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CHAPTER 1

Introduction

As the LHC continuously refuses to supply exciting new resonances, the high
energy physics community places their hope in the intensity frontier to finally break
the Standard Model. Subtle differences between experimental measurements and
Standard Model predictions are the new rock and roll. As collider experiments
collect more data and measurements become more precise, theorists must keep up

the pace and improve predictions.

This thesis focuses on the study of calculating form factors for semileptonic
b — c transitions. These transitions occur between hadrons, bound together
by Quantum Chromodynamics (QCD). At the confinement scale (~ 1GeV),
perturbation theory breaks down due to confinement, and the only sensible option

is to compute the path integral directly, i.e., via Lattice QCD.

The b quark is difficult to deal with on the lattice, due to its mass being be-
yond the momentum cutoff imposed by most computationally feasible lattice
spacings. Quark masses roughly equal or greater than the momentum cutoff mean
discretization effects become too large to control. We calculated b — ¢ form
factors using two approaches to dealing with the heavy b quark, one employing a
non-relativistic action for the b (NRQCD), and the other using a relativistic action
with masses between the ¢ and the b mass and extrapolating upwards to the b
mass (Heavy-HISQ). The main take-home from this thesis is the following: when
it comes to semileptonic form factors; NRQCD is on shaky ground, and
Heavy-HISQ is an excellent way to live. If it can be computationally afforded,

heavy-HISQ is the superior of the two approaches.

Using NRQCD, we attempted to compute form factors for the B,y — D)lv
decays. In NRQCD, flavour-changing current operators are made of an infinite

series of terms in powers of the b-quark velocity v, each requiring their own

1



2 Chapter 1. Introduction

normalisation via perturbative matching to continuum QCD. It was discovered
during this work that subleading terms in this series that contribute away from zero
recoil infact have a large contribution. Since the perturbative matching calculations
for these terms have not been performed, this makes it very difficult to obtain
b — ¢ form factors at competitive precision using the NRQCD approach (existing

results are at the few-percent level).

The NRQCD approach could in principle be saved by finding non-perturbative
normalizations of these large subleading terms in the current. I investigated a
way of achieving this by comparing NRQCD lattice data to pre-existing and more
reliable Heavy-HISQ lattice data, with limited success.

To sidestep the problems with NRQCD, we focused instead on the Heavy-
HISQ approach. With this, we successfully calculated the Bs; — Dilv axial form
factor at zero recoil. This demonstrated the power of heavy-HISQ and laid the
groundwork for a study of both By — D}lv and B — D*lv form factors away from
zero recoil, which are now underway. We also calculated By — Dglv form factors
throughout the full physical range of momentum transfer. These studies, when
combined with future experimental data of the Bs — Dglv and B; — Dlv decays,
will supply new tests of the Standard Model, and new channels to determining the
CKM parameter |V

All work reported in this thesis was performed using gluon field ensembles
courtesy of the MILC collaboration, accounting for dynamical up, down, strange
and charm quarks in the sea [7,8]. We computed correlation functions using a
combination of the MILC code, and HPQCD’s NRQCD code.



CHAPTER 2

Motivation & Tools from the

Continuum

In this chapter, I lay out the physics context of this work and some theoretical
machinery that was useful for this work. This section consists of a definition and
the empirical status of the Standard Model. Then, I will expand on the details of
the specific sector we are interested in - the flavor sector and the CKM matrix.

I will also summarize some physics machinery useful for this work, namely QCD,

chiral symmetry, and effective field theories for heavy quarks.

2.1 Testing the Standard Model

The Standard Model of Particle Physics (SM) [9-11] is, so far, the most successful
theory for describing fundamental particles and their interactions. It is an effective
Yang-Mills quantum field theory. It is most succinctly defined by listing its sym-
metries, field content, and the irreducible representations (irreps) of the symmetries
that those fields transform under. Below I follow the discussion in [12].

The symmetries are the following. The Lorentz group SO(3,1), the group of
coordinate transformations that leave the Minkowski metric invariant, which can be
decomposed into SU(2); x SU(2), (left-handed and right-handed). We denote an
irrep as (a,b) where a is the o* eigenvalue under SU(2); transforms, and b is that

of SU(2),. Then there are internal local gauge symmetries:
SU(S)C X SU(Q)L X U(l)y, (2.1)

irreps of which we denote with (x,y, z), where z,y label the SU(3)¢c and SU(2)L
irreps and z is the charge under U(1)y. The subscript C stands for color (cor-
responding to the strong nuclear force), L denotes the weak nuclear force, and Y
denotes hypercharge.

The field content is: gauge bosons for each of the above gauge symmetries, each

transforming in the adjoint of their corresponding symmetry and in the (1/2,1/2)

3



4 Chapter 2. Motivation & Tools from the Continuum

irrep of the Lorentz group, denoted B,,, W, G, respectively. There are 6 SU(2)y,
doublets in the (1/2,0) Lorentz irrep; the left-handed fermions:

Q1,2,3 = <UL) ) <CL> 3 (tL> ) (3727 1/6) (22)
dL SL bL

L1,273 = <V61L> ) (VIL’L> ’ (VT7L> ) (17 27 _1) (23)
€L ML TL

and 9 SU(2)r, singlets in the (0,1/2) Lorentz irrep; the right-handed fermions:

u§2,3 = UR,CR, R, (ga 17 2/3) (24)
d§2,3 = dRasRabRa (3713_1/3> (25)
652,3 = €éR,UR, TR, (1713_]-) (26)

We have also listed the SM gauge irreps next to each definition. There is also in
principle a further set of right-handed SU(2)r singlets, Vf‘:"273 = (Ve,R, Vu,R, Vr,R),
but these are singlets of the entire SM gauge group so in a phenomenological sense
are very much ‘not there’. There is also a Lorentz scalar SU(2)r, doublet, the Higgs
H, in gauge irrep (1,2,1/2) [13-15]. H obtains a vacuum expectation value under
~ 200GeV and causes a breaking of the above gauge group to SU(3)c x U(1)g,
where U(1)g is the electromagnetic gauge group mediated by the photon.

There is at present no confirmed evidence of physics beyond the SM (or new
physics), besides the presence of neutrino (v) masses [16]. However, there are
a number of problems with the SM that heavily imply that there must be new

physics. Among the most famous sources of concern are:

e Dark Matter & Dark Energy - an estimated 96% of the content of the
universe is dark matter [17] and dark energy [18,19], that does not interact

with the SM gauge group (only via gravity), so cannot be explained by the
SM.

e Matter/Antimatter Asymmetry - the SM requires there to be an equal
amount of matter and antimatter in the universe, however, we observe a mas-

sive dominance of matter over antimatter [20].

e Neutrino Oscillations - different species of neutrinos oscillate into each other
over time implying neutrino masses. Neutrino masses cannot be naturally

included in the SM.
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e The Hierarchy Problem - the SM is ‘finely tuned’, the chances of the
Higgs taking its current vacuum expectation value is estimated to be one in
~ 1032 [21-23]. A more natural value for the vacuum expectation value would

be at the same energy scale as the Planck mass.

In a sense, the central goal of particle physics is currently to pin down evidence
against the SM. Only once we have detailed knowledge of how it breaks down will
we be able to uniquely determine a new theory of fundamental physics.

There are many promising approaches to achieve this. They are traditionally

separated into

e The Energy Frontier - explore the highest possible energies reachable with
accelerators, directly looking for new physics via the production and identifi-

cation of new states of matter.

e The Cosmic Frontier - use the universe as an experimental laboratory and
observatory, taking advantage of naturally occurring events to observe indica-

tions of new interactions.

e The Intensity Frontier - use intense sources of particles from accelerators,
reactors, the sun and the atmosphere to make ultra-precise measurements and

find subtle deviations from SM predictions.

The work in this thesis contributes to the third approach.

2.2 Flavor-Changing Charged Currents

The SM tests relevant to this work are on quark flavor-changing interactions. Here I
will detail the parts of the SM relevant to these interactions, following the discussion
in [12].

The SU(2)1 gauge symmetry of the SM is mediated by the vector boson W =
Wlhr + W2+ W3T3, where 7; are the three SU(2) generators acting on the SU(2),
doublets defined in the last section. It is convenient to redefine the fields W =
WH(rg +im) + W (19 — im1) + W3r3. W* W? are the stationary states at low
energies due to electroweak symmetry breaking.

The part of the SM Lagrangian that describes the coupling of W to fermions
is given by

e

Lrcce = Tosinow

S (Wt AW e+ W e e W), (2)
2 sin Oy
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where e is the electron charge, 0y is the Weinberg angle (a parameter of the SM),
and W = "W, where v* are members of the Clifford algebra acting on fermion
spin components. The indices 4, j label quark flavor. To understand the interactions

these terms cause we must also consider the mass terms for the fermions:

u v _q y v 7 y e v 4 y

These terms come from the coupling of the fermions to the Higgs field, where the
Higgs has taken a vacuum expectation value v at low energies. yfj’d’e are the Yukawa
matrices, parameterising the coupling of the fermions to the Higgs. The absence of
right-handed neutrinos forbids an analagous term for neutrinos.

Due to the nondiagonal mass terms, i.e. terms in Eq. (2.8) that couple different
flavors, the fundamental fermion fields are not stationary states. To obtain more

useful field definitions, one rotates the fields to diagonalise these terms
wf = L), b — R, (2.9)

(4

where v = u, d or e, and we choose Lij,R;§ according to

L¥iyY RY (\%) = MY, (2.10)

where MY is diagonal. This results in diagonal mass terms. However, this also has

the effect of making couplings in Lrcce non-diagonal:

e

L L
FCCC J2sin b

(Vigae W dl, + Vi d, W™, + vpW el + W uh) . (211)
V' is the famous Cabibbo-Kobayashi-Maskawa (CKM) matrix [24, 25|, consisting
of parameters that must be fixed by experiment. V = L*TL? is by construction a
unitary matrix (VIV = (LTL%)(L4TLY) = LILAT = 1).

There is no non-diagonal flavor structure in the last two terms because we have
redefined the neutrino fields: vy — LeTuL, absorbing the rotation of the ey, fields.
This can be done with impunity due to the lack of neutrino mass terms. While
the SM does not include neutrino mass terms, it has in fact been experimentally
confirmed that neutrinos have mass. It is however known that these masses are
extremely small in comparison to the scales of the SM (m, < 0.05¢V) [16]. Any
effect this could in principle have via lepton flavor-changing would be much smaller

than the current sensitivity of any experiment.
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.t

A
Figure 2.1: The flavor-changing charged current vertex.

Another useful redefinition is to collect the left-handed and right-handed fermion

fields into Dirac spinors ¢:

p=vrten, bi=5 (1), ba=5 (1479 (212

In terms of Dirac spinors, Lrccc can be written as

ij

L = (Vi JUwtH Ly gutw s L iyt L gt R) (2,13
FCCC \/ﬁslnew ( J M y 1 ) ( )

Lf] = % (Divﬂej — 17i'y5’yuej) ,

Jij = % (ﬂiyudj — ai%wdﬂ') = V;j — ALJ
Jff is known as the Flavor-Changing Charged Current (FCCC). It is often broken
up into the vector and awzial-vector components, V,, and A, respectively. These two
componets can be categorised according to their transformations under the Lorentz
group. V), is labelled 17, where the 1 represents its total spin, and the — represents
its negative parity P : V,, — —V,. A, is instead labelled 1%, due to its positive
parity P: A, — +A,.

We can now turn to the physical consequences of Lrccoe. The interactions given
in this part of the Lagrangian describe a quark changing flavor while emitting a
W+ boson (Fig. 2.1). The propensity for flavor i to decay into another flavor
j is governed in part by energy constraints and in part by the associated CKM
element V;;. These quark-level interactions mediate meson decays, namely leptonic
and semileptonic decays, described in Sec. 2.2.2.

The deviation of V;; from a unit matrix breaks some of the symmetries of the
SM. Lgm — Lrcce has the property that one can independently rephase each of the
quark fields, ¢; — €% ¢;, a global U(1) symmetry for each quark flavor. This implies,
via Noether’s theorem, that the number of quarks of each flavor, N;, is conserved.
However, Lrccc breaks this symmetry U(1)6 — U(1). There is only a remnant
symmetry of transforming all flavors by the same phase. Individual quark flavor

number is no longer conserved, but overall quark number is.
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Figure 2.2: A sketch of the unitarity triangle.

Since there is no off-diagonal flavor structure for the leptons, the equivalent global
U(1)% symmetry for the leptons survives in the SM. Individual lepton flavor number

is conserved. This property of the SM is referred to as lepton flavor universality.

2.2.1 CKM Matrix Unitarity

The exact values of the CKM matrix elements are of interest in the search for new
physics. The CKM matrix is unitary by construction. However, we may discover
that the values we measure experimentally do not combine to produce a unitary
matrix. This would be evidence that the elements we are measuring, in fact, compose
a submatrix of a unitary matrix larger than 3 x 3. This would imply the presence
of further, heavier quark generations. Below once again I follow [12].

The assumption of unitarity in V:
ViiVik = ik, (2.14)

imposes 9 constraints on the CKM elements. Each of these constraints gives a test
of the SM. If one of these constraints is found to be violated, this would represent
evidence of new physics. The most studied constraint is given by taking i = 3,k = 1:
VuaV n VidVi,
VedVey VeV

+1=0. (2.15)

This can be visualized as a triangle (known as the unitarity triangle) on the complex
plane, as shown in Fig. 2.2.

For unitarity, the triangle must close, in other words, a + 8 + v = w. Hence one
test of CKM unitarity is to measure these angles

ViaVi, VeaVy, VudVp
— _ — _ c — _ Jud¥ub | 21
o =2 ( VoaVs ) f=arg Vv )T T TV (2.16)
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Figure 2.3: Exclusion regions for the vertices of the CKM triangle from various

measurements, coutresy of the most recent PDG update [3].

These angles can be constructed from measured CKM elements. They can also
be measured directly from certain processes, for example v can be measured by
studying B — DK decays [26,27]. The unitarity triangle also contains information
about CP-violation from flavor-changing charged currents. The Jarlskog invariant,
a measure of CP-violation, is proportional to the area enclosed by the triangle.
The most recent PDG update [3] reports the following averages for the measure-

ments of CKM elements:

0.97446 & 0.00010 0.22452 +0.00044  0.00365 4 0.00012
V| =10.22438 £0.00044  0.9735970:99%19  0.04214 +£0.00076 |[. (2.17)
0.0089670:90923  0.04133 +0.00074 0.999105 + 0.000032

The averages given here are consistent with unitarity in all avaliable tests. The
element we are most interested in in this thesis is |V ,| = 0.04214 4 0.00076, this is
the second least precise of the determinations at present. The angles of the unitarity
triangle currently satisfy a + 8 + v = (180 £ 7)°. Increasing the precision of CKM

determinations is necessary to provide more stringent tests of CKM unitarity.

2.2.2 Weak Decays

I now move on to the methods of determining CKM elements, following discussion
in [28]. At the confinement scale (~1GeV and below), quarks are confined by QCD
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W z

7

Figure 2.4: Leptonic decay of meson M at tree level in the electroweak coupling.

in hardons. At these energies, the dynamics of quarks are only experimentally ac-
cessible by probing the dynamics of hadrons. CKM matrix elements are determined
by studying hadron decays.

First some definitions of hadron classification. Hadrons are categorized into
mesons (charged with one valence quark and one valence antiquark) and baryons
(three valence quarks). The entirety of this thesis is concerned with mesons. Mesons
are categorized in terms of the flavors they are charged under and their represen-
tations under the Lorentz group. We use the same notation as for the quantum
numbers of the weak currents; LT where L denotes spin and + denotes parity. In
this thesis, we are concerned mostly with pseudoscalar (0~) and vector (1) mesons.

Weak decays of mesons are categorized according to the final products:
e Leptonic: meson — leptons.

e Semileptonic: meson — meson + leptons.

e Hadronic: meson — mesons.

e Oscillation: meson — meson.

All of these types of decay are dependent on CKM elements so can in principle
to be used for studying them. We are most interested in the first two, leptonic and
semileptonic, so will give detail of such decays here.

Fig. 2.4 shows a generic leptonic decay at tree level in electroweak coupling

(virtual quark and gluon lines are implicit). The corresponding amplitude is given
by

< ie
\/i sin 9W

where Dy is a free W# propagator, |M) is the ground state of the meson M, and

M- ) Vs G914, 32 30), (215

|ID) is a lepton-antineutrino state. We are using the notation Llu = LZ’“, where [
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indexes the kth charged lepton. If the momentum of the meson, p?, is much smaller
than the W mass squared, one can integrate out the dynamics of the W resulting

in Fermi effective theory:

(Gaie) 209 (i) (75
V2 sin Oy wiP V2 sin Oy p? — M2,

. . 2 2
i ie D
= WO —. 2.19
Mg, <\/§sin9w> J (MIAR) (219)
5—2\/§GF
Then M can be factorised;
M = —2V2G Vg, (ID|LL|Q) (Q J1 2 | M) (2.20)

(QJI'?|M) is a non-perturbative quantity, since it concerns the transitions of a
strongly coupled bound state (QCD at the confinement scale). We know that it
has a Lorentz index u, and the only Lorentz vector in the system is the meson’s

4-momentum p,. So we define
(TG o | M) = p" fur, (2.21)

where fjs is a Lorentz invariant known as the decay constant of the meson M, and
encodes all non-perturbative information in the amplitude.
By taking the modulus squared of M and integrating over all allowed momenta

of the final state, one finds the decay rate of the process;

2

T(M — Ip) = ﬁfﬁmeM (1 - mjé) Vgl (2.22)
my here is the mass of the final state charged lepton. In order to find |V, 4],
one requires both a measurement of I'(M — [v), and a value for fy;. fas can be
computed in a lattice QCD calculation.

A similar story accompanies semileptonic decays. A typical semileptonic decay

(at tree level in the electroweak coupling) is depicted in Fig. 2.5. The amplitude is
given by

e _ v
M= <\/§Smew> Varg (M, 10| J12 DY LY | M)

~ —2V2G Vg 0 (M, ZD\JZ“I?L“‘|M> ,
~ —2v/2G Vg, g, (1P| LM Q) (M| 1% | M), (2.23)
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Figure 2.5: Semileptonic decay, M — M'lv, at tree level in electroweak coupling.

where on the second line we have integrated out the W propagator by using the
same expansion as in the leptonic case, and on the third line we have factorised
the QCD part from the electroweak part. The matrix element (M'|JI'?|M) is a
non-perturbative quantity. Unlike in the previous case, there are a number of ways
one can choose to parameterise this matrix element, and appropriate choices vary
depending on the quantum numbers of M and M’. Of interest to us are the cases
where M is a pseudoscalar meson 0~, and M’ is either pseudoscalar or vector 1.
In the pseudoscalar—pseudoscalar case, only the vector component of the cur-
rent survives in the matrix element, (M'|J1"?|M) = (M'|VI*?|M). (M'| A} M)
vanishes since this does not respect the parity invariance of QCD (it has negative

parity). The most popular parameterisation of (M'|V,'®|M) is
M2 _ m2 M2 _ m2

(M'\V192 M) = f1(q) | Pu+pp — A fo(q2)Tqu- (2.24)
M, P, are the M-meson mass and momentum and m,p, are the M’'-meson mass
and momentum. fy(q?) and f,(¢?), known as the scalar and vector form factors,
encoding all non-perturbative information. We now have non-perturbative functions
of ¢? rather than a single number. ¢> = (P —p)?, the momentum carried away from
the meson by the W, has an allowed range of values if the final states are on-shell

(obey the classical dispersion relation):
mi < ¢* < (M —m)% (2.25)
By integrating |M|? over all final lepton and neutrino momenta, one finds a differ-

ential decay rate,

dr G2 Vi1 0] m2\ >
—— (M = M'lp) =npw L2042l (1 _ L 2.26
dqQ( v) =ngw 54312 . Ip| x (2.26)

m2 3m
[(1 + 2;) M () + SO — P ()
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new accounts for electroweak corrections due to diagrams where photons or Zs are
exchanged in addition to a W, as well as the Coulomb attraction of the final-state
charged particles [29-31]. p is spatial momentum of the M’ state. Once again,
to deduce |Vg,q,|, one requires both the decay rates dI'/dg?, and the form factors.
To precisely determine the form factors requires a Lattice QCD calculation, since
this is the only avaliable approach to calculating non-perturbative observables from
first principles with a systematic understanding of uncertainties (another approach
is QCD sum rules, for example see [32]).

In the pseudoscalar—vector case, both the vector and axial-vector components
of the current survive in the matrix element. A common choice of parameterisation

18

(M ()|VE | M) = i/ Mm by (w)eas €007, (2.27)
(M'(€)|AY, g, | M) =V Mm [l (w)(w + 1)

W
S, (W) € vy, — By (w) € v,
v = P/M and v' = p/m are the 4-velocities of M and M’ respectively. € is the polar-
ization of the vector meson M'. w = v-v' is known as the recoil parameter, this is an
alternative to ¢? often used in heavy quark effective theory. hy (w), ha,(w), ha, (w),

and ha,(w) are the form factors accounting for the non-perturbative physics. The

decay rate is given by

dr G3m? [npw Vg0
(M = Mlp) = =F ’Zivgv wel” (vr )t () F)P, (2:29)

where F(w) is a linear combination of the form factors and x(w) is a known function
of w (both given in e.g. appendix G of [33]).
At the zero recoil point, where ¢? is maximized at ¢2,. = (M — m)2, (correp-

sonding to w = 1), a single form factor contributes:
F(1) =ha,(1). (2.30)

However the differential decay rate vanishes at w = 1. A common approach to
determine |V, 4, |, for example used to find V| via the B — D*Iv decay, is to find
| F(1)V|? at zero recoil by extrapolating from experimental data at non-zero recoil,
and combining this with a lattice QCD determination of h4,(1). This method is
used since lattice results for the form factors have only been available at zero recoil,

lattice calculations become more complicated away from zero recoil.
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2.2.3 b — ¢ Transitions and |V,

The family of weak decays that have attracted the most attention are decays of
B-mesons (pseudoscalar mesons containing a valence b and u,d, s or ¢ quark), due
to their rich variety of decay products.

The b can decay into either a ¢ or a u quark via the flavor changing charged
current. In this thesis we are interested in the b — ¢ transition, with an amplitude
proportional to the CKM element |V;|. In this section, I'll give a brief overview of
how this is calculated and the value’s current status.

B meson decays can be measured in a number of experiments. There are two
so-called b-factories, the Belle (IT) experiment at the KEKB collider in Japan, and
the BaBar experiment at the PEP-II collider at SLAC in the US. These are ete™
colliders, that collide with an energy tuned to the mass of the Y(4s), an excited
state of the T meson (a 1~ state with bb valence quarks). The Y(4s) has a large
branching fraction into a BB pair, the decays of these can be measured with large
statistics. B decays can also be measured in proton colliders, like at the LHCb
experiment at CERN. Measurements from LHCb have poorer statistics but cover a
larger range of the phase space of final states, due to the variance of momenta in
the initial state protons.

So far 3 approaches to determining |V;| have been carried out:

e B — D*Iv decay rate measurements are extrapolated to zero recoil to deter-
mine |Vpha, (1)]. Then dividing out hg, (1) from a Lattice calculation, one
finds |Vep|.

e B — DIv decay rates are measured throughout ¢, and combined with fo(q?)

and f, (¢?) from lattice calculations.

e B — X_.lv decay rates are measured (where X, is all possible charmed fi-
nal state mesons), this is used to constrain elements in the operator product

expansion, a method first devised in [34,35].

The first two are referred to as exclusive and the third inclusive. A selection of the
most accurate examples of each method of determination is given in Fig. 2.6.

This figure tells a story of the recent history of |V ;|. Determinations from B —
D/v have been consistent with, but not as precise as, the other two methods. Until
recently, there was a ~ 30 tension between determinations from the B — D*{v decay

and inclusive decays. A possible explaination of this tension appeared when concern
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)

B — D, w> 1, HPQCD + BaBar

—_—— B — D, w > 1, Fermilab/MILC + HFAG
B — D, w =1, Fermilab/MILC + HFAG

>

—b— B — D*, w =1, Fermilab/MILC + HFAG (2015)

(0]

B — D*, w = 1, Fermilab/MILC + Grinstein & Kobach (2018)

© B — X, PDG Average

37 38 30 40 41 42 43 44
Ve x 107

Figure 2.6: Different determinations of |V|. Points labelled w = 1 are determina-
tions from extrapolating measurements of decay rates to the zero recoil point and
combining them with a lattice determination of the form factor at zero recoil. Points
labelled w > 1 are results from using a combination of both branching fractions and
lattice form factors through some range of w. The first name mentioned in the
labels give the source of the lattice form factors, and the second gives the source of
the experimental data (e.g. the HPQCD+BaBar point used form factors from the
HPQCD collaboration and data from the BaBar experiment). The highest point
in red is from [36], the second and third highest from [37], fourth from [38], fifth
from [39]. The bottom point is from the PDG [3], using data from the ALPEPH [40],
Belle [41], BaBar [42,43], and CLEO [44] experiments.
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was raised about the method of extrapolating experimental data for B — D*Iv decay
rates to the zero recoil point (w = 1) [39,45,46]..

The Heavy Flavor Averaging Group HFAG (Now HFLAV) determination of
[Vepha, (1)| in 2015 parameterized the form factors in the extrapolation using the
CLN parameterisation [47]. It has become clear that the constraints imposed on the
form factors in the CLN parameterisation are not justified. In [39,46], the results of
an extrapolation using the CLN parameterisation were compared to results from a
more general, model-independent parameterisation, the BGL parameterisation [48].
It was found that they differed by 3.50. Since BGL is model independent, one may
consider this the more reliable result.

The |V,p| result using BGL to extrapolate the decay rates is given in the green
point on Fig. 2.6. Hence, if this work is to be trusted, the long-standing | V3| tension
has been resolved.

There are however a number of other reasons to be interested in studying |Vi|.
It constrains one side of the unitarity triangle via the ratio |Vyp|/|Ves|, so it is one of
the bottlenecks for precise tests of CKM unitarity. It is also a dominant uncertainty
in the determination of the C'P-violation parameter e (that is currently at tension

between the SM and experiment, see for example [49] where a 40 tension is reported).

2.2.4 Flavor Anomalies & Lepton Flavor Violation

The SM can be tested by studying semileptonic decays more directly, without any
consideration of CKM elements. CKM-independent observables can be constructed
by taking ratios of branching fractions for decays with common CKM dependence.
Then, form factors from lattice QCD can be used to form pure SM predictions of
these ratios and compared to purely experimental measurements. Such comparisons
have uncovered a number of tensions between the SM and experiment.
The ratios are defined by
Rx, = - I'(By — XqTv7) 7
5 [(By — Xgeve) + I'(By — Xquvy)]

(2.31)

where X, is any meson with valence quark content of x¢g. The numerator and
denomenator will have a common factor of |Vj,|, so cancel in the ratio.

There is currently tension between SM and experiment in Rp and Rp~:

Rp+lexp = 0.306(13)stat (07)sys,  Rpr|sm = 0.258(5), (2.32)
Rplexp = 0.407(39)sat (24)sys,  Rplsm = 0.299(3). (2.33)
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Figure 2.7: R(D™) determinations from SM and measurement [4]. One can see
from this that the SM prediction (the small blue ellipse) is inconsistent with the

experimental average (the filled red ellipse).

The expermental values are the HFLAV averages, from BaBar [50,51], Belle [52-55],
and LHCb [56-58] data. The value for Rp-|gn is the average of results from [45,59,
60|, using a combination of light-cone sum rules and form factor constraints due to
heavy quark symmetry. The Rp|sy value is the average of results from [45,60,61],
which used lattice form factors from [36,37].
A joint analysis of Rp and Rp+ by HFLAV shows the combined tension to have
a significance of 4.00 (see Fig. 2.7). Clearly more precise experimental results are
necessary to either confirm or dismiss this anomaly. While the SM values are cur-
rently much more precise than the experimental ones, further work on the theoretical
results is necessary. More independent calculations are required to make the SM
numbers more robust, such that if this tension ever hits 50, we can be confident
that it is due to new physics and not some underestimated SM systematic.
There are also tensions in the quantitites [62]
(B — KWutyu™)
(B — K®ete™) '
LHCb measured Ri between 1 and 6GeV, and found a disagreement with the SM
value [63,64] of 2.60 [65]. LHCbD also measured Ry« in 2 bins (0.045 < ¢ < 1.1GeV?
and 1.1 < ¢ < 1.6GeV?), and reported disagreement with the SM prediction [66-73]
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of 2.1-2.30 and 2.4-2.50 respectively [74].

Each of these anomalies points to one potential new physics scenario: lepton
flavor violation (LFV). This is a breakdown of the lepton flavor universality in the
SM discussed earlier in this section. A consequence of LFV would be that the
different lepton generations would no longer have the same coupling to gauge fields.
For example, imagine couplings like UijéiLWJrz/i, where U;; is unitary but non-
diagonal, then the different lepton generations would have different couplings to W.
This can lead to a modification of the B — D™®¢v and B — K™l decays rates by
different amounts depending on the lepton flavors in the final state, resulting in the
ratios Ry, Ry« deviating from the SM prediction.

There are broadly speaking two ways one can explain LF'V. The first is to posit
that there are in fact right-handed neutrinos, vg, and neutrinos have Dirac mass
terms mupvgr (from a coupling to the Higgs). Then, the argument preventing the
presence of non-trivial lepton flavor structure in Lrccc breaks down, we obtain an
equivalent of the CKM matrix for leptons (the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix). Lepton flavor violation is then mediated by the W. Neutrinos
have in fact already been shown to have mass, the PMNS matrix exists, and its
elements have been measured. However, as mentioned already, these effects would
be extremely small due to the extremely small mass of the neutrinos. Experiments
have looked for evidence of W-mediated LFV processes, 7 — pvy and p — ev,
and they found upper bounds for their branching fractions of 4.2 x 10713 [75] and
3.1 x 1077 [76] respectively.

Besides there being no evidence for W-mediated LFV, this picture of neutrino
masses is not very aesthetically satisfying. It requires unnaturally small Yukawa
couplings between the Higgs and the neutrinos. The second, much more popu-
lar approach to explaining both LFV and neutrino masses is the existence of new
particles.

In the face of evidence against the SM, the most general way to parameterise
the space of possible new physics models is to study the Standard Model Effective
Theory (SMEFT) [77]. In this approach, one introduces higher dimension, non-
renormalisable operators to the SM (the SM has only dimension 4 operators), and

impose a hard momentum cutoff A. Then the SMEFT is

(5)
Lsmerr = Lsm + Z o + Z 1z (2.35)

where {Ogd)} is the set of dimension-d operators that satisfy the symmetries of
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the SM, and {cgd)} are coefficients to be measured, known as Wilson coefficients.
Wilson coefficients differing from the SM expectation can be evidence that the SM
must be augmented with new fields at energies above A. The quantum numbers of
the associated operators gives information about the quantum numbers of the new
fields.

One can fit the avaliable B — D™ and B — K®Il data to predictions from
SMEFT, in order to infer the Wilson coefficients neccesary to explain the anomalies.
In [78] it was found that R, can be explained with the d = 6 operators:

(CyuPLb) (7" Pryy),  (eo™ Prb)(TouPrvr), (?PLCC)(BCPLVT),
(TyuPrb) (" Prvr), (TyuPrb)(ey" Pryy), (?PRCC)(BC'WPLV), (2.36)
where Pp /g = (1475)/2, ¢ = —i(y°y%)T and ¢ = —i(7°92)T. In [62], a similar
process found the operators neccesary to explain Ry (. :
(5vuPrb)(en'e),  (57yuPrb) (i p)
(57uPrb)(ev"yse), (57, Prb)(iy"ysp) (2.37)
This information, along with constraints from other measurements, strongly reduces

the space of possible new physics models that could produce these anomalies. Hot

topics include Leptoquarks, Z' models, and partial compositeness [62, 78-80].

2.3 Strong Interaction Physics

The work of this thesis is essentially quantifying the effect that the strong interaction
has on branching fractions for semileptonic decays. The strong interaction and the
observed pattern of hadrons can be explained with QCD. In this section, I review
the fundamental theory and the force’s physical features.

2.3.1 Quantum Chromodynamics

QCD is an SU(3) Yang-Mills gauge theory. The Lagrangian is derived by requiring:

e N fermion fields transforming in the fundamental representation of the SU(3)

gauge group.
e Invariance under that gauge group.

e Renormalizability of all interactions.
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Figure 2.8: The relationship between scale @ and the strong coupling constant ag,
from the PDG |3].

From these we find [12]:

- 1 12 9 vpo
Locp = > G(iD — mi)g; — TG G — 9o TrGL Gy (2.38)

D, =0,—1i9G,, Gu =Dy, D,].
¢ = (¢ir, Gip, Gi,g) are the Ny fermions, vectors in color space, transforming under
gi() = A@)gi(@), @:(x) = G(x)A (2), (2.39)

where A(z) is an SU(3) matrix acting on the color space. G, are the su(3)-valued

gluon fields, transforming under the gauge group like

Gu(@) = A@)Cp(@) Al (2) — “[3,A@)AT(2). (2.40)

i
g
g is the coupling constant of the theory, often expressed instead as a, = (g/4m)%. 6
has strong experimental bounds on its size, to the extent that for our purposes that
term can be neglected [81].

The most notable feature of QCD is due to the running of a, [82]. Unlike
in quantum electrodynamics where the coupling increases with energy scale, the
coupling of QCD decreases as energy scales increase. This is referred to as asymptotic
freedom. A corollary is that at low energies the coupling becomes strong. At energies
around or below Aqcp ~ 0.5GeV, oy becomes too large to be a good expansion

parameter, and perturbation theory becomes unreliable for making predictions.
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At large oy, quarks and gluons become strongly interacting. This is believed
to be the source of confinement, the mechanism that binds quarks together into
hadrons.

Broadly speaking there are two approaches to making predictions in QCD at low

energies:

1. Chiral perturbation theory - an effective theory of hadrons with the same

symmetry properties as QCD.

2. Lattice QCD calculations - solve the path integral by brute force, eliminating

the need for an expansion in ag. This is covered in chapters 3 and 4.

2.3.2 Chiral Symmetry

Here I follow the discussion in [83]. In the limit of m; — 0 Vi, QCD develops two

new global symmetries between the flavors:

gi — exp(i0y \)g; , (2.41)
g — exp(ivs05 2\ g5 , (2.42)

where A, are U(Ny) generators. They are labelled U(Ny)y and U(Ny) 4 respectively,
standing for vector and axial-vector.
From Noether’s theorem, each generator of these symmetries implies a current

that is conserved in the massless limit:

VE=qag, AL = s Aag - (2.43)

The (partial) conservation of these currents in quantum mechanics is captured
by the Ward identities. There is an infinite number of possible Ward identities, but
for the purpose of this work, we only need to consider the most simple of them.

Consider the partition function for QCD:
Z= / [dipdipd A)eS10A] (2.44)

where [didipdA] represents the functional integral over quark, antiquark and gauge
fields. Consider performing a shift of the integration variables of the form (2.41),

and allow the parameters 6, to be local, 8, = 6,(x). The partition function becomes

Z = / TldpdipdA)(1 + i68)eSWvAL (2.45)
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J is the Jacobian of the measure [dydidA] under the coordinate transform
(2.41). In many cases, J will be non-trivial, due to either regularization schemes
that don’t respect the symmetry or quantum anomalies. The symmetries we are
concerned with here are anomaly free, so J = 1.

The effect of the local version of Eq. (2.41) on the action is
55 = [ atetu(a) 0,V (x) ~ ig(a)ha. Mia(o)] (2.46)

where M = diag(my, mg, ms, ...) acts on flavor. Removing Z from each side of
(2.45), setting the arbitrary functions 0,(z) to 1, and removing the spacetime inte-

gral results in

(V') = i(a[Aa, M]q), (2.47)

a

where () represents a quantum expectation value, the state the expectation value
is taken in need not be specified since the above derivation does not assume any
particular state. Repeating the above steps with the vector chiral transform replaced

with the axial-vector chiral transform, one finds
(AL = i{(q{Aa, M}q). (2.48)

(2.47) and (2.48) are examples of Ward identities, they describe the (parital) con-
servation of the chiral currents. (2.47) is often referred to as the Partially Conserved
Vector Current (PCVC) relation, and (2.48) the Partially Conserved Axial Current
(PCAC) relation.

A useful theorem [84] is that partially conserved currents (currents that become
conserved when some parameter in the theory vanishes, like V4* and A%) require no
renormalisation in any regularisation scheme. The conserved or partially conserved
current J§ has a corresponding charge Qq(t) = [ d3zJ0(z,t) that is the generator of
its corresponding symmetry transform on Hilbert space. In this case, these charges

are members of the Lie algebra of the symmetry group:

[Qa(t)7 Qb(t)] = Z.fachc(t) 5 (2.49)

where fup. are the structure constants of the algebra. Under some regularization,
change in regularization scheme, or running of scale, each operator in the theory
may require multiplicative renormalization Q, — ZgQ.. Eq. (2.49) demands that
Zo = 1in all cases. So J° obtains no renormalisation, and if the regularization is

Lorentz invariant, this carries on to J*.
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Since one can transform any flavor into any other flavor via the chiral U(Ny)
generators, one can build currents charged with any combination of flavors from

linear combinations of V' and A%:

Vi=anta,  0u(VE) = ilmi —my)(Sij) (2.50)
Al =Gy, 9u(Al) = ilmi +my)(Py) (2.51)

where we have defined S;; = ¢;¢; and P;; = @75(1]-, the scalar and pseudoscalar

densities. The non-renormalisation of V** and A¥ carry on to Vlg and Afj, and onto
the operators (m; —m;)S;j, (m; +m;)P;; via the Ward identities.

The partially conserved currents VJj and Aff are the same currents that feature
in the matrix element of leptonic and semileptonic decays in Sec. 2.2, and their ex-
pectation values appear in amplitudes for leptonic and semileptonic decays. Hence,
the fact that these can be related to alternative expectation values via ward iden-
tities, and that they obtain no renormalisation, is very useful in the calculation of

these amplitudes.

2.4 Heavy Quark Physics

Quarks with mass m¢g > Aqcp are referred to as heavy quarks. Charm and bottom
quarks are considered heavy: Aqcp/me ~ 1/4, Agep/my, ~ 1/14. This separation
of scales can come in very useful. They mean one can integrate out some degrees of
freedom at mg, and still have a good description of the dynamics at Aqcp. This
philosophy gives rise to Heavy Quark Effective Theory (HQET) and Non-Relativistic
QCD (NRQCD). Below I will summarise the aspects of this theory most relevant to

our work.

2.4.1 HQET

HQET [85] is an effective field theory with the cutoff at the heavy quark mass
mg, and operators organized in a series in Agcp/mg. Since at the b (and ¢) mass
QCD is perturbative (as(mg) < 1), one can match HQET to perturbative QCD
at mgq, then run the couplings of HQET down to produce useful predictions at the

confinement scale.
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HQET Lagrangian

Here is the derivation of HQET for a single heavy quark interacting with gluons,
following [86] (the generalization to many flavors is straightforward). The fermion

part of the Lagrangian is
Zocp = QU —mg)Q, (2.52)

where @) is the heavy quark field and D is the covariant derivative (Eq. (2.38)).
Define the heavy quark velocity v according to v = pg/mg. Split @ into “heavy”
(H) and “light” (h) components:

Q=M p H) b= e (14 §)Q, (2.53)
H= %e—iwm ~ 90, (2.54)
with the important property
ph=h ¢H=—-H. (2.55)
In terms of these new fields the Lagrangian becomes
Lacp = ih(v- D)h — H(i(v- D) + 2mq)H + ihlp"H + iHI ™ h, (2.56)

where D+ = D — v(v - D) are the components of D perpendicular to v. A physical
interpretation of the definition of h in Eq. (2.53) can be seen by acting a spatial
derivative on the definition of h, and by recognising 0Q = —ipg, Oh = —ipy, we
find that

PQ = MQU + pp. (2.57)

Since p, < pg, we see that the quark’s momentum is dominated by its mass (the
quark is close to on-shell), and the h field represents perturbations around on-shell
due to interactions with the lighter degrees of freedom at Aqcp.

From the Lagrangian (2.56), we see that h is a massless field and H has a mass

of 2mg. From this Lagrangian we can derive an equation of motion for H:
(i(v- D) + 2mg)H = ilp"h, (2.58)

with the solution

He ' pt= 1 i (_i(;;'lé)))nmlh. (2.59)
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By substituting this into the Lagrangian (2.56) we arrive at

gHQET — Z;L(U . D)h . Bmi 2771162 nz (_i<v . D))n

g »rh. (2.60)
Since we expect v - D ~ Aqcp, we can interpret the infinite sum as a series in
Agcp/mg, and truncate it at some order.

Leading order HQET exhibits new symmetries not present in full QCD, known
as the heavy quark symmetries. Since m( is not present in the leading order La-
grangian, there is a flavor symmetry - a set of IV heavy quarks with the same v can
be mixed via an SU(N) symmetry. Similarly, due to the absence of spin-mixing
matrices, a heavy quark has an SU(2) spin symmetry. At leading order a heavy
quark in a meson behaves like a static color charge, the dynamics at Aqcp are not
affected by its mass or spin.

I will now use HQET to derive a useful theorem used in our work, following the

proof given in [87].

Luke’s Theorem

Luke’s theorem [88], which can be derived from the Ademollo-Gatto (AG) theorem
[89], tells us the leading order heavy quark mass dependence of form factors. First
I will derive the AG theorem.

Consider the transition amplitude

(a]QalB), (2.61)

where ), is a conserved charge associated with some global symmetry G, and |a)
and |B) belong to some irrep of G, R(G). Imagine explicitly breaking the symmetry
with a term like ZAreak = AOpreak- The states |a),|5) are asymptotic states of
the complete lagrangian including the symmetry breaking. The breaking causes the

states to mix with states in other irreps of G:

18) = css18) + 3 camlm) (262)
(o] = | + 3 i (] (263)

|/}, |B) are pure R(G) states, and |m’), |n’) are purely in some other irrep R'(G).
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The transition amplitude becomes

(0]QalB) =ctacss(e’|QalB)
+ ) Chaom(a’|Qalm’)

+ Y chncss(n'|QalB)
+ DD oncam{n'|Qalm’). (2.64)

Since |m/) is purely in a different irrep to |@’), Q.|m’) has no overlap with |o).
Similarly for |n’) and |8). Hence the second and third terms in Eq. 2.64 vanish.
Now consider the order of the coefficients c¢y,,. We can assume that ¢, = O () for
arbitrary n,m # «, 8, since switching off the symmetry breaking by setting A = 0
should cause |a) and |&') to coencide. Then, using the normalization of the states
S lcan? = 1, we find caq = \/1-ON? =140 (A?), and similarly for cgg.
Applying this to the two surviving terms in Eq. (2.64), we end up with

(@]QalB) = c+ 0 (X?), (2.65)

where ¢ # ¢(\). This is the AG theorem: if the current @, and the symmetry
breaking term Opear act orthogonally on the states, the transition amplitude can
have at most a second order correction in the symmetry breaking parameter.

Now we can apply this to HQET to produce Luke’s theorem. Consider a transi-
tion including two heavy quarks (b and ¢). The theory is now HQET with two heavy
quark flavors; h = (b,c¢). Luke’s theorem applies the AG theorem to the breaking
of the flavor and spin symmetry at leading order HQET. First consider the flavor
breaking. By unpacking the 1/m-order terms in the Lagrangian (2.60), we find the

leading order flavor breaking term to be

1 1\ 1- 12
— = —~ho, h, 2.
<2mb ch> "7 D (2.66)

where o, is the third pauli matrix acting on flavor. These terms cause states like
that of a B-meson, |B), to mix with other states |n’) in different irreps of the flavor
symmetry. Consider for example the B — D decay at zero recoil. Since this is

mediated by a generator of the flavor symmetry, the AG theorem leads to

DlewblB) _ ¢ 4 o (( 1 ! >2> 7 (2.67)
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where £ is some b- and c-mass independent number. This motivates a new parame-

terisation of pseudoscalar-pseudoscalar transition amplitudes alternative to (2.24):

(M'|Vi ™| M)
vMm
since Eq. (2.67) implies a form of h4 (1) [90]:

1 1 \? 1
1) = 1— — >3] . 2.
h+( ) 77v< lp <2mb 2mc> >+O<mgmzn,n+m_3> ( 69)

Ny is a matching factor between QCD and HQET, and can contain logarithms of

= hy(w)(v+0")u +h_(w)(v—"2"), (2.68)

heavy masses. The factor [p is a free non-perturbative parameter that must be fixed
by some non-perturbative calculation e.g. a lattice QCD calculation.

Another decay that the AG theorem can be applied to is the B — D* decay. At
zero recoil, the amplitude of this decay is (D*|¢y,v5b|B). The operator here is not
only a generator of the flavor symmetry but also of the spin symmetry, so we must

also take spin breaking into account. The leading order spin breaking terms are

_ 1 -
Ry Gophe + ——hy MY Gl - 2.
o e G, +2mb s V'Y G hy, (2.70)

So by an analagous argument to that of the B — D case, we end up with

=0 ((am) ) o ((m) ) o () )

(2.71)
This carries onto the form factor hya, at zero recoil [90]:
B (1) =g (14 =V ‘p (2.72)
A=A (2me)?  2mpme  (2my,)? '

1
+(9< p m,n+m23) .
mamy

where 74 is again a matching factor between HQET and QCD, and Iy, 4 p are non-

perturbative quantities.

2.4.2 NRQCD

An effective field theory closely related to HQET is Non-Relativistic QCD (NRQCD)
[91,92]. This differs from HQET only by the power counting; instead of organizing
terms in the Lagrangian according to their order in Agcp/m, the terms are organized
in terms of powers of the heavy quark’s spatial velocity v ~ |p|/m. NRQCD is
derived with the following process [93]:
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e Separate the quark and antiquark components of the heavy quark. Since a non-

relativistic fermion is decoupled from its antiparticle, our action only requires
to describe the top two components of a Dirac spinor. Define the antiquark-
free 2-component spinor h via the Foldy-Wouthuysen transformation ¢ — h =
Y D/2mq)y [94]. This acts to remove the - D term from the Dirac part of the
Lagrangian, which is the only part that couples the fermion to the anti-fermion

(at leading order in 1/m).

Define power-counting by considering the expected expectation values of op-
erators for heavy mesons [95]. The three relevant scales concerning the heavy
meson are M,p ~ Mv and Ex ~ Muv?, where M is the meson mass, p the
spatial momentum and Eg the kinetic energy. By relating operators to these
three scales, we can deduce their order in v. Start with the normalization of

a scalar current:
<M\/d3xm(x)h(x)yM> ~ 1, (2.73)

where |M) is some heavy meson state. Since we expect the meson state to be

localized in a region of size 1/p, we can assert that

1
/d% ~ = (2.74)

p

From this and (2.73), we find h ~ p*/? ~ v%2. The order of the derivative

operator can be deduced from
D2
Ex = (M| / Prhl (@) h(@)|M), (2.75)

to be D ~ v. Following such a chain of arguments, we can deduce the order

in v of any operator.

The Lagrangian to O (v™) is then simply all of the operators satisfying the

symmetries of QCD of order below v™, with some Wilson coefficients [95]. To
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O (v°) 193]:
e D? D* D-E-E-D
INrqep =h' | iDo+ o —+a—Fteg—5——
2m m m
. 0-(DxXxE—-ExD) c-B
+ c3ig 5 + cag
m m
D%, s -B  {D%? - DxE—-ExD ,0-ExXE
+flg{ 3 }+f21.g{ ( 4 )}+f3Z92 3 )h
m m
hTH)(Hh hioH) - (Hioh
Lo WHIU) | (blot). (ot
m m
(RITH)(HT*h) (T H) - (HTT%h)
+ ds za: 2 + dy Za: 2 . (2.76)

E and B are the chromoelectric and chromomagnetic fields, T% are funde-
mental representation of the SU(3) color generators, and H is the antiquark
components of the heavy quark. ci1234, f1,2,3,d1,2,34 are Wilson coefficients,
that can be fixed by perturbative matching to full QCD at the cutoff (the

heavy quark mass, where QCD is perturbative).
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CHAPTER 3
Lattice Quantum

Chromodynamics

At low energies QCD becomes non-perturbative. In other words, the coupling asy
becomes O(1), and an expansion in «s (as in perturbation theory) will not be
dominated by the leading orders. In order to calculate observables of low energy
QCD (like hadronic form factors), we require an alternative to perturbation theory.

The expectation value of an observable O in QCD can be expressed as a path

integral [96]:
1 1~ iS[Gabb
)= / (G dydi] O iS04, (3.1)

where G is the gauge field, ¥(v)) are the (anti)fermion fields, S is the classical
action, and [dewdiﬁ] denotes integration over all configurations of the gauge and
fermion fields. Z is the partition function. In the perturbative approach, we would
expand exp(—interacting part of S) resulting in a power series in the gauge coupling
populated by Feynman diagrams.

We must instead carry out the integral directly by numerical brute force. Since
it is not numerically feasible to carry out an infinite number of integrals, one must
approximate spacetime as a discrete 4-dimensional lattice with spacing a between
lattice sites, finite spatial volume L2 = (aN,)? and finite temporal extent L; = aNy

(Nz+ € N). The functional integral can be replaced with [97]
J1aGavai) =T [ avw)ive,)dite.). (3.2)

where n is a 4-vector with integer components labelling the sites, and z), = an*
where n,, € N. This has a second benefit which is to naturally regularize the theory
with a momentum cutoff A ~ 7/a. The gauge field has been replaced with the gauge
link U, to be defined in the following section.

Typically one uses lattices that have periodic boundary conditions in the tempo-

ral direction, i.e (2 4+ aN;t) = ¢(z). This reduces unwanted effects in expectation

31
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values of operators due to the finite temporal extent. In all the work in this thesis,
we use periodic temporal boundary conditions.

To avoid having to integrate over imaginary numbers (equivalently to avoid the
scourge of the sign problem [98]), one also performs a Wick rotation [99]. This is
the redefinition ¢ — ¢, which changes the metric from Minkowski to FEuclidean,
and changes the weight of the integral exp(iS) — exp(—S). This is valid since one
can rotate the contour of an integral over ¢ from the real line to the imaginary line
without crossing any poles. This has the advantage that it turns the quantum path
integral into simply an average in statistical mechanics, this means we can apply all
of the machinery of statistical mechanics to computing expectation values.

To obtain the ‘real world’ result for some expectation value, where real world
means ¢ = 0 and volume=o0, one must perform the path integral at a number of
different a values, and then extrapolate the results to a = 0.

One must choose a discretized version of the QCD action, one that becomes
continuum QCD in the a — 0 limit. This is far from a trivial step. There is an
infinite number of choices of lattice actions that become QCD in the continuum
limit. There therefore is a huge literature of different choices of discrete lattice
actions.

This chapter is dedicated to motivating and detailing the choices of discretized

action used in the work of this thesis.

3.1 Lattice Gauge Fields

The discussion of this section follows chapter 5 of [97|. Imagine attempting a naive
discretization of the QCD action. Derivatives can be replaced with, for example,

0uf () = 5 (F(&+ af) — f(z — af) (33

where [i is the unit vector in the p direction. The quark kinetic part of the QCD

action, qlPq, becomes

1 1

%ci(x)wqm +ajfi) — %Q(m)’mqtﬂ —ajt) —igq(v)G () yuq(). (3.4)

This is no longer invariant under gauge trasforms (2.39), for example the first term
would become g(z)A(z)1y,A(z + ait)g(z + ajt). The finite distance between lattice
sites force us to think more carefully about the interpretation of gauge symmetry

on a lattice.
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Formally speaking, a gauge field is a connection on a fibre bundle. We will
unpack what this means. At each spacetime point x, there is a space of possible
colour vectors that a quark field ¢(z) could be, call it V,,. V, is a fibre. Spacetime is
called the base space in this context, there is a fibre at each point in the base space.

The problem with our non-gauge-invariant terms above is that we are trying to
compare colour vectors in different fibres. To compare colour vectors at two different
fibres, one must parallel transport the vector from one point to another, according
to some rule of how it should change. Such a rule is called a connection. In our case

the parallel transport is a Wilson line:

W(x,y) : Vy — Ve,

W (z,y) = Peid ]G (3.5)
where ¢ is some curve between z and y, and P orders the operation of the gauge field
G on the fibres, i.e. it operates at x first and y last. A Wilson line transforms under
the gauge group like W (z,y) — A(z)W (x,y)Af(y). This means that operators like
()W (z,y)q(y) are gauge-invariant, reflecting the fact that the color vector ¢(y)
has been parallel transported into the same fibre as q(z).

On a lattice, the natural degrees of freedom are no longer the elements of the Lie

algebra, G, but Wilson lines connecting adjacent lattice sites, also known as links:
Up(a) € SU) : Vi = Virag, (3.6)
that gauge transform like
Uu(z) = A2)U,(2)AT(z + afi). (3.7)

Then, a bilinear of color vectors at any two points can be made to be gauge invariant

by including a path between them made of links. For example;
@)Uu(@)a@ +ai) = [q@)A @)])(A@)U(@)AT (@ + a@) Al + ai)g(e + ait)]
— (@)U, (@)ql + af). (3.8)
The glPq term in the QCD Lagrangian can then be represented on the lattice in

a gauge invariant way by

S AU @)al + ai) + U — aia(e — o). (39)

If one defines the links in terms of the the continuum gauge fields G, via

U, (z) = exp <igaGM <x + a;)) : (3.10)

then (3.9) takes the correct form in the continuum limit, i.e. it becomes glPq+O (aQ).
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'>xC N [\" g 2;
FONx)
Vie Vy

Figure 3.1: Depiction of color spaces (fibres) at two points in spactime (base space)
with the value of the quark field ¢ represented at each point as a color vector,
and the connection W(z,y) needed to compare the two color vectors. A gauge
transform changes the two vectors in different ways, so for the comparison to be

gauge independent the connection must also transform appropriately.

9
X—>X% X
(Aw(x)
lalorg)
X X ——SX q@c-'-?_q;«-d-aﬁ)
U (xctgpac)
X X X

Figure 3.2: Depiction of a gauge invariant quark bilinear, connected by a Wilson

line made of gauge links.

3.1.1 The Gauge Action

We must design a pure gauge part of the action in terms of link variables. It is clear

that the only gauge invariant operator that depends only on the link variables are
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closed loops of links, as in Fig. 3.3.

W

X

uu(xw«)

f'\
»
<

X<
(,U(x-mo)

Figure 3.3: The elementary plaquette.

This brings us basically all the way to a legitimate lattice gauge action. The
simplest lattice discretisation of the Yang-Mills action is the real part of the smallest

possible closed loop of gauge links:

> Re Tr(1 — O (x)), (3.11)

T pFr

O = Up(2)Uy(z + ait)Uj (2 + a2)Uj (x). (3.12)

U, is called the elementary plaquette. In the continuum limit this action reduces

to
1
Se = i /d4a:TrGWG“" + 0 (a?), (3.13)

as required.

In fact, any closed loop reduces to the Yang-Mills action in the continuum. This
can be seen intuitively, taking the continuum limit means shrinking any closed loop
into an infinitesimally small point. We can choose a gauge action made of any

combination of closed loops, so what is the optimal choice?

3.1.2 Symanzik Improvements of the Gauge Action

Any lattice action is admissible for a calculation as long as it reduces to the QCD
action in the continuum. This gives us a lot of freedom in how we chose our lattice
action.

This freedom can be exploited in order to push expectation values of observables
on the lattice closer to their continuum values (reduce the ‘discretisation effects’).

This program is known as Symanzik improvement [100].
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In general, a sensible lattice action can be written as [101]
§= " O = 2({ei)Seon + 0> D zn{ei})Sn (3.14)
7 n=1

where Sgont is the continuum action. We are free to choose any {¢;} such that
20({ci}) = 1. In every example we are concerned with, O (a) terms are absent, so we
ignore them here (the arguments presented here carry straightforwardly to situations
with O (a) corrections). A fundemental postulate of the Symanzik approach is
that improvement of one observable (removal of discretisation effects) results in

improvement of all other observables. With this in mind, a reasonable approach is:

e Choose some set of lattice operators {O},,} of mass dimension matching the
order of @ you want to remove. The number of operators required, N, is
the number of allowed irrelevant operators in the continuum theory at that
dimension. This is because, formally speaking, one needs N tunable ¢; values

in order to tune N z,({c¢;}) values to zero.

e Inspect the continuum limit of the lattice action to find zo({c;}), enforce

20({ei}) = 1.

e Choose some observable O that can be calculated in both the lattice and
continuum theory. Use the remaining freedom in {¢;} to remove the leading a
dependence in (O) order by order in perturbation theory. i.e., if we write the

expectation value as
(0) = a*"g*™(Onm({ci})), (3.15)

then this amounts to demanding that (O1.,,({c;})) = 0, for as many m’s as

possible.

Applying this to pure QCD, this procedure results in the Liischer-Weisz action
[102]. First consider the number of operators required. In continuum pure QCD,
the only dimension 4 operator is TrG,,, G*. There are no dimension 5 operators,
hence there can be no O (a) contribution to the continuum limit of a lattice action.

There are three independent dimension 6 operators:

Trdywpduwes  Trdpppdvvp,  TrdpuwJpw, (3.16)
Juvp = [Dua GVP] .
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Figure 3.4: Terms additional to the elementary plaquette in the improved pure QCD

action.

Hence we require 3 extra operators in the lattice action to be tuned in order to
remove the three contributions from the a? terms in Eq. (3.14). The simplest choice
is to take the plaquette action (3.12), and add all possible Wilson loops contanining 6
links. This set consists of three families related by hypercubic invariance, rectangles
(a), parallelograms (b) and chairs (c), depicted in Fig. 3.4.

So the new lattice action is

Z Z coRe Tr(1 — Oy (z)) + 1 Re Tr(1 — 0O, (2))

T pFEy

+ Z (caRe Tr(1 —0),,(x)) + csRe Tr(1 — O, ,(x)) ) (3.17)
pFRV

where DZ’S&;) are the Wilson loops in fig. 3.4. Expanding this in small a, one finds
the function z9({c;}), setting this to one we find the condition [101]:

co + 8(61 + 02) + 16c3 = 1. (318)

The rest of the freedom must be fixed by comparing observables in the lattice and
continuum theories. In [103] for example, by matching the gluon propagator between

the two theories, one constrains the coefficients further to find

1

01:_57

co — 863 = g (3.19)

These are tree-level relations, so will only prevent lattice artifacts up to O (a).
For better improvement, one must compare observables that are sensitive to loop
corrections. A popular choice of observable is the static quark potential V' (L), this
is the potential energy between two static color charges, as a function of separation

L between them.
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This procedure is affected by the presence of fermions, so it has been performed a
number of times to accommodate different fermion discretizations. In this thesis we
report results using the Liischer-Weisz action for gauge fields and Highly Improved
Staggered Quarks (defined in Sec. 3.2). The coeflicients {c;} were fixed at one-loop
in [104] in this context to be

co = g + (0.237088(46) — 0.1008(34) Ny as + O (a2) | (3.20)
1

o1 = =15 + (=0.025218(4) + 0.0110(3) Ny )as + O (a?), (3.21)

co = 0+ (—0.04418(4) + 0.0016(3) Ny )ors + O (a2) (3.22)

c3 = 0. (3.23)

Since these have been tuned to remove a? effects up to as, lattice artifacts in ob-

2.2

servables computed using this action will be of size O (a as), so we say this action

is O (a2as) -improved.

3.2 Lattice Fermions

Putting fermions on the lattice create a much larger host of complications than
gauge fields do. There exist a diverse array of approaches to dealing with fermions
on the lattice adopted by different collaborations. Different actions are suited to
different types of applications. The plethora of fermion actions are necessitated by
the famous doubling problem, which I will describe below, following [105].
Before beginning the discussion of fermion discretisations, 1 will define some
common notation used for gamma matrices in this context. The Euclidian gamma

matrices are defined to obey

{7;;7”)%} = 25;w- (3.24)

These have the useful property fyﬁ = 1. The full set of spin-mixing matrices can be

labelled according to

o= TW™, np=2s (3.25)
I

We implicitly understand the product to be ordered such that p = 0 is the rightmost
factor and p = 3 is the leftmost factor. There are 16 such matrices representing
corners of the hypercube. One can also use a general site vector x, to label the

matrix, then v, = 7, where n, = (x,/a) mod 2. It is straightforward to show that

for any n; 'y:fyn = 1. We also define 5, = iv57,, and 75, = HM(%M)".
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3.2.1 The Naive Fermion Action & the Doubling Problem

The interacting Dirac action is most naively discretised with
Sp = Zw '7;1 ;ﬂ/} +m21/1 (3'26)

where V, is the gauge covariant finite difference operator,

V() = o (Up@hila + a) — Ul — e — o)) . (3.27)

SF is invariant under a so-called doubling symmetry, which is generated by

z) = (—1)"/s,0(x), (3.28)
&(xwaz?( ) Bf, = (=1)™/ 9 (x)1,,. (3.29)

The product space of these form a group of 16 elements {B}, labeled by vectors ¢
with (, € Zy (e.g. the element ByB; is labeled by ¢ = (1,1,0,0)).
The physical significance of this symmetry can be seen when we study its effect

on the action. First, notice that

;ﬂ/} = Y5 Z w ikt N (330)
= Y5 ijw (k - Eﬂ> e (3.31)

where {k} is a discrete set of 4-momenta, with k, = 7/an,,n, € [1, N,]. The action

in momentum space can be written as
S =" (k)M (k)i (k). (3.32)
k
After the operation of B, it becomes

S = > D)y (k+ 2 1) 75,0 (k). (3.33)
k

Since we know S is invariant under this transformation, it must be true that

YsuM (k + Z) v5, = M (k), and therefore

_ ™ . _
Lk Zi) = 9,07 (k)5 (3.34)

This is the doubling problem. M™! is the momentum space propagator for the
fermion field, so Eq. (3.34) shows that the spectrum of the fermion is periodic, with
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a period of 7/a. We expect a pole in M~!(k) where k ~ m, where m is the pole
mass of the fermion. But due to (3.34) there will now be a second pole at m + 7/a.

Generalizing this argument to all elements of the doubling symmetry, we see that
-1 i -1
M7 (k+ 2) = s M~ (B)sc. (3.35)

This leads to 16 poles in the fermion spectrum, one for each ¢ choice, therefore 16
distinct excitations. We call these excitations tastes.

One can isolate a single taste by a block-scaling procedure. Define

O (2p) = % S Be(wn + 0x)b(ep + 6). (3.36)

57, €7
To understand why this only contains one of the tastes, first consider the ¢ = 0
case. This would only contain the original non-doubler taste since all other poles
at |k| ~ m/a have been integrated out. For { # 0, the B; operator pushes the
¢ doubler to where the ( = 0 taste originally was in k space, then the blocking

procedure integrates out the rest.

3.2.2 Staggered Quarks

There are a number of solutions to the doubling problem. The most straightfor-
ward is to modify the action to push the mass of the unwanted tastes above the
momentum cutoff, preventing it from influencing the dynamics. These are called
Wilson-type fermions [106]. However, actions of this type explicitly break Chiral
symmetry. Among other issues, this causes additive renormalization of the fermion
mass, immensely complicating renormalization procedures.

Another approach, known as staggered fermions [107], partially resolves the dou-
bling issue while retaining a remnant chiral symmetry. The work presented in this
thesis makes extensive use of the staggered formalism.

Staggered fermions are defined via the following. Redefine the fields according
to

() = Qx)x (), (3.37)

where Q(x) = v,. In terms of the new spinor variables x(x), the naive action given
in Eq. (3.26) becomes

Sk =Y X(@)(au(@)V, +m)x(x) (3.38)
T,
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where o, (z) = (=1)2v<u™/2 The action is now diagonal in spin, leading to 4
grassman variables with identical actions and identical coupling to the gauge field.

As a result, x propagators (on fixed gauge backgrounds) are spin-diagonal:

Mx_l(xvy) = g(x, y) 1Spin7 (339)

where g(x,y) is a scalar in spin. One need only to include a single component of x
in a simulation (i.e. fix x = (x1,0,0,0)), then they can compute Mx_l(a:,y)[U] to
obtain g(x,y). Then, using the inverse of Eq. (3.37), g(x,y) can be transformed to

a propagator of the original spinors:
My (2,y) = g(z,y) )2 (y). (3.40)

This is clearly computationally beneficial since one only needs to simulate one spinor
component. But also, by only having one spinor component, one reduces the number
propagating degrees of freedom by a factor of 4, cutting the number of tastes from
16 down to 4.

I will show more explicitly how this happens. Consider rewriting an isolated

taste (as in Eq. (3.36)) in the staggered formalism, i.e., in terms of x;

O (ap) = % S Q@) Be(0)x(x + 60). (3.41)

(5I;,,€ZQ

Recall we set x(z) = (x1(«),0,0,0). The product (éx)B¢(0) is simply a product
of gamma matrices, so can only serve to “scramble” the elements of y. Then, in the
staggered formalism, all 16 tastes ¥(©) amount to only 4 distinguishable fermions:
(x1,0,0,0), (0,x1,0,0), (0,0, x1,0), (0,0,0,x1) (with factors of (-1) and ).

To obtain a useful new notation for staggered quarks, we can rewrite Eq. (3.41)

as

aa 1 aa
P*(zp) = 3 Z Y x (@B + an). (3.42)
Nu€ZLa

1 has spin « and taste a. Define the spin-taste notation for operators on ¥“®
as (Yn ® vm), where =, acts on the spin component « and -, acts on the taste

component a.

The first operator in the spin-taste notation corresponds to regular spin in the
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continuum. This can be seen by writing the free fermion action in terms of 1)*%:

S =Y b@n) (o), + T (1@ D](as) + 0 (a?), (3.43)
TB,H
V,M(UCB) = i (Uu(mBﬂ]u(mB + a/l>w(xB + 2aﬂ)_
U(al; — ap)Ul (x5 — 2af)u(xp — 2a/l)> . (3.44)

If we interpret (7, ® 1) as a gamma matrix acting on spin in the continuum, we
obtain the continuum Dirac action in the a — 0 limit.

Hence, to reproduce some current 17, in the continuum, one can use ¥(y, ®
Ym)® on the lattice, where we have the freedom to choose any 7;,,. In terms of x
fields, these look like

D) (1 @Y (xB) = > Te(yym Yy )X (x5 + an)x(zp + ar).  (3.45)
nn'
The n = m case results in local operators in terms of x, since the trace will vanish
unless n = n'. To build the case with n # m, one must use 'point-split’ operators,
i.e. xT(z)x(x + dz). Bach choice of 6x corresponds to a different meson taste, i.e, a
different combination of tastes in the two valence quarks of the meson.
In practice in lattice calculations, the remaining 4-fold multiplicity of tastes is

tackled in 3 steps:

1. Ensure only one meson taste is created and destroyed at the source and sink

of correlation functions.
2. Minimize the interaction between tastes by a modification of the action.

3. Remove contributions of extra tastes in the fermion sea by taking detM —
VdetM (the context required to understand this step is elucidated in Sec.
4.1.1).

3.2.3 Highly Improved Staggered Quarks

Step 2 above is the guiding principle for the action we use in much of this work, the
Highly Improved Staggered Quark (HISQ) action [105].

The interaction between different tastes (“taste mixing”) is dominated by the
process in Fig. 3.5, the exchange of single gluons carrying momenta close to (7/a.

In HISQ, this is suppressed by modifying the gauge fields in such a way as to
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e

Figure 3.5: Taste mixing at tree level.

minimize the coupling between a gluon with momentum ¢(7/a and the fermions, in

other words, minimize the vertices in Fig. 3.5.

To this end, one can change the action so that fermions only couple to smeared

gauge links, in which high-frequency excitations have been removed. Define the first

and second covariant derivative operators:

5,0, () zé (Up (@)U + ap) Ul + ajt)
— U&= ap)Uu(z — ap)Uy(z — ap + ajp)),

5OV, (x) = % (Up (@)U + ap) Ul + ajt)
— 2Uu(x)

+ U;(az — ap)Uy(x — ap)Upy(x — ap + afi)).

With this we can define the smearing operator:

25(2)
J—“M:H<1+a4p )

PEW

HISQ uses two different smeared gauge fields defined by

Xu(z) =UFLUL(2),
_ ag(ép)Q
Walx) = [ Fu= D~ | UFuU(x).
PEW

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

where U is a re-unitarization operator, that acts on a matrix A like UA = A/V ATA.
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The HISQ action can then be written as:

2

SHIsqQ = Z@(l’) (Z o (VM(W) - %(1 + ENaik)vi<X)) + m) Y(z),
x 7

(3.51)

where V,(Z) is the covariant derivative (3.27) with gauge links repaced with Z.
() are the naive form of the fermions, i.e. ¥ (z) = Q(z)x(x). This action in
fact not only removes tree level interactions like Fig. 3.5, but also all taste mixing
interactions at 1-loop.

The Vi term is a Symanzik improvement, it reduces the size of discretisation ef-
fects of observables computed using this action. The value of e,k is fixed according
to the constraint

lim

lim =L (3.52)

where E(p) obeys the tree-level dispersion relation from the HISQ action. This
means HISQ fermions obey E? = p? + m? at tree level. Tuning enaix according to

this constraint gives us the expression [108]

4 - \/4 + 12cosh(mtr::)tg€i;h(mtree)

€Naik — ) ) (3.53)
sinh®(Mmypee) — 1
where myree is the tree-level pole mass given by the expansion [105]
3, 23 . 1783
= 1—— 3.54
Miree m( 80" T2220™ T 537600 (3:54)
76943 b

- o . 3.55
23654400 ) +0 (m”) (3:55)

3.3 Heavy Quarks on the Lattice

The large hierarchy of different quark masses in nature present a number of further
complications to lattice calculations. w and d quarks cause huge problems due to
how light they are, this will be addressed in Sec. 4.1.2. s quarks are easy (in the
sense tha they’re mass doesn’t cause complications).

As quarks get heavier, we begin to encounter another problem. Discretisation
effects will generally grow like the largest scale in the theory. If the observable

being computed on the lattice is sensitive to the dynamics of a heavy quark of mass
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Figure 3.6: Different scales relevent to non-perturbative physics, and brackets show-
ing the range of scales that typical lattices can resolve. The larger the range of scales

resolved, the more computationally expensive the calculation.

my, this will contain discretisation effects of size (amy)™ (where n depends on how
improved the action is). This is essentially due to the de Broglie wavelength of
the heavy quark excitations being close to the lattice spacing, the excitations ’hide’

in-between lattice sites.

How heavy we can go is limited by two factors: the improvement of the lattice
action and the lattice spacing. How fine we can get the lattice spacing is limited by
computational cost. The physical size of the lattice must always be at least large
enough to fit the lightest degrees of freedom in the system, namely, it must be larger
than the wavelength of pions. This means to get smaller lattice spacing requires
increasing the number of sites on the lattice, hence increasing the computational

costs (details in chapter 4).

In the past, ¢ quarks resulted in uncontrollable discretisation effects but now
armed with highly improved actions like HISQ, and very fine lattices, ¢ physics has
been conquered on the lattice [105,109-111]. Other approaches besides HISQ are

also capable of charm physics, see for example [112].

Physics of the b quark is less well developed since the b mass is so much heavier
than the c. The b can only be resolved by the very finest of lattice spacings available,
and using such fine lattices can be prohibitively costly. Putting a physical b quark

on coarser lattices will create uncontrollable discretization effects.

The work in this thesis concerns the decays of mesons containing b quarks. We
approach the issue of the heavy b in two different ways, the heavy-HIS(Q) approach,
and the Lattice NRQCD approach. Since the main results of this thesis come from
our heavy-HISQ studies, 1 will not go into too much detail in describing lattice
NRQCD.
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Figure 3.7 An extrapolation to my = my of the Hg decay constant (where H,
is a pseudoscalar hs meson) [5]. The colorful points are measurements of fz, on
the lattice, the color denotes lattice spacing. The grey band shows the result of a
continuum extrapolation of this lattice data. The z axis, M,,, is a proxy for the

h-quark mass.

3.3.1 Heavy-HISQ

The heavy-HISQ approach is essentially to model the b with the HISQ action, but
to perform the calculation at a number of unphysically light b masses (that we refer
to generically as heavy h quarks), and extrapolate the results to the physical b mass.

Typically the h masses span most of the region between the ¢ mass and the b mass.

Luckily there exists an effective field theory for understanding how to perform
such an extrapolation - HQET. HQET gives a framework to describe how observables
depend on masses of heavy quarks, so one can use HQET to derive fit forms of such

an extrapolation.

Heavy-HISQ has so far been used for computing b decay constants and masses
[5,113,114]. In [115], the approach was used to determine ¢ and b quark masses
and produce a new determination of a. A number of heavy-HISQ calculations of
semileptonic form factors are currently underway. The work presented in chapters 6
and 7 adopt the heavy-HISQ approach for computing B; — Dilv and By — D lv
form factors. Besides these, there are also currently ongoing calculations of form
factors for the B. — n.lv, B, — J/¢¥lv [116]|, B. — Bslv, B; — nslv, and B —
D*lv decays.
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3.3.2 Lattice NRQCD

The root of the problem of heavy quarks on the lattice is in the rest mass of the quark.
Consider the expansion in momentum p? of the continuum relativistic dispersion

relation:

2 4
w:\/[m:m—i—;)—m—fw—i-... (3.56)

The rest mass in the first term is the source of the issue, when m > 7 /a the first

term pushes the frequency of excitations w close to or over 7 /a.

One could replace the relativistic fermion action e.g. HISQ, with a lattice version
of NRQCD [95]. In NRQCD the b has no rest mass, so b excitations will have

frequencies much smaller than 7/a.

Another benefit of NRQCD is that it does not suffer from a doubling problem
since the doubling problem is a purely relativistic issue (the doubling symmetry

requires 4 component spinors for v matrices to act on.

The lattice calculations we perform require us to compute propagators for b
quarks on fixed gauge backgrounds. The form of the action allows propagators

Gy(x,t)[U] to be computed using a simple recursion relation
Go(x,t + 1)[U] = e [U]Gy (x, 1)[U], (3.57)

which is numerically very fast in comparison to how HISQ propagators are computed
(see Sec. 4.1.2). H is the NRQCD Hamiltonian. In the interest of numerical

stability, the time evolution operator is re-cast as [95]

—aH _a5H _Lﬂ)n t _LI{OTL _a5H
e = (1 5 ><1 2n) Up(x,t) | 1 o 1 5 ) (3.58)

where n is an arbitrary integer (chosen in our studies to be n = 4), and the Hamil-

tonian has been broken up into a leading part Hg and correction 6 H. Gy here are

propagators for the 2-component spinor fields used in NRQCD. We use the O(asv?*)
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corrected NRQCD Hamiltionian [95]:

v(2
2amy’
(V)2
8(amy)3 e 8(amyp)?
1 . -~ =
8(amy)?

CLHOZ—

(3.59)

adH = — ¢

-B
2amy, 7 tes 24amy,

(V)
Ce )
16n(amp)?

— 4

(3.60)

where V(4 are the second and fourth lattice derivatives, ¢ are SU(2) matrices
acting on spin, and E and B are the (Symanzik improved) chromoelectric and
chromomagnetic fields. The form of V4 E, B were defined in Sec. 4.2 of [95] and
improved upon in [117].

The coefficients {c;} have been fixed via various calculations adopting a number
of methods. The coefficients of the kinetic terms, ci 56, were most recently fixed
by comparing the lattice NRQCD dispersion relation to that of the continuum in
perturbation theory [118]. c¢g is a spin-independent term which can affect radial
and orbital excitation energies, this is not expected to have as large an effect as
the kinetic terms, so is set to its tree-level value of 1. The result of varying co
on relevant observables was investigated in Sec. IIIC of [119], and the effects were
very small. ¢3 and ¢4 are spin-dependent terms, which would have a small effect on
spin-averaged observables (i.e. all observables computed in this work). c3 is set to
1, and ¢4 is tuned non-perturbatively, by matching predictions of the fine structure
of the T spectrum from lattice NRQCD to experiment [119].

Another Symanzik improvement is introduced in this context by multiplying the
gauge links by the so-called tadpole factor ug =3, ,(Tr0,,/4). This removes the
tadpole diagrams proportional to a? that appear in gluon propagators.

There is a limit to how small a lattice spacing can be used while employing the
Lattice NRQCD action. Lattice NRQCD relies on convergent series in inverse b-
mass, in lattice units this becomes 1/(amy). It is therefore necessary for amy to be

suitably larger than one, or equivilantly a > 1/my,.



CHAPTER 4

Lattice Calculations

The previous chapter focused on how to discretize the QCD action. This chapter is
focused on the practical side of lattice QCD - given a lattice action, how does one

perform the functional integral to determine expectation values?

4.1 Evaluation of Lattice Correlation Functions

All physics of a quantum field theory can be extracted from correlation functions. So
a typical lattice calculation involves computing a correlation function (or just corre-
lator) on the lattice, then extracting physical quantities from it. A typical correlator
that is computed on the lattice is a 2-point meson correlator, i.e. (®(z)®'(y)) where
® is a meson creation operator and ®' is an annihilation operator. This is a good
working example for showing the steps in a lattice calculation, the generalization to
N-point correlators is reasonably natural.

A creation/annihilation operator for a meson in this context can be any operator
containing the same quantum numbers as the meson one is studying. For example,
the neutral B meson is a pseudoscalar charged with a b and d quark, so a suitable
operator is ®(z) = b(x)ysd(z). The corresponding functional can then be written

Cl,y) = (B(2)D1 () = / (dpdddU] (b(a)ysd(2)d(y)sb(y) )

xexp | =Sa[U] = > qi(w) My, (w, 2)[Ulgi(2) |, (4.1)

w, 2,1

where we have broken the action up into a gauge part Sg[U], and a fermion part.
My, (xz,y)[U] is the Dirac operator for flavour 7, and can be seen as a matrix in lattice

site, color and spin.

The integral over fermions can be performed analytically since the fermion fields

49
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are Grassmann valued. In our example, the result is [96]:

C@wz/mmqum@m%Mwam%)

x e~ SGUIT T det(My, [U]). (4.2)

Performing this integral is equivalent to a Wick contraction between the quark
sources and sinks. In the case of two degenerate flavours (e.g. for a neu-
tral pion, an uu pseudoscalar) a second term would be present. This so-called
‘disconnected’ term would connect the source to itself and the sink to itself
rather than connecting the source to sink, i.e. the trace would be replaced with
Tr( M, Yz, 2)[U] v ) Tr( M, ' (y,y)[U] v5 ). In this thesis we will not be concerned
with disconnected contributions to correlators.

The quantinties M Yz, y)[U] are propagators of a quark of flavour ¢q on a fixed
gauge background U. For clarity: here U denotes a configuration of angles com-
prising an SU(3) matrix for each element of the set of all links on the lattice
{Uu(x)|¥ p, x}. The trace is over color and spin. The integration over gauge fields
is generally carried out by an importance sampling method. A finite ensemble of
gauge configurations {U,} is generated by a Monte Carlo Markov Chain (MCMC),
where the probability of a gauge configuration U, being added to the ensemble is

proportional to

p(Un) = e~ 560 T det (Mg, [Un)). (4.3)
i
Once the ensemble is created, the path integral can be approximated by simply

N
Cloy) = 30 T [ M ) UM ) Ois ] ()
n=1

where N is the number of configurations in the ensemble. This introduces a statis-
tical error that scales like 1/v/N. The calculation of the correlation function then
is split into 3 steps:

1. Generate an ensemble of gauge configurations {U;} by MCMC (Sec. 4.1.1).

2. Compute Mq_z_l(:v, y)[U] by inverting the Dirac operator on each gauge config-
uration (Sec. 4.1.2).

3. Construct the trace in Eq. (4.4), and average over the ensemble. This step is

dealt with in the context of staggered quarks in Sec. 4.1.3.
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4.1.1 Generation of Gauge Ensembles

The calculation requires a number of samples of gauge configurations {U,,} sampled
from the distribution p(U) defined in Eq. (4.3). In this section (Sec. 4.1.1) I largely
follow the discussion given in [97].

The physical interpretation of the determinant in (4.3) is that it accounts for
virtual quark loops in gluon propagators. In the early days of lattice calculations,
this determinant was approximated to 1, since its evaluation was an insurmountable
computational cost, and it was expected that sea quarks had small effects on observ-
ables (this is known as the quenched approximation). However, this introduced large
systematic effects that could not be well controlled. These days, our computational
ability has improved and sophisticated approaches to computing the determinant
have been developed (e.g. [120]), so we can include it in our calculations.

We will roughly follow the history of gauge ensemble generation, by first ignoring

the determinant, and then showing how it is eventually included in the process.

Quenched MCMC

Gauge ensembles are generated via an MCMC, inspired by statistical mechanics.
The distribution exp(—Sg[U]) is suggestive of something like a Boltzmann distri-
bution for a gas of particles, each with some state U;, in thermal equilibrium. The
ergodic hypothesis states that a single particle in this gas will jump between possi-
ble states over time such that, at any given time, its probability of being in state
Ui is given by exp(—Sg[U;]). In MCMC, one starts with some random state Uy,
then repeatedly updates the state according to some update rule or ‘hopping rate’
p(Us — Uj).

The hopping rate must be designed to bring the chain into thermal equilibrium
with the correct distribution. A sufficient condition for thermal equilibrium is known
as detailed balance, where the probability of jumps between any pair of states ¢ and

7 is equal:
p(Ui)p(U; = U;) = p(U;)p(U; = Us) . (4.5)

Hence p(U; — Uj) must be designed according to the rule

p(Ui = Uj)
————= =exp(—(S¢|U;] — Sg|Uj])) . 4.6
There are a number of possible choices of how to design p(U; — U;). One approach,

called molecular dynamics [121,122] is to model the chain as the trajectory U(7)
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of a system with Hamiltonian

7.‘_2

H(m,U) = 5+ S6[U), (4.7)

where 7 is a fictitious momentum conjugate to U. It can be demonstrated that
such a trajectory obeys (4.6) [121]. The trajectory is computed via Runge-Kutta
numerical integration. One may worry about the possibility of fixed points, limit
cycles etc. in the dynamics, which would prevent ergodicity. To avoid this one can
introduce a periodic refreshing step, where 7 assigned a new value from normally
distributed noise [123,124].

Another problem that can occur in molecular dynamics is when errors in Runge-
Kutta iterations accumulate over time. Diversion from the dynamics enforced by
H(m,U) can ruin the ergodicity of the trajectory. To fix this, one can add a
Metropolis step at regular intervals d7 throughout the evolution [125]. In this
step, one either accepts (continues onto the next stage of molecular dynamics) or
rejects (refreshes 7 and re-calculates the 07 worth of molecular dynamics), according

to the criterion
o If Sq[U(7 + 07)] < Se|U(7)], always accept.

e Otherwise, accept if exp (SqlU(T + 07)] — Sq[U(7)]) > A, where X is ran-

domly chosen from the interval [0, 1].

The metropolis step ensures detailed balance (Eq. (4.6)) is satisfied even in the
presence of Runge-Kutta errors.

The combination of molecular dynamics, refreshing steps and Metropolis steps
is referred to as Hybrid Monte Carlo [126], and is the basic method of how the
ensembles we use in this thesis were generated. I now address how the determinant
detM is included.

Unquenched MCMC

Simply evaluating det M [U] directly, given a configuration U, is prohibitively expen-
sive due to the non-local nature of the determinant. Recall M[U] is a matrix in spin,
colour, and lattice site, in modern calculations this will have a dimension of order
10%. Even holding that much information in memory is not feasible. A solution to
this is to use the ®-algorithm [120].

First, we replace detM with detMTM. If we were only including v and d quarks

in the sea, this would be fine since we can approximate u and d to be two degenerate



4.1. Evaluation of Lattice Correlation Functions 53

flavours, then Hq det M, = det M det M = det MTM. In the case of an arbitrary set
of flavours, this requires a correction that will be addressed later. The ®—algorithm

involves introducing new artificial scalar fields ®(z) and ®'(z) via
det MTM = /[d@*d@] exp(—®T(MTM)~1d). (4.8)

then one can add ®f(MTM)~1® to Sg in the Hybrid Monte Carlo algorithm. The
extra functional integral over ®, ®' is easly evaluated, by sampling a vector 1 from

a normal distribution exp(—n'n), then transforming it to ® = M.

The Rooting Trick

We will now address how to correct for the fact that we have replaced detM with
det MTM in the presence of arbitrary non-degenerate flavours. We have explicitly
doubled the fermions to two degenerate flavours per physical flavour. In the case
of staggered quarks, this is not a huge marginal complication since we already have
four degenerate tastes which we have to deal with anyway. In order to cut down the
number of tastes in the sea, the solution is to take the fourth-root of detM. When
using the ®-algorithm, this becomes the 8th root of detMTM.

(det MTM)Y/® = HV )8 = Hxi)l/4 (4.9)
;(HAi Y/ = HX (a = 0).

where \; are eigenvalues of M. On the second line, we have assumed that the
matrix M can be decomposed into four matrices, one for each of the four tastes,
with eigenvalues A which are degenerate in the continuum limit.

This assumption is not rigorously justified in field theory, so the fourth-root trick
is a source of controversy. Much has been said about the problems this may cause
in lattice results [127-129], however, these concerns have been refuted [130, 131].
It has been demonstrated that the eigenvalues smoothly become degenerate as one
approaches the continuum limit [132,133]. There has so far emerged no evidence
that the rooting trick is harmful, observables computed using unquenched staggered
quarks have always agreed with experiment, analytical approaches (e.g. [134]), and
other lattice discretisations.

Introducing the 1/2 or 1/8th root to the determinant requires a modification of

the ®-algorithm, we can no longer simply sample ® using ® = MTr. The effective
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action is now Sg + ®T(MTM)~1/8®. The root is dealt with by replacing it with a

partial fraction representation [135]:

Gn

MM 15y (4.10)

N

(MTM)™V8 ~ qq —I—Z

n=1

This can only be evaluated by some variation of a conjugate gradient algorithm

(specifically a multishift solver [136,137]). Conjugate gradient will be described in

Sec. 4.1.2. This approach is called the Rational Hybrid Monte Carlo (RHMC)
algorithm.

The Ny =2+ 1+ 1 MILC Ensembles

In this work, we use ensembles of gauge configurations generated by the MILC

collaboration [7,8]. The ingredients of these configurations are

e Gauge fields obeying the one-loop Symanzik improved Liischer-Weisz action
described in Sec. 3.1.2.

e Four flavours of quark in the sea, u,d,s and ¢ (with m, = mg = m;), hence

the notation Ny = 2+ 141, obeying the HISQ action, described in Sec. 3.2.3.

e Ensemble generated (mostly) using the RHMC algorithm as described earlier
in this section. Some configurations on set 3 were instead generated using an
RHMD algorithm - similar to RHMC except with the Metropolis accept /reject
step omitted.

Table 4.1 gives the details of the MILC ensembles that were used in this work.
One may notice that for the majority of ensembles here, the light quarks are much

heavier than in reality. The necessity for this is explained in the next section.

4.1.2 Dirac Operator Inversion

Once the ensemble {U;} has been generated, to compute the 2-point correlator (4.4)
one must compute M ~1[U;] for each U;. We have already seen how this can be done
in the case of the flavour in question being governed by the NRQCD action, one can
use the recursion relation (3.57). In the case of relativistic actions like HISQ, there
is no equivalent recursion relation.

M is large but sparse. It technically has O (VOIQ) elements, but for suitably

local actions (like HISQ) it has only O (Vol) non-zero elements. This means it is
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set name wo/a N2 x N amyg amsy  ameg

0  very coarse 1.1119(10) 163 x48  0.013  0.067 0.838
1 coarse 1.3826(11) 243 x 64  0.0102 0.0509 0.635
2 fine 1.9006(20) 323 x 96  0.0074  0.037 0.440
3 fine-physical 1.9518(7) 643 x 96 0.0012 0.0363 0.432
4  superfine 2.896(6) 483 x 144 0.0048  0.024 0.286
5 ultrafine 3.892(12) 64% x 192 0.00316 0.0158 0.188

Table 4.1: Parameters for the MILC gluon ensembles |7,8]. a is the lattice spacing,
determined from the Wilson flow parameter wg. Values for wy/a are from: sets
0,1,2 [138], sets 3 and 4 [139], set 5 [140]. The physical value of wy was determined
to be wp = 0.1715(9)fm in [141]. Columns 5-7 give the masses used in the action

for light,strange and charm quarks in the sea.

well-suited to the conjugate gradient (CG) algorithm [142] (and its variants),
which has become the most successful approach to computing M ~!. However, CG
requires the matrix being inverted to be hermitian and positive definite, which is
not necessarily the case for M. We instead invert MTM, which is hermitian and
positive definite, then we can recover M~! by acting MT on (MTM)~1.

The design of CG requires a lot of explanation that I will not go into here. I will
instead briefly describe the philosophy behind it, and state the algorithm. For a
nice review with lots of detail see [143]. The goal is, given some vector b and matrix
A, to find x where

Az =b. (4.11)

In our case A = MTM and b is a suitably chosen ’source’ for the propagator (see

Sec. 4.1.3). This is equivalent to finding the x = =* that minimizes

flx) = %xTAx — bz (4.12)

A reasonable solution to this problem is something like a steepest descent approach,
where one starts at a random xg, then moves some distance ag in the direction
ro = —f'(x0) = b— Axg to 1 = xo + apro. ap is chosen to minimize z* — z1. And

then repeat. This approach has the property that each new step a,r, is orthogonal
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to every other step, this means the algorithm takes a sub-optimal zig-zag path

towards the solution.

CG is designed to take a more direct path, by imposing the condition that the
direction of each step d,, = (z,, — 1)/, is orthogonal with respect to the metric
A ie. drAd,, =0 for n # m. The CG algorithm is

Tptl = Tp + and, , Where

T
TnTn

= T AT

0, n=>0
dp=1"
Tn + Bndn-1, n>0,
rp, =b— Az, ,
T
By = - (4.13)
Tp—1Tn-1

One terminates the algorithm when some stopping condition is acheived, namely
when r, < e where € is some small number referred to as the error tolerance, or

when some maximum number of iterations has been reached.

The complexity of the CG algorithm is O (¢) where ¢ = Apax/Amin is the condi-
tion number of the matrix A. Ayay/min are the largest and smallest eigenvalues of
A. The condition number quantifies the size of rounding errors that accumulate in
iterative processes like CG. In our case where A = MM ~ (—ilp + m)(ilp + m),
the condition number is proportional to m~2. Hence, propagators for lighter quarks
are quadratically more expensive to compute than heavier ones. This affects the
computation of correlation functions including light valence quarks via Ml_l. It
also affects any unquenched calculation with rooting since in that case we must also

perform an inversion to evaluate (4.10).

For this reason, lattice calculations are often computed with unphysically heavy
u/d quarks. Modern lattice calculations have computed observables for a number
of light quark masses and extrapolated downwards to the physical light mass, using
chiral perturbation theory as a guide. In the MILC ensembles we use in this work,
summarized in Table 4.1, all but one have a light mass at around m;/ms ~ 1/5,

while set 3 (fine-physical) has roughly physical light quarks at m;/mgs ~ 1/30.
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4.1.3 Staggered Correlation Functions

We now turn to how to evaluate traces of quark propagators, as in Eq. (4.2), in the
staggered formalism.
Recall from Sec. 3.2.2, propagators for naive quarks M ~! are related to staggered

propagators g by

M~ (z,y) = Q)2 (y)g(x,y). (4.14)

Throughout this section we will keep the gauge field dependence of M~! and g
implicit. By conjugating both sides and using the property of the naive propagator
(M—YT(2,y) = vsM~'(y, )75 one can show that M ! can also be written as

M=y, z) = ¢5(y)p5(2)Uy)Q (2)g (2, ), (4.15)

where ¢5(z) = (—1)2u /e,

In this section we will only treat ‘connected’ correlators (i.e. ignoring discon-
nected contributions in the case of degenerate flavors mentioned in Sec. 4.1). The
generalization to disconnected contributions from the below discussion is straight-

forward.

2-point Correlation Functions

Consider the generic 2-point correlator; involving two valence flavours a and b, and

spin structure vx and vy at the source and sink:

1_

Clw,y) = @k @Sy W)y Px(r) = [Palr)rxtr(v) (4.16)

1 _ _
- E<TFC7SPYXMCL 1(.%‘, y>7yMb 1(y7$)>U

— %6¢5($)¢5(9)Tr3 (QT(x)WXQ(w)QT(y)'ny(y)> (Tr, (ga(x,y)gg(x, y)))U,

Tr, is a trace over spin and Tr. is over color. We have applied Eq. (4.15) to the b
propagator in the last line. To deal with the spin trace, define the family of phases
{¢x(x)} according to

O (2)yxQz) = dx (@)7x. (4.17)

For example, if X = 5, then fylfyyyx = (—1)ZM x”’yl’yx% = ¢5(2)7y5. The map from
X to ¢x is structure preserving, i.e. if yx = v47vp, then ¢ x(z) = pa(x)pp(x). The
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spin trace becomes ¢x (x)dy (y)Trs (Yx7yy ). The remaining trace will vanish unless
Y = X, and is 4 otherwise. We end up with

Cla,y) = 365 2)omy (0)( Tre gl w)o (2.0) - (4.18)

We are usually interested instead in the correlation function of a meson in a mo-

mentum eigenstate with spatial momentum p. This will take the form

Cp(t()vt = Zezp * y)C(X thYa )
x X,y
= o S g (@) () Tre gl ol ) ), (419
T xy

where it is understood that x¢g = tg and yy = ¢. In order to evaluate this function, we
must perform inversions to create g, /b(:t:, y) for each = and y, so 2-Vol? calculations.
This is prohibitively expensive. The number of inversions can be reduced by using

random wall sources. Define

P < (y) D PV g (x, 10)€ (%) ga (X, 03 ) (4.20)

r

where £(x) is a random field of colour vectors, a different field for each gauge con-

figuration. This has the property

(f (x,x")E" (x")E(x))u = b (f (5, X))u - (4.21)

Using this property the correlator can be built instead according to

o(to, ) Z¢5y ) Tre P < (v, )Py (v, 1) Yo (4.22)

Now all one has to compute is P?b( y) for general y, so 2-(Vol) calculations, a

reduction by a factor of (Vol).

3-point Correlation Functions

The above discussion can be generalized to 3-(or N-)point correlation functions.
Consider a 3-point correlation function, for example encoding an X — Z semilep-

tonic decay via a current J(y):

Uy (2)yx s () (4.23)
b(Y)V7%a(y)

()20 (2)

»MH

O(z,y,2) = (@4 (@) J (P2 (2))pr.  Px(z)=
J(y) =
Oz(z) =

@ I

W~ \
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We can reduce this in the same way as before

Cle,1,2) = 16T (21(2)7x Q@0 (1)10)0 (2)729)) (1.21)
X 65(2)05 (2) ( Tre o2, )90 (3 2)91 (2 2) b
= %%x(w)%(y)absz(zx Tre gy(,)9a(y, 2)gl (2, 2) Jur - (4.25)

We have assumed that Trsvx7v vz = 4, requiring that each gamma matrix in this
combination has a partner and therefore cancels.
Putting the X-meson into an eigenstate of zero momentum, and the Y-meson

into an eigenstate of momentum p, we get
ip-(y—2)
Cp(to,t,T) = 4N3 > e b5x (2)0s(y)ds52(2)

T x,y,7

x (Tre gp(X, t0; ¥, 1) 9a(y: 12, T) gl (%, t0; 2, T) Yur - (4.26)

This can be built by first creating propagators for the b and s quarks -

Pg’%’X (y),Psf’O,l(z). Then, build the a propagator using a so-called eztended source:
Pg:p,ext(y> = Z P;,OOT5(Z7 T)¢Z(Z7 T)eip(y—z) ga(y; z, T) : (427)
z

We can build the 3-point correlator (4.26) using essentially the same ’tie together’
as (4.22):

Cp(to,t,T) = Zm N Tre By sx (V5 ) Py et (v, 1) ) (4.28)

'l briefly connect the above discussion to the spin-taste notation introduced in
Sec. 3.2.2. In the above, we have not used any point-split operators. Hence, we
denote these operators in spin-taste notation as (v, ®-yy), where 7, is the continuum
spin structure we are aiming for. In the work in this thesis, we will not use any point-
split operators, so the above discussion is sufficient for understanding the methods

used.

Momentum Twist

The way in which spatial momentum is introduced into the correlation functions
requires some explanation. The momentum space 2-point correlation function for

an operator O with momentum p is given by

=) ePX(0f (x,4)0(0,0)). (4.29)
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To introduce p one can add an appropriate phase to the operators:
O(x,t) = O(x,t)e” Px (4.30)
— C(0,t) — C(p,1). (4.31)

This generalizes straightforwardly to n-point functions. One can assign the rephas-

ing to any factor in O, for example a fermion operator
V(x,t) — P(x, t)e PX, (4.32)

Rephasing v is equivalent to introducing a momentum twist to the gauge links [144].

The action of Eq. (4.32) on any gauge invariant quantity is equivalent to
U; — Uie™"  (no sum). (4.33)
For example, consider the effect this has on the following operator

I (@) U(2)p(x + aft)
—>¢T(x) (ewp“ U#(x))z/}(x + aji)
4 (@)e P, () PR Yz + ap). (434)

When computing a propagator gq(z,y), we add these phases to the gauge fields
which have the effect of the flavour a carrying the spatial momentum. This is how
momentum is included in the work of this thesis. We report momentum twist in
units of /N, e.g., a twist of @ in the k direction corresponds to a momentum of
apy = w0/ N.

4.2 Analysis of Correlation Functions

Once correlation functions like Cp(t9,t) and Cp(to,t,T) have been computed on the

lattice, how can we extract physics from them?

4.2.1 Fitting Correlation Functions

2-point correlators contain information about (amongst other things) masses and
decay constants of the propagating meson. One performs a y?—fit of the correlator
to a theoretically motivated function of ¢. To derive such a function, we use a

complete set of momentum p states -

o0

1
1=> TR (4.35)
n=0



4.2. Analysis of Correlation Functions 61

where F, are the energies of each state. Inserting this into the correlation function,

and moving from the Heisenberg to Schrodinger picture [145]:

Cp(t) = (Q|@(p, )2 (p, 0)|2)
A]\/vexp1
= R Ht H(Tla 7t) —Ht 7H(Tla 7t)
gwnm!(e + T @(p,0) (e 4 e HT0) |3,

X (Aa|®T(p, 0)|62)

-y <<QI<I>(I;£)M>> <<>‘n|(1>T;I; O)IQ>> GRS
n=0 n n
Nexp

= (a2 S (But) o F(B,1) = (774 M0, (4.36)
n=0

where Ti,; = alV; is the temporal extent of the lattice. I have here set tg = 0 for
clarity. In practice, one would only use ‘late time’ data, t > t¢yy for some ey, In
the late time data the correlator is dominated by the lowest-n terms, since higher
n terms are suppressed by faster decaying exponentials exp(—FE,t). Hence we can
afford to truncate the sum at some finite number of terms, Neyp.

The fit results in a determination of the parameters a,, and E,. The sum over n
will be populated only by states |A,) with the same quantum numbers as @, since
(Q|®|\,,) vanishes in all other cases. We can then interpret |Ag) to be the ground
state of the meson we are studying.

We are maintaining a distinction between E, and E, here, since these differ in
calculations involving NRQCD quarks. In NRQCD E,, is the non-relativistic energy
with leading-v behaviour p?/2m.

In the HISQ case, one can safely interpret these as relativistic energies, E, =
E,. One can find the meson’s mass by computing the correlation function at zero
momentum Co(t), the fit parameter Fy will equal the mass M. a, can be related
to the meson’s decay constant. For example for a pseudoscalar meson, using the

definition of a meson decay constant (2.21) and the PCAC relation in (2.51), we

find
2
v = (mg —myp)4/ e (7@339 ; (4.37)

where a and b are the two flavours the meson is charged under.
The above discussion can be straightforwardly generalized to 3-point correlation

functions, from which we are able to extract quantities like the hadronic transition
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amplitudes (M'|J|M), from which we can determine semileptonic form factors. The

generalization of the above for 3-point correlators is
C(0,t,T) =(Q| ®p(0) J
¥ Q@MM (An |J\A (K 2]12)
et QEM/ 2\/EMnEM’ V QEMJL
X f(Eprm s ) f(Em
—ZaM/ nmalﬂm ( I/mv )f(EMna ) (438)

I have suppressed spatial momentum dependence here for notational simplicity. aps
will vanish for states |A,) that have different quantum numbers to ®,/, similarly
for app m and @y Non-zero apg,,’s will match the analagous parameters extracted
from fitting a 2-point function <<I>}LM<I>M>, similarly for aps ,’s and ®ps. This carries
on to the energies; {Eyr,,} is the spectrum for the M’ meson, and {Ej,} is the
spectrum for the M. Therefore, we compute and fit the appropriate 2-point functions
to deduce the parameters {aMU),n},{EM(/)’n}, then fitting C'(0,¢,7") results in an
accurate determination of the remaining free parameters, Jy,,. This set contains

the transition amplitude one is interested in (M'|J|M), recoginising that

Jop = _MIJIM) (4.39)

2\ / EM,OEM’7O

Oscillating States

In the case of staggered quarks, these fit functions must be modified to contain the
effects of the oscillating states. The oscillating states are due to propagation of
mesons in the correlator containing the ¢ = (1,0,0,0) taste of one of the valence
quarks (in the language of Sec. 3.2.1). No other tastes contribute, since ®(p,1t)
has a 3-momentum fixed at p, which we always take to be small relative to 7/a.
Hence ®(p,t) does not couple to the states at k ~ (0,7/a,0,0), & ~ (0,0,7/a,0)
etc. However, ®(p,t) can couple to arbitrarily high energy states, so the pole at
k ~ (m/a,0,0,0) contributes.

How this taste contributes can be seen using the doubling symmetry. I will use
a B meson as an example. We can translate the ( = (1,0,0,0) pole in momentum
space down to around p by the transform ¢ — (i7570)(—1)%/%; on the offending
flavour, say it is the light quark . This causes ®p(p,t) to become

Dp(p,t) = Vyystn — i(—1)Y “Pyyoth. (4.40)
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The ¢ = (1,0,0,0) taste of the [-quark manifests itself as a scalar (0%) meson with
an oscillating phase (—1)%/.

Accounting for oscillating states modifies the fit functions to

Nexp
Bl = Zraj\ij,t + (=1 lazol f (Ejo:1) (4.41)
Nexp,Nexp
Cot. D= Y. (o) Tl (B 0 f (BN, T~ 1)
4,k=0

—l—aMOJ(m M’ )t/af(E]V[o t)f(EM/,T—t)

(-
M roapt o (—1)T=0/a f(BM 4) f(EM"°, T — t)
+aM"Jf;?i”°< DT BN, f(EM T —1)). (142)

There is a special case where oscillating states do not contribute. If the two
quarks in ®(p,t) are degenerate (have the same flavour, momentum etc.) then the
doubling symmetry acts on both of the quark fields identically. If the meson is a
pseudoscalar, then the effect of the doubling symmetry cancels, and no oscillating

states contribute:
D5ty — (—1) 2% (iv5790) 75 (i570)8 = Y5 (4.43)

Bayesian x? Fitting

We use the CorrFitter package [146] for performing the x? fitting. We adopt a
Bayesian approach first introduced in [147]|. Given a fit function f,(z) with param-
eters {pa}, a set of inputs {z;}, and a set of corresponding observations {y; }, with

a covariance matrix o7, the fitter minimizes

2
2 _ N~ Up(@i) —wi)(fo(2)) — v5) pa — P
=) o7 )? + Z _— . (4.44)
ij ij
P2 and 0BT are the mean and standard deviations of the prior distributions given

to the fit parameters. In our case, z; is the set of times ¢, y; are the correlators C;(t),
and p, are an, Ey, Jum. Using this x? means we take into account all correlations
between different timeslices ¢, and between different correlators.

The actual parameters p, of these fits are slightly reparameterized from simply

M
] 7

the fit parameters are log(éE]M), where 0Ey = E} and 0E; = EJM - Ej]\fl for

the amplitudes a*", energies EJM and transition amplitudes .Jj;. Instead of energies,
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j > 0. These are the parameters p given to Eq. (4.44), this is equivalent to giving
Gaussian prior distributions to these logs. This forbids the ground state energy to
become negative or go arbitrarily close to zero in the fit. Similarly, for the excited-

state differences EJM — EM

i1, setting Gaussian priors for log(Ej]-W — E]Afl) enforces

EJM > Ej]\/fl, a large reduction in the space of possible solutions to the fit. Often
the fit is also given log-amplitudes rather than amplitudes as fit parameters. This
also prevents the amplitudes aj-\/[ from becoming negative or zero. This is only an
option when both the source and sink of the correlators being fitted have the same
operator, otherwise, aé—w are not necessarily positive.

A common problem for large fits involving many correlators is that the data’s
covariance matrix can be somewhat singular (very large condition number) if there
are strong correlations in the data. This makes the inversion of the covariance matrix
(for constructing x?) susceptible to roundoff error. To address this we impose an
svd cut cgyq. This replaces any eigenvalue of the covariance matrix smaller than
Csyd® With cgyqx, where x is the largest eigenvalue in the matrix. This makes the
matrix less singular. It can be considered a conservative move when it comes to the

uncertainty of the results since the only possible effect this can have is to inflate

those uncertainties.

4.2.2 Signal Degradation

A large obstacle in the analysis of correlation functions is signal degradation [148,

149].
A random variable z has a mean and standard deviation
R 1
=), ot = () - @), (1.45)

where N is the size of the sample. So the (square of) the signal /noise ratio is
22 (@ N\
—=N|-—5-1 . 4.46
2= () 9
Consider 2-point correlators where x = ®f(¢)®(0), and ® is some meson creation
operator.
In the t — T{a /2 limit, (22) and (x) can be written as
1 _ _
() = 3 g (O PR OIR)e ™~ e (a4

n

@) = 3 g5 (U A) AaB2O) I ~ L 4y

n
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where we have assumed the ratio of matrix elements and energies are O(1). The
operator ®2 will contain two quark and two antiquark operators, connected by some
matrices in spin space. ®2 can create a combination of all possible 2 meson states
where the mesons are made of the available flavours and quantum numbers. For
example, for 2-point D-meson correlators (cd pseudoscalars), Ey = (M, + M,,).
Plugging Ey = Mp and E| = (M, + M,,) into Eqs. (4.47), (4.48) and (4.46), we

see that D meson correlators have a signal /noise ratio that degrades like

L7 o (Mp— (Mt My, ) [2)t (4.49)

In general, a meson with two valence quarks of very different masses will suffer
from a signal degrading exponentially with ¢t. B-mesons suffer more than D-mesons.
Adding spatial momentum to one of the quarks in the meson would have the effect of
replacing Mp in the above equation with some higher energy Ep, thus exacerbating
the problem further.

Signal degradation strongly limits the types of calculations that can be performed
in lattice QCD. In the context of semileptonic decays, it can limit the region of ¢°
that form factors can be calculated.

I have now introduced all of the relevant machinery for understanding the work
of this thesis. The following three chapters cover research performed over the period
of my PhD.
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CHAPTER 5
b — ¢ Transitions with Lattice
NRQCD

This chapter outlines of a number of projects attempted using the NRQCD action
for the b quark. Much of the discussion in this chapter will concern the NRQCD-
HISQ representation of the vector and axial b — ¢ currents, i.e, the current if one
of the quarks obeys NRQCD and the other obeys HISQ. I show here a number of
attempts to improve the normalization of these currents (sections 5.2 and 5.4) and
an attempt at a calculation of the B — Dfv and B; — Dglv form factors (Sec.
5.3).

None of the work in this chapter reached a particularly satisfying conclusion.
The salient result of this work is that using NRQCD for b — ¢ currents away from

zero recoil has some considerable issues.

5.1 NRQCD-HISQ Currents

Here 1 will define some notation used to describe the NRQCD-HISQ currents. To
construct such a current, both the HISQ ¢ and NRQCD b must be transformed
into 4-component spinors such that they can be contracted with one-another in
the current. The staggered c—quark x. is simply related to the naive spinor .
by ¥c(z) = Q(z)xc(z). The NRQCD b, ¥, = (V4,0), is a 2-component spinor
related to the 4-component spinor ¢ via an inverse Fouldy-Wouthuysen transform
Py = exp(—y - V/2amy)¥y. (V is defined here by V, ¢(x) = (Uu(x)y(x + aft) —
Ul — aft) (e — aj1) /2.)

Due to the Fouldy-Wouthuysen transform, a current I (where I' is some
product of gamma matrices) will be made of an infinite sum of lattice currents in
terms of Wy, .Iahy ~ Z]—(l/amg) > YeOF* Wy However, this is only half the
story - as additional to the contribution from the Fouldy-Wouthuysen expansion,

matching the lattice NRQCD theory to continuum QCD gives radiative corrections

67
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to this series. The result is the series being populated by all operators Q3% of
dimension —j with the same Lorentz indices as I

So a continuum current J, is constructed from a series of the form

1 -
— , 7,k
Ju = ]ch](ozs,amb) Bamy)? YeO) Wy, (5.1)
where j sums over powers of inverse b-mass and k sums over all operators of dimen-
sion —j. The coefficients c¢;(as, amy) are fixed by matching appropriate transition
amplitudes in 1-loop continuum QCD and the lattice NRQCD /HISQ theory. The

vector and axial vector currents take the general form [150]:

J, =1+ z(‘)]"as)J(O) +(1+ zi]“as)J(l)

w,lat w,lat
4
Ty
s Y mt I + 02, (Agop/mb)?, (p/my)?). (5.2)
n=2
© _ 7 o _ L -
J,u,lat = 'QZ}CF/L\I’I) ) Ju,la,t - —%%TW -V,
@ _ e @ _ L -
Tutat = =g ey Ve, Sy = —g eV, W
1 - «
J/Eill)at = 5— e \ Loy,

2amy

where I',, is the continuum spin structure (e.g. for A,; I'y = v57,) and p is the
momentum spatial exchange p, — p.. The last two currents J ;(jl)at and J fjl)at do not
appear in the temporal current Jy, Z:;,],O4 = 0.

A subset of the matching factors {z7+} have been calculated for V, and A,
in [108]. In the case where the charm is replaced with an s,u or d quark (therefore
has negligable mass), results for z{i“m are avaliable for both V,, and A,. However,
in the b — ¢ case the ¢ mass must be taken into account which complicates the
calculation. In this case, only z(‘)]“ is avaliable. To sidestep this in studies using
these currents, an extra truncation in the “cross-terms” of the perturbative and
NRQCD series, asAgen/mp and asp/my, is added resulting in

Tu= (Ut 5 ) (T + T (53)
+0(a2, (Aqep/ms)?, (p/ms)?, asAqop/ms, osp/me) .

J(2,3,4)

In the work of this thesis, we also compute ( Tt

) in the lattice calculation to
check that their magnitude is suitably small such that they can be ignored.
There are a number of orders here to consider, however the main order in which

we will be concerned with is asp/mp. The normalization of NRQCD-HISQ currents
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have been demonstrated to be robust at zero spatial momentum (see for example
[151]). However it was not yet known (before this work) whether the asp/m; terms

were negligible.

5.2 Relativistic Normalization of the b — ¢ Temporal

Axial Current

In this small project, we tested to see if a B, meson containing a HISQ ¢ quark and

an NRQCD b quark obeys a relativistic dispersion relation. The goal of this was to

e Provide a consistency check for the NRQCD-HISQ current truncation and

normalization 2640 for the temporal axial current Ag.

o If possible, fix zﬁg for the b — ¢ case by demanding the relativistic dispersion

relation is obeyed.

5.2.1 Calculation Details

To test this process we computed B. (pseudoscalar meson charged with b and ¢
valence quarks) 2-point correlation functions on the fine ensemble (set 2 on table
4.1). The Wilson coefficients in the NRQCD action, the tadpole improvement factor
ug, and the bare valence quark masses are given in the bottom row of Table 5.1. The
interpolating operators for creating/annihilating the momentum-space B, meson

take the form

B(p,1) = D e PRe(x, 1)67 (x — xX) O Wy (¥, 1). (54)
!

We chose O,, to produce the current operators in the NRQCD-HISQ b — ¢ current
(5.2): Og = Y75, O1 = =057 - V/2my, Oy = —7- % Y07Y5/2my. These have the
same quantum numbers as the B, meson (pseudoscalar with flavor bc) so serve as
suitable interpolating operators, but also let us probe the individual pieces of the

NRQCD-HISQ b — ¢ axial current.
In the NRQCD formalism, we simulate the b at its physical mass. Using physical
mass b quarks cause severe signal degradation (see Sec. 4.2.2). To improve statistics,

we compute a number of correlation functions using a family of smearing functions

6 (x — x'):

(y) = dyo, 0 0(y) = e W/ (5.5)
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where al, = 3a and a2, = 6a. The r > 0 smearing functions represent a stationary

¢ quark with a wavefunction for the ¢ that exponentially decays with the radius
from the b (in practice we implement the reverse - a stationary ¢ surrounded by a
b wavefunction - but this has the same effect on the correlation function). Using
these reduces statistical errors in two ways. Firstly, it means we have more sam-
ples. Secondly, the smearing functions increase the overlap with the B, meson state
(Q|®2|B,), which decreases the overlap with excited states, therefore decreasing the
contribution of excited states to the correlation functions. One can then afford to
use timeslices closer to the source, therefore increasing statistics further. Note that
in order to use these smearing functions one must fix the gauge of the configurations
to Coulomb gauge.

The NRQCD-HISQ correlation functions are then generated using

Crm@,t) = > ¢ (x =x)¢"(y —y') (5.6)

’ ’
XX Y,y

<ch [ggPT(X/J;y,,tO)Tfs (759(}’/7750)QT(X,’ )75 O0m Gp(x, t;y,to)on)} > :

Tryg is a trace over spin and Tr. is over color. gﬁp is a staggered propagator given
momentum twist 6, corresponding to a momentum p, and G is an NRQCD b prop-
agator. () denotes an average over gauge configurations. Eq. (5.6) can be arrived
at from <<i>%(p,to)(fﬁ(p,t)), applying the steps given in Sec. 4.1, and converting
the charm proagator to a staggered propagator as in Sec. 4.1.3.

We generated these correlators on 500 configurations and 16 choices for ty evenly
distributed across the temporal extent of the lattice. We obtained correlators at
3x different spatial momenta, ap = 0,3x(1,1,1)/L,57(1,1,1)/L (L = 32), using

momentum twists € = 0,3,5 in each direction. The resulting correlators are shown

in Fig. 5.1.
These were then fitted to the fit functions
Nexp
Con Ol =Y (a§"al ™ F(By,t) + (10500l f(Bont)) . (57)
j=0

See Sec. 4.2.1 for definitions of f and E. One can recognise that

Q0|d2|B,
o _ (BB 5.8

V2Ep,

In the o = 0 case, the matrix elements become (9|10, ¥y|B.). Combining these
as in Eq (5.2) should produce (Q|Ay|B.). I will show how these quantities are used

to test the Ag normalisation after a brief detour.
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Figure 5.1: B, 2-point correlation functions, with the valence charm given momen-

tum twists § = 0,3 and 5.

5.2.2 Kinetic Mass

We require a determination of the mass of the meson in our simulation. If we were
using a fully relativistic action, one could simply consider Ey (with p = 0) to be the
mass. However, in our case one would expect NRQCD to cause a shift in energy F;

due to the effective removal of the rest mass, so

Eo(p) = Es +/p? + M, (5.9)

We can deduce My, in this case by taking the difference of energies at different
momenta §Ey(p) = Eo(p) — Eo(0) and rearranging to find

p® — 6E3(p)

My, = e
: 20Ey(p)

(5.10)

which one would expect to be invariant of p. My, is referred to as the kinetic mass
of the meson in question.

Using Ej results from the fit, we find aM{=3 = 2.8394(60), from the § = 3 point,
and ale;E’ = 2.858(11) from the 6 = 5 point. Taking the mean of these we find

aMi, = 2.8488(125). (5.11)
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5.2.3 Decay Amplitude Ratios

At leading order in 1/my and a4, the temporal axial current is recreated using
simply ag’o = (Q|Ao|Bc)/+/2Mp,. Recalling the definition of the decay constant for

a pseudoscalar meson: (QA,|M) = p,fa, we see that

E
ad? = fBC\/%. (5.12)

Assuming a relativistic dispersion relation E? = p? 4+ M?, taking the ratio of ag’o

at non-zero and zero momenta results in

a"(p) _ |Es.(p) _ 14 p +0< p’ ) (5.13)

a>°(0) Mg, AMp, My,

This is our probe of the dispersion relation of the B, meson. We took the
ratio of ag’o fit parameters on the left-hand side, and compare this to the expected
dependence of p? on the right-hand side. This comparison is shown between the
blue line and the grey dotted line in Fig. 5.2. We have used the kinetic mass (5.11)

for the Mp, mass here.

LOGFl 14 (ap)?/ans2,
LO5| | ) (0)/ay” (0)
104} @D @)/ ()

1.03} -
1.02} i
1.01}
1.00}
0.99L | | | |
0.0 0.2 04 0.6 0.8
(ap)?

Figure 5.2: Decay amplitude ratios (colourful points) against the expected relativis-
tic behaviour (grey dotted line and band). Adding the Aéll)at piece of the current

does not improve the relativistic behaviour of the ratio.
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We gradually add corrections to this ratio by replacing ag’o with

O (p)\/2Ep,(p) = Q|A§,°3at|B (p)),

(p)V/2E3, (p) = B00) [ A + Af] 1B))
P (p)\/2Ep,(p) = () [1+zA AN+ (1 + 2R ASY,,
+ 2300, AT ]| Be(p)) (5.14)

We have here set the a = 0, n superscripts implicit to make room for the new super-

scripts. The lattice currents Aénl)a

(0)

axial vector case. ay

. are those defined in Eq. (5.2) for the temporal
recreates the Ap current to leading order in g and 1/my, a((]l)
recreates Ao up to order O(a?2, (Aqen/me)?, (p/mw)?, asAqep/my, asp/my), and
aé )is up to order O(a2, (Aqep/mp)?, (p/mp)?)

Since the 2640 value is immediately avaliable from [108], we can show the result of
taking the ratio a(()l)(p)/a(()l)(O) as the red line in Fig. 5.2. As can be seen here, going
from aé()) to aél) pushes the ratio in the wrong direction, away from the relativistic
dispersion relation line (the grey dotted line).

We can determine values for <zf‘° — z64°) and ( — 2 ) by demanding that
a((f) (p)/a((]2)(0) = 14+p?/4MZ . Then, using the known Zo % values from perturbative

matching we find
20 = —3.746267(44),  25° = —0.000910(36). (5.15)

zf‘o here is required to be unnaturally large to overcome the suppression of o, and
drag the ratio downwards.

The above analysis shows that the truncation of NRQCD-HISQ temporal-axial
current given in Eq. (5.3) is not sufficient to create a meson obeying a relativistic
dispersion relation. This is perhaps indicative that further orders in the expansion

are in fact important and should be included in lattice calculations.

5.3 By — D(yfv Form Factors

I attempted a calculation of the B — Dfv and Bs; — Dslv form factors, fo +(q°)
and f§ +(q2), using the 2+1+1 MILC ensembles, HISQ I,s and ¢ valence quarks, and
an NRQCD valence b quark. This study was similar to previous studies of B — D/v
form factors [36] and By — Dg/lv form factors [152|. The main difference between
this and the previous studies was that they used older MILC ensembles that do not

take the charm into account in the sea.
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Set name amg’gl angl angl uQ cl6 cs cy4 T/a agm/a

0 very coarse 0.0705 0.826 3.297 0.8195 1.36 121 122 § 11,14 0, 2.0,4.0

1 coarse 0.0541 0.645 2.66 0.8340 1.31 1.16 1.20 9,12, 15 0, 2.0,4.0
2 fine 0.0376 0.450 191 0.8525 1.21 1.12 1.16 14,19,24 0, 3.425, 6.85
val val

Table 5.1: Parameters used in our calculation. am}y and am}j are the bare masses
of the strange and charm valence quarks, tuned in [153]. angl is the bare mass
of the valence bottom quark, tuned in [119]. ug = (Re Tr(0J)/3)'/4 is the ‘tadpole
improvement parameter’ as used in [119] via a perturbative calculation of the pla-
quette 0. {¢;} are the coefficients for the kinetic and chromomagnetic terms in the
NRQCD action (Eq. (3.60)) [154]. {T'} is the set of temporal separations between
source (B4 creation operator) and sink (D, annihilation operator). asm are the
radii of the exponential smearing function applied to the B, and D) creation

operators.

One motivation for this study was to test how far down the ¢ range we could
reach with lattice data before the noise in the correlators made the data useless.

Another was to investigate the size and p-dependence on the subleading currents

V(2,3,4)

L lat @8 One moves away from zero recoil.
b

This study was not completed on account of two major problems:

e The O (asp/mp) terms in the vector NRQCD-HISQ current that we must
ignore due to the lack of perturbative normalizations, Vk@) and Vk(4), turned

out to be significant in magnitude.

e On one ensemble in the By — D /v case, there was an anomalous result for

the vector current matrix element extracted from the correlator fits.

I will give an outline of the calculation here for completeness, but the crucial findings

of this section are these two issues.

5.3.1 Lattice Setup

Correlation functions were generated on three MILC ensembles, sets 0, 1 and 2 in
Table 4.1. When using the NRQCD action, one is limited to the coarser end of
the spectrum of ensembles. This is because in the a — 0 limit subleading terms in
0H (eq. (3.60)) and J,Sn>0) (eq. (5.2)) diverge, since the 1/m; factors are in fact
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proportional to 1/ams, resulting negative powers of the lattice spacing. However,
NRQCD discretisation effects are small relative to other discretizations due to the
lack of the b rest mass, so we can afford to use coarser lattices. Also, using coarse
lattices means the project is computationally inexpensive since, for example, Dirac
matrices to be inverted are smaller. The bare parameters used to generate the

correlation functions are shown in table 5.1.

We generated 2-point correlation functions for By and D(y) mesons, and 3-

n)

point correlators between B(,) and Dy interpolating operators with Vu( currents
inserted for all g and n = 0,1,2(x = 0) and n = 0,1,2,3,4(p = 1,2,3). For the
By, operator we use exponential smearing functions (like those introduced in Eq.

(5.5)), smearing radii agm are given in Table 5.1.

The By, 2-point correlators, Cg?)(t) were generated using Eq. (5.6), with the
charm propagator replaced with a strange or light propagator, and O, = v9y5. We
also computed Dy 2-point correlators at a number of spatial momenta {p} (given

in Table 5.2), generated by

D(5 ZZd)a X = X (Z)ﬁ(y y ) <Trc[ggp (Xat7Y;t0)ng(5)(X,at;ylvtO)]> )

XX yy

(5.16)

where ¢%(x) are the smearing functions (Eq. (5.5)), g;(s) are light or strange stag-
gered propagators, and gzp is a charm staggered propagator with momentum twist

0p. Tr. is over color.

We generated 3-point correlators for each individual piece of the NRQCD-HISQ

current, and each p, using

caffn) (.6, T) = Y (—1) % %8/% 6 (x — x')pP (z — 2') x (5.17)

X,y.,z
(Tre (927 (x. 103y, )] (51032, T)Trs |70 (v, )0 Gy 112, 1)z Do ) ) -

Oy, are defined by J,Ln) . Op 1Yy, where J( ") are pieces of the NRQCD-HISQ
vector current (Eq. (5.2)).

The list of twists we used on each ensemble is given in table 5.2. Due to the
signal /noise degradation of the D,y correlators as one adds more spatial momentum,

our lattice data was limited to the high ¢? region.
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Set 0 lap] *[GeV?]

B—D 0 0,0.74,1.47,220,2.94 0,0.25 0.5, 0.75, 1.00 11.8, 11.6, 10.8, 9.4, 7.3
1 0, 1.58, 2.24, 4.53 0, 0.36, 0.51, 1.02 11.8, 10.8, 9.9, 5.0

2 0, 1.76, 2.64 0, 0.30, 0.49 11.8, 10.7, 9.3

By — Dy 0 0,074, 1.47,2.20,2.94 0,0.25, 0.5, 0.75, 1.03 11.8, 11.6, 10.9, 9.5, 7.6
1 0,1.10,2.20, 3.31, 4.41 0, 0.25, 0.50, 0.75, 1.00 11.8, 11.3, 10.1, 8.1, 5.7
2 0 0 11.8

Table 5.2: Momentum twists (and corresponding momenta and ¢? values) given to

the charm propagator on each ensemble.

5.3.2 Correlator Fits

We extracted current matrix elements from the generated correlation functions,
via simultaneous Bayesian fits as described in Sec. 4.2.1. For the set of 2-point

correlators we use Eq. (5.7) (with n = m = 0), and 3-point correlators are fit to

Nexvaexp
B, D, Ds
D= Y (oI fER (BT~ 1)
J,k=0

BS 0 Ds Bs7o D
aafj) j(?]?aﬁ’(k)(_l)tf(En() ) f(EP® T —1)

BS D Ss)r — 1%
tag ) Ti0ag O (~ )T f (BB ) f(EM 0, T — 1)

a,j

By, D¢y, Bsy,
a,(j> 0 jg]?%fy (=T (B, ) f(EP@°, T — t)). (5.18)

+

+a

We set Nexp = 5 in each fit. We performed a single simultaneous fit containing each
correlator computed for each ensemble, taking into account correlations between all
time slices of all correlation functions involved in the fit.

We set Gaussian priors for the parameters J;;, and log-normal priors for most
other parameters. Using log-normal distributions ensures energies EM and am-
plitudes aM are positive and forbids them from moving arbitrarily close to zero,
improving the stability of the fit. The exception is the smeared amplitudes a%>°,
which can be zero or negative, so we simply set Gaussian priors for these.

Priors for the ground state energies and amplitudes (oscillating and non-

oscillating) are set via an empirical Bayes approach. Plots of effective masses and

amplitudes are inspected to find reasonable central values of priors (see Sec. 6.2.2
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for definitions of effective masses and amplitudes). A generic variance of 10% of
the central value is given in all cases. The typical precision of fit results for these
parameters is of order 0.1%, much more precise than their priors. The log of all
excited state energies are given generic priors log(Aqcp £ Aqen/2), where we set
Aqcp = 0.5GeV. The log of the excited state (non-smeared) amplitudes are set to
log(0.3 £ 0.2). The smeared excited state amplitudes are given priors of 0.3 £ 0.2.
All 3-point transition parameters Jj;, are given priors of 0 £ 1.

We typically set tcyy = 3 for 2- and 3-point correlators in the fit on the fine
ensemble (set 2) and t.yy = 2 on very coarse and coarse (sets 0 and 1). For some
specific correlators, a larger tcy is necessary to achieve a good fit (x?/Ngot < 1),
these higher t.y¢ values are always in the range tey € [2,8]. An svd-cut is applied in
each fit, with a specific choice of cut determined according to what achieves a good
fit. The svd-cut is typically of the order 1073.

The current matrix element we require can be found via
(Ds| V™ |By)|ias = 24/ Mp, Ep, J§3. (5.19)

5.3.3 Form Factors

We constructed "continuum’ vector currents (D4)|V,.|B(s)) = (V,,) from the lattice
expectation values <D(S)|Vu(n)\B(s)>|1at according to Eq. (5.3), i.e. only including the
first two current terms V,fo) and V,fl). We also computed VO(Q) and Vk(2’3’4) to assess
their size and the validity of ignoring them, this is adressed in Sec. 5.3.4.

We took the average over the spatial currents, resulting in two distinct cur-
rent matrix elements (V) and (Vi). Then, from the definition of pseudoscalar-
pseudoscalar form factors (Eq. (2.24)), we find (defining Mp, = M, Mp , =m,
Ep, =FE, and Pp, = p)

2 _ 2 . 2 _ 2
V) = £ (¢) [M+E— Mq2<M—E>] =S e - B,
(5.20)
s M? —m? s M? —m?
(Vi) = 55') [ () (1 i q) Byt ’<q2>q2] | (5.21)

By inverting these relations we deduce féﬁ(qQ) from (Vp),(V%) at the lattice spacings
of each ensemble.
We aim then to extrapolate these form factors to a = 0 and to the full physical

q® range. We did not obtain any lattice data at light quark masses smaller than
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my/ms = 0.2 so cannot extrapolate to the physical light mass. In the By — Dglv
case, the size of such an effect is small (see chapters 6 and 7). In the B — D/v case,
however, this could result in considerable systematic errors.

We parameterised the functional form of féi)r (¢) using the BCL parameterization

[155]. This involves first defining the map
Vie — @+t
where {1 = (Mp,, * ]\41)(5))2 and we choose tg = t4(1 — /1 —t_/t;), and

2(¢%) has a very small magnitude throughout the entire ¢* range, in our case

|z| < 0.032 V physical ¢°. fﬁ%((f) can be expressed as a series expansion in z:

for (@) = Po:(qz) Zag’JrZ(qQ)k- (5.23)
) k=0

We truncate this at K = 2, adding further terms appear to have no effect on the
fit. The factors P(g?) are defined by

Po(q?) = (1 = Mq> . (5.24)

These are required due to subthreshold poles in the crossed channel of (D )|V, B(s)),
which in our case is a W decay into a B} meson. The pole is located where the
W has the correct momentum ¢> to create the B,, hence at ¢*> = Mps. This is
not within the ¢ range, but can create curvature in fo,+ that can confound the
expansion in z. Fy 4 effectively removes this pole from the z expansion.

The discretisation effects in our form factors are controlled for by modifying
(5.23):

a?ﬁ — a?ﬂ x (1+ b%’Jr(amZSl)Q), (5.25)

where byt are new fit parameters. am,. — 0 in the continuum limit, and, since the
charm mass is the largest scale involved in our calculation, it serves as a good order
parameter for discretization effects. Hence, here we are extrapolating in both z and
to continuum simultaneously. {a%’+, b?ﬁ} are all given Gaussian prior distributions
of 0 £ 1.

5.3.4 Results

The extrapolation of our lattice data to all ¢> and a = 0 is illustrated in Figures

5.3 and 5.4. As can be seen here, statistical errors in the lattice data increase
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exponentially with momentum twist (as ¢ decreases). Besides this, the very coarse
data suffers from large discretization effects as the twist is increased, pushing the

results upwards.

QO 777 a=009 fm
\VAV4 fB2P q~0.09 fm
1.3F [OQ f77P a~012fm
VYV 7P a~012fm
1.2 | OO 777 a=015fm
\VAV4 ffﬁD a~0.15 fm

1.1¢

1.01

] o ad
@

0.81

0.7F

G
¢*[GeV?]

Figure 5.3: B — D/{v form factors. The coloured points show lattice data, each color
represents an ensemble. The grey band represents the continuum and kinematically
extrapolated result. The red band shows the kinematically extrapolated result at
a ~ 0.15fm.

I now go on to discuss the two issues which led me to abandon this project.

Anomalous Results

In the By — D4l case I have not include lattice results from the fine ensemble in
the ¢? and @ — 0 extrapolation. This is because the lattice results for f§(q?) on this
ensemble are clearly wrong. We have a priori knowledge of what, for example, the

ballpark of f§(g2 ) should be from a couple of sources:

e The result should not vary much more than O(a?) (where a is the lattice

spacing) from the same result on other ensembles.

e The result should not vary much more than O(am?al — am}’éﬂ) from the same

number on the same ensemble for the B — D calculation (Chiral symmetry).
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a~0.09 fm
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OJORAUE
120V Y 277
QO foi~" (@
11w 777, a~0.12 fin o |
*(¢%), a ~ 0.15 fm o

1ol 7P (¢?), a = 0.15 fm %W |

09} ¢ 6 D

0.81

® ® fOBSﬂD 2

2

— — — — = =

0.7F

6 8 10 12
q* [GeV?]

Figure 5.4: By — Dglv form factors. The coloured points show lattice data, each
color represents an ensemble. The grey band represents the continuum and kinemat-
ically extrapolated result. The red band shows the kinematically extrapolated result
at a ~ 0.15fm. Note that the a ~ 0.09fm data is not included in the extrapolation,

since this prevents a good fit from being possible, see Sec. 5.3.4.

However, we find the fits to g2, data on the fine ensemble produce a result for
Jog' that is much larger than what is expected from these considerations. This is
accompanied by the fits being very unstable, varying by a number of sigmas when
different combinations of data are included, and different hyperparameters (svd-
cut, teyt, etc) are included. A number of tests have been carried out to find out
exactly what is causing this issue, but no compelling evidence has emerged for any

explanation. Fig. 5.5 illustrates the situation.

It is worth keeping in mind that NRQCD results have no continuum limit since
the action and the currents are truncated sums of inverse masses in lattice units,

" as a — 0. What we are seeing here

therefore the truncation error grows like a~
may be the result of large 1/(am;) and 1/(amy)? corrections to the NRQCD-HISQ

current being ignored.
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080001 02 03 04 05 06 07 08
a® [GeV?

Figure 5.5: Lattice results for f( ) against a?. The grey band shows the result

2
qmax
for f5(g2.x) computed in chapter 7 using the Heavy-HISQ approach for comparison.
Clearly the result on the fine ensemble (the black point), and possibly on the coarse

ensemble (the blue point), contain large unknown systematic errors.

Large Subleading Currents

Another problem that has uncovered itself in the NRQCD calculation is large sub-
leading currents. Namely, the pieces Vk(2’4) of the spatial vector current. We deter-
mined these currents as part of the calculation in order to assess if they are suitably
small such that they can be ignored. These turned out to have a magnitude ~ 35%
of the leading order.

In Fig. 5.6, we show the ratios of (matrix elements of) NRQCD-HISQ currents

V;En>0) and

in the By — D, case. All ratios are between the subleading currents
the leading order current VM(O), in order to show the size of the subleading currents
relative to the leading order. Vu(l) is included in our result so we do not need to
worry about its size. Vo(z) and Vk(s) are < 10% of the leading order, given that these
also receive O («s) suppression, their negligence is relatively harmless.

Vk(2,4)

systematic error of O (35% x ays) ~ 8%. This would prevent any results from our

, however, have considerable magnitude. Neglecting them implies a naive

calculation from being anywhere near competitive. These two currents are of order
asp/my, so their magnitude would likely only increase as we move towards ¢? = 0.

It should be noted here that it is possible that the contribution from these cur-
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Figure 5.6: Ratios of (matrix elements of) the subleading NRQCD-HISQ currents

>0 (0)

M to the leading order current VMO , in the By — Dy case.

rents turn out to be smaller than ~ 8%. This is because individual terms of the
NRQCD-HISQ current mix under renormalization, and can cause large cancellations
(see for example [108]). To calculate the effect of this mixing would require a large
perturbative calculation however. Since no calculation has been performed, we are

stuck with the large systematic error implied by the large Vk(2’4) expectation values.

Since the problematic current pieces are exclusively part of the spatial vector
current, we could remove this problem if we did not rely on the spatial vector
current for extracting the form factors. The next section shows our attempt at such

an alternative approach.

5.3.5 Form Factors from V; and S

Instead of using (Vp) and (V%) to extract féi)r (¢?), one could in principle instead use
the combination (V) and (S), where S is the scalar b — ¢ density. The individual
terms in the scalar NRQCD-HISQ current can be related to the temporal-vector
current by using the property 1V, = Up. Hence one can write the scalar NRQCD-
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HISQ current as [151]:

S=(1+ zgas)VO(O) - (14 zfas)VO(l) + z‘gasVO(Q) (5.26)
+0(a3, (Aqen/mp)?, (p/my)?),
= (1+ 5o (V" = Vi) (5.27)

+ 0(a2, (Aqep/me)?, (p/mp)?, ashqen/my, asp/me,) -

. 7 . .
z5 can be derived from z,*. Hence we already have numerical results for matrix

)

elements of the scalar current, via the vector current pieces VO(O’1 . The scalar and

temporal vector currents are related at zero recoil via the PCVC relation
(Mg, — Ep,)){Vo) = om(S), (5.28)

where dm = (my, — m.). Using this one can relate the scalar current to the form

factors, resulting in a new way to extract form factors via (Vp) and (S):

om

6 = —(5), (5.29)
MB(s) n MD(s)
2
f(s)(qz) _ 1 (MB(S) - ED(5>)5m<S> —q <‘/0> . (530)
* QMB(S) p%(s)

Care must be taken in choosing what masses to use in dm. One may want to
use the bare valence charm and bottom masses, however these belong to different
regularization schemes (HISQ and NRQCD), so taking their difference is not well
defined. The solution is to use instead om = ngl X (1 — m¢/my), where m./my, is
a regularization-independent quantity computed to be m./mp = 1/4.51(4) in [115].

Results from adopting this alternative approach (in the B — D case) is shown in
Fig. 5.7. One immediately notices that f, (¢?) results are diverging in the |pp| — 0
limit. Why this occurs can be seen by inspecting Eq. (5.30). For fi to remain
finite, the difference between currents on the numerator must tend to zero at the
same rate as p%. Our results for the currents (S) and (Vp) are not precise enough
to produce the delicate cancellation required to accurately determine f4 in the high
q? region.

A quick summary of the situation. We have 3 currents, (S), (Vo), and (Vj). We
require input from two of these currents in order to determine the form factors.
Large contributions to (V%) may be being ignored, so at the moment we do not
consider (Vi) a ’trustworthy’ estimation of the continuum spatial vector current.

Using only (S) and (Vp) leads to a divergence of fi(q?) as ¢*> — 2.y, 50 is also
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Figure 5.7: B — D form factors extracted from (Vp) and (S). The statistical errors
here are not well under control, a continuum and kinematic extrapolation is not

possible using these form factors.

untenable. In the next section, we show an approach we attempted to finding new
normalizations of these three currents such that all three can be ’trusted’ as good
approximations to the continuum current. One could then in principle use these

trustworthy (Vo) and (Vi) currents to extract the form factors.
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5.4 Non-Perturbative Renormalization Using B. — 7.
Data

Here we define non-perturbative normalization constants Z; for the NRQCD-HISQ

currents via
J = (1+z]as)(JO + W) + 0(al, (Aqep/my)?, (p/mw)?, asAqep/me, asp/me)
Z1(1+ 20 o) (JO 4+ g0y,

Zy=1+ O( Oég, (AQCD/mb)Q, (p/mb)2, asAQCD/mb, asp/mb). (5.31)

The Zj factor compensates for the truncation of the series. One can imagine fixing
Z j by demanding some property of J. One may be concerned that Z; is dependent
on the spatial momenta in the current Z; = Z;(p), however, we will see below that
this variation is a negligable effect.

In this section, we outline an approach used to determine Zg, Zy, and Zy,.
In this process we use NRQCD data from another HPQCD project of determining
form factors for B, — n.fv decays [6]. A schematic of how this is achieved is
given in fig. 5.8. I thank Brian Colquhoun for supplying correlation functions from
their calculation. The current in this calculation is the same as in the By — D, lv
calculation, so normalizations determined using this data can in principle be applied

to the B(,) — D4)fv calculation.

e RRW —
Sgalnac- 1 = Zs > 2.,

FoAfse |uis@
o5 (M) U> =ém< s>
Ppcve S0+

Figure 5.8: A schematic of the chain of steps towards normalizing the scalar, tem-
poral vector and spatial vector NRQCD-HISQ currents. Details given in the next
three sections; 5.4.1, 5.4.2 and 5.4.3.

We used the B, — n.fv data here since

e B, — 1. correlators have much smaller statistical errors. This is because of
the lack of the s spectator quark, degradation of the signal/noise ratio is less

severe (see Sec. 4.2.2).
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e A heavy-HISQ determination of B, — 7, form factors was also available from

their project [6]. This comes in useful in our approach to the normalization.

All analysis below is performed using data on the fine ensemble (set 2). In principle,
it could be repeated for any other ensemble on which correlators for any b — ¢

transition is available.

5.4.1 Zg

We have avaliable to us lattice results for f(?cﬁnc(QQ) = fo(¢?) for a number of ¢?

values spanning the entire ¢ range (including ¢2,, and ¢> = 0) from the NRQCD-
HISQ S current on the fine ensemble. We also have a determination of fp, also
from NRQCD-HISQ lattice currents on the same ensemble. We denote these finite-
a lattice results as fg(q2), fBC. We also have a continuum-extrapolated heavy-
HISQ result for fo(q?)/fB., for g2, and ¢?> = 0. This is given in the form of this
ratio since discretization effects largely cancel in this ratio improving the continuum

extrapolation (see Chapters 6 and 7). The results are

fO(qgnax) _ 2.104(36), M

= 1.288(42). (5.32)
/B, B.

Since fo o (S), we can assert that fy = Zs fo, i.e., the continuum fo contains the
normalization that fo is missing. Similarly for fBC and Z4,. Hence by demanding
that the NRQCD-HISQ finite-a results match the continuum heavy-HISQ results,
we can find, for example

Zs
Za,

_ Jolgmax)/ .
2o Jo(Ghax)/ fB.

As a test to see if Zg varies with p, we can compare this result to an analagous

= 0.995(15). (5.33)

approach at ¢> = 0;

Zs
Za,

JoO/ e _ o ggy(s3). (5.34)

=0 N fo(0)/ fB.

A similar approach cannot be applied for Zy, or Zy,, since fy has a complicated
relationship to both (Vo) and (V}) that varies with ¢2, so it is not clear how one
attribute discrepancies between f; / ch and fo/fp. to Zy, and Zy,.

The comparison of these two ratios at ¢2,,, and ¢? = 0 show that any variation is
small in comparison to statistical errors. We can absorb the variation in p into a sub-

leading term in the scalar current by demanding that Zs/Za,le2 = Zs/Za,le2—0-
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Redefine the scalar current according to:
S=Zs |1+ 250a) (VI = V) + a,z5 VP | (5.35)

We can determine 25 by demanding that Zg does not vary between ¢2,,, and ¢ = 0.
This is equivilant to the VO(Q) term absorbing all of the variation in the normaliza-
tion on p, which one would expect since this current is proportional to the spatial
momentum in the c-quark.

By defining f> to be fo but with (1 + asz(‘?)(VO(O) - 0(1)) replaced with aSVO(Z),

we can write:

Zay  (fo+25f2)/f. _ <ZA0>(0’1) 48 <ZA0>(2)_ (5.36)

Zs fo/ fB. Zs Zs

With this further definition, and demanding that Za,/Zs|2 = Za,/Zs|q2—0, We
end up with

@ (0’1) _ @ (071)
25— <ZS) =0 (ZS> . = —1.1(1.5). (5.37)

Zay\ @ Zay\ @
(72) i = (Z2) " lims
Now that we are able to include VO(Z) in the scalar current, we can consider the scalar

current normalized up to O(a2, (Agen/mp)?, (P/mw)?, asAgep/mp). We can use

S =1+ 25a) (V3" = Vi) + 2V + O(a2, (Agen/mp)?, (p/ms)?, ashgop/my)
(5.38)

(Yes, we have not strictly determined Zg in this case, but we will for the vector
currents). The next steps are essentially to match results using the vector currents
to this newly normalized scalar current, meaning the vector currents will be nor-
malized up to O(a2, (Aqep/ms)?, (p/mb)?, asAqep/ms), hence we then will have
theoretically accounted for the large subleading pieces in the spatial vector current,

since we have accounted for asp/my, order terms.

5.4.2 Zy,

We normalized the temporal vector current via its PCVC relation with the now
‘correctly’ normalized scalar current.

This also has the benefit of partially removing the f, (¢?) divergence as p%c =0
when extracted from (Vj) and (S). One can see this by inspecting the expression

for f1(q?) in terms of (S) and (Vp)(Eq. (5.30)). As p%c — 0 the numerator becomes
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proportional to dm(S) — (Mp, — M,,)(Vo), which vanishes when the PCVC relation
is satisfied. So one would expect if we renormalize one of the currents so the Ward

identity is satisfied (at g2, ), this divergence should be removed or at least reduced.

LAt (OO A \V/
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12 QO f‘{ ,
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Figure 5.9: Comparison of form factors from (Vp), (S) and (Vp), (Vi), no additional
normalizations. The bands show the resuls of fitting the data to the BCL parameter-
ization (5.23), where coefficients ap™ are fit parameters. These bands are intended

simply to guide the eye.

Hence we should normalize the temporal vector current using the already nor-

malized scalar density. So to satisfy the PCVC, Multiply (V4) by

Zy, = ]\Zb :T]’\}n <<50>> = 10661(36). (5.39)
This seems to deal with the fi divergence. Fig. 5.9 compares form factors deter-
mined using (Vp), (S), and (Vb), (Vk), before imposing Zy;, and Fig. 5.10 shows the
same after (Vo) has been multiplied by Zy;.

Unfortunately, the same technique does not solve the diverging f; issue in the

B(s) = Dy4) case, the statistics are not as good so the divergence is too severe.

5.4.3 Zy,

We can determine a Zy, by demanding that fgf (jr’s / fgf # = 1, with the knowledge

that (Vp), (S) require no further normalization. This can be done with both fi and
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Figure 5.10: Comparison of form factors from (Vp), (S) and (o), (Vk), (Vo) is mut-

liplied by Zy, given in (5.39). The bands show the resuls of fitting the data to the

0,4

BCL parameterization (5.23), where coeflicients ay " are fit parameters.

fo, at any ¢?;
VO,S _ Vu
Zy, =1+ W (5.40)
VoS ¢V
=1+ 70R0k<vk>0 : (5.41)

where the R’s are some kinematic gunk: Ry, = (Mp, — Enc)/QMBcpnC/\/g,

Rop = Ry — (M3, — M2 )(Mp, — E,.)/2Mp,p,, /q*V/3. The results are shown in
Fig. 5.11. The fact that these are not varying by a statistically significant extent
in ¢? implies that the spatial vector normalization does not vary strongly in Py,
Hence, since these are all estimates of the same value, we can average over them to

get
Zy, = 1.070(36). (5.42)

When this normalization is given to (Vj), the B, — 0. form factors from the two
methods become consistent, see Fig. 5.12.
One could imagine using these normalizations Zy, and Zy, in the B, — Dy

calculation. The errors of this normalization are around 4%, which would push the
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Figure 5.11: Zy, from constraining form factors to be the same from (V4), (S) and

T

Figure 5.12: Comparison of form factors from (Vp), (S) and (Vo), (Vi), with (Vj)
normalized with Zy, and (Vj) normalized with Zy,. The bands show the resuls of
fitting the data to the BCL parameterization (5.23), where coefficients ay™ are fit

parameters.
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final results of the B, — Dy, study up to the 5 — 10% range. At present this
level of precision is not competitive in comparison to other calculations of these
quantities.

If one chooses to trust the normalization of the scalar current, this analysis shows
that (on the fine ensemble) the extra normalization required for the vector currents
beyond what is usually implemented is a large effect (Zy, — 1 ~ Zy, — 1 ~ T%).
This would suggest that the currently used truncation of the NRQCD-HISQ vector

current is missing ~ 7% from the neglected O (1/m;) terms.

5.5 Conclusion of NRQCD Work

As mentioned in the introduction - the main message of this thesis is that using
NRQCD (namely NRQCD-HISQ currents) to compute form factors for b — ¢ tran-
sitions, is far from optimal.

We rely here on truncations in many different interlocking series
(1/my, as, s/ myp, ...), which may leave out important information. The terms
in the series we do have access to rely on perturbation theory via the matching
factors. Some progress was made to normalize currents non-perturbatively in the
above work, but our results fall short of what would be required to obtain precise
continuum results.

I hope that in reading this chapter you experienced a similar feeling of confusion
and anxiety to what I felt as I carried out this work. It was only after many months of
grappling with the problems of these calculations that we decided to put them aside
and attempt instead the heavy-HISQ approach from scratch. Reading the following
two chapters, both dedicated to successful heavy-HISQ studies, will feel like a warm
bath in comparison to the NRQCD experience. The heavy-HISQ) approach is in

contrast very elegant, contains far fewer assumptions, and results in cleaner signals.
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CHAPTER 6

Bs — D?fv Axial Form Factor at
Zero Recoil from Heavy-HISQ

This chapter concerns the simpler of our two heavy-HISQ studies, the calculation
of the Bs — Dj{v axial form factor at zero recoil, h% (1). We give this quantity
the superscript s to differentiate it from the quantity more commonly referred to as
ha,(1), the zero recoil axial form factor for B — D*{v decays.

[ will briefly review the definition of this form factor (at zero recoil) for ease of
reading. The differential decay rate for the B? — D**¢~ 1, decay is given in the SM
by
MEw Ve |*

473
x (Mp, — Mp)vVw? — Ix(w)|FP7P5 (w) 2.

ar, _,

G2.M3,
@(Bs = >

— D;H_f_ vp) =

(6.1)

where w = vp, - vpx, var = pp /My is the 4-velocity of an M-meson, and x(w)
is a known function of w (see for example appendix G of [33]). 7gw accounts
for electroweak corrections due to diagrams where photons or Zs are exchanged in
addition to a W, as well as the Coulomb attraction of the final-state charged par-
ticles [29-31]. The differential decay rate for the BY — D~ ¢+, decay is identical.

The form factor FP=P5 (w) is a linear combination of hadronic form factors
that parameterize the vector and axial-vector matrix elements between initial and
final state hadrons. At zero recoil (w = 1), the vector matrix element vanishes, the

axial-vector element simplifies to
(D3(€)|Au|Bs) = 24/ Mp,Mp; hiy, (1)e, (6.2)
and FBs=D% (w) reduces to
B.—D?¥ 1\ _
Foe75s (1) = hy, (1). (6.3)

Our goal is to compute h3 (1).
All we need to do this is the matrix element (D} (€)|A,|Bs) with both the By and

D7 at rest, with the D} polarization € in the same direction as the axial current.

93



94  Chapter 6. By — D:/{v Axial Form Factor at Zero Recoil from Heavy-HISQ

6.1 Motivation

B — D*lv decays supply one of the three methods used for precisely determining
the CKM element |V [38,42,156-171]. Measurements of branching fractions are
extrapolated through ¢? to the zero recoil point to deduce |ha, (1)Ve|, since ha, (1)
is the only form factor contributing at zero recoil. Then an SM determination of
ha, (1) (via Lattice QCD [33,38]) can be divided out to infer V).

A similar process that could also be used to determine |V|, and test the SM, is
Bs — D*{p;. There is at time of writing no published measurements of this decay,
but it is feasible to measure such a decay at a detector like LHCb. This decay is also
attractive from the Lattice QCD side. The absence of valence light quarks means
lattice results have smaller statistical errors, are less computationally expensive, a
simpler chiral extrapolation to the physical light mass, and negligible finite volume
effects. This makes the B, — D¢, both a useful test bed for lattice techniques
(that may be later used to study B — D*/, decays), and a key decay for future
|Vep| determinations and tests of the SM.

Chiral symmetry implies that form factors for decays such as By — D} and
B — D7 are insensitive to the mass of the spectator quark, implying that form
factors for these two decays are approximately equal [172]. This was seen in the
recent lattice calculation [33] that found ha, (1)/h% (1) = 1.013(14)stat (17)sys. We
can then expect to learn about B — D* by studying B; — Dj. We perform a
further test of this claim that B — D* ~ By — D}, in the context of our formalism,
in this study.

Lattice calculations of the By — DZ‘S) form factors at zero recoil have so far
been performed by two collaborations. The Fermilab Lattice collaboration pro-
duced hy, (1) in [38]. HPQCD computed both ha, (1) and A% (1) in [33]. The
RBC/UKQCD [173] and LANL-SWME [174] collaborations are also working to-
wards lattice determinations of these form factors.

The presence of heavy quarks is a large consideration in designing a lattice cal-
culation (as discussed in Sec. 3.3). A b quark introduces discretization effects of

" where n is a positive integer dependent on the choice of action. To

size (amy)
avoid such potentially large discretization effects, most lattice studies (including all
of those mentioned in the previous paragraph), use some EFT approach for sim-
ulating heavy quarks. The Fermilab Lattice, RBC/UKQCD, and LANL-SWME
calculations all used some variation of the Fermilab action [175-177] to simulate ¢

and b quarks. The HPQCD calculation used the NRQCD action [95] for b quarks.
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To relate the results from these approaches to full continuum QCD, each of
the above studies requires perturbative matching of lattice currents to continuum
QCD. The matching has only been performed to 1-loop, leading to each having
matching errors as a key uncertainty. The use of NRQCD-HISQ currents in the
HPQCD calculation brings in matching errors of O (a2, asAqen/me, (Aqen/me)?).
It is difficult to estimate the size of matching errors in lattice NRQCD, so to be
conservative a large matching error was assigned to the result. This error contributes
~ 80% of the full error budget. The use of the Fermilab action in the Fermilab
Lattice calculation leads to O (ag) errors. They avoid this issue to a large extent by
analysing only ratios of correlation functions, however, the matching still contributes
~ 30% to the final error.

In this chapter, we report details and results of the first calculation of the B; —
D7 form factor at zero recoil using an approach free of perturbative matching.

Since the By — D, form factor is approximately equal to the B — D form factor,
and our results are non-perturbatively renormalised, this calculation can be seen as
a check of the normalisation of the Fermilab Lattice and HPQCD determinations of
ha, (1) that contributed to |Vep|exc (see Sec. 2.2.3).

Using the heavy-HISQ approach has the added benefit of elucidating the depen-
dence of form factors on heavy quark masses, meaning we can test expectations from
Heavy Quark Effective Theory (HQET). In this study, we produce an estimate of
the HQET low energy constants ly, 4 p associated with the By — D7 form factor at

zero recoil.

6.2 Calculation Details

6.2.1 Lattice Setup

We used the MILC gluon field configurations detailed in Sec. 4.1.1 [7,8]. We used
sets 2-5 in Table 4.1, i.e., the fine, fine-physical, superfine and ultrafine ensembles.
Table 6.1 gives the valence quark masses we used in the generation of quark prop-
agators. In three of the four ensembles (fine,superfine and ultrafine), the bare light
mass is set to myy/mso = 0.2. The fact that the myy value is unphysically high is
expected to have a small effect on hil(l), due to the lack of valence light quarks,
and previous experience of the dependence of k% (1) on my [33]. The small effect
due to the unphysical myq is quantified by including the fine-physical ensemble with

physical myg, and corrected for.
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set name 61771‘8’8Ll amZSl an’a‘,’%1 Nefg X Nre T/a

2 fine 0.0376  0.45 0.5, 0.65, 0.8 938 x 8  14,17,20
3 fine-physical 0.036 0.433 0.5, 0.8 284 x 4 14,17,20
4 superfine 0.0234 0.274 0.427, 0.525, 0.65, 0.8 250 x 8 22,25,28
5 ultrafine 0.0165 0.194 0.5, 0.65, 0.8 249 x4 31,36,41

Table 6.1: Parameters relevent to our calculation. Columns 3 and 4 give the s and
¢ valence quark masses, these values were tuned in [139] to reproduce the correct 7
and 7, masses. We used a number of heavy quark masses to assist the extrapolation
to the physical b mass, given in column 5. Column 6 gives the number of gauge
configurations (n.g) and the number of ¢y choices (ng) used. Column 7 gives the
temporal separations between By source and D7 sink, T'/a, of the 3-point correlation

functions computed on each ensemble.

We used a number of different masses for the valence heavy quark. This is in
order to resolve the dependence of h%, (1) on the heavy mass so that extrapolation
to mp = my can be performed. By varying the heavy mass both within ensembles
and between ensembles; we can resolve both the discretization effects that grow with
large (am}a < 1) masses and the physical dependence of the continuum form factor
on my,.

A considerable benefit to using unphysically light heavy quarks is that it reduces
the signal/noise degradation in the correlation functions in comparison to using
the physical b mass (as in e.g. the NRQCD approach). When using NRQCD, the
large noise due to the heavy b-quark necessitated the computation of many correla-
tion functions with different smeared operators in order to boost statistics. This is
not necessary in the heavy-HISQ setting, we used only local creation/annihilation
operators.

As detailed in Sec. 4.1.3, staggered correlation functions are built by a combi-
nation of staggered propagators g(x,y) and staggered phases. In this calculation
we only need local (non-point-split) operators, this is an advantage since point-split
operators lead to correlation functions noisier than local operators.

We computed a number of correlation functions on each ensemble. To generate
these correlators we used random wall sources, and used extended sources for the 3-

point correlators, as described in Sec. 4.1.3. First, we computed 2-point correlation
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functions between zero-momentum eigenstates, objects of the form

Cr(t) <<I>M< £)®h,(0)) (6.4)
Opr(t) =) qx, )T (x,1), .

where () represents a functional integral, ¢, ¢ are valence quark fields of the flavours
the M meson is charged under, and I' is the spin-taste structure of M. I set tg =0
here for notational simplicity. We computed these for all ¢ values, i.e. 0 <t < Tia.

We computed correlation functions for a heavy-strange pseudoscalar, Hg, with

spin-taste structure (75 ®s5). In terms of staggered propagators, this takes the form

Cin,(t) = > (Tre [on(z, gl )] ). (6.5)

x?y
where g4(z,y) is a staggered propagator for flavour ¢, and the trace is over color.
Here g = 0 and yg = t. We also computed correlators for a charm-strange vector

meson D}, with structure (v, ® v,), using

Cpy (t) = 3 (= 1) (Tr, [go(w, gl (@, 9)] ) (6.6)

Xy

In order to non-perturbatively renormalise the axial vector current, we computed
correlation functions for two heavy-charm mesons, denoted H, and H, respectively.
H., has spin-taste structure (5 ® v5) and H, has structure (Y570 ® ¥570). H, corre-
lators are computed using (6.5) (with g, replaced with g.), while H, correlators are
given by
Cp, (t) = (=)™ (T [gn(2,9)gl(,9)] ) (6.7)

xy
where we use the notation z, = EV#L zy. H. and ﬁc are refered to as goldstone
and non-goldstone pseudoscalars respectively.

The heavy-mass extrapolation requires masses of 1, mesons, heavy-heavy pseu-
doscalars artificially forbidden to annihilate. To quantify mistuning of the charm
and strange quark masses, we also require masses for 7. and 7 mesons, identical to
1y, with h replaced ¢ and s quarks respectively. We computed correlators for each
of these, using a spin-taste (75 ® 75), taking the form of (6.5).

We then generate the 3-point correlation functions

Cs(t,T) = Y (@ py(o)(T) Auly: 1) ®11,(0)), (6.8)
y

AM (y? t) = 5(3’7 t)'757uh(y’ t)'
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In terms of the staggered formalism, the H, source is given structure (75 ® 5), the
Dy sink is given (v, ® 7,), and the current insertion (57, ® v5v,). In terms of

staggered propagators this is given by

Ca(t, T) = > (=175 ('Tr. [gul. y)gely, )9, )] ) (6.9)
x7y7Z
where we fix xg = 0, yo =t and zg = T. We computed these for all ¢ values within
0 <t<T,and 3 T values that vary between ensembles, given in Table 6.1.
In the Cp: and Cj3 cases, dependant on a polarization u, we computed the cases

with p = x,y, z, and took the average over these.

6.2.2 Correlator Fits

We extracted current matrix elements from the generated correlation functions via
simultaneous Bayesian fits as described in Sec. 4.2.1. We used fit forms given by Eq.
(4.41) for 2-point and Eq. (5.18) for 3-point correlators. We set Ny, = 5 in each
fit. We performed a single simultaneous fit containing each correlator computed
(Hs, DX npyneyns, He, H,, and 3-point) for each ensemble. We also marginalized out
the highest energy excited states (the Neyp = 5 states) in the interest of speeding
up the fits.

The marginalization is implemented in the following way. The expected con-
tribution to correlation functions from the Ngy, = 5 state is estimated using the
prior distributions of the associated fit parameters. The contribution is then nu-
merically added to the lattice correlation functions being fit, and the fit function
can be truncated at Nexp, = 4.

We set Gaussian priors for the parameters Jj;, and log-normal priors for all other

parameters. The prior values we chose are summarized below.

log EéV[’O) = log((amqo + amgo + QCLAQCD) + 2(ILAQCD),

M (o) _ EN,fl(o)) = log(2aAqcp £ alAgep) , @ >0,

1 7
(])V[(O)) = FEmpirical Bayes,
log(aM) = —1.20(67) , i > 0,

log(aM°) = —3.0(2.0) , i > 0,

Jji =0 £ 1 except for Jyg' =1+£0.6 (6.10)
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Ground state energies Eé\/[ were given priors of (amgo+amgyo+alqep)E2aAqep,
where mgq 40 are the masses of the flavours the meson M is charged under, and Aqcp
is the confinement scale, which we set to 0.5GeV. For ¢ = h or ¢, this corresponds
to the leading order HQET expression for a heavy meson mass. In the 7 case, the
prior becomes approximately 2ams + aAqep ~ aAqcep, which one would expect.
Ground-state energies of oscillaing states, Eéw %, are given priors of (amgo + ameyq +

M (o) _ M (o)

2aAqcp) £ 2Aqep. Excited state energy differences, E, i_i . 1> 0 are

given prior values 2aAqcp + aAqep. Priors for ground state amplitudes aé\/[ (’0),
are set according to an empirical-Bayes approach, plots of the effective amplitudes
of the correlation functions (defined in Eq. 6.15 below) are inspected to deduce
reasonable priors. The resulting priors always have a variance at least 10 times that
of the final result. The excited state log-amplitudes, log(af-w(’o)),i > 0 are given
priors of —1.20(67) for non-oscillating states, and —3.0(2.0) for oscillating states.
The ground-state non-oscillating to non-oscillating 3-point parameter, Jj;' is given
a prior of 1 4 0.6, and the rest of the 3-point parameters j"k” are given 0 +£ 1.

The current matrix element we require to find h3 (1) is given by

(D (k) Abl o b = 21/ Mg, Mo Jig' (6.11)

We performed a number of tests on the fits to demonstrate the robustness of the
fits to various hyperparameter choices. Results are given in Fig. 4.2.1. I will refer to
these tests throughout the remainder of this section. In test #2 we loosened priors
to test stability. We tested the effects of changing Nexp, to Nexp = 6 in test #3 and
Nexp = 4 in test #4.

To ensure that truncating the sum at Neyp, is a good approximation to the infinite
sum containing all excited states, we only include data with t > t.qr and ¢ < Tt —teut
in the 2-point case and t < T — t.y; in the 3-point case. We can in principle use a
different .y for every correlation function included in our fit, so must choose a set
{t¢st} (where ¢ labels the correlator).

To ensure the optimal choice for the {t .} set, we employ the scikit-optimize
python package [178]|. The process consists of defining a function f with an input of
{t¢+} and an output of some loss function f. Then, the minimum of f with respect

to {t&,} is found via a Gaussian process. We used the loss function
2

X
Ndof

GBF is the Gaussian Bayes factor corresponding to the comparison between the

F({té}) = —log GBF + 0 (x* — Naor) (6.12)

resulting model of the fit (the fit function with parameters set by the fit), and a
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Figure 6.1: Tests of the correlator fits on the fine ensemble. The left panel shows
Ji at the heavy mass am}a = 0.5. The errors shown here as statistical, estimated
by taking the second derivative of the best-fit x? with respect to the fit parameter in
question. At Nieg = 1 we give the final accepted result. Nyegy = 2 gives the results
when all priors are broadened by 50%. Niest = 3 and 4 gives the results of setting
Nexp = 4 and 6 respectively. Niest = 5,6 gives the results of setting teyy = 2,4
respectively for all correlators. Niest = 7 gives the result without marginalising out
the n = 5 excited state. Nies;t = 8 gives the result of moving the SVD cut from 1073

to 1072,

random model (the fit function with randomly sampled parameters). The second
term gives a strong punishment to fits with x2/Ngor > 1. We set p = 10°, in order
to make the second term of comparable size of the first, which for typical fits we
attempted had a magnitude of order 10*. The output of this process is shown in

Table 6.2. A couple of more naive choices for {tS,,} are given in tests #5 & #6.

cut

An appropriate value for the svd cut is found by comparing estimates of eigen-
values of the data’s covariance matrix between different bootstrap samples of the
data (see Sec. 2.7 of the CorrFitter documentation [146]). Typically the smallest
eigenvalues are sensitive to taking new bootstrap copies, suggesting they are poorly
estimated. A cut is placed such that any poorly estimated eigenvalues are replaced
with more conservative (larger) values. The resulting svd cut varies between ensem-
bles since it depends on the quality of the dataset, but are always of order 1073,

For example, in fits to the fine ensemble correlators, we set the svd cut to exactly
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set name H, D, H, H, ng Ao
2 fine 2 2 5] 5 3 1
3 fine-physical 4 4 8 8§ 3 2
4 superfine 4 4 6 6 3 1

5 ultrafine 2 8 4 4 2 1

Table 6.2: t.yt values used for each correlator on each ensemble. Ay denotes the

3-point correlators. The rest are for 2-point correlators.

1073, We tested to see if this had any effect by also running the fit with svd cut
1072 in test #8.

We can perform further sanity checks on the fits by plotting certain functions of
the 2-point correlators. To obtain useful forms, first one can approximately flush
out the oscillating states from correlators by performing a so-called superaverage,
C(t) — [C(t) + C(t + a)]/2. We perform a doubled and symmetric version of this
operator on correlators to obtain

Clt) - Ct) = i(cu —a) +2C(t) + C(t + a)). (6.13)

We can check the non-oscillating ground-state energy of the correlator by looking

at the large-t behaviour of

Fea(t) = log (%) . (6.14)

It is straightforward to show from plugging in the fit form for 2-point corrleators
(Eq. (4.36)) that in the large ¢ (but ¢ < Tis/2) limit, this should tend towards the
ground-state energy for the correlator. One can also construct a similar function for

the amplitude:

| 20(t)ePentt)t
aep(t) = \/ cosh P01 (6.15)

The C(t)eP#®t factor would produce the correct amplitude (in the large-¢ limit)
in the absence of superaveraging, and the other factor corrects for the effect of
the superaveraging. These functions, for various relevant correlators on the fine

ensemble, are plotted in comparison with the full fit results in Fig. 6.2.
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Figure 6.2: Effective energies and amplitudes for Hg; and D} correlators on the fine
The ratio

ensemble. The energies are obtained from Eq. (6.14), and amplitudes from Eq.

(6.15). The grey bands give the results of the full multiexponental fit.

A similar approach can be applied to the 3-point correlators.
Cs3(t,T)/Chy, (t)C'D; (T — t) approaches Jggl/aOHSaé); for t > 0 and t < T. This

is illustrated in Fig. 6.3. From inspecting these figures for 2- and 3-point sanity
tests, one can reassure themselves that the fits to the correlators are well behaved.

6.2.3 Normalization of the Axial Current
Conserved and partially conserved currents require no renormalization (see Sec.
2.3.2). However, the staggered conserved axial-vector current is not simply (v57, ®

Y5Yu), it is a complicated linear combination of many local and point-split lattice
currents. In this study we used only local axial vector currents, this simplifies the
lattice calculation but creates the need for our resulting current matrix element to be
multiplied by a matching factor Z4 to produce the appropriate continuum current

We found Z4 via a fully non-perturbative method [113,179].
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F amy,=0.5,

F  amy, =0.65,
107 F am, =08, |]
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t

Figure 6.3: Sanity check for fits to the 3-point correlation functions. This ratio
should approach Jjj' for ¢ >> 0 and ¢ << T'. The grey bands show the result for
Jogr from the full Bayesian simultaneous fit for each amy, (here they are all bunched
up so appear as a single band). If the 7" values were larger, one can envision the

data reaching a plateau at the same height as the grey band.

We leveraged the fact that the staggered local pseudoscalar current (v ® 7s),
multiplied by the sum of masses of quark flavours the current is charged under, is
absolutely normalized. We extract from the 2-point H. and H, correlators the decay
amplitudes (|e(ys5 @75)h|He) = (2| P|H,) and (2]e(y075 @7075)h| He) = (Q Ao| He)
from a; ¢ and aéqc, Then, the normalization for Ay (common to that of spacial axial
currents Ay) Z4, is fixed by demanding that the partially conserved axial current

relation holds:

(i + meg ) (QUP|He) llay = My Za(Q| Ao He)lray - (6.16)

The Z4 values found on each ensemble and am;vl%l are given in Table 7.3.

There is an ambiguity in which mass to use on the right-hand side of Eq. (6.16),
we here use the non-goldstone mass M x but one could just as well replace this
with Mpr,. Using Mg, here changes Z4 oﬁly by discretization effects, the effect on
Z 4 this causes never exceeds 0.0015% throughout the ensembles and heavy masses.
The choice between these two definitions of Z4 has a negligible effect on our final

result for h% (1).
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Set am} ZA Zdisc
2 0.5 1.03178(57) 0.99819
0.65 1.03740(58) 0.99635
0.8 1.04368(56)  0.99305
(47)
(39)

3 05 1.03184(47) 0.99829
0.8  1.04390(39) 0.99315
4 0427 1.0141(12) 0.99931
0.525 1.0172(12)  0.99859
(12)
)

0.65  1.0214(12)  0.99697
0.8 1.0275(12)  0.99367

5 0.5 1.00896(44) 0.99889
0.65 1.01363(49) 0.99704
0.8  1.01968(55) 0.99375

Table 6.3: Normalization constants applied to the lattice axial vector current in Eq.
(6.18). Z4 is found from Eq. (6.16) and Zgis. from Eq. (6.17).

We also remove tree-level mass-dependent discretization effects using a normal-

ization constant derived in [108,114]:

Zgise = \/ ChCl, (6.17)

~ 1+ eNaix .
Cq = cosh aMyg tree <1 — = 8 ginh? amyg tree |

where enaik is the Naik parameter in the HISQ action and amyg ree is the tree-level
pole mass in HISQ defined in Eq. (3.55). The effect of Zyjsc is very small, never

1

exceeding 0.2%. Zgjsc values on each ensemble for each am}¥ are given in Table 7.3.

Combining these normalizations with the lattice current from the 3-point fits, we

find a value for the form factor at a given heavy mass and lattice spacing:

i ZAZdlsc (k)| A Ho) hat

— 2, /MHiMD*

(6.18)

OO\'—‘
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6.2.4 Extrapolation to the Physical Point

We now address the extrapolation of the lattice h% (1) values to continuum and
physical b and [ masses. In the process of the extrapolation, we also aim to de-
termine the HQET low energy constants [, 4, p. This process requires a number of

considerations.

1: Heavy Mass Dependence

Our extrapolation in the my, direction can be guided by HQET. The HQET expres-
sion for h% (1) (where here we consider both h and ¢ to be heavy quarks in the
HQET context) is given by Eq. (2.72) from Sec. 2.4.1:

ly la lp
(1 _ 1
hAl( ) A ( (ch)2 + Qmth (2mh)2> (6 9)

1
+(9< — m,n+m23>.
mmy

Luke’s theorem dictates that this form factor has no O (1/my) corrections. na

is an ultraviolet matching factor between HQET and QCD, and contains (weak)

dependence on my,.

2: Quark Mass Proxies

Attention must be paid to what to input for the masses my, . in the above expression
(6.19). Finding continuum quark masses corresponding to lattice bare masses would
be a considerable task. Even if we took this on, what renormalization scheme should
the masses belong to? In HQET, the masses that define the power counting should
be pole masses [180]. Due to renormalons, the definition of a pole mass m also has
an ambiguity of order Aqcp/m [181].

Because of this, we cannot exactly reproduce the HQET expression for hil(l)
(6.19) in our fit. We instead test a number of proxies for the quark masses. Since
we are not exactly reproducing the HQET expression, our results for [y, 4 p are not
exact but rather should be interpreted as ballpark estimations.

One possible approach is the following. The quark masses in Eq. (6.19) could
be related to the meson masses (that we have access to via the correlator fits) using
HQET. To see this, first consider the HQET expansion of a heavy-light meson [182]:

My

S

2 2
- Mps—dgmp 1
= myp, g+ Ag 4 5 HT7GS +0<2). (6.20)
Mh, s my
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where dy;) = 1 for pseudoscalar mesons and —1/3 for vectors. Ag, Hr, S, G, s are
HQET parameters. g labels the light quark in the meson. As already mentioned,
my, is defined in some renormalization scheme S, and since the meson mass My, is
scheme-independent, the HQET parameters must also take on scheme dependence
to cancel the dependence in my,.

A simple rearrangement of the above (6.20) gives us

2 2

T Pz s —dge g, s 1

mp,s = My, — As — M As +0 <mQ ;
s h

1 1
=—+0 <2> .
Eh,S my,

For two heavy-light mesons, for example My, , Mp:, one can show (recognising
that e, ~ O(1/my,))

(6.21)

1

mp, sMe, S

1
=sh,sac,s+0<mgm?,n+mz3> : (6.22)

Since we are aiming to find the low energy constants in the context of HQET at
order below O(1/m}m}*, n+m > 3), we can safely replace the quark masses m., mp,
in (6.19) with & /..

For our calculation, we used HQET parameters calculated in [182] in the
minimal renormalon-subtraction scheme: Aygrs = 0.552(30)GeV, M?T,MRS =
0.06(22)GeV?, ué’MRS = 0.38(1)GeV?2. We are free to arbitrarily choose this choice
of scheme, since the resulting ambiguity in the masses, Aqcp/mp,c, are absorbed
into higher orders in the HQET expansion.

Unfortunately, the quark mass dependence in 14 prevents this approach from
resulting in exactly the correct ly 4 p values. m4 contains ratios m./my and logs
of me/my,, that cannot simply be redefined in this way such that ambiguities are
pushed into higher orders of 1/my, ..

We also implement the fit with more simple proxies for my, .. We tried replacing
mp, with My, ps or Mnh,c/2— We find the results of the extrapolation are very
insensitive to the choice of proxy (see Fig. 6.9). Therefore in the end, we take
our final fit function using the simplest choice of replacing my, . with M,, /2. This

means we have not inserted any ambiguity due to renormalization scheme choice.

3: Implementation of 74

na accounts for matching between HQET and QCD, and has been computed to
2-loop: n4 = 0.960(7) [183]. It is dependent on my, ., so one may worry that, if we



6.2. Calculation Details 107

are going to use this expression for the extrapolation in mj, we must account for
the mp, dependence in n4. However this dependence is weak in the region of my we

are interested in (m. < my < my). This can be seen by examining how the 1-loop

expression for n4 varies with my, [184]:

aS m +mc mC 8

Fig. 6.4 shows the variation of n4 throughout this range, the value changes by

around 1.5%. The two-loop correction is an order of magnitude smaller than this

[183].

1.005
— 1.000

0.995

p) [1-looy

£ 0.990

.

= 0985

T

= ¢
= 0.980

=

0.975

m(f mb

1.0 15 20 25 30 35 40
my, [GeV]

Figure 6.4: The variation of the 1-loop expression for n4 (Eq. (6.23)) throughout the

me < my, < my range. For my, and m,. values we used m)™(m}5) and mMS(mM).

For the coupling constant we used a,(y/mpme).

We cannot consistently include 74 in our fit function for the continuum and
heavy mass extrapolation since we do not have access to the pole mj, . masses. We
ran the extrapolation using a number of reasonable approaches to estimating the
na behaviour and found that the final result was very insensitive to our choice of

approach. We implemented the extrapolation with
® NA = ]-7
e 14 =1-loop expression with m./my, replaced with M, /M,,

e na =1+ plog(M,,./M,,), where p is a fit parameter with prior distribution
0x1.
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The final result was stable upon varying these choices (see Fig. 6.9). The last
bullet point, for testing to see if logarithms of my can be resolved in the data,
resulted in a p consistent with zero and a decrease of the Bayes factor for the fit by
a factor of 25. Clearly, the lattice data cannot resolve logarithms in my,.

We choose n4 = 1 for simplicity. The ly, 4 p results however are sensitive to the
n4 implementation, since not properly accounting for the mj dependence in 4 can
lead to that variance in mj, being absorbed into ly, 4 p. This is another reason to
take our ly 4 p results as estimates rather than determinations.

The fit form we used for the full continuum and heavy mass extrapolation of
sAl(l) is

s (Do = 1 < ! >21 T <1 >2z
A fit =+ =\ 77 VT o3 a5 AT P
! MT/C Mnthc Mnh
+ Ndisc =+ Nmistuning- (6.24)

Nyise and ./\/mistuning are nuisance parameters to account for discretization and
mass mistuning effects, defined in the following subsections. ly, 4 p are taken here

as fit parameters with prior distributions 0 £ 1GeVZ2.

4: Discretization Effects

Discretization effects in the data are accounted for by including (following the

methodology of [5]):

2,22 : % 2%
34 2A 7 amval J amval
Nase = >, din ( ]\?CD> < Who > ( WCO ) : (6.25)

i,,k=0 |j+k#0 T

d;ji, are fit parameters with prior distributions 04=1. We account here for discretiza-
tion effects from the two largest scales in the system; the heavy and charm masses.
All discretization effects are of even order by construction of the HISQ action.

We tried including extra terms of size (aAqcp)?,(am@)?, (am}a)?, but the data
could not resolve effects of that size, so it made no difference to the fit. We also
tested the effects of increasing the number of terms in each sum (see Fig. 6.9), but

the final result remained unchanged.

5: Mass Mistunings

Any possible mistuning of the charm mass is automatically accounted for in HQET
part of the fit function (6.24). To obtain the final result we set M,_ to the physical

value given in the PDG [3], hence any charm mistuning is removed.
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The strange and light mistunings are accounted for using a formalism introduced
in [139]. To deal with possible (valence and sea) strange mistuing, we define the

1 | .
terms 6" = miﬁa) — mbmed where m!Uned is defined by

2
Mp,hys
mied = myg (’“ ) . (6.26)

5 M,

M},)Shys = 0.6885(40)GeV is determined in lattice simulations from the masses of the
pion and kaon [141].

We similarly account for (sea) light quark mistuning by defining §; = myg —
mined We can find m{'"*d from m{""°d by leveraging the fact that the ratio of

quark masses is regularization independent and was calculated in [114] to be

sl =~ 97.18(10). (6.27)
my phys

We set m{uned to mbuned divided by this ratio.

Chiral perturbation theory dictates that perturbations in quark masses cause
linear contributions to the form factor. Hence the full term we include to account
for mistuning is given by

cgval e 5 + 2¢16;
10m‘guned )

Nmistuning = (628)

val

where ¢

, cs and ¢4 are fit parameters with prior distributions 0+ 1. We divide all

(al) With the cutoff,

l,s

that varies between ensembles. The factor of 10 in the denominator is to bring

terms by m"d to absorb any running of the quark masses in §

this term close in magnitude to the chiral perturbation theory contributions that it

)2

represents. We neglect 6£Vlal contributions since these are an order of magnitude

smaller and are not resolved by the data.

6: Negligable Effects

The finite volume effects in our lattice results are negligible. Since the lightest
valence quarks in our simulation are s quarks, the lightest particles that can arise
from loop diagrams in the decay are Kaons. In appendix F of [33], the HMSxPT
finite volume effect on the fine-physical ensemble, as a function of the lightest meson
appearing in loops, was found (from the formulas derived in [172]). At the Kaon
mass, the finite volume effect is many orders of magnitude smaller than any of our

other sources of error.
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In our simulation we set m, = mg = m;, our results do not account for the
difference mqg — m,. We tested for any possible influence this has on our fit, by
moving the m}“ned value up and down by the PDG value for mg —m,, [3]. The effect
was negligible in comparison to the other sources of error.

Since we take the physical result at M,, = M,,, the uncertainty in M,, will
contribute an uncertainty in the final result. We use the PDG result for M,, [3].
However, b—b annihilation and electroweak corrections make this somewhat different
to the appropriate value on the lattice. We estimate the corresponding uncertainty
in M,, to be no greater than +10MeV. To see how this changes the result of the
extrapolation, we varied M,, up and down by 10MeV and studied how our final
result for h% (1) changes. The change is less than 107°, which is negligible in

comparison to our other errors.

6.3 Results

6.3.1 1 (1)

The values extracted from 3-point correlation function fits for h% (1), along with
quantities required for its extrapolation to the physical point, are given in Tables
6.4 and 6.5.

The results of the extrapolation through heavy mass of h% (1) is depicted in Fig.
6.5. By evaluating our fit form (6.24) at a = 0, M,, . = Mﬁ,&i’s and (55?1%) =0, we

reach our final, fully non-perturbative result for the Bs; — D} form factor at zero

recoil:
FB=DE(1) = b3 (1) = 0.9020(96)stas (90)sys - (6.29)

Adding the statistical and systematic errors in quadrature, we find a total frac-
tional error of 1.45%. The error budget for this result is given in Table 6.6. The
continuum /quark mass extrapolation had a goodness of fit of x?/Ngor = 0.16 (for
Ngot = 12).

We include in Fig. 6.5 a determination from the only other unquenched
lattice calculation of this quantity [33]. They report a value of A% (1) =
0.883(12)stat (28)sys. Our two studies, containing independent systematic uncertain-
ties, are in agreement. Their study used the same gluon ensembles, with HISQ s
and ¢ valence quarks, and an NRQCD b quark. Using NRQCD meant they could

perform their simulation directly at the physical b mass. However, the matching
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Set amj o, (1) aMpy, aMpsx

2 0.5 09255 0.96616(44)

(20) (12)
0.65 0.9321(22) (16)
0.8  0.9434(24) (21)

3 0.5  0.9231(21) (12)
0.8  0.9402(27) (22)
40427 0.9107(46) (24)
0.525 0.9165(49) 0.88487(31)
(65) (39)

(66) (54)

(51) (24)

(62) (33)

(72) (43)

0.93976(42)

0.63589(49)

0.65 0.9246(65
0.8 0.9394(66
5 0.5 0.9143(51
0.65 0.9273(62
0.8  0.9422

0.47164(39)

Table 6.4: Values extracted from correlation function fits for A% (1), along with
masses of the two mesons on either end of the transition. A%, (1) values are found

from Eq. (6.18). Errors are statistical.
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Set am}’lal aMpy, afm, aM,, alMy, aM;,,
2 0.5  1.419515(41) 0.186299(70) 1.471675(38) 1.367014(40) 0.313886(75)
0.65 1.573302(40) 0.197220(77) 1.775155(34)
0.8  1.721226(39) 0.207068(78) 2.064153(30)
3 0.5  1.400034(28) 0.183472(62) 1.470095(25) 1.329291(27) 0.304826(52)
0.8  1.702456(23) 0.203407(45) 2.062957(19)
4 0427 1.067224(46) 0.126564(70) 1.233585(41) 0.896806(48) 0.207073(96)
0.525 1.172556(46) 0.130182(72) 1.439515(37)
0.65 1.303144(46) 0.133684(75) 1.693895(33)
0.8  1.454205(46) 0.137277(79) 1.987540(30)
5 0.5  1.011660(32) 0.098970(52) 1.342639(65) 0.666586(89) 0.15412(17)
0.65 1.169761(34) 0.100531(60) 1.650180(56)
0.8  1.321647(37) 0.101714(70) 1.945698(48)

Table 6.5: Values extracted from correlation function fits.

constant derived from Eq. (4.37).

fm. is the H. decay

Source % Fractional Error
Statistics & Z4 1.06
a—0 0.73
mp, — mp, c-mistuning 0.69
[ and s mistuning 0.20
Total 1.45

Table 6.6: Error budget for h% (1). The value for statistics & Z4 is given by the

partial standard deviation of A% (1) with respect to the lattice data. The value for

a — 0 is the partial standard deviation of h (1) with respect to priors of the fit

parameters in Ngjsc. Similarly for mj, — my, c—mistuning the value is the partial

standard deviation with respect to priors of Iy 4 p, and the mistuning value comes

from priors of parameters in Nmistuning-
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Figure 6.5: h% (1) against M,, (a proxy for the heavy quark mass). The grey band
shows the result of the extrapolation at @ = 0 and physical [,s and ¢ masses. Sets
listed in the legend follow the order of sets in Table 6.1. The red point represents a
determination of the same quantity from a previous study using the NRQCD action
for the b [33].

of lattice NRQCD-HISQ currents to continuum QCD causes their dominant error.
Their result contains errors associated with the truncation of the NRQCD-HISQ
current, of sizes O (a?), 0 (asAqep/mep) and O ((Agep/mp)?). Adding these cor-
rections in quadrature we find a 2.8% error, while their total error is reported as
2.9%. Our result is much more precise since it does not suffer from these large

matching errors.

6.3.2 Implications for B — D*

Chiral symmetry implies that the B, — D} form factor should be very close to the
equivalent B — D* form factor [172]. This was found to be the case in previous
studies (e.g. [33]).

As an additional test of this claim, we obtained lattice data for h 4, (1) on the fine

ensemble, for comparison with the 1% (1) data within our formalism. This involved
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an identical process to that of obtaining hf41(1), except with the strange valence
quark replaced with a valence quark of a mass equal to amyg, the sea light quark
mass.

The ha, (1) data is shown in comparison to the h% (1) data in Fig. 6.6. Errors
are statistical. The error on h 4, (1) is much larger due to the presence of the valence
light quark. There is no statistically significant difference between ha, (1) and h% (1)

here.

0.95F ‘
OO B~ D
OO B—D*
0.94} |
o
&
= 0.93f
TE;
25092
0.91}
3.0 35 10 15

M, [GeV]

Figure 6.6: ha, (1) and %, (1) data on the fine ensemble. Note that on this ensemble
the light quark is not physical, m;/ms = 0.2.

In [33], the ratio between these two quantities was computed - hga, (1)/h%, (1) =
1.013(14)stat (17)sys- Multiplying this by our result for h% (1), one finds a result

consistent with the two previous hy, (1) determinations:
FB2DY(1) = hy, (1) = 0.914(24). (6.30)

While this result does rely on NRQCD, it in principle suffers from much smaller
perturbative matching errors. This is because the overall normalization of the axial
vector NRQCD-HISQ current cancels in the ratio ha, (1)/h%, (1). Errors due to the
truncation of the NRQCD-HISQ currents in the 1/my series will remain however.
In Fig. 6.7, we show all current lattice results for ha, (1) and A% (1). In Fig,
6.8, we show lattice data from previous FNAL/MILC and HPQCD studies, along

with their final results, and the final result of this study, against 'pion mass’. Here
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pion mass refers to the mass of a pion containing quarks with the mass of the spec-
tator quark. Here we can see that the FNAL/MILC lattice data is very flat in the
spectator quark mass, so if they were to extrapolate their data to find hil(l), it
would likely be in agreement with our result. Since our result requires no perturba-
tive normalization, while the other two studies do, we can see this agreement as an

important check of the normalization of the previous studies.

3, (1) (HISQ,HPQCD) o

b3, (1) (NRQCD,HPQCD) — e

ha, (1) (HPQCD) —o—
ha, (1) (NRQCD, HPQCD) —o—
ha,(1) (Fermilab,Fermilab/MILC) —o—
0.7 0.80 0.85 0.90 0.95
Figure 6.7: hiff(l) from different calculations. Our result is marked

(HISQ,HPQCD). Those marked (NRQCD,HPQCD) are from [33]. The quantity
marked (HPQCD) is the result of multiplying our result for h%, (1) with the ratio
ha, (1)/h%, (1) computed at [33]. The quantity marked (Fermilab,Fermilab/MILC)
is from [38]. Note that our methodology is very different to that of Fermilab/MILC
in a number of ways, so the comparison between our and their results is a very

robust test.

6.3.3 HQET Low Energy Constants

Our fit of the lattice data to our fit function (Eq. (6.24)) produced the fit parameters

ly,a,p, which as discussed in Sec. 6.2.4 are numerically approximately equal to the
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FNAL/MILC a ~ 0.12fm
&4 FNAL/MILC a ~ 0.09fm
FNAL/MILC a ~ 0.06fm
FNAL/MILC a ~ 0.045fm
NRQCD a ~ 0.15fm
$ NRQCD a =~ 0.12fm
NRQCD a ~ 0.09fm
\WW FNAL/MILC (final result)
W NRQCD (final result)
** this work

- 2
M m,phys M’h Dl “/S

A

z

0.0 0.1 0.2 0.3 04
M2 [GeV?

Figure 6.8: Lattice data and continuum extrapolated data for three studies of h 4, (1)
and h% , against the pion mass. Points labeled FNAL/MILC are from [38], and those
labeled NRQCD are from [33]. The x-axis must be taken with a pinch of salt, the
points at M, = M,  have pions in the sea of smaller masses than M,_, but we place

them here to signify that the spectator quark has the mass of a strange quark.
low energy HQET constants of the same name. We find

Iy = 0.71(28)GeV?,
4 = —0.34(32)GeV?, (6.31)
Ip = —0.53(34)GeV2.

An estimate from the ISGW model for B — D* decays gives [185]
Ip ~ Iy ~ 0.39GeV2. (6.32)

These however do not come with any error, preventing a meaningful comparison

between the ISGW model and our results.

6.3.4 Extrapolation Stability

We performed a number of tests of the continuum/heavy mass extrapolation. The

results of each of these tests are given in Fig. 6.9.
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Figure 6.9: Results of hj (1) extrapolation tests. Points 1-3 show the final result
if data from the fine, superfine or ultrafine ensembles are not used in the fit. Points
4 & 5 points show the result if data at the highest/lowest am}’f(‘)l value on each
ensemble are removed. Point 6, 'Nyyisance = 3 shows the result of truncating each
sum in Ngise (Eq. (6.25)) at 3 rather than 2. Point 7, '4+1/mj’ results from adding
an extra term to (6.24) of the form p/M;?h where p is a fit parameter with the same
prior as Iy, 4 p. In this case, the Bayes factor falls by a factor of 7, suggesting that
the data does not contain a cubic dependence on the heavy mass. Points 8 & 9 show
the results of the implementations of n4 described in Sec. 6.2.4. pis a fit parameter
with prior distribution 0 4 1. Including this factor causes the Bayes factor to drop
by a factor of 20, implying that the data cannot resolve logarithms in my. Point
9 shows the result of using the 1-loop expression for n4 (Eq. (6.23)), with m./m,
replaced with M, /M,,. Point 10, A + 1/mym. + 1/m?’ is the result of replacing
1+1y/m? in the fit with simply a fit parameter A with prior distribution 1+1. The
fact that this does not affect the fit implies that charm mistuning does not strongly
affect the extrapolation. Points 11 & 12 show the result of replacing the heavy
mass proxy M, /2 with My, and Eq. (6.21) respectively. Point 13, 'Ratio with

fu,’ is the result of an alternative extrapolation described in Sec. 6.3.4.
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One of the tests requires some explaination, the result of which is given in Fig.
6.9, labelled 'Ratio with fr.’. We performed a continuum /heavy mass extrapola-
tion in the ratio h% (1)/(fu, VMu,). fu, is found from fitting the H, correlation
functions to obtain agc, and using Eq. (4.37). Since we create the H. mesons with a
local HISQ pseudoscalar current, which is absolutely normalized, no renormalization
of fm, is required here. Details of the extrapolation are given below.

Discretization effects cancel to a large extent in this ratio. It however varies
strongly with changing heavy mass. This makes the extrapolation very different
from the extrapolation in A% (1), which has large discretization effects but has little
variation in the heavy mass. The two extrapolations have quite different systematics,
so testing their agreement is a stringent test of our formalism.

In order to compare the result of the two extrapolations, we must multiply

%, (1)/(fB.A/Mg.) by fp./Mp,. We can use the PDG value for Mp,_ [3]. For
an fp, value, we extrapolate our fg, data to the physical point.

We used a similarly structured fit form for both the h% (1)/(f5, VMg,) and fg,
extrapolations. We followed the methodology of [5]. Both extrapolations use a fit

function of the form

S 27272 7 Vi 27 v 2k
G4 <as(Mnh/2)>6 S S d <2Ge\/> <amha01> g (amcgl>
aS(Mnc/z) i i,5,k=0 ! Mnh, ™ ™
X (1 + Nmistuning + Nr?listuning) . (633)

as(M) is the QCD coupling evaluated at scale M (according to results from [139]
with Ny = 5). s = +1 and n = 0 for hSAl(l)/(fHC\/MiHc), s=—-land n = -1
for fr,. The Mgh/ % accounts for the leading order dependence of frr, in HQET, and
the ag ratio comes from renormalization group improved matching between QCD
and HQET of fr,. Nmistuning is defined in Eq. (6.28). We have introduced a new

mistuning term for the charm:

M"]c - M};)chys
I%istuning = Cc < M};Chys ) (634)

where Mﬁ’ch ¥® is taken from the PDG [3], and c. is a fit parameter with prior distri-
bution 0 + 1.
A is given prior distribution 0 4 4GeV3/2 in the fy, case and 0 & 2GeV—3/2 in
the ratio case. d;j;, are given priors of 0£2 in all cases except dgog which is set to 1.
The result of the extrapolation of k% (1)/(fn. \/Mp,) at the physical point was

multiplied by our fp,Mp, result to obtain a second determination of h% (1). This
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Figure 6.10: h% (1)/(fr.\/Mm,) against M,, (a proxy for the heavy quark mass).
The grey band shows the result of the extrapolation at a = 0 and physical [,s and
c masses. Sets listed in the legend follow the order of sets in Table 6.1. The black
point shows our final result for A% (1) divided by \/Mp, from the PDG [3] and f3,

from our extrapolation of fg, to continuum and physical b mass.

is the result given in Fig. 6.9 labelled 'Ratio with fg, .
The extrapolation in fp, is shown in Fig. 6.11. We here include the result from
a previous heavy-HISQ determination of fp, on Ny = 2 + 1 MILC ensembles |5].

Our final result for this quantity is

fp. = 0.4178(45) GeV . (6.35)

6.3.5 H, and D} Masses

As a further consistency check of our results, we can check if the masses for the
H; and D} mesons, extracted from our correlator fits, reproduce what we expect
physically.

Fig. 6.12 shows D} mass extracted from correlators on each ensemble. Each are
consistent with the experimentally measured D} mass (the grey band).

We performed an extrapolation of My, — M,, /2 masses to continuum mj =

mp and myp, = m,, for comparison with the known value for Mp, — M,, /2 and
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Figure 6.11: fg, against M,, (a proxy for the heavy quark mass). The grey band
shows the result of the extrapolation at ¢ = 0 and physical [,s and ¢ masses. Sets
listed in the legend follow the order of sets in table 6.1. The red point shows the

result from a previous heavy-HISQ determination of fp, on 241 gauge ensembles [5].

Mp, — M, /2. To perform this extrapolation we use the fit form

(MHS . Mé“) )ﬁt - (ni e <2]\é’g/>n> X (6.36)

-1

2,2 2% 2j
amYa! al cD J
1+ E dij < hO > <Q + Nmistuning

= 0 T
1,j=0

¢, are fit parameters. Since the lattice data for My, — M,, /2 is close to linear,
priors can be set for ¢; and ¢ by inspecting the approximate gradient and intercept
of (Mu, — M,, /2) against M,,. Accordingly c; is given prior 0.05(5), and cq is
given 0.5(5). c_; is given 0+ 1. d;; are given priors 0 & 1. Mpistuning is defined in
Equation (6.28). We tested the effect of including O (1/Mz ) and O (1/M;} ) terms,

this does not change the result in any statistically significant way.
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Fig. 6.13 depicts this extrapolation. We find

M
Mp, — # = 0.6588(61)GeV, (6.37)

s

M,
Mp, — 7” = 0.4755(37)GeV . (6.38)

s

As can be seen from Fig. 6.13, both are in agreement with the physical result.

00351 @ ® a ~ 0.09fm
Mmme= 0.09fm, (nn,f’/'”"
<D <D a ~ 0.06fm

— 0.6301 :
CD ® a ~ 0.045fm

0.610}

0.00 0.05 0.10 0.15 0.20
(a/fm)?
Figure 6.12: Lattice results for Mpx —M,_/2 on each ensemble.The grey band shows
the PDG result [3].

6.4 Conclusions

We have produced a fully non-perturbative determination of h% (1), sometimes
called FBs7Ps (1), using unquenched lattice data from a fully relativistic and highly
improved lattice action, along with an estimation of the low energy constants ly 4 p,
given in (6.29) and (6.31) respectively. We used gauge ensembles with 3 lattice
spacings, including an ensemble with approximately physical light sea quark masses,
and obtained data corresponding to 12 different heavy quark masses.

This study supplies an independent check of the NRQCD formalism used in
previous HPQCD studies. It is also much more precise, in the case of 1% , the total
fractional error has been halved in comparison to the NRQCD determination. The
comparative precision resulting from the heavy-HISQ method suggests that it is well

suited to computing other form factors associated with b-decays.
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Figure 6.13: Extrapolation of My, — M,, /2 to the physical point.The grey band

shows the result at @ = 0 and physical charm, strange and light masses.

This study also clearly demonstrates the power of the heavy-HISQ approach. It
produces a result approximately twice as precise as the NRQCD result and contains

fewer assumptions while being consistent with all other lattice studies of %, (1) and
ha,(1).



CHAPTER 7

Bs — D¢/v Form Factors at All
Physical ¢? from Heavy-HISQ

In this chapter, I present the second of our two heavy-HISQ studies, the calculation
of the By — D,lv form factors f§(¢*) and f{(q?) throughout all physical ¢2, as
defined in Sec. 2.2.2. Like for h%, (1), I'm giving this quantity the superscript s to
differentiate it from the more often referred to form factors for B — D/v decays.

I briefly review the definition of the form factors here for ease of reading. The

differential decay rate for Bs — Dgfv decays are given in the SM by [3]:

dT’ G2 |V |2 m2\”

& el (g T % 7.1
m2 3m?2

(1 55 ) MBIpo P 152(6P) + o (013, — 21315

where my is the mass of the lepton, ngw is the electroweak correction [29-31],
¢* = (pB, — pp,)? is the momentum transfer, and f§(¢?), f{(q?) are the scalar
and vector form factors that parameterize the non-perturbative contribution to the

decay. The allowed range of ¢ values if the final states are on-shell is
m? S q2 S (MBS — MDS)Z. (72)

The form factors parameterize matrix elements of the electroweak current between
B, and D states, (Ds|(V — A),|Bs) where V,, = by,c is the vector component and
Ay = B’}SVMC is the axial vector component. In a pseudoscalar-to-pseudoscalar am-
plitude, only V, contributes, since (D4|A,|B;) does not satisfy the parity invariance
of QCD. The vector current in terms of form factors is given by
M3 — M?
2 Bs Ds
(DAVHB = F1a%) |, + 1y, = —2g e
2 2

MBS - MDS

+ f3(q%) 1 (7.3)

123
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Analyticity of this matrix element demands that
f3(0) = f5(0). (7.4)
Via the PCVC relation;
Qu(Ds|V¥|Hs) = (mp — me)(Ds|S|Hy) (7.5)

the form factor f; (¢?) is also directly related to the matrix element of the scalar

current S = be:
(my — me)(Ds|S|Bs) = (Mp, — Mp) f5(q?) - (7.6)

In our calculation we access the form factors by computing matrix elements of the
temporal vector current Vg and the scalar current S. The form factors can be
extracted from this combination using expressions derived from equations (7.3) and

(7.6):

my — Me

(g2 = ————(D4|5|B;g .
fo(d) M%S—M%f |S|Bs), (7.7)
s ov 1 M(D|S|By) — q¢*(Ds|Vo|Bs)

(6™ = (mp — me)(Mp, — Ep,)).

Our goal is to compute f§(¢?) and fi(qQ) throughout the range of ¢ values
0<q¢*< (Mg, — Mp,)? = ¢2,.. We extend the range to ¢> = 0 in order to take
advantage of the constraint in Eq. (7.4). To achieve this, we compute (D;|S|Hs)
and (Ds|Vp|Hs) on the lattice, where the Hg meson is at rest and Ds mesons are

given an appropriate array of spatial momenta.

7.1 Motivation

Bs — Dgfv decays can supply a new method for precisely determining the CKM
element |V4|. Determination of |V| in this way requires both a measurement of the
branching fraction and a theoretical determination of the form factors, as explained
in Sec. 2.2.2. To obtain the highest possible precision, data for both the form
factors and branching fractions are required throughout the largest possible range of
momentum transfer. Analogous approaches were already performed using B — D/fv
decays [36,37,42-44,186, 187].
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The Bs — Dgfv decay can also supply a new test of the SM, by comparing the
theoretical and experimental determinations of the ratio Rp,, defined in Eq. (2.31).
This would be especially illuminating since tension has been found in the intimately
related ratios R .). The presence or absence of an anomaly in Rp, would help to

confirm or dismiss a new physics explanation for such a family of anomalies.

The Bs; — Dgslv scalar form factor is useful in the experimental extraction of
B, — ptu~ branching fractions. Taking a ratio of the By — Dy and B — D scalar
form factors gives the so-called fragmentation ratio, the ratio of probabilities of a
b quark hadronizing into a B or B meson. In analyses such as [188], By — putu~
branching fractions are measured using B, — J/¢(uTp~)K+ and B — KTr_ as

normalization channels, in this case one requires a value for the fragmentation ratio.

Similar to the B — DE“S) case, chiral perturbation theory implies that form
factors for By — Dg and B — D decays are insensitive to the mass of the spectator
quark, implying that form factors for these two decays are approximately equal [172].
This expectation has been validated by previous lattice calculations, for example
in [189] the ratio of scalar form factors for the two decays at momentum transfer
q? = M2 was found to be f5(M2)/fo(M2) = 1.054(50), while [152] found the value
f5(M2)/ fo(M2) = 1.006(62). Hence we can expect to learn about B — D form
factors by studying Bs — Ds.

While B — D form factors are currently more phenomenologically useful, By —
D, form factors are more attractive on the lattice QCD side. The absence of valence
light (u or d) quarks means lattice QCD results have smaller statistical errors, are less
computationally expensive, have a more simple chiral extrapolation to the physical
light mass, and negligible finite volume effects. This makes the B; — Dsflv decay
a useful test bed for lattice techniques that may be later used to study B — Dlv

decays.

A number of lattice calculations of B(,) — D4 form factors have already been
performed. The FNAL/MILC collaboration produced B — D form factors on the
Ny = 2+ 1 MILC gluon ensembles using the Fermilab action for b and ¢ valence
quarks and ASQTAD light quarks [37]. They also, in an earler work, computed the
ratio of scalar form factors for By — Dy and B — D to obtain the fragmentation
ratio [189]. The HPQCD collaboration computed both B — D and B; — D; form
factors on the Ny = 2 4+ 1 MILC gluon ensembles using the NRQCD action for
the valence b, and the HISQ action for all other quarks [36,152]. Atoui et. al.

also produced Bs — D; form factors using maximally twisted Wilson quarks on
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Ny = 2 gluon ensembles [190]. A calculaton of the B, — D, form factors by the
RBC/UKQCD collaboration is currently underway [191].

A considerable limitation in the FNAL/MILC and HPQCD studies is the require-
ment for perturbative matching between the lattice effective field theories and con-
tinuum QCD. FNAL/MILC required a matching that was only available to 1-loop,
resulting in an O(a?) systematic error. In the HPQCD calculation, NRQCD-HISQ
currents were truncated, prompting them to report large systematic errors. Besides
the reported errors, as was discussed in Chapter 5, parts of the NRQCD-HISQ vec-
tor current that contribute away from zero recoil have a large magnitude (~ 30%
of the leading order). The currents used in this study did not take these large sub-
leading currents into account, so the result from this may have large uncontrolled
systematic errors.

Another limitation present in each of the aforementioned studies is that the
lattice data is limited to a region of high ¢?. To generate lattice points at lower g2,
a large spatial momentum must be given to one of the quarks on the lattice. Due
to signal/noise degradation, adding momentum leads to an exponential increase of
noise in correlation functions. Hence, in cases like B,y — Dy, lattice data close
to ¢ = 0 would be uselessly noisy. Lattice results must be limited to high ¢2. This
fact necessitates an extrapolation from the data in the high ¢? region to the rest of
the physical range. Since there has been some controversy in choices of form factor
extrapolations through ¢? recently (for example see [39,46]), it would be desirable
to instead have lattice data covering the entire ¢? range. We can in fact achieve this
with the heavy-HISQ approach. This is because in heavy-HISQ the b quarks are
lighter than physical, this shrinks the ¢? range, meaning smaller spatial momenta

are required to cover the range.

7.2 Calculation Details

7.2.1 Lattice Setup

This calculation closely followed the approach employed in our calculation of the
By — D} axial form factor at zero recoil, given in the last chapter. The main
modifications required for this calculation were 1) the form factors are not protected
by Luke’s theorem, so a more general fit form for the extrapolation in mj was
required, and 2) to cover the ¢? range we gave the charm quark a number of spatial

momentum values via a momentum twist (Sec. 4.1.3) and interpolated the results
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set  am@d  am@  am}d lapp.| T/a

2 0.0376 0.45 0.5 0, 0.056 14, 17, 20
0.65 0, 0.142, 0.201
0.8 0, 0.227, 0.323

3 0.036 0433 05 0, 0.0279 14, 17, 20
0.8 0, 0.162

4 0.0234 0274 0.427 0, 0.113, 0.161 22, 25, 28
0.525 0, 0.161, 0.244

0.65 0, 0.244, 0.338
0.8 0, 0.338, 0.438
5 00165 0.194 05 0, 0.202, 0.281 31, 36, 41

0.65 0, 0.202, 0.281, 0.382

0.8 0, 0.281, 0.382, 0.473

Table 7.1: Simulation details. Columns 2 and 3 give the s and c¢ valence quark
masses, which were tuned in [139]. Column 4 gives the bare heavy quark masses,
we use a number of heavy quark masses to assist the extrapolation to the physical
b mass. Column 5 gives the absolute value of the spatial momentum given to the
D, meson, using a momentum twist, in lattice units. These values were chosen with
the following rationale: when only 2 are used, these correspond to the ¢ = 0 and
@2, Points (except on the fine-physical ensemble, where we compute at the points
2. and ¢2../2). When 3 twists are used, the momenta correspond to ¢> = 0,
¢ = ¢2./2, and ¢, points. When 4 are used, these are points for 2., 3¢ .x/4,
Prox/2, ax/4, @@ = 0. To give the Ds meson these spatial momenta we gave the
charm an appropriate momentum twist in the (1,1,1) direction. Column 6 gives
the temporal separations between source and sink, 7', of the 3-point correlation

functions computed on each ensemble.

to all ¢°.

We used the same set of ensembles as in the By — D} study. In three of the

four ensembles (sets 2, 4 and 5), the bare light mass is set to myy/mso = 0.2. The
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fact that the mjg value is unphysically high is expected to have a small effect on the
form factors, due to the lack of valence light quarks, and previous experience of the
form factor dependence on myy [152]. The small effect due to the unphysical my
is quantified by including a fourth ensemble (set 3) with roughly physical myg, and
corrected for.

We used a number of different masses for the valence heavy quark am‘,’l%l. Un-
physically light h-quarks reduce the ¢ range, meaning we can obtain lattice data
at both ends of the range while the statistical noise remains under control, unlike
previous studies of these form factors.

As detailed in Sec. 4.1.3, staggered correlation functions are built by a combi-
nation of staggered propagators g(x,y) and staggered phases. In this calculation
we only need local (non-point-split) operators, this is an advantage since point-split
operators lead to correlation functions noisier than those using local operators.

We computed a number of correlation functions on each ensemble. Valence
masses, momenta and other inputs to the calculation are given in Table 7.1. First,
we computed 2-point correlation functions between eigenstates of momentum p,

objects of the form

Cut(p,t) =(@ar(p, )%, (p, 0)), (7.9)
Our(pt) =Y e PXq(x, )¢ (x,1),

where () represents a functional integral over all fields, g, ¢ are valence quark fields
of the flavours the M meson is charged under, and I' is the spin-taste structure of
M. We computed these for all ¢ values, i.e. 0 <t < V.

We computed correlation functions for a heavy-strange pseudoscalar, Hg, with
spin-taste structure (75 ® 7s5), at rest. In terms of staggered propagators, this takes

the form

Crr.(0,6) = > (Tx [gna w)gl(@ )] ) (7.10)

X’y
where g,(z,y) is a staggered propagator for flavour ¢, and the trace is over color.
Here g = 0 and yg = t. We also computed correlators for a charm-strange pseu-
doscalar meson Ds, with structure (v, ® 7,) and momentum p, using

Cp.(p.1) = 3 (Tr [ (2. 9)gl(x)] ) (7.11)

X7y

where gg" (x,y) denotes a propagator with momentum twist 6 correpsonding to

momentum p. We computed this using a number of twists to produce the range
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of momenta given in Table 7.1. We designed the ¢ propagators to have momentum
ap = |ap|(1,1,1), by imposing a twist § = N,|ap|/7/3 in each spatial direction.

We also computed non-goldstone pseudoscalar heavy-strange mesons at rest, de-
noted H,. These are necessary for extracting the vector current. This has spin-taste
structure (7075 ® Y05)- H s correlators were computed using

Cp,(6) = D2 (=1)™ % (Tr gn(e, w)al(w.v)] ). (7.12)
xy
where I use the notation z, =3, , 2v.

We also computed correlators for H. mesons, heavy-charmed pseudoscalars, using
the same form as the H, correlator (Eq. (7.10)). This is used to find H. decay
constants, these are useful in our continuum and my, extrapolation.

The heavy-mass extrapolation requires masses of 1, mesons, heavy-heavy pseu-
doscalars artificially forbidden to annihilate. To quantify mistuning of the charm
and strange quark masses, we also required masses for 7. and 7, mesons, identical
to mp, with h replaced ¢ and s quarks respectively. We computed correlators for each
of these at rest, using a spin-taste structure (75 ® 75), taking the same form as the
H, correlator (Eq. (7.10)).

We then computed 3-point correlation functions. We required two sets of such
correlation functions, one with a scalar and one with a temporal vector current
insertion. The first takes the form

CS(p> t, T) = Z<i)Ds (pa T) S(Yv t) (i)Hs (Oa O))? (713)

S(y,t) = cly, t)h(y,t).
In terms of the staggered formalism, both the H; source and D, sink are given
structure (75 ® 75), and the current insertion is given (1 ® 1). We generated these
with staggered propagators using
Cs(p,t,T) =Y <Tr [gh(l‘,y)gg" (y,2)gl(z, 2)} > (7.14)
X,y ,7
where we fix g = 0, yo = ¢ and 29 = T, and once again the charm propagator is
given the appropriate twist 0. We computed these for all ¢ values within 0 <¢ < T,
and 3 T values that vary between ensembles, given in Table 7.1.
To extract the temporal vector current, we required the function

CPPs(t,T) =3 (@, (p,T) Voly,t) 4 (0,0)), (7.15)
y

Vb(Ya t) = E(y’ t)’)/oh(y, t)'
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This was generated using structures (y0y5 ® Y07y5) at the H, source, (75 ®5) at the

D, sink, and (70 ® 7o) at the current insertion. To achieve this we evaluated

Fo+T 0
(Pt T) = Y (=1 (Tr | gu(w,1)g (v, 2)gl (. 2)] ) (7.16)
x7y7Z
The non-goldstone H s, as opposed to simply H,, was required here to ensure all

taste structure cancels in the fermion loop.

7.2.2 Analysis of Correlation Functions

We then extracted current matrix elements from the generated correla-
tion functions, via simultaneous Bayesian fits, as described in Sec. 4.2.1.
We performed a single simultaneous fit containing each correlator computed
(CHS,C’}AIS, Cp.,Cy,, Cy., Cp,, CH., Cs, Cy,) at every my, and every |app, |, for each
ensemble. This means that our extrapolation to the physical point can take into
account correlations between data at different heavy masses and Ds; momenta.

We chose not to perform tuning on {f.,} as was performed in the By — D}
study. This is because the fits are much larger than in the By — D} case (Bs — D}
only required data at ¢2,,,), and tuning, which would involve many serial fits, would

take a prohibitively long time. The t.yt’s we set are given in table 7.2.

set name H JEIS D, H. n, S W
2 fine 2 2 2 2 2 2 2

3 fine-physical 4 4 4 5 4 2 2
4 superfine ) ) 5 10 5 4 4

5 ultrafine 2 2 2 8 2 4 4

Table 7.2: t.yt values used for each correlator on each ensemble. S and V[ denote the
3-point correlators with the corresponding current S or Vy. The rest are for 2-point
correlators. There is one exception to the values here: on the 3-point correlators on
the ultrafine ensemble with am}’L%l = 0.8 and ¢ = 0, the t.y; given here is replaced
with 810 and 12 in the T'/a = 31,36,41 cases respectively. This is due to the
signal /noise degradation from the large Ds; momentum causing noise that makes

data close to the Hg source useless to the fit.

These simultaneous fits are very large. For example, on set 4 (ultrafine) we
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fit 109 correlation functions to 1080 fit parameters, taking all correlations in the
data into account. Both the stability (e.g. invariance under changes of arbitrary
hyperparameters such as Nexp and tey) and the speed of such simultaneous fits take
a hit when there is such a large amount of data and a large number of parameters.

The stability issue is likely due to the size of the covariance matrix for the data,
which must be inverted to estimate x2. We took two steps toward mitigating this.
The first is to impose an svd-cut. The second step we took was to employ a chained-
fitting approach (this was required on the superfine and ultrafine data only). We first
performed an array of smaller ’individual’ fits, each fitting the correlators relevant
only to one my, and one |app,| value. In the case of set 4, for example, this results in
11 separate fits. Then, a full simultaneous fit of all of the correlators was carried out,
with priors set to the results of the smaller fits. To be conservative we multiplied
these priors by 1+ 1.5, i.e., the priors end up with over 150% variance. This both
speeds up the full fit and improves the stability of the results. We tested the validity
of the results by varying the additional fractional error between 100% and 200%,
this caused negligible changes in the results. Since we did not need to take this
measure on the fine ensemble, we performed both a standard simultaneous fit and
chained fits of this type as a check for the chained fits. Tests 8, 9 and 10 on Fig.
7.1 show the results of these chained fits in comparison to the more traditional fit.

The priors for the ‘traditional’ fits to fine and fine-physical (sets 2 and 3) data,
and individual chained superfine and ultrafine (sets 4 and 5) fits, were set up as
follows. We set Gaussian priors for the parameters .Jj;, and log-normal priors for
all other parameters. Using log-normal distributions forbids ground state energies
Eé\/[ , excited energy differences EM —E,]l\{ 1, and amplitudes a from both becoming
negative and moving arbitrarily close to zero, improving the stability of the fit. The

priors we chose are summarized below.

M,
log EO 0) — /‘Llog(E(])w) + (Ulog(Eé\l) X ].5),

_fM (0)

[ i—1

) = log(QQAQCD + QAQCD) , 1> 0,

log(aM°) = —3.0(2.0) , i > 0,
Jir = 0 £ 1 except for Jgg' =1+£0.5 (7.17)
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Figure 7.1: Tests on the correlator fits on the fine ensemble. Nyt = 1 gives the
final accepted result. Niest = 2 and 3 gives the results of setting Nexp, = 4 and
6 respectively. Niogt = 4 gives the results when all priors are given a standard
deviation one and a half times the size of the final fit. Nyt = 5 gives the result of
setting teyy = 4 rather than 2 for all correlators. Niest = 6 gives the result without
marginalising out the n = 5 excited state. Niest = 7 gives the result of moving
the svd cut from 1072 to 1072, Niest = 8,9, 10 gives the result of using a chained
fit described above with priors for the full correlated fit given additional fractional
errors of 100%, 150% and 200% respectively.
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Priors for ground state energies log(F2!) and amplitudes log(aj!) are set accord-
ing to an empirical-Bayes approach, plots of effective energies and amplitudes of the
correlation functions are inspected to deduce reasonable priors. The ground-state
oscillating parameters log(aé\/[’o), log(EéV[’o), are given the same priors as the non-
oscillating states, with errors inflated by 50%. The resulting priors always have a
standard deviation of at least 10 times that of the final result. The log of oscillating
and non-oscillating excited state energies, log(EZ-M () _ Ej\i[ ’1(0)), ¢ > 0 are given prior
values of log(2Aqcp £ Aqep). We set Agep = 0.5GeV. The excited state amplitudes
log(a),i > 0 are given priors of —1.943.3 for non-oscillating states, and —3.042.0
for oscillating states. The ground-state non-oscillating to non-oscillating 3-point
parameter, Jgy;' is given a prior of 1 0.5, and the rest of the 3-point parameters

J’.‘k” are given 0 % 1.
The current matrix elements we require can be extracted from the fit parameters

via

(Ds|J|Hs) oy = 2¢/ My, Ep, Jg'- (7.18)

7.2.3 Vector Current Renormalization

In HISQ, the local scalar current (1®1) (multiplied by the mass difference of flavours
it is charged under) requires no renormalization due to its connection to the partially
conserved vector current through the PCVC relation. This is not the case for the
local temporal vector current (79 ® o). The partially conserved vector current is
a complicated linear combination of many local and point-split lattice currents. In
this calculation we use only the local part of the vector current, this improves the
statistics of our results but creates the need for the resulting current matrix element
to be multiplied by a matching factor Zy to produce the appropriate continuum
current. We found Zy via a fully non-perturbative method [192].

When both meson states in the matrix elements are at rest (the zero recoil point),

the scalar and local vector matrix elements are related via the PCVC relation:
(Mp, — Mp,) Zv (Ds|[Vo  Ho) hat (Gmax) = (3 — m@) (Ds| S| Ho) hat (qmax)- (7-19)

Zy can be extracted from this relation since the matrix elements are already com-
puted as part of the calculation. Our calculation is self-renormalizing, in the sense
that the normalization can be found at no extra computational cost. The Zy values

found on each ensemble and am}’l%l are given in Table 7.3.
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Figure 7.2: Superaveraged effective energies (given by Eq. (6.14)) and amplitudes

(given by Eq. (6.15)) for a selection of 2-point correlators on the fine ensemble. The

grey bands show the corresponding results for these quantities from the simultaneous

Bayesian fits. These plots supply a further check of our correlator fits - results of

the Bayesian fits are in good agreement with the effective energies and amplitudes.

We also removed tree-level mass-dependent discretization effects using a normal-

ization constant Zgis. defined in Eq. (6.17).

Combining these normalizations with the lattice current from the correlation

function fits, we found values for the form factors at a given heavy mass, lattice

spacing, and 7>

s
0

fid®) =

(¢*) =

WL;IL%)1 — mvgl 2

= 312, — aag, e DalSH ()
Zdisc

- 2
2My, X (7.20)

M (Dy|S|Bs)at (4%) — 4> Zv {Ds|Vo| Bs) 1at (¢°)

2
PDp,

I have here explicitly denoted the dependence of the matrix elements on ¢° as a
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Figure 7.3: Cs(t,T)/CMs (t)CPs (T — t), which should plateau at Ji', in the fine
ensemble for the J = .5 and J = Vj cases. The grey bands show the corresponding
results for these quantities from the simultaneous Bayesian fits. Unfortunately, in
the V| case the oscillating component dominates the correlation function, preventing

any plateau from being visible.

reminder that the matrix elements have ¢? dependence via the Dy momentum.

7.2.4 Extrapolation to the Physical Point

I will now address the extrapolation of the f5(¢?) and f$(¢?) values to continuum,
physical quark masses and arbitrary ¢?>. We took two complementary approaches to
the extrapolation.
One we refer to as the ratio approach, in which one extrapolates the quantity
s o §,+(q2)

Ry 4 (¢°) = m (7.21)
to the physical point. Discretisation effects appear to cancel to a large extent in
this ratio, resulting in a better controlled continuum extrapolation. The value at
the physical point is then multiplied by fg, \/Mch to isolate the form factors, where
we find fp, via a separate extrapolation (detailed in Sec. 6.3.4), and take the PDG
value for Mp, [3]. While this approach improves the continuum extrapolation, it
has the downside of introducing errors from scale-setting on account of Rf +(q2)

being dimensionful quantities (as opposed to fg , (¢?) which are dimensionless).
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Set am}?! Zy Zdisc
2 05 10151(32) 0.99819
0.65  1.0240(37) 0.99635
0.8  1.0368(49) 0.99305
3 0.5 1.0134(24) 0.99829
0.8  1.0348(29) 0.99315
4 0427 1.0027(25) 0.99931
0.525 1.0059(29) 0.99859
0.65 1.0108(37) 0.99697
0.8  1.0197(49) 0.99367
) 0.5 1.0037(40)  0.99889
0.65 1.0087(46) 0.99704
0.8  1.0160(53) 0.99375

Table 7.3: Normalization constants applied to the lattice axial vector current in
(7.20). Zy is found from (7.19) and Zgis from (6.17).
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In the other method, that we refer to as the direct approach, one simply ex-
trapolates the form factors to the physical point. The form factors by themselves
have larger discretisation effects than R+ (¢?), but since f(i . are dimensionless, the
results are completely insensitive to scale-setting uncertainty.

We use identical fit functions for both approaches. In the below discussion, we
use the notation F§7+(q2) to denote either f§7+(q2) or R8,+(q2), depending on the
approach being applied.

Kinematic Behaviour

Our fit form for the extrapolation is a modified version of the Bourrely-Caprini-

Lellouch (BCL) parameterization for pseudoscalar—pseudoscalar form factors [193]:

1
F5(q)lae = P Z anz"(q%), (7.22)
o M2, n=0
5.2 1 = + (. ng. 2 n n—N_N/ 2
P = — Y ai (M(6) = 5 (-1 V=N ()
o M2, n=0

The functon z(¢?) maps ¢ to a small region inside the unit circle on the complex

plane, defined by

N
2g?) = Y212 Y (7.23)
Vitr — @+t —to

where t; = (Mg, + Mp,)?, and we chose ty to be typ = 0. This ¢y choice means
that at ¢° = 0 the fit functions simplify to F5 . (0) = a8’+. Throughout the physical
range of ¢2, z is restricted to the range 0 < z < 0.06, resulting in a fast converging
series in powers of z. We truncate at N = 3, adding further orders of 2™ does not
affect the results of the fit.

The factors in front of the sums in the BCL parameterization account for sub-
threshold poles in the form factors due to the production of on-shell H,y and H}
states in the crossed channel of the semileptonic decay.

To estimate My, the scalar heavy-charm meson mass, at each of the heavy
masses we used, we leveraged the fact that the splitting Ay = My, — My, is due
to an orbital excitation and therefore independent of the heavy quark mass. This
has been calculated in [194] to be Ay = 0.429(13)GeV. Combined with an H, mass

from our correlators, we can construct the H.o mass: My, = Mg, + A¢. We did
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not take the error on A into account in the fit since the precise position of the pole
has a small effect on the fit results.

To estimate My, the vector heavy-charm mass, we use the fact that the splitting
Mps — My, vanishes in the infinite heavy mass limit. My then takes the approxi-
mate form My ~ My, +O (1/my). To reproduce this behaviour we use the ansatz
Mpy: = My, + x/M,,, and fix = at the physical point to find z = 0.508GeV2. To
do this we used the result Mpx — Mp, = 54(3) MeV from [194].

Heavy Mass and Discretisation Effects

To account for variation in heavy mass and discretisation effects in a general way,

we gave the following form to each of the a>™ coefficients:

M,
a%"" — <1+p%+10g <MT]C>> X
Mh
2,2,2 ; 2
Z 40t 2Aqcep '’ ameL%I ’ abp, 2
ijkn M. T T
i,j,k=0 i

% (14 Mifuningan) (7.24)

mistuning,n

To understand this form, focus first on the sum. Powers of (2Aqcp/M,,) give an
HQET inspired way of quantifying the variation in the results due to the changing
heavy mass. M,, varies strongly and monotonically with the heavy quark mass, so
acts as a suitable proxy. Aqcp is the confinement scale, which we set to 0.5GeV.

The two scales expected to be the largest sources of discretisation effects are the
heavy mass am‘/%l, and the energy in the Dg; meson, aEp,, especially when it is
given a large spatial momentum. Adding further, smaller scales, like aAgcp, had
no effect on the results.

The coefficients d?]zn are fit parameters given prior distributions of 0 + 2. In the
ratio case, these carry mass dimension GeV—3/2, hence this prior corresponds to a
prior of 0 + (2Aqep) /2.

To account for any required matching between HQET and QCD, we included a
log term in front of the sum. ,09{+ are fit parameters with prior distribution 0 % 1.

The fact that £5(0) = f5(0) (= a = af) is a very powerful constraint within
the heavy-HISQ approach. Since this must be true at all my, this translates to
constraints in the fit parameters: df,, = d%go Vi and pf = p§. We imposed these
constraints in the fit, which serve to stablize the extrapolation in the heavy mass

direction.
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Mass Mistunings

We dealt with possible mistuning in the ¢, s and [ masses in the same way as in the

By — D7 study. We included the terms Nr?fi;uning,n in each ay™ coefficient, given
by
cval 6val RS ) o 5[ M. — Mphys
Nmistuning,n e 1 Sﬁmsed d + 08’2_ 77c—h77r s (725)
Om} : MPME

(val)

0.t O+ 0:F are fit parameters with prior distributions 0+ 1. ;" are

where Cln » Cs and c,;

defined in Sec. 6.2.4 and m!""*? is defined in Eq. (6.26).
All higher order contributions, like 5§Vlal) % or (M, — ME™®)2 are too small to be

resolved by our lattice data, so are not included in the fit.

Negligible Effects

Finite volume effects are negligible in our calculation, we do not include any as-
sociated error. Finite volume corrections to the B — D/{v form factors in chiral
perturbation theory were calculated in [172]. They found the B — D{v form factor
at zero recoil, with a lattice size of L = 2.5fm, and pion mass equal to or greater than
physical, never exceeded 10~%. There is no reason to believe changing the spectator
quark from light to strange, and moving away from zero recoil, will increase this
effect.

In our simulation we set m, = mg = m;, this means our results do not account
for isospin breaking. By moving the m}uned value up and down by the PDG value for

mg — My, we tested for any signs of isospin breaking having an effect on the results.

The resulting effect was negligible in comparison to all other sources of error.

Since we take the physical result at M,, = M,,, the uncertainty in M,, will
contribute an uncertainty in the final result. We used the PDG result for M,, [3].
However, b—b annihilation and electroweak corrections make this somewhat different
to the appropriate value on the lattice. We estimated the corresponding uncertainty
in M,, to be no greater than £10MeV. To see how this changes the result of the
extrapolation, we varied M,, up and down by 10MeV and studied how our result
at fo(q2,.) changes. The change is never greater than 10~%, which is negligible in

comparison to the other errors.
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7.3 Results

Tables 7.9 and 7.10 in Sec. 7.6 give numerical values for the form factors, the ratios
Ry, +(c]2), and parameters extracted from the correlation function fits required for
the extrapolations to the physical point.

I will first show results from the ratio method, then the direct method. In both
cases, we performed a simpler fit at zero recoil first, then a larger fit taking into
account all data throughout ¢?. In each case, our results are statistics dominated.

The results from the two methods are in good agreement.

7.3.1 Ratio Method

Zero Recoil

—_
at
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Figure 7.4: R(q2.x) = [5(02ax)/(fH./Mp,) against M,, (a proxy for the heavy
quark mass). The grey band shows the result of the extrapolation at ¢ = 0 and
physical l,s and ¢ masses. Sets listed in the legend follow the order of sets in table
4.1.

We performed an isolated extrapolation of R$(q2,.) to the physical point. To
do this we used a simplified fit form for R§(q2,,) consisting of the right hand side
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of (7.24),with the index n discarded. We find

S( 42
S5 max) 0.843(18)GeV /2 (7.26)

fB.A/MB,

The extrapolation against M, is illustrated in Fig. 7.4. As can be seen here, data

R§(qhax) =

for this ratio has a very weak dependence on the lattice spacing. The error budget

for this result is given in Table 7.4.

Source % Fractional Error
Scale Setting 1.35
Statistics 1.07
a—0 0.16
mp — My, 0.87
mistuning 0.72
Total 2.16

Table 7.4: Error budget for R§(¢2,,). The value for scale setting is given by the
partial standard deviation of R§(q2,.) with respect to wg and wp/a. The value
for statistics is given by the partial standard deviation of R§(g2,x) With respect to
the lattice data (with scale setting error subtracted in quadrature). The value for
a — 0 is the partial standard deviation of R(g2,.) with respect to priors of the
fit parameters dgjk for i + j # 0. Similarly for my — my, the value is the partial
standard deviation with respect to priors of dgjk for k # 0. The mistuning value

comes from priors of parameters in Nmistuning.

We performed a number of tests on this zero recoil extrapolation to test the

stability of our fit form, results are given in Fig. 7.5.

Non-zero Recoil

Fig. 7.6 shows the result of the full extrapolation of Rj | (¢?) throughout the ¢? range
described in Sec. 7.2.4. As the heavy mass increases, the ¢2 range, 0 < (My,—Mp,)?
expands.

To isolate the form factors, the resulting functions Rj +(q2) were multiplied by
\/Mgp, (using the PDG value) and fp, from our determination detailed in Sec. 6.3.4.
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Final Result —a—
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Figure 7.5: Results of tests of the R{(

points show R§(q2,,) at continuum and physical quark mass, if data from the fine,

@2.) extrapolation. The top three blue
superfine or ultrafine ensembles are not used in the fit. The fourth and fifth blue
points show the result if data at the highest/lowest amz%l value on each ensemble
are removed. The point labelled Ny; = 3 is the result of extending the sum in
(7.24) such that it truncates at 3 rather than 2 in each of the i, j, k directions. The
point labelled +log(M,, /M,,)? represents the result of adding a p2 nlog(M,, /M,,)*
term in the first set of brackets in (7.24), where ps ,, are new fit parameters with
the same prior distributions as p,. Similarly +log(M,, /M, )/M,, shows the result
of adding this term multiplied by p2 ,. The lowest point shows the result of our
direct extrapolation of f5(g2,x) to the physical point, divided by the PDG value for
\/Migc [3] and the result of our extrapolation of fp_ to the physical point detailed
in Sec. 6.3.4.

The resulting form factors are shown in Fig. 7.12, against the form factors found

via the direct method.
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Figure 7.6: R87+(q2) = fg’+(q2)/(fHC\/MHC) against ¢>. The grey band shows the
result of the extrapolation at a = 0 and physical quark masses. Sets listed in the

legend follow the order of sets in table 4.1.

7.3.2 Direct Method
Zero Recoil

We performed an isolated extrapolation of f§(q2,.) to the physical point. Once
again, this was performed using a fit function for f§(g2,.) consisting of the right

hand side of Eq. (7.24) with the index n discarded. We find
Fi (@) = 0.899(13) (7.27)

The extrapolation against M,, is shown in Fig. 7.7. The error budget for this result
is given in Table 7.5.

We include in Fig. 7.7 a previous lattice determination of this quantity [152],
shown as a red triangle. Our two studies, containing largely independent systematic
uncertainties, are in agreement. The previous study used the Ny = 2 + 1 MILC
gluon ensembles, with HISQ s and ¢ valence quarks, and an NRQCD b quark.
Using NRQCD meant they could perform their simulation directly at the physical

b mass. However, the matching of lattice NRQCD to continuum QCD causes their

12
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Figure 7.7: f5(g2ax) against M,, (a proxy for the heavy quark mass). The grey
band shows the result of the extrapolation at a = 0 and physical quark masses. We
also include the result from a previous lattice calculation, which used the NRQCD
discretisation for the b quark [152]. Sets listed in the legend follow the order of sets
in Table 4.1.

Source % Fractional Error
Statistics 1.04
mp — My, 0.75

a—0 0.27
mistuning 0.40

Total 1.42

Table 7.5: Error budget for f;(g2,) found via the direct method. These values are
determined in the same way as for R§(q2,y), described in the caption of Table 7.4.
No scale setting error is listed since this is less than 0.01% on account of f§(¢2.x)

being dimensionless.
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dominant error.
As when using the ratio method, we performed a number of tests on this extrap-

olation at zero recoil, and present results in Fig. 7.8.

Non-Zero Recoil

Fig. 7.9 shows the result of the full extrapolation of the ratio throughout the ¢
range described in Sec. 7.2.4.

Fig. 7.10 shows the resulting form factors from the direct approach. In Fig. 7.11
we give an associated error budget for these throughout ¢?. Statistical errors in fi
grow in the ¢? — ¢2,. region due to the 'fine tuning’ effect discussed in Sec. 5.3.5.
The effect is not as severe as in the NRQCD case since the lattice data we obtain
for f%(g?®) is much further away from the ¢2,,. point.

We take the results from the direct method as our final result, and supply the
ratio method results as a consistency test, since the product of the direct method is
more precise. Fig. 7.12 shows the form factors resulting from the two methods on
top of each other. As one can see from this plot, the results are in good agreement
for all physical ¢ values.

In Figure 7.13, we show our final results (direct approach) against lattice form
factors determined from the NRQCD calculation mentioned in Sec. 7.3.2 [152]. Our
results are in excellent agreement with the NRQCD calculation, and are more precise
for both f§(¢?) and fj(qQ) throughout all ¢2.
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Final Result —S—

fine removed : o
superfine removed —a—
ultrafine removed +———O——

highest amy,s removed ——
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Ny =3 — 88—
+log(M,, /M, )? — o
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Figure 7.8: Results of tests of the f3(g2.y) extrapolation. The top three blue points
show fé(qfnax) at continuum and physical quark mags, if data from the fine, superfine
or ultrafine ensembles are not used in the fit. The fourth and fifth blue points show
the result if data at the highest/lowest am;’l%l value on each ensemble are removed.
The point labelled Ng;; = 3 is the result of extending the sum in (7.24) such that
it truncates at 3 rather than 2 in each of the ¢, j, k directions. The point labelled
+log(M,, /My,.)? represents the result of adding a polog(M,, /M, )? term in the
first set of brackets in (7.24), where pa ,, are new fit parameters with the same prior
distributions as p,. Similarly, the point labelled +log(M,, /M, )/M,, gives the
result of adding this term multiplied by p2 ,. The lowest point shows the result
from the extrapolation of R§(¢2,,), multiplied by the PDG value for /Mp, [3] and

c

the result of our extrapolation of fp, to the physical point detailed Sec. 6.3.4.
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Figure 7.9: f§ (¢?) against ¢?. The grey band shows the result of the extrapolation
at a = 0 and physical quark masses. Sets listed in the legend follow the order of
sets in Table 4.1.
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Figure 7.10: Final result for f§ (¢?) against ¢? at the physical point .
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Figure 7.11: Error budget for fg +(¢%) against ¢* . Values are determined via ap-

proach explained in the caption of Table 7.4.
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- -+ NRQCD [1703.00728]

this work
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Figure 7.13: Our final result for fj Jr(qz) against form factors calculated from a
previous study using the NRQCD action for the b quark [152]. The darker shaded
region of the NRQCD band shows where lattice data was avaliable in that study,
the rest of the band shows the result of an extrapolation in ¢? using the BCL

parameterization.
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7.3.3 Unitarity Test

Unitarity and crossing symmetry impose bounds on the coefficients of the BCL
parameterization of f§,+(q2), {an} [195,196]. As another consistency test, we show
here that the coefficients found in our fit satisfy these bounds.

To obtain bounds on the BCL coefficients, one must relate them to those of a

different parameterization, that of Boyd, Grinstein and Lebed (BGL) [48]:

5(q%) = _ i bn2". (7.28)
B(2)¢(2) "

n>0
B(z) is known as the Blashke factor:

B(z)= 1", (7.29)

1— zz,

where z, = 2(M3,) for f§, or z2(M3.) for f5. ¢(z) is the outer function:

¢(2) = My 27"\ /kny U (14 2)
B

s

M M
X [(l—z) (1—|— M?) +2 MZS(1+2)

—s—p

(7.30)

In the f§ case, K = 127TM%SXA, p = 1,5 = 3. In the f? case, kK = GWM%SXV,
p = 3,5 = 2. The quantities xy,4 are the once-subtracted dispersion relations at
q®> = 0 for vector and axial b — c¢ currents respectively, computed in [48] to be
xv =5.7x1073/m? and x4 = 9.6 x 1073 /m2.

The BGL coefficients, {b,}, obey the unitarity constaint

S bmlP <1 (7.31)
m=0

by construction of the parameterization. To see how this applies to the BCL coef-
ficients {a,}, one must relate them to {b,,} by equating the two parameterizations
to find

M N
Z b 2™ = 1(z) Z anz", (7.32)
m=0

n=0
where 9(z) is given by

Mgole ( )(1 —2)%(1 — 2,)? (7.33)

S Ay 1— 2202
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where Mpole = Mpo in the f§ case and Mp: in the f case. Expanding ¢(z) around
z = 0, comparing coefficients of z in (7.32), and imposing the constraint (7.31), we

arrive at a constraint for the BCL coefficients

L,L
B= Y Bjajap <1, (7.34)
7,k=0
Bjr = Z MM+ |5—k| - (7.35)
n=0

where {1, } are the taylor coefficients of 1)(z).

¥ (z) is bounded on the closed disk |z| < 1, so its Taylor coefficients are rapidly
decreasing. We computed values for Bj; by truncating the sum in its definition
(7.35) at 100. These values are given in Table 7.6. With these Bjj values, and the

ay, coefficients at the physical point from our fit (via the direct method), we find

By = 0.0008(15) ,
B, = 0.0204(66) .

These comfortably satisfy the unitarity bound. Additionally, as discussed in [197],
the leading contributions to By 4 are of order (Agep/mp)® ~ 1073 in HQET. This

expectation is approximately fulfilled by our result.

B()o BOl B02

f§ 0.00186 -0.000258 -0.000703
fi0.00179 -0.000367  0.00108

Table 7.6: Numerical values for Bj, appearing in the unitarity bound for BCL
coefficients, defined in (7.35), for the f; and f7 cases. The rest of the elements can

be obtained from these using the properties Bjj ) = Box and Bji = By;.

7.3.4 Rp,

Using our calculated form factors fg | (¢?), we can produce a new prediction for the

quantity

p _ BB = Dirvr)
D = B(B, = Dyty)

(7.36)
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where | = e or p (the ambiguity between e and p is negligable in comparison to
the current precision on Rp,). As mentioned in the introduction, the analagous
quantities Rp and Rp+ are in tension between SM prediction and experimental
measurement. There is, at time of writing, no published measurement of Rp,,
providing an opportunity for lattice QCD to give a clear prediction of the value of
Rp, expected by the SM.

Armed with form factors from a lattice QCD calculation, one can immediately
produce an Rp, determination by taking the ratio of SM branching fractions (7.2)
between the | = 7 and | = u, e cases. |Vy| and ngw cancel in the ratio.

A lattice prediction has already been made in [152] of Rp,|sm = 0.301(6). We

here report a new prediction:
RDS ’SM = 0-2985(43>stat(27)sys~ (737)

To arrive at this prediction we averaged over the | = e and | = u cases. We give an
error budget for this result in terms of errors from our lattice calculation in table
7.7. As a check we also compute Rp, using form factors from resulting from the
ratio method tofind Rp_|sm = 0.2999(58).

Source % Fractional Error
Statistics 1.27
Kinematic Interpolation 0.85
mp — My, 0.74
a—0 0.06
Quark Mass Mistuning 0.02
Total 1.70

Table 7.7: Error budget for Rp,_|sm. Values are determined via approach explained
in the caption of Table 7.4.

7.4 Conclusions

We have produced a fully non-perturbative lattice QCD prediction of the scalar and

vector form factors for the By — Dyfv decay throughout the entire ¢? range (Fig.
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7.10, see Sec. 7.5 to reconstruct), and a value for Rp, (Eq. (7.37)). Our results
are statistics dominated. In this calculation we used correlation functions from 3
lattice spacings, including an ensemble with an approximately physical light quark
mass, and learned the b-mass dependence of the form factors by obtaining data at
12 different heavy quark masses.

Our results supply an independent check on the NRQCD formalism for computing
pseudoscalar—pseudoscalar form factors. Our results validate the g?-extrapolation
from high ¢? lattice data used in the NRQCD case since our formalism produced
lattice data throughout all ¢>. We have also shown that the systematic error assigned
to the NRQCD results to account for perturbative matching and truncation of the
1/m series in the NRQCD-HISQ current is sufficient. Our results are however more
precise and do not rely on the agssumptions implicit in the NRQCD formalism.

Our calculation has shown that a heavy-HISQ determination of the B — D/lv
form factors is very plausible. Such a calculation could use an essentially identical
process as given here, with the strange valence quark simply replaced with a light
one. Perhaps correlation functions from additional ensembles with smaller light
quark masses would be necessary to resolve the dependence of the form factors on
the light mass. Also, more statistics would likely be necessary, since the presence of
a light valence quark increases the noise in the lattice data, and statistics is already

the dominant uncertainty in this calculation.

7.5 Reconstructing Form Factors

This section gives the necessary information to reproduce the functional form of the
form factors through ¢? reproduced in this work. We here express the form factors

in terms of the BCL parameterization [193]:

2
(@) = — > (), (7.38)

1- M2 n=0
BY

F) = — S af (M) - S -)E)

1- Wz, n=0
where the function z(q?) is defined by defined by

(2 V- Vi
(q)_\/Wh/ﬂ’ (7.39)
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and t. = (Mp, + Mp,)? (one should take the PDG 2018 values for these masses).
For the position of the poles, one can use Mpo = 6.70390(80)GeV and Mp: =
6.28030(80)GeV. The coefficients ay ' found from our fit, along with their covariance,

is given in table 7.8.

ad al al ag ay ag
0.66097 -0.26421 -0.26158 0.66097 -3.17196 0.10935
0.00016  0.00217  0.00125 0.00016 0.00014  0.00001
0.06838  0.18373  0.00217 0.01578 -0.00031
3.47982 0.00125 0.18432 -0.00606

0.00016 0.00014  0.00001

0.27937  0.09825

4.06414

Table 7.8: Our results for z-coefficients in the BCL parameterization (7.38). The
first row gives mean values, and the rest of the table gives the covarance matrix

associated with these parameters.

7.6 Numerical Values for Lattice Results

In this section we give two tables, consisting of all numerical results for form factors,
ratios R | (¢?), masses, energies and decay constants required for the extrapolations
performed to the physical point. Table 7.9 gives results results relevant to all ¢°

values, while 7.10 gives results that vary over ¢2.
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Set amyy  ¢*[GeV?] aEp, 5(a°) f1(@®)  Ro(¢)[GeV=32] Ry (g%)[Gev—3/2]
2 05 0016  0.90222(10) 1.0013(15) 1.410(12)
0.000  0.90391(11) 1.0001(15) 1.0001(15) 1.409(12) 1.409(12)
0.65 0234  0.90222(10) 1.0044(16) 1.269(11)
0.118  0.91315(12) 0.9968(16) 1.0031(61) 1.260(11) 1.268(13)
0.003  0.92407(14) 0.9893(17) 0.9895(17) 1.250(11) 1.250(11)
0.8  0.678  0.90222(10) 1.0096(18) 1.162(10)
0.342  0.93000(15) 0.9904(20) 1.0069(88) 1.1397(99) 1.159(14)
0.008  0.95766(25) 0.9721(24) 0.9725(24) 1.1186(99) 1.1190(99)
3 05 0030 0.87715(11) 1.0004(15) 1.369(11)
0.026  0.87759(11) 1.0001(15) 1.002(19) 1.369(11) 1.371(28)
0.8 0801  0.87715(11) 1.0054(18) 1.1258(91)
0.613  0.89178(15) 0.9948(22) 1.030(18) 1.1139(91) 1.154(22)
40427 0371  0.59150(11) 0.9938(20) 1.250(11)
0.188  0.60215(14) 0.9802(23) 0.9932(52) 1.233(11) 1.249(12)
0.006  0.61276(17) 0.9682(24) 0.9686(25) 1.217(11) 1.218(11)
0525  0.953  0.59150(11) 0.9866(23) 1.151(10)
0.536  0.61276(17) 0.9603(28) 0.9902(76) 1.120(10) 1.155(13)
0.012  0.63940(30) 0.9313(33) 0.9319(33) 1.086(10) 1.087(10)
0.65  2.032  0.59150(11) 0.9768(31) 1.0523(95)
0.948  0.63940(30) 0.9208(41) 0.9609(88)  0.9920(95) 1.035(13)
0.008  0.68092(55) 0.8786(45) 0.8788(45)  0.9465(94) 0.9468(94)
08 3765  0.59150(11) 0.9677(41) 0.9611(91)
1434  0.68092(55) 0.8673(57) 0.9052(94)  0.8614(93) 0.899(12)
0.055  0.7381(13) 0.8203(87) 0.8192(86) 0.815(11) 0.814(11)

Table 7.10: Parameters extracted from correlation function fits at varying ¢? points (from the fine and fine-physical ensembles, sets

2 and 3). \myrsmv are extracted via (7.18) and (7.20), and mm#va is defined in (7.21).
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CHAPTER 8

Conclusions

In this work, we produced the first published results of applying the heavy-HISQ ap-
proach to semileptonic form factors. We found a new determination of k% (1), twice

as accurate as the previous result and containing considerably fewer assumptions -
FB=DPE(1) = b3 (1) = 0.9020(96)stat (90)sys - (8.1)

Future experimental data may be combined with this result to produce a new de-
termination of |Vg|.

We found By — Dglv form factors using heavy-HISQ, also improving on the
precision in comparison to previous lattice results. For the first time, we were able
to obtain lattice data spanning the entire ¢? range, due to the properties of the

heavy-HISQ method. From these form factors, we found
Rp,|sm = 0.2985(43)stat (27)sys- (8.2)

which can be combined with future experimental data to provide a new test of the
Standard Model, namely a new probe into the possibility of lepton flavour violation.

Besides the successes from the heavy-HISQ approach, I have discovered some
problems with using NRQCD-HISQ currents to compute semileptonic b — ¢ transi-
tions on the lattice. Namely, it was discovered that the expansion of NRQCD-HISQ
currents do not converge very fast. O (1/m;) and possibly O (1/m}) terms are im-
portant for the dispersion relation of heavy-light mesons. So-called negligible pieces

of the spacial vector current have large magnitudes:
V@~ v <035 x VO (8.3)

I attempted some approaches to non-perturbatively renormalizing the NRQCD-
HISQ currents in order to account for these issues, with limited success.
Heavy-HISQ calculations are more computationally costly than their equivalent
calculations using NRQCD for the b. Taking into account the need for finer lattices
and multiple data with different my values, heavy-HISQ costs something of the

159
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order of 20 times more than NRQCD. However, the cost in human time of NRQCD,
via perturbative matching calculations and larger and less stable correlator fits, is
clearly larger than for heavy-HISQ. Also, heavy-HISQ does not contain assumptions
of negligible subleading terms in the relativistic expansion or validity of perturbation
theory via the matching.

The dominant uncertainty in our heavy-HISQ results are statistical. Future cal-
culations with this approach must increase the statistics of lattice data to improve
on the results presented here. This means gaining data on more gauge configura-
tions, and with more choices of source timeslice £3. This will simply require more
computational resources to achieve.

These two resuls from heavy-HISQ) are in strong agreement with all other re-
cent lattice determinations of these form factors and the analogous B — D*fv and
B — D/v form factors. Other lattice determinations use very different methodolo-
gies to the work presented here, compare for example our h% (1) calculation to the
Fermilab/MILC calculation of h4,(1). That calculation used different gauge ensem-
bles (Ny = 2+ 1 MILC), a different action for the b and ¢ quarks (Fermilab action),
a different approach to analyzing correlation functions (double-ratio approach), a
different normalization of currents (perturbative normalization), and different con-
tinuum and light mass extrapolation. The combination of consistent results from
independent studies makes the overall contribution of lattice QCD to b — ¢ form
factors extremely robust.

Further contributions from lattice QCD are necessary in b — c¢ transitions. The
current precision on |V3| is limited in roughly equal part by theoretical and experi-
mental errors, so more precision on b — ¢ form factors is needed to more precisely
determine |V3|, and understand the source of the tension in its exclusive/inclusive
determinations. The SM predictions of R(DE:)) ) are currently much more precise
than the experimental measurements, however more independent SM calculations

of these ratios are necessary to ensure no errors are being underestimated.
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