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CHAPTER I

Survey of Hydromagnetic Stability Theory
§1. Introduction

Hydromagnetic stability theory can be approached by
first considering the stability of simple mechanical
systems and extending the methods established in
these problems to deal with the more complicated
question of plasma stability. This approach
will be emplqyed here to derive the Princeton
Energy Principle (2), probably the most useful and
widely used instrument in the investigation of the
stability of static equilibria of plasmas.

There are two methods of studying the stability
of a mechanical system. which can be illustrated
by the one dimensional problem of a particle in a
potential well. These two methods correspond to
the normal mode, and energy methods of which only
the latter will be discussed here because of its
wider applicability.

The requirement for equilibrium in a potential
dV({E _ o

adZ ’

at least two ways.

/O
: &2

I (o) | (&)

well is

and this can occur in



1.3

If the particle is displaced from its position of

equilibrium it experiences a force

P o AV (2. +35%)
olz
= _d'V sz
oz

If F has the same sign as SE the system is unstable
(as shown in 1(b)), but if F has the opposite sign from
5z y 1ee. if %é; is positive, the system

is stable (as in 1(a)). To study the equilibrium
stability of a particle in a potential, 'VCZ> y the
point of equilibrium X% is found; then the
equation of motion of the particle when displaced

by a small amount is written down, expanding the

potential in powers of &Z and keeping only

the linear term.

m k" (§z) = E_\/{E} Sz
olt* > z?
> V(7)) .
Since Sz is independent of SZ this

equation has solution

at

$F ~ @ where
e - - SV ()
= SE
and the solutions are either oscillating}_ﬁf'<i O ’
or exponentially growing (and decaying), Q" > O .

Hence the problem can be investigated by:(a) solving

the linearized equation of motion with a time dependence
2

exp T y and determining the sign of ) sy OT



(b) investigating the sign of %%gﬁﬁo . Of these

two methods the first is generally applicable but
difficult to carry out, while the second can be
applied only when the forces are derivable from a
potential. Both methods are limited by
linearization, and are unable to distinguish between
an extended flat potential where there is neutral
stability (2a), and a point of inflection which

is unstable (2b).

D

(&)

=]

2(a)

Furthermore this theory considers only local

behgviour, so that a small potential well on a
large barrier (see 3), although unstable to finite

perturbations appears to be stable in the theory.

3

If a mechanical system has many degrees of

freedom, 1.2 must be replaced by

_Y 2V
é.jd éqiéqj

= Zi Chd Sij

J

oq.

1.k d* (50 —
™ G (Rl s



which is the equation of motion for a disturbance,
53€ » in any one of the co-ordinates, and which
involves all the displacements. To solve the
equations of motion it is necessary to introduce
the normal co-ordinates
1.5 CSQJ = Z_/@zJ <SC(’;

and such that equation 1.4 reduces to

"
1.6 éG% = 'AM 5C% (no summation implied)
Taking the scalar product of 1.4 with SQ: (where
the prime denotes differentiation with respect to

time), and integrating with respect to time gives

the result.

1.7 Z am () = ) [&24' a, 8. ot

N TEECTEIRTARERE RS

q 2
1.8 =1
2 ; S:z‘ C(‘-.l JQJ
since , _ _3v _ _ 3V _ a
Yy > 7‘. SQJ &z‘s }q‘ d4

Note that written in vector form equation 1.8 is

1.9 2m(&) = L5 AC%)

and that its reduction to this form from 1.7

110 Fm () = fae {5 4 ()]

depends on the self adjointness of the operator A,



i.e. for any two vectors in &z space

x. A(Y) = J AR

Hence from 1.8 the kinetic energy will increase
i L

if the quantity Zzaﬂ 5:(4 5@ is positive

for any choice of arbitrary Sci‘ » and this

quantity is Just the second order variation of

the potential energy about equilibrium

—8W = —{V(3.+%) - V&,)]
B AR RN 25 5% AR,

=+3 Y a, & &,
43

Hence if {\/(q°+ &f) - \/(czo)} is positive the
kinetic energy must be decreased by such a
perturbation, and the system will be stable if
{\/(‘?,-f- &Z) — \/('20)} is positive for all possible
choices of SQ .

For a continuous system, such as hydrodynamics,
the displacement, instead of being a vector function
of time cgf (t) , is a function of space and time

§ (x<,t) » and the set of linear equations 1.k
must be replaced by a set of partial differential
equations with suitable boundary conditions, the
normal co-ordinates being eigenfunctions of this

system while the () are eigenvalues. If the energy



method is used the wvariation in energy'¢§M/<§) in

general depends on the form of the functions § and

-

must be shown positive definite for all functions §

to establish stability.



§2.Energx Principle in Idealized Magneto - Hydrodynamics

Throughout this section the system considered
will be supposed to be described by the idealized

hydromagnetic equations. Written in unrationalized

Gaussian units these are:

ol |
2.1 —_ = - d ixg
P = grad b+ 1x8
2.2 3p

se + V(f¥Y) =0
2.3 JLdb _ ¥

P dt P AL
2.4 E + yxg_o

~ C -
0 ¥xB = T
2.6 V.B = O
2.7 yxE =-+ 28

Of these, equations 2.1 - 2.3 are the
hydrodynamic equations, and can be derived from the
Boltzmann Equation, on the assumption that the
collision term dominates, by expanding in powers
of the mean free path. It is therefore immediately
assumed that the mean free path of the particles
in the plasma is small compared to all other

distances in the problem. Equation 2.4 expresses

the infinite conductivity of the plasma, and is a



2.8

2-9

particular case of the generalized Ohms Law
obtained by Spitzer (1). Equations 2.5 = 2.7 are
Maxwell's equations with displacement currents
neglected. In section §4 an account will be
given of attempts to remove from the theory the
assumptions of small mean fre; path, and of
scalar pressure.

To investigate the stability of a system
satisfying 2.1 - 2.7 about its equilibrium, these
equations are considered in terms of f("_fo ) t’) ’
the displacement that has been experi;;ced in a
time £ by a fluid element originally at 7 , and

are linearized by neglecting terms of second order in

S . Thus equation 2.2 becomes
dg of
ar T Y -o
and 2.3 becomes
ob . of g >¢
—_—t = = _ I'® J)_ A SR 4':—‘/,V.+,v°}
s s YR T ?,Y-S?},..#,A,f) Jrh v+ Ok
While the magnetic field satisfies
== Yx(¥xB)
8 (z,6)= Yx(§~8.) ~



With these relations substituted into 2.1 the

linearized equation of motion is

2.11 i_gg_ — F (%)

where

222 F(8)= V{vh V§ + Q0P+ [ (2ra)r 8. +@r)ea]

with
213 QF) = T (§x B)

. >
If the scalar product of 2.11 is taken with § (E YE‘)
and the result is integrated with respect to time
and throughout space, the following result is
obtained.
1 5 2 — -

2,14 Qgg £ dr = Scttjo(’t" £ F(f)
This equation is the counterpart of equation 1,7
of the previous section and just as in that case
the operator A was shown to be self adjoint, so

it has been proved (Bernstein et al (2)) that the

operator F has this property

2.15 Sdfr{}.f(g)—g.f(i)} =0

The demonstration of this fact depends on the
existence of an energy integral for equations 2.1 =

2.7, Vviz

2.16 () = Sdfr{%ff\;’--v B, __P_?

8mr ¥ — |



2.17

such that when the potential energy terms are
expanded in § s the change in the potential

~

energy is a quadratic form <§V/(§,E) not involving

§ » while the kinetic energy is just

~

. ) | .
K(§, §) = a‘ji £ dT
Then using 2.14 and the fact that

< E) + SWE §)
is constant, N
<= T E(E)

= — SW
= - 8wW(5,§) - Sw (%, %)

From which 2.15 follows since § satisfies the
same boundary conditions as f and can therefore
be chosen equal to any arbitrary displacement %

Hence, if § is replaced by E in 2.18

(5. §) = -4 v i F ()

It was further shown that the system can be

unstable if and only if there exists an E which

makes & W negative.
After integration by parts, use of vector
identities, and of the boundary condition
n. 8 =o

equation 2.19 can be written in the form,



2.21

2.26

If the plasma is bounded by a rigid conducting
wall the boundary condition on this surface is
N.§=O so that the surface integral in 2.21
vanishes. Otherwise this integral can be
split into a volume integration throughout the
surrounding vacuum, and a surface integral over

the plasma-vacuum interface., Then

SW = &Ww, + 3w, + &W,

X § + YA (5 + (V5)E. ©) p,}

<

= L T gz—
éMé .2£}i {K;' 3.Q

5V4==§%£dT(Yfo

where A is the vacuum vector potential.

Sw = 3 (oo (ng) n.[[Y(b*-;%l)]

where{[%ﬂ represents the increase in the quantity
X on crossing the boundary.

Finally Bernstein et al have shown that
the displacement E considered need not satisfy
all of the normal boundary conditions. The ’E's
considered need only satisfy the following

conditions;

(axa)=-(28) &



A
at a plasma vacuum interface ( @, is the wvacuum

field), and

LE =o

~

at a rigid perfectly conducting surface. It was
shown that if an g , satisfying only 2.26 and
2.27, can be found which makes SW negative, then
there also exists an S satisfying the full
boundary conditions which makes SW negative. The
great usefulness of the energy principle in
stability problems is due to this fact.

The work of the Princeton Group (2) was
based on an earlier energy principle, introduced
by Lundquist (3) , in which the variation of the

Bl
magnetic energy integral §?FC*T was

calculated in terms of the displacement vector E
using the fact that the assumption of perfect
conductivity in 2.4 implies a 'frozen in field'.
For if any area is considered in the plasma the
flux through this area is 55. oS and if the
time derivative of this is taken moving with the

plasma, then

_ %
2 [sas = -c = g%).ds
where * E + XY>B _
E -~ c = O




Hence the flux thro' any area fixed in the plasma
remains constant.,
Pout s
The thermodynamic energy = did not

arise in this case because

Y. X =0°

~

was used as the equation of state instead of

2.3 i.e. an incompressible plasma was assumed.



Applications of the Inergy Principle.

The enérgy principle (2.21) derived above
has been applied to various problems of more or
less simple geométry. For problems with
cylindrical symmetry the perturbations may be

analysed as

£() =

-~

f () exble(mo+ i)

3

where?, ©, # are cylindrical cé-ordinates, and

the Fourier components handled independently.

The Euler equationslfor &W are algebraic and
minimize $W for Eo and §z . When the
minimization has been carried out SW'may be written
in terms of E_ alone.

Sw = j.m{ (rFE+ 38} (Fz_mﬂ

m* + R+t

where

and the prime denotes differentiation w v £ 7
Clearly &W can be negative only if A is positive,
i.e. only if 5 falls off less rapidly than ﬁr .

Hence a sufficient condition for stability is
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3.3 B, 5?('(895 < o

and this can be achieved in the hard core or
inverse pinch, in which a solid rod carries an
axial current through the centre of the plasma,
The current in the plasma is in the opposite
direction to that in the conductor, Working
from the energy integral 3.2 several authors
including Laing (4) and Suydam (5) were able to
find sufficient conditions for stability. For

example such a condition obtained by Laing is
. / 2
3.4 H—T\"V"/’ > 3 8s

to be satisfied throughout the plasma

Another is
bnrp' > %— B; A< T
3.5 Fec some -,
BO = 0 T =7

The most important single characteristic of these
stable configurations is that the total current
carried by the discharge is =zero. Working in the
other direction, Rosenbluth (6), by using specially
chosén trial functions for the radial perturbation
ff , was able to show that there exist
configurations, arbitrarily close to the

stabilized pinch configurations which are unstable.



The Euler equation of 3.2 is
3.6 §” + P§ + Rf=o
where P,Q are functions of f,g,h,k,m,r. In
investigating this problem, Suydam (7) observed
that the most dangerous instabilities were those
'fluted' displacements which interchange B lines

without bending them. The B lines describe a

set of spirals of pitch p = _EE which in general
X

varies from layer to layer. The level lines -of

the f field on the other hand, describe a

set of spirals of pitch ‘4§g_ which is constant
throughout the plasma. Hence if these two sets
of spirals match over a finite region of space then
a displacement is possible which does not bend

B lines. Even if p' is never zero it is still
possible to chose k so that the two spiral systems
match at one particular radius, and in this case
displacements are possible which bend B lines

very little in the neighbourhood of this radius.

It was therefore assumed that the worst possible

choice of k,m is such that

3.7 f= £8, + = Bg
vanishes at some point in the plasma,
r = a say.

Then at r = a, £ = o and equation 3.6 has in fact



a regular singularity. The solutions of the

Euler equation can therefore be written as

g = ((— Q)V{ Power series n (-r-a.)}

where Y is a root of the indicial equation

Ve v+ M =0

where

. 877'#‘ T
== | 5 (2
v B s r=a

It is possible to show that, for this particular

solution of the Euler equation, if the roots of

the indicial equation are complex, then the system
is unstable, and if the roots are real the system
is stable. Thus the following necessary condition

must be satisfied throughout the system for

stability
’ /
(,g_)i+ 32T p > o
4 T By

This condition will be sufficient also, if the
Euler equation 3.6 is in fact minimizing, and if
the physical arguments leading to the particular
choice of k do correspond to actual minimization
with respect to k.

If the pitch p is constant throughout the
plasma the local instabilities described by 3.8

are replaced by convective instabilities in which
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whole flux tubes are interchanged the energy being
derived from the expansion of the gas. A

necessary condition for stability (m'=o) is

o
3.9 B d ( Be ) + 25 < O
cr \ ¥ (82 +B;-+lar}’b_)

More recently a necessary and sufficient condition
has been given (Newcomb (11), Suydam (5)) for
stability of a cylindrical plasma., It may be
stated as follows:

A necessary and sufficient condition for
plasma stability is that the solutions of the
Euler equation of the energy integral 3.2 shall
have no zeros between the singular points of the
equation.

Just prior to the publication of the energy
principle (2), Rosenbluth and Longmire (8)
considered the problem of stability in a mirror
machine with longitudinal and radial magnetic
fields. In the limit of low pressure the
following stability criterion was obtained

3.10 j_q'g__ > O
R+~ B*
where R is the radius of curvature of the field
line along which integration is carried, and r is

the distance from the axis. The method used was to



3.11

calculate the second order variation in the
thermodynamic energy integral\f;%: dT due to

the flute type of interchange. The assumptions
made in this approach, and the limitations of the
method will be discussed more fully in Chapter 2
of this paper in which the methods of Rosenbluth
and Longmire are extended to the non-zero pressure
case. In the same paper (8) a different approach
to the same problem was based on a consideration
of the individual particle orbits. Using two
adiabatic invariants p ( magnetic moment of the
orbiting particles), and ~fﬂ% ol (where Y is
the component of velocity along the field line)
the first order energy change was calculated for

a single particle when its field line is displaced
from its equilibrium position, and this energy
change summed over all the particles tied to that

line. The energy change obtained in this way

br + B

R+~ B
where F% and ﬁi are the components of the

was shown to be proportional to

pressure ,b along and perpendicular to the field
lines. Thus a criterion for surface stability

can be stated as

F% + #1 L > O
R+ B*




which reduces to 3.10 for scalar pressure.
In the original paper (2) the energy
principle was also applied to the problem of

stability in a mirror machine, with no field

in the © direction. Co-ordinates (fVi x)
were used such that the direction is
perpendicular to the field, and the direction

along the field.
The perturbations f were Fourier

analysed with respect to © as follows

X x) |\ ]

X
m lo

Upon integration of ( 6 with respect to *

the cross terms of the double product wvanish

so that
13 Sw - + 51
The have to be treated separately, but

the situation is simplified by the fact that if @f

A can be made negative by some choice of

I so also can >so that in practice



only the cases M=+ , MN=0 need be
investigated. Now each mode corresponds to a
flute type of interchange considered by Rosenbluth
and Longmire so that it appears that 3.10 may be

a more general result than seemed likely.

If SW,. 1is considered with ™M = = it is found
that it can be minimized algebraically with

respect to Y and can then be minimized with

respect to Z . At this stage only one term

in Cg\/\(o can possibly be negative and this is

-2 wher /= L EE—
% P.SR«—B} here P =18 P

Hence a sufficient condition for stability is

R> o i.e. the field is everywhere convex to the
region of higher pressure. A necessary condition
for stability is obtained by assuming X independent

of X, . This is

3.14 %SR«-B }{ R-rB - A—ITP'J‘%L_% —ﬁlj%@} > @

J
which, if ,b <O , can be satisfied for

(o]

.1
3+15 R+ 8"

or

3.16 S L < b )T
) R+ B*




3.17
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The Euler equation for minimization with respect
to X cannot be solved exactly, but stability
criteria can be obtained in certain limiting
cases. Two such cases are (a) é%} >ﬁ>.b ’
i.e. magnetic pressure very much greater than
material pressure, and (b) if the surface Y =
constant (the field lines of the mirror machine
lie in these surfaces) under consideration lies
close to a cylinder. In both these cases the
stability criterion obtained is 3.15 with 3.16

as the alternative in case (b) and

S ol <_E_'.ji‘£
Ry B Yp) B

as the alternative in case (a)

Thus the condition 3.10 originally derived for
stability against the flute type of interchange
in the low pressure limit turns out to be a
necessary condition for plasma stability against
all modes ( M = ¢© ), and in certain limiting cases
turns out to be a sufficient condition also.

Any contained hydromagnetic equilibrium
is topologically toroidal, and some of the
results obtained for cylindrical systems have
been extended to toroidal systems. Kadomtsev

(9), for example, has also shown how to obtain an



3.18

analogue of Suydam's criterion which is

applicable to general toroidal configurations.

‘The form of the necessary condition is

(/u')2 + 32TPE'A >0

where, if ¥V, X are the longitudinal and
azimuthal fluxes, I,J are the longitudinal

and azimuthal currents, and {) 1is the volume

ot
AP

the number of turns of the line of force along

of the torus, then pu = represents

the small perimeter in one revolution along the
toroid, A is a rather complicated function of
I,J,py, L , and the prime denotes differentiation
with respect to B 2 The method used to

obtain this result is to Fourier analyse the
components of the perturbation perpendicular

to the field as follows,
% = ?(w)e%ngWAOhe+an

and to choose pm + n = o. This corresponds to
the choice of /QBE + 213, =0 in the Suydam
criterion to match the spirals of the two fields,
g and ? .

Mercier (10) has obtained another analogue of

Suydam's Criterion which is a necessary condition

for stability in an axisymmetric torus. This
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criterion is more stringent than Kadomtsev's
which can of course also be applied to the case
of axial symmetry.

It is possible that a toroidal version
of Newcomb's necessary and sufficient condition
also exists, This would depend on whether
there exist solutions of the Euler equation
which leave an entire magnetic gurface unperturbed.
Sufficient conditions for the stability of toroidal
configurations have been given by Mercier (10) and
Suydam (12).

Few explicit forms for toroidal equilibria
are known, as they can only be obtained by the
solution of a non-linear partial differential
equation, and as a consequence of this few
detailed applications of the stability criteria
have been made. One such application by Liust ,
Suydam, Richtmeyer, Rotenberg and Levy (13) to
a toroidal analogue of the Stabilized Pinch
shows that the toroidél results are similar to
the cylindrical results if the aspéct ratio is not
too small,

In spite of the many assumptions of
ideal hydromagnetics there is a moderate

agreement between the theoretical predictions



and the experimental results. It should,
however, be noted that many types of instability
are almost independent of the particular properties
assigned to the fluid; for example, the
wriggling of a constricted discharge 1is an
instability which requires only that the plasma
be a flexible conductor, hence it is in no way
remarkable that the theory should predict it.
Attempts to investigate the detailed consequences
of hydromagnetic stability theory have shown but
little success * Magnetic probe measurements
in a rapidly collapsing pinch showed evidence of
fluctuations appearing most strongly in regions
where the Suydam criterion was violated. On
the other hand, attempts to produce the stable

unpinch predicted by 3.2 have not been successful.



Non-Idealized Hydromagnetics

Validity of the Hydrodynamic Equations

The standard equations of hydrodynamics
depend, as was noted in §2, on the assumptién
of small mean free path in the fluid. In
general this may not be a valid assumption,
and in particular in a low density plasma will
not hold. An attempt was therefore made
(Chew, Goldberger, Low (14)) to derive a set
of magneto-hydrodynamic equations from the
Boltzmann equation, using some other localising
property than collisions,

In a plasma the individual ions and electrons
follow helical paths, orbiting around their
guiding centres, which in turn follow field
lines and, assuming that the radius of gyration
(~o ;;%% ) is small compared to other lengths
in the system (such as Bes ), it was this
property which was used. The Boltzmann equation
with no collisions was written down, and expanded
in powers of 2= (equivalent to the radius of

e
gyration)




where A is the ion charge, A the ion mass,
£ the Boltzmann function, and grad” denotes
- - - m
gradient in velocity space. In powers of -—
£ is f=- ..

Then the series of equations obtained from 4.1 is

E 4 "kKIX B) gCad* =

4.2 c J
4.3 = 0
4.2 was solved by assuming that E is perpendicular
to B, a result which can be qualitatively
justified by observing that the high mobility
~ i of electrons along the field lines might be
e expected to prevent any component of the electric
A
WA field E from building up in this direction.
t.wS
The first two moments of 4.3 were taken in the
usual way giving the following macroscopic
equations,
4.4 If + V. = 0
4.5
t 4 = -Y t + §)*B + X B
+ B) V. (u.x B)
where 1 = 'nj'f oUJs-



and where use has been made of Maxwell's

Equations and of the infinite conductivity

equation

in order to eliminate f in favour of a

macroscopic quantity defined by
J =V yB & 4 A §)
1% is a pressure tensor defined by

and is restricted because of the nature of

the solution of 4.2 to be of the form

¢ = Ks? + hx (T -e e)

where G 1is the unit vectoralong the

magnetic field and J_ the unit dyadic.

The above equations (4.4 and 4.3) correspond

to the continuity equation, and the equation

of motion (2.2 and 2.1 respectively) of the
idealized case; 4.6 is the infinite conductivity
equation (2.4), and Maxwell's Equations hold with
jJ defined by 4.7» Hence only an equation of

state 1is missing from the set. In order to

complete this set of equations it was therefore
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necessary to take the third moment of 4.3, and

this yielded the following two equations.

hs SP o b T m2pe (€DU-T 2@ )-8
b0 SR o —2h VU +hog (e.9)ue — V. (.8)— q, T.n

where the quantities ¢, and ¢ are the components
of the pressure-transport tensor which need not,
in general, be zero. To determine @, and ¢

a new equation is required, and this will bring
in a fourth moment of the Boltzmann equation.
Only if the terms containing ¢ and 7. are small
compared to other terms in 4.9 and 4.10, and can
be neglected, do genuine hydromagnetic equations
of practical value emerge from the theory. If
this is the case (i.e. ¢ , ?, terms are small)
then 4.9 and 4.10 reduce to a pair of equations
of state agreeing with those found by the
Princeton group (2) in extending the energy
principle to cope with non—scélar pressure. These

equations can be written in thé following form,

v 2 (#5) -
h.12 %(fﬂfg—;—) =
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and complete the set 4.4 - 4,7,

These are the 'double adiabatic' equations of
the Chew, Goldberger, Low (C-G-L) approximation
which replace the single adiébatic equation of

the magnetohydrodynamic (M=H) approximation,

2o E(57)

It was also shown that the integral

g 8"‘”'61

2 Bl uaxB-L
h.lBH?z‘?%" +horth o+ B+ ”)}cli' = U

is conserved by these equations and can be
taken to be the energy of the system, thus
forming a basis for the work of the Princeton

group. The equations of state found by them (2)

L.1k %/f’i = —Yf - 52§' (§Y)_§
14015 _‘Q_ﬁ_:"; = —QYv_? ~+ @ (Q‘Y)g

were used to calculate the second order energy
variation in terms of S in the same way as

for scalar pressure. The result obtained was:-

ho16 SN, = SW, + Sn + &N

where



4,17 SW' = _Lj'o(r{ gg H:V(PJ_+82W+€§(R, Py nJe(vs)- Yﬁ:]}

was W= 3] Z - faxg+ SR (Tee oh)

+ 5P [75-39]"% 9 V. [§ (b= b))

+(Fh— ]D..)[g.?_ Y§-€—§(ve) (vE)e- bgr+ e.(5) (2 7F)
~5.(ve) (e ve)] |

It is possible that in some cases collisions

might be sufficiently frequent to produce an
isotropic pressure at equilibrium, but not frequent
enough to maintain the isotropic pressure during

an oscillation or instability time. Under these
conditions the pressure will be determined during
the motion by 4.14 and 4.15 with b, = Po. = P .
In such a case the integrals in 4.16 reduce as

follows
Sw," = dw,

b9 Sw = W+ 4 (o { (w55

Hence if 2.22 is denoted by & W,

k.20 Cs‘f‘/_-pA > W, ‘for each E

where Y = 5/3 is assumed.



This is not surprising when it is observed
that although 4.11 and 4.12 imply 2.3 the
converse is not the case, i.e. there are
additional constraints.

Also starting from the collisionless
Boltzmann equation Watson (15) investigated
static equilibria assuming small Larmor radius

g7
(?) and small 8 = Bf . By solving the

Boltzmann equation using individual particle
orbits, Watson showed that, to first order in

? » the pressure tensor is indeed diagonal
in the (¥ ©, X ) system of co-ordinates
(see page20). It was further shown that ii‘?f
is the pressure-~transport tensor, then to zero

order in 7
bo21 KX ==¢°

Finally it was shown that

> Py Po— By 3B —
h22 S 5 > _ C

This last equation is just the X component
of the equation of motion for a static equilibrium
assuming ‘? diagonal.

Brueckner and Watson (16) using the same

assumptions investigated the non-static case,



It was found that the pressure tensor was
still diagonal, but that the heat flow
(Pressure transport) tensor was not now zero.
The C-G«L equations were derived in the form
4.9, 4,10 and it was noted that if there is no
heat flow, and if the field lines are nearly

straight, these equations can be written in the

form

oL pu oV 2w B-\a)
o B T - R(E-R
4,24 - _2/3-'- (‘rx;_'*' ‘aq‘;) — A =,

where VY , N5, "J3; are the velocities, and
>, , =, , X, the'lengths' in the X, "\, &

directions respectively. These equations show

clearly the decoupling effect of the collisionless
theory. The form of these equations results

from the fact that heat exchange is not possible

between longitudinal and transverse degrees of

freedom, i.e. parallel to and perpendicular to B.

The longitudinal compression has Y = 3 since it

is one dimensional. Transverse compression

has Y = 2 since it is two dimensional. The

cross terms represent the effect of density

changes only on the pressure. This is clearly



L.,26

4,27

L.28
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shown if the two compressions are considered

separately.

Pu
gf(’?’{> © > el Y
while for longitudinal compression
Ei P"/) = O ! .QL (_E%) = O
E(e)=° 0 als

where in each case the first equation expresses
the adiabatic behaviour of one component while
the second equation expresses the constancy of
the energy associated with the other component.

To eliminate E' Brueckner and Watson

introduced a variable f

_—

98 _ . E'xB,

3t B>

Where for any quantity %

/
Z =Z + £ where Z, is the static value of

Then starting from the Maxwell equation

— 4T “+ _’-BE
Y*xB= "4 * T 5%
which reduces to

/
K B_.Ez" vx B""- -L‘;—’—T:
<t ~ R <

Then for transverse compression:-

defined by

Z



when the static part is removed, the following

integral was derived

W 3 ., 94X =-

RS>/

where

There is here a close similarity to the
work of Bernstein et al (2), aird 4.29 can be
used to determine stability. Nevertheless a
variational principle cannot be derived from
these results for the following reason.
In the ideal hydromagnetic case it was possible
to show that the right hand side of 4.28 was the
negative of twice the potential energy, whereas
in the present case this is not the case, and
Brueckner and Watson were unable to replace
4.28 by an energy equation. As was observed
above 4.29 can be used to test stability, for
if the motion across the field lines is slow
compared to thermal velocities, contours of
constant density will remain parallel to magnetic
field 1lines. This means that t e will
have the same sign everywhere along a field line.
Stability or instability will then occur according

as éi 0) . For any assumed £



4,30

the frequency L of the motion may be
estimated from 4.29 by putting é‘é_ = —Q:S R
evaluating the integrals, and solving for () .
Brueckner and Watson applied this technique

to the Kruskal - Schwarzschild problem of
gravitional instability and obtained the

same result as Kruskal and Schwarzschild for the
instability rate.

The bulk of the recent work on plasma
stability has used the Boltzmann equation for
its starting point, and so it was not surprising
that the next important step should come from
this direction. This step was in fact the
publication of an energy principle derived from
the collisionless Boltzmann equation with small
Larmor radius. Kruskal and Oberman (17) and
Rosenbluth and Rostoker (18) approaching the
problem in different ways produced energy
principles which, in the isotropic pressure
case, are identical. Kruskal and Oberman start
from the energy integral

En Sd’t’ (8* +E)+Zﬂj§_’_ dwo&'[mf( . .7,(3-»:{9):)

where £ is the Boltzmann distribution function

in X , space of a particular species of

-~
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particles and the summation is over all species.

~5L
= o+ Y, + g, N =
~ —_— ~.\- W )/ QB
"\}'1 B
Lo = A1}
2 +/A

The quantity %A%‘i“d“’ represents the volume
element in velocity space. 1t is assumed that
the boundaries present are such as to present
no complications e.g. rigid and perfectly
conducting walls with B tangential. The
properties depending on small Larmor radius,
are as follows

(a) the magnetic moment p of a particle is
constant along thg particle motion.

(b) £ is rotationally symmetric in velocity
space about a line parallel to B and
passing through the point «

(¢) & is the common perpendicular drift
velocity of all particles,

It is this last fact which permits the

introduction into the formalism of a

displacement vector g (x, t) as in (16).

In the C-G-L approximation it was assumed that

one particle species was of much lower mass

than the otlier in order to satisfy the condition
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that £ . 1 vanish., Kruskal and Oberman do
not make this assumption, and find that E. n
is in fact zero to lowest order in ™/ ,
and consequently as in (1&) that i?is diagonal
to this order in /e in the (b, e X))
co~-ordinate system.

The first order change in energy (4.30)was
written down in terms of the fields B and f ,
and the first order variations of these fields
B*¥ and f* where
B» = (BY)§- B(YE)
This first order energy change was then shown
to be zero when the condition was made that
all constants of the motion should have their
equilibrium values. The second order variation -
of the energy was then written down in terms of
f*, f*¥%* and the displacement E . Uéing the
same condition that the constants of the motion
should have their equilibrium values, f*¥* the
second order variation of f was eliminated, and the
remaining quadratic form in g and f* minimised,
subject to this condition, with respect to ¥,
Thus a necessary and sufficient condition for
stability is that the quadratic in § obtained

-~

by these methods be positive. The resultant
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4.33

4,34
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expression for dwW may be expressed in terms

of 4,18 ( SWha  within the plasma)

Sw = SWy, + L

where it can be shown by meané of a Schwarz

inequality that L+ < © and therefore that

é\’\/ = é\"/ZDA

An important inequality can be obtained in
the other direction when the equilibrium
distribution functions( g ) are isotropic.

In this case RL = Py = p and

SW = -;‘;jd:r %4. _.g.gxg + (nggy)Pg + T,

where
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h.37

integration over the volume of a flux tube T.

This result was also obtained by Rosenbluth and
Rostoker. Since the integrand in I,is positive

a Schwarz inequality can be applied, and when this
is done the %f integration can be carried out.

This result is

4T

AW > Swi =.5-J(o(r{;_+J fa+ @IEY)P+EP(TE) ]

where

Vg = Ldr(?%? = (Yai) /SB&)

Thus if the pressure is isotropic the following

inequalities hold for each E

w,, < SW(E) < Swy, (F)

and if § | §  § minimise SWy, > SWana S\,
respectively then
<
W, (g) < £WMH(§R)$ 5W(§) < éw(“ga) < S%A(é)
so that stability in the M~H theory implies stability
in the more refined theories. Finally Kruskal
and Oberman considered the problem when collisions

are no longer negligible and showed that

5%&/[ 2 5 WMH
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Rosenbluth and Rostoker approached the
problem by solving the collisionless linearized
Boltzmann equation for the perturbed distribution

function assuming an exponential time dependence
t
8¢ = f(x, %) ef

In solving for Sf it was assumed that the
equilibrium distribution function f (%, Vi,
was isotropic i.e, f=, “51) . A two
component displacement vector 51? = Eept was

introduced, defined as follows

£ = B BxSf +s¢

the component of E parallel to B being

-~

set equal to zero. This is equivalent to the
E variable intrpduced by Brueckner and
Watson (4.27). &B, &4 could then be
expressed in terms of E _ through &E using
the Maxwell equations. SE satisfies the

Maxwell equation.

_ 4T 1 JE
VxB = T+ <<%

and starting from this equation it was shown that,



for the marginal stability case, p—> o

439 B x ¥ x ¥V x (Bx%)~ (¥x 8)x Vx(Bx§)=4my &
whe;e 5%? is the fluctuation in the tensor
pressure. Now Rosenbluth and Rostoker were able
to show that the pair of equations 4.39 (one for
each § component) can be derived from a
variational principle, the appropriate functional
being the energy change which results from the

perturbation

_ SE. &4 188)°
4,40 \/\/—J{ 5t e At

When W is stated as a function of E then
the condition that W be a minimum with respect to
arbitrary wvariations of g turns out to be Jjust
that 4.39, the zero frequency equation is satisfied.
Thus Vv;m > O is. a necessary condition for
stability, and it was possible to show that this
was also a sufficient condition.
4,40 may be written as

W =W, + W,

where

b W, = 3 [T iE — st + (ZHEY)P



b2 g = itjdfr{((s >~ SP)R.(2.7)f + SR yg}
Now V¢MH = W, +W,
where W, is formally the same as 4.41 and Wi is

. 43

h,hh

b.bs

2
M=iffp(z§)dr

In this case

£

=~

is a three component wvariable,

but W, is stationary with respect to variations
of F and W, is minimised by choosing
V. ¢, )
VE = 5(-“&)
R [
B8

as used by Kruskal and Oberman.
Using this value in 4.43 Rosenbluth and Rostoker

showed that
W,

and therefore that for a Y = €€ fluid
W > W,

in agreement with Kruskal and Oberman.

Equations 4.41 and 4.42 for W( when P is isotropic

at equilibrium) were obtained identically by



Kruskal and Oberman. An upper bound was also found
for W, namely

W € Wha
where Waoa is the C-G-L energy change when ?n
is taken to be zero. This inequality is less general
than 4.33, since the equilibrium pressure is assumed
isotropic.

In the final section of this paper the
relationships among the M-H, C-G-L and R-R theories
were considered. This was done by calculating
Wl’ Wy, W ( the C-G-L energy change - Wo) in terms
of the change in particle energy T when a field line
is displaced in the plasma. The tjAJ&nvariants of the
motion are p(magnetic moment) and ‘jﬂJﬁ ol (action
integral). Then in terms of T and ST the integral W,
- W o= S£7 Gr)

} L LT
where the summation is over all particles.

The integral W, of the M-H theory is

2
I < §T>*°

Yé = L E: T

where the brackets indicate an average with respect

to U over all particles of energy T on a line of

force.

Similarly Wu can be written as

st )
W= F TS




- L4y o

where J&T, is the energy change predicted
if the action integral~f\m dl is replaced by

oy as the.invariant. Thus the three
theories correspond to (a) an average along each
particle's orbit {‘fuhd2-= ConshnF} y followed
by a summation over all particles in the R-R case.
(b) a double average in the M-H case (c) a double
sum in the C~G-L case. In view of this the
inequalities obtained by these authors are not
surprising.

If the plasma equilibrium has anisotropic
pressure the C-G-L equations predict the occurrence
of new types of instabilities. Thus it has been
shown (Chandrasekhar, Kaufman, and Watson (19))
that plane waves in an infinite homogeneous medium
with a uniform magnetic field become unstable if
either the parallel or perpendicular component of
pressure becomes too large. The criteria for

instability are

2
P,, > )D_L + B/HTT'

bi > ébu (/b_,_ + 82/8'77’)

The former corresponds to propagation parallel to the

field lines. These are the 'firehose! instabilities and
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arise from the centrifugal accelerations experienced
by particles streaming along curved fiéld lines.
The latter criterion corresponds to propagation
perpendicular to the field lines. This is the
'mirror' instabilify and arises from the trapping
of particles in regions of weak field. If the field
is locally weak, particles are retarded by the

OB

acceleration p S— y the local pressure increases

and the magnetic field is still further weakened.
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5.2

5.3

5.4
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CHAPTER 11

Interchange Instabilities in a Plasma

Derivation of Field Properties.

The problem to be considered is that of the
stability of the static equilibrium of a plasma
in an axially symmetric magnetic field, which in the
most general case will be DB = (Bf(*};‘-), Ba(n®), &C‘J’S)
in cylindrical co-ordinates -7, ©, & « The
plasma is assumed to be an ideal non-viseous infinitely
conducting fluid. In unrationalised Gaussian
units the equations satisfied by the equilibrium

configuration are as follows:-

Yrb = 2 :’Q
YxB = 4
Y.B =0©°

E=o , w=o0

where J,E,B,v are the current density, electric and

magnetic fields, and fluid velocity respectively.



From 5.1 and 5.2 it follows that
55 szﬁ’@Z B) x B

Using 5.3 to express B as curl A

DA ! TE\P
B = e Aak J (A .-7-5} L _8,__.
5.6 B, = Az Az
o 5z T S
DA, PR
BZ — | %‘B (AQT) _ 1 S___

QA DA
h is defined to be Ag~ d £, T
where ¥ is defined to be Ag+ , an s <&
vanish since Bg is not a function of © y, 1.0,
there is axial symmetry. This definition of B

automatically satisfies 5.3.

Taking the scalar product of B with 5.1 gives

/-\
w
d
o
fl
N
{2
X
vy)
N
D‘)w
il
O

i.e. B.r_g_p_j’_ -+ BZE'E' =0 since _g =0

| o/

S dv 3 dvw - (AW
57 R Y - 5(,-,: Z)

I
O

Hence /b= ,b('\P) is a function of ™/ alone, i.e.
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surfaces of constant "\P are also surfaces

of constant ﬁD.

o is a suitable choice

I

If By=0, A,= A,

in 5,6 and

o

A B’\P)

!
5.8 E:‘ (—:%F =z ’ )75—’-

o/

If Be == O we must consider 5.5, noting that

axlal symmetry requires %513 =0

The © component of 5.5 gives
YxB)x B = O

(g~ 8)x 8]

“.e,

Bv‘ _}f_ =
Be 2 (vB) + E= T (vB) =0

\ EE_B(*BG) éf_\p_.écfge): (v, "-Be) =0
59 - 3+ = ®ZF T8y T (T =) B

which has the solution

The *and % components of 5.5, yield the same
result

o (2B ) ((VXBLB;_ Bs(¥Y*B) , o, 8(v*B), - B(VxB))

P> O, 2%

L’rr 2 (br » O éz> - % (Y:_§> E(S—— o, 2:’)




5,11

5.12

5.13

5.14

prpr = (3XBle _ £F
For Bg = o© this reduces to
ATTP' = @FKB)B

Hence in general all the requirements of the field
equations will be satisfied if the field is
specified in terms of two arbitrary functions
p = y(7; 2), and f = 'F(‘P) , defining
B, , Ege) B, uniquely.
The field lines are defined in 7, ©, Z

space by the equations.

dr . dZ _ e
Br B By

Hence
clr {‘%Y }
g T

i.e. the field lines lie in the surfaces of

I

constant % , and therefore of constant pressure.

If Bg = © the lines are planar, i.e. are two

dimensional curves in 7, £ space.



§6. Statement of the Method.

Rosenbluth and Longmire (8) have considered

the stability of a plasma in the magnetic field

B = (B, (t2), 0, By(y%) against the fluted
type of interchange. The method used in (8) will
be stated and discussed in this section before it

is extended to more general cases in the next and

subsequent sections.

~

6a
Cross section of the Cross section of plasma
unperturbed plasma with fluted perturbation.

The diagrams above show the nature of the
perturbation considered, and it is clear from 6b
that this perturbation is equivalent to the exchange
of the material in regions I and II. If also
perfect conductivity is assumed the field is

'frozen in' and exchange of material implies also
exchange of magnetic flux. The equilibrium
potential energy of the plasma is

P+ B
6.1 U = Ioa-g% - e'rrz



6.3

6.4

and if‘this qﬁantity should be decreased by an

exchange of flux tubes the excess energy will go

into kinetic energy of the perturbation causing
instability. Thus Rosenbluth and Longmire examined

the sign of AU , the change in the potential energy

of the plasma, when two infinitesimal neighbouring

flux tubes were interchanged. The problem was considered

8
in the limit B = 8f>4<l . In this 1limit the

magnetic field is nearly identical with the wvacuum
magnetic field so that it was assumed that any
distortion of the field would increase its energy.
Hence only interchanges which left the magnetic
energy unchanged were considered.

The magnetic energy in a flux tube is

- (Bay = (B
wa—- ‘{8n~cu/ ‘SSW’/va

where .£ is the co-ordinate along the flux tube and

A is its cross-sectional area.

BA = ® =  flux contained in the tube which
is constant along the length of the tube.

Thus on combining 6.2 and 6.3

2 cll



6.5

6.6

Now one of the basic assumptions in (8), an

assumption which will eventually be removed, was

that the material of tube 1 occupies, after exchange,
exactly the volume of tube 11, and that the flux of tube
]l is contained in exactly the cross section of

tube 11, i.e. that the remainder of the plasma

is undistorted by the interchange. Thus the change

of magnetic energy on interchanging flux tubes I and II1

is |
R GRS YR b

(3 (2]

Hence in general AE, =0 = &= &
The stability of the system was therefore to be
determined by the sign of the change in material

potential energy due to the interchange
/ /
£E, = v { R/ + JRdn = BV = by

where ﬁ¥ is the pressure in flux tube I when

it contains the material from tube 11, and similarly
for F{ . Here another assumption was made(again
to be removed at a later stage of the paper) namely;

/
that ,Q and ;{ are also constant along a field line.
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6.7
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/
The pressures f% ’ Fg were calculated assuming

that the adiabatic equation
—_— Y
dt \°f

was satisfied.
Now this equation can be applied either locally or

over a whole tube. If applied locally the result is

¥
b= B (o) B = p en)”

vy (o)

/] /
in which case ﬁg) ﬁ% are not constant along the

length of a field line.

If applied over a complete flux tube the result is

¥
/bf/=/b2——-—{jdm}=P2(\/”Y',’z,=p'”dv b’(}

which produces constant A, J-N

We would expect the local adiabatié law to hold if
the instability time were short compared to the
thermalisation time, and the constant pressure case
to arise if the thermalisation time were short
compared to the instability time. It will, however,
be proved in a later section that the worst possible

pressure distribution from the point of view of

stability is, in fact, that of constant pressure, and
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in any case this assumption is consistent with
the hydrodynamic assumption of frequent collission.

Using 6.8 and writing
P’2\= P+<SP b|='>

6.
2 V, = V+ &V V, =V

where SpP, 8V are infinitesimal, 6.6 becomes
Syv\Y -y
——-{ U )% (0 80) - 4]
e e ]

' S

- B g v (8

6.10 .. AE, = <Sv{5,b+rps§/_vz

In general P must decrease towards the outer
limits of the piasma where it must tend to =zero.
Hence 56%5 —> — =° in this region, and
(5bﬁ—*7@$9 will certainly be less than zero.

The stability condition AEp > O then reduces to
6.11 & [fawmf <o

i.e. ¢ Cg\j% < O Since: d>2= ¢I



- 56 =

Applying this criterion, with the additional

assumption curl B = 0 in the low pressure region

considered, to a mirror machine with magnetic field B =
2

B= (B, (%2), o, Bz(i%)) Rosenbluth and Longmire

obtained

ol
o

for stability.

It must be noted here that the perturbation
used might not be physically realistic, i.e. in terms
of the energy principle, it is possible that no g

satisfying the hydromagnetic equations, exists which

describes the motion visualized in this theory.



§7. Generalisations to Finite Pressure Plasma.

In order to invéstigate stability within the
plasma, as distinct from near the plasma boundaries,
it is necessary to remove the condition [3—? = .
The consequences of this are as follows:-

a) curl B is no longer zero but must be obtained

from 5.5.

b) both factors of AEp, = P‘SV(“SSE-* Yé\}{) must

be evaluated.

c) A E,.. cannot now be ignored since B no longer

approximates to a vacuum field.

Restrictions which are not relaxed in this section

are those assuming p; and £/ constant along a

flux tube, and assuming the volumes and cross-sections
of the two flux tubes undisturbed by the interchange.

The requirement for stability is now

71 AE = SV (Sb+vpiY) + g (-] (- [T

This expression will be evaluated for a mirror

machine with magnetic field

s, B= (BG2), o Bz ({%) )




7.3

7.4

7.5

Diagram
machine
701. we

defined

~
i

7a shows the planar field lines of a mirror

with field given by 7.2. Before evaluating
introduce the variables ‘g S % and X
by

From the diagram the constant flux through the

annulus

between the surfaces of constant ~J

containing the lines 1 and 2 is

X =

Then

Qm+~ BD = QW+ Bz &r

a-p

2P &

-

e SR
P-Y g 2 T8z



7.7

Hence X = ‘?

K

Obviously g, ? ’ X are all constant along
a field line since they depend on V¥ or @ onky
Using these results we will now evaluate the change

in the magnetic energy

AEn = g (W%~ [ %]
-k sfyfoud
¢
- - g% [ sfou - G feadd
- $2{3[pue- 8[a
Sfsae = (Bt - [ Bl

by connecting the field lines at the ends to make a

closed contour, and using Stokes Theorem

where D is the perpendicular distance between the



7.8

7.9

7.10

two tubes and is defined by 7.5

D = iié—s . Using also 5.12.
sfBae = —4mp§(E

g d fpfeas ervrfg]

The change in the material energy is

AE, = 8V (éb+ vp<Y)

where &p = lb'§ , and V = ¢f_g:e.
b= efod]
—sp (X +os(F
o _ T,
$(% = sj .BBQ
- i 4

= - ¢ j (v xB), o gﬁ B (%) B*sé;(é‘)}

ol

- B



7.12

The integrand of the second integral in this
expression must now be evaluated in terms of the

field variables B,r and R the radius of curvature of

the field line in 7, #* space.

8 5(3) - B3 - -mivh i

[

2 3B
2 0B (Br 33+ 535 -5, (B 3 =)

-—._—_.-—Q-— 2 EBZ BB 382 2 BB'_
B‘*{B = " EBR(F-F)-® “g:-g}
Now if R is the radius of curvature of the field

line (flux tube) along which integration is

carried out

2
-L'.: z('-_,i/’_:-—(dﬂ‘i;{
R '+CZE)3
th 1 ol ¢ B B
TR Ta=lg)Y m Femoen
3
= Bz {2 (B Br ® [ Br
B3 {gi(sz>.+ i%f(ﬁ)}
2L 2B B 2B B 2B _ B 3B,
B (B2 32 T B S T R 5S¢ &= 3‘2
iz




Comparing this with 7.12 it is clear that

W

2 2 B
7.0 (B3 - Bale)m T Rg - ik

Substituting this result in 7.11 gives

7.15 6[%&: zmp’gj.i';ﬁ - Q§j

R+ R*

and this in turn gives the following result
for &V

7.16 %\'/= fg&* W'bfj" —QEJ dea‘*

Writing j% = K s XBOLQ =

so that %= Z/('*‘ fI , the expression for AE#,

can now be evaluated
7.17 _?;’___ (%K-(—EIXI[;?-}. p Q/i;;_f_z_)}

Combining 7.17 and 7.9 the complete energy change

may be written as

P x x gppk v s EPT + 2B (3re+§I) = 4E

4



7.18 %’_E - ?2[%1»3//5/{] +??EU"’<+”PIJ +§° [,b'k+¥prjl£<

7.19

i.e. the second order energy change is a quadratic
form '}Qa + ??fz@+§z€ = /-'(?,‘f) in the variables
? ’ g . A necessary condition fbr stability is,
therefore, that f7(?)§) be positive definite,
otherwise there exist values of &YW (E:g) and
&p (=%¢p) which make AE negative. The condition
for positive definiteness is (i) a> o
and (ii) ac — £* > o
(i) is automatically satisfied since the integrals
J and K are positive., The condition to be

satisfied for stability is therefore (ii)

4%.%: + YPIXP'K +Y/:I) — ( b’k + 2./,l:vit)‘z > O
ie (PR+wpT)(E - PK) > ©

This inequality may be satisfied in two ways as

follows: -

(i) ¥YAPT > pK and L > A'JTP’-’E?
(i1) ¥pI <- pK and T < l,."rrlb’_%_{f

Taking /3/4 O  these reduce to
(1) YpT >- pk
or

< LmplK?
(11) T 'bzr
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7.21

- 64 -

Written explicitly as integrals these are

de =i b (ot
fR«Bi < QW'AIB"' +?375-ng

or

1%

— > 2T, {f U

erB 8° SBOQ

Now 7.20 is precisely the inequality 3.16 obtained
by Bernstein et al (2), and 7.21 only differs from
3.15 by a Schwarz inequality. 7.21 is in fact a
less stringent condition than 3.15, and this is not

surprising in view of the restricted nature of the

perturbation considered in this theory.



More General Perturbations.

In this section we continue to be concerned
with a mirror machine type of magnetic field in
which there is no © component; As in the
previous sections the system will be assumed to obey
the ideal hydromagnetic equations with scalar pressure
but an attempt will be made to consider more general
perturbations. It has been assumed up till now that
the pressure in the flux tubes I and II is constant
after the exchange has taken place. The consequences of
relaxing this condition will be investigated, as will
be the consequences of allowing the volumes, and
cross-sectional areas of flux tubes I and II after
the exchange to differ from their wvalues before the
exchange.

Consider, first, the change in material energy

6.6 AEP = ;_:]')— { SPl,Alowi + SP;AQG{& - Pl\/l - #Q‘/gg

Assuming that the pressure obeys a local adiabatic

law during the exchange,

1

L
OD'/) r”“'fl = /‘5270""5

(B) s = p7 o




803

8.4

and integrating these equations along the flux

tubes we obtain the following constraint equations

4 J
[ () aae = By

J B ae, = %,

Now suppose

|

Bo= () T P

P; = }W (\4) + P1-'+ !DTT

where /b*, /b')' are the first order infinitesimal
fluctuations of the pressure, and /b** ’ /bﬂ- are
the second order fluctuations, and all four are
functions of £ ; e.g. /b* = /S*(Z). On
substituting 8.3, 8.4 into B.1l and 8.2 equations
are obtained relating /b** to /b*and /5.”‘ to

/bf . Using these relations we will eliminate

/b** and /)TT y making it possible to minimise
algebraically for p*) /DT

8.1 and 8.2 reduce as follows
j(b XAoC/ IP:XV’ H_Pz (-> ./':i_ VL)?ZX

_ Pz v, + }97\6 “{(T/,j)+ ('_t) v) TE')} P#-*M?A,dé,



Hence
! =l
ez * *k v\ (=) (F*)Z _
Y](: glb oo V;) v 2p S T
8.5 i.e. Jb*%\,oﬁ@, = o
8.6 Sp** = (< :zx/: j(P) A, ol

In exactly similar fashion
T — o
8.7 \p A U, =

8.8 Spﬁ/\zﬂz (\/2)2—{—5}(}3) A, &L,

On substituting 8.3 and 8.4 into 6.6 this equation

becomes

MO ICT R
v o 5 TGRS g VI +{(pT+ P Arcte, ]

AE, = 5\/(5,6”//;5\/) + ¥<)

= &-n2vp {(P*) (PT) }
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after using 6.10 to obtain the first term,

8.5 and 8.7 to eliminate the first order part
Y’

of the second term and noting that (Y@Q4) and

¥
Cgk&)' E}éﬁ are 1 to zero order. Hence

8.9. AE, = (AE,,)' + ;,"P;J(AP)QAOLC

2 2
where (A]:)?' - (P*) ;—lp.r) , and @Epz is given by 6.10
Thus 8.9 is minimised by choosing AP =0 i.,e. AE
has its minimum value when A’ and /A are
constant along their respective flux tubes.
Finally, in this section, a new perturbation
will be considered which may be represented

diagramatically as shown below.

Unperturbed Perturbed
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Here the change of magnetic and material energy

due to this perturbation may be written down as

eight energy integrals along the four perturbed

and four unperturbed flux tubes. The original

flux tubes I and II are now no longer constrained to
have the same dimensions after the exchange as before,
and to cope with the resulting distortion of field
lines and plasma outside these tubes the concept of
neighbouring flux tubes III and IV has been
introduced. These tubes may be regarded as
enveloping the original tubes I and II. The method
will consist of minimizing the energy change with
respect té the cross-sectional area (on which the
magnetic energy depends) and the volume (on which

the material energy depends) subject to the

condition that the plasma external to the four

flux tubes remains unperturbed, and to the constraint
equations arising from the purely geometrical
relationship between the volume and cross sectional
area of the perturbed flux tubes. When this has
been done the final expression still depends on f8

and &« , quantities measuring the relative magnitude
of the enveloping flux tubes, in the form jﬁ +-§g7
and the expression can then be minimized by

maximising this factor, i.e. by choosing «—>e0, B—5 =6

which is the condition we would expect on intuitive
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grounds since this corresponds to the

perturbations external to tubes I and II

being absorbed in a relatively infinite medium.

There now arises the question as to what

orders of magnitude the variables must be.

In particular if A and B are to become

infinite some of the procedure of changing

volume integrals over flux tubes to line

integrals along field lines must now be

examined more closely. Since the answer to

this question is of fundamental importance

to the present theory it will be discussed

in full in a separate section ( §9 ). 1In

the meantime it will be assumed that the orders

of magnitude of the fluxes ¢, , Cba j D R /3¢z

are such as to make the following work wvalid.
Before writing down explicit expressions

for AE, and AEp the constraints will be

considered. Conservation of flux requires that:-
’ /] ' /
8.10 B' A| = 82 Aa J B: A - B' Al

4

8.11 R A = «BA

1

, B A, = BBA,

Conservation of total cross-section requires

that: -



” / . u !

8.12 A (1+a) = A +A 5 A0+ B) = A, + A
Conservation of total volume requires that:-

/ n /

8.13 V. (1+=) =V +V'  v(+s)=V%"+\

Then if
8.1 A = A(+F) ;A = A0+ G)

where f and g are infinitesimal functions of A ’

substitution into 8.12 gives

/4

8.15 A= A=) A = A(E-9)
and if
8.16 /' = V,(1+.4) ; V' = 1+ R)

where h and k are infinitesimal constants,

substitution of 8,16 into 8.13 gives

8.17 V' = V(@-R) "=V (B-R)



8.20

The geometrical constraints are

\41 =JAI,0(Z| ) \41 _ SA; d@z

i.e. V (:—f-,R) ==SA,(!+P)OM, N V,(1#R) = j'/’ta(ﬁg)d&

i RV = [rA Ay = [9 4, e,

Expanding f,g,h,k in powers of g gives

and similarly for g,h,k.

ERRITREY
(o] 52 e[S - (maffem - T35

i.e.

Wy, . .
AE""={q>'2JK; (\-0-.3) +¢>2 %(,ﬁc) _cbl'-'l E:T?. __qszc;fz}

Using 6.4 AE., is

oll.
g8mAE,, = {Q?z

Az

{(ﬁﬁ)J olt; (i- 3) (oup) (l P) @;@) (dﬁ)j‘;ﬂ;:?



where use has been made of 8.14 and 8.15

i.e.
§mAE, = (& -¢

8T AE, = 8T(QE.) +j

Ao 2008 (B 5 9]
+ J%{%—L(ﬁz‘ﬁ - é)"' ¢2(£:+ﬁ +ﬂ)}

= 87 (AE.) + B F(9,, . f. £)

where (A E,.. ),is given by 6.5, and F written to

second order in § is
= R R D g ) @)

Hence

Sin _ (4En) F(£g)
® & T e




where

e P feafanp g ayqog)

In evaluating A Ej, it will be assumed that
the pressures in the perturbed flux tubes are
constant along the lengths of these tubes, an
assumption which is justified by the remarks at

the beginning of this section

8.23 (Y-NAE = (P + BV = pvi— pvy)
+ (KW + BV - apy —gpV)

The adiabatic equation 2.3 is used to evaluate

‘p' , ﬁg , /ﬁ”} /5” . Thus:-
Y Y
s po= ()R 0 H- (E) A

VALS : " Y
8.25 th” = %%% P 2 F% B (3f; 2
2

After substitution of these results)8.23 becomes



After substitution of these results,8.23 becomes
- _ v\ 3 Y—I
(a/ J)AE}; {bl (Vj) \/.-[- P"(\\//T) V2 - Ps ] Pq }
vz )/—] °<v =i
e ek (B TR (SE) — BV - k]

and on substitution of 8.16, 8.17 into it this

last equation becomes
(=dy = [PMGE) GRS () ol - ]
AU LG RNV
= (DA + V(Y 00X ) 221 2 }
* B4 GE) o) 4 2 g 7
+R5V{X_'(3+/B )« 20

%@2

+ }3,0(\/,{)%('&,4—/21) &2 ?

x?

@-naE, = ORD@EY) + PO=)G(R, B, RA,)

where (A Eb)J is given by 6.10, and G, written

to second order in E is given by



.26 G(AR, R)= Z;& TR %14@.7}+ p:<(g,_4gx%é+y§vv)

and

AE
8.27 _¢P _ Q&gb), +  G(A R)

Adding 8.21 and 8.27, and dropping the subscript

l on h,k,f and g

8.28 %LE - %E_)' + G (R R) + Fg(Trﬂg)

On dividing 8.18 by ¢5 and considering only
first order components the constraint equations

may be written as
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8.29 KK =f{:£é£ ; ARk = fg.i'gi

We now proceed to minimise AE with respect
to f and g subject to the constraint equations
8.29. This is equivalent to minimising f:CFaS ).

The Fuler-Lagrange equations are

B{Fﬁi—??} _57_}:__—_:.0

5525%“1+27z +3§ - o

‘ - _o — 2
830 . f = Y B‘z
8.31 }
I = LA
Substituting back into 8.28 to evaluate ‘>. and
L we get (}\)/u are Lagrange mqlhphers)

AK =22k - \Af—g—‘z]

RK = ,@+/ ['ZK +/U-j 53]

On writing 9% = H these equations
B
become
I~ _ ol )
(2 - R

M= (2 BEA)



8.32 .

On substituting these results back into 8.22

F becomes

Fa *“-S {ew\ <Z _9‘_%2‘;4.2\1)

W )

+°K?‘l (Q%“Q?Q) PH(Q% _}Zﬁ-)}

37

[e{-'\-l +P,+,]IBGLQ +{o(—+_! +E€T/} B3
= _?Q_Q_J. +°(+‘ (r?z Q?Aow.;. ;1)1/‘{1)

+/3+/ (? +Q?/g‘@_—+ /3-“"&)

_a
where ) =57 7 E&%T , and [m 1is the

minimised value of F,
Fo= 3L (fF — T2k (R-£)+ K S B

AE is now a function of h,k, o ,B

AE _  (E) E (R K
@ - G(R, R) + M(gw)— )

The next step is therefore to minimise G + _g_m_
s

with respect to the pair h, k.



L

The Euler equations are

2? ﬁ*‘ K/& +877’{Y,b/<(/3""),£+ K(Shb+vh _Y)}= o
@—-»&§ + z;n—Y}:} {7-’5— + L (&P +YP§T/\‘/)} <o

dv
. \ __pf K + 4mH(Sp+¥p SF
8.33 ' K o 7 K+WSPH v

and

_2?5‘&_‘_ 9 3{;-:-_1 Hﬁ"/g + RTI‘{Y}:K(‘-’{;\TJ),P._— K(Sk+rp ‘-S\-}/)g= o
o plE s wﬂ:} = 3K o (8p+¥pSY)

‘/K—__g,_(__ 2K + LwH(S,b+Y,b—‘§V‘—/)
S T A K + 4m¥ bH

834

8.35 G + hn _ o+ pf¥bk K2 +H o ¥hk _K?
&7 o\’p‘{ 2 +g-77—H}+ e ,g{ & H

4TTH

-Gk Rfpug e sp oY R[5 -]
Then writing Cc = %Trl K" ]

8.36 @ = 7K+ ATH (§p+2p i‘g}/)

and

S= K+ hmrrbH



8.37

8.38

and substituting 8.33 and 8.34 into 8.35 this

equatidn becomes

(Ca+_:~.> —{ZP—’f ZQ(/R R)+ Ki(%-%)-pC

8 2 8TH

K@ N
LT H (4-*) =

M-

where the suffix m denotes that (G + F"\/g-,-r)
has now been minimised with respect to h,k.

Using 7.16 we may write down Q as

Q==7K+-mTﬁHE-kAvrﬁﬁg}K+§n
‘ <

=y (k+4am>’bH) + § “2H (Pk+ ¥pI)

= ? S + AW’H EHT

whece T = pP'K + ¥bT

Substituting 8.38 in 8.37 gives

(G + E“@w)m = Ks {’?‘s’a-g_}z’_* ?§T5+§°(47<HT}‘£+

STl O TR



8.39

8.4o
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PRCEFS {? (£ +¥PR)+298 (bl +vpT)

2 LTTH (PK+YhI) L[ T
+.§ K K +4mYpH ?[“ '-T’-T]
i.e.

K+4TTYpH

(G+ §F';‘—r)m= —% { W (% +rhK) +2 PE(Pk+YPDgUTH (Picrypr}

Returning to 8.37 it is clear, since K,H,S are
all positive and since C is negative, that
this expression is minimised by maximising

0O = L""?' A+ ] « This is done by

allowing A, B to take unboundedly large

values. When this is done L —> 2 .

The final expression for AE is therefore

—— 1

AE)

with -3 given by 7.18, and this is

45 JIE vp] - pflieoni]s FlpreniaE
2 4T H

- 1 [ + ¥bK] — 2§ [reer] = § [P b s




8.“1

8.42

8.43

i,e.

e + H (p'K +YPI)
%E_ - f (P"KYPI>{I’ LZ+£TYPH E

- ( Pk + xhT) (Tic— sTH HK)

K | K+ kmT¥bH

a (P'K+ypIT — L p'H)
E K+ kr¥pH

I

As with 7.19 this will be positive if either

of two conditions is satisfied

Jrrs >
Rve ~

or

cld !
R+ R* 8 ¥p B

This is precisely the result obtained by

Bernstein et al (2) using the energy principle.

In fact 8.41 is identical to their expression

with X for E where 5{5 = ?’\U the WY
component of the displacement, In 8.41 'F/48 =D

the perpendicular displacement of the flux tube.



9.1

9.2

Validity of approximations.

The crux of the theory in earlier sections
is the assumption that the volume integrations
over flux tubes can be replaced by line integrals
along lines of force. This obviously requires
that certain variables be infinitesimal, and
we will now investigate the detailed consequences
of these assumptions.

In §7 this substitution of line
integrals for volume integrals was, up to a point,
rigorously possible, and it automatically defined
the lines of magnetic field -4% y and /Z; as

follows.

iotv = ”o@ AL A Ca=12)

= e | P

(=)

= [a
The flux contained in a tube is

A

B = E‘BoﬁA



9.3

9.4
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and the magnetic energy integral is

A,
JBde = jot@i SB"dA
'( (-}
and since o = BAdA this is
¢,
szdV = Jd&fso@

Equations 9.1 - 9.3 are all exact equalities,

‘but to handle them more easily the following

approximation was made.
If B = B( M, £») where X labels
the field lines in a tube then B was replaced by
B, = B(1 L) (¢= 1, 2) which is its
value at a particular point in the cross section
A, (viz where & cuts A,). Then 9.1 - 9.3

reduce to

< B.

since
A,

b = B,_gdA -~ B A,
¢,



9.6 jaldv = qb,vj&dﬁ‘

which are precisely the equations used in §'7 and
§8.
Now if f is taken to be the fundamental
variable, it is clear that 9.4 and 9.6, which
occur in the expression 7.1 for AE , must each

be correct to zero order in § o i.,e. we must

have
9.7 jd‘/ = 4’&J o:‘ [+ O®)
and

9.8 SB‘dv = czajeu% [+ o(f)]

A

The question to be considered here is: what
order of magnitude must Qﬁ be in order that
9.7 and 9.8 will be satisfied? We answer this
by considering 9.1 - 9.3, and by assuming that

Qé is an infinitesimal, i.e.

9.9 @ = O(§") ., (n»)
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To consider jCiA it is convenient to introduce
variables S, © such that, -€, ©, S form a
local system of cylindrical polars. S is

perpendicular to the A = constant surface, and

£  along the surface. Then JOM = stde cls

as shown below
S

nt
9 ( a) S‘—lrf;‘e

Section of flux tube.

f,(e)
9.10 Then j BclA = jdeJB(S,—e) S s
* £(o)
Expanding B in a Taylor series about B, = 8(54,/54,)

9.10 becomes

(o)
b = fdej [B + %(S-S‘)]sds
f.(e)
f
= B¢ A4 + %%Jdej (S"SA_)SCLS
f

< BAC+ 2B ax(s- A
But max(s-S) = O(a,) = O(q)

Hence



9.11

9.12

9.13

9.14

9.15

9.16
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D= BA [+ O(@d)]

In similar fashion

93 bec omes

(Baa = BA L+ o@)] 7,

ga‘dv = S BYA, & [+ O@Y]
A

and on inverting 9.l11 to obtain
B A = & [+ c>(¢an

and using this in 9.12 this equation becomes

SAazow = @,Jad& [1+o(a)]

Similarly 9.1 is

= 2T+ ow]

Hence 9.7 and 9.8 will immediately be

satisfied if n is taken to be 1 in 9,9 i.e. if

® = O(%)



9.17

9.18

Turning now to the actual perturbation as
visualised in diagram 6b; if there are m flutes,

then

- Oc-g) If m s finike
%= o(%) z

— OC?!’:) fIP m s infinite, 1a fack
= 057 (na)

In either case 9.16 is satisfied.
Thus the theory of §7 holds whether or not

m—> < , 1In §8, however, the above
remarks hold with ¢, | ®, replaced by AP, /54)2\

and hence according to 9.16 we must have

“h = o(8)  ;  ph = O(F)

and therefore

gb“ = O(%‘) (c('=°<) °<2=l8)

Thus if m is finite Qz = C)(?) y and
according to 9.18 the approximations are only
valid if @c = o(?/‘*&) . Thus o, may not
be infinite. Only if m is infinite, n\==CD(§" )

Bo= O(F™)  m e

permitted to go to infinity. Finally we note

b



9.19

that since ? = O(?) the independent

variable <S¢ = ?QS must satisfy
8¢ -~ O(t¢)

These results may be summarised as follows:-
In SS 7 the theory applies to finite m modes
as well as to m = =° e« In the finite m case

the variables satisfy

P=0(F ; 8¢ = o(F) ; 2= O(%)

For m

e 4 ifF M = O(%'") the

variables satisfy the following equations
P - of") 5 =00 ;)= o)

In §8, if o, B are allowed to be infinite
the approximations are valid only for M = <0
In this case if M = O (g‘“) the following

equations hold

P =0(§") , sp=0O("™) ; 3= o9

and ad, = O (g—ﬂ) » and thus A, = O(g)

If m is finite the maximisation of



_ =t _JE—- must now be carried out
L)Y = a5 B+

subject to a constraint, viz:-

9.20 @ < K g/x‘ (From 9.1%)

where K, is a finite (but arbitrarily large)
constant.

In fact, for the interchange considered

9.21 Cé <= /<’i1§ where K2 is a finite constant

Hence the constraint is equivalent to

Ko< K
moTR,
1.e‘

—r = K
Then to maximise () , RA=L = =m , and
2
% ~1
= |+ 2
9.23 —C)‘.'max Q( }<,m

where as noted above Kl may be chosen as large
as we like, still remaining finite. If this

value of 0 max is used the result is



¥ -6 2{ RGEON Ety

(- ) _ Kz positive

m=ob Ky + ml< T uanhiky
Hence if mode m is unstable so also is m -+
and the worst possible case is with m-— oo

This result was also obtained by

Bernstein et al. (2).

»



§10. Inclusion of By Field.

The theory of §7 and §8 can be applied

to the case with magnetic field
10.1 B = (B,,.(Tz), Be (1 2), B,-E(TSZ))

whenever the exchange of flux tubes
visualised in these sections is possible. This

requires that two flux tubes having originally

the same © co-ordinate will continue to huve

he same © co~ordinate along their lengths, and
will not slip round the Y = constant surfaces
away from each other. In the general case

the © co-ordinate is given by Jde = ;cteg ¥4

The condition under which the theory of §7 and

§8 will be wvalid is therefore

) de
10.2 >v T cll

[
0

The lines of force of the field 10.1 are

defined by

10.3 dd" = ’)’_:_id_? = dz —_ % _ %I
B. Be Bz B =%



10.4

10.5

lO.6
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where @ == (Bf (1; 2)) O 3 Bz (13 z) ) ’ B( iS
given by 10,1 and a¥ |, e’ are elements of
length along B and B' respectively.

From 10,3

)
The operators g;p s and & are related as

follows
2 - d

where is the derivative normal to the

134

surface, and therefore

2 _ Bz o _ fiz'a
°n B T B O

Then the condition 10.2 is

?-«Sﬁ)xaw =0

where CS is given by lO.§,and this integral can

be evaluated using the methods of §7. Thus



cl? b B
L-—é" {%(ng)e+ (Bfﬁ’i"Bzg)—F‘g‘*}_o
M [ mro, _ 3 >
.S"_B_—%’/g(\z B), '84:: + /6 (Ba B - B3 )}

When 7.14 is used to evaluate the

(Y jod .B.)e) , and
B8

the condition

after using 10.5.

last term of this integral as Lt(ﬁ%' -
d

%gn is replaced by 'f'B_g‘;:-P ,

for validity of the exchange reduces to

10.7

In evaluating AE, equation 7.1 still holds, but

5.11 replaces 5.12

The four integrals

Is s g

in the elimination of (5,7 x .@)g .

involved in 7.1 are:-

; 5 B Cte )‘ éj B OL@ and H-yese

integrals are replaced as follows
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0 oL’ oo
10.8 X &L (e _
jB—}J‘B' fB K

(5 > o[ % - o

= - de (Y x B)
2§erB" +§j o dl

- B3

10.9 =-2 fRoUQ

— wpng_%% +‘°’OI§J ol

72 g3

using 5.11.

SBoUL~> fB’ow’ =g(8’)2_°;£

=SBd2+ SB;EQ%Q.

10.10 - faoce+ sz %4

7*B

<§SBoL€—> 5§B'o¢€'= Sde,Q—}- 8§F2§&§

~*RB

_ _el (¥xB), ¥ (e 2 o olf
gj -~ S +fo§j’??é L 5&28

since SF = 5575 Y = 'Flf .Then using 5.11

touit Sfects = -urpp(L S [ o gL
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Stokes Theorem is used to evaluate the last term

qwa - *ﬁ-g% [~ E‘L

5

ts e -t E (Faa)s

25/ r e

Then using 7.14 to evaluate the second term

g TR

10.12 — ¢ (7~ B), dl ”
ﬂ —55* —??J7483 QEIEFEZ

On substitution of 10.12 into 10.11 and use of 5.1l1

013 sfet'= - STHSE O [E  iry
3./, ( df
» — 2Ff ?LHB?, 2F2§de'e

r3B*
Using these equations the expression for AE

obtained in 7.1 can now be evaluated. The wvarious

integrals involved will be denoted as follows

wrp (g -2 [ =T e =T (R

= N

ol cl
10.14 j—rTé":L JJ, =M),Eob€

= P

~% 83

Bs £ ol
—_— +
va33‘



Then

SQLQ_' - K

{ / , r 2
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Then
sV
6.10 AE, = 5\/(‘5!""3//6'7) where

V=0 [ — Bk 8V =8d K+ @ (§I+e'gm)

%b = ('?K-I-'gI +§7CF'M){H§+ _B/;E(?K+?I+EFP/M)}

10.16  =Y(rPK)+7% (Pk+2xp(z+ PP’m))+§2(i;M g Pk+5p (Z+eFm) E

and from 6.5
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Then combining 10,16 and 10.17 the result is
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Section §8 goes through as before with 8.37

giving the resultant negative term in A%&% .

With ) = 2 this is

. _ ka® ) S ’-J
8.07 (G+ o) = — & w LE =T
Where
_ (a2’ . _ (de! _ (o
- S@B K= 573"’ jB

S= K+uwrpH 5 Q= K+smH(8b+ ypeV)

i.e.

R =PK +4T H[ P'E +72<16(?k+ g(If-FF?w)D
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Hence
KQ* _ a2 K(K+umrrbH) , ,
uwas—'? — + 23 [ P+ 7P(T+ FFM)]
P LTH [Pk +p(z+FEmY]”
K K + 4y pbH
Hence
f?.
10.19 (G +§%>M - -PErE- Y,bkj
—20F [ PR+ XP(T+FFM]]
g xmh LPRrbCTe ppm
S K +umrypr
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2§ bk +¥b(I+FEMN((T+peMY _ barH(P'K+¥B(X+rpy
+§ %_P % )}{< ™) K +4m¥Y bR ))}

on addition of 10.18 and 10.19.

This is a quadratic form in 7 ,‘F which can
always be made negative by suitable choices of 7
and § . It will now be shown that when
condition 10.7 is applied to the above quadratic
in ;hf that the cross term'in }f vanishes
leaving an expression involving gz alone. This
is of course precisely what happened in §8, but
the co-efficient of fl now differs from the
one obtained there. The indefiniteness of 10,20

may be taken as confirmation of the belief that
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the theory will fail to be wvalid if 10.7 is not

satisfied.
The co-efficient of the ?? term in 10,20 is
Bzdé _ 'FB‘FIJ Ll

ol 2
10.21 é(—zﬂ: {?szg,._‘%‘éz + Rf Jv-” 5° TtB?

——f'f"f . _ ATP’?Ezfd.f_Less }
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Where 10.5 has been used to replace%by-;’_'—g
W . 2
hen 10.6 is used to express -— the above

equation becomes
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Then using 7.14 to evaluate the last term

£ QFBz+f_((yxB)9__;_)
P = TR T35~ B R

i.e.
£ _ £ _ 2B L kTHE £ — !
R’f’381 ,r‘zB ,f483 2 83 ,7-—483

Then using this equation to eliminate all the

2 ol
terms except f JRT3B‘ in 10.21. gives the
following expression for the co-efficient of'?}

in 10.20

737‘5 ’OZSR(ﬁBZ - Pj/wdﬁ} - Zﬁr”(ﬁé _/@&e}

and according to 10.7 this is zero.

Thus 10,20 has reduced to

ng) ¢ [Pk +vp (I+PFM)}§I+F¢’/\4~W/>'H}
&), =

K + LT YXPpH

As with 7.19 this expression will be positive if

either of two inequalities is satisfied

I +fFM < WP H o I +FEM >—2_(§-'/<

i1.€e.
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or

oll i [ p' [ o rcoadl
10,26 JRrB"‘ <2”)b_s.83 T=F | B T fiﬁjfﬂas
10.25 may be rearranged as _
oLl ) ) £’ [l
SRrBz' > QW/DJ B B*+Bg T =2 +*R3

[ _Bs o £f’
P j B3 (B+ 8;) 2 77—83

Since 10,21 is zero at all points in the plasma

it follows that the integrands are zero, and

therefore that

-+ Q-FBZ — 70270/ _ 70/___ A‘T"E/JD _ O
B’-

Qf
10.2 _
7 Rr B rr R* T R3*
) ' RBs +R* ' 4+ Bz QTTE!
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Substituting this into 10.25 and 10.26 we get
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i.e.
e S BB
R (B"A—BQ) = (B B;‘)

Applying 10.27 to 10.26 we get
o34
g o S
BRT(B’-&-B&) < /bf J‘ /b BB(B*'Be)

+ [ B2 By
2 83(13 Be>

- <. QT J jiﬁ jBe Bp K
Re(B>+B3) B(E) | 8% (B*+83)

A particular case of some interest is the

!
cylindrical plasma with field B = (C’; Be(”)) Bz(")).

>
(no Z dependence since B, =~ %11‘-)

If

o ),

This can be obtained from 10.1 by allowing

B, — o y in which case R-—>°=¢ | B — Bz_)
-3 D > =
/«L—% B"%‘Bz s T S+ and thereforeB _>_B; =

5.11 now reads

| ag / /
LYy

where 3 = Bx
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i.e.
G
L p =‘;3-":;§

where f,g are derivatives with respect to r.

10.7 now reads

u! = o. and therefore L = o
i.e.
f 9 i

and the inequality 10.29 reduces to

prp (V1 f

eliminating /y by using 10.30 this reduces to

'P kwyﬁq-gz+ﬂﬁ4z QF;;z
o< — j {93+ HWB’P(QM ,c/rz)
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From 10.31
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i.e.
g BS +B: o Be) L oP+ B3 +8r)  SBI(R3+EE)
By cr\T. hr P o7
i.,e.
X
10.32 B, L/ Bs) .. _ *Bs o
6C$f(¥f ) ¢2(8;+B§+4mwjy =

This is identical with 3.9, a criterion which

was obtained from the energy principle (2).
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Summary.

Section §5 consists of an investigation of the
properties of the 'mirror machine' field with or
without an azimuthal component. Functions = "P(5Z)
(the stream function), and f = £(¥) are
introduced, which define the field uniquely and
are constrained to satisfy 5.11. It is found
that the lines of force of the magnetic field lie
i:, the surfaces of constant P , and that the
pressure is constant over these surfaces.

In section §6 the thermodynapic approach
to stability in a plasma, used by .iosenbluth
and Longmire, is introduced. For low pressure
(/B << | ) it is shown that the most dangerous
perturbations of the plasma (as regafds stability)
are those which do not distort thie magnetic field,
and that the 'fluted ' interchange(6b) in which
neighbouring tubes of egual flux are interchanged
is such a perturbation, The change in potential
energy of the plasma (6.1) is evaluated for such
an interchange in 6.5 and 6.10, and the stability
criterion obtained by Rosenbluth and Longmire stated

as
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where the integration is along a line of
force in the plasma, and R is the radius of
curvature of that line.

In §7 the assumption of infinitesimal
pressure ( 2 << | ) is removed, and a stability
criterion is established for the same perturbation
as that discussed in §6, i.e. one for which
neighbouring tubes of flux (not necessarily equal
fluxes now) are interchanged, the magnetic field
carrying with it the plasma, because of the 'frozen
in!' field which is a conseguence of the assumption
of infinite conductivity, while the rewmainder of
the plasma external to these tubes remains
undistorted. It is no longer certain that this is
the most dangerous type of instability, so that
although the criterion obtained is sufficient for
stability against this particular interchange it
may not be a sufficient condition for stability in
general, Neither is the condition a necessary
one unless it is assured that such an interchange
is permitted by the equations of motion. Since,
however, the results of section §8 are identical
to those of Bernstein et al.(2) whose method permits
only those perturbations which are physically

possible (only displacement vectors ? (35'6) which

-~

satisfy the equations of motion), it appears that the



interchanges visualised in §(§ - §10 are

indeed dynamically possible and therefore that

all the criteria produced in these sections are,

at least, necessary for stability. Thie conditions

for instability obtained in §7 is

e[~ J3] [ > wrv] 18- e [

{Belt
2
2B {H e ] ampfh = K
V// /////// /////// /’[ = A/ Jl?de’-
Unstable O rB

Section §8 consists of generalisations of
the theory and methods of §7. The pressures in
the perturbed tubes are allowed to vary along the
lengths of these tubes, although still obeying
the adiabatic law 2.3 locally. The energy change
is calculated and found to be minimised by choosing
constant pressﬁres after interchange in the two
tubes, and this is achieved by applying 2.3 over
the complete volumes of the tubes. This is of
course consistent with the hydrodynamic approach
to the problem. Since the criteria of §7 are
sliphtly less stringent than those obtained from
the Princeton energy principle (2) it is clear
that the perturbation visualised in.§7 is not the
most dangerous possible. The greatest restriction

on the interchange in §7 is that the tubes are



- 109 -

constrained to retain their shapes ( i.e. volumes
and cross-sections) so that the energy integral
(6.1) over the total plasma volume may be replaced
by two integrals along the infinitesimal tubes.
This restriction is removed in §EL and distortion
of field and plasma external to the two original
tubes (1 and 2) is contained within two
neighbouring tubes (3 and 4), which are eventually
allowed to become of relatively infinite volume.
Plasma external to these four tubes must now
remain undisturbed by the interchange, and this
condition places constraints on the combined volumes
and cross sections of the perturbed tubes (1 + 3)
and (2 + 4), without constraining the original
pair (1,2) directly. (see diagrams 8a, 8b).

The potential energy change, A E, can now
be minimised with respect to variations of the
volumes and cross-sections of tubes 1 and 2 subject
to these constraints. This results in the original
expression for A E ( a quadratic form in 7,.§ )
being replaced by the expression obtained by

Bernstein et al wviz.:

4k = (re) JEmE P+ 7pI)
L K+ amrypy




- 110 -

where D is the displacement perpendicular
to the field lines, and I,H,K are integrals
along the field lines. This yields the following

criterion for instability
ol (oo L (ol
© = jﬁefal > 2mF') § 5 +‘“”°’PSB]

' f YpH
i;g(g+ww pH)

\’//////1114//11 N 224
| = R

7 7T7 77777777
Unstable (o)

Section §9 is occupied by an
investigation of the validity of the methods
used in §6 - §EL and it is shown that (1) the
theory of &6, §7 holds for 'fluted' interchanges
of all modes (M0 ) and that (2) the theory
of §8 holds for m—> = , and that for finite

m

@E), > @F),..

Finally, in §10 the methods of §8 are

applied to a magnetic field with an azimuthal

component. It is shown that the interchange

/ J Bs
is only possible whené% = ReB where/"‘-= /4B
and/AJ = géf y & condition arising from

the requirement that two tubes, adjacent at

some point in the plasma will continue to be
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adjacent along their lengths, i.e. that they
have equal = co-ordinates along their

lengths

N

2 X //—-
O
) \
Z=4-

SEC,hor\ z
Sechion ot 2=a e e

If this condition is not satisfied the interchange
of complete flux tubes is no longer possible, so
that stability may be enhanced by the addition of
a Bg field. For a field satisfying the
additional condition /u//(;_ = YRe B the

criterion for instability is

Bs Bzl =24
7'283(;1_’_89) Rv" B+Be> 77’# {‘(‘B(B’"‘FB") ATTYPJ } qu(BZ_\\_Z‘:)
For a cylindrical field B = (0o, Bg (™), BZ(T))

the criterion for stability, obtained from the

above is

4
Be 2Bs
«-) * (RS +BL +4TYP)

The additional condition to be satisfied in this

case is %éi; = O . If this does not hold,
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Suydam's criterion applies.

Possible ixtensions of These Methods.

The theory as presented here, although
applied to a 'mirror machine' type of field cannot
in fact describe a mirror machine, because in the
hydrodynariic approach there is no containment
alon; the lines of force (p = constant). The
C-G-L equations, in spite of the shortcomings of
the theory from wiiich they arise, could be applied
to the method used in this paper to give some
information regarding the importance of the
tensor pressure. This information should be the
same as that which could be obtained from the
¥rinceton Inergy Principlé (2) for tensor
pressure since this contains the same assumption
of zero heat flow along the lines of force as
the C-G-L theory. The energy integral 6.1 would
be replaced by'(\ —QET’::' + P_,_’f”;‘?l'bu)ct'( and the
C-G-L equations, replacing the scalar pressure
adiabatic law o—f—é—('b/ff) = ©  would be used
to calculate the two components of the pressure

( PL > fw ) in the flux tubes after interchange.



The only stability condition available at
present showing the roles played bylbl and Pu‘
is that obtained by Rosenbluth and Longmire from
a consideration of individual particle energies,
and is applicable only to the boundaries of the
plasma, being only a first order calculation .
This condition is

b + by
S R+ B* ol

which probably only represents half of the true

stability condition. (c.f. 8.42 and 8.43)
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