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The noihenableal thoowy of thowmoclasbiolty ontived o oy phase in 1956
whon Mo Ao BLob wodipotversd dhe fovn of dho hoot conduobion eguotion fov an
ploptie soldd e on govation condelniog o torw dn the Moplacimont veohor,
whandhy Mduleing this oquation bo the wolld huoun bhoxnoolastio oquntions of
notdons This thesds 4n eoucommed with obliadning foroad aolublons @ some
puoblons dn thoymoolastdadly, veing e full lakod eguntions and using
Anbogrnd tanslozas as e noong of soludion. fo addithion WO approsinnie
poluidons auw considerols the olasnlenl soiubion (obindned by omibbing the
Liglslng town oo the hoat conduobion oguadlon) ond the quanlestotic poludlon
{obinined hy onldtiag dho lnorbis dorns foom the equations of moticon). Thoso
sotuidons and the Yootplete Linked' osolubion dodnolds da stoady-atate problom

Tho Sleot chopiow, hloh containg e dndroduation U the bande equations
and o swamary of publishad vorl dn fhis Diwdd, do Collownd by tho solubion of
Tho shesdye-otato problon for the half-gonse, the hick plate ond the olostd
Aoprow an o wighd foundetion. Tn eath dapoe fovond, soludions are ohindned fov
axbdlrary bonperature distpibuiions on the twaolbion freo bownderdon, and in
e mpociad cases congldared the thormosiestio anolopuss of the dsochronnbia
g of photoslestieily ave conptaueiad.

Tao aged ohapter donlo with plaplo dynsndond, problens - gho aphovo,

gphombaad sholdd and dnfindto nediun wiih o gphavdond cavliy, subjostod 40
sodially symoetidend thammald and clostlo divtusbonoos. Pow tho case of the
srhere vader an oxponsabtially duncwdopondont ourlase tigoraduee, 4% wag
nogedble Yo aompars tho thvoen dypos of solubion nontdonpd dn Who fixat

paregraph ghove, fn the speclal case conwldored 3% van found thet e eewor




Sunmany (cond. ) Pedlocketd,

dudroduned by asglectivg the dnortde Sorns w Gf the pand ondor as thab
dntyeduead by noglecting the Lintelng bowm, The Lisnked auaslestntic gelubion
Qor the cavlty problom was thon comporod with the corvegponding olossiond,
codabion for the oase whove tho boundary 3o subjeoted 4o o sudden wlas dn
Ganpenature,

Chaptar IV contodns e daseription of o pothod of obdalning solubions
o o clons of boundosy value peoblons, by conoldsudng nodidied probleons dn an
Anfinito opovo, This mothod io weed dn the following chaplsr to study the
thornoplastic effeots of longdtuddnnd vwave propeption in infinitoly long
civouiar oylivders snd tubes. The thommoslostie eguivalonts of Rayleiph
pupiacn vowes arg alsoe congideved in this ompler and o budef swmopy 34
glvon of anpther outhor's worls on plosto-wove propsopidon.,

The foropgoing peoblens woro all pluplificd by mome apoclal featuws e
sleady=-otate, mdial symelyy, wyve propagation of b ooxeseribsd fom. In the
oot dwo chophors of tho thepls, o bogloning e nade on dhe S3401oult tack of
evlving the Lloked oguations in thely mosd gonewald Lowns The dnfinide medium
vnder the aotion of Tng Jopendsnt heal soumpen and body forces i treated
Db, and then o Povwald goluilon de obiained for the send~lofinito nodiun
subJooted fo arbitiany heal souveos, body forcen, thormal and clastic
boundary conddilong, & ell of those cases the solutions appaor dn the forn
of multigle indoginls, and in eny pardledloy sppldcation At would ooon 4o bhe
netossayy o ovoluate thoge dndegrals sunerleslly on o digital computor. In
the thools a veny apecisd emuple has boen considered se an application of
the golutions foy the pend-infindts nsdiom, end hove the Intoprals wodues o
a gdmpla form, Wihln the guasisatabls theory, 4t we Dound et the Linked
poblon fop the Jafindito nodlwn is identiesd vAth o olossical peoblen, in
vhloh on eatva *equlwlend hoab souree’ do dntwoducsd and one of the olastic
eongtants da suddably changeds
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The nathenatisald theory of thommoalantleddy onbeved a wsw phase lo
1956 whan Me 4y Blod reliocovercd thae forwm of the heal condustion
eauadlon for an olastlo polid « on oguation which Ancludes o tevn Llnlkding
% bo dhe woll Imovn thewncelsatic ecguabions of notdon, This dhesis de
conterasd vidth the forol selutdeon of gome probloms in thorneslanticity,
and thwouchount une i made of dntogrel tumplovns.

Bagh of vhe woul dosordibod bawo hos been publlchad alzvady or hos
bosn adeopled Do pblivation do the veaw futures, Beforhaee has boon
mads o thos publidobions at the wolevent poduts in the toud, The
contonts of Ohopdors IT and Y8 aro dus o e Joint offorta of Professor
Te My Bnuddon and e presond authow, The pomodndoy of 4he thesis do
the work of e condidate, woleos speeifio voforouse has heen wede o
T CORYRRRY .«

Veotows ore donobed by uwederliinlag dhe particulor ayobol with o
Moyt Ldue, dusd we IU o sawely necesaony to use ewoon yoforences
bobwesn the eguations of Ailloront chapiows, go that couation nunbens
mopddonsd dn the dont i pondreld vefer o cquuidons in the some ohopior,
On the @ano occastonis voon a grosn rofaranse e mado , tho equation
muibew do proteded by o Bomon mwmoral denobing the dbpptow. Yhus (1T-12)
mafors 4 oquotion (12) of Chaptor Tl

¥ om greatly indobiod to the Dopevinont of Selentific ond Indunbriol
Rassarch Por Hhe swapd of o Roscavch Ssufoniohip doving the poriod in
rakobh the work von donns I would olapn Ml do offor ny slacore thealks
o Profoosow e N Sneddon vho svgeestsd o seoblens describod hero,
and vho guporviasd ny vorlo,

Undvority of Glabgowy
Haptonbor 1959,
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I _BOUATIONS OF THEIRIOELAATICTTY

S S e S
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fhen an e.%.msa'bie solid is cubected to o vovwsniform disbeibubion
of tonpernturg, nedehbouring elemonts of the gelid will tond 4o cxpand
{on coobre f“""} by differing anounts, Due to the olastic proporities of
the moberlal, the thovnad oxpansion will not be eble o teake place
froedy, and the vesulting deforaavion must thorvofore be consideved ap
the combination of o therimal end an elastic effoot,

Thug the prosence of heot sources in on elestlo body will in
goneral lmply the existonce of a styess ficld as wall as o distribution

of tomporature; and should the body be loaded by opplled forces, the
resulding state of stvess will bo nodified by the presence of the heat
souvess. Not only dogss o temperature distribution produce o stress
£iold, but wder certain clvoungtancos applied fowces produce teuperalurs
vardations, Ve shall soo that this offeot cocuvrs vwhen the body is
rs-tib;jea‘i:ec’i to time dependent forces, dn which case the worlk done on wthe
body is partly convorited ingo heal evsrgy.

TH ds with this "Linking® botwoen tomperature and stress that the
theowy of thownoslosbioldy is concomnsd. Tn this chapler wo shall give
an outline of the main conbeibubions which bave heen made o this
theory w0 date,

It choutd be montionsd thal, parallel to the dlassicnl theowy of
clootiolly, wo ahell beo concsrned with external causes which produce
effents congiatent with o linsar thoony, and In additlon it is cssumed
that the elastic ‘constonts® of the material are nob sensibly chonpoed
by the physicel and thermal changos produced in 4b.




o

“4!
& - [4.2 . AL ey
102 Doxivation of the Slondy-tiiate Hovationy.
Ao Wa conslder o homogeneons dsobropice body which ds subjectod 4o

Wa aonslder & ha:mgggammm isobropic body which ds subjectod to
a gystom of boly forces I = (5: o o, J pow unlé volume, o distributed
heat sounce g and cortedn lmmsm bc»ztﬁMJ condibions, Yhe components of
the body forvce have boon bakon poarallel to the coordinnto dircotions
£ G 2% e In o thermoelentlo defommotion 1% do assuned that the toial
styain is made up of wo componsndss that due {o a purely thoymal

arpansion and what dun o the elagtle deformation. Thus wo may welte
e 3

a byoleal compopent of the tolald sétrain as
yij = V:“..j 4 '}"i;} ‘(:3“3‘3 & {‘92’9‘3) (1)

where the suporscripts § ond ¢ wefew to the thermal and cﬂ,mma
eonpponents rospootlvelya

Now wnder fvee thermeld expansion an olement of lengbth 3‘3’. o parallel
Ho e 3&:.f =guhe will deform into an olemnent of length :‘i":‘z. {also pornlled
o the x,-axis) glven by

“%, WML {1 + 00}

In vivieh o ds the coedflicient of linear expanslon Por the elastic
madorial ond ¢ dn dhe {emall) chonge of tempevaturs from thed of the
ungtrained state, Thus, Tor exenple

o
(" ’ - s A
Y om Ll - 4 . v (50
Y { 3 .m)/g.w =
and dn peneral
B %
Ao m Gz{)@mp A 8
Yy i3 (2)

w

where © 3.3 in the Sropneacker delitns The nop~dingonald, clements of the
thexmald, sbraln bonsoy ene geop because e angle belwoen any two lines
s proserved duving free thoormal oxpanslon l,2. no shearing ocours,

s, using (1) and (8), we con welie the componenis of the clastic
sivadn bonsor in the fova

V‘Lf} ] V hd aab;‘i‘j (:})
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o that the elastlo dllatation &7 is glven by

69 @b« B0 (%)
vhere the dilatation & oy, g ® Uy g and w= (zzq FEE ) 4e the displacement
e, mb :,.,- b ] ¥
wactow, Horo the comma in the puffiy denotves dfferentistion with
voppeat o the vardeble whose sudllx follows tho aommn, d.e, Uy g
T

gy :1./8 X0 and swanetion is dmplicd by tho repeated sulfix,

1
Yo can now gubstitute the expressions obitnined for 1#‘ 3 and 4% anto

vhe olastic stress/shrein rolationship of Hooke's Toaw, which cnn be
widbton dn the forn

€y, .
.. ou A %.) j 4 r
53 - By 13 (5)
Ve ‘a"“ donotes a 'i;y’nma‘;i. component of sbtress and A and ¢ ave Lone's
e
olostle consbands for the matowial. On naking this substiiatuon ve get
(?\yi\ L 3’@} Q; a '3" lﬁ)ﬁutf&‘ {6)
J d

with Yhe notation ¥ = e{3\ « 2;5),

Bouation {6} is known o the Uuhamel-Weumann low. It vas discovered
indepondently by those dwo authors, NEOMANY (1885) uweing tho method
denciibed above, wiilet DUIAMSL (1038) developed the theory by wegarding
an elastic selid as o syston of mabexdeld points,

tioleing use of tho deflnition Y, o = By, L5 Uy :}&) dn equation (6)

hs “!
N

and then pubstitutlng the resgulliang oz @mammﬁ for ¥, , dnto the equations

of aquilibeion

*é«l\ K] “;' 1}1“ b4 {3
&394 <X

wa flonlly arvive at the sel of equations
", A
fz‘i?““u.:j b (N ap) b A " V:‘f‘isi g }?g, = 0 (7)

et ds, o set of dhiee pox 'Ja.i diffevential equations Lrom vhioh the
thige compononts of deplacement produced by the dlestyibution of
fomperature O and the body forces ;:ii ave to be dotermingd.




In mony problems the dlstrdbution § is notb given, but is konowm o
he due to certain heav sowress. 1n such problems the equation glving
the temperature dlsiribubtvon within the moterial ds, in this oteady-

puate theowvy, o simple form of the heet conduction equation, ovanoly
G 4 V%0 = O : (8)

whors £ G the diffusiviiy of tho matowlal, and 1&53{::«:ﬁ o s ) A8 weleted
3% ‘ v vl
o the guantity «::3,(:;;;% Pt 91:{3} oF heat geveratved per unit volune by the
Kx
velation § = ¢/pce Here ¢ and ¢ ave woppootivoly the density and

L
specific heat por wnid moss for tho motorial

l B
Thus, haviag found the dletribubion of teuwporature using equation (8)
and the theraal boundsyy condition, the steady-stote thormocelamtle

Atk

provlen Ag redusad to the solution of the sot of equations (7) subjeot
o the glven clastio boundary conditions,

Dyoamical Problens: Gleasionl Solulions,

Gl R

In e proviovs secotion we derdved the egustions by vixloh the
stoady=state thermoslantic problen dg governed, We seell now the cguations
which govern the brenslent or blmc~dependent problom. Vet ds, we wish,
flor exemple, to DLind the atvess end deplocement fHelds produced by o
timee~dopendont hoat pource, ox to find the tonperalore dlstribubtlon
which results from variations with tine of the applied fovees,

The analysis Lleading to the Duhamelefounam lowr {6) iz otill wlid
for thds more genovel meb of problems, and the nebuveld wy to form a
sob of governlng equations would be to substitubte this oxpression for
T 3 into the equetlons of motlon
v 1P

N L}
? - a ¥ 1
Ldsd 5 =Py (9)




{(the double dot denoting the sesond particl derivative wilh rospect %o
time) and o use the mowve general fowm of the Fourder heat conduclion
agquatlon

f-:! ot Iﬁ‘l?a@ o é (/30)

Thug the st of eymnbions governdng the bransliont problem would bo

L1
a
3

pPu e N p) grad & =y gd € 4 B ow Pt
o - (1)
Q 4 BVE0 = 0
However L6 can be seen that the use of theme equations 0 solve the
problen of the epplication golely of variable Dody forcen would produce
no temperature ©ield ot all, since the temporeture £icld con be obtainod
Prom the lash of cowedions (11) without any consideration of Hhoe
nobure of the opplied fovees. Mow this de conlvaxy bo physicol ilntaition,
ginee we would expoct o body subjocted to Slucluatlions in Its Loading
w0 bhecome heated, By thernodyranionl reesoning At hag Deen shown by
BIOT (1956) that the laph of eguations (11) is incomplete and should
in fact contain an additional term in the dllatatlon &, thus Linkiog
s equation with tho others of (11). Strangely enough, this result
vas gblained by VoL (;ﬁm; ond JERFREYS (1929); but these modifled
sauations do nold soen Lo bove recgived much abieubion until intarest
1o them wes yevlved by DX0L, Ve shall glve BIOD's derxivation of the
heatd conduction equation for an clastic nedion in the next seoblion,
The solutions obiained fron ezg,ua“*iwms (11} should therefore be
wapgndad orﬂ,;y os epprordmations, and we shoall call dhose solutions
the ‘olassicel’ solublons of the thermoslastic problon. (In gensral
they ave olose gppvoxlmations, but i{ should nevortheless bo realised
that they ave in fact spproximetions),. It should, perbaps, also be
mentioned here that the dorn nissing from the last of equations (44)
in 00/9% po that this modificotion bas we effect on the steady-state
problem discupsed eaxiliew,
The olassienl solnbions to gseveral problems have been given in
dhe Litevoture, In pome coses the authors do not ocem to have been
awexe of the Linking tewn, wailet others omitted it bocouse of Abs
swall offoots These contributions ave discussed in sectlon 1.11,




429

1ol Thermodynomicel Heasowing and the Linked Dywomiead Haations.

2R AR AT,

I¥ we conpider an m.mmm:t'h £ the body hoving wndt plse, ond denote
by U ond h vaspecilvely Lts Santernel encrgy and the heat shsorbed by 44,
then the firvet law of thermodynanics (consorvation of enorgy) voguives

Tt -

ahm;awaﬁzJ?u,gu. | (12)

The sommation here is tokon over adl dlstinet paivs 1,Js Yhus 1T the
ahpolute tomperairne 4o €§.‘qz wo can wite the chenge in enbropy dg os
e ‘a }. é}j 4 £ [
aw e o o) 0oy,

R
3"% 2 Taod

1,84 3 >
R AR
" f&c‘lg;

Now the second law of themodynamics ragquives that dg should be on
et difforential dn ¥ and in Vg o Honoe ’

8 P, & T ’
gﬁx £y «zl £ vgn..:u ﬂtiﬂ» (‘-}1?.5. P vj-nzu i}:‘:i w Y,
i )T ¥

; i
q 9 % ij

Thervefore eliminating g

Y::i-‘:‘) FQQE;&W = ‘,,:,i {ﬂ ?'f““i"“ ~"‘ iy ii!i‘:;%:-} } o v%:jm{ m‘.‘;@;};s‘} iy ?’ V‘g
g B j |

Toa ..L / i t,‘é a0 ; G A
1 Va4 L3 4 Yy Ly 9 Ei.‘i ; }f:}i.;} J .
L&}a’ﬂu v‘
ay
aE PO %
o vy 3" "L*t S (44
33 B

Msog I ¢ ds the apeeific heat per wnld moss in the gbsonge of
Gefommntlon, then
dh 0y
(15)

fe = ‘5:;? e jr’a’




whore wo bave used samotion (12}, With the add of equations (13),{44)
and {15) we can vow welbe

ey

.},? ‘
;‘iﬁ:} ‘m{:} m“mﬁﬂ e Nm’ v«:mﬂ}ﬁ”’ @‘}i
‘s *;’3 '3 “J
ai
Setre it wmopo 1w yad {16)
W
L’é

sincs, Feon equation {6),

07, .
i3

099 .
f:-’.i.’.; aw :«%:.«_v»f}w e ‘;ﬁ)

H
A o4

0% " 50 1.9

tpon dotopration (16} beoones

s o=pea log (1« f?; r YA (17)

whore we have wediboon '31'(3 = o Uy so that T ds the tomperature for
zoro olross and strain and @, eg dofined helore, s the deviation of
e tompsroture from this vwalue, YThe congstond of invegration has been
chomen to make & = O vhen € » OJ0r snall variations of the tvemperaburs
from the unstressed stote, Los Fow puell velues of 0, wo may ryplace
the logawdithm by the Sived bexa In its exgonsion and then welte the

heot sbaovbed h dn the form
hows s o= gef o Tyl (18)

Tho low of heat conduction

(vhore k 4n the thormel conductivity of the materinl) then bhecomes

1 H E}@ % aé}‘
O 31::“} G =¥ [}Cg ()'5; g j‘?y 8'23

¢ Qb

LeCu 0o 2V g%% 3 Y '55'5 | {49)

3
&

sinee 1 = & pe, and vibere we hove Gofined yf = Tyipe,




Thos thoe bagic sguatlong of thormoslanticity ave

153 4 pervey o R U 4
B (Nw ) gradh « yered 0 + T apl

(20)

7 A PR
Q4+ a¥ 0 =04+ ¥y &
and the compononts of stress con be obitalnsd from
Ered v: “wn 4 -
4.4 (A = y0) & 3 I yjcj (6)

V\”‘"“} ‘4’"1‘;1,%" 3 W . o
(= v8) By g v irliy 5 v 040

22
2

1e8 Blol's Verdotiooad Permulotion,

PR Mook B O O B Rt B oo

BIOD {1956) hos shown thob
he derdved from o geperal wrdationed prieciple dn thevonodynanlos

3

the eguations of thoeraonlosticlty con

{BICT 1955), Ve gholl ouly pive ¥ols dexdvation in brosd ouliline
In the guasi~statle cese (1.0, whon the lnoriia of the mo*\m},g,
makoriod s neglcotod) and in the nbsence of body forees B0 s

variotlonal prisaiple rodooss o the cose of nlvimising the inlogral
B
T ¥ oD o j (e » On B) au (21)
A A Lo B )

dn this expression b and 0 ave ap defined provicusly, % is the boundaxy
forue per wold area, B io e wdd ropued o the boundary diveobed

towoxdls the daterxicr, & ds o vecbtor called the entropy flow o entropy
displocencnt end is given by g = « &lv 8, The inlegration s iaken over

the ontize bouwndery ¢, The funcblonsV ond D pye dnvardants doibdued by

e . |
v :‘.’s/j; i’s‘? 3 “;5 ”%% Qh} o (22)

FEE r:;r;q 48 e
ECR

Do 'g’;’ /
%




L2 PR .-..-..n.?.m.v.a N RPN arava v s L1

- .W PRSP Ea¥a
A viloh Woe g%, oV, o+ 48 Mins 668050 Rechnid oal 6hevey And The
Integrations are token over the voluno ¥,
The guontitics V end B ooy be dn mmmb bed dn torms of drveversiblo

4

thernodynanics. £ noy be shown Sho

V= / { {15 - gl ar

a8 ¢
§

wonors, for wolfora teapevatores, U ~ g0 18 the claselenl thernodynanic
foon enereys Thug ¥ fo a gonorolized fres eneruy. AIs0

Dow N W AT

voers H ds dhe yate of entvopy production. Thovelore D, o generellssd
digeipstion funetion, neasures the lrpevergible properties of the
radizum,

To epplying the vaviadioval peinsiple 0% = O to dhoermoelostioliy
PIOD (1956) weplaved expression (23) fov D by

-
2w & / / ! %3 {) ar (2%)
“..5’.‘

where P = &b, BHe opsrator p de dreated as o constant and 4% de only
in the ©inod differential c*mml’.;.uxz that L6 ds wreploced by on acbunld
aLee m:*e«m:iz:mﬁ,@ The only Juetdifleation given fox this procedure is {the

faot that 1t leads fo the covrent differsniial owuations,

BIOT thon ¢loins that thg modified wudationald principle loads 40
the m:s'fm}p:f:'iate} forn of aquatdons (20). The dubtorested veader can find
tiods in the referense given. Ve shall oot dlecuss b further hove P
ginge we prefor the devivaticn of secbion 1ebe or that of CGHADTICK (1959)
which de menblonod dn the next ssotlioi,

It ds, howsver, worth sentioning that, in the presence of bhody
forzes ¥, and whon oltlng dnio asccount the inortio of the moving matorial,

the vardationad peinciple fron vhich WIOE derives the dynanical equatioss
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106 CHADWICK s Powmulatbion of the Thownoolastle Bomntions,

% dn not the purpose of this chapler o give lo detail alteroative

!

derdyations of tho pone sob of equations. However for the sske o
complotonsss, wo refor the meader 40 o devdwasion of the thermoclastic
oquations due o CHATVICK (1959),

This dexdvatlion wests upon four fundenental equatlons based upon

LN

the thewmodynomle theowy of dyveveralble procosses. The equationa ezpross

the congervation of mass, lineaw momentuvm snd o

%
it Bl

¢
orgy, and the second
low of thernolynanios. Maling the assumpbion thot the eaplituden of all
dhaburbonces ave anall, CHADUICK shows dhat these oguotions Jead 4o o
Pora of the heot conduction eguation, Linking the demporoture, cubvopy
and heat sovves dlsboibublon, e then obtelns the thommelastic Hookels
Llowr by expaading the Helmbolis fvee snorgy £ iun a Taylor sexdes aboud

the reference stote, and nobiog that

i ‘;:) A
J PGy m

Fioally he uses the second daw of thermodynomics, aod manipwlates with
dlfPerential relations to oblain po sguation of the form {17}, Ffrom the
eguations obtninsd 14 is possible to write the thermoelostic eguations

in the form dexived provionsly.




Rimonsiontoss Foen of tho Bauabiong,

LA T St

Tn working with the oguations (20) 2% i ofben mowe convenlond
to wrdbe thom da dinmensionless fomm, Following SHEDDON ond BRRRY (1958)
(0e123) we dake a typleal lengih 1 ond a typicol Vime T as our units of
lenglh and tlme, ond wo talke § ond i respectively as the wnlts of

;

temporature and strong, Hguatdons (20) can then be writben in the
dincnsionloss Foyms

[A3 " 9
Py o (% « 1) grod d = b grad @ 4 X = all,

F e

(26)

&
© 4 V30 & 50 4 gh

and the components of strvss are

7y 0 -2 - z;w} By g+ 2, (27)

la

vhere £ i the walio of the velocity of Pewmvon to that of S-waves

AN o 8
g /'vﬁ; { (ha Bu }/m}
o
- 4
,}5. ;%'» ;{:L & o ﬁ:a-w

(28)

"o & 53 o8

| YR ™ A AN

£ & {%@%} » 'b e i.‘zam s Ol B Py gy wa e
An ddse of the wolobive magalbtudes of a,b,f,8 con bs obbalned fron

the following teble wihdeh is tnlen Foon BASON and SNEDDOW (1959) and
is calovlated Por L = 4 Oley 7 = 4 886G, T = 293K,

Adundindun CopnRaT Tion Load
a 1,050%40° % 20166007 453200 2,05k 07 1°
b 040639 QsOhA7 0. 00890 0.23520
L 16168 0,899 5,808 b1 52
124 24667 1597 8055 12,25

¢ bR % 56yt 078 I T 249740 Te351040™ 2
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fome problems ave betbor solved uslng other cholocs for The unlis.
In pavticulor wo mention hove the sysben of uolls Antroduced by GHAMIIGK
andd BETDON (1958), We choose ap the wiils of Glme and length tha
- guanthiion /6% and 'VM&* rospoctivoly, whore ¢ 4 the pavtloulow

Lroquency
(g;.—: e P e}_{i’_{r’;

Ve ogedn choose & and # es the uwlts of temperature and stress.
The thowmoslastic equations (20) can then bo wedbien in the

Gimensionless forms

o ¢ . )
Pu g (8% = 1) gradd » b grad 0 4+ X = 4
o AA A
6 (29)
8+ VP0 =0 4 g

and vhe conponents of sivens ave

Tas (" w @M @- Y, o4 B t o
( s g}ﬁ « A ‘b} big} 3 azvij {50)

le

whond ,
zg " r““f}*f;:i Ti‘ @ 5] 6‘3-‘3%}5’&%
A oR oA ? - ’”’“\‘wf::
. (51)
i

0
b oo }?E}T“ 3 . JE ;"3;!(;
AL the fyequensies @ vihich ave obinivable dn prooblce avs much
smadlow thon o o B0 thet in this sgysten of wlls € << 4, o fact walch
o embtvenely wselful in oblelning gapproximoto solutions o problems
whose ¢t golublony wo axe vnable to Hlad.
1% should be noted that the ddmensionless Pforns (26) con be
fronsformed dnto the Pforan (29) by the set of tvensfommations

pep s heb o, oaegf , £l 5, gog

Thus 4% 18 cosy o obbain the soluiions of o pavtlouday problen

40 one sot of wadts fron the sclutlons corresponding o the othow sev

of units,




A

tw o T e I o A s bl by Cutees wls T eryaes ] e
ﬁi@rﬁggjﬁgw%gv—%?:xuuEﬁg},f;‘rﬁiﬁi‘g"gi%aﬁA‘¢&»ﬂ3é}£ ?'ai;rl’g;{’ é&%&éi@iﬂx@@&%@%ﬁgﬁééﬁ*

a

The peoblens considored dn the following chapbers of this thopis
will bo tackled by the method of dntegral transforms which is o vory
powariud, taol vhen applied to sultable problens. In this secblon and
seabion 42 we shall glve o bedel woview of sone of the other nethods
uged dn the literaturo for golving vhormeslastie pm’i:rlem; Tho present

gaotion is devoted o the sieadvesiote equations (i.0s no tine-dopsndenco
A, (Y ¥y

=,

and the following section foushes on the full Quoamical coambtiong,.

LA vy Hu
w208 G
wr

- . 1,

i to e the mplin ool emploved in thils theois, the method of
LY ’

Pule

L

B ()

Jukenval troneforus 1o dlsowssed sepavetoly dun scobion 16106

Selution by the Botormianlicn of s Nowtonion Poltontiol.

by compaxing the cquntdons {6) and (7) wiih the covwespondiog
cquations for the non-thevagd problom, and renerboring thet the bowmdary
Poveos ¥, con bo exprossod o

ip wtw By ‘. el - - “Joy
By m Ty 3y 8 on the bovndary

( tho vy B0 drection~conines) 4% do eaplly meen Wt the steady~state
problen is oguivalont to the elewbontatic prublen with body fovees ;);;'-’:;

£

ond purface treotions 8, given by

ot

Py o By =y0 B, w T,

) N 43
i3 e ‘?}»b ey >

ES ‘3}’@

o

Thas 38 we gon find o pariiculer solutlon of the equation
83 . e S5 : o
1V E’i g (i\. o }X& R ;j-,:: o O {pj)

the probloun iz veduced to thet of solving the homogensous fovm of
Novler's equation (equatdon (33} with P « Q ), the solubion for which
can he obtained by stondord nethods.

T 4e partioulerly cosy o find o pavticvlar integrel of (33) when

the body fovces 13’,% can be wedbben dn terss of o soalaw potential,
GaGe By oo & 4 T wo then look Por polubtions of the form u = ¢ "
o 7+




v

equation (53) con be writieon in the forn

il

{‘\

(A 22) V0 o (@4 yo)

Tabegration of these eguations with respect 1o x

5 eaves

0% 1 = s
Ve e gy (8470 (3)

whevre we have ombbted the constant of intepgretion gilnce we ave interested
only in finding a paviloular indegeal. Now 4t will be seen that (34) is
nercly Poisson's Nguation V¢ = - Lap with

i 4
e gwp rrmaparseBucdoianizi
A= Larl{d 4 21)

and 4t therafors hws o solution of the fomm

) - [ LLEL)
i |z~ w |

o
L

ig aken over oll the parte of 4hs body whioh ave subjocted to body

waeve ¢ is tho madius vector of the polnt (:zq pi ﬁz‘:g) and the intezration

Foroes and/on temporature variations,

Thue tho determdnation of the parvtlovler integral is equivalont
to the detevmingtlon of the Newtonian potential for o mass dlstyibuiion
off lonown dengitys

In the cage where I connot be wltten as the grodient of a sealay
potential we introduce the scalar and vector potentisls ¢, ¢, 8, ¥ and

] o
T;J':v h;v !l'd:"

21 b i

}}' o jz‘fl = zﬁﬂ

D e VB o Val
B w98 g Vel

P con be exprossed i Ghe above fomp by patbing




i)
A
€2
i3

e N " - \f’ i ) »‘q-—“r: P . b d u{
il .~

a~ E S
§ A

,
Lrad

]

) " " o -
0 e «a:::&:--.\ / 'va nim:.g,:mmséﬂﬂ'a} ﬂ'}"’
¢

Nowr with tho defoibions (35) eguatlons {33) bocome

¢ 3 G a‘f}
CEE T L NI R LPet-) Bagn pg 0% %,
(N éﬁi}axw ¢} = 55{53.\*‘ #5 = Hav ) gt By ba Y= D Qbe
&

and partlculer solubions of these eguations con be fowmd from particular

solutions of the set of eguatlons

(he 20V + 0 =
e+ U m
1y
Wy 4 Uy =

.@.
-
Rt
Pl
A
2

Lo e B R s

whleh ave oll exomples of Poisson'e oguation,

Mws the determiuantion of a porticuloy intogral is again veduced
o m,'gpmblem nathemnbically identicel to the determivation of o
Nowbonlon pobantial. £t will hove been noted that the sinple cone
conoddered fivat s bub o speelel case of the nove genoeval problem,
the solution for wikceh was Piret glven by LOKD KRLVIN (1848).

in auy problen the stale veprescuted by the pavticuler intogyol
will depend Por 3in malntenouca on a systen of surfaco forces os well o
the given tempevature Aabdribuotion and body forcom. These fovees axe
aapily enlounlatad. Thuw la vesing Novier's oquations to ©ind the comnplimei
Yoy eolntions we must indroduse exbra bouwndery forces equal and
opposlte o thome requived by the parlticular intogral. This hovover
la Juet o problenm in ho crdinary theovy off elasticliy and oo be

treated by stondard methode. One off the ivet olear exposltions on this
nathoed of solubtion applied o the theruoelostle problom was glven by

CODVEER. (1937) s




The Donssinesg-Yapkovioh soluilan.

BLAL e SRS DT

Tn dhis method of solublon 4% 48 apsumed that the equation (33)
bag o solublon off the Lo

w o= A grad (P wof} o+ B

whore © and ¢ asre the Bousasinesg-Papkovich pobentinls, Tt can then be

e

shown { Soe e, SHENDON end UERRY (1958) p.90) that the displacencnt
gen be writien ans

o grad (P ndl) « 41 - 029

[ ad

as long an ¢ and ¢ satisfy the squations

O - v VR (3:,,}3} a0

.> (36)
B4 - VY R w0

whare ¥ ds the Polsson vadbio v =h/2(A ).

The problem i thus redvosd b0 the solubtion of equaticns {
geverald siuple coses of which ave of pevticuler dntevest {Seo FRBDDON
and DEREY {19587 pa91 )4

g»i%ﬁfﬁ?{"v%fﬁ%% %é}@’:ﬂ?:jg?}}a%mi mwgéml{;ﬁ}ﬁ%v‘kégx%:4@;3’35.51:m,!i;r@‘g:w‘%}”pg‘?ﬁm*'ia‘:’}}}n"’”c" w"} i‘fn i1 i”}iﬁ;"“}mff'

LH is comveniont in sonn problens 40 dntroduce yob avnothor poteantisl
functions the Boussinenqg logevdithelo potential p of the fowm, Lo
ewanple }

‘ 2 4 PO 23 et
%(x) = / ?(2) dog {lz -~ 'l « o) av (37)

Py

[

&

and 4% dg well kunowa thot Gween's functiond con oiten be convenlently
uged n the gsolution of paytiel diflerentdsl eqguatlcoun. Dather Fhan

doscribe tho use of these dovwices hove, we pelor to e papor by STERNEERG
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and MeDUTRLL (1957) in viich the peoblon of ithe helf-space subjected

k.

o o known femperature dstribubtion on a pavt of ils houndaxry i

N

treatad by o combinadion of these nethods, In epsengse the treatmond
copglate of the following opsrations,

(n) e determination, using the Cweca’s funcblon, of the parblculor
solubion of the thorncelastlc eguationsdue 4o o undt point source of
temparature ab o podnt on the boundsxy, In this coge the Douwssinesg
=Popkovich potentiels ¢ mind z;&‘ gro easlily Foond, 80 that the oxpressions
Por the deplocenent ond strvees flelds can bo weidtten down,

(b} The goleraivation 0f Mo selution cowresponding Lo on arblivery
surfane temporature dstelbubion by an intogration over the bDoundory.

Lo s found that pll the intogral oxwprossions dn this soluilo

3,

can be oxprossed dn bevms of a functlon y {and i%s ?3mmmwsj) RO

wle) = | #(z') 1og (|z = 5| « z) a0
Il
Hore £{g') 48 ihe forn of the known surface bemperatuve dlstwilution
and the dntegration de token over the houndavy,

Thus he probleom 18 weduced to the detemmirotion of the Boussinesg
Logevithnie potontlal for o dlse whose wass densilty conresponds o the
glyen bonperatore dipbribution. Smoetly the vame potential axwisesn in
Bovssinosa’s peobler of the halfegpace subjeoted to suxface troobions
vhich hove the gone Lown an the sunface tempeoraiure digtribubion in
the present probleom, Thus the solutions to several impoxtont thermo-

alosdic problons con be obbadned ueing the logavithalo potentisls
loriwed by LOVR (1929) in solving the corresponding Boussinesq probloms.

49 BIOT 's Holutions of tho Bouations of Thermoolastlolby,

AL TR WD Lyxx

Prom {20} the quasi-stadio Germoolastic equations, in the absence
of body foyces and heat sourses, aw
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P e (hap ) pmedd « Yorad @ s 0
{38)
: o g
g0 = O o YA

Aeo, upon dbviding throushout {18) by pe, wo geb

wg¥ :
0w g - yta (39)
¥
ond gubstitubion of Wis exprossion into (38) glves

;z‘&?a}}k g {he e yy') grad b - yipead 8 = O

9% 8w yTRA = B

By applying the opevator grad theoughout the fivet of {(490), wo find thob

(ne 2p 5 vy JRA =y = O (1)

Finally weo take the fived of eguations {(40) tossther wiith the eguation
obtained by climinoting 4 bobwesn (41) and tho second of equations (40).

a

I dhle way we geb the epguations

11‘79"2; o (Drp ey} prod A eyt prad 8 o= O

. (42}
ek e 2ucd p

! g
b b s Sl ga i‘?i‘" £ s 8

Ao oyt

(=Rl

Thus g satisflos the diffusion equation, winch pay be interpretbted by saying
thet dlsoxdsr is propsgatod by o procoss of diffusion,

A solubion for the dimplocenent field cen be fouwnd by Antroducing
the Boussinesg-Papkovich potentiols {seo section 1.8}, Ve woile the

Meplocenent field In the Towm

o, ] 1, "y ¥
W oe e sad (¢ o .:f."f. } + E’:f. (43)
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wiare .
Ve e O
w
pad

2{h o 2n 4 vy’ )
Caafe o vy} (22

B o

Subatitoting expression (43) into the frst of (AR) wo obtain the
acguarsion

grod L(‘z\, o & o oyy! Woo y"gj o O (:5)

Tho grad opevator moy beo dropped since this anounits to adding o constant
w the wight hopd side of e cguotion, hence also to edding B P a
quadvatic functicon of the coordinetes, However this is olso equivaloent

LA,

to adding a lineoy fongtion of the coovdinatos o P. Thus
(V7 g
(0o 2220 v W% ¥R w O (L6}
and, hense, becouse of the lost of (42)
£ a .0
VR V9 = ‘f{ﬁj‘)& w O

whers

o o Ll B0
Wy & 'A‘ e 2“ 4 -y'y'é’

Pioodly we may wdto ¢ dn the fovm @ o dr o P2 vhovo ¢q and dp onlialy

“

(2:7)
&

{KpT® o *5%*)9&,3 m O

Hone pennneabions
CHADWICK {1959) noted that 42 wo oxpress the dimplocomont vector
u om vhe sun of irrotationnd and sclencidal components

W oo VO 4 ousil, A ' (48)

e A
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then dn the obaonce of body forces and beat sources, equations (20)
avs egulvalent o

=
SOy L
12
©f 3
&
Q
o
i
)
Lo
5
S

i
p E;*f,s,i a { Ao 22)0% »y grad © (50)

CYR0 @ 0 «y’gi% Vg (54)

Bouetion (48) is used in the theory of cloastlo waves o sepsvate
the longitudingd ond transverge aodos. The sealoy potential functlon
¢ desordbes compressional woves in whlceh volume changes cocour and parbicle
motions are powalled to the dircetion of propagation. The veetor potential
A poverates shear woves whiloh produce no volwie changes bub ave subject
to polavization. We see from (A9) thot shear woves ave not affented by
the ebility of the medium to confuct hest, Bgualions (50) and (51) show
that puvely elastic comprogsloval wmves ore moditicd by thormal atraining
and. that, converacly, some of the nechondcnl energy cmpendsd in volume
changes 1o convexied into heatls

Wo chall look at the effect of thewmol propsriies on the propogation
of cortaln types of wave in Chapler Five,

1010 fhe lethod of Tatooral frausformg,

If the funcilon £(x) is defined in ¢he wonge [a,b) then we con
define a funotion (&) vheva
1

¥
B(E) = [ #(a) M) ox (52)
&

&y
£

Hove the fumctlion K{af) o an avbitwery kernsl ound {E) is cnlled the
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dntspral tranaform of £{x) with wespost to the kemol K{xi), If the

ey

intogral (B2) ds divergent then we sey that the transform of £(x) with
zeopent o K(ui) does nob exiob. This ddea is important 18 there
awlets some inverse volationship oxpressing #{x) as sn dnlegrol tronsforn
of F(z2)s That ds, 1F we con wrlie

£

) = j Be) &, (unye) o (53)

G
TransPorms of the type (52) ave glvon diffewent nomes dopending
on the nature of tho hennsl i{i(zz:__,,%;) o A0 cthis thosis we shall use five

types of transforam, and these ave Llated below elong with thely inverse

Tranalforns

1) Pourier sine tronsformg
o
) = (&/m)?* j £(x) ein (Ex) ax
o o ' (5%)
(2/w)*'? / #(E) sin (Ex) ag
)
2) Fourier comine bransform,

8

()

<X
(a/#)*® j £{xz) cos (Ex) dx
o @ (55)
o) = (2/n)'® Jl T(z) cos (Ex) o
o
3) Conpler Pouvier transfoyin

e
o,
i
Ferg
i

(5703
3. 4 o 4 ' "‘ :"«
BE) o (2a) V2 Jl #lx) 8 ag
G o (5

#(z) = (2a)"/? j BE) o™ ¢

bl




L) Fovkel 4ronsfonm.
»
BEY ! 2w} J,(8x) au
o o ' (57)

Px) = / ED(E) 9, {8w) A&

9
5) Teplacs twanslorm,
(4]
PEY = j o) o™ gy
¢ Gl | ¢ {58)
2) mgly | HE) o a8
{hew, Mﬂ‘::) .

sere ¢ i greater thon the veal parts of all singulariilos of ¥(¥).
The transforng doscuibod above ave one-dimenglonal tvonoforms. Lf

.

wo have o funcbion £{xg .2, a0 8y ) then wo can define o miltiple trensfomn

)

? ,! -'1
F(Eq L avee f ¥ }‘fm Coter o0 Y0 (it 80 oo o8ty (o By DOy 525 pa ety )
o {j a g Omdsy  (59)

viere we bove opplied o twansform of the type (52) 4o some or all of
the vordloblos X o%, yeseiy« The dndividunl, tronsforns sye chosen fron
{5h)=(88) o puld the paridowlor problen,. end the troveforn inverse 4o
{59} 1o built wp In o ednllor way fron the tronsfovans dnverse to those
moleing up (59).

Asy o shigele Allusiretion of vhe uwe of dntegwal wwonstorng in
aolving partied difforcntinl eghations wo shell consider the simplo
heat condustlon oguation :

aae:: 00 (60)
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ouR T gy

ond we shell suppose the boundary conditions o be




8{0,%) = o (1)
> 0,00/ -0 as i ->o (61)
&3(4«;03 o @
Then by milbiplying Wbeoughout (60) by (/7)Y Puin (Ha) o7 P% gna
oD a3

applying the dabeprations f fi diw dv wo geb
(£

Q) )
frx] L¥E) “ st (e8]
o | et | 856 s | ep [
i (2o )t jl o Pl j G min (g)a = (/) / P Bar [ sin @x)as
o o e g {(62)

wadoh oan be zoadone

.»:

& uwdng dotegratlon by pavts to vaod
E<] m:‘:& 8 d —“y
& o Bl @ po {65

TREPS i ig the mudliiple tramsfoin

iy

e ol
a(% o) u (2w }“’2 j G(a ae) adn (Be) ax ! t—‘i\é"?p{; &b C {6
¢ o |
and, o
8w zgiafﬁf}ﬁf %{ Qo rs:'ﬂ?‘ﬁ a%
)
0w 9 /(8% + p) (65)

and using the drowsfora inverse to (6h) we Pins Ly hove the solution
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i orne of the Puvebtion ¥ which cow bo svelunted Drom the kuown
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It wldil have besn notlcsd that vhe application of the lntegrel
tmonsforn vodused the differentind cquation (60) 3n 0 Lo an plipobrale
oguetion (63) 4 g, In mouy applicabions 44 is possible to seduos o
set of diffoventisl cquations to & seb of alygbrale cqueticns which
ary easicr 4o 8olva. The requivod quantitles ove then oblained fron
their Gransforas by applying the inverse travsfovinn,

OF couvee, 4t in nob sdunys possible o Pind a trensform sulteble
fore applicatlon o any given problem, bub wo sholl see how sore problems
in thernoglogtloliy can be tadkled dlrecily by his nothod. Tho wmedivng
congddaored In the example shove cocupled the vogion 0 £ 2 € « ond the
problom was therafors suilcble for a Wwanslorm over that rongs, Sous
wroblens converaing finite bodics con bo bacliled waing Livite tronsfovng
340 Bronsformg of the type (H2) where the dnlegration is haken over
a finite »ange. This will be monltioned agnin in Ghapltor Four.

For nove ashavshive tronbneonts of the vee of integrel tvansforms
the reader is veferred o WHANGRE {1951), SWEHOOH (1 95/} s @Gy / |

Ehe Tdlernbure,

The gounsiderotion of thormeld strowses In prootical opplications
hao bagone of mach greoter duporthuce within the last fow yoaxs, and
thie is refleated in the vecent inovvesse in the muwber of publications
on thisn subjoct. In Wle seotion we ghell ondesvour 40 give on
fmpression of the worls which has boen dons alweady in this £lolds X%
camnot, however, bo thought of o o conplele coverage, and showld only
be dooked upon as a gulds 4o the move important conbributions made wp
to the timo of weibing.

1o tho steady-ginse theory MeDOURLTL ond STHRNBERG (4997) have
conaidered the thermal strosses ond dsplocomends in o sphemicol
shell dog o an aybilvery exigymuetevic datribueion of surfoce tomporaturs,
ableining their solutlons dn the form of o serieas Apart froa this the




ouity othee shoady-ptote probleas which have sblracted much atbonbicn

are thoma of the sepi~dndlnide mediun, aond the thilck plats, in which

the bowndardes ave foee from sivess but ave subjoesbed 4o a Iuown

gbaady tenporabues dlstribution, Solutions fox the problom of the
seml-infinite mediwn wore oblaloed by STENIREG and MoDOWETL (1957)

and Por the plate problen by MEDOTHLL {1957}, the nethod of soluilon io
cach case being o eodbina@on of the use of the Grean's functlon and

-~

the Doussinesq Jesordthmio potontial. As a porbdicviar owample  thoy
spposed the ‘Imun&m:f - bo be subdected o o cextain clicular veglon of
expozure, Thely vesudls, vhich apprared In the fore of olliptic integrals,
wors Aot partlodlariy sulted o mmericel, intevprotobion.

Those two problems were aleo considevad by MOKT {1956) who obtoined
aclubions for the unsyine tuheal problens, ond by BNOPS (1959) who s
able o obioln gelutions W gome porblculer problens by toling the
difforenoe betwosn o dsothormsd ¢lastio solubions for problens vwihiob
differed onldy in the value of Poisson'y retlo for the matewiol, The
plate problem has nlso boon tackled by SHARMA (4956) using o direch
intesration of the gowoning eguations, and NOWAGKL {19572 and 1957h)

used. - a thermoelostic displacensnt potential to solve the problens of

e dnfinite and seni-dnfinids gvaces subjeated Lo & glven bompovatuzo

iy

674

Paeld, Recently SHENUUN and LOOKETT {(1959a) were oble to obladn
solublons to theso pivblenms by using two-dimeuplonsd integral transforms,
Their selutions, vhich wore in the form of two-dingneional iuvers
brangforng, wore found do reduce W a fora sultable for manerical wouk
in the spoclal coses congideved, and the bthree ddmensional analogues

of Hhe ldsoshronatic Lines wsed iun photoslagticlty were devivaed from thona
These snthors nlso consldoved (19590) the elustic layer westing on a

K3 1

wieid Poundation and then svbjected o thormal condltions.
Ve hove dofined the *elassical’ solutlon of the dynomical thermo-
glagtic problen 4o be the solution obloined vhen the Linklng tewn

84/04 ip omitbed From the heat condueblon eguation. The work of GOODLIEER
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3,

{1937} is applicable to those equations and hos beon vsed by MENDLIN
and GHENG (1950) 4o examine the helfespace peoblen. Thermel shock in
the half-gpace hos also boen dpeated by DAVILOVEKATA (4950 nud 1952)
and by TENAGZAR (1957), the latier using the Fourder dransfora s the
mathonaticnd bool. HOWARKT (19570) considered the sation of ¥ime
dependent heot souvces in the iafinlite medluu, and obialned soluticons
4o the oyiiadviondly symuotrdos) problen by wsing o oevwoslagtio
potontiald and fmntegral tronsformg. In his tereatusnt of the ylate
problen SHAW (1956) alee considered the classloal solution of the
dynaniond problom, Finally STERNBERG (1957) and SUERNBEGS snd
OHAIRAVORTY (1998) congidoved the fhompal shoolk in an infiniie elastic
body when the surfoce of o gphavieal cavidy dn the wedivm was subjectod

L2

w0 b oudden mise in tewporetuve. In the Tormer paper the inowtis tovms
were neplesteld from the equetions of nmobion, these offecits balng
arcounved for dn dhe Jabber publicatici.

Wnally we cons to the dloss of selubions obiaived by using the
conplete Lioked cquetions walch were formulated by BIOT {1956}, and
which have been dexdved o difforent Lorms or by diflerend epproaches
by CHADVICGK {1959), TS (1956) and others, Simple solutions of thoso
cguationg can be found by considering wave propagetion of o gresciribed
Porm, Plans thevaoclastic waves have been frented Dy CHALWIOK and
SNETDON (1956) , IRRSISIICS (49571 and LESSN (1959), the losd named
awlthor cshowing how other sclubions oo be bulll up fron these simple
aodutions and eleo giving o briel dlecussion of toceasnt shoclk in the
nalfeapace and dn dhe dnfiolbe eylindow, LOGKERT (1958) exomined the
thernoelogtic eguivalent of the classleal Rayleilgh suvdecs waves and
CHALIWICK (1959) considered the propagation of longitudingd vaves in
soldd acivoular oylinders, Yhis labler problen wap also congldered by
LOoKEEe (49592) vhe also considered propagetion dn hollow oylinders
and in the infiolis nediun with o oylindvieal cavity, SEEDLON (1959a)

treated the problen of the propegation of thermel stresses i thin

metellic vods, whilst Z0REKT (1958} wes concemned with stress propogation

L




in an dnfivide moave dus o the pobion of a thermal dmpulse.

The solution of the linkoed pecblen Por the lnfindte space has beon
trsated by seveval ouithors. NOWAGRY (19590 obiained solutions to the
gpecial cless of problems hoving emponontiaod Uine dependencse and
cylindnioal symmetey. Gonoral sol viions were dhiained wadng intepimal
fwonpforms by BASON and SOWDUON (1959) ond LOCKETD and SHEDDCN (1959/60),
the forsper consldering the action of evbitrary hwal sowrces ond the
Latbor copsidering axbitravy body foroes, HPASON apd SHEU00N (1959) and
EOWAGIKE (4959a) wore able 4o obiadn solutlons 4o gono special problons
off the nlf-space. PARTA (1959) congldoved the eylindelcally
gymmetricsd problen of the half-spoce frae fron surface tragilon and
LOGREET (1959h) has obbadned a fopmald golution to the problen of the

holf-gpacse submitted bo avbitrary beal sourvces, boldy Lovces, surface

bractions and thermol boundoxy conditions,

These arg the maln contrdibublons o the aclution off the thormoe
olostic problem, Both COACUIGE {(1952) and SWELDON (1959b) heve weviewed,
some of this work, ool for the sake of cogpletoness Lt should be
menidonod dhat U £1957) and WOWAQKE (1959h) have exbonded the busio
theory to visceo~clastiolly, the foxwew also conwldordng tho enbension

o finlte defowantion ko the theory of theracelestioiiy.
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GEIAPIIER, B0,

SEEATEwSTATE PROBLGNS,

P

21 Ioivoduatlon.
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In Chapter One 1t wos scon thed o berma Linking thoe heat conducelon
aguabion with the themmoslantle cguatlony of moblon dees not appoan
an the steady-ginte egoations, The fellowing chepiors off this thosia
will be concerned with dynamdenl problens in vhich this tovm doos ocour,
However paytly fov the sake ol completoncss, we shall discuss heve o
gteady-atate problem - the offect of inposing a stondy 'h@rﬁgﬁsiﬁ'mz?a
distvibavion on the surface(s) of o semi-~infinito mediuvm ond o Wulck
plote, These problens have been considersd before « the cose of the
send~infinite medium by STERNBERG aod MeDOWELL (1957) and the thiok
plote by MebOWELL (1957). In ench onse Yhe problem was taokled by the
uge of the Green's function.

Tho analysis prosentod in ¢his choptor ds due o SHEDBOY and
LOOKEDT (1959 }.,, The ropulds of SUERNBERG and MoDOWETLL aye zediscovered
hy o sdmpler anplysis, which is suliad better to pumorical woik. A
apealal case discussed by those authors and other oases eavo considerad,
and in each case dhe throo-dimensional anslogue of the laocchrvompatic
Lines is construatod,

B R g mnan ] 4' ) !
ORICTR L w NS
*%?Wﬂ.f}:%& i&%&’:w -uﬁ-"wh’{":r@ﬁ friet :%fgx%%'?n&%é

For the steadyestate dype of problem congldored da this chapter
the thermoclastic £leld cquations (I-26) voduce Yo the foum

‘7’3}3 " (5’33 - ‘3) grad & = b gyad 8 (”
V0 = 0 - (2)




a8

eV U = (uyvyw) denotes the dlsplacement veobtor with compononts in
oo (xyys5) Grootions. and 0 and & hove the meanings assigned o then
proviously.

12 wo multiply throughout eguation (2) by the eupression

{2r) Yomp { alEs *ag;y*}} » dabograte over x ond y fuom e o réb , ond

> -

L. L)

introduce the mobtation £ for the wwo-dinensioned Fourler traneforn

107

o (O o AlBx e ay) 4L - .
:L(Eﬁaggg) Py azj:?;uj‘/ f x§y9g) QT({:){ ?Jr) du (‘3
gy

b4

aguation (2) tronsforms 4o

-

(B? »£2) 0 = 0

(&)

waors D oo fdu, P e AFSA97, and P« R 4 0,
Bauation (&) shows that the dronsform of the tompervature can be
exwpressed in the fomm

&8 N‘;,? » ?3 "
9 = TSR, b | | (5)

) L]

Samilerly we cen trwonsform equations (1) to obtain the seb

(D% o PR o )0« (B2 o 1)EAV = (B7 w 1)IEDY = <bif 0

[

w (B2 o e s (D2 - ER ~ PRRRYT » (BF ~ 4)A0DW = ~biy O {6)

~ (AR = 4)3E0H « (8% » )LDT 4 (PPDF - 8% o 9B = DDY

" ' . - (o] L] e by
and by elimineting the wilmows we £ind that v, v, w satlsly the
Sl

equasions
e L

L W hind
ER)0 =~ AbE(DF - LR)P0
PR w £2YPT o w 2p{D® w £2)20 o

%
[

FED" = £2)5w = BO(DF - £8)%0
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Thug because of {b), ¥, v, ¥ 0l satisfy the equation

(0% «? 39 w0

a0 they con be wrdltben dn the Qowa
g o (jé\g s 33 9o ﬁ;"'a) Q«!{;m 4

@ £ (&3 “ Gama) @ b4

e
mr
3

il

)

wa ! ' . wod £ ot WE: .,Q’,
VWom (Aﬁ P :53:32' “ G:.j%a) 2 > -+ (ﬂ.g + Bﬂl’i “w G:‘;??ig) e
It de obvious that all of these elghiteen coofficients cannod be

doseribed arbliveridy. If wo suvbatitule

(6) and equaio
 ~bs 2 £
ot P

then we got the seb of vguatlons
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(A% + Bim » 0f57) @é”?
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Ha

[Hi1

w2 éas:o

b0 gemn all the cesfficlents of @ 7y &7, o
{pince the copntions must bo gatlefied for all values of

‘E'?Y.J

L T.fi) s ;(“j-n;:::“:;ga"‘;

b B ) = 0

fa]

BOy +0lh » 350 = O

. 2les w;'f%p)
(g% = 1)y

At

T2, R e S R
3 &*9 vk

£

ik o . :
;:mrcrr:w&'“:-:z:}gmmu ,5..:‘;'__,. B‘l o ?} }?’3 ,:. "'L(ri{: ;{}'3 b:u 2{%}) o2 o

(8% = 1)

an oquabtion idenblaol with

2‘,5“{121((” wn é"'g,;} .
(6 = 1)
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an equation idendlenl with &

(8)

(9)

the expressions (9) baok ingo

t‘.l

%)

(10)




plus o further nine equationy vhich oan be obiainegd from (10) by
woplacing each cooffiolont by the comremponding deshed quaniity and
b by b

TFrom these eqguations 4t can be shown thotb

e

By mEP p, e il , B o L s U1 wCe =l 2 Q

WAOTE
. Yo % Bt ?} . - oy &N .m%‘e ) : ‘
5w e :mmi:“*{yéf é;-A—‘i + G hn o ALAY - fj‘gf‘“"‘“jﬁ”‘ ("J'gj

and thero ds a sinllax oot of cquations fow the doshod quantiitics,
Heneo the goludions (9} con be Pianlly wadbten in the foum

e

?

v (Mg +EFz) @ %

£ ¢

T (B »0Cz) @ ™ a0 (8h 0Pe) o

e . = ,’g_} - Fea
W (D = 3503) ot {(ad & 24P'm) o7

vhowa ¥ is givan by {11) ond

. A% w g 4 . AhEe °
P oo %drn;%? EA o AL o AR & ?}gfj%f j (13)

o
o
Y 3

The oguations {12) ave, of couvse, only suliable Por problemns in
wivioh {he solid megion vnder considoration is bounded by plones normal
Lo the s~awls. In such probloms L4 is poseible to find the coelliclents
A;l N Jl;; by applying thoe tronsd wmed boundary conditions to (12), The
phyaieal quantity ean then he obialned fron these equations by opplying
the trangform inverme w0 (5)e Wo sholl obinin soluldlons to the halfe
gpace problom  and the thick plate problem dn the Dolloving sections.
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2e3 Bolubion for the HolfeSoaoog,

,,,,,

X

IR we pasume bthat the components of the displacomant veetor and
the demporature diatribution coch tond 4o zexo o9 27 wy the golutlon
sovresponding o the holf-gpace 2 2 O 19

F I‘e”g

i

{14)

.t

w0

7 (Dy o 3P2) o

vihere Aq, Az, As ave o be dotommined from the boundary conditioans ond
P do given by equation (14).

Uslng equations (T~27) end (14) the tronsfomms of the stress
components Ty, Tyy s 0y Can bo wriblon

.
- " : . . L
Vug m ( =i Ay o BEPG o EP - dEMy e EPa) o °

t"?

Fyp @ (ha = uLPa + 9P = inly ~ 9Pa) o7 (15)

Op = E%"(ﬁ”‘ o 2Y(ED + E*Pa » nhe + 9°B2) o FF(efls o 3500 - £ )l e

Thus, 1€ the boundoxy 2 » 0 is fres fron steess we have the set of
eqguations

Elg = &P 4 AEAz w O
Ehp = 7P o dnfy = QO {16)
3P = 2B & he) + FP(BAs 4 3EP) 4 DB <0
fow the determination of the A, The solublons of this set of equations
P
are Touad 4o be
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feom which b follows that P = O,
I dhe thevpal howndavy condition i the dnposition of o purlace
tompovatore dlabrdbuilon ¢ (Ryy } then dhe Pivet of (4h) shows thal

B e §lEm) (19)

Therafore, wing (1), (17) and {18), we sce thal

- tz b 0B, G il b % 6
u SRS --;—,_,-. iy e i aa v s TR . NG Jﬁ.'mv:-'r'u 53} v}' ;': N 1—.:*:::;,:4 sty ', ‘ ]
2 CEEE Y S sge =g e (9)
and honce the digplacensnt veolor o glven ly
63 TR .
(5] PR et Bt L= yain ahel 3 ""‘ 1 =é?% e th g i)' T « (‘:} ‘z Pz‘ ??‘S}}w ?u g,
Ll ";'zi“‘:: 1) j (a5, 9w, »8) FEeE © & an (20)
oqC"} en iy
and the teuporalture ilm Tribwblon i
[ B )
4 [ s 38 4 ay)e ba . ., .
0 = g $lgm) o (& 4 0y)- & a5 an (29)
('n{“a’l; e:x!‘i‘ﬁ

Feom dhe expraseions (15) end {(17) i% is obvious thal

s o sy
Vag = ¥y = Oy = Q 4 g ¥ Q0

fﬁhw:mg that the stress fiedd is plave and parvallel to the bowndory,
n agrecment with the yesult of SURHNEERG and MeDOWELL,

Ducially ,&mam@*&:mm;m Solution,

The solublons o the peoblen in vhieh the prescribod swface
bemparaince ¢{ar) L ially symaetyical could be obieined from fivet
principles by wa:*:s.'isin.g the a:;izm'i;:‘é,om (1) and (2} in oylindeical polew
coopdinaten. Howevew 44 is an eony mabley o obiain then dirvectly Lrom
the selutions derivod above,

Pacense of axinl symmetry wo may wedte O(xz,y) = $(e)  whswe
o =V 4 5% Then
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thove ¢ 38 the avgulor coordioste and we heve weltben & = § aoay ,
7 o= f 0y o Thevefove, siuce

v

o ) ,
;g jl e cos( ¢ ¥ %nzf w o i6P)

o | ‘
wo see that $LEM) « $(E), vaore P(L) denotes the nevo ovder Honkel
tmonoforn of the funetion P(0). Denoting the conponents of u in tho
P -Givestion by Uy W o

W, = UG0S o5 v min
o ,
= T Z;:w.. j m(*! ) ew"’ f 4 cos{d = X) ol cos(d =y) ay
¥]
- sy w’,ﬁ} 5 (ip) o™ %ay (@2)
o
Also -
Vo e é{}}» gy j tu){f) JafLp) Gm rfig’; (23)
@

Ag o gspeclald axompde of e use of these Povaulas, we consider the
case whiok da conslderad 'm sone detbail by STERRNDEHG and ReDOVELL,
nomaly that in waich
- ey G p s

‘;e‘}f;p)mi
. Oy P s

in viloh cose G(L) = doda (€18 aud, An the notation of RASON, NOLLR
and SNEDLON (1955), we hovo

’3 A . 't . 3
11 o mﬁ}g:'%’ﬂ;w FCT 110, W om e 5(@ B “”ﬁ {9 ;0p~1) (ah)




wWheRs o
S = [(0) 3,060 7 tas (25)
.
The dabegrais 51,1 w;? and 3(1,03-1) have been fabulated Ffor
vengen of velu.e.za of p ond o Tables 9, 10, 11 on pp. Hh5-5h6 of

WASON, WO and SHEDROoN (*’69 ,,,:} ; 80 A% ds an eosy mabbor Go coloulots
the components of the displacoment vector at any pr,}:i.m,p Wlem. 1, 2& 3
show $he wariabions of w, 8 and , in planes parallel %o the *Ezc:m.z-zr?.mgya
Hedng the fermmdes developed o the wference mentloned gbove, it
is a simple madber to ghow that the equations (2L) ave dn agveemsut
with the expropslons given by SUEHIBORG and MEGOWET,
I ds of move dlveot donberent o caloulute the ddfferonce of the

principdl steessen. In our syston of wits, we bave

du, w, -
& w 67 p 52 23 l;»‘nw“«y 4 o rsv[{'l
£ U ap I

Ve

po that, in the gonerel Gane,

@
5, =0y = g j e“;é,ﬁ(e;’Lag 02) - o o, (ﬁg)i 48 ag (26)
| 0
and Sn the come dn which (H(E) = dods (4)

, TJ'.'%-‘{,Q ; .
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g

The values of {hie sbross differance ab o grid of poloin in the sfeplane
van be ealoulatod veadily from the Tebles 6 and 14 of BASON eb al., and
it i then o simple mavter to plot the Mlnes jolndng points with the
sane valuz of this sivesy differense, The resuldting set of cueves will
be the cuvves obéained by f‘m,%mg phangs of eguel maximun sheaidng
atress by o plone ¢ = gonstandy and will corvogpond o the iaochromatle
iipes of two dimensional pholoclastiolby. Yhe contours ave shown dn

Bigy & For the oiuplo problon we have covsideved hers.
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M.g.2, Temperature distribution on planes parallel to the boundary.
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2ok Bodullon for the Yhidlk Plata,

Tho genexal solublons (12) con be welltlon in o foym which iu move
swlhtable to plate problens, The dwoeusforns of the components of the
Hoplacenent veostor due Lo whe temperature dlotribution glven by

U« aosh (P9} + B oluh (Ia) (28)
oon be wrlbben dn the fown

% = Moosh(en) o Melnh(ia) + PEz coghalgn) » Fiu sinb(fs)
T o Bocosh{f n) + Afeinbfin) ¢ Pys cosh(fn) + Pis sinh{ls) {29}
red

LY

= Apsion{z) + Mfeosh({ra} « WP sinh{gs) + 3P coshlla)

»

<,

WG

- i Ihn y 30
TH o 0 v 4%« HAL o 5 3"\,., . g“' {}"‘ e mm;wﬁm L rm.ew. k~~nm gt 3 %180 4 WA By wiiieEone Lith
- i W4 ﬁ -} 2 ~}"$ Egﬁi WA AL ﬁc,% A (JJ)

The compononis of v vEe "5y 8 'ﬁ"gg 32 O3 Oue bo this displacensnt
Fleld avo piven by dhe equatdor

(284080 w28 Jodnb{€a) « 2%0n coohlln) o (CAL-SBALTE Yoosh{ln)
v 2PtErn sloh{ls)

-
0:"1‘?‘( b

Fug w {EAp-inhysPrloloh(ln) « 20tz eosh{fa) + (LAL-innbsPn)cosh(fn)
5 2P ple sinh{fs)

gy = {P7 2 j {AiExlpndoosh{En) + PPz o) w‘h({,&?i w Piooshl{Ea) %L conh(la

4 {3"’:3&,F’*"'m;5§1{ 05) ﬁ‘"?é 84 “.wa(g 3 wi{ﬁ" o ;hg.ﬂ Eahhn yaion{gs)

+ Pretu coahlis) | 9.u’<mfshf' £n) o+ pRASEotah(Ea) o FRALEF inh(lz)

o ARAER R conb{Ln)

f?q)

Wy vew consdder a plate bouvaded by the plongs 2 = & 4, and yequive
That those boundavdes ghould be free from tvastions That is, we bave tho
gondiivions

Dok

. oy
Gy w5 Tgy = Tyg = O, On & om W d,




.
L2

Since the exprossions on the xdght hand aides of (31) consind of the
gun of an odd apd an ovon pawt, those conditions lead o throe polys
of equbions of the type & + b = 0, & =D = 0, vhich inply that a = 0O
pnd that b = 0, Tn this way we deb the six eguations

(28 =33505 598 et A) + 2PEEQ cosh(fd) = 0 @
(£ 050288 4P 5 Joosh (8 ) + ZPELA sinh(dd) = O
(& 8 ~in s +80 )oinnf{E &) + 2pntd comh(ld) o © ts
(LML winhs 2P R Joosh(Ea) + 2P REA glahlfd) = O
i {37 w2 } {MEhomdoosh(8) «BER A stob(Ed) { «b8 coshl(fa) (32)
» Pt ooe(Ea) + pPatPeosn(£a) « PR ar plon(fa) = 0w
A" 42) (zxs.a;,- Srednn(ga) et mah(é’d,) o TR pinh(fd)
b BPALCeian(8a) + FRLR pinn(0a) s BRAER e conh(8d) =

The equatlons pavled = dogether with the second of (30) eve sufficiend
for the detexmination of fq, Sz Ass T4 dn Pound thew
4 )

TN EXo

A"‘ = Pé)z; {"ighﬁ%“}* ] Ag = ‘;EMEJ( ﬁf”" rel Ay Q‘P( "‘”M . Pal, (333)

Prom the vemsloder of (382) we £ind o mel of expwossions for the f&f
vivieh ave idontlesl wiih those Loy tho A"E, L8 B Ag weplaced by B, Tt :L:f;
thon, easdly scon fvom (29) aud {33) 'i;h.@:‘ the components of the displacomont
yootor can be obtalned by applying the donverse bravgfovantions 4o the
gipresadons

e 728’ 3;;4) { 3 cosh(ln) « Bfain (é;’féz}}
v = e i 40 FW—‘ { i cosh(fa) + Bisiah(s) ; (34
Vo -:ggq"}’*wmj {3 slab(ls) + B mmﬂz({,&;)}

Substlbuting the valuen for the constants dnbo the oquations (M) ,we £ind
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g e .
5”«::‘;,3; Yy mUy =0, =48 738 8,

so that the SIERBLBRA-HCDOWELL xesalt that the atress Dleld induced by
s arbllrony dateribubtion of surface temporatuze s plave and pavallel
b the boundary holds for a thick plats as well as fow a sopi-dafinite
polide

Axlelly svimotiical solubion,

-

As in the oaso e:s:i? the helf~space e can cagily dewive the solution

0

in e eage vhen the bemperatuve fleld is axially sympetelceal. To
Wlvstrpte the procedurs, wo ehedd congider the slmple sitvation in which

o i (j’)((}}:} O1r 9 (.1“ Q e Q DXL A sy ew F}., (':)‘)}
For this distribubion of surface tonperaiure wo Find 4had
<
v | emery 8btla 5 8) o oreny ap
i j B SRR e e a
Q e}
B " Ny Pev i) }( o fl‘) Ja€F » v,
oy ST T /] g b
m{’ =R "’"-“‘i(} j wlE } slah 26 d 1(Gp) a8 (36
LAY
"‘; ™ ,.ek:'.':..:u.:vq &Qp{'}%__t “ -
j He) i am { gpd g

Our vl of length i wgpseilied as yob -~ wo novely assunsd that 1t
was o Thyplealt length L. L2 we now dake 1 = d; so that all lengbhs ave
el

noasured po ratios of ball the thickness of the pilate, we £ind thot

aouaiions (56) essume the sinpler form
ch

[ ey Shobi(s o ,
o = }‘ galg) ﬁs;m ,;gw Jolgn) o
!3(
nw(r&m;urr‘:y -@E')q-r‘ 3"?«1 (‘33 A’A‘!&*‘r“& £ 3
u, = j g Spnigies 3(be) 8k (37)
C
) x..uwu-’a"v oty f,r(?:}}'w ( “—am ar..u%«.j“) i
KTy ey f HED PP & (6p) ag

For any given dlatribution of temporaturs on the uwppor sveface of the




plate, we con calenlate the zero-owdsy Hankel Vransionn c?»” {£) of the
function ¢fp), and, insorting it in cquations (37), calovlato the tempor-
ature £icld ood the displacenent vector within the plate, In the gencral
Ccage the evaluablon of these integrals would be prethy complicated
hecauso of the ccourpsnce of sinh 2§ An the denoninator of +the integrand,
By suitebly choosing the function ¢p) we can, however, chisin :i,mfagx:*am

wideh can e esslly ewvaluated and obiain the soluvion of a representative
ProbLoR .

For examgle, 1L we toko the surfoace distribuiion of teaporeture to be

] " Tt -2 .
¢(p) = WMMILEAW%{ [6° + (?e;-.g)&.]zu "t (K '“"f;_’*" GYETE } ks 2 (38)

then the temperaturs at the polnt 2 = 4, p = 0, or in our gyaten of uniis

gw i, pe 0y 8 gyond the gevo-oxder Hankel transfora ls
h)Ea, -k .
- c«-rw Amv{. a.m‘?‘o; 2 N:“ 1 '
) =i o ~sloh 2( (59)

12, now, we substitute the expression (39) ints {37) and eveluate the
plaple lotograls go chladuned, we £lad that

£ o la}‘“’@ Inwm 4 = & Badaea }
Q v {-w ey { P (3.5,0)
81@ [.j }‘(1 “4]“ )8]3!" !})r.p & (I ‘ .p,-’}a':! afe

(L 25000 { b 4 48 - I o g m 2 } (
11 = A z'x-mz&ur\‘.f 2}»‘3 )
p = TG olTo% s (152)°] P sl )

Fron the labier equation we dn turn deduce thet the diffevence ln the

”
B

pyincipel stosses s

m

(% 32000 1 e w 4 =g ko
1 o ﬁ)" PR o PR b, A rwar 37 e FOpT R wn % x (J
“p " % = TOR(FE S Uf«-»(k“%mz)'*_]“f T pE e (ead g )]

! 4 .Etﬂ;:'w'w” ’“‘)"" *“’ EYRR S 1{: ‘, 1 '§* Z)amwg ony N




In g sinllar woy, wo find that

“oe 3100, )
s ix:xf.m‘n.:w;:ra 7 R e S ST D "I‘

Woey &g} ﬂwz‘ -"w l? y
T RO~ 1) V] p% e (lowt ez )¥]

by

A ,.,:34,. vt _.a.:s ¥
A [2;" 4 (st +2 ] } (4:3)

By sultably choosing the conalaah k (34 mush bo gveator than 2 to
ensure the convergence of the dnbogrols) wo san oblaln seweral inlerceting
problens. Fox emample o value of § alightly greater than 2 gives a
tenperatures ddatribubion walich is councentrated in the neighbourhood of
the point p = 0. On the other band a lavge value of [ producecs a {tempevature
ddateibution vhich is almost conshbent over the cenitval poxtion of thoe plabo
Nunerical coloulations have been caried out on the coses kB = Bely, B = 3,
and k very large. The tomperature distrdbulion and the isochromatic
surfaces corregpondlog o dhose diebeibutions ave shown io Figs. 5 - 7,

The wvalues of % " G},& from vivich these gurlaces were plobled ave glven
in dables LT ond 3T (cones &« 241 and k = 3 ) Vhen & is very lavge

7] o ™ 0 i propovtionnd o ﬁa( 1 4 8) = the valuves of this simple funciion
have aot boen tabuloted hove.

DG e Taatio Tovere on s Dieid Bornndsdde
T3} x&aﬁ&é&:&?ﬁQxfaﬁ%‘uﬁ;‘&sﬁéxgm%hw@a:g%ﬂ%{ﬁm&%%}g:«.-‘;’a:«‘\iﬁ*

As o Purther spplication of the geueral solubions doveloped above
we shell consider a problen not treated by previous suibors. We suppose
o layer of elasbic materdel Yo be vesting on o igld Prictionless
Foundation. The uppor surface (8 = 0} is froe from froction end is
asvbjected to o koown femperalute dletribubion ¢4, the flux of heal
D0/02 = ¢p beoing known across the lower surface (8 = @), Thus the
boundayy conditlons are

Ty m Ty o= Voy = O 4 @ = Oy an g oo O

W Tyw om Ty = O 9@@/@9’4 m o on g om 4
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Using the genewel golubions in tho fomm (29) the elastic
aonditions Anply that

"’j*‘(ﬁa ’”E)Q‘\csz{;%-é.\g?aj el o E;’g,,; a6 ﬁgé“j_a o O
GOk = SnlE 4 B'H o= O

G By =Bl *H.r‘,jf\v g GFECOT 4 T EE S

({:-éﬁ w3970 5 ;gs G CPREST o el NE A = O
(fan AF7EAIS & {8+ SBLA)0 w

( 3;;3;.}

vhere wo have usod the notation £ = sinh(£d), ¢ = cosh(fd) and vihes:
P oand ¥ are glven by (30).

The solubtlons of these equations can be welbton Jn Serias of a
guanvity A defined by

B, e s *w’ R STk -:wern-w
ady b

m.(”‘m, °Y o A I (,;@gi;;,‘i,& ) 4 dsbL )
ﬁj,e(ﬁquqj(h-’”j’sc?“*;}u%éa rq } i d?‘ ] 1}"4‘“;)( ,_3}2{".“ ) L2

o bovms of 4
131. 2 l:.. é,"'

- A
.ﬁ.-@ et 5-5[!. Mg w2 ?}.& .gl.{,% w mATUIE &rdv- oty RNy

5

anow [) ,@“—, ey . .
, ifm e 2.:;4’5‘1\*‘” b . i:a.im"m BEE AL .
PEEFE R =

[T 93 - ) ‘
Fy 4 o ] T pRs e B D e hu; ﬂ A' —_— m?:azmzw‘ﬂ%&é%%fm:r‘rﬁi ‘5? Aé o :h‘a; ASOW 4 { 255 }

(w«» b : EEAS AT ), o, AT

2 3'
” g :‘; v;:‘z 3:1‘5 u—um::»mhv &‘3‘ py en Yt T
45{3”
¢ & -f--\
Genoral, thomial bowndazy con9lilons.,
Sace the bowpevabure dlatedbw mt}w 8 is glyven by

§ = B cosh (£z) + Blainh (gr;m)

the theranal bouvadazy conditions, § = ¢ o0 3 = O, 80/08 = ¢p 00 2 w d,
xogquive thadb

wu

£ y LY
(r,n; oy J‘n\ rfjg = (Y&u o W{S)
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The expression (h5) Pow 4 then tnkes the Powa

¥

L
Mw?r ’gg"rﬁ ::rmﬁ"ﬂ }:«"mm‘ AR <
boggeqeraay ” iﬁ = T Ty (48)

Ehexmoldy Snosolatod bowndoxy,

The condition dp= O covsoyponds o the probleon whvre the foundetlion
is made of some noneconduobing wntowlel, ao thet dhe clastic layer is
heruedly lusudotod ab Lty lower suxdaos.

In this oose 3

By o m« (ﬁn}imm *}

and 1% follovwe that P a P = O and

2 M’R't’ %{3‘»% . :;&w?‘%; %gliu "}#’
o s Sl (R bo = P T]

Then we gan Dhaally wvedde

U = ‘:;"”4 *‘i’?”“gﬂﬂﬂqﬂ* M@mh{{; 5) - &Xf*wﬁtﬂl{@ﬁ)}

29?;?3 i y ¥ ] P }

i s smbistoliicenn . o o ey
Ve T hma&h({,g) 2 il a)

o %S
5 . | l (49}

W @ ‘;:'gjg‘p“*m“":s %.«mm(egw}z w §0° Y onsh(ln) |

=k
H

R
Px

gy

aouhipa) » E“ﬁ“‘*a&xﬁzﬁgﬁ}}

Uykindwianl. ByamSkEYs,

By o sinllar procedure {0 that adopied belfure we oon caslly
pbtain the symmetrical solwiions dlroetly Fyom equaiddons (49). It ds
Found, that




b33
L%

[+3
1, = gl [ HO) {oosmita) < ot eamn@a)] (o) ag
8 Let]
P, - —_— v " -t A “
v e g(ﬁ??*;ﬂ j &) | minn(fa) «» 50 ‘wzf»h(éﬁ)} Jo{fp) &g (50)
{}( iar i
Lv:s)

¥ = j g J{. gosh(ls) - 80" Yaton(Cu) | Jo{gp) ag

where ¢q() is the zovo-onder Hankel bravsform ofdi{p).
Now 1% con easily be showa thatl

coe(fs) - ©0" ' sdab(fn) « “%m«

sinh(fz) ~ 80" oosh(ln) = ﬁiﬁé‘gﬁiﬂfﬁ * aéﬁé&;‘“@ }‘ﬁ*
where o =8~ 8, & =8+ de

12 wo gubstitute from {51) inte equations (50), end compavs the
ragulbing exprossions with equations (36) of section 2.4, then we soe
that the results Dov the present problen can be cbiained by supor-
pvosition of two solubions of the kind deslt with in seoblon ek

That de f\ |
g ﬁ 0 g i o O 0 = 951
0 >p E 2 —>*P = FrrFI7V7 7 p
06/9z = 0
0 |= ¢1 g = 0 \Zf
v
P

The minus oign 48 o be uvsed in eveluabing w end the plus sign in
gvaluating w, and 8 { and elso G, » Gy = 2oy :',eé@ - /{3} Yo
In gection 2.4 we considerad the ﬁb‘éﬂ.“}e

A
$a s **X"%"“‘“*E;M% o ogian(2e)

By supsrposibion wo con draw the isoshromatic lines Lor the layewr




i3},

¥

problen with this suvlace temperatuore dlatyribution on the uppsw
suviaces The valves of ¢ 5" g, ﬁ for ko= 2.1 and & = 3 ave tebulated din
Tables IV and V, and the covresponding curves ave shown ln Flgse. 8~9,
The problem consddered above was greatly sinplified by the facb
that woe took ¢z = 0. In general, when thiz Tuncbion is not set equel
4o mero, the solutions (49), (50) vill eontein o torvn in $e. Since
this will also contadn the expvession (8 + §A0™?) dn the denominator
of the integrand, the muerical work wlll not be se simple az thatb
in the cose consldered sbove, In guch cases L would probobly be
beoat to pordomm the ixa*iséggmﬂ;:‘i,m& pugenically on o compubor.




.....

55

) 0 042 Quls 046 048 10
0 0 O 0 0 0 0
0u2  §BLBINY 149981 WBTM JAHAE L0516 038
Oul | 8.0442  2.6000  LB42 53293 1688 1306
0.6 haYOT0  2.08981  .968h 7O L2046 22526
048 | Z5H50 15587 L9006 L5360 L3622 L5118
150 | 14,7000 14769 G783 L5323 L3983 L3568
1,9 102429 29109 L6682 997 Wh033 3702
1.0 072 7226 560, 11561 « 5890 o 5663
146 OO L5856 L4855 LA03 L36h2 L3N80
1,8 5506 831 69 3663 W334B « 3202
240 AEB2 AORN GBBOT LB LB0R2 L2968
ARL Vo, LAY ON A RIGED DOUNDATION, OASH Ik e 3, VALURS OF o = o | .
> % G 0.2 0ok Go 6 1,8 140
0 0 0 0 ¢ 0 0
0.2 4028 WO 0079 L0051 L0039 4003k
Ool SOT5h. 0891 L0268 0190 L0 0132
046 SAGO3 L0007 L0859 L0382 L0297 LOR72
0.8 2079 4266 L0825 L0687 L0h69  LOMBh
150 2314 1513 L0022 « 077 0635 20592
(5 #2358 ABMY 19 0922 0776 L0732
3o L2289 LA685 4202 4028 L0890 L0046
146 2457 L1663 L4318 L1093 W0967  .0926
168 21995 602 #1315 2122 AME L0976
240 21832 4519 128k o112 2031 1000




56

1*Z = % J0F ‘L (% =, N)°0 /(L —,8) (%0 - Fo)¥g Jo Sentes suz on IoJOI STOQUNU ST
*qUBSUCD = _&b - &o_ seoeIIns oy} JO QUelsuco = f# oueTd e £q UOTLO9Q *UCTLEOUNOJ DPIITI UO I9L8T °Q *BTJd

z A
VITIT IV IR NI INNIFINININIINNIIIF IR FVINFVININVIVININIIVNIINNNNINNINNEINEND.
L€*0 1°0 L*0 L$°0
¢*0 i ¢*0
o*t o°L b
0°2 \ 0°2
-« i 1 -
Z |2 A z




57

*C = ¥ I0F nmA¢ INMvomp\mv |NvaQb - ﬁvam JO senyeA 9UL 01 J9ISI SISqUMU BYY,
7

*quegsUOD = |0 - Qb_ gooRJINS SUa JO quUeISUOs = # suerd ® £q UOTIOSg UOTIBPUNOJ PTSTI uc JefeT ‘4 °ITd

24
/D7D VIV IIIINIIIIIIN/FIINIIIIINIZIIA \M\\ VIPPII7 IV INIIIIINIINIPINIIININyi




5%

CUAFTER YTRER,

bt '—-::’1‘1:&‘«‘»

RADEATLY SYHMETING SORUTLONE OF THE LINCED THERICETABTIC GOUATIONS,

Ve consider medio which bave boundasies of the form r = constant,
virers x is the radial coordivate in a spherical polaw aayfs*z;@m That ds,
we conglder the solid spheve, the Inlinite medium with o sghorical
cavity, and the sphericel ghell of arbiterayy thickness. Purther we
shall ooly work with problens do which the applied systen of stross,
dleplacement and/or temperature is radlelly symmetrie,

The dymomic Lield equations of thermoelostileily are

VP 4 (f% 1) grad & = b grad 0 = ¢ %a*«,; (1)

b4 Plal ’9@ N "
Wﬁﬂmsé%‘;:g”h (2)

in tho gbsence of heat sourcees and body foreos. L we apply the operator
&y to (1) thon these cquations can he weitlen as

ARYRL o YO = B

L 8, ®
Y0 = PO o b

Tavolving only @ asd & .

Sad, Emponentisl Tine Dopendunce,

Iy

Lt us F':‘J.‘tsu suppose that all the physical quentitics bave an




axponential vime dependence of the form e‘ﬂ" s 80 thatb

8, &=t P ()

= 5t @
vidore, in the madielly symmetric problems under consideration hera,
0f and &' ave functions of x only,.

T4 should be noted bhﬁ.l» slnce the derivetions of cquations (1) and
{2) deponded upon the :.-:s.f:}famnp'b:i.mn of small effeets, solutions of this
Lorn wlll only be valld for sulficiently small values of the tinme B,
For oxample, the oxpression log (1 + &/T) ws approximated by the
Piyst teym in ite oxpansion {(p/7), which glves an gwor of the ovdon
6% /2%" . Bmprossed as a porcentage erzow this im approxinately

“ n o ¢ ﬂ%i.-
{ w&ﬁi/ r:@emj nt 1{}{'} m rr)(i g A‘){} g

Thus AF the maximw peroiseible evvor is ¥ then ¢ ds piven by

o
cey e . WX -
i ’0" 9 nG g {4 LeQo 1 tif);; ""J"i:" ¥
i} ! m'w. o B0 0

whach dopends on both ¢ and €7, The solubions oblalned will only be
valdd for wlues of § less then This maximun value.

Substituting the expressions (L) into {3) wo sce that 6 and A7

"y

sooisly
(697 = 00 )" = Y0
(5)
(V* = af)6° = agh’

from which it Pollows that 04 and &7 both satbisty

{(gaav‘— a0®) (T w of) = obgV® }1 @ 0 (6)




Wo shall wilte this equation in the fozm
pE(VE -~ KEWVE « KE) P = 0 (7)

whare 1§ and 13 ave the woots of the quadvatic
G w (00?4 af3® 4 ebg)x + @’ o 0 (3)

anf for &y and ke wo lake the pogitive waots of k1 and } -hg a
Sow the equation

Sy 1
<] s = Hopa m» r% §3:== et "?T1 e
{v k}j}&waxgipc} [ 0

nas the solubions

W 4 @2’41&"3:'

a LY
e

52

Thug 0f and AY ave of the form

L TR Law ion i
A A A-;@ﬁr 4 B @.*k”' 4 Aga ¢ 3 Do g
(9)

g L, kel 3"9.&‘ =an
bt o e L e w 4 Gz - Dpe

Hot odl of these coelficlents ave ludspondent, I we gubstitule
bacl: fvom (9) dnto (5) then we find wolations bebusen them, and deduce

that (9) con be weitien

2t

i3
b

(g(’”m WL }E@m:\; (13“2”-; eyl )3('2%“". ([.ﬁlwwewﬁ :}R zﬂ-g% (p“l;‘wag ),
(10)
elgn

Is

. Teaw g ey
opht  WEPEY 4 bkfoe

Lot v A ge
» DRERGTY L tnfe

mauntiom{10) reprusent the gevneral solublon to the class of probloms
| 4 % f i

&

oy




G1

congidored. The coefficients P, 6, B, 8 have to be determined Lfxon the

boundavy conditlons of the pavticulay problem under considerabion,

Hee The Solld Behero,

Elsmmarey
Yo obtain the solution cowpesponding vo the selid sphero we must
talte © = = P ond 8 =« B, o avoid infinito values of 09 and &¢ at tho

ovigin (r = 0), The expressions for 6/ ond &7 axe thea

10! = (PPkGe 00” )P sinh(kye) o (F%KE- 0o® )R olob(lyr)
(11)

5

2af = BEEP sioh(kr) o BRER sioh(lr)

To oblaln the wadial dlsplocement u’ we nobe that

{l = ; & e . -
g,{ré’u’ ) = 2P0 = DEEPe sinh(lcyr) 4 bhElr sinh(k,w)
Bo U

Pl Qﬁwg’{-l’i’.gii’? cosh(ler) = wmmél{:g*o‘ﬁ} 3 v knr coshllsar) « sinh(l,w }j {12)

: L

The congtant term which appears due bto the integration must be set
syl 0 zaro to avold an infinlte d:mplmemyrt ath the origin,

Munally we con wvidte the wadlal component of tho stress tensor
ay, a8

YEPAY - A’
" 4 ALES) (O A E) mmm
0y = {p | 234, bE! 4+ 2 b

w BE e tofalvh{kye) o AP sloh(lk,e) - Ak r" Yoonh{l, v}}

i ?a"ﬁi‘ vV ofsin(kew) + AT uioh(lpr) - Al f“ﬂcsesh(kgrm)} {13)




As am exoample of the uee of these equations we consider o sphexo
of valt radius which is subjected 4o a tenpeveture dlaitribution Qﬂ%
on ite trostion-fvee surface. Thus, from equabtions (11) and (13), the
equablons giving P and R ave

Oo = (B2 - ao® )P sioh(l ) + (@°KE =~ 00®)R einh(lke)

e

0 = F[xﬁ’ﬁ? ainh(l ) + & sdan(lm ) - his coshla ) ’i (14

. .
xs ﬁLqﬂ'" ginh(ke ) + b sivh(ke) =~ 4k cosh(le )}

Tor the specific cage off lead, the consbants in the squations of

thermoelasticlty have the values
¥ g ” U "y vy g i N # iy *16
BF = B, bowm 0,232, £ oobeib2, go 285, o= 2,034%10

Ve shall congider two geparate values for O3
Cape (1)s TPor ¢ = () aquation (8) pives the values

ke Oy 71 e = heG16x1077
Bouations (14) onn now bo used to determine P and R, and when these

values ave substituted into (11) 4t is Pound that the space~dopendent
part of the tempovature disteibution in given by

8 nga‘.@gﬁ?,wgﬁ%%%&ﬂ.ﬁﬁﬁi m 018 bo (15)

Cage {(i1): Por @ = 0.6 oquation (8) glves the values

¥y = 14746 ka = Ra7700™°

and the tempeorature distribubion is aow given by




pf .QL“!‘Z&XE Saﬁéiﬂi(‘lgﬂﬁ@a s Oyl O (:';CS)

Volues of e fuebtlons (45) and (46) aze given in {he dable on page 65
endl tholer srophe axe shown dn M. 10 oo page 66.{they are uhown as
the Toonplete Linked polulionst,)

Sed Suoslefialbic Bolutlons fox xconontisl Ring Daope:
The solutiony dn vhich inorida 'i.émaaz n.:i"w ms>,ILm tad fron the
eouations of motlon s known a9 the quuel-pinbie solution and is
chavactordood by sobiing o = 0 dn ogmiion (1)s Tho guasiestatio
equivalent of equation (8) i ‘

FRYR (VR - o - Ghp/BP) P om O (17)

ao thalt Y solations for ¢ and A axoe

po¥ Ay C‘#}w’ XS Eﬂg,ﬁmm 4 BAp o Baw
N ‘f 3 Zm" "'1“3?’
P w Oy ¢ By o+ Gp o+ D@
whowe
oo ef o obg/pt £38)

dgaing ol these coelficionts ove not indepondent, aad we find
That
P! w BFP & i) Ca + BR ¢ gBy
(49)

¢ @ WP 65 4 b0 6w SR - £5p

Soldd arhora,  Rotuming 0 the epheps problon, we must take




w9t w 20PP siohlke) 4+ g%

(20)
Al o S0P piah(ly) - £
to avold dnfiolte veluos of 67 and A° ot the owigin
The diepleccnont vl io theo plven by
Sl 5°07) 5 207w 2P wleb(iw) - £’
oo that
I LU .&bﬁﬁé’z‘-’{%ﬁ? cosh(lz) - a;z-.nhcx.ﬁf)j I {24)

and we have agadn gel the coustonty of nloegratdon agual 4o zowo
avold o aingulordty dn the ddgplaconant ab 3 = O

Uading o oxproosions (20) and (24) 31 is found that the olwose
O 20 ghvon by

. . . ) o _ . W
warf, w B{RC = PR - g ~ 50) 4 Bl {ﬁ‘”%s},ﬂh(kﬁ) « k™ cosh(loe) j
a0 Tat he conddilons 00 w Gy, % = O onwat glve e oguotions

Bo = 80°P pivbh{k) +gf

<37

(22

"

0 = 8(ar » g% = by = 80) o+ Gup*? L adah(ly) - & QQ@?&{Z@)J
Yoing degeeaial valuos given pyeviously for lead, we find that

Gose (A)s & = 04 gdves B o 0k714 and

0r s AedilD Lot 0T ED. . 0,15 0, (25)

S




65

Gape fal)s @ = Gs6 glves k= 1,26 and
Glenalanl, Ouasheatol o, Solutions
Phe clomsolenl soludlon i obledned by negloating in equations {2)

the Linking town gd/04, A yCre by sobllop g = Q. Feom oquablons (48)
ond (22) we can gbtain e clapplenl quusiesiatic solutlons (o« g o 0):

Oopa f3)s o = Opl gluds = 064k and

o o Jalsi0 %@mwwm (25)

Goge (33)s o w Gub glves k o 14578 and

MM» Si*ﬁg‘w-gw'a&?wg« ) ( 26)

Valuos of the fusetlons (83) - (26) nve glven in the following
wble and thole praphs ave shown in Pige 10 on the follovwing pape =
the Linked quasdestatic solution bolng shown an p full line, tho
chonosical quasi~static pelution belug shown as a broken Ling.

py ® 0 G2 Oely 046 048 440

Folutlon
@;‘tﬁr@gﬁ@”&u Tanleed ¢€38€3 4»89’3 « 0 hﬁg? 3933 1800
Ol | unsd-atotio ) 12 « I8 o« Sh 967 14000

Q g&?ﬁiﬁ}f{r%w& | § ¥,
dmnentotio | 093k 4937 W94k 98B 976 4,000

conpleto Linked | 4501 518 « 574 + G0k «B0% 4,000
046 Qﬂﬂﬁiﬁﬂﬁ%ﬁﬁﬁ gﬁ&ﬁ #5097 «Gh8 o 19 2856 TaUR0

u&gi?ﬁmﬁ%iﬁ 680 WBPE W7R7 o 187 2876 1,000
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Oud

0.2

Pig. 10.

66

quasi-static classical solution

quasi~-static linked solution

————— complete linked solution

| | 1 l+I‘

0.2

Oud 0.6 0.8 1.0

Comparison of the three solutions (for a = 0,1 and « = 0.6)
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B will hove beon noted that the sereomond of the thees polutichs
ig not vory goods Howovesr we have ohogon veluss fop g ohich glve a
repddly verying tue depondenge - 80 we would oxpeod ,,,mcxmd@ LEOTE
due o neclooting tine depondent tonms. Fdv nove proctioable (A
prpllev) walues of g tho solubions show o betlor agreemonty ond dn the
Landting case of & om O, (Je04 no oo dependence) 4t fo dbvwious fzon
sgpedions (1) ond {(2) that the Wuwe golutlons eolncides A poind wwrth
soting fxon the grvaphs plovled overllosd io et the evwor dnbpatuncd
by neglesting the linkivg Lowa 4a { 2} do of approxdmetely the sawe
g;;L-sm a8 the cepor dubeoducsd by nedleoting the duorbin dorm do {1).

2]

Sadi Salpbions Lou Sonoval Admo Dopenfoncd.
To dund with the csse of gewewnd Hime depondonce we nugd voe the
thoeony of tho dntegrol, wanslom to veluee eqmiions {3) %0 o veb of

Al Peventiol, aguations da the elngle vaudeble 2 00 wo defdine the
Toploce dvensforn § of o funstion € by
' @ ,
. e iR ‘
7 a }r&*@“’aﬁ (27)
o |

then equations (3) oan bo transformod to e fowm

VPR b VU & o 0%
, V0 & o w ogh

vialeh de ddentical whth the set (5) with £, U zeplacing &% 07,
By oomparigon with tho provious oose we huow thad
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27w (P15 =0® 00" ¥4 {0815 wen® Ja *“3‘*“%(,3% 2 YR (R 1w )ﬁa"z‘f}
2
20w WERST Yy Mg Qo™ Yy brERG e T g gen e

- In mm epge we haw o wes the Iranaformed boundery cendliéions .io

| 548 %%z =Sintio Bolution & .'n“.’%wﬁ@w@n& RRAENGe .
8 we mzﬁ%& 9‘@ AF da geobion 3k by B and & wo got

- . Ty e ) .
w0 = iy f%“% * gi?"?‘@ﬁ ﬁﬁiw 5 gR o gl

oh = W & 4 by & e w SR e P
vhous

B ow ool o be/P?) » a1 o+ ¢) = afy |
and & s dhe peattive soolb of K. With tho sppropriste oxpressions few
Py Qy Ry 8, the exwprossions (30} leod, wpon laversion, 0 the ponevol
guast-ptatle solations,

2a6 Zntintie o ik Sohavlont Govilys QunsteSite Selukion

o enpurs tind (J sk tiy 33\ Tend o Bere a8 2 2w Wo nuet ek

2B = f9Q 0 4 GR
) {51}
oE o b0 6 - gm

and the eguation w(ﬁ%@ & 508 gives

W ore o Wﬁlﬁwac‘mﬁﬁ % n”ﬂ) @h‘m’ o Py ?




GO

' . 8 vy v . )
whdre ¢ de o constant of integrablons I we regulre that 4 should also
tond Lo Bovo as ¥ e o dhon wo musd ko R = §s Honee wa have

i = g &7

_ﬁ" ""’3

B ow o DO« 27%) o PY

T A obwlons from the Dlret of these eguations dhat, in thic

guasi-gtatic approximabion, vhe donporatuve disdteibulbion eam De
nlcuiated from the thermal boundory cundition alone, lwrenpestivg of
m wurfooe tupotlong aobing,

Ag & porticviowr example we shell conglder tho infindio medivm
with o sphoriond cavity of wdb radius, vhich ia loaded thermally on
e tractlon froe surfaco, devs 9w fop ¢, » 0 onw w1, Those
conditions lead o dho ompressions

Q= B % By & = B E(l 4 4880, (33)

FIERTERG (1957) obloined the olassienl quasdestatic solulion 4o
Whe prohlen whove

’ Op ‘%i &3 @v
o :.;.-{

13 t > s
fow vindeh  Gpee™t {31)
o Bask
148
o ¢ .
28 = o™t e ( e o ) _ (35)

siunge k¥ =y, Yo con now apply the inverse tvexmforn o obiain the
axprossion (MRDELRT (1950) Vol, T.pR4B(3))

g wvalf/2 -
¢ o ;: e i %ﬁém} {36}




ek e the Linbod quegi-stabic soludions Whon £ o 4 and g « O th
expression agrees with the dlassioal reosuld gbtalned by SLERIEERG.

Algo vie mzm use equotions (32), (33) and (34 4o obiain exprossions
for 1, E?w Oy o & pe Vo $ind that they can all be wrlbten In tormo of 2
fumetlon 3"(%,5«}

Flr0) o =88 L (xe 5 1) X L *‘)} o 1)

go that vwpon dsnvevsion

1w @ w*a&;ml?(ﬂam

G = = BT, ) (38)
Gy 5 Gy 0 2P (g t) - 200

Phoaddy we uvpe the faod that ¥ afy ond Anverd tho ezprossion (37) for
#2000 to obladn (BRDELYL, ppRhHed)

B(iy6) = H(en 2016 ) Fedo(B) - 6V ()™ 4 130 s/ P

{39}
whera
8 o &€ 1/ A ) yrrie (%0)

RBauatdons (56), (38), (39}, (i;ﬂ) conglibute the aimmd guosieabatic
solutions 4o the problen. In all cogos they reduce ton SLEMIBERGYo
ol 32 £ o 9, 8 = 0 (emcapt fov mm»:mme;s-mw congtanty resuliing
from o Aiffovent choloo for the unlis of longth and sivess)

We wow note, from (36)«(40), that the quantities € ond b plways
appear in the fora £/ This leads ue to the followlog reasonings
Suppose dhat the clagsiend quesissiatic value of ¥ {ov @) taken on a
covtalin value at o Wee . Then the Linked quagi-stotic wlue of F {on 0)
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bakes on W sene wlve at o W U oglven by

f?‘g; m ':"\E;'g (33 mwy&gﬂﬁﬂzﬁ
.E@ ‘a; :S;

Tant 4o

B
r:u
gt

o (4 €)o

s wo bave peoved that o eonffigoration of touporatuus, dsplocenond
snd sizons, viloh oxlote vilthin the classieod quamd-stalic thoowy ob o
hine Ba s v be rosdhod dn the ddabed quasiestatlc theoxy ot o Hime
o dntoar,

Mhviousdy the oud off oweven Quplobing the varlotions of v, E %
9 whith g ond & will be of the same Pova for dhe linked solutlon ag for
the dlassiopl, atlutione Yo obinin the survon for tho fevney fyom thoso
for tho latler we need only mudtiply the bwgroduwnbions by the faotor
{*i_’ 43‘,)‘; The ourves for the olessiool solution hove alveady beon givwa
by SRR .

Sl Qrasieiatio. Solutions of, the Tdaked Havaticng,

AL splublons referred 4o Sun thia seolion will bo quusi-sinbic
polebions Jeos 8 = O Wo saw dn Yhe cxonple of e losb seotlon thab
the 1anked polution was ho some ao the olapsicnd solutlon with tho
s sonke mognified by the footor (1 + ), Wo look now fo oo 16 this
ia wus do gonswaly Jeos Sop auy kiad of body, sud wader abillrexy
alasbie omd themmal conditions,

The thoweoolontio eyuntlons aye

Vo o (F%= 1) grad & « b grad 0 + gwd ¢ = O
(&4)
B 4 V20 = 2D o gh

vhoire wo have assuned dhat the body forse X cen be enprossod dn Yovas of




o potentiel fusetion, X = grad $.
Sppdying the oppravor div o the Diwsb of (h1) gives

FRYRA @ BP0 o VP w5 O
s that

P o B0 » O = Sungilon of the coordinates

s » o
b wbh w0 (42)

e may now olininate & botween (42) and the senond of (41) piviog
0 o b+ V0 w 2(1 4 ¢)0

Thug the pot (K1) is aquivelent to the sob
‘g*ff«*-ﬁ’ 2 (f% 1) grad A = b grad & w grad ¢ = O
(43)
L) . [
@ 4 gq‘.;fﬁﬁ e V0 o f’c’i e tS‘)ﬁ?

Yo cap seo thak, v gonenal, the substltubion ¢ = {1 4 ¢)7 dous
not raduse thesd equations to the elassicol eguabions, sluce the guentities
0 and ¢ {and ploo the Bowdary ammditions) depsnd on §, The ocavity
problen congldered dn the last seclion was & gpeclal caso, aince § and |
¢ wowe both ldentleally sexo, as wes the surfocs slvess, Mlsc the
howndayy woupseeture
~ Oy o @
Rolt) = {
.

’1,@ R §]

is dnweardont uwnder the tronsPormation b = { 1 + €), Thus it wes




acoldontal thet we showld have chosen & partleuler problom for vhich
the eouabions (45) and the boundeyy condlélons both yvafuee to the
closadonl problen wader the trensformation % = {1 « €)%,

A bettor lontowpretaltion of cquations (43) in o pay that the
Linkad probleom gon bo peduced o o ¢losglonl problen AL we consddor on
gxera hent gowrge egual. o g&gﬁﬁ pnd, veplacs £ by £ = 801 + ¢)o This
Faot was noted by LOCKENT and SHEIDON (1959/60) in Weir snolysis of
the Moked thermeslastic problen for the Jnvinliy nedivm (soe Ghop.Vi.).
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£, MEHIOD OF TRTVING SOLUTIONS OF A GLASS OF ROUNDARY VAWIE FROBIENS.

b, Aoduation. z -

" In wagy branohons of oppiicd mathomatics thewe oxists o dlass of
problens whidh dopend for tholr solution wpon the dntegration of o
pet of pimalbaneous dincar pordlal ¢ifferenbinl equations subjech 4o
sertodn boundowy condivlons. In all bud the simplest cases 44 is nob
pragticeble to deald with thege eguations by slandard nethods. Yor
problons Iavelving dnflalte moglong, colublong ¢an often be fomd by
the uvge of dnbegmal trousforus. Howevor, Lo mouy problems we ane ¢oncerned
with modia of fhakte exbond, oo that 42 wo ave 40 moke a Giweot

appldention of this nothod, we chall bave 19 use Fludbe teonnforas,
and. undew certain conditions thoso avo much moxe Aiffioult o apply
than trensforms over an dnfinlte wence,

This sdsuation exisls in thermoolestiollys Tho Tull equations ave
too numerous and oo complicated o beallle by diveal elianination of
the vaknowos. Bven L as do dhe solutlon of the steady-state plote
problen off Chapler Two, we wers o wnsforn the equotlons with
weapoat o all bub one of the vorlables, we would be left with o gyoten
of #our gecond ordor Lincoar opdioewy dlflevential cguoadlons - oblll o
fornldnble problen o solvws The problen for the luflolte modium con
bo solved by dwwensfomnlug the ogquations with respect to oll of the
vawiables (soo Chaplor Six)e Howovew, fop bodles of fintte extent (end
0 pome exboab ovon for thoe seni~infinite bodp), diffiowliles ewige
if we Yuy Yo dronsPorm wilth panpedt 0 oll of dw wrleblos. Frotly,
we would roed o wze findie tranoforms which, oven 1T swiiablo ones




oo ayaliable foy the poviioulaw problom, axe ofton move dESTiouls 4o
Invers thon the waneforms over an dufinite range. Yecondly, he uso
of these wwoansforms woudd denand o knovledse of the wiuea of sous of
the wimoins ot the Lnds pedats of the Intograls, In mosd problomng
Phose values ave wob ki, Thus, the “iadinite pooblen® bap sone
advontages over the other problens.

In this chapter oo ehall ohow how; by consldening no@ifiecd probicms
an e ondive (loflelis) spuoe s Ve gon upe brensfovin ower the ialinlio
wonge o obdndn the sekabions to sone problans for Solte nedias The
methad, vhaich 3o due o JOUKETT (19059¢) Ao given dn gonewal form, fov
application bo any suwldeblo branch of sppiled muthonatles, 16 I used
0 eplvo speelfic prollons fn soetion B3 aod hapler Saven,

48 Brhankentive Raonplos
Befors atbompting to slato the principles of the wothod in gensral
Tanms e seall use o gethod to aolvo o aelatdvely sinplo problem.
% should dhen be eusior for dhe veadsy o vnderatond i genorald
Pormlovion, by compardag 40 wilth s soluticn,.

Zepporadane detmibobion dn on dnlinito ovlinder due 4o o ouwrfoce

Senpepeduio Gola b

Ao ouw cxomple wo sball fad the teumporafuve dlolxibution in an
dafindtoly long eylindor due Yo the oppiication of & boundavy bomperaburs
Golnab) on the sunface » = o, Thg the problen 3o mathemabicelly
oguitaiont o fdndlng a solubtlon, dn the reglon v & o, of the hoat
gondudilon sguation
4 )

e

£5

w i

REAaD
Bre
e
4 fo
oo
23 1
+
e
g &
S
£

3




76

gubjens to the bouwndery condition thob 0 w @s(a,) n 2 & a.

Ingiend of oolviag hio problen Glveotly, we shall coneider o
modified problon dn an dnfiodle modlom, Vo shall £ind the offoct of a
{for the momsnd waltoown) hoot souvves O(y ,'b} wieh de concontrated on
the raddug 2 s o Vo shadd then choose 9{0,1) dn sudh o woy that
8 = Golzyh) on v o a, Ouy golublon will therefore aatlefy

gj}@ z1-T %%‘i k57 = O(nyt) Ble - (2)
mibjonts to the oondiidon that 0 w Oylah) on ¥ e e
Now within the reglon © ¢ ay oquabtions i'a} and (2) are Adendioal,
g0 that, within thie meglon, our solublens for the wedifled problen
pre adoo by selubions roguired fop the q‘mmmw prahlons
0 wo define the bransiopmg

B(EsE0) = g j j el o j 18(ig15%) eftp{aﬂ‘} i (%)
wm o ‘
o Toa (
£408g0) = 5;; f j plagt) oHEHE) gy ay (3
[ e

eqwiion (8) tronsforas 4o

(;}Q & {;a o .iwra)? w1 il { Hin yE° {5)
G0 et : i o
609wyl 1) = %Q; / [ 0ot} @ MEs) g ay (6}

wm )

"
¥

/ it () B(E,8 40) G

&

o &
299 f BIE® o 08w d00)"YV0(ta) do(le) &

409 31,( o) Bo (ka) for ¥ § o ¥

it
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Ay id

whewe B w £ s doe and we chooge o I the bramoh with tho posibive
wend, paxtie
Wy Gon oy agpdy e dranglovned boundany condition

67 (o o) = 0§(E0)
w0 pab |

ol = 08/ (In) Kolln)

ond pubstiintion of this capression dnte (V) ghves

O (vl gt ) w G0%e (i) / Ty fla) (&)

Hopkly wo use {8) and the dransforms luverse o (4) to glve us
e sonpereture datrdbution ‘

G 6
§ . Iy : st !
0lwyagt) = e f j 03¢t 1) %ﬁ% o %jiﬁi;ifz} o HEs w08 g gy (9)
GRS el
vieps wo tale the souawd oot with the posisive tegl pavhs
T o vomily verdfied thet tils osproseiom watlsfles equation (1)
oad the boundory condition 0 = Go{a,t) on ¥ = oy

had Genoad, Fhyslead Boserlotion of Nethod,
Suppose Thet the nedlun dn ouy problen ccouplies the oglon D and

A acted vpob by vearlous fcauses® which we shall dsaocte by G, Those

canses dny be hody Povaes, heat souress, dletivde or mognetio Licldy,

noures, adnkes otes  On the boundarios By, Bapeee of B thers ave a

pat of bouwndary dondidions vhileh we shell denote by B The seb of equationn

T oy espress tho foot that sbress componenis, tomperature, 'bi;;azs:pa:m‘i:_méa

gyaddont, pobtendind, ete., are known on these boundoxies, Suppone thod
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ouy phystond kuowlodee of the problen ellows us to Pomilate 44 a8 &
.»‘ ,aj

slapttoneous seb of Tiogay prwdial differenticl oguatlons B, wiich wo
havo 4o godvo whivln the veglon D in aceordanss with o howndaws
conditiong T _

Ve coneddor now o SifPeront problom. Dot the nedium ocoupy the
entive space £, which apy bo of one; o ov three dimenclons sccording
o the problon In quosbtions In addddion fo the eanses O acting within
The wegdon D, Wo now conglder o furthew systen of couses 6° acliog on
the suefaces By Pogees For each boundawy 08 containg o complote seb
off enuties concentrated on this boundnpy. By o toomplobet net e nesn
that 4% gshould gootadn all types of couse xelevant 1o the povbiowler
hgaoh of the subjoots Thug, fo on elogtio probion, b phould contain
Wody Porces dn a1l posible dlweolions, Wilst dn o theweoglentle
probhen 46 shadd slso contaln o concontratod hoat soures, Thip onoures
that thore ave gs neny movhers in the G as theve ave boundoyy
aondilions . ,

Suppose that the physios of the godifled problen leads to o cob
of povending aeguabions BU. Wi the doterior of the wegion D the nelo
of oguntions B and B syo identical sinee e OF ave gero withia this
vephone Yo now uwoo the twensiomm weibhod to obbodn solwblons of the
Br within the ontdee opees Xelhene solationg will dopond on tho %,
whdal up Yo now ave wakoown Pueebions, We now choose oxpreasions Dop
thon po thet the gond@iddons © awo patleficds

Oup anlations therofore satlsdy the boundery conditions, aad
withda D dthey sva polubions of By Shws ve have found soiubions do ouw
odgingd, problens 46 fav as the Piolis medium problon s congernad
the goludlons hove no sconing vhsbsoover oubplde the woplon D,

Benbriclions on the Tyes of Bedblen fonslderads

Phe nethod e only epplicable 4o s covdain class of prablons, The
masbriotions which must be placod on the typo of problen conpldprad,
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awe saduly concowmed with the type of bouadoyy and the typa of
boundary condition vhich ave peralbied, Tn Dachy we only wwquive thad
The govorndng equations shoudd be o el of Livssr portial  lfforentind
eguabions which can bo wedvded tn o sob of slgebiade equaldons by vhe
gwpliopbion of a sulteble milidple inlegral transfozm  over the enbive
gpoce, Yo pllags no reptoletion elthor on the nomber of dndependend
variablen ov on the nunber of unkwowns (os Llovg as this Iz ogel to

the mgher of egquationsi)

The boudery oopdidions moy be glvon by specifying the bhoundexy
yadues of functions of the wikunowng end/or thele derdvatives, bub cach
s gpeolfication must be made over the vhole of Wad bouadary, Thug
4% ds noh peralesible o heve mixed boundary comnditions on eny houndany,
although the condiltionn on one houndawy ey be eableyly difforeont from
those on another bouwndayys

Tho other reatolotion is the foms which e bouwndayy Ligels can
tnleo, Boch bowdary mush Do of the forn » ooms gooxdivate g = conpland,
andt in auy one prdblen 21l the boundarles uead be glven by pebling the
aeme coordluets equal o &literent conglant volue. ms L is nob
povalsalle to conslder the quarbor pleno bowdad by = = O (¥ » 0) sad
g o= O {xos 0, though 3% ds possible o consider this domedn 48 wo use
poler coprdinaton, sincee the bownderdes can then be wrdtten 0 = O and
g = /2, This last condltlon docn of eourse wostrlot the mubor of
weoblony which con be teckled by the nethod. Hovever we oen ace thad
by welag sulinble coordinates we ven taokle problems inwvolviag the
pomdedntindbe plone, dofloids obelp, seai~iofindie spoce, dndindds
plate, dnterlor and exberdor of clrdie, clrerlar ning, dinfiniie sgetve,
dofiolts civedor oylindey ond tbe, iolinlie spete with ayilindeloal,
payiby, inflniio wodge, sphawme, shelld, infinile cone, ohc., Yhws en
dobarenting class of problens sbill pomoings
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ks, Gonored, Jidhonatiand, Fovasion.
in peobion & wo Josoribed the nethod dn physiond tevie. It s,
of soracy possdble o give o purely neshenntiond fopmiation, ond hip
S the parpese of e prostat seobiony
Surpose Yhat we bhove o oset of linear pordiad Alfferontial eguabions

hy-k=g (10)

vhere L is on n x o metely of Linear pavilal diffeventiel operbbors do

tho dndepandont vewiables :;i_a:-g s Hagrveslh, ¥ s the aolwm wabeds
{ 71 Jawrom T off unknom fanotions Fa # Vol M pwewity) and £ do o
aolunn makeds %ﬁ“@ b gg‘@-ﬂ?n} of dhe koo Punoeblons ,i?i st fﬁﬂ(m R FITT :,);,v
ey vidoh o Pind solutions of those sgnations within e donndn
8y % By % aa, all Smesen, (Hne may Do dnsluded do the indupondond
vodablos) awbject 4o cevtain bowndory conditions on m = oy aud
By Dy Thasge conddbions my duciuds funetions differonbiatad wiih
woupeot bo oy of the vardebled,

donsiday nov thoe sot of enmabions

}\i e E. = %!i (‘”)

wirerd ¢ de o column palidye vhose ¢lements ave of the Powm
(;&1,%« = Q‘;“tﬂ'(ﬁfg g«wmqiﬁv} &(5‘?‘»‘;“—”‘ a@) P fﬁgjﬁ(ﬁf{:{ 49 »:’?ﬂﬁ}f,ﬁf:’:ﬁvm fin ) (*33}

no thad hy 0 Pop 9ae Wy 4 Daw
. iAw
Hqeation (12) oan be welbten 4n naderix fowm an

¢ gy Bl o~ aq) o oge 8w ~ ) - (43)
Ar A P .

Tho polubion of the problem con new he conphatod in fowr aicpss

Ly

(1) Traneforn equations (19) over the onbles wunge of My Baseeen,
oo Gk
[ it : ?@:
) B = .J X
Ty~ % s {12

Mo A
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Bupeoss thad

}; - ‘:g"({'fig gue e%@}i

- an
§. = ’EE}’ (égga 499 ni:;g;,)ﬂg ‘:3;',1 3% ) g@ {E‘Qa ahu #ﬁiﬂ)h&’i (%'2 3% )

whare ke swpersevipt ¢ denoter The tranpform with wegpest to alld
aoerdlantes except my, and hy and by oo the drposforms of the dolls
functions with rospret Lo . Hguatlon {44) then mives

F s { £ giby o ;b@j {45)

{i3) Donote by T ihe doverse tnansform vwith wempost to 2y Thon (45)

T F g w [ {_{i‘}’“ﬁf PN L:’i}iﬂh»; }ﬁ;_? RO {&fiha ]‘.—Sﬁ (16}

wince pf and pl oavs a0t Punctions of Bie Whon dhoge twensforns oro
evatuated (16) con be weibion dn fho fowan

3 {5y g e N sty oz g s éé'éz,,) o 2oy oaseet ) 81 (Haswoel,)
i W%y g gu s af’é%} B (Eapon v%ix,g {17)

C{Aa) Appiy the brensforned bouwndary condiblons do (17) and polvo dho
rosulding eguadions fop gy and pg. Sbebiduto these wilues duto {17 to
obiodn on oxprossion fow 77

{3%) bpoly the Inwsrse bunosfora to yo(ny Hesea #E';w} and obinin on
exnprassdon for ylm é_,,ue%}@
Fidhin the wepglon caw € ae Yhese solutions setdsfy (10} zince
b O dhewn, and they odeo sntisly the bowndary conditlons on = o4
and my e 8pe They ave therelors the wegulved soluliond.
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Dingustion.

The sinple ensmple piven do ssobion b2 1o eanily solved by the
shandard nedbod, Tn feat 1% 48 only nocessauy 0 tronsforn (1) wlith
rempect o & and ¥ Yo obiadae o differantinl, aguatdon wheso solublon ig
eomily seon bo be off e form (8)e Thuy wo should give sone Juntification
for producing o nethad which ot fivet pight seens to bs move complicsiod
Than e abandand, ounes,

Thoovotignlly oll problons of the dype ouvisaged bere can bo
solved by standawd asthods, and &% ds best that siaple prolblens shovld
be solvald dn dhis Wy However, Pev more conplicated problems Iavolving
pevernd woknowm funetions the standaed procodurs becones very LMLl
0 appdye Ao an cwopsle, lob ns conedder tho anount of work netonsiiaisd
by the stondard pethod and by the prasends nethod for the following
npoblosits

Yo veguive bthe solublons to o syaion of n slavlionsous a'ih ordow
Tinea peptdad Afferenidal equationg du p wilmcuos end 1 dudeppndont
vartables.,

(1) Stendord nethods TransPorn gach cguation by an (aw1) dlnonslonal
transfomm, ghviog n adugliansous h ovder diffovenilal sopatlons,
Blamdunte the wioowas to give p {(m}th ovder differentlnl ecqunblons,
Sodvo thone cquations and ppply the (w1} dnonsdonnl dnverse bransfomns.

(41) Fropaot nethod: Twessforn ceoh equnltion hy sn x dnensiongl
Grogoslomn, piving B alnvlimoous algdbrade squationss Solve this geb
of guuations ond epply the g dasasionad dlovivse bredsforms,

e, ab the oxponse of a oae dlosnsionnd, trensforn on oagh eouailon
and a oue dlwensional Jovetss twengforn In onch solubion, we goin the
advanrbage of baving o polve o gobt of algsbrolie eguations pethor than
a pel of Aifferential gguations vhleh sve vot essy @ oblaine Bvon for
fadvly pmald values of g, # and x 1his advanings, and the faot that the
piasent nethod ip nove sydlemmatic, graptly ouimeldh the digadveningss,




A an example dha peader de welerved 40 an application of {his nethod
in secbion 5:3. In paridculer we wefer 0 oquations (26) of theb mootlion,
whdel, apavt fron the doide Pupoltions, oo they eguations whotie aolullong
pire Maguinate

Hothing hos boon sakd go fer ebont dhe vnlues which should bo
tolon fox tho wlmown fonationy ab the lindia of luioegration, wheo
Hrorsforming the differonbial equaidonny In many problems whe values
ot one Mmdt wdiLl be glven by the covresponding {inlie nediun problon,
vialdet the velues ot the olher Mndbt wILE be arbltoorys Por ormample,

dn e gxample of peotion L2 the valuds ab » = 0 avo given, bub it con
d > ey ¢

ensddy Do verifisd thot the mesult (9) 4 indopendent of the condiiions
Jabroduoad ot  me .« This g 4o by dopeoted fvon the physionl rensoniug.

The methodl desoribod dn gcotions k3 and L5 also sugeests the
popsibiilty of ewtoneion o the dase of conventrating the cowses OF
aubolde the howmdawy on the sunlbes my = d. Dowover, we must then be
megre carefiil iun ordox o wefadn mathematical xdpouvy of the onslysiss
Foe dnataee, dn the oxample of he2 wo aould have chosen o heal sounvee
o the redivs 3 = 4, where 4 & a, The analysis thon conbtluves as bafove
pnd eads to the wesult (9} However, it con Bo soon et the expression
for & g now

ayr 1RGN S
Az vf*;ﬁ;f%"’mzﬁf i ﬁﬁgé? (18}
whore 4% ig the transfomm of o funcltion of the gondlblons Jatveduced ob
B AF A w Oy this will ledd to an intogral exprosslon for © ublch,
Por many choloss off Jp WAL be dbvergenty Vhon 4 » o this mathonsfieal
aiffiedlly Mesappears. Othervioe 1t nay be posilble 4o chwope condibions
gt ¥ o= o 4n pueh o Wy thet the oxpresodon (18) convergos,

In the aprlication glven dn segtlion 5.3, the vauvaes GF hove beon
placed on Yhe todivs » & 4, Mothematicel wlpour oonw be abindned edther
by dndrodneing suliable condlilens et the Linits of integratdon, or by
taleing 4 = a, though 14 will b seen thad Whis does not make oy
APPeronme b the Binad vopulbs,
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The propegation of dlastle woves A o subjfeet vhiloh con be stndied
within tho Minked teracolastde thevwy, Wb add of the enenpy of
defomntdon 18 wed in producing o Daviher dodurbance in the nateriol,w
the repaindsy 3o wged in produsing o bomperature dotvibulion, ond this
In boen noddflen the doplesenont fleld.

In this ohapdey vo shall sonss thyee bypes off vave propagation,
Tha oodyels of plono wmvas ghvon Ia geotlon Set ds dus fo GHADVICK ond
SaEnoN (1950) ¢ Tho other two soobions condaln o dhevanl deenbuont
off the tren of sufacy wavs naned of ey Royleloh, ond & study of the
propagation of lopghiudloal vaves in ¢yliadors ond Wbss, Those disoussions
ame duo bo IOCKETE (1958 and 1985920,

Sed, Wlome Thwvep Ao, on Teostio Holid Sonduoting Heot,

Uaing the dinsvsioniosn forms dntrodueod by CHADWICK and SNEDDON
{1958}, o thomoelaptic Ti03d equations gve (sco (I1+29))

(67 = 4) prad & » VPo o b grad 0 = g8 (1)
VQQ 4 gj o {i\ (3)

n e eboonce of body fovend and hent GOUPCons




IP wa dofing the yeotablon veetor g » owd u and womenrbey thol
gusd, poad A = 0, then wo find, on opplying tho apovator cudd thvovghond
equation (1), ot

0%y " ' 7
S._ m ﬁﬂ @‘%‘}‘ . - . ] (:})

viadah phows thet ¢ fe gm? s'wméens‘% Avh volookty £ dn b dlmennionloss

aklin, L0 Ty dn eonwenvlonod wadlds. Thils lmpldan thot tronsverao
waven wadezge no @wmai mdﬁi tonbion, This peadle ie W0 he oupacted

singe Lransyerao waven onvse 0o change In volume, m*;.a:l Ao the dllatation
whteh 48 the Linking torm o equatlon (2).

EE o apply Yhe opovotor div dwoughout eguation (1) wo get tho
pguation

BEVEL o BURO s BR G g '5 (%)

videl, whih (8), Pomoo o paly of couplod equations for the deterninntlon
Gf O and O,
The anadysis e now wabwiotod to havwonic plone wves of the foun

B g £ mzq;){ aoh e 1@(%&:@}}
* (5)
8 5 G QEP { TG L j(m&?}}

TREPS ¥ = {m,7s8), 8 48 o conotant wold veotow and o is o weel conslont,
sinoe v a o/ $(p) and g = R (p)  ave vospeotisely the phoso
wloodyy ond ablomundlion coofficiont of the waven, o st chcono valuss

of p iieh hove pogablve voal parta

T the cxprensdons (5) pve apv subgtiiuted dnto (2) ond (L) ond the
pabtio O%/0F Glinduated bobiwen the yooultlon conotlona,; then we abiadn
the volation

2

4 p® { of @ d0fd ¢ V“)} o 40° s 0 (6)
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for the dstorainadion of the poasible wilues of .

Chndwiel and feddor considersd auproinate remdle corresponding
w0 valuen OFf g vhioh et olihor mush lavger or nueh smaller than uwalty.
Phoy ehowed thot one of the woobs of the quadvatde (6) comrosponds Yo
o nodkfieation of the puraly thewnad wwe, wallet the other voob
cowropponds 4o o meddfication of the purely olasblc Pwmve. Vhon o 5 4
e nodified Pamge 4s wanondited viih vwlooity (Lees phase volooity)

U, bub bag on adkonoation eoefflodent wleh, dn convenilonal unlilbs, ie

q, = elo/v,)

Tihen & 4 4 the rhese volopidy and atbenustion coefficlent ave
ghveny In convenilonal wnlis, by

USRI P BT CRN O IRCOCD

whove W fooh thed ¢ io omall bae elgo boon wsod,
TFow the dntomedists oo of o = 1 (0. @ o ¥ in convenilonol

walts) Lt As found thatb

LE CR ) L A = a9,

Yhooe cheenvations Indiente thot the atheounidon cosfficient of
thoepmplly neddiied Pepigon o on dmopenming Cunatlicon of thoe froquoncy
W, vy dile o® ab Fow frogumensien ond approaching the vwlug &,
sgyuptotioally an o » w. Thig, sud ether obevpvations mads from tho
appxorinots weeuls, have boon denonobratod bo Do velid by o sexles of
agourets nuserdonld codewletdony donled oub by the outhors of the papew
Bo wihvioh roforenss hay beon nods

The songe of ovbodneblo froquancics ds acbually Aislted obove by
tha cut-off foguency of tho Ddbye speobruns Also the ghapecterdoble
froquonay &% 1o vory pueh groaatar o the Prequensien abisinble in
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¥
proctics oven dn cupovdoonis cﬂww;}r g ulimooonlo pulsess Thus, ab the

momond ot least, o nuy cssume that da precltics ¢ w4 o%. Thowfore, for
Aogtance, wo gould ompoet the noosured velooity of leaplludingd elestic
wves 1o be (1 f;a:{ }’qu)s Thie hasg an dndevesbing physicel conpoguenso. n

The olasbls cons Lszm.,s D ond g czn b (ond mm} foued enpordnontally
in an exporinent based on the svcuwrate senougenent of the vheso veloudby.
Pane Srom the vosuhy shove, the dynamicol vwluve of (b o Bu) should be
enlovwlated feen the oguntion

(?a & i@’e)a [W’* & (*} & 5;');317%,

Therelore, singe the atatlead value dn glven by
AT
(;\. obs ii&s}g‘ =3 g’i?

wa sed g

(A o+ 2y

P R TR maﬂh o ‘; e

(?\- B3 f»{i )ﬂ

o the gase of Jood it s fonad that The dynaaiced value will Lo
vepvly 740 ndghor Then the sdalbiond wlus, sud this ig corbainly grester
than the expesinontal. expor OF neasurenent node by the ulivesonic
pulse bochnique.

?«fJ e T%;&;ai.&b@l ‘;f'\;m

AT _wh.,\. G P Al ] ,; el g I AN R P ) i us ﬁm,ﬂ':

o couslidew o Q\,Lf.m*r,x}é‘int‘i:tcs mi:l@. 5o 0 vhoge bouwndany 3 » 0 in
fwae from stress. Tho classiend theory of Roglelsh waven produeling a
ddepleconent fadd of the lype

. the Yola
£




—— galz « ob) (1)
A AA

aon bo found in an evdicle by SEDDON and BARRY {4958)(p.4093. In thie
pootion we eholld, conpldor how the Loim of thoese wvaves do affesied vien
toko duto accomat the thorand propocilos of the wolldy

W
Ly ds pgadn convendont 0 vee the dueosionloss Pomme of the Dield

sguations due bo Chadwlek aud Sneddons

'-'""3 a # paigoy o b IS A anenps FLEAAS
VP o (P 1) grad 4iv u o~ b gred 0 = PN

(2)

PAUIER IR “Qs; iy u

We now oodsune o aclution of these cquabtions of the founm

{12)

i&mf ’{&;‘rt‘ @5 5‘*3!} ﬁzyxég é‘) - 9‘2 ﬂ;_'.«f;)

vhowe ¢ = o - al) + lus,
We ooudd have tokon tho mowe goneral Glaploceasuts (1) buwh wo would

soon have dlscoversd dhab 2z m 0. IF wo substitule fren equations (1n)
dnto equtions (2) w find b
{m’?‘ = gAgR(] = e?) jaﬂ o g {pfe Yoy » dbghy = 0

» dge{Pe 4lag L&W m (4 = 200 ) jﬂﬁe » bply = O (3)

gaPe, + dgogogas (0P oF o 3gu)dy = 0

Flimdnnting the zoblos 0./0q, 0:/0¢ frvon these eguations glveo

{@“ o{4-ptc? Mf‘} {ﬁ S w{28° o wiqed® 0% o” o wibgpoJots {_éﬁ we )" o (o mige) il m}} =0
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The woots of , ¢fy o8 of thie oyvation v glven ly the Poraules
Iy 4 B2 3
oi e (1 = )b

(&)

r § X K ’é 'iJ!. 3 B . r _'i‘
b ol = {8Puigo =t ofedaoe ), ofef = P (1edf Y(Pedge) =iqog,

h {

vioows wo hawe weldlen ¢ = Dg/Phs The weguived squave woolts e, agy @y

ars those with posidive weal parts. To cach of these woobs ¢, theve
aovvespends o meb of values of o4, e, o8 v sholl Jdenolo thoge valuos

) ¥ % . Y o 4 "
by TR &;‘s;ﬁ @flzz,’”

Gogg, L1 g % oy

Faoon the Marat o equations of dho ot (3) we find thot, 12
Oy o oy

; s ‘ A% w i { I 5
gy + Aagy = O (5)

kel

and .

Gaoe (42)s oy = Oy

AT XS ERFATICCR B AR

Teon 4he socond ond hivd cguntdons of e pot (3) we Pind thed
Gey = O ond Wind

&3 q(;i,_(“i e ﬁ?t}ﬁ} w dg Sy g 0 (7)

e genarol solubtion of the flold equations dg then of the fora
o = (u,8,w) and 9 whers
M

e a M4 R LY . s Aoty aals - ob
W (040 %% 4 0,070 aoayge ER) o ol )
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b3 o {0 i i P ::‘ LS g L{.
wom (0aqy g e Bap® g, a@f;@”m} @_ag{(w ~ o) _ {8)

s o £ ; pitn] fo gl '
6 e (090078 4 0y 0"BE g, o™ %-%ﬁiﬁ £ = ol

Badintion Condidden on.the Douaduu,
The bouwndney condiblons are dot the sunfoss 5 o O i fyeo fron
givess ond that the mdintion conddidon

el how O
holds ovor dhe boundayye. WAEh the Porns (B) the sheawdng sivens vyy 48
ddentionldy uswe, and dhe thyves condlilons ¥ay w0y = O, 80/8% « R = O
en w0 are entiefisd 4F | ‘

(ﬁﬁ%wmgﬁm% opfqs) w Aglany o tue + ass),
{(pP-2)ialagqs ygs 04n) = B (0atyes opbane egogs) = B0y Oupe Gyn) = 0,
galeq o callys o 8a0sa = BBy o Gyn o Gesde

WAth the add of (4}, (5), (6} and (7) we con wdde these squailons i
the fown

= {pRete 2agogy ¢ A1« R Jagora + 21 PFFdagpas = 0,

w BRgy & (ﬁﬁﬁg st ?a}&_-; g b {ﬁﬁﬁa o ?)ﬂgg e 0 ¥

iiﬁlﬂvé&s}{iaﬁ*“(’l*@a)ﬁa} By + (heaglof - {4 *@@}%ﬁjﬁw = 0

3 "l

'y

£ we elinduste the 2ablon oy /iy, desfngy  ond ossume thatl ep #




wa Sind dhalb

EN

{'QE t°p“2}g€>: hoa 2‘(1 i ABLU‘ )&P!‘?‘ }{ ,'f;' ie i‘sﬁ‘; o+ 20ats ;

= 4l g PR F%’"‘“"ﬁ*’*(’i - ) } g {87 eF ‘?}“i::»{ Ga- ﬁxﬁ?,;_xgggw(-gm 2 ),f»}
)
WIRPO Gig » Go , O3 ave given by (s Bountion (9), with the subsiiiviions

mnde #eom (4), S6 an aqnabion glving o dn torns of . e thowofows Fiad
Pt Meporsion guours o e complote thormosiagble theory.

Anaudatad Roundaxys

Ths feavhis codvespondlng W sere fluw of hool aovoss the bonadary

may be abiaingd by pgﬁ: g hos 0 dn the oguationn of the lopd seolicon
2w pub hos 0 dn (9), square both miém,& of the eguation and substltute

£
@
e

the appropeiate oxpressions Do 6% ond efiwf fron (ﬁ;ﬁ} 5 We dbtndn

.@{;(,ei . !’w‘:} tj){(’{“&’}“}(ﬁ?@/’ﬁm o “gr’ﬂ,?} o ﬁfdﬁ}(w’*t‘” an b O g} a;«..‘;‘;eg_:a;)g;' :, &ﬁ‘i*ﬁﬁﬁ}

m (87" o 2V P/ - o e g apers)® (1)
Whors & e, and
gt 3 . At i
Gals = [ g'ii” - “"g& ST '*"gi?‘ 7 j {11)

Worr ¢ Lo 8 tlwes tho Creguencay of the wave and in the pronent
ayston of vnlte o 94 4, oo thol a zeesoupble approximation can be
expacted hy velaining oily thy Towost power of ¢ ousurring in {10)s n
“his way wo obladin

16{4 = F2P I « o w ¢} = (PP¢® « 21+ ¢) {12)
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Thie sepokinate equation holds not only for the spaelod ease
bk aloo Lo the goneral dass oonsldsred An dhe last seobion. The
Thie sepokinate equation holds not only for the spaelod ease
bk aloo Lo the goneral dass oonsldsred An dhe last seobion. The
peood dg gbvalmitloptard and 3o oplbted howo.

Sempardgon wlth, the Olacsdeat Theowy.

Po compare (12) with the olaseiond fhoony we Pirst weite 46 in

the ddam
(4 + )02 (Pl e (1 + ¢ )B% (pa) s ‘3[35(”1%53 Yoo a}@fm)% 1 5{{%(:;};53%3} -0
(13)

pnd then potumm do cpnventlonal wlis, I0 the volooiity of Sewaves in
the goldd de denoted by Ve thin bavonss

3 o’ ¢ £ W B A:,. £ ) 3 " - " : ; )
(44 )p® t%j - 8(»@.:@};@{?&"3} = &{.;»mw}ﬁ“*«a} gﬂ - «aeaz\(*ec-:-‘e}ﬁ%a} w9

o compavdng this with the equatian for the doloxmination of the veloolhty
pf Yhe Beyleleh woves dn the olowsicnl theepy (SUEDNON and BERRY (1958)
eguatdon {71.16)) wo see dhad (14) is nowely e Glossical aguation

with p* wveploced by (1wg)f®s

Wo now covaddor o typical cotoy fop the dyplood woluee f% u 3,
¢ ow G408, equntion (14) beconsy

3a15 w8 o 25,00 # o 5960 5w b0 = O (15)
whereas the compespondiog olessical eguation ig
B o 2hoat 4 58 4P e B2 w0 (16)

woere @ e @/‘%ﬁy B wook of (16) dyiog bolweon © aud 1 s 0919k and




'lz%:a'i,ss giwa @q = 0u3935q an w 0BhTYg.  The coeresponding wo;z.umicm
© Hhao eomponents of whe dduplacencnd veotor ave

i &

, N apﬁ “;' ?:’ ;: L PTEIEN !“”!:‘ f‘ Y ‘i:“',‘ﬁlt
= (0.7 @ NBBE 0Ty glmeot)

' 17
. 0 ROYEE sy i fa 3 # w-.(‘,.g«*'e
w o 340140079 ¢ Q303308 0,875 ﬁtw’w!ﬁﬁ c'g;a) @"mg'& t)

The other rouvls moko oy ool ap numy dnagioady ond do not lead 4o
Ragledgh WV, he covposponding soot of (15) i 0,928L so “that the
parsantoge dﬁ’i&’em**m*u n the wlue of e velooily of m @yumL lon OF
Toyledgh vovgs 1o dens than oue per cent (At is dn faot sboub L 9)
This wovt leads to the values ¢y = 0;485‘:‘5(19 gz s GW0428q ond, 38 q dg
snadl, to the value gy = oxBR8(T-1)47, vhove wo have negleated Yorms
of orday tﬁf‘" S and above,

i1 bhe Mindling case of g ewbvoenely small, thowe roobts lead 4o
the oxprossions

u’ ﬂ?" y ,,., ) ey

w o AA(1.0875 ¢ 0306308 o, gpam o 08042 AU Aot} (48)

o 00813 }m}{mi‘ﬁ <D Bh220n 4 ‘5"11(3?‘“{5%}

A compaxdson of the neby of equations (17) sod (18] shows thndb
the apoffdolents catlelated on the thermoslestic Theory diffor feom
those ealovlabed on Yhe dlansdcald dheovy Ly amtubn of the ovdew of
ONg DO Cenl,
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Sad Tonslbudlond, Hlagtlo Noven do Oylinders ond Subod,

ks e A SRR Wt

Sovesblantod by POOHAMIER (1876) and oURED (4689) bub they ald nob
toko dnto oceount the offests thal thevml propowtics have on the
propapation of thoss waves, In thio seclion we ehwll consddor weves dn
sokdd and bollow gyiindows as waill o8 dn the dnfiolie noedivn with
o aytindwlond, covldly, ond dn abch ease wo cheld ol account of {the
thomnovlestic alfouts.

The type of wwe conpidoved gan be charmaeterised in oylindrlend
polar coondinstoy by the components of dlsplacenent

u,, = R{x) e+ pb) u, = 5(x) HMap + pb) gy = 0 (1)

Hore the awoxds Ao the exis of the eylinder and wo consldor wawg
propagation whih oyldndviesl syanotmye R and % avo Susntions of tho
radiel coovdluaio ¥ ouly, and the peblen ds %o find expropoions £ow
fhen pueh thal the £1014 equatlons ond the bouwndary conditions mwn
spdlofied, Tun all the probloms conpddered bove the bhowndowy condliions
ad suoh thob the conpenents of slwons Yo andl ¥, Yonduh on o
avlindydcad bouwidardas. Yhews An alge o dhoyasl rediation conditlon,

Wo pholl spadn use the dacaplonad Powns (T+29) of the £icld
eqdations ond wo ahald waite them dun the fowm

promd dlv g~ 2 ol g = b gead 0 = 7% - ¥

AA

(2)

-

70 i O 4 ﬁ%mmﬁ)ww

whero @ = 3 url vy ond W havo veod I and ¢ 4o denplo the dlwenslonlons
Porms of tho body Porces and beat poureos seopogbively.
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In an enolyads whete vhomad effects ave dgnowred 3% 1s obvious
that eguabions (2) aro xoplaced by the slmplse veotor squation

FRovad ddv u = 2 curd @ » PRU - 10 (3)
£ the oobtued problons commidoxned dhora ave o body foveos op healb
povoss prosandy Towevor vo noed o pvbaln thon o equations (2) end (3)

o ennile ue to sppky dhe mothod of sclubion plven by LECREP? (195%0)
whileh hos boon depordbed dn Ohapler IV of this thaslis,

N, ATASEE

Hotdd Slreuiog Cvlindon.

The yooulis of POUPHAMIBR (41876) and GHRER (1869) for this problen
ove wold, o Hotovew, wo shall we-dopiuwy thely wesulis hove, sdnoe
A% Lllvetraton the nothod on o welativoly alsple oibhuple vhoso Paosvlt
I adveady known, ond boomwe the resulls of the obhey 4o probloms
ard quickiy abladnable foom this analysic.

Following the wethod of Uhapbor IV, wo conglder the infindte
nediun aubjoobed o wave propagation of dhoe dwpe (1) end to the aolion
of body foroer concontnted on thy gadius v o & vhore 4 ps Wo wells
whope body forees In the foum

by = 46w - @) HERY, 5o peiato - ) oHent) (1)

vihaxo §{x) o the Diveg Dells Conetlon and 4 pod B ave o boe choson
po thet the oonponends of obionn Py ang L phoudd waolsh on & o 0.
The expononiiel dependencge in nocessitatod hy the ¢holice of the
oxprasaions (1) and dhe dom &7 Lo put da for convenionoe eb o ledew

Ry R e I




96

| ﬁxx‘é:;*;mm%:m oo 1) and {4 doto (3) piven ug e set of
QEfPowontial equations

Jiid (. fg, B %gﬁt o AoE ) o S8R » 5w 87HPR « A0 (e w )

(3)
pRalid 2,; R4 Aa%) = ‘3'(%{1& 4 AGREw BT w 9B ) o PR - DG = Q)

wakeh gan he solved by the transforn nethod,
Befdadng dhe Hoanksgl Weonsforme
<0 | o
) = f 0 (Be)R(0) i, ) o f il ()l ) (6)
Q

e . :
equatdons (7) may bo dronsforned and sluptified to yood
(0% = p7° » IR (% 1)1cE = =0 (BE)
| (7
(P )2l « (p%%° = 0% « ER)E w0 - B (8)

Tha aolublons of hoss elgobradd eqnationy ont be oxprooned in the
Loman

i o = progeagum () |6 {('*‘ b e (18 1 }“%}

- ﬁﬂlﬁﬁﬂ"aﬁ a){,ﬁ)ﬁ'uq f__; ?3?)“ **%3*;,,& ('ﬂ';‘! " 2#._* )«aq}
- e (8)
7 o 600 (R 1Y 0 0

o (R Al (5a) {&’% Gt (80 18)” ﬁ}

WeRe
I oo gf e p o % w g® = pf (o)
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and Bheoo oxprospiond ama In o convenlent form Pov aoplying the inverse
Trams Lo
M e
% f gy (B, B = f e () ey (10}
o] 5]
&R wo uge the notation

Fan = Tllan), Ban = Balladd . {11)

and pegrote the tevms o the resuliing exprespions, those dnteprations
glva

R o - g0y 51{(&;;{%.&:{& p 2EaRo 0 3 ine (AQTK 0 LBl sy )y q}

(12)

-

[ 34 y N . g . . ‘ e LY -
Fowg o @ "’;ngi (?’A’ﬁfiﬁgﬁ}:ﬁq o {f“’ﬂwg )Xg n* (i%ﬁktﬁi% 5 Tﬁi% Ke g }.ﬁkg -ﬁj

e pegrived integrals cap bo found fdn BEDELTL (1954) (Vol.IZ pedd)
and have basn ovolundsd fon 0 ¢ » € dy Thug 45 4s ot thly gstoge thab the
phygiond pequivenorh (Wt the body foress should bo oulsids or on the
radius » = o) entevs dhe waibomatics.

Theoo Downe £0r the fodosvels, an ohatod dn the pblished tablos,
abio vegeiie el Ry » 0 and ﬁk:g & Oy Howowoe, 446 can be voriflied
etk the sosulds (38) patdely the glven confiidons oven vhen thooo
conddidons axv nod saticfied,

Vi gan wow Aubroduse e parenctors

By s o @05 (el pe S¢P8G0)
(13)
W w @R (g Bl loy)

and wile
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B kggfgﬁ‘g@ g :}.ijﬁ:g 3

{14)

G s ATy = Byl

Sinne
| Bw, W, @u,- &,

e Pow T 14508 _ ;% " e . 9 i

e &

ou, &, 15)

»"" o ety o u;ﬁggﬁg
¥a o s fw

Hhe exprossions (14) anfd the bowdney vondilions, o = ¥
Jply Wt |

éi':&vzﬂ.ﬁf::%fig:‘% o Uﬁ% 2P Non= ZhEX M} W O
| {16

o«

(Pp%e P ¥Eyqds o 2hqkaZqipl o
were e nodilod Bossel functlons aro 00w evaluaied for ¥ o g Theso
avo the equwiions dokormindng o walde . { The daditlel angliiude
aff the wave i axbildvewy)s

The conpatibility of equations (16) loads 1o the froquensy cguation
Boua | Rk X4 (e a) w{gR w2 )Ty (ban) 5 AL {Ine) | w0

(pHpP= 207 1T, {lgy0) Baefinats {leann) (17)

dgCte .
Pyl o 10y & (PR 2P )Eqgy {fﬁ w2 )p g e r"“”:fé} (18

whdoh apord fvon slight Gifferences of nototlon ds the pemdld chialned
by provious authows (862 goge SNRODDN and DHERY (1958) Fge(73.8%) )0
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3 Mgy d0f el i B8y Qo 3 4 R T T ORI M PO S
{13) dntinita Modlun with Gvlindolend oyl

The only difforence belwesn this and the provicus anelyois 4o
oot d 8 o g 2 ond wo are thewelore lantorestod du evalualing the inlogrods
(90) for @ « 2 Tt con be seon Foon the published Loblos Wbt the
okt of thing fnsquality is o zoverse the xoles of the updified
Besnel funclions & and K dn dhoe provious onodyaine Thue B and & exo
ghvan by expeassions of tho Pommn

(19)
G w dfiSpn = Lglly,
endl the Sroquency equation huoomne

Qe | igki(kin) (e 2)p*% (lna) + BEKE (o) | = 0

(Bopte 2l I (g} 23tk {Tea) (20)

{224) Hodhow edratian eylinder,

g

e uow have o avnpldsr the exlva body Loruss

S
1%?{

£

A, a0 ~ 8,) & Dadtnli - s ;.} oMoz + ph)
- (21)
o ‘ . . & 3?4 s . N
¥, o {Mﬁ,&(@ " ) & B (r = )] o (g « pt)
ol
TROEQ
g B o > oop B g

ng ool oy bolug wohpasobively tho oxhovasdl oand Jodernad waddd of the tube,
The componsicks with suffilsx *Y Lehave Lke dhe forcos dn the
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soldd aylidndoy anndyele, ond thoos wlth sulddz Y8Y bobave 1ilo the
Fopasy An o oavily sondysdas 1% 3o ensldly ocen thal theln combined
eadeet deads B0 tho oxgrensions

R o Il Byn « dalydeq » ol o 2ok,
(22)
% o Aoy don » KolyTaq + Selefa » Ryl

e snow have 4o apply the oondiblons % e *ﬁ*w,. e O on Dot v s o
L A ) § 4""4
pud @ ow ooy and hdn Aoeds Yo o Prequendy éguation

33’{&& } @(&3 } m O

Plog ) Qfax) (a5)
whoro the Waows P ond Q ave dofined da {17) ond {20), and 1he
wegmenands o ol ap chow ot ey have boon owlunind for » = aq and
e pp reapantivelye.

THRRNGERNSTIC BRees,

(1) Beald Olzadow Grkindovs

To 4o Sowms (1) w now have to 504 the bemporaiure dlsteibuitlon
2 dn tho fom

0 = () oMl Pt | @

Sinee there 4o o onbo (thowaed) conditlon o apply we havo aloo o
considar o dsonseatvadod howtd souwas

G 1 GO B[ w Q) oW+ 1) (25)

in pdddtion to the body fowss (b
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Sobatitution of (1), (), (24) and (23) duto (2) glves the zet of
Giftapontlal cquations.

el ¢ mzm Lf@ o GE ) o AgllaRet ) o DO? o PR W AT TE(eed)
F*Ea{wr. -«“z v Ao} © M(lqjs. . QRS W w2 Y0300 2 PP R 1B () (26)
e %@” w0 e ApR o glp(Ri4 ,};ﬂ b Sgfid » GO0 (wed)

whieh ave {thy thovoel cowndomparts of oquabicns (5).
e com now bronsforn s equatlons to the Poxm

(P00 % IR w (FPe)ieth 10 o « AT (EQ)
(1)l & (%% PPoP= 8RB = bl o ~ B (EA) (27)
g&ﬁj@ gim? (i~ & q e j@)@ﬂ < ﬂo?g{ ﬁ}
wioze B and 2 owo defined by (6) ond
Sf'}
Bl) = | » Jolitw) 6fp) ar (28)

¢
Tho solublons of cquadlons (27) oro found %o bo

fe [33 {{i@{*}@f s ) (B P eptp® drlipbgef }»»E.i‘ {(6@ G 4&3’})‘{&@%@% =
P P m’} /(P aqPopief)D
g [ 1n {( e Yt P dip) r}@bf‘*jéa%ﬁ[w" v Pt IR s mpip? ). ms.nwi:,.'}

# LR q® gt )bz’;‘z} /gt eme? ) D {29)




8 mt* Dipr + Cpg » R{EPERaprbpi g )} /D

wWhsn
DadJln, ¢aBdEa, Ko dE)
and,

D = @ (ERegPn® WewPidp) o dpbpePed®)
o now wdls O dn the form
D o FHERs 1) (P 1)
vioro k5 ond kI awe the sools of the equakion
prfe (20 gRalpptatptudpbads o AR (i) {a® ) + dpbag® = 0
I Ao then oatily soon dhab
F4D w (158 WL@% R (T )’“‘}
PR/D E’@»"ﬁ%)"*{* (R ) ol (g ) j
AP0 (R 18) w BEEEET ) o (PRI e B(BP41R)
FRERAD (?f"“z‘lf» ) = SIFREEEG ) e BER(ER AR e AR )
BREYD (20d) ~ MERGEREE ) 8RB ) (et )

WO

= “ ‘“,g ~ ) ) .. “* 3 " " pH *g
X a {czw;cmw} ) ¥ ﬂgzaﬁwzs:%;acz@*:ﬁ% } ) B { (ugotf ) (1 uj
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(e9)

(50)

-

(31)

(52)
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Thus the exprossions (29} cmn okl he wdbten os e sums of borns
Ll

EP0 e 1), (5e)

whors @ 18 & conffiolent wob davolving ¥, ond vhere p aod p eon tako the
radugs Q o ’23 and & amn toka the vwalan 4, 5 oe b

TE o now appl ‘4}‘ 1:4:5 Yhe new Pomas of (29) the dransforns Snverse 4o
(6) pod (28) wo Sind that B, 2 o0 © ave ho pung of fovan of the type

v}
q j g (e 1) (Ra) 3, (8e) @
wkehy vﬁwa‘; ovaduatbed for w4 dy Ao of the fopn
{confPlatant) .‘g(!;,,. ay X Uf’.{x&)

In anch of the ewprogsions fov By & ond 8, we thon etdloot togethor
Phe deens davolving the sane Bessol fonotion I { }, 8o that these
cupmosskons van e wkdten dn the fovn

(woskficiout ¥ } » I (Z

Although we Qo nob phye e dotedls of the algiben hovg, 4 -in e
found that the cosfflelents P, which dopond on gy con ald bo wedllen
down dn bogins of thvae now ma‘*ﬂm bors Ly M oond Ne In eo doiog 1% de
nestonaxy Yo venenbor tbab 1E and M8 axe woots of Hhe oquaddon (32).
Vo thon gab

B Il{}:taxg q ?3‘1%2‘:&%;3 w ‘iﬂa@ﬂwm
% ow Mighlgy o Abaillag + AbgNTos (34
O = POEE © p® w PREgs 4 (LT & pT » PINEp,
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and 4% can bo verdfisd et Mese cxprossions sablefy (26) fov » 4 da
B v now apgly the bowadavy conditlons G, = G, 4 Tog ™ @,

PO/0% & bO = 0 on ¥ = oy Wo dbinln Hhvoe mmhﬁmf: du Ly M gnd ¥, the

mestpabiba ity of %zm@h -é@mmﬁg o

W e | il Ele %a{lfzwta«afzﬁ%? W7 )i h} {31*~~z%a+(2cs ~2sf‘"=~f?”*w“)m} 5

{!5‘ T W&f B ¥Ta % bl ks o bl Sa
N (35)
Y (o™ ("%33'1 seifpa) {‘3 ip® W) (15 Ky 0 il )

waowo the no0lTled Dol fongtlons ave ewluntod Fow » = o, that 1o

By @5 mg;cmm., Bouation (38) Ao s theomoslastie frsapensy conation.

(34) Enthndts Modhm yish Gylindelen SN

Hadng advonty dopleed Whe solutions o pyoblons {41) and {244)
fwom. the solution of problen (&) foy Yhe nonwibernal ma% A% 46 not
nepossoRy o dokexibe how this 38 done fop the thormpl easo. 1% da
enelly aoon thab e emogiontic Srequavey equation ig

W | igledfa 'f:{:“ REIE pa 2P wdRE o P pd }Kw} B Lﬁiﬁﬁ%»srﬁé%eg‘z-wﬁzz%;;%*ﬁ%‘g )Efsmj w0

(P2 Wy, Sibilabes L RAbglkeKaa

0 G oo My soilon ) (o wroP et ) {10y K g 1804 ) (56)
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(2a4) Holdew Glnoulon Gyldndan
T the wooolis of probloms (1) ond (48) ond the woasovndng glvon
30 the nonesthorand thoony wo see thot the new fpocuonsy equation Lo
R dho Sorm

oy ) oy ) s @
wsro dhe nduors Uoand € apo dfdnsd 4o (55) and {56) ond the arpuononts

ay tndl oy dndlepbe dhat thy Doosel fupotions oo ovalundaed for © = oy
and 2 = 0 yonpaobivalya
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BROPACGATION OF SHETMNG STRRGSES T AN TNEITIE 0L,

AR AT A

The problons considerad i the provious chaptows wore oll aluplificd
by sope geoolald Pontuya e siendy-piotoy ohdial oyametiy, wve propagnilon
of o prescyibad fomns Tn Yhe Jost dwo choplors off this thesis a |
boglanivg will ho nade on the GERloult ok of solving tho Linked
pguations fn tholy woot ponornd fomn,

o thls chiptew wo oliall congldow the effcot of avblivany haok
powrasy and body fomses applled to o pediwt of Indinile oxlent: Tho
Glonscienl solutdions to this problen hove boen ghven by GOUDXER (1937),
NOWASRT (1957a) and othore, whdlat o pwblen of heod pourcos dn the
infdotie neddum hon booo brgatoad, unlng Hhe livked couations, by BASGH
gl BINEDDOY {%959}& In s dlocaselon we abndld weo the fulld dmondeald
saquntlons of BIOT (1956), ond va sball conclder the offect of both hoab
aganoos and Doy fovoen, Y e weowlis of BANON and SHDN0N for hund
sonvess ooty Gl bo vodewived, Yosothor wilith e resulis fov vondeblc
hody fopves vhioh exg duo o TOOREIY ond SWEDDON (1959/60).

ol Gemopnd, Fhaope,

MY

g arieby "™ - 4 i
Jegrbondan, Goonddonton,

A A
Using weotonguler covtosdan poondinatss and the &aensionlens Cormn
dhay So SMEDDOYN ond TERRY the dhemmoelaptic cqualions onn bo wediion ag

N

"$0.8 7 g, Cﬁﬁ. i s 19230 (1)
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Ty :;{{;ﬂ 238 v b0 }‘“”?3 » By fad = 14830 (2)
o @ @ﬂ{; {é} . g}v‘a, (f’)

whows the reptovgler cortosian aoordingtos are donobed Dy b, Bay M
ondl the othey guontities hove o mlmllay convention.
I we olindoate e eteess botween (1) and (2) wo pol on eywation

}3 - -4 FE _ Py Aas 173
(ﬁ 33&;& - 175}3‘3‘ o 2‘?’&‘3# & »H;i = W} €;‘)
whrigh van be diPfoventladed with rospuct W Wy o plvs
it o T} o - 1 e
ﬁ &Qii‘ kil @Q,{.‘ﬁfa‘ P 4‘:‘-;1321 2 ég (J}
Wo now defing the wmildiple mtz&zg,m“l Teanslorn

Pty o8 o8 20) = wwg« [ B g 4t i o) &w{'&(@, ot w"a,)—} ay {6)

Vi
whomy AF = iy duxpdredt and vwibiorve the dntogral dp telen over the antiro
By Bty DB \
Shan, by mulélptyiag deeonghond oguationa (3} ,(0).(5) by

- b
(b Y Y amp i‘:;;gaﬁ% » wﬂ&}} and, dntograting over Ve, wo gob the

i

traasfornad caumndiong

T 28 = = 200 » dwgh (P
AR “ 45t sl o b 1. ’ ” ;
w My H, - FRERR 2 PR e 0P {9
P ity ;a 3-3 e pf 4 .,ﬂa
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The soluklons of couetdons (7] and (9) o

o 3 (ARRE L R Y

K M&% 2 B0 s 5 {24)

#W"’

and wa dom, wov vae (0 o glve

E, &'{(,a“ @}G’-"% ) » wi:az‘,}’gj &m Wi, 0
-mi gﬂwm gwxw W N A ag“ {‘}Q}
ol (é*"w g )i){ug"’ﬂ) 3)(&& £2) 2
whore we heve deflosd
D {7y “'i"’) = @?*’?*s - ﬂfxsg}{t*“ w Guf) = Jbgif® # {13)

Maeddy epplioution of the inverse leoneforms to expmonsions (10)
and {12) e.,.lwsa (e} “&11‘133 @1&5511&@&1‘:1&21115 ond Senpovature Fiolds

#

¢ {Qﬁ‘a*i}is@ *lcdf}w.wb&}{i afh Oy
2 { . 35»&&4 oy {g s 3, %»}aaﬂ)s:.i{ﬂg %.‘fﬁjﬁ)} ar
oo ow® (58 o YD (0 1) *;3 -

v

, mg,é;néwg @ wws*ﬂ f;&,}‘* B 1 T )
i

wdre OV o 0 @ade  and the dntegralion ds dakon over iho entiva
Efas% A BB EDNGE
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iohbons, vk, Axtad Snual
L e offten dnd uaxfamma to considop problems dun which, 42 vo vso
eylindaiond polay covrdinates, thoys is gymmetyy obout We geaxls. Ve
shadd therefors conpldse dhls dype of podblen in dio nost goneval fomms
Soguning oysmetoy aboub the meaxle, the Whessoelentio fleld equatlons
aan ba welktton do e dora |

ol By, ) r a-‘%
ﬁtgﬁ o ﬁ‘ﬂ_ %:} $ ?3»3& SR Y e oy "g«‘@a e O mﬁ' {16)
3 4 am ¥ o T e @a o ,.@.?:ﬁ;i =49
ga % » ””"&" %= 4 a,v-{%é? ¥ :a:*} By P e = O 0F (7
8% 4,08 . 8% .1, ) ‘
B8 X818 vk g‘%*w{ﬁ ode ) "o

Thus 48 wa mako wse of the Watsfopas

CG [~ £
(T, ) =g f Glmwtdy, oy j p &g (o, ) @0 (19)
oD e Od ¥
L i e fﬁ?
(, 8, Cf;, )« f f gHbatla, o / » do(Ee)(7, 0,0, %) ur (20)
St ¢

thon egabions (16),(17) wad (18) wravaforn b

(BPEP o &% w 0P 30 - 3% 15T - ﬁx‘* o BT (24}
% 40T 5 (€ 0 AL )T e B, w aniT (22)

w8 o (88 5 2% - 2u0)0 = deg(El « 489 (23)
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‘T‘lm sodutions of these awmntlon 3 Qs

(6 prght ) (a0 < > (R,

(& g )3){0 A
q ({3"' ‘““i} (@f ‘o'iﬂ w""vkxi f‘} ‘“mbu h?gi‘:ﬂi }ﬁé’ { oF }
P ’.e::» {2k,
(g D (o {lﬁ) :D (0 %)
i, {Qﬂa " ){gwg” w:ﬂ"} *:?;ﬁ:e*i%"ﬁf
W o s
(&“a#amﬁ )3 {m .
{({"P““«*r’@wgg@ﬁ}({’ AT wmi‘} .&d’b “’"?} L’h‘}?‘g .
» i " N - o v#’*‘k’ﬁ\*‘nmw* (3{3}
et D g Dlosgl)
5—2} f?‘a‘»% ; 'q u ” e L&j’ o ﬂ!da Pb .

(ma%&}

whewo B = g% 5 ¢ ondt D 2o delined hy (452

The gxpressions for wy W and O dan now be chindved fron (2), {25)
ond (26) by mesns of Hho transforms deverse o {49) ond {20): In poms
of the west Ietereating applicy sfs.mm the mdigl comnponend of the hedy
Hovos “i: de pexos Whe oypreneions for the components of diuplacencnd
ond :{I“cm ;.‘m Genpocature dlotwbubion then Docors

. L{ghaﬂ )(q;’- L7 -u,;s:;. }»*’teﬁ-::} e -mf‘{ag@"m ‘?‘3
1, m fiﬁ}mff ’LQ&QWJ%;}(%&Q[ — — AP F’m")ﬂ;
= §£¥wwm5}33(ws %

[y e {2?)
i m ;g%‘;;j j &1&{3{] p p .,,.3 (sl
' ‘ {ff o %3 39{% 3

alD st

B Edo (Ew) % (20)
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‘ 5
,,., it p,%ﬁ 4 ﬁ@;}? M’J J ,
puik [ [ oHemmg, [ EEEIT o) (20)
iy 4 Diw ﬁf*}
WS D 4]
G2 TiPants Dup.Jio, Bnaven Henting,,
Reatansulon Uaxbosian Ueondduaton,

Thode easily neen from tho fopgpoing work, thad the componcwts of
dlsploacomind aod ho domperature dlotrdbution produced by a hond nouwgce
D1y 43t 2% 2 8) S8 the ohaenge of bhody Fowdes avo given by

g8
w-}:’ i e 23T -y k
vy @ M}w/ %’* c:*zy{ RA e gk @ L)‘] £y | {50}
E < “&Vﬁ, w«!
S LTI R ,
e ,*'i*; j & o 22 w:i Wnsm + o u?} & (31)

videh oo the expressiomg dewdved by PASON end MEDRON, There eve two
gpgodal coses wWhildh ave of pawiiowlar Jonbawants For conpletoncss v
sholl quoto these weodlds hovy - tho desedvptlons can b Pound in the
voferanes nontioneds

Hhe StondymBitate Bolnblon,
Undng (30) sud (31) 4% ip Found that the compononts of doplocenund
and the tempewniure distudbution due o a steady heat sowies D(m ywe 4ita )

t )3 g}: . . -
W, = e I Sl | (32)
“,‘5
" b
AR Emw}m}aa j %%}:* Gi{@(wﬁ;@gn%) ﬁé { 33
s '




112
WIS @& w @y W diis ond
Ty M}!'fﬁ f Seng(insn ) duydon Gus {t)
Zhe tvo, Sduensional Problon, -
The solubions are easily showa o be

. ) %5 W‘)L&f Bawe # 't‘:;a K ub}j
e 38 tr..‘?“fg' j e Sy
k (@f‘} J Cﬁ’ai" 2 028 el )ﬁefév‘i&? o Jwiadby (" »8)

iy {35)

v

- . e EY »zﬂ"t,;%* ad® 39 oxp wd, (&1 e B 4 mﬁ)}
@ w Tg,;,}%ﬁ‘ﬁ' . f P i an
fﬂ ‘*‘% »13%1 B ps® (55 478 w3008 Y ops(F 455 )

(36)

whewo @ = 0508w, Dx, px,,%) A5 the heal svuvee, the Integratlon is
mlwa OvSE the :smim aquwmfamm s ond

F “{“2"%37‘ f Hexp {i{% wys Havae wlh )J‘ a8 (57}
£

Feahlons wilh Axiol Symmetey,

Foon equations (d?)m(é}} 36 i donediatsly soen that the componenis
of dleplegonont ond dhe tonporatwre (lebmibution due selely o the action
of ‘o hept souccs O which 49 myouebwical abonk the g-axls ova

(e e

. § f ’f o MEat) j D gifan) @ (38)
WD D ’ <)

| G @ | R

v - G ] / o ilEmetlag, ] BN (i) & (39)

iz @El&* 14
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: £ 20 Lo
9 o2 {{ j j ?(z,ﬁ,{g!'h} ]gu o j {ﬁﬁ%ﬁi ”{Wffl }%mﬁ} ﬁ@{% &{gr) ﬁ.&‘; (ig!}}
P B 1o

vhone © do defined by (?Q)w

M Bifests Prodnacd by Tlna i Jm pdont Pody Fovsen,
aci'ﬂncmi.w Coxbesdon Gonrdinaten,
I s posdildy seon that dhe componenis of displacencnt ond the
Tamporaturs distedbution duy o body Porses X ave

3 R e } enfatirmt]
& ' ewiitderaens § - gt wil(fn 3@%&«:"{9&9} T
3 e’mr ig,;;qu, | {%’a *".’15@**}35 i ’ h ”
B
- }5?%3'&‘[31 ,
0 = g f g m{-ﬁ.{ﬁnmn . m)} a (12)
Vi

wacwe Ky 8 dafined by {6 ).. It oy be nodad o, singe dho olasuical
aquatlons mey Bo cbiadieed Prom vhe Linked gouetdons by pubbing b = g = O
n classieel golubion o Ii‘.w enporature doteibution will belw 0w
This sy of cowrne, dbviously ua, slese dn the dlegsiend solutlon o
tonporature 4o glven by 4he heat condustion ¢quation quito Andepondently
of the olhey eguotdons, vhich contadn the mechonionl alffcots,

ShendiBinte Rroklan. |
,.AE‘ mﬁ; body foracs do 1ot depend on dhe vardable b, so that

Fy = Tyl aktp 435 )

Then wo ©ind that
5‘%} = {ar) f{,gﬁ%’ 6{w)
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wWaars ‘?' A the dres dmenpions) Fourior tonsforn of ‘*&,
m suboblbuiing this valoe duto (M) and (48) wo seo Wt G« 0,
showing that a sloady body fonae doss nod produne o thewmd effeat, and

{3..&,&12? ~ (R 355 #a Ty ,
«i. ] ( qu,,}%! &3‘(3& f (F p }ﬁ; ;}; e ng) {wj‘ff:?n %} ag { lg -:':; }
Yy 2 "

whare & = g Wp ity » Thin lotlor ozprobeicn ean be convertsd to the
atandasd, aaprosston for e statloal nolubion (P00 cege BABON ot al.(1956)
P 53

The Tao Dipsnsional Problom.
The sodutlons for tho two Aasnsional problon gan bo obitalned by
patting Ty = 0 ond

ﬁﬂ“ = (éﬁf}”g@ﬁ!@?ﬁg o o) S(ts) (1 = 1,2)

wﬁmm 1"‘35. in e three dingongilonsl, Foavioy m nators of tho comporionts
£ dho body fovas ,I:*l(m o% p ) e
Theae soludlons oo

By )y edat) e o] .,
7 iy j {‘;’" " L ; K - > } ] ﬁ} sl {mﬁ,(%gﬂwg.{g}’;)} A
Vigte £ o &}1_ ™ YD (0 }i}

()
, wnly :

B o om e mmmw c;é@{f,,;,(fm.&;wmtj} el {28)
£2 RALCE W B

whors A e Wydiate and ¥y« Ef + 8.
L
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1&?*‘?1&%? 7 gﬁ%ﬁiﬁﬁ‘“ Y mwi‘m .”iﬁ A

Moo equations (ﬁ?)m{&@) we soo thal the solabionsy a:m*‘»*rmmmci:i.agg
w0 Ahe application of o body fures Xm ave

CT-‘f) C’\’D "],d,‘t ( ‘{*"{ﬂq”k{?f «”‘:‘Uﬂlﬁg é_iéa,. ?:3 é‘;ﬁ',‘}(};
W s ‘}'1’.’ ”&(F‘% Wﬁ}ag@ j ) {'([3 ) } peioscbceosailin ‘I( o (hﬁ)
WD e @‘:ﬂ % @ *‘*?-3!!9;“% ) D

j

SRR e ) (2 e ) wiadbgi lﬁr.z;ea )il
ook ;tzwff *‘chami')w f Q ){ES\., G o (i)

i w2 (s D ()
¢ o '
‘. s i "_’r £ 4 & mgﬁ .
@ fo B - c)%(év‘g‘?{;’{!}aé;&g j q»ﬁ%nﬁp‘{& P 0(%%’) ;f:; (?;8)
BOLY At -

et e t:mm};)l abe solwlion, corvespimding w the epplication of hoth.
aompononts X, and i‘w Gom be eamily cbiadued by dnverting the welovont
B oF ﬁ’”‘j{)‘&’&ﬁﬁ&ﬁﬁ“w (2 lf*}“‘(? 6)

She QueadaBlotle Eolutions.

A4 WAL he soom :Pmm the table on poge 11 thad the coostent g de
vaueddy voxy snadld Pow problons dn viieh the osges. syobsn of undis i
whe poturad, syston L@ use. Wo would therefora onpoot to got a good
approsination o the exneh gelution by negleoting the feomms in vhich g
guzurs. LG gon be goon Whad, dn the quasi~glatie opproximation,

D = gy - duty)

vhope £ = F(1 4 ¢) and ¢ = bg/phP,
Usiag (48) the quasisotaiio opproxinaldon 4o the deuperature £i¢L4
producsd by o boldy foree 2{% A
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& ol o]
C ) wﬁ’;& |
g w m‘!m[ i “?ﬁgnmﬁﬁiﬁ) 8 gj s ] Bty (g_&w a {A}Q)
""‘11‘:‘ i ﬁam (&ﬂ‘ujﬂu }

Geprdvodont Hoat Sonwco,

Lot ws considor the clannie 34 msm won of the problon of {he
tempekature elvibubicn produced By a disteibueted heat soure Gy Tho
u@”i,zﬁsim e ’t‘:imﬂ,w the hoat condnotlon equniion

& I& | E}
Hg ;w‘«,*ﬁ"& ,.g»@&.gsg@

whtah eon by franoformed, velng (20), W we fora
w BT 4§ o ool
Adr

o thot

rﬁ ] L] ﬁ'
1 ' [ ”%ﬂ ﬁ 'CJ g of
(3 v "é"’;; j S (g ﬂi}dg ng f #‘%m i J!", r; ‘.J{f‘} (é‘} ) (.LQ CEJG}
Y m‘l‘f} - ‘

Thus, by oompovdog equotions (48) and (50), wa con pee it the
pome bempavature ddoteibubion wowld be gl by the body foxoe }xz‘ 0e
would ho glian, dn «;‘m alespionl dheowy, by o head source © cbeying the
salodion

FaE), ¢
em EEet L e
5 e o &y ) {J?}
We endl the heet sewee O given by (51), e oquiwilent henl pouvee

Tow dhe body fovae &, ¢ Hawdog Dovmd e equl “zl},f:m hent gounes, he
problon fo ddantical WMI’» o problem dun Yho dlosgidal heat conduction
aguabion. ,

Hdmd, mmw we qon geo fron (49) ond (B0) thad the mmss;’i,»ss%'bzi,ﬁ'&
gobution can be obindoed frou o solubion of the alassicold et condustion
cguadion, ALL w2 nced W do, in to voplace £ in that equation by £, and

gongidor o heat sonve @ glion by
ugj{! g;

0 o

(52)
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e vin b eail e yatheney Py Devierl Wesves
Haukyadent Hook Sowses fow o Fodul Norags

A oan Adlusteation of dhe sbove, we shall calovlate the heat souvce
agulvadent to the quaslentabic drentuont of g polnt fovee et the oxlging
Thug

e e 5(x) 6{n) ()

L)

b
- el . % e
‘,ﬂ o {?n’ T (:,{w) (: 27
WA e .
) = z«gﬁw / (1) o™ gy (50

Tnverston of (54) and difforontiotion with yoppent to 4 gives the
oo iion

o]
? ¥ . ok
o (8) = pfistr [ i) 7 @ ' 55)
' md‘; B :

Wow, usdng (52) and (5%), the woquired heat souves is glven by

ao thab

8 G
Sk ot 'r ' “ﬂ»(gﬂ*%ﬂﬁ} iy, h T m 5@' $4 e
G "’“ﬁ?'{:ggi- gzm:'* j / 1<) hdw j Eﬂg(ﬁf}w} s aE
' 4

PR

5]

¥z

& b
Japf {4 il " i .
F v T N L EN O
PRea)”
L . 4

wydng (55)e Bvalvating the Anbograls vio Dinolly gob
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£86)

Thieg ool con be denediotely gensindinved to glve, dn the qusd

csatable approsimation, the hoad souvas equk
ady Poxda

8, o P(mayen) £(4)
Thds heat sourss do plven by

.z;’f}}'j"«'g‘ %j ./ j i{gﬁw;’ svm‘ﬁk@w‘ )“]ﬁﬁ:

wily R0Y Bl

vadent to the dlgteibubed

(57
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CHAPTAER STV,

PROPAGATTON OF HERMAL STRRGORS T 4 BENT-CHRTEETS M

gmurn -né’ma »\*p‘?&%&&emyiﬂ
In thia chapbor we shall use the eguetdons io the dimenslonless
LoTns s

PPu e (02« 1) arodd » b gepd 0 + X w ol (1)
@ 90 wpbaegh (2)

and we shall make vse of the method of solutlon descrdibed dn chapier IV,
Yo apply his nothod we need the resulis for the thexmeslpstic problen
Por the dufivite space, Those wore derdved in Chapler Vi and can be
sumsarized by saying that the dlsplogement ©ield y = (,u,g p Wy By ) and
meW&tU}.*@ am wedbublon § due to o combination of body *"‘m:'a:,cm

s {Xyp Xoa Yo ) and Beod sources O are given by

. & %‘ﬂa“‘)(‘? A0 )’“j“’m Els 350 (:
- " an okt qb‘ sy ORREEIATRR A
Wy RO L - *(f{eu o } 2) | 4 2)“‘ 3)
i g &3 PO 1
oo w4 m (}
g ,
Haews \‘.”;;a ] éﬁﬁ P g};q P @;ﬂv .. (5)

D = (B “")(?—:32 As€) - dobgE’ (6)
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and the bor donotoes the four-diunenglonnl cowmplan Tourdey transiom

uhh 6 o 49

wim e e " 'g - i i ' 4 F’. 3l > 7t e . i
gy 52 s o) » T {3, 9% 3% ‘;‘:i")ﬁﬁﬁii?t}»{%i By ol ¥y 180 »:fﬂ'i")} Az i

1O G5 S Dwi €5

(7)
These zesulls assune it old the walmems and dhele Sovivetives vanlsh
at daflolty.
Uodng the spoten of wilis adopied dn equatdons (4) ond (2), the
novmal, componsnts of stross ave glven by
au,

o % (e 2)6 = 20+ 2 5 =

(8a)

{ no pumention Juplied dn the lost tovm,), and the chenw compononts awe

gu,  Pn.

Tig * o%,

(&n)
3

.}r,, A

LA WP ey

FMm
Yo

Hnbonont of the Protlem,

Vo shall gongidewr the nemislofinlde modium xm = O subdected %o
body fornos ¥ e (¥4 5 Fo, B} and o hest couves dlobribubion . Fuvbher
thore moy o any set of physically possible bowndaey condlilons on the
boundexy i = O Wo sball thorefore look for polubions to the Linked
squations (1) end (2) subjeat o the apeeifleotion on my = O of three
of the quantltles Wy, Uas Ygy Tos Tats Tae plus ong of the quontivios
D E)Q/'a.‘:{;;g (@3/355?;} b 3"’@)@

The wlandord asthod of using o Pour~dinensionnd Indtesenl transforn
on e ghven eguations (o pine o condne twenpioms in the xa-divection)
will only worls dn corbadn speclol coses, bedanwe of owr lack of
knovitedge of the bohavioue of many of the vaknowns aod thelr devlvatlves
ot xu = Ou(For an exomple where this Goop woul es HARSON and SHEDDRON
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(1959} ), Further the nethod of transforming the eguetions with respeeb
w0 o g ond G, aud then solving he resulling four @lfTerential

'i! » (24 ] hest 4
equetieons da the single vardable i, do oo cumborsone in thig toso.
Ingtead we shall use the nethod of Chopler IV, which is depordbod in
the noxt saollon in the forn velevant bo iy problems "his solution

A due bo BCSHRET (1959h).

T3, Nethod 9F Solubions
Vo wish o @ind exprossions fov g and § which,; in the veglon 1y » O,
potiely the oquations (1) and {2) with X « P and @ « & ond which patisfy
tha glven boundazy condliions on ¥ = Os Inotead wo look for golutions

whdoh satiofy (1) ond (2) do the whode Bpoacs .o & % ¢ « vHen

Ey ooy o {21“{}”233&‘;3%; o 56) 6(m )

(9)
@ om @ oa (2??3%{&‘?(3@1 2 ,5&) fb(%‘;}

vhore §{x) 4o dhe Diveo Dolta Hunetion. Thus wo consider the infinite
medivn auhjected o I and ¢ du the voglon xy » O and U0 addidlopal
conpenizated body forvcs (27)ER and hent sources (27)7 %0 on the
plone Wy = Q. We shall then choose B ond ¢ dn oueh a woy ot the
boundary conddblons of the oxigingl problon ave salisfiod on My o O
Within the wegion 1w » O the selublonyfo the medificd problem
sntlefy the oquatlons (1) eod (2) with X o ¥, © = ¢ (sdoeo 8(m) = O
for s » 0) and on the plane my = 0 the glven boundany conditions ave
sabiofiods Thus fov xy » 0 the solubions to bhe nodifiecd pyoblon are
ol the selutions W the owiglaol pyoblom. Tho conceotrnted forsas
congddering the Dizao Delin fumotlon in the forn 8(my + 4) vhowe d » O,
go that they lie on the plane m; = = &, Howover, whon the analdyeis is

end sources B and o ooidd havo boen teken off the beundoxy i = 0 by
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garpded through we find that the solutions axe indspsudent of 4, vhieh
wa wovld eapoat on phyeiesd grounds, and go we content ovrsgelves with
the oame 4 o O

Lok Solution da Rootangwler Unrtesion Hwordinetes

AR AT, oo

For the exprossions (9) wo Cind thab

i{gﬁ £ iﬁgi‘ P E‘:{. 8o,y p | {10}

!

i
waers ¥ 4o dofiand by (7) awd £9 i the tranpfomn with wespoot 0w, %
1 only. That ls

o Lo
.. f . ,
£ P [ j j £ exp MEBixi+Homeent) dug dxadis (11)
‘ m:-:rwmaw

% 4o obvious feom (7} and {(14) that

o G
. 5 13
P z’;téw%q-w / Caup(iBsty Jamy no thet £° = “{p"j;q?"m“ / Poup(=ipus YEs (12)
vy
LY WOl

Updng the cxprosedons (39, (&), {10) wo con weite the solublons %o
the nodldlad problen dn the fovm

Wy # Ugg ¥ Ugny 8 9y o 8, (13)
Whens
¥ g"’ 3 g B j 11 B
# & mag® {gga,_,,ﬁmn} @ D
. {14
" mf}*f{; f{? Cﬁﬂ mu &Qa)t,,
By £ ST el

R g)
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and ”

5 (% 1) (58w ity }: g
u-i'r‘"’ RS “530“ (z*’*‘ ey ¥ D B, S

% ®

(15)

om0 et e
] et P

g

% - o ol ~
fineg dn any porbiowiar poroblon ¥ N and @ ave known, {‘12 and 5’; s Gan bo
wluated and can thersfore b tronted as lnowa funetions, From (32)
mxﬂ (15) |

f Paca f”{fﬁ“*ﬂ(“*’ )wxahb%;g

)‘"u" @:;”‘“’_““'m cﬁlzs B e el o Mo s
it
wéJ_g“” i I
 4bpe j B <A
e {16)

A,
{(2n)° = pep®

adane I“’% and ¥ o not funsbtlons OF Exe I wo now wiie

35.:3 L s ml}a ™ é% r{v@ 1{;%2 . . {1?}
go Wah kY = g® e oae® vhore 9% o Bf » 85 (18)

and put

D = PHEE + 15N + u3) | {19)

tho dnieprals dn (16) can be selvad by vodusing the lutegvonds by
pachial Preachlony, IF we oveluvate these jotegrols fow wy » O (iho only
ronge Ao valoh we ave intorested) ond, foy convenieuve, dnitrpduce new
walnowns Ay By O, O which dapend on 3:’3 gad P9, thea wo Piad thol
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: oy gm0 o oy S
W = Aydo R shggGe 0 o ange B 34

o W e o ™05 K cpns v, ol T
'L}ﬁ = 'u{‘,"‘i Pe 1 g :};bfgg@g K “fr zi.'b{;,_g,gi:?i;’: R
{20)

W = (A ¢ B B)e T L i 0o R ™
o b b &l { B 6 N i Eih
08 = (PP w oy = OUIE)OETRT o (02w ® - g e
Thus wwing {13) the dhreewdivonsional dvonslorns of the dleplagement
Pield and the teapswbtare dletibution ave given by

9 'lmlf‘ i o e :}i; Y g Lo o
Woe ufy o dlgde ol L Fhly o E Ay Ve a5

W om g o oty Be P L abELOe 98 A, Do HE BT

(1)

3
A

vy

3
H

» ek W i .ng}" ; e *“’IQ«."‘"'
Wy o+ (Bl o «i:aa?ﬂ)éfi“ 4 bhale 7 LI Tleghe =9

o

09 0% (%% » aa® - 07KE )0s el (B"n® ~ a® w B ype™ e
wheve ug, and 0f gan be fowmd uslng (12) and (1),

In eny pavtiodar problen, wo bave now anly to apoty (24) to e
transforned boundary condiiions to obladn four equations glving the
values of &y By, U and Dy Sbstltuting these velues hack dute (21) and
spplying the wonsforn dnverse to {11) we ohiwln cxpressions for the
wogulved gquanbitien u and §.

¥ty yry g i . i e By Y opaytbuiy
Sranufovns, of mbross coupononts.

Since the houndary conditions Lo mony pyobloms specify one 02 mowo
of the compensnts OF slress gss Tse, Taz we give heve thelr thyoe

dinensionsl tranafornss

08 = «A{pPe2)(E08 » Bpul) » bO%r 8% ug/sn

Ty o QU G - BE48 (22}
T8a = uB/buy » Aaud
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Ll Bxpppiae
An an expuple of the use of Hhe souations dendved sbove we shall
ciz,;;x&z):r,ﬂm* ihe problen considoved by BASON and SWEMON (1959} Por thie
F e 0 ond dhe boundary condiiions aro vy = Wy =y w5 0, 0 w0 (st g0 p%)
on 3 = O b heab soumes B(my s % o5 30 aosuned o be acting in the
medion 8y > O |
Thusy Feon {4)

fy, = 1,5/ Bra (B322 = ®)F/ D (23)

wad the bhouwndary conditions can bhe welbion
?35‘;1@ & by gn = )

Jb“",ﬁf} ¢ ABEpD m Y

o (24}
= j %“‘ By » ZlnEed = Bl = b2pte au® )0 5 D) = O
B
4 Hn fﬁd 2 ?1'3
(& wwj vy EASzy & (pFnPeen PR o (PP eanefkE)D o 08
R .
Pvon which wo find that A = B = O ond
i
N L “;L 2. ‘M )
@ (e 8 7005 (o) ¢ (il o, }
Sl i (gg)

D (12w k8 )**{ g - (o) f Q&aﬁ)wm &y }
i >
Ve noy wnow use (21) and the duvewse twanufowns o show thab

U osm oo grad

M
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hewe

[+a]

oh .
o i ’*’;,q qﬁ" $§ ‘?-"‘!; 3?":‘{ o #’- e oy "’"‘: 3'1"':" ") S ' 3‘ g "‘z‘td ‘?,I ., S E 2 ’
;f)‘ =] :’i%‘ﬁ:/'// & 3 (ﬁf& q éda e ")ﬁé‘ég{‘_ l’g’mﬂ{;{/a L&;ﬂ%%ﬂ(#@g.‘.(gﬁ?}g({?g} ﬁﬁzﬁ,bjjé3 kﬁ % }}

wit #a ‘: 3?46} )

wirich 38 o Downsd solutdon o dho problen, and &% can bo ghown dhat dhis
do oqriveleon?d o tho veouild obtoined by Napon aad Sneddon. Hovever 4%
phowld b upted thet the pressnt nothod wild produge fowanl solubions
b0 ooy of the problens mentilonsd oaviliicyrs

(]

£ 2 7 1 o ontia e e ) ” ] i L .ﬂ"‘ oyl . v i .
L6 Eodmtions for the Azisiiy Sywmoltmdond Problom,,

The solutions to thio ¢lass of problons could be fownd by wunuing
thegugh 2 sialler procedura 4o the one onllined abovo, welag the fovmm
of tho equations whon cxpwrensad bn gylindrical poler coordinates.
Howayow 4% ds nobt o dAPFiowdd satber do obialds then dreetly fvon the
sosulisy oxpressed dn neotangular coopdlnnies.

Vo denoto by U, and w the conpensats of doplacesent In the » and
5 Qlroetlons, aod use ¢ o danste the polay coondinnte. The components
of the body foxee sve donoted by :ﬁ‘:ﬂm ead Ii‘ﬁ and the tomparature dlptiribublon
and heab sonveas ape soprosentsd by 0 aad § og bators.

W define the wanpforns

= =
e ’; ’ fi‘}" ',- ¢ + bty o £y
(mj%hg, ’ﬁ‘%} o ‘{'é‘gfj‘@ﬂf / &y j I’a?(?:%ﬁpﬁ :%?) Jy (g} do (27)
«-,e:a 43
) e
A * oF 7400
{vmy 0°, W2,y 30} é’}?&ﬁ?‘&? j R f @y 0, L #) JplEp) av {28)
P s &

L * g ﬁa‘t 3
e Tg?ifml goo™® gy (29)
it
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€ wo moke the following substiintions foom the eciohauler
gyston o the poley syston

B om ¥ QOS¢ Hp owm B BRO Y Wy om G
Wy =, 008 Y v = v, oln Ty @ W (30)
W = 35’3? G Py .i,‘ LyaEs o Ty =@ &
aadl pak
B w & Gon Ba w & Sdn ¢ By m§

then wo fiod dhat, for dnstando

o .', P i
Belly4lalips ‘“‘““‘“‘“‘*‘j f (4 Py e )Mﬁ {:»(f,a#"f‘s wEarartin W :x)}ﬁ g Clotp Cazs G

3

[

j f / / AL ﬁ%(ﬁ"ﬂﬁ’)ﬁmy{iim Wy B es iy w“é;?}nm ik
J R " b

oh

2% ‘
i ) A ool e
“Z"%;/j CQZ‘ ﬂh)ﬁj uﬁj ,::Wx,arg,,! Q{”(k_&%&)&u 2 00 (“x ‘”'f.f)ﬂ;;}
wip
T N
thu-h’i”"d * =t R o«
& g [f FONS iz éé.'bj ma‘wdg(gm} £
PR i 1]
Thorefora
B o (aife Gl /i
%ﬁxn&lewlar (51)

i o
151-. {{ ia g{‘n z;’j} 1&@)/&5‘?‘; § e t’{ﬁ& 'g{.ﬂéj bos {t;

and § and § dofined by (28) and (29) ave idonidenl to ‘e dofinitlons
ghvon by (7)) A wpiloy met of yelnbions hodds whawe B B woplacod by £2,

Fron these emprossions ond oguaticns (14) ond (21) At 4o eanily coon




thodb Ua W and @ axo awwm by

'i“’k’.g A

" ol 4 wlt 5
U2 m o M T 4 o BE N K

by kgt

e 1 o olo, ¢ i
W w e EI0 L bRl b e R Y
05 = 07 5 (0700 e P MG"IED . (00 e 01 0TI

whoiw
Zs’.‘? a2 (’;';;g** an®

PP B (070U ) = (BPERs BT won® WP ol P o ®) winba(E%467)
and v oy 2 W 0% oro dbialned from (18) ond 'i;m UpERERiong

([Jﬁwﬂ HER Rk )«Miw (zsw s,gﬁvﬁ} Wil

: 'i‘w M (Ej‘ 1;-51“ }u;} ;O i I WD
o _ i:ia o {(pz;.«;}{%? * & e )W-I{Q‘bg_,} (ﬁﬁﬁgy?ﬁiﬁﬁ} _. %}q‘g;,f;if
Wq m{ﬁﬂvz\gﬂﬁawﬁ} e i &{:H“Wz}”} g 5, Sonmry

,:,‘f;: PN, o . o :ﬁ
. wgl, o ol o (PP pRLR an? )
0y smmmemmmnss M
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(Ban)

The #oal resudls to any paebicular problen ¢on ger be fownd by
(L) opplydng dhe bovadawy conditions to equatlons (32) bo cbladu Tyl

(51) valeulabing W@ Pyo W 0  Fwom (12) and (33)
(34d) subabitoting dhose valuss duto (32)

{iv) snvorting (52) using tho trensforns Anverse o (27) and (28),

Tyanafoens of styess comcononlu,

With tho no ‘#:'1 mlm wged above the dwo dinenslonnd Svanaforng of

conpongnts of alress ¢, and ¥y, oo

" the
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5
3
O

<
; JT— N o , . ﬂ@’i:’ Ay . b . w 5 o : s £ 32 :
% =3 r‘:‘g‘t}?} ;"gﬂf & (19‘[ x@xﬁjﬁ g&;y}ﬁ& R4 : (ﬁ 'P\'m}f;.v.:% “* IJQ o {:’ aﬁs

& 49 : ) o
T b | am&a& * o A TR i) [ *iiﬁ w7
g T ga)r [T T MmN B ggs W
R o

Fod, Hlnple Nomordeod Taonple, |

With tho equationy dopivwed sbove 40 1o possible to welto domn o
Formald solution 0 any of the problens mendioned in soction 72
Higwoven, 40 moot problens, 4% will be necesonry to use muwevicsl methods
w0 put e sepalts o p wesndoglol Poias We aball be soblaficd hoaye 4o
ook ot the weotllt of inkilvy dute scoount theraselestlo effects for a
probdon which, though not of obvlovs pyacticrd dntorest, veduess the
apmorical work fo & milndsun. |

Gonpider o pond«luiinite olastlce nodlwa xeoting upon o wigld
friotlonless feundation, ao that W ¥y, = @ on g = 0. Wo suppose oo
that the zoabe of dhmnge of the denperatorve aovoss the bouwndary s
kmown, fees 80/8% = () on 8 = 0, Vo wish o fiud the pressups oxeried
by the solid ondo the foundnbion (It 4o assuned thek the meddun i
prevenied fpon sopevating fron the foundation). The equations for the
avaluation of L, M, N duko thoe form

Eh o Dlepll o Vil o O
{ERy K Y0 o 20leaM o PHEIN = O

w ({78 e as® e B Yipll » (PR oo 715 Yl = @0
g thal
I Oy Yalf w » lall o /6% (18- 58) {35)

Wa now ohonse Hhe puoblon dn whleh ¢ A8 counld o

Py Jp {Px)
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(vhere P, &, B ave constonts), which ip obialued by placing

A o fa
¢° = (2n)* P By - 18) 8(8 « B) {36)

Sn tho fommalo For ¢ dn terms of Atn twensforn. Uplag (32}, (35) oad (36)
wa find the golutlons

- 5 *""3 ) - ¢ .ﬂ;'-i. .,.*?,ﬂ,; [T oy

u, :wsm{ﬁ (1w 18 )s.angg} (oo P24 10 a8y Mgy (52)
A , sy ) it 1 e LK TP

¥ = BB {f‘?" Qi 1 )}*‘ t(a™ab, g ey oMy (o) {37)

. { i oy i ; a2 LR, 1t P Bt o Jis &
0 = l¥€{%{:f:?$ (i z-;a;g}} BEHA I e ohle 745 )0 eB . 1t (PRI oo P

2
_r‘w\‘%

0 o (o)

viagwe ¥y ond y g ake to bo gvalonted for o = & by & = By Thie 4 10 o
shgovous Gewdvation of these romdlis, but §i eon bo verifiod they thoy
satiely all the wooived cquations ond condliions (wouembering thad
Ky s satiofy (32a))

Hedng (3h) 6 Se now casily Scon that on the bowndsty 2 = O

O g AP

dp

o

M 3o () (38)

Thus , dn thin ;mamam y e dlecvgpansy bobwesn the wosulis oblolnnd
usdng the Linked eguations and thob obtedned uping the olassicnl
eguations {g = 0) ooowm only dn the consbunt miltiplying faotow, and
the watlo of theso apnstants de

R = Liﬁg& %’j%rm%}f‘r“ . }amm (59)
(o Mo Mgk , 5&’1* B :

Iy do move convonient o use tho pysien of walis dug o Chodwick
andl Snoddon, vhdeh covvesponds 4o ploeing o w 87, © = 4, ¢ = b/%
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In this syeton of vails, tho veits of leapih ond tiee ave veny omall
{ 40" ), Thus in formdating o prablen wilch mey be ancouniered dn
practice,; wo nesd to dale A, B &4 d. Otherwise the varlatlons of the
phyeieal quontlties with tine would be o wapidy and e vedependense
vwould ho oo laseldnedy

The watio (39) can now bo weitien as

&3’*‘% o b T {,

(g » tes Vsales

R o ko _ (-'4.9}

vhore K. and Iy aro piven by
{25 BEXMEPe 1E) = (8% B AP (0% B A) o MelLPe BF) (21)

The followlog toblo chows; fov a ronee of values of 4 and By and
wiih ¢ = 0508 (the vlue fov copper 48 0,017 and the value fox lead i
0,0733), the porcontagy emmoy of the clossiend solubion with rospect
0 the solution obialnod fyom the Jlaked cquations ( ewwor = 1004 » R}).

Bty T3 .5>$“v;‘ NAA ST L K I e & Yy T oo
Fable. Ferpontons curons du the swrfoco volug 0f.0,¢

1=

A T BT S T L JPET qgres 4730
qors 56 449 o 0 0 0
Al Bals Bl I3 149 0 0
Teakly Dby 2l 3wl bl 4,8 149

qﬁ‘"gb 2edn 2'353;. - Raly 35‘:5 brad 448
Qe Rads. 2l Zake . 24k B "

4079 2ad el Pk Sk 2ol Be6
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Teom hde table 4t Jo obvious dhet, as long os b, B e 4, tha

vardoblon of the onlow with ¢ tokes e Lowm

56 F

. o # . sk . » 2.8 - €
ewpoy dopends only on a quantily & defived by the welletion A » B, The

exrroxr

(1 . IL 1 \;c

0 1 2 3

shotlang that the musinag ervoe Lo opprosinatoly B and oovurs thyough the
wongo ¢ 4 ¢ 4 2y Purthay, for ¢ » 2 the ceror de negdisgible end 3% is
opproxinetoly 245 for 6 < 1 (bub & must nob bo wo smadl as fo vidlats

the condiélon & <k 1),
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