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The subject matter of this thesis concerns the 
flexural-torsional behaviour of thin-walled beams 
under conditions of small and large displacements.
The relevant aspects are examined both theoretically 
and experimentally and consideration is also given to
the nonlinear unstable behaviour of such beams.

The published literature covering theoretical 
and experimental work is reviewed in Chapter 1 with 
special reference to beams of open section such as 
channels and angles. The review has been orientated 
to survey in particular, the analytical concepts 
introduced by previous investigators which are
relevant to a solution for the problem of large elastic
deformations of thin-walled open sections.

In the theoretical analysis presented in Chapter 
II, the governing differential equations based on small 
displacement approximations, are first considered. 
Solutions of these equations for selected cases are 
obtained in closed form. It is further shown that by 
neglecting the St. Venant torsional rigidity term, the 
solutions can be appreciably simplified. The 
limitations implicit in this approximation are
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discussed•

The general problem considering finite 
displacements is then examined and the corresponding 
nonlinear governing differential equations established. 
In developing these equations, additional effects such 
as initial axial stress, axial displacement and 
longitudinal stress due to the * shortening effect' are 
included. Solutions of these equations using the 
Galerkin approach are presented. The results obtained 
give torque/angle of twist equilibrium paths under both 
stable and unstable conditions and are shown to be 
applicable to the determination of critical bending 
moment values causing flexural-torsional instability. 
The approximations used in obtaining the solutions are 
indicated and their limitations discussed.

The experimental programme, apparatus and 
techniques are described in Chapter III. In this, the 
various experimental test rigs, including a controlled 
angle of twist loading arrangement used to examine both 
stable and unstable behaviour, and the arrangement for 
tests to failure, are described.

The experimental results obtained and their 
comparison with corresponding theoretical values are



presented in Chapter I V . In this it is shown that, in 
general, good agreement is obtained between 
theoretically predicted and experimentally, determined 
values in respect of both deformations and stresses.

The application of the experimentally
A , . ’' ;  , A - Ç ; Î A ; - ; A : . . A A ' - , - '  : a V A ’ :: / Â À :  ' A  A a - ' A ;  ' -' 'a a V >  I ' S  A  A ' A  X ’V : r A -  ' ;  -

substantiated: small displacement theory to practical 
structural design is presented in Chapter V. In this, 
specific cases of practical significance are analysed 
and discussed.

The principal findings of the investigation are 
summarised in Chapter VI and the thesis concludes with

a; À;r a a w à -a À;¥r'î(;'>Â'S 'y ■ . A

a Bibliography, Author Index and Appendices. The 
latter give full détails of thet theoretical solutions, 
the material and section properties of the specimens 
tested and also includes a suggested safe load table
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ABSTRACT

The subject matter of this thesis concerns the 
flexural-torsional behaviour of thin-walled beams 
under conditions of small and large displacements.
The relevant aspects are examined both theoretically 
and experimentally and consideration is also given to 
the nonlinear unstable behaviour of such beams.

The published literature covering theoretical 
and experimental work is reviewed in Chapter I with 
special reference to beams of open section such as 
channel;^ and angles • The review has been orientated 
to survey in particular, the analytical concepts 
introduced by previous investigators which are 
relevant to a solution for the problem of large elastic 
deformations of thin-walled open sections.

In the theoretical analysis presented in Chapter 
II, the governing differential equations based on small 
displacement approximations, are first considered. 
Solutions of these equations for selected cases are 
obtained in closed form. It is further shown that by 
neglecting the St. Venant torsional rigidity term, the 
solutions can be appreciably simplified. The 
limitations implicit in this approximation are
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discussed•

The general problem considering finite 
displacements is then examined and the corresponding 
nonlinear governing differential equations established. 
In developing these equations, additional effects such 
as initial axial stress, axial displacement and 
longitudinal stress due to the 'shortening effect' are 
included. Solutions of these equations using the 
Galerkin approach are presented. The results obtained 
give torque/angle of twist equilibrium paths under both 
stable and unstable conditions and are shown to be 
applicable to the.determination of critical bending 
moment values causing flexural-torsional instability. 
The approximations used in obtaining the solutions are 
indicated and their limitations discussed.

The experimental programme, apparatus and 
techniques are described in Chapter I I I . In this, the 
various experimental test rigs, including a controlled 
angle of twist loading arrangement used to examine both 
stable and unstable behaviour, 'and the arrangement for 
tests to'failure, are described.

The experimental results obtained and their 
comparison with corresponding theoretical values are



VIX

presented in Chapter IV. In this it is shown that, in 
general, good agreement is obtained between 
theoretically predicted and experimentally determined 
values in respect of both deformations and stresses.

The application of the experimentally 
substantiated small displacement theory to practical 
structural design is presented in Chapter V. In this, 
specific cases of practical significance are analysed 
and discussed.

The principal findings of the investigation are
summarised in Chapter VI and the thesis concludes with

1
a Bibliography, Author Index and Appendices. The 
latter give full details of the theoretical solutions, 
the material and section properties of the specimens 
tested and also includes a suggested safe load table 
for thin-walled channel sections.
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PRINCIPAL NOTATION

E Young’s modulus
Gr Rigidity modulus
c Shear centre
g Centroid
X, y, g Co-ordinate axes
X ', y ', g ' Displaced co-ordinate axes
u, V Deflections relative to

displaced axes 
u, V Deflections relative to

undisplaced axes 
3 Angle of twist
A Cross-sectional area
t Wall thickness
I 3 I Principal second moments of areaX y
I Polar second moment of areac

, /</ Third moments of area ̂X y
K Fourth moment of areac
C Torsion constant
r Torsion-bending constant
00 ’ Vlasov's sectorial co-ordinate
M / , M / ,\, Moment vectorsx(x')’ y(y’)
M3(3' )



XX

T . Torque
B Vlas o V 's bi -moment
L Beam span
;vL Beam parameter where

X = ^/ GCJ Er

Further definitive details of the above and of 
any additional symbols used are given where necessary 
in the text.
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CHAPTER I

REVIEW OF PUBLISHED LITERATURE



2 .

Introduction

The necessity for high strength to weight ratios 
in aircraft structures has given rise to the production 
and use of a wide range of thin-walled open sections. 
Similar sections, produced by cold forming hot rolled 
steel strip, have also been developed for use in 
lightweight building structures. In both cases the 
sections have been used as main and secondary 
structural components,

The behaviour of these sections, under various 
load actions, has been the subject of much theoretical 
and experimental investigation. In these 
investigations, the basic concepts of bending, uniform 
torsion and non-uniform torsion of thin-walled open 
sections, have been presented. These concepts have 
been used in the development of the theoretical 
analyses of instability and buckling of thin-walled 
beams and columns.

In this chapter the published results of these 
investigations are briefly reviewed. For simplicity 
of presentation, this review is considered under four 
main headings culminating in a critical summary, 
that is ;



1. Bending of thin-walled open 
section beams.

2. Torsion of thin-walled open 
section beams.

3* Combined bending and torsion 
of thin-walled open section 
beams.

4. Lateral and torsional buckling 
of thin-walled open section 
beams.

To illustrate fully the development of the 
theoretical analyses, the results of investigations 
into the corresponding behaviour of conventional hot 
rolled sections are also considered. It should be 
noted that the work included in this review has been 
selected as that representative of the main 
development of the analytical thought and corresponding 
experimental work in this particular field.



I .1 Bending of Thin-Walled Open Section Beams

The stable flexural behaviour of open form beam 
sections was first investigated by BACH (19^9)  ̂» In 
his tests, Bach used a conventional hot rolled steel 
channel section. The channel, with its web vertical, 
was tested as a simply supported beam carrying vertical 
loads as shown in Pig. 1.1. The two important results 
of his tests were:

(i) that the strains produced by the 
loads acting in the plane of the 
centroid were different to those 
produced by loading in the web 
plane.

(ii) in neither case did the measured 
strains agree with those 
calcula^ 3d from simple bending 
theory.

Bach explained these discrepancies as being due 
to the unsymmetrical nature of the channel beam.

oMAILLART (1921) examined Bach's results in more detail 1
and noted that the discrepancy between measured and 
theoretical values of strain decreased as the plane of 
loading moved from the centroid to the w e b . He



considered that if the loading plane was further 
displaced from the centroid to a position behind the 
web the discrepancy between theoretical and 
experimental strains would vanish. He referred to 
this third characteristic point as the 'shear centre' 
and developed an approximate solution for determining 
its position on the horizontal axis of symmetry of the 
channel,

Mai H a r t  also developed expressions for the 
longitudinal strain caused by the twisting of the 
channel when the loads do not act in the plane of the 
shear centre. Using these expressions he calculated 
values of strain for Bach's channel tests which agreed 
substantially with the measured values,

The flexural behaviour of channel beams was 
further investigated by SEELY, PUTNAM and 
SCHWALBE (1930)^, In their work the position of the 
shear centre was obtained experimentally and the 
results compared with theoretical values obtained from 
an alternative expression to that developed by Mai11art. 
Satisfactory agreement between experimental and 
theoretical values was obtained.

They also presented a method for computing major
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longitudinal stresses normal to a transverse section 
of a beam whicb. is subjected to bending and torsion or 
to torsion only. This analysis was limited by the 
fact that the beam had to be restrained in such a way 
that one cross-section remained fixed without 
distortion. This situation obtains at the central 
section of a symmetrically loaded, simply supported 
beam or at the fixed end of a cantilever beam.
Results of this analysis were compared with 
experimentally measured strains and corresponding 
stresses on a channel section cantilever beam and some 
measure of agreement was obtained.

The flexural behaviour of thin-walled open
sections has also been examined in detail by
TIMOSHENKO (1945)^ » In his work he considered first
the bending of a prismatical bar of arbitrary cross-
section by pure moment actions and established
expressions for the longitudinal stresses which are
produced. This analysis was then extended to the
bending of such bars by transverse force action. At
this stage he introduced the 'shear centre* concept and %
derived expressions for locating the shear centre 
position of some particular cross-sections.

The analysis was then developed further and
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general expressions for the shear centre co-ordinates
of any arbitrary thin-walled open section were
obtained. Pig. 1.2 shows the cross-section of a thin-
walled beam where g is the centroid and gx and gy
are the principal centroidal axes. The wall thickness
at any point is t and the second moments of area of
the cross-section about gx and gy are I and IX y
respectively. The shear centre is the point c whose
co-ordinates are x and y with reference to thec c
principal axes gx and gy respectively. The
expressions derived by Timoshenko for the co-ordinates
X and y are c c

where x and y are the co-ordinates of any point on 
the centre line of the section wall, s is the 
distance measured along the centre line, m is the 
total length of the wall centre line and

f  y  A  1.1.2

where r, is the perpendicular distance from the 
centroid to a tangent at a point on the wall.

In developing these expressions for the shear
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centre co-ordinates, Timoshenko showed that his 
analysis of the bending of prismatic bars by transverse 
loads could be used for thin-walled open section beams 
as long as the transverse loads were applied through 
the shear centre axis. If the loads did not act 
through this axis the problem became more complex due 
to the torsional deformations which would obtain. In 
this situation the stresses could not be calculated from 
simple bending theory.

Results similar to those of Timoshenko had also 
been presented by VLASOV (1940)^ who investigated, in 
some detail, the behaviour of thin-walled beams under 
various load actions. He also developed expressions 
for the co-ordinates of the shear centre of various 
cross-sections and noted the deformations produced by 
loads not passing through the shear centre axis.

Both Timoshenko and V l a s o v .extended their 
analyses to the problems of torsion, combined bending 
and torsion and buckling of thin-walled open sections. 
The results of their investigations into these aspects 
of thin-walled beam behaviour are outlined in later 
sections of this review.



I .2 Torsion of Thin-Walled Open Section Beams

The original theory of torsion of prismatic bars
* 6was presented by COULOMB (1784) . In his analysis, he

assumed that plane sections perpendicular to the axis 
of the bar remained plane after twisting. This 
assumption was valid for uniform bars of circular 
cross-section only. In torsion of bars of non-circular 
cross-section, longitudinal strains were developed which 
caused distortion of plane sections after twisting.
This distortion has been referred to as warping.

iThe general solution for the problem of torsion 
of non-circular section bars was derived by 
ST. VENANT (1855)^ * In his analysis, St. Venant 
recognised the presence of warping and assumed that it 
was the same for all cross-sections. This assumption 
is applicable only if the bar is twisted by couples 
applied at the ends, in planes perpendicular to the 
axis of the bar, and if the ends are free to warp.
This condition is referred to as 'uniform torsion'.

The fundamental equation of torsion, derived by 
St. Venant can be written as

  HI- =  - 2  1 .2.1
9 x ^
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where is a stress function that, as well as
satisfying equation 1.2.1, has to be a constant around 
the cross-section boundary.

The solution of equation 1.2,1 gave rise to the 
following relationship between the torque T and the 
angle of twist

7^ 5= 1.2.2

where C , the torsion constant, was given by the 
expression

C  ^  2  j j S  dx 1 .2,3

St. Venant showed how to solve these equations by what 
is known as the semi-inverse method; that is, he started 
by considering an expression for the stress function 
that satisfied equation 1.2.1 and then examined the 
cross-section that his expression implied. In this 
way he obtained the value of C for several of the 
simpler geometrical shapes.

PRANDTL (1903)^ showed that the solution of the 
torsion problem could be obtained by considering the 
equation of equilibrium of a membrane under transverse 
pressure. This equation was of the form
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^  —  1 .2.4

where w is the membrane deflection, s is the 
membrane tension per unit length and p is the 
intensity of transverse pressure.

Recognising the similarity between equations
1.2.1 and 1.2,4» Prandtl showed that by using a soap 
film all the information of stress distribution in 
torsion could be obtained experimentally.

This method of analysis of the torsion problem,
usually referred to as the ’membrane analogy’, was used
by GRIFFITH and TAYLOR (1917)^ to determine the
torsional rigidities of bars of various complex forms

1 0of cross-section, TIMOSHENKO has illustrated an 
analytical solution, based on the membrane analogy, for 
torsion of a thin rectangular cross-section of length b 
and thickness t , The value of the torsion constant 
was found to be

C =■ J. bt 1.2.53

In the case of a thin-walled open section of constant 
thickness t a value of C of sufficient accuracy was 
given by the expression

C ^  jl 1.2.6
3
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where m is/ the developed length of the middle line of 
the cross-section.

The St, Venant solution of the torsion problem 
applied only to cases with no warping restraint and 
where the cross-sections all warped in the same manner 
and by the same amount. This condition implied that 
the torque was applied by means of shearing stresses
distributed over the ends of the bar in the same way as
at any intermediate cross-section. If the 
distribution of stresses at the ends did not comply 
with this condition, local disturbances in the stresses
resulted. In this situation, the St. Venant solution\ *

was only valid in regions at some distance from the ends 
of the bar. This form of behaviour where warping 
varies is usually referred to as * non-uniform torsion' . 
The variation in the warping has been shown to arise if
any cross-section of the bar is restrained from
longitudinal deformation or if the applied torque varies 
along the bar.

TIMOSHENKO (1905)  ̂̂ investigated the problem of 
torsion of an I-section with a built-in end. He found 
that to compute accurate values of the angle of twist, 
bending stresses in the flanges had to be considered as 
well as the St. Venant torsional shear stresses. The



1 3 .

differential equation of torque equilibrium for the 
1-section was shown by Timoshenko to be

7- *  G C ^  _  1 -2-7
c/f 2

The first term on the right hand side of equation 
1 .2.7 is due to the St. Venant torsional shear stresses 
and the second arises from the flange bending stresses. 
In this latter term D denotes the flexural rigidity
of one flange in its own plane and h is the distance
between the centroids of the flanges. For the general 
case of a thin-walled open section, equation 1.2,7 can 
be presented in the following form

T  ~  1.2.8

where is the torsion bending constant for the beam
cross-section.

The results obtained by Timoshenko were also 
found by ¥EBER (1926)^^ who examined the twisting of 
channel sections and by VLASOV ( 1 9 4 0 ) in his analysis 
of torsion of thin-walled open sections.
REISSNER (1955)^^» using variational methods, has also 
derived an equation of the same form as equation 1.2.8. 
GOODIER and BARTON (1944)’^ extended Timoshenko's
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/
analysis by considering distortion of the beam 
cross-section in its own plane. The differential 
equation of torque equilibrium which they derived can 
be written as

.7- =  Adi. -  V-

where A , B and C are constants depending on the 
material and section properties of the beam.

In the investigations described so far, the 
solutions obtained for the torsion problem were 
restricted to small angles of twist. For the analysis 
of large torsional deformations, the effect of higher 
order terms, due to longitudinal stresses, should be 
considered. The first indication of this condition was 
given by YOUNG (1807) in his comments on the twisting 
of circular shafts. He pointed out that whilst the 
main resistance to applied torque was provided by 
shearing stresses in the cross-sectional planes, a 
small additional resistance, proportional to the cube 
of the angle of twist, obtained due to a system of 
longitudinal stresses.

This system of longitudinal stresses has been 
considered by ¥FBER (1921) in his analysis of the
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'shortening effect* of torsion. This effect is 
explained by considering the behaviour of a generator, 
originally parallel to the axis of the bar which, after 
twisting, becomes a helix. The distance between the 
ends of this helix, measured parallel to the axis of 
the bar, is less than the original length of the fibre, 
by an amount proportional to the pitch angle of the 
helix. This, in its turn, varies directly with the 
distance of the fibre from the axis of twist of the bar. 
If no external longitudianl forces are applied to the 
end sections of the bar, the outer fibres will be in 
tension compared with those nearer the axis of twist 
which are compressed. This condition results in an 
overall shortening of the b a r .

For a given applied torque, the angle of twist
calculated on the basis of shear stresses alone would
be greater than that determined by considering both 
shear and longitudinal stresses since part of the torque 
is used to maintain the longitudinal stress system.
The effect of the longitudinal stresses is more
pronounced at large angles of twist and gives rise to
a nonlinear torque/angle of twist relationship,

Weber, in his analysis of this phenomenon, 
derived a differential equation ef torque equilibrium-
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for the torsion of a bar having a thickness t and 
breadth b . This equation can, be written as

1 .2.10
3

The first term on the right hand side of equation
1.2.10 is the usual St. Venant expression and the 
second term is the torque due to the shortening effect. 
This analysis is valid for free ended torsion only, that 
is, there are no external longitudinal force actions at 
the ends of the b a r .

Weber’s work was extended by CULLIMORE (1949)  ̂̂  
who analysed the shortening effect in the torsion of 
thin-walled open sections, His theoretical analysis 
was substantiated by results he obtained from torsion 
tests on aluminium alloy I-sections and zeds.
Cullimore also presented a tentative theory which 
indicated a connection between the shortening stresses 
and the position of the axis of twist in an open 
section subjected to pure torsion.

1 RGREGORY (1961) also investigated the problem 
of the shortening effect in torsion of thin-walled open 
sections. His analysis showed that the appropriate 
differential equation of torque equilibrium could be
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derived by considering an arbitrary reference axis for 
twist. The final form of the equation which he 
presented can be applied to any cross-sectional shape 
and included the warping term corresponding to 
non-uniform torsion behaviour. His equation can be
written as

The second term on the right hand side of equation
1.2,11 is the torque due to the shortening effect, 
Gregory indicated that equation 1.2.11 was in general 
not easily solved. He suggested that in many cases it 
appeared reasonable to neglect initially the term 
involving , solve the resulting equation in
the normal way and then treat the shortening effect as 
a superimposed perturbation.

In his theoretical analysis, Gregory also 
presented a general solution for the problem of torsion 
of thin-walled open sections subjected to initial axial 
force or bending moment. The effect of tension on the 
torsional rigidity of strips was first observed by 
WILBERFORCE and CAMPBELL (I913) " and a simple theory-
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for the increase in torsional rigidity of a bar 
subjected to initial axial tension was presented by 
BUCKLEY (1914)^^. A similar theory was also developed 
by WAGNER (193^)^ ̂ in his investigations into the 
torsional buckling of compressed aircraft stiffeners.
He showed that, if a thin-walled open section is 
subjected to initial axial compressive stress, the 
torsional rigidity of the member is reduced.

This effect of initial axial stress on the
torsional rigidity of thin-walled open sections was

22later analysed by GOODIER (1950) . He extended the
St. Venant solution for torsion and showed that, in the 
presence of axial stress, the torque equilibrium 
equation 1.2.2 was modified to the following form

7 ^ = =  6 < r J Q  J di. 1 . 2 . 1 2

^3 ■

where the initial axial stress ^  , is positive if
tensile and negative when compressive. That is, the 
torsional'rigidity increases if an axial tensile stress 
is present and decreases if the stress is compressive, 
Goodier 'also considered the problem of initial axial 
stress due to bending actions. This aspect of his work 
will be described in the next section of this review.
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1 .3 Com'bined Bending and Torsion of Thin-Walled Open 
Section Beams

VLASOV (1940)^ » in his investigations into the 
behaviour of thin-walled beams, considered the problem 
of combined bending and torsion of thin-walled open 
sections.. The general theory which he presented was 
based on considering a thin-walled section as a spatial 
system of the cylindrical or prismatic shell form with 
rigid section contour. In his analysis of the beam 
deformations in the presence of restrained warping, he 
did not employ the usual hypothesis of plane sections 
remaining plane. Instead he assumed that the 
projection of the shape of the cross-section on a plane 
perpendicular to the longitudinal axis remained 
unchanged after twisting and that there were no shear 
strains in the middle surface of the cross-sectiono 
These assumptions constituted the basis of a new law 
of distribution of longitudinal stresses in the cross- 
section which he referred to as the 'law of sectorial 
areas * •

The differential equations defining the problem 
of combined bending, torsion and axial force which he 
presented are
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%
= 0

£:/^c/V _ =  0

EXyd“'<-(- _ =  0

d  /S _ /y\ =  0

In the last of equations 1,3.1» the constant was
defined by Vlasov as the 'sectorial moment of inertia’, 
and corresponds to the torsion-bending constant usually 
denoted by , and is the torsion constant more
commonly defined by the symbol C . The term m 
denotes the value of an externally applied torsional 
couple per unit length of the beam.

Vlasov then presented the following four 
generalised force actions

A' = £  A  d iE  

Mjc =- - Ely, d iE
ofg

■2.

fyjy =  Ely djd
^ 3

3 = ~EJlo d i
d<^ 1 . 3 . 2

The last of these force actions B , was new and was
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referred to as the ’bi-raoment. The value of B as
defined by the last of equations 1.3.2 can be obtained
by solving the last of equations 1.3.1.

The resulting expression for the longitudinal 
stress CT' at any point on the cross-section was shown 
by Vlasov to be

^  N  M y X  , A/}x y , 3

where caj is defined as the ’sectorial co-ordinate’ of
the point and can be calculated from the expression

s
cmj == I Ac/s 1 . 3 . 4

In this equation h is the perpendicular distance from 
the shear centre to a tangent at the point and s is 
the distance to the point measured along the middle 
line of the section.

Vlasov indicated that the theory of restrained 
torsion, more commonly referred to as non-uniform 
torsion, which he had developed, was analogous in its 
mathematical formulation to the elementary theory of 
beam flexure. He also pointed out that, for thin- 
walled open sections, where the ratio of wall-thickness 
to the characteristic dimension of the cross-section
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is of the order of 0.02 or less, the torsional 
rigidity GJ^ can be set equal to zero without 
appreciable error.

If this simplification is adopted then the 
last of equations I .3•1 becomes

ddê. =  /n 1.3.5

and is of the same form as the basic equation for the 
simple theory of bending.

As a result of these analogies, Vlasov made the 
following proposition:i

’All the analytical methods based on the law of 
plane sections which are used in the theory of strength 
of materials and structural engineering for calculating 
beams and systems in flexure, can be completely 
generalised and extended to include the theory of 
restrained torsion of thin-walled beams, or systems 
consisting of such beams and of ribbed arches.’

As already noted in section 1.1 of this review, 
the theory of bending, torsion and buckling of thin- 
walled open sections was also presented by 
TIMOSHENKO (1945)^. Vlasov has stated that in 
defining the fundamental problem of flexural-torsional
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behaviour of a thin-walled open section beam,
Timoshenko has also started from the idea of examining 
the beam as a shell. He points out that, apart from 
a difference of notation, Timoshenko’s work is a brief 
exposition of his own theoretical analysis of the 
problem.

Both Vlasov and Timoshenko described how 
transverse loads which did not pass through the shear 
centre produced not only bending but also torsion of 
the beam. In analysing this problem they suggested 
replacing each force which did not pass through the 
shear centre axis by a parallel force passing through 
that axis and a couple acting in a plane perpendicular 
to the axis of the b a r . In this way the problem was
divided into two parts.:

(i) the investigation of bending by* 
forces distributed along the 
shear centre axis.

(ii) the investigation of torsion by 
couples acting in planes 
perpendicular to the axis of 
the b a r .

The analysis of the first part of the problem was based
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on simple bending theory and for the second part the 
non-uniform torsion equation was employed. Both 
authors presented closed solutions for particular small 
displacement cases and considered both concentrated and 
uniformly distributed loads. It is to be noted, 
however, that Timoshenko did not employ the bi-moment 
concept suggested by Vlasov, nor did he consider the 
possible simplification of the non-uniform torsion 
equation, obtained by neglecting the St. Venant 
torsional rigidity term.

The particular problem of combined bending and 
torsion of thin-walled channel sections was 
investigated by WINTER, LANSING and McCALLEY (l949)^^. 
In their theoretical analysis they presented general 
equations of equilibrium adapted from the work of 
Timoshenko. These equations consider the equilibrium 
of bending moments and torque about the displaced axes 
x^ , y ̂ and , as shown in Pig. 1.3» and were

written as

My/ =  -Ely djE My ̂  & My - éé

M fy ! =  £ Iy d jd : -  - J & M y J r M y  ^  ^

d. (M̂ /) ~  GC dîê _  EM ddê

=  -I- 1.3.6
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In these equations, the angle of twist is
considered to be small and the approximations 
sin = /3 and cos yS = 1 are adopted. The

symbol used in the last of equations 1 .5.6,
P

defines the intensity of a uniformly distributed torque 
about the shear centre axis.

The authors examined the case where the load
plane was parallel to one of the principal planes such
as for a channel beam loaded in the plane of the web.
Putting M = M , M = 0  and neglecting certain terms X y
which they said could be shown to be of higher order, 
equations 1.3.6 were reduced to the following single 
expression

E r d î ê  ~  O C  dd? ~  1.3.7
Edy d

The boundary conditions to be satisfied in obtaining an 
approximate solution to equation 1.3*7 were then 
indicated f'or the particular case of a channel of length 
2.Z and depth 2h , subjected to a single concentrated 

load 2P applied at mid-span at the top of the w e b .
In such a case M = P(-6-g), = 0 .and if the origin
of co-ordinates is located at mid-span, the appropriate

tboundary conditions are
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éÉ'(a) «  & (e)-^ ëdê(3 ) =  o  (a) dlbïhÆî}}

The value shown for d-d {o') is found by integrating
a y

the first and second parts of the last of equations 
1 .3.6 and noting that, at mid-span, 2 ^ sc o  and, as 
illustrated by Fig. 1.4»

/V7^/ 2= —“ ^

At this stage of the investigation the possible 
simplifications which could be made in the analysis for 
determining ^  were considered. It was suggested that 
since the angles of twist were small, the influence of 
bending moment about the minor axis could be neglected.
Also for thin-walled sections the value of C was 
small when compared with the other section properties.
Thus, by neglecting the second and third terms in the 
left hand side of equation 1.3*7» the following 
simplified equation was obtained

s r  =  - A i ,  1 .3.8

This equation is similar to equation 1.3*5 derived by 
Vlas o V .

Winter, Lansing and McCalley extended their 
investigation to consider the effect of intermediate
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bracing of the channel. They showed that the torque 
actions produced higher values of stress at certain 
points on the channel cross-section, than would be 
calculated from simple bending theory. The resistance 
to the torque actions was shown to arise mainly from 
the lateral bending of the flanges. This resistance
could be increased by providing intermediate bracing 
between the flanges of the channel. A design 
approach for determining the strength and spacing of 
such bracing based on an ’overs tress criterion' was 
presented. It was shown that it was never necessary 
to provide more than four braces between supports inI
order to limit the overstress to 10^.

TERRINGTON ( 1 9 5 8 ) investigated the bending and 
torsion of crane girders due to oblique transverse loads 
which did not pass through the shear centre of the 
girder. ' In his analysis, he developed differential 
equations of stability which, in their contracted form, 
were similar to equations 1.3.6 presented by Winter, 
Lansing and McCalley.

Terrington's equations were also established by 
considering equilibrium of bending moments and torque 
about the displaced axes of the beam and can be 
written as
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M yJ = £X y ̂  = _ M y + 4-
'dd p  " d'-(f

â

My>- =  E ly  d P . _ _ M ^A  - .M y  — /V^ dd
d p  ^ d-̂

M d ' =,<EC d p  _  £ r c - i p  
df d p

^ M  du. —  M y  çàE .y Jdy
d^ ' d^ ^ 1-3.9

As in previous investigations, the angle of twist 
was considered to be small and the approximations 
sin yS = ^  and cos = 1 could be used.

Terrington indicated that equations 1.3*9 had 
been solved directly for bisymmetrical and 
mono symmetrical sections by FETTERS SON ( 1 949 ) and
DOHRENWEND (19 4 1 ) .  The method of solution adopted 
by these authors was to reduce equations 1.3 «-9 to a 
single fourth order differential equation which could 
be solved by the solution of infinite series and the 
use of Bessel functions. Terrington suggested that 
this form of solution was too complex for practical 
design calculations due to the numerous factors which 
had to be derived. In his analysis of the problem, 
he presented an approximate method of solution in which 
he neglected terms of the second order of small
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quantities and thus modified equations I ,3.9 to the 
following form

M p  =  £iy iir' =  - M y  
d p

M y ! =  E ly  d E p  =  -  M y P  -  M y

M d  =  E C  d p  _  £ r d { p  

d ^  d p

■ = M y é ±  A-
‘̂ê 1.3.10

In solving these equations for a beam loaded
i

symmetrically about the centre of the span, the angle 
of twist jS was assumed to be parabolic in terms 
of , the angle of twist at mid-span.

In the various solutions described so far, for 
the problem of combined bending and torsion of beams, 
the effect of the bending stresses on the torsional 
rigidity of the beam was not considered. This

p pcondition was, however, examined by GOODIER (1950) as 
an extension to his analysis of the problem of torsion 
of a beam subjected to an initial axial stress. He 
indicated that when such a stress ^  is due to a 
bending moment in a principal plane, it is given by the 
expression
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The torque/angle of twist relationship, allowing for 
this stress, becomes

7 “ =  ( G G d i - i ) E i  1.3.12
J.

The addition to GC can be positive or negative 
according to the sign of M and thus the resulting 
effective torsional rigidity can be increased or 
decreased•

In Goodier *s analysis the axes O X  , o y  and
\

O g  were oriented with O g  along the axis of 
torsional rotations and O X  and o y  parallel to the 
principal centroidal axes of the section. The plane 
of the bending moment M was parallel to the 
plane, I was the appropriate second moment *of area 
and 3^ was the co-ordinate of the centroid. The 
constant pC is a geometrical property of the beam 
section and is given by the expression

^  ~ f f  1 . 3 . 1 3

where 7^ =  X  4-

Goodier pointed out that this constant vanishes ■ 
and with it the effect of bending moment on torsional
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rigidity - in the following cases:
(i) the section has two axes 

of symmetry
(ii) the section has point symmetry, 

for example a zed section
(iii) the section has one axis of

symmetry and the bending moment
vector is in the same direction,
that is, the axis of symmetry is
perpendicular to the plane of 
bending.

The solution of equation 1.3.12 was later discussed by 
ENGEL and GOODIER ( 1 9 5 3 ) when examining the 
behaviour of a thin-walled equal angle section loaded
as shown in Fig. 1.5» In their investigation it was
shown that before twisting, the bending moment, being 
in a plane normal to the axis of symmetry, had no 
effect on the torsional rigidity. However, after 
twisting, a bending moment component in a plane 
parallel to the axis of symmetry was produced. This 
component produced an increase or decrease in the 
torsional rigidity of the angle according to the 
direction of twist as illustrated by F i g . 1.6. This 
behaviour was shown in a graph of torque against angle 
of twist at mid-span for various applied bending
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moments and is reproduced in Pig. I.7* The 
corresponding experimental results obtained from their 
angle tests are reproduced graphically in P i g . 1.8.
The authors indicated that although the experimental 
curves agreed in form with the corresponding 
theoretical relationships, there were considerable 
quantitative differences. They suggested that such 
differences were due, at least in part, to the presence 
of initial twist in the test specimen. It is to be 
noted, however, that whilst the theoretical curves are 
plotted for angles of twist up to 2 radians the 
experimental values do not exceed 0.2 radian.

I

Further examination of the theoretical curves 
showed that it was possible for a point of instability 
to be reached. Once this point was passed, the curve 
might descend to intersect the twist axis and then rise 
again to intersect it once more. This form of curve 
is shown in F i g . 1.9 where the last point of 
intersection with the twist axis represented a stable 
deformed equilibrium state under zero applied torque.• 
This condition was in fact obtained experimentally by 
Engel and Goodier by applying bending moment to the 
angle and twisting it by hand until it took up the 
deformed equilibrium position. However, they did not



3 3 .

record experimentally the complete torque/angle of 
twist equilibrium path for this unstable form of 
flexural-torsional behaviour.

The effect of bending stresses on torsional 
rigidity was also discussed by GREGORY He
considered a thin-walled member of arbitrary open 
cross-section with no axes of symmetry. For such a
section both and Ky had values and the torque/
angle of twist relationship which he presented was 
written as

7 "  =  C ÔC d ^ \ d i  1.3.14
d>c JTy

The significance of the geometrical constant 
for a cross-section in the analysis of lateral and 
torsional buckling of thin-walled beams is described 
in the next section of this review.
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I .4 Lateral and Torsional Buckling of Thin-Walled 
Open Section Beams

The problem of lateral buckling of beams was
2 gfirst considered by PRANDTL (1899) • He investigated

the behaviour of a beam of narrow rectangular cross- 
section subjected to bending moment in the plane of 
maximum flexural rigidity. As a result of his 
analysis, the critical value of bending moment, 
which initiates lateral buckling was given by the 
following expression

=  Y  UxyGC. 1.4.1

where GC was the St. Venant torsional rigidity and 
EI^ was the flexural rigidity for lateral bending.

A similar solution for the critical bending 
moment was obtained independently by MlGHELL (l899)^^«

In the Prandtl and Michell analyses, first order 
approximations were taken for direction cosines and 
curvatures and the solutions were limited to beam 
sections having small ratios of El and GC to they
major flexural rigidity EI^ .

A modified form of equation 1.4*1 was later 
presented by REISSNER ( 1 9 0 4 ) *  In his analysis, he
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introduced more exact geometrical considerations by 
means of the general equations for the bending and 
twisting of rods. In this way a modified expression 
for the critical bending moment was obtained which took 
account of the ratio of the principal second moments 
of area of the beam cross-section. This expression 
was written as

1.4.2

GOODIER (1951)^^ examined the Reissner modification and
pointed out that as the ratio of the second moments of
area I and I approached unity, the value of X y
critical bending moment increased without limit. This 
appeared to indicate that lateral buckling ceased to be 
possible and that some other form of buckling, not 
represented in the theory, obtained. To explain this 
condition, he introduced his analysis of the -effect of 
initial bending stress on the torsional rigidity of 
the beam section. This effect produced the torque/ 
twist relationship described by equation 1.3.12, that is

7^ =  {GC d é ê  1.4.3
c/3

In this equation the addition to GC could be positive 
or negative according to the sign of M . If this
addition was negative and sufficiently large, the
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apparent torsional rigidity could be reduced to zero.
In tbis condition tbe beam could fail by torsional 
buckling. Tbe value of critical bending moment for 
tbis form of buckling would be given by tbe expression

Goodier pointed out tbat equation 1.4*4 assumes 
tbat tbe axis of rotation of tbe beam is restrained 
from transverse displacement. He also indicated tbat 
bis analysis assumed tbe condition of free warping.
If tbe warping was restrained, modifications would bave 
to be introduced wbicb allowed for tbe non-uniform 
torsion condition.

Tbe problem of lateral and torsional buckling 
witb restrained warping was first discussed by 
TIMOSHENKO (l903)^^ in bis examination of tbe stability 
of an I-section beam in plane bending. In a later 
investigation, TIMOSHENKO (1945)^ considered tbe 
stability of a tbin-walled member subjected to bending 
and compression as illustrated in Eig. 1.10. In bis 
analysis, be derived general equations of equilibrium 
for tbe buckled form of tbe member due to tbe bending 
and compressive force actions. Tbese equations 
assumed tbat tbe effect of tbe force P on tbe bending
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stresses could be neglected and tbat tbe longitudinal 
stress at any point was independent of ^  , Tbe
equations are of tbe following form

£ Z y  ^  -f- 4- r / V ^  -h M y ) =  O

EZ^ 4- p d ^  __ (PXc. - /V̂ y) dlê  =  O  
.cZ-̂ Z

^ 3 ^  ' ^ 3

+ My) d ^  —  C/^'X^-My) dj^ 
c/y- a/y

oi, =  L  d y J A  _ 2.

_ £., x ""c/A cA4 _ 2 X a

o
1 . 4 . 5

ly

If bending only is present, tben tbe appropriate 
governing equations can be obtained by putting P = 0 
in equations 1.4.5» thus

dîd -i- / %  sÙÈ  =  o

j. M y  s d É  =  o

Z .r 'd îê  -  (O C -irM yo C , ~ M y c X d ) d 3 ê
^ of

z,. . y, rZ,-{- H-. MlydjZ = 0  T I <
d y  ^ j y

Timosbenko tben considered tbe particular case 
of a beam having a flexural rigidity in one principal
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plane many times greater tlian in tbe otber and 
subjected to pure bending in tbe plane of greater 
rigidity. Assuming tbat tbe plane is tbe plane
of greater rigidity and tbat tbe beam is bent in tbis 
plane by couples , tbe following expression for
tbe critical value of can be obtained, using tbe
first and last of equations I.4 .6 , tbus

CMxX  =  i  I d d  -t 1.4-7^ -z \j ‘9-

'■ yZ-r ^ d ± I r
A

Timosbenko indicated tbat tbe constant <d.§ vanished 
from equation 1,4*7 for a section witb

(i) two axes of symmetry
(ii) point symmetry as in tbe case 

of a zed section
(iii) one axis of symmetry witb tbe 

bending couples acting in tbe 
plane perpendicular to tbat 
axis of symmetry.

Tbus, for any of tbese cases tbe expression for tbe 
critical bending moment became
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'Z
“  1 .4.8

It is to be noted tbat tbe conditions wbicb apply to 
tbe constant cX/ are comparable witb tbose indicated 
by GOODIER ( 1930 ) for tbe constant K/ , Bo tb tbese 
constants arise from considering tbe effect of initial 
axial bending stresses on tbe torsional bebavionr of 
tbe beam section. Tbe only difference between tbem 
is one of definition. Tbus, Goodier*s constant /v , 
wbicb does not include tbe appropriate second moment of 
area, is defined witb tbe sbear centre as tbe origin of 
co-ordinates. Tbe constant oCf derived by Timosbenko, 
refers to an origin of co-ordinates at tbe centroid of 
tbe section and includes tbe appropriate second moment 
of area.

In deriving equations 1.4*7 and I.4 .8, it was
assumed tbat El was small in comparison witb Ely X
Timosbenko indicated tbat if GC and E f  were also
small, tben buckling would occur at small values of
If El was of tbe same order as El lateral X y
buckling' would occur at small values of only if
GC and E f  were very small.

Tbe results described so far bave considered bars 
bent by couples applied at tbe ends wbicb produce
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longitudinal stresses independent of g, . For tbis 
form of loading, tbe coefficients of tbe terms in 
equations 1.4*5 are constant. If, however, tbe bar 
is bent by transverse load, tbe longitudinal stresses 
vary witb ^ and a system of linear conditions witb 
variable coefficients is obtained. Timosbenko pointed 
out tbat for tbis situation tbe calculation of critical 
values of loads became more involved and bad been 
obtained only for tbe simple cases of single transverse 
loads or uniformly distributed loads. Several cases 
of tbis kind bave been discussed by TIMOSHENKO (1905)^ \
(1910)^^ and (1936)^^, and also by VLASOV (l940)^.

1

Tbe values of critical bending moment calculated 
from tbe equations wbicb bave been included in tbis 
review, bave corresponded to tbe condition of failure 
by 'general buckling'. Tbis form of buckling 
involves translation and rotation of tbe beam cross- 
sections, but excludes distortion of tbe cross-section. 
Failure can also occur due to-'local buckling' of tbe 
plate elements forming tbe beam section when sucb 
elements are in compression. In local buckling, tbe 
cross-sections are distorted in tbeir own plane. Tbe 
analysis of tbis form of buckling bas been developed 
from tbe results of investigations into tbe buckling
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behaviour of thin plates subjected to end compressive 
stress and with various edge support conditions.

A review of the more important aspects of the 
local buckling failure of thin-walled beams has been 
presented by RICHARDS (l947)^^ and CHILVER (1961)^^.
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I .3 Critical Summary

The review of published work on bending and 
torsion of thin-walled open sections has shown that 
much of the theoretical analysis was developed from 
investigations on the corresponding behaviour of 
conventional hot-rolled sections. Due to the 
approximations used in the methods of analysis, the 
resulting solutions have been limited usually to small 
displacement problems. This is illustrated in the 
analysis of stable flexural-torsional behaviour of 
thin-walled members, presented by TIMOSHENKO and VLASOV, 
where bending and torsion effects are treated 
separately. The stresses due to bending moments are 
calculated from simple bending theory and the angle of 
twist and warping stresses are obtained from the 
solution of the non-uniform torsion equation.
Additional components of torque and bending moment due 
to axial displacement were not considered. The 
omission of these components is valid only if the 
displacements are small.

VLASOV'S proposition, derived from the analogy 
between the basic equations of the theory of bending 
and those of his own theory of restrained torsion, 
makes it possible to use techniques of analysis
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developed for the simple theory of bending, for the 
solution of restrained torsion problems. This approach 
to the analysis of the flexural-torsional behaviour of 
beams does not appear to have been fully appreciated by 
other investigators.

The theoretical analysis of bending and torsion 
effects in girders, presented by TERRINGTON, is also 
limited to stable small displacement behaviour. His 
solution, however, was developed from differential 
equations of equilibrium which included components of 
bending moment and torque due to axial displacement.
In allowing for these components, small angle 
approximations are used and in obtaining his final 
solution, terms of the second order of small quantities 
are neglected. WINTER, LANSING and MeGALLEY used 
equations of bending moment and torque equilibrium, 
similar to those of TERRINGTON, in their investigation 
of the flexural-torsional behaviour of thin-walled 
channel sections. Their analysis is also limited by 
small angle approximations,

In all the solutions described so far, the 
effect of initial axial stress on the torsional 
rigidity of the member was not considered. This 
effect was included by TIMOSHENKO and VLASOV in their
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general equations of equilibrium for the buckled form 
of a beam subjected to bending and compression. These 
equations, which were used in the analysis of the 
unstable flexural-torsional behaviour range of thin- 
walled members, also considered components of bending 
moment and torque due to axial displacement. They did 
not include, however, the action of externally applied 
torques.

The detailed investigations of torsional 
rigidity changes due to initial axial stress, carried 
out by ENGEL and GOODIER, indicated more clearly the 
conditiions that could lead to torsional buckling of 
beams. They also appear to have been the first to 
consider nonlinear torque/angle of twist relationships 
due to combined bending and torsion effects»
Previously, the phenomenon of nonlinearity had been 
considered only in the 'shortening effect* of torsion 
discussed by WEBER, CULLIMORE and GREGORY. In their 
theoretical analysis, ENGEL and GOODIER did not 
consider either the 'shortening effect' or the effects 
of axial displacement, although they calculated 
theoretical values of twist of more than 2 radians. 
However, in their experimental work they did not 
measure such high angles of twist and did not obtain
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the torque/angle of twist relationship in the unstable 
range of behaviour.

In the theoretical investigations which have 
been discussed, no single solution has considered all 
the specific effects associated with' stable and 
unstable flexural-torsional behaviour. This can be 
seen in TABLE 1.1 which indicates the terms considered 
in the more significant investigations included in the 
review.

TERMS INCLUDED
-BEHAVIOUR

AUTHOR M , T INITIAL s h o r t e n i n g
GC ET

COMPONENTS
AXIAL

STRESS EFFECT
RANGE

TIMOSHENKO * *
VLASOV * *
TERRINGTON * *
GOODIER * * STABLE
WINTER ■ •K- *
GREGORY * -X- X

TIMOSHENKO * * * X-
VLASOV * * X
p r a n d t l /
m i c h e l L * * UNSTABLE

REISSNER * *
GOODIER * X

TABLE 1.1
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All the solutions for flexural-torsional beam 
behaviour which have been discussed were derived on 
the basis of small displacement approximations and 
cannot be applied satisfactorily to the more general 
large displacement problems.

The theoretical and experimental investigations 
presented in this thesis were planned both to reassess 
and to extend the applicability of the current 
theoretical approaches. In this sense, the 
theoretical treatment, suggested by VLASOV, is employed 
for the analysis of small displacement problems. 
Thereafter, the differential equations of bending 
moment and torque equilibrium are generalised by 
including in them all the additional effects which have 
been indicated in previous investigations.

These equations are then used for the 
theoretical analysis of large deformations in the 
nonlinear stable and unstable ranges of flexural- 
torsional behaviour. Experimental evidence of both 
stable and unstable flexural-torsional behaviour is 
presented.
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CHAPTER II

THEORETICAL ANALYSIS
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The treatment of linear small displacement 
problems is based on the analogy between the basic 
equations of the theory of bending and those of the 
theory of restrained torsion, as observed by VLASOV,
To obtain a solution for large nonlinear elastic 
displacements, the basic differential equations of
bending moment and torque equilibrium are generalised
to include all the additional effects described in
previous investigations. Particular solutions of these
equations using a single term Galerkin technique are 
outlined and nonlinear stable and unstable torque/angle 
of twist equilibrium paths are predicted. This analysis 
is then! used to derive an- expression for the critical 
bending moment causing flexural-torsional instability,

I I .1 Linear Small Displacement Flexural-Torsional 
Behaviour of Thin-Walled Open Section Beams

The basic differential equations defining the 
displacements u , v and ^  at any section g of a 
beam subjected to combined bending and torsion, can be 
written as

•
d y

—  ŸX

d y
=

GrC =  n\
d y d y I I .1.1
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The first two of equations I T .1.1 can he solved using 
the simple theory of bending and are presented more 
frequently in terms of bending moment, thus:

P v  _  _ / V
g
 ̂Ù fVh/ II.1.2E Xy ̂  ̂  =  Mu

c/y

The last of equations 11,1.1 is the non-uniform torsion 
equation differentiated with respect to , thus;

d- (irddé _  ûcçlÊ. +  r )  =  o  II. 1.3
d  y  d^

I I . 1.4

which gives
\

g r  d ^ fi _  &C d  /2> _  ^
d y  d y

IX'where w  = — is the intensity of a uniformly 
distributed torque.

The force action associated with equation I I .1.4 
is Vlasov's 'bi-moment' B and is defined by the 
expression

. 3  = — £.r d̂ fi
d ÿ  II.1.5

The longitudinal stresses at any point x , y , ^  in
a beam cross-section produced by the moments M and MX y
and the bi-moment B are
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y  ' My.X . 3 11.1,6

lu the last of expressions II. 1.6, the symbol tjo is 
defined as the 'sectorial co-ordinate' and is found for 
any point in the beam cross-section, from the 
expression

j  f\. ds II. 1 .7

where h is the perpendicular distance from the shear
centre to a tangent at the point and s is the distance 
from a pole to the point measured along the middle line 
of the section.

To illustrate the calculation of the sectorial 
co-ordinate, the case of a channel section as shown in 
Fig. I I .1 is considered. The point A is the shear 
centre and D , the point where the axis of symmetry 
intersects the web, is the pole. The value of the 
sectorial co-ordinate at the point p on the web is 
given by the product (e.s) and is twice the area swept 
by a radius vector AM rotating from' AD to Ap .
The sign of the sectorial co-ordinate at any point is 
positive* if the radius vector rotates clockwise to 
reach the point.

A diagrammatic representation of the sectorial
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co-ordinate at any point in a channel section of 
depth d and breadth b is shown in Fig. II.2. The 
values for the points of the web below the AX axis 
are positive, since the radius vector is rotating 
clockwise. For the flange, the sectorial co-ordinate 
decreases as the distance from the web increases. At 
the point C , which is the same distance from the web 
as the shear centre A is from the pole D , the 
sectorial co-ordinate is zero. Thereafter, the value 
is of opposite sign and increases linearly to a maximum 
at the free edge of the flange, Thus, the maximum 
longitudinal stresses due to the bi-moment occur at the 
web to flange junction and the free edge of the flange.

The value of the bi-moment B is found from the 
solution of equation I I .1.4, which can be transformed 
in terms of B and expressed as

\  3  —  Tn, , II.1.8
c/ %

where A  =  I I . 1 .9
\l£r

The general solution of equation II.1.8 is of the form

S  ~ Cf A g  4- C.2. Cosh. A g  4“ 3 ^  i i  . 1 . 1 0

where C.̂  and are constants which can be
determined in any particular case, by the loading and '
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boundary conditions, and is the particular
solution. If a uniformly distributed torque is 
present then

I I .1 . 1 1A

If the beam is subjected to concentrated torques, the 
particular solution is zero.

The principal forms of boundary conditions at 
the ends of a beam are

(i) Fixed end jS := <o y
cfp,

(ii) Simply supported (angular 
deformation restrained)

= o  y d ^  ™  Q  Ae./\c<z 3 = 0
c/y

(iii) Free end

1 ,-zc/^ _  _o 3  ̂  O y X' = O

Additional conditions can obtain in symmetrical 
problems as will be indicated in the following examples 
of solution of equation I I .1.8.
CASE I

A'beam subjected to a concentrated torque T at 
the centre of the span L as shown in F i g . I I ,3. The
end conditions are simply supported with angular 
deformation restrained. This is a symmetrical problem
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and the general solution need only be found for a half, 
span, that is ^  • The boundary conditions

are C ' ^ = 0 ,  3  O  ) -JI\ H - 1 - 1 2
X 'Z

The second condition is obtained from equation 11.1.3
noting that at . ds

^  d^
The general solution for B is thus:

3  == 4  S/a-A A g  4- Cosh, A g  I I . 1 . 13

d B  ™  A c y c o s A  4- s/XA A-^ i i . i. 14
d ^

‘> 4 2 <
Using the boundary conditions II.1.12, the constants are

T  _
h t

%
= 1 A c o i A ^ 2 = 0  II.1.15

Thus
^  7^.sr/aA Ag,

.  ^  <2^/- z \ c o s A 2dz
II.1.16

This general solution for B can now be used to obtain 
the corresponding solution for the angle of twist ^  ,
thus from equation II.1.3

_  _  d  I I . 1,17
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and substituting for B from equation I I . 1.16 , tben

II.1.18
d B P  Q, A  cosh A E  
^ %

Tbus, by integration

d/B / T'aosA
dr A/ II. 1 .19

II.1.20

£ P  Z  yd cash A E  

/  T  S /r \k  X p

12

Using tbe boundary conditions (z = 0 , =  O) and
dÆ. = tbe values of tbe integration

constants are
A —   ZI—  czr̂ d 3/ =1 O
' 2  Er?^

Tbus

^  = ____/ . Taink r

CASE II
A beam subjected to a uniformly distributed 

torque m per unit length, of span L as shown in 
Eig. I I .4 * The end conditions are simply supported 
with angular deformation restrained. The boundary 
conditions are

C'^— Oy 3 = 0 ) C ^ “ A , 3 = o )  II.1.22
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Tîie general solution f or B is th.us

V cr "̂12. I I .  1 . 2 3

o < 5 < ^
Using the boundary conditions 11.1,22 the constants are

C/ =  2 Ü  - cos.h\L - / Cg = _lZÜ
A ®  s / A A  AvL A ^

II.1.24

Thus

&  =  ^ 0 5 A  A/. -/ , a / A A  -  c o s A  A J  +  /
o < ^ < A \ ^/>îA A  A

II.1.25

As before, this general solution for B can be used to 
obtain the corresponding general solution for the angle 
of twist. Thus, substituting for B from equation 
II .1.25 in equation 11.1,17 then

^  /̂ cc»sh AZ —/ S/^A —  cosA /
( S/AA XL

II.1.26

Thus, by integration

II.1.27

CO,

II.1.28
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Using the boundary conditions (g = 0, ̂  - O) and
(g = L , ^  = O), the values of the integration constants
are

-m L , ^

Thus
-7n ÆoshXL~I s//% A  ^

“  ~ £ T ^ (  5/AAA£ ■ ^  1

“W  Z
+  — - : ' 3

z£.r'}^ Er*)^ II. 1.29

Similar forms of solution for B and ^  can be
obtained for other cases of loading and end conditions. 
Such solutions increase in complexity when the beam is 
subjected to unsymmetrical combinations of concentrated 
and uniformly distributed torque actions. However, in 
dealing with thin-walled sections, the analysis usually 
can be simplified due to the relative magnitudes of the 
torsional rigidity GC and the warping rigidity ET
Thus, for a thin-walled open section E P  usually is
many times larger than GC and consequently, in 
practice, approximate solutions for B and ^  can be 
obtained by neglecting the GC term in equation II.1.4- 
The resulting equation becomes

E .r ii.r.30
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The solution of equation 1.1.30 is obtained by the 
methods used for the solution of the basic equation of 
the simple theory of bending, that is

II-1*31

In developing the solution, singularity functions are 
used to define the intensity of loading on the beam. 
Thus, consider the case of a beam of span L subjected 
to a concentrated torque T at a distance a from one
end, as shown in Fig. 11.5* The ends of the beam are
simply supported with angular deformation restrained.

From the analogous case of a simply supported 
beam carrying a concentranted load ¥ at a distance a
from one end, the values of the reaction torques at the
supports will correspond to the support reaotions in 
the plane bending problem, thus

IX.,.32
L L

The intensity of loading m in terms of the applied 
and reaction torques is given by the expression

^  II.1.33

where ~ —  Zy are
singularity functions as used in the Macauley analysis
for beam deflections.
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Tlius, from equation II.I.30
£r dlÉ. =  7n

= - u l z 5 > ô ) + ^ ô - 4 - Z 3 à - 4Z  ^ A/ z. \ Li XI .1.34

by integration

f-2? < 3 - A"
- f  5 : g  4- ^ 3

<5 )H r < 3 - f
4- 5: 5 5  ̂ +  ̂ 3  3 +  ̂ =^<3 z

II.1 .35

Tbe terms involving singularity functions vanish when 
the bracket ^ ^ is zero or negative. Using the
boundary conditions

^ =  O  yS = =  o  } a^c/

C ' % = L ,  =  o  ) 1 1 .1.36

The values of the integration constants are
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c./=Cz-C/^ = a  on.eZ Cg =  7 %  (L-oQ T(L.-0C)

Thus, the expression for the hi-moment is obtained 
from the second of equations I I .1.35 as

3 - - ar £tÊ.
d

Thus

5 = '3(3-0.) /c(\̂_T/'7,~a\‘ , To.^  ~  ^  II.1.37

and if (h-a) = b then at g = a

■ Ù  =  iroL 6  
A II.1 .38

The expression for the angle of twist is given by the 
last of equations I I.1.35 as

6  ' ^ II.1 .39

as before, if (h-a) = b then at ^ = a
(ZTar b II.1.40

S b T L

These values of B and ^  are analogous to the 
corresponding plane bending results, thus

A f   ■ K / Oi  6  czr%.d  t /  —  £> ^
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The analogy is also observed in the distribution 
diagrams of torque and shear, and bi-moment and 
bending moment as shown in P i g . 11.6.

If a = b = ^ , as in the closed solution for
LCase I, then the bi-moment B at g'= ^ becomes

L L
B  =  2.' Z

L 
=  T.L II. 1.42

and the corresponding angle of twist at ^ — is

p = -r('kT(-W
serL ■

3Tl
^/-ôsr 11.1.43

These values are also analogous to the corresponding 
plane bending results for a central point load, that is

g
A7 =  a/\.d t/z=  ^ 4 .3  I I . 1 .44

In the case of a uniformly distributed torque of 
intensity m/unit length, the solution is obtained as 
follows

^ - m  11.1.45
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by integration

sr /■' = 4  C/
LràZÊ. =

<y^* 2  ̂
zrc//^ ^  :2i +

c/g 6  2

=  ^  ^  g %  (Zg ̂  4- ̂ ^
 ̂ ^ II. 1.46

As before, the appropriate boundary conditions are
(Z.

O/ y5 =  ̂ LÆ. =  0 ) Oric/
^ 3
tz

- L ,  —  c  X II.1.47

Th.e values of tbe integration constants are 

C2=C4.= 0 , 0 = - ^  oncf Cg =' 2 2 ii-

Thus, the expression for the bi-moment is obtained from 
the second of equations II.1.4^ 'cls

&  =  —  Ef

Thus

II.1.48

Lfand at g = —  , the value of B is
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L II.1.49

The expression for the angle of twist is found from 
the last of equations I I .1.46 as

Lagain at ^ ”

B=-J- f~ZL "Vllrf— Y " Ï ü ^ / Ü' e.r / 24-1 2  / /2 i 2 / 2 .̂̂ i 2
S

3 3 ^ ' . 11.1*51

Once again these values are analogous to the 
corresponding plane bending results, that is

M  =  o/̂ c/ 2 / =  I I .  1 . 5 2
S  s&k-ei-A

A summary of the results from these approximate 
analyses for the problem of restrained torsion compared 
with the corresponding values for the analogous plane 
bending problem is given in TABLE I I .1.

The analyses which have been presented have 
illustrated how values of bi-moment and angle of twist 
can be obtained without difficulty if the St. Venant 
torsional rigidity is neglected in the solution of the
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non-uniform torsion equation. Th.e magnitude of tlie 
errors arising from this approximation can he 
estimated by comparing the true and approximate values 
of bi-moment and angle of twist for different values 
of the beam parameter X L .

Thus, for the case of a concentrated torque at 
mid-span of a simply supported beam with ends 
restrained from angular deformation, the true and 
approximate expressions for bi-moment and angle of 
twist at mid-span are

II. 1.53
; 2  A  4-

/g _  re M  _  n f
nerK" ’ nxf̂ f’̂ox. 1 1 .1,54

Introducing the symbols f^ and f^ for the bi-moment 
and angle of twist coefficients, defined as

^  “  TL? II. 1.55

then for the approximate solution

T X  ^
i =  — o>̂ ci X -  if'&E.r 

TL t L?

11.1.56
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The expressions for the true values of f.j and f^ 
are

p _  -fanh  —
■■ 2A/L E r A i r  2CAr)-J II. 1.57

Using equations I I .1.57 the variatioq of f and f_I (C
with A  L in the range 0 < C A h  <Cl.5 is shown 
graphically in Fig. I I .7 and compared with the constant 
approximate values.

From this analysis, it is seen that as X l  

increases, the true value of the coefficients f^ and 
f2 decrease. The errors at A h  = 1 , expressed as

a percentage of the true values are approximately 
+ 8.25^ for f.̂ and +9*50% for f^ . Thus, the 
approximate solution tends to give higher values of 
bi-moment and angle of twist and when used for practical 
design problems will yield conservative results.

This approach to the analysis of torsional 
behaviour cannot be used for beam sections, such as 
angles or tees, for which the torsion bending constant 
is zero, since by definition, the bi-moment will also be' 
zero. The torsional behaviour of these sections in the 
linear small displacement range can be analysed using the 
St, Venant torque/angle of twist relationship,
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I I .2 Nonlinear Large Displacement Flexural-Torsional 
Behaviour of Thin-Walled Open Section Beams

In the analysis of large displacement flexural- 
torsional behaviour of thin-walled open sections, it 
is necessary to allow for additional effects in the 
formulation of the basic differential equations of 
bending moment and torque equilibrium. These effects 
are

(i) components of moment and torque 
due to axial displacement

(ii) changes in the St. Venant
I

torsional rigidity due to 
initial axial bending stress

(iii) components of torque due to 
. the longitudinal stress 
system of the 'shortening 
effect’

(iv) components of torque due to 
the displacements of the 
points of application of 
the loads.

The first of these conditions is catered for by 
considering the differential equations of equilibrium 
of bending moment and torque relative to the displaced
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axes of the member. Thus, for a positive system of
axes, ox , oy and oc as shown in Fig. II. 8, where
o j is the longitudinal axis through the shear centres,

the values of bending moments and torque at any
section c , relative to the displaced axes ox* ,
o y ’ and oq * , due to applied bending moments,à
+M and +M , and torque , are given byX y

M ^ /  =  -4- M y  s'/n jS —  M -3
cp-

My /  =  M y  CO&^  —  M/x Ctn, j3 —  M-x —
4

M M  , =  M ^  -f A/1̂  M u  11.2.1
^ ^ cJci J

In deriving these equations, the approximations
, do, d o  n , do ̂  ciU _ _ .tan  -------—  and tan ^ h a v e  been used.

0I3 d^ d^
This leads to the other approximations of

stn. Sbb =:SlbP: , c o 5 ^ - l   ̂ a^^d cos—  =/
c/g c/g d'̂  c/g c/g c/<

These approximations are considered acceptable, for
although the angle of twist is large, the flexural

a/cldisplacements are still of the order where ■— ,— > and 
y “ c/g.

/ • The values of the bending moments M , , 
and , and torque , obtained from equations
I I .2.1 can now be substituted into the appropriate
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differential equations of equilibrium for bending 
moments and torque about the displaced axes, thus

=  -K,tr*

£.Iy -  My<

d^ d-f

c/cc

Id =  Mn -h M.r 4- M<y sld.
à ^ o/% II.2.2

The deflections v and u which appear in the first 
two of equations I I .2.2 are taken to be in the direction 
of the displaced axes o y ' and ox* respectively.
The values of the deflections u and v , relative to
the undisplaced axes ox and oy in terms of u and
V , can be seen from Fig. I I .9 to be given by the 

expressions

~ il -=^ 'LC  c a s j S  —  %/ s / n  yS

%r -Cl s / n d ' W  cos/S 11.2.3

For initial axial bending stress the coefficient 
of the St. Venant torsional rigidity term becomes, 
according to the present sign convention

I I .2 .4
ly Zx

where /Ç is the geometrical constant of the section



69.

defined by GOODIER^^’ as

^  “ ̂  ) ̂ < d > i a 'X  c/ ^ c / k  d ^  I I . 2 . 5

and R^ = x® + y ^ where (x,y) are co-ordinates for a 
system of axes with the origin at the shear centre.
As already noted, the constant /</ vanishes if,

(i) the section has two axes of 
symmetry,

(ii) the section has point symmetry, 
for example, a zed section,

(iii) the section has one axis of
symmetry and the bending moment 
.vector is in the same direction, 
that is, the axis of symmetry 
is normal to the plane of 
bending.

Additional torque action is developed by the 
longitudinal stress system due to the * shortening
effect * 3 especially if large angles of twist obtain.

1 9The expression for this torque, derived by GREGORY , 
in terms'of the present sign convention, is as shown 
below and should be included in the differential 
equation of torque equilibrium,
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where the constant is given by the expression

L  ^ J'J' conal /Ẑz=i x L  y  ̂ II. 2. 7

As before (x,y) are co-ordinates for a system of axes 
with the shear centre as origin.

The last effect to be considered is the torque
produced by the displacement of the load points. This
torque, referred to as will depend on the relative
displacements of the points of application of the loads
and, as illustrated in Fig. 10, for the case of a load P
at mid-span, its value at any section g , where 

^  ^ L^  ^  ^ A  is given by the expression1
fL —  11,2.8

The generalised differential equations of bending 
moment and torque can now be formulated by including 
the expressions I I .2.4, II.2.6 and I I .2.8 in the last 
of equations II.2.2, thus

£ —  Mys/nB d- Ma s L  

SXy s d  =  M y  COS /S —  Mx sifi /3 —  / Æ  jAf
d-f ' ' d^

( GiC— ̂ y^y'A- E f d ^  L J- x Z d f  YCki Xv Tx J d<i dy? '2 \dx/\‘̂.y Tk y  d f  ' 2 \d^ / \ A ~  Xy %x/

4- II.2 .g
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The solution of these equations for particular 
combinations of bending moment and torque is examined 
in the next section.
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I I .3 Particular Solutions of the Generalised 
Differential Equations of Bending Moment 
and Torque Equilibrium

The generalised differential equations 11,2,9» 
for equilibrium of bending moment and torque relative 
to the displaced axes of a beam, comprise a system of 
nonlinear differential equations which are effectively 
of seventh order. No mathematical techniques, 
available at present, give generalised solutions for 
such a system of equations. However, numerical 
solutions can be obtained in specific cases by 
techniques such as numerical integration, Rayleigh-Ritz 
or Galerkin, In the present analysis, approximate 
solutions for equations 11,2,9 are obtained by a 
simplified single term Galerkin approach.

The analysis considers beams of monosymmetrical 
open cross-section of the type indicated in Eig, 11.11. 
The beams are subjected to combinations of bending 
moment and torque which are symmetrically disposed about 
the mid-span position of the b eam. This loading 
produces a maximum angle of twist at the mid-span 
position. The origin of the axes x , y and g 
coincides with the shear centre position of the 
cross-section and the axis of cross-sectional symmetry
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lies along the x-axis, The bending moment and torque 
are applied in the yy and xy planes respectively 
as illustrated in Fig. 11.12, The sign convention for 
bending moment, torque, deflections and angle of twist, 
used in the analyses corresponds to that adopted in the 
derivation of the generalised differential equations as 
indicated in Fig, 11,8,

Four separate solutions, using different 
approximations for sin ̂  and cos^ , and assuming
nonlinear and linear forms of variation of /S with g , 
are obtained. In each case, the two dependent variables 
u and : v , are considered in terms of the third 

dependent variable ^

The boundary conditions used in obtaining the 
solutions correspond to the ends of the beam being 
considered as

(i) simply supported with respect to 
bending moment, that is,
-u = V = o  A A  =  s L f  =  o

(ii) free to warp but restrained from 
twisting with respect to torsion, 
that is, 3 = ^ 0  . = 0

Additional boundary conditions for the problem arise
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du.- dur dB
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L

=  O
d-ÿ d'̂  d^

In the particular problem considered in this analysis, 
the x-axis is an axis of symmetry of the beam cross- 
section and thus . In addition, the applied
bending moment is in the yg plane only, that is 
M = 0 , and since there are no concentrated loadsy

“  O , The generalised differential equations 
II.2.9 as applied to this problem can be written as

■ £ X y d %  /VI., sin, f
d f  c l- j

QQ A/y ™ £P
- _  ^ J  A  d f

4. ±  E f É l f M d .  4 ) =  / *%+
2  i d '^  /  i p i T y  /  d f .4

II.3.1

These equations can be further simplified by assuming 
that Ma and are small in comparison with
M^cos ' and M^sin/3 and can be neglected. This

approximation is examined in Appendix V I I I .2. Equations
I I .3*1 can then be presented as
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LiC == — M y  C05 ̂

ElydjE =-/V!xSPnf 

(g C S/rcjS\ dfi £/"/qfp
^ l y  '  d f

+  ^  ̂  J  -  f  ;  =
I I .3 .2

To solve equations II,3*2 by a simplified one term
Galerkin technique, it is necessary to assume a form
of variation of /B with g in terms of / %  , the
maximum; angle of twist at the mid-span position. This
form must satisfy the boundary conditions for the
problem that is, at g = 0 , yg = 0 ,  g = L , = 0
and at <5 = &  L ?  = 0.9 2 (/g

,These conditions are satisfied by assuming a 
sine variation for jB with g , thus

/gg =  ^  , II.3.3

d/^ d̂ /SIt is now possible to express —r— and —r-w in terms 
of thus

w  Cy..(E)\c<„n no.4



7 6 .

The last of equations 11.3*2 can now be written as

jac + 6^0 Cos

=  4-
d r i

 ̂ II.3.5

To obtain the solution of equation 11.3*5 by the 
Galerkin method, the derivative must be expressed
as a function of and ^ . This can be

I
achieved by direct integration of the first two of

.   ----------

These equations are then
equations 11.3*2 in which /B is replaced by s/n ^

£ 1 ^  A s  =  —M k s /H s/H
d f  ^ 11.3-6

To facilitate the integration of equations 11.3*6 sine 
and cosine can be expanded into their series forms, thus

c o s  s/X A 3 ;  =  / _
^  2./

G  / -f
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s /n sin sr sin ̂  77̂ ^A A  —
5

3/

r A  »;n g y“i“ — ---------— - — ' —.....  . -4-..
S I  7 / I I . 3 .7

Using the first terms of the sine and cosine 
series, equations I I .3•6 become

£Iy —  - M y
d f

£ly =  - M x  A. H
df- L,

II.3.8

boundary conditions g =  O   ̂ ^  =  o  crr\,c/ ^ = A  ̂
Integrating equation 11.3.8 directly and using the

'undary c 
doc dtr— - =  — — =r O  the following expressions are c/g c/y

obtained for u and v ,

=
Ely (~w) A, Ç
2£Jy ^ d II.3.9

In the previous section, it was shown that

tc —  -U C O S p  —  %/ s/n /5 II. 3 . 10

If the first term approximations of sine and cosine 
series are used, equation 11.3*10 becomes



78

<c - trjS II.3 . n

and replacing ^  by and substituting the
results I I .3.9 for u and v , the following
expression for u is obtained,

^  (ir) A  ^  I I . 3.12

c/-cZThus the derivative — —  is obtained asa g

M y ( l - 2 ' ^ ' ) S/n 1 0  II.3.13
2  LXy

Equation II ..3 .5 can now be written in an appropriate 
Galerkin integral equation form, allowing for the 
symmetry of the problem, thus

2  y  ^ | ^ c +  My s/n  CEcS'/n ^ I f  j3^c o 5 )

M X

i n ,  ^ ^ 3 = 0

II.3.14



7 9 .

Substituting s/ri for S/n C/B̂  S/n in
the /^y term and replacing by the appropriate
derivative, that is

/3 =  sz-n L ?  =  S/Vz 11.3,15
A  ^

equation 1 1 .3*14 can be written in the following form, 
thus

ÙBgc/S, 5,X£3 cosE} y. 4. in
J C ^ A L. L ly  ' L, A
'O

" n\B^;alllcas^E^
ly )'^ £ £

- M a  s in  H U -  m A E e . L b  s l n i n  cos H I
^ £  I E ly  TT £  U

■ZEly ' £ £

^  ) 5/fz ~n d'̂ — o 11.3.16

LThe following polynomial expression for Mg at 'g = “  
that is,'half the applied torque at mid-span, in terms 
of ^  is obtained by solving equation II,3 .16, thus

~  /̂ fio "f" i>/ fief II • 3 • 1 7
9 = #
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where

a, = f-SJ/ . /S-S2B

-o-/S9 HlkJi y. o-zSf£ ÙlÉli
£Xy £Xx

ixi =  /. ojyy 4  ̂
lly

c, =  s.&at

II.3.18

A second solution for equations 11.3*2 for the 
same combination of bending moment and torque is 
presentpd in Appendix V I I I .1. A similar method of 
analysis is employed, but, in substituting for sin jB 
and cos the first two terms of their series form 
are used, that is,

Si.n/3 = B - --
3!
/B ̂C O S /B  r= / —  J---
O.Î 11.3*19

The expression obtained for Mg at g = ^  in terms of 
is of the following polynomial form, thus

L3 “ J  II. 3 0 20
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where
=  /'57/ Æ£1

L

-o . /5 e >  M x L  O’ZB//- n h z . 
£Xy Ely

i>2 =  /'OX7 JÉrHk
LXy 3 ,.2

Cz

-yo-/t/-z X _  o ■//(■& ExH. 
exy £Xx

c4 =  —  o- /o<;^7 -A Mx
LXy
2 z

Cg =  -0-OI&& m H  +  o o/jif- r
EXy Ely 11.3-21

LAs before, the value of ^ = 7  obtained from
equation 11,3.20, corresponds to half the applied 
torque at that position.

Equations I I .3.17 and I I .3.20 refer particularly 
to problems where the torsional behaviour is 
non-uniform and where the torsion bending constant C* 
for the beam cross-section is non-zero. In such 
cases, the variation of with g is nonlinear.
If the beam cross-section is of the form where the 
flanges all intersect at the one point, such as an 
angle or tee section, there is no flange warping during



8 2 .

torsion and for these sections /̂  = 0 . In such
cases, the torsional behaviour is uniform except at 
high values of bending moment and approximate solutions 
for equations II.3 .2 can be obtained by assuming a

d Blinear variation of S  with 3 , that is — =
a constant, thus

^3 — Ho -yl 11.3,22

Two solutions for equations 1 1 .3 *2 , assuming a linear 
variation of ^3 and following a similar analytical 
procedure as used to obtain the solutions 1 1 .3*17 and
1 1 .3 *20,' are detailed in Appendix VIII. 1 . In the 
first solution, sin ̂  and cos ̂  are replaced by ̂  
and 1 respectively, and in the second, the first two
terms of the sine and cosine series are used. The

Lrelationships found for Mg at g = ^ in terms of 
are as follows,

(i) Sin ̂  cosyS = 1

^  +  II. 3.23
3 = é

where
_  '2GC _  Q. IZS E l h  - I -  0-2-^2 Edz. 

L Ely Ely

■ bo =  A533 .4 ^ - î f
L ly
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M.

(fi E -  a
V A ly

0.̂  0^(ii) Sin £ = & —  cos/3 = /---L—
^  ^  5 /  Z f

'  ,

 ̂ _ 5

3 = #
where

/- £ X y  £X;

/>333 rfyMy
L l y

/2

1 1 .3.24

^  A  4- A  A  +  < % A  4- A A  +  A  A  I I . 3 . 2 5

OTA = _ 0 -12  ̂ 4. 0-JZ92

r  A X y ' ’ Ely

—  o  -2/7 MyL 
EX%

d u  =  - 0 - 1 3 3  
L X y

CL <2.

Oif.= -o-on^HHïIx 4- 0-0//-30 HElz
X-X/y EZy II. 3.26

The values of Mg at 'J = ^ found from equations
1 1 .3*23 and 1 1 ,3*25 correspond to half the torque 
applied at the mid-span position.

Equations 11.3*17, 11*3*20, 11.3*23 and 11.3*25 
describe nonlinear torque/angle of twist equilibrium
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paths. Typical forms of these paths for an extruded 
brass angle section, predicted by equation II.3 *23, 
are illustrated in F i g . 11.13* It can be seen that 
the nonlinearity of the paths increases as the bending 
moment is increased and,, as indicated by the M^,

and graphs, unstable equilibrium paths can
obtain. The significance of the unstable behaviour 
range is discussed later in the analysis of the 
problem of flexural-torsional instability of thin- 
walled open section beams.

The torque/angle of twist equilibrium paths for 
one particular bending moment predicted by each of the 
four solutions, are illustrated in F i g . 11.14* These 
graphs show that whilst the forms of the paths are 
similar there are significant quantitative differences 
between the various solutions. A detailed study of 
the applications and limitations of each solution is 
presented in Chapter IV where values predicted by the 
different solutions are compared with a range of 
experimentally determined torque/angle of twist 
relationships•
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I I .4 Flexural-Torsional Instability of Thin-Walled 
Open Section Beams

The torque/angle of twist relationships 
obtained from the analysis presented in the previous 
section, can be used to derive an expression for the 
value of bending moment that initiates flexural- 
torsional instability.

Referring to F i g . 11.15, it can be seen that, 
as the bending moment is increased, the turning point 
on the torque/angle of twist equilibrium path, which 
defines,the start of the unstable range of behaviour, 
occurs at smaller values of torque and angle of twist. 
Thus, as the bending moment is increased, it is 
theoretically possible to obtain an equilibrium path 
in which the turning point coincides with the origin, 
as illustrated by the path for bending moment .
This indicates that, at this value of bending moment, 
the beam is torsionally unstable and a flexural- 
torsional failure mode may obtain.

The slope of the equilibrium path at any point
is given by the derivative and at a turning

dfiç.
point, this slope will be zero, that is

d m  — o II.4.-1
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Thus if
/Ŝ 4* 6/%, 4- 4-

then CL ......  II.4 .2
c/A

If the turning point is to coincide with the origin of 
the equilibrium path, then ---  ̂=.0 at / ^  =  O . By

c/A>
substituting these values into equation XX*l\.,2, it can 
be seen that, for the condition of instability, the 
coefficient a must be zero.

Expressions for the coefficient a were obtained 
in the analysis presented in section 11,3• In one case 
the variation of the angle of twist /3 with g was 
assumed to be sinusoidal whilst for the second solution 
this variation was considered to be linear.

In the present analysis the beam is subjected to 
bending moment only and the angular deformation which 
obtains is due to torque components of the bending 
moment about the displaced axes of the beam as given

d ûby the term M — —  , This torque action varies
with g and thus the resulting torsional behaviour will 
be non-uniform even if the beam section is of a form 
which does not exhibit the warping deformation usually 
associated with non-uniform torsion. Thus the variation 
of the angle of twist jS with 'Z will be nonlinear and
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tne appropriate expression for tne coefficient a is 
considered to be tnat found from the analysis based on 
tne sinusoidal distribution of twist.

From equations 11.3.21 tne expression for tne 
coefficient a is

<2̂ =  /' S'// GC_ ^ /S- 5za £r>
£

—  0'/59 -h €>'25^^%^
11,4.3

and if a^ = 0 , tnen

^ o - / S g > _  0-2S^'
, £ I £y /

^  /' 6 7 /  Gc_ , /S -6 Z &  a r '
.L.

and tîius

£Jv f 9 g/g & Ç

or, in terms of 77^ equation II.4-5 becomes

CM,} .= n
/- / / _  3 j r ^ .  ^

/ <3*

1 1 .4.4

1 1 .4.5

1 1 . 4.6
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If the beam cross-section is of a form for which, 
the torsion bending constant f* is zero, such as an 
angle or tee section, then equation 11.4*8 can be 
written as

The following assumptions are made in using 
equations I I .4.3, 11.4*8 and 11.4*7 for the evaluation
of critical bending moment for flexural-torsional 
failure.

' (i) the beam cross-section has a .
value of I greater than IX *=> y

(ii) the ox axis is an axis of
symmetry or point symmetry of 
the beam cross-section

(iii) , the bending moment is applied 
in the y^ plane, that is, in 
the plane of greater flexural 
rigidity.
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CHA.PTER III

.EXPERIMENTAL INVESTIGATIONS
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The programme of experimental work was planned 
to provide physical substantiation of the theoretical 
analyses presented for linear and nonlinear, stable and 
unstable flexural-torsional behaviour of thin-walled 
open section beams. The tests performed are 
classified into four main groups as follows:

(i) stable behaviour - linear torque/
angle of twist equilibrium paths - 
angles of twist up to 0.15 radian

(ii) stable behaviour - nonlinear
torque/angle of twist equilibrium 
paths - angles of twist up to 
1,0 radian

(iii) stable and unstable behaviour - 
nonlinear torque/angle of twist 
equilibrium paths - angles of 
twist up to 1.5 radian

(iv) flexural-torsional failure due 
to applied bending moment.

In the first three groups of tests, the specimens were 
subjected to combinations of bending moment and torque 
that produced stress values within the elastic limit 
of the specimen material.
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I I I ,1 stable Behaviour - Linear Torque/Angle of Twist 
Equilibrium Paths - Small Displacements

A thin-walled mild steel lipped channel section 
was subjected to a range of different combinations of 
bending moment and torque. The experimental values 
of longitudinal stress distribution and angles of twist 
were compared with the corresponding values predicted 
by the approximate theoretical analysis.

The dimensions of the lipped channel section 
used in this group of tests are shown in Fig. I ll.1.
The valp.es of GC and E P  found for this beam were 
0.01905 X 10^.Ibf in^ and 134 % 10 Ibf in^
respectively and using a test span of 6* - 0" ,
A.L = 0.86.

Details of the experimental rig in which the 
beam was tested are shown in F i g . I ll.2. The design 
requirements of this rig were based on the desired 
support conditions of the beam with respect to bending 
and to torsion, that is,

'( i ) simply supported for bending actions
(ii) free to warp but with angular

deformation restrained for torque 
actions.
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These conditions were achieved by supporting the beam 
in thin aluminium alloy diaphragms as illustrated in 
Fig, III.3- These diaphragms were held in ’anti­
torque* frames which rested on the main test bench.
The frame at one end was provided with a set of roller 
bearings and its counterpart at the other end was 
attached to a knife edge, prepared from a short length 
of T-section, To prevent angular deformation at the 
ends of the test beam, the extremities of the anti­
torque frames were attached to cross-beams forming part 
of the main test bench.

Various combinations.of bending moment and 
torque were applied to the beam by suspending weights 
from different positions on the aluminium discs clamped 
to the web of the beam by the screw jacks and spreader 
bar arrangement, illustrated in F i g . III.4 . The 
position of the rectangular hole cut in the disc was 
such that the centre of the disc coincided with the 
centroid of the beam cross-section.

This loading arrangement made it possible to 
load the' beam in a vertical plane containing the shear 
centre and thus obtain the condition of bending with 
no torsion'relative to the shear centre axis. By 
moving the load away from this position, values of
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torque about the shear centre with the same value of 
bending moment, could be applied simultaneously by the 
one system of loading.

The dis tribution of longitudinal strain at 
three cross-sections of the beam was-measured using 
electrical resistance strain gauges attached in pairs 
to either side of the web, flanges and lips of the 
section, placed as indicated in Fig. III.5* - The
location of the gauged cross-sections relative to one 
end of the beam is also shown in F i g . III.5» Each 
pair of gauges was connected in series and strains due 
to local bending deformations were thus self 
cancelling and were not recorded. Readings from the 
strain gauges were recorded on a multi-channel battery 
operated strain bridge.

Angles of twist were measured by the reflected 
image technique. The variation of this deformation 
along the span of the beam was obtained by recordings 
at eleven equally spaced positions along the span.
The mirrors required for this system of angular 
deformation measurement, were attached to the web of 
the beam at the point of intersection with the 
horizontal axis of symmetry of the cross-section.

The test programme was arranged to give both
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symmetrical and nnsymmetrical distributions of bending 
moment and torque about the shear centre axis. The 
load positions are detailed in Pig. I l l .6. In each 
case the loads were applied in six different vertical 
planes, one of which contained the shear centre. The 
positions of these load planes are indicated in 
Pig. I l l .7• Thus, the complete test programme allowed
for eighteen different combinations of bending moment 
and torque relative to the shear centre axis, including 
three cases of zero torque.
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I II.2 Stable Behaviour - Nonlinear Torque/Angle of
Twist Equilibrium Paths - Large Displacements

This aspect was investigated initially in the 
stable behaviour range by a series of tests on a 
1,5” X 0.75” X 0 .064” mild steel cold formed channel 
section beam.

The tests were performed in a modified version 
of the experimental rig used for the small displacement 
investigation of the larger lipped channel section beam. 
The test arrangement is shown in Fig. I l l . 8. As ,
before, the beam was held in diaphragm supports at each1
end of the test span. In this case, however, the 
loads were applied at the ends of the beam outwith the 
test span. This created a four point load system 
which could produce a constant value of bending moment 
over the test span as was considered in the theoretical 
analysis. In order to obtain the condition of bending . 
with zero torque, the loads had to be applied in the 
vertical plane through the shear centre. This was 
achieved by an aluminium disc and pin arrangement 
clamped to the web of the beam as shown in Fig. III.9- 
The bending moment loads were suspended from the pin 
which, in turn, coincided with the shear centre of the 
beam cross-section.
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Torque was applied to the beam at the mid-span 
position using the disc and pulley system as 
illustrated in Fig. III.10. In this arrangement, the 
centre of the disc coincided with the shear centre 
position and thus, the torque was applied about the 
shear centre axis, The direction of the applied 
torque could be reversed by interchanging the pulley 
brackets and cable system.

The support conditions for the test span were 
considered to be

•(i) simply supported for bending actions 
l(ii) free to warp but with angular

deformation restrained for torque 
actions.

In the tests, the angle of twist at the mid-span 
position was measured by an adjustable vernier 
protractor and level bubble, attached to the torque 
application disc. The horizontal and vertical 
deflections of the shear centre at the mid-span 
position were measured by dial gauges connected to the 
shear centre pin of the torque application disc by thin 
wire .

The test programme was designed so as to obtain
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torque/angle of twist equilibrium paths at the mid-span 
position for different applied bending moments, 
including the case of zero bending moment. The 
specimen was twisted in both the positive and negative 
directions and at each increment of torque, the angle 
of twist and the deflections of the shear centre at the 
mid-span position were recorded.

The form of the applied loading on the test span 
is shown in Fig. Ill.11. The values of for which
torque/angle of twist equilibrium paths were measured, 
were 500, 750 and 1000 in Ibf, The direction of the
bending^ moment at any section was negative according to 
the present sign convention.
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III.3 stable and Unstable Behaviour - Nonlinear 
Torque/Angle of Twist Equilibrium Paths - 
Large Displacements

The typical form of a torque/angle of twist 
equilibrium path in the stable and unstable ranges, as 
predicted by the theoretical analysis, is shown in 
Eig. III.12. In this graph, it is seen that for
certain values of torque, the corresponding value of
twist is not unique, for example, torque T.j 
corresponds to three angles of twist and
This type of equilibrium path cannot be obtained by the 
usual procedure of applying increments of torque and 
measuring the corresponding angles of twist. If this 
technique were employed, the stable path would be
followed up to the turning point a , after which any
further increase in the torque would cause the beam to 
twist through to the position b . The portion of the 
path below the line ab would not be measured.

However, for any angle of twist, the 
corresponding value of torque is unique. This 
condition can be utilised in the development of an 
experimental technique for measuring the complete 
equilibrium path. In this technique, a controlled 
deformation loading system is used whereby increments
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of angular displacement are applied and the 
corresponding values of torque recorded.

The arrangement of the experimental test rig 
designed for this form of controlled deformation 
loading is shown in F i g . II1.13(a-). The load 
conditions were similar to those used in the small 
channel investigation, that is, a four point load 
system producing constant applied bending moment over 
the test span, with a torque action at the mid-span 
position. The beam was held in gimbal supports, as 
shown in F i g . 13(h), which allowed rotation about the
X and; y axes but prevented angular deformation, 

that is, rotation about t h e - a x i s  , The portion of 
the beam between the gimbal supports was treated as the 
test span. Thus the gimbal supports replaced the 
diaphragm arrangements used for the channel tests.
This new form of support was adopted so as to provide 
a more stable test arrangement since any distrubance 
of the test beam when loaded in the unstable range, 
could upset the equilibrium of the system.

In order to obtain the simply supported 
conditions for bending actions, as considered in the 
theoretical analysis, the gimbal support at one end of 
the test span rested on rollerso Thin-walled equal .
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angle sections were used as test beams. This form of 
cross-section was selected for two reasons.

(i) The shear centre of an angle is 
located at the same point 
irrespective of the flange size, 
that is, at the apex of the angle.
This condition made it possible 
for the one form of opening to be 
cut in the loading discs and the 
central plates of the gimbal supports. 
This opening allowed for a range of 
angle sizes with the apex coinciding

I * ■

with the centre of the disc or'plate 
in each case.

(ii) The flanges of an angle section
intersect at one point and for this 
form of thin-walled section the ■ 
torsion bending constant is zero.
This implies that warping 
deformations do not obtain and any 
restraint of such deformations that 
might be provided by the clamping 
arrangement in the central plate of 
the gimbal support, does not have to 
be considered. Thus, the support
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conditions for torque action 
are consistent with those 
assumed for the theoretical 
analysis.

Extruded brass angle sections were used as test 
specimens. This material was selected so that the 
desired large displacement behaviour could be obtained 
at relatively low values of bending moment, torque and 
corresponding stresses.

The bending moment loads were applied at the 
extreme ends of the test beam by means of an aluminium 
disc, wire loop and pulley wheel as shown in Fig.
1 1 1 .13(c). This arrangement ensured that the load 
acted through the centroid of the disc at all times.
The disc was clamped to the angle section so that the 
shear centre of the angle coincided with the centroid 
of the disc. In this way, the loading was in a plane 
containing the shear centre and pure bending actions 
only were applied over the test span length of the 
beam.

The controlled deformation equipment used for 
measuring the torque/angle of twist equilibrium paths 
at the mid-span position is shown in F i g . XII.I4 . The 
system comprised a cable continuous round seven pulley
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wheels and attached at each end to opposite extremities 
of a diameter of an aluminium disc clamped to the 
mid-span section of the test beam. The centroid of 
the disc coincided with the shear centre of the angle 
section. By moving the pulley wheel P^ in the 
direction as indicated in Fig. Ill .14* a. rotation of 
the aluminium disc was produced. The increment of 
angular deformation was proportional to the movement 
of the pulley wheel. A secondary pulley system S was 
also provided, by which torques could be applied in the 
opposite direction to that of the main pulley system.
The pulley wheel was used to apply weight to

I
counterbalance the load effect of the torque disc and 
its attachments.

Angular deformation of the mid-span section was 
measured by a low-start torque potentiometer attached 
to the torque disc. The free end of the potentiometer 
brush spindle carried a steel spline pendulum and as 
the disc rotated this pendulum remained vertical.
This produced, in effect, a rotation of the 
potentiometer brush equal to the angular displacement 
of the disc. The change in signal from the 
potentiometer was metered on an ultra-violet 
galvonometer recorder.
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The torque for any angular displacement was 
evaluated from the product of the disc diameter and 
the cable force. This force was measured using a 
specially prepared spring steel dynamometer connected 
into the main pulley cable system as, shown in 
Fig, 1 1 1 .14. Four electhical resistance strain 
gauges were attached to the dynamometer at positions 
of maximum strain and formed a complete bridge circuit. 
The change in signal from this bridge, which was 
proportional to the cable force producing the strain 
in the dynamometer, was fed into a second channel of 
the ultra-violet galvonometer recorder. The 
dynamometer was fitted with a spring, as shown in the 
figure, to prevent deformations large enough to produce 
a nonlinear load/strain calibration. The stiffness of 
the spring used depended on the maximum cable forces to 
be measured in any particular test.

The sensitivity of both the twist and torque 
measuring devices was controlled by varying the current 
voltage supplied to them. Both devices were 
calibrated prior to the start of each test run.

Surface strains of the test beam at selected 
positions were measured using electrical resistance 
strain gauges. The gauges were of the foil type, % in
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gauge length, and 110 ohm resistance, and were attached 
in the form of 45° rosettes in the positions as 
indicated in Fig. I l l ,15• The readings from the 
strain gauges were recorded by means of a 100-channel 
data logging system which gave printed records of 
results. The maximum rate of recording provided by 
the system was 10 channels per second. The block 
layout of this system is shown in F i g . I l l .16 and the 
actual equipment is shown in F i g . I l l .17. The 
horizontal and vertical deflections of the mid-span 
section of the test specimen were measured by dial 
gauges attached by wires to a pin fixed on the 
horizontal diameter of the disc behind the apex of the 
angle. Using the dial gauge readings in conjunction 
with the corresponding measured angle of twist the 
position and orientation of the mid-span section could 
be determined.

The theoretical analysis has indicated that when 
the beam is subjected to combined bending and torsion, 
the form of the torque/angle of twist equilibrium path 
varies with the direction of twist. It has also been 
shown that at large values of bending moment the 
torque/angle of twist equilibrium path may be of the 
type illustrated in F i g . I ll.18. It can be seen from
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this graph that in the unstable range of behaviour the 
direction of the torque may be reversed for the same 
direction of twist.

The test procedure adopted, enabled the 
measurement of the equilibrium path for both directions 
of twist and allowed for the possible condition of 
torque reversal at large applied bending moments.
This procedure is illustrated in Fig. III.19. The beam, 
with the bending moment loads applied, was initially 
twisted in the negative torque direction using the 
secondary pulley system. Increments of angular 
deforma;bion in the positive . direction were then applied 
starting from this initially twisted position.
Recordings of torque, angle of twist, deflections and 
strains were made at each increment of deformation.

This test procedure effectively displaced the 
base line of the torque/angle of twist equilibrium path.
To obtain the appropriate interpretation of the results,

\that is, where the origin of the path corresponded to 
the axis of symmetry of the angle lying in the 
horizontal plane, the base line had to be raised by an 
amount equal to the value of the initially applied 
negative torque. The point of intersection of this new 
base line with the equilibrium path, corresponded to the
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appropriate origin, as shown in F i g . III. 19* In the 
case of torque reversal, the test could he performed 
with the main cable system always in tension by 
applying an initial negative torque greater than the 
magnitude of the torque reversal. The test equipment 
is shown in F i g . III.20.

The full experimental programme comprised a 
series of tests on equal angle sections with flange 
sizes of 1, 1.5 and 2 in. and thicknesses ranging from
0.0375 to 0.0846 in. Individual tests were performed 
a number of times, to check the repeatability of the 
experimental system.

Details of the material and section properties 
of each specimen are given in Appendix VIII.4* The 
experimental techniques used for measuring the combined 
material and section properties FI^ , FI^ and GC , 
are described in Appendix VIII.3•
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III.4 Flexural-Torsional Failure of Thin-Walled Open
Section Beams due to Applied Bending- Moment

In order to obtain experimental values of 
bending moments causing flexural-torsional failure of 
thin-walled open sections, a series of tests were 
performed on a range of thin-walled, cold rolled steel, 
equal angle section beams. The angle section was 
selected so that the tests could be carried out in the 
experimental rig used for the tests on the brass angle 
s actions.

The angle specimens were held in the gimbal 
supports and were tested by applying increments of load 
at the extreme ends of the beam outwith the test span, 
until failure, defined as the maximum load carrying 
capacity, occurred. The loads were applied by the 
disc and pulley arrangements used in the previous group 
of tests. Thus, as before, the test span was 
subjected to a constant value of bending moment in the 
plane of greater flexural rigidity containing the shear 
centre- Torque actions were not applied to the beam. *

The horizontal and vertical deflections and angle 
of twist of the mid-span section were measured at each 
increment of load. These measurements were obtained
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by clamping the torque disc of the controlled 
deformation system to the mid-span section and 
employing the dial gauges and potentiometer device 
used in the previous investigation. As before, the 
position and orientation of the mid-span section could 
be determined by analysing the dial gauge readings in 
conjunction with the corresponding angle of twist.
The main and secondary pulley systems were not 
connected to the torque disc. The single pulley system 
used to counterbalance the load effects of the torque 
disc and its attachments was included in setting up the 
test equipment. The test rig, with an angle specimen

I
in its position at failure, is shown in Fig. III.21.

The complete experimental programme comprised 
tests on angle sections with flange sizes of 1, 1.5 and
2 in, five specimens of each size being tested. All 
the sections were nominally 16 S.¥.G. in wall thickness. 
Details of the material and section properties of each 
specimen are given in Appendix V I I I . 4..
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CHAPTER IV

COMPARISON OE THEORETICAL AND EXPERIMENTAL RESULTS
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The experimental investigations have been 
considered under four principal test groupings and the 
comparison of the theoretical and experimental results 
is presented under the same headings, Unless 
otherwise indicated the comparison is presented in 
graphical form showing experimental results plotted as 
points with respect to the corresponding theoretical 
values shown as a full line. The complete 
experimental results are given in Appendix V I I I ,5•

I V .1 Stable Behaviour - Linear Torque/Angle of Twist 
Equilibrium Paths - Small Displacements

The experimentally determined distributions of 
angle of twist and longitudinal stress in the lipped 
channel section agree well with the corresponding 
theoretical values. The analysis used for 
calculating these theoretical values was based on the 
analogy between the problems of simple bending and 
restrained torsion of beams discussed in Chapter II, 
section 1, and, since A L  1 , the St.. Venant 
torsional rigidity GC was neglected.

Angle of Twist
Typical variations of angle of twist with 

applied torque, for each of the three different load
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cases, are sîiowu in Fig. IV. 1 . The experimental 
values show a linear torqne/angle of twist relationship. 
In cases (l) and (11), where the measured twist is at 
a position of applied torque, the experimental 
observations tend to be slightly higher than the 
corresponding theoretical values. This condition is 
not so apparent in case (ill) where the position of the 
measured twist was some distance from the loaded 
sections. This would appear to imply a localised load 
effect. The distributions of twist along the length 
of the beam for the maximum applied torque in each load 
case is shown in F i g . IV.2. It can be seen that thei
general tendency is as before, for the measured twists 
to be slightly greater than the predicted values at or 
near the applied load and torque positions. The 
distributions of angle of twist along the beam span for 
the complete range of applied torques for all load 
cases are shown in Graphs/l/3,4 and 3 in Appendix VI11.5.

Longitudinal Stresses
The variation of longitudinal stress with 

applied,torque at different positions on a cross-section 
is shown for a typical case in Fig, IV.3- It can be 
seen that the relationship between the change in 
longitudinal stress and applied torque is linear. The
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maximum changes in stress occur at the junctions of the 
web and flanges and at the edge of the lips. This 
condition is consistent with the distribution of the 
'sectorial co-ordinate’ which has maximum values at 
these positions, as illustrated in P i g . IV.4 .

The results presented in Fig. IV.3 are shown 
isometrically in F i g . I V .5 where the typical form of 
longitudinal stress distribution, associated with 
restrained warping behaviour, is more clearly 
illustrated. The distributions of longitudinal stress 
in the upper flange at the three strain gauged sections, 
for case (l) loading with maximum applied torque, are 
shown in Fig. I V .6. As expected from the theoretical 
analysis, these distributions are proportional to the 
corresponding values of moment and bi-moment at each 
section. The complete detailed results of the stress 
distribution investigation for all combinations of 
bending moment and torque, at the three strain gauged 
sections are shown in Graphs/I/8 to 16 inclusive, in 
Appendix VIII.5*

it can be stated that, in general, the 
experimentally determined distributions of longitudinal 
stress in the channel agree closely with the predicted
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values. These latter values have been calculated 
from the expressions presented in the theoretical 
analysis (equations I I .1.6), that is

q  __ ^  " IV. 1.1
r
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I V .2 Stable Behaviour - Nonlinear Torque/Angle of 
Twist Equilibrium Paths - Large Displacements

The tests performed in this section of the 
experimental investigation were devoted to the 
measurement of angle of twist and shear centre 
displacements at the mid-span position of a small 
channel section beam.

Angle of Twist
In the first instance the beam was subjected to 

a concentrated torque action at the mid-span position
and the corresponding angles of twist at mid-span were

\

recorded. The results are shown in P i g . I V .7• It 
can be seen that the experimental values show a linear 
torque angle of twist relationship and agree closely 
with the values calculated from the expression given in 
the theoretical analysis (equation II.1.21), that is,
at g = jL

z
JS T-f-anh ^  TL=  —  + ______________ z.

IV.2.1

The corresponding theoretical values of jS obtained 
from the approximate solution, which neglects the 
St. Venant torsional rigidity GO that is, at g = —
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SP  =     IV. 2 .2
<.==6 ^ 3 £ r
^  2.

are also shown in Pig. I V .7• For this case, the
approximate analysis yields values of twist much
larger than the experimental values.  ̂ This result is
to be expected since, for the small channel used,
A l  = 12.7 and, as shown in Pig. IV.8, the true value

of the angle of twist coefficient f^ ( = B *— , ) for
TI:

this value of A  L is 0.00126 compared with the 
approximate solution value which is constant at 0.0208

The torque/angle of twist relationship at the
I

mid-span position, when the beam is subjected to a 
constant bending moment - 1000 in Ibf over the
entire test span is shown in Pig. I V .9• This 
relationship is nonlinear and consequently, as is 
shown, it does not agree with values predicted by the 
linear solution for , given by equation I V .2.1.
Theoretical values of torque and corresponding angle of 
twist at the mid-span position obtained from the single 
term Galerkin solutions of the generalised differential 
equations of bending moment and torque equilibrium 
(equations I I .2.9), are also illustrated in P i g . IV.9* 
The experimental observations agree closely with the 
theoretical values given by the solution which
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considered the first two terms of the sine and cosine 
series. In the case of the solution where only the 
first terms of the sine and cosine series were 
employed, good agreement with experimental values 
obtains up to angles of twist of approximately 0.23 
radian.

The test results for the combined loading case 
also illustrate the predicted variation of the torque/ 
angle of twist relationship with the direction of twist. 
Thus, for a positive angle of twist of 0.4 radian at 
mid-span, the corresponding applied torque is 
approximately 39 in Ibf, whilst for the same angle of 
twist in the negative direction, the applied torque is 
approximately 34 in Ibf. The results of similar tests 
for values of bending moment of 300 and
730 in Ibf are shown in Graph/2/4 in Appendix V III.3*

Shear Centre Displacement
The predicted path of the shear centre at the 

mid-span position for both positive and negative 
torques, at bending moments of 300 and 1000 in Ibf
are shown in Pig. I V .10. The theoretical values of 
deflection in the displaced axial direction x ’ and y ’, 
at different angles of twist at mid-span, were found 
from the solution of the first two of equations II.2.9*
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The experimental observations show good agreement in 
form with the predicted values, but tend to deviate 
quantitatively at angles of twist above approximately 
0.4 radian.

This deviation is also observed in the results 
of similar flexural-torsional tests on the brass angle 
section beams. In the analysis.of these tests, 
presented in the following section, a possible 
explanation of the discrepancy between the measured 
and predicted deflections is discussed.

The small channel section tests, which have been 
discussed, were undertaken only as a preliminary study 
of nonlinear flexural-torsional behaviour. The more 
detailed experimental investigation of both stable and 
unstable nonlinear flexural-torsional behaviour was 
accomplished using the brass angle sections and the 
controlled twist testing technique.
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I V .3 stable and Unstable Behaviour - Nonlinear 
Torque/Angle of Twist Equilibrium Paths - 
Large Displacements.

In the tests performed on the brass angle 
section beams, measurements of torque, angle of twist, 
deflection and strain were recorded. The specimens 
were subjected to different values of bending moment

constant over the entire test span. The torque/ 
angle of twist equilibrium paths and the vertical and 
horizontal deflections were measured at the mid-span 
section and the strains near the edge of both flanges, 
on each;face, were recorded at a section 12 inches from 
the mid-span position. The results of these tests are 
shown in Graphs/3/1 to 18 inclusive in Appendix VIII.5*

Angle of Twist
'The torque/angle of twist equilibrium paths 

illustrated the predicted nonlinear forms as shown for 
a typical case in P i g . I V .11. The variation of the
torque/angle of twist relationship with the direction 
of twist is also observed. Theoretical values were 
obtained from the solution which considered the first 
two terms of the sine and cosine series, that is, 
equation 11.3*20 in which the variation of p  with g 
was assumed to be sinusoidal and equation 1 1 .3*25 which
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was based on a linear variation of p  with ^ . It
has been noted that for an angle section subjected to
pure torsion, warping displacement does not obtain and
theoretically the value of the torsion bending constant
is zero. Thus, a linear variation of p, with g is
to be expected, that is, -/- is constant. However,cf̂
in the presence of bending actions, the axial 
displacement of the beam gives rise to torque components 
due to the applied bending moments, namely, M ,—— .

i/*and M . —:—  as indicated in the last of equationsy
I I .2.9* These components effectively produce the
condition of a beam subjected to a varying distributed

! c /0torque along the span. In this situation -— —  is
no longer constant and the solution assuming a linear
variation of p  with ^ would not apply.

If the applied bending moment is small, then the 
additional torque components will be correspondingly 
low and the overall torsional behaviour will remain 
predominantly uniform. As the bending moment 
increases, the additional torque components become 
larger and more pronounced relative to the applied 
torque. At this stage the torsional behaviour will 
tend to be non-uniform and a theoretical solution 
based on the sinusoidal variation of p  with g might 
yield more acceptable results.
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This condition is illustrated in the typical 
results shown in Fig. T V .11. At the lowest value of 
applied bending moment of 200 in Ibf, the experimental 
results agree well with the values predicted by the 
solution which assumed a linear variation of p  with 
g . In the case of the maximum applied bending

moment of 400 in Ibf, the experimental observations 
agree with the values predicted from the solution based 
on a sinusoidal variation of p  with g . The 
measured values for the intermediate applied, bending 
moment of 300 in Ibf tend to lie between the theoretical 
paths corresponding to the two assumed forms of 
variation of p  with ^

The approximate limit of application of the
linear variation solution can be assessed, for the
present group of test results, in relation to the value
of critical bending moment for flexural-torsional
instability. The value of M for each specimen hasc
been calculated from equation II.4«7*. It can be seen 
that the linear variation solution generally yields 
acceptable results for applied bending moments in the 
range 0 ^  <C 0.4 . The experimentally
determined torque/angle of twist equilibrium paths for
the 1 inch specimens A .1 and A.2‘ (Graphs/3/1 and 2,
Appendix VIII.5) show a tendency to deviate from the
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appropriate theoretical path when the applied bending
moment M is in the range 0.8 M </ M M , InX c ^ X ^ c
this range, the effect of any initial irregularities
in the specimen would be most pronounced and could give
rise, at least in part, to the observed deviation. It
is to be noted, however, that the form of these paths,
is still as predicted. In particular, the paths for
bending moments approaching the critical value indicate
that the turning point, defining the limit of the stable
behavioural range, tends to coincide with the origin.
This condition is consistent with the analytical
approach used in the derivation of the expression forI
critical bending moment given by equation 11.4*5•

In the preliminary investigation using the small 
channel section, it was shown that the solution based 
on the first terms only of the sine and cosine series 
was limited to angles of twist in the range 0 <C 0.25
radian approximately. This limitation is also observed 
in the results of the angle section tests. This is 
illustrated in Fig. I V .12, which gives the results of 
a typical test for which a theoretical solution based 
on a sinusoidal variation of p  with g was applicable. 
It can be seen that, for the complete range of 
measurement, the experimental observations agree with
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the theoretical values found from the solution based 
on the first two terms of the sine and cosine series. 
Agreement with the corresponding theoretical values 
obtained from the solution based on the first terms 
only of the sine and cosine series is again limited to 
angles of twist in the range 0 <C 0.25 radian
approximately. A similar limitation of the range of 
applicability of the solution using the first terms of 
the sine and cosine series is also found in the
analysis based on a linear variation of p  with g as
illustrated in Graph/3/20 in Appendix VIII <> 5 •

The experimentally determined torque/angle of 
twist equilibrium paths also illustrate the necessity 
for including all the additional torque effects in the 
generalised differential equation of torque equilibrium, 
that is, the last of equations 11.2.9- A typical 
experimental path is shown in Fig. I V .13 where the 
value of the applied bending moment corresponds to 
0.78 . In this case, the appropriate theoretical
solution is based on a sinusoidal variation of p  with 
g . It can be seen that the form of the

theoretical path predicted by the solution in which 
the A? term is the only additional effect considered,
does not agree with the experimental observations.
The alternative theoretical path found from the solution
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which considered all the additional effects agrees well 
with the measured values. The difference between such 
theoretical solutions is not so pronounced at values of 
bending moment less than O .4 where the solution is 
based on a linear variation of p  with /g , as 
illustrated in Graph/3/22 in Appendix VIII.5* This 
would indicate that, apart from the /<? term, the 
predominant additional effect is that arising from the 
torque components of the applied bending moment, due to 
axial displacement.

The remaining additional effect, that is the 
longitudinal stress system arising from the ’shortening 
effect’; would appear to be of less importance, 
particularly in the range of angular deformation 
considered in the present test group. This hypothesis 
is further illustrated in the results of a torque test 
at zero applied bending moment shown in Fig. I V .14•
In this test, the experimental values indicate a linear 
torque/angle of twist relationship in the range 
0 <C ^  1.3 radian approximately and good agreement 

with theoretical values found from the simple expression
^ TL

is obtained. At values of twist greater than 1.3 
radian, the apparent increase in torsional rigidity due
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to the longitudinal stress system of the ’shortening 
effect’ can be observed, although it is still 
relatively small.

Shear Centre Displacement
The comparisons between the experimentally 

observed and predicted paths of the shear centre, that 
is, the apex of the angle at the mid-span position, are 
shown in Graphs/3/7 to 12 inclusive in Appendix V III.5•
A typical case is illustrated in Fig. I V .15 where, as 
in the case of the small channel tests, the values of 
deflection in the direction of the displaced axes x ' 
and y ''^ere found from the first two of equations 
11.2,9• The experimental observations again show good 
agreement in form with the predicted values but tend to 
deviate quantitatively at angles of twist above 
approximately 0,4 radian.

A possible explanation of this deviation is 
suggested by the results of the torsion test with zero 
bending moment previously discussed in relation to the 
’shortening effect’. In this test the position of the 
mid-span section was recorded at each increment of 
torque and corresponding twist. The relative positions 
of torque disc pin, apex and centroid of the angle 
section at different angles of twist are shown in
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Fig. I V .16, It can be seen that, as assumed in the 
theoretical analysis, the section twists initially 
about the shear centre, that is, the apex. However, 
the position of the centre of twist does not remain 
fixed and deviates from the apex at an angle of twist 
of approximately 0.4 radian.

This would introduce additional body rotation 
effects not considered in the theoretical analysis for 
the deflection path and could explain the observed 
deviation in the test results.

Longitudinal Stresses
I

The values of stress obtained from the analysis 
of the strain gauge rosette readings at each increment 
of twist agreed closely with predicted values for each 
specimen as shown in Graphs/3/13 to 18 inclusive, in 
Appendix VIII.5- A typical case is shown in F i g . I V .1 ?. 
The theoretical values of stress were found by 
determining the angle of twist at the strain
gauged section in terms of the value at mid-span, using 
the relationship

IV.3.2

and then computing the longitudinal stresses due to the 
bending moment components cos and sin p^
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using simple bending theory. The appropriate 
algebraic sum of the resulting stresses is compared 
with the measured values. The agreement between the 
experimental and theoretical stresses illustrate that, 
as expected, warping stresses do not obtain in the 
angle section. The results would also indicate that 
longitudinal stresses due to the 'shortening effect* 
are negligible in the range of angular deformation 
obtaining in the present group of tests.
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I V •4 Flexural-Torsional Failure of Thin-Walled Open 
Section Beams due to Applied Bending Moment

In this group of tests, three series of mild 
steel equal angle section beams were tested to failure 
under the action of pure bending moment constant over 
the entire test span. The three different flange 
sizes considered were 1, 1-J- and 2 inches and all the
specimens were nominally 16 S.W.G. in thickness.

In each test the deflections and angle of twist 
of the mid-span section were recorded for every 
increment of applied bending moment. These results 
were then used to plot the true path of the mid-span 
section in the xy plane, as illustrated for a 
typical test in Fig, I V .18. It can be seen that the 
displacement of the mid-span section is initially in 
the vertical direction only. As the bending moment is 
increased horizontal deflection and angular deformation 
develop. This form of deformation behaviour is 
consistent with that expected from specimens which 
have initial irregularities. If such imperfections 
were not present then, theoretically the beam 
deformations for this type of loading would be 
restricted to deflection in the vertical plane only.
In the present series of tests this plane corresponds
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to that containing the minor principal axis of the 
beam.

The relationships between the applied bending 
moment and the horizontal deflection of the apex and 
the angle of twist, at the mid-span -section for the 
same typical test are shown graphically in Pig, I V .19• 
The curves are seen to approximate to rectangular 
hyperbolae and using the inverse plot technique 
developed by SOUTH¥ELL^^, the approximate straight line

e Sprelationships, d//^ — r and &C   are obtainedM  /y]
as shown in P i g . IV.20. The slope of these lines was 
taken as defining the value.of critical bending moment 
causing flexural-torsional instability. In this way 
two values of critical bending moment were determined 
experimentally for each specimen. It is to be noted

rthat the slope of the of/ pC line is apparently
independent of the point on the axis of symmetry of the 
beam cross-section for which the horizontal deflection 
is taken. This is shown in P i g . IV.21 where lines 
corresponding to the horizontal deflection of both the 
apex and the centroid are shown and are seen to be 
parallel.

The experimentally determined values of critical 
bending moment are shown for each specimen in columns .
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S P E C I M E N

C O L L A P S E

M

E X P E R I M E N T A L  
I N V E R S E  P L O T

T H E O R E T I C A L

P R A N D T L
M I C H E L E R E I S S N E R G O O D I E R

P R E S E N T  
T H E S I S  

E O N .  I I . 4 .7

(1) (2) (3) (4) (5) (6) (7)

gcn
\o
%

X

A. 1 9 6 0 8 9 0 9 0 5 7 6 0 8 8 0 1 4 4 0 9 8 5

A . 2 9 6 5 9 5 0 9 3 5 7 5 5 8 7 0 1 4 0 5 9 8 0

A . 3 1 0 6 0 8 7 0 9 0 0 7 1 0 8 2 0 1 3 3 0 9 1 5

A . 4 1090 8 6 0 8 4 0 7 0 5 8 1 0 1 3 0 0 9 0 5

A . 5 1 0 9 0 1 0 3 0 8 6 5 7 0 5 8 1 0 1 3 0 0 9 0 5

sC/)

X
h In
X

h|w

B. 1 2 4 6 0 2 4 6 0 2 4 0 0 1 7 0 0 1 9 4 0 1 3 1 0 2 1 6 0

B . 2 2 4 6 0 2 4 4 0 2 4 1 5 1 7 1 0 1 9 5 0 1 3 2 5 2 1 9 0

B . 3 1980 2 0 2 5 2 0 6 0 1 4 4 0 1 6 4 5 1 0 0 0 1 8 2 0

B . 4 1 9 5 0 1975 1 8 6 5 1 4 6 5 1 6 7 5 1 0 4 5 1 8 4 0

B . 5 1 9 8 0 1 9 5 0 2 0 8 0 15 1 5 1 7 3 0 1 0 7 5 1 9 2 0

g  'CO
\o
X

X

0. 1 4 7 3 0 5 1 3 0 5 4 0 0 3 5 4 0 4 0 6 0 1 7 1 0 4 5 3 0

C .2 4 9 6 5 5 5 1 0 5 180 3 5 6 0 4 1 0 5 1 7 0 0 4 6 0 0

C . 3 4 6 0 0 5 4 2 0 5 6 0 0 3 5 6 0 4 1 0 5 1 7 2 5 4 6 0 0

C .4 2 3 8 5 4 4 2 0 2 3 8 0 2 9 4 0 3 3 8 0 1 2 7 5 3 7 5 0

C .5 2 2 8 5 3 1 8 0 2 4 6 0 2 9 4 5 3 3 8 0 1 2 8 0 3 7 5 0

All values are given in in Ibf 

TABLE I V .1
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2 and 3 of Table I V .1. This table also shows 
theoretically computed values of critical bending 
moment using the expressions presented by Prandtl 
Michell, Reissner and Goodier and also using equation
I I .4-7 derived in this thesis.

On examination of these values it can be seen
that,

(i) the experimentally determined values
C , ,of M obtained from ùH and

 ̂ Cr> ^
qC — are generally closely ̂ /y/

comparable and 
(ii) of the theoretically predicted M c

values the one found from equation
11,4-7 gives the best agreement with 
the experimental values.

The collapse moment values are shown in column 1 
of the same table. Comparison of these values with the 
experimentally and the relevant theoretically determined 
values of critical bending moment shows, with the 
exception of tests 04 and 05» acceptable correspondence. 
This implies that for the specimens in the dimensions 
proportion range, that is, width to thickness and depth 
to length, covered by the test programme, the value of 

obtained theoretically from equation 11.4-7 may be
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taken as representing the maximum load carrying 
capacity. The post critical load carrying capacity 
margin of the sections investigated is obviously 
minimal and in fact, due to the effect of initial 
irregularities already discussed, collapse loads in 
some cases tend to be slightly lower than the 
corresponding experimentally predicted values.

In sections 04 and 05 the mode of failure was 
different to that of all the other test specimens.
This was manifested by the angle of twist developed in 
these sections being such as to result in a progressive 
reduction in the effective torsional rigidity, 
culminating in a snap through failure. This condition 
is clearly illustrated by the divergence of the 
critical bending moment values predicted from the 
experimental results, based on horizontal deflection 
and angle of twist respectively.



CHAPTER V

PRACTICAL DESIGN APPLICATIONS
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It has been shown, that if a thin-walled open 
section beam is loaded in a plane not containing the 
shear centre, the resulting longitudinal stress system 
can only be determined by considering both bending and 
torsion effects. In practical design analysis this 
form of flexural-torsional behaviour will be in the 
small displacement range and the distribution of 
stresses can be evaluated by the methods presented in 
Chapter II, section 1. The various factors which 
have to be considered in this approach to flexural- 
torsional analysis are indicated in the following
calculations for the safe load values of a thin-walled

1
open section beam carrying a uniformly distributed load

The beam section considered is a 10 in x 2 in x 
14 S.¥.G. (t = 0.08 in) channel section as shown in 
Pig. V .1 and has. a span of 8 ft. The end conditions 
are considered to be simply supported with respect to 
bending and free to warp but restrained from twisting 
with respect to torsion. It is assumed that the 
compression flange of the beam has adequate lateral 
support.

The load carried by the beam is considered to 
be uniformly distributed across the width of the 
flange and is treated as a concentrated load per unit -
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length of the beam acting through the mid-point of the 
flange as illustrated in P i g . V . 1• The bending and 
torsion effects of this loading are considered 
separately in the calculations which follow,

( 1 ) Maximum longitudinal stress <S'p̂ due to bending

Maximum bending moment

o
and if is in Ibf/in and L- in ft th.en

A7jc =  IM: in Ibf
&

The value of the appropriate section modulus is
= 2.804 in^ and for £ = 3 ft the maximum stress 

in the upper flange due to bending is given by the 
expres sion

6% , - Ĉ )__ —  Ip// ‘UA Ibf/in^
^ S 2 '3 ay/-

where the negative sign indicates compressive stress,

(2 ) Maximum longitudinal stress due to torsion

The approximate method of analysis which
neglects' the St. Venant torsional rigidity GC gives
the maximum value of bi-moment B for this case as

/ ̂
^  — a -

For "CLA in Ibf/in, the uniformly distributed torque
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about the shear centre is seen from Fig. V .1 to be 
given by the expression

d= -û  c & 'in Ibf fin

The shear centre distance ^ for a thin-walled channel 
section is found from the expression*

3 ̂
^  _  cl. 7t (reference 37 p. 133)

In this case d  = Z in , li - 10 in and hence 
<3 = 0.545 i n . The value of 'tTl is therefore 
-^(0.545 + 1 ), that is 1.545'^ iti Ibf/in and for = 8 ft 
the maximum bi-moment is

^ = Ipt (/■ŝ s-uj’)C3ŷ  = /f>f

The value of the torsion bending constant T* for a 
thin-walled channel section is found from the expression

IS, p  3 ^
T  =   ̂ (reference 37 p . 133)

/a / „ L  G d  
'h,

which gives in this case T  = 6.303 i n^. The maximum 
values of longitudinal stress in a channel section due 
to torsion occur at the junction of the web and flange 
and at the free edge of the flange. The values of the 
sectorial co-ordinate CjO for these two positions are
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(i) web to flange junction (upper)
o o i =  -  %- “ ) =  5 )  z= _  a - j i z s  t n ^

(ii) free edge of flange (upper)

aj/i ~ J  £{2— O-Ŝ /Sj ̂ Sj

=  -f 7 .2 7 5 -c/z

The longitudinal stresses due to torsion at these 
positions are given by the expression

(S~ _  ^/g ;;

Thus for position (i)

_  /7<3o<^ (~Z-'/Z&') _  _  ŷ ŝ-cu- fbf /-in
 ̂ Zi,.-3o.3

. 2

and for position (ii)

== ^   _ j _  2o5c^<^ /Bf
' S 0 3

where the negative and positive signs indicate 
compressive and tensile stress respectively.

(3 ) Maximum longitudinal stress 6%^ due to bending 

and torsion
>

The total maximum longitudinal stress is given 
by the expression

^ 5  =
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Thus for position (i)

62„ =  — —  7^a-cu- — —  / / 7 9  <v- I h f / in ^

and for position (ii)

($2̂  =  4- CZo S c x jl t -}- / û > S O c i r  f h f

Thus in this case the final maximum longitudinal stress 
due to benditig and torsion occurs at the free edge of 
the flange.

( ̂- ) Safe load evaluation

The maximum permissible value of stress in 
bending, for thin-walled sections is given in Addendum
No. 1 (1961) to BS 449 : 1959, as 0.65 Ys which for a
yield stress ot Ys = 1 4  tonf/in gives a permissible
value of 9.1 tonf/in^ or 20,400 Ibf/in^. This value
of stress must be equal to the maximum longitudinal 
stress due to bending and torsion, thus-

/& -CcJ- =

hence =  /'I'B fé>f̂ Jn /So /Sf/jY,

As indicated in Chapter II, section 1, the 
approximate method of analysis which neglects the 
St, Venant torsional rigidity, overestimates the 
maximum value of the bi-moment and corresponding
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longitudinal stresses. Tims in using the approximate 
analysis the safe load will be underestimated.

The difference between the true and approximate 
values of the bi-moment depends on the type of loading 
and support conditions of the beam and can be x'elated 
in any particular case, to the value of the beam 
parameter A T  , The value of this parameter for the 
beam at present under consideration can be found as 
follows.

For a thin-walled channel section the torsion 
constant C is found from the expression

3

which in this case gives C = 0.00239 in o Taking 
E = 30 X 10 Ibf/in* and G = 12 x 10^ Ibf/in^ 

then

^ ^ C>'002.B^  ̂ y

3 o k /o *5< <Z,-So 3 0 - 0 / 2 3  c/z

and A T  =  0-0/:2’S  /2. =  /'/S

The true value of the bi-moment can be found by 
multiplying the approximate value by a correction 
factor which will be related to the value of A T ^  .
the type of loading and the support conditions of t h e •
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beam. The variation of this correction factor with.
A-Z- for a uniformly distributed torque on a simply 

supported beam is shown graphically in Fig. V.2.

This graph has been prepared by comparing the 
true and approximate values of the bi-moment 
coefficient , defined in Chapter II, section 1. 
Thus for a uniformly distributed torque

approximate

Band since for this case =  73 then

approximate =  and

The correction factor is found from the expression
7/ true

oC approximate

For the beam at present under consideration A T  = 1.18 
and the correction factor o< = 0.88.
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The maximum longitudinal stresses due to torsion 
are directly proportional to the maximum bi-moment 
value. Thus to obtain the true value of these 
stresses the approximate values already found can be 
multiplied by the correction factor oC

Thus for position (i)

0'SiS> =  —

and for position (ii)

O'BB -^/BoSiUA

The total maximum stresses at these positions 
thus become

( i ) ($2̂  4" ̂ 7^ =  —  T"// '—  c&yo> —  /ô y-ci/
2

As before the final maximum longitudinal stress due to 
bending and torsion occurs at the free edge of the 
flange and the safe load is found from the expression

hence -OJ- =  or* /yS //>jY

If the bending stresses only are considered 
then the apparent safe load is calculated from the

2



expression

hence 'TcA

=  :2o, T o o  

ù> /éyy(ùrz c>r* SS>B

The results of the present analysis are 
summarised in the following table.
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ANALYSIS SAFE LOAD

Bending and torsion - 
approximate bi-moment 150 Ibf/ft

Bending and torsion - 
true bi-moment 175 Ibf/ft

Bending only 595 Ibf/ft

For the present analysis it can be seen that by 
taking into account the longitudinal stresses due to 
torsion the safe load is reduced to less than one 
third of the value based on bending stresses alone.
The difference between the safe loads found from the 
approximate and true bi-moment analyses is, in this 
case, significant and as expected the approximate 
bi-moment approach gives rise to a conservative 
estimate of the safe load.
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In the suggested safe load tables for thin-walled 
channel sections presented in Appendix VIII.6, the 
values given have been obtained by the present method 
of analysis using the true bi-moment value. However, 
in cases- where A/-<C/ the difference between the safe 
loads based on the true and approximate bi-moment values 
will be smallo This condition is more often 
encountered when lipped thin-walled open sections are 
used. For these sections the increase in the torsion 
bending constant due to the lip is greater than the
corresponding increase in the torsion constant C «
This gives rise to smaller values of A  and increases 
the range of spans for which A T /

The advantages of the approximate bi-moment 
analysis are more obvious when the structures 
considered are of indeterminate form such as continuous 
beams or, rigid jointed frames. Thus in the case of a 
continuous beam the closed solution approach to the 
bi-moment distribution due to concentrated or uniformly 
distributed torques would involve laborious mathematical 
techniques of analysis.

However if the approximate method of solution is 
adopted, the resulting analogy between the problems of 
restrained torsion and plane bending, discussed in
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Chapter II, section. 1, can be applied to the analysis. 
In this way the approximate bi-moment distribution can 
be obtained by any of the methods used for the 
analysis of bending moment distribution, simply by 
replacing loads V or w by torques T or m and 
flexural rigidity El by warping rigidity ET . The 
results of such an analysis are illustrated by the 
bending moment and bi-moment diagrams for a two span 
continuous beam carrying uniformly distributed load 
actions, as shown in Eig. V .3.

The problem of flexural-torsional behaviour is 
not restricted to thin-walled open sections and will 
also obtain for conventional hot rolled sections of 
open form or for any section subjected to combined 
bending and torque actions. It is to be noted that in 
the safe load tables for hot rolled channel sections, 
presented in several structural engineering handbooks, 
the values quoted are based only on flexural stress 
analysis and no account has been taken of the possible 
torsion effects. The results of the present 
investigation have shown that longitudinal stresses due 
to torsion are of considerable magnitude and should be 
included in the safe load analysis.
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CHAPTER VI

SUMMARY AND CONCLUSIONS
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In the review of published literature it has 
been sho^ra that the existing solutions for flexural- 
torsional behaviour of thin-walled open section beams, 
have been limited generally to small displacement 
problems, Although individual investigations have 
been carried out on the additional effects associated 
with large displacement behaviour, no single solution 
has been presented, in which all such effects are 
included.

The theoretical analysis of small displacement 
problems presented in this investigation has been based 
on the 'work of VLASOV, Solutions of closed form have 
been obtained for selected combinations of bending 
moment and torque. The application and limitations 
of an approximate method of analysis have been studied 
in relation to the practical design aspects of thin- 
walled open section structures.

The problem of large displacement flexural- 
torsional behaviour has been examined theoretically and 
the appropriate equations of bending moment and torque 
equilibrium have been established. In these 
equations the following additional effects have been 
included
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(i) Components of bending moment and torque
due to axial displacement.

(ii) Initial axial stress due to applied 
bending moments.

(iii) Longitudinal stresses due to the 
‘shortening effect'.

(iv) Components of torque due to load point 
displacement,

Approximate solutions have been found for these 
nonlinear equations for particular combinations of 
bending moment and torque, by a single term Galerkin 
technique. The results obtained from these solutions 
enabled the prediction of both stable and unstable 
nonlinear torque/angle of twist equilibrium paths in 
the elastic range of behaviour. Further analysis of 
these equilibrium paths has lead to the derivation of 
an expression for the critical value of bending moment 
producing flexural-torsional collapse.

A range of experimental work has been carried 
out on thin-walled channel and angle section beams.
In the tests, small and large displacement behaviour 
and flexural-torsional failure of thin-walled beams 
due to bending moment has been examined. As predicted, 
the behaviour has been found to vary from linear to
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nonlinear and stable to unstable according to the 
displacement range, the value of the beam parameter
AZ- and the relative magnitudes of the applied bending 

moments and torques. The controlled 'deformation 
technique of testing which has been developed has 
enabled the measurement of strain and deformation in 
the elastic nonlinear unstable range of flexural- 
torsional behaviour. So far as the author is aware 
this form of behaviour has not been recorded 
experimentally in any previous investigation. The 
results obtained from the experimental investigation
have substantiated the theoretical analyses which have

1 ■ been presented for flexural-torsional deformation and
corresponding stress actions.

The principal findings of the present 
investigation can be summarised as followso

(1) The small displacement flexural-torsional 
behaviour of thin-walled open section beams 
for which the parameter XL <T/ _ , is 
linear and stable. The analysis of 
deformations and stresses in this range
of. behaviour can be obtained by 
considering the bending moment and torque 
actions separately.

(2 ) The evaluation of the angles of twist and 
longitudinal stresses due to torsion, in
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the small displacement range can be based 
on either the true or approximate 
bi-moment analysis, depending on the 
value of the beam parameter A T  . If 
Az, , the true bi-moment analysis

should be used and if A T  <C / , then
the approximate solution which*always 
gives rise to conservative values of 
deformation and stress, will usually be 
acceptable. This latter approach would 
appear to be of considerable use in the 
formulation of a rational design 
procedure for structures composed of 
thin-walled open section members.

(3 ) The flexural-torsional behaviour of 
thin-walled open section beams for which 
the parameter A T / can vary from 
linear to nonlinear and stable to unstable 
depending on the displacement range and 
the relative magnitudes of the applied 
bending moments and torques. The 
analysis of this form of behaviour must 
be. based on the more general theory which 
takes account of the additional effects 
such as axial displacement and initial 
axial stress.

(4 ) The maximum load carrying capacity with 
respect'to bending of a thin-walled open 
section beam under flexural-torsional 
conditions, would appear to depend on the 
direction of the twist which develops as 
failure approaches. If the beam twists 
in a direction corresponding to increasing
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effective torsional rigidity, then the 
bending moment causing collapse is 
adequately predicted by the assessment 
of critical bending moment. Failure, 
in the form of 'snap through' 
torsional buckling can occur at 
bending moment values less thari the 
critical if the twist develops in the 
direction corresponding to a 
decreasing effective torsional rigidity.
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APPENDIX VIII.1

Theoretical Solutions
The method used to obtain an approximate single 

term Galerkin solution to the generalised differential 
equations of bending moment and torque equilibrium 
(equations I I .2.9) has been described in Chapter II, 
section 3* In that section one solution for a 
particular combination of bending moment and torque on 
a beam was presented and the results of three 
alternative solutions for the same problem were quoted 
Details of these alternative solutions are given in 
this Appendix.

The appropriate differential equations of 
bending moment and torque equilibrium for the problem 
considered have been shown in Chapter II, section 3i 
to be

Liy A .f£. = _ M)i s/n â

(ùC +  J/i _ ^

 ̂ Ty ^ d'̂ Z \d^J\ A ly/

^  A.I.'l
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CASE I

Assuming a sinusoidal variation of with, g
that is

and substituting
Sin — --

3{

CCS0 = I - il
2/

then equations A . 1.1 can be written as

-  ĥîgS}\ | 6 | T ^ „ c « Æ j

A. 1 .2

To obtain the solution for the last of equations A. 1.2
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cf’üby the Galerkin method, the derivative -y— must bec/3
expressed as a function of ^  and g

Integrating directly, the first two of 
equations A.,T.2 and using the boundary conditions

3 = 0  <u. =  t/ =  o  'i- —  , ~ ~ 0

gives the following expressions for *U. and Î/,

"  = - t

The horizontal deflection relative to the
undisplaced axes is given by the expression

-a ^ ux cosy6 - 1/ sin
that is, in terms of ,

A. 1.3
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Substituting the expressions for iU, and t/ given by
equations A . 1.3 into equation A.I.4 and differentiating 
with respect to % , the following expression for
is obtained,

<̂ 3 £.Iy j TT̂  i. L 7T^ L A

±  ̂  m  - -L ̂  ̂  cc,s £1 / +TT* U ^ I- f& 7T̂  l~ i-

^  /_  /  A  J 2 r i / n 3 c o i l Â  + - L  É s ^ s in  H i c a i H i  
£Xy \2.Tr^L ■ £ L /2 7T̂  £ A. L

/ S '^ s /r H Ii COS _ L ^  lA s ir t " I [ i  cas HÈ , +

/OS rr̂  A Z- 36 a Z. Z-

^ 235/ W ^ ^

/ ^ Z-^ C06 zy* .S/Vz C06 _ _

/6  ̂ I A. Z, Z, Z. A jL /

±  cos Hèl. 3 l [±//irA/n^^cas Hi + 2.
i<S V z- / / /2 ̂  ̂  z, z, Z z. /

-L p f H / r  -H sin^JHÈ COS H H  .(. 23  s in^  ^  ) _*-6 ^  I Z. /L /. i_ J

JL  ^ t j^ fH lc a s  HHà s in H ^ c a s  H H  _  H Is fn '^ lA  c a s  H l \  _  
36 7T*i L I. ^ t- £ e. {- /
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96 * 77--Z A

A. 1 .5

The last of equations A .1.2 can now be written in an 
appropriate Galerkin integral equation form allowing 
for the symmetry of the problem, thus

ly

j h
r A ‘

4 /

r ^ )  ■='; =  O A . 1 . 6

Equation A . 1.6 can be solved by substituting ^In, Z-
c/0for —i- and integrating. This procedure yields the 

following polynomial expression for at ^  = —  in
terms of ^  , thus

~  ^  ^  /4> ^
2=1where ^

^  =  /*Syf C-C ̂  /A.AZB I O'2S0



i 6 7 .

=  /-o^7 Z, Ty
C2 =  S-SSf _A 0-/^2

Ir' A Xy £Jy,

«6 =.-o-/oy-X K'yMy 
^ 2 ^ .

ê z —  “ 0'0/5<s
EX^

CASE II

Assuming a linear variation of with.
that is

and substituting
sin ̂

then equations A . 1.1 can be written as
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As before, the solution of the last of equations A , 1.8
c/Xby the Galerkin method requires the derivative to

be expressed as a function of and g

Integrating directly the first two of equations 
A . 1.8 and using the boundary conditions

/ / c/<~̂
<2 — 0  u. =^{J* —  o  ccn c/ = r  A :  , -------  =   =  o

gives the following expressions for U. and c/*,

u =  A A   iT )
Ely ^  3/- '

'XT A^x
A. 1 .9

The horizontal deflection ü  relative to the 
undisplaced axes is given by the expression

-Li —  a, cos — tX S/rz^ 
that is, in terms of ^

Ü  U — ^3- ̂ ^ A , 1.10

Substituting the expressions for a  and given by
equations A . 1.9, into equation A . 1.10 and
differen:fciating with respect to g the following

cliXexpression for --  is obtained

d u . M y  a  /•/. M y  n
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The last of equations A . 1.8 can now be written in an 
appropriate Galerkin integral equation form allowing 
for the symmetry of the problem, thus

'y\ _

Equation A . 1.12 can be solved by substituting ^3 l for
and integrating. This procedure yields the

Efollowing polynomial expression for at = ”2
terms of , thus

/VĴ “ "i" ^31̂ 0 + 3

3 = éwhere
«5 =  2 _  o -/gg A. _j_ o-2 e>z

/- £Zy . . £Xy

B y  =  I.S3S ^ y ^ x  
E X y

X^ X
Cy =  B X X  -    ---

/3 I A ly ) A. 1 . 13

CASE III

Assuming a linear variation of ^  with ^ that
is 2

=  /%
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and substituting
Sin yg =  _

3/
;2

COS ̂  ^2 /
then equations A . 1.1 can be written as

Eiyik. _ ' A  %-)

(&
lly ̂  /4 4 ^

Xy
A- My. ̂  A . 1 . 1 4

As before, the solution of the last of equations A.I.14
cJuati ve

be expressed as a function of and ^
by the Galerkin method requires the derivative to

Integrating directly the first two of equations
A . 1.14 and using the boundary conditions

, / c/u. <Xtr= O . Cl = o  an,c/ 2 = —  = — - = 0
’ y- 2 ' c/'̂ c/̂

gives the following expressions for tl and %/,
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The horizontal deflection -U relative to the 
undisplaced axes is given by the expression

that is, in terms of

u  a  1/
/ I A  g/ A , 1.16

Substituting the expressions for C l and zy* given by
equations A . 1.15» into equation A . 1.16 and
differentiating with respect to ^ , the following

f “
expression for --  is obtained

du.

^ y J . .
 ̂/5A^ gz // ^Xy 2 ^  A /2

')} *.3Z®

S£f 3 M

= dzr 0%, j) A. 1.17

The last of equations A.I.I4 can now be written in an 
appropriate Galerkin integral equation form allowing 
for the symmetry of the problem thus,
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u
zg r/L # ) 7  

+ - 5^)2/ //gC ̂ KyMn / A

A. 1 . 18

Equation A . 1.18 can be solved by substituting forA
c/X? and integrating. This procedure yields the 

following polynomial expression for at ^ = ~  in
terms of , thus

where
~  2 . ^  __ 0  /26 y _  0-292

■ z- a:2x .

=: A 333
EXr % 2,

-I- 0-/32 -  o.^/rr-M/x
J j-  A  X y '

<3̂  =-0-/33

<* =  —O' o//^ o  - O^S<êr MyX
EXy SXti A . 1 • 1 9
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APPENDIX VIII.2

Effect of Neglecting Bending Moment Components 
and A?3 ̂  .

It has been shown in Chapter II, section 2, 
that the equations of bending moment equilibrium about 
the displaced axes of a beam subjected to bending and 
torsion can be written as

= M ^ c o s f i -j- M y  s m p > - ^

M y /  = M y  c o s ^  — M y  s i n ^ — M \
cl̂

If My = O  , equations A.2.1 are reduced to

—  M%co&(3 —  da

, M y ' = - /% S //7 /g  -
o

Dividing by My equations A.2.2 become

^  - El. ̂  .
Mx Mx

À V  dtr
Mx Mx z/g.

A.2. 1

A.2 .2

A.2.3

Assuming that the variation of EC , and with
is sinusoidal then, in terms of the maximum



1 7 4 .

displacements and at the centre of the
span, the displacements at any section "g can be 
written as

s/tz Hià 
^ JL

sin ̂ ̂ A

Pi =  A  dl
^ A.2.4

Using these relationships, equations A . 2 ,3 can be 
expressed as

—  =  c o i C/3o s in  d è ) — ^  n  3L cos ̂M% ' z. Mx c L

^ h . s / W / A s / > î  ^  Â  y  cos ̂
/• £  z. A.2.5

In the experimental work described in the present
M'\ —thesis, the maximum values of and -u.̂ or

_ _  L%, which obtained were 1 .4 radian, 0,2 and -ĝ  in
respectively. For these maximum values, equations

A.2.5 become,

L!d. =  cos (i-'f- sin Pd') — o-z A  cos 
Mx ^ &S L.

ùX=,-sin (/.lAsin - 0-2 A  cos ̂
M)c ^ ^

A.2.6

The numerical values of the terms on the right hand 
sides of equations A. 2.6 in the range 0 ^ are
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1-0

0-8'

pH

du— — • ■— ov*
0-1

OIL
s'Piv:Kr

ïï^ . A.,2.1. R-Ei-AnTlVE MAgWITUDZS of S-iij (@o Sin^^)

c o s ( 0 o  , X x  ■ ci-^. M x  ' ^

d a Mn
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shown graphically in Fig. A.2,1. It can toe seen that
for this range, the term 0.2 —  cos is negligible
in comparison with the terms cos(1.4 sin ) andA
sin(l.Z| sin ), Thns for the maximum torque/to ending 

moment ratio and displacements, equations A.2.2 can toe 
approximated to

=r CosjS

Myf =-M^scn/i ■ A. 2. 7
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APPENDIX VIII.3

Experimental Measurement of the Flexural and Torsional 
Rigidities of the Brass and Steel Angle Section 
Specimens

The extruded brass angle sections used for the 
experimental investigation were found to have small 
variations in the cross-sectional dimensions. In an 
attempt to allow for these variations the flexural and 
torsional rigidities of each specimen were found from 
pure bending and torsion tests.

I
(1) Flexural rigidities

In the case of the flexural rigidities, the 
angles were tested by a four-point loading system as 
shown in F i g , A.3.1. The deflection at mid-span was 
recorded for different values of applied bending moment 
constant over the test span. _ The test span length was 
the same as that adopted for the combined bending and 
torsion tests •

The value of the flexural rigidity was calculated 
from the expression

£ I  =_ 2  ̂  A . 3 - 1

where M was the applied bending moment, h the



t
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corresponding deflection at mid-span and a was the 
half span length.

For. Ely the angle was placed toes down on 
simple knife edge supports and for EÎ .̂ it was held 
in the gimbal supports of the main test rig and loaded 
by the aluminium disc and pulley arrangement.

(2) Torsional rigidity

' The value of the torsional rigidity for each 
specimen was found from two different forms of test.
In the first, the specimen was held in the gimbal 
supports and increments of torque were applied at 
mid-span. The corresponding angles of twist were 
recorded and the straight line torque/angle of twist 
relationship obtained. The value of GC was found 
from the expression

rr

where T was the applied torque at mid-span, the
corresponding angle of twist at mid-span and L the 
distance between the gimbal supports.

The second experimental method used to determine 
GC was based on the torsional oscillation of the angle 

section. The specimen was suspended vertically from a
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fixed support and a plate of known inertia was attached 
to the free end. The plate was displaced through a 
small angle in the horizontal plane and released. The 
frequency of the resulting torsional oscillations was 
measured and knowing the length between the fixed 
support and the plate, the value of GC could be 
calculated from the expression

<S,C =  (2Tfff\ A.3.3

where 1^ was the appropriate plate inertia, f the
frequency of the torsional oscillations and L was the 
length between the fixed support and the plate.

The values of GC found from the two methods
were closely comparable.

These experimental methods for determining the 
flexural and torsional rigidities were also adopted for 
the mild steel angle sections used in the tests to 
failure under applied bending moment only.
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APPENDIX VIII.4 

Details of Test Specimens

(l) Lipped Ch.annel Section (Test Group l)

SECTION PROPERTIES MATERIAL PROPERTIES

2.83 itî
0.89 in^

0 1.56 X 10“^ in^
r 4.47

E
G

29.8 X 10^ Ibf/in^

A ^  jgp — 0.01195

lience A E for test beam 

= 0 .01195 X 72 = 0.86.

-1
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(il ) Ch.annel Section (Test Group Z)

//

0 '7 5

ff

/'3//

0'/33a
V

SECTION PROPERTIES MATERIAL PROPERTIES

0.061 in^
0.009 ±n^

G 0.262 X 10~3

r 3 .56 X 10~^ in^
A 0 .179
le 0.109

0.016 iti5

Ko 0.107

E
a

30.9 :x: 10^ Ibf/in^

EP

= 0.176 in"^
lience A l  for test beam

= 0.176  X 72 = 12.7



(ill) Brass An^le Sections (Test Group 3)

182.

SPECIMEN
AVERAGE
FLANGE
BREADTH

AVERAGE
FLANGE

THICKNESS
GC

10^
Ely
10^

E

in in Ibf in2 Ibf in2 Ibf in ̂ Ibf jin^
A. 1 1 .007 0,0480 455 2 .288 0.5685 15.28
A.2 1 .008 0.0382 250 1 .845 0.4660 15.23
A.3 1 .007 0.0640 1070 3. 142 0,7776 16.06
B. 1 1 .496 0.0846 2340 13.58 3.338 15.50
C . 1 2 .00 1 0.0665 1620 25.91 5.987 14 .22
C .2 1 .998 0.0588 1 1 80 22 .22 5.822 15.54

SPECIMEN
A Kc

in^ in^ in^ in^ in^
A. 1 0.0945 0.00372 0.0176 0.0305 0.00528
A.2 0.0757 0.00306 0.0145 0.0248 0.00427
A.3 0.1249 0.00484 0.0225 0.0400 0.00681
B. 1 0.2460 0.0218 0.220 0.179 0.0446
C. 1 0.2620 0.0421 0.787 0.342 0.118
C .2 0.2320 0.0374 0.696 0.303 0.104



(iV) Mild Steel Angle Sections (Test Group 4 )

183.

SPECIMEN 10^
Kly
10^

GC

Ibf i n 2 Ibf in 2 Ibf In ̂ ±n^ in^

gCQ
VO
X
X

A. 1 5.818 1 .443 2135 0.00734 0.00309
A.2 5.769 1 .436 2080 0.00734 0.00309

A. 3 5.552 1 .361 1965 0.00742 0.00303

A . 4 5.524 1 .358 1920 O 0OO742 0.00303

A . 5 5.483 1 .353 1913 0.00742 0,00303

m
VO
X
rHl<M
X
h|c\i

B. 1 , 20.62 4.851 • 31 13 0.0406 0.0171

B.2 20.71 5.016 3130 0,0406 0.0171

B.3 19.42 4.513 2403 0.0382 0.0139

B.4 19.65 4.521 2313 0 . 0 3 8 2 0.0139

Bo5 19.61 4.642 2393 0.0382 0.0139

0

VOT—X
CMX
W

C. 1 53.61 13.03 5045 0.130 0.0441

C .2 53.53 13 .28 3013 0.130 0.0441

C.3 53.05 13.19 3O8O 0.130 0.0441

c .4 50.02 1 2 . 0 2 3793 0.123 0.0413

c.3 50.41 12 .03 3803 0.123 0.0413



APPENDIX VIII.5

Graphical Presentation of the 
Comparison of Theoretical and 

Experimental Results
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APPENDIX VIII,6

Suggested Safe Load Table for Thin Walled Cliannel Sections

LOADS GIVEN IN Ibf/ft 
SECTION

7.0 X 2.0

SPANS IN FEET
d in 3 4 5 6 8 10 12 14

X 2.5 
0.160 
0 . 128 
0.104

2673 
2083 
1 663

1574
1207
955

1067
802
627

793
382
448

523
363
272

362
267
191

273
200
147

216 
136 
1 17

X  2.0 
0 , 128 
O', 104 
0.080

1 821 
1442 
1087

1076
838
623

732
559
409

546
408
292

366
239
175

276
191
124

208
155
96

163
122
79

X 2,5
0 . 1 60 
0 . 128 
Oo 104

2367
1836
1463 ■

1406
1070
842

963
716
555

724
524
400

450
335
246

315
232
175

239
173
131

191
137
102

X  2,0 
0 . 128 
0.104 
0 .080

1415 
1 109 
828

853
634
479

596
444
318

458
330
230

290
220
144

203
153
103

1 36
115
80

123
91
62

0 . 128 1223 750 326 386 243 174 134 107
0.104 951 567 390 295 183 128 98 78
0.080 703 411 273 201 129 89 67 53
X  3.0 

0.160 1489 871 584 427 269 193 149 121
0. 128 1 176 679 449 323 198 139 106 85
X  2.0

0. 128 1041 621 423 314 202 1 46 113 91
0.104 789 46 1 308 224 • 140 99 75 60
0 .080 587 346 234 172 103 73 55 44



2 4 3 .

LOADS GIVEN IN Ibf/ft 
SECTION SPANS IN FEET

h. in d in 3 4 5 6 8 10 12 14
6.0 X 1.3

t = 0.104 714 461 323 243 157 113 87 69
0 .080 306 310 220 171 107 77 59 47
0.064 387 230 138 119 79 55 42 33

3.0 X 3.0
t = 0.160 1145 679 462 343 222 162 127 103

0 . 128 898 524 350 235 160 115 89 72

3.0 X  2.3
t = 0.160 1083 654 453 341 223 166 129 104

0. 128 842 498 338 230 160 117 91 74
0.104 672 392 261 190 1 19 85 65 53

3.0 X 1.3 
t = 0.104 398 363 235 193 127 92 71 56

0.080 418 263 179 133 83 62 48 38
0.064 315 191 134 99 62 44 34 27

3.0 X  1.0 
t = 0,080 391 268 189 143 93 67 50 39

0.064 273 183 138 104 67 48 37 29
0.048 184 113 83 67 44 32 24 19

4.0 X  2.3
t = 0.128 617 373 238 195 129 96 • 75 61

0.104 487 289 196 145 94 69 54 44
4.0 X 2.0 

t = 0.128 384 362 237 197 133 98 76 60
0.104 456 276 191 143 96 71 55 45
0 .080 338 200 135 100 64 46 36 29

4.0 X  1.3
t = 0.104 435 273 195 150 100 73 55 44

0.080 316 192 133 101 67 49 38 30
0.064 244 145 99 73 47 34 27 22

4.0 X 1.. 0
t = 0.080 311 198 142 109 71 ■ 50 37 29

0.064 229 145 102 78 51 37 28 22
0.048 147 96 69 51 33 24 19 15
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LOADS GIVEN IN Ibl/ft 
SECTION SPANS IN FEET

h. in d in 3 4 5 6 8 10 12 14
3.0 X  2.0

t = 0.104 313 197 141 109 75 55 43 34
0 .080 227 138 96 73 . 49 36 29 23

3.0 X 1.5
t = 0.104 303 198 145 113. 76 54 41 32

0 .080 214 134 96 75 51 37 29 23
0.064 162 99 69 53 35 26 20 16

2.0 X  1.3
t = 0.080 136 91 68 53 36 26 19 15

0.064 99 64 47 37 23 19 14 11

2.0 X  1.0
t - 0.080 139 94 68 52 32 22 16 12

0.064 99 66 49 38 23 17 12 9
0.048 64 42 31 24 16 12 9 7

1.3 X 1.0 
t = 0,064 76 52 38 29 18 12 9 7

0.048 48 33 24 19 13 9 7 5
4.0 X  4*0

t = 0.160 938 365 383 283 182 133 103 86
0 . 128 753 438 291 21 1 132 94 73 59

3.5 X 3.5 
t = 0.160 762 462 321 243 162 121 96 790.128 592 350 238 177 1 14 84 66 55
3.0 X 3.0

t = 0.160 603 380 274 213 147 1 10 86 690 . 128 458 280 197 130 102 76 61 49
0.104 359 213 147 1 10 73 54 43 35

2,3 X  2.3
t = 0 .16b 481 320 238 188 128 93 70 55

0. 128 353 227 166 131 90 67 52 41
0.104 269 168 120 93 64 48 38 310.080 196 1 18 82 62 42 31 25 20
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LOADS GIVEN IN Ibf/ft
SECTION SPANS IN FEET

h. in d in 3 4 5 6 8 10 12 14
X 2.0

0 . 1 60 395 270 200 154 99 68 49 37
0 . 128 279 190 142 1 12 75 53 39 30
0 . 104 205 136 102 81 '55 40 30 24
0 .080 141 91 66 52 36 27 21 17
0.064 106 66 47 36 25 19 15 12

X 1,5
0 0 128 231 156 1 12 83 51 34 24 18
0.104 162 111 81 62 39 26 19 14
0.080 107 73 55 43 28 20 15 1 1
0.064 75 51 38 30 21 15 11 9
0.048 49 32 24 19 13 10 8 6

1.0 X 1.0
t == 0.080 77 49 34 23 14 9 7 5

0.064 56 37 26 20 12 8 6 4
0.048 35 24 18 14 9 6 4 3
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