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CIAPTER X - INTRODUCTION

There 13 1little doubt that, in recent ycars, the
study of diapersion relations has led to a greater
understanding of tho fundamentals of astrong interactions.
Sinco Yukawa's firet propoaalal) for a meson theory, a
large variety of methods has certainly been devised to
investigate the basic properties of nuclear matter. At
present, the dispersion relations approach seems to be
very pronising, and indeed there is every hope that many
of the oxisting problems of meson physics will be soclved
in the noar future.

Originally, it was thought that most of the answors
would be provided by quantum field thooryz)’g). This
theoory was found to bo extremely successful in describing
roactions which involved photons and electrons. The
usual procedure wns to make expansions in terms of the
small photoneelectron coupling parameter 2 =~ 7%q-.

After removing various divergences by renormaligation,

one could 4in principlorcalculnte quantities to any degree

of accuracy required; excellent agreement was obtained

with exparinent., llowevar, these porturbation mothods

are completely unsuitable in meson physics: the corresponding
coupling constant 32 has the comparatively large vnlué of

15, with the result that successive terme in the power



serios oxpanoiono'rapidly incroase,

In order to circumvent theso difficulties, Chew
and Lowh) proposed a simplified model for pion-nucleon .
scattering. Still working within the framework of

field theory, they took the interaction se

v (e Yol (x.1)

wvhere ¢ , v represent the pion and nucleon fields
rospectively, ¢ 48 the Paulildbin matrix, and T
an operator describin; the charge state of the pion.

{. 1s directly related to the more well-known coupling
constant ¢  of the ehargo-independent.'paeddoacnlar
Keumer interaction by £ = iﬁ 9, , Wwhere N is the
nucleon mass. Tho lowe-energy P-ﬁavo scattering phase
shifts were then calculated, and they were in fact found
to be in qualitative asgroement with the corresponding
experimental valuos. ilowever, there were two serious
objections about the Chew=Low model: the problem was
" treated non-rolativistically (nucleon recoil being
neglected completely), and also the use of (I.l)
automatically eliminates all énti—nucleoﬁ states (which
should occur in any complete theory). Divergencies

arose in their thecory, and it was therefore necessary to
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introduce &n arbitrary cut-off function to exclude
Virtual pions of too high a frequency. iAs & rasult of
these dofocta, the state of pion physices continued to
remain rather unsatisfactory.

It was about this tims that attention was first
being drawn to the possibility of investigating sirong
interactions by using dispersion relation techniques.
These do not depend on any power sories expanaions, but
on the ahalytio properties of the S-matrix oloments
themsalves. At their foundation lies the integral
theorem of Cauchy, which allows one to represent a
function £ of a complex variable 8 as an integral over
a simple closed contour C: 4f £ is an enalytic function
in a domain D* containing C and its interior D, then

(2'-2

{2 “;,':j g de (x.2)

if 2 lies in D, Taking separately the real and imaginary
parts of (XI.2), we obtain integral rolations between
Kg{- and T. {1 *dispersion relations™ ere relations
Just of this typo.

Yo shnll now proceed to describo some of the early
history of dispersion reolations, and trace their rapid

development 4in recent times.



1. Single Dispersion Rolntions.
The first works of note on dispesreion relations
5)

were carried out in 1926-27 by Kronig”’ and Krameraﬁ)

in their rasearchas dealina with the clazsical dispersion
of 1light. In particular, the latter showod that a
disaporsion relation between tho éeai and imaginary parts
of the index of refraction (regardad as a function of

the frequency © , now allowed to bocome complex) followed
from the requirement that the refractive index was an
enalytic function in the upper=half W =plane (Cauchy's
theorem)s and that, for a medium described by such a
rafractive index, signa;a could ﬁot propagate taatar thén
licht. Kramers thus médo the vital discovery that
dispersion reolations were based on tho rundaﬁental

concept of causality.

Unfortunately, interest in the subject declined for
7)

pany years until. in 1946, Xronig’’ suggested that the
form of thoe S-matrix for elementary particle processes
night be reatricted by causality. Subaeqhently. many
1nvoat1gationsa) were carried out to doterﬁina genaral
properties of the Sematrix, Diaberaion relations also
began to be re-applied to‘problema in electro-dynamics,
a9)

such &8 relating forward scattering of 1light by a



nuclear Coulomb field to pair production of photons in the
samo Coulomd field. |
A striking edvance was made &n 1954 by Gelle}Mann,

10). who were the firast to derive

Goldberger and Thirring
dispersion rolations within the formnalism of quantun
field theoory. They conaidered the forward scattering of
14ght, At the Sasis of their trcatment was a new form
of the causality conditiont the cormutator of two
Hoiaenberg field operators, teaken at difforent space-
time pointsa, vanishes 1if the separation between these
points is spaco=-1liko. This is now known as the principle
of "microscopic causality."

Goldhargerll) later extended thease 1nv§atigat1ons to
the casoe of forward scattering of particles with mass,
In doing so, he made use of aﬁ 1mportant:genarn1 reduction
formula of Lehmann, Symanzik and Zinmermannla). This
formula enables one to write the amplitude for an
arﬁitrary transition in terms of the Fourier transafornm

(F(Q)o say) of a matrix element of a commutator of two

lledsenberg field operators ( Sil. say)s

Flo - ) R O TE (PRSI e

liere tho wmatrix element connects two physical states with



bemomenta P,Q respectively; the indices G, specify the
other parameters of these states. In (I.B).Itho energy
varisble occurs only in the factor zﬂf . The vanishing
of the commutator outside the light cone allows one to
extend thotenergy dopendence into the complex plane, and
a disperaion relation immediately follows.

There were also severul interesting applicationa of
these dispoersion relations; for example, they were used
to distinguish between different sets of phaseo shittsla).
and to doduce a value for the pion-nucleon coupling
conetantxn). Comparison between theory and experiment was
facilitated by employing the "optical theorem®, which

relutes the imaginary part of the forward scattering

amplitude to the total cross-sectiont

I.wvg’ :%0‘ (I‘h)

]

vhere q is the magnitude of the centre of mass momentum.
Obvicusly tho dispersion intograls may be cvaluated from
(I.h). provided that the axperiméntal,crase-gections

are known, It 48 o significent point that the proof

of (X.4) 18 based on another fundamental property of the
Senatrix, its unitarity.

The next dovelopment was tho generallsation to none
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forward scattering. Many heuristic derivationals) vere
preasented, all of them leading to ainéla disporsion
relations 4dn the energy variable. thé nomentum transgfer
being held fixed. Almost simultancously, <there was a
larpge number of papers investigatin; the elementary
problcoms of nuclear physicst plon-nucleon acatterlnglG).

17) 18)

pion photoproduction » nNucloon-nucleon acattering

19)

eloctro=-magnotic form factors of aucleons .

20) 21)

X-meson~nucleon scattering o and decay processes
involving atrong aa woll as weak intoractions, Huch

work was also done for non-relativistic caaenaz). such ns
the scattering of a particle by a fixed potential.

ach of those subjects is fascinating in 4itselfl, H{owover,
we shall discuss hore only two topics in alightly greater
detail: they have boen chosen because of their practical
consequences for applying the theory to experimont,

The firast ins oometimea called "polology", nes it
concerns the analytic propertics of the scattering
amplitude £, f may be rogarded as a function of the
two variables W (the centre of masa onorgy) end Z = cos O
( 9 being the scattering angle). Chewza) has shown

that, for wmany processes, £ has a real pole in the

complex g=plano at £ = L lying just outside the



phiyslcal interval -1 < 8 < +1} it correspondas to the
lowest order perturbation diagram in which a paxrticle
is exchanged. Further, tho residue at the pole is
proportional to tho coupling concestants involved in the
reuction. Obviously, LYy considering theo funoction

@-2.) de for any particular value of tho enorgy V,

3L
and axt;;polatina outside the physical region to the
point mﬁa mo. wé mulght bo able to determine inforuation
about the nature and stroength of tho intoractions

taking place in the reaction, This procedure has been
carried out fof neutron-proton scattering by Cziffra and

h). wvhe extrapolated to the "backwarxrd" pion

Yoravesik?
pcle (at u = -1-—V7ug). obtaining a value of the pion=-
nuclecn coupling constant ga in reasonable agreement with
other estimations, Gimilar calculations have been
consldered for pion photoproductiungs) and Ke-meson=-nucleon

scatterinszo)-

In tho latter case, there were hopes of
doternining the parity of the Kemeson from the sign of
the residue; unfortunatoely, it was impossible to do so
due to a lack of exporimental data,

Tho other topic on which wo wish to remark at thia

point ia the excellent treatment of plonenucleon

scattering and plon photoproduction by Chew, GColdberger,
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Low and Eambnlé)’17). This formsd a considerable
improvement on tpe Chow=Low static nucleon model,
bacausoe it embodied all of the general principlaé which H
any correct theory must havel analytic properties, |
unitarity, crossing sy:metry and the appropriata isotepio
spin considerations, as well as Lorentz cavéri#ﬁca.
Diepersaion relations were writton down for the invariant
emplitudes involved, and tho S=, F- and D= partial wave
agplitudas proJuctad out. In order to evaluate the
dispersion integrals, it wvas aasume& thht the integrands
wore dominated by the (%.*%) pio;-nuéleon resonance,
which aeémed very Juastifiable from’tpo oxperimental
croas-sactions. All of tha expreazsions involved were

- expanded in poweres of i;. torms up to first order being
retainéd. Chew et al. obtained reasonable hgreemenﬁ
with n#pofiment for the P-wafalvfor energies up to the
firét resonance, but were unable to calculate from their
theory the position of the (g.'%) resonance, or the
S~wave scattoring lengths as they had hoped. llowever
their 1nvoatigations unrkod # decided achievement in
disﬁaraion theory, and much subsequénh work hni been
depéndont on it, | | | |

At the semc time as all of the diaﬁeraion falations
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already mecntioned in this scction wore being developed,
rigorous proofs were boing derived in order to set the
thoory on a more sound thecorotical foundaution.

Symanzikzé)

cave the firat proof for forward scattering,.
Bogoliubov ot a1.27) dononstrated that aimilar steps could
he carried out for plone-nucloon scatterins at a finite
angla provided that ug. the plon mass sguared, vas taken
sufficiently negativo,. After o sroat doal of involved
mathematics, they were then able {0 carry out a
continuation 4in the auxiliary masa'variable up to the

real physical value of pa. Htowever, this methed was

soon superseded by the work of IDromermann, Oahme and

28)

Taylor who made use of functions of several complex

variables. The least complicated proof to date i3 that
of Lehmannzg), who used Dyson's integral ropresantationao)'
for tho cormutator of two Ileimenberg fieldas. Dyaon
proved that F(q), given by (X.3), could be represented
in the form

]

Faq) - gcm. Jo\\e €@ w) SL(q-w¥ -] & o) (x3)

Lehmann also deduced that, for fixed enargy, the
scattering amplitude and its imaginary part wvere

analytioc in cortain elliptical aroas in the couplex
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momentum transfer plane.

All of thesa proofs concerncd dispersion relations
in the enoergy variable, with the wowontum transfer fixed.
Apart froo being very cumbersomeo, they wore nlso rather
limited, and showed that the dispersion reolations were
valid provided that the wonmentum transfer was lessa than
somo maximum, and that certain inequalities on tho masses
of the particles were satisfied.

The next stop of great historic importance was made
in 1958 by Mandelstamgl). €ingle dispersion rolations
are obviocusly restrictive, since one independent variablo,
usually the momentum transfor, is hsld fixed in them.

They do not give all the singularities of the S-matrixj

to do so0 requires a knowledge of analyticity with recpect
to the two indopendent variables. Mendelstam'a
prescription for extending the energy and momentum tranafer
varinbles sirmultanoouely into the complex plane has
conpletoly rovolutionised modern thinking about the theory

of elementary particles.
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2, The iandelstam Representotion

Lot us consider a reaction involving four particles,
tvo 6f which are incoming and two outgoing. Thia 1s

shown in Figure 1, where PyrececrDy bre the four-momenta

Figure 1

of the particles, all of which are represented as

iagoing. Obviously there are three distinct ways of
tiking the rcaction. For example, in the syatem
consisting of two nucleona and two plons, the various
reactions are ® + K < % ¢« N, t + N « 5 2t + N (with the
pions interchanged), and = ¢+ % «—— N + N,

Energy-momentum consorvation gives
pl*pa*pa"ph.o.

It 18 convenient to introduce three invariants 81. “2’ 33
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dofined by

s,= (b, = FY
S, = (_\71»"' ,_Y (1.6)

Sy = (\7u-+ %531 ]

Each of them corresponds to the square of the total
enocrgy in the barycentric system for the different possible
pairings of the particles in Figuxre 1. They are not

linenrly independent, but are connected by the aquation

Siv S, 4 5, = W e Wit Wy o+ g ) (107)
where W, (i ® 1l,s¢e,%) Are the masses of the particles
and are given by P, = w; . Only two scalars are
needed to specify a foureparticle reactionj these may
bo taken as any two of the invariants 8,4+ By n3. In
relativistic dispersion troatments, it is necessary to
- extend these three variables throughout the whole of the
complex plane.

It i8 a general feature of scattering reactions in
elcmentary particle phyesics that, after separating off
charge and spin dependence, any procese can be described

(tH)
by a set of invariant amnplitudes ﬁ\ )say. These
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amplitutes are of course functions of s,, 85, 8, (only
tvo of which aro indepoundont). loreover, one can also

3). which provides tho

invoke tho subsgtitution law
information that «ll of the thrge reactions in Figure 2
(of the twoe-particle type being discuased) can be described
bi exactly the same get of 1nvar1an; fuaplitudaos AS).
The physical amplitudes for any particular procoss are

@)

the boundary values of tho analytic functions A when

the variables 01. 8 approach their physical valuss

2' ¥,
for that procecas. One can furthexr show that the
physical regions for tho three reactions of Figure 1
aroe non-dverlappiug.

~he subatitution law is obviously very powerful and
is of the utmost importance in dispersion relations. It
was firast diascovaered in quantuﬁ field theory. When
there are two or nmore of the interacting particles
identical, the substitution law reduces to "crossing
symmotry®. Iuterchanging two like particles leaves the
sign of any emplitude unalterecd or else changes the sign,
deponding on whother the perticles are bosons or fermions
it also interchanges two of the S, wvariables leaving the

third onc alons. Obviously if the two like particles

occur together in the initial or final state, crossing
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| symmotry morely corresponds to the Pauli principle.
Mandolstaa waa the first to proposo a general
_rnpraaentuéion for tho invariant amplitulos. A typlcal
aiplitude may be deaoted by A(sl.. 8ns 63) wiiere all threo
variablos have boen exhibited explicitly. The

lfandeletanm ropresentation exproesses A in the formt

(5') '
Ats 6,6 = '—Yas"’ Lgd.s' %) R PWRACY
b " ( - \ " ;- $2) ) * A'SS (5;"65) .

> ,,LL,. “ ds, ds; Sulsi) + ‘SK&'d Sl (z.8)
(5,"’s| Xs;.' $,) T (s,-s,*;— 95)

+ #L;Syo\s,' ds, ____?“(",'s”)
. (51-5,X53-%)

All the spectral functions S, | g% are real, and the
integrations are over the areas in wihichi the spectral
functions do not vanish. The boundaries of these
areas can be cvaluated for any particular reaction, and a
general procedure for doing eo has also been gZiven by
Mandelstam. If the integrals in (I.8) are not
surficiently convergent, they may be made so by the
standard metlied of “subtractiona*.

One can easily reduce (I.8) to asingle dispersion

rolation fomm. FFor oxample, for fixed 63_. A nay be
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expressod as U szziw?-%'
G zy s b4
A(s,,shs,) =_1’.L_des(s=:‘_;’ . 1\_&5&", A.’(s, 2, %de,z Al(s:sz,g\ ) (x.9)
3T (S| —S,) (53_—5,_)
where
A.(Q',Szﬁs) = f6) ngaﬁ' §.0s.50) W L Sdss' S G5,,55) (x.10)
(- %) * G-y

with a eimilar formula for A, invelving § ¢ end ¢ .
It may be deduced that Al is the imaginery part of the
aplitude A vhon the variables take valuaes in the physical

region for the rcaction in Figure 1l in which e, is the

1
square of the barycentric energy. Outside this region,
A, becomes complexj (X.10) then constitutes an analytic

continuation for AI' In general, A, is called the

1
absorptive part. Corresponding statements hold for Az.
The analytic properties of A(al. 8,0 aj) can be
directly deduced from (I.9) and (X.10). Singularities

(poles and branch cuts) occur for the vanishing of the
vairious denominators. 0hew32) has given a phyaical
intorpretution of those singularities, and draws an
analogy to the problem of finding the Coulonb potential

due to point chargos and line chargos.

The posltions of the singularities are dotermined



e 17 -

Ly the denordnatere and the peseible enorgy stotes.
Singuleritics closec te the phycicel repgion of the
variebles urae ossociated vith onee znd twneparticle
stated, and corresgpond o "long-range foxrcea®"i these
wili.cnntrel collisionas with high angulnr momenta,
Distant singularities, liovever, gilve rise tn shorternnge
forcey, and are reloted to nmulti-particle staten,
Unfortunately, it ie inmpossidble at mresent to daal with
these complicated statea; they form a great stumbling
block to calculations with the Mandelstam representation.
Also in Chow's picture, the waoalpghting functions Al
atc. aro ocquivaloent to tha "atrengths®" of the "forces”,
and may bo evaluated by using the unitarity condition
for tho Sematrix. Writing S e 1 +# 2. T , we £ind that

the unitarity of tho S~matrix lends to

L.T = 7',

The invariant amplitude A is proportional to T, so that

A sis) o« To <51 T
: (x.11)
< % ) TOAVED TV

)

where the \%> form a complete sot of quantum mechanical
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staten, Thua in calnulating absorptive parts, one soon
runs into trounble again vith muiti-particle ntatas,

When Marnelstan first proposcd his two-dimansional
reprosentation, 1t was hoped that, together with uniterity,
1¢ would form a frameworlk for complote calculations
involving a mininmnum nunber of cmpirical paramoters,

The liandolatam representation could therefore ba rogarded
as the basic postulate of a new theory. Any problem
should bo capable of solution by starting from it and
using only such other geoneral concepts as unitarity and
syrmetry principles. Howover, this idesnl aiiuattcn

has not so far been achieved in practice. Cno of the
main difficulties 18 the lack of knowledge about tha
spaétral functions, and in fact, most of the investigations
on double dispersion relations have involved only those
parts whiech can be calculated from other simple
considerations. Therc nlsc scems some doubt about the
nunber of baeic constants necessary for a complete theory.
?urthar. A generalisation of Mandelstan's idoas is
required to handle nmulti-partiole states.

Most of the olementary problems of nuclear physics
have been roattacked by means of the Mandelstam

roprosontation with renewed wvigour, and a vast number of
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pupors hes bticen published. The general policy 4s to
evaluato oo ptch s econ ke hordled, nieking vee eof any
helpful cxperincntal iZnfornatien (such ns doninant
stateg and resonnnces), «nd then to corpero with
oxperirent. In this way, runy inteorcusting facts have
been discovered, as well as gaining much &gggte into the
varicus problens, It 40 to Lie hoped that seme day these
problomz will nll Yo colved by o complete, consistent
yhaalcal theory.

Tho nost fundamental problem s that of pion-pion
scattering, and a considerable amount of work hns
rocently boon devoted to at. The zeneral formaliasm
hag been set up by Chew and ﬂandolstamgj)'for partial
wvoave azplitudes and only two=plion intornediato atates,
Tha singularitics in the Y = g plane (q being the
barycontric nomoentum) can easily be deduced from the
double dispersion relations; thoy lie on the real )Y -axis
for o ¢ Vv <« oo and -0 2y é-wf. It 18 also possible
to relate the discontinuity across the lort-haﬁd cut in
terms of that on tho right froﬁ‘croaaing. As a method
of sclutibn. Chew and Mandelstam suggested expressing
the partial wave amplitude A, ae | NQ/tDz s where the

numorator function N, contains the left-hand cut, and
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the dencminator function the right-hand cut. In this
way, they were able to obtain a set of ocoupled integral
equations for the N, and D, . There is only one
paramator A involved, and this way bo interpretcd as the
%% coupling constantj poseible values of A are limited
by tho condition that there 1slno %% bound state.
Calculationaah) wore carried out with the S« and Pe
wiaves beings the dominant states. A resonance was
obtained for the Se~wave in the isotopic I = O state at
lowv energies. llovever for the P-wave, the integral
eguations became divergent, and to obtain a solf-consistent
solution, n cute-off (corresponding to a new parecmeter)
hod to be introduced.
Cini ond Pubiniss) have also obtained the Chowe
Handelstam equations by using a power series approximation

in tho double spoctral integralss

! n.( l’) :’. / '
XK (’.sl' ‘k;. i_i__s_)__ ~ S‘%{ NG 4 SAS; be(sh)

(5!~ sX$3= 2) (s'-5) (53— %) (x.12)
' o & bu

+ 5 &o\s:h_a%(ﬁl . S\Sdsi b, (s5)
-9 64 =553

keeping as many terms in the expansion as are nceded to

reprosent large phase shifte. The advantape of this



method 48 that the necessary approximations are made at
the beginning in a clear-cu$ manner. The theory is
approximatoly valid at low energies, but for high energlee
its asymptotic bLehaviour i» 1neonaia§ént with unitarity.
Another attack on the %X scattering problem was
carried out by Dronsden and Moffatsﬁ) using the inverse
partial wave anplitudes. The resulting coupled integral
equations ere more amenable to numerical calculation,
and these authors obtained both 8« and P-wave low energy
rosonances, the positions and wicdths being determinod
entiroly by A . This roauit is certainly vhat might
37)

be expected from general considerations s but many
objactions have beon raised about a method nvolving
inverse amplitudos.

More recently, Chew and Frautochijs) have sug;eated
a moane of calculating the fringes of the double spectral
functionat these regions are likely to control the physical
elastic scattering msmplitude for arbitra;ily high enexrgios
at small momontum transfers. Thie “strip approximation®
might well bo a step in the right diraetion. Obviously
the evaluation of the spectral functions is of vital

importance to the success of a complete theory.

In the moantime, many calculations have been made
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to find tho effect of a ®RX interaction on variouas
processes. One of the first vas the work of Frazer
and Fulcosg). Making uso of their dispersion treatament
for n ¢+ @ —» N ¢+ N, they were able to obtein reasonable
agroement ﬁith the experimental data on the clectro-
magnetic isovector form factors of the nucleon, on the
aasunmption that the X interaction was dominated by a
rosonance in the I » 1, J = 1 atate at an enerﬁyt&xnﬁyi
The plonenucleon scattoring problem has also bcen
tackled by Frazer and Fulcoho), and separately by
Frautachl and Wnlockahl). In both of theee papers,
the analytic propertios ¢f the partial-wave amplitudes
are determined. Frautschl and VYalecka make calculations
for the J © 3/2. Pewave state by approximating the
cuts by a set of Judiciously choaen polas) they assume
knowledge of the =X interaction from the Frazer-Fulco
work on nucleon form factors. Using the H/D method of
solution, thoy were able Qo obtain the general foaturea
of experimontal data with only this very simple version
of tho thecry. |
Processes involving photons, Y + ¥ . X ¢ ® and
Y+ H — % + Ny have been examined respectively by

42)

Yong and Ballaa). The latter found that the
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introduction of a ®R interaction gave only a small
alteration in the Chew, Coldberger, Low and Nambu
. 17)‘

resulte
All of those reactions have Soon 1nveatigat§dkb)
too using the Cinielubini approximation. On the whole,
the results obtained are similar tovthoso from the
Chew=Mandelstanm programne. By fitting the experimental
pion~nucleon phase syifte a8 well as thaAnuclaon
electromagnetic torm‘ractora. Bowecock ot al. dsduced that
the I « 1 = J pion-pion resonance should be as t&uzzuy})
ap compared to the much lower Frazer-Fulco valuo. Recent
trends also seem to indicate a much larger resonance
enargys 4t probably has a valuob5) nearer ‘Q;:zgrl
Considerable interest has also been paid to stroange

46)

particle intoractions s for example Kemeson~nucleon
scattoring and adbsorption. One ia groatly handicapped
here since there is uncertainty about the parities of the
roacting particles, and the valuca of the coupling
constants are unknown, Experinonts which could be of
help are rather inaccurate and sparse. | The consequences
of the Mandeletan recpresentation have baen exarminsd too

in connection with non-relativistio acatter1n3b7);

doublae dispersion relations have in fact been proved for
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a certain class of potaontials, .

The Handelatam represontation attributites certain
analytic properties to S-matrix elements, It is
therefore natural_ﬁo soce whether such a conjactufe can be
tied up with cénventional field theory. Vork in this
diroction wvas started off by Karplua, Sommerfield and

48)

Wickmann who stikified the vertex function and the

fourth order Feynman diagram of perturbation theory.
Their treatment was soon cxtondedhg) to a general w®
order dingram’o)'sl); and such an exazmination has gone

& long way to Jjustifying the Mandelstam representation.
It has also led to the discovery of anomalous thresholds,
and has shown that for many reactions a Mandelstam
repreosentation cortainly 4does not hold.

One might well ask at this stage what the present
position of quantum fiold theory is, a8 regards strong
interactions. There seems t0 be a diversity of opinion.
Landansl) has statod that further work with field theory
is & wasto of time. cnow37) does not adopt such a

strong point of view, but asserts that 4t is "doatined

just to fade away"™. On the other hand, many physicists
are still actively engaged in research 4in field theory.

Few would deny the cxireme importance and value of the



part it has playcd, for through it have becn discovered
many of the underlying laws of physics (for example,
the symmetry principles). Ilowevor, greve doubts have
been casat on its validity in tho realm of strong
interactions; it may well be that lLere the analytic

Sematrixz plus unitarity is the fundamental thoory.
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3. Qutline of Calculntiona

Tho problem of pion-nuclecon scattering possesseas
a long hisetory. As mentioned in the previous sections,
it hae been studied in the Chew-~Low model and the esingle
diapersion relations of Chew, Goldterger, Low and Nambu,
while recently a more satigfactory treatment has been
civen 4in the liandelstam formalism by Frautschi and
Valecka. All these investigations wore for low energies
only, below the first pion-nucleon resonance which occurs
for pion kinetic energies of 200 MeV in the laboratory
frome of reference. In particular, by examining
explicitly the J - 3/2. P~ partial wave asmplitude,
Frautschi and Valecka were able to reproduce the general
features of the low enorgyygxperimenta by using only
very simple approximations for the more complete double
diapersion relation theory.

However, a lnrée amount of data, both prerimentaISB)
and thoorecicalsh). ie now available for pion-nucleon
scattering up to soveral GeV. Of course, for such
high energies, inelastic production processes are
poasasible and they become very important, especially
el R exe N, From grapho of the cross-sactions,

tvo rosonances in tho pione-nucleon system hnve been



found to occur at pilon kinetic energiecs of about 600 MeV
and 900 MeV, in addition to the large first resonance

at 200 HeV. This latter resonance ie known with
certainty to occur through a P-wave plone-nucleon atate
with total isotopic spin I = %/2 and total angular
momentum J = 3/2. For the two higher resonancee,
experiment seems to indicate that tlhelr corresponding
parumeters are I » 4, J = 3/2. D=wave and I = §, J = 5/2.
Pewave roespoctively.

Chupter II of this thesia is concerned witli the
extoension of elastic pilon-nucleon scattering up to medium
energies (about 750 HeV)., The P- and D= partial wave
auplitudes are examined using the etraightforward approach
of Frautechi and Walecka 4n the hope that, avon with this
comparatively simple theory, some information will be
obtaiﬁed particularly for energics above the first
resonnance,

The procedure employed is to deduce the analytioc
properties of the pertial wave amplitudes in the s-plane
(9 is the square of the baéycentric enaoargy W4 Frautschi
and Walecka work in the YW-plane) from a Mandelstam
representation for the invariant 4-vector amplitudes,

and to replace the various cuts by a set of poles.
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Ilowever, in order to determine thess pole positions and
the rcaidues there, it 1is neceasary.to make use of a
certailn amount of experimental informationy the masges
of the reacting particles ( N ~6.72u), the pion-nucleon
coupling constant (gag 15), the position of the dominant
first resonance‘(\df=8.9u). and the nucleon olectro-
magnetic form factors (via the Prager-rulco theory).
Of course, i1f one could handle the !{andelstam
representation correctly, no experimental input data
would be necessaryj the rosulfa would be obtained in
terms of only one parameteor which presumably would define
the mass scale. |

Above the first resonance, the inelastic process
ne+el 5%+ %+ N becomea Lmportant, From angular
diastributions and momenta gpeotra, experiment ylelds
atrony evidancesj)’su) that, 4n the final state, the
nucloon is clocely essociated with one of tho pions, and
they appear to bo moving relative to esach other in a
Pewave, 1 = /2, § = /2 atate, that is, with the
parameters corresponding to the first pione-nucleon
resonance. In Chapter IXIX, an attenpt has therefore
been made to include explicitly this inelastic channel

%+ X ¢+ ¥ by reducing 1t to & twoeparticle state x + l#,



and troeating N* as an isaobaric nucleon particle of
intrinsic isotopic spin /2, epin /2, oven parity and
masas corrosponding to the barycentric energj of the first
plon-nucleon resonance. Some relevant theory of spin 3/2
particles 3s firet of all noted, and then the kinematics
and analyt;o properties of the proceses x + N —, % ¢ N*
discussed. It 1s found that a Mandelotaz representation
docs not hold for this process, but it is still possible
to incorporate the Dorn teris. The coupling constant

g® for the =xNN* vertex is ostimated by comparison with
oxperinent,

Pdon phoﬁopr&ductiOn Y+ N -_a.x‘+ N ia atudied in
Chapter IV, Experiment ravaaib three resonances in the
cross-gactiona, for photon laboratory eneréios of about
350 MoV, 750 MeV and 1050 MeV. It is intercsting to
note that the laboratory kinetic energles which an incident
pion ﬁould need to produce'the barycentric energies as
in these photoproduction casea, are in faot approxinmately
200 MeV, 600 MeV end 900 MeV, the positions of the
resonancﬁa in pion-nucleon scattering. This is Just
aﬁother indication of the close connection between
photoproduction ond pion-nucleon scattering.

The Mandelstam representation has been written down
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by DBell, and we use this to obtain the analytio properties
of the multipole amplitudes. Wo hawe concentrated in
particular on the éagnettc and electric dipole amplitudes
which have total nngular momentum J = /2§ these have

beaen augcuated53)'5h)

as the reosonant states. A rough

ostimation is also made for the offact of the ¥ + x — N + N

reaction. The pole approximations for photoproduction

are then combined wiih those already obteined in Chapters

IX, III.'and the photoproduction cross-soctions calculated,
Tho method of solution employed throughout is the

u/D method 1nﬁroduced by Chew and liandelatam, and which

is grently simplified wheﬁ the cuts are replaced by poles.

A generalisation to multi-channel processes (two particles

per channel) has been rmade by ﬂdorkanss)- In the presont

considerations, wo have altogether three channols
(1) Y + 12 (2) = ¢« N (3) x + N*

For any specified total isotopic spin and total
angular momentum, the scattering amplitudes for the
various possible processes can be incorporated into a
wmatrix g(e). A typical elemont gq(o) is the transition
amplitude from channel . to channel | , for example, q,,

reprosents the process £ ¢+ N — % + N%, It 1o assumed



that z{e¢) can be expressed in the form

q6) = D N | (x.13)

where ¥ and D are of course square matrices. The

unitarity cqnﬂition for inverse of g(e) is

I"“'(Cb_‘\{-s = -9, B,} 8% ') , (x.14)

11N

where 9  41s the barycentric momentum in the 1~ channel,

and O, 418 the step function O or 1 according as VW is
less than or greater than the threshold energy in tho‘ it
channel.

In any amplitude WY the left-hand cuts aré
replaced by a set of polesa at g% (@=|,“..) with

corresponding residues a; . In order to satisfy the

§

Riemann-Schwarz reflection principle
¥ _ x |
& = q(s*) (1.15)

any complex pole muat be accompanied by ita complex
conjugate pole. These poles 'ﬁz are incorporated into

N(s), and writing

Nii(s) = 2, -D;\,_(S:;) & (Iolé)

h,w (“ - S;} )

ensures that g(a) posscases its correot left-hand poles



and residues.
D(s) 4is takon to include all the right-hand cuts,
From (I.15) and (I.16), we deduce that

Dy = D (s*)
end hence obtein the subtracted diespersion relaticn

Dy® = Db+ Ltc—i'-’)j Ay Dy (x.27)
s (=5 Y(s'— s)

The normalisation may be chosen so that

-‘D"S (s) = d.

L‘s .

It nlso follows from (I.13) and (I.14) that, for real s,

T :D\\gh) = - CL& 95 Nl.((s) .
Hence (X.17) becomes

[%)

Do = &y — E® o Doryar |4
) Y %» RR ey )OS

T

9, ©; (x.18)
(shsa)(s'-$)s'- Sk

The lower umii;. of integration is determined by the process
being considered and the step function 0.

Assuning the pole positions and residues are known,
ve may find the D, (7)) by putting s= s> in (I.18)

and solving the reaulting set of simulteneous equations,
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One can then calculate Ny&) and Di) for the physical
energy range of intorest (the integrals in (X.1€) bvecome
principal value intograls).

In later work, tho above thecry will require slight
modifications. This is because we shall uso redefined
emplitudes, &8s well as consider the special } x 1 and 2 x 2

cases. llowever, theso nmodifications are indicated wvhere

necessary.
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CUARTIR XY = DPION=NUCLLON GCATTERING

Hany of the baslc formulae relevant to this chapter

have already been prosented in the papers of Chow, Goldberger,

16). and Frautechl and Walockakl). The

Low and ¥ambu
latter authors alse give & full discuasion of the

Mandelstam ropresentation, and tho analytic proporties

of Che pertial wave amplitudes are derived in the V-~plenej
in their celculations, they conceﬁtrata on the J = 3/3.
P;wavo. For the salic of completcenoss, we shall include
theso formulae hore. Using tho sams notation, we shall
work 4n the se-plane, obLtalning the corresponding expressions

for any partial wave, and later speciaslising to the

Pe and Detwvaveaes.,

1, inematices,
For plon-nucleon scattering, we denote pl. q, as the
incoming nucleon and pion four-nomenta respectively, with
Pas G for thes corresponding outgoing particles. The

Lorentz scnlors may be taken as

s==Ghra) | owecOeal boo el (xz.2)

e, u and t are the squarcse of the energies in the respective
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(a) R ¢ Nost+ B (b)) r+H_—>x+N (c) e R—>Ne+N

E 150!‘0 L o

barycentric syastems for the three reactions shown in
Fizure 2 (a, £ label the charge states of the pions).

They are not linearly independent, but are connected by

the equation

S+u+t = Nt 4 2,’,},

In the barycentric system of Figure 2(a), we have

S = \A’L

w = 2N+ 1|~~-1 W 1{'(\—%9)
(1x.2)
t = —-1:1} (\— 6659\
)

where ¥V 48 the total energy, O the scattering angle, and



‘. J6 -
q the magnitude of tho momentumy
g = b Loveny- L T S = L= e T -l (xx.3)

The T-matriz element for the process 1is defined by

N % _
¥ EE,W, uo,) u'ZT W,

5_3L = S-S—‘» - @Yy g("z*%f‘%{'%) (

)

with uu = 3, T may be expressed in the form

T =-A- vy (q,+9,)B (11.4)

vhere A,D are functions of a, u, t.

The decomposition in isotopic spin space 1is

A = G AT L1, TIA
(xx,5)

&)

=)
By = S?"‘% . %.S.tp,TJ B(..

Total igotopic spins of 3/2. 1/2 are allowed, and the

corresponding eigenamplitudes ere obteined by taking the

&)

appropriate corblnation of tho amplitudes:s

A"l - AL*-)_ At-\ | A"?- AL+\+ 2 A\—\ | (1106)

and similarly for D. The substitution law irmmediately
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yields the following croasing relations:

&

+ vl
(S)U.,’C) = 't ¢

s x)
(W,s,-\-,) ) %“ (_5‘\»\;\;) - ___‘_- B&‘(u's’{_)‘ (II.?)

These enable us to express the values of A,B for the
crossed plon-nucleon scattering cuee Figure 2(b) in
terms of thoso for Figure 2(a).

Yo wish to etudy the partial wave amplitudes &g\
They are statos of orbital angular momentum {, total
engular momentum J = { * ¥, and parity -(-1)z § emd
aroe related to the scattering phase &hiffa 5& by

s %g&‘&‘ Sim &y, - | (xx.8)

The differcntial cross~section is

2

o (€989,
WS 2 || B 222 : (rx.9)
am = IR B>
vhoere tho natrix olement is taken between Paull epinores,
end the summation indicates a sum over the final spin

states and an average over the initial onoce. An anéular

momanturs decomposition showse that



(11.10)

with x » cos O

L]

Inverting these eguations, we obtain

IX.11
j2'.5—‘0\7( I_F\ Ty +~ E ’%ﬂm . ( )

Also, using (IX.9) and (IXI.4), ono can dcduce that

(WY
= W-
R = S_ A+ (W= B |

(xr.12)
(W} - g
Wu:cw‘ [AA M M

ol
0

Combining (XX.11) and (II.12), we finally obtain the

required expression for the partial wave amplitudes 4in

terms of the invariant amplitudes A,Bt

5

;i,‘&; ‘{vy_(wm\"— y"]‘_AL«- (W-N BJ + UWN\I‘V}-S S_- Aga * (W By 1} (xx.13)

*|

wvhere A, = X_olbc Aty Tp oo and similarly B ).
Hore u, t may be regarded as functions of e,
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tlowever, it 18 better to work with the asplitude 9

definod by

R
S
A A (IT.14)

Dividing by °fQ’ introduces no additional singularities
in the 9 , since 1t isa welleknown that the phase-
shifts §, bohave as " ae 9> 0. Thus by working
with g, ensurea that our final results will possess
the corroct threshold behaviour us 9> o. Ve have

also multiplied by <' , in order to retain the convergence

of certain integrale whizh occur later in the N/ﬂi solution,
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2. fThe Nundelstan represcntationi analytie properties.

It ip assumed that the invariant amplitudes Aﬁ §ﬂ
satisfy a !landelotem representation. Denoting these

@
enplitudes cvollectively by Ab) (L=l w) | We have

B ¢) E.m o M( !
] “ sl !
A (.«,’“_’t) = P * — + lﬂ:"Sds‘ AW, fn.. u')
. (s-9)(n'—w)
e (gt {(11.15)
Q [ . «© N
w , ., b ()
£ ) P
\ | 3 ) (w;\:‘)
. g (sbs M t-1) Tis N W-wie-t)
W o N
whero W) )
=Y oo Len
®) @) G
R's = _R-u = K(:) = K«‘: = ’L'-TCG“L .

Thoe spsctral functions 3$ are real, and non-vanishing
in regions whose boundaries have bteen calculated by
Mandolatam31)| they are aaymp;otic to the lower limits
of integration indicated in (IXI.15)

One can easily roduce (IXX,15%5) to a one-dimensional

formg for example, for fixed:. s,

RLL) W
$

) e . W 6
A (_$,Uk)-t) = -+ &+ %de’“‘] A;(5,un + .‘r_rg&t\ A; (s,t‘)

X
s-N w-N (w-w)

ot
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whore
¥ zN‘-zr}-—v-' .
(L\ i) (Y]
Al(“)l‘:) = S S)L(S W _ l S d~§| ?ZS (S)t)
(s'-9) * (s'-9)
(N -0
oo o (Npl-E @
) o ‘ [N
A; (s,£) = "T—CS ds' ______f,a LA - %c ds' =
, -9 (s'~9)
(1~l+r~) S

This ensbles us to derive a simple expression for the
¢)
carrosponding partial wave amplitude Am“’s by

projection, we have

+ +
L 3 (x L
= R(:\ j"\" % + KKJX ax

¢ » (s-NY ) (w-N)
. . - N (xx.17)
‘.'\ K %
. #SM AT do 22 go\tAgat' J Tt
w-w) X - t)
LN*‘A\" - q-r -\

It is now posaible to deduce the analytic properties
of the 4 4n the s-plane from (X.13), (X.1%) and the
landeletan representation. |

(1) The first terms in Ags A, above give rise
to o cut for (N+p < s < 00 , OGince also -1tx<| , this
corregpornds to the physical region for pilone-nucleocn
ascattering, Figure 2(a), and thﬁs s called the physical

cut, The second integrals of Az, AS however do not



produce any singularities; they ariee artificially in
the reduction of tho double disporsion relations to the
single diepersion relation form.

(1) The tern produces a polo at s =N,

1
$-N2)
Howover, (G-a is independent of » , and it foilcwa
from tho ortlhogonality properties of tha Legendre
polynowinles that this pole occurs only in the J w §,

L e0orl, Ieg states. Since we shall be
concentrating lator on thoe J = 3/2. P« and Dewaves, we
ghall omit this pols toxrm from further consideration.

Theo other singnlarities arising from (II‘17) nay
be canily obtained by writing the other denominators

(=N p W-w and (Y-t) explicitly in terms of s end
(using (1X.2)). They are all lincar in x , and
therefore tho singularitics are end-point singularities,
that 28, the branch points occur for »-:\| , ¥hen the
denominators vanish, wo obtain simple quadratic equations,
the roots of which yield the branch cuts in the s-plane,

(441) Por the (w-w) term, we obtain the guadratic

(+x) & - 11‘}*— (N"-\-y:-)w]s — (-0 NS 2 o

)
vhere -12x = | . Ono can inmediately show that the

roots are reanl, and the corresponding cuts are a short
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L

cut  (N-%) <5 o (e aw) end a cut aleong the

b
negative real s-~axis -» <35 < o .
(£v) The quadratic corresponding to the (W-w)

dencominator is

)

)¢ 4 2 Tu- (N7‘+t'3'1\+x)]$ ~ (\—%\(N"-r‘\z = 0

whero -1 x¢) and w » (Ns N Again the roots may
be shown %0 be real for v throughout its allowed range,
and the regulting cut s -® < s a.(N-p$, Wo call
this the crossed pileonenucleon cut, because of ites close
conncction with Figure 2(b) (as follows directly from
the Mandelotam representation).

(v} The denominator (’C‘—‘t) vanishea for

"t' + Zq}(\'—w) = 0

with -—1<x¢l and wr‘ ¢t s o _the roots of the resulting

quadratic are

S = ﬁ){iﬁi + (N*+ L\L\-—x)l + JY‘*‘“Q‘\’} (\-i331t‘~1N1(l—x)'l i .

It follows that theoec roots are real only for ¥ Z WN?
but are c¢omplex in the interval praif < wN*, The
corresponding cut lies nlong the negative real axis

_me 5 & o and the circle )s\= (- ) . This cut is



called thoa x% cut, eince it is relnted to the reaction

%+ % —>H 4+ N of Figure 2(c). Later, ve shall

concentrate only on part of the cirele cuts here we Lavo
< = (N‘Lﬂ ‘“}3 £\¢

(11.18)
—s NS P

It might be added that, for more general reactions
in which all the partliclos Lave different umassca, these

denomipators give rise to quartiec equations in a, of the

form

oy = Y 2
whore o0 <« x* < |, lowever, as mentioned abovae, the branch
points are given when %"=\ =and the quartic then reduces

to a quadratic again plus two additional branch points
at 8 s 0 and & & = .

(vi) Finally, there is a kinematical cut along
the negative real s-axis, due to the Wefactora in the
coefficients of (IX.13)s3 ¢this ie called the
"{rrationality cut"sé)'

Al)l of these cuts aro indicated in Figure 356).

A Canuchy integral may now be taken round all of the cuts.
We also take the integral round a contour inside the circle
even though ite valuo (for a point outside it) is zeroj

it allows us to work entirely in teruvus of discontinuities
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—> e

Firure 3,

across the cuts.

The contribution from any particular cut on the left

will be of the form

A 8 Gpi 94 oy S Mes 9,, (') ds' (1X.19)
R

2%y -
. (5~ s) (a'- %)

where C 48 a (clockwise) contour round the cut, &nd the

§b3°r951V6 part is just
Fs W = z\Thu“*) - 3&65_)} ; | (1x.20)

s, rofers to one pide of the out, and s. to the other
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side. A expluained in % 3 of the introduction, our
policy will be to replace on intezrol as in (IX.19)

by a set of pole terms of the form Kbﬁ;_%) , 8o
thiat they will be approximately equnl to each other
when o tokes values in the (physical) energy region wo
are intercotaed in. Obvicusly, in order to determine
the appropriate pole positions and the corresponding
rosiducs, one must evaluate the absorptive porte for the
variouo left-hand cuts. .

The goencyral absorptive parta in terns of‘z@? and A?
for the crosaed 7N cut end the %X cut reepectively have
in fact becn derived by Frautschi and Walecka direcﬁly
from tho landeletam representation. They also show that, -
in the positive part o0 <S5 <« (N-m' O0f the crossed
®N cut, tho variables are in their physical reglon for the
crosscd pion-nucleon scattoring process Figure 2(b) .
that 18, w= N+p¥ and -1 = ¥ <+ vhere " is the
corregponding cosino of the scattering angle. This
section is therefore called tha crossed physical cut.
Thus by using the crossing rolations, one can evaluate
the absorptive part for the crossed physical cut in
torius of physical pione-nucloon sgatterinzi we shall use

this s&zportant point later.



3. The sinnle-nucleon term

The single nucleon term contributes to all

\
b, ~N2)

partial waves, Vriting
u."N'L = —.Ztc( o+ 'X) ,
where a =|i,(s-n-3p*) —) | | and substituting into
(11.13) and (1X.14), we obtain
3l aR-2, |
2 vy 9 Y
YR v _ 2
W = ) gaqeon ool Sﬂ"mm (11.21)
28-2,
Py 9 W% “ ()
() T i B
89 - (o+x)

Tho intogrations with respect to X may be carried
out for any particular angular momentum state. (A
ﬁumber of such intezrals has been set out in Appendix A).
Tho intograted rosult always contains a logarithm term

log &ﬂq . It is precisely this logarithm which gives

o — |

rise to the single nucleon cutes the argument (%;%)

becomes roal and negative for s taking the values
(N-t;\z £s < (Nv2pt) and -2 = s « o | The diaconwtinuitien
ubross thoese cuts areo therefore easy to find..sinco a
logarithm discontinuity is Jjust =<amw. , Nor is 1t
difficult to dotormine the appropriate sign of the
discontinuitys:s this may be done by finding whethor the
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denominator acquires a small positive or negative

fmaginary part as s —> ¢ +~1ie § uso of the identity

: = @ ! o (% o)

A+0 ELE X+ O
then lends to the recuired answer.

One can fmmediately determine the absorptive part
for the short cut. For 5= s xve | we find o s ozie,
Hence we obtain the following results for the short cut:

3,

v 2
1‘7-%5 31“”” = (\a) 2—;‘, ‘R[(W**N\l—t\’](\”—mm - ((w-N\‘«r"l(w'«N\‘z(aa‘-l)%

I+

(11.22)

b 2
+ M ‘3:_ N = (_‘,5‘) %—} {— Toneny= R lw-n) & (3ct-1) + [wony- yﬂ(\»J«»N)cxj> |

These are drawn in Figure 4.

Sho+t cut
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~{000
Sherb  ub

Figure b4,
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For the cut along the negative renl axis, thero is
an added complication duc to irrationality. Noevertheless,
the discontinuity is still reasonably simple to evaluate.
We sea that, on performing the integration in (IX.21),

a typical term has the form (remembering ‘o’ is a function

of ©)

(W) id.(s) + aly) %3 %(5)3 , (11.23)

whore the coofficient 4 4is a function of W. VWriting
$ = - W and LGw) = 2\,‘@3 + 3 R (w) , we can deduce

)

that the corresponding discontinuity is

e &*‘“‘” 19 + & ha) [0 + 209 log \m\&% , (II.24)

The corresponding absorptive parts for the amplitudes

being conasidered are drawn in Figure 5.
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The integrals (IX.19) were computed for a range of
8 corresponding to pion kinetic energies in the laboratory
system up to 750 MaV, The following pole terms were

found to give reasonable approximations {with y = 1)

32,

?;me = (\,\{ 684 R 320 .i
- -y ~ .

S - w82 S +\40 S+ 520

(xx.25)

%

"y \ 5% 5o
CS).-U”N = (_), & *
2 S - et S +%o J -

A two-pole approximation was taken ror'tho Pewave
amplitude nlong the negotive real oxis since, as we shall
see lator, this contribution is a very ioportant ono in
this partial wave. It.turns out that, for the D-wave,
tho single nucleon terms are not so dominant; The
Abolea at s ~ W\ correspond to the static nucleon pole

of the Chew=Low theory.



-51¢

L, he croased physical cut
It has beon previouely noted that the crosased
physical cut © &« S <« (N_wﬁ is closely associated
with physicel pionenucleon ascatteringi ¢this followe
from tho crossing relations. To determine its

contribution, we use the sinuple procedure of I'rautschi

and ¥Wnlocka, and introduce the functions

K oo 1 A i (l's) -
R P T L L
X w—w) ) T . (w'-w)
(GO sy

they are both analytic in the s=plane except for a branoch
cut along the crossed %N cut, acrose which they have the
correont discontinuities.

From (1II.12), we have

&) w+N ) W-N &)
(50 = geWd ——— S A
7 miwmﬂﬁ WWﬂE

(11.27)
) | U:\ { ﬁ‘%
\3 (s,x) = 8“"\'4 { W\)} F’ + COWN-NY —-Y-‘ F" .

The Fl' Fz may now be expanded in terms of the partial
wave aumplitudes () by (IX,10). (Frautschi and
wWalecka have shown that these Legendre polynomial

expansions are in fact valid on the crossed physical cut,
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but not on the negative recal axis part of the crossed
RN cut). Further, assuming the dominance of the resonant

(gw'g) atate in theee oxpansions, we obtain

)

&) 1 32,
F\ ) ¥ 3x 5- Y  ~ 2y : (5)
* “U3 | Jya

(11.28)

&)
Fiﬂ(s,x\ ~ —&(S) ~ - Kz":)f;i:)'

4 .|[3 \+

The existonce of this resonance and its position are
oxperimental results. Greoat simplification is introduced
into our calculations if we take the resonance as a very
sharp one. Chew, Goldberger, Low and Xambu have shown

that this corresponds to the approximation

3/,
%va,, s\ 2 IX.2
LSy, G
* AN
where =(uﬁ 3 | and W; 48 the barycentric cnergy

of the resonance.

The absorptive parts in tho 4integrands of (IX.26)
may now be obtained by subastituting (1X.28), (I1X.29)
into (II.27), end using the crossing relations. Taking

tho appropriate linear combinatione of the isotopic spin

amplitudes, we obtain



L A‘o Pz{t(u 0 - (J ch\k\g s—\ i Wt N ., NN %wa

o)
U«N**N‘L \.'3 ® T_(\N“ NV - t"’:\ *

‘ W » :
¢ W (FV AY Ve L ?g 2
ke Brusm "k‘w) q : LT“\ g&%wam\"-\ﬂ e Toig-n- ) So-wi) )

Teui3-n-

3&1" *
vhere Uy = \A"‘ X.Wv. - (N+‘.,.\ }&\Nk =~ (N- |u~\ ] and Xe

)
is given by Wi

these formulae into the above expressions for -Acx”

and B 6,0 , and performing the integration, we obtain

3

<V
W 1\ esTWe s o) wien Wy -N \
A (w Ta (P) h { LOwseNy- ) o Liwg-ny-— Tﬂ-g (Ue-w)
B | (xx.30)
I (,L,,TCW » ‘\ |
\f * -— -

It 48 now simpleo to deduce %P)x from (IX.30).

Uriting (v - w) as

where ) ={ :L'"Zg- (Wg_mz._zrg +s) - 1 _ we derive the formula

zQ—

¥\
3;(“ (H-\) q%}&z (-!‘; T i[( - ‘.&i(\@-&lﬂ \4] < +(\A:—2H +W) ggA Pt

owipa N ’~] TNy p‘l _‘; b +x)

(xx.31)

(W ¥2N+W) M& -2N _W)i go\ st }

| (W A g
\.(\M N\ t*‘k t( w::-'-ﬂ‘l- P}] X_(\N*—N\ P}X

(b x)

= AN aoapt o5 o agt(-n) Substituting
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From an examination of the logarithm ternm 105&?%),

it may be shown that tho cut lies in tho iaterval

2, 1 2z (NI‘ ‘.\L
AN +W”‘“R 4 5 € -fag- (11.32)
R

which is ocontained dn © < S < (N-p , this may be seen

irziedintely from (II.J2) by remembering that W; xNiaw.
Thus as o result of the sharp resonance approximation,
the croassed physical cut has been reducsd to (II.32).
In exactly the aamo way as described in detail 4in % 3
above for tho aingle nucleon term, one can easily obtain

%
from (IX.31) expressions for the partial waves 9 c)

x

and ﬁﬁﬁﬁ by performing the appropriate integrations,
Those icmediately give the algebraiec formulae for the
cofresponding abaorptive parts for the cut (1X.32);

the Cauchy integrale round the cut may then be computed

for & rangoe of physical values of a. The following

'pole approxinations woroe obtained

LY

" .
% Y = (‘ ) 2!
-+ W/ 5 -25

(xx.33)
oo, (1) -10.§
wl $o3%

We seo that those terms are quite small, and consoquently

P
P
1
~
w»
-~
"
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it is found that the crossed physical cut contributions
do not have much effect on our final results.

S4milar work was carried through with the second
and third pion-nucleon scattering resonances included
(taking them to be I = §, J = 3/2. D-wave and I = §,

J = 5/2. Fewave atatos respectively). Their contributions
were likewise found to be small, and so are omitted in
further calculations.

It is impossiblo at prescnt to tackle the negative
renl axis part of the crossed xN cut. The reason
Tor thias 1s that we can no longer use.ehe.begendre
polynomial oxpansions for Fl nnd‘Fz. since they now
diverge. To calculate the absorptive parts for fho
nagative real axis cut requires a knowledge about the
duable spoctral functions themselves; very littlé is

known about them at the prosont time.
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Se The mr _cut.

"As wap found convenient in discussing the crosssd
physical cut, wve introduce new functions A(xwﬁ“, B0
which enable us to calculate very easily the contribution

from the R cut, They are dofined by

00 %0

&) ) )
AR S p KA ) RS Jﬁj o Kos B sy (21.3%)
. E-w (K-t)
\g e

which have tho appropriate analytic properties, nanoly a
branch cut along the xn cut with the correct discontinuities
acroses it. It follows from the Mandelastam representation
that the absorptive partas in the integrands of (IX,3%)
corrospond to the abasorptive parts of the anplitudes A,B
for tho process ® ¢+ ®* — N + N (Figure 2(c)). This
lattor reaction has been studied in detail by Frazer and
Fulco, who uso it to enable them to inveatigate the
electronagnetic form factors of the nucleon. liere, we
shall take the electromagnetic form factors as given,
and use them to estimato the necessary absorptive parte.
Lat us consider the rcaction x + * — I + N 4in its
barycentric system. Let b & denote the magnitudes

of the nucleon and meson momenta respectivelyj then
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S=-b -5 v ey

R R
(11,35)
boeouwl@r ) = w (N =g

where & is the total nucleon energy, and Yy 4is given by

. wsO L (hg) =l (s tt N 11,36
Y vy ZP%(H-;*; N VF), ( )
t 18 of course the square of tho energy in this barycentric
uyatém.

The Senatrix elemont for the process ie

N2 .
Sy = —eo*i 5‘*(\,‘«-§>,— %;—1,,) (k»f: &, w,mb wip,) T v(m )

vhere theo Tematrix can be expressed in the form

T o= A +iy (g8,

The isotopic spin decomposition 1s exactly the samo as

in (IX.5) for pion-nucleon scattering, but now total

isotopic spina of 0,1 are the zllowed statea. It may

be shown that the projection operators ,ﬂ; for I = 0,1
|

are — 5@“ and ‘;_Y_‘rv”t‘*] respoactivelys so that



(11.37)

Frazer and Fulco have shown how A,B may be expressed

in torms of holicity ucplitudess

Alesy = (F‘\ 5, (T+5) (peY l& ® P - )g" %‘f’ P(‘j\}

(1X.38)
oo T‘\"IZ, - T p
B ks = g % s (h&) 3(_(1—» D) )
vhere the (&) {7)  are the redefined helicity
;o

amplitudes for X + X —> N ¢ N. Tho isotopic epin
&) |

indices have been omitted in (IX.38). The

corrospoﬁding expansions for theo absorptive parts
Y Fos ALEs) and 1 fag B (£,9) follow irmiediately
from (IX.38).

Yo wiseh to uso the latter partial wave expansions
on the ®X cut, over part of which s and hence cos S
areo complex. It ia therefore necessary to dotermine

the rogion of convercgence of these expansions. Since



- 59 -

~a function f which is analytic inside an ellipsa
withﬂfoci at z-+\ can be oxpanded in a lLegendre
polynomial series within the ellipse, we must find from
theo Mandolétam reprosentation which singularities 1imit
tho size of the ellipse. They in fact come from the
vanishing of the dencminators in the_qxp:ossion for A&‘
whon the twoedimensional spectral functions ?H are
NON=zero. Dy considering the ragions in which the ﬁ
do not vanish, Frazer ond Fulco provedno) that the
Legendre polynomial expansions were valld over only
part of the %X cut, namely that section of the circle
for which \&! £ g . The oontribution from the xx cut has
therefors becen cvaluated as far as is possible at present,
that 1a for \$| < 6o , using the Frazer-Fulco theory.
To treat the remainder would require a knowledge of the
double spectral functions.

Ve now assumo that the ® + ©* —> N ¢ N reaction is
dormineated by the I = 1, J » 1 state. Irom (II.37),

this means that

AH-\ H—‘)S\ = 0 = B&\(tys\) 5 At—‘u'_ﬁ) = Ji. A‘ ('b,S\ M BL—Bfﬁ) = Ji'B‘ (JC,S) E

and from (XI.38),



‘\'“‘_— }(\os A&\ {t,9)

-(0) = [msgﬁls Y

L fos 89 19)

- | (11.39)
) em Kbs J}_‘((sa |

¥Yrozoer and TFulco havo related the helicity amplitudes

§i&ﬁ )&i&) to tho nucleon elactromagnotic form factors,

For the photonenucleon vertex

E‘ igure 6 »

illuatratod in Figure 6, the amplitude haa the form

E(P'ﬂ&.&) q,‘u + Gl {g-w @LP)“-X w(P) .

G1 describes the charge structure, wvhile 62 describos

tho anomalous magnotic moment atruéfuro. It i3 now

convenient to introduce the isotopic scaler and vector



eplitting
B - G® »
) = G~ e = .
G, ! 3 G (=) (I1.40)
For zcro momontum transfer, wo have that
s L g
G = ka2 = G,
(xx.01)
c{’zm 2 Flpp ) w —~0006 %N
N
Ga@ = alte-p) 2 s X

It follows from conservation of G-parity that for the
isoscalar part, only odd plon states (31, 5Hse...) are
allowed for ¥ —> KN, but even pion states (2u, Hjityeeee)
are allowed for tho isovector part.

Negarded as functions of ¢, the Cig” are analytio
in tho t-plane oxcept for a branch cut T3 upt o+ apf
along the positive real axis. Thus we can write the

following dispersion relationa for themt

L] ‘ L 2]

Y, s
v 1oL E SO\’CI (]|({:') 5 > A i)
CR’,Hﬂ TRt wirt Y-ty > CT‘LH = At ™ ik £'(t'-t)
¥ (xx.42)
0 v’c) oo s
\ cj { ' s ]
M S S T ) PG )
G - L o o G - %g&-—L——

“r} qr."- Q:‘- ‘t)



vhere wo havo used (IX.41) to make a subtraction in the
charge from fuctors C—\s.'vtt).

The next step is to relate the g (v) (concentrating
now on the iaovector form factors for which twoepion
intermediate statos are allowed) to the pion form factor

F. &) ond the process m + = — H + H, using unitarity
for tho process ¥ — X ¢ N with only a two-pion

intermediate stato. The result of thie s

g 8) = - i‘%ﬁ NG (1x.43)
8 - )
where
nw - - ‘3;; Efw -~ fw)
(Ix.44)
\ \ N !
I AL I LN

end € =05y | Fob) | €= %Y.
Solving for the §© and §{ &) in (IX.44), and

sudbatituting into (I1.39), we obtain

T Jos A@(’c,s) = (‘:) 256 Mos T
(x1.45)

—‘T-tﬁebs Pét\(*:,s) = - (0\) iz X_ﬁ(\s TE o+ 2N A E(H‘& .
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It is also rcasonable to make the approximation
N %
QG [Eo) K‘}‘-:Ltﬂa) (x1.46)

where h:'u-\\o is the wvalue of Cjz(tl neglecting any
pion-pion interaction. Trom (II.43), we then obtain

for \\-\A’“ ¢t o L\-NL

]

3
L

Mo T = C‘?) La; @, Mos ) (11.47)

Assuning a X% raconance in the I o 1, J m 1 state
at an enorgy T, ® 11.5;&2. ono can derive & simple formula

for the pion form foctor I, ().

F“-;U‘-) ~ it-3 ' (II.&B)
ms-t) - 2321

Further simplification is obtained 1f Mx F &) 4

taken to have a very sharp resonancej equivalently

Nes T ) =y olt-t) B AN %‘ § (k-xq) | (11.49)

The ) wmay be evaluated by using (IX.48) vhich ylelds

| BTt ot = 355y
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ubstituting (IX.47) into the Antegrand, and using the
known valuea

E%T(wswa = »85z§? [%:LWS¢5L - &b‘zﬁ

from Chew, Larplus, Gésiorowica and

Zach&riascnlg).
one finds that

B\ = —b ? bz

From (XX.4%), (X1.49) and (XX.36), we obtain the
axprossions

'%kMsAm&ﬁ)

(1) o s -ne B sy

%;AMngnhﬁ

"

- ((:) 2 W\ ol 2}51) 8 (t“*’pj

and putting these into the integrands of (IX.34) with

the appropriate isotopio epin combinations, we obtain

A"; (,r,gc\“ l?. - LS-+ Ly, ~N- 3 -
3 - \
%‘l k‘> X.\ “(1‘) 2 (k.*’lb;\@‘:{)

Ve may now finally deduce the formula for the partial
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wave amplitudo. Writing
‘Lv.‘ T = 29" (d-»),

where A& = (1+™/3p) | we fimd

3:;_' l aw';t—z, 4\
& () #)L B ¢ Do)
QQt ) = ( l) hoTe ci&n.. [T_(\MN}-]*){KE brite-n- r:.) - (}\4\- IXIX(W—N)?S de : (f— ‘:)

(xx.52)

+\

+ Tl S b o) - %)LWN)}SAX (%Lti{:: }

As a rosult of taking a sharp resonance at b= \spt
the XX cut is roduced in sige, und extonds over only
part of the circlojy 1t 4a open at the end near the
phycical region, and starts at the angles ¢ = + 233°.
Thie can again be deduced from the logarithm term arising
after the integration in (XI.52) is performed; or else
by observipa frbm the quadratic edu#tian discussed 4in
$2(v) obove that, for any given t , the branch points

occur for

os b =

‘ )
) (ReaR-2).

Bj computing the absorptive parts froﬁ (11.52)
and the corresponding Cauchy integrals, we find that the

contributions from 233° < 14| < 66° can be approximated by



L S— (-, ) M2 3091 -48 =309}
= A
2/ | s-(386+ 88:) $ ~(33.L-%.31)

0
5
~
2
[

My (11'53)

KK - 600 — 1201 obD + ‘20
sy = +
b 2 s - (3.5 4 2050 s~ (3a.5 = 2p§3)

Ags atated boafore, wo are unacble asg yet to calculate the
offect of tiie negative real axis ond the remaining part

of the circle, duo to a lack of knowledge obout the double

spectral functions.



6. Nesults

llaving approzinated by pole terms (XX.25), (IX.33),
(1X.53) all the left-hand cuts which can be handled, we
are now in a position to use the NVD method of solution.
Obviously the reactien X + H 5 ® ¢ N which wo are
considering »t the moment, is a singlo=channel (% + )
procenst 419 48 a epecial case of the genernl discussion
given in the Introduction (Chapter X, § 3).

The unitarity condition for tho inverse of the partial

wave anplitude 9, becones

204} T
Tu(9m) = - L (&t_} (11.54)
x sn' *
sl )
7t ,
An extra factor '/ ¢ arises in (II.54) due to the
I

redefinition (II.14) of the amplitudes. G&%/G“\tz is the
ratio of tho total to e¢lastic crose-sectiona for the
particular partial wove being considered. It is this
rotio which takes into acccocunt the existence of all the
other energetically possible channelsi thia may be
deduced by letting the phase shifts bocome complex, TFor
pure elastic scattering of the partial wave, the ratio is
13 while for ite total absorption, it ia 2, Tor strong

< _
interactions, in fact, Ghb/ghﬁjxtakea only values between



1 and 2 for all physical S = (N+pY. Xt is of course
possible to envisage somo reaction in which the ratio
does become greater than 2 , but this does not happen
for pion-nucleon scattoring.

wvriting q - TN  as before, we obtain

Ny = 5, Do) % )
w -
& ( II.55 )
= [ ]
&nd (5-50 w\ oW Qf ') s Ddt‘a:
S T Gl —
—D(ﬁ\ ‘ T % -D Gs'-s X5 5oX5- ™) ()Y (w, )
ﬁ\l-\»r\" )

vhere we have omitted the various isotopic spin and
angular momentunm indicoes. In order to make the
integration in (IX.55) simpler, an average value was
taken for the ratio of the cross-sections over the
whole energy rangaj wa considered values between 1,0
and 1.5, The D) were first calculated by solving
the appropriate set of simultaneous equations, then
N(e), D(s) and finally the pion-nucleon phase shifts 5;,
The results of thesa single-~channel considerations ere
indicated in Pigures 7 and 8 for the P~ and D-wvaves
respoctively.

For the DPewave, our results are similar to those of
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Frantachl and Valecka who worked in the V-plane, The
qualitative featuros of cxperiment for both iszotople

apin atates I = 3/3. 1/2 are certainly reproducéd.
llowever, the position of the (3/2. 3/2) resonance
obtained is rather lower than the experimental one.

Also, the é&' phase shift starts falling off at higher
enargiesy this 13 where our pole approximations are not
so good. IFf (/cu) 18 token greater than 1.9, the
resonance position is lowored even furthor, but the
hicgher cnorgy phase shifte are increassed. The resonance
position can be improved however by taking o+ slightly
less than 15. Yt 48 significant thet the XX poles have
little effect on the I = 3/2 phase shifts, whereas they
alter the I = § phase shifts by about 30%. The I = /2
state is conpletely doninated by the large poles on tho
negetive real axis for the single nucleon term. (Thoao
correspend to poles on the imaginary axis of the Veplana).
The other poles nearer the physical region morely affect
the shape of the graph for 3?‘ « It is indeed an
imbortant advantage of this simple method of approxinmating
cuts by poles in being able to seo clearly the effects

of the individual contributiens,

A veory interesting rceeult is obtained in the D-~wave,



Iesd, JI= 3/a etoto. It can be secen from Figure 8(a)

that the single nucleon terms elone give small nogative

rhase shifts in contradiction to tho experimental values

of S: e As noted curlier, the crossed physical pole

cives only & small contribution. It 18 in fact the

"X poles which have the dominant effect in this partianl

wave; they ccuse the phasc shifts o, to become

positive and large, which 1s what would dbe expected if

it was indoed this state that produced the second reszonance.
These scme 7R poles decreaso the single nucleon

phase shifts in Figure 8(b) for 5&? » and eroe astrong

enousi to make the resulting phase shifts small and

negative., Cxperinentally, the iﬁ are not very well

dntermined57). but thero 18 a alight indication that

thoy are small mand positive. It would therefore appear

that we have used too powverful a xx interaction.

lowover, even 1f we wera to reduce this so mas to keep

the 5. still positive, it would not alter the qualitative

foaturcs of the &, phase shifts. The conclusion

thereforeo from tho D-wave 18 that a XX interaction lhas a

strong; influence on the second resonance.
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CHAPTFR TIT -~ THE & ¢ N® CHANNDL,

As was nentioned in the Introduction, the inelastic
process % + N — X + T + N becomes very important above
the first resonanco. For the prosent investigations,
we have reduced thie rather infamous three-particle state
% ¢ % ¢}l to a two=particle one & ¢+ N¥%, where N* is
rogarded as a bound plon-nucleon system (1aobaric nucleon)
which we shall take as having intrinsioc isotopic apin 3/2,
spin 3/2 and even parity, with n mase (also denoted by N#)
equal to the barycentric cnergy bf the first pione-nucleon
resonance (N* ~ B8,9u). IXf the initial m + N state has
J = 3/2 and is Dewavo, it follows Lrom the conservation
of total angular momantwa and parity that the N¥®* particle
and the other final stato pion are in a relative Sewave
state. This approxination scems to be well=justified

by experiment for energies up to about 750 MeV,

1. Kinemntics.

Yo shall first of 2ll se2t out some formulae for
spin 3/2 particlesa. A apin 3/2 particle N* can be
dascribed 58) by a vave function ﬁ#x) which satisfies

the equations

(szv *N*) QF(X) = 0 s B\" ’Q'Y”b() =0
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with the pubsidiary condition

la‘,, 'ﬁrb&) = O,

Y L3 a hevactor, cach component of which is a spinor.
IExplicit forms of thlis wavae function when tha diroetion

of motion of N® is along the poaltive g-axis have been

59)

civen by Kuasnka Denoting P as (F o) we

J

have tho four independent positive enoi‘gy solutiocns

0) ‘
% = 9;‘\ Wy qD(‘) =0

)

D -om oy, ¢ =0

(111,1)

) ?
2 = k., j‘ E_r?*% oy & - -5 LR
@Q‘.\ Lo - £ ™ - ?

- "r% ,\\,W—‘ﬁ'&;ﬁ%q‘)*‘ ¢ :-\-J—:i -':‘*’q)'ﬂ ',

they correspond to spin projections 03/2. -3/2. - &. 4»%
regpectively in the N¥ rost frame. & 2  and ¢ are
the usual orthogonal polarisation vectorsi

\ .
-'Q:'\=J;..U’\"°) %}:_‘E("_;’o)

)

E and P in (XIX.1l) are tho energy end magnitude of the

womentum respectively of the N¥* particleir are
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tho enin ) wave functions.
The Tematrix 2loement for m ¢ N — 7 ¢ N%® can he

written in the form

T = @), Um{- % « 1iy. @+ @) Blu v
(111,2)

-+ (QL\P_ U‘A'(-?ﬂ 1" E -+ ’-:,_\\.-K {.Q.+ Q‘L) ®-&)’$ \*'(?\)

wherae Ql' Qa are tho ceson momeonta, Pl' Pa the nuclecon
and N* momenta respectively. In the barycentrio system,
wo shall denote the total energy W = (s es usual, and

the acattering angle by ® . The 4nvariant scalars

axre

s= -0+ QY ws-(-Q) | te - (Q-@Y ’ (x11.3)

wvhere s + u + T o N#% 4 N% 4 2u2. One can ehsily show

that the particle energics are

E‘ = 'L\;‘q ($+ NI—Y}‘) , Ex: 5‘;’ (s + N*L_r})

(IIX.4)
Q? = Q\Q (S—Nl"’T“l) ) Q= :l_‘\Td(S—N*Z* Pl)

)

and the magnitudes of the J-mowenta are



~J
(&
t

S

. (xx1.5)
Y L e oo Lot

Tho Y=matrix form (IIX.2) can be reduced to a

3=vector form by using

W@y - M -wF :
[amlee l®

W
where 7, 4s a Pauld spinor. Fronm (111.2), we then

obtain the expression ;72\*' (g'M X ’ with

6, - ©) X (I%:\ % (;!‘Qﬂ + Q) i«_j, @Q;) Y LIQ;)X | (I11.6)

The "év,‘ (v=t,....,4) are defined by

LR (RO (N m}"‘ LJ+ iw-sow-nt 3]
(x1I.7)
b, = - o Lot - 2 A bt B

and "%, , %, have exactly the sams form as A‘;‘-’ ‘ ES
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rasnoctivaly but with 5)() R roplaced by O , tﬁ
The noxt tas™ 13 to cxpross the nartianl wave
acplitudes T _(y  4in terms of the invariant amplitules
A, B %, O « This can bo done by using the genoral

formula

ER Sdn Sc\& RS ANCHIED (x11.8)

where the initial and f£inal states are lincar combinations
of spin and orbital angular momentum. The initial state

is

-0-’r,~

: 3
nwy>» = Ci,z.(_z, ’3-% . -‘l-]i .—L \{ (_e &)

Jpx by,

C (i, h‘LT*Q’X%\{wa)

and the finnl state (J'= /2, L & 0) 18

1 = (&) (L6, B, 50 @ e

As can be seen, the full expansion of (IXX.8) will
contain a large number of Clebsch-Gordon coefficioents

and sphoerical harmonicsi there is no difficulty involved
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in deriving this axpansion, but 1t is laborious. The
re3ulting cxpresslons ore rathor long and comnnlicated,

and need noat bie ronroduced here. Ilowavor, the work ia
groatly simplifiad Yy observing that the integrand of the
JL «intogration in (IXX.8) is rotntionally 4invariant.

This allows us to transform to the frame in which §' = O,
that is the onc in which N® 18 moving along the poesitive
zedirection. io may therefore use the Kusaka wave
functions (IIX.1) in tha final state expansions. Iurther,
the apherical harmonics may be combined LYy using the

60)

thooren

C

(2241) (22+1) ‘X"L
w

o (AL+l)

' M
\{ 8,0) \( 8.4) = LZK (4,05 0,0) C22|(L,M; w\,w‘)\(—(e'b\

for spherical hayrmonics at tho same angla.
Ve shall merely quote the final result obtained by
the above moathod for the partial wave which ia of

intorost to ua (J = 3/2. D-wave going to S-wave)i
+\
a" %, g, S E
CRES NI TSES U NI

-~m\u)VM-ﬁ& ﬁm%ﬂk%

(x11.9)
+ "40\,' (?3(‘1) - -P‘(X)B ’\4&

+ Trrws w «‘;‘5'\#‘*]



whora the ﬁé; are rolated to the invariant amplitudas
A® & © vy (11I.7).

Tor tho reaction ¥ + N — % ¢ N® with the angular
rniomentun stntes alreandy stated, we shall use the

redefined amplitude

4 = N FEw (111.10)

%7. 5 la >

whoro channel (2) refers to m ¢ N, and channel (3) to

ﬁ*n*o



. ‘malvtle nrovzrtics

Tho luportant guostion at thias stago ds: do the

invorient eaplitudes ft B %, D possess a Mandalstan
reprosentation? The answer is that they do not. Thie
iy be proved by examining tho fourth order loop diagram'

in FPigure 9. It 1g in fact a spocial caso of the wore

Figure 9

general situation investigated by theo authorﬁl) 1n-whieh
an external stability conditionha)'&9) is violated at
one of tho corners of a Feynman diagran. This paper,
apart fron a few ninor alterations, has been included

in Appendix B. It is shown that the scattering amplitude



hes conmplox singulaurities, and theso invalidute a
Handeletan ropregentation.

It is no longor possible to calculate the dis-
continuities across most of the branch cuts of the
pertial vavo amplitudes in tho seplano, cs wo did in
Chapter II for pionenuclcon acattorina. llowever, it is
ntill posaible to incorporate part of the t + N — =% + K*
reaction into our calculaticns, namoly the contribution

from tho crossod eingle nucloon diagram, Figure 10,

\\ 4
Vd
W\J\ ) pad
N e
N . o
Sl }T "~
N
7’ ~
Ve N
—r - (= .
N N*
I'i;ure 10,

In analogy to the pion-nucleon scattering case, the

corresponding Dorn torm hero for t + N — 7 ¢ K% will

I a -
be of the form el From (XXIX.3) (111.5))11;
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follows that

W - Nl = o~ Bx'
wvhere * = coe ®, and

o = -3 &(sm‘—y‘)&—r\\’% ) - 7‘1‘“%

(rx1.11)

[}

b= - %’B - o -t e - (e pr s - (N*—\*\”S?S

The rosulting singularities of 4, 4in the s-plane nmay

now be deduced. After integration in (III.9) with
a+b>

a—b/.

rospect t¢ * , ve will obtain the logarithm term log (

The argument becomes real and nogative when the condition

o = bw (oex*=1) (xxx.12)

"i3 satisfied. The branch points of the corresponding
cuts in tho s-plane are given by the roots of (IXX.12)
vhen ¥ = 13 (IIX.12) then reduces from & quartic equation
in a to a quadratic, plus the two additional roots at

8« 0O and 8 w -0 , Tho roots of the quadratic turn out
to be

> i 2 2 S L
<= N £ (W) ;ﬂwa N R (N"—r%N"—‘A‘)-“_N*—N‘-ﬁm*’lm-r)H ‘
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For N v 6,72, N* & 8.9u, thoso roots are the complex

conjugate poir
S = Mass £ kb (111.13)

Tho cute of the Dorn amplitude <i3 are thereforc along the
negative real cxis -~ <s = o and botween the points
(1XX.13). These aro indicated in Figﬁie 11, as well aa
tha phyeical cut s= (N + p)a. I'oxr tho negative real

axie, therec 1s algo an irrationality cut. Inatead of

— R (5)

v
il

Fipure 11,

caploying the more accurato complex cut as shown, we
took it (for casoc of computation) as a straight line

batween the branch points. The discontinuities over the



unphysical cuts are not difficult to calculate: they are
proportional to 9,97 , where q_ 4is the usual plon-
nucleon coupling constant given by 05’; = wt gt (o= 5) ,

and g¥ 48 the coupling parameter for tho RXN® vertex.
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3. Partisl wave amplitude.

From a einple perturbatiocn treatcent for IMgure 10,

ve may derive the single nucleon terms for the invariant

amplitudeni
T "i‘.(N N¥
o= off B g
B =23 i (IIX.1%)
L = 3 = o.

The zJ§ factor hero 48 the isotopic apin factor for the
state I = 3.

The definition of 4; 48 arbitrary, but we have

taken 4t 80 that the ilunuiltonian for the I® vertex ia

%: &,—‘\E‘b (Wl N’l;,) - —‘\—ﬁ,} (\E TC°N'5, + Fs: I, N.":.)

+ ﬁih (-\F; K—\N"L*E TCaN_v;b _ ‘—l\_i-r%‘“c.q N-u"‘) ¥ &cx .

In order to find an estimate of ﬂf, it was
assumod that the first pion-nucleon scattering resonance
took place through the diagram shown in Figure 12, that
i8, with the XN®* particle as the intermediate atate.

The mntrix elemont for this Feynman disgrem 16

TR G P Ge) wl) | (1Ir.15)
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\\ J
\ 0
\, ,
T AT
\\ / } I"3/2,
A /
\ Vs
'd \CA ’JI* >
N NY¥ N
Figure_12.

wherxe ?LV is the propagator function for the

interredinto N® particle (womentum R ), and 1062)

P - $wW

T

with

‘&)}w\k) = (N*-uyk) & 8;»' - %Xﬂv * g;whfp v~ hr)]v\ + 52;1\" \zl*‘ki':\

e ' (xx1.16)
+ ?;-ZT:{—"?' (R N¥ ) \_L(Xy.‘lv - \R]lb'v) = (N*"\‘U'k\xrkv 1

Vhen (IIX.16) 48 substituted into (IXX.15), the resulting
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expression must reduce to the T-matrix formula (IX.4)
for pion-nucleon scattering. On doing thias, one can
find oxplicit expressions for A,B in terms of \«J,q, Jx
and the masses of the interucting particles, as well
an os‘:’“ . [fence the partial waveo amplitude cﬂ‘m

may be obtained from (IXI.13) and (XIX.24). This wae

compared with the corresponding sharp rasonance formula

3 W-NY (W=

16)

of Chew, Goldberger, Low and liambu Rleasonable

agreement over a range of values of s was obtained for
NENS
Substitution of (IXX.14), (IIX.7) and (XXIX.9) into

(I11.10) yiolds the following oxpanded form for g (s

1),

R I Y »(\N*N\%v‘ih-
R 11‘5 oh %'U\N-NY‘-\!}“.(\N-!- N*Y- i-Ug

+\
xj_“’\xi T3~ S 22 =) 3 + s“" (ot = A A

G u+ ) P -

300 = Dix) j
(a+bx)
(111.17)

LKW'N)%ﬁﬂt S W o "L
boTsaZ W Lol (- 3'?“&

+
»
b

x S ox [ Mg (o - Ron) |

Q\-ﬁ-bx)
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The adbsorptive parts acrosa the cuts may bo evaluated
in the usual monner, and pole torma obtained from the
Cauchy 4integrals. It was found that 32(9“ could be

approxinated Lyt

uy . ae _
%13(.074 o MM 25y N M —25y . N ‘ ( IIX. 18 )
s- (Mass+l) s~ (Masy-i) s

From (IIXI.18), it will be scen that tho contribution
from tho negative rcal axis hae boen replaced simply

by a pole at the origin.



% Results

At the preéent satage, there are now two channels
available, ® ¢« N and = + N%®, wvhich we will lable as
(2) and (3) respectively. They are hoth I m» 4, J = 3/2
atates. The extended /D method of Djorken (described
in Chapter I, % 3) indicates how the tvo channols are
coupled, and it 1s therefore possible to calculate the
amplitude 43 for pilon-nucleon scattering with the
ineclastic channol % + [I¥ explicitly taken into account,

The pole approximations for the single nucleon cut,
the crossed phiysical cut and the ®x cut of the pion
nucleon scattering amplitude 4Gy have been stated in
(xx.25), (IX.33) and (II.53). As discuzsed in the
present chapter, we have been able to obtain pole terms
(IIX.18) for the Born amplitude of 4,* (&nd hence also
of 4> ). Illovever tho rcaction x ¢+ H® 5 % + N®
18 extremoly complicated and prohibitively diffucult to
tackle; 4t has thereforo beon omitted completely in our
worke.

From a knowledge of the pole positions and the
residues, one can caocily re-calcu;ato the pion-nucleon
phase shifts §,° having incorporated the offect of the

Dorn torm of the reaction K ¢+ N «—— x + N*, Cur reosults



for this are presentad in Figure 13,

ko 8o Joo o 140
__—_%

W"‘j stcal Nabues of 5

Figure 13
— . S5inglo channel pion-nucleen scattoring
(all =¥ poles)
-smom Plon-nucleon scattering (all =¥ poles,

xI* poles included).
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It will be seen that, although the ® ¢ N® channel
(as far as we have treated 1t) does not produce a
significant alteration of the phase shifts, it certainly
doos enhance them abovoe the valuas obtained for purely
elastic pion-nucleoon scattering with all other possible
reactions noglected, Hovevor, the 5, phass shifte
remain dominated by the X% pole torms of 9tc) . This
result may well be an indication that 11;’ 13 the =x=x
interaction which is providing the moechaniem for the

highor plon-nuclecon rasonances. .



CHADTIR IV = PION PHOTOPRODUCTION

It is wolleknown that pion phoﬁoproductiqn is
strongly dopondent on plon-nucleon scattering, The
close connection between the two proceosses is clearly
indicated by the 1/D method, which rolates their various
contributions in a definite manner. Such 18 the topic
considered in the present chapter, and photoproduction
is investigated with the knowledge of the results
praviously obtained fof the roactiona n + N — % ¢« N
and § + N — @ + W, The procedure is einilar to
that used anlready in Chapters II and 11X, Fole
approxzimations ere calculated from the analytic preperties
of the amplitudes, with particular reforence to the
J = 3/2. magnetic and elec¢tric dipoles, since those are
the states which aro thought to give rise to the

regsonances in the photoproduction cross-sections,

1. Kinematics.
Moat of the formulae in this section, as wall as‘in
the next, are contained in the works of Chew, Goldberger,
Low and Nambu17). and Ballus)x our notation is similar,

though a few alterations havae beon made.



ngjw

The 4« momenta of the interacting particles are
denoted by Pz. Pl. Q and K corresponding to the outgoing
and inconing nucleons, the pion and the photon respectively.

Tae dnvarient scalars nay be taken as

s - - (Brky N N = - (@-xY, (1v.1)

b

they are the squares of the energies in the barycentric

systems of the three recactions indicated in Figure 14,

(8) Y+ H >x+F (B) Y+ N sx+N (o) Yeqg—o>Ne+N

Figure 1&.

In particular, wo shall consider the photoproduction

process. llere



wgz}n

e=\"

2

w= N_ 2B,k — 2.-::,)1 B (Iv'a)

4= ‘J‘—zwt + 2.%\{ w50

@k)
where © 48 the angle given by cos® = 5k > Epe F

- A §
are tho nucleon energies, 2 4s the pion energy, and 9 R
are the maznitudes of tho final and initial momenta

respectively. In terms of 8 and W, we have

E = i\C«J(S o) , E = 51@ (s+N‘:.rL) ‘ W = 51\7’(.s ’Nlﬂ’}\)
(xv.3)
‘L = ;_{;,(s -NY) ) g, = ZA\,'\,HS‘CN*-}AHB _ LN—H{S%"‘l

The Sematrix element for the process is

S = ot 8 Rk hq) g QQ.EE‘ ) " Tue

The T-matrix in turn may be expanded in the form

T o M, Aew® M Bosp + M_Cou®) + MoDsed) | (IV.R)

wvhere P&)% )C,)3> are 1nVa¥1nnt functions of s, u, ¢,



- 95 =

and
M, o= b Ge)yK)

My = 20y ) (ReX@x) — (PR

1!

Me = )5 ) Geede) —gxXa.e) (zv,3)

My

1

2ys ﬁ(x.iﬁk?‘\c) ~ (3 KXPe) - LN qj.elg.m% ]

with ?= 3P+9)

The ieotopic apin decomposition in

) =) o)
AGur) = B\BA + li['\‘,,'t,AA + Ty A( (1v.6)

)

and similarly for ®.C,D ., The substitution law then

yields tho following crossing relations with respect to
the interchange of s and ul

(&) (+,0 ) +,0)

, , C D ‘symmetrical

(zv.7)

(&0 )

N S D antisymmotrical

Ve now wish to derive expressions for the angular

womentun eigenamplitudos in terms of the invariant

auplitudes A 83, C D . Ve firat of all note that the
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differcntial crosse~sectlion is given by

dv 4| = 2
dJd2 —k-— \%5 .%a 7’»\ .
whare
R A TN O
. | (1v.8)
5 DY + L waYew ‘43*‘
Tho %ﬁ are rolated to the A % ¢ D ‘by_
e AW % Co-y?)
K= ) SEFN)E XL T A+ W-NYD - z(wY—\N\ (¢-D)
\ 1)
o= e D (E*"“j“fz_ . R ey
T o0 \Ew N A+ (W) D 2 (W) )
| (xv.9)
W
F = wre * 4

(WN) (e mYmang e, © (W-0) B + (c-D)

1"

Tu __(\5]4.\\\\3 + (C ':DB
q} )

¥ = ux 2w (E“Nj"’ \“;"*

(W-N) \ E+N

and these equations nlso serve as definitions for the
functions.

1S

|5

On tho other hand, the ‘152_1_ may be expressed
in terms of the multipole amplitudes:
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/

= 2 RME IR - MM BT

G

o
ﬁbﬂ

@+ My, + 2t 1 Px)

2 A=
(zv.10)
ey " y
’\éf; ) !é; [E‘Zﬂ-" Mﬂj :?U\h() + Y-El--\- MR--S ? -(‘x)
) "
F 2 e B M -6 ) B
The multipole amplitudes M, , Tgy are functions only

of 83 they refor respectively to transitions initiated
by mugnotic and electric radiation, loading to final
states of orbital angular momentum { and total angular
momenturn J- Q4

From conservation of total angular nmomentum and

parity, one can easily deduco a tadble for possible

trensitions:
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Angular lomentum
Hultipole I(J:it:{)
Final Initial
(orbital), L | {(orbital), L | Total, J
L

4, I/ /Q‘_l,z" Magnetic 2 ()

1 g L% I'lactrio 2° -

J) 4 Rl Magnetic 2~ L__‘\‘-*'
A L+ ’Q’+'I,l Electric 2% [\

Finally, (IV.10) may be reversed to obtain M, JEo
in ternms of the '\4‘; H

+
o
MQ+ T 2(en) X_:i"‘ 1\#\ ’Pn,(x) "\4":. -?,Hgﬂ —Q_\Q—_i-_\—) \4?3 (,%—(\x) - 'PHW)E 420

e | 1%, 0~ %, 300 54, (39 - %)

L+

2243 3\4" ('Qg(xy_ %) }

. (Iv.11)
MQ- = {El S‘d"‘ 1—’\&‘ ’?ﬂ_u’ * 1%1 ‘PQS‘) * (z\QA-l) \%3 (’Ql-(tﬂ - ’?ﬂf})\)} L>e

s Lo Do — %300 5 % (20 T

R+

L=\
—~ k;%_"yfkq_b’pk’ - ‘?2(1)\]



(xv.11), together with (IV.9), ylelds the required
relations botweon the multipole amplitudes Pﬂ%') =
and the invariant emplitudes A B C D,
llowever, in order to reotain tho correct threshold

behaviour as ¥ = o and a- -> oy We shall ezploy redefined
amplitudes. As stated before, we shall concentrate
on the magnetic and electric dipoles which have J = 3/21
that 1s, M, and E,_ respectively. The appropriate
redefined amplitudes are

W, = WM &, = : (Iv.12)

Ry

llenco we may derive the exprasaions

'WLH»: v S X‘F P )y -

o %_(_N N\ “1 I

B %o (1v.13)

"%%EUM-&QK

(E,4N)

&1:_ W2 (Wh N S—‘ K_ Yoy

o § (Wi Yu";"" W} ‘ﬂg R hw

E, N)’*
(1v.1%)

-2 Ro- 2e) - 2 R (- 20))
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2, The linndelstem revraesentationy analytic properties.

For convenience, wo shall denote the amplitudes

P M P e L

) ]

n , Ve

y sty

assuyme that the invariant amplitudes satisfy a

Mandelstam representation

. L™ (j') w00 )
(3 4, 6w L3 8it)
_ i\ L NS A | Y —————
H (s,u,%) = QOQP- s * Sdsl XJ'“' (s-s )ll\n‘—u) * L6 jd’ E"\E G=s (t-t)
(ap Gl Wt B (1v.15)
Has (Wt')
\ [ et b
+ E‘S (’Jk' O\t Lul_“ltj_ _‘:)
upt y

Due to invariance under Geparity, the lower limit %,
depends on the isotopic aspin;y for the isotopic veotor

&)

ampliitudes sz qu ; whoreas for the isotopic

scalar anmnplitudes © t,o= owp The spoctral

functions areo real, and the boundaries of the regions
in which thay aro non-vanishing, are asymptotic to the
lower linmitas.

The polo terms are more complicated; they correspond

to the lowest ordcer uncrossed and crossed nucleon

diegrams,
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AG;\ : 1 L _‘_ \ Lr \
HANER T ﬂ*(‘iﬁ) &)

%&t‘\ . n Lr 1 XS
: 7 % kl) (- Xs NY) 1‘3+ k—%)& \M(u N

* P’ e Lo
CLD\ . _ ji %*- al | . ]_%r P‘\“‘ “‘nt’ .
! _ 2 -
Foe = P (o1 ~ (e B} | () (Iv.16)
Poe ‘PN‘ P’P,i’-" P’m{-
B [ [ R
IS SN 2 = , A
D B A S o ] XA ) [y
Pt B P+ Poue
. W % , (& =)
where < el — > 5 Wi = M8 1N) and Py = -\9) Lm

‘_‘7 3 CSL_ [P )
For fixec}’s. the one-~dimensional form of the

Mandelstam represcntation (IV.15) de

oo

W , ° O 0, 4
R emt) = TR b lg CHew o T BeE
> A L e = | ok TR (Iv.17)
(e’ %,
wheve _ ) N

[y
&) () R t)
\'\1 (s M) = chS ds' s + -_‘FCS & R

L$\— ) Q:‘-y-Sﬁ-Ul-'ZNE ‘A"}

e t,
. v ) % §) (1v.18)
\‘\:M(S X)) =L Sd““ 2" ) Sl %6»\,) £z 4 8)
* » - (Wasat'-2N=p)
Wﬂ»‘) (“_‘_‘,.)

In analogy to the pion-nucleon case, HL,“ and H‘j‘ are the



-103-»

absorptive parts of HY shen the variables are in their
physienl regions for the reactions ¥ ¢« N — & + N,
Yemx —> N+ N rcépectivoly. indicated in Figures
1b(h),(%).

WQ may‘now deduce the analytic properties of the
multipole amplituder in the s~planse.

(L) ve first note that an uncrossed single
nucleon diagram is not allowed for J = 3/2 stateay the
polo term an5 thorefore doos not occur in the
amplitudes ‘W, &,  we are considering.

(24) Ve may write

w-nN = .5_;;:3(&*\,1)
- (1v.19)
tp - - (e

where o:=(+«W-p)  c=G-N+p) and b= %is-(m,«ﬂis—m—r»\‘ﬁ"?
lience one can deduce that the crosmsed single nucleon
term gives rise to a pole at s=N* and a cut along the
negative real axis -o- <s 2 ¢

-(484) The @%:5 term gives rise to singularities
with branch points at <=0 and s=-» , ns well as those

given by the roots of the quadratic oquation
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Wt o T anep) W (s ) - Y_(N‘—\J-)Q‘ - NN =0

with W 2 (u+ p . These roots are nll ‘ranl. lying; to the
loft of the point S = u%\x) (N Np- P The corresponding

cut (a locus of branch points) 4s

(Iv.20)

: N
— 00 ¢ § & —

RSN (N M- )

The positive part of this cut (IV,20) corrasponds to the
physical region for the reaction Y + N —5 x ¢ N
(Figure 143(b)) which is dircotly rolated to physaical
photoproduction (Figure 14(a)) by croasing.

(1v) Similarly, the branch pointe due to E-\:'-'—_t')

oceur for s=o s--.o and for the roots of the quadratic

te s - it Ts o fospitap) =0

with Y > R Examination of tho discziminant shows
thut the roots are real provided that (L-p){'-un)3 o
For Y - .\, the roots lie along the negative real axise
—wes o , For k' <unN" the roots are complex and of
the form S=friy . and 1t :ﬁ:ay be easily daducedl-that

they lio on the loop
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25 () = Yo ) -2 Nt g NP = 0 | (1v.21)

This loop is symmantrical about the real s-~axis, and
almost coincides with the circle s\ =N For the range
wg-s_v ¢ uN* , wWe only get part of the loop, starting

b]

at tho points
s = (o) £ T (et
The discontinuity across this cut is reolated by the

Mandelstam roprosentation to the ahsorptive part of the

reaction ¥ + x —s N + N, sthown in Figure 1h({o).

Figure 195

All of these singularitios nre drawvn in Figure 15.

Ve now obtain pole approximations for the various parts.
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3. Tha s311n71la nucleon terms,

The sinsle nucleon terma have boen sot out fully 4in

\
(IV.16) (for the J = 3/ 2 statea, there aro no (3, terms)j

—NY)
they divido very conveniently into two types - contributions
arising from the interaction of the photon with the
charga and anomalous magnetic rmoment of the nucleon.

From (IV.9) and (IV.16), we obtain

Cepn
E,z T ey
Fz,e. = -
- ng)
e
) = Llal-e
R, . Mo bl %) (xv.22)
3,0 Q:-\A‘)(\L-Nz) *
1(\4-\-!‘“ Coy
e - :
(-2 (w-n2)
and
Fe = |- OWn)- G G
+ \- Q,\j-N).k (w-n)
_ by G
e T - (weny - 1
(W) = () Por P (xv.23)
RE N EPNASARY .
Bp = —re
. e Pt Py
Alp

L (w=-nY



- 207 =

Thewe may now be inserted in (Iv.13), (IV.14) for WL» g, .
thie roesidues at s= N und the absorptive parts along

the mnogative real axis way tlien be doteriidned.

For the pole at s=nN* the aT: log (::\}\,) ferm
(vliiere a,b are as given in (IV.19)) wmay be cvaluated
by oxpanding in powcra of % = - ";(LNL)L? . tiowovor,
N’._\,:A.
< B
one cannot do this for 5 log (&) . since 3 =- -";,»{ml.rq .

in thie case, tho appropriate inverse tangent function

was takean for the corresponding integral. It way

further be noted that élr?“ does not have a pole at
B

S= NL‘

The polo approximations were taken as

t&o\ e 2 6\
’WL“mN - (—-\-»2‘* 1 4+ (—b-\ !
2.90] - g/ ©+1s0) (1v.24)

(z)
é o' = (5'55 \ 0M) \
2- 555 | —— + |_q.
5.55 (5-N?) o4 $+150)

]
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L, The_crossede-phyrica) pheotoproduction cut,

As stated previously, the discontinuity zcross the
N 2
positive recl cut 0« S &(yﬂQ(NhNV_F) cen be relaoted
by crosginz to tho abLscorptive part of the phyeical
photoproduction amnlitudae, Ve proceod to calculate the
contribution from‘this cut in a manner sicilar to that

used for the corresponding cut in pion-nucleon scattering.

Rasolving (IV.9), wo obtain

Aser = L e F = (o) B+ N se QE .
™ : x “l ww*'iﬁkx
G6x) o L
?)5,)1\ - IWYFB— w'&
Cox) o ren (5 LR (xv.25)
2W XF\"’ Foox 30609 kw-N * G—N\k

Do) = %—w XF'.\. £ -\-15_(2»\2',_5—\&)(%_ -~ i\}

The F(s.x) may be expanded in terms of the multipole
amplitudes, as given in (IV.10); this 1a permissible
on the crossed physical photoproduction cut, since it
may be proved from tho spectral functions that those
expansions convorge on this cut. We shall further
assunme that the expansions ure dominated by the Mw»

amplitude (Chew, Goldberger, lLow and Nambu showed that
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this amplitude was the dominnnt one at low energlies).

lHHence 1t follows that

Rex
F; . LWT "2, M ‘:33
SN Toweny=- \Gl

Fl. A 4o ZUN+N\"—YI‘Y”~ M

8 (1v.26)
Ro,
W
F'; > =L (3 : , M(S)
\Lo\_‘(w-\-m"— r‘-\"- W
F > o

and using tha replacements (b-p)- @N=sawy x = A (-2 20k)
) pLEY ¥ )

wo derive tho formulae

A(S,x) = {o(s\ ‘_3\*:—-‘»3-) + Zv«-’“ + (Wen) (,3(5\-3 M“(_S)

%“»x) = =3 HBeIyM
o
Cs,x}Y = '@(s)&% (w&) 4+ W)y ~ M*N‘X M) (IV.27)

Dsx)

\

& Yi (%%j T wls) -\-1(\AJ+N\’S M, )

b T
Ro Lwsni-pala , R,q 8nd W are given in

where '%m =

(1v.3). The isotopic spin superacripts é) have been
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omitted throuchout.
We shall make tho additional assumption that it ia
the I © 3/2 isotopic spin state which is the more

importanty thus

[}

(5) By
Mo 2 M (Iv.28)

©)
The isotopic spin  anmplitude contributos only to I = 3.
Chew, Goldbesrgor, lLow and Nambu haove obtained a formula
3h,
relating M, &) to the pion-nucleon (g.'g) scattering

amplitude {}w

L W
M\»«G) n (t*vh) . -S:H“)

h, TR (1v.29)

where |+, (. are non=rationalised, and §" = 0,08, Theso
approximations (IV.28) and (IV.29) may be substituted
into (IV.27), ylelding convenient formulae for A B C D
The contribution from the crossed physical
prhotoproduction cut may bo evaluated in a simple manner

by introducing the functions

T * (i) J
I PRI L M (1v.30)

" (w= )

LN+“\)1'



- 111 =

as in the pionenucleon scattering cese} theso functions
obviously Lhave the corroect analytic properties, The
required absorptiveo perts of Hmtw‘g may be obtained
from (IV.27) and the crossing rolations (IV.7). The
integrales in (IV.30) are groatly simplified by again

using the sharp resonance. formula

R §en = TN (EV Lo ey

{In his integrals, Ball uses an effective range formuléL

Hence wo obtain:s

T
=
~
<
R
"

2 - ”
&/J \ig%{okvhmz__ -9) 2P+ (Wi NY © 'X \:v. Vvq%;w)(.i \ de (132 ) |
-1 W

Do ()it S B, e

Qo B e S

(‘*9."““)

S*‘ ko (1Iv.31)

(to\ x " IN-ugs 2 -\ o %
e I



The quantitios with suffix 'R' have W replaced by W,
in their definitions. (IV.31) may now be substituted
into (IV.9) to jiold expressions for Wo" and &5 from
(xzv.13), (Iv.14).

Tho crossed cut is.ahqrfened elightly as a result
of the sharp rosonance approximation (as can be seen
from the logarithm terms obtained from (IV.31); the

lirmite (positive 8s) are given by the equations
(5 -NY 1 (o +N%- ra.) + SL Ts~ (N+r-\’"51$- (N- rtﬂ’z(% + 2.(Nél— NYs =o
)
and can casily bae computed to be

0 ¢ s & MR | (1v.32)

The corresponding pole arproximationeg wero found to be

n

012
/MH-(“‘ (0.06 ——--‘
o (s— 15)

\-bb \
k""g’ (5-25)

(Iv.33)

1t}

C) RSy
-

.The negative axis part of the croassed photoproduction
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cut 18 neglocted; 4in ordor to estimate its contribution,
ve would need to knoﬁ the values of tho double spectral

functions.
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5. The Yx _cut
Very little is known about the process ¥ ¢« = — N + N,

Lowaver, -in this scction, an attenmpt is made to calculate
ites cffoct on photoproductiony 4t is hoped that the
results wo obtain for the Yx cut in this section is at
lenst of the correct order of magnitude.

Figure l4(c) for the process Y + x >N ¢ N can be
derived from the photoproduction process (Figure 1h(a))

by making the substitutions

?\——)?\'-—P\ ) Q—Q=-0q . (Iv.34)

In tho barycentric system for the reaction, we have

s= - (k- = N-2ER - 2bY wsf’

w = - (Rh-K) N -2ER +2hY @d (Iv.35)

t = -(Q+x¥ QE\R'

i

vhere b % are the magnitudes of tho final and initial
momoenta respectively, E is the energy of a final state
baryon, end cos ¢ -ﬁ, (%.%) . t is the square of the
total barycentric energy, and

1

A
le-p) | b= 3l goaR

el
2% (xv.36)
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The Se—matrix clement (from (IV.34) is given by

= s (9, V \ ) Tp Q'x) v Iv.
Spor el SRty ( Eamg 1w TRRQR 6, (2v.37)
The differenticl creoss-section ie

% B

where

R, . L{xE @h) B 5x8) o.(8x8)  (1v.38)
Q=Y T AT L

W

The -le: of (IV.38) are rolated to the invariant amplitudes
A <D , and 1t can be shown that
) i ]

Ae e g e
= M,E& 4% G- gy ] (xv.39
: — 3

- W = NG, - g,

The diecontinuity across the YR cut can be obtained

from the unitarity condition
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AR T-T ) = 2, AR \w><-\ Ty (zv.40)

continued analytically from physical energies T:> un*

to tho interval |ﬂ} <t <ukN’. It 18 assumed that the

only important interuiediate state in the expansion (IV.40)
is a two~pion I = 1, J =« 1 state. An expansion can be
made for the {j, in torms of helicity amplitudes,

involving the rcactiona Y + t — M ¢ X and X + X —> N ¢ N.
llowever, the helicity amplitudes for the latter reaction
ray be eliminated by re-expreossing them in terms of the
isotopic~voctor electromagnetic form factors qﬁt) of the
nucleon. The result of such a calculution {us given by

Dall, and by Gourdin, liartin and Lurié) is
s A@ &) - - K?") t e 97 ()
Ao W © - (%) L q" &)
\ %

(xv.k1)

k&s<§ (£) = 0
e P« ()40 gy
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Tho 1sotoplc apin(ﬂ auplitude 48 the only one which yields
a contribution, since invarisnce under Ge-parity forbids
tvo-plon states for the'” amplitudes. Hlt) 4a8 a real
function arising from ¥ ¢+ X - % + X, and t»iongl’z) has

shown that an approximate form for 4t s

L - 30 (H*ML LB (zv.42)
Bz 2 F) Vi+oep T ’c+°‘)
where & » 5, B = =65, F.&) 48 the pion form factor with
F.@) ~ o2, N 4e en arbitrary constant, and Ball
has deduced from oxanination ot‘mwmiéﬂmq that 4its
meagnitude 48 of the order of 2 ., However, the holicity
amplitude expansions are not valid over the whole of the
cut, but only for part of 4itj; 41t is shown 4in Appendix C
that they nre velid on the loop up to at most ~90°,
It is convenient to have o -function approximations
for the 9 (). and theose may be derived from (IX.43),

(II.48) ena (II.U9) for q'(Y) | F.(t) and Abs[(¢)

)

respectively. Hemembering that q@a is8 real, we have

fromv(II.hj) that

Y g) TRW®
g &) = - (m) Im(;,%—@))

from which we irmediately obtain
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M)

4

9.9 a{ 5(x- o)
(1Iv.43)

12

g, ®) 055 2% § (k-1

The contribution from the near part of the Yx loop

may be found in o simple manner by introducing the functiona

o0

: o
H\meﬂt ) ){C g At Ass \'\L (¥,s)

(Iv.ll)
‘-—
o &'-+)
which have the correct analytic properties. Substituting
(1v.43) dnto (IV.40), we obtain from (XV.i&4)
g | X
R ) et 4
+) ¥ +
éf(ﬂ - 0 L To )
. Lq) \05.5 %L(m 4 L Sf\* =
Cm . (zv.45)
5y = 0
® e 0 of* SH T tx)
Y = . 2 .1 _
D6 | (‘:) wis M) k) o g

As a rasult of the 8 -function approximations (IV.#S).

tho YR cut shrinks a little, and for the Frazer-~Fulco
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bl%“Sﬁ')the loop starts at the points

S

kody + .9y

The corresponding feorrulae for M,$53W and @1?“{ may

now boe obtained from (IV.45), and ths pole approximations
(for integrations round the near parts of the loop up

to 90°) were found to bo

E\mm _ (gj (ons -Vomi) A .\ Qg) (045 +towi) A
\

w U] 5 (33 Lo+ 15-8ui) S (3366 — 15. Bt )

: (IV.46)
é;\(ﬁh‘c 2 LZ) LO'\:-'V*' oM {’\ N + (0 ) (0.\3._ oM v) A

0
A V) os- (3o + ™M) 1) 5- (BMo-1.4 i)

These ore small since A\ %<, ,
For the negative real axis and the back part of the
loop of the YR cut, one would need to know the spectral

functionaj and therefore they have becen omitted from the

present considerations.
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6. Results,
The N/D mothod has again been caployed, and the
cross~pactions fbr the photovrodﬁction processes
Ye b — %2 o b, T+ b — nx* ¢n have boen calculated.
The difforential crossesectiocn for unpolarised photons

and nucleons 15“3)

R L L R e

v RE%, -2k WY,
L A
- %39 &Q ‘i’: ’\494—}

from which the total crossesection muay be derived.

The twoechannel caso, (1) ¥ + ¥ (2) n + N, was
tfoated firat, using the unitarity condition for the
inverse of the pion-nucleon scattering amplitude 3,
stated in (XX.54). Quantitiens wore taken to only first
order in the electromagnetic couplihg constant < 3

thus it nmay be deduced that
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N“(s) ¥ 0
(1v.47)
%u‘(.&) ~ N“.(s) _ D‘I(S) Nl\_(‘:).
Do)

Naz(o). D,,(8) have already been evaluated in Chapter II,
g0 that the problem reduces to determining Nla(a). D12(°)'
In the plon-nucleon scattering case, wo worked with
the isotopic spinlJ = 3/2, 1/2 elgenamplitudes. For
photoproduction, we therefore carried out the

computations first for tho amplitudes <{yb | (xN)y) anad

Orh V), )} from (IV.6), tley are related to the (i;)
amplitudes by

(\6¥ \ (wN};&} E YH\HN HHB

(zv.48)

"

43\) \ QTN\.,I> E X‘HL*\_‘_ XHL'-\)«- 3 HL«\‘B

whore H stends here for either W'» or & « The

amplitudes of interest can then be found from

APVERY = [ b e,y + [ 4yp) (en), )
(xv.49)

Gp > - -BOR ey« B Gh ),
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The pole approxzimations for the plon-nucleon I = 3/2.1/2
acattering amplitudes are given in Chapter XXy (IV.48)
indicates the appropriate combinationsa of the pole terms
determinad in tha-prosent chapter to be taken for the
corresponding phatoproduction amplitudes.

Theoe exporimentnl cross-pections are drawn in
Figure 163 our own results are presented in Figures 17
and 18, corresponding to calculations involving M ®
and E% respectively. ‘

The first photoproduction resonance is obtained in
I"igure 17. The energy &t which 4t occurs is rather lowj}
this 48 due to the fact that the pion nuclgon poles by
themselves only produce a low energy scattering resonance
(Figure 7(a)). The cross-sections are also larger than
the experimental valuos. As an initial calculation,
the J » 3/2. P-wave |xN), ) setate was neglected ard only
the |tN), S etato taken into account. Vo see from the
Figure that the zxX pion-nucleon poles help to decrease
the cross-sections, Also from the isotopic factors in
(xv.49), these cross-sections for the reactions Y + p — X'+ p
end T ¢+ —> % ¢n are in the ratio 211, The inclusion
of tha |(tN),> state reduces this ratio slightly; but

not enough to give agreament with experiment. This
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would theroefore seem to indicate that either we have
under=estimated the \keN),)  etate, or elso other
nultipoles have tho effect of reducing the ratio,.

The second rasonance 18 obtained in Figure 18,
Again, the position is rather low, mnd the c¢ross-sections
largo. The resonance is basically due to the dominant
effect of the J = 3/2. Devave |@WN),) state. The
ratio 1312 for the ¥ + b -—>1:°0F. Yeb — x*en
cross-gections at these higher cnergies arises from tho.
isotopic spin factors in (IV.48)3 the eoffect of the

\mn,>  state is enall., Increasing Q‘“t/ 6u) , @bove 1.0
causes the resonance to become more pealted, and ite
position is lowvered. |

It may be noted that the effect of the YR photoe
production cut 40 small. A range of values for N
between -1z and +«<oe were consideredj this caused
alterations of only 2% and 3% on the ¥ + b — ®° ¢},
Yeb — %’ + v cross-sections respectively.

Finally, the (ch‘*\.,z channel was nlso included in the
calculations for the higher enorgy c¢ross-soctions., The
results sre indicated in Pigures 18(a), (b)., Decause
of thoir complication, the = + N® — x + N® and

YN — R + R* reactions vere omitted.
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]

In the proevious chapters, a very simple version of
the theory has boen enployed to investigate pion-nucleon
scattering and photpproduction up to second resonance
energiea. By using the variocus approximations described,
wo have boocn able to reproduce wost of the qualitative
features of the experimental data,

lie have firstly considered the J = 3/2. P= and De
waves of plone~nucleon scattering, resonances being found
in the X & /2 and T = § Lasotopic spin statos respectively.
In particulay, 1t was noticed that, for tho first
resonance, the crossed single nucleon terms were the
dominant onos, and the %z interaction had little effect.
On the other hand, for tho second rescnance, thse X
interaction played a very significant role, the eingle
nucleon terms by theomselves giving small, negative phase
olifte s,

Since 1littlo is known with certsinty about the nx
interaction, our results indicate that some useful
information about It might well Lo gleaned from a
detailed study of the D-wave, It would of course be
interesting ¢o extend the present troatment to other

partinl waves, especlially to the Fewave to see if it is



possible to obtain the third pion-nucleon resonance.
lecently, the encrgy at which the I & 1 & J XX resonance

i8 thouzht to occur hLeas 1ncreaaedh5)

e 8BNA thao value
favoursd at the moment 18 b,» 29 | ns compared to the
Frazer-ulco t~\5,* taken here. Obvicusly further
eulculationg roloted to the work of this thesis, as well
as for other partianlewaves, should be made with thie
higher value of t: . Tho I = 0'- J %% state ahouid
also be included, eince uore data about thiﬁ state is now
becoming available,

The mN® channel is rather difficult to handle, both
becauss of thé algebraic camplicatian and also because
the resctions involved do not satisfy a Mandelstam
representation. lowever, we have shown by taking only
the Dorn terms of X + N —> ® + N* that the 5% pion
nucleon phase shift is certainly enhanced. Gince we
have already evaluated the coupling parametor fox the
KNN®* vertox, it should be possible to incorporate in
a'dition the Dorn terms of the sreaction X ¢+ N® __ x + K*
which 1s naturally involved in the matrix /D method.

The results obtained in pion phocoproduotion depand
to a grout extent on thoso for pion-nucleon scattering}

resonances in the photoproduction crossesection appear
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as cvonsoquencea of the corresponding scattoring reconuances,
and this has been shown by our work on the J = 3/2,
magnoetic and cloctric dipole amplituduas. In‘addition.

it wvas found that the ®%X pione-nucleoun poles reduced the
hedight of the {irat resonance pliotoproduction peaks, while
variation of tho constant /\ arising from the reaction

Y+ % — %+ % produced changes of only a few percent.

Again, further study should be devoted to other
multipole amplitudes over all energies. In particular,
one would 1likeo to determine tho czuse of the discrepancy
{wmentioned in Chapter IV) in the ratio of the first
resonance peaks for the reactionus Y ¢ ]; — x° « b and
Y+ »— x% ¢+ w, ond also which state (or astates)
gives rise to the third plhotoproduction resonance.

Our methiod has been greatly restricted by the lack
of knowledgze about various sections of the left-hand cuta,
and we wero unable to estimate their contributions.

- One would hope that it will not be too long before
sufficient information is known about the double epectral
functione themselves, when both pion-nucleon scattering
and photoproduction may be solved by means of a complete

thoory.
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e here set out a nunber of clementary integrals

involving Legendre polynomials, and which args relevant

to tho thasip.,

T
dx o (X i}
-1 LQ-\—\') ')(.\
+ D\(x)
[~ a+bx)
+ d PRSY i
S-n LO\"' b’X)
- 6+
g*‘d g
D4 =

- (a+bx)

b a- bﬂ*’i(aﬁ“

CAENERETEE



- 133 -

APPrDIX B

ON T _AMALYTYICITY O DADTIAL VAVY AMPLTTIDUS

FON_WHSTATLE PARTICLUS IN PIRTURIATION TTTORY

1. Introduction

In this appendix, we consider twoe-particle scattering
procesnes of the type a + b — ¢ + d, in which one of
the outgoing particles is unstable in the sense that an
extornal stability conaitionS)*?) 14 violatea. 1f
one considers the analytioc properties of scattering
anplitudes in terms of Teynman disgrams, as for exemple

in Figure 19, then tho external stability condition 1a

P Py

Wa

b by

Figure 19
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gaid to be violated at the (14) vertex, say, if 1+>(m#“;i
Such & situation might occur, for example, in the wide-

ongle pelr production of electrons by photons on protona.-

as in PMlgure 20. fFor sufficliently high connrgy of the

incident photon Yl' an electron-positron pair may be

produced by a virtual photon 12 wiiose Bemomentum squared

18 large enough to violate an external atability condition

in the proton Compton scattering amplitude.

Ficure 20

Anothor gituation i1s in the consideration of the
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rroduction of particles using an isodar model anb).
as in
T +H 5 x s N®

Y+ — ﬂ"N’)

wvhere X* subsequently docays into a nucleon and a pion.
For these auplitudes (which ere of coursa important in
tho rest of tho thesis), the extornasl stebility condition
may be violated at the N® corner of a graph.

In § 2 (for complateness), we write down briofly
some essentinl expressions and the equations of the
surfaces of possible singularity for the scattering
amplitude corresponding to the fourth order loop diagram
in Figure 19. There 18 also & discussion of the plhyasical
shoet and of the contours of integration. In 3,
we investigate the balLaviour of the scattering amplituds
on thess surfaces, and finally in § & deacribe the

singularities of the corresponding partial wave amplitudes.

The scattering mmplitude for the fourth order loop

diagram in Figure 19 can be written (spart from a i

constant) in the formi
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' S 1- 2t _
e - L. g---yo\.\,_";ﬁ q (B.2)
>0+ S
o [ b\(d“' ."Dl‘\t\ —\.E,—S
where
pa
_D\(d;;bh\ = ?:MLMZ _ Z‘id;dk R ) (5.2)
cnd we have trken }, = b« Py | \Sm =b.+hy, . It 8
more convenientt‘a)'l’g) to introduce the quantities
(- w,) defined by tha squatione
LS
?i; = \M}L"" \-M.ls - 2w MS '\5\.5 So*\v i*i
(8.3)
M = \ 3

and to change the integration variables to Y. given by

oLy (B.4)
.i"‘s“*a
=

The amplitude \éi then reduces to the simple form:

X, =

1 3

\

ﬁée = Rt —>m\§

! . . (B.3)
'jd*\mo\x.; N ) o 0- 2,%) _

° Doy el

o
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wvhere

Dl ) = %z‘ LT T (3;6)

Let us suppose that the quantities ﬂm,'ﬂzh Miw 21}
gsatiafy both internal and oxternal stability condition,
vadle | ~ violates an cxternal stability conditiong

that 1ia
T e My, Y <) C e ) , (8.7)

Y, 8nd Y,  are the variables in tho thsorys by (B.3), |
they are directly proportional to the more familiar
eﬁorgy-squared variables, 8 and f.

As can be scen directly from (B.2), the amplitudoﬁ§
defined in (B.1) ana (B,5) (with 4, ,, 4n their real
physical scattering regions) is precisely the Feynman
amplitude, which ia obtained by asecociating a small

negative imaginary part to each ™

)

(v=1, ....o%) the
squares of the internal masees. S0 long as €3 0, tho
contours of integration may be taken along the real

1, - axes, and the integral in (B,%) is well=defined.

llowever, % may become eingular in the 1limit as & tends
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to rmero, dueﬁg) to either anu cnd=point cingularity or a
coincident singularity (pinching the contour) in ecch of
the intaepgrations.

As B conseguence of Y <=1, all of the conteurs of
integration in (B.5) may ao laonger bo token as real when ¢

i8 put equal to zero. For 1t ¥y =%3 =0 We find

irmediately that D verishes at the pointa

T .

and it is fmportant to note that D vanishes at these
points for all faluas of the variables Y, ™,, . These
points obviously do not pinch thoelir roespoctive contoura,
and so they muy beavolded LYy deforming these contours off
the roal axes. This doformation must be carried out in
such a way that @& reuains tho physical scattﬁring
anplitude, By finding the zeroas of tho denominator in
(B.5) with %, = x, =0 and e£=xo0 &nd observing their
movement a8 ¢ o we may deduce that, when t€=0 the x-

and Y; contours are of the form indicated in Figure 21.

hh‘l)

\ " R (xy)

oT

Firure 21
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Also, the a=plitude Y& may he extended outside the
paysical scattering reglions by continulng analytically
in the voriables ‘4n,ﬂvf § this constitutes the physical

£30),

gheo In our subsequent investigations, we ghall

herafore consider tho nulti-gheoted function Fiy y )

defined by
Vool
F = Y 8‘ &X\-..AYWN(KL\ 8(.\" 24\(\'«) (3.9)
° o 2, )
Y)D(XLB“ﬂh33
where the X~ 2,- contours are ns indicated in FPigure 21,

end the xX; x- contours are recaly end detorcine in

particular the singularitice of ¥ on ita physical shoet.
It cen onsily be shown that ' Lis certainly on ite

physical sheet when Y 4,  both have small nogative

imaginary parts, Lxpanding D, we have

D (XL 3 ‘\Su,- ‘e ) \élb,cﬁ‘) = 2%, %, .‘56 * 2'761.5'*‘\5\-;0'

B,10
+ \;;‘:XZ‘: *2 ("\"ﬂu* Xy oy + XXM, X,!“‘jm)]( ’ )

~ 20g' (%%, +%x) )

ond here the 1V v, on the right hand eide are assuued
to bs 4in their phyeiczl regionas.

vith all the ., real end 80 (%% + XuXx,) positive,



(B.10) obviously gives the Feynman denominator, as in
(B.8). tlowever, the factor (xx, « xx) ¢an vanish in

the four cnses Y, =%, =0 x, = x,=0&nd x - X .0

N X\—‘x“, =.Q>

For the first three of these cases, it ia casy to show
that (B.10) reduces to & positive guantity (again giving
the correct eynmen limit as ¢ tends to zero)j fLor

exacple, for Y-x, = o )(H.IO) becomes

\

X: * 1:*‘ 2’“"3‘\-\33“_ = \- 7—(\‘\‘3“-) 1;(\_x3§

by eliminating 7, (using <. = \ ), and this has the

positive minimun value of (1 +~, ) ., similarly for

tho sccond and third cases. The fourth case, x,=%3 =0,

corresponde procisoly to the situation where we have the

small contour deforcations discusaed above. Eliminating
X, ,®ay, and putting ¥ -%..m (where 4 is small, and

¢ 48 in a neighbourhood of the points in (D.8)), we

find that (B.10) contains the imaginary part

~2 (- \3\‘,)(\— 7.%\ ) 5 (ﬂjm_<—‘) .

For the lower deformation, £ <% and 7%>0 , while for the
upper doformation, §>f and %<0 , Thus at each of the

deforuations, (L.10) still possesses & s=all negative
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imaginary part, and so again is the correct Feynman
denominator: (This is of course vhat we would have
expected, since these contour déromation- wvere in
fact chosen to correspond to the Feynman limit).
Hence when Y, and Y, approach their real axes from their
lower halfeplanes, F becomes identical with the Feynman
amplitude "% and is therefore on its physical sheot.

The surfaces on which F may be singular, are given
by the vanishing of the determinant and principal minors

- of the matrix I 1

! M ‘jn ‘\3\0-

D= [ Ma v Ma o u (B.11)
‘\3 N.)'L", \ \55\;.

-‘j\q- \314 ‘\jm_ \
Explicitly, the equations of these surfaces aret

’\*3‘3 = ) )a.nd— \‘314 - t\ (3012)
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L-i. :  Ma 2 MaYs t%_("‘jﬁ_l"\jaﬁlx
A ' 4.
L. Yo = \'5114.\15“.*551("‘1:}.1 P""):;)z(z
) (D.23)
]:—3 : My = \ju.\slq.t {(\ =vn X- vy )7(&
L'T : ju.- = \Sn\j'm.t % 0_-\3:;‘\“ ‘j;‘u\},& .
and
(B.1%)

A(‘h;\ = Y - o .

It will bo noticed that, eince - < -\ the surfaces l;

and 5 are complex. In Figure 22, wve have drawn a
typical curve '' corresponding to the roeal solutions
(4, M) of the equation (B.14). (M,= x| apd M, =)
are asynmptotos to Tﬂ; Li and lﬁ‘ are the horizontal

and vertical tangente respectively).

A picture of the surface 2, which connects the
various parts of U and which arises from the complex

conjuzate roote of (D.14), may be cbtained by using the
Lo},

usual saarche-line technique
Ve must now inveetigate whother I' 1is singuler or

regular on the surfeces (D.12), (B.13) and (D.14) on 1te

physical shaot,
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A
|
|
Figure 22,
3o he singularities of K.

One mathodsl) of determining the singularities of
a scattering amplitude is to perform an analytic

continuation in the (real) external masses from a region
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of known tnalyticity to &« riore extensivo regcion containing
the deoirod values of the cxternﬁl nasseeg, end to obscerve
the gradual development of the Landeu surfaces. Ilowvever,
if one attempts to make a continuation in one of the
cxternal masses through the point whore &an external
stebility condition 15 violated, & singulurity is found
at that point, This wmay cause the sudden appearance
and disappesrance of singularities on the physical sheot
of F, and sc invalidates the shbaove method.

The procedure adopteq in this appendix is to consider
tlie enelytic continuation from a region { which has

To yyc0 , Buyueo (regular for the physical sheot of F).

up to end on to each of the various Landau surfaces
(n.12), (B.13) and (B.1l4) separately.

For the surfaces Y =x| o we firstly note that we
can continue analytically from R up to neighbourhoods
of these surfaces without needing to deform the contours
of integration (other than the small deformations
indicated in Figure 21, of course) since we can go by a
route along which D does not vanish, Further, on these

surfaces (which correspond to A= A= O )» D reduces to

D= 1+ 1'\\(‘“15\{‘5,3-|\
. )
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vhere wve have elicinated =z, by the § «function in
(Bv%5). A8 x varies along its contour from O to 1
(Figure 21), we soe that D is always positive if 9y =+,
but vanichos (two coincident rocts) at tho point x -
1€ Yy, =-1 (D certainly does not vanish on the complex
parts of the X, «contour, eince D acquires a non-zero
imaginary part there). Those roots pinch the contour
(as may be shown by taking ¥, 8lightly greater than -1).
Thus T is regular on the surface My = 1 but
singuler on the surfaco N, = -|.

Similarly ¥ is rogular on Y, =-+!, but eingular on
Moy ==

It may likewise be seen that no further contour
deformatians sre necessary to roeach the real tangential

+

eurfaces |~ |  and in faot F 4s regular on these four

surfaces provided thut the conditions

NS&"‘ \513 20

]

‘\313 + '\1;“' ] : (5015)

~are satisfied. For oxample, on L. (which correspond

to Y, =0 ), D reducas to

D= X+ g Xli +AXGY L+ R Y, 2% \jﬁ )
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with 1 +x+x, =1, For x, real, Earplus et 3193) have
shown that this D can be cxprossed ap a positive definite
quadratic form (3B7-—I w~ L. ) 4f the first of the
conditions (B.15) holds. For complex «x = §+iwm

where £ 418 in the noighbourhood of the pointe in (D.8),

D can be written (eliminating *; say) in the form

» - (0.1‘2'-\- Bx.,_-«—c_.\ + L'\Q‘ (A"‘L"'Q‘) .

For D to vanish, both its real and imaginary parts must
van;ah simultancously. Howvever, the resulting quadratic
and lincar cquations in %, are not consistent, and so D
i» non-zmero aleso in tho complex parts of tﬁe x, =contous,
Thorefore, bectuse of the non-vanighing of D, I' is
regular on Ci } and similar aréumantn apply for O

It may be noted that the conditions (D.1%5) are not really
| véry rostrictive, and mre certainly satiasfied for the
examples montionsd in 81 of thie appendix (in fact,

¥, ™ , Y aro all positive there).

Similar results of rogularity do not hold, however,

on all of the complex tanzentzial surifaces Li, Lfbg

)

as may be deduced from the investigations of Landshoff

and Troimanss) whio considered the reduced wvertex diagram



to which these gurfaces correspondji they showed that,
whorons L, ), are regular L), \; are singular.
That F is regular en v,  \; follows from the fact that
ve may easlly contlnus analytically from %, up to and on
to theseo surfaces without D vanishing. However, in order
to go from the region R (which has Twy,<o liy, <0 )
to & neighbourhood of L} , say (which has jl“ﬂn >0 )’
wo must pass through the real point where Ikkm3=o)
and D can vanish for & point on the previously chosen
integration contours, This singularity may nevertheless
be avoided by further deforming these contoursg this
can certainly be done, since vwe are not yet on any of
the Landasu surfnces and theze are the only surfaces
where we may have unavoidablo eingularities. Thus we
must continually deform the contours as wo enter the
urper half Y - plane and spproach '] until, when we
finally reach 12\)the contours can retreat no further and
are pinched by coinci:ient aingularities, flence we are
unable to continue F analytically from X, on to i  or
#imilarly on to U, . F is therefore singular on i 3
on its physical sheet,

Just as for the real tangents LT ,Li we ﬁay continue

from R up to the real curve " without further contouxr



- 148 -

defornation. Tor the behaviour of Pon [' , the method

of Fowler ot al.ﬁé) was usod:t D vanisghes on |’ at the
points x; (v-1,....4) given by

1“\ X2 Xy Xy o

A Y S N o amy b (k) (p,26)

whore ‘&5 is the cofactor 0‘.“§ in the expansion of
A= detd® « Since all the cofactors in (B.16) are
roal, und 2,% =1 = 1t may be deduced that (D.16) 4=
satiafield only whan the S SN [ are real.
Thorofore, eince the allowed real valuas of tﬁe '
in (D.5) ere only positive, we must determine the region
R in the real - v, - plane (Figure 22) where the
cofactors in (B.16), regarded as functions of v, and
Y,, » have the semo sign. .
It is convenient here to take k-2 because, for vy <1
X, is nogative for all real v vy, + The rogions
where the othor three cofactors are negative con easily
be obtained, and it 4s found that no part of ' 1des
in the intersection (R) of these regions. Therefore D
does not vanish enywhere on 7' for the allowed positive

valuos of the < - variables of integrationy and thus
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F‘ia.rcgulnr both on 7' and nlso on that part of =,
sprouting out along [ .

liowever, F is not regulnr on the whole of 2,
it 1s singular on that section which is separated off
from tho rost of 3 DLy the branch cut Joinlng the pointas
of contact of .5 and 1 with 2, , (The l-dimensional
branch cut on this g-dimensional surface =, , which lies

in the Ad-dimcnsional Y v,~ Spaca, divides 2, into

two separate soctions).

The singularitios of the ecattering anplitudo I’ are
therefore the real threshold singularities at 1y --1 Yo =1,
and complex singularitiocs at values of vy, K6 vy,
corresponding to L. LT and the above singular section
of =, . The prescnce of tliese complex singularities

invalidates a Mandelstam raepresantation for F.

4, The singularities of the partial wave amplitudes
The singularities of the partial wave amplitudes of

Fi

+\
Sé(s) = S'd(c(:w) \:(s, RO E(wse)

are slightly sizpler than those of T itself, as & rosult
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of tho theory of Taylor and Warburton67). They showed
that, in the case when all the stsbility conditions are
satisficd, the partial wave mmplitudes do not possess
complex singularities due to the singular parts of =,,
since those singularities depend on the internal macses
squared w: only as differences. By a slight
extension of thelr argument, the same is true even wvhen
an external stability condition is violatedy and {0
has no complex eingularities arising from the eingular
section of 2, |

In Figure 2), wve have indicated a typical cut s-plane

FE > Rels)

'eure 23.

for {,y «+ Desides the usual physical cut end the

u-, t-cuts, there are branch cuts arising from L7 .
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Thoe cut dus to ﬂ; starts at the complex point A, and

may be taken ao that 1t joins up with the physi¢al cut BC,
The surface L) produces & similar cut ir the t-plane,

and this becomes the cut DEP (tha locus of branch pointa)
shown in the s=plane, Jlowaver, 1t may bo remarked that
these latter branch cuts from L || are not directly
related to any physical process, and so 4t 1a no longer

ensy to dotermine the discontinuities across them. = It also
scoms very difficult at prosent $0 seo what new aingularities
will bo dintroduced into the above s=plane from higher

order porturbation diagrama,
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APTLEDIX C.

VALYDITY OF LIUGENDUD DOLYNOMIAL D¥PANSIONS

The convergence of the Legondre polynomial
expansions in the complex s-plana 18 investicated with
the use of the following theoremt

If T 48 analytic inside an ellipse with foci at

224 then ¢ can be expanded in a Legondre sories

)
Fa = z.q T @) within the ellipse.
Ve sh:ll congider first the Yx cut for which
wp =t < w\. The region of convergence of the
Legendre polynomial expinsions used 1s limited by the
singulerities of \-\?’(s,t‘\ in the complex cos® ~plane.

From (Iv.35), we have

2 (s + it -N"-iﬁ) (C.1)
G-y (£ - ent)'>

) = 89! é‘fﬁ;u-Nu 2KE) - -

where of course t is the sguare of tho energy for the
process ¥ + ® — > K + N.
' The expression for M, G4t) 4s given in (IV.18) .

_ o0 6} ) (;)
) IS W R '
H(; (s¥) = wc“S ds' -(?—s; B goh»' a (W,e) (c.2)
o - '

(epi? - (W+s+t! —2n% r‘)
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It can be shown from crossing that the two termas in

(c.2) produce singularities which lle sycmetrically about
the origin in the Y eplane, SBingularities arise when
the spectral functinns are none-zero and the denominators
vanishj leat <, &) bve the smallest value of & for whiéh
éhis happens. Then the corresponding singularities

in the Y ~plane from the two terms of ¥€y are

2TE (5af) + 31 - N* - 1) {(c.3)
-1 Cntx) '

’\j ('E,sg&_\ = Fa

These singularities 1imit the size of the ellipse in

which a Legendre polynomial cxpansion is wvalid (Figure 24).
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To f£ind an anpproxiuate solution, lot us take the

ollipee as an infinite atriphl). Thus the condition

that Y lics within the strip is

| Tuy) 2T (SeE) + Hb -y ge)
(- Cni= 1Y

end fron (C.1), this bocomes

L L N R e Cop ey (c.h)

Now let ue take s complex and on the Yx cata' it 48
approximately of the form saune? . Thus the condition

(c.4) reduces to
P (s b o) (c.s)

The minimum of (5, ++) can bo detormined from the
bounderies of the spectral functions aas drawn by Dall,
and it is found to be ~ 4.3 at t = Rpt e Hehco we
deduce from (@.5) that a Legendre polynomial expansion
1s valid on the Yx cut foris .

SimilarAinvaatigatioua can be made for the negative
real axis part of tho Yr cut, end aslso for the crpaued

photopreduction cut,
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