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Abstract

This thesis discusses subgroups of mapping class groups of particular surfaces. First,
we study the Torelli group, that is, the subgroup of the mapping class group that acts
trivially on the first homology. We investigate generators of the Torelli group, and we
give an algorithm that factorizes elements of the Torelli group into products of particular

generators.

Furthermore, we investigate normal closures of powers of standard generators of the
mapping class group of a punctured sphere. By using the Jones representation, we prove
that in most cases these normal closures have infinite index in the mapping class group.
We prove a similar result for the hyperelliptic mapping class group, that is, the group
that consists of mapping classes that commute with a fixed hyperelliptic involution. As
a corollary, we recover an older theorem of Coxeter (with 2 exceptional cases), which
states that the normal closure of the m!” power of standard generators of the braid group

has infinite index in the braid group.

Finally, we study finite index subgroups of braid groups, namely, congruence sub-
groups of braid groups. We discuss presentations of these groups and we provide a

topological interpretation of their generating sets.
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Chapter 1

Introduction

Let Efm be a surface of genus g with n marked points and b boundary components. In

this thesis we are interested in the cases ¢ > 0,n > 0 and b = 0,1,2. The mapping

b

g.n» denoted by Mod(ng), consists of those isotopy classes of homeo-

class group of ¥
morphisms that preserve both the orientation of ngn and the set of marked points, and
fix the boundary pointwise. If n = 0 we will write Eg, if b = 0 we will write X, and if

b=n =0, we will simply write X,.

In the first part of this thesis we study the Torelli group I(Eg), that is, the sub-
group of Mod(Eg) that acts trivially on the homology group Hl(Eg, Z) when b = 0, 1.
Particularly, we will focus on the generators of 7 (22). In the second part we will study
the structure of the groups Mod(E(lm), and Mod(Xg,) via their linear representations.
It is important to mention that Mod(Z‘(lm) is isomorphic to the braid group B,, while
Mod(Xo,5) is a quotient of B,,.

Part 1

Let T, denote a Dehn twist about a curve c. We give the definition of a Dehn twist
in Chapter 3. If ¢ is a nonseparating simple closed curve, then we can choose a finite
number of T (one for each ¢) to generate Mod(ZZ) for b = 0,1 [30, 42]. The group
Mod(Eg) acts on the surface Zg, and hence, on Hl(Eg,Z).The latter action gives the
following representation:

Mod (X)) — Aut(Hy (0, Z)).

If b = 0,1, the action of Mod(Zg) on Hl(Zg, Z) preserves a symplectic form. Thus, the

above representation is symplectic and is given by
® : Mod(X0) — Spyy(Z).

1
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If g=1 and b = 0, then ® is an isomorphism [20, Theorem 2.5]. Otherwise, the repre-
sentation @ is not faithful. We define ker(®) =7 (EZ) and we call it the Torelli group.

The work of Powell and Birman shows that the Torelli group is infinitely generated
by two conjugacy classes of elements. Particularly, 7 (Eg) is generated by Dehn twists
about separating curves, and bounding pair maps, that is, elements of the form T.T CTI
such that the curves ¢, ¢ are homologous, meaning that they represent the same element
in Hl(Eg, Z) [51, Theorem 2]. The latter result was improved by Johnson, who proved
that bounding pair maps suffice to generate the Torelli group I(ZZ) when g > 3 [33,
Theorem 2]. Later, Johnson proved that for g > 3 and b = 0, 1 the Torelli group I(Eg) is
finitely generated by providing a large set S of bounding pair maps [35, Main theorem].
The cardinality of .S grows exponentially with respect to the genus g of the surface Zg.
Since Johnson proved that the rank of Hy(Z (Eg), Z,/2) grows cubically with respect to g
[34, Theorem 4], he conjectured that there should be a smaller generating set for I(Eg)
which grows cubically with respect to g. In the same paper Johnson proved that Z(33)
is generated by 35 elements, while I(Eé) is generated by 42 elements, and these are the

minimum number of such elements.

Recently Putman proved the Johnson’s conjecture by proving that Z(¥,) is gener-
ated by 57 (g) elements [54, Theorem A], and later Church-Putman improved the latter
result by proving that Z(X,) is generated by 42 (g) elements [14, Theorem H]. Particu-

larly, they considered the set G = |J Z(3,4) NZ(S;), where S; are surfaces of genus
102 (2)
3 with 1 boundary component embedded in ;. Then they proved that every element

of 7(X,) admits a factorization of elements of G.

Church-Putman’s proofs do not include examples of elements of Z(X,) as a product
of elements of G. The goal of Part 1 of the thesis is to provide such examples. More
precisely, In Section 3.3.3 we give an algorithm for factoring certain elements of Z(3,)
into G. In Section 3.3.4 we use this algorithm to give a constructive proof of Church-

Putman’s theorem:

Theorem A The groups Z(S,) and Z(X}) are generated by 42(4) elements.

Theorem A is restated as Theorem 3.6 in this thesis. The proof of Theorem A enables

us to seek a better result for Z(3,). More particularly, we can construct relations between
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generators of 7 (Z;) to minimize the generating set of Z(X,) further.
Part 2

In Part 2 we study the structure of the mapping class groups Mod(E(l)’n) and Mod(Xo.,,),
where X, is the n'" punctured disc, ¥, is the n'* punctured sphere, and the hyper-

elliptic mapping class group SMod(ZS) for b=10,1,2.

Motivation. The group Mod(Z(lm) is isomorphic to the braid group B,, on n strands.
A result by Artin states that B, is generated by half-twists, that is, homeomorphisms
that interchange two marked points [11, Sections 1.2, 1.3]. The braid group B,, surjects
onto S, and the kernel is called the pure braid group PB,. The pure braid group is
generated by squares of half-twists. Thus, the quotient of B,, by the normal closure of a
square of a half twist is isomorphic to the symmetric group S,. Motivated by the latter
fact, Birman asked whether the normal closure of T2 in Mod(X,) has infinite index if
g > 3 [9, Question 28]. It is well known that the normal closure of T2 has finite index

in Mod(X,) when g =1 or 2.

Humphries answered Birman’s question by proving that, in fact, the normal closure
of T? has finite index in Mod(Z,) for every g [30, Theorem 1]. Let SMod(X,) denote
the hyperelliptic mapping class group, that is, those elements of Mod(X,) that commute
with a fixed hyperelliptic involution (an element of order 2 of Mod(3,) that acts as —Id
on Hi(X4,Z)). In the same paper Humphries used the fact that Mod(X2) = SMod(%3)
to show that if m > 4, then the normal closure of 7" has infinite index in Mod(X2) [30,
Theorem 4]. In fact, Humphries used the Jones representation for Mod(2¢24+2) and
proved that the quotient of Mod(Xo) by the normal closure of the m*" power of a half

twist is an infinite group. His result follows by the surjective homomorphism
SMOd(Eg) — MOd(20729+2),

defined by the double cover ¥j — ¥ 2412. In Theorem 6.5 in Chapter 6, we extend

Humphries’ result as follows:

Theorem B The normal closure of the m'™ power of a half-twist has infinite index in

Mod(Xo,,) if n > 6 is even and m > 5.

In fact, in the same chapter we extend this result further, namely, by proving Theo-

rem 6.7, which is stated as Theorem C below.
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Theorem C The quotient Mod(Xy ) by the closure of the mt power of a half-twist
contains a free group of rank 2, if n > 6 is even, and m ¢ {2,4,6,10} if m is even, and

m ¢ {1,3} if m is odd.

Theorem C gives a stronger result than Theorem B for some m. Nevertheless, the
methods we use to prove them are different. The proof of Theorem B uses an explicit
matrix calculation of the Jones representation in Chapters 5 and 6. In fact we give a
new approach to the Jones representation by using a different definition of the Hecke
algebras and we use the notion of W-graphs introduced by Kazhdan-Lusztig. In the
proof of Theorem C we show how to modify the Burau representation, so that its image

is contained in the Jones representation.

Construction of the Jones representation. Let H(q,2g + 2) be a Hecke algebra
with a complex parameter ¢, that is, the quotient of the group algebra Z[qil]Bn by the
relation 02 — 1 — (¢ — ¢~ 1)o;. There is a representation Bayio — H(g,2g + 2) from
the braid group into the group of units of H(q,2g + 2). We can think of H(q,2g + 2)
as a quotient of the group algebra of Bygio over Z[qT']. Thus, any representation of
H(q,2g + 2) will give a representation for Bygio. We can think of Mod(Xg24+42) as a
quotient group of the braid group Byg42. Jones observed that in some cases we can
modify the representations of H(q,2g + 2) so that we can define representations for

Mod(X0,24+2) [38, Section 10].

Assume that ¢ is not a root of unity. The set of irreducible representations of the
Hecke algebra H(q,2g+2) is in bijective correspondence with the set of Young diagrams
of size 2g + 2. When the Young diagram has the shape of a rectangle, we show that
under a modification, the corresponding irreducible representation of H(q,2g + 2) gives
a representation of Mod(Xg2442). We also explain a method for explicitly computing
matrices of the irreducible representations of H(q,2g + 2) in this case by using the
notion of W-graphs (see Chapter 5). If g = 2, we explicitly calculate the matrices of the
representation of Mod(Xg 2442). Our calculations are equivalent to those of Jones, but
we make different choices of parameters and hence, the resulting matrices are slightly
different. When g > 3, the calculations are much more complicated and we will not
compute the full matrices explicitly. However, we will show that the matrices have

a particular block form for g > 3 that is sufficient for the required calculations (see
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Theorem 5.6).

Results for braid groups. As mentioned earlier, the braid group B, is isomorphic to
Mod(X§,,). A similar result as in Theorem B holds for the braid group B,,. Coxeter used
hyperbolic geometry to prove that the normal closure of the m! power of a half-twist
has finite index in B,, if and only if (n — 2)(m — 2) < 4 [16, Section 10]. As a corollary

of Theorem B, we recover Coxeter’s theorem when n > 4 and m > 5.

Theorem D  The normal closure of the m*™ power of a half-twist has infinite index in

the braid group By, if n >4, and m > 5.

Theorem D is Corollary 6.8 in this thesis. Also, the proof of Theorem D is indepen-

dent from Coxeter’s proof.

By Theorem D we have that the normal closure of the m! power of a half twist in
the braid group B, has infinite index when n > 4 and m > 5. By considering subgroups
of B, generated by the normal closure of more braids, we can obtain finite index sub-
groups. In this thesis, specifically, in Chapter 8, we are interested in a particular class

of finite index subgroups, namely congruence subgroups of braid and symplectic groups.

We briefly give the definition of congruence subgroups. Let G(Z) be a subgroup
of GLi(Z). The projection Z — Z/d extends to projections GLy(Z) — GLk(Z/d)
and G(Z) — G(Z/d) with kernels denoted by GLy(Z)[d] and G(Z)[d] respectively.
The groups GLi(Z)[d] and G(Z)[d] are called level-d principal congruence subgroups
of GLi(Z) and G(Z), respectively. In general a finite index subgroup H of G is a level-d

congruence subgroup if H contains a level-d principal congruence subgroup.

Now consider braid groups B,. As we see in Chapter 4, B, is identified with a
subgroup of Aut(F,,), where F), is the free group of rank n. In fact, this identification
arises from the action of B, on m1(%,,) = Fy,, which induces an injective homomorphism
By, — Aut(F,). Consider a finite index characteristic subgroup H of F,,. The projection
F, — F,,/H extends to a homomorphism B,, — Aut(F, /H), and the kernel is called a
congruence subgroup of By, [46, Section 2|. It is proved that every finite index subgroup
of PB,, (the subgroup of B, that fixes the punctures of the disc E(l]’n) is a congruence
subgroup [46, Theorem 1.1].
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In Chapter 8 we focus on a particular class of congruence subgroups of B,, namely
the kernels of B, — Sp,,_1(Z/d) if n is odd, and B,, = (Sp,,(Z/d)), if n is even, where
(Sp,(Z/d)), is the stabilizer subgroup of Sp,(Z/d) fixing one vector y. We denote the

kernels by By, [d] and we call them the level-d congruence subgroups of braid groups B,,.

Wanjryb found a finite presentation of Sp,,_;(Z/p), (Sp,,(Z/p)), as a quotient of the
braid group when p is prime [56, Theorem 1]. This presentation gives normal generators
of the group B,[p]. Our first result on the on the congruence subgroups is presented

below in Theorem E, which is given as Theorem 8.9 in the thesis.

Theorem E. There is a topological interpretation of the normal generators of By[p],

when p is prime.

Theorem E was inspired by the work of Powell for the Torelli group. Birman had
found a presentation of the symplectic group over Z and this presentation gives normal
generators of the Torelli group. Then, Powell gave a topological interpretation of those

normal generators.

The number of the generators we describe in Theorem E is infinite. Whenn =p =3
we obtain finite number of generators for Bs[3]. Furthermore, we make some progress

on the result of Wanjryb on the presentation of Sp,,(Z/p).

Theorem F. The groups Sp,,_1(Z/p) if n is odd and (Sp,,(Z/p))y if n is even, admit

a presentation as a quotients of the pure braid group PBy,.

This result is given as Theorem 8.13 in the thesis. As we see in Section 8.2.4, The-
orem F is a step closer to finding normal generators of B, [m] for m = 2p;ps...p; and
m = 4p1ps...pr, Where p; are prime numbers. In the case m = 2p, where p is prime we

achieve the latter claim by finding normal generators for B,,[2p].

Factor groups of congruence subgroups of braid groups. Ultimately, we calcu-

late factor groups of congruence subgroups of braid groups.
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In Chapter 4 we show that the braid group B, surjects onto the symmetric group
S, by sending half-twists in B,, to transpositions in S,,. The kernel of this map is well
known to be the pure braid group PB,. Also, by a result established by A’rnold the
group PB,, is isomorphic to B,[2] [4]. See also [12, Section 2] for further discussion.
Therefore, we have B,,/B,[2] = S,,. We generalize this result as stated in the following

theorem, which is Theorem 8.15 in the thesis.

Theorem G. For p prime number, the group By, [p|/B,[2p] is isomorphic to S,,.



Part 1

The Torelli group



Chapter 2

Algebraic topology and the
symplectic group

In this chapter we introduce basic background material to be utilized throughout the
thesis. In the first three sections we will recall the basics of surfaces, curves, fundamental
groups, and the homology groups of surfaces. In Section 2.4 we define the symplectic

group of matrices as a subgroup of the automorphism group of a homology group.

2.1 Surfaces and curves

For b,n, g € ZZ° we denote by Egm an orientable surface with b boundary components,
n punctures, and g genus holes as indicated in Figure 2.1. If n = 0 or b = 0 we
omit the index. For example, ¥, denotes the surface of genus g without punctures
and boundary components. According to the classification theorem of surfaces, every
connected orientable surface is homeomorphic to ng for some b,n, g € Z=° [45, Theorem

5.1]. In this thesis we only consider the cases g > 0,n >0 and 0 <b < 2.

Figure 2.1: An example of a surface of genus 4, 3 boundary components, and 5 punctures.

Curves, and arcs. Consider a surface ¥. A path v is an embedding ~ : [0, 1] — 3. If

~v(0) = (1), then ~ is called a simple closed curve, otherwise = is called an arc.
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Two curves 7,7 : [0,1] — ¥ are homotopic if F' : [0,1] x [0,1] — X is a homotopy,
such that F(z,0) = v(z) and F(z,1) = v/(z), for all z € [0,1]. A curve that is not
homotopic to a boundary component or a puncture is called essential. We denote a
homotopy class of a curve 7 by [7]. Let ¢,d € ¥ be two curves. We define the geometric

intersection number i([c],[d]) by the following formula:
i([c],[d]) = min{cNd | c € [c],d € [d]}.

Consider two oriented simple closed curves a,b. We define the algebraic intersection
number to be the sum of the indices of the intersection points of a, b, where an intersection
point has index +1 if the orientation of the intersection agrees with the orientation of

>, and the intersection point has index —1 otherwise.

2.2 Fundamental groups

In this section we recall the fundamental group of a surface Y, and its unit tangent

bundle UX.

3 bo b1

(b"

as 142 “.‘ aj
&M
Zo

Figure 2.2: Generators of the fundamental group.

Fundamental group of a surface X. Let X, be a surface of genus g. Consider the

simple closed curves a;, b; indicated in Figure 2.2. It is well known that the presentation
g
(a1,b1,a2,ba, ..., ag, by | [ Jlas, bi] = 1)
i=1

characterizes the fundamental group (X, z¢), [45, Example 5.3].

Consider a surface Eé of genus g with one boundary component. If we attach a disc
on the boundary of Z;, we obtain a surface ;. Hence, we have an inclusion E; — Mg.
We let x1 be a fixed point on the boundary of E;, and zq be a fixed point in the interior

of Xy, obtained by z after we attach the disc. Thus, we get a surjective homomorphism
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Oy Wl(E;,xl) — m1(Xg, x0) [29, Proposition 1.26]. Consider the curves a;, b; indicated
in Figure 2.3 on the top. We have that [[7_,[a;, b;] is a separating simple closed curve
in 33}, parallel to its boundary. The element []%_, [a;, b] is trivial in (3, 20), but it is
not trivial in 7r1(2£17, x1). From the presentation of 7 (3, zg) above we deduce that the
kernel of the map ¢, is generated by []7_;[a;,b;]. Therefore, the group Wl(Z;, x1) is a

free group of rank 2¢g, with generators a;, b;, where i < g.

b3 bo

/ / /

Figure 2.3: Generators of the fundamental group.

We mention here that the curves b, shown in the bottom of Figure 2.3 are obtained
by composing the curves a;, b;. More particularly, b}, = Hfz_ll [a;, bi]akbkagl. We use this

fact later on in Section 3.3.

In what follows advice Figure 2.4. Consider a surface 23 of genus g with two boundary
components, and choose a point zg in one of the boundaries of 23. We denote by ¢;
the boundary component including xg, and by ¢o the boundary component which does

not include xg. Consider the inclusion E; < ¥l induced by gluing a disc on ga. Also

g
we denote by do the simple closed curve starting at xg, going around g2, and ending at
zo. By orienting &2 appropriately, the product []7_;[a;, b;]d2 is a simple closed curve
starting at zg going around ¢; and ending up to xg. The curve d5 is nontrivial in 237
but becomes trivial in Z;. We have that 771(23, xp) is a free group generated by 6, a;, b;

where i < g, and the kernel of the epimorphism
2 1
m1(35) — m(3)

is generated by 0.
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Figure 2.4: Generators of the fundamental group of a surface with two boundary com-
ponents.

Commutator subgroups of 771(22). For b < 2, consider the fundamental group
771(22), generated by a;, b; if b = 0, 1, and by a;, b;, 92 if b = 2. Consider the commutator
subgroup 773(22) = [771(22),771(22)] of Wl(ZZ). Fori=1,...,g we set S = {a;, b;, 2} if
b=0,1,and S = {a;,b;} if b = 2. The commutator subgroup W’l(Eg) is generated by all
conjugates of [z,y], where z,y € S [52, Lemma A.1].

Fundamental group of the unit tangent bundle. Let Eg be a smooth surface of
genus g with b boundary components. Consider a simple closed curve v : [0,1] — Eg.
We differentiate y(t). At each point v(tg) = p, where ¢y € (0, 1), we have a vector v/ (tg).
This vector lies in a tangent plane szg. For a formal definition about tangent spaces
see for example Isham’s book [32, Section 2.3.2]. The tangent bundle TEZ is defined as
T3 = ) T,%h
peX?
We denote by [|7/(to)|| the norm of 7/(tg). The unit tangent bundle U? is defined by

7' (to)
17/ (o)l

Every point of UZg is described by a pair (p,u), where p € ¥

b _ b —
USy={ueT¥, |u=

}.

b

b . .
g and uw € Tp¥) is a unit

vector based on p. There is a fibration U Eg — Eg with fiber S'. For b > 1 we compute

the fundamental group of UZZ as follows [29, Proposition 1.12]:

m(USh) = m (38 x §1) = m(20) x m(S') = m(Zh) x Z.

2.3 Homology groups

For b < 2, we have Hy (X}, Z) = mi (X)) /7] (£]), where 7} (£]) stands for the commutator
subgroup of Wl(Eg). If b = 0,1, consider the curves z;,y; depicted in Figure 2.5 on the
left. These curves represent the standard generators of Hl(Eg, Z) [20, Subsection 6.1.2].
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7R 7Y (T yl‘:yQ‘:yS:x Ya
X1 i) T3 x1 X9 I3

Figure 2.5: Standard generators for Hl(E;, Z), and Hf(Zg, 7).

Partitioned homology groups. We denote by g1, g2 the boundary components of Eg.
Let p1, p2 be two points lying in ¢, g2 respectively. We set P = {q1,¢2} and Q@ = {p1, p2}.
We also denote by [h] the homology class of h. Consider the relative homology group
Hi(X2,Q,Z) and the quotient Hi (X2, Q,Z)/([q1] + [g2]). We define H{ (X2, Z) to be
Hi(32,Q,Z)/{[¢1] + [g2]). The group H{ (X2, Z) contains elements of the form [h], such

that h is either a simple closed curve, or h is a simple arc with endpoints at py, po.

Consider the inclusion ¢ : Ef] — Yg+1 induced by gluing the boundary components
q1,q2. Under this inclusion arcs in Eg are mapped to simple closed curves in ¥4,1. The
inclusion ¢ induces an inclusion ¢, : H'(Z4,Z) < H;(Z,41,Z). Thus, we can think of
Hf(Zg, Z) as a subgroup of Hy(X441,Z). For ¢ < g, consider the curves wz;,y; indicated
on the right of Figure 2.5. The homology classes of these curves generate a subgroup of
Hf(Zg, Z), denoted by V, which is isomorphic to Hy (24, Z). The arc 2441 generates the

cyclic infinite group Z. Thus, we have:
HY (32,Z) =V & Z < Hy(Sg41, Z).

See for example [12, Section 2.1] for similar description of HY (23, 7).

2.4 Symplectic and homology groups

Here we define the symplectic group SpQQ(Z) and then we consider it as a subgroup of

the automorphism group of Hl(EZ, Z) when b = 0,1, and of H{D(E?J, Z) when b = 2.

Definition of the symplectic group. Let V be a module of finite rank over Z and
consider a bilinear pairing 7 : V AV — Z satisfying i(u,u) = 0 for v € V. The radical of
V is the set rad(V) of all u € V such that i(u,v) = 0 for all v € V. A pairing 7 on V is
called primitive if for every linear functional f : V — Z, satisfying f(rad(V)) = 0, there
is an u € V such that f(v) = i(u,v) for all v € V. A primitive pairing i on V is called

a symplectic pairing, or a symplectic form if rad(V) = 0. A Z-module endowed with
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a symplectic pairing is called a symplectic module. Every symplectic module admits a
basis y1, 1, ..., Y4, 4 such that %(a:i,xj) = %(yi,yj) =0, %(yi,xj) = 0;,, where ¢; ; stands

for the Kronecker delta.

The automorphism group of a Z-module V of rank n is Aut(V) and is equal to
GL,(Z). Assume that V' is symplectic with rank 2g. The symplectic group Spy,(Z)

consists of automorphisms of V' that preserve the symplectic pairing :.

Alternatively, let J be the 2g x 2¢g matrix

< 0 I )
-1, 0 )’
where I, stands for the g x g identity matrix. For every square matrix A, we denote by

AT its transpose. The symplectic group is defined to be

Spo,(Z) = {A € GL(29,Z) | ATJA=J}.

Generators for Spy,(Z). Consider a symplectic basis {y;,z;} for i < g. The group
Spay(Z) is generated by the following automorphisms [20, Theorem 6.1]:

Transvection: (y1,21,Y2, %2, ..., Yg, Tg) — (Y1 + T1, 21, Y2, T2, ..., Yg, Tg),
Factor rotation: (y1,z1,y2, 22, ...,yg,xg) — (21, —y1, Y2, T2, s Ygr Tg),
Factor mix: (y1, 21,2, 22, ...,Yg, Tg) — (Y1 — 2,21, Y2 — L1, 22, ..., Yg, Tg),
Factor swap: (...,yi,xi,yi+1,xi+1, ) — (...,yi+1,xi+1,yi,xi, )

Automorphisms of the homology group of a surface. Assume first that b =0, 1.
We have that Hy (2,) = Hl(E;, Z) = 7Z*9 with generators y;, z; as indicated in Figure 2.5
on the left. The algebraic intersection number 7 described in Section 1.1 satisfies all the
conditions of a symplectic pairing. Thus, Hi(X4,Z) is a symplectic module. Therefore,
the automorphisms of Hy(3,,Z) that preserve i, form the symplectic group Spay(Z).
The same is true for Hy (X}, Z).

The homology group Hl(E?], 7)) is isomorphic to Z29*!. We have 2g generators rep-
resented by a choice of curves such as {y;,z;}, i > ¢ indicated in Figure 2.5, plus one

generator represented by one boundary component. The automorphisms of H (23, Z)
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preserving the algebraic intersection number of curves, form a subgroup of GLag41(Z),
denoted by A(Hl(Zg,Z)). Obviously, A(Hl(Eg,Z)) is not isomorphic to a symplectic
group, since the rank of A(H;(X2,Z)) is not even. Furthermore, A(Hi(X2,Z)) does
not have a symplectic structure, that is, there is not a symplectic group containing
A(Hy(X2,Z)). To see this, consider the submodule V' of Hy(X2,Z) with basis {y;, z;},
where i = 1,...,g. Then Hl(Z‘g, Z) splits as the direct sum V & Z, where the cyclic group
Z is generated by the homology class of one of the boundary components, namely ¢;. We
will explain that the group generated by the homology class of ¢; is the non symplectic
part of Hl(Eg, Z). We can embed 23 into a surface 2; 41 as indicated in Figure 2.6 for

g = 4. The group Hl(Z;H, Z) is a symplectic module, but the embedding 23 — E;H

(‘Cy o v

Figure 2.6: An embedding of Z% into 1.

q1

q2

does not imply an injection Hl(Eg, 7) — Hl(Z;H,Z), since [q1] # 0 in Hl(Zg,Z), but
[q1] =0 in Hl(E;H, 7). If we embed 2!2] into Z;H by gluing a pair of pants on the two
boundary components of Eg, then we would have [g2] = 0 in Hl(Eg,Z), but [g2] # 0
in Hl(E; +1,Z). In the general case, if we could find an embedding of E; into X, such
that the map H; (23, Z) — H1(X,Z) was injective, and H; (3, Z) was a symplectic mod-

ule, then by the isomorphism class of symplectic modules this would imply an injection

H (X2, Z) — H1(%},,7Z) of the previous examples.

On the other hand, the group HY (Zg, 7) = 7291 is generated by the simple closed
curves y;, x; for i < g plus a simple arc x441 as indicated on the right hand of Figure
2.5. We denote by A(Hf(Eg,Z)) the subgroup of Aut(Hl(Zg,Z)) consisting of auto-
morphisms that preserve the algebraic intersection number 7. Recall from the previous
section the inclusion HY (EE,Z) — H1(Xg+1,2), induced by gluing the boundaries of
Zg. The latter inclusion implies an inclusion A(HY (EE,Z)) < Spgg42(Z). The group
A(HY (32,7)) acts on Hy (3g41, Z), stabilizing the generator y4,1. Hence, A(Hf(E;, 7))
is the subgroup of Spy,.+(Z,Z), stabilizing one vector in Hy(¥g+1,7Z). From now on we
denote A(HY (S2.2)) by (Spag2(2))

yg+1 as the subgroup stabilizing yg1.



Chapter 3

Torelli group

In this chapter we introduce the mapping class group and the Torelli group. The aim of

this chapter is to describe a set of generators for Torelli groups.

3.1 Mapping class group

In this section we define the mapping class group Mod(ng). We also give generators
for Mod(Zg), namely Dehn twists. Finally we explain how inclusions between different
surfaces induce homomorphisms between mapping class groups. The structure of this

section mainly follows Chapters 2 and 3 of Farb-Margalit’s book [20].

3.1.1 Definition and examples

b . .
Let 37 ,, be a surface of genus g with n marked points and b < 2 boundary components.

We denote by B the boundary components of Eg’n. Let Homeo™ (X2 B) be the group

g’n’

of orientation-preserving homeomorphisms of Eg,n that restrict to the identity on B. We
endow Homeo™ (X0, B) with the compact open topology. The mapping class group of

g,n’

»b ., denoted by Mod(Egm), is defined to be

g7n’

Mod(Eg’n) = mo(Homeo™ (X0 ., B)).

g7n’

Equivalently, Mod(ng) consists of isotopy classes of elements of Home0+(227n,8),
where isotopies are required to fix the boundary pointwise. Elements of Mod(Egm)
are called mapping classes. Homeomorphisms that act on Egm are not mapping classes,
but they represent mapping classes. In the rest of the thesis we denote a mapping class

by a homeomorphism that represents this particular mapping class.

Note: If Eg,n is different from an annulus or a disc, we can substitute homotopies

instead of isotopies [20, Theorem 1.12]. Furthermore, consider the group Diff‘*'(Eg’n, B)

16
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of diffeomorphisms that preserve the orientation of Egm and restrict to the identity on
B. In the definition of Mod(Eg’n) we can use Diff‘*'(Ezm, B) instead of HomeoﬂEZ}n, B)
[20, Theorem 1.13].

As an example of a nontrivial element of Mod(Egyn), one can consider a rotation of
the surface ¥, as indicated in Figure 3.1 for g = 3. This is a homeomorphism of order g.
For every essential simple closed curve a in 3, we have the pairwise nonisotopic simple

closed curves a, h(a),h?(a),...,h9~%(a). In the next section we give more examples of

elements of Mod(ng).

Figure 3.1: Nontrivial element of Mod(X3) of order 3.

Examples of mapping class groups. Here we describe the mapping class group of
the disc D = X}, the sphere S?, the once-punctured sphere Yo,1, and the torus ¥;. Later
we see more examples of Mod(Eg). The lemma below is known as the Alezander trick

[20, Lemma 2.1].
Lemma 3.1. The group Mod(D) is trivial.

Proof. We define D = {z € C| |z| < 1}. Consider a homeomorphism ¢ : D — D with
®|ap equal to the identity. We define

Fet) = (1-t)p(:Z), HO0< || <1—t,
o 2 i1— <2 <1,

for 0 <t < 1 and we also define F(z,1) to be the identity map of D. Then, F is an
isotopy from ¢ to the identity. O

In order to compute Mod(X, 1), we identify ¥ ; with the plane C. Consider a home-
omorphism ¢ : C — C. Then ¢ is isotopic to the identity via F(z,t) = (1 —t)z + to(2).
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Hence, Mod(X ;) is also trivial. For Mod(S?), every homeomorphism in S? can be mod-
ified by an isotopy so that it fixes a point in S%. Since the group Mod(%o,1) is trivial,
then Mod(S?) is trivial.

An example of a nontrivial mapping class group is Mod(21). Every homeomorphism

that acts on Xy, it also acts on Hy(X1,7Z). This action induces a homomorphism
MOd(Zl) — Aut(Hl(El, Z)) = SLQ(Z)

In fact, this homomorphism is actually an isomorphism, hence, Mod(X;) is not trivial

[20, Theorem 2.5].

3.1.2 Dehn twists

In this section we describe a particular type of elements of Mod(Egvn), namely Dehn
twists, which were first introduced by Max Dehn [17]. Dehn twists turn out to be the
generators of the mapping class group. Hence, we show some of their properties, and we

then provide a finite generating set of Mod(X,).

Twist map in annulus. Consider the annulus A = S! x [0,1]. Let T : A — A be the
twist map defined by

T(0,t) = (6 + 2mt,t).
To understand the action of T on A, we apply T on an arc in A. Consider the arc
depicted on the left hand side of the Figure 3.2. On the right hand side of the same

figure we indicate the resulting arc after applying the action of 7" on A.

Figure 3.2: Action of a twist on an arc in A.

It is easy to see that T fixes the boundary of A pointwise. Moreover, we could have

used 6 — 27t instead of 8 + 27t. Our choice is referred to as a ‘left twist’, while the other



CHAPTER 3. TORELLI GROUP 19

is a ‘right twist’.

Dehn twist in a general surface. Consider a surface ¥ = Eg,n and let a be an
essential simple closed curve in ¥. Let N be a regular neighborhood of a and choose
an orientation preserving homeomorphism ¢ : A — N. We obtain a homeomorphism
T, : ¥ — X defined by
poTog¢p Yz), ifxeN,
T, (x) = @
x, ifx ¢ N,
for every x € 3. The homeomorphism T, is called the Dehn twist about a. The Dehn
twist T, is a well defined mapping class, since all regular neighborhoods of a are home-

omorphic. Furthermore, two isotopic simple closed curves define the same Dehn twist.

We can understand T, by examining its action on isotopy classes of simple closed
curves in 3. If b is another simple closed curve nonisotopic to a and such that i(a, b) = 0,
then T,(b) = b. Otherwise, if i(a,b) # 0, then the isotopy class of T, (b) is determined
by the following rule: each segment of b crossing a is replaced with a segment that
informally speaking ‘turns left, follows a all the way around, and then turns right’. We

indicate two examples of Dehn twists in Figure 3.3.

Figure 3.3: Examples of Dehn twists.

Properties of Dehn twists. Below we give some important properties of Dehn twists

which are required for the further discussion in the following chapters.

Let a and b be two isotopy classes of simple closed curves in ¥; let k£ be an integer.

A direct calculation shows that
i(TE(b),b) = [kli(a, b)°.

For more details see Paris-Rolfsen [49, Proposition 3.3]. As a consequence we have that



CHAPTER 3. TORELLI GROUP 20

Dehn twists have infinite order in Mod(X).

For f € Mod(X), for any isotopy class of simple closed curve a, and k € Z we have

If £ = 1, the formula above is described as follows: the homeomorphism f~! takes a
regular neighborhood of f(a) to a. Then T, twists the neighborhood of a and f takes
the twisted neighborhood of a back to neighborhood of f(a). So the result is a Dehn
twist about f(a). The same argument holds for £ > 1. As a consequence, we have that

for a fixed k, the homeomorphisms T(f are conjugate.

Let a,b be two isotopy classes of simple closed curves. We have i(a,b) = 1 if and
only if
T,T, T, = TyT,Tp.

The relation above is called the braid relation [20, Propositions 3.11 & 3.13|. Finally, if
i(a,b) > 2, then relations between T}, and T}, do not exist [20, Theorem 3.14].

Finite set of generators. Dehn twists are generators of Mod(Eg). Lickorish proved
that Mod(X,) is generated by Dehn twists about the curves indicated in Figure 3.4 [42].
Later, Humphries improved Lickorish’s result by proving that Mod(3,) is generated by
Dehn twists about the curves ¢;, by with 0 < i < 2g as showing in Figure 3.4 [31].

Figure 3.4: The Lickorish generators for Mod(%,).
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3.1.3 Birman exact sequence

Here we explain how inclusions on surfaces induce homomorphism on mapping class
groups. This method allows us to give proofs by inductions on mapping class groups.
As a result we find one of the most important short exact sequences in the study of

mapping class groups, namely the Birman exact sequence.

Inclusion homomorphisms. Consider a surface X. Let X’ be a subsurface of . We
have an inclusion j : ¥’ — X. We describe how the map j induces a homomorphism
Jx : Mod(X') — Mod(X). An element of Mod(X') is represented by a homeomorphism
f:¥ — ¥ We extend f as the identity in S = X\ ¥’ and we call the new homeomor-
phism f’. Obviously, f' : ¥ — X. We define j.(f) = f’. Let f” be a homeomorphism
isotopic to f’. Then there is a homotopy H; that, when restricted to S, connects f”|g
to the identity. Composing H; by a homotopy connecting f with f”|s/, we deduce that
Jx : Mod(X') — Mod(X) is a well defined map. In fact j, is a homomorphism. If S is not
homeomorphic to an annulus, open disc, or an open punctured disc, then j, is injective

[20, Theorem 3.18] (see also [49, Theorem 4.1, Corollary 4.2]).

Capping the boundary of E;. Consider the inclusion j : Z}] — Xg4 defined by
gluing a disc D to the boundary of ;. It is easy to see that the induced homomorphism
Jx Mod(E;) — Mod(3,) is surjective. Particularly, every f € Mod(%,) can be isotoped

such that the result acts as the identity on D. We have an exact sequence:
1— K — Mod(2;) — Mod(%,) — 1.

Our aim in the subsection is to characterize the kernel K. Consider an element f € K
and let F; be an isotopy with Fy = f and Fj be the identity in ¥,. We fix a point
d € D and a unit vector u € Ty¥, (the tangent space at d). For each ¢t € [0,1] we
get a point Fy(d), and a vector Fi(u). The induced path is a loop in UX, (unit tan-
gent bundle of ¥,) at (d,u). We denote this loop by ¢(f). We end up with a map
¢ K — m(UXy, (d,u)). To show that ¢ is well defined, consider two isotopies Fy, F/
with Fy = F = f and Fy = F] as the identity in 3,. For every ¢ € [0, 1], the isotopies
Fy, F} define two paths in Diff 7 (3,). But since Diff " (X,) is contractible [28, Theorem
2], there is a homotopy from F; to F}. Thus, ¢(f) is well defined up to homotopy. The
map ¢ : K — 11 (UX, (d,u)) is a homomorphism, and more particularly an isomorphism

[35, Lemmas 2 and 3] (see also [7] for similar inclusions of surfaces with more than one
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boundary components).

The sequence
1= m(USy, (d,u)) = Mod(2}) — Mod(E,) — 1

is well known in the literature as the Birman ezxact sequence. The injective homomor-

phism m(UX,, (d,u)) — Mod(E}]) is known as the disc-pushing map.

Describing the disc-pushing map. Consider a curve 7 in m (U, (d,u)). Since
every point of 4 lies in a tangent space of ¥,, we can represent ¥ by a smooth curve
v :[0,1] = X, with v(0) = v(1) = d. Let N be a regular neighborhood of v and denote
by a, b the boundary of N. For each ¢ € [0,1], the map ~(t) traces a path in 3, bounded
by a and b. We can understand this trace by considering an arc crossing N. The disc
containing the point d moves around in the path of «, pushing the arc as in Figure 3.5.
The result is the product of Dehn twists 7,7, ' € Mod(X}). Therefore, the disc-pushing
map 71 (USy, (d,u)) = Mod(X})) is defined by

A TyT L

Figure 3.5: Action of the disc-pushing map.

3.2 Torelli group

In this section we define the Torelli group Z(Eg), where g > 2 and n < 2. We can
think of I(Eg) as the subgroup of the mapping class group Mod(Eg) that acts on the

homology of the surface as the identity. We distinguish between two cases. In the first
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case we define the Torelli group for surfaces with at most one boundary component; in

the second case we define 7 (E;).

3.2.1 Symplectic representation

Consider a closed surface ¥, and let Mod(X,) be its mapping class group. Every map-
ping class is represented by homeomorphisms that act on curves of 3,. However, ev-
ery oriented curve represents a homology class in Hy(X,,Z) = Z?9. Therefore, every
f € Mod(%,) induces an automorphism f, : Hi(X4,Z) — Hi(X4,Z). We recall that
Aut(Z?9) = GLgg(Z). We have a linear representation

Mod(S,) — GLay(Z).

Since Mod(X,) preserves the algebraic intersection number i : Hy(Sy, Z) x Hy(2y,Z) —
Z, it follows that the image of the linear representation above lies inside Sp,,(Z). Thus,

we get a linear representation
p: Mod(Xg) — Spyy(Z),

which we call symplectic representation. Our aim in this subsection is to compute the

image of p and describe its kernel.

Consider two curves a,b € ¥, and their homology classes [a], [b] € Hi(X4,Z) re-
spectively. The image of Tj(a) under the map p is defined as p(Ty(a)) = [a] + i(a, b)[b]
[20, Proposition 6.3]. Hence, the image of a Dehn twist in Sp,,(Z) is a transvection as
defined in Section 2.4. A transvection associated to a Dehn twist T} is denoted by Ty,

where [b] stands for the homology class of b.
Theorem 3.2. The symplectic representation is surjective.

Proof. Consider the symplectic basis {y;, z;} as indicated on the right hand side of the
Figure 3.6. To prove that the homomorphism p is surjective, we only need to find map-
ping classes that map into generators of SpQg(Z). Recall the generators described in
Section 2.4, transvection, factor rotation, factor swap, and factor mix. We have seen
that every Dehn twist is mapped to a transvection. It is convenient to describe the

homeomorphisms in terms of Dehn twists in what follows.

Consider the curves ¢y, ¢co in Figure 3.4, and let y1, x1 denote their homology classes,
respectively. Then we have p(T;, T, T¢, (c1)) = z1, and p(T¢, T, T, (c2)) = —y1. Conse-
quently, p(T¢, T.,T.,) acts as the factor rotation on H;(X,,7Z).
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Figure 3.6: Standard generators for Hy (X, Z).

Consider the curve ¢ depicted on the right hand side of the Figure 3.7, and let
[c] = y2 — y1 be its homology class. Consider also the curves ¢, ca, cq, b1 in Figure 3.4,
and let y1,x1, T2, y2 be their homology classes, respectively. We define the homeomor-
phism h = TgllTb_lch. We have p(h(c1)) = y1 — 2, p(h(c2)) = x1, p(h(b1)) = y2 — x1,
p(h(ca)) = x2. Consequently, p(h) acts as the factor mix on H;(2,,7Z).

Finally, in a genus g surface we have g — 1 factor swaps. We prove the existence
of a swap homeomorphism in the first two genus holes as depicted in Figure 3.7. The
other cases are similar. Consider the curve d with homologous class [d] = [y1] + [z2] as

indicated on the right hand side of the Figure 3.7.

Figure 3.7: The curves c,d.

We define the homeomorphism f = (7., Ty, TyTe, T, )3. A direct calculation shows
that p(f) acts as the factor swap. O

Recall that Mod(X,) is generated by 2g + 1 Dehn twists. From Theorem 3.2 we
deduce that Spy,(Z) is generated by 2g + 1 transvections.

The inclusion E}J C X4 induces an isomorphism between HI(E}J,Z) and H; (X4, Z).
Furthermore, we have a surjective homomorphism Mod(2;) — Mod(X,) as described in

Section 3.1.3. Therefore, we get a surjective representation

Mod(24) — Spa,(Z).
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The kernel of the symplectic representation. Consider a surface Zg with b < 1
and g > 1. If g =1 and b = 0, then Mod(X;) = SL2(Z) = Spy(Z) as we have seen in
Section 3.1.1. So in this case the symplectic representation is faithful. Unfortunately

this is not the case when g > 2. Hence, we have a short exact sequence
1= Z(%!) = Mod(E}) = Spy,(Z) — 1,
where b < 1, and g > 2.

Definition 3.1 The group I(Zg) is called the Torelli group and it contains mapping
classes that act trivially on Hl(Eg, 7).

e d

Figure 3.8: Bounding pair curves, and a separating curve.

We describe two important kinds of elements of 7 (Eg). Consider the curve d depicted
in Figure 3.8. The curve d is a separating curve, which is represented by a commutator

in 771(22), hence, [d] = 0 in Hy (X4, Z). For every u € Hl(Ez,Z), we have
p(T) (W) = Ty () = u -+ i(u, [d) ] = u -+ i(,0)0 = .

Thus, for every separating curve d € EZ, we have Ty € I(Zg).

Let a,e € XY be two curves, such that [a] = [e] € Hy(X),Z). Such a pair of curves
is called bounding pair of curves. For example, consider the curves a,e depicted in
Figure 3.8. These two curves separate the surface Eg into two connected components.
A homeomorphism of the form T,7. ! is called a bounding pair map, or a bounding pair
for short. For every u € Hl(Eg, Z), we have

P ) () = Ty T (u) = T Ty (w) = u

Hence, we have T,T, ! € T (Eg). As we see later on in Section 3.3, bounding pair maps

and Dehn twists about separating curves generate I(Eg).
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3.2.2 The Torelli group of X

Here we define the Torelli group on a surface of genus g > 2 with two boundary compo-

nents. Firstly, we explain why we cannot apply the definition of Section 3.2.1.

We recall that the Torelli group is defined as the kernel of the symplectic represen-
tation of the mapping class group. But as we have seen in Section 2.4, Hl(Eg, Z) is not
a symplectic module. We could define the Torelli group of Zf] by simply considering it
as a subgroup of Mod(Ez), consisting of mapping classes that act trivially on Hl(Zg, 7).
But taking into account the example of Figure 2.6, the Dehn twist 7}, is an element of

I(E}H_l), but not an element of I(Eg).

Defining the Torelli group of Zf]. Consider the partition P = {q1, g2}, where ¢1, g2
are the boundary components of Ef], and let HY (Eg) be the homology group with respect
to P, as defined in Section 2.3. Consider also a surface ¥, obtained from Zg by gluing
together the boundary components g1, q2. We have an inclusion j : Eg — Yg41 and a

homomorphism j, : Mod(Eg) — Mod(Xg41).

Definition 3.2 The Torelli group of the surface 23 with respect to partition P is
(%2, P) = j; H(Z(Xg41)). Then Z(X2, P) is the subgroup of Mod(X2) that acts trivially
on H (32).

The definition of 7 (23, P) is independent of the choice of the embedding described
above [52, Theorem 3.3]. In the rest of the thesis we write I(Zg) instead of I(Eg, P).

Next we describe elements of I(Eg). Consider a curve d in 23 such that [d] = 0 in
H{) (23). The curve d is a separating curve. However, not all separating curves have zero
homology class in H{'(£2). Then we have T; € Z(X2), where Ty is called a Dehn twist
about a P-separating curve. Consider also two curves a,b such that [a],[b] € H{ (32)
and [a] = [b]. For example, the curves a, b in Figure 3.9 are homologous in H{ (Eg), while
the curves ¢, d are not homologous in HY (Eg). The homeomorphism 7,7, ' € T (23) is

called a P-bounding pair map.

We denote by Z(X,, c) the stabilizer subgroup of Z(3,) fixing a curve c € ¥,. Con-
sider the inclusion j : Eg — Yg+1 described above. Let g1, g2 denote the boundaries of

Zg and let ¢ = j(q1) = j(g2) denote the resulting curve in ¥g441. We have a short exact
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Figure 3.9: Examples of curves in Eg.

sequence [20, Theorem 3.18]

1= (T, T") — Mod(E2) — Mod(£g,q) — 1

where Mod(X, ¢) the stabilizer subgroup of Mod(3,) fixing a curve ¢ € 3,. But since,

Ty, T,,' € Z(X}), we get

1— <Tq1Tq;1> — I(Zf]) — I(2g,q) — 1.

3.2.3 Birman exact sequence for the Torelli group

In Section 3.1.3 we defined the following Birman exact sequence for the mapping class
group:

1 — m(USy, (d,u)) = Mod(E}) — Mod(E,) — 1.
In this section we define a version of the Birman exact sequence for the Torelli group.

More particularly, for ¢ > 2 and b < 2 we describe the following sequence:
1= KI5 - (501 — 1,

It is obvious that the homomorphism Z(X%) — Z(X27!) is surjective. Our aim is to
characterize the kernel K of the Birman exact sequence, and describe the disc-pushing

map K — Z(%}).

Case b= 1. In this case we see that the kernel of the map I(E;) — Z(X,) is isomor-
phic to m(UXy, (d,u)).

Recall from Section 2.2 that 71 (UX, (d,u)) = m1(Xy, d) x Z. In what follows we will
write 71 (UXy), m1(2,) instead of w1 (U, (d,u)), m1(34, d) respectively. Recall also from
Section 3.1.3 the disc pushing map 7 (UXg, (d,u)) — MOd(E;), defined by 7 — T, T,

where ¥ is a smooth simple closed curve in ¥4, and a, e denote the boundary curves of
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the regular neighborhood of 4 in ¥,. The curves a, e also bound the boundary of Z;.

Hence, [a] = [¢] up to a sign. Therefore, T,T,! € Z(3}).

Case b = 2. Consider the short exact sequence
1 K= I(32) - I(3,) — 1,

obtained by gluing a disc on one of the boundaries. The group K is contained in
T (U E;) but it is not all of it. In fact K < 771(2;). Putman proved that K is isomorphic
to [771(2;),7?1(2;)] [52, Theorem 1.2]. Thus, every commutator in [71'1(2;),71'1(251])] gives
a homeomorphism in 7 (23). Before we describe the disc-pushing map, we explain why

the Birman exact sequence splits.

We denote by ¢1, ¢z the boundaries of X2. Consider the map m, : Z(X2) — Z(}),

induced by gluing a disc on the boundary ¢; of Zg. If we glue a pair of pants on the

1

boundary of ¥,

we end up with a surface homeomorphic to 23. Hence, we have an
inclusion p : E; — Zg. By extending every homeomorphism of 7 (E;) by the identity on
the pair of pants we end up with a homomorphism p, : I(Z}J) — I(Eg), such that for
fe I(Zg), the image p.(m.(f)) is the identity in I(Zg). Therefore, the Birman exact

sequence splits and we have Z (23) =K xZT (E;).

Now we want to describe the disc-pushing map K — 7 (Eg). Since K is isomorphic
to [1(2g), 71(25)], we would like to describe how a commutator in K is mapped into an
element of I(E;) by the disc-pushing map. We choose a base fixed point xq for 7'(‘1(237)
in the interior of E; away from the boundary, as indicated on the left hand side of the
Figure 3.10. Then every commutator is a product of separating simple closed curves [52,
Lemma A.1]. Consider a separating curve crossing the fixed point. Then the surface
deformation retracts on the surface on the right hand side of the 3.10. Furthermore, the
group Z(X;) acts on [m1(35), 71(35)], that is, the commutator subgroup of m1(X1). After

this action the fixed point always ends up in the boundary of the surface Z;. Taking

Figure 3.10: Deformation retraction of ¥ .
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into consideration the above retraction we can always choose a separating simple closed
curve. Let 1 be that commutator which is a simple closed curve in K. On the right

hand side of the Figure 3.11, we show an example of 1. Denote the boundaries of X, o
q2 n ¢ n

Figure 3.11: Disc-pushing map.

by g1 and g2, and the boundary of ¥, 1 by g2. Then the disc-pushing map is defined to
be
n— (T T; )T,

for curves 1 and 7 depicted on the right hand side of the Figure 3.11. This map is well
defined [52, Section 4.1].

3.3 Generating the Torelli group

This section is devoted to present a generating set for the Torelli group I(Zg) when
b = 0,1. First, we describe a finite generating set of bounding pair maps for I(Zg)
introduced by Johnson [35]. This generating set grows exponentially with respect to g.
Johnson also conjectured that there is a finite generating set that grows cubically with
respect to g [35, Section 5]. This conjecture was proved by Putman [54, Theorem A],
and later it was improved by Putman-Church [14, Theorem H]. Our aim in this section
is to describe the generators of Theorem H [14] and give a different proof. Throughout
this section we denote by Cj, B; the generators T, T}, depicted in Figure 3.4.

3.3.1 Chain maps

We describe a finite set of bounding pair maps, suggested by Johnson [35], who proved
that this set generates I(Eg) when b =0, 1.

An odd-chain in Eg is an ordered collection (a1, ag, ..., ay,) of odd number of simple
closed curves with the following properties:

1. The curves a;, a; 41 intersect transversely in a single point, such that the algebraic

intersection number between a;, a;+1 is +1.
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2. If |i — j| > 1, then a; Na; = 0.

The length of an odd-chain is equal to the number of curves that it contains. It
is easy to see that the boundary of a regular neighborhood of an odd-chain contains
only two curves that represent the same element in Hl(ZZ,Z). Consider an odd-chain
(a1, a2, ...,a,) and let a,a’ be the curves of the boundary of a regular neighborhood of
(a1, a2, ...,an). Then the map TaTa_,1 is denoted by [a1, a2, ..., an], and we call it chain
map. If g € Mod(X,,,), then g * TaTa_,1 = gTaTa_,lg*1 = g(a)Tg_(i/)' Likewise, we write

-1 = [g(al),g(az), -'-ag(am)]'

g *[a1,as,...,an] for glai,as, ..., amlg
Let a;,a;+1 be two curves of an odd-chain (ai,as,...,a,,). We define the sum a; +

a;y1 = T4, (a;). The sum is well defined since the composition of Dehn twist is a well
defined operation. An odd subchain of (ay,as, ..., an) is a chain of the form (ky, ko, ..., k;)

such that [ is an odd number with | < m, and
ki =ai; + ai;41+ o+ ai -1, ki1 = Qi @i+ a1

Consider the curves ¢; depicted in Figure 3.4; consider also the odd-chain (c1, ca, ..., C2g+1)-

An odd subchain of the form
(Cil + Ciy41+ -+ Ciy—1,Cip + oo F Cig—1, - Cjj—1 + oo+ Cilfl)

is denoted by (i172...7;), and the chain map by [i1i2...4;]. For example we have that
(c1 4 c2,¢3,¢4 + ¢5) = (1346). For a proof of the following lemma see Johnson’s paper

[35, Lemma 1].

Lemma 3.3. If C; = T, then C; commutes with [i1iz...] if and only if j,j + 1 are

either both contained in or are disjoint from the i-s. If j = ip, but j + 1 # i1, then
Ci,, * [i1ia...] = [i1--tm—1,0m + 1, dmeg1...]-
If j+1 =14y, but j # im—1, then
Ci 'y [ivi.] = i1 im—1,im — L ima, ...

We set by + ¢4 = 8. If B =Ty,, then B * [4iyis...] = [Si142...]. The odd-chains maps
of the form [Biyiz...] are called B-chains and the odd-chain maps of the form [i;i9...] are
called straight-chains. Johnson proved that all S-chains and all straight-chains generate

I(Zg) where b < 1 [35]. He also proved that Z(X3) and Z(X3) are generated by 35 and 42
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elements respectively (the maximal straight chain maps become trivial in Z(X,)). More
particularly, he proved that Z(X3) is generated by all 3-chains, that is [i1i2i3i4], and
Z(¥3) is generated by all 3-chains, by [3567], and by all 5-chains except [123456] [35,
Section 5].

3.3.2 Cubic generating set

Now we are ready to describe a set of bounding pair maps, which we later prove that is

the set generating Z(3,).

Figure 3.12: An example of R;;;, inside X,.

For a surface ¥, we denote the g handles by R; as in Figure 3.12. Consider the arcs x;
as depicted on the left hand side of the Figure 3.12. For each {i,7,k} C {1,2,3,4,...,g},
we define the subsurface R; ;1 to be a regular neighborhood of z; Uz; Uz, UR;UR; UR;,.
The choice of a regular neighborhood is not unique but all of the choices are isotopic.
Furthermore, each R;j; is homeomorphic to 1. On the right hand side of the Figure

3.12 we illustrate an example of Ro35. Note that R;ji = Rjr; = Riij-

Church-Putman proved that every bounding pair map in Z(X,) belongs to the
group, generated by ;< j<p<, Z(Rije) [14, 54]. In the next section we follow the
strategy of Putman [54] to explicitly factor certain elements of Z(X,) into elements
of Ui<icjcrey Z(Riji). More particularly, we show that if f € Mod(¥y) and h €
Ui<icj<k<g Z(Rijk), then fhf=t e Ui<icj<k<y Z(Riji). This method leads to a dif-
ferent proof from Church-Putman’s proof, since Z(%,) is normally generated by bound-

ing pair maps. We note here that the cardinality of the generating set coming from
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U<icjcreg Z(Riji) is equal to 42(9).
3.3.3 Factorization algorithm

Consider a surface ¥4, g > 4, and let C7 = T¢, be as in Figure 3.4. In this section we ex-
plain how to factorize an element of CE'  Z(Ry23) into elements of Ui<icjcrca Z(Rijk),
where the latter set is considered as a subset of Ulgi <j<k<g Z(Rijk). We describe an
algorithmic method and we apply it to C7 ' % [1267]. By Section 3.3.1 we have that
the bounding pair map [1267], indicated in Figure 3.13, is a generator of Z(Rj23). The
element C ' % [1267] does not seem to lie on Ui<icj<k<a Z(Rijk), but we show step by

step how to factor it into maps lying on U1§i<j<k§4 Z(Rijk)-

Step 1 Recall from Section 3.2.2 the inclusion ¢ : 2371 — Y4 induced by gluing the
boundary components of 2371. Recall also the inverse map i; ' : Z(3Z,) — 1(2371) In
this step we will show how to factorize an element i;1(f) € Z(32_;) into elements of

g—1
K % Z(S1_,), where f € Z(,), and K = [m(SL_,), m(ZL,)].

Lemma 3.4. Let TaTa_,1 be a bounding pair map in I(X,). Then there is a nonseparating
simple closed curve b in Ry (see Figure 3.12) such that the geometric intersection number

of b and any of a, a’ is zero.

According to Lemma 3.4, we can find a simple closed curve ¢ € R; that is fixed by
T.T, 1 Then, we cut the surface Y, along c. Denote the induced surface by 23_1 and
the boundaries by q1,¢2. The induced bounding pair map i, 1(TaTa_, 1) depicted on the
right hand side of the Figure 3.13 is denoted again by TaTa_,1 € I(ngl). In this step we
factorize T,T," into terms of K and 7 (Zh 1)

Figure 3.13: The bounding pair [1267] on the left lies on Z(X3) on the right.

1) First we glue a disc on the boundary ¢; of the surface 23_1. The resulting bounding
pair map now lies on Z;_l. In order to distinguish that map from T, T, ! we denote
it by T tthl. Then we glue a pair of pants on the boundary ¢y (see Figure 3.14),

to obtain a new surface of genus g — 1 with 2 boundary components.
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pair of pants

Figure 3.14: The bounding pair 737}, .

2

2) Returning to the original surface X5 1,

consider a separating curve p such that
q1,q2, 4 bound a pair of pants as in Figure 3.14. The curves a,a’ intersect with
@ in 4 points p1,p2, p3,psa and divide p into 4 arcs €, €2, €3,€4. Two points, say
p1,p2, are in a, and the other two p3,ps are in a’. Assume that the arc €; has
endpoints pi, p3. If we let the points p;, p3 move along the curves a,a’, we have an

arc like in Figure 3.15. The boundary of the regular neighborhood of a U a’ U € is

a separating curve ~. In Figure 3.15 we show the curve v when TaTa_,1 = [1267].

Figure 3.15: Obtaining a separating curve from two homologous non-separating curves.

3) Now we apply the lantern relation as follows. From the construction of v we see
that the curves a, a’,y bound a disc with two boundary components. Furthermore,
since a is a regular neighborhood of ¢t and ¢, we deduce that a’,,t, ¢, form a disc
with 3 boundary components. Since ¢’ can be deduced from a’ by gluing a disc to
q1, then we choose an appropriate arc between a’ and ¢; such that their regular
neighborhood is ¢. Similarly, a regular neighborhood of a’ and v is a. Finally,
we choose an arc between v and ¢; to deduce a new curve namely 7. Figure 3.16

shows an example for [1267].

Finally, using the lantern relation (see Figure 3.17) we deduce that

T.T," = (T, T- YD)(TT, ') € K x I(3) ).

This finishes Step 1.
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Figure 3.16: On the left the curves a’,7, ¢1,t form a sphere with 4 boundary components.

On the right the curve 7 bounds the curves v and ¢ .
.-

Figure 3.17: Cutting the surface 2371 along a’,7v,q1,t to deduce a sphere with four
boundaries.

Step 2 Now that we have a factorization for TaTa_,l, we will conjugate it by C- !,
Colx T,T," = (C7' * (T, To)T,))(C7 '+ TyTy 1), Consider the homomorphism
(P Mod(Zg_l) — Mod(%,) induced by gluing the boundaries of 23_1. It is obvi-
ous that i,(C '+ Ty T, ') € T(Ra34). But it is not obvious that i.(C5 ' * (T, T{l)Ty))
lies entirely in (;<;;jc<s Z(Riji). In this step we will show how to factorize the ele-

ment C; 1 * ((quTW_l)Ty).

Consider [1267] = T,T,', and assume that g = 4. The curve C; () € K depicted
in Figure 3.18 is mapped into C5 '+ (T, T;l)TV) € K xZI(%;_,) under the pushing-disc
map.

Consider the generators of the fundamental group shown in Figure 2.3. We set

ok = Zzl[ai,bi]. We have

C’;l('y) = b’2b1_1a252_153a§1a2_16'2_1b’1a3.
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Figure 3.18: The curve C () € K.

We would like to express C () as a product of commutators. We have

1 -1
C7 1 (y) = b1laz ', b1]™"2[agba, by [as, bs)™t P [agbe, a3 ']’ (b, a3 .

If f is any of the elements in the product above, except [azb2, agl]bl_ 1, and |ag, bg]bfl@b?7

then we have i.(f) € Uj<;<jcr<a Z(Riji)-

-1
by

;. and

We want to find a homeomorphism f,, € Z(3; ;) such that f;,(a;) = a
—1 _
fo, (b)) = b?l for i = 2 or 3. This would imply that fy, ([a2be,az']) = [agbg,agl]bll.
The reason we need the homeomorphism fp, is the following. We set n = [a2b2, a3 1].

The image of f,(n) in K X I(E;_l) is
—1 -1 —1
T Ty, )T, o = oy (Tea T ) T o

But i.(fy,) € T(R234) and i*(TclTﬁ_l)Tn) € I(R123), and this completes the factorization
of C-1[1267] into elements of Ui<icjer<a Z(Rijr). 1f g > 4, the curve C7 ' () admits
the same factorization as above, but the elements {a1,b1, as, bs, as,bs} are substituted

by {ag—37 bg—37 Ag—2, bg—?a Qg—1, bg—l}a and 511 527 53 by 59—37 5g—2> 59—1'

Finding a homeomorphism f,,. We fix a base point z¢ in Zé_l as in Figure 3.19.
Let w be any of the elements ay_3,b,—3 based on zg, and let [w] be its homology class.
Consider a simple closed curve w’ obtained from w by freely homotope the fixed point

zg. We denote the new fixed point by x1 and we denote by € the trace from xy to z.

Then we glue a disc on the boundary of 251]_1, we push the curve w along €, and then
pass it over the disc to get a new curve w”. Then we remove that disc. We have that

[w] = [w'] = [w"]. If we denote the boundary of 2;71 by d, then we set

Jay-s =TTy Tyt ): foy s = Ty Ty T ).

-1

The homeomorphism f, is in Z(X,-1,1). Hence, fy'(a;) = a¥ ', f,'(b;) = b¥  and
fw(ai) =a, fu(b;) =bf fori=g—2or g—1.

/
g—
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If w is any of the elements a4—1,by,—1 and [w] its homology class then we follow the

same process as before to find w’ and w”, but this time set
_ -1 _ -1
fagf1 - TagflTagil, fbgfl - Tbg71Tb;,1'

Then for i = g —2 or g — 3 and z € {a;, b;} we have

fag,l(Z) = ((59__11)(19*12(@71539_711
- -1
fa;171(2) = 59_,112&9*159_1
fbg—l (Z) - 5g__llzb9—159_1
- _ -1

where 0 = H§:1 [a;,bj]. We note that if for example we want to factorize [a,_2, by—3]%9-1,

we do the following
(g2, bg—3]"~" = 841 fi,_, ([ag—2, by—3))5; ;.

This finishes Step 2.

d b,

Figure 3.19: Finding the homeomorphism f,.

3.3.4 Geometric proof to the generation of the Torelli group

In this section we prove that Z(%,) is generated by U;<;; <, Z(Rijk). Let Jy be the
group generated by U1§i<j<k:§g Z(Rijr). Our aim is to prove that if we conjugate a
generator of Z(R;j;) by a generator of Mod(3,), then the result lies in J;. From now on
when we say that k € Mod(X,) normalizes h € J;, we mean that khk~! € J,. Consider
the generators T, = C;, Ty, = Bj of Mod(%), depicted in Figure 3.4. It is obvious that

C’li, C;E, B]j-E normalize J,. It remains to check that C’;E}rl normalize Jj,.

The first step of the proof is to show that C?El normalize Z(Rj23). Then we fix a
set of generators for all Z(R;,iyiy), i1,42,13 € {1,2,3,...,g}. In order to show that Co;1;

normalizes Z(R;,;,i,) for arbitrary i; < ia < i3, we do the following: if |if — j| > 1 for all
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ir € {i1,12,43}, then Cp; 41 commutes with every element of Z(R;,,i,). Assume that for a
fixed iy, € {i1, 12,13}, we have |iy—j| = 1. Then cp;; lies inside the regular neighborhood
of RjUR;, UzjUux;, (see Figure 3.12). Then for g € Z(R;,i,:,) the element Cogq * g lies
inside Z(.S), where S is a regular neighborhood of R;UR;, UR;, UR;, Uz;Ux; Uz, U;,.
The subsurface S is homeomoprhic to ¥}. Our aim is to find a homeomorphism h €

Mod(%,) satisfying the following:

hil

1. The homeomorphisms normalize the elements of Uy, 1, 1.5 .inis1 Z(Bitals)

and U1§11§12§l3§4I(Rl11213)-

2. Further, h x Cog41 = C7, and h * g € Z(R123).

Then we conjugate Cagy1 * g by h to get hCayy1 * gh™t = C7 x hgh™!. But since
hgh~! € T(R123), we have that C7 * hgh~! € U1§11§l2§13§4 T(Ry115)- Finally, since h™*

normalizes <, <1, <15 <4 Z(Riy1515), we apply h~! to get

ng+1 * g E U I(Rl152[3) C Jy.

l1,l2,l3€{4,i1,92,i3 }

We describe three homeomorphisms:

1. Let s be the involution which swaps the handles R;, Ry 41 for all i € {1,2,...,g}.
It is easy to see that s normalizes Z(R;ji) if |k —i| <3 and i < j < k.

2. Let h be the homeomorphism, which moves the handle R, as in Figure 3.20.
The homeomorphism h normalizes J,. Also, h2(029_1) = c3, h(cag) = 2, and

h(cz) = Cj+2 if 4 < 2g — 2.

3. Let H;; be a homeomorphism, which takes the handle R; and places it between
the handles R;_; and R; as in Figure 3.21. If i ¢ {i1, 2,43}, then H;; normalizes
7 (Ri1i2i3)'

In order to show that Cs;41 normalizes f € Z(R;,ip,), We use an appropriate com-
position of homeomorphisms s, h, H; ;. For example, in Z(X5), if g € Z(Ri34) and j =1,
then shHy 1 * (C3 % g) = C7 * (shHa 1 * g), where shHy 1 * g € T(R123). Hence, we only

need to prove the following lemma.

Lemma 3.5. The generators C’7il normalize T(R123).

Proof. We have the relation w(C7 * w™') = (C; ! * w)w™!, where w is a straight chain

[35, Lemma 7]. Thus we only need to check that C7 normalizes Z(Rj23). We want to
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Figure 3.21: The homeomorphism H; ;.

prove that C7 « [i1igis...;;] € Jy where 1 < iy < iy < iz < ... <4 < 7. If iy <6, then
Crx[irigis...if]] € Z(R123). It remains to prove that Crx[iizis...7] € Js. If k € Mod(2y4)
normalizes Z(R123) and commutes with C7, then Cr*xw € Jy is equivalent to kCrxw € Jy,
where w € Jy. We call that the Johnson trick. Since Ci,Co, Cy, Cg, B normalize .J4 and
commute with C7 we only need to check that C; ! x [1267], O ' % [1247], C7* % [3457],

trick.
We have already seen in the previous section that C' Ly [1267] € Jy. We apply the

algorithm described in the previous section for C7'%[1247], C7 1 +[3457], and C7[3467].
The elements C ' % [4567], and C5 ' * [1237] obviously lie in Z(Raz4).
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We cut the surface X, along the curve c¢; depicted in Figure 3.4 to get a genus
g — 1 surface with 2 boundary components. We denote the resulting surface by 3,1 2.
Recall the inclusion ¢ : ¥,_1 2 < 3, from Section 3.2.3, and the induced homomorphism
ix : Mod(2]_;) = Mod(2y, c1) < Mod(X,); where Mod(%,, ¢1) stands for the stabilizer

subgroup of ¢;. The following bounding pair maps lie entirely in I(Eg_l):
i (O [1247]), 4 (Ot # [3457]), 4 H(Cr o+ [3467])
By Step 1 of the main algorithm we have the factorizations
i (O [1247]) = (1T, )T, T T ),

i1 (C7 1+ [3457]) = (T15,) T, T T, ),
i 1(Cr * [3467]) = (T3 )To, T T, ).

In Section 3.2.3 we described the disc-pushing map K — K x I(E;_l) N — (TCT{?)T%,,
i = {1,2,3} where K is isomorphic to [71'1(2;_1, xo), Wl(E;_l, zo)]. We set ;, = H?Zl[ai, bi].

If g — 1 = 3 we have

m = by tasbeasby taz by tag bt ths 1
52[172,bl_l]fb_11<[a2b2,bgl]b2 [b2,b§1”b3,a3]b3 b2a2b2)[bl_1,b§1]
bl _ =1 1 =1
85" oy ([T 1, 02])(851)0s (051",
2 = b;la;lblb/;l&gaglbgbflazbgag
_ _ _ -1 -1 _ _ _ —1 _ _
[b; 11a21albb1b2 11}fb11([a37b3]1b2 ai [17121%17@3 0 byt azt)
[ag ™, by ]7 05 fay ([brby ", by "ay ) s,
n3 = bflégl52b2a51bfléflégbga_lbglégl&blagag
“1obgt 1 - bl el 17—l — _
= [bs,as]’ 05’ fbgl([b2a217bl 1])(53 h)bs [b i’lbl i]lfbll([b:alaf’%% )
(b1 baay (b, ay tou £y M ([a2, bolas, bs]) ™2 2% [az, by 1] *2)
Z a-la=t 1 1 el o1/l —
Fo (b2, a2)2 %) fo ([ag ™, az )by s ag 1057 fo ([br s ag '] ds.
If g—1 > 3, then the curves 7; admit the same factorization but the elements

{aly bla az, b27 as, b3} are I.eplaced by {ag*3a bg737 Ag—2, b972a Ag—1, bgfl}~

elements C7 * [234567], C7  [134567], C7 = [124567] because the rest lie in Z(Ra34).
Consider the curves depicted in Figure 3.22. These curves form the lantern relation
CyCyCely = TyT,T.. We reflect the curves with respect to the page. The resulting
curves are denoted by d’,¢’,a’,b and they form the relation CoCyCsTy = ToT Ty .
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‘@"@ \o’\o’\o> \o/\d\o)

Figure 3.22: Curves that form a lantern relation.

Inverting the second relation and multiplying it by the first, we deduce that
[234567] = [2345] [[4567]]T8T671.

We conjugate the above relation first by C-!, then by O ! and finally by cy ! Those

conjugations give the desired result. O

By Lemma 3.5, we have that if f € Z(Riz3) then CF'  f € Uj<icjpes Z(Rijk)-
Using the argument given before Lemma 3.5 with the three families of homeomorphisms

H; ;,s, h we obtain the following corollary.
Theorem 3.6 (Church-Putman). The group Z(X) is generated by Uy <;j<p<, Z(Riji)-
We finish this chapter by finding generators for 7 (E;).

Theorem 3.7 (Church-Putman). The group Z(X}) is generated by Ui<icjcr<g Z(Rij)-

Proof. Consider the Birman exact sequence
1= m(US) — I(3)) = I(5,) — 1,

where U, stands for the unit tangent bundle of ¥, [52, Theorem 1.2]. Let Iy be the
subgroup of I(Z}]) generated by U1§i<j<k§g I(Riji). By Corollary 3.6 we only need to
prove that m1(UX,) injects into I'j. We prove the theorem by induction on g > 4.

o o) (Eoawro

(&

Figure 3.23: Curves that form a lantern relation.

Johnson proved that 71 (UX,) is generated by the maximal odd chains maps [i142...729—1]

plus B~1%[234...2g+4 1], where B is the Dehn twist about b; as in Figure 3.4, [35, Lemma
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7]. We need to generalize the lantern of Figure 3.22. The curves indicated on the left
hand side of the Figure 3.23 bound a sphere with 4 boundary components. By using the

same strategy like in the proof of Lemma 3.5 we obtain the following relation:
[234...2g — 3][2345...2g + 1] = [234...2g — 1][29 — 2,29 — 1,2¢,29 + 1[T.T. .

We prove the theorem by induction on g. If ¢ = 4, we note that we already have
[12345i1i9i3i4]] € Z(Ra34). The relation above shows that [23456789] € I'y. We conju-
gate the latter relation by B~! and we have that B~! x [23456789] € I'y. We complete
the proof in the case g = 4 by conjugating the above relation by C’fl, C’;l, C’gl, and
cy L If g > 5, we use the same relation we constructed above and the theorem follows

by the inductive argument. O

Johnson proved that Hi(Z(%,);Z) (resp. Hl(I(Z‘}]);Z)) has rank (4¢% 4 59 + 3)/3
(resp. (4g% — g)/3) [37]. These give large lower bounds on the size of generating sets
for Z(3,) and 7 (Zé). Unfortunately, the cardinality of the generating set in Theorems
3.6 and 3.7 is 42 (g), which is much larger compared to the lower bound. Potentially, it
would be interesting to see whether we can use the algorithm of Section 3.3.3 to find
relations between generators of the Torelli group and then reduce the cardinality of the

generating set.
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Factor groups of braid groups,
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Chapter 4

Braid groups

In this chapter we define braid groups, and pure braid groups. Braid groups are closely
related to mapping class groups. Let E;n be an n-punctured surface of genus g with b
boundary components. We show that the mapping class group of a punctured disc Z(l)’n
has the structure of a braid group. Then we define a proper subgroup of the mapping
class group of Eg, namely the hyperelliptic mapping class group SMod(Zg), and we show
that it is closely related to braid group.

4.1 Several definitions of braid groups

Braid groups were introduced by Emil Artin in 1925. There are several definitions
of braid groups, given, for example, in terms of fundamental groups of configurations
spaces, mapping class groups, and subgroups of automorphism groups. In this section

we present the above definitions and we provide generators, and relations.

4.1.1 Geometric definition

Consider the space [0,1] x R? with n collinear points lying in {0} x R? in positions
(0,1,0),(0,2,0), ..., (0,n,0). Consider also n collinear points in {1} x R? in positions
(1,1,0),(1,2,0),...,(1,n,0). For 1 < i < n, define the injective continuous functions
a; : [0,1] — [0,1] x R? such that a;(0) = (0,i,0) and a;(1) = (1,4,0). The functions
a; are simple curves in [0,1] x R?. Furthermore, for i # j and tg € [0,1], we have
that a;(to) # a;j(to). A multicurve of the form a(t) = (ai(t),az(t),...,an(t)) is called a

geometric braid on n strands.

Let a(t) = (a1(t),aa(t),...,an(t)) and b(t) = (b1(t),ba(t), ..., bn(t)) be two braids. If
there exists an isotopy F : [0,1] x [0,1] — [0,1] x R? such that F(¢,0) = a(t) and

43
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F(t,1) = b(t), then these two geometric braids will be called isotopic. We will denote
the isotopy classes of braids by [a]. Denote by B, the set of the isotopy classes of

geometric braids with n strands. For an illustration consult Figure 4.1. The elements of

SEIENE
[

B,, are called braids.

\
'

Figure 4.1: Two isotopic braids.

Next we define an operation between braids. Let [a], [b] € B,,. Consider two rep-
resentatives a, b of [a], [b] respectively. By definition we have a,b : [0,1] — [0,1] x R2.
Rescale b to obtain b’ : [1,2] — [1,2] x R%. By noting that a(1) = ¥'(1), we define the
map aob:[0,2] — [0,2] x R? by

{a: [0,1] = [0, 1] x R2
v (1,2] = [0,1] x R2.
Further, rescaling a o b we obtain the geometric braid a * b : [0,1] — [0, 1] x R2. Define
the operation between the isotopy classes of braids by [a] * [b] = [a * b]. This operation
is well defined. Indeed, let a,b,c,d be four geometric braids, and for i € {1,2}, let
F; :[0,1] x [0,1] = [0, 1] x R? be two isotopies such that

Fl(tao) = a, Fl(ta 1) =¢

Fy(t,0) = b, Fa(t, 1) =d.
We want to show that [a*b] = [cxd]. But this is easy if we think of the following isotopy:
Fi(t,2 if 0 < 1/2
F(t,ﬂj): 1(7 ZL’) 1 S < /7
Fy(t,2z—-1) if1/2<z<1.

The set B,, together with * defines a group. Indeed, the operation * is closed on B,,
and associative. The identity element is the braid, whose strands are perpendicular to the
plane {0} x R2. The inverse of an isotopy class of the braid [a], is the braid a~! obtained
by reflecting its strands with respect to the plane {1/2} x R%. See for example Figure 4.2.

The group (B, *) is called the braid group on n strands. In the rest of the paper

we use the notation B, instead of (B, *), a instead of [a], and if a,b € B,,, we use the
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LR

Figure 4.2: A braid with its inverse.

notation ab instead of a x b.

Next we generators of the braid group. Consider i = 1,2,...,n — 1 and denote by o;

the braid depicted in Figure 4.3.

-
\

T i+1
Figure 4.3: The generator o;.

Theorem 4.1 (Artin). The group By, is generated by the elements o;.

Before we prove the theorem we need a definition. Consider the braids depicted in

Figure 4.4. These braids show three forbidden positions.

A braid diagram is a braid b projected on [0,1] x R. On the left hand side of the
Figure 4.4 three strands intersect at a single point. In the middle of Figure 4.4 two
crossings are depicted in the same height. Finally, the right hand side of the Figure
4.4, one strand is tangent to another strand. These three position are called forbidden
positions for a braid. A braid diagram a is said to be in general position if for every

subset [x,y] of [0,1], the restriction a : [x,y] — [z, y] x R? is not in a forbidden position.

Figure 4.4: Forbidden positions for a braid.
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Proof. (of Theorem 4.1) Consider a braid in B,,. Project this braid in [0, 1] x R. We can
deform the braid such that each crossing contains only two braids. If there is ¢ € [0, 1]
such that there are two or more crossings, we deform the braid in such a way that there
is only one crossing for distinct values of ¢ € [0, 1]. We apply these deformation from the
bottom to the top of the braid. Then the braid is in general position. Then it is easy to
see that it will always be a product of aiﬂ, 1 <i¢<n-—1. Thus, B, is generated by o;.

O

Figure 4.5: A braid in general position.

1

For example, the braid in Figure 4.5 is o107 10%0105 oy ! The generators o; satisfy

two relations.
1. We have that o;0;110; = 0410041 for all : < n — 1.
2. If ‘Z —j’ > 1, then 0,0 = 0;0;.

In 1925 Emil Artin proved that B, admits a presentation with generators o; and the

relations above [5].

We denote by S, the symmetric group with generators the transposition s; = (i,i+1);
consider the surjective homomorphism B, — S,. This homomorphism associates to a
generator o; the permutation s;. The kernel is the pure braid group denoted by PB,.
Intuitively, a pure braid consists of strings with the same endpoints. Let 1 <i < 5 < n;

denote by a; j the element aj_l...aiﬂafai__:l...aj__ll (see Figure 4.6).

Theorem 4.2 (Artin). The group PB,, is generated by the set {a;; | 1 <i < j <n}.
Proof. We consider B,,_1 as a subgroup of B,, by adding one string perpendicular to

the plane R? to each braid in B,_;. Then, PB,_; is a subgroup of PB,,. We prove the

theorem by induction on the number of strings. When n = 2 the statement is obviously
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T//‘
1

Y

Figure 4.6: The braid a; ;.

true. Let a € PB, and delete the string connecting the points p,. Denote by b the
resulting braid. The braid b lies in PB,_;. By the inductive hypothesis, b is a word on
{a; ;}. But we also have that b € PB,,. Then ab™! is the braid whose strings are vertical
except the last one. See for example Figure 4.7 on the left. But then we can express
ab~! as a product of {a; ;} like in Figure 4.7 on the right. Since b and ab™! are product

of a; j-s, the same is true for a.

Jre= 11
=b [ ===
L 13 | T=

Figure 4.7: The braid a * b~

O

We finish this subsection by providing a presentation for PB,. Consider the relations:

P1. ar_’;ai,jar,szai’j,1§T<s<i<j§n0r1§i<r<s<j§n,

-1

-1 — s
p2. ar,sai,jaT,S - aﬁ]aldar,j7

1<r<s=1<j3<n,

P3. a, saijars = (aijasj)aij(aijas ;)™ , 1<r=i<s<j<n,

-1 -1

-1 — gLy . -1 ; ;
Pd. a, jaijars = (ar,ﬂs,yar,j as,j)am (awasuar,j as,j) s ISr<i<s<j<n.

It turns out that the pure braid group PB,, is generated by {a; ;}, for 1 <i<j<mn
with relations P1, P2, P3, P4 [9, Lemma 1.8.2].

4.1.2 Fundamental group of configuration spaces

There is another topological definition of braid groups. The configuration space of n

points of the complex plane C is defined to be:
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C(n) =A{(z1,...,2n) € C" | z; # z; wheni # j}.

An element of C(n) is denoted by Z = (z1,...,2,). The space C(n) is called the
configuration space of n ordered points of the complex plane, and it turns out that it is
a manifold of dimension 2n. The symmetric group S, acts freely on C(n) by permuting
the coordinates of Z € C(n). The quotient space C(n)/S, is called the configuration space
of n unordered points of the complex plane. We have the projection 7 : C(n) — C(n)/S,.
Fix a point p'e€ C(n). We define:

By, :==m(C(n)/Sy, 7(P)),
PB,, :=m(C(n),p).

By definition the groups m1(C(n),p) and 71 (C(n)/Sn, 7(p)) consist of closed curves
on C(n) and C(n)/Sy, based on p'and 7(p) respectively.

We explain how elements of m1(C(n),p) can be considered as braids. Firstly, since
for any 2 = (21,...,2n) € C(n), we have that z; # z;; we can think of 2 as a set of n
distinct points on C. A closed curve in C(n) is a continuous map g : [0,1] — C(n) such
that g(t) = (g1(t), ..., gn(t)), for g; : [0,1] — C, and ¢g(0) = g(1). Furthermore, for each
to € [0,1] we have that g;(to) # g;(to). Denote by ¢'(t), the multicurve obtained from
g(t) by projecting g(t) onto C for all ¢ € [0,1]. Then the element (¢,¢(t)) € [0,1] x C

represents an element of PB,,.

Consider s € S,, and denote the action of the symmetric group on C(n) by s(z) € C(n),
for z € C(n). A closed curve in C(n)/S, is a continuous map h[0,1] — C(n) such that
h(t) = (hi(t), ..., hn(t)), for h; : [0,1] — C/S,, and h(1) = s(h(0)). Furthermore, for each
to € [0,1] we have that h;(to) # h;(to). Denote by h'(t), the multicurve obtained from
h(t) by projecting h(t) onto C/S,, for all ¢ € [0, 1]. Then the element (¢,h'(¢)) € [0,1] xC
represents an element of B,,. For a detailed discussion of the representations above, see,

for example, Birman’s book [9, Definitions 1.1].

We can think of the map 7 : C(n) — C(n)/S,, as a covering space, and of S, as the

group of deck transformations. Then we have a short exact sequence:

1 — m(C(n),p) — m1(C(n)/Sy, 7(p)) = Sp — 1.
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In other words we have obtained the same short exact sequence of the previous subsec-
tion:

1— PB, — B, — S, — 1. (4.1)

4.1.3 Subgroup of automorphism of free groups

Let F), be the free group generated by z1,x2, ..., z,. Let Aut(F},) be the automorphism
group of F,. Consider the subgroup A,, of Aut(F,) generated by maps o; : F,, — Fy,

1 <i<n-—1of the form

ziviry L if i =,
oi(z;) = T if j=i+1,
x; otherwise.
Direct calculations show that the generators o; satisfy the braid relations. For ex-
ample, 0;0;110;(x;) = xixwlxng;_:lx;l = 0;+10:0i+1(x;). It turns out that A, is

isomorphic to B, [9, Theorem 1.9].

4.1.4 Braid groups as mapping class groups

We recall that Mod(Zg’n) = wo(Diﬂ"“'(ng)), where Diﬂ""(ZZ’n) is the group of orien-
tation preserving diffeomorphisms of Ez’n fixing the boundary pointwise. Let P be the

set containing the marked points of Ez,n' The subgroup of Mod(Eg’n), which contains

b
g?”’

group, and it is denoted by PMod () = mo(Diff * (3, P)).

elements fixing the marked points of the surface X is called the pure mapping class

Let D, = Z(l)’n be the disc containing n marked points on its interior. The purpose

of this section is to present a proof of the following theorem.

Theorem 4.3. The group PMod(D,,) is isomorphic to PBy,, and the group Mod(D,,)

1s isomorphic to By,.

Before we prove the theorem we would like to describe how a diffeomorphism can
be considered as a braid and vice versa. Let D be the disc without marked points and
also let the inclusion i : Diff *(D,,) — Diff* (D). Consider any element f € Diff*(D,,);
then i(f) is isotopic to the identity in Diff* (D), since the latter group is isomorphic to
the trivial group. Let Fj, for ¢t € [0, 1], be the isotopy transforming f into the identity
element. Under this transformation the points are moving around the disc D tracing
n paths. We can consider these paths as strings in [0,1] x D. This process defines a

geometric braid and its equivalence class is the image of the equivalence class of f in the
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braid group B,,.

Consider now a braid inside the cylinder [0, 1] x D,,. The strings of the braid connect
the n points of {0} x D, with the n points of {1} x D,,. The cylinder [0,1] x D,
deformation retracts to D,,. This retraction is described by an isotopy Fy, for t € [0, 1].

Hence, Fj is the desired homeomorphism. Now we can prove Theorem 4.3.

Proof. Our aim is to prove that PMod(D,,) = m1(C(n), p) and Mod(D,,) = 71(C(n)/Sn, 7(P)).
Consider the disc D as a subspace of C. Recall that Diff*(D,,, P) is a subgroup of
Diff 7 (D). Recall also that we can represent any element of C(n) by n distinct points on

C. It is convenient to us to represent elements of C(n) by n distinct points on D.

Let € : Diff " (D) — C(n) be the continuous map defined by £(f) = (f(21), ..., f(2n))-
Observe that if f € Diff (D, P), then (f(z1),..., f(zn)) = (21, ..., 2,). Furthermore,
if f1, fo € Diff"(D) such that £(f1) = E(f2), then f;'f; € Diff *(D,, P). In other
words fi, f are contained in the same coset of Diff " (D,,, P) in Diff " (D). Thus the map
& : Diff (D) — C(n) is a fiber space map with fiber Diff*(D,,, P). Then we have a long

exact sequence:

.. » m(DiffT(D)) — m1(C(n)) — mo(Difft(D,,, P)) — mo(Diff " (D)) — ...

But 71 (Diff * (D)) = mo(Diff " (D)) = {1}. Hence, 1(C(n)) and mo(Diff ™ (D,,, P)) are

isomorphic. Thus, we have proved that
PB,, = PMod(D,,).
To complete the proof, consider the short exact sequence
1 — PMod(D,,) — Mod(D,,) = S, — 1

where S, is the symmetric group of rank n — 1. Comparing this exact sequence with (1)

and using the Five Lemma, we deduce that
Mod(D,,) = B,.
O

We finish this section by introducing generating sets for Mod(D,,) and PMod(D),,).

Let D,, be a disc with n punctures on its interior. Denote the punctures by p1, p2, ..., Pn
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Figure 4.8: The action of o3 on Dsg.

enumerating from left to right. Consider two arcs connecting the punctures p;_1 with p;
and p; 1 with p; 2 respectively (see Figure 4.8 on the left). Then for i < n let o; be the
homeomorphism which interchanges the puncture p; with the puncture p;+; by moving
these two punctures by the counterclockwise direction (see Figure 4.8 on the right). The
homeomorphism o; is called a half twist. In order to check that the o; are generators
for Mod(D,,), fix a point d € 9D,, and consider (D, d). But 71(D,,d) is isomorphic
to the free group of n generators F,. Denote the generators of m1(D,,d) by ~;, when
1 >4 > n. The generators ; are loops starting at the point d, go around the puncture i
and end up at the point d. The action of o; to 7; is the same action of the automorphism
o; defined in Subsection 4.1.3. Thus the half twists generate Mod(D,,).

Recall that the generators of PB,, are the elements a;; = oj_l...aiﬂa?aijrll...aj__ll.
Consider a closed curve surrounding the points p; and p;1. Denote that curve by ¢; ;.

— 52
= o; (where T¢, , .,

One easily checks that T is the Dehn twist about ¢; ;41). Consider

i1

now the curve ¢; ; surrounding the punctures ¢ and j. Then a;; = T¢, ;.

4.2 Hyperelliptic mapping class group

Here we define a proper subgroup of Mod(Eg), namely, the hyperelliptic mapping class
group. We divide the present section in two parts. In the first part we define the
hyperelliptic mapping class group of 3,4, and in the second part we define the hyperelliptic

mapping class group of Eg where b =1, 2.

Surfaces without boundary. We define the hyperelliptic involution ¢ € Mod(¥,) to
be an order 2 element that acts on H;(¥,,7Z) as minus the identity. Alternatively, we
can consider ¢ as the mapping class which rotates ¥, by 180 degrees as indicated on

the left hand side of Figure 4.9. We think of X, as a branched cover of the sphere S?,
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Figure 4.9: Two fold branched cover.

branched at 2¢g + 2 points
Yy — g/t

The quotient ¥,/¢ is an orbifold sphere with 2g + 2 cone points of order 2. In this
thesis we do not need this geometric information about ¥,/¢, and we consider it as a

topological space Y2442, that is, a sphere with 2g + 2 marked points.

Recall the half twists o; € Mod(Z(lmg 4o) described in Section 4.3.1. Consider the
surjective homomorphism Mod (3 5, ,9) — Mod (X0 24+2). We denote by H; the image
of o; in Mod(Xp,2g+2). For 1 < i < 2¢ + 1, the homeomorphisms H; are called half
twists. It is well known, [20, Section 5.1.3], that Mod(Xg 2442) is generated by H; for
1 <4 <2g+ 1 with the following relations:

HHiyWH; = Hiy1HiHitq,
HiHj = HjHi, if |Z —j‘ > 1,
(HiHy...Hagi1)%12 =1,

and

H\H,..Hj, |..HyHy = 1.

We denote by SMod(X,) the centralizer of « in Mod(X,). Birman-Hilden proved the

following exact sequence, [10, Theorem 1].
1— <L> — SMOd(Zg) — Mod(2072g+2) —1

The group SMod (%) is called the hyperelliptic mapping class group of ¥4. Fori < 2g+1
let ¢; be the curves in Figure 3.4. The map SMod(3,) — Mod(3¢24+2) in the exact
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sequence above is defined by T¢, — H;. Then it is easy to see that SMod (%) is generated

by Tey, Tty s Teyy - Note that we have an expression for the hyperelliptic involution:

L =T, .. T ..T,.

Cog41°"

Surfaces with boundary. Consider a hyperelliptic involution ¢ as described above.
Forb=1,2, 1 acts on Eg. Since ¢ does not fix the boundary components of Eg pointwise,
then ¢« ¢ Mod(X%). As before we have a two fold branched cover ¥ — %! /1. Topolog-
ically Eg /t is homeomorphic to 2(1)72 g+b (see Figure 4.9). We note that if g1, g2 denote

the boundary components of 23, then ¢(q1) = qo.

Figure 4.10: Generators of the hyperelliptic mapping class group.

Consider the curves ¢; depicted in Figure 4.10, and let o; be the generators of Bogy,.
We define a map § : Bogip — Mod(Zg) by &(0;) = T¢,. Since the braid, and the
disjointness relations are satisfied by o;, and T, then { is a homomorphism. The image
of £ is called hyperelliptic mapping class group of Eg, and it is denoted by SMod(EZ).

In fact we have Bygyy = SMod(Eg) [50].



Chapter 5

Hecke algebra representations

In this chapter we define a quotient of the group algebra of the braid group, namely
the Hecke algebra. Hecke algebras are important because, for example, we can classify
their irreducible representations. Furthermore, we introduce representations of Hecke
algebras H(q,n). If ¢ is not a root of unity, it is well known that the set of irreducible
representations of H(g,n) is in bijective correspondence with the set of irreducible rep-
resentations of S, [26, Theorem 8.1.7]. But irreducible representations of S, are in
bijective correspondence with the Young diagrams. In the first section we define Young
diagrams, and we describe how a Young diagram is related to an irreducible represen-
tation of H(g,n). The construction of the matrices of the representations is not easy.
Wenzl has constructed representations for H(g,n) in the case where ¢ is not a root of
unity [57]. As we see in Chapter 6, roots of unity are important, so Wenzl’s construction
is not sufficient for our purposes in here. In Section 5.2 we will give a different method
to construct matrices of the Hecke algebra representations, which are well defined even
when ¢ is a root of unity. This method uses the notion of W-graphs introduced by
Kazhdan-Lusztig [41]. We note here that if ¢ is a root of unity, we do not always know
whether the representations are irreducible or not. In Section 5.3 we relate the construc-
tions of Section 5.2 with Young diagrams. Finally, in Section 5.4 we use Hecke algebra

representations to define representations for braid groups.

5.1 Hecke algebras

Let Z[g*'] be the ring of Laurent polynomials over Z, where ¢ is an indeterminate. Let
Sy, be the symmetric group, and let S be the set of transpositions s; = (i,7 + 1) of S,,.
The pair (S, S) is called Cozeter system of S,. We denote by H(q,n) the algebra over
Z[qT"], generated by the set {T%, | s; € S} with relations as follows:

=T

Si+1

(1) We have that T, T,

Si+17 85

T, T,

i41°

54
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(2) I |i — j| > 1, then Ty, Ty, = Ty, Ts,.
(3) For all s; € S, we have that T2 =1+ (¢ — ¢~ )T,.

An algebra H(q,n) of this form is called a Hecke algebra. Let (S,,S) be a Coxeter
system. Given w € Sy, we can write w = s, 85, ... Sj,, where s;, € S. If p is minimal,
we say that this is a reduced expression for w; then [(w) = p is called the length of w.

If [(w) = p then we define T, = Ty, Ty, - Tsjp. The element Ty, is independent of the
choice of the reduced expression for w. It turns out that the multiplication rule is the

following [26, Lemma 4.4.3]:

T Ts,w, if I(s;w) > l(w),
YT Taw + (@ — ¢ YTy, if I(siw) < 1(w).

Furthermore, H(g,n) admits a basis {1y, | w € S,} [26, Theorem 4.4.6].

We can easily check that T,,' = Ty, — (¢— ¢~ '). The map ¢ : B, — H(g,n), defined
by (0;) = Ts,, is a well defined homomorphism from B,, to the group of units of H (g, n).
Similarly, if ¢ = 1 then we have a well defined homomorphism ¢ : S,, — H(1,n) defined
by ¢(s;) = Ts,. We can think of H(g,n) as a quotient of the group algebra of B,, and
H(1,n) as the group algebra of S,.

5.2 Young diagrams

A Young diagram \ = [u1, pa, ..., i) is an array of n boxes with p; boxes in the it row,
Wi > iy, and Y p; = n. We denote by A, the set of all Young diagrams with n boxes.
Consider a Young diagram A € A,. A standard tableau of ) is obtained by filling the
boxes of A with integers between 1 and n, such that the integers are strictly increasing
from left to right and from top to bottom, and every box contains exactly one number.
An example is given in Figure 5.1. We denote by Y) the set of all standard tableaux
of A. For each Y), there is an irreducible representation of S,. The dimension of the
representation of the symmetric group S, associated to A € Y), is equal to the dimension

of the representation of the Hecke algebra H(g,n) [38, Section 4].

Let Vy be a free Z[g™!]-module with basis {u,| t € Yy}. The irreducible repre-
sentation associated to the Young diagram A is denoted by 7y : H(q,n) — End(V)).
We describe how such an irreducible representation decomposes when it is restricted to

H(q,n—1) C H(q,n). A Young’s lattice is a diagram formed by Young diagrams, such
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1 35|7|

Figure 5.1: Example of a standard tableau.

that each Young diagram is connected by an edge to another one if they differ by one

box. Consider, for example, the Young’s lattice indicated in Figure 5.2.

Figure 5.2: Young’s lattice up to 4 boxes.

Let A € A, be a diagram which is connected by edges to diagrams Ay, ..., Ay, such
that A\; € A,y for i = 1,2,...,m. The restriction of the irreducible representation

7 : H(g,n) — End(V)) to H(gq,n — 1) is as follows [38, Section 4]:

éw,\i :H(g,n—1) — GmBEnd(VAi).
=1

i=1

The restriction formula above is called the branching rule. The dimension of the
representation of H(q,n) associated to A € A,, is equal to the number of the descending
paths from O to A, which is equal to the cardinality of Y). In order to compute the
cardinality of Y\ we need the notion of the hook length [22, Theorem 1]. The hook
length, denoted by hook(x), of a box x in A is the number of boxes that are in the
same row to the right of it plus those boxes in the same column below it, plus one. For
example consider the Young diagram of Figure 5.3, where in each box we have assigned

its hook length. The cardinality of Y} is equal to

n!

IT hoc.)k(x) ’

TEX
For the diagram X of Figure 5.3, we have |Y)| = 68640.

V)| =
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Figure 5.3: The hook length of every box in the Young diagram.

5.3 The Burau representation

We will give an example of a Hecke algebra irreducible representation, namely the re-
duced Burau representation. We will treat the Burau representation in detail in Chapter
7. For n > 2 the reduced Burau representation 3; : B, — GL,_1(Z[t*']) is determined

by the matrices

Bi(o1) = < _Ot 1 > ® In-3, Bilon-1)=1In-3® ( 1 _Ot )

and for 1 <i<n—1,

1 0 O
Brloi)=Lio® | t —t 1 | ®L—io.
0 0 1

A direct calculation shows that (—3;(0;))? = (t — 1)(—B:(0;)) + t. This relation was
first observed by Jones [38, Note 5.7]. For ¢ = ¢, the matrices (—¢~'5,2(0;)) satisfy the
quadratic relation of H(q,n). Since the Burau representation is irreducible and satisfies

the quadratic relation, one can check that (—g~'B,2(0;)) = ma(0;), where X is the Young

diagram Bjjjj

5.4 Kazhdan-Lusztig’s construction

In this section we provide a tool to explicitly construct matrices of representations of the
Hecke algebra H(g,n). In fact, we define a Z[¢™']-module E and an action of H(g,n)
on E. A W-graph encodes the structure of a Z[g*!]-module in the sense that its ver-
tices correspond to a basis for F, and the edges provide all the information we need
for the action of H(q,n) on E. First we give a new basis for H(q,n); as before each
basis element is associated to an element of the symmetric group S,,. Then we define an
equivalence relation on elements of .S,,. The equivalence classes are called cells. Vertices

of a W-graph correspond to elements of a fixed cell. We define an action of generators



CHAPTER 5. HECKE ALGEBRA REPRESENTATIONS 58

of H(gq,n) on the basis of E. This action extends to a representation H(q,n) — End(E)
[41].

Definition of W-graphs. Let (S,,.S) be the Coxeter system for the symmetric group
introduced in the previous section. A W-graph is defined to be a set of vertices X and a
set of edges Y together with the following data. For each vertex x € X, we are given a
subset I, C S, and for each ordered pair of vertices (y,w) with {y,w} € Y, we are given

an integer u(y,w), subject to the requirements in the following paragraph.

Let E be the free Z[g*!']-module with basis associated to the vertex set X. Recall
that s; is the transposition (i,i+1) in S,,. For any s; € S and for any w € X (considering

X as a basis for ) we define the map 7, as follows:

Te, W =

k3

—q tw, if s; € I,
qu + >y, w)y, if s ¢ Ly,

where the sum is taken over all y € X, s; € I, such that {y,w} € Y. Extending linearly,

we get an endomorphism of E. For i < n — 2, we require that

TsiTsix1Tsi = Tsiy1TsiTsip
and for |i —j| > 1
TsiTs; = Ts;Ts;-

In other words, we require that the endomorphisms 7, satisfy the usual relations in the

braid group. We note that Kazhdan-Lusztig defined W-graphs for any Coxeter system.

Example 1. We give an example of a W-graph for the group S3 in Figure 5.4. We
label the vertices of the W-graph by the elements of the set X = {s1,s951}. We let

I, = {s1}, Is,s;, = {s2} and the integers u(si, s2s1) = 1, u(s2s1,s1) = 0. Furthermore,

we have
T, (51) = —qlsy,
To, (5251) = gsas1+ s1,
Ty (1) = @51+ s251,
Teo(8251) = —q lsasi.

The matrices of the representation are as follows:

-1
—q 1 qg 0
T31»—>< 0 q)’ T32n—><1 —q1>'
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Figure 5.4: Example of a W-graph.

We note that in the literature the vertices of W-graphs are often labeled by I,, where
w € S,.
The endomorphism 75, satisfies the quadratic relation (75, + ¢ 1)(s, — ¢) = 0. To

see this consider w € S, such that s; € I,,. Then we have:

(7 + ¢ ) (75, — Q) (w) = (75, + ¢~ )(—q 'w — qw) = ¢ *w+w — ¢ *w—w=0.
On the other hand, if s; ¢ I,,, then we have:
(s, ¢ N7, —)(w) = (7, + ¢ ") (qw + X ply, w)y — qu)

= Y uly,w)rs,(y) + ¢ 1> ply, w)y
= —¢'Ywy+qatY uly,wy
- 0

By the second condition of the definition of W-graphs and since the endomorphism

Ts; satisfies the quadratic relation, the map T, — 75, extends to a representation of the

Hecke algebra H(q,n).

The Kazhdan-Lusztig basis. Let a — @ be the involution on the ring Z[¢*'], defined
by § = q~!. We extend this to an involution on H(g,n) by the formula

S anln =Y ar .
We consider the set of generators S of S, and the length function [ : S,, — Z described

in Section 2. We denote by < the Bruhat order on the set of all words in the generating

set S, that is, y < z if y is subword of z.

We have the following theorem of Kazhdan-Lusztig [41, Theorem 1] reformulated by
Yin [58, Theorem 1.4]:

Theorem 5.1 (Kazhdan-Lusztig). For any w € S, there is a unique element C,, €
H(q,n) such that Cy, = C,, where

C, = Z(—q)l(w)_l(y)Py,w(q2)Ty

ySw

and Py, is a polynomial of degree at most %(l(w) —l(y) —1) ify <w, and Py, = 1.
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The polynomial P, ,, is known as the Kazhdan-Lusztig polynomial, and Theorem 5.1
proves the existence and uniqueness of P,,. The Kazhdan-Lusztig polynomial is dif-
ficult to construct explicitly and we do not give details of the construction in here. A
recursive formula for the computation of the Kazhdan-Lusztig polynomial can be found

in the original paper [41, Equation 2.2¢].

We show by induction on I(w) that T, can be expressed as a linear combination of
elements of {C; | x € S,,}. We have that C; = T} and Cs, = Ts, — ¢qT1, where 1 stands
for the trivial element of S,,, and s; is the transposition (i,7+ 1) in S. For an arbitrary

w € S, we have

Cw = (D _ (=)™ P, ., (¢*)Ty) + T

y<w
Since I(y) < I(w), by the inductive hypothesis we have that T, can be expressed as a
linear combination of Cj, for elements = € S,, with [(z) < l(w). Furthermore, since the
cardinality of {C; | © € S,} is equal to the cardinality of {7, | x € Sy}, then the set
{C; | x € S,,} forms a basis for H(g,n).

Construction of W-graphs. Consider y,w € S,. We say that y < w if y < w,
(1)) = —(=1D)®) and the Kazhdan-Lusztig polynomial P, ., has degree exactly
$(l(w) —1(y) —1). We take u(y, w) to be the coefficient of the highest power of g in Py .
Let I" be the graph whose vertices X correspond to the n! elements of S,, and whose
edges are subsets of S,, of the form {y,w} with y < w. We set I, = {s; € S| s,w < w}.
We define a preorder relation <t on the set of vertices of I" as follows. Two vertices z, '
satisfy o <p 2’ if there exist a sequence of vertices x = g, x1, ..., #, = @’ such that for
each i, (1 <i<n), {z;_1,2;} is an edge and I, , € I,,. Define the equivalence relation
x ~p ' if © <p 2’ <p x. The equivalence classes of S,, under ~r, denoted by [w], are

called cells. We denote by I'y,) the subgraph of I' whose vertices correspond to elements

of [w]. Now we can define the action of Ts, on {Cy, | w € S, }:

Tsij = qu + Csiw + Z :u’(y7 w)Cy

y=w,s;y<y

This action above is well defined [58, Theorem 2.5].

Let D,, be the Z[g*']-module spanned by the set {C, | y <r w}, and let D!, be
the Z[g*!]-module spanned by the set {Cy | y <r w,y ¢ [w]}. It is obvious that D], is
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contained in D,,. We show that D,, and D), are left-ideals of H(gq,n). Recall the formula

Tsij = qu + Csiw + Z M(y, w)Cy

Yy=w,s;y<y

The conditions y < w, s;y < y together with the existence of u(y,w) show that y <p w.
Furthermore s;w Sp w since w < s;w (in particular, we have Py, 5,y = 1 [41, Lemma 2.6
(iii)]), and I, € I,.. Hence, we can define the quotient D,,/D),. Thus, we have the
following theorem [58, Theorem 2.6]:

Theorem 5.2. The graph 'y, defined above is a W-graph whose associated Z[qT]-
module is Dy, /D.,.

By the theorem above we have a well defined representation

p: H(g,n) — End(D,/D.,),

where the elements in the basis of D,,/D,, correspond to the elements of the cell [w].
Kazhdan-Lusztig proved that the representation of H(q,n), arising from the action on
cells is irreducible and that the isomorphism class of the W-graph depends only on p
and not on [w] [41, Theorem 1.4].

Example of Figure 5.4. We have already seen that sos; <r s;. By denoting the
trivial element of S,, by 1, we have that 1 < s; with s; <p 1. Then we have 1 < 515951
with 1 <p s1s9s1. Finally, s1ses1 <r s2s1. Hence, s; ~p sa2s1; the vertex set {si, s2s1}

is labeled by p(s1,s2s1) =1 [41, Theorem 2.6].

5.5 Robinson-Schensted correspondence and dual Knuth
equivalence

In this section we give an algorithm to find elements of a fixed cell. Unfortunately, the
construction of cells given by Kazhdan-Lusztig [41] is not easy when n is large. There-
fore, we provide a different strategy to obtain cells. We have two tools: the Robinson-
Schensted correspondence (RS-correspondence) and the dual Knuth equivalence. Using
the RS-correspondence, we are able to decide when two elements of S,, belong to the
same cell. Also, we are able to calculate the cardinality of a cell, that is, the dimension
of the representation associated to that cell. By the dual Knuth equivalence, given an
element w € S, we can obtain all elements of [w]. That is, by taking any w € S,,, we

find all y € S, such that w ~r y.
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Robinson-Schensted correspondence. Here we give an algorithm that associates
elements of S;, with Young diagrams. More particularly, in this algorithm every element

of S, corresponds to two standard tableaux of the same shape.

For w € Sy, let w; denote the image of w(¢) under the mapping w : {1,2,...,n} —
{1,2,...,n}. We identify w with the sequence wjws...w,. Consider an arbitrary tableaux
T. We denote the boxes of the i” row by R;(T). In the first step the row R;(T') contains
a box filled by w;. In the next steps if w; is greater than every number in R;(T"), then
we add a box on the right of all other boxes filled by w;. If w; is not greater than every
number of R;(T'), we consider k € R;(T') such that k is the smallest number for which
w; < k. We replace k by w;. If R;11(T") does not exist, we add a box in R;41(T) filled by
k. If not, we repeat the same process with k playing the role of w; in the R;1(T") row.
The algorithm ends when we insert all w; in the boxes of T'. The algorithm we described
is called the row insertion algorithm. The standard diagram we obtain is denoted by
P(w), and it is called the P-symbol. We define the Q-symbol to be Q(w) = P(w™1). For
example, in S3 consider the element s;ss = 231, where s; € S are transpositions. In

Figure 5.5 we compute the P-symbol of s;s9 step by step.

2] — [2[E] > |1 2]

Figure 5.5: The P-symbol of s;ss.

The pair (P(w), Q(w)) is called the Robinson-Schensted correspondence. There is a
bijection between the elements of S, and the pairs (P(w), Q(w)) for all w € S,,. For the
proof of Theorem 5.3, see [3, Theorem A].

Theorem 5.3. For y,w € S, we have y ~r w if and only if Q(y) = Q(w).

As we have seen in the previous section, Kashdan-Luzstig proved that the action
of H(q,n) on cells induces irreducible representations. But there is no clear connection
between cells and Young diagrams. The latter connection is summarized in the following

theorem [8, Theorems 6.5.2, 6.5.3]. For a fixed z € S,,, we denote the shape of Q(x) by
5(Q(x)).

Theorem 5.4. An irreducible representation of H(q,n) associated with the cell [w], for

a fivred w € Sy, is labeled by a Young diagram A, where A = S(Q(w)).
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Dual Knuth equivalence. Here we provide an algorithm to find all elements of a
cell. That is, starting with an element of S,,, we have a process that allows us to obtain

elements of the cell associated with a given element of S,,.

For x,y € S, we write  ~gx y (x is dual Knuth equivalent to y) if x and y differ
by transposition of two values ¢ and ¢ + 1, and either ¢ — 1 or 7 + 2 occurs in a position

between those of 7 and i + 1. For example,
215436 ~gx 315426 ~g 415326 ~gx 425316

shows that 215436 ~gx 425316. Thus, we have the following result [8, Fact A3.6.2 ].
Theorem 5.5. For z,y € S,,, we have that Q(x) = Q(y) if and only if T ~qx y.

The algorithm for construction of a cell is divided into 2 steps.

1. Fix an element w of S,,. By Theorem 5.4 we obtain the cardinality of [w].

2. By the dual Knuth equivalence, we obtain all elements of [w]. For any x € [w] we

deduce I, = {s; € S| sz < x}.

5.6 Facts about the Hecke algebra representation

In the previous chapter we have seen that a Hecke algebra H(g,n) is a quotient of the
group algebra of B,. Hence, every representation of H(q,n) gives a representation of
B,,. Our aim here is to define representations of B,, that factor through H(g,n) and

examine some of their properties.

We fix an element w € S,,. Let H(g,n) — End(V') be a Hecke algebra representation,
where V is the Z[¢*']-module spanned by C, for all z € [w] as described in Section 5.2.
Since H(gq,n) is a quotient of the group algebra of B, there is a well defined represen-

tation 7y : B, — End(V'). Furthermore, \ is the shape of the standard diagram of Q(w).

Representations when the Young diagram is rectangular. We now focus on
representations of Bygio when g > 2 and A is a rectangular diagram. For g > 2 we
want to construct a representation my : Bagyo — End(V)) such that the matrices in
the image of 7y follow a pattern when the g increases. First we want to find cells that

correspond to rectangular diagrams. Consider, for example, w € Sg such that [w] is
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a cell associated to a rectangular diagram. Furthermore, w is an element of Sg. But
by the RS-correspondence we can see that [w] in Sg does not always correspond to a

rectangular diagram.

We can solve this problem by making appropriate choices for cells. Denote the
generators of Sp,12 by the transpositions s;, i < 2g + 2, and consider the element
515355...529+1 € Sog42. Recall from Section 3.3 that for z € S,, Q(x) is the Q-symbol.
By the RS-correspondence it is easy to check that the shape of Q(s15355...529+1), denoted

by Aagy2, is rectangle as indicated in Figure 5.6 for g = 5.

Figure 5.6: The Young diagram of the cell [s1s3s5...511].

For g > 2, we consider the cells [s1s3s5] = Wi and [s15385...5294+1] = Wa. The cell

[s18385] contains the elements
{515385, $15453S5, S2515355, S251545355, $352515453S5 }.
For g = 3 the cell [s153s5s7] contains the elements
{s1538557, 5154535557, 5251535557, 525154535557, 53525154535557,
5153565557, 1555453565557, 52515453565557, 5251555453565557, , 525153565557

815453565587, 5352815453565557, 535251555453565557, 34333231555453363537}'

The first five elements of [s1s3s5s7] above differ from the elements of [s1s3s5] by the
generator s7. For g > 3 the first five elements of [s15355...524+1] differ from [s;s3s5] by

the word s7sg...52441.

Recall from Section 2 the correspondence o; — T, where T, is a generator of H (g, n).

We have the following theorem.

Theorem 5.6. The map Cy = Cusysg...sp511 Jor w € W1 and wsrsg...s2911 € Wa defines

an embedding for H(q,6)-modules Vg — Vi, 5 |H(q,6)-
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In other words, we get a representation Bagi2 — End(V),,,,), such that

(o) A
Ui’_>77>\29+2(‘7i):( Aﬁé ) B>’

where ) (0;) is a 5 x 5 matrix, d is the dimension of 7y, ., (), A is a matrix of dimen-

sion 5 x (d —5), and B is a matrix of dimension (d — 5) x (d — 5).

Proof. We denote the elements of Wy by w1, us, us, uq, us. Then the first five elements
of W5 have the form wu;s7sg...5294+1 = w;, where ¢ < 5. Recall from Section 3.2 that the
action of Ts, on Cy, is defined as follows:
Ts;Cu; = qCu; + Csju; + Z p(y, w;i)Cy.
Y=wi,s;y<y

We divide the proof into two steps. In the first step we show that the basis elements C,,
for x € W5 in the above sum are the same for any g > 2. In the second step we show
that p(y', w;) = p(y,w) for v < wi, sy <y, y < w;, sjy <y, and y,y’ differ by the

word 759 ... S2g41.

Step 1. By Theorem 5.2 if sjw; < w;, then Tst’wi = —q_lei; if sjw; > w; then the
element Cs,, vanishes in V), ., (the Z[q*']-module spanned by C, for all z € W5).

We show that if y < w;, s;y < y, then y is one of the first five elements in W5. By
considering a weaker restriction y < w;, we show that either y ¢ W5 or y is one of w;.
We can see that the argument of the first step is true for g = 2 and 3 (see the examples
of cells above). If g > 4, we note that u; differ from w; by the word s7sg...5941, and
every u; is a word in {s; | j < 5}. Therefore, by the RS-correspondence for y € Sy 12

such that y < w;, we have that either y ¢ Wy or y is one of w;.

Step 2. If k=1 and ¢ = 5 do not occur simultaneously, then p(wg, w;) = p(ug,u;) =1
since I(w;) — l(wy) < 2 [41, Theorem 2.6], where [ : Sagyo — Z is the length function
defined in Section 2. It remains to prove that p(wy,ws) = p(ui,us) = 1. We compute

% = 1. Therefore,

the polynomial Py, 4. We know that deg(Py, ws) =
Py, w, = p(wi, w2)q + 1. By the recursive formula given by Kazhdan-Lusztig [41, 2.2¢]

we have that

Pw17w5 - P53w1,53w5 + qu1753w5 - Z IM(Z, 53w5)qu1,z7
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where the sum is over all z such that w; £ z < s3ws, s32 < z. But since we have

Py, ssws = (2, s3ws) = Py, » = 1, [41, theorem 2.6] we conclude

Py ws = Psgwy,sqws + ¢ — ZQ-

Furthermore, by the RS-correspondence we can easily check that the elements s3w; and
s3ws are not equivalent, which implies that the degree of P, ssus is strictly less than
1. Hence, Psyyp, s5ws = 1. Finally, the Kazhdan-Lusztig polynomials have non-negative
integer coefficients [19, Corollary 1.2]. Therefore Py, ., = ¢+ 1, and we have deduced
that p(wi,ws) = p(uy,us) = 1. O

Theorem 5.6 gives a nice description of the modules Ws. It would be an interesting

result for the future to identify the matrices A, B.



Chapter 6

Normal closures of powers of
twists

In the previous chapter we studied the irreducible representations of braid groups that
factor through the Hecke algebras and we examined some properties of these represen-
tations. In this chapter we use the Hecke algebra representations to construct represen-
tations for mapping class groups of punctured spheres and we examine the structure of

the latter groups.

6.1 Constructed a representations of mapping class group
of a punctured sphere

For i = 1,2,...,29 + 1, let o; be the generators of Bygi2, and let H; be the genera-
tors of Mod(Xg 2g+2) as in Section 2. Since the homomorphism Bago — Mod(X¢ 2442)
is surjective, it is reasonable to ask whether we can define a linear representation of
Mod(X,2+2) via the Hecke algebra H(gq,2g + 2). An affirmative answer was given by
Jones [38, Theorem 10.2]. Since we use a different definition of H(g,n) than Jones, we
reformulate his representation. But first we need to prove two lemmas. Those lemmas
hold for the braid group B, for any n > 2. After we prove the lemmas, we will concen-

trate in the case where n = 2¢g + 2.
Let f; be the image of o; in End(V), and for ¢* # —1 we set e; = (¢ — fi)/(¢+¢q1).
In this section we examine certain properties of the representation of the braid group

7y : By, — End(V). Firstly, we calculate the image of the center of B,, under the map

7y in Lemmas 6.1 and 6.2.

Lemma 6.1. The element e; satisfies 6? =e¢; foralli=1,2,....,.n— 1. The rank of the

67
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idempotent e; is the number of descending paths from the diagram Ay = H to the diagram

A of Young’s lattice described in Section 5.1.

Proof. We can easily check that e? = ¢;. Also, it is easy to check that the rank of an
idempotent in End(V') is equal to its trace. Since all generators of B,, are conjugate in
By, then all e; have the same rank (trace). It suffices to calculate the rank of e;. We
have that my,(01) = —¢~!. Thus, m\,(e1) = 1. We prove the lemma by induction. We
restrict the representation of B, to B;,,_1. Then the image of 1 in End(V') is @ 7, (01),
where the sum is taken over all \; that are connected by an edge in the Young’s lattice.
By the induction argument the rank of my,(o1) is the number of paths from Mg to A;.
Since the rank of my(o1) is the sum of ranks of my,(01), we conclude that the rank is

equal to the number of paths from the diagram Ay to the diagram . ([

The center of the braid group B,, is generated by (o;...0n—1)" [20, Section 9.2]. We
use Lemma 6.2 to explicitly compute the image of the homomorphism ) for every Young

diagram A.

Lemma 6.2. If dim(wy) = d and rank(e;) = r, then

d—2r
m™((o102...00-1)") :q”(”_l) a Idg,.

Proof. The element (0103...0,,—1)™ is in the center of B,; thus, m\((o102...0,-1)") is a

diagonal matrix whose entries are all equal. We can evaluate the determinant as follows:
det(7x(0;)) = det(f;) = det(q — qe; — ¢~ te;) = det(q)det(1 — e; — ¢ 2e;) = (—1)" ¢4 ?".

It follows that det(my((0109...00_1)")) = ¢"(*~D(@=2") Hence,

d—2r
71')\((0'10'2...0',1_1)”) = qu(nil)T

for some d* root of unity w. But w depends continuously on g, so if we put ¢ = 1, then
we obtain a representation for the symmetric group S,,. Since the center of .S, is trivial,

we deduce that w = Idy,. O

Remark. For a rectangular Young diagram Agg42 as in Theorem 5.6, the dimension

of the associated representation is equal to

<2g—|—2> 1
g+1/)g+2
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Furthermore, according to Lemma 6.1 the rank of the idempotent e; is equal to the
number of the descending paths from H to Agg42 of the Young’s lattice. But the latter
is equal to the number of the descending paths from [J to Ay, which is equal to
(2)7
9g/)g+1
Below, we use Lemmas 6.1 and 6.2 to construct a representation for Mod (3o 2g+2)-

Proposition 6.3. Consider the representation 7y : Bagio — End(Vy) associated to the

(2r—d)/d

Young diagram X. We set w(0;) = q 7a(0;). Then the map

J: MOd(EQ729+2) — End(V)\)
defines a representation via J(H;) = 7\ (03) if and only if X is rectangular.

We note that the homomorphism J : Mod(3g 244+2) — End(V)) of Proposition 6.3 is

known as the Jones representation.

Proof. We show that the elements 7} (0;) satisfy the relations of Mod (X 24+2) defined in
Section 2. First, we assume that ) is rectangular. The braid relation and the disjointness
relation are satisfied for 7} (0;). By Lemma 6.2 we have that 7} ((0102...094+1)%972) is

trivial. We note that in the braid group we have the relation

)2g+2( )—(29+1).

2
0'10'2...0'2g+10'29...0'1 = (0'10'2...0'2g+1 02...02g+1

The condition 773\(0102...0%9+1029...01) = 1 is equivalent to 7} ((02...02411)%™!) = 1,
since we already have that 74 ((0102...0941)?972) is trivial. But the restriction 7} |p,, .,
when A is rectangular, satisfies the relation TFS\(O'Q...O'29+1)29+1 = 1. We note that by
Young’s lattice, the dimension d and the rank r after the restriction above do not change.

This proves the ‘if’ part.

Now we prove the other direction. If X is not rectangular then 7} restricted to
By 1 reduces as the direct sum of representations 7T3\i. For 7+ < k and each 7T3\i we have
the numbers r; and d; such that d = Zle d; and r = Zle r;. The only way to have
™, (09...0294+1)%9T1 =1 for (d; —2r;)/d; is to be (d—2r)/d for all i. But this is impossible
if k£ > 1. This completes the proof. O

Precomposing the map of Proposition 6.3 with the surjective homomorphism
SMOd(Eg) — MOd(20729+2),

we obtain the following corollary.
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Corollary 6.4. There is a well defined representation SMod(X,) — End(V)) defined by

T, — q@=D/dr, (0;) if and only if X is rectangular.

By using the formula given in the definition of W-graphs, the action of H(g,6) on

[s15355] gives the following matrices for the generators of Mod (X ):

1

—q 0 1 01 g 0 0 0 0
0 —¢' 010 0 g O 0 0
Hy— g /5 0 0 ¢ 00 |, Hhsg”| 10 —¢* 0 0],
0 0 0 ¢q O 01 0 —¢'1
0 0 00 ¢ 00 0 0 ¢
—¢ 1110 0 g O 0 0 0
0 g 00 © 1 —¢ 0 0 0
Hs s g /5 0 0qg 0 O JHi—qg 10 0 ¢ 0 0|,
0 00g¢g O 0 0 1 —qg ' 1
0 00 1 —q! 0 0 0 0 g¢q
g1 0 01
0 g 0 00
Hs v ¢ 1/° 0 0 —¢g ' 10
0 0 0 g¢q O
0 0 0 0 ¢

6.2 The index of a normal closure of a power of a Dehn
twist

Let M (h) denote the normal closure of an element A in Mod(2¢ 24+42). In this section
we use the Jones representation J : Mod(Xg24+2) — End(V)) to construct a linear
representation for Mod(Xg 24+2)/N (H}), for n > 5. Humphries constructed a linear
representation for the group Mod (X ) /N (H") and proved that Mod (3¢ 6)/N (H]") has
infinite order if n > 4 [30, Theorem 4]. Our aim here is to extend Humphries’ result for

any g > 2.

Let A be the Young diagram associated to the cell [313335...529+1] as before. Consider
the representation my : Bagio — End(Vy). Recall from Section 4 that my(o;) = f; and
e; = (q— f) /(g4 q ") for ¢ # —1. Then we have J(H;) = ¢~ D/4(q — (¢ + ¢ Ve;).
We want to compute J(HP) = ¢">=D/d(q — (¢ + ¢ ')e;)™. Our aim is to modify
the representation J : Mod(3g2442) — End(V)) such that the image of H]* trivial,
and the relations of Mod(Xg24+2) still hold. Then we will have a well defined linear
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representation for Mod(Xg 2g+2) /N (H]"). Using the binomial theorem and the fact that

eg = ¢; for any j > 2, we can rewrite (¢ — (g + ¢ 1)e;)" as follows:

(¢ (g+q Ve)® = X o(~17 (g™ (g +q Ve

¢+ 2 (=D (a" g+ a e |
q" +ei(—q" +e; >0t o(—1) (’;)q”—i(q + g7 1))
¢"+eillg—a—q )" —q")

= ¢"+el(=D"¢"—4q")

Hence, we have that

2nr

JH) =q @ +e((-1)"¢"T —q ). (*)

Case n odd. It is convenient to change ¢%/¢ to ¢ to obtain
J(H]) =t + e;((—1)"t" =D — 477,

We let (—1)"t? be an n'* root of unity. Then we have t"* = —1, and t* = (—1)%/<. If
J'(H;) = (=1)7"/4J(H;), then J'(HP) = 1. To see that the map

J/ : MOd(EO’QngQ)/N(Hin) — GLd(C)

is a homomorphism, we only need to check that J'(H;) satisfy the relations of Mod (X 24+2).
In fact we only need to check that (2g + 1)(2g + 2)r/d is even. In that case we would
have (—1)(29+1Dg+2)r/d — 1 (see proof of Proposition 6.3). In the end of Section 3, we
gave two formulas for d,r in terms of g. A direct calculation shows that

r

(29 +1)(2g9 + 2)d

=(g+1)(g+2).

The right hand side is an even number. This completes the case where n is odd.

1/d t4 t to obtain

Case n even. It is convenient to change ¢
J(Hln) _ t2nr + ei((_l)nth(r—d) o tQm“)_

We let t be an n'* root of unity. Then t(¢=27)7 (T7}) = 1. In this case we denote

t(d=21)n 7([;) by J'(H;). We want to show that the map
J MOd(EQQ;;.;.Q)/N(H?) — GLd((C)

is a well defined representation. By Lemma 6.2 the number (d —2r)(2¢g+1)(2¢g+2) is an
integer multiple of d. Therefore n(d—2r)(2g+1)(2g+2) is a multiple of nd. Since ¢ is a
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root of unity, then J'(H;) satisfy the relations of Mod(2¢ 24+2) (see proof of Proposition
6.3).

We note here that the representations J’ we constructed are not necessarily irre-

ducible because the parameter ¢ is a root of unity.

Theorem 6.5. The group Mod(X02412) /N (H;) has infinite order if n > 5.

Proof. Let 3¢ 2442 be a sphere with 2g + 2 marked points. We recall that Mod (3¢ 24+2)
is generated by the half-twists H; for ¢ < 2¢g + 1. We will prove that the element
A = (HyHy)SH3(H H)°H; ' has infinite order in Mod(Zg2g42)/N(H). In fact we
prove that J'(A) has infinite order in GL4(C) by showing that if p is an eigenvalue of
either J/'(A), then p" is not trivial for any n > 4. Consequently, J'(A)™ is not the

identity matrix for n > 4.

Case n odd. By construction we have that

J(A) = (=1) "¢ 15D (51 59)5 7 (03)m(0109) 0 (053) L.

67(03)~1. Again by Theorem 3.8 we

We denote by C' the matrix 7(0109)%7(03)7(0102)
have that the first 5 x 5 block of C' are the same for any g > 2. We denote this 5 x 5

block by C’. The matrix C’ has 3 eigenvalues (2 distinct and 1 repeated).

Let (—1)"? be an n' root of unity. We set t¢ = exp((3kmi)/n) where n = (4k + 1)
if k is odd, and t? = (—1)""exp(((3k — 1)7i)/n) where n = (4k £ 1) if k is even. In
both cases if k — oo then the absolute value of one of the eigenvalues of C’ converges to

9.5521659 approximately, thus it has infinite order. This completes the proof when n odd.

Case n even. By the construction of the representation we have that
J(A) = t%(2T7d)+(d72r)n7r(0102)67r(03)7r(0102)67r(03)71.

We denote by C' the matrix m(0109)%7(03)7(0102)%7(03) . We want to prove that
C has infinite order. By Theorem 3.8 we have that the first 5 x 5 block of C' are the
same for any g > 2. Denote this 5 x 5 block by C’. We note that C’ has 5 eigenvalues
(2 distinct, and 1 repeated).
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For n = 6, if t = exp(7i/3), then the absolute value of one of the eigenvalues of C" is
equal to 9.8989795 approximately. Hence, it has infinite order. It follows that if n is even
and it is divisible by 3 then the eigenvalue has infinite order. For n = 2(3k+1) > 6, put
t? = exp((4mik)/n). If k — oo then the absolute value of the same eigenvalue converges
to 9.8989795 approximately, thus, it has infinite order. This completes the proof when

n is even. O

As a corollary we obtain a similar theorem for SMod(3,). Consider the homomor-
phism SMod(X,) — Mod(Xg2g+2) defined by T, +— H; as described in Section 4.2,
where ¢; are symmetric curves of Figure 3.4. Then we have a surjective homomorphism
SMod(Xy) /N (T?) — Mod(X0,29+2) /N (H]). Therefore, we obtain the following corol-
lary.

Corollary 6.6. The group SMod(X,)/N(T}") has infinite order if n > 5 and g > 2.

Free nonabelian subgroups. Theorem 6.5 shows that N'(H ) is very small compar-
ing to Mod(Xo,24+2) if n > 5, since Mod(Xo,2442)/N (H) has infinite order. In fact we
can do even more than that. We can prove that N'(H.) is even much smaller than what

Theorem 6.5 suggests.

Theorem 6.7. The quotient of Mod(X¢,24+2) by the normal closure of the m'" power

of a half-twist contains a free nonabelian subgroup, if g > 2, and m ¢ {1,2,3,4,6,10}.

In the proof of Theorem 6.5 we found an element in J'(Mod(Xo2¢42)/N (H)) (that
is, in the image of the quotient of the Jones representation) and we computed its order.

Theorem 6.7 was suggested by Funar.

th

Proof. Consider Equation (*). For n even, let ¢?/¢ be an n* root of unity. Then we have

that J(H") is trivial. By denoting J by J’ we have a well defined linear representation
J/ : Mod(20,29+2)/N(Hf) — GLd((C)

For n odd, let —¢? be an n* root of unity. In this case (—1)""/%J(HP) is trivial (see

proof of Theorem 6.5). We set (—1)~"/4J(H;) = J'(H;) and we have
J/ : Mod(20,2g+2)/N(H{L) — GLd((C)

Our aim is to prove that the group J'(G) generated by the elements J'(H?) and
J (H%), contains a free nonabelian subgroup. By Young’s lattice described in Section

5.1, if we restrict the Jones representation to the subgroup generated by Hi, Ho then
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the representation J reduces into a direct sum of subrepresentations containing the
representation labeled by A :Bj. Therefore, the elements ¢ ~?/dmy(0;) = 7} (0})
where ¢ = 1,2 are contained in the image of J. In Section 5.1 we saw that the map )
is the Burau representation. If ¢? is not a primitive root of unity of order in the set

{1,2,3,4,6,10}, then m)(PBs3) contains a free nonabelian subgroups [24, Lemma 3.9].

th nonprimitive root of unity such that n ¢ {2,4,6,10},

Case n even. If ¢?/¢is ann
then 7} (PBs3) < J'(G) contains a free nonabelian subgroups, since scalar multiplication

of elements of a free group, give a free group as well.

Case n odd. If we consider —¢? to be an nt”

nonprimitive root of unity such that
n ¢ {1,3}, then 7\ (PBs) < J'(G) contains a free nonabelian subgroups, since scalar

multiplication of elements of a free group, give a free group as well. O

By the Birman-Hilden homomorphism SMod(X,) — Mod (X 24+2) sends every Dehn
twist about symmetric curve into a half twist in Mod (29 2442). Therefore, the result of
Theorem 6.7 shows that the quotient of SMod(X,) by the normal closure of the mth
power of a Dehn twist about a symmetric curve contains a nonabelian free subgroup if

m ¢ {1,2,3,4,6,10}.

Factor groups of braid groups. The symmetric group S, is a finite group that can
be considered as a quotient group of the braid group B, over the relation a% = 1 where
o1 is a generator of B,,. If we generalize this relation to o}* such that m is any integer
greater than 2, then the quotient group is not always finite. In fact, Coxeter proved that
the group B,/ < of® > is finite if and only if (n — 2)(m — 2) < 4 [16, Section 10]. We

will reprove Coxeter’s theorem for n > 5, and m > 5 using the proof Theorem 6.5.

Theorem 6.8. The normal closure of oi" in B, has infinite index in B, if m > 5, and

n > 4.

Proof. We want to prove that if A(o}") is the normal closure of ¢/ in B,, then

B,,/N (o7™) has infinite order when m > 5, and n > 4.

Recall the representations J' : SMod(X,)/N(T;") — GL4(C), when m is even, and
J': SMod(Xy)/N(T') — GLg(C) when m is odd. By the surjective homomorphism
Bogt2 - SMod(X,) defined by o; — T¢, we have

Bagra/N (o) — SMod(S)/A(TI) = GLq(C)
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when m is even, and
Bagsa/N (o) = SMod(S,) /N (I77) — GLy(C)

when m is odd.

Case n is even. In this case the theorem follows by the surjectivity of

Bagi2/N(0i") — SMod(5,) /N (T¢).

Case n is odd. We want to prove that Bygi1/N (0]") has infinite order. If we restrict

the above representations to Bog11 we get
Bag+1/N (o) = GL4(C)

when m is even, and

Bsg1/N(oi") = GL4(C)
when m is odd. These representations above are well defined, by the restriction formula
described in Section 5.1. By the proof of Theorem 6.5, the elements (o102)5%03(0102)%(03) !

and (0102)%03(0102)8 have infinite order in Bagi1 /N (o).

To complete the proof, we denote by N’(o!") the normal closure of ¢! in By, and we
denote by N(o!") the normal closure of o in Bs.
We have that By /(N (67")NBy) < Bs/N (o), and (N (o7")NBy) /N (6]*) By /N’ (o1™).

By the third isomorphism theorem we get a surjective homomorphism

By/N'(c]") — By/(N(0") N By) < Bs/N(al™).

6 1

But again the elements (0102)%03(0102)% and (0102)803(0102)%(03)~! are in By. Hence,

By/N'(0!") has infinite order. O



Chapter 7

Symplectic representations of
braid groups

In this chapter we construct representations of braid groups whose images are sym-
plectic. For the definition of the symplectic group see Section 2.4. In Section 7.1 we
give two constructions for the symplectic representation of braid groups. The first uses
monodromy actions on hyperelliptic curves, while the second uses the symplectic repre-
sentation of the mapping class group. In Section 7.2 we give a topological definition of
the Burau representation of braid groups. The Burau representation is defined over a
til]

ring of polynomials Z[t*"], where ¢ is considered as any complex number. If we evaluate

t = —1, then we explain how the image of the Burau representation becomes symplectic.

7.1 Symplectic representation

In this section we give two constructions of the symplectic representation

p: Bagip — .
I {(Sp29+2(z))yg+l if b=2

where (Spog2(Z))y,,, stands for the stabilizer subgroup of Spy,,+(Z) of one particular

vector as described in Section 2.4.

7.1.1 Representation via monodromy

In the following construction follow A’Campo [2, Introduction]. Consider the universal

cover F': C? x C" 1 — C x C*! defined by
n—1
F(2,y,a1, .y an_1) = (" — y* + Z air’ ™ ar, ., an_1).
i=1

Consider also the space X = {(z,y,a1,...,an—1) | F(x,y,a1,...,an—1) = (0,a1,...,an_1)}

Obviously X is a subset of C? x C"~!. We define the fibration map 7 : X — C*~1. We

76
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denote by [z] the greatest integer y of x such that y < z. For @ = (ay, ..., an—1), the fiber

7~1(@) = X5 is a hyperelliptic curve of genus [(n — 1)/2] in C2. The fiber Xj is smooth
n—1 .

if and only if 2™ + 3 a;2'~! has simple roots. We define the set

i=1
A ={(a1,...an—1) = @ | when Xzisnot smooth}
and we obtain a fibration
¢: X\ 7 HA) - C" I\ A,
The fiber with respect to ¢ is diffeomorphic to a surface of genus [(n — 1)/2] with

r = gcd(n, 2) punctures, that is 3, , when g = [(n —1)/2].

The alternating bilinear form 7 : Hy (X, Z) AH; (2, , Z) — Z is the algebraic inter-

section number of curves in X, .. If r =1, then i is symplectic.

Odd case. We have that Aut(Hi(Xg1,%)) = Spy,(Z). Fix a point p € C"1\ A. The

action of m (C"~1\ A,p) on X, defines a representation
p:m(C"TI\ AL D) = Spyy(Z).
But 71 (C"~!\ A, p) is isomorphic to the braid group B,. Thus, we have
p: By — Spoy(Z).

Even case. If n = 2g + 2 then r = 2. Consider Hy (3,2, Q,Z), where @Q is the set

containing the two punctures. Then we have a representation
p: B, — Aut(Hl(Eg,g, Q,Z))

Recall the partitioned homology Hf(Zg) = Hl(Eg, Q,Z)/(P), where P is the set that
contains the boundary components of 23 (see Section 2.3). Recall also from Section

2.4 that Aut(Hf(Eg)) = (Spyg+2(Z)) Consider the inclusion 23 — Y42 induced by

Yg+1-
gluing a disc with puncture in each boundary of 23. Then we have a surjective homomor-
phism Hf(Eg) — Hi(X42,Q,Z). But the abelian groups Hf(Eg), Hi(Xg,2,Q,Z) have

the same rank. Thus, we get H{D(Eg) = H;y (g2, @, Z) and we obtain a representation

p- By — (Sp29+2(Z))yg+1'
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7.1.2 Representation via hyperelliptic mapping class group

Consider the surface Eg of genus g with 1 < b < 2 boundary components. Recall that
the mapping class group Mod(ZZ) is the group of self-homeomorphisms of Eg fixing
the boundary pointwise modulo isotopies that fix the boundary pointwise. Let ¢ be
the hyperelliptic involution that acts on Zg as described in Section 4.2. We recall from
Section 4.2 that the hyperelliptic mapping class group SMod(Ef]) consists of elements of
Mod(Eg) that commute with a fixed hyperelliptic involution ¢. The group SMod(Zlg’) is

generated by Dehn twists T;, about curves ¢; as indicated in Figure 4.10.

For i <2g+b—1and b=1,2, let 0; be the generators of the braid group Bagp. In

the end of Section 4.2 we defined a homomorphism

SMod(%)) ifb=1,

: B —
PP {SMod(zg) ith—2

by o; — T,. The action of SMod(X}) on H; (X}, Z) gives a representation
Bag1 — SMod(25) — Spy, (Z).
Furthermore, the action of SMod(X2) on H{ (32, Z) gives a representation

Bagsz — SMod(52) = (Spay (Z))

Yg+1-
7.1.3 Matrices of symplectic representation

At this stage we can compute the matrices of the symplectic representation. Recall that
Bygyp is generated by o; where i < 29+ b and b =1,2. The map Bygyp — SMod(Eg) is
given by o; = T¢,. Denote by T}, the transvection associated to the homology class [¢;]
of ¢;. We recall that a transvection 7} acts on Hl(Z;, Z) (respectively Hf(Eg, Z)) by
Tiey(u) = u+ i(u, [e])[es] for all u e Hl(E;, Z) (respectively Hf(E;, 7).

Consider the generators y;, z; of Hl(E;, Z) (respectively HY (23)) as indicated in Fig-
ure 7.1, with the algebraic intersection number as follows: i(x;, ;) = i(yi,y;) = 0 and
i(yi,z;) = 1. We also set y; = (1,0,0,...,0), z1 = (0,1,0,...,0),....ys = (0,0,0,...,1,0),

zg = (0,0,0,...,1). Furthermore, for i > 1 we have that [co;—1] = ¥i — Yi+1-

For b = 1 we have the representation p : Bog1 — Spag(Z) determined by

1 -1
plo1) = ( 0 1 > ® Iag—2.
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7R 7Y (T yl‘:yQ‘:yS:x Ya
X1 i) T3 x1 X9 I3

Figure 7.1: Standard generators for Hl(E;, Z), and Hf(Zg, 7).

If 7 is even, then

10
ploi) = 1o @ ( 11 ) @ Izg—;.
If ¢ # 1 is odd, then
1 1 0 -1
0 1 0 O
p(o'i) =1i3® 0 -1 1 1 ©® 12971;1.
0 0 0 1

For b = 2 we have the representation p : Bagi2 — (Sp2gt2(Z))y,,, determined by

1 -1
p(al) = < 0 1 ) @IZQfl

If 7 is even, then

plo) =L 2@ < 1 (1) > & Iogy1-i-
If 7 is odd but ¢ # 1,29 4+ 1, then
1 1 0 -1
plo) =1;—3 @ 8 jl (1) (1) @ Iag—i.
0 0 0 1

The transvection 7} is slightly more complicated. We can easily verify that the

c2g-+1]

following matrix satisfies the braid relations with the other matrices above.

1
p(o2g+1) = Iag—2 ®

S O =
—_ O

1
0
7.2 Burau representation

In Section 5.2 we defined the Burau representation in terms of matrices and we showed
that the Burau representation is a Hecke algebra representation. In this section we define
the Burau representation from a homological point of view. The section is organized
as follows. First, we define the reducible representation in terms of matrices, that is

bi : B, — GL(n,Z[t*']), where t is indeterminate, and then we give a homological
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interpretation of the latter representation. The representation b; is reducible. We show
how to reduce b; as a direct sum of one-dimensional irreducible representation and an
(n — 1)-dimensional irreducible representation (which is denoted by b;). In the end we
will state the theorem that relates the image of the symplectic representation p from the

previous section with the image of b_;.

7.2.1 The reducible Burau representation

Let A = Z[t*'] be the ring of Laurent polynomials with integer coefficients. Define the

matrices of GL(n,A) as follows:
1—-t ¢
U=1_1® < 1 0 > D In—i-1,
where i =1,2,...,n — 1.

Proposition 7.1. The map b B, — GL(n,A) defined by I;t(ai) = U; is a homomor-

phism.

Proof. We have to prove that the relations for o; also hold for U;. Note that

_ 0 1
Ui l= i-1 D < R > @ In_i1.

The block form of the matrices implies that U;U; = U;U; for |i — j| > 2. To see that
U;U;is1U; = U;31U;Up 1, it suffices to check that the next equality holds.

1—t ¢t 0 1 0 0 1—t ¢t 0 —t+1 —t2+¢ t2
1 00 0 1—¢t ¢t 1 00 |=]| —t+1 t 0
0 01 0 1 0 0 01 1 0 0
1 0 0 1—t t 0 1 0 0 —t4+1 —t*+t t2
0 1—t ¢t 1 00 01—t t | = —t+1 t 0
0 1 0 0 01 0 1 0 1 0 0

This is a straightforward calculation.

7.2.2 Homological interpretation

Recall from Chapter 4 that if D,, is an n-punctured disc, then B,, = Mod(D,,). So it is
convenient here to identify braids by homeomorphisms on the punctured disc D,,. We set
1 : B, — Mod(D,,). Fix a point d € dD,,. Define the homomorpshism ¢ : 71(D,,,d) —
Z = (t) by

r)/ — tw('Y),
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where v € w1 (Dy,,d) and w : m1(Dy,,d) — Z is the sum of the winding numbers of a loop
in 71(Dy, d) around the punctures. The kernel of € defines a covering l~?n — D,, and the

group of deck transformations is (t) = Z.

Fix a point d in the fiber of d and consider the relative homology group H =
Hl(Dn,Zd, Z), where 7Zd is the Z-orbit of d. The elements t* for k € Z act on D,
as deck transformations and this action induces an action on H making the latter group
a A-module. To compute the rank of H, we note that D,, deformation retracts onto a
union of n circles whose intersection is d. The lifts of these circles are arcs t*X; con-
necting the points t*d and t*+1d (the points tkd and t*+1d are in the fiber of d). The

module H has rank n, and it is generated by [X;] for i = 1,2, ...,n [43, Section 1].

Consider a homeomorphism f € Mod(D,,). By definition, f fixes the boundary of D,;
thus, f fixes the point d € 9D,. The induced automorphism fy : w1 (Dy,,d) — 71 (D, d)
fixes the winding number of the elements of 71 (D,,,d). The unique lift of f denoted by
f: D, = D,, commutes with the action of (t) on D,,. Consequently f(t*d) = t*d. Let
f+ : H — H be the induced map of f. Define the representation b, : Mod(D,,) — Aut(H)
by b(f) = f-

The next theorem shows that the homological representation constructed above co-

incides with the Burau representation defined in Section 7.2.1.

Theorem 7.2. The following diagram commutes.

B, Mod(D,,)
GL(n, A) ——— Aut(H),

where p : GL(n, A) — Aut(H) is an isomorphism.

Proof. Recall that Aut(H) is freely generated by X;, for i = 1,2, ..., n. Define the map p
as u(U) = (UT)~L, where U7 is the transpose of U. We want to prove that for 8 € By,
the following holds:

bn(B) = ubi(B)-

We prove the above statement for the generators o L oy L a;}l.
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Enumerate the punctures of the disc D,, from left to right. Let +; € D, be the
representatives of the generators of the fundamental group 7i(D,,d) (that is, loops
around the punctures with starting and ending point in d). The homeomorphism 7(o;” h
is a half-twist interchanging the punctures i and i+ 1. The homeomorphism 7(o;” 1) fixes
i for k # 4,941, transforms ~y; into ;v 417, L and transforms ~; 11 into ;. When we lift
the homeomorphism 17(0;1) into D,,, then this lift fixes X}, for k # 4,7 + 1, transforms
X;,1 into X; and stretches X; into the path X;(¢tX;,1)(tX;)~!. Thus, i)gn(ai*l) acts on

H as follows:

[X;] —
(Xipa] —  [Xi],
[(Xe] =
for k # 4,7 4+ 1. But the matrix defined by this action is precisely ul;t(o';l). This

concludes the proof.

7.2.3 The reduced Burau representation

The Burau representation defined in the previous subsection is reducible. In fact it
reduces into a one-dimensional representation and an (n— 1)-dimensional representation.
We call the latter representation as reduced Burau representation. In this section we
compute the reduced Burau representation. For n > 2 define the (n — 1)-dimensional

square matrices

—t 0
V1—< 1 1>@In—3

1t
V2— n3@<0 —t)

and for 1 <i<n—1,

1 ¢t 0
Vi=IL o®| 0 -t 0 | ®I,_;io.
0O 1 1

Let C be the upper triangular matrix with all nonzero entries equal to 1:
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111
01 1 1
c=] 001 1
000 1

Proposition 7.3. We have

g~ (Vi O
o= (% 0)

where U; are the matrices defined in the begining of Section 7.2.1; the row vector X; has

length n — 1, and X; = (0,...,0) ifi #n —1 and X,—1 = (0,...,0,1).

Vi 0
m=(500)

It suffices to prove that U;C = CW,. But both matrices are equal to a matrix obtained

Proof. Let

from C replacing the (i,7)"" entry by 1 —t and the (i + 1,4)"" entry by 1. O

Since U; satisfy the braid relation, the same is true for W;. Furthermore, since
det(W;) = det(V;), the matrices V; are invertible. Also, the fact that the last column
of W; is nonzero in the last entry implies that V; satisfy the braid relations. So we can
define

b : By, — Aut(A™ )

by b:(0;) = V;. The representation b, is the reduced Burau representation.

7.2.4 Homological interpretation and the symplectic representation

In this section we give a homological interpretation of the reduced Burau representation
similar to Section 7.2.2. Then we describe the relation of the Burau representation with

the symplectic representation.

Let D,, be an n-punctured disc and let d be a fixed point in 0D,,. Recall from Section
7.2.2 the homomoprhism € : m(D,,,d) — Z = (t), determined by ~ — t*(?) where w(y)
stands for the sum of the winding numbers of v around the punctures of D,,. The kernel
of € defines a covering space map D,, — D,, with Aut(D,,) = Z. Every homotopy class
of homeomorphisms f : D,, — D,, fixing dD,, lifts uniquely to fy : D, — Dy,.
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Here we define chain complexes of D,, as Z[t*!] modules. The face of D, lifts to a
face of D,, and as a Z[t*'] module generates the trivial group. The disc D,, deformation
retracts to the wedge sum of circles X;, i < n with common point d. We choose lifts X;
of X; in D,,. As Z[t*'] modules the cycles X; generate a chain complex Cy. The Z[t*!]
module Hy (D, Z[t*']) contains cycles such that the sum of the coordinates in the basis

of C is zero. Then Hy(D,, Z[t*']) is spanned by

Uy = Xl - XQ:
Uz = X? - XSa
Up—1 = Xn—l - Xn
The induced action of f, on Hi(D,,Z[t*']) is the reduced Burau representation [8,

Section 4.4].

If we set t = —1, then (£) = Z/2, and the covering space map D,, — D,, becomes a

two fold branched cover. Then the image of the symplectic representation

Sp2g(Z) ifb= 1,

p: Bogip — .
! {(Sp29+2(Z))yg+1 ifb=2

is conjugate to the image of the Burau representation b_; : B, — Aut(Hi (D, Z[t*']))
[25, Proposition 2.1].



Chapter 8

Congruence subgroups of braid
groups

In this chapter we study congruence subgroups of braid groups B,,. More precisely, in
Theorem 6.8 we proved that for m > 5 then B,, /N (c}") is infinite when n > 4. In order
to obtain a finite quotient group of B,, we need more relations. In Section 8.1 we recall
basic facts for congruence subgroups of the symplectic group. In Section 8.2 we examine
the kernels of the symplectic representation (over Z and Z/m, where m = 2,4) of B,,
and we explain the isomorphism between the level 2 congruence subgroup of B,, and the
pure braid group PB,. In the end of Section 8.2 we characterize the level p congruence
subgroups of B, when p is a prime number. In Section 8.3 we use the results of Sections
8.1 and 8.2 to find relations between PB,, and the level m congruence subgroups of B,,,
when m = 2p1ps...pr, and m = 4p1ps...pr, and p; > 3 are prime numbers. In the end of
Section 8.3 we give generators for the level 2p congruence subgroups of B, where p is a
prime number. In the last section of this chapter, we study symmetric quotients of the

level p congruence subgroups of B,,.

8.1 Congruence subgroups of symplectic groups
We recall the definition of Sp,,(Z) from Chapter 2. Let J be the 2n x 2n matrix
0o I,
-1, 0 )
The symplectic group with integer coefficients is defined to be
Spon(Z) = {A € GL(2n,Z) | ATJA = J}.
We also define the symplectic group with coefficients in Z/m to be
Spo,(Z/m) = {A € GL(2n,7Z) | ATJA = J mod(m)}

85
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where m € N. For a fixed u € Z*", we also recall

(SP2n(Z))u = {t € Sp2,(Z) | t(u) = u}.

General linear Lie algebra. A Lie algebra g is a vector space over a field F together

with a bilinear form
{}:raxg—9g

which is skew symmetric and satisfies the Jacobi identity. That is, for z,y, z € g, then

{l‘, {yv Z}} + {yv {va}} + {Zv {%y}} = 0.

Let V be a vector space. then End(V') forms an associative algebra under function com-
position. The Lie bracket is the commutator, that is, [z,y] = zy — yz. The Lie algebra
End(V) is denoted by gly,, (V') and it is called general linear Lie algebra.

The symplectic Lie algebra sp,,(Z) consists of those elements A € gl,,(Z) which
satisfy ATJ + JA = 0. We define also

Ann(u) = {m € sy, (Z) | m(u) = 0},

where Ann(u) stands for the annihilator of the vector w.

Congruence subgroups and generators. The projection Z — Z/m induces a sur-
jective homomorphism Sps,, (Z) — Sps,(Z/m), whose kernel is the principal level m
congruence subgroup of Sp,,,(Z) denoted by Sp,,,(Z)[m]. The group Spy,,(Z)[m] consists
of all matrices of the form I, +mA; where A € Sp,,,(Z). Furthermore, if m is a multiple

of | then Sp,,,(Z)[m] < Sp,y,(Z)[l].

Next we give generators for Sps, (Z)[p] when p is any prime number. Let r € Z. We
define ¢; j(r) to be the n x n matrix with (4, 7)™ entry equal to r and 0 otherwise. Let
Bi(r) be the n x n matrix with (i,7)"" and (i,i + 1) entries equal to r, (i + 1,7 + 1)**
and (i + 1,7)"" entries equal to —r and 0 otherwise. Define also se; j(7) to be the n x n
matrix with (i, )" and (j,1)"" entries equal to r and 0 otherwise. For 1 <1i < j < n we

define:

0 0 0 y
Xi,j(r) = IQn + ( Seij(r) 0 ) , yZJ(T.) — IQn + ( 0 Se 76(7“) ) )

For 1 <4,j <n with ¢ # j we define:
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Zi4(r) = Ion + < Gjr) 0 ) .

0 —67;7]'(7‘)
For1<i<n
Wz(r) - I2n + ( ,3187") _B(’L)(T) )
Finally,

u1<r>=12n+< eri(r)  ena(r) >

—e11(r) —era(r)
The following theorem gives a nice description of Spy,,(Z)[p] as a group generated by

the matrices above [15, Lemma 5.4].

Theorem 8.1 (Church-Putman). Forn > 2 and for a prime number p > 2 the congru-

ence subgroup Sps,,(Z)[p] is generated by the set

S ={Xi;(p),Vii(p); Zi;(p), Wi(p),Ur(p)}
where i, are indices defined as above.

We prove the lemma below, since no concise proof was found. In Particular, we use
the generators of Theorem 8.1 to prove that Sp,,(Z/b) can be expressed as a quotient

of some congruence subgroup of Spy,(Z) when b is a prime number.

Lemma 8.2. Let a and b two distinct prime numbers. Then the following sequence is

exact.

1 — Spy, (Z)[ab] — Spay,(Z)[al = Spa,(Z/b) — 1.

Proof. The map Sps,(Z)[a] — Sps,(Z/b) sends every matrix A € Sp,,(Z)[a] into its
mod(b) reduction. First, we prove the surjectivity of the latter map. The generators
of Spy,(Z/b) are X; j(1) mod(b) and Y; ;(1) mod(b) where 1 < i < j < n. Define n to
be the solution of the equation an = 1 mod(b). Then, & ;(a)” = Aj;;(1) mod(b) and
Vi j(a)® = Y; (1) mod(b). This proves the surjectivity of the reduction map. The kernel
of this reduction map contains matrices which satisfy I, + aA = I3, mod(b). But since
a and b are relatively primes, the latter equivalence holds if and only if A = bB when B

is a symplectic matrix. ([
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The following proposition gives a useful decomposition of Spy,, (Z/m) [48, Theorem

5).

Proposition 8.3 (Newman-Smart). Let m € N and write m = p]flpgz...pfl, where pfi

are powers of prime numbers. Then

l
Spon(Z/m) = €D Span(Z/p7").
i=1
Newman-Smart also proved that the abelian group sp,,,(Z/l) can be expressed as a

quotient of congruence subgroups of Spy,(Z), [48, Theorem 7).

Proposition 8.4 (Newman-Smart). Let [,m > 2 such that | divides m. Then we have

the following isomorphism.

SP2y (Z)[m]/Span (Z)[ml] = span(Z/1).

Lemma 8.2 and Propositions 8.3 and 8.4 play crucial role in the rest of this chapter,

in which we explore the structure of congruence subgroups of braid groups.

8.2 Kernel of the symplectic representation and certain
congruence subgroups

In this section we study the kernel of the homomorphism

Spay(Z/m) ifb=1,
(Sp29+2 (Z/m))yg+1 ifb=2,

where m is a positive integer, and g is an integer greater or equal to 1. We denote by

BQg-l—b - {

Bygp[m] the kernel of the homomorphisms above. Precisely, we study the kernel of this
homomorphism, where m is a prime or m = 1,4. The main purpose of this Section is

Theorem 8.9.

8.2.1 Hyperelliptic Torelli
Consider the map

Sp2g(Z) lf b = 17
(Sp2g+2 (Z))yg+1 ifb=2,

defined in Section 7.2. The kernel of p is denoted by BZy,;, where the notation stands

p: Bagip — {

for braid Torelli group. If we identify Bogp, with Mod(Xg.24+4) (the mapping class group
of a disc with 2¢ + b punctures), then we have that BTy, is generated by squares of
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Dehn twists around curves surrounding an odd number of punctures [13, Theorem A].

We recall from Section 3.2 that I(Zz) is the subgroup of Mod(Ef}) acting trivially
on Hl(Eg, Z), when b = 0,1, and I(Eg) is the subgroup of Mod(Eg) acting trivially on
or (X2). We also recall from Section 4.2 that SMod(Zg) < Mod(Zg) consists of mapping
classes that commute with a hyperelliptic involution. We define the hyperelliptic Torelli
to be SZ(X}) = SMod(X%) N Z(Xf) where b = 0,1,2. Since SZ(Xh) < Z(Xh) the
hyperelliptic Torelli acts trivially on Hy(X%,Z) if b = 0,1 and H{'(X2,Z) if b = 2. The
next theorem was proved by Brendle-Margalit-Putman [13, Theorem A].

Theorem 8.5 (Brendle-Margalit-Putman). For g > 0 the group SZ(X,) is generated
by Dehn twists about separating symmetric (fized under the action of the hyperelliptic

involution v) simple closed curves in X.

Figure 8.1: The element T, is a generator of ST(X3).

For b = 1,2, recall the isomorphism Bag = Mod(2(1)729+b) — SMod(Eg) defined by

o; — T¢,, where o0 is a half-twist of the disc E(l) 9g-+b? and T, is a Dehn Twist about curves

1

depicted in Figure 4.10. Consider a curve ¢ € 20,2g+b7

surrounding an odd number of
punctures. Then T is mapped into a Dehn twist about a symmetric separating simple
closed curve in Eg. By Theorem 8.5 we deduce that ST (Eg) is also generated by Dehn

twists about symmetric separating simple closed curves.

8.2.2 Level 2 and 4 braid congruence subgroups

Here we describe the level 2 and 4 congruence subgroups of braid groups, namely
Bags1[m] = ker(Bags1 — Spay(Z/m)), and Bagyalm] = ker(Bagsz = (Spagsa(Z/m)), 1)
where m = 2,4. Recall that (Spy,.2(Z/m))y,,, denotes the stabilizer subgroup of the
vector yg+1 (see Figure 8.2). If m = 2 we show that Byg4[2] = PBogyy, and if m = 4

we show that Bogyp[4] = PBj ., where PB3, ., = {a* | a € PBagys}.

The level 2 braid congruence subgroups. Here we prove that B, [2] = PB,,. The

following construction was introduced by Arnol’d [4]. Consider the two-fold branched
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7R 7Y (T yl‘:yQ‘:yS:x Ya
X1 i) T3 x1 X9 I3

Figure 8.2: Standard generators for Hl(E;, Z), and Hf(Zg, 7).

cover ¢ : Zg — Xg,2¢+5 Where g > 1, b = 1,2. We denote by B the branched points of
EZ, and by ¢(B) the branched points of ¥ 2444. We fix the following notation:

X o= X

D = Xo2g+bs

¥ = XI\B,

D' = g244s \ 0(B).

Our aim is to define a monomorphism ® : Hy(X,Z/2) — H;(D’,Z/2). We need @ is

because we want to define a representation
Bogip — Aut(Hy(X,Z/2)) — Aut(Hy(D',Z/2)).

The map ¢ induces a map ¢’ : Eg \ B = Yo 2g+b \ ¢(B). We have the following exact

diagram
Hy (/5 2/2) — 20— H (3, 2/2) —— H\(5,Z/2) H,(3/%, Z/2)
0 Nﬁi/ hfb*
Ho(D\ D', Z/2) —2— H,(D',Z/2) H.(D,7/2).

The groups H;(D,Z/2) and Hy(X/%',Z/2) are trivial because D/D’ and ¥/¥ are
bundles of 2-spheres, and hence i, is surjective. Also, the map Hy(X \ ¥',Z/2) —
Ho(D\ D', Z/2) is induced by a degree 2 map, hence is a trivial mod(2) map [4, Lemma
1]. Now consider ®. Every mod(2) cycle v in Hy(X,Z/2) can be modified by a homo-
topy so that it avoids intersections with points in B. But since i, is surjective, there
exists a f € Hy(X,Z/2) such that i.(8) = v, and ¢, () € Hy(D',Z/2). We define
®(v) = ¢, (i1 (7)). The map ® is well defined, since for every k € Ker(i), there exists
an | € Ho(X \ ¥/, Z/2) such that 9(1) = k, and since the left square diagram is commu-
tative we get ¢’ (k) = ¢, (9(1)) = 9(0(1)) = 0.

Let p; be loops in D', such that, p; # pj for i # j, and each y; surrounds a single point
in ¢(B). The group Hy(D',Z/2) is generated by p; with relations 2u; = Z?flrb wi = 0.
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Consider the generators y;,x; of Hi(X,Z/2) as indicated in Figure 8.2. We deduce
O(x;) = poit1 + p2i, ®(yi) = Z?:rf . Then the map & is injective. Thus, we get a
representation

B2g+b — Aut(Hl(D/, Z/Q)),

where the image of Bagip is the symmetric group Sogqp [4, Lemma 2]. Therefore, the
kernel of the latter representation is just the pure braid group PByg4p, and we have

PBogry = Bagis[2].

The level 4 braid congruence subgroup. This paragraph is based on Brendle-

Margalit’s paper [12, Sections 2,3,4]. Consider the representation

Spay(Z/4) ifb=1,
(Sp29+2(Z/4))yg+1 ifb=2.

We want to characterize the kernel Bogp[4] of ps. Since 4 is a multiple of 2 we have

p4 : Bogyp — {

that Baogip[4] < Bogys[2] = PBogyp. The following maps are surjective [12, Theorem
3.3, Lemma 3.4]

Spag(Z)[2] — spyy(Z/2) ifb=1

/
p: PBagip — .
! {(Sp29+2 (Z)[2])yg1 — Ann(yg+1) i b=2.

It follows that the kernel of p’ is Bogys[4] = Pnger [12, Theorem 3.1]. We also note

that PBQQQ_H) is the kernel of the map PBagi, — Hi(PBagys,Z/2).

We recall from Chapter 4 that Mod(Z(lngrb,d)(B)) = PDByy4p. For every simple

closed curve c in 2(1]72 g+b We denote by T, a Dehn twist about ¢. We set
T(m) = {T7" | Te € Mod(% 2445)}-

We have that 7(2) = Bag4s[4] [12, Proposition 4.1]. Therefore, we get the following
equalities:

T(2) = Bagysl4] = PB3,,
8.2.3 Level p congruence subgroups

The purpose of this section is the characterization of the group Bagy4[p] when p is prime.

Since Bagqp = SMod(Eg), it is convenient to study the kernel of the map

Sp2g(Z/p) ifb=1,

SMOd(Eb) N
g (SPog12(Z/p))ygsn ifb=2
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and we denote the map again by p,. Also, we denote the kernel of p, by Bagip[p].

A’Campo proved that the homomorphism p,, is surjective, by using techniques of
algebraic geometry [2, Theorem 1 (1)]. Later Assion gave a presentation for Spy,(Z/3)
and (Spag42(Z/3))y,,, as quotients of braid groups [6]. Wajnryb improved the result
of Assion and generalized it for any prime number greater than 2 [56, Theorem 1|. We

begin with the theorem of Wajnryb.

Theorem 8.6 (Wajnryb). Consider the curves c; depicted in Figure 4.10. Let Gagqp be

a group with generators Te,, ..., Tc,, , , and relations R1 to R6 as follows.

R1. T.T. Te =Te, ToT:

i1
R2. [T, Te;] =1, forli—j|>1,

RS. TP =1,

Cc1
R4. (T, T.)%=1, forp>3,

R5. TP VRTAT 0=V 727, T2 forp >3,

c1 c2r el citey

R6. (T, T.,T.,)" = AT2 A7', forn > 4, where A = T,, T2 T., T\P~V*1'T,,.
Then Gagt1 is isomorphic to Spy,(Z/p), and Gagya is isomorphic to (Spago(Z/p))y,: -

As a consequence of Theorem 8.6 we obtain elements of SMod(Eg) which normally
generate Bagp[p]. In the rest of the section we examine the relations R3, R4, R5, R6 of
Theorem 8.6 in order to give a better description for the generators of Bagp[p]. We note

that relations R1 and R2 are the defining relations in the presentation of the braid group.

We denote by [¢;] the homology class of ¢;, and by T}, the transvection associated

to the Dehn twist 7¢, under the map

Spag(Z/p) ifb=1,

SMod(Eb) —
! (SPag2(Z/P))yysr i b=2.

By definition, the action of a transvection 177 on an element u € Hl(E;, Z) (respectively

Hf(Zg, Z)) is defined to be T[’Z]“(u) = [u] + mi(u, [c])[c], where 7 stands for the algebraic

intersection number.
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R3: Powers of Dehn twists. The p" powers of Dehn twists about symmetric non-
separating simple closed curves are easy to check by looking at their image in the sym-

plectic group. The symplectic representation sends 77, into the following matrix:

I p
<0 1)69[’

where I stands for the identity matrix of dimension depending on g and b (see Section
7.1.3). The mod(p) reduction of the matrix above is the identity. Moreover, every Dehn
twist about a non-separating curve is conjugate to Tr,. As a consequence, every Dehn

twist in SMod(Zg) raised to the power of p lies in By[p].

R4: Symmetric separating Dehn twists. By the chain relation the element (7, T, )°
can be represented by a Dehn twist T’,, where -y is the symmetric separating curve bound-
ing the genus 1 subsurface of EZ as indicated in Figure 8.3 [20, Proposition 4.12]. We
have that T., € ST (Eg) C Bagip[p]. We can generalize the relation R4 by considering a
symmetric separating curve § of a genus k subsurface of Eg. By the chain relation there
is a maximal chain of curves aq,...,aor in the subsurface of genus k& with boundary 4
such that (T, ...Th,, )**2 = Tj. Since for every symmetric separating curve ¢ in EZ and

Ts € Bagyp[p] we have that (Ty,...Ty,, )2 € Bayis[p].

Figure 8.3: The curve « that bound a surface of genus 1.

R5: Even-chain maps. Relation R5 of Theorem 8.6 does not seem to have a nice
topological description. Our aim here is to find such a nice topological interpreta-
tion. In Lemma 8.7 we use the Tietze transformations in order to insert the relation
(Tc(f+1)/2T(i)2 = (T, T.,)? into R5 of Theorem 8.6. Then we explain why (T, TCz)3(Tc(i'?—irl)pTct)’2

lies in Bagp[p].

Lemma 8.7. The relation Tc(f)_l)mTf2 Tc_l(p_l)/2 =T2T.,T;,? is equivalent to the relation

(TEHVPTAN2 = (T, T.,)3 in Spyy(Z/p) (respectively (Spagyo(Z/D))y,.1)-
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Proof. We have that (T;,T.,)% = T., T2 T.,T2. Then

Cl*cg™Cl~cy

T VRl 7o 0=D/2 = (et D2T N2 A = T2 T, T2

Cl—co
On the other hand

(Tc(f“)/?TfQ)z — TclTéf’_l)/QTfQTc_l(p_l)/QTfQ _ T T2 T2

Cl*co™Cl1rcor
[l

Now we examine the relation (T£f+1)/2TC42)2 = (T.,T.,)3. For i = 1,2 we have that
(T, T.,)%([ci]) = —[ci], where [c;] stands for the homology class of ¢;. Thus, the homeo-
morphism (7, T.,)? acts as the hyperelliptic involution on the subsurface bounded by the
boundary of the chain ch(c1, c2) (see Figure 8.3). We can see that (Tc(f+1)/2Té)2 acts as
the hyperelliptic involution mod(p) in the subspace of Hy (3}, Z/p), (resp 56 (%2,Z/p))

spanned by the homology classes [c1], [c2]. Indeed, we have

(12T )2 ([er)) = —8plea) + (49 + 2p — 1)[e1] = —[ea] mod (p),
(T(p+1)/2Té)2([62]) = 2pp ;— ! [c1] — (2p + 1)[c2] = —[c2] mod(p)

Cc1

We generalize Relation 5. For k even, consider any chain ch(ay, as, ..., ar) such that
T,, € SMod(2yp) for all i < k. Choose an f € SMod(X?) such that f([a;]) = —[as].
Then (T, ... 70, ) ™ f~1 € Bagy[p]. We call this type of element an even-chain map.

R6: odd-chain maps. We describe a generalized version of (T¢, Ty, T, )* (AT, 2A™1).
Let A; be the trivial homeomorphism in SMod(Eg). For k odd, and k£ > 3, define

Ay =Tp  TAT., TP DPTIT,

Ch+1t ek Cht1 T Clp—q

Ao

k—1

First, we deal with the case b = 1. (For b = 2 the process is exactly the same.) Consider

the symplectic bases {y;, z;} for Hl(E}], 7) depicted on Figure 8.2.
Lemma 8.8. For k odd, we have that AkT[CﬂAI;I = Tlyny o) Spog(Z/p).
Note that if k = 3, then T[yz} = T[d5]

Proof. We need to prove that Ag([c1]) = [c1] + [e3] + ... + [ck] € Spoy(Z/p). A di-
rect calculation shows that As([c1]) = [c1] + ple2] + [e3] = [c1] + [c3] mod(p). As-
sume that the theorem is true for k — 2, that is Ax_o([c1]) = [c1] + [e3] + ... + [cr—2]-
Then TckHTfchkHTc(,ffll)/QTC_leckA([ck_g]) = [ck—2] + [ck]. The proof of the lemma

follows. u
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Figure 8.4: The chain relation of R6.

Let k be an odd integer, and consider also the odd chain ch(cy, cg, ..., ;). By the chain
relation we have that (T.,...T,, )F! = To Ty, , where diy = y(r11)/2, and [di] = [d}] =
€ Spyy(Z/p).
On the other hand, according to Lemma 8.8 we have that A,72 A ! = T2 €

[c1]” ke [Y(kt1)/2]
Spay(Z/p). Hence, (Tcl...Tck)kHAkTgle;l € Bygyp[p]. Note that if k = 3, the element

(T, ..Te, )* T AL T2 A, ! is the same one as in the relation 6 of Theorem 8.6.

[Y(k+)/2] (see, for example, Figure 8.4). Thus, (Ti,)...Tje) ! = Ti(kﬂw]

We can describe a generalized version of (T¢,...T, Ck)k“Ach_lQA,;l. Consider any odd
chain ch(a1, az, ..., ax), such that T,, € SMod(Z}]) for all # < k. Choose a homeomor-
phism h € SMod(X;) such that h([a1]) = [a1]+[as]+ ..+ [ax] € Spy,(X}). Then we have
that (Ty, ... 70, )" AT, 2h~1 € Bygy1[p]. If we consider (T, ...T,, )" as the center of the
subgroup K of SMod(Eg) generated by Ty, ...T,, , then kT, ?h~! is the center mod (p) of
the same group. Note that the choice of h is not unique. We call this type of element

an odd-chain map.

Theorem 8.9. If p = 3, then Bag1[3] is generated by Dehn twists raised to the power of
3, and for 29 +b > 4 by odd-chain maps. For p > 3 the subgroup Bagi[p] of SMod(Eg)
is generated by Dehn twists raised to the power of p, by symmetric separating curves, by

even-chain maps, and for 2g + b > 4 by odd-chain maps.

The generating set in Theorem 8.9 is infinite. When p = 3 and g = 1 we can find a

finite set of generators.
Theorem 8.10. The group Bs[3] is generated by four elements.

Proof. Set S = {T3,T3,T.,T3T..*, T2 T3 T..?}. We denote by I' the subgroup of Bs[3]

(GRS R RS Rl & Rl IR A & R & R &)
generated by S. We prove that if we conjugate elements of S by T, or T¢,, then the
resulting elements lie in T'. Since Bs[3] is normally generated by S and since S generates

a normal subgroup of Bs, then I' = Bs|[3].

In the braid group we have the relation

T.T.

SN

3.1\ T =TT, | ..T: . TanT,

i T C—17 ¢ Ci T Cit1”
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We prove the theorem in three steps.

Step 1: Conjugates of T3, T3 :

c1r—-c2°

TT3T,, =T *TAT3T.*T2 €T

catc1tea

T, 'T3T., = TT3T, ' €T

1

T, T2T. =T\ T3T., =T, T2 T3 T.*T3 € T.

Cl~corc1 co coc1 e

Step 2: Conjugates of 1., 73 T

2=C17C2

3 p—1mp— 3
T, T, T2T' T ' =T2 €T

C2-"c1 7o c1

T T, T2 T T, = T, 2T T2 = T3 (T., T2 T, T2

c1 C2"c17Co c1 coC Cl~co Ty

The latter is in I' by step 1.

Step 3: Conjugates of T2 T3 T2:

c2—Cc17C2

T T2 T T, 2T, = T, T T T3 T, T.,° T, =

c1 co2c1C2 c2 7 Co 2+ co

(T T o) (T Ty T Ty T ) (T T,
The elements (T, 'T3 T.,), (T, 'T;,*T:,) are in T by step 1.

—1p—1p3 3
Tcl T62 TclTCQTcl = TCQ

Finally, since T2 T3 T2 = T3 T, 'T3 T,,T,?, it suffices to check that T, T,,*

ca2Cc1TCc2 co2Co C2"cog

isin I'. But we have that

T, T T T, T, = T2 To T2 =T T 5T, 1. = T2 T, T2 T, T, ° € T.

Cl1-—"co 2"y c1recper c1c Cc1*cy c2+c17 e

This proves the theorem.

96

T.T-1

2" cqp

O

It is well known that every finite index subgroup of a finitely generated group, is

finitely generated [44, Corollary 2.7.1]. In Theorem 8.10 we found a finite generating

set. This result enables us to seek for finite generating sets for B,[3], when n > 3.

8.3 Level m congruence subgroups

For i € N, let p; denote a prime number greater than 2. In this section we characterize

Bogiplm], where m = 2pips...py, and m = 4pips...p;. Our strategy is to find a presen-
tation for PBagyy/Bogys[m]. We recall that Hy(PBagyy, Z/2) is 5pay(Z/2), if b= 1 and
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Ann(yg41) if b = 2, where Ann(yg41) = {h € $pgy19(Z/2) | h(yg+1) = 0} [12]. The
generators of Bagy, are denoted by o; and the generators of P By, are denoted by a; ;

as in Chapter 4.

Lemma 8.11. For m = 2p1ps...pr, where p; > 3 are prime numbers, we have

DL, Spsy(Z/pi) ifb=1,

PB B =
bt/ Bl {@fﬂ(sMgH(z/pi))yﬁl ifb=2.

Proof. For the first part of the lemma, we set m = 2p1po...pr. We have the map

(Sp29+2(Z))yg+1 — (Sp29+2(Z/m))yg+1 ifo=2

with kernel Bygip[m]. By Lemma 8.3 we know that

pm : Bagyp — {

k
Spag(Z/m) = Spoy(Z,/2) €D Spsy(Z/pi).

i=1
If we restrict to the pure braid group, then the image of the map PBagi1 — Spy, (Z) is
the group Spo,(Z)[2], (see [12, Theorem 3.3]). Furthermore, by Lemma 8.2 we have that
the map Spy,(Z)[2] — Sp(Z/p;) is surjective. Thus, the image of the map

k
Spag(Z) — Spay(Z/m) = Spyy(Z/2) @ Spag(Z/pi),
i=1
after we restrict to Spy,(Z)[2], is the group eF, Spay(Z/p;). Hence, have a short exact

sequence
k

1— ng+1[m] — PBQng]_ — @ SPQQ(Z/pi) — 1.
i=1

Likewise, since the image of the map PBagia — (SPogia(Z))y,41 18 (SPagt2(Z)[2])y,4s
(see [12, Theorem 3.3]), and since (Spaggyo(Z/m))y,,, < SPagi2(Z/m), we can apply

Lemma 8.3 and end up with the following exact sequence.

k

1 = Bagya[m] — PBagyo — @(szg+2(z/pi))yg+1 — 1.
i=1

This completes the proof. O

In the following statement we slightly generalize Lemma 8.11.
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Lemma 8.12. For m = 4p1ps...pr, where p; > 3 are prime numbers , we have

oy (Z/2) DF_, Spay(Z/pi)  ifb=1,

PBZgH)/BQngb[ ] {Ann( ) @f:1(8p2g+2(z/pi))yg+1 if b= 2.

Proof. Consider now m = 4pps...px. By Lemma 8.3 we have that

k
SPag(Z/m) = Spag(Z/4) D Spag (Z/ps).

i=1
We want to characterize the image of the map
{ Spag(Z/4) B, Sp2y(Z/pi) if b =1,
k .
(SPag12(Z/4))ysr Diz1(SPags2(Z/pi))yyr i b=2.

For b = 1 we only need to characterize the image of the restriction of the map above to

B2g+b -

PBygp. In particular, we want to compute the image of the map PBygy1 — Spgg(Z/Zl).
We know that the image of the map PBaj11 — Spgy(Z) is Spy,(Z)[2]. Consider the

inclusion
Sp2g(Z) [2] — SPQg(Z)'
We quotient the above inclusion by Sp,,(Z)[4], and we get the following inclusion:
5Pag(Z/2) = Spag(Z/4).
We finally have
PBQg+1 — SPQQ(Z) [2] — 5p2g(Z/2) < SPQQ(Z/4)

Hence, the image of the map PBagy1 — Spyy(Z/4) is the abelian group spog(Z/2).

Thus, we have
k

PBag b/ Bagilm] = spog(Z/2) @ Spay(Z/pi).-
i=1
For b = 2, the maps

PBigyo — (Sp2g+2(Z) [2])yg+1 — Ann(ngrl)

are both surjective, [12, Lemma 3.5]. But Ann(yg+1) < (Spyg42(Z/4))y,,,, and thus, the

image of the map
PBagio — (szg+2(Z/4))yg+1
is the group Ann(yg41). Thus, we get

k
PBgy2/Bagialm] = Ann(ygy1) EB SPagt2 (Z/Pi))ygo1-
=1

This completes the proof. O
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In order to find generators for Byy41[m], it suffices to find a presentation for Spy,(Z/p)
in terms of pure braids. In the next proposition we prove that Spy,(Z/p) admits a
presentation as a quotient of the pure braid group over some relations. These new

relations are the generators for Bog1[2p].

Proposition 8.13. Fiz a prime number p, and put p = 2k + 1. Let H, be the group

with generators {a; ;} with the defining relations

PRI. a£i+1a§+1,i+2a§,i+l = af+1,i+2a§,i+1a§+1,i+2,

PR2. af’j =1,

PR3. (ay}'a5%")® =1forp > 3,

PR/. a;;ai,jar,s:ai,j, 1<r<s<i<j<norl<i<r<s<j<n,

-1
r?j ’

PR)5. a;;ai,jaT,s = aja;;a 1<r<s=i<j<n,

1 1 . .
PR6. a, sa;jars = (aijas;)aij(aijas;)”, 1<r=i<s<j<n,

-1 S e T TR P fos | : :
PR7. a, ja;jars = (arvjas,]a,,,,ja&j)aw(awawam as’j) ,1<r<i<s<j<n,
_ k1 k41 k k S
PRS. a;; = aj"y ;ai75 i 1.Qiit1Gi4q jy9-a5_ 5 1 < |i—j| <,
k+1, k+1\3 _ ( 2k2 2 \2
PRY. (ayy ay3 )” = (ai3a33)” forp >3,
k+1 k+1 2k% k k

k1 k41 k+1y4 _ -1 _ +1
PRI10. (a7} agy azy )" = Ba1oB™ ", where B = ay 5 azaay s a33 az4as3 , forn > 4.

If n=2g + 1 then H,, is isomorphic to Spy,(Z/p). On the other hand if n = 2g + 2,
then Hy, is isomorphic to Spyyyo(Z/p)y,,: -

Note that relations PR4, PR5, PR6, PR7 are relations in the presentation of the
pure braid group given in Chapter 4. We begin with the group G,, defined in Theorem

8.6, and using Tietze transformations, we obtain the presentation of H,.

Proof. By Theorem 8.6 the group G,, has the following presentation:

G, = (0| R1, R2, R3, R4, R5, R6),

where 1 < i < 2g+b. Let a;; = Jj_l...aiﬂafaijrl...aj_fl and denote this relation by
PR11. Then include PR11 into the presentation of G, and add the generator a;; to
obtain

(03,a; ;| R1, R2, R3, R4, R5, R6, PRI11).
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Since P B, is a subgroup of B, this means that R1 and R2 can be used to deduce the
relations PR4, PR5, PR6, PRT.

(0i,a;5] R1, R2, R3, R4, R5, R6, PR4, PR5, PR6, PR7, PR11).
The relation R2 can be deduced by PR11 and R3 and PR4
(0i,a;] R1,R3, R4, R5, R6, PR2, PR4, PR5, PR6, PR7, PR11).

We derive two more relations from PR11 and R3.

ok 1k
Oi =ity 03 = Qjitq-

Then PRI is equivalent to R1, PR2 is equivalent to R3, PR3 is equivalent to R4, PR9Y
is equivalent to R5, PR10 is equivalent to R6, and PR11 is equivalent to PRS8. In other

words,
(0i,a: ;| PR1, PR2, PR4, PR5, PR6, PRT, PR8, PR9, PR10,0; = a; [, 07" = af; )
Finally, for 1 <i < j > 2g 4+ b we have that
(a; ;| PR1, PR2, PR4, PR5, PR6, PR7, PR8, PR9, PR10),
which is the presentation of H,,. O
As an application of Proposition 8.13, we can obtain generators for Bag,4[2p].

Corollary 8.14. For k = (p — 1)/2, the group Bag.[2p] is normally generated by six

types of elements:

p
a; ;-
k41 _k+1\6
(al,Q as 3 )"
2k% 2 \2/ k+1 _k+1\-3
(U’q,z 02,3) (a1,2 Qg3 )7
k41 k+1 k+1\d o —1 p—1
(a1,2 (g3 34 ) Ba,B
k k k —k -k -k
Qi1 Q41,542,418 1 42D 541 P41 54-2¢
k+1  k+1 k k 1

CLjiLjajiZ’jil...ai7i+1ai+1’i+2...aj_Ljai’j .

Actually we can use Proposition 8.13 to find normal generators for any B,,[m], where

m is either 2p;...pg or 4p;...px and p; > 3 are prime numbers.
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8.4 Symmetric quotients of congruence subgroups

If m is a multiple of k, then By,[m|<1B,[k]. In this Section we investigate some quotients
By, [k]/Bp[m] for particular values of k, m. From Section 8.2.2 we know that B, [2] = PB,
and B,,/By[2] = S,. The purpose of this section is to prove the following theorem.

Theorem 8.15. The quotient By [p|/Byn[2p] is isomorphic to S,,.
Before we proceed to the proof of Theorem 8.15, we prove the following lemma.
Lemma 8.16. The groups B,[2p] and B,[2] N By[p] are isomorphic.

Proof. Tt is obvious that B,[2p] < B,[2] N By,[p]. By Proposition 8.3 we have that
SPoy(Z/2p) = Spay(Z/2) ® Spey(Z/p). By the homomorphism p : B, — Spe,(Z/2p) we
deduce that p(B,[2] N By[p]) is trivial. Hence, B,[2] N By[p] < By[2p]. O

Now we can prove the main theorem of the section.

Proof of Theorem 8.15. Denote by s; the transposition (i,7 + 1), that is, the generators

of S,,. We have the following presentation.
2 .
Sn == <81, ey Sp—1 ‘ S; = 1, S$iSi+1Si = Si+15iSi+1,SiS; = S;jS; when ‘Z —j’ > 1> .

Consider the natural epimorphism 7 : B,, — S,, defined by 7(0;) = s;. Fix a prime
number p > 2; then the restriction 7 : B,,[p] — Sy, is a surjective homomorphism as well.
Indeed, we have that 7(o?) = s¥ = s;, and for any other generator g € By, [p] we have

7(g) = 1. Finally, ker(7) = B,,[2] N B,[p] = By[2p] by Lemma 8.16. O

In Theorem 8.15 we computed quotients of B, [p] when p is prime. In the future, it
would be interesting to examine quotients of B,,[m] where m = 2p;...px or m = 4p;...pk

and p; are prime numbers.
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