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Abstract

During the last few decades, Hopf algebras have become a topic of great interest in
mathematics, especially after the discovery in the 1980s of the examples now known
as “quantum groups” by Drinfeld [30]. Since then Hopf algebras have been found to
be quite relevant in many areas, such as mathematical physics, integrable systems,
quantum computation as well as algebraic geometry, number theory and other areas of
mathematics.

Throughout my PhD I have thoroughly studied Hopf algebras and the research my
supervisor Professor Ken Brown and I have carried out focused mostly on a particular
class of Hopf algebras we named commutative-by-finite. These are Hopf algebras H that
are finitely generated modules over some Hopf subalgebra A which is both commutative
and normal. Here normality is a generalization of the notion of a normal subgroup in
group theory.

As the title suggests, the theme and purpose of this thesis is twofold.

First, we intend to study the properties and structure of commutative-by-finite Hopf
algebras. More specifically, we investigate their homological properties, their prime-
ness and semiprimeness, their representation theory, as well as many other structural
features of these Hopf algebras. We also provide a variety of examples, among them
being the well-known quantum groups whose parameter is a root of unit.

Second, we aim to understand the duals of these Hopf algebras. The dual of a
Hopf algebra H is, as in the analytic sense, the set of k-linear functionals H — k,
where k is the base field. We research decompositions of the dual of commutative-by-
finite Hopf algebras, breaking it down into “easier pieces” to compute. And the dual of
commutative Hopf algebras, which nowadays is completely understood, motivates the
study of two Hopf subalgebras of the dual of commutative-by-finite Hopf algebras.

The study of these Hopf algebras, and in particular their duals, allows one to tackle
important open questions, in particular regarding their antipode and their Drinfeld
double. This is left in the form of conjectures and questions at the end of the thesis

for possibly future work.
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Introduction

In algebra there has been over the past decades an increase in the research of Hopf
algebras. These are algebras that possess a lot more extra structure than the basic ring
and vector space structures, and their most widely known examples are the quantum
groups.

This thesis concerns the study of a particular class of Hopf algebras we designated
commutative-by-finite. These are Hopf algebras H that are finitely generated modules
over some Hopf subalgebra A which is both commutative and normal; here normal
should be thought of as a generalization of the notion of a normal subgroup into the
Hopf setting.

We start in chapter 1 by providing an overview of basic definitions, notation, prop-
erties, results and examples one should be familiar with and bear in mind throughout
the rest of the thesis. Most of these are Hopf algebra related and we give particular
emphasis to the notion of a Hopf algebra and to the concept of Hopf dual, both of
which are essential for understanding this dissertation.

Then, we move on to the study of commutative-by-finite Hopf algebras, the central
focus of this thesis. These turn out to have many nice properties and in chapter 2 we
answer, among others, the following questions: how big are their centres, that is are
they finitely generated modules over their centres? How nice is the algebra extension
A C H? Is it flat, projective or even free? What other homological properties do these
Hopf algebras possess? For example, are they regular?

Moreover, this class of commutative-by-finite Hopf algebras may in fact be more
general than one might think at first. We describe in detail a variety of examples,
namely many quantum groups at roots of unity and two classifications of Hopf algebras
of low Gelfand-Kirillov dimension.

In chapter 3 we delve deeper into understanding the structure of these Hopf alge-
bras. We approach four distinct matters. First, we study the effect of the action of H on
the spectrum of maximal ideals of the commutative Hopf algebra A; here H := H/ATH
denotes a quotient of H which in fact is a finite dimensional Hopf algebra. Second,
we investigate the semiprimeness and primeness of commutative-by-finite Hopf algebras
and the consequences for their structure. Specifically we tackle questions such as: what
is the relation between the nilradicals of H and A? If A is semiprime (resp. prime), is
H also semiprime (resp. prime)? Or vice-versa? Third, we look into the representation

theory of these Hopf algebras and, in particular, find upper and lower bounds for the

X



dimension of their irreducible modules. And fourth, we describe the structure of a sub-
class of commutative-by-finite Hopf algebras called commutative-by-(co)semisimple for
which the Hopf algebra quotient H is both semisimple and cosemisimple (cosemisimple
is the co-version of the notion of semisimple for coalgebras).

Next, we focus on the second main subject of this thesis, the dual of commutative-
by-finite Hopf algebras. Our approach here is motivated by the commutative case.
Let A be an affine commutative Hopf algebra over an algebraically closed field k& of
characteristic 0. Then, A = O(G) is the coordinate ring of some affine algebraic group
G and it follows from an old result by Cartier-Gabriel-Kostant that its dual is the skew
group ring

A°=0(G)” =2 U(g) * kG, (1)

where g = LieG is the Lie algebra associated to G, which in turn acts on U(g) by
conjugation. Moreover, GG identifies with the group of characters of A (that is, algebra
maps A — k) and U(g) identifies with the set of functionals that vanish on some power
of the augmentation ideal A" := ker e4.

In chapter 4 our purpose is to describe the dual of a commutative-by-finite Hopf
algebra H as best we can. Since H contains a commutative Hopf subalgebra A and it
has a finite dimensional Hopf quotient H, the idea is to decompose the dual of H into
the duals of A and H, both of which are theoretically easier to compute than H®, the
former because A is commutative and the latter since H is finite dimensional. This is
achieved in Theorem 4.1.5 under mild hypotheses, where we obtain the following smash

product decomposition
He = H #A°.

The hypotheses of this result are general enough that it decomposes the dual of all
examples of Hopf algebras we list in chapter 2.

Furthermore, as per (1) the dual of A contains the two Hopf subalgebras U(g) and
kG, and one would expect these would give rise to two Hopf subalgebras 0 #U (g) and
H' #kG of H°. This is also achieved in chapter 4, where we describe two Hopf subalge-
bras of the dual of H, the tangential component W (H) and the character component

kG , which again under quite general conditions decompose as expected:
WH) 2 H #U(g) and kG = H #kG.

This chapter is closed with several computations of all these objects in the dual for
many of the examples we introduce in this thesis.

In the last chapter of this thesis we explore some connections between the duals
of commutative-by-finite Hopf algebras and currently open questions regarding the
antipode and the Drinfeld double. A few conjectures are proposed in chapter 5, all
of which are supported by many examples and we even present a few partial results
striving towards proving these conjectures.

Regarding originality, the introductory chapter 1 is not original, being a collection



of widely known facts about Hopf algebras. The results in chapter 2 rely heavily on
other mathematician’s results which are referenced accordingly throughout the whole
chapter. However, the notion of commutative-by-finite Hopf algebras introduced there
seems to be the central focus of such intensive study for the first time. With exception
to some parts of section 3.1, chapter 3 contains mostly original work due to the author
and his supervisor Professor Ken Brown and has recently been written into a paper [11].
Chapter 4 is a clear generalization of research due to Jahn [44], who had already studied
the dual of central-by-finite Hopf algebras, these being finitely generated modules over
some central Hopf subalgebra. However, many results in section 4.3 and examples in
section 4.4 are original work. The conjectures, partial results and examples computed

in chapter 5 are completely original.
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Chapter 1
Background

This introductory chapter gathers the most important notions and results that will
feature throughout this thesis. We define most of the concepts we will be using but
not all of them, as is the case for the notions of noetherian, artinian, (semi)prime and
(semi)simple rings. Commutative ring theory can be found in [31], [47], [78]; and for
noncommutative ring theory, see [37], [50], [64].

Basic concepts, examples and results on Hopf algebras are gathered in section 1.1.
In subsection 1.1.5 we focus on a specific construction of Hopf algebras called crossed
products, which provides countless examples of Hopf algebras.

In section 1.2 we introduce many homological notions and a few homological results
for Hopf algebras.

In section 1.3 we briefly introduce duals of Hopf algebras and a few of their results.
This introductory section is crucial for understanding the dual of commutative-by-finite
Hopf algebras, which will be studied in chapter 4.

Lastly, in section 1.4 we introduce the Drinfeld double of finite dimensional Hopf
algebras and some of its properties. Later on in chapter 5, we will study the Drinfeld
double of commutative-by-finite Hopf algebras.

None of the concepts, examples or results in this chapter are original and they are
all appropriately cited. Although Lemma 1.1.15 is quite well-known, we could not find

a reference of its statement and proof so we present a proof here.

1.1 Hopf algebras

Throughout the whole thesis £ will denote the base field of all vector spaces. Hopf
algebras are algebras with a co-structure that is compatible with the algebra structure
and they are endowed with a special map called the antipode. They are named after
Heinz Hopf and, for more information on their history, check [5]. We proceed to define
these concepts and illustrate them with a few examples.

An algebra A over a field k is a k-vector space with a multiplication, which is
consistent with the vector addition and scalar multiplication. Throughout this thesis,

all algebras are assumed to be associative and unital, with unit 14. In a seemingly
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more complicated fashion, an algebra is a k-vector space with two k-linear maps m :
A®A— Aand u: k — A that satisfy

1. mo(m®id) = mo (id ® m) (associativity);
2. mo (u®id) = s and mo (id ® u) = s, (unit axiom),

where s, : k® A — A and s, : A® k — A denote respectively the scalar multiplication
maps on the left and on the right.

In simple terms, a coalgebra is the dual version of this definition: a coalgebra C'is a
k-vector space with two k-linear maps A : C' — C' ® C' (the coproduct) and € : C' — k
(the counit) such that

1. (A®id)o A = (id® A) o A (coassociativity)
2. and sj0 (e®id) o A =id = s, 0 (id ® €) o A (counit axiom),

Throughout this thesis we will use Sweedler’s notation, that is we denote the coproduct

of an element ¢ € C' by
A(C) = ch & Co.

For example, under this notation the counit axiom can be rewritten as Y €(c¢;)ce = ¢ =
> c1€(e) for all c € C.

A bialgebra B is both an algebra and a coalgebra in which both structures are
compatible, that is the coalgebra structure maps A, e are algebra maps. Note that
this condition is equivalent to requiring the algebra structure maps m,u be coalgebra
maps, [76, Lemma 5.1.1]. Since € is an algebra map, its kernel is a maximal ideal of
B (of codimension 1) which we shall denote by BT := kere. It is usually called the
augmentation ideal.

A Hopf algebra H is a bialgebra with a k-linear map S : H — H called the antipode
that satisfies

> S(ha)hy = e(h)ly =Y hiS(hy),
forall h e H.

The antipode of an Hopf algebra is an antihomomorphism of algebras and coalge-
bras, that is, for any h,k € H

S(hk)=S(k)S(h)  and > S(h)1 @ S(h)a =Y S(ha) ® S(ha),

and S(1) =1 and eo S = e. Another question pertaining to the antipode concerns its
bijectivity. Although it is not bijective in general (see an example in [96]), it will be

bijective for most of the Hopf algebras with which we will deal throughout this thesis.

Let H be a Hopf algebra. A subspace I C H is a coideal if A(I) CIQH+H®I
and €(I) = 0. A left coideal satisfies A(I) C H ® I and €(/) = 0. Right coideals
are defined analogously. A subspace I C H is a Hopf ideal if it is an ideal, a coideal

2



and S(I) C I. When [ is a Hopf ideal of H, the Hopf structure of H induces a Hopf
structure in H/I, called the quotient Hopf algebra.

A k-linear map f : H — H' between Hopf algebras is a Hopf map if it is an algebra
map, a coalgebra map and it preserves antipodes. That is, my o (f ® f) = fompy
and f ouy = uy (preserves multiplication and units), Ag o f = (f ® f) o Ay and
eg o f = ey (preserves coproduct and counit), and Sy o f = f o Sy. The kernel of a
Hopf map f : H — H’ is a Hopf ideal of H and its image is a Hopf subalgebra of H’.
A bijective Hopf map is an isomorphism of Hopf algebras.

For more details on basic concepts related to Hopf algebras, see for example [67], [76]

or [94]. Here are a few basic examples of Hopf algebras.

Example 1.1.1 (Group algebras, [67, Examples 1.3.2, 1.5.3]). Let G be a group and

consider the k-vector space with basis G

kG:{Z)\gg:)\gekr}.

finite

The product in kG is determined by the group multiplication and the distributive
property. The identity is 1. The coalgebra structure is as follows: for each element
g € G, A(g) = g® g and €(g) = 1 and this extends linearly to kG. It is easy to see
these maps satisfy the coalgebra axioms and that they are algebra maps. The antipode
is defined by S(g) = g, for any g € G.

On account of this example, an element A in a Hopf algebra H with A(h) =h® h
is called grouplike. 1t follows from the counit and antipode axioms that a grouplike
element must be invertible and satisfy e(h) = 1,S(h) = h™'. The grouplike elements
of H form a group [76, Propositions 5.1.15(a), 7.6.3], which we shall denote by G(H).
This set is linearly independent over k [76, Lemma 2.1.12], hence the subalgebra of H
generated by the grouplike elements is the group algebra kG(H), which in fact is a
Hopf subalgebra of H.

Example 1.1.2 (Enveloping algebras, [67, Examples 1.3.3, 1.5.4]). Let g be a Lie alge-
bra with Lie bracket [,]. Its tensor algebra T'(g) = €D, 8" has a product determined

by juxtaposition. Its coalgebra structure and antipode are given by
Alz) =r®1+1®w, e(z) =0, S(x) = —=,

for every x € g, and these extend canonically to n-tensors of g®" for each n. The
enveloping algebra of g is
U(g) == T(a)/1,

where [ := (xy —yxr — [z,y] : x,y € g). It is easy to check that [ is a Hopf ideal of
T'(g), hence the quotient U(g) is a Hopf algebra.

3



When g is a finite dimensional Lie algebra with basis {z1,...,z,}, then
Ulg) = k(z1,...,xn s miwy — 5w = [z, 75,1 <0 < n).

This Hopf algebra is a noetherian domain [64, Corollaries 1.7.4, 1.7.5] with basis given

by the following well-known result.

Theorem 1.1.3 (Poincaré-Birkhoff-Witt, [64, Theorem 1.7.5]). If g has a k-basis
{z1,...,2,}, then U(g) has a k-basis

{28 alr ot >0},

In particular, if g is an abelian Lie algebra (that is [x,y] = 0 for all z,y € g), then

U(g) = klz1,...,x,] is the usual polynomial algebra in n variables.

An element h of a Hopf algebra H satisfying A(h) = h® g+ ¢ ® h, with g,¢’
grouplike, is called skew-primitive or (g, ¢')-primitive; it follows from the counit and
antipode axioms that skew primitive elements have ¢(h) = 0 and S(h) = —¢g"'hg™'.

" = 1, h is called primitive. The subspace of

In the particular case where g = ¢
primitive elements of a Hopf algebra H, which we denote by P(H), is a Lie algebra
whose brackets are given by commutators on H [76, Proposition 5.1.15(d)]. Therefore,
the subalgebra of H generated by the primitive elements is k(P(H)) = U(P(H)), a
universal enveloping algebra, and it is a Hopf subalgebra of H.

The Hopf algebras kG and U(g) are commutative if and only if G is an abelian
group and g an abelian Lie algebra, respectively. However, both these examples are
cocommutative, meaning that 7o A = A, where 7: H ® H — H ® H is the flip map.
The first noncommutative and noncocommutative example is due to Sweedler (a Hopf

quotient of the example in [94, pp. 89-90]) and later extended by Taft [95].

Example 1.1.4 (Taft algebras, [76, §7.3]). Let k be an algebraically closed field and
let n,t be integers, n > 2, 1 <t < n, and ¢ a primitive nth root of unity. The Taft

algebra with these parameters is
T¢(n,t,q) :=k{g,z:¢" =1,2" = 0,29 = qgx),

where ¢ is grouplike and z is (1, g*)-skew primitive. The counit is e(g) = 1, e(z) = 0 and
the antipode is S(g) = ¢~', S(x) = —g~'x. This Hopf algebra has dimension n? and is
clearly neither commutative nor cocommutative. In particular, Sweedler’s example is
the 4-dimensional Taft algebra: Ty(2,1,—1) = k{g,x : g* = 1,2* = 0,29 = —gx).
There are also infinite dimensional Taft algebras which are defined analogously but

we drop the relation 2™ = 0,

T(n,t,q) =k(g,x:g" =1,29 = qgx)

with the same coalgebra structure.



Example 1.1.5 (Coordinate Rings). Let G be an algebraic variety in A, (k) and O(G)

its ring of coordinates (also known as ring of functions), that is

It is often also denoted by k[G].
An algebraic group is an algebraic variety G which also possesses a group structure

such that the maps

m:GxG — G 1: G = G
and

(r,y) — zy x — x !

are morphisms of algebraic varieties; see [1, section 4.2].
Lemma 1.1.6. O(G) is a Hopf algebra if and only if G is an algebraic group.

Proof. See [1, beginning of sections 3.4 and 4.2]. n

Provided G is an algebraic group, the Hopf structure of this algebra is as follows:

forany f € O(G), A(f) =>_ fi® faissuch that Y fi(g) f2(h) = f(gh) for all g, h € G,
e(f) = f(1g) and S(f) is defined as S(f)(g) = f(g~!) for all g € G. Let us see some

concrete examples of algebraic groups and their coordinate rings, (67, Example 1.5.7].

1. Consider the group G = GL, (k) of all n x n invertible matrices. We know from
linear algebra that these are the matrices with nonzero determinant and, since the
determinant det can be seen as a polynomial function on the entries of a matrix, the

coordinate ring of G, is the ring of fractions

O(GL,) = k[X;; : 1 <i,j < n][det™]
as an algebra, where each X;; denotes the function sending a matrix to its (¢, j)-entry.
The coalgebra structure is A(X;;) = > 1, Xix @ Xy; and €(X;5) = X;5(1g) = di 5.

2. The subgroup G = SL, (k) of n x n matrices of determinant 1 has coordinate ring
O(SL,) = k[Xi; : 1 <1i,j <nl]/(det —1).

The coalgebra structure is similar to the one for G = GL,,.

Coordinate rings are important examples of Hopf algebras, in part because they are
more general than one might think at first. They cover all affine commutative Hopf
algebras in characteristic 0 by the following result. A k-algebra is said to be affine if

it is finitely generated as a k-algebra.
Theorem 1.1.7 (Cartier). Let H be a commutative Hopf algebra.

1. If the field k has characteristic zero, then H is reduced (or, in other words,

semiprime), that is it has no nonzero nilpotent elements.

5



2. If H is affine reduced and k is algebraically closed, then
H=0(G),

for the affine algebraic group G = Maxspec(H).

Proof. A proof of (1) can be found in [94, Theorem 13.1.2] or [99, Theorem 11.4]. And
(2), if H is affine, commutative and reduced, by the Nullstellensatz it is the coordinate
ring O(G) of the affine algebraic variety G = Maxspec(H) and, given H is Hopf, G
must be an algebraic group by Lemma 1.1.6. O]

We exemplify the statement of this theorem with a few commutative Hopf algebras

we have seen so far. Also, see Example 1.3.3 for the coordinate rings of cyclic groups.

Example 1.1.8. Consider the commutative group algebra H = kZ. First, note that
this Hopf algebra is isomorphic to the ring of Laurent polynomials k[z*!] with 2 grou-

plike, with Hopf isomorphism determined by

0:kZ — klzF!
g = x ’
where g is a generator of Z.

Let k be an algebraically closed field. Since kZ = k[z*!] is an affine commutative
domain, the previous result tells us H = kZ is the coordinate ring of the algebraic
group G = Maxspec(kZ) = Maxspec(k[z*!]) = k*, the multiplicative group of the
base field; that is,

kZ = k[2*'] = O(k>).

Example 1.1.9. Let k& be an algebraically closed field and consider the commutative
Hopf algebra H = k[z| from Example 1.1.2. Since H is a domain, it is the coordinate
ring of the algebraic group G = Maxspec(k[z]) = (k, +), the additive group of the base
field; that is

klx] = O(k,+).

Of course not all algebras are Hopf algebras. Any Hopf algebra contains a (maximal)
ideal of codimension 1, the augmentation ideal H* = kere. Therefore, no simple k-
algebra apart from k itself can have a Hopf (or even bialgebra) structure. Such is the
case for the algebra of matrices M,, (k) (although it has a coalgebra structure) and the

Weyl algebras in characteristic zero.

1.1.1 Invariants and coinvariants

Throughout this thesis we will see many instances in which Hopf algebras act or coact

on algebras, hence the importance of the following definitions.
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Let H be a Hopf algebra. A left H-module algebra is an algebra A which is also a
left H-module and both structures are compatible, that is, for all h € H,a,b € A,

h-(ab)=> (hi-a)(hy-b)  and  h-1s=e(h)la.

The right version is defined analogously. In this case, the set of H-invariants of A is
the subalgebra
A ={lac A:h-a=eh)a,Vh € H}.

There is also a co-version of the concept of modules. A right H-comodule is a
k-vector space M with a k-linear map p: M — M ® H such that
(i) (id®A)op=(p®id)op;
(ii) ([d®e)op=—®& ;.
Left comodules are defined similarly.
A right H-comodule algebra is an algebra A that is also a right H-comodule such
that the coaction p: A — A® H is an algebra map. For example, any Hopf algebra H
is canonically a comodule algebra over itself where the coaction p = A is the coproduct.

Given a right H-comodule algebra A, the set of H-coinvariants of A is
At =Tfa e A:pla) =a®1}.

Left comodule algebras and left coinvariants ©* A are defined analogously.

For future purposes, we now present the following two examples.

Example 1.1.10. Let H,T be Hopf algebras with a Hopf surjection 7 : H — T'. Then,
H is canonically a right T-comodule algebra with coaction p, = (id ® 7) o A. The set

of coinvariants of this coaction
HeT = {he H:Y by @n(hs) :h®1}

is a left coideal subalgebra of H [29, comments at beginning of §4] (for a proof, check
e.g. [36, Lemma 2.6.9]). Analogously, H has a canonical structure of left T-comodule
with coaction p; = (7 ®id) o A. The set of coinvariants of this coaction ©% H is a right
coideal subalgebra of H.

In particular, when 7' = H/I for some Hopf ideal I of H and we denote C = H /1

we have
CTHCI. (1.1)

For, an element of C* satisfies > ¢; ® m(c2) = ¢ ® 1 and €(¢) = 0, and applying
s; 0 (e ® id) to the first equation yields 7(c) = w(> €(c1)c2) = €(c)l = 0 in H/I,

meaning that ¢ € kerm = I. The equation now follows from I being an ideal of H.

Example 1.1.11. Let G be an algebraic group and N < G a normal subgroup. It is
well-known that N acts on O(G) by regular representations, that is (n- f)(g) = f(n"'g)
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forne N,g € G, f € O(G), and that the subring of invariants is
O(G)N = O(G/N).

We can state this in terms of coactions as well. First note that O(G/N) embeds into
O(G) via the identification O(G/N) = {f € O(G) : f(gn) = f(9),Yg € G,¥n € N}
and we have a Hopf surjection 7 : O(G) — O(N) given by f — f|y. Then, by the
previous example O(G) is a right O(NN)-comodule algebra and the coinvariants are

f € O(G) such that >~ fi@7(fs) = f®1, that is, forall g € G,n € N

Flan) =Y filg)f2(n) = filg)m(f2)(n) = f(g)L(n) = f(9).

Therefore,

O(G)°°™N) = O(G/N).

1.1.2 Integrals

We introduce here the notions of integrals and unimodularity. These will be particularly
important in section 1.4 and chapter 5.

Let H be a finite dimensional Hopf algebra. An element ¢ € H is called a left
integral of H if ht = e(h)t for all h € H. We denote the subspace of left integrals by
S Il{ In fact, [ ;1 is a one-dimensional two-sided ideal of H, over which H acts trivially
on the left (that is, it acts by the counit €) and possibly non-trivially on the right;
see [67, Theorem 2.1.3(1)].

Similarly, a right integral is an element ¢ € H such that th = e(h)t for any h € H,
and the one-dimensional two-sided ideal of right integrals is denoted by [ 1; A finite
dimensional Hopf algebra H is said to be unimodular if these ideals coincide - that is,
Il Il{ = [},. For example, any finite dimensional commutative Hopf algebra is trivially

unimodular.

Example 1.1.12. Let G be a finite group. Note that for any h € G, hzgegg =
deGg, that is GG acts by € on the left on the element dec g. Thus, this element is

a left integral of H = kG. Similarly, it is also a right integral, hence H is unimodular

()

geG

with integrals

Example 1.1.13. Let H = T¢(n,t,q) be a finite dimensional Taft algebra from Ex-

n—1 3

ample 1.1.4. It is easy to see that H acts trivially on the left on ("1~ ¢*)2" ' and

trivially on the right on 2"~ *(3"7" " ¢%). Thus, it is not unimodular with

l n—1 r n—1
/ =k Z i and / = ka™ ! Z g .
H i=0 H i=0
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We point out a very important result - the generalization of Maschke’s theorem to

finite dimensional Hopf algebras:

Theorem 1.1.14. A finite dimensional Hopf algebra H is semisimple if and only if
l . . T
e([;) # 0 if and only if e( f};) # 0.

Proof. See [67, Theorem 2.2.1]. O

1.1.3 Powers of a Hopf ideal

The following lemma is well-known and it will be used in this thesis, specifically in

sections 3.2 and 3.4. Since I could not find it in the literature, I prove it here.

Lemma 1.1.15. Let H be a Hopf algebra and I a Hopf ideal of H. Then, ﬂn21 I" is
a Hopf ideal of H.

Proof. Clearly J :=,5, [" is an ideal of H contained in H*. Moreover, since S(I) C
I, we have S(I™) C S(I)" C I" for each n € N, hence S(J) C J. We need only prove
it is a coideal. Since A(I) C I ® H + H ® I, we have

2n

AP CAD ClIoH)+(Heo D) ('elP")CI"eH+HaI",
=0

because I' ® [?"~ C I" ® H for any i > n and I' ® [*"* C H ® I" for any i < n.
Then,
A(J)=A (ﬂ 12”) CAU"®H+HI).
n>1 n>1

Therefore, it suffices to show that

U"eH+HoI")=J@H+H®J. (1.2)

n>1

The inclusion (D) is clear, so we prove the converse.

For each i > 0, choose {vi} C I' such that {vi + I'™'} is a k-basis of I'/T""'. And
let {v;°} be a basis of J. Therefore, | J;Z,{v}} is a k-basis of H and [J7;_,{v} ® vl} s
a basis of H® H. Let x € (,5,(I"® H + H® I") and write

r = Z )\;’lv,i ® v} (1.3)

finite

in terms of the basis above. Suppose x ¢ J® H + H ® J, so there exists some nonzero
A in (1.3) with 4, j # co. Let

n = min{max(i, j) : for every )\;]l # 0 in (1.3) where ¢, j # oo}.
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Thus, for every )\Z;Jl # 0 1in (1.3) with 4, j # oo either i > n or j > n and so

r= > Nueuyel'"eH+HRI"

i>nViz>n

But x € I""' @ H + H ® I""!, hence

Z N @] = — Z N @v] e " @ H+ He I

i=nVj=n i>n+1Vji>n+1

But {vi ®v :i >n+1Vj>n+1}isa basis of "' @ H+ H ® I"*! and, even
though the 2-tensors from the sum on the left-hand side are not in this basis, these all
belong to {vi ® vlj :4,j = 0,...,00}, which is a basis of H ® H. Therefore, we must
have )\Z]l = 0 for all 4, j, k,l where i = n or j = n, which contradicts the definition of

n. This proves equality in (1.2). O

1.1.4 Coalgebra notions

We discuss here a few important coalgebra related notions, which will be mentioned
throughout the thesis. For more on this subject, see [67, §5] or [76, §3.4, §3.7, §4].

A coalgebra is simple if it contains no nontrivial subcoalgebras, that is its only
subcoalgebras are {0} and itself. A coalgebra C' is called cosemisimple if it is a direct
sum of simple subcoalgebras. For example, group algebras kG are cosemisimple, since
kG = @ gsec kg and each subspace kg is a one-dimensional (hence simple) subcoal-
gebra. A Hopf algebra H is involutory if S* = id. For example, commutative and
cocommutative Hopf algebras are involutory [67, Corollary 1.5.12] and in characteristic
zero a finite dimensional Hopf algebra is cosemisimple if and only if it is semisimple if
and only if it is involutory, [52, Corollary 2.6, Theorem 3.3], [53, Theorem 3].

The coradical Cy of a coalgebra C' is the sum of its simple subcoalgebras. The
coradical filtration of C' is an ascending chain of subcoalgebras, in which the coradical

() is the smallest set and the other subcoalgebras are recursively defined as follows
C,=AC®C, 1+Ci®0C),

for every n > 1.

A coalgebra C' is pointed if every simple subcoalgebra is one-dimensional; equiv-
alently, C' is pointed if and only if its coradical Cy = kG(C') is the group algebra of
the grouplike elements of C. A bialgebra generated as an algebra by grouplike and
skew-primitive elements is pointed [76, Corollary 5.1.14].

A coalgebra C'is called irreducible if any two nonzero subcoalgebras have nontriv-
ial intersection. An irreducible component of a coalgebra C' is a maximal irreducible

subcoalgebra. The irreducible component of a Hopf algebra H containing the identity
1y, which is denoted by Hj, is a Hopf subalgebra of H [67, Corollary 5.6.4(1)].
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1.1.5 Smash and crossed products

Many examples of Hopf algebras can be constructed by smash products or crossed
products of “smaller” Hopf algebras. We present these constructions here, as they will
appear recurrently throughout the thesis.

Let A be an algebra and T" a Hopf algebra. We say that T acts weakly on A if there
is a k-linear map - : T® A — A such that t- 14 = €(t)1a, t- (ab) = > (t1 -a)(ty-b) and
ly-a=a, forany t € T,a,b € A. In this case, a k-linear map o : T ® T — A is called
a cocycle if for all s,t,u € T we have o(t,17) = €(t)1a = o(1r,t) and

Z(Sl . U(tl,ul))U(SQ,tQ’ng) = ZO(Sl,tl)U(SQtQ,U)

and o is convolution invertible. That is, there is a k-linear map o' : T® T — A
such that Y o(sy,t1)0 7 (s2,t2) = €(s)e(t)1g = > 07 (s1,t1)0(s9,t5) for all s,t € T.

Moreover, A is said to be a twisted T-module with respect to o if

s-(t-a) = o(s1,t1)(satz - @) (s3,13),
for all s,t € T,a € A.

Definition 1.1.16. Let T be a Hopf algebra that acts weakly on an algebra A and o
a cocycle such that A is a twisted T-module. The crossed product A#,T is the vector
space A ® T endowed with the product

(agts)(btt) =Y al(sy - b)o(sa,t1)#ssta,

for any a,b € A,s,t € T. Note that in crossed products we write a#s for the tensor
a® s.

Crossed products are associative algebras with identity 14# 17 [8, Lemmas 4.4, 4.5].
A smash product is the particular case of a crossed product in which the cocycle o is
trivial, that is o(s,t) = €(s)e(t)14; in this case, A is an (untwisted) T-module algebra

and we write their smash product as A#7T'. Here multiplication is given by

(afts)(b#t) = a(sy - b)#sat,

for all a,b € A,s,t € T. A smash product A#kG is often called a skew group algebra,
and denoted by A#G or A x G.

A crossed product A#,T contains A as a subalgebra. In general T is not a subal-
gebra of A#,T, but it is in the case of a smash product A#T. Moreover, a crossed
product A#,T is isomorphic to AR T as left A-modules and right T-comodules, that is
the left A-action of A#,T and its T-coaction are respectively given by a - (b#t) = ab#t
and p(a#t) = aftty ® tg, for all a,b € A,t € T. In particular, the crossed product
A#,T is a free left A-module.
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Most of the crossed products we will deal with arise from Hopf surjections. Suppose
we have a Hopf surjection # : H — T. Then, as mentioned in Example 1.1.10 H is
a right T-comodule algebra with coaction p = (id ® 7) o A and coinvariants H®T :=
{h € H: p(h) = h® 1}. A right T-comodule map ~ : T'— H is called a cleaving map
if it is convolution invertible, that is, there exists a linear map v~* : T — H such that
forallteT

D oAty ) = e®n =Y v (B)y(t).

The following celebrated result by Doi and Takeuchi [28] encompasses a very nice

criterion for when H decomposes into the crossed product HT#,T.

Theorem 1.1.17. Let H,T be a Hopf algebras with a Hopf surjection w : H — T. If
there is a cleaving map, that is a convolution invertible right T-comodule map ~v : T —
H, then writing A := H®°T we have

H=~ A#,T.

This is an isomorphism of algebras, left A-modules and right T-comodules. More specif-
ically, the isomorphism is given by ¢ : A#,T — H,a#t — avy(t) and in A#,T
the weak action of T on A ist-a = > y(t1)ay ' (t2) and the cocycle is o(s,t) =
Sov(s1)v(t)y H(satz) for any s,t € T,a € A, where y~' denotes the convolution in-
verse of 7.

Conversely, any crossed product Hopf algebra A#,T has a cleaving map given by
v T — A#,T,t — 14t. More specifically, its convolution inverse is v (t) =

2201 (S(t2), ta)#S (1)
Proof. See [67, Propositions 7.2.3, 7.2.7]. ]

Notice that, in the decomposition of H into a crossed product from the previous
result, A = H®7 is a left coideal subalgebra of H as in Example 1.1.10. However, in
general A is not a Hopf subalgebra of H and we do not have an isomorphism H = AQT
of coalgebras; see Example 1.1.21 below.

When such a cleaving map exists as in the previous result the extension A C H is
said to be T-cleft, see [67, Definition 7.2.1].

Remarks 1.1.18. There are two important situations in which we have cleaving maps.

1. If v is an algebra map, then it is a cleaving map with convolution inverse y~! =
v o Sp. In this case, the cocycle is actually trivial and H = A#T is a smash
product. See for example [8, Example 4.19] and [44, Lemma 2.30].

2. If v is a coalgebra map that splits, meaning 7 o v = id, then it is a cleaving map
with convolution inverse y~! = Sy 0. For a proof, see for example [8, Theorem
4.14] or [44, Lemma 2.20]. In this situation, if A is a subcoalgebra of H, then H
decomposes as a coalgebra into A ® T', the usual coalgebra structure of a tensor

product of coalgebras.
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Example 1.1.19 (Group algebras, [67, Example 7.1.6]). Let G be a group with a
normal subgroup N <G. We clearly have a Hopf surjection 7 : kG — k(G/N). It is
easy to see the coinvariants are kG°*&/N) = kN and, defining a map v : k(G/N) —
kG, g — g by some choice of coset representative, this is clearly a splitting coalgebra

map. It follows that
kG = kEN#,k(G/N).

Moreover, as a coalgebra kG = kN ® k(G/N).

Note that the crossed product decomposition above is in fact a smash product if
and only if v : k(G/N) — kG is an algebra map, that is G/N can be embedded as a
subgroup of G. This holds precisely when G is the semidirect product N x G/N.

Example 1.1.20 (Enveloping algebras, [67, Corollary 7.2.8]). Let g be a Lie algebra
and b a Lie ideal. The factor map g — g/b into the quotient Lie algebra extends
uniquely into a Hopf map 7 : U(g) — U(g/h) and, similarly to the previous example,

we have the decomposition

Ulg) = U(bh)#,U(g/h)

and the usual decomposition as coalgebras. As in the previous example, U(g) is in fact
the smash product U(h)#U(g/h) if and only if g/h embeds into g as a Lie subalgebra.

Example 1.1.21 (Taft algebras). Recall the definition of a Taft algebra H = T'(n,t, q)
from Example 1.1.4. It decomposes into a crossed product in more than one way.

On one hand, since z and g skew-commute, the right ideal xH is a 2-sided ideal
of H and, z being (1, g*)-primitive, x H is a Hopf ideal. Therefore, we have a quotient
Hopf map 7 : H — H/xH = kC,,, where C,, = (g). The coinvariants are H®*“» = k[x]
and the natural map v : kC,, — H, g — g is both an algebra and a splitting coalgebra

map, hence H decomposes into the smash product

Lz, Moreover, the coalgebra decomposition is the usual, that is

with action g -z = ¢~
T(n,t,q) = k[z] @ kC,,.
We point out that finite dimensional Taft algebras Ty(n,t,q) can similarly be de-

composed into crossed products,
Ty = k(x : 2" = 0)#kC,.

Note however that the subalgebra k(z : 2™ = 0) is commutative but not reduced, hence
in characteristic 0 it is not a Hopf subalgebra of T¢(n,t,q) by Theorem 1.1.7.

On the other hand, it is not hard to see 2" is a primitive element, where n/ :=
n/(n,t), hence we have the Hopf quotient m : H — H/z" H, whose corresponding
coinvariants are k[z™']. The Hopf algebra H/z" H = k{(g,z : g" = 1,7% = 0,27 = qgZ),
which we denote by U(n,t,q), will be discussed further in the next paragraph. We have
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a natural coalgebra map v : U(n,t,q) — H,Z'g’ — 2'¢’ with 0 <i < n’,0 < j < n,
whence

T(n,t,q) = k[z"#,U(n,t,q),

I .
" x™; and in general the cocycle o

where the z acts trivially and g acts by g - 2™ = ¢
is nontrivial. The coalgebra structure is the usual one.

For future purposes, we record here a decomposition of the Hopf algebra U :=
U(n,t,q) itself. Note that, when (n,t) = 1, U is just the finite dimensional Taft algebra
T¢(n,t,q), and when (n,t) # 1 it decomposes into a crossed product of well-known Hopf
algebras. Let d := (n,t),t' :=t/d. One easily sees that [ := (7, g?— 1)U is a Hopf ideal
of U, so we get a Hopf surjection ' : U — U/I = kC,. Moreover, the coinvariants
of the canonical right kCy-comodule structure of U are k(z,g?) = T¢(n',t',q%). The
natural map v : kCy — U is a splitting coalgebra map, hence cleaving. Therefore, U

decomposes as the crossed product
Uln,t,q) = Ti(n', ¥, ¢, kCy.

In general neither the action of Cy on Ty(n/,t', ¢%) nor the cocycle T are trivial. The

coalgebra structure is the usual one.

An extension of the notion of crossed products, or cleft extensions, is the concept of
Galois extensions, which will feature throughout the thesis. Let T" be a Hopf algebra
and H be a right T-comodule algebra with coaction p: H — H ® T. The extension
H®T C H is right T-Galois if the map 8: H Qpeor H - HRT,a @b (a ® 1)p(b)
is bijective.

This notion can be regarded as an extension of the notion of cleftness as per the

following result.

Theorem 1.1.22. Let T be a Hopf algebra and H a right T-comodule algebra. Let
A = H®T_ Then, the following are equivalent:

1. AC H is T-cleft.

2. A C H is T-Galois and has the normal basis property, that is, H = AT as left

A-modules and right T-comodules.

Proof. See [67, Theorem 8.2.4]. O

1.1.6 Cocommutative Hopf algebras

So far the only examples we have seen of cocommutative Hopf algebras are group
algebras kG and enveloping algebras U(g). It turns out that over an algebraically
closed field of characteristic 0 any cocommutative Hopf algebra is built up as a smash

product of these Hopf algebras.
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Theorem 1.1.23 (Cartier-Gabriel-Kostant). Let H be a cocommutative Hopf algebra

over an algebraically closed field k.

1. Then, as Hopf algebras
H= H1 * G,

where G := G(H) acts on the irreducible component of the identity Hy by con-
jugation and this skew group ring has the tensor coalgebra structure, that is
H = H, ® kG as coalgebras.

2. If additionally k has characteristic 0, then Hy = U(g) where g := P(H) and as
Hopf algebras
H=U(g)*G.

Proof. See [67, Corollary 5.6.4(3), Theorem 5.6.5]. ]

Remark 1.1.24. Part (2) does not hold in characteristic p > 0; see [67, Example
5.6.8] for a counterexample. In this case, the structure of H; is more complicated;

see [67, Theorem 5.6.9] for a partial result on its coalgebra structure.

1.2 Homological notions

Throughout this thesis we will often mention and apply homological concepts. We
sum up a few definitions and results in this section. We also mention how some of
these notions simplify for noetherian or affine algebras, which will be the case for most
of the Hopf algebras studied in this thesis. For more on homological algebra see for

example [49], [77], [100]. Throughout this section assume k is algebraically closed.

A ring R is a polynomial identity ring (or PI ring) if R satisfies a monic poly-
nomial p € Z(xy,...,x,) for some n € N, that is, for every ry,...,r, € R we have
p(r1,...,m) = 0. The minimal degree of R, denoted by min.deg(R), is the smallest

degree of a monic polynomial identity of R. For more on PI rings, see [64, §13].

Let R be a commutative k-algebra. The classical Krull dimension of R, denoted
Kdim R, is the largest positive integer n such that Py C P, C ... C P, is a strict chain of
prime ideals of R. If R contains chains of prime ideals of arbitrary length, Kdim R = oo.
See [78, Chapter 6]. The definition of Krull dimension for noncommutative noetherian
rings can be found in [64, Chapter 6] and it coincides with the classical notion for
noetherian PI rings [64, 6.4.7, Theorem 6.4.8]. In particular, these two notions coincide
for the class of affine commutative-by-finite Hopf algebras, which will be the focus of
this thesis; see Theorem 2.1.3.

Another way to measure the growth of k-algebras is the Gelfand-Kirillov dimension
(or in short GK-dimension), denoted GKdim R. Its definition can be found in [49, §2].
For a noetherian PI algebra R, GKdim R is either a nonnegative integer or infinity and,
provided R is also affine, GKdim R = Kdim R [49, Corollary 10.16].
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For any ring R, a left (resp. right) R-module M is injective if, for any left (resp.
right) R-modules A C B, any homomorphism A — M extends to a homomorphism
B — M. A projective left (resp. right) module is the dual notion of an injective module,
that is, for any left (resp. right) R-module surjection B — A, any homomorphism
M — A can be lifted to a homomorphism M — B. For example, any free module is
projective [77, Theorem 3.14].

A left or right artinian ring R that is injective as a module over itself is called quasi-
Frobenius. A finite dimensional algebra R is called Frobenius if there is a non-degenerate
bilinear form ¢ : R X R — k such that o(ab,c) = o(a,bc) for all a,b,c € R; see [51,
Theorem 3.15] for equivalent definitions. As one would expect, a Frobenius algebra
is quasi-Frobenius; see [51, Proposition 3.14] or [77, Theorem 4.39]. Moreover, any
finite dimensional Hopf algebra is Frobenius [67, Theorem 2.1.3]; and any commutative
quasi-Frobenius k-algebra is Frobenius [101, Remark 1.3].

A left (resp. right) R-module M is flat if the functor — ®g M (resp. M ®p —)
is exact, meaning that, for any short exact sequence 0 -+ A — B — C' — 0 of right
(resp. left) R-modules, 0 - A®@r M — B®r M — C ®@g M — 0 is an exact
sequence of groups. A flat R-module is faithfully flat provided the functor — ®p M
is exact and faithful, that is the sequence 0 - A — B — C — 0 is exact if and
only if 0 > AQpr M - BRr M — C ®g M — 0 is exact. Projective modules are
flat [77, Corollary 3.46] and free modules are faithfully flat. See [77] for more on these

modules and [99, §13] for more on faithful flatness.

Let M be a left R-module. The left injective dimension of M, denoted injdim M,
is shortest length among injective resolutions of M, that is the smallest n such that
0—>M— FEy— FE, — ... > E, — 0is an exact sequence of injective R-modules F;.
If no such finite resolution exists, we say injdim M = oco. If R has finite left and right
injective dimension as a module over itself, we say R is Gorenstein. For example, affine
commutative Hopf algebras are Gorenstein [10, 2.3, Step 1] and an important result by
Wu and Zhang says that noetherian PI Hopf algebras are Gorenstein [102, Theorem
0.1].

Dually, the projective dimension of M, denoted prdim(M), is the smallest n such
that 0 - P, — ... = P, = Py — M — 01is an exact sequence with projective modules

P;. 1f no such finite sequence exists, we say prdim(M) = co.

The left global dimension of R is
gldim R := sup{prdim(M) : left R-module M}.

The left global dimension also coincides with the supremum of the injective dimensions
of all left R-modules, [77, Theorem 9.10]. The right global dimension is defined sim-
ilarly. If R is a (left and right) noetherian ring, the left and right global dimensions
coincide [77, Corollary 9.23]; and if R is a noetherian ring with finite global dimension,

then the global dimension is the supremum of the projective dimensions of irreducible
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R-modules [64, Corollary 7.1.14]. For a Hopf algebra H, we have
gldim H = prdim(k),

that is, its global dimension is controlled by the trivial H-module H/H*™ = k [56, § 2.4].
A noetherian ring is named regular if it has finite global dimension. For example, affine

commutative Hopf algebras in characteristic 0 are regular [99, §11.4, §11.6, §11.7].

We now present some strengthened versions of the Gorenstein and regularity notions
for noncommutative rings. The definition and basic properties of Ext-groups can be
found in [77, § 6, § 7]. Let R be a (left and right) noetherian ring that is finitely
generated over its centre Z. We say R is right injectively homogeneous if the upper
grade sup{i : Ext’(R/Ig, Rr) # 0} is constant among maximal ideals I of R with the
same intersection with Z. And R is said to be homologically homogeneous (hom. hom.)
over its centre if it has finite global dimension and prdim(R/I) is constant among all
maximal ideals I of R with the same intersection with Z. Moreover, R is Z-Macaulay
if G(m, R) = Kdim 2, (Ry,) = Kdim (Z,,) for every maximal ideal m of Z, where R,,
and Zy, are respectively the localizations of R and Z at m and the grade G(m, R) is the
largest integer n for which there exist elements x4, ..., z, € m such that z; + 22;11 TR
is a nonzero divisor of R/ Z;;ll x;R for each 1 < i <n. For more, see [16], [17].

We now present two more concepts that generalize the notion of Gorenstein, which
have also been extensively studied in the context of Hopf algebras. Let H be a
noetherian Hopf k-algebra. We say H is Artin-Schelter-Gorenstein (or in short AS-

Gorenstein) if

(i) H has finite injective dimension d (on the left and on the right);
(i) Extly(gk, pH) = Extly(ky, Hy) = 0 for all i # d;

Moreover, if H also has finite global dimension, we say H is AS-regular. We say H is

Auslander-Gorenstein if

(i) H has finite injective dimension d (on the left and on the right);
(i) for all 0 < j < d, every noetherian left H-module M and right H-submodule
N C Ext!(y M, g H), one has Ext'(Ny, Hy) = 0 for all i < j;
(iii) and (ii) holds for right H-modules.
If, additionally, H has finite global dimension, we say H is Auslander-regular.

Let H be a noetherian Hopf algebra of finite GK-dimension. The grade of a left
and right noetherian H-module M is j(M) = min{i : Ext';(M, H) # 0}. We say H is
GK-Cohen-Macaulay if for any left (and right) noetherian H-module M we have

GKdim M + j(M) = GKdim H.
A noetherian ring H with finite Krull-dimension is called Krull-Macaulay if Kdim M +
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Jj(M) = Kdim H for every finitely generated left or right H-module M.

Note that a noetherian Hopf algebra H which is both AS-Gorenstein and GK-
Cohen-Macaulay has injdim H = GKdim H, since H being AS-Gorenstein implies the
grade of the trivial H-module k£ equals injdim H, hence the equality follows by the
GK-Cohen-Macaulay property.

It is not hard to show that any finite dimensional Hopf algebra, being Frobenius,
must be AS-Gorenstein, Auslander-Gorenstein and GK-Cohen Macaulay of injective

dimension 0. More recently Wu and Zhang proved the following crucial result.

Theorem 1.2.1 (Wu-Zhang, [102, Theorems 0.1, 0.2]). An affine noetherian PI Hopf

algebra is AS-Gorenstein, Auslander-Gorenstein and GK-Cohen-Macaulay.

An Auslander-Gorenstein GK-Cohen-Macaulay noetherian ring has an artinian
quasi-Frobenius classical ring of fractions [2, Theorem 6.1]. The classical ring of frac-
tions is constructed by inverting the set of all regular elements of the ring. This extends
the construction of the quotient field of a commutative domain but for noncommutative
rings it requires some conditions; see [37, Chapter 6] with particular emphasis on the

Ore condition and Goldie’s theorem.

1.3 Hopf dual

We now introduce the notion of duality in Hopf algebras. This is a key concept in this
thesis, as we will thoroughly study the duals of commutative-by-finite Hopf algebras in
chapter 4.

Let (H,m,u,A,¢,S) be a finite dimensional Hopf algebra. Its dual

H* := Homy(H, k)

is the k-vector space of functionals of H, that is k-linear maps H — k. It is endowed
with an algebra (resp. coalgebra, antipode) structure, which is obtained by transposing
the coalgebra (resp. algebra, antipode) structure of H; that is, (H*, A%, €5, m;, uly, Siy)
is a Hopf algebra as follows.

More specifically, the product in H* is given by

(fg)(h) = f(h1)g(hs),

for any f,g € H*,h € H. It is usually named convolution product. The identity of H*
is the functional ey, the counit of H. Direct computations show that ef = f = fe for
any f € H*.

The coproduct of H* is defined as follows. First, H*@ H* = (H® H)* are canonically
isomorphic as in Lemma 1.3.2(3) below. So, Ap«(f) = Y. fi® fo € H* ® H* is
completely determined by

f(ab) = 3 fula) fa(b),
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for any f € H* a,b € H. The counit of H* is ey~ : H* — k with

e~ (f) = f(1u)

for all f € H*. And the antipode of H* is Sy« : H* — H* such that

Su=(f)(h) = f(S(h)),
for any f € H*,h € H.

Theorem 1.3.1. Let H be a finite dimensional Hopf algebra. Then, H* is a Hopf

algebra with the above structure.

Proof. This is a particular case of Theorem 1.3.5(2). O
Here are a few properties of the dual Hopf algebra.

Lemma 1.3.2. Let H, T be finite dimensional Hopf algebras.

1. H* is commutative (resp. cocommutative) if and only if H is cocommutative

(resp. commutative).
2. H and H* have the same dimension.
3. (H®T)* and H* ® T* are canonically isomorphic as Hopf algebras.
4. (H*)* and H are canonically isomorphic as Hopf algebras.

Proof. (1) This follows from the fact that the algebra and coalgebra structures of H

give rise to the coalgebra and algebra structures of H* respectively.
(2) This is a well-known fact about duals of vector spaces.

(3) The Hopf isomorphism is
6 H QT — (HT)
fog = o(f®g):la®be fla)g®)]
(4) The Hopf isomorphism is

p:H — (H*
h — @hi[f'ﬁf(h)]'

]

Example 1.3.3 (Group algebras). Let G be a finite group. For each g € G let
g kG — k,¢ — 0,4, that is {g* : ¢ € G} is the dual basis of G for kG, hence
it is a basis of (kG)*. It is easy to see that g*h* = d,,¢", that is these elements
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are idempotents and pairwise orthogonal, and the identity is e = > _. ¢*. Thus, as

geG
algebras

(kG)* = kI,

Its coalgebra structure is as follows:

A(g") = Z ut @ v
uv=g
and €(g*) = d41,. The antipode is given by S(¢g*) = (¢7)*.
In the particular case of finite cyclic groups C,,, we can say a bit more. Let k be
an algebraically closed field whose characteristic does not divide n. Then, the group

algebra kC, is self-dual, meaning
(kCy)* = kC,

as Hopf algebras. Let ¢ be a primitive nth root of unity and g a generator of C),. The

isomorphism is
0 kC, — (kCy)*

g = fitlg a7
A proof can be found in [44, Example 1.20].
In more geometric terms, C,, can be identified with the cyclic group of nth roots
of unity of A'(k). Comparing the formulas of the coproduct, counit and antipode of

coordinate rings and duals, it is clear we have the identification
O(C,) = (kCy)".
Note that not all group algebras are self-dual: for any nonabelian group G, kG is

not commutative but it is cocommutative, so (kG)* is commutative.

Example 1.3.4 (Taft algebras). Let Tf(n,t,q) be a finite dimensional Taft algebra
as in Example 1.1.4. These Hopf algebras are self-dual when (n,t) = 1. This can be

shown directly, the isomorphism being

o :T¢(n,t,q) — Tr(n,t,q)"
r = X:[atg — 6] ,
g — G:[1'¢ — 5Z~70q’t_1j]

where ¢! is the inverse of ¢ modulo n. For suggestions on the proof, see [76, Exercise
7.4.3].

For future purposes we also record here the dual of
Uln,t,q) = k{g,z: g" = 1,2 = 0,29 = qgx),

where g is grouplike, x is (1, g*)-primitive and n’ = n/(n,t). Recall it from Example

20



1.1.21, where we saw that U(n,t,q) = Ty(n/,t', ¢*)#,kCq, where d = (n,t),t' = t/d.

However, as a coalgebra it is Ty(n’, t', ¢%) ® kCy, hence as an algebra
Un,t,q)* = Ty(n',t',q%)" ® (kCa)*

and, since (n/,t') = 1, both these Hopf algebras are self-dual as stated above. Let G and
X respectively denote the invertible and nilpotent generators of 77 and « denote the
generator of (kCy)*. From Example 1.3.3 and the first part of this example, it is easy to
see that these functionals are defined as follows: G(zig’) = 0;0¢7" %, X (2'g7) = 6,4
and a(zig?) = 0;0¢"" = 0;0q"7, where j = dk+r with 0 < r < d and #'~! is the inverse

of ¥ modulo n'.

1.3.1 Finite dual

We now discuss the dual of infinite dimensional Hopf algebras.

In infinite dimension the dual is not as easy to define. The problem lies in dualizing
the product of H: the dual of m : H® H — H is a map m* : H* — (H ® H)* and,
while in finite dimensions (H ® H)* = H* ® H* making m* eligible for a well-defined
coproduct of H*, the same does not hold in infinite dimension. In fact, the inclusion
H*® H* C (H ® H)* is actually strict for all infinite dimensional Hopf algebras. The
way we go around this problem is to restrict the set of functionals H — k we look at,

considering only those which are not affected by this problem, that is
He:={feH m"(f)e H*®@ H"}.

There are many equivalent ways of defining H°. In the following result we give a

more insightful characterization of this subspace of H*.
Theorem 1.3.5. Let H be a Hopf algebra.
1. Let f € H*. The following are equivalent:
e m*(f) e H*® H*;
(I) = 0 for some left ideal I of H with finite codimension;,

o f(I)
e f(I) =0 for some right ideal I of H with finite codimension;
o f(I)

(I) =0 for some ideal I of H with finite codimension.
2. H° is a Hopf algebra, by restricting all structure maps of H* to it.
Proof. See [67, Lemma 9.1.1, Theorem 9.1.3]. O]

Definition 1.3.6. Let H be a Hopf algebra. The Hopf algebra H° described in the

previous result is called the finite dual of H.

21



Note that in finite dimension H® is clearly just H* but in infinite dimension the
inclusion H° C H* is strict; for example, check [44, Example 1.27].
Before we compute some examples, let us look at the following important result on

the finite dual of commutative reduced Hopf algebras.

Theorem 1.3.7. Let H be an affine commutative Hopf algebra over an algebraically
closed field k. Suppose H s reduced.

1. Then, H = O(G) for some algebraic group G and its dual is
OG) = H xG

as a Hopf algebra. Here H' := {f € H° : f((H")") = 0, for somen > 1} is
the subspace of functionals that vanish on some power of the augmentation ideal
HTY; the action of G on H' is given by conjugation; and O(G)° has the tensor

coalgebra structure.

2. The functionals in G are the grouplike elements of H®, that is the algebra homo-
morphisms H — k, or in other words the characters of H. Hence, the functionals

contained in G are precisely the functionals that vanish on maximal ideals of H.
Assume further that k has characteristic 0. Then,

3. H = U(g), where g = LieG is the Lie algebra of G, and so

The Lie algebra g is also the subspace of primitive elements of H° and has the

following description:

g = (H*/(H))

is the set of functionals on HY that vanish on (H)?. The Lie brackets of g are

gwen by the commutator in H®.

Proof. First, since H is a reduced affine commutative algebra, H = O(G) is the coor-

dinate ring of the affine algebraic group G = Maxspec(H) by Theorem 1.1.7(2).

(1),(2) Since H = O(G) is commutative, its dual is cocommutative and, by Theorem
1.1.23(1), H° = (H°).* G(H®) as Hopf algebras, where (H°). is the irreducible compo-
nent of H° containing 1o = e. By [67, Proposition 9.2.5], (H°). is just H’, as defined
in the statement.

Moreover,
G(H°) = Alg(H, k) = Maxspec(H) = G,

that is the grouplikes of H° are the algebra maps H — k, which are clearly in bijective
correspondence with Maxspec(H) = G.
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(3) By Theorem 1.1.23(2), H' = (H°). = U(g) with g := P(H®). It follows from [1,
Corollary 4.3.2, § 4.3.3], or [43, § 5.1], that

g:=P(H°) =LieG = (H"/(H")?*)*.
And the Lie brackets of g are given by commutators on H° by [43, § 9.3]. n

This allows us to easily decompose the dual of many examples.

Example 1.3.8 (Polynomial ring). Let k be algebraically closed of characteristic zero.
Consider the commutative Hopf algebra H = k[x]. As we mentioned in Example 1.1.9
its corresponding algebraic group is G = Maxspec(H) = (k,+), the additive group of
the base field. Its Lie algebra is

9= (H"/(H"))" = («H/2*H)" = (k7)" = k,

where f is the dual basis of Z. It is easy to see that f extends to the functional of H
given by f(z') = d;; for all i > 0.

Since H is also cocommutative, its dual is commutative and the Lie brackets of g
are trivial, hence its enveloping algebra is U(g) = k[f], and also the action of G on
Ul(g) is trivial. Therefore,

k[x]” = k[f] @ k(k, +),

where for each A € (k, +) the corresponding character of H is given by x\(z') = A’ for
all 7 > 0.

This is easily extended to polynomial rings on many variables:
k[(lfl, PN 71’m]o = k[fl, ey fm} ® k?(k?m, ‘|—)

Remark 1.3.9. In positive characteristic, the dual of H = k[x] is slightly different.
It still decomposes into H° = H' * (k,+) by Theorem 1.3.7(1), but H’ is no longer a

polynomial algebra. In this case, it is a divided power Hopf algebra
H = k[f™ :n>0],

where each functional f™ is given by f(™ () = §;,; see [67, Example 9.1.7] for the
proof of this fact and [67, Example 5.6.8] for the definition of a divided power Hopf

algebra. This can also be easily generalized for many variables, and
g, am)® 2 R > 0] @ k(KT +).

Example 1.3.10 (Laurent polynomial ring). Let k be an algebraically closed field of
characteristic zero. Recall from Example 1.1.8 the commutative Hopf algebra H =

k[z*1] of Laurent polynomials. Its affine algebraic group is G = Maxspec(H) = k*,
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the multiplicative group of the base field. The Lie algebra
g = (H*/(H'?) = (v — DH/(x = 1)°H)" = (kT =1)" = kf,

where f is the dual basis of z — 1. By induction f extends to the functional of H given
by f(z') =i for all i € Z.

Since H is cocommutative, H° is commutative and the Lie brackets of g are trivial,
so U(g) = k[f], and the action of G on U(g) is also trivial. Thus,

ko™ = k[f] @ k(K™ ),

where for each A\ € k* the corresponding character is defined by x(z') = A’ for i € Z.
In a similar fashion, the dual of the Laurent polynomial algebra with multiple
indeterminates is

kot o o 2k, fa] @ KRS )™

Example 1.3.11. Let k be an algebraically closed field and G = (k, +) x k™, where k*
acts on (k,+) by multiplication. Its coordinate ring is H = O(G) = k[z,y*'], where
x and y are the polynomial functions on G defined by z(«a, ) = « and y(«, 5) =
for any (o, 8) € G. As for the coalgebra structure of O(G), x is (1, y)-primitive and
y is grouplike. For, recall from Example 1.1.5 that by definition A(x) is the function
G X G — k such that for any («, §), (7,0) € G

Az)((e, ), (7,0)) = z((a, B)(7,0)) = z(a + B, 80) = v + B.

Thus, A(x) =2 ® 1 +y ® x, and similarly A(y) is such that A(y)((a, 8), (7,9)) = 59,
hence A(y) =y ®y.
When k has characteristic 0, Theorem 1.3.7 yields

O((k, +) x k*)° = U(g) * G.

Here g is a 2-dimensional Lie algebra, say with basis {f, f'}, and it is easy to deduce
that these functionals are defined by f(z'y’) = d;; and f'(z'y’) = 8;0j; and for each
(o, B) € G the corresponding character is defined by x(a, = o/f’. The product is
given by

f'f=rf=1r X(.8)f = B X(,8) X = ['Xp);

see Appendix, §A.4. In particular, g is the 2-dimensional nonabelian solvable Lie

algebra.

Example 1.3.12. Let k£ be an algebraically closed field of characteristic zero and
H = O(SL,) the coordinate ring of the special linear group, the group of matrices

with determinant 1. Its corresponding Lie algebra is sl,, the space of matrices with

24



trace 0 [43, §9.4], hence the dual of this Hopf algebra is
O(SL,)° 2 U(sl,) x SL,.

We should mention that there are many results in the literature on duals of other
Hopf algebras, such as the enveloping algebras of solvable and semisimple Lie algebras
which were studied by Hochschild; see [39], [40] and [41].

Examples 1.3.8 and 1.3.10 show that in general H° does not preserve many notions
of dimension in infinite dimensional Hopf algebras, such as being noetherian or affine
or having finite Gelfand-Kirillov dimension. This is clear even for the basic example
of H = C|x], which is noetherian and affine and has GK-dimension one. But, due to
the second tensorand of H° = C[f] ® C(C, +), the dual of C[z] is neither noetherian
nor affine and has infinite GK-dimension. There are also some examples in which the
opposite situation occurs; see for example [44, Example 1.28] for an infinite dimensional
Hopf algebra whose dual is the trivial Hopf algebra. These examples also show that in
general (H°)° is no longer isomorphic to H.

In the following result we gather a few properties H° possesses.
Lemma 1.3.13. Let H, T be Hopf algebras.

1. If H is commutative (resp. cocommutative), then H° is cocommutatlive (resp.

commutative ).
2. (H®T)*= H°®1T° as Hopf algebras.

3. If I is an ideal (resp. coideal) of H, then the subspaces of H®
{feH: f(I)=0} and {fe€eH°: f(I")=0, for somen > 0}

are subcoalgebras (resp. subalgebras) of H°. In particular, they are Hopf subalge-
bras of H° when I is a Hopf ideal of H.

Proof. (1) This follows from the fact that the algebra and coalgebra maps of H respec-

tively induce the coalgebra and algebra structures of H°.

(2) Similarly to Lemma 1.3.2, the isomorphism is given by

p:H°@T° — (HRT)°
fog = o(fog):la®br fla)g®)]
We will only check well-definiteness, since it is easy to prove ¢ is a Hopf isomorphism.
Let f € H°,g € T°, say f(I) =0 = g(J) for some ideals I of H and J of T with finite
codimension. Then, ¢(f ® g) vanishes at the ideal I ® T+ H ® J of H ® T', which has

finite codimension because

(HRT)/IQT+H®.J) = (H/IT) & (T/J). (1.4)
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For, there exists an obvious epimorphism ¢ : H ® T' — (H/I) ® (T'/J) and H ® I +
J®T C kerv. A dimension argument and the isomorphism theorem now yield that
(1.4) holds. Therefore, ¢(f ® g) € (H® T)°.

(3) The proof for the second subspace can be found in [67, Lemma 9.2.1] and it can
easily be adapted to prove the statements for the first subspace. O]

Dualizing maps

As T mentioned before, we will be studying duals of Hopf algebras quite extensively in
this thesis. In doing so, we will often dualize or transpose maps between Hopf algebras.
It is then important to point out a few features and issues that arise in doing this.

Given a k-linear map ¢ : H — T between Hopf algebras, its dual (also known as
transpose or pullback) is

¢°:T° — H°
fe foo

This is not always a well-defined map, since we may have f o ¢ € H*\ H® for some
f € T°; see [44, Example 3.3] for an example of a map whose dual map is not well-
defined and see [44, Lemma 3.5 for a nice criterion on well-definiteness of the dual
map.

Provided ¢° is well-defined, we may deduce a few properties as per the following

result.

Proposition 1.3.14. Let ¢ : H — T be a Hopf algebra map and suppose ¢° : T° — H°
1s a well-defined map. Then,

1. ¢° is a Hopf algebra map.
2. If ¢ 1s surjective, ¢° s injective.
Proof. See [44, Theorem 3.12]. O

We note that it is not always true that ¢° is surjective when ¢ is injective. See [44,
Example 3.8] for an example where this statement does not hold and [44, Lemma 3.10]

for a simple criterion.

1.4 The Drinfeld double in finite dimension

In this section we introduce the notion of the Drinfeld double for finite dimensional
Hopf algebras, and discuss a few of its properties and a few examples. The Drinfeld
double was first introduced by Drinfeld in 1986 in [30]. For more information on it, see
for example [67, § 10], [76, § 13].

Throughout this section let (H,m,u, A, ¢,S) be a finite dimensional Hopf algebra.

Then, its dual H* is also a finite dimensional Hopf algebra and, as in section 1.3, we
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denote its antipode by S*. Recall that the antipode of a finite dimensional Hopf algebra
is bijective, [67, Theorem 2.1.3].

In order to define the multiplication in the Drinfeld double of H, we must first
define the left and right actions, — and «—, of H on H*. It is easy to see that H* is a
left and right H-module as follows: for any f € H*,h € H

h—f:kes f(kh) and  f o h:kes f(hk).
Let us now define the Drinfeld double D(H) of H. As a vector space it is
D(H)=H* @ H,

that is, if H is n-dimensional with basis {h; : 1 < <n} and {h} : 1 <1i < n} denotes
the dual basis of H*, then D(H) is n*>-dimensional with basis {h} ® h; : 1 <4,j < n}.
The product on D(H) is defined as follows: for any f,p € H* h,k € H

(f@h)(e@k) =Y flh—¢— S "hs) @ hok. (1.5)

The identity element is the obvious one 1y« ® 1y = ey ® 1g.

As a coalgebra

D(H) = (H)*” ® H,

meaning that its coproduct is the usual one in H and it is twisted in H* as follows:

Apm)(f®@h) = Z(f? ®@h1) ® (f1 ® ho)

for any f € H*,h € H. Moreover, the counit is the usual one

ep)(f @ h) = f(L)eu(h),

for any f € H*,h € H.
Lastly, since the antipode of (H*)°? is (S™!)* [67, Lemma 1.5.11], the antipode of
D(H) (being an algebra anti-homomorphism) is given by

Span(f @ h) = Span[(f @ YA @A) = (1@ Sh)((S7')" f @ 1).

Lemma 1.4.1. Let H be a finite dimensional Hopf algebra. Then,
1. D(H) is a Hopf algebra with the above structure.
2. H and (H*)*P are Hopf subalgebras of D(H) by the obvious inclusions.
Proof. See [76, Theorem 13.1.2(a),(b)]. O

The multiplication in the double is quite different than the usual product on the

tensor of algebras, so the double is usually denoted with a bowtie > instead of a tensor
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symbol ®,
D(H)=(H")*?" = H,

as are its elements. However, considering H and (H*)*? are Hopf subalgebras of D(H),
in this thesis we will drop either symbol and write fh instead of f <t h for a generic
element of D(H).

The first part of the following lemma gives another formula for the product in D(H),
this time in terms of the left and right actions of H* on H. It is easy to see that H is
a left and right H*-module as follows: for any f € H*.h€ H

f=h=>Y hf(ha) and  he f=>" f(h)hs. (1.6)
Lemma 1.4.2. Let H be a finite dimensional Hopf algebra. For any h € H, f € H*,
1ohf =32 ST () = h = f5).
2. S(fh) = (Shy — (S™H*(f) = h1)Sh.

Proof. For a proof of (1), see [67, Lemma 10.3.11]. And (2) is a consequence of (1.5)

as follows:

Span(fh) == SRS (F) =D _((Sh)r = (ST (f) < S (Sh)s)(Sh)s
= D (Shg = (S7')"(f) = h1)She.

We now compute the Drinfeld double of a few examples.

Example 1.4.3. Consider the group algebra of a finite group H = kG. Note that
S(g) = g~! for each g € G, s0 S is its own inverse. Recall its dual (kG)* from Example
1.3.3 and let {g* : ¢ € G} denote the dual basis of (kG)*.

The product in D(kG) is determined by

gk* = (g = k" = S7"g)g,
for any g,k € G. But for any [ € G we have
(9 =k =g ")) = k(g7 '1g) = dg-rig = ughg— = (gkg™)*(0),

hence
gk* = (gkg™")*g.

Therefore, as an algebra D(kG) has the structure of a skew group ring
D(kG) = (kG)* * G.
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The coproduct is A(h*g) = >, v*g ® u*g and by Lemma 1.4.2(2) the antipode

is
S(h*g) = (Sg = (ST (h*) = g)Sg= (g7 = (W) = g)g~ = (g7 'h " g)'g"".
We thus may note the following special cases.

1. Let G be a (finite) abelian group and k be an algebraically closed field whose

characteristic does not divide |G|. Then, as an algebra
D(kG) 2 k(G x G).

Since G is a finite abelian group, it suffices to prove this for G = C),. But since

group algebras of cyclic groups are self-dual by Example 1.3.3, we have

D(kC,) = (kC,)* ® Cp 2 kCpy @ Cpp = k(Cy, x Cy).

2. 1 G =D, = {a,b:a®>=1,b"=1,aba = b~') a finite dihedral group, then the
product in D(kD,,) is determined by

aa* = a*a, bb* = b*b, ba* = (ab™?)*b, ab* = (b~')*a.

Example 1.4.4. Consider the finite dimensional Taft algebras T¢(n, ¢, ¢) from Example
1.1.4 and assume that (n,t) = 1. These Taft algebras are self-dual as in Example 1.3.4;
more specifically the invertible and nilpotent generators of 77 are given by G(z'g?) =
5i’0q*t71j, X(a'g?) = b;1, where t~! is the inverse of ¢ modulo n.

The product in D(T}) is determined by the relations in Ty and T} and
gG =Gy, gX = qXy, G = ¢ Gz, X =Xo+ G- ¢

We record the calculations here for future purposes in chapter 5. Since g is grouplike,

(1.5) yields
gp=(9—=¢=9")g

for any ¢ € T7. The first two relations follow from

o (9= G =g ') =Gy 'a'g/g) = ¢G(a'g’) = bi0g™" 7 = Gla'g’);

o and (g = X — g7!)(a'g’) = ¢' X (2'¢’) = ¢di1 = ¢X (2"¢’).
The third relation follows from Lemma 1.4.2(1) and from G being grouplike:

G =G(G' =12+~ G)=G(G(z)+ G(g)r + G(g")g'G(2)) = ¢ 'Gx.
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And by (1.5) the fourth relation is given by
X = (@@= X)+ (g = X)z+ (g = X <= —zg7)g'

and
o (z = X)(a'g)) = X(2'g’x) = ¢ 7 X (2" g?) = 710 = ¢ 050 = G'(2'g);
o (¢ = X)(a'g)) = X(a'g") = 6y = X (2'g/);
o (5 = X =g )(a'e) = X(ag~aigly) = ¢ X (@) = bip = (&',

Remark 1.4.5. The Drinfeld double can be seen as a particular case of bicrossproducts,

a construction due to Majid [59] where two Hopf algebras act or coact on each other.

1.4.1 Properties of the Drinfeld double

We now look at some properties of the Drinfeld double, the most important of which
are the fact that D(H) is unimodular and quasitriangular.

The Drinfeld double is quite a symmetric object, being “built up” by a Hopf algebra
and its dual, and often a property and the corresponding co-property are equivalent,

as is the case for commutativity.

Proposition 1.4.6. Let H be a finite dimensional Hopf algebra. The following are

equivalent:

1. D(H) is commutative;

2. H and H* are commutative;

3. H and H* are cocommutative;

4. D(H) is cocommutative.
And, in this case D(H) = H* ® H as Hopf algebras.
Proof. (2) < (3) This is Lemma 1.3.2(1).

(1) & (2) Clearly if D(H) is commutative, so are its subalgebras H and H*. Conversely,

if H and H* are commutative, H is commutative and cocommutative by (3), hence
S—1 =5 [67, Corollary 1.5.12] and (1.5) gives

hf=> (hy = f = Shy)hy =Y (hiShs = f)hy = > (h1Shy — f)hs = fh

forall h € H and f € H*.
(3) < (4) This follows easily from the fact that D(H) = (H*)*“? ® H as a coalgebra

and that (H*)®?P is cocommutative if and only if H* is. O

Recall the notions of integrals and unimodularity from subsection 1.1.2.
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Theorem 1.4.7. Let H be a finite dimensional Hopf algebra. If 0 # t € f; and
0#£T € fIl{, then Tt is a left and right integral of D(H). In particular, D(H) is

unimodular.
Proof. See [67, Theorem 10.3.12] or [76, Proposition 13.2.2]. ]

Example 1.4.8. Let H = T}(n, t, q) be a finite dimensional Taft algebra with (n,t) =1
and recall its Drinfeld double from Example 1.4.4. By Examples 1.1.13 and 1.3.4, D(H)

is unimodular with integral

n—1 n—1
-k Gz Xn—l n—1 i.
&) (&)

The following result on the semisimplicity of the double D(H) is a consequence of
the previous result coupled with Theorem 1.1.14. Recall the notion of a cosemisimple

Hopf algebra from subsection 1.1.4.

Corollary 1.4.9. Let H be a finite dimensional Hopf algebra. The following are equiv-

alent:
1. D(H) is semisimple;
2. H and H* are semisimple;
3. H and H* are cosemisimple;
4. D(H) is cosemisimple.
Proof. See [67, Corollary 10.3.13] or [76, Corollary 13.2.3]. O
The following example includes work due to H. Chen, [22] and [23].

Example 1.4.10. Consider again the Taft algebras T(n,t,q) from Example 1.1.4.
We know they are not semisimple, as they possess the nilpotent ideal zH. Thus,
by Corollary 1.4.9 their double D(T}) is also not semisimple. We then investigate its
nontrivial radical J = rad(D(T})) and the corresponding semisimple quotient D(7%)/J.
For this we make use of the following result by Chen and assume for the rest of this

example that t = 1.

Theorem 1.4.11 (Chen, [22, Theorems 2.5, 2.6]). Let T¢(n,1,q) denote a finite di-
mensional Taft algebra. For each | = 1,...,n, there are exactly n non-isomorphic
irreducible D(Ty)-modules V (1, ) of dimension [, for allT =1,..., n.

For each 1 < [,7 < n, we have D(T})/AnnV (l,r) = M,(k) by Jacobson’s density
theorem [50, Corollary 11.17], hence by the Chinese Remainder Theorem the semisimple
quotient of D(T%) is

D(Ty)/J = D(Ty)/( AV (I,r) = €D D(Ty)/AmV (I,r) = P M;(k)=".

lr lr
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In particular, for Sweedler’s 4-dimensional example Hy = T((2,1,-1) = k(g,z :

¢*=1,2>=0,2g = —gz), we have
D(Hy)/J =k &k ® Ma(k) ® Ms(k).

Therefore, the semisimple quotient D(H,)/J has dimension 10 and J = rad(D(H,)) is

6-dimensional.

Another important property of the double D(H) of a finite dimensional Hopf algebra
H is the fact that it is a quasitriangular Hopf algebra. A Hopf algebra H is said
to be quasitriangular if its antipode is bijective and there is an invertible element
R=3.a;®0b;in H ® H such that for any h € H

RA(LWR™ = 7A(h),
where 7: H ® H — H ® H is the flip map, and

ZA@Z@)bZ:Zaz@aj@blbj and Zaz®Abz:Zaza]®b]®bz
i ij i i
Theorem 1.4.12. Let H be a finite dimensional Hopf algebra. Then, D(H) is quasi-
triangular with R =Y. h; ® h}, where {h;} is a basis of H and {h}} is its dual basis
of H*.

Proof. See [67, Theorem 10.3.6] or [76, Theorem 13.2.1]. O

On one hand, quasi-triangular Hopf algebras have a certain symmetry in their
representation theory, see [67, Lemma 10.1.2]. On the other hand, the second and
fourth powers of their antipodes are inner automorphisms; see [67, Proposition 10.1.4,

Theorem 10.1.13] for respective simplifying formulas.

32



Chapter 2

Commutative-by-finite Hopf

algebras

Throughout my thesis I will focus on the study of a class of Hopf algebras named
commutative-by-finite Hopf algebras. These Hopf algebras are finitely generated as
modules over some Hopf subalgebra which is both commutative and normal. Through-
out this chapter k denotes an algebraically closed field.

In section 2.1 we study many basic properties of these Hopf algebras. In particular,
we investigate their centre and several homological properties. We sum up some of

these features in the following result.

Theorem 2.0.1. Let H be an affine commutative-by-finite Hopf algebra, finite over

the commutative normal Hopf subalgebra A. Then,

1. H 1s a PI ring,

2. the antipode of H is bijective;

3. GKdim H = Kdim H = GKdim A = Kdim A := d s finite;
4. H is a finitely generated module over its affine centre;

5. H is Auslander-Gorenstein, AS-Gorenstein and GK-Cohen-Macaulay with injec-

tive dimension d;

6. H has an artinian quasi-Frobenius classical ring of fractions Q(H).

Furthermore, we discuss in subsection 2.1.2 the extension A C H which, under
various hypotheses (for example, when k has characteristic 0), possesses very nice
properties, namely H is a faithfully flat projective left and right A-module. In subsec-
tion 2.1.3 we discuss the regularity of these Hopf algebras, providing conditions that
guarantee their regularity and stating several properties these regular Hopf algebras
possess.

Moreover, in section 2.2 we illustrate these properties with many well-known exam-
ples of commutative-by-finite Hopf algebras, namely quantum groups at roots of unity

and Hopf algebras with low GK-dimension.

33



As a last note, we point out that most of the results in this chapter rely heavily on

other mathematicians’ work which is referenced accordingly.

2.1 Definition and basic properties

We proceed to define commutative-by-finite Hopf algebras and study many of their
properties. As mentioned in the introduction to the chapter, & denotes an algebraically
closed field in this chapter.

A subalgebra A of a Hopf algebra H is normal if it is invariant under the left and
right adjoint actions of H; that is, for alla € A and h € H,

(adih)(a) == hiaS(hs) € and  (ad,h)(a) = S(h1)ahy € A.

Note that a central subalgebra A is clearly normal. For example, in a group algebra
the subalgebra generated by a normal subgroup is normal in this sense.

The following result states a crucial consequence of normality, which leads to the
important quotient Hopf algebra in Theorem 2.1.3(2) that will be carried on throughout
the thesis.

Proposition 2.1.1. Let A be a Hopf subalgebra of a Hopf algebra H. If A is normal,
then AYH = HA" is a Hopf ideal of H.

Proof. See [67, Lemma 3.4.2]. O
The following class of Hopf algebras is the key object of study of this thesis.

Definition 2.1.2. A Hopf k-algebra H is commutative-by-finite if it is a finitely gen-

erated (left or right) module over a commutative normal Hopf subalgebra A.

Commutative Hopf algebras are clearly commutative-by-finite, by taking A = H;
and all finite dimensional Hopf algebras are also commutative-by-finite, just by taking
the trivial Hopf subalgebra A = k1. Moreover, any Hopf algebra that is finitely gener-
ated over a central Hopf subalgebra, as is often the case for quantum groups at roots
of unity, is clearly commutative-by-finite. We explore more examples of commutative-
by-finite Hopf algebras in section 2.2.

The following result lists a few properties of these Hopf algebras. A crucial property
is that a commutative-by-finite Hopf algebra can be thought of as an extension of a
commutative Hopf algebra by a finite dimensional Hopf algebra, which is made precise

in part (2) of the following result.

Theorem 2.1.3. Let H be a commutative-by-finite Hopf algebra, finite over the normal

commutative Hopf subalgebra A with augmentation ideal AT .
1. The following are equivalent:

(a) H is noetherian.

34



(b) H is affine.

(c) A is affine.
(d) A is noetherian.

2. The quotient H := H/AYH is a finite dimensional Hopf algebra.

3. The left (resp. right) adjoint action of H on A factors through H, so that A is a
left (resp. right) H-module algebra.

4. H is a PI ring.

Proof. (1) (¢) < (d): Clearly, any affine commutative ring is noetherian by Hilbert’s
Basis Theorem; see for example [37, Corollary 1.10]. Conversely, a commutative noethe-

rian Hopf algebra is affine by Molnar’s theorem [66].

(d) & (a): If A is noetherian, then H is a noetherian A-module [37, Corollary 1.4],
and hence a fortiori satisfies ACC on its left and right ideals. The converse follows
from [34], according to which a commutative subring A of a noetherian ring H, with

H a finitely-generated A-module, must also be noetherian.

(b) < (c): That (c) = (b) is trivial: denoting the k-generators of A by ay,...,a,
and the A-generators of H by hq,...,h,, then H is generated as a k-algebra by
ai,...,a., hy,...,hs. The converse follows from a generalized version of the Artin-Tate
lemma attributed to Small, which states that, if A C H is any extension of k-algebras
where H is affine and is a finitely generated left module over a commutative subalgebra
A, then A is affine. A proof can be found at [79, Lemma 1.3].

(2) Since A is normal, AT H is a Hopf ideal by Proposition 2.1.1 and H is finite dimen-

sional since H is a finitely generated A-module.
(3) It is easy to see that A is a left (resp. right) H-module algebra with the left (resp.
right) adjoint action of H. Moreover, for all h € H,a € A*,b € A we have

(ha)-b=">_hia;bS(a)S(hs) = e(a)h b =0,

since A is commutative. Hence, ATH = HA™ acts trivially on A and the left adjoint
action factors through an H-action on A. Thus, A is a left H-module algebra. The

right action of H on A factors similarly.

(4) Every k-algebra which is a finitely generated module over a commutative subalgebra
satisfies a PI by [64, Corollary 13.1.13(iii)]. O

Throughout the thesis I will use the notation introduced in the previous result for

the finite dimensional Hopf quotient
H:=H/ATH.
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I will also denote the Hopf algebra surjection by m : H — H. This induces a canonical
structure of H-comodule algebra on H, as discussed in Example 1.1.10.
The following result lists a few more important properties of commutative-by-finite

Hopf algebras under the equivalent hypotheses of Theorem 2.1.3(1).

Theorem 2.1.4. Let H be an affine commutative-by-finite Hopf algebra, finite over

the normal commutative Hopf subalgebra A.
1. The antipode S of H is bijective.
2. GKdim H = GKdim A = Kdim H = Kdim A < oo.

Proof. (1) Every affine noetherian PI Hopf algebra has bijective antipode by [85, Corol-
lary 2].

(2) Since H is a finitely generated A-module, we have GKdim H = GKdim A by [49
Proposition 5.5]. By Theorem 2.1.3(1) A and H are both affine and noetherian. So
GKdim A = Kdim A by [49, Theorem 4.5] and it follows from Noether’s normalization
theorem that any affine commutative algebra has finite Krull dimension [78, Theorem
6.10, Corollary 6.33]. At last, GKdim H = Kdim H by [49, Corollary 10.16]. O

Remarks 2.1.5. Keep the notation of Theorems 2.1.3 and 2.1.4.

1. Parts (1) and (4) of Theorem 2.1.3 and parts (1) and (2) of Theorem 2.1.4 are
valid (with the same proofs) without the hypothesis that A is normal in H.

2. It is easy to show that for affine commutative-by-finite Hopf algebras it is enough
to require that the commutative Hopf subalgebra A be invariant under left (or

right) adjoint action only, as left and right normality are equivalent here.

Proof. First note that by Theorem 2.1.4(1) the antipode S of H is bijective and
by [67, Corollary 1.5.12] the antipode S4 of A is also bijective (an involution in
fact). Let a € A,h € H. Then,

ad,(h)(Sa) = 3 S(h)S(a)h (Zs (hs) ahl)
_ (ZS h)aS(S ())):smdl(s—lh)(a)>.

The equivalence between invariance under left or right adjoint action now follows

from bijectivity of S4 and Sy. [

3. Notice that any affine commutative-by-finite Hopf algebra always contains a re-
duced commutative normal Hopf subalgebra A’. This is clear if A is reduced
itself, as is the case in characteristic 0 by Theorem 1.1.7. If A is not reduced,
we may assume without loss of generality that chark = p > 0. Since A is affine
commutative, its nilradical ideal N(A) is finitely generated, hence it is nilpotent,
say N(A)™ = 0 for some m > 0.
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Taking r such that p" > m, let
A ={a" :a € A

Since (a + b)P" = a?" + b, A’ is closed under addition. Since k is algebraically
closed, it is closed under scalar multiplication, hence it is a subalgebra of A.

Moreover, we know that

A = (Tuea) =Y @ewy =Y d od cvod

and it follows easily that A’ is a Hopf subalgebra of H. Furthermore, A’ is clearly
commutative and reduced, and H is a finitely generated A’-module: if a4, ..., a,
denote the algebra generators of A, then A is a finite A’-module spanned by
{al...al» : 0 <4, < p'}, hence H is also a finite A’-module.

2.1.1 Finiteness over the centre

A very important property of affine commutative-by-finite Hopf algebras is their finite-
ness over their centres.

Recall from Theorem 2.1.3(3) that the left adjoint action of A on H factors through
an H-action, and A is an H-module algebra. As per subsection 1.1.1, we denote the
invariants of this action by A#. Their relation with the centre Z (H) of H is the
following;:

Z(H)N A= AT, (2.1)

Proof. First, AT = A" by Theorem 2.1.3(3). If a € A is central in H, then h-a =
S~ hiaS(hy) = €(h)a for all h € H, proving AN Z(H) C A”. Conversely, any invariant

is central: if a € A",

ha =Y hiaS(ha)hs =Y (hi-a)hy =a)  e(hi)hy = ah,
for any h € H. O

We now prove that commutative-by-finite Hopf algebras are finitely generated mod-
ules over their centres, which follows easily from an important result by Skryabin on

integrality over invariants.

Theorem 2.1.6 (Skryabin, [84, Proposition 2.7]). Let T' be a finite dimensional Hopf
algebra and A an affine commutative left T-module algebra. Then, A is a finitely

generated module over AT .

Proof. On one hand, if chark > 0, A is clearly Z-torsion, so [84, Proposition 2.7(b)]
applies to show that A is integral over A”. If, on the other hand, char k = 0, then A is
semiprime by Theorem 1.1.7, so that, in the terminology of [84], A is T-reduced, and
again [84, Theorem 2.5, Proposition 2.7(a)] give A integral over A”. Since A is affine
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and an integral AT-module, it is a finitely generated AT-module; for, if z1, .. ., x,, denote
the algebra generators of A, then A = AT (xy,...,x,) and, since each z; is integral over
AT Ais a finitely generated AT-module by [31, Corollary 4.5]. O

Corollary 2.1.7. Let H be an affine commutative-by-finite Hopf algebra, finite over
the normal commutative Hopf subalgebra A and let Z(H) be the center of H. Then,

1. A is a finitely generated A" -module;
2. H is a finitely generated Z(H)-module;
3. Z(H) is affine.

Proof. (1) This is Theorem 2.1.6.

(2) Since H is a finitely generated A-module, it is a finitely generated Af_module by
(1). Since A” C Z(H) by (2.1), the result follows.

(3) Z(H) is affine by the Artin-Tate lemma, [64, Lemma 13.9.10]. O

2.1.2 Homological properties and consequences

In this subsection we study homological properties of affine commutative-by-finite Hopf
algebras. Recall these homological concepts from section 1.2.

As we have mentioned before, affine commutative Hopf algebras and finite dimen-
sional Hopf algebras are examples of commutative-by-finite Hopf algebras. Both these
classes exhibit important homological properties. On one hand, affine commutative
Hopf algebras are Gorenstein, meaning they have finite injective dimension [10, §2.3,
Step 1], and in characteristic 0 they are regular, that is they have finite global dimen-
sion [99, §11.4, §11.6, §11.7]. On the other hand, finite dimensional Hopf algebras are
Frobenius [67, Theorem 2.1.3], and so in particular self-injective. We review in the

following result how these features partially extend to the commutative-by-finite case.

Theorem 2.1.8. Let H be an affine commutative-by-finite Hopf algebra, finite over
the commutative normal Hopf subalgebra A. Let GKdim H = d.

1. H 1s AS-Gorenstein and Auslander-Gorenstein, of injective dimension d.
2. H 1s GK-Cohen-Macaulay.

3. H 1is left and right GK-pure; that is, every non-zero left or right ideal of H has
GK-dimension d.

E

. H is injectively homogeneous. Thus, H is Z(H)-Macaulay.

&)

. H, Z(H) and A" each have artinian classical rings of fractions, Q(H), Q(Z(H))
and Q(AHT).
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6. The regular elements Z of Z(H) and A of A" are also regqular in H, and

7. Q(H) is quasi-Frobenius.

Proof. (1),(2) By results of Wu and Zhang [102, Theorems 0.1, 0.2], every affine
noetherian PI Hopf algebra is AS-Gorenstein, Auslander-Gorenstein and GK-Cohen-
Macaulay. It is immediate from the definitions that a Hopf algebra which is both
AS-Gorenstein and GK-Cohen-Macaulay must have its injective dimension equal to its

GK-dimension.

(3) is an immediate consequence of (2). For any non-zero left or right ideal I of H,
ExtY, (I, H) = Hompy (I, H) # 0,

hence the grade j(I) = 0. Since H is GK-Cohen-Macaulay, GKdim (/) = GKdim (H).

(4) First note that, since H is noetherian and finitely generated over its centre Z(H) by
Corollary 2.1.7, it is a fully bounded noetherian ring [37, Proposition 9.1]. By Theorem
2.1.4(2) GKdim H = Kdim H and by (2) H is GK-Cohen-Macaulay, hence H is Krull-
Macaulay by [91, Lemma 6.1]. Now results of Brown and Macleod show that H is
Z(H)-Macaulay [17, Theorem 4.8] and injectively homogeneous [17, Theorem 5.3].

(5) It is known that GK-pure noetherian PI algebras have artinian rings of fractions [64,
Corollary 6.8.16], so H has a classical artinian ring of fractions by (3). The arguments
for Z(H) and for AT are identical; we deal here with Z(H). As with H, it suffices to
prove that Z(H) is GK-pure.

Since H is a finite Z(H )-module by Corollary 2.1.7, [49, Proposition 5.5] yields
GKdim Z(H) = GKdim H = d. Let I be a nonzero ideal of Z(H). Then, by (3)
GKdim (IH)y = d. Since IH is a (Z(H), H)-bimodule and finitely generated over
both H and Z(H) by noetherianity of Z(H ) as in Corollary 2.1.7(3), it follows from [49,
Corollary 5.4] that

GKdim ) (1H) = GKdim (IH)y = d.

Again since H is a finite Z(H )-module, I H is the homomorphic image of a finite direct
sum of copies of I as a Z(H )-module. Hence by [49, Proposition 5.1(a),(b),(d)] we have

Therefore, GKdim 2z (/) = d. This proves Z(H) is GK-pure.

(6) Once again we deal with Z but the argument is similar for A. Let z € Z, a regular
element of Z(H). If zh = 0 for some h € H, then

GKdim Z(H)Z(H)h = GKdim Z(H)/Z(H)zZ(H)h S GKdim Z(H)/Z(H)Z <d
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by [49, Proposition 5.1(c),(d), Proposition 3.15] respectively. As in the proof of (5), Hh
is a homomorphic image of a finite direct sum of copies of Z(H)h, so GKdim g (Hh) =
GKdim 7y (Hh) < GKdim 2y Z(H)h < d. Since H is GK-pure by (3), we must have
h = 0, that is z is regular in H.

Therefore, we can form the ring of fractions H[Z]™!, a subring of Q(H). By Corol-
lary 2.1.7(2), H[Z]™! is a finitely generated Z(H)[Z] '-module. Since Z(H)[Z]™' =
Q(Z(H)) is artinian by part (5), H[Z] ! is an artinian Z(H)[Z]~!-module, hence a for-
tiori H[Z]~! is an artinian ring [37, Corollary 4.7]. But a regular element in an artinian
ring is a unit, thus the set of regular elements of H must be Z, that is, H[Z]™! = Q(H).

(7) This follows from (1),(2) and [2, Corollary 6.2]. O

Further homological properties

In the following theorem we gather results from the literature on the homological
properties of the extension A C H, which in particular is often faithfully flat and

projective.

Theorem 2.1.9. Let H be an affine commutative-by-finite Hopf algebra, finite over

the normal commutative Hopf subalgebra A. Suppose one of the following hypotheses
holds:

(i) A is reduced;
(ii) chark = 0;
(iii) A is central;
(iv) H is pointed.
Then:
1. AC H is a left and right faithfully flat H-Galois extension.

2. A equals the right and the left H-coinvariants of the H-comodule H; that is,

Hcoﬁ _ COHH — A

3. H is a finitely generated projective left and right A-module.
4. A is a left (and right) A-module direct summand of H.

Proof. Notice that hypothesis (ii) is a particular case of (i) by Theorem 1.1.7.

(1),(2) Assume (i) holds. Then, A has finite global dimension by [99, §11.6, §11.7]. By
Theorem 2.1.8(1) and Theorem 2.1.4(2),

injdim (H) = GKdim (H) = GKdim (A) = injdim (A).
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Hence, [102, Theorem 0.3] yields that H is a projective left and right A-module. A
flat extension of Hopf algebras with bijective antipodes is faithfully flat, [63, Corollary
2.9]. Together with Theorem 2.1.4(1) and [67, Corollary 1.5.12], this proves right and
left faithful flatness.

If (iii) holds, then H is also a faithfully flat A-module by a result of Schneider [83,
Theorem 3.3|. Under (iv), H is even a free A-module by [73].

The fact that A = H®H = «©H[ and A C H is H-Galois follows from faithful
flatness and ATH = HA™, as is shown in the proof of [67, Proposition 3.4.3].

(3) This follows from (1) by [63, Corollary 2.9].

(4) The left A-module H/A is in the category 4M*, in the notation of [63]. Hence
H/A is left A-projective by (1) and [63, Corollary 2.9], so the exact sequence

0—A—H—H/A—0

of left A-modules splits, as required. The argument on the right is identical. n

Remark 2.1.10. Note that the inclusion A C H®H neoH g always holds: clearly
the restriction of m# : H — H/ATH to A is just ey4, hence for any a € A we have
Sa;@m(az) =Y a1 ®e(a) I =a®1, s0 AC H®F. The argument is similar for left

colnvariants.

We know of no examples of commutative-by-finite Hopf algebras that do not satisfy
the conclusions of the previous theorem. In fact, A is reduced in all examples in section
2.2. Note that if H is a flat A-module, then by [63, Corollary 2.9] and Theorem 2.1.4(1)
H is a faithfully flat A-module, and the other statements of the theorem will follow

with the same proof as above. So we propose the following question:

Question 2.1.11. For an affine commutative-by-finite Hopf algebra H, can the normal

commutative Hopf subalgebra A be chosen so that H is not flat over A?

Freeness of H over A

From Theorem 2.1.9 we know that under certain hypotheses H is both a projective and
faithfully flat A-module. The obvious next question is under which conditions H is in
fact a free A-module. Some positive cases are provided in the following result. Recall

the notions of coradical and pointed from section 1.1.4.

Proposition 2.1.12. Let H be an affine commutative-by-finite Hopf algebra with com-

mutative normal Hopf subalgebra A. Then, H is a free A-module when
1. H 1is pointed;
2. or A contains the coradical of H.

Moreover, H decomposes into the crossed product A#,H when
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1. H is pointed,
or, more generally,
2. the coradical of H is contained in AG(H).

Proof. The two first statements follow from [73] and [72, Corollary 2.3]. The two last
statements are proved in [82, Corollary 4.3]. O

However, in general H is not a free A-module, as shown by the following example
due to Radford [75].

Example 2.1.13. Consider the commutative Hopf algebra H = O(SLy(k)).

Let A be the subalgebra generated by the monomials of even degree. Then, it is
casy to see that A is a Hopf subalgebra with A = O(PSLy(k)) and the Hopf quotient
H = (kCy)*. In fact, denoting the algebra generators of H by E,;, where i,j = 1,2,
then in H = H/A"H we have E_H2 = ¢(En)? =1 and By Eyy = e¢(Ey)e(Ey) = 0,

which implies E15 = 0, and similarly Ey =0 and Ey = E;;. Hence,

H=kEy: By =1) = (kCy)*,

0

-1
where (% is the subgroup of SLs generated by ( 0 1). And by Example 1.1.11

and Theorem 2.1.9(2)
A= H" = O(5Ly)°°) = O(SL,/Cy) = O(PSLs).

Clearly H is a finite A-module. However, Radford proved that H is not a free
A-module [75], by showing that H decomposes into A & M as A-modules and, if H is
a free A-module, then M must be a free A-module of rank 1; lastly he proved M is not

a cyclic A-module.

2.1.3 Regularity

In this subsection we discuss when commutative-by-finite Hopf algebras have finite
global dimension (or, in other words, when they are regular) and the properties they
possess when they exhibit regularity.

On one hand, it is commonly known that a finite dimensional Hopf algebra has finite
global dimension if and only if it is semisimple, and semisimple finite dimensional Hopf
algebras are completely characterized by Theorem 1.1.14. For, a finite dimensional
Hopf algebra H is Frobenius [67, Theorem 2.1.3], thus self-injective, and if its global
dimension is finite, then gldim H = injdim H = 0 by [6, Proposition 4.2]; and having
global dimension 0 is equivalent to being semisimple by [64, 7.1.8].

On the other hand, an affine commutative Hopf algebra has finite global dimension

if and only if it has no non-zero nilpotent elements [99, §11.6, §11.7]; in particular, by
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Theorem 1.1.7 any affine commutative Hopf algebra in characteristic 0 has finite global
dimension.

It is thus natural to look for an easily checked necessary and sufficient criterion for
an affine commutative-by-finite Hopf algebra to have finite global dimension. Examples
suggest there may be no such simple condition, but sufficient conditions for smoothness

are not hard to obtain, as follows.

Proposition 2.1.14. Let H be an affine commutative-by-finite Hopf algebra, finite

over the normal commutative Hopf subalgebra A.
1. If A is semiprime and H is semisimple, then H has finite global dimension.
2. If char (k) = 0 and H is semisimple, then H has finite global dimension.

3. If H has finite global dimension and H is A-flat, then A has finite global dimen-

sion and A is semiprime.

Proof. (1) As mentioned above, since A is affine and semiprime, it has finite global
dimension by [99, §11.6, §11.7]. In particular, the trivial A-module k£ has a finite
projective resolution 0 — P, — ... — By — 4k — 0. By Theorem 2.1.9(1), Hj4 is

faithfully flat, hence we have an exact sequence
0=2>H®sP,—... > HR4Fh > H®ak =0 (2.2)

and H @ k= H®y (A/JAT) = H/HAY = H.
We claim (2.2) is a projective resolution of H by H-modules. In fact, since each
P; is a finitely generated projective left A-module, then P; & M; = A®" for some left

A-module M; and positive integer n;. Thus,
(H®aP)®(H®aM)=H®s(P®M)=H®y A = H,

whence H ® 4 P; is a projective H-module, as claimed.

Therefore, prdim,; H < oco. Since H is semisimple, it is a direct sum of H-simple
modules, one of which is the trivial H-module k. In particular, this is a decomposition
as H-modules and, since prdim,H < oo, then so must be the projective dimension
of its H-direct summand gk. But by [56, Section 2.4] the global dimension of a Hopf
algebra is determined by the projective dimension of its trivial module, so gldim H =
prdim (k) < oco.

(2) This follows from (1) and Theorem 1.1.7.

(3) Since H is A-flat, it is also A-projective by the proof of Theorem 2.1.9(1),(3). If H
has finite global dimension, then the finite projective resolution of the trivial H-module
is also a (finite) projective resolution of A-modules by transitivity of projectivity, and

again by [56, Section 2.4] A has finite global dimension. Lastly, A is semiprime by [99,
§11.6, §11.7]. O
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Remarks 2.1.15.

1. Not all commutative-by-finite Hopf algebras are regular, even when they contain
no nonzero nilpotent elements and k has characteristic zero. For example, the
Hopf algebras B = B(n, pq, - . ., ps, q) constructed by Goodearl and Zhang in [38]
and discussed in §2.2.6 below are affine commutative-by-finite Hopf domains with
GKdim B = 2, but have infinite global dimension.

2. The converses of Propositions 2.1.14(1) and (2) are false even when A is central

or H is cocommutative.

For the case when A is central one can take the quantized enveloping algebra
U(g) of any simple Lie algebra g at a root of unity e. They are regular with
gldim U,(g) = dimy g [20, Theorem XII1.8.2], but H = u.(g) is a (finite dimen-
sional) restricted quantized enveloping algebra, which in general is not semisim-
ple. For example, consider the special linear Lie algebra g = sly(k). See §2.2.1

for more detalils.

As for the cocommutative case, consider the torsion-free polycyclic group

Gi={(r,y:aWr=y 2 y'a*y=a2

discussed in [70, Lemma 13.3.3]. As explained by Passman, G has a normal
subgroup N = (22,42, (xy)?) which is free abelian of rank 3, with G/N a Klein
4-group. Moreover, by construction (x) G does not have any normal abelian
subgroup W of finite index with |G : W[ prime to 2. Take a field k of characteristic
2 and let H = kG. Then, H is an affine commutative-by-finite domain by [70,
Theorem 13.4.1], and gldim H = 3 by Serre’s theorem on finite extensions, [70,
Theorem 10.3.12]. Thus, the commutative normal Hopf subalgebras of H over
which H is a finitely generated module have the form A = kW for some normal
abelian subgroup W of finite index in G and Maschke’s theorem says that the
group algebra H = H/A*H = k(G /W) is semisimple if and only if char (k) = 2
does not divide the order |G/W/|, which in view of property (%) cannot happen
here. Therefore, H does not have a normal commutative Hopf subalgebra A with

H semisimple.

We now gather results from the literature to show that smooth affine commutative-
by-finite Hopf algebras share many of the attractive properties of commutative noethe-

rian rings of finite global dimension.

Theorem 2.1.16. Let H be an affine commutative-by-finite Hopf k-algebra of finite

global dimension d.

1. H s Auslander-reqular, AS-reqular and GK-Cohen-Macaulay with GK-dimension
d.
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2. H is homologically homogeneous over its centre Z(H).

3. H 1is a finite direct sum of prime rings,

where each H; is a prime hom. hom. algebra of Gelfand-Kirillov and global

dimension d.

4. Z(H) = @'_, Z(H;), where Z(H;) is an affine integrally closed domain of GK-

dimension d for all 1.

Proof. (1) It follows from Theorem 2.1.8(1),(2) that H is Auslander-regular, AS-regular
and GK-Cohen-Macaulay with GKdim H = injdim H. And by [6, Proposition 4.2]
injdim H = gldim H.

(2) First, H is Krull-Macaulay as in the proof of Theorem 2.1.8(4). The statement now
follows from (1) and [17, Theorem 4.8 and Corollary 5.4].

(3) Since H is a noetherian PI ring by Theorem 2.1.3, it follows from (1) and [91,
Theorem 5.4] that H decomposes into a direct sum of prime rings. Then, there exist
idempotent pairwise orthogonal elements ey,...,e; in H (that is, e;e; = J; je;) such
that each H; = e;H is idempotently generated and 1y = e; 4 ...+ ¢;. By GK-pureness
of H as in Theorem 2.1.8(3), each ideal H; has GKdim (H;) = GKdim (H) = d.

Now fix 1 <4 <t and let V be an irreducible H;-module. We claim that

prdimy (V') = prdim (V). (2.3)

Let 0O - P, - ... = Fy — V — 0 be a minimal projective resolution of V' by
H;-modules. Since P; is H;-projective and H; is H-projective (for it is a direct sum-
mand of H), then P, is H-projective and the above is a projective resolution of V' by
H-modules. Therefore, prdimy (V) < prdimg, (V). Conversely, consider a minimal
projective resolution 0 — P, — ... — Py — V — 0 of V by H-modules. Since
H; = e;H is H-projective (hence H-flat), applying e; H ® y — yields the exact sequence
0—eP, — ... > e Py — ¢V — 0 of H-modules. Since V is an irreducible H;-
module, V' = ¢;V. And for each 1 < j < k, we can decompose P; = 1 - P; = @, e, P;
and, since P; is H-projective, there exists some H-module Q; such that P;&Q; = H®"
for some positive integer r;, hence e;P; & e;,Q; = (e;H)%" = Hi69 " that is e; P} is a pro-
jective H;-module. Therefore, the above is a projective resolution of V' by H;-modules,
so prdimy, (V') < prdimy (V') and (2.3) follows.

Any irreducible H;-module V' can be regarded as an irreducible H-module (by
letting the other direct summands act as zero). Since H is hom. hom. by (2), we
have prdimy (V') = gldim () = d. Moreover, by (2.3) prdimy (V) = prdimy (V') = d.

45



Therefore, by [64, Corollary 7.1.14],
gldim (H;) = sup{prdimy (V') : Vg, irreducible} = d.

In particular, prdimy, (V') = gldim (H;) for every irreducible Hi-module V', that is, H;

is a hom. hom. ring.

(4) From (3) we have Z(H) = @._, Z(H,). Each Z(H,) is affine, being a factor of the
affine algebra Z(H), and each Z(H,) is a domain, since H; is prime. Since H is a finite
Z(H)-module by Corollary 2.1.7, each H; is a finitely generated Z(H;)-module. Thus,
GKdim Z(H;) = GKdim H; = d by [49, Proposition 5.5] and (3). And since each H; is
hom. hom. by (3), each Z(H,) is integrally closed by [15, Theorem 6.1]. O

2.2 Examples

The obvious examples of commutative-by-finite Hopf algebras are the commutative
Hopf algebras (where A = H) and the finite dimensional Hopf algebras (where A = k1
is the trivial Hopf subalgebra). In this section we list other important families of
examples, such as quantum groups at roots of unity and Hopf algebras of low GK-

dimension. We also give a non-example in §2.2.7.

2.2.1 Quantized enveloping algebras at a root of unity

Our first examples of commutative-by-finite Hopf algebras in this section are quantized
enveloping algebras at a root of unity. We do not define them here but they can
be found in the literature; see for example [13, 1.6.3], [21, Section 9.1A], [26, Section
9.1]. And we assume k to be an algebraically closed field of characteristic zero in this
subsection.

Quantized enveloping algebras U,(g) of semisimple finite dimensional Lie algebras
g are noetherian Hopf algebras, [21, Section 9.1A], [26, Section 9.1]. When ¢ = ¢
is a primitive Ith root of unity, U.(g) is a free module of rank [4™¢ over a central
Hopf subalgebra Zj, [26, Corollary and Theorem 19.1], [21, Propositions 9.2.7 and
9.2.11}, [13, Theorem II1.6.2]. Its finite dimensional Hopf quotient

H =Ud9)/Z§ Uc(g) =: uc(g)

is the restricted quantized enveloping algebra of g. Hence, these Hopf algebras are
commutative-by-finite and smooth of global dimension dim g, [20, Theorem XIII.8.2].

For future purposes, we give a few more details on two examples.

Example 2.2.1 (Quantized enveloping algebras of sly and sl3). Let € be a primitive
Ith root of unity, with [ odd.
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The quantum group U, (sl) is generated by E, F, K*! and subject to the relations

K— K™t

€ —¢e!

KK'=K'K=1, KE=¢FEK, KF=¢?FK, EF-FE=

Moreover, K is grouplike, F is (1, K)-skew primitive and F' is (K !, 1)-skew primitive
[13, 1.6.2]. This quantum group is a free module over the central Hopf subalgebra

A=Ek[E', F' K*]

with basis {FPK/E* : 0 <4, j,k <1} [13, [11.6.2]. By Theorem 1.1.7, A is the coordi-

nate ring of the affine algebraic group

G = Maxspec(A) = ((k,+) x (k,+)) x k™,
a semidirect product in which & acts on (k,+)? by multiplication: more specifically,
since E' is (1, K')-primitive, F' is (K~!, 1)-primitive and K is grouplike, the multipli-

cation in G is given by

(a, B,7)(, B, 7) = (a+ v, 87+ B,97)

for any o, 8,d/,5" € k,v,v € k*. Moreover, the associated Hopf quotient is the

restricted quantized enveloping algebra of sly,
H=U(sl)/(E" F', K" —1) =: u(sl),

which clearly is not semisimple.

The quantum group U, (sl3) is generated by E;, F;, K; (for i = 1,2) with relations

K.E €2EjKi, if 4 :j K.F E_QFjKi, if ¢ :j
o emk, iti#s Y emk,  itity
K, — K;* .
[, Fy] = %ﬁ, E?E; — (e+ € WEE;E;+ E;E} =0 (i # j)

KiK; = K;K;,  FFj—(e+ ¢ YEFE+ K =0 (i #j).

Moreover, K; is grouplike, Ej is (1, K;)-skew primitive and Fj is (K; !, 1)-skew primitive
[13, 1.6.2]. Introducing the nonsimple roots F3 = E1Fy — ¢ 'EyFE) and Fy = FiFy —
e 1Fy [y, it is known that Uc(sl3) is a free module over the central Hopf subalgebra

A= KK K3 By By, By FYL By, B
with A-basis {F]'Fy?Fy* K K B EX ES 2 0 < 1y, 84, t; < 1} [13, 111.6.2]. This central
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Hopf subalgebra is the coordinate ring of the affine algebraic group
G = Maxspec(A) = (k, +)° x (k*)?

by Theorem 1.1.7. And it is easy to see that for each i = 1,2 E! is (1, K!)-primitive
and F!is (K;!, 1)-primitive, F} is (1, K K})-primitive, F{ is (K;' K5, 1)-primitive and
K, Ky are grouplike, hence the multiplication in G is given by

(ala g, (O3, ﬁla 627 /837 1, 72)(0/17 0/27 O'/g’)v Biﬂ ﬁé’ BZ/’N ’Yi’ ’Yé)
= (40, e +120d, az+ 117204, Bivi 61, Bavs B, By s B M, 1278)-

Furthermore, the associated Hopf quotient
H=U(sl)/(E,, B, EL FLFL FL KD — 1, KL — 1) =: u(sls)

is the restricted quantized enveloping algebra of sls.

2.2.2 Quantized coordinate rings at a root of unity

Our next examples of commutative-by-finite Hopf algebras are quantized coordinate
rings (also known as quantum rings of functions) at a root of unity. We also do not
define them here but they can be found in [13, §1.7], [25, Section 4.1]. We continue to

assume that k is an algebraically closed field of characteristic zero.

Quantized coordinate rings O,(G) of connected, simply connected, semisimple Lie
groups G are noetherian Hopf algebras, [25, Sections 4.1 and 6.1]. If ¢ = € is a primitive
Ith root of unity, O.(G) contains a central Hopf subalgebra isomorphic to O(G), [25,
Proposition 6.4], [13, Theorem II1.7.2], over which O.(G) is a free module of rank
[9m(@) 14]. In fact, O(G) C O.(G) is a cleft extension, with a coalgebra splitting
cleaving map; see [4, Remark 2.18(b)]. In the notation of [4] such a cleaving map can

be obtained by dualizing the algebra projection ¢ : I'c(g) — u.(g) where g = Lie G.

The finite dimensional Hopf quotient
H=0/(G)/O(G)"O(G) =: 0.(G)

is usually known as the restricted quantized coordinate ring. Note that o.(G) = u.(g)*

is the dual of the restricted quantized enveloping algebra of g = Lie G, [13, I11.7.10].

The algebras in this family are thus commutative-by-finite, and smooth of global
dimension dim(G), [12, Theorem 2.8].
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2.2.3 Enveloping algebras of Lie algebras in positive charac-

teristic

For our next example let k£ be an algebraically closed field of characteristic p > 0 and
recall the enveloping algebras introduced in Example 1.1.2.

Let g be a finite dimensional Lie algebra. Its universal enveloping algebra U(g) is a
noetherian Hopf algebra [64, Corollary 1.7.4] and in positive characteristic it is finitely
generated over its centre [46]. More specifically, let g = @;", kx; be a finite dimensional
Lie algebra. For each 1 < i < m, there exists in U(g) a central p-polynomial y; on z;,

that is, a central polynomial in U(g) of the form
Y = apx; + a1t + ...+ anas?n,

for some n > 0 and ao,...,a, € k [46, Proposition 1]. Moreover, since each z; is
primitive in U(g) and k has characteristic p, each p-polynomial y; is also primitive.
Hence, A = k(y1,...,ym) is a central Hopf subalgebra of U(g) and, in fact, it is a
polynomial algebra on these primitive generators. Lastly, U(g) is a free A-module of

finite rank with basis given by the monomials
{ar .ol 0 < i < dj},

where d; = deg(y;), [46, Proposition 2|. Therefore, the enveloping algebra U(g) is
commutative-by-finite and by [20, Theorem XIII.8.2] it is a smooth domain with

gldim (U(g)) = GKdim (U(g)) = dim g.

For restricted Lie algebras, we can be more precise about the p-polynomials ;. A
Lie algebra g is restricted if it possesses a map x — zP! that satisfies for all z,y € g
and \ € k,

1. ad(z?)) = ad(z)?, meaning [z, y] = [x,[...[2,9]...]].
2. (Az)lPl = \pglpl,

3. (z+ gl = all 4yl 4+ 577 —Si(gf’y)? where s;(x,y) is the coefficient of ¢*~! in
ad(tx + y)P~(z).

Example 2.2.2. The Lie algebra g = gl,,(k), consisting of n x n matrices, is restricted
over a field of characteristic p with the map A = (a;) — AP = (a7;). Moreover,
any Lie subalgebra of gl,(k) which is closed under this map, such as sl,(k), is also a

restricted Lie algebra.

If g = @, kz; is a restricted Lie algebra, the p-polynomials are y; = 27 — xz[p ]
for each 1 < i < m, thus U(g) is a free module of finite rank p™ over the central

Hopf subalgebra A = k{a? — 2P 1< < m), which is a polynomial algebra on

%
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these primitive generators, [45, Section 2.3], [13, Theorem 1.13.2(8)]. Its Hopf quotient
H = U(g)/A*U(g) is the restricted enveloping algebra of g and is usually denoted by

ulPl(g).

2.2.4 Group algebras of finitely generated abelian-by-finite

groups

We now present a large class of commutative-by-finite Hopf algebras coming from
groups. Here k is an algebraically closed field of arbitrary characteristic.

Let G be a finitely generated group with an abelian normal subgroup N of finite
index. Then, N is also finitely generated, so GG is polycyclic-by-finite, and hence kG
is an affine cocommutative Hopf algebra, which is noetherian by [70, Corollary 10.2.8].
Since kG is a finite kN-module, it is commutative-by-finite. As we saw in Example
1.1.19 these extensions are cleft, and these algebras decompose into the crossed products
kG = EN#,k(G/N), with a splitting coalgebra cleaving map.

The set Ny of elements of IV of finite order is a normal subgroup of N, usually known
as the torsion subgroup of N, and the quotient group N/Nj is finitely generated abelian
and free [70, Lemma 4.1.5]. Let d denote the rank of N/Ny, commonly referred to as
the torsion-free rank of N; it coincides with the Hirsch length of G, see [70, remarks
on p. 380, Lemma 10.2.10]. Moreover, by [18, Theorem 6.7] we have

injdim (kG) = d.

By [70, Theorem 10.3.13], kG has finite global dimension if and only if char k = 0, or
chark = p > 0 and G has no elements of order p. In this case, we have gldim (kG) =
injdim (kG) = d by [6, Proposition 4.2].

2.2.5 Prime regular affine Hopf algebras of GK-dimension 1

Our next examples are Hopf algebras arriving from a classification in GK-dimension 1.
The prime regular affine Hopf algebras of GK-dimension 1 were completely classified
when by Ding, Liu and Wu in [27], building on [19] and [58]. Here k is an algebraically
closed field of characteristic 0.

By a fundamental result of Small, Stafford and Warfield [90, Theorem] a semiprime
affine algebra of GK-dimension one is a finitely generated module over its centre. But
in fact more is true for these Hopf algebras - they are all commutative-by-finite, which
we checked on a case-by-case basis.

The classification consists of 2 finite families and 3 infinite families, as follows.

(I) The commutative algebras k[x] and k[z*1].

(IT) A single cocommutative noncommutative example, the group algebra of the infi-

50



nite dihedral group
D ={a,b:a®>=1,aba =b"").

(III) The family of Taft algebras T'(n,t, q);
(IV) The family of generalized Liu algebras B(n,w, q);

(V) and Ding-Liu-Wu’s examples D(m, d, q).

We explore these examples further in the following pages.

(IT) Group algebra of the dihedral group

The infinite dihedral group D is abelian-by-finite, with abelian normal subgroup N =
(b). Thus, H = kD is commutative-by-finite over the normal commutative Hopf sub-
algebra A = k(b), with the Hopf quotient H = H/(b — 1)H = kC,. Moreover, H

decomposes into the smash product
kD = Ax kC,,

where C5 acts on A by conjugation.

(IIT) Taft algebras

Recall the infinite dimensional Taft algebras H = T'(n,t,q) from Example 1.1.4:
T(n,t,q) =k{g,z:g" = 1,29 = qqx),

where g is grouplike and x is (1, g*)-primitive.

We claim that the commutative subalgebra A = k[2"] is a normal Hopf subalgebra,
where d = (n,t),n’ = n/d. As mentioned in Example 1.1.21 2™ is a primitive element,
so A is a Hopf subalgebra. Moreover, the left adjoint action of H on A is given by

’ r o ’
g o =gar¥gt =q¢ ™2™ and
’ ’ ’ _ ’ e ’
r-2" =2" o gla (—g i) = 2T — g T = 0,

since ¢ = ¢~™ = 1 where t' = t/d. Normality of A now follows from Remark
2.1.5(2).

As we saw in Example 1.1.21, these algebras decompose as crossed products into
T(n,t,q) = At H = k[a™ |#,(Tr(n' ', ¢*)#-kCy).
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(IV) Generalized Liu algebras

Let n and w be positive integers and let ¢ be a primitive nth root of 1. We define the

generalized Liu algebras B(n,w, q) as follows,

B(n,w,q) := k{z*, g**,y : x central, yg = qgy, g" = 2¥ = 1 — y"),
with z and ¢ grouplike and y (1, g)-primitive. Clearly, A := k[z*!] is a central Hopf
subalgebra over which H = B(n,w,q) is a free module of rank n? [19, (3.4.4)]. The

corresponding Hopf quotient is
H=kgy:7"=1L7"=0,7g = qg9) = Ts(n.1,q).

Moreover, B(n,w,q) decomposes as a crossed product. Consider the natural map
v: H — H,§g9 — g¢'y for any 0 < 4,5 < n. Although it is neither an algebra
nor a coalgebra map, it is easy to check that it is convolution invertible with inverse
v Hg'y) = (—1)q” ¢ )g dyd g~i. Therefore, since k has characteristic 0, H®H# = A by
Theorem 2.1.9(2) and by Theorem 1.1.17 we have

B(TL, w, Q) = A#Jﬁ = k[xil]#an(nv 17 Q)

as algebras, for some nontrivial cocycle o.

(V) Ding-Liu-Wu’s examples

Let m and d be positive integers with (1+m)d even, and let ¢ be a primitive 2mth root
of 1. The Hopf algebra D(m,d, q) is defined as follows: as an algebra it is generated

by %, g%, y, up, ur, . . ., Upm—y With relations

rg=gr, zYy=yr, Yg=179y, r°=9"=1-y",

-1 d i .—2d
TU; = WX, YU = Qi = gy, ug = ' guy,

-2 1 m+1

wity = (1Y~ m =2~ ]y

i+j mod m

9,

where v = ¢?, w = md, ¢; = 1 — v~ *+Dz? and the brackets [,] are defined as

O5Ps41 - .- Of if s <t
[s,t] =<1 ifs=1+1
G5 Om_1¢o... 07 H§>t+2

The coalgebra structure is as follows: x and g are grouplike, y is (1, g)-primitive and
Auy) =Y A pidgiy, o @y,
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using the convention us := Us mod m; €(z) = €(g) = €(up) = 1 and €(y) = €(u;) = 0 for
1 <i < m. As for the antipode, S(z) =27, S(g) = ¢!, S(y) = —¢g~ 'y and

i 1(2 id+3(1—m m—i—
S(uz) — (_1)zqz(z+2)uixzd+2(1 )dg 1'

Note that the subalgebra generated by z*', ¢g™' y is the generalized Liu algebra
B(m,w,7), in the notation of 2.2.5(IV). Furthermore, the product of any two elements

u;, u; belongs to this subalgebra.
Let A = Kk[z*!]. This commutative Hopf subalgebra is central (hence normal) in

k(x,q,y) = B(m,w,v) and the left adjoint action of u; on z is

-1
fyj(i’j)x’jdgjui,ij(uj)

3

[en]

.
—_

_ (—1)7 gD +2) ymdd= iy, gy i3 (1=m)d g1

3

<
Il
o

3
L

1 oy m ‘
j(2i= J+2)+]2m TGP = jom - 2 — Gy

ajjd—&-%(l—m)d m—j—1
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By [27, Lemmas 3.2 and 3.5] the parenthesised sum simplifies to &; gmz (™14 hence

1
ady(u;)(z) = m:c’”d (=m) g, omam=Dd = 2715, .

And by Remark 2.1.5(2) A is normal.
Moreover, by [27, Equation 4.8] H = D(m,d, q) is a free A-module of finite rank,

m—1 m—1
= (EB Agiyj> &) <@ Agiuk> ) (2.4)
i,j=0 i k=0

We now investigate the corresponding Hopf quotient.

Lemma 2.2.3. Let H = D(m,d,q) and A = k[z*'] as above, and consider the Hopf
quotient H = H/AYH.
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1. As a vector space,

m—1 m—1
H= (@ ka@’“) ® (@ k@j@ku_o> :

J,k=0 J,k=0

2. As an algebra H is generated by §,7,ug with relations y™ = 0,g" = 1,yg =
Y9y, Tog = Juo,Uoy = q ‘Yo, Uo> = g. Moreover, g is grouplike, 7 is (1,7)-
primitive and

m—1
Allly) =T @+ »_ oy gy iy @ 7 iy,
j=1

where a; =y 7 (1 =)0 (1= )71 =y~ =)7L (1=~~~
3. As an algebra H decomposes as the crossed product

H =~ T(m, 1,7)#,kCs.

Proof. (1) We know from (2.4) that H = ( ;’7,;:10 kgjy’“) ® ( ;n’l;}) k@ju_l> and each
7 can be “reduced to p” by iterative use of the relation w7 = (1 — (D)1,
Therefore, {¢?y*ug' : 0 < j,k < m,0 < [ < 1} generates H and, by a dimensional

argument, it must be a basis of H.

(2) The relation ug? = g is the only one that needs justification. We know %g? =

L1 —4)...(1 =4 ™ D)g. And since v is a primitive mth root of unity, so is

(m—1)

v~ hence yv71, ...,y are all the distinct mth roots of unity except 1; but, since

Hﬁ_ol(z — 77 = 2™ —1 and H:’;l(z — ) = 2= = zm7 4 4 2+ 1, then

H?:ll(l — ) =11+ ...+ 1+ 1=m and the relation follows.

(3) Consider the ideal I = (g — 1,7)H. It is a coideal, since ¢(I) = 0 and A(g — 1) =
G-1)®7+1®@G—-1)and A(H) =7®7+ 17 both belong to I ® H+ H® . As
Sg—1)=g'—1=-gg—1)and S(y) = —g 'y are both in I, it is a Hopf ideal.
Thus, we have a Hopf surjection 7 : H — H /I = kC,.

This Hopf surjection 7 induces a right kCs-comodule algebra structure on H with
coaction p = (id®@7)Az. Moreover, the map 7 : kCy — H given by v(1) = 1,v(a) = U
(where a denotes a generator of Cy) is a convolution invertible £Cy-comodule map, with
inverse given by v7'(1) = 1,7 (a) = wgg™! = g
and by Theorem 1.1.17

~*. Hence, 7 is a cleaving map

H2H" 4 k0.

Lastly, we claim the coinvariants of this coaction are the elements of T(m,1,),
the subalgebra generated by g and §. In fact, p(g) = @ 7(g) = g® 1, p(y) =
T®1+g7(y) =7®1 and, since H" s a subalgebra of H, Ty(m,1,v) C TR,
And, since both T¢(m,1,v) and H" have the same dimension, namely m?, they

must equal. O
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Note that in this decomposition the action of kCy on T is trivial everywhere except
a-y = &1y and the cocycle is trivial everywhere except in o(a,a) = g. Moreover, as a

coalgebra H does not decompose into T t(m, 1,7) ® kCy, because Ty is not a grouplike.

Remark 2.2.4. Note that in [19] and [27] the skew-primitive generator of the Taft
algebras is (¢, 1)-primitive, unlike here where we defined it to be (1, ¢")-primitive.
This difference, however, is not as important as it might appear at first, since this
only depends on the generators of T'(n,t,q) we consider. For, if T'(n,t,q) denotes a
Taft algebra where the skew-primitive generator x is (¢*, 1)-primitive, then 2’ = g~'x is
(1, (¢')")-primitive where ¢’ = g~ and ¢’, 2’ generate T'(n,t,q~'). An analogous remark
holds for finite dimensional Taft algebras.

In a similar fashion, the generalized Liu algebras were defined in [19] as above but
with y being (g, 1)-primitive. Once again, this depends only on the generators one
considers, for if B(n,w,q) is a generalized Liu algebra with y being (1, g)-primitive,

Vand ¢ = (—1)"g 'y generate the generalized Liu algebra B(n,w,¢™!) in

then ¢/ = g~
which ¢’ is (¢’, 1)-primitive.

In [27] the new Hopf algebras D(m,d, q) were also defined slightly differently: the
algebra structure is the same as above but the coproduct requires the generator y to
be (g,1) and the coproduct of w; is also different from above. Therefore, we present
here D(m, d, q)®?, the Hopf algebra with the same algebra structure as D(m, d, q) and
coproduct A®? = 7o A, where 7 is the flip map. Given the classification in [27], we

must have an isomorphism
D(mv d, q>cop = D(ma d, q/)a

for some primitive root ¢’, which therefore allows us to consider D(m, d, q¢)° here. On
a more technical note, the counit of D(m, d, )P is easily computable from the counit

axiom and we used [67, Lemma 1.5.11] and the antipode in [27] to compute SP.

Summary

These Hopf algebras are all free over their respective normal commutative Hopf subal-
gebras. All families except D(m, d, q) are pointed, thus decompose as crossed products
H = A#,H by Proposition 2.1.12. The key feature of D(m,d, q) is the fact they are
not pointed, [27, Proposition 4.9]; still they are free over their commutative normal
Hopf subalgebras but I do not know whether they decompose as a crossed product
A#,H.

More recently, there has been some work [55] towards the classification of cer-
tain prime affine Hopf algebras of GK-dimension one that satisfy weaker hypotheses
than regularity; see the classification in [55, Theorem 7.1]. The new Hopf algebras
constructed in this paper are fraction versions of Taft algebras, generalized Liu alge-
bras and the Hopf algebras D(m,d,q). Each of these is commutative-by-finite and

actually Liu conjectures that every prime Hopf algebra of GK-dimension one over an
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algebraically closed field of characteristic zero is commutative-by-finite [55, Conjecture
7.19, Remark 7.20].

2.2.6 Noetherian PI Hopf domains of GK-dimension two

Our last examples come from another classification of Hopf algebras, this time of GK-
dimension 2. In this subsection we again assume that k is algebraically closed of

characteristic 0.
Let H be a noetherian Hopf algebra domain with GKdim (H) = 2. Such Hopf

algebras were classified in [38, Theorem 0.1] under the additional assumption that

Extk (yk, k) # 0. (%)

By [38, Lemma 3.1], the hypothesis (#) is equivalent to the assumption that (H1)? #
H; and by [38, Proposition 3.8(c)] it is also equivalent to the fact that H has an infinite
dimensional commutative Hopf factor. There are 5 classes of such Hopf algebras and
the commutative-by-finite ones are precisely the ones that satisfy a polynomial identity;

see [38, proof of Proposition 0.2(b)]. These are as follows.

(I) The group algebras of the groups Z x Z and
Zx7Z="{a,b:aba”! =b7").
The group Z x Z is abelian-by-finite over the normal abelian subgroup Z x 2Z =
(a%,b), hence k(Z x 7Z) is commutative-by-finite;
(IT) The enveloping algebra of the 2-dimensional abelian Lie algebra, that is k[z, y];
(ITI) The family of Hopf algebras A(l,n, q);

(IV) and the family of Hopf algebras B(n, po,p1, ..., Ps,q)-

(ITIT) The localized quantum plane A(l,n,q) at a root of unity

Let | € N,n € Z and q a primitive [th root of 1. Consider the Hopf algebra
A(l,n,q) = k(z™,y s zy = qyz),

with @ grouplike and y (1, z")-primitive.

Let A = k((z")*',y"), where d = (n,1),I' = 1/d,n' = n/d. A is a Hopf subalgebra
of H = A(l,n,q), because x! is grouplike and, since ¢" is a I'th primitive root of unity,
y is (1,2")-primitive with 2™ = 2™ € A. Furthermore, A is commutative because
2! is central. To see that A is normal, note first that o and y act trivially on 2!, again
because it is central. Moreover, (adiz)(y") = zy'z~' = ¢"y" € A and

U'+1 _  nll) U U'+1 In', I'+1 _ 0

(adiy)(y") = yy" — 2"y 'z "y =y "y'y =" — ¢y

56



And H is clearly a finitely generated A-module, hence H is commutative-by-finite.

Let us also compute the Hopf quotient H. Following the notation from Example
1.1.21, we have

H= k(fil,y Ty = qUT, T = 1,y" =0)=U(,n, q_l) =~ Te(l',n, q_d)#ode

as algebras; and as coalgebras H = Ty ® kCy.

These Hopf algebras also decompose into crossed products. Consider the natural
map v : H — H given by v(Z'7’) = 2y’ for 0 < i < [,0 < j < I'; even though
it is neither an algebra nor a coalgebra map, it is convolution invertible with inverse
v Y ZY) = (—1)jq_(g>w_"jij_i. Therefore, since k has characteristic 0, H®H = A
by Theorem 2.1.9(2), and Theorem 1.1.17 implies that as algebras

H = A4, T = k()2 5 T Ty (0 1 ) ok Cil.

(IV) The Hopf algebras H = B(n,po, ..., Ps,q)

Let s > 2, let m,py,...,ps be positive integers with py | n and {p; : ¢ > 1} strictly
increasing and pairwise coprime and coprime with py, and let ¢ be a primitive [th
root of 1 where | = (n/po)p;...ps. Consider the subalgebra B(n,po,...,ps,q) of the
localized quantum plane A(l,n,q) = k(z*,y) from 2.2.6(II1) generated by z*' and
{yi = y™ 1 <i < s}, where m; := Il 4p;, that is

B(n7p07 o 7pS7Q) = k(‘rilayla ey Ys - TY; = qmlylx7y11)1 == yg)gvyly] = y]yl>

This supports a Hopf structure with x being grouplike and y; being (1, z"")-primitive
and it has a k-basis given by

{yit .yl iy >0, €Z,0 < <pfork=2,...,5}.

Let A= k{yP*, ... yPs, (2)F) = k[yPr-Ps 2H]. Tt is commutative, since 2! is central
in A(l,n,q) and therefore in H = B(n,po,...,ps,q). A is a Hopf subalgebra of H,

because ! is grouplike and, since ¢"™" is a primitive p;th root of unity,

Di
2y =3 () et =i et Er e cAea
k=0 qmin

Moreover H is clearly a finite A-module and A is normal: z and y; act trivially on 2/,

because it is central, and (adjz)(yf") = zyl’z™! = ¢™Piy?" € A and, since m;p;n is a
multiple of [,

DPi

(adyy;) (i) = iy + ™"yl (=™ y;) = vy —q

mip;m;n, Pi

Yi'y; =0
We now focus on the Hopf quotient H.
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Lemma 2.2.5. Let H = B(n,po,...,ps,q) be defined as above. Consider the Hopf
subalgebra A = k{(y{*, ... yP=, (2))*') and the Hopf quotient H = H/ATH. As an

ydJds )

algebra, H decomposes into

[[ . [Tf(p17p07 fl)#aleQ?QapOpla 52)] #02 .- ] #as_le(psapopl «o - Ps—1, fs)} #chn/poa

where & = ¢~ MP)mPi1-Ps s o primitive p;th root of unity. Moreover, as coalgebras

H = Ty(p1,po. &) @ Ty(p2: pop1: &2) @ - - @ Tr(ps, popi - - - Ps—1,&s) @ kChy g

Proof. We know that
H=k@" 7,7 T = L5 = 0,75 = ("5, 55 = U)»

where T is grouplike and 7; is (1, 7™")-primitive. Recall that [ = (n/pg)p; ...ps and
m; = IL;4p;.

We have a Hopf quotient H — H /(ZVP — 1,771, ...,7s) = kC.,p,, which induces a
kCh/po-comodule structure on H. The natural map v : kC,,/,, — H that sends a fixed
generator of the cyclic group to T is a splitting coalgebra map, hence it is a cleaving

map and by Theorem 1.1.17

co kC),

H = H g 1O

Moreover, it is easy to see that Z%" 71, ..., 7, are coinvariants of this coaction, and

n/po

. . . —=co kC, .
upon comparing dimensions we conclude that H ok is the subalgebra generated by

/P T, ..., T, that s,

—co kC,,

H " = kg, 00, T 0 = 0,977 = 1Yig = &9, 5i¥; = Ui%)s

where g = %P and & = ¢~ ("/P0)™ is a primitive p;th root of unity. Note that ¢ is
grouplike and 7; is (1,7™") = (1, g*°™ )-primitive.

We now prove by induction on s that the Hopf algebra

T:=kg,y1,..,ys ¥ = 0,0 = 1,039 = 9%, Yi¥; = Y;j¥i),

where g is grouplike, y; is (1, gP°™)-primitive and ¢; is a primitive p;th root of unity,

decomposes as the crossed product of s Taft algebras as

T = . [Trp1,00,61)#o. T2, P01, £2)] #os - - o) FHoo  T(Ps, DOD1 - - - Ds—1,Es),

Pi+1---Ps

where & = ¢q;
For s =1, T = T¢(p1,po, q1) as required. Suppose the decomposition above holds
for s — 1 and consider T'= k(g, y1, ..., ys 1 4" = 0, 9P = L,y;9 = @:9¥i, Yi¥; = Y;¥i),

where ¢; is a primitive p;th root of 1, g is grouplike and y; is (1, g?°)-primitive. We
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have the Hopf quotient

T — T/(g" — Ly, ¥s—1) = Ts(ps, Poms, qs) = Tr(Ps, PoP1 - - - Ps—1, Gs)-

The natural map v : Ty(ps, pop1 - - - Ps—1,qs) — T given by v(y5'¢’) = ylg¢’, for 0 <

1,7 < ps, is a splitting coalgebra map, so it is a cleaving map and by Theorem 1.1.17

r= TCOTf#Ule(psap0pl <o Ps—1, qs) (25)

It is easy to see that v, ..., ys_1, gP* are coinvariants of this coaction and by comparing
dimensions we conclude that T°°?s is the subalgebra generated by these elements, that

is,
TCOTf = k<h7y17 ey Ys—1 0 pP-Psmt = 1>y1L - Oa ylh’ = qfshywyzy] - yjyi>7

where h = gP* is grouplike and each y; is (1, h?™/Ps)-primitive. The induction hypoth-

esis yields

T 2 Ti(p1,po, €1)#or - - Hou s Tr(Ds—1,P0P1 - - - Ps—2,Es—1),

where & = (gi®)Pit1-Ps=1 = ¢?"*1P* Together with (2.5) this completes the induction
step.
Regarding the coalgebra structure of H, every crossed product is obtained from a

cleaving map which is a splitting coalgebra map, hence the coalgebra structure is the
usual one by Remark 1.1.18(2). O

It is easy to see that H itself decomposes into a crossed product: the natural map
v : H — H given by v(T77" ... 7)) = a'yl* ...y, where 0 < i < 1,0 < j; < py, is

neither an algebra nor a coalgebra map but it is convolution invertible, with inverse
Y@L T = (_1)j1+...+jsqf(Jg)f...f(ﬂg)x—nmsjsygs g

Therefore, since k has characteristic 0 Theorem 2.1.9(2) gives H «H — A and Theorem

1.1.17 guarantees that as algebras
B<n7p07 -y Dsy Q) = A#oﬁ = k[(xl)i17 ymmps]#o[Tf#US,1 s #01Tf#’rkcn/po]-

Summary

As was shown in [38, Proposition 0.2(a) and proof of Proposition 1.6], all the above
algebras have global dimension 2, except for the family (IV), whose members have
infinite global dimension, being free over the coordinate ring k(y™ : 1 < i < s) of a
singular curve.

More recently, in [98] it was shown that not all noetherian Hopf k-algebra domains
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of Gelfand-Kirillov dimension 2 satisfy (). More precisely, a key discovery of [98]
was an infinite family of noetherian Hopf algebra domains of GK-dimension 2, with
Ext}; (ik, gk) = 0 for all members of the family. All these algebras satisfy polynomial
identities - in fact, by [98, Theorem 2.7], each of them is a free module of finite rank
over a central Hopf subalgebra which is the coordinate ring of a 2-dimensional solvable
group. In particular, they are all commutative-by-finite. Almost all of them have
infinite global dimension, some of them actually being free modules of finite rank over

an algebra in (IV).

2.2.7 A counterexample

For an algebraically closed field k of characteristic 0, S. Gelaki and E. Letzter gave an
example of a prime noetherian Hopf k-algebra U of Gelfand-Kirillov dimension 2 which
is not commutative-by-finite [35].

Their example is as follows: let U = U(g) * Cy be the Hopf algebra generated by

x,y,u,v,t with relations
x central, yu—uy=u, yv—vy=-v, w+tovu=zx, u =0v"=0

tr =axt, ty=uyt, tu=—ut, tv=—vt, t*=1,

where t is a generator of C5. U is a Hopf algebra with coalgebra structure given by x,y
being primitive, u, v being (1,t)-primitive and ¢ being grouplike.

Note that, unlike throughout the rest of this thesis, here g does not denote a Lie
algebra but the Lie superalgebra pl(1,1), namely g = go @ g1 consists of the 2 x 2

matrices with basis

10 10 01 0 0
T = Y y = Y u= ) v = )
01 0 0 0 0 10

where z,y form a basis of gy and u,v a basis of g;. See [81] for more on Lie super-
algebras. Often U is referred to as the “bosonization” of the enveloping algebra of
pl(1,1).

This Hopf algebra U is noetherian, affine, PI and prime but it is not finitely gener-
ated as a module over any of its normal commutative Hopf subalgebras [35, Theorem
3.2], hence U is not commutative-by-finite.

Note that U contains a nonzero nilpotent element, namely u, forming part of a
PBW basis of U. Thus, although U has GK-dimension 2, it is not a domain, so it does

not feature in the list in §2.2.6. Moreover, U is a free k(u)-module, so that
prdimg; (k) > prdimy,,, (k) = oo,

hence gldim (U) = oo by [56, § 2.4].
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Chapter 3
Their structure

In this chapter, we delve deeper into structural properties of affine commutative-by-
finite Hopf algebras. Let H be an affine commutative-by-finite Hopf algebra with
commutative normal Hopf subalgebra A. We continue to assume in this chapter that
the base field k is algebraically closed.

In section 3.1 we study the effect of the left and right H-actions (introduced in
Theorem 2.1.3(3)) on the ideals of A; and we will mostly focus on its maximal ideals.
Moreover, we introduce the important notion of orbital semisimplicity, which will play
a crucial role when studying the duals of commutative-by-finite Hopf algebras, more
specifically in section 4.3. Note that it has some implications in section 3.2 as well.

In section 3.2 we study the nilradicals of A and H and obtain a surprising result on

the relation between the (semi)primeness of H and A. More specifically, we proved:

Theorem 3.0.1. Let H be an affine commutative-by-finite Hopf algebra, with commu-
tative normal Hopf subalgebra A. Assume that N(A) is H-stable.

1. If H is semiprime, then so is A.

2. If H 1is prime, then A is a domain.

In section 3.3 we study the representation theory of affine commutative-by-finite
Hopf algebras. In particular, we find upper bounds for the dimension of the irreducible

H-modules as follows:

Theorem 3.0.2. Let H be an affine commutative-by-finite Hopf algebra, finite over
the normal commutative Hopf subalgebra A. Suppose that A is a domain. Then, for
any simple H-module V',

In the last section 3.4, we study the structure of commutative-by-finite Hopf al-
gebras whose Hopf quotient H is semisimple and cosemisimple. This is achieved in
Theorem 3.4.3. Due to the extensive and intricate structure presented in this result,
we highlight here its implications on prime commutative-by-(co)semisimple Hopf alge-
bras. According to this result, these Hopf algebras are in simple terms extensions of

affine commutative domains by group algebras.
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Corollary 3.0.3. Let H be a prime commutative-by-finite Hopf algebra, finite over
the affine normal commutative Hopf subalgebra A. Suppose that H is semisimple and
cosemisimple. Then, there exists a left coideal subalgebra D of H and a finite group T’
such that

1. A and D are affine commutative domains with A C D and I" acts faithfully on

D wvia the adjoint action;
2. H/D"H = kT and the order of T is a unit in k;
3. Suppose in addition that H is pointed. Then, H = D#,kI" for some cocycle o.

In subsections 3.1.1 and 3.1.2 we mostly use results discovered by other mathemati-
cians such as Montgomery, Schneider [68] and Skryabin [87]. However, throughout the
rest of the chapter most of the results are original, due to the author and his supervisor,

and have recently been written into a paper [11].

3.1 Stability under Hopf actions

In this section, we study the effect of the left and right H-actions on the ideals of
A, especially on its maximal ideals. In subsections 3.1.1 and 3.1.2 we work in the
broader setting of a finite dimensional Hopf algebra 7" acting on a (often commutative)
T-module algebra A. We return to the study of the class of commutative-by-finite Hopf
algebras in subsection 3.1.3, where we apply the results of the previous subsections to
the case where T is the finite dimensional Hopf algebra H acting on the commutative

normal Hopf subalgebra A of H.

3.1.1 Hopf orbits of maximal ideals

The action of finite dimensional Hopf algebras on algebras has been previously stud-
ied by many mathematicians, including for example Montgomery, Schneider [68] and
Skryabin [87]. In fact, these mathematicians have studied the stability of the ideals of
an algebra under a Hopf action, this being precisely what we will do in this section.
The definition of stability under a Hopf action varies throughout the literature, for
example it differs in [68, Definition 2.3(2)] from the one in [87]. Therefore, we begin

by defining the notion of stability in the way most suitable for our purposes.
Definition 3.1.1. Let T be a Hopf algebra and A a left T-module algebra.
1. A subspace V of Ais T-stable if t-v eV forallt € T and v e V.
2. The T-core of an ideal I of A is the subspace
I = {zel:t-zel, VteT).
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Note that, recalling the notation of invariants from §1.1.1, we have the inclusion
ATnrcIm,

since for any z € AT NI we have t - © = ¢(t)z € I for any t € T. However, in general,
I will be strictly larger than the subspace AT NI of T-invariants of I, hence the use

of brackets in our notation.

Lemma 3.1.2. Let T be a Hopf algebra, A a left T-module algebra and I an ideal of
A. Then,

1. I s the largest T-stable subspace of A contained in I.

2. IM) s an ideal of A.

Proof. (1) We first prove that 1) is T-stable. Let 2 € I") and t € T.. Then, for any
seT
s-(t-z)=(st)-xel,

that is, t - ¢ € IT). Now take any T-stable subspace J C I of A. Then, for any t € T
and z € J we have t -z € J C I, hence z € I'") by definition.

(2) Clearly I™ is closed under addition. Let a € A,z € I'") t € T. Then,

t-(ax) = (ti-a)(tr-2) €1,

since to - 2 € I and I is an ideal of A. Thus, az € I and similarly so does xza. This

proves I(T) is an ideal of A. O

Let A be a commutative left T-module algebra. The notion of the T-core of an ideal
of A leads to an equivalence relation on the prime spectrum of A and to the notion of
orbits under this action, as discussed in a more general setting by Skryabin in [87] and
in a slightly different setting by Montgomery and Schneider in [68]. However, in view
of the applications of this action in this thesis, we limit our attention to the spectrum

of the mazrimal ideals of a commutative T-module algebra A.

Definition 3.1.3. Let T be a Hopf algebra and A a commutative left T-module algebra.

() on Maxspec(A) as follows: for m, m’ €

"7

1. We define an equivalence relation ~

T)

Maxspec(A4), m ~) m’ if and only if m™) = m

2. For each m € Maxspec(A), its T-orbit is the ~()-equivalence class of m, that is

the set of maximal ideals of A with the same T-core as m,

Om = {m’ € Maxspec(A4) : m'" = m™}.

The following key result is essentially due to Skryabin [87, Theorems 1.1, 1.3]. Tt
states a few properties of this equivalence relation and its orbits; in particular, it gives

a very important way of describing these orbits.
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Proposition 3.1.4 (Skryabin, [87]). Let T' be a finite dimensional Hopf algebra, A an

affine commutative left T-module algebra and m € Maxspec(A).

1. A/m'D) is a T-simple algebra, that is, its only T-stable ideals are {0} and A/m™).
2. A/m") is a (finite dimensional) Frobenius algebra.

3. Om = {m’ € Maxspec(A) : m¥) C m'}.

4. O 18 finite.

Proof. (1),(2) Since k is algebraically closed and A is commutative affine, we have
A/m = k. Then, m N A" is a maximal ideal of AT and AT/(m N AT) = k. Thus,
by Theorem 2.1.6 A/(m N AT)A is a finite dimensional algebra, and therefore so is its
factor algebra A/m(™),

Now (1) follows from [87, Proposition 3.5]. In particular, in the language of [87],
A/m™) is T-semiprime, meaning it has no nontrivial nilpotent 7T-stable ideals. Thus,
by [87, Theorem 1.3] the classical ring of quotients Q(A/m™) is quasi-Frobenius. But
by the previous paragraph A/ m() is finite dimensional, hence artinian, so it equals its
classical ring of quotients, A/m™ = Q(A/m™). And finally a commutative quasi-

Frobenius k-algebra is actually Frobenius [101, Remark 1.3].

3) If m’ € O, m® = m'™ C m’ and so Op, C {m’ € Maxspec(A4) : m™ C m'}.
For the reverse inclusion, suppose some m’ € Maxspec(A) contains m(T), so that
m® € m'™ C m’. Hence, by (1) A/m™ is T-simple and so m'™ /m™ must be

{0}, thus m'™ = m@; that is, m’ € Op,.

(4) By (3) there exists a bijection O, = Maxspec(A/m(™)). The statement now follows

from (2) and the fact that an artinian ring has finitely many maximal ideals. O

3.1.2 Orbital semisimplicity

When the Hopf algebra T acting on a commutative T-module algebra A is a group
algebra kG of a finite group G, the setting is the familiar one of classical invariant
theory. In particular, G acts by k-algebra automorphisms on A, hence the orbit of a
maximal ideal m € Maxspec(A) is the set of ideals of the form m? := {g-a : a € m}

for some g € GG, and the kG-core of m is

mF&) — ﬂ m?,
geG

so that A/m(*%) is a finite direct sum of copies of k.
We extend this property to any Hopf algebra 7'. This is a very important notion
which will play a part in sections 3.2 and 4.3.

Definition 3.1.5. Let T be a finite dimensional Hopf algebra and A an affine commu-
tative left T-module algebra. Then, A is T-orbitally semisimple if A/m) is semisimple

for every m € Maxspec(A).
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The prefix T" will be omitted when this is clear from the context.
In view of Proposition 3.1.4(3), A is T-orbitally semisimple if and only if for every
m € Maxspec(A)
m® = ﬂ m’. (3.1)
m’'€0m
The following result is due to Montgomery and Schneider, [68, Theorem 3.7, Corol-
lary 3.9, Lemma 2.5] and generalizes an earlier result of Chin [24, Lemma 2.2]. It
states that when T is pointed the T-orbits of maximal ideals of A are determined by

the grouplike elements of T'.

Proposition 3.1.6 (Montgomery-Schneider, [68]). Let T' be a finite dimensional Hopf
algebra and A an affine commutative T-module algebra. Let Ty CTy C ... C T, =T
be the coradical filtration of T, and let (Ty) be the Hopf subalgebra of T generated by
Ty. Then,

m—+1

1. For an ideal I of A, (I1(T0)) c 1M,

2. For all m,m’ € Maxspec(A), m™) = m'") if and only if m((70)) = m'(T0)),

3. Suppose T is pointed. For any m, m’ € Maxspec(A), m™) = m'™) if and only if

m’ = g - m for some grouplike element g of T'.

Even though this might at first glance suggest that orbital semisimplicity holds
when T' is pointed, the following example shows that orbital semisimplicity does not

always hold (even when 7' is pointed).

Example 3.1.7. Consider the n?-dimensional Taft algebra defined in Example 1.1.4
T =T¢n,1,q) :=k(g,z: 9" =1,2"=0,29 = qgz),

with g grouplike and x (1, g)-primitive. Let A be the polynomial algebra klu,v]. As
shown by Allman, [3, §3], A is a left T-module algebra with the action defined by

g-u=u, g-v=qu, x-u=0, T-U=1u.

This action is not orbitally semisimple. Indeed, consider the maximal ideals of the
form m, := (u — a,v), for some a € k*. First note that, being generated by grouplike
and skew-primitive elements, 7' = T(n, 1, ¢) is pointed by [76, Corollary 5.1.14], with
coradical Ty = kG(T') = k(g). By Proposition 3.1.6(3), the orbit of m, is determined
by the action of the group G(T') = (g). Since g (u—a) = u—a and g-v = qv, we have
g - m, = m,, hence each maximal ideal m, constitutes its own orbit. However, none
of these ideals is T-invariant, since x - v = u € m,. Therefore, m{” must be strictly
smaller than m, and by (3.1) orbital semisimplicity does not hold.

In fact, we have

m(T) =

(u—a,v"™). (3.2)
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Clearly, g - v" = v", g+ (u —a) = u—a and z - (u — a) = 0. By induction, we have
vk =(1+q+...+ ¢ Huw* ! for every k > 1. In particular, since ¢ is a primitive
nth root of 1, z - v™ = 0. Therefore, (u — a,v™) C m{". For the converse, it suffices to
prove that A/(u — a,v") is T-simple.

First note that R := A/(u — a,v™) = k(v : o™ = 0). Let I be a nonzero T-stable
ideal of R and pick a nonzero element w € I, say w = A\g + MU + ... + A\, v with
Am # 0. By induction, it follows that 2 - 0% = ¢ []'-/ (14 ¢+...+¢') and 27 - 5% = 0
for every j > k. Thus, 2™ -w = a” [[; (1 4+ ¢+ ... +¢') € I, by T-stability of I, and

it is a nonzero scalar. Therefore, I = R and (3.2) follows.

However, we do know orbital semisimplicity holds in a variety of situations. This
result depends crucially on work done by other mathematicians, namely Linchenko [54],
Skryabin and van Oystaeyen [89]. Recall the notions of cosemisimple and involutory
from §1.1.4.

Theorem 3.1.8. Let T be a finite dimensional Hopf algebra and A an affine commu-
tative T-module algebra. Then, A is T-orbitally semisimple in each of the following

cases:
1. the action is trivial;
2. the action factors through a group;
3. T is cosemisimple;

4. T is involutory and chark = 0 or chark = p > dimg(A/m™) for all m €
Maxspec(A).

Proof. (1) This is trivial: if T acts by € on A, then m”) = m for all maximal ideals

m of A, hence A/m™) = [ is trivially semisimple.

(2) Suppose that the T-action on A factors through the group I, that is there exists
a Hopf ideal I of T that acts trivially on A and such that T'/I = kI'. Then, for each
m € Maxspec(A),

m) = m*h — ﬂ m”

~yel

and A/mT) is clearly semisimple.

(3) Let m € Maxspec(A). By Proposition 3.1.4(1) A/m™ is T-simple. Thus, A/m(®
is semiprime by [89, Theorem 0.5(ii)], hence semisimple [50, Theorem 10.24].

(4) If k has characteristic 0 this is simply a restatement of (3), since in this case T is
involutory if and only if it is cosemisimple if and only if it is semisimple, [52, Corollary
2.6, Theorem 3.3] and [53, Theorems 3 and 4]. Suppose that chark = p > 0 and
let m € Maxspec(A4). If dim,(A/m™) < p then its Jacobson radical is T-stable,
by [54, Theorem]. By the T-simplicity of A/mT), ensured by Proposition 3.1.4(1), this

forces A/m™) to be semisimple, as required. n
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Remark 3.1.9. There is a considerable amount of overlap between cases (2), (3)
and (4) in the above result. In characteristic 0, as already noted in the proof, being
semisimple, cosemisimple and involutory are equivalent conditions on 7. Moreover,
when A is a commutative T-module domain and 7' is cosemisimple, Skryabin showed
in [88, Theorem 2] that the action factors through a group. This extends earlier work
of Etingof and Walton [33].

3.1.3 H-stability

The equivalence relation of Definition 3.1.3 was studied by Montgomery and Schneider
[68], before Skryabin [87], in the special setting of a faithfully flat T-Galois extension
R C S. In fact, the equivalence relation as defined on Spec(R) in [68, Definition 2.3(2)]
is different from the one given above, in that they define an ideal I of R to be T-stable
if 1§ = S1I, and then use this to define their equivalence relation.

In the following lemma we discuss the relation between these two notions of stability.

Lemma 3.1.10. Let H be a Hopf algebra with bijective antipode and A a normal Hopf
subalgebra of H. Write H := H/ATH. Let I be an ideal of A.

1. If (adih)(z) € I for allh € Hyx € I, then HI C IH, and IH is an ideal of H.
2. If (ad.h)(x) € I for allh € Hyx € I, then IH C HI, and HI is an ideal of H.
If the extension A C H s faithfully flat H-Galois, the following are equivalent:
(1) (adih)(x) € I, for allh € H,x € I.
(i1) (ad,.h)(xz) € I, for allh € H,x € 1.
(iii) HI = IH.

Proof. (1) If I is invariant under left adjoint action, then for all x € I, h € H we have

hae =) haS(ha)hs = Y (adhy)(x)hy € TH,

proving HI C I H. It follows that I H is a (2-sided) ideal of H. (2) is proved similarly.
In addition, assume that A C H is faithfully flat H-Galois.

(i) < (i1d) If I is invariant under left adjoint action, then HI C I'H by (1). We now
prove this actually implies the equality HI = IH, as in [68, Remark 1.2(ii)]. Since
the extension A C H is faithfully flat H-Galois, we have a bijective correspondence
between the categories of left A-modules 4 M and (H, H)-Hopf modules yMH [68, 81,
p.191] as follows:
aM — gME
M — HsM=HM.
Nl «— N
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Since HI C IH, IH is a left H-module. Therefore,

IH = H(IH )COF by the previous bijective correspondence,
C H(IHNA) since HH = A,
= HI since A C H is faithfully flat.

Conversely, suppose that ITH = HI, and let a € I and h € H. Then,
(adyh)(a) =Y  maS(hy) € THN A,

since A is normal. But the extension A C H being faithfully flat gives IHN A = 1,

that is, I is invariant under left adjoint action.

The equivalence (ii) < (éi7) is proved analogously. O

Returning to our primary focus, H once again denotes an affine commutative-by-
finite Hopf k-algebra and A a commutative normal Hopf subalgebra over which H is a
finitely generated module. Let H denote the finite dimensional Hopf factor H/A*H.
Recall from Theorem 2.1.3(3) that the left and right adjoint actions of H on A factor
over the ideal AT H, so that A is a left and right H-module algebra.

Using the terminology introduced at Definition 3.1.1(1), we’ll refer to an ideal I of
A as left H-stable if it is invariant under left adjoint action, that is (ad;h)(z) € I for
all z € I,h € H. The notion of an right H-stable ideal is defined analogously.

Notice that, when A is semiprime (as is the case for all examples in section 2.2),
A C H is a faithfully flat H-Galois extension by Theorem 2.1.9(1), hence left and right
stable are equivalent notions by Lemma 3.1.10 and we refer to I simply as H-stable.
The non-semiprime case will be dealt with in section 3.2.

As in Definition 3.1.1(2), the left H-core of an ideal I of A is

[ ={zel: (adh)(x) € I,Yh € H},

which is the largest left H-stable ideal of A contained in I. Right H-cores are denoted
by I and defined similarly. The equivalence relation ~) on Maxspec(A) and its
associated orbits are defined just as in subsection 3.1.1.

Proposition 3.1.4 presents a nice description of these orbits and states that, for each
maximal ideal m of A, the commutative algebras A/m) are finite dimensional and
Frobenius. In Theorem 3.3.1 we shall obtain an upper bound for the dimensions of

these algebras, and hence for the cardinalities of the orbits Oy,.

Example 3.1.11. Consider the group algebra H = kD of the infinite dihedral group
from §2.2.5. Its commutative normal Hopf subalgebra is A = k(b) and the Hopf
quotient is H = kC,. Let my := (b — \) € Maxspec(A) for some A\ € k*. Since
(adja)(b—X) = a(b—Na "t =b"1 =X = -\ (b—A"1), we have a-m) = m,-1 and the

equivalence relation ~ is determined by A ~ A~. In particular, Om, = {my,my-1}
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for A # 1, and m; = A" and m_; each constitute their own orbit. Smce H = kC, is

a group algebra, the H-cores are mE\H) =m, Nmy-: for A # +1, and m1 m =m; and

m(hl’ ) —m_,.

In view of Definition 3.1.5, we say A is left orbitally semisimple if A/ (F)m is semisim-
ple for every m € Maxspec(A). One similarly obtains a notion of right orbital semisim-
plicity. This left and right distinction when dealing with orbital semisimplicity becomes

obsolete by the following lemma.

Lemma 3.1.12. Let H be an affine commutative-by-finite Hopf algebra, with commu-
tative normal Hopf subalgebra A.

1. Let 'V be a subspace of A. Then,

S (@v) = S(V)®@,

2. A is left orbitally semisimple if and only if it is right orbitally semisimple.

3. Let I be an ideal of A such that S(I) = I. Then, I is left H-stable if and only if
it is right H-stable.

Proof. (1) This is a generalization of the argument in Remark 2.1.5(2). Let v € V and
h € H. Then,

ad, (h)(Sv) = Y S(h1)S(v)he = S (Z 5*1(h2>vh1)
= S (XS WSS (h)2)) = Sladi(57h)(v)).

Thus, if v € ﬁv ad,(h)(Sv) = S(ad(S~'h)(v)) € S(V) for all h € H, that is,
Sv e S(V)H): and, conversely, if S(v) € S(V)UD for some v € V, then bijectivity of S
yields ad;(S~ h)( ) e S (S(V)) =V for all h € H, hence v € AV

(2) By (1), S induces an isomorphism between the commutative algebras A/ m and
A/S(m)ID . Considering S acts as a permutation on Maxspec(A), the algebras A/ m
H)

are semisimple if and only if the algebras A/m®) are too.

(3) Suppose S(I) = I. If I is left H-stable, then I{ () = §(1)) = §(M]) = S(I) = I;
and conversely, if I is right H-stable, )] = S~1(S(I)(H)) = S‘l(I(ﬁ)) = S7Y(I) =
I. O

Given part (2) of the previous lemma, the adjectives left and right will from now
on be omitted from orbital semisimplicity. This notion will play an important role in
sections 3.2 and 4.3.

In view of Example 3.1.7 it seems probable that not all affine commutative-by-
finite Hopf algebras are orbitally semisimple. However, we know of no such example at

present, as the following result shows.
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Proposition 3.1.13. All the examples of affine commutative-by-finite Hopf algebras

described in §2.2 satisfy orbital semisimplicity.

Proof. Commutative Hopf algebras, such as (I) in 2.2.5 and (II) in 2.2.6, are trivially
orbitally semisimple: for these the Hopf subalgebra A equals H, hence m® = m for

any maximal ideal m of H, and H/m = k is trivially semisimple.

The Hopf algebras in §2.2.1, §2.2.2, §2.2.3 and the family (IV) in §2.2.5 are orbitally
semisimple by Theorem 3.1.8(1), since their corresponding normal commutative Hopf
subalgebra A is central.

The group algebras in §2.2.4 (including examples (II) in §2.2.5 and (I) in §2.2.6)
are special cases of Theorem 3.1.8(2), since their corresponding Hopf quotients H are

actually group algebras.

Consider now the family (III) of Taft algebras T'(n,t,q) in §2.2.5. There we showed
that the left adjoint action of H = T'(n,t,q) on A = k[z"'] was determined by g- 2" =
¢ "z" and z - 2" = 0. We know that this action reduces to an H-action on A. But
since x acts trivially on A, Z € H also acts trivially on A, hence this action reduces to

an action by
H/zH =2 k(g:g" =1) = kC,,
a group action. By Theorem 3.1.8(2) this example exhibits orbital semisimplicity.

Recall the family (V) D(m,d,q) in §2.2.5. Its corresponding commutative normal
Hopf subalgebra A = k[z*!] is central in k(z,g,y) C D(m,d,q), so z, g,y act trivially

on A, and u; - ¥ = x7'8; 9. Therefore, the H-action on A reduces to an action by
H/(x —1V)H+(g—1V)H+yH) = H/((g— 1)H + gH) = k(o) = kCy

by Lemma 2.2.3(3). Thus, D(m,d, q) is orbitally semisimple by Theorem 3.1.8(2).

Consider the family (III) A(l,n,q) in §2.2.6. As we calculated before, the action

of H = A(l,n,q) on its commutative Hopf subalgebra A = k[(z!)*',4"] is given by

vt =2 2y’ =¢"y" and y- A =0. So the H-action on A reduces to an action by

H/yH = k(z : 7' = 1) = kC).

Theorem 3.1.8(2) now gives orbital semisimplicity.

And lastly, for the family (IV) B(n, po,...,ps,q) in §2.2.6, each y; acts trivially on

A, hence the action of H on A reduces to an action by

H/ (g1, 95) = k(z : 7' = 1) = kC).
Thus, orbital semisimplicity follows from Theorem 3.1.8(2). ]
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3.2 The nilradical and primeness

In this section we study the primeness and semiprimeness of commutative-by-finite
Hopf algebras, starting with the classical commutative case in §3.2.1 and moving on to

the commutative-by-finite case in §3.2.2.

3.2.1 The commutative case

The following result lists a few properties of commutative Hopf algebras regarding their
minimal prime ideals and nilradical. Recall Theorem 1.1.7 which states that commu-
tative Hopt algebras are reduced in characteristic 0, hence any statements about the
nilradical of commutative Hopf algebras are actually only relevant in positive charac-

teristic.

Lemma 3.2.1. Let A be an affine commutative Hopf algebra with Kdim (A) = d.
Then,

1. The nilradical N(A) of A is a Hopf ideal.

2. The left coideal subalgebra C = AA/NA) of A has the following properties:

(1) C is a (finite dimensional) Frobenius subalgebra of A with CtA C N(A).
(i1) C is local, that is it has a unique mazimal ideal CT.
(i1i) A is a free C-module.
3. A/N(A) has finite global dimension d, which also equals its Krull and GK-

dimension. Thus, it is a finite direct sum of commutative affine domains,

m

AIN(4) = P A,

i=1
each of Krull, Gelfand-Kirillov and global dimensions d.

4. There is a unique minimal prime ideal P of A contained in AT .

5. P=(,(A")"+ N(A) is a Hopf ideal.

6. There exists an idempotent f € A such that (), (A1) = fA.

Proof. Let A be an affine commutative Hopf algebra. First, an affine commutative
algebra has finite Krull dimension and it equals its GK-dimension; see [78, Theorem
6.10, Corollary 6.33] and [49, Theorem 4.5(a)].

(1) Since every prime ideal of A is an intersection of maximal ideals [78, Proposition

6.37], the nilradical and Jacobson radical coincide, that is,

N(A) = (1l m= N Ann(V). (3.3)

méeMaxspec(A) irreducible A-module V'
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Since k is algebraically closed, any irreducible A-module is one-dimensional. Thus,
if V and W are irreducible A-modules, then V ® W, being one-dimensional, is also
irreducible. But A acts on V' ® W through A, hence by (3.3)

ANA)(VeW)=NA) - (VeW)=0.

Since V' = A/m and W = A/n for some maximal ideals m and n, we have A(N(A)) C
Amnges(V@ W) =m® A+ A®n by [92, Lemma 10.2]. This holds for any two

irreducible A-modules, hence

A(N(A) C (1l m®A+A@n)
m,neMaxspec(A)
me&eMaxspec(A) neMaxspec(A)

— N(A)®A+A® N(A).

Since N(A) is nilpotent, clearly ¢(N(A)) = 0. And S is an automorphism of A, so it
permutes maximal ideals of A and S(N(A)) = N(A).

(2) Let C = A®4/N(A) By Example 1.1.10 and in particular equation (1.1), C'is a left
coideal subalgebra of A with C*A C N(A). In particular, C* is a nilpotent ideal of
C' and, since maximal ideals are prime, C™ must be contained in any maximal ideal of
C', and so C* is the unique maximal ideal of C, that is C' is local.

A commutative Hopf algebra is flat over its coideal subalgebras by [63, Theorem
3.4], hence A is a flat C-module. By [99, §13.2, Theorem 2|, A¢ is faithfully flat if and
only if TA # A for every maximal ideal I of C'; and clearly CTA # A, thus A is a
faithfully flat C-module.

A commutative Hopf algebra is faithfully flat over a left (or right) coideal subalgebra
if and only if it is projective [63, Corollary 3.5], hence A is a projective C-module.
And any projective module over a local ring is free [77, Theorem 4.44 and subsequent
comments|, thus A is a free C-module.

Moreover, since A is faithfully flat over C, any strictly ascending chain of ideals of
C' induces a strictly ascending chain of ideals of A, thus A being noetherian implies C
is too. In particular, C'* is a finitely generated nilpotent maximal ideal. Taking n such

that (CT)" =0, C' decomposes as a vector space into
c/CtaCT/(CTYe... )T

and, since C'" is finitely generated, each vector space (CT)"/(CT)" is finite dimen-
sional, hence so is C.

At last, we prove that C is Frobenius. Note that A, being an affine commutative
Hopf algebra, is Gorenstein [10, Proposition 2.3, Step 1]. Let 0 > A — Ey — ... —

E,, — 0 be an injective resolution of A. We claim that each E; is an injective C-module.
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Let I be an ideal of C'and f : I — E; a C-homomorphism. Since A is C-free, f extends
uniquely to an A-linear map f' : AI — FE;. Since E; is an injective A-module, f’ in
turn extends to an A-linear map f: A — E; by Baer’s criterion [77, Theorem 3.20].

Thus, ﬂ : C' = E; extends f and again Baer’s criterion yields that Ej; is an injective
c
C-module.

Therefore, the C-module A has finite injective dimension. Since A is C-free, we
have A = @, C; where C; = C as C-modules. Since C; = (' is a direct summand of
A, it also has finite injective dimension [64, 7.1.7], hence C' is Gorenstein. But (local)
commutative Gorenstein finite dimensional rings are self-injective by [31, Proposition
21.5], thus quasi-Frobenius. Finally, commutative quasi-Frobenius algebras are Frobe-
nius [101, Remark 1.3].

(3),(4) In view of (1), A" := A/N(A) is a semiprime Hopf algebra. Hence, A" has finite
global dimension by [99, §11.6, §11.7]. By (the commutative case of) Theorem 2.1.16(1)
and [49, Theorem 4.5], gldim (A") = GKdim (A’) = Kdim (A’). And, given the bijec-
tive correspondence between the prime ideals of A and A’, Kdim (A4’) = Kdim (A) =
GKdim (A) = d. Let us prove that A’ is a finite direct sum of domains.

First A contains finitely many minimal prime ideals by [37, Theorem 3.4], say
Py, ..., P,, and their intersection equals N(A) [37, Proposition 3.10]; in particular, the
intersection of their images in A’ is zero. Since A’ is regular, so is the localization A,
at every maximal ideal m of A’ [77, Theorem 9.52], hence AL, is an integral domain
by [31, Corollary 10.14]. In particular, A}, contains a unique minimal prime, namely

{0}, thus every maximal ideal of A contains a unique minimal prime ideal.

Therefore, P,..., P, are pairwise comaximal and there exists a unique minimal
prime ideal, say P := P, contained in the augmentation ideal A*. Moreover, by

comaximality the Chinese Remainder theorem yields
A/N(A) = P A/P, (3.4)
i=1

as algebras, where each A; := A/P; is an integral domain; see [47, Theorem 168]. By
(the commutative case of) Theorem 2.1.16(3) and [49, Theorem 4.5], each A; has Krull,
Gelfand-Kirillov and global dimension equal to GKdim (A") = d.

(5) Since A/ P is a commutative affine domain, Krull’s Intersection Theorem [31, Corol-

lary 5.4] yields

(A" c P

Conversely, given decomposition (3.4), there exist orthogonal idempotents ey, ..., &, €
A’ such that 1, =€ + ...+ €, and each direct summand A; = & A’ is idempotently
generated. In particular, P/N(A) = @;", A; = €4’ is idempotently generated by
e=e+...+¢&,. Thus, P/IN(A) =eA' =e"A' = P"/N(A) C [(AT)"+ N(A)]/N(A)
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for all n > 1, hence
P C(\(A%)" + N(A).

Combining this with the previous inclusion yields the desired equality. But (), (A™)"
and N(A) are Hopf ideals by Lemma 1.1.15 and (1), then so is P.

(6) As above, the minimal prime ideal P/N(A) of A/N(A) is generated by an idempo-
tent element € = e + N(A), that is P/N(A) = eA/N(A). By [70, Lemma 2.3.7], there
exists an idempotent f of A such that f + N(A) = e + N(A). This is usually known
as lifting idempotents. Thus, in A we have P = fA + N(A).

Since N(A) is nilpotent and f is idempotent, P¥ = fA for some k € N, hence
N, P" = fA. In particular, fA is a Hopf ideal of A by (5) and Lemma 1.1.15, and it
is contained in (), (A")". It suffices to prove the reverse inclusion.

Since the minimal prime ideals of A are comaximal, as in the proof of (3),(4), and
fA =), P", the only minimal prime of A containing fA is P. Consider the Hopf
algebra A := A/fA and its unique minimal prime P := P/fA. By Krull’s intersection
theorem [31, Corollary 5.4], there exists some T € A" such that

(1-7) (ﬂ(Z*)n) = 0. (3.5)

n

Moreover, the commutative Hopf algebra A has an artinian quotient ring (by the com-
mutative case of Theorem 2.1.8(5)). Hence, by Small’s theorem [64, Corollary 4.1.4] the
regular elements of A are the elements that are regular modulo N(A). But N(4) = P,
because P is the unique minimal prime of A, and, since A/P is a domain, the set of
regular elements of A is A\ P. In particular, 1 — 7 ¢ ZJF, so it must be regular and

(3.5) proves the claim. O

Following the notation of the previous result, in general C'is not a Hopf subalgebra

of A, as illustrated by the following example [9, Example 2.5.3].

Example 3.2.2. Let k£ be a field of characteristic p > 0 and fix a positive integer n.
Consider the coordinate ring of G = (k,+) x k* as in Example 1.3.11 and recall
that O(G) = k[x,y*!], where x is (1,y)-primitive and y is grouplike. Since k has

characteristic p, 7" is (1,y?")-primitive, hence it generates a Hopf ideal of O(G). Let
A=0(G)/(a"") = klz,y™ ]/ («"").

This affine commutative Hopf algebra has nilradical N(A) = TA: clearly, T is nilpotent
so TA C N(A) and equality follows from the fact that A/TA = k[y*!] is semiprime.
And the set of coinvariants associated to A — A/N(A),

C = AcoA/N(A) _ k’<§>,
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is the subalgebra generated by 7; clearly, any element in this subalgebra is a coinvariant
and an easy calculation yields that these are the only coinvariants. And the left coideal
subalgebra C' is clearly not a Hopf subalgebra of A.

Note that in this example N(A) is a prime ideal of A, because A/N(A) = k[7*!] is a
domain. Hence, N(A) is the unique minimal prime ideal of A; in particular, P = N(A)
and it is easy to see that [, (A")" = 0. O

Remark 3.2.3. An unsatisfactory gap in our knowledge lies on the inclusion CTA C
N(A). We know of no examples where this inclusion is strict; note that equality even
holds for Example 3.2.2. And the equality is known to hold when the coradical of A is
cocommutative (in particular, if A is pointed) by [60, Theorem]. But we do not know

whether it is an equality in general.
Thus, the following question remains unanswered:

Question 3.2.4. Is there some affine commutative Hopf algebra A such that, in the
notation of Lemma 3.2.1, CTA C N(A)?

We now introduce the affine algebraic group G associated to A. This definition is

quite important and will be used throughout the thesis, especially in section 4.3.

Definition/Lemma 3.2.5. Let A be an affine commutative Hopf algebra. Since N(A)
is a Hopf ideal by Lemma 3.2.1(1), A/N(A) is an affine commutative semiprime Hopf
algebra, so it is the coordinate ring of an affine algebraic group G' by Theorem 1.1.7(2),
that is

A/N(A) =2 O(G).

Thus G may be identified with the set Maxspec(A) of maximal ideals of A.

Remarks 3.2.6. Recall the subalgebra C' and minimal prime P of A from Lemma

3.2.1 and the notation of the previous definition/lemma.

1. The minimal prime ideal P is just the defining ideal for the connected component
G° of the identity for the group G, that is A/P = O(G"); see [1, end of §4.2.3], [43,
§7.3], [99, §6.7] for the definition and properties of G°.

2. The affine algebraic group G' = Maxspec(A) also identifies with the set Alg(A, k)
of algebra maps A — k, also known as characters of A. These functionals act
on A on the left by —; see (1.6) in section 1.4. The subalgebra C' from Lemma
3.2.1(2) is the set of left invariants A® of A under the left G-action —.

Proof. For each g € G, let m, and x, respectively denote the corresponding
maximal ideal and character of A. Note that, since ker y, = m, contains N :=
N(A) for every g € G, each x, induces a character x, of A/N given by x,(a+N) =
Xg(a) for any a € A.
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If c € C := A°4/N then for every g € G

Yo=Y angle) = Y axale + N) = eg(1+N) = c.

Thus, C C A,

For the converse, first note that, since A is affine and commutative, the nilradical
N is the intersection of maximal ideals of A [78, Proposition 6.37]. We have the

following map
¢: AR A/N — [ A

geG

given by a ® (b+ N) — (axy(b + N))gec = (axy(b))gec. In fact, this is an
embedding: if {a; : i € I} is a k-basis of A and ), a; ® (b; + N) € ker ¢ for some
b; € A, we have ), a;x,4(b;) = 0 for all g € G, then x4(b;) = 0 for every ¢ € [ and
g € G, in which case every b; € (), ker x, =), my = N.

Suppose ¢ € AY. Then,

¢ <Z c1® (c2 + N)) = (Z C1Xg(02)>g€G =(xg = C)geG = (¢)gec-

But this is also the image of ¢ ® (1 4+ N), hence injectivity of ¢ implies > ¢; ®
(cg+ N)=c® (1 + N), meaning that c € C. O

coA/N

Similarly, the left coinvariants (D A correspond to the right invariants of the

right G-action < on A.
We now introduce another important subalgebra B of A.

Lemma 3.2.7. Let A be an affine commutative Hopf algebra. Recall the ideal P and
the left coideal subalgebra C from Lemma 3.2.1 and the notation from Definition 3.2.5.
Define B := A®AY g left coideal subalgebra of A with C C B, over which A is flat.

1. (B4+ N(A))/N(A) = O(G/G®), the coordinate ring of the discrete part of G;

2. (B+N(A))/N(A) is a finite dimensional semisimple Hopf subalgebra of A/N(A)
with P = BT A + N(A);

3. A/N(A) is a free (B + N(A))/N(A)-module.

4. Suppose that either A is reduced or its coradical is cocommutative (for example,
A is pointed). Then,

(i) B is a (finite dimensional) Frobenius subalgebra of A with P = BT A.
(1) B is semilocal, that is it has finitely many mazimal ideals.

(111) A is a free B-module and B is a free C-module.
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Proof. By Example 1.1.10 B is a left coideal subalgebra of A, which contains C' because
A — A/P factors through A — A/N(A). Flatness of A over B follows from [63,
Theorem 3.4].

(1) This follows from Example 1.1.11 as follows:
(B + N(A))/N(A) = (A/N(A))4 = O(G)* ) = 0(G/G°).

(2) Since G° has finite index in G, [1, end of §4.2.3] or [43, Proposition 7.3], (B +
N(A))/N(A) is a finite dimensional Hopf subalgebra of A/N(A). And a finite di-
mensional semiprime algebra is semisimple [50, Theorem 10.24]. Since G° is a normal
subgroup of G [43, Proposition 7.3], then in the language of [97] P/N(A) is a (co)normal
Hopf ideal of A/N(A) [97, §5] with BT A+ N(A) = P by [97, Theorem 4.3].

(3) A commutative Hopf algebra is free over its finite dimensional Hopf subalgebras [74,

Section 2, Theorem 1].

(4) If Ais reduced, by (2),(3) A is a free module over the finite dimensional subalgebra B
and P = BT A. Suppose now the coradical of A is cocommutative. Then, CTA = N(A)
by [60, Theorem] and so P = BT A by (2). Moreover,

N(B)=N(A)NnB=C"ANB=C"B,

thus, B/C* B is finite dimensional by (2). Furthermore, C* B is nilpotent, so let n be
such that (CTB)" = (CT)"B = 0. Hence, as a vector space

B=B/C*B&CB/(C*?Ba&...a (CH)" B,

and since C* B is a finitely generated ideal of B, each quotient ring (C7)'B/(C*)""'B
is finite dimensional and, therefore, so is B. A commutative Hopf algebra is free over
any finite dimensional left (or right) coideal subalgebra [62, Theorem 3.5(iii)], which
proves A is B-free.

Moreover, by (1),(2) B/CTB = O(G/G°) is a commutative semisimple algebra,
hence B/C*TB = k%' where t = |G : G°|. By lifting idempotents [70, Lemma 2.3.7],
B decomposes as an algebra into a direct sum B = @le B; where each B; = C' as
C-modules. This proves B is C-free and semilocal [50, Example 20.5], and a direct sum

of Frobenius algebras is Frobenius. O
Remarks 3.2.8.

1. In general, the left coideal subalgebra B from the previous lemma is not a Hopf
subalgebra of A. For instance, consider Example 3.2.2 in which the nilradical
N(A) is the unique minimal prime ideal of A, hence P = N(A) and B = C.
However, when A is reduced (for example, when the characteristic of k is zero by

Theorem 1.1.7) B is a Hopf subalgebra of A by part (2) of the previous result.
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2. The previous lemma is more complicated than we would like due to the gap in
our knowledge mentioned in Remark 3.2.3. In particular, we know no examples

where the statements from part (4) do not hold.

We draw the following diagram, in order to visualize and better understand the
prime and semiprime structure of an affine commutative Hopf algebra A, namely the
subalgebras B and C' and the corresponding ideals of A. The blue lines and bullet
points denote finite dimensional algebras, the red bullet points correspond to minimal

prime ideals and the orange lines are conjecturally equalities.

A A
AT
B P,
B:AcoA/P B+ o---
N(A)
O = Ao AN C+(f CrA

3.2.2 The commutative-by-finite case

We now move on to the study of the nilradical and primeness of affine commutative-
by-finite Hopf algebras. We start with a few considerations on the H-stability of the
nilradical N(A) of the commutative normal subalgebra A. Then, assuming N(A) is
H-stable, we prove many properties on the (semi)primeness of H.

Recall the notion of orbital semisimplicity from section 3.1.3.

Proposition 3.2.9. Let H be an affine commutative-by-finite Hopf algebra, with com-

mutative normal Hopf subalgebra A.
1. N(A) is left H-stable if and only if it is right H-stable.
2. If A is orbitally semisimple, then N(A) is H-stable.

Proof. (1) Note that S(N(A)) = N(A) as in the proof of Lemma 3.2.1(1). The state-

ment now follows from Lemma 3.1.12(3).

(2) Recall from Lemma 3.1.12(2) that left and right orbital semisimplicity are equiva-

lent. Since A is orbitally semisimple,

N(A) = ﬂ m = ﬂ m) = ﬂ (M,

mé&Maxspec(A) mé&eMaxspec(A) me&Maxspec(A)

and, since each ideal m®) is right H-stable and each Mm is left H-stable, N (A) is

H-stable. O
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Given part (2) of the previous Lemma and Lemma 3.1.13, we know of no examples

where N(A) is not H-stable, so the following question remains:

Question 3.2.10. Let H be an affine commutative-by-finite Hopf algebra with com-
mutative normal Hopf subalgebra A. Is the nilradical N(A) of A always H-stable?

Remark 3.2.11. It seems unlikely that this will always hold. Notice that even if
one considers a finite dimensional commutative T-module algebra R, with 7" a finite
dimensional Hopf algebra, then N(R) may not be T-stable. For instance, consider
Example 3.1.7 and in its notation take T' = T}(n,1,q) to be the n*-dimensional Taft
algebra and R to be A/mflT) = k(0 : " = 0) for some a € k*; its nilradical is
N(R) = TR and it is not T-stable because = -7 = a € N(R).

We carry the observations and notation of the previous subsection into the next
result, which provides parallel but not definitive results for commutative-by-finite Hopf

algebras.

Proposition 3.2.12. Let H be an affine commutative-by-finite Hopf algebra, with com-
mutative normal Hopf subalgebra A. Let P and C, G and B be as in Lemma 3.2.1,
Definition 3.2.5 and Lemma 3.2.7 respectively. Assume that N(A) is H-stable.

1. The minimal prime ideal P is an H-stable Hopf ideal of A, so N(A)H and PH
are Hopf ideals of H. Moreover,

N(AYHNA=N(A) = N(H)N A, (3.6)
where N(H) denotes the nilradical of H, and

PHNA=P (3.7)

2. If H is semiprime, then so is A.
3. C s invariant under the left adjoint action of H.

4. Let Qq,...,Q, be the minimal prime ideals of H which are contained in H*. For
alli=1,...,r,

Q:iNA=P, (3.8)

and .
N(A)H € PH C () Q:. (3.9)
i=1
If H/IN(A)H has finite global dimension, then r = 1.
5. If H is prime, then A is a domain.

6. Assume that either A is reduced or H is pointed.
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(1) The set of right coinvariants of H induced by the Hopf quotient H —»
H/N(A)H is
HcoH/N(A)H — AcoA/N(A) — C,

a local (finite dimensional) Frobenius left coideal subalgebra of A over which
H is a free module and CTA = N(A).

(ii) The set of right coinvariants of H induced by the Hopf quotient H — H/PH
18

HCOH/PH _ ACOA/P — B

Y

a semilocal (finite dimensional) Frobenius left coideal subalgebra of A over
which H is a faithfully flat projective module and BTH = PH. Moreover,
B/CTB = O(G/G") is a (finite dimensional) semisimple normal Hopf sub-
algebra of H/N(A)H, over which H/N(A)H a free module.

Proof. (1) By Lemma 3.2.1(5) P = (1, (A*)" + N(A) and, since AT is H-stable, so is
N,,(A)". Thus, P is left and right H-stable. By Lemma 3.1.10(1),(2) PH and N(A)H
are ideals and, since both P and N(A) are Hopf ideals of A by Lemma 3.2.1(1),(5),
they generate Hopf ideals of H.

On one hand, since N(A) is left and right H-stable, N(A)H = HN(A) by Lemma
3.1.10, hence N(A)H is nilpotent and we have N(A)H N A C N(A). The reverse
inclusion is clear. On another hand, N(A)H being nilpotent implies that N(A)H C
N(H), and so N(A) C N(H)N A. The reverse inclusion is obvious.

Moreover, since P is a minimal prime ideal of A, it follows from [47, Theorem 86]
that P is the annihilator of some nonzero ideal I of A. Thus, we have I(PHNA) =0,
and so PH N A C Annu(/) = P. The reverse inclusion is clear.

(2) It follows from (3.6).

(3) Consider the Hopf surjection 7’ : A — A/N(A) and denote the corresponding right
A/N(A)-coaction of A by p. Take h € H and ¢ € C. Thus, denoting the left adjoint

action by - we have

p(h-c) = hic1S(hy) ® 7' (haczS(h3)) = > hac1S(hs) @ ' (ha - c3).

By Lemma 3.2.1(2) C' is a left coideal with C*t C N(A) and we are assuming N(A) is
left H-stable, then in the sum above each ¢, can be decomposed into ¢, + ¢(cy)1 with
¢y € CTand hy - ¢y € N(A), so

p(h-¢) =Y hic1S(hs) @ 7' (hy - €(ca)l) = Y hierS(hs) @ e(ha)e(ca) = (h-¢) @ 1.

Therefore, C' is invariant under left adjoint action of H.

(4) Since H is noetherian, it has finitely many minimal prime ideals and there is a finite

product of minimal prime ideals that equals zero [37, Theorem 3.4], so the maximal
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(hence prime) ideal H* must contain some minimal prime. Let Q1, ..., @, be as stated.

If H/N(A)H has finite global dimension, then it is a finite direct sum of prime rings
by Theorem 2.1.16(3). In particular, its minimal prime ideals are comaximal, hence
H™ contains only one minimal prime.

Everything to be proved concerns objects which contain N(A)H, and by (3.6)
H/N(A)H is a commutative-by-finite Hopf algebra, finite over the normal commutative
semiprime Hopf subalgebra A/N(A). Thus we can factor by the Hopf ideal N(A)H of
H, and hence assume in proving (4) that A is semiprime.

Let P = Py,..., P, be the minimal prime ideals of A. Since A is semiprime, it is
a finite direct sum of domains by Lemma 3.2.1(3). Thus, the ideal I := (", P; is not
contained in A*. But TP C I'N P = {0}; and, since P is H-stable by part (1), Lemma
3.1.10 gives PH = HP, thus, foreacht=1,...,7,

IHP ={0} C Q. (3.10)
But [ is not contained in @); since Q;NA C AT, so the primeness of @; and (3.10) yield
PCQ;,NA, (3.11)

thus PH C @Q; for every 1 < i <r and (3.9) follows.

The reverse inclusion to (3.11) requires more justification. Comparing dimensions,

we have
GKdim (A) > GKdim (A/P) > GKdim (A/Q; N A) = GKdim (H/Q;). (3.12)

The inequalities follow from [49, Lemma 3.1] and (3.11) and the equality follows from
H being a finitely generated A-module and [49, Proposition 5.5|. We now aim to prove
that

GKdim (H/Q;) = GKdim (H). (3.13)

First, observe that H has an artinian classical ring of fractions K = Q(H) by
Theorem 2.1.8(5). We claim that KQ); is a proper ideal of K for each i =1,...,r. Let
Q1,...,Q; be all minimal prime ideals of H, I; = ﬂ#i Q; and N = N(H). We know
that Q;1; C ﬂ;zl (Q); = N by [37, Proposition 3.10]. By Small’s theorem [64, Theorem
4.1.4], the set C(0) of regular elements of H coincides with the set C(N) of regular
elements of H/N. Since K is a flat H-module [37, Corollary 10.13],

K/KN = K @y H/N = H[C(N)] ' @y H/N = Q(H/N).

Since (Qi/N)(I;/N) = 0 in H/N, then KQ; # K, otherwise 0 = KQ;[;/N = KI;/N
and so I; would be N, a contradiction.

Now observe that the quotient ring K = Q(H) is quasi-Frobenius by Theorem
2.1.8(7). Therefore, the (left, say) annihilator J of @); in H is non-zero, since this is
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true for all proper ideals in a quasi-Frobenius ring, [93, Chapter XIV, §3, Definition and
Proposition 3.1]. Thus, J can be regarded as a right H/Q;-module, hence GKdim (J) <
GKdim (H/Q;) < GKdim (H) by [49, Proposition 5.1(d), Lemma 3.1], and so (3.13)
follows from H being GK-pure as in Theorem 2.1.8(3).

Since GKdim (A) = GKdim (H) by Theorem 2.1.4(2), (3.12) and (3.13) yield

GKdim (A/P) = GKdim (A4/Q; N A).

Since any proper quotient of the affine domain A/P must have a strictly lower GK-
dimension [49, Proposition 3.15], we must have Q); N A = P.

(5) This is a special case of (4): if H is prime, its unique minimal prime is @); = {0},
which forces P = {0} by (3.8) and A is a domain.

(6) Assume A is reduced or H is pointed. Since the Hopf surjection H — H = H/A*H
factors through H — H/PH which in turn factors through H — H/N(A)H, then

HCOH/N(A)H C HcoH/PH C Hcoﬁ — A

?

the last equality following from Theorem 2.1.9(2).

(i) By (3.6) A/N(A) embeds into H/N(A)H and so H®H/NAH — fcoA/N(A) — O Tt
is a local Frobenius subalgebra of A by Lemma 3.2.1(2). When H is pointed, CtA =
N(A) by [60, Theorem] (and it is trivial when A is reduced). By Theorem 2.1.9(3)
and Lemma 3.2.1(2) H is a projective C-module, and, given C' is local, H is a free

C-module [77, Theorem 4.44 and subsequent comments].

(ii) By (3.7) A/P embeds into H/PH, thus H®H/PH = A«4/P — B By Lemma
3.2.7(4) B is a semilocal Frobenius subalgebra of A with Bt*A = P. By Theorem
2.1.9(1),(3) and Lemma 3.2.7(4), H is a faithfully flat projective B-module.

By Lemma 3.2.7(2) B/CT™B = O(G/G") is a finite dimensional semisimple Hopf
subalgebra of A/N(A). By (1) and Lemma 3.1.10, Bt H = HB™". By Theorem 2.1.9(1)
and Lemma 3.2.7(3) H/N(A)H is faithfully flat over its Hopf subalgebra B/C*B,
hence B/C* B is normal by [67, Proposition 3.4.3]. A Hopf algebra is free over any
finite dimensional normal Hopf subalgebra [83, Theorem 2.1(2)], thus H/N(A)H is a
free B/C* B-module. O

Remarks 3.2.13.

1. The previous result does not completely answer the question of semiprimeness of
H, and indeed the structure of the nilradical N(H) is a delicate question. We
know from Proposition 2.1.14(1) and Theorem 2.1.16(3) that if A is semiprime
and H is semisimple then H is semiprime, and in fact it is a direct sum of prime
algebras; but the converse is easily seen to be false - see counterexamples in Re-
mark 2.1.15(2). And even the question as to when a smash product A#H of

a commutative H-module algebra A by a finite dimensional Hopf algebra H is
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semiprime has been the subject of much research and remains currently unre-

solved - see for example [89].

2. Lemma 3.2.7 yields a short exact sequence of Hopf algebras in the sense of [83,

Definition 1.5] for the coordinate ring A of an affine algebraic group G, namely

0 — B = AP = O(G/G°) — A= O(G) — A/P = O(G°) —> 0.

Lu, Wu and Zhang proposed that a similar exact sequence should be valid more
widely [58, §6, Theorem 6.5, Remark 6.6]. They in fact prove a partial version
of this suggestion for noetherian affine regular Hopf k-algebras of GK-dimension
1, with k of arbitrary characteristic and not necessarily algebraically closed, [58,
Theorem 6.5].

However, for an affine commutative-by-finite Hopf algebra H with a normal com-
mutative reduced Hopf subalgebra A, the exact sequence of Hopf algebras given

by Proposition 3.2.12,
0— B—H— H/PH —0,

fails to realize this picture, because in general PH is not a prime ideal of H. For
instance, this occurs for any finite dimensional Hopf algebra H: in the notation
of the proposition, 7 = 1 and Q; = H™*, and considering A = k, we have H = H,
P = {0}.

Once again, we summarize the prime and semiprime structure of a commutative-
by-finite Hopf algebra H in the following diagram. Finite dimensional subalgebras and
finite dimensional quotient rings are coloured in blue bullet points and minimal prime

ideals are coloured in red.

H H
H+
H
A A \ATH Q,
At -
PH.
B:ACOA/P P T o N(H)
Il YNAH
C:ACOA/N(A) N<A) -
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3.3 Their representation theory

In this section we study the representation theory of affine commutative-by-finite Hopf
algebras. We start with a few general considerations on the PI and minimal degrees
of prime factors of these Hopf algebras in subsection 3.3.1 and find bounds for the

dimension of their simple modules in subsection 3.3.2.

3.3.1 Background facts

Let H be an affine commutative-by-finite Hopf algebra, and recall the assumption that
the field k is algebraically closed. Recall from section 1.2 the notions of PI ring and

minimal degree.

Since H is a finitely generated module over its affine centre Z := Z(H) by Corollary
2.1.7, its simple modules are finite dimensional vector spaces over k, by Kaplansky’s
theorem [13, 1.13.3]. More specifically, let V' be a simple, say left, H-module and
M = Ann(V) its annihilator, which is a (two-sided) primitive ideal of H. Since H
is finitely generated over its centre, it is right and left fully bounded [37, Proposition
9.1], thus every primitive ideal of H (and, in particular, M) is maximal. Moreover,
H is a finitely generated Z-module, hence H/M is a finitely generated module over
(Z4+M)/M = Z/(ZNOM). Since ZN M is maximal in Z and k is algebraically closed,
H/M is a finite dimensional k-vector space and, in particular, so is V.

A noetherian ring has finitely many minimal prime ideals, [37, Theorem 3.4], so
let @1, ...,Q; be the minimal prime ideals of H. Every maximal ideal contains some
minimal prime, so every simple H-module is annihilated by at least one ();. Therefore,
let us first focus on the simple H/Q;-modules.

Posner’s theorem [13, 1.13.3] states that for each i the prime algebra H/Q); has a
central simple quotient ring of fractions, and the PIl-degree of H/Q); is defined to be

the square root of the dimension of Q(H/Q;) over its centre. The same theorem yields
1
n; := Pl-deg(H/Q);) = Emin.deg(H/Qi). (3.14)

Moreover, for each i the dimension of the simple H/Q;-modules is bounded by
n; [13, Theorem 1.13.5], and this bound is actually attained,

n; = max{dimg (V') : V' a simple H/Q;-module},

by [13, Lemma II1.1.2(2)]. In fact, “most” simple H/Q;-modules have dimension n;,
in the sense that the intersection of the annihilators of these maximal simple H/Q;-
modules is ();, whereas the intersection of the annihilators of the smaller simple modules

strictly contains @Q);, [13, Lemma II1.1.2].

Given the above we make the following definition for affine commutative-by-finite
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Hopf algebras. Let the representation theoretic Pl-degree of H be
rep.Pl.deg(H) := max{n; : 1 <1 <t}.
Since each simple H-module is annihilated by some minimal prime, we have
rep.Pl.deg(H) = max{dim(V) : V' a simple H-module}.
Clearly, min.deg(H/@;) < min.deg(H) for every 7, hence it follows from (3.14) that
rep.Pl.deg(H) < %min.deg(H). (3.15)

Note that in general this inequality is strict, but it is an equality if H is semiprime.
For, if H is semiprime, we have an embedding H <> @;1 H/Q;, thus min.deg(H) <
max{min.deg(H/Q;) : 1 < i < t}. But min.deg(H) > min.deg(H/Q;) for every
1 < i <, so we have the equality min.deg(H) = max{min.deg(H/Q;) : 1 <i <t} =
2rep.Pl.deg(H).

3.3.2 Bounds on dimensions of simple modules

We now use the concepts mentioned in the previous subsection to find upper bounds
for the simple modules of commutative-by-finite Hopf algebras. The approach to this
problem was in part inspired by Clifford’s results on the representation theory of finite
group algebras [70, Theorem 7.2.16].

Note that we also find upper bounds for the factor algebras A/ m® discussed in
section 3.1.3, and consequently upper bounds for the size of the orbits of maximal ideals

of A which were discussed in sections 3.1.1 and 3.1.3.

Theorem 3.3.1. Let H be an affine commutative-by-finite Hopf algebra, finite over
the normal commutative Hopf subalgebra A, and V' a simple left H-module. Keep the
notation of §3.3.1, let dy(H) denote the minimal number of generators of H as an
A-module and let

n(V) = min{n; : Q; -V =0,1<i <t}

Then,

1. We have .
dimg (V) < n(V) <rep.Pldeg(H) < §min.deg(H).

2. There exists m € Maxspec(A) such that Anny (V) = m#),

3. There is an embedding A/m) < V' of A-modules. Hence,
O | < dimg(A/m™D) < dimy, (V).
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4. If aH is projective (as is the case under any of the hypotheses of Theorem 2.1.9),
we also have .
émin.deg(ﬂ) < ds(H).

Proof. (1) As discussed in §3.3.1, dimg (V) < n; for every Q; such that V' is a simple
H/Q;-module, that is every @); such that @Q; - V = 0. Thus,

1
dimg (V) < n(V) <rep.Pldeg(H) < §min.deg(H).

(2) It follows from (1) that V' is finite dimensional, so it contains a simple A-submodule
Vo with annihilator m € Maxspec(A).

First, Anny (V) € Ann (V) = m and it is left H-stable, since A is normal and for
every a € Anny(V),h € H and v € V' we have

(adih)(a) v =Y hy-(a-(Shy-v))=0.

Similarly, Anny (V) is right H-stable. Thus, Anny (V) € m™ by Lemma 3.1.2.
Conversely, since Hm™) is a 2-sided ideal of H, {v € V : (Hm™)v = 0} is a H-
submodule of V| which is non-zero since it contains V4. By simplicity, (H m(ﬁ))v =0.

In particular, m() C AnnA(V).

(3) By definition, m) C ﬂm rco,, M andso A/ co M’ A/m’ = |®Om]

is a factor algebra of A/m"). Thus, the first inequality follows.

m’'€Om
Now let {vy,...,v,} be a k-basis of V' and consider the map
L A= VE D ass (avy,. .., av,).

Since its kernel is Ann (V) = m by (2), A/m embeds in V" via ¢. Since A/m)
is a Frobenius algebra by Proposition 3.1.4(2), it is self-injective. Therefore, A/ mA)
is (isomorphic to) a direct summand of the A/m™)-module V" by [37, Corollary 5.5].

The commutative algebra A/ m® is finite dimensional, hence artinian, so it is a
finite direct sum of non-isomorphic indecomposable submodules [50, Corollary 19.22],
and each of these must be a direct summand of 4V. Therefore, A/ m) embeds in AV.

The second inequality now follows from this embedding.

(4) Assume H is a projective A-module. For every maximal ideal m of A, H,, =
Am®4 H is a projective module over the local ring Ay, hence it is free by [77, Theorem
4.44 and following comments], clearly of rank at most d4(H). The right action of H

on Hy, yields the homomorphism

Y H — End(Hp)
h — [v€ Hpyvs xh]

We claim that the intersection of the kernels of these maps as m ranges through
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Maxspec(A) is {0}. This intersection consists of elements h € H such that 1y, h =0
in Hy, for all m € Maxspec(A). Let ¢ : H — Hpy, := Am ®4 H be the natural map
and J = ﬂmeMaXSpec(A) ker ¢,. We need only show J = 0. First, ker ¢, = {a € A :
ac = 0, for some ¢ € A\ m} [77, Theorem 3.71]. If J # 0, its annihilator Annx(.J)
is a proper ideal of A, hence it is contained on some maximal ideal m’ of A. But
J C ker ¢y, thus Anny(J) contains some element ¢ € A\ m’, which is a contradiction.
This proves the claim.

Since Hyy, is a free Ap-module of rank at most d4(H), we have the embedding

H— ] Enda,(Hw)= [  Mansduon(Am)-

méeMaxspec(A) meEMaxspec(A)

By the Amitsur-Levitski’s theorem [64, Theorem 13.3.3(ii)], min.deg(H) < 2d4(H), as
required. O]

In the following corollary we improve the upper bound d4(H ) in case A is a domain.
Recall from Proposition 3.2.12(5) that when N(A) is H-stable (for example, if k has

characteristic zero) A is a domain, provided H is prime.

Corollary 3.3.2. Let H be an affine commutative-by-finite Hopf algebra with com-
mutative normal Hopf subalgebra A. Suppose that A is a domain. Let V be a simple
H-module and m the annihilator of a simple A-submodule of V. Retain the notation
of Theorem 3.3.1. Then,

_ 1 _
1O < dimg(A/m")) < dimy, (V) < rep.PLdeg(H) < §min.deg(H) < dimy(H).

Proof. First note that H is A-projective by Theorem 2.1.9(3), so all the inequalities of
Theorem 3.3.1 are valid and we need only justify the last inequality, %min.deg(l—] ) <
dimy(H). By [77, Theorem 4.44 and following comments] H is a locally free A-module,
that is, for every maximal ideal m of A, Hy, := H ®4 A, is a free Ap-module, say
H ®7 Am = Al for some positive integer rp,.

We claim that the rank 7, of Hy, is the same for every maximal ideal m of A. Let
@ be the quotient field of A. First note that, since H is A-projective, it is a direct
summand of a free A-module. In particular, the nonzero elements of A are regular in

H, meaning that A,, is contained in (). Then,
H®sQ=(H®aAn) D4, Q = AR @4, Q= Q™.

Therefore, ry = dimg(H ®4 @), which is independent of m. We call this constant

rank r.

Moreover, such rank must be in particular given by
r=ranky, (H ®4 Ap+) = dimy (H).
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The second equality follows from Nakayama’s lemma [78, Remark 8.25], according to
which a minimal set of generators of the finitely generated module M = H ®4 A+
over the local ring R = A+ can be obtained from a basis of M/ATM = (H ®4
Apt))(AYH @4 Apr) 2 HIATH = H over RJAT = Ay JATAr 2 AJAT 2k,

Therefore, via left multiplication of elements of H on H ® 4 (), H now embeds into

Endq(H ®a1 Q) = M,(Q),

and again by Amitsur-Levitski’s theorem min.deg(H) < 2r. O

3.4 Commutative-by-(co)semisimple Hopf algebras

This section concerns the study of commutative-by-finite Hopf algebras H whose cor-
responding Hopf quotient H is semisimple and cosemisimple. We continue to assume
that k is an algebraically closed field.

We start with a few examples and an auxiliary result before we prove the main
result of this section, Theorem 3.4.3, that describes in detail the structure of these
Hopf algebras. We also give a corollary explaining the structure of prime commutative-
by-(co)semisimple Hopf algebras and finish this section with a few questions for future

work.

3.4.1 Preliminaries

We start with some obvious examples of such Hopf algebras. Recall that any finite di-
mensional Hopf algebra in characteristic 0 is cosemisimple if and only if it is semisimple
if and only if it is involutory [52, Corollary 2.6, Theorem 3.3], [53, Theorems 3 and 4].

Examples 3.4.1.

1. Take the coordinate ring A = O(A) of an algebraic group A over a field k, and a
finite group I" whose order is a unit in k£ with a group homomorphism o : I' —
Aut(A). SoT acts on A by (v-f)(A) = f(a(y)"t(N)), fory € T, f € O(A), X € A,

and it extends to an action by 7" = kI'. We can now form the smash product
H=A#T = AxT.
This is a Hopf algebra, with the usual coproduct of tensor of coalgebras; and it

is clearly commutative-by-(co)semisimple.

For example, k[z1, ..., x,] %S, is commutative-by-(co)semisimple, where the per-
mutation group S, acts on the polynomial ring k[z1, ..., x,] by permuting inde-

terminates, meaning o - x; = T,(;) for all 0 € 5,1 <7 < n.

38



2. Another large collection of examples is provided in §2.2.4, by those group algebras
H = kG where G has a finitely generated abelian normal subgroup N of finite

index, such that G/N contains no elements of order char k.

The main result of this section, Theorem 3.4.3, suggests that these examples may go
some way towards exhausting all the possibilities for commutative-by-(co)semisimple
Hopf algebras. Before we delve into that result we give an auxiliary definition and an
additional lemma, both of which are needed for its proof.

We first introduce the notion of a polycentral ideal: an ideal I of a noetherian ring
R is polycentral if there are elements xy,...,x; € I with [ = 22:1 r; R, such that z;
is in the centre Z(R) of R and, for j = 2,....t, x; + /- w;R € Z(R/31_ 2;R).
Polycentral ideals share many of the properties of ideals of commutative noetherian
rings, [64, Chapter 4, §2], [70, Chapter 11, §2].

This auxiliary lemma is a result of Skryabin [86], that extends another by Masuoka

[61], and we briefly explain how this follows from the results in these papers.

Proposition 3.4.2 (Skryabin, [86]). Fvery coideal subalgebra of a finite dimensional

semisimple Hopf algebra is semisimple.

Proof. Every left or right coideal subalgebra of a finite dimensional Hopf algebra is
Frobenius [86, Theorem 6.1]. A coideal subalgebra of a semisimple Hopf algebra is
Frobenius if and only if it is separable by [61, Theorem 2.1]. And a separable finite

dimensional algebra is semisimple [70, Theorem 7.3.9]. O

3.4.2 Their structure

We now present our results on the structure of commutative-by-semisimple Hopf alge-

bras.

Theorem 3.4.3. Let H be a commutative-by-finite Hopf algebra, finite over the affine
normal commutative Hopf subalgebra A, with GKdim (H) = d. Suppose that H =
H/ATH is semisimple and cosemisimple. Let N(A) denote the nilradical of A and P
be the unique minimal prime ideal of A with P C A", as in Proposition 3.2.12. Let
G° C G be the algebraic groups such that O(G) = A/N(A) and O(G°) = A/P, as in
Definition 3.2.5. Then,

1. N(A) is an H-stable Hopf ideal of A, so the Hopf ideal N(A)H is the nilradical
of H,
N(A)H = N(H).

Moreover, P is also an H-stable Hopf ideal of A, hence PH is a Hopf ideal of H.

2. H/IN(A)H and H/PH are semiprime commutative-by-semisimple Hopf algebras,
of GK-dimension and global dimension d. They are faithfully flat H-Galois ex-
tensions of A/N(A) and A/P respectively.
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3. Let Qy,...,Q; be the minimal prime ideals of H. Precisely one minimal prime
ideal, say Q1, is contained in H™, and this minimal prime contains PH. Reorder
the remaining Q); and fix s, 1 < s <'t, so that P C Q; if and only if i < s. Then,

t

NAH=(Q: PH=(Q
i=1

i=1
and for j=1,...,s

QiNA=P
Thus,

t s
H/N(A)H =@ H/Q; and H/PH=HH/Q;
i=1 i=1
are direct sums of prime algebras of GK-dimension and global dimension d.

4. There are subalgebras
CCBCACDCH, (3.16)

such that:

(i) C = A®ANW s g local (finite dimensional) Frobenius left coideal subal-
gebra of A with CTA C N(A), and A is a free C-module. Moreover, C is

invariant under the left adjoint action of H.

(i1) B := A®A/P s q left coideal subalgebra of A, over which A is flat and such
that
P =B"A+ N(A).
Moreover, (B+N(A))/N(A) = O(G/G") is a finite dimensional semisimple
Hopf subalgebra of A/N(A), normal in H/N(A)H, over which A/N(A) is a
free module.

(i4i) There is a factor group algebra kT of H with Hopf epimorphism o : H — kT,
such that the left and right adjoint actions of H on A/P both factor through
an inner faithful kT-action. Thus, D := H® s a left coideal subalgebra
of H, it is a finitely generated A-module and H is left and right faithfully
flat over D. Moreover, D is invariant under the left adjoint action of H,

DYH = HD" = ker « is a Hopf ideal of H and
H/D*H = kT. (3.17)

5. D/ATD is semisimple.

6. Forallae A andd € D,
ad — da € DP.

7. D/N(A)D has GK-dimension and global dimension d, so it is homologically ho-
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mogeneous and is a direct sum of prime algebras, each of GK-dimension and

global dimension d.

8. There is a unique minimal prime ideal L of D with L C D*. Moreover

LNA=P (3.18)
and
L={\(D*) + N(A)D. (3.19)

9. D/L is an affine commutative domain of GK-dimension and global dimension d.
10. L is a left H-stable ideal of D, so LH s a Hopf ideal of H. Thus,

(i) D/L is a left coideal subalgebra of H/LH and a finitely generated module
over the Hopf subalgebra A/P of H/LH.

(i1) the left adjoint action of H on D induces a left adjoint action of H/LH
on D/L, and this action factors through an inner faithful group action for

some group A which maps surjectively to I.

11. We have the inclusions
N(A)H C PH C LH C Qy,

and
O1ND=0L.

12. E = HH/LH js 4 left coideal subalgebra of H such that
BCECD. (3.20)

Moreover, E = D®P/L and it is invariant under the left adjoint action of H.

13. Assume further that H is pointed. Then, H is a faithfully flat left and right

E-module and
Q1 = LH.

Also, H and H/LH are crossed products as such
H =~ A#,H and H/LH = (D/L)#.,T,

for some cocycles o and T.

Proof. (1),(2),(3) Since H is cosemisimple, A is H-orbitally semisimple by Theorem
3.1.8(3), hence N(A) is H-stable by Proposition 3.2.9 and N(A)H is a nilpotent Hopf
ideal of H as in Proposition 3.2.12(1).
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By Proposition 3.2.12(1) we have N(A)HNA = N(A), so H/N(A)H is commutative-
by-finite with commutative normal Hopf subalgebra A/N(A); the corresponding Hopf
quotient is (H/N(A)H)/((A/N(A))*) = H. Since A/N(A) is reduced, the extension
is faithfully flat H-Galois by Theorem 2.1.9(1). And since A/N(A) is reduced and the
Hopf quotient H is semisimple, Proposition 2.1.14(1) and Theorem 2.1.16(3) yield that

H/N(A)H = @ H/Q;

is a finite direct sum of prime rings, where Q1,...,Q; are all minimal prime ideals of
H. In particular, these ideals are comaximal, so H" contains exactly one of them. And
H/N(A)H is semiprime, thus N(A)H is the nilradical of H.

As for the GK-dimension, Theorem 2.1.4(2) and Proposition 3.2.1(3) yield

GKdim (H/N(A)H) = GKdim (4/N(A)) = GKdim (4) = GKdim (H) = d. (3.21)

The fact that the global dimension of H/N(A)H is d follows from Theorem 2.1.16(1)
and each H/Q; also has GK-dimension and global dimension d by Theorem 2.1.16(3).

Since N(A) is H-stable, P is also H-stable and PH is a Hopf ideal of H by Propo-
sition 3.2.12(1). Since PH N A = P by Proposition 3.2.12, the properties of H/PH
follow for the same reasons as for H/N(A)H.

Note that GKdim (H/Q;) = GKdim (A/P) = d for all 4, and by [49, Lemma 4.3]
GKdim (A/(Q; N A)) = GKdim (H/Q;) = d. Since a proper factor of an affine com-
mutative domain must have strictly smaller GK-dimension [49, Proposition 3.15], the

inclusion P C ; N A must be an equality for every i = 1,...s.

(4) (i) This was proved in Lemma 3.2.1(2) and Proposition 3.2.12(3).

(ii) This was proved in Lemma 3.2.7 and Proposition 3.2.12(6).

(iii) Since P is left and right H-stable by (1), the H-actions on A restrict to H-
actions on A/P. Consider first the right adjoint action of H on A/P. By [88, Theorem
2] the right adjoint action of the cosemisimple Hopf algebra H on the commutative
domain A/ P factors through a group algebra kI, that is there exists a Hopf ideal I of
H that annihilates A/P under right adjoint action and such that H/I = kI', with kI’
acting inner faithfully on A/P. Consider the Hopf epimorphism o : H — H —» kI" and
the right coinvariants

D — fJeokr

D is a left coideal subalgebra of H by Example 1.1.10, and is invariant under the left
adjoint action of H by [67, Lemma 3.4.2(2)]. Since a factors through 7 : H — H, it
follows from Remark 2.1.10 that

A g Heor g HcokF — D.

Since D is an A-submodule of H and H is a noetherian A-module, then D is a finitely
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generated A-module.

By [69, Corollary 1.5], H is left and right faithfully flat over D, and keraw = D™ H,
whence DT H is a Hopf ideal and (3.17) follows. By Koppinen’s lemma [69, Lemma
1.4] and the fact that DT H is an ideal of H, S(D™H) = HD" C HD"H = D*H.
Since S(ATH) = HA*, S induces a bijection on the finite dimensional space H, so
that HD* = DT H.

Repeating the above argument for the left adjoint action of H on A/P yields a Hopf
epimorphism 3 : H —» H — kA for some finite group algebra kA acting inner faithfully
on A/P. It suffices to prove that kera = ker 3, for in this case kI' & H/kera =
H/ker § = kA and the two groups are isomorphic as required.

Let us prove the claim. Recall from the proof of Lemma 3.1.12(1) that for any
h € H and v € A/P we have

ad,(h)(Sv) = S(ad;(S7'h)(v)).

Thus, if h € ker, then S(ad;(S7'h)(v)) = ad,(h)(Sv) = 0 and, since the antipode
is bijective, S~'h € ker 3. Hence, S~ !(kera) C ker 8. A similar argument proves the

reverse inclusion. Since ker « = D' H satisfies S(DTH) = D™ H as above, we have

ker 3 = S 'kera) =S H(D"H) = D"H = ker .

(5) Since H is faithfully flat over D by (4)(iii), we have D/A™D = D/(ATH N D) =
(D+ A*H)/A*H C H. Since H is semisimple, (5) follows from Proposition 3.4.2.

(6) Since Dt C ker v annihilates A/P, for all a € A,d € D we have d = ¢(d)1 + d’ for

some d' € DT and
(ad,d)(a) = e(d)a + (ad,d")(a) = e(d)a mod P;
that is, the right adjoint action of D on A/P is given by e. Thus, for any a € A,d € D,

ad = Zdl (dy)ads = Zdl (ad,ds)( Zdle (dy)a = da mod HP,

since D is a left coideal of H. Since H is faithfully flat over D by (4)(iii), HPND = DP.

(7) Since H is right faithfully D-flat, N(A)HND = N(A)D. And by Proposition 3.2.12
N(A)HN A = N(A). Thus, H = H/N(A)H is commutative-by-finite with normal
commutative Hopf subalgebra A’ = A/N(A); and it contains the left coideal subalgebra
D" = D/N(A)D. By [49, Lemma 3.1] GKdim (A’) < GKdim (D’) < GKdim (H’),
hence GKdim (D) = d by (3.21).

First we prove that gldim (D) < d. To see this, note that gldim (H') = d by (2)
and, since H'/(D')*H' = H/DTH = kI" by (3.17) which is cosemisimple, it follows
that gldim (D) < gldim (H') = d by [48, Lemma 9]; the key point in the proof of this
result is that the cosemisimplicity of H'/(D')" H' ensures that the left D’-module direct
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sum decomposition H = D'@U of [63, Corollary 2.9] can be achieved as D’-bimodules.

We now prove that any irreducible left D’-module has projective dimension d. This
shows that D’ is homologically homogeneous and gldim (D’) = d by [64, Corollary
7.1.14]. Let V be an irreducible left D’-module. Since gldim (D’) < d, V' must have
finite projective dimension over D', say t := prdimp, (V') < d. It suffices to prove that
t>d.

Let 0 = P, — ... — Py — V — 0 be a D’-projective resolution of V. As explained
above, D’ is a left D’-direct summand of H' and, since H' is a projective A’-module by
Theorem 2.1.9(3), D' is also A’-projective. In particular, each P; is A’-projective, hence
prdim 4, (V) < t. And, V' can be regarded as an irreducible H'-module (by letting the
direct complement of D’ act trivially), hence V' is finite dimensional by Kaplansky’s
theorem - see beginning of §3.3.1.

Moreover, by Lemma 3.2.1(3) A" = @.", A, is a finite direct sum of commutative
affine domains, each of global dimension d. We now claim that all the irreducible
A’-modules have projective dimension d. First, an irreducible A’-module W is an
irreducible A;-module for some 1 < i < m, since each commutative domain A; = A’e;
is generated by an idempotent e; of A’, so W decomposes into submodules as W =
@;11 e;W and by irreducibility W = e;W for some i. Second, W = A;/m for some
maximal ideal m of the commutative domain A;. Thus, upon localizing at m, [47,
Theorem 176] yields that the projective dimension of (A;)m/m(4;)m = A;/m = W
equals height of m = Kdim (4;),, = Kdim (4;) = d by [78, (8.2)]. This proves the
claim.

Therefore, all the finite dimensional A’-modules (and, in particular, V') have pro-
jective dimension d, so d < t, as required.

The direct sum decomposition of D' now follows from [15, Theorem 5.3], and by

(3) each direct summand has GK-dimension and global dimension d.
(8) D/N(A)D is semiprime by (7), hence N(D) C N(A)D and, since by (1) N(A) is
H-stable, N(A)D is nilpotent, thus N(A)D = N(D). Moreover, by the decomposition
of D/N(A)D into a direct sum of prime rings in (7), the minimal prime ideals of D are
comaximal, hence there is a unique minimal prime ideal L of D contained in D™ .

If P = N(A) then clearly P C N(A)D C L. Suppose on the other hand that
N(A) C P. Let P = Py,..., P, be the minimal prime ideals of A, as in the proof of
Lemma 3.2.1. Since P is the unique minimal prime contained in A" and A" is maximal
(hence prime), (%, P; is not contained in A™. But P(N;%, P;) € (-, P = N(A), thus
in particular there exists y € A\ AT with yP C N(A). By stability of P as in (1),

yDP CyPD C N(A)D C L.
But y ¢ L because LN A C A*, hence primeness of L yields

PCLNA. (3.22)
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For the reverse inclusion, note that D/L is a finitely generated (left, say) A/(L N A)-
module, so that
GKdim (A/(LN A)) = GKdim (D/L) =d

by [49, Proposition 5.5] and (7). A proper factor of an affine commutative domain has
strictly lower GK-dimension [49, Proposition 3.15] and, since GKdim (A/P) = d by
the proof of (2), we must have equality in (3.22).

We now prove (3.19). By (7) the minimal prime L/N(A)D of D/N(A)D is gener-
ated by an idempotent (similarly to P in the proof of Lemma 3.2.1), and since L C D™

we have

LC (DY) +N(A)D.

i>1
We prove the reverse inclusion. The image of A in D/L is (A+ L)/L = A/P by
(3.18) and it is central in D/L by (6) and the fact that DP C L. Now the maximal
ideal DT /L of D/L contains the central ideal generated by A*/P, and the quotient
(DY/L)/((A/P)*) = Dt /A" D is a maximal ideal of D/A* D, a semisimple algebra by
(5), hence Dt /A* D is generated by a central idempotent. Thus, DT /L is a polycentral
ideal of D/L. By the version of Krull’s Intersection Theorem for polycentral ideals, [70,
Theorems 11.2.8 and 11.2.13], since D/L is a prime ring, we have

(D) c L.

i>1

This proves the required equality.

(9) We first prove that D/L is commutative. By (3.19), it suffices to prove that D/(DT)’

is commutative for each i > 1.

Choose elements ay, . . ., a,, of AT whose images form a k-basis of AT/(A")% Lete €
D™ be such that e+ AT D is the central idempotent generator of D /A* D guaranteed
by (5). Then,

Dt /(DT)? = <De + Z Da; + (D+)2> /(D")? = (k:e + Z ka; + (D+)2> /(D)%

J

Since AT =" ka; + (A")?, we have
A'DCY a;D+ (AT)’D C Y ka;+ (DT

Thus, the quotient D* /(37 ka; + (D*)?) is idempotently generated, because it is a
factor of D /A*D which is idempotently generated by e + ATD. But D*/(_; ka; +

(DT)?) is also a factor of D*/(D%)? hence it must be zero, so

D* = "kaj+ (DV). (3.23)
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Therefore, for each i > 2,
DT /(D) is spanned by monomials of length at most i — 1 in ay, ..., Gn.

Hence D/(DT)" is commutative, as required.
Therefore, D/L is a commutative affine domain. Since L is a minimal prime of D,
by (7) D/L has GK-dimension and global dimension d.

(10) First note that N(A) and DT are left H-stable by (1) and (4)(iii) respectively,
hence L is left H-stable by (3.19). Moreover, N(A)H and D*H are Hopf ideals of H
again by parts (1) and (4)(iii). Since H is faithfully D-flat and HD* = DT H, we have

Ny = oy - (0 )

and this is a Hopf ideal of H by Lemma 1.1.15. Therefore, by (3.19),

LH = N(A)H +(\(D*H)'

is a Hopf ideal of H.

(i) By faithful flatness of H over D, we have LH N D = L, so D/L is a left coideal
subalgebra of H/LH. By (3.18), A/P embeds as a Hopf subalgebra into H/LH. More,
it is contained in D/L which is a finitely generated A/P-module, since D is a finite
A-module.

Throughout the rest of the proof of (10), let A’ = A/P, D' = D/Land H' = H/LH,
so that A" C D" C H' as per the previous paragraph with A’ a Hopf subalgebra and D’
a left coideal subalgebra of H', and A" and D’ are affine commutative domains by (9).

(i) Since D is invariant under the left adjoint action of H by (4)(iii) and L is H-
stable as above, then D’ is also invariant under left adjoint action of H’. Since D’ is
commutative by (9) and A’ is a Hopf subalgebra contained in D', then for all «’ € A+
and d' € D'

ady(a)(d) = aid'S(ah) = a;S(ah)d = e(a)d = 0.

Thus, the left adjoint action of H' on D’ factors through H'A'" = At H'.

Since H'/A"H' = H is semisimple and cosemisimple and D’ is a commutative
domain, this action in turn factors through an inner faithful group action [88, Theorem
2], say H'/I = kA for some finite group A and some Hopf ideal I of H' that annihilates
D’ under the left adjoint action. However, by (4)(iii) the left adjoint action of H on A’
factors through D™ H with H/D"™H = kT" acting inner faithfully. And, since A’ C D,
it follows that I C D'T H' and we have a Hopf epimorphism kA —» kT

(11) We need only prove LH C (), and @ N D = L. We use the same argument as
applied to P in (8).
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Since L is the unique minimal prime ideal of D contained in D™, there exists some
element z € D\ Dt with zL C N(D), for the same reason as for P in (8). But
N(D)= N(A)D C N(A)H = N(H) is contained in any minimal prime ideal of H, so
left H-stability of L and Lemma 3.1.10 yield

*HL =zLH = N(D)H C Q.

Since z ¢ )1, primeness of Q1 gives L C @1 N D. In particular, LH C Q.
Since H is a finitely generated D-module, H/Q) is a finitely generated D/(Q1 N D)-
module, hence [49, Proposition 5.5, (3) and (9) respectively yield

GKdim (D/(Q, N D)) = GKdim (H/Q1) = d = GKdim (D/L).

But, since a proper factor of an affine commutative domain has strictly lower GK-

dimension [49, Proposition 3.15], we must have Q; N D = L.

(12) Since LH is a Hopf ideal by (10), we may consider the coinvariants E of the Hopf
surjection H — H/LH. On one hand, we have LH C D" H, hence H - H/D*H = kI’
factors through H — H/LH and E = H®H/LH C gt = D by (3.17). On the other
hand, since D C H is faithfully flat, it follows from (3.18) that LH N A = P, hence
B = A«°A/P C gH/LH — F - Furthermore, E is invariant under left adjoint action

by [67, Lemma 3.4.2(2)].

(13) Suppose that H is pointed. By [60, Theorem| H is a faithfully flat left and
right module over its left coideal subalgebra E. Then, as in Proposition 2.1.12, by
[82, Corollary 4.3] H = A#,H, for some cocycle o. Similarly, H/LH is pointed, so
the inclusion D/L C H/LH yields the decomposition H/LH = D/L#,kI" for some
cocycle 7. Moreover, this crossed product of a finite group acting faithfully on the
commutative domain D/L is prime by [71, Corollary 12.6]. And minimality of @
yields Q1 = LH. O

In the following diagrams we summarize the prime and semiprime structure of
commutative-by-(co)semisimple Hopf algebras explained in the previous theorem. Fi-
nite dimensional subalgebras of quotient algebras are coloured in blue, minimal prime

ideals in red and conjectural equalities in orange.

H
D = Hcokl"
A
F — JJcoH/LH
B = AcoA/P
C = AcoA/N(A)
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As it turns out, this theorem leads to the rather striking conclusion that prime
commutative-by-(co)semisimple Hopf algebras are in simple terms extensions of affine

commutative domains by group algebras.

Corollary 3.4.4. Let H be a prime commutative-by-finite Hopf algebra, finite over the
affine normal commutative Hopf subalgebra A. Suppose that H = H/A"H is semisim-

ple and cosemisimple. Then,
1. H/D*H = kT for a finite group T' whose order is a unit in k;
2. A and D are affine commutative domains;

3. There exists a group A which acts faithfully on D via the left adjoint action, and
the group algebra kA maps surjectively onto kI';

4. Suppose in addition that H s pointed. Then, H is a crossed product of D by kT,
that is, H = D#,kl" for some cocycle o.

Proof. The hypothesis that H is prime is equivalent to saying that, in the notation of
Theorem 3.4.3, @1 = {0}. Thus, P and L are both {0}, and A and D are domains, so
parts (1) and (2) follow from the definitions of D and I". And parts (3) and (4) follow
from (10) and (13) of that theorem. O

The next example illustrates the intricate structure of commutative-by-semisimple
Hopf algebras. It also shows that the inclusions of (3.16) and (3.20) can all be strict.

Example 3.4.5. Let k£ be algebraically closed of characteristic 0 and
G = ({x) x S3) x Cy,

where 53 is the group of permutations on 3 symbols and (x) is the infinite cyclic group.
Let o and S be respectively a 3-cycle and a 2-cycle in S5 and let a be a generator of

(. The action is as follows: Cy acts trivially on S3 and acts on (z) as a -z = z7'.
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Let H = kG and define A = k((z) x (0)). Clearly A is a commutative Hopf
subalgebra of H and by Theorem 1.1.7 A is reduced. And A is normal, because N =

(x) x (o) is a normal subgroup of G:

-1 —1 -1 -1 -1 -1
Bxf " =, BoB~ =0, axa x aca” " = o.

Thus, H is commutative-by-finite with Hopf quotient H = k((8) x C5), which is
semisimple (by Theorem 1.1.14) and cosemisimple. Note that H is not prime, since G

contains nontrivial finite normal subgroups [70, Theorem 4.2.10], for instance S5 and
Cs.

Focusing on the structure of A, we now compute its unique minimal prime ideal P
contained in A* and the respective coinvariants B. By Lemma 3.2.1(5) P = (), -, (A™")"
and A* = A(x — 1) + A(o — 1). Note that A(o — 1)* = A(c — 1) = A(o — 1) and
Alx —1)(c = 1)+ Ao — 1) = A(o — 1), thus (AT)" = A(x — 1)" + A(o — 1) and

P=(A@—1)"+A(c—1)=A(c—1).

n>1

And it is easy to see the corresponding coinvariants are

B = ACOA/P _ Acokz(:c) _ k’<0'>

Since the only element of GG that acts nontrivially on z is a € Cs, the H-action on
A/ P = k(z) factors through the inner faithfully action of I' = C5. Thus, it is easy to
see that

D = H®F%2 = k((z) x S3).

And, similarly to the computation of P, one easily concludes that the unique minimal

prime ideal of D contained in D" is
L=PD+(B-1)D=(c—-1)D+ (—1)D.

Note the isomorphism A/P = D/L = k(z) and, since H is pointed, it follows from
Theorem 3.4.3(13) that
Q.= LH = PH + (3 - 1)H.

Moreover, it is very easy to prove that

E = HcoH/LH _ Hk((z)xcz) _ kSg

Thus in this case
CCBCACDCH and BCECD
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with
PHCLH=@;, and H = A#H = D#T.

However, for most examples in section 2.2 the Hopf quotient H is not semisimple or
cosemisimple but its action on A/P often reduces to a semisimple action, that is there
exists a Hopf ideal I of H that annihilates A/P and such that H/I is semisimple; see
proof of Proposition 3.1.13. Therefore, we leave the following rather broad question,

possibly for future work.

Question 3.4.6. Let H be an affine commutative-by-finite Hopf algebra with com-
mutative normal Hopf subalgebra A. Suppose the action of H on A/P reduces to a

semisimple action. What is the structure of H?

We also leave a question regarding the representation theory of these Hopf algebras.
Since the Hopf quotient H factors through a group algebra kI, it seems sensible to look
into the representation theory of finite group algebras. An important result on this
subject, Clifford’s theorem [70, Theorem 7.2.16], provides a method that often allows
one to find the simple modules of a finite group algebra using simple modules of the

group algebras of its normal subgroups.

Question 3.4.7. Can we extend that idea to commutative-by-(co)semisimple Hopf

algebras?
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Chapter 4

Their finite dual

The object of study of this chapter is the finite dual of affine commutative-by-finite
Hopf algebras. Recall the notion of finite dual from section 1.3. Throughout this
chapter k& denotes an algebraically closed field.

A commutative-by-finite Hopf algebra H contains the commutative normal Hopf
subalgebra A and its Hopf quotient H := H/A*H is finite dimensional. Thus, in
section 4.1 we aim to describe the dual H° in terms of the duals A° and H , both of
which are easier to compute, the former since A is commutative and the latter because
H is finite dimensional. This is accomplished in Theorem 4.1.5 which in part states

the following:

Theorem 4.0.1. Let H be an affine commutative-by-finite Hopf algebra, finite over
the normal commutative Hopf subalgebra A. Suppose that we have a decomposition

H = A® X as right A-modules. If X can be chosen to be a coideal of H, then H°

decomposes as the smash product
He = H #A°,

as left H -modules, right A°-comodules and algebras.

This theorem requires the existence of a decomposition of H = A @& X as right
A-modules; in practice we know this holds under any of the hypotheses of Theorem
2.1.9(i)-(iv), that is when A is central in H, or A is reduced, or H is pointed. However,
these hypotheses are not as restrictive as one might think at first. In fact, we know
no examples where A cannot be chosen so that it satisfies the hypotheses above. In
particular, most of the commutative-by-finite examples in section 2.2 satisfy these
hypotheses and their dual decomposes as in this theorem; see section 4.4.

When A is reduced, its dual is well-understood and given by A° = A’#kG according
to Theorem 1.3.7, where G is the algebraic group such that A =2 O(G). And, although
H" is a Hopf subalgebra of H°, in general A° is not; under the conditions of the previous
theorem, A° is a subalgebra of H° but it generally will not be a subcoalgebra. We
study its coalgebra structure in H° as follows. We construct in sections 4.2 and 4.3 two

subcoalgebras of H°, the tangential component W(H) and the character component
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kG , which respectively extend to H® the roles of the Hopf subalgebras A" and kG of A°.
And we prove that (under certain hypotheses) these decompose as expected. Recall

the notion of orbital semisimplicity from Definition 3.1.5.

Theorem 4.0.2. Let H be an affine commutative-by-finite Hopf algebra, finite over
the normal commutative Hopf subalgebra A. In addition, assume that A is reduced and

let G denote its corresponding affine algebraic group. Then,

1. W(H) is a Hopf subalgebra of H® that decomposes into the crossed product
W(H)=H #,4,
for some cocycle o and action of A on H .

2. Moreover, if A C H is orbitally semisimple and H° = ﬁ*#TAO decomposes as a
crossed product, then kG is a Hopf subalgebra of H® that decomposes into
kG~ T4 kG.

Tlhcara

To sum up, one should have in mind the following picture of the dual of affine
commutative-by-finite Hopf algebras, with a normal commutative reduced Hopf subal-

gebra.

~ H #, (A#kG)

H 4, A kG = H #, kG

Lastly, in section 4.4 we use the previous results to decompose the dual of most of
the examples of commutative-by-finite Hopf algebras from section 2.2, as well as their

corresponding tangential and character components.

Many results in this chapter are generalizations of theorems discovered by Astrid
Jahn [44, § 5], where she studied the dual of Hopf algebras that are finitely generated
over affine central Hopf subalgebras (or, in other words, central-by-finite Hopf algebras);
see Remark 4.4.10 at the end of the chapter. Having said that, most of section 4.3 is

original, as are many computations in section 4.4.

4.1 Decompositions of the dual

In this section we aim to decompose the dual of an affine commutative-by-finite Hopf

algebra H in terms of the duals of its normal commutative Hopf subalgebra A and
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the dual of its finite dimensional Hopf quotient H. We start by revisiting the dual of
commutative reduced Hopf algebras in §4.1.1. We then study the relationship between
H', A° and H°, and obtain a decomposition of H° in Theorem 4.1.5. We leave the
computation of examples to section 4.4. Moreover, throughout most of the chapter, we

fix the following notation:

Notation. ¢ : A < H denotes the Hopf embedding and = : H — H denotes the
Hopf surjection. When in presence of any of the hypotheses of Theorem 2.1.9(i)-(iv),
IT: H=A® X — A denotes the projection of right A-modules along X. Moreover, as
introduced in Definition 3.2.5, whenever A is reduced, G denotes the algebraic group
such that A = O(G).

4.1.1 The dual of A - revisited

As we have done so far, let A denote the normal commutative Hopf subalgebra of a
commutative-by-finite Hopf algebra H.

Assume A is reduced. Following the notation introduced in Definition 3.2.5, A =
O(QG) for the affine algebraic group G = Maxspec(A). Theorem 1.3.7 describes the well
understood structure of the Hopf dual of the commutative Hopf subalgebra A,

A° = AHEG. (4.1)

Here
A ={feA: f((A")") =0, for some n > 0}

and
G = Maxspec(A) = Alg(A, k) = G(A°)

is the affine space of maximal ideals of A, which bijectively corresponds to the group
of characters of A (that is, algebra maps A — k). Hence, we can think of its group

algebra as
kG={feA°: flmnN...Nm,)=0,7>1,m; € Maxspec(A)},

the space of functionals vanishing on some finite intersection of maximal ideals of A.
Also recall from Theorem 1.3.7(3) that, when k has characteristic 0, A" = U(g) is
the enveloping algebra of the Lie algebra

0= Lie G = P(A°) = (A+/(A")2),
that is, g is the subspace of functionals on A" that vanish on (A™)2

4.1.2 Subspaces and quotient spaces of the dual

We now discuss the relationship between the duals of H and H.
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Lemma 4.1.1. Let H be an affine commutative-by-finite Hopf algebra, finite over the

normal commutative Hopf subalgebra A. Then,

1. There is an embedding of Hopf algebras
™:H < H°:f— for.

2. WO(H*), which we identify with H , is a normal Hopf subalgebra of H®.

3. H° is a free (right and left) H -module.

Proof. (1) We first show that 7° is well-defined: given f € H , 7°(f) = f om obviously
vanishes at AT™H which is an ideal of H of finite codimension by Theorem 2.1.3(2),
thus 7°(f) € H°. Moreover, 7° is an injective Hopf map by Proposition 1.3.14.

(2) We first note that
(H)={f e H : f(ATH) = 0}. (4.2)

Since AT H is a Hopf ideal of H, 7° (ﬁ*) is a Hopf subalgebra of H° by Lemma 1.3.13(3)
and, since 7° is injective, m° (ﬁ*) is isomorphic as a Hopf algebra to H .
We claim that

(H) ={f € H°: f(ah) = e(a)f(h) = f(ha),Ya € A,Yh € H}.

Clearly any functional of the right-hand subspace is in 7° (F*) Conversely, let f €
7°(H') and a € A,h € H. Then, a = €(a)l + o’ with o’ € A* and

fah) = €(a)f(h) + f(d'h) = €(a) f(h),

proving the first equality. The second equality follows from the fact that, since A is
normal, HA" = AT H by Proposition 2.1.1.
To deduce normality of 7°(H ), let f € 7°(H ) and ¢ € H°. Foranya € At h € H,

(adeg) (f)ah) = [ S°(p1)f2] (ah)
= ) 5°(¢1)(arha) f(azha)es(aghs)
= Zwl al))e( 2) f(h2)p2(azhs)
= Zso ay)e(az)ashs) f(hs)
= Zs& (h) hs)f he) = 0.
By equation (4.2), WO(ﬁ*) is closed under right adjoint action of H°. Similarly, since
HA* = AYH, n°(H ) is closed under the left adjoint action.
(3) Since H  is a finite dimensional and normal Hopf subalgebra of H°, H® is a free

H -module by [83, Theorem 2.1(2)]. O
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Considering the previous result, from now on we identify H" with
(H)={feH®: f(ATH) =0}.

Unfortunately, the relationship between the duals of H and A is not as “nice” as
the one with the dual of H. We look into it in the following result.

Lemma 4.1.2. Let H be an affine commutative-by-finite Hopf algebra, finite over the

normal commutative Hopf subalgebra A. Then,

1. There is a surjective Hopf algebra map

L H A f fou=f|,.

2. Via 1°, H® is canonically a right and left A°-comodule algebra, with coinvariants

*

(HO)COAO — cvo(Ho) _ ﬁ .

3. The Hopf ideal (H )" H® of H° is contained in ker °.

Proof. (1) We first show that ¢° is well-defined. Let f € H°, that is f(J) = 0 for some
ideal J of H of finite codimension. Then, J N A is an ideal of A of finite codimension,
because A/(JNA) = (A+J)/J C H/J. Hence, f|,(JNA)=0,and °(f) = f|, € A°.

Since ¢ is a Hopf algebra map, then so is the restriction map ° : f — f|, by
Proposition 1.3.14(1).

We now show it is surjective. Let f € A° that is f(I) = 0 for some ideal I of A of
finite codimension. We aim to find some functional ¢ € H° such that ¢|, = f. Since
A is commutative and noetherian, all its ideals satisfy the Artin-Rees property [64,

Proposition 4.2.6]. In particular, there is a positive integer n such that
ANHI"CI.

We claim the left ideal J = HI" has finite codimension in H. Since H is a finitely
generated A-module, H/J is a finitely generated A/(J N A)-module and we need only
show JN A has finite codimension in A. And since I™ C HI"NA, it suffices to show that
A/I™ is finite dimensional. We prove this for A/I* and by induction it follows for any
positive integer n. Since A is noetherian, both ideals I and I? are finitely generated,
hence I/I? is a finitely generated A-module. But since I/I? is annihilated by I, it is in
fact a finitely generated A/I-module. Now, since I has finite codimension, //I? must
be finite dimensional and, since (A/I%)/(I/I?) = A/I, A/I?* is finite dimensional.

Now as a vector space we can decompose
H=(A+J)®X,
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for some subspace X. Let ¢ : H — k be such that ¢(J) = ¢(X) = 0 and ¢(a) =
f(a),Ya € A. Then, ¢ is well-defined, because ANJ C I and f(I) = 0. Thus, ¢ € H°
by the previous claim and Theorem 1.3.5(1), and clearly ¢|, = f as required. This

finishes the proof of surjectivity of ¢°.

(2) H® is canonically a right A°-comodule algebra, with right coaction p := (id®:°) o A;

I

see Example 1.1.10. The right coinvariants are the functionals f such that

p(f) =D h1®(faor) = f@e,

that is, the functionals such that f(ha) = f(h)e(a) for all h € H,a € A. These are
precisely the functionals in H , as shown in the proof of Lemma 4.1.1(2). The left case

is analogous.

(3) First, H is a normal Hopf subalgebra of H° by Lemma 4.1.1(2), so by Proposition
2.1.1 (H")* H° is a Hopf ideal of H°. Let f € (H )*. Then, f(ATH) = 0 by definition
of H , and ego(f) = f(1) = 0. Thus f(A) = 0, so that f € ker:°. Since ker:° is an
ideal of H®, this proves that (H )*H° C ker (°. O

Remarks 4.1.3.

1. The proof of surjectivity of +° is much simpler when the extension A C H is
faithfully flat, as is the case under any of the hypotheses in Theorem 2.1.9. For,
let f € A° with f(I) = 0 for some ideal I of H with finite codimension. Under
faithful flatness we know HI N'A = I, so H/HI is a finitely generated A/I-
module, hence H I has finite codimension. Now proceeding as in the proof of (1),

one constructs a functional ¢ € H° with ¢|, = f.

2. An unsatisfactory gap in our knowledge lies on the fact that we do not know
whether the inclusion (H )TH® C ker:° is ever strict. It is an equality in an
abundance of situations as we will see in Theorem 4.1.5(4). In particular, the

equality holds for most of the examples in §2.2; see section 4.4.

The following result concerns the dual of the right A-module projection I1: H — A,
provided that H decomposes into A® X as right A-modules. In practice, we know such
hypothesis holds under any of the conditions of Theorem 2.1.9(i)-(iv); in particular, it

holds when k has characteristic 0.

Lemma 4.1.4. Let H be an affine commutative-by-finite Hopf algebra, finite over
the normal commutative Hopf subalgebra A. Suppose that we have a right A-module
decomposition H = A @ X, and consider the corresponding right A-module projection
IT1: H— A. Recall from Lemma 4.1.2 that H® is a canonical right A°-comodule via 1°.
Then,

1. There is a map of right A°-comodules
I°: A — H®: f+— foll,
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that is, 11I°(f)| 4, = f and II°(f)(X) = 0.
2. We have 1° o I1° = id go. Thus, II° is injective.

3. We have
(H)TH®° @ I1°(A°) C ker ° @ II°(A°) = H®. (4.3)

Proof. (1) We first prove that I1° is well-defined. Let f € A°, with f(I) = 0 for an ideal
I of A of finite codimension. Since H = A & X decomposes as right A-modules, then
HI = I® XTI and, in particular, HINA = I. Thus, H/H is a finitely generated module
over A/I, hence it is finite dimensional. Therefore, II°(f)(HI) = f(HINA) = f(I) =0
and the finite codimension of HI yields II°(f) € H®, proving well-definiteness of II°.

The right A°-comodule structures of A° and H® are respectively given by A 4. and
p:=(id®:°)oA. Let f € A°. Then for all a € A,h € H we have

(pol)(N)(h@a) = p(fol)(hea)=[> (folie(fol:ol (hea)
= > (foIi()(f o M)2(a) = (f o IN)(ha) = f(I(h)a),

since II is a right A-module map, and

(II° @ id)A(f)(h ® a) = [Z(HO of1)® fQ} (h@a)=>_ fiTl(h))f2(a) = f(II(h)a).
Thus II° is a right A°-comodule map.
(2) By construction, (:° o II°)(f) = II°(f)|, = f.

(3) Let f € kert® NII°(A°). Then, f =TI°(p) for some ¢ € A°, hence
0=25(f) = oll(p) = ¢

by (2), so f = 0. This proves the sum ker:° 4+ II°(A°) is direct. The first inclusion in
(4.3) is Lemma 4.1.2(3).
Let f € H°. Then, (II° 0 .°)(f) € II°(A°) and by (2)

so that H° = ker(®° @ I1°(A°), as required. O

4.1.3 The main result

Now that we have studied the basic relations between the duals of H, A and H, we
turn to study when H° can be decomposed into a smash or crossed product of A° and
H". Our results on this are gathered in the following theorem. It requires the existence
of a right A-module decomposition H = A @ X, which in practice we only know holds
under any of the hypotheses of Theorem 2.1.9(i)-(iv).
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Theorem 4.1.5. Let H be an affine commutative-by-finite Hopf algebra, finite over the
normal commutative Hopf subalgebra A. Suppose that we have a decomposition H =

A& X as right A-modules, and consider the corresponding right A-module projection
InI:H— A.

1. Suppose that X can be chosen to be a coideal of H. Then, I1I° : A° — H® is an

algebra map and H® decomposes as the smash product
He = H #A°, (4.4)

as left H -modules, right A°-comodules and algebras.

2. Suppose that as an algebra H = A#,H is a crossed product whose cleaving map
v:H — H is a coalgebra map, and

(1) either A is central in H;
(ii) or~y commutes with the antipodes, that is Sg oy =~ o Sg.
For example, such is the case if H = A#H decomposes as a smash product.
Then, (1) applies and the action of A° on H s trivial, that is
H°>~H ® A°
as left H -modules, right A°-comodules and algebras.

3. Suppose X can be chosen to be an A-bimodule right (or left) ideal of H. Then,

X is a two-sided ideal of H and H° decomposes as a crossed product,
He >~ H #,A°, (4.5)

as left H -modules, right A°-comodules and algebras. Moreover, the above iso-

morphism induces a coalgebra isomorphism H° = H © A°.

4. In both cases (1) and (3), H is embedded into H® as the coefficient subalgebra of
the smash or crossed product via 7°, and the kernel of 1° 1 H® — A° is (H )" H°.

Proof. (1) Since X = kerIl is a coideal, II is a coalgebra map, and so the right A°-
comodule map II° of Lemma 4.1.4(1) is an algebra map. In particular, by Remark

1.1.18(1) it is a cleaving map with convolution inverse II° o S4o. By Theorem 1.1.17
H° = H #,A°

for some action of A° on H and cocycle . Since the cleaving map II° is an algebra

map, the cocycle o is trivial.

(2) First, H = Ay(H) as left A-modules. If (i) A is central, clearly H = ~(H)A as right

A-modules. And the same holds for (ii): since the antipodes Sy and S, are bijective
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and v is such that Sy o~y =~ o Sz, then
— S(AY(H)) = S9(H)S(A) = vS(H)A C 4(H)A.

Thus, in both cases H = y(H)A = A® 7(F+)A as right A-modules. Since 7 is a
coalgebra map, e(fy(FJr)A) = ’7(6(F+))A =0 and

A(y(HNA) = AyENAA) CvHNAQH + Hov(H)A,

SO ’y(ﬁ+)A is a coideal of H and (1) applies. Note that the corresponding projection
I: H=~(H)A — Ais given by II(y(h)a) = e(h)a for all h € H,a € A.

It remains to prove the action of A° on H is trivial, that is in H°
I°(f)me(f) = = (/I (f),

for all f e H , f € A°.
We first claim that moy = ids7. Let h € H. Since vy : H — H is a right H-comodule
coalgebra map (where the coaction of H on H is p = (id ® 7)A), we have

> () @ my(ha) =Y (h) (R)2) = py(h) = (7 ®id)AR) = > y(hy) @ h;

and now applying € ® id to both sides yields 7y(h) = h, as claimed.
Let fe H,f € A, ac A h € H. We have

(f)H° Z e )H°(f’)(7( 12)as)
= Zfﬂ' a hz CLQ ZfW’Y 6( )f/(a2)
= Y f(h)e(a)e )f(az) f(h) f'(a).

One analogously proves that II°(f)7°(f)(v(h)a) = f(h)f'(a). This completes the proof
of (2).

(3),(4) Since X = kerII is an A-bimodule and a right ideal of H, it is a two-sided ideal
of H,asforany x € X and h = a'+2' € H = A® X we have hx = d’x+2'x € X. Then,
IT is an algebra map and II° is a coalgebra embedding that splits, for ¢° o II° = id o
by Lemma 4.1.4(2). Then, by Remark 1.1.18(2) it is a cleaving map with convolution
inverse S° o [I° and by Theorem 1.1.17

H® = H #,A°,

for some action of A° on H ' and some cocycle o.

In both cases (1) and (3), the isomorphism from H #A° or H #,A° to H® is given
by ¢ = mpye o (7° ® II°). When restricting to H", this map reduces to the injective
Hopf map 7°, so under this embedding H_ is a Hopf subalgebra of H°. In the second
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case, I1° is a coalgebra map and hence so is ¢, proving the final part of (3).

For the final claim, (H )T H° C ker ° by Lemma 4.1.4(3). Fix a k-basis {f; : i € T}
of A°. Then observe that, from the right side of either isomorphism (4.4) or (4.5), H®
is a free left H -module with basis {II°(f;) : i € Z}. Let f € ker° and let us write
f=>wll°(f:), with ¢; € H'. Then, for any a € A

ZQOz a)I1°(f;)(az) = Z‘g(al)@z ) fi(az) [Z pi(1 fz} )

so Y. ¢i(1)f; =0 in A° and by linear independence we have ;(1) = 0 for all 7, that is
f e (H)*H°. This proves the equality in the statement. O

Remarks 4.1.6.

1. As was mentioned before the theorem, the hypothesis that H decomposes into
A @ X as right A-modules is satisfied under any of the hypothesis of Theorem
2.1.9(1)-(iv). In particular, it holds for all examples from §2.2.

2. In general the decomposition (4.4) is not an isomorphism of Hopf algebras, not
even of coalgebras. The coalgebra structure of H° will be clarified later on in
sections 4.2 and 4.3. For instance, consider the group algebra of the dihedral
group H = kD defined in §2.2.5. It decomposes into the smash product A#H =
k(b) x kC5, hence by Theorem 4.1.5(2), Example 1.3.3 and Example 1.3.10

H°~H ® A° = kCy, @ (k[f] ® k(k*,-)).

In A° the functional f is primitive and, for each A\ € k™, the associated functional
X is grouplike. However, in H° neither the functional I1°(f) is primitive nor the
functionals z, := TI°(x,) are grouplike in H°. In fact, II°(f) is («, 1)-primitive
and

%(1@(1+a)+2m®(1—04)) (22 ® 22),

where « is the generator of H = kCh; see Corollary 4.4.6(1I). Still kCy ® k[f]
and kCy ® k(k*,-) are Hopf subalgebras of H° and in fact these will constitute

the tangential and character components for this example.

A(zy) =

3. Assume the hypotheses of Theorem 4.1.5(1). Since II° : A° — H° is a cleaving
map with convolution inverse II° o S4o, by the formulas in Theorem 1.1.17 the

action of A° on H in the smash product (4.4) is given by

froo =Y TP(f)ell°(Sae fa),

for any f e A°, o € H .
When A is reduced, A = O(G) and its dual is A° = A"« G as in (4.1). The

functionals indexed by G are algebra homomorphisms x, : A — k and they are
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grouplike in A°, hence x, acts by conjugation over H', that is for any ¢ € H'

Xg - ¢ = II°(xg) 1" (Xg-1),

despite in general II°(x,) not being a grouplike in H°.

Moreover, if the base field & has characteristic 0, then A" = U(g) by Theorem
1.3.7(3). In this case, the elements of g are primitive in A°, hence any f € g acts

as a derivation on H , that is, for any ¢ € "
[ =10(f)e — eII°(f),
even though in general I1°(f) will not be a primitive element of H°.

. Note that equation (4.4) says that the Hopf dual of a commutative-by-finite Hopf
algebra (that satisfies the hypothesis that X can be chosen to be a coideal) is
a finite-by-cocommutative Hopf algebra, since it contains the finite dimensional
normal Hopf subalgebra H  and the quotient H°/(H )*H® = A° is cocommuta-

tive.

. We discuss further the hypothesis of Theorem 4.1.5(1) that X can be chosen to
be a coideal in the A-module decomposition H = A @ X. We first note that the
existence of a right A-module coideal X is equivalent to the existence of a right

A-module coalgebra projection II : H — A.

In [80] Schauenburg introduced the notion of Il-crossed products, a generalization
of the notion of crossed products discussed in subsection 1.1.5. It turns out that,
if such a right A-module coalgebra projection II exists and one of the conditions

of Theorem 2.1.9(i)-(iv) is satisfied, then H decomposes as a II-crossed product
A#,H.

Proof. Consider the map v : H — H given by

y(h) = hiST(hy).

First, 7 is well-defined, for if h € ATH = HA", say h = > h;a; with a; € AT,
then

Z hi1aii STL(higass) = Z hi1ai1S (i) STI(hig) = Z €(a;)y(h;) = 0.

Second, 7 is a left H-comodule map, where H is a left H-comodule with coaction
given by p(h) = > hiST(h3) ® hy; for we have

(id®@y)p(h) =Y hiSH(hs) @ v(ha) = > h1STI(hy) @ haST(hs) = Ay (h).
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Third, it is easy to check that ~ is convolution invertible with inverse given by
v~ Y(h) = S_TI(h1)S(hs). Therefore, by [80, Theorem 5.14] H decomposes into
the TI-crossed product H® 74, H and by Theorem 2.1.9(2) H®H = A. O

In particular, provided X can be chosen to be a coideal, H is a free A-module. We
know this does not hold in general; see Example 2.1.13. Even so, this example is a
commutative Hopf algebra, thus its dual is already well understood (see Theorem

1.3.7).

6. We know of no examples where (4.4) does not hold. This is illustrated in section
4.4, where we compute the Hopf dual of many of the examples of commutative-by-

finite Hopf algebras introduced in §2.2. Therefore, the following question stands:

Question 4.1.7. When H is affine commutative-by-finite, can A always be cho-
sen so that H® is a smash product of H by A°?

We now turn our attention to the study of important subcoalgebras of the dual of
commutative-by-finite Hopf algebras. More specifically we will construct two subcoal-
gebras of H°, W (H) and /;@, and study their properties. This will be done respectively
in sections 4.2 and 4.3. These subcoalgebras shed some light on the coalgebra structure
of the dual of commutative-by-finite Hopf algebras, of which we have not said much so

far.

4.2 The tangential component W (H)

Recall that when A is reduced its dual decomposes into A° = A’ % G as in (4.1), and

its Hopf subalgebra A’ is described in terms of functionals as
A ={feA°: f((A")") =0, for some n > 0}. (4.6)

In this section we extend this construction to a Hopf subalgebra W (H) of H°,
which we call tangential component. We study some of its properties and we prove
a decomposition in the final result of this section. In section 4.4 we compute the
tangential component for many of the examples of commutative-by-finite Hopf algebras
from §2.2. Throughout this section k continues to denote an algebraically closed field
and A will often be reduced.

4.2.1 Definition and basic properties

In this subsection we define an analogue of the Hopf subalgebra A’ for the finite dual
of a commutative-by-finite Hopf algebra.
Recalling (4.6), the functionals in the Hopf subalgebra A’ of A° are precisely the

ones that vanish on some power of the augmentation ideal A*. In order to extend this
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idea to the dual of H, we must consider functionals that vanish on some ideal of H.
The most naive approach seems to be to consider the functionals that vanish on some

power of the ideal AT™H of H. This turns out to be precisely the right approach.

Definition 4.2.1. Let H be an affine commutative-by-finite Hopf algebra, finite over

the normal commutative Hopf subalgebra A. The tangential component of H® is

W(H):={feH®: f(ATH)") =0, for some n > 0}.

This subspace W(H) turns out to be a Hopf subalgebra of H° and it satisfies

normality, as we state in the following result.

Lemma 4.2.2. Let H be an affine commutative-by-finite Hopf algebra, finite over the

normal commutative Hopf subalgebra A. Then,

1. W(H) is a normal Hopf subalgebra of H®.

2. H is a normal Hopf subalgebra of W (H).

Proof. (1) First, since A is normal, by Proposition 2.1.1 A" H is a Hopf ideal of H and
by Lemma 1.3.13(3) W (H) is a Hopf subalgebra of H°. We now prove its normality,

in a similar fashion to the proof of normality of H in Lemma 4.1.1(2).

Let ¢ € H° and f € W(H), so f vanishes at (ATH)™ for some positive integer n.
Notice it also follows from Proposition 2.1.1 that (AT H)"* = (A")"H. Take a4, ...,a, €
At and h € H. Then,

[ZS ©1 f@z] anh)
= ) S(e)(an - anihn)f(ara. . anpho)pa(ars .. . anshs)
= Z% S(h1)S(an1) ... S(a11))f(ara. .. anshs)pa(ars. .. anshs)
= Y _o(S(h)S(an) .. S(ar1)ars . . anshs) farz ... anahs)
= ) @(S(h1)S(an)ans ... S(ary)arshs) f(ars . . anzhs),

since A is commutative. For each i we write a,2 = €(a;2)1 + a,, where a, € A*.

Writing [1,n] for {1,2,...,n}, by the binomial theorem we have

f(fll,z an2h2 Z HE az? H ag7gh2

PC[1,n] i€P €[1,n\P

113



Therefore,
[Z So(gol)fg@] (ay...ayh)
= Z Z (In 1)CLn 3. S(a171)a173h3) H E((I@Q)f H CLZ 2 hg

PC[1,n] i€P e[L,n]\P

= Z Z ® Hsazl e(aiz)a;s H S(aip)aizhs | f H a’thQ
PC[1,n] i€P i€[1,n]\P €[L,n]\P

— Z Z H e(a;) o | S(hy) H S(aip)aizhs | f H a; ol
PC[1,n] i€EP i€[1,n]\P i€[1,n]\P

The summands where P # () vanish due to €(a;) = 0 for all i € [1,n] and the summands
where P = () vanish because f is zero on (ATH)" = (AT)"H. The proof for the left

adjoint action is similar, so normality of W(H) in H® is proved.

(2) Clearly, W (H) contains H by the identification of the latter subalgebra following
Lemma 4.1.1. Since H  is normal in H° by Lemma 4.1.1(2), it is obviously normal in
the Hopf subalgebra W (H). O

4.2.2 Decomposition of W(H)

In the following result we decompose the tangential component W (H) into the crossed
product H #,A’ when A is a reduced Hopf subalgebra of H. Recall the notation
introduced at the beginning of §4.1, and from Lemma 4.1.2 the Hopf algebra surjection
°: H° — A° f — f|, and (under certain hypotheses) from Lemma 4.1.4 the right
A°-comodule map II° : A° — H° given by II°(f)|, = f,II°(f)(X) = 0, where the
decomposition H = A& X as right A-modules is afforded by Theorem 2.1.9(4).

Theorem 4.2.3. Let H be an affine commutative-by-finite Hopf algebra, finite over
the normal commutative Hopf subalgebra A. In addition, assume that A is reduced, so
that A° decomposes as A'#kG as in (4.1). Then,

1. (W(H))=A.
2. W(H) decomposes into the crossed product
W(H) = H #,A', (4.7)

. —x%
for some cocycle o and action of A" on H .

*

3. W(H)*Y =H .

4. Suppose that X can be chosen to be a coideal in the A-module decomposition H =
A @ X of Theorem 2.1.9(4). Then, o is trivial, that is (4.7) is a decomposition
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of W(H) as the smash product
W(H)~H #A’ (4.8)

When k has characteristic zero, A' = U(g) and the action of U(g) on H is given
by
f-o=10(f)p = II°(f),

for fegpeH.

Proof. (1) First recall the description (4.6) of A’. Since ¢° is just restriction of function-
als to the subdomain A, it is clear that (°(W(H)) C A’. To prove equality, first observe
that Theorem 2.1.9(4) gives a right A-module decomposition H = A @ X. Given any
f e A with say f((A")") = 0, normality of A implies

(ATH)" = (HAT)" = H(AT)" = (A")" & X (A")"

and by Lemma 4.1.4(1) II°(f) vanishes at (AT H)", that is II°(f) € H® is actually in
W (H). Since ¢° o II° = id 4o by Lemma 4.1.4(2), :°(II°(f)) = f and the result follows.

(2),(3) By Lemma 4.1.2(2), H® is a right A°-comodule algebra with p = (id ® ¢°)A. In
particular, since W (H) is a Hopf subalgebra of H° by Lemma 4.2.2(1), and using part
(1) of the present theorem,

p(W(H)) CW(H) @ (W(H)) =W(H) e A (4.9)

That is, the structure of right A°-comodule of H® restricts to a structure of right
A’-comodule on W (H).

We have noted in the proof of (1) that the injective right A°-comodule map II° :
A° — H° maps A" into W(H). Thus, in light of (4.9), II°|,, : A — W(H) is an
injection of right A’-comodules.

A map is convolution invertible if and only if its restriction to the coradical is
convolution invertible, see [96, Lemma 14] or [67, Lemma 5.2.10]. As pointed out in
the proof of Theorem 1.3.7, A’ is the irreducible component (A°). of A° containing
140 = € and, since A° is cocommutative, it is pointed [67, Remarks at beginning of
§5.6]. Hence, A’ is irreducible and pointed, and therefore connected [67, Remarks after
Definition 5.6.1], that is, its coradical is k& and II°|, is trivially convolution invertible.

Therefore, 11°| ,, is a cleaving map and by Theorem 1.1.17,
W(H) = W(H)N #,A"

Since the A’-comodule structure of W (H) is the restriction of the A°-comodule
structure of H°, it follows from Lemma 4.1.2(2) and Lemma 4.2.2(2) that

W(H)°Y =W(H)N (H)°Y =W(H)NH =H .
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(4) This follows from (2) and Theorem 4.1.5(1), since the cocycle o in (2) is in this
case trivial by the latter result. The last part is a special case of Remark 4.1.6(3). [

Remarks 4.2.4.

1. Recall from Theorem 1.3.7(3) that when k has characteristic zero, A" = U(g) is
the enveloping algebra of the Lie algebra g = LieG. In this case, the previous
theorem decomposes W (H) as the crossed product H #,U(g). These are usually

named “differential crossed products” and more information about them can be
found in [67, Theorem 7.1.10].

2. As we mentioned in Remark 4.1.6(2), the isomorphism (4.8) is not of coalgebras.
Even in characteristic zero where A’ = U(g) is an enveloping algebra, any func-
tional f € g is primitive in A° but in general its embedding II°( f) is not primitive
in H° (even though the functionals in g act on H as derivations). This will be-
come clearer in section 4.4 where we compute W (H) for most of the examples of

commutative-by-finite Hopf algebras introduced in §2.2.

3. When £ has characteristic zero, we also know that ker ¢°[y, ) = (H)*W (H).
Proof. We know from Lemma 4.1.4(3) that

(H)"W(H) C ker Clw (4.10)

) .

Since k has characteristic zero, A" = U(g) for the Lie algebra g = LieG. It is
clear from (4.7) that
W(H)/(H )W (H) = U(g)

and W(H)/ker °y gy = im ¢y gy = U(g) by (1). Since A is affine, g is
finite dimensional, and hence U(g) is a noetherian algebra [64, Corollary 1.7.4].
In particular U(g) cannot be isomorphic to a proper factor of itself, and hence

(4.10) must be an equality, proving (4). O

We now study the second important subspace of the dual of commutative-by-finite
Hopf algebras, iG.
4.3 The character component kG

Throughout this section we assume that k is an algebraically closed field and A is

reduced, so that A = O(G) is the coordinate ring of the algebraic group
G = Maxspec(A) = Alg(A, k) = G(A°).

For each g € GG, we denote the corresponding maximal ideal and character of A respec-

tively by m, € Maxspec(A) and x, : A — k. In particular, notice that the maximal

116



ideal associated to the identity 1 is m;, = AT, the augmentation ideal of A, and the
corresponding character is x1,, = €4, the counit of A.

Moreover, recall from the beginning of this chapter that A° decomposes into the
smash product A'#kG as in (4.1). For each g € G the one-dimensional subspace kx,
of the Hopf subalgebra kG can be thought of as the set of functionals that vanish on
the maximal ideal m,. Therefore, the Hopf subalgebra kG of A° can be described as

kG={feA°: f(lm;N...Nm,) =0,7>1,m; € Maxspec(A)}. (4.11)

In this section we extend the construction of the Hopf subalgebra kG of A° to
the dual of H, by defining a subcoalgebra kG of H °, the character component. We
study the properties of lgé; in particular, the nontrivial question of when it is a Hopf
subalgebra of H°. And, similarly to what was done for W (H), we prove some results
on its decomposition. In §4.4 we compute the character component for many of the

examples from §2.2.

4.3.1 Definition and basic properties

In order to define the character component kG of the dual of commutative-by-finite

Hopf algebras H, we make use here of the notions and results from section §3.1. Recall
(H)

the notion of H-core of an ideal of A, the equivalence relation ~) on Maxspec(A)

and the corresponding orbits.

As in §3.1 we denote the H-core of a maximal ideal m, of A by mgﬁ), this being
the largest ideal contained in m, which is invariant under the adjoint actions of H.
Recall from Lemma 3.1.10 that, since we are assuming A is reduced, stability under

left and right adjoint actions is equivalent, and by the same result méﬁ)H =H méﬁ) is
an ideal of H.

As we pointed out above, G can be thought of as Maxspec(A), so for simplicity we
H) ./
g

are equivalent if their corresponding maximal ideals have the same H-core, that is
(H) (H)

my ' =mg,’ .

will consider ~H) to be an equivalence relation in G, where two elements g ~!

Recall the notion of H-orbit associated to it as well. By Proposition

3.1.4(2),(3) each méﬁ) has finite codimension in A and each orbit has the description

Om, = {my, € Maxspec(4) : mgﬁ) C my}. Since H is a finitely generated A-module,

the ideal H mf,H) also has finite codimension in H. This ensures that the following

definition concerns subspaces of H°.

Definition 4.3.1. Let H be an affine commutative-by-finite Hopf algebra, finite over

the normal commutative semiprime Hopf subalgebra A = O(G).
1. The character component of H® is
kG = {fEHO:f(Hm(glﬁ)ﬂ...ﬂHm(grﬁ)) =0, for some g; GG}.
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2. For each g € GG, we define the following subspace of kG-
Gi={feH: f(HMm) = 0} = (H/Hm ) .

Note that this is a natural generalization of the Hopf subalgebra kG of A° described
n (4.11). Here are some basic properties of these spaces. Recall the injective map of
right A°-comodules II° : A° — H° from Lemma 4.1.4.

Proposition 4.3.2. Let H be an affine commutative-by-finite Hopf algebra, finite over
the normal commutative reduced Hopf subalgebra A = O(G). Then,

1. If g,h € G with g ~F) h, then ’g\zﬁ
3. kG is a subcoalgebra of H®.
4. For g € G, g is a subcoalgebra of kG,

5. Forall g € G,

and

6. For ge G, S°(g) = g/—\1
7. kGAW(H)=1g=H".

8. Assume that A is a domain. For g € G,
dimy(H/Hm,) = dimy,(H/m,H) = dim,(H), (4.12)

and

dimy(§) = dim(A/m{) dimy,(H) < (dim(H))” . (4.13)

Proof. (1) This follows from the definition of ~(#),

(2) If g, h € G with g = h then the ideals mg ) and mh ) of A are comaximal: by
Proposition 3.1.4(3), the maximal ideals containing mf]H) are in the orbit Op,, and the
same holds for /, but since O, N O, = @ no maximal ideal contains both m( ) and
mgl thus m( )+m( ) = A.

Therefore, the ideals H rn(gﬁ) and H méﬁ) of H are also comaximal and distinct
subspaces ¢ intersect trivially. If g1,..., g, € G are representatives of distinct ~ )

orbits, the Chinese Remainder Theorem shows that

() = ) 1t
=1 =1
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Taking duals on both sides yields

* T

(1 /(Y1) = (@ im) = () - .
=1 =1 =1

i=1
Thus, any functional in kG belongs to @geG /) g and the reverse inclusion is clear.
(3),(4) For each g € G, since H méﬁ) is an ideal of H, g is a subcoalgebra of H® by
Lemma 1.3.13(3). By (2), kG is also a subcoalgebra of H°.
(5) Let ¢ € G. By Proposition 3.1.4(3) mgﬁ) C my, for any h ~H g. Therefore, in

terms of the dual, the functionals that vanish in ﬂ;w(ﬁ)g Hwmy, also vanish in H mf]H),

that is,
§=<H/ngﬁ>> o (H/ () Hm| = @ (H/Hm,)",
h~(H) g h~(H) g

since as in the proof of (2) the left ideals Hmy, of H are comaximal.

Aiming to prove the second inclusion, we first claim that for any g, h € G
Amg,) Cm;® A+ AR my,. (4.14)

We can decompose A ® A as a vector space into (m;, ® A+ A®my) & klsg® 14. Let
a € my, and write A(a) =Y a3 ® aa + A1 ® 1 in terms of the previous decomposition.
Since each functional x, : A — k vanishes at the corresponding m, and x,xn = Xgn by
the equivalence G = Alg(A, k), then we have

0 = xgn(@) = Xgxn(a) = Y xglar)xn(az) + A = X

Since a is an arbitrary element of mg,, the claim follows.

Therefore,
A(Hm,) = A(H)A(my) € Hm;, ® H + H ® Hm,,. (4.15)

Let f € H , that is, f vanishes at ATH = HAT. Then, using (4.15) and the fact that

m. = A+,
(ST (xg)) (Hmg) C f(Hmy )T (x,) (H) + f(H)I(xg) (Hmy) = 0.
This proves H 11°(x,) € (H/Hm,)*. The proof for TI°(x,)H is analogous.

—

(6) Let g € G. To prove that S°(g) = ¢~ it suffices to show that

S (m(ﬁ)> = mé@. (4.16)



For, if f € g then by stability of méﬁ) we have
S°(f) (Hm;fff) —f (S(mgﬂ)S(H)) — f (mf)H) —f (Hmf)) —0.
And, conversely, any functional f € g/—\1 can clearly be written as f = Se((STHe(f))
and as before (S71)°(f) vanishes at S‘l(mE{IfH) = m{" H, that is, f € S°(9).
To prove (4.16), we first note that it follows easily from the equivalence between G
and Maxspec(A) that S(my) = m,-1. Also, as pointed out at the beginning of §4.3.1,

left and right H-cores coincide, that is, (ﬁ)mg = mgH). Then, by Lemma 3.1.12(1)

S (méﬁ)> = S(mg)(ﬁ) = m;{q.

(7) Since my, = A*, we have 1¢ = (H/A*H)* = H". This also shows that H C kG
and, by Lemma 4.2.2(2), o cC W(H).

For the reverse inclusion, suppose f € W(H) ﬂ/g@, that is f vanishes on (AT H)" =
(At)"H and on I :=_, mgiﬁ)H, for some n,r > 1 and distinct gy, ..., g, € G/ ~).
We claim that

ATHC I+ (AT)"H. (4.17)

On one hand, if g; # 1g for all i = 1,...,r, then I and (A")"H are comaximal by
the discussion in the proof of (2), so that (4.17) is clear.

Suppose on the other hand that, say, g = 1g. If either r = 1 or n = 1, the
inclusion (4.17) follows immediately, so we may assume now n,r > 2. We know that
I+ (AT)"H C AT H and the left A-module ATH/(I 4+ (A")"H) is annihilated by both
of the ideals (A*)""! and by (_, méiﬁ). Again, as in the proof of (2) these ideals
are comaximal, meaning ATH/(I + (AT)"H) is annihilated by A. Thus, ATH/(I +
(AT)"H) = {0} and we have equality in (4.17).

Thus, f vanishes at ATH, that is f € H , as required.

(8) Assume that A is a domain. Localize A at the maximal ideal mg, and consider the

Am,-module Hy, = Ay, ®4 H. Since H is a finitely generated projective A-module
by Theorem 2.1.9(3), H is a locally free A-module with constant rank

r = dimg(H),

by the same argument as in the proof of Corollary 3.3.2: Hpy,, is a free Ap,-module
by [77, Theorem 4.44 and following comments] with finite constant rank equal to r =
dimg(Q ®4 H), where () denotes the quotient field of A, and by Nakayama’s lemma
r=dimg,, (Am, ®4 H) = dimy,_ (Asr @4 H) = dimy.(H).

Now first, as left A/mg-modules we have

Hpy,/myHp, = (Am,/mgAn,) ® Ay, Hm, = (A, /myAny,) D Ay Am, @4 H
= (A/my) ®4 H= H/m,H.
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And by Nakayama’s lemma [78, Remark 8.25] a k-basis of Hpy,/mgHy, lifts to a

minimal spanning set (hence a basis) of Hy,, over Ay, . Therefore,
dimy,(H/myH) = dimy,(Hpm, /mgHpym,) = dim,,, (Hu,) =T

Working with H as a right A-module yields the same conclusion for dimy(H/Hm,),
proving (4.12).

Moreover, as above we have an isomorphism Hy,, / méﬁ) Hp, = H/ méﬁ)H of A/ méﬁ)—
modules. But since Hy,, = (Am,)?", then ng/mgﬁ)ng & (A/méﬁ))@r. Thus,

dimy.(§) = dimy,(H/m{f" H) = dim(Hpn, /mf Hm,) = 7 dim(A/mf0).

The inequality in (4.13) now follows from Corollary 3.3.2. ]

One aspect of kG we do not discuss in the previous result is its algebra structure.
This turns out to be more complex than one might think at first and we devote the

next subsection to its discussion.

4.3.2 Subalgebras and subcoalgebras of kG

In this subsection we consider the effect on the structure of kG of imposing the following

additional hypotheses:
(i) the kernel X of II can be chosen to be a coideal of H (see Remark 4.1.6(5));
(ii) A C H is orbitally semisimple (see §3.1.2 and §3.1.3).

We show that these hypotheses have significant effect on the algebra structure of kG.
In particular, under condition (i) we gain more information on the set of units of H°
and the structure of (H/Hm,)*, while condition (ii) implies that kG is closed under
multiplication (hence a Hopf subalgebra of H°) with a nice formula for the product of
the subcoalgebras g.

As we have pointed out before, we know of no examples where these conditions
are not satisfied; see Remark 4.1.6(6) and Proposition 3.1.13. In particular, they
are satisfied by every Hopf algebra in section 4.4, and may even hold for all affine

commutative-by-finite Hopf algebras.

Recall the injection II° : A° — H° of right A°-comodules introduced in Lemma
4.1.4, and which is an algebra map when X can be chosen to be a coideal, as in
Theorem 4.1.5(1). Also recall from Lemma 4.1.2 the Hopf surjection ¢° : H® — A°,

given by restriction of functionals on H to A.

Lemma 4.3.3. Let H be an affine commutative-by-finite Hopf algebra, finite over the
normal commutative reduced Hopf subalgebra A = O(G). Assume that the decompo-
sition H = A @ X of right A-modules can be achieved with X a coideal in H. Set
G = {II°(x,) : g € G} C H".
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1. Gisa subgroup of the group of units of H°, and the algebra injection I1° : A° —

He° restricts to an isomorphism of groups from the grouplikes G of A° to G.

2. The subalgebra of H° generated by G is the group algebra k‘é, and I1° restricts to

an algebra isomorphism from kG to kG.
3. For all g € G, ﬁ*HO(Xg) = HO(Xg)ﬁ* is free of rank 1 as an H -bimodule.

4. Suppose that A is a domain. Then, for all g € G
(H/Hmy,)" = H TI°(x,),

hence

52 @ (H/Hm) = @ B ().
~(H)

Proof. (1),(2) Note that X being a coideal of H means the projection Il along X is
a coalgebra map, hence II° is an algebra homomorphism and it is an embedding by
Lemma 4.1.4. Since the functionals y, are units of A° (each x, with inverse x,-1), then

IT° maps G isomorphically to a subgroup G of the group of units of H°, and

kG = II°(kG) = kG.

(3) By Remark 4.1.6(3), the action of kG C A° on H is given by

Xg - f =1 (xg) fII°(xy-1) € ",
for any f € H ,g € G. Hence I1°(x,)f € H 1I°(x,), proving IT°(x,) H C H II°(x,)
and the converse is proved similarly.

Suppose that f € H is such that fII°(xy) = 0, where the multiplication takes
place in H°. Then,

FIE ()T (xg-1) = 0
and hence, by part (1) of the lemma, f = feg = 0. This proves that F*HO(XQ) is a
free H -bimodule of rank 1 with generator IT°(y,), proving (3).
(4) By Proposition 4.3.2(5) H 1I°(x,) € (H/Hm,)*. Suppose A is a domain. Then,
comparing dimensions using (4.12) in Proposition 4.3.2(8) and part (3) above yields
(H/Hm,)* = H TI°(x,). The last statement is given by Proposition 4.3.2(5). O

Recall the notion of orbital semisimplicity from Definition 3.1.5 and the results and
comments regarding it in subsections 3.1.2 and 3.1.3. In the following result we show
the effect of this condition on kG.

Proposition 4.3.4. Let H be an affine commutative-by-finite Hopf algebra, finite over
the normal commutative reduced Hopf subalgebra A = O(G). Suppose that A C H is

orbitally semistmple. Then,
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1. The subspace kG is a Hopf subalgebra of H®.

2. For g,h € G,
ghc > gn. (4.18)

g'~(H) g n/~(H)p

3. For g€ G, G is aleft and right H -module.

4. Assume further that A is a domain. Then, for any g € G,
dimy,(g) = |Om, | dimy,(H)

and

i= @ H/Hm) = P (H/myH)".
h~(H) g

hw(ﬁ>g

Proof. By Proposition 4.3.2, (1) will follow if kG is closed under multiplication. More-
over, by Proposition 4.3.2(2), closure under multiplication will follow at once from (2).

Note that (3) is a special case of (2), since H = 1. We prove (2) now.
We first claim that for distinct ¢1, ..., g, € G we have

For, since my,,...,m,, are comaximal, the Chinese Remainder theorem yields the
short exact sequence 0 — (i, m, — A — @, A/m, — 0 and, when applying
H ®4 —, the flatness of H,4 afforded by Theorem 2.1.9(1) yields the exact sequence

0—H <ﬁmgi> — H — H®y (éA/mgi) = éH/ngi — 0.
=1 =1 =1

But the kernel of the map H — €, H/Hm,, is ();_,(Hmy,) and exactness of the

previous sequence proves the claim.

We now claim that proving (4.18) amounts to showing that

g'~(H) g n/~(H)p

For, given (4.19), the first claim gives

A N Hm{) | C Hm{ © H + H © Hm{".

g’r\z(ﬁ>gyh/~(ﬁ)h
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Consider now 8~ with § € g and v € h. Tt follows that

sl N Hm ) €8 (HmD) y(H) + (H)y (Hm{™) <o,
g’w(ﬁ)g7h/~(ﬁ)h
hence

*

Bye |H N #l) =2 Y (H/ng),>*: N g

g/~ g (D, gy, gy,
W~ H)p W~ H)p

Let us prove (4.19). By (4.14) in the proof of Proposition 4.3.2,

A m mgp, - m A (mgrh/)

g’N(ﬁ)g,h/N(ﬁ)h g’w(ﬁ)g’h/w(ﬁ)h

m (mg/®A—|—A®mh/)::[.

g’w(ﬁ)‘%h’w(ﬁ)h

N

Thus, (4.19) will follow if it can be shown that I = J. Since A is orbitally semisimple,
méH) =Ny, my for all g € G and so J C I. To prove equality, let r = [Om,| and

$ = |Om, |- Then, on one hand, by the Chinese Remainder theorem

(A A1~ B (AA)/(myeA+Aomy) = P (A/my) @ (A/my),

g'~Myg, g'~Myg,
h ~H)p h ~H)p

so dimy((A® A)/I) = rsdimg(A/m, ) dimy(A/m;/ ) = rs. And, on the other hand, by

orbital semisimplicity we have
dimy((A® A)/J) = dimy, (A/mf)) dimy, (A/m,@) = rs.

This completes the proof of (4.19).

O, | = dimy(A/ méﬁ)), hence the first statement
follows from (4.13), and H/H méH) = D, , H/Hmy, so the second statement follows
from the definition of g. ]

(4) Since A is orbitally semisimple,

The formula (4.18) is as good a formula for the product of the subcoalgebras g as

we can hope, as the following example illustrates.

Example 4.3.5. Consider H = kD the group algebra of the dihedral group as in
§2.2.5. Its commutative normal Hopf subalgebra is A = k[b*!], which is reduced and
whose corresponding group of characters is G = k*. The Hopf quotient H is kCs.
Consider m, = A(b — g) for some g € k*. The H-action on m, is determined by
alb—gla=b"t—g=—b"tg(b— g '), hence a - m, = m,-1. Thus, the H-orbits of G

are determined by g ~H) ¢ 1.
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Recall from Proposition 3.1.13 that A C H is orbitally semisimple and from section
2.2.5 that H = kD decomposes as the smash product A#H: in particular, it satisfies
the hypothesis of Lemma 4.3.3 (as explained in Theorem 4.1.5). By Proposition 4.3.4(4)
and Lemma 4.3.3(4),

= P H/Hm) = P ().

he () g he (g
Since H = kCy, 1 = = kCy and —1 = kCp @ KII° (x-1) and, for g € k*\ {£1},
g =kCy ® (KII°(x4) + KII°(x4-1))-
Hence, taking g,h € k* \ {£1} we have
Gh = kCy @ [KTI°(xgn) + KIT° (x-11) + KIT° (xg-1) + KT (xg-11)) = gh + g1,

that is in this example we obtain equality in (4.18).

In a similar fashion to what we did for W(H), we now turn our attention to the

problem of decomposing kG.

4.3.3 Decomposition of kG

In this subsection we suppose A C H is orbitally semisimple and discuss the decom-
position of the Hopf subalgebra kG. We first prove a few technical statements in an
auxiliary lemma and move to the most important result of section 4.3, where we display
a decomposition of kG into a crossed product of the Hopf subalgebra H of H° and
the Hopf subalgebra kG of A°.

Recall from Lemma 4.1.4 the right A°-comodule embedding I1° : A° — H° and
from Lemma 4.1.2 the Hopf surjection +° : H® — A°, so that H® is a right A°-comodule
algebra via the map p := (id ® ¢°) o A.

Lemma 4.3.6. Let H be an affine commutative-by-finite Hopf algebra, finite over the
normal commutative reduced Hopf subalgebra A = O(G). Suppose that A C H s
orbitally semisimple. The following hold for each g € G:

1.°(g) = @hN@Q kxn-

2.92{f € H:p(f) € f®2h~<ﬁ>g kxn}; and for g = 1g we have H = TE =
{feH: p(f) = fo1}.

Proof. (1) Let g € G and take f € g, so f|, (m (H)) = 0. Since A C H is orbitally

semisimple, by the Chinese remainder theorem

() = flae (AmiP) = @ (A/my) = P k.
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Conversely, let o = >, @), Anxn € A° for some A, € k. Then, a = °(II°(a)) by
Lemma 4.1.4(2). Since H = A® X as right A-modules,

(o) (Hm{") =10°(a) (m{® & Xm{?) = a(m{®) = > rx(m{®) =0,
as mg ) C my for every h ~® g. Thus, II°(a) € g and « € 1°(g), proving (1).

(2) Let f € H° and suppose p(f) = f® >, an, Anxn for some Ay € k. Then,

fHmD) = 3" AH) fo(m{D) = fi(H) fol 4 ()

= p(HHom) = f(H) [ > Mam{™) | =0,

as mg ) C my, for every h ~H) g. Hence f € 3.

Now let f € H = 1g. By part (1) and the fact that 1 constitutes its own

N(ﬁ)-coset,

p(f)ep(H)C(de)(H @H)=H @ kea,
say p(f) = f' ® €4 for some f' € H". By the counit axiom of right comodules,
f=fealea) = ealla)f = f',
hence p(f) = f ® 10. O

We can now show that, when A C H is orbitally semisimple, I%e decomposes as
a crossed or smash product whenever H° does, generalizing the presence of the group
algebra kG in the dual of a commutative semiprime Hopf algebra. Recall that sufficient

conditions for H® to decompose as a crossed product are given in Theorem 4.1.5.

Theorem 4.3.7. Let H be an affine commutative-by-finite Hopf algebra, finite over the
normal commutative reduced Hopf subalgebra A = O(G). Suppose A C H is orbitally

semistmple.

1. Suppose that H° = F*#JAO decomposes as a crossed product for some cocycle o
and action of A° on H . Then,

kG = H #o,,.,.kG (4.20)

as algebras, left H -modules and right kG-comodules.

2. Suppose X can be chosen to be a coideal in the decomposition H = A & X as
right A-modules. Then, (4.20) is a decomposition oflgé as the smash product

kG = H #kG. (4.21)
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The action of kG on H is given by
Xg - ¢ = I (Xg)Il® (xg—1),
forany g € G,p € H", that is as an algebra
G2 %G
15 a skew group ring over .

3. Conwversely, if kG = H #.kG decomposes as a crossed product with a cleaving
map v : kG — H° that can be extended to a right A°-comodule map v : A° — H°,
then H° decomposes as a crossed product F*#UAO as algebras, left H -modules

and right A°-comodules such that the cocycles opgerg and T coincide.

Proof. (1) Suppose that H® = H #,A4°. By Theorem 1.1.17 there exists a convolution
invertible right A°-comodule map v : A° — H® such that the isomorphism is given by
f#e — fv(p). Also recall from Theorem 1.3.7 that A° = A’#kG. The core of this

proof is showing that
7= @ H(w). (4.22)

We first claim that v(x,) € g. Since 7 : A° — H° is a right A°-comodule map
(with H° and A° being A°-comodules respectively by p and A) and x;, is a grouplike

element of A°, then
py(xn) = (v @1d)A(xa) = 7(xn) @ xn
and the claim follows from Lemma 4.3.6(2). Therefore, by Proposition 4.3.4(3)
Hy(xn) CHGCT,

proving the inclusion (2) of (4.22).

For the reverse inclusion, let f € g. By the first sentence of the proof, f =
Yoy fiv(wittxg,), where f; € H,u; € A,g; € G. Since p is an algebra homomor-
phism and v : A° — H° is a right A°-comodule map, then

plf) = D pFdpy(uidtxg) = 3 p(fi)(y @ id)Aluiftx,)
= Z Z Jiv(uin#xg,) ® (wip#Xq:),
=1 (u;)

the last equality holding because y,, € A° is grouplike and p(f;) = fi ® 1 by Lemma
4.3.6(2). But since f € g and by Proposition 4.3.2(4) g is a subcoalgebra of H®, then
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by Lemma 4.3.6(1) we have

p(f) = ([de)A() ego @) = D 70

Moreover, since each u; is a polynomial on primitive elements, we must have u; = 1
and g; ~H) ¢ for every i. Hence f = >y [iv(xg,) has the required form, and (4.22)
follows.

Therefore, by Proposition 4.3.2(2) and (4.22)

K= P G=PH (x,) = HKkG).

g€G [~ () geG

By the calculations above p(l;é) CkG® kG, that is the A°-comodule structure of H°
restricts to a kG-comodule structure for kG. In particular, by Lemma 4.1.2(2) and
Proposition 4.3.2(7)

Also, since v : A° — H° is convolution invertible, then so is its restriction to the
coradical of A° = A'#kG, [96, Lemma 14]. Since A’ is connected, its coradical is trivial
(as in the proof of Theorem 4.2.3), so the coradical of A° is kG and 7|, : kG — kG

is convolution invertible. Therefore, by Theorem 1.1.17
kG = H #,kG

and by inspecting the formulae for the cocycles o and 7 one easily sees that 7 = 0,400

(2) If X can be chosen to be a coideal, then H° = H #A° by Theorem 4.1.5(1), hence
the cocycle ¢ is trivial and kG decomposes as a smash product. The action of kG on
H was justified in Remark 4.1.6(3).

(3) Suppose that kG decomposes as stated. Since the coradical of A° is kG and the
restriction 7’|, = < is convolution invertible, then 7 is also convolution invertible
by [67, Lemma 5.2.10]. By Theorem 1.1.17

H® >~ H #,A°
and, again by inspecting their formulae, the cocycles oxgere and 7 coincide. O]

Remark 4.3.8. Note that, as we mentioned back in Remark 4.1.6(2), the isomorphism
(4.21) is not of coalgebras for in general the functionals II°(x,) indexed by the group
G will not be grouplike in kG (even though they act by conjugation on F*) This is
illustrated in the next section, where we compute the character component of most of

the commutative-by-finite Hopf algebras introduced in section 2.2.
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4.4 Examples

In this section we compute the duals of most of the examples of commutative-by-finite
Hopf algebras introduced in section 2.2, as well as the tangential component W (H) and
the character component %G which we studied in sections 4.2 and 4.3. Tt is important
to point out that the decompositions shown below are as algebras and in general not
as coalgebras; in some cases, we explicitly present the coalgebra structure of H°. Here

k continues to denote an algebraically closed field.

Quantized enveloping algebras of sl, and sl3

We begin by computing the dual of two quantized enveloping algebras, which were
introduced in §2.2.1. Note that the dual of U.(sly(k)) has already been computed by
Astrid Jahn, [44, §5.4]. Recall the restricted quantized coordinate rings o.(G) from

subsection 2.2.2.

Corollary 4.4.1. Let k be an algebraically closed field of characteristic zero and € be
a primitive lth root of unity of k, with | odd. Then,

1. The dual of the quantized enveloping algebra of sly(k) is

Ue(sla)® 22 0.(SLa)# (U(g)#tk ((k, +)* x k),

where g is the Lie algebra with basis {a, b, c} and brackets [a,b] = 0, [a,c] = a, [b, ¢] =
b. Moreover, this dual contains the Hopf subalgebras

W(Uc(slz)) = 0. (SL2)#U(g)

and

kG = 0,(SLo)#k ((k, +) x k).
2. The dual of the quantized enveloping algebra of sl3(k) is
Uc(sl3)° = 0c(SLa)# (U(h)#k ((k,+)° x (£*)?)) ,
where By is the Lie algebra with basis {ey, ea, €3, f1, f2, [3, k1, k2} and brackets
le1,ex] = €3, [fi, fo] = —f3, [er, k] = —er,  ea, ko] = —eo,

les, kil = —es,  [fi,ka] = —f1, [fo, kel = —fo, [fs, kil = —f3
and zero elsewhere. In addition, it contains the Hopf subalgebras
W (Ue(sl3)) = 0e(SLs)#U(b)
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and
kG = 0(SLg)#k ((k, +)° x (K*)?) .

The isomorphisms are of algebras, left H -modules and right A°-comodules.

Proof. Let E;, Fy, K;' (with 1 <4 < n — 1) be the generators of H = U(sl,(k)). We
denote all roots (simple and nonsimple) by Eg , Fj, (with 1 < j < N := (n —1)n/2).
It is known that A = k:[Kiﬂ, Elﬁj, F éj] is a central Hopf subalgebra, over which H =

Uc(sl,(k)) is a free module with basis of monomials

TN T1 S1 Sn—1 t1 13
FyY . FRKP . KISV EY B,

where 0 < 7y, 8;,t; < [; see [13, §111.6.2], [26, §19.1], [21, Proposition 9.2.7]. Note that

A is obviously reduced, being in fact a domain.

The structure of this commutative Hopf subalgebra A is well-known. By [13, I11.6.5],

the corresponding affine algebraic group is the semidirect product
G = ((k, +)™ x (&, +)™) > (k)"

where (k)" acts on (k, +)* by multiplication. Therefore, by Theorem 1.3.7 we have
A = U(g)#k((k, +)*Y > (B*)"7),

where the Lie algebra is g = Lie G = (A" /(A™)?)* and its Lie brackets can be computed

by commutators on A°.

Furthermore, recall from subsection 2.2.1 that the Hopf quotient H is the restricted

quantized enveloping algebra u.(sl,), whose dual is
ue(sl,)* = 0(SLy),

the restricted quantized coordinate ring of SL,; see for example [13, I11.7.10].

We now focus on the case n = 2. In her thesis Astrid Jahn showed that we can
decompose U (sl2(k)) = A @ X where the right A-submodule X has generators

{F"K*E":0<r,st<landrtnot both zero}) U{K*—1:1<s<I}
and X is a coideal of U(sly(k)); see [44, §5.4]. Then, by Theorem 4.1.5(1) we have
Uu(sho(k)° = T 4A° = o, (SL)#(U (@)K (b, +)? » K)).
The computations of the Lie brackets of g can also be found in [44, §5.4].

Now consider quantized enveloping algebra U,(sl3(k)). A few more computations
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will show that there is a right A-module coalgebra projection defined, for a € A, by

I Ue(sls) - 4
aKS K2 — a, 0<s; <l
R Flms plors jon e —  paFl, 1<ry<l
oK K B S EL s Bl = aly, 1<tz <l
PP KR KRB R o B, 1<t <
elsewhere = 0,

where p = e 33 D/2(1 — 72y~ and ¢ = 3BD/2(¢ — 1)L These calculations

can be found in the Appendix, §A.1. It follows from Theorem 4.1.5(1) that
H® = H #A° = o (SLa)#(U0)#k((k, +)° x (k*))).

It remains to compute the Lie algebra h. As mentioned above, we know § =
(At /(AT)H)". Since A* is generated as an ideal of A by the 8 elements E!, F}, K! —
1,KL —1 (i = 1,2,3), their images under the quotient map AT — A*/(AT)? must
generate AT /(AT)% But dimy(A/(AT)?) = dimy h = dim;, G = 8, hence those elements
must be a basis. Let {e;, fi, k1, ko : i = 1,2,3} be the dual basis of (AT/(A1)?)"; by
setting them to be zero at (AT)? and 14 they embed into A° as follows: for a =
EMER RS it pr rst o K520 we have

1, for a=EKMVK? 1, for a=F' K"K
ei(a) = o fila) = ,

0, elsewhere 0, elsewhere

s;, for a= Kflle”l
ki(a) =

0, elsewhere

The Lie brackets of h = LieG may be computed as the commutator in A°. Some

calculations (see Appendix, §A.1) will yield the Lie brackets as follows
e, e0] = (e =€ Nes, [f1,fo) == =)' fs, [er, ka] = —er, e, ko] = —es,

les, kil = —es, [fi,k1]l =—f1, [fo k] =—fo, [fs;hi]l=—fs

and zero elsewhere. Upon replacing e; by e;/(e — e 1! and f; by fi/(1 — e2)!, we get
the Lie brackets as in the statement.

Lastly, for both Hopf algebras U,(sly) and U,(sl3), the tangential component W (H)
decomposes as in the statement by Theorem 4.2.3(4). And, since in both cases A C H
is orbitally semisimple by Proposition 3.1.13, the character component kG is a Hopft

subalgebra by Proposition 4.3.4(1) and it decomposes as in the statement by Theorem
4.3.7(2). O

Remark 4.4.2. At the moment we do not know whether the action of A° on H  is
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nontrivial in the two examples described in the previous result. And we also do not
know whether quantized enveloping algebras are cleft extensions, therefore, unlike what
will happen in the following subsection for quantized coordinate rings at roots of unity,

we cannot apply part (2) of Theorem 4.1.5.

Quantized coordinate rings

Recall these Hopf algebras from subsection 2.2.2.

Corollary 4.4.3. Let k be an algebraically closed field of characteristic zero and € be
a primitive [th root of unity of k. Then,

Oc(G)° = uc(g) ® (U(g)#kG),

where g = LieG. The isomorphism is of algebras, left H -modules and right A°-

comodules. Moreover, it contains the Hopf subalgebras
W(O:(G)) = uc(g) ® Ulg)

and
kG = u.(g) ® kG.

Proof. As we had mentioned already in §2.2.2 it is known that O(G) C O.(G) is a
cleft extension; see the proof of [4, Proposition 2.8] for an explicit construction of a
coalgebra cleaving map. Since A = O(G) is central in H = O.(G), by Theorem 4.1.5(2)

we have

H°=H ® A° 2 u(LieG) ® (U(Lie G) * kG).

The dual of A = O(G) follows from Theorem 1.3.7 and H := H/A*H = 0.(G) =
ue(Lie G)* and, being finite dimensional, its dual is u.(Lie G).

In addition, A = O(G) is clearly reduced, hence the decomposition of W(O.(G))
follows from Theorem 4.2.3(4) and the fact that the action of A° on H is trivial. By
Proposition 3.1.13 A C H is orbitally semisimple, hence the character component kG
is a Hopf subalgebra by Proposition 4.3.4(1) and it decomposes as in the statement by
Theorem 4.3.7(2). O

Enveloping algebras of Lie algebras in positive characteristic

Recall this example from subsection 2.2.3.

Corollary 4.4.4. Let g be a finite dimensional Lie algebra of dimension m over a field

k with positive characteristic p. Then,
Ule) =ull(g) @ (KIAY,., 15 0 > 0] @ k(s +))
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as algebras, left H -modules and right A°-comodules. Here k:[fl("), . .,fﬁ?) :n > 0
denotes a divided power algebra on m wvariables as per Remark 1.53.9. In addition, it

contains the two Hopf subalgebras
W(U(0)) = uP (@) @ k£, ..., £ i > 0

and

—~

kG = ulP!(g)* @ k(k, +)™.

Proof. Let {x1,...,z,} be a basis of g. As mentioned in §2.2.3, the enveloping algebra
U(g) contains a central Hopf subalgebra A = k(yi,...,yn), where each y; is a central
p-polynomial on x;. Moreover, U(g) is a free A-module with basis {z%" ...z : 0 <
i; < d;} where d; = deg(y;). Thus, H = U(g) decomposes into A & X as A-modules,
where X is the A-module generated by

{z}* ...z’ .0 <i; < dj not all zero}.

Since each z; is primitive, it is easy to prove that X is a coideal of H.

Since A is the polynomial algebra on the m primitive elements y, ..., y,, A° =
ELF™ 0 > 0] @ k(k, +)™ by Remark 1.3.9. Moreover, H = ulP!(g) and, since

U(g) is cocommutative, U(g)° is commutative and the action of A° on H  is trivial.

The statement now follows from Theorem 4.1.5(2).

Note that A = k[y1, ..., ym| is a domain, hence obviously reduced. The decomposi-
tion of W (U (g)) follows from Theorem 4.2.3(4) and the fact that U(g)° is commutative.
Moreover, since we have orbital semisimplicity by Proposition 3.1.13, the character
component kG is a Hopf subalgebra by Proposition 4.3.4(1) and it decomposes as in
the statement by Theorem 4.3.7(2). O

Group algebras of abelian-by-finite groups

Recall this example from §2.2.4.

Corollary 4.4.5. Let k be an algebraically closed field of characteristic zero, G a
finitely generated abelian-by-finite group and N a free abelian normal subgroup of finite
index. Let m denote the rank of N. Then,

(KG)° = (R(G/N))" @ (kN)* = (K(G/N))* @ (K[f1, -, ] @ K(E)™).

The isomorphism is of algebras, left H -modules and right A°-comodules. Additionally,
we have the Hopf subalgebras

W(kG) = (K(G/N))" @ k[fi; .- fm]
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and
kG = (k(G/N))* @ k(k*)™

Proof. As in §2.2.4, kG decomposes into the crossed product kN#,k(G/N), whose
cleaving map ~ is defined by choosing a set of coset representatives for G/N in G,
hence it is clearly a splitting coalgebra map. Note that such choice can be made so
that y(¢g7'N) = y(gN)~* for every g € G. Moreover, since N is a free abelian group
of rank m, kN is a free commutative Hopf algebra with m grouplike generators, that
is kN = k[z7"',...,z:!], which is a domain (hence reduced). Thus, Theorem 4.1.5(2)

rY'm

gives

(FG)* = (K(G/N))" @ (kN)".

The dual of kN follows as in Example 1.3.10.

The decomposition of W(kG) follows from Theorem 4.2.3(4) and the fact that
(kG)° is commutative. Moreover, kN C kG is orbitally semisimple by Proposition
3.1.13. Therefore, the character component kG is a Hopf subalgebra by Proposition
4.3.4(1) and it decomposes as in the statement by Theorem 4.3.7(2). O

Prime regular affine Hopf algebras with GK-dimension 1

Recall the classification of prime regular affine Hopf algebras with Gelfand-Kirillov
dimension one in §2.2.5. I should mention that the duals of the Hopf algebras (I)-(IV)
in this classification have already been computed by Astrid Jahn, during her PhD;
see [44, §6].

Corollary 4.4.6. The duals of the affine prime reqular Hopf algebras of GK-dimension
1 over an algebraically closed field of characteristic 0 read as follows. The isomorphisms

are of algebras, left H -modules and right A°-comodules.

(I) We have
klz]° = k[f] @ k(k, +),

where f(x') = 6;1 and for each \ € k the corresponding character is given by

xa(x?) = X Its tangential and character components are the Hopf subalgebras
W (klz]) = k[f] and kG = k(k,+), where f is primitive and (k,+) consists of
grouplike elements.
And

ka1 2 k[f] @ k(kX),

where f'(x') =i and for each X\ € k* the corresponding character is x\(z") = \'.
As above, its Hopf subalgebras are W (k[z*1]) = k[f'] and kG = k(k*), where f'

is primitive and the elements of (k*,-) are grouplike.

(II) We have
(kD) = kCy @ (K[f] @ k(k7)),
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where f(a't’) = j, each X € k* corresponds to the functional zy defined by
2\ (a't) = N, and the generator a of Cy is defined by a(a't’) = (—1)".

As for the coalgebra structure of (kD)°, a is grouplike, f is («, 1)-primitive and

An) = 3 (18 (1+0) + 52 © (1- ) (2 @ 2).

Its tangential and character components are the Hopf subalgebras
W(kD) = kCy @ k[f] = O ((k,+) x Cs)

and

KG = kCy @ k(k) = k (Cy x (K,-)).
(I1I) We have
T(na t? Q)O = (Tf(n/a tla qd> ® de) ® (k[.ﬂ & k<k7 +))7

where d = (n,t),n’ =n/d,t' =t/d. The functionals are as follows: the invertible
generator G of Ty is given by G(z'g’) = 5iioq_t'71dk and the nilpotent generator X
is given by X (x'g?) = ;1, where t'~" is the inverse of t' modulon' and j = dk+r
with 0 < r < d; the generator o of Cy is defined by a(x'g?) = 5i70q”/j; f 1s given
by f(2'g7) = 6iwq™? and the functional zy corresponding to each \ € k is defined
by za(z'g?) = G N/

The tangential and character components are the Hopf subalgebras
W(T(n,t,q)) = (T;(n',t',q") ® kCa) @ k[ ]

and
kG = (Ty(n', ¥, ¢") @ kCy) @ k(k, +).

The coalgebra structure of W(T'(n,t,q)) is the following: a is grouplike,

AX) =X @1+ (D met) ¢ @ X,
AG) =101+ (¢4 =1) 2 ( pfsas) ® (Z ,u;”ozt> (G®a),

I,m=1
ox.).

+m>d
where, for each 1 < s < n', X, is the functional defined by X (z'¢g?) = 6; 5, and
the scalars Ny and il are such that 3, M(¢"")F = ¢ and >, pl(q"™)*

and

Af)=f@a+1®f+(a®a) (Z Xow—s [(Z M) G
s=1 k

= OpJ
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for any 0 <r <d.

(I1V) We have

(V)

B(n,w,q)* = Ty(n, 1, q)3(k[f] @ k(k™)),

where the grouplike generator of Ty is given by G(y'g’z*) = 6;0q77, its skew-
primitive generator is given by Y (y'gia*) = 6,1; f is defined by f(y'¢?z*) = 6,0k
and the functional corresponding to \ € k* is given by zx(y'g’z*) = §; oAk

The coalgebra structure is: G is grouplike, Y is (1, G)-primitive,

n—1
Af)=fR1+1® f+w Z (ZMTG’”> (ZM?GS>—wZYn_zGZ®Yz

I,m=1
l+m>n

and for each A\ € k*

n—1
A(zA):<1®1+ 1—X”Z lG®Y>

=1

114+ - Z (Z MTG’"> ® (Z MZ”GS> (22 © 2),

Il,m=1
l+m>n

where, for each 0 <1 < n, Y] is the functional given by Yi(y'¢’z*) = §;; and the
scalars pl satisfy > ulq™ =6, for all j.

The tangential component is the Hopf subalgebra

W(B(n>w> Q)) = Tf(n> 1, Q)#k[.ﬂ = Tf(nv L, Q)[f§ 6]7

a skew polynomial algebra with coefficient ring T¢(n, 1, q) and derivation given by

5(G@)=0and 6(Y) =wY (>, urtG").

The character component is the Hopf subalgebra
kG = Ti(n, 1,q)#k(k*) = Ty(n,1,q) * k*,

a skew group ring with coefficient ring T¢(n, 1, q) and multiplication determined
by 2G = Gzy and 2,Y = Y (D, n.G")z, where n, are such that Y, n.q "7 =
1+ (A —1)> urtg™ = \Wn=1 for all j.

We have
D(m,d,q)° = (kCo#t;Tr(m, 1,6%)# (k[ f] @ k(k™)).

The functionals are defined as follows: f is given by f(y'g’z") = 6,0l f(g7ura’) =
Srol and for each X € k* the corresponding functional is z)(y'g?z!) = &; o\,
2 (gupat) = SroAl; the generator of Cy is a(yig’z!) = 60, a(g/urz!) = —dro,
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and the generators of Ty(m,1,q%) are G(y'g’z") = ¢7%68;0, G(Fura') = ¢ % dx
and Y (y'giz!) = 6;1, Y(gPwpa!) = (1 — ¢ 3) Lg% 61

The tangential and character components are respectively the Hopf subalgebras

W(D(mv dv q)) = (kc2#TTf(mv 17 q2))#k[f]

and
kG 2 (kCot,Ty(m, 1, ¢%)) 4k (K™).

Proof. We analyze each case separately. Some calculations, including the ones justify-

ing the formulae of the functionals, can be found in section A.2 of the Appendix.

()

(IT)

(I11)

We have described the dual of k[x] and k[z*!] back in Examples 1.3.8 and 1.3.10.
Moreover, their Hopf subalgebras W (H) and kG are respectively just the en-
veloping algebra and the group algebra in the dual.

The dihedral group D = (a,b : a®> = 1,aba = b™!) is abelian-by-finite, with normal
abelian subgroup N = (b) of index 2, hence by Corollary 4.4.5 and Examples 1.3.3
and 1.3.10

(kD)* 2= (kCo)* @ (k[b*'])° = kCy @ (k[f] @ k(kX)).

The decompositions of W (kD) and kG were also already discussed in Corollary
4.4.5. The calculations sustaining both the formulae of the functionals of (kD)°

and their coproduct can be found in §A.2.

Moreover, since W := W (kD) is an affine commutative Hopf algebra, it is the
coordinate ring of the algebraic group Maxspec(W) = Alg, (W, k). The max-
imal ideals of W have the form (f — A\,a £ 1) for some A € k, hence the
corresponding characters ¢y, ¥, of W are given by ¢ (f) = ¥x(f) = X and
ox(f) = L,\(f) = —1. Easy computations (which can be found in §A.2) yield

the following convolution product:

¢A¢u = (b)\—&-,ua (bﬂ/}u = w—A—I—u? %% = ¢A+/u %% = (b—)\—l-ua

for any A, i € k. Therefore, the algebraic group Maxspec(W) is the (nontrivial)
semi-direct product (k,+) x Cy and W = O(k x Cs).

Consider the Taft algebra H = T'(n,t,q), which was defined in Example 1.1.4.
Its commutative normal Hopf subalgebra is A = k[z"], where d = (n,t) and

n' =n/d.

As we saw in Example 1.1.21, H decomposes into A#,H, where the cleaving

map 7 is a splitting coalgebra map and one can easily check that Syoy = vy0.S53.
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Therefore, by Theorem 4.1.5(2) we have
T(n,t,q)° = H ® k[z"]°.

The dual of A = k[z™] is well-known, since A is a commutative Hopf algebra; see
Example 1.3.8. Moreover, we proved in Example 1.1.21 that the Hopf quotient
H = H/2™ H decomposes as an algebra into Ty(n', ', q*)#,kCy, where t' = t/d,
and it decomposes into Tr(n’, ¢, q?)®kC, as a coalgebra. Therefore, as an algebra
H = Ty’ t',¢%)* @ (kCy)* and, since (n/,t') = 1, Ty(n’,t',q%) is self-dual, as
is kCy; see Examples 1.3.4 and 1.3.3. The computations of the formulae of the

functionals and their coproduct can be found in §A.2.

The decomposition of W(T'(n,t,q)) follows from Theorem 4.2.3(4) and the fact
that the action of A° on H  is trivial. By Proposition 3.1.13 A C H is orbitally
semisimple, therefore the character component kG is a Hopf subalgebra by Propo-

sition 4.3.4(1) and it decomposes as in the statement by Theorem 4.3.7(2).

Now consider the generalized Liu algebra H = B(n,w,q). It is a free module

over its central Hopf subalgebra A = k[z*!],

B(n,w,q) EByng

0<i,5<n

So we take the direct complement X of A to be the right A-module generated by
g 1<i<n,0<j<n}u{¢ —1:1<j<n}

Let us show that X is a coideal of H. It is easy to see ¢(X) = 0 and, since X
is a right A-module, it suffices to check the coproduct of each of its generators
belongs to H®@ X + X @ H. For all 1 < j <n, ¢/ — 1 is (¢’, 1)-primitive and for
any 1 <1< n,0< 7 <n,

i

Aly'g’) = <k> Y g @ R gl
k=0 gt

where the summand corresponding to k = 0 is y’¢’ ® ¢/ € X ® H, while all other
summands clearly belong to H ® X. This proves X is a coideal.

Therefore, by Theorem 4.1.5(1) we have
B(n,w,q)° = H 44

The dual of A = k[z*!] is described in Example 1.3.10, and the Hopf quotient
is H = Tf(n,1,q), which is self-dual as in Example 1.3.4. The calculations
that justify the formulae of the functionals are presented in §A.2, as are the

calculations on their coproduct and on the action of A° on .
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Moreover, by Theorem 4.2.3(4) W (B(n,w,q)) decomposes as in the statement.
And A C H is orbitally semisimple by Proposition 3.1.13, therefore the character
component kG is a Hopf subalgebra by Proposition 4.3.4(1) and it decomposes
as in the statement by Theorem 4.3.7(2).

Now consider the Hopf algebra H = D(m,d, q). Recall from section 2.2 it is a

free module over its commutative normal Hopf subalgebra A = k[z*1],
m—1 m—1
= (@ g/ng> ® <@ g]ukA> .
i,j=0 5,k=0
So we take the direct complement X of A to be the right A-module

@yg%l@@g—l%l@@gu#l@@ (up —1)A

1<i<m 1<j<m 0<j<m 0<j<m
0<j<m 1<k<m

First one easily sees that €(X) = 0. Recall that the subalgebra of H generated by
r,g,y is the generalized Liu algebra B(m,w, ¢?), and the computations in (IV)
show that both A(g'y’) and A(g' — 1) belong to H ® X + X ® H. Moreover,

A(g’ Uk Z Y ~ld ]Huk—l & gjul,

in which the tensor corresponding to [ = 0 is ¢'u, ® ¢’uy € X ® H, while all
other terms belong to H ® X. And the coproduct of the last generators is

A (up — 1))
m—1

= (¢ ®¢) ( > v e Mg, @u 1@ 1)
(=0

m—1
= (gj X gj) (uo Ruop—1®1+ Z ’y_IQx_ldglum,l X ul>
=1

m—1
= Ju—-1)@Fu+g g —1)+ > v 2, @ g,
=1

which clearly belongs to H ® X + X ® H, proving X is a coideal of H.

Therefore, Theorem 4.1.5(1) applies and gives
D(m,d,q)° = H #A°.

The dual of A = k[z*!] was explained back in Example 1.3.10.

The dual of H, however, requires a few more calculations. Lemma 2.2.3(3) yields
the crossed product decomposition H 2 Tj(m,1,7)#,kCs, hence as a vector
space H  is Ti(m,1,7)* ® (kCy)*. The Hopf surjection 7 : H —» kCs and the
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Hopf embedding ¢ : Ty < H induce a Hopf embedding 7* : (kCy)* < H and
a Hopf surjection ¢* : H - T, which provides H with a right T-comodule
algebra structure. Moreover, we have a map II : H —» Ty given by tuf — t for
any ¢t € Ty, which dualizes to a right T7-comodule embedding IT* : T} — H'. Let
T7 = k(G,Y). The map

v Ty — "
GY® — II*GQ)I*(Y)*, for0<rs<m

is a cleaving map, with convolution inverse given by

E]

W_I(GTYS) _ (—1)8’7(2)H*(Y)8H*(G)_(H_S mod m).

Therefore, Theorem 1.1.17 gives

*

F _ (ﬁ*)COT;#TT;

Furthermore, it is easy to see that the elements of (kCy)* are coinvariants of the
right T7-coaction and, using a dimension argument, (H)°Ti = (kCy)*. There-

fore, by Examples 1.3.3 and 1.3.4 we have

H' 2 (kCo) #,Ty(m, 1,7)" = kCo#t, Ty(m, 1, 7).

The formulae of the functionals of H® is explained in §A.2.

Lastly, the decomposition of W (D(m,d,q)) is obtained from Theorem 4.2.3(4).
As we saw in Proposition 3.1.13, A C H is orbitally semisimple. Therefore,
the character component kG is a Hopf subalgebra by Proposition 4.3.4(1) and it

decomposes as in the statement by Theorem 4.3.7(2).

Remarks 4.4.7.

1. In the dual of the infinite dimensional Taft algebras, family (III) in the previous
result, we were not able to compute the coproduct of the functionals z) indexed
by A € k. When d := (n,t) = 1, this coproduct is

n—1
A(zy) = (22 ® 2) (1 ®1+ )\ZXn—thk ® Xk) ;
k=1
as was computed by Astrid Jahn; see [44, Remark 6.12].

2. With respect to family (V) in the previous result, at the moment we do not know
whether the actions of k[f] and of k(k*) on H = kCy#.Ts(m,1,¢%) or even

whether the cocycle 7 are nontrivial.
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PI noetherian Hopf domains with GK-dimension 2

Recall the classification of the PI Hopf domains with Gelfand-Kirillov dimension two
in §2.2.6.

Corollary 4.4.8. The duals of the PI noetherian Hopf domains of GK-dimension 2
over an algebraically closed field of characteristic 0 are as follows. The isomorphisms

are of algebras, left H -modules and right A°-comodules.
(I) We have
(KZ%)° = k[f, f'] @ k(EX)%.

The functionals are defined as f(z'y’) =1, f'(z'y?) = j and x» . (2'y?) = N'p? for
each (\, ) € (k*)?, where x,y are the generators of Z*. Its Hopf subalgebras are
W (kZ?) = k[f, f'] and kG k(k*)?, where f, f' are primitive and (k*)? consists

of grouplike elements.

We also have

(k(Z = Z))° = kCy @ k[f, f']® k(k)?,

in which the functionals are: the generator a of Cy is a(a't’) = (—=1)7, f(a'V’) =
k, f'(a't’) = j and for each (\,p) € (k*)? we have z),(a't’) = Neud where
i=2k+r andr € {0,1}. The components are the Hopf subalgebras

W(k(Z x 7)) = kCy @ k[f, f'] = O ((k, +)* x Cs)

and

RG22 kCy @ (k) = k(Cy x (K*,-)?).
The coalgebra structure is as follows: « is grouplike, [’ is («, 1)-primitive,
1
A(f)=f®1+1®f+1(1—a)®(1—a)

and

1 1+ 1-—2AX
Azay) = 5 {1 ®(1+a)+ (T + 5 a) 2 -2 ® (1 — a)] (220 ® 2ap)-

(1I) We have
Kle, gl = k(S @ k(k, +)°,

where f(x'y) = 110,00 F/(297) = .08 and xap(x'y?) = X for cach (A1) €
(k,+)%. It contains the Hopf subalgebras W (k[xz,y]) = k[f, f'] and kG = k(k,+)?,

with f, f' primitive and (k,+)? consisting of grouplike elements.
(III) For a primitive lth root of unity q,
A(l,n, q)° = (Tr (I, 0, ) @ kC)#(K[f, ] @ k((k, +) x k™)),
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with d := (n,1), ' :=1/d, n' :==n/d. It contains the Hopf subalgebras
W(A(ln,q)) = (T;(I',n',q%) @ kCa)#k[f, f'

and
kG = (Tr(I' 0, ¢~ @ kCy)#k((k, +) x k).

The functionals are defined as follows: f is given by f(y'z’) = i,l/q_l,j, ' by
f'(y'a?) = kd;o and for each (A\,p) € k x k* the corresponding character is
uly'al) = 51/‘iq‘ij/\i/l/,uk, where 7 = Ik +r with 0 < r < [; the generator
a of Cy is given by a(y'z!) = ijoql/j, the nilpotent generator Y of Ty is given
by Y(y'a?) = &;1 and the invertible generator X of Ty is given by X (y'a’) =
Jio0q" ™

l.

, where j = dm +s with 0 < s < d and n'~' is the inverse of n’ modulo

(IV) For a primitive (n/po)p; - .. psth root of unity q,
B(n,po, .., ps,q)° = H #(k[f, /'] @ k((k, +) x k),

where as algebras

*

ﬁ = Tf(p17p07§1) ®...8 Tf(psvpopl .. -ps—lafs) ® kcn/pm

for primitive p;th roots of unity & = ¢~ ™)™ Moreover, it contains the Hopf

subalgebras
W(B(n7p07 -y Psy Q)) = ﬁ*#k[f7 f/}

and

kG = H #k((k, +) x k).

The functionals are defined as follows: the generator o of C, . is given by
a(yy .. yad) =040 .. 05, 0P P for each 1 < k < s, the invertible generator
Xy of Ty(prpo---Pe—1, &) s Xi(yit ... yiea?) = 5@'1,0--~5z‘5,0§k_(p0mpk71)_lm and
the nilpotent generator Yy of Ts(pr, o - - - Pr—1, &) is defined by Yi(yi ... ylsal) =
5%1(H#kc?iho)q*(”/po)m’@(”*“'*”’cfl), where the integers ri, are given by the unique
decomposition j = Tg—i-pﬁors—i-%psrs_l—l—. ) .+pﬂ0ps ... par1; the generators of k[ f, f']
are given by f(yi ... yia?) = S0 0i o (Miri, 0)g PP and f'(yy ... yla?) =
kdi 0. .- 6,0, and for each (A, ) € k x k* the corresponding functional is given
by zx (Yl ..yl = N Pkt /ps yk Cphere o= 1k +r with 0 < r < L.

Proof. We compute each example separately. Some calculations, in particular the ones

justifying the definitions of the functionals, can be found in §A.3.

Y

(I) The group algebra of Z? is kZ? = k[z*',y*'], similarly to what was done in
Example 1.1.8. Being a commutative Hopf algebra, its dual is (kZ?)° = k[f, f'] ®
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(1)

(I11)

k(k*)? as in Example 1.3.10. More specifically, f, f’ are given by f(z'y’) = i
and f'(z'y’) = j, and for each (\,u) € (k*)? the corresponding character is
Xouu(@'y?) = Npd.

Moreover, the Hopf subalgebras W (kZ?) and kG are respectively just the en-
veloping algebra and group algebra in (kZ?)°.

As for the second Hopf algebra, ZxZ = (a,b : aba™! = b~!) is an abelian-by-finite
group with abelian normal subgroup Z x 2Z = {(a?,b) of index 2, hence Corollary

4.4.5 gives
(K(Z % Z))° = (kCy)* @ (k(Z x 27))° = kCy @ k[f, ] @ k(k™, )%

The formulae of the functionals of (k(Z x Z))° are explained in §A.3, as is their

coproduct.

The decomposition of W (k(Z xZ)) and kG have already been discussed in Corol-
lary 4.4.5.

The affine commutative Hopf algebra W (k(Z x Z)) is the coordinate ring of the
algebraic group Maxspec(W) = Alg, (W, k). The maximal ideals of W have the
form (f — A\, f' — p,a £ 1) for some A\, u € k, and the corresponding characters

¢A,u7¢k,;4 are given by qs)\,u(f) = wk,,u(f> = /\7 gb}\,;t(f/) = ¢>\,,u(f/) = K and
drpula) =1, Py (o) = —1. Easy computations (which can be found in §A.3)

give the following convolution products:

PApPre = Prtvptes Papve = Yatv,—ptes

VauPrg = Untvptes Uaphve = Ortvt1,—pte-

Therefore, Maxspec(W) is a semidirect product (k,+)? x Cs.

The dual of polynomial algebras had already been computed in Example 1.3.8.
For them, the Hopf subalgebras W(H) and kG are respectively the enveloping

algebra and group algebra contained in their dual.

Consider the Hopf algebra H = A(l,n,q). Let d = (I,n),l' = l/d,n’ = n/d.
Recall that H is a free module of finite rank over the normal commutative Hopf
subalgebra A = k[y", (#!)*!], with

H= @ Yzl A.

o<i<l’
0<j<l

So we take X to be the following right A-module

@ Yl A D @ (27 — 1)A.

1<i<l! 1<l
0<j<l
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(IV)

And X is a coideal by calculations similar to the ones for the generalized Liu

algebras in the proof of Corollary 4.4.6.
Therefore, Theorem 4.1.5(1) gives

Al n,q)° = H #A°.

The Hopf subalgebra A is k[y", (#)*] = O(k x k*), whose dual can easily be

computed from Theorem 1.3.7 as

A° = K[f, ') @ k(k x k).

And, as we saw in section 2.2.6, as a coalgebra the Hopf quotient decomposes
into H 2 Ty(I',n',q~%) ® kCy, hence as an algebra

H =Ti(l',n', ¢ @ (kCy)*
and, since (I, n’) = 1, both tensorands are self-dual by Examples 1.3.4 and 1.3.3.

The formulae for the functionals of H° can be found in §A.3.

The decomposition of W(A(l,n,q)) follows from Theorem 4.2.3(4). As we saw
in Proposition 3.1.13, A C H is orbitally semisimple. Therefore, the character
component kG is a Hopf subalgebra by Proposition 4.3.4(1) and it decomposes
as in the statement by Theorem 4.3.7(2).

Consider now the Hopf algebra H = B(n,py, ..., ps,q). Its commutative normal
Hopf subalgebra is A = k(y?*, ... yPs, (2)F!) = k[yPr-Ps, 2*], over which H is a

free module with A-basis

H= @ yit.yrat A
0<ip <pr
0<j<l

Then, we take X to be the right A-module
X = @ Yyl A @(xj—l)A.
0<ir<pg 1<5<1

<5<l
some i3 >1

It is easy to see that €(X) = 0 and 2/ — 1 is (27, 1)-primitive. Moreover, the

coproduct A(y}!...yka7) is
T :
a1 ls i1—k1, nmi, k is—ks nmigks\ . k1 ks, .j.
E (k)nm(k) (ypt~rammaty) o (ye et ) ) @yt Ly
k:l:O 1 q i1 s qnmis

all 2-tensors for which some k; > 1 belong to H ® X and the tensor for which all

k; are zero is yi' ... y2/ ® 2/ € X ® H, proving X is a coideal.
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Therefore, by Theorem 4.1.5(1) we have
B(n,po, ..., ps,q)° = H #A°.
The dual of A can be calculated just as in (III),
A° =Ek[f, f'] @ k(k x k).
By Lemma 2.2.5 as a coalgebra the Hopf quotient H is

ﬁ = Tf(p17p07£1) ...Q0 Tf(p87p0p1 .. -ps—bgs) X kcﬂ/?ov

for some primitive p;th roots of unity &;, hence as an algebra

*

H = Tf(plapmgl)* ®...® Tf(ps7p0pl o -ps—lygs)* X (kCn/po)*-

The group algebra of the cyclic group is self-dual as in Example 1.3.3 and, since
the p;’s are pairwise coprime, the finite dimensional Taft algebras are also self-
dual as in Example 1.3.4. The definition of the functionals of H° can be found
in §A.3.

The decomposition of W(B(n, po, - . ., ps, q)) follows from Theorem 4.2.3(4). And,
by Proposition 3.1.13 A C H is orbitally semisimple. Therefore, the character
component kG is a Hopf subalgebra by Proposition 4.3.4(1) and it decomposes
as in the statement by Theorem 4.3.7(2).

O

Remark 4.4.9. At the moment we have not researched the coalgebra structure of the
dual of families (ITI) and (IV), nor do we know whether the action of A° on H  in their

duals is nontrivial.

Remark 4.4.10. It is important to reiterate the fact that a substantial amount of
work in this chapter is a natural generalization of work due to Astrid Jahn [44]. More
specifically, she studied the dual of affine Hopf algebras H that are finitely generated
modules over some central Hopf subalgebra A over an algebraically closed field of
characteristic zero, or in short central-by-finite Hopf algebras [44, chapter 5]. Our
setting is a natural generalization of such a family of Hopf algebras.

Thus, Theorem 4.1.5, which decomposes the dual of H into a smash or crossed
product of the duals of A and H, generalizes one of her results [44, Theorem 5.8].
Moreover, she also studied two Hopf subalgebras, W (H) and @, contained in the
dual of such Hopf algebras. Theorems 4.2.3 and 4.3.7 also generalize her results [44,
Theorems 5.19, 5.20, 5.21]. However, in our setting the structure of the coalgebra kG

is severely more intricate, in particular the question of when it possesses an algebra
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structure. Therefore, most of the results in subsections 4.3.1 and 4.3.2 are original and
due to the author and his supervisor.

Lastly, some of the calculations in section 4.4 are also due to Astrid Jahn. More
specifically, she had already computed the dual of the quantized enveloping algebra
Uc(sly) [44, Corollary 5.26] and the duals of families (I)-(IV) in Corollary 4.4.6 [44,
Theorem 6.5]. All other computations in this section are original and due to the

author and his supervisor.
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Chapter 5

Their antipode and their Drinfeld
double

This chapter concerns two main subjects: the antipode and the Drinfeld double of
commutative-by-finite Hopf algebras. As before, k continues to denote an algebraically
closed field.

We start section 5.1 by recalling a well-known formula due to Radford on the fourth
power of the antipode of finite dimensional Hopf algebras. This was extended by Brown
and Zhang for noetherian AS-Gorenstein Hopf algebras in [18, Corollary 4.6], which

gives a formula for S* as the following composition
St = ")/OT; OT)l(,l.

Just as in the finite dimensional case, 7y and T)l(,l are winding automorphisms and 7 is
some inner automorphism of H; see Theorem 5.1.6. But it is not known what the map
7 is, as so far there is no formula or recipe for computing it; see Question 5.1.7. This
map is well-understood in the finite dimensional case and we propose a description of

~ for affine commutative-by-finite Hopf algebras as follows:

Conjecture 5.0.1. Let H be an affine commutative-by-finite Hopf algebra and the
inner automorphism 7 as above. Let W(H) be the tangential component of H® defined
in §4.2. Then,

1. W(H) is AS-Gorenstein.

Let «v be the character of W(H) corresponding to the right action of W(H) on its left

integrals. Then,
2. a = evy, evaluation at some unique grouplike g of H;
3. v is conjugation by g, that is y(h) = g~ *hg for any h € H, and therefore

SHh) =Y g7 X ()hax(ha)g.
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This conjecture is supported by some computational examples, most of which are
from section 2.2.5, and we prove some results aimed towards proving this conjecture.

Section 5.2 concerns the Drinfeld double of infinite dimensional Hopf algebras. Re-
call the finite dimensional case from section 1.4. We illustrate the double with some
examples, again mostly from section 2.2.5. We discuss the unimodularity of the double
in subsection 5.2.1 and propose the following conjecture, which is sustained by some

examples.

Conjecture 5.0.2. Let H be an affine commutative-by-finite Hopf algebra. Let W(H)
be the tangential component of H°. Then,

1. W(H)*Ppa H is AS-Gorenstein;
2. W(H)®P 1 H is unimodular;
3. If A is central in H, then (H )P v H is also unimodular-.

We finish this last chapter by slightly delving into the connection between these two
subjects in subsection 5.2.2, especially how closely related these two conjectures are
and the consequences they have on other questions. We also leave yet more questions
that can possibly provide more future work.

Some results mentioned throughout this chapter are not original and they are ref-
erenced accordingly. However, the conjectures and supporting examples are attributed

to the author. The unfinished work in this chapter provides material for future work.

5.1 A formula on the antipode

We start by reviewing a very important formula proved by Radford on the fourth power
of the antipode of finite dimensional Hopf algebras.

First we need the definition of distinguished elements. Recall the notion of left
and right integrals from section 1.1.2. The subspace of left integrals [ Il{ of a finite
dimensional Hopf algebra H is a one-dimensional 2-sided ideal of H, where H acts
trivially on the left and possibly non-trivially on the right. Thus, the right action of H
on [ Il{ is given by some functional y € H*, that is x : H — k is such that for all h € H

[ [

It is easy to see that x is a character of H, that is a grouplike element of H*; and it is
usually called the distinguished grouplike of H*, [67, Definition 2.2.3].

We may also apply the same reasoning as before but starting with H* rather than
H. In this case, we obtain a character o of H*, that is a grouplike element of (H*)*.

But since (H*)* = H are isomorphic as Hopf algebras by Lemma 1.3.2(4), under
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this isomorphism « corresponds to a grouplike element g of H, which is named the
distinguished grouplike of H. More concretely, g € G(H) is such that for all f € H*

[

Theorem 5.1.1 (Radford). Let H be a finite dimensional Hopf algebra. Recall the left

— and right — H*-actions on H from section 1.4. Then,
S* = (ad g) o (ad x), (5.1)
that is for all h € H

SHh)y =g (x = h—=x""g =Yg "X (h)hax(hs)g,

where x s the distinguished grouplike of H* and g is the distinguished grouplike of H.
Example 5.1.2. Consider a finite dimensional Taft algebra H = Ty(n,t,q) with
(n,t) = 1. Recall from Example 1.1.4 that S(g) = ¢~ and S(z) = —g‘z. Thus,
S%(g) = g and S*(z) = ¢*x. By Example 1.1.13 f;l =k(3>, 9")2"!, hence the distin-
guished grouplike x of H* is given by

By Example 1.3.4, H is self-dual, so let G and X respectively denote the grouplike and
skew-primitive generators of Ty(n,t,q)*, which are given by G(2'g?) = 8,0¢~" 7 and
X(x'g?) = 8;1. The left integrals of H* are fll{* = k(>_, G")X™ ' The right H*-action
on fIl{* is given by a(G) = ¢! and a(X) = 0, which corresponds to evaluation at
¢', that is, under the canonical isomorphism (H*)* = H, « corresponds to g' - the

distinguished grouplike of H. Therefore,

) =g X" (l)hax(hs)g".

This formula can easily be checked for the generators g, x

In [58] Lu, Wu and Zhang extended the notion of left (and right) integrals to noethe-
rian AS-Gorenstein Hopf algebras as follows. Recall the definition of AS-Gorenstein

Hopf algebras from section 1.2.

Definition 5.1.3 (Lu-Wu-Zhang, [58, Definition 1.1]). Let H be an AS-Gorenstein
Hopf algebra, with injective dimension d. A left homological integral is an element
of the H-bimodule Ext% (yk, yH), and we write fIl{ = Ext% (yk, yH). An element of
Ext% (kg, Hy) is a right homological integral, and we write f; = Ext% (ky, Hy). The

Hopf algebra H is said to be unimodular if |, Il{ and [ I; are isomorphic as H-bimodules.

We point out that this definition of integrals extends the one given in subsection

1.1.2 for finite dimensional Hopf algebras [58, comments after Definition 1.1]. And by
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the AS-Gorenstein property, notice that both H-bimodules of left and right homological
integrals are one-dimensional spaces.

My computations of examples will often require the following two lemmas, the first
of which is due to Lu, Wu and Zhang. An element z of a ring H is called normal if

there exists an algebra automorphism 7 such that xh = 7(h)z for all h € H.

Lemma 5.1.4 (Lu-Wu-Zhang, [58, Lemma 2.6]). Let H be an AS-Gorenstein Hopf
algebra with injective dimension d and let x be a normal reqular element of H such
that () is a Hopf ideal of H. Let T be the algebra automorphism such that xh = 7(h)x
for allh € H.

1. H := H/(z) is an AS-Gorenstein Hopf algebra with injective dimension d — 1;

2. fIl{ = 1([;,)7_1 as H-bimodules, that is the left H-action is trivial and the right
1

H-action on fzﬁp 18 twisted by 7.
Lemma 5.1.5. Let H be an affine noetherian Hopf algebra of GK-dimension 1. Then,
H is AS-Gorenstein with injective dimension 1 and it has a classical ring of fractions
Q. Its set of left integrals is

/ ~ {geQ:H qC HY/H = (kp+ H)/H C Q/H,

H

for some p € Q\ H such that H'p C H.

Proof. First, a noetherian ring of GK-dimension 1 satisfies a polynomial identity [90,
Theorem|. By [102, Theorems 0.1, 0.2] H is AS-Gorenstein and GK-Cohen-Macaulay
with injdim (H) = GKdim (H) = 1, and its classical ring of fractions @ of H is quasi-
Frobenius artinian.

We claim that @) is the injective hull of yH, that is, in simple terms, a minimal
injective module that contains H; see [37, Chapter 5. Clearly @ is an essential exten-
sion of H, meaning that H has nontrivial intersection with any nonzero H-submodule
of Q: since for any nonzero fraction 7 'h in @, with h,z € H and z regular, we have
rx~th = h € H. And, since Q is quasi-Frobenius, that is self-injective, then it is an
injective H-module by [37, Corollary 10.14] and the claim follows.

So 0 — H — () is the start of an injective resolution of iz H but, since injdim H = 1,

the injective resolution must have length 1, hence
0—-H—-Q5Q/H—0

is a minimal injective resolution as left (and right) H-modules.

Applying the functor Homy (k, —), we get the complex
0 — Homy (k, H) — Homy (k, Q) = Homy(k,Q/H) — 0.
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We claim that im 7* = 0. For, any map f € Hompg(k, Q) induces a copy of gk into @
but, since () is an essential extension of H, such copy of gk must be contained in H,
hence it vanishes in )/ H. Therefore, mo f = 0.

By definition of an Ext-group, we have

I
/ .= Ext}; (gk, gH) = Hompy (gk, gQ/H)/im 7* = Hompy (gk, gQ/H).
H

Each H-linear map f : k — @Q/H is determined by the element ¢ + H := f(1), which
satisfies e(h)g+ H = hg+ H in Q/H for all h € H, that is H"q C H. Thus, the set
of left integrals of H is the H-submodule {¢ € Q : H ¢ C H}/H of Q/H. Given that

I . . .
/ 18 one-dimensional, we must have

[ =00y

H

for some p as stated. O]

Using the notion of homological integrals, Brown and Zhang proved the following

generalization of Theorem 5.1.1, extending formula (5.1) on the antipode.

Theorem 5.1.6 (Brown-Zhang, [18, Corollary 4.6]). Suppose that H is a noetherian
AS-Gorenstein Hopf algebra with bijective antipode. Then,
St=~o0 Ty © T)l(_17 (5.2)

where x is determined by the right H-module structure of ffl{, To-1 and 7'>l< are winding

automorphisms, that is

T =h—x"=> x""h)hy and 7Ti(h)=x—=h=>_ hix(h),

and vy is some inner automorphism of H.

Note that more recently it was proved that a noetherian AS-Gorenstein Hopf algebra
has bijective antipode [57, Corollary 0.3].
The following simple question was asked in [18, Question 4.6] but so far has not

been answered.

Question 5.1.7. What is the map ~? Is it conjugation by a (canonical) grouplike of
H?

We conjecture below an answer to this question for affine commutative-by-finite
Hopf algebras but first we look at the answer in the finite dimensional case.

Following Radford’s formula, in the finite dimensional case 7 is given by conjugation
by the character of H* which corresponds to the right H*-action of [ Il{* and, under the
canonical isomorphism (H*)* = H, 7 corresponds to conjugation by a grouplike of H

- the distinguished grouplike of H.
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When extending this to the infinite dimensional case, one immediate problem lies
in the fact that in general H°® will not be AS-Gorenstein, since it is often not even a
noetherian algebra, as is demonstrated by the computations done in §4.4. Moreover,
(H°)° and H are also in general no longer isomorphic. Therefore, we aim to replace
H° by a suitable Hopf subalgebra of H°.

Question 5.1.8. Let H be a noetherian AS-Gorenstein Hopf algebra. Can we find an
AS-Gorenstein Hopf subalgebra U of H° such that 7 is obtained from the right action
of U on the left integrals f(l]7

For the class of affine commutative-by-finite Hopf algebras studied in this thesis,
first notice that these are AS-Gorenstein by Theorem 2.1.8(1), hence Theorem 5.1.6
above applies. As for Question 5.1.8, here the obvious candidates for U are the finite
dimensional H ', the tangential component W (H) from §4.2 and, provided A is reduced
and A C H is orbitally semisimple, the character component kG from §4.3. It is clear
from the examples in section 4.4 that kG is not a good guess, as quite often it is not
even a noetherian algebra (hence obviously not AS-Gorenstein). As we will see in
Example 5.1.18 below, H  is also not a good choice - see Remark 5.1.19. Therefore, we

propose the following conjecture.

Conjecture 5.1.9. Let H be an affine commutative-by-finite Hopf algebra and the
inner automorphism 7y as in (5.2). Let W(H) be the tangential component of H°.
Then,

1. W(H) is AS-Gorenstein.

Let « be the character of W(H) corresponding to the right action of W(H) on its left

integrals. Then,
2. a = evy, evaluation at some unique grouplike g of H;

3. v is conjugation by g, that is yv(h) = g~ *hg for any h € H, and therefore
SHh) = g7 X ()hax(hs)g.

Remark 5.1.10. If H is a finite dimensional Hopf algebra, we can choose A = k1 to
be the trivial Hopf subalgebra, and in this case the previous conjecture holds. For, the
dual of A is trivial and W(H) = H* is the whole dual of H. Therefore, the previous
conjecture proposes the same construction of the distinguished grouplikes y of H* and
g of H as explained at the beginning of this section, and the same formula for S% as
given by Radford (Theorem 5.1.1).

The first part of the previous conjecture is proved in the following result for affine
commutative-by-finite Hopf algebras that decompose nicely. As we saw in section 4.4

this encompasses most of the examples we studied in this thesis.
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Proposition 5.1.11. Let H be an affine commutative-by-finite Hopf algebra. Sup-
pose that k has characteristic 0 and H = A ® X decomposes as right A-modules with

X a coideal. Then, W(H) is AS-Gorenstein, Auslander-Gorenstein and GK-Cohen-
Macaulay.

Proof. By Theorem 4.2.3(4) we immediately have
W (H) = H #U(g).

Let {fi,..., fa} be a k-basis of g and consider the following filtration of W := W (H).
Let Wy = H and W, = W,_1 + ZZ 7777 i=1 F*fil .. fi;- Then, the associated graded
ring .
oW :=Woo @ Wy/W, = H @k[fi..... [l

i=1
is the usual polynomial ring on fi, ..., f, with coefficient ring H". For, since fifi =
fifi+1fi, f;] in U(g) € W, their images £ f_] commute in gr W, and by the formula of
the action of U(g) on H from Theorem 4.2.3(4) fip = ofi+ fi-in W for any ¢ € H ,
hence f; commutes with any functional from H in grW. Moreover, by construction
gr W/(H )*gr W is the associated graded ring of U(g) with respect to the standard
filtration, so it is k[f1,..., f.] by the PBW theorem (Theorem 1.1.3). Thus, gr W is
the polynomial algebra over .

First, we prove W is Auslander-Gorenstein. Any finite dimensional Hopf algebra is
Auslander-Gorenstein of injective dimension 0, as we mentioned in section 1.2, hence
H" is Auslander-Gorenstein. And every Ore extension of an Auslander-Gorenstein ring
is itself Auslander-Gorenstein [32, Theorem 4.2], hence gr W is Auslander-Gorenstein.
Since the filtration of W is Zariskian [42, 1.3.3 Remark 5, 11.2.2 Proposition 1], W is
Auslander-Gorenstein by [7, Theorem 3.9].

Second, the graded ring gr W is GK-Cohen-Macaulay. Since gr W is affine, noethe-
rian by [37, Corollary 1.5] and a PI ring by [64, Corollary 13.1.13(iii)], it is GK-Cohen-
Macaulay by [102, Theorem 0.1, 0.2].

Third, W is GK-Cohen-Macaulay. Let M be a noetherian right W-module. By [49,
Proposition 6.6] GKdim (gr M, w) = GKdim (M) and GKdim (gr W) = GKdim (W).
Moreover, by [7, proof of Theorem 3.9] the grades j(gr My w) and j(Myw ) coincide.
Since gr W is GK-Cohen-Macaulay, then so is W.

Lastly, since the Hopf algebra W is both Auslander-Gorenstein and GK-Cohen-
Macaulay, by [18, Lemma 6.1] W is AS-Gorenstein. O]

The following lemma is a first step towards proving Conjecture 5.1.9(2). More
specifically, it yields a group embedding of the group G(H) of grouplike elements of
H into the group of characters of W (H), provided A is a domain. This implies that,
in this case, there will be at most one grouplike of H determining the right H-module
structure of the left integrals of W (H).
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Lemma 5.1.12. Let H be an affine commutative-by-finite Hopf algebra. Suppose A is

a domain. Then, we have an embedding

¢:GH) — W(H)°

g — evy

where ev, is evaluation at g, that is evy(w) = w(g) for all w € W(H).

Proof. First, since each ¢ € G(H) is grouplike, the evaluation functional ev, is a
character of W (H) (that is, an algebra map W(H) — k), hence ev, € W(H)° and ¢ is
a well defined group homomorphism. We now prove injectivity.

Suppose that g # 15. Since A is a domain, flatness of H over A from Theorem
2.1.9(1) and Krull’s Intersection theorem [31, Corollary 5.4] yield

(A TH)" = J(A")"H = (ﬂ(ﬁ)”) H=0.
Thus, g — 1 ¢ (ATH)" for some n > 0. We define the functional w that satisfies
w(g—1) =1, w((ATH)") = 0 and that vanishes on a complement of k(g—1)® (AT H)".
Since (ATH)™ has finite codimension, w € W(H)°. And w(g) # w(1), therefore

evy # evy,- O

This lemma fails if we consider the Hopf subalgebra H instead of W(H), as we
explain in Remark 5.1.19.
We now look at a few examples, all of which support conjecture 5.1.9. We start

with commutative examples.

Example 5.1.13 (Polynomial algebra and Laurent polynomial algebra). Consider the
polynomial ring H = k[x] over a field of characteristic 0. Being commutative, S? = id
and H is unimodular, which implies the winding automorphisms, and hence ~y, are the
identity. The tangential component is simply W (H) = k[f]. Tt is clearly AS-Gorenstein
and unimodular, hence the right action of W (H) on its left integrals is given by the
counit ey (g, that is evaluation at 1y. Therefore, the conjecture holds.

Similarly, the conjecture holds for the Laurent polynomial ring and for finitely many

indeterminates.
We now consider a more interesting commutative noncocommutative example.

Example 5.1.14. Let k be a field of characteristic 0 and recall from Example 1.3.11
the coordinate ring of G = (k,+) x kX, that is H = O(G) = k[z, y*'] where z is (1, y)-
primitive and y is grouplike. Again, since H is commutative, we must have v = id.
As in Example 1.3.11, the tangential component is W(H) = U(g), the enveloping
algebra of the 2-dimensional (nonabelian) solvable Lie algebra g = Lie GG; that is g has
basis {f, f'} with brackets [f’, f] = f. More specifically, these functionals are defined

by f(xiyj) = 52',1 and f,(xiyj) = 0i0]-
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By Proposition 5.1.11, W := W(H) is AS-Gorenstein. Let us calculate its left
integrals. Since ff' = f'f — f = (f'—1)f in W, f is normal and it is primitive and,

since W is a domain, it is also regular. Thus, Lemma 5.1.4 yields

L-(L,)

where 7(f") = f'—1. But W/(f) = k[f’] is commutative, hence unimodular. Therefore,

as right W-modules we have

/ — W/ LY =W+ 1),

w

The character of W corresponding to the right W-action on its left integrals is then
given by a(f) = 0,a(f’) = —1. Upon analyzing the definitions of these maps given
above, we conclude this is evaluation at the grouplike y~!. And, H being commutative,

~ can be seen as conjugation by any grouplike of H.
We now look at three noncommutative examples arriving from section 2.2.5.

Example 5.1.15. Consider once again the group algebra of the dihedral group H =
kD = k{a,b: a* = 1,aba = b~ ') introduced in §2.2.5. Being cocommutative, S? = id,
hence S* = id.

We start by calculating the left integrals of H. First, note that k(b) \ {0} consists of
regular elements of H, since H is a free k(b)-module and k(b) is a domain. In particular,
the (b,b~1)-primitive element b — b~! is regular and normal, because (b — b~')a =

—a(b—b71). Hence, by Lemma 5.1.4 we have

l l T
1= o)

as right H-modules, where 7(b) = b,7(a) = —a. Since H/(b —b~1) = k(Cy x Cy), by
Example 1.1.12 its space of (left) integrals is the subspace

/ =k(1+a+b+ab).
k(CQXCQ)
Thus, as right H-modules

/1; - (/k(CQXCQ))TI = (H/(a=1,b—- 1)) = H/(a+1,b-1).

The character y is therefore given by y(a) = —1, x(b) = 1. Since x ! =y o S = ¥,

the composition of winding automorphisms is given by



so by (5.2) v = id, or in other words conjugation by 1. Let us try to see this in terms
of the dual.
By Corollary 4.4.6 H° = kCy ® k[f] ® k(k*,-) and the tangential component is

W (H) = kCy @ k[f] = O(k x Cy).

This Hopf algebra is AS-Gorenstein by Proposition 5.1.11 (or simply by observing that
W (H) is commutative), hence it has integrals and is in fact unimodular. Therefore,
W (H) acts trivially (that is, by ey (m)) on its left integrals, which is exactly evaluation
at 1. The same holds if we take H instead of W (H).

This example is a particular case of the following result. Recall the group algebras

of abelian-by-finite groups from §2.2.4.

Lemma 5.1.16. Conjecture 5.1.9 holds for the group algebras of finitely generated

abelian-by-finite groups over a field of characteristic 0.

Proof. Let G = (g1, ..., gn) be a finitely generated group with abelian normal subgroup
N of finite index. Since H = kG is cocommutative, S? = id. Moreover, the character
that determines the right H-structure of its left integrals depends on \; := x(g;) € £~
for 1 <4 <n. And then x7(g;) = \;'!, yielding Ty O Ti,l =id. By (5.2) vy =id.

Since H is cocommutative, W (H) (and H ) is commutative. By Proposition 5.1.11
(whose hypothesis follow as in the proof of Corollary 4.4.5), W(H) is AS-Gorenstein.
Hence, W(H) is unimodular, that is the right structure of its left integrals is given by

ew (H), which is precisely evaluation at 17 = 1. O

Example 5.1.17. Consider once more the infinite dimensional Taft algebra H =
T(n,t,q) = k{g,x : g" = 1,29 = qgx), where g is grouplike and x is (1, ¢*)-primitive.
Since S(g) = ¢g~' and S(z) = —g~'x, we have S*(g) = g and S%*(z) = —S(x)S(g7") =
g txgt = ¢'x so St (x) = ¢*x.

A computation of the left integrals of these Hopf algebras can be found in [58,
Example 2.7]: since z is a normal regular element of H and H/(z) = kC,, Lemma
5.1.4 and Example 1.1.12 yield that as right H-modules we have

[=([) -(=e)

Y

where 7(x) = z,7(9) = qg. Thus, as right H-modules f;l ~ H/(z,g — ¢ '), and x

"= xo0S8, wehave x"'(9) = x(97') =
¢, X '(z) = x(—g~'z) = 0, so the composition of the winding automorphisms is

is defined by x(9) = ¢!, x(x) = 0. Since x~

o, aig = X H(9)gx(g) =g
v X E) FxT g+ x TN g X (@) = gt
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By (5.2) we must have
79 =g
T — g
In other words, 7 is conjugation by g*. We now investigate the left integrals of W (H).
By Corollary 4.4.6, the tangential component is

W(H) = kCy @ Ts(n', ¥, q") @ k[f]

as an algebra, where d = (n,t),n’ = n/d,t' = t/d. The generator of Cy is defined
as a(r'g?) = 0;0q"7, the generators of Ty are given by X (2°¢’) = 6;; and G(2'¢’) =
Si0q "% and f is given by f(2'¢?) = 0;,vq"7 (where #'~! is the inverse of # modulo
n’ and j = dk + r where 0 < r < d).

First, note that any nonzero element of k[f] is regular in W(H), since W(H) is
a free module over the domain k[f]. Second, W(H) is AS-Gorenstein by Proposition
5.1.11 and we now calculate its left integrals. Since f is central and regular in W (H),
by Lemma 5.1.4 the left integrals of W (H) are

! l l n'—1 - d—1
Lo fons Lo+ (57) 7 (5)
W(H) W(H)/(f) kCa®Ty i=0 i=0

so the character for the right action is (o) = 1,8(G) = (¢9)" ' = ¢4 B(X) =
0,3(f) = 0. This is precisely the evaluation at g':

Ql

If we consider H instead of W (H), then

1 n'—1 d—1
—s Gi) X (Z w) ,
/H ) (i:o i=0
so the character for the right H -action is also evaluation at the grouplike ¢".

Example 5.1.18. Recall from §2.2.5 the generalized Liu algebras given by
H = B(n,w,q) = k(z*', ¢,y : « central,yg = qgy, " = 2* =1 —y"),

where g, z are grouplike and y is (1, g)-primitive. Since S(y) = —g~ 1y, we have S?(y) =
97'yg = qy and
Sz) ==z,  S'9)=9, S'y) =2y (5.3)

As in the previous examples, we start by computing the left integrals of H and
the map ~y. Following the same argument as before, any nonzero element of k[z*!] is

regular in H. In particular, x — 1 is a central regular element of H, so Lemma 5.1.4
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yields that the space of left integrals is

1 1 1
= = =k 7 T
[ =L =4(9)
since H/(x — 1) = T¢(n, 1, q) is the Taft algebra generated by g and ¥, these being the
images of g and y in H/(z — 1). Thus, as right H-modules fIl{ ~H/(x—1,9—q 1 y),

1

hence the associated character is x(x) = 1,x(y) = 0,x(9) = ¢~'. Its convolution

inverse is x " !(z) = 1,x }(y) = 0, x '(g9) = ¢, so the winding automorphisms give

By (5.2) and (5.3), we must have v(z) = x, v(g) = g and v(y) = qy. That is, v is given
by conjugation by g. Let us see this now in terms of characters of W := W (H).

By Corollary 4.4.6,

W 2 Ty(n, 1, q)#k[f] = Ts(n, 1,q)[f; 0]

is a differential operator algebra, where the derivation is given by 6(G) = 0 and 6(Y) =
wY Y, wiG" in which w is the parameter of H = B(n,w, q) and the scalars y; are such
that >, piqg™7 = 0,1

Clearly W is an affine Hopf algebra, noetherian by [37, Theorem 2.6], and, since
W is a finitely generated k[f]-module, it has GK-dimension 1 by [49, Proposition 5.5].
Thus, by Lemma 5.1.5 W is AS-Gorenstein and its space of left integrals is

/l ~freQ: W CWYIW 2 (kp+ W)W,

where @ := Q(W) is the classical ring of fractions of W and p € @ \ W is an element
such that Wtp C W.

First, note that any nonzero polynomial of k[f] is regular in W, since W =
T¢(n,1,q)[f;90] is a free module over the domain k[f]. In particular, f is invertible
in @ and, considering p' = (3, G')Y™ !, a left integral of T}, we define

pi= p/ffl _ (Z Gz) Ynflffl'

Since p’ is a left integral of Ty, G and Y act trivially on the left on p, that is Gp = p
and Yp = 0. As for the left action of f, it follows by induction that for each 0 < k < n

k—1
f+wZui (Zq‘”) G'

Jj=0

fYk=y*
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where the scalars p; are such that > ;g% = 6;,-1. Since ¢ is a primitive nth root
of unity, we have Z?;g(q_i)j =0, so Z;L;g ¢ =—q"" Y = —¢ thus

e o G
- (Bo)r-v(ze) e (Line)

But, since ), p1; = 0, we have
(Z Gi) yn-1 (Z qiuiGi) _ (Z Gj) <Z /M'Gi) ynr—1 — (Z Iu/iGi+j> yn—1
i i J i Y]
- () g
i k

so it follows that fp = (3, G*)Y™ ! Therefore, p is such that W*p C W, and therefore

it determines the space of left integrals of .

We now investigate the right action of W on flly Since f and G commute in W,

f~! and G commute in @, hence

pG _ <Z Gi) Ynflefl _ qfl <Z Gi+1> Ynflffl _ qflp'

7

Moreover, pf = (3, G")Y™ !, therefore the right action of f on fé{/ = (kp+W)/W is
trivial, that is given by multiplication by e(f) = 0.

The right action of Y on fév would require rather more calculations, so we use
another argument instead. Note that (kp + W)/W = {r € Q : Wrr C W}/W and
Wt(rw) = (WHr)w C Ww C W for any w € W. Thus, (kp+W)/W is a W-bimodule
and, being fé,, it is also one-dimensional. In particular, (kp + W)/W is a simple right
W-module, hence it must be annihilated by the nilradical of W. But Y is a normal
element of W, for YG = qGY and fY =Y (f +w>_ ;G"), hence YW is a nilpotent
ideal of W and must therefore annihilate fvlv In particular, pY = 0.

Therefore, the character associated to the right action of W on fév is a(G) =
¢ a(Y)=0,a(f) = 0. Recalling from Corollary 4.4.6 that the functionals are defined
as G(y'g’z") = 7960, Y (y'g?2%) = 6,1, f(y'g’2") = kb, p, a is precisely evaluation at
g. Therefore, Conjecture 5.1.9 holds in this example.

Remark 5.1.19. Recall that Lemma 5.1.12 implies that, when A is a domain, there
is at most one grouplike of H that determines the right H-module structure of the left
integrals of W(H). And throughout the previous examples such grouplike exists, and

so it is unique. However, such uniqueness fails if we consider H" instead of W(H). In
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Example 5.1.18, we have

/Hl* =k (Z G’) Yy

so the associated character is 8(G) = ¢!, 3(Y) = 0, which is evaluation at any grou-
plike of the form z°g"~'. So here we do not have a canonical choice for the grouplike
associated to vy conjectured in 5.1.9, which suggests that " may not be a good choice

for the “suitable” Hopf subalgebra of H° to answer question 5.1.8.

5.2 The Drinfeld double in infinite dimension

In this section we extend the concept of the Drinfeld double of a finite dimensional
Hopf algebra from section 1.4 to the infinite dimensional case. We mention a few
basic properties that still hold for infinite dimensional Hopf algebras and illustrate it
with a few examples, most of which are from §2.2.5. Recalling the important property
of unimodularity of the double of finite dimensional Hopf algebras (Theorem 1.4.7),
we conjecture that in the commutative-by-finite infinite dimensional case a particular
Hopf subalgebra of the double, namely W (H )P > H, is unimodular. Once again,
we support this hypothesis with a few examples, mostly from §2.2.5. In subsection
5.2.2 we briefly explain how the double relates to Conjecture 5.1.9 and the formula
of the fourth power of the antipode, while also looking at some consequences of these

conjectures and enumerating a few other questions that may provide future work.

We have introduced the Drinfeld double for finite dimensional Hopf algebras back in
section 1.4. When trying to extend this notion to Hopf algebras of infinite dimension,
the only problem that arises is the fact that the antipode may not be bijective. Thus,

throughout this section we assume that
all Hopf algebras have bijective antipode.

This is not a very stringent assumption, since the antipode is quite often bijective.
Such is the case for every noetherian AS-Gorenstein Hopf algebra by [57, Corollary 0.3]
and for every affine noetherian PI Hopf algebra by [85, Corollary 2]. In particular, this
assumption holds for the Hopf algebras in which we are most interested, commutative-
by-finite Hopf algebras; see Theorem 2.1.4.

Taking this into consideration, the Drinfeld double D(H) is defined similarly to the

finite dimensional case, using H° rather than H*. More specifically, as a coalgebra
D(H)=(H)*"® H
and the product and the antipode are respectively given by

hf=> (b= f~S"hs)hy and  Spu(fh) = S(R)(S™)(f),
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forany h € H, f € H°. Recall from Lemma 1.4.2 an alternative formula for the product
in D(H) and an explicit formula of the antipode Sps.

Proposition 5.2.1. Let H be a Hopf algebra with bijective antipode. Then,
1. D(H) is a Hopf algebra with the above structure.
2. H and (H°)*? are Hopf subalgebras of D(H).

Suppose further that H is affine commutative-by-finite. Recall the tangential and char-
acter components, W(H) and l;é, respectively from sections 4.2 and 4.3. Then,

3. (H) va H and W(H)“P b1 H are Hopf subalgebras of D(H).

4. If A is reduced and A C H is orbitally semisimple, kG > H is also a Hopf
subalgebra of D(H).

Proof. (1),(2) These follow just as in the finite dimensional case.

(3) By Lemma 4.2.2 and (2), W (H)°? is a Hopf subalgebra of D(H). Thus, W (H )P x
H is a subcoalgebra of D(H) and it suffices to prove that W (H )P 1 H is closed under
multiplication. By the formula above, it suffices to see that for any f € W(H),h,h' € H

we have

h— f+—h'eW(H).

But f((ATH)") = 0 for some n > 0, hence closure follows from the fact that each
(ATH)" is an ideal of H. The proof is similar for (H )¢ 1 H.

(4) kG is defined, since A is reduced, and, under orbital semisimplicity, kG is a Hopf

subalgebra of H° by Proposition 4.3.4(1). By (2) kG"" is a Hopf subalgebra of D(H).

Now (4) follows by an argument similar to (3), which uses the fact that H mff) N...N

HméH) is an ideal of H for any ¢; € G. m

T

Moreover, Proposition 1.4.6 on the commutativity of the Drinfeld double, can be

extended infinite dimension as follows.

Lemma 5.2.2. Let H be a Hopf algebra with bijective antipode. The following are

equivalent:
1. H is commutative and cocommutative;
2. D(H) is commutative and cocommutative.
And, in this case D(H) = H° @ H as Hopf algebras.
Proof. This follows as in Proposition 1.4.6. O

Let us compute the Drinfeld double for some examples. Note that the computations

of these examples can be found in the appendix, §A.2 and §A.4.
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Example 5.2.3. Consider the polynomial algebra k[z]| from Example 1.1.9. Since k[x]

is commutative and cocommutative, by Lemma 5.2.2 and Example 1.3.8 we have
D(k[z]) = k[z]° ® k[z] 2 k[f] @ k(k,+) ® k|x]

as Hopf algebras.
On a similar fashion, the algebra k[z*!] of Laurent polynomials from Example 1.1.8

is commutative and cocommutative, hence Lemma 5.2.2 and Example 1.3.10 give
D(k[z*']) = k[a™')° ® k[2™*'] = K[f] @ k(k*, ) @ k[z*].

Example 5.2.4. Recall from Example 1.3.11 the coordinate ring H = k[x, y*!] of the
affine algebraic group G' = (k,+) x k*, where z is (1, y)-primitive and y is grouplike.
It follows from that example that its Drinfeld double is

D(H) = H°<x H = (U(g) * G) = k[z,y™"],

where U(g) = k(f,f : [f',f] = f) is the enveloping algebra of the 2-dimensional
nonabelian solvable Lie algebra.
With the notation as in Example 1.3.11, the product in D(H) is given by the

relations in H and H®° as well as

.I‘f - f.T + (1 - y)a ZEf/ = (f/ + 1)'7;7 ITX(a,8) = X(a,ﬁ)(a(l - y) + ﬁx)a y central.

The calculations can be found in §A.4.

Example 5.2.5. Recall the group algebra of the dihedral group D = {(a,b : a® =

1,aba = b~') from section 2.2.5. From Corollary 4.4.6 it follows that
D(kD) = (kD)° =< kD = (kCy @ k[f] @ k(k™,-)) >t kD.
As an algebra the double is in fact a skew group ring
D(kD) = (kD)° % D,
where the action of D on (kD) is determined by
« central, af = —fa, azy = zy-1a,

bf =(f+1—a)b, bz,\:%((1+)\2)+(1—>\2)a)z,\b,

where the functional « is the generator of Cy and z, is the functional associated to
A € k*. The calculations can be found in §A.2.

This is a particular example of the following result. For the finite dimensional case,

revisit Example 1.4.3.
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Lemma 5.2.6. For any group G, the Drinfeld double of kG is a skew group ring
D(kG) = (kG)°)*“? x G.

Proof. Tt suffices to notice that for any g € G, f € (kG)° we have gf = (g — f ~— g~ 1)g
and that g — f < ¢! yields a group action of G on (kG)°. O

Example 5.2.7. Let H = T(n,t,q) = k{(g,x : ¢" = 1,29 = qgzx) be the infinite
dimensional Taft algebra. The coalgebra structure is given by ¢ grouplike and z (1, g°)-
primitive.

Let d = (n,t),n' =n/d,t' =t/d. It follows from Corollary 4.4.6 that
D(H) = H°va H = [kCy @ Ty(n', ', ¢*) @ k[f] ® k(k,+)] < T(n,1,q).

With the notation as in Corollary 4.4.6(III), the product is determined by the

relations in H° and H as well as

a central, ¢G=Gg, ¢X =qXg, 9f =q"fg, gz = 29y TG = ¢ "G,
X = Xx+ (Z A,M) G" —¢', xf =fr+Xpia [(Z Ako/‘f) G" — qtgt] :
k k
TZ) = 2T + AXp_1azy [(Z /\kak) G" — q_tgt] ;

k

where X, 1(2'¢’) = ;w1 (it is a scalar multiple of X™ ') and )\ are scalars such
that >, M(¢"")F = ¢ (for 0 < r < d), which had already appeared in Corollary
4.4.6(IIT). Once again, the computations can be found in §A.2.

Example 5.2.8. Consider the generalized Liu algebras introduced in section 2.2.5
H = B(n,w,q) = k{z*', g,y : x central, yg = qgy,¢g" = 2 = 1 — y"), where z, g are
grouplike and y is (1, g)-primitive. From Corollary 4.4.6, we have

D(H) = H°va H = [Ty(n, 1, q)#(k[f] @ k(k*,-))] 5a B(n,w, q).

With the notation as in Corollary 4.4.6(IV), the product is determined by the

relations in H and H° as well as the following:

x central, 9G = Gy, gY =qYg, af =Tfg. gz\ = 220,

(Z pTGT> y+ Y, 1(g—G)

yG=q'Gy, yY=Yy+(G—-qg), yf=fy+uw

I

yzy = (Z anT> 2y + (1= A)Y,2(G —g),
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where the scalars p, and 7, are such that ) g = djn—1 and ) Npq " = \Woin—1
and Y;,_; is the functional given by Y;,_1(y'¢?2") = §;,,_1. Recall that we have already
seen these scalars in Corollary 4.4.6(IV). The computations can be found in §A.2.

5.2.1 Unimodularity

As was pointed out in Theorem 1.4.7, the Drinfeld double of finite dimensional Hopf
algebras is unimodular and its integral can be computed from the right integrals of H
and the left integrals of H*. We conjecture a generalization of that result for affine
commutative-by-finite Hopf algebras as follows.

As we have discussed before, the dual of affine commutative-by-finite Hopf algebras
is often not even a noetherian algebra, hence in general neither is the Drinfeld double.

Therefore, it makes sense to try and extend the unimodularity property to interesting
Hopf subalgebras of D(H) instead.

Conjecture 5.2.9. Let H be an affine commutative-by-finite Hopf algebra. Recall the
tangential component W (H) of H® from §4.2. Then,

1. W(H)“P pa H is AS-Gorenstein;
2. W(H)P 1 H is unimodular;

3. If A is central in H, then (H )P 1 H is AS-Gorenstein and unimodular.
Remarks 5.2.10.

1. Note that, in terms of the coalgebra structure, only the counit affects the AS-
Gorenstein property and unimodularity. But, it is clear from the counit axioms
that a Hopf algebra H and its coproduct-twisted version H? have the same
counit, hence we may consider W (H) and H" in the conjecture above rather

than their coproduct-twisted versions.

2. The previous conjecture holds for finite dimensional Hopf algebras. If H is finite
dimensional, let A = k1 be the trivial Hopf subalgebra and so W (H) = H* is the
dual of H as already mentioned in Remark 5.1.10. Therefore, W (H )P > H =
D(H) is the Drinfeld double of H. Being a finite dimensional Hopf algebra, it is

clearly AS-Gorenstein and it is unimodular as per Theorem 1.4.7.

This conjecture is supported by the following examples. It holds trivially for the
Hopf algebras k[z] and k[z*!], since their doubles are commutative and, in particular,
so is the Hopf subalgebra W (H) ® H, hence it is unimodular. We now consider a more

interesting commutative noncocommutative example.

Example 5.2.11. Consider the Hopf algebra H = O((k,+) x k*) = k[z,y*!] and
its Drinfeld double studied in Example 5.2.4. We investigate the unimodularity of the
Hopf subalgebra

U:=W(H)“" > H = U(g) < k[z,y™],
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where y is central, g = kf @ kf’ is the Lie algebra with [f’, f| = f and we have the
relations zf = fe + (1 —y),zf = (f + 1)x.

We start by proving that U is AS-Gorenstein. Notice that, given the above relations,
U can be seen as an iterated differential operator ring U = H|[f;d1][f’; 2], for some
derivations §; of H and dy of H[f;d1]. Since H is commutative, it is clearly Auslander-
Gorenstein and applying [32, Theorem 4.2] twice yields that U is also Auslander-
Gorenstein.

Furthermore, filtering U by degree of f’, the associated graded ring is grU =
H[f;01] @ k[f'] = (H[f'])[f;01]. And subsequently filtering gr U by degree of f, the
associated graded ring is a polynomial algebra in 3 primitive generators and 1 grouplike
generator. In particular, gr (gr U) is GK-Cohen-Macaulay. Let M be a right noetherian
U-module. Since both these gradings are clearly Zariskian [42, 1.3.3 Remark 5, 11.2.2
Proposition 1], the grades j(My), j(gr Mg ) and j(gr (gr M)g eruy) coincide by [7,
proof of Theorem 3.9], and by [65, Theorem 1.3, Corollary 1.4] GKdim (gr (grU)) =
GKdim (grU) = GKdim (U) and GKdim (gr (gr M)) = GKdim (gr M) = GKdim (M).
Since gr (grU) is GK-Cohen-Macaulay, then so is U. And, therefore, by [18, Lemma
6.1] U is AS-Gorenstein.

We now calculate the left integrals of U. First, note that any nonzero element of
k(y) is regular in U, since it is a free module over the domain k(y). Since y is central

and grouplike and the image of z in U/(y — 1) is normal, applying Lemma 5.1.4 twice

[=f =([ )
v Juw-n Uey-1))

where 7(f) = f,7(f") = f'+ 1. But U/(x,y — 1) = W(H) and we have calculated its
left integrals back in Example 5.1.14. Thus, as right U-modules we have

yields

l
/g(U/(fL’,y—l,f,f/—f—l))T1§U/(£L‘7y—]_,f,f,)

U
Therefore, U is unimodular.

And now we verify the conjecture for the three noncommutative examples studied

in this chapter.

Example 5.2.12. Consider the Hopf algebra H = kD and its Drinfeld double from
Example 5.2.5. We investigate the unimodularity of the Hopf subalgebra of the double

U:=W(H)?>=< H = (kCy ® k[f]) = kD,

where the algebra structure is determined by the generator a of Cy being central and
the relations a? =1 =a? ab=0b"'a, af = —fa and bf = (f + 1 — a)b. The coalgebra
structure of U is given by «, a, b being grouplike and f being (1, «)-primitive.

We begin by proving that U is AS-Gorenstein. Considering the relations above, U

can be regarded as an Ore extension U = (kCy ® kD) [f; 0, ¢], for some automorphism
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o and derivation 0 of R := kCs ® kD. Clearly, R is the group algebra of the abelian-
by-finite group Cs ® D, hence it is a commutative-by-finite Hopf algebra. In particular,
R is Auslander-Gorenstein by Theorem 2.1.8(1) and then so is U by [7, Theorem 4.2].

Now filtering U by degree in f, the associated graded ring is a skew polynomial
ring grU = (kCy ® kD) [f;0']. Being finitely generated over the commutative sub-
algebra k[f,b], grU is an affine noetherian PI Hopf algebra, hence it is GK-Cohen-
Macaulay by [102, Theorem 0.1, 0.2]. Let M be a right noetherian U-module. Since
this grading is clearly Zariskian [42, 1.3.3 Remark 5, I1.2.2 Proposition 1], the grades
J(My) and j(gr Mg ) coincide by [7, proof of Theorem 3.9], and by [65, Theorem
1.3] GKdim (gr U) = GKdim (U) and GKdim (gr M) = GKdim (M). Since gr U is GK-
Cohen-Macaulay, then so is U. And, therefore, by [18, Lemma 6.1] U is AS-Gorenstein.

We cannot calculate the left integral of U by factoring by (a — 1), since a@ — 1 is
not a regular element of U. Therefore, we take a more indirect approach. Consider the

Hopf algebra

~

U= (kZ ® k[f]) > kD

subject to the relations: the generator @ of Z is central, a> = 1, ab = b~'a, af = —fa
and bf = (f + 1 — a@)b. Moreover, let @, a,b be grouplike and f be (1,@)-primitive.
Note that U is AS-Gorenstein by the same argument used for U. With a slight abuse
of notation, clearly

U=U/@>—1).

Since @? — 1 is a central regular element of U , by Lemma 5.1.4

[~

and, since & — 1 is another central regular element of U , the same result yields

l l l
T S

where (/]\/(&\— 1) 2 U/(a—1). The image of f is a regular normal element of U/(a—1),

so by the same result we have

I ! ! ! N7
/U B /U/(a—l) - (/U/(a—l,f)) B (/kD) 7

where 7(a) = —a, 7(b) = b. These integrals were calculated in Example 5.1.15, thus as

right U-modules

l
/gU/(Oé—l,f,a—kl,b—l)T1—U/(Oz—1,f,a—1,b—1).
U

Each generator of U acts trivially on fé on the right, that is U is unimodular.
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Remark 5.2.13. This example shows that in general the Hopf subalgebra (H )< b1 H
of D(H) is not unimodular. Proceeding as before, the left integrals of U’ = kCy 1 kD

are
I 1 ! I 1

/ g/Ag/A g/ %“/ ~U'/(a—1,a+1,b—1)
/ i /(@-1) U'/(a—1) kD

as right U’-modules, where U’ = kZ > kD with similar Hopf structure to U’. Clearly

a acts on f[l], on the right as multiplication by —1. Therefore, U’ is not unimodular.

Example 5.2.14. Consider the double of Taft algebras studied in Example 5.2.7 and
consider the Hopf subalgebra

U:=W(H)" > H = (kCy @ Ts(n',t,q") @ k[f])F > T(n,t,q),
whose product is determined by the relations in W(H) and H as well as

acentral,  ¢G=Gg, gX=9¢Xg, gf=q"fg, 2G=q G,

xX = Xx + (Z )\kak) GY — q', of = fr+ X« [(Z Akozk> Gt — q_tgt] )
k k

where X,_; is a scalar multiple of X~ which is given by X,_;(z'¢?) = im—1, and
Ay, are such that >, \e(¢"")F = ¢~ (for any 0 < r < d).

We start by showing that U is AS-Gorenstein. Considering the relations above, U
can be regarded as an Ore extension U = [(kCy @ Ty ® k[f]) > k(g)] [z; 0, d], for some
automorphism o and derivation ¢ of R := (kCy ® Tf ® k[f]) > k(g). Clearly, R is
affine and, being a finitely generated module over the commutative subalgebra k[f],
it is noetherian by [37, Corollary 1.5] and PI by [64, Corollary 13.1.13(iii)], hence the
Hopf algebra R is Auslander-Gorenstein by [102, Theorems 0.1, 0.2] and then so is U
by [7, Theorem 4.2].

Now filtering U by degree in x, the associated graded ring is a skew polynomial
ring grU = [(kCy @ Ty ® k[f]) > k(g)] [T; 0']. Being finitely generated over the com-
mutative subalgebra k[f,Z], grU is an affine noetherian PI Hopf algebra, hence it is
GK-Cohen-Macaulay by [102, Theorem 0.1, 0.2]. Let M be a right noetherian U-
module. Since this grading is clearly Zariskian [42, 1.3.3 Remark 5, 11.2.2 Proposi-
tion 1], the grades j(My) and j(gr M) coincide by [7, proof of Theorem 3.9], and
by [65, Theorem 1.3] GKdim (gr U) = GKdim (U) and GKdim (gr M) = GKdim (M).
Since grU is GK-Cohen-Macaulay, then so is U. And, therefore, by [18, Lemma 6.1]
U is AS-Gorenstein.

We now compute the left integrals of U. Just as in Example 5.2.12, the element
a — 1 is central in D(H) but it is not regular, so we start with a slightly indirect

approach. Consider the Hopf algebra
U= (kZ o Ty(n', ', ¢%) @ k[f])° ba T(n, 1, q),
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subject to the same relations as above with the generator & of Z replacing a and
excluding the relation a® = 1. Note that U is AS-Gorenstein by the same argument
as for U. Clearly U = U /(@% —1) and @ — 1 is a regular central element of U. Since

a — 1 is also regular and central in U , applying Lemma 5.1.4 twice yields

! ! ! !
/U a /ﬁ B /ﬁ/(an B /U/(al) '

. . oy . .
Moreover, ™ is primitive in H, hence in D(H) we have

/7

"o =1 + (2 = ) — (p — ™)

for any ¢ € H°. Clearly, "¢ = ¢" g2 and 2" commutes with o and G. For the
functionals X and f, the calculations are as follows. Recall from Corollary 4.4.6 that
X(z'g’) = 6;1, f(2'¢?) = 03wq™? and a(a'g’) = b;0q"7. Then,

o X(z'g'z™) = q "I X (2" ¢g?) =0, 50 2" = X =0,

o f(aigia™) =q I f(@gl) = ¢ "6 0 = Gig, 50 TV = [ = Ly,
o X(zt"g/) =0,s0 X — 2" =0,

o f(2¢)) = 804", 50 f — 2" = a.

So, we have 2™ X = Xa2™ and 2™ f = f2" + (1 — a). Therefore, the image of " in

U/(a — 1) is primitive and normal, and Lemma 5.1.4 yields

(=L =)
U U/(a—1) U/(a—1,z"")

as right U-modules, where 7(g) = ¢" g, 7(a) = o, 7(G) = G, 7(X) = X, 7(f) = f.
Let
U=U/(a—1,2") = (Ty(n',t',q") @ k[f]) = T(n,t,q)/(a™),

where we slightly abuse the notation by writing for instance f instead of f. This
affine Hopf algebra is an Ore extension (Ty(n',t,q%) < T(n,t,q)/(z™))[f;,d] for
some automorphism « and derivation 0, hence it is noetherian by [37, Theorem 2.6]
and, being a finitely generated k[f]-module, U has GK-dimension 1 [49, Proposition
5.5]. By Lemma 5.1.5, the space of left integrals is

l
/U ~{1eQ: T qCU}/T = (kp+T)/T,

where @ := Q(U) is its classical ring of fractions and p € @ \ U is such that U+p cU.

The same argument as in Example 5.1.17 yields that every nonzero element of k[f]
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is regular in U, hence invertible in (). So, consider

n'—1 n—1 l r
/ i n'—1,_n'—1 i
(lz:; ) (z:; ) Tf (nlvt/7qd) T(n,t,q)/(z"/)

2

and let p = p/f~!. Since (3, G%) X"~ is a left integral of T, we have Gp = p and
Xp = 0. Moreover, g commutes with G and X™® 12" ~! so gp = p. It follows by

induction that f commutes with X WLy for 0 < i < n/ , hence

et = o= B =)

an element of U. The left action of x requires some more calculations. It follows by

k—1 k—1
(Z qlt> Gt’ _ <Z q—lt> gt] Xk-1
1=0 =0

Since ¢' is a primitive n'th root of unity, 2?2,52 ¢t =3 61 ¢ — ¢Vt = —¢~t and

induction that

e X = X*r +

similarly Zzn 2q7" = —¢', hence

$Xn/—1 _ X”/_lx + (qtgt _ q—th/))(n/—Z7

and so zp’ is

Zq dez X" '—1 " '—1 Zg Zq dez —th/)Xn/—an’—l Zgz)
_ Zq—dez Xn —2 n—l t Zg Zq—d(z+t )Gz-l—t’ Xn -2 n—l Zg
_ Zq—dez Xn -2 " '—1 Zg Zq dez Xn -2 n—l Zg

Thus xp = 0. Therefore, p is the required element and it determines the left integrals
of U.

We now look into the right action of U on its left integrals. Since gf = ¢" fg, we
have f~lg = ¢"'gf~! and, since 2™ ~}(3", ¢°) is a right integral of T'(n,t,q)/(z™), we

pg = qn’ (Z Gz) Xn’flxn’fl (Z gz) gffl _ qn’p

And since G commutes with f, g and X 12", we have pG = p. Also clearly pf = p/,
hence the right action of f on fé = (kp+U)/U is trivial. It follows by induction that

have

P X = Xaf +




VX = Xa" !+ (g7t — ¢'GY)2™ 2. Since X and f commute, pX is given by

(Z Gi)Xn’—lxn’—lX(Z qz‘gi)f 1
_ ZGz Xn/fl —t t _ tht’ n’72(z qlgz)f 1
_ ZGZ Xn /-1 n 2 Zqz—i-t H—t ZZ Gi—i—t’ Xn’—l n’—2 Zqz i
_ ZGzannQZq ZGzXn1n2Zq _

And lastly the right action of z. Since zf = fx + ¢, where ¢ = X,,_1(G¥ — ¢ tg"), and

f commutes with ¢, we have

vf? = (fr+)f = faf + fo = flaf +9),

then flz = (vf +¢)f 2 = af ' + ¢f2 Since 2" (3, ¢') is a right integral of
T(n,t,q)/(z") and p’X = 0 as above, we must have

pr=prft +pXw (G —qlg)f =0

Therefore, as right U-modules we have

l
/ g(U/(a_17G_17X7fug_qn/7x>)7_l :U/(Oé—l,G—].,X,f,g—].,.T),

U

hence U = W(H)®P pa H is unimodular.

Remark 5.2.15. Note that, when (n,t) =1, A = k[2"] is central in H and the Hopf
subalgebra (H )? < H is also unimodular. In this case, as we calculated above,
2" is central and regular in D(H) and, since (H )P »a H/(2") = (Ty(n,t,q)*)* ba
T¢(n,t,q) = D(Tf), Lemma 5.1.4 yields

l
/(H*)COPMH B /D(Tf) '

Example 5.2.16. Recall the double of generalized Liu algebras studied in Example
5.2.8. We focus on the Hopf subalgebra

U=W(H) > H = (Ty(n, 1, q)#k[f])* > B(n,w, q),
whose product is determined by the relations in H and W (H) as well as the following:

x central, gG = Gy, gy =qYy, gf = fg, yG = q "Gy,

(Z urG’”> y+Yualg—G)

yY =Yy + (G —qg), yf = fy+w
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where the scalars ji, are such that ) g~ = djn—1 and Y, is the functional given
by Yo 1(y'g’a") = Gy

We start by showing that U is AS-Gorenstein. Considering the relations above, U
can be regarded as the differential operator ring U = (T > B(n,w, q)) [f; d], for some
derivation § of R := Ty > B(n,w, q). Clearly, R is affine and, being a finitely generated
module over the commutative subalgebra k(x), it is noetherian by [37, Corollary 1.5]
and PI by [64, Corollary 13.1.13(iii)], hence the Hopf algebra R is Auslander-Gorenstein
by [102, Theorems 0.1, 0.2] and then so is U by [7, Theorem 4.2].

Now filtering U by degree in f, the associated graded ring is grU = (T} <
B(n,w,q))[f], which is an affine noetherian PI Hopf algebra, hence it is GK-Cohen-
Macaulay by [102, Theorem 0.1, 0.2]. Let M be a right noetherian U-module. Since
this grading is clearly Zariskian [42, 1.3.3 Remark 5, I1.2.2 Proposition 1], the grades
J(My) and j(gr Mg ) coincide by [7, proof of Theorem 3.9], and by [65, Theorem
1.3] GKdim (gr U) = GKdim (U) and GKdim (gr M) = GKdim (M). Since gr U is GK-
Cohen-Macaulay, then so is U. And, therefore, by [18, Lemma 6.1] U is AS-Gorenstein.

We now compute the left integrals of U. Since x is central and regular in U, Lemma
! !
/U N /U/(x—l) '

U= (W(H) "> H)/(x—1) = (Tt(n, 1,0) #k[f])*" > T¢(n, 1,q) = D(Ty)[f; ],

5.1.4 gives

Let

which is a differential operator ring with derivation given by d(g) = 6(G) =0, o(y) =
w[Y,-1(G = g9) — O, 1GHy] and §(Y) = wY (>, 1uG"). We note a slight abuse of

notation here, by denoting for example f instead of f.

The affine Hopf algebra U is noetherian by [37, Theorem 2.6] and, being a finitely
generated k[f]-module, it has GK-dimension 1 [49, Proposition 5.5]. Thus, Lemma
5.1.5 gives

[ =0T

U

a submodule of Q/U, where @ := Q(U) is its classical ring of fractions and p € Q \ U
such that Uer cU.

By an argument similar to Example 5.1.18, any nonzero element of k[f] is regular

in U; in particular, f is invertible in @). Consider the integral of D(Ty)

- (a)row ()

and let p := p/f~!. Since p’ is an integral of D(T}), clearly the left action of g, y, G

and Y on p is trivial.
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We now show that f also acts trivially. By induction we have

k—1
frwd o (Z q”) G’
=0

hence fY" ' =Y" N f —wd, w¢'G) =Y" 1 f —w(>, G)Y™ ! and

JYF=v*

Y

fyn—lyn—l _ Yn—lfyn—l —w (Z ,UzGZ> Yn—lyn—l‘

Again by induction we have

YR Fyb = YRy — wzm (zk: qij> GiyFyb
i j=1
hence Y"1 fyn=t =y =ty f 4w, ;GHY ™ 1yt and
FYrtyrt =y —w (Z NiGi) yrlyrt =yl
that is f commutes with Y"~1¢"~1. Since it also commutes with G and g, we have

fp= (Z Gi) Yoyt (Z gi> eU.

Therefore, p determines the space of left integrals of U.

We now prove that U acts trivially on the right on fé Clearly f acts trivially. Since

f commutes with g and G and p’ is an integral of D(T}), we have pg = p'gf ! = p and
f

similarly pG = p. As for y, since f commutes with g and Y"1y~ so does f~!, hence

py = (Z Gi) f—lyn—lyn—l (Z gi> y=0.

It remains to compute pY. We know that fY =Y (f +w ), t;G") and, since f and G

commute, we have

(Terlze)rfrsee) o (Loe) ()

And, since ), ;g™ = §;,-1, we have

(o) (See)Srmes (g (Loe)-xee
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so f(O2,GNY = (02, GHYY(f + w). Then,

(efrovor o))

Since G commutes with Y""!y"~! and g and p’ is an integral of D(T}), it follows that
pY =p f7Y =pY(f+w) "t =0.

Therefore, U is unimodular, hence so is U = W (H )P 1 H.

Remark 5.2.17. Note that (H )®P a H is also unimodular. As above, x is central,
regular and grouplike in (H )? 1 H and, since (H )" >a H/(z) = (Ty(n, 1,¢)*)* b

Tf(n717q) :D(Tf(nvlvq))v l
Joron™

This, together with Remark 5.2.15, motivates part (3) of conjecture 5.2.9.

5.2.2 The two conjectures

In this subsection we shed some light into the connection between the two subjects
of this chapter, more specifically the proposed formula for the fourth power of the
antipode of an affine commutative-by-finite Hopf algebra in Conjecture 5.1.9 and the
unimodularity of a Hopf subalgebra of their Drinfeld double suggested in Conjecture
5.2.9. We also leave a few further questions for possible future work.

Let H be an affine commutative-by-finite Hopf algebra. Recall from Conjecture

5.1.9 that we propose the following formula for the fourth power of the antipode

SHh) = g7 "X (h)hax(hs)g,

where y is the distinguished grouplike of H°® and g is associated to the right action of
the tangential component W (H) on its left integrals.

Looking at the character x as an element of the Drinfeld double of H, which is
grouplike, the above formula can be seen in the double D(H) as conjugation by the
grouplike x g,

St =ad(x™'g).

Since y is grouplike in D(H) and (S*)"'(x™!) = x "' o S~ = y, it follows by Lemma
1.4.2(1) that

Xhx =) T ) S hee T = x = e T =) X () hax(ha),
hence

(x'9)'h(xg) =g xhx g =) g X (h)hax(hs)g = S*(R).
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We now consider the following formula on the fourth power of the antipode of the

double of a finite dimensional Hopf algebra.

Lemma 5.2.18. Let H be a finite dimensional Hopf algebra and consider its double
D(H) and the distinguished grouplikes x of H* and g of H. Then, the fourth power of
the antipode of D(H) is conjugation by x'g.

Proof. First, since H is finite dimensional, Radford’s formula (5.1) states S%(h) =
S g7 (hy)hax(hs)g, so in the double S% is conjugation by x g by the argument
above. Similarly, the same argument gives that S%. is conjugation by g~'y. However,
the double is built from (H*)°P, whose antipode is S5}, and so SELH*)CO,, =ad(xg).

Since Sp(s) is an algebra anti-homomorphism, S4D( H) is an algebra homomorphism.
Then, for any f € H* and h € H,

Soun (fFh) = Slaeyeon (F)SE(R) = (g7 X) F (X '9) (g~ )X 9) = (97 'X) fh(x'9),
as required. N

The next obvious question is whether the previous statement can be extended for

affine commutative-by-finite Hopf algebras.

Question 5.2.19. Let H be an affine commutative-by-finite Hopf algebra and consider
the distinguished grouplike x of H° and the grouplike g associated to the right action of
the tangential component W (H) on its left integrals as in Conjecture 5.1.9. Considering
the Hopf subalgebra W(H )P <1 H of the double of H, is the fourth power of its
antipode given by conjugation by y'g?

We can say a bit more here. If Conjecture 5.2.9 holds, then U := W (H)“P < H is
AS-Gorenstein. In particular, by Brown and Zhang’s formula [18, Corollary 4.6]

St =+ omomin,
where 7/ is some inner automorphism of U and « is the character for the right U-module
structure of f[l] But the same conjecture proposes that U is also unimodular, hence
a = €y. Therefore, the fourth power of the antipode of U is inner and Conjecture 5.1.9

proposes a grouplike element that realizes this inner automorphism.

Time has not allowed us to carry on the research of this chapter any further but we
still leave one other interesting question which also provides material for future work.
Recall the notion of a quasi-triangular Hopf algebra and its properties from the end of

section 1.4.

Question 5.2.20. Let H be an affine commutative-by-finite Hopf algebra. Is D(H) a
quasi-triangular Hopf algebra? What about the Hopf subalgebra W (H )P 1 H?
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Conclusion

In this thesis we provided a comprehensive study into the class of commutative-by-finite
Hopf algebras (chapters 2 and 3) and into the dual of these Hopf algebras (chapter 4),
as well as a few questions and conjectures for the future (chapter 5).

Throughout this work we managed to better understand this quite large class of
Hopf algebras, its homological properties, its nilradical, semiprimeness and primeness
and even its representation theory. Moreover, we shed some light onto the action of
the quotient Hopf algebra H on the spectrum of maximal ideals of the commutative
Hopf algebra A, and we described quite thoroughly the subclass of commutative-by-
(co)semisimple Hopf algebras.

Moreover, we studied intensively the dual of this class of Hopf algebras. We were

able to decompose it into the smash product
He = H #A°

under quite general hypotheses. We also studied the coalgebra structure of H° by
describing important Hopf subalgebras that it contains, namely the tangential com-
ponent W (H) and the connected component kG. This allowed us to decompose and
understand the duals of many Hopf algebras that had not been computed thus far,
among them being the duals of the quantized enveloping algebra U, (sl3) and quantized
coordinate rings O.(G) of connected semisimple Lie groups G at roots of unity e.

At last, our work on the duals of commutative-by-finite Hopf algebras allowed us to
tackle the important question of completely understanding the formula on the fourth
power of the antipode

S4:fyo7';o7')l<,1.

It also allowed us to start the research into the properties of the Drinfeld double of

these Hopf algebras, providing a lot of material for future work.
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Appendix A

Computations on duals and doubles

A.1 The quantized enveloping algebra U, (sl3(k))

Let € be a primitive [th root of unity, with [ odd. This quantum group is generated by
E;, F;, K; (for i = 1,2) with relations

€2EjKi7 if 1= j 672F}'Ki, if 1= ]
6_1EjKl‘, if 4 7é j GF}KZ, if ¢ 7é j
Ki — Kfl 2 -1 2 . 3
[Ei, F}] = 51'73‘—_1, Ez Ej - (6 +e€ )EzEjEz + EJEZ =0 (Z 7é j),

€ — €

FiF; — (e+ e )EEFF + FF =0 (i # ).
Moreover, K; is grouplike, E; is (1, K;)-primitive and Fj is (K; ', 1)-primitive [13, 1.6.2].
Introducing the nonsimple roots E3 = E1Fy — e 'Ey B and Fy = F1Fy — e 'Fy [,
the relations involving them are

KiFE3 = eE3K;, EiE3 = eE3Ey, EyE5 = ¢ 'E3Es,

F\Es = EsF) + ¢ 'K['Es, FyEs = EsFy — Ky E,
K Fy = ¢ 'K, F\F3 = eF3ky, FyFy = e 'F3Fy,

Eng :F3E1+F2K1, EQF:), :FgEQ —671F1K271,

1
EsFy = F3FEs + 1

— €2

(K1Ky — K UKS )
and their coproduct is
AE) =FB301+ K Ky ® Es+ (e — e NYKyE, @ By
AR =FRo K 'K, 1@ B+ (1 - DR e K
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It is known that H = U.(sl3) is a free module over the central Hopf subalgebra
A= KT K By By, By BBy, By

with basis {F3* Fy? F' K Ky EVER ES -0 < 1y, 85, < 1} [13, 111.6.2].

X coideal

Lemma A.1.1. There exists an A-module coideal X such that H =A@ X.
Proof. Let X be the A-module with basis given by the union of the following sets:
1. {ag:= K"K —1:0 < s; <l not both zero};

2. {ag = (FPFES™FT™ — uFOKPK? -1 <1y < 1,0 < 5 < 1}, where y =
677"3(7'371)/2(1 - 672)7137[;

3. {ay = K'K$ (B BENBER —¢BLY 01 <ty < 1,0 < 5 < 1}, where € =
€t3(t3—1)/2(6 _ 6—1)t3—l;

4. {ag = FPFy B E RO KRBT BEN SRS — j¢FLIKP K EL : 1 < sty < 1,0 <

5. {ow = FPFPF' K] K3 EPERES 0 0 < 1y,85,t; < I, not of the following types
(all T, t; :O)\/ (7"'1 =T9 Il—?“g,T';g > 1’ all t; = O)\/
(allry =0ty =tg=1—t3,t3 > 1) V(i =ro=1—r3,ty =ta =1 — 13,713,133 > 1)}

We want to prove X is a coideal. It is easy to see all generators belong to H™.
Since K7, K, are grouplike, clearly A(K'K3? —1) € X ® H+ H ® X but proving this
for the other elements of the basis is more intricate. So we begin by computing the

coproduct of a generic element o = F3* Fy* F]' K K3 BV ER B

o A(EM) =X (%) KFEN %@ EY fori=1,2.

;=0 \q;/ —

o ABS) =30 020 (32) Lo (B) ale—e )8 (Ko By @ En) " (K Ko ® By) (B3 ®

2\v

e =3 . KYKPEFES™" @ EFTVES.

o AF) =300 () JFP @ FTPKTY for i = 1,2,

pi=0

° A(ng) — er D3 (rg) 2(p3)€72(1_6—2)p3—u(1®F3)r3—p3(F3®K;1K;1)U(F2®

p3=0 u=0 \p3/ 2 \u

PR =Y PR @ E R,

p3,u
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Therefore, the coproduct of « is

§ u P3—U P2 IP1 [7S1 I 7S2 Il It —a1 192 rpt2—q2 pov 1793 1793~V t3—q3
r3—P3 [P3—U I —u [~ —P3 [r2—P2 [~ —P2 [T1—P1 [~ —P1 [ 781 [7S2 191 192 193 =Y w
_ u [ P3—u+p2 p1 fos1+q1+v rs2+q2+493 prti—aq1 pt2—q2 g3 —v itz —gs3
= Y . FyF FP K K Ehma pleme pavpt
® FTS —p3 FPS*UFTQ*I?Q F’rl —Pp1 KSI —u—p1 KSQ —p2—P3 qu Eq2+q37’uEU
3 1 2 1 1 2 1 2 3
_ E u P3—u+p2 P11 -S1+q1+v 1 -s2+q2+q3 ot —q1+g3—v—w pta—gq2—w otz —g3tw

® F37’3—P3+IF27“2—p2—$F1173—U—r+7‘1 —Pp1 Kfl—U—Pl K;z—m—p?, Ein E32+q3_vE§,

where the sum runs through 0 < p; <7r,,0<u <p3,0< ¢ <t,0<v<q3,0<w <
min(te — g2, q3 —v),0 < & < min(ry — p2, p3 — u). We now investigate the coproduct of

each «; separately.

Part 1: A(ay)
E u [P3—Uu+Dp2 P1 [751 JS2 r3—p3+ ppl—r3—p2—2 pp3—u—r+l-r3—p1 81 —u—p1 ~S2—P2—P3

—p[Fio KKy '+ 1@ Fi+ (1 — e ) Fy @ FK,'| (K] Ky @ K{VK3?),

where the first sum runs through 0 < py,po <1 —1r3,0 < u < p3g < 73,0 < <

min(l — r3 — pg, p3 — ).

e The subtraction of the term in the first sum with p; = ps =1l —7r3,u = p3 = r3 (so
2 = 0) and the first term of the second sum yields oy ® K; "™ K, € X @ H.

e Similarly, the subtraction of the term in the first sum with py = ps =p3=u =0

(so z = 0) and the second term of the second sum gives K7'K;* ® oy € H ® X.

e The term in the first sum with p; = 0,ps = [ —r3,p3 = r3,u = 0 (so x = 0)

cancels out with the third term of the second sum.
All other terms (in the first sum) are of type ay:

e The terms with p; # 0 or u # 0 are of the form FEFP "M | ®.. . ¢ X®H,

otherwise p; = ps =1 — r3 and u = p3 = r3 (already dealt with).

e And the terms with p; = u =0 are F{*™ ... ®... € X ® H, unless py +ps =0
in which case po = p3 = 0 (already dealt with) or py + p3 = [ in which case
po =1 — 13, p3 = 13 (already dealt with).

Part 2: A(ay) - very similar to part 1
Z o Kf1+lI1+vK§2+tI2+Q3 Eil—ta)—(h+Q3—v—wEél—ts)—Q2—wE§3—q3+w®Kf1KSQ Eih E§2+q3_vE§
—{(K' K @ K'K3?) [EY@ 1+ KK, ® By + (e — e ') K4yE] @ By
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where the first sum runs through 0 < ¢1,¢0 < 1 — 13,0 < v < @3 < 13,0 < w <

min(l — t3 — ¢2, g3 — v). We can simplify this into

ap ® KPVK3?2 + KM K2 @ g + (other terms).

e The first term comes from ¢ = ¢ = q3 = v = 0 in the first sum and first term
of the sum; the second from ¢; = ¢ = | — t3,q3 = v = t3 and second term of the
second sum; and the term with ¢y = v = w = 0,q, = [ — t3,q3 = t3 cancels out

with the third term of the second sum.

e Similarly to Part 1 all other terms are of type ay. If ¢4 # 0O or v # 0, ... ®
LLCEMEPTETUEY € H® X, otherwise ¢y = o = | — t3,q3 = v = t3 (which was
already dealt with). When ¢, =v =0, ...®... E£™ ¢ H® X, unless g2 +¢3 =0
(and s0 g2 = g3 = 0) or g2 +q3 = [ (hence ¢o = [ —t3,q3 = t3), both of which have
already been dealt with.

Part 3: A(as)
E o s p(l—t3)— —v—w +(I—t3)—q2—w otz —g:
. FgLng u+p2FiD1 Kls1+Q1+UK;2+q2+qu§ 3)—q1+q3—v wEé 3)—q2 wE? gs+w

® ng—p3+xF2(l—r3)—p2—J»‘Flps—u—w+(l—7’3)—p1 Kfl_u_pl K§2_p2_p3 Ei]l E§2+q3_vE§
—w(FLo KKy '+ 1@ Fl 4 (1 — e D' Flo FIK, YK Ky @ K KS?)

(Bio 1+ KIKy® Ey+ (e — ¢ V' KLE! @ EY),

where the first sum runs through 0 < p1,ps < 1 —1r3,0 < u < p3 < 1r3,0 < x <

min(l—r3—p2, p3—u),0 < q1,q2 < 1—t3,0 < v < g3 < t3,0 < w < min(l—t3—go, g3 —0).

This simplifies to

as ® Kl'S1—lK282—l + F;ngl—rgFll—rgKf1+lK282+l ® KflK;lOzz + fOélKiKé ® Kls1—lK§2—lEé

+éle— e NauK,@ K 'KP'EY 4+ ap @ FyP Fy P FU KPP Ky + KK EL @ Eay

+ KOMKe M @ a4+ (e — e VKT K E @ ay EL + p(1 — e ) Flay @ FIKS K2

+u(1— ) FPE MK @ FIKy as + 0 + (other terms)

e These explicit terms come from all possible combinations in the first sum between
conditions (py = py =1l —r3,ps =u=713),(p1 =p2 =p3 =u=0),(pp = u =
O,pp=l—rg,ps=r3)and (1 =@ =@ =v=0),(=@=1-13,3=v =
t3),(q1 = v = 0,90 = | — t3,q3 = t3) together with all 9 terms coming from the
second product; note that the last combination cancels out with the last term

from the product. More importantly, all these terms belong to X ® H + H ® X.
It remains to be shown that all other terms are alsoin X ® H + H ® X.
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o Ifu#0, wehave FUFP "2 FP | ®... € X®H, unless p; = [ —u,ps—u-+py =
| —u < p=py=1—73,p3 =u=rs,in which case ...®... E* E£T®™"EY must
bein H X, forv=q¢ =@+ —v=0%< ¢ = ¢ =g =v =0 (already dealt
with) and ¢ =l —v =g+ ¢ —v<S ¢ = q =1 —t3,q3 = v = t3 (dealt with).

e Ifu=0andp #0or0<py+ps; <lwehave FI* PP ®.. . cX®H.

elfpy=u=0andps+ps =04 pp = py = 0 then ... @ ... ENEPT"E}
must be in H ® X, by proceeding similarly to above. If instead p; = v = 0 and
po+p3s =14 py=1—r3ps=rythen again ... ® ... B BTV EY must be in
H®X.

Part 4: A(ay)
Z — t1— —v— to—qo— t3—
o F;F;S U+p2F1p1 Kf1+q1+vK§2+q2+q3E11 q1+q3—v wE22 q2 wE33 q3+w

® F?:‘a—p3+a:F2TQ—p2—:vF{03—u—m+r1 —P1 Kfl_u_pl K;Q—pz—p-s Eih E§2+q3_vE§,

where the sum runs through 0 < p; < 7,0 <u <p3,0< ¢ <t,0<v<qg3,0<w <
min(te — g2, q3 —v),0 < 2 < min(ry — pe, ps —u). We will focus on the case where some

r; # 0; the case where some t; 2 0 is similar.

e We start with the case where r3 = 0. The coproduct of these elements has
the form > ... FP?FP' ... @ Fy> PFP 0 If rg > 1, either py # ro (so the
summand belongs to H ® X)) or p; = r9 (and the summand is in X ® H); proceed

similar for r; # 0.

We now focus on the case where r3 > 1. Keep in mind that in a4 we do not have

7“1:7“2:l—’l“3.

e The terms with p3 = 0 are of the form F3?*FV" ... @ Fy*Fy> P2F" " ... and as
above it belongs to X ® H + H ® X.

o If p3s # 0, u # 0, we have Y FPPTP2 P | @ [ PeFe prampe—e pps—u=aim=pL
The first part of the summand is of type ay unless p; =1 —wu and ps = [ — p3, in

which case the second part is

r3—p3+a pr2—(—p3)—z pp3—x+ri—I
F3 F2 Fl “ ...

This is of type «; if and only if 1 = ro = 2] — r3 > [ (which is not allowed) and
it is of type aq if and only if r; = ro = 1 — r3 (also not allowed). Considering the

F3-degree is strictly less than [, it is of type a4 and belongs to X.
o If pi,ps #0,u=0, weget FI*"P2FP" ... c X®H.
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o If p3 # 0,u = 0,p; = 0, we have FP*™ | @ Fperopzrrerepp=etm o f
p3 < r3, the F3-degree in the second part is between 1 and [; it is of type «y if
and only if r; =1 — 713,79 = (I — 73) + (p3 + p2), hence ps + ps # 0,1 but in this
case the first part of the tensor F§**"* ... belongs to X.

o Ifps =13 #0,u=0,p =0, we have FI*™™ @ Fg[F,> P27 ps—otn

— For x > 0, the second part of the tensor cannot be of type «a; (because
ro —po — x + x < [), so it belongs to X.

— For . = 0, we get [,2773 ... @ F,2 " P2FT™ . If py < 1y, this belongs to
H ® X; and if py = 15 we get F3>™ .. ® F/*™™ ... and since both powers
are not allowed to be [, it belongs to X ® H + H ® X.

To sum up, we have an A-module coalgebra projection given by

IT: H := U(sl3) — A:=k[F, K EY
aK{ K52 = a, 0<s; <
aF Ry Flms Ko s = opaFl 1<y <l
oK' K BB B Bl o CaBL, 1<ty <l
aFPFErP KO KPECSENBES s péaFLEL, 1< sty <
elsewhere — 0,

for any a € A, where p = ¢ 33 D/2(1 — 2y~ and € = B3B1/2(¢ — ¢~ 1)taL,

The brackets of the Lie algebra

As we saw in subsection 4.4, the Lie algebra ) = Lie GG of the algebraic group associated
to A has dimension 8, with basis {ey, s, €3, f1, f2, f3, k1, k2}. These functionals of A
are defined as follows: for a generic element o = Ei' Bl Blsl prit prat prst K RCs2E of A,

we have

1, for o= E'KMKG? 1, fora= F'K"K?
ei(a) = ;o file) = ,

0, elsewhere 0, elsewhere

s;, for a = Kfllszl
l{?z<04) =

0, elsewhere

The Lie brackets of h can be computed as commutators in A°. Recall the coproducts
of the generators E!, F!, K! of A: K! is grouplike, E! is (1, K!)-primitive and F} is
(K, 1)-primitive for 4 = 1,2, and

AEY) =Ei®1+ KIKy® Ey + (e — ¢ ")V KLE, ® E}
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and
AF)=FeK'K'+1eF+(1-c)'FeFK,

We begin with [eq, e5]. Examining the definitions of eq, e; and the coproducts above

we easily see that

1, for a = FLELK RS
—1) [ st psal
ereg(a) = ¢ (e — e 1) for a = ELK K3

0, elsewhere

and
1, for a = E'ELKMIK!
eze1(a) = ;
0, elsewhere

hence [}, €3] = e1e5 — ege; = (€ — e 1)les. Similarly, we have

1, fora=E'ELKIMKS
erez(a) = = ezeq ()
0, elsewhere

and
1, for a = EYELK K
eses(a) = = ezea(@),
0, elsewhere
hence [e1, e3] = 0 = [ea, e3].

We now present the calculations for f;. We have

1, for a = FIFLKM K
fifola) =
0, elsewhere
and
1, for oo = FIFLKV 2!

fafila) =4 (1 —€e2)!, for a= FgKfllK?l ;

0, elsewhere

hence [f1, fo] = fifo — fofi = —(1 — e 2)! f5. Similarly, we have

1, for a = FIFLKM K
fifs(a) = = fsfi(a)
0, elsewhere
and
1, for o= FFIKM K
fafs(a) = = fsfo(a),
0, elsewhere

hence [f1, f3] = 0 = [f2, f5].
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Moreover, [ki, ks] = 0 because

| rsal
$189, for a = KV K3?

kﬁlkg(a) = = kgkl(a).
0, elsewhere

On a similar fashion, [e;, f;] = 0 for any 1 <4, j < 3 because

1, for o= EFIK{V K3

eifj(a) = = fiei(a).
0, elsewhere
Also, [e1, k1] = —eq, [e2, ko] = —eg and [eq, ka] = 0 = [eq, k1] because for any 1 < i,7 < 2
sj, for a = E'K K
eikj(o) = ;
0, elsewhere
while
Sj + (51',]', for a = EgKfllKSQI
kjei(a) = .
0, elsewhere
And [es, k1] = —e3 = [es, ko] because for 1 <7 < 2 we have
s;, for a = ELKSUKS?
0, elsewhere
and
si+1, fora=E KK
]{71'63(@) = .
0, elsewhere
In a complete similar fashion, we get [f1,k1] = —f1,[fo, k2] = —fo,[f1, k2] = 0 =

[f27k1]7 [f?)vkl] - _f3 = [f37k2]-

A.2 Prime regular affine Hopf algebras of GKdim 1

These are additional calculations for the proof of Corollary 4.4.6 and some examples
in § 5.2.

Group algebra of the dihedral group D

Recall the dihedral group D = (a,b : a®> = 1,aba = b~'), which is abelian-by-finite with
abelian group N = (b) of index 2.
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The dual

By Corollary 4.4.6(II), its dual is
(kD) = kCy @ (k[f] ® k(k™)),

where the generator of C5 is denoted by « and the functional indexed by A € k* is
denoted by z).

First, we explain the formulas of the functionals. The Hopf quotient 7 : H = kD —
H =~ kC,y = k(a) is given by m(a’t’) = a’. Moreover, kD" = (kC5)* is self-dual, and by
Example 1.3.3 its generator 3 is given by ((a’) = (—1)°. Thus, a := 7°(3) is given by
a(a't) = pr(a't’) = p(a’) = (—1)".

Furthermore, A = kN = k[b*'] and H = A®(a—1)A is a right A-module decompo-
sition in which X = (a —1)A is a coideal. Thus, the corresponding projection I : H —
A is given by II(a’’) = IV. Example 1.3.10 yields A° = k[b*']° = k[f'] ® k(k*), where
f'(t’) = j and the character corresponding to each A € k* is given by x»(0) = M.
Then, f := II°(f’) is given by f(a't’) = f'(b') = j, and for each \ € k* 2y := [I°(x,)
is given by z)(a'd?) = A (V) = M.

Second, we explain the coproduct structure of H°. First, for any i,m € {0,1},j,n €

Z we have a't/ - @b = ¢*tp(=D"i+t" Thus,
e (a®a)(atV®a™") = (—1)"" = a(a'tl - a™b");
e (f®a+1® )l ®a™") = j(—1)™ +n = f(a't - a™b");
e t(1®(1+a)+2n2®(1—-0a))(2a®2)(@V @a™™) = 3(1+(—1)™+A"2(1 -
(1) )NF = NI = oy (@'Y - g™,

Third, we explain the convolution product of the characters ¢y, of W(kD) =
kCoy ® k[f], where A € k. Recall that ¢\(f) = ¥a(f) = A and ¢y (a) = 1,95 (o) = —1.

L (0x0)(f) = oa(f)dula) + oa(1)9,u(f) = A+ p and (dady)(a) = da(a)du(a) = 1,
S0 ¢)\¢u = ¢A+u§

2. (0xu)(f) = oa()Yu(@) + oa(1)Yu(f) = =A+p and (orth) (@) = da(@)Pu(a) =
—1, so ¢>\1/J,u = w—A—&-u;

3. (agu)(f) = Ua(f)Pu(@) + Oa(1)@u(f) = A+ p and (Pady) (@) = Ya()u(a) =
—1, s0 7/)/\¢,u = ¢>\+u;

4. (D) (f) = Oa()vu(@) +a(D)Yu(f) = —A+p and (ay) (@) = Pa(a)u(a) =
L, S0 YAty = @ ryu-
The double

We present here the calculations on the algebra relations of the double of £D. Recall
from above that the functionals of (kD)® are given as follows: f(a't’) = j, each A € k*

corresponds to the functional zy(a’d’) = M, and the generator of Cy is a(a’d’) = (—1)".
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First note that, since kD is cocommutative, it is involutory, that is S? = id, and

the product in the double is determined by
gp=(g—=¢=g")g
for all g € D, p € H°. Thus,
e af = —fa, because (a — f — a)(a't’) = f(aa'Va) = f(a'b7) = —j = —f(a'VY).
® azy = z\-1a, since (a — z) ~— a)(a't’) = 2\(a’b77) = X7 = zy-1(a'V).
e aa = aa, since (a — a — a)(a't’) = a(a’db™7) = (—1)".

Moreover, we have
b, ifi=0

b labb =4 :
abit?, ifi=1

S0
o f(b7'a b)) =j+201,0b—=f—=bt=f+1—q.
o 2\ (b7ta't’b) = M 121 hence b — 2, — bt =1 (1 + X)) + (1 — A?)a) 2.
e a(b~la't’b) = (-1),s0b—~a+—b'=a.

Thus,

bf =(f+1—a)b, bzn=z(14+X)+(1-X)a)zb ba=ab.

N | —

Taft algebras

Recall from Example 1.1.4 the infinite dimensional Taft algebra
H =T(n,t,q) =k(g,z:g" =129 = qgz),

where g is grouplike and x is (1, g*)-primitive. Its corresponding normal commutative
Hopf subalgebra is A = k[2"], where d = (n,t),n’ = n/d, and the Hopf quotient is
H = T(n',t, ¢")#,kCy by Example 1.1.21.

The dual

By Corollary 4.4.6(I1I) its dual is
® A° = (T;(n', 1, ¢") ® kCa) @ (k[f] © k(k, +)),

where ' = t/d. Let us compute the definition of the functionals of H°.
Let G and X respectively denote the invertible and the nilpotent generators of

Ty(n',t',q%)* as in Example 1.3.4 and « the generator of (kCy)* as in Example 1.3.3.
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First, we extend these to functionals of H . By Example 1.1.21 as a vector space
H = Ti(n', ¥, q%) @ kCy, with isomorphism given by #'g/ — #'g%* @ §" where j =
dk + r for some 0 < r < d. Thus, by Examples 1.3.4 and 1.3.3 G, X, a extend to
functionals on H and (with a slight abuse of notation) these are given by X (z'g’) = §; 1,
G(Z'g) = 6;0(q) ™" % = 6,077 "%, where t'~! is the inverse of ¢ modulo n/, and
a(T'§7) = 6i0q"" = 8i0q"7, since ¢" is a primitive dth root of unity.

And now we extend them to functionals on H. Since the Hopf quotient = : H — H
is given by 2'¢g’ — Z'g’, (again with a slight abuse of notation) the extensions of the

functionals X, G and « are given by:
X(2'¢7) = 6ia, G(z'g?) = 5i,0q_t,71dk and a(z'¢’) = 5i,0q",j.

We now focus on the functionals coming from the dual of A. We know from Example
1.3.8 that A° = k[f] ® k(k,+). Moreover, as we saw in Example 1.1.21, H decomposes
into a crossed product A#,H, where the cleaving map « is a splitting coalgebra map
that satisfies Sy oy = 7 o Sz. Therefore, as in the proof of Theorem 4.1.5(2) H

decomposes into A @ X as right A-submodules where

X=9HNA= P 2'dAe P (¢ -1)A

1<i<n’ 1<j<n

0<j<n
is a coideal. Therefore, the corresponding right A-module projection Il : H — A is
given by

(z'g") = g a’.
Then, with a slight abuse of notation, f extends through II into the functional on
H given by f(2'¢’) = 6;,4q"7, and for each A € k the character y, extends to the
functional z, = II°(x,) given by 2)(2°¢?) = g7 N/™ .
We now explain the coproduct of the functionals of T'(n, t, q)°. First, for any i,1 > 0

and 0 < j,m < n, 2'g? - 2lg™ = ¢ o tgIt™. Let A\ be such that S M\ (¢"")F = ¢"
for any 0 <r < d.

e Since (a ® a)(xigj ® $lgm) = z‘,05l,0qnl(j+m) = a@igj : ngm)’ « is grouplike.
b [X ®1+ (Zk )\kak)Gt/ ® X](fvigj & ngm) = 52'715170 + q_j5z,o5l,1 = X(ffigj : ngm)'

We now focus on G. Let j = dk +r,m = dk' + 1" and j +m = dk" + 1" for some
0 <77 r" <d Weknow that G(z'¢g’ - 2'g™) = 5@05170(]’%1%”.

o (GG (zig! @alg™) = §i0010g " ***). This coincides with the above expres-

sion whenever r + ' < d.

e Let sl be scalars such that > pl(¢"")* = 6, for any 0 < r < d. Then, it is
casy to see that Zl-}-mzd[(zs :ulsas> & (Zt ,UJ?LOét)](G &® G) giVQS (5i705170q_t,71d(k+k/)
when r + 1" > d.
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Thus,

d—1

AG) = [1el+ @ =1 Y Y me) @ ua) | (GG
I,m=1 s t
I+m>d

As for f, we know that f(z'g’ -xlgm) = i+l,n’qn/(j+m)qiﬂ'

o (f®a+1® f)(z'g! @ alg™) = 01w d10q™ ™ + 0 001 g™ ™;
It remains to obtain the part of the coproduct responsible for i + [ = n’ with

1<i,l<n.

o (@®a) XI5 X [0, Mah) G © X ] (a'g @alg™) = ¢ q" ™6y iq7 60 =
Oisiq" UM g,

Therefore,
n'—1
A(f) = f Ra+1® f + (CY ® CY) (Z Xn/_SKZ )\kak>Gt/]s ® Xs) )
s=1 k
The double

We present here the computations that justify the following relations on the double of
H=T(n,t,q):

a central, gG = Gy, gX =qXg, gf = q",fg, gzx = 2\ g
G = ¢ Gz, xX =Xz + (Z )\kOék) GY — ¢,
k
rvf = fr+ Xy« [(Z )\kak> G" — C]_tgt] ;
k
Tz = 22 + AX 102y [(Z )\kak> GY — q_tgt] ,
k

where X,_1(2'¢?) = i1 (it is a scalar multiple of X™~!) and ) are such that
S A(@V ) =7 (for 0 <7 < d).

Recall from above that the functionals of H® are defined as follows: the generator
of Cy is the functional a(x'¢g’) = 5¢70q”/j , the generators of T} are the functionals
G(zig’) = ioq "% and X (a'¢?) = 0,4, f is given by f(z'¢’) = 8;,vq"7 and for each
A € k the corresponding functional is z)(z'g7) = 0,/;¢” A\, where #'~! is the inverse
of ' modulo n’ and j = dk +r with 0 < r < d.

We know that for every ¢ € H®

gp=(g—=p—=gly
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and since g ta'g’g = ¢'z'g’ we have
e g'a(zig’) = 0;0q"7, s0 ga = ag.
o ¢'G(2ig?) = 5i,0q*t'_1dk, so gG = Gg.
o ¢'X(z'g") = qd;1, s0 gX = qXg.
o ¢'f(a'¢’) = q"q" Giw, 50 gf = 4" fg.
o ¢'z\(2'¢?) = qi5n/‘iqij)\i/”' = 5n/|iqij()\q"/)i/"/, 80 g2\ = Zygn'g-

Moreover, for any ¢ € H° we have

zo=(x—=9)+ (g = px—(¢ =p—ag")g
o (z—a)(@'g)) =g a(z"™g)) = 6;410¢"77 = 0,50 2 = a = 0.
o (g8 = a)(z'¢?) = a(z'g’™?) = §i0¢" T = §:0¢" 7, 50 ¢t — a = a.

o (9 = a = ag)(a'y) = aleg'a'g/y") = ¢"ala"g’) = ¢"0ii100"7 = 0, s0
¢' = a+—xg " =0, thus

T = Q.

e Similarly, z = G =0and ¢ = G~ zg~* =0 and (¢* = G)(z'¢’) = G(2'¢g’*) =
5i70q—t’*1dk—t’*1dt’ _ 5i70q—t’*1dk—d — q_dG(xigj), hence

G = ¢ ‘Gu.
o ¢ VX (21t1gl) = q ;0,50 ¥ = X = (Y, Ma®)G?, where the scalars )y are such
that >, M(q"")F = ¢ (for 0 < r < d);
o X(2'¢'M)=6;1,80 9" = X =X.
o ("X (xgl) = ¢"0;iy11 = i, 50 g¢ = X — xg~" = 1. Then,

X = Xao+ (Z )G — gt
[

o ¢ f(atg) = S 1q" g 501 — f = Xy o>, \ea®)GY | where the scalars

A, are as above;
o f(@'gt) = 03wq™ Ut = 6;,0q" 50 g = f = f;

® thf(.’,UH_lgj) = qit(slgrl’n/qn/j = q—téi’nlilqn/j’ SO gt — f — I’g_t = q_tX 10,

hence

vf = fo+ Xy« [(Z PG — qtgt]
K
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d q_jZA(SUngj) = 5n’\z‘+1)\(i+1)/n/q(i+1)jq_j = 5n’|z‘+1)\(i+1)/n,qij7 therefore v — z) =

AX a3 Mead®)GY 2y,

o (2gt) = G AN/ g UTD = §,, A" ¢ (since i is a multiple of n'), so gt —

N = %)\

° qitz)\(xiJrlgj) — qitfsn’|i+1>\(H1)/n/q(i+1)j — q—tén/lHl)\(z‘+1)/n/q(i+1)j’ SO gt — oz =

rg7t = ¢ A X,y _1azy, thus

T2\ = Z\T —+ A X 1_10Z) (Z /\kOék)Gt, — q_tgt .
k

Generalized Liu algebras

Recall from §2.2.5 the generalized Liu algebra
H = B(n,w,q) = k{z™' ¢*' y : x central, yg = qgy, " = 2 = 1 —y"),

where z, g are grouplike and y is (1, g)-primitive. It is a free module over the central
Hopf subalgebra A = k[z*!], with basis {y'¢’ : 0 < 4,5 < n}, and the corresponding
Hopf quotient is H = T¢(n, 1,q).

The dual

As in Corollary 4.4.6(IV), the dual is
B(n,w,q)° = H #A° = Ty(n, 1, q)#(k[f] © k(K")).

We first compute the formulae for the functionals of B(n,w,q)°. Let G and Y
respectively denote the grouplike and skew-primitive generators of Ty(n,1,q)*. By
Example 1.3.4, these functionals embed into H® as follows: G(y'¢’z*) = &;0¢7 and
Y(yig'z®) = 6;4.

Furthermore, as in the proof of Corollary 4.4.6, H decomposes as a right A-module
into A ® X, where

X= vdae @ (¢ -1A

1<i<n 1<j<n
0<j<n

is a coideal of H. Therefore, the corresponding coalgebra projection II : H — A is
given by
M(y'g’z") = 6igz".
Since A° = k[f'] ® k(k*) by Example 1.3.10, the functional f = II°(f’) is given
by f(y'g’z*) = 0;0k and, for each A € k*, the functional z, = II°(x,) is given by
(Y gl ak) = 6; 0\,
Let us compute the coproduct of the generators of the dual. First, since H =

Ty(n,1,q) embeds into B(n,w,q)° as a Hopf subalgebra, G must be grouplike and Y
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must be (1, G)-primitive. We now consider f. For any 0 < 4,j,r,s < n,k,t € Z we

have

9i00r0(k + 1), ifi+r<nAj+s<n
r st

f g2y g'at) = 6000k +t+w), ifitr<nAj+s>n.

— W8 nq ", ifi+r>n

Let ul be scalars such that Y ulg™ = §;; for all j. Then,
o (fOl+1® )Yz @y g°a") = biooro(k +1);

® D imen (2, GO, 1l GO) (Y g T @Y g7 ") = 65.00r.0 2oy msn 0405m, hence
it gives 0,00, when j +s > n;

o S (YVaGl V) (yigiak @y gPat) = 30 Gin1q 00y = Giprng
Therefore,

n—1 n—1
Afy=fel+lef+w Y O mG)e Z,u’"GS —w) Y6 e
I,m=1 r =1
l+m>n

Let us now compute the coproduct of z,. For any 0 <+, 7,7, s <n,k,t € Z we have

¢

51’0(57«’0)\k+t, if ¢ +r<n /\j +s<n

i r s 1 (5i705r’0)\k+t+w, if 4 +r<n /\] +s>n
'y -y gat) = . . ‘ :

Sitrn@ N1 — AW, ifi+r>nAj+s<n

\(Sm,nq—?“j)\’f“w(l —AY), fi+r>nAj+s>n

e For the first case, (z) ® 2))(y'g’2" @ y"g°x') = 0; 00, 0 AT,

e For the second case, Y, - [(32, thG" )@ (3, ui'G*)|(2a@20) (v g’ ¥ @y  g*x') =
;00,0 AR T > limsn 05.10sm, hence it gives 0:00-0A* ™ when j + s > n;

Thus, the first two cases above are realized by

11+ (A Z ZMGT Z,umGs (zx ® 2)).

l+m>n 1
e For the third case, (31 Y, 1G' @ Y1) (22 ® 23) (¥ g7 2" @ 47 g°xt) = S prng I NFF,

o For the last case, (S5 Yo iGl@Yi) Ty onl(5, 1 GT)@ (5, iGN (218 22) =
Sitrinq TINRT > limsn 9510s.m, that is it gives 0iyrng™ "INt when j 4+ s > n.

Thus, the last two cases above are realized by

n—1
(1=\") (Z Y, G'® Y}) 1®1+ (A Z Z,u,,G’" ZumGs (22 ®2)).

=1 l+m>n r
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Therefore,

—

n—

=1

A(z) = (1 R1+(1=2)Y (V,_G'® Yl))

1@ 14 (A" Z O uaen e ZMmGS (2a ® 2),

Il,m=1 r
l+m>n

We now compute the action of A° on H . Recall from Remark 4.1.6(3) that f acts
on H as a derivation, while each z, acts by conjugation. First, for any 0 < i,5 < n,
k € Z we have

INESEDY (l> y gt @yl glat.
g-1

1=0
Thus,

o fG(yig'zk) = Z;:O (f)q_lf(yi*lg”jzk)G(ylgjxk) = 0,0¢ 7k and one similarly
obtains G f(y'¢’z*) = 6; 0¢ 7k, whence

fG =GY.

o [Y(ygiat) = Y, (), S TG (giak) = G f(g7T b)Y (ygiat) =
8in (k4 wdjp_1);

o And Y f(y'g/z*) = Y31 o (1) Y (v g a") f(y' g 2*) = Gisk.
Thus, §(Y) = fY — Y f is given by §(Y)(y'¢’z") = wé; 1601
Recalling that p~! are scalars that satisfy 3, ,u”_l " = §,,_1, then we have
that Y (32, u” Gy gat) = i (), Y () (S, i G (g ) =
031 (32, 177 1q7™) = 0ia b

Therefore,
S(Y) = fY —Yf =wY <ZM" 1Gr>

Moreover, for each A\ € k* we have
o 2G(ygiah) =3, (;)q_lZA(yi_lg“’jxk)G(ylgjxk) = 0,047 A\* and one similarly
obtains Gz, (y'¢’z*) = 8;0¢ 7 \*, whence 2)G = Gz).
o 2Y (Y ga") = Y () oy gAY (ygiak) = Siaa(g TR (ygak) =
Oig AFFwdin-1;
and, provided 7, are scalars such that Y. 7.7 = AWjn—1
o then [Y(32, ,G")a(y'e’2") = 3o (), [Y (2, GOy ' g Ha")aa(y' g o)

Y (Z, Gy g )N = Y (), Y (g ) (3, Gy gAY =
Gin (3, Mg )N = Gy AET o
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Thus,
2Y = Y(Z n.G")z).

The double

The following are the calculations on the product of the double of H = B(n,w, q):
x central, 9gG = Gy, gY =qYg, af =rfg, gZx = 29

yG =q"'Gy,  yY =Yy+ (G —qy),

(Z mGT) y+Yaalg—G)

yf =fyt+w

?

yzy = (Z anT> 2y + (1= AN)Y2(G —g),

where the scalars 1, and 7, are such that ) g = Ojm—1 and Y Nrq~"7 = A\Win-1,
and Y,_; is the functional given by Y, (y'¢’2*) = 6;_1.

Recall from above that the functionals are defined as follows: the generators of
Ti(n,1,q) are G(y'g’a*) = ¢ 96,0 and Y (y'g’z*) = &1, f(y'g?2") = d; 0k and for each
A € kX we have z,(y'g72%) = §; o \F.

Since x is central and grouplike in H, we have p(z 'hx) = ¢(h) for any h € H and
@ € H°, hence z¢p = (x — ¢ «— x7 ') = @ux for all o € H°, that is, x is central in
D(H).

For any ¢ € H®, gp = (g — ¢ ~— g~ 1)g. Since g~ 'y'g’2%g = ¢'y'g’ 2", we have

9G =Gg, gY =qYg, gf=/[fg, gzn=2ug

As for the relations involving y, we know that for any ¢ € H®

yo=y—=9)+g—=9y—(9—=v=9 Y9
We start with y — ¢ for any ¢ € H°. Since

y I g Iyitgiak, ifi<n-—1
y'gaty =qlytlgat =47 7 | - :
g (gak — giakte), ifi=n—1

then
o (y =G (W¢'z") =q7(¢77 — ¢ 9)0in1 =0, hence y — G = 0.
o (y —~Y)(yig'z*) = q 79,50y =Y =G.

e (y = fyig'z") = —wqI0ip_1, soy = f = —wY, G, where Y, _; is the

functional given by Y,,_; (y'¢’2*) = 6;,,_1 (which is just a scalar multiple of Y~ 1).
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o (y— 20 (W g?2") = (1 = X)X\ 98,1, 50 y — 2y = (1 — AV)Y,,_1G2y.
We now calculate g — ¢ for all ¢ € H°. We know

yigtiak, ifj<n—1
y'gatg =y'g "t = :
ylaktr,  ifj=n—1

hence
o (9= G)(y'g’a") = biog V™, 50 g =~ G=q'G.
o (g— Y)(yigjxk) =0;1,509 =Y =Y.

e (g — fly'g’a*) = iolk +wbj,_1),s0 g = f=f+w, uG"), where the
scalars pi, are such that Y. p,.q7"7 = 8,1

o (g = )W gar) = S NAWin-1 50 g — 2, = (>, m-G")zy where 7, are such
that >~ n.¢7"7 = AWt

And finally we compute g — ¢ «— g~ 'y for all o € H®. Since

i+1,i+1 5.k if 5 -1
il gty Tgiat,  ifi<n—1,
g yy'gatg = ¢yt gt =

ko ifj=p—1

gt —gu
we have
° (9 ~G—g'y(y'gs") =0in1(¢7 —q¢7)=0,509 =~ G—g'y=0.
o (=Y =g 'y (y'ga") = qdig, 50 g =Y g7y = qlyo.
o (g—f—g WWga") = —whiu_1,50 9= f—gly=—wY, .

o (g—2v =g )W gz") = (1=A)N6 1,509 = 20 — gy = (1-A")Y, 125

Ding-Liu-Wu’s examples

Recall this example from §2.2.5, whose normal commutative Hopf subalgebra is A =
k[z*1], and its dual

D(m,d,q)° = H #A° = (kCo#, Tr(m, 1, ¢*)#(k[f] ® k(k*))

from Corollary 4.4.6(V). We explain here the formulae of the functionals of H°.
Also recall that H can be decomposed as a right A-module into A @ X, where X is

the coideal

X-@yg%‘l@@g—lfl@@gu#l@@ (up— 1)A

1<i<m 1<j<m 0<j<m 0<j<m
0<j<m 1<k<m
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Thus, the corresponding coalgebra projection Il : H — A is defined by
(y'g’a") = 6; 07", (g upa’) = op o'

We know that A° = k[f] ® k(k*) by Example 1.3.10, and it embeds into H°
through I1°, hence f extends to a functional of H® defined by f(y‘¢g’z') = §;0l and
f(gPugz’) = Okl and for each A € k* the corresponding functional zy, = II°(x,) is
given by 2)(y'g’z') = §; 0\ and 2)(¢/uga’) = o\

Moreover, as in the proof of Corollary 4.4.6, H = (kCo)*#,.Ts(m, 1,¢%)*. Let
be the generator of (kC3)* and let G and Y respectively denote the invertible and the
nilpotent generators of T(m, 1,¢%)*. First, we extend these to functionals on H. By
Lemma 2.2.3 we have H = Tt(m,1,¢*)#,kCs. Thus, it follows from Example 1.3.3
that a extends to the functional given by a(7'g7up*) = §;0(—1)%, and by Example 1.3.4
G and Y extend to functionals defined by Y (7'g/up*) = ;1 and G(g'g7uo*) = 6,047

And now we extend them to functionals on H. The Hopf surjection 7 : H — H is
given by

m(y'gz") =7,  w(gua') = ary Ty g,
where oy, = Hle(l—y_l)_l. Therefore, o, G, Y extend to functionals in H° respectively
given by a(yig’z!) = 6;o and a(g/urr!) = =60, Gy ¢?2!) = ¢ %6, and G(gugat) =
q¢ 00 and Y(y'g'z!) = 6;1 and Y (gPupa') = (1 — 47 1) "1y 96 5.

A.3 Noetherian PI Hopf domains of GKdim 2

This section contains the additional calculations for Corollary 4.4.8.

Group algebra of the semidirect product Z x Z

Recall the semidirect product ZxZ = {a,b : aba~' = b~!'), which is an abelian-by-finite
group with normal abelian subgroup Z x 2Z = (a?,b) of index 2. Let H = k(Z x Z)
and A = k(Z x 2Z). By Corollary 4.4.8(I) the dual is

H°=H @ A° = kCy @ (k[f, f] ® k(kX)?).

We start by computing the formulae of the functionals of H°. Let a denote the
generator of (kCy)*. The Hopf quotient 7 : H — H = kC, is given by w(a't’) = a”
where r € {0,1} such that i = 2k +r, so by Example 1.3.3 « extends to the functional
of H® given by a(a't’) = (—-1)" = (—1)"

Moreover, H decomposes as a right A-module into A® (a — 1)A and (a — 1)A is a
coideal, so the corresponding projection is given by I1(a’t’) = a1/, where i = 2k + r
and r € {0,1}. Therefore, the functionals f, f' and x,, (for each (A, ) € (k*)?) in
A° 2 E[f, f'] @ k(k*)? extend to H as follows: TI°(f)(a’t’) = k,1I°(f")(a’¥’) = j and
for each (A, p) € (k*)? we have II°(xx ) (a'b?) = N\Fpd.
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We now explain the coalgebra structure of H°. First, note that a't’ - a™b" =
qitmp(-1

"t for any i, j,m,n € Z. Let q,¢,¢" be such that i = 2q +r,m = 2¢ + 1’
and i +m = 2¢" +r” with r,7',r” € {0,1}. Then,
o (a®a)(atV®@a™") = (=1)"" = a(a't/ - a™b");
o [fRI+1®f+1(1-a)®(1—a)l(a'¥®@a™b") = q+¢+1(1—(-1))(1—(-1)™) =
q// — f(azb] . ambn)7
o (f@a+l1® )@V @a™b")=j(-1)"+n= f(a't a™b");
e Il@(1+a)+ (B2 +1520) 21,2 ® (1 —a)] (22, @ 2y, N)(aibj ®amb”) =31+
(1) 4 (2 4 52 (1)) (1 (1)) Mo b = D0 =y

Lastly, we explain the convolution product of the characters ¢y ,, ¢y, of W(H) =
kCy & k[f, f'], where A, i € k. Recall that these are defined by ¢, ,(f) = ¥a . (f) =

Oru(f) = Uau(f') = pand @y (@) =1, Yy () = —1.
o Oaubve(f) = Oru(f)bue(L) + orpu(1)ue(f) + 10au(l — W) bre(l —a) = A+ v;
OapPre(f') = oo u(f)bue(a) + dr (1) ue(f') = +&;
Or (@) = orpu(@)de(a) =1, 50 Prudue = Prsvpre-
o Oxulue(f) = Oau(NUue(D) + Oau(D)ue(f) + 301 — )by e(1 — @) = A+ ;5
P (f) = orulF ) e(@) + Oru (Ve (f) = —p + &
Orpthve(a) = drp(@)hye(a) = =1, 50 O e = Yrpo,—pre.

o Unubue(f) = au(f)Bre(1) + ru(1)ue(f) + a1 — a)ppe(l — ) = A+ v;
Uau@ue(f') = hau(f)dve(@) + Oapu(Due(f) = p+ &
(
(
(
(

7

w)\,,u(ﬁué Oé) TP/\ u( )¢V5< ) = _17 S0 ¢A,u¢y,5 = 1/})\4-1/,#4-5'

o Unutbue(f) = Uau(Hue(D)+0au()tbne(f)+ jru(1—a)he(1—a) = A+v+1;
Urpue(f') = Uau(f)Ve(@) + nu(Dhoe(f) = —p + &
w)\,,uwuﬁ Oé) wk H( )¢V§( ) - 17 SO QZJA,qu,E = ¢A+V+1,—u+£’

Localized quantum plane A(l,n,q)

Recall from §2.2.6 the localized quantum plane

Al,n,q) = k{z™ y : zy = qya),

where x is grouplike and y is (1, 2")-primitive. Its corresponding normal commutative
Hopf subalgebra is A = k[(2!)*',4"] and the Hopf quotient is H = T;(I',n’, ¢~ #,kCy,
where d = (I,n),l' =1/d,n" = n/d. From Corollary 4.4.8(III) we have

IIZ

A(ln,q)° = H #A° = (Ty(I',n',¢~) @ kCo)# (K[, f'] @ k(k x k).
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We investigate the definition of these functionals.

As in the proof of Corollary 4.4.8, H decomposes as a right A-module into A @ X,

X = @ Yyl A® @(:ﬁj—l)A

1<i<l! 1<5<i
0<j<l

where

is a coideal. Thus, the associated A-module coalgebra projection Il : H — A is given
by

M(y'z7) = 5l/‘iH(yi$lk+r) = g " TI(a"y lky — 5l/|iq—ijyi$lk,
where 7 =k +r with 0 <r <.

Then, the functionals of A° embed into H° through Il and are defined as follows:
fis given by f(y'a’) = 6;pq7"7, f' by f'(y'a?) = ké; o and for each (A, u) € k x k* the
corresponding character 2, = I1°(xx,) is given by zy,(y'a?) = &g N/ ¥, where
j=1lk+rwith0<r<lI.

We now look at the formulae for the functionals coming from H . Let a be
the generator of (kCy)* and let X and Y respectively denote the invertible and the
nilpotent generators of Ty(I’,n’,q~%)*. First, the coalgebra decomposition of H into
Ty(U',n', %) @ kCy is given by 7'z + §(2%)™ @ z°, where j = dm + s with 0 < s < d.
Thus, the functionals of H are defined as follows: from Example 1.3.3 we have
(g3 = 8i0(q")* = 0;0q"7, since ¢ is a primitive dth root of unity; and by Example
1.3.4 X and Y are given by X(7°77) = 6,0(q )" '™ = §;0¢™" %™ and Y (§°77) = 61,
where n/~! is the inverse of n’ modulo ['.

Lastly, we extend these to functionals of H°. These embed into H° through the
Hopf surjection 7w : H — H, which is given by 7(y'a?) = §;-p7'z", where j = lk + r
with 0 < r < [. Therefore, o, X and Y extend to the functionals given by a(y'z?) =
0;00"" = 6i0q"7, X (y'a?) = 6i0q" ™ and Y (yia?) = 6;1.

The family B(n,po,...,ps, q)

Recall the Hopf algebra H = B(n, po, . . ., ps, q) from §2.2.6, whose normal commutative
Hopf subalgebra is A = k[yP1~Ps 2% = O(k x k*). The corresponding Hopf quotient
H is

Tt(p1,00,&1) @ ... @ Ty(ps, Pop1 - - - Ps—1,&s) @ kCryp,

as a coalgebra by Lemma 2.2.5. Also recall its dual from Corollary 4.4.8(IV) as being

B(n7p07 -y Ps Q)O = ﬁ*#AO'

We explain here the definition of the functionals of H°.
Recall from the proof of Corollary 4.4.8 that H decomposes as a right A-module
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into A @ X, where X is the coideal

X = @ Yyt ysl A @ (7 = 1)A.
0<i<pg 1<5<1
0<j<l
some i3 >1

Thus, the associated A-module coalgebra projection map IT : H — A = k[yP1-Ps aF!]

is
—(mit1+...+msis)g i1 7 lk
( sta) Opulir - - - Opslis¥1' - - - YT

—(miii+...4+msis)j ) ) D1...Ps \i1/P1+...+is /P Ik
o §p1|z1'-'5ps|zs(y °) P ()

H(y’f‘..yésxj) = gq
= q

?

where j =k +r with 0 <r < [.

Thus, the functionals in A° = k[f, f|® k(k x k*) extend through IT into functionals
of H® as follows: the functional fis f(yi' ... y=a?) = S 3_, 6iy o (izn8i 0)q P15, s
given by f/(yi' ... yl27) = k&, 0. .. 8,0, and for each (A, ;1) € k x k* the corresponding
functional is 2y, (yi' ... ylsa?) = N/PitFis/ps b where j = Ik +r with 0 < r < .

Let us investigate the formulae of the functionals arriving from H . Given the
decomposition of H into crossed products studied in Lemma 2.2.5 and the simple
formulae of the associated cleaving maps, we may write a generic element of H as
i a0, where 0 < g, 1 < pi forevery k= 1,...,sand 0 < ry <
n/po.

Let o denote the generator of (kC,/,,)"; it extends to the functional of H" given
by a(rZ™ .. g= T T0) = 040 .. 0, 0¢" P20, since ¢P'+P+ is a primitive (n/po)th
root of unity. Let Yj, X, respectively denote the nilpotent and the invertible gen-
erators of T¢(pk,po---Pr—1,&k)*. By Example 1.3.4, these extend to functionals in
H' given by Yi(qi" @™ ... g5 777) = 6, 1 (xdi0) and Xp(a 2™ .. g2 770) =
9ir0-- .51-5,05,;(7’0""”“’1)_171’“, where the inverse is taken modulo p,.

Before extending them to H°, we give the formulae of these functionals in terms
of an easier basis of H : a(fi™ ... 0.5%7) = 8i,0... 000" P, (™ ... G5 77) =
O 1 (T 0) g~ /PoIma(rittria) and Xy (™ ... g27) = 8;,0.- --513,051;(]30"'“_1)71%-

Here the integers r are obtained by the unique decomposition

. n n n
J=ro+ —Ts+ —pPsTs—1+ ...+ —DPs...PaT1,
bo Po Do

which can be obtained by successive integer divisions.

We now extend these functionals to H° through the Hopf quotient 7 : H — H,
which is given by 7(yi' ... y=27) = Si,cpy - Oiocp i - . YT, where j = lk +r
with 0 < r < . Since | = (n/po)p1...ps, the formulae of the extensions of these
functionals are as follows: « is given by a(y!' .. ylal) = b0 .. 00, 0qP P, Y by
Velyr - yba?) = 0 1 (i 0) g~ POttt and Xy by Xe(yy' ... yla?) =

-1
— — T . .
0i1.0 - - - 0i, 08}, (po---Pi-1) *, where the integers 7, are given as above.
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A.4 The coordinate ring of G = (k,+) x k*

Let k be a field of characteristic 0 and G = (k,+) x k* the affine algebraic group where
k* acts on (k, +) by multiplication. Consider its coordinate ring H = O(G) = klx, y*1].
As in Example 3.2.2, = is (1, y)-primitive and y is grouplike. This section contains the
calculations that support the formulas in Examples 1.3.11 and 5.2.4.

The dual

As in Example 1.3.11, its dual is
H*=U(g) * G,

where g is the 2-dimensional nonabelian solvable Lie algebra. More specifically, g has
basis {f, f’} and these functionals are defined by f(z'y’) = &;; and f'(z'y’) = &; 07,
and for each (o, ) € G the corresponding character is defined by x(a,5 = o'(.

The product in H® is then given by

FI=f=F  Xasf=BXasr  Xenf = Xws)
We justify these relations with the following calculations:
o (F1)'y) = 3y () @y ) faby)) = G

(F'N(ty?) =30, () @ Fy* ) faby?) = 650G + 1)
It is easy to see that the inverse of (o, ) in G is (—aB7 ', 371), hence X(a ﬁ) =

X(=aB=1,6-1)
o X/ (@y7) = 2k () X(an (@ F ") faky?) = 30, (1) o+ 6y, = il BT
® X X(—as1,6-1(@Y) = 2y ()X @) F (@ Y )X (Cas-1,8-1) (@) = 2, () (i—

mw**ﬁﬂ“@-ﬁ)%JZ(ZAQ(—@F))115—<ch;ﬂqﬁ>

ia'"13 = B4, 1, since the alternating sum in parenthesis is zero if i — 1 > 1.
o X/ (@) = 2 ()X (@ FyF) fahy?) = 32, () 8807 = o' 575

® Xp) ' X(—ag-18-0(@'¥) = 34 ()X@a) f (@ Y )X capr5-n (@) = 24 ()
kR~ = (30, (1) (—=1)F) a'j = 8;0j, since the alternating sum
in parenthesis vanishes if 7 > 1.

The double
We explain here the formulae in Example 5.2.4:
Jl'f = fl' + (1 - y)a l‘f, = (f/ + 1)33', TX(a,8) = X(a,ﬁ)(a(l - y) + ﬁl‘), Y central.
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First, it is very easy to see that, since y is grouplike and central in H, then it must
be central in the double: yp = (y — p — y Hy and (y — ¢ — y~)(h) = p(y~ hy) =
©(h) for every ¢ € H°,h € H. Thus, we need only justify the relations involving z.

Since x is (1, y)-primitive and H is commutative, for any ¢ € H° we have

zp=@—p)+y—pr—y—=e—y vy=@—=9)(1-y) +{y— o

o (z— f)(z'y)) = f(a™yl) = §;, hence x — f = 1;

(y = f)z'y?’) = f(z'y’) = &;1, hence y — f = f, which explains the first

relation;
o (x— f)a'y’) = f(ay) =0;

(y = f)(@'y) = f/(a'y) = Gi0(j + 1), hence y — f' = f'+ 1, which explains

the second relation;

d (l‘ - X(aﬂ))(xiyj> = X(a,8) (IiJrlyj) = O‘iJrlﬂj» hence v — X(e,8) = X (e,B)

(Y = X)) (@Y) = Xp @y ) = o' BI thus Yy — X(a,s) = BX(a,p), glViNgG
the third relation.

200



Bibliography

1]

2]

3]

E. Abe, Hopf Algebras, Cambridge Univ. Press (1977).

K. Ajitabh, S.P. Smith & J.J. Zhang, Auslander-Gorenstein Rings, Comm. Algebra
26 (1998), 2159-2180.

J. Allman’s Master thesis, Actions of finite dimensional, non-commutative, non-
cocommutative Hopf algebras on rings, Wake-Forest University (2009),
https://services.math.duke.edu/” jma/allman_ma.pdf.

N. Andruskiewitsch & G.A. Garcia, Quantum subgroups of a simple quantum group
at roots of one, Compos. Math. 145 (2009), 476-500.

N. Andruskiewitsch & W.F. Santos, The beginnings of the theory of Hopf algebras,
Acta Appl. Math. 108 (2009), 3-17.

H. Bass, Injective dimension in noetherian rings, Trans. Amer. Math. Soc. 102
(1962), 18-29.

J.-E. Bjork, The Auslander condition on noetherian rings, Séminaire d’Algebre
Paul Dubreil et Marie-Paul Malliavin, 39¢me Année (Paris, 1987/1988), Lecture
Notes in Mathematics 1404, Springer, Berlin (1989), 137-173.

R.J. Blattner, M. Cohen & S. Montgomery, Crossed products and inner actions of
Hopf algebras, Trans. Amer. Math. Soc. 298 (1986), 671-711.

M. Brion, Some structure theorems for algebraic groups, Proc. Sympos. Pure Math.
94, Amer. Math. Soc., Providence, RI (2017).

K.A. Brown, Representation theory of noetherian Hopf algebras satisfying a poly-
nomial identity, Trends in the representation theory of finite-dimensional algebras,
Contemp. Math. 229, Amer. Math. Soc., Providence, RI (1998), 49-79.

K.A. Brown & M. Couto, Affine commutative-by-finite Hopf algebras,
arXiv:1907.10527 (2019).

K.A. Brown & K.R. Goodearl, Homological aspects of noetherian PI Hopf algebras
and irreducible modules of maximal dimension, J. Algebra 198 (1997), 240-265.

201



[13]

[14]

[16]

[17]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

K.A. Brown & K.R. Goodearl, Lectures on Algebraic Quantum Groups, Advanced
Courses in Mathematics - CRM Barcelona, Birkhduser Basel (2002).

K.A. Brown, I. Gordon & J.T. Stafford, O.[G] is a free module over O[G],
arXiv:math/0007179 (2000).

K.A. Brown & C.R. Hajarnavis, Homologically homogeneous rings, Trans. Amer.
Math. Soc. 281 (1984), 197-208.

K.A. Brown & C.R. Hajarnavis, Injectively homogeneous rings, J. Pure Appl.
Algebra 51 (1988), 65-77.

K.A. Brown & M.J. Macleod, The Cohen Macaulay property for noncommutative
rings, Algebra Rep. Theory 20 (2017), 1433-1465.

K.A. Brown & J.J. Zhang, Dualising complexes and twisted Hochschild
(co)homology for noetherian Hopf algebras, J. Algebra 320 (2008), 1814-1850.

K.A. Brown & J.J. Zhang, Prime regular Hopf algebras of GK-dimension one,
Proc. Lond. Math. Soc. 101 (2010), 260-302.

H. Cartan & S. Eilenberg, Homological Algebra, Princeton Univ. Press (1956).

V. Chari & A. Pressley, A Guide to Quantum Groups, Cambridge Univ. Press
(1994).

H. Chen, Irreducible Representations of a Class of Quantum Doubles, J. Algebra
225 (2000), 391-4009.

H. Chen, The Green Ring of Drinfeld Double D(H,), Algebra Rep. Theory 17
(2014), 1457-1483.

W. Chin, Spectra of smash products, Israel J. Math. 72 (1990), 84-98.

C. De Concini & V. Lyubashenko, Quantum function algebra at roots of 1, Adv.
Math. 108 (1994), 205-262.

C. De Concini & C. Procesi, Quantum Groups, in D-modules, Representation
Theory, and Quantum Groups, Lecture Notes in Mathematics 1565, Springer-
Verlag, Berlin (1993), 31-140.

N. Ding, G. Liu & J. Wu, Classification of affine prime regular Hopf algebras of
GK-dimension one, Adv. Math. 296 (2016), 1-54.

Y. Doi & M. Takeuchi, Cleft comodule algebras for a bialgebra, Comm. Algebra 14
(1986), 801-817.

Y. Doi & M. Takeuchi, Quaternion algebras and Hopf crossed products, Comm.
Algebra 23 (1995), 3291-3325.

202



[30] V.G. Drinfeld, Quantum Groups, Proc. Int. Cong. Math., Berkeley 1 (1986), 789-

[38]

[39]

[40]

[41]

[42]

[43]

[44]

820.

D. Eisenbud, Commutative Algebra: with a View Toward Algebraic Geometry,
Graduate Texts in Mathematics 150 (2004).

E.K. Ekstrom, The Auslander condition on graded and filtered noetherian rings,
Séminaire d’Algebre Paul Dubreil et Marie-Paul Malliavin, 39¢me Année (Paris,
1987/1988), Lecture Notes in Mathematics 1404, Springer, Berlin (1989), 220-245.

P. Etingof & C. Walton, Semisimple Hopf actions on commutative domains, Adv.
Math. 251 (2014), 47-61.

E. Formanek & A. Jategaonkar, Subrings of noetherian rings, Proc. Amer. Math.
Soc. 46 (1974), 181-186.

S. Gelaki & E.S. Letzter, An affine PI Hopf algebra not finite over a normal
commutative Hopf subalgebra, Proc. Amer. Math. Soc. 131 (2003), 2673-2679.

P. Gilmartin’s PhD thesis, Connected Hopf algebras of finite Gelfand-Kirillov di-
mension, University of Glasgow (2016), http://theses.gla.ac.uk/7780/.

K.R. Goodearl & R.B. Warfield Jr., An Introduction to Noncommutative Noethe-
rian Rings, London Mathematical Society, Student Texts 61 (2004).

K.R. Goodearl & J.J. Zhang, Noetherian Hopf algebra domains of Gelfand-Kirillov
dimension two, J. Algebra 324 (2010), 3131-3168.

G. Hochschild, Algebraic Lie algebras and representative functions, Illinois J. Math
3 (1959), 499-523.

G. Hochschild, Algebraic Lie algebras and representative functions. Supplement,
[linois J. Math 4 (1960), 609-618.

G. Hochschild, Algebraic groups and Hopf algebras, Illinois J. Math 14 (1970),
52-65.

L. Huishi & F. van Oystaeyen, Zariskian Filtrations, Kluwer Academic Publishers
(1996).

J.E. Humphreys, Linear Algebraic Groups, Springer-Verlag (1975).

A. Jahn’s PhD thesis, The finite dual of crossed products, University of Glasgow
(2015), http://theses.gla.ac.uk/6158/.

J.C. Jantzen, Representations of Lie algebras in prime characteristicc NATO Adv.
Sci. Inst. Ser. C Math. Phys. Sci. 514, Representation theories and algebraic ge-
ometry (Montreal, PQ, 1997), Kluwer Acad. Publ., Dordrecht (1998), 185-235.

203



[46]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

N. Jacobson, A note on Lie algebras of characteristic p, Amer. J. Math. 74 (1952),
357-359.

I. Kaplansky, Commutative Rings (Revised Edition), Univ. of Chicago Press
(1974).

U. Krahmer, On the Hochschild (co)homology of quantum homogeneous spaces,
Israel J. Math. 189 (2012), 237-266.

G. Krause & T.H. Lenagan, Growth of Algebras and Gelfand-Kirillov Dimension
(Revised Edition), Graduate Studies in Mathematics 22, Amer. Math. Soc., Prov-
idence, RI, (2000).

T.Y. Lam, A First Course in Noncommutative Rings, Springer-Verlag (1991).

T.Y. Lam, Lectures on Modules and Rings, Graduate Texts in Mathematics 189,
Springer (1999).

R.G. Larson & D.E. Radford, Finite-dimensional cosemisimple Hopf algebras in
characteristic 0 are semisimple, J. Algebra 117 (1988), 267-289.

R.G. Larson & D.E. Radford, Semisimple cosemisimple Hopf algebras, Amer. J.
Math. 110 (1988), 187-195.

V. Linchenko, Nilpotent subsets of Hopf module algebras, in “Groups, Rings, Lie
and Hopf Algebras” (St. John’s; NF, 2001), Math. Appl. 555, Kluwer Acad. Publ.,
Dordrecht (2003), 121-127.

G. Liu, A classification result on prime Hopf algebras of GK-dimension one,
arXiv:1804.08973 (2018).

M.E. Lorenz & M. Lorenz, On crossed products of Hopf algebras, Proc. Amer.
Math. Soc. 123 (1995), 33-38.

J. Lii, S.-Q. Oh, X. Wang & X. Yu, A note on the bijectivity of the antipode of a
Hopf algebra and its applications, Proc. Amer. Math. Soc. 146 (2018), 4619-4631.

D.-M. Lu, Q.-S. Wu & J.J. Zhang, Homological integral of Hopf algebras, Trans.
Amer. Math. Soc. 359 (2007), 4945-4975.

S. Majid, Physics for algebraists: non-commutative and non-cocommutative Hopf
algebras by a bicrossproduct construction, J. Algebra 130 (1990), 17-64.

A. Masuoka, On Hopf algebras with cocommutative coradical, J. Algebra 144
(1991), 451-466.

A. Masuoka, Freeness of Hopf algebras over coideal subalgebras, Comm. Algebra
20 (1992), 1353-1373.

204



[62]

[63]

[65]

[66]

[67]

A. Masuoka, Quotient theory of Hopf algebras, Advances in Hopf algebras, Lecture
Notes in Pure and Applied Mathematics 158, Dekker, New York (1994).

A. Masuoka & D. Wigner, Fuaithful flatness of Hopf algebras, J. Algebra 170 (1994),
156-164.

J.C. McConnell & J.C. Robson, Noncommutative Noetherian Rings, Graduate
Studies in Mathematics 30, Amer. Math. Soc., Providence, RI (1987).

J.C. McConnell & J.T. Stafford, Gelfand-Kirillov dimension and associated graded
modules, J. Algebra 125 (1989), 197-214.

R.K. Molnar, A commutative noetherian Hopf algebra over a field is finitely gen-
erated, Proc. Amer. Math. Soc. 51 (1975), 501-502.

S. Montgomery, Hopf Algebras and Their Actions on Rings, Conference Board
of the Mathematical Sciences, American Mathematical Society, Providence, RI

(1993).

S. Montgomery & H.-J. Schneider, Prime ideals in Hopf Galois extensions, Israel
J. Math. 112 (1999), 187-235.

E.F. Miiller & H.-J. Schneider, Quantum homogeneous spaces with faithfully flat
module structures, Israel J. Math. 111 (1999), 157-190.

D.S. Passman, The Algebraic Structure of Group Rings, Pure and Applied Math-
ematics, John Wiley & Sons, Inc (1977).

D.S. Passman, Infinite Crossed Products, Pure and Applied Mathematics 135,
Academic Press (1989).

D.E. Radford, Operators on Hopf algebras, Amer. J. Math. 99 (1977), 139-158.

D.E. Radford, Pointed Hopf algebras are free over Hopf subalgebras, Journal of
Algebra 45 (1977), 266-273.

D.E. Radford, Freeness (projectivity) criteria for Hopf algebras over Hopf subal-
gebras, J. Pure Appl. Algebra 11 (1977), 15-28.

D.E. Radford, On an analog of Lagrange’s theorem for commutative Hopf algebras,
Proc. Amer. Math. Soc. 79 (1980), 164-166.

D.E. Radford, Hopf Algebras, Series on Knots and Everything 49, World Scientific
(2012).

J. Rotman, An Introduction to Homological Algebra, Academic Press (1979).

L.H. Rowen, Graduate Algebra: Commutative View, Graduate Studies in Mathe-
matics 73 (2006).

205



[79]

[80]

[81]

[82]

[37]

[38]

[91]

[92]

[93]

J.J. Sarraille, Module finiteness of low-dimensional PI rings, Pacific J. Math. 102
(1982), 189-208.

P. Schauenburg, A generalization of Hopf crossed products, Comm. Algebra 27
(1999), 4779-4801.

M. Scheunert, The Theory of Lie Superalgebras, Lect. Notes Math. 716, Springer-
Verlag, New York (1979).

H.-J. Schneider, Normal basis and transitivity of crossed products for Hopf algebras,
J. Algebra 152 (1992), 289-312.

H.-J. Schneider, Some remarks on exact sequences of quantum groups, Comm.

Algebra 21 (1993), 3337-3357.
S. Skryabin, Invariants of finite Hopf algebras, Adv. Math. 183 (2004), 209-239.

S. Skryabin, New results on the bijectivity of antipode of a Hopf algebra, J. Algebra
306 (2006), 622-633.

S. Skryabin, Projectivity and freeness over comodule algebras, Trans. Amer. Math.

Soc. 359 (2007), 2597-2623.

S. Skryabin, Hopf algebra orbits on the prime spectrum of a module algebra, Alge-
bra Rep. Theory 13 (2010), 1-31.

S. Skryabin, Finiteness of the number of coideal subalgebras, Proc. Amer. Math.
Soc. 145 (2017), 2859-2869.

S. Skryabin & F. van Oystaeyen, The Goldie theorem for H-semiprime algebras,
J. Algebra 305 (2006), 292-320.

L.W. Small, J.T. Stafford & R.B. Warfield Jr., Affine algebras of Gel’fand-Kirillov
dimension one are PI, Math. Proc. Cambridge Philos. Soc. 97 (1985), 407-414.

J.T. Stafford & J.J. Zhang, Homological properties of (graded) noetherian PI rings,
J. Algebra 168 (1994), 988-1026.

B. Steinberg, Representation Theory of Finite Monoids, Springer (2016).

B. Stenstrom, Rings of Quotients, Graduate Texts in Mathematics 217, Springer-
Verlag, New York-Berlin (1975).

M.E. Sweedler, Hopf algebras, Benjamin, New York (1969).

E.J. Taft, The order of the antipode of finite-dimensional Hopf algebra, Proc. Nat.
Acad. Sci. USA 68 (1971), 2631-2633.

206



[96] M. Takeuchi, Free Hopf algebras generated by coalgebras, J. Math. Soc. Japan 23
(1971), 561-582.

[97] M. Takeuchi, A correspondence between Hopf ideals and sub-Hopf algebras, Man.
Math. 7 (1972), 251-270.

98] D.-G. Wang, J.J. Zhang & G. Zhuang, Hopf algebras of GK-dimension two with
vanishing Ext-group, J. Algebra 388 (2013), 219-247.

[99] W.C. Waterhouse, Introduction to Affine Group Schemes, Graduate Texts in
Mathematics 66, Springer-Verlag, New York-Berlin (1979).

[100] C.A. Weibel, An Introduction to Homological Algebra, Cambridge Univ. Press
(1994).

[101] J.A. Wood, Duality for modules over finite rings and applications to coding theory,
Amer. J. Math. 121 (1999), 555-575.

[102] Q.-S. Wu & J.J. Zhang, Noetherian PI Hopf algebras are Gorenstein, Trans.
Amer. Math. Soc. 355 (2003), 1043-1066.

207



	thesis_coversheet
	2019CoutoPhD

