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WING/BODY INTERFERENCE FOR SWEPTBACK WINGS WITH

' SPECIAL REFERENCE TO PITCHING MOMENT

By. M - Gorpon SmiTH,
SUMMARY,

The object of this paper is to investigate the
effect of wing/body interference on the aerodynamic centre
position of a family of wing/body combinations.

The combinations cover a range of aspect ratlos
from 2 to 5 and angles of sweepback from 0° to 60°, Of the
two bodies tested one is of variable length‘and the‘ratio
of body diameter to wing span varies from O,1 to O.4. The
tests have been performed in a low speed wind tunnel at a
Reynolds Number of 0.27 x 106. based on winé chord.

In addition, a theoretical analysis oovering the
wing/body combinations used in the experimental work is
described. The method is based on that published by
Schlichting but a number of modifications‘have.beén m%de.
The most important of these is that the spanwise. 1lift
distribution is calculated for each wing and wing/body
combination instead of just for the unswept wing. The
volume of work involved necessitated the use of a DEUCE
computer.,

The experimental results are compared with those

from two other sources and the results of the theoretical
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analysis. The comparison with the purely expefimental

]
results shows the same trends in the wvariation of

K
G— A_}ﬂ once account has been taken of the differences

—

¢
between the configurations of the wing/body combinations.

Comparison with the theoretical results reveals that the
theory predicts the experimenfal curves quite well,
indicating that the modifications are beneficial to the
accuracy of the results.

| Although no quantitative generalisations can be
made it may be said that at low angles of sweepback an
increase in sweepback produces a decrease in the forward
movement of the aerodynamic'centre due to a body. At high
angies of sweepback each combination must be treated ﬂ
individually. The combinations in this paper tend to
produce an increase in the forward movement of the

aerodynamic centre at the higher angles of sweepback;‘
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WING/BODY INTERFERENCE FOR SWEPTBACK WINGS WITH

SPECIAL REFERENCE TO PITCHING MOMENT

SUMMARY,

The object of this paper is to investigate the
effect of wing/body interference on the aerodynamic centre
position of a family of wing/body combinations.

The combinations cover a range of aspect ratios
from 2 to 5 and angles of sweepback from 0° to 60°, Of the
two bodies tested one is of variable length.and the ratio
of body diameter to wing span varies from 0.1 to 0.4. The
tests have been performed in-a low speed wind tunnel at a
Reynolds Number of 0.27 x 10°, based on wing chord.

In addition, a theoretical analysis covering the
‘wing/body combinations used in the experimental work is
described. The method is based on that publighed by
Schlichting but & number of modifications have beén made.
The most important. of these is that the spanwise 1lift
distribution is calculated for each wing and wing/body
combination instead of just for the unswept wing. The
Qolume of work involved necessitated the use of a DEUCE
hcomputer.

The experimental results are compared with those

from two other sources and the results of the theoretical
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analysis. The comparlson with the purely experlmental

results shows the same trends in the variation of

K
G— & Iﬂ once account has been taken of the differences

¢
between the configurations of the wing/body combinations.

Comparison with the theoretical results reveals that the
theory predicts the experimental curves gquite well,
indicating that the modifications are beneficial to the
accuracy of the results.

Although no quantitative generalisations can be
made it may be said that at 1ow'angles of sweepback an
increase in sweepback produces a decrease in the forward
movement of the aerodynamic centre due to a body. At high
angles of sweepback each combination must be treated |
individually. The combinations in this paper tend to
produce an increase in the forward movement of the |

aerodynamic centre at the higher angles of sweepback.
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SYMBOLS.

b2
Aspect ratio = —ge

Wing span.

© Wing xoot choxd.

Wing chord.

Geometric mean ﬁing chord.,
Aerodynamic mean wing.chord.
Total Lift coefficient. |
Drag coefficient.

Pitching moment coefficient.

Liocal Lift coefficignt.

iift curve slope.

Slope of Cir vs.‘C‘IJ curve.

ac
Change in H@M due to the influence of the
L K b
body. = (__fif&
¢

Non—diménsional body nose length based on

axis of symmetry quarter chord point.
Forward movement of- the aerodynamic centre,

Body length.

| Non—dimensional body nose length bhased on

root gquarter chord point.
Non—dimensiomal body nose length based on

wing root leading edge.



% Non—dimensional body tall length based on
wing root trailing edge.
q , D&namic pressure,
R.N. Reynolds Number.
S - ‘ Total wing area.
S Wing semi—span.
X Y% Cartesian co—ordinates.
%& | Rate of downwash with incidence.
9] Non—dimensional spanwise unit, = %?.
Xy Co—ordinates of semi—span ‘aerodynamic centre.
% Non—dimensiong; longitudinal co—ordinate,
for downwash distribution.
suffices.
W Wing. \
B © Body.

BW Wing/body combination.
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1, INTRODUCTION.

1,0 As has been observed by various peop1e1"2'3°in

their summaries of the situation regarding wing/body
combinations and the mutual interference effects present,
the prediction of the aerodynamic forces and moments
“produced in such combinations is much more involved than
the pure algebraic addition of thé forces and‘moments
experienéed by the‘individual components., In many cases
the interference effects are of the same order of magnitude
as the forces and moments of the individual components
and thus their investigation becomes of great importance,
In his paper, Blair:3considered the effect of
a body on the spanwise 1lift distribution and on the 1ift
curve slope., There will be an attempt in this paper to
extend this work to the consideration of the shift of
the aerodynamic centre due t0 fhe'body using swept back
wings. This work has already been done by Schlichting *+,
but since the publication of his results improvements have
been made in the methods that he employed., These will be
incorporated in the present paﬁerg
When considering sweptback wing/body combinations
there are three criteria which may be observed, as the angle

of sweepback is increased., These are as follows, keeping

(1) the axis of symmetry chord, (2) the mean aerodynamic



.chord, (3) the root chord in a constant longitudinal position,
The first two cases have been covered in Reference (11)
while the third is considered in this paper.

The series of wind tunnel tests which is
described in the next section was performed to f£ind the
magnitude of this effect and its dependence on the
paremeters of the wing body combination. The tests
covered the combination of a family of swept wings with
a family of bodies. The combinations represented vexry
approximately the configurations in present day use.

The accent in this paper will be on the physical
interpretation of the results and a comparison of them,
as far as 1s possible, with the results published by
other investigators and with those obtained by theory.
' Prom references (4)_and (5) one can obtain
results for the shift of. the aerodynamic centre due to the
addition of a body on an unswept wing by empirical formulae
and charts. No such equivalent appears to exist for
swept wings. But it is hoped that this paper may give
some indication of the trends to be expected in the shift
of the aerodynamic ceﬁtre with variation in the major
parameteré of the wing/body combination and the extent to
which these may be forecast by the application of suitable

theoxry.
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1.2 In Section 2 the experimental work will be
described, giving detalils of the wind tunnel models and
the range covered by the tests, mentioning the form of
presentation of the results. Following this, the nex?t
section deals with the various theories available for the
treatment of thislsubjeot and gives a description of the
method which appears most versatile and practical for the
handling of as wide a range of configurations as possible
with a fair degree of accuracy. In Section 4 the
experimental results are disbussed and compared with
those of other reports and with theoretical resulss,

The conclusions are drawn in the next section. Sections

.6 onwards give the results in tabular and graph}cal form

and a brief description of the numerical procedure

i
followedl%he theoretical work.



2 EXPERIMENTAL CONSIDERATIONS.,

—

2.1 A series of more than 200 wind tunnel tests
were perforﬁed in a low speed wind tunnel having a
working section of dimensions 2.75 feet x 3.75 feet
in which the normal wind velocity was 85 ft./sec. The
Reynoldé~Number at this velocity, based on the wing
chord; was 0.27 x 106. The Turbulence Factor of the
Tunnel, as obtained by a Turbulence Spheretsqwas 1.65,
The tunnel was equipped with a three component balance.
The models; being of the same type as those
3

used by Blair ', were machined from aluminium. The
femily of wings consisted .in three unswept, untapered
wings of aspect ratios 2:3 and 4, and twelve swept,A
untapered wings of aspect ratios 29394.and 5¢ The
angles of sweepback covered Were‘300.45° and 60°, The
aspect ratio change was eflfected by adding or removing
detachable sections having joints of such a type aé to
make them completely interchangable. Care was taken %0
ensure positive sealing of the joints.

It is important to note that all the wings
had the same aerofoil éection in a'streamwise direction —
N.A,C.A. 0012, and all had the same streamwisé chord
of 6 inches with straight tips.

The family of bodies consisted in two circular
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cylindrical bodies with semi—elliptical noses and
conical tails, having meximum diameters of 3 inches and
4.5 inches, and lengths of 27.5 inches and 41.25 inches
respectively. The 3 inch diameter body had detachable
sections which allowed 5 different body lengths and
4 longitudinal wing positionsc All tests were carried
out with a ﬁid—wing configuration, the wing having no
incidence relative to the body longitudinal axis. The -
bodies were also tested on their own. Table (1) gives the
range of configurations covered in greater detail, while
Figure (1) shows a typicalvwing and wing/body combination.
2.2 The wing/body combinations were mounted with
a single supporting strut, the Hinge point being at the
quarter chord point of +the root chord. For testing the
wings alone the hinge point was on, or a little behind,
the quarter chord point of the wing chord at the axis of
symmet?y. Bodies alone weré tested with the hinge point
‘at the same position as in’ the combinations, the wings
being replaced by a short centre section which did not
protrude beyond the body wall. The incidence change
was produced by altering the length of the adjﬁstable
tall strut.

Some tests.wefe performed with imagesesof the

support system projecting from the roof of the tunnel to
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investigate the effect of the support system on the
measurements.

Further to the main series of tests some flow
visualization tests were carried out, using tufts, to
give a clearer picture of the flow, especially at high
angles of sweepback. Some doubt existed as 1o the assumnp-
tions that could be made when considering the theoretical
analysis., It was hoped that the flow visualization tests
would help in this, the main points -that Wefe studied
being the point of separation on the rear of the body,
the flow at the wing/body junction and tip, and the flow
at the centre séction of the swept back wings when tested
on their own. |

Since the accuracy of the measurement of the
pitching moment was of extfeme importance great care was
taken to ensure that the hinge-points in the main and'tail
struts were as free as pogsible‘without beling excessively
so. This was done by accurate machining and careful
assembly of the models, However, as a further precaution,
each test was repgated and the mean fesults used. In some
cases where doubt still remained, especially with the
unswept wings where the change in the pitching moment with
incidence was small, the tegts were repeated two or three
times to obtain a reliable result.

203 The Lift, Drag and Pitching Moment were
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measured in the range of incidence from — 8° to + 20°.
The values of the_three coefficients were calculéted
and then referred to the quarter chord point of the
mean aerodynamic chord. This point was chosen since it
is the most common reference point when guoting wind
tunnel results. It may be noted in passing that it can
ve proved very simply that the shift of the aefodynamic
centre due to a body is independent of the point of
reference. Because of the large amount of data %o dbe
processed the work was done on a DEUCE computer using

a very simple programme, a broad outline of which appears
in Appendix (1).

CL was plotted against incidence and OM was

plotted against Cy,e The values were uncorrected for

wind tunnel interference on the grounds of the conclusion
of Reference (7) that thg intérferenoe had negligible
effect on the pitching moment. A representati%e selection
of the graphs obtained appears in Figures (2) to (5).
Since onlyvthe slope of the Cy against C; curve is
required, a full reproduction of the curves 1s unneccesary.

Table (2 ) and (3) contain all the values that were

obtained of === and - | due to the body respectively.
dCy, dCyp

Figures (6) to (9 ) show the variation of the’

shift of the aerodynamic centre due to the influence of
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the body with change in aspect ratio and sweepback,
body nose and tail length and body diameter. All the
parameters are quoted non—dimensionally. Again only a
representative selection of the curves has been given
when the trend shown appears to be nearly independent
of that particular variable.

It should be noted that the body nose and tail
lengths are measured from the wing root leading and trailing
edges respectively. Apart from the fact that this method
is used in Reference (4) the models are constructed in
such a way that a change in the angle of sweepback does
not alter the longitudinal position of the wing root chord.

In Figures (10) to (14) will be found results
of qug% due to a body from References (4).(5),.(8),(9),
(10) and (11). Sketches of the flow patterns observed

in the tuft tests appear in Figure (19). These are

confined to the flow observed at low incidence,
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Se THEORETICAT, CONSIDERATIONS.

3.1 In this paper the object of the theoretical
work is to try to predict the actual shift of the
aerodynamic centre due to a body for the configurations
enmployed in the wind tunnel tests. At present only
"References (4) and (5) give a quick means of predicting
this shift and these are only valid for unswept wings.
There appears to be no such equivalent for swept wings.

The shift of the aerodynamic cen{re due to the
effect of a body can be divided into two parts, (a) the
stabilising nose—down moment due to the loss of 1ift
over the centre section of the wing and (b) the destabilis—
ing nose-up moment due to the 1lift acting on the body.

It is the sum of these two moments which decides
the direction and magnitude of the resultant shift,
Both moments are dependent on the angle of sweepback. In
general, the forward movement of the aerodynamic centie
due to the body should decrease as angle of sweepback is
increasedjj}

The two moments are considered separately in the
next sections,

v

342 To calculate the contribution of the wing to the

e —

shift of the aerodynamic centre it is necessary to obtain
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the change in the spanwise 1if%t disﬁributio& brought about
- by the body. Much work has been done on this subject and
there are various methods available. These have already
been fully examined and compared in References (2) and (3)
in which will be found a complete bibliography. In
Reference (3), Blair compared. several theories with the
view 1o finding the most versatile one for the handling of
as wide a range as possible., The conclusion reached by

12 was the most useful,

Blair was that the method of Muthopp
In its basic form this theory can be applied only to

unswept wings but it has since been extended;l3to cover

the effect of sweepback, finite wing thickness and large
root chords compared with body diameter. .

The unmodified form of Multhopp's method has been
used in References (4),(5) and (11), where the shift of the
aerodynamic centre due to the éffect of a body was
considered. Reference (2) makes the cdmﬁent that it would
appear that Multhopp's method was quite suited to the
prediction of this shift since Tthe results obtained agreed
well with experimental results. .

It should be noted that thé most accurate
spanwise and chordwise 1ift distribution of a wing alone

would be obtained from a 1ifting surface theory but the

application of such a~thedry to wing/body combinations
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would be very much more complicated. In view of the accuracy

in the prediction of the shift of the aerodynamic centre

that can be obtained using lifting line methods further

refinement but at the cost of considersable complication

would be unneccesary for the purposes of this paper.

3.21 «JThe method of calculation to obtain the shift

of the aerodynamic centre due to loss of wing 1lift will

follow the general lines laid down in Reference (11). In

this reference Schlichting made use of Multhopp's lifting

line theory as it stood at that time]A} allowing a diminution

in sectional 1lift curve élope from the two—dimensional

value on the exposed wing to one—~third of that value over

the portion-of the wing covered by'the body. The local

aerodynamic centre was assumed to lie always on the guarter

chord line. The shift in the aerodynamic cenire due to

loss of wing 1lift was calculated for the unswepﬁ wing only,

the effect of sweepback being considered purely as a éhange

in moment arm measured from the mean quarter chord point.

This simplification was based on the assumption that since

only the difference in 1lift distribution was being considered

the errors involved would disappear tq a first approximation.
The method to be used here is that of Mmlthoppl2 ;

extended as in Reference (13). This method is fully

discussed in References (3) and (13) so there is no need to
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do so here, The effect of the body on the spanwise 1ift
distribution will be calculated for each angle of sweepback.
The shift in the aerodynamic centre will be calculated
assuming that the local aerodynamiccentre lies on the
qé;ter chord line egépt near the centre section or the
wing/body junction where there is a backward movement and
near the tip where the movement is forward]5 v

At the wing/body junction the body wall has a
reflecting effect and the conditions that exist here are
assumed to be similar to those that eiist at the axis of
symnetry of a wing alone. Thus, at the wing/body junction
the displacement of the local aerodynamic centre from the
quarter chord line is taken to be equal to its displacement
at the axis of symmetry of the wing alone and the 1ooﬁs
across the body is a straight line at right angles to the
body longitudinal axis. |

Having obtained the spanwise- 1ift distribu%ion
for both the wing alone and.the wing/body combination it is
possible to calculate the pltching moments through the
mean quarter chord point, see Figure (1). The pitching
moment due to the 1lift acting on a strip at a distance (y)
from the axis of symmetry, with its quarter chord point
at a distance (x) from the lateral axis thr&ugh the mean

quarter chord point, and the local displacement of the
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aerodynamic centre from the quarter chord line of the wing

being A(hy)q is

dM=hﬁ-A%%%
= E"’y" b y) @ tan(P — Ahﬁ @ dIJ
Also, dbL = Qe Cy .oy.dy, and hence

N
AM = g.C ® E—:)? - y) ° ’tan({) - A ]a C ody.
1, AN

Therefore the pitching moment of the wing alone is

et

. 2

B".[‘\IV = 20 q. {Clyo [(y - y)atan(P haand Ahy]}‘vn Oyo é;}r ¢ 9 (1)
. J=

and that of the wing/body combination is

—va

21
MBW = 2. {Cly'[(y - y)otancp - Ah};-l BWocy.dy .. (2)
y=0 3
The difference between the two moments is

AN_[ = B/IBW — NI‘V v . ‘a e e [ ° 'y e .# e ¢ @ - . . e '] ] (3)

and the forward movement of the aerodynamic centre 6—&Kﬁ>

due to the loss of wing 1ift can be obtained from the equation

AM

i

(""A:KH>0L\W- 2 & ® ¢ @ @ o ¢ €« @ 02 & @ @ o e @ & (4-)
where LW = CLWeqoS is the 1ift of the wing alone.

From equations (1),(2)9(3) and (4) and making



the parameters non—dimensional

( AKﬂ) =41 ' [n 1)« tang Ah:l
3 2 ac "9 0 [y

oy OO
ST
(e cy
— <0y ,,[(‘r} — 7). tany — Ah&l o=edn » . .« (5)
N W ¢

This integral can be evaluated when the spanwise
1ift distributions and the displacements of the local
aerodynamic centre are known., Table (4) shows the results
of this calculation for several of the wing/body combinations
used in the experimental tests. Table (4) gives the values
of %;L obtained, It should be noted that the shift of
the aerodynamic centre as obtained from equation (5) depends
mainly on the wing plan form and the ratio of body diameter
to wing span and not on the longitudinal position of the
wing on the body.

One important difference between equation (5) and
the correspon@ing equation in Reference (11l) is that here
the value of %;LW varies with the angle of sw§epback while
in Reference (11) the value is constant.

3:3 The moment experienced by the body is pfgduced by
a certain distribution of 1ift which can be divided into
three paris, (1) the positive 1lift on the nose and the equal

negative 1ift on the tail. of the isclated body, (2) the 1ift

produced by the downwash distribution associated with the
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bound and trailing vortices of the wing, and (3) the 1lift
caused by the vertioalicomponent of the skin friction
forces,

The first two 1lift distributions have been

12

combined by Multhopp into an expression based on that

given by.Munk3fi The third contribution to the moment on

the body is a function of the square of the incidence and

may be neglected at low values of incidence., In addition

there are the moments produced by the normal foroeszaat

the nose and tail and the additional 1ift produced at the

tail by the closure of the streamlineszi These effect%ware

small at low angles of incidence and may be neglected also.
In order to approach as closely as possible to

the physical situation as it occurs in the wind tunnel tests,

it is neccesary to make some assumption concerning the

state of the flow at the rear of the body° At the low

Reynolds Number being employed in the tests it could be

assumed as a first approximation that the flow would separate

from the body at the junction of the cylindrical centre

section of the body and the conical %ail. But in the

course of the tuft tests it was observed that the flow over

the rear of the body, aft of a point just behind the wing

root trailing edge, was disturbed by the presence of the

main support wind shield. In consequence the prediction of
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the point at which the flow breeks away at the rear of the
body is made very difficult. In order to cover every
possibility the moment on the body will be calculated for

the case in which the flow does not break—away at all and,

in addition, for the case where break—away occurs at the wing
root trailing edge. The actual point of break—away of the
flow will occur somewhere between these two extremes,

3.31 The moment experiencéd by the body is a puré

moment and is therefore independent of the axis to which

it is referred.

The moment can be calculated from the expression

given by Multhopp12
1
dM n :
LB = 2 ag
aoa—&— = 2.- bB(X).daodX ¢ e 3 2 2 2 s e @ (6)

where (x) is measured from the origin which is
situated at the junction of the axis of symmetry and %he
quafter chord line produced into the body from the wing
root, (1n) and (1t) are the lengths of the body nose and
tall respectively, measured from the origin..and bB(x)
is the local diameter of the body and (B8) is the effective
angle of incidence of the body.‘

The movement of the aerodynanic centre due to the
moment on the body is

(— AKn)l _— .:EJ:_.W.MB » » . * » . ] » - [] . L] » v . . - " (7)
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Where? LVJ '."_": CL‘N’. q_'S ] [ ] [ L L] L] L) L [ * ° v . ) o © ¢ (8)

Introducing non—~dimensional quantities as before

2 =
T _ b c
'a"&-—w X—-—l.t

: 1 2
AK )1 n bE(x) .
(— n) = %‘-E@A;"'o B .gCBL. d.('}“c') e e & e+ 0 (9)

This equation can be evaluated quite simply when
the distribution of (%g) along the body is known. Due to
thecirculation associated with the bound and trailing
vortices downwash exists behind the wing and upwash exists
ahead of it, taking downwash as positive

-

de
%*%L'l‘—“a‘&qo.locnnco-oooooo(lo)

The flow is completely guided along the chord and

%-EE:O

The larger contribution to the integral of equation
11

here

(9) comes from the upwash in front of the wing. Schlichting
has modified the equation given by Multhopp]A'for the‘

| calculation of the downwash distribution to allow for the

effect of sweepback. This modification entails replacing'

the sweptback wing by a sweptback horse—shoe vortex lying

on the wing quarter chordAline.. As noted in Reference (11)

the results obtained for the downwash distribution could be

improved by the use of a iifting surface theory.- Dince

lifting line theory has been used in- Section 2 of this paper
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its use in this calculation should not affect the accuracy
of the overall result congiderably.
The downwash distribution is given by the

. expresgsion

de 1 dw
'a-.—&- - V'aE . * ° - [ ] - L] L) * ® [ a [ [} . L - (11)

where (V) is the free stream velocity and (w) is
the velocity induced by the bound and trailing vortices at

the axis of symmetry, and which can be obtained from

— ) \ ‘Zl —
J(’El + 'tamp) + 1 - F;’?_l. tang
_ K , ' -
W—-"zn—s’.l— ‘t;l "'f"(l2)
1 vy 4°1, N

where, K = ﬁujrraa-.éa is the strength of the
vortex. The expression for (w) is given in Reference (11)
and depends on the plan form of the wing, and £y =‘é% where
(Xl) is the distance of the point on the body'axis from the
origin, see Figure (1). "

From equations (9), (10), (11), and (12) is’

obtained the expression

A\ g
| (51 + fb&tﬂcp)z + 1 L tang

ac T
a8 -5 .2 L — |
o = 1 = wipeg—BW |1 _ e .. (13)
dCL ‘
The wvalue of EE"BW has been used in this

ac
expression in preference to that of aamw because -the body

does have an effect on the flow over the exposed wing and



thus has an effect on the downwash distribution along the
axis of symmetry. The downwash is being.oalculated as
though the body is not present. This is rather a‘rough
approximation and it is felt that it could be improved
slightly by using the 1lift distribution, and hence the

value of ggmq'that is obtained for the wing/body combination.
The downwash distribution has been calculated for several

of the wing/body combinations used in the wind—tunnel tests
and the results appear in Figures (17) and (18).

Using the calculated downwash distribution the
shift of the aerodynamic centre due to the moment on the
body has been calculated and the results have been
tabulated in Table (5).

3.4 - The total movement of the aerodynamic centre due

to the effect of the body can be obtained from

X * K K \L
— A _n = e A __n '5‘ — A _n> - . ] @ . - . . 4 ( 14‘)
¢ jtotal . ¢ [ | '

The values obtained from this egquation appear in

Table (6) and are plotted-against sweepback in Figure (16).
In Figure (15) can be found a comparison of the relevant
results from the experimental tests with those obtained by
theory. A reproduction of both the theoretical and

1l for the

experimental results published by Schlichting
variation of the shift of the aerodynamic centre due to the

body with the angle of sweepback is given in Figure (14).



In addition, theoretical results have been
calculated for the unswept wing/body combinations from both
the present series of tests and those used in Reference (8)
by the methods of References (4) and (5). These appear in
Pigures (10) with the corresponding experimental results.

As stated in Reference (3) the lower limit of
aspect ratio to which the theory described in the preceding
sections may be applied with any accuracy is 2. Thus the
agreement Yetween the theoretical and experimental results

for the aspect ratio 2 wing may not be very good.
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4 DISCUSSION OF THE EXPERIMENTAL RESULTS

It is essential o comsider first of all the
accuracy which can be expected from the experimental results.
4.1 It was possible, in the experimental woxrk, to
measure the Lift, Drag and Pitching Moment aocuréoies’of
0.0l 1lbs.y 0.01 1lbs., and 0.02 lb.ins., respectively. The

largest errors obtained in the coefficients on repetition

ac
of the tests are approximately 0.2/radian in 7ﬂ% and 0.01
dc
in gﬁﬂ. The majority of the results are more accurate than
L
this.

In “theory, the curve of Cy ve. Oy should be linear
up to the stall. The experimental results give curves which
undulate about a mean straight line; see Figures (2) to (5).
As wide a range of C:]-J as possible 1s used to obtain the slope
of the mean line, the range being from — 0.8 to + 0.8. The
slopes could be calculated mathematically using’ the method of
Least Squares but tﬁis method wduld be too tedious when
considering such a volume of data. In any case, obtaining
the slope graphidally involves the use of an approximate
‘Least Squares method.

From the representative selection of CM VS, CL
curves given in Figures (2) to (5) the general similarity
between them can be seen. At values of CL near zero the slope
of the curve.is greater than that of the mean line. At CL =

0.2 approximately the slope decreases; followed by an increase
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in the region of CL = 0.4. It is worthwhile to dilscuss

very briefly the changes in alrflow which could cause such

a curve.,

The effect of Reynolds Number will be discussed
later but it can bé stated here that the very low Reynolds
Number at which the tests were performed makes the prediction
of the type of flow existing, laminar or turbulent, and the |
position of the transition point, extremely difficult. A%,
low C;, the flow could be assumed to be wholly laminar without
any séparation, t this low Reynolds Number the thickening
of the boundary layer which occurs towards the rear of the
aerofoil section will cause a loss of 1ift in this region.
This results in the forward movement in the aerodynanic

17, 18 which is indicated by the higher than average

centre
slope of this portion of the curve. The sudden reduction in

the slope in the region of Cp = 0.2 shows a loss of 1ift

forward of the mean aerodynamic centre. This loss of 1ift
occurs at the wing'root. The local increase in incidénce

caused by the upwash due to body is most severe at the wing/
body junction. This increase in local incidence combined

with the discontinuity introduced by the wing root is sufficient
to cause very premature local separation of the flow at the
wing/body junction with a consequent loss of 1lift. This

region of separated flow, originating at the wing root

leading edge, is amply illustrated by the patterns obtained
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in the flow visualisation tests, see Figures (19) to (20).

The subsequent increase in the slope of the curve
at approximately C; = 0.4 can be assoclated with a loss of
1ift behind the mean aerodynamic centre i.e., at the wing
tips. PFurther increase in incidence beyond this value of
CL serves only to increase the area of the separated regions
wuntil the wing is completely stalled.

The effect of an increase in the angle of
sweepback on the shape of the CM VSe CL curve is to decrease
the value of CIJ at which the changes occur and 10 increase
their severity. Up to an angle of sweepback of 4.5° if is
still possible to draw an accurate mean line in the range
of C; from — 0.8 to + 0.8 but at ® = 60° this is impossible,
see Tigure (5). In this case there is no alternative but
t0 use the short linear portion of the curve between CL =
— 0.2 and + 0.2, As has been stated previously the slope
of the curve in this regibn is higher than the average slope
and the body appeafs to cause a greater increase in the vealue
of the slope in this small reglon than in the mean slope of

K
the curve. Thus, at ¢ = 60° the value of (- j&wﬂ) due to the

—_—

c
body should be overestimated.

The undulations about the mean straight line are
t1ll visible for the unswept wings even for the wing alone

case, Here the variations can be due only to chordwise
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movement of the aerodynamic centre broughtabout by the
transition of the flow from laminar to turbulent and the
developement of regions of separated flow. These factors
will be present for the sweptback wings as well but in
these cases the relative geometrical positions bf the
separated regions will have the predominant effect.

Every effort has been made to ensure consistency
in the limits of the range of CL over which the slope of
Cy vs. Cp is measured. Although- the absolute values of the
slope'of the CM VS, CL curves; as obtained by drawing a |
mean straight line, could be challenged, the difference
between two such values, which is the only value of interest
in this paper, should be reasonably accurate.
4.2 It becomes apparent when comparing the experimental
curves ‘obtained in this sefies of tests with those ofvother
papers that the low Reynoldé Number emp%oyed here has a
major effect on the absolute value of-%%m. Its effect on
the value of pﬁggm) due to a body is gery mich more
difficult to defineLsinee there is no means of comparing
the effect of the addition of the body at different Reynolds
Numbers.

Reference (19) compares curves of Gy vee Cp .4
different Reynolds Numbers. The configuration is a wing/
body combination but unfortunately the corresponding curves

for the wiﬁg alone are not given. The curve of Cy vs. G at

RN, = 0,52 x 106 is very similar in general shape to those
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obtained in the present tests, while that given for
R.N, = 4.85 x 10° is markedly different, being of reduced
'slope and consgiderably more linear up to the stall. The
effect of increasing the Reynolds Number beyond that used -
in this series of tests would appear to be that of moving
the aerodynamic centre rearwards and alleviating the sudden
logses of 1lift at wing root and' tip.
1 Estimation of the effect of Reynolds Number on

(Ag%f) due to a body without any experimental evidence is
extremely difficults An increase in Reynolds'Number affects
the flow over the wing alone as well as that over the wihg/ :
body combination so the problem reduces to the consideration‘
of the flow over that part of the wing influenced by the body
and over the body itself. This excludes the wiﬁg tips

except at very low aspect ratios since the body effect becomes
negligible at more than a.choid‘s length from the wing/body
junction. | ‘

| The effect of an increase in Reynolds Number on

the flow over the body should be to reduce the area of the
- region of separated flow over the rear ol the body. This
should cause an increase in the download and hence an increase
in the destabilising nose—up moment. The_flow at both the
axis of symmetry bf the wing alone and at the wing root of

the wing/body combination should be impréved by an increase
in Reynolds Number. The maénitudes of all these effects are

very difficult to estimate. In fact it does not appear to
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be too unreasonable to assume that at this low Reyrnolds
Number the loss of 1ift at the centre section of the wing
alone is greater than the 1ift loss at the wing roots of the
wing/body junction. The introduction of the body on to the
wing alone would remove the region of separated flow and the
improvement need not be canceiled out by the disturbance at
the wing roots. The poor flow at the centre section of the
wing alone would be reflected in a negatlve value for -z dOM
and a resultant overestimation of the effect of the boayLon
the position of the aerodynamic centre.

463 - Before going on to discuss experimental results in
detail’the effect of the support system used in the tests
will be briefly considered. |

The tests performed with an image of the support
system in place do not show any material change in the values
of (A?g§> . This does not nécessarily mean thaf the support
system has no effect on the flow. Rather, it may be that the
flow over the centre section of the wing alone and over the
body of the wing/body combination is already so disturbed that
the introduction of the image support system does not cause
any appreciable change.

It is felt thatq in principle, the use of a single
main support is not suitable when determining the influence
of the body on any of the aerodynamic coefficients. Ideally

the model should always be mounted such that the main supports

are outside the region influenced by the body. The effect of



of the support on the wing alone and on the body will not
then entei into the results at all, since it is the
difference between these two cases which is considered.
4.4 - The effects of sweepback and aspect ratio on the
shift of the aerodynamic centre due to a bddy appear in
Figure (6). The equivalent results from References (8),
(9) and (10) are plotted in Figure (11) and those from
Reference (11) in Figure (14). The results obtained in the
presént tests will be compared with those of Pigures (11) and
(14) in the following sections.
4.41 The results of Figure (11) will be discussed first -
of all. At a first glance the agreement between the two
sets of results is not #éry good except forx the:unswept wings.
The discrepancy increases with increase in the angle of
sweepback., It is therefore m§st important to point out that
the differences between the model configurations and
Reynolds Numbers of the itwo series of'tests are such that
the results are not directly comﬁarablee

In the first place a certain amount of doubt exists
concerning the accuracy of the results shown in Figure (11).
The values in References (8), (9) and (10) are given in the
form of small scale graphs with wildely spaced points.
Replotting these points on a larger scale leaves a margin
for error and gives curves whose slopes are difficult to
determine aqouratelya The results in Figure (11) are given

as discrete points without connecting lines since the values



—~ 33 —

Ay 0
of —==] for ¢ = 307 are not available; and lines drawm

oll

without these points would not be véry reliable.

The results of References (8), (9) and (10) are
based on a constant wing area, thus the root chord decreases
with increase in aspect ratio and hence the ratio of the
body nose length against root chord increases in aspect
ratio. This produces the effect that movement of the
aerodynamic centre due to the hody with increasgigggaspeot
ratio will be proportionately larger than in the case where
the root chord remains of constant length.

In addition, the mean aerodynamic centre is maintained
at an approximately constant distance behind the body nose
as the angle of sweepback increases., Thus the distance of
the root quarter chord point from the body nose decreases
with increase in sﬁeepback. This results in the Body having
a smaller effect as sweepback~increases Tthan the case in
which the root quarter chord point is maintained in a
constant position. This is the most important variabie and
the reason for this will be discussed in a later section.

The wing/body combinations of the present paper
use a constant wing chord with variation in aspect ratio and
sweeéback and maintain a constant quarter chord position.

If the two sets df results are fo be éompared then 1t is to
be expected that the results of Figure (11) will show much
less variation with increase in aspect ratio and a larger

-variation in the body effect with increase in sweepback than
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the results shown in Figure (6). As can be seen, this is
in fact correct.

The differences in the effect of aspect ratio are
borne out by the curves given in Figure (10) where it can be
seen that for the unswept wings the values obtained for both
the present series and for Reference (8) are predicted quite
well by the theory of References (4) and (5). Figure (7)
shows that, from the present experimental results, forward
movement of the wing root chord position on a body of counstant
length results in a reduction in body effect which increases
slightly with increase in sweepback. |

Thegse two effects together with the difference in
Reynolds Number between the two series would appear 10
account for the discrepancies which exist between the two
sets of results. Although the results shown in Figﬁre (11)
must be treated with a certain amount of caution they may be
considered as shoﬁing more or less the same trends aslthose
of Figure (6). a
4.42 Wnen comparing the experimental results of Figure
(6) with those of Reference (11) given in Figure (14) it is-
necessary to comment, as before, that the two sets of
results are not directly comparable due to differences in
model configuration and Reynolds Number.

In this case the wing root chord is maintained of
constant length but the root chord position is treated in

two different ways. One is that the axis of symmetry quarter
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chord point is maintained in a constant position so that

the root chord moves back slightly with increase in sweepback
and the other is similar to the case of'Figure (11) where the’
mean aerodynamic centre is kept in a constant position. The
first case in the one which corresponds more closely to the
configurations of the experimental work of this paper.

Following a similar reasoning to that of the previous section,
since the roof chord moves back with an increase in sweepback ‘ 
in Figure (14) then the results of this Figure should be
slightly greater than those of Figure (6) as sweepback increases.
However this is not shown by the comparison of the figures

since the body nose length employed in the present series is
considerably larger than that used in Reference (11). The
result is that the results of this present seriesiras shown

in Pigure (6) and (15) give larger values for-(—-éé?) than
those of Reference (1l), as given in Figure (14), gxoept'for
the unswept wings. The discrepancy iﬁcreases with increase
in sweepback,

As before the effect of uncertain magnitude of the
difference in Reynolds Number is present. Again, as in
Section 4.41, it is necessary to treat the results of
Reference (11) with caution as they are not directly
comparable but it would appear that it is possible 1o find
a reasonable explanatioh for the discrepancies that do exist.

S0 far no mention has been made of the forms of the

curves in Figure (6) in the region of ¢ = 60°, Although these



do not compare with either Figures (11) or (14) they need
not diminish in any way the accuracy of the general trends
shown By the‘curves° The curves of PFigure (6) will be
discussed in more detail in a later section.

4.43 To sum up the discussion of Sections 4.41 and 4.42
it may be said that although the results are not directly-

- comparable no trends are shown which are at variance with

those of the present experimental tests.
4635

The slopes of the curves of [-— ) VS. COSQ

ol

increase throﬁgh the Figures (14), (11) and (6). This is
caused by the differences in the model configurations, the»
most important being that of the body nose length measured
from the root quarter chord point. IFigure (14) is based on
g model of an approximately constant nose length -but which
is considerably shorter than the other two series of mddels.
Pigure (11) is based on a model with a nose length that is
nearly equal to that of the modei of Figure (6) but which
decreases rapidly with increase in sweepback. Figure (6)
is based on a model of constant nose length.

The increase in the ratio of body nose length
against root chord with aspect ratio in Figure (11) produces

AK .
- with increase in aspect

c
ratio than that of Figure (6) which employs a constant ratio.

a much smaller change in (n

.The influence of Reynolds Number or the use of tapered wings
cannot be clearly defined but the Reynolds Number may be

impoxrtant.
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In general, an increase in the angle of sweepback,

and to a lesser extent an increase in aspect ratio cause a
' A Kn

paensy

¢
4.5 In figure (15) will be found a comparison of the

decrease in the value of (— ) due to a body.
experimental results with those of the theoretical analysis
used in this paper. It can be seen that the agreement is
reasonably good over the ranges of sweepback and aspect ratio
covered. The general frend is however that the experimental
results are higher than the theoretical ones except for the
unswept wings. ‘

. Por the unswept wings the theory of the present
paper agrees well with both the experimental results and the
theory of References (4) and (5). The experimental value
for the wing of aspect ratio 2 is a little high but then this
aspecﬁ ratio 1s the limit for the application of this type
of method. At the angles of sweepback of 30° and 450 the

experimental results are rather high but study of Pable (2)
dCy
'dCL
in each case for the wing alone are negative instead of being

shows the reason for the discrepancies., The values of

zero., This indicates that there is severe loss of 1ift at
the centre gection of the wing alone. Addition of the body
covers this region of low 1lift and the apparent change in
%%E overestimates the true value. The possibil%ty of this
occurrence was mentioned in Section 4.2.

At ¢ = 60° there is a’ complete reversal in the

effect of aspect ratio., This is not predicted in theory or
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shown by any other results. A possible answer is that, as
mentioned in Section 4.1, at this angle of sweepback it is
neccesary to use the short linear portion of the curve close
to CL = 0 in order to obtain a Qalue for the slope. It is
vrossible that at such a high angle of sweepback the flow over
the wing alone at the lower aspect ratios is already so far
removed from the theoretical two-—-dimensional state that the
addition of the body does not produce such a large change in
gﬁf as it does on wings of a larger aspect ratio where the
flow is slightly more stable. The very high angle of
sweepback ‘brings more of fhe wing into the upwash around the
body and the area of disturbed flow will be larger than on
less sweptback wings. The moment arm about the mean
aerodynamic centfe of the régions of separated flow will
also be greater.

In Figure (14) both the experimental and
theoretical results from Reference (11) can be seen. iAt low
angles of sweepback the theory predicts the experimental
results fairly well but by o = 45° the error is appreciable
and appears to be increasing with further increase in
sweepback., The results of t@e present method, as shown in
Pigure (15), do predict quite accurately the experimental
results at the higher aspect ratio., The error for the

0

unswept wing is very small and those at ¢ = 307 and 45° nave

. AKX

already been explained. The increase in (- Sn) at ¢ =
c

60° is also predicted without serious loss in accuracy.
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in the higher ranges of sweepback is not shown by the

This rise in (— n) for the.larger value of aspect ratio
experimental results of References (9), (10) or (11). It

is obviously dependent. on the actual configuration and as
can be seen the theoretical analysis predicts the rise quite
well. It would appear then that the modifications made to
the theory of Reference (11) have been bemeficial to its
accuracy.

Table (4) compares the moments due to the loss of
wing 1lift due to the body as calculated by the methods of
Reference (11) and the present method., The differences are
due to the modifications made to the theory in the present
method. The main alteration is that the spanwise 1ift
distribution and the 1ift curve slope are calculated for
each case rather than purely ﬁor the unswept wing as in
Reference (11l). It can be observed that at the higher
aspect ratio a slight decrease in the‘magnitude of the
noment due to loss of wing lift is predicted at ¢ = 60°,

Table (5) shows thé values obtained for the moment
due to the 1ift on the‘bodyo It also shows the effect of
assuming.separation of the flow at the wing root trailing
édge as distincet from no flow separatioﬁ at all. As
expected, any separation of the flow over the rear of the

body causes a reduction in the download and hence a
AK, '

c

reduction in (_ ) . This is illustrated ‘in Figure (12).
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Prom a comparison of Figures (14) and (15) it
nay be observed that the same basic theory agrees quite
well with the experimental curves obtained from two
different wing/body combinations. This indicates that the
actual donfiguration plays an important part in the
magnitude of the wing/body interference effect, especially
at high angles of sweepback. |
4.6 The change in body effect produced by altering
the body nose length while maintaining a constant tail

length appears in PFigure (8). The results agree with those

-
—

‘ C
linear and of positive slope with increase in nose length.

K
of Reference (4) in that the variation of L~ A n) is

The agreement between the aspect ratio 4 wing of this paper
and the wing of aspect ratio 5 in Reference (4) is quite
good., Bearing in mind the slight overestimation of the
values for ¢ = 45° the effecf of sweepback is to reduce the
slope of the curves. |

Prom Table (3) can be extracted the variation of

_—

0 f
for each case are available but it can be seen that an

K
(- | with increase in tail length., Only {two points

. X,
increase in tail length causes a slight increase in (-—~m§).

—
=

c
This indicates that there is a certain amount of download

generated by the rear of the body, suggesting that
separation does not occur wntil aft of the junction between

the cylindrical body and conical tail piece.
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The body nose length is the dominant factor,
the tail length having only a secondary effect. This is
because of the distribution of upwash and downwash produced
by the circulation round the wing. As has been explained
in a previous section the upwash ahead of the wing increases
the effective incidence of the body nose while the downwash
behind it decreases the effective incidence of the tail.
The 1ift distribution along the body which causes the
resultant pitching moment, is dependent on the local
incidence and hence the influence of body nose is greater
than that of the tail. This results in a movement of the

~wing root position forward causing a decrease in the value

=

C
illustrated in Pigure (7).

AK
of (— mn . The decrease increases with sweepback as

4.7 Mn increase in body diameter or in the ratio of
body diameter to wing span causes an increase in body effect,
as shown in Figure.(9). Again bearing in mind the |
overestimation at ¢ = 45° the éffect of sweeptrack is to
reduce the magnitude of the results while maintaining the
shape of the curves. Inspection reyeals that the variation

AKn _ 5
0f [m= weem with diameter is slightly greater than D7,

C .
Reference (4) gives the variation as just under-D2 while

theorefically the value should be D2. The discrepancy
could be a factor of Reynolds Number and generally poor

flow conditions.
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4.8 The flow visualization tests that were performed
were not very successful. They were confined to the angles
of sweepback of 45° ana 60° to try to find some visual
evidence of the reversal of the effect of aspect ratio which
was found to occur. Some sketches of the flow patterns
obtained using tufts are shown in Figure (19).

As can be seen little useful information can be
‘obtained from these tests. They serve mainly to illustrate
the fegions of separated flow at the wing root and tip and
the disturbanoe caused at the reér of the body by tﬁe main
support and shield. There i1s no radical alteration in the
flow pattern on increasing the aspect ratio at elither angle
| of sweepback. At this low Reynolds Number the tufts
themselves may have some effect on the flow. The point of
separation of the flow at the rear of the body is not clearly
defined-at all but is somgwhefe iﬁ the region of the junction
of the conical tail section and the cylindrical centre
section. |

The patterns observed in the tuft tests correspond
quite closely to those.given in Reference (21). A
suggestion for improving the flow conditions at the wing
root is given in Reference (20). The improvement is
effected by altering the body width along the chord to follow
the assumed path of the streamlines. This alleviates the
high suction peak and conseéuént strong adverse pressure

gradient that exists in the wing/body junction.
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4.9 In table (4) there appear the values of EEL

which were obtained in the course of the calculation of

C
obtained by the same method as in Reference (3) and so of

(— ZS%H) due to the loss of wing 1lift. The values were
course correspond almost exactly. |

Reference (3) also ‘discusses the vorticity vector-
which represents the circulation around the'wingL For the
purposes of the theoretical method the vector is depilcted
by a horse—shoe vortex made up of straight lines. With a
sweptback wing the horse—shoe is bent at the axis of
symmetry see Figure (1). In actual fact however the
vorticity vector éhould cross the axis at right angles.
This is inherent in the unswept wing but for the sweptback
wing the wvector must curve, see Figure (1), This involves
a backward movement of the point at which the vector cuts
the axis and results in vortices being shed near the axis
of symmetry which are of opposite sense to those along the
rest of the semispaﬁ._ |

These trailing vortices of opposite sense reduce
the downwash along the axis of symmetry and hence increase
the effective angle of incidence of the tail §f the body.
Afn

=y

c
the body and will become more pronounced with increase in

This in turn will increase the value of (— ) due to

the angle of sweepback.



This effect is not predicted by the theoretical
work and will contribute considerably to the discrepancy of
underestimation by the theoretical results for the sweptback

wings, especially at the higher angles of sweepback.



5. - CONGLUSIONS

It would appear from the foregoing discussion
that the experimental work performed for this paper has
produced some useful results. It must always be borme in
mind that both the Reynolds Number and the system used to
support the models are a little unsuitable for the
produbtion of reliable, quantitative results.

The comparison of the experimental resﬁlts with
those of the papers considered shows no trends which are in
disagreement with each other. The differences that do exist
are factors of the configurations of the various wing/body
combinations. The modifications that have been made to the
previous theory appear to have been beneficial since the
agreement with the experimental resulis is closer,
especiallj at the higher angles of sweepback.

For the fesults obtained in this paper it Would
appear to be unwise To make quantitative generalisations
concerning thé effect of sweepback on the wing/body
interference effect. Each type of wing/body combination
mnust be treated on its own merits. In spite of this it can
be stated that in general, for low angles of sweepﬁack? an
increase in the angle of swéepback will produce a decrease
in the forward movement of the aerodynamic centre due o a
body. In the higher ranges of sweepback each wing/body
combination must be treated individually because of the

increased influence of the type of configuration. The effect
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of aspect ratio is of less importance. In general an
increase in aspect ratio reduces the influence of the
body. This is of course coupled with the variation of the
ratio of body diameter to span.

Of the body parameters the body nose length and
the ratio of body diameter to wing span are the most
important. An increase in either produces an increase in
the influence of the body.

?he effect of Reynolds Number on the influence
of the body is difficult to define due to the lack of
experimental evidence. It would be extremely pseful to
repeat the tests done here at a much higher Reynolds Number
to clarify the situation. At the same time it would be
advisable to modify the support system to remove the main
support strut from the region of the influence of the body
to further improve the accuracy of the resuits.

The experimental work done in this paper could be
extended to cover tapered wings and delta wing/body
combinations to investigate the influence of wing/body
interference on both the 1lift curve slope and the position
of the aerodynamic‘centre. The accuracy of the theoretical
analysis could be improved by incorporating a lifting
surface theory into the calculation of the 1ift distribution
on the wing in the presence of a body and the downwash

distribution along the axis of symmetry. The theoretical
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work could be extended to cover tapered wings and delta
Wing/body combinations to keep pace with the experimental
work., Further work could be done to extend the theory to

cover aspect ratios of less than two which is the present

lower limit,
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Appendix (I)

There follows a simplified flow diagram for the

programme used to analyse the wind tunnel data.

o = L
L~ q.5
_ D
0D T QeSS
1 =
C]MC - S = Mr A L.hoC
Z q_. OO

where, h = distance from measuring point to mean
aerodynamic centre.
Mr = Pitching moment about measuring point.

cMo = Pitching moment about mean guarter chord

-
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Read number of data points.

V/
Take first set of wvalues.

n

N
Form CL‘ODandQMQ from

7 Take next set

above equations’ and

of data.
store. N

Vi
Has all data been analysed?

v/

YES |- N0

\Z
Print results.



- 51 — -

APPENDIX (IT)

Below is a much.simplified flow diagram of the
programme used calculate the forward movement of the

aerodynamic centre due to the influence of a body,
AK _ .
(— Hn). Only the sources for the equations and thelr
¢
derivations are given in the flow diagram., Unless otherwise

stated it may be assumed that the equation numbers apply to

this paper.

Read data for first
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Take next span—
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Have all spanwise points

been considered?
i

YES

V
Form spanwise 1ift

distribution by solution
of linear simultaneous
equations 3.62, 3.63,
Ref. (g).

v

Have wing alone and
(wing + body)been
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1

r
- Read data for

(wing + body).
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from equation 3.76, Ref., (3).

dCL : dCL
e T
Form '""'"""da W and —CTEL—BW

v

Form My, from equation (1).

Form My, from equation (2).

Form AM = M

Y

By — My



Vv

ZXKn

fn
—_—

c
wing 1lift from equation (4)
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