the

effect of a slightly twisted cantilever curvature (caused by coating thickness variations) upon
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a cantilever torsional mode’s thermoelastic loss should be investigated as it could perhaps

explain why the results are worse when curvature is accounted for.

It should be noted that in this subsection, coating/substrate energy ratios which account for
stress and curvature effects were used in all calculations to determine the predicted uncurved
and curved coated losses. Coating/substrate energy ratios which accounted for stress and
curvature were used to determine the predicted uncurved coated losses as well as the
predicted curved coated losses so that the only difference between the two set of values was
the assumption of the cantilever’s thermoelastic loss (curved or uncurved thermoelastic
loss). By only varying the assumption of the substrate’s thermoelastic loss, the effect of
assuming a curved or uncurved thermoelastic loss upon replicating the measured losses
could be identified. However, it should be noted that using unstressed and uncurved
coating/substrate energy ratios had less than a 3 % effect upon the ratios quoted in Tables 4-
3 and 4-4. Whilst it is known how a coated cantilever’s vertical displacement affects the
coating’s bulk and shear energies (Section 3.6.3), it is unknown how width displacement
affects them or how the combination of the two affect them. Furthermore, it is not known
how stress affects bulk and shear losses. For these reasons, the bulk and shear energy ratios
of uncurved and unstressed coated cantilevers were used in the calculations to determine the

ratios presented in Tables 4-3 and 4-4.

To conclude, the experimental results imply that stress does not have an effect upon a
cantilever’s bending and torsional modes’ thermoelastic losses but curvature (as modelled
in COMSOL) might have an effect upon a cantilever’s bending modes. Furthermore, the
experimental results indicate that the curvature modelled in COMSOL does not fully explain
the bending modes’ measured losses and perhaps something else is also affecting the bending

modes’ thermoelastic loss.
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4.7 Thermoelastic loss of a disc

Silicon discs are another kind of substrate (geometry) used in mechanical loss experiments.
The mechanical loss of these substrates at room temperature are dominated by thermoelastic
loss. It is therefore important to identify the effect of how a silicon disc’s thermoelastic loss

changes as a result of the curvature and stress caused by depositing a coating on its surface.

Before the effect of stress and curvature (caused by coating deposition) on a disc’s
thermoelastic loss can be investigated, a FEA model which is able to replicate experimental
values as well as values from other models in the literature must first be built. By showing
that an FEA model can replicate these models as well as experimental data, will give greater
confidence in the results of the more complicated modelling required to investigate the

effects of stress and curvature upon thermoelastic loss.
4.7.1 FEA model of disc

An FEA model can be shown to accurately determine thermoelastic loss when its values can

replicate experimental losses as well as the values from other models in the literature.

The mechanical loss of a silicon disc with diameter 75.94 x 1073 m and thickness
466.7 X 10~% m was measured at room temperature. The disc was supported from its centre
using a nodal support. The losses were measured by Lorenzini and published in the literature
[159]. The thermoelastic loss of the disc was calculated using a FEA method developed at
Jena university [159]. Using COMSOL method 2, the thermoelastic losses of the disc were
estimated. The results are shown in Figure 4-41.
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Figure 4-41: Calculated thermoelastic loss and measured mechanical loss of a silicon disc with diameter
75.94 x 103 m and thickness 466.7 X 107 m.

The experimental loss and COMSOL’s thermoelastic loss approximately match one another
(with an average difference of 5 %). Since the experimental losses of the disc were measured
by Lorenzini [159], there was no access to the raw data. It was therefore not possible to
investigate the mode losses which showed the greatest difference from the COMSOL model
i.e. the second mode shown. No access was available to the disc either or to the errors in the
disc’s dimensions which would have been useful as it would have enabled a range of
COMSOL thermoelastic loss values to be calculated. This would have been particularly
useful as the COMSOL values are always overestimating the measured thermoelastic loss
values implying that one of the disc’s dimensions could be inaccurately specified. The
average difference in loss between COMSOL method 2’s values and Jena’s was less than
2.5 % for all modes. To conclude, Figure 4-41 shows that COMSOL is on average able to
replicate both the measured loss and other computational thermoelastic loss values in the

literature within 5 %.
4.7.2 Stress and thermoelastic loss of a disc

The same argument which was made to investigate the effect of stress upon thermoelastic
loss in the coated cantilever can again be made for a coated disc. When a coated disc bends,

both the coating and disc bend together. The amount of bending the coated disc experiences
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is therefore dependent on both the stress in the coating and the stress in the disc. As a result,
both the stress in the coating and the stress in the disc must be incorporated within a coated
disc model when its thermoelastic loss is calculated. A coated disc at rest is in equilibrium.
The stresses in the coating and the disc must therefore balance one another. Figure 4-42
shows three different stress patterns applied to the coated disc: no stress in either the coating
or disc, a compressive stress in the substrate and no stress in the coating, and a compressive
stress in the substrate and a tensile stress in the coating. When the disc and coating were
stressed with a compressive and tensile stress respectively, the magnitudes of the stresses
applied were specifically chosen such that their forces balanced one another. In Figure 4-42
it can be observed that when the stresses balance one another (radial stress of —5 x 10° Pa
in the substrate and 2.8 x 10° Pa in the coating), there is no change in the thermoelastic loss
of the coated disc compared to the unstressed coated disk. Therefore, it can be concluded
that the effect of stress upon thermoelastic loss will not affect the accuracy of coating losses

determined using mechanical loss experiments.
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Figure 4-42: Varyingly stressed, coated, silicon disc’s thermoelastic loss. The stress in the disc and coating
was acting radially. The silicon disc had a diameter 80 x 1073 m and thickness 500 x 107 m. The
amorphous silicon coating was 1 x 10~% m thick. Positive stress represents tensile stress whilst negative stress

represents compressive stress.

4.7.3 Curvature and thermoelastic loss of a disc
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When a coating is deposited upon a disc at an elevated temperature and the body is allowed
to cool to room temperature, stresses develop in the coated disc which cause it to deform

into a shape which resembles a spherical cap. This is illustrated in Figure 4-43.

vertical
deflection

Figure 4-43: Curvature of a coated disc. Initially flat, the disc is bent into a spherical cap as a result of the
coating deposition process. The vertical deflection of the disc refers to the vertical distance between the peak

of the spherical cap and its edges.

Since the disc used in mechanical loss experiments is of much greater thickness than the
coating, any deformation of the coated disc is extremely small (and not noticeably
deformed). The thermoelastic loss of varyingly curved, uncoated discs was calculated and
shown in Figure 4-44. The discs were curved using a static structural analysis. In the static
structural analysis a coated disc was stressed and curved by cooling the coated substrate
from an elevated temperature. As a result of the coating and disc having different thermal
expansion coefficients the coated disc became stressed and curved. The geometry of the
curved coated disc was then fed into a thermoelastic loss analysis, the coating geometry was
deleted and the thermoelastic loss of the disc calculated. The silicon disc investigated had a
diameter of 80 x 1073 m and thickness 500 x 10~ m. The value of curvature quoted in
Figure 4-44 refers to the vertical deflection of the disc, i.e. the vertical distance between the
peak of the spherical cap and its edges. The larger the value, the more curved the disc. A
disc of these dimensions which has been coated with a 1 x 10~¢ m thick coating of stress -
300 MPa [54] (a typically measured coating stress) would exhibit a vertical displacement of
approximately 40 x 107% m. It can be observed in Figure 4-44 that curving the disc (within

100 x 107 m) had no effect upon the disc’s thermoelastic loss.
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Figure 4-44: Calculated thermoelastic loss of an unstressed and vertically displaced silicon disc with diameter
80 x 1073 m and thickness 500 x 1075 m.

4.8 Conclusion

Depositing a coating upon a silicon cantilever results in the coated cantilever exhibiting
stress and curvature. The effect of this stress and curvature upon a silicon cantilever’s

thermoelastic loss was investigated.

At the beginning of this chapter different methods of calculating thermoelastic loss were
developed (ANSYS and COMSOL), tested (Zener and Liftshitz and Roukes) and compared
to experimental values. It was observed that the theoretical models could not replicate the
measured values as well as the FEA models due to mathematical assumptions which did not
enable the theoretical models to capture a cantilever’s width dependent oscillations. These
more accurate FEA models formed the basis of the in-depth analysis into the effects of stress

and curvature upon thermoelastic loss.

Experimental results have shown that the mechanical loss of some coated silicon cantilevers
is less than their uncoated cantilever loss. In the literature, it has been speculated that this
could be due to the curvature or stress of the coated cantilever reducing the cantilever’s

thermoelastic loss. FEA modelling within this chapter qualitatively showed that this
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reduction in coated loss compared to uncoated loss is most likely the effect of cantilever

curvature and not stress affecting thermoelastic loss.

An experiment was designed to test the predictions of the FEA modelling. The results from
the experiment partially agreed with the modelling as they both suggested that the stress
caused by coating deposition does not affect the thermoelastic loss of a cantilever and that
curvature most likely decreases a cantilever’s bending mode thermoelastic loss. However,
the experimental results and modelling disagree upon the effect of curvature on a torsional
mode’s thermoelastic loss. Overall, it is thought that the FEA modelling might not be
accounting for all possible effects upon thermoelastic loss, particularly the D shape of the

cantilevers and the effect of twisting along the cantilever length.

Depositing a coating upon a silicon disc results in stress and curvature of the disc. It was
shown that the stress and curvature of the disc that is observed in the lab has no effect upon
changing the disc’s thermoelastic loss. This finding suggests that silicon discs could be an
easier substrate to use in coating mechanical loss experiments as they are without the

complications previously discussed with the cantilevers.

To conclude, it is clear care must be taken when using thin silicon cantilevers to measure
coating loss, particularly in the temperature range of 150 K — 300 K, where the loss of these
samples is dominated by thermoelastic loss which can be affected by curvature. Future work
should investigate trying to explain the remaining differences between the FEA cantilever
models and experimental results (perhaps caused by the D-shape of cantilevers or the effect
of twisting along the cantilever’s length).
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5 Effect of stress and temperature on the
optical properties of silicon nitride

membranes at 1550 nm

5.1 Introduction

The Einstein Telescope (ET) is designed to have a factor of 10 sensitivity better than
Advanced LIGO. To achieve this aim, new mirror coatings with low mechanical loss at low
temperatures will have to be found. Using the current gravitational wave detector coating
(made of a silica and tantala) [160] is not an option as it becomes a significant limiting factor
in performance at cryogenic temperatures due to loss peaks around 20 — 30 K [161, 121].
One interesting material that could be potentially used in a cryogenic gravitational wave
detector coating is amorphous silicon.

Amorphous silicon (aSi) is being considered as a possible material due to its very low
mechanical loss (< 2 x 107°) at temperatures below 30 K [113] . However, a gravitational
wave detector coating made of aSi/silicawould be dominated by the mechanical loss of the
silica layers (the currently used low index material in a gravitational wave detector coating)
[54]. Finding an alternative low-index material to silica— such as silicon nitride — is therefore

a high priority.

Silicon nitride has been measured to have low mechanical loss at both room and cryogenic
temperatures. The mechanical loss of silicon nitride has been studied by Chao et al. [162]
and Kuo et al. [163], who investigated different compositions of silicon nitride deposited
using plasma enhanced chemical vapor deposition (PECVD). Their results showed that a
silicon nitride coating has lower mechanical loss than current gravitational wave detector
coating materials at room temperature and at temperatures down to 10 K. Liu et al. [164]
and Southworth et al. [165] found similarly low mechanical loss at cryogenic temperatures
for a silicon nitride coating deposited via low-pressure chemical vapor deposition (LPCVD)

upon a substrate (10 loss) and for a highly stressed substrate-free thin film (10).
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Along with low mechanical loss, low optical absorption («) is also a requirement of
gravitational wave detector coatings (in order to prevent thermal deformation of the mirrors
and maintain a low mirror temperature). Whilst the absorption of silicon nitride has been

measured in the past, this chapter will investigate the effect of stress (S) and temperature (T)
upon the product of optical absorption and % (where n is refractive index) for low stress (<

250 MPa) amorphous silicon nitride membranes. The topic of this chapter was motivated by
the observations made by Liu et al. [164] and Southworth et al. [165] who jointly saw a
decrease in the mechanical loss of silicon nitride as its stress was increased. Since
incorporating more highly stressed silicon nitride in a gravitational wave detector coating
will result in lower mechanical loss, it is therefore essential to investigate the effects of stress

upon the membrane’s optical absorption.

This work presented in this chapter was published in Frontiers in Materials. The paper was

called “Effect of stress and temperature on the optical properties of silicon nitride at 1550

nm” [166] .
5.2 Brief outline of study

Photothermal common path interferometry (PCI) was used to measure the a X % of asilicon
nitride membrane (shown in Figure 5-1) whilst its stress and temperature was varied using

laser heating. (The membrane’s a X Z—: was measured and not just it’s absorption, as the PCI
technique measures a signal proportional to a X Z—TTI and since the dependence of stress and

temperature upon Z—: 1s unknown, the absorption of the membrane can’t be extracted). The
absorption signal was measured under varying compressive and tensile stresses. In the first
measurement, the membrane’s a X Z—: was measured when the stress and temperature of the
membrane was increased by heating the frame of the membrane with a 532 nm laser. In the
second set of measurements, the membrane’s a X Z—: was measured when its temperature

increased and its stress decreased by directly heating the membrane with a 1550 nm laser.
To calculate the magnitude of the stress and temperature changes caused by the laser heating,
experimental measurements and FEA models were used. Determining the change in the
temperature and stress caused by laser heating enabled estimates of the membrane’s thermal

conductivity and thermal expansion to be made. Once the temperature and stress changes
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were known, ordinary least squares was used to identify the relationships between the

, d d
membrane’s stress and a X d—;‘, and temperature and a X d—;l.

5.3 Description of the silicon nitride membrane samples

The membranes used in this study were fabricated by Norcada [167]. A 2 x 107° m thick
silicon nitride coating was deposited (via LPCVD) upon a crystalline silicon (cSi) substrate
with dimensions 10 x 1073 m x 10 X 1073m X 500 x 107® m (length x width X
thickness). Anareaof 5 x 1073 m x 5 x 10~3 m was then etched off from the cSi substrate

leaving a silicon nitride window in the centre of the cSi frame as shown in Figure 5-1.

5X10_3m

10x10 m

-

SiN

Silicon frame

Figure 5-1: Photograph of a silicon nitride membrane. The 5 x 1073 m x 5x 1073 m x 2 x 10~® m silicon

nitride window is enclosed by a 10 x 103 m x 10 x 10~3 m x 500 x 10~° m silicon frame.

5.4 Measurement of a X % for different temperatures and

stresses

One membrane was attached to a steel screw using epoxy. This screw was then screwed into
a cylindrical steel post which acted as a mount. PCI was used to measure the a x % of the

membrane [168]. A basic schematic of the setup used is shown in Figure 5-2.
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Figure 5-2: Schematic of the PCI setup. A high-power pump beam passes through the membrane inducing a
phase shift in the probe beam. Since the probe beam is larger in radius, only a part of the probe beam
experiences a phase shift. The phase shifted and non-phase shifted parts of the beam interfere with one another
at a maximum value of one Rayleigh length from the beams crossing point and is measured by the photodiode.

This value is proportional to the absorption of the membrane.

Two laser beams were passed through the membrane at the same time. A high powered,

1550 nm, pump laser beam was absorbed and created a thermally-induced optical length
change in the membrane which is proportional to Z—:. The second laser, a low power, 1620

nm, probe beam crossed the pump beam within the sample and was affected by the optical
length change. The probe beam has a larger radius than the pump beam (as illustrated in
Figure 5-2), and the part of the probe beam which overlapped with the pump beam
experienced a phase shift. The phase-shifted part of the probe interfered with the unaffected
part of the beam. At one Rayleigh length from the beams crossing point, the interference is
at its maximum. The interference pattern at this point was imaged onto a photodiode sensor,

. . . d .
generating a signal proportional to the membrane’s a X d—TTl. A fused silica substrate of known

absorption was then used as a calibration, allowing the absorption of the membrane to be

determined.

Similarly to Steinlechner [112] , etalon effects were observed when measuring the silicon

nitride membranes. To ensure the full transmission of both laser beams through the

190



5 Effect of stress and temperature on the optical properties of silicon nitride

membrane (and the removal of the etalon effects) a crossing angle of 14 degrees between

the pump and probe beams was used [112].

5.4.1 Changing the stress by heating the membrane

. . dan .
In the first measurement series, the change in the membrane’s a X — was monitored as the

power of the 1550 nm pump laser beam was varied. This beam was positioned on the centre

of the membrane (position 1), as shown in Figure 5-3.

Frame
\
Y Membrane
‘_f____,

3 1

-+ o
2

o

Figure 5-3: Geometry of the membrane and frame. The 1550 nm laser was focused upon the membrane at
position 1. The 532 nm laser was focused upon the frame at position 2. The temperatures listed in Table 5-1

were measured at positions 1 and 3.

The initial power of the pump laser beam was 200 mW, as this was the minimum power

required to create a measurable thermal effect within the membrane. The power of the pump

. . d . .
beam was incrementally increased and a X d—: was measured once the absorption signal had

been shown to settle (indicating that the system had reached a steady state). a x Z—’; was

found to increase approximately linearly with the pump power, as shown in Figure 5-4.
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Figure 5-4: Change in the membrane’s a X % when the 1550 nm pump laser beam power was varied. The

. B da oy . .
Change in the membrane’s a X ﬁ was measured at position 1 in Figure 5-3.

Each change in a x Z—: was assumed to have an error of +1.4 % caused by misalignment

during the measurement series. The size of this error was estimated by measuring the change
in the absorption of the calibration sample before (21.4 %) and after the membrane
measurements (20.8 %). The relative error of the power measurements was assumed to be
negligible as the random variation in the laser power and power meter measurements were

both very small (< 1 %). The measurements taken were insensitive to systematic errors in
. . . . . dan
the laser power, power readings and material properties as relative changes in a X 7 were

investigated and not absolute values.

5.4.2 Changing the stress by heating the frame

. . d oy . .
In a second measurement series, the change in membrane’s a X ﬁ (at position 1 in Figure

5-3) was measured at constant 1550 nm power, while the cSi frame was heated with varying

powers of a 532 nm laser (at position 2 in Figure 5-3). Figure 5-5 shows the change in value

of a x Z—TT‘ when varying the 523 nm laser powers.
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Figure 5-5: Change in the membrane’s a X Z—’Tl when the 532 nm laser beam power is varied and the 1550 nm

pump power is held constant. The measurements were taken at position 1 in Figure 5-3. The 532 nm laser

beam was located at position 2 in Figure 5-3.

The error associated with each change in a % Z—: was determined to be negligible as no

change in the calibration signal was observed before and after the membrane measurements.

For the same reasons as discussed earlier, the errors associated with the material properties,

pump power and power meter did not couple into the change in a X %.

5.5 Modelling membrane temperature and stress due to laser

heating

Using PCI, the change in a membrane’s a X Z—: as a function of 1550 nm and 532 nm laser

. . . R d .
power is known. However, in order to determine how the membrane’s a X ﬁ changes with

respect to the membrane’s temperature and stress, FEA is required. FEA was used to
determine the changes in the temperature and stress of the membrane in response to laser
heating of both the frame and of the membrane itself. A number of FEA models were built,
with experimental measurements carried out to provide inputs to the models and to verify
the modelling results. A summary of all of the FEA models used in this chapter is presented

in Figure 5-6.
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Temperatue measurements (camera)

Model 1: Model 2:
relates laser heating relates laser heating

Model 3:
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stress and frequency

(1550 nm) with measured (532 nm) with measured
temperatures temperatures

Heat transfer Thermal Epoxy Stress and frequency
coefficient  conductivity thickness relationship

Model 4:

Thermal relates laser heating
expansion (532 nm) to measured
frequencies

Thermal conductivity
Epoxy thickness
Thermal expansion

Model 5:
~model 1 with correct
material properties and
model parameters

Frequency
measurements

Model 6:
~model 2 with correct
material properties and
model parameters

S(T) for S(T) for
decreasing stress increasing stress

Figure 5-6: Schematic of the different FEA models used, their relationship to one another as well as their

inputs (identified by red arrows) and outputs (identified by green arrows). Model 1 and model 2 are used in

conjunction with one another to determine the heat transfer coefficient of air, the thermal conductivity of the

membrane and the epoxy thickness used to attach the membrane to the screw. Model 3 determines the

relationship between the membrane’s resonance frequency and its stress. Model 4 determines the thermal

expansion of the membrane by using frequency measurements as well as outputs from models 1,2 and 3. Models

5 and 6 use the newly determined values of thermal conductivity, thermal expansion, heat transfer coefficient

and epoxy thickness to determine the stress and temperature changes when the membrane is directly heated

with the 1550 nm laser (model 5) and when the frame is heated using a 532 nm laser (model 6).
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Models 1 and 2 are used in conjunction with one another to replicate experimental
temperatures of the membrane and frame when the membrane is directly heated with the
1550 nm laser (model 1) and when the frame is heated with the 532 nm laser (model 2). By
replicating the experimental temperatures, these models determine values for the heat
transfer coefficient of air, the thermal conductivity of the membrane and the epoxy thickness
used to attach the membrane to the screw. Model 3 is a purely hypothetical model which is
used to determine the relationship between the membrane’s resonance frequencies and it’s
stress. This relationship is then used to convert experimentally observed changes in a
membrane’s resonant frequencies (as the membrane’s frame is heated with varying powers
of the 532 nm laser) to changes in stress. Model 4 replicates these changes in stress of the
membrane due to laser heating and in doing so, determines a value for the membrane’s
thermal expansion coefficient. Models 5 and 6 use the newly determined values of thermal
conductivity, thermal expansion, heat transfer coefficient and epoxy thickness to determine
the stress and temperature changes when the membrane is directly heated with the 1550 nm
laser (model 5) and when the frame is heated using a 532 nm laser at room pressure (model
6). Due to the mismatch in thermal expansion between the membrane and frame, heating the
frame leads to an increase in membrane stress whilst heating the membrane leads to a

decrease in stress.
5.5.1 Calibration of the FEA membrane temperature profile

Before the changes in membrane stress due to laser heating (described in Section 5.4) can
be determined, it is essential to show that measured temperatures of the membrane and frame
can be replicated computationally (when the membrane is directly heated with the 1550 nm
laser and the frame is heated with the 532 nm laser, as described in Section 5.4). This is an
important first step as it illustrates that the thermal characteristics of the mounted membrane
can be correctly modelled. Building upon this model, the unknown stress changes due to

laser heating can then be calculated.

Using the PCI setup described in Section 5.4, the temperature of the mounted membrane (at
position 1 in Figure 5-3) was measured as the power of the 1550 nm laser (which directly
heated the membrane at position 1) was varied (when the probe beam was turned off). The
temperature of the membrane was measured using a Thermovision A40M [169] thermal

camera. The temperature of the membrane as a function of 1550 nm laser power is shown in
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Figure 5-7. The temperatures were taken when the membrane was observed to reach a steady
state.
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Figure 5-7: Measured temperature changes at position 1 (in Figure 5-3) when the membrane is directly heated
with varying powers of a 1550 nm laser.

The temperatures of the membrane (at position 1 in Figure 5-3) and frame (at position 3, in
Figure 5-3) were measured at different magnitudes of 532 nm laser power, when the laser
heated the frame at position 2 (in Figure 5-3). These temperatures and laser powers are listed

in Table 5-1. The temperatures were noted when the frame and membrane were observed to
reach a steady state.

Membrane temperature (K) Frame temperature (K)

Power (mW) Measured Model Measured Model
20 290 291 290 291
200 296 296 305 305
500 303 303 328 329

Table 5-1: Experimental and computational temperatures of the frame (position 3 in Figure 5-3) and
membrane (position 1 in Figure 5-3) for different 532 nm laser powers. The computational temperatures were
obtained for an FEA model which assumed a membrane thermal conductivity of 23 W/mK, a heat transfer
coefficient of 12 W/m?K and a 6 x 10~° m thickness of epoxy layer.
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To replicate these two sets of experimental temperatures using FEA, two steady state
COMSOL models each within their own heat transfer in solids interface were built. The first
model (model 1 in Figure 5-6) aimed to replicate the measured temperatures when the
1550 nm laser directly heated the membrane. The second model (model 2 in Figure 5-6)
aimed to replicate the measured temperatures when the 532 nm laser was aligned upon the

frame.

In model 1, the geometry of the membrane, screw, epoxy and steel post were specified, and
the heat applied to the membrane from the laser (Q,,5) was modelled as a surface heat flux.
Approximating the heat source as a surface heat flux (and not volumetric) was a valid
approximation as the thermally thin membrane temperature profile (has a minimal thermal
gradient through it’s thickness) which could be replicated using a surface heat flux [170].
The heat flux approximating the laser beam in the model was defined to have a Gaussian
distribution such that it replicated the 70 x 10~ m diameter (1/e?) beam profile. In order to
replicate the experimental heating power, a silicon nitride absorption value had to be
assumed within the model. Since it can be observed in Figure 5-7 that there exists an
approximately linear relationship between the 1550 nm laser power and the measured
temperature changes of the membrane, a constant value was assumed for the membrane
absorption. For modelling purposes, the absorption of the membrane was assumed to be

337 ppm as this was the calculated absorption of this membrane at its lowest PCI pump
power (when a value of Z—: =4x 1075 K1 [112] was used). An image of the geometry built

in COMSOL along with the heat flux applied to the membrane is shown in Figure 5-8.

Base

o -
Heat flux Steel post/ mount

Figure 5-8: Geometry of the mounted membrane built in COMSOL.
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It can be observed in Figure 5-8 that the cylindrical steel mount and screw in the
experimental setup were approximated as being cuboids in the model. This was because of
meshing problems associated with very small dimensions of different geometries coming
into contact. This change in geometry was assumed to have a negligible effect on the results
since the individual components were modelled to have an almost identical cross-sectional
area and volume as that of the original bodies. The base of the mount was fixed at room
temperature thus simulating an infinite conductive heat sink (which replicated the laboratory

conditions where the mounted membrane was fixed to a metal support of much larger size).

Radiative cooling was incorporated within the model by specifying each material’s

emissivity values (¢€) [171]. Radiative losses (Q..q) Were estimated using:
Qrag = E(T4 - T:mb) ) (5.1)

where T is the temperature of the material and T,,,,;, iS the ambient temperature. Heat losses

due to convection (Q.,ny) Were also incorporated within the model using:

Qconv = h(T — Tamb) ’ (5-2)

where h is the heat transfer coefficient. In the model, the heat transfer coefficient was initially
assumed to be 15.5 W/m?K (as this is the middle of the range quoted in the literature for
natural convection (6 — 25) W/m?K [172]). Having defined the geometry, material properties,
inward and outward heat fluxes, the FEA model could then be solved for temperatures using

a version of the heat equation [173]:

oT
pCo—-=Q +V.(kVT), (5.3)

where p is the density, C,, is the specific heat capacity at constant pressure, Q represents the

heat sources and heat losses. t is the time and k is the thermal conductivity.

Model 2 was identical to model 1, with the exception that the surface heat flux was now
applied to the frame (position 2 in Figure 5-3), to mimic the 532 nm heating power. The heat

flux was defined to have a Gaussian spatial profile with the same 1/e? diameter as the laser
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beam (1.5 x 1073 m). 96 % of the initial laser power incident upon the frame was assumed
to be absorbed because a 2 x 107° m thick silicon nitride layer (with a refractive index of
2.05 at 532 nm [174]) on cSi (with a refractive of 4.15 at 532 nm [175]) makes a good anti-
reflection coating with a reflectivity of 4 % at normal incidence. Since the cSi frame has a
very short absorption depth of 1.3 x 107 m at a wavelength of 532 nm, capturing the
transparency of the frame was not important and modelling the heat as being applied to the

surface was appropriate.

Both of the FEA models were solved and their meshes were checked for convergence. To
compare the FEA modelled temperatures to the experimental temperatures, the modelled
temperatures had to be averaged over a circular area with diameter 900 x 107 m, as this
was determined to be the pixel size of the Thermovision A40M thermal camera. Significant
differences were observed between the FEA and experimental temperatures. However, in
both of the FEA models a best estimate value was assumed for the conductivity of the
membrane (16.5 W/mK), heat transfer coefficient (15.5 W/m?2K) and thickness of epoxy
layer which separates the membrane and screw in the direction of the base (5.5 X 107> m)
as no precise values were known. Unlike the other material properties and geometric
dimensions used in the FEA models, these parameters had a very large uncertainty associated
with them. The best estimates of these parameters were calculated by taking the median of
their range of possible values (for the thermal conductivity this range was 4.9 - 30 W/mK
[176] [177], heat transfer coefficient 6 - 25 W/m2K [172] and epoxy thickness 1 x 107> -
1 x 10~* m, where the epoxy thickness upper and lower bounds were estimated using a
digital calliper). It was observed that by varying these three parameters simultaneously in
both models, the three sets of measured temperatures could be matched almost exactly for
only one set of parameters. The experimental temperatures were replicated best when: the
thermal conductivity of the membrane was assumed to be (23 + 3) W/mK, the heat transfer
coefficient was assumed to be (12 + 2) W/m?K and the thickness of the epoxy layer was
assumed to be (6 +0.75) x 107> m (all within their ranges of possible values). The
similarity of the FEA temperatures (which used these parameter values in their model) and
the measured values can be observed in Figure 5-9 and Table 5-1. Figure 5-9 also shows the
FEA temperatures calculated by model 1 when other sets of conductivities, heat transfer
coefficients and epoxy thicknesses were used. These other sets of parameters were
specifically chosen as when these sets of values were used in model 2, the calculated FEA
temperatures replicated the measured values (as closely as the FEA temperatures listed in
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Table 5-1). Figure 5-9 therefore shows that only one set of parameter values enables both
FEA models (1 and 2) to replicate the measured temperatures. This set of parameter values

is therefore the best estimate for these parameters, and was used for the rest of the modelling

and analysis.
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Figure 5-9: Measured and FEA temperature changes at position 1 (in Figure 5-3) when the membrane is
directly heated with varying powers of a 1550 nm laser. The FEA temperatures were calculated when different

values of membrane thermal conductivity, heat transfer coefficient and thickness of epoxy layer were assumed.

The best estimate for the thermal conductivity of the membrane depends on a number of
parameters in the 1550 nm and 532 nm laser heating models (absorption of membrane,
emissivity of frame and membrane etc). To find the error in the membrane’s thermal
conductivity, a philosophy of varying these parameters within their error bounds to maximise
the membrane temperature was followed. In this case, the total heat loss of the system also
must be at a maximum to reduce this membrane temperature to be consistent with the
measured values, allowing errors on the parameters governing the heat loss to be estimated.
By an iterative process of varying the parameters in both models and comparing to measured
temperatures, the possible range of values of membrane conductivity, heat transfer
coefficient and epoxy thickness were obtained and from this, an error on these parameters

was estimated. To summarise, the errors in the thermal conductivity, heat transfer coefficient

200



5 Effect of stress and temperature on the optical properties of silicon nitride

and epoxy thickness were determined from the uncertainties in the experimental

measurements and in the inputs to the FEA models.

In determining these errors, it was assumed that the error associated with: the silicon frame
material properties, the relative error in the camera (+ 0.08 °C [169]) as well as the size of
the error in the power readings was negligible. Finally, it is important to note that the errors
determined were insensitive to the uncertainty in the membrane’s specific heat capacity as
this uncertainty affected the time at which the system reached equilibrium but not its final

temperature.

5.5.2 Calibration of the FEA thermal stress effect via measurement of

resonance frequencies

Having demonstrated in Section 5.5.1, that FEA is able to replicate experimental
temperatures it is now important to show that FEA modelling can also replicate experimental
changes in stress caused by laser heating. Once the modelling has been shown to be able to
replicate temperature and stress changes due to laser heating, the temperature and stress
changes due to the laser heating described in Section 5.4 will then be able to be calculated

with reasonable accuracy.

When the temperature of a membrane and its frame is changed, the dimensions of both parts
change (due to their thermal expansion coefficients), resulting in a change in the stress of
the membrane. This change in stress can be determined by monitoring the change in resonant

frequency of the membrane, which is related to its stress (S) via [178]:

1 [s
faxmy = 37 j; x (nz +n2), (5.4)

where L is the length of the membrane’s sides and n, and n,, are integers used to define the
membrane’s modes which have (n, — 1) and (n, — 1) numbers of nodes in the x and y

directions. The first mode of a square membrane is shown in Figure 5-10.
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Figure 5-10: Membrane'’s first resonant mode. Pictured is the membrane and its frame. Red represents

maximum displacement whilst blue illustrates minimum.

To calibrate the modelled thermal-stress effect, the change in a membrane’s first mode
frequency was measured as the frame was heated with a 532 nm laser at varying powers.
The mount of the steel post used to support the membrane (described in Section 5.4) was
removed and the screw was clamped between two steel blocks that were located within a

vacuum tank as shown in Figure 5-11.
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Figure 5-11: Experimental setup used to measure the change in frequency of @ membrane’s resonant modes

when its frame was heated with a 532 nm laser.

The first resonance of the membrane was excited by a piezo-electric transducer that was
positioned less than 2 x 1073 m below the bottom of the membrane. A 5 mW, 633 nm laser
beam was reflected by the membrane onto a split photodiode which generated a signal

proportional to the amplitude of the membrane vibration. A signal analyser was used to
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measure the mode frequency. The 532 nm green laser was used to heat one corner of the
membrane’s frame (position 2 in Figure 5-3). The stress of the membrane was changed by
varying the power of the green laser. The change in mode frequency of the heated membrane
was noted when it had reached a steady state. Whilst it would have been optimum to calibrate
the thermal stress model at room pressure values (as the laser heating discussed in Section
5.4 was at room pressure), it was not possible to excite the membrane’s resonant mode
frequencies at room pressure due to air damping. At a pressure of 10~* mbar and without
any laser heating, the frequency of the membrane’s first mode was measured to be 31820
Hz. As the laser power was increased, the mode frequency was observed to increase, as

shown in Table 5-2.

1 mode frequency ~ Change in stress
Laser power

W) after laser heating of membrane
(H2) (MPa)
4 31839 0
40 31989 15
84 32177 3
218 32779 8
440 33827 17

Table 5-2: Membrane’s first mode frequency when the frame was heated with varying powers of a 532 nm
laser.The first mode frequency of the membrane without laser heating was measured at 31820 Hz. The FEA

change in stress responsible for the measured frequency change is also listed.

COMSOL was used to determine the stress changes associated with the changes in the
membrane’s mode frequency (model 3 in Figure 5-6). The geometry of a membrane and its
frame was built in an eigenfrequency analysis within a solid mechanics interface. To
simulate the clamp, one side of the membrane’s frame was fixed in space using a fixed
constraint. The initial stress of the membrane was then specified, the model solved for its
first mode frequency and the mesh was checked for convergence. The stress of the membrane
was then incrementally increased and the first mode’s frequency found. The relationship

between the membrane’s stress and mode frequency can be observed in Figure 5-12.
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Figure 5-12: COMSOL determined relationship between the membrane’s stress and the frequency of its first

resonant mode.

The relationship presented in Figure 5-12 enabled the change in stress responsible for the
measured frequency changes to be calculated. These changes in stress are listed in Table 5-
2.

An FEA model (model 4 in Figure 5-6) was built to simulate the changes in stress caused by
532 nm laser heating. Whilst it would have been ideal to have measured the temperature of
the frame and membrane at each resonant frequency, this was not possible as the thermal
camera was not vacuum compatible. When the camera was positioned outside the vacuum
chamber, the glass of the viewport interfered with any temperature measurements made.
However, as shown in Section 5.5.1, model 2 can replicate the temperature profile of the
membrane when its frame is heated with a 532 nm laser at room pressure. Model 2 (with
the new best estimates of epoxy thickness, membrane conductivity and heat transfer

coefficient) was therefore modified to build model 4.

The geometry and material properties of the membrane, frame, epoxy and screw remained
the same in model 4, as in model 2. However, the geometry of the mount was modified to
reflect the clamp used in this experiment. The effect of the clamp was the same as before,
acting as a heat sink to the rest of the structure. To simulate vacuum conditions, the heat
transfer coefficients for the structure were disabled, effectively turning off convective

cooling. A multi-physics analysis was added to the model, allowing coupling between the
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thermal and mechanical properties. This enabled the strain resulting from thermal expansion

to be calculated using:

€ =BT — Tamp) . (5.5)

which in turn allowed the heating-induced stress changes in the membrane to be determined.

€ and B represent the material’s strain and thermal expansion coefficients respectively.

The modelled stress change resulting from laser heating could now be compared to the
experimental stress change calculated from the frequency shifts of the heated membrane. A
discrepancy between the model and experimental values was observed. Noting that model 2
had already been able to replicate the temperature profile of the 532 nm laser heated
membrane at room pressure and the simplicity of the stress/frequency relationship, other
variables within the model were investigated to see whether they could explain this
discrepancy. Upon varying the thermal expansion coefficient of the membrane, it was
observed that for a value of (1.4 4+ 0.2) X 107° 1/K the experimental and computational
changes in stress matched one another very well. This new estimate of thermal expansion
fell within the range of values quoted in the literature (between 1.4 x 107% and 3.7 x 107
1/K [179]). The similarity between the experimental and computational changes in stress
(when using this thermal expansion coefficient) can be observed in Figure 5-13. Figure 5-13
shows the experimental and computational stress changes of the membrane at different laser
powers. The computational stress changes were calculated using an array of different thermal
expansion coefficients. It can be observed that the experimental stress changes can be best

replicated assuming a value of 1.4 x 107° 1/K.
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Figure 5-13: Experimental and computationally determined changes in stress of the membrane for different
laser powers. The computational stress changes were determined using different thermal expansion

coefficients in the FEA model.

The result for the thermal expansion of the membrane depends on a number of parameters
in the COMSOL models labelled 3 and 4 (membrane’s Youngs modulus, membrane’s
Poisson ratio etc). To find the error in the membrane’s thermal expansion, model 3’s
parameters were varied within their error bounds to maximise the membrane’s change in
stress (which corresponded to the measured change in frequency). To replicate these
maximum changes of stress in model 4, required a minimum value of thermal expansion.
This value represented the lower bound value of thermal expansion. Repeating the process,
the upper bound value of thermal expansion was determined. The difference between the
highest (or lowest) value of thermal expansion and its best estimate value (which ever
resulted in the larger value) is quoted here as the error. In this calculation, it was assumed
that the error in the membrane’s resonant mode frequencies was negligible (as it was < 0.1
%) and the error in the membrane’s Youngs modulus and Poisson ratio was assumed to be

10 % (as no error was provided by the manufacturer).
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dn

5.6 Analysis: effect of stress and temperature on a X o

Section 5.4 presented the measured change a X Z—TTL of a membrane when its frame and

membrane were separately heated with varying powers of a 532 nm and 1550 nm laser.
Section 5.5 showed that FEA can replicate thermal and mechanical measurements of a
membrane and frame when they are heated with varying powers of laser light. Now
variations of the FEA models (described in Section 5.5) will be used to calculate the stress
and temperature changes of the membrane described in Section 5.4. Once the temperature

and stress changes are known, ordinary least squares will be used to identify the relationships

an

s dan
between the membrane’s stress and a X 7 and temperature and a X e

5.6.1 Determining the stress and temperature changes due to laser

heating

FEA models (models 5 and 6 in Figure 5-6) were built to determine the stress and
temperature changes associated with the measured changes in a X Z—: when the membrane

was directly heated with the 1550 nm pump beam and the frame was separately heated with

the 532 nm laser beam (as described in Section 5.4).

Model 5 was used to determine the stress and temperature changes associated with the
measured changes in a X Z—;l when the membrane was heated with the 1550 nm pump beam.

Model 5 was identical to model 1 with the exception that it used the newly determined best
estimates of epoxy thickness, heat transfer coefficient, membrane thermal conductivity and
membrane thermal expansion coefficient. Furthermore, a thermal stress interface which
coupled the heat transfer in solids to a solid mechanics interface (described in Section 5.5.2)
was added to this model to enable the temperature dependent stress changes to be calculated.
Using the steady state analysis, the stress and temperature changes of the membrane and

frame were calculated for the different laser powers. To determine the temperatures and
stresses of the membrane which relate to the measured a x Z—;l values, the FEA temperatures

and stresses of the membrane were averaged over the Gaussian distributed, surface heat

flux’s 1/e? diameter (which was used in the model to replicate the 1550 nm pump beam).

207



5 Effect of stress and temperature on the optical properties of silicon nitride

The temperatures and stresses were averaged over the surface heat flux’s 1/e? diameter as

this represents the area over which the a x Z_;l values are sampled in the PCI method [180]).

Model 6 was used to determine the stress and temperature changes associated with the
measured changes in @ X Z—’; when the frame was heated with the 532 nm laser. Model 6 was

identical to model 2 with the exception that it used the newly determined best estimates of
epoxy thickness, heat transfer coefficient, membrane thermal conductivity and membrane
thermal expansion coefficient. Furthermore, a thermal stress interface which coupled the
heat transfer in solids to a solid mechanics interface (described in Section 5.5.2) was added
to this model to enable the temperature dependent stress changes to be calculated. Using the
steady state analysis, the stress and temperature changes of the membrane and frame were
calculated for the different laser powers. The temperatures and stresses which relate to the
measured a X Z—TTl values, were then estimated by averaging the FEA temperatures and
stresses at the centre of the membrane (position 1 in Figure 5-3) over a circle with diameter

70 x 107 m (as this represents the area over which the a x Z—: values are sampled in the

PCI method).

Figure 5-14 shows the changes in temperature and stress of the membrane at position 1 (in
Figure 5-3) when the different 532 nm and 1550 nm laser powers were used to heat the

. d .
membrane as the change in the membrane’s a X d—TTl was measured (see Section 5.4).
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Figure 5-14: Change in the temperature and stress of the membrane at position 1 (in Figure 5-3) as the frame
is heated with a 532 nm laser (green squares) and the membrane is heated with a 1550 nm pump laser (red
circles).

It can be observed in Figure 5-14, that as the frame (position 2 in Figure 5-3) is heated by
progressively larger powers of the 532 nm laser, the temperature of the membrane increases
at position 1 (in Figure 5-3) and the membrane’s stress at position 1 also increases. The stress
of the membrane increases because as the frame is heated with the 532 nm laser, the frame
increases in temperature more quickly than the membrane (due to the membrane’s low
thermal conductivity). As a result of the frame’s greater temperature and thermal expansion
coefficient (compared to the membrane), the frame expands more than the membrane,
pulling on the membrane and thus increases its stress. This relationship between stress and
temperature is noticeably different from directly heating the membrane with the 1550 nm
laser. It can be observed in this case that as the laser power increases, the membrane’s
temperature increases and the stress decreases. In this example, the membrane’s stress
decreases as a result of the membrane rising in temperature more quickly than the frame (due
to the membrane’s low thermal conductivity) and therefore the membrane expands more

quickly than the frame, thus the stress at position 1 decreases.

The error bars shown in Figure 5-14 were determined by re-running the COMSOL models

(5 and 6) multiple times with model inputs which varied within their error bounds. The
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highest and lowest temperature and stress values from the COMSOL models were deemed

to be the upper and lower error bounds.

5.6.2 Determining the relationship between stress and temperature upon

aan
dT

Deconstructing Figures 5-4, 5-5 and 5-14 enables the experimentally observed change in
a X Z—: for both the 1550 nm and 532 nm lasers to be shown against their computationally
determined stress and temperature values. Graphs of this form are useful as they help to
identify the relationship between a X Z—: and temperature, and a X Z—’; and stress. Earlier it

was assumed for modelling purposes that the absorption of the membrane was constant
during the 1550 nm laser heating. However, this was only an approximation as the R? value
of the linear regression, laser power v temperature change (in Figure 5-7), is 0.99. Since the
R? value is not equal to 1, it cannot be definitively concluded that there is not a small
variation of absorption with temperature. To err on the side of caution, the 1550 nm

temperatures and stresses are shown against the measured change in a X Z—’; (and not just the

change in %). Figure 5-15 shows the measured change in a X Z—: against the change in

temperature for the two heating cases.
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Figure 5-15: Measured change in the membrane’s a X d—: against it’s change in temperature when the frame

was heated with the 532 nm laser (green squares) and when the membrane was heated with the 1550 nm laser

(red circles). All measurements and computational values were taken or calculated at position 1 in Figure 5-

3. The green and red lines show the fitted changes in @ x Z_;I (as described in the text) for the 532 nm laser and

1550 nm laser respectively.

. . . . . dn . .
An increase in temperature results in an increase in « x—. For the same increase in
membrane temperature, the membrane experiences approximately the same increase in

a X Z—;‘ when the frame is heated with the 532 nm laser and when the membrane is heated

with the 1550 nm laser.

Figure 5-16 shows the measured change in the membrane’s a X Z—: as a function of stress for
when the frame is heated with the 532 nm laser and when the membrane is directly heated
with the 1550 nm laser. It can be observed that a x Z—’; increases when the stress is reduced

and when the stress is increased.
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Figure 5-16: Measured change in the membrane’s a X % as the stress of the membrane is changed using the

532 nm laser to heat the frame (green squares) and the 1550 nm laser to heat the membrane directly (red

circles). All measurements and computational values were taken or calculated at position 1 in Figure 5-3. The

green and red lines show the fitted changes in a X Z_;I (as described in the text) for the 532 nm laser and 1550

nm laser respectively.

From the results shown in Figures 5-15 and 5-16, it can be hypothesised that changing the

: . d
membrane’s stress had little to no effect upon the change in the membrane’s a X ﬁ as the

membrane a X Z—;‘ can be seen to have the same temperature dependence both when the stress

of the membrane is increased and when it is decreased (by different amounts).

Having qualitatively established the relationship between a x Z—;l and stress, and a X % and
temperature, these relationships were now quantitatively determined using the regression:

d
A(ax—") — ax AT + b x AS, (5.6)
dT T,S

where a and b are unknown parameters. Performing the regression, the values a =

(2.774 +£0.214) % /Kand b = (0.014 + 0.133) % / MPa were obtained, where the errors
represent 95% confidence intervals. The fitted a X Z—’;values using the parameters a and b

are shown as red (1550 nm) and green lines (532 nm) in Figures 5-15 and 5-16. The fit

reproduces the measured points well. This is quantified by the regressions R? being equal to
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0.98 which means that 98% of the variation in the measured values can be explained by the
regression. The values of a and b were also tested for their significance. For a null hypothesis
of each parameter being equal to 0, a had a p-value of 7 x 1072° and b had a p-value of
0.835. This means that the null hypothesis can be rejected at a 1 % significance level for a
(said another way this means with a 99 % confidence, a is not equal to 0). However, the null
hypothesis could not be rejected at a 1, 5 or 10 % significance for b, implying that b is not
statistically different from 0 (at a 1, 5 or 10 % level). Figures 5-17 and 5-18 show the

separated temperature and stress effects upon a x %. These effects are described by:
Aax) =(2774£0214) %/K x AT for 200K <T<312K,  (5.7)
T

and:

A (a x Z—Z) = (0.014 + 0.133) %/MPa x AS for 121.5MPa<S<171MPa. (5.8)
S
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Figure 5-17: Relationship between the change in a x Z—: and the change in temperature as numerically shown

in Equation (5.7). The dashed lines represent the 95 % error confidence intervals.
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Figure 5-18: Relationship between the change in a x % and the change in stress as numerically shown in

Equation (5.8). The dashed lines represent the 95 % error confidence intervals. The best fit line runs

approximately along the x-axis.
If it can be assumed that b is for a fact equal to 0 (which it can not), then the effect of stress
upon a X Z_: can be excluded from Equation (5.6) and the regression repeated to determine

the effect of only temperature upon a X %. In this case, a was determined to be 2.791 and
the regressions R? equal to 0.98. This small change in a (when the effect of stress is not

accounted for) helps to highlight the small effect (if any) of stress upon a x Z—’;.
5.7 Conclusion

The effect of stress and temperature upon the product of @ and Z—: for a silicon nitride was

investigated. Strong evidence that a X Z—TTL is independent of stress was found, while the

relationship with temperature was found to be:

A (a X 3—;‘) = (2774 + 0.214) %/K x AT for 290 K< T < 312K, (5.9)
T
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Temperature and mode frequency measurements, supported by finite element models of the
system, yielded a membrane thermal conductivity of (23 +3) W/mK and a thermal
expansion coefficient of (1.4 + 0.2) x 107° 1/K.

These results suggest that using silicon nitride in a highly stressed state which is known to
have a very low mechanical loss, should not present problems with excess optical absorption.
Silicon nitride is therefore of great interest for further investigation as a coating material for

use in gravitational wave detectors.

In the future, further studies should look at identifying the individual effect of stress upon «
and Z—: as both of these relationships are important in understanding whether the thermal
noise of a gravitational wave detector could be reduced using high or low stressed coatings.
To separate the individual effect of stress upon a and %, a further experiment would have
to be performed in conjunction with this work. This experiment would be to clamp a
membrane and pass an angled beam of light through it as its stress is gradually changed. This
stress would change the angle in which the light passes through the membrane as a result of
its refractive index changing. This information informs us of the relationship between Z—:

and stress. Using this result in conjunction with the work presented here would enable the

individual effect of stress upon « to be determined.

Whilst this experiment was performed at room temperature, the interest in the results are
predominately concerned with how silicon nitride behaves at cryogenic temperatures.
However, due to a lack of knowledge regarding the thin film properties of silicon nitride at
cryogenic temperatures, it is not possible to infer from the room temperatures results as to
what the effects would be at cryogenic temperatures. Once silicon nitride’s material

properties are well known at cryogenic temperatures, this experiment should be repeated.
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6 Silicon nitride membranes

6.1 Introduction

Coating loss measurements are often limited by substrate effects as they require comparing
the loss of the coated and uncoated samples. Low loss substrates which are thin (closer in
thickness to the coating) are desirable in order to improve measurements. The Institute of
Gravitational Research has recently gained access to an operational coating chamber. The
usual substrate geometries (discs and cantilevers) are not compatible with the coating
chamber due to their size. In this chapter, investigations into the possibility of using thin,
low-loss silicon nitride membranes as coating substrates for this chamber are presented. If
silicon nitride membranes can be successfully used as substrates that can be coated and used
in mechanical loss experiments, then this represents a fantastic opportunity for the group as
it will eliminate the secrecy which currently shrouds the coating deposition process when
external coating companies are contracted to do a job. By being able to exert full control
over the deposition process, the effect of individual deposition parameters (such as
temperatures, gases within the chamber, ion energies etc) upon a coating’s bulk and shear

loss can be more easily investigated.

This chapter will outline the criteria of what makes a good substrate in mechanical loss
experiments before using this criteria to compare membrane performance against other
commonly used substrates: silicon cantilevers, silica cantilevers and silica discs. The bulk
and shear losses of a silica coating deposited upon a membrane and cantilever substrate will
then be calculated and conclusions will be drawn as to whether membranes could/should be
used in future experiments to calculate the bulk and shear losses of a coating. An
investigation into the effect of heat treatment upon the optical absorption of silicon nitride
membranes at both 1064 and 1550 nm will then be presented. Lastly, the possibility of using
a silicon nitride coating in the Einstein Telescope (ET) will be examined by calculating the
silicon nitride’s coating thermal noise and absorption, and comparing these values to the

detector’s requirements.
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Part of the work presented in this chapter (Section 6.7.2 onwards) was published in Physical
Review Letters. The paper was called “Silicon-based optical mirror coatings for ultrahigh

precision metrology and sensing” [181].

6.2 Criteria of an ideal substrate used in mechanical loss

experiments

The ideal substrate used in mechanical loss experiments (explained in Section 3.3) has:

1. no sensitivity to clamping conditions,
2. the same mechanical loss as nominally identical substrates,

3. as low a mechanical loss as possible.

1. Before the mechanical loss of a coating can be determined, the loss of the substrate which
the coating is deposited upon must be known. To measure the loss of a substrate, the substrate
must be supported in some way (in Chapter 3 the cantilevers were clamped, whilst the disks
were suspended using silica fibres) which does not create additional mechanical loss. By re-
clamping/ re-suspending the substrate and taking more loss measurements, it is possible to
estimate the true loss of the substrate. However, re-clamping/re-suspending the substrates is
not optimum and comes at a cost, most notably it is not time efficient and it leads to a higher
probability of damaging the substrate. Therefore, the ideal substrate to use in mechanical

loss experiments is one which is insensitive to clamping conditions.

2. Having to measure every substrate before a coating is deposited upon its surface is
extremely time consuming. The ideal substrate is therefore one which can exhibit the same
mechanical loss as nominally identical substrates as this would eliminate the need to measure

all samples.

3. Inamechanical loss experiment, the loss of the substrate and coated substrate is measured,
before the loss of the coating can be determined. If the substrate has a very high loss, the
addition of a coating will only change the loss of the uncoated sample by a miniscule amount
(as the coating is much thinner than the substrate). This small change in loss between coated
and uncoated samples is difficult to measure and results in large errors. By reducing the loss
of the uncoated substrate, the measurement becomes more sensitive to the effect of the

coating. It is therefore ideal to have a substrate with as low a loss as possible.
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These criteria will now be used to assess the performance of membranes as a substrate in
mechanical loss experiments compared to other commonly-used substrates such as: silicon

cantilevers, silica cantilevers and silica discs.

6.3 Performance of membrane substrate

6.3.1 Sensitivity to clamping conditions

One edge of a membrane’s frame (Figure 5-1) was clamped using a steel clamp contained in
a vacuum chamber (as described in Chapter 3) and the mechanical loss of the membrane’s
modes were measured. The membrane was re-clamped multiple times and the measurements
repeated. This process was repeated for another three nominally identical membranes. Figure
6-1 shows the losses of one of the membranes that was clamped multiple times. The spread
in modal losses shown in Figure 6-1 was observed to be similar for each of the membranes

measured.
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! : ' : ' ‘ ' e Clamp 2
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Frequency (Hz)

Loss

Figure 6-1: Measured losses of an uncoated membrane. The membrane was clamped 5 times and the losses of
the various modes measured each time. Black ellipsoids are used to indicate all losses measured for a

particular mode.

To determine the sensitivity of the membrane loss to clamping conditions, a standard

deviation of the loss measurements for each mode was calculated. The average of all of these
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standard deviations (for all modes and all membranes) was then calculated and is listed in

Table 6-1. This value is called the membrane’s sensitivity value.

Sample Sensitivity value
Membrane 3.290 x 107°
Silica cantilever 2.913 x 107°
Silicon cantilever 6.393 X 107°
Silica disc (wire suspension) 47 x 1078
Silica disc (GeNS) 3.1x10°8

Table 6-1: Sensitivity values of different substrates. Substrates with a higher sensitivity value show a greater
spread in modal losses due to clamping. Silicon cantilevers are the most sensitive to clamping conditions whilst
silica disc are the least affected.

Sensitivity values were also calculated for silica cantilevers, silicon cantilevers and silica
discs, and are shown in the table. The loss of 4 nominally identical silica cantilevers was
measured. Each cantilever was clamped multiple times and each time its loss was re-
measured. Two of the silica cantilevers showed little sensitivity to clamping (as shown in

Figure 3-39) whilst the other two showed a greater sensitivity (as shown in Figure 6-2).
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Figure 6-2: Measured losses of a silica cantilever. The cantilever was clamped 4 times and the losses of the
various modes measured each time. Black ellipsoids are used to indicate all losses measured for a particular

mode.
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This process was similarly repeated for 4 nominally identical silicon cantilevers. Figure 6-3

shows the losses of one of these cantilevers.

The loss of a silica disc can be measured using either the suspension setup described in
Chapter 3 or using a GeNS (Gentle Nodal Suspension) setup where the disc is supported
using a ball bearing positioned at the centre of the disc [182]. The losses of 7 different silica
discs were measured using the suspension setup (4 discs) and the GeNS setup (3 discs). In
both setups, discs were re-clamped multiple times and the losses remeasured after each new

clamp. Figure 6-4 shows the measured losses of one of the discs using the suspension setup.
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Figure 6-3: Measured losses of a silicon cantilever. The cantilever was clamped 5 times and the losses of the

various modes measured each time. Black ellipsoids are used to indicate all losses measured for a particular

mode.
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Figure 6-4: Measured losses of a silica disc (using the silica wire suspension setup). The disc was suspended

4 times and the losses of the various modes measured each time. Black ellipsoids are used to indicate all losses

measured for a particular mode.

The losses of three silica discs that had each been suspended multiple times using the GeNS

setup were measured. Figure 6-5 shows the measured losses for one of the discs.
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Figure 6-5: Measured losses of a silica disc (using the GeNS setup). The disc was suspended 4 times and the
losses of the various modes measured each time. Black ellipsoids are used to indicate all losses measured for

a particular mode.

Comparing all of the sensitivity values in Table 6-1, it can be seen that to minimise clamping
effects in loss experiments, it would be optimum to use a silica disc (and GeNS setup).

Silicon cantilevers were found to be the most sensitive substrate to re-clamping effects.
6.3.2 Similarity to nominally identical substrates

Figure 6-6 shows the lowest measured losses for a number of modes of 4 nominally identical

silicon nitride membranes.
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Figure 6-6: Lowest modal losses measured for 4 nominally identical membranes. Black outlines are used to

group the same mode’s measured losses.

To determine the similarity of the membranes’ losses, a standard deviation of the loss of
each mode was calculated. An average of all of the mode’s standard deviations was then
calculated. This value is listed in Table 6-2 and is called the dis-similarity value (as a higher
value means the substrates are less similar). This calculation was similarly performed on 4
silicon cantilevers, 4 silica cantilevers, 4 silica discs (using the silica wire suspension

technique) and 3 silica discs (using the GeNS setup). Figures 6-7. 6-8, 6-9 and 6-10 show
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the lowest measured losses for the nominally identical samples (silicon cantilevers, silica
cantilevers, silica discs (using the silica wire suspension technique) and silica discs (using

the GeNS setup) respectively). The dis-similarity values for these substrates are listed in

Table 6-2.

Sample Dis-similarity value
Membrane 2.104 x 107°
Silica cantilever 3.554 x 107°
Silicon cantilever 3.155 x 107°
Silica disc (wire suspension) 3.6 x 1078
Silica disc (GeNS) 2.5x1078

Table 6-2: Table listing the dis-similarity values of the different substrates. Silica discs measured using the

GeNS setup show the greatest similarity in loss whilst the silica cantilever shows the least similarity.
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Figure 6-7: Lowest modal losses measured for 4 nominally identical silica cantilevers. Black ellipsoids are

used to group the same mode’s measured losses.
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Figure 6-8: Lowest modal losses measured for 4 nominally identical silicon cantilevers. Black ellipsoids are

used to group the same mode’s measured losses.
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Figure 6-9: Lowest modal losses measured for 4 nominally identical silica discs. The losses were measured

using the silica wire suspension setup. Black ellipsoids are used to group the same mode’s measured losses.
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Figure 6-10: Lowest modal losses measured for 3 nominally identical silica discs. The losses were measured

using the GeNS setup. Black ellipsoids are used to group the same mode’s measured losses.

Table 6-2 shows that silica cantilevers exhibit the least similarity between their measured
mechanical losses whilst silica discs (that were measured in the GeNS setup) showed the

most similarity.
6.3.3 Magnitude of loss

Due to the frequency dependence of the different substrates’ modal losses, it is difficult to
rank which substrate is best to use in mechanical loss experiments based purely upon the

magnitude of their losses.

An attempt to rank their performance can be made by first taking a simple average of the
substrates’ modal losses. Table 6-3 lists the average modal loss of the different substrates.
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Sample Average loss

Membrane 3.91x10°°

Silica cantilever 8.92 x 10

Silicon cantilever 3.010 x 107°
Silica disc (wire suspension) 8x1078
Silica disc (GeNS) 2.2x1077

Table 6-3: Table listing the average modal loss of the different substrates. Silica discs measured using the wire
suspension setup have the lowest loss whilst silicon cantilevers have the highest loss.

The silica discs exhibit the lowest average modal loss. In Figure 6-6 to 6-10, it can be seen
that the highest modal loss of a silica disc is lower than almost every other substrate’s
individual modal losses (with the exception of 3 silica cantilever modes). Furthermore, it
can also be observed that silica discs have the lowest measured substrate modal loss. For the
range of frequencies investigated, it can be argued that based upon the sole criteria of a
substrate’s magnitude of loss, silica discs are the best substrate to use in mechanical loss
experiments. Different batches of silica discs were used in the silica wire suspension setup
and in the GeNS setup, thus explaining the difference in average loss value. It is suspected
that the larger average loss value of the silica discs used in the GeNS setup, is caused by
some of the discs having unpolished edges (as polished edge discs have been shown to have

lower loss than unpolished edge discs [144]).

In Table 6-3 silicon cantilevers exhibit the highest average modal loss. In Figure 6-6 to 6-
10, the lowest silicon cantilever modal loss can be seen to be higher than the lowest modal
loss of each of the other substrates. Furthermore, it can also be observed in these graphs that
the silicon cantilever has the highest measured modal loss for all substrates. It can therefore
be argued that silicon cantilevers are the worst substrate to use in mechanical loss
experiments based solely upon the criteria of the magnitude of a substrate’s modal losses
(for these frequencies investigated). It is difficult to rank the performance of the membrane
substrate relative to the silica cantilever, however their performance is somewhere between

the silica discs and silicon cantilevers.
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6.3.4 Conclusion

Based upon a substrate’s sensitivity to clamping, similarity of loss to nominally identical
substrates and magnitude of modal losses, silica discs can most likely make the claim to be
the best substrate to use in mechanical loss experiments. Silicon cantilevers were shown to
be the most sensitive to clamping, the second most dis-similar to nominally identical
substrates and have the highest average loss. Based upon these results it can be argued that
silicon cantilevers are the worst substrate to use in mechanical loss experiments. Membranes
were observed to have the lowest average loss after silica discs, the second most sensitive
substrate to clamping and have the second least variation of loss for nominally identical
substrates (behind silica discs). Furthermore, one criteria of a substrate which was not
discussed earlier but indicates that membranes would be the optimum substrate to use in
mechanical loss experiments, is the thickness of the substrate. Thinner substrates make better
substrates in mechanical loss experiments as more of the vibrational energy is stored within
the coating. This means mechanical loss measurements are most sensitive to directly
determining the loss of the coating and are less sensitive to measurement errors. Membranes
are the thinnest of the substrates tested and for this reason are the most sensitive to measuring
the loss of the coating. This greater sensitivity to the coating can be observed by calculating
the average ratio of energy stored in the substrate and coating for a 500 um thick tantala
coating deposited upon a silicon cantilever (54), silica cantilever (48), silica disc (860) and
silicon nitride membrane (3). It can be observed that the membrane is the most sensitive to
the loss of the coating as it has the lowest energy ratio as a greater proportion of the

vibrational energy is stored in the coating,

To conclude, if any substrate can be selected to be used in a mechanical loss experiment,
then preference should probably be shown in using silica discs before membranes. However,
when membranes have to be used as a substrate (as in the case when the coating deposition
chamber is very small), membrane performance is expected to be better than silicon

cantilevers.
6.4 Reducing the membrane clamping effect

The loss results in Section 6.3 were measured with the membranes clamped, from the top
and bottom, along one of their silicon frame edges. However, as described in Chapter 5, the

silicon nitride membrane component extends over the silicon frame. Since the membrane
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itself was being clamped, it was suspected that the clamping process could be changing the
membrane’s mechanical loss as a result of “stick-slip” losses (which describe frictional
losses associated with energy being lost from the oscillator into the clamp [183]). To limit
the possible effect of clamping upon the membrane’s losses, a membrane holder was
designed. This holder enabled the membrane to be fixed in position (essential for loss
measurements to be made) but did not require the membrane to be directly clamped or
touched. Instead the sides of the membrane’s frame (where no membrane is present) was
held stationary by the holder. One of the holder’s edges was then clamped using a steel clamp
in a vacuum tank and the losses of the membrane measured. The holder that was tested is
shown in Figure 6-11. Clamping the holder and designing its thickness to be > 1000 times
the membrane thickness, helped to attenuate any “stick-slip” losses (as the magnitude of
these losses are proportional to the ratio between the oscillator thickness and clamped objects
thickness).

Using this holder had the effect of increasing the membrane’s sensitivity value (making it
more sensitive to clamping). Furthermore, the holder also had the effect of increasing the
measured losses of the membrane resulting in them being at least 6 times larger than when
they were not used. In summary, the spread in membrane losses due to clamping could not
be reduced by using this holder. Other holders were also investigated. These had similar
effects upon the measured losses. In one measurement, the membrane was left unclamped
and just resting upon a metal block in the vacuum chamber. This too resulted in much larger

mechanical losses being measured.
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Figure 6-11: Schematic of vacuum compatible PVC membrane holder. The membrane was snapped into the
holder which held it fixed.

6.5 Coating bulk and shear loss using a membrane

The ultimate test as to whether a membrane can be used as a substrate in mechanical loss
experiments is to coat the membrane and another type of substrate with the same coating and

calculate the coating’s bulk and shear losses for both substrates.

A 500 x 10~° m thick silica coating was deposited upon a membrane and silica cantilever.
The losses of the coated membrane as well as its thermoelastic loss are shown in Figure 6-
12. The thermoelastic loss of the silica coated membrane plus some offset is not equal to the

measured coated losses.
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Figure 6-12: Coated membrane’s measured losses. The coated membrane was clamped 4 times and its losses
measured after each clamping. The 4 coated modes labelled a to d will be used to calculate the bulk and shear
losses of the coating. The fitted line fits to the lowest measured modal losses. It too will be used to calculate

the coating’s bulk and shear losses. The FEA thermoelastic loss of the coated membrane’s modes is also shown.

The uncoated losses of the membrane were not measured before the coating was deposited.
To calculate the bulk and shear losses of the coating, it was assumed that the uncoated losses
of the membrane were equal to the average of the previously measured four membranes’
lowest modal losses (shown in Figure 6-6). Figure 6-13 shows the uncoated membrane’s

assumed losses (as well as it’s calculated thermoelastic loss).
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Figure 6-13: Assumed uncoated membrane losses. Each modal loss was calculated by averaging the 4
uncoated membrane modal losses shown in Figure 6-6. The 4 uncoated losses labelled a to d will be used to
calculate the bulk and shear losses of the coating. The FEA thermoelastic loss of the uncoated membrane’s

modes is also shown.

The mode frequencies of the coated membrane are approximately 42 % of those of the
uncoated membrane (see modes labelled a to d in Figures 6-12 and 6-13). This is due to the
total net force of the coated and uncoated membranes being different from one another (as
it can be observed in Equation (5.4) that the stress of a membrane determines it’s mode
frequencies). The coated membrane has a total net force (of 0.33 N) which is lower than that
in the uncoated membrane (of 1.34 N). These net forces were determined by an FEA model,
in which the net force was adjusted until the mode frequencies agreed with the measured
values. This process, and the best match obtained to the experimental data, is illustrated in
Figures 6-14 and 6-15.
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Figure 6-14: Measured and computationally determined uncoated membrane mode frequencies. The
computationally determined mode frequencies were calculated for a range of differently stressed uncoated

membranes. The total net force of the membrane and its stress are listed in the legend.
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Figure 6-15: Measured and computationally determined coated membrane mode frequencies. The membrane
was coated with a 500 x 10~° m silica layer. The computationally determined mode frequencies were
calculated for a range of differently stressed coated membranes. The total net force of the coated membrane,

the stress of the membrane and the stress of the coating are listed in the legend (in this order).
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To determine the mode-dependent silica coating losses and the coating’s bulk and shear
losses, the ratio of energies stored in the membrane and coating must be known. In Chapter
3, it was observed that this energy ratio for coated cantilevers could be affected by the stress
and curvature of the coated cantilever. It is therefore necessary that when the membrane’s
energy ratios are calculated, the stress in the membrane and coating are properly accounted
for (however, the effects of curvature were not investigated here, as there is no obvious
membrane curvature and if it is curved, it is very small). Whilst it can be observed in Figure
6-15 that the net force in the coated membrane is 0.33 N (as it best replicates the measured
mode frequencies), the exact individual stresses in the membrane and coating are unknown.
In Figure 6-15 it was merely assumed that there was 33 x 10° Pa of stress in the membrane
and 0 Pa of stress in the coating, however there are an infinite number of combinations of
stress in the membrane and coating which can result in the same net force and same
computational frequencies being obtained. Some of these combinations are listed in Table
6-4.

Net force in coated Stress in membrane Stress in coating

membrane (N) x 10° (Pa) x 10° (Pa)
0.33 33 0
0.33 26.3 26.3
0.33 134 -404
0.33 0 132
0.33 300 -1068

Table 6-4: Selected combinations of membrane and coating stress which result in the coated membrane

having the same net force of 0.33 N.

The coated membrane’s energy ratios were calculated for the different combinations of

membrane and coating stress listed in Table 6-4. The values are shown in Figure 6-16.
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Figure 6-16: The energy ratio (between substrate and coating) calculated for different stresses in the coating

and membrane.

It can be observed that for the range of stresses tested, the coated membrane’s energy ratio
changes by less than 4 % for all modes. Whilst coated membrane models which have larger
absolute values of stress in the coating and membrane may exhibit a change in energy ratio
greater than 4 %, it is unlikely that the silica coating in reality experiences a stress more
negative than the model which assumed a value of -1068 x 10° Pa. This is expected as the
same coating deposited upon silicon cantilevers (using the same deposition method) was
measured to have a stress between -400 x 10° Pa and -700 x 10° Pa [54]. Since silicon
nitride has a thermal expansion coefficient more similar to silica than silicon to silica (and
the magnitude of the stress in the coating is related to the mismatch in the coating and
substrate’s thermal expansion coefficients), the stress of the silica coating on a silicon nitride
substrate should be less negative than that deposited on a silicon substrate. Under the
assumption that the stress of the silica coating is not less than -1068 x 10° Pa, the coating’s
mode dependent coating losses were calculated. The mode-dependent losses of the coating
were determined using an average of the differently stressed model’s energy ratios (shown
in Figure 6-16).

Whilst many modes of the coated membrane were measured, only 4 mode-dependent coating
losses were able to be determined (labelled a to d in Figures 6-12 and 6-13). This was

because it was often not possible to measure the loss of the coated membrane’s degenerate
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mode pairs meaning most of the coated losses could not be matched to their corresponding
uncoated loss. Furthermore, if the loss of a degenerate mode pair was measured, then it was
often only measured for one clamp, implying little confidence in the measured loss of the
mode. Modes whose loss was only measured once (for one clamp) were not used to calculate
the coating’s mode dependent loss. The higher loss mode in a degenerate mode pair was also
not used to calculate coating loss (as it was suspected that this loss exhibited higher loss due
to coupling with the frame). One of the four calculated mode dependent coating losses were
determined to be negative, implying that the assumed uncoated loss of the membrane was
too large (a in Figures 6-12 and 6-13). The three non-negative mode dependent coating

losses are shown in Figure 6-17 along with their one standard deviation random errors.
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Figure 6-17: Experimentally determined loss of the silica coating deposited upon a membrane. The error bars
represent the one standard deviation random error of the mode dependent coating losses. The best fit mode
dependent coating losses were used to calculate the bulk and shear losses of the silica coating (described in
Chapter 3).

To calculate the bulk and shear losses of the silica coating, the relative energy stored in bulk
and shear motion had to be determined for each mode. However as described in Section
3.6.3, it is not possible to calculate the ratio of coating energy stored in bulk energy and
shear energy when the FEA model being solved is stressed (as this leads to unphysical
negative energies). These ratios were therefore calculated using an unstressed model. The

calculated values of the silica coating’s bulk and shear losses are therefore only relevant if
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these ratios do not change with coating and membrane stress. Figure 6-17 shows the quality
of the fit used to determine the bulk and shear losses as well as the one standard deviation
random errors. The silica bulk and shear losses were determined to be (0.2 + 1.0) x 1077
and (6.00 + 1.00) x 10~° respectively (where the errors listed are total errors, combination
of systematic and random). For comparison, the same coating on a silica cantilever substrate
was analysed, giving a bulk and shear loss of (9.76 +1.70) x 10~* and (2.51 +
0.40) x 10~* (where the total errors are again listed). Figure 6-18 shows the experimental
loss of the silica coating determined on the silica cantilever. The quality of the fit used to
determine the bulk and shear losses of the coating are also shown in this figure.
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Figure 6-18: Experimentally determined loss of the silica coating deposited upon a silica cantilever. The error
bars represent the one standard deviation random error of the coating losses. The fitted coating losses were
used to calculate the bulk and shear losses of the silica coating (described in Chapter 3). The four modes with

the highest losses are all bending modes, whilst the four with the lowest losses are torsional modes.

The two sets of bulk and shear losses are significantly different from one another. The bulk
loss of the coating deposited upon the membrane substrate is approximately 50000 times
less than that calculated with the silica cantilever substrate, whilst the shear loss determined
for the coating on the membrane substrate is 40 times less than that obtained using the silica
cantilever. Furthermore, the coating’s shear loss is determined to be significantly larger than
its bulk loss when the membrane is used as the substrate whilst the opposite is observed

when a silica cantilever is used. It is suspected that the most likely reasons for this difference
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in results are: the ratio of coating energy stored in bulk energy and shear energy varying with
membrane and coating stress; that the loss of the coating deposited upon the membrane
should be calculated using uncoated and coated losses which are of the same frequency; that
the uncoated losses of the membrane were overestimated as they are unknown and some

effect of stress upon thermoelastic loss.

The bulk and shear losses of the silica coating deposited upon the membrane were
recalculated using coated and uncoated membrane losses of the same frequency to determine
whether this explains the difference in the bulk and shear losses presented earlier for the
membrane and cantilever substrates. In Figure 6-12, there is a general trend of the lowest
coated losses following a smooth upward trend with frequency. A line was therefore fitted
through the lowest modal coated losses which was then used to estimate a coated loss at each
of the measured uncoated mode frequencies. Using the same energy ratios as before (which
assumed that the coated membrane had a net force of 0.33 N), the loss of the coating was
determined at each uncoated mode frequency. The non-negative coating losses are shown
in Figure 6-19. It should be noted that just as with the previous analysis, the losses of the
coating were not determined using the higher loss mode in a degenerate mode pair. The one
standard deviation random errors of the coating loss are shown. To determine these errors,
it was assumed that the error in the coated loss was equal to the fitted lines 67 % confidence

limit.
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Figure 6-19: Experimentally determined loss of the silica coating deposited upon a membrane. The error bars
represent the one standard deviation random error of the mode dependent coating losses. The best fit mode
dependent coating losses were used to calculate the bulk and shear losses of the silica coating (described in
Chapter 3).

The silica bulk and shear losses were determined to be (0.2 + 1.0) x 107> and (2.2 +
0.5) x 107> respectively (where the errors listed are total errors). Comparing these bulk and
shear losses to those previously calculated for the coating deposited upon the membrane, it
can be observed that the bulk losses are insignificantly different from one another, but the
shear losses are significantly different from one another. Furthermore, comparing these new
bulk and shear losses to those determined for the coating on the cantilever, it can still be
observed that the bulk and shear losses for the different substrates are significantly different
from one another. It can therefore be concluded that using coated and uncoated losses of the
same frequency to determine the loss of the coating does not explain the difference in the

bulk and shear losses of the coating deposited on the membrane and cantilever.

The bulk and shear losses of the coating deposited upon the membrane were re-calculated
assuming a zero uncoated membrane loss, to see whether an overestimation in the uncoated
loss of the membrane could explain the discrepancy in the different substrate’s bulk and
shear losses. The modal losses of the coating, shown in Figure 6-19, were therefore
recalculated assuming a zero uncoated membrane loss. These new losses of the coating are

shown in Figure 6-20. The one standard deviation random errors of the coating loss are
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shown. To determine these errors, it was assumed that the error in the coated loss was equal

to the fitted lines 67 % confidence limit.
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Figure 6-20: Experimentally determined loss of the silica coating deposited upon a membrane. The error bars
represent the one standard deviation random error of the mode dependent coating losses. The best fit mode
dependent coating losses were used to calculate the bulk and shear losses of the silica coating (described in
Chapter 3).

The silica bulk and shear losses were determined to be (0.8 4+ 2.0) x 107> and (2.95 +
1) X 107> respectively (where the errors listed are total errors). This result is not
significantly different to the result obtained previously which solely took into account the
change in mode frequencies following coating deposition. Furthermore, these new bulk and
shear losses are still significantly different from those obtained using a silica cantilever
substrate. Overestimating the uncoated loss of the membrane can therefore not explain the

difference in the different substrate’s bulk and shear losses.

One previously hypothesised explanation was the effect of stress changing the uncoated
membrane’s thermoelastic loss when the coating is deposited upon it. In Chapter 4, FEA
modelling suggested that the stress caused by the deposition of a coating onto a cantilever
did not change the cantilever’s thermoelastic loss as the net force of the coated cantilever
and uncoated cantilever was the same (0 N). However, the coated membrane and uncoated
membrane have different net forces as a result of the membrane being fully constrained by

the frame (the frame imparts an equal and opposite force to the coated membrane). The
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thermoelastic loss of the uncoated and coated stressed membranes can be observed in Figure
6-12 and 6-13. It can be observed that the thermoelastic loss of the coated membrane is larger
than the loss of the uncoated membrane as a result of stress relief increasing the thermoelastic
loss. Using measured uncoated losses to calculate the loss of the coating would therefore
overestimate the loss of the coating. However, since the measured losses of the membrane
are not dominated by thermoelastic loss this error will be small. What this all means though
is that stress effects upon thermoelastic loss cannot explain why the bulk and shear losses of
the silica coating deposited upon the membrane are smaller than that calculated for the

coating on the silica cantilever.

It is known in the literature that tensile stress can reduce the loss of silica [184]. Based upon
the usual arguments of the mismatch in the coating and substrate’s thermal expansion
coefficients causing the stress in the coating and substrate, it is likely that the silica coating
on silicon nitride is under compressive stress. However, this usual argument does not account
for the effect of the membrane’s frame. If the frame has the effect of inducing a tensile stress
in the coating then it could be expected that this tensile stress would be larger than that of
the coating deposited upon the silica cantilever (as the cantilever and coating have the same
thermal expansion coefficients). If this is true, then the intrinsic loss of the silica coating
deposited on the membrane could be less than the intrinsic loss of the coating deposited upon
the silica cantilever. This would provide an explanation for the low loss of the coating

calculated on the membrane. However, this should be further investigated.

As shown for other coatings investigated in this thesis (Chapter 3), it is not expected that

Fejer thermoelastic loss has a significant effect upon the bulk and shear losses of the coating.

Until the difference in the bulk and shear losses of the silica coating deposited upon the
membrane and silica cantilever can be explained, membranes should not be used as

substrates in mechanical loss experiments.
6.6 Bulk and shear loss: Tantala coating

A 500 x 1079 m thick tantala coating was deposited upon a membrane and silica cantilever.
Attempts were made to determine the bulk and shear losses of the coatings. However, it was
not possible to determine the bulk and shear losses of the coating deposited upon the

membrane as the coated membrane’s losses could not be measured. The coated membrane’s
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losses could not be measured due to the existence of wrinkles across the coated membrane’s
surface which caused aberrations in the laser light that was used to monitor the membrane’s
motion (Chapter 3). These wrinkles were most likely formed by the creation of compressive
stress in the coated membrane caused by coating deposition [167]. These wrinkles were not
present on the silica coated membrane. Figure 6-21 illustrates what the wrinkles across the

coated membrane’s surface looked like.

Figure 6-21: Image illustrating the wrinkles formed across the coated membrane’s surface [185].
6.7 Silicon nitride as a highly reflective coating material

Future gravitational wave detectors that will be operated at cryogenic temperatures (such as
the ET) are expected to be limited in sensitivity by the thermal noise of the highly reflective

mirror coatings.

Amorphous silicon is being considered as a possible material due to its very low mechanical
loss (< 2 x 10™°) at temperatures below 30 K [113]. However, a gravitational wave detector
coating made of amorphous silicon/silica would be dominated by the mechanical loss of the
silica layers (the currently used low index material in a gravitational wave detector coating)

[54]. Finding an alternative low-index material to silica is therefore important.

Silicon nitride has been measured to have a low mechanical loss at both cryogenic [164] and
room temperature (shown in Figure 6-6). This section will present the results of an
investigation in to whether an improvement in the ET’s thermal noise and absorption can be
obtained by using a coating made from silicon nitride and amorphous silicon instead of using
the Advanced LIGO coating (made from silica and titania doped tantala). This will involve
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measuring the heat-treated absorption of silicon nitride as well as calculating the thermal

noise of an amorphous silicon/ silicon nitride highly reflective coating stack.

The section will conclude by proposing an optimum solution to minimising the absorption
and thermal noise in the ET. This solution is to construct a “multi-material” coating [115,
114] made from silica, titania doped tantala, silicon nitride and amorphous silicon. By
constructing a multi-material coating where the detector laser light first interacts with the
lower absorbing but higher loss bi-layers (silica and tantala) and then the lower loss but
higher absorbing bi-layers (amorphous silicon and silicon nitride) underneath them, the
absorption and thermal noise of the detector can be optimised. The thermal noise and
absorption of this multi-material coating will be compared to the ET’s low frequency (LF)

design specifications.
6.7.1 Membrane Absorption

It is important to investigate the effect of heat-treatment upon a silicon nitride membrane’s
absorption as there is evidence in the literature of materials showing a reduced absorption
with heat-treatment [186]. Heat-treated silicon nitride could therefore be beneficial in
reducing a detector’s absorption (if it were to be used as a coating material). Furthermore, if
amorphous silicon is to be used as a detector coating material it needs to be heat treated at
450 - 500 °C to reduce its absorption to a reasonable level [186]. If a detector coating is
going to be made from both silicon nitride and amorphous silicon (as proposed earlier and
will be investigated later) it is important to identify how this level of heat-treatment could
affect silicon nitride’s absorption. Whilst the absorption of silicon nitride has been measured
in previous research papers [112] as well as this thesis, this is the first time known to the

author that the effect of heat-treatment upon membrane absorption has been investigated.

The absorption of a heat-treated silicon nitride membrane was measured at both 1064 nm
and 1550 nm using photothermal common path interferometry or PCI for short (described in
Chapter 5). The absorption of the membrane was measured as-deposited as well as after it
had been heat treated at 200 °C, 400 °C, 600 °C, 800 °C and 900 °C for 3 hours. As
mentioned in Chapter 5, it is essential for calibration purposes that the absorption of the
membrane is measured when it is aligned relative to the pump and probe beams of the PCI
setup at maximum transmission. In Chapter 5, this maximum transmission of the pump and

probe laser beams was obtained by angling the membrane at 50 degrees to the probe beam
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and at 64 degrees to the pump beam. The membrane used for these heat-treated absorption
measurements could not be aligned simultaneously to maximise both the pump and probe
beams. This is due to the PCI setup easily enabling the angle between the pump beam and
membrane to change, the angle between the probe beam and membrane to change but not
the angle between the pump beam and probe beam to change. The angle between the pump
and probe laser beams in the PCI setup is 14 degrees and out of sheer fortune this angle
enabled a maximum transmission of the pump and probe beams to occur simultaneously for
the membrane discussed in Chapter 5. However, this angle did not enable the pump and
probe beams which passed through the heat-treated membrane to be maximised (it is
suspected that this could be due to small changes in the membrane’s optical thickness and
geometry). To vary this angle between the pump and probe beams would require major
changes to the PCI setup. These were not pursued. Instead two absorption measurements
were made at each heat-treatment and pump beam wavelength, one when the membrane was
aligned to give a maximum probe transmission and the other when the membrane was
aligned to give a maximum pump transmission. It is important to note that the PCI signal is
proportional to the membrane’s absorption in both cases, and while there might be some
uncertainty as to the precise value of the absorption, the two sets of values are useful in
developing an estimate of membrane absorption and how it changes with temperature. The
heat-treated absorption results are presented in Figure 6-22. It should be noted that some of
the heat-treated steps only quote an absorption value for either a maximum pump or probe
beam as this inability to maximise both the pump and probe beams simultaneously was not
thought to be a significant issue during the time when the measurements were taken. A 10
% error has been assumed for each absorption value. This is because a calibration sample’s
absorption is measured before and after every measurement shown in Figure 6-22. If the
sample’s absorption changes by more than 10 % then the heat-treated measurements are re-

taken.
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Figure 6-22: Measured absorption of a heat-treated membrane at both 1064 and 1550 nm wavelengths.

From the results shown in Figure 6-22, it is clear that the absorption of the membrane is
greater at the 1064 nm wavelength than the 1550 nm wavelength. This is because silicon
nitride’s bandgap is approximately 5.5 eV [187] (corresponding to a wavelength of 220 nm).
Hence as the laser beam wavelength is increased from 1064 nm to 1550 nm, the absorption
of the material decreases as the number of photons which can cause the silicon nitride
electrons to jump their bandgap decreases at higher wavelength. From the figure, it also
appears that heat-treatment (at temperatures between 0 and 900 °C) does not significantly
change the absorption of the membrane. However, this is perhaps not surprising since the
membrane was fabricated at 900 °C (which was learned post-measurements). In the future,
higher heat-treated temperatures should be tested to investigate whether they have an effect

upon absorption.
6.7.2 Coating thermal noise theory

As described in Chapter 2, a highly reflective mirror coating is typically made from
alternating layers of different materials. In this section, the thermal noise of a multi-layer
coating deposited upon a substrate (S, (f)) was calculated using a variation of Equation

(2.26) [188]:
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where k;, is the Boltzmann constant, T is the temperature, f is the frequency, w, is the

distance over which the electric field amplitude of the laser beam falls to eiz of its maximum

value,
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(6.3)

(6.4)

(6.5)

(6.6)

6.7)

d represents the coating thickness, ¢ is the mechanical loss and the subscripts 1 and 2 refer

to the alternating coating material properties. As described in Chapter 2, ¢, and ¢, are

physically interpreted as being the parallel and perpendicular mechanical losses of the

coating.

Whilst it would have been ideal to calculate the thermal noise of a coating using Hongs’

approach (outlined in Section 3.2), Harry’s approach (Equation (6.1)) was used as bulk and
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shear losses for the coating materials later investigated were not known (Advanced LIGO

silica coating and silicon nitride coating)
6.7.3 Reflectivity of mirror coatings

Equations (6.1) to (6.7) show that the thermal noise of a coating is dependent upon its
thickness. The thickness of the coatings used in a gravitational wave detector are dictated by

the detector’s reflectivity requirements.

After the ET’s beam splitter there exists a partially transmissive mirror known as the input
test mass (ITM) mirror and a more highly reflective mirror, known as the end test mass
(ETM) mirror (in each of the detector’s arms). The ITM mirror has a higher transmission
(and lower reflectivity) than the ETM mirror to enable light to be injected into the Fabry-
Perot cavity formed by the ITM and ETM mirrors. To satisfy the ET-LF’s technical
specifications, the ITM mirror must have a reflectivity of 99.8 % whilst the ETM must have
a reflectivity of 99.9995 % [189]. To meet these different mirror specifications, different

thicknesses of a highly reflective coating are required to be deposited upon each test mass.

A standard highly reflective coating design uses alternating layers of two materials of
different refractive index (where one of the materials has a high refractive index and the

other a low refractive index). The thickness (t) of each layer is given by:

t=—, 6.8
i (6.8)

where n is the refractive index of the material used in the layer and A represents the
wavelength at which high reflectivity is required. The reflectivity of a coating is dependent
upon the number of pairs of alternating layers as well as the difference in the refractive
indices of the layers. The reflectivity (R) of a coating comprised of an even number (2N) of

these alternating layers is calculated using [190]:
(6.9)

where n; is the refractive index of the test mass, n,,, is the refractive index of the medium in
2N
front of the coating and y = (2—“) , Where ny and n; denote the refractive indices of the
L

alternating high and low index layers respectively. If the coating is comprised of an odd
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number (2N+1) of these alternating layers, then the coating’s reflectivity is calculated using
[190]:

n2y — ny,\
Roysq = (71%3/—+11,mn> . (6.10)

From Equations (6.9) and (6.10) it can be observed that a coating can be made more
reflective by increasing the number of layers or by increasing the difference in refractive
index between the two coating materials. Since increasing the thickness of a coating results
in an increase in thermal noise (Equation (6.1)), it is therefore more beneficial to maximise
the difference in the two coating materials’ refractive indices in order to increase coating

reflectivity.

6.7.4 Thermal noise and absorption

Using the Advanced LIGO coating materials, silica and titania doped tantala, 18 bi-layers
are required to achieve the ET-LF ETM reflectivity (calculated using Equation (6.9) and the
material properties listed in Table (6.5)).
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Titania doped sl Amorphous Silicon
ilica
Tantala silicon nitride
Refractive Index 2.05 [115] 1.44 [115] 3.48 [115] 2.17 [191]
Youngs modulus
140 [192] 72 [193] 147 [134] 270 [191]
(GPa)
Poisson ratio 0.23 [189] 0.17 [193] 0.22 [194] 0.27 [195]
8.6 x 1074 7.8 X 0.2x 107
Loss 0.01 x 10~*
[196] 1074 [121] [113]
Extinction 3.5x 107> 43 x107°
N N/A N/A
Coefficient [181] [181]

Table 6-5: List of the tantala, silica, amorphous silicon and silicon nitride material properties used in the
thermal noise and absorption calculations. Refractive indices are quoted at 1550 nm. The loss of the silica and
tantala materials were measured at 20 K whilst the loss of the amorphous silicon and silicon nitride materials
were measured at room temperature. The silicon nitride loss value was assumed from Figure 6-6. The
extinction coefficient of amorphous silicon was determined at 20 K and 2 um. The extinction coefficient of
silicon nitride was determined at 293 K and 2 um. The extinction coefficients of titania doped tantala and silica

are unknown.

Using Equations (6.1) to (6.7) as well as the material properties listed in Table 6-5, the
thermal noise of this coating deposited upon the silicon ETM was estimated to be
6.81 x 1072 m/Hz? at 10 Hz (centre of peak sensitivity region) and 20 K (assuming a
beam radius of 9 cm). In the case of the less reflective ITM coating, only 9 bilayers are
required resulting in a coating thermal noise of 4.68 x 1072 m/Hz2. The total thermal

noise (TTN) for the whole detector was then estimated to be 11.69 x 10~2* m/HzY?, using:

TTN = V2 x TNI2 + 2 X TNE? , (6.11)

248



6 Silicon nitride membranes

where TNI and TNE are the thermal noise contributions from the ITM and ETM
respectively. This value of total thermal noise is a factor of 3.44 above the ET-LF
requirement of 3.4 x 10~2* m/HzY2. Whilst this coating does not meet the ET’s thermal
noise requirements, it does satisfy the ET’s absorption requirement of 5 ppm [189] as this
coating has a calculated absorption value of 0.5 ppm (if Advanced LIGO’s coating
absorption is extrapolated for the thicker coating layers required when using a 1550 nm laser
and if identical extinction coefficients of the coating materials are assumed at 1550 nm and
1064 nm).

Now let’s consider whether a coating made from alternating layers of amorphous silicon and
silicon nitride can result in an improvement of thermal noise and absorption compared to the
silica and titania doped tantala coated test mass. At 1550 nm, amorphous silicon has a very
high absorption. In order to minimise this coating’s absorption, it will be assumed that the
ET-LF’s wavelength is now configured to be 2 um (instead of 1550 nm). Assuming
extinction coefficients of 3.5 x 10~> for amorphous silicon and 4.3 x 10~¢ for silicon
nitride [181], a coating absorption of 31 ppm is calculated at 2 um (which is still much larger
than the ET-LF’s limit of 5 ppm). To calculate this coating’s absorption (as well as the
coatings which follow), each coating layer’s electric field intensity and their extinction
coefficient is required to be known. To estimate the electric field intensity in each layer and
the coating’s absorption, thin film modelling tools were used. The ET-LF’s total thermal
noise is calculated to be 7.61 x 10722 m/HzY? which is a factor of 4.47 below the ET-LF’s
requirement (where 12 bilayers were required on the ETM resulting in a thermal noise of
4.45 x 10722 m/HzY2 and 6 bilayers on the ITM resulting in a thermal noise of 3.02 x 10722
m/Hz?). It should be noted that this value of total thermal noise is an approximation as a
room temperature mechanical loss and extinction coefficient of silicon nitride was assumed

in the calculations.

An amorphous silicon and silicon nitride coating is very promising from a thermal noise
perspective. However, to allow such a coating to be used in the ET-LF detector, the optical
absorption would need to be reduced by a factor of about 6. One way of solving the
absorption issue is to use a “multi-material” coating [114, 115]. In these coating designs, a
few layers of low-absorption silica and titania doped tantala are deposited on top of the
coating stack to reflect the majority of laser power, reducing the power in the more highly

absorbing amorphous silicon and silicon nitride layers below. This is a trade-off between
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absorption and mechanical loss, as the high loss of the silica and titania doped tantala layers
will increase the thermal noise of the coating. To satisfy detector absorption requirements
and ETM reflectivity requirements whilst also minimising the mirror’s thermal noise, 12
amorphous silicon and silicon nitride bilayers are required to be deposited upon the test mass
with a further 3 silica and titania doped tantala bilayers deposited on top. Figure 6-23
illustrates the structure of the “multi-material” and bilayer amorphous silicon/silicon nitride

coatings deposited upon the ETM test masses.

Titania
doped Ta O,

y'd
P SlO2
:|E2 x2

Silicon
Substrate

Silicon
Substrate

(a) (b)

Figure 6-23: Structure of the purely bilayer (a) amorphous silicon and silicon nitride coating, and (b) the

multi-material coating deposited upon an ETM silicon test mass.

The absorption of the multi-material coating is equal to 4 ppm and the thermal noise of the
coated test mass equal to 2.8 x 1021 m/HzY2. To satisfy detector absorption requirements,
ITM reflectivity requirements and minimise the mirror’s thermal noise, 4 amorphous silicon
and silicon nitride bilayers are required to be deposited upon the ITM with a further 3 silica
and titania doped tantala bilayers deposited on top. The absorption of this coating is 4.1 ppm.
The coated ITM’s thermal noise is equal to 2.78 x 10721 m/HzY2. Using Equation (6.11)
the total thermal noise of the detector is calculated to be 5.58 x 1072 m/Hz?, which is
only 64 % above the ET’s requirement. This represents a reduction of approximately 50 %
compared to the coating made purely from titania doped tantala and silica. Table 6-6
summarises the total thermal noise and average absorption of the different coatings
considered. Figure 6-24 shows the achieved strain sensitivity of the Advanced LIGO detector
and the planned sensitivity of the ET-LF detector. Also shown on this plot are the strains

associated with the total thermal noise of the ET-LF detector if the different coatings are
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used (where strain is equal to the total thermal noise divided by detector arm length, i.e. 10
km).

Coating Total thermal noise (m/HzY?) Absorption (ppm)
Titania doped Tantala / silica 11.69 x 10721 0.5
Amorphous silicon / silicon nitride 7.61 x 10722 31
Multi-material 5.58 x 10721 4.05
ET requirement 3.4x 10721 5

Table 6-6: Summary of the detector’s thermal noise when different coatings are used at 10 Hz. Also included

in the list are the absorptions of the coatings.
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Figure 6-24: Strain sensitivity of the Advanced LIGO (aLIGO) and the ET-LF detectors. Also shown in the
figure are the strains associated with the total thermal noise of the ET-LF detector if the different coatings

listed in Table 6-6 are used.

To conclude, the multi-material coating satisfies the ET-LF absorption requirements and
reduces the total thermal noise in the detector by almost 50 % compared to when the
Advanced LIGO titania doped tantala coating is used. The detector’s total thermal noise
when the multi-material coating is used is only 64 % above the ET’s requirement which
could perhaps be reduced from further investigations into the effect of heat treatment upon

the absorption of silicon nitride (a lower absorption of silicon nitride could result in the
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removal of a silica and titania doped tantala bilayer thus reducing the coating’s thermal noise

to perhaps detector requirements).

6.8 Conclusion

The use of silicon nitride membranes as substrates for coating mechanical loss measurements
was investigated. One advantage of the membranes is that they are thin and therefore a
relatively high proportion of the elastic energy associated with a resonant mode is stored in
the coating. This ensures that the coating has a large effect on the loss of the coated substrate.
Comparison to other substrates (silicon cantilevers, silica cantilevers and silica discs)
showed that membranes are the second most sensitive substrate to the effects of clamping
loss resulting in 'noise’ in the coating loss measurement. However, membranes were also
shown to have low mechanical loss and good repeatability, only surpassed by the silica discs.
These results indicate that silica discs are the optimum substrate for mechanical loss
measurements, but do not preclude the use of membranes - particularly in situations where
high sensitivity to the coating loss is required or where large substrate areas cannot be coated.
However, an experimental test using a coated membrane revealed another issue - a very large
change in mode frequency and in membrane stress after coating deposition - which made
analysis of the coating loss results very difficult. Significantly different bulk and shear losses
were obtained from the membrane measurements and from measurements using a silica
cantilever - possibly due to stress effects in the membrane case. Further work is required to
fully understand these differences in bulk and shear loss before membranes can be reliably

used for these experiments.

Based on measurements of the membrane loss and absorption, silicon nitride was considered
as a potential material for use in highly reflective mirror coatings for cryogenically cooled
gravitational wave detectors. A bilayer coating made from silicon nitride and amorphous
silicon was shown to reduce the thermal noise of the ET-LF’s detector by a factor of 15
compared to when a silica and titania doped tantala coating was used. However, a silicon
nitride and amorphous silicon coating was shown to have the drawback of having an
absorption (31 ppm) substantially above the ET-LF’s requirement (5 ppm). Using a multi-
material coating (made from silicon nitride, amorphous silicon, titania doped tantala and
silica), the ET-LF’s absorption requirements were achieved (4.05 ppm) and its thermal noise
requirements almost obtained (64 % too large). Silicon nitride and amorphous silicon
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coatings are of great interest in the future as they could help in achieving the design

sensitivity of cryogenically cooled gravitational wave detectors.
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7 Conclusion

Gravitational waves were predicted by Einstein’s General Theory of Relativity. The first
directly detected gravitational wave was observed on the 14" of September 2015. Since that
day five more gravitational waves have been observed providing new astronomical
information. These detections were made using ground-based interferometric detectors
which observe the effects of the waves by monitoring the differential changes in their arm
lengths. Since gravitational waves are expected to change the detector’s arm lengths by
approximately 1 x 1071° m, it is essential for all sources of noise to be exceedingly low.
Coating thermal noise is one major limit to the sensitivity of current and future gravitational

wave detectors at their most sensitive frequencies.

The research presented in this thesis focused upon improving the process currently used to
determine the magnitude of a detector’s coating thermal noise as well as identifying coating

materials which can reduce thermal noise.

Recent literature indicates that an accurate determination of a coating’s thermal noise
requires knowledge of the bulk and shear mechanical loss angles of the coating. Two new
methods to determine the bulk and shear losses of a coating were developed and applied to
a range of coatings (amorphous silicon, tantala, silicon nitride). It was found that the bulk
and shear losses of a coating could be significantly different from one another. This is
believed to be the first published analysis which shows that the bulk and shear losses of a
coating can indeed be different from each other. Furthermore, the results also showed that it
is possible for the loss of a coating to be completely dominated by shear loss. Since coating
thermal noise is less sensitive to shear loss than to bulk loss, this raises the interesting
possibility of reducing coating thermal noise by using materials which are dominated by
shear loss. The robustness of the methods used to determine the bulk and shear losses of a
coating were tested by investigating their sensitivity to the stress and curvature of a coated
substrate. It was observed that stressed and curved substrates have significantly different
energy ratios for uncurved and unstressed substrates, and in order to determine the most
accurate bulk and shear losses of a coating, this effect should be incorporated within the

calculation process.
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To determine the thermal noise of a coating in a gravitational wave detector, the mechanical
loss of the coating must first be known. Recent research and observations have called into
question the accuracy of coating losses when the coated substrate has exhibited significant
deformation due to stress. This has particularly been observed in thin silicon cantilever
substrates. It is speculated that the inaccuracy of these losses could be due to the effect of
the coating causing the coated cantilever to curve and stress which in turn changes the silicon
cantilever’s thermoelastic loss. The results from FEA indicated that the thermoelastic loss
of a silicon cantilever (which has been coated) is unaffected by stress but is affected by
curvature. Experimental evidence appears to confirm these conclusions but they further
imply that either the FEA does not fully account for the effect of curvature upon
thermoelastic loss or an unmodelled effect is also affecting a silicon cantilever’s
thermoelastic loss. It is clear care must be taken when using thin silicon cantilevers to
measure coating loss, particularly in the temperature range of 150 K — 300 K, where the loss
of these samples is dominated by thermoelastic loss which can be affected by curvature. FEA
was also used to investigate the effect of stress and curvature upon a silicon disc’s
thermoelastic loss. It was observed that the magnitude of stress and curvature caused by
depositing a coating onto a silicon disc in the lab had no effect upon the substrate’s

thermoelastic loss.

One material which could potentially be used in future cryogenic gravitational wave detector
coatings is silicon nitride as it can have a low mechanical loss. However, silicon nitride has
quite a high absorption. Since the mechanical loss of silicon nitride has been shown to
decrease as its stress increases, the effect of stress upon its absorption was investigated. Due
to experimental limitations, the direct effect of stress upon absorption could not be
quantified, instead the effect of stress upon the product of the membrane’s absorption and
its thermo-optic coefficient was determined. This product was found to be independent of
stress. Whilst this result implies that absorption is likely to be independent of stress, this
should be explicitly checked. It was also determined from this experiment that the thermal
conductivity and thermal expansion of the low stress silicon nitride membrane used was
(23 + 3) W/mK and (1.4 + 0.2) x 107° 1/K respectively. Accurate knowledge of these
parameters is essential for estimating the magnitude of a mirror coating’s thermoelastic

noise.
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The use of silicon nitride membranes as substrates for coating mechanical loss measurements
was investigated. One advantage of the membranes is that they are thin and therefore a
relatively high proportion of the elastic energy associated with a resonant mode is stored in
the coating, giving high sensitivity to the loss of the coating. Compared to other substrates
(silicon cantilevers, silica cantilevers and silica discs) membranes were shown to be the
second most sensitive substrate to the effects of clamping loss resulting in 'noise’ in the
coating loss measurement. However, membranes were also shown to have low mechanical
loss and good repeatability, only surpassed by silica discs. Whilst none of these results
excludes silicon nitride membranes being used in mechanical loss experiments, they indicate
a preference should be shown in selecting silica discs before membranes. However, it was
also later observed that the bulk and shear losses of the same coating deposited upon a
membrane and cantilever were significantly different from one another. Further work is
required to fully understand these differences in coating loss before membranes can be

reliably used in ring down experiments.

Future gravitational wave detectors, such as the ET, are expected to be limited in sensitivity
by the thermal noise of the highly reflective mirror coatings. A mirror coating made from
amorphous silicon/ silicon nitride was investigated to identify whether it could enable the
ET to achieve its absorption and thermal noise requirements. From the literature, it is already
known that in order to minimise the absorption of a silicon nitride/ amorphous silicon
coating, 450 °C heat-treated amorphous silicon should be used. Since heat treating
amorphous silicon changes its absorption, the effect of heat-treatment upon silicon nitride
absorption was investigated. No degradation or improvement in performance was observed
for annealing temperatures up to 900 °C. The thermal noise and absorption of the ET was
calculated when an amorphous silicon/ silicon nitride coating was assumed to be used. These
values of absorption and thermal noise were compared to those determined for the ET when
the Advanced LIGO (silica/ titania doped tantala) coating was assumed to be used. The
amorphous silicon/silicon nitride coating was shown to have a thermal noise that met ET
design requirements and showed a factor of 15 reduction in thermal noise compared to the
current Advanced LIGO coating. This is a huge reduction in thermal noise and shows that
the thermal noise of the ET detector can be achieved. However, it was observed that the
amorphous silicon/ silicon nitride coating had a higher absorption than the Advanced LIGO
coating and that it exceeded the ET design requirements. To try to take advantage of the low

thermal noise of the silicon nitride/amorphous silicon coating and the low absorption of the
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silica/titania doped tantala coating, a “multi-material” coating was proposed. This “multi-
material” coating satisfied the ETs absorption requirement but not its thermal noise.
However, unlike the other coatings investigated, this “multi-material” coating only narrowly
exceeded design requirements and with a little further improvement (perhaps by heat-
treating at higher temperatures) this coating could be used in the ET.

The development of coatings with lower thermal noise remains one of the most important
areas of research to allow the realisation of gravitational wave detectors with higher
sensitivity. The work in this thesis shows several promising avenues which should be further
pursued: particularly identifying materials with low shear mechanical loss and the use of
amorphous silicon/ silicon nitride highly reflective coatings. Further appropriate analysis of
mechanical loss measurements to determine shear and bulk loss as well as accounting for
thermoelastic effects upon coated silicon samples will be essential for more accurately
predicting the thermal noise of new coatings.
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