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1. Introduction.
1

Since P o ld er , in 1949» f i r s t  d iscovered  the gyromagnetic nature  

o f  m agnetisation in  a f e r r i t e  medium, la r g e - s c a le  in v e s t ig a t io n s  have 

taken place in to  the behaviour o f  guided e lectrom agnetic  wave propagation  

in f e r r i t e s  and numerous d ev ices  have been b u i l t  which depend for  t h e ir  

e x is te n c e  on the rec ip ro ca l  and n o n -rec ip roca l nature o f  the propagation. 

Included in th is  category are the i s o l a t o r ,  c ir c u la to r  and n on -rec ip roca l  

p h a s e - s h i f t e r . Before proceeding to d is c u ss  the p a r t ic u la r  in t e r e s t  in

f e r r i t e  propagation in t h is  t h e s i s ,  an account o f  the fundamental nature  

o f  propagation in f e r r i t e s  i s  g iven .

P o ld e r ’s i n i t i a l  d iscovery  was th a t ,  in  order to r e la t e  the  

magnetic f lu x  d en s ity  and f i e l d  in t e n s i t y  in  a f e r r i t e  medium, a ten sor  

p erm eability  i s  required , i . e . ,

_B = ,11.

where i s  the f e r r i t e  tensor p erm ea b ility .

At low frequencies  ( ^  100 M c/s) ,  the o f f -d ia g o n a l  component 

o f  the tensor becomes n e g l ig ib ly  sm all and jiX reduces to a s c a la r .  The 

d isc u ss io n  in  th is  t h e s i s  i s  confined to f e r r i t e s  operating  in the  

microwave reg ion , ( 1 -  100 G c/s)  where the o f f -d ia g o n a l  component i s

s i g n i f i c a n t .  The t o t a l  m agnetisation  v ector  o f  a magnetised f e r r i t e  

has a s s o c ia te d  with i t ,  an angular momentum a r i s in g  from the aggregate  

o f  the angular momenta o f  a l l  the unpaired e le c tr o n  s p in s .  Because o f  

th is  angular momentum, the m agnetisation  behaves as a gyroscope, i . e .  

i f  the m agnetisation vector  i s  d isp laced  from i t s  equilibrium  p o s i t io n  

under the in f lu en ce  o f  a uniform d .c .  magnetic f i e l d ,  i t  w i l l  precess

l ik e  a top round the a x is  o f  the d .c .  magnetic f i e l d  a t  a



frequency determined by the magnitude of the d .c .  magnetic f i e l d .  Due to  

the damping mechanism in  the f e r r i t e  c r y s t a l  s t r u c tu r e ,  the m agnetisation  

v ector  tends to  l in e  up with the d .c .  f i e l d  a f t e r  an in te r v a l  o f  time which 

i s  t y p i c a l l y  10  ̂ s e c .  However, the p recess io n  can be maintained by forced  

o s c i l l a t i o n s  which take the form of an ap p lied  r . f .  magnetic f i e l d  a t  r ig h t  -  

a n g les  to the d .c .  b ia s s in g  f i e l d .  I f  the p recess io n  frequency, determined  

by the magnitude of the d . c .  magnetic f i e l d ,  co in c id es  with the frequency  

of the d r iv in g  f i e l d ,  a large  p recess io n  ang le  i s  p o s s ib le  and a large  

amount of power i s  absorbed from the d r iv in g  f i e l d  and d is s ip a te d  in  the  

f e r r i t e  c r y s t a l  l a t t i c e .  This s i t u a t io n  i s  described  as ferrom agnetic  resonance  

When the m agnetisation  p r o c e sse s ,  a component of m agnetisation  and hence ,  

magnetic f lu x  d e n s ity  i s  s e t  up a t  r ig h t -a n g le s  to the d .c .  f i e l d .  The tensor  

nature of the p erm eab ility  fo l lo w s  from th is  f a c t .  When the d . c .  f i e l d  a c ts  

in  the z - d i r e c t i o n , the tensor i s  g iven  b y : -

-Ô K 0

K fj. 0

0 0 /A,

where ju, and K are r e la te d  to the d .c .  f i e ld ,H , t h e  sa tu ra t io n

magnetisation,M  and the operating fr e q u e n c y ,f .

In an i n f i n i t e  magnetised f e r r i t e  medium, two types o f  propagation  
Z

are normally considered -  in  the d ir e c t io n  of the d .c .  f i e l d  and normal to
3

the d .c .  f i e l d .  In the former c a se ,  i t  has been shown th a t  the normal 

modes have c ir c u la r ly  p o la r ise d  magnetic f i e l d s  and th a t  the ten sor  

perm eability  reduces to  a s c a la r  which i s  d i f f e r e n t  fo r  the two sen ses  of



p o la r is a t io n .  For the p o s i t iv e  se n se ,  where the m g n e t ic  f i e l d  r o ta te s  in  

the same d ir e c t io n  as the p r e c e ss io n ,  the perm eability  i s  /x -  k' , and in  

the opp osite  s e n se ,  ^  + i< . Owing to  the d i f f e r e n t  propagation constants  

fo r  opp osite  senses of c ir c u la r  p o la r is a t io n ,  the e l e c t r i c  f i e l d  vecto r  of  

a l in e a r ly -p o la r i s e d  wave i s  ro ta ted  as the wave passes through the f e r r i t e  

medium. This r o ta t io n  has been termed Faraday r o ta t io n .  In the case  of  

propagation normal to  the d ir e c t io n  o f  the d .c .  f i e l d ,  the f e r r i t e  behaves 

as a d i e l e c t r i c  medium when the magnetic f i e l d  i s  p a r a l l e l  to  the d .c .  f i e l d  

and p o sse sse s  an e f f e c t i v e  s c a la r  p erm eab ility  when the e l e c t r i c  vector  i s  

p a r a l l e l  to  the d .c .  f i e l d .

Although a n a lyses  o f wave guide con figu ration s u s in g  f e r r i t e s  

would be v a lu a b le , i t  i s  u s u a l ly  s u f f i c i e n t  to consid er  the propagation o f  

plane waves together  with a p h y s ic a l  reasoning fo r  a working exp lan ation .

In th is  t h e s i s ,  an attem pt i s  made to d iscov er  means o f  broadbanding 

the microwave resonance i s o l a t o r ,  u s in g  uniform f i e l d  b ia s s in g .  A d e sc r ip t io n  

of the operation of the three main types of i s o la t o r  and a b r i e f  h is to r y  o f  

the resonance i s o la t o r  i s  g iven  as an in tro d u ct io n .

When an energy source operates in to  a mismatched lo a d , a c er ta in  

amount of power i s  r e f l e c t e d  back in to  the gen erator . Apart from the f a c t  

that the energy i s  l o s t  from th i s  load , t h is  e f f e c t  i s  u n d esirab le  because  

i t  may have ser iou s  e f f e c t s  on the output of the sou rce . The source frequency  

may be s h i f t e d  -  th is  e f f e c t  i s  c a l le d  frequncy -  p u l l in g  - ,  the output power 

i s  a l s o  a f f e c t e d  and the r e f l e c t e d  energy i s  d is s ip a te d  in  the sou rce .

Previous attem pts to  prevent the r e f l e c t e d  power from reach ing  the source  

have been to in s e r t  an a tten u a tin g  pad between source and lo ad . The pad, 

of course, not only a tten u a tes  the r e f l e c t e d  energy but a l s o  reduces the

3



energy transm itted  to  the load . The l a t t e r  e f f e c t  i s  always u n d es ira b le .

However, the i s o l a t o r  i s  a dev ice  which overcomes t h i s  d i f f i c u l t y .  I t

absorbs la rg e  amounts o f r e f l e c t e d  power without s i g n i f i c a n t l y  a f f e c t in g  the

power t r a v e l l in g  from the source to  the load . The i s o l a t o r  i s ,  by n atu re ,

n o n -r e c ip r o c a l .  The lo s s  in  db su ffer ed  by a r e f l e c t e d  wave t r a v e l l in g

through the i s o la t o r  i s  c a l le d  rev erse  lo s s  and the sm all lo s s  occuring

in  the opp osite  d ir e c t io n  of propagation i s  c a l le d  forward l o s s .  The three

common types o f  i s o la t o r  used in  p r a t ic e  are d is c u sse d .
k-

The Faraday r o ta t io n  i s o la t o r  c o n s is t s  o f  a c ir c u la r  waveguide 

hold ing  an a x ia lly -m a g n e t ised  f e r r i t e  rod together  with r e s i s t i v e  vanes 

or ie n ta te d  a t  4 5  ̂ e i th e r  end of the c ir c u la r  s e c t io n .  When the d .c .  

f i e l d  and freque ncy are adjusted  to produce 4 5 ° of r o ta t io n  o f  a l in e a r ly -  

p o la r is e d  wave, the dev ice  works as an i s o l a t o r .  The input and èutput wave­

guides are rectangular  and th i s  n e c e s s i t a t e s  t r a n s i t io n s  in to  the c ir c u la r

waveguide. The n o n -rec ip ro ca l nature of the r o ta t io n  insures  th at waves

t r a v e l l in g  in  opposite  d ir e c t io n s  have th e ir  e l e c t r i c  vecto rs  p a r a l l e l  and

normal r e s p e c t iv e ly  to  the a t ten u a t in g  vanes. Thus, the wave t r a v e l l in g  in

one d ir e c t io n  i s  absorbed by the vane and the wave in  the op p osite  d ir e c t io n  

i s  l e f t  unattenuated. The bandwidth o f  th i s  i s o la t o r  i s  narrow and i s  

operation i s  c r i t i c a l l y  dependent on temperature.

5 6 7The f ie Id -d isp la cem en t  i s o l a t o r ,  u s in g  rectan gu lar  waveguide

has a th in  f e r r i t e  s t r i p ,  tr a n sv e r se ly  m agnetised, with a r e s i s t i v e  card 

placed a g a in s t  one s id e  of the f e r r i t e .  When the d .c .  b ia s s in g  f i e l d  and the 

f e r r i t e  p o s i t io n  are s u i ta b ly  f i x e d ,  an e l e c t r i c  f i e l d  n u l l  appears a t  the  

f e r r i t e  fa ce  where the card i s  lo ca ted  fo r  one d ir e c t io n  of propagation but

4,



not fo r  the o th er . A high r ev e rse  lo s s  occurs in  the r e s i s t i v e  card w h ils t  

the forward lo s s  remains low. The f ie ld -d isp la c e m e n t  i s o l a t o r  operates fa r  

from resonance so that the s i z e  o f  the b ia s s in g  magnet can be sm all .  However, 

the i s o l a t o r  i s  d i f f i c u l t  to  b u i ld  because o f  the s e n s i t i v i t y  of the i s o l a t io n  

r a t io  with r e sp e c t  to the p o s i t io n  o f  the s t r i p ,  the d . c .  f i e l d  amplitude and 

the lo w - f ie ld  lo s s  in  the f e r r i t e .  Furthermore, the f ie ld -d isp la c e m e n t

i s o l a t o r  i s  l im ite d  to low-power operation  as there  i s  no good heat s in k  from 

the f e r r i t e .

The most w idely -used  i s o l a t o r  i s  the resonance typ e . The e a r l i e s t
%

i s o l a t o r s  employed a th in  s t r i p  o f  tran sv erse ly -m agn etised  f e r r i t e  assym etrica lly*  

p o s it io n ed  in  a rec tan gu lar  waveguide. The f e r r i t e  b ia ssed  to resonance and 

absorbs power from the t r a v e l l in g  wave in  the waveguide. I f  the r . f .  magnetic 

f i e l d  i s  c ir c u la r ly -p o la r i s e d  in  the  same sense  as the e lc tr o n  sp in  p r e c e ss io n ,  

a large  amount of power i s  absorbed. For the other  sense  of p o la r is a t io n ,  

the wave passes almost i n t a c t .  The f e r r i t e  i s  p laced  in  a p o s i t io n  of  

c ir c u la r  p o la r is a t io n  and n o n -re c ip ro c a l  a t te n tu a t io n  r e s u l t s .  This i s  

because a wave p o la r ised " in  one sense  and t r a v e l l in g  in  the + z -d ir e c t io n  

looks to  the f e r r i t e  l ik e  a wave p o la r is e d  in the other sense  when t r a v e l l in g  

in the - z - d i r e c t io n .  The lo s*  in  the  + z -d ir e c t io n  i s  c a l le d  the reverse  

lo s s  and in  the - z - d i r e c t i o n ,  the forward l o s s .  In g e n e r a l ,  the magnetic 

f i e l d  in  the rectan gu lar  waveguide i s  e l l i p t i c a l l y -  p o la r is e d  causing the 

i s o la t io n  to have a f i n i t e  bandwidth. (The l in ew id th  o f  the f e r r i t e  resonance  

a ls o  a f f e c t s  the bandwidth).

High reverse  l o s s e s  were obtained with the f u l l - h e ig h t  f e r r i t e  slab



but the i s o l a t i o n  r a t i o ,  (the  r a t io  of r e v e r se-to-forw ard  l o s s ) ,  was d isa p p o in t in g ly  
%

low. Fox found th at making' the f e r r i t e  s lab  very th in  to avo id  the v a r ia t io n  

of c ir c u la r  p o la r is a t io n  with p o s i t io n  a cro ss  the f e r r i t e ,  d id  not e n t i r e ly  

e lim in a te  the presence of considerable  forward l o s s .  I t  was a l s o  observed  

th at by using  a f e r r i t e  o f  l e s s  than f u l l  guide h e ig h t ,  the i s o l a t io n  r a t io  

was much improved over the f u l l - h e ig h t  c a se .  This occured a t  the expense 

of rev erse  lo s s  per u n it  len g th . Weiss has in v e s t ig a te d  the i s o l a t io n  

p r o p e r t ie s  of the E-plane and E-plane i s o l a t o r s .  In the H-plane i s o l a t o r ,  

two f e r r i t e  s la b s  were p laced on the top and bottom fa ces  o f  the wave-guide^ 

r e s p e c t iv e ly ,  w ith  the broad slab  dimension p a r a l l e l  to  tran sverse  H. The 

broad fa ce  was p a r a l l e l  to tran sverse  E in  the E-plane i s o l a t o r .  In both cases  

the i s o l a t o r  r a t io  was much improved on the performance of e a r l i e r  i s o la t o r s  -  

i s o l a t io n  r a t io s  o f  75 to 1 fo r  H-plane and 60 to 1 fo r  the E-plane i s o la t o r s  

to  be compared to  25 to 1 fo r  e a r l i e r  i s o l a t o r s .

Weiss a l s o  showed that d i e l e c t r i c  loading of the waveguide r e s u l t s  

in  generally-im proved  performance. The reverse  lo s s  was increased  due 

to  the energy concentration  in  the d i e l e c t r i c .  A lso  the rev erse -to -fo rw a rd  

lo s s  was improved.

The bandwidth of the i s o la t io n  can be increased  by u s in g  d i f f e r e n t
lO II

types of f e r r i t e ,  tapering of the d .c .  magnetic f i e l d  by means o f  tapered pole

p ie c e s  or u s in g  d i f f e r e n t  th ick n esses  and h e ig h ts  o f f e r r i t e s  in  tandems. A
12.

broadband resonance i s o la t o r  with a bandwidth o f  4 *5Gc/s has been b u i l t  a t

S band in  p a r a l ie 1-p la te  transm ission l in e  by u s in g  d i e l e c t r i c  concen tration

e f f e c t s  in  conjunction with a narrow -linew idth f e r r i t e  b ia s se d  with an 

inhomogeneous magnetic f i e l d .



The broadbanding e f f e c t  can a ls o  be achieved  by u s in g  waveguide

stru c tu res  where the dependence of the p o s i t io n  of c ir c u la r  p o la r is a t io n

with frequency i s  made sm a ll .  This can be arranged by removing, as fa r  as

p o s s ib le ,  the v a r ia t io n  with frequency of the a x i a l  propagation con stan t .
13

two such s tr u c tu r es  as the d i e l e c t r i c  loaded rectangular  waveguide and the

ridged waveguide. A co a x ia l  l in e  resonance i s o la t o r  which uses d i e l e c t r i c

loading to  crea te  reg ions of c ir c u la r ly -p o la r i s e d  f i e l d  a t  the d i e l e c t r i c  f a c e ,
14-

ha s been reported in  the l i t e r a t u r e .  A ls o ,  resonance i s o la t o r s  working a t  

C- and S band have been reported which use ridged waveguide with d i e l e c t r i c  

loading between the r idge  and the top waveguide w a l l .

With uniform f i e l d  b ia s s in g ,  the bandwidth of the resonance
IS

i s o la t o r  depends on (a ) the l in ew id th  of the f e r r i t e  and (b) the degree  

to  which the r . f .  magnetic f i e l d  remains c ir c u la r ly  p o la r is e d  with r esp ec t  

to  frequency a t  the f e r r i t e  lo c a t io n .  The l in ew id th  may s u ita b ly  be d e a lt  

with by a su i ta b le  choice of f e r r i t e  m ater ia l and by f i e l d  tapering  

mentioned e a r l i e r .  The second fa c to r  i s  more se r io u s  than the f i r s t ,  in  

the present s t a t e  of the a r t ,  and the d is c u ss io n  in  t h i s  work on resonance  

i s o la t o r s  i s  e x c lu s iv e ly  concerned with the behaviour of the c ir c u la r  

p o la r is a t io n  of the r . f .  magnetic f i e l d .

The conventional approach to  problems of t h i s  kind has been to  

in v e s t ig a te  the f i e l d s  in  s tru ctu res  which are expected to have the n ecessary  

conditions o f  c ir c u la r  p o la r is a t io n  and to  p lace  the f e r r i t e  in  the p o s i t io n  

of the c ir c u la r  p o la r is a t io n  pred icted  by theory. This procedure has the  

obvious l im i ta t io n  th a t ,  i f  the perturbation  o f  the f i e l d s  by the f e r r i t e  i s

7



la r g e ,  the t h e o r e t i c a l  r e s u l t s  are in v a l id .  F ortu n ate ly , the f e r r i t e  

perturbation  does not seem to be ser io u s  when i t s  c r o s s - s e c t io n  i s  sm all.  

From a mathematical po in t o f  view, th is  i s  very convenient because the  

d e r iv a t io n  of the e lectrom agnetic  f i e l d s  in  most f e r r i t e  co n fig u ra tio n s  

in  waveguides i s  e x c e p t io n a l ly  d i f f i c u l t .  Thus an a n a ly s is  i s  made of  

the waveguide s tru c tu re  without the f e r r i t e  and the f e r r i t e  p ro p er tie s  

used to  determine the behaviour in  the presence o f  the f e r r i t e .

B a s ic a l ly ,  problems concerning the propagation o f  e lectrom agnetic  

waves in waveguides are so lved  by f in d in g  the appropriate  s o lu t io n s  of  

M axwell's equations which s a t i s f y  the prescr ibed  boundary co n d it io n s  on 

the waveguide w a l l s .  In a l o s s - l e s s  and so u rc e -fr ee  region o f  space,
|V>

Maxwell*s equations are • -

cu r l  E = ^

cu r l  H = D

d iv  _B = 0

d iv  ^  = 0

where ~ and _B = H

E lim inating  e ith e r  E or H from the above equations we obtain  

the v ector  wave equation;

Y   ̂ H + 6 H = 0

Z  ̂ I  + °

In a rectangular  c a r te s ia n  coord inate  system,' each component 

of E or H s a t i s f i e s  the wave equation .



* 0

where ^ i s  any component o f  E or H.

When the waveguide being considered  has c ir c u la r  boundaries, 

i t  i s  p o s s ib le  to f in d  a wave equation through which a l l  the propagating  

f i e l d  components may be d er ived . Assumin , that propagation takes p lace  

in  the waveguide, in  the a x ia l  z -d ir e c t io n  with dependence the

wave equation may be w r itten  in its two-dim ensional form,

V jz! = 0

where ' t '  denotes tran sverse  co o rd in a tes .

= w 3  e -  P ^

The f i e l d s  in  waveguide s tr u c tu r es  are  found on s o lu t io n  o f  

the wave equation in  the p a r t ic u la r  c o n fig u ra tio n  being considered .

The normal method o f  so lu t io n  i s  to separate  the wave equation in to  two 

ordinary d i f f e r e n t i a l  equations and to  f in d  the s o lu t io n s  o f  these  which

s a t i s f y  the boundary c o n d it io n s .  In many c a s e s ,  however, th i s  procedure

i s  not simple e s p e c ia l ly  when the bounday co n d it io n s  are com plicated ,

e .g .  the ridged waveguide. The r e s u l t in g  n a t h e m t ic a l  com plexity of the

so lu t io n  makes the preparation o f  programmes for an automatic d i g i t a l

computer a d i f f i c u l t  task . A numerical method seems to  be more s u i te d

to the problem o f  f in d in g  p a r t ic u la r  s o lu t io n s  in  waveguide s tr u c tu r e s .
n

Young and Hohmann have used a r e la x a t io n  procedure to  determine the 

c u t - o f f  frequencies  o f  s in g le  and double ridged waveguides. In th i s  work, 

a f i n i t e  d if fe r e n c e  method i s  used which a llow s both the e ig e n -v e c to r s  and 

eigenvalues of the wave equation to be determined sim ultan eou sly . Although



most o f  the problems d iscu ssed  in  th i s  work are concerned with resonance  

i s o l a t o r s ,  i t  must be s tr e s s e d  that the f i n i t e - d i f f e r e n c e  method i s  q u ite  

sep arate  and a powerful to o l  in  d ea lin g  with waveguide problems in  g e n e ra l .

The f i r s t  part of the t h e s i s  i s  concerned with a d e f in i t io n  

of the p o la r is a t io n  fa c to r  and the a n a ly t i c a l  s o lu t io n  of the wave equation  

f o r  dominant mode propagation in  the d i e l e c t r i c  loaded waveguide, ( s e c t io n

3) and the r idged waveguide, ( s e c t io n  4)* S e c tio n  5 begins with an 

in tro d u ct io n  to  f in i t e - d i f f e r e n c e s  and proceeds to  show the a p p l ic a t io n  o f  

the theory to the simple problem o f  dominant mode propagation in  the r e c t ­

angular waveguide, fo r  which the so lu t io n  i s  a lread y  known. The s e c t io n  

ends by d ea lin g  with the r idged waveguide by f i n i t e - d i f f e r e n c e s  and 

comparing the r e s u l t s  to those of s e c t io n  4 * Certain inhomogeneous 

waveguides are d iscu ssed  in  s e c t io n  6 , a l s o  by f i n i t e - d i f f e r e n c e s . The 

experiments performed are described  in  s e c t io n  7 and the r e s u l t s  g iv en .  

C a lcu la tion s o f  lo s s  in  d i e l e c t r i c  and f e r r i t e  samples in  waveguides are  

g iv en  in  s e c t io n  8 and fu r th er  a p p l ic a t io n s  o f  the f i n i t e - d i f f e r e n c e  

method to problems in vo lv in g  c y l in d r ic a l  g eo m etr ies ,  in  s e c t io n  9*

I c



2 . P o la r is a t io n  C h a r a c te r is t ies o f  Waveguide S tru ctu re .

The d is c u ss io n  in  th is  s e c t io n  i s  l im ite d  to waveguide 

s tr u c tu r e s  e x c i te d  in  the dominant H-mode, whose f i e l d  components 

are expressed in  rectangular  c a r te s ia n  co o rd in a tes .  The y -a x is  i s  

taken as the d ir e c t io n  of the d .c .  magnetic f i e l d ,  and the z -a x is  as 

the d ir e c t io n  o f  propagation in  the absence of the f e r r i t e .  The 

unloaded fu id e  f i e l d s  are assumed to be perturbed n e g l ig i b ly  by the 

f e r r i t e  sample. Shapes o f  sample for  wnich t h i s  procedure i s  v a l id  

are d iscu sse d  by Soohoo.

The X and y  components o f  microwave magnetic f i e l d  may 

be r e la te d  through the equation

= jP ( x , y , f  ) 2 . 1 .

The q u a n tity , P, i s  defined  as the p o la r is a t io n  fa c to r  a t  

frequency f ,  a t  a po in t x ,y ,  in the waveguide c r o s s - s e c t io n .  When 

the r . f .  magnetic f i e l d  i s  c ir c u la r ly  p o la r is e d

P ) = 1 2 . 2 .

The o b jec t  o f  the in v e s t ig a t io n  in to  the behaviour o f  P in  

c e r ta in  waveguide s tru c tu res  i s  to f in d  how the d e v ia t io n  o f  P (x ^ ,y ^ ,f  ) 

from u n ity  can be minimised. A s u i ta b le  standard fo r  comparison 

purposes i s  the rectangular  waveguide, operating in  the mode, o f  

broad dimension A, c u t - o f f  frequency f ^ , which has a value o f  P g iven

by

P = ( -  1 tan 2. 3 .

where f  = , X = 2A

This formula in d ic a te s  that i s  minimised in  the neighbourhood

h



of u n ity  P by taking f  f  ̂ . This c r i t e r io n

i s  l im ite d  by the onset o f  propagation o f  the H^^mode a t  f  = 2f^ .
9 p , ThisHowever, may a ls o  be minimised by reducing f^ may be

accomplished by (a ) in troducing a d i e l e c t r i c  s lab  in to  the waveguide

or (b) in s e r t in g  a r idge  in to  the waveguide c r o s s - s c e t io n .  The e f f e c t

o f  these  a l t e r a t io n s  i s  d iscu ssed  in  s e c t io n s  5 and 4 r e s p e c t iv e ly .  I t

i s  a l s o  f e a s i b l e  to obtain the minimising e f f e c t  by in crea s in g  A, thereby

lowering f^ .  The main ob ject io n  to th i s  i s  that the problem o f  matching

the s e c t io n  o f  waveguide with increased  width to ordinary waveguide

of width A, i s  co n sid erab le , e s p e c ia l ly  when the match i s  required

over the whole operating- frequency range. For t h i s  reason , the idea

of in creas in g  A i s  abando/aed and in  a l l  cases where X band waveguide

i s  mentioned, A i s  the standard 0 . 90”.

rZ



3 « D ie le c t r ic  Slab Loaded Waveguide.

3 *1 . Indroduction.

The r e la t io n  between fr e e -sp a c e  wavelength, X , and guide

\ '9wavelength A , in  a rectan gu lar  waveguide i s  g iven  by

\  = ~ “ t S i  )2 5 . 1 . 1 .
 ̂  ̂ Xc

where X i s  the c u t - o f f  wavelength.

However, when the rectan gu lar  waveguide i s  p a r t i a l l y  f i l l e d  with a

d i e l e c t r i c  s la b ,  there i s  no such sim ple r e la t io n  between X and

X . This i s  because the tran sverse  wavenumber (equal to
g ^c

in  the case of the rectan gu lar  waveguide) i s  no longer co n sta n t ,  but 

i s  frequency-dependent, and has separate  values in  a i r  , k^, and in  

d i e l e c t r i c ,  k^. In f a c t

 ̂ c -  ; '  = ( ^  ( 4 -g) '  3 . 1 . 2 .

5 . 1 . 3 .

where e^ i s  the d i e l e c t r i c  p e r m it t iv i t y .

The r e la t io n  betwenn k  ̂ and k  ̂ i s  determined from the character­

i s t i c  equation which i s  derived by app ly ing  the c o n t in u ity  con d ition s  

a t  the d i e l e c t r i c  fa c e  to the f i e l d  express ions in  the two media.

From the c h a r a c t e r i s t ic  equation , the d isp e rs io n  curve may be drawn»

i . e .  the v a r ia t io n  o f  with X^. Only then i s  i t  p o s s ib le  to c a lc u la te  

the dependence o f  F w ith frequency and with p o s i t io n  in the c r o s s - s e c t io n .



2 .0

The c h a r a c t e r i s t i c  equation , derived by Lewin, i s  obtained in  the fo l lo w in g  

s e c t io n .

3 .2 .  C h a ra c ter is t ic  Equation.

The geometry o f  the d i e l e c t r i c  s lab  loaded waveguide i s  shown 

sch em a tica l ly  in  the F ig . 3 *1 * The dominant H-mode i s  assumed to 

propagate a long the z -a x is  with lo n g itu d in a l  f i e l d  dependence e

The f i e l d  express ions in  reg ions 1 , 2 , and 3 may be w ritten  down, om itting

, + j ( w t ^ B > z )the dependence e ' ;

Region 1

E = s in  k .  X .
y A

H =   s in  k. X .  3 *21.
X A

H =   c o s  k ,  X .
Z A

Region 2

E  ̂ = M s in  k^x + N cos

H = —— (M s in  k ^  X + N cos k x) 3 *2 . 2 .X  ̂ T) u

z (M cos k ^  X » N s in  k ^  x)

Region 3

E = L s in  k. ( A -  x)
y A

= "Up (A -  % ) 3 .2 .3 .

TT =
z --------- L cos k. (a -  X )A

We d e f in e  the non-dim ensional q u a n t i t i e s ,  s^ and s^ to be

d D
®1 ■ A ®2 A
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As p r e v io u s ly  mentioned, the c h a r a c te r i s t ic  equation i s  found 

by applying the c o n t in u ity  con d it ion s  a t  x = s^A and x = s^A.

1- = (Ey)g a t  X = ŝ A.

s in  k^ASg = M s in  As^ + h" cos k^As^ 5-2.4*

2- (Hg)} = (Hgjg a t  X = ŝ A.

k  ̂ cos k  ̂ A Sg = k  ̂ (M cos k^As^ -  N s in  k^ As^) 5*2.5*

5- (Ey)g = (Ey)j a t  X = s^A

L s in  k  ̂ A ( l  -  s^) = M sin  k  ̂ As^ +  N cos k  ̂ As^ 5 *2 . 6 .

4 . (H^)^ = (H^)j a t  X = s^A

-  L COS k^A(l -  s^ ) = k^ (M cos k^A s^ -  N s in  k^As^) 3 . 2 . 7 .

I>ividing 3 *2 . 4 . by 3 *2 . 3 * and 3 *2. 6 . by 3*2 . 7 *, there  r e s u l t s  

the fo l lo w in g  p a ir  o f  equations fo r  “  : -

M ^  tan kg Asg -  tan As^
3 . 2. 8 .

N 1 + -— tan k_ As^ tan k ,s_k  ̂ D 2 A 2

kj)
tan kr, As, + -— tan k, A(1 -  s , )

3 .2 .9 .

N L  tan k, A(1 -  s^) . tan k^ A s .  -  1



Equating the r ight-hand s id e s  o f  equations 3 *2. 8 . and 3 *2 . 9 * 

and rearran gin g , we have : -

tan A ( l  -  s  ̂ ) + tan k̂  As,
tan    !-------------- = 0  3 . 2. 10,

. .  "1 / ■ —  “A " “ 2
kgA(s^ -  8g) + —  r — 2

1 -  (-—) tan k. A(1 -  s  ̂ ) tan k.As^ Ic A  ̂ A 2

Equation 3 *2 . 10. i s  the c h a r a c te r i s t ic  equation mentioned in  s e c t io n  3*1* 

For the purpose o f  convenience, the c h a r a c t e r i s t ic  equation i s  w r itten  in  

the fo l lo w in g  form :-

tan F + tan = 0 3 *2 . 11 .

F = k  ̂ A (s^ -  Sg) 3 *2. 12 .

k

where tan Ĝ  = ——  tan k As^ 3*2.13*1 A 2

Âand tan G  ̂ = —:— tan k_ A ( l  -  s . )  3 *2 . 14*2 k_ A ^

3.3* S o lu tio n  of the C h a ra c ter is t ic  Equation.

The parameters o f  equation 3 *2 . 11. are  s^, s^ and e^.

> 0The v a r ia b le ,  u = -r— i s  introduced and in se r te d  in to  equation

2A3 .2 .1 1 .  The only unknown remaining i s  —  ̂ which may be found by 

tr ia l -a n d -e r r o r  or by i t e r a t io n .  The i t e r a t io n  procedure i s  

admirably s u i te d  to automatic computation and, fo r  t h i s  reason a 

programme in  alphacode in te r p r e t iv e  scheme has been w r itten  f o r  the 

DEUCE computer. An o u t l in e  o f  the procedure invo lved  i s  described  

a t  t h i s  juncture.

i(>



The s o lu t io n  o f  equation 3*2 . 11 . i s ;  -

F + -f niTT = 0 3 *3*1 .

where m i s  zero fo r  the dominant mode.

Having s p e c i f i e d  a l l  the parameters o f the waveguide and the 

v a r ia b le ,  u , a guess i s  assumed fo r  the value o f  F which s a t i s f i e s  

equation 3 *5 *1 *

According to T a y lo r ’s theorem, the true value of the l e f t -  

hand s id e  o f  equation 3 *3 *1 *» ( f (F )  ) ,  may be expanded in  terms o f  

the value obtained from the guess and i t s  d e r iv a t iv e s ,  i . e .

f ( p ^  = f ( P g )  +  h L ( i ' p  3 . 3 . 2 .

where h = F̂  -  F1 o

T herefore, s in c e  f(F ^ ) i s  zero,

_ f ( P i )
h = - T - -— • 3 .3 .3 .

L ( E i )

A b e t te r  approximation to the true value of F i s  now obtained

by adding h to the previous value o f  F. The whole process i s  repeated

u n t i l  the value o f  F i s  c lo s e  enough to F so thato

f (F  ) C è 3 .3 .4 .

where o i s  an a r b itr a r i ly  sm all number. At t h i s  p o in t

2Athe i t e r a t io n  i s  stopped and the value o f  — c al cul at ed a lg e b r a ic a l ly  

from F by means o f  equations 3 *1 *2 . and 3 *2 . 11 . Thus, one p o in t on

the d isp e rs io n  curve i s  lo ca ted  -  u s u a l ly  the c u t - o f f  cond ition  (u = O) 

i s  obtained f i r s t .  Other p o in ts  on the d isp e r s io n  curve are obtained

17



by in crea s in g  the value o f  u and rep eatin g  the i t e r a t io n  procedure

describ ed  above using  the o ld  value of F as the f i r s t  approximation to

the new F. On the d i g i t a l  computer, the d isp ers io n  curve i s  obtained

a u to m a tica lly  by p rescr ib in g  a s e t  in t e r v a l  in u.

At any po in t on the curve, the unknown f i e l d  c o e f f i c i e n t s

L, M and N may be c a lc u la te d ,  enabling the f i e l d  components over the

whole c r o s s - s e c t io n  to be worked o u t. A lso the p o la r is a t io n  fa c to r ,  P,

and the r a t io  o f  the transverse  magnetic f i e l d  stren gth  to  the square root

o f  the t o t a l  power flow are sim ply deduced. This l a s t  q u an tity  i s  o f

importance in decid ing the a x ia l  length  o f  the f e r r i t e  m ater ia l  to be

p laced  in the p o s i t io n  o f  c ir c u la r  p o la r is a t io n  because the a tten u a tio n

per u n i t  length  o f  the f e r r i t e  depends on the magnitude o f  the r . f .

f i e l d  presented to i t .  The o v e r a l l  power flow  i s  c a lc u la te d  from the
*

complex Poynting v ector , E X H,

W = J (E X H; . dS 3. 3. 3.
s

where S i s  the waveguide c r o s s - s e c t io n .

The in te g r a l  in  equation 3 *5 *3 * i s  s p l i t  in to  three  parts -  

and to g iv e  the power flow  in  reg ions 1 and 3 » and to g iv e  the  

power flow  in the d i e l e c t r i c ,  (F ig . 3 *1 . ) .

On eva lu ation  o f  the in te g r a ls  we f in d  that

e s in  2k As^

L  T  ^  ^^2 ■ 2k A ) 3 . 3 . 6I o A

1%



w.
h

u  R(M +  N )
o

(s^ -  s p  -
s in  2 (k^As^ + O)

s in  2 (k^ ASg + ô )  -

2 kgA

L

5 .3 .6 .

W. -  u R
/^o

(1 -  Sg) -
s in  2k. A(1 -  )A '

2k^ A

bA /  Xo \where R = ;:2 [ —  )
'A

9  = tan  ̂ ( f ) 3 .5 .7 .

The r a t io  of H to introduced e a r l ie r  in  t h i s  s e c t io n
X

may beworked out fo r  reg ion  1 by means o f  equations 3 . 2 , 1 , and 3 . 3 . 6 . 

This e x p ress io n , however, i s  n o t  d im ension less and a d im ensionless form 

i s  d e fin ed  by the fo llo w in g  equation

R "à" —E ( — ) where K i s  d im ensionless
X ' W  ̂ X

u ) s in  k^x 3 .3 .8 .

where g =

(s,

s in  2k^ASg

2k^A
) + ( id  + H^) ("1 -  "2) -

s in  2 (k^ASg + 9 )

2k^A

+ L [ c i - s p  -

s in  2 (k^As^ + 9 ) 

2k̂ A

s in  2k^A ( l  -  s^)

+

2k^A
3 .3 .9



The corresponding expression  fo r  in  a rectan gu lar  waveguide 

propagating the dominant H-mode i s

(H^)^ = ( u ) ^ s i n ' Y ^  3 .3 .1 0 ,

1 X 1
The maximum value of (H ), i s  — when T i s  — and u = 1 .' x^A 2 A 2

A comparison o f  with the maximum value o f  (H^)^ i s  u s e fu l  in  d ec id in g  

the r a t io  of the a x ia l  lengths of f e r r i t e  to he used in  the case o f  

the rectangular  waveguide and the d i e l e c t r i c  s lab  loaded waveguide.



3 . 4 . D i s c u s s io n  o f  r e s u l t s .

The f o l lo w in g  q u a n t i t i e s  have been computed f o r  a s e r i e s  

o f  p a r a m e te r s , s ^ , s^ and e^ a s  a f u n c t io n  o f  u

1 - 2A / x „

2 . PCs^AiYif)

3 . M

4 . N.

p .  L.

6 . H a t  X = s_A.X d

7 . a t  X = s^A.

These q u a n t i t i e s  are  p r e s e n te d  a s  a f u n c t io n  o f  u i n  T ab le  

3 *1 . fo r  a t y p i c a l  d i e l e c t r i c  lo a d e d  w a v eg u id e , ( e^ = 1 2 , t /A  = 0 . 2 0 ) 

The c u t - o f f  w a ve len g th  i s  sh a r p ly  in c r e a s e d  when th e  d i e l e c t r i c  i s  

in t r o d u c e d  in t o  a r e c ta n g u la r  w av egu id e . The d i s p e r s i o n  curve r i s e s  

r a p id ly  a t  v a lu e s  o f  2A/ \  near  c u t - o f f  but l e v e l s  o f f  fo r  l a r g e r  

v a l u e s .  In X band, ( 1 . 2 0  <  2k /  y  ̂ ^  1 .8 6  ) ,  the  v a lu e s  o f  u are  a l l  

g r e a t e r  than u n i t y ,  ( s e e  Table  3 *1 * )• C o n se q u e n t ly ,  fo r  t h i s  p a r t i ­

c u la r  lo a d in g ,  the  phase v e l o c i t y  o f  the  t r a v e l l i n g  wave i s  l e s s  than  

t h a t  o f  l i g h t  throughout X band and the  a i r - f i l l e d  s e c t i o n  o f  the  

w aveguide i s  t r a n s v e r s e l y  c u t - o f f ,  i . e .  i s  im a g in a r y . The en ergy  

in  the  wave ten d s  to  c o n c e n tr a te  in  th e  d i e l e c t r i c ,  s e t t i n g  up a 

h ig h  f i e l d  s t r e n g t h  a t  the  d i e l e c t r i c  f a c e ,  ( s e e  i n  T ab le  3 »1 - )

T h is  s i t u a t i o n  sh ou ld  be compared w ith  t h a t  o f  the  empty r e c t a n g u la r  

w aveguide where the  phase v e l o c i t y  i s  a lw a ys  g r e a t e r  than  t h a t  o f



Table 3 *1 * D is p e r s io n  curve and f i e l d s ;  s^ = 0 . 6  s^ = 0 . 4  e^ = 12

-
u

2A

“ f o

P M u H
X

0 .0 0 .4 2 1 2 0 .0 0 0 0 0 .0 0 0 0 0 .4 2 2 9 - 0 .3 7 1 8 1 .0 0 0 0 o.cooo

0 . 4 0 .4 2 6 9 0 .2 3 3 7 0 .6 2 7 4 0 .3 9 0 6 - 0 .3 3 4 3 1 .0 0 0 0 0 .1 6 8 9

0 . 6 0 .4 4 3 3 0 . 465p 0 .0 9 0 0 0 .2 6 1 1 - 0 .2 6 2 0 1 .0 0 0 0 0 .2 6 3 6

1 .2 0 .4 8 1 6 0 .6 6 9 6 1 .0 9 6 9 0 .2 9 3 3 - 0 .3 6 2 7 1 .0 0 0 0 0 .4 9 4 8

1 .6 0 .3 4 7 6 0 .8 9 1 6 1 .2 o l 0 0 .3 3 6 8 - 0 .9 8 6 0 1 .0 0 0 0 1 .3 3 1 0

2 . 0 0 .6 7 3 2 1 .0 3 7 7 1 .4 6 0 3 0 .3 7 2 3 - 2 .4 3 0 9 1 .0 0 0 0 4 .0 9 7 2

2 . 4 0 .9 2 2 8 1 .0 8 6 2 1 .6 3 2 6 - 3 .8 4 1 3 - 7 .3 8 8 3 1 .0 0 0 0 1 4 .9 7 0

2 . Û 1 .4 1 7 9 1 . 070% 1 .6 8 6 0 - 8 4 .6 3 7 - 1 4 .3 0 4 1 .0 0 0 0 1 4 7 .8 8

3 . 2 2 .7 8 1 3 1 .0 3 2 7 1 .3 6 3 8 -2 4 0 6 2 . 43462 . 1 .0 0 0 0 63839 .

■ ■ ■ r'"

:^ x



l i g h t  and th e  f i e l d  dependence i s  s i n u s o i d a l .

The f i e l d  c o e f f i c i e n t , ! ,  w hich i s  t h e o r e t i c a l l y  u n i t y  

when the  d i e l e c t r i c  i s  sy m m etr ica l  about the  c e n tr e  o f  th e  w aveguide  

i s  c a l c u l a t e d  by means o f  e q u a t io n  3 *2 . 6 . from K and K. The c l o s e ­

n e s s  o f  th e  computed v a lu e  o f  L to  u n i t y  d e ter m in e s  the  a ccu ra cy  o f  

th e  s o l u t i o n  o f  th e  t r a n s c e n d e n t a l  e q u a t io n  and p r o v id e s  a check  

t h a t  no e r r o r  e x i s t s  in  the  computer programme.

The e f f e c t  o f  s la b  t h i c k n e s s  and p e r m i t t i v i t y  on th e  

p o l a r i s a t i o n  f a c t o r , ! ,  i s  shown in  F i g s . 3 . 2a .  and 3 *2b . , (  the  v a r i a t ­

io n  o f  P w ith  y i s  zero  s in c e  the  f i e l d s  are  in d ep en d en t  o f  y f o r  th e  

dominant mode In F i g . 3 . 2a . ,  i s  p l o t t e d  over  X band fo r

th r e e  d i e l e c t r i c  s l a b s  h av in g  p e r m i t t i v i t y ,  e^ = 1 2 , but d i f f e r e n t  

t h i c k n e s s e s .  On th e  same F ig u r e ,  P i s  drawn over  X band fo r  the ca se  

o f  the r e c t a n g u la r  w aveguide in  the  g u id e  p o s i t i o n  where P i s  u n i t y  

a t  2A/ X  ̂ = 1 .6 0 .  In F ig .  3 * 2b . ,  the  v a r i a t i o n  o f  P ( s 2 - ^ ,y , f )  i s  p l o t t e d  

fo r  th r e e  d i e l e c t r i c  s la b s  h av in g  th e  same t h i c k n e s s ,  but d i f f e r e n t  

p e r m i t t i v i t y .

In F i g . p . 2a . ,  The curve o f  p o l a r i s a t i o n  f a c t o r  a g a in s t  

fre q u en cy  r i s e s  v e ry  s h a r p ly ,  in  the c a se  o f  th e  r e c ta n g u la r  wave­

g u id e ,  on e i t h e r  s i d e  o f  the  c e n tr e  fr e q u e n c y .  D e f in in g  the  bandw idth  

o f  c i r c u l a r  p o l a r i s a t i o n  as  th e  range in  fre q u en cy  fo r  which P i s  

l e s s  than 1 .1 0 ,  i t  i s  app arent t h a t ,  a s  compared w ith  the  d i e l e c t r i c  

lo a d e d  g u id e s ,  the  r e c ta n g u la r  w aveguide i s  narrow -band. From che 

c u r v es  r e f e r r i n g  to  the  d i e l e c t r i c  lo a d e d  w a v e g u id e s ,  i t  i s  o b serv ed  

t h a t  the  minimum v a lu e  o f  P over  the  band i s  o b ta in e d  fo r  the  d i e l e c -

2 5
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t r i e  w ith  th e  l a r g e s t  t h i c k n e s s  and t h a t ,  i n  each  c a s e ,  th e  bandwidth  

o f  c i r c u l a r  p o l a r i s a t i o n  c o v e r s  th e  w hole o f  X band. I t  i s  o b serv ed  

from F i g . 3» 2b. t h a t ,  fo r  a g iv e n  t h i c k n e s s ,  th e  minimum v a lu e s  o f  P 

are  o b ta in e d  w ith  th e  d i e l e c t r i c  o f  h ig h e s t  p e r m i t t i v i t y .  The s i t u a ­

t i o n ,  how ever, i s  c o m p lic a te d  by th e  f a c t  th a t  th e  h ig h e r - o r d e r  mode, 

th e  Ï b e g in s  to  p ro p a gate  a t  a fre q u en cy  which i s  determ ined

by the  m agnitude o f  the  d i e l e c t r i c  t h i c k n e s s  and p e r m i t t i v i t y .  The 

l a r g e r  the  d i e l e c t r i c  t h i c k n e s s  and p e r m i t t i v i t y ,  th e  lo w er  th e  c u t ­

o f f  freq u en cy  o f  th e  mode. S in c e  i t  i s  n e c e s s a r y  to  a v o id  th e

p r o p a g a t io n  o f  h ig h e r - o r d e r  modes i n  th e  o p e r a t in g  freq u en cy  ra n g e ,  

a compromise has to  be made in  th e  s i z e  and p e r m i t t i v i t y  o f  s la b  

which can be u sed . For t h i s  r e a so n ,  a d i e l e c t r i c  c o n s ta n t  o f  12 has  

been used  through out and the  t h i c k n e s s  chosen  so  th a t  th e  c u t - o f f  

freq u en cy  o f  th e  &ode o c cu rs  near  th e  upper end o f  X band.

E xp erim ents are  d e s c r ib e d  in  s e c t i o n  7 . 2 .  in  which the  

m agnetic  f i e l d  p o l a r i s a t i o n  i s  measured i n  the  d i e l e c t r i c  lo a d e d  

waveguide by means o f  a sm a l l  f e r r i t e  sp h e r e .  The r e s u l t s  show t h a t ,  

fo r  the  lo a d in g  c o n s id e r e d ,  the  r . f .  m agn etic  f i e l d  i s  s u b s t a n t i a l l y  

c i r c u l a r l y  p o l a r i s e d  over  the  measured freq u en cy  ra n g e .



4* Bill e d  Waveguide -  Orthogonal Modes.

4*1. In trod uction .
21

Cohn and other authors have shown th at the in tro d u ctio n  o f  

a r id ge  in to  a rectan gu lar  waveguide depresses the c u t - o f f  frequency o f  

the dominant mode w h ils t  having l i t t l e  e f f e c t  on the c u t - o f f  freq u en c ies  

o f  the h igh er-ord er  modes. The d i f f i c u l t y  which may be met with in the  

use o f  d i e l e c t r i c  slab  loaded waveguides fo r  i s o la t o r  a p p l ic a t io n s  -  

the propagation o f  unwanted modes a t  h igher freq u en cies  -  i s  thus avoided  

in  the ridged waveguide. To the presen t a u th o r ’s knowledge no published  

f ig u r e s  have been presented fo r  the f i e l d  express ions in  the ridged wave­

gu id e .  In the present s e c t io n  the c u t - o f f  r e la t io n s  and the f i e l d  e x p r ess­

ions are found by orthogonal mode approach s im ila r  to that used by P.N. 

Butcher on the s lo t t e d  ridged waveguide. The complicated s e t  o f  boundary 

co n d it io n s  on the ridged waveguide w alls  are s a t i s f i e d  by ex p ress in g  the  

f i e l d  components as i n f i n i t e  Fourier s e r ie s  in  terms o f  fundamental so lu t io n s  

of  the wave equation . S a t i s fa c t io n  o f  the boundary co n d it io n s  r e s u l t s  in  

an i n f i n i t e  number o f  l in e a r  equations in  the c o e f f i c i e n t s  o f  the Fourier  

s e r i e s .  The determinant o f  th ese  equations must be zero fo r  a non­

t r i v i a l  s o lu t io n .  I t  i s  necessary  to use an approximation to the doubly-  

i n f i n i t e  determinant and a 2 x 2 determinant i s  chosen as a reasonable  

approximation. The so lu t io n  o f  the determ inantal equation provides the  

c u t - o f f  wavelength, and the f i e l d  express ions and c ir c u la r  p o la r is a t io n s  

f a c t o r ,  P, may be deduced.

4*2. S o lu tion  o f  the Wave Equation.

The tran sverse  cross  s e c t io n  o f  a ty p ic a l  s in g le -r id g e d  waveguide

Z 5



i s  chosen in  P ig .  4*1« The a ^ r - f i l l e d  r eg io n , in  which s o lu t io n s  to the  

two dim ensional wave equation are sought, i s  d iv id ed  in to  two rectan gu lar  

r e g io n s ,  1 and 2.

Region 1. { ^  -  a,) ^  x €  -  (B + -  B
A 4 .2 .1 .

Region 2. 0 ^  x ^  — , - B < y < 0 .

S o lu tion s of the wave equation s a t i s f y i n g  the boundary con d ition s  

on the metal w alls  and the a x is  o f  symmetry, are w r itten  down a s  in fin ite  

s e r i e s  whose c o e f f i c i e n t s  are determined by applying the remaining boundary

con d ition  on the l in e  o f  c o n t in u ity  o f  the two r eg io n s :

A Ay = -  B , — -  a ^ X ^ — 4 .2 .2 .

T'us in  region  1,

Ŝ l = e Y -  s inh ^ ( x  -  | ) .  4 . 2 . 3 .
m=0 

In region 2,

- j  f  z y ~

^2 = ® S  A Y  4 .2 .4 -
m=l

p2 = ( _ p 2) A? + )

4“  4 . 2 . 5 .

4  = 42  + ( m . ) '

where ( p  ̂ f  = (2 ^  )

The electrom agnetic  f i e l d  components are derived from 0  through 

equations 5*1.1»

On the l in e  o f  c o n t in u ity  between reg ions 1 and 2, a l l  f i e l d  

components are continuous.

In the case o f  E^,

26
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CO

-  X T  sinb ^  s in  nnrx p = 0  0 ^ x < ( A - a )  4 . 2 . 6 .
m=l A 2

(odd)
oO

d  -1  b T / A\ A . , A
= f i -  P Im h m  P lm Â  c ° s  m ( x  -  - ) , -  -

m=o

«0
and in the case o f  Hz,

H ^2m A ^  ^  ^ Im  A 4 - 2 . 7 .
m=l m=0 a

(odd)

M ultip ly  4*2 .6 . by s in  and in te g r a te  from 0 to ~ .

ocr

-^ 2/ 2® Pzffi A = ^  ^ Im  P lm  "“ h |  4 - 2 .8 .
m=o

K -  r  —
nm A . J  ̂ s in  n c o s  m —  (x -  ~  ) dx 4*2.9*_  " a -A a c

2 2 n T YLTTa
= l Æ )  _ s i i L _ ^ s i n _ A _ : n  odd) 4 -2 .1 0 .

2 2 .a 2
«  -  n ( j )

M u ltip ly  4 -2 .7 -  by cos r ^  (x -  and in te g r a te  from 4 - A t o  ^

oc

l1  JZ!,̂  oosh p ,^  Y v̂.™ = ( f  ) cosh P i_ Y 4 -2 .1 1 .
r= l

(odd)

T 2r 2r A rm ^Im  ̂ A  ̂ m Im Ar= l

-  (Z!« sinh p,

A 2 m = 0m

A 1 m /  0m

in  4*2.8 . from 4
C O

= i :
m=0 r =1

_ cosh  2r

p, K .K . tanh p. %- 
■Q \  y 3 Im nm rm Im A

(odd)
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p cosh p_ j-
r = l

(odd)
2r ^nr 2r A 4 .2 .1 2 .

Therefore :
tX3

Z T  cosh Ppr A (^nr + ^nr^^nh f  ) = 0 4 . 2 .1 5 .
r = i

(odd)

^nr = i  ?  Plm }  ' % "  ™ 4- 2. 14 .
2n m=0 ^ m

For a n o n - t r iv ia l  s o lu t io n ,  the doubly i n f i n i t e  determinant 

o f the fu n ction  in  the brackets o f  equation 4*2 .1$ . i s  zero , i . e .

D e t  (  P j n  f  )  =  °  4 . 2 . 1 % .

However s in c e  tends to zero as n , r ,  become la r g e ,  and tanh
3
— tends to one as n becomes la r g e ,  then a reasonable  approximation  

to  equation 4 *2 . 15» i s  a two-by-two determinant

^11 +  P 2 1  f

P j l  P j j  + tanh p^j Y
= 0 4 *2 . 16 .

So lu tion s o f  equations 4*2.16 were found by means of a d i g i t a l  

computer, DEUCE. A b r ie f  d e sc r ip t io n  o f  the method o f  s o lu t io n  i s  g iven  

in  s e c t io n ,  4*4*

An a l t e r n a t iv e  method o f  f in d in g  the c u t - o f f  wavenumber and f i e l d  

components i s  to  su b-d iv id e  the waveguide c r o s s - s e c t io n  in to  two r e c ta n g le s  

whose in t e r s e c t io n  i s  defined  by the s t r a ig h t  l in e

X = *2 ' A, O ^ y ^ - B  (Fig • 4*1*^

and rep eat the orthogonal mode a n a ly s is  ap p lied  above.



4.5* A l te r n a t iv e  S o lu tion  o f  the Y/ave Equation.

The fo l lo w in g  a n a ly s is  i s  introduced p r in c ip a l ly  to provide  

a s u ita b le  comparison fo r  the c a lc u la t io n s  o f  c u t - o f f  wavelength performed 

in  the previous s e c t io n .  The f i e l d s  found by the two approaches could  

a lso  be compared, but i t  i s  assumed th a t  i f  su b s ta n t ia l  agreement e x i s t s  

between the c u t - o f f  w avelengths, then the f i e l d s  are  l i k e l y  to  be in  

agreement a l s o .

The two reg ion s in which the c r o s s - s e c t io n  i s  d iv id ed  are defined  

by the equation s.

Region 3» ~ - a ^ x C ^ ,  0 < y ^  -(B+b)
A 4«3»1-

Region 4 , 0 ^ x ^ — - a ,  0 ^ y < ^ - B

The s o lu t io n s  to the wave equation in reg ion s 3 and 4 s a t i s f y i n g

the boundary con d ition s on the waveguide w a lls  are w r itten  as f o l lo w s : -

<t>̂ = e -JP = cosh cos 4 . 3 . 2 .

 ̂ ^=0 <̂4m ®4nh p ^  f  cos 4 .5 .3 -

2

4» 3•4*

The remaining boundary co n d ition  to be s a t i s f i e d  i s  the c o n t in u ity

o f  a l l  the f i e l d  components a long the l in e

X = ~  -  a ,  O ^ y ^ - B

For the c o n t in u ity  o f  H j we have th at
Z ÇA»r—  1 a \ m " y

)̂ 3m cosh Pj^ f- cos = 4 _  î 4 m 4̂% ^2 " Â B

m=0
O ^ y - ' ^ - B  4*3*5»



In the case of E , we have th at
y

OC3

■ A  Pjm f  cos = 0 -B <  y ^  -  (B+b)

®=o 4 . 5 . 6 .
CO

"  ^  ^ 4 m  c ° ® ’"  ^4111 ~  f  )  ?  0  y  C  -B

M ultip ly  4*3*5* by cos and in te g r a te  from 0 to  -B
CO

F  0^^ cosh Pj^ ^  = -  - i  sinh ( i  -  f  4 . 3 . 7 .

M u ltip ly  4 . 3 . 6 . by cos and in te g r a te  from 0 to  (B+b).

2B ^3n 3n ^3n A n ^4m ^4m ^4m 2̂ A  ̂ nm 4 . 3 . 8 .

V  = Î  i  '® c°® ^  4y.
o
T3 _  . mirBB. m. cos rTT . s in

B . B .  r^rr.

B + b  4 . 3 . 9 .

Combining 4 . 3 . 6 . and 4 . 3 . 8 . ,  we have

^ 3n ^3n Pj^ = 4 f  cosh |  P^^ coth p^^

'(  i -
Thus

r=0
0 ^  ̂ cosh Pj^ ^  tanh p^^ f )  “ °  ( c f .  equ. 4 .2 .1 3 )  4 .3 .1 0

~  P/m Ĉ  ̂ coth p^^ (4  “ ?■) ■ B

= 4 '
T— 4D) rm nm 4̂ 1 2 A ''
Z ___________________________________________________ 4*3*11*
m=0 p? A A B + b^3r m r

As in  the previous s e c t io n ,  a 2 X 2 approximation to the
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d o u b ly - in f in i t e  determinant of equation i s  taken,

% 0  + tanh p f  ^

S)1

Since C

10

Q ll + tanh f

Cm
0 m /  0

1 m = 0 , then

'40

= 0 4 .3 .1 2 .

S dO B + b  ° ° t h  P 4 0  ( 2 " A ^

A lso

Qoi == 0 u n less  m = 0

= — ^40 s in
IT

11

irB
T T b  ° ° th  P40 ( 2 -  I

and
Q10

T ^  . —  .. / 1 a s
= °° th  ( -  -  J  )

7T ^30
(m = 0 )

i s  the only term in  equation 4*3*12. fo r  which the i n f i n i t e  

s e r i e s  of equation 4 .3 .1 1  must be eva lu ated . The other 'Q' terms reduce  

to the simple forms shown above. Consequently the s o lu t io n  o f  equation  

4 . 3 . 12 . i s  very much more sim ple to f in d  than the so lu t io n  o f  equation  

4 . 2 . 16 . ,  in  which each o f  the T  ' terms in v o lv es  an i n f i n i t e  s e r i e s .

The s o lu t io n s  o f  equations 4*3*12. and 4 .2 .1 6  are presented  

fo r  the same s e t  o f  r idged  waveguide parameters in  Table 4.1* The 

r e s u l t s  which r e fe r  to  s e c t io n s  4 . 2 . and 4 *3 . are la b e l le d  with the  

su b scr ip t  P and Q r e s p e c t iv e ly .
a

4
a 1 _ 4

Table 4.1* C u t-o ff  Wavelength " a ” "! 9

0 .10 0 .15 0 .20 0 .25 0 .50

0.911 0.847 0 .768 0 .686 0.601

0.902 0 .8 5 8 0.766 0 .686 0 .600
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In ta b le  4-l*> there  i s  good agreement between the two separa te

A bc a lc u la t io n s  fo r  2  ̂ which i s  morep^^ounced fo r  la r g e r  va lu es o f  —,

i . e . ,  when the r id ge  h e igh t i s  la rg e .  I t  may be deduced th a t  the

employment o f  the 2 X 2  approximation to the d o u b l y - in f in i t e  determinant

in  both cases con sidered , i s  j u s t i f i e d  as long as the ^  i s  g r ea ter  than

0 .10.
A

Once 2 has been determined, i t  i s  p o s s ib le  to f in d  the f i e l d  

d is tr ib u t io n  over the r idged c r o s s - s e c t io n  through equations 4»2 .3 .  and 

4 . 2 . 4 . S ince a 2 X 2  approx imation has been taken fo r  the determ inanta l  

equation , only the f i r s t  two terms in the s e r i e s  expansion fo r  the f i e l d  

components need be con sidered . A ccordingly ,

. D y+B+b y+B+b
h  = e-J  (^^0  s inh — -----  + ^44 s in h  p^^ . cos j

( x - | )  ) 4 . 2 . 17 .

 ̂ z
*̂ 2 ” ® ( ^ 2 1  GOsh Pg^ s i n ^  + oosh p^^ ^  s in  ) 4 .2 .1 8 .

In s e c t io n  5 .? .  the magnetic f i e l d  components and are compared with

those  found by the f i n i t e - d i f f e r e n c e  approach, a long the l i n e ,

y = 0 0 < x < ~ -

By s e t t in g  y = 0 in  equation 4 .2 .1 8 .  and u sin g  equation 5 .1 .1 .

the H and H express ion s  are found to  b e : -  z X

S X
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5
s o lu t io n  o f  the determ inanta l equation i s  complete.

The r a t i o ,  , i s  determined from equation 4*2 .15  when the  
) 2̂5

( 2 ),

P (x ,C ' ,f , )  i s  determined from the r a t io  o f  to  H^. In reg ion

TTX , ,^21 5 fTX

(«*) ^  . I n i A A

A d isc u ss io n  o f the f i e l d  d is tr ib u t io n  in  the r id ged  wvarguide 

i s  l e f t  over u n t i l  s e c t io n  5*7*

4-4* Numerical Computations.

The determ inanta l equation 4*2 .16 . being trancendanta l ,  i s  b est

s u i te d  to so lu t io n  by i t e r a t io n .  S ince one o f  the r id g e  param eters,

B B— , occurs in  a sim ple form in  the equation , i t  was dec ided to make —

the 'unknown'. In order to eva lu ate  the 'P ' terms, i t  i s  n ese ssa ry

to  s p e c i f y  ^  ^  ; and . lYom the p h y s ic a l  po in t  o f  v iew , i t  would be

b e t t e r  to p rescr ib e  a l l  the r idge  parameters and to determine the c u t - o f f

2Afrom th e se .  However, s in c e  -r- occurs in  a l l  the 'P ' terms and 'tanh' terms
A  C

in  equation 4 * 2 .1 6 . ,  i t  i s  more convenient to approach the s o lu t io n  

in  a roundabout way. Having eva luated  a l l  the express ion s in  the d e te r -  

minanta l equation, i t  i s  r e l a t i v e l y  simple to f in d  — by t ia l -a n d -e r r o r  

or i t e r a t io n .  The i n f i n i t e  s e r i e s  involved  in  the exp ress ion  fo r  Pnr

3S



converges q u ite  r a p id ly .  For, as m in c r e a s e s ,  the mth term v a r ie s  as

. I t  i s  q u ite  s u f f i c i e n t  only to eva lu ate  the f i r s t  f i v e  terms in  the
m
s e r i e s ,  to obtain  P to w ith in  O.l^c The i t e r a t io n  procedure v/as ca rr ie d

out on a DEUCE computer u sin g  a Tabular In te r p r e t iv e  Programme ( T . I . P . )
A

in  which computations fo r  t h ir t y  va lues o f  2 are d e a l t  with  

s im u ltan eou s ly . The va lues fo r  a g iven  s e t  o f  r idged parameters are then 

found by l in e a r  in te r p o la t io n .

S ince only a few r e s u l t s  were required  fo r  the s o lu t io n  o f  

equation 4«5*12 ., the computations were ca rr ied  out by t r ia l - a n d -e r r o r  

u sin g  a desk c a lc u la t io n  nachine.
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5* F in i t e  D i f f e r e n c e s .

5 . 1 . D efin ing Equations.

In a l o s s f r e e  and uniform, homogeneous waveguide, only uncoupled
13

H- and E-modes can e x i s t .  The e lec trom agnetic  f i e l d  components are then

d e f in e d , fo r  a p er io d ic  time dependence, e^^^ and a x ia l  dependence e"^^ 

by the fo llo w in g  eq u a tio n s :-

z

H-modes
k%  = - j f  Yt

X 5 . 1 . 1 .

E-modes

= - j w e ( u ^  X Y ) 5 . 1 . 2 .

5 Y
2 2 . 2

where k = u) ê -  p , i s  the a x i a l  propagation con stan t,

i s  a u n it  vec tor  in  the z -d ir e c t io n  and the su b scr ip t  't ' r e fe r s  to the

tran sverse  (x and y )  components o f  the v e c to r .

The fu n c t ion s  ^ and are s o lu t io n s  o f the wave eq u a tio n :-

(V ^  + k^) 0  = 0 5 . 1 . 5 .

su b je c t  to the boundary' co n d it ion :

— = 0 ;  Y = o on the p e r f e c t l y  conducting waveguide w a l ls .

Further boundary con d ition s  may a r i s e  in  p a r t ic u la r  modes due to symmetry 

c o n d it io n s .

5 . 2 . F in it e  d i f fe r e n c e s  in  two D imensions.

This s e c t io n  beg ins with a b r i e f  account o f the b a s ic  idea o f the
ir

f i n i t e - d i f f e r e n c e  method which may be found in  the standard t e x t s .

3^



Consider a fu n c t ion  (Zf o f  the tra n sverse  C ar tesian  coordinates  

X and y which i s  a n a ly t ic  in  a reg ion  o f  the x y -p lan e . A p a r t ic u la r  

p o in t  0 in  the reg ion  i s  surrounded by four e q u id is ta n t  p o in ts  as in  F ig .

5 .1 .  The sep ara t ion  between 0 the four p o in ts  1 -  4 i s  la b e l le d  ’h '.

By means o f  a Tay lor s e r i e s  expansion, the va lues o f  ^ a t  the p o in ts  1 - 4

may be w r i t te n  down in  terms o f  h , ^ and i t s  d e r iv a t iv e s  a t  the p o in t  0 : -

1̂ 1 = 2̂ 0 + + 27 ^    5 .2 .1 .

0  = d  -  '* + " -  " +....................................... 5 .2 .2 .

^2 - .............................................................................. .................  5 .2 .5 .

jzS = Ŝ o +........ ..............................  5 . 2 . 4 .

where ( 1 -^ — ) a t  the p o in t  0
à X

a t  the po in t  0
T)y

Adding equations 5 * 2 .1 . ,  5 * 2 .2 . ,  5*2 .5* , and 5*2 .4* , n e g le c t in g  a l l  terms 

in  (h)^ and higher order, we obta in  the fo l lo w in g  e q u a tio n :-

g  ^3 -  ) = h^ 0)^  5 . 2 . 5 .

Equation 5*2.5* shows the b a s ic  r e p r e se n ta t io n ,  in  terms o f  surrounding  

fu n c t io n  v a lu e s ,  o f  a t  any p o in t  in  the reg io n . I f  ^ s a t i s f i e s  the

wave equation , equation 5 *2 . 5 * may be w r i t ten  a s : -  

4 ? ?
y d  -  40 = -h k 0  5 . 2 . 6 .

To apply the f i n i t e - d i f f e r e n c e  method to propagation in  r e c t i l i n e a r  

waveguides, the wraveguide c r o s s - s e c t io n  i s  su b-d iv ided  in to  a number o f  

square sub-reg ion s o f  s id e  leng th  'h ' ,  the in t e r s e c t io n s  o f  which are

3C,
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la b e l le d  f i e ld - p o in t s  (F ig . 5 * 2 . ) .  The waveguide shown h a s ,  fo r  the  

purpose o f  g e n e r a l i t y ,  boundaries which are r e c t i l i n e a r  but o therw ise  

a r b itr a r y .  At each po in t in  the waveguide c r o s s - s e c t io n ,  equation 5*2 .6 .  

i s  a p p l ie d ,  p o in ts  on the boundary being d e a l t  with in  the fo l lo w in g  way 

The p o in t  0 ,  in  F ig . 5*2. l i e s  on the waveguide boundary. S ince the

boundary con d it ion  on the waveguide w a l l  fo r  K-modes i s ; -

=  0
3 n

then , to a f i r s t  approx imation, the va lue o f  ^ a t  the po in t 2 i s  equal 

to  the va lue o f  ^ a t  the po in t  4 > i . e .

^2 =  +

T herefore, in  t h i s  ca se ,  equation 5*2 .6 . becomes

01 + + 20^ -  40g = 5 .2 .7 .

In the case  o f E-modes, Y = 0 on the boundary so that

'V 2 = -  ^4

Therefore, fo r  E-modes, equation 5*2 .6 . becomes

+ V ,  -  4 y/ = Y 5 .2 .8 .
1 5 o  ̂o

D if feren ce  equations a t  p o in ts  on the remaining boundaries are  

d e a l t  with in  the same manner.

I t  i s  sometimes a d v isa b le  to have f i e l d - p o in t s  no t  on the  

waveguide boundary but ra th er , h a l f  a mesh len g th  â way from the boundary. 

This may be v i s u a l i s e d  by con s id er in g  a l l  the p o in ts  0 -  ^ in  F ig . 5*2. 

moved down h a l f  a mesh len g th . In th is  c a se ,  the d i f fe r e n c e  equation  

5 . 2 . 6 . fo r  0  and 't' becomes;-

0^ + + 04 -  30^ = -h^ k^ 0  ̂ 5 . 2 . 9 .

+ ^ 5  *  ■ -'^o " 5 . 2.10
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When equation 5*2 .6 . has been w r i tten  down a t  a l l  the in t e r io r

po in ts  o f  the c r o s s - s e c t io n  w ith the re lev a n t  m o d if ica t io n s  made fo r  p o in ts

next to the boundary, a system o f  ’n ' l in e a r  equations i s  obtained (n i s

the t o t a l  number o f  p o in ts  in  the c r o s s - s e c t io n ) .  These nay be w r i t ten

conven ien t ly  in the form :-

^  0  = A 0 5 .2 .1 1 .

Where B i s  a n x n band matr ix o f  known in te g e r  e lem ents, ^

i s  a 1 X n vec tor  o f  ’n • unknown va lu es o f  ^ and A i s  the unknown la t e n t

2 2roo t  o f  matrix B, which, from equation 5 * 2 .6 . ,  i s  id e n t i c a l l y  -h k .

The ’n ' la t e n t  roo ts  o f  m atr ix B correspond to the f i r s t  ’n ' c u t - o f f

wavenumbers of the waveguide fo r  the p a r t ic u la r  type o f  mode in  question  

( H or E ) .  Each la t e n t  r o o t ,  ^  ̂ has a la t e n t  v e c to r ,  which i s

au tom atica lly  obtained togeth er  w ith A  ̂ when equation 5*2 .11 . i s  so lv ed .

5*3* F in it e  D i f feren ces  in  une Dimension.

Certain waveguide propagation problems a r e ,  by n atu re , one­

dim ensional, e .g .  dominant H-mode propagation in  rec tan gu lar  waveguide.

In order to dea l w ith problems which are nne-d im ensional, i t  i s  necessary

to der ive  a one-dim ensional analogue o f  equation 5*2 .6 . S ince  the fu n c t ion

ç! introduced a t  the beg inning o f  s e c t io n  5*2. depends in  t h i s  case  on only  

one tran sverse  coord in ate , say x , the equation i s  simply der ived  by adding 

equations 5*2.1 . and 5 * 2 .2 . : -
2

0^ + -  20^ = 11^(0^) = k ^ ( v j 0 ) ^  = - h ^ k \  5 .5 .1 .

Equation 5*3*1*is  the one-dim ensional analogue o f  equation 5*2 .6 .

Instead o f  d iv id in g  the waveguide c r o s s - s e c t io n  in to  square

sub-reg ions as in  the previous s e c t io n ,  the x -a x is  (a long which 0  v a r ie s )
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i s  subdivided in to  a number o f  equa l le n g th s ,  h ,  from one waveguide w a l l  

to  the o th er . At each po in t o f  su b d iv is io n , equation i s  a p p l ie d ,

with no s u i ta b le  m od if ica t ion s  a t  the ends o f  the l i n e .  As in  s e c t io n  5 * 2 . ,  

a l l  the equations are w r i t ten  in  the matrix from o f  equation 5 *2 . 11 .

I t  i s  a d v isa b le  to use the one-dim ensional rep re sen ta t io n  o f  

equation 5 *1 *3 * wherever p o s s ib le  s in c e ,  fo r  a g iven  number o f  p o in ts  

n , i t  i s  p o s s ib le  to obtain  a very much f in e r  mesh o f  p o in ts  in  th i s  

c a se .

The methods used fo r  obta in ing  the num er ical so lu t io n  o f  equation  

5 . 2 . 11 . are d iscu ssed  in  the fo l lo w in g  s e c t io n .

5 . 4 * S o lu tion s  to the Matr ix Equation.

The so lu t io n  o f  equation 5*2.11. i s  accomplLshed by means o f  

an automatic d i g i t a l  computer, in  t h i s  c a se ,  DEUCE. Three separa te  

programmes have been used fo r  f in d in g  the la t e n t  r o o ts  and v ec tors  o f  m atr ix B.

( 1 ) Lanezos-W ilk inson. n <  31

This programme f in d s  a l l  the la t e n t  roo ts  and vec to rs  o f  a 

n X  n square m atr ix , where n 31* The method in volved  u ses  p iv o ta l  

condensation and back s u b s t i tu t io n .  The m atr ix data has to  be punched in  

b in ary , w ith 12 e lements per card and a parameter card g iv in g  the dimensions 

o f  the matrix and the number o f  binary p la c e s .  A square m atr ix o f  order 

20 req u ires  4 I cards to be prepared fo r  the computer. The computer takes  

about 50 minutes to punch out a l l  the la t e n t  ro o ts  and v ec to rs  o f  the m atr ix .  

Owing to the f a c t  that t h i s  programme i s  slow and cannot dea l  w ith m atr ices  

o f  large  order, i t  was found necessary  to use another method o f  c a lc u la t io n .

( 2 ) Inversion  and I te r a t io n .  n 83

31



This programme i s  in  two s e c t io n s ,  ( l )  in v e r s io n  o f  a square 

m atr ix by the standard LVOl programme, and (2 ) i t e r a t io n  w ith a guess  

vec tor  u n t i l  the machine a r r iv e s  a t  the low est la t e n t  roo t  and v ec to r .

The theory underly ing the opera tion  i s  as fo l lo w s

M u lt ip ly  equation 5*2.11 . by the in v erse  o f  matrix B.

B"^ B 0 = X B"  ̂0

0  = X B' 0  s in c e  B B"  ̂ = 1 5 .4 .1 .

Suppose the *n ’ la t e n t  ro o ts  o f  matrix B, A^, X , . . . are

arranged in  order o f  ascending modulus. An a r b itra r y  v ec tor  x^ i s  taken 

and two sequences o f  vec to rs  x^ and y^ are formed from

^1+1 = ^1 5 . 4 . 2 .

x_^^ = y^^^ /  maximum element o f  v ec to r  y^^^ 5*4*3*

Each member o f  the sequence x^ has as i t s  la r g e s t  e lem ent, u n ity .  The

i n i t i a l  v ec tor  x^ may be w r itten  in  terms o f  the ’n ’ l a t e n t  v e c to r s .

n
X Q -  ZZ 0^ 5*4*4*

I f  equation 5*4*2. has been ap p l ied  'k* t im es, then

1 n Xv k

=  =  —  & if l  + h  5 . 4 . 5 .
I

where C i s  the la r g e s t  element o f  y^ 

Since X̂  i s  the sm a l le s t  la t e n t  r o o t .

Hence Cx — ^  a d 5*4*6*k \ k H 1A
1
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Which means th a t  tends to The speed a t  which convergence

takes p la ce  depends on the r a t io  ^ \  /  X * When the i t e r a t io n  has been 

carr ied  out o f ten  enough that su c c e s s iv e  va lues o f  agree to as many p la c es  

as i s  req u ired , the i t e r a t io n  i s  stopped and the l a s t  va lues o f   ̂ /C^ and 

x^ taken as the sm a l les t  la t e n t  r o o t ,  X^ and la t e n t  v e c to r ,  o f

m atr ix B.

A General In te r p r e t iv e  Programme (G .I .E ) fo r  the DEUCE computer 

has been w r i t ten  to carry out the above i t e r a t io n  procedure and i s  descr ib ed  

in  the Appendix.

( 5 ) S o lu tion  o f  Linear Equations and I t e r a t io n .  n ^  256 .

The method o f  so lu t io n  in  th i s  programme i s  aga in  i t e r a t io n  as  

in ( 2 ) .  Howev'-r, the labor ious process  o f  in v e r t in g  a large  m atr ix i s  

avo ided and in s tea d  a very f a s t  programme, LEO 7B, i s  used wb.ich so lv e s  

d i r e c t l y  the equation

BĴ  = b 5*4 *7 '

where the r ig h t  hand s id e ,  b , i s  known and matrix B i s  in  band form.

LEO 7® i s  r e s t r i c t e d  to d ea l in g  w ith matrix o f  order l e s s  than 256 and 

whose band may no t  exceed 29. The i t e r a t io n  i s  ca rr ie d  out as in  ( 2 ) 

with the only excep t ion  that the step  in vo lved  in  equation 5*4 *2 . i s  

rep laced  by the so lu t io n  o f

Byf^ l = 5 . 4 . 8 .

In ( 2 ) the in vers ion  procedure i s  carr ied  out only once and 

s u c c e s s iv e  s tep s  in vo lv e  m u l t ip l ic a t io n  o f  matrix B  ̂ with a v e c to r .

However, here the so lu t io n  o f  l in e a r  equations involved  in  equation 5*4*7*
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i s  performed during every i t e r a t io n .  Although there may seem to be a 

disadvantage involved  in  so lv in g  equation 5»4«7* on each i t e r a t io n  t h i s  

i s  no t  so ,  because the in v er s io n  procedure takes about 1 ^ -  2 hours on 

DEÜCE fo r  a matrix o f  order 80 whereas the s o lu t io n  o f  l in e a r  equations  

takes only about 9 m inutes, fo r  a matrix o f  the same order. A lso  the  

l im i t  on the order o f  matrix which can be d e a l t  with in  ( 2 ) makes ( 5 ) 

the more a t t r a c t i v e  method.

When the convergence o f  the i t e r a t io n  i s  s low , i t  i s  p o s s ib le  

to  speed i t  up. I f  p i s  an approximation to the low est l a t e n t  r o o t ,  

equation 5*2.11 . i s  w r i t ten  as

( B -  p i  ) -  p ) jz!

The i t e r a t io n  i s  carr ied  out using the matrix (B -  p i )  in  p lace  

o f  matrix B. Equation 5*4*5* becomes

- P
Cx + L  \  ) ) 5 . 4 . 9 .

The r a te  o f  convergence now depends on

-  p

2̂ ■ P
>'1 -  P

S ince r---------  has been arranged to  be sm a l ler  than -— , the ra te  of
A 2 “ P A 2

convergence i s  improved.

O cca s io n a lly ,  i t  i s  necessary  to  f in d  the second low est la t e n t  

roo t  o f  matrix B (se e  s e c t io n  6 ) .  I f  the required l a t e n t  roo t  i s  known to 

f i r s t  order, then img)roved convergence procedure descr ib ed  above i s

4-̂



c a r r i e d  out w ith  p a s  the  a p p ro x im a tio n  to  T h is  s t e p  i s  e q u i ­

v a l e n t  to  s h i f t i n g  the  o r i g i n  o f  th e  l a t e n t  r o o t s  so t h a t  ^ 2  i s  the  

s m a l l e s t .  The i t e r a t i o n  p roced ure  a u t o m a t i c a l l y  p rod u ces  th e  l a t e n t  

r o o t ,  , and v e c t o r ,  0^ . The G .I .P .  programme which has been used  

on DEUCE to  perform  th e  i t e r a t i o n  i s  d e s c r ib e d  in  the  A ppend ix .

5 . 5 . H igher a p p ro x im a tio n s  to  the  L a p la c ia n .

The a ccu ra cy  o f  th e  one and tw o -d im e n s io n a l  r e p r e s e n t a t i o n s  

o f  the  L a p la c ia n  depends m ain ly  on th e  f i n e n e s s  o f  th e  s u b d i v i s i o n  

o f  th e  w aveguide r e g io n .  I f  the mesh l e n g t h ,  h, i s  n o t  s m a l l ,  then  

h ig h e r  a p p ro x im a t io n s  to  th e  L a p la c ia n  i n v o l v i n g  more n e ig h b o u r in g  

p o in t s  than used  in  e q u a t io n  5 * 2 . 6 . ,  are  a v a i l a b l e  in  th e  l i t e r a t u r e .  

Three a p p ro x im a t io n s  f o r  th e  tw o -d im e n s io n a l  wave e q u a t io n  have been  

u sed  and t h e s e  a re  summarised be low . The numbering o f  th e  p o i n t s  

r e f e r s  to  F i g . 5*5*

1 . FD  ̂ form u la

4

E  0  -  k  0 ^  = - 5 . 5 . 1

E rror  i s  o f  ord er  (Hk)

2 . FD__ form u la .  dO

4 8
4 ^  0 + 22  ^ -  20  0  = ( -  bh^k^ + ) ^ h k  ) 0  5 . 5 . 2

E rror i s  o f  ord er  (hk)^
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form u la .

4 8 12

32 ^  ̂ 0  + 12 ^  0  + ^  0  -  I 0O 0^= ( - 6 0  h k 6 h k -* " h k ) 0 ^

1 5  9

8 5 . 5 . 5 .
E rror i s  o f  order  (hk)

In th e  c a se  o f  th e  o n e -d im e n s io n a l  wave e q u a t io n ,  i t  i s  

u s u a l l y  u n n e c e ssa r y  to  use  h ig h e r  a p p r o x im a t io n s .  T h is  i s  b e c a u se  i t  

i s  p o s s i b l e  to  o b ta in  a very  f i n e  mesh so th a t  th e  e r r o r  i n v o lv e d  in  

u s in g  th e  f i r s t  ap p ro x im ation  to  the  L a p la c ia n  i s  n e g l i g i b l e .  The 

o n e -d im e n s io n a l  form u la  i s  r eq u o ted  f o r  n e a t n e s s  : -

4 FD  ̂ form u la

+ 0  -  2 0  ̂ = -  h^k^0Q 5 . 5 . 4 .

4
E rror i s  o f  the  order  (hk) .

5 . 6 . R e c ta n g u la r  w aveguide .

The c o n v e n t io n a l  r e c ta n g u l a r  w aveguide p r o v id e s  a very

s im p le  example o f  the a p p l i c a t i o n  o f  the f i n i t e - d i f f e r e n c e  p r o c ed u r e .

For the  lo w e s t  order  mode, th e r e  i s  no f i e l d  dependence on the  y -

c o o r d in a t e .  T h is  a l lo w s  th e  o n e -d im e n s io n a l  form o f  the  d i f f e r e n c e

fo rm u la e ,  FD  ̂ , to  be u sed . S in c e  0  i s  zero  fo r  t h i s  mode a t  x zero
A( the symmetry p lan e  o f  the  w aveguide ) ,  o n ly  the  r e g io n  0 ^  x 

need be c o n s id e r e d .  R e s u l t s  are  g iv e n  in  T ab le  $ . 1 .  fo r  v a lu e s  o f  

(kA) and o f  0 a t  c e r t a i n  o f  th e  f i e l d  p o i n t s  when the  v a lu e  o f  ' n '

i s  taken  a s  5» 2 f , and 30 r e s p e c t i v e l y .  The form u la  FD  ̂ has been

used in  c o n ju n c t io n  w i th  programme 3* These r e s u l t s  are  comparde

44



in  the  same T ab le  w ith  th e  v a lu e s  o b ta in e d  from th e  w e l l-know n  

form u lae : -

(kA)  ̂ = TT  ̂ ; 0  = s i n ir x
A 3 . 6 . 1 .

For the  p u rp o ses o f  c l a r i t y , the  m a tr ix f o r  the c a s e ,

n = 3 , i s w r i t t e n  down in square and band form. The f i v e f i e l d  p o i n t s

l i e  on the l i n e  -  y = 0 ; -  a t X

A ~ 0 . 1  ( 0 .1 ) 0 . 3 . The m a tr ix

e le m e n ts  are  o b ta in e d  from e q u a t io n  3 . 5 . 4 .

Square M a tr ix ,  n = 3* Band m a tr ix ,  n = 3 . (bandw idth

Row 1
Column

2 3 4 5 Row 1
Column

2

= 3 )

3

1 ■2 2 0 0 0 1 0 -2 2

2 1 - 2  1 0 0 2 1 -2 1

3 0 1 - 2  1 0 3 1 -2 1

4 0 0 1 - 2 1 4 1 -2 1

5 0 0 0 1 -2 3 1 -a 0
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Table I.

5

FIELD POA'ÎTS

25 50

EXACT
X
A

(kA)2 9.78870 9.86635 9.86878 9.86961

1.0000000 1.0000000 I.OOUOOOO 1.0000000 0 .5 0

.9921147 .9921147 .9921147 0 .46

.9510565 .9510565 .9510565 .9510565 0 .40

.9048270 .9048271 .9048271 0 .36

0 . 6O9OI7O . 8090170 . 8O90I 7I . 8090170 0 .3 0

.7289686 .7289688 .7289686 0.26

.5877852 .5877852 .5877854 .5877855 0 .3 0

.4817557 .4817558 .4817557 0 .16

.3090170 .2090170 .3090171 .3090170 0 .10

.1875813 .1875814 .1875813 0 .06

.0000000 .0000000 .0000000 .0000000 0 .0 0

The r e s u l t s  g iven  in  Table I show th at the f i e l d  v e c to r ,  0

i s  accura te  to seven decimal p la c es  in each o f  the three cases  con sidered .
2

As expec ted , the va lue o f  (kA) i s  l e a s t  accura te  when the number o f
2

p o in ts  i s  sm a l l .  The error in  (kAj fo r  the case 'n ’ equa l to f i v e

i s  l e s s  than 1%, When the number o f  p o in ts  i s  in creased  to f i f t y ,  the

error drops sharply to l e s s  than 0 .0 1 0 .

44



Having obtained kA and 0 , the remaining f i e l d  components Ey 

and Hx can be determined. R eferr ing  to equation i t  i s  seen  that

th e se  are d efin ed  in terms o f  f  and the x -d e r iv a t iv e  o f  0 . The 

d i f f e r e n t ia t io n  i s  performed num er ica lly  on the computer u sin g  the formula

( ) = “ 2^  (se e  5 .6 .2 .

For n equal to f i v e ,  the d e r iv a t iv e  i s  found to be in error  

by l e s s  that 2.% and n f i f t y  by l e s s  than 0 .1 0 .  Higher order 

approx imations fo r  the d e r iv a t iv e s  would o f  course reduce the error .

I t  has been shown how the f i e l d s  and c u t - o f f  wavenumbers o f  the dominant 

H-mode in rec tan gu lar  waveguide may be determined. Higher order H-modes 

are considered by f in d in g  the appropr iate  la t e n t  roo ts  and vec tors  o f  

m atr ix B.

E-modes are d e a lt  with by apply ing  the fo llo w in g  boundary 

co n d it io n s  to the fu n c t ion

'Y = 0 on the waveguide w a l ls

9 Y / \f  0 on the a x is  o f  symmetry (magnetic w a ll  or odd modes)

V = 0  n »» II It H ( e l e c t r i c  w all  or even modes)
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5«7' Magnetic p o la r i s a t io n  in  r idged waveguide.

Dominant H-mode propagation in  r idged  waveguides has rece iv ed

con sid erab le  a t t e n t io n  in  recen t y e a r s .  By tr e a t in g  the r idged waveguide
2.1

a t  c u t - o f f  as a two-dimensional tran sm iss ion  line,C ohn has obtained

f ig u r e s  fo r  c u t - o f f  wavelength and waveguide impedance.Marcuwitz has

pub lished  design parameters fo r  r idged waveguides having s p e c i f i e d  c u t-

o f f s .F u r th e r  work along the same l in e s  has been pub lished  by Hopfer and 
3o

Chen. However,by th e ir  na tu re , the methods norma lly used to c a lc u la t e  

c u t - o f f  wavelength have only been capab le o f  g iv in g  l im ite d  inform ation  

on the e lec trom egnetic  f i e l d  c o n f ig u r a t io n . The r idged waveguide i s  o f  

in t e r e s t  as a broadband propagating s tru c tu re  which i s  e a s i l y  matched 

to c o a x ia l  l in e  owing to i t s  low wave impedance, and a ls o  in  the design  

o f  broadband resonance i s o la t o r s .S in c e  the c u t - o f f  wavelength o f  the 

r idged  waveguide i s  h igher  than that o f  a rec tan gu lar  waveguide having  

the same broad dim ension,then the v a r ia t io n  o f  guide wavelength with  

frequency i s  red u ced ,( see  equation $ . 1 . 1 . ) .

The dependence o f  the c ir c u la r  p o la r i s a t io n  o f  the r . f .  magnetic 

f i e l d  on frequency i s  reduced i f  the c u t - o f f  frequency i s  depressed.One  

advantage the r idged waveguide p o s se s se s  over the d i e l e c t r i c  loaded  

waveguide i s  that the c u t - o f f  freq u en c ie s  over h igh er-ord er  H-modes 

are  no t  depressed in  the same way as the dominant mode.In the design  o f  

a f e r r i t e  resonance i s o l a t o r , i t  i s  ad v isa b le  to lo c a te  the reg ion in the  

waveguide c r o s s - s e c t io n  a t  which the f u n c t io n ,? ,d e f in e d  in  s e c t io n  2, 

i s  c lo s e  to u n ity .  Assuming that P i s  u n ity  a t  a p o s i t io n  ( x ,y^) fo r  

a frequency f ^ , i t  i s  u s e fu l  to p lo t  (a ) the v a r ia t io n  w ith fr e q u e n c y ,f ,  

o f  P ( x ^ ,y ^ ,f  ) and (b) the v a r ia t io n  w ith p o s i t io n  ( x ,y  ) o f  P ( x , y , f ^ )
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The r e s u l t  o f  s tep  (a) determines the bandwidth over which the e l l i p -  

t i c i t y  o f  the r . f .  magnetic f i e l d  i s  not g r e a te r  than a s p e c i f i e d  va lu e ,

S.The c a lc u la t io n  in  (b) g iv e s  an in d ic a t io n  o f  the dimensions o f  the  

f e r r i t e  which can be u sed ,w h i le  ensuring th a t  the e l l i p t i c i t y  o f  the  

r . f .  magnetic f i e l d  over the f e r r i t e  c r o s s - s e c t io n  does not exceed S .

I t  w i l l  be shown th a t  by use o f  f i n i t e - d i f f e r e n c e  methods, 

i t  i s  p o s s ib le  to der ive  the c u t - o f f  wavelength and the lo n g i tu d in a l  

magnetic f i e l d  in the r idged waveguide s im u ltaneous ly .T he remaining  

f i e l d  components are der ived through the a x i a l  f i e l d  from equation

5 . 1 . 1 .

The geometry o f  h a l f  the c r o s s - s e c t io n  o f  a s in g le -r id g e d  

waveguide i s  shown sch em a tica lly  in  F i g . 5 ' 4 . , t h e  f i e l d  p o in ts  o f  the 

subdivided c r o s s - s e c t io n  being i d e n t i f i e d  by a column l e t t e r  A-J,and  

row number 1- 9 . The boundary con d it ion s  fo r  the symmetric H-modes under 

co n s id era t ion  are a ls o  shown.As in  the case  o f  the rec tan gu lar  waveguide 

the d i f fe r e n c e  equations are ap p l ied  a t  each p o in t  in  the c r o s s - s e c t io n  

from A1 to J5« The matrix form o f  th ese  equations i s  as defined  in  

equation 5 . 2 . 11 .

The so lu t io n  o f  the matrix equation y i e ld s  both and 0^ 

and hence the c u t - o f f  wavelength and lo n g i tu d in a l  magnetic f i e l d  are  

determined fo r  ’n ’ modes o f  the struc ture .T h e  d i f fe r e n c e  equation for  

the d e r iv a t iv e s  o f  the fu n c t ion  0  i s  employed in  the d e r iv a t io n  o f  

the r e s t  o f  the f i e l d  components.Since the r e l a t io n  between ^A and the  

frequency i s  unique ly  determined by a knowledge o f  kA, the f i e l d  components 

as a fu n c t ion  o f  frequency are now known.
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S ince  a l l  the f i e l d  components s a t i s f y  the two-dim ensional

wave e q u a t io n , i t  i s  p o s s ib le  to employ an a l t e r n a t iv e  procedure from

the one mentioned a b o v e ,fo r  determ ining the f i e l d  components other than

in s ta n c e , th e  component s a t i s f i e s  the wave equation and i t

fo llo w s  th a t  the d i f fe r e n c e  equations l i s t e d  in s e c t io n  5 . 5 . hold when

i  i s  i d e n t i f i e d  as The matrix equation 5 .2 .1 1 .  a l s o  holds but the

e lements are s l i g h t l y  d i f f e r e n t  from those fo r  the Ti ’ m atr ix. Thisz
f a c t  a r i s e s  from the d i f f e r e n t  boundary con d ition s  which apply to and 

H on the waveguide w a l ls  and the a x is  o f  sy m m etry ,v iz . ,

z = 0 on a l l  p e r f e c t ly  conducting w a lls

= 0 i f  the waveguide w a l l  i s  p a r a l le l  to the y -a x is

^ H X = 0 i f  the waveguide w a ll i s  p a r a l le l  to the x - a x is .
"à n

With th ese  r e s t r i c t i o n s  in  m in d ,it  i s  p o s s ib le  to con struc t

the m atr ix B fo r  H which only d i f f e r s  from the H matrix in  rows whichX z

r e fe r  to  p o in ts  on the waveguide boundary where the co n d it io n s  on

and d i f f e r .  The s o lu t io n  o f  the m atr ix equation thus obtained fo r

the magnetic f i e l d  component H ^,g ives (a) the c u t - o f f  wavelength and

(b) the d i s tr ib u t io n  o f  over the c r o s s - s e c t io n .T h e o r e t ic a l ly , t h e

l a t e n t  r o o ts  corresponding to dominant mode propagation o f  the and

2 2m a tr ic e s ,a r e  id e n t i c a l  and equa l to -  h k ,and the f i e l d  d i s t r i ­

bution may be der ived  from by taking the num er ical x -d e r iv a t iv e  

o f  a t  each p o in t  in  the  c r o s s - s e c t io n .H o w e v e r , i t  i s  found in  p r a c t ic e ,
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th at when a matrix o f  order I 40 i s  u sed ,th e  two la t e n t  r o o ts  d i f f e r  

by a s ig n i f ic a n t  fa c to r  fo r  the r idged waveguide whose parameters are  

g iven  in  Table 5*2. The la t e n t  roo t  o f  the matrix l i e s  very c lo s e  

to  the va lue g iven  by other authors and to the exper im enta l value.The  

error in  the la t e n t  roo t  may be due to  the d i f f e r e n t  boundary con­

d i t io n  holding a t  the two fa ces  o f  the r id g e  causing a d is c o n t in u i ty  

in  the va lue o f  the f i e l d  a t  the r idge  edge. The la t e n t  v ec tor  fo r  

l i e s  w ith in  5^ o f  the vec tor c a lc u la te d  from the x -d e r iv a t iv e  o f  

Due to  the anomaly in  the two la t e n t  r o o t s , t h e  a l t e r n a t iv e  method,(H^) 

for  f in d in g  the la t e n t  roo ts  and vec tors  has no t bean used.The f i e l d  

components other than are der ived  by p o in t - to -p o in t  numer ical 

d i f f e r e n t ia t io n  in  the c r o s s - s e c t io n .

C alcu lated r e s u l t s  are g iven  for  dominant mode propagation  

in  a r idged waveguide whose dimensions are g iv en  in  Table 5*2. The 

e f f e c t  of h igher approx imations and va r ia b le  mesh len g th ,h ,o n  the com­

puted va lue o f  c u t - o f f  wavelength i s  a l s o  shown in  Table 5*2. togeth er  

w ith the r e s u l t s  obtained by other authors .
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Table 5*2. Cut-off wavenumber.

a 1 B + b 4 
A 4 A 9

b
A

2
9

n Matrix band D i f fer en ce  formula h
A ( kA/n )2= (2 A / \  2 )^

21
1/9 0 .6 5 8

65 21 ^ 2 0 1/a 0 .585

65 ^ 1 8 0 1/18 0 .580

140 27 FD,4 1/27 0 .5 5 8

140 29 FD20 1/27 0 .551

i )
Cohn 0 .585

Orthogonal modes( s e c t io n  4 ) 0 .555

11
Young and Eohmann 0,555

Experimental ( by in te r p o la t io n ) 0 .527

I t  i s  seen th a t the use o f  21 f i e l d  p o in ts  leads toa a ra ther  

inaccu ra te  r e s u l t .T h is  may be accounted fo r  by the f a c t  that the mesh 

le n g th ,h ,  i s  not s u f f i c i e n t l y  sm a ll for  the number o f  p o in ts  on the 

boundary to be s u f f i c i e n t  to d escr ib e  the boundary con d ition s  a c cu ra te ly .
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The two c a lc u la t io n s  carr ied  out for the 65 and I40 f i e l d  p o in ts  in d ic a te  

th at h igher  approx imations to the Laplac ian do not s i g n i f i c a n t l y  a f f e c t  

the r e su l t .A s  might be exp ec ted ,th e  c r u c ia l  fa c to r  a f f e c t in g  the accuracy  

i s  the number o f  mesh p o in ts  in  the c r o s s - s e c t io n .  S ince the e x p e r i -  

mental value o f  ( kA ) d i f f e r s  by about from the va lue g iv en  for  

both m atr ices o f  order 140 ,and by about lOÿo fo r  both m atr ices o f  order 

6 5 , i t  i s  reasonab le to  expect that the error would be reduced to  le s s  

than 2/c by using a m atr ix o f order 500. A computer la rge  enough to  

d ea l  w ith such a matrix i s ,u n fo r tu n a te ly ,n o t  a v a i la b le .

F ie ld  d i s t r ib u t io n .

Values o f  the magnetic f i e l d  components a t  s e le c t e d  p o in ts  

in the c r o s s - s e c t io n  are g iven  in  Table 5*5* The f i e l d  p o in ts  r e fe r  to  

the drawing in  F i g . 5*4. The tran sverse  components o f  f i e l d  are  normal­

i s e d  so that

—  H, 5 . 7 . 2 .
 ̂ (kA)^ 2h ^

The tran sv erse  e l e c t r i c  f i e ld ,E ^ ,  i s  obtained from through 

the H-mode wave impedance, . The f ig u r e s  in  Table 5*5* are found 

fo r  the ca se ,  n = 6 5 , the d i f fe r e n c e  formula used being FD^^.
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Tab le 5*3- Magnetic f i e l d  components -  r idged  waveguide.

Po in t Hz H
X

K
y

A1 0.8476561 C.OOOoOOO 0.0000000

A5 0.8666364 0.0000000 0.0363594

A5 0.9164984 0.0000000 0.0567517

A? 0.9710455 0.0000000 0.0428127

A9 0.9945004 0.0000000 0.0000000

Cl 0.7979906 0.0990417 0.0000000

C5 0.8188906 0.0968947 0.0418506

C5 0.8802867 0.0770511 0.0744891

07 O.954I 842 0.0295555 0.0576786

C9 0.9851966 0.0148275 0.0000000

El 0.6509757 0.1912215 0.0000000

S3 0.6704992 0.1988041 0.0450714

E5 0.7550565 0.2377621 0.1540595

E7 0.9228579 0.0141920 0.1070004

29 0.9715502 0.0055723 0.0000000

01 0.4223191 0.2572361 0.0000000

S3 0.4504988 0.2671818 0.0140347

G5 0.4452416 0.2979094 0.0000000

11 0.1456591 0.2915182 0.0000000

15 0.1472892 0.2945784 0.0024554

15 0.1491116 0.2982232 0.0000000

F4-



At t h i s  p o in t  a comparison i s  made between the magnetic f i e l d  

components and a long the top waveguide w a l l , c a lc u la t e d  by f i n i t e -  

d i f f  erences and by the orthogonal mode approach descr ibed  in  s e c t io n  4 . 

In both cases  the component i s  norm a lised to  be u n ity  a t  the s id e  

w a l l  and the component to be u n ity  a t  the centre  plane o f  symmetry. 

The f i e l d s  are drawn in  F i g . 5 .5* There i s  c lo s e  agreement between the  

two c a lc u la t io n s  fo r  both H and H , the d i f fe r e n c e  never exceedingX z °

C ircu lar  p o la r i s a t io n .

For the c a se ,  n = 6 5 , the p o in ts  on the top waveguide w a l l ,

( y = 0 ) , a t  which P ( x^, 0 , f^  ) i s  u n ity ,  are found fo r  three  va lues  

o f  fr e q u e n c y ,f ,  in  X band -  one a t  e i th e r  extreme,and the th ir d  in  the  

c e n tr e .  The v a r ia t io n  a t  x = x^ o f  P over the X band frequency range,

( 8 . 4 * -  12 .4  Gc/s ) ,  i s  defined  as ) P^. I f  x^,x^,and x^ are such that

P ( x^, 0 , 8 .4  Gc/s ) = 1

P ( Xg, 0 , 10 .4  G c/s ) = 1

P ( X , 0 , 12.4  Gc/s ) = 1

then x^ -  x^ i s  defined  as ̂ Xp a t  x^.

The qu antity  ^Xp i s  the s h i f t  in the p o s i t io n  o f  c ir c u la r  p o la r i s a t io n  

as the frequency moves from one end o f  X band to  the o th er . The c a lc u l ­

a ted  va lues o f  5 P^ and ^Xp for  three  r idged waveguides having the 

same w id th ,a ,  but d i f f e r e n t  h e ig h ts ,b ,  are compared in  Tab le 5*4* with
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the corresponding va lues in  rec tan g u lar  waveguide. The r idged  waveguide 

parameters are g iven  by
\

B + b 2a b
A = O.9O" A A B 4» b

Guide 1 4 /9 11 /16 1 /2

Guide 2 4 /9 11/18 3 /6

Guide 3 4 /9 11 /18 1 /4

Table 5*4* Dependence o f  ^P^ and S -

B e e t ,  guide Guide 1 Guide 2 Guide 3•

S 0.106" 0.061" O.O5O" 0.037"

0 .6 5 0 .5 2 0 .4 8 0 .4 4

The top waveguide w a l l  i s  chosen fo r  two r e a s o n s , ( l )  the  

metal w a l l  prov ides an e x c e l le n t  heat s in k  fo r  the power d is s ip a t e d  in  

the f e r r i t e  a t  resonance, and ( 2 ) the v a r ia t io n  o f  P ( x ,  y ,  f  ) with  

y i s  s l i g h t  in  the reg ion  o f  c ir c u la r  p o la r i s a t io n  a t  the top fa c e .

From Table 5 . 4 . , i t  may be seen th a t  the change in  P over  

X band,at a g iven  p o s i t io n ,  x ,  i s  l e a s t  fo r  the r idged  waveguide having  

the low est  c u t - o f f ,  ( Guide 3 ) .  The change in  P, SP, becomes p r o g r ess ­

i v e l y  sm a l ler  as the c u t - o f f  frequency o f  the waveguide i s  decreased .T h is  

r e s u l t  i s  in  accordance with equation 5* However,the v a r ia t io n  in  

p o s i t io n ,  Xp, where the r . f .  f i e l d  p o la r i s a t io n  goes from u n ity  a t
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8 . 4  G c /s  to  u n i t y  a t  1 2 .4  G c /s  a l s o  becom es s m a l l e r .  T h is  means t h a t  

a l th o u g h  th e  fr e q u e n c y  bandw idth  i s  enhanced  by u s in g  a r id g e d  wave­

g u id e  w i t h  a l a r g e  r i d g e ,  th e  e f f e c t  may be l o s t  by a sh arp  i n c r e a s e  

o f  th e  dependence  o f  P on x .  Comparing th e  r e c t a n g u l a r  w avegu id e  w ith  

th e  r id g e d  w a v e g u id e ,  th e  fr e q u e n c y  bandw idth  i s  i n c r e a s e d  i n  th e  l a t t e r  

c a s e ,  but a t  th e  e x p en se  o f  red u ced  f e r r i t e  c r o s s - s e c t i o n  b rou gh t  

aboutv ,because 5 Xp i s  s m a l l e r .  In  o r d e r  to  a c h ie v e  th e  sa a e  o v e r a l l  

l o s s  a s  i n  th e  r e c t a n g u l a r  w a v e g u id e ,  i t  i s  n e c e s s a r y  to  i n c r e a s e  th e  

prop o sed  a x i a l  l e n g t h  o f  th e  f e r r i t e .  T h is  i s  b e c a u se  th e  p o s i t i o n  o f  

n e a r - u n i t y  P i n  th e  r id g e d  w aveguide  i s '  much c l o s e r  to  th e  s i d e  w a l l  

than  i n  th e  r e c t a n g u l a r  w a v e g u id e .  N e a re r  th e  s i d e  w a l l ,  th e  e l e c t r o ­

m agn e t ic  f i e l d s  a re  weaker and th e  a t t e n u a t i o n  i n  th e  f e r r i t e  i s  

r e d u c e d .

E x p e r im e n ta l  r e s u l t s  a r e  p r e s e n t e d  i n  page 93 w hich  

show th e  m axim ised  r e v e r s e  and forw ard l o s s  i n  a s l a b  o f  f e r r i t e  

l o c a t e d  a t  th e  p o s i t i o n  o f  c i r c u l a r  p o l a r i s a t i o n  on th e  to p  w aveguide  

w a l l .  For a g i v e n  s l a b  p o s i t i o n ,  th e  r e s u l t s  i n d i c a t e  t h a t  a t  one  

fr e q u e n c y ,  th e  forw ard l o s s  p a s s e s  th rou gh a  a minimum w h i le  th e  f o r -  

w a r d - t o - r e v e r s e  l o s s  r a t i o  rem ain s s m a l l .  On e i t h e r  s i d e  o f  th e  c e n tr e  

fr e q u e n c y  w hich a g r e e s  w e l l  w i th  th e  c a l c u l a t e d  v a l u e ,  th e  forw ard  

l o s s  r i s e s  r a p i d l y .  T h is  s i t u a t i o n  sh o u ld  be compared w ith  t h a t  o f  

th e  d i e l e c t r i c  lo a d e d  w avegu id e  where th e  forw ard l o s s  rem ain s s m a l l  

th r o u g h o u t th e  fr e q u e n c y  band, s e e  F ig .  7*3- T hese  r e s u l t s  a r e  in  

a c c o r d a n c e  w ith  th e  c a l c u l a t i o n s  o f  c i r c u l a r  p o l a r i s a t i o n  o f  th e  r . f .  

m a g n e t ic  f i e l d  w hich a r e  g i v e n  i n  g r a p h i c a l  form i n  F i g . 3 - 2 a .  in  th e

B 1



th e  c e n tr e  fr e q u e n c y ,  the  lorv/ard l o s s  r i s e s  r a p id l y  and i n c r e a s e s  

CO 1 .5  t im e s  i t s  minimum v a lu e  over  a range  o f  2 . 9 . G c /s  when D = 0 . 1 3 ” 

I t  i s  con c lu d ed  th a t  the dependences o f  P on p o s i t i o n ,  x ,  and fr e q u ­

en cy , f ,  ten d  to  c a n c e l  and, in  c o n se q u e n c e ,  th e  bandwidth o f  the  

r id g e d  w aveguide a s  measured a b o v e , i s  no t  a g r e a t  improvement on th e  

r e c ta n g u la r  w avegu id e . The s i t u a t i o n  i s  im proved , how ever, i f  d i e l e c t ­

r i c  lo a d in g  t e c h n iq u e s  are  u s e d , (  s e e  s e c t i o n  6 . 4 .  ) .  T h is  f o l lo w s  

b ecau se  ( a ) ,  the  f i e l d  s t r e n g t h  a t  th e  f e r r i t e  l o c a t i o n  i s  i n c r e a s e d ,  

( b ) ,  th e  r e g io n  o f  c i r c u l a r  p o l a r i s a t i o n  i s  locKed. to th e  f e r r i t e  

p o s i t i o n  and ( c ) ,  the  e f f e c t  o f  th e  r id g e  ^ eep s  th e  c u t - o f f  fre q u en cy  

o f  h igh er-m od es from in t r u d in g  i n t o  X band.

S S



6 . Inhomogeneously“loaded waveguides -  f i n i t e  d i f f e r e n c e s .

6 . 1 . In tro d u c t io n .

I t  i s  proposed to  show how the f i n i t e - d i f f e r e n c e  method i s  

ap p l ied  to  the in v e s t ig a t io n  o f  mode propagation in d i e l e c t r i c  s la b  

loaded waveguide,and la t e r  o n ,to  H-mode propagation in  a f e r r i t e  

loaded rec tangu lar  waveguide, s e c t io n  6.3*

The a i r - d i e l e c t r i c  in te r fa c e  i s  assumed to  l i e  p a r a l le l  to the  

coordinate a x is ,y .T h e  waveguide c r o s s - s e c t io n  i s  subdivided as b e fo r e ,  

in to  square sub-reg ions o f  s id e  leng th  *h*,such th a t  c e r ta in  f i e l d  

p o in ts  l i e  on the in t e r f a c e .I n  the presence o f  the d i e l e c t r i c , the  

tran sverse  wavenumber,k à , i s  no t c o n s t a n t . l t  has one va lue in  a ir  ,k^A, 

and another,k^A, in  d i e l e c t r i c ,and i s  a l s o  frequency-dependent.In  f a c t

V  = ( ho  -  P )

where e i s  the d i e l e c t r i c  p e r m it t iv i t y ,  r

The FD  ̂ formu la, ap p l ied  a t  p o in ts  ly in g  in  the a i r  r eg io n ,  

g iv e s ,b y  equation 5 * 2 .6 . ,

1

For ordinary po in ts  in  the d i e l e c t r i c  medium,the correspon­

ding d if fe r e n c e  equation i s  w r i t te n  a s : -

6 .1 .4 *

5<?



where u = ( k^/ k  ̂ )

The d i f fe r e n c e  equations on the in te r fa c e  are more d i f f i c u l t  

to obtain.'This i s  because the normal d e r iv a t iv e  o f  ^ i s  always d isco n ­

tinuous a t  the in t e r f a c e , causing the d i f fe r e n c e  formulae so fa r  obtained  

to break down. f a r t h e r , i f  the d e r iv a t iv e  o f /  with r esp ec t  to y i s  non­

zero on the i n t e r f a c e , a l l  the propagating modes are h y b r i d , i . e .  they  

a l l  have a lo n g i tu d in a l  component of both H and E.The s i t u a t io n  i s  

f i r s t  d iscu ssed  where the d e r iv a t iv e  o f  jZ! with r e sp e c t  to y i s  zero on 

the in t e r f a c e ,a l low in g  pure H-modes to propagate.

6 .2 .  D i e le c t r ic  s lab  loaded waveguide.

The f i e l d  components fo r  propagating H-modes are g iven  in  

equation 5*1*1" On the d i e l e c t r i c - a i r  i n t e r f a c e ,F ig .6 . 1 . ,H  ̂ i s  c o n t in ­

uous g iv in g  the con d ition  that

i _  =  . 1  /  Ü . 2 . I .

Since k  ̂ /  k ^ , i t  fo llo w s  th a t the notmal d e r iv a t iv e  o f  /  i s  

discon tinuous a t  the in t e r f a c e .I n  order to r e so lv e  the d i f f i c u l t y  o f  

d ea l in g  w ith d iscon tinuous f u n c t io n s , ’image ’ va lues o f  ^ a t  p o in ts  1 

and 5 une introduced which make the nornal d e r iv a t iv e  o f ^ on the i n t e r ­

fa ce  con t inu ous. In t h i s  way,the d i f fe r e n c e  express ion  o f equation 6 .2 .1  

becomes

—  ( ) 6 .2. 2 . 

where and 0 ^  are the image va lues o f  {Zf.lHese are the
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values JZ! would have a t  po in ts  1 and 3 were no a i r  and no d i e l e c t r i c  

present resp ec t iv e ly .W i th  th i s  form u la t ion ,eq uation  5 .2 .6 .  i s  then 

ap p l ied  a t  the po in t  0 , g iv in g  separa te  equations in  and

*̂ 1D *̂ 2 ^4 ■ ^^0 " ■ 6 .2 .3 a .

h  + 1̂ 2 + ) 3̂4 + = ■ ' " W  6 .2 .3 b .

By e lim in a tin g  the image fu n c t io n s  and between 

equations 6 .2 .2 .  and 6 .2 .5 * > the fo llo w in g  equation i s  obtained fo r  

po in ts  ly in g  on the in te r fa c e

^1  ^ ^5 + u ) (  02 ^ “ 41̂ 0  ̂ " -  6 . 2 . 4 .

Equation 6 .2 .4 *  has been obtained by employing the s im p lest  

formula for  the x -d e r iv a t iv e  o f 0 tog eth er  w ith a double opera t ion  o f  

the formu la. H igher approximations to the d e r iv a t iv e  and to  the  

d if fe r e n c e  rep resen ta tion  are p r o h ib i t iv e ly  d i f f i c u l t  when the 'im age' 

technique i s  employed fo r  in te r fa c e  p o in ts .

The 'n • f i e l d  p o in ts  are com plete ly  covered by apply ing  equa­

t io n s  6 . 1 . 5 . , 6 . 1 . 4 ' , 6 . 2 . 4 . , whichever i s  re lev a n t  a t  a p a r t ic u la r  po in t  

The r ight-hand s id e s  o f  these  equations are id e n t i c a l ,  ( -  h 0^) and 

hence the matrix form u lation o f  equation 5*2.11 . i s  aga in  obta ined .

A com plica tion o c cu r s ,however, s in c e  some o f  the elements are  frequency-  

dependent owing to the presence of 'u ’ .Thus the matrix equation must 

be so lved  for  d is c r e te  va lues o f  u corresponding to the in v e s t ig a t io n  

o f  the f i e l d s  and wavenumbers a t  s e le c t e d  frequ en c ie s  in  the range o f  

in t e r e s t .T h is  s i tu a t io n  shou ld be compared with that o f  the rec tan gu lar  

waveguide where equation 5*2*11. need only  be solved  once to  determine



com plete ly  the f i e l d s  and wavenumbers throughout a g iv en  frequency  

band.

A fu r th er  observa t ion  can be made that d ir e c t  a p p l ic a t io n  

o f  equations 6 . 1 . 5 . , 6 . 1 . 4 * ,  &nd 6 . 2 . 4 * to H-mode problems i s  i n e f f i c i e n t  

s in c e  th ese  are one-dim ensional in  the coordinate  *x*. The one-dimen­

s io n a l  analogue o f  equation 6 . 2 . 4 . i s  obtained by s e t t in g  &nd 

equa l to zero.

0  ̂ + u 0  -  2 (1 + u) 6 . 2 . 5 .

The one-dim ensional form u la tion lead s to  s u b s t a n t ia l l y -  

increased  accuracy in  the f i n a l  r e s u l t s  over a two-dim ensional t r e a t ­

m ent,for a g iven  number of f i e l d  p o i n t s . I t  shou ld not be concluded, 

ho-wever, that the two-dimensional equations are unimportant s in ce  they  

a r e , in d e e d ,e s s e n t ia l  when d isc u ss in g  hybr id  m odes,see s e c t io n  6 . 4 *

A sim ple i l l u s t r a t i o n  o f  the above theory i s  obtained by 

con s id er in g  the f i e l d s  and tran sverse  wavenumbers o f  the  dominant 

H-mode in  a rec tangu lar  waveguide loaded with a c e n tr a l ly - lo c a t e d  

d i e l e c t r i c  s lab  p a r a l le l  to  the narrow waveguide wa ll.One symmetrècal 

h a l f  of the waveguide c r o s s - s e c t io n  i s  shown in F i g .6 .2 .  C alcu la t ion s  

were carr ied  out for  a waveguide con ta in ing  a s lab  o f  p e r m it t iv i ty ,  

e^ = 12, and r a t io  o f  th ickn ess  to waveguide broad dimension, t/A = 1/ 5 . 

Three va lues o f u were taken corresponding to freq u en c ie s  a t  the lower  

end ,cen tre ,an d  upper end o f  the X band frequency range in  X band 

waveguide.In each c a s e , f i f t y  f i e l d  p o in ts  were used a t  equal in te r v a ls  

in  the range 0 ^ x ^  -  A /2 . The one-dim ensional d if fe r e n c e  formula 

was employed throughout.
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The r e s u l t s  are drawn up in  tabu lar  form. In Tab les 6 .1 .  

and 6 . 2 . , the tran sverse  wavenumbers a t  each frequency ,and the magnetic  

f i e l d  components a t  the centre  fr e q u e n c y ,r e s p e c t iv e ly ,a r e  compared 

with those  p red ic ted  by the se p a r a t io n -o f -v a r ia b le s  method in  s e c t io n

3.

Tab le 6 .1 .  Transverse wavenumber.

u P in i t e - d i f f e r e n c e 2A.S e p a r a t io n -o f -v a r ia b le s  —
^ 0

-  1 .50 -  117.4 -  117.8 1.545

-  2 .00 -  161 ,8 -  182 .5 1.587

-  2 .50 -  252.2 -  252.8 1,807
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2k
Table 6 .2 . F ie ld  components ; u = - 2  - ^ = 1 .587

P o in t F i n i t e -d i f fe r e n c e s Séparat io n - o f - v a r i a b le s X
A

H H K Hz X z X

1 0.0091 0 .0000 0 .0091 0 .0000 0 .5 0

5 0.0105 0.0055 0.0105 0 .0055 0 .4 6

9 0 .0150 0 .0127 0 .0149 0.0126 0 .4 2

13 0.0259 0.0236 0 .0238 0 .0235 0 .3 8

17 0.0400 0 .0415 0 .0398 0 .0414 0 .3 4

21 0 .0589 O.O7I 8 0 .0587 0.0717 0 .3 0

25 0 .1160 0 .1234 0 .1158 0 .1232 0 .26

29 0 .1987 0 .2119 0 .1984 0 .2115 0 .2 2

33 0.3404 0.3636 0 .3403 0 .3630 0 .1 8

37 0 .5834 0.6223 0 .5828 0.6217 0 .1 4

41 1.0000 1.0680 1.0000 1.0668 0 .1 0

45 0.6640 1.5516 0.6640 i .5497 0 .0 6

49 0.2325 1.8123 0.2326 .8074 0 .0 2
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Table 6.3* Magnetic polarisation.

2A

Xo 1.350 1.587 I . 8O7

Po int Hz H M  X7 z Hz «x/^z Hz H
X «x /H ,

1 0.0263 0.0000 0 .000 0.0091 0 .0000 0 .000 0.0035 0 .0000 0 .000

5 0 .0288 0.0136 0 .438 0 .0105 0 .0055 0 .524 0.0042 0.0025 0 .595

9 0 .0368 0.0277 0 .753 0 . 015b 0.0127 0 .847 0.0067 0.0061 0 .910

15 O.O5I 8 0.0480 0 .927 0 .0239 0 .0236 0.987 0 .0120 0.0123 1.025

17 0.0766 0 .0774 1.010 0 .0400 0.0415 1.038 0.0223 0 .0235 1 .054

21 0 .1161 1.1217 1 .048 0 .0679 0 .0718 1.057 0.0420 0.0446 1.062

25 0 .1777 1.1891 1.064 0 .1160 0.1235 1.065 0 .0790 0.0842 1 .064

29 0 .2732 0.2926 1.071 0.1987 0 .2120 1.067 0.1490 0.1588 1.066

35 O.42O8 O.45I 8 1.074 0 .3404 0 .3634 1 .068 0.2811 0.2995 1.066

37 0.6486 0.6972 1.075 0.5834 0 .6231 1.068 0 .5302 Ü.5650 1.067

41 1.0000 l.OObO 1.0000

45 0.6543 1.4645 2 .238 0.6640 1.5517 2.337 0 .6718 1.6373 2.437

49 0.2275 I . 67I 8 7.349 0 .2325 I . 8I 23 7 .795 0.2365 1.9477 8.236
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The magnetic f i e l d  components and e l l i p t i c i t y  a t  each o f  three  frequenc ies

are presented in  Table 6*5» The f i e l d  components are norm a lised so

that H i s  u n ity  a t  the d i e l e c t r i c - a i r  in t e r fa c e ,  z

In ta b le s  6 .1 .  and 6 . 2 . , the r e s u l t s  obtained by f in i t e - d i f f e r e n c e  

methods and the s e p a r a t io n -o f -v a r ia b le s  technique agree to  w ith in  1%. In 

ta b le  6 . 3 . , i t  may be seen that the f i e l d s  tend to crowd more in to  the 

d i e l e c t r i c  a t  h igher  fre q u en c ie s ,  and that the e l l i p t i c i t y  remains sm a ll  

over a s u b s ta n t ia l  part o f  the a i r  reg ion  throughout X band,( assuming

that A i s  the width o f  the X band waveguide ) .  Since the r . f .  magnetic

f i e l d  i s  a lmost c ir c u la r ly - p o la r i s e d  over the whole o f  X band,and has 

a r e l a t i v e l y  high va lue a t  the d i e l e c t r i c - a i r  in t e r fa c e ,  i t  appears 

that a su i ta b le  sample o f  f e r r i t e  m a ter ia l  p laced a t  the d i e l e c t r i c

face  would e x h ib it  n o n -rec ip ro ca l a t ten u a tio n  w ith a low forward lo s s

under the proper co n d ition  o f  d .c .  m agnetisa tion .

Experiments have been carr ied  out with a sm a ll  f e r r i t e  sphere, 

tra n sv er se ly -m a g n e t ised ,a t  the d i e l e c t r i c  face  to confirm the c a lc u la ted  

r e s u l t s  by d ir e c t  measurement.Another experiment i s  a l s o  descr ib ed  where 

the f e r r i t e  'probe' i s  a lo n g ,th in  s la b  a g a in s t  the d i e l e c t r i c  where 

the reverse  lo s s  i s  o f  the same order as that in  a p r a c t ic a l  i s o l a t o r ,

( 20db ) .
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6 . 5 «  F e r r i t e  S l a b  L o a d e d  W a v e g u i d e .

The com plexity o f  the mathematical d i f f i c u l t i e s  involved  in  

so lv in g  problems concern ing propagation through f e r r i t e s  i s  mainly due 

to the tensor property o f  the f e r r i t e  p erm ea b i l ity .  In c e r ta in  sim ple  

c a se s ,  the tensor reduces to a s c a la r ,  e .g .  in  the propagation o f  

e lec trom agnetic  waves in  an i n f i n i t e  a. x laz ily-m agnetised  f e r r i t e

medium where the normal modes have c ir c u la r ly  p o la r i s e d  magnetic f i e l d s .
31

In the case o f  the f e r r i t e  s lab  loaded waveguide, i t  i s  found that the 

f e r r i t e  has an e f f e c t i v e  sc a la r  perm eabi l ity  when the dominant H-mode 

propaga tes. The f i e l d s  in  th i s  con f ig u ra t io n  are o f  in t e r e s t  in  the 

design o f  f i e l d  displacem ent i s o l a t o r s ,  resonance i s o la t o r s  and non­

r e c ip ro c a l  phase s h i f t e r s .  The problem i s  capab le o f  treatment by 

the f i n i t e - d i f f e r e n c e  method and an in d ic a t io n  o f  the technique to be 

used i s  descr ibed  below.

The c r o s s - s e c t io n  o f  the s tru c tu re  to be d is c u s s e s  i s  drawn in  

F ig . 6 .3 .  S ince the f i e l d s  are independent o f  y ( t h i s  con d ition  i s  

e s s e n t i a l  fo r  H-mode propaga t ion), a one-dim ensional treatment can be 

used . As in  the case o f  the d i e l e c t r i c  s la b ,  the l in e  y = 0 , i s  

subdivided in to  sm a ll equal i n t e r v a l s ,  h ,  in  the range -  Ay^ ^  x 4̂  Ay^

In the s p e c ia l  case where the f e r r i t e  i s  c e n tr a l ,  an a x i s  o f  symmetry 

e x i s t s  a t  X = 0 and only the reg ion 0 ^  x ^  Ay^ need be con sidered .

The propagating f i e l d s  in  the a i r  medium are  g iven  b y : -

E = 0
y “  ^

6 . 3. 1.

H = - ^z ÜOjU- à X

loi
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Where is identified with and satisfies the wave equation

6 .5 .2 ,

6 . 5 . 5 ,

32.
I t  has been shown that the f i e l d  behaviour in  the f e r r i t e  reg io n , i s  

g iven  b y ;-

E
y

H

H

U)
- ^ 2

j /*2 ^

UJ X

(■ u Uj c)

where 0  s a t i s f i e s

(V^ + k j ) jz!

h i

= f e r r i t e  p e r m i t t iv i t y .

The f e r r i t e  tensor  p erm eab i l ity  i s  g iven  by
1

-  j / ^ 2 0
/%/
&  = j.^2 /A ^ 0

0 0 ^ 0

6.5•4*

0 6 . 5 . 5 .

6 . 5 . 6 .

f e r r i t e  ’e f f e c t i v e ’ p erm ea b i l ity  6 . 5 . 7 .

6 . 5 . 8 .

The f i n i t e  d i f fe r e n c e  equations apply ing a t  p o in ts  ly in g  in  the a i r  and 

f e r r i t e  reg ion  are found with l i t t l e  d i f f i c u l t y .  In a i r ,

-  h^k^ 0  (by equation 6 . 5 . 2 . )0 A 6 . 5 . 9 .
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In f e r r i t e  

2
ZZ ̂  = - h (by equation 6 .3.5 .) 6 .3 .1 0.

At the f e r r i t e - a i r  in t e r fa c e ,  the c o n t in u ity  con d it ion s  on E , B and ÏÏy X z

ensure that ^ i s  continuous but ^ 0  / B x  d isco n t in u ou s . Employing

'image' fu n ction s  values a t  the p o in ts  1 and 2 on e i t h e r  s id e  of the

in te r fa c e  p o in t ,  as in  s e c t io n  6 . 1 . ,  we may express the co n t in u ity

o f  H across  the in te r fa c e  as fo l lo w s :  z

6 . 3 . 11 .

Hence,

( -  (̂ 2 ) = 0  ̂ + ( 01 -  02,J  6 . 3 . 12 .
/ " l  - / " 2  ^ 1 - ^ 2

The double a p p l ic a t io n  o f  the FB  ̂ formula a t  the point 0 r e s u l t s  

in  separate  equations in  0 ^  and 0

0̂  H- 02 -  20  ̂ = -  h^kf0^
6 . 3 . 13 .

h  + ^2F - ^ 0  = -

E lim in atin g  0 ^  and 0^^ between equations 6 .5*12 . and 6.5*15*, we have

fo r  the d if fe r e n c e  equation to  be ap p l ied  a t  the in te r fa c e  p o in t ,

202 + 20^P -  2(1  + P -  p h . F ^ )  0^ = -  k^0p(k | + k |p )  6 . 3 . I 4 .

Where P = — — 6 . 3 .15*

é ‘1



The occurence of the term in  f in equation 6 .5 .1 5  i s  to  be expected  

s in c e  the f i e l d s  are n o n -rec ip ro ca l with r e sp ec t  to the direction o f  pro­

pagation u n le s s  the f e r r i t e  i s  in  the cen tre  o f  the waveguide. For the  

purpose of express ing  a l l  the d if fe r e n c e  equations in  matrix form, i t  i s  

e s s e n t i a l  fo r  the right-hand s id e s  to be id e n t i c a l .  I t  i s  p o s s ib le  to  

e lim in a te  the term i s  by taking advantage o f  the f a c t  th a t under a 

r e v e r sa l  of the d .c .  biaæ lng magnetic f i e l d ,  the propagation constan ts  in  

op p osite  d ir e c t io n s  d i f f e r  only in  s ig n .  Thus, i f

Hd c = , then = p and F = F^ 6 .5 .16*

When H, i s  reversed ,  d .c

^d.o = -   ̂ and P = P_ 6 . 3 . I 7 .

For the two con d it ion s  of op p osite  p o la r i ty  o f  the d .c  f i e l d ,  equations  

6 . 5 . 15 . niay be w r itten  down and the term in  p e lim in ated  between them.

In t h i s  way, the fo llo w in g  equation i s  obtained fo r  the in te r fa c e  po in t :-

1 + F_̂+  +

< » - i 4  I- ( f i L

2 ■ 1 + F *t ( f l ) _  1 + ÊY ■ 00
- 1 + F_̂*r (/*l)+ 1 + .

0
_

( r ) _  wh
-  2 (1 + --------- ) 0g + (  )

( ^ ) +

=  p  ̂ 0^ 6 . 5 . 18 .

Equations 6 .5 .15*  are  rearranged to g iv e  the same righ t-hand  s id e  as 6.5*18*

0^ + 02 -  (2 -  ( ^ )  ) 0^ = h ^ f '^ 0 ^  ( a i r )  6 .J .1 9 .

0  ̂ + 02 -  (2 -  - | f -  ) 0 g = 0̂ g ( f e r r i t e )  6 .3 .2 0 .
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I t  i s  now p o s s ib le  by means o f  equations 6 . 5 . 1 8 . ,  and 6 .5 .1 9 * ,

and 6 . 5 . 20 . ,  to w rite  down the elements o f matrix B, equation 5.(i. 11.from

2 2which the la te n t  r o o t ,  h p and vector  can be found. The ten sor  

e lem ents, ^^ and jjl  ̂ are  known once the d .c .  b ia s s in g  f i e l d ,  H^, 

sa tu ra t io n  m agnetisa tion , M and the angular frequency, u) are p rescr ib ed .  

I t  fo l lo w s  from equations 6 .5 .15*and 6 .5 .7 *  th at P^, P , yU and 

are known.

Having obtained the m atr ix equation , the d e r iv a t io n  o f  the f i e l d  

d is tr ib u t io n  and propagation constan ts may be accomplished on a h ig h ­

speed d i g i t a l  computer.
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6 .4 '  D i e l e c t r ic  loaded ridged waveguide.

One o f  the s tru c tu res  mentioned in  s e c t io n  6 .2 .  which has 

been used in conjunction with a magnetised f e r r i t e  as a broadband 

resonance i s o la t o r  a t  C and 3 band, i s  the d i e l e c t r i c  s la b  loaded ridged  

waveguide,shown sch em atica lly  in  F i g . 6.4* Since the stru c tu re  i s  not  

uniform in the y -d ir e c t io n ,th e r e  i s  a dependence o f  e lectrom agnetic  f i e l d  

along the y -co o rd in a te .  I t  i s  found that attem pts to  s a t i s f y  the i n t e r ­

fa ce  boundary co n d it io n s ,  assuming a pure H-mode leads to  the c o n f l i c t in g  

con d it io n  that

and — r — ^  be continuous a t  the d i e l e c t r i c - a i r
y k^ ' î y

in t e r f a c e .  Hence,pure H-modes cannot e x i s t  fo r  the s t r u c tu r e ,and fo r  the

same r ea so n ,n e ith e r  can pure E-modes. I t  i s  n e c e s s a r y , in  order to  s a t i s f y

a l l  the boundary c o n d it io n s , to consider  a mode which i s  a combination

o f  the fundamental H- and E-modes. Such a mode has a lo n g itu d in a l  comp-
33

onent of both H and E and i s  commonly termed a hybr id m ode.It i s  true to  

s t a t e  t h a t , i f  a waveguide contains two media which are contiguous along  

a l in e  p a r a l l e l  to  one or both of the tran sverse  c o o r d in a te s ,and there i s  

a dependence of f i e l d  along these  c o o r d in a te s , then the only propagating  

modes are hybr id . The in te r fa c e  couples the E- and H-modes.

Superposition  of equations and ^,1.2»  g iv e s  the following'

exp ress ion s fo r  the e lectrom agnetic  f i e l d s  re ferred  to  a rectangular  

coord inate  system,

2 n ^ ^ ^

7 Z



2 A 0k E = -  j 5 --------  4- j U u  — ^

E = Yz

and y  are so lu t io n s  of equation 5*1*3* su b jec t  to  the  

boundary con d ition s ; -

— ^ = 0 ; Y  = Û on the p e r fe c t ly  conducting w a lls
3 n

( 6 . 4 . 2 . )

according to the boundary con d it io n s  a t  the in^arface o f  the  

two d i e l e c t r i c  m e d ia ,a l l  the H components and a l l  the E components with  

the exception  o f  E are continuous, ( D i s  continuous a t  the i n t e r f a c e ) .
X  ̂ X ^

Expressing the d e r iv a t iv e s  o f  0  and yv terms o f  the f i e l d s  from 

equations 6 . 4 . 1 . ,  we f in d  that

9 y
F -  f E ) = j

 ̂ d y

(  ̂ H -  u)€E ) = j
 ̂ ^ 9 x

( Wju p ) = j
6 . 4 . 5 .

( # H + i i€ S  ) = - j
■ ^

From these  equations and the known c o n t in u ity  co n d ition s on

13



the f i e l d  components, i t  i s  found th a t

9 0 9 y
, are d iscon tin uou s a t  the in te r fa c e  and

*2 X 9  X

9 0 3 ;̂
— --------  are continuous a t  the in te r fa c e .
9 y 9  y

The f in i t e - d if f e r e n c e  equations derived  in  s e c t io n  5 a,re 

in v a lid  i f  the fu n ctio n s d e a lt  w ith are d iscon tin u ou s or i f  they have 

d iscon tin u ou s f i r s t  or second d e r iv a t iv e s . l t  i s  n ecessary  to  reform ulate  

the eq u a tio n s,a s  was done in se c t io n  6 . 1 . Use i s  m a d e ,th ere fo re ,o f image 

fu n c tio n  va lues a t  p o in ts  1 and 5 , ( see  P ig .6 . 1 . ) to  r e so lv e  the d i f f i ­

c u lty  o f  having d iscon tin uou s x -d e r iv a t iv e s .  The equations o f c o n tin u ity  

o f  and are w r itten  down with a num erical approxim ation,used in  

equation  5 * 6 .2 . , su b stitu te d  fo r  the s p a t ia l  d e r iv a t iv e s  o f 0 and y  .

For H ,X

u

u

6.4*4*
In the case o f H ,

y

K  0g _ 0^ ) + w A( 02 -  04 ) + we^e^(

6 .4*5 .

The FD  ̂ formula i s  again a p p lied  a t  the p o in t 0 o f  F ig .6 . 1 . to  

g iv e  sep arate  equations in  0 ^  and

0 ^  + 0 2  + 0 J + 0 4  -  4 0 0  = -  0 0  6 . 4 . 6 .

0% + 02 + 03A. + 04 - 4 00 = - h^k| 00 6 . 4 . 7 .
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The image fu n ction  va lues are e lim in a ted  between equation s  

6 . 4 *4 ' , 6 . 4 *6 ' , and 6 . 4 *7 * to g iv e  the fo llo w in g  equation for  0 a t  the 

in te r fa c e  p o in t 0

01 + 0  ̂ + t  ( t  + u )(  (2̂2 0  ̂ “ 4 0Q ) + #  ( e^u -  1 )("^2 ~ ^ 4  )

= -  00 6 .4 .e .

where u = ( k , /  k., and f) = -----  f - g  A 'Y' 6 . 4 . 9 .
A u  ̂ c \  0-° y

The fu n ction  i s  introduced in stea d  o f  y  for  two r e a s o n s .l t  

f i r s t  a llow s equation 6.4*8* to  be w r itten  in  non-dim ensional form and
bJ

secon d ly  absorbs the unknown phase v e l o c i t y , , o f  the tr a v e l l in g  wave. 

When 0 ,^'\, and k  ̂ are determ ined through the so lu tio n  o f  the ma,trix 

equation fo r  a g iven  value o f u , the phase v e lo c it y  i s  determ ined through 

k  ̂ and u , and hence, so i s  the fu n ctio n  y .

U sing the eq u iva len t form ulation  o f  equations 6 .4 * 6 . and 6 . 4 *7 * 

to  e lim in a te  the image fu n ctio n s iQ.. and . , the fo llo w in g  equation
i - J  jh .

i s  obtained  fo r  a t  the p o in t 0 on the in te r fa c e

+ 2 + ( e^u + 1 ) ( f |   ̂ -  4ij g  )

+ ( l  - u ) (  02 -  04 ) = -  h^k^ .  6 .4 .1 0 .

To so lv e  a hybrid  mode prob lem ,the d if fe r e n c e  equations fo r  

0  and must be s e t  up sep a ra te ly  a t  the 'n ' f i e l d  p o in ts  in  the c r o s s -  

s e c t io n . For p o in ts not ly in g  on the in t e r f a c e ,The FD  ̂ type form ulae 

g iv en  in  equations 6 . 1 . 3 * and 6 . 1 . 4 * are a p p lied  d ir e c t ly .I n t e r f a c e  p o in ts
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req u ire  the s p e c ia l  procedure o u tlin e d  above and summarised in  equations

6 . 4 *8» and 6 . 4 *10 . Thus, 2n l in e a r  a lg e b r a ic  equations are obtain ed ,

g iv en  u , fo r  the \  j, va lu es over the waveguide c r o s s -s e c t io n  in  terms
2

o f the unknown e ig en v a lu e ,k ^ . These equations may aga in  be w r itte n  in  

the m atrix form o f equation 5*2 .11  In th is  case,how ever, h a lf  the elem ents 

in  th e  column v ecto r  are 0  ̂ va lues and the rem ainder, vj^ v a lu e s . The 

m atrix i s  con ven ien tly  w r itten  in  p a r t it io n e d  form :-

B

H

E

In th is  m atrix , H i s  an H-mode m atrix , E an E-mode m atrix,and  

and are coupling m atrices between the modes due to  the f i e l d  

dependence on the tran sverse  in te r fa c e  co o rd in a tes . With th ese  m o d ifi­

c a t io n s , the so lu tio n  to  the g iven  problem i s  then obtained by the procedure 

describ ed  fo r  homogeneous waveguides and H-modes in  inhomogeneous wave­

g u id e s . The method i s , o f  cou rse, capab le od ex ten sio n  to  c y l in d r ic a l  

geom etries and th ese  are d iscu ssed  in  s e c t io n  9.

As an example o f the inhomogeneous waveguide s tru c tu re  which 

propagates a hybrid  m ode,the d ie le c t r ic  loaded rid ged  waveguide i s  

chosen. P ig .6 . 4 * The stru c tu re  has been used togeth er  with two tr a n s­

v e r se ly  m agnetised f e r r i t e  s la b s as a broadband resonance i s o la t o r .

( A doub le r id ge  was used a c tu a lly  ) .  The method fo r  d er iv in g  the m atrix  

equation has a lread y  been d escr ib ed  in  t h i s  s e c t io n .

For s im p lic ity  in  p r e se n ta t io n , the f i e l d  components and phase 

con stan ts are g iven  a t  one frequency fo r  a p a r tic u la r  stru ctu re .T h e
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v a r ia t io n  o f the f i e l d  components a long row 2 , ( see  F ig .6 . 4 * ) , where 

the reg ion  o f near c ir c u la r  p o la r is a t io n  o f the r . f .  m agnetic f i e l d  

e x i s t s , i s  g iven  in  Tab le 6 . 4 » The e le c t r ic  f i e l d  components are norm alise  

80 th at

a A A

(k^A) 2h
E

E
8 u) e

E

o

Tab le 6 . 4 * F ie ld  components; u  — 2 .5 2A/ = 1 .045

P oin t H H -K Ë - Ê E
z X y z X y

A2 0.07411 0.00000 0.00845 0.00000 0.00810 0.00000

B2 0.08578 0 .05248 0.01000 0.00005 0.00961 0.05052

02 0.12460 0.12199 0.01451 0.00008 0.01572 0.11745

D2 0.20510 0.22958 0.02106 0.00020 0.02011 0.22096

E2 0.54550 0.40402 0.02566 0.00056 0.02425 0 .58878

F 2 0.59125 0 .67724 0 .01995 0.00162 0.01751 0.65150

02 0.99519 1.09600 0.00490

H2 0.72669 1.58251 0.00492 0.00192 0.00119 1.52522

12 0.58519 1.88571 0.00164 0.00085 0.00048 I .8 I4 5 I

J 2 0.00000 1.98767 0.00000 0.00058 0.00000 1.91440

The phase con stan ts are g iven  13y ;
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( k^A y  = - 84.662 ( kgA = 35.865 ( 4 A f  = 9 5 , A-Ao

The f i e l d s  in  Table 6 .4 .  are norm alised so  th a t the a x ia l

magnetic component i s  u n ity  a t  the p o in t G l. Owing to the d is c o n tin u ity

in  the normal d e r iv a t iv e s  o f and a t  the in te r fa c e ,  i t  i s  not  

p o s s ib le  to  work out the tran sverse  f i e l d s  th ere by num erical d i f f e r ­

e n t ia t io n . However, when the component v a r ie s  sm oothly acro ss the in te r fa c e  

i t  i s  p o s s ib le  to  f in d  the approximate va lue by in te r p o la t io n . In th is  

v/ay, the value o f H  ̂ a t  the in te r fa c e , (G2 ) ,  which i s  n ecessary  fo r  the  

ev a lu a tio n  o f the e l l i p t i c i t y  o f  the r . f .  magnetic f i e l d , i s  found. 

In ter p o la tio n  i s  not p o s s ib le  w ith the value o f  E  ̂ a t  the in te r fa c e  s in c e  

i t  i s  d iscon tin uou s th ere .

I t  i s  observed from the f ig u r e s  in  Tab le 6.4» that the propa­

g a tin g  f i e l d s  resem b le c lo s e ly  those of an H-mode -  H  ̂ i s  sm all compared

with H and K and s im ila r ly  E .and E are sm all compared with E . ( inX z z X  ̂ y

a rectan gu lar  wavegu.ide propagating the dominant H-m ode,only H^^K  ̂ and 

Ê  ̂ are non -zero . This H-mode appearance i s  more pronounced in  the d i e l e c ­

t r i c  reg ion  than in  the a ir .  Under th ese  c o n d it io n s , the r . f .  m agnetic  

f i e l d  can be regarded as e l l ip t i c a l ly - p o la r i s e d .  In is o la t o r  a p p lic a t io n s  

the d .c .  magnetic f i e l d  a c ts  in  the y -d ir e c t io n  and the y-component of  

r . f .  m agnetic f i e l d  has second order e f f e c t  on the p recess io n  anyway.

According to  the f ig u r es  in  Tab le 6 .4 * , the p o la r is a t io n  

fa c t o r ,? ,  a t  the lo c a tio n  o f the d ie le c t r ic  in t e r f a c e , i s  c lo s e  to  1 .11  

and remains near th is  value over most o f the waveguide reg ion  next to  the  

top w a ll . I t  i s  found ,as in  the case o f the d ie le c t r i c  loaded rectan gu lar

waveguide th at the v a r ia tio n  o f P w ith frequency i s  sm all when the a ir
2

reg ion  i s  w e ll above tran sverse  c u t - o f f , i . e .  k  ̂ i s  n eg a tiv e  and la r g e .

7 ^



When the guide width is  0 . 90" ,the frequency range over which P remains 

c lo s e  to  u n ity  extends throughout X band. The presence o f the r id ge  in  

an empty waveguide has been shown to have l i t t l e  e f f e c t  on the c u t -o f f  

frequency o f  the mode. A lso ,th e  c r o s s - s e c t io n a l  area o f the d ie le c t r ic  

i s  much sm aller  than th a t used in  the case of the d ie le c t r ic  loaded  

rectan gu lar  waveguide. I t  i s  to  be e x p e c te d ,th e r e fo r e , th a t in  the caee  

o f the d ie le c t r ic  loaded rid ged  w aveguide,the unwanted h igh er-ord er  modes 

do not cause the com p lication s in  the d esign  o f a f e r r i t e  resonance  

i s o la t o r  th a t a r is e  in  the d ie le c t r i c  loaded rectan gu lar  waveguide.

The behaviour o f the a x ia l  m agnetic f i e l d  over the whole c r o s s -  

se c t io n  i s  shown in  P ig .6 . 5* The values o f are p r in ted  a t  the r e lev a n t  

mesh p o in ts  in  the c r o s s - s e c t io n . A lso  shown in  P ig .6 . 5* are the parameters 

of the ridged waveguide s tr u c tu r e  togeth er  w ith the norm alised f r e e -  

space w avelength .
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7 . Experim ental Work.

7 .1 . Cavity Measur ements.

The c u t -o f f  freq u en cies o f  th ree rid ged  waveguides were 

determined experim en ta lly u sin g  a c a v ity  tech n iq u e. A drawing o f one 

o f the ridgod tran sm ission -typ e  c a v it ie s  i s  shown in  F ig . ’] , ! •

The ridged  waveguides were made by braz ing the c e n tr a l oblong  

brass r id ge  onto the lower fa ce  o f a section  o f  ordinary X band waveguide. 

The r id ge  i s  a ls o  h e ld  by three supporting screws on the waveguide to 

provide b e tte r  e le c t r ic a l  c o n ta c t. Two square end f la n g e s  were brazed  

on a t  e ith e r  end o f  the waveguide. The c a v it ie s  were formed by p la c in g  

two copper p la te s  a cro ss  the ends o f the waveguide. P laced  behind the  

copper p la te s  were two c a s t - ir o n  p la te s  b o lted  t ig h t  a g a in s t  the square 

fla n g es  a t  each com er o f the f la n g e . In t h is  way, the end p la te s  

were found to  make good con tact with the f la n g e s  and the end o f the  

ridged  s e c t io n . The sh ort c ir c u it s  were te s te d  and found, in  each c a se ,  

to  g iv e  a standing wave r a t io  (V.S.W .R.) in  excess o f  28 d .b .

On each end p la t e ,  the outer conductor o f  a ^O-ohm co a x ia l  

l in e  i s  so ld ered . The inner conductor p en etra tes in to  the c a v ity  and i s  

formed in to  a loop , coupling to  the component o f m agnetic f i e l d .

The magnetic probe i s  centred a quarter o f the guide width from the s id e  

w a ll to avoid  con tact with the end o f  the r id g e . An id e n t ic a l  probe 

i s  s itu a te d  on the other end p la t e .

Shown on P ig . 7 *2 . i s  a b lock  diagram o f  the experim ental se t-u p . 

A CW k ly stro n  sou rce, with a nominal power output o f 10 mw over frequency  

band, and square-wave modulated a t  5 *2k c /s ,  feed s in to  a c o a x ia l te e
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ju n ction  where the input s ig n a l i s  d iv id ed  in to  two p a r ts . The 

s ig n a l in  one arm i s  d e tec ted  a t  once, passed  to  input A o f a 

fr e q u e n c y -se le c t iv e  a m p lif ie r , tuned a t  ^ .2  k c /s ,  a t  used as a power 

m onitor. No s ig n a l  i s  tran sm itted  through the c a v ity  u n less  the c a v ity  

i s  reson an t. This occurs when the supply frequency i s  such th a t the  

c a v ity  len g th , L, i s  an in te g r a l  number o f  h a l f  gu id e w avelengths,

1, = ^ where n i s  an in te g e r  7 .1 1 .

The resonance has a f i n i t e  frequency-bandwidth which i s  determ ined  

by the loaded Q o f the c a v ity . The c a v i t ie s  used in  t h is  experim ent 

have a Ci o f 200, which i s  adequate fo r  measuring the frequency a t  

resonance to  w ith in  -  5 m c/s. The number n , i s  determ ined by means 

o f  a sm all m etal bead a ttach ed  to a th in  s t r in g .  As the bead i s  drawn 

through the c a v ity , a sm all dip in  the output s ig n a l  i s  d e tec ted  when 

the bead moves in to  a reg ion  o f  maximum e le c t r ic  f i e l d .  The number o f  

dips counted a s the bead p a sses  from one end o f the c a v ity  to  the o th e r , 

i s  equal to  n . In th is  experim ent, frequency measurements were confined  

to  X band (8 .4  -  12 .4  G c /s) and C band ( 4 - 6  G c /s ) .

At reson ance, the fr e e -sp a c e  w avelength , ^ i s  measured 

by means o f  a high-Q , h igh  p r e c is io n  wavemeter. The gu ide wavelength  

i s  g iven  by equation 7 . 1 . 1 . and the c u t - o f f  wavelength determ ined from 

^  ̂ and X u sin g  equation
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Results.

The three ridged  waveguides measured in  the experim ent have 

the fo llo w in g  p aram etersi-

Guide
width

Ridge
width

Guide 
h e ig h t

Ridge
h e ig h t

Cavity 1 0 . 90” 0 . 45" O.4O” 0 . 135"

C av ity 2 0 . 90” 0.45" O.4O” 0 . 180”

Cavity 5 0 .9 0 ”
1

0 . 45" O.4O” 0 . 225”

The measured X^, frequency and n are tab u la ted  togeth er  with

the c a lc u la te d  values o f X fo r  each c c a v ity .

Table 7 .1 C u t-o ff wE^velength by c a v ity  measurement.

C avity 1 . L = 15.00  cms .

n 1 2 3 4 7 8

f  (Gc/ s ) 5.575 5.840 6 . 252 6 .780 8.885 9 .692

X (cm s.) 
0 5.376 5.132 4. 794 4 .420 3.373 3.093

X (cm s.) c ' 5.464 5.462 5.463 5.471 5.465 5 .468

Cavity 2 L = 15 .02  cms .

n 2 3 . 4 7 8 9 10

f  (G c/s) 5.355 5.790 6 .350 8 .565  9.394 10.256 11.141

X (cm s.)  o ' 5.602 5.173 4 .712 3 .500  5 .191 2 .9 2 3 2.691

X ( cms.) c ' 6 .034 6 .043 6 .051 6.049 6 .055 6 .055 6 .054

Cavity 3 L = 15 .00  cms
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Cavity 5 L = 15*00 cms.

n

f  (G c/s) 5.390 5.990 6 .692 9.160 10.046 10.951

X ( cms) 0  ̂ * 5.560 5.005 4 .478 3 .275 2.986 2.739

X ( cms. )r*. ' 6 .689 6 .715 6 .728 6 .723 6 .721 6 .720

The accuracy o f  the c a v ity - ty p e  measurement i s  extrem ely good 

because i t  depends on the accuracy w ith which the len gth  o f the c a v ity ,  

and the frequency a t  reson ance, can be measured. The h ig h -p r e c is io n  

wavemeter measures frequency to  w ith in  “  Mc/s and the len g th  of the c a v ity  

can e a s i ly  be found to  0 . 010”. The va lu es o f  c a lc u la te d  fo r  c a v ity  

1 have a mximum d ev ia tio n  from the mean o f 6 p arts in  5000. The 

d ev ia tio n  in  the other two ca ses i s  g r ea ter  than t h i s .  This m y  be 

expla in ed  by the f a c t  th a t , i f  th ere  i s  a sm all gap between the r id g e  

end and the s h o r t -c ir c u it in g  end p la t e ,  the s e r ie s  cap acitan ce  of the  

gap has a much la rg er  e f f e c t  on the impedance a t  lower freq u en cies  than 

a t  h igh er  fr e q u e n c ie s , ( = (3^)* For th is  reason , we might expect

the c a lc u la te d  va lues o f X̂  to  d i f f e r  more v io le n t ly  a t  sm a ller  va lu es  

o f n . From the experim ental Ih b le  7 . 1 . ,  t h is  e f f e c t  i s  n o t ic e d . I t  

i s  reasonab le to  ex p ect, th en , th a t the most accu rate  va lue o f  X̂  i s  

found a t  the h igh er  resonant fr e q u e n c ie s . The e f f e c t  o f the wire 

probes on the c u t -o f f  frequency and loaded Q o f the c a v ity  has been 

ignored s in c e  both l i e  in  a reg ion  o f sm all e le c t r ic  f i e l d .
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7 " 2 . Measurement o f F e r r ite  L oss.

The o b je c t  o f the experim ent i s  to measure the m agnetic lo s s

occu ring  in  a f e r r i t e  loaded waveguide when the f e r r i t e  i s  b ia sse d  to

reson an ce. The f e r r i t e  i s  tra n sv erse ly -m a g n etised  in  a uniform  d .c .
%

m agnetic f i e l d  provided by an e lectrom agn et. For o p p o site  sen ses o f  

d .c .  p o la r it y ,  two such resonance lo s s e s  are  found. The sm a ller  o f  

th ese  i s  c a l le d  the forward l o s s ,  F , and the la r g e r , the r e v e r se  l e s s ,  R.

The experim ental se t-u p  i s  shown in  b lo ck  diagram in  F ig . ? . 2 . 

The power source used  was a r e f l e x  k ly s tr o n  op eratin g  a t  7 -  12 G c/s 

w ith an average power output o f  10 mW, CW, and square-wave modulated a t  

3 .2  k c / s .  The k ly s tr o n  has a b u i l t - i n  p is to n  a tten u a to r  which c o n tr o ls  

the power output and g iv e s  the va lv e  some p r o te c t io n  from u n d esira b le  

r e le c t io n s .  At h igh  fr e q u e n c ie s , the a tte n u a to r  has to  be wound r ig h t  

in  to  g iv e  a reason ab le  s ig n a l  l e v e l  and an i s o la t o r  i s  used to  g iv e  

added p r o te c t io n  to  the k ly s tr o n . The s ig n a l  from the k ly s tr o n  i s  

fed  by means o f  a c o a x ia l l in e  to waveguide transform er to  a 4 -p o r t ,

20 db d ir e c t io n a l  co u p ler . Arm 3 i s  ended w ith a matched term in a tio n .

The s ig n a l  in  arm 1 i s  used as a r e fe r e n c e  s ig n a l  and i s  d e te c te d  and 

fed  to  input A o f  a fr e q u e n c y -s e le c t iv e  a m p lif ie r  tuned to  3*2 k c /s .

The 3-stu p  tuner in  arm 1 i s  provided  to  match the c r y s ta l  d e te c to r  

to  g iv e  maximum power ou tp u t. A l l  a c tu a l  measurements are taken in  

arm 2 where the input passed  through a s e t - l e v e l  a tte n u a to r , ro tary-van e  

a tten u a to r  and the t e s t  waveguide to  the d e te c to r . The r e c t i f i e d  current  

i s  su p p lied  a long  c o a x ia l l in e  to  input B o f  the s e l e c t iv e  a m p lif ie r .

The frequency o f  op era tion  i s  measured w ith a high-Q  a b so rp tio n -ty p e
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wavemeter, c a lib r a te d  from 8 - 1 2  G c/e , w ith  a r e s e t  accuracy o f  — M c/s.

A ^ -8tub tuner i s  used to  match the arm a t  each frequency. A l l  measurements 

o f a tten u a tio n  are made w ith the grade 1 rotary-vane a tten u a to r .

The d .c .  m agnetic f i e l d  i s  provided by an e lectro-m agnet  

which takes a current o f 0 - 5A from the d .c .  su p p ly . The m agnetic f i e l d

i s  v a r ia b le  from 0- 5 k o ersted  and can w ithstand 6 - 7A fo r  a sh ort tim e.

The p o le  p ie c e s  have a gap o f  0 . 55"» a w idth o f  0 . 4 " and len g th  o f 4 "*

The t e s t  waveguide con ta in s a f e r r i t e  m a ter ia l, tr a n sv e r se ly -  

m agnetised , in  which a l l  the m agnetic lo s s e s  take p la c e . The f e r r i t e  

c r o s s -s e c t io n  i s  sm all enough th a t the r e f le c t io n s  from i t  are not 

s e r io u s .

Two techn iques are used to measure the f e r r i t e  l o s s ,  ( l )  

when the lo s s  i s  sm a ll, ( t y p ic a l ly  0 . 5  db) and the o th e r , ( 2 ) when 

the lo s s  i s  such th a t h igh  s e n s i t i v i t y  i s  not e s s e n t ia l ,  ( t y p ic a l ly  1 db ).

( l )  Loss measurement.

The step-by-step procedure fo r  measuring the f e r r i t e  lo s s  i s  

g iven  below;

1 . Tune the k ly stro n  r e f l e c t o r ,  the modulator and both 5-stu b  

tuners fo r  maximum s ig n a l output from arms 1 and 2 .

2. Measure the frequency and s e t  the rotary-vane a tten u a to r  

read ing to  zero .

5 . Apply the d .c .  'magnetic f i e l d  to  the f e r r i t e  u n t i l  the  

f e r r i t e  i s  reson an t. This occurs when the s ig n a l  from arm 2 passes  

through a minimum.

85-



4 * U sing o p p osite  p o la r ity  c r y s ta ls  in  the two d e te c to r s , sw itch  

the s e l e c t iv e  a m p lif ie r  in  the s e t - l e v e l  a tten u a to rs  in  arem 1 and 2 .

5 * Remove the a p p lied  d .c .  f i e l d  and wind in  the rotary-vane  

a tten u a to r  u n t i l  the p o in ter  again  p a sses  through a minimum.

6 . Read the a tten u a to r  s e t t in g  and r e s e t  to  zero .

7 * Reverse the d ir e c t io n  o f  th e  d .c .  m agnetic f i e l d  and rep eat  

s te p s  5 -  6 .

The two read in gs obtained  on the a tten u a to r  in  step  6 are  the  

forward and rev erse  lo s s  in  the f e r r i t e ,  P, and R, r e s e p c t iv e ly . By

th is  method, a tte n u a tio n s  o f  0 .0 3  db can be d e te c te d . This f a c i l i t y  

i s  n ecessary  when try in g  to  measure lo s s e s  in  the reg ion  0 .1 0  -  O.5O db. 

High a ccu ra c ie s  could be obtained  i f  the n u l l  found in  step  4 could be 

brought nearer zero . This would make the swing in  the number o f s c a le  

d iv is io n s  fo r  a sm all change in  a tte n u a t io n , much la r g e r . The l im ita t io n  

in  how near to  n o is e  l e v e l  the n u l l  can be s e t ,  i s  imposed by the 

summing network in  the s e l e c t iv e  a m p lif ie r . However# the two outputs 

from arms 1 and 2 can be fed  in to  a c o a x ia l te e  ju n ction  and the s ig n a l  

in  the th ir d  arm sen t in to  input A or B o f the s e l e c t iv e  a m p lif ie r . In 

t  . i s  way, a tten u a tio n s  o f  0 .0 1  db can be d e te c te d , and a change in  

a tten u a tio n  o f 0 . 1 . db made to  correspond to  100 s c a le  d iv is io n s .

When the lo s s e s  to  be measured are g rea ter  than 1 db, an 

a l t e r n a t iv e  procedure i s  used which i s  l e s s  s e n s i t iv e  than ( l ) .

(2 ) Loss Measurement.

This method i s  commonly used in  p r a c tic e  to  measure lo s s e s  

in  f e r r i t e s .  The s te p -b y -s te p  procedure i s  g iven  as f o l lo w s i -
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1 . Tune the k ly s tr o n , modulator and both 3-stu b  tuners fo r  maximum 

s ig n a l in  arm 2.

2 . Measure the frequency and s e t  the rotary-van e  s e t t in g  to  zero ,

3 * Apply the d .c .  m agnetic f i e l d  to the f e r r i t e  u n t i l  the f e r r i t e

i s  reson an t.

4 . A djust the s e t t in g  on the s e l e c t iv e  a m p lif ie r  u n t i l  the p o in ter  

reads ^0 s c a le  d iv is io n s .

5 . Remove the a p p lied  d .c .  f i e l d  and wind in  the rotary-van e  a tten u a to r  

u n t i l  the p o in ter  again  reads 50 s c a le  d iv is io n s .

6 . Read the s e t t in g  on the ro tary-van e  a tten u a to r  and r e s e t  to  

zero .

7. R everse the d ir e c t io n  o f  the d .c .  m atnetic  f i e l d  and rep eat  

s te p s  3 -  6 "

The two read in gs obtained  in  step  6 are the forward and rev erse  

lo s s e s  in  the f e r r i t e .  By t h is  method, an a tten u a tio n  o f  5 Ub can be 

measured to  w ith in  -  0 .1  db. The d ie le c t r i c  s la b  loaded rectan gu lar  wa.ve<juldt 

considered  in  s e c t io n s  3 &ud 6 . 2 . has been shown to have the required  

c h a r a c te r is t ic s  fo r  a s tr u c tu r e  to  be used in  conjun ction  w iih a f e r r i t e  

as a broadband f e r r i t e  resorance i s o la t o r ,  v i z . ,  a m agnetic f i e l d  which 

i s  alm ost c ir c u la r ly  p o la r is e d  over th e  band and a h igh f i e l d  stren g th  

in  the f e r r i t e  p o s i t io n . The n ex t h igh er  order mode, can be

shown to  propagate in  the upper h a l f  o f X band fo r  a l l  the load in gs  

consid ered  in  se c t io n  3 * I t  was decided  to  carry out an experim ent 

to  determ ine how the m agnetic f i e l d  p o la r is a t io n  behaves w ith frequency.

For th is  purpose, a m agnetic f i e l d  probe i s  req u ired . A sm all sphere
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o f  Y ttrium -Iron Garnet (YIG) was chosen a s the probe because (a ) a 

sp h e r ic a l shape i s  n ecessa ry  to ensure th a t  the f i e l d s  in s id e  the f e r r i t e  

are uniform , (b ) , the c r o s s - s e c t io n  o f  the sample must be sm a ll compared 

w ith the gu ide c r o s s - s e c t io n  to  reduce the i n i t i a l  f i e l d  p ertu rb ation  and 

(w) the lo s s  in  the smaple must be la rg e  enough to measure. The l a s t  

reason , ( c ) ,  fo llo w s  because the f e r r i t e  lo s s  depends on the sa tu ra tio n  

m agnetisation  o f  the f e r r i t e  and the resonance lin ew id èh , AH.A 

p o ly c r y s ta ll in e  YIG m a ter ia l having a lin ew id th  o f 55 o e rste d s  and 

4 'n'M o f  1750 o e rsted s  was chosen. Most ordinary f e r r i t e  m a ter ia ls  have 

lin ew id th s  much in  ex cess  o f  the YIG lin e w id th , and are  th ere fo re  un­

s u ita b le .  The s in g le  c r y s ta l  YIG has narrower lin ew id th  than the 

p o ly c r y s ta l l in e  m a ter ia l ( t y p i c a l ly  5 o e r ste d )  but a ls o  has a p referred  

a x is  o f  m agn etisa tion  and a n iso tr o p ic  in te r n a l f i e l d s  which a f f e c t  the  

u n iform ity  o f  the in te r n a l r . f .  f ie ld s . ;  These fa c to r s  as such as to  

debar the use o f s in g le  c r y s ta l  m a te r ia l. An in d ic a t io n  o f the amount o f  

lo s s  to  be expected  in  the p o ly c r y s ta l l in e  sphere i s  g iven  in  se c t io n

8 . 1 . The lo s s  c a lc u la te d  fo r  the d i e le c t r i c  c o n fig u r a tio n  in  F ig . 

was c a lc u la te d  to  be 1 .25  db in  th e  r ev erse  d ir e c t io n  a t  10 Gc / s ,  

when the f e r r i t e  p r o p e r tie s  are a s  g iven  in  s e c t io n  8 . 1 . The forward 

lo s s  i s  calcxJated to be le s s  than O.ol db. I t  would be p o s s ib le  to 

u se  more than one YIG sphere so th a t the f e r r i t e  diam eter could  be 

reduced to  g iv e  l e s s  p er tu rb a tio n . However, s in c e  the lo s s  in  the YIG 

depends on i t s  volume, a red u ction  in  the f e r r i t e  diam eter by a fa c to r  o f 

2 , fo r  the same l o s s ,  could only be ach ieved  by u s in g  8 f e r r i t e  sp h eres. 

O bviously some compromise has to  be made,and i t  was dec id ed  to  use a YIG 

sphere o f diam eter O.O5O".
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When the f e r r i t e  i s  b iassed  to r e so n a n c e ,it  absorbs the component o f  

r . f .  m agnetic f i e l d  # i ic h  i s  c ir c u la r ly  p o la r is e d  in  the same sen se  as 

the f e r r i t e  e le c tr o n  p r e ce ss io n . This component i s  c a lle d  the p o s i t iv e  

wave. The n eg a tiv e  w a v e ,i .e .  the component o f  c ir c u la r ly  p o la r is e d  f i e l d  

which r o ta te s  in  the op p osite  d ir e c t io n  to  the f e r r i t e  p r e c e ss io n , i s  

unatten uated . A lso , i f  the r . f .  f i e l d  i s  e l l i p t i c a l l y  p o la r is e d , both  

for;vard and reverse  lo s s e s  are non-zero and the r a t io  o f the two i s  sm all 

i f  the e l l i p t i c i t y  o f the r . f .  f i e l d  i s  sm a ll. In th is  way, the f e r r i t e  

i s  used as a probe fo r  d e te c tin g  c ir c u la r  p o la r is a t io n  o f an r . f .  m agnetic 

f i e l d .

The f e r r i t e  YIG m a ter ia l su p p lied  by Microwave Chem icals, was 

ground in to  a sp h e r ic a l shape by a carborundum powder. The YIG was f i r s t  

cut in to  approxim ately cubic shape and the fr in d in g  done in  a c y l in d r ic a l  

m etal box. The cubes were c ir c u la te d  by a j e t  o f a ir  blown in  ta n g ie n t-  

i a l l y  through a h o le  in  the rim of the box. By th is  method, i t  was 

p o s s ib le  to make spheres o f diam eter 0 .02"  -  0 . 08".

The d ie le c t r ic  slab  loaded waveguide shown in  F ig .6 . 2. was 

assem b led w ith a sm all YIG sphere p laced  a g a in st the d i e le c t r i c  fa c e .

The d i e l e c t r i c ,  S ty ca st  HiK, o f p e r m itt iv ity  12 , th ick n ess  0 . 12" and 

h e ig h t O.4O" was provided w ith 3-s te p  T chebyscheff quarter-w ave matching 

transform ers a t  e ith e r  end. The matching se c t io n s  to  rectan gu lar  wave­

guide ensure th a t the standing-w ave r a t io  does not exceed 1 .1 k - over the 

frequency band, ( 6 - 1 2  G c /s ) . The d ie le c t r i c  slab  was supported in  the 

cen tre  o f the waveguide by two p o ly zo te  s e c t io n s .  In one o f  the p o lyzo te  

s la b s ,  the YIG sphere was p laced  contiguous w ith the d i e l e c t r i c .  P o lyzo te
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has a very low microwave lo s s  and p e r m it t iv ity  c lo s e  to  u n ity  and 

consequently does not in t e r f e r  in  the measurement.

Experim ental r e s u l t s  are g iv en  in  F ig .7 .3 .  o f  the maximised 

forward and rev erse  lo s s  in  the f e r r i t e  as a fu n ctio n  o f  frequency. The 

th e o r e t ic a l  rev erse  lo s s  i s  included  fo r  th e  purposes o f comparison. The 

rev erse  l o s s ,  as in d ic a ted  by equation 8 .1 .14*  in c re a se  w ith  frequency, 

the th e o r e t ic a l  and experim ental va lu es agreein g  w e l l .  The forward lo s s  

i s  low throughout the measured band, in d ic a t in g  th a t near c ir c u la r  

p o la r is a t io n  o f the r . f .  m agnetic f i e l d  e x is t s  in  the f e r r i t e  over the  

frequency range. However, the forward lo s s  p red icted  by the theory i s  

s ig n i f ic a n t ly  le s s  than the experim en ta l. One cause fo r  t h is  e f f e c t  i s  

th a t the presence o f  the f e r r i t e  a t the d ie le c t r i c  in te r fa c e  produces 

a pertu rb ation  o f  the o r ig in a l  f i e l d  c o n fig u r a tio n . The p er tu eb a tio n , 

assumed to  be sm a ll, has a much la rg er  r e la t iv e  e f f e c t  on the forward 

lo s s  than on the r ev erse  lo s s  because the forward lo s s  i s  very sm a ll.

A lso , ir r e g u la r i t ie s  in  the sp h e r ic a l shape o f th e  f e r r i t e  cause a 

d is to r t io n  o f  the f i e l d s ,  s e t t in g  up an e l l i p t i c a l l y  p o la r is e d  wave. The 

p o s it iv e  component o f t h is  wave couples to  the f e r r i t e  e le c tr o n  p r e ce ss io n  

and su ffe r s  ab sorp tion . At a frequency o f  1 1 .5  ^ c / s ,  an ab sorp tion  

e f f e c t  was observed in  the forward d ir e c t io n  d if fe r e n t  from th a t a t  

lower fre q u en c ie s . As the m agnetic f i e l d  was in crea sed  from z e r o ,th e  

f e r r i t e  began to  absorb energy im m ediately. The lo s s  in creased  to  a 

value o f 3Ub a t a d .c .  f i e l d  o f 5 k o e r s te d . No resonance e f f e c t  was 

n o tic e d . Two lo s s  peaks were observed w ith the d .c .  f i e l d  in the rev erse  

d ir e c t io n  which were o f the same order o f  magnitude -  4db. I t  was presumed
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th a t the loaded waveguide was 'multi-raoding ’ , i . e ,  th a t the n ext h ig h e r -  

order mode had begun to  propagate. The s o lu t io n  o f the d isp e r s io n  equation  

fo r  the c u t - o f f  frequency o f  the mode confirm s th at propagation  

b eg in s a t  11 .5  G c /s . The propagation o f h i^ er -m o d es in  the str u c tu r e  has 

u n d esirab le  e f f e c t s  on the i s o la t o r  c h a r a c te r is t ic s  o f the s tr u c tu r e . Two 

rem edies are su ggested  i -  ( l ) ,  the in s e r t io n  of two m etal p la te s  in  the  

loaded waveguide a t  a d is ta n ce  o f A /4 from the s id e  w a lls ,  and ( 2 ) ,  the  

removal o f the s id e  w a lls  and the red u ction  o f  the width ,A, o f  the  

waveguide. In ( l ) ,  the m etal p la te s  are in  a p o s it io n  o f maximum e le c t r ic  

f i e l d  fo r  the h igh er-ord er  mode a n d ,th e r e fo r e , ex tin g u ish  i t .  The p la te s  

have l i t t l e  e f f e c t  on the dominant mode because the e le c t r ic  f i e l d  i s  

confined  m ostly to  the d i e le c t r i c  r e g io n . A lt e r n a t iv e ly , ( 2 ) ,  the removal 

o f the s id e  w a ll of the waveguide and the red u ction  o f the w idth e f f e c t ­

iv e ly  r a is e s  the c u t - o f f  frequency o f  the h igher-m odes. As the microwave 

energy i s  m ainly con fined  to  the d ie le c t r i c  r e g io n , i t  i s  f e a s ib le  to  

rem ove'the s id e  p la te s  w ithout pertu rn ing  the dominant mode f i e l d s  

s ig n i f ic a n t ly .

U sing a th in  s la b  o f f e r r i t e  F5X,made by F e r r a n t i,th e  forward 

and rev erse  lo s s e s  as a fu n ctio n  o f  frequency were measured. The e x p e r i­

mental r e s u lt s  are presen ted  in  F ig .7 *4 * The d i e l e c t r i c , i n  th is  c a se , 

was matched in to  ordinary waveguide w ith 7"&̂ tapers a t  e ith e r  end. The 

c a lc u la te d  reverse  and forward lo s s e s  a t  lOGc/s are found from equation  

8 .1 .1 4 . to  be 24 .4  and 0 .4 5  Ub r e sp e c tiv e ly .T h e  measured rev erse  lo s s  

agrees w ith the th e o r e t ic a l  fig u r e  but the forward lo s s  i s  measured a t  

2dh. The c a lc u la t io n  o f the lo s s e s  in v o lv es  the ev a lu a tio n  o f  j .F o r  

t h i s , t h e  dem agnetising fa c to r s  o f the f e r r i t e  s la b  are req u ired . S ince
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the f e r r i t e  shape i s  not e l l i p s o i d a l ,  i t  i s  n o t s t r i c l y  tru e  to  say  

th a t the dem agnetising fa c to r s  have any meaning because the f i e l d s  in  

the f e r r i t e  are non-uniform .T his e x p la in s  why the measured forward lo s s  

i s  h igh  and i t  i s  concluded from t h is  experim ent t h a t , in  order to  keep 

the forward lo s s  a s low as p o s s ib le , the f e r r i t e  shape should be e l l i p ­

s o id a l .  I f  t h is  i s  n o t p o s s ib le ,  the shape should approxim ate to  th a t o f  

an e l l ip s o id  as c lo s e ly  a s  p o s s ib le .  The lo w est forward lo s s  i s  to  be 

expected  when the dem agn etisa tion  f a c t o r ,  ç ,  i s  u n ity , i . e .  the f e r r i t e  

i s  s p h e r ic a l.



R idged w avegu id e .

The m easurem ent o f  m agn etic  f i e l d  p o la r i s a t io n  in  th e  

r id g e d  w aveguide by means o f  a f e r r i t e  s la b ,  i s  d e s c r ib e d  in  t h i s  

s e c t i o n .  The method used  in  m easu rin g  th e  forw ard and r e v e r s e  l o s s e s  

in  th e  f e r r i t e  i s  i d e n t i c a l  w ith  th a t  u sed  in  th e  c a se  o f  th e  d i e l e c ­

t r i c  lo a d ed  w aveguide and d e s c r ib e d  a t  th e  b e g in n in g  o f  s e c t io n  7 . 2 .

In  t h i s  c a s e ,  how ever, th e  f e r r i t e  has a r e c ta n g u la r  c r o s s - s e c t i o n  

and a lo n g  a x i a l  le n g t h .  T h is  c h o ic e  o f  f e r r i t e  i s  made r a th e r  than  

th e  s p h e r ic a l  sam ple b eca u se  th e  f i e l d s  are  weak a t  th e  p o s i t i o n  

o f  th e  f e r r i t e  and a s u b s t a n t ia l  volum e o f  f e r r i t e  i s  r e q u ir e d  to  

produce a m easu reab le  l o s s .  The s la b  was p o s i t io n e d  on th e  to p  wave­

g u id e  w a ll  where the f i e l d s  are c a lc u la t e d  to  be c i r c u la r l y  p o la r i s e d .  

Three l o c a t i o n s  were t r i e d   ̂ D = 0 . 1 3 "i 0 . 1 5 *% 0 . 1 7 ” . D i s  th e  d is ta n c e  

o f  th e  f e r r i t e  c e n tr e  p la n e  from th e  s id e  w a l l .  The c o rr esp o n d in g  

f r e q u e n c ie s  o f  c ir c u la r  p o la r i s a t io n  a t  th e  c e n tr e  p la n e  are  c a l c u l ­

a te d  by th e  m ethods d e s c r ib e d  in  5 *7 « to  be : -  f  = 9 .8  G c /s , 8 .5  G c/s  

and 7«1 G c/s  r e s p e c t i v e l y .  The m axim ised r e v e r s e  and forw ard l o s s e s  

fo r  th e s e  th r e e  c a s e s  are  p lo t t e d  in  F i g .T .5 . a s  a fu n c t io n  o f  fr e q u e ­

n cy .

The forw ard l o s s e s  p a ss  th rou gh  minima a t  f r e q u e n c ie s  c lo s e  

to  th o se  g iv e n  ab ove . The forw ard l o s s e s  do n o t become zero  a t  the  

c e n tr e  freq u en cy  b eca u se  th e  p o l a r i s a t io n  i s  o n ly  c i r c u la r  a t  one 

s e c t io n  o f  th e  f e r r i t e  and becom es more e l l i p t i c a l  fu r th e r  away from  

t h i s  s e c t i o n .  An a v e r a g in g  e f f e c t  ta k e s  p la c e  over  th e  f e r r i t e  c r o s s -  

s e c t io n  w hich  r e s u l t s  in  a n o n -zero  forw ard l o s s .  On e i t h e r  s id e  o f
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c a se  o f  th e  d i e l e c t r i c  lo a d e d  w avegu id e , and in  T ab le 5 - • in  th e  ca se

o f  th e  r id g e d  w avegu id e.

I t  i s  con clu d ed  th a t  ( a ) ,  th e  r id g e d  w aveguide i s  in h e r e n t ly
\

more broadband than th e  r e c ta n g u la r  w a v eg u id e , ( b ) , th e  bandw idth  

in c r e a s e s  w ith  r id g e  h e ig h t ,  ( c ) ,  P v a r ie s  more sh a r p ly  w ith  p o s i t i o n  

a s  the r id g e  h e ig h t  in c r e a s e s  and ( d ) ,  a s  compared w ith  th e  r e c ta n ­

g u la r  w avegu id e , th e  p o s i t i o n  a t  w hich P ( i s  u n i t y ,  i s  

s h i f t e d  tow ards th e  s id e  w a l l .

11
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7 *3* In se r t io n  lo s s  measurement.

A lo s s  occurs when a d i e l e c t r i c  i s  p la ced  in  a waveguide which 

may he due to  (a )  r e f l e c t io n s  caused hy a mismatch or (h ) ,a n  a b so rp tio n  

in  the d i e l e c t r i c .  T his lo s s  i s  c a l le d  th e  in s e r t io n  l o s s .  In resonance  

i s o l a t o r s , the in s e r t io n  lo s s  i s  u s u a lly  c la s se d  as p a r t o f the forward 

lo s s  and fo r  t h is  rea so n , i t  i s  n ecessa ry  to  reduce the in s e r t io n  lo s s  

as fa r  a s p o s s ib le .  By u sin g  a d i e l e c t r i c  o f  sm a ll c r o s s - s e c t io n  and low  

l o s s , i t  i s  r e la t iv e ly  sim ple to  produce a good match and low in s e r t io n  

l o s s .  However, in  the d i e l e c t r i c  loaded r ec ta n g u la r  waveguide d isc u sse d  

in  s e c t io n s  5 and 6 . 2 . ,  the d i e l e c t r i c  has f u l l  gu id e  h e ig h t  and la r g e  

c r o s s - s e c t io n a l  a r e a . Two methods have been used to match the loaded  

guide to  the a i r  s e c t io n ,  ( l ) ,  ta p er in g  o f th e  d i e l e c t r i c  and ( 2 ) ,  u s in g  

stepp ed  transform er s e c t io n s .  I t  has been found th a t the l a t t e r  method 

g iv e s ,b y  f a r ,  the b e s t  r e s u l t s .  I t  has been shown by Cohn th a t ,  fo r  a g iv en  

bandwidth, the minimum standing-w ave r a t io  over th e  band i s  ach ieved  by 

u sin g  a m atching s e c t io n  w ith  a T ch eb ysch eff r esp o n se . F o llow in g  Parkes
3C

and S u lliv a n , a 'is e c t io n  transform er has been b u i l t  to  cover a bandwidth 

o f 40^ cen tred  a t  10 G c/s w ith  a maximum standing-w ave r a t io  o f  1 . 0 7 » A 

drawing o f  th e  transform er i s  made in  F i g .7*6 « to g e th er  w ith  a b lock  

diagram o f the experim en ta l arrangem ent us eu to  measure the in s e r t io n  

l o s s .

The k ly s tr o n  sour c e ,  op era tin g  CW in  the frequency range 7 -  12 

G c /s , and modulated a t  3 . 2.k c / s ,  i s  p r o te c te d  by an i s o la t o r  and p is to n  

a tten u a to r  which i s  a ls o  used to  c o n tr o l the l e v e l  o f the output power.
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The frequency a t  which the measurement took p la ce  was measured w ith a 

h ig h -Q ,h ig h -p r e c is io n  wavemeter. The standing-w ave r a t io ,  S , in  the l in e  

i s  found by means o f  a s l o t t e d - l in e  s e c t io n  with an e l e c t r i c  f i e l d  probe 

A matched d e te c to r  i s  used as a term in ation  to  the l i n e .  B e tte r  accuracy  

can be obtained  w ith a matched lo a d , ( S = 1 .0 5  ) b u t, in  t h i s  experim ent 

a c r y s ta l  d e t e c t o r , l ib e r a l ly  padded, was consid ered  s a t i s f a c t o r y .  Use o f  

the d e te c to r  means th a t few er a l t e r a t io n s  are made to  the system  to  

measure ab sorp tion  lo s s  and S. s im u lta n eo u sly . The s ig n a ls  from the  

standing-w ave in d ic a to r  and the d e te c to r  were fed  to  in p u ts A and B o f  

a fr e q u e n c y -s e le c t iv e  a m p lif ie r  tuned a t  5*2 k c /s .

The in s e r t io n  lo s s  due to  lo s s  and r e f l e c t io n  was measured by 

the s te p -b y -s te p  procedure d escr ib ed  below : -

1 . Tune the k ly s tr o n , and the m odulator fo r  maximum s ig n a l  output 

from the d e te c to r . Tune a ls o  the s lo t t e d  l in e .

2. Measure the frequency by ob serv in g  the dip in  s ig n a l  caused  

by ab sorp tion  in  the c o a x ia l wavemeter.

5. Measure the V.S.W.R. in  the l in e  when the t e s t  waveguide i s  in  

p o s it io n ,S ^ . S e t the p o in te r  on the s e l e c t iv e  a m p lif ie r  to  read ^0 s c a le  

d iv is io n s .

4 . Remove the t e s t  waveguide and rep la ce  w ith  an empty waveguide.

5. By a d ju stin g  the c a lib r a te d  a tte n u a to r ,b r in g  the p o in ter  on the  

s e l e c t iv e  a m p lif ie r  to  reread  50 s c a le  d iv i s io n s ,  L db.

6 . Measure the V.S.W.R. in  the s lo t t e d  l in e ,S g .

7 . Change the frequency o f  o p e r a t io n ,r e s e t  the a tten u a to r  to  zero  

and rep ea t s te p s  2- 6 .

%



The a tte n u a to r  r e a d in g ,!  db, i s  the t o t a l  lo s s  in  th e  t e s t  

waveguide due to  r e f l e c t io n  and a b so rp t io n . The r e f le c t e d  p o r tio n  o f  the  

measured lo s s  can be found by c a lc u la  t in g ,  from the V .S .W .R .,th e r e f le c t e d  

l o s s . When th e  t e s t  waveguide i s  m atch ed ,( S < 1 .2 0  ) ,  the lo s s  due to  

r e f le c t io n  i s  n e g le c te d  in  comparison w ith  the a b so rp tio n  l o s s .

A comparison i s  made in  F i g .7*7* between th e  measured absorp­

t io n  lo s s  and the lo s s  c a lc u la te d  in  s e c t io n  8 .2 .  The V.S.W.R. due to  

the d i e le c t r i c  load in g  i s  drawn on the same F ig u re . The in s e r t io n  lo s s  

in  the loaded waveguide con sid ered  i s  t y p i c a l ly  0 . 5  db, which i s  ra th er  

h ig h . This i s  one o f  th e  reason s why th e  d i e l e c t r i c  loaded r id ged  

waveguide i s  used in  i s o la t o r  a p p lic a t io n s  because th e  d i e l e c t r i c  c r o s s -  

s e c t io n a l  area i s  reduced a n d ,co n seq u en tly , the in s e r t io n  lo s s  i s  low er.
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8. Loss C a lc u la tio n s .

8 .1 .  F e r r ite  M agnetic Loss.

In the experim ent d escrib ed  f u l l y  in  s e c t io n  7 .2 .  to measure 

the lo s s  in  a YIG sphere s i t t i n g  in  a p o s it io n  in  a d ie le c t r i c  loaded  

waveguide of near c ir c u la r  p o la r is a t io n , the rev erse  lo s s  i s  ty p ic a l ly  

2 db fo r  the co n fig u ra tio n  and f e r r i t e  p r o p e r tie s  con sid ered . An attem pt 

i s  made here to  c a lc u la te  the lo s s e s  to be expected  in  the system  and to  

compare them with the experim ental v a lu e s .

The lo s s  occuring in  a f e r r i t e  medium are  o f two kinds -  th ose  

due to  the f i n i t e  c o n d u ctiv ity  o f  the f e r r i t e ,  ( d ie le c t r ic  l o s s )  and those  

e n t ir e ly  due to  energy tr a n sfe r  from the t r a v e l l in g  wave to the e le c tr o n  sp in  

p r e cessio n  (m agnetic l o s s ) .  For the sm all samples o f f e r r i t e  u s u a lly  

used in  waveguides the la t t e r  lo s s  i s  the more s ig n if ic a n t  e s p e c ia l ly  

as the d ie le c t r ic  lo s s  tangent o f  the f e r r i t e  i s  sm a ll. The resonance  

lo s s  in  a sm all f e r r i t e  sphere i s  c a lc u la te d  below by means o f  the  

P oyn ting v ec to r  theorem 2-

Maxwell*s equations w r itte n  fo r  a f e r r i t e  medium are  

V X E  = - j ^ ( . / ^ Q H + M )  8 . 1 . 1 .

XÏÏ = j 2  ^  8 .1 .2 .

The complex P oyn ting v ec to r  i s  g iv en  b y :-

2V (E  X H*) = -  <rlE\^ + 3 (& \ e \ ^ )  -  8 .1 .5 -

The power d is s ip a te d  in  the f e r r i t e  medium due e n t ir e ly  to  the  

m agnetic lo s s  i s  g iven  b y :-



= + i w R e  I j M.H . dV. 8 . 1 . 4 .

where V i s  the f e r r i t e  volume.

Assuming that the f i e l d s  are uniform  and unperturbed over the 

f e r r i t e  sam ple, the m agnetic lo s s  becomes

P d is = Re (jM.H) 8 . 1 . 5 .

The m agnetisation  v ecto r  and the in te r n a l f i e l d  in  the f e r r i t e  

are r e la te d  through the L an dau -L ifsh itz  eq u ation ,

^  = -  1Y| (M X H) + (M X ) 8 .1 .6 .

where Y i s  the gyrom agnetic r a t io  ( = 2 .8  M c /s /o e r ste d ) and i s  

a parameter determ ining the magnitude o f the damping a c t io n . Since we 

assume th a t the d .c .  m agnetic f i l e d  a c ts  in  the z -d ir e c t io n  and the r . f .  

f i e l d  in  the x y -p la n e , the m agn etisa tion  v ecto r  and the in te r n a l m agnetic 

f i e l d  in  the f e r r i t e  may be w r itten  down : -

M = M u  + m u m, u 8 .1 .7 *
—  . C r-z  X “ X  y

m m
H = (H - N  ' ^ ) u + ( h  - N  —̂  ) u + (h -  N —̂  ) u-  O z —  / - Z  X X Kq “-x y y  ̂ - y

/ o
8 .1 .8 .

where u , u , u are u n it  v ecto rs  in  the x ,y  and z d ir e c t io n s  —X - y  —z

r e s p e c t iv e ly . N N , N are the f e r r i t e  dem agnetising f a c to r s .X y z

By s u b s t itu t in g  equation 6 .1 .8 .  in  equation 8 .1 .6 .  and r e ­

arran gin g , we obtain  the fo llo w in g  exp ression s fo r  m and m .X y

m
X
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w + ( w -  w + j 1>1 )

where t\ H i s  th e  fe r r o m a g n e t ic  l in e w id t h .

M

8 . 1 . 1 0

H + ( K -  K ) — o y z jx

M 8. 1.11

H + ( N -  lï )
O X z

A

and  ̂ i s  the  K i t t e l  r eso n a n ce  fre q u en cy  d e f in e d  by : -

U)

w .  =
Q

h i  ( H + ( Î-: -  K )
' O X z

M

K M
-  )(  H + ( N -  H )— ) 0 . 1 . 1 2

0 . 1 . 1 5 .

j .  ( M.H ) j ( m h + jr. h ) X X  y y

,2

M.H =
( Lc 4- w  ̂) ( c j ^  — ui + A h )

8 . 1 . 1 4 .

8 .1 .15 .

The e x p r e s s io n  fo r  the  pov/er d i s s i p a t e d  i n  the  f e r r i t e  can 

now be e v a lu a te d  by means o f  e q u a t io n s  8 . 1 . 5 .  and 8 . 1 . Ip .

M . 1*51 Ü HF , .  =d i s
U  + -  W ) +(>é t ^ | A H ]

Uj ( 0  I h [ 2o  ̂ I X

h I 8 . 1 .1 6

At r e s o n a n c e , to = 10 and the d i s s i p a t e d  power i s

)
X

1

?
8 . 1 . 17 .

%e power f lo w  in  a r e c ta n g u la r  w aveguide p r o p a g a t in g  the  

dominant H-mode i s

loo



)  v , 2

P = 4 '  ̂  ̂ 8 .1 .1 8

where h i s  the amplitude o f  the h^ component.

Therefore

 ̂ ( Î + 7  -  2X ) 8 .1 .1 9 .
P / O 1

h
where X = r-^ h

X

The power flow  in the d i e l e c t r i c  loaded waveguide i s  given hy equation

5 . 5 . 6 .

P = - ^  ( ^  H /  8 .1 .2 0 .
€ o  ^

where g has a lready  been computed and i s  the value o f  the

tran sverse  magnetic fM d a t  the d i e l e c t r i c  w a l l .  Combining equations

8 . 1 . 17. and 8 .1 . 2 0 . ,  we have the r a t io  between the power d is s ip a te d  in  the  

f e r r i t e  and the t o t a l  power flow :

P , . w A V M _ . 2

^  = — - - 2 - -  " 7  "c A B o J

The reverse  and forward lo s s e s  occuring in  a sm all f e r r i t e  

sphere p laced a g a in s t  the d i e l e c t r i c  w all in  a d i e l e c t r i c  loaded rec tan gu lar  

waveguide may be c a lc u la te d  by means o f  equation 8 .1 .2 1 .

S a m p l e  c a l c u l a t i o n .

The f e r r i t e  p r o p e r t i e s  a n d  d i e l e c t r i c  p a r a m e t e r s  u s e d  i n  t h e  

e x p e r i m e n t  d e s c r i b e d  i n  s e c t i o n  7 * 2 .  a r e  g i v e n  b e l o w : -

F e r r i t e  d i a m e t e r  = 0 .0 5 7 ” D i e l e c t r i c  c o n s t a n t  = 12

S a t u r a t i o n  m a g n e t i s a t i o n  = 1750 o® ” t h i c k n e s s  = 0.12"
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F e r r i te  linew idth  = 55 oe* Frequency = 10 G c/s .

g ,  and X are  obtained from the r e s u l t s  o f  s e c t io n  3* For a sphere ,

5 = 1 ,  s in c e  the demagnetising fa c to r s  are the same in  a l l  d ir e c t io n s .

The c a lc u la te d  reverse  l o s s  = 1-79 db

" " forward " 0 .0 1  db

For f e r r i t e  shapes other than s p h e r ic a l ,  p may be c a lc u la te d  once 

the demagnetising fa c to r s  are known. In cases  where the shape i s  not  

e l l i p s o i d a l ,  the demagnetising fa c to r s  are on ly approx imate. The de­

m agnetising fa c to r s  fo r  se v er a l  d i f f e r e n t  shapes, e . g .  the th i s  d i s c ,  long  

rod, and the th is  s la b ,  have been g iven  in  the l i t e r a t u r e .

0%



8.2. Dielectric Loss.

The a t ten u a tio n  to be expected by p la c in g  a d i e l e c t r i c  sample 

in  a rectangular  waveguide, i s  c a lc u la te d  by means o f  the Poynting v ec to r  

theorem. The l o s s  derived i s  due s o l e l y  to the non-zero c o n c u c t iv i ty  o f  

the d i e l e c t r i c  medium and i s  c a l le d  d i e l e c t r i c  in s e r t io n  l o s s .  The 

power d issipated  per u n i t  length  o f  a uniform sample o f  d i e l e c t r i c ,  assumed 

to  be matched, i s  d efined  as P^.

= W e tan 6 j  ( E |  ̂ dS^ 8 .2 . 1 .

where i s  the c r o s s - s e c t io n  o f  the d i e l e c t r i c  in  the waveguide, 

and tan 6 i s  the d i e l e c t r i c  lo s s  tangent.

The t o t a l  power flow  along the waveguide i s  g iven  by

P = —   J I  ̂ dS 8 .2 .2 .

where i s  the waveguide c r o s s - s e c t io n .

The lo s s  in  the d i e l e c t r i c  causes an exponentia l decrease in

the amplitude o f  the f i e l d s  in the a x ia l  d ir e c t io n ,  e According

to  Lament,

2 OC = ^d  8 . 2 . 3 .
P

Over a len gth  o f  d i e l e c t r i c ,  L, the lo s s  in  the d i e l e c t r i c  

in  d e c ib e l s ,  i s

l o s s  (db) = 4 .3 4  f  A J I
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where A i s  the rectan gu lar  waveguide broad dim ension and

E dS.

P 8 . 2 . 5 .
E dS,

l A
TT

i s  determ ined from the d isp e rs io n  curve a t  any frequency. The

energy fa c to r , F, i s  found g r a p h ic a lly  from the e l e c t r ic  f i e l d  d is tr ib u t io n  

over the c r o s s - s e c t io n .

/ 0 4



9-i^iirther a p p lic a t io n s  of the f i n i t e - d i f f e r e n c e  method.

9 .1 .Homogeneous c y l in d r ic a l  waveguides.

So f a r , t h e  treatment o f  propagation down waveguides has been 

r e s t r i c t e d  to  those waveguides which have r e c t i l i n e a r  boundaries .How­

ever , in  p r a c t ic e , th e  use o f  waveguides having c y l in d r ic a l  boundaries  

i s  a l s o  e x t e n s iv e ,e .g .  ,th e  c ir c u la r  waveguide and the c o a x ia l  l i n e .

(The c o a x ia l  l in e  i s  trea ted  here as a type o f  c ir c u la r  waveguide).

In both c a s e s , th e  boundaries o f  th ese  transm ission  l in e s  are most con­

v e n ie n t ly  described in c y l in d r ic a l  po lar  coord inates with the o r ig in  

on the lo n g itu d in a l  a x is  o f symmetry.

The propagating f i e l d s  and the c u t - o f f  freq u en c ies  o f  the  

dominant H^  ̂ mode and other h igher-order  modes in c ir c u la r  waveguide
37

have been known for  some tim e.T his i s  a l s o  true fo r  the TEPÆ mode and 

h igh er-ord er  waveguide modes in  c o a x ia l  l in e .A s  an in trod u ctio n  to  the  

top ic  o f  the a p p lic a t io n  o f  f i n i t e - d i f f e r e n c e  methods to  waveguides 

having c y l in d r ic a l  boundaries, i t  i s  proposed to show how the f i e l d s  

and c u t - o f f  wavelength of waveguide modes in  a homogeneous c ir c u la r  

waveguide are found.A somewhat d i f f e r e n t  procedure i s  n ecessary  fo r  

the dominant THvI mode in c o a x ia l  l in e  because the equation s a t i s f i e d  

by the f i e l d  components i s  not the wave equation but L ap lace’s equation .  

The gen era l method i s  then ap p lied  to dea l with more complicatde c y l i n ­

d r ic a l  waveguides and f i n a l l y  to a s e c t io n  on inhomogeneously-loaded  

waveguides where conventional a n a ly t i c a l  methods are very cumbersome 

As in  the case o f  the r e c t i l i n e a r  w aveguide,the e l e c t r o ­

magnetic f i e l d s  o f the t r a v e l l in g  v/ave may be shown to be der ived  from
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a scalar wave function which satisfies the two-dimensional wave
equation

0 + 0  = 0 9 .1 .1 .

The f i e l d  components are given in  the case of E-mode and E-

mode propagation by equations 5 .1 .1 .  and 5 .1 .2 .  r e s p e c t iv e ly .B y  the

f i n i t e - d i f f e r e n c e  m ethod,half o f  the c ir c u la r  waveguide c r o s s - s e c t io n

i s  subdivided in to  a number o f  c u r v il in e a r  meshes by l in e s  drawn with

constant r a d iu s ,r ,a n d  a n g le ,0 , see  F i g . 9*la .The b a s ic  f i n i t e -  d i f fe r e n c e

approximation to the Laplacian operator a t  any p o in t  0 in  the c r o s s -
33

s e c t io n  i s  given in the l i t e r a t u r e  and quoted h e r e ; -

h ^ v l  0 -  0 ^ +  0^ + 0 J l  + ) + 0 , ( 1  -  ) -  4 0Q = 9 .1 .2
o o

where h i s  the mesh len g th ,r^  i s  the radius from the o r ig in  

to  the po in t 0,and the p o in ts  0 -4  r e fe r  to the drawing in  Figure 9 - lb .

At each po in t in the subdivided c r o s s - s e c t io n , t h e  d i f fe r e n c e  approx­

imation to  the wave equation i s  a p p lied  with the boundary con d it ion s  

incorporated in  the equations ho ld ing  a t  the p o in ts  on the waveguide 

boundary.The ’n ' l in e a r  equations obtained a t  the *n ’ mesh p o in ts  are  

w ritten  in  the matrix form o f  equation 5 * 2 .1 1 .In con tra st  to the case  

o f  the homogeneous r e c t i l i n e a r  waveguide, the elements o f  the band matrix  

are not a l l  in te g er s  owing to  the presence in  the d if fe r e n c e  equation

o f  the fr a c t io n a l  terp' — in the c o e f f i c i e n t s  o f  and ^ .This f a c tY ^5 ^4
causes a cer ta in  amount of d i f f i c u l t y  in  the preparation o f  the m atrix  

data fo r  computation v/here i t  i s  simple and quick to  punch a l l  the 

elements in bin ary .E on - in teger  elements must be punched in  decimal and
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t h u s , i t  req u ires two separate  programmes to read the data in to  the  

computer.

The so lu t io n  of the matrix equation g iv e s  the c u t - o f f  con­

d i t io n  and the lo n g itu d in a l  f i e l d  d i s tr ib u t io n  from which the remaining 

f i e l d  components may be derived.V/hen the mode considered i s  E - ty p e ,th e  

lo n g itu d in a l  f i e l d  i s  magnetic,and when E -ty p e ,th e  lo n g itu d in a l  f i e l d  

i s  e le c tr ic .T h e  type o f  mode i s  determined by the boundary co n d it io n s  

on the wave fun ction  .H igher-order modes o f  the system are d e a lt  with  

as b efo re ,b y  con sid er in g  the appropriate la te n t  r o o ts  and vec to rs  o f  

the m atrix.

The c o a x ia l  transm ission  l in e  i s  tre a ted  in the same manner 

as the c ir c u la r  waveguide,the only d if fe r e n c e  in  the two cases being  

the extra boundary con d ition  on the inner conductor of the c o a x ia l  

l in e .A s  pointed  out e a r l i e r , t h e  f i n i t e - d i f f e r e n c e  procedure only a p p l ie s  

to the waveguide modes o f  the c o a x ia l  l in e .A n  a l t e r n a t iv e  method of  

so lu t io n  i s  p o s s ib le  in  the case of the c o a x ia l  l in e  by transform ing  

the c ir c u la r  boundaries and the wave equation in to  rectan gu lar  co­

ord inates and so lv in g  the r e s u l t in g  problem by f i n i t e - d i f f e r e n c e s .T h i s  

method w i l l  be referred  to  as  the ’tran sform ation ’ method.Under the  

conformai transform ation

y = log  r ; x = 6 (see  F i g . 9*2 .)

the tubu lar c r o s s - s e c t io n  o f  the c o a x ia l  l in e  transforms

in to  a r e c t a n g le . I f  H-modes are con sid ered ,th e  boundary co n d it io n s  on 

the rec ta n g le  are known -  there are e l e c t r i c  w a lls  a t  y = 0 and y =

log  a ,  and magnetic w a lls  a t  x = 0 and x = . The inner radius o f
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the c o a x ia l l in e  i s  norm alised to  be u n ity  and the plane o f  symmetry 

taken a t Q = 0 so th a t the o r ig in  o f  the rectan gu lar  axes c o in c id es  

w ith a com er o f the rec ta n g le  .Ana lag  ou s boundary co n d itio n s to  those  

g iven  above hold  when the mode considered  i s  E-type.The tw o-dim ensional 

wave equation transform s in to

e ' ^  ( V ^  + = 0  9 . 1 . 4 .

In the transform ed c r o s s - s e c t io n , square meshes are drawn which 

cover the whole region  e x a c tly  as in  the case o f the rectangular wave­

gu id e . I t  i s  a d v isa b le  to  arrange that the width o f the r e c ta n g le , , i s  

an in te g r a l number o f h a lf  mesh len gth s ,h ,

= ^  where r i s  an in te g e r .

so t h a t , i f  there i s  a mesh p o in t a t  x = 0 , th ere  i s  e ith e r  a 

mesh p o in t a t  x = ir ,or two mesh p o in ts  which stra d d le  the p o in t a t  x = ir . 

In th is  c a se ,th e  exp ression  of the boundary con d ition  in  terms o f the  

fu n ctio n  va lues a t the boundary i s  much s im p lif ie d .S in c e  a square mesh 

i s  norm ally em ployed,then

log a = where s i s  an in te g e r .

C onsequently, i t  i s  p re fera b le  to  choose the ou ter  rad iu s o f  

the c o a x ia l l in e  to  s a t i s f y  th is  equation rath er than to  d ea l w ith  an 

a r b itr a r y  rad iu s.T h is con d ition  on ’a '  i s  not e s s e n t ia l  but more 

con ven ien t.

From symmetry co n d itio n s on p a r tic u la r  m o d es,it  may be p o s s ib le  

to  con sid er  only one h a l f  o f the rectan gu lar  c r o s s - s e c t i o n , i . e .  one

quadrant o f the c o a x ia l lin e .T h e  f in i t e - d i f f e r e n c e  r ep re sen ta tio n  o f
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of equation 9-1-4* is simply

g  2 2
e  •>' ( 2 1  ^  .  4j2^) = -  h k JZSq 9 . 1 , 5 .

A p p l y i n g  e q u a t i o n s  9 . 1 . 5 .  a t  e a c h  p o i n t  i n  t h e  c r o s s - s e c t i o n

t h e  m a t r i x  f o r m u l a t i o n  o f  t h e  r e s u l t i n g  e q u a t i o n s  i s  o b t a i n e d  a g a i n .

A s  i n  t h e  c a s e  o f  t h e  c i r c u l a r  w a v e g u i d e , t h e  e l e m e n t s  o f  t h e  m a t r i x  

a r e  c o m p l i c a t e d  b y  t h e  p r e s e n c e  o f  n o n - i n t e g e r  t e r m s  w h i c h , i n  t h i s  c a s e  

a r i s e  f r o m  t h e  e x p o n e n t i a l  f a c t o r  i n  e q u a t i o n  9 * 1 * 5 *

The c y l i n d r i c a l  r i d g e d  w a v e g u i d e  h a s  f o u n d  u s e , i n  p r a c t i c e ,

i n  t h e  d e v e l o p m e n t  o f  a  b r o a d b a n d  c i r c u l a r  w a v e g u i d e  F a r a d a y  r o t a t o r .

I n  o r d e r  t o  m a i n t a i n  c o n s t a n t  r o t a t i o n  o f  t h e  l i n e a r l y - p o l a r i s e d  e l e c t r i c  

f i e l d , i t  i s  d e s i r a b l e  t o  make t h e  a x i a l  p r o p a g a t i o n  c o n s t a n t  i n s e n ­

s i t i v e  t o  c h a n g e  i n  f r e q u e n c y . F o r  t h i s  r e a s o n , t h e  r i d g e d  w a v e g u i d e  i s  

c h o s e n  r a  t h e r  t h a n  t h e  em p ty  w a v e g u i d e  .A q u a n t i t a t i v e  i d e a  o f  t h e  b e ­

h a v i o u r  o f  t h e  f i e l d s  a n d  p r o p a g a t i o n  c o n s t a n t s  a r e  n e c e s s a r y  f o r  t h e  

d e s i g n  o f  t h e  b r o a d b a n d  r o t a t o r . T h e  a c t u a l  c o n f i g u r a t i o n  u s e d  i n  

r e f e r e n c e  3%&is n o t  s u i t a b l e  f o r  a n  a n a l y s i s  b y  f i n i t e - d i f f e r e n c e s  

b e c a u s e  t h e  r i d g e  s h a p e  i s  r e c t a n g u l a r . H o w e v e r , t h e  s i t u a t i o n  m o s t  c o n ­

v e n i e n t  f o r  t h e  d i f f e r e n c e  m e t h o d , ( w h e r e  t h e  r i d g e  e d g e s  l i e  p a r a l l e l  

t o  r  a n d  0  ) i s  s i m i l a r  t o  t h e  a b o v e  c a s e .

The d i r e c t  m e t h o d  o f  a p p l y i n g  t h e  f i n i t e - d i f f e r e n c e  e q u a t i o n s  

9 . 1 . 2 .  t o  t h e  mesh p o i n t s  i n  t h e  s u b d i v i d e d  c r o s s - s e c t i o n , i s  u à e d  t o  

d e t e r m i n e  t h e  p r o p a g a t i n g  f i e l d s  a n d  c u t - o f f  f r e q u e n c y  o f  t h e  d o m i n a n t  

m o d e . T h e  o n l y  d i f f e r e n c e  i n  t r e a t m e n t  b e t w e e n  t h i s  s t r u c t u r e  and  t h e  

r i d g e d  r e c t a n g u l a r  w a v e g u i d e  i s  i n  t h e  d e r i v a t i o n  o f  t h e  m a t r i x  B.

The  t r a n s f o r m a t i o n  m e t h o d  d e s c r i b e d  e a r l i e r  i n  t h i s  s e c t i o n  may n o t  b e
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ap p l ied  in t h i s  case because the transformed c r o s s - s e c t io n  i s  not 

rec tan g u lar .

9 . 2 . Inhomogeneous c y l in d r ic a l  waveguides.
39

Attempts to  b u i ld  a resonance i s o la t o r  in  c o a x ia l  transm is­

s io n  l in e  has led  to  the use o f  unsyimnetrical loading o f  the l in e  with  

a h ig h -p e r m it t iv i ty  d ie le c t r ic .T h e  dominant mode in  c o a x ia l  l in e  i s  

the well-known TEIvi mode which has no component o f  f i e l d  in  the d ir e c t io n  

o f  propagation.The tran sverse  magnetic f i e l d  i s  l in e a r ly -p o la r i s e d  and 

con seq u en tly , there can never be any con d it ion  o f  c ir c u la r  p o la r is a t io n  

in  the a i r - f i l l e d  s t iu c tu r e .I n  order to crea te  a lo n g itu d in a l  component 

of magnetic f i e l d , t h e  reg ion  between the two conductors i s  loaded with  

a d i e l e c t r i c  in one h a l f  o f  the c r o ss -se c t io n .T h e  other h a l f  remains 

a ir - f i l l e d .O w in g  to the d isco n u ity  in  f i e l d  caused by the d i e l e c t r i c ,  

an a x i a l  component o f  H i s  s e t  up with the r e s u l t  that the t o t a l  mag­

n e t i c  f i e l d  vector  i s , i n  g e n e r a l , e l l i p t i c a l l y  p o l a r i s e d . l t  i s  surmised  

from the r e s u l t s  o f in te n se  d i e l e c t r i c  load ing  in  other waveguide 

s t r u c t u r e s , that the e l l i p t i c i t y  o f  the magnetic f i e l d  c lo s e  to  the  

d i e l e c t r i c - a i r  i n t e r f a c e , i s  sm a ll .In  order to determine the dependence 

of c ir c u la r  p o la r is a t io n  on fr e q u e n c y , i t  i s  necessary  to  in v e s t ig a te  

the propagating f i e l d s  in  the s tr u c tu r e .I n  a d d it io n ,a  knowledge of  

the wave impedance and the dependence o f  guide wavelength on frequency  

i s  most valuab le in determining the design  o f  Tchebyscheff quarter-  

wave matching s e c t io n s  in to  the ordinary homogeneous c ir c u la r  wave­

guide .

As was pointed  out in s e c t io n  6 .4*>cn ly  hybr id modes can
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propagate in  a wavguide s tru c tu re  which conta ins a d i e l e c t r i c  when 

there i s  a dependence o f  f i e l d  a long the tran sverse  d i e l e c t r i c  fa c e .  

The d i e l e c t r i c  loaded ridged c ir c u la r  waveguide i s  such a s tr u c tu r e .

By transforming the boundaries o f  the s tru c tu re  according to equation

9 . 1 . $ . , the c r o s s - s e c t io n  becomes th a t  of a d i e l e c t r i c  loaded r e c ta n ­

g u lar  waveguide,see P i g .9.3* As in the case o f  the a i r - f i l l e d  c o a x ia l  

l i n e , t h e  wave equation transforms in to  equation 9*1•4»Since  the pro­

pagating modes are h y b r id , i t  i s  not p o s s ib le  to  descr ib e  the f i e l d s  

by means o f  a s in g le  wave fu n c t io n .In s tea d ,tw o  wave fu n ct io n s  are .used 

whose so lu t io n s  are id e n t i f i e d  as and r e sp e c t iv e ly .T h e  f i e l d

express ions are found by combining the separate  terms due to Eg and Eg 

alone.The f i n i t e - d i f f e r e n c e  so lu t io n s  of the wave equations are accom­

p l ish e d  in  a s im ila r  manner to  th at used in  the case o f  the d i e l e c ­

t r i c  loaded ridged rectangular  waveguide.The v e c t o r ,0 ,  in  the matrix  

equation c o n s is t s  o f  h a l f  va lues and h a l f  va lues.B y  comparison 

with a stru ctu re  propagating only H _or E modes,the m atrix s i z e  needs 

to  be doubled to  gain the same degree of accuracy.W ith the computer 

programmes a v a i la b le  a t  p r e s e n t , th i s  i s  a s tr in g e n t  co n d it io n  on the  

accuracy o f  the s o lu t io n .

V/hen the hybrid mode propagates, a l l  three  components o f  r . f .  

magnetic f i e l d  are non-zero.However, s in ce  the propagating dominant 

mode i s  predominantly H - ty p e , (see  the s e c t io n  on the d i e l e c t r i c  loaded  

ridged rectangular waveguide ) , i t  may be assumed th a t  the r a d ia l  com­

ponent of H ,v iz .  ,H^, i s  sm all in comparison to  H  ̂ and H^.To a f i r s t  

approxima.tion, the f i e l d s  may be regarded as being e l l i p t i c a l l y - p o l a r ­

i s e d .
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The f i n i t e - d i f f e r e n c e  so lu t io n  may a ls o  be found by d ir e c t  

a p p l ic a t io n  o f  equation 9 .1 .2 .  togeth er  with the r e le v a n t  m o d if ica t io n s  

a t  p o in ts  on the d i e l e c t r i c  in t e r f a c e .J u s t  as in  the case  of the  

d i e l e c t r i c  loaded ridged rectangular  waveguide,the normal component 

of e l e c t r i c  f i e l d  a t  the i n t e r f a c e , i s  d isco n t in u o u s , so i s  the  

component E^ in  d i e l e c t r i c  loaded c o a x ia l  l i n e .

The c ir c u la r  waveguide a x ia l ly - lo a d e d  with a d i e l e c t r i c  i s  

sometimes used as a r e c ip r o c a l  p h a se -sh if te r .T h e  d isp e rs io n  curve fo r
4-0

the dominant mode i s  u s e fu l  as the f i r s t  s tage  in  a perturbation  c a l ­

c u la t io n  o f  the curve fo r  a m a g n et ica l ly -sa tu ra ted  f e r r i t e  rod.The 

a n a ly s is  o f the most in t e r e s t in g  modes of the s tru c tu re  by f i n i t e -  

d i f f  erences i s  carr ied  out by the d ir e c t  method describ ed  for  the  

empty c ir c u la r  waveguide, with m od if ica tion s  o f  the d i f fe r e n c e  equations  

a t  p o in ts  in  the d i e l e c t r i c  reg ion  and a t  the in t e r f a c e .I n  the case  

of modes having independence o f  the azim uthal c o o r d in a te ,9 , the pro­

pagating modes are not hybr id  and the so lu t io n  i s  r e l a t i v e l y  sim ple .

The transform ation method doed not work fo r  c ir c u la r  waveguides s in ce  

the transformed c r o s s - s e c t io h  i s  not a bounded rectan gu lar  reg ion .  

C larr icoa ts  has s tu d ied  a number o f the p o s s ib le  propagating modes 

in  the stru ctu re  and i t  seems that the f i n i t e - d i f f e r e n c e  method has 

a p a r t icu la r  advantage here over other procedures in  th a t  a l l  the modes 

of one type can be considered s im ultan eou sly .

9 . 3. Conclusions.

The f i n i t e - d i f f e r e n c e  method described  in  t h i s  t h e s i s ,h a s  

been ap p l ied  to propagation in  various types of homogeneous and i n ­

homogeneous r e c t i l i n e a r  waveguides and the ex ten s ion  of the method
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to  in clu d e c y l in d r ic a l  s tr u c tu r es  p o in ted  o u t .In  a l l  c a s e s ,a  m atrix  

equation i s  derived  from the f in i t e - d i f f e r e n c e s  r ep resen ta tio n  o f  the  

wave equation a t mesh p o in ts  in  a bounded waveguide reg ion .A s compared 

with conventional methods of so lv in g  propagation problems in  w aveguides, 

the f in i t e - d i f f e r e n c e  technique produces the lo n g itu d in a l electrom ag­

n e t ic  f i e l d  and the tran sverse  wavenumbers in  a s in g le  m atrix o p era tio n . 

I t  i s  a ls o  p o s s ib le  by f i n i t e - d i f f e r e n c e s , t o  g iv e  s im ila r  inform ation  

about the h igh er-ord er modes o f the system .T h is i s  done sim u ltan eou sly  

i f  the r e q u is ite  computer programmes are a v a ila b le  which g iv e  a l l  the  

la te n t  roo ts and vectors o f a m a tr ix .I t  i s  p o in ted  o u t,h ow ever ,th a t  

the computed la te n t  ro o ts  and a sso c ia te d  v ecto rs  d iverge  fu r th er  from 

the p h y s ic a l q u a n tit ie s  which they rep resen t as the order o f the h igh er  

mode in c re a se s .T h is  i s  sim ply exp la in ed  by the f a c t  th at the f i e ld s  

in  the h igh er-ord er modes vary more r a p id ly  a c ro ss  the waveguide 

c r o s s -s e c t io n  than fo r  the dominant mode .As a consequ en ce,the f i n i t e -  

d iffe r e n c e  rep resen ta tio n  to  the L aplacian becomes l e s s  a c cu ra te . 

D e ta ile d  inform ation on the h igh er  modes can only be obtained  by 

taking a s u f f ic i e n t ly  large  number o f  mesh p o in ts  in  the waveguide 

c r o s s - s e c t io n .

In a waveguide co n fig u ra tio n  where any one dim ension i s  

sm all compared w ith the o th e r s ,th e  f in i t e - d i f f e r e n c e  method i s  

u n su ita b le .A s an example o f  th is  s i t u a t io n , the case o f the d ie le c t r ic  

loaded rectan gu lar  waveguide i s  consid ered  where the sla b  th ick n ess  

i s  sm all comparde w ith the gu ide width.Due to  the sm all area o f  the 

d ie le c t r ic  s e c t io n ,th e  proportion  o f mesh p o in ts  in  i t  i s  sm a ll.

S ince the f in i t e - d i f f e r e n c e  method can only be accu ra te  when th ere
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a s u f f i c i e n t  number o f  mesh poin ts  in  any reg ion  to d e sc r ib e  the  

p h y s ic a l  s i t u a t io n  ad eq u ate ly , i t  i s  to  be expected th at in accu ra c ies  

crop up .Su bd iv is ion  o f  the mesh length  to in crea se  the number o f  

p o in ts  in  the d i e l e c t r i c  region leads to  large  m atrices which cannot 

be d e a l t  with by the computer.Similar d i f f i c u l t i e s  a r i s e  in  the case  

of the ridged waveguide when the ridged h e igh t  i s  sm all in  comparison 

with the guide h e ig h t  and a ls o  when the r id ge  h e ig h t  i s  very c lo se  

to  the guide h e i g h t . I t  i s  concluded th a t  perturbation or v a r ia t io n a l  

techniques are most s u i ta b le  in  these s i t u a t i o n s .

The lack  of h igh -speed  la r g e -c a p a c ity  computers to  deal with  

large  m atrices i s  the most important s in g le  fa c to r  determ ining the  

accuracy a v a i la b le  with the f i n i t e - d i f f e r e n c e  method.In the case of  

the ridged w avegu id e ,it  has only been p o s s ib le  to  use a matrix o f  order  

140 which g iv e s  the e igenvalue with an error o f  l e s s  than 9^. In the 

case o f  the d i e l e c t r i c  loaded ridged waveguide where the f i e l d s  vary 

more r a p i d l y , i t  i s  not expected that the e igen va lu e  i s  accu rate  to  

l e s s  than 10̂ 'c.

The f i n i t e - d i f f e r e n c e  method i s  capab le o f  d ea lin g  with a 

wide range of problems in  the f i e l d  o f  microwave propagation .For the 

most p a r t , i t  i s  sim ple and f a s t  and f l e x i b l e  in  that on ly  minor 

m o d if ica t io n s  to  the g en era l method are n ecessary  to  d ea l with w id e ly -  

d i f f e r e n t  waveguide configuration s.T h e  a p p l ic a t io n  of the method to 

propagation in  f e r r i t e - lo a d e d  s tru c tu res  has only been in v e s t ig a t e d  

in  the r e l a t i v e l y  simple case of H-mode propagation in  a f e r r i t e  s lab  

loaded rectangular  waveguide.
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Another more complicated range of problems than h i th e r to  d i s ­

cussed i s  concerned with microwave d ev ice s  employing e lectrom agnetic  

modes that owe th e ir  e x is te n c e  to  the presence o f  a m agnetised f e r r i t e .
Lfl

These have been p a r t i a l l y  explored by S e id e l ,C la r r i c o a t s  and T r iv e l -  

p ie c e  but much work remains to  be d o n e .I t  may w e l l  be that f i n i t e -  

d if fe r e n c e  techniques w i l l  f in d  considerab le  fu tu re  a p p l ic a t io n  in  

t h i s  d ir e c t io n .
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10. Conclusions.

The m agnetic  f i e l d  p o l a r i s a t i o n  i n  s e v e r a l  w aveguide  

s t r u c t u r e s  has been c a lc u l a t e d  and th e  t h e o r e t i c a l  r e s u l t s  compared 

w ith  e x p e r im e n ta l  v a lu e s .  The r id g e d  v/aveguide has been shown to  

be more broadband than th e  r e c ta n g u la r  w aveguide a s  fa r  as fre q u en cy  

i s  con cern ed  but th e  p o s i t i o n a l  dependence o f  the  c i r c u l a r  p o l a r i s ­

a t i o n  somewhat o b sc u r e s  t h i s  e f f e c t .  D i e l e c t r i c  lo a d in g  te c h n iq u e s  

have been shown to  improve t h i s  s i t u a t i o n  by c r e a t i n g  a r e g io n  

c l o s e  to  th e  d i e l e c t r i c  where the  r . f .  m agnetic  f i e l d  rem ains  

s u b s t a n t i a l l y  c i r c u l a r l y  p o l a r i s e d  th rou gh o u t a la r g e  freq u en cy  band. 

H ig h e r -o r d e r  modes may be d e a l t  w ith  by t e c h n iq u e s  which a l l  depend  

on k e e p in g  th e  c u t - o f f  fre q u en cy  beyond the  upper l i m i t  o f  X band.

The measurement o f  m agnetic  f i e l d  p o l a r i s a t i o n ,  a c co m p lish ed  

by f e r r i t e  p rob es i n  the  w avegu id e , i s  made d i f f i c u l t  by the  n e c e s s i t y  

o f  u s in g  a f e r r i t e  v;hich s u f f e r s  a m easu reab le  l o s s  and a t  the  same 

tim e does not p e r tu rb  the  f i e l d s  a p p r e c ia b ly .  M oreover, i t  i s  a l s o  

n e c e s s a r y  to  u se  a f e r r i t e  sample which i s  e l l i p s o i d a l  so  th a t  the  

i n t e r n a l  f i e l d s  a re  u n iform . To s a t i s f y  th e s e  r e q u ir e m e n ts ,  i t  i s  

b e s t  to  employ a s p h e r i c a l  f e r r i t e ,  w i th  a very  narrow l in e w id t h .

I t  i s  p o s s i b l e  w ith  p r e s e n t - d a y  g a r n e t s ,  (YIG), to  o b ta in  a l in e w id t h  

o f  around 40 o e r s t e d s  w ith  a p o l y c r y s t a l l i n e  sam ple . For the  purpose  

o f  m easuring  the  m agnetic  p o l a r i s a t i o n ,  th e  sm a l l  sp h ere  o f  narrow  

l in e w id t h  g i v e s  s a t i s f a c t o r y  r e s u l t s  a l th o u g h ,  i d e a l l y ,  i t  would be 

p r e f e r a b le  to  use  a m a te r ia l  o f  e x tr e m e ly  narrow l in e w id t h .

Employ ing the methods d e s c r ib e d  in  t h i s  work fo r  the



d e t e r m i n a t i o n  o f  t h e  f i e l d s  a n d  w a v e n u m b e r s  i n  p r o p a g a t i n g  w a v e g u i d e s ,  

i t  w o u l d  b e  p o s s i b l e  t o  u s e  t h e  r e s u l t s  a s  a  b a s i s  f o r  t h e  d e s i g n  o f  

a  r e s o n a n c e  i s o l a t o r .  The  l a r g e  b a n d w i d t h  r e q u i r e m e n t  o f  a  r e s o n a n c e  

i s o l a t o r  c a n  b e  o b t a i n e d  i n  t w o  w a y s .  F i r s t l y ,  b y  u s i n g  a  n a r r o w  

l i n e w i d t h  m a t e r i a l  v ; i t h  d . c .  f i e l d  t a p e r i n g  e m p l o y e d  t o  r e s o n a t e  

d i f f e r e n t  s e c t i o n s  o f  t h e  f e r r i t e  a t  d i f f e r e n t  f r e q u e n c i e s  i n  t h e  b a n d ,  

i t  i s  p o s s i b l e  t o  o b t a i n  a  l a r g e  r e v e r s e - t o - f o r w a r d  l o s s  r a t i o  o v e r  

a  l a r g e  b a n d w i d t h .  A t  a n y  s i n g l e  f r e q u e n c y ,  t h e  p o r t i o n  o f  t h e  f e r r i t e  

n o t  a t  r e s o n a n c e  a c t s  a s  a  d i e l e c t r i c  . S e c o n d l y ,  t h e  b r o a d b a n d  

e f f e c t  c a n  b e  o b t a i n e d  b j  u s i n g  a  f e r r i t e  o f  e x t r e m e l y  l a r g e  l i n e w i d t h  

w i t h  u n i f o r m  d . c .  f i e l d  b i a s s i n g  i n  a  s t r u c t u r e  w h e r e  t h e  c i r c u l a r l y  

p o l a r i s e d  r . f .  f i e l d  i s  i n s e n s i t i v e  t o  f r e q u e n c y , e . g . ,  t h e  d i e l e c t r i c  

l o a d e d  w a v e g u i d e .

T h e  w o r k  o n  m a g n e t i c  f i e l d  p o l a r i s a t i o n  i n  w a v e g u i d e s  may  

b e  a p p l i e d  t o  s t r u c t u r e s  o t h e r  t h a n  r e s o n a n c e  i s o l a t o r s ,  e . g .  c h e  

n o n - r e c i p r o c a l  p h a s e  s h i f t e r ,  w h e r e  c o n s t a n t  r o t a t i o n  o f  a  l i n e a r l y  

p o l a r i s e d  w a v e  i s  r e q u i r e d  o v e r  a  f r e q u e n c y  b a n d .  I n  c h i s  c a s e ,  i t  

i s  n e c e s s a r y  t o  l o o k  f o r  a  s t r u c t u r e  w h i c h  h a s  a  p r o p a g a t i o n  c o n s t a n t  

i n d e p e n d e n t  o f  f r e q u e n c y .  T h e  p r o p a g a t i o n  c o n s t a n t  i s  o f t e n  d i f f i c u l t  

t o  d e t e r m i n e  d u e  t o  t h e  c o m p l e x i t y  o f  t h e  t r a n s c e n d e n t a l  e q u a t i o n s  

w h i c h  n a t u r a l l y  o c c u r .  I n  t h e s e  c i r c u m s t a n c e s ,  t h e  f i n i t e - d i f f e r e n c e  

m e t h o d  i s  e x t r e m e l y  u s e f u l  s i n c e ,  i n  m o s t  c a s e s ,  t h e  w a v e n u m b e r s  

a n d  f i e l d s  o f  t h e  d o m i n a n t  raoae a r e  s i m p l y  d e t e r m i n e d .  The  l o n g i ­

t u d i n a l  p r o p a g a t i o n  c o n s t a n t  i s  a l s o  o f  i n t e r e s t  i n  t h e  d e s i g n  o f  

T c h e b y s c h e f f  m a t c h i n g  t r a n s f o r m e r s  t o  t h e  e m p t y  w p v e g n i d e .
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11. Appendix.

11. 1. Inversion  and I te r a t io n  Programme.

The in v e rs io n  procedure i s  carr ied  out on the computer (DEUCE) 

by the standard LVOl programme on a square matrix whose order i s  r e s t r i c t e d  

to 83» The output o f  the in v e r s io n ,  (B i s  used as the input fo r

a G .I .P .  programme which performs the i t e r a t io n .  G .I .P .  uses standard  

'b r ick s '  to  perform matrix and sc a la r  o p era tio n s . The use o f  the br ick s  

i s  c o n tr o l le d  by a s e t  o f  codewords which are presented  below. The 

number o f  the b r ick  i s  g iven  under the ' r ' column. The b r ick  operates on 

m atrices s tored  a t  'a' and 'b ’ and s to r e s  the r e s u l t  a t  'o ' .  In th is  

programme, the v ector  obtained in  each i t e r a t io n  i s  norm alised by d iv id in g  

the v ector  by the r a t io  o f the root mean squares o f  the elements o f  the  

current vector  and the previous v ec to r .

CODEWORDS

No. a b c r

0 0 0 16 1 Read in v erted  m atrix , (B

1 16 0 16 2 Standardise (B ^ ).

2 16 0 16 3 Transpose matrix (B ^).

3 0 0 10 1 Read guess v e c to r ,  x^.

4 16 10 13 5
-1

M u ltip ly  -  B x^ = x^^^.

5 10 10 0 4
2 2 Form X = k .n n

6 13 13 1 4
_ 2 , 2  
Form = k^+l'

7 0 0 0 9 D iv ide  F  by = kO

8 1 1 10 8
2

Expand as a 1X1 m atrix .

9 10 0 13 10 Form K . n

s



10 11 0 0 11 Punch K^.

11 11 13 10 5 Form K . X  - and rep lace  x • n n+1  ̂ n

12 10 2 0 13 Convert to  scheme A.

15 0 0 0 12 Reverse s ig n  o f  m atrix.

14 0 1 10 13 Convert to  scheme B.

15 10 0 0 11 Punch out vecto r  K x ^.n n+1

16 0 0 4 33. Jump to  in s tr u c t io n  4 and obey.

Bricks

No.

1 Read matrix LR07B/ 2

2 Standardise matrix LZ69B

5 Transpose matrix LT05

4 Scalar  product JMO'JB

5 M atrix m u lt ip ly  IMO5B (5 s e c t io n s )

8 Expand sc a la r  as  matrix LZI9B/I

9 Scalar  d iv id e  LZO6A

10 Matrix square root LZI8B /I

11 Punch matrix LPI5BT

12 Reverse s ig n s  LZO4A

15 Convert to  scheme A or B LZ20B

nq



11. 2. Linear Equations and Iteration.

The whole operation  o f  so lv in g  the l in e a r  equations and p e r fo r m t io n  

i s  done by a G .I .P . programme. The norm alisa tion  o f  the v ec to rs  i s  done 

by d iv id in g  by the la r g e s t  element in  the vector . The codewords and 

br ick s fo r  th i s  programme are g iven  below:

Codewords

No. a b c r

0 0 0 170 1 Read guess v e c to r ,  x^, 1 X n.

1 0 0 40 1 Read band matrix B, n X n.

2 170 n 1 7 Change parameters to  n X 1.

3 40 170 40 2 Compound m atr ices , E and x^.

4 40 1 164 48 P lant a u x ia la ry  codeword.

5 29 6 22 3 Obey LEO JB and form x_^^.

6 164 1 n 7 Change parameters to 1 X n .

7 164 0 162 8 Find maximum element of x. . .1+1

8 162 0 0 9 Punch out maximum elem ent, c .

9 4 0 0 48 P lan t d iv id e  codeword.

10 164 162 170 10 Divide x_^^ by c and rep la ce  x^.

11 170 0 0 9 Punch out X . . , /  c .1+1 '

12 170 n 1 7 Change parameters to n X 1.

13 0

Bricks

0 1 33 Jump to codeword 1 and con tin u e .

No.

1 Read binary matrix LR16BT

2 Compound m atrices LZ08B /  1

I Z O



3 Solve l in e a r  equations LE07B

7 Change parameters o f  matrix LZ51B

8 Find maximum element LZ21E/1

9 Punch matrix LPI5BT

10. Term by  term a r ith m etic LZ61B
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