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1, JTHTHODUCTION

During the lagt centwry & considerable amount
of time and effort has been devoted, by both physiciste
and engincers, to the problems welated to the study of
hydrodynomica. Paxticular atboution bas been given to
o numbor of aubjeots within this category « one of
these being concerned with the charscteristice of flows
asgooliated with oylindrical fluid motione

Bapgically, the majority of the problems solved
bave beon gimiler, in thet, the theoretical solution
hag involved the interesction of the fluid, represented
by the stenderd hydrodynemic equations writiten in
oylindricalwpolay co~ordinaten, with the £luid
bovnderics exzpreseed by & given set of conditions. The
theoretical analyses, in most cases, have been verified
by extensive experimental work, vesulting in reedily
predictable phenomene for & wide veriety of impoged
boundary controls. Thig is cevitainly true of wost of
the flows concerned with steadywstate oylindrical
motlon.

However the study of acceleveted motion in thie
cetegory has received relatively little attention, and

of the theorelbical analyses wilch have been propoged,
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fow have been verified expevimentally.

it ves thevefove decided to construct an
epparatus not only capable of rveproducing the kmown
resulve of & veaviebty of problens under steadyw-state
conditions, but also gulitable Jor lnvestigating some
of the problemp sssoclated with scecelerated £1luvid

wotione

2o  LESORIPDION OF THE ACCSRATUS AND INSTRUMBATATION

The apparatus gelectnd 1o perform the set of
experiments conelgted of a dyive asgembly coupled to
two cylinders mounted, one inpide the other, on a pair
of parallel axes. The central wvnis of the drive
appemnbly wae & Drookhirst Igrenic induction clutch.
Power wio supplied +0 the input side of the elutch by &
2 HP., 2850 HEM induction motox, while the output led
through a gpivali-bevel gesy configuration to a paly of
shuafte, which in surn werce bheliw-connected to the two
gylindexs,

The geay arrangement peyxmitted independent
aylinder rxotafion, in the sPue, or opposite directions,.
The two eylinders conlid be votated at different relative

apeeds by altering the beolitw-pulley ratiocs.
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The eylinder asgewbly was bullt around the
& £4e long "Pyrex' gluges oylinder which formed the ouvter
eylinder. Thie eylinder had ground surfaces at both
endao,- whioh were parallel 4o the eylinder axie - thus
eppuring concentricity with the remuinder of the
apperotus once pssembled. (Selection of & glass
gylinder ensbled the Llwid motlon H0 be obgervedi hove
aver, wheve bthig was not of intorest, & metellic
cylinfer could bhe substituted,) Compreossed *0'-Rings
Lormed the connedtion betucen the metallic and glase
goumponants of the ouber oyliunder assenbly.

Hognegivem slloy wag chosen for the lonew
eylindey snd the wetallie portion of the oubter assenbly.
The main reason for using this material was o gein the
benefite from its zelatively low density. The light
wolght of the meterisl epabled the inertia of the system
to be wminimiged, thus veduveing the torques required Loy
any glven acceleration.

Only the smellest clwich in the renge mante
fagiured would respond to the btype of dual-purpose
gontrol desired for the experiments, and the low torques
aeavciated with the lover inortiss enabled the olutch
b0 be uped within ite rated torgue and heat digsipation

reguiremento.



S .

Ap all of the experimonts were run with water,
water-2rluraeolt, or water~glycevin solutions, the non=
corropive properties of the megnesiun alloy were also
used 1o adveanitage.

The magnesium innzy cyiinder was designed to
run in two ball bearingsi opne yigid, the other seli-
aligning, and both bearings wevre housed in the outer-
ogylinder agsembly. Sulficlent oclearance was lefv in the
beaying houpings to allow the luner cylindey to be run
cooentnically.

A jacent t0 the lower zelf-aligning bearing were
the lip~peal, which retained dhe working fluid, snd o
gland whieh engbled the beaying and senl to be yigldly
fized once the eylinder alipnmont hed been ceteblished.

The uppey limit of roitational speed of the two
cylinders wne st at 4000 R - the allowable maximunm
for the beavings. Caleulation of the ioney and outex
&ésembly eritvienl speeds by the method sghown in
Hppendix 1T, showed lower cyltionl speeds of opproxie
mately 5,700 and 11,000 RBM regpectively, thus enabling
uge of the complete speed PENEO.

A gliding £i% between the inner cylinder and it

uppey beaying nob only provided for any bemperature




effecta on the losher oylindey, duty by mosng of a

gpring washer-and-gerow srrangement, enmbled loading of
the fouw bearings ou the appavaituse The apparatvs wes
ixed dn posivlon through the two outer aylinder botyw
itpas  Uhe mouvndiugs, in which the asseuwbly set, weye
glothed to ensble @ ghange of working fluld withouwsd
aifoating the relative eylinder elignment. Two holos in
e metellic portlon of the ouwier oylinder, divectly
above the glosp oylindey, slioswod fox the Lilling end

eupbying of the snpulvg.
2.8 IUSTRUMCHTATION

The ingtrumentation which was selected for the
appevetus wog primeyily chogen fovr lts application to
ancelorated-Tlow experiventa, Iy the nature of these

& %

experinents, four guentiv

53

iepy torque, cylinder wspeed,
aceeloration and vemperature were to be deteoted snd
recorded. The incbtrusenis selested for each purpose

will be described Individvally.

2e2% ITorques
Gounderg-oe Torsicu-Sensitive Poll Gauvges were

usged 1o deteormine the torques supplied to the ¢ylindexs.

A section beitween the drive inpul and the worlkiung erea,
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Gn both assenblies, was tumned to @ dieweter corres-
ponding to oy even number of palved gavge elements.

Phe geuges were asgembled and wired as four
egual sotive arss of o Wheststone Bridge. The conmneCte
1oms toe the various arne were such as to nrovide straing
of oppogite sign in edjscent bridge srmg, thug obisining
FTour timesg the owiput sigpal sssoclated olth o single
BOUAVe BOUSC

Phe bridse wae energized by 88 A~ CBYVIiOT
sunlificy syeten ghich provided a 4 volt RUS signal of
3 W/ nec., freoquency. The sigval was epplied 4o the
byidge throuvgh a set of mindeture slipe-vring and brush
wnits which wore mounted at the end of ecach eylindov,

The baeic princivie of the syotem was ag follovit.
An ouk of bhalance in the Bwidge c¢lreuit modulsted the
garrier-fvequency. The signal wae enplifisd, end then
deneduiated -« the resulting ovénut being provortionnl to
the byidge unbelence. This opidput wag Lo be used forv
two purposes.

Pigure ) ghowa & statiow-calibration of torgue on
the ovter eylinder againgt the corvesponding gouge
outpirl, & represented by & deflectlion on an ulirva-vioclet

gpivanoneter wecovfer. Thie enabled the values of stntic
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88 well gs dynamio tovque on vhe eylindexm to be
detarnined.

Fox the fivad experiments plamned in aovelerated
filuid motion which ave discussed later iw this theesls,
a coupbant eylinder dwviving tovque is weguived, The
eiveult designed o produce thlg resuli isg &t presevt
belng doveloped in the Fiesotrienl Fnglineering Depariment
et the Unlverelty, and basleslly uses an awplified ervor
plgnal fvonm the mbrainegavge byidge to feed o transige
tovdsed colyveult which, in burn, monltors the eurrent
into the induetion clutcha.

2e22 Uylinder bBpeed an

d.feoelerations

The problem of speed cownidrol and the rvecording
of both cylindor speed snd scceeleratlon was similar 0
that encountered in the case of torques A4 oiveult,
ghown pehematically in Figure 2, was ﬁ@sigﬁea and
developed by A. Commell of the Electrical Huginceving
Department, and used a&n oryoxr gignel originating from a
phonie vheel, mounted on the wotating cylinder, ag a
means of controlling the dnpub current to the clutch.

Yor expeyimente lwvolwing congtant speed, puloes
fyom the phopie wheel were fed directly into an electe

ronlic gounter - fyom which e eontinuouve reading could be
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gbtalneds However, for bthe experiments involving
aocelerated motion, both spend ond agceleration velues
will be requived with rezpest to time, apd in these
crgesn the galveanomeley recopdey could be used. The
Glode~punp integrator produees an ontput voliege varying
Linearly with fyequency {(and hence speed), and theroe
fore o sbtraicht forwerd callibyation of de¥lection versus
frequency would determine bthe speeds 4 physicsl or
leotrical diffevcentietion of the speed versusn tinme
regordey trace ivy the scocleorodion experiments would
yiold the aceeleratlon at avy gpoed - varisble sonsie
tivity being obtainable on the ftime base by aliering the

vopor speed of the recovdey.

Qa5  ZTommeraiuroi

Ideally, recowding of the fluid temperatvre should
heve ccgurred sinultanecusly with the msesurenconts Of
torque, opeed and ecacleration. However, the compliw
cations dovolved in installing the tempersture senging
device were conglderable, and therefore a method of
measwroenment pag adopited where the fluld btowperatuvre bew
fore aud afboy an oxperiment wag taken.

The senging device chopen wag & Hichrome~lonstenan

thermecouple, in which the fiesd three feet of wive frow
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the junotion was encloped in WO tubing, e0 e to allow
the junovion o be lowered it +the base of the cylinders.
A potontlometerwgolvanoneter civeuilt was used in cone
Junetion with the thermocouples the eotuel temperature
values belng obtelned frow the Watlonal Bagineering
fabopatoryts calibration of the wirve, ghown in Flgure Y.
This enabled ithe tempeorature o be recorded bo an

aocuraay of 3$.lgﬁ.

Biguore 4 chowg the oylinder axrangement and the
drive uniit, while Pigure 5 repvesenits the gevnewrl layout

of the apparatus and appocisted inglrumentation.
B SREADY WS TATE HOTTON

D SEBADYmSTATE HOTTON

OF the vumeyoug typesn of @xgeximeu% vosaible in the
atudy of sbeady wotetion of @ vigeous Llguid, two will
be cunsldeved - each of which wag selocted fov o powtie
cular yeason.

Porhnps the best known, and undouvbbedly one of
thie mest practicel of the oxyeviwents in thls categouy,
congerns the uge of concentric oylinders as & meang of
deternining £luid viscositys A& theorsticnl trestment by
ptokes and by Brodmens hes shown that when one of vhe

eylinders is rototed ot & congtant angulay veloelly, the
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couple oxerted on the other, held stationary, can be

expyepsed in the forms

S, 8
AT RERER. 1
T
wheres!
& ig the couple on the cuter cylinderx.
B is the dynawie viscowilty of the fluvid.

5@1 ie the sngulay veloeity of the roteting cylinder.
ﬁl ig the imney cylinder redius.

R2 ig the outer oylindey radiug.

1o the length of the outer cylinder.

Through this expression, therefore, it was povsible
t0o determine the effectivenesns of the apparatue and
ingtrumentation as suiteble results were dependent on a
combination of the three varisbles -« gpeed, torque and
tonperatura.

The pbove oxpression ig valid vhen the flow
between the gylinders ie laminar, but fails to be valid
once turbulent conditione exict. Donnelly and Simon(l)
heve derxived an empiricel relstvlonehip by fitting &
mathematicel curve to knowwn saperimental results. The

prpreasiont ¢
6= et + ot




gives valuee ol torgue on & ghationary ovter oylinder as
a function of the angwier voeleoelty of the innew cylinder
for fLlows oxtending from the onget of the laminar
breckdown well into the turbulent Llow yonge.

The second group of experimentse were conducted in
an atbompt to use the instrupentation which was avellw
able on the apperatus, 4o deteet the change in fiuid
friction cesocinted with the transition of Liow which
ocours between rotativg co-axial oylinders. %The subject
of dnstebility of {this typu of £low will be veferved to
letey in this papeyy and therefore before describing the
sotual exporinents, an outline of the vnderlying theory
on this Sopie will be glvens

The stebility of steady cirveulay flow of a fluid
between rotating oylindera, or Uouette flow, has received
e congiderable smount of atbtontlon - both in the theoreti-
cal and exporimental ospect of the gtudy. Basically,
the entive problew of stobility of thig type of flow ip
gentred around the guantity anguler womentum, &g poten
$ial insbabllity has been found o gtem dirvectly frow
an unfavorable gradient of thilg guentity.

A criterion, provosed bWy Reyleigh, formg the

basis Fox the gtudy and expyoppion of unsteble Couetie
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Llow, and, slthough criginally argued for the case of an
incompresnible invigedid iluvid, the criterion, altered
slightly to include the effect of visoosity, provides

B ¢entye around which the entive stuly revelvea.(e)

Rayleigh's eviterion gtnbest “in the pbsence

of vigeosity, the neccesery anwd sufficient condition for
& digtribution of anguler veloeity to be gtable is for
5%,‘- {r&g)g >0 overywhere in the intervel - flLrepresentw

ing the anguler veleolty at awy radiug 'r',.?

As well ag treating %he problem thyough a yigorous
mnathomaticel analyeis, Chandransekhar has shown effectively
the apoiication of Reyleigh's criterdion to viecous stendy
flow between eylinders when the distribution of enguler
velooity do rvestricted 4o the form Ur) = A 4+ B %,

The expression produced ie in the form of a none~dimene
slonal number, which Chandyepelthar calls, the Yiaylor

Humber?, writtens

T T Y
e (1 - n)?

L

where!
T roprepents the Tayloxw Number.

ﬁi repregents the angulay velocity of the lnner
eylinder.
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Ri represents the inney ¢ylinder radius.

v represents the Rinemeatiec viecoaity.
u reprogents the »atio of the oylinder snguley

R

velocitics = 5&{3‘
| By s
n  represoents gﬁgg the ratio of the eylinder radii,
It hag heen shown, both theovetieally and
experinentally, 1hot, when conditions satisfy Iord
Rayleigh's crilterion in 2 vigeoue £luid, then the flow

Z
is definitely stable. Thoevefowe, when: 519 :,S?;, ¢ the
s 7

fiow is always stablc.

. ; &g z‘g ou oan oithes

However, fox < (=) 4 the flow can elther be
gtible or unetable, depending on the value of the Taylor
Humber, or equivalent expression,

The enalytical gtudy of stability in Couette
fiow, therefore, is copeertraved on finding bthe value of
this nunber, or ite eguivalewnt, which corresponds to the
onget of instability. 8)¢03) mne golution ie, in ell
capes, the result of eolving the relevant pexturbation
oguatlons (1.0, the basic hydrodynemio equations writben

in borms of the pewturbed states)




A set of cguationeg evolve, which fov given values of *u!
and 'n' con be vedueed to two variables - Taylor Nuwber
or its eguivalent, and ap agpression which is releted %o
the wavelength of the aiaﬁarb&maé in the axial dirveotion.
The solution of thepe eguations is one of trial
and ervor, and iovelves finding the value of 2 wavelongth

which will yield o winlmum velue af§£;3 - this value
v

L cioaniad

hen covvepponding o the exitiosl g%&g ratio above
which inetebllity will occure The ingtebility is
gecompanied hy the foymstlon of & system of vordioes,
known e Reylor vortices, whoge distribution and dimene
glong axe Gireotly velated o the wavelength covyesponding
Yo oritical conditionge

v previocus experisental work, two methods have
been used guccegsfully o determine the onset of ingte-
ility - the method sdopted uwetally depending upon the
limitotlons of the experimgntel ipgtrumentetion. The
earliecy expevimentorn observed the brealdoun vigiblye
Howmever, nore recently, ¢ritlenl conditions hove been
dotected by making vee of ihe increase in fluld Lriction

witieh ig kpown 4o ocour &t the onget of ungitable Llova
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The mothod chosen o obgeyve and reecord thie
phonomonon in the present group of experiments differed
alightly f£rom the previous Sechuigues upeds Since the
apporabus wes equipped with a oonstant-gpeed control, and
& suitable method of detewsining torque, but hed no

]

means ol controlling the Liuid temperature, the following
méthod was adopted. For given ratics of ecylinder radii

end angulsy velooltys, & value sorregponding 4o the

srivical @%%; roavio wos cploulateds, 4Aw arbitraily chosen
value of imper oyliunder veloeiuwy therefove detormined
the Klpemstic vigeoasity requived theoredleally foy
instobility.

Fbe frictional~heating effect on the fluid wae

uped to adventages Settivg the epeed at o constant velue

la

whichs for @ konewn f£ivid viscosily, yielded an Egrg ratio

elightly lowey than thet reguired for oritical conditions,
gpeed and torgue values were wveoorded on the galvavnoneter.
Ag the heating luervesmed, the vigscogity of the fluid
gradually decreansed, untll iustability, as detected by on
incresse in the recorded tovgue, was observed, The

appeyatus was then gtopped anid tomperature measurements




were teken. Mrom the recorded deta atb eritical, the

experinental o;pg ratio wan epiablished.

3el QBUFRVATIONS AND RESULYS

The resulte obtpined in both groups of experie
ments on gieady-~gtate motion weve yestricted by the
pragent limitations of the sppavetve and ingtrumentation.
Phege dncluded: |

(1} Holso associnted with glip-ving end Lrush agoembly.

(2) The lack of & celibyation for combipmed geal and
beaping fyietion as o fwetlon of speed.

{(3) Unpuitebillity of present system of detecting
torgue where cbaolute valuee of the ehange in

vorgus at drensition are concerned.

The experimewnts in thls catogory were affected
by the second limitetlion wentioned above., 4% low
gpeeda aud small heade of working fluid, the combined
fyiotvion was negliglbles At higher spoed eand under
the full head, however, the seal and bearing couwiribution
beceme significante For a given head of fluid, it ceemed
vesgonable o assume thet thig value would be o funetion

0f apead.
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A galibration of this effect was requlved inm orderw
t0 obtaln quantitative vesulis. The method invelved
would be one which produced s given head on the geal over
tﬁ@'exﬁeaﬁaé gpeed renge without inteoducing a fluild
torque of any conseguense. Upe gultable alternative
appeared 4o be thoe upe of compressed alr as the working
meditne Iach alterpotive, however, reguired congidere
able modilication o the cxisting apparatus.

As & rosull, the expeyiments were corrvied oud
without the nepeseery calibration and consequently,
abpolute values wers not obioineds However, it wag
posgible theough the serles of cxperiments to show thatb,
onge the mechanical fricltion was accounted for, depends
shle results geomed cortaine. Toble I shows s typical
set of repuldts boged on expovimovts run atb xaaghiy 2
gonsbant speed undey & 6L cume boad of & 55% "Plurseol

wator solutione

A i ) | ' i R ol g G ol P G - ‘ , ' o
e Speed »n 3] oxpte (theor.) &¢
TEEE (hp)  (Centipoise) (Gme) (EgeOme) (BzeOme) (KeeCme)

2, 441 1855 63 SaTR LaGl Fell

& 444 - 1875 %8 8«86 He72 Held

3 445 1890 61, 290 576 HelE

4

444 B9 61, 8«88 5e76 Jel2

oy . st
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Gapillovyetnbe vigeonoters and a congtonte
tempersture both were uvped to obbtain the £luid viscoplitys
Thepe neasurcments were teked lnuedlately following a

et of expevimenise)

Tha value of & vy that recorded on the

axmg
galvanometey troace « the sbeolute valve bedng vend frowm
the torgue vegsus deflection calibratiown curve. G%hear.
wes the value obteined by ilusgrting the appropriate
experimental valueg into expvescion (1l).(8cetion 3, page 10),
The veluves of &G, which vapregent the combilnstion heoring
and gesl Lrietions at the gliven gpeed ave congtant to
ilﬁiamﬂ, ag axpeeated, decremsed in megnitude et lowern
ppeode (oge 199 kgoome ot B45 APU),

fPeom these veaults 4% would eppesy as if the
reliability of the instruvmentaition is quite reasonables
Although the values listed in Hable I effectively give
only an indloation of the wrepeatebllity of the combined
sypbem, the majority of the twinl eryvow was éexpooted to
appear in the form of rendon grroy - mogt of which has
begn accounted Lor in these experimenic.

Syotematic crrors, 1€ sny, will avise with
guantitative results; end In geveral they s¥e ¢liwminated

velatively opoily.



Owing bo the amount of nolse appociated with the
alip~zing ond brush agsembly, the experiments in which
the gtebllity of flovw was examined were limited to those
in which the imner cylinder wes vototed nt constont speed
while the outer aylinder rouwained stotionsrye. The
golution to this problem lieg in either isolating the
alip-ring sseenbly fyrom the maln body of the spparstus
or in purchbping o wmeove robupt unit.

With eylinder radil of 2.922 cme. and 1,992 O,

the exitiecal g%%; ratio of the apparetus is given by
theory derived for 'wide~gap' configuretions, and involves
a trial and eryor solution of the set of squations
mentioned previously. (See Chendrasgekharts 'Hydrodynamic
end Hydrvomagpnetic Stebility', Pg. 320.) However, while

2 pimilay set of eguations con vesult when dealing with
'norvow-gap? geometyrien, there are also expressione
predioting the onget of ingbability in this category
which lend themselves more fevourably to an anglyticsl
golution -~ these sxorespions 8lao giving 8 good approxim
mation 4o the cviticald ratio fov the wide-gap QOUCR

In the present ezxpoeriments, an oxtrapolation of expregow
iong derived by Gele @aylﬁﬁ{ﬁg and ﬁ. Eranat1(4)
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geve the approximnio ratio Qﬁgﬁlg B0 be B2 for u = gﬁi} = Qs

The experimental progedure was as outlined
previougly in this sectione. It was found, however, that
the inetrumentabion selected fov recording the emall
change in torque ag the fluid wreokdown occurred wes nod
developed sufficienitly to oblain mesningful quantitative
repuliss Wibth the exieting esystem it was possible to
deteot the change; howover, Iv all cascs this was not
aﬂly 2 smell percentege of the borgue level, but wes
alpo o velatively smell cuenvity when compared with the
ayptem polse, (lavgely owiug 0 the slip-ving aseembly).
As & result, torgue levels of approximately 2 ome on the
golvanowetey were ilucvensing by only 0.04 cne, while the
peal w0 peak noige amouvnted 0 U4 ome With the gtraine
gauge celibration seourate o ﬁﬁ%, the abaolute value of
thig toxrgue increment was nod signilicant.

& guiteble modificetion to the exigting systen,
which would undoubtedly pyove sucecepsiul, uses & similar
elogtric olreuwlt to thol deslgned as part of the cluteh
control units In applying thig eircult, the torque
apsociated with leminey £low conditions inmediately

preceeding the transition, and expregsed og a voltege iyom
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the gtrain-gauge~amplifiesr cireuit, could e recorded
and then backed off., An anplifyving stege would then bhe
inserted inte the eysiew resuliuing in amplification of
the swall change 1un wovgue op the breaskdown occurred.
The owtput of the cireuvls gould then be recorded oun on
oscllliscopes or onee ogaln be used to drive the recordw
ing gelvancmeter.

Although the twrapsltion could not be doteeted
elfectively uwsing the exisbting ingtrumentation, it wes
intevesting 0 note that by uvsing water-glycerin solu=
tiong with & yvelatively high degree of entrained aiy, the
formation of vortices could be obgerved visually with no
éiﬁﬁiﬁmlﬁy. Tho obeervations wore exactly thoge which
Taylor recorded originally. UThe dritisl disturbaunece
vegulted in equalliy-spaced “"pands! of width approximately
equal to the wavelength of the dlgturbance in the sxial
divectione(poe Fige 6). Ag the viecoslty of the liguid
continued to decrease, esch bund wae divided equally,
and the celinler voptex nettern was establisheds The
resulting configuration ig shown in Flge Te

It was interepting to notg that, when in the
initiel stoges of development {ilee. Givided into wide

bande), the Qisturbance did pot appesr to affect the
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waual conpentricwtirolowgizesmliine pattern of cylindrical
laminay flows. Only whon the wide bands divided into
the ipdividunl cells were the siresnlines altered into
individunl vortlicesi however, gven theon, the flow
appeared lominere. Trom the obaurvations besed on these
experiments, thevelore, the fopuatiop of vortices i
acoompanied by & change in the Llow pattern while the
gtate of the motlon renmaius vialiered. Only at nuch
higher cylindey epeeds does turbulent flow: prevail.
Table 1T gives revremenitative experimentollye
detevnined cyiticel yaidtios » the golubtions uged in theee
cases being 64 - B6% glycerin by weight. The defined
ropitical? was talken 1lun these experimernts to be the point
ot whieh the individual vorticos first appeayed.
Tanks 1L

Peat Bpeed Vv X 1@2 gﬁ;i o
(Reve/Min) {@m.?/see) YV Yerita
1 365 T5el 52475
2 279 T449 550
3 380 T5e0 G527
& 5845 T445 5440
P 290 75 BRe T
6 484 9569 52,9




A mesn value waken ovey bhe total nunber of
egporimnents produced @ yatio of 5248 = the ratios cone
tributing to thls figure a1l Lelling within a range of
Eaq,

it may also be noted that, through the narrov-gep
expreggions, the onget of instability wes predicted

within 2% of the ezpeorimenitnlly-~observed value.

32  SULBARY OF SORADY.STAYE LXCERIMRADES

1th a corvestion to the present liwiting fzotorvs
in the apparatve and ingtrumontation, end additions
wheve exieting ilnstrumentetion has proved inadeguate,
the entive symiem congtrueted would appeay o be capable
of preoducing velieble guentitabive resulise This should
apply fox experinente conduoted proviously in this catew
gorys @8 well as for those in wnich epparatus limitetions,
to date, have prevented an ipvegtlgation. Posslbly the
beat example of thisg ig the usefulness of this systenm in
detegting and vecording torgues in steady-state eylinirie
cal motion wheve both cylinders are rototed simultaneously.
The uge of doraion balences and dead-weights uged previcusly
8o & mesne of obialning torgue values ave unsulitable for

expeoriments of thie naturc.



A, _ACCEITHARED FION

The study of the wechsnics of motion of oither
golld or fiuld bodies in wost cases i simplified
conpiderably when the action takes place vnder & CoOnw
gtent foyce or where wnilfoym notion is involved., With
this in mind therefore, 1t appearved reasovnable $0
appreach investigntlions into accelerated cgylindrical
flowa by coneidering the cylindey motion either undeyw
the agtion of a constaut coupia, or when moving with
congtant angular acgeleration. It was for this reagon
that ap inductlon ¢luteh eopable of produging both

congbant btorque and aceeleration was selocteds

4ol DROPOSED EXPIRINENTE

4 theoretiecal avalysis by Professor TW.H. Hevelook
forme the bagls for the preliminexy series of experiments
in thio category. In Haveloek's paper, outlimed in
Appendin I, the authoy hoce consldered bhe m@tian of a
hollow c¢ylindey vonteining a viscous flivid, when
poeelerated from rest uwudey the actlion of a constent
TOPQUC

Onece the congbant-torgue controld eirpcult fow

the induction cluteh hag been completed, the apparatus




will be capable of gimulatiug experimentally the cone
ditvions cutlined in the theoxetical breatment. An
analyeie of the problem fron an experimental viewpoint
wae thevefore undertaken.

Conesidering the cylinder acceleration as a
funotion of the remaining gyelem pavaneters, the problem
could be expresged as followst

ol af(ﬁ,z,&gu,P,t)
wheres

§ vepremewbed the comptant driving torque/unit
eylindexy lengthe.

I wepresented the cylinder inertia/unit eylinder
lengthe

o reprepented the oylinder rediuge
v represented the dyvewmic viscosity of the fluid.
ropregented the £iuvild dongitye.

r

% represented the tine.

Dimengional analysis ou the sbove expression

showed that four nop-dimensiovnl groups weye sufficlient

t0 define the problem. These includeds
§§$) H éﬁ&gg

4
SRR ARG REL

Referying to eguation 16 in Appendix 1, it nay

L

be seen that the ezxsct analysis enabled the cylinderw

acceleration to be exvressed 2w a function of a particular
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combination of theme groupg; tauelys

0
- Byfud . Tt
oL = iwgﬁ%‘f T %‘

4
which, for a congtant value of ~%wrraéﬁeeﬁ o the forms

Lot _
Le Fo{HS | (2)

whoye v = E% the Kinematic vigoeosity of bthe fluvid.

¥

Phrough equation (2), o gvaphical vepresentation
of both theoretlieal values and experimental repultis

could be obvained by plotting %ﬁ%g against gzgg
" a

(g

*

4
or vayioug valueg of F%mv (ox preferably egainst

oA
T M*éﬁgﬁh- -~ the exawet valve of this parameber.)

With the lack of unifosmity du the ovter-eylinder
pepenbly, the oylinder incrtis do be used in a comparigon
would best be determined exnerimentally. By sccelerating
the eylinder undexr a congtant forque, the corvesponding
acceleration could be deterwined fyom the galvanometer
1race.

Altbough the inerztis could be changed by elthew
adding to or subtracting from the present arrangement,

epsentially both the cylinder inertia and its radlug




would be conpiepisg. The priwwyy vayiables which could
be controlled would be the tarque and £luld density,
aud for experimental purpoges sulteble ravges of these
gould be chosen to provide o reasonsble yange of 'HY
and *oll,

An approximation to the actuval oylindey inertias
yng made by eelculatvion, aud with the measured cylindew
redives, and with ay arblitrarily chosen valug of torque,
& hypothetical geb of cuyves for golutions over the
water-slycerin range at 25°0 wyan produced.

In ordey to determine the pavaneters based on
Haveloek's theoretieal avalyels, 8 golution of equation
(16) of Appendix T wap requived. This involved $inding
a guificient nmmber of values af)\, fox any YE' and given
get of remaining variables, to obtalin convergence of the
nfinite series.

A gummation over the fivet twenty yoote of
eguation (8) was found to be sufficient for the range of
v and condltiong expected, not only in this one case,
but in the probable experiments te be run on the
apporatue in the future. ¥From approximotions, the exaets

valucs of the voots were detevmined by Hewton's method.
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Thie operation, and the spubsequent solution of
eavation: (16) involved é,aamﬁi&@raﬁle amount of work
Loy each value of sccoeleratlion produced. A progromue
was therefore writiten Loy +the Weuce' computer, from
which the voots, and the solution to the eguation foy
g geries of valuea of 6 ocould be obtained. A flow
Aiogram of the progyvomme ig shown in Appendix I3,
the computed yesulte based on the hypothetical group of
vaviables for water, H0%, T5% and 100% water-glycerin

solutiony ave given in Flgure 8.

4,2 GBLERAY, UTHOUSE 0N

Referving to Havelook's equation (16), the
cylinder aceeleration at sny bime 't' i expreseed oo
the swa of two texrmss one independent of tiwe, the othex

g function of time. For sufficiently lerge valucs of

Xg, the aylinder accelsration reduces o & constant
&

voine gorvenponding to a rigld«body acceleration of the
cogmbined [.cid end cylimdey ineptiag. The form of the
equation 8lgo suggests that the shebtring stressees within
tne £luld geaduslly ivcrease with time through the

o

Yyransient® period, fov by differentlating equation (17)

the appendis pevtially wlth respect to ¥ and in




parblcular, sebting v = 8, it is geen the negetive sipn
prageeding the second tern will remain for all values of
vt oprovideds .

N OO )

IO 0

1

Bince by equation (8) in in: Apvendix, the positive rootbs
of the egquation sve regiyicised 40 values of )\ where

Jl()d auad Jg()J arve of opposite sign, the above exyression

ie alvays posliivive.

Onece at the lervge valugs of 3%, the sheay distyie
)

bubion il fixeds By congildering the nmet tovque aching
on any element within the body of fluid, and summing
this over the totel fluld enclosed by the eylinder, 1%
1o fould that the time reate of chonge of angulay
momentun of the £iuld is 2 congtant - the portion of the
gpplied torgue alloted to Liuld accelevation belng
diveetly propbrtional to the total fluvid inertia. This
result jumediately suggests that the ghear-stress
diptribution g o funetion of the fluid density and must
be independent of ite viscopitye Thdn shouwld apply for
all Newbtonian flulds. IHowever, no concluglon can be
drawn fyom the above on the probable behavior of NOL

Hewsondan or thixotrepic {luids undery the pame type of
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motiony es the methemoticsl enslysie was based on the
asgumption of & viscosity indepvendent of rates of stroin
within the fluid.

The degves of covreilation beltween the theoretical
aud experimental resulig will not only depend on the
appoaretus einmulating the experimental conditiona, but
will siso depend on the filuid behaving in the manver
gepuwed in the depivation. ﬁﬁ$ﬁod(§) in hie investi-
gation Into oylindrical =mobion, observed that on sterting

-~

a cylinder contalning water from vest, and on etopping it
guddenly when roteting ot & constant epeed,; & consider-
able amount of tuvbulence womviited. In this case, the
turbulenge would trangfor additional momentim, resulting
in & more rapid overall trsnsgier of momentum thay that
toltlng ploce undey the sole dndluence of lamiuay shear.
1% wight thevefove be ezmpegted that the expervimentallyw
determined curve would be of wreater slope iv the
Teranpient! sectlon with the tevmivel scceleration belng
reaehed in advance of thet predicted by the leminey
THEOLY «

It ia of iwntercst to compare the enexgy dismipation
in the coumblned Lluwlid-golld systen rotatlong at a constant

acceleration with thet of & selid body under the same




agcelerations Whereas a @olid body belng accelerated
wndey £ conptent Yorgue digsipobes energy ot & rate
propovritional o the inoyceame iu abtrain end kinetie
enevgios of the systemy the combined gystenm involves
an ineresse in kinetic and pressuye energleg, ap well
as e dlgedivation owlpe Lo the viscouvs effects within
the Lluide In the ocape of & solid body, the increase
in etrain energy ile generelly swall velative to the gain
in kinetic onergy, and theveiore the total dissivation
can be sasured Lo appear as ap increase in kinetic
gunergy - the rigld-body cogo.

The Ilncrecase of presmuwe evergy in the conbined
pyetem ip asgocinted with & ¢honge in ghape of the free
suniane, and therefore when energy ibput into a suffi-
glently long oylinder s bedny congiderxed, ouly kinetic

epcryy and visoous disglvaticn ave significant. With the

viseous tern exypyessed as
ju 52“).\33?% %;f- ;2{333;
o)
the dilgsipation, onece fixed ghear-gtrvess distribubion
hag been egtablisbhaed, ls comptent, and siunee the rate of
power digsipation for the 4wo pystems Is idepntical,y the

inovease in kinetle energy of the combined gystem differs
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fvom that of the equivalent g2lid vody by this viscous

affeata

4¢3 DUTURE PROCRANUD

In onother perticulay case of accelerated motlon,
a hollow ¢ylinder cowteining & viscous liguid belng
accelerated At a conptant rate, may be examined uvelng

equation (1) of Appendix L. ‘fhe equation of wmotion

2 t , myﬂa (L:% 1) o
Reee) + Mg2e | LM Pe B ST =3 (3)
© .

(where ¥ ig vow & veriable), mey be solved without the
\J '

vse of & solving funetion sinee R (t) = SL(V), the

congtant eylindey sceelexation. Caxyylng out the

inbegratlon in eguation (3) lesds to:

-wf

e s a
HetS0(s) (1 +TEESE (10 ) (4)
¥D ,

where, aa in eguation (3), the svmmation extends over ithe

positive roote of % Jl(p) = O, HNoting thet the summetion

of &§ converges to 1/8, it is seen that, for sufficiently
P

lavge valueg of Eg, the total dyiving torque ineveapes t0
c)

g congbent corresponding to that reguwired 0 acecelerate




an equivalent rigid body. 45 in the case of seeceleration
uidar congtant torgue, the shesve~gtress digtyibution
bocones independent of vigeosity, and the time vate of
ghange of apgulay mowentuw foy the entive Lluid in b
ouatant.

4 would appoay that the mpostv logleal approach
to the complete gtudy of flows 1n this category would be
0 examine theoretisally tho general ecase of flows acte
ting vader the influence of bouvadaeries either belng driven
by & constant torgue oy wovipg with congtant acceleration.
Thig would give complete covevage of the lowminoy flows,

¥

thoe providing the uvecessnyy bowge fory conesidering
inetehility in this type of motion,

Hothing can be predicted rvegarding the ptability
of accelernted notion ab presents However, in the
linlied cases congidered, the axistence of & woll-defined
iptribudion of angular momentuwn once the trousient
phaze has been overoome, 18 encouraglng. Besed on the
ivportance of the distribution of angulsr momentum in the
cane of uwngtable motion under steadyestate conditions,
the digteibution undoubbtedly willl represent an important

faotow in the study of the giavility of nocelevated £low.
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LAPPIETDLS X

in the paper by Profespoy TW.iH. Hovelock, oxie
gymuaetrie oeyiindrical motion of a fiwvid patigiying the

following expression i conglderveds

oy _ . by 190 _ X
SE=V ‘5§2 % 8§?"'7§

The syabol WY wepvesgents the fivid veloelty, perpendiculer
to the yadius vegbor, “i%.
With motion stariing from veet, it ig shown that,
ab any tine "%, the asgular veleelty of & fluld couw
tadned in 2 hollow cylinder of vadiup "a%, and having

EY

angular velooity Ut), i given byt

U - vag‘%u
Vo= J o § 1+ ﬁzz %ﬁr/ﬁ e & avr (L
o gy {p)

where the sunmation extends ovey the pesitive voots of
d. i) =2 {
1(pJ = 0o
Agegleration of the cylinder, under the sction
of o constent couple N, is then covgideved., Analysie of
the forveces on the cylinder, agsuming o {luid Iriction

'F? "
retording couple of the form gnym"%g'leaﬁa to an eguation

of wotion Loy the eylinders



17 e
“"*-‘Vr’ < ( 4 ”«T)

Re(e) + G | Re(n)pe

dues/unit eylinder length, end

av = (2)

oy

where both ¥ and I are va
whore the summation esztends over the positive zootg of

1 g
D gi{:};)P &= (o
Lt should be noved thet the sutnmation exeludee

the voot p w 0. Although, in eiifect, the summation
should a%ill be over the geroes of él(y) including the

-

value sere, 1t aen be sghown thet thig pesritioular yoow

has no kearing on the valus of the integral.
Gonsidering the teyvw ¢ongeynlng the valuc p—wi
Hegleoting the summation glgn, a

YT (4eY)
o
.

in expression (1)
conslderation of the single tozms

t ?
_ ads (pr/a)
dayo | RN orea f oy edeoe ay
§ p>0  prdy (p)
0
of the zeyo yoot to the valuo

rapresents the pontEibubion

of We

y

in differentiating both numeratoy and enominator
R

of the exyprespion In gousre psyventhesis, the 1§§>i@ seen
peD

40 cqual 1. It moy then be geon that by differentiating



partiolly with respoct o V¥ § = Q’(w) = 03 and therow
Lope can be neglected in causbtion (2)

Thia vesult engbles egustion (2), on integral
gguation of Poisson's type, to be goulved accordingly,
in & nonoey sugeested by B« ﬁhittake@(7). Whibtaker

congidere an equations

ém-:-& dle) & (5-p)do = £(x) (3)

in which the sucleus in & sum of n exponentialsi
1.0 E(x) = PoP® 4 0% 4 see + sue + VI
The solution cmn he wrlittens
4
Glx) = £{x) - £i{8) ¥ (z~p)de (4)
o

where K(x) is elso o sum of v cuponentisle, or?

i) = 26%F 4 BOPE 4 a0 4 see 4 NoVE

Whitiekoy then chows thet the ewponents dyBy¥s sse ¥4

of the solvine functlion are the woote of the eguations

3y A ave L LIS v T
i ﬁ%@** + ey 1= 0 {5)

while the coefficlenis in Hix) astisly the eguations:?

«z&u& E lu(}

g A &*@ '*’ sse b eaed e T 13

B ﬁ
o AT alty "v g ﬁ y
- & B“”'}a F woe ‘T meet ety + 1 0



From equation (2), the appropriante form of eauntion (5)

in geen to hed

&T\‘%‘lﬁé g __33__1___%7 - Ma— ass) + 1 =0 (7)

BT 4 vgx 2w <+ V§i

X
Subetibtubting, u @_mgm@ Havelook weducesn the

am
resnliant equation invos
R, (N @ A3y (N = 0 ()
fod

whare K = ﬁnpa%/ﬁ. Thic conclugion can be verifiled asg

followe from (B)s

. ,:gg*};t (>\}
Bt G s
- *‘ )\ 1-? EA (}\y

Substituting Jo(N m=§i'1§>& - d3(N lemds tot

. Kﬁ{ ..,m. §(>\)

o dy (N
= 1 = Q;_.mﬁé@{@m‘

= 53 é§<

o

*

¢3 (>\} )
Py -~n & ﬁ. 4 ;mﬁm‘-
= N Xlﬂ g
(3)

Remenbering that in equation (8), the summetion

exbtended over the positive wroots of g,Jlip} o O
D



cguation (9) can thevelfore be writbent
021 &80 o, (A= p 3N+ py) ]

i o . aN
AR

=] 1 *‘Zz Qﬁ § s f:‘g’ T W §

i
- L2

X + 9,
which is identicsl to +the revimed form of equation (7).
The coefflclents of the solving function can be

obieined from & set of equations of type (6), thuss

A A,
l a§a -y e s b oane F sne & m% e O
)ﬁ' gl )Q “ P o
- £
ey sy ¢ He=0 (20
2‘_*& & g vy 2 E ¥ PRRPOB Y W véz s 47 R
)\1 Py >\£Q Py a

where the sunmations extené ovsy the pogitive voois of

%* 3(93 = O and the positive xoote of equation (8),
it moy be neted that equation (B) may be written

in the fovms
. . '
(8 + 2) Go(N « Ad(N = 0 (31)

which can be identifiecd ap an saustion ylelding voots

upon which o Dipd czpanslion may be based.



Havelock, iu hie paper, uses the Dini expanaion
to selve squetion (10), avd ageumes that a Sunction® (¥)

¢en be cxpanded, in the yonge 0Lr<Ll, in the seriest
7(2) =) 8d,{Ne)

whove the summetion extends over the positive roots of (11).
From any reference on Vind expanslone and uveing
equation (11} it mey be shown that the coefficienits, By

will be glven ~‘£>y the expresgiont
X . ,
B = SORUUNE -~ A SRS ?(r)d, (e )rar (12)
{3?3 + KGO 4Y 5,50 2

Q

Haveloek then tokesR () = 32(9::) where p i8 &

popliive root of 1 In the vesulting expansiond

dl(}?) = [

)
1
(pe) 2X (pe)d, Oe)
Galpe “Z e A e dolprld_(Ae) rdw
2 X v k() 5,200 2" g
o o}

¥ dg pvt equal to 13 alsgo noving thats
A

s (pr)Jg O\ Judy =

3 R .

o

the identity beoomess

520 = B (o 15,00 -
: X+ K 2N § (R 229N
o




wWith p boing eny vool of %61( 1) = O ond the sunmation

being with wegpeet to the roots of equation (8), the
abhove yeduees 403
e\
2.::2 _— 2LN" — (13)
= (X + BRe4INX = p7)

Comparing eguations {(18) end (13), the coefficients of

the solving funetion ﬁmaam@s

,ﬂ_ :a-'--ﬁ'{;&‘
2(>§ R{%+4))

Subetitution 1n equation (2) yleldss

o V)\"’ (% -*T}
an § - 2 2 - 4T (a9
a4 ,\w R(Ke4)
where 6= congbe = ?

By ewmpanding xE

identity 1o

by (L&), and putting ¥ = 1 the resulting

1 = g (Le 4) (15)
)&*@§K+4)
Intograting (14) ond pubstituting from equnﬁiam
(315} 1% is Cound thots
v )64
"”§“

af , o \
" 1 - e gfﬁé‘*‘l {-16}
L 1/2npa ZXZ +3;(xf+4)



The snguler veloelty of Hhe liquid ot any time
is obipined by Havelock by integrating (16); giving the
angulay velocity of the eyiinder, and then by using
the daitial didfevential eguationt

K= My 1Y A
=" (5F gar*%i

¥

with the yvepults

W

.,t“!”:i?“"2 X+ 6
57 2 {F+d

-
1+ 1;’;21@.@:.4 %
N

g_gc_g_z ;rlwzm
7 (X4 K(K+4)35 N

(17)
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An epproximate wsethod dewived by Dunkerley, vwoes
uged o deteywine the cviticel apeeds of the bosemblics.

This mothod gtetep thats

-%m“‘l;%"%“%*"%"i' sae

‘ &2 & i

vheye n, ig the lovwer oritlceel speed of the system.
Hys How Oge = are the orilticel speeds on Cone

gideying only one of the congentreted masses of the systen.
In the. casc of both eylindere, two eiunplifying
aoourptions were modo.
l. The apsewblies wore assuvued 0 be pimply-supported
&t theiyr bearingo.
2o Digtributed loade were pepregented by & sevies of
point loads. (7 iv the case of the iwner shoeits
8 for the outer casewblye)
The totel alrein enorgy in a simply-supported bLeom

ig given hy the exprepplond

uhichy, ag o wesng of glmplifying caleuletdions can be



grprossed as 8 sumpations

¥ QZLW (Ma=) = {’mg

whero Ndx rveprepente the srves of the bending woment

Qlagepm, and %{% the oxdimate of the centroid of the
Z

elowent OXe
The Theorem of Osetigliano, iv conjuncilon with
the totel energy eguation, was used to obtain the necow
ppayy deflections and repulting shaft syviffnesses. The
Theoyen atates that, v an olsstlc syetem, the partial
davivative of the gtrailn enexgy with respect to any
foree in the syetenm ie equal to the deflection at the
point of sapplicetion of that force.
fhe oversll proceduye Loy dotermining bthe exiticel
gpeeds wag as followss
1. A unit lead 'P? was sesumsd aoting ot the poind
of applicstion of one of the concentrated shaft
MOERCE o
2e The resulting bending moment diagrem wbe produced,
and the tobal estrain energy eqguated.
Se The snergy expresslion wag differentiated @grtially
with regpect to B, yicldingt

g% = 6 = gongiant x P



where § was the resulting deflection at the point of

application, from this expression the shaft stiffvness

el o

4o

De

6e

%. was determined,

The natural frequency of the system wag obtained
by substituting the actual load "n® into the

gtandard expregsiont

The process was repeated for each wmass in the
gyeten, resulting in a number of values of ng.

Substitution in Dunkerley's expressions

i A o o
iale- et AARY
g Py Wy W3

produced the loweyr critical gpeed of the system.
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PLOW DIAGRAM BOR BEGUTATL PROCTAME

Holution oi‘oh-. N 4 + 2H i’lffz V)\ t/ a
where She stnmation oxtends oveyr the flret twenty roots
of8 KJ’(}& + N\, ()J = O = £0\), values of t from

el (Cel) 1 (2) 15 secondas
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