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"THE STUDY OF CONTROL SYSTENS ATION METHODS,"

SUMILARY

In the testing of control systems, particularly the smaller types,
it has long been the practice to ayply to them test signals of a simple
mathematical nature, for ease in evaluating test results, The principal
signals used for this purpose are the step functions, ramp function, and
the sinuaoid.\ As the scale of systems has grown, so the complexity has
increased also, and with that the severity of the effect of such disturb-
ances, until the stage is reached when dangerous conditions may be
induced thereby. is ig alternative, means have been sought to obtain
information of.}hg‘gﬁllem éharacteristica from data collected during
normal operationi by this means, unduly severe disturbances are avoided,

This work describes one such method of system analysis. In it,
certain statistical properties of the data produced by the normal
running of a control system are calculated. These statistical features
are used to determine in the end the frequency response of the system,
both in amplitude and in phase, Since in laboratory tests the scale
of the apparatus used is restricted, use is made of an analogue computer
to simulate the control systems, and also to assist in the statistical
computations. A source of random signals of the type encountered in
practical systems is required to drive such a simulator, and an account
of the development of such a device is included. A device giving fixed
tinme delay, needed for the statistical work, is also described.

The process is based on the use of the correlation functions of the

time/
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time signals produced by the gystemy the auto-correlation function

of the input or output signal, and the cross-correlation function

between these two signals, form Fourier trensform pairs with the

power spectral densities of input and output signals, and the crosse-

spectral density between them, respectively. Numerical methods of

Fourier transformation are used to obtain these power spectraj; once

they are known for both input and output of a control system, its

frequency transfer function is readily determined, This direct

approach to the mathematical manipulations represents a departure from

most previous methods used, in that they have frequently involved the

preparation and adjustment of a model to have the same performance

as the original system, followed by a response analysis of the model,
Results of tests on two types of systems are given, and probable

sources of error indicated. It is conceded that the system as

applied here is tedious to operate, and has several inherent sources

of error, Lines of further development are indicated which could

dispose of these, and would produce an attractive and versatile method

of system analysis.
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THE STUDY OF CONTROL SYSTEMS BY CORRELATION METTHODS

1. INTRODUCTION

l.l.Alternatives available in Transfer Function analysis.

The problem of verifying experimentally the response character-
istics of electrical networks is one which has exercised the minds of
engineers from the earliest days, and many different approaches have
been made to it. In general, most methods employed a test signal, of
clearly defined and simple mathematical nature, which could readily
be generated for application to the input of the network, From the
measured response of the network to this input were then derived
input - output relations valid for any form of input.zo

The nature of the test signal used, and of the resulting relation
is influenced by the use to which the network is to be put; for example
a network to handle continuous signals would be tested by application
of a continuous waveform, often sinusoidal, and of varying frequency,
while systems whose behaviour under different conditions is of interest

5

would have a step or aramp-type signal applied to them. As a result,
several different functions are now in common use to describe the
performance of systems, namely their frequency response, step response
or impulsive response. For linear systems, whose characteristics are
independent of the form of input applied, these functions are quite
simply related, so if any one is determined, the others may be ob-

tained, if required, without the need for further tests,

le2.Limitations of the Test Signal approach.

The application of the above methods of analysis is simple and

convenient when the systems to be tested are sufficiently simple

for/



- -

for estimation to be made, in advance of the test, of any limits, e.g.
of input amplitude, which may be necessary to ensure a stable, bounded
response to the desired input, and where the systems may readily be
taken out of normal operation to be tested. Many instances occur,
particularly when dealing with large closed-loop control systems,
where either or both of the above conditions may not apply. Such
systems will often involve several feedback paths, and will contain
components with limited ranges of linearity; this renders any estimation
of permissible input levels very difficult and tedious. The work on
which these systems are engaged may well be part of a continuous
production flow which cannot readily be interrupted to allow one part
to be tested. As a further complication, the response of the system
may be influenced by its operating environment, an influence which
could be altered by testing it under artificial conditions.

All these difficulties have combined to stimulate investigation
of the possibility of devising for such systems test procedures,z’s’
which can be applied without introducing any artificial disturbance
into the system, and without interrupting its operation, yet which
will produce, from data collected from normal operation of the system,

the required characteristic functions.

1.3.System analysis based on random signal techniques.

Before proceeding to the examination of detailed technigques of
analysis using the signals available during normal operation of a
control system, some consideration mist be given to the nature of
these signals, and their tractability by mathematical manipulation.

The/



-l -

The type of control usually effected by the system is that of
maintaining some parameter of the controlled process at a preset
level, or within preset limits. Since the factors which cause the
parameter to deviate from the preset value are likely to be numerous
and unpredictable, at least in their combined effect, the error
signal generated by the deviation will be a random signal, to
which only a statistical description can be assigned.5 The properties
of the signal used in this form of analysis are therefore also
statistical, though it will be demonstrated that they are simply
related to the absolute properties employed in the classical methods
of analysis.,

This firm relation between statistical and analytic properties,
which is particularly simple in its application to linear systems,
aliows of the computation of response functions of the classical
type from knowledge of the statigtical properties of the available
data. As it has already been shown, however, that the classical
response function may take several forms, it is natural that several
different approaches have been made to the statistical form of
analysis also, each aimed at deriving a different form of response
function. The work described in later stages of this thesis is an
attempt to develop a process for computation of the system freguency
response; other methods to which reference will be made have been
directed towards obtaining the impulsive re3ponse.2’3

It should perhaps be stressed here that, in the main, the forms
of analysis described have been developed on the basis of their

application to linear systems, and are in most cases only capable

of/
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of producing a linear approximation to the response of a2 system con-
taining any appreciable non-linearity. A considerable amount of work
has been done recently, by West1 and others, to determine the distorting
effect of non-linearities of commonly occurring types on the
functions used in the statistical analysisj this could lead to the
employment of statistical techniques to detect, identify and evaluate
the extent of such non-linezrities..

The possibilities and limitations of random signal analysis will
perhaps become clearer once the fundamental relationships on which
it is based have been set out, and its terminology defined, and this
will now be done.

1.,4. Basis of statistical description of random functions,

The regular analytic signals on which the classical methods of
analysis are based have a number of mathematical properties which
are capable of absolute definition, such as the amplitude or the
frequency of a perioedic signal, or the amplitude and time of occur-
rence of a step function. These forms of description cannot, however,
be applied to the randomly occurring signals referred to above, Other
features must be used to describe their behaviour; these are the
statistical features of the signal, which assess the probability,
rather than the certainty, that the signal will possess, for example,
a given amplitude at & given time. Such properties are generally
based on the average, and not the instantaneous, value of a property
of the signal., The most important of these properties now require
to be defined.

(a) Correlation Fonctions. /




(a) Correlation Functions.,

Two types of correlation functions are recuired;

p,

(i) The autocorrelation function,” of a time signal, is a measure

of the possibility of predicting a future value of the signzal, if
its present value is known. It is a function of the time interval,
T, separating the occurrence of the two values of the signal, and

ig generally defined as

r
| T e
A(T) = JLim == ;4 P(E)e£(14T) dbesmm—sooso= (1)
1 T
So A(=T) = Ha 5 _jr‘ £(t).2(1-1) &%,
£ ]

: 1
;Eu3~§;— ;4 f(s+T).f(s) ds, where s=t-T,

&(P)s

Il

A(T) is evidently an even funetion of T, and its maximum value, at T=0,

is equal to the mean square value of f(t).

5

(ii) The cross-correlation function’ between two time signals

measures the possibility of predicting a future value of one time
signal, fl(t), if the present value of a different time signal, f2(t),
is known. It is defined similarly as

Cy5(T) = Eﬁ?’ jf £1(£) £, (4+T) Atummmmamcenn (2)

lim

300
o

012(-T)= Lig or L £1(t)£,(¢-1) dt

m
/o ()
so Clz(T)is not & even function of T, and in general has RO Trecognisable

symmetry.

() Power spectral6 The power spectrum, or more explicitly the

squared-amplitude spectrum, of a time signal is defined on the basis

of the power which would be dissipated on applying the signal to a
one-ohm/
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one-ohm resistances The amplitude-frequency spectrum of a signal, F(w),

is defined by the well-known Fourier transform relation

F(w) = ?E‘(t).e‘j”tdt.

-0

where F(w) is a complex function of w., It thus represents the am-
plitude distribution of the sinusoidal components contained in f(t).
If we now define a function P(w):F(w).F*(w)=lF(wj’2, it will represent
the distribution of dissipated power among these components when
f(t) is applied to a one-ohm resistance. This is defined to be the
power spectral density, or more shortly the power spectrum, of f(t).

llote that P(w) has the dimensions of power per unit bandwidth; hence

we have an alternative definition,

e o0
fftj:z-'%gP(w) dw. (from the Parseval Theorem

As with correlation functions, we define also a cross-spectyal

2 8 2 3
density between two time signals, fl(t) and fg(t), as follows:-

19 and f2 be

Fl(w) and Fz(w) respectively. Then the cross-spectral density between

Let the amplitude spectra, defined as in (3) above, of f

the two signals is P12(W)=Fl(w).F2*(w).

1.5 Fundamental Equations in statistical analysis

A rigorous development of the relationship between the power
spectral density and correlation function of a signal or signals
will be found in the translation of the work of Solodovnikov6,

and 2lso in a much earlier work by Wiener, and is another Fourier

o0 L
transform relation, viz. P(w)aL A(T)e L (4)
. B JwT
A(D)= 2ﬂ__{;P(W)e dw,
Similarly, P (w)—fc (m)e™ 97T g (5)
Vz: SysVimgiys T o 2

N JwT
012( ) E;;£f12(w)e dvr,
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Thus there is an evident analogy between the description of
a random signal by the statistical functions defined above and the
description of a periodic or other analytic signal by its analytiec
properties, For example, if a network of transfer funection
G(w)=K(w)ej¢(w) has a sinusoidal signal fl(t)=Aeth applied to it,
the output signal fo(t) will be fo(t)=Aeth.Kej¢, where K is the gain and
@ he phase shift of the network at that frequency w. If however the
input contains a number of different freguency components, it is
conveniently specified by its amplitude spectrum Fl( w) defined as

in (3) above. The output amplitude spectrum is then given by

N )1 N O R E— (6)
Since Fl(w),Fo(w) and G(w) are the respective Fourier transforms
of fl(t),fo(t) and the network impulse response W(t), the time
relation corresponding to (6) is the convolution integrall (5,p.54)

fo(t)=fW(x).f1(t-x) AXs  wmmmmmmeeee (7)

From (6) we can derive(;he cross-power spectrum between input
and output, Plo(w)=F1(w) .Fo*(w) by definition
=Py (w) B *(w) . G*(w)

=Pl(w).G*(w). where Pl(w) is the input power spectrum

This relation (8) is equally applicable to random signals as to

analytic signals, so comparison of equations (6) and (8) makes the

analogy between the treatment of the two types of signal quite clear,
From the Fourier transform relations in (4) and (5) above,

a relation similar to that in (7) may be obtained for use with

random signals, thus2
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o0
clo(fr)={)' W(x)ed 1 (Pox) dxa | am-wmma—e-e (9)
where All(T) is the autocorrelation function of fl(t).
It will be seen later that equation (8) forms the basis for the
method of computation of frequency response described as the main
work of this thesis; equation (9) is used to develop other methods

for finding the impulse response.z’B'

1,6. Effect of internally-gcenerated noise on statistical analysis.

The random signals used in the statistical form of analysis
must not be confused with background noise, which may be generated
within the control components themselves., Random signal as used here
refers to the result of disturbences occurring in the controlled var-
iable due to external causes; these are sensed in the normsl way,
and the controller attempts to correct them. Noise may be generated
additionally within the control network, e.g. hum and shot noise in
valve amplifiers,; it is therefore of interest to consider what effect
the occurrence of noise of this sort will have on the analysis,

Several attempts have been made by previcus authors to discover
the solution to this problem by making the assumption either that the
noise has a certain definite déscription {eLE, Murphy4, G195 )y o8 that
it occurs at a definite point in the network2, or both3. Henderson2
tekes the case of noise which occurs in the measurement of the signals
in the network, especially of the output signal, as in Fig.l(a),

where a 'noise source! is intervosed between the output node and the



OCCURRENCE OF INTERNAL NOISE.

£ N 4';“ Measuring

Unil

Fig.1{a).O0utwith control loogﬂ(HendersonQ).
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G (w)

G -f,_(f’

Pig.1{b). Within forward control 1oop,(Goodman3).

£ ® £,
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Fig.1l(c). Sinusoidal testing of noisy component.(Lee,
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measuring instrument, In this case it is evident that the noise here
will not be fed back into the network, so it will appear only in the
measured output signal fm(t). If the cross-correlation of fm(t) with
fl(t) is effected, the measurement noise will be eliminated from the
result, which will contain only information on the relation of fl(t)
to fz(t), at the true output. This is of course a rather artificial

3

example. Goodman” considers the case of noise oceurring as in Pig.l(d),
in the forward path, and occurring particularly as short distinct bursts
of shot noisé. He concludes that, since such a burst will appear first
in f2(t), and later after feedback in fl(t), it will affeet only that
part of the function ClZ(T) for which the delay T is negative.(i.e. for
which a value of fg(t) is correlated with a later value of fl(t) Yo This
argument seems to neglect the fact that, once it has occurred, the
burst will circulate around the loop, so that, after its first appear-
ance in fl(t), it will reappear in f2(t) later passing through
the forward path. Hence the suggestion that the effect of noise
occurring in this way will be minimised in correlation analysis, by
confining it to the negative portion of ch(T)’ would appear to be
fruitless, as in its repeated circulation round the loop, the burst
will evidently affect the function Clg(T) several times.

A closer look at these two examples reveals a more important

feature of the effect of noise like this on a correlation study.

If we attempt, in the circuit of Fig.1l(b), to find the forward transfer
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function G(w), by finding the correlation functions All(T) and 012(T)’
an interesting fact emerges. The input signal fl(t) and the output
signal f2(t) will both be contaminated with noise from the source N(t).
However, if we regard the network as consisting of a pasgsive part G(w)
and an active source N(t) as shown, we find that fz(t) contains the
response of the network G(w) to the complete input fl(t), (including
the noise), plus a fresh contribution from N(t). Vhen the processing
of the correlation functions is completed, the result will therefore
be the response function of the network over the whole bandwidth of
fl(t). The noise will simply be treated as an additional component

in the signal passing through  the network, and the response of the
network to it will be included with the response to the control signal
in the final result,

Thus it would appear that the handling of internal noise présents
much less of a problem to corrblétion analysis than to conventional
analysis. The strength of the correlation method, in the presence of
noise, lies in the fact that it takes account of noise, and the response
of a network to it, in just the same manner as it takes account of the
wanted signale By contrast, in conventionzl analysis, efforts must
usuelly be made to eliminate the noise entirely from the measured signals
for an accurate result to be obtained, It also seems possible that
the response function produced by correlation may contain some separable
information about the composition of intermal noise.

Correlation techniques have also found application in assisting



in the evaluation of the network response to a sinusoid, when the out-

a The technique is illustrated

put is heavily contaminated with noise.
by Fig,1{c). The cross-correlation function between the sine input fs
and the noisy output fo is compared with the autocorrelation function
of fs. These functions will be sinusoids of the same frequency, and
their relative amplitudes and phase shift will give the gain and phase
shift of the network at that frequency. This method has been applied
with some success to communication networks suffering from severe

1

noise.’ It will be noted that, since the noisy cutput fo is correlated
with the stimulating signal fs’ instead of with the error signal fl (as
in Fig.1(b) ), noise occurring anywhere within the network will not

contribute to the cross-correlation function.
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2s PRACTICAL METHODS OF STATISTICAL COMPUTATION.

2.1.3equence of computation reguired.

The computation of system characteristic functions according
to the equations set out in chapter 1 must for practical purposes
be broken up into several stages, only some of which are common to
the various systems of computation which have been devised., These
stages, when dealt with in any practical detail, are thus bettexr
treated separately.

The sequence of operations, and the variations which occur in
it in the several processes, are set out below:-

(i) The calculation of autocorrelation functions of input
signal and/or output signal, and of the cross-correlation
function between input and output,

(ii) To find the impulse response, applying the convolution
process set out in equation (9) to the correlation
functions,

(iii) To find the frequency response, obtaining the Fourier

transforms of the correlation functions.

Comparison can now be made of the methods which have been
employed to perform these separate steps of the calculation.

2.2. Methods of calculating correlation functions.

The calculation involvesd averaging the product of two values
of time functions at instants separated by a variable interval T.
One other fundamental postulate of statistical theory is needed
to distinguish two possible ways of taking this average. This is
the ergodic hypothesis, a fuller treatment of which is given by

Solodovnikovs, (pp.87-90). Briefly, it may be stated as follows.
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A gtationary random process is definable only in terms of the
statistical properties of its governing variables; there will
thus be a large group, or ensemble, of time functions having the
gtatistical characteristics of the process, any one of which may
be taken as representative of it. By the hypothesis, a long series
of values of one of these functions will have the same statistical
properties as a series consisting of the same number of values,
one from each, taken simultaneously from the whole ensemble.

In particular, this implies that the time average of any one
function of the ensemble (or any function of that one) is identical
to the ensemble average, found by averaging the simultaneous values
of all functions in the ensemble (or of the same function of each
of them).

The application of this in the topic under discuesion is to
the calculation of the average of the product f(thf(t+T), which
is the core of a correlation function. The method used by the
equipment described later in the thesis requires f(t) as a con=-
tinuous function of time; to correlate this, the time average of f(t).f(t-
over a substantial period of time ie found. By contrast, the work
of Lee7, et al., employs an ensemble average of the function f(t).f(t+7):
the ensemble consists of portions of a very long record of f(t),
each long enough to be statistically characteristic of it. The
product of two values of f(t) separated by the same interval T
is taken from each portion, and the average of the products found.
Singleton's paper8 describes s device operating on the same sequence,

but using digital techniques of storage, multiplication and averaging,
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This method, as was mentioned in chapter 1, was designed for use in
overcoming noise problems in communication equipment, and was therefore
built for operation in the a.f. band. The records used were quite
short, as the total delay required was a few tens of microseconds. It
was felt that the units of such a high-speed system would require very
extensive redesign for operation at servo frequencies, and were in any
event rather too complex to be developed successfully in the time
available, The method does have one notable feature in its favours;
it is capable of producing a plotted record of the complete correlation
function, for a preset range of delay, in one continuous operation.

Several other practical methods have been tried or suggested,
based on the time-averaging principle. Henderson2 makes reference to
the possibility of computing the average product of two samples of
the signals, for many sample pairs, using a digital computer. In the
analogue field, brief notes are to be found in Solodovnikov's work6
on several systems, both mechanical and optical, while Henderson2
suggests that the delayed sigmals could be made avsilable by recording
the original on magnetic tape. Two pickoff heads would play back two
separate values of the signal, over the whole length of the record,
enabling the time average of their product to be evaluated by standard
analogue methods.

The method finally used for correlation, described in chapter 3,
avoids the use of the modulating equipment needed for tape working.
Instead, the incoming signal is delayed in an electro-mechanical
delay unit, and the product of the two signals, direct and delayed,
is formed and averaged by an analogue computer. This scheme uses the

minimum of auxiliary equipment to propare the signals for computation,
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and is capable of producing correlation functions over a range of time
delsy extending to 750 milliseconds, which is about the minimum needed
to handle 1.f., servo signals.

2.5. Processes for finding the impulse response.

Once the correlation functions have been obtained, one route to
a response function for the system is by the determination of the
impulse response, by the convolution process of equation (9), Chapter

Qo
1, fie. 012('1‘) =f W (x).All(T-—x) dx.
o)

Since the weighting function W(x) is involved within the integral
this is normally done by synthesising‘E(T), by weighting successive
values of A(T) with values of W(x), and summing the results. Two
quite distinct types of apparatus have been devised to do this,

(a) Delay-line ggnthesiserss. The scheme is shown in Fig.2. The time

signal of A(T), obtained from a curve follower, is fed into a delay
line which is tapped at n points along its length, This delay line
may well be a discontinuous one, as these will give hetter performance
at low frequencies; such a line is described in & paper by Janssen16.
The convolution is performed by passing the output from each tapping
point through a variable attenuator, kr’ and summing the attenuator
outputs. The result of this operation is

n
S(T) =2 A (’I'--rd).kr , where d is the delay per section.
ol

The signal S(T) is compared on a C.R.0. with the time signal C(T),

from a second curve follower, and the settings kr are adjusted until
the best fit between S(T) and C(T) is obtained. The set of values k,
by analogy with equation (9), will be a series of values of the weight-

ing function W(x), taken at intervals d. Thus, provided W(x) does not
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vary more rapidly than can be followed accurately by a series of
samples at intervals d, there ie no restriction on the range of
linear impulse responses which can be synthesised in this way.

(b) Linear function simulators. This class of devices, referred to

by Hendersonz, is basically a limited form of analogue computer.

Electronic units have been designed to simulate the basic factors

1
common to many transfer functions, chiefly'l, : Yiend =
P p+a 2
p +ap+b

where g and b cen be varied. By combining these units, a range of
linear transfer functions can be simulated. They are employed in
the arrangement of Fig.3. The input sutocorrelation function of the
gystem under test is generated as a shaped electrical impulse by a
curve follower, and this signal is applied repetitively to the input
of the simulator, The output of the simulator is compared with a
signal generated by a second curve follower from the cross-correlation
function'round the test system. The parameters of the simulator are
then adjusted until the displayed error between these signals is
minimised. From examination of equation (9), this condition will be
seen to imply that transfer function of the simulator is now the best
available approximation to that of the test system, from which the
correlation functions were obtained. There can of course be a restricti
placed on the range of systems tractable by this method, by the number
and diversity of the factor units available., For systems which can be
similated fully in this way, the method has the merit that any desired
response checks can be made on the simulator, once it has been adjusted.
Both of the methods described above demand the provision of two
curve followers, to convert the graphs of the correlation functions

into electrical signals for application to the convoluting apparatus.
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These are generally photo-electric devices, whose construction and
calibration to any degree of accuracy presents formidable problems.
They also require the tedious operation of making an opaque mask for
every function they are required to handle. In preference to these
complex devices therefore, alternative means were sought for finding

the frequency response of a system, on the basis of equation (8),

Chapter 1.
2.4, BEquipment for finding freguency response.

The frequency regponse of a system can be determined from know-
ledge of the power spectrum of the input signal to the system, and of
the cross-power spectrum between the input and output signals, by use
of the relation in equation (8),

P12(w) = Pl(w).G*(w).

i.e. G*(w) = Pyo(w)

PIZWS

First of all, means must be found for obtaining the Fourier tresnsforms
of the correlation functions All(T) and Cl2(T)’ to give us Pl(w) and
P12(w). Several analogue methods of doing this were considered.

The first of these was an optical method developed by Born.15 This
requires once more that the function to be transformed be produced
on an opaque mask. The mask ig scanned by a light beam whose intensity
is modulated, in the direction of the time axis of the mask, with a sine
wave whose frequency is swept over a wide range. The light passing
through the mask is summed by a photocell, whose output is displayed
on a C.R.0. If the time-base of the C.R.,0. is synchronised to the
sweep of the modulating frequency, the resulting trace will be the

frequency spectrum of the input function'?. The traces for All(T) and
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ch(T) can be recorded and divided to give G*(w).

Tucker14 describes an electrical analogue method using a similar
principle., The input function is applied as a series of discrete value:
not as a continuous function. A delay line of many identical sections
is used, whose phase shift per section must be proportional to frequenc;
over quite a wide range of frequencies. Carrier signals, having amplit
proportional to successive values of the input function, are applied
simul taneously to successive sections of the line, and the total out-
put of the line is measured, Por one fixed carrier frequency,wc, this
output will be 14211 f(tr).e‘jwctr, where f(tr) are the values of the
input function fo;=1imes tr. If now the frequency w, is varied with
time, the output will approximate to the Fourier transform of f(t),

and can be displayed as before on a C.R.0, if the time-base is

synchronised to the variation of L

These two methods have the outstanding advantage that the transfor:
is produced completely in one operation, but their apparatus is in both
cases very delicate, and must be constructed with great precision.

The optical method again requires the preparation of an opaque mask

for each function. To provide means for obtaining the transforms with
the minimum of new equipment, it was decided to use one of several
numerical methods, which have been developed for use in some special
applications of Fourier transformation. This is Rosenbrock's method%7’:
applying two transparent calibrated cursors to the graphs of the time
functions, The amount of graphical work involved is considerable,

and in the end the spectrum is produced point by point, so the operatior

is quite slow, but the construction of a large quantity of delicate

precision equipment is thereby avoided.
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2.5, Final choice of eguipment.

The chief consideration in deciding on the form of apparatus to
be used was the ability of the equipment to produce definite evidence
of the feasibility of the frequency response method of statistical
analysis., There was therefore a need to develop the apparatus as
quickly as possible, so that sufficient time could be spent in testing
and evaluating its performence. As much use as possible was made of
equipment, such as the transform cursors, which was available in a
ready-made form.

While the advantages of the several fast and indeed almost

10214 over slower graphical methods of

automatic units described
working are very evident, they were reluctantly set aside in face

of the very extensive development work required to make them usable
at low frequencies. This would require great extension in the range

7,8

of variation of the controlling frequencies of the correlators
and also in the working frequency range of the delay 1ine14.
It will be seen later that the mechanical and numerical methods
employed, while admittedly introducing the bulk of the system error,
did in fact operate well enough to demonstrate the ability of the
method to produce transfer functions with the minimum of prior

knowledge of the nature of the test system, and the minimum of

disturbance to the working of that system,
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3s FREQUENCY TRANSFER FUNCTION COMPUTATION

3.1. This chapter, and those which follow, describe in detail the
system of computation used in this project. The system is centred
round an analogue computer, a brief note on which will be found in
Appendix 2. Since it was not possible to erect in the laboratory
actual control systems of any size or complexity, the computer

is made to serve the dual purpose of performing the required math-
ematical operations by analogue means, and of simulating for test
purposestwo different types of control systems. Two major items
of auxiliary equipment were also needed, namely, a low frequency
random signal generator and a time delay unit; a full account of
their development will be found in Chaptexs 5 and 6,

j+2« General sequence of overation.

The system follows the sequence of operations laid down in
paragraph 2,1., sections (1) and (iii). The methods used to carry
out the operaticns there specified are
(i) Calculation of the autocorrelation functions of input and

output, and the cross-correlation functions betw:=en them, by
a time-averaging method, carried out by the analogue computer,
(ii) Caleculation of the Fourier transforms of these functions, by

a numerical method involving the application of special

cursors to the graphs of the correlation functions.

(iii) Calculation of the complex transfer function and the squared
amplitude response by point-by-point division of the frequency

spectra obtained in (ii).

3.3. Analogcue computer circuit for correlation./
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3.3, fnalogue computer circuit for correlation.

Fig.4. gives in full the general circuit used to compute cor-
relation functions. The system under test, shown in Fig.4. simply
as a block, is an analogue of a control system built up from various
combinations of operational amplifiers. The circuit can readily be
broken up into three almost independent sections, viz. the noise
shaping section, the correlating section and the mean-square computer.
These sections operate in the same fashion for any type of test
system, so their operation can be described without reference to
any particular system. Thus once the circuit has been 'patched'
on to the computer, the test systems can be altered and inter-
changed without disturbing it.

3.4, Noise shaping circuit.

The development and circuitry of the noise generator is
described fully in Chapter 5. It is built round a miniature thyratron
as the primary source of noise. The noise output is therefore
subject to occasional sharp fluctwations, and some of these bursts
are severe enough to causc saturation of the amplifier stages.

The clipping effect of this distorts the amplitude distribution
of the low frequency output, causing it not only to depart

from the desired Gaussian form, but also to become unsymmetrical,
as the positive and negative clipping levels were not necessarily
the same.

This clipping at low frequencies will result in the generation

of harmonics of the output frequency band. One possible method of

reducing the extent of the distortion is to cut down the noise
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Fig.5. Circult of variable time-constant filter.
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bandwidth and filter off the harmonics before applying the noise
to the test system, TFor this reason, the R~C filter, shown following
the noise generator in Fig.4., is included for all the tests, Since
the normal bandwidth of the noise generator output is about 100c/s
and the output is flat to about 150/3, this filtering has been found
quite effective in improving the amplitude distribution of the noise
actually applied to the test system.

The filter circuit is of interest in itself., It has been des-
igred to give a continuous variation, simultaneously, of both
gain and time constant, to allow the noise bandwidth to be easily
adapted to suit the system under test. The noige bandwidth should
always be wider than the system pass-band, to allow a complete
response to be obtained, but if it is made too wide, say more
than twice the pass-band, the autocorrelation function of it will
be very narrow, and thus difficult to compute accurately, as the
minimum steps in the wvalues of delay used are of 4millisecs,

The variable feature is obtained by taking the resistive
feedback from a potentiometer, instead of direct from the output
of the operational amplifier. Using the virtual earth principle,

in the circuit of Fig.5., the current balance equation is

= = -(ecg + Fo )
1 ST
< £
Thus _Eg Rf 1
B o e
L2
i

With the same feedback components, and direct feedback from the

output, the corresponding expression would be



E a Rf < 1
E, « o i
i R1 1+pCRf

so it is clear that the effect of the potentiometer is to alter both
the gain and the time constant of the filter by a factor of %. Thus
by varying k the gain and time constant can be varied over a wide
ranges

J3¢5« The correlatine circuit,

The lower branch of the cireuit in FPig.4. is used to produce
the correlation functions. The connections shovm by full lines are
those used to produce the input autocorrelation function. Other
connections shown by broken lines are used to form the cross-
correlation function of input and output, or the output autocor-
relation function. The circuit performs the calculation as a simple
open-loop sequence of delay, multiplication and ‘integration., The
delay unit, described in full in Chapter 6, can delay either the
input or the output signal, as required, for a period variable
in gradually increasing steps up to a maximum of almost 800 milli-
seconds, The unit must be fed through an external charging resistor,
as the storage capacitors, each of 0.1 microfarad, may have to be
charged on connection to the full-scale level of 100 volts; the
resistor is therefore required to keep the charging current within
the load limit of the operational amplifier feeding it.

The multiplier is a continuously acting one operating on the
cuarter~squares principle. It forms the product of two input signals

by squaring their sum and difference, then forming the difference

of the squares. The squaring is done by sets of biased-diode circuits;
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the diodes in each set are biased to start conducting in sequence,
at ten levels in the range 0-100 volts, so that their total current
output variation with input voltage follows an approximately para-
bolic law, The addition operations are performed by further high-
gain amplifiers, and other amplifiers sum the output from the diode
sets, which are biased to handle either polarity of input signal.
This approximation to a scuare law places one restriction on the
operation of the circuit. At low input levels, under 10 volts, the
departure from a true square law is at its greatest; some care must
therefore be taken to keep the input signal level to the mltiplier
above this, to minimise the resulting error. The gains of the input
filter and the test circuit are accordingly adjusted to keep the
r.m.s, input to each chamnnel of the multiplier in the region of
20 volts.,

Once the product of, say, the input signal and a delayed value
of the output signal, has been formed by the multiplier, it is
integrated by a simple integrator consisting of an operational
amplifier with capacitive feedback. The rate of integration can
be varied by adjusting the input potentiometer. This allows the
mean product to be evaluated by integrating over a long period of
time, while using quite high signal levels in other parts of the
circuit, and without exceeding the maximum output level of 100
volts imposed by the measuring circuits of the computer., In general,
integrating time of 100-150 seconds are needed to obtain accurate
correlation functions, so considerable attenuation is needed at the

integrator to keep its final output below 100 volts.
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3.6, The mean-sguare computer.

This section has been added in an attempt to remove some of
the errors attendant on calculating the average of a random variable
over a limited period of time. These errors arise from two sources
in particular, Firstly, if the random function varies only slowly
with time, the computing time reguired for the integrator to settle
to the average value, within a tolerable error, becomés very long,
of the order of several minutes rather than seconds., Computation
using such long times could be undertaken, but the total period
needed to complete a full correlation would be of so many hours
that it would become a matter of some difficulty to stabilise the
characteristics of the random signal for the full period. In the
tests made, the integrating time was fixed normally at 150 sec-
onds., The results obtained from direct correlation over this period
showed a considerable spread, even when the mean of two or three
runs at each delay value was taken, The spread in such short-term
tests will also be due in part to small fluctuations in supply
levels to the noise generator, etc., which are not smoothed out
sufficiently by short-term integration.

In the second place, compatibility of results in these tests
depends on ensuring that each result is obtained by integrating
over the same length of time, to within very close limits. Since
the timing of the computer is controlled menually, by operating
push-buttons in synchronism with a stop-watch, the timing is liable

to errors of up to about half a second. This too tends to scatter
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the results, In the attempt, therefore; to reduce these effects,
the mean-square loop was introduced.

The basis of its operation is this. If the mean square value
of the input signal to the test system is computed simultaneously
with the correlation function, its value will exhibit a scatter
due to the same causes, If the correlation function @btained is
mormalised! in a particular way, by dividing it by the mean-square
input over the period of its computation, it is to be expected that
the scatter of the normalised values will show an improvement over
the direct method. Such an improvement has indeed been obtained in
practice; a direct test was made at one point to establish this,
and showed & reduction in spread, measured as a variance.

2

o 1% %]
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from 12 % 107% %09 % 10'4, where the signal level was high
(40 volts) and from 32 x 1074 to 4% 10-4, at low level (10 volts).
Thus the improvement gained justifies the increase in circuit
complexity needed to achieve it.

The circuit itself, shown as the upper branch in Fig.4., com=-
prises a function generator, which performs the sguaring, and an
integrator of the same type as that in the correlator. The function
generator has biased-diode circuite similar to those in the multi-
plier. For squaring, two sets of five circuits are used, and their

break-points are set, as in the multiplier, to give a current out-put

approximately proportional to the square of the input voltage.
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Both sets are biased to conduct only for positive inputs; one set
is fed directly with the system input signal, the other with the same
signal passed through a sign-reversing amplifier, and the outputs of
the two sets combined. The incoming signal is thus squared continuously
regardless of its polarity.

%e]e The cursor system of Fourier transformation.

Cnce the correlation functions have been computed as described
above, the next step is the taking of Fourier transforms to convert
them to freguency spectra. The numerical process used to do this was

1hste The process was originally developed for

developed by Rosenbrock.
transforming transient responses to frequency responses, and vice
versa, so certain modifications to the technigue are necessary

before it will suit the present purpose.

Before the method can be applied, special graphs must be pre-
pared for it. These must be produced on a particular type of paper,
having three logarithmic decades on a 25-centimetre base. This must
be done for the scale to fit a set of two caljbrated transparent
cursQrs, one to produce the sine and the other the cosine transform.
The bagsis of the calibration of the cursors is given in Rosenbrock's
paper.l7 When a graph of the function to be transformed has been pre-
pared in the correct fashion, the cursors are placed over it, and
the sum of the intercepts of the curve on the.vertical scale lines of

the cursor id read. This sum can be represented mathematically as

follows;- for the cosine cursor, the sum Sc of the intercepts is
4 200}" £(x)
& o X

and for the sine cursor, the sum SS is given by
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where f(x) is the function whose transform is required.
There are two modifications required to fit this relation
to the present requirements. We require in each case the transform

<
s = fP(T) °°° 4m am,
0 sSin

Hence the functions f(x) in (10) is not equivalent to F(T), but to
T.7.(T). So the curves to be plotted logerithmically for use with
the cursors are T.A(T) and T.C(T) respectively. Also it will be
noted that the sums in equations (10) and (11) represent only the
positive half-range of the transform integral in each case. To
obtain the power spectrum from the correlation function, the full
range integrel isrequired. For the transformation of autocorrelation
functions, which are even functions of T, the sum read from the
cursor will therefore simply be doubled. With the cross-correlation
function, however, more care must be exercised. This is an irregular
function of Ty and can be divided into two sections, for positive and
negative values of T, In general, C(T) will be positive over most of
both sections; T.C(T) will therefore change sign with T. Cver the
positive range of T, the positive section of T.C(T) can be transformed
normally for both sine and cosine transforms. The weighting avplied
by the cursors to T.C(T) is Eg%~ﬂg or §§%¥jﬂ§ , where T is always
vositive. The weighting required in the negative range of T. to

-ju in w(-
complete the transform is cof‘gg”’j) and Slf,;f 1) « . Lf then

the negative section of T.C(T) is transformed using the cursors,
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this is equivalent to weighting it with _TET—__ or-~r;r~— 3 the
sum obtained from applying the cosine cursor to this section of
T.C(T) thus requires its sign reversed before it is added to the
sum obtained from the positive section, while the sum obtained from

the application of the sine cursor to the negative section can

be added directly. This arises because the weighting

: cos wll cos wi-11)

applled’ _'.;D._'—__. i = _':I(f’ L ’
i i 3 -

while s?g wiP| = SIH_Tég' 3

Provided these two modificati®ns are observed, the cursor
system performs the required transformations quite effectively.
It is, however, rather slow and cumbersome, so a development along
the lines of some of the more automatic methods outlined in
Chapter 2, by suitabie for low freguency applications, would
seem to be called for if the system is to be applied on a larger
scale,

3.8+ Evaluation of the transfer functions.

When the operations detailed above are complete, we are in
possession of three spectral density curves, viz. input and output
power spectra, Pl(w) and PZ(W), and their cross-spectral density,
PlZ(W)' The final stage in the procedure consists simply of divid-
ing the corresponding ordinates of these curves, in accordance with
equation (8) in Chapter 1. PFrom the three spectral densities we
can obtain two forms of the freguency response, the complex function
¢(w) and the squared-amplitude response, Pt(w), which will be a

real function of we The final step in the evaluation is thus

G*(w)= llzl—o—g-; ; P, (v) = ;Lg-g—
1 1
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4. TESTING AND ASSESSMENT OF SYSTEM.

A.1, General test schedule.

This section deals with the tests carried out on the complete
apparatus, in assessing its performance when carrying out its primary
purpose of system analysis. Other tests which were carried out on
individual units of the apparatus to determine their operating
limitations are described, with their development, in the two chapters
which follow this.

As a preliminary to full-scale tests on actual control systems,
a number of tests were made of the correlating circuits alone, first
using a sinusoidal input, whose correlation function could readily be
checked, then with a noise input. These were followed by full tests
on two specific systems, one a simple single-stage filter, the other
a clogsed=-loop control system of third order. The data obtained from
these tests was processed completely to obtain the transfer functions
of the systems, and direct comparison was made with functions plotted
from the theoretical equations of the systems.

In the case of the filter, after making certain simplifying
assumptions, evaluation was also made of the theoretical correlation
functions, for comparison with those obtained in practice. The
development of these functions is carried out in Appendix 1.

4.2, Preliminary testing of correlating circuits.

The first test carried out was to determine the autocorrelation
function of a sine wave. To simplify operation of the delay unit,
the range of delay used was restricted to 100 milliseconds; accord-
. ingly, the frequency of the sine wave was chosen at 10 d/s, to allow

a full cycle of the sutocorrelation function to be computed.
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The circuits used in the preliminary tests did not include the
mean-square loop, which was introduced at a later stage. The circuit
for the sine-wave test is shown in Fig.6. A stage of amplification
before the correlator was found necessary to raise the signal level
at the multiplier, as the output available from the signal generator
used was only 12 volts peak. A test at this level gave very scattered
results; the multiplier signal at this low level was almost swamped by
the guite small amount of 'hum' present. Operation at about 48
volts peak successfully cured this. The desired autocorrelation
function for a sine input, say E -Eicos wt, is

A
Aii(T)=%$£}2x f- B cos wt.E cos w(t+T) dt.

p s 2
= linL_f— (cos wl+ cos 2wt+vE )dt.

Ino2x
= 1’5—2?[ «tcos w'I] + }%‘2 [Ezsin-(__

The results obtained, after correction for switching losses as set

out in Chapter 6, are plotted on Graph 1. From Fig. 6., it can be seen
that the actual output voltage of the correlator is related to the
correlation function as followss

Output voltage, E = Eaany (E)LE, (t+T) dt., x= integrating

time,
1 100
Thus A, .(T)= x(j)' B, (t).B, (t+T) dt.= A

In the test, the integrating time used was 15 seconds, or 150 cycles
of the input sine wave, Hence Aii(T)= 0.853E0. Using this figure

the output amplitude can be checked, for fromemation (12) above,
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A_.(0) E2 11.72
1T TN TN

- 68.5.

Hence the output voltage after 15 secs., %;O 833 82.2 V.
The practical value achieved at T = O was 79.5 V.; a sufficiently
close estimate to allow the unit to be used in its existing form;
results at other values of T, after correction, were also acceptable.

Following this test, as soon as the noise generator was complete,
an evalustion was made of the autocorrelation function of the noise
it produced. This was done pertly to test the full scheme of analysis
including the Fourier transforms, and partly to help investigate the
frequency spectrum of the noise. ZEarlier attempts to do this, using
conventional waveform analysers with tuned amplifiers, had not suc-
ceeded in producing conclusive results, as the time constants of the
measuring circuits used were not long enough to damp out the random
fluctuations in amplitude of the components selected by the amplifiers.

The glightly different circuit used for this test appears in
Fig.7. Again the noise is amplified before being passed to the
correlator. Further attenuation is required before the integrator
on this occasion, as the integrating time was increased to 100 secs,
to cope with the very low frequencies present in the noise. The
noise does not in fact extend down to d.c., as there is a further
low-cut filter at the generator output; this cuts off at 0.01 to
0.02 c/s, depending on the load impedance on the generator. The
autocorrelation function obtained is given in Graph 2, and the
frequency spectrum resulting from Fourier transformation of it is
given as Graph 3. It will be evident from the latter that the actual

spectrum obtained is by no means as flat as would be desirable if
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wide-band systems were to be analysed. Since the main purpose is
to investigate servo systems operating at frequencies generally
below 10 c/s, the noise obtained will in fact be adequate, and this
will still be true when further filtering is added to improve the
amplitude distribution of the noise,

4,%3. Test of full method = single-stage R~C filter.

In this test, and the one following, the complete analysing
circuit was used to produce both complex and squared-amplitude
responses for the system., The full circuit is that discussed in
Chapter 3, and illustrated in Fig.4. The test system in this in-
stance consisted of another single-stage R-C filter, built on en
anelogue amplifier in a similar manner to the one shown following
the noise generator in Fig.4. The test stage has a fixed cutoff
frequency of 3.18 c/s. The cutoff of the first stage was adjusted
accordingly to be exactly twice, i.e. 6.36 c/s, using the variable
time-constant facility mentioned in Chapter 3. The final settings
to achieve this are shown in Fig.8. The later parts of the correl-
ating circuit have been omitted from this figure for clarity;
apart from adjustment of the attenuation at the integrator, to
allow for the varietion in output levels of the correlator during
the several different computations, the remainder of the circuit is
exactly as in Fig.4.

A set of three correlation functions was computed, and Fourier
transforms obtained for all three. Graph 4 shows the input and
output power spectra so obtained; the power spectrum to be expected
at the output of the first stage on application of pure white noise

is also given for the same power level. Comparison of this with the



input power spectrum to the test system demonstrates that, over the
pass-bend of the first stage, the noise applied from the generator
quite closely approximates to white noise. The latter spectrum falls
off rather more rapidly beyond the filter cutoff frequency, indicating
a deficiency in higher frequency components, which is in agreement

with the spectrum obtained earlier (graph 3) by direct correlation

of the noise. The mean-sgquare loop was in use for this test, so all the
correlation functions produced are 'normalised' by division by the
mean-square value, computed simultaneously, of the input signal to the

test system. The effect of this is simply to reduce the spread in

results, giving a smoother curve; it does not alter the basic shape

of the curve. Since the set of functions are all divided by the mean
square signal at the same point, no alteration is needed in the pre-
paration of curves for the transformation process, and the calculation
of the transfer functions is likewise unaltered.

The normalised correlation functions obtained in this test are
shown on Graphs 5,6 and 7. With them are shown for comparison the
corresponding functions obtained analytically, on the assumption that
the input noise is completely white, from the equations developed in
Appendix 1. Two major differences are noteworthy. First, in A22(T), th
theoretical function makes a steeper departure from the vertical axis
than the rounded practical function. This emphasises the presence of
deficiencies, at both low and high frequencies, in the noise generator
output. Further, the peak values ?f A35(T) and CZB(T) in theory are
markedly less than in practice. Reference to Fig.8(b) may explain this.
The normalised function in Graph 7 is ABB(T) = Aﬁj(T) ; so, at T=0 the

§22 A22(O)
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peek value is = mean O ower for the second filter, The spect
A22 0 mean i/p power

curves of Fig.8(b), for white noise and h.f.deficient noise, suggest

that the output power, as a fraction of the input power, will be less

for the pure white noise, as its greater h.f. content will suffer heavy
attenuation. This supports the results of Graphs 6 and 7, as a similar
finding will be made for 025(T)’ when allowance is made in both cases
for the filter gain.

4.4, Design of the third-order servo system.

The servo used in this example was designed as a third order systes
with a pair of complex poles and one real pole. Its response when des-
igned initially was quite heavily damped (damping ratio = 0.3), but it
was thought that e more interesting and useful test of the method would
be to employ a more lightly-damped system, to test the effect on the
correlation functions of the ascillatory nature of the impulsive res-
ponse, to which they are of course related., Alterations were made
accordingly, and the ultimate specification of the system was

K(p) = 4540 ‘

p>+12p°41090p+4640

This was considered as an open-loop system, with unity negative feedback

applied round it, and the open-loop transfer function required for this
K _ 4640
SRR sltspiieno)

arrangement was found, G(p) 1

This in turn was synthesised on the computer by setting up the two
1 )
2
p +12p+1090
of 4640 between them, and applying unity negative feedback

1 : A
factors, = and in cascade, sharing the open-loop gain
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round the open=-loop system. The final analogue circuit resulting
from this computation is given in Fig.9.

An approximate guide to the performance of the system may be
gained by factorising the closed-loop transfer function. Since the
system was designed to have a pair of complex poles and a real pole,
this factorisation is readily done, and yields

4640
(p + 4.36) (2 4 7.64p + 1057)

K(p) =

This is equivalent to an open-loop system, having a second-order
section and a low-pass filter in cascade. The filter has a very
low cutoff (4.36 rad/sec.), while the second-order section has a
natural frequency of 32.5 rad/sec. and is quite lightly damped

C} = 0.118). The factorisation also gives the poles of the closed
loop transfer function, and these are plotted in Fig.1l0, while Fig.
11 shows an approximate plot of the system step response obtained
in practice.

4.5, Random signal analysis of the third-order servo.

The system as set up above has a bandwidth less than that of
the noise filter used in the previous test, so this filter was used
unchanged to filter the noise before application to the system. This
gave a very low output signal level indeed, far too low to give an
accurate response from the multiplier., The output signal was there-
fore amplified before application to the correlating circuits at all,
as shown in Fig.9., and allowance made for this change when the
correlation functions were evaluated.

A set of three correlation functions was computed as before. In

preliminary scamning to determine the extent of the functions, it was
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gsoon evident that they extended significantly beyond the maximum
delay of 400 milliseconds then available. Changes were made in
the speed of rotation of the delay unit, to increase the maximum
delay, so that the final curves could be extended to 800 milliseconds.
As a result, the interval between successive points also increases,
so the shape of the curve at these long delays becomes difficult to
determine; this greater error is to be expected in the final transfer
function when so great a range of delay is needed.

This is further aggravated by the necessity, when using the
transform cursors, to transform the function T.A(T), instead of simply
A(T), for this means that, even though A(T) is quite small, when T is
large, the product T.A(T) remains large. It is therefore necessary
to terminate the curve A(T) at a finite value of T, by bringing it
to zero at this point, in order that the curve T.A(T) may be ter-
minated within the computed range of T. This difficulty would seem
to indicate that in general the use of the cursors for a purpose
other than that for which they were designed distorts the process
of transformation, and increases the likelihood of error in it;
for this application to T.A(T) extracts, from the long tail of the
correlation function, a contribution to the transform which is dis=-
proportionately important, when compared with the contribution from
the major part of the function at low values of T.A method of trans-
formation operating directly on the correlation function itself
would probably produce a much smaller error due to this cause. It
is suggested that other methods, referred to earlier in paragraph 2.4.,

to which the correlation functions could be applied directly, might
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meet with more success on this point.

Once the full range of delays up to 800 milliseconds was available
a set of three correlation functions was computed for the servo also.
The integrating time in use for this test, as on previous occasions,
was two minutes; since the servo output is a very slowly varying
time function, even an integrating time as long as this produced
quite a considerable spread in the results, so three readings were
taken at each delay value, and their average value used. Transform-
ation of the correlation curves obtained presented no particular
difficulty, as the whole functions could still be contained in the
same three decades of T as before. It was not in fact found necessary
to transform the input autocorrelation function agein, as when com-
pared point by point with that obtained in the filter test, using
the same noise filter, very close correspondence was found. This, in
a test conducted several days after the filter test, was a promising
indication of stable output from the noise generator.

4.6, Preparation and examination of transfer functions.

The power spectra produced above, from the 'normalised' correl-
ation functions, were then ready to be divided to obtain the two
transfer functions of the systems. In both cases, since the transfer
functions were known in theory, the theoretical functions were com-
puted and plotted first, for comparison. The pairs of functions
obtained, theoretical and practical, are shown in Graphs 9 and 10
(complex transfer functions) and Graph 11 (squared-amplitude responses)
The output power spectrum of the servo appears in Graph 12, together
with the power spectrum of the input, while Graph 8 gives the correl-

ation functions for the servo.
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Examination of these graphs will show that, while the essential
features of the responses of both systems have been preserved, there
is present in all of the practical results a substantial degree of
error. Analysis of the type and occurrence of the error gives very
little definite information on its probable causes, as the errors in
the results for the two systems, when plotted versus frequency, vary
almost randomly in amplitude and in phase. In short, it seems very
unlikely that the error is due to any one principal cause, but rather
that it is an accumulation of errors occurring at different stages
in the process of computation, none of which are regularly of great
importance by themselves, or even very systematic, but which, when
combined in the final result, produce an error of substantial size
and of near random distribution.

A critical examination of the details of the process of com-
putation does, however, reveal some portions of the process which
appear more likely to give riseto rather unpredictable errors than
others. A brief inspection of these may be expected to give a lead
to the most satisfactory approach to the problem of improving the
accuracy of the methods In an attempt to distinguish errors occurring
in one mrticular part of the process, the errors found have been
plptted and analysed in a great variety of ways, as amplitude error,
phase error, and ag error in the two separate parts of the complex
response, but no definite relation has yet been found between any two
of these., It is therefore felt to be more constructive to examine
each stage of the process in turn, and estimate the possible sources

of error at each stage; these individual errors will not necessarily
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be of a systematic nature, so when combined in the final result, the
total error will have a random character.
4.7.5ources of error in the correlation process.

Two restrictions are placed on the computation of the correlation
function which are liable to cause error, Firstly, the time of com-
putation of the function is strictly limited, usually to about 150
seconds. For simple mathematical time functions, the error due to
this limitation can readily be estimated (Solodovnikovs,p.114), Ceey
for a sine wave of angular frequency W the error involved in res-

tricting computation to C seconds is approximately

e-—

"o

If then the random signals used in the tests are represented by an
agssembly of sine waves, we can estimate the error due to, say, the
lowest frequency component; this can be defined, since there is a lower
limit to the noise spectrum, due to the output filter on the noise
generator, of wy = % rad/sec. For a computing time of 150 seconds,

the error in the contribution of the lowest frequency component is

e = %7%56 or 5.33%
while at the upper frequency limit of interest, about W, = 40 rad/s.

the error would be e = or 0.016%. S0 for any frequency above

0 I
40,150
say 1 rad/sec., the error in that component of the correlation function
will be less than 1%.

liore serious, and less easily predicted, is the error due to
the finite steps by which $he delay is varied, As is described in
Chapter 6, the delay is variable in four ranges, 0-100,0-200,0-400

and 0-800 milliseconds. Each range has 25 equal steps, so the steps
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themselves increase in the higher ranges, and are of spproximately
4,8,16 and 32 milliseconds respectively. When the two highest ranges
are in use, the difficulty of plotting an accurate curve through the
widely spsced points produced by it is great, and a substantial error
is almost inevitable here. As was mentioned above, the occurrence of
an error of this kind in the correlation function will be aggravated
by the form of the transformation process used, which deals more
severely with errors at large delays, due to the multiplication by
the delay time T.

There is also some loss due to discharge of the delay storage
capacitors on read-out, but, as is shown in Chapter 6, this loss is
very nearly constant over the range of input frequencies used, so
can be compensated by multiplying all the results by a constant
factor, and this has been done in all the tests,

4.8. Errors occurring in the transformation process.

The basic weizhting function used in the calibration of the

cos
sin

log T.) The oscillations in sign of this function will thus become

cursors (Roéenbrookl7) is the graph of wl against log w (or

very closely crowded together ag w increases, so that in the last
quadrant of w only one value of the weighting function per cycle

is available. At the same time, slow fluctuations in the correlation
function are also crowded by the logarithmic scale; in some cases,
these become so narrow that they fall between two weighting scales
and are eliminated from the transform sum altogether. The error
arising from these omissions is not easy to estimate, as it is
dependent on the exact position of the cursor, but it can be said

that some error is almost certain to occur due to this cause at all
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frequencies. Additionally, the distorting effect involved by the use
of cursors making sn indirect transformation, as here, of T.A(T),
rather than a direct transform of A(T), will place undue emphasis
on the region of the correlation function where T is high, and where
consequently the accuracy of the function is poorer (para.4.7.).
Once again, errors due to these causes are not of a nature which is
readily tractable mathematically, so prediction of their size and
occurrence is not really possible without recourse to assumptions
about the mechanism of their production which cause too great a
departure from the practical situation.

4.9. Conclusions on the accuracy and possible development of the method

Since the sources of error are so diverse, and individual errors
due to each source cannot readily be separated from the general error,
numerical estimates of the accuracy of the computation process in any
one particular case are of little value., The r.m.s8. error in the case
of the third order servo is 10.7%, yet the mean error for the same
system is under 4% of the theoretical value. There is no reason to
believe, however, that these figures would apply equally to any type
of test system, as the errors do depend to a considerable extent on
the exact pass~band of the system., It should be stressed that the
qualitative performance of the method, in determining the salient
features of the system response function, such as resonant and cutoff
frequencies, and the relative gain values at these frequencies, has
been shown in both tests to be quite satisfactory.

The foregoing analysis of the most probable sources of error in

the existing apparatus does serve to indicate a number of particular
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points in the seguence of computation at which attention could be
given to improvements. These can be summarised as follows:

(i) Correlator, Improvements are required in the construction of the

delay switch to allow the delay time to be varied in equal steps
over the entire available range of delays, so that the correlatio
functions can be plotted with uniform accuracy throughout.

(ii) Transformation. The adoption of a system of transformation which

is capable of handling the correlation function directly, and

whose accuracy of transformation is as nearly as possible

independent of the particuler values of the transform variables
in use, is to be recommended. One or two such gystems are out-

lined in Chapter 2.

In general, the computing components used to simulate the test
control systems and to assist in performing the necessary mathematical
operations gave no trouble whatever; indeed, the main problem requirin
attention is that of developing the remainder of the equipment to
a standard of accuracy comparable with that of the operational units,
In these,.all the fixed components are highly stable, and have been
adjusted to an individual accuracy of better than 0.1%, while the
potentiometers are multi-turn helical types built to a high standard
of resolution and linearity. The low-frequency performance of all

these has been above reproach.
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5. THE RANDONM SIGNAL GENERATOR.

5¢le Specification.

The random signal generator described here was required as an
auxiliary to the analogue computer, which has a working range of T 100v
Its output requirements were therefore to produce a random signal
of at least 10V r.m.s. amplitude, including peaks to at least three
times this value, and having a flat frequency spectrum from just above
d.c. to about 10 c/s. The signal was to have zero mean value.

5.2. Review of generation technigques for random signals.

The generation of low frequency random signals must almost
always be done indirectly by derivation from random signals of higher
frequency, as the 1l.f. power produced by the normal primary sources
of noise is very low. If this low-power signal were amplified in
normal valve amplifier circuits, it would become heavily contaminated
with hum and bursts of flicker noise from the valves, with consequent
demage to its frequency spectrum. The bulk of techniques therefore
extract noise in the a.f. range, amplify it and process it to produce
& low=-frequency signal either by beating or by envelope detection.

The most popular and convenient source of a.f., random noise is
the miniature thyratron. This produces noise almost uniformly over
a band extending from about 60 c/s to some tens of kilocycles; some
increase in power can also be obtained by running it in the field of
a permanent magnet., The next step, common to the majority of systems,
is to extract a narrow, fairly flat band of noise from the a.f. band
by use of a tuned amplifier.lo’n’lz’19 From this point onwards,
several different treatments are employed, so they will be given

separately.
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The most direct technique is that used by West and Roberts,12 in
which two narrow bands are selected, at about 5 and Bkc/s, and passed
through a simple peak rectifier to obtain the 1l.f., envelope. The
envelopes of the two signals are subtracted to give a 1.f. output of
nearly Gaussian distribution. A slightly different approach is made
by Douce and Shackleton,ll also using a non-linear element., This time
the noise is severely clipped; a following low-pass filter removes
the fundamental band and the harmonics, leaving only the 1.f. modul-
ation products of these. These are shown by Wéstl to give a signal
with an almost flat spectrum,

Another popular technique, which forms the basis of the generator
built for this project, uses a modulating circuit, from which only
the lower sideband is extracted. The main difficulty with this type
of circuit is that of achieving adequate stability in the carrier
frequency, and in the frequency response of the tuned amplifier,
This circuit is described fully by Bennett and Fultonlo, while Bell
and Rosiel9 employ a similar circuit with a more stable type of
amplifier and a built-in local oscillator.

One further rather novel technigue has been developed, and

13

described recently by Rainal, which represents quite a departure from
all those already described. This involved the production of a random
signal from an assembly of samples of higher-frequency noise. The

sampling process also operates randomly, and is said to produce samples

with a distribution closely approximating to Gaussian.

5.3. Description of the actual circuit used.

The general layout of the genergtor is given as a block diagram

in Fig. 12, The generator as a whole runs as a simple on-off device,
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controlled by switching on the supply to the thyratron. Fig.l3. is a
diagram of the complete circuit details., All the power supplies (+ 300
and -~ 250V d.c. and heaters) are obtained from externsl units, as
also is the carrier supply for the modulator.

The noise source is a type 2D2]1 miniature thyratron, run at a
fixed grid potential, and carrying a mean current of 16mA, Under these
conditions, the output current shows vigorous plasma oscillations
at 35-45kc/9, together with a wide band of background noise. The
band selected was a compromise, as higher noise power is available
at around 10kc/s, but increasing frequency complicates the design
of a really narrow-band band-pass amplifier, Within the chosen band,
around 4.2kc/s, the power available varies considerably with the
mean current, so extensive tests were needed to determine the best
operating current.

The thyratron output is passed through s band-pass amplifier,
having two identical L-C tuned circuits, coupled by a small air
capacitor. The frequency response of this amplifier is given on Graph
13, where it will be seen that the bandwidth at the minimum value of
c0upling capacitance is about 900/3 and with maximum capacitance
sbout 110c/s. The narrow band of noise is amplified by an R-C coupled
stage, and thence through a cathode-follower to the modulator.

The modulator is a ring circuit, employing four germanium diodes.
It is coupled tP the cathode follower by a centre-tapped matching
transformer, at the centre tap of which is applied a carrier square
wave at 4.2kc/s, generated by an external instrument, This wave is
of 50V pesk-to-peak amplitude, much in excess of the expected input,

and so controls the state of conduction of the diodes, to produce at
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the output a 4.2kc/s carrier wave modulated by the input a.f. noise.
This signal will therefore contain the fundamental frequencies in the
input band, together with their odd harmonics, and their sum and diff-
erence with the carrier. A large capacitor across the output of this
stage eliminates all the a.f. components, leaving only the low
difference frequencies. The output signal is push-pull, unsuitable
for use in the computer, so the output stage used, which now has to be
direct coupled, is a balanced 'long-tailed pair' circuit. This enable
gingle-sided output to be teken from one ancde. The d.c. level is
then removed by a low-cut filter (cutoff 0.0lc/s). The final output
ig thus a low-frequency random signal, of zero mean level, and suitabl
for direct injection into the analogue computer.

5.4, Performence testing of the generator.

Once the generator was completed in its final form, a series of
tests were carried out on it to determine the salient features of its
output. These tests took several different forms,viz., calculation of
the output mean level, r.,m.s. level, and power spectrum, and a check
on the long-term stability of the output levels, as it was anticipated
that the work for which it would be used would involve test runs of
long duration.

(i) Output mean and r.m.s. levels. The mean level of the noise was

measured by integrating the output, using an operational amplifier
and integrating for 150 seconds. The resulting mean value was 0.577V.
This value fluctuated considerably on repeated tests, and is thought
to arise chiefly through d.c. leakage through the electrolytic capac-
itor used in the final filter. Assuming that this mean level was

maintained during a correlation test, which on the evidence available
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seems unlikely, the effect of it on the output voltage of the circuit
of Fig.8, after 150 seconds integration, would be a drift of about 2.5
or about 3% of output.

The r.m.s. noise level was determined both by computation (by
squaring in the multiplier and integrating) and by direct meansurement
using a dynamometer voltmeter. The result in each case was of the ord
of 14V, a level quite sufficient for direct use in the computer,

(ii) Measurement of output power spectrum, An attempt was made

to evaluate the output power spectrum by the use of a Muirhead-Pametra
wave analyser, This instrument employs very narrow=-band tuned amplifi
circuits to select a narrow band of frequencies, and displeys the r.m.
signal in that band on a meter., Unfortunately the time constant of th
meter circuit was much too short to average the fluctuations of this
r.m.8. level, so the attempt with this method had to be abandoned.

The spectrum was finally obtained by performing an autocorrelation

on the noise output, as described in Section 4.2. The transform of
this is Graph 3, and shown clearly the higher frequency deficiencies
of the output, The flat band up to 40 rad/sec.has however proved to
be adequate for testing the low bandwidth circuits used to simulate
control systems.

(iii) Tests of output long-term stability. The stability of the

output over a period of severasl hours is of conaiderable importance

to the success of correlation tests at low frequencies, as on average
the computation of one correlation function took some two and a half
hours to complete. In the design of the generator, a number of pre-
cautions were taken to try to: ensure this; for example, the d.c. power

is obtained from high guality stabilised supply units, and the a.c.
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supplies for valve heaters, and for the pulse generator which provides
the carrier pulses, were derived from the mains through a 1000VA
capacity electronic stabiliser. To check the effectiveness of these
measures, a test of some three hours duration was carried out, in which
the output of the generator was rectified, filtered and recorded by
a pen recorder. The filtering circuit comprised a silicon diode,
followed by an R-C filter stage with a time constant of 3.3. seconds,
and was fed from the generator through a cathode follower, The result
of this test, after analysis of the pen record (some 14 feet long)
was that, in 2 hours 47 minutes recording, only two small departures
from a steady mean output were recorded, neither of which lasted for
more than about fifteen seconds. The output stability would therefore
appear to be quite reliable for the two or three hour tests on which
the generator was later employed.

5.5, Conclusion. The generator produced fits the specification set

out for this type of work nearly enough for useful work to be done
with it. Improvements are certainly possible, particularly in respect
of the amplitude distribution, which on visual examination appears

to be somewhat distorted as a result of a degree of clipping within
the generator. If the use of a modulation technique for derivation
of 1.f. noise is to be continued, the incorporation of an internal

19

carrier oscillator = appears to improve stability of operation, and
would certainly remove the complication of tuning the external unit
before operating the generator, as the internal unit could be tuned
once for all. More reliable and controllable outputs could best be
achieved, however, by the use of a form of the passive non-linear

techniques already described.11’12



6, THE TIMZ DELAY UNIT,

6.1, Specification.

The computation of correlation functions require& the provision
of facilities for delaying a time signal, with the minimum of loss
in amplitude and minimum distortion, for a period of time which is
clearly defined, but which can readily be varied over quite a wide
range., The device used must have a low output impedance, suitable for
coupling to other computing units, and must maintain reliable perfor-
mance over several hours continuous operation,

The device described here was designed initially to give delays
up to 100 milliseconds, at intervals of 4 milliseconds, but this was
later found in practice to be inadequate for complete determination
of some correlation functions. The range was accordingly increased to
almost 800 milliseconds, but with the restriction that at the upper
values the interval between available delay values was also increased
to 32 milliseconds.

A further requirement was that the frequency response of the
device should be as flat as possible up to at least 20c/s, to simplify
any compensation which might prove necessary for losses in the device.
6.2. General note on storage technigues.

Several technigues have been developed for delaying = signal,
some for delaying the complete continuous signal, others producing it
as a series of discrete values. The first-mentioned manner of storage
will of course include storage on magnetic tape, involving the use
of a fairly complex modulation system to prepare the 1.f. signal for
application to the tape. This type of storage could be used for delay-

ing dat® continuously, by using a loop of tape which would be re-used
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once the first set of data recorded on it had been played back, but
it would work more conveniently recording a sample of the data, which
could then be played back with different values of time delay. In this
system, the time delay is achieved by having separate recording and
playback heads, which are spaced to operate on portions of tape some
distance apart. Provided the two heads can be located accurately and
one is capable of calibrated movement relative to the other, this
system could be very efficient, but the amount of auxiliary apparatus
needed is considerable.

An alternative, which normally will use discrete values of the
input signal, is to store sampled values of the input on a series of
isolated capacitors, whence the stored voltage can be read out at a
later time, in sequence, to reconstitute the original signal. This
system does not produce any permanent record of the signal passed
through it, so the source of the input signal must be in operation
during the whole time that the delayed signal is required. This is
in contrast to the tape system, where a sample of data may be recorded
once and a complete range of delayed signals suitable for correlation
mey be obtained from that one sample, without further reference to
the source of the data for further information. One device operating
on the capacitive storage principle is described by Janssean. In it,
the signel is passed, step by step, down a chain of capacitors, until
it is finally read out. The passing-on of the sampled signal from one
stage to the next is controlled by the operation of relays, and the
total delay time taken to pass down the length of the chain is varied
by altering the frequency of operation of the relays. The capacitors

are separated by buffer stages to minimise losses in transit, so good
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reproduction of the input is to be expected, and the means of control-
ling the delay time is simple and accurate.

The system actually developed for use with the computer is a
simpler form of this, in which the capacitors are quite separate, and
are charged in sequence to successive sampled values of the input. The
stored values are read out, in the same sequence, at a later time. The
exact delay time is varied by altering the connections to and from
the capacitors.

6.3. Construction of the delay unit.

The layout of the delay unit as a whole is shown on Fig.l1l4.
The incoming signal is fed to one moving arm of a standard Post Office
Uniselector, the shaft of which is fitted with a large 150-tooth
gear, and is driven as shown by a single-phase synchronous motor,
through several stages of reduction gearing, The input arm, sweeping
scross the set of contacts US/A, charges in turn each of a bank of
twenty-five storage capacitors. Simultaneously, a second arm is
sweeping across an identical set of contacts US/B; the storage
capacitors are connected to contacts US/B through the delay control
switche The position of this switch (described below) determines the
amount of 'stagger' between the positions of the contacts on US/A and
US/B which are connected to the same capacitor. Hence the 'stagger!
determines the time delay between the charging of any one capacitor thi
US/A and the reading: -out of its stored potential through US/B; this 1
is therefore the time delay applied to the whole signal in its passage
through the unit.

The signal forms produced by this delaying process are shown on

Fig.15. The upper waveform is a typical random input signal. At the
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highest rotational speed of the unit, this waveform would be sampled
at intervals of 4 milliseconds, as shown by the broken lines, and the
sampled levels stored. The lower waveform is the output which would
be obtained after a delay of 20 milliseconds, the time origin being
placed at the beginning of the output wave. The output thus consists
of a series of discrete voltage steps, corresponding to the discrete
values of the input.
This stepped output waveform is passed directly to the grid of
. the cathode follower valve, to offer a high impedance to discharge
of the storage capacitors. A small 1000pF. capacitor is also placed
in shunt with the main storage capacitor during resdout. This is
needed to maintain the output level during the 'break' period in the
operation of the bresk-before-make contacts on the Uniselector. With
these precautions taken in the circuit, the loss due to discharge
in the readout circuit had been found to be barely detectable on
inspection of the output waveform, OSome loss is incurred, however,
through bouncing of the moving contacts, which were not of course
‘ designed for continuous rotation., This effectively reduces the time
available for charging the capacitors, which thus do not attain the
full sample voltage,
As in the noise generator, there is a large capacitor at the
output of this unit to remove the d.c. level arising in the cathode
follower.

6.4, Construction and operation of the delay control switch.

A special type of switch had to be constructed tc perform the
switching function required in changing the 'stagger! of the capacitor

connections, The requirement is that the connections of all twenty-fi:
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capacitors be transferred, simultaneously, between any two of the twen
five contacts on the Uniselector, while ensuring that the capacitors
will still be scanned, by the moving arm, in the same order in time.

The construction of the switch to do this is shown in Fig.1l6.
Fig.16(a) shows the assembled unit, edge on, while Figs.16(b) and (c)
show the construction of the fixed backplate A and the movable disc B
respectively. Plate A carries 25 stud contacts, arranged in a ring am
connected in cyclic order to the set of Uniselector contacts US/B.
The moving disc B carries 25 sprung plunger contacts, set in a ring
concentric with that on A and connected in order to the 25 storage
capacitors. When assembled it can be rotated relative to A by handle
D, The spindle assembly C serves to align the two sets of contacts
and maintain pressure between them., It will be seen that rotation of
disc B relative to A will transfer the capacitor comnections simul-
taneously in the manner prescribed., The edge of the disc B is indexed
to show the number of steps through which it has been moved relative
to a fixed mark on A, thus indicating the exact stagger of the conn-
ections. On test, the mean contact resistance at each of the 25 points
after several full-circle rotations, was found to be only 0.4 ohm,

6.5s Evaluationiof exact time delay due to the unit.

It is essential to know to a high degree of accuracy the exact
delay applied to the signal in transmission through the delay unit.,
This is readily calculable from the details of the drive mechanism
used to turn the Uniselector. The driving motor is & single-phase,
two~pole, SOc/s synchronous machine; the prime mover speed is thus
3000 r.psm, The drive is then taken through a fixed reduction gear

of 6.25:1 ratio, then through a four-speed reduction gearbox giving
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a reduction of 111, 2:1, 4:1 or 8:1l., The final drive to the Uniselect¢
gives a further reduction of 150:96. Hence the highest final shaft
speed is Nl = BOOO.E%Egaigg- = 307.5 r.p.ms The time of one revol-
ution is thus 195.3 milliseconds. In this time, each of the 25 contac:!
has been swept twice, so the time of passage of the arm over one
contact is %%242 or 3,906 milliseconds. This time is the delay gained
by staggering the input and output sontacts one step, so this may
be regarded as a unit delay. Hence at top speed the delay is variable
by steps of one unit up to 24 units, or 93.74 milliseconds. The three
lower speeds will evidently produce delays which are multiples of the

unit defined above, so the range of delay available may be summarised

thus:~- Top speed of 307.5 r.p.m. = delay up to 93.7 mS by steps of 3.

Second speed of 155.75r.p.me - "™ " MB7,5mS " " o
Third speed of 76.881‘.1).]!1. = n ) 137540 mns " " "5,
Bottom speed of 38.44r.p.m. = n " "750.0 mS " " "3],

It is evident therefore that the increasing interval between available
delay values will cause the accuracy of plotting of correlation curves
to deteriorate as the delay increases. These curves must of course be
plotted exactly, taking full account of the rather awkward values of
exact delay, since they are used for transformation. The graphe of
correlation functions included with this thesis, for convenience in
plotting, are plotted to a base line celibrated in delay units, the
unit being that defined above of 3,906 mS,

6.,6. Performance testing of the delay unit.

It was expected that some degree of loss was inevitable in the

passage of a signal through a device of this type. Some tests were
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therefore devised to estimate the extent of the loss and its variation
over the frequency range likely to be encountered in the noise signals.
The sources of loss have been outlined in Section 6.3.; the most
gerious, and the most difficult to cure, is that due to suspected
'"bouncing' of the tips of the moving arms in passing over the fixed
contacts of the Uniselector. As could be expected, this caused the los
to increase at higher speed, and also increased with wear on the tips
after a lengthy period of operation., A small loss in amplitude, of
about 1%, will also occur when the 1000pF 'carry-over' capacitor is
placed in parallel with the main storage capacitor of O.]yF during
the read-out period. Loss due to discharge of the main capacitor on
read-out is almost completely eliminated by the presence of the
direct-coupled cathode follower.

The tests were carried out by measuring the mean-square signal
at the output of the unit, set to a delay of 20 mS (approx.), and
comparing this with the mean-sguare input signal. The input signal
used was a sine wave varied in frequency from O.lc/s to 20c/s. The

test was carried out at the three upper speeds, and the results

mean_square o/p
mean square i/p

are shown in Graph 14, where the ratio is plotted

as a function of frequency. Also shown on that graph is the correspon-
ding result at the top speed without the use of the cathode follower,
to demonstrate its efficiency in reducing losses. It will be noted
that the loss for all speeds is nearly independent of frequency; this
enabled correction to be made for it by multiplying the subsequent
results obtained with the unit by a simple constant factor. This is

found on the basis that, since in correlation only one of the two

signals whose product is averaged has been delayed, the amplitude error
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resulting from the delay is related to the mean square loss found
above as follows:-
Let the mean-square loss be a fraction E of the input mean square
Then the mean-square output of the delay unit is

=2 =2
E =5 (1-E)

Hence E__= E, (l-E)%’ where E _ and B, are r.m.s. of E ,E,
or ir or o’ 3

i %
If the undelayed component in the correlation product is Es

the correlation product will be

g = Ei(t).Es(t+T)

For T = O, ¢o = B, (t).E(t) =E .B .

If then the error in ¢o due to delay loss is e, we have
g(1-e) = Eir.Esr.(l-E)%
j.ee 10 = (l-E)%
so approximately, e = 3E.

Since it has been found that the loss is nearly constant for

all values of T, including zero, this result can be applied

uniformly to all the correlation products obtained.
From the loss curves of Graph 14, the mean value of the mean-square
loss E is found to be 0.09, so the error e in the correlation products

will be 0.045. Accordingly all products so obtained have been cor-

1
GedBln &

Graph 14 shows a slight increase in the loss at the highest speed

rected by multiplication by a factor of

of 307.5 r.p.m. In fact, as the wear on the contacts of the Uniselec~
tor became rather severe after some 50 hours operation, a later test
at this speed showed a marked increase in loss. Since the lower speeds

were not similarly affected, the use of the highest speed was there-

after restricted to the minimum needed to complete the early parts of



the correlation functions.

f.7. Conclusion.

The delay unit produced as described above has fulfilled the
requirements of this spplication sufficiently well to enable useful
work to be done with it. It has, however, some intrinsic limitations
which require to be carefully observed if substantial errors are to
be avoided. Principally these are due to mechanical characteristics
of the eguipment used, which have a more severe effect when the equip-
ment is used in conditions far removed from those for which it was
designed. This change of use has resulted in a very high rate of wear
of the prinecipal contact surfaces, with consequent aggravation of
losses., The discontinuous type of delay has been shown to be well
suited to this servo application, so a development of the principle,
using preferably static switching techniques instead of mechanical

devices, would seem to offer attractive possibilities in this field.
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7. CONCLUSIONS.

A system has been developed for determination of the complex
frequency transfer function of a control gystem, by the use of the
correlation functions of signals directly associated with that system.
It has been demonstrated in principle that signals derived from nor-
mally-operating equipment can be used for this purpose, with the
minimum of disturbasnce to the system. Special equipment and circuits
have been developed to form correlation functions, ihcluding the
construction of a low-frequency variable delay device, but as yet
it had not been possible to perform the second stage of the computat-
ion, i.e., the Fourier transformation of these functions, automatic-
ally. Attention to this point would seem to be the next logical
step in the development of the method.

Testing of this equipment on its own, and later as a complete
computation system, has revealed several basic points to which further
attention is reguired in improving the accuracy and versatility of the
method. In particular, in the delay unit, it is hoped that a future
gtep would be the replacement of the existing mechanical switching
apparatus by a static device, as the rate of wear on the contact
surfaces of the mechanical equipment has proved to be very high,
with congequent loss of accuracy of reproduction of the delayed signal.
This development would also make possible the automation of the cor-
relation process, so that the whole function could be produced, for
a preset range of delay, in one continuous operation. A further step
in the construction of an sutomatic Fourier transformer, capable of

handling the output of the correlator, would then render the whole



- 6] -
process of system analysis almost completely automatic.,

Trials have been made of the existing correlating equipment,
using a numerical method of Fourier transformation, on two control
circuits, which were simulated for the test by an analogue computer.
The results obtained from these trials, for linear systems, suggest
an accuracy of about 5% in the final complex transfer function.
Qualitatively, all principal features of the system frequency res-
ponses, e.8., resonant frequencies, have been clearly defined by the
practical results. The major drawback of the method in its present
form of execution is the long time required to perform the correl-
ation process; this in turn requires that the signals from the test
system remain available for a considerable time, which in meny
applications would not be possible, The method is, however, readily
capable of adaptation to work with recorded dats if required, if the
delay section were changed to a magnetic tepe system. This would
further enhance the versatility of the method.

For laboratory purposes, these tests require the proviesion of
a random signal source. One such generator has been built, and has
operated successfully throughout the tests, but it is felt that much
would be gained by the provision of a more readily controllable
source, in which the mean amplitude and bandwidth of the random
signal would be more precisely controlled.

The results so far obtained have served to demonstrate the effect-
iveness of this approach to system analysis in principle. If further
development is carried out on the lines indicated, in improving the
speed and accuracy of the operation, the resulting equipment should

provide an attractive and versatile method of analysis.
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APPENDIX L.

Analytical Derivation of Correlation Functions.

It is of interest to evaluate the several correlation functions
used in the aboveanalysis, for a number of types of control systems,
and in particular to compare them with the functions obtained in
prectice from the apparatus. To do this, it will be assumed that the
input to the system consists of noise which is 'white' over a band of
frequencies considerably wider than the pass-band of the system; its
power spectrum can therefore be represented by a constant power per
unit bandwidth, and for convenience this constant will be taken as
unity.

Al.l. General Theory.

The fundamental functions used have already been defined above,
and may be summarised as follows:- Time delay between function value:

®
Autocorrelation function, of signal at point m,Amm(T)qff&t)fm(t+T
-

Cross=-correlation function, between signals at points m and n,
©
Cm(’l‘)jfm(t)fn(t-s\-’l‘)d
Transfer function of system, G(w)

o0 3
Power spectrum of signal at point m,Pm(w)ffAmm(T).e-JWTdT. ----- (1
~w

] jwT
Amm(T)= z_‘rr_f‘,Pm(W)'e dwo====(
Also the following relation between auto- and cross-correlation

functions; Cmn(T)=2ﬂﬂ(x).Amm(T-x)dxo --==(3)



where W(x) is the impulse response of the system between the points

m and n.

Al.2. Application to Filter Circuits used experimentally.

In the test circuits used above, the signal from the noise generat
is passed through a single-stage low-pass R-C filter before being
applied to the system under test. The cutoff frequency of this filter
is at least twice that of the system. A similar filter of lower cutofH
is also used as one of the test systems, Analysis will now be made
of these two filters in cascade. The arrangement is shown in the block

diagram,

White
Noise

Generalor.

(2) Autocorrelation of system input (point 2)

The input noise power spectrum, Pl (w)= 1.

Transfer function of first stage, Gl(jw) = 1
1+

<12

1
So the output power spectrum, P2(w) - Pl(w).l(}(w)l2

k-
= T 1

w2+ w
1

Autocorrelation function of system input, A, (T) =1 jP2(w)t dw.

o 2ejw'l'

dw.,

1
w2+ w
1

1 L
* 2% *f
~
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This integral can be evaluated using Cauchy's residue theorem, and
treating it as a contour integral.
This theorem states that, if a function f(z),0f the complex

variable 2z, has a singularity at z = 2z

o» the integral I =[f(z)dz. is
C

The residue of f(z) at z. is

given by I=2nji=xresidue of f(z) at z o

0.

defined as R(zo) = %&go (z-zo)f(z).
Applying this to the integral above, we must first define the

contour in the w-plane over which integration is to be effected.

A suitable contour is the very large semi-circle shown in the sketch.

s s On this contour,
o0 R
/ \ I F(w)aw.=/F(w)dw +/F(w)dw.
\ -0 =
/ v C) R C1
‘It can be shown that, as R tends

\
\
|
R "( W 4o infinity, the second term

J‘-S“ﬁ tends to zero. In our case, the

function F(w) has poles at
w=tjwl, as shownj; only the

pole at w=jw, lies within the contour of integration, so only the

1
residue at this pole contributes to the value of the integral.
2 ;
W 3 ; X JwT
Hence, we have A22(T) 1 .2vj. lig (w-le) e
2n /i 2 2
v + W
1
= jw12 e-wlT
Zle
- et ™7
5 -
However, A22(T) is an even function of T, so we must replace T
in the above expression by T. Thus finally A22(T) =" e-w{T‘—-—---(4)
2
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(b) Autocorrelation of system output (point 3)

The transfer function of the second stage is G2(jw) r 1

1+jg
w

2

2
So we have P_(w) = 1>2(w)|c,2(w)\2 Ya¥o
J =

2
(w + we) (o + w5)
Thus the output autocorrelation function is
w i
A, (T)= L JwT
35( ) 2_n-_/;PS(w).e dw.

a2

b B 7 eI e aw.
-Z‘h(w Sow 2)-vw2+w2 W+w
) 2 1

This integral may be evaluated by the method of residues also, using

the same contour of integration as beforej in this case, each part of
the integral has two poles, but only one pole of each lies within the
contour and so contributes to the value of the integral. The applicat

ion of the method of residues yields the following:-

3 2 JwT, . JwT
W e o\ W W . -V
A33(T)_ 3 ¥ .an{ (w-gw,) _ e (v-j

= £ :
2n(wf-w22 'Lﬂz(wz - w22) w’3'1 (w2 - WI‘
S -
1% [e“’?u e"'fT7 ............. (5)
2..¢ w w
2(w1 - 2) 2 1

(c) Cross-correlation function around the filter.

L

The cross=-correlation function around the filter can be evaluated
with the same assumptions as before by use of the convolution integral
of equation (3), paragraph Al.l., thus:-

o0
023(T)=£ W(x).Azz(T-x) ax.
Bearing in mind that the cross-correlation function is an irregul

function of T, which must be evaluated over the full positive and
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negative ranges of T, care must be taken to observe the limits of
validity of analytical representations of the functions involved.
These limits are, for the impulse response, W(x),
W(x) = wze-w2x, for. x Y 0,
W(x) = 0, for x< O. ;
and for the input autocorrelation function ( from eqn.(4) above),

il
A22(T-x)= 1 }T-x]

1

NJH

0
M| b
2

e'-Wl(']?-x), for < x & T §

W,
__;_e +wl(T-x)

g for x> 8, )
In order to observe these limits, the operation of convolution must
be divided into two parts, that over the positive range of T and that

over the negative range,

For positive T, the appropriate expression is

o

T
C (T) = w e-ng.wl e"wl(T‘x) AX.+ S W e-wzx.wl ewl(q
23 0 2 — m i

2 e 2
LA e-sz_e-wlT o-waT ]
g W. =W . W. +W
T T2
w 2w w.T W w. T 4
e G T L R &)
e 2y, -w
wl -wz ( 1 2)

Por negative T, we have, since x is always greater than T,

0 = fas
Eox(P) = [ w e ™2 "1 "1 (T-%) 4o,
23 o 2 >
w.w

" 1,2 -ewlT. __________ (7)
2Ew1+w25
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Al.3, Application to a circuit having complex poles.

Another type of circuit frequently encountered in an analysis
of this sort is the quadratic resonant circuit, having two complex
conjugate poles. It is therefore useful to derive the autocorrelation
function of white noise (as defined above) after application to one
such circuit.

Let the transfer function of the circuit be
1

G(jw) = 2
b+ 2jaw - w

If the input noise as before has a spectral density of unity, the

output spectral density will be

p(w) = fa(3m)] 2

3
(bz-w2)2+ (Zaw)2

1
(w+k+ja) (wi+k=-ja) (w-k+ja) (w-k-ja)

2

where k=1 b2—a

and k20
v w X o
wiktja | wik-ja | wek+ja | wek-ja 77T ()
The coefficients of the partial fractions are
v 1 ; -1 1 y

* §jak(~k-ja) ' Bjak(-k+ja)’ * = 8jak(k-7a) ° 2 ™ Bjak(k+ja)
The autocorrelation function of the output noise can then be

obtained by Fourier transformation of equation (8), and is

A(T)= —21?;7; P(w) e u.

swT o 7 oD
v “,3 e’ dw.+ W ?'0 e‘j'T dw. + i o9 dw -hlnfej"T
- J ps o e A o
2 n_ Wik+ja 2 T Vtk-ja 2 fop w=k+ja {w W=K=j
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These integrals can be evaluated as before by the method of residues.
The seme semi-circular contour of integration is used, so only two of
the four complex poles of A(T) will be included by it. There will
therefore be no contribution to the integral from the first or the
third term above; only the second and fourth terms, from the poles at
w =+ k + ja, will have non-zero residues. The result of this operati

is . < - :
A(T) L, jW eJ(-k+Ja)T % JZ eJ(k"'Ja')T

-aT «jkT

= jW.e o€ + Jja.

e-aT.eJkT

e-aT.e-JkT e-aT.eJkT

Bak(-k+ja) ' Bak(k+ja)

o ey [—(k+ja)(cos kT-j sin kT)+(-k+ja)(cos kT+j sink!

-aT
e k cos kT - a sin' kT)
4ak(a2+ k2)

Once again, since A(T) must be an even function of T, we replace

Tbhy T , to give
A(T) = ot (k cos k1 7] - a sin k|TI) (9)

4ak(a2+ k2)

Al.4, Application to & general polynomial network.

As a final example, the results of applying white noise to a
general network, whose transfer function can be represented as a
polynomial fraction of degree n , can be evaluated. Let us suppose

that the network transfer function is

o - (p-2;)(p-2,)- - - - (p-z ) ot

(P-p; )(p-p,)- - = = (p-p,)
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After application of white noise, defined as usual to have unity powe

per unit bandwidth, the output power spectrum will be

P(w) = 1. le(p)\ ©

m

DC Lav-z ) 2 z:( (gw-2,)(dw-z
L0 bimnt 2 (€

Since m n, this function can be separated into a series of partial

fractions of the form

n k |
I iy
B gEl(iW-prj T Gwep,) *

1
P

.
(Jwp)

n k
= & =
rslijw-prs

The coefficients kr’lr of the partial fractions are determined from

the complex poles and zeros P, and z, in the usual manner, namely
i
k, = lim (jw-p_).P(w),
W"P'JP

and 1, ;= lin (Jw+p ) oP(w) (Murphy4, DPe32)s
W""JP

Hence the output asutocorrelation function, by Fourier transformation

oD &
is A(T) = 51— T Be) ™ aw.
T oD ;
jWT JwT
1 n - k o B W oo lrce dw]

g R (3w+p,)

This integral can be evaluated term by term, by the methods described

abovey If the same contour of integration is employed, it will be no



that only the upper half of the w-plane is enclosed by it. It follows
that only poles lying in the upper half of the plane, i.e. poles with
positive imaginary parts, will contribute to the final integral. Exam-
ination of the form of A(T) shows that it has poles at jw = P, and at
Jw = -;r’ or at w =--jpr and w = j;r' Hence if the system examined is
stable, i.e. if all the P. have negative real parts, all the poles w =
will have positive imaginary parts, and so will be included in the
integral, while all the poles w = j;r will be excluded.

For a stable system, therefore, the result of integration is

n
A(T)= 2. kr.eprT, which for stable p  is convergent.
r=1

Should the system have an unstable pole, however, say at Py
*
the pole at w -jpk will be included by the contour. On integration,

*
this pole will contribute a term 1 .e-pk s, which for an unstable Py is

k

also convergent. No direct indication of instability is thus to be
obtained from inspection of the autocorrelation function of the systens
output under noise conditions. From the convelution integral of equat
(3), it would appear that an unstable system, for which W(x) will
diverge as x increases, will also have a bounded cross-correlation
function. This implies that it may be possible to determine a full
set of correlation functions for such a system, and so obtain its
fregquency response in the usual way, and so establish its stability.
Al.5. Effect of 'normalisation' on the above calculations.

As has been stated in paragraph 4.3., the correlation functions

obtained in practice were 'normalised', by division by the simultan-

eously computed mean-square value of the input noise. The intended

effect of this device was to remove the distortion caused by small
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fluctuations in the input power level, and in this it succeeded. The
resulting function is thus independent of the actual power level in
use, 80 if the theoretical functions calculated from the formulae
determined above are 'normalised" in the same way, direct comparison
will be possible, without knowledge of the power level used in the
tests.

To normalise the functions, we need to know analytically the
mean-square input to the test circuit. An evaluation will be made
of the theoretical correlation functions for the R-C filter test
circuit, so it is useful to compute the mean-square input to that,
From the definition of an autocorrelation function, it is evident
that the mean square value of the signal to which it applies is
related to it as follows:-

=2
E° = Aii(O)

i
For the case of the filter circuit, with white noise input as defined

above, and preceded by a noise filter (R-C stage, cutoff w rad/sec),

1

as in section 4,3., the @utocorrelation function of the input signal

is, from equation (4) above,

w
A22(T) = ereiel Ul

Hence the mean square input to the circuit is

W
E2 = A22(O)= 5

Therefore all three correlation functions obtained analytically
from equations (4),(5),(6) and (7) above are normalised by dividing

each by ny » The results of this normalisetion are plotted beside the

2
corresponding experimental functions on Graphs 5,6 and 7.
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Al.6, Evaluation of the correlation function for the wvractical filter.

Numerical evaluation will now be made of the correlation
functions for the actual filter circuit shown in Fig.8. In this
process, in addition to the definition of noise, etc. used above,
account must also be taken of the d.c. gain of the filter, which
in this case is 2. The cross-correlation function will accordingly

be multiplied by 2, and the output autocorrelation function by 4,

‘ (a) Normelised invut autocorrelation function.
Normalisation as defined in section Al.5 implies division by

the input mean-square value, so this is required first, and is
2
w
p | =hgp(0) = -

oy

simply

The input autocorrelation function is given by equation (4),

A22(T) i e-wllmy

2
; TR SN
Hence the normalised form is 22 ke é-wllll U ~404T}
W -
B
. since from Fig.8. the cuteoff frequency Wy of the first stage is

40 rad/sec.
This function is plotted on Graph 5.

(b) Normalised output autocorrelation function.

From equation (5) above, this function is, with d.c. gain K,

| 2% 2 -
| ABS(T) > K Wl W2 [Q:WZU' i e—WllTl]
I F giveg w v
L 2(w1 -, ) 2 1
From Fig.8., the circuit constants are w. = 40 rad/sec
wé = 20 rad/sec

2 )

"Ff“
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Hence the normalised wvalue is

2 -w, 7] o 2 —w. \T{
A53(T) h Kw,w,, e 2 _ KW, e 1
A, (O KRS 2 2 2
22 (wl s ) (Wl Wy "y
80, o TR (igipe Y @ 40!
1200 1200
4 breEHea e -1.535e"“OT, plotted on Graph 7.

(c) Normelised cross~-correlation function.

The normalised forms of this function, again with d.c. gain K,

can be derived from equations (6) and (7), and are

for T20 , C,5(T) _ 2Kwyw,  -w,T B i

A22(O) (W 2-W2 ) Wlaiuwz

1o
iéggo ~20T o ada i HAO
20
S alcanl 2% Lo oope, T4,

For 740 , Cp5(T) RS ke w TIT L Sear L o 40T
20T Lo\ Y = == ¢ = 0.,66Te »

A22(0) W+, 60

These functions are plbtted on Graph 6,
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APPENDIX 2,

The Analogue Computer

A2,1es General Layout.

The computer used in the work described in the main body of this
thesis was designed and built in the laboratory, as a general purpose
computer suitable for a wide variety of classes of work. Its immediate
application was to servo problems, so it was made capable of simulating
quite slow systems, As a simulator, it is quite self-contained, but
provision is made for simple coupling of any external auxiliary appar-
atus that may be required. All power supplies are built into the main
chassis, as also is a highly sensitive measuring circuit., The operation
of the computer can be controlled in three ways; it may be run manually,
controlled by push-buttons, it may be triggered from an external source,
or it may run on a continuous cycle of computation, controlled by a
set of multivibrators.

A brief survey will now be made of the various component parts
of the machine, outlining their performance features. A diagram af the
layout of the machine is given in Fig.l7, on which the location of all
the principal units is shown,

A2.2. Computer components.

The disposition of the main components in the computer is shown
in Fig,17. The layout is governed principally by considerations of
weight and heat distribution among the components. Hence the hegvy
power supplies are placed at the bottom of the frame, while the sets
of operational amplifiers are kept to the top to give maximum

ventilation. The power supplies are force~cooled by fans mounted at
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the rear of the chassis. All the units are mounted in a rack, built
from steel angle, and fitted with castors to enable the complete
machine to be moved about the laboratory if required; units can thus
be readily removed for adjustment or repair if necessary.

(a) E.T. Power Supplies. Two main power supplies, one for each half

of the machine, provide H.T. d.c. power for the amplifiers and some
control circuits. Three supplies are available, of +300V,-200V and

‘ -300V, all of which are electronically stabilised by conventional
techniques based on a neon reference tube.

(b) Heater Supplies. Heater power is obtained from sets of trans-

formers mounted on separate trays above the H.T. supplies. The total
load is carefully distributed among the transformers to keep them
within rating and maintain stability of voltage level. The trans-
formers themselves are high quality types having two separate secondary
windings each giving a 250:6 ratio. To provide the amplifier valves
with exactly 6.3V, the primaries are 'boosted'! as shown in Fig.18
using another identical transformer, to give an on-load output of

‘ exactly 6.3V¢

(c) Operational Amplifiers. The computer has as its core a set of

sixteen identical operational amplifiers, which in combination with
their patch panels perform the mathematical functions needed for
simulsztion and computation, Each amplifier is a multistage direct-
coupled type, carefully balanced and stabilised by an auxiliary
chopper stage. It has a forward gain of several thousand, and is very
y free from d.c, drift; as an independent unit, the am: lifier has very

high input impedance, and a negligibly low output impendance.
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() Patch Panels., The patch panels are sub-units, mounted below

the emplifier which they serve, which contain high-precision resistors
and capacitors which may be connected to the amplifier input and out-
put in a variety of ways to produce summing junctions, integrators,
filters and other operational units. They also contain a three-turn
helical potentiometer, and two high-speed relays which control the
working of the amplifier.

‘ The necessary connections to the components and the amplifier
are made by linking some of a pattern of small sockets on the face
of the panel. These sockets are distinctively coloured according to
their function, and provide access to the amplifier input and out=-
put, to the relay contacts, the ends of the precision components,
and to the refe¥ence voltage lines, mention of which will be made
laters, The relays on the panel perform the 'hold' and 'zero-set!
functions under the control of cireuits in the control panel, more
details of which are given below.

The precision components provided are as follows:

‘ Resistors :~ 9 in all (4 @ 1lHAa2 @ 250ka3 @ 100kg. Each is a meta:
film resistor with a nominal accuracy of 1%, 'padded' with wire-wound
resistors in shunt to a final accuracy of better the 0.1%.

Capacitors s= 3 in all, one each of 0.0%yF, O.1pF, and lpF, All are
precision units with polystyrene dielectric, accurate to 0.1%.

(e) Peference volitace supply.

For making accurate measurments from simulated circuits, and

for setting up the initial conditions for testing such circuits, it

is necessary to have available a source of highly stable voltage for
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Fig.18. Booster transformer circuit for heaters.
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Fig.19. Connections of patch panel relays.
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Fig.20. Standard biascd-diode circuit for function generatione.
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reference and comparison purposes. This is provided as & separate supply
at + 100V d.c. The supply unit for this has its own rectifying cireuits
and is stabilised by a comparison circuit which employs as an error
amplifier iwo of the standard operational amplifiers incasceds) giving
a very high stability factor indeed.

Supply lines are taken from this unit to the patch panels (for
initial conditions), to the measurement circuit in the control panel,
and to the multiplier and function generator (to bias the diode cirecuits).
The unit is capable of supplying a load of 100mA from each half,

(f) Control and Measurement Panel.

This is the 'nerve centre! of the whole machine. It contains two
parts performing quite separate functions, so these will be treated
separately.

Control circuits. :- The contol section of the panel consists of a

set of multivibrator circuits controlling the operation of the 'hold!
and 'zeroset! relays on the patch panels, and associated higher-powered
circuits providing the current for the relays. The multivibrators are
arranged to trigger either from an internal control waveform (for con-
tinuous cycling), from an external waveform, or by step signals initiated
by push-buttons. The function of the two relays is as follows:-

Hold This relay is connected in series with the input to an amplifier,
in one of the two ways shown in Fig.19. Connection (a) is used for
suiming amplifiers or intergrators, comnection (b) for lag filters.
When opened, the relay disconnects the input from the amplifier. The
modified layout (b) is necessary to prevent discharge of a filter
capacitor, in this condition, through its parallel feedback resistor.

Zerosets This relay is connected between input and output of the amp=-
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lifier, when capacitive feedback is in use. Normally it is open, but
on closure it discharges the feedback capacitor through a 330-ohm
resistor permanently placed in series with the relay., This connection
is shown for an integrator in Fig,19(c).
In the light of this knowledge of the operative effect of the
relays, the control of the computer can briefly be summarised. There

are five principal states, set up by four separate push-buttons, viz:

Start := HOLD relay closes, ZEROSET relay opensj; computation beginse

Stop and Reset 3- HOLD relay opens, ZEROSET relay closes; computation

stops and all capacitors are discharged, resetting
all amplifier outputsto zero.

Hold := HOLD relay opens, ZEROSET relay remains open; computation is

sugpended, and all amplifier ocutput levels at the instant of
operation are clamped for inspection and/or measurement,

Cancel Hold := Hold relay recloses; computation proceeds from where

it was stopped by the 'hold' operation.

Stop and Hold :~ achieved by sequential operation of the 'stop' and

or Set-up Ycancel hold' buttons; HOLD and ZERCSET relays are
both closed; used for long-term drift correction,
Mainly used to set up patch panel potentiometers.
These are set by applying - 100V from the reference
supply and balancing output against a preset level
from the measuring circuit. This position enables
the potentiometer to be normally loaded during set-
up, without transmitting its d.c. output during the
operation to any other amplifiers,

These operations take place simultaneously on the relays controlling



all sixteen amplifiers.

leasuring circuits :- Two methods of measuring amplifier output vol-

tages are provided. A multirange voltmeter may be connected, by a
switch, to any of the 16 outputs, or for precise measurements the
galvanometer circuit may be used.s This consists of a high-sensitivity
(100ps f.s.d.) moving coil galvenometer, fully protected against over-
voltages, which balances the amplifier output voltage against one
derived through a ten-turn precision helical potentiometer from the
reference supply. It may also be used in setting up the patch panel
potentiometers to any desired attenuation.

(=) Wmltiplier and Punction Generator.

The machine contains a quarter-sguares multiplier and function
generator, both of which work on the same principle. The basic circuit

employed appears in Fig.20, R, is a fixed resistor, Rl and R, are variabl

2 b

over a range. By adjusting Rl’ the value of Vi at which the diode
begins to conduct may be varied, while, by altering R3’ the ratio Vi:io
is adjusted. "hen a set of similar circuits are placed in parallel,
after suitable adjustment the overall input voltage -output current
relationship can be made to approximate to any given curve,

The multiplier consists of four sets of circuits, each fol-
lowing a square law, two squaring positive voltages and two negative,
These sguare the sum and difference of two input voltages; subtraction
of their outputs then gives the required product.

The function generator has twenty single circuits, which may be

combined in a variety of ways to follow a specified law for positive

and/or negative inputs., A switching arrangement feeding up to ten of
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the circuits with a phase-inverted version of the input enables non-
monotonic laws to be set up, by causing these circuits, on conduction,
to contribute currents of opposite polarity to the total output,
so producing an inflection in the owverall characteristic,

A2e%s PFurther References,

A much fuller treatment of the detailed design principles and
circuitry of the computer than could competently be provided here
’ will be found in a series of theses, by the designers of individual

compornents, upon the design basis of each of these components.21’22'




RESTONSE OF SINGLE-STAGE R - C FILTER,

Frequency
w rad/sec

Theory

Jquared-amplitude
response, P, (w)

Practice
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Theory

Transfer function G(w)

Practice
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3.50
350
3450
3.50
3¢45
3434
3.34
3632
3420
3.16
2.70
2.04
1.59
1.26
0.62
0.42

1.,995-j0.100
1.980-j0.198
1.955-30.293
1.925-j0.%85
1.,880~30.470
1,836-30.550
1.780-j0.624
1.725-30.690
1.665-30.748
1,600-30,800
1,281-30.960
1,000=31,000
0.780-30,976
0.615-j0,923
0.400-30,800
0,276-3j0,690

2,155-3j0.166
2.065-30.190
2.005-30.315
1.950-3j0.429
1.890-30.555
1.810-30.580
1.790-30.655
1.725-3j0.680
lo640“j0.710
1,585=30.795
1.240-30.885
0.955-j0.920
0.705=30.900
0.755=30.855
0.3%98-30.790
0.372~J0.800
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RESPONSE OF THIRD ORDER SERVO SYSTEM

Frequency Squared-amplitude Transfer function G(w)
w rad/sec response P, (w)
Theory  Practice Theory Practice
1 0,238 0.214 0.475=30.112] 0.474-30.117
R P S e 0.447-30.158| 0.448-30.167
2 0,208 0.192 04412-30,195| 0,403-j0,213
B8 B saad TSNS 043764304224, 0.367-30.248
3 QL5 0,161 0e3384j0.242| 0,322-j0,279
4 0.141 0,123 O.270-j0.260l 04225=-30,286
5 0,114 0.100 0.213=j0.262| 0.,150-;j0.285
6 0.093 0.071 0.169-30.254! 0.105-30.248
T | emmem= | emme= 0'135-30°242i 0.087-j0.216
8 0.065 0.053 0,109-30.232| 0,068-30.168
> SRR RN L S 0.089-30.220| 0,062-30.182
10 0.049 0.044 0.073-j0.209! 0.,072-j0,182
12 0.039 0.036 0.049-30.191, 0.032-30.190
15 0,031 0.014 0.026-30.175| 0.005-3j0.149
i3 . g =Rl 0,015-30.169| 0.006-30.163
20 0,028 0,031 -0,002-30,168 -0.022-30,158
20 L e L G -0,015-30,173 | =0.046-30.163
25 0.038 0,018 -0,046-30,188| -0.,046-30,188
o7 0.048 0,048 ~0.086-30,202| -0,102-30,239
29 0.066 0,069 =0.155-j0.205| -0,206-3j0,211
30 0.074 0.076 ~0.198-30,183| =0,257-30.143
53 0.085 0.,0765 ~-04252-30.146 | ~0.,269-j0,094
% 0.075 0.052 -0.274-30.001|=0.243+j0.006
35 0.044 0.011 -0.189+3j0,089 | =0,174+30.072
37 0.022 0,0009 | -0.111+3j0.098|-0,083+30.071
2g AT o Ledet b IRl ~0.067+30.083| =0,071+3j0,058
SO e | et B ~0.054+430.075| -0,022+30.052
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Graph 2. Autocorrelation function of the output of the

random signal generator (R.S5.G.).
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Graph 3. Power spectrum of the output of the R.S.G.

(Fourier transform of Graph 2).
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Graph 9. Complex response of the R-C filter.
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Graph 10. Complex response of the third order servo system.
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