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Chapter 1.

Introduction.

Considerable experimental data exists for
collisions between the lightest nuclei, and intensive
theopetical investigations have been proceeding for
some time.

At low energies two major difficulties arise.
Firstly, approximations which are comparatively easy
to apply, such as the Born approximation or the
impulse approximation, are invalid. Secondly, the
details of the nuclear potential have only begun to
clarify recently.

The first of these difficulties may be obviated
by using wave-functions of resonating group form.

It has not yet been possible to perform
calculations using a realistic nuclear potential, but
this is obviously the ultimate aim.

Many features of these interactions can be
described in terms of an "equivalent central" potential

between pairs of nucleons of the form:-

LQ (14) = V(rij)(mMij+bBij+hHij+w) + £ e‘/ﬁ_j (1.1)
where Tij = ;i-gj and r.; and Ej are the position



vectors of the nucleons i and J. gij =1 if 1 and J
are protons and is zero otherwise. Mij’ BiJ and Hij
are the Majorana, Bartlett and Heisenberg exchange
operators (defined in chapter (1.2)), and w,m,b and h
are constants determining the exchange nature of the
interaction, normalised so that:-

m+ h + w+ D 1

m-h+w-D>b=x (1.2)

where x is the ratio of the strength of the interaction
between particles of opposite and the same spin
respectively (Buckingham and Massey (1941)). x is
usually taken as 0.6 (Motz and Schwinger 1940).

In the following work we are concerned only with
this approach (that is the use of a resonating group
wave-function in conjunction with a potential (1.1), or
(1.1) with additional terms allowing for tensor forces

or spin-orbit coupling).



1.1 The Wheeler Model.

In 1937 Wheeler formulated a method of construction
of nuclear wavefunctions starting from an analogy with
molecular structure.

The nucleons in the nucleus were taken to move in
groups well defined enough for their motion to be
described by a group co-ordinate.

Here the analogy with molecular structure ends,
since the total wave-function is taken as a sum of
properly anti-symmetrical wave-functions corresponding
to each partition of the nucleons, so that the system
could be regarded as resonating between the wvarious
physically possible configurations.

If we consider a system of m protons and n neutrons,
we have a number of possible configurations of the
(m+n) nucleons into groups of particles described by
functions (P,'

The ¢; will then consist of products of wave-
functions :§' describing the motion within each group,
all multiplied by a function Fi depending on the
relative co-ordinates of the groups within the ith
configuration and the total spin of this configuration.

A sum of the terms 77 including all permutations

of the neutrons and protons between groups of this



configuration is then formed, with appropriate signs
for each term to give anti-symmetry in neutrons and
. : S 4y .

in protons. This sum perm (=) ®@; is then the
wave~function corresponding to one particular

partition,

The total wave-function for the system is then:-
Y .-zz2m0 (1.3)

The é; will be variationally determined or approximate
wave-functions for the corresponding groups. Thus the
method makes possible the use of knowledge of the
wave-functions of smaller systems to build up a wave-
function for a larger one.

The only unknowns are now the Fi’ which are
determined so as to give the best wave-function

satisfying the variation principle:-

SE=0, E = TrH Yt

(1.4)
where H is the total energy opérator for the system, and
/df'indicates integration over the configuration space
of EE.

Fully general expressions for the wave-function,

including explicit anti-symmetrisation are given in



Wheeler's original paper but they will not be
reproduced here since the illustration by examples
later is sufficient.

It should be noted that in this work the proton
and neutron are treated as different particles. No
fundamental difference appears if the isotopic spin

formalism is used however.



l1.2 The Exchange Potentials.

The operators in the potential

zﬂ(ij) = v(rij)(""mij+bBi +hHiJ+w)

J

which is the nuclear force part of (1.1), are defined
as follows:-

The Majorana operator M exchanges the space

ij

co-ordinates of particles i and j. The Bartlett

operator B exchanges their spin co-ordinates and

ij
the Heisenberg operator Hij both space and spin
co-ordinates.

We enumerate the various force types which have

been used.

"Ordinary" Force. (WB)

m=0, h=0, w=%(1+x), b = $(1-x) (1.5)

This is an unsaturated type of force and is a combin-
ation of ordinary (Wigner) and spin-dependent forces.

Ma jorana-Heisenberg. (MH)

This is a saturated force of the type originally
suggested. It is the exchange analogue of the WB force.
w=0, b=0, m=%(1+x), b = 3(1-x) (1.6)

m,h,w,b all finite.

Symmetric or MHWB force.,

This was suggested according to the criterion



that all constants were fixed so that no ordinary
force appeared in their differential equations for
the relative motion of a neutron and deuteron.

(Buckingham & Massey (1941)).

2w_.1_"3_x._h’ 2b_.].'i13_c._.

Serber Force.

w = 4(1+4x) = m, b + }(1-x) = n

This type of exchange force has had great success in
applications to scattering. 1Indeed it appears that
a force of near this type may be reasonably expected
to give good agreement with experiment.

Linear Combinations.

Various linear combinations of the above forces
have been used. Since we will be considering forces
between the Serber and symmetric types, we defini)y
such that:-

An intermediate force between the Server and
symmetric is given by: -~

y(Serber) + (l-y)(Symmetric)
i.e. m = 3y(1+x) + 1/3(1-y) (1+3x)
v = ty(1+x) + 1/6(1-y)(1-3x)
b = 4y(1-x) + 1/6(1-y)(1+3x)

h = ty(1-x) + 1/3(1-y)(1-3x)

(1.7)

(1.8)

(1.9)



l.3 Previous Applications.

It was recognised early that the scattering of
neutrons by deuterons provided a useful tool for the
study of nuclear forces, and work on this problem is
reviewed by Massey (1953), and de Borde and Massey
(1955). We are interested here in calculations carried
out by Buckingham and Massey (1941), and Buckingham,
Hubbard and Massey (1952) on n-d scattering. These
were extended to include p-d scattering in the second
of these papers. They used a potential of the form
(1.1) with

V(rij) = =A exp(-ZriJ/a), x = 0.6 (1.10)

and A = 242 mcz, a=1.73 x 1073,

This was chosen to fit the low energy nuclear data

known at that time (19&1) including the binding energy

of the triton. Their results only agreed with experi-
ment if exchange forces were used. Discrepancies

between their results and observation were resolved by

de Borde and Massey (1955) by the addition of higher
phase shifts, resulting in good agreement up to 20 MeV
for a Serber exchange force. It should be noted, however,

as pointed out by de Borde and Massey, that to fit the



now known two-body data the range parameter in (1.10)
should be a = 1.35 x 10_13cm., giving too large a
binding energy for triton. This apparent discrepancy
between the two and three-body data was resolved by
Pease and Feshbach (1952), who showed that it could
be explained by tensor forces. Bransden, Smith and
Tate (1958) have extended the method to include
tensor forces. Christian and Gammel (1953) produce
evidence suggesting that the neglect of polarization
in this problem is not serious. This is supported by
Burke and Haas (1958).

Work on n- ¢ and p- o, scattering was carried out
by Hochberg, Massey and Underhill (1954), and Hochberg,
Massey, Robertson and Underhill (1954) in the energy
range O-4 MeV. using for s-wave scattering a potential
of the form (1.1) with a gaussian well:-

V(rij) = A exp(-Brijz), A = -45 MeV, B = 0.2657 x 1026cm-2

and x = 0.6 (1.11)

These values give good agreement for the binding
energy of the deuteron and alpha-particle, but too
large a binding energy for the triton. They incorpor-
ated a spin orbit coupling term by adding V(rij)st -ZX

(s;+48;).x;; x (py-p;) to (1.1), and found the best
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overall agreement with experiment with y = 0.90 (See 1.9)
and S = 0.10. Bransden and McKee (1954) had concurrently
done a calculation (also using resonating groups) on

the same problem with a variational method but without
the same degree of success. This was probably due to a
more consistent method and improved accuracy b} Hochberg,
Massey, Robertson and Underhill, in particular the use

of the pilot ACE computer at the National Physical

Laboratory.

With the advent of electronic computers generally,
more detailed and accurate work has been possible, and
the last few years have seen comparatively intensive
application of the model, and a useful growth in the
amount of theoretical data available.

Burke and Robertson (1957) recalculated n-d
scattering for incident neutron energies less than
16.6 MeV., They used (1.1) with a gaussian well
Voexp(-priJZ), in conjunction with a deuteron wave-

function of the form:-

-t —all?

X/€)= (e +rce ) (1.12)

where R is the inter-nucleon distance. They considered

five values of u = 0.2(0.1)0.6 x 1026cm’2, adjusting



Vo in each case to give the observed binding energy of
the triton (-2.22 MeV). Their total cross-section
agrees with experiment very well over the whole

energy range with p = 0.3 x lozécm-z(corresponding to
Vo = =51.39 MeV, giving a deuteron binding energy of
-2.,119 Mev). They found very little dependence on

the exchange nature of the force.

They also test an adaptation of the wvariational
methods of Hulthen (1944) and Kohn (1948) against their
exact calculations, and conclude that polarization
could be allowed for with its help without much difficulty.
Later (Haas and Robertson 1959) this calculation was
exten¢ed to use a Yukawa potential for the interaction.

Bransden, Robertson and Swan (1956) and Bransden
and Robertson (1958) performed calculations on the
scattering of nucleons by triton and 3He. Swan (1953)
had already performed calculations on n-3H and n—BHe
scattering, and the later work differed in that exact
solutions to the scattering equations were obtained
using ACE, and also the equations used were more

3

consistent with the approximate “H and 3He wave-functions
used. They used (1.1) with a gaussian well of the form

(1.11) and the calculations were performed for forces



of the Serber and symmetrical types (y = 1 and y = 0),
Serber giving much better agreement throughout.

Biel (1957) has performed successful calculations
on the binding energies of 8Be and 12C and gives a
formalism for applying the method to a-particle nuclei
in general. He used the range and depth parameters
(1.11), together with an exchange force with y = 0.7.

Thus it appears that the use of a resonating
group wave-function together with an exchange force
(1.1) of near the Serber type and well parameters

2
corresponding to a Gaussian well Voe-urij with

Vo = -45 MeV and p &= 0.3 x 1026cm-2, is likely to

give fruitful results in the investigation of the

properties of light nuclei at low energies.
Calculations, whose outcome was known after the

work reported here was started, will be discussed along

with the results of the present work.,
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Chapter 2.

The Scattering of Nucleons by 3H and 3He.

It is necessary for completeness to include a
number of remarks about the published note included
with this thesis (PP§.1960, 75, 144 ). It is also
convenient to give much of the description of the
numerical methods used here, since the same methods

are applied to the six-~body calculations.
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2.1 Remarks on the Calculations by Bransden, Robertson
and Swan.,

1. The calculations on four-body scattering by
Bransden, Robertson and Swan (1956) and Bransden and
Robertson (1958), (hereafter referred to collectively
as BRS) used a gaussian potential well V(rij) with
(1.1), such that

V(ry,) =V, exp(-uridz), V_ = -45 MeV,

and B = 0.2669 x 1026cm'2 (2.1)

These values had previously been used by Swan (1953).
They are consistent with the four-body bound state
(giving a binding energy for the alpha-particle of
Ea = =27 MeV) and with the binding energy of the
deuteron, although of longer range than that now
suggested by present two-body data (BRS). However,
it must be remembered that since no tensor force is
included, the "equivalent" central force used here is
giving some sort of representation of the tensor force
contribution.

As mentioned in chapter (1.3), these constants
give values for the binding energies of 3H and 3He

which are too large (-5.49 MeV for u as against -8.38 MeV

observed, and -4.74 MeV for JHe against -7.55 MeV
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observed).
2. They used for the 3He wave-function: -
/XH(IZB) = +N, exp l-— ?—(fr,z’-f rr,3=+'rz:)] (2.2)

and for 3H:-

7fT(123)

+NT exp [_ g_ ("12'# 73 ”l;‘)] (2.3)

-2

-2 and ly = 0.1436 x 1026cm .

with 2 = 0.1404 x 1026cm
They determined A and ¥ by minimising the binding

energies of the three-body nuclei.

3. It should be noted that in the course of their
analysis, BRS used equations for the three-body nuclei
satisfied by the approximate wave-functions which they
used (2.2 and 2.3), unlike Swan's earlier work, where
the equations,which would be satisfied by exact three-
body wave-functions, were used together with approximate

wave-functions. The BRS work is thus more consistent.

L. Their results give quite good agreement with
experiment for a Serber force except below 2 MeV,
where they attribute the disparity to the neglect of

polarization,
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2.2 Wave-function and Scattering Equation.

The resonating group wave-functions used by BRS
are set out below. In each case the two groups are
the incident nucleon and the appropriate three-body
nucleus.

The wave-function for the system is thus of the
form: -

W (1234) = 4 X (123) F,(4) =%, (1234) (2.4)

where A is an operator which anti-symmetrises the
wave-functions, ‘X is the three-body (ground state)
wave-function, and Fs’ which will be the unknown part
of the wave-function, depends on the co-ordinates of
the incident nucleon with respect to the centre of mass
of the three-body nucleus. cﬁ; is the appropriate
spin wave-function and "s" denotes the spin state.
(a) n_= 3He

With particles 1 and 2 protons, and 3 and 4 neutrons,
with XH totally symmetric in 1, 2 and 3, and with the

following spin functions aiq, the wavefunction

Fo(1234) = $(1-2y,) x, (123)F,(4) m(1234)  (2.5)

has the correct antisymmetry properties. PiJ exchanges



- 17 -

all co-ordinates of particles i and j.

The total spin is taken as s = 0, 1.
L (a(nplz) —B0)« () (x(3)8(¢)— /3(:)«&))

For s = O. &, (1234)

s = 1. &°(1234)

‘7'2 (at12f3t2) — e (2)) al3)et (&)

(0 l(f(;)—/3(:)&(2);\’0((3%(4) + /3031« te))

o (xenpea—Ben) Blas,) (2.6)

6:(1234)

6_’, (1234)

the spin functions for the three-body groups being

GLH‘??- = d(g)(o!(t)/gt_'z)———/f(tld(a))

I —
e "l”z = ﬂ[g) (0((1)/?(2) /30)0((2)) (2.7)

where o and f have their usual significance.
(b) n - 3n
= -
?;(1234) “F (1-pg, le.))(,,(lzs)r's(h) oy, (1234)  (2.8)

with particle 1 a proton, and 2, 3, 4 neutrons, give
the correct anti-symmetry. The functions dineu%
defined by (2.6).
The proton cases will have the same wave-functions

as the neutron ones with the same symmetry.
That is:-
(¢) p_~ SH.

'Q;s (1234) = $(1-pgy),) X7 (123)F (4) &w(1234) (2.9)
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with 1 and 2 neutrons, and 3 and 4 protons.

(d) P_- He.
Y. (1234) = 7 (3PP 3,) X, (123)F, (4) oo (1234) (2.10)

with 1 a neutron and 2, 3, 4 protons.

The functions X% and‘Xv_ used were those given
by (2.2) and (2.3).

By the methods described later in connection with
the six-nucleon calculations, a radial equation was

obtained of the form:-

a2 4 k- “_(.'?_Z'_")fsfd)= Vi) ](if-v)‘f- fk»s{"”a‘w)/“s{”.)d"
b © * i ’ (2.11)

where Fs(h) = FS(E), say, and

F(x) =% =, £ (r)p_(cos 0), r= |z| .
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2.3 Numerical Methods.

The equation (2.11) is solved by the use of
programmes prepared by Dr. H.H. Robertson (1956).

There are three principai programmes.
(a) The first of these calculates the kernels kn(v.v')
(2.11) in the form of (30 x 30) matrices, and this
will be dealt with later. (The kernels for the
calculations on the four-body problem using a force
type with y = 0.7 were formed merely by taking linear
combinations of the Serber and symmetric kernels which
had already been produced for the BRS calculations.)
(b) The second calculates the solutions of (2.11). The
infinite upper limit on the integral on RHS is replaced
by a suitable limit Rl = 29h, where h is the interval
between the points of r and of rl in the kernel matrix.
h is chosen so that kn has died away sufficiently at Rl.
Using finite difference techniques (cf. chapter 6.¥) the
equation is put into the form of a system of homogeneous
linear equations.with 30 points of fn(r) (eyhy---- 29n = R )
as unknowns, and including accurate allowance for the
difference correction. These are then solved subject to
the boundary conditions fn(O) = 0, fn(h) = 1,

It should be noted that the programme reads
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Ah(dyf) and BV£~,~') separately, where
kn(”o”') =‘An(ﬁﬂ7') + N Bn(m,m')

and the variation of the scalar N gives the energy
dependence of kn. Thus, kernels are only tabulated
for different values of angular momentum for each
value of y, and results for different energies found
by reading in different values of the parameter N.
(¢) Calculation of the Phase Shifts.

When the products of the collisions are charged
(the proton collisions in this case) the asymptotic

form of f;(r) is

£5(r) ~vsin(kr - (ax)/2 - @ log 2kr + 7, + §3 )(2.12)

where a = zz'e'M and M = arg rZn+l-0-:l.c1.), p being the
1ﬁp 7"
momentum of the incident particle (Mott and Massey 1949,
Ch.j).
When direct Coulomb terms are absent (the neutron

collisions) the asymptotic form is

£.(r)~ sin(kr - (ax)/2 + 4J) (2.13)

s
S;is the quantity of interest. Where there is no
direct Coulomb term, it is calculated by considering
the ratio fn(29h)/fn(28h) and using (2.13). To

check that this ratio is being taken for large enough r
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(i.e. (2.13) is accurately enough obeyed) values of
the phase shift are calculated for various interwvals
h and compared.

Where there is a direct Coulomb interaction, the
?n are computed previously and, together with &, read
into the programme, which proceeds as before but form
and subtracts the expression (‘)7“- alog 2kr) from the
result.
(d) From the phases the angular distribution I(0) is

computed in the usual way, using the following relations.
1 2
1(e) = 3/4 Pe(e)l? + 174 I*¢(0)] (2.14)

where

2l } =< 3,1
4(6) = m Z (ne) e (2i 5 F 1] Putans) (2.15)

where Sq? is the triplet phase corresponding to
angular momentum n, and Shh'the singlet.

The total cross-section for elastic scattering
is then: -

x
Q = 21}( I(0)sm 0 d © (2.16)
o

Examples of phases calculated for this problem are

given in Tables 1 (a), 1 (b) and 1 (c).
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2.4 Phase Shifts for E-BHe and n-BHe Elastic Scattering.
Table 1(a). p=-He at 19.4 MeV (Lab.) Incident Proton Energy.

Biel Force Serber Force.
n Singlet Triplet Singlet Triplet
o +76.2 -98.9 +78.1 -101.5
1 +44.8 +27.1 +37.8 +50.9
2 - 3.2 - 6.4 - 3.1 - 1.5
3 + 2.4 + 1.4 + 2.5 + 2.7
L - - 0.2 - 0.1 -

Table l(b). n-BHe at 17.5 MeV (Lab,) Incident Neutron Energy.

Biel Force Serber Force.
n Singlet Triplet Singlet Triplet
0 -71.0 +74.9 +78.8 -69.7
1 +17.3 +49.6 +59.5 +37.0
2 +21,.7 - 3.2 - 0.7 +25.1
3 + 0.6 + 2.1 + 2.6 + 0.8
4 + 0.4 - 0.1 - + 0.4
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Table 1(c). p-JHe and n--He at 8 MeV - Biel Force.

p-BHe n-BHe
n Singlet Triplet Singlet Triplet
0 -69.5 =73.5 -64.7 =77.7
1 +48.1 +32.0 - 3.8 +54,8
2 - 1.8 - 2.6 + 7.1 - 2,0
3 + 0.3 + 0.3 - 0.1 + 0.4
A - - - -

N.B. 1. Phases are given in degrees and decimals and
Sfi x is given if S exceeds ®/2.
2. "Biel Force" is used to mean y = 0.,7.
3. A dash indicates that the computed phase shift

was less than 0.1 in modulus.
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Chapter 3.
The Six-Body Problem.

After the successes of the calculations on
nucleon-nucleus types of collisions, interest was
obviously turned to extending the application to new
systems, especially nucleus-nucleus collisions.

Calculation had already begun on D+D, D+3He,
and (a+a) scattering and it was therefore decided to
perform calculations on scattering involving six
nucleons.

We now give a formulation of the scattering of
six nucleons for those cases where the initial and
final states involve only two nuclei. Considerable
experimental evidence is available for comparison with
the results of calculations.

The processes divide into two types with differ-
ing symmetry properties.

(a) A single channel system

(BHe +’3He) and (3H + 3H) elastic scattering.

(b) A two channel system

(BHe + JH ;5£?<1+-a) elastic and inelastic
scattering. (Also by use of appropriate boundary

conditions, a bound state of Li6 should be found from
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the equations derived for (b)).

The method is similar to that used in most of the
calculations already mentioned, and consequently has
been described many times before. We shall nevertheless
give a complete exposition, omitting, however, large
amounts of the rather tedious algebra involved. Due
to the complication of the problem, it was decided
not to include spin-orbit coupling or tensor forces
in the first instance.

In common with the majority of earlier authors,
we make no explicit allowance for polarization effects.

(There will be some allowance for distortion effects

implicit in the method - Bileti—and—Weisskopf—{+o )
P Mott and Massey (1a4q) - p- 30s.)
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3.1 Type (a) - Derivation of Equation - Wave-function.

Both of the type (a) reactions will be dealt
with in the same analysis. For the resonating group
structure wave-function the two groups correspond to
identical three-body nuclei and the correct symmetry

properties for the six nucleons are given by:-

?5(12%56) = (1 - P56 - Pl3 - Py - P23 - ch)?s (3.1)

The subscript s refers to the spin state and pij

is again the operator which exchanges all co-ordinates

of particles i and j.

@ = Y(125) y(ok6) o, (125,346)F (125 - 346) (3.2)

Particles 1,2,3,4 are alike and 5,6 are alike.

The )('s are the ground state wave-functions for
the 3He or 3H nuclei, and d,s" is an appropriate spin
function, Fs is the internuclear wave-function
(depending on the distance from the centre of mass of
one nucleus to the centre of mass of the other.)

The spin wave-functions are taken as follows:-

/4 + +4 +!
s =0 64 (0257346)=;';(6’i,;(12$)¢' ,,:(u;)— 5_.,5 (nzsltf_..,‘z (366))

s=1 ¢ (25,30 1:,, (m)o' :', (34¢)
T (123,346)¢ Vz( ory (zs')o' iy * (340) + o 'u ('2-'-)‘.”: (3¢4))
v | (128,346) = o'" A (cas-)c_l,., (34¢) (3.3)
where 4 ,',; (as)y= G () Bl =0 ()

s (300 =5k BlO((3) Al¢)- Az ale)] et
...I:



For the correct symmetry properties in the three-body

nuclei in (3.1), since these have spin 1/2, we must have:
F_(125 - 346) = (-1)SFS(3u6 - 125) (3.4)

and the allowed angular momentum states are:-

h=0,5=0, n=1,ssz1,; hs 2,s=0 ek.
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3.2 Co-ordinate System and Notation (Type a)

/1 <X

s

Xp £

s 6

The co-ordinates are chosen according to Figure 1,

that is, if 7, is the position vector of the nucleon i,

we choose the co-ordinates:-

u= 17- 1, Y= 15-%

X = z(tief:)-2s, Y= i) - )

T:5(t4 44 +2— n-p —25),

L -

LAY (% + 24+ == —5) (3.5)
Notation.

For convenience, in the analysis for type (a)

processes we use the following abbreviations:-

Zpr = Pog + Pyg + Pyy + Poo 4 Py
dT) = 4755 = a4.dX

dT, = d1'31;6 = dv.dY ,

c% = @l (125, 346)

X (125) X (346)
X(325) X (146) = P137f"

¢ X
H il
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EA = binding energy of appropriate three-body
nucleus.
and J/AT’indicates integration over the configuration

space of the nucleus indicated.
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3.3 The Scattering Eguation ‘TXEe al.

We determine Fs(r) by requiring the wave-function

(3.1) to satisfy

SE = /? }i?‘k
_/? yd?’ (3.6)

* * *
under variations Fs“9F§ + Fs and Fs---—>Fs + F_,

s
where /d‘T’ =/d1;d7';é_fand H=T+ W4+ c.
T is the kinetic energy operator and in terms of

co-ordinate set (3.5) is: -~

T = - v*/M(V+ Wt 3/4{V %)+ % V) (3.7)
M is the nucleon mass. U‘ ‘f'i:‘ U(’j/ (3.8)
J‘J
where v(ij) = X(rid)(mMij + bByy + hH, + W)

2 -1 -1
C=e (ciu;l. (rij) + d(r56) ) and ¢ = O,
Y
d = 1 for (3H + 3H); c=1,d = 0 for

(BHe + 3He). (3.9)

We now use the fact that the functions )r

satisfy the equations:-

/X(IZS')[ f‘(V +~Vx') +& U[:J)-c-;c::_f‘_&]/r(us-)dﬂ-"o (3.10)

l J 3‘ l,s

and

2 V(i) e 0 =
/X(mc}[-;g (v +Z V324 Jéase ’)* e Ea[ {30247 (3.11)

For consistency we use values for the EA nredicted
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3
by the approximate3H9 and H wave-functions.
(These values are given in Chapter 2.1 (1).
@ satisfies (3.10) anda (3.11).

(3.6) is satisfied if (H-E)¥, = 0 i.e. (T +1® + C - E)%=2P¢s

eeee(3.12)
Multiplying (3.12) bymaﬁp summing over spin
directions and integrating over the internal co-ordinates

of the groups gives:-
(V,*+Kk*) R (x)
_;" éjd,r‘d ozl[n-';sv{j) +co(—L+-—-*-L -—-L)-f'dez

7 v, ¥ ¥

—(T¢ 1ﬂ+(-£)éP] sy Filz)
(3.13)

where k% = %" (E - 2EA)’ and we have used (3.10) and
(3.11).

It can be seen that we have now integrated out
the internal motion of the groups. The contribution
of this motion is represented in K2 by (-2EA).

The effects of the operators M B,., H, . and

ij’ 74J ij

Pij on the integrand on the RHS of (3.13) were then
explicitly written out, and the summation over spins
performed using the spin matrix elements tabulated in

appendix A. Assuming complete symmetry of the wave-

function )‘ in the co-ordinates of the three particles,
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the exchange effects can be expressed in terms of the

operator P That is the RHS of (3.13) can be

13°

reduced to a sum of matrix elements of the two types

ijlede: dTg and/x,)fsﬂg Z; F.;".")dﬂd"} =-‘/Io X}J E(:z')dr. dﬁ‘
b 3

where K is v(ij), T, e%b' or E.

Using again the symmetry of the and (3.4),
A

the nuclear and coulomb force terms were reduced to

eight types.

Re-arranging in this way and using the change of

variable /g_l_yg (g)ya_bzlwe find:—
(V% kDE () = (« Cl=)+pBill) Fi(2)

+ :‘— (y J@ (2.2 )Elxlee’ + "‘jH"("")E/")@')

€ 8 [l Axizt) — £ Mnl] File e
)
where C(r) = (3Me*E~2) ]X,z (713)”! s dv dKAY
U(r) = 3M t"])(:’ V(13) du dv dX dY
Q' (xiw)= 30k [yixs V' cway dx (4/2)
Hile «!) = 316> %7 [xoxs € cuc dv aX (U2)?
Plxin') = 30162 [  Tys ot av gk (¥2)°
and N(x.v!) = 3M &2 fx. (2Eadys e vl ()°
with V= Vleix), Vi Vivgl, v3: v (7)), Ve V(imgs),

S 8
Vo Vi), vo - V(rye), v’ = V(r52), Ve o= V(r56)
1 ! e, _L S ¢ _L s_ L
and C = 'f.’) C 3 y(;) C - 'V,‘ ) C & "OS’) C > "3‘
( 8 (
¢ _.‘— T C = —

(3.14)
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The constants a, B, y'; Ss, i" are given in terms of
c, d and w, m, b, h in Table 2.

To exhibit more clearly the dependence on the
different types of exchange force, these constants
are also expressed in Table 21 in terms of x (1.2)
and y (1.9).

It can be seen that the effect of wvarying the
exchange forces will only occur in connection with the
nuclear terms i = 1 and i = 8, and the term V(r), the
latter having much the largest effect.

We now expand in a harmonic series in the usual

way. That is, putting F_(z) = r'l.é (o) Fuleos®) (3.15)
and 0 (‘f ') é(:"::’) 7““{1&1') &(‘6@)) {"'"'""9:!!(2 16)

with similar expansions for Hi(_g, !"_'),P(g_, '_r_')' and N(E_,l_r').

This leads us to our final integro-differential

equation
;d_.l “(“*“)f‘(d)c [QC{w}f{;H(‘r))‘/h‘/ﬂd ‘(’/K‘ {'ﬂvv’)f Stet)ote!
ah’
— o cev (5a)
with Hi(vv) s Z (y 9.6+) -PS'/'..' (i)
t+ S pulviv) — H,, (viv')
S (r 2 A
+!

‘ ' Q' (x2!) ek
and 7":(-7‘-”): l:c&, Puly) 21(1W 615(-;1)) e
q =
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Table 2. Constants for type (a) Scattering Equation.

s =0 s =1
a +bc + d +bc + d
] +9w+3b-m-5h 9w+ 5b=3m=-5h
Y +9m+3h-w-5b 9m+5h-3w-5b
2

7u’7zg -2(wsm)+2(b+h) -6(w+m)

J )

YAl ~(w+m)=2(b+h) -3 (wem)
y° -4 (wam) -2 (b+h) ~12(w-m)-10(b-h)
g! +d-2c -d-2c

g2,¢83

54’ g{} -2c¢ -2c

E‘,f’ +C -c
e¥ +2c-2d -6c-2d
é -1 -3
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Table 21. Nuclear Term Constants in Terms of x and v.

s =0 s = 1
B $(3+5x)y + x(1-y) |3/2y(1+x) - 1/3(1-y)
Y 3(3+45x)y+(3+4x) (1-y) |3/2y(1+x) + 1/3(10+9x)(1-y)
:jzz -2x -3(x+1)
ve.y’ -} (x-3) -3/2(xs1)
78 -(x+3) +1/3(1-y) (11+9x)

Note. It is seen that y appears for the triplet state in 78.

Q8 corresponds to matrix elements of the type
Jp V)t dtvnere  l# 45, m# 4,4, ¢ to //]' Viriy )Py yotr
and V(r) to the ‘direct interaction term /X, l/{'v.-j)){,d'r,
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Chapter 4.

Processes (b). The Reactions (CHe + 3u — 3me + H),
(PHe + SH—>d + a), (d + o =»°He + SH) and (d+a —>d+a).

4,1 Wave-function.

We consider two partitions:- into groups of (3+3)

3He and 3H nuclei

particles corresponding to the
represented by the wave-functions XT and z,_, and into
(4+2) particles corresponding to the alpha-particle and
the deuteron, represented by wave-functions X“’ andxo.

The correct anti-symmetry properties are given by

the following wave-function:-

"f,(marc): (1-P12-P13)(1—P46-P56)?s + (1-P12—P13)x
x(l-phé-P%)y‘ (4.1)

with @ = ¥, (145) x,, (236) 6 (145,236)F (145-236)

and ?P

Particles 1,2,3 are protons and 4,5,6 neutrons. The

Yo(1H) Yot (23,56) S5 (14,2356) P (14-2356)  (4.2)

notation is in accord with chapter 3.

Since the deuteron has spin 1, and the alpha-
particle spin zero, the (d+a) grouping does not exist
for s = 0. We therefore uncouple the system for this

case by putting ?o = 0,



- 37 -

The spin functions are taken as:=-

o 1, % K "% &2
s =0 P8 8(-2— o"f,/z(llpﬂfh-hzlz36)“"r..l,:('bﬂ ”'13[23‘))

y i"
&l s Sryp (1e0) Sh} (27¢)

i i / ,/3 )
A :{o‘r ,}z (,;,s-)r,,_;,t(z“)f-a’ff,,z (145) S 1r, lzac)),/z

” ]
‘_,’ : ‘f—"'., (ier) ‘H.’:I-‘ {23¢4).

— { [

and for s = 1 only S 2 65, (14)6;“,(:35'6)

where .,1"":' (,“,__\éd(.)(.em)ﬂ(r)—/l(e/d/u) cfe.

Syt (y) = alilaly

6l (2150) = 3 (al2)53)— Ayx)(=s186)~ pr5)ac(s)

(4.3)
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4,2 Co-ordinate Systems and Notation.

Set (a). (3 + 3) partition.

\

=
]
-
il
o
™
w
+
In
N\
'
|
»

¥(py+z;) - 5y, X

£ = 1/3(xp+rqtrg-r)-,-I;)

£’= P12£ (4.4)(a)

* 3
} Set ib); iz + h) partition. b //’,/////’/////’//
( =

\ 2 /
pe
< .
1
Q

- <
ﬁ ‘;______Q—F———————'Q
! Figure 3.
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& =Zx)5, B =145, & = o-Lg,

d = %(.]:2'.'_1‘.3 = %(}:5"'26):

q = %(_x.‘lt_[_}) = %(22"'2—3"‘25"';6)

" _

Notation.

(4.4)(b)

We use the abbreviations:-

Xe= Xt (145)

Xue Xeu (230)

Xo = Xo (1)

Xat < Yx (235¢)
5z oS (15, 33¢)

T = ‘(le2356)

ZP: (1-la-PX1-Vei- 15)~)
E'P: (1- -3 X1-¢-¥r)-) .

and again //AT’indicates integration over the appropriate

configuration space.
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4,3 Scattering Equations.

!;;is required to satisfy the variation principle
in exactly the same manner as in chapter 3.3.
In this case H=T + ¥+ C (4.5)
Using co-ordinate set (a) the kinetic energy

operator T is

T (R Ui+ B+ Y (v + W)+ Vs A,

and set (b)

T == (B Vot Vite Ve bV % V) (4.6)
W= % U(j)' ?/c(fj) given by (3.8)

"‘J
C=-¢e (r 1 et e -1) (&.7)

12 13 23

The variational principle will be satisfied if

(T + ¥+ c-E) ¥ =0 (4.8)

S
Multiplying (4.8) by /YTX" Sm ) integrating over
the space of the internal co-ordinates of the 3H and

3He nuclei, and summing over spin directions, we find:-
(Vl-ff"o‘) Fs(x)
L, 1L
= =, der.,dlu ‘S)(r)fu p [é" v('JH'e Tis ¥ vz

R XY
3,46

T+ vt £)2p Jyryn °h ()
s.....fo" Aty \qxu,h;[H”«*C-El(s'r’uj)(,,)(q6 sm
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where ko2 =_§%(E - Ep - EH)’ and we have made use of
(3.10) and (3.11) in the same way as before.

Repeating the above procedure, but pre-multiplying
by ‘XDX“E and integrating over the space of the

internal co-ordinates of the deuteron and alpha groups

(i.e. over a, b, ¢ and g) we have, for s = 1 only:-
[q/g qu-l-/(',z)z{?)
< (g ar T M T =
" o Jimen T LZy Dl0)re (A

—(T+W+C*E)£'P]XD/Y,(3 ﬁ[f}

* S [0t Xoxa 2 [0 s8¢ C-E ] (15 £ )y AL

2 M
where k; -.%z(E - Ey - Ea), and we have made use of

the equations:-

,lkb L +-Zlﬁ4)“£));ﬁ,d%p

(]
(o]

(4.11)

and

[y (B0 003w+ 2, W00+ 226, )y % 0k
Iéj

Thus we have two coupled integro-differential

equations in the intergroup wave-functions F, (x) and fl[%)
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The (3He + 3H "S'BHe + BH)_Terms.

Substituting (3.8) for W(ij) and treating (4.9)
in the same way as (3.13) was treated in the single
channel system, using the spin matrix elements in

appendix A, it becomes: -
(Vq ’«lir:)F;l"') = (oo Coof~)+ /foe Uoe 1)) Fs/2)

+ 2 voo [@io f2ia) Rl + £ <, i fra Bilr e

+ = S' /[’:a(-—-"')"ET_'E"Nn /"'2’)]5‘('!’)&’

\"’.01

3H-—>c1+‘:l., fors:lonly)

eoe(k.13)

+ (cross-terms, SHe +

with coo(r) = sMe fduq{_vdxw' X /W( v2) ™!
U, (r) = 3.5 [et cde dXdy yr2pm= Vna) |
o0 (1) M (g ) feudedk xpxu (PoxrqudV' for w2020,
Lolzix)= 3N (%) fradrdipeyy (Buleeaxu)V' for stom,--tc.
') = 22X (42)? Jdaceatt X1 x4 T (Peayixe)
2 1 A a3 T
P, (z,z7) = 3}1— %) /dﬂdl'd)‘)(f/ru /(gef’n/\’r)(a)

N (zct) = 24 (7/2)[WW@KXTXH[P"MU[ET*&‘H)
Nio(;_,_x_;l) = -— [‘7/ )3/41‘3 d‘-'élﬁ)(f)(n {Fia f'rc)gr)(n )(ET"’EH) _
Hio(_x_;,_gl) = 3'\.2\fz(q/)3f0-(34"i¥)(7'x~4 (‘Pcz)\-yxﬂ) oy /fw Csi,2,~ 6

and Hto(r,rl) ZMQ (U, 3/&46"'51)5 >\7\(1+1(34”rc X7 XH ff“"- Cné .
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VO: vime) v s Vivag), v &: Vi)

and vori o vi,
1 / 3_ e. _J /
T L M NPT S e
Yia/ T3 23 Te3 Tsg !
' / & ’
Cé: i ¢ ) C "= —
42 Tzre Yz 3
i ! h
The constants roo’ Sd&lq’oo’ Boo’ and Eoo 2O

given in Table 3.
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3H + 3He ——-}31{ + 3He.

Table 3. Constants for (b):
s =0 s = 1
Goo 2 2
Boo 9w+3b-m-5h 9w+ 5b-m-3h
'Yio -2w=4b+9m+3h -2w+4b+0m+5h
LI &
Eo ;oi ~4(w+m)+(b+h) Lbw+lmeb+h)
7oo’yoo
Ygo,yzo ~-2(w+m)~-(b+h) -2(w+m)+(b+h)
Ygo -8w-4b+4m+2h -8w-4b+4m+6h
2 (w-b) (-1)" (web) (-1)"
10 11
Yfg’yggi 2(w+m)+(b+h) (-1)% 2(w+m)-(b+h) (-1)%
oo’yoo
Yi::Yig (w+m)=-(b+h) (-1)% (wem+beh) (-1)7
y:8 (4w+2b-8m-bh) (-1) % (4w+6b-8m-bn) (-1)"
Séo -2 -2
Sco (-1)% (-1)%
' ?
2309210§ 1 1
e%o’ioo
Zj; -2 -2
6 1
ébo’ioo x x
5 (-1) (-1)

00
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Note: 1. ® is parity. % = -1 for odd and +1 for even
states of F_(z).

2. It can be seen that the constants depending

21 8
on force type (i.e., on y) are Boo? yoo’ 700,

9 16
Yoo’ Yoo'



The (d+a) —?(d+a) Terms.

Similarly (4.10) becomes:~-

(s G2+ k) @(f) (otn €1 fg) + (S0 Ualg)) @)

13

-

+Z 70 tg Byt f—é’~/~ (490 Blen 240
+ = Su/[/’..‘(g q’) -—-- Nite q'l]Je’fz')éf{ (k.14)

+ (cross terms fo*' (d+a. -»311 + He)
3He/d Ao o 2 (M2
vi(a) = 51 fan are gl Vo)
a*(g.q') = ff"frmx»x« (P2 goy<) V' f“ €012y

jd Xo X« (f"zﬁprXd) V' fw £= &9, -1 18,

with Cll(q)

Qil( ¢ v.?')

PL(ed) = 3 farh Yok (%t Yo xc)

g - i encrons

Nil(q»qi) = %/dv';q Xde (Fr Xp,\'d)(&ﬁb*ga()

vi082) = M farbips yu (Aalis o p Mt )

and Hil(q.q;'), i=1,2,4e0.4,13, are the same as Qil(.? {,’)
with V& replaced by C., i.e. V(ﬁjk) replaced by e‘// 5 b
VisV{dady VS Vv4s)s V32 Vimg), V42V (ma3) Vs Yfnyy)
Y02 Vite), Vs Vivig), ve. vi, v V3 ;e V‘T N /rrz)z
V2 ¥, v Vi) |

The constants are tabulated in Table 4.

( dv, o Melcates mymhm over the s/aa.ce—r cf the Chvee



Table 4.
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Constants for (d+a —>» d+a) Terms.

9
Y1171

aQ

B11
1

Yll

i1

3 L
711’711

Y31 ;

6 7
Y11’711

8
Y11
o

711711

11 125

13
Y11

{su ! i ¢u,
€S

iﬁ\, L

6?

w

€ .

thy iq“

J

1

(8w+lb-2m~-4n)
(-2w-4b+8m+4h)

-6w-2b+4m+6h

-6 (w+m)

-2
bw+6b-6m-2h

4(w+m)-2(b;h)

+1
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The Cross Terms.

Both of these were evaluated as a check.

The term JHe + SH —> d + a.

By the same methods we find the equation (from

(4.9)):-

(V.‘/l"‘k z),-_'-(/!)-__ [elastic scattering terms (labelled o’o)}
9

+Z v, @i 2 ) Bl +z=s , [hoi (riq) & rg)2y
e S, JBl () ~ £ Wil #tea

' ,,71 D*Ld

with

Oo', (:_f:q) -4 %JdT‘;H X"X“X“-'Y‘( V f-/;.; ra hH2,~,%

1}

; v M [ o
Qat (—2"\_’() :z‘,/d"l’fm )(YXF(/Q‘XDXQ() V in e 6,7 --+ 13,

'
| Va n)

L ;
oo (~iq): ?':;"‘{a/"’""m 7 X”(Pu. Puc Xo X )Y foe ey g,

20 !
&: (*-?)for i 1,2,3 are the same as Q,.GZ. ,‘%.

respectively with T in place of Nl

' ;
NOI [""?} for i = 1,2,3 are the same as o) with
(Ea + EP) in place of T. ‘
/*/o;'["'ﬁ) are the same as G).', /‘fv‘l)with ez/f)‘/(
in plgce of V(rjk)'

The constants are tabulated in Table 5.
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We now have (for s = 1) two coupled integro-differential

equations: -

[V,z-; k) Ftx) = (oo Coo (XD /s’o, Hoo ('v))f_‘s(z)

+ =y, féia (2,00 Kl + Z 54, [ Hoolrix') Rlien!
[

!

+ F iy, [@0, frig) Fely)dy + Fabe [1,100q) Bla) g

~ é 5! ][&a/w’f)'*é—:—* N‘ ("t"')]"}/"f')df’
- ’ N -, _ E Y . ;
* ? 'Sotf[,;l (J"?) Ep+Ex No /"‘4).} ﬁ%/j}&_{g (4.16)
and

(7/g Vote k%) ?sfql: (. Ccffj * //'t U /‘P)}@‘({/
é / i . = /, )
3 y,./O (4.9 Ps() g’ + fs'/ﬂ (g9 Pel5') oy
f ‘
2y, /@ (9.3) K1) dbe + Eer ftn, (gx)krorcr

€ ﬁf JV J/A P, ' 0 - _€ ‘ ’
[ " (ﬁ 9 )53/-?) Eo i N,,/_y.g )5‘55(_({:)]4_2!
*‘f $lo JTP ta03) -
T'fEl-l

Nio (302 ) By (=yae  (8:17)
where the functions for the cross-terms (d+a -

3H + 3He)
Qlolaim) s Y, fant yoxayexn V' Joe oneos
C\)llo (qt‘:}: gft .jt‘('r:?a( kDX‘“ ('%"‘XTK("J y./w 026,77, 15,

Qo (q.x)s %‘/’ oy Ko Xt (el oy )V

fN VRS fé, ff,-.,s,

are: -
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X 1 \
i /
Similar alterations to ' [?~’-’) give to; 1o and

' ' N
H',» as in the (01) case, and y s ya:) tlo“ fol)S'to"“ "

We expand in harmonic series in exactly the same

manner as in chapter (3.3).

P (x) = 2L E (2uwn) fuilr) Pn (e28)

Qly(izt)s Z To b (eox @), (nie)

?J—‘"(fz) = ¢! j‘zf’[;’a+,) dutly) Palcot 6')
{
2wt I(?” ,-[‘?’ ¢ );7" (/'m @j

/ 1) s = —
G " [', g} “‘I anwl
with similar expansions for the other functions.
Then (4.16) and (4.17) become of the form:-
/11 / 5

Nide® T2

60

"f‘/: /\/nuc’/”"")j/‘f‘/'v"d”’ +/¢/}/k“o:/,h ?) /J“S/"}‘,{{

LN

(4.18)

and,, Z ,‘7 “[“*.}) </ Y ( P 7 Ly
\3 ‘L'E" - k&, = d l) = (e _.,(-«)ﬁ:..aq/w))?‘uﬂ)

n ,)/f ot /’\’:ro/‘ f:
‘(‘/ (?,7' P ({ «,’{"7 g o‘“é"' ‘/«"’/ﬂ_h (») vy

(4.19)
(Ku® (riq): Ka'*(4,%))




Table 5,

Constants for the Cross Terms.
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01l

1
01

2
01

3
0l

bm+3h-6w-5b

—3(w+m)

-1

-2w+2m-b-h

-3 (w+m)

-6w-5h+4w+3b

8(w

+m)+2(b+h)

L(wem)s(b+h)

=781

2

8
= To1

2(w+m)-(b+h)

12
= Yo1

1
= Yo1

+2
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Chapter 5.

5.1 Evaluation of the Integrals for the Single Channel Case (a)

(3He + 3He) and (?H + 3H) Elastic Scattering.

It has been shown by Swan (1953) that if a gaussian
well is used and the wave-functions ‘X' taken to be of
gaussian form, the kernels Kn(v.V') can, apart from some
contributions due to the Coulomb force, be reduced to a

sum of terms of the type:-
4/ 3 — Agw?-~ ?sﬂ’”_ '
ATw = asc Sy (Ks»r!) (5.1)

ax)! 7) te ¥
where }“_le {(x) = ( 2) 2 2cf_‘,_,,z (:x) (5.2)

For this reason the wave-function and well used
were gaussian, with the parameter used earlier in the
four-body calculations and given by (2.1), (2.2) and (2.3).
To make for uniformity in the numerical work, and
keep down the number of programmes, as many of the
terms of Kn"fffw as possible were reduced to the form
(5.1).

(a) The Nuclear Force Kernels.

O (N‘ 3!*! ('”73_) fﬁu Av X \f[:zr)\f{wc) V/"“kj)x /3’21")/\'{!:..;)

As an example of how these were dealt with, we will
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consider Qz(zr,m'). It is convenient to define a new

set of co-ordinates.

£=1/3(zq + 5, + Zg - 5 - I, - EZg)s ' - P),= are the

W=2x,-I5 %=X - g
R ="£1 + %(.I_'z + rs)’ gl = P]-BB'
1
Z ="r3 + %(.I.‘.q + ré)i i = PlBZ (503)

The following relations exist between co-ordinate sets

(3.5) and (5.3):-
Z=R-3/2(x-2)+3/4z+2)

Jrade XY= [dwat aR 4Z ) fdudedX = oo [oue dedR

(5.4)

Qz( ') = 3_;_}!‘ Y, | 3]2,_{;,@ 4_1_'X/nf))((xu)){/rer)){lmc) W"s:;

From (2.1), (2.2) and (2.3) we have
2

_ v omkT
r53) =V e 53

XH {’2?) = NH ?—%‘é‘rf;‘z NH 2

v (
..)(__gga_,.zt)

Xr (3¢6)= Ny e Ve Evija _ Ny e =3 22)

(To cover some of the kernel evaluation for the (3H + 3He)



- 54 -

terms in chapter 4, we take our general matrix element
j;;,X‘ﬁypd'rto be of the formjx,,{nr)x-,-/ug) X:")‘X"' (l:r))ﬁ.[)u)dq‘
Then to obtain the formulae for scattering of type (a),

we need only put A= *7 ).

In terms of co-ordinate set (5.3)

- A
Qz( r') = %[%)3,V121VH2 @'df‘!_ﬁ e /4‘ *K)

xe" (3% 22) = A3V <R =% (¥ Ve t?)

- flvey)?
x € 2

r..% = (r, - r )2 =(Rl}2 +_V!‘-R.'W.Using the relations
53 5 3 G
between RI ) Z') Z , and w, t,R, we express this in

terms of the latter three.
. M
e Qilxine)= g"{, ()3 Me iy o

Xe Fleet e Ple-at)fy, oot (PHori)

-2 -
Xt @ 7 fam o ¥ CRtanz )y )
v o g1(14+3«7,/q/a 2R (Ax ~(dedq )’ <Suy ~puat)

LY

(-~ /—%”_ z:" - %.4)

By repeated use of the integrals in appendix B, this
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reduces to the required form. The other nuclear

kernels are treated similarly, and in general, we have:-

Q[ gl”/b ‘z/ 3@ )3/ X':"V'-—- qo‘yol'f‘/{@l::z)

where y = cos @;

giving
IRV /-" 2
= 3AV% F)3 T Y ‘
' (1) £ [%/3/’47) ¢ ﬁ:;—:g/"cz",,z(%(;fg{
1

where integral 4- of appendix B has been used.

Aqf) yy:' and fg'. are tabulated in Table 6 (a).

(b) The Term My, (¥¥')and the Functions U(rxr) and C(r).

By straightforward application of appendix B, M (7.V¥')}

and U(r) were reduced to:-

3IMVe /Au}% o Yt

vir) = £2 (5.7)
v, “Yurt=lp~'?
u ot 2 o4
wmrd : m )" 4;’.,.(5: *7n-ur¢ //(n (5.8)
Q
o(r) = Me /d«d akay M2 p,2L “"(33“‘*2)”/"1(? 2y’
3

We employ the change of variable s = rig=0x; - 331,
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and usingJ/:@y = i/ég and appendix B, this is reduced

to the form

c(r) = Ac &) (5.9)
*

- 2 x -t
where E is the error function ?/)')? :/; A 4 ol
The constants for (5.7), (5.8) and (5.9) are
given in Table 6(b).

(c) The Kinetic Energy Term.

Expressed in terms of the variables (5.3), this

takes the form:-

pu('r v = 3”[9/&’ mvdfdﬂ (2nre )/5-7 Fulyd X Tx3

[ "‘013f tw dielic (3"'"')/ ety Fuly) 2
x[ B4 (Pote Vgt + % (Vp2e Ve Az ¢ 3,?4 R'"/T‘J

Viiix, - (-3 24T Z*’&‘)X3

Veerxs s 2(—6a+ @18 x5 ek

By expressing this in terms of R, r, r , W_and t and
using appendix B this is reduced to the form

Pk/"‘V') :—-_—.—-tz- - mn('ﬁ"')(‘a-f botay cn"-»—_g(_)

M (2 E4) Kp

— et 2
Yp (i< l{_,)u Lot s, (kpw'/

(5.10)

+Ap w! @



- 57 -

d h?
MC2Ex )

jn!e”z {/(lvrl) (juf”l,(", :é_lyz,_‘//zﬁ)}ﬂay be expressed using

the recurrence relations for Bessol functions as:-

41,2 (X)

where A(p) = Au

L]
|\
£
‘\
lQ
3
-

:' ”"'"'l,l {k’w') -— j‘t"'/z [/(’W')

p
or by a similar formula in terms of jﬂ-{'/g and jur ,,?.

- Using these relations we have:-

,Eu (wvi~') = — 47 ';'u("o"') /d /“*’)d é“"-ﬁ C'P'z'—d
M(2En) Ko ke

-+ dw !, ,(vivt)

4? I
or I ) = — Hea /’v;'v'){a-f —_ N | C '
/Du /‘i/ZtA) K/’ ore C }

— A ! Neny (i),
The constants are given in Table 6(b).

(d) The Coulomb Kernels 6' (ceet).

b Feret) = ?g.g? / d.,z e Py ) (15 3 [l 4«(4!);/:;:-1)(/:"1
Y)(/?éc)){ (tee ) —

e '&‘
Using L =\/—§' /‘.‘-—S '1 o,l,1we have: -

o

- 3"'0 U 3 ' |
A (vnt] /)jol..,.‘?nw"n(t]} PR Z
\rf«« av ol ylasix (s15) x(1e0) X366/ [2 7R 2 3

Vi7
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where 7“ {4" v/}}ienotes ?.. /”'”' with a potential

2.+, 3
V{”jh < Vaé /3 k

Another change of wvariable gives

il = T8 i bt s )i G

(This integral, however, does not apply to all

. . ' . . .
Coulomb terms, since in Iau{'v.'v'), infinities arise out

of the 1 2 term.) The integral over "x" is then

l1-x
expressed as a sum over terms of the type (5.1).

h6 and h7 have L and 1 for their respective chrs
n n w t

and thus using integral (Appendix B (7)) can be reduced
directly to (5.1).
The term A 'nl'v.nr') was the most difficult Coulomb
term to evaluate. It was finally reduced to the form:-
) ors (= kh Jf~71~'3)

[reint ) =
wimy - K Jwavitlxr

' neVane P77 Jreq 0t T2
¥ { [ortre? ’j° Pv![ Derer )e %x
| cert]® &/, [t T
- " N gt e t] Ec? 2
ALY et M
(5.12)

and a special programme written to deal with it.

The constants are given in Table 6(c).
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Table 6. Constants for Type (a) Kernels.

Use has been made in evaluating these of the

relation . dr1t.2 ) 3
A!-r‘NHZ - (H{ :i ) /2.

ire

(a) Constants for &4 ' /”""')
n

’ | .
i /4? )&f
224 -9 Azib\g#;‘

. n{)-;?.;) il et
5 242 _ﬂ[{, (5'4’+24\)4~1[4|4?~7)
mlareal2neiren 3L TTIINTE,

dGAnt
3 ~ Q[ &3 (SA+2%)+A (42,
ir 9&-467)(.244-«7 r53) 8[ :)-:131‘“-;‘14 /
4 = A, -g[&(blfyj*y()yqf |
ZvtAe g,
5 = 4, n g[fsb,,w\p A(27e59y)
2&\4'&7%83 o
5,{~7z *
6 | =9 ] At SAmq et
(3¢ Zpa A1) 7l A:‘lij I
17
7 6 A ~y 1 < v ¢
v (32430 ) (A1) 4
8 [ G424, L LaTA +344e?
(A4 |76 4 -:4 e ] s [ At ]
T < 27
&/
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Table 6(a) - Contd.

i r;“ Kq '
) <
1 Yo' '2[“3‘)1:-}.1# *2m].
AT 4 A42m)t Fa (4+24)
2 Y79 @[‘7 1\4{,-}241 ]
q N\ {7.{},\)+ &3 (/\-171’)
0 yis [ Mt E3+ 2D ]
b Yqz qu
5 Y3 leq
9
6 et [ )4"1 ]
7 )ﬁ76 ﬁ(f"
& arAtedytnt 2T pn
8 Y? 4-[ ""‘1 ] 4“"”*"/‘*7/«)
E = 24 /—afg)‘ )
& = " -+ &

Zl
jie o
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Table 6(b)
i .G, =2 [+34y+92 7,
An,,‘ r(\ {1 A) Yn" h & [“ J:l\q ])
2 AT AT A+ 2
a [y,
Ay = Q)n? . ),“: — ?J/nj__
‘?/'17-!-2)/&11),«7 ) %)47-}2/-‘342/“11.
_ znel _ (V4
AC— F A— /24)42»,) i

a = -(%T){'F'ﬁ%?‘"’t); Ko=Ka; Yp=ym-

b o= (E e (2% 20 % M e 647t bAyY = c.

o)
|

= (X)) 1(24\6*'2“741*9‘7 + €A%y + 64 3)

Table 6(c) (Wil '7=1\).

MB) = M fa4)3 () (V)07
y = l"r,‘ A.
K = 27 2
A[llﬁ): 3H€ [q/)’)'/é [;)/) AZG: 274'/.,)‘

A

7[‘: IZ&: r/‘,').

el 6
[lu_,/""")‘ Au /'t'*')and the constants for the other Coulomb

kernels are found from (5.11).
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5.2 Numerical Work.

The programme used in the four-body collisions
(Chapter 2.3a) were employed to calculate Kn( ')
as (30 x 30) matrices with elements corresponding to
points (r = r,+m hl‘v':'va'-'mlq) with (m,n = 1,2,...,29)
for all terms except Au'("!"”).

This programme calculates terms of the form:-

P — w?_ g v
2 /js 0 afj ﬂs 0’90\"' o [k‘ "W') ys (N,q‘t)
Sz (5.13)

where Y is an even powered octic.

= ? vw'tam'?)y .
75{11,-") (ai~?taz ' vaza'?)y ~ 7 <(terms up to r8)

The programme can deal with p up to 8.
The values of u,E-and EH were the same as those

used in chapter 2.i. The approximation was taken that

~

X 102602 .
(Table 6{(a) and (b)) the nuclear contributions 7'7“' (r20, &),

A= ‘EI = 01404 When A= 17 is put into the kernel formulae
6
the coulomb contributions }.'A.f (7ie') and g T4/~ ~"),
S
and all terms of Sfu{o,ﬂ) except that involving 07“., 74
or éﬂﬂ_JkL could be reduced to five terms of the form (5.3).

The remaining term of pn('r,'v,) was calculated by a

separate application of the programme, as was Mgfv,v!),
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(corresponding to Bn(~n~”) of chapter 2.5a).

For the kernels hﬁ...,hﬁ and nﬁ a four-point
gaussian integration formula was used, and again the
same programnme employed.

To calculateg"i(wuww a programme was written
in GIP (General Interpretive Programming) and this
is discussed in appendix C.

This gave five matrices for each "n" which were

added to give Kn(duw').

-3
Test cases were calculated for h = 0.35(0.05)0.5 X10  ¢aa,

and h = 0.45 was chosen as the probable most accurate,

with r_ = r; = D.

The equation was solved and phase shifts found in
the manner described in chapter 2.

Kernels Kn(dywl) were produced corresponding to
y = 1 (Serber) and y = 0.7 (Biel) exchange forces, and
kernels corresponding to other mixtures of Serber and
symmetric force types found by taking linear combinations
of these.

The angular distributions were calculated using

a programme written by Dr. B.H. Bransden in T.I.P.

(Tabular Interpretive Programming). This calculates
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the angular distribution for scattering angles of

© in the centre of mass system (for

15°(15°)90

identical particles), the scattering being, of course,

symmetrical about 90°
“The ﬁm"ae-—
Tlo)~ filarssils flAS 62T,
A, 0+ An'; Bp s B ‘:"'"?N"J'

A, C s Qm«?%m(—a @{m‘z%)+w+27,)

2R
8.1 =}2 trec? § sui [—ot g (52O ) e 12, |
A= = bu-uf(w 2(vpus 88 )= 2 2y ) Pule0)
“:c —h;’
LA ,f‘i ::;':‘z',( wr:?[?"fé.. ‘) =+ eos Iu) ol wzb)

($.14)

where '7“ and Jﬁ; are the coulomb and nuclear phases
respectively, were used.

It is necessary for Dr. H.H. Robertson's programme
for the solution of the equation and the calculations
of the phases respectively to calculate previously the
values of the function C(r) for r =mh,wm= 1,2,...29,
and the function‘?; = arg I (1 +n + id)(See Chapter 2.3c).
The former was computed by hand and the latter using

a TIP programme.
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5.3 Results (1) 3u 4 1.

The cross-section for (3H + 3H) elastic scattering
has been measured by Hohn and Argo (1956) in the
energy range 1.6 MeV to 2 MeV. An analysis by Frank
and Gammel (1955) has shown that the result can be
best fitted by assuming a single s-wave phase shift,
such that §,= -ka, with a = 2.35 x 10-13cm.(corresponding
to hard sphere scattering),'ﬁ'k being the momentum in
the centre of mass system. A more recent measurement
by Allen and Jarmie (1958) suggests that the earlier
cross—-sections were approximately 20% too large, so
that a will be less than 2.35 x 10" Jcm. At 2 MeV Se
should be close to 300.

Some preliminary results were calculated, omitting
all Coulomb terms except hn6(43~’) and hn7(ﬂn~'), and
the results of these used to compare with the above
data. (The effect of the Coulomb terms was later found
to be indeed negligible at these low energies.)

The symmetric force produces s-wave phases of the
correct size and energy variation to fit the experimentgl

data, but the calculated p phase shift is about 60, and
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this is large enough to upset the fit. Figure 4
illustrates the comparison between calculated énd
observed cross-sections, and table 7 gives the

(3H + 3H) phase shifts. Figure 5 shows the variation

of 50 with exchange force type at 2 MeV.
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Table 7. Phase Shifts for (3H + BHl Elastic Scattering.

(Coulomb Contribution Neglected).

Energy in MeV (Lab) 1.5 2 5 10
o
°%Serber (y=1) . |-32.8 -53.20 -81{.8o +7lo
o ° ° o
Symmetric (y=0) -24 -28 ~52 -79
("] o 17 /]
S'{ y=1 -6 -9 -9.5 -58
y =0 A 67| -22° -45°
{7 e e
y = O - bt ol —]-05°
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5.0 Results;jBHe + 3Hel.

The other experimental data available for

3

comparison was on (BHe + “"He) elastic collisions at
29, 26 and 20 MeV (Lab). At 29.4 and 26 MeV by
Bredin, England, Evans, McKee, March, Mossinger

and Toner (1960), and at 25 and 19 MeV by Rosen,
Stuat and Brolley (1960). The angular distributions
are compared with their results in figures 8, 9 and
10 and the phases obtained tabulated in table 8.
Sketches of the behaviour of the Serber angular
distribution with energy, and the behaviour of phases
with exchange forces are also given.

A search was carried out using the values y =
0.0(0.1)1.0 in an attempt to find a satisfactory fit
with experiment, but Serber was found to be the best.
It can be seen that in all the comparisons with
experimental data the calculated differential cross-~
sections agree reasonably well at large angles, but
fail to reproduce the very deep minimum at 300 to 40°.
This would suggest that the s wave phase shifts predicted
are reasonable but that the p-wave ones are too high.
The p-wave is triplet and the s-wave singlet, so that

any exaggeration of the p-phase shift will be amplified
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in its effect on the angular distributions. The p
phases are probably more model dependent than the
s phases.

The alterations in the potential, if any exist,
which would reduce the higher phase shifts, are not
clear, but since the angular distributions improve
continuously in going from symmetric to Serber force
types, and since the latter contains more ordinary

(Wigner) force, a potential with this might succeed.



- 70 -

Phase Shifts for (BHe + 3He) Elastic Scattering

Table 8 Serber Force (y = 1.0)

MeV

(Lab) 2 5 10 20 26 29
So -29.3°  -68°%  4+82.7° +60.2° +51.0° +46.4°
S - 2.57 -17.2°  43.9° -86.4°  4+73.3°  465.3
S, - + 2.8°  +12.4° 418.6 ° +18.3°  +19.6°
S3 - - - 3.1° -14,4° _26.2° —30.3"
Se¢ - - +0.7% 410.0° +29.0°  +41.0°

Table 9 Biel Force (y = 0.70) and Symmetric Force (y = 0.0)

MeV Biel Symmetric

(Lab) 20 26 29 20 26 29
So +31.6°  +26.2° +19.4° | -48.0° -52.6"  -5%
St -82.0° +78.4° +7o.7° -67.8° -84.,9" 88.5‘
S? + 5-8° + l“-3° + 2.1“0 -1&.9. -2103° "’23.8°
$ ? -14,3° -23.h° -27.1° - 9.1° -15.o° -17.7°

o [ o 5} o

FA + 7.5 +19.4 +27.1 + 2.5° + 6.1 + 9.3
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55 Recent Calculations and Conclusions.

Since the work reported in chapters 2-5 was
started, Butcher and MacNamee (1959) have published
the results of ah application of the method used here
to (RX+0&{) scattering. They found that a Biel (y = 0.7)
force fitted experimental data well over the whole
energy range (0-40 MeV).

This appears rather surprising bearing in mind the
results reported in the previous chapter. However, there
are two possible explanations.

(1) It was pointed out in the last chapter that the
rather large p phases predicted by the method were
weighted 3:1 against the s phases in the angular
distribution (being triplet state phases). On the
other hand in the (& + a) calculation the p wave and all
odd angular momentum states were excluded.

(2) The alpha-particle is much more tightly bound
than the triton and thus the alpha group is more stable
during the collision.

Other calculations have been by Burke and Laskar

(1958) on d+d scattering. Their results fitted



experiment practically independently of the exchange
force used. They have also formulated d + 3He
scattering.

Sugie, Robertson and Hodgson (1957, 1958) have
considered the contribution of tensor forces to

(nt ) collisions.
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Chapter 6.

The Binding Energy of the Triton.

A large amount of theoretical attention has been
paid for some time to the binding energies of the
three-body nuclei. It would be out of place here
to give more than a very brief mention of the previous
calculations.

Calculations using a gaussian potential well have
been done by Feenberg and co-workers (1935, 1936),
Fluegge (1937) and Margenau and co-workers (1937, 19138,
1939); using a Yukawa well by Brown, and Brown and
Plesset (1939), and using an exponential well by
Ravita and Present (1937). Some later calculations
used a square well (Ravita and Schwinger (1941);
Gerjuey and Schwinger (1942); Feshbach and Rawita (1949)).

The effect of tensor forces has been given
attention (Pease and Feshbach (1951), Irving (1951)),
and the effect of a repulsive core considered by
Omhura, Merita and Yamada (1960), and Blatt and
Derrick (1959).

Other calculations have been done by the following



authors: -

Hylleraas and Rydberg (1941),

Svarthohn (1945, 1948). (See Chapter 6.2)

Frohlich et alia (1946, 1947)

Clapp (1949)

Derrick and Blatt (1959) (Classification of the
triton wave-functions).

Skorniakov and Ter-Martirosian (1957) (The three-
body problem for short

range forces.)
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6.1 The Calculations by N. Swartholm.

(a) Potential and Wave-function used.

We give a fuller account of Swartholm's calculations
since it is inténded to use the same values for the
well parameters as he used, with a view to providing
a test of the resonating group method.

Swartholm uses the now well-known variation-
iteration method.

He assumes charge independence of the forces and
introduces spin dependence by using for the force
between nucleons j and k:-

ij(r) = -B(l -¢g+¢g BJk)e-rz/az, where BJk

is a Bartlett operator, and g gives a measure of the
relative strength of the spin dependent force.
ij(r) is in fact the WB force described in chapter 1.3.

For the triton he takes a wave-function (in

momentum space):—

7 (P pe l123) = Yo (P2 )7'5(«(.)/3(:)—x(:)pm)v(s)

where (123) are the spin co-ordinates on which the

Bjk act. The space wave-function is taken as

t (TS 1) = expf~(rar+ wigt 4w 7Y
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corresponding in momentum space to
~bYa (ptt pie prop2)
Xo(pl ,33): e

Xbis then used as a trial function and iterated to
give )0(2132) which is then used as the wave-function
in the rest of the calculation. He calculates in
fact A = BMa2 and substitutes the observed binding

energy to give values of the force constants A,
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(b) Swartholm's Results for a Gaussian Well.

With B = 35.6, a = 2.25 x 10'13, and g = 0.2,

Margenau and Warren (1937) found ET = ~7.21 MeV,

estimating the convergence at -7.7 MeV. This was
later changed to -7.3 MeV (Margenau and Tyrrell (1938).
Swartholm found the following:-

For E = =7.21 he finds BO = 37.07, B1/2 = 35.88,

Bl = 35.28 MeV. and for
E = -7.30, - B_ = 37.18, B

= 35.88, B, = 35.49 MeV.

1/2 1

This establishes the accuracy of his results.

Maltauch and Flugge (1942) found E. to be -8.38 MeV.

T

(Tollestrys (1950) finds E , = -8.492 MeV).

T

Using this result, Swartholm finds (with a =
2.25 x 107 13)

Bl = 35.63 MeV

However, for g = 0 with an error function potential,

13

"a" must decrease to 1.94 x 10 " “cm.

This gives B = 37.67 MeV (6.1)

1/2

(c) Choice of Well Parameters.

It was decided to take an extrapolated value for
Bl for the last result mentioned, which is the one

which applies here.
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For E = -7.21 MeV.
B B B
"o = 1,0363433, 1/2 = 1.,0110237, _o = 1.0477677
By/2 B By
For £E = -7.3 MeV.
B B B
_o = 1.032319, 1/2 = 1.010989, "o = 1.047619
By1/2 By B
Making an estimate (frcm Bl/2 = 37.67), of B, =
39.04 and Bl = 37.26 MeV, gives
Eg = 1.03636, Eg = 1.14777, By/o = 1 011003
B B _L/2 = 1. ‘
1/2 1 B

1

The well parameters decided on were

a = 1.94 x 107 e, (corresponding to p = 0.2669 x 1026cm-2)

and B, = 37.26 MeV. (6.2)
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6.2 Description of Method.

As a preliminary attack on the problem it was
decided to consider the grouping (n+d). As was
mentioned in Chapter (1.3), (n+d) scattering has been
formulated using a resonating group wave~function a
number of times and the final form of the equation used
by Burke and Robertson (1957) was assumed.

That is, for m = 0O

(d—f + k’) o(l”*)/(’r)‘f /k{'vw')f/"'hf*v’

(6.3)

where r is the distance of the neutron from the centre

of mass of the deuteron,

E w,v!
k(v~)= (?1(":"') 1y [lo('n'v') +[( 1+ .E: n( )]

where 8,q,y,p,a and U are set out in appendix D.

This equation is now dealt with as follows:-

[ d_}é’_:’ - al{{«v)fh) ‘wa(”'"')*YP["""') + yﬂ(w v')J{f"")""']

T a frerant]
- '”("0""} v
+ke e mm . )

This is expressed by finite difference techniques in
the form

A)l + kZBf = 0 (6.5)

where A and B are matrices and jF a vector corresponding
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to j{(r).

Thus with k2 = - x and B-lA = C, we have:-

(c - ¥ I)j- = 0 (6.6)

and k2 can be found by finding the latent root of C
having a vector of the appropriate physical boundary

conditions.

We follow Burke and Robertson in using the deuteron

ground state wave-function (1.12).

For the binding energy of the deuteron we have

Sy -Eveven) yio (6.7)

which 1s explic1t1y %
£ [(:u) +Ec«/sée,~/z) +c'[2/$) ] m,[(/u?«) uclmw,/shapm,s) j
@< [ (2e)" 2 ¢ 2¢ (e018) > + c*(25)7 %% ]
(6.8)

(Burke and Robertson Eqn.10).
This expression was minimised with respect to a,
B and c for the potential parameters (6.2) and the
corresponding values of Ed and a, B and c substituted

in the equation.
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6.3 Numerical Work.

(a) Minimising of Ed(equation 6.8).

An alpha-code programme was written which simply
calculated the expression for a mesh of values of & and
B, for a particular c¢c., This was done for various values
of ¢ and the mesh tightened until the wvalue of Emin was
sufficiently accurate. It was found (agreeing with
Burke and Robertson) that Emin was very insensitive to
changes in c.

(b) Latent Roots.

We express (6.4) in terms of finite differences.
As in the programme used in the scattering calculatiqns
(chapter 2.3(b)), the upper limit Rl = 29h is set on
the integral and the 30 points of r' taken as r = mh,
m= 0,r,...,29, and /di' - g‘r‘“

We choose the same points in the pivotal range for
r, and let jl-r“) = 4](,, {: /fn“/,‘ k/'r... P ) s knm ek,

Using the formula:- .
sz.-."= (]“_.-J]h_'_f“*') "‘/"2‘54/" -+ ;ﬁ S ﬁ—-..
we have (for (6.4)):- )
fh-‘ -l{h'f/u.._‘ -+ ‘!qufn -+ Al:{—: 4“1 kﬂm fm
4 kA fut ZTuluwfm] = Co )y for mronson29,

where I<hm s -‘{/s'fum Y v ya‘““)

2 -
- :’;.,-}Q ey Vos—alla ) Cuz F8Yu =5 8¢ us

n
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We now apply the central difference operator (1 + 1/12 $t )
(Fox and Goodwin 1949) to reduce the order of the
difference correction.

This leaves the equations:-

Jnt {1+ r’équ-:)-J’nlz— YRt fua (r+ t Vugi)
fﬁz 5 th (k“""’“ +10 Hlﬁw& -+ "{M-oum)f“\d

"zéll:{k-lq!!!//n 'f/u-u R4 Efm (Luviim 170 lusin "L““'M)/m]
= - J%&*

That is, in the notation of equation (6.5):-

Am = ln-.('l— ”[12‘/“).(.5,_.”’“ [,"' Ko )
+J.. ,'.../}'1‘ Vm+.)+ _b 7,“([(“_' -t /Mf“m-*/(uﬁ,m)

('0 Jhm + th..w + Xu-HM)
‘me [Lu-',m'f' /()Luhg'f Lh-r/:“-c].

and B
nm

where Sih_is the Kroneckew S.
Simpson's rule was used to give the weights'7:a
with the 3/8's rule at one end of the range to obviate
the difficulty of having an even number of pivotal points.
The regson for choosing 30 points was in order to
make use of Dr. H.H. Robertson's programme again for
producing the kernels Knm and an. A GIP programme was
written to calculate Anm and Bnm from these (appendix C).

The latent roots were calculated by a programme



kindly lent by Mr Williams of the Glasgow University

Computing Laboratory. This used Lanczos' method.

(Buckingham (1957) ch. 12).

The MH force (1.6) was used, since this was

the one used by Svartholm (and also by Margenau et al.).



6.4
(a)

(b)

(c)
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Preliminary Results.

Using p = 0.2669 x 10°%cm™2, V_ = -37.26 MeV, the

expression (6.8) was minimised. A very unrealistic
result for Ed was found, however, being Ed = =-0,39083
MeV, corresponding to & = 0.01435, B = 0.1362 X ’bgc‘“‘-?
(The binding energy of the deuteron is experimentally
-2.22 MeV. Tollegtrap (1950)).

Burke and Robertson point out that it is difficult

to decide what interval to use in the kernels for

the following reasons:-

a) The q kernels very very rapidly near the origin,
and thus inaccuracies will occur if h is too large.
b) The p and n kernels extend out much further, and
hence some of their contribution may be lost if h

is too small.

However, since the gaussian wave-function dies
away fairly rapidly, it was decided in preliminary
calculations to use an interval h = 0.45 (by study
of a table given by Burke and Robertson).

The inaccuracies due to this, if any, could
then be simply tested by calculating a result for,
say h = 0.5, and comparing.

Using h = 0.45, the latent roots of C have been

calculated. The asymptotic form of j (r) should
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be ~ € ikr, and thus for a bound state k will be
imaginary, that is, A’ will be positive.
Six of the roots found were real, and only one
of these positive:-
A= 0.1184 = -k* = =3M E , where E_ is the
energy of the neutron.
This corresponds to En = ;3.69 MeV.

Using the extremely high value obtained for E this

d!
would suggest for the binding energy of the triton

E,.=E + E_, = -4.08 MeV, which is 1less
T n d

than half the total observed binding energy.

It should be remembered that only the (n+d)
grouping has been considered. (A recent calculation
by Kurepin and Neudadini (1960) suggests that the
probability of finding the triton in the (n+d)
grouping is 0.4).

The next step will consist of considering a wave-

function of two groups:-

1‘2 = ¢,(u+d}+ 952(‘7“\'“’/’)~

It should be pointed out with regard to the above
result that tests of whether the interval h used was

large enough, have not yet been done.
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Conclusion.

The usefulness of the resonating group approach is
without doubt whené the large amount of data correlated
with its aid is considered.

The use of an equivalent central potential with
full allowance for exchange forces has described the
behaviour of many light nuclear systems to a fair degree
of quantitative accuracy. It is surprising that the
exchange force type which produces agreement with
observed data is in general so nearly the same in the
systems to which the method has been applied.

The conclusions of the work on the six-body
collisions must be that they are out of line with other
calculations in that a force between the Serber
symmetric types does not give agreement with observed
data. It is hoped, however, to carry out an investigation
of this system with exchange forces between the WB and
Serber types. The result may still give a 'nmear-Serber'
fit. (This would still have it out of line with what
was anticipated, since the force was expected to move
nearer to the symmetric type as the number of particles
increased (Butcher and MacNamee 1960).

In general, it may be said that there is no doubt



of the necessity for an approach of the resonating
group type at low energies, and the limitation on the
success of applications up to the present, may be
supposed to stem from the unrealistic nature of the

potentials used in conjunction with it.
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Appendix A.

Spin Matrix Elements.

1. Matrix Elements required for Type (a) Collision.

Singzlet State (Table Al).

]

P 13 S£0; h s ia"?.)' Pys | £ Gol’o)‘ Pes s P, ,j z 6”"-)‘69 s a’ol'.)' A5 |2 1% oy
1 +1 +3 +3 P,y +3 +3 +1
Pis -1 -3 -7 P,6 +3 +5 +3
1 -1 - -1 1
Pl 3 +32 +1 p) P31+ 1 P} 2
Py +3 -3 +1 Py +3 +§ +%
Pis +Z +% +% Pag +3 +% +5
Piol +*2 +% +5 P +3 +% +3
Pos +3 - +1 PLg +3 +5 +3
P,y +3 +1 -% Peg -1 -% -3
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Triplet State (Table A2).

Piy |£8Pys’| E6Pij S| Sali;fd] Pij|gsPyd | 5 Pyhss’ | Tty ye
' T I g | r| 2 3 3

Pra| -t ~% -3 Pog z % 3
P13 B 1 ~% Pay -1 -z -%
Py % - 1 Pig % i i
PlS % % % P36 3 'y i
Pig El r Y Py 3 3 y
Pas i -3 1 Pue 2 i T
P, 3 1 -3 Peg 1 $ %
SV P, s TNy Py SRy Py st S Py lssd;
and ﬁépﬁpgaf=4-ﬁd&yé.

Similar symmetries exist for the type (b) elements.
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Spin Matrix Elements Required for Type (b) Collisions.

2. The Terms (3H + 3He) -—~%>(3He + 31).

Singlet State (Table A3).

b, | Zerye | B PR | 200, 2 | St AL
1 +1 +1 ! o3
P12 +3 +1 +1 o3
13 +3 -3 +1 -1
Py +2 +5 -1 -3
P15 +3 +q +1 +1
P16 -1 -3 -1 -3
P23 -1 -1 -1 It
Pou +3 +% ol "
P25 +% +3 +1 o3
P26 +i -% +5 -1
Pay +3 +5 +1 ol
P35 +3 +3 et 4
P36 +z +1 +i -3
Ph5 -1 _% _% -%
Pre +3 +1 1 o
P56, +3 +% -1 -1




- 92

Triplet State (Table Ak4).

) A¥ o A e O He e e O AP O e O W o e
PR * + 1 + + ) + + + 1 + 1
T
~%
W
b
“2
nn,v R S N T e T S I I LT R Rt R B R S P G
‘- + + + + + 1 + + + + + + L + |
N
o
W
-y
b
™~ A e m M He 1N N e e S e e O He e e
y + o+ i + + + i + + + + + | + +
.o
‘n
=
W
We — e v e e —~ —t wlod A = w SN A —t e e
o + + + + + + 1 +  + + + + + 1 + &
.
v
WY
3 (3\{ (o W o \O ol T Ia \O = n 0 n\ O \O
Ea ~ —~ ~ ~ ~ —~ o o~ o N o] (9} o T J - n
N o Ay <N (a7 Ay =™ Ba Ay P4 (2N (=1 A A a A
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3. The Terms (d+a) —2 (d+a) (s=1 only).
Table A5.

Pi_j Zs Vi,‘ = -2 4 p., Pra & 55 {).')' Pq.g s 2’&'/’:‘)‘ ﬁg":’n"a'-

1 +1 +% +% +%
P12 +3 +1 +% +z
Pig +% -2 +% -
Py +1 +5 +5 +5
Py +3 +5 +3 +3
Plg +3 +5 0 0
Py - 4 4 -4
P,y +3 +3 +3 +%
S I 4 i !
P, +5 +% +% 0
Py, +3 0 +5 0
Py +5 +5 +i )
Pag +% +% +5 +3
P +5 +3 +1 +5
Ph6 +3 +5 -3 -5
1 3 4 4
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L. The Cross-Terms (s = 1 only).

Table A6. (°H + SHe)—> (d + o) Terms.

Pi.]' S o'Pi;E [EFs'liy Pye & E' Pl |Za'Pialy.S
1 -3 -1 +i -3
P12 x -2 5 -1
Piq ~% -3 ~% +3
Py, -% -2 0 -3
P 0 -% +% -%
Plg -3 -1 +% -2
P23 +3 +1 -% +3
Poy -1 -z 0 -3
Py -3 -2 +% -1
P26 -5 -3 +5 -3
Pay -3 -3 +3 -3
Py -3 -% 0 -%
Pig -% -3 0 0
P s +3 +1 -5 +3
Pue -1 -% - -
326 +% -3 +3 -1
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Appendix B.

Integrals Used in the Analysis.

' L3 : 4 . i
| ‘ v, “Gg(k-2'-2:4.5)
/e 1E.2, 4.2 - 5"9_‘:’ = ('gq) e

Yog (A+i6)* [~ S (2+ligk 847 f-')‘
Ves X N ILN s
- e(/t A+ [/5,4 ,—[l)‘] RH.S.
Y < /2 2
feé‘”-’e g e - (n/s)x/.e 4[% " A

gl‘,: _/C;E»ﬁeﬁ-’!e'gv‘ ol Y k=AY
5 % “}] EI3NEEY N
= =["%)% /_25-1-05“4 f-l"”""'

Ly
0

-~
"

With X = 0, (2) is obtained.

v, A%
< fo X S Bo)etr 2 5. A BV “*

29 =
A/‘( "'5"" R
T, - ¢ -8 ) ot
3 fe //Al [,

A A

N A A
(B.r = Br cos 63‘, = Br [cos eAgcos QA-.- -sx'ngAB 3m 94., Sm?\])

A

where 6G¥~is the angle between B and r etc. The sine

A

terms disappear under the integral and pu = cos 55? ).
= 4.8
Thus 13 = IN DA /lc o Hence result.
- Kew _ 4n @ (1¢ et
-l |
T - Jnvn _ ) /“ ] .
&4 Py (i( “6ﬂ /) /“ (Rodrigues! formula)

.?n-n’,, .y e At
= 5 (L )()](z/ﬂ)?‘.

= RHS (I.N. Sneddon (1956), p.126).
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—Kavm ar - Jusery (')
5. Ig = 20 4[ Pn/~) 4?“"— e K2 ,
t &
-+ ".E Jui"g{kwé]
This

K und
6. 1;

is easily seen by differentiation with respect to

er the integral sign in I
b(l—

[, e 22 sk ax ¢ = [2 iy ) e <744 é(j‘%i)

16:

Wi,

T s [ R BT

(]
(-} f/é,) ;t? A ?
: € J/ gﬁ>7dv
o

NA

- ph4 2 [J )
7. Tq= f:»f._s ok Vv 2 o) © (A7)
- AfS4~2 +.2$47-)

- —~— ,- /& q

7, = 40 //‘!/‘ se el where U = cos eS*r
=<
v S.% > sv,
- 4nr e-)vtfdsc‘A‘M-?va 7/
22 o

]

AN Tox) e G ) (s 6

2. 1.S.
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Appendix C.

Programmes.

1. Programme for &i(r,r ).

To calculates: -
ht . ('Y*"’zYW"'"e 2)
{"SJ"'t) =

2"3"{' /n-‘ -ve ' IXJ
_,N‘_ﬂ_l P o514t = Jros -l lt,/e

2 "’

2
-5l $vel X2

= JL—A Z/NJ [l"s"""e" p“(.h)e"x__ l”'s"‘"f"""h)e

where s = 0,1,00.,29, t = O,l,ooc,29o
The DEUCE interpretive scheme GIP 5/1 was used.
(The programme will deal with any number of pivotal points.

Seven point Gaussian integration was actually used).

Bricks. 1. LRO7B (Read Binary Matrix)
2,3. LZ61B (Term by term matrix algebra)

4. LZ63BM (Term by term exponential).
5. LZ12B (Select Element)
6. LZ18B (Term by term square root).
7. LSO02B (Scalar multiplication).
8. LWOl1B (Matrix Subtraction)
9. LHO1B (Matrix Addition)

10. LzZ19B/1 (Expand scalar)

11, LPO5B (Punch binary matrix).



Codewords.

Card No.

0

1

~2 O\ + W N

(00}

10
11
12
13
14
15
16
17
18
19
20

21

I®

13

W

@

L

31

11
13
11

11

-~ 98 -

L=

29

11

© NV 0 (&)

{e]

31
14

11

13
11
13
15

L]

48
47
b7

10

Lg

vt 0 vV O N

Notes.
Replace by O.
Read 2nd triad.
Read 3rd triad.
RealeY-Kﬁ)l“QJ
Read [’a Y, ";]
Read l“n“u "‘“N]
Read [retiwe? -- xn']

Read ¥
= [°:“l"'o 2(“‘]

2
r

2r

Obey (0+12), add P
to 12 and go to 149

20w’

f%identical elements]
\
|
|

"02

2 '
r + v

2
(N‘-fv‘)z

(«'--v')z

Select (y- Kﬁ)
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Card No. a b c o Notes.
22 11 0 17 7 A = (y-¥A)v?~'?)
23 L 0 0 L8
24 11 9 27 2 rien'?
2!
25 L 0 0 48
[ﬂ«'d')t
26 13 9 19 2 , —_
: 2m!
27 L 0 0 L8
-ﬁ')?
28 15 9 21 2 (=
2!
29 13 6) 9 6 )"I‘-Q-b"
30 15 0 11 6 Jv- ]
31 0 0 35 1 DL 35 —» O
32 0 33 34 42 Obey (33+0), add P
to 33 and go to 34%
33 3 0 0] 5
34 13 0 Ly 7 xJ-ifﬂ’-t")‘
35 15 0 47 7 xptlemne)?
36 19 0 51 7 ¥ ’351'-“—-'"
37 21 0 53 7 xj2 (ol
Tt
38 0 1 o) 5
39 hs 0 Ly 7 X
Lo [yl 0 L7 7 Y
L1 17 L5 L5 9 A+ X
b2 17 L7 L7 9 A+ Y
43 L 0 23 L e (A+x)



Card No.
Lk
b5
46
b7
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64

v

L7

23

25
27

29
27

29
55

57
57
69
35
70
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o

lo

25

b5

b7
29
51

55
29
55

57

57
60

57

35

32

33

37
11

Lo

Notes.
e- “"Y)

Jwe~rl e (hex)

- (AY]
J -]

Y1
Pn ()‘o]

Jrvev'l G-M*y’/’“(‘h)’ 0]

Yo

P (v,)

lv —-wle- (A*V)’::(h):@)

(1) - (2)

Obey (0+59), add P
to 59 and go to 609
WJ‘[{””‘&)}

Fwj (0r- 1)

Replace 32, by
(69-33).

Punch row of ln'

Replace 33 by 70.



Card No.
65
66
67
68
69
70
71
72
73
7h

75
76

77
78
79
80
81
82
83
84

I

71
72
73

&N W

29

65

65

n

lo

12

29
29
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lo

59
11

12

©o ©o © o o

(@)

29

65

65

29
29

Ix

Lo

37
Lo

33

vt it it ot it \»m

10

33

L8

N

vt 3 W\

10

8

33

Notes.
Replace 59 by 71.
Jump to 11 if 72
12.

Replace 12 by 73.

Go to codeword O.

{
L was assumed negligible for n > 2.
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2, Programme for the Coulomb Phases % = MF//'”1"'"’~\’)-

{n

This programme uses alpha-code and forms 17"

for M =0, 1, 2, 3, 4. The formulae:

1), = =0.5772156650 + = [% - tam=! (%5)]

e

Yoo + ot (35,

are employed.

Card No. r R A B Function C D
1 23 1 DATA X1
2 23 R1 1 DATA X2
3 oL X3 X1 DIVIDE X2
4 05 JUMP Sl
5 24 5 RESULTS  X10
6 05 JUMP R1
7 14 STOP
8 19 S1 SUBROUTINE
9 11 Xh CONSTANT RO
10 (-0.577215665)
11 11 X5 CONSTANT RO
12 Q)
13 02 X6 X6 MINUS X6
14 02 X9 X9 MINUS X9

15 01 R50 X6 X6 PLUS 1

ka

M



Card No.
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

o4

36
02
01
09
03
01
00
o1
04
36
12
01
10

20

R51
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X7
X8
X7

X9

X10
X10
X6
X6
X6
X6
N50

X1l1

X3

X7
X9
X7
X4
X10
N50
X6

X3

N50
X10

N50

Function

DIVIDE
Tan"1
MINUS
PLUS
BIGGER
THAN
MULTIP
PLUS
MOVED
PLUS
DIVIDE
TAN-l
MODIFY
PLUS
upP TO

END OF

X6
X7
X8
X7
X5
X3

X9

X6

X6

X6

D
Ys
taﬁ%‘
S
R50
RO n
n+l
N
R51

51
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3. Programme to Calculate Angular Distribution for
Identical Particles (&4 ).

The system used is alpha-code. The subroutine Sl

used is the same as that used in programme 2 (i.e. cards

8-30).
Card No. r R A B Function Cc D
1 23 2 DATA X1 kg, ke
2 ol X3 X1 DIVIDE X2 ¢
3 05 JUMP S1 (gives
Moy--Yy ™ Xl0--- Xi4.),
L 23 10 DATA X1l5
5 11 X25 CONSTANT RO
6 (/12)
7 11 X26 CONSTANT RO
8 (0.5)
9 11 X27 CONSTANT RO
10 (3)
11 11 X28 CONSTANT RO
12 (5)
13 11 X29 CONSTANT RO
14 (35)
15 11 X30 CONSTANT RO

16 (30)



Card No.
17
18
19
20
21
22
23
24
25
26
7
28
29
30
31
32
33
34
35
36
37

11

11

11

03
10
12
0l
12
01
12
01
12
01
12
01

12

30

R10

R3
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X31

X33

X34

N1lO

X15

N1

N1
X20
N1
X15
N1
X20
N1l
X10
N1

Xks

N10O
X15
N1O
N1
X10
N1
X10
N1
X15
N1l
X20
N1

X10

Function C
CONSTANT
(0.01745329)
CONSTANT
(£,(3))
CONSTANT
(£,(2))
MODIFY

MULTIP X31
UP TO 10
MODIFY 1vl
PLUS X15
MODIFY N1
PLUS X20
MODIFY N1
PLUS X15
MODIFY N1
PLUS X20
MODIFY N1
PLUS X10
MCDIFY N1
SINE X15

RO

RO

RO

R10



Card No.
38
39
4o
41
L2
43
nh
45
Lé
W7
48
49
50
51
52
53
54
55
56
57

59

12
31
12
30
12
31
12
30
12
31
12
02
12
02
12
02
12
02
10
02

01

31

R2
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N1
X50
N1
X55
N1
X60
N1
X65
N1
X70
N1
Xhs
N1
X50

N1

X60

X35
X36

N1
Xh5
N1
X50
N1
X55
N1
X60
N1
X35
X35

Function
MODIFY
COSINE
MODIFY
SINE
MODIFY
COSINE
MODIFY
SINE
MODIFY
COSINE
MODIFY
MINUS
MODIFY
MINUS
MODIFY
MINUS
MODIFY
MINUS
UpP TO
MINUS
PLUS

COSINE

C
N1
X15
N1
X20
N1
X20
N1
X10
N1
X10
N1
X65
N1
X70
N1
X65
N1

X20

X35
X25

X35

e 2{'7. ')

ﬁn?ﬁ7a1h3
o 1/?-451.’}

P 2"7“

n ,?v,h

R3

Fif)
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Card

No. r R a B Function C D

60 03 | X37 X36 MULTIP  X36 u?
61 03 X38  X37  MULTIP  X36 u
62 03 X39 X38 MULTIP  X36 ph
63 03 x40  X27  MULTIP  X37 3u”?
64 02 X40 Xho MINUS 1 3u2-1
65 03 X40  X4O  MULTIP  X26 P2 (1)
66 03 X38  X38  MULTIP  X28 5p3
67 03 X41 X36 MULTIP X27 3u

68 02 X38  X38  MINUS X4l 5u0-3u
69 03 X38 X38 MULTIP  X26 pj(p)
70 03 X39 X39 MULTIP  X29 . 35pu
71 03 X37 X37 MULTIP  X30 30u”°
72 02 X39 X39 MINUS X37 35ph-30p2+3
73 01 X39 X39 PLUS X27

74 03 X39 X39 MULTIP X26

75 03 X39 X39 MULTIP  X26

76 03 X39 X39 MULTIP  X26 ph(u)
77 01 X37 Xho PLUS 0 pz(p)
78 03 X40 X35 MULTIP X26 Q//Z

79 30 ‘ x40 SINE X4o “;'%é

.'E
80 03 X40 X40 MULTIP X40 Latan 7&



Card

No.

81
82
83
84
85
86
87
88
89
90
91
92
93
ol
95
96
97
98
99
100
101

102

28
03
02

11

01
30
31
ok
ok
03
03
01
03
03
01
01
03
03
03
02

02

- 108 -

X1
X411
X4l

X42

X4l
Xh3
Xhlh
X413
Xy
X3
Xhh
X75
X76
X77
X78
X78
X78
X79
X79
X80

X81

Xh1

X10

xh1

X43
X4h
X3

X3

x27
X28
X28
X78
X78
x27
X79
X80

X81

Function

LOG

MULTIP

MINUS

CONSTANT

(=)
PLUS
SINE
COSINE
DIVIDE
DIVIDE
MULTIP
MULTIP
PLUS
MULTIP
MULTIP
PLUS
PLUS
MULTIP
MULTIP
MULTIP
MINUS

MINUS

c
x40
X3

Xh1

Xh2
Xh1
Xh1
Xko
X4o
X43
XL

X36
X37

X38
X27
X39
X80

X81

RO

FB?J
?iﬁ?d
5 Fylp)

7'%§a}

9P4(H)



Card

No.

103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123

124

02
02
12
03
12
03
12
03
12

.03

12

01

12

01

12

01

12

01

10

01

02

01

R = A
X82

X83

R4 N2
X145

N2

X150

X155
N2

X160

X80

X81

X83

X80
X81

X82
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X82
X83
N2
- X75
N2
X75
N2
X75
N2

X75

X80

X81

X82

X83

N2

X80

X81

X82

Function
MINUS
MINUS
MODIFY
MULTIP
MODIFY
MULTIP
MODIFY
MULTIP
MODIFY
MULTIP
MODIFY
PLUS
MODIFY
PLUS
MODIFY
PLUS
MODIFY
PLUS
UP TO
PLUS
MINUS

PLUS

C
X82

X83

N2

XLk5
N2
X50
N2
X55
N2
X60
N2
X1hs
N2
X150
N2
X155
N2

X160

X4y
Xh3
Xhh

Rb4

4

28,

z2d(,

2 D

A, (6)
3,(8)

A3 (6)



Card No. T

125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142

143

144

02
03
03
03
03
01
01
03
03
01

ok
oL
03
03
12
01
24
05
14

18
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X83
X80
X81
X82
X873
X80
X82
X80
X82
X80
X80
X80
X80
X80

N5

X85

X83
X80
X81
X82
X83
X80
x82
X33
X33
X80
X80
X80
X80

X80

X80

12

Function

MINUS

MULTIP

MULTIP

MULTIP

MULTIP

PLUS

PLUS

MULTIP

MULTIP

PLUS

DIVIDE

DIVIDE

MULTIP

MULTIP

MODIFY

PLUS

RESULTS

JUMP
STOP
(81)

FINISH

C
X433
X80
X81
X82
X873
X81
X873
X80
X82

X82

>
N

X26

X26

o
X85

Rl

R2

4 1)

4 1(6)

1(6)



4, Programme to form expression (6.8) for E
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d'

Card

No.

e ~ o . W

O

10
11
12
13
14
15
16
17

Alpha~code (mark II) is used.

(6.8) is of the form

I

23
23
01
o1
01
05
03
03
03
03
03
03
03
01
o1
03
00

01

=
1>

R1

X9

X11

T6
T6
T7
T7
T7
T7
T7
X31
X31
X31
X8

X9

1=

X7
X8

X8

T6
T6
T7
T7
T7
T7
T7
T6
X31
X31
T8

X9

1wl
T

Function [9)
DATA X1
DATA X7
PLUS X7
PLUS X7
PLUS X8
JUMP

MULTIP X5
MULTIP X5
MULTIP T2
MULTIP X5
MULTIP X7
MULTIP X8
MULTIP X4
PLUS T7
PLUS T4
MULTIP X1
MOVED

PLUS X2

o

S1

34?

—

Notes.,

a,f

2aQ

2B

I1I1

K+ 2a
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Card

No. = R A B Function g D Notes

18 01 X10  X10 PLUS X2 L +a+ 8

19 ol X11 X111 PLUS X2 B+ 28

20 05 JUMP S1

21 03 T8 T8 MULTIP X3 Vv II

22 o1 X31 X31  PLUS T8 }Zl" I+

23 ok X31  X30 DIVIDE X8 "E "

2k 24 1 RESULT X31

25 05 JUMP R1

26 14 STOP

27 19 S1 SUBROUTINE

28 oly T1 X6 DIVIDE X9 Hx

29 ol T2 X6 DIVIDE  X10 79

30 Ok T3 X6 DIVIDE X11 Vo

31 25 Th ROOT T1 x—%

32 25 T5 ROOT T2 y—%

33 25 T6 ROOT T3 z 2

34 03 T1 T1 MULTIP T4 x"

35 03 T7 T2 MULTIP T5 v %

36 03 T3 T3 MULTIP T6 -
-3

37 03 T5 T7 MULTIP X5 (Y]
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Card

No. r R A B Function g D Notes.
38 01 ™5  T5  PLUS TS 2ey=34
39 03 T3 T3  MULTIP X5

40 03 T3 T3  MULTIP X5 ez
41 o1 T8 T3  PLUS T5

b2 01 T8 T8  PLUS T1

43 20 END OF s1

LYy 18 FINISH
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5. Programme to calculate A and B for chapter 6.

Bricks.

1.
2,3.
.
5.
6,7.
8.

9.

GIP5/1 is used.

Vﬁdis of the form
w? -—C}'vz) o a([//"')

- 1 -
A(a,z c'q—raze ¢ + aze¢

LRO7B
LZ61BM
LZ12B
LS02B
LDO2B
LZ63BM/1

LZ14B/12

Codewords.

0

1

10 B B *\ N ¥ S N W

O

10

0

0

e = N T R C I <

o

= N (@]

AN O W C

N O & O

o

Read binary matrix.

Term by term matrix arithmetic.

Select Scalar.

Scalar multiplication.

Diag.

post-mult.

Term by term exponential.

Expand diagonal.

b7
b7
1
1l
L8

£ W = W £ N

Read [/4) Qiy22,2;,; c"":‘!]

Read r(Vector [0, &, - —,2au])

cp vt

Ca?



11
12
13
1k
15
16
17
18
19
20

21

23
24
25
26
27
28
29
30
31
32
33

N R F e

-y

30

64

10

& O ™ SN FWN

N O

(@)

156 .
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A L S O A ® . T N ¢ « BN o (R ¢ RS |

g
V] (0]

g
= No W N Q

=

L8

C3 ol
-y~

-Ct"’!

- C3Y®

G,'

Ci~v?

- Cgv?
Gy C
- C;‘Vl
ﬂ;»é
- C,or
Zq; ¢
V(+) = Vi
th
Read X
nr
Read T
m
K T
nm" m
\' + K T
nm i~ m



34

35
36
37
38
39
Lo
L1
L2

4l
hs
46
L7
48
49
50
51
52
53

92

= F

93

123

30

92

30

30

60

92
34

o 6
0 o0
0 4
0O 4
0 30
0 93
30 93
0 123
30 123
0 30
2 0
0 30
0O o
93 60
o o
123 &4
0 34
1 o0
0 34
0O o0
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32

48

48

L8

Replace bricks 8 and 9 by:-
8. LT02B/1 Transpose matrix.

9. LPO5B Punch binary matrix.
10,11,12. LMO5B Matrix mwudt.

13. LHO2B Add unit matrix.

12 nm nm m
A1+ B (v 4+ K _Tm)
ra nm nm
(4%
Read 4+ = [S“"'“]
R
" Read I2 = [Su+ar”]
A2
AO
104°

lOA0 + Al + A2
Read I = [Sum]
-12T



54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73

34

123
63
92
30

30

60

63

63

123
123

30

30

60

N

N = O

13

48

L8
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A= -12T + 104° + al

Punch A.
Read L
nm

T
nn m

I+ anTm

B = 108° + B! 4+ B?

Punch B.

+

A

2
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Appendix D.

Functions for Equation (6.4)

(form Burke and Robertson 1957).
a=2w—b+-_1r;m-h,B=2m—h+%—w—b,}I:—%.

Znth? ot 4 /%

N3 aaf o 43)
+ﬂc@‘,};';“,§) 4:'99‘/7(“"’ ffyj:z/;)

31 ,/Z / a;&
+ ct (“5/'37,“,@ ) exﬂ"",?,u/@)j

_ 162 AV, T ) 2 v
U(r) = "‘"‘{“o{/za,g) G (-3, )

q(r,rl) = AjexpCy { _§L‘ e-rl')[qf-me)juz (2<,) + e (ex/:[m*hl* ‘”‘7’/“'&'))
S+, X j'/a (sl“f')

-+ _ZC:_Z Qxic) (/ba'l‘,cj ﬁ";[ﬂl)/
} .

1y 4 2¢ 7,
n(r,r”) = A, {a3 ex,:(amaz)gz,z ng,) fa;:-ii[‘ém{d:fh}‘-f?xﬂ(‘u “b,))
x 21/2(43-([’3/

2 ‘
-+ Zc, @x,) /61#1'3le12{,£4'?)}
3 )

p(r,rl) - -Al(exp.cl + exp.cz)f é: evp (a0;) 3/13 {Zs,)

+$:-2—$ (fc,’c/:‘[‘?" 4:)-\" Wﬁfaoféaj)ﬁv,‘ [S;*‘{;)
el

< exp (ko) Im (283
‘f'A} f?x,a(a,-fag)(’aqﬁflz (Jﬂg)““j’ .:’:,/z (’“3))
+ Clldivre cdywt? + a3) exp (a2 <4:)
S T b Bl
¢ f’?’f) {4, *f;lr‘/ *C'Y/I(a,szl) 9,4 (‘;3 3f b;)

.(.szfxl){b, 'sz,\/blf j() [Jbg/ -~ 6.)' !”2 {2‘1’3}/



where Al = JG‘#S’ nSMVOW /’2’ /4! Ed ) A3 < 4546/7 .
2 nwrh? Ve b3

.4 : - -
a g « (4 2o~ 2)) b= fﬂ(“"’*"")nql z *%‘(,l«-‘af/'"';

Xt &8 2+ 203 . & va
1 <3 ) S - ;7*/"(4"?""" ),

[
I

-Tq o (4v'2+a?), 62: —g[f(é"'?""?)’s P -3— (/u r,?o()m;

Q
]
]

b+ 27+ 2048 .
2 : Jf/? ) C27 —‘7/ (exttam),

o}
n

_ /6 . . le
S T AN bs - 5 ', fx—‘-z?/ﬁ (rreme?),

1(«2.,/2“(7/)«/3 ¢, = __;;., — 43 )0,

d., =
3 [41/3)?
7 — qq :! ? ) 99

Got2+ B2+ Sl i T, § (1 28)n,

2(‘( ) I-@C?["')

3 ] _ 13 2 [T
a, = .’Exw‘ b - -5/3"*':" 'Kz«

Ut
~



(1) 3+ dn.

MeV.

29

20

10

Appendix E.
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Coulomb Phases L for (3He + SHe) and (CH + 3H)

Oy

qhgradians)

-0.02916k
+0.021407
+0.046709
+0,063579
+0,076231
~-0.035896
+0.025783
+0.056247
+0.076560
+0.091955
-0.049497
+0.,036483
+0.079553
+0.108276
+0.129821
-0.069402
+0.051656
+0.,112528
+0.153138

+0.183019

(2) 3He + 3He.

MeV

29

20

10

N M O O W N O £ W N H O |IB

+ W

3n5radians)

-0,113611
+0,086154
+0.187043
+0.254429
+0.305002
-0.135092
+0.104093
+0.225345
+0.306433
+0,367308
-0.183529
+0.,1484473
+0.319208
+0.433634
+0.519618
-0.239921
+0.213759
+0.452894
+0.614019
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MeV. n %! radians) MeV n ¥n< radians )
2 0 -0.108348 2 0 -0.301811
1 +0.081963 1 -0.354973
2 +0.178329 2 -0,722902
3 +o;2h2189 3 -0.974k447

4 +0.290335 L -0.116485
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