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I PREFACEH.

This research thesis is concerned with the operational
characteristics of thermoelectric effects in solids.
it covers thérmbelect;ic céoling_mbdular design froﬁ a
parametric~phenomalogical aspect as cpposed to a
mechanica} method of construction or assembly point of
view. - The research constitutes a comprehensive
engineering/research effort to develop the mathematical
relationsﬁips required for the design of a thermoelectric

cooling system.

The thesis has been written as an engineering tool
.inabling the designer to utilize or evaluate the thermo~
electric refrigeration process. Care has been exercised
in defining functions, differential equations/éolutiéns;
in particula; the author has presented the implications
of a particular form of the solution. Avoiding such
expressions as "it is evident that", "it is clear that”
sinﬁe to the utilizer the's§atement that is supposed to
be self evident rarely is. ) In the technological world
“the interrelated changing entities and variable dictate

to some extent the conclusions presented at this time.

The research was sponsored by the University of
Glasgow, Department of Aeronautics and Fluid Mechaﬁics;

Glasgow, Scotland.,




The author ié indebted to Professor T.R.F. Nonweiler
and to Dr. H.Y. Wong for their acadenic encouragement.
The research was conducted while the author was a
research student at the University of Glasgow, Scotland.

The manufacturing and assembly of the components
were under thg admiral control of Mr. j.F. Kinnear.
Hiﬁﬂcdbperation and extreme care during the program is

herewith proélaimed.

( ) Numbers in braékets refer .to similarly numbered

items in bhe reference chapter (13.0).
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IT GSUMMARY.

Advancements in contemporary physics in the field
of semiconductors now make it possible to effectively
utilize thermoélectric phenémenon for cooling and
.environment ﬁeating. Refrigerator app%ications using
thermoelectric éoolingieffect aré being built and intro-
duced ihto in@ystrial and military engineering design.
Calculationg on semiconductof thermoelectric refrigeration
systems are based on relgtionships derived from considering
the bgsic thermoeleétric couple to bé in an isolated
contrél_volume. In this pseudo environment the cooling
caﬁhcity and coefficient of performance are based on the
assumption §hat Junction temperatures of the thermoelements
are independent‘of the current. Test results on semi-
conductor refrigeration systems indicate however that the
C.0.P. characteristigiwith the absence of artifical
restraints do not have extremal values. Such conclusions
can only be observed if an experiment is conducted in
which the Junction temperatures are controlled (constant).
Conclusions which are obtained account only for internal
energy processes occuring'within the control volume.
However in actual practice the cooling capability,
performance level are functions of the applied current.
The results avaiiable (within the thesis proper) indicate
thét there is a direct functional relation between the

thermoelectric couple and the environment to be regulated.

¥ 0.0.P. = £(I)




The object of the thesis is to present the various
operational parameters that relate system performance to
the environment in which the thermoelectric module is
required to perforﬁ‘and control, The mathématical |
coupling between the thermoelectrié junctions and the
;environments are assumed t0 be represented by a Nth order

€

function.

The technique of utilizing a parametric analysis
model énabies a comprehensive engiheering effort to
establish the mathematical tools for competitive evalu-

ation.

Four major subcomponents sharply influence the
design/pef}ormance of thermcouples for modular assembly.
‘The thermal and electrical material properties Bf the
elements fall into the most fundamental category.

Power supply and regulation control are in é second

major category. Properties and technique of material
construction and processing are a third consideration.

Heat exchanger devices provide further requirements to

be conéidered.» The various problems td be encountered

are considered and the inter-acting of the major components
are indicated. The extent to which these conditions

limit the design/performance and the determination of the
most advantageous comprimise is essentially the task

considered.,



Methods are developed to determine the quantative
effects of parametric adjustment. The design problems
congidered result in the requirements for the solution
of the heat transfer equation in which the boundary |
conditions are étatedﬂ The solution t6 this class of
proble% is offered by the application of numerical
analysis. The technique for solution is by the method
termedy "overtelaxation“'thereby effectively increasing
the convergenée réte of the finite difference equations.
Advances ahd more sophisticated methods of digital
computer utilization resulted in a comprehensive mathe-

matical tool being afforded to the design engineer,

[



1.0 INTRODUCTICH.

This section is an introduction to the parametr;c/
operational methodé of designing a heét pumping nmodule
for cooling applications. The a?plibationé Qould
generglly be of low capacilty per module assembly,
specialized devices. ' Most basic or fundamental design
pfobléms for large capaéity systems are similiar for
small capacity modules. The various problems to be
considered in designing s heat—pumping modular assembly
are stated, and the limits presently imposed by inter-
acting effects are indicated. . Mathematical methods are
~developed to determine the quantitative effects of
parametrio édjustments. The results are described by

use 6f these operational methods.

The research is explicit, but considers a more
complete design range of current thermoelectric element
devices. Use of the digital computer (English Electric
KDF9Q) for program solutions are profuse; in order %o
- afford thé ehgineer the ability %o perform "trade off
.studies" at a more accurate level, The use of sophis-
ticated method of analysis coupled with advandes,in
ﬁaterial technologyvresults in an approach philosophy

not previously reported or available in literature.




5,0 OBJIECTIVES.

The thermoelectric cooling devices considered are

intended primarly for two types of operation:

(1) Refrigeration or heat pumping against a
thermal gradient

(2) Heat pumping along a thermal gradient

In general the thermoelectric cooling devices must
compete funcﬁionally and be economically competitive
with other cooling methods. At present it appears that
the applicatign in which the thermoelectric heat pump céh
favorable compete are limited to those having low capacity
.requi@ements. ~ A number of thermoelectric cooling devices
‘have been built both in this country and overseas.
‘Home refrigerators of the type used in privete homes have
been built in Russia, and in the ﬁnited States by the
Radio Corp. of America, Westinghouse and othefs.
HoweVer, these eariy devices on a cost péer cooling capacity
cannot compete favorable with vapor-compression systens.
Elementary thermoelectric cooling devices have been
incorporated into infrared detectors for "gpot" cooling
of’the detection head. In this application the required
cooling capacity per installed volume (weight) was more

~effective than other cooling proposals.



The fact that thermoelectric cooling systems can
not at present compete among high capacity devices
(Commercial freezers) where initial costs are important
appears to be reflected in'the'requirements of the |
material'prOPer%ies of the thermoelements,

The highest figure of merit
3 o -1

is épproximate 3 x 10~ C and for an idealized

(1)

available at present

cooling couple (chapbter 6 ) results in a coefficient
of perforﬁéqqe (C.0.P.) for a refrigeratioﬁ cycle of
about 0.5 the value for a conventional compressor-type
refrigerator, _ ﬁence, 1t can be presumed that operating
costs should be greater than twice as for a compressof
‘assembly; and hence an important design limitation for

high capacity systems.

The fact that thermoelectric cooling systems can
compete in low capacity applications is partially contri- -
buted to the fact that operating economy is not usually
a major censideration for low capacity modules. In
addition the packing requirements for many military
applications excludes other cooling systems. Further-
more, thermoelectric heat pumps can be designed over a

large variation in capacity with the C.0.P. being generally

(1) Figure of merit is a term defined by equation 6.5.2.13,
The figure of merit is a material parameter
affecting system performance,



invariant of capaéity. Other types of heat pumps which
which are not normally designed for cooling capacities of
a few watts,'have poor efficiences when designed for small
heat loads and still poorer when operated at less than
rated capacity. Hence for small heat load réﬁuirements
thermoelectric devices may have the lowest operating cost
or the highestcC,O.P. per unit cost. Since thermoelectric
matfrials are still relatively expensive ﬁhereby requiring
high maferiai:utilization (watts/mass~of thermoelectric
material). In striving for high material utilization,
the C.0.P. must, not be sacrificed., . For although the
power consumption and operating cost may be tolerable
becausé of the requirement for a low capacity system;

the C.0.P. also determines the heat rejection requirements
and hence the size and weight of the heat exchangers
(intérface with surroundings) increasing rapidly as the
C.0.P, decreases., Furthermore efficiency degradation

of the basic heat pump increases the size and weight of

the regulated power supply. _ -

A further design objective in order to minimize the
bowef supply is to limit the ratio of the thermoelement
area to the element height. The result is a smaller
current and relatively high voltage for which power
supplies by design are smaller, lighter,more efficient

and cheaper.



3.0 DESIGN CONSIDERATIONS,

Although thermoelectric effects have been known
and investigated for ovef a century (1820), practical
thermoelectrié ehéfgy—conversion devices have becone
possible'vegﬁ recent,. ) Modern developments in semi-
conductors, statistical thermodynamics have made feasible

theqfabricatign of thermoelectric generators and heat

pumps or rgfrigerators that have significant utility.

(Moderh reséarch into thermoelectric effects can be
divided into two broad areas. The first of these is the
ma%erials for thermoelectric application. The research
in this area has been to investigate and understand the
thermal and interrelated electrical phenomina in semi-
conductors and ﬁo develop materials having characteristics
better suited for this applidatiqn. The second is the
area of device development and application. Research
in this area is directed towards utilizing available
materials towards an understanding of system performance
in order to optimize device response. " The research
reported in this thesls falls in the category of device

performance.

Four major categories or operabtional conditions

sharply influence the design of thermoelement arrays used

@

~in modules.




The thermal énd electricai properties of the thermo-~
element material fall into the most fundamental category.
Cost of fabrication, interrelated material processing are
a second major category.  Fower supﬁlies and output
regulation, heat exchanger design proVide‘fuftﬁer requiré—
ments to be ‘considered. |

<

. The extent to which these parameters influence and
limitAthe ultimate design of the thermoelectric device

< and the deferminaﬁion of the most advantageous compromise
is essentially thetreseafch undertaken, The following
subsections will indicate and review. . the general areas
considéred. Some quantative estimates will be presented
to indiéate the seriousness of the limitations imposed.

These estimates will not be fully justified in these

early sections.

3.1 Thermoelectric Material Properties.

The thermal and interrelated electrical material
properties of the thermoelements define the ultimate
limits on system design and performance. The material
figure of merit, for example determine directly fthe
maximum Jjunction temperature difference that can be
attained and defines the maximum C.0.P. for giVen
operating Jjunction temperatures. Specific properties,
such as f, density; K, thermal conductivity collectively

influence design potential. For materials to be suitable
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for thermoelectrig applications they must exhibit a high
figure of merit,i% . The three properties that effect
the figure of merit; the electrical conductivity,
thermal conductivity, the absolute couple Seebeck
coefficient are not independent of eéch other”or invari-
ant with temperature. All three are functions of the

" free charge carrie deﬁsity (1) (. In fact most
degigﬁ'objectives depend ultimately on these specific
properties aﬁd not simply on the figure of merit, For
' example: aetermining the length and cross sectional of
materials required to oétimize performahce, specifying
configuration for a prescribed heat load, decreasingl

the effect of junction resitivity (discontinuity).

\The operationai calculations did not assume any
major changes from present day materilial properties, in
fact some of the illustrations émployed, average values
measured on materlals were employed. However, the
paranetric results and presentation foermat allows for
easy exﬁrapolation. Substantial improvements in material
properties would yield obviously more useful designs and
hence this reseafch can be applied for "advancements" in

material state of art.

Since high quality or ‘duping' of semiconductor
materials are expensive, design which minimize material
requirements will be extremely important. In general,
this requires the use of short couple arms, figure 7.1.2.1.

It will be shown equation %258. that the amount of
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material required to pump a given heat load (watts,
BTU/time) decreases as the square of the length of

thermoelement arm,

R

vl

3.2 Cohstruction Materialé and Processing.

o

A practical thermoelectric device would normally
consist of thermoelectric couples connected electrically
in series and thermally in parallel. . It is required that
the elect;iCal resistance of any inactive materials
connected in a series circuit should be as low as possible
in order to minimize the joule heat (IzR, watts). The
~Jjoule heat an irreversible phenomena is the heating
effectrarising in a current carrying conductor., This
requires low electrical resistivity and high area to
length ratio (if compatable with other requirements)
coupled with low Jjunction resistivity. Electrical
resistance of shunting circuits must be kept relatively
high. Similarily the thermal impedence of thé thermo-
elements shéuld be es low as possible, while the heat
path interjelement is required to have a high thermal

impedence,

Structurairintegfity of a module assembly is also
important, the severity of the problem depending on the
application. Environment stability may require some-

form of encapsulation.
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Chemical compatibility and adequate matched thermal
expansion coefficients are additional construction

conglideratlions.

When thérméelements'are used in a modulé;”it is
'necess%ry to joih or bound them to metal conductors or
to othér module compoﬁents. The basic reqguirement for
these contacts or junctions is that they must have little
effect on electrical and thermal conduction.  If high
or any impé@ence exists Jjoule heat losses and temperature
drops across"the contacts will reduce system efficiency.

The effect of contact resistance is discussed in section 7.2.

Many considerations may only become important or
recognized in th;‘actual procegss of construCtiah. |
Developiﬁg reliable,'performance repetitive devices or
automating production can influence the final design.
These considerations are referred to as a practical |

design compromise as ~opposed to a parametric consideration.

The main concern of this research program is
"phenomenological"” in approach; where real properties
and material characteristics are evaluated but where

difficulties of construction are not the prime consideration.

3.3 Power Supplies and Controls.

- Thermoelectric heat pumps operate only with uni- -
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directional curreﬁf and any alternating current component
represents pure loss, Any alternating component of the
current would produce Jjoule heating and would pump no
heat. = The requirements for steady direct current at
the impedence levels for a thermoelectric coﬁpie ig not
a comnonly encountered problem. At the present étate
of development, thermoelectric cooling éevices operate
at yeiatively high currents and low voltages, i.e. from
5 to 40 amps ;nd from f:action of volts to 30 volis.
Since most'commercial consumers would use A.C, as a prime

«

power supply rectifying power supplies are essential.
Conventional power supplies become lesgss efficient,

larger and heavier when designed for high currents and

low voltages. The burden is further increased when

ample filtering networks are encorporated.

‘The nost desirable current form can be determined

, after considering the source of direct current, the ratio

of thermoelement height to cross sectional area whether
the C.0.P. or refrigeration capacity is more important.
Usually a 10% ripple will be satisfactory which represents

a loss of 4% in system efficiency (2).

Assuming the resistivity of modern thermoelectric
elements of the order of 40~3 . ohm-cm; with a ratio of
area to length of a thermcouple arm of ¥ 1 results

3

in‘a resistance of the order of 10 ~ ohms. This will

require high current, low voltage power supply even with
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a large number of thermocouples connected in series.

By proper adjustrent of the arealto length ratio operation
can be reduced to a few amperes with a subsequent
reduction in the cooling capacity per couple and ther;by
fequifing more'éoupleg for a given application., The

net result may be to increase fabrication and reliability

O

problems,

With low current devices filtering would not be
perfect aﬁd.the residual ripple would decrease the heat
pump performance. Section 7%2. discusses ripple effect
and presents graphically the effects of current ripple

on system performance.

3,4 Heat Exchangers.

Two design considerations influence the interface
between the heat.pumping module and the heat exchangers.
The first is the problem of electrically isélating
(insulation) the conducting straps on the thermoelements
from the heat exchange sufface an& maintain consistant
thermal contact. This is partly a problem of construct-

ion and material assembly and was partly reviewed in (3)

The second problem is that of 'matching' the heat
pump capacity with the heat exchangers and balancing
the requirements of the surroundings. From an engin-
‘eering viewpoint the determination of the rate of heat

transfer at a specified temperature difference is
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dependent on the éharacteristic of the heat exchanéer.
Consequently the design of the healt exchanger will
greably influence the response and steady state behavior
of the thermoelectric assembly. ‘The thermoelectric
cooling system when analyzed with the aid of control
volume ig influenced by the surroundings via the medium
of heat transfgr, a non-reversible procéss. Using |
eco?qmically short thermoelements the heat pumping
capécity per unit area (watts/cme) of thermoelectric
material is expected to be s few watts/cme, a flux
difficult to achieye with small Junction temperature

difféfences. In order to decrease the heat flux

(2)

<

paoking densities less than unity are introduced;
This however allows for inter-~element heat leakage where
there is no thermoelectric material, Thermoelectric
couplés supported on pedestals (figure 8.2.1 ) can be
used to minimize inter-element heat leakage by increasing
the sffective height of the thermocouple junctions.

The pedestals allow the use of short thermoelements with

the increased effective helght between the thermocouple

Junctions. An extensive analysis of the proposed mathe-

(2) Packing density (®) is defined as:

W = cross sectional area of thermoelement

Total module cross sectional area

Section 7.2.2. introduces W as an operational
paramneter. ' © -
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matical ﬁodels was conducted with the aid of a digital
computenr, The computer programs were compiled on an.
English Flectric KD¥9 machine.  Appendicies (C.P.I.1,8)
describe the programs that have been developed for study-
ing various.oonfigurations. Section 7,4, containg the
analysis. technique for determining the heat leakage when

pedestal modules are‘employed.




4,0 TECHNICAL APPROACH.

-Unfortunately there does not appear to be a genersl
formula that will yield the beét, or even good designs.
Logical configurations can be assumed; evalﬁagéd, modi-
fied and fufther evaluated. On the other hand, an
inspiration may provide a physical arréngement that is
easy to construct and performs weli and reliable. In
any case it ié necessary to have a valid means of
evaluafing'a functional design without having to build

and test it, 5 ¢

{

<

The technique of analysis proposed requires the
develoﬁment of mathematical models that represent the
phys%cal model to the required level of approximation.

- Mathematical manipulation of the parameters and variables
then gives a means of evaluating the design which the
model represents. Variation or adjustment of the
variables is representative of configuration changes,

which may be subsequently evaluated.

The thesis evaluation can perhaps most 1§gically be
described in order of the extent Tto which the complete
physical situation is accurately described by the mathe-
matical model(s) employed. Thus the research considered
first the design evaluation of an.idealized thermoelectric
system with several simplifying-limiting assumptions.

This is primarily to define a common background for the



understending of the subsequent analysis.

The effect of electrical ripple on performance is
one of the prgctical aspects taken into account. Other
practical considerqtiops deal with treating the idealized
thermoelectric douple as part of a heat pumping system
in which some of the early assumptions used to discuss

4

ther basic idealized couple are no longer valid. In the -
anaiysis of the basic idealized couple the material

. properties are assumed to be invariant with temperature.
This assumptionamayonot be realistic for the maﬁerials

presently used in device fabrication.

<

Consequently; i1ts variation may cause errors or
deviations frém the theoretical calculations of device
performance. The mathematical models de&eloped allow
for the thermoelectric material parameters to be defined
functions of temperature. For a final solution of a
practical heat pumping module the problem of matching heat
fluxes across the heat exchangers with the capsbility of

the basic thermoelectric module must be considered.



5.0 THERMOELECTRIC EFFECTS.

5.1 Introduction.

This section reviews the laws and effects of
thermoelectric béhavior with specific regard to thermo-
electric cooling. The direct utilization of electricity
to produce useful work (refrigeration) with no moving
parts is now a reality. Although thermoelectric effects
have beeniknown’for over a century, practical thermo-
elecfriq eﬁergy-conversion devices made little progress
for over a century. | Further development had to awalt
the understanding of semi-conductor behavior and in
methods of material preparatiqn which occured in the
1950's., Q
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5.2 Thermoelectric Laws and Effects.

In order to introduce the various reversible and
irreversible effects which may occur in a non-isothermal
system or circuit three thermoelectric effects are intro-
duced.  The three dominant effects, the Seebeck, Peltier,
and the:Thomson effect have been observed in the early
1320'5. Each of these measurable effects is a result
of the direct reversible interchange of electricél energy

and thermal energy.
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<

5.2.17. Seebeck Effect.

5.2.1.17 Description. : ¢

LI

Of the reversible effects it appéars most convenient
to treat the Seébeck effect first. In 1821, Seebeck
reportg@ experimental results to the Prussian Académy
of'S§iehcé.' Seebeck observed then when a closed circuit
consisté 6f two different metals, and the two Junctions
of.these metals are at different temperatures, there will

be a flow of electric current in the circuit. The

- current is a function of the type’of metals and is

approximately proportional to the temperature difference:

between junCtiqn and inversely proportional to the
circu{t resistanpe. If the circult is opened then an
open circult voltage (\@B ) results. The voltage is
proportional.to the temperature difference and is

expressible in differential form as:

g (1) = Jom BN
~ AT

A ~z0 5.2.1.1.1,

and |
Anp (T) = Vi
_A-r 5.2.1.1.2,
where:
\J;B Seebeck emf, volts

0
“r' .. temperature at junction, K



OL (T) Seebeck coefficiegt for the two
Ad materials, volts/ €

The Seebeck coefficient may be defined as

kT = :‘QLA T) - o% () wmere ol (1) - ol (1) 15

referred to "as the thermoelectric power of the couple.

The Seebeck or(thermoeiectric voltage of a couple is:-

¢ c T

\/% - (OLA - oib\ AT 5.2.1.1.%.
- To‘ ©
@
¢ where
.C{A entropy transport factor material A
oib entropy transport factor material B

5.2.1.2 Illustration. -

Thermocouples use this principle for measuring a very

wide range of temperatures.
5.2.1.3 Magnitude.
A Chromel-Alumel thermocouple develops approximabtely

0
20u v per C difference in Jjunction temperatures. In

general, when two metals are selected at random the
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~variation of emf with temperature is far from

If one Junction of an iron-copper thermcouple

at 0°C, the variation of emf developed by the
versus the temperature of the second Jjunction
follows: -
Millivolts = c
2.60 .
2.05 A !
l I
1.00 | | }
} n
1 1
2{0° 340° 145°

Degrees)'ceh%igra&ﬁ

Figure 5.2.1.%.1.

linear.
is held

thermcouple

is as

Thermcounle emf as a Function of Temverature.

Figure 5.2.1.3.1 emplies that current will flow across

the hot junction from iron to copper at temperatures

between 07 and 74500. Current would flow in the opposite

direction at temperatures above or below the limits,



Figure 5.2.1.%.2 illustrates the circuit exhibiting the

Seebeck effect,

_TuNeTioN iy

1 TSoTHERMAL  REGION

<

JUNCTION

Nse (Th .TA

Figure 5.2.1.%.2.

Seebeck — Voltage Coefficient.

5,2.2. Peltier Effect.

5.2.2.1 Description.

In 1834, Peltier observed the complemenbary effect
of the Seebeck phenomenon. When a current flows across
a Jjunction of two unlike metals, it gives rise to an
absorption or liberation of heat. If the current flows
in the same direction as the current at the hot junction

of a thermoelectric circuit of the two metals, heat is



absorbed, if it flows in the same direction as the current
at the cold junction of the thermoelectric circuit, heat
is liberated. The Peltier effect may be defined as a

reversible transformation of electrical potential energy

L

at a junction of dissimilar conductors.

The heat developed in a junction of two materials is
proportional to the lirst power of the current, and

depends on the direction of the current.

[d

The quantity of heat absorbed or liberated is given

by the following equation

<

| CQAb: TT;&(:F>]:. | 5.2.2.1.

where:

C;QS is the rate at which Peltier heat is

absorbed or liberated at the Jjunction, watts
’TT;b(.\) relative Peltier coefficient between
conductor A and B, watts/amps
it current, amps

5.2.2.2 Illustration.

The Peltier effect is an aspect of the thermoelectric

&




effect and the maénitude is directly vproportional to the
thermoelectric power of the combination of the metals
uséd, as well as the current through the junction.

Figure 5.2.2.2.1 illustrates the Peltier effect.

. Q=T (NT

RN NN

NN

Figure 5.2.2.2.1.

Peltier - Heat Coefficient.

1Thé fundamental requirements for an efficient Peltier

couple are

(1) High contrasting thermoelectric power
(2) Low heat conductivity

(3) High electric conductivity

The Peltier couple is used as a calibrated refrigerator
* in radiation detectors where current required to hold

temperature constant is a measure of heat input.

5.2.2.3 Magnitude.

o}
At a Junction of Fe-Ni at 273 K, there would be

liberated or absorbed 9.4 x 102 joule/second for each



amnpere of current: (This does not consider I2R loss
which will liberate heat). In general by the use of
ordinary metal it is possible to cool a ‘small amount of
metal by approximately 10°¢, This figure has been
substantially improved by the uﬁe of éeﬁi—condécting
matefials. ¢ These semi-conduchbing materials are used to

<

build refrigerators.

[}

5.2.3. Thomson Effect.

5]

5.2.3.1. Description.

{

¢ The third effect, occurs when a current flows in a
conductor which has a temperature gradient as illustrated
by figure 5.2.3.1. In unequally heated conductors (such

as Copper), heat is liberated at points where the current

T T+l dx
. : J¥

T » MATERIAL A

AQ,

Figure 5.2.%.1.

Thomgon - Heat Coefficient.

and heat flow in the same direction and are absorbed when
they flow in opposite directions. For Cu this tends to

decrease the inequality of temperature while for iron it
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tends to increase the difference. The Thomson coefficient

of a material is defined by:

Qa(T) =}tA(T) 4T

AX ' 5.2.%.1.

where:

G?H(fr) is the rate of heat absorption per

unit length of conductor, watts/cm

b3

T: tTﬁ Thomson coefficient of conductor 4,
A Volts/CK
él: temperature gradient, °C/cm

d¥

5.2.%.2. Illustration.

This effect can be used to generate a small but
aécurate temperature difference. ‘If a thin sheet of
copper is suspended vertically between the poles of a
horseshoe magnet and one corner of the sheet is heated,
the copper will tend to rotate because of the interaction
of the c¢irculating currents and the magnetic field.

Lead has no méasurable Thomson effect.

I
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5.2.%3.%, Magnitude.

From the second Kelvin felation, the Seebeck
coefficient oL and the Thomson coefficient -[ can be

related in the following manner:

®

LT
ST T

<

5.2.%3.%.1.

If 'T: is invariant with temperature, equation

5.2.3.3.1 integrates to yield:

@

OL‘:{T:JQQ :E;_ 5.2.3.3.2.

0

Where hx; is a constant of integration. If the
Seebeck coefficient is plotted as a function of the
of temperature, the slope at any temperature (°x) is
interpreted as the Thomson coefficient at that temperature.
From a fépresentative plot of the Seebeck coefficient with
temperature for bismuth telluride () a. reéresent—
ative value appears to be [5 x 10™? V/OK‘ LT &
25 x 1077 V/°K |
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5.2.4. (Kelvin’s Relations; Absolute Seebeck
and Peltier Coefficients.

Thomson, later Lord Kelvin, determined the relation~
ship between the Seebeck COefficient and the Peltier
Effect, by appiyiné the classical laws of thermodynamics

| (4); ’ . Suﬁsequent ﬁeasurementé have supported
the rggults of ‘Lord Kelvin. The resulting eguations have
been experiméptally verified by direct observations to
within acceptable limits.  The first (often referred)
-equatioﬁ relates thé Seebeck coefficient and the Thomson

<

. . 3 » 19 -
coefficient and 1s given by:

ST T T

Equation 5.2.4.1. relates the junction property of

dlag -_~IA_.I& iQJhT.

two materials (left-side) and on the other side are
quantities which refer to the bulk phases of A and B.
The absolubte Seebeck coefficient of A at temperature T

will be expressed as:

T.
L=\ o AT 5.2.4.2.




The second Kelvin relates the Peltier coefficient

to the Seebeck coefficient giving:

s

M- TLl e

<

——

and the absolubte Peltier coefficient of A at temperature

T by:

(M) =T (D

5.2.4.4,

It is noted that the assumpbtion pf the Seebeck
coefficient being invariant with temperature implies
(5.2.4.1) zero net Thomson heat. Such a model is conven-
ient for analyzing and optimizing simple‘thermoelectric

devices.

5.2.5. Irrevergible zffects.

In addition to bthe three reversible effects which
oceur in conductors two other thermodynamic irreversible
processes take place; these are joule heating and heat

conduction,

Consider first Jjoule heating arising in a current



carrying conductor. The magnitude of this effect is
proportional to the square of the current. The rate

at which joule heat can be written ds:

Z

Q:Y =RT | | 5.2.5.1.

where:
R resistance, ohms ‘

I current, amps

Equation 5.2.5. can also be written as:

o A | |
Q_:; = J 5.2.5.2.
oL q

where:

J current density, amps/cm2

é: electrical conductivity, (ohm—cm)_’l
3

VOL wvolume, cm
The second irreversible process, thermal conduction
results in a heat flux when a temperature gradient is

present in a materiél, and can be given by

QK :\". /& T 5.2.5..5'T



The heat flux is a vector and is notb necessarily
parallel to the direction of the temperature gradient.
It is the tensor property of ﬁﬁe thermal cqnductivity
of an anisotropic ﬁaterial, . The sections that follow~
will be céncernéd only with isqtrépic"o1) material whefé4

all thermodynamic propertieswére scalar, In applications

. involving magnetic fields (5) the tensor properties

of the medium as well as the three-dimensional nature of

the:problem, nust bBe considered.

<

(1) TIsotropic material exhibit properties at any point
: “independent of direction,



53

6,0 IDBALIZED THSRMOELECTRIC COUPLE PERFORNMANCE.

6.1' Introduction.

In this seétion the relétionshipé requifed to
establ%sh the parametric performance of an idealized
thermoelectric couple will .be considered. The prin-
ciple device is the Peltier heat pump couple. In this
device the electric power is an external input to bThe
couple. hggk‘is absorbed from the cold reservoir
q Tzw ) because of the Peltier effect (5.2.2.1.)
at the junction of the n - and p type semiconductor/
thermoelectric material. Semiconductors in which the
électrical conduction is predominately due to free
electrons are called n-type semiconductors and in those
in which holes agé predominate are classified és p-types.

The n~-type refers to negative carriers and the p-type

for positive carriers.

The efficiencies achievable with thermoelectric heat
pumps are limited by the Peltier effect an aspect of the
thermoelectric effect. The magnitude is directly
proportional to the thermoelectric power of the combin-
ation of metals used, as well as the current through the
junction. Semiconductor materials exhibit the fundamental

requirements for a Peltier couple.



34

4

The basic requirements for a Peltier couple are:

(1) High contrasting thermoelectric power
(2) Low heat conductivity

(3) High electric conductivity

The useful Peltier cooling effect is less than the

to heat abstraction becaﬁse of:

[
=3

&D) IQRJ loss in the junction

(2) 12R loss in the materials

'(3) Heat from ;he surrounding medium

. (4) Conduction of heat from the hot juﬁotion ( 1;5 )

It is noted that the first two (above) depend on the
squaré of the current while the Peltier‘cooling is pfop—
ortional to the first power of the current (5.2.2.1).
Therefore, for a given.couple there is an optium current

(Iq ) for the maximum attainable cooling.

The performance of an ideal thermoelectric heat
punp will be determined using simplifying/limiting
assumptions. The assumptions primarily concern, material
properties being invariant with temperature and isolation
oflthe cold junction by a conbrol volume, The basic
couple configuration figure 6.2.7. consists of an n- and

p-type Peltier device connected to electrical conductors.



55

6.2. Couple Confieuration and Assumptions.

The analysis of the mathematical model illustrated

by figure 6.2, is a basic thermoelectric couple.

)

. T
CONTROL . NOLWIE 7 /////// )
S —a

“I<

“Qm N . " ‘”\_‘T's

POWER INPUT

”Figure 6.2.7,

Basic Thernoelectric Peltier Couple.

The simplifying assumpbions are:

(1) Blectrical resistivity of the n- and p-type
semiconductors are equal ﬁn"f}
(2) Thermal conductivity are equal /bm = be'

watts/cm - °C




(3) The Seebeck coefficients are equal in
magnitude and opposite in sign, klnAﬁ.kjpl::czm
OZM-:OLF , watts/ C _ ’ b
(4)‘A11 materiél properties are invariant of
temperéture ; # o
(?) The problem of heat transfer to the ambient
is not cbnsidered, i.e; the couple is an
isolated module
(6) The couple is operating between bT;;).YLj
(9$), which are the junction temperatures of
the active semiconductor elements
() The inter-element thermal insulation is perfect
(8) No heat transfer bebtween junctions except
through the thermoelement arms, i.e. no shunt
© heat paﬁhs ’
(©) The flow of heat and electricity in tﬁe
elements are one-dimensional, X-direction
(10) Convection and radiation effects from the
thermoelements are neglected. A condition
difficult to achieve in the expected
operational temperatures
(11) Junction resistance is neglible compared
to the bulk resistahce of the elements
(12) Arms are of constant cross~sectional area

(13) The ancillary components of the electrical

circuit is zero, all shunt resistances are &2



6.3 Steady State.

Consider the thermoelectric couple as shown in

figure 6.2.1. representing the physical systemn. A D.C.

" power supply is affikéd to the hot_juhction'aﬁ& an

electric Peltier circuit is completed. The resulting

device will be capable of pumping heat from TZj to
Tﬁ; For the control volume about the cold

Junction, the Peltier heat removed ((QP , watts) must

work against the following irreversible effects.

1. GQS . heat-supplied by source, watts
2o Gph‘ , thermal conduction from ‘TLS to.T;j,
watts

5 CQT s Joule heat produced in circuit, watts

For steady state operation the heat balance at —Eg

is:

{
'szQS'PZQJ"\—Q,{Q 6.5.1.

The right hand side of equation 6.3.1. indicates that
exactly 6.5 of the total Jjoule heating produced flows to
each end of the bar, It is shown in appendix 4
that this is not an approximation but exact for the case

considered (assumption (4) ). The Thomson effect has

been omitted from the steady state heat balance. The

Thomson coefficient is zero due Lo invariance of the

Seebeck coefficient with temperature (equation 5.2.4.1).
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Equation 6.3.1. is rearranged to become

1
Qb: Qp“ ZQ;"@)«L 6.3.2.

-

TheAPeltier absorption rate i1s expressed as:

a cQP - —EJ ,"Z’“\’ L

6.303.
which results from equation 5.2.2.1 and 5.2.4.3.

The joule heating term is expressed as

@3 “'T—ZEQM*QF] 6.3.4,

where:

Q Q , thermoelement resistance, ohms
Mmy ~p
The thermoelement resistance can be expressed in terms

of element resistivity:

Qm = Ould 6.3.5.

'y
Q? - f?_J_z- 6.3.6.
A.




where:
A\ element cross-—sectional area, cm2

element height, cm

The thermal conduction term is expressed as

W K\Thi e 6.3.7.

and:

ATJ - Th)_ _ch 6.3.8.

k; thermal conductance of thermocouple, watts/OC
~TL. hot Junction temperature, °k

T;. cold Jjunction temperature, °k

The thermal couple conductance is:

K: AXQM L A}_)E— 6.3.9.

where:
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Substituting 6:3.5., 6.5.4,, 6.3.7. into equation

Beb.2. Tesullis ag follows:

A A

¢

| Q5‘=Tc,-°[my1 ‘"lif' fnk +@ - K AT) 6.3.10.

Equation 6.%.10 is similiar to equation A [§  derived
in Appendix A Figure 6.3.1. presents the hesat
pump rate as a function of current for fixed Junction

temperatures.

Equation 6.3%.10 may be rearranged and expressed in

o

terms of Junction temperature difference.

AT; = T;'ﬁ[cv\p—&: - lZ-.-IlQ ~ QS

= 6.3.11.,
K

Equation 6.5.11 indicates that under otherwise equal

operating conditions, i.e. the material properties equal
the maximum juncfion temperature when the cold Jjunction
is "perféctly" insulated ( Q% =0 ). For an internal
chamber or home refrigerator where the cold junction is
in thermal contaét with the environment [XT} will.be
smaller as s 7 O . Equaﬁion 6.3.11 indicates that.
the increase in Junction temperature is in accord with
the material requirements for a Peltier couple (Section

5.2.2.2)
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Oella Goéfficient of Performance.

Effectiveness parameters for evaluating the operation
of refrigerators afé: the coefficient of performance
(C.0.P), heat pﬁmp rate (watts),.ﬁaximum junction tempefé
ature difference (EYEWQ and those relating output to the
operation burden (watts/mass).

In a power cycle, heat is received by the working
fluid at gnfglevated temperature and rejected at a lower
temperature,'while a net amount of wofk is done 'by' the
fluid. Thermodynamic cycles in which the reverse occurs
are called heat pumps or refrigeration cycles.  The
criterion of:pefformanoe of the cycle can be expressed
as the ratio of output to input (depends upon what is
regarded as output). In a refrigerator, the éxtraction
of heat ( G?s, equation 6.3.2) for a net expenditure of

work (MJ ) is defined as the coefficient of performance

(C.0.P). The parameter is defined as:

Q.
(0P = W 6.1,

From the axioms of Sadi Carnot, "Second Law of

Thermodynamics" a summary conclusion is:

The thermal efficiency of a reversible cycle depends
(only). upon the source and sink temperatures (°x). The

maximum C.0.P. for a refrigerabtor under reversible

coperation is expressed as:

Z




4%

6.1%‘. 2.

| Do ® T
Wi’lel‘e: B

"r,. T" ) junction temperatures (°K)
RS RLY |

.Fgr»the»oberation of a thermoelectrié couple the

C.0.P., can be-determined as follows:

The heat removed is éxpressed as:

3 o

L&

Qo= Tjelng T- 2T R= KAT,

6.4.%.

The power consumption consists of two parts:

P'—‘- \/Js +\A(;r ‘ 6.4.4,

where:
P , total power consumption, watts
\sz y power consumption due to Seebeck emf, watts

\wJJ , Power consumption due to Jjoule heaﬁing, watts

The Seébeck voltage from equation 5.2.1.1.3 is:

- N = "!rv\?(_‘ﬁ\, .‘Tc.\'] . S




vl

The required Seebeck power is:

W=T\; s

then .

Wer Ty [T-Ty] e

The reguired Jjoule power is:
. s | |
\d: = L R . 6.4‘.80

from equation 6.4.1: then

C.0.P. T AMP liIlR - K AT{ |
.LJMPA\ '¥*1R | &%@.

Figure 6.4.1. presents the C.0.P. and.GQS as a function
of cﬁrrent (];) for fixed junofion temperature difference.
The result indidates that aﬁ the maximum heat pump rate
the 0.0.P; is approximately .40, In some applications
a largeiheat pump rate is more important then a large

C.0.P.
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6.5. Parametric Optimization.

6.5.1 Maximizing C.0.P. (I)

From equation 6.4,9. ﬁhe C.0.P. is a dependent
function of the operating current (I). The optimum
value ;f the current can be‘foﬁnd by equating the first
derivative %o zefo and solving forthe current (Icp)°

Appendixfpresents the mathematical concept of maximizing

controllable variables.

. The current maximizing the C.0.P. is expressed as:

= o AT,
R(I®

L N Rt
B= |+ z, R\ (T:\)-%—(;‘> . 6.5.1.2,

) 6.5.1.1,

where:

and the maximum C.0,P. regulting is

T~ T
CO? =~ \c.' \[—g - Tc,,‘ 6.5.1.3.

—T;J‘:Ilj \[—é: + |
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gomment :

(There is a limitation with regard to the maximizing
relationships in this gsection (6,5 Parametric Optimization)
and results from the invariance of the. junction temper-
atures with current. - In section 8.6 and section
11.2.2.' the proposed.mathematical models consider the
thermoelectric modulé to be operating between known heat
source and heat sink temperatures. The resulting
interative procedures determine the current required to
maintain thermal equilibrium w;th the surroundings.
Determination of the Junction temperatures are résulting

functions of the current and hence not arbitrary).

The derivation of equations 6.5.1.1. =~ 6.5.1.5. afe
found in Appendix | C. From equation'6.5.1.5.
the resulting C.OiP.(max)is a function of the Carnot
efficiency (6.4.2) and a factor containing material
properties and the temperaturgﬂ?ouhdries of the therﬁo-
electric couple. The factor L, i} will be less

than unity and positive,

In figuré 6.5.1.7., the ¢.0.F., current, powei input
are sho;ﬁ as a function of Jjunction temperature difference.
For each temperature difference the applied current is
adjusﬁed to maximize the C.0.P, As the temperature
difference approaches zero the power input which maxi-
mizes the C.0.P. approaches zero, and hence the heat pump

rate rapidly decrease (figﬁre 6.5.1.2).







- Migure 6.5.1.2. illustrates the irreversible nature
of the thermoelectric heat pump. The C.0.P. is approxi-
mately one sixth of the carnot efficiency. The current
( I‘P ) appears as ‘a linear function. of | ATJ |

4

and the power(q) required, non-linear in presentation,

o

(1) The power required to operate at maximum C.0.P.
The derivation appears in section 6.5.4,
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6.5.2 Maximizing C.0.P. (Configuration Geometry).

From equation 6.4.9. the current that maximizes the
C.0.P. was determined. (equatlon 6.5.1.1) to be dependent
upon the Junctlon temperatures and maternal propeftle
Lquatlgn 6.5.1.2. indicates that the prodﬂﬁt of the
parallel thermal conductance aﬁdseriés glectrical resist-
ance (Cbnfiguration Geometry) can be adjusted to maximize
the C.0.P. From equation 6.5.1.2. the (RX) product is

expanded a; follows:
RK= (Kn WQ(QﬁQQ 6.5.2.1.

The éubscripts.refer to the n- and p- thermoelement
expanding 6.5.2.1. and inserting 6.3.5 (R, ), 6.5.6.'(RP ),
6.3.9. (Eﬂ\; RP ) results:

e s b A_aﬁewm

ApAn

Defining the shapé factor as:

1!I‘M_—_. An | | 6:5.2.3.

6.5.2.4,
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introducing 6.5.2.5. and 6.5.2.4, into 6.5.2.2.

K- ,bmf,w . ff( )Jr}a?f ff e

? m ' 6.5.2.5.,

, Introducing (-“"*) into equation 6.4.9.

I Ty
OZ . 6"50206.
Note:
For simplicity of presentation o& = cln\P

The Jjoule voltage parameter(q) ( F ) is defined as:

| 51& . | 6.5.2.7."
p=IR

Egquation 6.5.2.6. simplifies to:
(0P = e
: Z —_ '

P+ ?Al)-

(1) term defined by author

6.5.208-
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Since the C.0.P. is 77()(+) it can be maximized
by minimizing the product (RK). The product (RK) is
defined by eguation 6.5.2.5. From equation 6.5.2.5.
the partial derivative of (KR) with respect to %the ratlo

(¥ /¥ ) wlll be set to zero to debtermine the value of
QQM!£P) which optimizes (KR).

J(KR)

ﬁ t;me"fP 3;__ : ko tn . 6.5,

AV
O

?

Setting 6.5.2.9. to zero and solving:
. 0\

F? e f? | | 6.5.2.10.

Substituting 6.5.2.10 into equation 6.5.2.5.

) o

r 2 r —-1

Q&Q)WN = Bafi + Rufo Eaf%_ bl %_fa FRl esonn,
P - me

Expanding and noting that the right side is a perfect

square.




then

~2

»(Kmmu: (F‘*\}m% T (f@ /h?)i 6.5.2.12.

K -

The term <KR)5MN ° is incorporated into a
material parameter called the material figure of merit.

The material figure .of merit (% )(1) becomes :

R
@Mﬁ,ﬂ)an (ﬂo/‘?pﬂ . 6.5.2.13.

The material figure of merit (EE ) contains the

material properties of the thermoelements, but not their
dimensions. In fubture sections the use of the material

figure of merit will be as indicated.

<

. For the condition of = - /!Q :/b = ,&
and lJ,,J-er, = Zot fm f? fhen‘equ,;tior‘z 6.5.2.1% |

reduces to: |
2
‘ ol
%Z = 6.5.2.,14,

PR

where: _
EE is the material figure of merit of the couple,
og~-1 )
(1) This term is called figure of merit (6) . In

section 7.2.5. an effective figure of merit is introduced
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From equation 6;5.4.4. (,Ld)) and 6.5.1.3. (C.O.P.mm¢)

the parameter (B) can be expressed as follows:

B= 1432 (T +T)

 6.5.2.15.

Noting tha’c-Q _TREAN = “r;'+frgj o 6.5.2.16.
‘ | 2

then:

<

b1t 2T T

The maximum C.0.P. expressed by equation 6.5.13.

incorporating equation 6.5.2.17 results as follows:

.—T" 'T‘ ( ,r 0.5 -T;j )
CO/P " ) \+% ﬂEAN\ T;i .

Thj -TL). i (H' %Tnea;\: N

3]

6.5.2.18,

and the current which maximizes the C.0.P. is:

Ay AT
| R(J H%—[-ﬂem‘ - |) 6.5.2'.19.

I,

Figure ©.5.2.71. shows the variation of current to
maximize the C,0.P. as a function of Junction temperature

difference. The current (_Lq)) is a linear function.of
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junction temperature difference, the parameter is the

thermoelement height to cross sectional area.

The maximum C,0.P. (equation 6.5.2.18) depends on
the material properties only throﬁgh the material figure

of merit (%E ).

From appendix C the required voltage is

expressed as:

<

P

et

\/&) =  OA“?ZXT;j—g*f- 6.5.2.20.
B -1

. B is defined by 6.5.2.17.

where:

~

Figure 6.5.2.2 and figure 6.5.2.,3 illustrate the
voltage required to maximize the C.0.P. as a function

of Junciion temperature difference.

The maximum C.0.P. (equation 6.5.2.48) as a function
of junction temperature difference with the vafiation of
the material figure of merit (if) is shown in figure
6.5.2.4. An appropriate v_élue on would be approximately
3.040 = 3 /°C (state of art) resulting in a maximum C.O.P.
approximately one eigbh (@ [ﬁi} = 20°C) of the carnot

efficiency.
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Equation 6.5.2.18 may be transposed into a form as in
(%) to illustrate the maximum C.0.P., ag a function
of the parameter %[TMEM# (dimensionless) with variation
of (le /-ﬂ% ). At the present state of the act a
5FE%M¢ value of approximately unity (3) results at
( Th; /T}S ) = 1.110 of a maximuer.O.P. of 1.15 (sonme-
what encouraging). Fig. 6.5.25 illustrates the above relation.
The required voltage (equation 6.5.2.20) is independent

of the bermocouple geometry. The power required to

operate at maximum C.0.P. is expressed as:

6.5.2.21.

Pe=LeNe
D LA
¢ 2 |

| R(J—B’ ”l) 6.5.2.22.

Figure 6.5.1.2. shows the variation of the power

required at maximum C.0.P, as a function of the Junction
temperature difference. The resulting value of Py
2
is A [XTE 3y and hence non-linear in format.
Equation 6.5.2.10 represents the configuration

geometbtry required for maximizing the C.O0.P. For the
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condition where the thermoelement heights are equal,

equatioﬁ 6.5.2.10 becomes:
0.5

jgﬁ_ - i%ﬁ_ﬂﬂﬂ £.5.2.23.
A? .&Mee - ‘

To illustrate the performance Sensitivity for deviation
from the above relationship computer program C.P.1 was
developed. The computer program is found in the section .
titled 'Computer Progranms'. The dimensionlgss performance
ratios as a funétion of the éhépe factor modification term
are shown in figureh6.5.2.6. The pefformance ratios are
derived on the basis of operational épproximaﬁions. The
derivation and limit controls are found in section 6.6.
Figure 6.5.2.6 introduées an ordinate term called "factor'.

The term factor is utilized as a multiplication variable

applied to equation 6.5.2.23% resulting in:
5

0 |
g_A_\g\__ - /bzf,ﬂ % %adw” . 6.5.2.24.
Av [ty

Equation 6.5.2,.24 requires particular material values
in order to determine the area ratio. Because of this
fact, values of each material parameter was selected on

the quality level readily available at present.






Figure'6.5.2;6 indicates the performance ratio when
thé factor is applied to the shaﬁe ratio (equation 6.5.2.24)
which maximizes the C.O.P. The figure illustrates the
degradation in performance of maximum C.0.P. and the

- C.0.,P. at maximum %eat pump rate
The numerator subscripts (MN) indicating the application
of the-factor Ei.ef not equal to unityj. The data
indicates that at a factor of 1.5 the decrease in perform-
ance is not expected to exceed & 8%, Production
tolerances (82 | indicate that a factor of 1.3

is eXpected'which gésults in a nominal V 3% perform-

ance fall off. The curves representing the performénce

ratios of heat pump rate at maximum C.0.P. and maximum

heat pump rate (QMN /QN)

in performance for the factor less than unity. However
P 3

indicate a decrease

ey,

for the factor greater than unity there is an increase in -
the heat pump rate output. The rational for thislincrease
in pérformance is considered in appendix D . The
net effect appears to be'an increase in element cross
sectional and hence an expected-incréase in heat pump rate

output.



.
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6.5.5 Heat Pump Rate at Maximized C.O0.P.
(Configuration Geometry). :

The heat pump with the current adjusted for the

maximized C.0.P. operation can be expressed as follows:

=3

. — ‘_‘-_2_
"Equation 6.5.3.1 requires the evaluation of R and
K (with the element geomebtry consistant with 6.5.2.10).

From equation 6.5.2.10 the n- element shape factor can

. [ A fa lihc

n ; 6.5.3.2.
. /bmxeg i )

The total electrical series resistance is expressed:

Q- fabs b,

A“ AP 6.5.3.3%.
and‘from 5.5.2.% and 6.,5.2.4:

.be expressged:

gi-:_ﬁEL. 4 < a 6.5.3.4.

Substitubting 6.5.%.2 into 6.5.3.4 results:

- Pmb f? 1 f?, 6.5.3.5.




, it
Operating on the first term the removal of ﬂml

in the denominator and introducing into the second term
'&Pz with a splitting of € into €
| ¢ €P *\p
}Q,Pz 3 |

The purpose of the algebraic manipulation is to express

the material variable (R) in terms of the figure of
merit ( 2 )

Factoring O, 5 %.5 results:

R. —ng/hf W’“k) +(f?jfz\ 6.5.3.6.

from equation 6.5.2.15
doo T ¢ !
. éﬂf = (ﬁ\/bm) 4 (&,MP) 6.5.3.7.

and.

Q ()? °Z’V\g 6.5.5.8.
L ' .
Y2 2. :
p | 2
K similiar derivation can be performed resulting in
a slightly different form for the series registance.
The solubion starts at equation 6.5.%.2 by solving for

‘QP and proceeding as:indicated above. This results

in the series resistance being expressable as:

——

QZ:: EME' OZ

| —_—

WE

6.5.3.9.

1S

™y



The parallel thermal conductance (K) can be expressed

as.

K: Am/bn\ + A }Z ©.5.%.10.
P

From equation 6.5.2.3. and 6.5.2.4(K)becomes:
o \{-_—_‘R,\ k. * 'PP)QP 6.5.3.11.

Introducing equation 6.5.3%.2. "into the first term

S

' 201

K - h}g f’%f?’%’“ +-(-‘?}zf, 6.5.%.12.
n 192 |

4

Performing on the first term the removal of',hmz
from the denominator andﬂintroducing into the second term
(f'l/ %.) with a spiittin@ of Qo into A - h i

AG : P ? P
. The purpose of the algebraic manipulation is to express

the material variable (K) in terms of the figure of merit

(2 ).

Factoring and combining like terms:

L |
N K 2%—% L}ﬂffj r }ﬁ?lz ()pé 6.5.3.13.
P* |




introducing eqﬁétion 6.5.5.7 into 6.5.3%3.13 results:

l o
tf
R: &? ? szfvg | 6.5.5.14,
for | 2% '
A gimiliar derivation&can be performed resulting in:
| f’m‘t %1

(The derlvatlon ig similiar whlch resulted in equatlon

6.5.3.9)

6.5.%5.15.

The heat pump rate at maximum C.O0.P. can be expressed as:

A )
qu;“’ \c,‘ ‘\‘PJ”‘(’ -\ZIZ ()'l’z J"\’P Mlo&w

or

..z@% O[M
[ | H ,I
-Cn\bn\ib %" F %z. “N‘G S

In order to express the heat pump rate at maximum
C.0.P. in a form more suitable for anaylsis a rederivation

of CP was undertakén.
S

Repeating equation 6.5.3.71.

Qs@ :’Ejljwlw“ LzI; R - KATJ'
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and from equation 6.5.2.19

- Ty = g AT,
where: o Q(ﬁg"l) |
b= \ + 7 (Tm +T§J_) | | 6.5.2.17.

o /]

subsUltutlng 6.5.2.19 into 6.5.%.1 results:

Qs. TLJ DA«\? AT ojn\; Allz |
! R(F“O ZQN— KAT ’ 6.5.3.18.

Combining the first and second term

| —i:jbjﬂ\z A—E "--‘ ’J_ M‘L ‘Z
@&p“ P (@ ‘) J?A‘E“kAT

J

Q(ﬁ fl)z o 6.5.5.19.

From equation 6.5.2.13%

2K ‘291,,,\; /R 6.5.3.20.

Introducing equation 6.5.3%3.20 into equation 6.5.%.19 results:

TCLAT%K(\F) e
(& -1)

- KAT,

© 6.5.3.21.

Q%
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<

EBxpanding the first and second term, while introducing

T;\j - T(,) and factoring K ATJ results:
]\i&@@ ;)z M | 6.5.3.22.

®,, = VAT

Equation 6.5.%.22 can be xpressed as a dlmensnonless
parameter by expre851ng

®5¢ _ 2125\(7!5-«2_(;{5%1 —
KAT ‘(\*ﬂ;‘_ﬁ‘)l 6.5.3.2%.

Figure 6.5.5.1 shows the heat pump rate at maximum
C.0.P. as a function of Juaction temperature difference
for veriation in the figure of merit. The hot side
junction temperature was fixed at 100°C (B.P. water).

At the present state of art a figure of merit of 5.0‘0
- 3/0K will result in a heat pump rate of Y ,07 watts/
couple at a [ST} of approximately 5800.

6.5.4 Maximizing Heat Pumo Rate (I).

The net rate of heat removal, i.e. the heat pumping

capacity is

QT Tely - 7TR = KAT,

6.3,
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The current that yields maximum cooling is the value
-satisfying the condition 3695 =0 The current

4L

corresponding to Qsmax is designated ];Q , and is

Il IQ :JMQ-T:)' | ) 6.5-4‘.4.
: R

Substituting 6.5.4.1 into 6.4.3 results (Qsmax):

[+

: ' 7 2
Qs""“’f‘i T:—) OI{V\Q _ KA—E 6.5.4.2.
. LR :

"o With the cold‘junction "perfectly" insulated (Qs =
Ol and the current (];Q), the maximum junction temperature

([YE. " ) the couple can provide con be determined as
m Y

follows:

0:T Tgde =3 TR~ KAT 65005,

ma
Solving for £§\J the expression becomes:
Ly mag
OZ 2 _("2‘ —-—-—-2— 2' 6.5.1"040

AT = dmp b e °j""£
™t 2RK RK

then:

A—E = -Eif’_/_ﬂ_\; ‘ 6.5.4.5,

) |
AT - L—Ef—i 6.5.4.6.,




A complete derivation for determining the maximum
temperature difference 1s presented in section 6.,5,6,.
The maximum heabt pump rate can be simplified by introducing

equation 6.5.4.5 into equation 6.5.4.2 resulting

605.4‘.7.

TT —

@, K| AT, - AT,

- may

rearranging equaticn 6.5.4.7 results

Qs :( K AT \ - A-T;. . 60504‘080
Tl AT

. | ) oy
The voltage required to operate at the maximum heatb

Ipump rate can.be expressed as:
\/C? :IQ R+ °_Z"’\? ATJ 6.5.4.9.

Introducing equation 6,5.4.1 into equatioh 5.5.4.9

results as follows:

\/Q‘ - Jm?’[;j T °Z~\v ATJ

6.5.4.10.
= AT Ty AT
S ; - h - c;
then:
— 6.5.4.11.
\/Q = "sz (]\)
where:

srki hot Jjunction temperature, °x
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The power input to operate at maximum heat pump rate

~is expressable as:

P(Q :IQ \/Q - m6.5.4.’12. |

- g b le;
Q R ' 6.5.4.1%,

and

It is possible to express h@ by utilizing equation

0.5.4.9 and 6.5.4.1 to become:

PQ :_Ics_ R .\— IC?.OZN\? AT; 6.5 4,14,

substituting 6.5.4.1 into 6.5.4.14 and introducing (XK/X)

into the first and second term:

? - oLiT: K 4 OJN\ZP 'EJ: ALK
o} oK QK ©6-5.4.15.

using 6.5.4.,5 into equation 6.5.4.15 results:

PQ - 2\< AT+ 2R AT A-EMML 6.5.4.16.
X e .

—E5

Factoring, results in the power required at maximum

heat pump rate as:

J

,- A—E 6.5.4.17.




6.5.5. C.0.P, at Maximized Heat Pump Rate (I).

The C.0.P. can be expressed when the current (Iq,
is adausted to maximize the heat pump rate ( CQSMw% ) by
utilizing equat:on O. 5 4.8 and 6 5 4.17. The C.0.P.

becomes: , i
< . 7 \ . —Z};T;-—
C&C)Fz? L [31;mw4

pe

AT | 6.5.5.1.
@ 2|1+ =

Equation 6.5.5.1 indicates that the C.0.P. when the

§

-

~current is adjusted to maximize the heat pump rate is
invariant with the thermoelement geometry. Material
properties are reflected in the determination of

{equation 6.5.4.5).

6.5.6. Maximum Junction Temperature Difference

JWJ(_

" The maximum Jjunction temperature difference can be
determined by evaluating the current that satisfies
A(M:)]AI = 0 and solving for AT) Equation
6.4.% is transposed as follows:

AT - Lidel-3TR-Q

) K‘ - 6.5.6.1,

taking the derivative then:

J(8T) T

e ?-1(2 6.5.6.1.



and solving for I with A(AT;>/A.I = Q results:

IA‘( ) _.“:2[ h\ . 6.5.6.2.
Comparing equation 6.5.4.1 EIQ)»and 6.5.6.2lw<l¢70 '
indicates that the value of the current maximizing the
required parameters are equal. Substituting equation

6.5.6.2 into equation 6.5.6.1 for GPS = 0 results:

2 2
- AT . 1 g 6.5.6.5.
¥ ZRK

FEquation ©6.5.6.%. is identical to equation 6.5.4.5.

as derived in section 6.5.4.

There are two additional techniques that will yield
‘identical results to equation 6.5.6.3. The algebraic
manipulations are found in appendix A, - The

techniques employed are:

(1) Take AQ/&I.‘-‘-O solve for ICQ (6.5.4.1),
substitutei&v into equation 6.4.3 resulting

jj1<;gﬂWW$ (equation 6.5.4.2) and solve for

A_GM% ot Qymoy = O

(2) Take A(CO?X{I‘—‘-O solve for 14) (6.5.1.1),
substitute i¢ into equation 6.4.9 resulting
in C.O.P.MW* (equation 6.5.1.3%) and solve for

AT et c.o.p. =0. |
Yt ey

L
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The minimum cold junction temperature (12 , OK)

) MIN
with fixed hot-junction temperature can be obtained from

equation 6.5.4.6

AT T X% - T6.5.4.6,

JWN

- 2
&

and |
A—Y‘j&%=_];;mﬂ— < vt 6.5.6.4.
then F
2
2._(:"/)3'\0-{. 27;)6&!& )WN%? 6.5.6.5.

Avoiding a quadratic solution by introducing iz

ol
-

to both sides of equation ©.5.6.5 and rearranging results:
c,, . f% + ZT % Zlh 2 6.5.6.6.

- Adding unity to both sides of equation 6.5.6.6 and

the left side is a perfect square then:

N o |
. (\_{_ %“(:-;HEN\) =22(%M‘+ | 6.5.6.7.

T = 12Tt -
NN 2

6.5.6.8."
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Figure 6,5.6.71 illustrates the maximum Junction
- temperature difference as a function of the figure of-

merit for a hot jundtion temperature of 100°C (B.P. water).

6.5.7 Maximized (Heat Pump Rate/Configuration
Geometry).

<

The maximum heat pump rate (ngm%) is:

6.5.4.2.

,st': g DT

where:
Ez: f&ﬁ&l 4 i%:gg 6-5-5-5.
An\ 'ﬂ\? "
and .

K= A”:éb”‘ 4 é_%b_f 6.5.5.10.‘
A :

. For military or space/satellite operation if is
desirable to maximize the heat pump rate with respect to
system weight. In order to determine the thermbelement
configuration regquired for this operational condition the

geomebtry of the element must be considered.

The thermoelement weight for the n- and p- thermoF

elements of the same length ({) can be expressed as:

\'\[TOTAL: JLY:@,/—\M + \(?A? 6.5.7.1.
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where:
,2 thermoelement height, cm.
Tﬂ‘;ﬁ? thermoelement density, grams/cm?

\¢JRJAL thermoelectric couple weightb, gramgA

Equation.6.5.7.1 indicates that in ofder to minimize
the thermoelectric couple wéight the height of the element
(ﬂ) should be restricted and AM) A? be consistent' with
the required heat pump rate. It is proposed to maximize
the heat pump rate with respect to system weight by
equating the first defivative to zero and solving for
the configuration variable. The egquation to be golved
can be expressed as - |

N AL A 6.5.7.2,

J(A)

where: :
ﬁ\ represents the crosgss sectional area of the
n- or p- thermoelement. (p~ utilized)
Appendix B presents the complete mathe-~

matical manipulations required to solve equation 6.5.7.2.

The operational parameter considered was to find the area

ratio maximizing (Qs””\""‘f/AT> this 1s found to be:

—

1
2 7
{Oﬁ\‘t‘ fm)f"fmf?,\c +10m

_A__"l =. f[’
P U“ffp) _

/‘ 6.5.7.3.
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where: r ' ,
- &(}&P"/km) AT‘
f” | 6.5.7. 1.
mp ot
From appendix “E‘ equation E.1 the

maximum heat pump rate 1s expressable as:

QSM'\O«@ OZ,M) T;\ [A A] \ {MM‘AM A A .
ZXLA?%\ +A ﬁ[;l 1 +MP i —E

Expanding the first term and combining the second

results

Q -k Ty <207 [kttt

Zi[ﬁ?fm + Am 6?] 6.5.’7..5.

Dividing numerator and denominator by ( A
e
Q oLn\pr ZAT AP Am
< )

An Ao

M\va
K*"‘ + ﬁ’—q 6.5.7.6.
A Ao

Bquation 6.5.7.6., will fulfill the requirements of

equation 6.5.7.2 by utilizing equation 6.5.7.3 to determine
the area of the n~ element given the cross sectional area

of the p- element.




The total cross sectional area is expressable as:

AT: AM_{, AP | 6.5.7.7.

AT ’A? w1 o+
_ L |

with(Qﬁ«w/AT) being maximized by equation 6.5.7.6 and

6.5.7.8.

equation 6.5.7.8.

Assuming the following simplifications:

) Pazhe= A A=2A
R O .
(3) Q{zMJcJa?)[Z: b

Incorporating the simplifications into equation 6.5.7.6.

results in:
. 2 2 — )
C’\) 2 "Z’W?—[‘:’.*AT ATy B/ N
TV Smay M@ L

when h;g°——4§ 0

Qs — o/fv\: -‘:{?AT 6.5.7.10.
o %JZ(?

and from equation 6.5.5.1.

C.0.P.,, —% % 6.5.7.11.
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The circult resistance can be expressed as

R l ([Om-f{p)ﬂ4 | 6.5:7.’]2.
) ZAAT-

then

. R= Ak
‘ ‘,L\ 6.5.7.13.
P T N
Substituting equation 6.5.7.13 into equation 6.5.7.10
results: )

G;gmm¥ 1:
&R

Equation 6.5.4.7 for [&T} ~2 0 indicates that:

6.5.7.14.

~
o3

an\\a_,](_ ‘ KBTJ,W\% 6.5.7.15.

Equation 6.5.7.14 is identicasl to equation 6.5.7.15
which follows from equation 6.5.4.5. For‘kﬁ\ =JbP
(?’ O) equation 6,5.7.3 reduces to:

b . (6

S 6.5.7.16,
/x?' €P

‘Equation 6.5.7.16 is eqﬁivalent to equation 6.5.2.10
for the condition where ng =£? = X

6.6 3implified Design Approximations.

The relationship between the current for maximizing

the C.0.P (I47) and the current for maximizing the heat



punp rate (Ip ) will be developed as follows:
K

‘The current healt maximizes the C.0,P. is expressed as:

I(p C{MO AT l) ‘ . :“6.5..2.’19.

The current that maximizes the heat pump rate is

expressed as:

IQ = E.Z,O.LP_—E)_. 6.5.4.1,

R

combining equation 6.5.4.1 and equation 6.5.2.19 then it
follows: o

o T AT
Ty = a2t
A Y

Equation 6.6.1 indicates that the current meximizing

6.6.71.

the C.0O.P. (I¢ ) is inversely proportional to the figure

of merit.

(To+)
(No+1)

performing the multiplication results:

Introdu01ng into equation 6.6.1 and

T . T AT +1) ez
(P o .

-




Introducing: B =1 + 5.6.3.,

AJ/\%M‘ r

T |t
J

into the denominator and expanding the numerator:

T LT+ Tl

o ]

Introduclng equatlon 6.6.3% into the numerator and

factoring ( IQ A\

P

Le

6.6.4,

) results:

. AT, ;
Lot [+ <\ erlal]

JmmA T;J

T

+ 1
Operating on denominator by introducing:

Ty= AT+ T,

6.6.6.

then:

AT,

Moy

AT+T

T

ey

AA\ 2

C'.) J

Al AT

6.6.7,

BIxpanding the terms in the numerator bracket and

utlllzln@ equatlon 6.6

.6 transforms equation ©.6.5 into:







Agsigning Jf\k to replace the terms in the
brécket then equation 6.6.8 becomes: '
Te=de A N
: | [XTENW¢
F}gure 6.6,1 illustrates the magnitude of JZ\L
as a function of (A_[;'M% / —E’. ) with ( AT, /A‘[;.m%)

a variable parameter.  For JA& = 71 then equation 6.6.9

6..6090

reduces to:
Ty 1o AT
AT,-M
~From equation 6.5.%.1:

Q= TG Ty dag -3 T, R - RAT,

6.6.10.

o

<

Substituting aquation 6.6.10 into equation 6.5.5.1'and

introducing:

g L AT, K

-

R T 6.6.11.

)

transforms equation 6.5.3.1 into: )
I N |
Qs(>= klﬂ; ZA*[\ATJ ﬁ‘ A 6.6.12.
L AT, |

when ZN& = 1 then equation 6.6.12 reduces to:

Qsde-:-KA_E | — __A__Tg_  6.6.13.
L _[Xwgmwf
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Eguatiocn 6.6.1% expresses the heat pump rate when
the current has been adjusted so as to maximize the C.O0.P.
(l¢ ).  Equation 6.5.4.8 can be combined with equation

6.6.1% resulting:

LQSCP: él{; Q-Smxwy. | 6.6.14.
¢ £X1;ma{
The limits on Qﬁmﬁ andqu) can be obtained by
equating A{G = 0 results in GDS¢ = 0 (equation
- 6.6.13) and when qu = D[Ekm* results in GPSNW¢ = 0
(equation 6.5.4.,8)..

The power required to operate at maximum C.0.P. can
be expressed by equation 6.6.10 and equation 6.5.2.21

resulting:

Py TeR 4 Ty dy BT,

6.6.15.
utilizing 6;6.11 and factoring:
" z
] AT A .
P"? = 2K AT, —=— 4 A-EZ\ 6.6.16.

e AT,..,

with f\g = 1 then equation 6.6.16 reduces to:

+ =L

'Pq): 2 QAT étl; A’[:  6.6.17.
% ; AT -
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Combining equation 6.6.17 and equation 6.5.4.17 to

form a dimensionless power ratio, expressable as:

- [AG AL I
b . LT: " BT -
1% '[\ . AT I o Teeus.
R L ‘4 T,

Figure 6.6.2 shows the 'power ‘ratio ?q) /PQ as a

function of A-(; /AE"’M with A—C TC«J' a variable parameter.

For the condition of A-(; -7 A—EM‘“}( the power ratio ——>
unity. The maximum C.0.P. can be expressed by equabtion

6.6.12 and equation 6.6.,16 resulting:
AATJ‘ ___LI
cop - IR0 [Zh Blims 1>

Cmer 41\\4&-‘: [:m; AT, A ‘\ ©.6.19.

—_
[% AT |
for jA& = 1 then equation 6.6.19 reduces to:

N
- A‘Em\wf
AT . A% 6.6.20.

Z _E) AT) marAf |

Appendix F. indicates that the right hand side may

cor,,,

be Utransposed by an identity.

s T o st
COR,,, = el 24 |||- 25 -
| M ZA—E A-Ermwf | | 'lhj' |+ "““‘L“M}M - B

T
6.6.20.,

The last term in the right side will be called the

-d
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reciprocal value. IFigure 6.6.3 shows the reciprocal value
as a function of[XEmm¢/T;; withﬂﬂ}/T}; a variable
parameter.  Neglecting the last term (i.e. = 1) equation

6.,6.20 reduces to:c

q—

CBLLQMM% ==£f55w4 \ _.ﬂiﬁi \.; ﬁfﬂ-
TS A N

p—— 6.6.21.
o 1 Thi

Fquation 6.5.5.7 (G.O.P;Q ) can be transposed by
an identity derived in Appendix H. The C.0.P.
when the current has been maximized for the heat pump

‘rate can be expressed as:

L\ AT, AT,
Vi |- \- 2
Egquation 6.?.21 and equation 6.6.22 can be combined

6.6.22.

~C.o.P.Q =

to form:

(:OP —A””*COP 6.6.2%.

N
Repeating equation 6.6.10 for comparison:
5T
@ £§Ewmf | _ 6.6.10f

The resulting relationship (equation 6.6.23) is
approximate by virtue of .]NL and the reciprocal value

being equal to unity.
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6.7. Operational Performance Parameters.

- In the previous sectilons performance equations have
been developg@ with current as a controllable variable.
A current dimensiogless parameter is introduced in this
section in order to facilitate a general engineering
approach. The current dimensionless parameter is

<

defined as the ratic of the actual operating current (I)
to the current required to operate at maximum heat pump
rate (Ig ). This can be expressed as
| SQL 1 ‘
- = T 6.7,
| - Le S

where:

6.5.4.1.
R
The heat pump rate (Q%) is:
Q=T Tdup- 5TR-KAT
Qs“ ! mp~ 2 ) BB,

Expressing the maximum Jjunction temperature difference

in terms of equation 6.5.4.1 results;
2 .
T K AT,
(-J M - -
1Q

{)1"

and from egquation 6.5.4.71

6.7.2,

Qﬁ OL\?T:L,' 6.7.3.
iq




Substituting equation 6.7.2 and 6.7.% into equation 6.4.3

sults:
e & T
5 mr) Lo T BT —_—

Introducing: ‘.
6=71[1q : 6.7.1.
then: o -

| AT,

Ve KAT l16-d - == AT 6.7.5.
J'n\a/)L A

Figure 6.,7.1 shows the heat punp rate as a function
of the dimensionless current ratio (9 ) with (ﬁﬂ}) a
variable psrameter.  The C.0.P. can be expressed in a

form similar to equation 6.7.5 by the following approach:

The power required from equation 6.4.7 and 6.4.8 can

be expressed as:

2
P=T'R + Tol, AT,
Substitubing equation 6.7.% into equation 6.7.6 and

1ntrodu01ng ZKAT /ZKA-E,"\%_ into the second term:

6.7.6.

I

P: 12(2 4 Iobq«p BT ZKAI'W}( 6.7.7.
then:

— 1, + ‘) 6.7.80










Substituting | @ = ‘L/IQ | 6.7.1.

results ¢
P"‘ZKARW @2-\-9/_\—(‘-_& o 6.7.9.

then by eguation 6.l 11

‘ 2
cop L lzee =g ]

7 2 6.7.10.
o 216 @A\j]
Appendix B indicates that equation 6.7.10

can be used as a basic equation for determining equation
6.6.19 (6.6.20). Figure 6.7.2 shows the C.0.P. as a

funetion of the dimensionless current ratio (9 ) with

Egﬂ a variable parameter. Fquation ©6,6.10 indicates
(/N = 1) that for a AT - uooo end a ATJ
90°¢ (AT = O, BTC,J 72 ) the maximum C.O. P. occurs
at 9(1@/1@) Al 4.44. " which corresponds to graphical

display from eguation 6.7.10. Figure 6.7.1 and figure
6.7.2 may bé enployed to determine figure 6.7.3
*figure 6.5.6.1.

Figure 6.7.4 is a sketch of the basic information
appearing in figure 6.7.3. The heat pump rate (62;) is
shown as a function of the C.0.P. for a specific temper-
ature difference (ﬂﬂ}). The dimensionless current ratio

(:9) does not appear explicity but varies along the curve.
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Figure 6.7.4.

Heat Pump Rabe as a function of the C,0.P,

The following performance equations were derived in
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