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Part 1.

Introduction,

The study of the scattering of two particles is
generally the first and most straightforward method
of obtaining data on the interaction between thé
two fie}dg. The scattering of m mesons from nucleons
may be regarded as the most fundamental of the mesonic
processes, and many physicists have worked on this
problem, both theoretically and experimentally.

Experimental evidence indicates that the ® meson
has zero spin and that it has odd intrinsic parity
i.e. the meson can be represented by a pseudoscalar
operator or an odd wave function. The assumption of
charge symmetry, in the'pion—nucleon interaction, is
reasonably well borne out by experiment, while the
postulate of charge independence is compatible with
all results to date. Stanghellini (1958) attempts to
give a quantitative statement on the degree of deviation
from charge independence, and finds that it is wvalid
within the error of the experimental results which he
uses. Thus isotopic spin can be treated as a good
quantum number in a theoretical approach to the
scattering process.

Total angular momentum is also conserved, and

partial wave analysis of experimental results, up to



the region round 250 MeV laboratory energy, have
shown that S and P waves are sufficient to fit the
data. At greater energies higher waves are found
to occur, eg. as reported by Goodwin, Kenney and
Perez-Mendez (1959).

P and S wave results thus obtained from experi-
mental data are given by Orear (1955, 1956) and
Pontecorvo (1959).

If we include the o0ld assumption that the nucleon
absorbs or emits pions singly, then the two inter-
action Hamiltonians that we have, with simplest

local coupling, are:-

He, =¥ ‘{j(*ﬁ)(Ys ’I-fw Yoo 4 x

Ps

direct coupling in pseudoscalar theory, and

He, - Voo oy Te A oo dx

d~7
64)‘1 p) X p
derivative coupling in pseudovector theory. ¢¢ are
the three real components of the free meson field, and
¥r is the free nucleon field in the usual notation.
The two Hamiltonians can be shown to be 'equivalent?',

see Section 2, to first order in the coupling constant.



However it is found that the pseudovector theory is
not finite after renormalisation, following Dyson's
definitions, and hence the direct coupling is
generally preferred.

Because of the difficulty of carrying out
accurate calculations with the pseudoscalar inter-
action, one cannot usually state to what extent the
predictions of a theory are due to the method of
approximation used. To give some insight on the
problem simpler interactions and certain 'models'
have been examined. Sometimes these formulations
have exact solutions, but in general they are approxi-
mate methods which can be analysed and compared.

Early theoretical work revealed the inadequacy
of perturbation theory, and as there are serious
criticisms of the strong coupling method, (see Bethe
and de Hoffman (1956)) any realistic approach to the
scattering problem should not make use of these

coupling constant limits.



2., The Foldy-Dyson Transformation.

In order to investigate the structure of the
linear pseudoscalar Hamiltonian we can apply a
Foldy-Dyson transformation, i.e. a unitary trans-

formation of the Hamiltonian of the form

¢S ~C S
H — HI = £ /"f-&" 2.1

The form of S is assumed to be

§ = (Yo ‘f(zs) 4 x 2.2

and 9§ 1is determined by the requirement that in the
new representation no pseudoscalar term should appear.
The transformed Hamiltonian is highly non-linear in
the meson field and fairly complex. The different
terms are then simplified by expanding in powers of }“
using some approximation.

As an example Berger, Foldy and Osborn (1952)
have . iy

ok (Yoo el aT[E] P

where (K = (Z %ﬁ. #;)fl& and for their expansion they
assume }j%ab small.

After expansion it is seen that the Hamiltonian
terms are essentially arranged in powers of F/y ,

where | is the meson mass and ™ the nucleon mass.



In lowest orders the interaction becomes,

in this representation,

L
He= 1 [(Voo(seW: geonpwidr + 1 [ Yoo $on dx
2M ~ aM -

+(%1)1 Yo T.($eoxTx)) o) 4x

The first term yields mainly P wave scattering,

x

2.4

the other two S wave. However we have not really
separated the Hamiltonian in angular dependence
by the transformation since the neglected higher
order terms give a coupling between the different
waves,

A possible approach would be to treat these
neglected terms as perturbations to Hamiltonian 2.4.
This would not be very productive in the S wave case,
however, due to the uncertainty of the size of the
higher order terms, as is shown by the poor comparison
with experiment of the S wave solutions obtained from

2.4 alone.



3. Fixed Source Theory.

One of the most important methods based on
2.4 is due to Chew (1954). In his well known
'static' approximation the nucleon is treated as
an infinitely heavy source of mesons. He evaluates

P wave scattering only and takes as his Hamiltonian

Ho = £ m{ew c VU ¢gx) dx ;
an
e(z) is the nucleon source function normalised as

fe(fjirzj)and the nucleon's only degree of freedom
is its isotopic spin.
This simplifies the mathematics as there is no
recoil and nucleon pairs are not allowed. As has
been pointed out, Chew requires a cut off to obtain
convergence because of the gradient coupling. The
cut off in momentum space can be said to have two
physical equivalences in Chew's theory - namely =
1) It helps to replace the missing 'damping! effect
of nucleon recoil, and

2) It represents possible non-locality of the inter-
action, i.e. if the meson nucleon interaction
requires three fields to specify it completely,

we could regard the two fields with cut off as



an approximation‘to the correct theory.

Using a Tamm-Dancoff type of method to obtain
an integral equation for the scattering wave function,
Chew then applies one of Schwinger's variational
principles (Chew 1954a) to solve the equation. He
obtains good results for the P wave phase shifts up
to 200 MeV.

After this 'success some'work by Drell, Friedman
and Zachariasen (1956) was done on the application of
static theory to the S wave case. The basic S wave

Hamiltonian is

7 i (v i d
H, =i: Y0P f(;) d x %%J fy' %) ;f.(f(,)x’fu)) yoo dx 5.2
1 .

The ¢2~ term, which is the lowest order, is the
'repulsive core' term and does not lead to the
observed isotopic splitting of the two S wave phase
shifts, 3; and 83 , and so we have to add

higher order terms. The next term is the j(.(f’<EJ
one, and this couples the isotopic spins of the
nucleon and the meson. It was hoped that these

two terms might be sufficient, but it has been

shown by Akiba and Sawada (1954) that only if the
term is multiplied by an independent coefficient, o« ,

and the ¢il term reduced slightly, then the



S wave scattering can be given by the altered
Hamiltonian. (o< = 1 in the weak coupling limit,
and 2 in the strong coupling limit).

Drell et al. take a separable source Hamil-

tonian

HS = )oﬁzfg "")o ’I(fg"i) | 3.3

o
where CE 2 (%(,‘.‘)6(1‘) d X and they treat ): and
), as separate parameters. Using an §- matrix formalism
similar to that of Chew and Low (1956) they obtain
good agreement with experiments for A: reduced by
a factor M/, from its transformation value.
However, since we have to alter a coefficient which
is fixed relative to the coupling constant,j;l by the
Foldy-Dyson transformation, this indicates that we
cannot neglect the higher order terms.,

This is borne out by Sartori and Wataghin (1954)
who state that the use of Hamiltonian 3.2 is
inconsistent after the lowest order, i.e. higher order
scattering graphs of 3.2 are approximately of the same
magnitude as the lowest order graphs of the neglected
terms. .

Another criticism of this type of approach is the
neglect of recoil particularly in the S wave case. Fonda

and Reina (1956) have attempted to add recoil to Chew's



theory for the P wave. Also taking the Hamiltonian
2.4, but with the “A parameters of Drell et
al. for the S wave parts, they calculate the S wave
phase shifts by means of the Tamm Dancoff method.
They repeat the calculation neglecting recoil and
compare the results. They find that 633 is
considerably smaller than Chew's result when recoil
is included, but by decreasing the coupling constant
the phase shift can be made to fit, though not quite
so well as before. There is a notable difference in
the S wave phase shifts, betﬁeen the calculated
values and those of Drell, Thus as far as the method
and approximations used can be trusted to guide us,
we may say that the inclusion of recoil has a very
marked effect on 8, and S .

It is seen that the effect of the nucleons
momentum increases with increasing scattering energy,
as one would expect.

Lomon (1956) claimed to have diagonalised a
separable source version of the Hamiltonian 3.2, but
later papers - Kobayashi and Klein (1958) and Bassetti
(1958), have cast some doubt on this. Lomon's argument

is not clear at some points, and by a stated approximation



- 10 -~

Kobayashi obtains the same result,which is thus
seen to be exact only in the classical limit. The
results have the correct isotopic splitting, but
the magnitudes are only fair.

Summing up it can be stated that the Hamiltonian
3.2 can only give us an indication of how the P and S
phase shifts arise.

Keeping in mind the serious failing of the S
wave calculations it is logical that the phases must
be evaluated using the full Hamiltonian /.¢ .

Levy and Marshak (1954) apply the lowest order
Tamm-Dancoff method to the scattering, treating the
nucleon as an extended source and using Hamiltonian
1.1. An approximate calculation yields a reasonable &;
but a bad §, , the latter being very cut off dependent.
The authors hoped that a treatment including renormal-
isation would improve both the results but mainly the
isotopic spin 1/2 value. Levy (1954, 1955) uses a
covariant treatment and a renormalisation procedure
which is dependent on the method of solving the scatter-
ing equations. For gz/hﬂ = 7.5 he gets a good fit to
the o0ld S wave data, i.e. where §, was thought to go

negative at about 170 MeV. However the result is



extremely dependent on the coupling constant.

Sartori and Wataghin (1954) write down the two
lowest orders of scattering in a covariant manner,
and then take a non-relativistic limit for the S
waves. They use the Deser, Thirring and Goldberger
(1954) prescription for charge renormalisation and
apply the variational‘principle of Cini and Fubini
(1954) in the first approximation. They find the
correct signs for 9, and ;3 but the magnitudes
are far too large.

In an earlier paper (Sartori et al. 1954a) the
same authors applied the Cini-Fubini to the Hamilton-
ian used by Chew for the P wave phase shifts, and

achieve very similar successful results.

\




4, The Tamm-Dancoff Method.

As an alternative to perturbation theory the
old Tamm-Dancoff, (O.T.D.),method has been widely
used, although it has some serious drawbacks.
Essentially the method is that the state vector of
a system of particles is expanded in terms of states
corresponding to different numbers of free field
creation operators acting on the bare vacuum. Provided
that the states satisfy the usual conservation laws,
charge, baryon number etc., an expansion coefficient
can then be taken as the probability for finding the
system in the state corresponding to the given number
of bare particles.

Using the interaction Hamiltonian, an infinite
set of coupled equations for the amplitudes are
obtained, and the approximation consists of taking
only a finite number of the amplitudes and hence a
certain set of these equations. The neglected
amplitudes are assumed small compared to those retained.

A series of papers applying the O0.T.D., formalism
to the full pseudoscalar Ys coupling was instigated

by Dyson et al. (l95h). Using only the set of amplitudes



coupled, by the interaction Hamiltonian, to the
amplitude for one nucleon with one meson, they
obtain a single integral equation for their scatter-
ing wave function. Neglecting all renormalisation
terms they use semi-numerical procedures and obtain
rough qualitative results for the two phase shifts $s
and 933 .

Kalos and Dalitz (1955) recalculate these results
using more accurate numerical techniques. They also
examine the effect of omitting nucleon pair transitions,
and vary the coupling constant to give the best fit.
In general, their results are a little better than
Dyson's. It is found that the pair effect contributes
nearly all of the $3/a phase shift, but a very
low value of the coupling constant is needed if the
result was to fit experiment. Tanaka (1957) attempts
a partial renormalisation programme using part of a
method due to Cini (1953). He obtains, as one might
hope, a much better agreement with experiment for the
prhase shifts, and requires more reasonable values for
the coupling constant.

One of the failings of the 0.T.D. treatments, is

the effect of the wvacuum. If the number of particles



in the amplitudes is limited such that a vacuum graph
is included, then a spurious vacuum effect arises.

This is due to the fact that only a certain number

of amplitudes are coupled to the wvacuum, although
physically an infinite number of wvirtual particles
occur with each amplitude. To overcome this difficulty
the“new Tamm—Dancoff,(N.T.D.),Method can be used.

For this we replace the bare vacuum in the 0.T.D.

by the physical vacuum. The energy of a state is now
measured relative to the energy of the real wvacuum,

and vacuum self energy effects are removed.

Dalitz and Dyson (1955) set up the scattering equation
in lowest order N.T.D, and examine the renormalisation
effects. Owing to the occurrence of a non-physical
pole and ambiguous vertex renormalisation, no numerical
results are obtained.

Visscher (1954) attempted to evaluate the effects
of the self energy and renormalisation terms by means
of Cini's covariant formulation of the N.T.D. Method,
(Cini 1953). However after renormalisation he found
that, when he combined the finite remainders into an

effective coupling constant, an unphysical pole



appeared in the new, momentum dependeﬁt, coupling
constant. This prevented any useful numerical pre-
dictions alout the phase shifts.

Examinations of the validity of the Tamm-Dancoff
procedures have been made by many authors. Morpurgo
and Touschek (1953) apply the O0.T.D. to Wentzel'!'s pair
theory, and from a comparison with the exact results,
the 0.T.D. results appear to be only a qualitative
approximation.

We find that there are three main criticisms of
the T.D., theories:-

l) The doubt concerning the convergence of the
neglected amplitudes.
2) The lack of 'crossing' symmetry, and

3) The lack of unambiguous renormalisation procedures.

l. Amplitude Convergence.

The 0.T.D. and N.T.D. have been applied to the
soluble problem of the anharmonic oscillator by K. Symanzig
(Dalitz et al. 1955). He found that the 0.T.D. terms
diminished reasonably, while the N.T.D. amplitudes could
even be exponentially increasing.

It is seen, however, that for terms involving large

numbers of wvirtual pérticles the amplitudes are associated



with denominators consisting essentially of the sum
of the energies of the particles. Other things

béing equal these denominators will give smaller
values for these 'high order' amplitudes. This would
be in accord with the physical picture which we can
obtaiﬁ from the uncertainty principle, i.e. that the
greater the total energy of an intermediate state,
the less time the system will spend in that state.

2. Crossing Symmetry.

The fact that mesons obey Bose statistics gives
us a symmetry condition on the meson-nucleon
scattering amplitude. This is the well known
'crossing' symmetry, and it indicates that any good
scattering theory should always contain pairs of
scattering graphs where the external meson lines are
crossed and uncrossed.

That is any particular

S s
. N P
diagram eg. N s
N -
\ ’a——‘\\ Vd
N~ [/ 7
N, ¢ N \ 7
should always be accompanied ~__ -
-~ '
3 . \ /
by its companion, ~ 7
< SN ~
7 \ ~




A corresponding symmetry for the nucleons is
examined by Feldman and Matthews (1956), and they
find that its effect is just equivalent to the meson
symmetry effect provided that the results are taken
on the energy shell.

It is at once seen that a Tamm-Dancoff Method
which limits the number of particles allowed in the
amplitudes will not satisfy this symmetry requirement.
Gell-Mann and Goldberger (1954) use crossing symmetry
to state a condition on the two S wave phase shifts,
viz. there is no difference between the two S states
at zero momentum, provided that M/m > o0 . This
is so because the Isotopic spin dependent parts of a
pair of crossed and uncrossed graphs tend to cancel.
This means that a Tamm-Dancoff approximation should
give a spurious large isotopic spin separation.
However F/m is not so vanishingly small and the
experimental behaviour of 8§, and §,; is not well
known in such low energy regions.

Martin (1956) evaluates the S phases starting
from Levy's covariant treatment of the Bethe Salpeter
equation. He compares his results with fourth -order

perturbation theory (Wyld 195h) and also the work of



Kalos and Dalitz, and gets general agreement. Due
to his approximations the only definite conclusion
he can come to is the importance of including all
the appropriate crossed graphs in a Tamm-Dancoff
treatment.

3. Renormalisation.

Dyson (1953) proposed a plausible subtraction
process for the second order nucleon self energy,
and examined Cini's covariant renormalisation
programme for both TD methods. He finds that the
Cini renormalisation is only consistent and finite
for the N.T.D. and that it is then equivalent to a
‘double!' application of his subtraction process.
Taylor (1954) and Dyson (1953a) both discuss
the connections between the three dimensional O0.T.D.,
and N.T.D. theories and the four dimensional Bethe-
Salpeter equation. Approximations and the difficulties
of renormalisation, especially in orders higher than
the second,are examined. The covariant Bethe-Salpeter
equation has not proved very useful due,primarily, to
the difficulty of interpreting the meaning of the wave

function. The more useful renormalisation pro8raumes




are dubious because of their utilisation of the
Levy-Klein‘expansion.

Although the problem of removing infinities
by renormalisation has not been solved as consist-
ently as in perturbation theory, if we keep in mind
the successes of the method, which cannot all be
fortuitous, we may say that the Tamm-Dancoff can

be a useful, though not generally very exact, method.



5. Intermediate Coupling Theory.

As an alternative to the Tamm-Dancoff approxi-
mations we have Intermediate Coupling Techniques,
which generally make use of a variational principle.
The usual test of such methods is the examination of
the validity of the predictions in the two limits
of weak and strong coupling, together with, of course,
a comparison with experimental results.

Tomonaga (1947) first formulated an Intermediate
Coupling approximation for meson theory using a
Hartree~Fock calculation. An infinite number of
virtual mesons is allowed bound to the nucleon, but
they are assumed to be in a finite number of orbital
states. The scattering of a free meson from the
physical nucleon is pictured as the absorption of
the incident meson into the nucleon's field and the
emission of a 'scattered' meson from the bound states.
Early work was applied only to static problems such
as the calculations of self energies and magnetic
moments with recoil neglected.

For pseudoscalar coupling Matthews and Salam
(1952) consider the case where one nucleon pair is

allowed in the nucleon's field, and compare it to the



situation with no pairs allowed. A cut off at
nucleon mass is used instead of renormalisation, and
recoil is added nonrelatavistically.

The case where only processes involving nucleon
pairs are allowed is examined by Moorhouse (1953),
who investigates a method for subtracting the wvacuum
effects which can occur when pairs are included.

As an approach to the full scattering problem
the case of a static nucleon scattering a charged
scalar meson was examined by several authors.

Ito, Miyamoto and Watanabe (1955) tackle the
scattering from a fixed nucleon in pseudoscalar
theory. However with increasing complexity they
have to make several assumptions, and allow not mcre
than three bound mesons and only one unbound meson
in their fields. The normal meson field operator is
split into two parts: essentially a free meson field
part orthogonal to the source function, and the bound
part proportional to the source function. They obtain
a 533 resonance similar to that of Chew but the
other P wave shifts are exceedingly large although
negative.

Friedman, Lee and Christian (1955) examine the

same problem. They reduce their Hamiltonian by



taking the momentum dependence out from the particle
creation and annihilation operators, and determine

the physical nucleon by Tomonaga's method. The
scattering is evaluated by using the state of a bare
meson with a real nucleon as a trial function for a
Ritz wvariational principle. By requiring that the
theoretical $33  curve pass through two experiment-
al points, they determine the un-renormalised coupling

constant and the wvalue of the cut off. A reasonable

fit for 5 is obtained, and the other P phases
are satisfactorily small, PR and EY) being
negative and equal. Although 31 was found to be

positive for the equivalent renormalised coupling
constant,,fi = 0,105, the authors state that the
sign would alter for a smaller coupling constant.

This type of Intermediate Coupling Theory can
give a fairly good fit to the main P wave phase shift.
As we have seen nucleon pairs play a large part in the
S wave scattering, and so,if intermediate coupling
methods were to have a chance to give the S scattering,
we would require to include virtual pairs in the

nucleon field. This would yield more complications

in the treatment and it is debatable as to whether it

would be sufficient.



‘6; Exact Theories.

Theories with Hamiltonians which allow the
scattering problem to be solved exactly are of
great interest since we know that the results will
have a strong connection with the formulation.
1) In his well known paper Lee (1954) studies the
reaction 8

V & N+ 6 1

where he takes N and VY +to be neutral fermion
fields and 8 a scalar boson field. Taking the

Hamiltonian for 61 to be the only interaction present

he examines the two scattering systems
N+08 = N+ b

vih — V0 6.2

Lee also investigates the scattering of neutral and
charged scalar mesons from a fixed nucleon.

Many adaptations of and extensions to the Lee
Model have been proposed by later workers. Haber-
Schaim and Thirring (1955) firstly add recoil to the
Lee model and secondly allow also the reaction N->w+0
where W is a third type of nucleon, 6 are
symmetric scalar mesons and all the nucleons are
fixed sources.

The Ruijgrok and Van Hove extension allows



successive emission or absorption of an unlimited
number of ﬁesons from an infinitely heavy nucleon.
The nucleon is given some number, n >| , of intermnal
states, and the model is given by
Ve > Ve + 0 ) 6-3
where
\/s+n_ = Vs

This model is exactly renormalisable, and Ruijgrok
(1958) discusses a reformulation, in terms of physical
particle definitions, which leads to a convergent theory.

The inclusion of pairs was proposed by Goldstein
(1958) by allowing the 0 particle transition into

a nucleon anti-nucleon pair of a third type of nucleon

field .
X V& Nt+E (o
B <= x *X
The sub-case of j(=rA/ was also investigated.

Because of their simplicity these examples have
been generally used to examine the mathematical
structure of the renormalisation programmes for mass,
vertex and coupling constant. The occurrence of the

well known 'ghost! states in this type of theory has

been looked into by Kalleén (1957) and others.



The scattering results and their dependence
on renormalisation are accessible for analysis in
these models. At present, however, models of the
Lee type are not realistic pictures of the physical
pion nucleon scattering problem.
2) Bosco and Stroffolini (1955), with a method
reminiscent of the later Goldstein paper, attack the
S wave scattering problem only. For their Hamiltonian
they take that part of the relativistic b/s
Hamiltonian which corresponds to the equation
"™ & N+ N ¢.5
They also neglect the vacuum reaction
Viacoom (&  w+ N +N , R
The 'physical! meson is represented by a state of
one 'bare' meson plus a state of a 'bare' nucleon
pair. The 'bare' particles are those occurring in
equations (.5 and (.¢ , and the second state is
merely the nucleon-anti-nucleon cloud of the meson.
A counter term is included for mass renormalisation,
which they fix by imposing a condition on the kinetic
energy of the physical meson. Coupling constant
renormalisation is by a normal method and the
equation has a simple form in their model. Recoil is

neglected, and a cut off taken at some fraction of the



"nucleon mass. The two resulting equations are
solved by successive approximations for pairs of
cut off and renormalised coupling constant values.
For a scattering state of a bare nucleon together
with a real meson,plus an interaction state of two
bare nucleons with an anti-nucleon they solve the
scattering equations exactly. For Z%ﬂ' =1 a
good fit is achieved with Orears two S wave phase
shifts, although‘the energy dependence is nbt quite
correct.

This paper is interesting because of the good
results which such a simple model yields. The
importance of pair effects in the S wave phase
shifts is once again stressed. The small coupling
constant and the strong cut off seem to cut down the
effect of the ¢1' Hamiltonian term which is known
to give too large results for the S wave scattering.
It might be hoped that the coupling constant could

be increased by extending the model.



7. Dispersion Relations.

In recent years, the Dispersion Relation method
has proved to be an important tool in theoretical
physics. It has been well used in the analysis of
meson phenomena, in particular pion nucleon scattering
and pion photoproduction at a nucleon.

The basic assumptions of the theory are the
Unitarity and Lorentz Invariance of the scattering
matrix, and the Principle of Causality. Issentially
a relation is established between the Hermitian and
Antihermitian parts of the scattering amplitude, S.
Writing S = D + iA, where D and A are both Hermitian,

the equation has the form

nti s
D - By ¢ S P ar 4t LT e
v (EI—E) (E"Eo) il reo

where F(E) are the residues of isolated poles
contained in the field of integration, and P is the
principle value. #A(E) is assumed not to diverge
faster than £~ at infinity. C r are undetermined
constants resulting from a Cauchy integration, and

are removed by subtraction procedures. In most

reasonable treatments " is assumed = 0 and only one



subtraction is required. For values of n>0 the
numerical work is prohibitive, and although the
Dispersion Relation is more accurate for higher
values, m =0 1is sufficient in many cases.

For applications the S matrix is separated out
into its angular momentum and isotopic spin components,
and relations of the form 7.1 are obtained in terms
of these components.

It is found that it is particularly easy to
examine the case of forward scattering, (Bogoﬁubov,

1959), since by the 'optical theorem' we have

As Jof - clrle ;.2

where 7€ is the forward scattering amplitude,

0 +the total cross section for the process

considered,

3 is the momentum of the incident particle, and

C is a constant depending on the units used.
Thus we can put total cross section‘data into the
integral of equation 7.1, perform the integration and
find Ke 'f :

We have the well known results from general

scattering theory,

4 o8 l</f(0)/“ = l<f€’Reff°’)2 +(fn £10)]

d L) 7.3
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oLJQ "

where K is again a constant depending on the units,
b 1is the angle of scattering (equals O for
forward scattering), and
L, is a known function of the phase shifts for
the scattering process.

Equations 7.3 and 7.4 may be used to resolve the
ambiguity between the sets of phase shifts in pion
nucleon scattering, as is done by Anderson, Davidon
and Kruse (1955).

For nonforward scattering some other method of
evaluating the dispersion integrals must be found.

As an exuample see the paper by Chew mentioned below.
Most of the papers, which have been published, give
the formulation of the Dispersion Relations and dis-
cuss their wvalidity and applicability. However, some
authors have calculated pion nucleon scattering
results which they compare with experiment.

Anderson et al. (1955) evaluate the Dispersion
Relations of Goldberger, Miyazawa and Oehme (1955) for
the scattering of *t  ang ndl from protons.

A good fit with the experimental P phase shifts is

7.4



obtained, for a suitable coupling constant, by
using the S scattering lengths of Orear (1954) to
evaluate the zero momentum forward scattering
amplitudes.

Formula for the low energy phase shifts have
been derived by Chew, Goldberger, Low and Nambu
(1957), who assume that the 333 resonance gives
the only contribution to the dispersion integrals.
The P wave phase shifts obtained are very similar
to the results of 'static theory', but the results
are only considered valid for the low energy cross
sections used.

Finally Gilbert (1957) with a new, more con-
vergent, form of the Dispersion Relations, evaluates
the pion nucleon coupling constant. Assuming the S
waves small, he obtains a good fit for the S
scattering lengths by using the determined coupling
constant and integrals over the P wave resonances.

An important development has been formulated by
Mandelstam (1958) who uses new relatavistic Dispersion
Relations as the basis of his theory instead of the
usual field theory equations. An interesting step

is his inclusion of the -7 interaction, but as yet
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he has achieved no numerical predictions, although
his treatment has been verified in fourth order
perturbation theory.

Summarising this section, we see that, although
Dispersion Relations have given new correlations
between the pion nucleon scattering data, they are
unable to predict individual results dependent,

say, on only the coupling constant.



8. The Inclusion of Further Interactions.

A

As we have seen numerous models have had fair
success in reproducing the P wave phase shifts,
notably the ?14334 . These models however
even if applicable to the S wave case, fail to

yield S phases of a comparable accuracy to that of the
P phase. To overcome this, it was suggested that
there might be present another interaction, which,
only in the S wave case, gave results of the same
order of magnitude as the meson nucleon interaction.

Matthews and Edwards (1957), with a rough
calculation, attempted to add strange particle
effects to the @' Hamiltonian term from the Foldy
Dyson transformation. They allow the three reactions

M <= K+K , N& N+,
N> 2+ K,
all in direct local coupling, but they obtain only a
small effect.

A better treatment by Langer (1957) uses pseudo-
scalar theory. He neglects the - K interaction and
the A and <= particles. The added TT-2 interaction
is taken equal to the 7M-N interaction. Neglecting

the fact that the K mesons form a doublet in



isotopic spin space, he further adds
p[ep b s FTya] e

to his Lagrangian density. Making simplifying
assumptions, in what we might hope was a reasonable
order of magnitude calculation, Langer obtains the
correct isotopic splitting, but the magnitude of his
S phase shifts are a little small.

Budini and Fonda (1957) examine the case where

the pion interacts with the nucleon through an inter-

mediate K meson field: the lowest order graph
being T \\s K .- 1w
\T_.._ _“‘{’
K Vi
S, L A
N AT N

They find that the calculated results tend to cancel
the scattering contributions from the repulsive ¢‘l
term. By requiring that this reduction is approxi-
mately that needed to fit experiment, they obtain
numerical relations between the various coupling
constants involved. Though the'calculation is an
approximate one, the values found for the coupling

constants do not disagree with what the known
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experimental data allow.

Mitra and Dyson (1953) suggested using a long
distance attractive W-W interaction. The incident
meson could then be envisaged as interacting with
the virtual mesons in the field of the nucleon.

Ross (1954) assumed a potential for this interaction
of the form V'ﬁ-vym and examined the effects
for different values of the depth and the range.

The results are discouraging although mainly in-

conclusive due to the calculations being fitted to

old S wave data.



9. Conclusions.

The S wave scattering of T¢ mesons from
nucleons is the outstanding unsolved problem in
pion physics today. It raises the fundamental
question - Does the pseudoscalar theory adequately
represent the meson nucleon interaction, or does
the theory require to be non-local, i.e. are other
interactions present?

A necessary condition for the sufficiency of
the Hamiltonian 13,.‘4_. r;’}_’-f '7(’ 4x is that it
should allow the S and P wave phase shifts to be
calculated simultaneously by the one procedure.

Of the proposed extra interactions, the T1t-TC
one is thought to be important only in the region
around zero kinetic energy. For the Strange Particle
cases, it may be a little optimistic to hope that
they have only a small effect. However we have the
experimental evidence on the difficulty of creating
strange particles. Even at high energies the cross
section for strange particle production in a pion
nucleon collision is only a few percent of that for
pion production.

In P waves the important reaction is
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the strange particle analogue being,
K ,/"
-~

N /',. AT

ra

9.2

The coupling constant in 9.1 is thought to be more
than three times that of 9.2, and the total mass of
the intermediate state in 9.2 is about four pion
masses greater than the mass in 9.1.

For the S wave case, we have
—_ ' 9.3
and : S e
AL 9.4

These two are equivalent except for the masses if we
assume the usual coupling symmetry. However in a

scattering graph we find 9.2 and 9.4 associated, e.g.

9.5

9.6

Hence we might hope that virtual intermediate states
of strange particles are not essential to the theory.
Also the Dispersion Relations have given us

correlations between the experimental S and P phases,
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and this can be taken as a strong hint that the
meson and the nucleon form a 'closed system', to a
good approximation, for the scattering process.

Weighing up the evidence, it seems worthwhile
to try to evaluate the S and P phases using the
relativistic X? Hamiltonian and some model which
is applicable.to both S and P wave scattering.

Our model, as can be seen in Part II of this
thesis, developed mainly from the work of Bosco and

Stroffolini and also of Friedman, Lee and Christian.
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Part 2.

Wave functions for physical nucleons and mesons
are defined in terms of bare field operators.
Renormalisation is examined for the coupling constant
and the physical particle masses, a smooth cut-off
being used on divergent integrals. In terms of
these physical particles, the scattefing is determined
using a Raleigh-Ritz Variational Principle. The
scattering phase shifts, 8: ) 83 > and Sss are

found for different groups of scattering graphs.

10. Preliminary Definitions and Notation.

For the interaction of the meson and nucleon

fields we take a total Hamiltonian* of the form
H = Hy +Hy + Hr + Renormalisation counter terms 10,1
The free nucleon Hamiltonian

H, = | dx y[exy gl b0 . 10,

the free meson Hamiltonian

HN .= ,’/2 [CL’{( { Tri(f_) + (V¢“(£))i + ﬁ:(i)} 10.3

?

and the relatavistic )3 interaction

Hr = tj/ ol X \ﬂyﬁ)@?f(ﬁ }Lq) .

* The system of units used is &=¢c=p=/, See Appendix 1,



The Dirac matrices m,(g, and J, are defined in

Appendix 2. We expand the meson and nucleon field

operators in momentum space as follows:

-y '—p‘
Yo = (am) ‘fcng 4,, wp et ~F

10.5
x "/1( N X .-L- .,)S
#‘ (x) = (am) dzz /g.},w “-x'p £ £ ! 10.6
J/af (A ¥ n,f)_{
bulx) = (am) | d4 (294) fagx*a‘—ﬁ«]@ 1047
and the conjugate momentum te ?«x ’
=Yy T “a * -c'/fé.}‘(_
T (x) = (27) ) d% ‘('f_ﬁ) [a&,- -4«] £ . 10.8
. 2 ~ ~

The spinor w can describe four possible states of

spin and energy for the nucleon. ¢, and ¢g_ are

the real Hermitian comnponents of the complex charged

T -meson field, %; represents the neutral pion

field; & = 1,

The spinor WU4;* | for positive and negative

energies respectively,satisfies the equation

B .+ 10.9
| x. ? */’”] Upe SEp 4pr
and are normalised by w¥w = | 10.10
The energies EI and Wg  are given by
a a V.'l
Ey - (M+P7) 10.11
2 t
wg = (pt &)



where M and M are the nuclear and meson masses
respectively. |
Projection operators /V%f) are defined as:
+ * - *
N (?) :%: “plly , N@@) =z. wp Uy 10.12

(78

or in the more convenient form

Ai(—f) = [E?i d (%/’f fﬁM)JAEz 10.13

Writing the Hamiltonians in the conventional operator

form in momentum space we have

He ~ fE? ';;u ﬂ,u dp 10.1L4

~

HH = f of a,"ig‘ a‘j@"‘ o(’é 10.15
—_ UL? d“g » * *
HI - L P ~. (V X’r« b(,)[a{i‘ +a__&“]'£‘ _12‘11’0.16
@n) (2 wg) > “v S £
)/ is used to denote L'/()/5
If w 1is a positive energy spinor 4£*¢%: cx?u

and creates a nucleon of momentum ?} whereas if L is

o~

a negative energy spinor

X
*g;,su = dya
and annihilates an anti nucleon of momentum —#.
P~
Also

and /g? w = aLi? “



- 41 -

The commutation or anti-commutation rules satisfied

by the operators &, ¢, and d , are as follows

)

S(’g -£) § ooc?

&
A
]

]
*‘ ®
’\:
S |

"

—

S(2-?') Suv

1"

*
¢34, 3],

—— ~

[:‘iE“) OLff%]+

H

S (P-?') Suv

Any other anti-commutatoer of the <& and ol operat

10.17

ors

is zero, and likewise any other commutation of the &~

operator.

Any commutation of the G operator with either
the € or the d operators is also zero.

This means that we can treat the particles re-
presented by @, ¢ , and d—, as separate independent
particles.

The renormalisation terms mentioned in equation

10.1 are taken as

10.18
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and they will be discussed in sections 11 and 12.2.

At present we add them in to H, and

equations 10.14 and 10.15, thus forming

H, = fzq,} :‘;u ’ﬁ?u dp

~ ~r

-

i

l*n =:J(‘J0£) afﬁ.(‘lfec‘i1é s

with Hj as before.

We note that

Eg v $E€(g) = Ep

~r ’

Lq£)+-8u(£)= ¥ ,

and the total Hamiltonian H is now

H

of

10.19

10.20

10.21

10.22
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11l. Formulation of the Physical Particles.

As was seen in Part I, some scattering models
are of interest because of their applicability to
some part of the scattering problem. We now set
up trial wave functions for a physical nucleon and
a physical pion. The model incorporates the main
points, which the earlier models emphasise, but it
is limited in such a way that the theory dqes not
become too complex. Thus we hope that a good
numerical calculation may be made for the resulting
phase shifts,.

An attempt was first made using the real vacuum,
i.e. that which occurs in the New Tamm-Dancoff theory,
but this soon proved very cumbersome and the bare
vacuum )Lo was used instead. )_Eo contains no
particles or anti-particles, i.e. negative energy
states of the nucleon are all filled,

The Physical Nucleon.

The trial wave function we take for the real
nucleon is

Nt fo =[Z€(f)c; + d,@Z’fa(ﬁ‘:‘,'ﬂ C¥_:, “’L«

Uy ~ 11.1

+1 [ fdp’dﬁz (A5 P34 ﬁ»?i) f“f dt*i‘*ﬁ"ﬁ"a}/"] %

LG.U'

V.




Summations over state indices are limited by con-
servation laws. For convenience, particle state
indices are not written in the functions 7{6 ,
but are understood to be implicitly in with the
momenta.

We require that the renormalisation terms
10.18 give the physical nucleon state an energy
eigen value Ef. i.e. the experimental energy
(I1&r£l)”1. Then we determine the functions 2FJ
from the Raleigh-Ritz Variational Principle
using the Hamiltonian 10,22,

§(FNg. | H-EgI N §,) = ©

11.2

together with the normalisation condition

*
(f,N,gu/Nhfo) = 11.3

We assume the usual bare vacuum properties
(}L"/f") = | and A'fo =0 11,4

where A is any particle annihilation operator:
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From 11.2 taking variations with respect to ‘ﬁ, fa,“%z

we have:

F g )f - ;(“gl’f“fé—r)f*(’g”“ﬂ')

(2em)™ 75

.¥ 11.5
‘I, Mg (o) T #3) fr kg g e )
(2m7 Y (Aot vt

£ 11.6
k4

(Eﬁ-E({f' (».\) lg(ﬁ (vﬁ‘i‘:‘ X‘l};b‘-é)%,(f}

—,{2 ?{ / 7
)}:uflwf)f(ﬁ)[(vf ¥ T Vet S(£4) fue 11.7
(WG Y T Vopps) ) S |

(211)
Using equations 11.6 and 11.7 we find that the

normalisation condition 11.3 gives us

f(f) =1+ f L Z(“«zmvz oo T v g )
(m)

Oy UJF &
(E{g"k@-: ""(::)) 11.8

][‘{“ d?z E ( 'me )/f’;fuz)("“’;a/% V}e—:)(l 'S(?,—f) Suw)
UJT)

L0, vw

- '}
(E-ﬁ— E(ﬁ) "E(}) 'E(}f:\) - "J(":‘) ) |
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This equation can be solved for 't% (?g) and
hence, via substitution in equations 11.6 and 11.7,
we carn find f& and 'jg + Equation 11.5 simply
leads to an equation for E(ﬁ) and this will be

examined in the section 13.

The Physical Meson.

This proceeds exactly parallel to the nucleon

case. The trial wave function is

* .
MoV ~[febref + [41] foizben) G digy
Vo .

B » L, ¥ X C 11.9
ey ) frrrette) o stV

V, o

Y
notation as before. Correspondingly we also have, for

l
2\ 7
L{ﬁ the experimental meson energy (,411* ’g ) .
T T
S(Forgl el T g) 0

and

\

(., 7. | 7"2“ 7.)

11.11
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The three equations for the amplitudes f&) f%,and

f" ) are

(U£_U(£))ﬁ(«£) = Z/ ] CLI ‘ Z (V;«£}%UZ)%5(:6)Z{)

(aal* (“"'P) B

. | 11.12
Z f 2 (V1,+? Z(’r ‘*f?) ﬁ(f,z*,/:),l; £)

(..1(-)7’)’/3 v,uf
r

Gm™ (.1 vg) v

(- “n~90g) ~EctgepLy - Ep) f(? *lrgr *,1,4') =

11.14
f;,('&) [(U a’q} Vf'*‘l*?’f) S(i 'ﬁ) Soc/{
(m)“ (&w
+(?Ji &'7% V;Ujff~£) 15({?’£3 gal)]

20,.)7
( 2"
As before the normalisation condition 11.11 yields

jﬁ (0) = | 4—; ‘f. 2L (V%,{ JOQJJ%)(Q; )ﬂ;v%’i )
(l“)) Vot \

(xf‘} ,
(e - Ep-k) -E(p)) > 11.15

g (C{MZZ(""W )5 T Vg ) (824 Sop)

(17‘) Lp) Vit
12 (Vg -vk) -ep) —Ecyz)‘gﬁ;))



Similarly to the nucleon situation we can obtain
f&v f%}and Z(a , and equation 11.12 reduces to an
-equat‘ior»l for w(&)
We note here that if more probability amplitudes
f& were added then solving for the two sets of
anplitudes would be much more difficult as coupled
integral equations would arise. In our trial function

fa_ and f& are coupled only to ZZI y sSince we

are using the interaction Hamiltonian 10.16, and

similarly for fg){c ) and /lf. .
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12. Vacuum Subtraction.

Because we use the bare vacuum, our trial wave
functions have the same vacuum effect trouble as
occurs in the 0ld Tamm-Dancoff formulation of the
scattering by Dyson et al. (1954).

We see that only the two amplitudes j&» and }gé
couple the vacuum fluctuations to the systems. These
two states can contain the closed loop, 6:::) R
together with a bare particle, and this loop is the
lowest order vacuum diagram which is allowed by the
interaction Hamiltonian, In any evaluation we find
divergent contributions from terms containing this
loop, and hence we must subtract it out.

It is found, e.g. see equation 13.2, that the
state, with amplitude 1?3 ,'gives results in accord-
ance with the Pauli Exclusion Principle. When the

loop occurs with a nucleon we get
1

¢
=,

i.e. unrestricted pairs formed in the nucleon's cloud
minus the case with two identical nucleons.

The meson case with ﬂéé is similar except that



the second term is added, not subtracted, due to the
meson's Bose statistics.

In»the case of the weak coupling constant any
graphs including the vacuum closed loop are dropped,
since they are exactly equal to the expressions
resulting from a similar calculation for the wvacuum
alone; see Matthews and Salam (1952) and Moorhouse
(1953). For a realistic coupling constant this would
be only approximate and we should take for the

expressions in our model
'"Vacuum with particle present - Vacuum alone.'

This, however, would entail quite a large amount of
work, and would necesgitate the formulation of a
physical vacuum. For thé sake of simplicity through-
out the problem, we neglect any graph which includes

an unconnected vacuum loop. It is to be hoped that
this consistent approxi@ation does not have any serious
effect on our results. This procedure is the same as

the exact weak coupling method mentioned above.



13. Energy Values for Renormalisation Terms.

In this section we endeavour to find wvalues for
the energies Sﬁg)and écm{) of the renormalisation
terms 10.18. As we see from 10.21, it is equivalent
to find E(£) and &4). Due to our method of renormal-
isation we find that we have to solve coupled integral
equations, and the numerical work is made much easier
if we assume that we can write the energies in the

following form, to a good approximation,

Y
E({g) - (mol +_éz) 2.

2

Ogy = g R

In a relatavistic covariant theory this would, of course,

be exact. We note from the equations 13.2 that as the
coupling constant 7,—)0 then E(f)—> Ef and U(,ﬁ) - U£
and so with the above assumption we have Me—=M and

Mo = p . The problem thus reduces to finding the
masses [lo and Mo , which for convenience we shall
call the 'bare' masses.

Substituting equations 11.6 and 11.7 into 11.5

13.1
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and cancelling ﬁ(f} throughout, we obtain

13.2

+ P c[d:z« b T (N(ppyN'(g)y)
Guf Joasy (Eg~ Egy-Ecyrp) - Ecqy-vcnr)

7; is an operator which implies that the trace
has to be taken of the expression which follows.
The T matrices are the Pauli spin matrices and
their properties used are

2 TeTe =3

< 13.3

Trace(tz_ TL’Te) = 6

In an exactly similar manner we obtain from

equation 11,12

- = L afdz T p My
A

]
(am) 0p (Uﬁ”gtv,’i*j)’gf,?))
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+ 31 gf .o(:t 7. (A“(t)a//\+(i*£)()f)
08 (g 2oy~ By E(y4))

13.3

(2a)’

i § 5(42 do T« (N(p) y N2-2)Y)
Ay (Vh- ey -Ep By b))

We use the following property of the projection

operator and the matrix bf which equals L’ﬁa/g,
T + .
y Ny = N(£) 13.4

This can be easily proved by writing the matrices
as Dirac 3’ matrices and anti-commuting them as
usual.

We average over the spinor W4 inequation 13,2

and evaluate the traces to obtain.

Ry - 3{”"% (Eyeg M- ¥ 4)
oy S 2oy, 2B E(Eg-ug,) -Ep)

../}:3 3[ aLg: (E,lEg tM*- ‘l«,f

(am) lwﬁrzlEiEfg(Eﬁ- ;E(_é)vl{(z)-,o(ffp)

+1 (Pi Ap (EgEp + -2 7

aa)’ l%ﬁZEfgfu%‘&p—E?,&bﬂwzﬁﬂ

~

13.5
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and
W = *a d@ (EZ, E,g,? +(—£fg/).k FM?)
713
(am)” J20f Eopy,, (% - Etkeg)=Ecqy ) 13
£ 902l dy(Epmey + (ry gy +M?)
tam’ -

Qbf Eé”i E?' (CJ€ —lu(i)/g(ffi)— E'(z))

t+f (| dydp (EpEq -p2 +M*?)
— ~ T = ~ ~
(1r)

0pry Ey Byl og- org)~ “ary ~Ecp-Eqp)

We introduce a smooth cut-off function of the form

.__ﬂf___ for each nucleon line at each vertex. ?
A’l""(P;. ~

is the momentum value of the nucleon. This is amply
sufficient to ensure convergence in all the integrals.
According to our proposed vacuum subtraction, we
now omit the third term on the right hand side of
equations 13.5 and 13.6. If we now put ﬁao we
arrive at the final integral equations for the bare

masses = Mo and ’40 .

6
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M
2 2
- ﬁ"di [ 5] (gy-m)
Ty By (M- -Eg)

C

13.7

2 Al - S

+ 3?‘- 5 zld% [/’,’]/11‘?/1] (E?/ {—M)

s wcb E?/(M—— Rlﬁo/—E(v - L)UL))

and
poo=
L . %

L L -
_ d A~ 2]

%1 { b [/A i 13.8

(1t = 2Ey,)

2 &
- F ( 1241 [ Mo
(t~2/pel = 2E )

ﬂ'l

Here we have used
fdi - ffati deab o(f 13.9
= 4w fﬁld;.
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13.1 Calculation and Results.

As we see the equations 13.7 and 13.8 are non-
linear since the denominators are dependent on the
bare masses and cannot be expanded. The most
convenient method of solution is to use initial trial
values for the bare masses in the integrals and to
reiterate the coupled equations.

A programme for the D.E,U.C.E. computer was
written to do this. An interpretive scheme,

Tabular Interpretive Programme (T.I.P.) deals mainly
with data in the form of columns, and since programmes
can be written fairly quickly in this scheme, it is
used throughout this work.

The programme reiterated and punched out the
current values of Mo and Mo every 45 seconds.
The numérical data used is as follows:-

The parameter A for the cut-off was taken equal
to ™ the nucleon mass:

The integrations were performed numerically

using a three point Simpsons Rule with weights:

W; = 5;(',43 | ), Interval between points:

The range of pivoted points was
o(-s)7(1)15s(w)39

29 points in all.
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The bare masses were evaluated for different
values of the coupling constant and the results

obtained are contained in figures 13.1 and 13.2

Fig. 13.1. Value of Mo as a function of f;ﬁﬂﬂ
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Figure 13.2. Value of fo as a function of fzmr

In figure 13.1 the top section of the curve is
fairly linear until l%w“’l% where it curves to meet
the lower section. For points around the juncture the
masses were evaluated, and a discontinuity in gradient
was found.

In figure 13.2, the results are wvery nearly
linear, and the large wvalues are mainly the result
of the comparatively small denominator El~ &E(Z‘)]

in the first integral of 13.8.



For the purposes of comparison, the results in
Table 13.1 were also evaluated for a coupling
constant given by j/m =15 and initial trial

values M and M .

Ma /“o
Theory as above. 3.734 57.41
Theory as above but
equations uncoupled. ' - L2,.53
Theory not with a
smooth cut-off, but
with a sharp cut off 5'118V 97.84
at 5.6.

Table 13.1. Mass values for comparison at J;Zﬂ,=15

When the equations are uncoupled no value of Mo
was found for trial values of M and /* because
in this case there is a pole in the first integrand
in equation 13.7.

For a sharp cut-off the high value of Ms occurs
because the contribufion from the first integral term
of equation 13.7 is not cut down at higher momenta, and
so it cancels more of the second integral term, which

gives negative results.
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14. The Normalisation Functions.

We shall call the amplitudes 7?, and ?%:
the normalisation functions, they are determined by
the normalisation conditions on the physical particles.
Using the same procedures as were used in section 13,
we obtain the following equations, for 7fl and qu )

from equations 11.8 and 11.15 respectively.

f(«@) =+ 371(a¢n Vdg (EgEy— M r4y)
G’ Tk Cyrd BBy (Eg-yupy ~Egp)’

37 («tﬂv“z (Egey +rt-£1)
— ) — M it 2

(a1
¢ ¢ ledfdz, (EpEqy #M*-12.7)
am)’ 0 .

14,1

~/

-4 2
fa(:@:! ¢ )Jdﬂ?’adb(gg'lgl' #EZ: l—f%)

(Ax) -
2w£E£rZE2(“£~E(£,Z)’E(Z) )&

14,2

' ﬂ: (olﬂ 1dy (Egg By +E° + £.9)
2o Eey Eq (wg-2dy - E(«@;z)'Eny)aL

+1%)

~~

+ g {dz/a{t (Epeg By 1By

3
20 p Eprg Eq (0g-cr =)~ Ecpry)Eip)



As we shall see later, these functions appear in
the scattering kernal and are quite important in
determining the Tﬁﬁ.yi resonance. The last term
in each equation is the vacuum contribution which
we neglect. The same cut off as before is added
for each spinor which appeared in the equations.
An approximation is made here for particles of
momentum (‘ﬁrz) say. Instead of the cut off
ﬁ%*(,g *1)1 we take ,%{;*k‘f?/a so that the
cut off f;nctions are not angular dependent.

As can be seen from the equations there are
two integrations to be performed numerically. For
the angular integration we take the 11 pivotal
values for the cosine of the angle, —f (*2) +i
and use a three point Simpson's rule with weights

we =% (1,4,1)0a . All the other numerical data
is as in section 13.1.

A T.I.P. programme was written to find 26(46
and Zé*(f) . Due to the double integration, about
6 minutes 8 seconds are required to evaluate and
punch out one value each of jﬁbf) and fi(ﬁf)‘

Two cases were evaluated with the following
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parameters: -
1

1) [l
1

2) 7/“"

in section 13.1 for 77417': /s .

1

s with M. =M and ,4.; = p

i

(5 with the values of M., and /40 found

The values found are shown in figures 14.1 and 14.2.

{-ro05 }

‘190 ‘ﬁ

i T T
c (o s 26

U\-.

Figure 14.1 //(/E) as a function of k.

v
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w
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[0l Bl
o7 L ! . 1 .
o ' /0 /5 20
Figure 14.2 sz(ﬁ) as a function of 4%.

For case (1) the values for another coupling

constant, }/ say, are found from the following rule.
-2 . —%
f (£) = (f(f)-/)} - 14.3
? t5 —
(o

For the range of coupling constants in which we are
interested, the accuracy of the computer is sufficient for
this rule to be used, even when the normalisation functions
are quite close to unity. When the accuracy breaks down

the error introduced can be neglected compared to unity.
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15. Coupling Constant Renormalisation.

The coupling coﬁstant, ?, s, which we have been
using is the coupling strength between the 'bare'
particles, and therefore it is not experimentally
observable. In order to evaluate the scattering
phase shifts etc., in our theory, we require to know
the value of JP which corresponds to the renormal-
ised coupling constant, 2w— , which is generally
taken as }’:/47,, >~ /5.

In electrodynamics there are several different
requirements which lead to the unique charge. However,
as Kallén (1954) has pointed out, the renormalised
coupling constant is not uniquely defined in meson
theory. Two very important papers on this topic are
Kroll and Ruderman (1954) and Deser, Thirring and Gold-
berger (l95h). They approach the coupling constant
renormalisation problem from different definitions
and they arrive at different results. The Deser et
al. prescription leads to a small coupling constant,
and, if the method is to be believed, severe doubt is

cast on the validity of pseudoscalar coupling theory.



Since the Kroll and Ruderman requirements have
certain similarities in form to the renormalisation
in electrodynamics, it has been used by a number of
authors examining the meson renormalisation problem.
With our model we take the following equation

as the definition of coupling constant renormalisation.

o ¥ (Forvg[pysTaINg ) folkl) s,
ko ok (RocglpysTilcq )

This is the Watson-Lepore definition as used in

Nuclear Physics, and is similar to the one in Chew's
static theory. We note the resemblance to the
definition of charge renormalisation in gquantum
electrodynamics by means of the formalism of Dyson
(1949).

We can write in Dyson's notation

}r =7, 7,7, j/ 15.2

where Z “ ;f A C 'g)

3

Za.'/a ) I %4 (,f) 15.3

-1
and ZZ, is the ratio of the renormalised vertex

4]

operator to the unrenormalised vertex operator.

It is noted that we are investigating the
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interaction of a nucleon with a zero energy, zero
momentum meson.
In our first examination of equation 15.1

we include in the numerator only the three graphs

following;
’
s s
4 v
"4 r o EE
s k- -~ 7
// ~ -~ {( ,A\
N // )l / \
7 / 1
£ £ £7 82 &7 4
//
S ’#—;{I
- —? // ~ 0~
£ g-\ /,'/
~p
Wiy
~ N
7
'{I

This leads us to the equation

77 - zzyzf
'207(

t —
€20 £k (Zﬂj sTHTe
-4 (3

¥ | 2
(g y T tgey ) (gey [p e[ Uty )(uky ¥ T 45)
(E:g - “’cl)’fcﬁ—!))(‘-:/{' ~Co) ’E({Lz)) (“;’ //3]5 T “f)

—

¥ ¥ x
4 (“f'b’ T V{'M]z )(V{’fz, ]/3 {5 T / V«E?)(Vﬁg*} ]71' (’('f)

(Eg -Eg)~Eray ~Edtey) 4{1;)(%' ~Erg)—Ecp) - Echrg)-Wig))-
(<[ pysTol wg)
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Using

we obtain

7 - X7 l(”‘%,
' q@mﬁ’e{(%,)’ Tog

o~

(u:? /\—(f%z/) B g /\—(/f;j[{) “ﬁ)

(Eg-4p- (é*Z))(EQ'-“cz)’Efﬁ’*z)) (“Ef pYys uﬁ) 15.

1]

(wpr A¥(R99) By N (£eg) 4p)

(Bg-Fy~ By~ Ecarep ~9) G gy B~ Ergp i) wpe fys )

+

Hence by the usual techniques we arrive at

7" =

o ALV BN () B B A 15.6
o g Ef (M -vg) - Ey )*

b+ MEqrm) FHR UM
(M -2r10 — C(g) —'Ec?:) )7‘

From our rule for the cut off we add the function

2 %
AR~
[4%}"]
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to the integrands. We note from the previous
section that ZQUU and ZZIO) are simple to
evaluate. For convenience then we calculated ?,)

equal to Z, Z Z ? in the one programme.
15.1 Results.

The T.I.P. programme, which was written,
evaluated }r for triads of wvalues (?, No)/“o)
The time required being about 60 seconds for the
first set and 35 seconds thereafter due to an
inner loop in the programme.

The pivoted points and integration weights
were as before, and again A=M . |

The results are shown in figure 15.1, for
the two cases:-
(1) Ne=M  and Mo =M
(2) Mo and }° the masses corresponding to the

coupling constant in the triad.

As we see from figure 15.1 there is no real ;b
corresponding to }/iq,../s in either case (1) or
(2). In an attempt to overcome this we could include

further graphs in equation 15.4.
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s
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o) 10 a0 30 £3% 50
Figure 15.1 ?r as a function of (j,r%,FO)
A possible graph being : ST which

could occur due to our vacuum subtraction. However
at present we decide to determine ?, by fitting the
scattering ?%335_ phase shift to the experimental

results.
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16. The Scattering State.

In order to describe the scattering of a
physical meson from a physical nucleon, we use a
trial function and a variational principle for the
determination of the phase shifts.

We define the scattering wave function in the

centre of mass system as

?s - Z d,f )f('g) Cc‘o( NZ&”‘}‘. %o

o, (

T b NP 16.1

7 * x
) ey g e

This trial function is for a state of particular total



angular momentum T , and total isotopic spin, I .

b}
The f&m are the appropriate numerical factors
required to construct this I,7 state from a
nucleon in state [2.8 and a meson in state < .
Similar constants are to be understood in the last
three terms, and from here on we will also explicitly
omit the ((«x for convenience. The last three
terms we shall call the 'interaction' terms.

The scattering wave function :Kﬂﬁ) describes
the pi-meson scattering for the given 1,7 state.

The functions X) 55) ", and K together with the

)
constant & are determined by the wvariational

procedure
S(E[’:slHﬂi-Ulfs) = O 16.2

where E and W are the incident nucleon and meson
energies respectively. We use the total Hamiltonian
of equation 1.22 with Ho = H; + H; .

The O« term only occurs for a fP%fﬂﬁ state,
and taking the variation 16.2 with respect to O gives
us the requirement that the scattering state jPS

should be orthogonal to the physical nucleon state.
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We now take the variations with respect to
the functions as noted. For convenience we write
the results in a 'shorthand' notation, in which we
omit state indices and momenta, and use the Bra and
Ket notation. |

Variations with respect to X
7X

~ TN [RE[ [ XTNY =
- (mn [u-E| [¢ced)
b N [ H-E[ BN 16.3

+ TN [H-E (7 ¢ aad

+ (TN [H-E| [k cedaa)

Variations with respect to é

6 = - N[N 16.4

Variations with respect to 56

4

~{dec /H°~E[f?{ cedd =
<dee [ur [ 6N 16.5

b Caee [a—gl [X v



Variations with respect to j

/
- (CCL"-/H*"E/f? aacy =

6.
{cao |[H-E] [XNTD 16-6
+-<fCClG.[lfII 94V>
Variations with respect to k
- Caadce [Ho"EIJk ccdaay =
16,7

(aadcc[%fleNﬁ>
bt Caade | He] BND

We see that, except in the 'Pg.%. case, the
'interaction'! terms each couple back only to the
scattering function ;K . The Pg;g case is

neglected at present.

In equations 16.4 to 16.7 we can now evaluate
the matrix elements. We write the Hamiltonians He
and Hr of equation 1.22 explicitly in terms of
annihilation and creation operators, and similarly
with the physical particle wave functions N anda T
We then commute, or anti-commute as appropriate,

the creation operators to the left. Using the
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properties of the vacuum,we can evaluate the
matrix elements in terms of the probability
amplitudes of the real particles and functions of
the form ux/ﬂgs 7» V', where & and V are spinors.
This type of expression has been seen previously
in earlier sections.

Thus we have found the functions ¢,7 )and X,
of the interaction terms. On subsfitution back into
equation 16.3 a single integral equation is obtained
for:x.

The algebra indicated above has been per-
formed, but will not be reproduced here, not only
because it is extremely lengthy, but also because
we mainly wish to examine the results from the
first term in equation 16.1.

It might be hoped that this first term yields
a large proportion of the scattering, and the
evaluation of the scattering due to this term is

the main aim of this thesis.



17. Integral Equation Formation.

The equation which we have to solve is

# ¥
(F Ty Ny, [H-E 2 dsX(ON T V) =0 7.1
If we write the particle creation and annihilation

operators in the equation explicitly and reduce the

matrix elements in the manner described, we find two

types of terms. The diagonal terms have §=-ﬂ , the

~

scattering terms are integrated over 3 and form

2

the kernel of the integral equation.

17.1 The Diagonal Terms.

We will examine diagonal terms from 17.1 which

correspond to the three graphs.

£ - _':f S
—_— e 2Dl o {’-z\
- lé £\1/;£1:\
and - _._.__;:f______
0

For convenience and compactness in writing down terms

from 17.1 we will omit i’o and Z Jdix(i) .
Lol
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From the term

(fz,('é) Q_@. f,({)cﬁ | HomE-0 <S)c f(s) a L.

we get the contribution for §~

4f(f>f(£)[£?(;)4w Ew]x(i) 17.2

Similarly

(ﬁ(f)"‘_ﬁ{jf‘ii 2 (-3, %4)C g g /HIlfC'J ;«f() —sz

and its complex conjugate, give us

+f Zp(f)/(f)J L2 dg (Qz A}f’i)“f)}{(f) 17.3
,Ur) (Eﬁ-w(z) ——Ecgfz))

From the term

(/4({)%4%(C{zf}_(z,éf’?)(,i?qffpl /‘fo”E’{,)/ )

fd;/(zwg %(A) fSc

we get the diagonal term

t fmﬁ(")f(a%) Fopg) ey E-w) alz(u /\(4’*2)“{))(; 17,4

aaf (Eg-oegyEchep)’
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Also

(ﬁ(f)a._fj (i‘gd@dg {({'%fz@{)a o, Z”,’%C c I'

~ ~.

| Hr ] f:(i) szfa(i) &',2")

and its complex conjugate give us

p fwfis j > dy (G Athe) %) X4

any (£4-2Eck)Ectryytrp) 17.5 .
Finally one of the contributions from
(fbray [ fades [hoeo] [fecdefive,,)
is
f(f)f (’F} [([L‘f"i) ,LlE(f) Hu({) *U(Q*E (.J) d% )
L7 17,
2
Cmﬁ) (Eg lEHg, E(grl ww(w)

X (u{/\ (»ﬁfg)u{ p‘cé’)

We add 17.2, .4, .5 and .6 together and find

1 f;?"f)f:ﬁf) )icf){[b(g)+g(£)'5—u] +

) 17.7
] [ Eg +og-L-o ¢ / x

—3 —

(27) ( Eg vté'fv-"i) -()Ci))l (,Eg ~-E 'Eﬂrﬁz)' w(,?:))

< g N h)ng) 4L
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~ j‘ Eg wéQW-E - ‘ [

»

d _
Clﬂi CE£ "a‘ZE(’g) - E(;{,.!) "(’J(i))l (Eg -2E 4 —E('f'Z) 'Ufy

g Nn)ug) 4y

We see that the second term in each square bracket

can be grouped together, according to equation 3.3

to form E{ . Taking the common factor (Eﬁ;f&&#r—E’w)
out the remainder we find forms the normalisation

equation [/l -§ and the final result is
2 4 17.8
fb(@(fﬁ +w(£)~E-w) X (%) y

We can now add up a similar set of graphs except
that the meson line contains a self energy part.
It is easily seen that the total contribution of all

such graphs is merely
(Ef +w£~}_2-»w)>((*£) 17.9

There are, however, two groups of diagonal terms
which do not contribute in the above fashion.
The first arises from the fact that the wave

. x % . .
function N ﬂ’gk contains two states, i.e.

A . ¥ _* L
ZC(L* f@ a*a*c*d” }Lo , f; c*crd a ﬁ a“j;o

which are not orthogonal to each other.



The second set occurs because we have two
real particles. The presence of the second particle
affects the vacuum associated with the first particle,
eg. if a vacuum loop occurs with the meson, _é;;i_

then, since there is another nucleon, the Pauli

Principle gives us

— m— — — . m— —

We note that both sets of extra terms result from
vacuum effects. Essentially a 'transference' of
vacuum effects takes place from one particle to the
other either in the probability amplitudes or in the
Feynman graph for the event.

Now it is essential that equation 17.9 should
stay as it is with a zero on the 'energy shell', i.e.
when 'ﬁ equals the incident momentum. The wvacuum
subtraction proposed in section 12 has to be extended
to remove these further wvacuum troubles.

We find in the algebraic results that the

following four expressions can appear in the
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denominators

E 4~ Epp - Egy ~ Ecxeyy - ¥
£ Ep B Eorn M 17.10

wg - wg) “Eon ~Eaen) ~“p

Eg_ L1Ecg-E(gey) - ey
~ - 17.11

©g -dwg) -Efey) ~EQY

The last two we find are associated with the self

energy graphs ? and _257 respectively.

i

The first two are assocliated with unconnected wvacuum
loops and the two groups mentioned above. We there-
fore determine to neglect any non-scattering term

in which the expressions 17.10 appear as part of the

denominator.

17.2 The Scattering Terms.

The kernel of the integral equation is made up
of a large number of scattering terms which fall into
three classifications.

1) Second order terms eg. -7 .-
-

2) Fourth order terms consisting of a second order term

and a self energy part eg.
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£
3) True fourth order terms eg. ot 3
—2-’\1
£, ")
f*t?
P.‘"\.._\// ‘,2
~ -
— -

As examples the derivation of one second and one
fourth order graph will be shown in full.

Second Order Term.

We will consider one of the terms from 17.1,

which leads to a second order scattering gfaph.

(?o (fscﬁlz'f) CLZ_FfV C’ZU' 4}, f:({’)c’gu / HO'E—C‘) I. 17.12

* ﬁ(}‘) (::: (ﬁ(}’) ZI:E) Cz'ul d%'{"f‘wd‘z{f’)

The interaction Hamiltonian gives no contribution here,

but H,"E-L gives
(Eéﬁ) + Eegy + E(z;—{)”E -w ) 17.13

On anticommuting the operators we find the following

delta functions to occur,
9(1+k-12'-5)
togethe; with
(4-5) SCa9)  or - S(k-g) S(2-5)
The second of thg;g’gives us the scattering graph

-5 Y

~
— e amn e - -

s ‘\\:i—i -k

S N — - —
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Substituting for f& and summing over the

intermediate antinucleon state we get

ga f(ﬁ//«({) ds (ag J/\(«L’w)aru Ty f(:)/(s)

(x1)
17.14
(E(i)fE(S) FEC£+s) —E - Lo) 'X(s)

U“’f"s) (©g - Echen-Ecp)©s-Ectes) = sy )

Fourth Order Term.

We will consider another term of 17.1, for

which Hy gives the only matrix element.

(¥ fb(ﬁ) ff(%f*i) 4oy G2 dg [ Hz [« 17.15
Sfl(’i 2*5) C a ’rS ‘{KL (f (n’;f"\é) C ;MS d iE)

The component of H; used is

(v,,\g Txli3) dy,, €y @t dp 4

o~

(2 0y) ) “a
On commuting the meson operators we get the delta

functions
S(hegrn) §(Hrgles)

S(Rer-775) §(£-x)

On anticommuting the nucleon operators we find
~ g(’:*é‘z'}:) together with

S Spr)  or #8lgemdizeg)
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Using the second of both altermnatives we get the

scattering graph

/m
A
/
/
S
81
]
|
l"
}
i
{

Yo YV

Substituting for f& and j% ;) and summing over
the intermediate nucleon and antinucleon states we

find the expression

{((,/Q(i) ds 4p (u ()/I( 2) YN (s-P) }5/1 >f) yuy)
(m) 2 wh,f(.(‘ws u”"&

17.16

Tl TpTu D fel9 Y (L)
(EE‘E&-Z':?)' (1+£) )(“ﬁ E(;r £)- E('r-s))(t{ E’m—“mf))

Anticommuting the T« matrices and summing over «

we find

Tou TeTp T = 2TfTe + TETf

In equations 17.14 and 17.17 we remove the matrix ty

. t +
by using the relation af’\ J': N as before.
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18. Reduction of Equation for Numerical Integration.

We have now obtained an integral equation of

the form

. .
EptL -E-w) (£) = | ds w, P£.5) us I Y(3

(f % X ~ f?(“”) if 2) 18.1

where lpﬁgj) contains projection operators, and %y{

stands for the eigen-value of the nucleon isotopic

spin operators for each term in the kernel, as

explained in appendix 3.

We now re-define x({e’) thus

2 Ug XA = X’(f)

and we drop the prime. Thus we have

(Egsvg ~E-0) ) (#) :fdz Nk Phy I xs) 8.z

The )((—f) now defined is obviously not of definite
parity. However ;((ia is defined for a nucleon state

of positive energy, and we may write the spinor function

X({) = XI([i)) )where chf) and 7[1({) are the large
X (4
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and small two component spinors respectively.

Eliminating X’* by the usual methods we may write

X(f) - (1 - 2-%) )(X‘M)) 18.3

o
Eg +1

Since gff is invariant to rotations in co-ordinate
space, Kﬂﬁ}has the same total angulér momentum as X{éu.
X’(*E) has also a definite parity. We now wish,
therefore, to rewrite equation 18.2 in terms of )i
To do this we must obviously pick out the groups of
matrices with diagonal elements only, i.e. matrices
such that the large and small components are not
mixed. Such matrices are eg. unity, J{i ﬂ > or
any of their products. The © matrices have only
two components and of course are not affected by
this elimination.

From appendix 2, we see that )32:1 and /351
for the large component.

The matrix dependent part of the second order

term 17.14

(6g vk g (Eg, o 2o pn) 1= [y ED)
5 +H1

becomes
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{(‘?z*”x% )+ Egm) gD g8+ gk gsed
E, «M
b (Egg-M) of o
et )

= [(Egm} (E@ *EE +F£-—M)
(EgsEgis +Es+m) gK a3 ]

18.4

Using (‘7 (G'f) /ﬂl ) 3«:—5,_5{ and

P~

A

the fact that the ¥ and [@ matrices anticommute.
Calling the expression 18.4 3(£.§) the second order

term we are considering is now

j f(f) (‘f) [ﬂ:f :B( ,3) (E(f) #EQ) *E(-ftx) "E"‘J)*
(10) 18.5
I fus fete %06) '

(403 0)% (0y- Efs) ~Ec) )(ugf Eger)- Eg))

where %%72(;0 for this term, in the notation

of appendix 3.

The method for the fourth order terms can be
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exactly the same as that for the second order terms.
However this is tedious due to the extra two pro-
jection operators,as in equation 17.16.

The work can be cut down if we use the properties
of the projection operators. We examine 17.16 before
the projection operators are introduced. We have

the expression,
¥ X
(Viz y vt ) (4pp ) 42)

appearing, summed over intermediate states.

") -
This equals \/ S-7 N (S—?'£) u',i

~ e~ ~

¥
= Vsa (Espg - x.(s-p-4) 1)t

~

*Es-pA
*
= \/5'2’ (Espt tEgp rgk )y
L Es-p -4

We use this property, and also anticommute the
matrices in order to use eg. x.§ W = (Es—ﬁf1)‘4£
[4 YA ~ ~

We note that

(«4)(g-5) = -(x8)(4) +2(£:5

Hence we find that we have to reduce the expression

(Ewpm—%gf)(n *[HB # CJ‘Q}?)(’ - M)

Ej +M
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which is as in the second order term and quickly done.

We find that

A= (Esyg +E£.~1)[Ei-¢(£} tEyp b)) - Bs(Bp tEsy)
f&;f "Ezl ]

+(Ez kE,&g)[EiEf -2 (1)# *EﬁEi‘f]

b (MPFEgE +28 K)Ese - By (EJ-25.7)

B oM Ep(Ept r2Ess 1bp-E4 £, )

H(Egpt EpJ(EprEsy-E) - Eg(ByrEyy +5) +1'H A

The integral equation is now of the form
(Eﬁ rog -E-0 ) Xle) = j"‘n sds f% K(£,5) )(4(3)

We would now like to perform the angular integration.
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l<(/£,ﬁ) is angular dependent through terms eg. (Q'"f)(?:-ﬁ?
and Eﬁfﬁ . As we have defined ‘X,Pﬁ), it is
an eigen function of the total angular momentum,
We will henceforth drop the subscript on Xﬁﬁé)

We define two operators Sk_ and R by

5. X(g) = Z’% d g P« X 18.6

(Rk X(i) = Z’«% d 1N, (gf)(lﬁ) P(x) 7((3) 18.7
(115

where cfx is the angle between 'ﬁand $ , and 'P,‘ are
the Legendre Polynomials.

It is shown in appendix 4 that

5. X - L Sl x(s)

dn+ |
where £ is the orbital angular momentum of the meson
in the state being considered. It is also shown that
Rh X(,g) :/I/‘/ 8u,-ﬁil ?((5) when the total angular

-+l

momentum J AR “



Hence we have the following table,

Angular Momentum of State S’/a. ?0,2 'Pa,‘1

Corresponding S operator S S 5
[-] { 1

Corresponding'R operator R, R. R,

Table 18.1 .Sand R operators for angular momentum states.

We expand the angular dependent terms of the

kernel in Legendre Polynomials, eg.

[EQ—E(Q,;E)-LJ(»]-I = Zo A P«

The derivation of such coefficients as An is given
in appendix 5.
Thus, we can now evaluate the solid angle

integration. For example

a0, (g R)Ne$)  yo = &w £ ARXS)
(Eg-Eqgrn-txs)

The value @f m is chosen from Table 18.1 to correspond

18.8

to the orbital angular momentum of the state which we

are examining.



We have now obtained an integral equation in
one variable, i.e.' the magnitude of the meson
momentum in the centre of mass system. This
equation can now be solved numerically.

18.1 Derivation of the Scattering Amplitude and
Phase Shift.

It is well known that the asymptotic behaviour
of a co-ordinate space wave function is determined by
the singﬁlarities in the corresponding momentum space
wave function.

Our equation for :XC&) is of the form

(Eﬁ,LuﬁfE-u)xu@): - L-c%’,s)x(ﬂ ds 18.9

XCg)has a singularity at «£ = incident momentum,

and so we can write the solution for XC£D in the form

l
xcf) = C S(ngﬂ—é-w) - L (#s) X&) ds 18,10
EgrogE-®
We can let the normalisation constant €=/
since the normalisation of"X(£v has not been determined.

According to the usual scattering theory we define

the non singular scattering amplitude f%ﬁ) by

X(f) = §(Bp tg-E-w) +P fb@ 18.11
Eg+bg-E-w




- 92 -

where we choose to take the principal value,'? ’
which gives real solutions and simplifies the
calculations,

Substituting 18.11 into 18.9 we have

f(-fc’) = ~{L (ﬁ,s){S(Es*“s-E'U) tP ’ /(5)}& 18.12

E tog—E-L

We find the Born approximation is

fz(g) . - L(K?) Epvp 1815
,?(Ep*wp)

where ‘i is the incident momentum. The final equation

is

{(£)= fg(ﬁ) P L& f“) ds 18,14

ES*A%.—'ET"U?

From appendix 6 we see that the phase shift 5 is

given by

tam § = wfuu

18.15

for the state which we are considering with total

isospin and angular momentum I T .
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19, Numerical Work and Programmes.

The one variable integral equation now
obtained includes in the kernel all the second
and fourth order terms. We would like to investigate
the effects of the three different groups of
scattering graphs, and so we first evaluate
the second order terms.

In order to show explicitly the angular
depéndence of these terms we start from the

equation

(Egrog-E, -o4) XB) = - | KU£,0 x(3) ds 19.1

where P dis the incident momentum in the centre of
Pand
mass frame.

The kernel consisting of all the second order

contributions is
K(%£5) =
1 —
P T fd ()| ds fo fup xw 19.2
(am) B(U,fw‘g)l/l Eg E}é*/{

,{(Fg 1) (Egis-1) - (S£)o £15) + Eges MY SENE2) (B0t 1 XS
) - Es +N

X

Ee 63 ~Egen-Ep-te
(Es- Etkusy ) )(Eg ~Ekes) - ) )
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f“@f«(f) () jd.s £ f«cﬁ) xX®

3 (Uz L)_g)'/ag—& E,’%,.:

(lﬂ)

{(Eﬁrﬂ)(g& +Egrs +Es H’l) (E@;Elrs *Es M) (& ﬁ ) (g s)}
Es M

[ VA Ps - By -Ep-yy ]
(©g ~ Elfkf) - ey ) ( Ws Fc£+~s)~fc£))

m)

f({;b&c«@ jdg fi6) fols) X9 aAEgen)

B (s wp)™ £y
- =l

-
{(E£ ) ?)[Eﬁ Eg-E-Eo “’(‘)] Ws- ‘*’(z)-Etf)-Ecy”“t@]

~{

4 Odf4{%&f{%~?ﬁ¥;{£—&k£)-gta‘Jigrﬁ%ﬂ [t;-EiJ ( E;g cﬁfﬂ
-

+ (Ef +&’(3)'Ez—('ﬁ)[l:_£ ~E(£)*Ec§) 'E(o)——UQ)] [E—é‘E(/E)’E(i) —E¢y) "“’CS)]

_' _'
+ (wé +Es)-E '(’)Z’) [w£ - g)~es) -E¢q) —EQ)] [‘*)5'%,&)" Ecf)- by~ w(ﬁ] }

These three terms correspond respectively to
(4) "~~~ _ -7 (B) —""Y

and (C) -
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Graph (C) as we note has no angular dependence
and the isotopic spin eigen values are (g}.
Thus (C) only contributes in the .S&Jﬁ case.

The numerator of graph (A) has the form

Egs (Eg i HZAN23) 4 [(Egm)(M-Eg-E;_) Hg f)@-?)(.n—};{E;)] 19.3
Es+M E, +M

~

while the square bracket may be written

Es oy -E4-0y Egtog-Ep-vy
(Eg-Ecgisy~ Qen )E P Feap) BBy @) By Te-an)

19.4

We thus have the two types of angular dependent
terms

-t

[3-Egn ] wa [E gy (B-Fken)]

and the method of finding the expansion coefficients
is explained in appendix 5. We f;nd that graph (B)
yields similar terms.

The partial fractions, 19.4, can only be taken

for S # 4 , the off - diagonal terms. Thus on
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the diagonal we have to evaluate expansion co-

efficients for terms of the form

and [E@{Z'(’B'E(ﬁ'*-ﬁ))l] )

Kernel Programmes.

A programme was written for the kernel 19.2
in the T.I.P. scheme used previously. Each row of
the kernel matrix was evaluated as a column in T.I.P.,
and the normalisation functions of section 14 were
used.

The programme evaluated the expansion co-
efficients as in gppendix 5 and all the angular
integration contributions, eg. equation 18.8, were
summed for each scattering state according to Table 18,1.

However the ‘£=O') S$=o0 , and £=s , Positions
were given dummy numbers in each T.I.P. column for

the following reasons,

For £=0 there is no angular dependence in the



kernel and equation 19.1 gives only S wave

contributions. If ‘€=O or S’O, then the appendix

2

5 method cannot be used since T appears.

However for S=0 +the kernel terms also = Q.
The main programme was altered to yield the 'ﬁ’o
contributions.

The reason for the ‘£=5 trouble was given
previously, and a separate programme was used to
find the diagonal contributions.

A final programme placed the correct 4= and ‘£=S
elements and, adding the three terms according to
their isotopic spin eigen values, punched out rows of

the kernel of the equation
(Fgrws ~E4-03) X (A= -\ LA s) x(s) ds . 19.5

The numerical data for these programmes will be
quoted with the results in the next section. The
pivoted points used were O(-5)7(1)15(4)39 , one kernel
being evaluated for each scattering energy. The total
average time required to form each row of this kernel
was about 9.8 minutes.

We proceed now to the numerical evaluation of

section 18.1.
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Scattering Amplitude Programme.

We have now to perform a principal wvalue
integration as in equation 18.14. There are several
possible methods, but we make use of a straight- |
forward subtraction procedure. We have

P L(£s) f(s) ds

Eg twg-Ep -W9 19.6

{_(‘E_sg_f( $) _ L ('ﬂ 1’) f(',’) ZE"PU"P }ﬂls
(Eg+es ~Ep-tp) 1) (Ep +033)

where we use the result

o
G

19.7

;P ds

§2-p*

We are going to solve the integral equation by re-
writing it as a set of simultaneous linear equations
in the scattering amplitude values at the pivotal points.

Thus we have the equation
{({’c) = - L(‘lgo'; ?) Bb W _Z L ("ﬁt’, ’KJ) WJ’ f({))
P[E¢+¢¢) J g%U@J E?*U? 19.8

J 2 Ey s LK) f3)
+Z £ -1 Ep+uy f(

Since we are trylnv to find fkﬁ we must at this stage
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express f(ﬁ) in terms of the unknowns f['{J)

For this we use the quadratic interpolation rule

(3) = k) (P-8) L(4)
fo - it !

¢ -£)(3-£3) f(fz) 1 (p-R(P-Ha) f‘ £)
(. £7;' f,)(&a_— '£3) (_1&- g,)('gy— ‘gil)

= U+ k) +oo fLhs) 19.9

£')£l) ,£3 are three consecutive pivotal points

including P in their range.

We thus write the last term of equation 19.8 as

5oo% P E4 ros

where d£ is only non-zero for three of the pivotal

points {i . The final equation for programming is thus:-

7 [ L (fe, 45) W, _ Z We  aEpbsL(4,7) X +Sq:l/('gj)
j LEg; rog -Ep-ts Kyt (Ep+ )

L(fc,b) Epir 19.10
P (Ep+Wy)

We will obtain results for scattering momenta not equal
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to any pivotal point. In the subtraction procedure
19.6 we hope that any errors, which arise from the
numerical treatment, will tend to occur to the same
extent in both terms and so cancel. The programme

for equation 19.10 was written with this point in mind.

We can write equation 19.10 in the matrix form

Aqu = (¢

A T.I.P. scheme programme was written to evaluate

the square matrix qu and the column C¢ . The matrix
[Afjﬂx] was formed row by row and punched out using

a special punching subroutine. These rows were then
grouped as a 29 x 30 matrix for input to the last

programme. The total time required for these two stages

was found to be about 11 minutes.

The last programme was a standard library programme
for DEUCE written in basic, LEO 6/1, which evaluated the
simultaneous equations and punched out the scattering
amplitude.

The sections of this programme are:-

Binary input for data, Reduce equations, Back substitute,
and Punch out in decimal. The method used is pivotal
condensation and the time required is 3 minutes 20 seconds

for our equations.
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20. Scattering Results for Second Order Terms.

For the second order terms as described, it
was decided to evaluate the phase shifts using Ho=M
and Ko =P -

This makes the examination of the '2' dependence
of the phase shifts much easier and quicker, since
Mo and po are functions of 3’-

It was noted that the integrand of equation 19.5
is convergent as it stands, with the normalisation
functions of section 1h., The Tfirst results were then
calculated without cut off factors. The 5%;% state
scattering kernel showed the weakest convergence inside
the pivotal point range.

The usual 3 point Simpson's rule was used. For
ZZ“ =]§5 the following results are tabulated for the
phase shifts at four scattering momenta. The 0.1
results are very approximate due to 'peaking' of the
scattering amplitude between 0 and 0.5. In the table,
20.1, the upper number in each section is the Born
result.

As we see the momentum value 1.68 corresponds to

P

the resonance peak in the ’ﬁﬁ%. scattering. We would




102 -

Monenton | K.E. I~ PHAasE  SHIETS ( D EqREES)
InN CENTRE
LAB. sYsTEN
F nAsS
o.sysn—ren (NeV) S,/J. S"/; ?3/1.313
+3°38 -(°38’ ~+l
o1 O-907 o . ’
-4 28 -2 +2
+27°23’ —-45°¢! +1°as’'
0-77 41 ,
. - 16737 -9°2! +1°45
+38°27' -§7°80’ +3°54
-1 6 9785 ,
-24°56" —14°s! +5°37
+50°%4' -(7°53' +10°
A 197-3 ,
s - 38°20° -19°2 +15°50°
Born . L
Table 20.1 h hifts =15 ith t off.
able Total phase shif'ts or %QTI , Wi no cut o

like to know if a resonance occurs at this energy and
if so at what value of the coupling constant. Figure 20.1

shows the variation with coupling constant obtained.

It must be remembered that jﬂ and f@ are functions of

3/ . For comparison fl and /4 were kept fixed at

their wvalue for Z%ﬂ: s y and the coupling constant

varied. The peak was found to occur at Zéw Cibﬁgjas
compared with the correct value of 7?2%’ ~ 57.
of

This very large coupling constant is, course,

the unrenormalised coupling constant, and would be
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reduced by renormalisation .,

1ao0® |
§s
go° |-
40° L
3 .

»

i

i 1 ] 1 2

0 20 HO 60 8o

Figure 20.1 Variation of the 1.68 'Pi,l.aé phase shift

>}
with Z/mr

Using the resonance coupling constant thus determined
the results in table 20.2 were evaluated. |
These coupling constant variations were performed
by changing the coupling constant in the intermediate
results for Zz"=/5 . This was done by means of a
small auxiliary programme. The total extra time required

to obtain each ﬁhase shift by this method was about

# This reduction is very strong in our model. See section 13.1
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20 minutes.

S '/l S 3/2 ’P)/A.S/a.

Born Phase Shift +70° 21 ~79°s0’ +2a°%’
[~ 7 -

Total Phase Shift -32°¢ - + Lo (8440)

Table 20.2 1.68 phase shifts for the resonance coupling

3
constant, Zﬁus A~ 57

LeTr

The missing result in table 20.2 was not obtained
due to failures in the last programme Leo 6/1. The
failures indicated that the matrix was ill-conditioned
for this phase shift. This question is held over for
further investigation.

In other scattering models it has been found that
the S phases require a small coupling constant to fit
them to experiment. The behaviour of the 0.77,S phase
shifts was found for coupling constants between 0O and

15, and the results are shown in figures 20.2 and 20.3.
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T
&b
N 4 ¢ 10 2 I ;&
0.77 S%_ phase shift variation with 22’”

)
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Fir

- 70}

Figure 20.3. 0.77 SU& phase shift variation with 25@7.

7

Finally for coulparison phase shifts were evaluated,
with the cut off terms included in the kernel. Table
20.3 and 20.4 give the results.

With the definition, 18.15, of the phase shifts,

we have

§ = e [wfh] emT o,

where N 1is a signed integer. For convenience the

numerical results are quoted for m=0O ,
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Homentum S 4, S Poyy

- 77 -18°53' ~17° 42" H1° 45’

1-¢3% ~45° as’ -43°19’ +7° 54’
)-¢3( Borw) re06° 52! -59° 39’ +7°

Table 20.3 Cut

2

of f dependent phase shifts for ;7 =15.
T

J /un

|5

30

50

g0

813

7° 654"

13%5¢’

2010/

2¢°a23’

Table 20.4 rcs,'ﬁazucut off phase shift for different

coupling constants.
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21. Discussion of Results.

The P%a7a Phase Shift.

From Table 20.1 we see that as usual this state
is the only one where the ‘kernel' contributions do
not cancel with the Born results.

As has been seen this modél gives a resonance in
the ?%:%'scattering state. A large unrenormalised
coupling constant is required to fit the 909 phase
shift to the approximate experimental position.

For the case including cut off in the kernels,
preliminary results are quoted. At present there is
insufficient data to judge whether or not there is a

resonance. The cut off is the arbitrary one which

was assumed throughout the work.

The S Phase Shiits.

From Table 20.1 we see that the S phase shifts wvary
approximately linearly with the centre of mass momentum,
for the range of points we have examined.

In this model, however, we have some notable differences
from other models -
1) The Born results are of the correct sign while the

total scattering results are both negative.
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2) In the .77 momentum case at least, the Syh phase
shift has, for coupling constant variation, the
peculiar behaviour which we see in Figure 20.2.

The two sections of the graph have a phase
difference of probably o .

For lzn=5d the Leo 6/1 programme failed and
indicated that the numbers were becoming too large for
the capacity of the computer. IHence we know that 5.1
is very close indeed to the 3=“Wh position, and so the
scattering amplitude value was tending to infinity.

The magnitudes of the S phase shifts for 7‘/ur=I5
are both about a factor of 2 up on those of Orear (1956),
and they increase with increasing coupling constant.

The effect of including the cut off in the S states
can be seen by comparing tables 20.3 and 20.1. We see
that for momenta 1.68 and .77 both the S phase shifts
are increased, but that the Syz increase is very much
greater than that for the 3%, . This is probably due to
the cut off effect on the slow convergence of the
kernels, which was mentioned before.

We see therefore that a cut off and a small coupling

constant might yield the correct magnitudes for 8 and 33
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¥
but the sign of S, would still be wrong.
At the .77 momentum, we see that the Born results,
at ]’ ~ .5 approximately fit the S phase shifts of
Y 2
Oorear (1955).

Numerical Procecdure.

The choice of the pivotal points and the use of
Simpson's rule for integration seem reasonably satis-
factory. Except in the 0.1l case the numerical quantities
which appear varied smoothly.

Programmes in the Tabular Interpretive Scheme,
which was mainly used, were slow but easy to restart
in the case of minor computer failures. Writing the
programmes in this scheme was quick due to the simple
form of the code words. However since data in the
machine is block floated, i.e. the binary point is in
the same position for each number in a column, inaccuracies
could arise due to a large spread of numbers.

In the cut off the value of A , which we arbitrarily
‘took as A=M, could perhaps be determined by requiring

that in figure 15.1 a real wvalue of } should exist for
a

¥ If the coupling constant is small enough the phase shifts
will, of course, tend to the Born results.
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Conclusions.

These phase shifts come from the second order

terms only'and we may say that the situation is quite

promising.

If we examine table 20.1 we see that -

l) Any increase in the Born, or 'kernel', contribution
to the phase shift will bring down the coupling
constant required for resonance, in the TR&% case.

2} A fairly small increase in the 'kernel!' contribution,
relative to the Born, will bring the S’kl phase
shift much nearer the experimental values.

3) The 'kernel' contributions have to be much smaller,
in the 59& case, so that the phase shift may remain
positive but less than the Born result. The 5% wave,
however, is much more seriously affected by Renormal-
isation than the Syh y, and in this case the fourth
order terms including self energy graphs could have an
important effect.

We thus see that a calculation including the fourth
order and interaction terms could be profitable, from

the point of wview of fitting the phase shifts to the

experimental results.
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Appendix 1.

Mass Values.

We take the currently accepted values for the

masses as follows:

Mass of charged pion 273.27 me (= .12)

" " mneutral " = 264.27 me z .3)
" "  proton = 1836.12 m. : .0h)
" " neutron = 1838.65 me M . 0k)

Since we are using a charge independent theory
we take the weighted mean for the pion and the

nucleon, and we find:

It

270.27 me

fA—
and M = 1837.38 M™M=2

Hence we have M - 6.79833 M and we round

this off to M = 6.8!‘

Also KW = 138.10 MeV.
{
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Appendix 2.

The Dirac Matrices.

The three Pauli spin matrices , (T[) are
s (p) e () (8
| o 1 ©
and we denote (é ?) by 1

As usual the X matrices are defined as

X = ((7 6})
o¢ o
and p._:(l O)
o -1

We define the Hermitian set of 5’ matrices as

follows:

Yi = <fes o ye =P
Hence ()/, a( oy = - (o 1)

This set of a/ matrices anti-commute.

For convenience, we denote Cﬁ J@’ by J"
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Appendix 3.

Eigenvalues of the 7T Operators.

The T operators are the nucleon isotopic
spin operators. We find'that they occur as 7}7%
and 7;7Q , where 7¢ is associated with the
incident meson and 7% with the final meson. As
the scattering state is an eigenfunction of isotopic
spin, we wish to find the eigenvalues of these
operators.

Consider the 3 x 3 matrix Q¢§ with .element 0$8==7¥q3
Then QZ; = Qup Qps = TaTaTpTy = 3T Ty =3 Quf
Then (Qig has the eigenvalues 0 or 3.
Only for a state of isotopic spin /4 may the
incident meson be annihilated before the final meson

is created.

[)
4
Therefore ’Tf Te = (3)) for isotopic spin I * {"f
A
Since "?‘,('ng +Tp T = 2 50“5’ >
. {
-1 -]
then T /rf = (‘2) for isotopic spin I - ;/1

In the text we will use _{?( as a general
representation of the isotopic spin eigenvalue for

each term, i.e, it is not a common factor.
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Appendix k.

The Sn and ?:a Operators for Angular Integration.

We examine the operators Sn_ and 72k defined

by
L1

S, X5 = L fdﬂs P () Y

0. 6-5
hX(S) = fd.ﬂ, ( f)( $) P.. () X(S)
LINRY
aﬁqm: is the angle between.-£ and § , and the integration
is taken relative to ﬁ as the <Z axis.
We can write

Sk X(S) = Zlf;(( d‘n’sgt’f: \/h,o (d) X(E)

Ny AL,

< L (dag 4m ) y (649.) Y., (ba ) X(5)

.lh-H m=-n

Here we have used the well known addition theorem for
spherical harmonies. Now ;X(ﬁ) is an eigenfunction of
the total angular momentum for a state of a nucleon and

a meson, eg. for the 'P?o/lﬂ/‘.l state

X8 = XO Yy Vo bs, 45 )

in the usual notation. Using the orthonormality

of the spherical harmonics it is easily seen that

S.oxt9 = L dnl ()

2n+l
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The X,,.(Gﬁ’éﬂ) left in the equation A.4.1, is also

contained in the Xffj on the left hand side of our
. . ¥

integral equation. On multiplying by 'yhnt(9£J¢ﬂ)

and I’d—a{ we remove them.

To examine the RK operator we let

v ($) = (s)
X | ISI X

have the same total angular momentum, they are

Now although -X—(E) and X(,SJ

clearly of opposite parity. Thus if X(f) has é):JIl/&
'Xfi) has et j i?&
As we could expect, we see that X(E) is X(i)
with nucleon 'spin flip' but the same total angular

momentum.

e ave Rh (S) S () 6£
We h )( n X lf/

results for the Sn, operator we "have

s and using the

pkxli) = - gn,fic)((s)

An + |
for j: -EI %% + To obtain this we also use the

relation

@h (k) = £E =14

which comes from the anticommutation properties of

/
the T3g§ .
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Appendix 5.

Angular Integration Expansion Coefficients.

We have to expand several angular dependent
expressions in terms of Legendre Polynomials. As
we see from Table 18.1, only the first three
expansion coefficients are required.

The main reasons for this method of angular
integration are three-fold. The method is quite
neat and if the integration is performed analytically
we then have faster programmes and also less
inaccuracy in the numerical work because we don't
have to perform a numerical double integration.

The method used is similar to that of Dyson
(195&). The coefficients we require are given by
an integral over X , the cosine of the angle between
1?432 , as we shall see later.

We change the variable from o to Z , where Z
is E{;S . The following relations are used

2£s « = 22-n*-R-62
£5s dx = z dz

-~

i/
E(,{ rFs) = (MoJ~N2 1“22)

Let +®$=v and Nl"f'?sz:’t . Since M2 Mo
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2
let B* - Ml—no

and we have

Arot = Z2-t

Ydw = Zdz
E 2 g2) "
(£+5) = (z*-3 W 7
= L+
The integration limits X7 {j: give [ *

Jt-at = 2.

As examples we evaluate some general terms.

o [a Ecﬁns)]_‘ = 2 Y B

then 2 Ny +| _P ( ) d
\, = h w (X X
/» ey

Lo [A+E(ges)]

In the kernel, however, we have a factor Q1

from the other angular integration due to symmetry,

and we include this AT here. Thus changing the

variable < D Z

, we have
Z 2
)/h - ntl 'Ph (Z,i;) Zalz_
5

2. [A+ fﬁ]

For this type of integrand it is now most convenient

to change Z=2Y where )= /ZL'Bl
2{. JZ:'—31 :Y+
ydy=2zdz and Z’{L 2 Uz Y-
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We have Y+
Y. = 4 Y dy
L v Ay

:5,: {y - Aﬁg(yﬁr)}/;

- t[ 77 - gy [
J22-3" + A

Higher coefficients may be found easily in terms of
lower coefficients and simple integrals over Y )
and hence we will not explicitly evaluate them here.

Let
-1 :
[E'E*,E.(A *—E(,{itf))] = é Wh 73‘*("()

We cannot split the left hand side into partial
fractions since generally E.g;-f 7‘ EL{H) .

In terms of the function Z )

Zy -
\"/h. = n 4’/9_ (P;\('Z—'i’_g ) 0[2
— e
v (a+ [z-8 )

Z-
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, 2
We now transform 72 -2X with Z = B Cw)
AX
x= Z+J2%B" ana  dz = B X'-L .dx
Xt

We let X4 - correspond to Zg - and we get

X+
We = L~f B (¥-1) dx
2
axt(at B0V
(. ax (At BV
X+
= /’»j 0 4 A dx
D W (Bx* +28X-D)
X4
:}[{ij - _A % :B)"rA—JB‘M‘”
A [B5F F By +A + [BF AT
X~

For $=0 the above transformation is invalid but

Z¢ T _1
L/h. - hf?i ‘Ph (7€¢§:”) ciz
T oJz. (A +2)

and hence

W, = L A+Z+)
2T A +2-




As in the Y, case, W; and Wy are easily
determined. The only other two expressions which

occur for the second order terms are
L
[A+Egen]” = 2 7, P
"

and

~{
[E£+§ (A +F(£+g))7] = Z Vi Pu (%)

These two expressions appear in the diagonal terms,

and we evaluate them using the transformations

S
Z >V oy = [z*-3
and
7 X% ) X = 2 + /G;Z5;7
B respectively.
We have . y+
2, = L {%(yw r A
2 A +Y Y-
and X4

- A,B",_ ,ql,Bx . _?5_: %['Bx#} _/ﬂ'_——"_’v.{,zt z
VO ? (AH‘B‘-) (thl +2ABX _,31.) l(ﬂ"‘fr))/" BK At JMJ

As in the Wi case,for B =0 we have. the simpler

result,

l
= / .—-—I/"‘ -
Ve ﬁ—{ At _ AtZ4 }

We do not explicitly evaluate the higher coefficients

for the same reason as before.
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Appendix 6.

The Relation Between the Scattering Amplitude and
the Phase Shift.

From general scattering theory we know that the
scattering wave function in co-ordinate space has the

asymptotic behaviour.

() ~ Se [?v-—(f%)%] tlan §, Co[pr- fﬁ%)‘%]

for a state of angular momentum f-
We now expand ){Cﬂ in terms of spherical Bessel

functions ]{ ('g'f) whose asymptotic bghaviour is
jf (£Av) ~ Sun [ﬁ""‘(‘f*"@) ﬂ/a]
X() - fx(zf) je (k) d4

Solving for the expansion coefficients XC’g) and
substituting the asymptotic expressions for )((-I) and jé(»gw)
we find
' - _ / Lan
X(’g) = g(‘g 'P) ‘f‘?r’ _{_g,,e_ + terms finite at 'Ec‘ﬁ
-t

Equation 18.11 states

X(ﬁ) - §(Egrog-Fp-vy) + P f({)
Eg rog-Ep-vp

From these two equations we find that

f(t) - L G Se
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It is to be noted that we are not dealing with
properly normalised wave functions. However as
we only require the above equation, which is exact,

we do not need to use the normalisation functions.
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