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SUMMARY,

Residual stresses fall naturally into two categories;
macrostresses and microstresses. An indication of the
origins of both types is given, The presence of residual
macrostresses in a body can be recognized by the occur-
rence of distortions on making cuts in the body, In
bodies of regular geometry, the distortions which occur
on gradual removal of uniform layers from one surface
can often be used to assess the magnitude of the residual
stresses in the removed material, Over the years, many
techniques based on this principle have been developed,
The Sachs method (ref.5) for the determination of triaxial
axisymmetric residual stresses in solid bars, hollow
cylinders and tubes, is one such technique, A brief
account of the method and the assumptions on which it
is based is presented, A number of important refinements

are described,

The residual stresses in thin-walled cylinders and
tubing have been the subject of many experimental investig-
ations. Although some studies of gquenching and machining
stresses have been carried out, the residual stresses
produced during tube~drawing have attracted the most
attention. Recent work on this topic is briefly reviewed,
and the origins of residual strgss in drawn tubing are
“discussed,

Although it has long been realised that tubing drawn

under commercial conditions almost always exhibits some
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degreelof eccentricity, only Knights (82) has suggested
that this should be ﬁaken into account when determining
residual stresses in such tubing, The same author has
also suggested that significant circumferential wvariations
of the residual stresses may occur in drawn tubing,
possibly associated with plastic bending at entry oxr

exit from the drawing die,

The present work was carried out to determine whether
circumferential Qariations of residual stress existed in
drawn tubing, to establish the effect of eccentricity on
the determination of residual stress by the Sachs method,
and to evaluate the bending deflection method (which is the
usual alternative to the Sachs technique) in the presence

of eccentricity and possibly suggest some improvements,

The results obﬁained from an experimental investige
ation of the longitudinal and circumferential variation
of the deformations produced on cutting drawn tubing to
length suggest the presence of additional residual stresses
not previously reported, The terms 'type A' and *type B!
residual stresses are introduced to distinguish between
normal residual stresses and théﬁadditional residual

N
stresses, (u )

'"RPype B' longitudinal residual stresses exist as
.alternate regions of tension and compression round the
circumference of drawn tubing and 'type B' circumferential

residual stresses exist as opposing bending stresses in

adjacent lengths, Both appear to be completely relieved

(2)



in what are normally regarded as 'long'! specimens (i.e.
for the tubing used, in specimens with length/diameter
ratios less than 5). 'Type B! longitudinal.residual
stresses may possibly be associated with imperfect
lubrication during drawing. The origin of 'type B!

circumferential residual stresses is not clear,

The determination of circumferential and radial
'type A' residual stresses in a uniform cylinder by the
Sachs technigque is based on the assumption that the relief
of these stresses in part of the cylinder (by layer
removal) is equivalent to the application of a uniform
pressure to the remainder, Since the application of a
uniform pressure to an eccentric cylinder produces circum-
ferential variations of stress on both boundaries, the
Sachs technique cannot readily be apﬁlied where eccen-

tricity is appreciable,

Experimental results suggest that the Sachs technique.
can be applied in practice to determine the circumferential
and radial 'type A!'! residual stresses over about 80% of
the wall thickness of drawn tubing with I.D./0.D. = 0,941
and an initial wall thickness variation less than ié%,
provided that these residual stresses do not wvary éircum—
ferentially. Where the circumferential stresses applied
by layer removal are compressive, the procedure may be

”complicated by the occurrence of elastic pre-buckling
deformations of a circdmferential lobar form, and a
- stage may even be reached at which plastic buckiing

takes place,

| (3)




The determination of longitudinal *type A' residual
stresses in the presence of eccentricity is complidated
by‘the development of longitudinal shear stresses as the
variation of wall thickness is dincreased by layer removal,
The possibility of applying a simple modification of the
Sachs analysis which takes account of wall thickness wvari-

ation, but not shear stresses, is examined,

The limitations of the Sachs method in the presence

of eccentricity are discussed,

Although the bending deflection method has certain
advantages over the Sachs technique for  the determination
of ttype A'Y longitudinal residual stresses in the presence
of eccentricity, its usefulness is restricted since no
satisfactory method of determining the coexistent circum-
ferential residual stresses is available, A method which
incorporates a recently developed technigue for the deter-
mination of local fesidual stress (91,100), is proposed

and is shown to have considerable advantages,.
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NOTATION,

Stress.
Strain,
Poissont's ratio,

Longitudinal and circumferential
strain parameters,

Internal radius,

External radius,

General radius, radial positibn.
Radius, radius of curvature,
Diameter,

Wall thickness,

Length,

Centre distance,

Eccentricity,

%

Shear stress,

Z

Shear strain,

Bending moment,

Second moment of area,
Normal force,

Weight loss,

Weight density.
Angular pesition,
Pressure,
Dimensionless function of /0 and &
Lengthwise position,
Radial deflection,

Depth, groove depth,

(5)
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Stress,
Gap width,
Groove widtho,

Thickness of material beneath groove,

Subscripts.,

tAt inner surfacet,

tAt outer surfacet,

tAt outer surface by removal of a
layer at position,ﬁ ' (internal
layer removal),

tAt inner surface by removal of a
layer at position O ! (external

layer removal),

‘At position A by removal of a
layer at position /o’ ',

tLongitudinal, circumferential, radial'.
'Bending',
tNormal'!t,

tMeant,

tAt position 9 LI
General subscripts,

tIn M*h layer by removal of fih
layer?,

*At inner surface by removal of r’"
layer?, ‘

, th
tAt inner surface by removal of H
layer?,

(6)



SECTION 1,

INTRODUCTiON AND REVIEW OF LITERATURE,
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1.01, RESIDUAL STRESSES,

Since the earliest recorded reference to the subject
in 1889 (63,68) an extensive literature has become available
on the origins and effects of residual stresses in a wide
variety of bodies and structures (1-4,68,78,79) and a
large number of methods for the determination of residual
stresses have been developed, Reviews have been produced'
at regular intervals over the past forty years (63=-72,82),
the most recent being the comprehensive review by Denton
in 1966, With improved data-processing equipment becoming
more readily available, particular emphasis appears to
have been placed recently on speeding~up the process of

residual stress determination (18—21,92,95,99,108).

Residual stresses have been defined by Orowan (2,4)
as those existing in bodies upon which no external forces
are acting, It is usual to distinguish between body
stresses and textural stresses, The former arise in
homogeneous bodies from a non-uniform expansion, contraction
or shear distortion of mechanical, chemical or thermal
origin, The latter from textural oif structural inhomo=
geneities, even when the overall deformations are uniform,
Stresses of the first group are usually on a much larger
scale than those of the second group; for this reason the
two groups are often referred to as macrostresses and
‘microstresses. Many of the ways in which residual stresses
of both groups arise in practice are discussed in refer-

ences 2 and 4,

(8)



The presence of residual macrosfrgsses in a body can
be recognized by the occurrence of distortions on making
cuts in the body. These distortions can often be used to
assess the magnitude of the residual stresses which-existed
in the body prior to cutting., In general, the deformations
which occur on gradual removal of uniform layers from one
surface of a residually-stressed body are the most useful
and the easiest to analyse, especially if the body is

geometrically regular,

The determination of residual macrostresses in hollow,
cylinders and tubes has become a favourite topic for
research projects since Sachs (in 1927), and Davidenkov
(in 1932), developed the methods (5,76) which now bear their

names,

Although containing an error (82,89,90), the Davidenkov
method is generally recognized as the most fundamental of
the so~called bending deflection methods for residual stress
determination (63-95)., Unfortunately, it is limited in its
application to biaxial stress systems and so can only be
applied to thin-walled tubing, in which the radial residual
stress is practically zero, A review of the various bending

deflection methods is presented in a later section,

The Sachs method, with which a major part of the
~present work is concerned, makes possible the determination
of triaxial axisymmetric residual stresses in solid bars

and thick-walled tubes, and may easily be applied to thine

walled tubing. An account of the method and the assump-

_(9)
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tions on which it is based is given in the following
section; a number of refinements are examined, and some

recent applications described,

1,02, THE SACHS METHOD,

Although it was realised by Heyn in 1914 (8) that
the deformations produced by machining cold-drawn bars
could be used to predict the residual stresses which
existed in the uncut bars, it was not until 1927 that a
satisfactory solution was obtained., The equations derived
by Sachs in that year made possible the determination of
triaxial residual stresses in cylinders from the dimensional

changes produced by removing successive concentric layers

from the surface of a centrally-bored hole,

Ir O, , O and O, denote the axisymmetric
residual stresses at position /0 in the isotropic
cylinder of fig.l then:
e'[(£-F)(dd) - =

dfb be
Oc = E'[(4-4) 4, - (£:21).4,]

E[(’“ ),%,] I 1]

where E' = T%;“"z ’ ‘Fb = 'ﬂ'bz y and ‘F = 7;03' is

the bored-out area, In the case of a hollow cylinder of

|9
i

)
1

. internal radius @& , the initial value of 4 is
z - . .
MTa .« The parameters étb/o = €. +/u.£,_ and
,eob/, = Ec":/“-il. are determined from the measured strain

changes €, and £ at the outer surface.

c
(10)
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Hollow cylinders may also be investigated by removing
concentric layers from the outer surface and measuring
the surface strains produced at the bore, The equations

for this case are:

o = E[(FR)N%), _ 2, ]
oL = E[({.-ﬁ)(dﬁa ..('F‘f‘fa.)fo ]
% - =3 -sq)xo ] ________-/oz

where 'F=1501_ and ‘Fa"S 'sz .

Although the derivation of the equations‘l.Ol and
1,02 is well known (5-7,49,83,87) an outline of the pro-
cedure has been included as appendix 3, to illustrate the
tdouble-~subscript?' notation adopted, in the present work,
for stress and strain changes. The derivation of the
expressions for O and Gk is based on the assumption
that the relief of the circumferential and radial residﬁal
stresses in part of the cylinder (by layer removal), is
equivalent to the application of a uniform (internal or
external) pressure to the remainder, The derivation of
the expressions for GL follows from consideration of

the longitudinal equilibrium of the cylinder,

Over the years, two different forms of the equations
for external layer removal have appeared, If Z»o is
taken as positive for decreasing /0 » the equations 1,02
are obtained (1,6,64,67,69):, If, however, Z;p is taken
as negative for decreasing ‘/0 , the gradients in

equations 1,02 change sign (12,48,49,83,87). 1In the form

(11)



given by Barrett (65) a minus sign is omitted in the
expression for q& , and in the form given by Denton (72)

a similar omission occurs in the expression for 61 .

Strictly speaking, equations 1,01 and 1,02 only apply
to a cylinder of infinite length. 1In practical applice
ations of the method, a specimen length of 33%” is

generally considered to be sufficient (section k),

The method has been applied in its basic form many
times (6,7,9-15,34,48-50,82,83,87)., In large scale applic-
ations, metal removal has generally been accomplished by
machining, while for smaller scale applications or thin-
walled cylinaers, acid-etching has been used with some
success (48,50,83), The following list gives some idea of
the types of problem which can be investigated; auto-
frettaged cylinders (7,13,14), heat-treated cylinders
(10,49), spot-welded plates (15), forgings (11,12), piston=
rods (6,9), semicontinuously~-cast pipes (34), extruded rod

(50), ironed tubing (48) and cold-drawn tubing (82,83,87),

In all the above applications, the same basic assump-
tions were made; that the cylindrical body was isotropic,
that the residual stresses were axisymmetric, and that the
inner and outer surfaces were concentric at all times dur-
ing layer removal, The assumption of isotropy is clearly
questionable in the last three examples, and the assumpw

-

tion about concentricity, in the last two,

Two specimens are normally required for the complete

(12)



determination of residual stresses in a cylindrical body
by the Sachs method; one for internal layer removal, and
one for external layer removal, If only one specimen is
available, it is necessary to estimate the residual stress=
es in the remaining wall thickness by linear extrapolationj;
a procedure which can often introduce errors where rapidly-
changing surface stresses aré involved. The following
modification, proposed by Barker and Hardy (11) and
developed by Weiss (16), improves the accuracy of residual

stress predictions from incomplete strain measurements,

Equations 1,01 and 1,02 may be rewritten:

]
o = E'%[(ﬂ—?)-ib‘,]
oL =

Lod G
e '&7[(%)1@]

o)
U
m-
~
-
\
N
3
L |

Q
1]
m

=i~

—

_—
v

sh

~
\gﬁ
—

9
B
a
|

~
—~
o

P

R
\"?‘

e

7&
]

I 2 4%
—E [(/oé;az )'”a/o].._-.._.....l.o4.

-

Since the expressions in the square brackets all =
Zero as /O - b (or P == a ), extrapolation
may be replaced by linear interpolation between the last

(13)
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measured value and zero at the outer (inner) surface.
The eguivalence of equations 1,03 and 1,01, and of
eqﬁations 1,04 and 1,02, may easily be verified by
substituting F = -;r/oz, ’Cb = Tb%* ana -fa = 1ra,2' , and
completing the differentiation, In the case of
équations 1.04, %QO) and %(‘F) must be taken as

minus one during this process, in accordance with the

sign convention for external layer removal,

The determination of the gradients % and d'@

¥ zf

in equations 1,01 and 1,02 is usually carried out graph-—
ically, from plots of o{ and Ao against ‘f .

In an effort to minimise the errors in this process,

Buhler (49) adopted a step-wise approach,

If the interval from f=0 to F = f, is divided
into P - equal parts the equations for internal layer

removal may be written:

f
01 = e [ &i"l(in.ﬂa_cﬁnﬁl)b _—é’in)b]

Ce = El[ P-Z—n(~®m1 ) (P—t-n)(_&,)]
or =

E'[ "z-: ), ]

B LTy Y »

In the case of external layer removal, the interval
from”’ ‘f:o to ‘F::--Fq_ is divided into N equal parts,
and the subdivision is continued until .Fb is exceeded,

In accordance with the sign convention: A/O positive

(14)
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for decreasing /A s equations 1,02 become:

= l - \
oL E [ g’i—&‘(lﬂ—l -atn‘“.)a - (dn)q ]

! -
oo = B2 N ), - (N )g)]

6g = —E'[ n-N
[ [%‘;‘(‘Qon)a_] ———— e e = (.06,

In Denton's review (72), there is an error in the defin-

ition of N .

The following equilibrium conditions apply to the

infinite residually-stressed cylinder:

jcr,_.aH’— = 0 e —e— - —— |07

Joudp = @ nooe mmmeeelof

% =0 (p=ayb)emeecm—-log.

%G = p Mmoo ==oolid

The first condition implies that the sum of the
longitudinal stresses over the cross-sectional area of
the cylinder must be zero, or that in a plot of 61
agaiﬁst ‘¥ y the area under the curve on the tension
side must equal the area under the curve on the comp-
ression side. The second condition implies that the

sum of the circumferential stresses across any

(15)
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diametrical section must be zero (plot O against/ﬂ ).
The third condition expresses the force equilibrium of the
free inner and outer surfaces, and the fourth describes
the interdependence of the radial and circumferential

stress distributions,

It may easily be shown (49) that the Sachs equations

fulfil all the above conditions,

The general form of the radial residual stress
distribution is a smocoth curve from zero at one surface,_
through a maximum (or a minimuﬁ), to zero at the other
surface, The fact that Oc = Or at the turning point
(from equation l.lO) has been suggested by Shur (17) as

a further means of checking the calculated stress wvalues,

The validity of the curves for J@ép and ’&%f

obtained from two identical specimens may be checked

using the equations

b, = - (F-Fa
bf (_be)

which follows directly from the expressions for ¢§é

in equations 1.01 and 1,02,

Large errors in Cﬁ; may result if graphical methods
are used for the analysis of experimental data obtained
from.discs or thick-walled cylinders, By using a poly-

nomial approximation for Gk_ (based on a few measured

points, and the zero surface values) and the equilibrium

(16)



condition 1,10, Yakunin (18,19) obtained O without
plotting the deformation curve., The polygomial approxs=
imation was obtained by the method of least sguares,
and the calculations were simplified by rewriting the

Sachs equations in terms of the dimensionless parameter

/e

Fourier series may be used for the mathematical descrip-
tion of residual stress and released strain diagrams,
Kobrin and Birulya (20) have recently shown that a given

residual stress diagram may be expressed:

W@ %&
. = W?[- + &S Kot - ; . .
A Ao Z'Ak A +£6LSMKO‘A' '+C.;
k=/ k={
PP N | }
where m is the scale on which the diagram is plofted.
. (3 . .
With f‘ =TA, as the independent wvariable, and O

and 6; as the initial and final stress values, o,

and C;L may be written in the form:

X = zﬂtl?(4%)y%‘ {5)9{7
(F)" - )™

o= Tn=oe [@)" (£)]
an)ﬁ;<3;y’

To test the procedure, Kobrin and Birulya approximated ——-
founr.different experimentally-obtained circumferential
residual stress diagrams, which essentially covered all

the basic types normally encountered, by 48-term series,

(17)



The number of terms in each approximation was reduced
until the r.ﬁ.s. error relative to the 48-term series
exceeded 9.8N/mm2 (1ke mass/mmz). The most difficult
curve to approximate was found to be the circumferential
residual stress produced in a case-hardened disc,
annealed at 150°C (fig.2 ), for which at least twenty-

four terms were required,

By substituting the expression 1,11 into the approp-
riate equation from 1,03 (or 1,04), and integrating, the
mathematical equivalent of the original deformation -
measurements was obtained., In the case of the 24-term
approximation to fig.2 , the maximum discrepancy between
the measured and calculated values was less than 10%, and

in the other three cases this was less than 3%,

Standard programmes were produced for the computation
of the PFourier coefficients, the residual stress functions,
and the strain functions, and the method was applied to a
number of practical problems, For example, the mathem-
atical equivalent of the residual stresses in ingots was
used to predetermine final stress levels in finished
parts, and the strains which would be produced during
manufacture, The authors found that a certain amount of
control ovér the final stress level could be exercised by
judicious machining.

Kobrin, Proshko and Sorkin (21) have used an analog
computer for speeding-up residual stress calculations,
Their structure diagram for equations 1,01 is

(18)
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reproduced as fig.3 .+ The expgrimental plots for aﬁép
and .jbép were converted to a suitable form for process-—
ing, by piecewise-=linear approximation., The method was
applied to the calculation of the residual stresses in a.
a roller~hardened steel cylinder 156mm in diameter and

134mm long.

In addition to the above refinements, a number of néw
applications for the Sachs technique have recently been
developed,

Peiter (22,23) has derived equations which make poss-—
ible the determination of torsional residual stress in
cylinders, 1In the case of the hollow cylinder of fig.4 ,
the residual shear stress T:Lc may be determined from
measurements of 96 , the relative angle of twist of
the end-faces during layer removal, by using either of

the following equations:

4 2 4
CTe = X G"[ﬂ' Ot %('*%4 ).;/'391]_“- li2 .

+ ) L 9
salr +%('“§3)%§E 113

Tee

n

93; and 05 denote the angle of twist per unit length
( Qécﬂ ) in the case of internal and external layer
removal, respectively, If it is assumed that the torque
released by layer re@oval produces the condition of pure
shear in the cylinder, then:

Y, = b.os
3@ = Q. 95
(19)



where J; denotes the shear strain on the outer surface
during internal layer removal, and Ja .the shear strain
on the inner surface during external layer removal.

Equations 1.12 and 1.13 may therefore be rewritten:

Tee =t & [p. -
T =Tl g0-Ey k]

=+ &G o ad
Tie a[/’ +£.(|~ )40 _---IIG'

The surface shear strains x; and 3L may be
determined by mounting three strain gauges in the long- .
itudinal, circumferential and hio directions, and using
the strain transformation relation:

24.50 = él— + fc_ _,_. _{
2 2

The method is unaffected by the presence of the direct
stresses 0 , &, and Og , and may also be
applied to solid cylinders by putting A. = © in equation

1.13,

The torsional residual stresses produced in springs
during manufacture have been investigated by Murakami
and Fujitani (24). Removal of uniform layers from the:
outer surface of the springs bf acid-etching produced
changes in length )( , which were magnified 150 times
by the lever and mirrpr system shown in fig.5 , and
continuously monitored, The following formula was

derived to relate the shear stress at radius ’/3 to

the measured extensions:

(20)
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T = nlegd -4x]

gﬂnR U 1'%

EZ is the mean radius of the spring coil and n

the effective number of turns,

The authors chose to neglect the possible presence of
triaxial residual stresses OL , O¢ and O in the
spring-wire, This could affect the accuracy of the pro-
cedure, since the release of the stress Gl_ could also

contribute to the extension X .

It has already been noted that equations 1,01 and 1,02
are limited to elastically isotropic materials, Doi and
Kataoka (25) and Olson and Bert (26), working independ-
ently, have recently modified the Sachs analysis so that
triaxial residual stresses in polar-anisotropic (ortho-
tropic) cylinders may be determined, In the case of

internal layer removal, the modified equations (25) are:

oL = b°p it _
= /“:-[( )(22 ) :léa]
Oc = Eec k+i
TR ) 2(5) "] (4 )
*k[¢ I:-H[ )kl]
O; = Ec. -

L@ AN

ZK(| /Mcb/ubc
S -.__....1;7

(21)



24
h =
w‘#ere ( ) °i9o = GL"" 4, €c and
_@@p—-éggtxto.eL

Using the sign convention: Z;o positive for decreas-
ing /o , the equations for external layer removal (25)

become:

O’L-‘- EL'A— (/)-4 ) — d_ ]
L}“ceyabc

.
% -ZK(I'/%» u{f EECE (&)"/’
-k[g% ey

— E *
< (,0 a \k+l Lo
2« u*cu/‘w)[ &

»*

[
1)

The original Sachs formulae may be obtained as a special
case, by substituting E, = E. = ER— = E and Mer

=/ML£.f,A‘ in either of the above sets of eguations,

If the presence of ahnual-rings and cardinal-points
are ignored, and macroscopic average values of the elastic
compliances in the longitudinal, circumferential and
radial directions are taken, a tree-trunk may be consid-
ered as a polar-anisotropic body (25), and equa%ions 1.17
and 1.18 may be used to determine growth-stresses,

Large errors can result (26) if the basic Sachs

equations are applied to cylindrically-orthotropic

(22)



materials, although, in the case of thin-walled tubing

( ‘yL greater than 0.9), errors are generally small,

One application of the basic Sachs technique not
already mentioned, is in the investigation of residual
stress in cylinders which have been built up by welding,
It is necessary to assume that the built-up cylinder is
isotropic, or that the deposited metal has the same
elastic properties as the material of the original cylin-
der, Xsendzyk (27) describes a comparative study of the
circumferential residual stresses produced in rolling-
mill rolls built up by the electroslag and the submerged-
arc deposition processes, In each case the grades of the
deposited and original steels were identical, Results
indicated that the arc-deposited metal contained tensile
residual stresses, while the electroslag-~deposited metal

contained compressive stresses,

A disadvantage of the Sachs method is that the specimen
must be destroyed to obtain the necessary experimental
data, Dekhtyar, Temrin and Petrov (28) have overcome
this problem in the case of built-up cylinders by monite-
oring the surface strains during metal deposition, With
the assumption that the built-up cylinder is isotropic,
the technique is eguivalent fo the Sachs method in
reverse, and a careful choice of strain-variables and
sign convention produces equations which are identical in -

-

form. to equations 1,01 and. 1,02,

In the case of external deposition up to radius k:
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on a cylinder with dinitial radii a. and b (fig.6 )y
the values of the strain parameters d_sp and .,&’d/a

are determined from strain measurements at the bore, If
the strain-variables (5{90 -~ iak) and (‘fpa/o - ’eﬁk) s

where iag and ,@ag represent the values of ia/o

and ,eﬂa/o on addition of the final layer, are chosen, and

the sign conventionj A/O negative for increasing/o' ’
is adopted, the residual stresses in the deposited metal

may be deterﬁlined from the equations:
s B[ L 4 ()]
dF g%ﬂ ak 50 k
O = E'f(r_g)e
e = E(t-5, G0~ (£18)(0,m1,)]
0, =

R"‘”E' ( £ —5a _
LtEie, '&“)]---_-_-./ 5

which are identical in form to the original Sachs

equations for external layer removal,
s

In the case of internal deposition down to radius k

(fig.7 ), (‘;ciyo"ibk-) and (.Qabp _.,Qobg) are deter-
mined at the outer surface, With the sign convention A/o
negative for decreasing /0 y the residual stresses may

be determined from the equations:
{
Oc=E[(f-f)L(y -0 )-(£
c [( e ')d’i' [%o £,.) (—92‘-’:;)(‘@90"‘9%)]

t
6g = E [(‘%:)(ﬂ%»xyw)] o
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which have the same form as the Sachs equations for

internal layer removal,

The residual stresses in deposited coatings are gener=—
ally always of the same sign (33), so that as deposition
proceeds, balancing reactive stresses build up in the
original cylinder, In the longitudinal direction, either
uniform tensile or uniform compressive stress is produced,
while in the circumferential and radial directions, unif-

orm pressure stresses are established,

In an earlier paper (29) Dekhtyar, Andreichuk and
Beznosov, considered the possibility of determining long-
itudinal residual stress in the case where the coating
and the original cylinder had different elastic moduli.
The method developed was, however, limited in applic-
ation to long cylinders and rods of small cross-—
sectional area, since the effect of circumferential and
radial residual stresses on the calculation, was not

considered,

The compiete solution to the problem of determining
triaxial residual stresses in bimetallic cylinders was
finally obtained by Dekhtyar (30), using a layer-

removal approach,

The method is based on the assumptions that.the
residual stresses are axisymmetric, that the interface
between the dissimilar metals is clearly defined, and
that no axial slippage or radial separation‘of the two
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parts can occur, In view of the complexity of the final

equations, the following general parameters are defined

for the cylinder of fig.8 :

A = (1=m)k + (1em)a®
B = (l-M)k*+(1+m)b"
¢ = E (b-k)
D = E (K*-a"

In the case of internal layer removal (fig.9 ) a
is replaced by the general radius /O s, 50 that the

parameters A and D become A@) and _Dcﬂ)

With A/a positive for increasing /0 the residual

stresses up to the interface (i.e. for 4,5/94 k ),

may be determined from the equations:

02_:-._.!.... +l)] ; &L
v ’/“b =M d/’go om2 %

Sec { Alp).c+ 8.2() )/ 4 Ap).C +8D,
”/“"[ 4K I ) -| ko -

— U"/"“J).C -E;ﬁ]
Z k?
o = L. Apl.c+B2p) ,

‘l.

""/"t 4 k.?'/az b/o

]

?

Beyond the interface (i.e. for k(/ £ A ), oL
OE and O';Q may be determined from equations 1,01
(26)



with E and /M replaced by E2 and /uz o Abrupt
changes in gradient of the experimental plots of Cib/o

and /(Fb/o may be expected as a result of the discon-

tinuity at @ = K

In the case of external layer removal (fig.l0 ) L
is replaced by /0 in equations 1,21, so that 6 and

C  become 640) and Cca) . With Ap  positive

for decreasing /o the residual stresses down to the

interface (i.e, for k </0 < b ) may be determined from:

G 5[ D Ty & -
I/“z |/4’]( 2‘/0--7-;;;—;1—-170

Oc = A.C(p)+B(z)D
e /,‘ [ ;k;o b ] ) [(zw,,)j:fz./x

- A.C@)-H.’ago).])] P
4 k" 4

% o= - Acp)rspDd
M 4kt 9

Beyond the interface (i.e. for d</0< k ), equations

1.02 with E and /M replaced by E, and /M,

should be used,

The method is of considerable practical importance,
and may be applied, for example, to bushings, to lined
bearings and to cylinders built up by various processes

such as filling, metallization, electrolysis and welding,
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Recently the method has been generalised to n
layers by Deev (31), to make possible the.  determination
of triaxial residual stresses in multi-layer components,
The final equations, which are identical in form to
equations 1,22 and 1,23, are omitted here, for the sake

of brevity.

Typical examples of multi-layer bodies arej; high-
frequency induction hardened shafts and axles, built-up
cylinders with corrosion~resistant or wear-resistant
coatings, and tree-trunks, when the presence of annual- -

rings is considered,

Deev describes an experimental investigation of the
residual stresses in 53mm diameter built-up cylinders
manufactured from steel by automatic welding, Examination
of the specimens indicated that three distinct layers
existed; the welded layer, the heat-affected zone, and

the base material,

In all the investigations discussed so far, the
distribution of the stresses o, , ¢ and Op has
been assumed to be axisymmetric. Lambert (32) has
extended the Sachs technique so that antisymmetric
longitudinal residual stresses in round bars (produced by
plastic bending) can be determined, The method is based
on the assumption that the relief of the longitudinal
stresses Cﬁ_(?) (fig.11 ), which are antisymmetrié
( ’61(9)‘ = } GL[-?)’ ), by boring-out, produces simple
bending of the remaining bar,
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If the antisymmetrical longitudinal strain at distance

*
k from the nuetral axis ( % = 0 ). is g, ‘then:

* ~ zZ 2 "
EkI g = 4;[07.(‘7)"}[/0 —d )d‘j/
o aeee- -1.24.

where I = %(64—/4> is the second moment of area

of the bored-out cross-section,

Equation 1.24 is a Volterra integral equation of the
first kind, and is best solved (32) by a finite difference

apptroach.

The method is limited to long solid bars or long thicke
walled cylinders to which the simple bending assumptioﬁ
might be expected to apply. It may, however, be used in
the presence of axisymmetric triaxial stresses since the
antisymmetrical longitudinal strain ;L may be easily

distinguished,

1,03, RESIDUAL STRESSES IN THIN-WALLED TUBING.,

The residual stresses in thin-walled cylinders or
tubing have been the subject of many investigations,
Although some studies of quenching and machining stresses
have been carried out (35,64), most interest has been
centred on drawn tubipg and the effect of the wvarious
drawing variables on the final residual stress distrib-

ution (36-40,82,87).
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It is generally recognized that-the longitudinal and
circumferential residual stresses in hollow-drawn or sunk
tubing vary in an approximately linear manner from high
compressive stresses at the bore, to high tensile‘stresses
near the outer surface, with a rapid stress reversal
freguently evident in the outermost layers where the
material has been almost in contact with the drawing-die,
Loxley (87) obtained results which suggested that these
surface stresses in mild steel tubes were affected by
friction and could be reduced by the use of an efficient

drawing lubricant, .

In the case of plug-drawn tubing, overall stress levels.
tend to be lower (36,37,82) and more variation in the form
of the stress distribution has been observed, If the
process is carried out with little reduction in wall
thickness the stress distributions which result, tend to

be similar to those in sunk tubing (37,82).

The mechanism by which residual stresses are produced
during tube~drawing is well known, and is best explained
(37), by considering that the tubing is composed of a
large number of concentric, perfectly smooth, elemental
layers of eqﬁal thickness, The maintenance of dimen-
sional compatibility during reduction, results in the
occurrence of plastic deformation of varying severity
in. adjacent lavers, %nd phe final residual stress pattern
is established by elastic relaxation on emergence from.

the die,
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In the particular case of sunk tubing (fig.l2 ), the
drawing (longitudinal) stress for the layer 1, is small
while the compressive cin&hmferential stress is near the
vield value (37). As a result, the.longitudinal strain is
small, and the constant volume requirement during drawing
is met primarily by wall thickening. Since:

:Do - 2/’1‘ ...'P.‘.’-—
D - 24, D/

the percentage reductioﬁ for layer 2, is greater than
that for layer 1, A higher drawing stress is therefore ,
required, and consequently a greater elongation results,
Layer 2. must therefore be forcibly shortened to fulfil
the condition of dimensional compatibility at the inter-
face., As a result, a residual longitudinal tension is
induced in the first layer. Repetition of this reason-
ing with layers 3,4,etc., leads to a longitudinal
residual stress distribution which wvaries from tensile
at the outer surface to compressive at the inner surface,
The circumferential and radial residual stresses develop
in a similar manner. The forcible longitudinal shorten-
ing of layer 2, with respect to layer 1. causes it to
expand circumferentially and radially, so that a residual
circumferential tension is established in the first
layer, and a residual circumferential compression is
esfablished in the second, Repetition of this reaéonu
ing with layers 3,4,Qﬁc., again results in tensile
residual stress at the outef surface and compreésive.
residual stress at the bore, The tendenby of each layer
to expand radially is accounted for partially by wall

(31)



thickening, and partially by the development of a radial
residual stress distribution which is entirely compress-

ive except for the zero surface values,

In the case of plug or mandrel drawn tubing, the
presence of the plug or mandrel prevents wall thicken~
ing, and friction at the various interfaces has a
significant effect on the relative elongation of adjacent
layers, Since the frictional resistance at the plug or
mandrel is generally higher than at the more easily
lubricated die, the outer layers tend to be deformed .
more than the inner, and a reversed residual stress

pattern can result (37,36).

Knights (82) found that one of the most important
variables in determining the magnitude of residual
stresses in steel tubes was the ratio of sink to draft
(or the proportion of the reduction of area achieved by
diametral reduction to that obtained by reduction in
thickness). This was subsequently confirmed in the case
of the circumferential stresses in 70/30 brass tubing
by Meadows (36) who showed that the maximum observed
tensile residual stress in both sunk and plug-drawn
tubing was related to the strain disparity (= % reduction

in bore - % reduction in outside diameter),

In contrast to Loxley's findings, Meadows found that
lubrication, by lowering the emergent surface temperature
of the tubing, tended to produce higher overall stress

levels than were produced by dry-drawing,
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Misra and Polakowski (37) have recently described the
results of a comprehensive study of the wvarious tube-
drawing processes, with a view to the in-process
manipﬁlation of stress levels, Plug-drawing, mandrel-
drawing and sinking were the main subjects studied, but
the effects of reeling and rock~rolling were also invest~
igated to a limited extent, The materials used were
- 304 and 321 stainless steel, Incoloy 800 and cold-drawn
copper, Overall stress levels were found to be signif-
icantly lower in plug-drawn tubing than in sunk tubing,
with intermediate stress levels produced by rock-rolling.
Drastic reductions in the stress levels in mandrel-~drawn
tubing were effected by tandem drawing using a second,
low-reduction (2%) or skin-pass die, with a io taper,

In the case of plug-drawn tubing, tandem drawing was
found to reduce the average stress levels and reverse
the sign of normaliy tensile surface stresses, but in
the case of sunk tubing, tandem drawing had little bene-

ficial effect, and high stresses were always observed,

The recent papers by Buhler et,al. (38-40) report the
effects of plug~drawing, sinking and expanding on the
residual stresses in tubing produced from a variety of
steels including 9SMn28, 9SMnPb28 and 9CrMo9 10, and
discuss the possibility of calculating the stress levels
with the aid of dimensionless parameters,

Despite the large.amount of information available
about the effects of altering the conditions of manu~

facture on the final residual stress distribution in
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drawn tubing, there are certain aspects of the actual
process of residual stress determination in such tubing,

which have received little attention,

In all the above investigations, either the Sachs or
the Davidenkov technique was used for the analysis of
experimental data, In almost every case the following
assumptions were accepted without quéstion; that the
tube material was isotropic, that the inner and outer
surfaces were.concentric, and that the residual stresses

were distributed axisymmetrically,

The possibility that directional variation of the
elastic properties might occur in tubing drawn with
large reductions does not appear to have been considered
in the literature, and only Knights (82) has questioned

the assumptions about concentricity and axial symmetry.

Since the modifiéd Sachs equations 1,17 and 1,18 may
be used at any stage to correct strain data obtained
from tubing previously thought to be isotropic, for the
effects of anisotropy, an investigation of this point
was not thought to be worthwhile, Information on
experimental methods of determining the elastic constants

in orthotropic cylinders can be found in ref,26,

Although it has long been recognized that tubing drawn
under conmmercial conditions almost always exhibits some
degree of eccentricity (the normal commercial tolerance

for wall thickness variation in drawn tubing is *10%),
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only Knights (82) has considered the possible effect of
such eccentricity on the determination of residual

stresses,

The most interesting features of Knights's work on
eccentricity are discussed in a later section. It is
sufficient for the purposes of the presént section to
reproduce his conclusion - that the effect of eccentricity
on the bending deflection method of residual stress
determination could be neglected in tubing with an initial
wall thickness variation of less than %5%, provided the |

common practice of etching one specimen from the outside

and one specimen from the inside was adopted,

Knights also considered the possibility that signif-
icant circumferential variation of the residual stresses
might occur in drawn tubing, and suggested that the
occurrence of plastic bending at entry and exit from the
drawing-die might result in an overall longitudinal
residual stress distribution similar to the familiar
pattern shown in fig.,13 , He was, however; unable to
obtain experimental evidence which confirmed the exist-

ence of such a stress distribution.

In view of Knights's results using bending deflection
methods, it was felt that an investigation of the effect
of eccentricity on tyg deﬁermination of residual stress
in drawn tubing by the Sachs method, and a detailed
examination of the circumferential variation of the

deformations produced on cutting specimens to length
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and on layer removal, might yield some interesting

r

results,

1,04, OBJECTIVES OF THE PRESENT WORK.

(a) The development of experimental techniques for
cutting thin-walled tubing to length and for layer

removal,

(b) The development of a technique for the detection .

and measurement of small longitudinal and circumferential

variations in the effects of cutting-out and layer removal,

(c) A theoretical investigation of the effect of eccen-
tricity on the determination of residual stress by the

Sachs method,

(d) An experimental investigation of the effect of
eccentricity on the determination of residual stress in

drawn tubing by the Sachs method,
(e) An experimental investigation of the longitudinal
and circumferential variation of the deformations produced

on cutting drawn tubing to length,

(f) A critical evaluation of the bending deflection

method in the presence of eccentricity.
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(g) An examination of possible alternatives to the
conventional Sachs and Davidenkov techniques, in the

presence of eccentricity.

The tubing used in the experimental work was manu-
factured by Yorkshire Imperial Metals from de-oxidised
non-arsenical copper, by the following production

schedulez:

3" round billets, pierced to 3,5" bore,
drawn t*hardt' two passes, .
annealed at about 650°C,

drawn thard! two passes to 2"I,D.,, 2,125"0,D,

The metric equivalents of the above final sizes give:

@ = 25.40mm, b = 26.99mm, R, = 26.20mm and a/b = 0,941,
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SECTION 2.

APPARATUS AND EXPERIMENTAL TECHNIQUES,
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2.01, INTRODUCTION,

It is the purpose of this section to provide a general
description of the Vérious experimental techniques and
items of apparatus used in conducting the investigation
outlined in section 1,04, More detailed information on
particulaf aspects of individual experiments will be

found in sections 4 and Be

It is convenient to divide the section into three
parts; the first part dealing with the process of cutting

specimens, the second with the process of layer removal,

and the third with the process of strain measurement,

2.02, SPECIMEN CUTTING.

In order to cafry out the investigation of specimen
length described in section 4 it was necessary to devise
a suitable technique for cutting the thin-walled copper
tubing ( % = 0.941) to length. Although this operation
could easily have been performed on a lathe it was felt
that the degree of clamping necessary to hold the
specimen might introduce unwanted stresses (72)., 1In
order to avoid clamping difficulties, the possibility of
using acid-etching was considered., This method had been
used successfully by Loxley (80,81) but proved to be S
extremely laborious,~especially since an even finish on
the end-face was required on all specimens. The

an ordwary L3}

possibility of using §w§pq9g§§d hacksaw was also
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considered, but rejected, since it seemed desirable at
that point to avoid performing any operations on the

tubing which were asymmetrical,

The apparatus shown in fig,l4 was devised to rotate
the tubing against a high~speed screw-slotting cutter,
In this way, the cut took the form of a narrow (0.25mm)
groove which could be gradually deepened by turning the
hand-wheel H, The speeds of the tube and the contra~
rotating cutter were 20 r,p.,m, and 1500 r.p.m, respect-
ively, and a plentiful supply of 'Rapid-Tap! fluid was .
used as coolant, The final drive to the rotating tubing
was accomplished‘by means of the specially adapted gear-
wheel shown in fig.l5 , and power was transmitted to
the cutter by means of a flexible shaft., Since the
torque required to rotate the tubing against the cutter
was relatively small, only light clamping by means of
the socket screws was necessary, The tubing was sup-
ported in four bearings (fig.l6 ) which could be moved
longitudinally and locked in any desired position, Each
was equipped with spring-loaded rollers and a removable
top half, which was also spring-loaded, Lateral move-~
ment of the tubing during cutting was prevented by using
two of the adapted gear-~wheels back-to-back against the
bearings, with large nylon disc-washers. interposed. to
reduce friction., The apparatus was powered by a 0,17 h.p.
electric motor with reduction gearing to the tubing and
a direct drive to the cutteéer, With this arrangement
each cut on tubing with 5% = 0,941 and R, = 26.20mm
took about four minutes to complete., Any attempt to
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reduce this time tended to cause excessive vibration

because of the coupling between tube and cutter,

2.03. LAYER REMOVAL.,

An excellent summary of the various techniques avail-

able for layer removal can be found in Dentonts review

(72).

Acid~etching was chosen for the present work since .
it was known (80,81,88) to be an almost stress-free method
of layer removal, and also since its use would aveid all
difficulty over clamping the thin-~walled copper specimens,
A further advantage, discovered in the course of the
experimental work, was that layer removal could be contine

ued down to wall thicknesses of 0,0lmm ,

The main difficulties with acid-etching are in the
achievement of a uniform rate of dissolution all over the
exposed surface, and in the prevention of unwanted

corrosion,

Preliminary experiments with copper specimens sus-
pended vertically in beakers of acid indicated that the
reaction rate increased with depth within the acid, and
~therefore that the best method of achieving uniformity of

layer removal was to rotate ithe specimen about a horizontal

axis while etching was in progress,
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The most suitable rate of dissolution was achieved
with 50% nitric acid at a temperature between 30—35°C.
It was therefore necessary to find a stopping-off compound
which would adhere to copper and resist this solution, The
proprietary stopping-off waxes favoured by previous
investigators (80-82,88) were felt to be unsuitable on
account of their low melting-point (3700). The compound
finally selected was the I.C.I, silicone rubber
tSilicoset 100;. This proved to be completely unaffected
by prolonged exposure to the etchant, and bonded strongly
to the copper specimens when used in conjunction with the _

appropriate I.C.I., primer,

A three-quarter sectional elevation of the acid bath
developed for layer removal is shown in fig.l? « Apart
from the stopcbck and the heating tubes which were glass,
the entire apparatus was constructed from perspex, Power
was transmitted from a slow-speed motor/gearbox outside
the bath (fig.18 ) to the spindle, on which a specimen
would normally be mounted, by me;ns of the perspex gear-
wheels, The spindle (fig.1l9 ) was mounted on two split
bearings 305mﬁ apart, and could be removed and replaced
easily, Although similar in certain respects to an
apparatus used by Botros (48) for etching steel cylinders,
this arrangement had in fact been constructed before
Botrost's paper was obtained,

The motor/gearbox output speed was 1 r.p;m. with the
direction of rotation automatically reversed every half-

revolution, by the mechanism shown in figs.18,20,21 .,
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With a 1:2 step~up gear ratio the spindle revolved at

2 r,p.m, and was reversed every revolution, this being
necessary to avoid winding the strain gauge leads into the
acid bath, The reversing mechanism, which consisted of two
microswitches back~to-back and wired as shown in fig.21 ,
was operated by the rotating arm on the motor shaft coming
into contact with the vertical trigger-pin, The movable
arms were held in contact with adjusting screws by the
spring~loaded microswitch buttons B, and when properly
adjusted, a small lateral movement of the trigger-~pin was
sufficient to reverse the direction of rotation of  the

motor,

In view of the known toxicity of mixtures of oxides
of nitrogen (brief exposure to 200 p.p.m, can be fatal),
an outlet was provided from the acid bath to a fume
cupboard extractor through flexiblé plastic piping, This
proved to be an extremely effective method of containing
the toxic fumes; the partial wvacuum maintained in the
apparatus when the cover plate was in position on the
observation hole, was so large that the bath lid could not

be removed,

Acid was supplied and extracted through the glass
stopcock by means of the arrangement shown in fig.22 3
by using either the compressed-air supply, or the suction
“provided by a tap-mounﬁed air ejector, it was possible to
£fill or drain the acid bath rapidly. The capacity of the
carboy when two-thirds full was 20 litres and that of the
acid bath when filled to the 150mﬁ level, about 18 litres,
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The acid was stored permanently in the carboy when not in

use.

The acid was heated by passing hot water through
twenty=-two, 5mm bore glass heating tubes, which were
arranged along the bottom of the acid bath, as shown in
fige23 + These were sealed on the outside of the bath
with *Araldite! and on the inside by a solution of perspex
in chloroform (which proved to be ideal for all sealing

purposes within the bath). A continuous circulation of

hot water at 4500 was maintained by the apparatus shown in.
fig.24 , which consisted of two 1kW thermostatically-

controlled bath heaters arranged in parallel, and a by~

pass valve, The capacity of the system was approximately

28 litres, with small additions being necessary from time
to time to replace evaporative losses, With this arrang-
ement, 18 litres of acid could be heated from 12-31°C in

twenty-five minutes,

The general arrangement of the whole apparatus is
shown in fig.25 . An auxiliary fume extractor pipé was
suspended near the‘acid bath since it was occasionally
necessary to remove the bath 1lid while etching was in

{ progress.' A levelling platform for the acid bath was also

provided,

it was’'necessary to remove the specimens from the acid bath
to measure the strains produced by laver removal, To

facilitate this process, each specimen was mounted in a

" For reasons which will be discussed in section 2,04,
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sealed unit which was easily removable from the spindle.

In the case of internal layer removal, the first stage
in the construction of the sealed unit was to mount a
perspex disc or end-ring at each end of the specimen,
After priming the surfaces indicated in fig.26a , the
the specimen and end~ring were placed in their correct
relative positions on a polythene sheet which had been
lightly smeared with 'Durofix' to provide a temporary seal.
Using a small syringe, the 9,5mm~wide annular space so
formed, was fil;ed with overthinned 'Silicoset 100' sol-~
ution (obtained by mixing 6éml of *Silicoset 100! with an
equal volume of the I.C.I, thinning fluid F111/500 and
adding one drop of curing agent 'A'). After curing was
complete (overnight at room temperature) the polythene
sheet was easily peeled off, leaving an acid resistant
joint between the specimen and the end~ring which was
extremely flexible (fig.36 ). When both end-rings had
been attached in this way the sealed unit was completed
by mounting the specimen inside a lérge perspex cylinder
as shown in figs.27,28,29 . The manner in which the
strain gauges were installed and protected, will be
discussed in section 2,04, The completed unit was
mounted on the spindle by means of two perspex supports

as shown in figs.30,31 .

For the case of external layer removal, end-discs
. were fitted inside the specimen, as shown in fig.32 .
Basically the procedure was the same as for the end~-rings,

except that the annular space between the end-disc and
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the outer ring was filled with overthinned 'Silicoset 100!t
before the specinen was lowered into positipn. Both the
outer ring and the polythene sheet were easily removed
after curing, leaving the end-disc mounted as shown in
fig.32c . To avoid an air-lock when fitting the second
end-disc, the disc with the holes for the gauge leads was
always fitted first.. The completed, sealed-unit for
external layer removal is shown in fig.33 . The four
‘locating holes enabled the unit to be fitted easily onto

a modified spindle, as shown in figs.34,j5 .

Although, under normal circumstances, contact with
the acid only occurred when inserting or removing the
sealed units from the drained bath, rubber gloves were
worn at all times when working with the etching apparatus.
As a further precaution, several litres of dilute potassium

hydroxide solution were kept nearby in case of spillage.

An investigation of the uniformity of internal layer
removal from two copper specimens with a@ = 0,941,

R”’ = 26,20mn and JZ = 182mm was carried out by
measuring the change in wall .thickness A/h at the fifty-
six evenly spacad points indicated in fig.37 , after a
period of acid attack, The initial wall thickness at
the points 9-48 was obtained by linear interpolation
between the end values on the same generator, and the
.change A}L was measured after cutting the specimen into
seven lengths of 26mm .~ Th; wail thickness reduction was

249 in the case of the first specimen and 81% in the case

of the second specimen, and there was no sign of prefer-—
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ential etching in either case., The Ah values were
randomly distributed as shown in fig.38 . _The wider
scatter obtained in the case of the first specimen was
almost certainly due to local inhibition of the reaction
by surface dirt. 1In subsequent experiments the surface
to be exposed to the acid was always thoroughly cleaned

and degreased.,

In the case of internal layer removal, the bore

radius /O , was determined using the formula:

2 2 w
= A b

which follows directly from fig.39 . M/ represents
the weight loss of the sealed unit, @ the weight
density of copper and )Z’ the reduction in specimen
length (since the end-faces as well as the bore of the

specimen were exposed to the acid).

For the case of external layer'removal, the radius
/0 of the outer surface after a period of acid attack

was determined in a similar manner from the expression:

w

pre Byt

w(L-4,) (,g 12,)

Z.‘L

mema==202.

which follows from fig,40

Both VV and 'Ll were measured when the sealed
units were removed from the acid bath for strain measur-

ement; VV after every etch, by using a pan balance, and
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/e/ less frequently, by means of a steel rule, A plot
of ,(, against M/ obtained from a specimen with

a/b = 0,941, Rm = 26,20mm and A& = 208,8mm is shown

in fig.41 , Intermediate values of ,ﬂl were taken from

this curve,

- The accuracy of equation 2,01 wés checked by using
the values of M/ and ‘Ll for the two specimens
concerned in the invesﬁigation of thé uniformity of layer
removal, In the case of the first specimen (24% wall
thickness reduction) the difference between the calculated
value of Ah and the mean of the measured values was
1%, and in the case of the second specimen (81% wall

thickness reduction) the difference was less than 0.5% .

The feasibility of using a chemical volumetric
analysis for the estimation of M/ was also studied,
The technique examined was the iodine-thiosulphate
titratién method described in ref.41 . Although it was
possible to estimate the copper content of a samplsaféA '
within iO.S%, it proved difficult to obtain a represente-

ative sample from the acid bath and to estimate the total-

volume of etchant, so that the overall accuracy was 13% .

2,04, STRAIN MEASUREMENT.

-

Since the proposed investigation was likely to
involve the detection and measurement of small longitudinal

and circumferential variations in the effects of cutting-
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out and layer removal, the strain gauge method of strain
measurement was chosen, Micro-Measurements series EA~O0Q
epoxy-backed 120 ohm gauges, which were temperature-
compensated for copper, were used in conjunction with a
Philips P9205 portable strain recorder (repeatability

i5.x 10”6), and a Farnell 7,5 volt D.C, stabilized power
supply. Gauge lengths of 6.35mm and 2,29mm (0,250" and
0,090") were chosen,. the larger gauges being used mainly
in preliminary experiments, A balanced half-bridge circuit
using a éommon dummy was employed for all strain measure-

ments,

Preliminary experiments were conducted to examine
the feasibility of continuously monitoring the surface
strain while layer removal was in progress. These
expériments were carried out in conjunction with the
examination of the wvolumetric method for estimating M/
and it was hoped that a rapid method of determining
residual stress could be developed by combining the two
techniques, Unfortunatel& the heat of reaction liberated
as the copper dissolved made it impossible to equalize
the temperature of the.test and dummy specimens, although
both were submerged in the same solution, and no useful

results were obtained,

Since stability of the gauge zeros was of prime
~importance, a discontinuous technique was adopted, and,
as mentioned in section 2.03 , the specimens were mouhted
in easily removable, sealed units which were washed and

dried before the strains produced by layer removal were
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measured., As an additional precaution against zero drift
due to changes in ambient conditions, a constant temp~-
erature chamber was constructed in which the dummy
specimen remained permanently, and to which the test

specimens were returned after each etch,

A disadvantage of the discontinuous strain measufing
circuit is that some means must be found of disconnecting
and recoﬁnecting the active gauges without introducing
resistance variations., The figures recently quoted by
Peekel (42) illustrate the magnitﬁde of the problem; for
a balanced circuit using 120 ohm gauges with gauge factor 2,
a change in resistance of 0,00024 ohm is equivalent to
1 microstrain, Denton (72)'quofes an example where
silver~plated brass plugs gave a repeatability better than
i1 microstrain, while Knights (82) elected to solder and
resolder the connections every time., Lynch (69) describes
a method for immersing thé leads in swmall pots of mercury,
but gives no figures for repeatability. The technique
used in the present work was to solder a spade connector
on the end of each gauge lead, as shown in fig,42 , and
to make the connection to the bridge circuit by means of
screw=down terminals, Since only three such terminals
were p%ovided on the strain recorder, the small terminal
box shown in fig.4l4 was constructed to enable the test

specimen to be removed or replaced without disturbing the

~connections to the dummy. By degreasing each spade

.

terminal before every measurement, a repeatability better
than -2 microstrain was obtained., The arrangemént shown
in fig.45 was used to minimise the possibility of
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corrosion of the spade terminals by stray fumes or

accidental spillage while etching was in progress,

The adhesive used for all strain gauge installations
was a liquid hardener/liquid resin of the 'Araldite'! range,
formulated to be dimensionally stable over long periods,
This required 2-4 hours to set, and an overnight cure
during which, externally~-mounted gauges were held din
position by a rubber pad and 'Sellotapet, and internally~
mounted gauges by a small clamp specially désigned for
the purpose, All gauge leads were P.V.C.-covered '7/0.1lmm,.
and a thin layer of overthinned 'Silicoset 100' was used
to protect the gauges and their soldered connections

against humidity or accidental corrosion,

In the investigations described in section 4 , all the
gauges were mounted, wired-up and protected before the
specimens were cut from the parent tubing. During cutting,
which was performed with the apparatus described in
section 2,02 , the gauge leads and spade connectors were
wrapped round the outside of the tubing and covered with
polythene sheeting and P.V.C., tape., Once the specimens
(1A-1,1A-2,2A-1 and 3A-1 in figs.63,64,65) had been freed,
it was necessary to cut the gauge leads in order to
construct the sealed units for internal layer removal,

The manner in which the leads were rejoined and the join
"protected is illustrated in fig.43 . The sections of

the gauge leads exposed to the'etchant were additionally
protected by lmm bore P,V.C. s;eeving, and the sealing at

the end~ring was 'Aralditet,
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In the case of external layer removal (specimen 28-1
in fig.6lc ) it was necessary to cut the specimen to

length before the strain gauges could be mounted,

Three sectional views of the constant temperature
chamber are shown in figs.46,47,48 , The innermost tank

was constructed from 2,5mm brass, and the walls, roof and

* floor of the controlled air space from lmm brass, The

capacity of the water jacket was 56 litres, with the
temperature controlled by a sensitive 1lkW heater/stirrer
unit., A small propellor assisted air circulation within

the controlled space,

The most effective control was achieved with the
apparatus set about'15°C above room temperature; fig.49
shoﬁs the frequency distribution of 302 measurements of
chamber temperature taken over a period of two weeks at a

nominal setting of 33000

The general arrangement of the strain measuring
circuit is shown schematically in fig,50 . Although
errors can occur with this type of circuit if the active
and dummy gauge leads differ in length (42) these were
effectively eliminated by using the constant temperature

chamber,

Recently (43) some doubts have arisen about the
stability of Micro-Measurements series EA epoxy-~backed
strain gauges, It should therefore be pointed out that
all gauge installations used in the present investigation
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were zero-checked over a length of time at least equal
to the expected test duration, and the maximum observed

drift was less than 10 microstrain,
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SECTION 3.

THE EFFECT OF ECCENTRICITY ON

THE‘ DPETERMINATION OF RESIDUAL

STRESS BY THE SACHS METHOD,
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3.01., TUE ECCENTRIC CYLINDER.

The cross-section of an eccentric cylinder or tube
may be represented, as shown in fig.51 , by the area
bertween two non-concentric circles radius O and b
( @ 1less than b ), where the centre distance €

does not exceed the difference of the radii.

The eccentricity of the cross-section, denoted by

e , is defined by the equation:

c
b-a _________ 3ol

e =

from which it follows that € varies from zZzero to one

as € changes from zero to b-0 .

Expressed as a percentage, € represents the
maximum deviation of the wall thickness from the mean
value b—a. « The normal commercial tolerance for wall
thickness variation in drawn tubing (section 1.03 ) may

therefore be expressed: e <L 0,10 ,

The removal of uniform layers from either (or both)
surfaces of an eccentric tube does not change the centre
distance, but increases the eccentricity. If the internal

radius increases from @, to /O then:

; Eo-") = - £

b=P e 302,

or in the case of layer removal from the outer surface:
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'egp) = ~,EL_. i

In a uniform tube, the wall thickness /h , defined
as the distance between two parallel tangents, is easily
measured by a standard tube micrometer, In the eccentric

tube, where the axes of the two cylinders which form the

inner and outer surfaces do not coincide, the precise

definition and measurement of the wall thickness //\9

is not so straightforward (82)., If the angular position .
of the point P in fig.52 is defined by the angle O

from maximam wall thickness, then /ﬁe must be defined

as the distance PQ , Since the tangents at P and Q are
not parallel, it is clearly difficult, if not impossible,
to ensure that the hemispherical anvil of the tube
micrometer makes contact with the inner surface exactly

at the position @ . If, however, C is small compared
to @ and b ’ theAerror produced by this tendency of

the inner anvil to 'wander', will be small, and may be

neglected,

It may easily be shown from fig.52 that:

}
Ahp = b -~ [(a‘.c“’mtﬁ)/"—-c.cfsaj

2 z
and if C is very much less than @ :

bhp = b-a+c.coe
= (b-a)(1+e.c6)
= ,4&m (I-féi~¢536>>
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and if the internal radius is increased from QA *to /O

then:

1]

hg | (b-p)[ 1+ e¢).cé9]

W
™~
f"'”j
+
®
T
)
g

3,02, THE ECCENTRIC CYLINDER UNDER UNIFORM

INTERNAL AND EXTERNAL PRESSURE,

The theoretical investigation described in this
section was carried out to assess the effect of the
increase in eccentricity which occurs on layer removal,
on the determination of O"c_ and O—IZ by the Sachs

method,

Whereas the analysis of the radial deformatiéns
produced in a uniform cylinder by internal or external
pressure represents a relatively simple problem in polar
co~ordinates, the solution in the case of the pressurised
eccentric cylinder requires the use of the bipolar. co-
ordinate system (44 ,46,47), which is a system of curvi-
linear co-~ordinates derived from the bilinear transform-

ation or mapping:

S 7YY
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o T, T

where 2 = :x-f-,(:la, y and k is a positive real

length,

i

If: 5 lo'd +—,i/6
2+ Lk
7 —/"k = %2_ = Y'Zex)c/@(.}.(ﬁt)
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then:
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a“fjaé :-.15? é%t

and using the property of the logarithmic function that:

303} W .==' ,Lﬁ%’bVl + A;.aﬁ?nlv

it follows that:

so that:
LI

oL

7 |
A = =, o _...30%

The general scheme of the co~ordinates in the complex
Z ~-plane is shown in fig.53 s which has been adapted
from an illustration in ref.4s , The distances Y, and
V; provide a means of fixing the point P relative to
the two origins 0 and O' (47), It may be shown by

expressing oL and /6 in terms of the Cartesian co=-

~ordinates X and g, that the curves in the Z& =~

plane corresponding to ol = constant are a set of co~-
axial non-concentric circles having 0 and O' for limiting

points (fig.54 ), and that the curves corresponding to
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/3 = constant are circles passing through O andVO',

cutting the first set of circles orthogpnally.

B& limiting oL +to positive wvalues in the range
0(a é & £ o(b it is possible to define the cross-

section of an eccentric cylinder,

Both Jeffrey (44), using classical elasticity theory,
and Stevenson (46), using complex potential theory, have
obtained solutions in bipolar co-ordinates for the surface
stresses and displacements in the pressurised eccentric

-

cylinder,

It may be shown (44) for the cylinder of fig.55 that
the circumferential surface stresses at the points Q and P

are given respectively by the expressions:

) = =+ ) (esvh o~ Yosinf, -, Y,

+ Mo(a.m(ogt—océ)] peeeao- 809

| = by - ) et e sk )
— swhd cth(4, )]

- gy TP e -, -

ot
>
W

310,

~where: H = ?’m(d’“ ‘db )z o
S 2 )
, 2 (b’ + sinh' o, )
By putting .41 or _42— equal to zerorin turn,
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the effect of internal or external pressure, acting
alone, may be examined, With 4% = 0 , equations 3,09

and 3,10 reduce to:

G, = a4y (Wt =) M sinb o, ) €538,

+ Mda.cash(aauab)‘] 4.1l

Selbly =~ pu(cohe —corp, Y s, i) s,

— Mdb m(o(a- 0(5)]______3,;2 |

If @& and b denote the radii of the curves K,
and o{b , and c denotes the distarnce between their

centres, then it may be shown (44) that:

R (L
(b%a)] L2~fa+c) ][ b2~ (a -c.)"]

By = ho[e(izewsp ) o) ]

(b%+a") [6*-(a+c) ] [ b~ (q-c)"']
__314

from which the distribution of the circumferential stress-
es on the inner and outer surfaces may be calculated, for

the case of uniform internal pressure,

Coker and Filon Q45) verified equations 3.13 and 3.14
experimentally by comparing measured and calculated values-
0265)4 and 6205)5 at the points D,E,F and G in

fig.55 , for four cases in which & , b ana ¢
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were varied over a considerable range, In all cases

excellent agreement was found, .

With /;aa = 0 in equations 3.09 and 3.10 it may
similarly be shown (44) that the surface circumferential

stresses in the externally pressurised cylinder are:

02(/?:)“ = - 24, b"[ (bc*) L a"(a +2c.c&3ﬂa)z]
(b+a’)[ b+ (a+9)*) [ bf—- (a-<)"]

05@@ = -4 _ 24, 8" [b"{ln—-Zc.C&Sﬁb)z— (;-_3)’;]

( b"-f-a"') [ b*~(a -f-'c)"] [ b (a- c)"]
R 1 [

»

In the case of the residually-stressed eccentric
cylinder, equations 3.13-3.16 may be used to assess the
uniformity of the stress or pressure applied by layer
removal, and hence, to assess the uniformity of the stress

n ]
components (¢ and Oz (appendix 3 ).

It i% ) and ) denote the surface strain
@), (#ap

parameters for internal and external layer removal respect-

ively, then by replacing a (internal layer removal)

or b y (external layer removal) by the general radius

/p , equations 3.14 and 3.15 may be written:

(5‘1'*/”1‘)[61— 644_‘.)1][!’1._ [f-c)'z']—l

agp b-c SRR ¥ 4

»

i), - Euly - (¥l mecapp]-p-27
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AW, = BU), - 2] [y ]

(D[P (-]
a+e < L L s 3.9

So that the uniformity of the stress or pressure
applied at one boundary, at each stage /0 of the layer
removal process, may be investigated by comparing the
measured and calculated values of /@(ﬁ) at the other

boundary,

From the point of view of practical strain measure-
ment, the definition of angular position by means of ﬁa
and /Bb (fige55 ) is not convenient, If 9“' and 96
are defined as indicated, it may be shown (appendix 4 )

that:
 dppe) o Rbetend [ ()]
ZheessE), +[ p- (/o':-c‘)} |

6_53&(/0}6;) - Zac+csb, [/,1’ (41+c1')}
| chcssea,,.[/oz_ (a"—wf)]

- - - 3‘20.

and if the dimensionless functions F";(/o'Q) and F;(/J,D)

are défined by the expressions:

F(/’: = 7 770 {(/’ - a.t[q-ch.csSﬁQ(p,G)J} ~
U ~(a+¢) ]D’“ (a-¢)*]

a+e<p b e ---32).
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(4f ) [ J 1= (p-)"]
astp b-c 322

then equations 3.17 and 3.18 may be written:

() E' w(e)
e = T o F(s)p)
'f’a. "ka ’ /’) __________ 3.23.

e () (
— £ = EAlhy g0
” 7 lp®) 524

Given the initial dimensions @& , b and ¢ and
a number of angular positions Qb or 94' at which
the surface stress value is required, the calculation of

the functions Fé(f;,o) or Fa(lo’P) is carried out in

two stages, as follows:

(a) The determination of M/gb{/;y) or CO’S/%{/”,@)

at each position 9[, or 94 for a range of /o

values, using equation .3.19 or 3.20 .

(b) The substitution of the values /. 665/36(/),9)
or /0 , d&ﬁa‘(}o,g) in equation 3.22 or 3.21 .,

It is convenient for the purposes of this calculation
~to rewrite equations 3.19-3.22 in terms of the dimen-
sionless radii /o/b or /Z“ « In the case of the

expression for Fb{/a)&) this leads to:
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A 2 Z 2 2.2 |
F;(p/b)g) - 2/%:,,{[l'2'%-‘;‘5&,(%10)]‘(/%2”%‘)_}_-

(e 2) 1= (45 1[1-(5- %))
o

a g £ - C
b’é b<! 3,25,

; - . A A e o o o am

An experimental investigation of the surface stress
distribution produced by removal of uniform internal
layers from a residually—-stresséd specimen with %
= 0,941, % = 3,553 x 1072 and ¥ = 0,06 was carried

out, and will be described in section 5 ,

The calculation of Fb(/%,@) , at each stage of

the layer removal process, was a necessary preliminary

to an examination of the data obtained, Since C was
very much less than @& or b y 1t was assumed during
this calculation that 96 = ‘9a. = & . Table 1

shows the values of Fb (ﬂ/b)ﬁ) for a number of @

values at each of the following stages of layer removal:
/’/b = 0.940(0.005)0,970(0,002)0,990(0.001)0,995

The mean value of Fb(P/b'ﬁ) at each stage ﬂ/b is

shown in the row marked Fm .

The angular positions (§ were chosen, with the

. /] ] ’ o ;
exception of 9 = 90%, 180" and 270, to correspond to

the positions of circumferential strain gauges on the

test specimen (table 3 ).
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Fig.56 shows Fz(ﬁ%ig) plotted against @ for
a range of /%@ values., It is clear that the variation
of the circumferential stress on the outer surface increases
rapidly as /e@ approaches the limiting wvalue ! - 9@
(= 0.9965), and that the maximum value of stress always
occurs at minimum wall thickness, For /2; = 0,940 and
0.995 the ciréumferential stress on the outer surface at
minimum wall thickness is respectively 16 times and 688
times the applied internal pressure,

The wvalues of Fb(/%,&) for 9 = 90° and 270° .
are numerically equal to the ratio of the circumferential
stress on the outer surface to the applied internal
pressure obtained using Lame's equation for a uniform
cylinder with a wall thickness equal to the mean wall

thickness b—vo of the eccentric cylinder,

Table 2 was obtained by recalculating part of table 1
in the form FL[ﬁ@)9Z//F%{ « The additional columns
for /%Z = 0.973, 0,980 and 0.985 were obtained by linear
interpolation., The significance of this table will be
discussed in section 5 in relation to the measured strain

distribution on the outer surface of the test specimen,.

By extending the calculation of Fiﬂ@@,&) to
include /&L values less than 0.941, the circumferential
-surface stress variation produced by uniform internal
pressure in thicker cylinders with the same centre distance

may be investigated, It is clear from fig.56 +that in

cylinders with 9@ less than 0.9, the inner and outer
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surfaces may be regarded as concentric without signif-

icant error,

3.03., THE SACHS METHOD IN THE PRESENCIE

OF ECCENTRICITY,

(a) Circumferential and radial residual stresses,

Since even the application of a uniform radial stress
or pressure to an eccentric cylinder will produce E} -
varying circumferential stresses on both boundaries, it
is clear that stress components of the type CT' (append-
ix 3 ) will wvary with 6 in the preéence of eccen-

tricity. It follows from the equation:

5"= O’-P'O"’

that the stresses relieved in all layers (with the
possible exception of the first) will vary with @ , and
that the effect will be cumulative as layer removal

proceeds, and eccentricity increases,

Under these circumstances the determination of 02
and 62_ represents a difficult task, The extent to
which the Sachs analysis can be applied in practice is
investigated in section:5 .

-

(b) Lengitudinal residual stress,

The determination of 61. in the presence ol eccen-

(66)



tricity is complicated by the fact that longitudinal
shearing actions must be considered, Since the response
of a given section of the tube wall to the longitudinal
forces applied by layer removal will obviously depend
on the local wall thickness, it is clear that longit-
udinal shear stresses will develop as the variation in
J%e increases, and that the effect will be amplified

by the presence of circumferential variations of Cﬁ_ .

The possibility of applying a simple modification
of the Sachs analysis which takes account of wall
thickness variation, but not shear stresses, is examined

in section 5 .
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SECTION 4.

AN TINVESTIGATION OF THE

EFFECT

OF SPECIMEN LIENGTH.
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4,01, INTRODUCTION.

It is assumed in the derivation of the Sachs
equations that the cylinder length is infinite., Since
in any practical application of the technique a specimen
of finite length must be used, it is clear that the
effect of specimen length on the residual stress

determination is of fundamental importance.

Since complete relief of the longitudinal residual
stress GL must take place at the free surfaces createq
by cutiing-out, it follows that a region of stress disturb-
ance must exist in the vicinity of the end-faces of any
cylinder of finite length, The extent of this region of
stress disturbance is dependent on the character of the
longitudinal residual stress distribution and, in the

case of hollow cylinders, on the ratio of Rhyga .

In order to obtain an accurate estimate of the
residual stress distribution in a long (infinite) cylinder
from measurements made on a relatively short specimen, it
is necessary that the specimen length should be sufficient
to avoid overlap of the regions of stress disturbance
and to provide a central region,lseveral times the gauge

length, in which no stress disturbance takes place,

Over the years, a number of investigations of the
effect of specimen length have been carried out, Sachs
and Espey (64) suggested that a specimen length of

between two and three times the diameter was suitable.
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Buhler (49) showed by some careful experiments on gquenched
steel cylinders that a length/diameter ratio of two would
suffice in the case of solid or thick-walled ( Kﬁéﬁ = 1 )
cylinders, and that even shorter specimens might be used
if R@Ql = 1.5 . Botros (48) used a length/diameter
ratio of two for aluminium and mild steel tubes with ﬂéh
in the range 5-10 , and more recently Osakada, Shiraishi
and Oyane (50) used the same figure for specimens of

hydrostatically~extruded copper rod,

A theoretical analysis by Kawagoe (51) indicated that,
a minimum length/diameter ratio between 2 and 2,25 should
be used, and this figure was subsequently (52) verified

experimentally for solid steel cylinders,

A recent investigation by Hanke and Tiemann (53) of
the longitudinal distribution of the surface strains
produced in case-hardened steel cylinders by 'end-facing?
confirmed a minimum length/diameter ratio of two for
solid or thick-walled ( kﬂgh = 1 ) cylinders, VWith
strain gauge pairs mounted as shown in fig.57 the
cylinders were progressively shortened by removal of
material from end 'A' ., In all cases, the measured
longitudinal and circumferential strains were found to
vary identically with the distance X s and the

relationship:

o’,_(:t)

01_ o2

| — exp(-0-235x)
YY)
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where Ciog represented the undisturbed stress level,
was found to describe the longitudinal residual stress
variation in the vicinity of the end~faces, It is clear
from fig.58 +that the stress disturbance produced by the
'end-facing! operation rapidly decreased, and was
negligible for greater than 30mm (i.e., 2X» D in
the case of the solid cylinder, or ¢ >_Dm in the

case of the hollow cylinder),

4,02, THE DETERMINATION OF A SUITABLE

LENGTH TFOR THIN;WALLED SPECIMENS,

Since most of the available data on the effect of
specimen length had been obtained from solid or thick-
walled cylinders which had been quenched to obtain an
axially symmetrical residual stress distribution, an
investigation of the effect in the case of thin-walled
drawn tubing ( K?ﬁk = 16.5 ), in which circumferential
and longitudinal variations of stress might be present,

was carried out,

(a) Theoretical considerations,

If it is assumed, as a first approximation, that
the residual stresses present in a thin-walled tube
“( zczh » l] ) are axisymmetric and do not vary with
length;, the surface strains and deformations produced byv
a cut at right-angles to the axis of the tﬁbe may be

predicted by the theory of beams on an elastic found-
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ation (54,96).

It follows ffom the longitudinal equilibrium

condition 1,07 that no direct longitudinal force, only

a bending moment will be produced on making a cut at
right-angles to the tube axis, If this bending moment
(produced by the complete relief of the approximately
linear longitudinal residual stress distribution) is.
denoted by th per unit length of circumference,

and the inward radial displacement of the tube wall is
denoted by _AJ~ (fig.59), then it may be shown (55) .

that:

mwx) =

EAH*8°
where: Sb(ﬁx) ( esS 69(_ - Stin 6x) 9}(}9(-69(_)

and: 64 = 3{’%2)
Ruih®

i

It follows from axial symmetry that:

g(x) = 2 - o ,qb (6+)
RM E RMA\ .__'_____4_03

Qb(ﬁx) is a rapidly damped oscillatory curve of

wavelength E&H: (fig.60 ).

With A"Zh = 16.5 and Rm = 26,20mm, it may be
shown that [ = 0.199mm_1, and it is clear from fig.60
that for O gz;eater than 3_7!. (or )2 Rm or 31.6mm)
the disturbance produced by té? cut will be negligible,
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from tube 'A' using a hacksaw and a plentiful supply of

(b) Experimental investigation.

Preliminary theoretical consideration based on the
assumption of complete axial syummetry and of an approx;
imately linear longitudinal residual stress distribution,
indicated that the region of disturbance produced by a
cut at right-angles to the axis of a residually-stressed
tube with K% = 16.5 extended 0'bbm on either
side of the cut. Since this result was in agreement with
the figures mentioned in section 4,01 for solid and thick-
walled cylinders, it appeared that a length/diameter ratio,

greater than two was universally applicable,

The following experimental work was carried out on
thin-walled drawn tubing to determine whether circum-
ferential variations in the effect of cutting-out

occurred,

Two 4.57m lengths of 'hard! copper tubing with 64’
= 0,941 or Rm//"‘m = 16.5, and Eh\ = 26,20mm were
marked-off as shown in fig.6la . By designating one
end of each length as 'end-1' and numbering each sub-
division as shown, a record was kept of the position each

individual specimen occupied in the parent tubing.
Three [2 ‘DM lengths (629mm) were carefully cut

coolant., The clamp shown in .-fig.66 was adjusted until
rotational movement of the tubing was just prevented,
Tests indicated that this method of clamping introduced
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no additional stresses,

Measurement of the circumferential variation of the
wall thickness at both ends of each IZDM length
showed that the centfe distance C (ana therefore the
eccentricity) changed slowly over the combined length of

5é.bm , with C = 0,098mm, 0,097mm and 0,096mm
for tubes 1A, 2A and 3A respectively., No significant(?j
rotation of the axis of symmetry of the cross-section was
observed, Fig.62 compares the circumferential variation
in wall thickness at each end of tube 3A . The angle 6
was measured from maximum wall thickness in a clockwise

direction, looking on end-~l .

Strain gauges were applied to the outer surfaces of
the three tubes at the positions shown in figs.63,64,65 .,
The gauge positions on tube 2A were chosen so that the
longitudinal distribution of the strains produced by
cutting specimen 2A-1 could be examined, while those on
tubes 1A and 3A enabled the investigation of the circum- .
ferential variation of the strains at the mid-sections of
specimens 1A-2 and 3A-1 .‘ The angular position of each

gauge on specimens lA-2 and 3A-1 is shown in fig.,67 and

table 3 respectively,

as before, the angle 9 was

measured from maximum wall thickness in a clockwise

direction, looking on

end-~1 ,

All the gauges on tube 2A,

~and the single gauge pair on specimen 1lA-l1 were mounted

on the-rgenerator of maximum wall thickness,

The gauges were protected by applying a coating of
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tSilicoset primer' followed by a thin laver of
tSilicoset 100!' which had been overthinned with the

silicone fluid F111/500 as described in section 2,03 ,

All strain measurements were made with the tubing

in the constant temperature chamber,

After noting the gauge zeros for a period of fiftye
eight hours, during which time the maximum observed drift
was 3 x 10-6, the first cut was performed on tube 2A
using the apparatus described in section 2,02 , The
distance 2 from each gauge to the new end~face was
measured and is shown in fig.63b . After returning the
tube to the constant temperature chamber, the longitud-
ingl and circumferential strain changes were measured
and repeated until constant (thermal equilibrium was
reached in less than two hours due to the relatively
small thermal capacity of the thin-walled copper tubing).
The results obtained are shown in fig.68 . It is clear

that the extent of the region of disturbance was far

greater than the theoretical predictions of section (a) .

The gauges were rezeroed and the whole procedure
repeated for the second cut, The distance € for each
gauge is shown in fig,63c and the measured strains and
surface stresses in fig.69 . Although the extent of the

"region of disturbance was almost identical to that pro-
duced by the first cut, the magnitude of the disturbance

was almost doubled.
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The overall effect of the two cuts was to apply
19.4N/mm2 longitudinal compression and 3.7N/mm2 circum-

ferential compression at maximum wall thickness on the

mid-section of specimen 24-1 .,

Using the same experimental technique, tubes 1A and
3A were subdivided as indicated in figs.64,65 . The
surface strains and stresses produced by each cut on
tube 1A are shown in table 4 while those produced at

mid~section on specimen 3A~1l are shown in figs,70-74

(¢c) Discussion of results.

The results obtained from tube 2A showed that the
stress distribution produced by ‘énd—facing', greatly
exceeded the theoretical predictions of section (a) .
The extent of the region of disturbance (approximately
250mm or 5Dm‘ ) appeared to be a function of the
tube dimensions, rather than the stress level at the

cut section,

The magnitude of the.longitudinal surface compress-—
ive stress produced by eaéﬁ cut decayed approximately
linearly with O3 as shown in fig.75a . CJ"Z_(x)
represents the surface stress produced at XK from the

end-face and GL(O) , the surface stress produced at

Since the external effect of the relief of stress of

one sense in a fibre by ‘end-facingt' is equivalent to the
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application of an equal stress of the opposite sense, it
follows from figs.68,69 that the residual stress which
existed in the outer layers at the first ané second cut
sections was +12.5N/mm2 and +25.ON/mm2 respectively,

and also that the residual stress at the second cut sec~
tion before the first cut was made was:

+25,0 + 0.6x12,5 = +32.5N/mm2 (fig.75b ). Due to the
proximity of end-2 , considerable stress relief must have
occurred at both sections prior to the strain gauges
being mounted, and it follows that neither of the wvalues
shown in fig.75b represents the undisturbed level of
stress which was present in the uncut tubing. This point

will be discussed more fully in section 4,05 ,

Estimates of longitudinal curvature from diameter
measurements indicated that longitudinal bending was
negligible in tube 24 and therefore that the measured
strains were the result of direct stress relief at
maximum wall thickness. It followed from equilibrium
considerations that direct stresses of the opbosite sense
should be present at other points round the circumference,
and this was subsequently confirmed by the results

obtained from tube 3A ,

Even if allowance is made for the different position
of each specimen relative to the ends of each 'ZDM
length, it is clear that considerable variation of the
effects of 'end-facing'*occﬁrred from specimen to

specimen, Table 5 shows the surface stresses produced

at maximum wall thickness on the mid-section of each
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specimen,

The highest stress levels occurred in tube 2A and
the lowest in tube 1A , Of particular interest were the
unexpectedly large circumferential surface stress levels
produced in specimen 3A~-1 (figs.72,73 ), which indicated
that considerable circumferential stress relief had
occurred dufing both cutting processes, The sinusoidal
nature of the distribution of these stresses and the fact
that the cutting process had involved rotation of the
tube suggested that periodic'plastic deformation might -
have occurred during cutting, On further examination,
this possibility was ruled out, since the st;ess
distributions produced by each cut varied identically
with é; despite the fact that the tube orientation ﬂmvg
with respect to the clamps and the cutter, differed

each time,

The only other possible cause of the type of
deformation indicated in figs.72,73 was mismatch between
specimen 3A-1 and the discarded sections on either side
(fig.76 ). Measurement of the inside diameter at the
mid-section confirmed that the cross;section of specimen
3A~-1 was distorted as shown in fige.77 , with the
maximum and minimum inside diameters occurring at

(2] = 30° and (180 + 30)° respecfively.' The mean
“inside diameter was found to be 50,821mm , .

.

Theoretical confirmation that fthe circumferentdial

Cdstﬂ7b) shown in fig,74
surface stress distribution E sy b _
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was entirely due to the deforﬁation»of the bore of
specimen 3A«~1 from a perfect circle to the shape indicated

in fig.77 , was obtained as follows:

The deflection of an elemental ring in the central
region of a long, thin-walled ( Kﬁah > I} ) cylinder,

is governed (56) by the equation:

dw = = I12M(0).Rn”

;a;z Eﬂ‘JRS

where :4W134 , the radial displacement of the tube wall,
| is taken as positive inward, and the factor E:, occurs
since lateral (longitudinal) curvature of the elemental
ring is prevented., The minus sign on the right-hand side
follows from the fact that the bending moment Nk(Q) is
taken as positive when it produces a decrease in curvae

ture of the tube wall (fig.78 ).

It follows directly that:

1,3 '
M(s) = —EA ([ dw,
/znj(da" )
f o405

and therefore that the circumferential bending stress on

the outer surface is given by:

s o —6M8) . Eh |
w(0), AT/ W{(o_t_,_c_u-+w)
' /‘t 23&;1 6191

- m e e e 406
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Depending on the natﬁre of the applied .locading,
circumferential direct stresses may also be present,
and must be taken into account., For thé loading system
shown in fig,79 where the cylinder is compressed along
a diameter by the forces P per unit length, the
circumferential compressive stress increases from zero
at the points E and F to the vaiue 5 P//h at G and
H, and it may be shown (56) that the circumferential

" bending moment POC(B) varies sinusoidally between the

value PKM(%—) at E and F, and —PRm()..%r.> at G
2

2
and H , If these results are applied to specimen 3A-1, N
for which Rﬁz&. = 16.5 , it follows from equation 4,06

that %/g)b has the value -3l'6p//k at E. and F and
the value 4 [§ ch at G and H, so that the direct
stress may be neglected in comparison to the bending

stress without significant error.

It follows that the radial displacement of the tube
wall ‘/Mr{Q) may be related to the measured surface

strains by the expression:

,@(9)5 Zﬂm( dg‘ 'w)_,____-__-__4.02

Fig.80 was constructed from the measurements of
the inside diameter of specimen 3A-1 by assuming that
the inward radial displacement of the tube wall ,00159
"was equal to half the difference between the actuél
inside ‘diameter and the mean inside diameter., Although
this method of construction was based on the assumption
that the uncut tubing had a perfectly circular cross-
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section, and meant that /w'{e’) , and therefore the
calculated value of ,{O(G)b y was the average of the values
at two points diametrically opposite each other, agreement
between the measured values of /@7(9)5 and those calcul-
ated from equation 4,07 was excellent (fig.81 ). The |
values for JL%Z were -obtained graphically, and the
slight variation in wall thickness (26%) caused by

specimen eccentricity, was neglected.

It ADEF and ADGH represent the changes in the
diameters EF and GH under the action of the force P

per unit length, then it may be shown (56) that:

[ADEFI 3° (@m)a(-rr- k2

. I'Abew/ = ¢ (f)s(i-t)

so that P may be determined if either A-DEF or

A:DGrH are known,

In the case of specimen 3A-1, A:DEF = =0,018mm

and AD&H = +0,017mm (fig.77 ), from which P
0,28N/mm or 0,29N/mm over the central region of the

specimen length,

(d) conclusions.

-

The longitudinal surface stress produced on
cutting-out specimen 3A-1 appears to confirm the exist=-
ence in drawn tubing of a type of longitudinal residual
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stress distribution similar to that suggested by Knights
(section 1.03 ), with regions of direct stress of the
opposite sense existing in equilibrium round the

circumference,

The circumferential surface stress distribution
obtained from the same specimen, which was shown to be
eguivalent to the application of two radial inward fofces
of 0.,29N per millimetre specimen length along the diameter

at @ = 309, sﬁggests the presence of circumferential

g\m\\,e r :

mismatch between adjacent lengths of drawn tubing., ?M%

4,03, INVESTIGATION OF THE RESIDUAL STRESSES AT

MAXTMUM WALL THICKNESS IN SPECIMENS 2A-~1,

lA-1, 1A-2 AND 3A-1,

Although theoretical considerations indicated that
the region of disturbance for the tubing used should
extend only CLbJ%M from each specimen end, it appeared
from the results discussed in the previous section that
almost total stress relief had occurred in the specimens-

chosen for further examination,

A comparative investigation of the residual stresses
remaining at maximum wall thickness in specimens 2A-1,
«1Aa-1, 1lA-2 and 3A-1 was carried out by removing uniform

-

internal layers from each specimen,

Using the apparatus described in sections 2,03 and
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2,04 the wall thickness of each specimen was reduced in
small steps by acid-etching, and the longitudinal and
circumferential strain changes on the outer surface were
recorded, The number of measurements taken was twenty,
twenty-one, twenty-eight and thirty, in specimens 2A-1,

la-1, 1A-2 and 3A-1 respectively,

The surface stress parameters :ﬁéa and aeﬂya
were plotted against the bore radius /0 , and are
shown in figs.82-85 . Although additional strain gauges
were mounted on Specimens 1A=2 and 3A-1, as part of the N
investigation of the circumferential variation of the
residual stress in the tubing (sectiop 5 ), only the
results obtained from the gauges at maximum wall thickness

will be considered in this section,

The residual stresses present at maximum wall
thickness in specimen 2B~-l, for which 4 = 3.]),.4 ’ % =
0,941 and € = 0,103mm (fig.6lc ), were investigated by
removing uniform. layers from the outer surface. This was
mainly to determine whether this method of layer removal
was practicable, but also to compare the strains detected
on the inner surface with those obtained by etching in
the opposite direction. The values obtained for diﬁ”
and J%ﬁﬂ are shown plotted against decreasing /p in
fig.86 , The excellent agreement between these curves
"and those obtained froq specimens 1A-1, 1A-2 and 3A-1,
may Be'taken as an indicationh that no plastic deform-
ation occurred during layer removal, a basic requirement

in any experimental investigation of residual stress by
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the Sachs method,

Despite the fact that considerable residual stress
relief had already occurred on cutting-out, it was clear
that high stress levels still existed in all the specimens,
Both the level and the distribution of stress showed
little variation from specimen to specimen, except in
the case of specimen 2A-1 ( L =”2J%“ ), in which reduced

stress levels were observed,

L,04, EXPLANATION OF THE SURFVACE STRESSES

PRODUCED BY 'END-FACING',

Over the years, the experimental procedure described
in section 4.03 has become the standard technique for
assessing the minimum length/diameter ratio of specimens
for residual stress analysis. It is based on the assump-
tion that reduced residual stress levels will be observed
in specimens with a length/diameter ratio less than a

certain tcritical' wvalue,

Apart from the recent investigation by Hanke and
Tiemann (53), and the present work, no observations of

the strains produced during cutting-out have been made,

The fact that the results discussed in section 4,03
confirm the findings of previous investigators (48-52,64),
while those discussed in section 4,02 appear to refute

them, suggests that two distinct types of residual stress
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.existea in the uncut drawn tubing; 'type A' or normal
residual stresses on which cutting-out had only a local
effect similar to that described in section 4,02a , and
ttype B' residual stresses, hitherto unreported and

)

‘“t) C\’R‘Lm:} Yo fsfa&Lr" t
almost completely relievedﬂin specimens with a v ?t i s

length/diameter ratio less than 5 ,

On this basis the surface stresses shown in figs,68,
69,72,73 would be the result of 'type B' stress relief
on cutting-out, while those in figs.82-85 would be the

result of 'type A' stress relief on‘layer removal, -

A detailed examination of the 'type B' residual
stresses in specimen 3A-1 is presented in the following
‘“.seétion; " The 'type A? stresses in'thé same specimen will
.‘bévdiscusséd in section 5 , with reference t6 the results
obtained from the additional gauges which were mounted

round the circumference,

4,05. 'TYPE B' RESTDUAL STRESSES.

(a) Longitudinal stresses.

The results shown in figs.68,69 suggest that the
extent of the region of disturbance of t'type B!
“longitudinal stresses hy a cut at right-angles to the
tube axis ( fbm in the tubing tested), depended
upon the tube dimensions rather than the stress level uw@u

at the cut section, and that the magnitude of the stress
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relieved decayed linearly with <& as shown in fig.7b5a .
It thése two principles are assumed to apply to all the
tubing tested, it is clear that the surface stresses
detected at the gauged section affer the first cut on
tube 3A, represent approximately 60% of the surface
stresses released at the cut section, It follows that

the longitudinal 'type'B' residual stresses which existed
at the cut section, may be represented by curve 2 in
fig.,72a , which was obtained from the curve for the
surface stress at the gauged section, by multiplying

by -1.67 « The fact that this curve is almost identical .
to that obtained for the total residual stresses

released at mid-section (the dotted curve in fig.74a ),
confirms that almost complete relief of the-'type Bt
longitudinal stresses occurred on cutting-out specimen

3A-1 ,

Unfortunately, the undisturbed stress level which
was present in the uncut tubing at the first cut section
cannot be determined exactly since no measurements of the
surface strains produced by the hacksaw cut between
tube 2A and tube 3A were taken, An indication can how-
ever be obtained from fig.,87a , by putting <& = 0, 10,
20, 30 .....N/mm2 , in turn, as shown in fig.87b . The
series of stress leveis obtained with O = 20N/mm2
appears to be the most likely, suggesting that the
“undisturbed stress levql at the first cut section dn tube
3A was’® about 40% higher than the measured value (curve 3

in fig.72a ).
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Irrespective of the exact value of the undisturbed
ttype B' stress at the various sections, it.is evident
that considerable longitudinal variation occurred in \
the tubing tested, possibly associated with plastic ¢ﬂ:$t§
bending during drawing, as suggested by Knights (section

1.03 ), or perhaps with a wvariable frictional effect

such as imperfect lubrication,

(b) Circumferential stresses.

The circumferential 'type B' residual stress relieved
at any position E; in specimen 3A-1 , may be determined

as follows:

Recalling from equation 4,06 that the circumferential
bending stress on the outer surface of a cylinder with

the deformation pattern ,¢6{9) is given by:

(), = E'h [ dir
: 2Ry dov +’W)

and noting that small variations in wall thickness may
be accounted for by replacing A by ,Ahg ,

(provided £% >” ), it follows that:

0

| . Elhg s 12
Ml = gz %’;{*‘M)

"and since the relief of residual stress of one sense
in a circumferential fibre is equivalent to the

application of an equal stress of the opposite sense,

O-Z’-Mle)b , the circumferential residual bending stress
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which existed in the outermost layer prior to cutting-

out, may be determined from:

Since Kﬂ&he was large for the tubing used,.it
may be assumed that the bending stress relieved at any
section varied linearly through the wall thickness (96),
so that OEM/QJ y the residual bending stress relieved
at depth 0( from the outer surface (fig.88 ), may be
obtained from:

- A
em(®) ( 9 24‘ . %m(0)

b . 4.08

!
" elhed) (%)

S )

This equation makes possible the determination of

the residual bending stress at any position 6)0{- from

measurements of /ﬂf{b}

Since 'type B' circumferential residual stresses
arise because of circumferential mismatch between
adjacent lengths of tubing, a certain amount of direct
circumferential stress relief must always occur on
cutting-out, if these stresses are present, However,
in the case of specimgn 3A-1 , the direct stress
component has already been shown to be negligible in
comparison to the bending component, so that equation
4,08 may be written:

(88)




%(0) = -E (/“9'2"‘) /Ca[9)
el

and the 'type B' circumferential residual stress (T&/G)

may easily be determined from fig.74b .

It is clear that 'type B' circumferential residual.
stresses vary with £  and with L, and also vary
linearly through the wall thickness; They appear to
be relatively small in comparison to 'type B' longit-
udinal stresses, and may even be negligible in the -

majority of cases,

(¢) It is evident that the complete investigation of
the 'type B' residual stresses over a length of tubing
would require a considerable number‘of strain gauges.
The arrangement shown in fig.89 would probably prove
to be the most economical, since it would also provide
several gauged specimens of suitable length for the
complete investigation of 'type A! residual stresses

(sections 5 and 6 ).

Provided the first cut is made at a distance of at
least 5]%” from the end of the tubing, subsequent
cuts may be made with a closer spacing. The interference

of the regions of disturbance of the longitudinal stress

"pattern may be accounted for as indicated in section (a).

.

Due to the relatively wide spacing of the cut

sections the method is probably not the most sensitive
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which could be devised for the investigation of
circumferential 'type B' stresses, but since these

appear to be relatively small in comparison to those in
the longitudinal direction, it would probably be suitable

in most cases.

The dimensions 5)?‘1 and 3_Dm apply specific-
ally to the tubing discussed in the present work, and
would require preliminary investigation in any future

work,
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SECTION 5.

THE CIRCUMFERENTIAL VARTATION OF

'TYPE A' RESIDUAL STRESSES IN

SPECIMEN 3A-1,
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5,01, INTRODUCTION,

The object of the work described in this section was
to investigate experimentally the circumferential vari-
ation of the 'typé A' or normal residual stresses in
specimen 3A-1 (for which %@ = 0,941 and C = 0,096mm)
and to determine the extent to which the initial eccen-
tricity of the specimen (and its increase on layer
removal) affected the surface strain changes. The poss=
ibility of using the Sachs method in the presence of

eccentricity was also examined,

5,02, EXPERIMENTAL TECHNIQUE,

Although the general experimental technique has
already been outlined in section 4,03 in connection with
the strains released at maximum wall thickness in
specimens 2A~1l, lA-~1l and 1lA-2, certain aspeéts of the
procedure in the case of specimen J3A-~1l require more

detailed consideration,

Twenty~-six strain gauges, thirteen longitudinal, and
thirteen circumferential, were mounted at mid-~section in
the angular positions shown in table 3 ., Two (soldered)
common terminals were used in wiring-up the gauges, one
for the longitudinal gauges and one for the circumferential
gaugess Care was taken to ensure that the length of each

lead exactly matched the length via the common terminal,

in order to avoid as far as possible, resistive imbalance
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in the circuit.

Altogether, twenty-~eight wires plus sleeving were
led out of the end-ring in the manner indicated in
fig.29 , and spade terminals were attached as described
in section 2,04; little difficulty was experienced in
handling these leads except that the process of washing
and drying the specimen proved somewhat tedious. During
weighing, the leads were wrapped round the circumference
of the pérspex cylinder, and prior to each strain
measurement, all the spade terminals were degreased using .

carbon tetrachloride,

The wall thickness of the specimen was reduced in
thirty stages of between 0.02mm and 0,07mm by etching
with 50% nitric acid, The total weight of copper removed
was 4,466N in 329 minutes actual etching time, The ’
thickness of the first and last few layers removed was
reduced in order to obtain extra measuring points
(table 6 ). This was carried out, in the case of the
‘first few layers, by reducing the length of each etch,
and in the case of the last few layers, by dropping the
acid level, so that the rotating sbecimen was only just
breaking the surface of the acid; a procedure which
minimised the possibility of plastic deformation occurring
in the thin shell due to hydrostatic pressure (in the case
“of external etching) or to the weight of acid it con-
tained’ (in the case of internal etching). The acid
temperature was maintained between 30°C and 35°C through-

out,
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The change in specimen length due to etching of the
end-faces was measured periodically and the length
reduction 1/ was plotted against the weight loss M/
as shown in fig.41 ., The manner in which this curve was
used in the determination of /0 has already been

discussed in section 2.03 .,

One complete cycle i.e. etching, washing, drying,
weighing and the measurement of strain occupied about
three hours, on average, Previous experience with the
constant temperature chamber suggested that gauge zero .
drift would be less than 10 microstrain during the five
consecutive days needed to complete thelwhole series of

. readings,

The longitudinal and circumferential strains il(@)
and EC‘O) released on layer removal are shown in
table 7 . These were plotted against &  (not shown),
and from the curves, the circumferential distribution of
the parameters 31(9)90' and Jb(Q)eo was obtained. The
curves for ilg)b/; and ,@(9)90 against o for all
thirty stages of layer removal are shown in figs.90-119 ,
The circled points represent the surface stresses
produced at @ = 0%, 900, 180° and 2’700 on specimen
1A-2, these were obtained by linear interpolation between
two measured values when the stages of the etching
process did not coincide. |

Figs.120,121 were constructed to show more clearly

the sequence of events which occurred during layer removal,

(94)



Periodically, the sealed unit was rotated 180° about
its axis in the constant temperature chamber. This was
carried out in order to determine if any additional
stresses were imposed by the specimen bending longit-
udinally under its own weight. The changes in the
surface stress parameters detected at maximum, minimum
and mean wall thickness are shown in'table 8 , and are
clearly negligible at all stages in pomparison to the

changes produced by layer removal,

The restraint imposed by the 'Silicoset!'! mountings -

after the thirtieth etch (when Kﬂéﬁ = 250 and R@ﬁ

: m MIN
= 2000 approx, ) was investigated by carefully cutting
them away with a scalpel and allowing the specimen to
rest in the cylinder on the perspex end-rings. The
changes in surface stress which resulted, are shown in
fig.,1l22 , The circumferential stresses are-clearly a
result of the specimen 'sagging' under its own weight;
and indicate that the major effect of the mountings was
to preserve the circular cross~section at each end of the
specimen, Apart from the high circumferential compressive
stress at minimum W;ll thickness, which could be the
result of local yielding, the effect of freeing the
specimen is everywhere small in comparison to the effect

produced by removal of the thirtieth layer.

-

5.03, "'TYPE A' LONGITUDINAL RESIDUAL STRESSES,

It is clear from figs.90a-=1l1l9%9a that the cifcum-
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ferential variation of the longitudinal .surface stresses
produced by layer removal increased progres$ively as /ai
and eoo) increased., Upvto the tenth etch no significant
circumferential variation of zﬂ%véo was observed,
Beyond this point a definite pattern began to emerge, with
stress peaks occurring at regular intervals round the
circumference, By the sixteenth etch, peaks were evident
at & =0°, f4s5°, ¥90°, £130° and 180° and the overall
stress distribution was clearly symmetrical about the

axis of symmetry of the eccentric cross-section, On
further layer removal, the magnitude of the stress vari- .
ations increased, but no new stress peaks appeared, A
considerable degree of symmetry about the position e =
0% was maintained throughout the remaining etching

processes, Three stages in the development of the

longitudinal surface stress pattern are shown in fig.,120 ,

The circled points in figs.%90a~l119a represent the
results obtained at 9 = Oo, 90°, 180°% and 270° on
specimén lA-2 . Up to the twenty~fifth etch, agreement
at all points is excellent. Beyond this point, the
surface stresses detected at minimum wall thickness begin

to diverge, probably due to the occurrence of plastic

deformation in either or both specimens,

At first sight the uniform distribution of - “szg.
obtained during the first ten etches suggests that no
significant variation of the longitudinal residual stress

occurred in this region of the specimen., However, this

data may also be interpreted as suggesting that the
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specimen was initially insensitive to small circum-
ferential variations in the loading applied by layver

removal,

Apart from an overall symmetry with respect to the
position 9 = Oo, the magnitude of the changes in
surface stress on layer removal appeared to be unrelated
to the variation in wall thickness as predicted by
eguation 3.05 . Up to the nineteenth etch, the process of
layer removal produced only compressive surface stress
changes at all points round the circumference, Beyond
this point tensile surface stress changes began to occur
at the positions @& = =45° and i130° , while compressive
surface stress changes continued to occur at all other
points, By the twenty-fifth etch, tensile surface stress
changes were occurring at all points except ¢ = i90°,
and after the twenty-sixth etch, all surface stress

changes were tensile,

Even without the additional complexity introduced
by the wvariation of /p and ,Ae , and the constantly-
changing loading system, the problem of the thin-walled
cylinder under the action of a 9 -varying longitudinal
load, represents a fairly advanced application of shell
theory (57), it being necessary to take account of
longitudinal shearing actions in addition to normal
‘stresses. It is therefore extremely unlikely that an
exact éetermination of the '%ype At longitudinal residual
stresses which were present in speciﬁen 3A-1 could be

carried out using the data of figs.90a~119a , The
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possibility of applying an approximate method, which
accounts for the wall thickness variation, but not the
shearing actions, is examined in the remainder of this

section.,.

The Sachs analysis (appendix 3 ) may be modified and
applied to the results obtained from specimen JA~1 if the
presence of longitudinal shearing actions is ignored,
This obvious approximation, which is equivalent to
assuming that the thin strip at position 9 in fig.123
behaves independently of all other thin strips when the
residual stress (T‘_{B) is relieved, may be justified on
the grounds that it enables some account to be taken of
the effect of wall thickness wvariation on the results,

without introducing complex mathematics.

The longitudinal residual stress a';_(g) at the

position /0 may be determined from the equation:

Ul = ) rele) ey

where O—‘:'{Q) is the stress present in the small arc
/OAQ of the layer of thickness A/A at radius /0
on its removal, and 6;_’{9) is the stress induced at
the position /0,9 py removal of internal layers up
to radius /0 .
) If longitudinal shearing actions are ignored, it
may be assumed that the stress 0’:{9) present in the
small arc /0A9 is redistributed uniformly over the
area ABCD on removal of the layer at radius /O « It
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follows that:

5‘:'(9)./0.159. M = Ao )/a Ay /o AQ

where AOZ_(G)"/ is the change in surface stress at -

position 9 .

So that:

L(0) = kg bafs),,
S

and since: /
Ao;(a}‘y - £ Aiﬂ?)}y, _
. i [}
it follows that: o (o - E' ha Ai(g)b
L(0) O 57 ... 02
It follows from the definition of G‘:,{G) that

g(e) = X de (o),

| praz
where AU;_(P) | is the stress induced at the position
/O/ by removal of the layer, thickness é,a , at the
radius /0 </O e Since the stress relieved in the
small arc /o Ae may'be assumed to be uniformly distrib-

uted over the area A'B'CD it follows that:

Ao (9), = E-DL[B),

| .A%
so that: o:.. {9) - E SA£/9)
| T Sy
?rt ] OL{E’) = an.c{g)[}a ____.....---5@3

and using equation 5.01 it follows that:
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e = &' f‘*@-%{@bf - (o), |
Ap >0 SN --804.

Figs,124-127 show aq%vép plotted against /ﬁ at
the positions @ = 0%, +45°, -45°, +90°, -857, +130°,
-140° and 180°, with the curve for @& = o’ repeated for
easier comparison. These curves show clearly the way in
which the various stress peaks developed, with the close
correspondence during the first few etches giving way to
widé variations as layer removal proceeded. The relative -
magnitude of the wall thicnkness at the positions 9 =

°, 45°%, 90°, 130° and 180° at various stages of layer

0
removal is shown in fig.l128 which was constructed using
equation 3,05 . Apart from a general tendency towards
larger changes in gradient as o— IQOO and /o/b > ,
there appears to be little connection between the curves
in figs.124-127 and the variation of ,ﬁe . PFig.128
does however indicate the need to take account of wall

thickness variatibns, especially as /’/b approaches the

limiting value "-c/b or 0,9965 ,

The determination of the gradient 4_‘%[,925/’ was
carried out by a step-wise technique which used the marked
points in figs.1l24~127 rather than the trend curves,

This produced the scatter in the final curves for 02_(9)
“"which are shown in figs.129-132 , Again the curve for

o
@ =0 is repeated to facilitate comparison.

The most striking feature of the various curves for
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Czﬂ» is their similarify. During the earlj stages
of layer removal, this is almost certainly @he result of
neglecting longitudinal shearing stiffness, and in
consequence, assessment of the true magnitude of the
circumferential variation of quﬂﬂ near the inner
surface is difficult. However, the close correspondence
of the curves in the later stages of layer removal, when
the resistance to longitudinal shear-type deformations
- appears, from the measured strain changes, to have been
reduced, suggests that the circumferential variations of
51(9)' in this region were relatively small., This, in _
turn, suggests that the wide variation in magnitude of the
surface strain in the later stages of the experiment was
the cumulative result of relatively small variations in
stress in the layers removed previously, rather than the

result of large scale local stress variation,

The overall impression conveyed by the results is of
relatively small but definite stress variations occurring
at the same angular positions in consecutive layers, The
greatest changes in stress occur at the positions £ =
0° and @ = 180°, and in identical pairs at 1450, i90°
and i130°, so that the axis of symmetry of the eccentric
cross-section is also an axis of symmetry for the stress
variations, The basic radial distribution of OZ(Q) ,
which may be taken as the average of all the curves shown

~in figs.129-132 sy indicates that compressive stresses
existed in the inner half of. the wall thickness, witlh

tensile stresses in the outer half,
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To obtain the undisturbed distribution of longit-
udinal residual stress, the 'type B' stresses released
on cutting specimen 3A-1 to length, must be superimposed.
It is clear from fig.72a that tensile stresses of
magnitude 15N/mm2, ’7N/mm2 and J.2N/mm2 must therefore be
added at the positions 9 = 0%, +45% and 180°, and that

compressive stresses of magnitude lBN/mm2 and 8N/mm2 must
be added at the positions 9 = +90° and +130° respecte

ive lY .

5.04, '"TYPE A' CIRCUMFERENTIAL AND RADIAL

RESTIDUAL STRESSES.

The circumferential surface stresses produced on
layer removal are shown in figs.90b-119b ., Circum-
ferential variations of stress could Jjust be discerned
from the sixth etch onward, and six distinct stress peaks
were visible by the twelfth etch, The mean circumfer-
ential surface compression at this point was approx-
imately 7.5N/mm2 e« By the twenty-second etch, additional

o

stress peaks had developed at @ = 607, 900, 1207 and

1400 and the mean circumferential surface compression
had increased to 15N/mm2 . No further stress peaks
formed beyond this point, although those already present
increased rapidly in magnitude. The mean surface
~compression gradually declined and tended to zero as

/ﬁz »approached the limiting value 0,9965 , No obvious
axis of symmetry was found to exist, and the results

showed little agreement with those obtained from
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specimen 1A~2 , which are indicated, as before,'by the

circled points,

Following the method of Sachs, the relief of the
circumferential and radial residual stresses OZ{Q) and
Jl(b) in an eccentric cylinder may be represented by

the equations:

c, (6)

% (6)

it

!
(o) + o) e

orle) +o/(e) 506

)

"
where the components o represent the stresses

existing in a particular layer as it is removed, and the
!
components ¢ represent the stresses induced in the

layer by removal of previous layers,

In section 3 it was shown that the circumferential
stress CQ(@)b produced on the outer surface of an
eccentric cylinder by the application of a uniform
internal pressure /kl could be determined from the

equation 3.23 :

(o, _  EWl), _ F (%,8)
’P& 4Q&

Since the effect of layer removal from a residually-

stressed cylinder is equivalent to the application of a
“uniform pressure to the newly created surface if, and
only if, the stress components Cf” are uniform, the
above equation provides a means of examining the uniform-

" "
ity of Cﬂ:(g) and CﬂQ(Q) in the eccentric cylinder at
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each stage of layer removal,

If, at a given stage of layer removal, the stress
components 6‘:'(9) and 072”[9) are independent of 124 .
it follows from eqguation 3,23 that the general form of
the distribution of u@(g)b should be similar to that
shown for Fi(:%,g) in fig.56 . To facilitate the
comparison of theoretical and experimental data, equation

3.23 may be rewritten in the form:

) Fu(%,0) &,

Ao) =
(0, R

so that by using the mean value /@m of a set of
experimental points, their actual distribution with
respect to 9 may be compared to the distribution which

would be produced by a uniform stress applied at the bore,

Fig.133 shows a plot of /@M against /0 for
specimen 3A-1 , the circled points indicate the wvalues of
,eﬁm after the tenth, eighteenth, twenty-first, twenty-

third, twenty-sixth and twenty-ninth etches respectively,

-The circumferential variation of F‘,(pd,)g)/Fm at each

of these stages of layer removal is shown in table 2 ,

Figs.134-136 were constructed to compare the curves of

F p/ 9 19 . ' with the experimentally observed
b7 m m V

values of Xo[@)bf .

"

It appears that, up to the twenty-sixth etch, the
X
measured surface stress E /(9{9)90 may be considered as

consisting of two components; one resulting from the
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application of a uniform (negative) pressure at the bore,
and the other resulting from local circumferential bending
deformatioﬁs which increased in magnitude as layer removal
proceedea. The manner in which the wvarious circumferential
stress peaks developed (fig.1l21 ) suggests that they could
have been the result of elastic pre-buckling deformations
similar to those reported by Montague (58) in thin shells
subjected to external pressure, In this way the
unexpectedly large variations in the measured circum-
ferential surface stress may be attributed to the uniform
negative pressure applied to the bore by layer removal,
rather than to the rather unlikely occurrence, in such
thin-walled, nearly-concentric tubing, of large periodic
circumferential variations in, K the stress components 02“
and Gkﬁ « Before this hypothesis can be examined, a

brief review of the relevant literature on buckling is

necessary.,

When a thin-walled cylinder is subjected to an
increasing externally-applied pressure, many factors
combine to determine the critical pressure at which
vielding will occur, and the eventual failure mode., Among
the more important factors enumerated by Cox (59)‘are;
the pfesence of irregularities or imperfections in the
circular cross-section, the presence of longitudinal
applied stresses, and the presence of circumferential
variations in wall thickness or in the applied loading.
Recently (60) the presence of residual stresses has also
been recognized as having a significant effect.
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Two distinct types of behaviour have been notéd (58);
collapse by elastic instability, and rigid-plastic
collapse, The first is characterised by the appearance
of circumferential lobes ‘after yielding, and the second
by an hour-glass or waisted configuration, also following
yvielding, Whichever is the most appropriate to a
particular specimen, depends on a combination of geom-
etric and material properties. These may be assessed
most conveniently by determining the thinness ratio 1~
from the expression:

i 2
¢ 2(%R) [ou\”
T (Z%)
) E 7 - - 5.08

where XL in this case is the unsupported length between

sections held round. In relatively thick cylinders (for
which | is less than 1 ), failure is generally by
plastic collapse, and a reasonably good prediction of the
critical pressure ‘?cgn: may be obtained from the
formula: O'y, ='PCRJT. R//"l. , based on simple circumferential
vielding, For thin cylinders ( 1_ greater than 2.5 )

the elastically unstable mode of failure predominates,
Between these two extremes there is a transition region
where initial imperfections can be decisive in causing

collapse,

In the case of the thin cylinder, the number of

“circumferential lobes in the elastically unstable (or

criticél) collapse mode can be predicted quite reliably
provided the unsupported length ‘Jl ~» the ratio ﬁ%”t '
the end conditions and the type of loading are known. The
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following formula for the elastic critical pressure
is quoted by Timoshenko and Gere (56) and in a less

general form by Cox (59) :

/

/Io = E C, L + Cz Ar
cht. c+c4$_[ R ( )]
withs = (I- ") 14
(’/\24'"2)4' Z[/M'A % 332 +H4-w)An+ n]
-+ 2./2-' )ﬂn 4'}14
€3 = WA+ A) = (3072 i)
<:4.= ﬂzﬁx%q%)2+.aﬁhz
- mrR
A L

where W is the number of axial half waves and Zn is

e ---5.09,

the number of circumferential half waves in the buckled
form, and where _{,  is the length between the simply-
supported ends of the cylinder. The factor 427/42
represents the ratio of the principal stresses produced

by the applied loading.

By means of a formula similar to equation 5,09 ,
Windenburg and Trilling (61) produced a chart for all-
around pressure ( 4h74#$ = 0,5 ) from which the figures
shown in table 9 are taken., Arkmenakas and Herrmann (62)
have recently published extended charts for lateral
pressure only, which give identical figures in the same
.range of 4%2» « In general, the thinner the specimen,
the greater the numbérﬁof lobes in the elastic critical

mode shape,
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Montague (58) describes the results of external
radial and hydrostatic pressure tests on twelve mild steel,
thin-walled cylindrical shells with @ﬁm values in the
range 21-94 , Despite the fact that the cylinderf were
nominally uniform, the radial measured deformations at
mid-section were not axisymmetrical. 1In every case there
was a discernible elastic deformation pattern which took
the form of lobes spaced round the circumference and which
was similar in both form and manner of development to the
curves shown in figs.90b~119b ., Irrespective of the
eventual failure mode, the number of lobes which developed.
during this elastic pre-buckling phase, was always found
to equal the number of lobes in the predicted elastic
critical mode shape for the specimen, Figs.90b—ll9b'
clearly suggest'that the elastic critical mode for

specimen 3A-~1 should contain 5 lobes,

The correct failure analysis for specimen 3A~1 was

selected by calculating the thinness ratio '7— at each
stage of layer removal, The ratio of /#4( was based
on mean wall thickness, and although the !'Silicoset!?
mountings offered little festraint in the early stages of
layer removal, /L was taken as being equal to the
specimen length of 208,8mm as a first approximation,
It was clear from the 1~ values obtained (fig.l37 )
that failure predictions in the later stages of layer
“removal should be based on elastic instability theory,
i.e, that equation 5.09 should be used to determine

the elastic critical pressure.
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Preliminary calculations indicated that the critical
pressure was of most interest for /a/b > 0,980 or
Rm(‘\m> 50 « Because of the relative increase in
stiffness of the 'Silicoset' mountings, the accuracy of
the assumption: ,@ = 208,.8mm , vimproved as /o/b -
0.9965 . The factor ¢‘—/¢c was taken as the ratio of
the mean longitudinal and circumferential stresses i.e.

EKM/@W‘ ’ é.nd m was taken as 1 ,

Two sets of calculations were performed; one with

ﬂ/,h based on mean wall thickness, and the other with

ﬂ//h based on minimum wall thickness, In the first

case /PCKIT. was determined for | = 3, 4 and 5 , and in
the second case for pQ =3, 4, 5 and 6 , The figures
obtained are shown in table 10 , and clearly, the thinner
the specimen, the lower the elastic critical pressure for

a given number of circumferential lobes.

In order to compare the loading applied by layer
removal with the wvalues of /?cﬂl’f. shown in table 10 ,
an equivalent external pressure /}QE‘W was calculated

using the formula: .

y - EW [ _f.:_(f@__]

e ")
which follows directly from Lame's equations (96) for a
uniform cylinder of wall thickness b-—70 -+ Since the
"mean surface compressiqn '@m actual.}y resulted from
a negative pressure at the bore, this approach is not
strictly correct. However, the error is small for /D/b >
0,94 , and insignificant for //b > 0,98 . Fig.138 shows
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a plot of /’OE&U. against //b and figs.A139,140 compare
_405&0_ and ’Pcﬂn? for /’/b> 0.98 . These curves
indicate that at least 50% of the circumference of
specimen J3A~1 was in a condition for plastic buckling in
three or four lobes by the twenty-seventh etch, or /% =
0.992 . Bearing in mind the large variations in wall
thickness and the many other factors which could have
affected the values of W and //omm y the agreement
between this result and the observed number of lobes is
extremely satisfactory, and it seems reasonable to
conclude that the circumferential stress peaks of
figs.90b-119b were produced by elastic pre-~buckling
deformations, rather than by variations in the stress

components 0‘6"(9) and Ok” {y} .

It appears from figs.l34-136 +that 02”(9) ~and

6'2'”{9) may be considered as independent of 9 u'p to
the twenty-sixth etch or /0 = 0,990 , which is the
point at which the curve for FZ,(’%,Q).{OM/FM begins to
diverge from the 'buckling base-~line!' , It follows from
equations 5.05 and 5.06 that the stress components 02’(9)
and O—zI(O) , and the original stresses 02(9) and

%(9) may all be considered as independent of 9 up
to this point. On the basis of this result the Sachs
equations may be used to determine the circumferential
and radial '_type A' residual stresses from the surface
.stress changes which occurred at 9’ =lr.- .

. 2

"
Since the stress component O: (9) may be regarded
as independent of @ up to the point //b = 0,990 , it
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follows from equation 3.23 and appendix 3 that:
/ " -
£ A0, = G40) 4. o (o)

or: i 6

y ') = [~£-- ——L b |

Fol,8)  Bp
where the expression in brackets is independent of 69 .
It may easily be shown from table 1 that Ff;(/%)%)
is numerically equal to NE%E:% so that:

b'=p

(8 = g b=p AT
3 —E/% LYk 510. .

It follows from the definition of stress components

/
of the type o that:

/(o) = é' Ac (9)
e a

and by using Lame's equation for a uniform cylinder, it

may easily be shown that:

o>
Ca
i
g
+
B>
9

c . < !
Vs 20"
It is reasonable to expect that the error invelved

in using this expression at @ ‘:—% in a thin-walled

nearly-concentric specimen would be small, so that:

and since A6'(9
@ until //b

) may be regarded as independent of

0,990 it follows that:
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1, 5t
AOE/%D: = %'A"E@EJ%,

or that: ACYC[B%DI - E’,%-AU(%‘)%
| 7
so that:
w6l - £ s g oulE),
%" Py g
or o) = E-E2Z. 6(%)

2" b ...

Using equation 5,05 it follows that:

... 5y,

- [ bE— 2 A (%Eb _ EE*l
(o) = € [(52) 8D - (L) s13) ]

A/oeyo e ___25.12.

and by similar reasoning it may be shown that:

salo) =

- .- -

The curve for the surface stress parameter J%CE)

was obtained by multiplying jkm by the factor

Fb('o/bb%)/ Fm . A plot of Fb(’% )"-{-)/Fm

is shown in fig.l41 , and the corrected curve

90

v U
for -jbhi

is shown dotted in fig.133 . The residual stress

distributions are shown in figs.l42,143 .

5(0) =

.clearly negligibly small in comparison to 52(9) .

To obtain the undisturbed circumferential residual

stresses which existed in the uncut tubing, the
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residual stresses must be determined, using equation 4,10,

and superimposed,

5.05. CONCLUSIONS,

Measurement of the surface strains produced on
removal of uniform internal layers from specimen 3A-1
revealed large circumferential variations in the surface
stress parameters i‘?" and 'eab/’ + The variations in
longitudinal surface stress were found to be the
cumulative result of relatively small variations in the
residual stress at the same angular position in successive
layers, while the variations in circumferential surface
"stress appeared to be due largely to elastic pre-buckling
deformations, The longitudinal surface stress distrib-
ution was found to .be symmetrical about the axis of
symmetry of the eccentric cross~section, which suggests
some connection between misalignment during drawing and
the variations of GL(GJ‘ « In the case of the circum-
ferential surface stresses, the form of the 'buckling
base-line! was shown to be directly attributable to the

effect of specimen eccentricity.,.

Oon the'whole, the effect of eccentricity, and its
increase on layer removal, on the determination of the
" residual stresses was small for /&Z less than 0,980

(figs /56,128 ).

The approximate methods used to determine the
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'type A' residual stresses Cﬁ_ ’ OE and Cﬁi
suggested that all three were substantially.independent

of 9 in the tubing tested,

Despite the large amount of information obtained
about the overall deformation changes on layer removal,
it is clear that the Sachs method is of limited usefulness
for the determination of local circumferential wvariations
of the 'type A' residual stresses in tubing. Its main
disadvantages are lack of selectivity, and sensitivity;
i.e, material is removed from the whole circumference
rather than from one specific angular position, and the

whole cylinder is deformed rather than just one specific

part,
The method discussed in the next section does not

suffer from these disadvantages, and may also be applied

to tubing with a higher degree of eccentricity.
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SECTION 6.

AN ALTERNATIVE APPROACH TO THE

DETERMINATION OF 'TYPE A' RESIDUAL

STRESSES 1IN FECCENTRIC TUBING.,
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6,01, INTRODUCTION,

The bending deflection method has certain advantages
over the Sachs method in the determination of longit-
udinal residual stress in eccentric tubing, but its
usefulness is restricted since no satisfactory method of
determining the coexistent circumferential residual stress

is available.

In the present section, the problems involved in
the determination of circumferential residual stress in
the presence of eccentricity'are examined, and a method‘
incorporating a recently developed technique for the
determination of local residual stress (91,100) is shown

to overcome them,

6,02, BENDING DEFLECTION METHODS FOR THE

DETERMINATION OF RESIDUAL STRESS.

The bénding deflection method for the determination
of residual stress (63-95) is the usual alternative to
the Sachs technique in the case of thin-walled tubing,
where Gk may be neglected in comparison to St and

Ce + The method is based (fig.li4l4a ) on the

measurement of AJ)O , the change in diameter on slitting
«a specimen longitudinally (for circumferential stresses),
and of- ZS(%E)O y» the change. in curvature of a thin

longitudinal strip cut from the specimen (for longit-

udinal stresses)., From these and subsequent measurements
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(fig.lhlb ) of diameter’ Ab, Abh’ and curvature
l {
A(R)| A("E’) after layer removal from one surface
N
of the slit specimen and strip, it is possible to estimate

the residual stresses originally present in the tubing.

In common with the Sachs technique, the method
depends on the following assumptions; that the tubing is
isotropic and of uniform wall thickness, and that the

residual stresses are distributed axisymmetrically,

Since the slit specimen and the thin longitudinal N
strip are much more flexible than an untouched specimen,
the method offers a greater response for the removal of

a given layer than the Sachs technique,

Davidenkov's method (76) was the first bending
deflection method which made possible the complete
determination of residual stresses in tubing. Earlier
workers (73-75) had only considered the deformations A.Do

and A{JE) , and not the effects of layer removal,
o

Denoting the circumferential and longitudinal
residual stresses at position A by S‘__ and SL ,

Davidenkov's equations were:

A A A TTToTTTEEs T

_ A
SL. b S‘_, + SL‘L + Sl—3 cme e ——. 6v02..
A .

where ’Sc,; and S,_‘ were the stresses relieved by
" slitting or cutting-out (the so-called residual bending
stresses), S¢g and SL.3 were the stresses relieved at
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positix# _/0 by removal of material up to /ﬁ and 5%2
and 'SL1 were the stresses relieved when the layer,
thickness Z&p , at ’/9 was removed, It is sufficient
for the purposes of the present section to refer to the
above general equations, Specific formulae will be quoted

where necessary in later sections,

Sachs and Espey (77) modified Davidenkov'!s expressions
to effect an improvement in computation time, although
this has since been disputed by Knights (82),

A A A A T

A
S. = Sia + S, "'Sw"’s‘-”_.--_- b4

The stress components 5% and .5% corresponded to
Davidenkov's components Sﬁ and SE , while the stress
components S, and S_b represented the direct and

bending components of 5% e This rather artificial

subdivision has attracted some criticism (90),

In the method of cutting-out the thin strips for
longitudinal residual stress determination (fig.1h5 ) the
longitudinal strain 'EL is constrained to be zefo during
the first two cuts. Since the circumferential residual
stress in the thin strip is completely relieved by these
cuts, a reduction in the longitudinal residual stress of
“’/4.02 must occur, Tﬁe methods of both Davidenkov and
Sachs and Espey failed to account for this effect, so
that each of the stress components 5? in equations 6,02

and 6,04 must be increased in value by //L.x the corres-
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ponding circumferential stress component., This error was
first noticed by Knights (82) and subsequently by others

(89,90). The corrected equations are:

S. = Su + S, +S3 o L.05

. s A
where: L = S,_, -{-/M.SC,
A
SL?’ = S/l.(b */M's'cq_
Suz = Sy + M- Sc3
and:
SL = S'LA + SLG +5L¢+S“b . 49-06
where: ) o '

A
Sia = iL.A + M.Scp
SLﬁ = S;_ﬂ, -i"/“SCﬁ
ot TN -

The Davidenkov theory as represented by equations
6,01 anc;l 6,05 , has been generally accepted as the most
fundamental of the bending deflection methods, although
Denton and Alexander (90) have recently indicated three

additional (minor) sources of error,

It is interesting to note the similarity in the
reasoning behind the definition of the stress components
in equations 6,01 and 6.05 , and the definition of the
stress components in appendix 3 . A distinction should
however be made between the component Cr‘ , which has
been defined in the present work as the stress induced at

uradius‘/o y and the components S, and S% y which

were defined by Davidenkov as the stresses relieved at

radius /0 .
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. Over the years, several workers (75,77,82,87) have
observed what has become known as the *'length effect!'! in
the determination of circumferential residual stress from
the changes in diameter on slitting and subsequent layer
removal. Starting with a short specimen and progressively
increasing the length, the diameter changes were found to
increase approximately linearly with the ratio of length/
diameter., Above a certain 'critical' value of this ratio
the diameter changes were found to remain constant,
Although it has long (87) been realised that longitudinal
residual stresses were in some way involved, only recently"

has a satisfactory explanation for the effect emerged,

Denton (90) explained the apparently reduced values
of circumferential stress in short specimens by suggesting
that, during parting-off, the circumferential strain é}
or the longitudinal curvature in the viecinity of the end-
face (fig.l46 ) was in some way constrained to be zero.
Since: : |
& = ——-(CQ=-:/AJﬂL)

E

the complete relief of»the longitudinal residual stress

6:_ would therefore result in a reduction of the circum-
ferential stress in the short specimen by an amount‘/M.OZ .
In other words, if the residual stresses originally
present in the long tube were Cﬁ_ and 02 , there
would be residual stresses of CQ;-—/M.OL in the circum-
"ferential direction, and zero in the longitudinal

direction, in the short specimen,

Although the above explanation might perhaps apply
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to thick—walled'tubing, it has already been shown in
section 4.02 that considerable longitudinal .curvature or
circumferential strain is produced on relief of 61_ in
thin-walled tubing. A more satisfactory explanation of

the 'length effect'! in terms of the occurrence rather

than the prevention of longitudinal (anticlastic) curvature
in short specimens has recently been provided by

Pomeroy (107).

Using the theory of beams on an elastic foundation
it may be shown that the mean wvalue of the longitudinal -
or aﬁticlastic curvature adopted by a thin tube due to
the relief of the longitudinal residual stress O at
both end-faces is:
ﬁ( - ;Zﬁﬂg (f Cd?hfit - CSS£$<
M " BL. EI\ smhBl +smbL

Mo 4(se)

EL

where hdL_ is the moment of the longitudinal residunal

stress, A is the tube length, 54= 3{"‘/“")/&,:1"'

and {(&2) is the average moment function,

This curvature effectively stiffens a slit tube
against circumferential bending deformations, and the
bending moment ﬁ4c applied by the relief of the

"circumferential residual stress is effectively reduced

M, M dae) 6.07.

»

to:
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Fig.1l47 shows a plot of the average moment function

{(62) against Bf , and it is clear that for BL

less than 1 the applied moment becomes;
Mc ""/M ML.

so that the circumferential stress in the short specimen

is apparently reduced to:
O, "/“07..

For ﬂf. greater than 20 the slope of the curve for

{(BB) becomes small and might well be called zero. .

Since the absolute value of ,f(ﬂﬂ) is also small in
this region, experimental estimates of the circumferential
residual stress might well appear to be constant and
equal to 62 .
In order to minimise the effect of anticlastic

curvature on the measurement of circumferential residual
stress, a specimen with 6,@ greater than 30 would appear
to be essential. TFor thin-walled tubing ( g"}//k greater
than 11 ), _{, should therefore be at least 35Dy
and for tubing with RMZ" = 16,5 (as used in sections 4

and 5 ), 4 should be at least 3‘DM .

6.03, THE BENDING DEFLECTION METHOD IN THE

PRESENCE OF ECCENTRICITY.

.

In the case of eccentric tubing, all the stress
components in equations 6.0l and 6.05 may vary in the
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circumferential as well as in the radial direction, so

that:

Sc(6) = 531(9}'*5;;,(9)'*5:;3(9) -~-;'6.0g.
5.(6) = Su(9) +S.2(6) +5L3(9)_,-___e.o9.

Only Knights (82) has considered the effect of
specimen ecceﬁtricity on the determination of residual
stress by the bending deflection method. A discussion of
the more important features of his work occupies the

remainder of this section,

It is assumed throughout that ‘(M/Jle is greater
than 11 , so that simple bending theory may be used for

the analysis of circumferential bending deformations

(96,97).

(a) Circumferential .bending stress Sei (9).

Since the circumferential bending moment Mc
released on slitting an eccentric tube must, from static
equilibrium, be independent of the angular position of
the slot, the surface values of the circumferential
bending stress at any position 9 may be determined

directly from the expression:

+ oM.

G -
: r,&; e —mw - 6.0,

.

which follows from simple bending theory. Since Sq(9)
may be assumed to be linearly distributed through the
wall thickness (96) the determination of the circum=

(123)



ferential bending stress at any depth is an easy matter,
once the wvalue of ﬁqc} has been determined. from the
measured changes in diameter or gap-width on slitting,
(in practice the change in gap-~width is taken as the
relafive displacement of two reference marks on either

side of the slitting position).

Knights found by an investigation of the effect of
different positions for slitting and for deflection
measurement that the difference between the surface value
of Sc,(‘%) and the surface value of SCI y the bending .
stress calculated by assuming that the eccentric tube had
a uniform wall thickness /ﬁ," , was a minimum when the
slot was made at mean wall thickness and the deflection
was measured on the diameter perpendicular to the plane
of slitting, as shown in fig.l48 ., In fact, for this

particular case, Knights showed that:

]

SurFAce vAwe of Sci(%) ( 67.)7'
SuRFACE VALWE OF Sgy

By using the expression 6,10 , this equation may be

rewritten:

Me
Mem

T}

where 'P4cn1 is the value of the bending moment calculated

by assuming that the tube wall thickness is uniform and

“equals }‘M . ‘ .

»

It may easily be shown using equation 6.11 that for
€. less than 0.07 the effect of eccentricity on the
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calculation of Fﬂc, (and therefore on the calculation of

Sa(ﬁ’) ) is negligible,

For any othexr slitting position or measurement
position, the effect of eccentricity is more pronounced,
and must be taken into account or serious errors will

result,

(b) The stress component 551(9).

By assuming that ch,(g) was independent of 9 in -*
tubing with ¥ 1less than 0.05 , Knights found, for the

case of internal layer removal, thaﬁ:
S(6) _ | _ & hm
- 2
Se2 [’Km— (/o—a)] I

where the component Shz, was calculated without regard

to eccentricity,

It may easily be shown using this expression that,
for €& less than 0,05 , the effect of eccentricity on
the determination of the (assumed constant) value of

Scz(e) is negligiblé, provided /o-a, does not exceed
O'S',hm , i.e. provided the common practice of etching

duplicate specimens in opposite directions is adopted,

“(¢) The stress component 5k3{99 .

’

By a similar argument to that used in (b) , Knights
concluded that the stress component stslaj could be
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assumed to be independent of 9 and equal to ch 9
the value calculated by assuming the specimen had the
uniform wall thickness }“h , provided €. was less
than 0,05 and A~@& did not exceed O'Sjlm , (for the

case of internal layer removal),

(@) circumferential residual stress 5%(99 in

specimens with € less than 0.05.

Provided the processes of slitting and deflection
measurement are carried out as indicated in fig.148
and the total thickness of the material removed does not
exceed 50% of the wall thickness, the stress components

Sei(B) » Sce(®) = Scz and 5¢3((9) = S,3 may be
calculated without regard to the effects of eccentricity,

and equation 6,08 may be rewritten:

S.(9) = Sci(B) + Sea. +Se3

Formulae for the various stress components in terms
of the changes in diameter on slitting and subsequent

layer removal may be found in ref,82 .,

(e) Longitudinal residual stress SL(D) .

The corrected Davidenkov strip method for the
determination of longitudinal residual stress has the
"considerable advantage jthat a small region of the
circumference is isolated and examined, thus avoiding
the longitudinal shear effects which may afise on layer

" removal from eccentric tubing (section 5.03 ).
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If a thin longitudinal strip is cut out at position, -
© in the manner indicated in figs.lL5,149 , the
longitudinal residual stress SL(EO may be determined

from equation 6,02 :
A A A A
Su®) = Su(8)+5..(8) +Ss; (9)

It is necessary to assume that the residual stresses
are independent of @ within the limits of the thin
strip, and that the cross-section of the strip is rect-
angulér. Since the dimension & can be made very small

and KW' is large, these are reasonable assumptions, -
4‘9 y I

A The original Davidenkov formulae for 334 ’ é:b and
5L3 in terms of the change in longitudinal curvature of
the strip (82) may easily be modified for the effects of
eccentricity by replacing the uniform wall thickness /A
by the local wall thickness AAQ ¢« So that the deter-
mination of ,gi(g) is relatively straightforward, even

in specimens with ¢ greater than 0,05 ,

Unfortunately, the longitudinal stress originally

present at position 9 must be calculated from the

A
S,(6) = S.(0) +/u.55(9)“ _____ 6.3.

equation:
which follows from equation 6,05 ,
The appearance of the circumferential stress -SC(Q)

in this equation restricts the method to tubing with €

less than 0,05 .
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(f) Conclusions,

The method outlined in (a)~(e) may be used for the
determination of residual stresses in eccentric tubing,
provided the tubing is nearly-concentric ( ‘& less
than 0.05 ), the stress component SEJQ) is measured as
indicated in fig;lAB , the stress components f&z{Q) and

SC%(S) can be assumed to be independent of & , and
the layer removal process does not take place beyond a

depth of 0'5,#,”1 .

In the determination of circumferential residual
stress, the method suffers from the same disadvantages
as the Sachs technique, since 5(:;{9) and 5};3[9) must both
be assumed to be independent of 9' for /p—dl less than
0'5—/{1”‘ . Although this is well supported by the
experimental results obtained from specimen 3A-1 , for
which ¥ = 0,06 , it is unlikely to be the case in tubing

with a higher degree of initial eccentricity.

In the determination of longitudinal residual stress
the method is potentially applicable to tubing with ‘€
greater than 0,05 , although the problem of determining

5&(0) in such tubing must first be overcome,

A method for the determination of local wvalues of
“circumferential residugl stress in tubing with a high
degree’ of initial eccentricity is developed in the
remainder of this section, The method is based on a
technique proposed by Denton (72,91,100) for the deter-
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mination of local residual stress.

6,04, THE IMPORTANCE OF SEREBRENNIKOV'S METHOD.,

It has already been noted that the major advantage
of thé corrected Davidenkov strip method lies in the fact
that a small region of the circumference of the specimen
may be isolated and examined, The method of Serebrennikov
(101) for the determination of longitudinal residual stress

in small diameter shafts, offers a similar advantage., -

With the object of ultimately controlling production
stresses Serebrennikov showed that the local wvalue of the
longitudinal surface stress in small diameter shafts could
be determined by etching a shallow longitudinal groove or
channel at the position where the stress value was
required (fig.150a ), 1In ghafts where the length/diameter
ratio exceeded 15 the stress which existed in the removed
material was determined from the lateral deflection of
the shaft at the mid-point of the groove, and in shafts
with a smaller length/diameter ratio, from the relative

angular, deflection of the ends of the shaft (figs.1l50b,c ),

Although Serebrennikovt!s technique is not applicable
to the determination of residual stress in thin-walled
“tubing, his method of stress relief by groove~cutting is
of particular interest, Sinte only the section of the
residually~stressed body beneath the groové is deformed
(figs.150b,c ) the shape of the rest of the body has no
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effect on the residual stress calculation,

The deterﬁination of the circumferential stress
components Skz(g) and 523(9) in tubing with a high €
value may therefore be carried out by slitting the tubing
(to release the residual bending stress SCjﬂp) ) then
cutting and gradually deepening a narrow longitudinal
groove at the position & (fig.151 ) while monitoring
the change in curvature of the section BC . The variation
in the wall thickness over the sections AB and CD need

not be considered.

6.05, A METHOD FOR THE DETERMINATION OF !'TYPE A!

CIRCUMFERENTTIAL RESIDUAL STRESS IN TUBING

WITH ¥  GREATER THAN 0,1,

(a) Preliminary assumptions,

(i) The material of the tubing is isotropic and only

elastic strains are produced by slitting and layer removal,

(ii) The specimens are sufficiently long to avoid the

tlength effect! described in section 6,02 ,

(iii) The ‘type B' residual stresses in the specimens
“"have been completely relieved by cutting-out, and pre-

determined by the method outlined in section 4,05 ,

(iv) The tubing is sufficiently thin for radial stress
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to be neglected and the ratio of ’e"?/j‘.g large enough
(greater than 11 for all 9 ) to make the use of curved
bar theory unnecessary in the calculation of circun-
ferential bending deflections, So that, for small strains
(Less than 2% ), plane sections will remain plane and the
strain in any fibre will be proportional to the distance

from the nhie?tral axis (96,97,104),
(v) The techniques employed for cutting, slitting and
layer removal are stress free or introduce only stresses

which are consistently predictable,

(b) Definition of the stress components,

The circumferential residual stress Oz(e)n in the
n layer (counting from the outer surf‘ace) of a
specimen of tubing with e greater than O0,l may be

determined in two parts:

02(9).1 = 024(6’)" ‘f‘o"cz(G)n e meea b.14,

where 02,(9)" is the residual bending stress relieved in
the n'ﬂ\ layer by a longitudinal slot ( = Sc/(Q) ), and
O&z(e)n is the stress remaining in the nth layer

after slitting ( = Sco(0) + Sc3(B) ).

(c) Determination of the circumferential

bending stress 021(9)9) o

The stress component 6&,(9)” is calculated from
the deformations A‘DO or AG—O which occur when the

) (131)



specimen is slit along a generator (fig.l52 ).

(i) The first stage in the calculation is the determine-
ation of O’C,I{O)n in terms of MC the bending moment

released on slitting,

Since the ratio KM//L‘Q is large, O (3)'1 may be
"assumed to vary linearly through the wall thickness
(fig.153 ). If the depth from the outer surface to the

mid-point of the h*h layer is denoted by OL” then:

%(®), = (2224 o (g
e

where Cglaﬂb denotes the bending stress relieved at the

outer surface,

Taking moments which tend to decrease curvature as
positive (fig.1l52 ) it may be shown from simple bending

theory that:

Ao e e O &

i.e, the relief of tensile residual stress in the outer

fibres by slitting, produces a decrease in curvature,

It follows from equation 6.15 that:

(D = Spe(dezRde) el7.
. e - ——— .-~ ‘ R

-

(ii) The second stage in the calculation is the determin-
ation of M, in terms of the deformations AD, or A&o
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which occur on slitting.

Since ﬁ4c is independent of & (section 6.03a )
and can be determined by slitting along any generator,
the slitting position can be chosen to satisfy.particular
requirements; Knights, for example, found for nearly-
concentric tubing that the effect of eccentricity on the
calculation of P4C- could be neglected when the slit was

made at mean wall thickness,

Since the effect of eccentricity cannot be neglected

in the present discussion, a different criterion can be
used to select the most suitable slitting position, From
the point of view of mathematical simplicity, the three
most suitable slitting positions are at maximum, minimum
and mean wall thickness, as shown in fig.,154 , (it is
assumed that the centre distance € is so small that
mean wall thickness occurs at e =‘ﬂzz ). Since the
bending moment produced in each case is the same, the
.most useful criterion for selecting the best positién of
the three, is the relative magnitude of the deformations

which occur on slitting.

Taking the change in diameter perpendicular to the
plane of each slot as the basis for comparison and
denoting it by A‘DOo , Abotr and ADO% respectively,
~it may be shown (appendix 4 ) using Castigliano's theorem

that: -
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AD = 24‘MG-R: }+e 38 s __—h'
i 2]

Aba‘]r"' 24-MC * — /‘L

E'A. 443(: R )yz[’f“ L.,]

[+€

ADmr/" 24Mc R T ol
LELa(-€)

Y - %/ 2}

{
The factor E = E 3 appears in the above expressions
I M '

due to the suppression of anticlastic (longitudinal)

curvature at the centre of the long (approx. ?~5_bm)

specimens,

By substitution of numerical values it may easily
be shown that:
omr 077?_ oo
for 0 <K€K /
i.e, the greatest change in diameter is produced by

slitting along the generator at maximum wall thickness,

It may similarly be shown for the change in gap-
width [&C&o that:

ZBG%WT<: Aichﬂy <:‘Q£;00
¢ : for 0(6(’

Since A&a will always be greater than Abo (intuit~
“ively obvious) the maximum deflection for a given applied
moment will occur at the slot, on slitting at maximum

wall thickness,:
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It may be shown (appendix 4 ) that:

AG. . = 24—.MCR,:' [(l-re.)(z-re) T
B4 (- (1-) 2

Knights (82) quotes the following simplified formulae

for A_Dw and A&w s Without proof:

AD,, = 2%Me R (H’ §1T§-+e)

B A
A&, - ?f‘iﬁa '"'(I-f— 3e"‘3e)

The accuracy of these expressions deteriorates rapidiy
for & greater than 0.05 , and where &. is greater
than 0,10 , it is necessary to use equation 6,18 or

equation 6,21 to determine [\I]c .

Using equations 6.17 , 6,18 and 6,21 , the circum-
ferential bending stress at any angle & and depth d"

is given by:

E(hg-24,)h3 0D ( :--ei’-)z
4R hg I+ + 25
A (i- 5") ”'[ e

—..-._E'(’;\B"Zdn)ff\:.,AGroo[ 2(1‘_ 1-)5’2 ]
4-Rm.hg

e, (B)n

The exact solution to this problem has been obtained
“by Mori (103) using bipolar co-ordinates. For RM/A@
large and /,,\9 small, the expressions 6,22 are satis-

factory.
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(iii) The error produced by neglecting the effect of
eccentricity in the calculation of ch when the slot
is made at maximum wall thickness,

If P1W1 is the wvalue of ch calculated by neglecting

the effect of eccentricity, then from equations 6,18,6,21:

M (n- e?)*
M [+ei4 32 [‘ﬂ‘ ~tan' (1-¢& 2}

(-~ 31)'/‘ |+e

when the change in diameter ZlI%o is measured, and:

Me o _2(-e)™
M (1+e)(z+e)

when the change in gap-width Z&Ctoo is measured,
Table 11 indicates that substantial errors are
produced in both cases if the effect of eccentricity is

neglected,

(d) Determination of the stress component ‘521(99n .

The inadequacy of conventional methods for the deter-
mination of the stress component 52;(9),, (55“19)-'-5’,:3(9))
wﬁen the initial eccentricity €& . exceeds 0,05 has
already been discussed in section 6,03 . The technique
described in this section has the twofold advantage that
~circumferential variations of this stress component may
be investigated withoué regard to the initial eccentricity

of the specimen or the increase in eccentricity which

occcurs on layer removal,

(136)



The specimen under examination is slitAlongitudinally
and the circumferential bending stresses determined as
described in section (e) The.fact that the specimen
may have considerable eccentricity may be disregarded inm

the remainder of the investigation,

The stress within a small arc of the circumference
of the specimen is determined from the deformations
produced by cutting, and gradually deepening, a rect-—
angular groove along the entire length of a generator
(fig.151 ). Since only that part of each layer lying .
within the limits of the arc & is removed when the
groove is deepened, an estimate of the local circum-
ferential stress in each layer is obtained, It must be
assumed that the stress component dzzfe)n is independent
of length, and is independent of 6’ over the arc BC .
The arc-length S  should therefore be small (about‘%ﬁe).
It is also assumed that the effect of lateral (longit-
udinal) curvature produced by the complete relief of
longitudinal residual stress at the end-faces, is neglig-

ible in the long (approx. 3'53),,».) specimens,

Provided it can be assumed that the region of
deformation on layer removal is confined to the section
BC\, the sections AB and CD can be considered as rigid
lever arms which magnify the relative angular rotation of
~the sides of the groove, Under these circumstances, the
deformation of the section BC may be determined from the

changes in gap-width on layer removal.
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Since 'et"l/vhe is large the section of the tube wall
beneath the groove after the removal of N . layers, may
be considered as a simple rectangular beam of length &

depth tﬂ and breadth A (fig.155 ) and simple bending

theory of the type: J—. = ...M_.._ may be used to determine
R E'T

the stresses released on layer removal (100).

The stress remaining at the position 9 in the

ih

n layer after slitting is calculated in two parts:

I
6’{9)“ = Ce(B), + 0"(9),, 023

i
where 5[9),, denotes the stress at position 9 in the
th {
n layer when it is removed, and 0'{9}" is the
stress induced at position 9 in the nﬂ‘ layer by the

removal of the W-—| previous layers.
7}
(i) Determination of 6'(9)” .

Fig.156 shows a groove cut at the angle 9 from
maximum wall thickness, S‘f{@)ﬂ is the small angle turned
through by the sides of the groove on removal of the

n layer, thickness Atn , containing the stress

o‘"[a)" .

Provided it can be assumed that only the material
under the groove is deformed by layer removal, the edges

+of the slot at A and D remain at a constant distance from

-

the point P and are deflected by C?A(G)n and 'A:'D{e)n in

the directions shown.
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"

Increase in gap-width is taken as positive in

accordance with the sign convention adopted in section (c).

It is clear from fig.l56 +that:
SA(B)" =4 EA and 51{9)’1 =4 —Z.b for all B .
By fitting rigid extensions (91,100) on both edges as
shown in fig.l57 it is possible to arrange that:
ZA = 2—_.0 = 2 for all & ,

SA(9),4 = 83(9),, = 5‘(9)"

If the overall increase in gap-width on removal of the

M’n‘ layer is AG(G)V) then:

AGfo), = 2 5(6),. cad
oo 6.24
where: ¢ - ’?oa__ (94‘04)

If the change in curvature of the material beneath
" A

the groove on removal of the R layer is denofed by

A(..:.’:) then using simple bending theory:
n

A A == - Mc(e)ﬂ
(R)n El-Ic(G)n . 6.25

where MC(B)M is the circumferential bending moment
applied to the section BC due to the removal of the layer
of thickness A‘t" containing the stress O‘“(B)n
(fig.158 ), and Ic(e)n is the moment of inertia of the
cross—;section at B (or C ) after removal of the H‘“‘
layer. E is used due to the suppressién of lateral

(anticlastic) curvature of the material beneath the groove

(139)



in the long specimen, and the minus sign results from
the fact that positive moments cause a decrease in

curvature,

Since only direct strain is produced by the release
of the longitudinal stress C{(Q)n in the removed layer,
it has no effect on the circumferential curvature between
B and C or on the change in gap-width, and can therefore

be neglected in this instance,

If all deflections are small, it follows from

fig.1l59 that:

M), = — 2 80),

where the minus sign results from the fact that an increase

in Y’ causes a decrease in curvature.

Sinc;a: | 8(9)” = =, 8?’(9).1

it follows that:

_ 2 8&(9),
A(—g’:')" ) z[s)

and using equation 6.24 gives:

1\ _ - A&g(p)
Alg), - Zs ok ... c20

The bending moment applied to the section BC on

removal of the P1*k layer is given by:

(140)



MC(G)n = "(z'ojl{e)n-Atn'i'(th*Atn)

where ﬂ, is the specimen length. The minus sign results
from the fact that removal of a layer containing tensile
residual stress produces an increase in curvature of the

material beneath the groove, or a decrease in gap-width.

Using equations 6.25 and 6.26 gives:

0’"(9),‘ o ZE,. Ic(e)n- AG’[G)n )
at, (tut bt )02 s.088 427

for all A .

This equation may be used for the determination of
the stress component 6‘"(9)" at any angle 9 provided
the angle ¢ and the length 2% can be determined
accurately, and provided the initial groove-width S is

held constant during the layer removal process,

It should be pointed out that a direct force
E(e)" = 6!'(9)n£ Ath is also applied to the section
BC on removal of the y"n‘ layer. The eflfect on the gap-
width of the resultant change in length is however small
in comparison to the magnified effect of the curvature

change, and may be neglected,

/
(ii) Determination of O'{G)n . ST
' .
6{9)91 is the stress induced at position 9 in

the hn‘ layer by removal of the P}-—I previous layers.
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! i A"‘:
" C"P(Q)m = 5(9)"""‘[

From equation 6,27 the stress released by removal of

the first layer of thickness At’ (fig.160 ) is given by:

o(6) = - 2ET,(), DG(S),
At, (‘tl *At’ ) f.o%.S.CESq’

{
G’(e)y" , the stress induced in the n'n‘ layer by removal

of the first layer, is calculated in two parts:

‘5!(9)"! = Crpl {Glm + o';:(B)m ceee-a 628

|
where Jp(e)n' is the direct stress induced in the Vlﬂ"
laver and { is the bending stress induced in the
y o’M(Q)m g

Mﬂ" laver,

The removal of the layer of thickness At[ contain-
I .
ing the stress 0'(9)1 is equivalent to the application
of a force PC(B)j and a moment Mc(BJ, to the material

beneath the groove, where:

P.(8), = o(0).A%.L
Me(6)) = —%.0(0) .85 L(++ht,)

the minus sign occurs because moments which cause a

decrease in curvature are taken as positive.

'The direct stress induced in the W layer is
given by: P‘C(é})l , so that:

Lt

€

]

The bending stress induced in the M'n“ layer is

given by: -~ MC(@)[ ?; , where 42, = ,he _o(n__i;__!__
T.(6), (142). | z



is the distance from the mid-point of the W layer to

the nuetral axis (fig.160 ), so that: -

7. ()

i

1 (9),.At,,z(t,-rAt,)(«A9 -4,-1L)
Z T, (0),

where j‘g is the local wall thickness and d_" is the

hi

depth from the outer surface to the mid-point of the h‘m

layer,

From equation 6,27 the stress released by removal of

the second layer of thickness Atz_ is given by:

O’"(e)z - - ZE’ IC(Q)‘L A&(B)l
Aty (o4 48, ) L sossd

! Th
and 0—(9),«,1 , the stress induced in the W layer by

removal of the second layer, is given by:

] ! !
5(6),, = %(9),,2_ + o‘mle)m. e -enr 6.29.

| J
where 6(}(9)”7_ and fm(e)”z are respectively the direct
and the bending stresses induced in the Hn‘ layer,

The n'p(e:tral axis of bending of the material under
the groove will shift due to the removal of the layer of
thickness A‘tz , and in this case:

2

It may easily be shown that:

: ( N '
JP (9);47, = c (9)2.'-4-{3-?;
t,
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o), = S5 Ltatdt,)(ho-dn-Lt2)
2 T.(8),

If the stresses induced in the M‘n‘ layver by

removal of the 3rd, 4th, 5th, ... (n-i)/n‘ layers are
denoted by: 6"{9)"3 , O"{G)M_ , O'I(G),,,g ) ceveessene
e OJKG)“”_] , it is clear that:
! / !
6'[9]" = o9, +o () +. ... *0!{9);1 .
i.e ] : {
0'(9)” = é‘ 5(9)nr
r=|->n-| y|>l (.30
or: , , ‘ ----------
: o (6), =Pé’[ O’P(e)nr+ o;n(g)nr]
- =|>n-| Pl>'l _______ 63/
| i i
5p(0),, = 6(9),..4%&
r
1 UJ
t
), = 10 bt (6,08 o4, )
" 2 Ze(6),
c'(8). = -2 1.(0),. DG(O)
At (tet+At ) L2 SP
A =
no= LM+ LAt
rsl->n
T = | 3

and frém fig.l61 :
{:r = '419L-— EE;lSt%,
1=1>r
(1h44)



so that Gj(e)n may be calculated from the measured

| changes in gap-width AG((S), , ACT(G)Z s secene A&(@)n

(iii) Simplification introduced by removing layers

of equal thickness.

If it can, in some way, be arranged that:

At‘ = A'tz-'-‘- ........ Atﬂ = At

equations 6,27 and 6.31 may be simplified considerably,

since in this case:

tr = J’\Q—'(‘-At
To@O) = L4 (hg-rbt)
4, = (n-4) At

and : O!I(Q)P - - E! (/”‘9 - nAt)g AGC(S)V‘
6Ot [hg+(I-r)it |2 S.casth

so that equation 6,27 becomes:

3
o), = _E! (ho -n.bt). A&(O)y

6 Mt hg+(1-n)bt ] Zs.csd
eee--- 632,

for all K ,

and since:

{ ]
op(0),. = o(8). L __

ho— nAt
O;*\" (g)nr ) 61'(9)r:SAt[AB,,.(l-r)AtJ[/&:@”P(H Y‘—»Zn)ﬁ't:}
(,{49 - t‘.At) 3
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o), - £ {8t stho+(i-)lhotter-2nnd)

Uw/rzr%_!;wfha-n&t . (A8~ ME); )i
’ r=l->n-;r2’{’9“nm: (AQ-ﬁAt)s

w> | L TR 655

(iv) Summary of technigque,

It has been shown that the stress component OEz(shq .
may be calculated from the measured changes in gap-width
AG’(Q). ’ A&(@)z Y sesseecen A&(S)Vl which occur on
removal of layers of thickness At' ’ A‘&I_ s esene A‘tn
from a groove at position 9 , by using equations 6,23 ,

6.27 and 6,31 .

If it can be arranged that the removed layers are of
equal thickness, the simplified expressions 6,32 and 6.33

may be used.,

The step-by-step method of calculation which has
been used is similar to that suggested by Denton (90,100)
and subsequently by Pomeroy (98,99) and Hospers and
Vogelesang (105). It avoids the errors which may occur
if trend curves are used, and may conveniently be carried

“out on a digital computer,

’
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(e) Application to short specimens.

If the method described in sections (a)-(d) is
applied to the determination of the circumferential
residual stress in a short specimen in which lateral
(longitudinal) curvature can occur freely, E, in
equations 6,23 , 6.27 , 6.31 , 6.32 and 6.33 must be

replaced by EE .

For the particular case of @ =T , it follows

from fig.157 that CP'=-0( , and equation 6,27 becomes: *°

s(r) = ~ZEI(m),. ba(m),
4 At, (ta+At,)L2.SCsms

Exéept for the minus sign which appears to be due to
a difference in the sign convention for the changes in
gap-width, this equation is equivalent to that quoted
(without proof) by Denton (100) for the determination of
local residual stress in narrow curved bars of uniform
thickness (figs.162,163 )., Denton also quotes'expressions
which are equivalent to 5; (Tr)nr and O’;A(Tf)nr , but a
less general notation is used, and a factor of two is

|
omitted in the denominator of the expression for C§4(W)np .

It should be borne.in mind, if the use of short
"( _& 1less than 3D, ) specimens is planned, that the
“presence of longitudinal residual stress in the parent
tubing'will cause an apparen% reduction in the wvalue of
the circumferential residual stress, due té the f'length
effect!',
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(f) The measurcnent of the changes in gap-width,

The determination of circumferential residual stress
by the method described in sections (a)-(d) is complicated
by the fact that the changes in gap-width produced by
cutting a groove are much smaller than those produced in
conventional bending deflection methods, in which layer
removal takes place over an entire surface, The measure-
ment technique for Aé{(g)’ ces s A&(s)n must therefore

be more sensitive than those usually employed (63-72).

Denton (91,100) employed an inferometric technique
to determine the changes in gap-width, in the particular
case of @ =TC (figs.162,163 ). The relative deflection
of two optical flats was measured by means of a Twyman
inferometer, By using G =0 maximum magnification of
the bending deformations of the material under the groove
was obtained, Readings were found to be repeatable to
2.0 x lo-umm , with normal mountings, and to 0.4 x lO—hmm

with anti-vibration mountings.

The application of this technique to the deter-
mination of the circumferential distribution of 02(9)”
in tubing, would require grooves at a number of angular
positions, so that the magnification achieved would
generally be less than the maximum., For "'4-50< 9< 450
“"the change in gap-width might not be accurately measurable,
It has been assumed up to this stage that the

sections AB and CD in fig.l156 retain their original
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curvature throughout the process of layer removal, and
therefore that the changes in gap-width AG(@)I.......‘.
.o A&(g)ﬂ are entirely due to the deformation of section
BC . Since comﬁlete relief of the circumferential stress
component OZZ(Q)n must occur at the sides of the groove,
a region of stress disturbance must exist in the vicinity
of the groove, The existence of associated curvature

near B and C must also be considered,;

Gura (106) has reported that the deformation =zone
produced by cutting a groove in rectangular slugs cut .
from welded Jjoints is considerably larger than the groove-
width., For groove~widths of -10mm, 5mm, 3mm and 2mn resp-—
ectively, the deformation zone extended 10mmn, 9mm, 8mm
and 7mm on either side of the groove, It is clear that
the occurrence of a similar 'edge effect!'! at the groove

in fig.156 would introduce errors in the determination

of S‘f’(g‘)n from A&(G‘}n .

This difficulty may however be avoided, and the
presence of such additional curvature ignored, if strain
gauges are used to determine the deformations between B

and Co

6.06, THE ADVANTAGES OF TUSING STRAIN GAUGES.,

If strain gauges are used to‘measure the deformations
produced by slitting and by groove-cutting, the calcul-~
ation of 5c(9)" is considerably simpiified.
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The measurement of surface strain would almost
certainly be simpler from a practical point of view than
the measurement of changes in gap-width by the inferometric
technique; possible difficulties associated with the
measurement of z and CS'S¢ y and with the mounting

and alignment of optical flats, would be avoided.

(a) Determination of the circumferential

bending stress GEGIO)H .

By mounting a strain gauge on one surface of the -
specimen, prior to slitting, 6&(9)” may be easily
determined. There are no restrictions on the slitting
position, and the released strains may be measured on

either surface of the specimen,

Fig.164 shows a strain gauge mounted on the inner
surface of the specimen, at position 6, from maximum
wall thickness, If the surface bending strain detected

by the gauge on slitting is denoted by iCMO%) then:
a

i
E-8u(d) = -0ul®), ... ¢35

where 6&,(9,)1 is the value of the residual bending stress
at the inner surface of the specimen, The minus sign
results from the fact that the release of compressive
residual stress at the inner surface (by slitting)
“"produces tensile straiq on the gauge,

Since the ratio of Kﬂéko is large, it may be

assumed that:
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O-Cl (9')4 = AOJCI (g’)b :

where 6‘;'(9,)5 is the residual bending stress at the

outer surfacé. It follows from equation 6,15 that:

her -2
0:;,(9;)" = "( 9’/“9“;{").02;(91)&

and from equation 6,35 that:

e 6.3,

The stress component at any other angular position

- V1 oy -24
0::'(9')54 = E( "‘ﬂja‘n“)'gcm(stzl

9 may be obtained from the measured surface strain at

position 9, , by using equation 6,17 :

6y (6), = é_f?g(%g;iof»)
Z

Since Mc is independent of 9 it follows that:

i (0)n - 6}(*9: ~Zdn )

/‘19:3 |
T TalOn ey gy
2 (6)n M8 ~Zdn” fo?

e 637,

and using equation 6.36

: GE,(Q)"“:: E'(hg - Zdn) /ha: £ (9) |
b

This equation is equivalent to eqguation 6,22 ,
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(b) Determination of the stress component 0'2:2,(9);9 .

In section 6,05 it was shown that 0:-_7’(9)” could be

determined from the changes in gap-width AG[Q)' g seseeace

... A&(9), .

By mounting a strain gauge pair on the inner surface
of the specimen between B and C , as shown in fig.165 ,
it is possible to determine 02;(9),, from the surface

strain changes which occur on layer removal,

The gauge length should be less than the groove-
width S , and the stress component 5&,[9’)" should be

pre-determined,

As before, 021_ (9’)" is determined in two parts

according to eguation 6,23 : .
] }
c®), = 6z (0 + 0'(9)"

The removal of the n‘m

layer, of thickness At” ,
Nl

containing the stress 0"{9),4 (fig.158 ) is equivalent

to applying a force pc{e)“ and a moment Mc(B)n to the

material beneath the groove, where:

Pe(O)s = 5"[9),‘-1-‘51::1
Mc(0), = - L. s (6),. &t L (ta+bt,)

The stress change on the inner surface is the algebraic
sum of the direct and bending stress changes (99), and
is given by:
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5,‘(9).4[ At'ﬁ‘. - Atm~tn.£(th+Atn)
: th 416(9)?) )

If the circumferential strain change on the inner

surface on removal of the A layer is denoted by

Aic (9)4" then:

Aic(g) */“'Ail. (9) = 6'”[9)‘«1 Aty - A‘tn-tn.ﬂ(tn'fbt,)
w an E' tn 4IC[B),,

where AEL(B)au is the longitudinal strain produced by

| s . 1
the relief of the stress ¢ *) n in the W layer,
Although this has no effect on the circumferential
curvature between B and C , and no effect on the change
in gap-width, it must be considered when determining the

circumferential surface stress change,

If Aic{g)q“—F/u_AfLZB)m is denoted by Ada(g)an ,

and I(Q) is replaced by _I (£ , the above equation
cn 127" \
may be rewrittent

- E, t‘:. A‘Eo[g')an
At, (2t.+34t,)

for all W .

(o),

This equation is equivalent to equation 6.27 , but has
the advantage that the effect of the force &(9)'1 is
~automatically taken int‘o account,
/
The stress component 5(9),, may be obtained
directly from equation 6,31 by using the substitution:
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—E' tn. Mo(B),,
At (2tp+348,)

I
o), =

So that by using the equations 6.23 , 6,39 , 6.31

and 6,40 , the stress component OZZ(Q)H may be deter—

mined from the changes A@(Q&’, eesannse A@(Q)ﬂn .

(¢) If it can be arranged that layers of equal thickness

are removed, the equation 6.39 Becomes:

) * )
o‘lfe)y, = ~E'(119~”-At)- 86(6),
At [2hg +(3-2n)bt ]

1
and 0’(6)’.. in equation 6,33 is replaced by:

olp). = —E'(ho-r st). Blo(0),,
B¢ [ 2hg + (3-20) Bt

(d) Conclusions,

The determination o:f" 02{9)‘,, from the measurement
of local surface strain changes is considerably simpler
from both the theoretical and practical point of view
than the method based on the measurement of changes in
gap~width discussed in section 6,05 ,

L3

Provided (52(9)” and O’L(G)m do not change abruptly

with 9 , the local changes A@(Q)al y seesee A&J[Q)an

are unaffected by small changes in the groove-width §
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during the layer removal process (equation 6,39 is

independent of § ).

In contrast to the changes in gap-width produced by
cutting a groove, the surface strain changes between B
and C would probably be of the same order of magnitude as
those which would be produced by conventional layer
removal techniques. The strain measurement technique
described in section 2.04 could therefore be used without

modification,

Since the investigation of the circumferential
distribution of 02(9)n must be carried out by cutting
grooves at a number of angular positions, it is clear
that the extent of the region of circumferential stress
disturbance produced by each groove will be an important
factor in determining the minimum groove separation,

Since gﬂvahe is greater than 11 it seems reasonable to
assume that this region of stress disturbance will extend’/
only a few wall thicknesses on either gide of each groove,
On this basis, five or six equally-spaced grooves could

-

easily be accommodated on one specimen, and four specimens

would provide sufficient measuring points,

6,07, EXPERIMENTAL CHECK ON THE VALIDITY

- OF EQUATION 6,34,

Denton (91,100) checked the validity of the
expression 6.34 by comparing the changes in gap-width
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calculated from known applied stresses, with measured
values. The known stresses were applied to the sides of

the groove by a 'stress-tool!' in the form of internal

calipers, as shown in fig.l66 .

For groove-depths up to 0n4,h9 the measured changes
in gap-width SE}(W)‘, .....; Jfkfﬂjh were found to be
consistently about 20% higher than the values Zy%fﬂ)’, .o
.o A&(’W)w obtained from equation 6,34 ., Denton therefore
suggested that a correction factor ’( = 1,2 should be

‘ n
inserted in the denominator of the expression for O (’77)'4 .

The accuracy of this method for determining the
correction factor k: is clearly dependent on the exact
reproduction, by the lever system, of the loading imposed
by layer removal, and also on the accurate estimation of
the applied bendinglmoment. In order to avoid uncertainty
about the length of the moment-arm of the force F’ y it
is clearly necessary that the faces F: should remain-in
contact at all times with phe bottom of the groove., There

is no indication in Denton's description as to how this

was achieved,

6.08, EXAMINATION OF THE TECHNIQUES AVAILABLE

FOR CUTTING GROOVES,

-

Denton (72,100) has discussed the limitations of
conventional metal removal techniques when applied to the

" problem of cutting a rectangular groove for the determin-
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ation of local residual stress,

The main requirements of a suitable technique aré
that it should be dimensionally controllable and that it
should either be stress-~free or introduce stresses which
are consistent and measurable. The operation of
machining introduces local residual stresses which in
most cases can be determined and taken into account,
However, with thin-walled tubing of the softer metals,
the relative increase in flexibility caused by slitting,
tends to make clamping difficult, and wvariable residual

stresses may result unless great care is taken,

Difficulties with clamping are usually avoided by
using acid-etching or electropolishing (77,80,81,85-88,
98,99) which have both been shown to be practically
stress-free techniques for metal removal, Unfortunately,
both techniques lack the dimensional controllability
necessary for cutting a groove of specified dimensionsjy-
the main problem being blunting at the corners and

undercutting of the sides, as shown in fig.,167 .

It is obvious from equation 6,27 that the changes in
gap-width produced by groove-cutting are dependent on the
groove-width, and therefore that the initial groove-
width S must remain constant throughout the process of
“layer removal, Clearly, both acid-etching and electro~-
polishing are of limited usefulness in this respect, and
in fact, Denton (100) has shown, for nitric acid and

copper, that scatter becomes significant when the groove-
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.

depth exceeds 0-045 . Serebrennikov (101), on the
other hand, has indicated that etching may be carried out
until the groove-depth exceeds 0575 , but no details

of the etchant, or its control, are given,

Spark erosion has been used successfully by Denton
(100) for cutting grooves., It provides excellent
dimensional controllability and the specimen under attack
need not be clamped, It, unfortunately, introduces a
tensile residual stress which falls rapidly to zero in
the first O,lmm , An adjustment must therefore be made -
to the measured residual stress in order to achieve an

accurate value, The method of adjustment is discussed

fully in ref,100 ,

It has already been noted in section 6.06 that the
local changes A@(Q)m ? ceecasne A@(Q}an are, in theory,

unaffected by small changes in the initial groove-width

S during the layer removal process, The possibility
-
of using acid-~etching or electropolishing as a stress-
free alternative to spark erosion, must therefore be

considered in this case,

Assuming that both acid~etching and electropolishing
take place at an equal rate in both the circumferential
and radial directions, it is clear from fig.l67 that
“the groove-width S” ‘after removal of W layers is

given by:

S, = S + Z(Ag—t”)
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Taking the initial groove-width & as 4-,[49 y and
the practical limit on the groove-~depth as 0'8,h9 , it
follows from this equation that Sn=[l4s ;s so that
increases of up to 40% in the initial groove-width could
be expected under normal circumstances, The extent to
which the curvature of the. section BC would be aff‘ectéd
in practice by an increase in & of this order of
magnitude, must be investigated experimentally before the
usefulness of either acid—etchingbr electropolishing as
an alternative to spark erosion can be reliably assessed,
The possibility of minimising circumferential etching
by using some form of chemical saw, might also be worth

investigating.

6.09, THE DETERMINATION OF 'TYPE A' LONGITUDINAL

RESTDUAL STRESS JIN TUBING WITH \

GREATER THAN 0,1,

Having determined 02(9)'4 by either of the methods
in sections 6.05 and 6,06 , O"'_(Q)” may be determined

by the method discussed in section 6,03e ,

Using the notation of equation 6,13 , it follows

that: A _ A A
%8) = G (6), + 04 (6), + 500, + 4 c(6), ot

. , A A
where the stress components 6,__,[9)” . - OZL[B)" and

A
5[—3(9)" are determined from the longitudinal surface
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strain changes which result from the cutting and
subsequent dissection of a thin strip at position 9
(figsl49 ), and /‘4'02(GOH represents the effect of the
circumferential stress relief on cutting-out the thin

specimen,’

In order that the relief of the circumferential
residual stress in the strip should be complete, the

dimension &  should not exceed 2/‘\9 (99).

It is necessary to assume that the 'type A' residual
stresses do not vary with length and are independent of
@  within the limits of the arc S , and that the
ttype B' residual stresses have been completely relieved

and pre~determined,

, A -
(a) Determination of O’Ll(e)n .

A —_
The longitudinal residual bending stress 5[_] (9),, in
the Vlﬂ‘ layer (measuring from the outer surface) may be

determined from the surface strain changes which occur on

cutting-out the thin strip specimen at the position & .

Since K”‘/,Ag is large and § is small it may be
assumed without significant error that the cross-section
of the strip is rectangular and, since ML(G) (fig.168 )
+is constant over the st‘rip length, that the radius of

curvature adopted by the strip is comstant,

Taking moments positive as shown, the longitudinal
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bending stress released in the W layer by cutting-out

is given by:

M. (0) (“ﬁ,—f -—-dh)
T, (9)

A
% (6)y

3
where: IL(9) = —’-‘25./119

A
Since 02'(9)G. , the longitudinal bending stress

released at the inner surface, is given by:

A A
o), = ~Ml(8) %

=0
it follows that:
A _ A
oL [9);4 = - /ha‘édn). OZI(B)Q

If the surface bending strain detected by a gauge on the

inner surface is denoted by gLM (9)4. , then:

A
E‘iLM(B)GL = - o:.;(9)4

The minus sign results from the fact that the release of
compressive residual stress at the inner surface (by

cutting-out) produces tensile strain on the gauge,

It follows from equation 6.42 that:

-

A
7,08, = E(‘)ﬁi_g";n.). Em(0).

ceeea-643,
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(b) Determination of 611(99 .

A
The longitudinal stress component 52@(9)“ in the

M*h layer, as it 1is removed, is determined from the
resultant surface strain change [Séi(QL on the inner
n

surface,

th
The removal of the W layer, thickness A'tn ’
A
containing the stress Dl@(GOn is equivalent to applying
a force PL(Q)" and a moment Mb(p)n at the nuetral

axis (fig.l69 ), where:

F(8)n = ©Si2l6),.Bt,. s

MelB)n = -L6,(6),.8%,.5 (t,+t,)

>

Again, the minus sign results from the fact that removal
of a layer containing tensile residual stress produces

negative curvature.,

The stress change on the inner surface is the
algebraic sum of the direct and bending stress changes

(99), and is given by:

Bt _ Mytas. (thtdtn)
o ~ nS.
G (6), [ 26 —

it follows that:

A

As (9) _  6L2(0),] Bta _ Atn-tn.s-étn"‘ﬂtn)
L an E € 47.09)
n | "

3
and putting ILIQ)n = —'ilzs.t" leads to:
(162)




A Z
'O:-Z(e)n = - E-tu -‘Agl.(s)an

Aty (2t,+30t,)
o644,

for all AW .

A
(¢) Determination of o’l—’$(9)n .

e
The longitudinal stress 07,3(9)" released in the
h’m layer by removal of the P]-—] previous layers, is
determined from the surface strain changes AEL(Q)QI Y seee

c e AEL(B&\"—) which occur at the inner surface. -

The calculation is almost identical to that for the
!
stress component 5{9)’1 in section 6,05d , so that only

the final equation need be stated:

TolO = [ G000t yl0),]

f=lmn 645

n> |

where:
g‘plolnr = ‘é‘lz(f?)r-égf
gmlﬁ)w = - gl?,(@)p,A’tr.s[tr4btr)(/h9~dn—§ic)
3 27I,(9)y
ILl9)v. = 7'2-5’.12,.
5,00), - —E.tr.00),
At (2t +30t,)

. A A
The minus sign in the expressions for O-P(g)ﬂl" and 0';1(9)”',
result from the fact that 01.5{9)“ is defined as the
stress released, rather than induced, in the H layer,
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(d) Considerable simplification is again produced if

layers of equal thickness A't are removed.

6.10, DISCUSSION,

Although an experimental investigation is essential
before a final assessment can be made, the.technique
described in sections 6.05=-6,09 is, in theory, more
suitable for the inQestigation of local values of stress

in tubing with e greater than 0.1 than any revealed

to date by an extensive literature survey,

The main advantage of the technique lies in the fact
that specimen eccentricity need only be considered in the
calculation of the circumferential bending stress a&d%o"
from the change in diameter or gap-width on slitting
(equation 6.22 ), The calculation of OEJ[BQn from the
change in surface strain, and of 022(9%1 from the change
in either surface strain or gap-width, may be carried out

without regard to specimen eccentricity.,.

The condition Km/’h@ greater than 11 for all 9 ’
was chosen to make the use of curved bar theory
unnecessary in the calculation of circumferential bending
deformations, It also sets an upper 1limit on the wvalue
~of the dnitial eccentricity of specimens to which the
technigque of sections 6,05-6,09 can be applied, It may
be shown (appendix 6. ) that the upper limit for € is
specified by the iﬁequality:
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£ { I*a/b) —_
= zz\ -4 |

In the case of the tubing used in sections 4 and 5 ,
for which %@ = 0,941 , the technique may be applied to
specimens with ¥ less than 0.5 , or an initial wall

thickness variation up to :50%.

As mentioned earlier, the exact solution to the
problem of the bending of an eccentric tube under the
action of the edge moment ﬂqc has been obtained by
Mori (103) using bipolar co-ordinates., For a specimen
with a/b = 0,941 and € = 0.5 , the error produced by
using the approximate theories of sections 6.05c and

6.06a , is less than 3%.

A preliminary experimental investigation should give

priority to the following topics:

(a) The determination of the minimum groove separation,
and hence the number of grooves which could be accom-

modated on one specimen,

(b) A critical evaluation of the technigue discussed in

section 6,07 for determining the correction factor k: .

.(c) An investigation of the suitability of acid-etching

or elegtropolishing as a gropove-cutting technique, when

surface strain is measured,
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It should be noted, in conclusion,. that the
principles behind the analyses of sections 6,05 and 6,06
apply equally well if the groove is cut from the inner
surface, If 0(n were alsb measured from the inner
surface, the derivation of the final equations for Géfb)n
and UL(G)" would be almost identical to that already
carried out, the.only differences being due to changes in

sign,
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APPENDIX 2,

TABLES,
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TABLE 1,

0940

[4-25
14-47
14-7¢
1515
15 &8
(%79
fz-10
[6-22.
15-2]
12776
1507
1470

442
[6-22
5.1

1527

(.
v
N
54

1560
1585
b 22
I6 b5
1716
|7 44

1=7 1A
7 I

1795
[7-82.
1730
1657
1612
1579

1795

659

679

0950

(719
[750

/-1‘1‘] .

[Ab e

1§40
19-07
19-43
1985
20-03
19-89
1935
1§.35
1782
1147

2003

(853

1¢ 64

{910
19-47
20-03
2067
2143
2] §8
97..L!
2263
7246
2178
2054
19-§8
1939

2263
207,

20°90

(132)

2220
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A - R VAR AT
P T Y “\)\D
1o =3 W e

=
W Uy

[N
R

N

1)

27.38

32-29

Nog !
PR S o

32-32
33:37
SE25
3578
3707
Fo-54

1 ]
122

4303
42:42
40-19
3539
K By
3317

4303
3693

3760



TABLE 1,
Ti= 09
90

o v
45 39.02
bb 411
s 437
113 4693
u'f?g‘g ‘{’":‘Dt;?
52 5162
122 5267
204. 5/-3%
235 48.53
276 4315
300 4552
324 30 6%
180 £2.69
9[)/270 437'90
Fm 44.9§

(continued)

0982

4.4.87
4b b
49.£5
53-59
5865
&l 72,

£ 3y

o7
6767
6424
6l0b
52.88

a0

4637
<6769
§1.08

5575

0-956

5543
5842
6314
69.33

7173

73.2¢
70-85
G412,
9143
e
R
5795
Iy

2i/0

5769

2:2.14.

6998

7329

0-990

(133)

092

8475
9208
/040
121

149:]
170-3
204 9
223.0
208 4-
(655
1174
[en-5

3028
223
1238

1410

e el Wy O

R N R U

L BT T4 B I A

Q — Q o5~ 0" o
»

.ﬁ
3
N
Q"‘\

6277
>M20

2917



TABLE 2.
G
/o= 0940
60

0 0-934
205 0948
b6 0-9¢§
ge85 093
[i3 [-020
(245 1054
153 lps5
123 [063
204 |-0hl
235 l-033
276 0987
300 0:9673
324 0945
120 [-0b3
0,% 095

F

(10)
0955

0:94-
0933
0+959
¢-990
[ 026
{047
{073
[-083
[ 076
[ 042
09§32
0.952
092%

1-0¢3

0917

0-865
08392
0-93]
0:979
[-03%
1075
{19

[138

1124
1068

0964
292/

095

(138

0984

0827
2956
D9s8
0969
[ 048
{087
162
119)
[167
[-095
0354
089
0648

(134)

0672
9720
0 79¢
09085
[-05b

{179

[350
1430
[-3bb

l-152
0-88)
0175
0708

l-432.

04918

R N
(22)

0245

0343
0439
0522
0-6t3
0-93%
1212
1§52
2:34¢
1:94.0
[13)
D-b2£
0337
0427

7.358

0-679



TABLE 3,

: Angular position of the strain gauges on

specimen 3A-~1 , ( 9

measured from maximum

wall thickness in a clockwise direction, looking

on end-1 ),

LONGIT. 0
GAUGES 5
L 0
L2z 27
L 54
L4 885
Lg ny
bt .Mz
L7 S
Lg 203
Ly 22)
(PN 2475
Ly 276
b2 KIyA
13 337
MAXIMUM >

WALL THICKNESS

END~|

(135)

CIRCUMFE
GAUGES

C
C2

4.5
bl
885
13
123-5
(53
13
204
235
276
So00

324



TABLE 4, : Surface strains and stresses on cutting-out

specimens 1lA-l1 and 1A-2 , (gauges rezeroed

between cuts).

(o) sTRRMS X [07°

GAUGE - Ly € Ly Cg by C3 L, Gy by Cp

AFTER FIRSTCUT =7 O 0 O =5 - +5 0O +| +
AFTER SECoNDCUT © 0 © O c 0 0O O 42 +7
AFTER THIRD CUT +5 +8 ~b Il +p +5 -| =5 +5 *|
TOTALS ~Z +§ b =l 4 -] +4 -5 418 +9

(b) ToTAL SURFACE STRESSES  N/pmn®.

GAUGE NO. ! 2 3 4 5
LONSITUDINAL o -1 +0 +04 425
CIRCUMFERENTIAL +09 -1b -0 =05  +I7

TABLE 5, : Surface stresses produced at maximum wall

thickness, on cutting-out,

SPECIMEN LENGTH E'Z, El,
N/ tam
Zh-i 2Dy -19.4 -37
IA-2 4.Dy, o +0:9
Sh-| 4-Dpm - % ~ 65
[A-1 - 5D, +2:5 +1-7

-

(136)



TABLE

ETCH.

specimen 3A-1 ; internal radius )0

stage of the etching process,

DURATION
min.

e N ) U WO

TOTAL. WEIGHT
LoSS W 'N)
0
0-073
G lbl
0:2.39
0-33]
o497
0 (67
0:790
0936
109>
1250
1429
1574
1776
1968
2162,
2372
2.56%
2:745
2:958
3120
7322
3470
e
3734
3964
4 085
4200
4334
4. 4566

(137)

/Q

pam.
2540
15.43
25 46
Fag
255]
72558
2559
2553

- 2567

572
2577
25.¢2
25-27
25.93
2b¢o
250b
7613
2620
2b-7b
2632
24639
2644
2k5}
2L°56
2b-b]
2bbb
2672
AR
2680
2654
2658

6. ¢ 'Type A' residual stress investigation,

, at each



TABLE 7. : '"Type A' residual stress investigation,
specimen 3A-1 ; measured strains after each

etch.

-—

(a_> LONG!ITUDINAL STRERY X IO

GAUGE + L, Lo Lz La Lg Ly Lo

ETCH
0 0 0 0 0 0 0 0
/ -13 - -1o -0 ~10 -7 -9
Z -24 -720 -l9 -9 ~19 -5 e
3 - 33 ~29 -2b -23 ~ 7l -3 — 2
4 -45 -3 -3 -3 36 -33 -39
5 -4 -3 =37 “4L 3L 234 44
5 ~5¢ - L2 - - 55 -48 - 47 ~57
7 -57 - D ~55 -63 - 50 -5 ~b6
g —93 -~ 75 -57 =79 - 63 ~ b -7¢
g =% -5L =T -3 o785 =77 93
0 i fe) — /oo - -~ ed -4 -9 —1[27
h =2 —ioz -V =2 -4 -3 -3
2 ~ 12 = H? -3 —Tie - 9% ~I% 12

13 - 144 =184 -l =4iL b~y =12
[4 =159 — 149 ~12f —led 119 ~1za —lbp
1< — 17 — 65 4D IG5 34 ~lip =177
L ~122 =177 b 7202  -i39  -ja9 - 197
(7 - 199  — 19b - 149 ~ 210 - 44 =52 — 725
1 -5 =207 =& - 273 - 153 — 1Lz - 224,
19 ~233 - 224 =177 =23 - 43 ~ 17 ~237
Zo  -23§ —z24 -174 273 49  —jpa - 24]
yA| -243  ~73] 176 ~2%4 ~14b - 150 - 250

77 -244 - 2Z¢ =10 _gaf 29 - 119 ~ A58
23 -297 =22 -~ &) -304 ~ 1] - 123 - 257
24  -20% —274 =il 2220 =05 g - 245
25 -247 204 -134  -323 Lo -9 - 242
2b 947 17 —lO0 53] Lp =47 ~257
77 ~z2dp 4D =5 - - 33) +47 +¢ ~226
28 .~z35 —1Iol —4p  =ZZ> 4105 47 ~ 193
7 726 =29 Al =39 417 #1530 -9

30 -zo7 47 A% -792 i3 sz59 4Dz

(138)



TABLE 7.

24
25
2b
271
28

3o

~40

- (0§
-~ 109
- 125
~ 4]
- 155
- 17|
- 184
~ 194
- 209
- 224
-723
- 225
-222
-219
- 220
-~ 208
- [93
— 146

» — q’,

425
+25%

(continued)

—bo

—~{oo
- 103
- {19
- 136
~147
- 163
-~ 169
~ 174
- {92
-192
— 55
—178
— 151
-4
—[20

~10
+60
+/41
+24 ]
+348

~{ol

-[Z20
~139
- 153
=159
~ 190
- 1%
~20]
-2
-206b
- 204
- 19c
=174
- 154
~1%5
—96
43

9
+99
+223

- 23
— 113
~130
Y
= lbb
- 186
-~ 207
- 217
- 236
-254
- 260
~27]
- 2§3
~22¢
-30|
-3of,
-3n
-3H
=2
-~ 205

-296

(139)

.-,.'_?9

bl

- 1o/
~ (D2
-7
-~ 133
~143
~ 159
—~ b7
~ 174
~1%6
— 15
-~ 192
- 192
- 184
~ 176
-7
-~ 15D
- 132
- 110
-27
~56
- 10



TABLE 7. (continued)

oo=b
(b) cilecuMEERENTIAL STRAIN X IO

GAUGE: ¢ C, Cs Cy Cc c, .,
ETCH ,
0 0 0 0 0 0 0 0
! -4 -9 -7 -5 -3 -4 -b
A b - 13 ~{0 -~ 1D -9 - 10 - 10
3 — -1k -1& =17 ~1b ~18 - 19
4 -9 -7 ~ 18 ~15 -17 -le  —17
g -2 -l 15 -1z =3 e —lb
L -4 -1k - 19 -8 ~!b -2 -15
7 ) - 19 -2/ -4 -~ 1§ ~24 -27
¢ -2z -1 -23 - 19 -7 2% ~32.
9 -4 - 20 -7 ~25 -22 =37  -37
Iy 0 - 18 -2 -2/ ~23 -3 -39
+5 -5 -2 17 -24 -39 -3g
12 + 4 -7 -29 -0 o -% —44 L]
13 +b - 17 -32 - 20 ~34 44  -47
14 +5 ~20 - -73 -43 -5l =57
/s +7 ~25  -43 -23 48 ~5b - 63
It +4 -30 ~-LZ -~ 24 -~ 54 -59 —&7
17 + ] — 30 -53 -22 «54 —bo - &9
18 +3 ~40 ~ b -28 —63 —74. -~79
19 14 ~4b =T ~25 -73 -75 -82
20 +lo —~4o0  -bS 1D —65  ~bg =76
21 +8 ~4b -3 -4 -5 - 74- - %0
27 +5 =60 -89 +6 -~ 8¢ -26 ~§5
23 +6 - LS -93 425 -3 -§ -85
24 o ~-7o ~(07 +40  -|0% ~9% =93
25 +4 -75  ~15 +t7 ~123 ~/00 - 98
26 +2 =72 ~lkg  +lo] -4 13 ~&9
27 + 1} ~&7 -85 +Mo -0 17 -78
28 * 4+Is -5 =L 4070~ iz ~bZ
29 + 3 -70 -~ 140 +21% ~ D 33 -0

S0 4z —42 1§ 42b0 -liz -43 +5A.

(140)




TABLE _ 7.

GAVGE ©  Cp

ETCH
o O
! -b
Z -0
3 —l2
4 ~1b
g -0
b -8
7 i
g -7
9 -31
10 Y
" ~ 332
A -4
13 -5/
14 ~59
Y -b7
6 =77
(7 ~¥4
4 ~9¢
1% —b
20 -8
2 -125
22 — 134
73 —140
L
25 —15%
2k - 157
77 —{28
2% ° —bb
Z4 +70
30 4207

(continued)

49

—~lzz
—~133
~ 14|
~[5%
=152
~14db



TABLE 8, : Change in the surface strain parameters on
rotating specimen 3A-1 by 1807 about a

longitudinal axis,

o=0° 5=g05 0= 183°
ereH /% by 1, 4 - hHoh

X0 xlo X107
o 0-94] +I -1 o 0 o 0
5 0:94b o O o 0 o o©
15 0% o -4 - 0 -2+l
23 0.9%¢ o o e + o+
25 04988 - -2 +] = +2 s
28 0993 46 43 +3 +7 420
29 0995 1 - o - +4 420
80 0996 o -2 13+ +o +ib

TABLE 9, : Number of circumferential lobes in
l elastically unstable collapse mode (61), for

all-around pressure and Jyk =8 ,

%éh. : n
505 125 3
143 3or4
167->33 4
400 4 0rR &
500 5
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TABLE 10,

Elastic critical pressure “PcmT

specimen 3A-1 ,

(Q> BASED ON MEAN WALL TUiCkHECS N/an

7

0980
04993
0-985
0-987
09¢%
0990
0-992
G993
0905

(b) RASED ON

A,

0-9%0
0923
0-9%5
0987
¢e8t
0990
0992
0993
0-99%

7

50
5¢
Co
76
g3
o0
|25
137
2.00

076
049
0-35
O 14
020
o112
007
006
003

129
00
05%g
0-3b
0-2¢
0l
009
00
002

MINIMUM WALL THICKNESS

i

O

73
86
(05

117

K
22|
285
665

045
0-2b
019
0-1]
C-09
005
002
002
00l

(143)

073
0-40
075
014
010
0-05
002
0-0

104
[« 2b
0-%b
056
044
025
013
0-lo
003

N/

n= &

[l5
065
0-39
022
o b
07
D07l
Rl

032
073
0-lo
003
00



TABLE 11, : The effect of eccentricity on the value

of .’":' [ ,/r/I .
AR

(o) AL_ wrisuPel,

€ 0 006 010 020
e /in,, ! 0 079 0:59

(b) . ;ﬁgio IELSUREDY

e 0 00, olo 020
Me 0-9] 084 068
M.

—

(1h44)



APPENDIX 3,

DERIVATION OF THE SACHS EQUATIONS,

(145)



(a) Removal of uniform internal layers from a uniform

cylinder containing axisymmetric residual siresses,

Defining the strain parameters:

Ry
i

EL ""/“. Ec
'206/0 = E¢+/L-E‘_

where &p and €c_ are the measured surface strains
on the outside surface of the cylinder, the object is to

relate the stresses O , O, and G'k at some radius
/0 to the changes in dﬁ%) and Jk%” which are

produced when the material at radius /O is removed,

!
As layers of material at radius /O </0 are
removed, the stresses at /O undergo continuous

alteration, so that:

" )

" !
o, = O+ ¢

n |
Op = Op+ Op

-

‘ ]
where *the components & trefer to that part of the

original stress which is present in the layer A/a at

radius /0 when it is removed, and the components &

(146)
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to the stress induced in the layer at radius /0 by

removal of internal layers up to radius /Q .

The condition o £ 0’3, is assumed to apply at

all times, so that only elastic strains are considered,

t

(i) cCalculation of the stress components O .,

(AOE;%I y (Afz)/f' and (AO—L.}/’ denote the
stress changes produced at radius /ﬂ by removal of a

layer of thickness Z»A at radius ‘/0a§/9 then:

(B = L (ba)yy
(A%, = -(b‘/o)(m)b
/0

(AEL)//' = (AO'[_)b/,I

where (Ad&)w and (AJL)&%I denote the stress changes
produced at the outer surface., The first two equations

are a consequence of Lame's equations (96) and the third

follows from the fact that the distribution of the
longitudinal induced stress over the cross-section of

the cylinder is assumed to be uniform,.

It follows from elementary stress analysis that:

c/; = EI b 1
(Atsrz) |l = - E,_ b-—f_ b
/70 %ﬂz ( %090

(147)



(), = s?magéo .

where éﬂi)éﬂ, and éaﬁayo' may be determined from the

known strain changes at the outer surface, and since:

é’(AO' !

ﬁa-%»}o /0

it follows that:
g'- E Ltf. Z(B9),, = £ btp By,
%" ean 2
O

1]

e Er L),y = —E BT g
%"L}’—a-?/ b ' %01' ‘/M
L= E' é‘(&f) E' o‘ﬁ‘}a

praze

O\
\

]
(ii) calculation of the stress components O

(AQ)@O and (AQ)!?O denote the stress
changes produced on the outer surface of the cylinder
when the layer A/o at radius /0 (containing the

U}
stresses 0— y 6;2 and O’L ) is removed, then:

(Ac )90 __z”_i- ( Aa‘)
44y, - (A“-//

" where (AO’;;, and (AJL// denote the stress changes
at radius /o/p e The first equation again follows Afrom
Lame's theory, and the second from the fact that the
longitudinal induced stress is uniformly distributed
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over the cross-~section.,

It may easily be shown from considerations of

longitudinal equilibrium that:

(Aa) = 4o 5"

Ap Ltjpz
so that:
<A§L)b/ = ;A.,_ . 61'”
7p
ox: o' = Lp.(09),

It may also be shown using Lame's theory that:
T, A2

"

A&, = L* &

7 R
b*—p
it
and since Gk_ is zero at the inner surface of the layer
"

Z»o , and has the average value égf, O¢c (equilibrium

of elemental cylinder, thickness 4>° , radius /0 )

it follows that:

(Ao‘c)//,a a k%% 8 &

bt-p* A
so that: 2
Baf (as) = b4t B g
Zp* bo bp® A

A
or: Ja" = _ibL : (AG&P?
% lp
| and since: | oak" - “92 02"

it follows that:



and using elementary stress analysis:
]

& Af)bf

' - E .b‘- . (b

‘ ’zf; 5

G' = E.L2. (),
2p*

(iii) Determination of 6L , O¢ and Jp .

It follows from the general definition on p.1l46 ,

! Ele.éé _ 2
e'[ ( )/ A,J

% - E[i’—f’f—@“") - )4 ]

Sp = E' _;;,g.[@ea)w%,]

that:

where /’ ( ) (%ﬁ;)lyo“? (5%0)‘/,4 and (Alo)éo

- O as Agp tends to zero., With the substitution

2 r N
of «f=1pa and *Fb =b , the equations 1,01 are obtained.

(b) Removal of uniform external layers from a uniform

cylinder containing axisymmetric residual stresses,

In this case the derivation is almost identical

(6,49), except that the surface strains & and &g

(150)



are measured at the bore, and the change Z»o

is taken
as positive with decreasing radius,

With this convention,
the final equations are
ALy
Gy = %]
£l [ £ B ), - (_/.‘Z‘;‘f} 1%/,]
2 /D - [(M)ao ‘7’]

1 1
oL = E'| £2%.

1

and with the substitution of

’f:‘yot and faz'lra.t

s The *
equations 1.02 are obtained as z%o

tends to zero.
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APPENDIX 4,

DETERMINATION OF Co'S,éb (FI 9) AND cdsjga 0)) 9)

IN TERMS OF A , P AND 9a. .

(152)
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Expressions for C&G/gb(Q) and C&S/%[&) are derived

for the general case shown below, and the particular

solutions for internal and external layer removal are
obtained by substitution of CL=/° or b‘—'—/o respect=
ively.

A———,

N \
{ f/ 91’ 4 ! \\
} i . ‘ VV'Y
~ 5.
,_,1 —— l~~m_..—/—,..__ _.»,.,».4‘, Q
c <R e
oAk /:// S
o ./‘
- - - ;,.l :
i)
; '/, R B
.
/
xL

If Ca and Cb denote the distances of the centres

of the circles o(a and O(L from the origin, Q. and

b their radii and € the distance apart of their

centres, so that (C = Cb.- ca. , it may be shown (44)

el ]

that:

The first of these expressions may be written:

K= e [t - 422]
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from which it follows that:

1 2 1 2)\% 2
k4o = ‘4’?,(‘"‘““: ) = Ca
1, ;T z
k4L = 4—-&-;(51—41+Ct = CI:'
(a) Determination of Cﬁﬁb{P) .
H
/ |
/ 9“) 1""——“”"”“:‘ O'P
S
‘"\\“ ‘ , /65
Cb!; j&? ,
BN T - & THPIN
4//
ki

Recalling from equation 3.08 that:

/6;, = ¢l—4)z |

it may easily be shown that:
‘Hlv\c’)z, = beaBp+c —k
bsu 6y,
‘l-u«\cf?, = bessb, +cp +k
bsu20b

and, by using a standard trigonometrical formula, that:

2bk.subb
’,M/éb[Q) = —
b+ ¢, -k Zb.cb.m &,

2 X '
and since Cb = ’;14. b’)" , it follows that:
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fanf, (5) = keeby

b+ Cp.Cs36)
so that: b 4+cC 555919
cosp,(6) = e
and using the fact that kla C‘:...Lz y it may be shown
that:
Oﬁsﬁb{p) - b +Cb.m&b
bewsb, + ¢,

A
and replacing Cb by .é!....(b"'_az.f—c) leads to:
c

Zbe + ¢53 6y, (b‘-al-f-cl) (A)

cosp (8) =
i Zbe 50} + (ba*+c")

(b) Determination of 663/3&(9)-

In this case /84'-"- 4>‘ -—477_ and it may similarly

be shown that:

5.
fnpile) = =

A+ Cp 86,
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so that: a + Oa.mgq‘

J[(a+ cuensfy)*+ k"sﬁ&]

. N (3 *. 2 .
and by using the fact that k_ = Ca' -A. , it follows

Bh(p) =

that:

- a+ G.csba

' 1
and replacing CO.. by _L_( 'L—‘d.‘L-C) gives:
2c

esplp) = 200+ b(bd-c
: 2ac 536, + ( b‘-a"-—c"’) (B)

(¢) Particular solutions,

In the case of intermal layer removal 665/35 (/010) is
obtained by substituting /D for Q@A. 4in expression
(A) , and in the case of external layer removal
563/5“ (/)‘9) is obtained by replacing b by 4 in
expression (5) .
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APPENDIX 5.

CALCULATION OF THE CHANGES IN DIAMETER

AND GAP-WIDTH PRODUCED BY SLITTING AN

ECCENTRIC TUBE ALONG A GENERATOR.

(157)



(a) Calculation of ADoo .

N M
- l{ \\\'

[ \\
o< fe jh=
N\ G

St MG

Taking as positive moments which tend to decrease

curvature, it follows that:

where @ is a fictitious load applied for the purposes
of calculating the diameter change Aboo y and KM is
the mean radius of the tube, (it is assumed that the

tube is sufficiently thin to regard RM as constant).,

Using Castigliano's theorem (96)

A'Doo = '9'!')}&_&0

20
where: 3 3m,
E.T '.u s
7 2 0 =~ E m(l+e 9)}
and since: 311-

TV Y (M¢+&fm06'59)60‘39d9

———

%@ gm’S  (1rewss)®
i ollows at: L
t foll that o . s
Aboo - - ',ZMGKM 530.46 .
»5..1_.4‘,“ W (1+eme)



and from symmetry that:

00 3
E' L. 42 {1+ec4559)

Using a table of integrals (102) it may be shown

that: T
_[_as0de . _L._{,+_e:+ 3e ~'u-*~>"]
/L(Hew)els (1-¢)* Z (- 31)/" I+e

and so: .
- 24-M¢KM"- e [ ~1()-¢
oo Elhy, (1-€)* {' z "'(T'é‘-)" mi@l]}

. (b) calculation of ADoy .

In this case:

Mg= Mc+ Q.R, 536

and it may easily be shown that:
Abm=[?9,] ._._tzmce,,,j med&?
08 Q=0 E‘,Q,)‘ (l+em9

and from symmetry:

AD“”"= E'L. Ayl

(159)

24 M R.F j 66'30 A0
(:4—84&59)3



It may be shown (102) that:

“eoods '1),_{“_«:31'— Se [m" (:—e“z"‘])}

(1+ewp)®  (1-¢ Z (1-e)* (+e

and so:

24 M. Kmt T 3e -1
A = |+ tnt (1-€")
Dor E'L4,S (l-c‘)z{ Z (i- ")""- Ire ]}

(¢) calculation of Abo“%,

and: [ _ I'ZMC,RML -54,.'.9.0{9
=0 EW. A Y (1+ecse)®

= 24'M¢-K!:—
ELh: (1-8)F
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(d) calculation of A oo .

In this case the fictitious load & is applied at

the edges of the gap, and it follows that:

M9 Mc +@--Km(l~ﬁﬂ9)

i

so that: 2w

= [ ] ‘ZMCRM'L (l-C&SQ)-dO
o E'L. 2 J (1+ecn0)®
and from symmetry:

T
A = 24N ((1~cs6)d8
00 ElL 4.2 ;f(;-;-em&)s

50
a

It may be shown (102) that:
Ly
jﬂ—me)dQ _ | [(I+e)(2.+e) ._',r_r__]
() (l+66859)3 0— 1’)2' Q..g_"')'/"- Z

A = 24-Me Rp- [ (he)(2+e) _T!'_]
o0 Elp. 410‘3 (l~€z)t (‘_et) h T

so that:
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APPENDIX 6, .

THE UPPER LIMIT FOR G .

(162)



Since the minimum value of fem//he will occur at

_ o & : : L
& 0 , the condition /’19 ; I 1mp%1es that:

R
=
9)9=0 2 ”

from which it follows that:

[
() 5

(b-a) + €
or that:
(b-a) +c¢ & Z!é'<é+“)
and since € = -’;9:-‘;— , it follows that:
[+ e < (bd-q

so that the upper limit for the initial eccentricity

e is specified by:

I (""'q/b) |

e

l




