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I PREFACE.

This research thesis is concerned with the operational 
characteristics of'thermoelectric effects in solids.
It covers thermoelectric cooling modular design from a 
parametric-pheaomalogical aspect as opposed to a . 
mechanical method of construction or assembly point of 
view;. — The research constitutes a comprehensive . -
tngineeringiresearch effort to develop the mathematical

crelationships required for the design of a thermoelectric 
cooling system. .

The thesis has been written as an engineering tool 
inabling the designer to utilize or evaluate the thermo
electric refrigeration process. Gare has been exercised 
in defining functions, differential equationsisolutionse 
in particular the author has presented the implications 
of aeparticular form of the solution. Avoiding such 
expressions as "it is evident that", "it is clear that" 
since to the utilizer the statement that is supposed to 
be self evident rarely is. In the technological world 
the interrelated changing entities and variable dictate 
to some extent the conclusions presented at this time.

The research was sponsored by the University of 
Glasgow, Department of Aeronautics and Fluid Mechanics, 
Glasgow, Scotland.



The author is indebted to Professor T.R.P. Nonweiler 
and to Dr. H.Y, Wong for their academic encouragement.
The research was conducted while the author was a 
research student at the 'University of Glasgow, Scotland.

c- ■, ,

The manufacturing and assembly of the components 
were under the admiral control of Mr. J.P. Kinnear.
His cooperation and extreme care during the program isc

c ■ ■herewith proclaimed.

( ) Numbers in brackets refer e-bo similarly numbered
£items in the reference chapter (1$.O).



II SUMMARY.

Advancements in .contemporary physics in the'field 
of semiconductors now make it possible to effectively 
utilize thermoelectric•phenomenon for cooling and

* C .environment heating. Refrigerator applications using 
thermoelectric cooling effect are being built and intro
duced into industrial and military engineering design.

o

Calculations on semiconductor thermoelectric refrigeration
c systems are based on relationships derived from consideringC ■
the basic thermoelectric couple to be in an isolated 
control volume. In this pseudo environment the cooling

C ‘capacity and coefficient of performance are based•on the 
assumption that junction temperatures of the thermoelements 
are independent of the current. Test results on semi
conductor refrigeration systems indicate however that the

. *C.O.P. characteristic with the absence of artifical ,
restraints do not have extremal values. Such conclusions 
can only ‘ be observed if an experiment is conducted in 
which the junction temperatures are controlled (constant). 
Conclusions which are obtained account only for internal

t,

energy processes occuring'within the control volume.
However in actual practice the cooling capability, 
performance level are functions of the applied current.
The results available • (within the thesis proper) indicate 
that there is a direct functional relation between the 
thermoelectric couple and the environment to be regulated,

*• C.O.P. = f(I)



2 ..

The. object of the thesis is to present the various 
operational parameters that relate system performance to 
the environment in which the thermoelectric module is 
required to perform and control, The mathematical
coupling between the thermoelectric junctions and the 
environments are assumed to be represented•by a Nth order 
function.

The technique of utilizing a parametric analysis 
model enables a comprehensive engineering effort to 
establish the mathematical tools for competitive evalu
ation.

Four major subcomponents sharply influence the 
designiperformance of thermcouples for modular assembly.
The thermal and electrical material properties of the 
elements fall into the most fundamental category.
Power supply and regulation control are in a second '
major category. Properties and technique of material 
construction and processing are a third consideration.
Heat exchanger devices provide further requirements to 
be considered. The various problems to be encountered 
are considered and the inter-acting of the major components 
are'indicated. The extent to which these conditions
limit the designiperOoemance and the determination of the 
most advantageous comprimise is essentially the task 
considered.
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Methods are developed to determine the quantative 
effects of parametric adjustment. The design problems 
considered result in the requirements for the solution 
of the heat transfer equation in which the boundary 
conditions are stated. The solution to this class of 
problem is offered by the application of numerical

c

analysis. The technique for solution is by the method 
termedp "overrelaxation” thereby effectively increasing 
the convergence rate of the finite difference equations.

c

Advances and more sophisticated methods of digital 
computer utilization resulted in a comprehensive mathe
matical tool being afforded to the design engineer. .
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1 .0 INTRODUCTION.

This section is an introduction to the parametric/ 
operational methods of designing a heat pumping module 
for cooling applications. The applications would 
generally be of low capacity per module assembly, • 
specialized devices. Most basic or fundamental design 
problems for large capacity systems are siriliar for • 
small capacity modules. The various problems to be 
considered in designing a heat-pumping modular assembly 
are stated, and the limits presently imposed by inter
acting effects are indicated. . Mathematical methods are 
developed to determine the quantitative effects of 
parametric adjustments. The results are described by 
use of these operational methods.

The research is explicit, but considers a more 
complete design range of current thermoelectric element 
devices. Use of the digital computer (English Electric 
KDE9) for program solutions are profuse; in order to 
afford the engineer the ability to perform "trade off 
studies” at a more accurate level. The use of sophis
ticated method of analysis coupled with advances.in 
material technology results in an approach philosophy 
not previously reported or available in literature.
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2.0 OBJECTIVES.

The thermoelectric cooling devices considered are ' 
intended primarly for two types of operation: _ . <, ,,

(4) Refrigeration or heat pumping against a 
thermal gradient ”

(2) Heat pumping along a thermal gradient

In general the thermoelectric cooling devices must 
compete functionally and be economically competitive 
with other, cooling methods. At present it appears that 
the application in which the thermoelectric heat pump can 
favorable compete are limited to those having low capacity 
requirements. , A number of thermoelectric cooling devices 
have been built both in this country and overseas.
Home refrigerators of the type used in private homes have 
been built in Russia, and in the United States by the .
Radio Oorp. of America, Westinghouse and others.
However, these early devices on a cost per cooling capacity 
cannot compete favorable with vapor-compression systems. 
Elementary thermoelectric cooling devices have been 
incorporated into infrared detectors for "spot" cooling 
of the detection head. In this application the required 
cooling capacity per installed volume (weight) was more 
effective than • ■ other cooling proposals.
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The fact that thermoelectric cooling systems can 
not .at present compete among high capacity devices 
(Commercial freezers) where initial costs are important 
appears to be reflected in the requirements of the

’ .... c . .material properties of the thermoelements. '

* (1)The highest figure of merit• available at present 
-5 o -1is approximate 3 x 10 0 and for an idealized .

cooling couple (chapter 6 ) results in a coefficient
of performance (C.O.P.) for a refrigeration cycle of 
about 0.3 the value for a conventional compressor-type 
refrigerator.. Hence, it can be presumed that operating 
costs should be greater than twice as for a compressor 
assembly, and hence an important design limitation for 
high capacity systems.

The fact that thermoelectric cooling systems can 
compete in low capacity applications is partially contri- ' 
buted to the fact . that operating economy is not usually 
a major consideration for low capacity modules. In 
addition the packing requirements for many military 
applications excludes other cooling systems. Further
more, thermoelectric heat pumps can be designed over a 
large variation in capacity with the C.O.P. being generally

(1) Figure of merit is a term defined by equation 6.3.2.13* 
The figure of merit is a material parameter 
affecting system performance.
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invariant of capacity. Other types of heat pumps which 
which are not normally designed for cooling capacities of 
a few watts, have poor efficiences when designed for small 
heat loads and still poorer when operated at less than 
rated capacity. Hence for small heat load requirements 
thermoelectric devices may have the lowest operating cost 
or the highest C.O.P, per unit cost. Since thermoelectric

c

■ materials are still relatively expensive thereby requiring
c L chigh material utilization (watts/mass of thermoelectric 

c material). In striving for high material utilization,
the C.O.P, must, not be sacrificed, = For although the 
power consumption and operating cost may be tolerable 
because of the requirement for a low capacity system, 
the C.O.P. also determines the heat rejection requirements 
and hence the size and weight of the heat exchangers 
(interface with surroundings) increasing rapidly as the 
C.O.P. decreases. Furthermore efficiency degradation 
of the basic he.at pump increases the size and weight of 
the regulated power supply. -

A. further design objective in order to minimize the 
power supply is to limit the ratio of the thermoelement 
area to the element height. The result is a smaller 
current and relatively high voltage for which power 
supplies by design are smaller, lighter, more efficient 
and cheaper. •
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5.0 DESIGN CONSIDERATIONS.

Although thermoelectric effects have been known 
and investigated for over a century (1820), practical
thermoelectric eneOgy-coaversion devices have become

$
possible very recent. Modern developments in semi
conductors, statistical thermodynamics have made feasible 
the^fabrication of thermoelectric generators and heat 
pumps or refrigerators that have significant utility.

Modern research into thermoelectric effects can be 
divided into two broad areas. The first of these is the 
materials for thermoelectric application. The research
in this area has been to investigate and understand the 
thermal and interrelated electrical phenomina in semi
conductors and to develop materials having characteristics 
better suited for this application. The second is the 
area of device development and application. Research
in this' area is directed towards utilizing available 
materials towards an understanding of system performance 
in order to optimize device response. The research 
reported in this thesis falls in the category of device 
performance•

Four major categories or operational conditions 
sharply influence the design of thermoelement arrays used 
in modules.



y

The thermal and electrical properties of the thermo
element material fall into the most fundamental category. 
Cost of fabrication, interrelated‘material processing are 
a second major category.' Power supplies and output 
regulation, heat exchanger design provide‘further require
ments to be 'cnsidered.

The extent to which these parameters influence andc
‘ c

limit the ultimate design of the thermoelectric device 
and the determination of the most advantageous compromise 
is essentially the research undertaken. The following
subsections will indicate and feeiew',. the. general areas 
considered. Some quantative estimates will be presented 
to indicate the seriousness of the limitations imposed. 
These estimates will not be fully justified in these. 
early sections.

5.1 Thermo el ectric Material .. Propert ies.

The thermal and interrelated electrical material 
properties of the thermoelements define the ultimate 
limits on system design and performance. The material 
figure of merit, for- example determine directly the 
maximum junction temperature difference that can be 
attained and defines the maximum C.O.P. for given 
operating junction temperatures. Specific properties, 
such as Yi density; K, thermal conductivity collectively 
influence design potential. For materials to be suitable
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for thermoelectric applications they must exhibit a high 
figure of merit, *2 • The three properties that effect
the figure of merit; the electrical conductivity, 
thermal conductivity, the absolute couple Seebeck 
coefficient are not independent of each other or invari
ant with temperature. All three are functions of the

■free charge carrie density (1) .In fact most
design objectives depend ultimately on these specific

a .

properties and not simply on the figure of merit. For 
c example: determining the length and cross sectional of .

materials required^to optimize performance, specifying
f

configuration for a prescribed heat load, decreasing
c

the effect of junction resitivity (discontinuity).

The operational calculations did not assume any 
major changes from present day material properties, in 
fact some of the illustrations employed, average values 
measured on materials were employed. However, the • 
parametric results and presentation format allows for 
easy extrapolation. Substantial improvements in material 
properties would yield obviously more useful designs and 
hence this research can be applied for "advancements” in 
material . state of art.

Since high quality or 'duping of semiconductor 
materials are expensive, design which minimize material 
requirements will be extremely important. In general, 
this requires the use of short couple arms, figure 7.1.2.1. 
It will be shown equation 7.25.8. that the amount of '
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material required to pump a given heat load (watts,
BTU/time) decreases as the square of the length of
thermoelement arm, .

* ■ . .

3*2 ■ Construction Materials ... and. Processing.

. A practical thermoelectric device would normally 
consist of thermoelectric couples connected electrically 
in series and thermally in parallel. ■ It is required thatc
the electrical resistance of any inactive materials 
connected in a series circuit should be•as low as possible 
in order to minimize the joule heat (I^R, watts). The 
joule heat an irreversible phenomena is the heating 
effect arising in a current carrying conductor. This 
requires low electrical resistivity and high area to 
length ratio (if computable with other requirements) 
coupled with low junction resistivity. Electrical 
resistance of shunting circuits must be kept relatively 
high. Similarity the thermal impedance of the thermo
elements should be as low as possible, while the heat 
path inter-element is required to have a high thermal 
impedance.

Structural integrity of a module assembly is also 
important, the severity of the problem depending on the 
application. Environment stability may require some'
form of encapsulation. •



12

Chemical compatibility and adequate matched thermal 
expansion coefficients are additional construction 
considerations.

• .' 0 ...... f .When thermoelements are used in a module, it is 
necessary to join or•bound them to metal conductors or

c- , *

to other module components. The basic requirement for 
these contacts or junctions is that they must have little 
effect on•electrical and thermal conduction. If high
or any impedance exists joule heat losses and temperature 
drops across the contacts will reduce system efficiency.
The effect of contact resistance is discussed in section 7,2

Many considerations may only become important or 
recognized in the actual process of construction.
Developing reliable, performance repetitive devices or 
automating production can influence the final design. ‘
These considerations are referred to as a practical 
design compromise as ''opposed to a parametric consideration.

The main concern of this research program is 
"phenomenological" in approach; where real properties 
and material characteristics are evaluated but where 
difficulties of construction are not the prime consideration

6*6 Power Supplies and Controls. .

. Thermoelectric heat pumps operate only with uni- •
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directional current and any alternating current component 
represents pure loss. Any alternating component of the 
current would produce joule heating and would pump no 
heat. The requirements'for steady direct current at 
the impedence levels for a thermoelectric couple is not 
a commonly encountered problem. At the present state 
of development, thermoelectric cooling devices operate 
at relatively high currents and low voltages, i.e. from

C 'c
3'to 40 amps and from fraction of volts to 50 volts.

" Since most commercial consumers would use A.C. as a prime
power supply rectifying power supplies are essential.

" Conventional power supplies become less efficient, 
larger and heavier when designed for high currents and 
low voltages. The burden is further increased when. 
ample filtering networks are encorporated..

The most desirable current form can be determined 
. after considering the source of direct current, the ratio
of thermoelement height to cross sectional area whether 
the C.O.P5. or refrigeration capacity is more important. 
Usually a 10/ ripple will be satisfactory which represents 
a loss of 4/ in system efficiency (2).

Assuming the resistivity of modern thermoelectric 
elements of the order of 10"5 . ohm-cm; with a ratio of 
area to length of a thermcouple arm of 2 1 results
in a resistance of the order of 10 ohms. This will 
require high current, low voltage power supply even with



'14

a large number of thermocouples connected in sehies.
By proper adjustment of the area to length . ratio operation 
can be reduced to a few amperes with a subsequent 
reduction in the cooling capacity . per couple and thereby 
requiring more couples for a given application, The
net result may be to increase fabrication and reliability 
problems. '

With low current devices • filtering would not ' be
r-perfect and. the residual ripple would decrease the heat 

pump performance. Section 75.2. discusses ripple effect 
and presents graphically the effects of current ripple 
on system performance.

$.4- Beat Exchangers. . '

Two design considerations influence the interface 
between the heat pumping module and the heat exchangers. 
The first is the,problem of electrically isolating 
(insulation) the conducting straps on the thermoelements 
from the heat exchange surface and maintain consistent 
thermal contact. This is partly a problem of construct
ion and material assembly and was partly reviewed in (5)

The second problem is that of ’matching’ the heat 
pump capacity•with the heat exchangers and balancing 
the requirements of the surroundings. From an engin
eering viewpoint the determination of the rate of heat 
transfer at a specified temperature difference is
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c «dependent on the characteristic of the heat exchanger. 
Consequently the design of the heat exchanger will 
greatly influence the response and steady state behavior 
of the thermoelectric assembly. The thermoelectric 
cooling system^ when analyzed with the aid of control 
volume is influenced by the surroundings via the medium 
of heat transfer, a non-reversible process. Using
economically short thermoelements the heat pumping

c ’ 2capacity per unit area (watts/cm•) of thermoelectric 
c material is expected to.be a few watts/cm , a flux
difficult to achieve with small junction temperature
differences. In order to decrease the heat flux 

(2 )packing densities less than unity are introduced.
This however allows for inter-element heat leakage where 
there is no thermoelectric material. Thermoelectric 
couples supported on pedestals (figure 8.2.1 ) can be 
used to minimize inter-element heat leakage by increasing 
the effective height of the thermocouple junctions.
The pedestals allow the use of short thermoelements with 
the increased effective height between the thermocouple 
junctions. An extensive analysis of the proposed mathe-

(2) Packing density (W) is defined as:

• 6) — cross sectional area of thermoelement
Total module cross sectional area

Section 7.2.2. introduces $ as an operational 
parameter. ' ° ■
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matical models was conducted with the aid of a digital 
computer. The .computer programs were compiled on an. 
English Electric KDE9 machine, Appendicies (G.P.I-1,8) 
describe the programs that have been developed for study
ing various configurations. Section' 7, A, contains the 
analysis, technique for determining the heat leakage when 
pedestal modules are ‘employed. '

c

c
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4,0 TECHNICAL APPROACH.

• Unfortunately there does not appear to he a general 
formula that .will yield the best, or even good designs. 
Logical configurations can be assumed, evaluated, modi
fied and further evaluated. , On the other hand, an 
inspiration may provide a physical arrangement that is 
easy to construct and performs well and reliable. In

c

any case it is necessary to have a valid means of 
c evaluating a functional design without having to build

and test it. 3 o -
c

c The technique of analysis proposed requires the 
■ development of mathematical models that represent the
physical model to the required level of approximation. 
Mathematical manipulation of the parameters and variables 
then gives a means of evaluating the design which the 
model represents. Variation or adjustment of the 
variables is representative of configuration changes, 
which may be subsequently evaluated.

The thesis evaluation can perhaps most logically be 
described in order of the extent to which the complete 
physical situation is accurately described by the mathe
matical model(s) employed. Thus the research considered 
first the design evaluation of an idealized thermoelectric 
system with several simplifying-limiting assumptions.
This is primarily to define a common background for the
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understanding of the subsequent analysis.

The effect of electrical ripple on performance is 
one of the practical aspects taken into account. Other
practical considerations deal with treating the idealized 
thermoelectric couple as part of a heat pumping system 
in which some of the early assumptions used to discuss

t,

the basic idealized couple are no longer valid. In the •
c

analysis of the basic idealized couple the material 
c properties are assumed to be invariant with temperature.
This assumption,may not be realistic for the materials' . V
presently used in device fabrication. '

C .

Consequently, its variation may cause errors or 
deviations from the theoretical calculations of device 
performance. The mathematical models developed allow;
for the thermoelectric material parameters to be defined 
functions of temperature. For a final solution of a 
practical heat pumping module the problem of matching heat 
fluxes across the heat exchangers with the capability of 
the basic'thermoelectric module must be considered.
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5.0 THERMOELECTRIC EFFECTS.

5#1 Introduction.

This section reviews the laws and effects of 
thermoelectric behavior with specific regard to thermo
electric cooling;. The direct utilization of electricity
to produce useful work (refrigeration) with no moving 
parts is now a reality. Although thermoelectric effects 
have been known’ for over a century, practical thermo
electric energy-conversion devices made little progress 
for over a century. Further development had to await 
the understanding of semi-conductor behavior and in 
methods of material preparation which occured in the 
1950’s. ‘ '

5•2 Thermoelectric Laws and Effects.

In order to introduce the various reversible and 
irreversible effects which may occur in a non-isothermal 
system or circuit three thermoelectric effects are intro
duced. The three dominant effects, the Seebeck, Peltier, 
and the Thomson effect have been observed in the early 
1820’s. Each of these measurable effects is a result 
of the direct reversible interchange of electrical energy 
and thermal energy.
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5*2.1. Seebeck Effect.

5 * 2.1,1 Description.

Of the reversible' effects it appears most convenient 
to treat the Seebeck effect first. In 1821, Seebeck 
reported experimental results to the Prussian Academy 
of Science. Seebeck observed then when a closed circuit 
consists of two different metals, and the two junctions 
of these metals are at different temperatures, there will 
be a flow of electric current in the circuit. The 
current is a function of the type of metals and is 
•approximately proportional to the temperature difference - 
between junction and inversely proportional to the 
circuit resistance. Tf the circuit is opened then an
open circuit voltage ) results. The voltage is
proportional to the temperature difference and is 
expressible in differential form as:

^Aft^ s Jl AVa
"AT

M-70 5.2.1.1.1.

and .

X,
■ JT

where:
5*2.1.1.2.

& Seebeck emf, volts
o

temperature - at junction, K
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Seebeck coefficient for the two 
materials, volts/ C

The Seebeck coefficient may be defined as

^AbW’‘blAtT) -oC6It) o/a
referred, to as the thermoelectric power of the couple. 
The Seebeck or.thermoelectric voltage of a couple is:-

5.2.1.2

-cQ UT

entropy transport

entropy transport

Illustration. ■

5.2.1.1.3.

factor material A

factor material B

Thermocouples use this principle for measuring a very 
wide range of temperatures.

5.2.1.3 Magnitude. •

A Chromel-Alumel thermocouple develops approximately 
o20u v'per 0 difference in junction temperatures. In 

general, when two metals are selected at random the



 

_variation of emf with temperature is far from linear.
If one junction of an iron-copper thermcouple is held 
at 0°0. the variation of emf developed by the thermcouple 
versus the temperature of the second junction is as 
follows : * . . ■

Figure 5.2.1.3.1*
Thermcouple emf as .a. Function of . Temoerature.

Figure 5*2.1.3*1 emplies that current will flow across
the hot junction from iron to copper at temperatures
between 0° and 743°0. Current • would flow in the opposite
direction at temperatures above or below the limits.
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Figure 5*2.1.3*2 illustrates the 
Seebeck effect.

circuit exhibiting the

tomctiok Tn 

ISOTHERMAL (?E6>ION

Figure ' 5.2.1.3.2 . 
Seebeck -_Voltage Coefficient.

3.2.2. Peltier , Effect.

■ 3.2,2.1 Description.

In 1834, Peltier observed the complementary effect 
of the Seebeck phenomenon. When a current flows across
a junction of two unlike metals, it gives rise to an 
absorption or liberation of heat. If the current flows 
in the same direction as the current at the hot junction 
of a thermoelectric circuit of the two metals, heat is



absorbed, if'it flows in the same direction as the current 
at the cold junction of the thermoelectric circuit, heat 
is liberated. The Peltier effect may be defined as a 
reversible transformation of electrical potential energy 
at a junction of dissimilar conductors. "" ' “

Tfie heat developed in a junction of two materials is 
proportional to the first power of the current, and 
depends on the direction of the current.

0

The - quantity of heat absorbed or liberated is given 
by the following equation

QSb= r„ mi.. 5.2.2.1.

where:

% is the rate at which Peltier heat is 
absorbed or liberated at the junction, watts

relative Peltier coefficient between
conductor A and B, watts/amps

\ current, amps

5.2.2.2 Illustration

The Peltier effect is an aspect of the thermoelectric



effect and the magnitude is directly proportional to the 
thermoelectric power of the combination of the metals 
used, as well as the current through the junction 
Figure 5»2*2.2,1 illustrates the Peltier effect.

■c

c ‘ Figure 5-2.2.2.1.
Peltier - Heat Coefficient*

The fundamental requirements for an efficient Peltier 
couple are

(1) High contrasting thermoelectric power
(2) Low heat conductivity .
(5) High electric conductivity

The Peltier couple is used as a'calibrated refrigerator 
in radiation detectors where current required to hold 
temperature constant is a measure of heat input.

5*2.2.5 Magnitude.

At a junction of Fe-Ni at 275 H, there would be - 
liberated or absorbed 9*4 x 10 joule/second for each
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ampere ox current;. (This does not consider I R loss 
which will liberate heat). In general by the use of ' 
ordinary metal it is possible to cool a ’small amount of 
metal by approximately !O°C. This figure has been 
substantially 'improved by the use of semi-conducting
materials. ° These semi-conducting materials are used to, = ■
build refrigerators.

o ■ o
5.2.3* Thomson . Effect.. *

' 5.2?*5*1* Description. '
c . '

" The third effect, occurs when a current flows in a 
conductor which has a temperature gradient as illustrated 
by figure 5*2.3.1. In unequally heated conductors (such 
as Copper), heat is liberated at points where the current

c

T Tf JJE d-X
■ ---- ------------ !--- jy
X ---------MATERIAL a

A
’ Figure 3.2.3.1.

Thomson - Heat , Coefficient.

and heat flow in the same direction and are absorbed when 
they flow in opposite directions. For Cu this tends to
decrease the inequality of temperature while for iron it
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tends to increase the difference. The Thomson coefficient
of a material is defined by: .

Qfl(Tbr/T)i£r
Jx 5-2-5-1-

d ''

where:

is the rate of heat 
unit length of conductor, watts/cm

absorption per

T). M Thomson coefficient of conductor A, . Volts/°K

4T temperature gradient, °C/cm
Ax

3.2.3:2. Illustration,

This effect can be used to generate a small but 
accurate temperature difference. If a thin sheet of 
copper is suspended vertically between the poles of a 
horseshoe magnet and one corner of the sheet is heated, 
the copper will tend to rotate because of the interaction 
of the circulating currents and the magnetic field.
Lead has no measurable Thomson effect. -
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5.2.3*3» Magnitude.

From the second Kelvin relation, the Seebeck 
coefficient c? and the Thomson coefficient X can be 
related in the following manner:

X/,
AT ■ ' T 5.2.3.3.1.

e

If I is invariant with temperature, equation 
5.2.3*5*1 integrates to yield: '

TJU 5.2.5.5.2.

Where To is a constant of integration. If the 
Seebeck coefficient is plotted as a function of the 
of temperature, the slope at any temperature (°K) is 
interpreted as the Thomson coefficient at that temperature 
From a representative plot of the seebeck coefficient with 
temperature for bismuth telluride (4) a represent
ative value appears to be
25 x 10“5 V/°k|

5 x 10-5 v/°kJ £ X £
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3.2.4-. Kelvin’s Relations; Absolute Seebeck 
and Peltier Coefficients... .....

Thomson, later Lord Kelvin, determined the relation
ship between the Seebeck Coefficient and the Peltier . 
Effect, by applying the classical laws of thermodynamics

(l) . Subsequent measurements have supported
the results of’Lord Kelvin. The resulting equations have
been experimentally verified by direct observations to 
within acceptable limits.. The first (often referred)
equation relates the Seebeck coefficient and the Thomson 
coefficient and is - given by:

C ’

<U». - f A - X. 5.2.‘.1'
AT

Equation 3*2.4.1. relates the junction property of 
two materials (left-side) and on the other side are 
quantities which refer - to the bulk phases of A and B. 
The absolute Seebeck coefficient of A at temperature T 
will be expressed as:

T
- WT 5.2.4.2
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The second Kelvin relates the Peltier coefficient 
to the Seebeck coefficient giving:

and the- absolute Peltier coefficient of A at temperature 
T by : ;

T, Ct) = T (t)
5.2.4.4.

It is noted that the assumption of the Seebeck 
coefficient being invariant with temperature implies 
(5.2.4.1) zero net Thomson heat. Such a model is conven 
ient for analyzing - and optimizing simple thermoelectric 
devices.

3.2.5. Irreversible Effects.

In addition to the three reversible effects which 
occur in conductors two other thermodynamic irreversible 
processes take place; these are joule heating and heat 
conduction.

Consider first joule heating arising in a current
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carrying conductor. The magnitude of this effect is 
proportional to the square of the current. The rate 
at which joule heat can • be written ?s:

5.2.5.1.

where: J
R resistance, ohms
I current, amps

£

Equation 5*2.5. can also be written as:

5.2.5.2.
VOL

where:
J current density, amps/cmP 
& electrical conductivity, (ohm-cm)"*

VOL volume, cm*

■ The second irreversible process, thermal conduction 
results in a heat flux when a temperature gradient is 
present in a material,, and can be given by

Q: = - V7T 5.2.5.5
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The heat flux is a vector and is not necessarily 
parallel to the direction of the temperature gradient.
It is the tensor property of the thermal conductivity

rof an anisotropic material. . The sections that follow
' fd') •will be concerned only with isotropic material where

all thermodynamic properties ' -are scalar. In applications 
involving magnetic fields (5) the tensor properties
of thermedium as well as the three-dimensional nature of 
the'problem, must be considered.

(1) Isotropic material exhibit properties at- any point 
independent of direction.

c



55

6.0 IDEALIZED THERMOELECTRIC COUPLE PERFORMANCE.

6•1 Introduction.

In this section the relationships required to 
establish the parametric performance of an idealized

c

thermoelectric couple will.be considered. The prin
ciple device is the Peltier heat pump couple. In this 
device the electric power is an external input to the

c

couple. Hpa^'is absorbed from the cold reservoir
( TL ) because, of the Peltier effect (5.2.2.1.)
at the junction of the n - and p type semiconductor/ 
thermoelectric material. Semiconductors in which the 
electrical conduction is predominately due to free 
electrons are called n-type semiconductors and in those■" c ’
in which holes are predominate are classified as p-types. 
The n-type refers to negative carriers and the p-type 
for positive carriers. ■.

The efficiencies achievable with thermoelectric heat 
pumps are limited by • the Peltier effect an aspect of the 
thermoelectric effect. The magnitude is directly 
proportional to the thermoelectric power of the combin
ation of metals used, as well as the current through the 
junction.Semiconductor materials exhibit the fundamental 
requirements for a Peltier couple.

c
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The basic requirements for a-Peltier couple are:

(1) High contrasting thermoelectric power
(2) Low heat conductivityc
(5) High electric conductivity ‘ '

The useful Peltier cooling effect is less than the 
to heat abstraction because of:

2(1) I ^j
2(2) I R

loss in the junction 
loss in the materials 

(5) Heat from the surrounding medium 
c (4) Conduction of heat from the hot junction ( *1% )

, It is noted that the first two (above) depend on the 
square of the current while the Peltier cooling is prop
ortional to the first.power of the current (5*2.2,1). 
Therefore, for a given couple there is an optium current 
(Iq ) for the maximum attainable cooling. .

The performance of an ideal thermoelectric heat 
pump will be determined using simplifying/limiting ■ 
assumptions. The assumptions primarily concern, material 
properties being invariant with temperature and isolation 
of the cold junction by a control volume. The basic 
couple•configuration figure 6.2.1. consists of an n- and 
p-type Peltier device connected to electrical conductors.
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6.2. Couple - Configuration and Assumptions.

The analysis of the mathematical model illustrated 
by figure 6.2.'' is a basic thermoelectric couple.

'Figure 6.2.1.
Basic Thermoelectric - Peltier - Couple.

The simplifying assumptions are:

(1)

(2)

Electrical resistivity of the n- 
semiconductors are equal 
Thermal conductivity are equal 
watts/cm - °C

and p-type



(3) The Seebeck coefficients are equal in
magnitude and opposite in sign, 

p i watts/0C
^Jr A p

(4) All material properties are invariant of 
temperature n

(5) 'The problem of heat transfer to the ambient 
is not considered, i.e. the couple is an

" isolated' module
(6) The couple is operating between U; i

( X')., which are the junction temperatures of 
the active semiconductor elements

(7) The inter-element thermal insulation is perfect
(8) Ho heat transfer between junctions except 

through the thermoelement arms, i.e. no shunt
« heat paths
(9) The flow of heat and electricity in the 

elements are one-dimensional, X-direction
(10) Convection and radiation effects from the 

thermoelements are neglected. A condition 
difficult to achieve in the expected 
operational temperatures

(11) Junction resistance is neglible compared 
to the bulk resistance of the elements

(.11!) Arms are of constant cross-sectional area 
(13) The ancillary components of the electrical

circuit is zero, all shunt resistances are oO
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6•3 Steady . State.

' Consider the thermoelectric couple as shown in 
figure 6.2.1. representing the physical system. A D.C.

t

power supply is affixed to the hot junction and an 
electric Peltier circuit is completed. The resulting 
device will he capable of pumping heat from Tj to

Th: Por the control volume about the cold
junction, the Peltier heat removed ( Qp , watts) must 
work against the following irreversible effects.

1. Qs
2.

heat supplied by source 
thermal conduction from

watts
Xs to To ,

watts
joule heat produced in circuit, watts

Por steady state operation the heat balance at
is

Qp=Qs 6•5-'1«

The right hand side of equation 6.3*1* indicates that 
exactly 0.5 of the total joule heating produced flows to 
each end .of the bar. It is shown in appendix A 
that this is not an approximation but exact for the case 
considered (assumption . (4) ). The Thomson effect has 
been omitted from the steady state heat balance. The 
Thomson coefficient is zero due to invariance of the 
Seebeck coefficient with temperature (equation 5*2.4.1).
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Equation 6.3*1* is rearranged to become

Qa- QP- 2 Qy Q\ 6.3.2.

The Peltier absorption rate is expressed as:

6.3.3.

which results from equation 5*2, 2.1 and 3*2.4.3.

c The joule heating term is expressed as

<v-r[p„+eF'
where:

6.3.4.

, thermoelement resistance, ohms

The thermoelement 
of element resistivity

resistance can be expressed in terms

6.3.5.

c

Q Q

1-p - fpA 6.3.6.



where:
A
I

element cross-sectional area, cm 
element height, cm

The thermal conduction term is expressed as

and:

where:

AT; - T.
J

6.5.7.

6.3.8•

K thermal conductance of thermocouple, watts/°G 
hot junction temperature, °K 
cold junction temperature, °K

The thermal couple conductance is:

K- AX. 4. AX 6.3.9.

where:

X element conductivity watts/cm-0c

1
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Substituting 6.3*3-, 6.^5.-. , 6.3*7* into equation 
6.3*2. results as follows:

i-T2 
2 1

a \a
« AT,- 6.3.10.

Equation 6.3.10 is similiar to equation A.fl derived 
in Appendix , A Figure 6.3*1. presents the heat
pump rate as a function of current for fixed junction 
temperatures.

Equation 6.3*10 may be rearranged and expressed in 
terms of junction temperature difference. °

at = jeV -zTr X
k

6.3*11 *

Equation 6.5*11 indicates that under otherwise equal 
operating conditions, i.e. the material properties equal 
the maximum junction temperature when the cold junction 
is "perfectly" insulated ( = O ). For an internal
chamber or home refrigerator where the cold junction is 
in thermal contact with the environment A~T>- will be 
smaller as Qs> o . Equation 6.3*11 indicates that;, 
the increase in junction temperature is in accord with 
the material requirements for a Peltier couple (Section 
5.2.2.2) ■
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6.4. Coefficient of Performance.

Effectiveness parameters for evaluating the operation 
of refrigerators are: the coefficient of performance 
(C.O.P), heat pump rate (w/tts), maximum junction temper
ature difference ( AT ) and those relating output to the 
operation burden°(watts/mass).

In a power cycle, heat is received by the workingo
fluid at an.’,'©Heated temperature and rejected at a lower 
temperature, while a net amount of work is done ’by* the 
fluid. Thermodynamic cycles in which the reverse occurs 
are called heat pumps or refrigeration cycles.' The 
criterion of°performance of the cycle can be expressed 
as the ratio of output to input (depends upon what is 
regarded as output). In a refrigerator, the extraction 
of heat ( Qj , equation 6.5*2) for a net expenditure of 
work (Vj ) is defined as the coefficient of performance 
(C.O.P). The parameter is defined as:

C.O.P ©
6.4.1.

' Prom the axioms of 8adi Carnot, "Second Law of 
Thermodynamics" a summary conclusion is:

The thermal efficiency of a reversible cycle depends 
(only), upon the source and sink temperatures (°K). The
maximum°C.O.P. for a refrigerator under reversible ' 
operation is expressed as:
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H; 6.4,2
T" - T.

where:

junction temperatures (°K)

Ppr • the operation of a thermoelectric couple the 
C.O%P. can be-determined as follows:

The heat removed is expressed as:

6.4.5.

The power consumption consists of two parts:

P- \4S +a4j 6.4.4.

where: •
P , eotal

, power
, eower

power consumption, 
consumption due to 
consumption due to

watts
Seebeck emf,, watts 
joule heating, watts

The Seebeck vltaage from equation 5*2.1.1.5 is:

6.4.5
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The required Seebeck power is:

\JS-TVS
then c

c

c
The required joule power is: ■

vJj-T'R

6.4*6,

6.4.7.

6.4.8.

from equation 6.4.1. then ('

C.O.P. Tt;<4\p L - t:! k - k Al} 
-vTk 6.4.9.

Figure 6.4.1. presents the C.O.P. and as a function 
of current (Jl) for fixed junction temperature difference. 
The result indicates that at the maximum heat pump rate 
the C.O.P. is approximately .40. In some applications 
a large heat pump rate is more important than a large 
C.O.P’



CURRENT, AMI’S
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6. Parametric :ion.

' 6*5.1 Maximizing C.O.P._ (I)

Prom equation 6.4.9. the C.O.P. is a dependent ' 
function of the operating current (I). The optimumO '
value of the current can be found by equating the first 
derivative to zero and solving for the current (1^). 
Appendix.presents the mathematical concept of maximizing 
controllable variables.

The current maximizing the C.O.P. is expressed as:

where:

T - J AX-JL zn p j

' r(j b -I 36.5.1.1.

■ = if-K k 6.5.I.2.

and the maximum C.O.P. resulting is ;

C.oO>. - L- H 6 - X;

\ -h
. 6.5.-.5

B T 1

* B
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comment:
(There is a limitation with regard to the maximizing 

relationships in this section (6,5 Parametric Optimization) 
and results from the invariance of the - junction temper
atures with current. < In section 8,6 and section

.2,2. the proposed mathematical models consider the 
thermoelectric module to be operating between known heat 
source' and 'heat sink temperatures. The resulting 
interative procedures determine the current required to 
maintain - thermal equilibrium with the surroundings. 
Determination of the junction temperatures are resulting 
functions of the current and hence not arbitrary).

The derivation of equations 6 ..5.1.1. - 6.5.1.5. are 
found in Appendix 0. Prom equation 6.5.1.5.
the resulting C.O.P. (.max) is a function of the Carnot 
efficiency (6.4.2) and a factor containing material 
properties and the temperature boundries of the thermoelectric . e f j -ill be less

than unity and positive.

In figure 6.5.1.1., the C.O.P., current, power input 
are shown as a function of junction temperature difference. 
For each temperature difference the applied current is 
adjusted to maximize the C.O.P. As the temperature 
difference approaches zero the power input which maxi
mizes the C.O.P. approaches zero, and hence the heat pump 
rate rapidly decrease (figure 6.5.1.2).



AS- A- FUNCTION- OF JUNGTIO:OPERATIONAL- CHARACTERISTICS
IEEDAFOXTEMPERATUR :RSNCErCURRENT

CARROT

HEAT RATEPUMP

powe

URRENTrl

5b 40 60
JUNCTION TEMPERATURE DIFFERENCE

T

100
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' Figure 6.5.1.2. illustrates the irreversible nature 
of the thermoelectric heat pump, The C.O.P. is approxi 
mately one sixth of the carnot efficiency. The current
( 'I jp ) appears as ' linear function, of ATj

• fi .and the powerx ' required, non-linear in presentation.

<5 ‘

(1) The power required to operate at maximum C.O.P. 
The derivation appears in section 6.5.4.
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6.$.2 Maximizing C.O.P. (Configuration Geometry)•

■■ Prom equation 6.4.9. the current that maximizes the
C.O.P. was determined. (equation 6.5*1*1) to he dependent
upon the junction .temperatures and material properties. 
Equation 6.5*1*2. indicates that the product of theo
parallel thermal conductance and aeries electrical resist
ance (Configuration Geometry) can he adjusted to maximize 
the C.O.P3. Prom equation 6.5*1*2. the (PE) product is

c

expanded as follows:

6.5 - 2.1.

The subscripts refer to the n- and p- thermoelement 
expanding 6.5*2.1. and .inserting 6.5*5 (R/n ), 6.5*6.' (Rp ), 
6.3.9. ( 2^ . Up ) results:

AU[>K(p -l JgLXJs -Mpfp 6.5.2.2
. .fn + xv 1 lf

Defining the shape factor as:

6.5*2.3*

•f
6.5.2.4
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introducing 6.5.2.3. and 6.5-2.4. into 6.5*2.2.

w /a + Am ff
, jnA P U 1 M

U./ •U,
4

/n / ' 6.5.2.5.

£
CL

Introducing [ t % into equation 6.4.9.

C.O.P =
tju nt _ -

i j}

Note :

X A
~^r-. 4 iV

6.5.2.6.

For simplicity of presentation J = UA\p

d :The joule voltage $arrrneterk 7 ( p ) is defined as

' >= 1 7
CL

6.5.2.7.

Equation 6.5.2.6. simplifies to:

c. 0. p
Vf> - tf" - <

oK
____

? + fMl;
(l) term defined by author ■

6.5.2.8.
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Since the C.O.P, is > oC+) it can be maximized

by minimizing the product (RK), The product (RJl) is
defined by equation 6.5-2.5* From equation 6*5*2*5• 
the partial derivative of (KR) with respect to the ratio
(w will be set to zero to determine the value of ' 

which optimizes (KR). c

6.5.2.9.

Setting 6.5.2.9* to zero and solving:
I

6.5.2.10.

Substituting 6.5.2.10 into equation 6*5*2*5*

1

Expanding and noting that the right side is a perfect
square.
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then
2

I

6.5.2.12.

J
The term (KR)" is incorporated into a

material parameter called the material figure of merit.
- (I)The material figure <-of merit (7 ) : 7 becomes:

6.5.2.15.

The material figure of merit (7 ) contains the 
material properties of the thermoelements, but not their 
dimensions. In future sections the use of the material 
figure of merit will be as indicated. .

. For the condition of
and pj-t-pj - then equation 6.5.2.15
reduces to

2 --
J

6.5.2.14.

where:
7 is the material figure of merit of the couple, 

oG-1

(1) This term is called figure of merit (6) . 1n
section 7.2.5» an effective figure of merit is introduced
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From equation 6.5*1.1. (X7) and 6.5*1.5* (C.O.P. 
the parameter (B) can he expressed as follows: .

6.5.2.15.
.. <• „ '

Noting that = Tq -V hj 6.5*2.16.
e 2~

then:

£>= 1+ p 6.5.2.17.

The maximum C.O.P. expressed by equation 6.5.15* 
incorporating equation 6.5*2.17 results as follows:

c.0.2 r\\fL

, 1k -

-Tz,-

(i+ff +: _

6.5*2.18.

and the current which maximizes the C.O.P. is:

Figure 6.5.2A shows the variation of current to 
maximize the C.O.P. as a function of junction temperature 
difference. The current ( J,j> ) is a linear function■of

6.5*2.19*



s (
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junction temperature difference, the parameter is the 
thermoelement height to cross sectional area.

The maximum O'. O.P. 
the material properties 
of merit (3 ).

(equation 6.5*2.18) depends on 
only through the material figure

o

From appendix G
expressed as;

<■

the required voltage is

A i j. J B
JT

6.5.2.20.

where: ;
e B is defined by 6.5*2.17*

Figure 6.5*2.2 and figure 6,5*2.5 illustrate the ' 
voltage required to maximize the C.O.P. as a function 
of junction temperature difference.

The maximum C.O.P. (equation 6.5*2.18) as a function 
of junction temperature difference with the variation of 
the material figure of merit (£ ) is shown in figure 
6.5*2.4. An appropriate value of ° would be approximately 
3Q - 5 /°C (state of art;) resulting in a maximum C.O.P. 
approximately one eigth (@ AT. = 20°0) of the carnot 
efficiency. •



I I
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Equation 6,5*2.18 may be transposed into a form as in 
(5) to illustrate the maximum C.O.P. as a function

of the parameter HfUAM (dimensionless) with variation
of ( Tj / Tc . ). At the present state of the art a

j i
2T, value of approximately unity (3) results at
( 7„; /Tc . ) - 1.110 of a maximum C.O.P. of 1.15 (some
what encouraging). Fig. 6.5*2.5 illustrates the above relation

The required voltage (equation 6.5*2.20) is independent 
of the termocouple geometry. The power required to 
operate at maximum C.O.P. is expressed as:

6.5*2.21

and

k (if - .y 6.5*2.22.
$

Figure 6*5*1*2. shows the variation of the power 
required at maximum C.O.P. as a function of the junction 
temperature difference. The resulting value of P<
is cC AV ; and hence non-linear in format.

Equation 6.5*2.10 represents the configuration
geometry required for maximizing the C.O.P. Por the



 
 

oc:
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condition where the thermoelement heights are equal, 
equation 6.5*2,10 becomes:

6.5*2,23.

To illustrate the performance sensitivity for deviation 
from the above relationship computer program G.P.1 wens 
developed. The computer program is found in the section 
titled 'Computer Programs’. The dimensionless performance 
ratios as a function of the shape factor modification term 
are shown in figure 6.5*2.6. The performance ratios are 
derived on the basis of operational approximations. The
derivation and limit controls are found in section 6.6.

□Figure 6.5*2.6 introduces an ordinate terra called "factor". 
The term factor is utilized as a multiplication variable 
applied to equation 6.5.2,23 resulting in: -

6.5*2.24-.

Equation 6.5*2.24 requires particular material values 
in order to determine the area ratio. Because of this 
fact, values of each material parameter was selected on 
the quality level readily available at present.
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Figure 6.5*2.6 indicates the performance ratio when 
the factor is applied to the shape ratio (equation 6.5*2.24) 
which maximizes the C.O.P. The figure illustrates the 
degradation in performance of maximum C.O.P. and the 
C.O.P. at maximum heat pump rate ~ ..

The numerator subscripts (MIN) indicating the applicationc •
of the-factor (i.e- not equal to unity). The data

o
indicates that at a factor of 1.5 the decrease in perform

° ance is not expected to exceed ° Production
tolerances (8) indicate that a factor of 1.5
is expected which results in a nominal 3 5° perform
ance fall off. The curves representing the performance 
ratios of heat pump rate at maximum C.O.P. and maximum 
heat pump rate (f tANJ / indicate a decrease

in performance for the factor less than unity. However, 
for the factor greater than unity there is an increase in 
the heat pump rate output. The rational for this increase 
in performance is considered in appendix D . The
net effect appears to be an increase in element cross 
sectional and hence an expected increase in heat pump rate 
output. • . • -
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6.5*3 Heat Pump Rate at Maximized C.O.P. 
(Configuration. Geometry) .____ .

The heat pump with the current adjusted for the 
maximized C.O.P. operation can be expressed as follows

9^ “ Xj - 4/ M-
6.5.5.1

Equation 6.3*3*1 requires the evaluation of R and 
K , (with the element geometry consistant with_6.3*2.10) 
Prom equation 6.3*2.10 the n- element shape factor can 
be expressed:

kt

f
6.3*3*2

The total electrical series resistance is expressed:

pand from 6.3*2.3 and 6.3*2.4:
6.3*3-3

4 „ - k

V
V r

R ■= +

A A
£

P-- 5
-f

6,5*3*44

r
Substituting 6,3*3*2 into 6.3*3*4 results

«W f t,O + ( 3.3*3*3
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Operating on the first term the removal of 
in the denominator and introducing into the second term 

with a spl i . ttn ng of P i ntn ft -J* y Pwith a splitting nf pintn y pp

The purpose of the algebraic manipulation is to express 
the material variable (B) in terms of the figure of 
merit <2) r

Factoring 6.5-3*3 results;
r ~ rR.. = | ^4 +

4p L
6.5*5 *6.

from equation 6.5*2.15

. oi
6*5.5.7.

and

jl,«p
■£? if 2" 1

6.5.5.8.

1
L

A similiar derivation can be performed resulting in 
a slightly different form for the series- ■ reSistaneq.
The solution starts at equation 6.5*3*2 by solving for
4y and ■ proceeding as indicated above. This results 

in ■ the secies resistance being expressable as:

J, 6.5.3.9;
At n1
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as :
The parallel thermal conductance (K) can he expressed

[^•= Lh
T

- + 6.5.3.10

I P

From equation 6.5.2.3* • and 6.5*2.4-(l) becomes
. C *' -
— K, - -m* J(zv. + fp iip

6.5.3.11.

Introducing equation 6.5*3.2.•into the first, term

hK
L" f?

/n + “C y yfc p 6.5.3.12.

Performing on the first term the removal of 
from the denominator and • . introducing into the second term

with a splitting of jjp into x
The purpose of the algebraic manipulation is to express 
the material variable (K) in terms of the figure of merit 
(2 ).

Factoring and combining like terms

K Kfm1 + Moh
0 6.5*3.15.
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introducing equation 6.5*3*7 into 6.5 .3.15 results:

I r
£ 6.5.3.14.

f * L -£*• .• • -
A similiar derivation ' can be performed resulting in:

"c

' f/ Lhl 6.5.3.15.

(The derivation is similiar which resulted in equation 
6.5-3*9) ' '

The heat pump rate at maximum C.O.P. can be expressed as

Q?ij,' 1<J)'==-() " 2if!1,
W**

3f"i

r - 
Jip

L J
Ahi

Ah. 5.3.16,

or

°Xv\: l*r. -
-hh ft1 u*A

flje .5.5.17.

In order to express the heat pump rate at maximum 
C.O.P5. in a form more suitable for anaylsis a rederivation
of s j was undertaken.

Repeating equation 6.5*3-1•
Qs<{, = 1 <}, - i f >, £ - kAT;
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and from•equation 6.5*2.19

•- o/m/y ATj -

- t
Substituting 6.5*2.19 into 6.5*5*1 results:

where:

6.5*2.

(7) -» oZ\ p AI f
' Rte-.) ' m*s?)’ _ k AL

6*5.5.

Combining the first and second term

kAT,
6.5.5

From equation 6.5*2.15

k / r. 6.5 *5

Introducing equation 6*5*5*20 into equation 6*5*5*19

17 *

18*

19 *

20.

results

TC, au k to-i) - I a:jk h

6.5*5*21.



vn
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Expanding the first and second term while introducing

ATj - (t,j - Ttj and factoring (AT. • results:0

_ ia-t itlLrLkgau 
Vs. ' KA1'- 1 6.5•3•22.

_A
Equation 6.5.3*22 can he expressed as a dimensionless 
parameter by expressing: •

o

s<£
?Tc<b-ar

KAT,- C-v-i) 6.5*3*23
Q

1

Figure 6.3*3*1 shows the heat pump rate at maximum 
0,0' . P* as a function of junction temperature difference 
for variation in the figure of merit* The hot side 
junction temperature was fixed at 100 0 (B.P. water)*
At the present state of art a figure of merit of 3*0^
- 3/°K will result in a heat pump rate of - *07 watts/
couple at a ATT of approximately 38°0.

6*3 Maximizing Heat Pumn Rate (I) *

The net rate of heat removal, i^* the heat pumping
capacity is
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The current that yields maximum cooling is the value 
satisfying the condition jQs „ q The current

corresponding to Qsmax is designated Xq , and is

IT -J T
e R.

6.3.4.1.

Substituting 6*3*. 4*1 into 6*4.$ results (Qsmax):

Q$ - V J
Zk

z 
n£ K. AT*

6.5.4.2.

oWith the cold junction "perfectly” insulated (Qs -
O) and the current ( Iq ), the .maximum junction temperature
( AT* ) the couple can provide can be determined as

J AYWjf.
follows: .

0 “Tj ^^“2. R - 6.5.4.3.
Solving for A 1; the expression becomes:

AT - 7' — Z t 6.3*4*4*

then:

AT =T£;/W —d —r“-
2RK

6.3*4.3.

introducing the figure of merit (equation 6*3•2.d3)

AT
iXi

2
6,5.4.6.
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A complete derivation for determining the maximum 
temperature difference is presented in section 6*5 *6 *

The maximum heat pump rate can he simplified by introducing 
equation 6*3*4.3 into equation 6*3.4,2 resulting

6*5 *4*7•

rearranging equation 6 *5 *4.7 results

=■ k mJ \ a
AT,

6.5.4.8.

The voltage required to operate at the maximum heat 
pump rate can be expressed as:

\Vtfx + 4 at; 6*3*4*9 *

Introducing equation 6*3*4-rn1 into equation 6*3*Q«9 
results as follows:

and

Vq - AT; 6 *5 * 4*10 *

AT; -U
then:

- /<np (g- 6*5.4.11

where:
Twy hot junction temperature, "KOTr
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The power 
"is expressable

input to operate at maximum heat pump rate 
as: .

6.5.4.12?.

and

GJ
2T T- 
tAAIk

6.5.4.13.
9

0

pit is possible to express by utilizing equation
6.5*4<9 and 6.5*4.1 to become:

substituting 6.5*4.1 into 6.5.4.14 and introducing (K/E) 
into the first and second term:

6.5.4.15.

using 6.5*4.5 into equation 6.5*4.15 results:

2Wi;
6.5.4.16.9 y +

Factoring;, results in the 
heat pump rate as:

power required at maximum

Q
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6.5*5' G-0.F. . at. . .Maximized Heat. Pump Rate (I).

The C.O.P. can be expressed when the current ( )
is adjusted to maximize the heat pump rate ( ) by
utilizing equation 6.5*4.8 and 6.5*4.17* The C.O.P, 
becomes:

 AT

CXM ap ■ *
<?

6.5.5.1*£ I + niv _ T •
Equation 6.5*5*1 indicates that the C.O.P5. when the

current is adjusted to maximize the heat pump rate is , 
invariant with the thermoelement geometry. Material 
properties are reflected in the determination of 
(equation 6.5*4.5)*

6.5*6. Maximum Junction Temperature Difference 
1

' The maximum junction temperature difference can be 
determined by evaluating the current that satisfies
M)/ J! = 0 and - solving for AT; Equation

6.4.5 is transposed as follows:
 1,4?1 ~ z I R- CJ

6.5*6.1

taking the derivative then:

; T. | -to
<X<Y\O 3-VX. 6.5.6.1



rp rp

and solving for [ with •W/a = 0 results:

U-r ’ P J
ft\p 6.5.S.2.

K
Comparing equation 6.5.4.I ((Tq ) and 5.5*6.2. (.U^-p) 

indicates that the value of the■current maximizing the
Cr

required parameters are equal. Substituting equation 
6.5*6.2 into equation 6.5*6.,1 for = 0 results:

2 kk
6.5.6.5.

Equation 6.5*6.$. is identical to equation 6.5*4.$ 
as derived in section 6.5*4.

There are two additional techniques that will yield
" . ■ o'1

identical results to equation 6.5*6.$. The algebraic 
manipulations are found in appendix A. > The
techniques employed are:

(1) Take Aq/aT- o solve for !<? (6.5*4.1), 
substitutee^ into equation 6.4.$ resulting 
in (T), (equation 6.5*4.2) and solve for

AP at Q, 0.

(2) Take >^1= o solve for H<j) (6.5.1.1), 

substitute into equation 6.4.9 resulting 
in C.O.P..( (equttion 6.5*1*$) and solve for

AT at C.O.P. .0
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The minimum cold junction temperature ( , °K)) MiM
with fixed hot-junction temperature can be obtained from 
equation 6.5.4.6

AT'vAC^ . ‘'MIK
6.5.4.6.

and

AT; --I; -Ts
Him 6.5.6.4,

then
2k ~ -P*

•'Mill (AIK 6.5.6.5.

Avoiding a quadratic solution by introducing 
to both sides of equation 6.5.6*5 and rearranging results

Xj. + 2 T.. 1^2L. ? 6.5.S.6.

Adding unity to both sides of equation 6.5*6.6 and 
the left side is a perfect square then:

CI + -2TL -22 (k; +•Mlb/ • 6.5.6.7.

and

6.5*6.8.
V\IN
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. Figure 6.5*6.1 illustrates the maximum junction
' temperature difference as a function of the figure of■ 

omerit for a hot junction temperature of 100 0 (B.P, water)

6.5*7 Maximized (Heat Pump Rate/Configuration 
• Geometry),. _ _____________________

The maximum heat pump rate ( is

6.5*4.2.

where:

and

6.5*5*5*

6.5.5*10,I6

For military or space/satellite operation it is 
desirable to maximize 'the heat pump rate with respect to 
system weight. In order ' to determine the thermoelement 
configuration required for this operational condition the 
geometry of the element'must be considered.

The thermoelement weight for the n- and p~ thermo
elements of the same length (j) can be expressed as:

^Total ' M 4 "Y?t\
6.5.7.
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where:
j

Total

thermoelement height, cm.
thermoelement density, grams/cm^ 
iiermoelieCric couple weight, grams

Equation 6.55.7*1 indicates that in order to minimize 
the thermoelectric couple, weight the height of the element 
((|) should be restricted and A /W ■ j Ap he consistent with 

the required heat pump rate. It is proposed to maximize 
the heat pump rate with respect to system weight by 
equating the first derivative to zero and solving for 
the configuration variable. The equation to be solved 
can be expressed as •. -

6*5.7.2.

A represents the cross sectional area of the 
n- or p- thermoelement, (p- utilized)

ratio maximizing

' Appendix E _ presents the complete mathe
matical manipulations required to solve equation 6.5*7*2* 
The operational parameter considered was to find the area 

this is found to be:

A

A

ft

P 0-ffp)

6.5*7*5*
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6.5.7.-.

where:

I 1 t 1I C-

From appendixt S equation E,1
maximum heat pump rate is expressable as:

the

^2«i l^n V lip A'-Mfr-jC j- , —

wtvf.

p*p

Expanding the first term and combining the second 
results: _ ‘ =

£ __ 2
Lj /mAp -2-h^T;

—

1 iipAp Aznf p.

. li
— —

+ An£p 6.5«7.5.
[

_ A<pf/>\ + Azn^p X

Dividing numerator and denominator by (Z)M (\ )
7 2 fk + ig_ fL 

_ cA/>\ <j> 't.j — G' L A p_____ Azn.i L A/a a

'^/vj rn a —'lf.\k 
A

6 
/f J

+ 6*5.7.6*

Equation 6*5*7*6. will fulfill the requirements of 
equation 6*5*7*2 by utilizing equation 6.5*7*5 to determine 
the area of the n- element given the cross sectional area 
of the p- element.



85

6.5.7.7.

The total cross sectional area is expressable as:

/T + a

and
(\T =a

T A.
/•fCJ/AW \
Wl.1> / + 1

6.5.7.8

with (^Sv^.^ Ab^ being maximized by equation 6.5*7*6 and 

equation 6.5*7*8* s

Assuming the following simplifications:

Mr A j A-t"A

-X
“Ml#-- I

Incorporating the simplifications into equation 6.5*7*6
results in:

Q<

6.5.7.9.

and from equation 6.5*5.1•

O^\p ~Q A-r

Uf

1

-? 4C.O.P._ 6.5.7.11.

6.5.7.10.
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6.5.7.12.

then

The circuit resistance can be expressed as

«flp
T

a-
6.5.7.13-

2

T

%

Substituting equation 6.5-7.13 into equation 6.5.7.10
cresults:

/ a-.|> ■* 2*

=i- 
2R.

6.5.7.14.

Equation 6,5.4-.7 for ZVTj -- 0 indicates that:

c?^. —? k. 1ST; 6.5*7*15*0^

0.5

6.5*7.16,

Equation 6.5.7.14 is identical to equation 6.5.7*13 
which follows from equation 6.5*4.5* For = dtp 
(^ = O ) equation 6,5*7*3 reduces to:

Al 4 
h Up

Equation 6.5*7.16 is equivalent to equation 6.5.2.10 
for the condition where L = = X

6.6 Simplified Design Approximations.

The relationship between the current for maximizing 
the C.O.P (f) and the current for maximizing the heat



 

pump rate (Iq ) will be developed as follows:

The current heat maximizes the C.O.P, is expressed as

" " R(sfZ-i) 6.5.2.19.

The current that maximizes the heat pump rate is 
expressed as: . '

6.5.4.1.
. d

combining equation 6.5.4.1 and equation 6.5*2.19 then it 
follows: , f

t _ i— q

W-i)
6.6.1.

Equation 6.5,1 indicates that the current maximizing 
the C.O.P. (I^ ) is inversely proportional to the figure
of merit.

. Introducing --- —- into equation 6.6.1 and
(^2+ :)

performing the multiplication results: *

T _ ic AT,-W~a -
P ' Tjtb-,) ■

6.6.2
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Introducing;: B = 1 + AT

V L
\ +T4 6*6.5 *

into the denominator and expanding the numerator:

•J-gATjT + I qAT; 6*6*4*

Introducing equation 6.6.5 into the numerator and
factoring ( -Jo AT • } results:0 “ j

It
I, AX

‘ z AT I f (l + -~¥
>——-------

T, -tlc:
i ~j

6.6.5*
AT; k

- k
■j* I

Operating on denominator by introducing:

v a; 6.6.6*

then:
AT tuT>‘

'/IM4 tc 4 /n\£Ujt.

Tt,

4 2. 6.6*7 *
J

Expanding the terms in the numerator bracket and
utilizing equation 6*6*6 transforms equation 6*6*5 into

M 4r

Et = IcM- I +

2 AT
I + j _
-lij.......... ...... e:

AT = __p_ + 2
Kj

6.6.8.



  



88

Assigning A to replace the terms in the 

bracket then equation 6.6.8 becomes: ,

6.5.9.
' ...... ■

Figure 6.6,1 illustrates the magnitude of jAiuC __
as a function of ( AU / TC j ■ ) with ( AT /a'
a variable parameter. For A = 1 then equation 6.6.9 
reduces to;

1* =TgAT

AT; 6.6.10.
J mx-Y

From equation 6.Q.5*1;

<p
Substituting equation 6.6.10 into equation 6.5*5*1 ■and 
introducing: >

An
R —r— 2

C/
transforms equation 6.5*5*1 into:

r

kAT- 2A-AS |

AT,

6.6.11,

6.6.12.
L

when A = 1 then equation 6.6.12 reduces to:

Qs<,= X &T AT
ATJ wlf

6.6.15.
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Equation 6.6.13 expresses the heat pump rate when 
the current has been adjusted so as to maximize the , G.O.P. 
( Il ')• . Equation 6.5*4.8 can be combined with equation 
6.6.13 resulting: '

QV-PL q, 6,6.14.
AT

The limits on ann can be obtained by
equating AT = 0 results in = 0 (equation
6.6.13) and when ZlT- - AT

(equation 6.3.4,8)..
results in Q,
Q:S <£>

0

<
• The power required to operate at maximum 0.0.P. can 

be expressed by equation 6.6.10 and equation 6.3.2.21 
resulting:

r + ip, p
6.6.13.

utilizing 6.6.11 and factoring:
at a + AH/VlP* - 2 K AT,

with
R; AT

6.6.16.

A = 1 then equation 6.6.16 reduces to:

6.6.17



mu

A-n /at



91

Combining equation 6.6.17 and equation 6.9.4.17 to 
form a di^lanaionless power ratio, expressable as:

R<v.
AT 

L Tt AT

R 6.6.18.■ I + -rp-
~~ . I c jo

Figure 6.6.2 shows the power ' ratio RiA as a
function of ' ■" j Tc,- a variable parameter.

of A” AX the power ratioFor the condition 
unity. The maximum C.O.P. can be expressed by equation 
6.6.12 and equation 6.6.16 resulting: :

r A AT; I 
■(Op . 2KAX' i-ACr "A

' ' UAtAX AT , AT A 6.6.19.

for A

C.A.

+■LL AT,
- i then equation 6.6,19 reduces to:

_ AT '
«*• (j «

r ■

2 ;R + AT 1 
-14) AT} _

6.6.20.

Appendix p indicates that the right hand side may 
be transposed by an identity.

1 I
Cap - A1*.* 

2A1
1 AT

AT
AT_
.I{. I 4. AT^ - ZTj

Th,
6.6.20.

The last term in the right side will be- called the



Atf /TZj



reciprocal value. Figure 6.6.5 shov/ the reciprocal value
as a function of / (^y with/VT/TT^y a variable

parameter. Neglecting the last term (i.e. = 1) equation
c -6.6.20 reduces to: ‘, 1

-- '
'i-E "

—. —
I- AT-

' 24T AU,. Tt,;
6.6.21.

Equation 6.5*5.1 (O.O.F.y ) can be transposed by
H. The C.O.P3.an identity derived in Appendix <■

when the current has been maximized for the heat pump 
rate can be expressed as:

1

1c.o.<> Ul i- AL.
9 1L m;

AT
L-

6.6.22.

Equation 6.6.21 and equation 6.6.22 can be combined
- c

to form:

C.O.P. = rC..OV.V AHO-tf JwyCl^. <?

AlT-
Repeating equation 6.6.10 for comparison:

AT I,

6.6.25.

6.6.10.$ _ AT*-* b
The resulting relationship (equation 6.6.29) is 

approximate by virtue of A and the reciprocal value 
being equal to unity.
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6*7. ' Operational . .Performance Parameters.

■ In the previous sections performance equations have 
been developed with current as a controllable variable,
A current dimensionless parameter is introduced in this<• I
section in order to facilitate a general engineering
approach. The current dimensionless parameter is
defined as the ratio of the actual operating current (I) 0 ■ '
to the current required to operate at maximum heat pump 
rate (Iq ) . This can be expressed as '

<„
jl<Y 6.7.1.

where:

I, Ici
R 6.9.4.1.

The heat pump rate () is:

6.4.3.
Expressing the maximum junction temperature difference 

in terms of equation 6.9.4.1 results;
2k AI

J. 6.7.2.i
and from equation 6.9.4.1

6.7.5
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Substituting equation 6,7.2 and 6.7.9 into equation 6.4.9 
results: _ 9 -hi _ f_ _ AT

Qm-- m
i, AT. J W\Qsf. J 6.7.4.

Introducing:
G = l/l

<? 6.7.1.

I x

then:
' ' i at;- 
w-e - JQc- KA% AT 6.7.5.

Figure 6.7.1 shows- the heat pump rate as a function 
of the dimensionless current ratio (6 ) with ( Af ) a

• V

variable parameter. • , The C.O.P. can be expressed in a
form similar to equation 6.7.6 by the following approach:

The power required from equation 6.4.7 and 6.4.8 can 
be expressed as:

P= AT,
. 6.7.6.
Substituting equation 6.7.9 into equation 6.7.6 and 

introducing into the second term:

P = q2 Q -v I°^y Af- 2 kA7)^ 6.7.7.
2^AlJ<mait

then :

P=2k ffP
r 

L 1g?

+ 1*5
I 6.7.8.
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results ‘
Substituting 0 = L, 6.7.1

P-2K4: ] 0%e SAT,JW4 i ->

then by equation 6.4.1:
c.o.p. -T2e-e2-^

6.7.9.

Z [G+ G>Mj 6.7.10.

I

Appendix F indicates that equation 6.7.10
can be used as a basic equation for determining equationr c
6.6.19 (6.6.20). Figure 6.7.2 shows the C.O.P. as a 
function of the dimensionless current ratio (6 ) with
ATs a variable parameter. 

(Z. = 1) that for a AT}
9°0° <at;- o.5T% - 2

J r\y 4
at 0 ( ~ .444

Equation 6.6.10 indicates
Alj ~= 40°C eiicL a

*■) the maximum C.O.P. occurs 
which corresponds to graphical 

display from equation 5.7*10. Figure 6.7*1 and figure 
6.7.2 may be employed to determine figure 6.7-3 
figure 6.9.6.1.

Figure 6.7*4 is a sketch of the basic information 
appearing in figure 6.7-3. The heat pump rate is
shown as a function of the C.O.P, for a specific temper
ature difference (Alj). The dimensionless current.ratio 
(B) does not appear explicity but' varies along the curve.
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Figure 6.7*4.
Heat.Pumu Rate as a function of . the C.O.P.

The following performance equations were derived in 
the previous sections; with current as an operational 
parameter. The symbol will denote that suitable
approximations were employed.



 

(a) Q$ heat pump rate maximum

alt.; 'i AT 
AT-^ \

(b) C.O.P./k , C.O.P. at maximum heat pump9
C O.V.Q^ AT-

neglecting

then:

ATA - Mttjc 1

i-AJ.,Td
co?t r.Q - 2 (

u

u.

at;
at

(c) C.O.P.^ , maximum C.O.P.
Al ,at

at;..,
i_ ae

t..C.O.P * S 2
(for_y*V and reciprocal value of unity)

employing equation 6.7.11 then:

AT,co.P. a [
at

and

C.O.P. AK/C.c.p.?

AT

6.5 .4.8

rate

6.6.22.

6.7.11.

6.7.12.

6.6.21.

6.7.13.

6.6.23.
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(d) Q5 . heat pump rate optimized for maximum
C.O.P. for A- =1.

i-- AT, , 6.6.43*
*-*

and

QS(t * ' j >
' ATw

(e) I. current maximizing heat pump rate

°1a\P

/ma-'jC 6.6.44*.

i <? 6.5.4.1.

(f) T(? current, maximizing C.O.P. f<^3? f\ = 4

6.6.40.it=Ai.

AT^
It is advantageous■to present four performance ratios ■ 

based on the approximate relations intoduced in section 6.6

The ratio of (?, : C.O.P. can be expressed as

2
2. kATX Jn\c^L — -- -r

&
6.7.44.

. C • O.p GJ
The ratio of heat pump rate at maximum C.O.P:

C.O.P. can'be expressed as:

? T- V- AT-
6 o.P- I

I IT _ !

6.7.45
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qub

The heat pooip rate ratio can be expressed as:
r „

©
20 -e

i- at;

at;
,.6.7.16.

L &Tjaw> J

The numerator is equation 6.7.5 and the denominate equation 
6.5*4-.6. Equation 6.7*16 is exact and therefore no
approximations are utilized. Figure 6*7*5 shows

' ■ as a function of the dimensionless current
ratio (0 ) for variation in the junction temperature 
difference. Figure 6*7*5 may be modified by introducing
the variable Aj / AU as a replacement for ( Ah)

resulting in figure 6.7*6.

c.o.?.

The C.O.P. performance ratio is expressed as:
'ze-?- "

VJ A Is- zrnoy.
e2+eAT7

L Tc5 1 I at; 1
6*7.17.

The approximation is introduced into equation 6*7*17
by C*.°.P. ( equation 6*7*13)* Figure 6*7*7 illustrates
the C.O*!5* performance ratio as a function of the junction
temperature difference for variation in the dimensionless
current ratio (0). Figure 6*7*8 and figure 6*7*9 .
illustratesthe parameter ( Q 5 I H Atec ) (equation
6*7*5) and the C.O.P* (equation 6.7*10) . as a function of
the dimensionless current parameter (0) with parameter

A' j IAT . - .20 ’, .02 respectfully*
1' 1J ’ 7

Each figure
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includes a family of curves for 0 Z -==- £ ,0& The tcy
peak of ( K ) occurs at 0 = 1 which is in
accord with equation 6.7,5* The maximum C.O.P. occurs 
at a dimensionless current ratio less than required for 
maximizing ( 1 AX- ). Figure 6.7,10 and figure* AWMjL.
6.7-11 shows the C.O.P. as a function of (Q»j )

The graphical presentation appears as a convenient 
format ' for reviewing the general thermoelectric couple 
performance. The lines radiating from the origin (0,0) 
are the dimensionless current ratios, while the loops are

&T I a;for constant The dashed line (figure
6.7-10) is the locus of the maximum C.O.P, function. 
The maximum C.O.P. is expressible as:

C o§. g x
MI

AT, JL
6.7-15-

and occurs at: ,

0 ? ATj / o-
The maximum heat pump rate ( ) occurs at

© =1. The power required ratio can be expressed by
equation 6.-.1-. 17 for as: •

r
P„ = IK AT it AI

6.5-1-17-
L

and r

At At
AtTu 6-6.17-
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112.

Factoring and rearranging equation 6.6,17 results:

Rj -zk at, At
AT 

u y 4 b
+

c
Equation 6*7.9 is: . . .

0 .
P- '2k AT ,c 1J

AT
A'j

» J
z

e" + e AT
u

Expressing the powerratios as:
Th

p

and

6.7.18.

et e at

I.+ Mi
- To;

*2*" ( ~ I
.9 4 6 AT

6.7.19.

7
6.7.20.

P$ ATf + 4P
To' A“Uy A LT

fKVV
Figure 6.7.12 illustrates the power: power at maximum 

heat pump rate (equation 6.7*19) as a .Function of the 
dimensionless current ratio (0 ) with AT, /T ■ = .80 and
•10 as a variable parameter.
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7.0 QUASI-IDEAL PERFORMANCE.

7.1 General Characteristics., ■

■A thermoelectric module in its simplest form'consists 
of an•electrical circuit of several thermoelements in series 
which are thermally in parallel between two surfaces.

c

In this-section the surfaces are assumed to have perfect 
thermal contact with the heat source ( ) and heat
.sink ( ThoO ) environment. The additional electrical 

resistance and shunt thermal conductances introduced when1 c
utilizing "real" thermoelectric devices in practical 
refrigeration can significantly alter the system perform
ance. The expressions derived in section 6,0 representing 
the level of attainable performance can be used if modi
fications are introduced into the material definitions.
It appears reasonable to include junction resistance, 
connecting strap resistance for defining an "effective 
resistance" term. Simarily, conductance from hot to cold 
plate through the thermal interelement insulation can be 
factored into an "effective thermal conductance" term,

“Effective figure of merit" and "effective maximum junction 
temperature" can be introduced into the equations of•
Chapter 6.0, thereby utilizing the previous sections.

The equations appearing in Chapter 6.0 are approximate 
and in many cases are based qn currents that provide maximum 
heat pump rate or maximum C.O.P, operation. In section

7«2 more accurate analysis are performed using
"complete" expressions. The results indicate that the
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basic concept of using "effective" values as a condition 
for expressing "real" couple performance is adequate and 
practical for the present/state of art material.

Mathematical models are developed to determine the 
feasibility of supporting the thermocouple onto a ,
conducting pedestal (figure 8.2.1). The thermocouple/ 
pedestal configuration introduces an analysis problem that 
has not been considered in earlier module calculations.
The proposed solution employs characteristic dimensionless 
parameters and thus the solution is applicable in subsequent 
module analysis. Appendix M contains a complete description 
of the mathematical evolution and subsequent numerical 
solution of the pedestal/thermoelement model. '

Since the evaluation of various designs is a process 
of repeated calculations with different parameters in 
similar equations extensive utilization of the digital 
computer resulted.

7-1.1 Ripple Effect.

The computer programs developed incorporate the• 
effect of current ripple on system performance. It is 
frequently desirable to estimate the changes in performance 
resulting from the degree of power supply filtering or to 
determine the system burden by an imposed ripple level.



I I v_j

The expressions of section 6.0 can he modified 
from an idealized ripple-free direct current thermo
electric couple•to indicate couple performance for 
operation where the current has ' an alternating component. 
In appendix J the effect of ripple is intro
duced by a ‘ripple form factor'. The ripple form factor

• Q

is defined as the ratio of the bnrrU/ value of current 
to the-d.c. component. The wave form of the current 
ripple is•assumed sinusoidal. The resulting relation
ship between form factor and ripple directly relates 
system performance to percent ripple. Section 7-5-2. 
illustrates this form of presentation. From the 
graphical results of section 7-5.2
r

ripple becomes
elatively more important as the ratio /l- / /ATT increases

7-1.2 Thermal Impedence Effects.

. In chapter 6,0 a major assumption is the condition 
of perfect thermal contact between the thermoelectric 
junctions and the surrounding environment. During the 
operation of a real system the thermoelement junction 
temperature would not be the same as the corresponding 
heat sink and heat source temperature. It is the "real" 
system that this research is primarily seeking to define 
and solve.

■ The junction temperature difference ( ATj ), i.e. 
the difference between (hot junction temperature)
and Ty. (cold junction temperature) is larger than •
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the overall ( A L )temperature difference. The
overall temperature difference between the heat source 
( Iq ) and.heat sink ( ) is less than the junction

temperature difference by the temperature drops on the 
hot and cold sides respectfully ( ATH • > ATL )
The temperature differences on a side of the thermocouple 
is composed of: '

c (1) electrical link
(2) electrical insulation 
(5) heat exchanger ,

t(4) thermal boundary layer

Figure 7-1-2.1 shows the basic temperatures and

Figure 7*1 • 2.1 •
Thermocouple Temperature Differences.



The effect of thermal impedence can be illustrated 
by figure 7.1.2.2. The temperature profile excludes 
discontinuties at the interfaces.

Figure 7.1-2.2. 
Temp er ature Distribution.
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7.2 Effectiveness Parameters.

7.2.1 Intro duction.

This section contains the equations that describe ■ 
the operation of the "quasi" ideal thermoelectric couple. 
The mathematical model includes the modifications to the 
equation developed in chapter 6.0 by the introduction of 
"effectiveness" values. In general the equations 
describing ideal couple performance may be used to describe 
the performance of a thermoelectric couple with losses, 
if the terms representing electrical resistance and 
thermal conductance are suitable modified. The equations 
(i.e. 6.5-2.18, 6.5.2.15) indicate that the performance of 
the idealized is independent of the height of the thermo
element, This conclusion results from the exclusion of
contact resistance at the junctions. The inclusion of 

(1 'contact resistance^ 7 transforms the idealized analysis . 
into a practical problem considered in the performance of 
the "quasi" ideal thermoelectric couple. '

7.2.2 Packing Density (tt). •

‘ The electrical series resistance resulting in equation 
6.5-5*5 neglects the resistance introduced by contact 
effects and element electrical linkages. In addition to

(1) a representative problem.
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the increase in electrical resistance; shunt thermal 
paths exist between (Tj ) the hot junction . temperature 
and the ( Tc- ) cold junction temperature. In this 
section and in the developed computer programs these 
effects will be considered.

0 .
A module is considered of total area Ap, containing

M uniformly spaced couples thus the area associated with 
each couple is ( Ay I N ) — portion ( A/ ) ■ consists

c of inter-element thermal insulation and the remaining 
( A«+A. ) occupied by the n- and p- thermoelement.
The packing density (l)) is defined as the fraction of the 
total module area ( A ) occupied by the thermal insulatoon. 
The packing density ■ is expressable as;

assuming (1)
Am+Ap+A/

(for simplicity in presentation):

7.2.2.1.

• A,+A p

then :

A; /
b)

7.2.2.2.

7.2.2* 5.

(1) This type of assumption.5is to simplify written
expression. The computer programs do not employ 
this form of limitation.
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7.2*5 Effective Thermal Conductance.

The thermal couple conductance can he expressed as:

Ks ~ Am fe(f\ , ApJp 6.5.5.10.
+ fP

h\assuming:. <
o A - 1? ~ O

. A- A«U Ap 
JL - l-n=^p

The inter-element thermal conductance is:

' Wid = ■ t; A/
7.2.5.1.

1

where:
ionJ , the thermal conductivity of the insulati material, watts/cm - °C .

U thermal conductance of the insulation material, Kuj wattsI°C

The effective thermal conductance is expressible as:

7.2.3.2.
Xi i

Introducing equation 7.2.2.3 into equation 7-2.5.2 results

Kgpp ■ 2 h'A
Aud - 1

7.2.3.3.

Factoring equation 7' — -:5-5 results:

Sb,A 7.2.3.4.
| 4-
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Figure 7-2.5*1 shows the effective thermal 
conductance ratio as a function of the
packing density for'variation in the ratio

7.2.4 Effective, Electrical Resistance..

The effective electrical resistance is assumed to 
be composed of: .

Repp " R + 4 - R
STRAPS 7.2.4.1. .

where:
1 (? couple electrical resistance (equation 

6.5*4.2), ohms
junction resistance for a couple, ohms

K electrical strap resistance for a couple, ■ ohms 
ieup

Poor junction contact resulting in high junction 
resistance can cause a large decrease in couple perform
ance (figure 7*4.4,9.5.) In a thermoelectric device, 
joule heat generated at a poor contact can result in a 
significant decrease in design expectation. Improper
contact can distort the material properties by creating 
localized joule heating effects. •

From reference (7) the junction resistance
is defined in terms of "specific-contact resistivity". 
The specific contact resistivity is expressed as:

7*2.4.2
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where:

f,
P..

2specific contact resistivity, ohm-cm■
contact resistance, ohms

. • 2 cross sectional contact area, cm

For example: • ‘
A specific contact resistivity (state of the art) of 
-- 2the order 10 ohm-cm on each end of a 1 cm length 

element of 10~^ ohm-cm (electrical resistivity) representsc .
approximately 2% of the total element resistance. The
elements tested in section 12.0 had an element
height of .20 cm hence the contact resistance can 
represent 20%’ of the total element resistance. With
short elements the effect of contact resistance (figure 
7,4^4,9,5. ), must be considered. The effect of ■
poor element contact at the cold side of the basic 
thermoelectric device may significantly add to the heat 
load at the cold junction interface. The effect at the 
hot junction may not be critical, since the local joule 
heat generated is adjacent to the heat rejection surface. 
The total couple effective resistance is expressed as:

^EFF - R + + Rs

A 7.2.4.3

where:
internal couple electrical resistance, ohms 

h\ cross sectional element area, cm^ .
and:

A
9. P.ZL.ZL.
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where:
strap resistance, ohms
effective strap resistivity, ohm-cm 
effective cross sectional area, cir

Introducing equation 6.5.3*3 and equation 7-2.4.4 
into equation ^.2.4.3 with the assumptions of section 
7.2.3 results:c

o

Reff ' + it— * f&i
A A

n . -
factoring and combining:

7.2.4.5
A&

o . M
K6ff A

i + M + UA
7.2.4.6

Figure 7*2.4.1 shows the effective resistance ratio 
a function of the contact resistance 

(the strap resistance term has
been neglected). .

‘ 7 * 2.5 Effective Figure of . Merit.

The effective parameters relating material properties 
can be combined with the Seebeck coefficient to define an
effective figure of merit ( -2 J The concept'of

v EFr •' •
using effective parameters establishes the relationship 
for effective maximum junction temperature difference
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The effective figure of merit is defined as;
I

q- _A gpp —- L 7.2.5.I.
Rf • k (keep

The effective maximum junction temperature is 
expressed as: •

AT ~ 0-5 y T?
BFF

7.2.5.2.

From equation 7*2.3*1 expanding denominator into basic 
material parameters: '

R = laEFF a
I 1

fX i 7.2.5.5.

Letting (u) ) - 1 then equation 7*2.5*4 reduces to:

7.2.5.4.

Equation 7*2,3«7 is essentially equation 6.3.3*10 
with suitable material assumptions. Introducing equation
7.2.3*3 and equation 7*2.3*4 into equation 7*2.3*1 results:

J 1
U>(>

I +
7*2.3*5*

assuming

and

therefore - 4 / 7.2.5.6.
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Introducing equation 7*2.5*6 into equation 7.2.5.5 
and utilizing the basic definition of figure of merit 
results:

7
■-ePF "“I

i -l 7.2.5.7.

Figure 7*2.1.1 illustrates the effective figure of 
merit "ratio J 2?) as & function of the contact
property parameter ) • In section 7*2.1 it
was stated, " the equations derived for the ideal thermo
electric couple may be utilized to describe performance 
of a couple with electrical and thermal losses by suitable 
modification of the material properties”. To illustrate:
(consider figure 6.9.3.1), the figure of merit (2 ) can 
be replaced by (equation 7*2.5*7) resulting in an
effective heat pump rate at maximum C.O.P. The effective 
maximum junction temperature can be determined by figure 
6.5.6.1 with the supstitution of 2 by

For a given performance level there is a required 
ratio of (~2pFF 152-) . With the material property 
constant then it follows from figure 7*2.5*1 that (?;l» 

must remain constant. . If improvement in contact resist
ance is obtained must decrease in.order to maintain 
(fi l) fixed. From equation 6.5*7-9 the maximum cooling
rate per unit volume can be expressed as:

.< I

At-
7.2.5*8.
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Prom equation 7.2.9.B. the maximum cooling per unit 
volume will decrease as the square of the height of the 
thermoelement (J ) and is proportional to the contact 
resistance. The volume of an element is (A1 ) which 
can he expressed in terms of the shape factor (equation 
6.5.2.5) as ("jH ) inferring that the volume of the 
thermoelectric couple will decrease proportionally to a 
decrease in contact-resistance (figure 7.44^.Q.9).

Contact resistivity ( p- ) is a difficult value to 
obtain experimentally within an acceptable level of 
accuracy. A.review of data indicates (Author’s opinion 
coupled with statistical -analysis) sufficient scatter to 
warrant additional investigation, What may be established 
is the general trends or expected limits on contact
resistivity. The present, state of the art data indicates

. ~R oa contact resistivity of the order 10 ' ohm-cm- per contact - 
Thermoelectric material with a resistivity of 10~* ohm - cm 
as a representative value combined with equation 7«2.9*7»
can yield an effective figure of merit ratio.

-2,
2xio-s 7.2.5.9m-

l +

^EFF ~

The percent decrease in 5 is expressed as

°L- ( x 100

7.2.5.-10

7.2.5.11
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Equation indicates that an expected decrease in the 
figure of merit is approximately 9.A/I (I = 1). The 
expression introducing the effective figure of merit 
{equation 7»2.9*7) permits the use of the idealized 
performance equations of chapter 6.0. Thus the effect
iveness quantities can he utilized with the equations of 
the idealized couple to compensate for losses. These 
equations can be utilized to determine module performance 
since the module is a group of couples with losses.c
The relations developed in the previous sections assume
that material properties are invariant with temperature.
The computer programs developed incorporate provisions
to account for material properties being function of - [
temperature.' The foregoing performance equations have
been expressed in terms of junction temperatures ( 77.

. fTc; ). These equations may be adequate for a 
first order approximation if estimates of junction 
temperatures are correct. In section 8.4 the
thermoelectric couple is considered part of an over-all 
heat transfer problem with junction temperatures resulting 
functions of current and hence are not arbitrary.

7•3 Power Supply . Ripple. •

7.3*1 Introduction. •

The performance equations presented in the previous 
sections have been derived with the assumption that the 
thermoelectric couple is powered by a steady direct current



source. There are numerous cooling applications where 
the primary power supply would be alternating current.
It then becomes necessary to know how ’completely’ the 
required current must be.rectified as device performance 
decreases by imperfect filtering. ■ " ' - '' c

c
■ The essential problem is that any alternating currentc ♦

component is pure loss. The A.C. current generates heat
cbut develops no heat pumping capability by the Peltier 

effect. It is necessary to estimate the magnitude of
c

loss relative to the unavoidable loss (i.e. joule heat) 
terms. The effect of current ripple has been evaluated 
by direct integration of power supply filtering for 
limited performance parameters. _ Fourier transformations

(8) were employed to evaluate transient
behavior with power supply . ripple. The analysis presented 
in this section is parametric in concept and hence
introduces a mathematical tool to be utilized for a wide 
variety of performance criteria. '

The concept of the form factor (P) (2) is
proposed as a measure of the joule heating current ( . rmsi 
current or effective current) relative to the average 
(D.C) current. The form.factor (F) is introduced into 
the basic heat pumping equation (equation 7*3*2.5* ) and 
is proposed as an approximate expression accounting for 
power supply ripple. The method presented results in ' 
a mathematical tool for evaluating thermoelectric design 
development. The concept is to present not only the ’
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simplified equations but an appreciation of the effect of 
power supply ripple. The presentation format (graphs) 
is proposed as a technique for providing utilizable 
information on which economic decisions can be made.

<■ 1
7.3.2 Analysis and Results.■ - 0 ---- - --- ------- !---

The procedure ' proposed is to present the equations 
for*heat pumping capacity, C.O.P. in terms of the 
effective material properties and current. The effective 
parameters (section 7*2) introduce material properties 
which account for controllable losses as well as losses 
which are inherent in irreversible processes (Thermo
electric devices). The resulting parametric equations 
can be simplified to include the direct current and the 
form factor (P).

The form factor is defined (2) as:

7.3-2.1.

It is advantageous to convert (P) in terms of ripple 
or percent ripple in order to establish a common termin
ology with the power supply manufacturer1. A relationship
can be developed between ripple and form factor if the. 
ripple wave form is assumed. The assumption proposed 
is that the small ripple from a filtered power supply will 
be sinusodial. Percent ripple (0) is defined as the 
peak-to-peak value of the alternating’ component divided





by the average current (d.c) times 100. In appendix
I the • derivation relating form factor is 

developed and is given by:

= I + ( °L RiPl) 'T.5.2.2.
. Figure 7*5.2.1 illustrates the form factor (F) as a 
function of percentripple. For an unfiltered, full
wave rectified output (Appendix l ) the form factor
is approximately 1.10 and the corresponding percent ripple 
of — 136$. This limit affixes a number to a •
recognizable wave-form. The effect of power supply rippl 
will be determined for the following operational 
conditions: •

(1) Maximum junction temperature difference (AT- )
(2) Current for maximizing heat pump rate ( JLq )
(3) Current for maximizing C.O. P- ildj)
(4) Capacity at maximum heat pump rate ((5).
(5) Heat pump rate at maximum C.O.P. (£?»■)
(6) C.O.P. at maximum heat pump rate (c.O.P.
(7) Maximum C.O.P. (c.O.P.

' The computer programs developed introduce the effect 
of form factor (F) as an operational term. Figure 7^zh9-7* 
illustrates the effect of power supply ripple on material 
utilization (watts/cm^) as a function of C.O.P5. The
expressions develop - present the ratio of the variable 
with current ripple to its value for pure d.c. operation. 
An asterisk (*) is used to denote the d.c. value with
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ripple•

From equation 6.4.3:

Qs1an\
(no ripple)p

The current maximizing the heat pump rate is:

7.3.2.4.
6pf

Introducing current ripple into equation 7.3.2.3- .

‘-W K„„R£ff - ^FFM
Replaci.ng: 1 RKS <i.c.by F 1

The current maximizing the heat pump rate with current 
ripple is:

AT,,I * X|? A f
7.3.2.6.

Combining 7«3.2.4 and equation 7.3.2.6 results:

1
1

6
F

s. (F 2 |) 7.3*2.7.

Equation 7*3.2.7 indicates that the d.c. current 
required to maximize the heat pump rate is smaller when 
ripple is present and decreases with the square of the 
form factor (F).' In a similiar derivation, the d.c.
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3

current required to maximize the C.O.P5. is approximately 
independent of any accompanying A.C. component, hence:

7.3.2.8.

The proof of this interesting approximate independence 
to'(P) is derived by the following approach:

The current maximizing the C.O.P. is expressed as:

6.5.2.19., .rC-je,-0
The C.O.P. can be expressed with current ripple as:
n.0.. p* ■ Tj-Af -z W* t- We ff A~jj

PiXf + IX X 7.3.2.9.

and from appendix J 
is expressable as:

an intermediate relationship

KefF T \ B - +1* . .f
7.3.2.10.

Factoring and combining results as indicated by 
equation 6.5.2.19).

* - __ Xp K1 ‘p MX-O 7.3.2.11.

Combining equation 7*3.2.11 and equation 7.3*2.4. 
results ,

h - I
7.3.2.8.

I
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The maximum junction temperature ratio with ripple 
is expressahle as: (Derivation in appendix J)

AT}’ I
—----- - ~~i 7.5.2.12.F ; ,

From equation 7.3.2.7 and equation 7*3«2.1 expressable 
as : • c

*.1
F1 7.3.2.7.

9

and X = F—T'

7.3.2.1.

resulting:
I

FT 7.3.2.13.

Figure 7-3*2.2 illustrates the performance ripple 
ratios GJf\ijf .i ) as a function of percent ripple

The heat pump capacity at maximum 0.0.P. ) and
the 0.0.P. at maximum heat pump rate (G.O.P.q ) performance 
ripple ratio■are equal. The derivation is presented in
appendix J. The resulting expressions are:

and:

c.o.f;
c.oT.

c.o.f.

Ap
AT;

&
AT;

7.3.2.14.

0, C.O-P.AftrtM A

7.3.2.15.
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Equation 7*3*2.14 depends on AT; and 
which appears reasonable as the ripple introduces additional 
losses not considered by equation 6.6.13 or 6.6.22?.
Eigure 7-3.2.3 illustrates the ripple performance ratios
W'M.o.P. ) CO . as a function of percent

ripple with^variable temperature ratios.

The effect of ripple for operation at maximum C.O.P, 
and maximum heat pump rate results in the following:
(The derivation is presented in appendix J),

Q*

CQ.P
C.oM. r i At

bang#
7.3.2.16.

v /tfixy "Figure 7*3*2.4 illustrates equation 7*3.2.16 as a 
function of percent ripple for variation in the temperature 
ratio.

A more general approach can be derived where current 
has been replaced by the current dimensionless parameter_ 
as defined by equation 6.7*1* The heat pumping ripple
ratio is expressed s: At

2Q-?&- A!
ie - e1 -« 7*3.2.17*

The C.O.P. ripple ratio is expressed as:

CoP

UP.

9 z AQi-
ze-e'-JL

L0 4-
-ar
rli

W+eAt 7.3*2*18*



14?



144

.c
p.t

h
a

ti
 V-^rr

-9
 -



PERCENT RIPPLE



I HO

Appendix J presents the derivations of
equation 7*3.2.17 and equation 7*3*2.18. Figure 7*3.2,5 
illustrates the operational ratio ) as a function
of percent ripple for -.5 and for variation in
the dimensionless current ratio (0)* Figure 7*3*2.6 
illustrates (C,O.P.*/C.O.F.) as a function of percent 
ripple for AT' = \30 and A ( /Ti ' ' -.1 and for

variation in the dimensionless current ratio (0).
Figure 7*3*2.7 illustrates that a percent ripple of 40/ ' 
with AT/AT ' 5 the decrease in performance is
expected to be less than 2?,. Figure 7*3*2,8 illustrates 
that for a fixed percent ripple the decrease in perform
ance at maximum operation increases as AT; //ST increases

7.4 Model Gonfiguration.

7*4.1 Introduction.

In this section the procedure for calculating the 
performance of a thermoelectric cooling module is presented. 
The equation developed are obtained from a consideration 
of the internal energetic processes occuring within the 
control volume enclosing the basic thermoelectric couple.
For a given module ' configuration the computer program 
( G.F.5* ) calculates module performance for
various arbitrary cold junction temperatures ( ,
junction temperature differences (Af ) and currents.
The resulting computer programs have been programmed for
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an English Electric KDE9 Computer using Algol as the basic 
autocode. •

The configuration of the resulting mathematical model 
is illustrated by figure 7»4.1.1. The configuration as '

illustrated in figure 7.4.1.1 is a cross sectional view of 
a low packing density module using couple pedestals.
The mathematical model developed from figure 7*4.1.1 can 
be transformed.from a pedestal configuration to a convent
ional Peltier couple (figure 6.2.1) by an optional procedure 
executed by the input data. ,

• 7.4.2 ' Pedestal/Thermoelectric Couple Assembly

Pedestals have been proposed to reduce the_hot to cold
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plate thermal leakage in low packing density modules using 
short thermoelements. To reduce the cost of the unit 
small thermoelectric elements are attached to (assumed) 
isothermal columns (pegs). . The heat leakage from the 
hot to cold junction through the interelement insulation 
for a one-dimensional solution can be expressed as:

c

7.4.2.1.

The ohe-dimensional design equation neglects the effect 
of the pedestal column on the heat leakage through the 
insulation and is replaced (appendix M ) by a
numerical approximation. The introduction of the pedestal. 
reduces the thermal conductance requiring the modification 
of equation: .

7.2.3.4,
Jkud

The resulting configuration introduces a three-dimens
ional heat conduction problem. The pedestal material being
of good thermal conductivity are assumed to be at the same 
temperature as the cold junction to which they are attached. 
As a • general requirement the pedestal should be on the 
cold side of the thermoelement in order to minimize the 
undesirable temperature drop across the column. The 
problem and subsequent solution will depend on the height 
of the pedestal, material properties, packing density, 
pedestal shape etc. Section 7«4.3*5 will contain a
proposed technique for determining pedestal inter-element
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heat leakage and the calculation of its magnitude.

However, if one element (n- or p-) is mounted on an 
individual pedestal (figure 7.4.1.2) the net effect is 
the introduction of additional electrical resistance on ' 
the cold side* Pigure 7*4.1.2 illustrates the pedestal/

as close as possible reduces the length of the electrical 
conductance straps on'the cold side. .Strap resistance 
will be neglected hence the effective resistance relation
ship (fundamentaly equation 7.2.5.$) will be utilized.
The effect of strap resistance (hot side, cold side) on 
the C.O.P. has been investigated and the results indicate 
that neglecting the strap resistance ( gM ) is of 

minor consequence. '

7*4.$ Definition and Solution Parameters.

7.4,5 i1 Solution Technique.

The configuration illustrated in figure 7*4.1.1. is a



151

cross sectional view of - a couple-pedestal assembly.
The solution requires calculating the heat leakage from 
the hot to cold junction plates of the module through _the 
thermal insulation cell. The total heat leakage is 
assumed ,

(1) The leakage to the cold plate through the
. thermal insulation cell. •

(2) The leakage to the area of the pedestal endc
not covered by the thermoelements (heat leakage 
’underneath* the pedestal.

(3) Leakage to the sides of the cold pedestal •
• (fringe leakage)

The solution required is to evaluate the three- , 
dimensional heat conduction effects to.the cold surface 
composed of the cold junction plate and the sides of the 
pedestal/thermoelement. Heat leakage underneath the '
pedestal is assumed to be a one-dimensional problem.

7.4.3.2 Approach.,

The approach described involves developing a mathe
matical model (an approximation) for the three-dimensional 
heat conduction problem. The inspiration for seeking a 
dimensionless solution associated with the heat flow model 
(figure 7*4.3*3-1) was based on discussions the author had 
with Prof. T.P. Nonweiler (Department of Aeronautics and 
Fluid mechanics, University of Glasgow). The geometrical
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system was proposed in reference (9)» The
method resulting translated the geometrical system'
(9) into a useful form for module performance .and 
incorporates the heat leakage underneath the pedestal,

< 7.4.5.5 Major . Assumptions.

The major assumptions made in developing the solutionc
0 iof the mathematical model is as follows: . '

(1) All space between the hot and cold plates not 
occupied by the pedestal/thermoelement assembly

: is 'filed with isotropic thermal insulation,
(2) The temperature of the pedestal and the cold 

plate junction are equal. This assumption is
* based on the pedestal material being’ of high 

thermal conductivity (Ox. . or dju—) , Figure 
7.4.1.1 indicates that the cold plate is an 
integral part of the supporting pedestal.

(3) The hot plate junction temperature is uniform 
and equal to the junction temperature. •

(4) The pedestals are cylindrical and arranged in a 
square array within the module.

(5) One pedestal supports a thermoelectric couple.

, These assumptions suggest the following mathematical 
model. A hollow cylindrical insulation cell as shown in 
figure 7.4.3.3.1, with the inner radius of the cell that



of the thermoelectric-pedestal and the outer radius half 
the distance between adjacent pedestal centres.

The following boundary conditions apply to figure 
r "

7*4.3.3.1.

(a) The top surface of the interelement insulation 
is isothermal at temperature,

(b) The bottom surface of the interelement insul- 
‘ ation is isothermal at temperature, 1cj

(c) An adiabatic condition exists on the outer 
cylindrical surface

(d) The inner cylinder surface is isothermal at
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from T
temperature along the height of the pedestal 
and is subject to a linear temperature gradient 

j to along the height of the
thermoelectric element.

The, steady-state temperature distribution within the 
interelement insulation cell will be developed by a 
numerical determination of the finite difference equation 
representing the mathematical model (figure 
The method of successive over-relaxation (modification to 
Gauss-Seidel method) was employed in the iterative loop 
to make a substantial improvement in the rate of conver
gence. The total insulation heat leakage is found by 
integrating/. the axial derivative of the insulation 
temperature over the upper surface of the insulation cell

if

7.4.3.3.1.

Design curves will be given in Appendix M 
for different values of the geometrical parameters assoc 
iated with the heat flow, model that yield the values of

/^( (Heat Flux Ratio).

(1) The integration is replaced by a series summation as 
the temperatures are at finite intervals. Appendix

M contains the required transformation.



7.4.5.4- Nomenclature

The additional symbols used are defined as follow;

cross-sectional area of a thermoelement, cm'
cross-sectional area of a pedestal, cm 
module area .per couple, cra‘

2

where:
and

A, is defined by equation 7*2.2.5*
■ b

i
where:

1 ?
r

Vt

Vt

%’jj

thermoelement height, cm -
total thickness of thermal insulation, cm

. = j + ip '
height of pedestal column, cm '
dimensionless parameter defined by equation■ . '7.4.5.5.15
total heat leakage per couple through the 
irterelernent insulation, watts . 
normal one dimensional heat leakage per couple 
from hot junction plate to cold junction plate 
ignoring effects of pedestal, (fy< ) » watts 
actual heat leakage per couple to cold side 
junction plate and pedestal sides, watts 
heat leakage to the area of the pedestal end 
not covered by the thermoelements (underneath 
the pedestal, watts

(1) The pedestal side heat leakage is assumed to be 
appropriately accounted for by the left hand side 
boundry conditions. .



I T? . .f dimensionless parameter defined by equation 
7.4.5.5*10

AT; hot to cold junction temperature difference, °C 
dimensionless parameter defined by equation 
7.4.5.5.5. '................. ‘

KX thermal conductivity of thermoelement;, watts/ 

cm°G ‘ .
thermal conductivity of interelement insulation, 
watts/cm°C '
packing density defined by equation 7*2.2.1 '

7 • 4... 5 • Geometrical Parameters.

MThe heat flux ratio curves in Appendix 
present the ratio
pedestal parameters ( ph r’,r ) . The heat
parameter is proposed as a quantity to be

as ° function of the geometrical

utilized for estimating the total thermal heat flux from 
the hot junction surface to the cold junction surface.

From equation 7*5»2.3:

AT, 7-3-S-3-

and :

y JL 7.2.32

Introducing equation 7*2.3*2 into equation 7«3*2.3 results:
O _ ifeA- if :T< Ab O 7i X c; aX
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where -
(1) The third term is the heat conducted through 

the thermocouple
(2) The fourth term is the heat conducted through 

the interelement insulation.

The heat pump rate for the pedestal supported thermo
electric couple (figure 7*4.1.1) is expressed as:

1 2TrlT

J/
2M AT

JL

7.4.5.5.2.

where -
(1) The third term is the heat conduction through 

the interelement insulation cell,
(2) The fourth term is the heat conduction through 

the thermocouples
(5) The fifth term is the heat conducted through 

the insulation underneath the pedestal,

The - model geometry consists of cylindrical pedestals 
in a square array,assembly. The dimensionless parameters
are as follows:

Defining bstar ((5*) as:
> - ii / b

A, -Tb1 7.4.3>5.4.

7.4.5.5.5.
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where:

A module area, cm

Introducing ^-2A/ A. and combining the equations
results:

r -t
"ZA 7.4.5.5.5.

Figure 7«.*5»5-1 illustrates the effect of packing 
density (t) as a function of p* for variation in the 
parameter Xji IK

Defining (I*) as

p: a/b 7.4.3.5.6.

with:
A.- TV5 7.4.?.5.4.

Introducing W : 2A and combining the equations results:
A* i I

cl -irz<y 7.4.5.5.7.
1 A A 2- £ A:

The pedestal area is defined as

Af=TX 7.4.3.5.8.

then :
0.= Af* I IT

7.4.5.5.9.
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Introducing equation 7*4.3*5.9 into equation 
results:

.4.5.5.?

7.4.3.5.10.

Figure 7*4.5*5.2 illustrates the packing density
. Sias a function of | ' for variation in -the parameter

((W)

Defining lstar (l*) as:

and

Combining gives: '

Jt* = I - J2f

7.4.5.5.11.

7.4.5.5.12?.

7.4.3.5.13.

Figure 7*4.3.5.3* illustrates 1* as a function of 
the ratio

• The total heat leakage through the insulation is 
expressed as:



ratio ,tc :i:i,J_ !_ :_ ! :. _ i. •
t n rr

TSD2STM,' HEIGHT:ELEMENT HEIGHT



The normal one-dimensional heat leakage from the hot 
junction plate to the cold junction plate ignoring the 
pedestal effect is expressed as: '

A -A la-- 7.4-.3.5.15.
1

The heat leakage underneath the pedestal is expressed
as :

%
Ke-2fl

A AT, 7-4.5.5.16.A

Equation 7.4.5*5-14 is presented in the following 
format, taking advantage of the heat flux ratio (Appendix M)

It IacT
:awo 7.4.5.5.17.

Introducing the basic relations for and results:

if - 5 Aa
A*- A.
---- _ kAT +

V X 1
F* —>

 i

7.4.5.5.1s.

k AT

factoring and introducing the packing density results:

I- +- lA
" A 1
h. -1

2A A ZA 7.4.5.5.19
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quation 7.4.$.5.19 byMultiply both sides of e 
results:

7.4.5.5.20.

7.4.5.6 Discussion and Results.

'he procedure for calculating the total heat leakage 
(£U ) through the thermal insulation all for a given 
pedestal module configuration is as follows:

(1) Evaluate the parameters: p* (equation 7.4.5.5«5)»
(equation 7.4.5.5*10), 1* (equation 7.4.5.5*11)

(2) Erom Appendix the heat flux ratio

graph.
is determined from the appropriate

(5) fhe heat leakage parameter using equation
7.4.5.5.19 or equation 7.4.5*5.20 depending upon 
the form of the parameter is required.

developed to solve by finite differences (Over-Relaxation 
Method) the partial differential equation as required for 
obtaining the heat flux ratio and the subsequent solution 
of equation 7.4.5.5*20. .

Eigures 7*4.5.6.1 and 7«4.5*6.2 illustrate the heatf . -r
leakage parameter as a function of the heat
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ft\f^
(Normalized Heat Flux) with variationflux ratio

in the dimensionless parameter 1*. The results are for 
a Constant insulation height (^ ) of 2cm and a pedestal 
cross sectional area of three times the cross sectional
area of a thermoelement.

The left hand side of equation 7*4.3- 3.20 (ordinate 
of figure 7*R*5*6.1) if multiplied by the ratio of the 
thermal conductivity of the insulation cell () to the 
thermal conductivity of the thermoelement yields the 
ratio of the heat leakage (total)- through the insulation' c
cell to the heat conduction loss (at zero current) through 
the thermocouple.

From equation 7*4.5 - 3 - 20
£IT

RC Couple

For example the value of the ratio (yh^^/k ) for

Freon-foamed polyurethane insulation and bismuth telluride 
is approximately .013 (at room temperature). From figure - 
7*4.3.6*3 at 1 = .20cm, A = .03cmR, C = .01 and j/ = 2.0cm 
the heat flux parameter is approximately 20. This 
results in that the total heat leakage through the insulation 
cell is' 30R of the heat conducted - through the thermo
couple at zero current. The percentage decreases sign
ificantly as the area of the thermoelement increases 
(C = %A ), since this heat flux area increases faster 
than the area on the sides of the pedestals.
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Figure 7*4.$.6.4 and figure 7.4.$.6.$ illustrate the 
effect of packing density (63) on the heat flux parameter.
For a packing density unity the heat flux parameter

•—zero (as the interelement cross sectional area
—-> 0). y '

. c,

For a given module configuration and material properties 
a technique is presented for determining the effect of 
pedestal geometry for improved module performance.'icreasing 
pedestal height decreases the total heat leakage through 
the interelement insulation cell. On the other hand the 
pedestal is not isothermal (as assumed). There is
associated with the pedestal a temperature drop between 
the cold surface and the cold junction interfacing with 
the thermoelectric couple. As pedestal length increases, 
this temperature drop increases degrading module performance. 
For best performance the ’optimum* pedestal height occurs 
at the point where the heat leakage" through the insulation 
and pedestal temperature drop is acceptable. In this

f 'concept, there may be some advantage to use other than 
cylindrical pedeetats.' For example, a tapered pedestral
with the larger end affixed to the cold plate may reduce 
the pedestal temperature drop at the expense of only a 
small increase in heat leakage. , • •
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7.1.4. Module Performance Program.

7.A* 4 * 1 Introduction.

This section describes the basic relationships required 
for calculating the performance of thermoelectric module 
considering an internal energetic processes. The

c 'resulting computer program ( O.P.2. ) calculates
for a given module design the performance characteristics 
for various cold junction temperature ( TLy ), hot to cold
junction temperature difference ( Aj ) and currents.

■ <

c 7 * 1.4.2 Nomenclatur e. 1

The basic symbols utilized in this section are as 
follows:

%

cross sectional area of thermoelement, cm£ 
module cross sectional area, cir 
form factor (Section 7*3*2)
Switching factor (f = 1 for modules without 
pedestals, f = 0 for modules with pedestals) 
heat leakag'e parameter for modules with 
pedestals ( 0- - j Jjj|) ) equation

7.4*3*3*19*
d.c. current, amps.
d.c. current for maximizing heat pump rate, amps 
dimensionless current ratio (defined by 
equation 6.7*1) .
dimensionless current ratio at maximum C*O*P*
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(defined by equation 7*4-*-.4-.6)
effective thermal conductance (equation
7.2.6.*), watts /°C
thermoelement height, cm
heat pump rate, watts '
heat rejection rate, watts
effective electrical resistance (equation
7.2.5*5) ohms .
couple Seebeck coefficient, volts/°C

? + \<7p
cold junction temperature, °K
d.c, voltage per couple, volts ,
effective of merit (equation 7*2.5.1)
junction temperature difference, °C
maximum junction temperature difference, °0
effective maximum junction temperature 

odifference, C
thermal conductivity of ther]o©ele]eene, 
watts/cm-°C
thermal conductivity of interelement 
insulation, vatts/cm -°C
thermoelement electrical resistivity, ohm - 
cm sigma ( <° , ) = | /f 

junction resistivity, ohm - cm’
Coo0ficient of Pefformance 
Packing density

2



■ i

7.4.4.5 Major Assumptions.

The assumptions are for simplicity in presentation.
The computer program ( O.P.2. ) contains provisions for
eliminating assumption which may limit the analysis required. 
The assumptions are as follows:O ’

(1) The thermoelement materials are equal in
magnitude '

(2) All materials are invariant with temperature
(5) Conducting electrical straps resistance is

neglected ' ,
(4) The hot and cold junction plates are isothermal
(5) The module configuration is planar

7*4.4.4 Equations. '

The equations involved in the resulting computer 
program are listed below in the order in which they would 
generally be applied. The equations include the concept 
of effective resistance, conductance as described in 
section 7.2. The equations are the same.or modifications 
of relationships appearing in the previous sections.
The equations that are particular to this section are 
developed herein.

ft o= ■V ,
Equation 7-4.4.4.1 defines the effective electrical 

resistance with the introduction of the current form factor.

7.4.4.4.1.
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The factor is introduced to permit the inclusion of power 
supply ripple*

The effective thermal conductance with the exclusion 
of the pedestal effect is ' expressed as:

? _ HA
->EFF " n Jiu)

c Including the effect of the 
thermocouple on the interelement 
7.2.3.4 becomes: c

7.2.3.4.

pedestal supported 
heat transfer, equation

7•4»4*4*2«
J

where:

(as defined by equation 7*4.3*5*19)

Equation 7*4.4.4.2 represents the following terms:

(1) The first term is the couple thermal conductance, 
watts/°G

(2) The second term is insulation thermal conductance 
no pedestal

(3) The third term is insulation thermal conductance, 
pedestal assembly

The effective figure of merit is defined as

£EVF -K
bFF

7.2.5.1.



lyfo

and

4,.,-'51 7.2.3*2.

(Thj .For fixed hot junction temperature 
junction temperature ( ) is expressed as;

the minimum cold

"TL ...

then

1 + 2^1;
7—4.4.4.3 
(6.3-6.8)

AT- -T - lc- .

ic° — ~ic, 7•4.4»4.5«
(6.5.4.1)

epf
as

AT 
' Ty

1 + i 4f ff

3 [AT
2EFf [

7—4.4.4.6.

V

2

&

7 • 4.4.4. —.

Equation 7*4.4.4,6 will be developed in section 7-4.4.3-

\/=MFf +p&T 7.4.4.4.7.

Introducing the dimensionless current ratio (0 ) into 
equation 7*4.4.4.7*

V- 21(9 (sgpp A lj 7.4.4.4.8.■q rseFf

Substituting equation 7—4.4.4.3 into equation 7-4.4.4.'8



I ( (

results:

If 7.4.4.4.9; + A I;

From equation 6.7*3
—

Qs’ML, - ATAT 7.4.4.4.10

From equation 6.7*10

0
, x AT,-Ug——e . . —. .

2 L©24
V

7*4.4.4.11

The heat pump rate per unit volume of thermocouple material is

' 2Ai 2Ai 7.*.«.4.12.

The heat pump rate per unit modular area is expressed as:

ft
A„

From the definition of packing density <u>)

7*4.4.4.15*

7.2.2.1

Introducing equation 7*2.2.1 into equation 7*4.4.4.13 results:

ft _ ©ft
Am ' 2 A

7.4.4.4.14,

From equation 7*4.4.4.12
r Q: iu)

A JS£l. lAl O Jl J h '1C



'1/0

The heat rejection rate per unit of modular area can be 
expressed as:

7.4.4.4.16.

where:
= J '

7*4.4.4.17.

Substituting equation 7*4.4.4.17 into equation 7.4.4.4.16 
results: 1

<?R --: I 4- 1 7.4.4.4.18.

and
Qr . Q&l1 4 t[).

A„ ■ A 7.4.4.4.19.

The heat pump rate per unit area of the thermoelectric couple

7.4.4.4.20.
\2kl '

&L

2k

7*4.4.5 Development of the Dimensionless 
Current Ratio at Maximum C.O.P5.

The C.O.P. ((|)) can be expressed as:

_ Qgpp ~ NSfp 7.4.4.3.1 :
” \: &Tj + nl <6-4-9)



Differentiating equation 7*4.4.5*1 with respect to I 
and equating the derivative to zero yields the current 
that maximizes the C.O.P. Appendix K indicates
the technique for solution and compares equation 7,4.4.3.2
to equation 6.3*2.’19 and 6.6,10. The current maximizing 
the C.O.P. is:

quadratic) is required in order to have positive values of 
. The current maximizing the heat pump rate is

expressed as:

Qerp 7.4.4.4.5.

Defining; the dimensionless ' current ratio at maximum C.O.P. 
(Jty ) as

Ar i
then :

7.4.4.5.5.

AX

“ r

• 1 i

-r

Tc;2EFf 7.4.4.5.4

(7.4.4.4.6)
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7.4.4.6 Calculation . Procedure.

This section describes the basic procedure for 
performing the calculations determing module performance 
with given junction temperatures and currents.

. For a given module design the arbitrary selection 
of the’ variables;: TZj , AT' , G will determine system 
performance. Accordingly a range of 1^* and AT} 
combinations are supplied to the computer as input inform
ation. For each combination of b* and AT the

J »

calculations are performed as indicated by 7*4.4.4.1 - 
7*4.4.4.20 inclusive. The third independent variable 
(0) is more convenient than using the current variable 
(I, amps). The range of the dimensionless current ratio 
is expressable as:

A9^6 '

p 7.4.4.6.1.

The limit and range is applicable regardless of the 
individual module design. Other alternate modes of
operation for restricting (or expanding) Q can be 
incorporated into the basic computer program. . Such as:

(1)
(2)

Use only 0 ~ | and 0
For Aj = 0 oad = 0 the 0.0.P. becomes
indeterminate. The singularity was overcome by 
introducing the computer procedure MODZFRo( O.P.4) 
For A' “ AT computer procedure HODHAXT
is introduced as a third mode of operation(U .P.3)

(3)
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7*4.4,7 I nput Infermation.

For a given module configuration/design the,, following
are input parameters: /('ItUX (J, A .<,l°.'0 

- ) T ; / :<^fl\f> J nt/r ( Ap I)) • For modules without pedestals

. is assigned by input data the value of unity (l). In 
modules with pedestals ' is assigned by input data the 
value of zero (0), and — is determined for equation , 
7.4.4.4.4.2 by procedure phases q. (The computer program
is found in the Appendix ( G.P,2 - ’Computer Programs’).

The variable input parameters are TT > AT ann 0
(a variable defined by equation 7.4.4.6.1). The basic 
program can be modified to account for variation in 
average material properties with temperature. A function 
would be required expressing (i.e.) f , }& Uf, >1+1 o- f 1 , f
as variances of *Tcj and AT;

■ 7.4.4.8 Output Information.

For each module design considered and given set of 
junction conditions, tt , a'. the following can be
output from the computer?: (Economical use of the digital 
computer should be considered.) LZ--e U - 71 AT-
and JX fp . Module performance is then calculated as a
function of e, l. and at; . Hence for a given set
of values for TT - AT the following can be tabulated 
for each stepping value of Q : Voltage, J - e (pftM),

QJni, , Qo.andQs/2A.
Q& /2Ai is the net heat pumped per unit volume of



 
 

 

xauxe v oU. JL .

this program calculates for a given module design the .
performance characteristics For VARIOUS COLD JUNCTION TEMPERATURES 
hot to cold JUNCTION TEMPERATURES and currents

OPERATIONAL CHARACTEfR J ST X CS OF THE GIVEN MODULE

ElEZSTT HEIGHT
junotioh resistivity THERMAL COHDICTIVITY 
PACKIHG DENSITY 
ELEMENT AREA 
SEEBECK COEFFICIENT RIPPLE FACTOR 
ELECTRICAL CONDUCTIVITY

• lom
2 o50to «6 ohm cm sqrd 
«0140 watts/om °C 
l cO

«03 cm sqrd 
400- ~6 voVfca/C 
3.0 _

1070 (ohm cm)*"

material Module' performance

REFF keff ZEFF

+ 6 $5 6h m 3 * 8 f 4 0k 3 t Z $ 90m 3

TSUBC .3 +270-0 .• . ■ •

YMUPHI ISUG) ■ ,

+0.415 +16.4537

THETA c +1.00000
VOLTAGE/COUPLE ; +0*12400
CURRENT AMPS r +16-45373
HEAT PUMP RATE*"WATTS' b - +0*55250
COEFF OF PERFORMANCE % +0.27080
HEAT' PUMP RATE/VOLUME s +92.08353
HEAT PUMP RATE/MOD AREA ; +9*20835
HEAT REJECT IOH/MOD AREA = . +43,2 1 272
HEAT PUMP RATE/ELEMENT AREA s +9*20835

THETA s +0*41494
VOUTAGE/COUPLE 5 ■
CURRENT -AMPS ; 
heat PUMP RATE*»WATTS s 
coeff OF PERFORMANCE 9 
HEAT PUMP RATE/VOLUME s 
HEAT PUMP RATE/MOD AREA b 
heat rejectioh/mod AREA s 
heat pump rate/elemeht area

+0*06081
+6*62728

+ 0*24837 
+0*59821 
+41*39493 

+ 4* 13949 
+ ) 1 *05932

+ 4 , 13949
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thermoelectric material; Qsjf^ and %*r /a/° are .
respectfully, the net heat pumped and heat rejected per 
unit of module area; $$j2/\ ts the net heat pumped per 
unit area of thermoelectric material. Table 7*4.4.81. 
illustrates a ''portion of the computer output for © =1
(maximum heat pump rate) and q = j $ (maximum C.O.P,);
the junction temperature difference is constant at 40°0.

c ♦7.4.4.9 Results and Conclusions•

' cThe computer program described . in section 7.4.4.(5 
establishes an accurate evaluation technique for determing 
the effects of parametric design changes. Some of the 
design changes are: element height, junction resistivity, 
packing density, current ripple, pedestal height.

Figure 7*4.4.9*1 illustrates the material utilization 
parameter Qs °2 as a function of C.O.P. for variation in

the element height. The results indicate that as the 
height of the thermoelement decreases the maximum C.O.P5. 
decreases slightly while the material utilization parameter 
increases rapidly. For the height of elements considered 
( . ( /X i .Q 0$ ) there.is a decrease in the maximum
C.O.P. of about 10/c and also for C.O.P. at maximum material 
utilization. The maximum material utilization for an
element of height is approximately. 85 watts/cm5
and the material utilization at maximum C.O.P. is
approximately 45 watts/cm° Although the junction resist
ance becomes relatively more important to the element 
resistance at short length, the heat flux also increases,
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the net result,is that the C.O.P5. decreases slowly (slope
of upper arm of curve).

There appears to be two related implications of

the cost of ' °hermoelectric material for a particular heat 
pumping.application can be kept relatively low by using 
short thermoelements. The dependency of material
utilization on was indicated by equation

= 7.2.5*8. The concept of. using short thermoelements had 
long been considered but concern over the effect of
relatively large junction resistance supported high 
thermoelements. It appears that at the present state 
of the art the junction resistivity can be kept low 
enough to justify . 2cm high thermoelements. (The 
modules tested 'during this research program were .2cm 
high thermoelements). The limitation for utilizing 
shorter elements relates to fabrication/assembly and to
the imposed heat transfer load. Correspondence with one 
manufacturer indicated that . 40cm is an economically/ 
production feasible thermoelement height. Figure 7*4,4.9.2
indicates the expected material utilization parameter as a»
function of C.O.P. for variation in material figure of 
merit. '

The other related implication as illustrated by figure 
7.4.4.9.1 is that for a fixed heat pumping capacity the 
shorter element will exhibit a higher C.O.P5. The longer •
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element will be required to operate with higher current. 
This condition can be illustrated on figure 7-4.4.9.1: 
at i>WTT$TT/ a .4cm thermoelement exhibits a C.O.P. of

Ci .48 while a .3cm thermoelement has a C.O.P. of 
.61. Although longer arms are usually associated with ' 
high efficiency it has been shown from figure 7.4.4.9.1 
that at a given C.O.P3. a higher material utilization is

c

achieved using shorter element arms and at a given material
c . '

utilization criteria shorter arms exhibit a higher C.O.P3.

Figure 7*4.4.9.3 illustrates the operational■ f
potential for a module assembly with a junction temperature 
difference of zero degrees (0 °C). Material utilization 
is extremely high with corresponding increases 'in C.O.P. - 
(figure 7.4.4.9.1). The required heat rejection rate 
to maintain the thermodynamic heat balance vould impose 
severe design demands on the hot side heat exchanger’.
From figure 7*4.4.9.4 the material'utilization rejection

parameter as a function of the dimensionless
current ratio (0) for variation in element height. The
results presented are for AT. = Ak|- . The heat
pump rate ( (% ) is zero and hence the C.O.P. is zero '
(section 6.5.6). Another variable is introduced (0 )
as a parametric term. The maximum effective junction
temperature difference is Oi 105°° (most impressive for
a single stage device). The large junction temperature
difference results from the-- invariant material properties
with temperature (large Aj are asymptotic in form).
The heat rejection term (watts/cm°) for L .3cm will be.

2 ■in excess of (10 votts/cm ). The operation of a module
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at OiAb. . would require the input of sufficient power
to overcome the joule heating and Seeheck effect at

, The heat rejection is expressable as:
hence the heat rejection

rate is equal to the power input.

Aside from the construction difficulties one require
ment for supportings the use of short thermocouples is to 
be able to assembly the shorter arms with relatively low 
junction resistivity. Figure 7.4.4.9.5 and.figure
7.4.4.9.6 illustrates the effect of junction resistivity 
(ohm-cm .) on material utilization as a function of C.O.P1. 
The curves indicate that for a .1cm high thermoelement 
with a junction resistivity (conservative) -5l0 - 6 ohm-

pcub a significant decrease in performance may result for 
this short element height. At maximum heat pump rate 
and at maximum C.O.P1. there is an approximate 14/4 decrease 
in material utilization, for a junction resistivity of 
5ji - 6 ohm-cm^ .(base ZERO). With good quality control
a production junction resistivity of 10*6 ohm-cm^ produces 
relatively little operational degradation. .

Figure 7.4.4.9*7 illustrates the effect of power 
supply ripple on system performance. The effect of ripple 
is similiar to the degradation resulting from junction 
resistivity, (figures 7.4.4.9-6 and 7*4.4.9*7).

Figure 7.4-.4.9.8 illustrates the effect of ' packing 
density (OP) on material utilization as a function of C.O.P5.
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For packing densities *5. .1 there appears to he a moduate
degradation when operating in the region of maximum heat 
pump rate and corresponding C.O.P, Maximum C.O.P5. is 
effected in a manner similiar to current ripple and/or 
junction resistivity increases.

c

• The effect of . packing density ($), pedestal height 
(JL ) 'are shown in figures 7.4,4.9.9 - figure 7-4.4.9.15 

inclusive. The module configuration is composed of:
c ,1cm high thermoelement, junction resistivity 5-0io ~ 6 
ohm-cm^, thermal insulation conductivity 2.5 f 0 - d watts/ 
cm -’°C, Figure 7.2.3.1 illustrates the relative level 
of:thermal insulation of polyurethane as compared to other 
insulation material. Figure 7-4.4.9-9 illustrates the 
heat flux parameter as a function of packing density for 
variation in the insulation cell height (An- The values 
illustrated by figure 7*4.4.9.9 are utilized to produce 
the results of figure 7.4.4.9*10 - 7•4.4.9•13 inclusive.
The heat leakage resulting from low packing density will 
decrease the net heat pumping capability and C.O.P, 
■Increasing the pedestal height decreases the heat leakage 
and hence increases the C.O.P5. and material utilization .
parameter1. For u)------------» unity (figure 7.4,4.9.9) the
effect of increasing pedestal height is greatly decreased.

Figure 7-4,4.9.10 ~ figure 7.4,4.9.12 illustrate the 
material utilization parameter as a function of C.O.P. for 
variation in packing density. Each curve is based on a 
fixed element height of .10cm with thermal insulation cell 
heights of: 1cm, .6cm, .4cm; resulting in pedestal heights
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of .9cm, .5cm, .5cm respectfully. The relationship between 
packing density (W), insulation height (pedestal height 
for fixed element height) indicates that as the insulation 
height increases a lower packing density can be tolerated 
for a fixed material of utilization parameter. The 
maximum heat pump rate intersect is based on Q (l /! 

being equal to unity.

Figure 7.4.4.9.15 illustrates the effect of current 
ripple for . a pedestal module of .60cm insulation cell■ 
height;. The characteristic decrease in material
utilization is similiar to decreasing the pedestral height 
(insulation height), increase in junction resistivity or 
packing density. Figure 7.4.4.9.13 is for a ripple 
percentage of 100?o ( F ° ..056).

Figure 7*4.4.9.14 illustrates the material utilization 
parameter(s) as a function of C.O.P. for AT = 0°0.

pThe heat rejection rate (watts/cm^) for a C.O.P. of ~ .5
. zindicates a value of % 40 watts/ Cw (a considerable

design problem). Figures 7*4.4.9.15 and 7*4.4.9.16 indicates 
the heat exchanger design problem with short elements and 
low C.O.P. At a maximum material utilization
figure 7*4.4.9.15 indicates a heat rejection parameter of 

° 52 watts/cm■ for a material figure of merit of
2.4-5 | i - 3/°G. Figure 7.4.4.9.16 for a material figure - 
of merit■of 3*00 | 0 - 3/°C indicates that at maximum 
material utilization /0v° the heat rejection rate/
element area is ° 42 watts/cm . When the required 
heat rejection rate per unit area exceeds' approximately
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20 v/tts/cia the heat sink/thermal electrical insulation 
provides an interface.design problem. The heat rejection 
fluxes for f y .1 cm will be lower than the values stated 
above, however the fluxes generally are high enough to 
require the need for good thermal conductivity at the 
insulation/heat exchange interface (figure 7»1*2.1).

Basic material data for a production 48 thermocouple 
thermoelectric module was furnished by the manufacturer. 
The characteristics of a couple at room temperature (20°0) 
is as follows: •

J 580 ' - . 6 volts/°0
.40cm (element height)

^'10 675/oBm-cm
A .0252 cr2

.0140 watts/cm - °0
5*0 1 0 p- 6 ohm - cm2

W .556

Test conducted by the manufacturer
/\T. . Of 75°G at a hot junction temperature

(375°K), From figure 5.5*6.1 the effective figure of
merit is a 1.69 ,o - 5/oC, T. .4 373 - 75 = 298°K.
The manufacturer's test data was compared for two 
operational conditions Aj = 0, AT- = 40°0.
Figure 7*4.4.9*17 presents the results of this analysis. 
The computer program out-put appears in. good agreement 
with the manufacturer's test data. The computer program 
output for AT. = 40°0 indicated a higher value than the

J '
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test data. The variation is related to the invariant 
properties of the materials with temperature- and the low 
contact resistivity quoted by the manufacturer. Inform
ation from a Canadian'manufacturer quotes a contact' <3 4
resistivity of 0/ 10.0 j - 6 ohm-cm".

• <.•Material properties extracted from a thermoelectric 
air-conditioner submarine application are as ‘follows:r . i. . C . *

k

o • 
k

X
u)
A<j>

.017 watts/cm - °0 
10 x 10~" ohm-cm"
10 x 10*""" ohm-cm 
218 x 10~6 volt//°C 
..0005 watts/cm - oC 
-5 cm
• 50
.7cm (diameter)

‘ Introducing T. 285°K and AT- = • 45°C the basic
computer program ( O.P.2. ) output can be utilised
to develop figure 7.4.4.9.18. To illustrate the data
in a form readily identified by the refrigerator engineer 
the following conversion factors were introduced into the 
program: ' ‘

10 00
where : •• ■ . .

f| is the number'of thermoelectric couples in
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7.4.4.9.2.

7.4.4.9.4.

The heat pump rate will be expressed as:

Noting: .
BTU a; •• UATU
min = n.5l

and
1 Tom Refrigeration H 12,000

therefore:
I Ton : Refrigeration

1n.n) C'oc)

where:
heat pump rate per couple, watts

figure 7.4.4.9,z1.8 illustrates the C.O.P. and the 
Tons of refrigeration as a function of the power input, - 
(KWATTS), The characteristic (shape, magnitude) of the
curves are in good agreement with the test data appearing 
in reference, , (12) .

l r* . ■
7.4.4.10 Generalized, _ Design Methods.

The design of thermoelectric heat pumps generally • 
follow the outline of chapter 4.0. Intuition and 
experience initiates a first design which can be effect
ively evaluated by the "idealized couple" analysis of . 
chapter 6.0. Subsequent modifications in design resulting 
from the idealized couple analysis can be re-evaluated to 
the required accuracy by computing the "effective" module'

(per refrigerator)
7.4.4.9.3.
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performance as detailed in section 7*4-*4.

• The computer program ( O.P.2. ) appears to be
reasonably adequate. It would be desirable to account 
for material properties being temperature dependent; 
introduce a technique that would develop a universal 
design procedure, and provide for matching the thermo
electric couple to the heat source and heat sink through

■ c .

realistic heat exchangers. In fact, the computer 
program ( O.P.2, $, 4) will allow for insertion of

'• c

procedures for accounting for variation;in material 
•properties resulting from temperature changes. Section 
10.3*4, describes a technique for determing average 
material properties. Discussion with manufacturers 
indicate that the universal design curves developed are 
greatly simplified erpicr-caly fitted data and much remains 
to be done in this general area.

A computer program described in Section 8.0 and 
Appendix M has been developed to obtain the balanced
operating point for a basic thermoelectric module with 
finite heat exchangers operating between a g'iven heat 
source and heat sink temperatur e. "Off-design" operation- 
can also be determined. The effect of changing materials 
or temperature parameters is determined by going through 
a complete computer cycle. It would be desirable to 
develop an approximation for more rapid semi-quantitative 
analysis. Two Russian papers (10) (11) present
the subject but: it appears that the resulting equations 
are not directly applicable for rapid evaluation.
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. The data illustrated in this section has been 
programmed on an English Electric KDE9 computer , utilizing 
the "Whetstone Computer". The average run time per set
of variables (or each curve) was approximately 30 seconds.
At every point ( •) nine outputs were required per
’state point* and there were 42 state points per curve.

7.4.4.11 Comment.

A versitile method for evaluating a given thermoelectric 
module has been developed and some interesting results 
presented. While much work has been done on material 
development a mathematical model_is proposed to provide 
design information and an understanding of the various 
design parameters on system performance and utilization.
The importance of certain ' parameters can 'be clearly 
indicated and the material and fabrication problems that - 
are critical for good design can be quantitatively evaluated.. 
Future sections will include cascaded modules and matching 
the heat pump requirements to that of the heat exchangers
thence the junction temperatures ( ) are not
arbitrary. . -

The performance equations (previous sections) have 
been expressed in terms of arbitrary junction temperatures. 
The next section (chapter 8.0) will consider the effects 
of the over-all heat transfer coefficients at the hot and 
cold junction environment interface in order to determine 
most adequately the performance of a "real" thermoelectric 
refrigeration system.
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8.1 ‘ Introduction

During the past ten years considerable interest has
been focused on the problem of creating useful thermo
electric devices. The rate of progress in the improve
ment of thermoelectric materials appears to have tapered 
off, ■ Advancements in material properties indicate a 
plateau in which additional gains are expensive and 
require extreme attention"to quality control. The best 
thermoelements from an energy-transformation viewpoint, 
are those with the highest figure of merit,' 2..
Present day materials appear to be approaching a per
formance asymptote. The .net effect indicates that a 
thermoelectric module performance approaches 'lb Cjlal 
of the Carnot efficiency for a refrigeration cycle.

. The materials which exhibit the. highest (a general 
term) thermoelectric efficiences (to-day - 1969) are n-
type % and p- type Present day
manufacturers of thermoelectric modules are using tellu- 
nides-or selenides. Present day technology v/ll increase 
the application potential into commercial refrigeration 
systems. While many specialized devices have been 
demonstrated there are few thermoelectric refrigeration 
systems being offered for general consumer sale. Many 
companies offer thermoelectric modules ( ,-20 watts 
capacity) but the costs appear too high for a general'



consumer oriented commercial refrigerator cycle.

It appears that through intelligent design, materials 
of today can within limits compete effectively with the 
vapor-compression machines currently used in refrigerators. 
It can be expected that future improvements in utilization 
techniques will broaden the applications both for ground 
and space installations*

e
c *

At present most manufacturers * data related to the 
performance of thermoelectric devices for refrigerators 
are based on formulas obtained from a consideration of 
the internal energy processes within the control volume 
as illustrated by figure 6.2.1. The resulting conclusions 
as to cooling potential (Qs ) are drawn on the assumption 
that the thermocouple junction temperatures ( VIj 
do not depend on the strength of the current. Other 
manufacturers * suggest a 13°F (representative value) 
adjustment for thermal losses in the heat transfer system. 
In other words, heat is rejected to a given 6° P water 
sink temperature (70°F hot-junction temperature resulting) 
and absorbed from a given O°F air source (-I°°F cold 
junction temperature resulting). Studies performed by 
air-conditioning companies.such as for an air-control •
environmental area have presented solutions "tailored" 
for their specific environment (submarine). The purpose
of this section (section 8.0) is to develop a more general 
technique for solving the system heat-balance equations.
The thermoelectric module is to be operating between a
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heat- source and heat sink environment with finite heat 
transfer coefficients, A number of representative
computer outputs are presented to illustrate the basic 
data available for the design engineer. In order to 
maintain computer run-time economy a very select number ' 
of pedestal supported modules were computed. The run
time (English Electric KDF9 Computer) required to solve 
the numerical analysis aspect of the pedestal problem is 
somewhat excessive, A more appropriate computer would 
be an IBM $60 or speciality machine from Univac Company,
The data presented in Appendix M illustrates the
dimensionless parameters for a moderate range of variables.

Comment. - .

Several thermoelectric modules are presented in a 
general fashion without explicit reference to a specific 
application. It is hoped that the relationships
developed and presented in this section will help to•make 
this area of consideration a little less mysterious and 
the relevant results a little more familial'.

8.2' Assumptions, •

The major assumptions involved in the calculation 
procedure are as follows: .

(1) Material properties are invariant with temperature, 
ie. • within AT . -Temperature dependency 
relations can be included into the basic computer 
program.
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(2) Electrical conducting strap resistance are 
neglected.

(5) The plates on the hot side and cold side of 
the module are isothermal, i.e. the root 
czross sectional area of the heat exchanger.

(4) The module configuration is planar.

Additional assumptions and nomendature with regard
c

to the basic 'thermoelectric couple are identical to those 
listed in section 7.4*z’*$. The performance of the heat
exchangers are treated in an approximate way for a general 
utilization of the subsequent relations (Appendix L)
The resulting n-r.-order . ' function can be interchanged 
with a more specific transfer function when the engineering 
data is developed. Figure 8.2.1 illustrates the basic 
cooling device considered. The diagram indicates two 
thermoelements per pedestal as a general concept.
Solutions and illustrative examples will be for pedestal 
and non-pedestal assemblies.

$
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Section of a Thermoelectric Cooling Device with
________ Finite ' Heat Transfer _ _ Fins.

8,3 Equations.

The thermoelectric assembly is divided into three 
components for the purpose of this analysis:

■ (1) Cold-Side heat exchanger
(2) Thermocouple-Module
(3) Hot-Side heat exchanger ' '



8.3*1 Cold-Side heat exchange;!?.

The heat flux per couple through the cold side heat 
exchanger is approximated by the expression: '

8.3.1.1

where:

Ec is a constant for a given heat exchanger, heat 
source, and is a function of the fin effectiveness, heat 
transfer coefficient, watts/cm°-°C. ' .

is the exponent factor introduced to account for
variation in
variation in
transfer, i.e

A

- T,
root and free

The heat

module area, cm'

temperature difference between fin

interface is expressed as:

8.3.1.2.T T -C Pw

where: J
k is the effective thermal conductivity of the
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cold side electrical insulation interface, watts/cm~0C.

is the thickness of the cold side electrical 
insulation interface, cm

The cold side heat flux is defined as:

’ Q,
if = 
vc- a 8.3.1.3.

A
where:

is defined as the heat flux, watts/cm^

where:

AT, -
Ec

is„(8.3.1«3.,jj

+

8.3.1.2
r •—

* ,
Mr J

8.3.1.4.

AV Vk 8.3.1.5.

8.3.2 Thermocouple-Module.

The heat pump rate per couple in terms of the effective 
parameters can be expressed as:

Qt-"Tcj io^p - ^1 - WgFe 8.3.2.1.

where:

G
£FF

A-
• A

7.4.4.4.1.
F



r
f -- -4 + k

-fiAG-u) %(, A

-ir+ %

7.4.4.4.2

The equation for is quadratic in X and is
expressed as:

A1 f + BTjT - C AX +< 8.3.2.2.- 0

where: , '
A, B, G are material property parameters defined

as follo/s:

A'=- ORefe
8.3.2.3.4A

0) = AT At)

■. . C - AO Keep
" 2A\

By means of the quadratic formula the current for a
given module configuration at known V .AX , (cold

J ; V ) G ♦
-.-side heat flux) is:

- -4A‘[cKTM<l

2 A'

8.3.2.4.

8.3.2.3.

8.3.2.S.

' The negative sign — J .is based on the singul
arity at power "off" operation 1 = 0, Aj = 0, Vc = 0.



The electrical power per couple is expressed as:

P^iat; -vi^R 8.3.2.?.6F£

The electrical power per unit of ' module area ( )
is defined as: <■

_E__ - gUpi 4 I

W\ Ik Zk
8.5.2.8.K

and introducing the material property parameters

f - 2 A'l* + fT ATj 8.3.2.8.

The C.O.P. by definition is

C.0.9. %P
8.3.2.10.

or

CM -- P/a 8.3.2.11.
PY

- The heat rejected per couple on the hot side of the 
module is expressed as:

Qr -Qc.+ P 8.3.2.12.

or

<?■ C.Q.?. 8.3.2.13.\ 4



Introducing the hot side heat flux:

8.3.2.14.

then equation 8.3.2.13, results: ’
o r .'tf’h t=*kcl l + cap. I

c C ■
8.3.3 Hot-Side Heat Exchanget.

Defining the hot side temperature Crop as:

8.3.2.13.

AT, - Tsj , cD 8.3.2.16.

and using the same procedure as used on the cold side 
the hot side temperature drop can be expressed as:

*

15

Imp
+

-

-X

X

L 1 J

ATh =

where:

8.3.2.17.

A
Eu, Nk

the heat flux through the electrical 
insulation on the hot side, watts/cm^
constants for the given heat exchanger 
(as defined by equation 8.3*1.1) 
equivalent thermal conductivity, electrical 
insulation on the hot side of the module 
(as defined by equation 8.3.1.2)



222

8.4 Calculation Procedure.

The computer program calculates the performance of 
the thermoelectric system at the balanced operating point 
by an iterative procedure. The type 'of heat source, heat 
sink, heat source temperrtuueeheat sink temperature, 
material property, module configuration -are input 
information. The desired heat flux ( ) on the cold
side is specified. The cold side temperature drop (ATh 
is calculated by equation 8.3.1.4. The cold side junction 
temperature is calculated by tt. ■ r - ■■
An initial value of the hot junction temperature CTh;) 
is assumed and the hot to cold junction temperature 
difference is expressed as: Aj - Thj--I y ’ then I, 
C.O.P., and are calculated in that order
and recalling: "j “ lv + /TTv, * At ‘hhss point 'the
calculated value of T^y is compared with the initial 

value. If they do not agree to some allowable error 
(JUT ) a new value of *TJiy is assumed and the procedure 

is repeated until a desired l:lm:L'b of error is obtained.
The iterative technique when satisfactorily completed 
yields the balance operating point and provides the C.O.P., 
I, | -fLy "Tkj | ATj* (etc) at the operational current.

Other performance parameters (section 7.4.4.4) can be 
calculated as required. To illustrate the basic output
data available; two representative computer outputs are 
presented pedestal). ■

In using the iterative procedure on a digital computer 
the selection of the input variable (tfc ) must fall within



the range of the device capability (i.e. for the given 
heat source and heat sink temperature) otherwise no 
interesting results will be obtained. To conserve 
computer time a statement has been incorporated into 
the basic program to avoid this difficulty. Details 
of control statements are illustrated in Appendix O.P.5.

C •
In the evaluation of new designs, preliminary

cestimates of ‘module performance can be made using the 
methods presented in section 7*4.

- 8.3 Input/Output Information.

For a given module configuration (with or without 
pedestal), there is required 53 pieces of input data. 
The data required is:

id
Ratio

0
E

packing density
Ap/A
module height, cm
area of thermoelement, cm^
overelaxation factor (1.5 appears reasonable) 
maximum number of iterative loops in 
numerical sweep
thermoelement height, cm

note :
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Table 8.3.1

this program CALCULATES for a GlvEM MODULAR MATERIAL OPERATING • 
between a heat source and heat sink with finite rgat transfer coefficient 
the performance characteristics

material characteristics of the given module

ELEMENT HEIGHT cMo ■ 
junction resistivity 0HM 
conduct IVITY of n-ELEMEMT 
CGNPUCCIVITY OF rIGVEMGNT 

PACKING DENSITY
AREA OF n«GVGMGNj

+0oZOOOQQ 
CS RQRD 

JAOHM CM 
I/OHM CM

+0,877000 
SQRp
SQRD e

+5 o 5" io 5 
terminology 
TTEMINOLOGY

SIGMAN 
S‘I GfAPP

+894*000000
+894*000000

CM
CMP+ELEMEAt 

COEFTICIFNT VoLTS/DEG KELVIN 
PEDESTAL CM +0*000000

CM + +0*200000
+ UO 010OO
+0*001265
N^NLGmENT WATT/CM 
p-plemeng watt/cm

AREA OF 
SEEBECK 
HEIGHT OF 
HEIGHT OF MODULE
RIPPLE FACTOR 
percent ripple 
THERMAL conductivity 
thermal CONDUCTIVITY

+0*040000 
+ 0*04.0 0 00

+4*43*+ 4

D QG K KEVIN 
DQG KEGViN

FREE STREAM HEAT SINK TEMPERATURE DEC KEVVIN = 
FREE STREAM SOURCE TEMPERATURE DEG KELVIN “

+0(014700 
, +0.014700

+300*000000
+250*000000

MATEFJAL THERMOELECTRIC MODULE PERFORMANCE -

the hot and cold JUNCTIONS are seperated by the ELEMENT'PROPER

effective material PRO^^^TIES ■

SHAPE FACTOR FOR OPTIMIZING COP s +I»0000o0 '
couple element interior resistance ohms « +o*oiii86
EFFECTIVE RESISTANCE OHMS = +1*37»~ 2
COUPLE ELEMENT THERMAL CONDUCTANCE VATTS/DEG KELVIN = +0,005880
EFFECTIVE thermal CONDUCTANCE WATTS/DEG KELVIN s +5,e9j,i 3
EFFECTIVE FIGURE of merit I/PEG KELVIN z +2,43B- 3
couple element thermal conductance watts/deg kelvin = +o*oo58ao
SHAPE FACTOR FOR OPTIMIZING COP = +1*000000
COUPLE ELEMENT INTERIOR RESISTANCE GHms 5 +0*011165 6
MATERIAL FIGURE oF -MERIT l/DEG KELVIN = +2*98%+ 3 '

the option of using the for statement has been exercized

the COLO side heat FLUX is being INCREMENTTLY STEPPED By THE FOR LOOP 
ESTIMATED JUNCTIdN TEMPERATURES establishing the upper value in the for 
STATEMENT FOLLOVsj

estimated cold sjde junction temperature deg kelvin = +235,00
ESTIMATED HOT side JUNCTION TEMPERATURE DEG KELVIN z +315,00
ESTIMATED TEMPERATURE difference ACROSS JUNCTION DEG C z +80*00

THE UNIFORM COLD SIDE HEAT FLUX HAS BEEN ASSIGNED T VALUE WATTS/CM SQRD
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N„, Mc

• (o,l)

F
cZmy 
Vhtrv

jfZp thermal element conductivity, watts/cm-°C 
—delectrical codduc-tivity (olim-cm) 

exponent vslut for heat exchangers 
modification .factor: for exchangers
pedestal or non-pedestal assembly 
ripple factor ■
Seeheck couple coefficient volts/°G
stepping term for changing 75^ ’
error value for terminating numerical solution 

pelement junction resistivity, ohm-cm 
iis^x^Z^^-bz^c^Ti thermal conductivity: watts/crn°C

ft?) Ci / 
k

T
r

•h/coh-y A^lkjikot electrical insulation thickness, cm
r_ P np, heat exchanger iacioc, watts/cm°-°C

L limit control on interative loop
Mo number ff thermoelectric couples in electrical

series

starting of *J° , watts/cm'
o.fret stream sourct tempcritcre, K

free stream sink temperatrre, °K

The output from each module design and given set of 
input variables (as listed above) are tabulated by the 
computer. Typical output is presented on Table 8.5*1 
and Table 8.5*2. The output consists of dimensionless 
parameters and operational values. The output can be 
modified to match the design problem ■ and requirements 
of the engineer. The format may be considered 
elaborate for general engineering design; the purpose • 
within the thesis is to illustrate the inform- -



 

 

 

 

Table 8.5.2.

THIS PROGRAM CALCULATES ToR A GIVEN MODULAR MATERIAL qPGRATiHG . 
ibetween a heat source tad heat sink with finite heat transfer coefficient 

' THE PERFORMANCE CHARACTERISTICS

material CHARACTERISTICS of the given module

ELEMENT HEIGHT TMe 
JUNCTION RESISTIVITY OHM 
CONDUCTIVITY qK NuVVGMGNT 
CONODUTJVITY oF P-EVGMGNT 
packing density
area OF N+ELEMENT cm 

P-ELLMENT CM
COEFFICIENT VOLTS/DEG KEVVIN 

OF PEDESTAL CM +1*400000

AREA OF 
SGGBGTK 
height

+0*600000 
CM SQRD 

I/QHM CM 
1/ OHM

+0*010000 
SORp '
SQRD

+ Jo 001» 5
terminology

TERMINOLOGY
sigman

sighap
+1000*000000 
+1000*000000

+0*030000
+0*030000

+4*60»-

cmHEIGHT OF MODULE 
RIPPLE FACTOR " 
PERCENT
THERMAL CTONDUTJYJTY 
THERMAL CCOADUTjVITY 
FREE STREAM 
FREE STREAM

+2,000000 
+I*00I000
♦0*001265
NnELEMENT watttcm 
PpELEMCNT waatecm

DEG KKLLIA 
DDG KKLLIA 

HETT SINK TEMPERATURE DEG KELVIN . 
SOURCE TEMPERATURE DEG KELVIN R

' +0*017000
+0*0l70QQ

+302,700000
+285*700000

T

4

MATERIAL THERMOELECTRIC MODULE PERFORMANCE

the thermoelectric elements are positioned on a PRDGStAV

THIS PROGRAM CALCULATES THE GEOMETRICAL PARAMETERS
ASSOCIATED WITH THE HETT FLOW MODEL THAT YIELD THE VALUES OF Q/GSUBC1

DEFINITION OF GEOMETRICAL PARAMETERS

USTAR : DIMENSIONLESS LENGTH OF THE THERMOELECTRIC 
COLUMN '
8STAR s DIMENSIONLESS PARAMETER LJB
RSTAR s DIMENSIONLESS PARAMETER A/D

PROCEDURE OPTJVAX TAD SUBTTB WHEN INCLUDED .
EXTEND THE COMPUTATIONAL ACCURACY OF THE PROCEDURE ITERATE

THREE REAL PROCEDURES CALCULATE THL DIMENSIONLESS PtRtMLTLRS RLOUjRED AS

INPUT
packing DENSITY = +0*0100 ' ■
CROSS SECTIONAL AREA OF element = +0*0300
PEDESTAL TRLA Y0 ELEMENT AREA s +6*0000 .
HEIGHT OF ELEMENT ; +0*6000
EPSO . +0,0I00 . .
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ation available. In the next section engineering 
decisions based on a general sweep of results will be 
presented.

8.6 Material Utilization as a Performance 
' Parameter.____ ~

c
8.6.— Philosophy.

Advancements in material properties, demands which 
space applications make on thermoelectric devices, 
stimulates the need for a comprehensive computer model.
In the general literature the internal energy process as 
reflected in the relationships of section 6.0 has been 
delt with and the author’s approach is summarized in 
computer program O.P.2. In this type of analysis
it is assumed that the junction temperature are known and 
are invariant with the current density passing through the 
couple.

In the actual system application, it is not the junction 
temperatures that are known but the temperatures of the 
environment to b.e regulated. • When the coefficients of 
heat transfer are constant then the current-density changes 
the heat flow through the junctions and hence the temperature 
changes between the junction and environment consequently 
the junction temperature. ,

It is the basic object of this section to present 
examples of the energy balance for the case when the





conditions of heat transfer between couple and environment 
are given by the coefficients of the heat exchangers. The 
quantitative result depends on the form of the function:
Tj = g (I) which depends on the nature of the interface 

between the thermoelectric couple and the media to be 
controlled. '<

The relations derived in this section reflect more 
accurately the "actual" process occuring in a "real" 
thermoelectric, system. The result■ ’A technique is
proposed to account for the thermal/energetic heat balance 
of a thermoelectric device operating between known heat 
source and heat sink temperatures; taking into account 
the temperature dependence on current magnitude'.

8.6.2 General Results.

This section illustrates the general resulting output 
available .from the computer program (G.P.5). Table 8.5*1 
presents.the ■computer output for a conventional thermo
electric ■module■ Table 8.5*2 presents the computer output 
for a pedestal module thermoelectric assembly. Figure 
8.6.2.1 indicates the functional parameters (C.O.P./C.O.P.^

) as a function of the current parameter 
)• The current (I) is the required current

to maintain thermal balance under the given boundry
conditions. Figure 8.6.2.1 indicates the following 
characteristics: The parametric ratios exhibit an
increasing-decreasing function which is similar to figure 
6.7*1 and figure 6.7*2. Figure 8.6.2.2 illustrates the
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parametric ratios as a function of the power input. As 
the power increases the ratio increases ahd
reaches a maximum ratio of unity at a power input of 
approximately 10 watts. The cold side junction temperature 
( fcj ) decreases as a function of power input. At 

approximately 100 watt power input the cold side junction 
temperature exhibits a change in slope and Icy starts to 

increase. The power input is.based on 18 thermocouples 
in electrical"series. Figure 8.6,2.$ is a plot of
material utilization as a function of the operational 
G.O.P. At the lower portion of 0,0..P, parameter a heat' c
rejection rate of approximately 8 watts/cm2 results. ’ A 
heat rejection rate of 8 watts/cm2 will require forced 
air convection or a water heat exchanger in order to control 
the hot side junction temperature. The heat rejection rate 
would increase as the height of the thermoelement decreases 
imposing a real design problem for the electrical insulation.

Figure 8,6.2.4 illustrates the material utilization 
parameters as a function of the operational G.O.P, for 
variation in the heat transfer exponent (Na).

Extracting the relationships from the computer program for 
( = O) the cold side temperature difference and the hot
side temperature difference is expressed as: .

8.6.2.1.

and
8.6.2.2,



R.6.?





d-t-j

The right hand side represents the “thermal-barrier” 
of the electrical insulation. For = 0 equation
8.6,2.1 aad 8.6.2.2 reedccs tto

T. «—|p-W4
6 ~

u-«—' ”*T~"‘ j ” I Kc°

The condition illustrated by figure 8.6.2.4 for the 
heat transfer exponent ( M- —° oZ ) represents a 1°0 
temperature difference between the heat exchanger root and 
the free stream source/sink temperature. Increasing the 
heat transfer exponent increases substantially the maximum 
C.O.P. at T(£ .

8•7 Off-Balance Operation.

8.7.1 Computational Procedure. ■

To determine the "off" balance performance character
istic with a current (G ) not equal to the balanced current 
value determined by the computer program ( O.P.5)
the following technique is introduced:

(1) Use computer program ( O.P.5. ) based on module
operation with finite heat transfer coefficients 
to determine the.operational parameters. At the 
required cold side heat flux ( watts/cm°)
record the following: • -

(a) Junction temperature difference, ( ATy)



 

 

t

(b) Cold junction temperature, Icy
(c) (0) current ratio at balance point

(2) Introduce items (a), (b), (c) (above) into computer 
program ((C,P.6. ). The computer program

. incorporates procedure OPPBALANCE for performing 
the above calculations.

The approach utilized for determining the off balance 
effects is as follows:

6»L ““h AX , Ty

9 t Su,
At balanced operation Q - 0 

considered unique (fixed). For 9 • the heat
removal rate is less than that required for balanced 
operation. It is expected that the free stream source 
temperature will increase Expressing
the temperature across the cold side; i.e. from cold 
junction interface to free stream sink for balanced 
operation with "prim" notation then: .

and for

hNc

e^eML

kc 8.7.1.1.

8.7.I.2.

+

4
k

Expressing the left hand side of equation 8.7*1.1 and 
8.7<1«2 as: . ' .



8.7.1.3.

8.7 .1.4.

for constant then:

8.7.1.5.

Expressing the temperature difference for 
and & ^Ppil then: &AL

AV&vVrt ,
8.7. -1.6.

and '
/% " - j 0 S.7.1.7.

Solving for T n results:

8.7.1.8.

where

TAd)

Tc
Co

free stream source temperature at balance 
operation, °K
difference between AT (off-balance
operation) and AT (at balance operation),c*
°C

free stream source temperature at ’off’



 



 

n-t—r

balance operation, °K

SUMMARY,COMMENT.

The proposed callula.tion. technique ii to fix Ai,
* * }

*****

Ty based on the output from the balanced operation
> c

program. Procedure OPPBALANCE utilizes -bliese and
performs a 1 fa (0) sweep about the balance point and

uses the relationship of equation 8.7.1.8 to calculate the 
"off" balance free stream temperature.

8.7.2?* Discussion and Results.

' Figure 8.7*2.1 illustrates the parameter )
as a function of the performance ratio ( C.O'P. / C,0. * '^°
The module/eneemoelectric couple has a material figure of 
merit of $ 2>.lllo -5/°c with an element height of .50cm.
The heat transfer ecponint is .1-0 for both hot and cold . 
heat exchangers. The balance operation with a cold side 
heat flux of 2.5 watts/cm° and = 502. 7°K, Tc^ =
285.7°K occurs at .66, 0.0.P./C.O.P. .59
and a corresponding ft /ft™ Or .85* The heat balance for 
three discie^e heat fluxes (2.0, '1.5, 1*0 watts/cm°) are 
indicated on figure 8.7*2.1. The junction temperatures 
resulting for these heat fluxes would depend on the current ' 
level required to maintain thermal equilibrium with the 
environment. • The ’sweep’ variable (6 ) has been incremental 
stepped from 0 - 1.0 to 0™ .180 to indicate the decrease 
in performance ratios. The values of the variable 0
to the'right of 96AL

is for 0 ° ©6AL and to the left



 



for 0 7 0^^ Figure 8.7.2.2 illustrates the heat pump
rate. ( (% ) and C.O.P, as a function of the current required 
for thermal balance. For a 2,2 change in heat flux the 
C.O.P. exhibits a change.of approximately the same ratio. 
The heat pump rate is based on 18-thermocouples in '
electrical series and thermally in parallel. The circuit 
arrangements will in a final design depend on the power 
supply . . avaiiaaie, cost, and a balance between current/

c

voltage on a system weight analysis. Figure £.7.2.3
indicates the change in source temperature as a function
of the dimensionless current ratio (0 ). At & =
. 660, AT ” 0 indicating a balanced solution (singularity

- figure 8.7.2.1). For 0 2 ©hii. figure ' 8.7.2.3
_  _ tindicates T I (balance) and for Q >

T. / T ' (balance). If 0 > 1 (l-lf) the

freestream temperature approaches (balance) and
will for 0 2 2 a.4 become greater than Tt

ob
(at

balance).





9.0. OPERATIONAL CONSIDERATION - PEDESTAL MODULE/ 
CONVENTIONAL CONFIGURATION.___ _ _______ ____

9•1 Abstract.

Demands which space/military applications make on
c .

thermoelectric devices . and ancillary systems are more 
stringent and require in particular a consideration of 
system weight . Oper?^-b:Loii^l pr?ope3?-fc±es of thermoelectric
devices must be competitive and offer increases in material 
utilization (output/system burden). Cooling devices are 
essential in space or in orbiting vehicle applications.
In some established designs the ambient temperature can

c

be controlled by radiative cooling, several applications 
require supporting cooling devices. Examples of 
installations require cooling systems are cold-storage, 
de-humidification, electronic tracking devices such as 
infrared sensors or transistorized circuit components. 
Thermoelectric devices are particularly well suited to 
applications for space travel. Being electronic in 
nature, constructed of no moving parts infers good design 
with a dependable/reliable minimum maintenance system.
In addition, the thermoelectric device would produce no 
vibration (cylic or random) or gyroscopic moments to be 
compensated or interfere with vehicle guidance/stalili- 
zation. The requirement for space application requires 
a minimum weight system consistent with its design 
objective. The problem proposed for analysis is:
‘Which of two proposed thermoelectric devices (pedestal
VS conventional assembly) is more orientated towards
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space application?* The conclusions resulting are based 
on the illustrations presented in this section. It will 
be pointed-out in subsequent discussions the final answer 
can take many forms. The purpose of the analysis is to:

(1) Present the general characteristics of a
° pedestal-module operating between heat source 

and heat sink. .
(2) Broaden the scope of the engineering data with 

the aid of the basic parametric variables 
aaiiaille as output from the computer programs.

9.2 Operational .. Comparisons.•

Figure 9.2.1 illustrates four operational parameters 
as a function of the current required to maintain thermal 
heat balance; The model consists of 18 thermocouples
positioned on pedestals. Table 8,5*2 presents the basic 
module configuration incorporated into figure 9.2.1. The 
maximum C.O.P. (C.O.P./C.O.P,,^ ) occurs at approximately 
1.0 amps with a corresponding heat pumping rate of 2 .90
watts. The heat pump rate ( ) parameter is
somewhat linear for the current values illustrated. At
2.0 amps the ratio is ~ ,90 with a

/C.fhP.corresponding C.O.P,/C.O.P. 2 .65*

Maintaining constant free stream conditions figure
9.2.2 introduces a comparison between a pedestal and non
pedestal (conventional) module assembly. The pedestal 
configuration has the element dimensions as illustrated



Fjc. p.2.2.
HE

AT
 P

UL
I’ 

RA
TE

, 
«^

),
wa

tt
a 

;

CLt
O
o



PSP
■P-I.cr , 9 . P . S .

O.P

PEPE



253

on table 8.5*2. The thermal insulation height is 2 cm.
The pedestal column is assumed to be Alu with a density
of 2 2,80 grams/cc, with a thermoelement density of
7.0 grams/cc. Por a constant current input the pedestal
module exhibits a higher heat pump rate and C.O.P, as
compared to a • conventional configuration. Por a constant
heat load of 1 watt the current required for the pedestal
module-is 2 1,05 amps, and for the non-pedestal assembly ' ■ <. • , ‘ •
1.59 amps (an increase of 2 33%), Incorporating the
data from figure 9*2.2 at constant current results in 
figure 9.2,5* Pigure 9*2,5 indicates that for a 1 watt 
heat pump rate input the pedestal C.O.P, is approximately 
6026 greater than the conventional module. On the basis 
of the previous data it appears that the pedestal module 
is a more favourable conclusion. The next question to
be answered is: 'What is the weight penality imposed 
upon the system if the pedestal assembly is an acceptable 
conclusion?' ' ' •

In the previous section (8,6) the parameter 'material 
utilization' was introduced as a 'comparison' criteria.
The units of the ’material utilization' term is watts/cm* 
which can be interpreted as the module output: system 
burden (Weight 2 cm^). The introduction of the
system burden will increase the scope of the analysis and 
can alter the above conclusion.
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The weight per couple is expressed, as:

M

M
Mod- Pf-P&JT/iU

PEDESTAL ~
?^2/U + fpAfl P 9.2,2,

Figure 9*2?.4 slluseeaecs the heat pump rate ((° )
per unit mass of ehcemoclecersc material (and pedestal) 
as a function of the cteecie required for thermal heat 
balance. The weight allocation is:

(1) Alu-pedestal ° (2,8) (6) '(.05) (4,4) °
.705 grams.

or
(2) Ou ~ pedestal ° (7.7) (6) (.05) (1.4) °

1.94-4-0 grams -
(5) Thermoelectric couple % (7*0) (2) (,05) (,6) °

.252 gr ' . ' '

(4-) Pcdcseal/encemocouplc module ° *252 + . 705 %
.957 gr

The systems considered for further review are noted 
as items (5) and (4) above. Figure 7.4.4,1 outlines the 
basic pedestal assembly. The introduction of module 
weight has altered the relative position of each system. 
For a constant current input the ioi-ocdcseal assembly 
exhibits a higher heat pump rate parameter (figure 9.2?.4) 
then the pedestal module. The slope of the non-pedestal 
module is approximately 5*5 times the pedestal assembly. 
The slope units are (lulth ) which reflects
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the couple performance and introduces an additional 
performance criteria, To introduce the slope parameter 
the data available from figure 9.2,.- is expanded resulting 
in figure 9.2.5. The data illustrated on figure 9*2.5 
is obtained as represented below:

G 2Prom figure 9-2.- (neglecting 10' exponent term)

.1 » ■ »»
Mass Pedestal Non-Pedestal

J2.
Ml

Pedestal
MI

Non-Pedestal
10.0 1.6 1.0 6.25 10.0

Figure 9*2,5 illustrates the functional current slope 
parameter Q /MT as a function of Q/l/ for both 
pedestal and conventional assemblies. The resulting figure 
(9*2.5) indicates that the • conventional module exhibits a 
higher performance value. The previous ponclusions, i.e.
Q figures 9*2..-, 9*2.5 has • been based on . a one:
one couple performance. It therefore appears reasonable 
to ask the following question. ’How many couples of a 
non-pedestal (conventional) module is equivalent to a 
pedestal assembly and what is the resulting weight para
meter with this criteria?’ Prom figure 9*2.2 the heat 
pump rate per couple as a function of the current can be 
determined. The ordinate is divided by 18 to determine 
the heat pump rate per couple. The number of conventional 
couples to be 'equivalent to a pedestal module is a -
function of'the current and may not be a whole number. 
Summarising the results: .



 



 

9 £ 2.4
2.54 I 1.25

where:
N QncH VepesTAv

Letting N = 2, the weight of the equivalent convent
ional module becomes (2) (.252) - .504 grams and the 
pedestal module remains at .957 grams. Figure 9*2.6
illustrates the parameter as a function of
for the equivalent non-pedestal configuration. The
equivalent conventional configuration exhibits a higher 
performance factor then the pedestal module. If'N = 5

the non pedestal configuration will still exhibit a 
higher output/system weight than the conventional configur
ation. To■explore a further parameter figure 9.2.4 
indicates the following approximate slopes:

(.) Pedestal module r .0756 watts___
amp-gram

(2) Conventional module ■ r .258 watts__
amp-gram

■ The data indicated above will be utilized to determine 
Qll parameter as a function of the module mass. To

illustrate the technique for determining the parameters of 
figure 9.2.7 consider the following:

(1) Conventional Module
(a) Couples considered 50



 

aw

( Q \HEAT PUMP RATE PARAMETER ( J AS A FUNCTION OFMODULE WEIGHT " '



 

(b) Weight per couple- .252 grams
(c) Weight of module- (50) (.252) = 7.56 grams
(d) Slope .258 watts

amp-gram
(e)Qjl' parameter (.258) (7*58) = 1*950

watts/amp.

(2) Pedestal Module '
(a) .Couples considered 50
-((b) Weight per couple .957 grams ■
(c) Weight of module (50) (.957) = 28.71 grams
(d) Slope' ,0756 watts . •

amp-gram
(e) parameter ' (.0756) (28.71) c 2.10

watts/amp

Pigure 9.2.7 illustrates (Q II) as a function of

the module mass. The result indicates that for a constant 
module mass requirement the conventional module exhibits a 
higher heat .pump rate current parameter'.
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9*3 Effect of Element Height for a Module of 
Fixed Height. ? 

Figure 9.3*1 illustrates the material utilisation 
(watts/element mass) as a function of the 0.0,P. For . 
constant 0.0.P. the smaller element height has the highest 
material utilization parameter. The maximum G.O.P5. increases 
by approximately 3000 for a decrease in element height 
from .6cm to .2cm. The heat leakage (g, equation 7.4.3*
3*19) parameter decreased from a value of 49.6 to a value 
of 22.6 for a 3 • 2 decrease in element height (l). Figure 
9*3*2 illustrates the heat pump rate for a module assembly 
consisting of 18 thermoelectric couples as a function of 
the current. Figure 9*3*2 indicates for a current > 3
amps the shorter element has a higher net heat pumping 
capability. Figure 9*5*3 shows the heat pump per? couple 
mass as a function of the current required to maintain the 
thermal heat balance. For a constant current input the 
( % ■? 2.3 amps) smaller eeamee.t exhibits a? higher heat 
pump weight parameter. . • . ' •

9*z- General Summary. ?.and Conclusion,

, In order to undertake space travel of many days 
duration several cabin functions must be supported by 
thermoelectric devices. As was mentioned in section 
9*1, desired ambient conditions within the cabin proper 
can be maintained by a proper balance within the cabinet 
by absorbing and/or emitting thermal radiation. However, 
there is a need for thermoelectric devices to provide ■



unconor.

:oe/t^ light? cn:

*Ti>--> >-TV»



humidity control, space-area refrigeration, temperature 
control of electronic, components and support basic water 
purification schemes. The strongest support for 
.utilizing thermoelectricity is its versatility.

C •

Perhaps one of the more difficult problem and • 
subsequent solution on'long space flights is.to provide 
fresh water?. The reclamation and reuse of all wastec • *

r 'water will be mandatory. This means that a method of 
water purification is necessary. Certainly one method 
of obtaining pure.water is through the basic distillation 
process. A thermoelectric system is well suited for 
this application. One of the unique properties of a
thermoelectric system is the double function of cooling 
and heating. Through engineering design the thermo
electric device can become both evaporator and condenser. 
Such detail applications will require corresponding data 
and the general conclusions presented should be used as 
an ’indicator' of trends.

The data appearing in chapters 8,0 and 9.0 indicate 
the following;

(1) The operational parameter C.O.P. /C.O.P , as a 
I itMty

function of the dimensionless current parameter 
(0) reaches a maximum value at a current para
meter (0) less than which is required to 
maximize



Pby

(2) The use of the material utilization parameter
appears to be a good indicator of .

performance level. The highsst ’value of
volume occurs at = o& This condition
is indicative of the junction temperature being 
the same for the corresponding surrounding' 
media. ‘ '

(3) Increas.ingcthe current above the condition of
thermal balance is associated with decreasing 
the free-stream source temperature below the 
design value. (With the assumptions appearing
in section 8.7.1)

(4) Comparison of the heat pump rate (Q) for constant 
input power with fixed element height (pedestal
or conventional module) indicates a higher 
output value for the pedestal module. The heat 
pump weight parameters (Q/Vol, Q/gram) indicate 
a more favourable module is a conventional _ 
configuration, For a constant input power the 
C.O.P, for the conventional module is lower than 
the G.O.P, for the pedestal assembly. To make

, a final design decision as to the more effective 
system the application must be considered.. .
For a space application the thermoelectric system

' can be assumed to consist of two subassemblies:

(1) Basic thermoelectric module
(2) Power supply required .

With the introduction of the power supply requirements



the apparent- advantages of the conventional module may 
be lost. The C.O.P. for the conventional assembly is 
lower than the G.O.P5, for the pedestal module indicating 
the need for a larger power output reflected in an overall 
weight increase. An.-overall study should consider the
ratio: (power supply/weight) as an input variable. For
example an operational parameter•could be ( /System
Weight) • as a function of ,

(3) Comparisons of pedestal modules indicate that 
the smaller thermoelectric element consistent 
with the heat load requirement offers the 
highest material utilization parameter.

COMMENT.

The purpose for this engineering analysis (pedestal 
conventional module) is to indicate the operational

design potential in the resulting Computer models. The 
establishing of what or how many parameters to be considered 
in any decision network can not be considered in detail for 
this presentation. . It must be emphasized that good
engineering practices must be applied in order to approach 
an optimized system performance. Optimization requirements 
for a thermoelectric device may be weight limited, volume 
restricted, or be bounded by the level of heat load. The 
'limit' controls have excluded direct cost. • Cost effect
iveness is a valid and in many conditions the deciding 
factor between what configuration will be possible/ • 
practical.
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OPERATIONAL CHARACTERISTICS . OF

THERMOELECTRIC. REFRIGERATION ,

BY' WALLACE SHAKUN, B.S.M.E., M.S.M.S.

Advancements in contemporary physics in the field of semi

conductors now make it possible to effectively utilize thermo

electric phenomenon for cooling and environment heating.
Refrigerator applications using thermoelectric cooling effect 

are being built and introduced into industrial and military 

engineering design. Calculations on semi-conductor thermoelectric 

refrigeration systems have been based on relationships derived from 

considering the basic thermoelectric couple to be in an isolated 

control volume. In the pseudo environment the cooling capacity 

and ■ coefficient of performance are based on the assumption that 

junction temperatures of the thermoelements are independent of the 
current (arbitrary). Test results, on semi-conductor refrigeration 

systems indicate that the C.O.P. characteristic (C.O.P. « f(l)). with
‘ c

the absence of artificial restraints do not have extremal values.
Such results can only be observed if:an experiment is conducted in 
which the junction temperatures are controlled (constant). Conclusions

which are obtained account only for internal energy processes occurring 

within the control volume. However, in actual practice the cooling 
capability, performance level are functions of the applied current.
The results available (within this research program) indicate that there 

is a direct functional relation between the thermoelectric couple and the 

environment to be regulated.

The object of the thesis is to present the various operational 

parameters that relate system performance to the environment in which



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

the thermoelectric module is required to perform and control. The 

mathematical coupling between the•thermoelectric junctions and the 
environments are assumed to< be represented by a m^ order function.

The technique of utilizing a parametric analysis model enables a 

comprehensive engineering effort for establishing the mathematical 

tools for competitive evaluation. •
■ t '

p '

Four major subcomponents sharply influence the design/performance 

of thermocouples for module assembly. The thermal and electrical 

material properties of the elements fall into the most fundamental 

category, < power supply and regulation control are in ’a second major 

category. Properties and technique of material construction and
c

processing are a third consideration. Heat exchanger devices provide
t . c. further requirements to lo considered. The various problems to be 

encountered are considered-and the inter-acting of the major components 
are indicated. The extent to which these conditions limit the design/ 

performance and the determination of the most advantageous compromise 

is essentially the task considered,

Methods are developed to determine the quantative effects of parametric 

adjustment. The design problems considered result in the requirements for 

the solution of the heat transfer equation in which the boundary conditions

are determined by an iterative procedure. The solution to this class of
• /

problem is solved by the application of numerical analysis. The technique 
for solution is by the method termed, "over-relaxation", thereby effectively 

increasing the convergence rate of the finite difference equations.

Advances and more sophisticated methods of digital computer utilization 

resulted in a comprehensive mathematical tool being afforded to the design 
engineer.
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10.0 THOMSON' PHENOMENA.

10.1 lntoondoC o on,

The treatment of the efficiency and subsequent ’f .
operaOionalcequoOiona for the thermoelectric refrigerators 
have been based on ihe exclusion of the Thomson effectC ,
(section 5*2*5)'» The exclusion of the Thomson effectc. .
results from ‘the condition that material properties were 
assumed oEvarnanO with 0.empeia0ure. ‘ This ideal material 
coidiOooi resulted on:

X " Tjg n Q

AT
where - •

X -he Thomson coefficient. "oltsE-0

10.1.1.

Previous authors (6) (15) have discussed the
uniqueness of the Thomson effect as a phenomena associated 
with the basic Peltier Couple. Reference (16)
iEOiodused a series solution into ihe basic heat flux 
equation ( I =dWT ) in order io account for the 
Thomson effect. The concept proposed in this section 
is io use a modified Seebeck coefficient ( J‘ _ ) io

replace of the proceeding sections.

10.2 Miodffled Seebeck Coffficiioe.

' In the presence of a temperature gradient elOong a 
conducting material heat is absorbed or released in



4/U

proportion to the current passing through . it. This 
phenomena is called the Thomson effect. The rate at
which heat is absorbed in a small segment -of conductor
Jb is proportional to . the. current (I) and the temperature 

gradient <Lrl Xv . The rate of heat absorbed is expressed

as :

1 IT ix 10.2.1.

In the above ' expression positive (+ ) I is flowing 
in the direction of increasing X (0 -—9 X ) . A positive

indicates that heat is absorbed from the surroundings. 
The significance of the sign of and X (T) is similar
to that of for Tto from the Peltier effect.

The coefficient TU is called the Peltier coefficient 
(couple) and is a function of the local temperature. 
Recalling that:

tUtU-tUt) 10.2.2.

The Thomson coefficient % U) can be positive or 
negative depending on the material. Consider the energy
balance of a basic thermocouple for an operating period 
of one second. Figure 10.2.1 illustrates the basic 
thermocouple circuit and the sign convention.
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Figure 10.2.1. 
Thomson Sign _ GnEve_nOion.

The Thomson phenomena for snEeusOnr A ns exniesaee. as
T

-1 10.2.3.

then:

X/tUt 10.2.4.

T
where - '2,

x.W Thomson coefficient for eleneE0 A 
A
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In eleneEO B ihe current I is in ihe diiecOinE
which. ieaulOa in:

T.
-1 rbt)!T 10.2.6

, 'T,
The 0n0al Thomson heat input for ihe system is:

10.2.6

T
I.(t) . -I,(.t)dDX IT 10.2.7.

c The Oniol heat - input from - reversible sources (less 
joule term otd heat snEdusOinE effect) ns:

‘4W^ 10.2.8.

where
.. .Vk PelOnei heoi inputs oi juEsOinns (T) otd 
2?) respectfully. iEtrnducnEg the basnc effects otto

equation 10.2.8 results:
i;

q =TT.hAT- vt +1 \ Kw t
10.2.9.

ihet:

T

+ \IWVt) TU.™.

To
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The Seebeck Coefficient is expressed as:

' ZLl.
Ik ( jki. /vlc)

From Kelvin's. second relation:

10.2.11.

TJv _ T ~ T 10.2.12.
JT

Introducing equation 10.2.11 and equation 10.2.12 into
equation 10.2.10 results: 1

AWVVtX - V kX IT

T 10.2.13.

The modified Seebeck coefficient is defined as;

t Xt It
.IaX)!- XiP- j^. a:jV

AO t; -Til
10.2.14.

when \ UT-) • ^=0

AT
then equation 10.2.14 reduces to:

A.x-cUvt;) 10.2.15.

where:

A6 Seebeck couple coefficient as utilized in
previous chapters, volts/4C



Equation 10.2*14 ns irotaforned by ihe ittiodustnot 
of the Ohernnsouple jutsiint iemperoiurea otOo:

r qi; •

4 J
A\£ k -kl 10.2..6.

. The heoi pump rote (<p$ ) will be expressed os:

<vs-Tsi„q - q k at,- 10.2.17.

where -

RfFF
^FFF

defined by equation 10.2.16 
defined by equation 7.2.6*3* 
defined by equation 7*2.5«4.

A computer prngron procedure C.P.7* (Polynomial)
wos developed io esOoblnsh J, nt o pnnytnnnol form
with sufficient accuracy. This bosic procedure cot be - ' 
applied io no0ernol pioperOnea i.e. XT),flT) Oo 

obOont o polynomial iutstnot or overoge moOerSol value by 
direct itOegroOnni. The form required for oCCO is 
expressed as:

Ct) = + J , + J J + oi. \ M

10.2.18.

Dnasreie values of ^?(h1?C'e'T or orroy poors ore 

obionied from Oesi doit. An orroy poor Oakes ihe geterol



<— (

form of:

10.2.19.

Figure 10.2*2 illustrates the general form of the 
Seebeck coefficient' as' a function of the absolute temp-c _ ■
erature (0K) 1 .

Seebeck Couple Coefficient as a function of Temperature 
■ Absolute.

Taking the derivative of equation 10.2,18, multiplying 
the derivative by T results: .

TiUT 
, AT AT i I

10.2.20.

, Replacing the right hand side of equation 10.2.20 by 
a series summation; introducing the limits of integration



t_ t

and combining results:

"7
-p A+i

U;

10.2-21.

Introducing equation 10.2.21 into equation 10.2.16 
results:

i-M/ • I f 
i l/i
fr+Q

“T A1 -r AI 
'j - 'cj

where:

LVV

10.2.25.

J
p

A 41

10.2.22.

cZ CltjYCj ' ''V1'"-.; + J-jXj + °U1tj 10.2.24.

Replacing equation 10.2.25 and equation 10.2.24 ' by
corresponding series and introducing the result into 
equation 10.2.22 results:

10.2.25.



A computer procedure ALPHA was developed to solve 
for a n-order polynomial (output from procedure POLY).

To illustrate the basic concept consider the following

The curve equation is:

' 4t)--25 + .15T 1o.2.26.

.here; 4Tl,;)=200 ' J. ’ U5

and ‘
ATj = loo

By direct integration and substituting into equation 
10.2.16: .

J* = + g~( 200)

" loo

10.2.27.

■ IU.5. 10.2.28



I

The average value is expressable as: 
^3oo

- 1 [“25 + 0.1STj<lT
" \ 100

, aoo
J ' ~ , 162.5
c ’ .

The curve equation is:

' o<Ct) = - 25 + *75T

10.2.29.

10.2.28.

10.2.26
where:

d

-25c
.75 and X - 1

Introducing ■V, /R, ,TS 
10.2.25 results as follows:

A’ -25 t .15 M]z
DO

/nr = 162.5 mp

into equation

10.2.27.

10.2.28.

- /\%tkA first order polynomial of the form: 
was utilized in equation 10.2.16., 10.2.25. , 10.2.29 to 
determine the modified Seebeck Coefficient ( cJ ).

The results for all three calculations were identical.

C0MM3NT.

To determine the modified Seebeck coefficient 
computer procedure ALPHA requires the input of the hot_ 
junction temperature (Ih ) and the cold junction temperature



t- f y

( )• Material parameters (i.e. ) are determined
from procedure POLY. The junction temperatures are 
determined by procedure HEATPLUX. Procedure HEATPLUX is 
incorporated into computer program ( CP.5 • ). The
computer program was developed to determine module 
performance for a system operating between heat source and 
heat sink with finite heat transfer coefficients.

10.5 Thomson Effect Influence on Thermoelement 
Temperature. Distribution. ~______ _   

10.5*1 Abstract.

The temperature distribution along the arm of a 
thermoelement will be determined when the Thomson effect 
is included. A heat flux exists when a temperature 
gradient is present in a material and is given by:

%=-AVT 10.3.1.1.

The heat flux is a vector and is not necessarily 
parallel to the temperature gradient. This section will 
be concerned with isotropic material where all thermo
dynamic-material properties are scalar. In addition a 
one-dimensional geometry will be examined. Practical 
device (developed today) performance have indicated that 
no advantage is to be gained by using two or three 
dimensional gradients. In applications utilizing magnetic
fields the tensor properties of the medium as well as the 
three dimensional nature of the problem must be considered.
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10*3*2 Solution of the Differential Equation
for Determining Temperature Distribution.

The temperature distribution along an element can be 
determined from the following: ' •

+ W0) s0
M 5 J A(v) ;

10.3*2*1.

Equation 10.3*2.1 is for the A~ element of figure 
10.2.1 and • equation 10*3*2.2 is for the B- element of 
figure 10.2.1. The symbol (A) is equivalent of the n~ 
type thermoelement and the symbol (B) is equivalent to 
the p- type thermoelement. A program has been developed

(14) where a numerical method coupled with a
high capacity computer (IBM ?09) successfully solved 
equation 10.3.2.1- The method of solution was relatively 
cumbersome for the level of analysis required for this study. 
A technique will be employed, to introduce simplyfying 
assumptions with operational parameters. The first 
approximation is to replace the transport coefficients by 
average values. The method of using average values was 
first presented in reference (6) with a modified
series solution extracted from (13). . The
solution presented in.this section is for the n- type
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element-(purpose of illustration).

Introducing average material values and a constant 
cross-sectional area equation 10.3.2.1 results:

AK £T T(xV
10.3.2.3

A .

From equation 10.2.12:
c t T - T-n X

IT - k"A R> -
and for a - single element :

I
AT "

r
10.3.2.4

Introducing equation 10.3.2.4 into equation 10.3.2.3 results

f A 40 ,A ,x

10.3.2.5.

where -
average material properties

A
For X. - o eauation 10.3.2.3 reduces to the basic

A "
equation of appendix A . Equation 10.3.2.3 is
a linear differential equation with constant coefficients. 
The solution will consist of a complementary function and 
particular integral. The complementary solution is as 
follows: c

ai£i _ 10.3.2.6



The characteristic equation takes the form
4 4- hn = 0 10.3.2.7.

The roots of the equation are:

c 0

■ —i "I
CL 10.3.2.8.

The complementary solution:

W*‘ + C, 6 10.3.2.9.

Introducing the roots of the solution (10.3.2.8) into 
equation 10.3.2.9 results

s\ — 1•cix,
UM, + M % i„.5.2.io.

The particular solution is as follows

T. (x) ■ A“ x 10.3.2.11

where:
is a constant

Introducing equation 10.3.2.11 into equation 10.3.2.3 
results:

A „
_ 0 10.3.2.12.-it/

f ' t A 7

.MXX



then:
Ar-y.

t A
Substituting for A"•(equation 10.3.2.13) iuto< ■ *

equation 10.3.2.11 results ' ’

10.3.2.15.

' The total • solution is the sum of the complementary 
solution and the particular solution resulting

Tiy
tU=c,+Cze * •

The boundary conditions are- introduced to determineZ)
the constants and The boundary conditions
are :

10.3.2.15.
b_. ---- _ ■ -■" -r

A .tA

(o') --Tp,
10.3.2.16.

Introducing the boundary conditions results in two 
equations:

Th; - C, + C, A 10.3.2.17.

Tc- "L + Q6 10.3.2.18.

J ~TT
Letting:

A
c- nx 10.3.2.19



Where

E84

a, h, c, d are the Thomson material parameters.

Solving forQ results:

1 ' . ' 10.3.2.20.

Solving for C. results;/

-C 10.5.2.21.

Introducing equation 10.3.2.20 and equation 10.5*2.11 
into equation 10.5*2.15 with: <

h

results:

fa-V'-k '

D-e‘]
10.3.2.22.

I u "" 0 "j + C

10.3.2.23.

To verify the resulting equation 10.5.2.25 at Tlo) 

” then :

and

TW.eqq >ts-
1W--I4

10.3.2.24.

then:
1 (a)=ea-k>+b Aj ea

10.3.2.25.

Tlx) ---To, 10.3.2.26.
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Equation 1013•2124 and equation 10.3 * 2.26 indicates 
that the differential equation is satisfied by the boundary 
conditions. If no current passes through the element 
equation reduces to

- 0

A/
Equation 1013.2127 illustrates that dT*Aw 

constant. The temperature X"* Ts linear with from
Tfe) - T„ j to TO - Tj . This condition

is indicated -.on the appropriate ' figures within this section. 
The characteristic resulting from equation 1013.2127 can 
also be obtained by applying JT Hospital rule to the 

intermediate fraction of equation

— Pl A k -

IS

(i- e|

(l-1) I-
■7-

I — pl A k

1

and for I - 0 equation reduces to;

Tlx) -R, -1, JL 10.3.2.29 .
• ■ I |H»^

+ L-
The boundary conditions are satisfied by equation 1013•2129<

10.5.3. Thomson Material Parameters With Optimized 
Current Ratios.

The temperature distribution along the element can be 
determined from the following equation:

tMW.
1 -1- c

I - d 4- J- + Tjj £

u
10.3.2.23



where:

2W6

c„ - h
Te‘l 10.5.2.22

The dimensionless current ratio is defined as:

0 = 1 /!< 6.?.1.

The current required to . operate at maximum heat pump rate is

6.5.4.1.
t

Equation 6.5.4.1 reflects the operation for the current 
required to operate at maximum heat pump rate. The . 
current ratio at maximum C.O.P. is expressed as:

7.4.4.5.3

and - ail

- T-y/lq

7.4.4.5.4

Equation 6.5.4.1 and equation 7.4.4.5.4 reflect the 
operation for a thermoelectric couple, in order to utilize 
these diamensionless parameters in equation 10.5*25 (an 
element temperature function) the following transformations 
are introduced.

The Seeheck couple coefficient (J ) is replaced ’ hy:

24.A\ 10.5.5 .



2ay

where:
Seebeck coefficient of n- type element

Introducing equation 10.5*31 into equation 6*3*4,1 • results:

10.3*5*2,

In Soviet literature, the parameter
J

10.3.3.3.
f ^A

is used to indicate the figure of merit of material A. 
Transforming equation 7.4.4.5.4 to reflect the material 
figure of merit of an'element results in letting;

then:

(as defined by 10*3*3*3)

Equation 10*3*3*2 and equation 10*3*3*4 are identified 
as the optimized current ratios* The Thomson material 
parameters resulting*from introducing equation 10*3*3*2
are :

c- teXlL;(y
10*3*3.3



The condition for operation at maximum heat pump 
rate occurs at 6 - .. hee currend required for
operation at max O3O3P. occurs at Q - JL ( . The
derivation of the- term is presented in Appendix

K. . A computer program was developed to calculate 
Tj T,. . as a function of position ratio for

variation in the dimensionless current ratio (©). The 
average material values will be determined in the next‘ r .
section. ' •

10.3.4- Determination of Average Material 
■ Properties.______ ____ _____ _____ _

(a) The thermal conductivity ( Xt) ) is assumed
to have the following form:

and is a constant and is invariant with
temperature, watts/cm. .

(b) The electrical resistivity ( (CD ) is assumed

to have the following form: ’
[ f)

f ’P,T°+ f.T'fT ♦{VT
(c) The Seebeck coefficient ( X(t-) ) 

have the following form:
is assumed to

10.3.4.3.
and the Thomson coefficient for a single element

103334•34•
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The coefficients are determined by experiment. 
final property constants ( J/y ) will be determined

by • curve fitting the test data with a fourth' order polynomial 
Computer procedure POLY was developed as a curve fitting 
routine to a order using orthogonal polynomials with•
statistical termination* • f.

The

The average thermal conductivity will be expressed as:

* k AT
I ‘I- 10.3.4.5.

Performing the integration results:
- . Th

z. 10.5.4.6.
5-51

Figure 10.5*4*1 illustrates the thermal conductivity as 
a function of temperature for a • representative thermoelement

The average electrical resistivity will be expressed as

Th TUt
3^____________
ft

10.3.4.7.

Performing the integration yields:

10*5*4.8 *

T
5 -5

A fourth order polynomial curve fit will be sufficient



-±5

J-

ia
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for this analysis. Figure 10.5,4.2 illustrates the electrical 
resistivity as a function of temperature for a • representative 
thermoelement. The average thermal conductivity will he

A

10.5.4.9.

10.5.4.10.

The average Thomson coefficient will be expressed as

A-
10.5.4.11.

The average Seebeck coefficient is expressed as:

10.5.4.12.

EMU -T<J]
Equation 10.2.25 ( ) is equivalent to equation

Z / X10.5*4.12 ). In order to establish the identity
supporting;: .

A
10.5.4.15.

then :

> 4 I/ 4 f
10.3.4 ..14.

I





 hence:

10.3.^--13-
Q.E.D.

and equation 10.3-4-.13 is established. Figure 10.3-4.3 
illustrates the Seebeck coefficient as a function of 
temperature for'a representative thermoelement. Figure 
10.3-4.3 can be used to estimate the magnitude of the 
Thomson coefficient. Kelvin’s first relation requires the
Seebeck coefficient and the Thomson coefficient be related 
in the following manner; •

Ax ~ .  -
dl " “j~ 10-3-2.4.

Assuming .is invariant with absolute temperature
then equation 10.3*2-4 can be integrated to yield:

cL-Zk 10.3-4.16-

where'

i is the constant of integration.

Solving for the b (Thomson coefficient) results;

•• 4

10.3.4.17 -

Figure 10-3-4-4 shows the Seebeck coefficient (pi,) as 
a function of the K (T) (°K). The slope at any temperature 
is interpreted as the Thomson coefficient at the corresponding
temperature. The average Thomson coefficient over the





range of temperature from ° 085°K to JOO°K (slope of
chord connecting these points) indicates a value of 
approximately 110^q“6 volts/°K, The magnitude of the 
Thomson coefficient is approximately one-half of the 
Seeheck coefficient for the same temperature range. The 
local Thomson coefficient was calculated hy equation 
10.5.2.4 for ' 4. T°K 6 500)with AT = 5°
resulting in a Thomson coefficient of ° 102.5°q-6 Volts/°K 
(numerical average 24- state points). The local Thomson 
coefficient ' was not constant hut varied from . ° 04-O°°~6 
Volts/°K to 3010-6 Volts/°K .

The values of the property constants (k /n j ft, kJ 

were determined hy curve fitting experimental data with a 
fourth order polynomial. The polynomials have the following 
form:

(a) Thermal conductivity (k . (T) ), watts/cm°G

Mt)=2.5l03a>-| - Z.nil ~3T 4 -5V2 - 3.tootI0-U^T5
10 1 00.3.4.08.

The average thermal conductivity resulting from
equation 10.$.4.9 is: 

no°k

y. .0259 watts/cm-°C

3lO°K

and from equation 00.3.4.6:
aao’k

£ % .0247 watts/cm-°C

" .0247 watts/cm-°C



 

f

(b) Electrical resistivity (T) ) ohm-crn

Xt)=-4.ou4io-4 + z -, ■’ 10.5.4.19.
. 2/W|0- ui +.^.^10,-14-1*

The average electrical resistivity resulting from
equation 10.3.4.8 is:

e ‘ Jio°k

- & *001181 ohm-cm

« 3lf

(c) Element Seebeck _ coefficient ( cZ (T) ), volts/°C

-Ill'll2 + 3.22 42T-1421VZTz 4 3i$%(O-5T}-
. 10.3.4.20.

4.H85,- n4
Io

The average element Seebeck coefficient resulting from 
equation 10.3.4,12 is: '

A .228.1510~6 Volts/°K

Mo’K
The average Thomson coefficient resulting from

equation 10,3*4.20 and equation 10.3.4.1 is:
AlO'k •

1 i 56.638^0-6 Volts/°K

10.3.4.1 Thomson Effect Compensation.

It is stated in reference (6) that a technique
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for compensating for the Thomson effect is suhstitute 
average values for the material parameters. The couple 
figure of merit would he expressed as:

n

2. AV

Reference (6)

10.3*4.1.1

indicates that for small T
the Thomson coefficient is correctly taken into account if 

U, is used for the. calculation of £ (figure of merit).
It is also stated that as a first approximation the temp-< - '
erature dependence of and can he taken in account hy
replacing the product (°]° ) hy (U) - However

the proof is not complete. Reference (4, 8) indicated
that these approaches can result in accurate results in . 
some cases and serious disagreement for other conditions.
The authors (4) propose using the Seeheck coefficient
defined as: •'

where:
10.3*4.1.2.

10.3*4.1.3 .

and :
Seeheck coefficient at hot and cold junction 
respectfully

Ta ahsolute temperature at cZ ” c?Z

. . -equation 10.3*4.1.2 can he used when the average
Seeheck coefficient ((/o ) is constant and % a variahle.

V

a



cy y

The technique proposed (for this thesis) is to use 
cA ( J, ) as derived in section 10.3*4, however r and
J are individual de^rmine^ . Private co^r^^ with 

a numher of United1 States thermoelectric system designers 
indicate that a ' 30 - 30 reduction in ' performance is '
expected if the Thomson heat is included in the hasic heat 
halance equations. Reference (3) suggests the use
of the. mean value of the Seeheck coefficient expressed as;

/ eib;

TJ JTJ + J Tic,
J J-.

10.3-z..'1.-.Jj—

where • :
c/ k < • C\c ‘

5 ) ) Seeheck coefficients at hot and cold 
junction temperature

Equation indicates that the Thomson effect
can he accounted for hy using the mean value of the Seeheck 
coefficient rather than the (c/) Seeheck coefficient at 
the cold junction. The modified Seeheck coefficient (J. ) 
is approximately equal to ( + . When
is a linear function (equation 10.2.26) of temperature:

oh; = Z 0015*41015.

From figure 1013•413 the mean value of the Seeheck
coefficient from equation 0013141014 results:

3flo°k

° 207.5-,0-S Volts/°K

2oo° K
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and the modified Seeheck coefficient from equation 10.2.25 
results: 3oo°k

¥• . 5 212.26'Volts/°K

20CPK

Comparison of the results ahove indicate approximately 
2.50 difference in value.

10.5*5 Discussion and Results.

There has heen a few papers on the effect of the 
Thomson heat on the performance of thermoelectric power 
generation systems. Reference (4-) and reference

(15) present expressioni for deterrniningthe
temperature distribution with constant Thomson coefficient. 
Reference (15) indicates the influence of the Thomson
effect on the^heat conduction process. Reference (4) 
determines the expected degradation of efficiency and power 
output hy using a mean Seeheck coefficient. The temperature 
range for thermoelectric generators may he Between 500°K 
to 700°K. The thermoelectric refrigerator falls into a 
lower temperature of operation, 200 - 575°K (B.P. of water). . 
The temperature diOteihution for an insulated thermoelement 
operating at the current ratios for maximum heat pump rate 
and maximum 0.0.2. for hoth positive and negative Thomson 
coefficient will he peesentid in this section. To illustrate 
the general influence of the Thomson effect various numerical 
examples have heen programmed on the digital computer.





Figure 10,3*5.1 illustrates the temperature ratio CrW/'TjP 

as a function of position ratio ( X /J ). Positive
Thomson coefficients exhibit a higher operating temperature 
ratio for both current conditions. The critical position 
at which the maximum temperature ratio occur appears to be 
independent of the magnitude of the Thomson coefficient.c * .
The material properties employed are:

•Figure of Merit 
•Seebeck coefficient 
•Thermal conductivity 
•Electrical conductivity

5.0,0-6 /0C
228.15.q-6 Volts/°0 
1.71yo_2 watts/cm ~ °C 
1.022,q-5 ohm-cm

Figure 10.5.5*2 illustrates the effect of increasing 
the junction temperature difference for fixed positive 
Thomson coefficient. The temperature ratio { T(x) /T,,-) 
is based on fixed hot junction temperature with Aj = 
40°C, 75°C. For AX' -* At, the temperature ratio •
(T (k) I Th y )  --- unity. The slope at "T (o) =
for the current ( J_( ) and Aj = At is expressable

as /

y
x-0

->0
10.5*5*1

The derivation of equation 10.5.5.1 appears in 
Appendix A. Figure 10,5.5.5 illustrates the
temperature ratio ( ^0>/Th, ) as a function of the
position ratio for Ay AT} The maximum junction

temperature difference is expressed as:



TEMPE
RATUR

E RATIO



$0^

AT
J SJ A t2 /> A ° ( K 10.3.5.2.

For the operating condition of *U • = O the current 
required to maximize the 0.0.P, is expressed as:

la -- T
- AT, 10.5.5.3.

With AT = AT. , equation 10.5.5.5 reduces to:
1 J /WUMC

I <?• 10.5.5.4.
XEquation 10.5*5.4 indicates that the slope at )" 0

A -> AT, is verified by figureapproaches zero as 
10.5.5.5. fo illustrate the proposed technique of using 
the modified Seebeck coefficient ) in place of X
and olcj in order to account for the Thomson effect the 

following data was extracted from figure 10.5.4.1 - figure 
10.5.4.4.

(a) 510°K
ATT. 40°c

270°K
228.151O~6 Volts/°K 
.001181 ohm-cm 
.025932 watts/cm°C 
220.0^0-6 Volts/°K 
56.638.q-6 Volts/°C 
61.93°C (based on Jt* ) 
57.65°0 (based on cf- )
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Figure 10.5.5.° is based on the temperature distrib- 
A Cution equation 10.5.2,25 for t° 0 and for L'O

equation A9 from appendix A was used. The figure
illustrates only one set • • of operational conditions for 
I . The difference resulting from employing
the modified Seebeck coefficient or accounting directly for 
the Thomson coefficient for the state conditions of figure 
10.5.5.-- is less than 1?. Reference (3) suggests
the use of the average"(equation 10.3.4.1.4) Seebeck 
coefficient resulting in a value of ° 227.25^q“6 Volts/
oK. The average Seebeck coefficient and the modified value
differ from each other in ° 1 part in 200 for a junction
temperature difference of 40°0, To illustrate the use of 
the modified Seebeck coefficient in place of X and (A' 
for A1j •—° the data (a) of figure 10.5.5*4 was used
to construct figure 10.5.5.5. The hot side junction 
temperature is increased from 310°K to 350°K resulting in a 
AX of 60°0 ( AX = 61.95°0). Figure 10.5.5.5.- . '

illustrates'only one set of operational conditions, i.e.
I ’1 f as ^TL<> for aTj —> . The

difference resulting from employing the modified Seebeck 
coefficient is less than 1.5?. Figure 10.3.5.6 illustrates 
the temperature ratio ( TM/Th y ) as a function of 

for X(-j) operation. The larger negative Thomson coefficient 
has a lower operational temperature ratio. -The slope at

= 0 is not equal to zero as at; + . -





T-r.



10.5.6 Summary.

The,value of the Thomson coefficients_and associated 
material properties are typical of the present state of 
the■art. The figures within this section are for the 
specific cases considered.

. Equations have , been presented for predicting the 
temperature distribution of a single-thermoelement with 
constant average (c) Thomson coefficients. The equations 

can be used for negative or positive coefficients with 
variation, in the dimensionless current ratio (0). The 
influence of the 'Thomson effect has been illustrated by 
introducing numerical examples. When this technique is 
employed the operational temperatures must be within the 
material capability, i.e. AT: — AT , . The temperature

.. J J flhlltf-distribution ( TM/Th y ) associated with the modified

Seebeck coefficient U?) is within 2% of the temperature
distribution when replaces and X . For operation
at maximum heat pump rate positive Thomson coefficients
result in an increase in the temperature ratio (T fx) (THp
in the interior of the element. The slope at X = 0 for
positive Thomson coefficients is an increasing value
( A* ATy ‘ ) indicating that the heat rejection rate is
increased. For operation at maximum G.O.P. conditions
negative Thomson coefficients decrease the TW /Tky
ratio as a function of ( XjT ). Negative increasing

Thomson coefficients depress the temperature ratio curve , 
l "2towards the (zero current) linear function {'.
IT



Reference ' (4) concluded with the following
summary:

(AT; = 400°C, Tnj - 7OO°K, Ttj ~ 300°K)

Results show that "generators" made with materials 
having high positive Thomson coefficients have lower 
thermal -efficiences than generators made'with materials 
having - - low or negative values. The results also showr
that the power output of generators with high positive 
Thomson coefficients is higher than the power output of 
generators with low negative Thomson coefficients. These
comparisons apply to generators with the same average 
Seebeck coefficient.

In applications where thermal efficiency is a prim 
importance, if materials available have — the same 
average Seebeck coefficient over the temperature range 
considered than the lowest value'of the Thomson coefficient 
should be used. If the prim concern is power output, 
materials with high positive Thomson coefficients should 
be selected.
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11.0 PERFORMANCE OF A TWO-STAGE CASCADED PELTIER
DEVICE OPERATING BETWEEN HEAT SOURCE AND HEAT

' SINK WITH FINITE HEAT , TRANSFER COEFFICIENTS.

11.1 Abstract'

The operational characteristics of a two-stage 
cascaded Peltier device operating between heat sink and 
heat source with finite heat transfer coefficients can be

c
determined by a proposed mathematical model. The solution 
considers the thermoelectric module to be operating between 
known heat source and heat sink temperatures (°K), The 
solution employs an interative method and has been
programmed for a digital computer utilizing a Fortran 
compiler. ' -

The - coupling of the basic 2-stage cascaded Peltier 
device to the surrounding environment is based on the
assumption that an m--  order function can approximate
the transfer function of the heat exchangers. The 
resulting iterative procedure yields the current required 
to maintain thermal equilibrium with the heat source and 
heat sink environment;. Determination of the junction
temperatures, inter-stage temperature are resulting 
functions of the current and hence are not arbitrary (as 
is the case presented in section 8.0).

The basic computer programme can be extended to consider 
additional variables as required. Some additional effects 
which may be considered are: insulation effects, packing 
density (60), material properties variant with temperature,
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m- tb stages, variation of X/k for the stages considered

. 11.2 Technique for Determining Operational
Characteristics. ______ __________

c ' ■
'<
11.2.1 ■ Derivation of . Equations,

The operational characteristic of a 2-stage thermo
electric heat pump (figure 11.2.1.1) operating between heat 
sink and heat source -can be determined by the proposed 
mathematical model. The mathematical solution is an 
iterative method for obtaining the balanced operation for 
a system consisting of a 2-stage cascaded Peltier module 
acting as a heat pumping device between hot and cold side 
heat exchangers. The solution technique considers a 
given thermoelectric device operating between known ' heat 
source and heat sink temperatures. ‘

COLD SIDE 
I-AT- EXCHANGER• 
INSULATION .

t

INSULATION '
HOT SIDS . 
HSAT EXCHANGER

Figure 11.2.1.1.
Two-Stage Cascade Configuration.



The material properties can be expressed as:

(1) The internal couple electrical ' resistance is

ClKT = A, 11.2.1.6.

where:
f

1
A

I NT

is the electrical resistivity, ohm-cm. ■ 
is the height of the thermoelement, cm. 
is the cross sectional area of a thermoelement, cm 
is the" couple element resistance, ohms. -

2

(2) The couple junction resistance ( (2j ) is expressed as:

Ri - h jk 11.2.1.7.

where: j is the junction thermoelement resistance, ohm-cm'

Defining the effective electrical resistance: •

where:

eff i a
M , h Fz 11.2.1.8.

F* - -Fetvjl

A

CD
>c. 11.2.1.9

2o The thermal conductance of the couple is:

V.kt - ZhA/A 11.2.1.10

(1) Term defined in



The overall system can be divided into three sub
assemblies for purpose of equation derivation:

1. The cold side heat exchanger and electrical 
insulation interface0

2* The 2-stage cascaded Peltier device,
5. The'hot side heat exchanger and electrical 

insulation interface. <
$

* The symbols utilized to define the temperatures (°K) 
of interest are shown in figure 11.2.1.2?.

HEAT SOURCE

Tm
TbalL IHSULATION

LOWER STAGE

INSULATION

HOT SIDE 
HEAT EXCHANGER

•hi • • •• •
P.

COLD SIDE 
HEAT EXCHANGEE

INSULATION
UPPER STAGE

.wiwr
HEAT SINK .P Ico.

«- • • •

1

Figure 11.2.1.2?.
Two-Stage Ca s cade Reference Temperatures.

The heat flux rate ( Tc watts/cmthrough the cold
side heat exchanger will be approximated byr pltNt
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where: is a constant for a given heat exchanger, 
heat source, and is a function of the fin effectiveness, 
heat transfer coefficient, watts/cm^-°O.

Nc is the exponent constant introduced to account

for variation in overall heat transfer coefficients due£
to■variation in fin effectiveness and for the mode of heat 
transfer, i.e. free convection, forced convection.

The heat flux ( fc watts/cm^) through the electrical

insulation on the cold side is:

rK
-1

Ttl-T<. 11.2.1.2.

where: is the effective thermal conductivity of the
cold side electrical insulation interface, watts/cm -°C

+ is the thickness of .the cold side electrical 
insulation interface, cm.

The cold side junction temperature can be expressed as:

where:

AX —1—
-— 4- __

_1

Ec
L -

l + NC,
11.2.1.5.

11.2.1.4.

and :
v. 7 V ?ph) 11.2.1.5.



s > f

where: is the thermal conductivity of the thermoelement,
watts/cm-°G* ■

The inter-element thermal conductance will he 
expressed by introducing a term called packing density (12)

where:

u)s 2A : a 11.2.1.11.

where:
u) is the packing density

A is the module.area, cm°
Ak .

and

A«-2 A + A 11.2.1.12.

Awhere IhSL is the inter-element cross sectional area,
cur and is expressible as:

a imsl - a Ct io
11.2.1.15.

The inter-element thermal conductance is:

~ -^INSL A|HsL | X 11.2.1.1..

where: is the thermal conductivity of the insulation
material within the inter-element area, watts/cm-°C, and 
is the thermal conductance of the insulation material within 
the inter-element area, watts/°O.



The effective thermal conductance is

11.2.1.15.
£1

then :
w ^Mi 2AC1"°) +

The equations determining a

2U

11.2.1.16.

a,s£Ff and are
based on the assumption that the element heights are the
same for h-: p- thermoelements and Mp-r, Wrk. 
This is not a rigid requirement and is present in this 
form'in order to simplify the equation. The effective
figure of merit ( °ppcc ) expressed as:

3 eff Rgff : keep 11.2.1.17.

The material figure of merit:

£
MAT 11.2.1.8.f'

and

cl - + M
Volts/°C

(2) The 2-stage cascaded Peltier heat flux capability can 
be expressed as

- - 2. kgpF EFpA"Cv

where: j is the cold junction temperature, °K.
J :

11.2.1.19.



 

y • y

where:

is the junction temperature difference, °C

AT, 11.2.1.20.

and "TfcALU. is the hot junction temperature, °K, 
, (upper stage) ‘

-i is the current required to maintain (balance) the 
heat flux load ( iX watts/cm°).

introducing:

A„ = 2A /u
11.2.1.21.

into equation 11.2.1,19 results:

if - _ l^EFF^ _ t&kElT^('11>1,1 2 . 22
° ‘ 2A 4A . 2A ......

Equation (22) is a quadratic relation in i and is 
expressible as

0 : Af - 6Tst + A’ C ATj +'iT, 11.2.1.23.
U

where:

A = i Refp / 4A
6 = i ck / 2 f\

11.2.1.24.

c = ke 11.2.1.26.

11.2.1.25.



By means of the quadratic relation:

1 • /
2 A 11.2.1.27.

The sign before the is determined by power off
operation, -

; , -irc--o , Aj = 0

c
11.2.1.28.

and the negative sign is the required solution

.The current equation 11,2.1.27 relates the current 
for the upper stage of the module at known A. . AT, - and
heat flux load (Dc ).

The power flux input to the upper stage is:
It2P_ =2AI + I at

A.
11.2.1.29.

Symbolically

where:
11.2.1.31.

By definition:
0.0.P. . = Itupper stage -- 11.2.1.32.



 

 

 

 

 

 

The hot side heat flux f-om the upper stage to the low 
stage is:

f.O.P.
upper
STAGEL

11.2.1.33.

The solution requires a coupling of the upper stage to the 
lower stage, Prom a review of literature (3) (13)

“three assumptions appear reasonable.

(1)

where T

1 A,
is the intermediate temperature (°K)

(2) G.O.P. upper stage .0.

O) ATj upper stage

‘lower stage 
Aj lower stage

As a general approach the author prefers:

Aj* lower stage “ AJ ATy upper stage ^^*2.1.3°.

Por the computer output Nr- = 1.2

The heat rejection, from the lower stage can be expressed:
¥ _

_L ftT A I . I 0 a' T6
11.2.1.35.

f;
h

■■ at +z a'i!
LoWE£ 

STAGE-

Lwd
•* cpipies

NLou)e« twees



 

 

 

where:
ItZPj- - 61 AT, +2 A'I 11.2.1.36.

TOWBfd
SW£

LOUWcd
5TA&&

The upper and lower stages are assumed to he in 
electrical series hence I ' is the same for both units.

The temperature drop on the hot side of the lower unit

r
'k

is expressed as:

ATween -Uh
T

-s
F

\+Nh,(
11.2.1.57.

where:
ATw)eC.=5'^5

h .

11.2.1.38.

Equation 11.2.1,37 is in the form previously noted as 
equation 11.2.1.3.

The 0.0.P. of the lower stage is expressible as

= ''y k Lfaft.C.O.P. lower stage 11.2.1.39.

and the overall C.O.P. (V) for a cascaded 2-stage device 

can be given as __

1 "I"
+ c.e.p.

U- UlifcC.
stage V- «P?ee.

sw

11.2.1.40.

1 
4 Y I + C.i).?.

as control values reference (3) presents the following 
relationship for^

max



and

2kAT} jl + ^G'FFTtW!- +l

11.2.1.41.

An approximate1 expression reference (15) shows that:
_ AV"

»O.P. single, s t age(max) _ {V P 
• O.P. 2-stage’Tmax; - i

IX.
l[a t

where:
F = 2 AT; W-AL 11.2,1,4

At -2X
■a ~ • HFM AlvxX. I + ler-f'TMFAM + I 11.2.1.44,

V

«
"t

a
J

11.2.1.42.

r
-V -2.EPf~[K̂PftM

11.2.2 Calculation,,, Procedure,

The calculation procedure used to determine the 
balance operating mode is as follows:

The mode of heat source and heat sink transfer, heat 
source and sink temperatures, material properties, packing 
density (W) and module dimensional characteristics are 
given information. The" required heat flux (l5)) on the

cold side is specified. can be a single value or
variable being incrementally stepped. The cold side 
temperature drop Al^^^ .is calculated by equation
11.2.1.5. The cold side junction temperature ley is 
determined by re-arranging equation 11.2.1.4 T; - Tc - AT
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. In order to determine the current required to maintain 
the heat balance with the environment an initial estimate 
of T„,. is made- The upper stage junction temperature
is then determined^: Aj " “ Tcj . The system

current is determined by equation 11.2.1.27. The current
has been established by the heat load imposed upon the
uppper stage and the "f&AL estimated value. The power
flux of the upper stage is determined by equation 11.2.1.29 
and the C.O.P. upper stage is determined by C.O.P.Upner =
^/P-V The heat rejected ( Tb from the upper stage

to the lower stage is determined by X-» XTC f1/ co -P. -tij .
. c - h- I

Introducing the ratio of the number of couples to the number 
of, thermoelectric couples in the lower stage as:jsj 

and the value of N1 for the ratio of AT. ) AT- 
The power flux of the lower stage is determined by equation
11.2.1.36 combining this value with heat flux load from 
the upper stage to the lower results in the heat flux load 
to be dissipated into the sink reservoir. From equation
11.2.1.37 the lower temperature drop is determined and the 
hot junction temperature of the lower stage determined by
tj • ’ t AL.*, ■ ”s“8 T<** T»i -

e ATjW N'
value of is compared with the assumed value. If
they do not agree by an acceptable error (epso = .05°K) a 
new value is assumed by the relationship Pal 4,1 UH 

and the procedure is repeated until agreement within a 
desired limit of error is obtained. The iterative 
procedure yields the balanced operating junction temperatures 
which provide values for determining C.O.P. and overall

★ IuclX

the solution for the calculated.

C.O.P. - The junction temperatures: *T. T,. .T
i J i MU.
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(intermediate temperature) are then incorporated into 
equation 42, 45 and 44 to determine system potential.

11.2.3 Representative ,, Computer Results.(0.P.8.
1 . contains the Computer Programme)c.

To illustrate the basic data output from the program 
the following is presented. ANUC represents the heat

. c

flux load to the upper stage of the thermoelectric module. 
_ 'BALANCED OPERATION ACHIEVED' indicates that the solution 
c converged to an allowable epso of .03°K. MAXIMUM C.O.P.
is based on equation (41) and OPERATIONAL C.O.P, is based 
on equation (40). . COP RATIO 2/1 is the output of 
equations (43) (44). The heat flux input from the upper 
stage to the lower stage is:

where:
N = 10 .'■ upper

N =45lower 3

VOLTS 1 is an additional check on the system voltage required 
to maintain thermal equilibrium. It is simple to check 
the results for C.O.P. by the following relationship:

Q
C.O.P. OVERALL where (/lM is the

Qm —:

input heat load (watts) to the upper 'stage, is the
heat rejected to the sink environment. The Power input 
(IV) is equal to . The C.O.P. upper stage is



 

 

 

two stage cascaded thermoelectric operation

between heat source and heat sink ■

with finite heat transfer coefficients •

element height cm L 0,2 00

JUNCTION RESISTIVITY ' ohm cm. sqrd RHOJl Q»A50»L04 

ELEMENT CONDUCTIVITY CM CSI GMA 894*0000

PACKING DENSITY ,OMEGA 0*8770

SEEBECK COEFFICIENT' VOLTs/k ALPHA 0«443»«Q3

RIPPLE FACTOR F HOOiO .

PERCENT RIPPLE • 0-00126523 . . ' . '

THERMAL CONDUCTIVITY watts/cm K 0*0147

EFFECTIVE MATERIAL PROPERTIES .

COUPLE ELEMENT INTERIOR RESISTANCE OHMS? 0. I I l 85682l0,Ol

EFFECTIVE RESISTANCE OHHSs 0 * 137 I 3 I»(01 ,

COUPLE ELEMENT THERMAL CONDUCTANCE WATT$/k« 01588000.(02

EFFECTIVE THERMAL CONDUCTANCE W-ATTS/Ka 0#589403b«02

EFFECTIVE FIGURE Of MERIT /k ? 0 ♦ 2 42807*-02 

MATERIAL FIGURE OF MERJT /k5 0*293379*^02 
ZMAT? Of 2 9 6 3 7 9 WrO2/°K

EXPONENT HOT SIDE heat TRANSFER COEFFICIENT? 0*3333

EXPONENT COLD SIDE HEAT TRANSFER COEFFICIENT? 0*8333

ESCBC? 0*|50

FREE STREAM CONDITIONS. ' - "

SOURCE TEMPERATCRE^Kz 250.0000

SINK TEMPERATCRE®K= 300*0000

ANCT= 1*000 . ‘



 

 

 

 

 

 

 

 

 

balanced operation achieved#

heat flux watts/cm sqrd; 1,0000
9, -

HOT FUNCTION TEMPETARURE*K? 304,067 J
c ■

INTERMEDIATE TEMPERATUEES; 270,5280 
COLO JUNCTION ‘TEMPERATURES- 244,4123 

iterations required nn 3, -

circuit current 'i= ' 2,823
C«O«Pt UPPER STAGE; 0«637 .c •
C»0,PfLOWER STAGE; 0,347
MAXIMUM C.OfP,? 0,191 '

OPERAT I ONAL C,0,P«= 0*111

COP RATIO?/1? 2,285 . .

heat ref UPR WATTs/cmSQRD? 2*570
heat INPUT LOWER WATTS/CMSQRD? 0,571

heat ref LWR WATT$/cmSQRD= 2*216
voltage total volts = 2,896
VOLTTIu 2.898
COLD SIDE heat pumped WATTS s 0,9 120019 + 00
UPPER STAGE REJECTION WWTTS ? 0,234457»+ 01
LOWER STAGE REJECTION WWATS ; 0,909549 g + 01
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expressed as:

C.O.P. upper stage

where: Qg upper ' stage is the uPPep stage heat rejection

(watts) to the lower stage,

- ' Qr
andfC.O.P.

wjjLjUAjoAa^.

lower stage
Qrej “Or

11.3 Operational Characteristics of a Two-Stage 
Peltier Deviies.

The figures presented in this section illustrate the 
general output from the computer programme. The results 
will be used to evaluate the ability of a 2-stage cascaded 
Peltier module to maintain a temperature 'difference under 
a given heat load. The basic computer programme can be ‘ 
extended to evaluate the performance of a $-stage assembly 
or possible an m-stage (as an ultimate objective). The 
resulting equations would require additional assumptions ■ 
about the inter-stage temperatures. Very little test 
data exists to support the assumptions required in extending 
the analysis beyond a 3-stage device. '

■ Figure 11.3*i illustrates the operational characteristics 
of a 2-stage module as a function of current with variation 
in sink temperature. The material properties are listed as 
computer output (Section 11,2.3 - Computer Results). • The 
overall C.O.P. is approximately 1/10 of the maximum value
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predicted by equation (42) section 11.2.1. The lower
sink temperature exhibits a higher 0.0,P. and higher heat
pump rate than the higher heat sink temperature. The
junction temperatures have been determined by an iterative
routine. The iterative loop terminates at an error value < »
(epso) of .05°0. Figure 11,3*2 illustrates the overall
junction temperature difference as a function of current.

c

For the heat sink temperature of 283°K at 1 amp the overall
junction temperature is approximately zero with a correspond^
heat flux rate of ° 1,4 watts/cm° (figure 11.3*3)*
Figure 11.3*4 illustrates the (C.O.P. t /C.-O-.P.^g 3 ; ' upper s-bage hwer

, ) as a function of current. For a fixed value ofstage'
current the lower heat sink temperature has a higher
operational C.O.P. ratio. Figure 11.3*5 indicates the 
C.O.P. overall as a function of current for variation in 
the heat transfer exponent. Two heat transfer coefficients 
were utilized to contract•figure 11.3*5; n finite value 
and NJh.Nc • cd (equatoon (1) and equatoon (37)) section
11.2.1).. Figure 11.3*6 illustrates the cold side heat 
flux as a function of operational C.O.P, for variation in 
the heat transfer exponent (finite, oQ value).

11,4 Comparison Between 2-stage Cascaded Device 
and Single Stage Module..

11.4.1 Introduction. ■

This section presents the available computer output to 
determine in a. general way the operational trends associated 
with a 2-stage Peltier device and a single stage module
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operating between heat source and heat sink. In addition, 
it is proposed to indicate that gains in C.O.P. through 
cascading may not be a « prior consequence of the cascaded 
module.

1i.4.2 Discussion and Results

Figure 11.4.2.1 to figure 11.4.2.5 compare the 
operational potential of a two-stage Peltier device and a 
single stage assembly. The heat source temperature is 
295 K and the heat sink temperature is 500°K ( ATj = 5°0) • 
The heat transfer exponents-are finite with material 
properties similar for both configurations (Section 11.2.1 ~ 
Computer Results). 'Figure 11.4.2.1 illustrates the overall
junction temperature difference as a function of current. 
Figure 11.4.2.2 shows the ‘overall C.O.P. as a function of 
current for both the '2-stage and single stage and single 
stage device. The results indicate that the overall C.O.P5. 
for the 2-stage module is less than the C.O.P. for the single 
stage device (as indicated section 11.4.1. ), This
'condition can be supported by considering the following.

From figure 11.4.2.1
stage

11.4.2.1 
single stage

(1) The C.O.P. for a single stage can be defined by:

P TUT,,





then, from the illustration above:

C.O f- = .4.2.2.

and
C.o.p. % Q'J' r - Qi

11.4.2.5.

(2) The C.O.P. for a two-stage device can be defined by:

1,. =

T.
where -

C.O.P.

p.+P,

T».ZT,.*3 J

11 .4.2.4.

2"stage

(3) rnth {^+P1>p ■■■ C.O.?

AT a AT

L C.O.P.
s4q<l

2-SW
The overall C.O.P. for.an m-stage device can be derived as
follows - f)M/lIN

C.O.'P. ' + T 11.4.2.4^.

2-stage



C.O.P.

C.O.P.

11.4.2.5.

I upper stage

= ft,
P

ilower stage

11.4.2.6.

Prom the previous illustration

Ota - + P 11.4.2.7.

Introducing equation 11.4.2.7, equation 11.4.2.6 and 
equation 11.4.2.5 into equation 11.4.2.4 results:

C.O.P,

2 stage
P 4- 9in + P

1
11.4.2.8.

-c-o^ ■ R1

Expanding and dividing through results:

C.O.P.
1

C.O.P.
d C . 0 .P.

JUwtVj
4 C 0 P y

JlyuCv

C.O.P.
11.4.2.9.

which is extended to yield:

C.O.P.
J_ 11.4.2.10.



 



The C.O.P5. for the 2-stage device (as utilized in the 
Computer programme) can be expressed as: .

C.O.P. 1

2 stage + 6.0.?., ' +C.O.P. ' ‘ 11.4.2.11.

Figure 11.4.2.5 shows the maximum C.O.P, (equation 41, 
section 11.2.1) as a function of the junction temperatureo
ratio. The results indicate that the C.O.P5.

= C.O.P.
max ( 2 stage 

max I single* Tbis condition was infered'by 

by the following relationship:(-15)

C.O.P5. cascaded
C.O.P.

©ft single stage
m/f.

11.4.2.12,

(Note: The limited refers to the figure of merit).
The results (15) indicated that at Icy =■ 250°K,

Ph = 500°K for "2: = 3.0°q-3/°K the ratio was 1.20
(2 stage device) and for ATp 50°0 the ratio is

expected to approach unity. To support the results 
indicated by figure 11.4.2.5 an approximate expression 
presented in reference (15) was incorporated into the
basic computer programme. The computer results indicated 
the following:

1.002

1 = tT - 5 watts/cm*

* £ C.O.P.
C.O.P5.

2'stage 
single

Z ' 1.055





 



with :
1.021 1.105

The results given above support the function illustrated 
by figure 11.4.2,3* Figure 11.4,2.4 illustrates the C.O.P. 
as a function of the heat flux on the cold side. For a 
constant heat flux input the single stage device exhibits 
a higher C.O.P. Figure 11.4.2.5 illustrates the overall 
C.O.P. as a function of the junction temperature ratio.
The C.O.P" for the single stage device reaches a maximum 
C.O.P. of ° 3*20 at a temperature ratio of ~ 1.03 with
a corresponding carnot efficiency of ° 33 (operational
C.O.P. ~ 1/10 of the Carnot value). The computer
program developed.in section 8.3 is utilised to determine 
the operational characteristics of the single stage device.

' 5

Two independent computer programmes were employed to deter
mine the operational characteristics of the single stage 
device and the 2-stage module. - .

Figure 6.7*2 exhibits the general C.O.P. characteristic 
of a decreasing function as exceeds c 20°C (represen
tative value). It is proposed to illustrate that two-stage 
cascading can improve performance where the junction
temperature difference exceeds 'U 20°0 (Xfa of AT. ). °° °
To support this conclusion the modular operational charact
eristics were obtained from two independent computer 
programmes. (Computer programme - O.P.5; Computer
programme - O.P.8. ). For the boundary conditions the
heat sink temperature is 300°K and the heat source temperature 

(1) Indicative of /\*T —ATT’ •



  





jru

is 260°K ( AT°> = 60°0). The effective figure of merit

is- ° 2.45^q-' 5/ K which can be used to approximate
the overall maximum Junction temperature difference. The 
overall maximum temperature is expressed as:

■ AL, J « 2EFf 11.4.2.15.

where :
X, (‘K) 11.4.2.14.

then :
c

AT . = 76° G 11.4.2.15.

Figure 11.4.2.6 illustrates the overall C.O.P. as a 
function of the current required to maintain thermal 
equilibrium. For constant C.O.P. operation the current .
for the 2-stage device is approximately half of that 
required for the single stage device. Figure 11.4.2.7
shows the C.O.P. as a function of the heat flux on the cold 
side. For a constant heat flux the 2-stage device exhibits 
a higher C.O.P. than the single stage device. The 2-stage 
module has a flatter C.O.P. as a function of the heat flux. 
(#89 ° 'V* ° 2 watts/cm°). Figure 11.4.2.8 ‘
illustrates the junction temperature difference as a function 
of the current. There is a modest increase in the junction 
temperature difference for the 2-stage device; however, the 
2-stage device is operating under a higher heat flux load 
(i.e. from 2.9 to 10 times the single stage value).
Figure 11*4.2.9 illustrates the C.O.P. as a function of the
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heat load. The 2-stage device has a higher C.O.P. in 
the region (.5 — CJ) .0 2.0 w atts) than a single stage

device. The maximum heat toad wpediittd by the marm- 
facturer is 1, 2 watts under the computer boundary
conditions, ( v-M ). ■Thh 2-stage unit was
designed to operate with a mmairamm W.O.P. at an % 1 watt
heat load (figure 11.4.2.9 based on the-computer programme 
supports the design objectives). The operationalt
temperature difference is $ .75 (equation
11.4.2.15)* Figure 11.4.2.10 illustrates the potential

[ G.0.P- , , \gain ratio , C.0$.
as a function of the heat flux load. The ratio exhibits
an approximate linear function of the heat flux load. 
figure 11.4.2.7 the single stage device saturates at

Prom

.89 watts/cm , and the 2-stage saturates at approximately
p '2.0 watts/cm . '

11-4.3 Synopsis.

A computer programme and a philosophy for analysis has 
been presented in the previous sections. The programme 
(2 stage device) incorporates a very limited number of 
assumptions. The results are presented in a form which 
enables an operational/parametric analysis to be conducted. 
The.computer programme does not access the merits of one 
module-as compared to the other/ this appraisal must 
consider all variables which are weighted to the overall 
system requirements. The programme establishes the 
operational characteristic envelope'on the basis of • 
environmental conditions ( V I „,M c> • The results
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within this section do not support the classical statement 
(i6) , '.... more efficient than a single stage couple

under all circumstances’. The statement deals with ideal
L ' ■

cascading ■ and neglects the effect of environment on the 
overall system ('real' devices). This section concludes 
that the cascaded device has an effectiveness envelope 
which can be determined by the programme developed in this 
study.'
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12.0 TEST AMD THERMOELECTRIC MODULE EVALUATION.

12.1 Introduction.

This chapter summarizes the test results conducted 
with the experimental devices 'constructed using thermo
electric modules. The purpose of the testing was to 
compare the test data with the computer models. The test 
programme can he divided into three major arenas. ' The 
areas of testing were: j

(1) Thermoelectric module assembly (Plate 12.$.1.1) 
z operating between heat source (ambient) and

heat sink with finite heat convection fins 
■ on the cold side and water heat exchanger

on hot side.

(2) Determination of maximum junction temperature' 
difference for:

(a) Single stage device (Figure 12.4.1.1)
(b) Two stage device (Plate 12.4.1.1)

(5) Operational characteristic of basic thermoelectric
module to determine as a function of

(Plate 12.2.1):

12.2 Instrumentation and Control

This section describes the basic instrumentation
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required to evaluate the operational characteristics of a 
Peltier module. Equipment and evaluation techniques were 
selected consistent with the required accuracy. Measure
ments were made of the steady state response of the thermo
electric devices to changes in current, heat load, and hot 
side junction temperatures. The computer models developed 
in the previous sections were compared to the test data in 
order'to establish the validity of the model. The
instrumentation philosophy imposed (author's concept) was

< •
to measure the major parameters independently of each other

The instrumentation used for the measurements will be 
divided into ' $ subsections. The subsections are:

(1) Equipment for the control and measurement of 
the electrical current and voltage.

(2) Equipment for the control and measurement of 
the hot junction temperature.

(3) Equipment for the control and measurement of 
the cold . junction temperature.

Figure 12.2.1 is a block diagram of the control and 
measurement equipment as utilized during the test portion 
of the research.



 

Figure 12.2.1: .
Block Diagram of Basic Control and Instrumentation Facilities
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The temperature at the hot junction ( ) was
controlled by the heat exchanger and temperature controlled 
reservoir. The water circulatory pump rate was controlled 
by a thyristor circuit. The temperature drift during

■ a single • test 'event was less than t .50 0. The steady 
state temperatures were measured by means of a calibrated 
Eureka-Gonstain thermcouple and a vernier potentiometer-

c

Surface temperatures were measured by means of a bonded
c

cstrain gauge coupled to a strain gauge indicator via a 
c temperature sensing network (figure 12.2.2). The circuit
provides a linear output, 120 dmpedence to the
recording instrument, a number of calibration points (in ' 
order to establish the absolute value of the temperature 
and characteristic slope). A test was conducted to 
compare the temperature readings of the thermocouple to 
the strain gauge sensor, (using the thermocouple as the base) 
The temperature range was from +60°0 to.-70°0. The results 
indicated that the expected deviation was less than +.50°0 
at the extreme conditions.

in order to determine the operational characteristics 
of the basic thermoelectric module each variable was 
independently determined. To illiminate the heat losses 
to the ambient and hence facilitate an accurate heat balance
the characteristic tests were conducted under vacuum 
conditions. ( 5 ) Plate 12,2.1 illustrates the
basic configuration installed within the base of the vacuum 
chamber. Thermocouples were implanted in EN8 material 
(above and below the module) in order to determine the heat 
input and .heat rejection rate as a function of junction
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Plate 12.2.1.
Test Configuration for Determining Module Characteristics.

temperatures. The thermal conductivity of EN8 material as 
a function of temperature was made available to the author 
by Dr. H. Wong, Department of Aeronautics and Fluid 
Mechanics, University of Glasgow. The heat input to the 
thermoelectric module is expressed as:

Qin' • 12.2.1.
X

The heat rejection rate is expressed as:

Qe = f ATe A 12-2-2-

X
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The power 'input to each thermoelectric module is 
obtained by means of calibrated current and voltage meters 
(+ 1% full scale deflection). By measuring the three.
fundamental heat variables independently the.overall module 
heat balance is expressed as: • ... .. ~

QV- Q.n + V • 12-2*5*

J.
'The results obtained by using equation 12.2.2 were 

compared to equation 12.2.5 for % 480 test conditions.
The average deviation was less than 5?%* The water flow • 
rate and temperature provides the temperature gradient, 
on the hot side of the module with the heater providing . 
the temperature gradient on the cold side. The junction 
temperatures are determined by projecting the temperature 
readings (5 per side, total of 6 per junction) to the 
positions corresponding the thermoelectric module interface. 
The test data indicated that the temperature slopes were 
linear (within + 2% maximum) and the projected temperatures 
at the front and rear of the thermoelectric modules were 
within + 5/ (maximum) of each other.

The ' heat input to the thermoelectric module based on 
equation 12.2.1 can be compared to the heater power input 
measured by meters. The heat ' input to each module is 
approximately -J of the heater voltage x heater current. 
During this phase of testing a comparison was made of the 
heat input per module; the results indicated less than 
? 5% deviation (full scale deflection) based on meter 
readings from the*values calculated by equation 12.2.1.
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Plat© 12.3.1.1

waterinlet/outlstFROM HOT SIDE HEAT EXCHANGER

THERMOELECTRIC ASsEEKY



12.5 Operational Test Between Heat Source and
Heat Sink With Finite.Heat Transfer.Coefficient

12.5.1 Introduction.

The graphical data presented in this section (12.5)
l*was based on two thermoelectric assemblies. Plate

12.5.1.1 shows a convection heat exchange ’tree’ mounted 
to the cold surface ' of the thermoelectric module. Figure
12.5.1.1 is a cross sectional illustration of the thermo
electric configuration. Appendix N presents the 
basic material properties of the thermoelements. Plate
12.5.1.2 illustrates the basic equipment required for this
test phase. Tests were conducted with andwithout the 
convective fin attached to the cold plate. The water 
flow rate on the hot side of the thermoelectric assembly 
was 755 ml/min + 5 ml/min (during a data sweep). Statis
tical tests conducted on data repeatability concluded that 
at the 5/ level of probable significance no difference was 
evident. Statistical tests were conducted during the
testing phase to support the characteristic trends. The
room temperature was maintained at 22%0 +1.5% with a 
minimum of room turbulence. .

12.5*2' Discussion . of . Test. . Results.

12.5.2.1 Convection Fin Attached to 
. Cold Side Thermoelectric

Assembly.

Figure 12.5*2.1 illustrates the junction temperature



Pl^to 12,3,1,2



 
t3'rXd<rXatjuxe

cold

ULT&

Fig. .12 p.1 . 1;

H+ Water ■ floa I’a’uc 
Gonvqctlv€ -fin

I - f- -j-±T ' ' '

50 ml/nin

platqi-Ml-

CTRR2N3V.Ai'FS

H i„

95°:

JU! ;ctio'i
rpm pr

r TETIPERAT
mmii:IRE • DIFFERENNCE m

AS;A
I . . .-

•uhcti6n:-o: CURRENT

ERAT7,AT

-

iii i i i

XL

T3-:

?UTSR
?ROPS IITY-CIINSTA•rMlvxERl 

IT

uii
:o€0-

mtri

r -re

tttrrr

c

-j.
-H-r f-X

JRE

□Hr
1 Jrn



difference as a function of current. The temperature 
parameters are based on an average value for the first 
and second thermoelectric module of the assembly (figure

A statistical "t” test was conducted of the 
corresponding■temperatures for both modules. The results 
indicated that both modules exhibited' insignificant 
differences. Computer programme ( C.P.3. ) output based
on the”- mathematical model of chapter 8.0 is presented on0 ■
figure 12.5.2.1.1. The computer programme in thzLss6 

c instance utilized material properties invariant of temper
ature. The deviation between the test data and the

c

computer model for X *7 4 amps is attributed to the
material properties exhibiting temperature dependence.
The variance appears larger as the inlet water’temperature 
to the hot side heat exchanger increases. The thermo
electric material property°at 23°C was supplied by the 
manufacturer (Appendix N ). The representative
data points collected during the experiment and presented ’ 
on figure 12.3*2.l| figure 12.3.2.1.2 correspond to the 
average of 30 to 40 test points with an extremely small 
standard deviation. Figure 12.3.2.1.2 illustrates the
cold side junction (T° . ) as a function of inlet water 

temperature for - variation in thermoelectric current.
Each constant current line represents between 30 to 40 
recorded data points. The thermoelectric assembly (plate

‘ 12.3.1.1) exhibited saturation at a current ° ° 3 amps,
i.e. for X ”7 3 amps \Cj * increased. At an inlet water

o *temperature of 20 C with a current of 3 amps, condensation 
was evident on the thermoelectric assembly. Figure 12.3.
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2.1*2 indicates extremely good agreement with the computer 
model and the test data. To obtain this close correspondenc 
it was necessary to incorporate into the computer programme 
a temperature dependent linear function (degredration of 
material property as temperature increases). The

e >

incorporation of a material temperature function as a 
possible solution for the difference between the computer

c

model and the test result was indicative of an appent highc
system voltage. A high system voltage indicates a large 
emf ( Ck DTj ) indicating that the junction temperature 

on the hot side is excessive and hence the material 
properties will require adjustment. Figure 12.5.2.1.3 '
illustrates the temperature at the root (surface of thermo
electric assembly) of the convective tree’. The surface
temperature was measured by four thermocouples and one 
thermo-strain gauge.

12.3*2.2 Thermoelectric Assembly with 
Flat Plate on Cold Surface.

The basic thermoelectric assembly illustrated on figure 
12.3*1*1 is utilized for this test section. The convective
fin is■removed resulting in a flat plate in contact with 
the ambient. The purpose of this test section is to
determine the .aaequacy of the computer model to predict 
module steady state response with a variation in heat 
transfer exponent (equation 8.3*1 *4-. ). The removing
of the convective fin will decrease the heat load and 
hence the cold surface temperature will decrease as compared 
to the assembly with the fin (plate 12.3*1*1)* Comparison
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of the results in this section can be made directly to .
the data presented in section 12.5*2.1, The operational 
variables for both test conditions were maintained constant 
to facilitate statistical comparisons. High emf (voltage)
and high hot junction temperatures were again in evidence. 
Figure 12.3*2.2.1 shows the junction temperatures as a 
function of current for variation in the inlet water 
temperature. The cold side junction temperature reached
a minimum of ' % 271°K at 5 amps with a water temperature 
of 20°C. This is approximately 7*3°0 lower than the value
presented on figure 12.3*2.1.3 (convective fin attached).

' c

Figure 12.3*2.2.2 illustrates the assembly surface temper- ■ 
atpre as.a function of current for variation in inlet 
water temperature. Figure 12.3*2.2.2 indicates a rapid 
decrease in surface temperature as a function of current.
The minimum value occurs at a relatively low current 
magnitude. Figure 12.3*2.2.3 illustrates the junction 
temperature difference as a function of inlet water •
temperature for variation in current. The dots (©) represent 
a representative number of test points. There is good 
agreement between the computer programme and the test . 
results. The computer programme employs a temperature 
dependent linear function as indicated by the results of 
the previous section. •

. The high voltage evident during the test was investi
gated. ' Figure 12.3*2.2*4 illustrates the hot side heat 
exchanger. The following conclusion results: ,
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(1) Internal damage to the thermoelectric modules 
during transit.

Measurement of the resistance using an A.C.
' bridge circuit indicated that the resistance

is as specified by the manufacturer. The■ c •
. value corresponded to the value (R^p^ ),

c *
(2) Poor design of the Ueat exchan^r.

c, .

Figure 12.5.2.2.- illustrates the water 
. circulation path, The cooling appears to

an ’edge’ only, :

■ c rThe heat load and ■ the operational- C.O.P. as- ■ a function ■ 
of current for variation in inlet water temperature vill be 
presented in section 12.5.2; figure 12.5*5 and figure 
12.5*-.
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Figure 12.5*2.2.4.
Thermoelectric Assembly Heat . Exchanger With Water Circulation 

Path Indicated.
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12.3.2.3 Thermoelectric Module With/
Without Convective Fin Attached 
to Cold Junction Plate. 

This section describes the results of testing a single 
module with and v/ihout a convective fin attached to the cold 
junction plate. Plate 12.3.2.3.1 shows the heat exchanger 
attached to the thermoelectric module. The thermoelectric 
module tested in this section is from the same productiont
lot as those (2) illustrated on figure 12.5.2.2.4.

Plate 12,3.2.3.1.

Thermoelectric Module With Convective Fin Attached to Cold 
Junction: Plate.

*
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The heat exchanger is constructed from sheet Lu 
with all contact surfaces polished. Heat exchanger flow 
rates and ambient conditions are the same as in the previous 
section. Figure 12.3*2.3*1 illustrates the junction 
temperature difference as a function of inlet water 
temperauure,. for variation in current. Comparison of the 
junction temperature trends with the previous sectionc -
indicate a general improvement. Figure 12.5.2.3*2 .

c

illustrates the junction temperature difference with the 
cold junction plate exposed to the atmosphere. The junction 
temperature difference with the convective fin removed is' c
larger than with the fin attached. With the fin removed 
the heat load on the module decreases and for fixed hot 
junction temperature the cold junction temperature will 
decrease thereby, increases. Figure 12.3*2.3.3
shows the’ cold side plate temperature as a function of 
inlet water temperature. The results support the 
feasibility of quick freezing biological specimens under • 
ambient room conditions. For a water temperature of 
20°0 and a current of 5 amps the cold side temperature is

255°K (-20°C).

12.3*3 Summary.

The computer model formulated to determine the 
operational characteristics between heat source and heat 
sink is in good agreement with the test results.

Extreme care is required to match the heat rejection
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rate (Qg.) of the thermoelectric module to the capability 
of the heat exchanger. Considerable improvement in 
performance can result by increasing the heat exchange, 
wetted area in contact with the module.

r
‘ < *The contact resistance between the module assembly and

c

the heat exchanger interface must be as low as economically 
feasible. Poor contact design ( a relative term) results 
in large AT; across the ' junction with subsequent loss 

in performance.

12.4 Maximum Junction Temperature Difference 
Determination.

12.4.1 Introduction,

Measurement of AT 
elementary forms of the Peltier 
tested for this section were as

can assist in evaluating 
device. The Peltier devices
follows:

(1) Single Stage Device
(a) Thermoelectric assembly (plate 12.$.1.1).

A 2" thick polystyrene insulation sheet 
. was attached ■ to the cold junction plate.

The insulation decreases the heat load on 
the thermoelectric assembly■and is expected

, to simulate -- P 0 (a condition indicated
in section 6.5.6. for obtaining /\|: ).

(b) Thermoelectric module (plate 12.5.2.3.1).



  

The tests were conducted in a vacuum 
chamber under a vacuum of / 10 ^“hg.
Two test■configurations were employed.
The first test configuration positioned

* two thermoelectric modules with' their
cold junction plates opposed. Figure
12.4.1.1 illustrates the basic assembly < ■
configuration. The second configuration 
consisted of placing a highly polished 
plate in place of the upper module/heat 
exchanger'as illustrated on figure 12.4.1.1 
to act as a radiation shield. The flow 
rates are the same for both configuration.

Figure 12.4.1.1. 
Opposed Module Configuration.



pop

(2) Two stage Device

A two stage device as shown on plate 12.4.1.1 
r was tested under vacuum conditions. The C/a heat exchanger

of the previous section'was utilized on the hot side of the 
two ■ stage device. , Plate 12.4.d.2 shows a side view of the 
two stage device, with a free convective 'tree’ attached to 
the hot junction plate. A radiation shield was utilized 
near the upper stage to reduce any radiation heat.

12.4.2 Background.

When considering the quality of thermoelectric material 
to perform as a couple of a Peltier device the thermoelectric 
figure of merit is usually used. The material figure of 
merit, is expressed as:

2 12.4.2.1.

where:
Seebeck couple coefficient, volts/K 
Couple electrical resistance, ohms 
Couple thermal conductance, watts

The determination of is often made by measuring
the three material parameters and computing 2 ■ by 

equation 12.4,2.1.■ An alternative method utilized is 
considered below;:

In the following discussion it is convenient to
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consider a Peltier couple as shown:

The.net heat absorbed at the cold junction is:

iff- Vt/kT; 6.3.10.

The current required to maximize is :

6.5.4.1.

With this current and 
insulated) then:

0 (the cold junction thermally

“1— 2 QAT = 0.5 P,-Pp

' T
6.5*4.6.

1

With the electrical resistance as:

12.4.2.2.

and :

12.4.2.4.



 

pbb

' There is a fundamental assumption that is introduced 
into the analysis (and discussed in section 6.5.1, comment). 
It is that the temperatures are invariant of current. This 
assumption when applied to the derivative of with
respect to the current results as follows:

T. ” p4,f-IR
12.4.2.5.

Using equation 12.4.2.4 with the measured value of 
AT... (at Tq ) and 2 the figure of merit 

be computed. There is a distinction between T so
may

determined and one determined from measuring,
separately* This test method (measuring Aj J

determines a composite or effective 2 for the Peltier 
device. In the material measurement procedure, the 
materials have a relatively small temperature difference; 
while in the /\j. experiment a large temperature 
difference will exist. In the range: C;TT - f 
the figure of merit is not necessarily constant; but is 
usually a function of temperature. In addition, it is 
difficult in the AT; . . method to separate the effects 
of thermal and electrical junction resistance. Consequently 
the AT- method is expected to yield a "T effective
(as illustrated by equation 7*2.5*1) which is . less than 
computed from the separate material parameter method.

These considerations not with standing, the ' 
measurements are useful as a direct indication of the 
expected performance of a Peltier device (the equations
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of section 6.6 can be utilized to determine expected
performance). If the material characteristics comprising 
the thermoelectric couple are known then the figure of 
merit of the material may be compared with the effective 
figure of merit from .he AT method. This allows
for an evaluation in a quasi-quantitative fashion of the 
effect of junction.resistance and material variation with 
temperature. In other words, this is a measure of the 
success of the fabrication processes employed. In addition 
to the figure of merit, the measurement establishes
another useful parameter, the current required for maximizing 
the heat pump rate.

12.-.3 Single . .Stage.Device .

12.4.3.1 Thermoelectric Assembly,

Figure 12.3*1.1 is the basic thermoelectric assembly 
that is modified to determine the maximum junction temperature
difference ( ATT ) when ©< ----i 0. The assembly
without cold plate convection fin was encapsulated with 
insulation material. The insulation material acts as a
thermal barrier between the room ambient and the cold face
of the thermoelectric assembly. Figure 12.4.3.1.1 is a
plot of ( r —?0) as a function of current for
variation in the water.inlet temperature to the hot side
heat exchanger. The maximum A I- occurs at approximately J
5.5 amps. The magnitude of ( 9 —0) as compared
to figure 12.3.2.2.3 is not encouraging. The general 
trends appear to indicate a °°G to 10i0 increase in AT;
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for Q $ 0 as compared to the assembly where a flat plate
is exposed to the ambient. Figure 12.4.3.1.2 indicates

lc* and Tr as a ' function of current> RUN °U«FCte
for variation in the inlet water temperature. To operate 
with a sxirface temperature below 273°K (0°C) requires an 
inlet water temperature of less than 20°0 and 1 — 3 amps
Figure 12.4.3.1.1 and figure 12.4.3.1.2'contains the data 
required to calculate the effective figure of merit. To
illustrate consider the water inlet temperature of 20°0 then:

□ Aj 2[2J§!HfF " (265)2
. I r rat -ff) ° 5.5 amps

2-eff * 5/10

Data recorded by the manufacturer indicated the following:

° ' C 2.C481 at ° 6.0 amps
(246)2 , °

with: . ‘
'l.5910-5/°c

• The test results in general indicate that the assembly 
exhibits a minimum temperature at a relatively low current 
value. From equation 6.3.4.1 and figure 12.4.3.1.2 the 
material sensitivity can be determined from:
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where: L1 I
12.4.3.1.2.

The test configuration indicates: 3<j' A 5-5 amps 
with a (A I a)a) of C 5 • The minimum cold junction

(1; ' ') is expressed in degrees Kelvin.
J MlM-

12.4.3.2 Opposed Modules (Vacuum 
Environment).

As illustrated by figure 12.4.1.1 a test was conducted 
under vacuum conditions. The upper and lower thermoelectric 
modules are the units incorporated into the thermoelectric 
•assembly of section 12,4.3.1 (plate 12.33.11.1). Six thermo
couples are positioned to each junction plate for each (2) 
of the modules. Throughout the test programme statistical
sampling of the test data indicated that the temperature 
variation recorded by the thermocouples on the same and 
corresponding junction plates were insignificant. The
data presented on figure 12.4.3.2.1 and figure 12.4.3*2.2 
were based on thermocouple measurements for the lower 
module (as the upper module thermocouple data was statist
ically compared to the lower unit and the results indicated 
no significant difference). ' Figure 12.4.3.2.1 illustrates 
the cold junction temperature as a function of current for 
variation in inlet water temperature. The minimum cold 
junction temperature corresponds to a current of 4.5
amps. Figure 12.4,3.2.2 illustrates the junction temperature
difference as a function of current for variation in inlet
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water temperature. Test results indicated that
is an increasing (monotonie) function of current. This
condition is associated with the characteristic of the hot 
junction temperature (i.e. -h—h order curve). There is a 
hot side temperature limit imposed by the electrical tinned 
connectors. The manufacturer indicates the limit of 
material melt at 125°C (398°K). The results are indicative 
of a test programmetin which the junction temperatures are 
not constant. Testing in which the hot junction temperature 
is maintained constant will.be as illustrated by figure 
12.4.3.2.3• The minimum cold junction temperature ( =
0) can be expressed as:

I + Z-Z In* - I ------- --------
2

12.4.3.2.

and
12.4.3.3 .

Ontimum Current for Maximum Temnerature Difference.



The resulting equation (12.4.3.2) is based on the 
assumption that the hot side junction temperature is 
invariant of the curre^'b. '

Comment. .
(?

■It is the opinion (based on the tests conducted and 
the computer models) of the author that for conditions 
in which Qin — 0 and where thermoelectric operation
is between heat source and heat sink the operational 
variable /k"Ty as a measure of efficiency can be a 
misleading parameter. For this ’real’ operating condition, 
the values of > hj’ should be considered in
relationship to Qs ’ and to the power requirements
to maintain the heat balance.

12.4.3.3 Module With Radiatoon Shield 
(Vacuum .E^irironmeni^^) .. . 

The purpose of the test performed under the above title
was to compare AT: as determined by the opposed module
technique (section 12,4.3.2) and the conventional configur
ation as illustrated by plate 12.4.3.3.1





Plate 12.4.3.3.1.
Radiation Shield Positioned Above Cold Junction Plate of 

Thermoelectric Module.

A radiation shield (highly polished plate) is
located at close proximity to the cold surface plate of 
the thermoelectric module. The flow rate and associated 
parameters are consistent with the previous section. The 
data was compared by computing the "t" test to determine 
if any significant statistical difference existed. The 
results at a confidence level of 934 indicated no signifi
cant difference. An additional test vets conducted with 
the flow rate of twice the value of the previous section 
(secUion 12.4.3.3), to determine the relative increase in

AT- Figure 12.4.3.3.1 shows the cold side



Junction temperature as a function of the inlet water 
temperature for variation in the current. Table 12.4.3. 
3.1 is . indicative of the comparable results. Increasing

Table 12.4.3.3..1.

Current
amps

flow rate. 
ml/min c water temp.°G

n; Oo o

4 ‘ 600 50° 262*2 , 54.5
4- 300 50° 269.0 49.3

A 6.8 5.0

1 600 . 30° 281.3 22.3
1 300 30° 22^.^ 19.3

A ' 4.0 2.8

AT
A(AT \ALA) ) appears to be a

tn\M.

. increasesthe flow rate decreases L; an
5 Min

The magnitude of change ATTc: . . . ,
.. J MtrV f

function of the current magnitude (indicative of joule 
heating effect). To justify the increase in performance 
will depend on the system requirements and the overall 
C.O.P. (including water pump efficiency).
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12.4.4 Two Stage Device With Radiation 
Shield. (Vacuum. , Environment).__

c - 12.4.4.1 Introduction.

The purpose of the tests conducted was to determine ,
the effect of current and water temperature on T ■

A1". S>«wY
(upper stage) and tJ\j (overall). Plate 12.4.1.1
shows the top view of the two-stage cascade device. A 
radiation■shield is positioned above the upper stage.
The hot side heat exchanger and. flow rate is as utilized 
in the previous section. The first stage of the two-
stage device consists of 43 thermocouples (the single stage 
module of the previous section has the same number and 
element dimensions as the first stage of the two-stage 
device). The upper stage of the two-stage device consists 
of 10 couples which are in electrical series with the 
lower elements. .

12.4.4.2 Results.

In reference ■ (3) it is stated, "theoretically
it should be possible to double the maximum AT j using
a 2-stage module but, practically it would be difficult to 
raise it more than one and a half times the value of a 
single couple". To indicate the expected increase in■ 
overall AT; a two-stage device was attached to
the hot side heat exchanger. The hot side heat exchanger 
was previously utilized in section 12.4.3*2 and in section 
12.4.3*3* The flow rate and vacuum conditions were
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maintained under the same conditions as the previous 
section. The junction temperature difference of the 
previous section was multiplied by the factor 2 (i.e.
2 • (single stage device)) and plotted with the
test data of .the 2-stage cascade module. Figure - 
12.4.4.2.1 illustrates the overall junction temperature

cdifference as a function ' of water inlet temperature for 
variation in current. The results indicate that the 2-c '
stage cascade module as tested (within experimental limits) 
appeared to be performing at a higher value than stated in 
the quote above. There are construction differences 
between the 2-stage module and the single stage unit. Somes' 
of the differences which were difficult to control are:

(1) The inter-element thermal insulation is 
different for both units.

(2) The contact pressure between the module hot
junction plate and surface of the heat exchanger 
is difficult to torque test. '

(3) Fluid flow rate is difficult to monitor.

Figure 12.4.4.2.2 illustrates the upper stage cold side 
junction temperature as a function of inlet water temperature 
For a 20°0 inlet water temperature with the current at 2 amps 
the cold side junction temperature is ° 245°K (-28°0) and

from figure 12.4.4.2.1 is ° 65°0. Figure
12.4.4.2.3 shows the circuit voltage as a function of the 
lower stage hot junction temperature with current a -
variable. For the test condition illustrated for [. ° 
310°K at 2 amps the•voltage as indicated on figure 12.4.4.2.3
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is ™ 3,35v (power input 7*70 watts). The voltage
is an approximate linear function of the hot side junction 
temperature. The average slope is ° 0.4 volts/°G for
( I 6 % £ 3*3 amps). ' The voltage function is expressed
as: ' , ,

. ' V-AhTh

a

where :
C ■

% average slope, volts/°G 
B (I) parameter (current dependent)

The results indicate that the 2-stage cascade module 
can approach twice the junction temperature difference of 
a single stage module. The linear characteristic of
I?* ' and Voltage as afunction of temperature is 
encouraging. The minimum ly occurs fit 2 amps (for 
test configuration). The low value of current is
representative of s- ----° 0 .(vacuum 10 Tots). In
an actual design Qs would be an input variable with 
subsequent solution as outlined in section 11.2.

A 2-stage module was utilized for cooling an optical 
decoder positioned within a vacuum housing. The heat 
rejection was by convective fins. Figure 12(4(4(2(4 
illustrates the basic assembly.



 OPERATIONAL TEST ASSEMBLY 
Plate 12.4,4.1

I



  

MU'O

F STAGE I TUEGMOELECTRIC
Z0-1 STA6E| device

90UER INPUT

Figure 12.1.1.,2.4. *
Optical Decoder_ - _ Thermoelectric Assembly.

12.5 Operational Characteristics of a Thermoelectric 
■ Module.

12.5*1 Introduction.

In order to determine the operational characteristics 
of a thermoelectric module it is necessary to independently 
measure the following operational variables:

(1) Heat Pump Rate, i.e. watts input,



(2) Heat Rejection Rate, i.e. watts output, Qfi 
(5) Electrical Power Input, i.e. IV, p

In terms of measurable variables this can be expressed
as :

and

Q5 - ' — ( Tj j , •••••♦ material properties)
V V" ’ •••••• material properties)

The test was conducted under vacuum conditions in 
order to eliminate:ambient effects. Two thermoelectric 
modules were tested congruently within the vacuum assembly. 
Plate 12.4.4,1 indicates the basic material geometry. The 
technique for measuring the operational variables is 
presented in section 12.4.2?. Throughout the test programme 
statistical sampling indicated that there was no statistical 
significance between the data recorded for the upper module 
and the lower module. The data represented on the figures
are based on the average for the upper and lower module.

12,5.2 Results.and Synopsis.

Figure 12.5.2.1 and figure 12,5*2.2 illustrates 
as a function of TviJ for variation in Qs (watts input) 
and 0,0,P. with fixed current values. The assembled data 
was compared to the output from the computer model, (section 
7.4,4,6), A statistical sampling technique-was employed
in which 844 points of the test data was compared with the 
computer model. The results indicated that the average
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deviation was less than 3$* The deviation approached 5%
with high hot Junction temperatures ( Tm % 60°0).

J .

The heat load and the operational C.O.P. as a function 
of current for variation in inlet water temperature (to hot 
side heat exchanger) is determined as follows:

(a) The basic thermoelectric assembly with a flate 
plate on the cold junction plate (plate 12.3*1*1 - 
less 'tree’) . is the configuration considered.

(b) Prom figure 12.3*2.2.1 determine . and P_,
* ' 

corresponding to the current and inlet water
. temjoerature.
(c) Prom figure 12.3*2.1 and figure 12.5*2.2 locate

***T***’hj ) l.j and I corresponding to (b). The 
heat pump rate (%) and C.O.P. is then determined 
directly. Prom the data presented in section 
12.3*2.1 and section 12.3*2.3 combined with '

. figure 12.5*2.1 and figure 12.5*2* 2 results
similar to figure T2.5-2.3 and figure 12.5*2.4 
can be constructed. A curve fit computer 
programme was utilized to construct figure 
12.5*2.3 and figure 12.5*2.4.
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C.?. 1 .
DD0179BOOWU-+P1500079PSP-
begin. comment This program calculates the effect of 

configuration geometry for maximizing the C.O.P., 
four distinct ratios are presented as output data 
showing the expected degradation of performance;

integer f 1 ,* ...
real s igman, sigmap, ASUBP,1,KSUBP, alpha,OOEGA, DELT,
TSUBG,P,rho jn,rho jp,KSUBN,KSUBi; 

procedure owner,; .
begin write text(7O,[[2c]WALLACEsSHAKUNss-AERO*ENGR[2c]]):WKff JTXLfara* TCibi J < ' ■TTjnw wm ^-jm^*** J

C .

end LINE 10 owner:
comment Examination of equations***********

■iibji mm^wKWirtTH'iTiru _

and**ss*s#ssssss show that there are two ’
variables which can be adjusted to maximize the 
coefficient of perfoomancertheee are the 
parameter p and the shape factor 0subn/0subp.The 
coefficient of performance being positive the 
shape factor is maximized by minimizing the 
product KR.The value of the maximized or 
optimized shape factor is designated in this 
computer progarm as N.The term factorXN is 
utilized to indicate variations from the 
optimized shape factor . To limit the error when

’ utilizing.system operational approximations it is 
required to have a limit control on the ratios,



 

and . These limit controls are required inorder 
that the parameters lambda,reciprical function as 
found on pages and, figure and be as close to 
unity as possible,when absolute values are 
required . For relative comparison results as •
presented in this computer program values of 
lambda or reciprical function are not restrictive;

procedure C ONFIG(s igman,s igmap,ASUBP,1,KSUBN,KSUBP,
f 1 }f2,f3,f4,alpha,F,OMEGAJDEBT,TSUBC,rhpjn,rho jp,KSUBI) ; 
value . s igman,s igmap,ASUBP,1,KSUBN,KSUBP,f1,f2,f3, 
f4, alpha, P, OMEGA, DEBT, TSUBC, rho J, rho Jp , KSUBI;
Integer f 1,f2,f3f4;
real. s igman,s igmap,ASUBP,1,KSUBN,KSUBP,aIpha,F,
OMEOA,DELT,TSUBC,rho jn,rho jp,KSUBI;

• begin. real tpp,bPttpm,N,rhpn,rhpp,term1,tenm2,R, 
term3, K, ZMATERIAL, REFP, term4, termS, KEFF, 
ZEFF,DBTMX,DBTMXEFF,factor,M,terml1,term22,
RR,term33,KK,fREFF,term55,fKEF'F, ZEFFf,
COPMX,DBTMXf,COPMXf,A,QMAX,QMAXf,QATCOPX,

' QATCOPXf,B, C, COPATMXQ, COPMXQf ,D;
write text (70 ,£the*equat ions shut ilized^-are*

apprpximatipns*ane*are*fpune*in*sectipn**** 
********[c ( and^on’^table*-************** * ** 
of*this*thesis[2c] J_);

write text(70,[cold*junction*temperature*~*]);



 

 
 

 
 

write(70,f2,TSUBC);
write text (70,_junction*eempepature*eLifferenee*=en]) ) 
write (7O,f2, DEBT) ;
write text (YO^hot-enanctiin-'Hemperature-^-x-e) r 
write(7O,f2,TSUBCfDEBT) * newline(70,2) ;
rOnn:-irsigmani rhon^l/sigmaap top i^KSUBPXrhon;
bottom :=KSUBNxrhiop; N:~scjrt (top/bottom);
comment N is the ratio of ASUBN tn ASUBP; 
write text(70,£shape*ratio*«e2); write (7O,f3,N);
newline(70,2); terrnl:«rhonS(NXASUBP);
term2:-rhop/ASUBP;
comment / is assumed the same for the n-or*p- 

type element;
R:-lx(terrnl4term2); term3:=K<SUBNXN+K<SUBP;
K:= ASUBPXterm3/l; ZMTERIAB: = (alphaT2)/(rX<K) ;
write text (70j^mmie rialefigure^of-xmerlt*"*]] ; 
write(70,f1, ZPATER1AB) ;
REEF)= )R+2xrho npSASUBPf2Xrho jn/(NXASUBP) )xFT2; 
comment 'F is the ripple effect, rhoj is the

Junction resistivity ohm-cm*sqrd; 
term4(=((«OMEGA)/(OXOMEGA)j 
comment OMEGA Os the packing density; 
term5:=(AEUBP+NXAEUBP); KEPP:=K+ KEUBOxterm4xterm5; 
comment KSUBO is the insulation thermal conductivity; 
ZEPP:=(alphaT2)/(REFPxKEPF);



 
 

 

comment This is the effective figure of merit 
when the configuration is at the required 
value for maximizing the C.C.P., this 
configuration is known as the N-configuo*anion;

write text (70, Jfigure*of*merit*for* , , .
N-con0iguration*'=#2) ;

° write( 70 ,f ( ,ZEPP) ; DLTMKjn-q^T^r^u^c^^^T^xZMATERiAI^x^O. 5;
write text( 70 ,beax*tnmperature*difOerence*

corresponding*^imaterla1*figure*of  #merit*=_]) ; 
write(70rf2rDLTMX); .
write text( 70 ,£raox*temperaturo*difOerence*

corresponding^-to^N-conf iguration*-*J) ;
DITTUCEFF: = (TSUBCT 2XZEPF) XO. 5; 
write(70,f2,DLTMXEFF); newline (70,2); (
for factor;- .8 step .05 until 1-50, 1,0 do '
begin write text (70,Jf^^tt^c^^=^«^'Jj<_) ;

write(70,f4,factor); Mn-Nx^f^a^c^t^oi^;
terml1:-rhon/(MtcASWBP); termSSn-rhop/ASUBP;
RR:=lx(trrrn11f-term22) ; term33:=KSUBNxM+KSUBP;
KK:- ASUBPXterm33/l;
fREPF :=(RR+2xrho Jp/ASUBP+2Xrho jn/ (Mx 

ASUBP))xFT2;
term55: = (ASTOP-+MXASUBP) ; 
fKEFF:= KK+KSUBiXterm4-xterm55;
ZEFFf:-(alphaT2)/(fREFPXfKEFF);



comment The MN-conflguration Is based 
on the condition that the material 
geometry does not correspond to the 
N- configuration;

write text( 70 ,£figigle*oP*merit*
cprresppneing*to*^N'J-configaratPon-«*2(t) 5

write(70,f1,ZEFFf); ■ .
DBTMXf (« ( TSUBCT2xZEFFf )><0.5; 
write text(70,Jmax*temp*defference*

cprresppnding*tP*■MN~cpnf iguration-*Jj_) ; 
writeC70,f2,DBTMXf); ;
COPMX:=0.5X(DBTMXEFF/DEBT - l); 
comment COPMX,QMAX,QATCOPX,COPATMXQ are
HnU'wi' iMf

based on the N-cpnfig^uratipn,the 
symbols ending with small case f are 
based on the NM-configuration;

COPMXf:=0.5X(DLTMXf/DELT - l);
'A:«COPMXf/COPMX; ..
write text( 70 ,^l[aaio*oP*In^oc*cpp*
• MN-conf ig^artipn*tp■*max*cpp*•

N-oonf iguration*= *JL) 5 
write(70,f3,A); .
QMAX:=KEFFXDBTMXEFFX (1 - DELT/DLTMXEFP); 
QMXf: =fKEFFXDBTMXfX ( 1 -DELT/DBTMXf ) ; 
QATCOPX:~ ( DEBT/DLTMXEFKQMAX) ;



 
 

 

 

 

 

 
 

QATCOPXf (DELT/DLTMXfXQMAXf);
B: “QATCOPXf/QATCOPX ;
write text(70,__rrato*of*heat*pumping* 

rateeat*max*cop*MN~cnnfiguratlnneto* 
heat*pump*rate*N-configuratinn*-*J!) ;

write(70,f3,B); C^QMAXfSQMAX;
write text( 70 ,£ratioemaxeheatepumpe

rate eMN-configurat ioneto emaxeheat* 
pump*rat0 *n-conf igurat oon*»*;

write(70,f3,c) ;
COPATMXQ:-O.5x(l -DELT/DLTMXEFF) ;
COPMXQf:-«O ,5x(1-DELT/DLTMXf);
D: «COOPMKQf/COPATMXQ;

write text(70 ,]ratio*cop*at*max*q*
MN-configuraton*to*cop*at*max*q*at* 
^configuration*-*^) I

write(70,f3,D); newline (70,2);
end LONE l42 innerloop;

end LONE 143 CONFOG;
■ iJIUM 11, ,M J

open(20) ; open(70) ; f 1 : ^format (£hss-d.ddioSndc_]) ;
f2 : -format (_48+nddd. ddc (] ; f3 : -format (J^ss-nddd.ddaddc]) ;
f4:-format (_6s+ndd.dddcn_) ; ov.ner; sigman:-read(20( ;
sigmap:-read(20); rhojn:fread(20); KSUBI:-read(20);

.rhojp:-read(20); ASUBP:~read(22)) l:=read(20);
KSUBN:-read(20); .KSUUP:—read(22); alpha:-read(20);



P:=read(20); OMEGA:=read(20)( DELT:=read{20))
TSUBC:=read(20);
CONFIG(s igman,s igmap,ASUBP,1,KSUBN,KSUBP,01,02,03, 
04,alpha,P, OMECA, DEBT,TSUBC,rho jp, rhojn,KSUBI);

close^o);. cloee( 70);
cend — '

c



 

 
 

 
 

 

424

CUP. 2.

DDO17 AOOO WPU+P1 30 0079PSP-> ' '

begin comment This program calculates the design and
operational characteristics of a modular 
thermoelectric couple; -

Integer f1,rc,f3,f4, 1 ,f22of33oflO
f55,f66,E5f; . .

real_s igma,1,rho j,P,A,OMEGA,KSUBI, K, alpha,TSUBC, 
cDELTjOmega,density,ASUBI,ratio,Istar,11;

procedure owner; .
begin write text(70,[[2c]WALLACE*SHAKlUN**AER0*ENGR[2c]][ 
end LINE 10 owner;
procedure ( concept 1; ,
begin write text(7Qj[[c]This*program*calculates*

for*a*given*pedule*design*the•*Jj_ '
■ performance^characteristics^for^various*

co Id* junct ion*temperatures *Jc[J

hot *to *coId* junct ion*t emperatures *and*
currents! 2c] _]_);

end LINE 18 conceptl ( 
procedure heading1; .
begin write text(70o£[c]OPERATlONALT

CHARACTERlSTlCS*OF*THE*Gl^^*lMO^^:U3£c2]);
' write text(70oU>2ELEmNT*HElGHT*=***********

cm._t2JlUTCTI0N*RESlSlTlVlTY*~=********** . 
ohm.*cm.*sqrd.



--s

********l/ohm*cn£c2PACKING*DENSITY*^=******* 
****[c]EEEMENT*AREA*«*********cm*sqrdtcj. 
SEEBECK*COEFFICIENT*»**********volts/deg* 
kel[c[HEIGHT* OP*MODULE*“* * *********** *** * 
cmU.cTHEICHT*0F*PEDESTAL*«**************** ■ 
cmJUdRIPPLE*PA CTOR*- ** * ** ** * ** * * * * #[3cJJJ ;

end LINE 31 heading!; '
procedure _ heading''
begin write text(70 jJJJcJthls^prograi^calculates* 

the*geometrical*parametersJJc2 4
associated*with*the*heat*Olow*model*that* 
yield*the*values*of*q/qsubciJ?3c]L);

write text(70,[Jc]definition*0f *geometrical* 
parametersJc]]);

•—»W MMMWkV* ? ■

write text( 70 >J£c2lstar*r*c^imeneeInlese*
length*of*the *therwelectric*Jc2coluimiJc]]);

write text [70 ,_[.Jster*o=*dimeneiInless* 
parame ter** 1 [ bJc /r star*=*d imen eionlees* 
parametrr**a/b[jj_) ;

end LINE 44 heading; .
procedure coopts;
begin write text(70,[ [c]procedure*optilax*and* 

subtab*when*included*JcJextend*the*
Computational*accuracy*0 f *the *pro c e dure * 
iterate [c/]) ;



write text (70,,[[ 2c jThreeereaiepmcedures* 
calculateethe ed imens ionles separame ters e 
required*aseinputef’or*procedureeiterate][2cJ]J ;

end LINE , 53 concept;
real procedure rstar(density,ratio);
value density, ratio; real , density, ratio; 
rstar:- sqrt (densityx0.5Xratio);

comment ratio is the pedestal area to element area;<■
comment density is thermoelectric packing density;

mniar.«*inw " '-—S v J
real procedure hstar (l,density,ASUBl);
value 1,density,ASUBI; real 1,density,ASUBI; 
hstar:- lxsqrt((3.l456xdensity)/(2.OxASUBi));

comment 1 is the height of insulation, density is
packing density,ASUBl is cross sectional area of element;

real procedure zetal(lstar); value Istar; real lstar; 
zetal1-Istar;

comment Istar is the ratio of height of element to 
height of insulation;

real procedure _ phaseq(omega,E,f11,f22,f33,f44-,f55,f66,FF); 
comment ' procedure phaseq is a numerical soulution 
of the heat transfer equation;
comment t[i,j] is the value of tau at eta-ixh, 
zeta=jxh where h-1/n. Starting values must he 
assigned,which might all he zeros or else values 
previously derivedfor i-l(l)n, C-l(l)n-1;



value ( pmega,E,f11,f22,f33,f44,f55,f66; label EF;
Integer E,f11, f22,133,f44,f55,f66; real omega;

begin Integer ( J,i,nm1,no,n,m,k; „
real, d,s,b,h, 1ambea,rau,a,w,APRIM,BPRIM,YO,Y1,

Y,P,f,tt,s1,r,QSUBK,Q,SP,RATIO,epsp$ ' '
begin heading; concept;

noentler(o.5x( 1.O/rstar(density,
" rrtlo) -1.o)) + 2.0;

if Istar < .8 then epso:- .01 else epso:- .001; 
if rstar (density,ratio) < .1 then

- begin k;- 1; goto F 
end LINE S6*

.. if rstar (density,ratio) < .2 then
begin k: = 3; goto E 
end LINE 8;
if rstar (density,ratio) < .3 then 
begin k:- 8; goto F 
end LICHEE 92;
k:~ 18;
comment the above if statements is the 
technique for minimising the matrix

‘ required and maintaining an accuracy 
' of approximately 4 per cent. The

iterative solution was compared with 
a closed solution for approximately



l44 points;
F: n:=no x k; h:~l/n;

begin real array t[0:n+1,0m],t1[lni-1 ];
for j :- 1 step 1 until n-1 do 

' for i: ~ 1 step _ 1 until n do t [ i, j] ;-0;
comment_ the starting values have 

’’ been assigned; • •
cd: = 1.0 - zetal(istar);

' s:=-zeta1(lstar)/d; b:-h/d;
c nml:« n-1; _

for j:- 1 step 1 until nml do_ 
begin tl[jb=t[n,j];

, comment right side of
' interior domain;

s: -b+s;
t[0,j]:-if s< 0 then 0 else s; 
comment boundary condition

left side;
t[n+1,j]:=>t[n-1,j]j
comment boundary condition
■ I MR ■■milllMiiJ I !■

right side derivative 
zero across r;

end LINE 122;
for i:- nil step -1 until 0 do 
begin t[i,0]:- 0;



comment lower boundary condition; 
t[i,n]:- 1;
comment . upper boundary condition; 

end . LINE 128; '
comment_ The above two 0oi- loops •

set up the boundary conditions 
for the difference equation;

lambda: ~ (ns -bair (dens ity, rat io))/
(1,0- oetao(deneity,ratIo));

mu:- (l.O- ostar(deneity,ratIo)) 
/bstar(l,density,ASUBI);

a:-(lambdai lambda)/h; w:- 1-omega; . 
s:-imXmu[ c:-0.5Xomega/(1.Ois [ ;
b:==sxc; m:=0;
comment loop control term;
Oor . si:- 0, s while s> epso do
begin r:-a; s:- 0;

Oor i:- 1 step. 1 until nml dp 
begin, r; r + 2.0; d:- c/r;

for /:- 1 step 1 until nml do 
t[i,J]:= t[i,/]xw + 
t[1+1,/]x(c+d) + 
(c-d)xt[i~1,/]+'bx(t[i,/+1 ]
+ t[i,/-l])

end LINE l4g;



comment_ The above
expression sweep equation 
is equivalent to equation three;

£££.. 3J step 1 until nml do 
begin rt t[n-, j] := .

t[n,j]xw +(c+c)xt[nm1,j] + 
bx(t[n,j+l] + t[n,j-1]);

8:= abs(tl[j] - r)+s; 
tl[j[:^r '

end LINE 159;
* comment_ 8 is now the sum on

c

the right hand side of .
equation ten;

m:-m+1;
if m=E then goto_ EE; 
if sl/o then QSUBK:=s/sl; 
comment there would follow

a sequence of 
instructions using the 
adjustment of omega if 
this were to be optimized;

end LINE 171;
write text (70,£PACCKNG*DENSITY**=*2);
write (70,f44,density);
write text (70, [Cross-sectional*



 

area'>:-of-'-elemenl*men); 
write (70,f11,ASUBl); 
write text (70> £Pedestal*area*

to*element*area*=*L); 
write (70,f11,ratio); - -
write text (70, £Heiggt*if*eliment*=en); 
write (70 ,f 11 ,(ls-ba:rxl));
write text (70 ^Jt^eepsoi^^^) ;
write (70,f11,epso);
write text .70 ,£lstari-*)) ; •
write(70,f11,Istar);
write text :70,Jrstrr*=_]_) ;
write(70,f22,rstar(density,ratio));
write text .7B,£bstai*~)J) ;
write (70 ,f33,t>star(l,density,. ASUBl) ) ;
write text .70,£matrix*size**n*«*e);
write(70,f44,n);
write text(70,titerationst=tj) ;
write (70,f44,m);
write text( 70 ,Jomegt.o-=:*2) ;
write (70,f11,omega);
write text(70,2_temperatur•

write(70,f44,t[n,n-1]);
write text(70,£QSlW*t=*J) j
write(70,f55jQSUBK);



' comment The Q ratio is next to be '
evaluated using a trapezoidal 
approximation for the integral;

APRIM:“(rstar(density,ratio)
' ~rstar(density,ratio) .

Xrsfcar(density,ratio));
BPRIM:~(1.O~rstar(density,ratio))x(1.0 -

rstar(density,ratio)); 
r YO:=(l.O » t[o,n»l]);

Y1:-(l.0~ t[n,n-l]); Q :-0; 
so:=APRIMKYO 4 (APRIMi BPRIM)x Y1; 
for i:« 1 step t 1 until, n«1 do 
begin Y :«(1.0~ t[i,n«1]);
/ f : «( APRIM+BPRINmiiXh)xY; Q: =Q+2xf (
end ' LINE 214 loop;
RATIO:=Q+so; write text(7O,£RATOO*=»*J) ; 
write(70,f66,RATIO); 
comment The heat ('leakage is

calculated as follows; 
tt:“ phaseq:= RATIOx(lstar/

density-.5xratioxlstar)4(,5xratio-l); 
write text (70, THeat*leakage*»*2); 
write (70,f66,tt);

end LINE 223;
end LINE 224; . '



 
 

end . LINE 225 phaseq Iteration;
procedure module(f1,f2,f39> f , f5>f6,f7,f8,sigma,11, 

rhoj,P,A,f,OMEGA,KSUBi,K,alpha,TSUBC,DELT); 
value f1,f2,f3,f4,f5,f6,f7,f8,sigma,ll,rho 3,F,A, 
f, OMEGC, KSUBI, K, alpha,TSUBC, DELT;
integer f1,f2,f3,f4,f5,f6,f7,f8,f;
real sIgma,ll,rho j,P,C,OMEGA,KSUBI,K,alpha,TSUBC,DELT; 

begin real rho,interior,junction,REFF,term!,g,
term2,KEEP,ZEFF,DLTMXEPP, introd^ata, ISUBQ, 

c muq,theta,muph1,VOLTCPL,I,bracket,QSUBS,
denom, PHI, QUVOL, QUMODCRC,QRMODCfUU, QUCREA; 

concept(; heading1;
' write text ( 70, jMCTERIAL*MDULEExppRFORMANCEj2cj2) ; 

if f-0 then
write text (7 C^The-JthermoolectricJ-elernent * 
is'pooi t io n ed‘o n^'a-Jpedestal *2) else _ 
write text(70,(The*hpt*and*epId* junctions * 
ame*seperated*by*the*e1ement2); ‘

new line(70,2); '
terml :«(fX2XA)x(1-OMEGA)/(llXOMEGA); 
comment. OMEGC is the packing density; 
if f-O then .
g:~phaseq(omega,E,f11,f22,f33jf44,f55jf66, 
FP)x2xC/11 else g-: = 1;

terms(=gx(1-f); ’



comment f“0 for pedestal,f—1for non pedestal module; 
write text(7O,UfaEF£8sjMSFF9sJLZEFF[2c]2)j 
rho:~ 1/sigma; interior:™ rhoxll; 
comment 11 is height of thermoelement; 
junction:- 2xrhoj;
REFF:= (2xFT2/a)x(interior+junction);
comment F is ripple effect;
write (70,f1,REFF); -
KEFF:- (2XAxK/11)+KSUBIx(term1+term2);
comment KSUBI conductivity of insulation;
write (70,f2,KEFF); ZEFF:= (alphaT2)/(RE3FF<KEFF)j
write (7O,f3,ZEFF)j

RE2AD: TSUBC:™ read (20); newline (70,2);
write text (7O,_[TSUBC*=*_2)j write (70,f4,TSUBC);

write text (70 ,£L2c.lD'LT^Flj,X^iBj>fnn^]HlX8s.lISiUB^2c21); 
DLTMXEFF:=(TSUBCT2XZEFF)XO.5; 
write(70,f5,DLTMXEFF);
introd:=DELT/((ZEFFxTSUBC)x(O.5XDELT+TSUBC)); 
hata:=sqrt(1+ZEFFx(0.5XDELT+TSUBC)); 
muphi: == intro dx( (+bata) ;
comment upper value of input variable has 
been asigned;

write(70,f6,muphi); ISU3Q:=alphaXTSUBc/REFF;
comment section (;
write(70,f7,ISUBQ); newline(70,2); rauq: =(.0;



 

 

comment lower value of dimenslonless input variable:
^■ilri'it i fc c I «i~t ■ m T inn rt ■ ■ ll ** tf

for theta:- (mnq + .06) step (-.02) until 
(muphi -.02) , nrnphi do_

begin VOLTCPL:=alphax(thetaxTSiUBC+DELT);
I:-thetaXlSUBQ;
bracket :'=(2.0 XthetalthttaT2-DELT/DLTMXEFF); 
QSUBS : =KEFIX;DLTMiXE'’PBbracket; 
denorn: =2X (thetaT2+thetaxDELT/TSUBC) ; 

PHI^bracket/denom; QUV0L:=QSUBS/(2xAxll);
QUMODARA :=QUV0LX0MEGAX11.;
QRM0DARA:=QUM0DARAX(1+1/PHI); ,
QUAREA:=QUVOIX11; write text(70}£THETA*=*£) 5

■ write(70,f8,theta);
write text(7O,£V0LTAGE/C0UPLE*»*X)j 

write(70,f8,VOLTCPL);
write text(70,[CUraflENT*AJ«,S*-*l) ; 
write(70,f8, 1);
write text(70,£HEAT*PTOP*fUTE--WATTS«-jC)5 
write(7G,f8,QSUBS); '
write text(70,£C0EPP*0P*I^EaSI^0RMANCE*=*J>) ", 

write(70,f8,PHI);
write text(7O,£HEAT*PUMP*RATE/VOLUPEP=*2.) 5 
write(7O,f8,QUVOL);
write text(70,£HEAT*PUMP*RATE/MQD*AREA*=*j_)5 
write(7O,f8,QUMODARA);



write; text {7O,XHEAT*REJECTION/MOD*AREA*=*2.) J 
wrlte(7O,f8,QRMODARA);
write text( 7<0 ,£HEAT*PUMP*RATE/EEE1WIT*

area*=*D :
write(70,f8,QUAREA); newline(70,2);

end LINE 305 innerloop; •
c write text (70>£[pJ£) j

if read boolean(20) then goto READ;hMmuH ' Mu w i q ibiiiw11 wS'rirwwi m—m ■<

FF: write text(70,2.the*pm’pgram*has*not*cpnvemged2) ; 
end LINE 3J9 module; .
open( 20) ; open(70) ; £ (format (£4e.ddio/nd£( ;
f 2 ( format (£3 s+d. ee^io?^ne£) ; f ( ( - format (£4s +d (edo/ndc)) ;
f4:- format (£3s+-ddd.dcJ) 5 f 5 ^format (£3s+ndd..d) (;
f6: f oomat (£3s+ndd. dd.J) ; f7 :=format (£4s+ndd. deeecc£) |
f8)=fommat(d4s4nded.eeeee<cd); f11:=0pmoat(d9s4ne.eeddc£);
f 22' -format (£9s+nd. deedcJ) ; f33: -format (2l 2s+nd. ddddc JJ ;
f44 ( -format ( £12s-ndd. eeddcJ) ; f55 ( -format 1d9sond. ddeecJ) ;
f 66 :-format (£9s+ndd.Tedddcc2) ; owner;
comment A is the same as ASUBI and OMEGA is

equivalent to density;
s igma^read (20 ); l:-read(20); rho j :-read(20);
F^reae^O); A:-reae(20)) f:=reee(20);
OMEGA( -read^O); KSUBI:-read^O); K:= read(20);
e1pha:-mead(20)) DELT:-read(dO)) 11:-meee(dO);
omega ( -read^O); E:« readme;; lstar:-meae(dO);



ratio : =read(20); densiiy ::je£id(((2)) ASUBI:-read(20);
module(f1,f2,f3:f4,f5,f6,f7,f8,sigma,11,rho j,F,A,f,

• OMEGA,KSUBI,K,alpha,TSUBC,DELT); 
close(20); close(70);

end -> ....



O.P. 3
DDOI725OOWPU+PI500079PSP> ,
begin: comment This program calculates the design and 

operational characteristics of a modular ■ 
thermoelectric couple operating at maximum 
temperature difference; .

Integer f1,f2,f3,f4,f5,f6,f7^f8,f;c
real sigma^Ilftrj,PAA,OMEGA,phaseq5KSUBI,k,alpha,TSUBC; 
procedure . owner;
begin write text(70J [: 2c ]WALL/iCE*SHAKUN*AEERO<-EN;tR gc] ]) ;
end LINE 9 ovmer;
procedure concept2; ‘
begin write text(70, [_[c]This*progeam*ca1euiates*

for*a*givnn*mcdu1e*dnsign*the*2 c J '
perfcraance*charantnristic*cperating*at*a* 
aaxiaua*temperature*2c1diffnrence*thn* 
parameter*is*the*dimenslonlessccurrent[2c]]);

end UINE l6 concept2;
procedure heading2;
begin write text( 70 jUjojOPERATIONAL*

CHARACTERISTICS*OF*THE*GiVEN*MODULE£cli);
write text(7O,£LcjjELEMENT*HEXGHT*«***********

' ca.;c]JUNCTION*RESISITIVITy*«**********
ohm. *cmi. *sqrd . £c2C0NDUCTIVITY*0F*ELEMENT*-* 
*******-*l/ohm*cm£cJPACKING*DENSITY*=******* 
*** *[c]ELEMENT*AREA *— **** ** * **cm*s qrdJDc]



SEEBECK^OEFFICIEN?*-*********^^/^*
* * * * * ** * ** * * * * ** * *kel2.c_jHEIGHT*0F*M0DULE*=*

■ ***cm2c2HEIQHT*OF*PEDESTAL* * * * * * * * * ** * * * * *

^mte.RIPPLLEFFATTRR*-**************^^]:]} ;
end LINE 29 heading2 (
procedure. MODMAXT(f1,fS,f3,f+,f5,f6,f7,f8,sigma,1, 

rho j,F,A,f,OMEGA,phaseq,KSUBI,k,alpha,TSUBC); 
value f1,fS,f3,f4,f5,f6,f7,f8,sigma,l,rhoj,F,A,f,
OMEGA,phase q,KSUBI,k,alpha,TSUBC; ‘
integer. f1,f2,f3,f+,f5>f6,f7,f8,f;
real sigma,l,rhoj,F,A,OMEGA,phaseq,KSUBI,k,alpha,TSUBC; 

begin real rto,interior,junction,REFF,term1,g,
term2,KEFF,ZEFF,TSUBH,DLTMXEFF,introd,bata, 
ISUBQ,muq, theta,muphi,VOLTCPL, I,bracket, 
QSUBS,denom, PHI,QUVOL, QUMODARA, QRMODARA,QUAR'EA;

write text^O^MATERIAL^ODULE^'ERFORMANCE^cjlJ)) ; 
write text ( 70,J2REFP£8^s2K^I^^^^islZEFF22cj2) ; 
rho:- 1/sigma; interior:- rhoxl; 
comment. 1 is length of thermoelement;
Junet ion : « Sxrho J;
REFF:- (SXFT2/A)x(interior+junction);

• comment F is ripple effect; 
write (70,f1,REFF); 
terml:- ( fXSxA) /( LxOMEGA)x ( 1 -OMEGA) ; 
comment OMEGA is packing density;



 

g:- phaseqx2xA/l; temm2:- gxCl-f);
cpomena. f-O for pedestal, f-1 nonpeeesae1 module;
KEFF:- (2xAXk/l)+KSUBix(temm1+term2) ; .
write (^^^O^jUEPF); ZEFF;- (alphaT2)/(REFKKEFF))
'write (7O,f3,ZEFF);

READ: TSUBC;- read (20); newline (70,2);
write ■ text (70 jpTSUBC *=*_)_) ; write (7O,f4,TSUBC);
DLTMXEFF:-(TSUBCT2XZEFF)XO.5; .
TSUBH ( -DLTfXEFF+TSUBC;
write text(7O,£TSUBH*MAX*w*2.)$ write (7O,f8,TSUBH);
newline(70,2);
comment this section is based on TSUBC being 

a fixed operating condition;
write text(70, [ (2CJDIT^'XCEFF[4s]MUPHr(8s3ISUBQ(2c]() ; 
write ( 70, f 5, DLTMEEFF) ;
intro d^DLTMXEFF,/ (ZEFR<TSUBC)x(O. 5XDLTMXEFF4TSUBC) ) ; 
bata:-sqrt(1+ZEFFX(0.5XDLTMXEFF+TSUBC)); 
muphi:-in trod^Ifbata);
comment upper value of input variable has 
been assigned;

comment muphi must be approximately unity by 
virtue of ISUBPHI approx equal to 
DLTXISUBQ/DLTMXEFF)

. write(70 ,f 6,muphi); ISUBQ:-alphaXTSUBC/REFF;
comment section 1;



 
 

 
 

 
 

 

 

write(7O,f7,ISUBQ)< newline(7O,2)5 muq:~1.O$
comment lower value of dimensionless input variable; 
for theta:= (rnq+.o6) step -.025 until

(muphi-.2O), muphi do.
begin VOLTCFL:=alphaX ( thetaXTSTOC+DLTMXAFF1) 5 . 

I:=theteX<SUUBQ5
bracket:=(2.O Xtheta-thetaT2~1.O);
QSUBS: =KAFFxOLTPXAFFXbracket 5
denorn: ~2x(thetaT2-+theta<DLTMXEFF/TSUBC) 5

' FAI: =bracket/denom; QUVOL:=QSUBS/(2xAXl) 5
QUMODARA:=QUVOLxOPEGA< 15 .
QRMODARA:-QUPODARAX(1+l/PHl)5
QUARAA:=QUVOLxl5 write teXt(70,HCTETA*«pJ) (
write(7Oof8,theta)5
write text(70,£V0LTAGE/C0UPLE=**C.) ;
write(70,f8,VOLTCPL);
write text (70,£CURRENT*AMP**«*C.) ;
write(70of8,l)5
write text(70,JHEAT*P^01P*RATE-~WATTS*~*C)5 
write(7O,f 8;QSUBS);
write text(7Oc£COEUF—U*PERFRMMANlEf«*C) ( 
write(70,f8,PHI);
write text ^Bj-HcAAA^PUMP^RAAT/AOLUMEp^J) ( 
write(70,f8oQUVOL)5
write text ^OjCHCATAPUMP^RAT/MODo-AREAp^cC 5



 
 

 

 
 

 

 
 

write(70,f8,QUMODARA);
write text(70,2HEAT*REJECTIDN/M0D*AREA*=*2); 
write(70, f8,QRMODARA);
write text(7O,£HEAT*PUMP*RATE/ELEMENT*

AREA*-*})I
write(70jf8,QUAREA); newline(70,2);

end LINE 106 innerloop; ■
write text(7Q, [ [p] ]-) ;
if read boolean(20) then goto_ READ;

end LINE'109 MODMAXT;
open(20) ; open( 70); P1 :-format (H-d.ddio^ndJ) ; -

t f2 (-format (£3s+d. ddio/ndj) ) f3 ( « format ( (J-!-std. ddo/ndcj[);

f5 ( “format (J?3s+nddd. dj^) ; 
f7 : -format (£4s-tndd. ddddccj) ;

f4 : == format (£3s+nddd. dcj) ; 
f 6 ( -format (£3s~l-ndd. dddj) ) 
f8format(_24s+dddd.dddddc2_) j owner ( concept2;
headddg2; sigma - =-2?ea.d.(20) ( l:-read(20); -
rhoj:-read(20); Fs«:eedd(20) ( A:-read(20))
f:—read(20)) 0PMEGA:-read(20)) phaseq:-read(20);
KSUBI:-read(20); k:“ read(20); alpha:-read(20);
MODMAXT(f1,f2,f3,f4,f5,f6 ,f7,f8,sigma ,l ,rhoj ,F,A ,f, 

OMEGA,phaseq, KSUBI,k,alpha,TSUBC); 
close(20); close(70); .

end —



0 cP * 4
IDO(724oowpu+p150Oo?9PSP» •
begin comment This program calculates the design and

operational characteristics of a modular • 
thermoelectric couple operating at a temperature 
difference of ZERO degrees;

integer f1,0d,03,0’4,f5of6o77,f8,f;
real sigma, 1 ,rhoj,F, A,OMEGA,phaseq,KSUBII{aalpha,TSUBC; 
pmocedume owner;
begin write text(7O,NL2c2WALLACE*SHAKUN**AERO*ENGR£RcW ; 
end LINE 9 owner j 
procedure concept1;
begin write text(70^UJoiThis*pmpgmem*ce1cu1ates* 

the *oper at ional*char ec ter istic s*o f* a* 
thermo electri ([chuo dule*op erating* at* a* 
aelopemature*difference*pf*zemo*degrees* 
w ith* input* of*a* hcjdimens ionle ss* current* 
p 111X10 ter^knovne* as* the ta[2 c] ] ) ;

end LINE 17 concept;
procedure headingl;
begin write text(70,[[c]OPERATIONAL*

- CHARACTERTSIIT^S*L^I* ’T^HE^-'<!^:PEEN-MODUIEEG^c2T^) 3
• write text(70, ((c^ELEMEN^HEIGHT*-***********

cm•dcdoo^^oo^T^c^o^*^pR^^^:^^:^^^:^A^:^' 1̂^•^^=********** .
ohm. *co. *sqre.dc2CONDUCTIVITY*OFEIEmMENT*-* 
********l/ohro*cm[c]PACKING*DENSITY*-*******



****jcj_ELEMENT*AREA*--*********cm*sqrd2o2 
. SEEBECI^COEUEICISNT^^-^^-^-^-volts/aeg*
keIJcJHEIGHT* OF* MODULE*-** * * **** * **** * * * *** - .
*cmjc ]HEIGHT*OF*PEDESTAL*-****************

° cmCclRIIPLE^FACORR*-*******-**--****--*^^]);
end LINE 30 heading! j
procedure M0DZER0(f1,f2,f3,f+,f5,f6,f7,f8,sigma ,l, 

rhoJ,F ,A,f,OMEGA,phaseq,KSUBI,k ,aIpha,TSUBC); 
value f 1 ,f2,f3jf^,f5>f6,f7,.f8,sigma, l,rhoj,F,A,f, 
GMEGA,phaseq,KSUBl,k,alpha,TSUBC;
integer f1,f2,f3,P+,f5,f6,f7,f8,fj
real sigma,1, rhoJ,F,A,OMEGA,phaseq,KSUBI,k,alpha,TSUBC; 

begin real . rho,interior,junction,REFF,terml,g,
terrn2,KEFF,ZEFF,DLTMXEFF,ISUBQ,muq,theta, 
muptU,VOLTCPL,I,bracket,QS0BS,denom,PHI,
QUVOL, QUMODARA, QRMODARA,QUAREA; .

• write text(70,lMATERIAL*MODULE*UERFORMANCE*
FOR*DELT*-*ZERO*DEGREES*22c2J) 3 

write text (70,jRRFFj8sjKEFFj9sJZEFFj2c21) ( 
rho:- 1/sigma; interior:- rhoxl;
comment 1 is length of thermoelement; 
junction:- 2xrhoj;
REFF:- (2xFT2/A (X(interior+junctlon); 
comment F is.ripple effect;
write (70,f1,REFF);



 

 

 

 
 

 

 

 

 

 

 

 

 

terml : (fx2xA)/(lx0MEOA)x(l-0MEOA);

comment OMEGA is packing density;
g:= phaseqx2xA/l; termS:- gx(l-f);

comment f=0 for pedestal; f=1 nonpedestal module;
' KEPP:= (2xAxk/l)+KSUB3X(term1+term2);

_ write (70,f2,KEPP); ZEPP:= (alpha'T2)/(REPFxKEFF);
write,. (70,f3,ZEPP);

READ: TSUBC:= read (20); newline (70,2); 
wr ite text (70, [TSTOC*=*TSUBH*=*]_) ; 
write (70,f4,TSUBC);
write text (7C,£22cjDLTEmX5PM41sjMUM:l£8sn3UBQX2c]2J; 

DLTMXEPF:»(TSUBCT2xZEFF)xO.5;
, comment THIS IS A POTENTIAL TERM BASED ON THE

HOT JUNCTION Temperature;
write (70, f5, DLTMXEPP) ;
comment upper value of Input variable is specified; 
muphi:-0; write(70,f6,muphi) ;
ISUBQ ; =alphaXTSUBC/REFF; '
comment section 1;
write(70,f7,ISUBQ); newline(70,2); muq: =(.0; 
comment lower value of dimensionless input variable; 
for theta:- muq step -,02 until muphi do
begin VOLTCPL;-alphaX (thetaxTSUBC); I:-thetaHSUBQ;

bracket(2.0 xtheta-thetaT2);
QSUBS:-KEFRxDLTMXEFFxbracket;



 

 

 

 

 

 

 

 

 

 
 

 

 

. denom:=2x(thetaT2)j PHin^faracket/denom;
QUO0C,:=QSUBS/(2xAXl)j

QUMODARA:aQUO0Ix0MHGAX1j "
QRMODARA: =>QUMODARAX (1+1/PHI))
QUARHA^QUOOiXlj write text(7O,£THETA*«*].) ;

write(70,f8,theta);
. write text(7O3£VO0CAGB/CDUPCJE*=*V.)j 

' write(70,f8,OOCHCPL)j '
. write text(7O,[VCURENT*AMPS*-»V); 

write(7OJf8,I);
write text(7O£HHEAT*MTOP*RATE~~WAT*S*==*V)) 
write(7O)f8,QSUBS))
write text(70,VcVE0P* OF* PERF00RMACC***J_)) 
write(70,f8,PHl))
write text(70jHHAH*ppUP**-RATEO0CUMH*A**]_) ) 
wr ite(70,f8)QUOOC))
write text (70qlHEH**PW*RAHE/M0H*AiRlE*A**]_) ) 

write(70,f8,QUMODARA))
write text(^C^,£lVSHTH*EHE^H^C^:D^^^^ArH/^’^»^^‘£))

wr i te(70)f8,QRMODARA))
wr ite text ) 70, VHEHT*PUMP*RAHH/HCHMHNT*

arha*=*V)) -
write (7O,f83'QUAREA)j newline (70,2))

end LiNH 98 innerloop) 
write text(70,Up]]))



 

If read boolean(20) then goto READ; 
end LINE 101 'MODZERO; •
open(20); open(70); f 1 ;-format ([+d.ddio?Mnd]) ;

f3 ( - format (£4s+d. ddw/ndcj_) ( 
f5 ( -format (_3s+nddd. dj) ; 

f7 i -format ( £4s+ndd. ddddcc]) ; 
owner( concept(;
l:=read(20);
A:-read(20); 
phaseq:—read(20) | 
alpha(=read(20);

f2 ( -format (jJ3s-4d. dd10rnd_) ; 
f4 i - format ( L3s-4nddd. dc]J ; 
f6 1 -format (£3stndd. dddj_) ;
f8:-format (JJlsfddd. dddddc d J ; 
headingl; sigma:=read(20);
rhoj:-read(20); E:-read(20-);
f:-read(20); OMEGA:=read(20);
KSUBI:-read(20); k:- read(20);
M0DZER0(f1,f2,f3,f4,f5,f6,f7,f8,sigma,1,rhoj,F,A,f, 

. OMEGA,phaseq, KSUBI,k, alpha, TSOTC) ;

close(20); close(70);
end -



 

 

 

 

 
 

 

 

 

 
 

 
 

O.p. 5 .
ddoi77coowpu+pi5ooo78psp> .
begin comment This program calculates the design and

. operational characteristics .of a modular
thermoelectric couple operating between heat

. source and heat sink with finite heat-transfer
coefficients; 7

c

-integer f1,f2,f3,f4,f5,f6,f7,f11,f22,f33,f44,f55, 
f66,L,-NO,f,E; .

real ' OMEGA,Istar,l,epso,ASUBN,ASUBP,rhojp,rhojn,F,
KSUBI,alpha,incr,lower,TSUBCPRM,sigman,sigmap,

• <

■- omega,NSUBC,MC,NSUBH,ksubh,MH,KSUBP,KSUBN,LSUBN, .
, . LSUBP,dens ity,ratio,ASUBI,TSUBHPHM,thkcold,ksubc,

ESUBO, thkhot,ESUBH; 
procedure, owner;
begin write te:xt(70,[[l2kWAI^T^L^C^C^E*^FH^KIU^N*^*^l^I^^C^^^]^^^(^lR^^^(kJ2)3 
end LINE 15 owier; 
procedure concept!;
begin write text(70,k[2c]This*program*calculates* 

for*a*given*nlodular*nnaterial*ope:catingj[ck 
between*a*heat* source*and*heat* sink*with*

. finite*heat*tramsfer*coeff icientsJ_[ck
the*performance*characteristicsj[2c] _) ;

end LUTE; 22 concept;
procedure, heading;
begin write , text(70, [ [c] this*program*calculates*



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

the*geometrloal*parameters )g]_
' assoclated*with*the*heat*flow*mode1*that*
yield* th e * va lue s*of*q/qsubo i[3 cJJ,) 3 
wit© text (HO, J)c]d8finltion*of*gdometrrcal*
parameters . ) c , ) ~ ) )

va° ite tex t (70, ,[_[c]l star*** dimens ionle ss *
length* of* the* thermoelectr ic* . ( c ( . co lurnn (c.] ] . ) )

wr ite tex t ) 70,|bs tai****dimens ionle s s*
. pararneter**1 s b[o]rstar*** dimensionless*

p ar arne ter * * a/bjcjj) ) )
end LINE 35 ,
procedure_ concept)
begin ' write text(70,_[[>c2procedurd*optrlax*and* .

subtaWhen* included J £cJextend* the* 

computational*accuracy*of*the*procedure* 
lterate[<c]3)) ,

write text (70,.[.[2c3 Tlhrde*real*procedures* 

calculate* th e*d irons ion3.ess*par ame ter s * 
require d* as* inpu t * for *pr o cedur e^te^te]] cjjJ) )

end LINE 44 concept^
real procedure rstar(density,ratio))

value ) density, ratio) real density, ratio) 
rs1^arr» sqrt (densityyxO.S^xratio))

comment ratio is the pedestal area to element area) 
comment density is thermoelectric packing density)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

real procedure , bstar (l, density, ASUBl); ,

value 1, dens ity, ASUBl; real 1, density, ASUBl; •
Us t ar (- lx sqr t ( ( 3 (1456xden s ity ( / (2 (OxASUBl ( ) ;

comment 1 is the height of insulation, density is •
packing density.ASUBl is cross sectional area of elemerd

real procedure zetal fists'*); value Istar; real Istar; 

zetals- 1-lstar; • ’
comment Istar is th-e ratio of height of element to- 

height of insulation;
real procedure phaseq(omega,E,f11,f22,f33^f44,f55,f66,FF’) 

comment . procedure phaseq is a numerical soulution 
of the heat transfer equation;
SSHEnt t[i,j] is the value of tau at eta-ixh, ■
zeta-jxh where h-1/n. Starting values must be •

assigned,which might all be zeros or? else values 
previously derived,for i-1(()n, j-1(1)n-(; 
value omega,E,f(1,f22,f33,f44,f55,366; label FF;
Integer E,f11,.f22,f33,f44,f55,f66; real omega;

begin integer d,i,rmi1,no,n,m,k;
real d,s,b,h,lambda,mu,a,w,APR1M,B?R1M,Y0,Y1,,

■ Y,c,f, 11 ,s 1 ,r, QSUBK, Q,so, RATIO ,epso; 
begin heading; concept;

no (- entier (0.5x ( (.0/r s tar ( density, 
ratio) -1.0)) 4 2.0;

if Istar < .8 then epsos- .01 else opsos- .00(



 

 

 

 

 

 

 

 

 

 

 
 

 

■ > '

Iff rstar < .1 then
'■ begin k;- 1 ; goto F .

end LINE 77 J .
if rstar (density,ratio) < .2 then
begin k:- 3; goto. F
end. LINE 80;
iff rstar (density ,ratio) < .3 then 
begin k:- 8; " goto. F . .
end LINE 83;
k:- -18; '

comment the above if statements is the 
technique for minimising the matrix 
required and maintaining an accuracy 
of approximately 4 per cent. The 
iterative solution was compared with 
a closed solution for approximately 
144 points;

F: n:-no x k; h:-l/n;
begin real array t[0 :n-M,0 m],tl[1 :n~ 1 ];

for . j 1 _st-e.p 1 until n-1 do 
for. 1:- 1 step . 1 until n do t[i,j]:-0;

comment the starting values have 
been assigned;

d:== 1.0 - zetal (istar ) ; 
s (istar )/d; b:-h/d;



 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

452

nmlj- n-1;
for j ;-- 1 step 1 until; nml do.
'begin tl[j]:s-b[n,j];

comment right side of
interior domain; 

s:-b4s;
t[0,j]:-if s< 0 then 0 else s; 
comment boundary condition

left ' side; 
t[n+1,j]:«t[n-bJ];

‘ comment boundary condition
right side derivative 
zero across r;

end LINE 113;
for, i (“ n-i-1 step , -1 until , 0 do 
begin t[i,0]:~ 0;

comment lower boundary condition; 
t[i,n,m 1;
comment upper boundary condition; 

end LINE 119; •
comment The above two for loops

set up the boundary conditions 
for the difference equation;

lambda;-(rstar (density,ratio))/

(1.0- rstar(density,ratio));



 

 

 

 

 

 

 

 

 

 

 

 

 
 

455

mu:- (l.O- rstar(density,ratio))
/bstar (1,dens ity, ASUBI); - ■

a:-(lambda4 lambda)/h; w:- -1 -omega; 

s :«muxmu ; c ; -0.5xomega/( 1 .0+s ( ;
b:-sXc; ■ m:-0; , •

f
comment' loop control term; •
for si:- 0, s while , s> epso do . 

begin f:-a; s:- 0;
for i:- 1 step , 1 until nml do . 
begin r:- r 4 2.0; d:- c/r;
for j:- 1 step , 1 until nml do

tli^j] :== t[i,j]xw 4 
t[i4l,j]x(c4d) 4

(c..d)xt[i~1]j]4bx(t[i]j+1 ]
4 t[i,j-1])

end LINE l40; 
comment The above .
expression sweep equation 
is equivalent to equation three;

for j:- 1 step, 1 until , nml do 
begin , r:= t[n,j] :-

t[n,j]xw 4(c4c)xt[nm1,3] 4 
. bx(t[n,j4l] 4

sa sb!3(tlj^] - r)4s; 
tl[j]:= r .



 

 

 

 

 

 

 

 

 

 

 
 

' r

end LINE 150;
comment s is now the sum on
the right hand side of 
equation ten;

m:~m+1 ;
if m-E then goto FE;
If sl/o then QSUBK:=s/sl; 

comment there would follow
’ a sequence of

instructions using the < 
adjustment of omega if 
this were to he optimized;

end LINE 162;
write text (70,£Packing*DENSITY*-*J) ;
write (70,f44,dens ity);
write text (70, JCross*sectional*

area*of*element*«*2) 3 
write (70,f11,ASUBi); 
write text (70, 2Pedestal*area*

to*element*area*=*2)3 *
write (70,f11,ratio);
write text (70, _Height*of*element*—*2)3 
write (70,f11,(lstarxl)); 
write text (70,J[epso*==*2) 3 
write (70,f11,epso);



 
 

 

 

 

 

 

 

write text ( yO^lstar-*-**]) ( .
write('70,f 11,Istar); 
write text (7^,£rsl^ita^^*=*2) 3 •

waite(70]f22]rttar(dentity]ratio)); 
write text(70]J’bBtrr*=*2_) ; 
write (70]f33]bstal’(l]density]ASUBI)); 
write text ( 7O]JlnrtixXsize•**n*=-*2) ; 
writeb70]f44]n);
Write text (70 ?l_iberations*=*J_) 3
write (70^44,1^; t

write text (7O,J2omega*«*2l.) 3
write (70,f 11,oimega);
write text(70]_*tenperrture*-*J)) ;
write(70]f44]■t[n]n~1]);

write text (7O,J2QSUBK*=*J[) 3 '
write (70,f55,QSUBK);
comment The Q ratio is next to be

evaluated using a trapezoidal 
approximation for the integral;

APRIN :~(rs tar( dens ity,ratio)
-rstar(dens ity,rat io)
Xrstar(dens ity,ratio));

BPRIM:-( 1.0-rstar(density,natlo) )x(1.0 - 
rs tar(dens ity,rat io));

Y0:-(1.0 - ttC^n-l']);



 

 

 

 

 

 

 

 

 

 

 

 
 

 

Y1:=(1.0- t[n,n-1])j Q :<=0;
. so:=APRIMXYO + (APRXM+ BPRXM)x Y1 j .

for 1:= 1 step 1 until n-1 do _ 
begin Y :~(1.O» t[i,n~l]);

f: = ( APRXM+BPRXNxiXh )xY; Q: -Q+2xf (

end LINE 205 loop:
’ RATIO:=Qlsoj write text(70>_RATI0‘~*]J;
' ' ■ write(70,f66,RATXO);

■ doiient The heat leakage is
• c '

. calculated as follows; 
tt:- phaseq:- RATXOx(Xstar/
density-.5xratioxlstar)+(.5xratio-1);

■ write text (70, _Heaa*leakage*=*%) ;
. write (7O,f66,tt);

■ ’ end LINE'214; ‘

end LINE 215; '
end LINE 216 phaseq iteration; .
procedure heading1; -
begin write text(7O,^HHc]]Iaterial*charactaristics*

of^the-glvennTnoduleJjc JJJ ; 
write text (70, [ [ c ( e j^mei-ghm. ]) ;
write(7O,f4,Xxlstar);
write text (70, Jjunction*resistivity*--ohmicni*sqrd2_) ; 
write(70,fj,rhojn);
write text (70, [ conductivitn'*on*nnalIalent■■x'■*



 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

' I

1 /ohm (cm**termino logy * s igmap*) ; 
weite(70,f4,sigman);
write text (70, (conductivity'of ("p-element**

. 1 /ohm ( cm-"'termino logy* igmap[) ;
write(70,f4,sigraap); '
write text(70,[packing*densitdj.) 1 .
weine(7O,f4,OMEGA); -
write text (70,£area*of *n~element**cm*sqrd.y) ;
write(7O/f4,ASUBN);
write text (70,darem*of*p~ellelent**cm*sqrd.p) ;
wrine(70,f4,ASUBP);

write next(70><[[[emmeck*coefflcimet **
volns/deg*kelvinp); 

write(70,f5,alpha); •
write nmxt(70>£heeggLt*of*pedestal**em<y) ;
weine(70,f4,(l-lstarXl));
write text(70,Jheignt*of*eodule**emy) ;
weinm(70,f4,l) ; write text 170,yeVppme*factopp) ; 
write (70,f4,B) ; write text(70,J[pem,ceen*eippleJ) ;
write(7O,f4,s<e:nt(8.Vd~4x(FT2•-1 )) ) ;
write next(70,£themmal*corLducCivlty"■ 

n-element **watt/cm*dmg*kelvepp) ;

write(70,f4,KSUBN);
write text(70>ythemmal*Gonducctvity- 

p-element **watn/cm*deg*kelvVe<>y) ;

c



 

 

 

 

 

 

 

 

 

 

 

 

 

wrIte(70,f4,KSUBP);
write text (70 (_[freeestreame-heattoink* 

temperature"*deg*k0Ivin*-*.]) ;
write(70,f4/rSUBHPRM);
write text(7^^ free*stream*souree*

t emp e ra tu re **de g * ke 1v in ( - );

write (70, TSUBCPRM) ; '

comment: when np pedestal is present set Istar
equal to unity; ■

new1ine(7C]2);
end LINE 260 heading!; '
real procedure R(s igman,s igmap,KSUBP,KSUBN,LSUBN,LSUBP,f4) 

value s igman,sigmap,KSUBP,KSUBN,LSUBN,LSUBP,f4;
Integer f4; real sigman^igmap^SUBP^KSUB^LSUEN^LSUBP;

begin real rhon]rhop]top]bottom]N]0nter1] interS^r;
rhon: = ( /s igman; rhop:-l/s igmap; top(=KSUBPxrhon;
bottom:=KSUBNxrhop; N:=sqrt(top/bottom);

write text (7C].[_shapr*factor■rforroptimizing*eop*-=■‘^<\2) ? 

write^^f^N); interl :-rhon/ASUBNxLSUBN;
inter2(=rhop/ASUBPxLSUBP; rr:-R:“inter1+inter2;
write text(7C]£couple*eelment*interior*

retot tance **ohms *=■*]_) ; 
write(70,f4,rr);

end LINE 273 R;
real procedure KCaSUB^KSUB^LSUB^ASUBP^SUBP^SUBP^);



 

 
 

TV V

value ASUBN,KSUBN,LSUBN,ASUBP,KSUBP,LSUBP,f4j 
integer f4; real ASUBN,KSUBN,ISUESN,ASUBP,KSBBP,LSBBP*

begin real kk;
kk:=K;=ASUBNxKSUBN/LSUBN + ASUBPXKSUBP/LSUBP; < 
write text (700 j^couple^elemenV'thermal* .

conductance*"watts/deg-"kelvin "«"2); 
write(70,f4,kk);

end. LXNE 282; '
real procedure expcold(NSUBC,MC ,f4);
value NSUBC,MC,f4; integer. f4; real NSUBC,MC; 
comment MC is introduced as a technique to study 
the effects of when NSUBC is at infinity, 
therefore the exponent is zero.In most cases of 
free convection the exponent value is between 
zero and unity;

begin . real ee;
ee:~expcold:=(l/( 1+^N^^T^C^))xr4C^;
write text(70, ^exponent"value"for*CoId"s ide"

meat*trsaisfer"coefficient"“*;]) ; ’
write(70,f4,ee); ■

end LXNE 295 expcold;
real . procedure exphot(NSUBH,MH); value NSUBH,MK; 

real NSUBHmMH;

begin real ff; •
ff:=exphot:=(1/(1+NSUBH))XMH;



end LINE 300 exphot;
procedure HEATFLUX(f,OMEGA,1,Istar,ASUBP,ASUBN,F, 

alpha,KSUBP,epso,rhojp,rhojn,KSUBI,incr,lower, 
TSUBCPRM,TSUBHPRM,thkcoId,ksubc,ESUBC,L,thkhot,

r

ksuWhjESUBHjNOjf1,f2,f3,f4,NSUBH,MH,f6,f7,END); '
value f,OMEGA,1,1star,ASUBP,ASUBN,F,alpha,KSUBP, 
epso, rho jp,rho jn,KSUBI, lower,TSUBCPRM, incr, NSUBI-I, 
MH,TSUBHPRM,thkcoId,ksubc,ESUBC,L,thkho t,ksubh, 
ESUBH,NO,f1,f2,f3,f4,f6,f7; label END;
integer f1,f2,f3,f4,f6,f7, L,NO,f; 
real OMEGA,1,lstar,ASUBP,ASUBN,F,alpha,KSUBP, 
epso,rhojn,rho jp,KSUBI, lower,TSUBCPRM, incr,NSUBH, 
MH,TSUBHPRM,thkcoId,ksubc,ESUBC,thkhot,ksubh,ESUBH;

begin - real teroiAA, termA; g, crossterm, terrniB,
JUNCTION,REFF, KEFF, ZEFF,h,ZMATERIAL,A,B, C,

* gdesstc,guessth,gssd^ltjt,NU^C,T^SUB^C^a^,T^^L^I^I^, 
DELTJCT,ooa, teroBB, CURRENT, I,POWERFLUX, COP, 
NUH,DELTHTSD,TSUBH2,POWER,OOLTCPL,ISUBQ, 
nucupper,rnuph1,bata,introd,lATCOP,OOLTPHI,

■ - DELTMAX,DELTMXEF,UPPER,LOWER,PHIMAX,theta,
bracket,QSUBS,QUOOL,DELTTC,QUMODARA,
QRMODARA,QUAREA,QSUCC,TONS,QMAX,RATIOQ;

conceptl; headingl;
write text( 7 0,2piaterial'*thermoelect:ric* 
module*penfonmance[2c] - ]_;



'-t-'vj |

if f - 0 then
write text ( 7o,2_the -* thermoelectric ^elements * 
ax*e*po^d^i;ione<i-x-on*a*pedesta^lj_) else . 
write text(7C,2theaoot*and*coId-junctions * 
arthSeperatdd'byathe'tlament-pprper]) ;

newline(70,2);
termA:-(fx(ASUBP-PASUBN))x(l -OaEGA)/( lstarXlXOMEGA); 
comment lstarXl is the height of the
thermoelectric element,OMEGA is the 
packing'd^nsity-jl is the height of insulation;e

comment it is assumed that LSUBN and LSUBP 
Are equal in length and Istarxl is the 
resulting element height;

crosste:im:~(ASUBN+ASUBP)/(lstarXl) ;
if f=0 then
h g:«phaseq(omega.,E,f 11 ,f22,f33,f44,f55,f66, 
FP)xcrossttmm else. g:~1;

termB^gX^tf); -
comment. f-0 for pedestal system,f=1 for
non-pedestal module; .

write text(70j [ [c]effectivtmmteeriahe .
properties[2c]]);

JUNCTlON:-(2Xrhojp/ASUBP f 2xrhojn/ASUBN); 
comment. JUNCTION is the .total contact

resistance for a single thermoelectric couple;



 

 
 

 

 
 

 

 

 

 
 

 

 

 
 
 

REPF:=FT 2X(JUNCTION+R(s Xgman,s igmap.KSUBP,
KSUBN,LSUBN,LSUBP,f4))|

corament, F is the term to include ripple effectj 
write naxn(70,£elaecaCne*“aesistancee-*ohms*«*J_) 3 
wrlte(70,f1 jREFF) 3 newline(70,1) 3
KEFF:=K(ASUBN,KSUBN,LSUBN,ASUBP,KSUBP,LSUBP, 

f 4)+KSUB Xx(termA+termB)3
write next(70,_efaectnve*thermaI'-eonductance•*• 
'*watt s/deg*kelvin**J_) 3

write(70,f2,KEFF)3 newline(70,1)3
ZEFF:=(alphaT2)/(REFFXKEFF)3
write text ( 7O,£effectnvees'f lgura•*of•:!•Ineri■fc** 

l/deg^-kelvin*^']) 3 ■
write(70,f3,ZEFF)3
h:=K(ASUBN,KSUBN,LSUBN,A SUSP,KSUBP,LSUBP,f4)
- XR (s igman, s igmap , KSUBP, KSUBN, LSUBN, LSUBP ,f4) 3 
ZMATERXAL: = (a Xpha T2)/h(

write naxn(70,.[InafcnriaI*fig^^re*of*merit* -
1/degkallvin==*_]_) j -

write(70,f1,ZMATERXAL)3 newline(70,2)3
A : = (0MEGAXREFF)/(2x(ASUBP+ASUBN))j 
B: = (OMEGAXalpha)/(ASUBP+ASUBN)3 
C:=(OMEGAXKEFF)/(ASUBN+ASUBP)3 
if incr^lO then

write text(70,[the*option*of*using*the*for*



 

 

 

 

 

 

 

 

s tatementahasheeenh-xercized*£c2
the *cold*side*heatlux-is-teingh
in c rement ala *s t ep-eh *ty * ^hha or- j? *loo p[ c . ]. ] .. ) els e
write, text^O^thh-helde-sideaheataf luxh
input e±s ha*s ingle avalLt *'de t^mined-hei^the *

" value *as s igned-to -the -variaelejtej. 
des ignated-as-lower^ cJJJ;

if incr -0 then. goto. . JUMP else
begin, write text(70,£estlmated*junction*

temperaturet*ettablishing*the*upper* 
vaiue*in*the*for*[c_]statement*follows : _ [ c .3.,3_) ;

guetttc:^TSUBCPRM-151
write text(70,2estimated*cold*side*

junction*temperature**deg*kelvin*=*2) i 
write.(7G,f7jguesstc) ; guetsth:=TSUBHPRM-H5j
write text(7U,£estimated-*hot*tide*

junction*temperature **deg*keivin*=*[) ; 
write(70,f7,guessth); 
gssditjt:“guessth~guesstc; 
write text(70,]esti)mated*temperature*

difference*across*junction**deg*c*-*2) i 
write(70,f7,gssditjt);
nucupper3=3(BXguisstc)Te2<.25)/A - Cxgssditjt; 

end LINE 398; .
JUMP: for NUC:= lower step , incr until nucupper f



 

5.00, nucupper do.
begin write text ]70, j]c]theMinffonn*co Id* 

s ide*heat*flux*has *been*ass igned*a* 
value**wattsWcm*sqr^[c]]); _

write text(70,
£XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX.XXXXXXXXXXX[c

11); • 

write (70,f4,NUC); 

write text( 70, '

' £xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx.o
11);

DELTTC: =thkco ldXNUC/ksutiC+ (NUC/ESUBC)

TexpcoId(NSUBC,MC, ff 4;

. newline (70, 1); TSUBCJ:=TSUBCPRM-DELTTC 3

TSUBH: =T?S^UE^HPRC+TSUBCPRC^O .01; 

comment this statement establishes a
starting value for the hot side 
junction temperature sufficient to 
insure proper startng of the

. iterative solution; 
mm:=0; TSUBH2:^=0; '

( - write text(70, [itemative*solu•hion*follows[c]]) ; 
write text(70,_[litemations£6s2-

hsubh*deg*kel277s2tcQnlpanisonhtsueh2_2cJ2l) ; 
comment mm is a loop control term;



 

 

 

 

 
 

 

 

 

 

 

 
 

REPEAT: DELTJCT:«=TSUBH-TSUBCJj write (70 fl.’nm);
wrme(70,f2JTSUBH); write(70,f4,TSUBH2)j
man : 1 ;

if nm “ L then goto , EXHAUST;< -
teminAA: =BXTSUBCJ;

c
' if (BXTSUBCJ)T2-4XAX(CXDEITJCT+NUC)<0

then goto, ALARM;
nerraBB:=sqrn((BxTSUBCJ)T2-4xAx(CxDEITJCT+NUC:)); 
CURRENT:=(nerInAA-narmBB)/(2xA); X:=CURRENT;
if I < 0 then goto ALARM;
comment when Xteration is successfully 

completed;
POWERFLUX(=Bx1XDELTJCT+2XAXXT2(
COP:=NUC/POWER)PLUX; NUH:=NUCx( l/COP+1) ;
DELTHTSD := thkho txNUH/ksubh+ (NUH/ESUBH)

Texpho t(NSUBH,MH);
TSUBH2:=DELTHTSD+TSUBHPRM; 
if ahs(TSUBH-TSUBH2)> epso then 
begin TSUBH:=(TSUBH+TSUBH2)XO.5;

goto ( REPEAT; 
end LXNE 445

else ( TSUBH:=(TSUBH+TSUBH2)X0.5; 

write text(70, [ [c]'balanced*oparation*
•achieved[2c] ]); '

write next(70,J^nhe*lteranions*for*tha*



 

 

 

 

ho t*side*temperature*at*the*junction* 
has *su cces sfu 1 lylc.1t erminated*to *th e * 
required*error****epsolc]]);

newline(79,a);
write text(79(.[exponent *va1ue*for*hot* 

side*heat*transfer*coefficient*=*]);
write (70,f4, ( 1 /(1+NSUBH))XTiH) ;
write text(79,2C01d*side*heat*flux** 

watt s/cm*s qrd *« *2) 5
write(79,f4,NUC); e
write text(70,Jhot ^junction* 

temperature **deg*kelvin*=*2) ;
write(70,f4,TSUBH);
write text (79,2jU5nction*temperature*

difference**deg*kelvin*“*2) ;
write(70,f4,DELTJCT); '
write text(79, £co1d*s ide ^junction* 

temperature * *deg*ke lvin*-*2) ;
write(70,f4,TSUBCj); '
write text(79,£iterations *to *ach1eve *

ha1anced*operationa1*so1ution*=*2) ; ’
write (70,f6,rnm); *
write text(70,2current*per*coup1e*

required*to Mmaintain^heat*balance**amps*=*2) ; 
write (70,f6,l); _



write text(70,[h 1ectrical-power* ' 
requlred-to (-ma inta in *he a t * ta 1 an c e * * 
watts/couple *- *[), -r ■

write (70,f6,P0WERKLUXXASOBIX2/OMEGA) ; 
write text(79,2electrieal*power*

mtquOmtd*fom*a*slsfctm*contaOnlng* 
N0tcouplts*in*electr0ct1*semies *-kw-«*_]) j

POWER(=hOWERFLUUXNO0ASUBlX2/(QMEGAX1000); 
write(70,f4,POWER);
c

write text(70,2C0p-heh&**he*--)alanced*
operation***]) 3

wr0tt(70,f4,CCP);
write text ( 79,J[t]he*required*htat* 

reju ction -rate/mo dular-area** 
watts / cm- s qrd*- *]) ;

write(79,f4,NUH); newline(70,2); ' 
write text(7C,]hhe*assumptoon-for*tht-

design-is-that-the-NO-couples-are* 
tltctmicalll*in*stmits*[c]2)I

write text (70,,e.hhectrhhatapoowem- 
mequirtments[c[] ]);

VOLTCPL:=alphaXDELTJCT + 1XREFF;
write text(7C,2yoltage*per*couple*at* 

ealancep*opemation-*voltage*e*]) ;
write^d,f4,VOLTCPL);



 

 

 

 

write text(7O,2v0Itage*for*a*system*of*
NO~couples*electriacally*in*series** 
voltage*-**]] J

write^Of 6,VOLTCPLXNO) ; '
ISUBQ; =alphaXTSUBC J/REFF; '
write text (70, _[the *current *that *
maximizes *the*heat*pump*rate**amps *«*]) ;

wrifce(70,f4,ISUBQ); ,
write text(70, ,rat io * current *at*

balanced*operation*to*current*at*max* 
heat *pump *rate *= *[) ;

write(70l/lSUBQ);
introd:«DELTJCT/((ZEEFXTSUBCJ) 
x(0.5XDELTJCT+TSUBCJ));

bata:=sqrt(1fZEEEX (0.5XDELTJCT+TSUBCJ));
muphi^introcx^ 1+bata) ;
write text(70,2<atio *current*at*max*

cop*to *current*at*max*heat *pump*rate*—*[) j 
write (7<0j f4,imupbi); lATCOP:=muphiXlSUBQ;
write text(70,2theacurrent*requiredatoa
maximiz e *cop* *amps *=*]) • 

write (70', f4, IATCOP); •
write text (70,2ratto**cirrentaat*
operationalabalanceato*currentaata 
max*cop*=*.]); ‘

o



 

 
 

 

 

 

write(70,f4,l/lATCOO);
write text(79,2y01tage*per*ccuul1*for* 

max1rni±zing**ieat**pimp*:rate*’vo1ts*-*2) ;
write (79 ,f4,alphaXSSBBH) ;
write text (79,2a?ap io *vo lt age *at * 

r' balanced*operation*to*voitage*at*max* ■
heat*pump*rate*“*2) ; 

write (79, f4,VOLTCPL/(alphaXTSOTH) ) •
c

write text(79,2v0ltage*per*co,uple*for* 
maximizing*cop**volts*«*2) ;

VOLTOHl:~a1phax(muphiXTSUBCJ+DELTJCT); 
write(79,f2,VOLTOHl) ; 1^13^(70,1); 
write text(79,2aatio*voltage*at*

ba1anced*operation*to*voltage*at*max* 
eop*=*J.); .

write(70,f4,(VOLTCPL/vOLTPHl));
write text ( 79,2taa•Mn2lx*tpmperature* 

difTerence*is*baspd*on*the*co1d* 
junction*tempprature*being*a*reference2c21);

write text (70,2kheMiaax*teniperature* 
difference *based*on-xmateria1*
properties^Meg^c‘^^2);

DELTP4AX: = (TSUBCJT2xZMATERIAL)xO. 5;
write(70,f7,DELTMAX);
write text(79,[max*temperature*



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

difference*'based.*on*effective*f‘igure* 
of *merit**cleg*e***J_) ;

DELTMXEF:«(TSUBCJT2XZEFF)XO.5;
write(76,f7,DELTMXEF);
UPPER:=( 2Xmphi-mphiiT-rDLTJCT/DEELTMCEF) ; 
LOWER :=2X (mphita+mphixbEI.'TJCT/rSUBCJ); 

PHIMAX 3 =UPPER/LOWER|
write text(70|JhJnaxCChp*='!^J_) ; ' '

write(70,f4,PHIMAX);
write text 3 70 jXraatoooo^pi^a^l^d^i^n ’̂^^'op^to* 

niax**oo'p*='x_]_) ; ■
write(70,f4,COP/PHIMAX);
comment using the relation that
theta=l/lSUBQ the following results;

theta:=l/lSUBQ;
bracket:=(2xthetarthetat2rDELTJCT/DELTMXEF); 
QSUBS 3 -KEEPFDELTMXEFxbracket 3 .
QUVOL:=QSUBS/(LSUBNXASUBN+LSUBPXASUBP); 
write text(70J_jhiaa*'0hUlp^<■rateOpero

element*vo1**watts/cm*cub*— *[); 
write (70,f4,QUVOL);
QUMODARA:=QSUBSx(T;eGA/(ASUBH+ASUBP); - 
comment as a check on the iterative
solution QUMODARA can be compared to NUC; 

QRMODARA;=QUMODARAX(1+1/C0P);



 
 

T { I

QUAREA:=QSUBS/(ASUBN+AUUBP);
comment as a check on the iterative '

solution NUH can be compared, to QRMODARA;
write text(70,[the*next*computer*

output s tcompare*the e-operational* -
e solutions*for*theabalanced*system[c ; 
write text(70dDeeat*pump*ratna/modulara

areaaawatts/cmasgrd^c,]]) ; . 
write text(70,[QUM0DARA*-*2)5 
write(7O,f4,QUMODARA) ;
write teXt(70jNUCa=*2) • ( write( 70 ,f4,NUC) ; 
newline^O,2);
write text(70,_[heataeejectiona

rate/modularaareaaawatts/cmasqrd[c]]) ;
write text(70,[UUHa“a2); write(70,f4,NUH);
write text(79 .[QRMODARa**= *J) ; 
write (70,f4,QRMODARA) ; newline (70,3) ;
comment this simple relation allows the

calculation of NUC when the heat 
load QSUCC is given in watts;

QSUCC := (NUC)X(ASUBN+ASUBP)/OMEGA;
TONS(=(QSUCCxNO)/(17.52X200);
write text(70jjaheatupumparaeeawitha

NO-couplesathermallyaparallelaatonsa-a^); 
write(7O,f4,TONS); •



 

 

 

 

 
 

 

write text (70 ,_heat*pump*rate**with* 
N 0-c oup la s* the mt 1 ly *ptr a 1le 1 * *wat t s *- *2) I

write(70,f4,NDXQSUCC); '
QJ^^M^AX:=KEE^IPXDELT^MX^]5h<( 1-DELTJCT/DELTMXEF) ; 
RATIOQ: =QSUCC/QMAX; '
write text ( 79,2.kkK iophattppumpprtte *tt*

btltn c e d*opertt ion *to prntxphett *pump * 
rate*-*2) s

write(70,f4,RATIOQ); newline(79,2); 
write t ext(79,2the*fo1lowing *re suits*

are*based*ou*approximatious *.The * 
approximat ions *for*a*couple£c2 

,aud*subsequeut*implicatious*of*
as sumiug*the ^parameters*lambda*aud* 
reciprical*fuuctiou*equal*to*]c]
unity* is *found*in *s ect ion* * * -x--x--A-*--*

■ * * * * * **o f *th is *the s is]2 c ]1); .
write text(79,2cop*at*max*q*«*2) ;
write(70,f4,(0.5X(1-DELTJCT/DEILTMCEK)));
write text(79, JhKtx*cop*=*2) ;
write (70,f4, (0.5x(0ELTMXEE/DELTJCT~1)));
write text (70,2hett*pumpprtte *tt*max*copp=p2)
write(70,f4,(DELTJCT/DELTMXEPxQMAX));
write text(79,2current*providing*max*cop*=*2)

write(70,f4, (DELTJCT/DSLTMEExISUBQ) );



 

 

 

I s

write text(TO,[[p]J); £
end LlNE 626 inner1oop;
write text(TO, _ [£c]a11*aspects*0f*program*

cump1eted*successfu11y[c1]); . ■■
goto END;

ALARM: write tPxt(TO,^baeeheat*flux*on*•thP*uo1d*
. side*has*0xceeded*the*capa'billties*of*the*

2cjmateria1*and*specified*frep*strpam* 
conditions*£2 c]]);

goto END; .
EXHAUST: write text(70, [ [ c]thie 1 lmi i *value*for*the* 

number*of*iterations *hasibeen*exceeded'£c£ 
in *pro cedure *HEATPLUX22 c]]);

[ goto END;
OF: write text(7O,2the*program*has*not*converged* 

in*procedure*phaseqJJ;
end. LlNE 641 HEATFLUX; .
open (70) ; open(20); f (( -format (£+d.dd10AidJJ;
f2 ( vformat (£3s+d. ddioZndJ) j f3 ( -format (£4std. ddiorndc]) ;
f4 ( vformat (£3s-lndddd.ddddddc£);
f 5:-format (£3s+d .ddio^ndc£) ; f6:-forma.t(£3s+ndd.ddddc£) ;
f7:=format (£3s+nddd.ddc£_) ; f 11 : =format( 29s+nd.ddddc£) ;
f 22 : -format (£8s-md. ddddcp,) j f33 : “format (£1 2 sind, ddddc£) ;
f44:=format (£12s+nd.d. ddddc£) ; f 55:“format (£9s+nd. ddddc£)
f66:-format(£9s+ndd,dddddc£); OMEGA:-density:-read(20);



474

ratio:=read(20); l:—read(20);
. ASUBN:—ASUBP:=ASUBT:-:=read(20); lstar:=read(20) 3

omega:~read(20)j E:-rea.d(20); LSUBN:-LSUBP:=read(20);
KSUBP:-KSUBN:-read(20); sigman:=sigmap:=read(20);

■NSUBH:-read(20); ' NSUBC:-read(20); MC:-read(20);
€

; MH:=read(20): f :==read(20) ° B:-read(20);
t a lpha:-read : 20 : ; incr:-read(20) ; epso :=r?ead(20 ) ;

f

rhojp:=rhojn:-read(20); KSUBl:-read(20);
lower:~read(20); TSUBCPRM:-read(20)* ' .
TSUBHPRM:-read(20); thkcold:«read(20); '
thkhot:=read(20); ■ksubc:-read(20); ksubh:~read(20)•
ESUBC:~read(20); ESUBH:-read(20) • L:~read(20);
NO:-read(20); owner; j

HEATFLUX(P, OMEGA, 1, Istar, ASUBP, ASUBN, P,
alpha, KSUBP, epso, rhojp,rhojn, KSUBl, incr, lower,
TSUBCPRM, TSUBHPRM, thkcold,ksubc, ESUBC,L, thkhot, 
ksubh,ESUBH,NO,f1,f2,f3,f4,NSUBH,MH,f6,f7,END);

END: close(20); close(70);
end *>



O.P. 6 ■
DD0179ROOWPU+1500079PSP“ - .
begin comment, This program ctlculttes the OFF design tnd

operttiontl chtrtcteristics of t modultr 
thermoelectric couple operating between junction 
temperatures; . .

integer f1,f2,f3,f4,f5,f6,f7>f8,f,N; •
retl sigmt,1,rhoe,P,A,OMEOA,phaseq,KSUB1,k,alpha, -
TSUBC,DELT,MC,ESUBC,thkco1d,NSUBC,ksubc,TSUBCPRM,

c

NUCBAL,■bhetabal; 
procedure owner;
begin write text(70,[[2c]WALLACE*SHAKPNPPABR0*EN0R[2c]])(5?
end ( LINE 1 ( ovmer;
procedure concept1;

• begin, write text(70,£[c^Tais*program*calculttesP 
for*t*givenPmodulePdeslgnPthe*ofl*balance* 
point 2c] >performance*chtracterlsticspforp ■ •
wtrious *co l^junctio^-temperatures *2c1 

ho t *to *cold*junction *temperttures *tnd* 
current*rttio*known*ts*theta22c]]);

end ILHNE 19 concept 1;
■ procedure , hetding1;
begin write text(70,[[c^OPERATIONAL*

CHARACTER1STTCSP-OF*THE*G^EEP*ODULEE2c22) ;
write text (70,2LclE:LElM^]NTPHE1OHTp=ppp*p**pp*p ’

’ cm.[c]JUNCT1ONPRES1S1T1V1TYP-*p*pp**pp*



ohm. *crn. *sqrd. £o1CONDUCTIVlTY*0P«ELEMENT«»* 
** ****** 1 /uhr[l^■*^rn*s igma^temino l-Ogyjjc^ 
OACKlNG*DWSlTY*==***********[c 2
ELEMENT*AREA*-*********cm*sqrdt.cC '
SEEBECK*C0EFFICIENT*=*«j******VOlts/deg* 
kelCc CHElGHT*OF*MODULE*=*******************

********-c*mrp£ia^:^<^ln^-^opo:poDDSTAi^^«^-^*^«^-^-*-^<^*
* ****** * *** **£c1 
***** * * * * * * * * *

cm£c£RlOOLE*FACTOR*=**
THERMAL*CONDUCTWITY*=
watt/um*degrpp*cPPt£cjMATERIAL*FiGURE*
0F-cMERIT*«************/dpgrpp*Ke1v1n£3c^|lt) ;

end LlNE 36 heading1 ;
procedure, OFFBALANCE(f1 7,f8,sigma,

1,rho j,F,A,f,OMEGA,phaseq,KSUBl,k,a1pha,TSUBC,
■ DELT, N, NSUBC, MC, ESUBC,thkco ld,ksubc, TSUBCORM,
NUCBAI,thPtabal);
va1ue f1,O£,O3;f4,f5,p6,O7,f8,sigma,1,rhoj,F,A,f, 
OMEGA,phaspq,KSUBI,k,a1pha,TSUBC,DEIT,N,NSUBC,MC,
ESUBC,thkcu1d,ksubc,TSUBCORM,NUCBAI,thPtaba1; 
integer_ f 1 ,f2,f3,f4,f5,£’6,f7,f8,f ,N; 
rea1 s igma,1,rho J,F,A,OMEGA,phaseq,KSUBl,k,alpha, 
TSUBC,DELT,MC,ESUBC,thkcold,ksubc,NSUBC,TSUBCORM, 
NUCBA^thetabaj •

begin rea1 rho,interior,junctiup,REFF,tprm1,g,
term^KEFF,ZEFF,TSUBH,DLTMXEFO,introd,!^,



 

bata, ISUBQ,muq,theta,muphi,VOLTCPL, l, _
bracket, QSUBS, denom, PHl, QOTOL, QUMODARA, •
DELTGBAL, DELPRMPRM, TSTOCOE, INTERN,
QRMODARA,QUAREA,POWER, TONS,RATlOQ, PHlMAX, .
RATlOPHl,QMAX,DELTC,raise;

e

write text(70,_2MATERlAL*M0DULE*PERF0RMANCE22c21) ; 
write text (70, [REFE[8s]KEPFl[9B]ZPe'g[2c]]) 3 
rho:- 1/sigma; Interior:- rhoXl; 
comment 1 is length of thermoelement;
Junction:- 2Xrho];
REFF:— (2XFI2/A)x(interior+Cunction);
comment F is ripple effect;
write (7O,f1,REFF); .
terml :- (fX2XA)/(lXOMEGA)x(l-OMEGA) ;

comment OMEGA is packing density;
g: = phaseqx2XA/l; term2:= gx((-f);
comment f-0 for pedestal, f-1 nonpedestal module;
KEFF:- (2XAXk/l)FKSUBlx(term1+term2);
comment KSUBl is insulation thermal conductivity;
write (7O,f2,KEFF); ZEFF:- (alphaT2)/(REFRXKEFF);
write (70,f3,ZEFF);

READ: TSUBC:- read (20); newline (70,2);
write text (70,JjTSUBC*=*J_); write (7O,f4,TSUBC);
write teXt(70,2JUNCTl0N*TEMPERATURE*DlFFERENCE*=*_2)j

' write(70,f4,DELT);



 
 

comment the following section is btsed on
TSUBC being tt t fixed opertting condition;

DLTMXEFF:=(TSUBCT8XZEFF)xO.5;
TSUBH: -TSUBC+DLTMXEFF;
write text(70,£TSUBH*MAX*«*2)5 write(70,f8,TSUBH); 
write text(70,2ba1tncePfreePstretm*sourcaPtempp-*2) 5 

write(70,f8,TSUBCPRM); newline(70,8);
write text (7C,8J-8c8DLT1i'<1XEFF8j;'8JMUPl18sJ^8i^TU3CQ88c8J^) ; 
write(70,f5,DLTMXEFF);
introd:-DELT/( (ZEFEXTSUBC)x(O.5XDELT+TSUBC) ) ; 
bttt: -sqrt (1+ZEFFX (0.5XDELT+TSUBC)); <
muphi :=introdx( 1+bttt);
comment upper vtlue of input vtritble hts 
been tsigned;

write(70,f6,muphi); ISUBQz-tlphtXTSUBC/REFF;
comment , section 1;
write(70,f7,1SUBQ); newline(70,8); muq:-1.0;
comment lower vtlue of dimensionless input vtritble; 
for thett:- (muq 1 .08) step , (-.02) until ,

(muphi -.20), muphi do 
begin VOLTCPL:-tlphtx(thettXTSUBC+DELT);

1:-thettXlSUBQ;
. brtcket:=(8.0 Xthett-thettt8-DELT/DLTMKEFF);
QSUBS:-KEFFxDLTMXEFFxbracket; 
denom:=8x(thettt8+thettXDELT/TSTOC); '



 

 

PHl:=bracket/denom; QUVOI,:=QSHBBS/[2XAXl( ;
QUMODXRX:=QOTOLXOMEGAXl5

QRMODAFRA: =QUMODARAX(1 + 1 /PHl) 5
QUAREA : HQUVOLXl; POWEE^IIVOLTCPLXN/'' 000;
TONS:=QSUBSxN/(17.52X200);
QMAX:=KEFEXDLTMXEFI^(1-DELT/DLTMXEFF); 
RATlOQ:=QSUBS/QMAX;
PHlMAX :=(2Xmuphl-Auph :'/!'2-DEIT/LATi'iXEFF) 
/(2x(muphiT2+muphlXDELT/TSUBC));

RATIOPHI : =PHl/PHIMAX; NUC: =QUMODARA;
raise:=(l/( 1+NSUBC) )xMC;
DELT(C:=(flJC,/’ESU3BC)Tralse + (thkcoIdxNUC)/ksubc; 
DELTCBAL:=(NUCBAL/ESUBC)Tralse +

(thkcoldxNUCBAL)/ksutoc;
DELPRMPRM^absCDELTCBAL-DELTC) ;
if theta < thetabal then

INTERN:«+DELPRMPRM else INTEIRf :-~ELLPRMPRM;
comment_ TSUBCOF Is the new free stream 

source temperature due to off 
balanced design;

TSUBCOF;«TSUBCPRM+INTERN;
write text(7C,2_N*couples*=*2) )
write :70, f4,N) ; write text ^B^THETA■==•*]) ;
write(70,f8,theta);
write text (70JV0LTAGE/C0UFLE*==*2);



 

 

 

 

 

 

 

 

write(70 of8,VOLTCPL);
write text ( 70, _CUR3ENT*AKPS*=*2_) ;
write(70jf8]l);
write text(7O,[HHET*PUMP*RATE—WATTS*=*2_) ;

C ' •
write(70,f8,QSUBS);
write text(70,C.C0EPA*0A*PERF0RMAC^CA^«As2) ; 
write(70,f8,PHl);
write text(7cJjp;prTApuMPARATS/VC7AJKp:Axq) ; 
write (70 ,f8,QWOL);
write text (70, £HHEA*AUMPPARAE/MOD*AREA-A=-Ai) ; 
write(7O,f8,QUMODARA);

write texfc(7C,2HEAT*I®JECTIl0AraDAAaeA*=*i); 
write(7Cyf8,QRMODARA);
write text ( 70 ,_[_HEAT*PUMP*RATE/ELEMEATa 

AREA *==<[);
write(70,f8,QUAREA);
write text(7CH2^’0ERAREEQUREDA*VW*=A2) ( 
write(70,f8,POWER);
write text(7CJ2.HEAT*PUMpARATEA^ATC^A^S*=*j_) ( 
write(70,f8,TONS);

write text(7CJ2.RATICA^ATC*Q^MA^A=!*J) . 
write(70,f8,RATIOQ);
write text (70J_[RATIDACCPATCACCPamaX-s-aJ.) ;
wrifce(7C,f8,RATIOPHI);
write text(7C,JTEMPERATURE*DIPPERENCE*



 

“T<_> f

COLD-JU^C^T^1^C^f^^^t^c^-*E^i:^\^l-^e*STKEAM* •
tlD o lut e *va lue WEG * c ** *]_) (

write(70,f8,DELPRMPRM)5

write text(70,J_C^I^I^^^]^j^]^/^AK^:E'^^CIURCE* . .
TEMPERATURE^DEaCENN****!) (

’ write (70,f8jTSimBCOF') ( newline (70,2) ;
end LINE 156 innerloop; 
write text (70 J_]ThexPo0llVJi'l.g*results*areP

^basea**n*ap•p:r■oximatlons [ c ] ] ) ; .

write text (7O,£COP*PTNP^ABQP**81) ; 
write (70,f8,(0.5X(1 -DELT/DLTMXEFP)) ) ; 
write text (70 5_XC0P*MAX***]_) ( 
write.(70, f8,(0.5X(DLTMXEFF/DELT-1))) ; 
write text (70, [HEANppUMPRATE-*AT*MAX*OPP*p*]) ( 
write (70,f8,(DELT/DLTXEFEBJV1AX) ) ; 
write text (70 ,JCUUFffiNT*PK071D1NG*MXX*CQP*=*2) ; 
write(70,f8,(DELT/DLTMXEFFxISUBQ)); ,
write text (70,pNhePtpproxlmttion*formolas*

tre*fonnd* In*s eotion*** **p*ofpthis*the s is]); 
newline (70,2)5 write text (70 j**p]*) (
if retd boolean(20) then goto_ READ;

end LINE 171 module;
open(20) ; open(70) ; f 1 ( -formt.t ( JH-d.ddio7nd]) ;
f 2:*formtt ( %3s+d. dde+n*]) ; f 3:« format ]]4s+d. ddio^ndc](;
f4:* formtt ( £3s*nddd.ddc]) ; f 5i-foonnat (£33+nddd.dd]) ;



 
 

f 6(-format (£3s+ndd. ddd])) f7(-format (L4s+ndd.ddddcc_]) j
f 8 : -format ( £[-s-snddd. dddddc]) ; owner; concept 1 ;
headingl; sigma :-read(20)( l:-read(20); '
rhoj:=read(20); F:~read(20)( A:-read(20);
f;»read(20); OMEGA:«read(20); phaseq:-read(20); .c
KSUBI:=read(20);' k:- read(20); alpha:=read(20);
DELr,:=rea<i(20) ; N:=redd(00 ( ( ESUBC:==read(20) ;
MC:=read(20); thkcold:-read(20); ksuhc:-read(20))
NSUBC:=read(20) ; NUCBAL:=read.(20) ) thetahal:==read(20) ;
rSUBCPRM:=read(20)) .

' OFFBALANCE(f1,f2,f3,f4,f5,f6,f7,f8,sigma,l,:rhoj,F,
A, f,OMEGA,phas eq,KSUBI,k,alpha,TSUBC,DELT,N,

NSUBC,MO,ESUBC,thkcoId,ksubc,TSUBCPRM,NUCBAL,thetatoal);
close(20); close(70);

end • '



48$

C.P. 7. ■ -
DD017PL00WPU-+P1500079PSP-* ■ z
begin comment This program fits data in the lea.st square 

sence to a set of . data pairs which are
represented by ■ arrays : x]i] and f]l] using .. .
orthogonal polynomials;

integer m5n3i; 
boolean PUNCHALL,RKCALC;
real array x,y,f:::200]; •

open(20); . open(70);
write text : 70 cjb ;
write text : 70 jJ^cjTHE* COIPI?:lCE^iCITNr^S*HyC1-O*H^HEo

- c
CONSTANT* TERM* FIRST?. ]3cll) 9 

copy text(20,70 ,O;i)j m;- read(20);
PUNCHALL:- read boolean :20 ) RECALC : « read boolean : 20);
n:= read(20);
for : i ;» 1 step 1 until n do '
begin x]i]:- read(20); f[i]r~ read(20);
end LINE 17;
comment The data must contain a heading for the polynomial; 
begin procedure POLY(m,n,x,y,f,PUNCHALLjRECALC);

value : m,n; integer m,n;
boolean PUNCHALL3RECALC; real array x,y,f; 

begin if m>n then
begin write.text:70, Rc]THE*MAXIMUM*

ORDER* OF* THE* OUTPUT*HAS*BEEN*



REDUCED*TO*N~ 1 .£c ]_]_) ( 
m;- n-1

end LINE 27;

begin Integer i,j,k,l,fi,£x,fy,£e,frmse,fEc,fc
<5. of y;%

real a, SUM1,SUM2, SUM last e 
c sq, SUM this p sq, SUM last p

, sq, alpha, beta, w, ;
. array c cf y, c last p, c this

p, c next p, . v this p, e[1:n]; 
boolean e is uping, 1m;
SUMlastpsq:« n; SUMlastesq:-1037;
1:- 0; fi: = format (£ndd;2) ( 
fx (- format ((s-d. dddo»nd; 2) ( 
fy« fe:- formtt(£ss-d.dddddo-ndjJJ ( 
fEc:® format(2ss-nd.dd;2)j 
fooofy ( = format ( (2-
d,ddddsddddsddio+nd;c2)( 

frmse format ( 2s~d.dddio-o+d;cc2) (
SWH:= SM22:= 0.0;
for i:= 1 step 1 until n do 
begin X:~ x[i]; SUM1: X + SUM1;

. w;= f[i]; SUM2: w + SUT42
end LINE 48;

alpha:- SUM1/n; cthisp [1] = -alpha;



 

1 '■-> s

cthisp[2]s~ clastp[l]:~ 1.0)
w:- cofy[l]:» SUM(En)
for i;- 1 step _ 1 until n do
e[lif[i] - w; . -

NEXT: 1;- 1M1) k:- 1+1; lm:« 1-m;c
SUM2:: SWIthispsqi= 0.0) 
for is- 1 step. 1 until n do

c

begin. SUM11= ethlBitk]) X:= x[i])
. for J:= 1 step -1 until 1 do

8UM1 (== SUM1XX + cthisp (j])
V this pH:- SUM1)
SUM2:= e[i]xSUM1 + SUM2) 
SUMthh^sq:- SUM1T2 +

SUMthispsq 
end LINE: 64 ±-

a:- SUM2ESUMthi.spsq) 
for j1 step 1 until 1 do

cofy[j]:- axcthisplj] + cofy[j]) 
coffr[k]axeehisp[k]; SUM2:= 0.0)
for i: 1 step 1 until n do 
begin SUM1:- cofy[k]j X:= x[i])

for j(= 1 step -1 until 1 do 
siWII (= SUMIxX + oofy[ j])

y[i]:- SUM1)
w:= e[i] (== f ( i] - SUEI1 ;



 
 

8UM2:= vxw + SUM2 • .
end LINE 76 1;
elsuping:- SUM2 > STMlastesq;
STMlastesq:- SUM2; . •
If PUNCH ALL or lm or eisuplng then 
begin write text : 70, I£cJj_RDER**OF**FITO)]

write ('7C,fi, I) j w: = sqrt (SUOi2) :
write text(70 J***-**^^.** .

ERROR* MJ;

write:70,frmse,w/sqrt(n)); 
if eisuplng then

c

write text(70, £RUN*
. TERMlNATED*BECAUSE*THE*

R.M.S.*ERROR*WAS*
INCREASING J cjn);

write text(70,£C0EFFICIENTS.*=*2J; 
write(7c,fi,k); newline(70,1);
for i:« 1 step 1 until k do 

. write(70,fccofy,cofy[i]); 
newline(70,2);
if HECALC or e is uping then 
begin write text(70,

LL2sIi-L7slx£i3s| :

F[13s!y£i 3siF-Yh OsjEtc]).);

for i:~ 1 step 1 until n do



begj.n write(7O,fi,i);
write(70,fx,x[i]);

write(70,fx,f[i]); 
write(70,fy,y[l]); • • "

a w/ite(70,fe,e[i])j
$ i£. w<io*”2 then :

write
■ text(70, . [(2 s(

c ■ EXACT*FITj[) else . .
write(70,fEc,

.. cc
• e[i]xi00.0/w)j

e newline (70,1);
end LINE 112 i

end LINE 113 RECALC or e 
. is uping

. end LINE 115 PUNCH ALL;
newline (70,3);

‘ if Im or eisuplng then. goto END;
' SUM10.0;

for i;- 1 step . 1 until n do
SUM1:= x[i]xvthisp[i]T2 + SUM1;

alpha;- SUM1/SUMthispsq; 
beta:- SUMthispsq/SUMlastpsq;
SUM!astpsq:= SUMthispsq; 
cnextp[l]:« - alphaxcthisp[1] «

¥ if abs (e Ci] ) / abs (i«4 x f [i] ) then.



. betaXclastp[1])
cnextp[k])- cthisp[l] - alphaXcthisp[k])

for ( i:- 2 step 1 until, 1 do , 
cnextp[o]:- c^isp^-l] - . -

alphaXcthlsp[i] - betaKc^st^^]) 
for i:— 1 step 1 until k do .
begin clastp[i]:= cthOsp[i])
cth-isp^]:-- cnextp[i]
end LINE 133)

cthisp[k-+1] :1 1.0; goto NEXT)
END:

end LINE 136 arrays with dynamic bounds(
end LINE 137 POLY)
POLY (m,n,X,y,f,PUNCHALL,RECALC)) close(20))
close(70)•

end LINE l40)
end ■



io y

COMPUTER PROGRAM. GOPc 8

2

cross sectional area thermoleement, cm 
packing desst^,
ther1ooele1monl bilgt, . cm

. pjunctor rsssnSivntt , ohm-mm
curronl form facorr
insulation thermll conduniivntt , —— °c
Seebeck coefSCieonl frr coupes volts/ C 
thicknsss ol clll sids tasl^ion, , cm

phetl tranffer facor,, watts/mm .
thermal imoduetivsny of cold side insulation, 
wetts“cm/lc
llenesCeaS condunSivnty o1 leemonS /oohm-cra 
themeal conSitiivnts■ fl cementl ettOs/cm-0C 
oseiml thpmeanSemt, °K

The basic program was written for an English Electric 
KDP 9 computer configuration. The program consists of a 
driver section, two functions, and two subroutines. The 
data is introduced into SUBROUTINE BALANC. Defining the 
variables in SUBROUTINE BALANCE;

c

f

ASUBE, .
OMECA,

,ALSUBE,
RHOJ'l,

c

P,
AKSUBI,
ALPHA,
THKCLD,
ESUBC,
AKSUBC,

SIGMA,
AKSUBE,
TBCPRM,

Defining the variables in function EXPCLD and EXPHOT

ANSUBH, ANSUBC, exponent in heat transfer equation 
relating module to free stream condition

AMC, AHH, introduced as an additional exponent terra, 
with these terms ANSUBH and ANSUBC can be 
assumed to be , INFINITE, therefore AMC,. AMH are introduced as zero for this condition.



 
 

 

1 FORNAT(2OHw.SHaKUH. AERO ENGRj//) . '
PR I UT 1 ' ‘ • . •
P R I U T 2

2 FORMAT ( 4 3HTF0 STAGE CASCADED THE’RNqELEECRIC OPERATION//)
3 F0RUAT(33HBETwtEN HEAT SOURCE A f D HEAT SI NK#/>

P R I W T 3
4 FORNAT(38UWITH F I NITE HEAT TRANSFER COoEFJCIENNS,//)

P R I N T 4
call HAL A Uc -
CALL EXIT
END , ' ’ '

' ■ FUNCT'IGN’EXPHOt6aN$ubH#AMN) .....................
FFfI l / ( i+ansubh) i*amh -
e X P H O T = F F

8 FORMAT44HEXPQNE*nT HOT SIDE HEAT TRANSFER COEFFICIENT-/F7,4f//)
PRINTShFF
return ( ■
end

“ " FUNCTTON EXPCLDIANsUBC/AUc/ •• • • ■ -
C ANC is introduced as unity except when ANSUBc is at infinity 

E E=( i / ( I + Aij S UBC) ) * ANT ■ ■
expcld=ee • ' •

7 FORNAT45HEXP0NENT'CoLD SIDE HEAT TRANSFER CqEFFIClENT=;F7t4,//)
PRI N17,EE 
RETURN 
END

S U B R U U O' N E HEAD I N
■ ~ PUBLIC ALSUBEjRMOsH,SIGNAiONEGAiALPHA#F#AXSUBE '

1 FORUAT(22UELENeNT heihtt CN L/F8.3//)
PR I NT 1/AL SUaE

2 FORMAT 4INJUNCT I ON RESISTIVITY OHM CM SQRD ' RHOO1/EI0 *3//> 
PRINT 2,RH 0 JI

3 FORMAT ( 3SHELENENT COnDuCTIvTT T OHM CM T ( G ??A t T 1't T t / )
P R I N T 3 / S I G N A

4 FORNAT 23’HRATK UG OENSTTT ONEGA .
PRINT 4#ONEGA

5 F0RAAT(35-SEE3ECK COEFFJCJNTT VOOTS K ApHA A #EI0.3,/)
PRINT 5/alpha

6F0RNATT (7HRpPlE FACTOR F#F6 * 4,/ ) .
PRINT 6 /F
RPLRER = S0RT(8.0E-4*(F**2-l ) )

7 FORMAT ( I 7HPERCEUT RPPPEE /FiS-*^,/)
PRINT 7,RPLPER

6 FOR: AT T 3.3UTHERNAL C OnDUCTIVTTV I STTS K K
■ print a#aks uae ■ .

RETURN ■
E N D



 

 

 

 

SUBF0 UTIM E 3AL A MC ' .
PUBLIC TLTUBE, Rho J 1 , T I GMT, pUMGA, ALPHA* F/ AKSUBE ' '
ASUBE = f 04
0 Ml G A = t 5 7 7 .
AL^Ul^i^s.20
RH 0 J1=2* 50E-5 .
F = 1- 0 01
AKTUB!r 2„50 F-4
A L PH Az 4„43E-4 ■
THK CL C = 0 0 6 1 . •
E5 U BC = . 15
AKSUBC=e008377 • ....... '
ESUBH=ESUBC e-
SI C M A = 0 9 4 n0 ’
A KSU6F =„014 7 °
TBCPRM = 2 5G,0 f •• .
CALL HEAD I M
1ERM A = 2.0 # A .SUBF* ( 1» 0 P E GA) / ( TL SUBE * 0 M EGA )

9 FORiMMkT 29HEPFECT I V£ MATERIAL PROP PETHL El//)
PRINT 9 , ■ .
AsJ UM CT = 4*0 * TH0 J I / At UB E • '
JUNCTION IS CONTACT ,.RES ISTAMCE FoT A COUPLE

P AI N T T = A L S Ll B E / ( SI GM A * ASUB E J 
PRfT = 2*0«A TT .

big=tr ,
5 F0RMAT(41HCOUPLR eLMMENT INTERITR RESISTANCE OHMRr/R 1 R ? R //7 )

P T I A T5 f RR ■
REF F=(F * *2 ) #( TJ UACT + 6 IG)

99 FORMAT 27UEFFECT I VE RESISTANCE 0 !IMS = , EI 3 « 6 // )
PRINT 99,TEFF -
TER M = A TUBF>AKSU D E/AESU 8E
TKK=2,0*TETR . '
BAD=AKK

6 FORMATT 4 00^0 T IL LM ME N T THERMAT CpADUCTACER WTTTR K=,E13.6/// )
P R IAT 6/AKK .

P AKEF F = GTD + AKSUBA TE Ri A ,
10 FO'T4^ AT 3 9HEFFECTI VE THERMAL COADUCTAACC WATTS Ks*E15e6//)

PRIAT lO/AKEFF
• ZEFF=(ALPHT#*2)/< TCFF*TKCFF)

11 FORMAT<30HEFFCCT1VE FIGURE OF MERIT K = /E1 3,6//)
PRIAT I 1 ZEFF ' ’
H=BAD*BIG . ‘
ZMATERt<ALPHA*k2)/H12 FOTMMTI2QAAATCTIAL FIGURE OF MERIT K = ,El 3,6,/) ‘
PRIAT 12 /Z r A TET ’

_B A L P H A = A L PIH A * 0,5 .
ZU A T=(BALRHA **2)* Si G MT/ A KT $ U8E

1 F0 RM AT < 5HZMAT= ,El3,6,/)
PTIAT 7 1,71 TT . .

. P A = !0 ME GT*REF F)/<4 * 0 *ASUBE) * . '
P B= ( 0 M EGT4 TL P AT) / ( 2.0 •» ASUB E ) '
PCs! 0 MEGT* TKE F F)/( 2,Ow ASU^E) ’

RAB-EXPHOTt2 * O>1/0)
RIG=EXPCLD!.20,1,0)

6 3 FRMfAAT ( 6HFSUSC=, T 1 0.3, / ) ■
PRIAT 6 3., ESUBC
D 0 3 2 IB A P R M = 30 0/ 320,5 '
AF^APT:’.= I BHpRM ■ . '

19 F 0 T4 AT( 2 2 HF RE E ST RET'! C 0 M DI TI 0 AT , / / )
PR I AT 19 .

2 0 ' FOTMATC21^SURCeR TEMrERATTE- . K r ? R T , R , R j
PTIAT 2 0,r B CP T *



 

 

f- <K • A I ; 1 V ' b 1.<i K ! t 'rt. K A ! i K L R = , [- V 5 4 , / )
PR 1 NT ?1, TBhPpn '
1 = 10- '

Pi,-'JC = I . _
flNrO ,
A L 0 WE =30,0
ANVC=nUC/ALOWER
P0 R .0 A T ( 5 A A ,h UC = , F 1 0,3 , / )
P=1 JT 6 2, A NUC '
THKHOT= THKCLD
AKSJUH=AKSu3C •

PDELT T C = THKCLJ*AWOU/AKSU3C+(ANJC/ESU3C)*#R1G 
PTSUOCC = TBCPRfI-DL'L TTC e ■
P TB A L 1 = ( T BCp RM +r BHPRf- ) * 0 + 1

DLTJUR =TBAL1-ASU8Cj c
N N = N N + 1 .
1 F ( NN <? GT .30 ) 3 1 ' " ‘

PTFRMAA::B*TSUBCJ
ZE D = <B+A SB 8 BO) *2-4* A# C C * D L T U U R* A N UC )
1F{ZED*LT« 0-0)30 '

PTERMCD=SGRT(ZED) -
C U R R E N = ( T E R AA- T E = M C B ) / * 2♦ 0 * A ) .
PRFXUR = B#CuRREN*DLTJUR + 2 * 0*A*CURREN**2*0
C0 p u P R = a l- UC/ F’R F X UR .
ANUH = AU UCc(1/C0 P UP R+ 1 )
ANsU 2 • ■
N L W R = 4 5 .
NU FM=10 ‘
DL T J LR = A N * DLTJ IU R
PRFXLR = Ci CuRREN* 0LTJLR + 2#A*CUF?R£N**2 
A NUHPMs AM UH*NUPR/Nl VR + P R FXLR •
D E L TT H s T H K H 0 T * A N U M P MR / A K S U B H 4 ( ANU HPR/ESUBH ) *-RAN

P T S U B F J = D E L T T H + A.B H P R N
P T B A L 2 = T S U B H J -* D L T J L R
PTRBL = ABS(T8AL2-TBAU ) °
PTBAL1 = (TBA^1+TB^l^^)*0.5 

1F<TRBL*GT,Q»05) 13
FORMAT C 23MBALANCE'D OPERATION ACHJEVEEd//)
P R1N T l 4
FORMAT( 25'JHEAT FLUX WATTS CM SQRD = ,F 8 * 4#//)
PR1rT 15,AM U C
FORMATT27MH0T JUNCTION TEMPERATURE K = ,F9$4,/ ) 
PRINT 16/TSU8HJ
FOR-RA^(27M1UTERHEDlATt TEMPERATURE K=,F9.4,/) 
PR1;T 17,TBAL 1 •
FORMAT(2BMC0LD JUNCTION TEMPERATURE Ks#F9,4//> 
PRINT 16,TSU BCJ
F 0 R rAT*2 3 MIT EPA T I 0 NS E QU U I ED D MN = ,F 3 t 0,// )
P R 1 N T 2 2 r MN '
FORMAT (-1 3M CI RCU I T CURRENT 1 = , F 8 *3 , / )
PRINT 23, CURRE R
F0RM AT*19 mr,0,P♦ UPPER A AGEEe f88*3 , ) )
PR *l T 2 4 , C 0 P U F R
C0 P L W R =(A MU M <NUPR)/< NLW R*PRF X L R)

• F CRf-; A T( 16R C, Q, P« L 0 WER S T* GE = , F8.3, / )
PRINT 2 5,C0PLvR
TER-n 1=TSU=-CJ/ ( T SJBHJ-TS JBCJ )
T Ul EA N= ( TS U 8 h J + T 3 U BCJ ) * 0.5 
8ATA=SQRT(1+2EFF5TREAN ) '
RATI J=TSUBnJ/TSUBCj •
TERMNs^AAaArAAIQO/IBAtA+I)
PH1 1 = TERM J *T£ R Mt 2 .
PH1 2 = PH11 + 1/(8 *(2 * P Hl 1+ 1) )



 

 

2 6 FORNAT! 16H f 'AX1’UN T n „ P«r , F 8 .3 , / / )
P R I N T 2 6PH 12

' GANlNAz ( I f- 1 /COPUPJR ) # C i + I/COPLWR ) " ' '
A A lf B I T = GT N A - 1
TO P AL t=1/0 AN BIT ■

27 F0RKATC19H0PERATI0NAL T«0#p.s#F8»3#7/)
PRINT 27,CoPALL * '
T-j 0 B = 2 . 0 < ' '
DF L I NX=( 2.0 * TNE A^*( BATA-, 1 ) ) / ( BAT A + 1) 
DFLT=TSUBHj«T5UBCJ . •
TRf, = ( 2.0 4 DELT )/( DElTMX-DEAT ? • s
RiGHT={DELLTN^^-DE^^E^’^(/N0B)**NJ0B ■ •
AL0P=(DELTHX+DELT/NOB)**N0B 
RAT I = ( TRp.fR I GHT ) / ( ALOP-R I GNT ) .

64 FORMNTT03HT0P RATIB2 r=iFFw3,//) .
PRINT 6 4 RA TI

41 FORNATC26HHETT REJ UpR HATTS TNSQRD=,P6»3,/)
PRINT 4 1/ANUH
A NNUH = T NUH4 NUP R/NL H R • ‘

42 FORNAT(3GHHEAT INPuT LOWER HATTS CHSQRO = ,F8i3,/ )
P R I N T 4 2 , A N f u H

28 FORNAT(26HHEAT REJ LHR WATTS CHSQRO=#FS«3#/)
PRINT 2 (6/TNUHPh
VLTPLR=ALPHA*DlTJLR+TVRRENtREFF .

- TLTPUR = TLPh A *0LTJUr + TURREN*R eff

• voltlr = NLWR^#VLTPL.R ■
VOL T u R = NUP R* VL T PUR •
V 0 L TS = V0 LTLR + V BL T UR

34 FORMAT!22HV0ATAGE TOTAA VOLTS =,F8#3f/)
■ PR I NT 34/VOLTS

. 0SUTT = ANUT*2 «0#A$UBE#NUPR/0MEGA
VOLTS C = QSUTT/ ! TURREN^tTOPAEL) . .

4 3 FORNAT C7HV0lT$1=#F8 .3#/ )
. PRINT 43,V 0LTSI
35 FORNAT(30HCQLT SIET HEAT PUMPDT HaTTS stE(5t6t/) 

PRI TT 3 5,0 S U C T
QUREJ = ANBP* 2 * ASUBE * NUP R/0 NEGA

3 6 FT RN T TIT UP PR T STaET REJECTIN' HaTTS = t F T 5 t A t/ )
PRIN T 3 6,Q U RE J
A LWREJ = AN UN p N *2 * AS U BE * N LV R/0 HE GT 

3 7 F 0 R NTT 30HL0HER T STAEI REJECTIN' HATTS =,£15,6,/))
' PRINT 37, Q L H REJ 

3 2 Cf II T I IHE '
29 FORMAT(32HAAA T$PEcT$ OF PROGRAM CQNMPAEEEd//) 

PRINT 29
GOTO 3 3

3 0 FORMAT ( 30HHEAT FLBX EXCEEDS TT P AAiLl T I E S s//)
PRI MT3 0
G0 TB 3 3 .

3 1 FORMAT (19MITERATIO$S EXCEEDED,,//)
PRINT 3 1 « .
GOTO 3 3

3 3 'RETRNf; •
END .
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Appendix A - Heat Conduction Differential Equation for 
the Temperature Distribution In a Current 
Conducting El ement.______ ~_____________

To determine the fraction of the joule heat appearing 
at the cold junction of the Peltier Couple (figure 6,2.1), 
The following is assumed:

(1) The thermoelements are homogeneous and invariantc •
of'temperature,

(2) The Thomson effect is neglected,
(3) Radiation and convective heat losses from the• <

’’ thermoelement is negligible. ■
. (4) Additional assumptions as indicated in section

6.2.

For steady state operation the temperature distribution 
must satisfy the- following one-dimensional equation (13)

= 0
A.1

where:

and

joule heat term watts/cm^

A.2

%

X



where:
A.3

I
R
J

current, amps '
element resistance, ohm

pcurrent density, amp‘s/em e
electrical resistivity, ohm-cm 
thermal conductivity, watts/cm - °C

The element junction temperatures (boundary conditions) 
are expressed as:

(a) at X = 0 J^|o') -fjy

(b) at X = L M(L) -Uj

/ J. ,2-
Replacing the partial derivative by /

|y) The solution to equation A,1 is by two
successive integrations. The integrations yield;

& - - tft* , r
a iAL 1

and

xM • - hi + c,y + Cj

ML
where: ,

as

A.4

A.5

c, : Q A constants of integration, values to be 
determined from the boundary conditions.



 

Solving results:

A(x) --
2UL

A, 6

Note: The temperatures are element junction temperatures,

Replacing:

A.7

A.8

yM=TM
and :

AT,= Ts -Ts > 0
Substituting A,7 and A,8 into equation A.6 yields

Equation A.9 is based on the assumptions that:

A.9

(1) One-dimensional heat flow
(2) All material properties invariant with temperature 
($) Materials are isotropic

■ The first terra of equation A,9 is the "zero-current" 
heat and the second term is a joule heat term. The location 
( ) is found by differentiation of equation A,9 and
equating the result to zero. Hence:

E
+

L

Xl

7ZSh
f

AI L .A.10



 



 

y j

With :
hL

Ay
A.11

AT, A I 
1\L A.12

The maximum temperature (T ( Yc ) ) occurs near the hot 
junction and is expressed as:

AL 
2 A.15

The maximum temperature at C is :
TCxA - '■—J 1 .. 1 —

I ; X* c

L L _
2AL k

-

A.14

V _ L 
Ac " 2

= 0

For normal operation the temperature T ( X ) is greater 
than or equal to the temperature at the cold junction and■3
hence conduction heat can not he transferred directly from 
the hot to cold junction. Figure A,1 indicates the 
expected temperature distribution for fp . 1$ operation. 
The TL-R. heat generated within the element is transferred
to both junctions. The part of the joule heat transferred 
to the cold junction is the fraction- generated in the . 
element between the cold junction ( ) and the point of
maximum temperature T (y^). Thus the heat flow at T (L)
=j is expressed as:

Mir
M

% A.15



From equation A.9:

at a - ai; _ f k
M;<=l L ■ '2f\k

Introducing equation A.16 into equation A.15 yields

A.16

%
. lAM- f

-V A.17L
A heat balance at the cold junction_ enclosed by a 

control volume can be illustrated by;
<?s

then:

where:

5 f

A«1

<?,=<?»+
A.18

Qs

W

Peltier heat effect at the cold junction 
heat conduction to cold junction, along 
the element legs

Introducing the Peltier effect into equation A,18 and 
equation A.17 yields:

-T ($«+8
r~ IA

A.19
.3.101

AtA
L



The temperature distribution (T (X) ) at GA- and
C.O.P. , can be expressed as:

< operation: le = 6.5.4.1

Introducingt2P = + Rp

A.20

Q

lo - ",
\ , n , ;—|— ■■■ .............. ...

2 R
Prom equation 6.?.1

X-©i «! A.21

Substituting equation A,21 into-equation A.20 yields

X = Oo/^ Lj / 2 R A.22

Letting L = 1 (unit length)

T (X) = (Tnj - A TJX) + e2p2xf/- xl dip
—wi—i—m—■■■^ — J^fliin ■ ■■■■I III I Wl II 1 I wUp

Introducing the figure of merit (2) as :

-2

A. 25

A. 24
where:

R--2(J^lA A. 25

K--2MI1
A. 26



Substituting equation A.25 and equation A.25 into
equation A.24 results:

Substituting equation A,27 into equation A,25 yields:

TIk) --K - AT xl t A.28

. z

The values of 0 correspond as follows:

0 = 1,
A = Afy1$

operation - maximum heat pump rate
operation - maximum G.O.P, (section

7.4.4 5)

Figure A.1 shows the temperature ratio (T (X)/Tnj) as 
a function of the position ratio (X/L). Two family of
curves are illustrated. The upper series of curves is for 
the condition of maximum heat pump rate (I = 1^ d and the 
lower series is for maximum G.O.P. (I - ). The
maximum temperature ratio approaches (X/L ~ .5) as the 
figure of merit increases. The shift can be expressed as :

at 0 = 1 (maximum heat pump rate), I = I then:



 

Introducing equation A.20 into equation A.29 yields:

i 4AI Ip
hC' I i iyz

It)
A.30

Substituting the figure of merit relationship from A,27

V C-
2 p A.51

Equation A,51 indicates the locus of the (critical
position) as a function of p? From equation 6.5*6.5

AT,' --Up
6.5*6.5

Equation A,51 becomes:
V - *-<

c'z k.$2

For £ = 0 (at not junction) U - at;.
This result is similar to the conclusion presented in ' 
reference (9) . Using the reference as a basis for
further analysis equation A,10 is set equal to zero at X = 0 
(boundary condition). The results are:

0 = -ATj + 1 R./2 Ak
A.55

The current to maximize AT (equation 6.5.4.1) is:



7 UH-

Letting
J“ ip (e-i)

then'

Ah hf ' 6.5.6.5.

When the system is operating at Qs = 0 and the 
current maximized for Aj the slope of the current at the 
hot junction jt : <j% [%~o is zero (9) ♦

For operation at maximum heat pump rate the temperature 
ratio has a maximum value in the interior of the element*
A conclusion resulting is that as increases shorter
elements can be utilized to pump the same amount .of heat as 
a lower value with a longer element. The material 
utilization parameter ( Qs l'"rA. ) increases with the 

shorter element. The G.O.P, for the shorter element 
would be higher as the interior resistance decreases; . 
as the power input required decreases.

!



Appendix B - Parameter.Optimization . Technique.

A number of parameters have been optimized with 
respect to a single control variable. The technique is 
based on reference (19) and is 'summarized by the
following rules: ’ .

(1) The quantity (y) to be maximized or minimized 
is expressed in terms of a single independent

• variable X,

(2) If y = f(X) is the quantity to be a maximum or 
a minimum find those values of X for which

d*^ (d' = 0

(5) Test each value of X for which f!(X) = 0 to 
determine whether it provides a maximum or 
minimum or neither. The tests employed were:

(a) If AjJd/ is positive when = o, y

is a minimum.
0>) If A is negative when = ,, 7

is a maximum.
(c) If d^|A)^ ==■ 0 when d^ = 0, teet fails. 

. This did not occur in the study.



 

Appendix 0 - Determination of the Current to Maximize
the C.O.P. * and Corresponding C.O.P._____

Equation 6.4.9 indicates that the C.O.P. is a function 
of the current. The optimum value of the current is . 
found by equating the first derivative to zero and solving
for the current

Prom equation 6.4,9

C.O.P. 6.4.9

Letting

C.P.P.) results after expanding as:
IT

Q

where *

L ■ 2IR WAT,+ AT'
W k)

Multiplying both sides by 
yields:

C.1

and then adding

0.2



2 r
B = 1 + -

f

0.5

Factoring the left-hand side and letting:

A. 
2' RX

The right-hand side is a perfect square then
_ n 2

r2i2b = £ AT, 4% R

loving for I -![ )

I, = J AT
R[Jb -i

0.4

0.5
(6.5.1.1)

Equation 6.5*11 expresses the current required to 
maximize the C.O.P. The maximum C.O.P. is expressed as

C.O.P. - cZ ~ 2 -1$ ~ C.6

where:
«v ^<t>

C.7
Vf = V + RAT;

Introducing equation 0.5 into equation C.6 and 0.7 yields
after combining

1_
C.O.P. Tat,jT 0.8

Introducing:
RK

Ad

0.9

AT-jr



508

0.-10

and combining the three terms from equation 0.8 yields:

c.o.p. a = - AT; [&-i] - Ilj --j [Tb "I

ZATjle [<-i]

Factoring
AK&-0

and combining results:

C.O.P. _ I.
y . AT][&-0

4 + Thj - Ttj - T.b 1b 0.11

.The term within the bracket is the product of two 
factors then:

C.O.P. «? “AT [ -] 0.12

The .numerator of equation 0.12 is equivalent to:

-T^pa -|] =Tsp - u

The • term within the bracket is replaced which yields:

c.o.p.,
AT, LM -I

jb
Ti

C.O.P.. = T;

0.13

0.14. 
(6.5.13)

0,15.



Appendix D - The Effect of Shape Factor Variation on 
Operational Performance _ _ Ratios. _____ _

In section 6.5.2 the shape factor required to 
maximize the C.O.P. is expressed as:

0.5
J ft
f.

where:
- A‘/n 1

6.5*2.10

6.5.2.5ff\ / -a/a

= 6.5.2-4.

Assuming
equation

0 - i
' -A' p

6.5*2.10 is
and introducing a multiplication factor, 
expressed as:

tt K Ap X Factor D.1A

In this appendix a technique is proposed to indicate 
the change in performance ratios as a function of ’factor1. 
Four operational criteria will be examined. The four 
operational ratios are:

(1) Operation

(2) Operation

at maximum C.O.P, (C.O.P.A )

at maximum heat pump rate )



(3) Heat Pump Rate at C.O.P. )
(4) C.O.P. at maximum heat pump rate ( (v

Prom section 7-2.3 ‘&nd section 7-2.4

and

D.2

D-3

The effective material variables are expressed as

f.

.-c-i Ap MA•EFF ApV\ AV1
D.4

^6fp sjH-OpM•*^pAp -v Ap -t M A
. w L

D-3

where
Ip ik

L k f? -i

O.?-
X *factor" D.6/M =

and

>P +

0.5



y i i

2
D.7

The effective figure of merit is expressed as

f /c,EFF / reff Veff

The effective figure of merit is expressed as

J.
IQ D.81 , . I

£Ff ^Efp

The maximum temperature difference is

and

ATj ■ V 2

J rwy J
D.9

D.10

j 7-yp

The multiplication factor’ is assumed to vary from .8 to 
1.3* • The operational ratios are based on approximations 
(section 6.6) and hence figure 6.3*2.6 is indicative of the 
general trends. The operational ratios are determined as 
follows:

(1) C.O.P. a ratio:

Prom Equation" 6.7.13:

D.11



(2) ratio:/iv\O>jC
Prom Equation 6.3.f*8:

Keff

s*,v _ atj \

(3) ratio:

Prom Equation 6,6,14-:

<?h at.
Al; ' Q,

AY

_zre

AT

&T

AAA*Y - ■ D.11

D.12

\i>y.

9

r u
1

J fat&Af-

9

(4-) C.O.P5. o? ratio :

Prom Equation 6.7.12:

4i

AT

D.13/h\!V^

AT-
atJ/Vj

The prim notation in equation D.10 - D.13 denate that 
the multiplication factor (equation D.4) is not equal to 
unity. Figure 6.3*2.6 illustrates the performance ratio 
as a function of the multiplication factor?. An interesting
result occurs for the performance ratio (0? and
I n' I r> \ I -

5 I tys/QQf with the multiplication factor* *7 1.
The heat pump rate performance ratio indicates an increase 
in performance level. To rationalize this occurance , 
consider the following:



For

.8 'factor* 1.5

1.951O~S/°C 2 - '1-8810-3/°c

hence:

and. equation D.10 becomes:

EPF
D.14

FF
With the multiplication factor being greater than 

unity then M and.
from equation D.12

EfF
C<3> 90 1 and.

k
<?s ,



Appendix E - Determination of Configuration Geometry 
for Optimizing the Parameter JSs/At

Erom equation 6.5.4--2 the maximum heat pump rate is 
expressed as: . ..

where

Ha - K&T- 
. ZR J

E.1

and

E.2

E.?

Introducing equation E.2, E.5 into equation E.1 and dividing 
through by / j (Total element cross section area) yields

E.4

Substituting Ay Kvd A p ,n > 7
the partial derivative of: XX)/>into equation E.4 and taking 

= 0. The
partial with respect to is arbitrary, the partial with
respect to

A ‘?
A will give the same final result.

Factoring and combining results:



Introducing equation E,6 into equation E.5 and 
simplifing yields;

E.7
(6.5.7.3)

where;

E.8
(6.5.7.4)



 

 

Appendix P - C. O.PA __ Identity ,

Prom equation 6.6,20

Cancelling alike terms and cross multiplying with a 
reorganization of the right-hand side terms of equation 
P,1 results: .

Expanding the right-hand side of equation P.5 and cancelling 
like terms results: ■

AT • li - AT -X - at • AT
P.4

with: &T = P - Ts
P.5

Substituting equation P.5 into equation P,4 results



Appendix G - Upper ; Limit of the.Parameter 2T

The upper limit of the parameter 2 T will be 
determined as follows:

2 T - ' Ak+L

L f
Let:

G.1

Prom Appendix N:

y 3.OO°q-3/°K at room temperature 
The upper material limit imposed by the insulation

within the matrix assembly is 200°0 (473°3). Prom equation
G.- with ; - p .

% -

"'■'•At =1.^9

Assuming an optimistic value for the figure of merit of
5.0^q-5/°K then;

= 2,36

Hence the probable upper limit range is

1
.419 _ £ [ - 2’56

Prom reference (3) . based on the properties of 
semiconductors a 2% value exceeding two is unlikely.



Appendix H - C.O.P. Identity,

Prom equation 6.5®5-1 and equation 6.6,22:

L
AT

AT
AT

&T
c I

AT
Tv H.1J Iap " 2

?

Cross multiplying and cancelling like terms results:

at
I,

&

1
I 1 H.2

Expanding the right-hand side and combining like terms yields
1UT - &T Tt,

“—. I *

't Lj

operating on equation H.3 results:

***' |
1 TC,. H.3

T AT - ATI, - AT, H.4

Introducing z: — Ty into equation H.4 yields:

Ap'= AT H.5



Appendix I - functional Relation Between form factor
(f) . .nd Percent Ripple.______________ _ ‘

In Section 7*3*2 an equation is presented to relate 
form factor (f).as a function of % rippled The equation 
was given as.: '

- I + ( I Co?li) 7.3.2.S.

• , Bxio4 •
c

The derivation of equation 7*3*2.2 is as follows:'

(1) Definition of Terms
s (a) Average Current ■

figure 1.1 
Current Wave.form.

The average current is expressed asT-K 1 I '
T'-y \ iM At 1.1



where:
0(t) = HD L 1.2

(b) Mean Squared Current
The. mean squared current is defined as:
TU„ ,

1 5 Wd! it 1.5

, e '
(c) Root Mean Squared Current .

’ The root mean squared current is defined as

1.4

1 u>ieiU

(2) . Derivation of Equations '
The form factor is defined as

F H
I

A.
Percent Ripple is defined as:

7.3.2.1

Ripple "c Peak to Peak Variation x 100
Average Current 1.5

The instantaneous power dissipated in a resistor is:

P(t) = f>'(t)2H 1.6



 

The average power dissipated in a resistor is:
T

P(t) =
d R. li

T
1.7

=ChHS) R 1.8

To relate 'form factor (F) to 0 Ripple an assumption 
on the wave form is required. Assuming a small ripple 
from a filtered power supply is sinusodial (figure 1.2)

From figure -1.2 at ripple current: 1 10 = Ip SUvtft

is superimposed on a steady d.c. current ( ). The
current is expressed as:

1.9

Substituting equation T,9 into equation 7.3.2.1 yields:

F =
I fc.-V U’

1.10



and percent ripple from equation 1,5 is:

$ Ripple = 2Io_ X__100
<LD.c.

Squaring equation 1.10 and equation 1.11 yields:

r - 1 + ?I
1 + Zo 1.12

1C "
. P<-

(% Ripple)2 = 4Iq2 . X (100)2
1.15

DC.

Combining equation 1.15 and 1.12 with 
2as .the common term and solving for F results:

P2 =. 1 + (% Ripple)2
8 x 10 2.14

(7.5.2.2)

- To determine the % ripple corresponding to a non- 
filtered, full wave sinusodial ripple consider the following.

From equation 7-5-2.1

7.5.2.1

then:
Uj» « it

T

11X w (-0 it

XT

1.15

I . 11

1

4

' - 1 jl

F =

T



where: K) -Io
1.16

Performing the integration results;

F /V ;.O„ /V
.657 Io

1.171 .110

Substituting the value from equation I.17 into 
equation 1.14 gives the % ripple as — 156$.



Appendix J - The Effect of Power Supply Ripple on System
Performance .

(a) The G.O.P.* can he expressed with current ripple as:
£

G.O.P.* = -----—---—---
. ' FZT- i?«P + lXf U 7.3.2.9.

Taking the J1C.O.P. * * _ q and

(utilizing equation 0,2 and equation 0,5)

7 'solving for •M yields:

. H;-/ U_2..R Jtj +qV '’-1 

Fz

Assuming as an approximation that the right-hand side 
of equation J,1 is a perfect square then:

Xyt! « UbT;*i;pV J.2

As an intermediate relation:

= C/T.+qR
7.3.2.10



(b) The maximum Junction temperature difference
AT-(

as i
) with current ripple can be expressed

From equation 6.6,10

and

~t O' AT- T 
(j? - JTT.

AT

X * AT; T J.5
Al

Solving for the maximum Junction temperature ratio 
yields:

AT ’ i,

AT
•Ag? J.4

Introducing equation 7.3.2.? and equation 7*3.2.8 into 
equation J.4 results;

¥AT
VrjC A/

at F:

(c) The heat pump capacity at maximum C.O.P. (Q^*) snd 
the C.O.P. at maximum heat pump rate (C.O.P.*) with current 
ripple can be expressed as:

From-equation 6.6.13:
AT

%

) f

J A

J

j

1

6.6.10.

7.3.2.12

Q * w T
5$ J.5



 

 

Introducing equation 7.3.2.12 into equation J.3 yields:

A

%5
f 7*3.2.14

From equation 6.7-12

C.O.P. (P* V 
C.O.P. <?

A

AT

at. *6
AT
AT

J.6

l
Introducing equation 7.3.2.12 into equation J.6 yields:

j. £T '
- AT

C.o.Pqo*
C.O.P.m

l AT

aTA\H.
and :

5s

%;
(C.O.P,*)
(c.O.P. 7.3.2.13

* JL<f’
•r „

• (d) The maximum C.O.P. and maximum heat pump rate
C (0r' *) with current ripple can be expressed as:

From equation 6.6.21:

C.O.P. *
C.O.P.

AT
AT
TA

AT;

I

J.8



Introducing equation 7.5*2.12 into equation J.8 yields:

0.0.P.f 7*5*2.16
-C.O.P.

EL

and from equation 6.5.4.8 coupled with equation 7*5*2.12 
results:

1.9

Hence:

F

C.O.P.*
C.O.P.

it

- | X <

J

1__
__

At«f

7.5.2.16

-vr(e) The heat pump rate Qc, and the C.O.P.* with 

current ripple can he expressed as:

Prom equation 6.7*5:
AT

Pl
%

te -eT-

J.10

19 - G

From equation 6.7*10:
AT-

AT-^
r .

C.O,.P.* _
C.O.P. ~

* . .
A e/T

K-0-
& Ga

J.11



For the general operating conditions considered hy 
equation J.10 and equation J.11 it is assumed that the 
boundary conditions are fixed (i.e. Icy ,T„ j constant

with and without current■ripple) therefore the only td?m 
to be modified is the “
The assumption yields:

is- ro

term (joule current variable).

At '
AtMlf 7.5.2.17

and
C.O.P.* 
C.O.P

w- & -

[w-

K
At

«t it- a a 7
____ 1_...___ ^sae^J 7.5.2.18

-

w-ff At
At,

%

F & -i 0

where:
Qsf ■ P

C.O.P.*
C.O.P.

oukh Iffpf J.12Power* __

¥



Appendix K - Determination of the Dimensionless Current 
Ratio: .at ...Maximum . C.O.P.__ __ ____________ _

Prom equation 6.4.9

C.O.P. = 6.4.9.
UpMj 4T&

FV

Letting:
= 0 expanding and illiminating results?:

Jl

Tpie +5 <Up-2iftut;i;-U4&v=o k.

Solving equation K.1 by the quadratic relation yields;

f --
iJ 4 {jt 2 Jfq + f i

ST-T'057

% u/1 7.4.4.5«

and from equation 6.5*1*1:

1

where:

^tFp {j b - n

-2-epf I X; -tT;

0.5

0.3

<v

B = 1 +

Equation 7*4.4.5*2 is identical to equation C.3



Defining the dimensionless current ratio at maximum' C.O.P, 
( ) as:

f

7.4.4,5.

where :.
TL ~ / Keff 7.4.4.4.

Substituting equation 7.4.4.3.2 and equation 7*4.4.4.5 
into equation 7«4.4.5*3 yields:

Ml 7.4.4.5

or
££. K.2

f

q-j a ” I
From section 6.6 equation 6,6.10 <A- 1)

Pi t At
K.3



Appendix L - Heat Exchanger ., Transfer Function,

-?he problem considered is to express the heat transfer 
from an extended surface into a fluid at a different 
temperature. Such extended surfaces have been utilized to 
increase the rate of cooling or heating. The requirement 
for this analysis is to express the heat transfer rate in 
a general form. The form that will be considered

q . CATA ,

The form utilized in equation 8.5.1.1 was: '

is:

L,1

8.5.1.1.

from an.

L.2

From reference (17) the heat transfer
extended surface can be expressed as:

q - A at -Ute)

Equation L.2 is in a form that is too specific for a 
general operational analysis. The selection of a heat sink 
requires analysis of many parameters. Attention must be 
given to scores of small detail which in themselves appear 
insignificant and yet may compromise the overall performance 
of the final design. However, the overall performance can 
be only determined after series of tests; to evaluate the
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s s s

particular optimum features of each heat exchanger interface. 
By utilizing test data the problems and subsequent solution 
can generally be solved within the allowable envelope (space, 
cost). Figure K.1 illustrates the natural convection heat 
dissipation by means 'of a finned heat exchanger as a function 
of the mounting surface temperature rise above free stream 
ambient. The data is based on the 400 series Wakefield 
natural convection heat sinks. The general form of the 
equation representing the family of curves from figure K,1
is :

<?-- MT"
L.1

where: '
D,h are constants to be determined replotting figure 

K.1 into log-log paper results in figure K.2. From figure 
K.2 the resulting slope is approximately .75 which corresponds 
to m (power) of equation L.1. From figure K.1 (or figure 
K.2) the heat.dissipation at AT = 40°C can be determined 
(representative, value) and hence the values of D for each 
heat exchanger is evaluated from equation L.1. The results ! 
indicated that: (1.00 B 5*00) for the heat
exchangers considered.. .

The constant slope '(h) is considered to be representative 
of the constant characteristics for each hdat exchanger.

(1) Material, Alu alloy 6603 “ T3
(2) Black anodized finish

. (3) Natural convection mode '
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' The variation of D is considered to be a function of

(1) Differences in fin area
(2) The variation in fin thermal resistance. The 

thermal resistance is defined as:

Thermal resistance
.V
Q

L.5
c

where:
6T :

and free stream, VG.
Qy heat flow rate, watts.

temperature difference between root of fin 
O,

ft



Appendix M Determination of the Heat Flnx Ratio for 
the Interelement Insulation._____ ;__ __

In section 7.4 the heat flux ratio .was 
introduced as a technique for determining the interelement 
heat leakage for the pedestal/element configuration (figure 
7.4.1.1). cThe major assumptions made in developing a
solution for the mathematical model is found in section 
7.4.5.3* Figure 7.4,3.3-1 illustrates the boundary. c
conditions for the interelement insulation. The mathe
matical model for the interelement insulation is defined 
by the following equations: c

J'T (»,,0 + +
v

j’tM,jr- 0

Left-hand boundary condition

Tp-i) -- M.2

To

£-2,1

where:
= 0 O z 2 ,

&
Right-hand boundary condition:

M.3

"T (io, 2) finite value



s J (

Upper boundary condition:
T(U=T0

■ M.4

Lower boundary condition:

T( r, 0) = 0 ■ M.5

The temperature distribution will be determined by 
the finite difference method utilizing the technique of . 
’over-relaxation’ to increase the convergence rate of the . 
iterative cycle.- The results are then employed in 
equation 7.4.3.3.1 yielding the heat flux rati
The nomenclature and symbols used are defined in section
7.4.3.4. The basic nomenclature is as follows:

radius of pedestal column, cm
outer radius of insulation, cm 
height of insulation; distance between 
hot and cold junction plates, cm 
dimensionless height of column,

7.4.3.5.13.

radial coordinate, cm 
dimensionless parameter

*Ir a
•b

7.4.3.3.6



p

■

T.
i

hot junction temperature, upper boundary 
condition, OK
cold junction temperature, lower boundary
condition, 0K

temperature, t -P . - To, upper)reference
,bouucLdry condition 
axial co-ordinate, cm

c-

dimensionless parameter

c P ’ b“

Ki, height of support pedestal, cm

7.4.3.5.3.

Introducing the following variable transformations:

I = a + (b — a)< “2. M.6

A - r’/O-

A [l- r’l I &¥ I -- 2 l

then:: Jf. To Jl
Jr k■“0. J

M.7
j # Ji js



Introducing equation M.7 into equation FI.1 results:

*- b - a
r

0 , M.8

and <, .
X+h =  £__

—- ' b - a m/9

,<k. M.10

; Substituting equation M.9 and M.10 into equation M*8
yields:

Subject to the boundary conditions:

left boundary
I > y, 

20

3. X (kj ( |)

4. r (?)

= 0, Right boundary

= 1, Upper boundary

= 0, Lower boundary



pa-u

The finite difference approximation to epuabion 
M,9 is:

4-
" k1

M.10

4

- o

Reerranging equation M.10 yields;

= /i + x (/+k,y) -

1

+ j_. n

X+] T-
,5)

M.11

Equation M.11 can he transformed where: h - ( 

and Cf is a positive integer. Equation M,9 reflects the 
boundary conditions where;

o^y i I 
o £ u £ I square domain

Hence:



 

pan

- 1
y-t.

1 . > -1 -J LI J li!
M.12

where is the difference operator.

Introducing the operator parameter into the boundary 
conditions of equation M.9 yields:

-=-t (o,t) - - im

iijO+M? -rOf + T(i-t.r) = o
/“ f \ H*131 h 1 (l , o) 5 t (i) ,o] = 0 

Mtu, I) H 1 (i, |)= 0 •

To express the difference equations (M.12) and (M.15) 
as matrix equations proceeding as follows: For any point 
P (ih, jh) of the working domain Rh defined as the 
generality of pts. for integer i, j in the interrali i = 
0(1) n + 1, j = 0(1) n we T iP) is the vaIan of
which satisfies equations (E.12) and (k.1p). There are 
N = (n 4 2) (n + 1) such points in and consequently
M equations of the form: •



LjZ(P) -- > c(.P,<)T(<?) - D(p)
M.1-

where:

G6 4 represents the points in the working
domain QW

Equation M.12 embodies fl\(to-1) of these N equations 
for the interior points of , each of the first two of
the equations (M.15) embodies (im-l) (for j = 1( )(im-1) and 
the two latter each embody (ft+2) (for i - D(l)(m+1) giving;

N = m(m-1) + 2(m~l) + 2 (m+2) M .15

where . •

N expresses the number of equations of type M.14

If T is now regarded as an N-pt. vector representing 
the ordered set of values of X (P) , then the linear operator 
i-h is represented as a square matrix C of order N, 
Similarly P • can be taken as the vector of the constantsu /TVm-
D (P) in equation M.14. Note that all the principle
diagonal elements of C equal - 1, and this matrix has the 
property of diagonal dominance, (i.e. for sufficiently small 
h, the sum of the absolute values of any row of is 4 1
the critical value of"h being 2X , i.e. for /r\ J ~ ~

. (I^- 1) )• Equation M.14 can be considered as the 
matrix equation



ex -- 0
M.16

This may be solved by any of ths nmmerous iterative 
schemes which are; known to converge i f C ha s the 
property of diagonal dominance. The method of explicit 
successive over-relaxation is proposed as the solution
technique.

Let TG) r(x>
''K'l J t Vm •

values of T at the completion of each stage of the
....denote successive

iterative

/v>\

component 
they are
consists

process begun by supposing any storting set 
. Further suppose.the calculation for each 

■ hx. of U are in the order in which
represented in the vector.' Then the method
of calculating;:

x'". uig lt'". * 0/v'rA nr

where:
• C - L+ji-IAw\ As**. •

and

ni.17

N.18

L and M represent respectively the triangular matrices
~ ' cformed by the values of the elements of below or above

the main diagonal. The upper and lower triangular matrices 
form a commutative group under the operation of addition,
3. is the unit matrix; a diagonal matrix with all its



 

 

pan

diagonal element equal to unity. The diagonal matrix has 
zero elements everywhere except in the leading diagonal.

The proposed iteration technique is based on a 
modified "Gauss-Seidel" method. The over-relaxation 
method for the solution of the system of equations: C T” 1 ' /hA A*
= Q ; where C is the matrix of coefficients, X column
matrix (vector) and [ column matrix on right define a
sequence of vedtors . When is thus evaluated

LT'tt depends only on the values of X X X f
\ f t ..... t—

already formed. It can be shown (18) that the
iteration implied by (M. 17) converges for all O V/ 2 

the value 1 = 1 leads to the special case of the so-called 
iteration by successive displacements (Gauss-3eidel method), 
but values of u) between 1 and 2 (implying over-relaxation) 
lead to a much more rapid rate of convergence.

The best value of is determined by the use of the 
property that the average convergence factor (t (^), here 
in after to be defined) is related to the best value 
by the equation (18)),

and

oPT -
tO id t C U 1- 32 1 —10-5 M.19

id L u)OPT

P (w) - D - t Oft
iO "7 u)



J *4- >

The average convergence factor is the limit of many 
sequences. Thus if:

"' ,-CMt1’ = f-1

M.20

then :
Q & - (u>) where:

(ti

V (hi and

?£&

O)

where by definition:
r D.%/A

x-i is the Euclidean norm or 
length of X (Column vector)

X

Q&-
\

The boundary condition introduces a maximum value of [ 
along ( =1, therefore:

a*
i ~0

M.21Y r ’ vh

However, the convergence of Qh towerAs its -limit 
is Utualiy very irregular if l is already close to Ooft 
Further if (inadvertantly) a value of t is used which is 
*7 u\^y then as shown by M.19 the limit is of no use in 
determining (since Qh W - 1). The



546

procedure for findi ng is as follows:

IL-'O : 1'^ by MT. 17.

A-2 find Qfo

Select an initial value of t (1.5 was used in the 
computer programme with success) not too large to he 

h)opp . Carry out 'Use itemiivt generaio.on of
"T" (After forming each I for

For ' / 2 3, tvst valAiess of ( -
): if this difference is sufficiently small (say

IU
/ 0.05) and if gg > M • (U - 1), then suppose" 

and use the first of the equations (M.19) to
determine a better value of t to be used in (M.17) for 
forming. X • • ..... etc. The inequality

Qb 1 N k 1 ( t 1) seevee tt rrvevc valuee of
which are (apparently) derived with u) > Dopp .

With the improved value of W the process of finding a 
better value may be re-instated by generating a new 
sequence of % , but usually one such approximation (u) =
1.5 starting value) is very close to (top. t The gain
of speed of computation by working at or close to (j0opT. 
will be pronounced and is considered to be weVl worth the
effort,

With fixed
solution of
the
the

vector L 4 w

h (i.e. fixed n and TI) : thv 
by (M.17) proceeds until som 

is sufficientUv
by N.21 and stop thv processnorm given

iterative
e error norm of
small. Thus 

for LI i;

Thv valuv of h must bo•sufficiently small so that thv



 

f

difference between the solution of the difference equations 
M.16 fox1 " , and the solution of the differential equation
M.1?, be / £ , In o then r? ords, tht d iscretisntion error 
must be Z £ , as veil as the error in solving the
difference equation (truncation error E), The discretisat: 
error* using Taylor’s theorem is E = 0 (h/*) which gives a 
rough estimate of the size for h consistent with the en^or 
tolerance. The starting value incorporated into the 
computer pi?ocess was a small n (large h) equal to;

i

ion

entier (0.5 % (l.O j - 1.0)) 4 2

storing the values of T ( 1, jh) for j = I(|)(n-1) , formed 
by solving M,17 repeated until |j Z £eu . Then
double the value of n and use X° the values of X formed/v»A /Mu
for the previous solution, the values of X at the gird 
points not coincident with those of the former gird being 
interpolated. Relax the solution for X in this new

, and then compare the converged values of X (1, jh) 
for j = 2(2)(n-2) with those previously stored. If the 
sum of the absolute values of these differences is Z 
then the new solution has an acceptable discretisation 
error, else store the values of X (1, jh) for j = 1 (1) 
n-1' and repeat the process. .

There is thus a three fold iteration:** an outer 
iteration of n (orh) and an inner iteration of X by

. AM .

(M.17), with an intermediate process watching the values 
of 0 and iterating a solution for The final form
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of the computer 
uses 63 and n o.s

program ( G.P.5* )
variable parameters

(procedure phaseq) 
to form 1 with an

error tolerance C (opso).

The heat
as follows:.

flux

From equation 7.4.2.1.

v

From.eonation H.6

JT __ Td JT 

<32 h J 3

the
substitutin
integration

g equation 
limits, a

will be evaluated

and equation

id

M.23 into equation 
0, b = 1 yields:

7.4.5.3.1.

M.22

M.23

M.22 with

%ACT
d-1 la,

'—
15

k2

M.24

where:
V = a+ (b — a)

p,
M.23



Introducing equation M.25 into M.24 and expanding gives:

M. 26

where:
k = i x h or discute value along Y = 1

From equation M.10 the Jt/JS I is replaced by
the central difference quotient yielding:

jr i-xD
a > M.27

1= K

This can also be obtained by the backward difference 
method. Substituting equation M.27 into equation M.26: .

% ACT i
V-
0-G-ld') I ~ltA) *-'l

a h
r

M.28

Lettinf
A = 2 * - 2W .
B = 2 (- - a*)
Y h) = 1 _ xp-i’-iO

then :



I

A +

k
M.29

Applying the trapezoidal rule for integration gives:

where:
■ AX = - a = I = h

n n

Redefining terms:

'A« = A B' = A 4-B
2 ki2

Y( 0) = (1 -. I T 0, n - ll )

Y i) = (' - T[n,„-il ) ■

M.32





then ;

M.35

where:
Y (ih) = (1 - T [l, n - 'll )

Figure K.1 illustrates ( AtT j <t) 
the dimensionless parameters: B*: r*, 1*.

as a function of


