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Abstract

The motivation for this thesis is to develop a parallelizable fully implicit numerical
Navier-Stokes solver for hypersonic viscous flows. The existence of strong shock waves,
thin shear layers and strong flow interactions in hypersonic viscous flows requires the use of
a high order high resolution scheme for the discretisation of the Navier-Stokes equations in
order to achieve an accurate numerical simulation. However, high order high resolution
schemes usually involve a more complicated formulation and thus longer computation time
as compared to the simpler central differencing scheme. Therefore, the acceleration of the
convergence of high order high resolution schemes becomes an increasingly important issue.

For steady state solutions of the Navier-Stokes equations a time dependent approach
is usually followed using the unsteady governing equations, which can be discretised in time
by an explicit or an implicit method. Using an implicit method, unconditional stability can be
achieved and as the time step approaches infinity the method approaches the Newton's
method, which is equivalent to directly applying the Newton's method for solving the
N-dimensional non-linear algebraic system arising from the spatial discretisation of the
steady governing equations in the global flowfield. The quadratic convergence may be
achieved by using the Newton's method. However one main drawback of the Newton's
method is that it is memory intensive, since the Jacobian matrix of the non-linear algebraic
system generally needs to be stored. Therefore it is necessary to use a parallel computing
environment in order to tackle substantial problems.

In the thesis the hypersonic laminar flow over a sharp cone at high angle of attack
provides test cases. The flow is adequately modelled by the steady state locally conical
Navier-Stokes (LCNS) equations. A structured grid is used since otherwise there are
difficulties in generating the unstructured Jacobian matrix. A conservative cell centred finite
volume formulation is used for the spatial discretisation. The schemes used for evaluating
the fluxes on the cell boundaries are Osher's flux difference splitting scheme, which has
continuous first partial derivatives, together with the third order MUSCL (Monotone
Upwind Schemes for Conservation Law) scheme for the convective fluxes and the second
order central difference scheme for the diffusive fluxes.

In developing the Newton's method a simplified approximate procedure has been
proposed for the generation of the numerically approximate Jacobian matrix that speeds up
the computation and reduces the extent of cells in which the discretised physical state
variables need to be used in generating the matrix element. For solving the large sparse non-
symmetric linear system in each Newton's iterative step the o-GMRES linear solver has
been developed, which is a robust and efficient scheme in sequential computation. Since the
linear solver is designed for generality it is hoped to apply the method for solving similar
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large sparse non-symmetric linear systems that may occur in other research areas. Writing
code for this linear solver is also found to be easy.

The parallel computation assigns the computational task of the global domain to
multiple processors. It is based on a new decomposition method for the Nth order Jacobian
matrix, in which each processor stores the non-zero elements in a certain number of columns
of the matrix. The data is stored without overlap and it provides the main storage of the
present algorithm. Corresponding to the matrix decomposition method any N-dimensional
vector decomposition can be carried out. From the parallel computation point of view, the
new procedure for the generation of the numerically approximate Jacobian matrix decreases
the memory required in each processor. The a-GMRES linear solver is also parallelizable
without any sequential bottle-neck, and has a high parallel efficiency. This linear solver
plays a key role in the parallelization of an implicit numerical algorithm.

The overall numerical algorithm has been implemented in both sequential and parallel
computers using both the sequential algorithm version and its parallel counterpart
respectively. Since the parallel numerical algorithm is on the global domain and does not
change any solution procedure compared with its sequential counterpart, the convergence
and the accuracy are maintained compared with the implementation on a single sequential
computer.

The computers used are IBM RISC system/6000 320H workstation and a Meiko
Computer Surface, composed of T800 transputers.
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Chapter One
Introduction

Computational fluid dynamics (CFD) is a discipline that seeks the approximate
numerical solutions of fluid flows, in which it is assumed that the basic equations describing
their behaviour are known theoretically but for which no analytical solutions exist. It is one
of the key areas that needs a very large number of numerical computations to be performed.
The desire to solve increasingly complex physical problems and to use high resolution
schemes for even more accurate numerical simulations has always been running ahead of the
capabilities of the time, and has provided a driving force for the development of faster
computing machines with larger memory. Currently, developments in parallel computing
systems have offered the potential for the scalability to large numbers of processors that is
required, and have drastically increased the amount of memory available for numerical
simulations, which result in a speedup of computations of existing methods relative to those
done by a single processor (standard, regular or scalar) computer. Therefore in CFD it is
becoming a necessity to use parallel computing environments. However the achievement of
this potential relies on efficient and portable software which takes advantage of all that the
hardware can offer.

1.1 Hypersonic flows and numerical simulations

With the development of space technology, the design of re-usable hypersonic
vehicles becomes one of the most important factors, and the enabling of reentry has become
the most challenging problem. In the hypersonic regime a major design driver is the accurate
prediction of peak aerodynamic forces and peak aerodynamic heating rates. However
hypersonic flows around flight vehicles often involve strong flow interactions such as
shock-shock, shock-boundary layer, shock-vortex and other viscous/inviscid interactions.
Numerical solutions of Euler equations or even simpler inviscid modelling can sometimes
provide useful data on aerodynamic forces and can be coupled with boundary layer codes to
predict such important parameters as skin friction and heat transfer rates. However this
approach is not applicable when strong viscous/inviscid interactions occur. The boundary
layer approximation is no longer valid in such regions including those on the lee-side of the
vehicle at high angles of attack, near the nose of the body and around the leading edge of the
wing at high Mach number. Therefore, for strongly interactive flows, a numerical solution
of the Navier-Stokes equations is required to predict hypersonic aerodynamic characteristics
accurately.
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The definition of a computational approach involves several steps leading from an
initial mathematical model to a final numerical solution. The first step is the selection of an
appropriate mathematical model in order to describe the physical problem researched. The
second step is the choice of the discretisation method of the mathematical formulation and
involves two components, the space discretisation and the equation discretisation. The space
discretisation consists of setting up a grid by which the continuum of flow field is replaced
by a finite number of cells, in which the numerical values of the discretised physical state
variables will have to be determined either in the cells themselves or at their nodes. There are
two different types of grid: structured grid and unstructured grid. Once a grid has been
defined the equations can be discretised, leading to the transformation of the differential or
integral equations to discrete algebraic operations involving the values of the unknown
variables in the grid cells or at their nodes. Finite difference (FD), finite element (FE), and
finite volume (FV) methods are available in this transformation, and many numerical
schemes for evaluating numerical flux have also been developed according to the physical
properties of the flow equations. The third step is to solve the resulting non-linear or linear
algebraic system.

As pointed out above the Navier-Stokes equations are required for describing
hypersonic viscous flows. In the Navier-Stokes equations there are convective and diffusive
terms. The most general flow configuration for a non-viscous, non-heat-conducting fluid is
described by the set of Euler equations, obtained from the Navier-Stokes equations by
neglecting all shear stresses and heat conduction terms, i'.e., the diffusive terms. After
applying assumptions for some flow properties the mathematical system of Euler equations
is a first order quasi-linear hyperbolic system and is associated with the propagation of
waves. There are many numerical schemes developed for solving the Euler equations, since
following Prandtl's boundary layer concept these provide a valid approximation for flows at
high Reynolds numbers outside viscous regions developing in the vicinity of solid surfaces
for well behaved flows. Therefore we in this work combine numerical discretisation
methods for the Euler equations with the numerical formulations for the viscous and heat-
conduction terms.

The existence of flow interaction phenomena in hypersonic viscous flows also
requires the use of a high order high resolution scheme in the discretisation of the Navier-
Stokes equations for an accurate numerical simulation. The so-called high resolution scheme
is directed towards the introduction of physical properties of the flow equations into the
discretised formulation [1]. The central space discretisation is suitable for the diffusive
terms, but for the Euler equations the schemes, based on the central space discretisation,
have a symmetry with respect to a change in sign of the Jacobian eigenvalues which does not
distinguish upstream from downstream influences. Hence the physical propagation of
perturbations along characteristics is not considered in the definition of the numerical model.
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However, flux-split schemes have had a significant impact on CFD. These schemes have the
often stated property (desirable to many) that additional numerical dissipation does not have
to be added to stabilize them. They are directed towards an introduction of the physical
properties of the flow equations into the discretised formulation and have led to the family of
techniques known as upwinding, covering a variety of approaches, such as flux vector
splitting, flux difference splitting and various 'flux controlling' methods.

The first level introduces only information on the sign of the eigenvalues, whereby
the flux terms are split and discretised directionally according to the sign of the associated
propagation speeds. This leads to the flux vector splitting methods [2,3].

A higher level of introduction of physical properties into the definition of the scheme
can however, be defined, following the very remarkable scheme of Godunov [4]. In
Godunov's method, the conservative variables are considered as piecewise constant over the
cells at each time step and the time evolution is determined by the exact solution of the
Riemann (shock tube) problem at the interface of cells. Hence, properties derived from the
exact local solution of the Euler equations are introduced in the discretisation. This approach
has been extended to higher orders, as well as to variants, whereby the local Riemann
problem is only approximately solved through approximate Riemann solvers. They are
referred to sometimes as flux difference splitting methods [5,6].

Both flux-vector split schemes and flux-difference schemes capture shock waves
well, but flux-difference split schemes perform noticeably better on contact discontinuities. It
is this ability of flux-difference split schemes to capture contact discontinuities that evidently
makes the schemes so attractive for viscous flows [7].

Since first order accuracy is limited for practical problems [8] accuracy has to be
improved. The straightforward replacement of the first order upwind space differences by
appropriate second order accurate formulas leads to deficiencies similar to those encountered
with central schemes, namely the generation of oscillations around discontinuities. This is
somehow disappointing since one of the motivations behind upwind schemes is the hope
that the introduction of physical propagation properties in the discretisation will prevent the
generation of oscillations in the numerical solutions. This is only partly fulfilled in the sense
that for non-linear equations, such as the Euler equations, oscillation-free results can be
obtained for weak stationary discontinuities. However, this is not a general property, since it
can be shown theoretically that linear second order upwind schemes always generate
oscillations [9]. A deeper analysis is therefore necessary to achieve the goals of oscillation-
free, second order schemes able to represent accurately shock as well as contact
discontinuities. A systematic analysis of the conditions required by a scheme to satisfy these
properties has been developed, initiated by Godunov [4] who introduced the important
concept of monotonicity. For non-linear equations the concept of bounded total variation of
the solution is more general and has been introduced by Harten [10] as a criterion to ensure
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that unwanted oscillations are not generated by a numerical scheme. General families of
schemes satisfying these conditions can be defined [10,11,12] but it is shown that these
schemes can only be first order accurate. The only way to overcome this limitation, while
satisfying the required conditions, is to introduce non-linear components. Non-linear
discretisations imply that the schemes will be non-linear even when applied to linear
equations. This important concept was introduced initially by Van Leer [13,14] and Boris
and Book [15,16] under the form of 'limiters’, which control the gradients of the computed
solution such as to prevent the appearance of over- or undershoots.

In the numerical solution of Euler and Navier-Stokes equations, there are two major
classes of problems, steady and unsteady. For steady state solutions, a time dependent
approach is usually followed using the unsteady governing equations. There are two
advantages of doing so. Firstly, the starting of the solution is robust in the sense that non-
physical states can easily be avoided as long as the initial flow field is physically defined and
the time step is small enough so that a physical path can be followed during the process of
the solution. Secondly, the same code can be used for both steady and unsteady problems if
accuracy is maintained. However, this approach also brings out some problems. As an
iterative procedure for steady state solution, the physical path is not necessarily a fast
convergence path. Acceleration techniques based on the time dependent approach such as
local time stepping, multigrid and the use of approximate implicit operators destroy the time
accuracy and, therefore, the second advantage cannot normally be achieved.

In the time dependent approach, the unsteady governing equations can be discretised
in time by an explicit or an implicit method. Using an explicit method, the convergence for a
steady state problem can be extremely slow due to the stability restrictions on time steps even
if some acceleration techniques were employed. Using an implicit method, unconditional
stability can be achieved and as the time step approaches infinity the method approaches the
Newton's method for the solution of the non-linear algebraic system corresponding to the
steady state problem. However it is generally not easy (1) to obtain the real Jacobian of the
non-linear system and (2) to solve the resulting large sparse non-symmetric linear system .

Previous researchers in CFD, on one hand, have tried to avoid these two difficulties
in the following ways respectively: (1) to construct simplified implicit operators [17,18]; (2)
to use approximate factorization for the multidimensional implicit operator so that the
resulting linear system can be solved easily. Both of these naturally negate the advantages of
the implicit scheme. The time step size for a simplified implicit method is still limited due to
the inconsistency of the implicit operator and the right hand side (the non-linear system) and
the factorization error which increases with the time step. Simplified implicit methods will
thus obviously not approach a Newton's method as the time step approaches infinity. On the
other hand, instead of avoiding the difficulties for a fully implicit method, Qin and Richards
[19,20] tried to tackle the problem directly in order to achieve fast convergence for the steady
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state solution. The sparse quasi-Newton method (SQN) [21] and the sparse finite difference
Newton method (SFDN) [22] were used so that the difficulty in getting the Jacobian of the
non-linear system was tackled. After the linearization of the non-linear system is achieved, a
large sparse non-symmetric linear system results. For one dimensional problems, a block
pentadiagonal matrix solver was devised to obtain a direct solution of the resulting linear
system. For multidimensional problems, the block line Gauss-Seidel iterative method was
used. As pointed out by Qin and Richards [20], the convergence of the method for the linear
system 1is still not satisfactory if higher than first order spatial discretisation is used. A
similar problem resulting from the use of high order schemes was also found by Hemker
and his colleagues [23,24,8] to achieve an effective application of the multigrid method.
They introduced a defect correction technique to tackle the problem. From the research by
Venkatakrishnan [18], Whitfield et. al. [25], and Orkwis et. al. [26,27,28], who generate
the exact Jacobian matrix using the symbolic manipulation expert system MACSYMA, we
can see that the conjugate gradient (CG) type methods and the generalized minimal residual
(GMRES) technique are efficient methods for solving non-sysmmetric systems when used
with a very efficient preconditioner for solving transonic and/or supersonic flow problems.
Mallet et. al. [29] and Wigton et. al. [30] also use the GMRES technique to accelerate
convergence. A family of efficient and widely used preconditioners is the incomplete lower-
upper (ILU) factorization method. However this type of preconditioner causes the main
obstacle to the design of a parallel algorithm since it includes forward and backward
substitutions and thus introduces the sequential bottle-neck. Radicati di Brozolo and Robert
proposed two ways to execute the ILU factorization in parallel computation [31]. Since in
the parallel calculation the ILU factorization scheme is not corresponding to that in the
sequential calculation case the efficiency decreases to very close to that obtained with
diagonal preconditioning. Venkatakrishnan et. al. [32] use ILU in each subdomains. Other
disadvantages of using ILU factorization as the preconditioner are that the lower and the
upper matrixes take additional memory space at least equal to that for the original matrix, and
the generation procedure for the lower and upper matrixes is dependent on that for the
original matrix. Thus the method is complex and time consuming.

Since one main drawback of the Newton's method is its memory intensive nature, in
which the Jacobian matrix of the non-linear algebraic system generally needs be stored, the
Newton's method is limited by the capabilities of the computer in practical application. It is
anticipated that this problem can hopefully be finally solved by using parallel computer
systems. Therefore in this thesis from the point of view of numerical solutions we are facing
four main tasks in using the Newton's method to CFD problems. (1) Evaluation of the
Jacobian of the non-linear system for a high order high resolution scheme for viscous flows
(it is almost impossible to generate the analytical Jacobian if turbulence and/or chemical
reactions are involved). (2) Efficient decomposition of the storage of the Jacobian matrix in
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the parallel computer. (3) Efficient solution of the resulting large sparse non-symmetric
linear system when using the high order high resolution scheme for complicated fluid flows.
(4) Efficient parallelization of the linear solver without any sequential bottle-necks.

1.2 Parallel features of the computer systems and parallel
algorithm design

Because of the very large requirements for both speed of computation and computer
memory, parallel computing systems are being developed through the ideal of performing as
many operations as possible simultaneously, in parallel, instead of sequentially. They have
been designed with a single purpose in mind; communication between processors to be
reliable and predictable. Special purpose parallel architectures have been designed with a
particular problem in mind. They result in parallel computing systems well suited for solving
that particular problem, but which cannot in general be used for any other purpose. Parallel
computing systems fall into a number of categories:

(a) Computer networks which link autonomous computers via a communication network.

(b) Massively parallel systems with thousands of processing elements, where each element
has a dedicated memory module. These hold the greatest promise for significantly
extending the range of practically solvable computational problems, e.g., the Thinking
Machine's CM-2, which has pushed the number of processors up to 64 K, and holds
performance records for several applications that fit its particular structure and
constraints.

(c) There are two type of multiprocessor systems. One has few processors, which use a
global shared memory that can be accessed by all processors. Examples are the
IBM 3090 and the Cray 2. The alternative includes processors each with its own
dedicated memory, i.e., it has a distributed memory. The processors are then loosely
coupled [33] via a high-speed communication link, and they are called message-passing
architecture processors. Examples are the Meiko Computer Surface and the Intel
iPSC/860.

According to Flynn's definition [34,35] four broad classifications emerge based on
the way the machine relates its instructions to the data being processed.

(a) SISD single instruction stream single data stream. This is the conventional serial von
Neumann computer.

(b) SIMD single instruction stream multiple data stream. Some examples are the Cray 1 and
the ILLIAC IV.

(¢) MISD multiple instruction stream single data stream. No examples.

(d) MIMD multiple instruction stream multiple data stream. The examples are the IBM
3090, the Cray 2, the Alliant FX/8, the Meiko Computer Surface, and the iPSC/860.
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In a message-passing architecture, processors communicate by sending and receiving
messages. The processors in such systems normally operate asynchronously, and so the
transfer of information requires the sending and receiving processes to synchronise the
process. In a message-passing system the link between cooperating processes exists in the
form of a naming convention within the Send_Message and Receive_Message operations,
and then two alternatives are possible. An obvious naming convention would be for each
message-passing operation to name explicitly the partner process (and/or the processor on
which it resides) for the operation. For example, assuming that processes P1 and P2 exist, a
message could be sent from P1 to P2 by the execution of the following code.

Processor 1 Processor 2
Send(P2, message) Receive(P1, message)
An alternative naming convention can be implemented by directing messages through named
channels. In this case, for two processes to communicate, they must both quote the same
channel identifier in their respective message-passing operations as follows.
Processor 1 Processor 2
Send(chan_X, message) Receive(chan_X, message)

For the second naming convention, there are two typically different message-passing
operations in the receive statement, one includes the operation that determines the message to
be received, the other includes the operation that only describes the message being received.
For the latter case the computation may be terminated by receiving the disordered message.
For example, assuming that processes P1, P2, and P3 exist, two messages need to be sent
from P1 and P2 to P3 by the execution of the following code.

Processor 1 Processor 3 Processor 2

Send(chan_X, messagel) : Send(chan_X, message2)
Receive(chan_X, messageX)

Receive(chan_X, messageY)
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In practical calculations we cannot know that messageX is messagel or message?2 at the
programming stage. If these two receive statements in the same subroutine we need a
method to treat this problem according to the information received concerning the message,
but if these two receive statements are in different subroutines we can do nothing at the code
writing stage. The Meiko Computer Surface is one of the parallel computers which allows
this kind of receive statement.

The software environment supported for parallel execution in the message-passing
architecture parallel computer is that using standard sequential programming languages
Fortran/C with message passing tools. Parallel programming languages are in the
development stage.

There are different strategies in the design of parallel algorithms, which play a key
role in the use of a parallel computing system. One approach is either to parallelise an
existing sequential algorithm, perhaps after modifications, or to develop a new algorithm
easier to parallelise, without being too specific about the implementation in particular types
of machines. Here the parallel algorithm may maintain the same convergence procedure as its
sequential counterpart, or one might be concerned with the algorithm's convergence and rate
of convergence (in either a synchronous or an asynchronous computing environment), and
with the algorithm's potential for substantial speedup over its sequential counterpart. A
second approach is to focus on the details of implementation on a particular type of machine.
The issues in this case are algorithmic correctness, as well as time and communication
complexity of the implementation. In yet another approach, the choice of the algorithm and
the parallel machine are interdependent to the point where the design of one has a strong
influence on the design of the other. A typical example is when a VLSI chip is designed to
execute efficiently a special type of parallel algorithm.

Domain decomposition is one general method for distributing the computational task
in parallel computation in CFD. One parallel algorithm is used to distribute the flow problem
to each subdomain and solve each part of the flow problem in an individual subdomain as a
sequential case with boundary conditions around the subdomain. Since on internal
boundaries, boundary conditions are unknown, global domain flow problem needs to be
solved by communicating data between subdomains and constraining the values on the
internal boundaries. The convergence of such a parallel algorithm is normally not equal to its
sequential counterpart. Another method is to perform a part of the computational task in each
subdomain, without imposing an internal boundary condition. Then there is no additional
computation compared with the sequential case. The flow problem remains on a global
domain similar to the sequential case. By using this method the convergence of the parallel
algorithm become equal to its sequential counterpart. An alternative decomposition method,
which corresponds to the second method of domain decomposition, can be constructed by
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decomposing the Jacobian matrix and/or the vector of discretised physical state variables in
the global domain in the Newton's method. This will be discussed in chapter 5.

1.3 About this thesis

This work is based on the studies of the CFD team at Glasgow University on the
adaption of current state of the art CFD techniques towards predicting hypersonic viscous
flows. The objective of this work is to contribute to the developments of (1) an efficient
Newton's method for solving the steady state Navier-Stokes equations with high order high
resolution spatial discretisation scheme, (2) an efficient parallel implementation of the above
algorithm.

Motivated by the use of parallel computers, a linear solver for solving the large
sparse non-symmetric linear system was proposed [36], which is robust for solving the
linear system arising from the high order high resolution spatial discretisation scheme for
complicated fluid flows and also can be thought as a general numerical algebraic method. In
parallel computation the linear solver has high efficiency and does not have a sequential
bottle-neck [37]. A simplified procedure was proposed in the generation of the numerically
approximate Jacobian matrix, which speeds up the computation and reduces the extent of the
cell in which the discretised physical state variables need to be used in generating column
elements of the Jacobian matrix.

In this work, flows around a cone at high angle of attack are chosen as the test flow
cases. In this case the governing equations can be simplified to the locally conical Navier-
Stokes equations by using locally conical approximation. The flow includes a strong bow
shock wave on the windward side and a separated shear layer on the leeward side. A
conservative cell centred finite volume method is used for the space discretisation. In the
finite volume method numerical approximations are stored inside the volumes, and the fluxes
are calculated at the cell boundaries. For the convective terms at each cell boundary the flux
is computed by approximately solving a local one-dimensional Riemann problem. The
approximate Riemann solver used is the Osher's scheme [12,5,38]. The high order scheme
is achieved by using the so called MUSCL approach as proposed by Van Leer [14].

Because the algorithm was originally designed for the sequential case a relatively
simple strategy for parallel computation can be made. The computation algorithm allocated in
each processors is required to be maintained as close as possible to the sequential version but
with some communications between processors. The division of the computational task can
be made by decomposing the Jacobian matrix of the non-linear algebraic system of the
spatial discretisation. From the discussion in chapter 5, the parallel algorithm designed is
suitable for a parallel computing system composed of a number of powerful processors. The
parallel computer used is the Meiko Computer Surface in Glasgow University.
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In chapter 2, we will describe the general equations and schemes for numerical
discretisation of the Navier-Stokes equations, which includes conservative discretisation and
the finite volume method, Osher's and Roe's flux difference splitting upwind schemes, high
order variable interpolation, and evaluation of diffusive flux. In chapter 3, a general
curvilinear coordinate transformation is performed for the Navier-Stokes equations and then
the LCNS equations are derived through the spherical coordinate transformation and by
applying the locally conical approximation. For the flows around a sharp cone, which is
governed by the LCNS equations, the detailed discretisation steps are performed in this
chapter. The main contributions of this doctoral work are in chapters 4 and 5. Chapter 4
includes the new simplified numerical Jacobian matrix generation and the new linear solver
construction, and chapter 5 includes the parallel implementation of the algorithm.
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Chapter Two
High order upwind schemes for Navier-Stokes equations
2.1 Introduction

Solving the full system of Navier-Stokes equations is the ultimate goal of a numerical
flow simulation. In the Navier-Stokes equations there are the convective and diffusive terms,
which describe different physical flow phenomena respectively. According to Prandtl's
boundary layer analysis the Euler equations are a valid approximation for describing the
flows at high Reynolds numbers outside viscous regions. There exist a considerable amount
of numerical solutions of Euler equations. Therefore in this chapter the numerical scheme for
the Navier-Stokes equations can be developed by combining the numerical schemes for
Euler equations with the numerical formulations for the diffusive terms. Since the
hypersonic viscous flows studied in this work include strong flow interaction phenomena
we should choose the high order upwind scheme for the Euler equations, which has the
ability for capturing both shock waves and contact discontinuities and further is suitable for
hypersonic viscous flows calculation.

Chapter 2.2 describes the basic conservative form of the Navier-Stokes equations as
the beginning of the discussion. Chapter 2.3 describes the conservative discretisations and
finite volume method for the spatial discretisations of the Navier-Stokes equations. Chapter
2.4 focuses on the Euler equations, and describes the basic properties which is useful in
developing the numerical schemes. Chapter 2.5 describes the detailed formulations in 3-
dimensional space of the two well used Godunov-type approximate Riemann solvers, the
Osher's scheme and the Roe's scheme. They have the ability to capture contact
discontinuities. Chapter 2.6 gives a x-parameter family of higher order schemes. Chapter

2.7 describes the method for evaluation of the diffusive flux.
2.2 Conservative laws and Navier-Stokes equations
General speaking we have the scalar conservation law and vector conservative law in

fluid dynamics. From the derivations of the conservations of mass, momentum, and energy
we have the integral compact form of the Navier-Stokes equations

a"’_tf QdQ+§F»d§=f S dQ (2:2.1)
Q S Q

where €2 is an arbitrary volume, fixed in flowfield space, bounded by a closed surface s, and



Q=|pV (2.2.2)
pE
pv
F=| pv®vV+pl-1 (2.2.3)
pVH-T-V-kVT
O—D
S: pfe (2.2.4)
pfe-V+q

In formulations (2.2.2-4), the symbols p, p, T, v,E, H, i, i k, fe and gy represent the
density, pressure, temperature, velocity, total energy per unit mass, total enthalpy per unit
mass, stress tensor, 3%X3 unit matrix, thermal conductivity coefficient, volume forces, and

heat sources respectively.
Because Q2 is an arbitrary volume we have the differential compact form of the

Navier-Stokes equations following from the use of the Gauss formula

0Q F=
5 +V F=S (2.2.5)

In Cartesian coordinates xi, X2, x3, the velocity vector has components vy, v, v3
and the flux vector-tensor F has components E;-Ey, Fj-Fy Gi-Gy, i.e., we obtain

p
pv1
Q=|pv; (2.2.6)
pv3
pE
v
P2 1 0
pvi+p 11
E;= pviva E,= 112 (2.2.7a)
pvivy 113
i ple ] T11vV1 + T12v2 + T13V3 + Q)
pva
pviva 1(2)1
2
Fi=|pv3+p Fy= (%) (2.2.7b)
pvav3 123
| pvoH | T21V] + T22vy +T23V3 + (
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pv3 0
pvivs 131
Gi= pvapvs Gv = 132 (227C)
pv3 +p T3V + T 5311 Vi +
| pvaH | 31V +T32v2 +133V3 +q3
0
P feXl
S = p fe)(2 (2.2.8)
p fexs
p fo - V+gq

The conservative form of Navier-Stokes equations (2.2.1) is used in this paper since

it can treat flow discontinuities automatically.
2.3 Conservative discretisations and finite volume method

Because the conservative equations can treat flow discontinuities automatically, we
should attempt to keep this property in the numerical schemes. This is named conservative
discretisation. In the following we use integral form conservative discretisation.

The conservation law is

%f QdQ+§F-d§=] S dQ 2.3.1)
Q s Q

where Q is an arbitrary volume, fixed in space, bounded by a closed surface s. Since €2 is an
arbitrary volume, for an arbitrary subvolume of the volume Q we also can write the

conservation law (2.3.1).
For an arbitrary subdivision of the volume € into, say, three subvolumes we can

write the conservation law for each subvolume as follows

"
g—t QdQ+§ F-d§=[ S dQ
Ja, $1U(Q1NQIUQ1NQ3) Q
g—t Qd9+§ F - ds= r S dQ (2.3.2)
JQZ $2U(Q2NQ1DU(Q2NQ3) JQ)
g_t ng+§ F.di= f S dQ
JQ3 s3U(Q3NnQ21)U(Q3NQ7) JQ3

where Q = Q1UQpUQ3, adjacent Qy may overlap if each internal surface is common to two
subvolumes, s = sj\spUs3. Notice that the essential significance of these formulations lies
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in the presence of the surface integral and the fact that the time variation of Q inside the
volume only depends on the surface values of the fluxes. We do the calculation by adding up
the three subvolume conservation laws. For volume €21 we have a contribution of the fluxes

f Foa@
Q1NQ,

while for Q7 we have an integral on the internal surface QyN€Q;. Since the internal surface
Q1M and Q92 have opposite outward normal we obtain

f F - d's'=-f F - ds
QN Qq Q1NQ,

where we assume that the surface integral formulations are the same in subvolumes £ and
€. So after adding up the first two conservation laws we can cancel the internal surface
integrals between 2 and 5. Therefore we obtain the global conservation law after adding
up the three subvolume conservation laws. This is the essential property that has to be
satisfied by the numerical discretisation of the flux contributions in order for a scheme to be
conservative.

From the above discussion we know that to construct an integral form conservative
scheme we need the requirements for the geometry subvolumes, which can be called the
control volumes or cells, and the calculations of the discretised fluxes are carried out as
follows:

1) The sum of the control volumes should cover the whole domain €2;

2 Adjacent control volumes may overlap if each internal surface is common to two
control volumes;

3 Fluxes along a control volume surface have to be computed by formulas

independent of the control volume in which they are considered.

The finite volume method is a conservative scheme with the surface integral replaced
by the sum of integrals over the faces of the control volume, which are further replaced by
the product of the fluxes on the faces and the area of the faces, and all spatial integrals
replaced by the product of the spatial quantity and the average value of the integrand. The
method takes full advantage of an arbitrary mesh, where a large number of options are open
for the definition of the control volumes around which the conservation laws are expressed.
Modifying the shape and location of the control volumes associated with a given mesh point,
as well as varying the rules and accuracy for the evaluation of the fluxes through the control
surfaces, gives considerable flexibility to the finite volume method.
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A cell centred finite volume method, which is employed in this paper, is defined so
that the discretised physical state variables are associated with the control volume, i.e., in
3-dimensional space we can define that Qjjk is the average value of Q in the control volume
so that

I Q dQ = Qijjk Qijk (2.3.3)
Qijk

In order to calculate a surface flux it is convenient to think of Qjjk as the value of Q at some
average point in the cell, with the = sign replaced by the = sign. A characteristic of the finite
volume method is that the precise location of this average point is not required during the
calculation. Only in the output of the solution is the location of this point desired.

The discretised equations in a cell are given as follows

%(Qijkﬂijkﬂ Y F - AS =Sk (2.3.4)

surfaces

Eq.(2.3.4) is a compact form and includes five sub-equations. Then the major task in the
finite volume method is to evaluate the fluxes through the control surfaces. In the following
we will evaluate inviscid and viscous fluxes respectively.

2.4 Some general properties of Euler equations

The reason for discussing the properties of Euler equations is to develop
formulations necessary for deriving the high resolution discretisation method for evaluating
the inviscid flux on a cell interface.

We have (1) the differential form Euler equations in Cartesian coordinates:

0Q OE; OJF; N G _

5t 3%, + o, T ox, T S (2.4.1)

and (2) the integral form Euler equations:

%j ng+§ﬁ.d§=f S dQ (24.2)
Q S Q

It is assumed the fluid satisfy the relation

p=pfle) (2.4.3)
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where e is the internal energy. Then we have

Ei-AQ-=53Q. Fi-BQ=5iQ. Gi-ce-
where
i 0 1 0 0
VLS G-pvi v, s
A= -Viva V2 Vi 0
-V1V3 v3 0 \%
VIGE-(-1V) YELZI(Vzm%) FDviva -(Dvivs
F 0 0 1 0
-V1V2 \2) Vi 0
B= -v%+§32 -Dvy G-Vva --D)v3
-Vav3 0 v3 va
VoOE-(-DV)  --Dviva YEJ;—I(_\72+2V§) -(-1)vav3
i 0 0 0 1
-viv3 V3 0 Vi
C= -vov3 0 V3 va
B qew -r1)v2 (3-Pv3
2
VIGE-GEDVD)  -(eDvivs -(r-Dvavs vEL;<32+2v%)

This results in the quasi-linear Euler equations

aQ+AaQ+BaQ+CaQ=S

ot aXI aXZ 8x3

and

aij QdQ+fK -d's’Q=j S dQ
tQ S Q

Q

(2.4.4)

(2.4.5)

(2.4.6)
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where A = (A,B,C).

we can calculate the eigenvalues A; and their corresponding right column eigenvectors R; of
matrix (Aky,+Bky,+Cky,), i = 1,2,...,5. Assume the A; have been labelled in increasing
order, i.e., A;<A2<---<As5, and matrix P is composed of the eigenvectors R; , i.e.,

For any unit vector

hemes for Navier-

k

K = (kx, Kx,Kx,)

P = [Ry, Ry, ..., R5] we have

where

and

PIAKP = A
42% ky, kx, Ky, .2%
-%(vl-kxlc) vikx,  ViKxgPkxs ViKxs+Pkx, Jz’z(v1+kxlc)
P= -2%(v2-kac) vokx,+pkx;  VoKx,  Vokxs-Pkx, zp—g(v2+k,‘2c)
-2%(V3-kx30) v3ky,-pkx, V3kx,+pky, v3ky, —2%(V3+kx3C)
PHEK bl b1y, bly, LH+vH
[ 2 2% _
@RIk G i i rL
P22 ¢ on *2 o pc
- - k k =
Bo'ly, Dk, (DY o (B, KR X
2 2 P 2 P p2
- - k k _
Bo-1x, ('Y‘l)y'l‘kxz‘ﬁ (7'1)—kv2 X2 (Y'l)v—:;kxz""ﬂ ““kyl X2
2 P 2 2 P p2
- > k k _
Boly (Dt S (D25 (1) N
c p 2 P 2 p2
g‘(z—cz*T) Cyly, Cilx, Cilx, W
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V-ic.-ck .
vk :
A= vk :
VK .
L _v.--1;+ck_
- _'2—» - =
b=Yk+p (vxk)
21_’2
Bo= I-Lv_)i;-mxk)
22 p
E+=ik-ﬂv
+ o pe

V=|v, (2.4.9)

vi 0 0 p O
22
Y v v vy L
| pvi  pv2  pv3 il
1 0 0 0 0
v 1 0 0 0
p p
Ml = > 0 1 0 0
p P
V3 0 0 1 0
P P
=2
(y-l)"7 -(¢-Dvi -(y-Dvz -(v-Dvz  y-1
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Let 8W = P-1 3Q, where W is the characteristic variable vector. Then we have
SW =P-1M 3V =L-1 §V, where

-k k
o0 e e
-k k
Lol ke O
ku g, o ka

0 ky, kx, -kxs &

ke, 0 ky, ke 2N

C2

Ll=| ke key 0 Ky kxy
C2

kx, kx, kx, O *x

c2

0 ky, kx, kx, é

Therefore we have the relationship between the variation of the characteristic variables and

the variation of the primitive variables as follows

-(kx,0v] + kx,0v7 + kx,0v3) + 2_2

[ Sw ] 8p

1 kxlsp + kx36V2 = kxz8V3 - kxl_z
8W2 g

Sws | =| k8P - ky,Ovy + ky,8v3 - kX2—1; (2.4.10)

5W4 6C

_Sws_ kx38p - kx28V1 - kx18V2 - kxs-%
C

op

kx18V1 + kx28v2 + kx38V3 + p_c

Not to lose generality, we can assume kg, # 0, and the Riemann invariants

corresponding to the eigenvector Rj are
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o =V- E+%ck, 02 = Voky, - V3K, ,

(2.4.11)
03 = viky, - v3ky,, 04 =5,
those corresponding with the eigenvector Ry, R3, Ry are
1=V -k, B2=p (2.4.12)
and those corresponding with the eigenvector Rg are
M=V .E-%ck, Y2 = Voky, - V3ky, , 2.4.13)

’Y3 = vlkX3 - v3kX| » Y4 =S,
where s =cy In (p/ pY).
2.5 Upwind schemes for Euler equations

For the Euler equations we have to solve exactly the Riemann problem. This requires
the solution of a non-linear equation at each control volume interface which is quite time
consuming. Since the exact solution is averaged over the control volume, we can also
consider approximate Riemann solutions which would require less computational work.
Osher and Roe derived the two most useful approximate Riemann solvers. They are referred
to sometimes as flux difference splitting methods and we will refer to the family of methods
which call on exact or approximate local properties of basic solutions to the Euler equations
as Godunov-type methods.

Consider the following equation

3Q OF _
S+5-=0 2.5.1)

with the initial conditions

Q(x,0) =
Q x>0

and dF /dQ = A (Q).



h r Two; High order ind schemes for Navier- ion, 21

2.5.1 Osher's approximate Riemann solver

Suppose there exist functions F* (Q) and F- (Q) such that F (Q) = F*+ (Q) + F- (Q),
dF*/dQ = A* (Q) and dF-/ dQ = A- (Q). Osher defined the approximate Riemann solver
as

FA (QLQR) =F* (QL) +F~(QD) (2.5.2)
then
QR
F® (QL,QR) =F (QL)-F (QL)+F- (Q®)=F (QL) + f A (QdQ
QL
QR
=F* QM)+ F (Q¥)-F* (Q®)=F (QR)-f ) A* (Q)dQ
Q
QR
=2|F @QY+F (QR)-I A @) dQ
QL

where the phase space integrals are independent of the integration path.
Unfortunately, in the general non-linear case no function F+ (Q) and F- (Q) exist;
this is equivalent to saying that the phase space integrals

QR QR
j A"(QdQ and f A* (Q)dQ
Q- Q

depend on the integration path.

For the Euler equations the Osher's scheme can be described as when the integration
path in phase space from QL to QR is split over all simple wave solutions, associated with
the eigenvalue and the the right eigenvector.

We will present the 3-dimensional Osher's scheme in the following. Suppose there is
a small surface s in the 3-dimension space with the normal

k = (kx, Kxpkx,) (2.5.3)

we assume ky, #0 andk = | k | then we have
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N d(Fl . i(.) (2.5.4)

Let QL be the value of Q in the negative direction of s and QR be the value of the Q in the
positive direction of s.
The Osher's approximate Riemann solver on surface s is:

QR
(F;- ¥ =FiQL)- ic'+j @A - k) dQ
QL
=Fi(Q%)- k-f (AT k) dQ (2.5.5)
QL

R

=Ll (FiQb + FiQ®)- k- f & - ©lag

Q

Similar to the discussion of Spekreijse [8] we have the following results. Suppose
that the states QL and QR can be connected with each other by an integral path I'x which is

tangential to the eigenvector Ry, i.c.,

9Q &) = R (QE))
d§

(2.5.6)
Q0)=QY; QR =QR
Then, we see that
Q* &R
f @& B dQ=I & HWQqe
¢ 0 % 2.5.7
& & (2.3.7)
= f (A™ - k) Re (Q(§)) dE =f Ak(Q(©)) Rk (Q(&)) d&
0 0

Then we consider two eventualities
A Ak (Q(&)) does not change sign along the integral path.

If A (Q(€) 20 VE & (0, &R) then
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QR
I ) @A -X)dQ=0 (2.5.8)
Q

If Ak (Q(E) <0 VEe (0, Er) then

Q® Er

f (A°-k)dQ = j A(Q(®) Ri (Q®)) d&

Q" 0

& &

= f M(QE)) Ry (Q(8)) dé= f (A - k) Rg (QE)) d& (2.5.9)
0

& .
_| 9Fi-KdQ . _w oR) .T.FOL). L
f aQ : d§ =Fi(Q™) - k-Fi(Q") -k
0

B Ak (Q(E)) changes sign along the integral path.
Suppose Ak (Q(E)) changes sign only once at § = &g, 0<€s<ER. Define QS = Q(&;).
If Ak (Q(€) 20 VE € (0, &) and Ak (Q(E)) <0 VE e (&, &R) then

(o) . Er
f (A" k) dQ= J Ax(Q(€)) R (Q(§)) d§
Q" 0

f (2.5.10)
= f AQ(®)) Rk (Q(®)) d& = Fi(QR) - k- Fi(Q®) - k
E
If Ax (Q(E) <0 VE e (0, &) and A (Q(E)) 20 VE e (&, ER) then
Q* . Er
f @A -kde =f AK(Q(E)) Ry (Q(8)) d&
Q 0 (2.5.11)

2
= f M(Q(®)) Rk (Q(®)) d& = F3(Q%) - k- Fi(QL) - k
0

Because at this point the pair (QL,QR) can be connected by a continuous integral
path I' which is decomposed into 5 subcurves I'k:
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5
=y Iy (2.5.12)
k=1

where each subcurve 'k is tangential to the eigenvector Rk. The subcurve I'y starts in
QL=Q0 and the subcurve I's ends in QR=Q!. Defining the 4 points of intersection QK/5,
k=1,...,4 by

Q¥ =Ty N Tk, (2.5.13)

the intersection points are then easily found with the use of Riemann invariants.
Because we have

adg R Vlk(Q(&))%—g’—)(i) = VA(QE)Rk(Q(E)) (2.5.14)

then A3 = A3 = A4 =V - K makes (2.5.14) equal to zero, and we have

f A" -k)dQ
Tul'suly

=f (K'-E)dQ+f (K'~E)dQ+f (A" - %) dQ (2.5.15)
I I3 s

-

{ Fi(Q¥%) . k-F;(Q15) - k ifV-k<0

ifv-k>0

So we need only calculate Q1/3 = QU/S, Q2/3 = Q4/55.
Let z=1n (p/ pY), then following the discussion of Spekreijse [8] we have:

— —_

uO=VO - k, u1/3=71/3 - k, u2/3 =y2/3 -E, ul =71 —-12, and

04 2 Ok=u04+-2_cO0k=yO
uY + 1ck u+y—10kw

Vg 1()(3 - V(3) kxz = V%/3 kx3 - V%B sz

0 0 13 173 (2.5.16)
A4 kx3 - V3 kx] =V kX3 - V3 kX]
20 = 7113
13 = y2/3 = yH
W EuEmEy (2.5.17)

p1/3 = p2/3
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u23.2 28k=yl--2 clk=yl
- 'Y.l
V23 ks, - V33 ky, = VA Ky, - V3 kx,
v ey, - V83 Ky, = vl Ky, - V] Ky,
23 = 71

(2.5.18)

Because A =V - k- ¢k, and As =V - K + ¢ k make (2.5.14) non-zero, then a sonic point
QO exists along "y when

21(Q% A1(Q13) = (0 - ¢0) (uH - c1/3) < 0 (2.5.19)
which can be found from
0,2 01—y + 2 0
u +'Y‘1 c!k=u S+'Y-l c’sk
vg kx, - v(3) ky, = vg s ky, - v(3) s kx,
VO ky, - VO kg, = V] (kx, - V) Ky, (2.5.20)

20=2,

wlg- =0,
Furthermore a sonic point Q15 exists along I's when
As(Q¥3) As(Q1) = @H +¢23) (ul +c1) <0 (2.5.21)

which can be found from

ulg- 2 ¢l k=ul-2 clk

v-1 ¥-1
V; s kx3 - V% s kxz = V% ]_(x3 - V% kx2
vl Ky, - V3 o kx, = V] Ky, - Vi Ky, (2.5.22)
zl =71

ul +cl =

Leta=c2/y,thenp =exp ((In(a) -z)/ (Y- 1)), p=ap,p E=1/2p v2 +p/ (y-1). Let
o. = cp3/ c13, then o = exp (( z1 - z9 ) / 2Y), and
S B\
B3~ TT+a
In this way we can obtain all the variables at all points.

If we let F(Q) = Fi(Q) - E, then we have the Osher's approximate Riemann solver
(2.5.5) described in the table below:

V1 + & Yo
, Cp/3 =00 Cyy3, and upy = o
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uQ<cgp, u>-c1 | ug>co, u;>-Cy ug<cg, u1<-C1 ug>Cp, U1<-C1
cin<uyg | F(QY%) F(QO) F(Q%)-F(Qly) |F(Q%-F(Qly)+F(Ql)
+F(Qb
O<up<cis | F(Q13) FQ)-F(Q%) |FQ3)-FQl) |FQO-FQ%)+F(QL3)
+F(Q13) +F@QD) -FQl)+F(QD)
-c2/3<up<0 | F(Q2/3) FQ)-F(Q%) |F(Q23)-FQly |F(QO)-FQY%)+F(Q%3)
+F(Q%3) +F(Q) FQl)+F(Q))
ug<-cy3 | F(Qly) FQY)-FWQ% |F@Q)) F(Q0)-F(QY)+F(Ql)
+F(Qly)

2.5.2 Roe's approximate Riemann solver
As for the linear system a first-order upwind scheme can be written for equation
(2.5.1)

FA) (QL,QR) =FtL4+F-R

(2.5.23)
[F QY+ F (Q®) - [A(QL,QR) (QR - QL))

- l.
2
Considering the transformation from conservative to characteristic variables 8Q = P 8W,
3Q = QR - QL can be expressed as a sum of simple wave contributions. The conservative
property of the wave decomposition requires that the sum still reduces to a flux difference as
in the linear case, i.e., we should have

F (Q®)- F (QY) = A(QL,Q®)(QR- Q) (2.5.24)

In the general case a Jacobian matrix K(QL,QR) should be defined with the following
properties:

(1) For any pair QL, QR one should have exactly the property (2.5.24);
(2) For Q' = QR = Q the matrix A(Q.Q) = A(Q) = 9F/3);

3) A has real eigenvalues with linearly independent eigenvectors.

Once such a matrix is defined, the above wave decompositions can be written without any
change. The eigenvalues of this matrix can be considered as the wave speeds of the
approximate Riemann problem and the right eigenvectors as the associated waves.

Independently of the particular form of the A matrix, its definition indicates the nature
of the Riemann problem approximation it provides. Its eigenvalues C satisfy the relations
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F(QR)-FWQY)=C(@QR-QY (2.5.25)

which are identical to the Rankine-Hugoniot relations for a discontinuity of speed C between
the states QL and QR. The projection of the corresponding eigenvector represents the
intensity of the jump over this discontinuity. Hence the approximate Riemann solver
contained in the definition recognizes only, and exactly, discontinuities. A consequence of
this fact is that the method will not be able to identify properly an expansion fan containing a
sonic point and in particular a stationary expansion for which FL = FR and QL # QR will
appear as an expansion shock.

We will now outline the 3-dimensional Roe's scheme. As in Osher's
scheme suppose there is a small suface s in the 3-dimension space with the normal k on it.
We have

(Fi- Ky=F@QL) k+@& ¥ (QR- QL)
=FiQ®)- k-A T-k) (QR- QD) (2.5.26)
= L[(FiQb + FiQ®)- k-|@& - Bl (QR- Qb

Now the main problem is to find the matrix A. Roe observes that the column vectors
Q and E;, Fj, Gj can be expressed as quadratic functions of the variable Z defined by

7
Z=1p|vy
v3
H

7
212y
Q= 2123
ZIZ4
z1zs/y + (y- 1)(Z%+z%+z%)/ 2y
] s ]
(¢ Dzyzshy + ()2 2y - (-1 (2D 2y
Ei = 7y
2774
L 2775 4
] - _
232,
Fi =| (- Dzgzshy + (1+1)22/2y - (F- D242 2y
Z3Z4
i 2325 l
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7174
Z42y
Gi= 7423

(F-D)zizshy + (y+1)z3/2y - (- 1)Z3+22) 2y
2425

Hence one can apply the following identity for quadratic functions valid for arbitrary
variations daj+1/2 = aj+1 - aj, where the overbar indicates an arithmetic average

a=(a41+3)/2=a,1p
8(ab)i+1/2 = @ Sbi+1/2 + b Bais1/2 -
When applied to Q as given by equation above, we have identically
Q- Q-=B(zR-zh

with

i
Il
NI
(%)
)
NI
P
o
(e}

An analogous elementary calculation gives for the flux difference the identity
Ef -EF=Ci(zR- 2
F{ - FL'=Cy(ZR - Z1)
GR-Gl=C3zZR-ZL)

with
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) 71 0 0 0
-1 oyl oyl 1l -1_
—7Z %) Z 74 —11
Yo v Ty ? Tyt Ty
0 73 F7) 0 0
0 7 0 7 0
0 Zs5 0 0 F7)
73 0 1 0 0
0 3 b7) 0 0
¥-1_ v1_  y+l_  y1_ -1_
—Z Z —Z
YO Ty Ty Ty
0 0 74 73 0
0 0 Zs5 0 Z3
% 0 0 7 0
0 74 0 F7) 0
0 0 % 7 0
v-1_ 1 1_  y+l_  y1_
—7Z 72 Z —Z
YO Ty Ty Tyt
0 0 0 Z5 74

A = (Ciky, + Coky, + Ciky) B (2.5.27)
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- _
a0 0 0 0
2 1 0 0
7 U
gl B o L1 0 0
27 21
0 0 L 0
23 Z1
i Z z 74
by -2 -2 -2 L
_ 7 7 7 1
b = I QDGR
277

A straightforward calculation shows a very remarkable result: matrix A is identical
to the local Jacobian given in 2.4, when expressed as a function of the variables vi, v2, v3,
and H, if these variables are replaced by an average weighted by the square root of the

densities.
These particular averages are defined by setting R12 = YpRr/pL :

F=VPRPL =Rip2pL

= _Zie1 _ ViYPIR+ (Vi VPIL _ Rz (VR + (VL 251
T T (pR+(P)L | Rip+l (2528
T=25_ HYp)r + HYp)L _Rip MR+ H)L
z1 (Yp)rR + (Yp)L Rin+1

where 1 = 1,2,3.

The eigenvectors and eigenvalues of the linearized matrix A can now be obtained
without further calculations.

Roe's scheme is therefore completely defined and can be summarized as follows:
(1) For each boundary between cell L and R, calculate the above averaged values as well as

the associated averaged speed of sound by

= =2
SC=an @)

(2) Calculate the eigenvalues

—

-k

—

-k-ck 7»2=—7:3 =X4=

<l
<
> ||
O

I
<IN
=
+
oll
w

A =
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with the eigenvectors El, Ez, vees ﬁ5. Within the Ei all physical variables are replaced by

the average values, e.g.,

_ 1 - B _kx1 7 _ 1 -
= Vi-kx,C . Vlkyﬂ = Vi+kx,C
R =;_= VakeG | Ro=|Voketpky,| R =2"_= VatknS

‘ V3~_lfx36 V3ky,-PKx, ‘ _V3+.IEX’E
| Hecv- 1y | :E.'Tx | H+ev- Ty
L 1 ’

(3) Calculate the wave amplitudes, all quantities are evaluated at the boundary

~(kx,OV1 + kx,8V2 + kx,0V3) + §:p

pc
_8 - — — — 85
W1 kxlap + kx36V2 - kx26V3 - kxl—'
=
8W2 _ gz
8W3 = kaSB - kx38$1 + kx18$3 - ka—l:—)'
=
dwy B 8°=
| Sws] | kx,Op - kxOV1 - kx,8v2 - kol
=
C——
kX|8V1 + kx28V2 + kx38V3 + =

- pc |

871=v112-v%‘ 572=v2R-v12“ 8_7-3=v§—v]3‘
8p=pR-pk  p=pR-pt

2

(4) Evaluate the numerical flux of Roe's schemes by any of the following formulas:

— J— —- 5 =- =
(Fi- Kk=FQL): K+ 2 dwR;
j=1

— - & Tt. =
=Fi(Q®)- k-, Aj Sw;R; (2.5.29)
=1

— — —> 5 —
- %[(Fi(QL) +FQY): k-3 M ow, R,}
i=1

where the  sign on the eigenvalues represents positive and negative values respectively.
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2.6 High order schemes

The variable interpolations determine the resulting accuracy of the scheme. A
x-parameter family of higher-order schemes can be written as

QL= Qs12+ {BIA-xDA. + (1+xb)A,IQ)
s-172

R b (2.6.1)
QR = Qr172- {B(14xb)A. + (1-xb)A,1Q)
s+1/2

where

A+)s-12=Qs+12- Qs-172,  (A)s-112=Qs-172 - Qs-312 (2.6.2)

denote forward and backward difference operators, respectively. The parameter x
determines the spatial accuracy of the difference approximation: x = -1 corresponds to a
fully-upwind second order scheme; x = 1 to a central difference scheme; and k =1/3 to a
third order upwind-biased scheme. The parameter b serves to limit higher-order terms in the
interpolation in order to avoid oscillations at discontinuities such as shock waves in the
solutions. According to Anderson et al. [39], the limiting is implemented by locally
modifying the difference values in the interpolation to ensure monotone interpolation as

2AA. + €
A2+ A +e

b= (2.6.3)

and € is a small number preventing division by zero in regions of null gradients.

From the above variable interpolation formulations we infer that for the fully-upwind
second order scheme and the third order upwind-biased scheme all the variables in the four
volumes in one direction need to be used in the calculation of one interface inviscid flux.

2.7 Evaluation of diffusive flux

In the Navier-Stokes equations when we have to calculate the viscous and heat
conduction flux components we first need to calculate the gradients of velocity and
temperature. This means that we have to estimate appropriate values of these gradients on the
cell interfaces. A general procedure, valid for an arbitrary control volume, can be derived by
application of the divergence theorem. For a scalar U defined in volume €2, which is

bounded by a closed surface s, we have
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f \%4) dQ:fUdE. (2.7.1)
Q s

In the Cartesian coordinates xj, i = 1,2,3, the vector formulation given above has three
components formulated as follows:

I WU o= fU—l’xi-dE (2.7.2)
ox; ;

where 1y, is a unit vector in the x; direction. Thus we can define the averaged gradients as

( W 40-LdUuT,-d 2.7.3)
axlg Q ox; Ql, .

From the above discussion it is seen that in order to calculate the gradient of the scalar on the
cell interface we can choose an appropriate volume, which includes the cell interface, and
then calculate alternatively the scalar integral on the surface.

2.8 Results

From the above discussion in a cell the discretised Navier-Stokes equations can be
carried out from Eq.(2.3.4) for high order high resolution scheme as follows:

¥4 R% (V)

5 v9 R% (V) 8

> v¢3 + Rc3(v) =| 0 (2.8.1)
v | RaM |\
v R% (V)

where veenr = (V€1, V€2, v€3, vC4, v5)T are five conservative state variables in the cell,
Reenn = (R€1 (V), RSy (V), RC3 (V), RC4 (V), RCs5 (V)T are five residuals, and
V =(vy, V2, ..., vN )T are all conservative state variables in all cells, where N is the number
of cells by five. The calculation of R¢epj can be carried out by using the high order high
resolution scheme described above. However in this procedure we do not need to use all v;
in the vector V but only those in the cell and in its neighbouring cells.

Consolidating all the discretised Navier-Stokes equations in every cell we have a
N-dimensional non-linear algebraic system as follows:
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oV :
5t Rv)=0 (2.8.2)

where R = (R (V), R2 (V), ..., RN (V)T is a N-dimensional residual vector, V is a
N-dimensional vector of discretised conservative state variables.



Chapter Three

Numerical discretisation of the locally conical
Navier-Stokes equations

3.1 Introduction

Examination of many experimental studies [40,41,42,43,44] of supersonic or
hypersonic laminar flows around conical shapes revealed that these flows exhibit a locally
conical behaviour downstream of the nose region even though relatively large viscous
regions exist. Based on this observation, McRae [45] introduced a locally conical
approximation to the full Navier-Stokes equations for the solution of supersonic/hypersonic
viscous flows around cones. This approximation has also been used for numerical solutions
of supersonic/ hypersonic viscous flows around other conical shapes [46,47,48]. The
validity of this approximation has been well established through these experiments and
computations and the comparison between them.

3.2 General curvilinear coordinates translation

From chapter 2 we re-state the 3-dimensional Navier-Stokes equations as

0Q | IErEy) A IFFy) Gi-Gy) _g

3.2.1
ot axl aXZ ax_c; ( )
A translation to general curvilinear coordinates can be carried out through:
xll = x'l (x1, X2, X3) , x'2 = x'z (x1, X2, X3) , x; = x;; (x1, X2, X3) (3.2.2)

The Jacobians of the translation are

( ' ' |) xlxl xlx2 XIXB

X1, X9, X

—_— 1’ 2’ 3 _ ] ' N

’= (X, Xg, x3)| | ¥2x X2x2 Xoxs (3.2.3)

X3x1 X3x; X3x3

and

Xox, X2x, X2x; (3.2.4)

X3x, X3x;, X3x;

(Xl, X2, X )

‘xlx] X1x; xlx}‘
(x1’ x2, X3)



where J = 1/1.
After the translation of the coordinates we obtain the following properties:

1) the scale will not change, i.e., a=a;
2) the vector becomes  a; = Xiy; 3 ;
3) the tensor becomes alj = XixyXjx, 4mn >

dx] T Xix X1 Xix | 9%
4)] dxp[=| X2x, X2x, X2x; || dXp|;

dx3] | X35, X3x, X3x dx,
da oda da da
5) a.nd = = ; xlx‘ + N szi + ; X3X1 .
0x; 0x, ox, X3

Now we will derive the Navier-Stokes equations in the new curvilinear coordinate
system. Because we have

dx1 Xix, X1x X1x, dX1 Xqy, X1y, X1x, dXg
dxy Xox, X2x) Xox, dX3 Xoy, Xox, Xox, dxp
dx' _ dX3 Xix‘z X3x'3 X dX'2= )(3,('l d):3 X3x'3 ’ dX' _| x3x'| X:ix'z dX3
J J J
X9y, X A X0y, X' A X0y X0y
therefore J x;x, = | 2 T2\ O ‘ o Txgy, =f 2 2%
x3X2 x3X3 x3X3 X3X1 X3X1 x3X2

and

J (Xlx,) 0 (xle) 0 (X3x1) a(J x1x1 a(J sz,) a(J X3x,)

axl ax2 aXf; axl ax2 aX3

= X2xx:X3x; T X2x:5X3x x5 - X2x1x3%3x; ~ X2x3X3x1x3
+ X2x:x3X3x; T X2x3X3x1x5 ~ X2x1x:%3x5 ~ X2x1X3xx3
* X2x1x3%3x, + X2x1X3x5x5 T X2x3x3%3x; ~ X2x,%X3x1%3

=0
Similarly we also have

RSP SN S SRR SR S

axl aX2 aX3 aXl ax2 ax3



We now can set the new fluxes as follows

£ = "1]"' E; + %Fi + —GXIJ"S . By= x—ljﬂEv + ZK%FV + %Gv (3.2.62)
. xc xc x| ~ xl xl x'

F; =%Ei+—'2jx—2Fi + ZJ i F=—’§—E +—2J"—2Fv + 3 v (3.2.6b)
Gi= "%Ei + %Fi + "3;‘3 i Gy= X}X‘Ev + %Fv + 5%"—’Gv (3.2.6¢)

Using property 5) and the above formulations we then derive expressions for the new fluxes

about the new curvilinear coordinates variables resulting in:

aXI aX2 aX3 axl J

leEi + mFi + Xox3 il + i EﬂEi + f}ﬁFi + X3X3Gi}
I J J axy 7 ] J

-2 [sing), 2 [ang), 2 [
axl I aXZ I ax:; I

Yo (<, 2 |
J ax, ]

)

+—
aXZ

0
+—
0x;
c2 )2 ). 2 ()
axl J axZ J ax',;
_X1x0E; + o JE; + X3x,0Ej + X1x,0Fj + Xox,0Fj + X3x,0F}
Tag Ty Tag Toag Tog 7o
X1x;0Gj N Xx,0Gj + X3x,0Gj _ | (aEi N JF; N 0G;

J ax'l J ax'2 J ax'% J axl ax2 aXS .

§'3£F i)
aX3 J

The same derivation can be used for the viscous fluxes, resulting in

0 BB oFiFy 3G _g 327
t axl axZ ax;
where
0=2 §=S
Q= j S= T (3.2.8)

From property 3) of the translation of coordinates we have the stress tensor

formulation resulting from the translation as
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111 1'.12 113 Xix; X1xy Xix; [[T11 T12 T13]] X1xi X1x; Xix,
‘521 T22 Tz3 =| Xox; X2x, X2x; [|T217T22723|| X2xi X2x, X2x, (3.2.9)
1,'31 1:32 t%’& X3x, X3x, X3x; |LT317T327133]| X3y, X3x, X3,

3.3 The locally conical Navier-Stokes equations

The locally conical Navier-Stokes equations can be derived through the general
coordinate transformation

x1 =x1 (§n,8) =1 (§) sinf (n,£) cosp (M,£)
X2=X2 (ﬁﬂyc) =r (g) sin@ (ﬂaC) Sin(P (TI,C) (3.3.1)
x3 = X3 (§n,8) =1 (§) cos® (M,L)

where € = xll, n= x'2, (= xj; are the new curvilinear coordinates.

Here r (§) is the transformation to the radial coordinate. The parameters 6 (n,{) and
¢ (n,L) are the general two dimensional transformations to fit different conical shapes and
control the clustering of grid points.

Neglecting the volume sources and the heat sources from equations (3.2.7), and
following the above derivation we obtain

0Q | IEi-Ey) L IFi-Fy)  IGi-Gy) _ (3.3.2)
ot ot on ag
with
E §XlE1 + &}(ZFl + §x3 ﬁ g;'Ev + g;sz + gjﬁGV (3333)
F - an. E; + nszFl N n;(scl F, = ﬂanEv + %Fv + “_Gv (3.3.3b)
Gi= C}h C}‘ZF, + C;’Gl G, = C}“Ev C;csz %Gv (3.3.3¢)

Now we discuss the derivation of terms for . Generally we have the following
properties: (1) We state here the formulation without providing detail of the derivation

N X2 X2

Tea=| 0 % |=2@) nmo (3.3.42)
| X3 X3¢ |

N [ X3n X3¢ ]

Tea=| 0 =20 bmb) (3.3.4b)
L X1m X1¢ |
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A X X1
T &, =[ oK ] =r2(§) f3(n.0) (3.3.4¢)
Xan  X2¢

where fj(n,{) are only the functions of n and { but not §, i = 1,2,3. (2) Using the locally

conical approximation, in other words we assume that the derivatives of flow properties to r
are neglected, we obtain

) X =0 (3.3.5)
0§ o€ 0§
(3) Because we have
2u (1 dv; 9V; X
Tij = R—q(é (ax; éji) - % div (vi) 8jj | = fij / (§) (3.3.6)
qi=—u—a—T.=i"/ r(§) (3.3.7)

(y-1)M2Rer Pr dx;
where fij and fi are composed by flow properties, we obtain:

OBy _ ®p Fy_ ®p 096y _ ®, (3.3.8)

X "k "k ®

Therefore we have

a(J §X1) a(J E.~X2) Fj + a(J ng) Gi+] ‘gx;aEl + J &xz + J gxsaGi
8& € 0§ o Gl € il
8(r2(§) 10y , A LOO) | A2® BOD)
o€ il o€
=21(¢) re(€) (fl (.0 Ei + n.0) Fi + 3(n.0) Gi)
_2e® ¢, 2 L2 Vo 2e®a
= =2 (128) 1.0 Ei +12E) .0 Fi +12(E) f3(n.0) Gi) = =8

r(€) ()
oF, _re®g
& 1)




The general locally conical Navier-Stokes equations can now be written as:

9Q oF oG o

= E+£+H =0 (3.3.9)
where
ﬁ:rﬁ@—)(zﬁi-ﬁv), andQ@=2. (3.3.10)
r(€) I
When we choose r(€) = €, then
H = (2E;-E, )& . (3.3.11)

For equations (3.3.9) we can process an integral over a surface s(n,{), in which & =

constant, i.e.,

9 Qds + CLINCLN Hds=0 (3.3.12)

"m0 o MY

= sn.0) v '
By using Green's theorem we have
%f 6ds+f (ﬁ,’d)-di+f Hds=0 (3.3.13a)
sM, L sm,D

%f st+§ (F dC+adn)+f Hds=0 (3.3.13b)

sM,0 L sm,%)

where L is the bounding line of the area s(n,{). In the equations (3.3.13) the last term
operates in a similar fashion to the source term.

In order to discretise the above equations by using the cell centred finite volume
method, the 3-dimensional cell described in chapter 2 will be degenerated to a 2-dimensional
cell. The cell used here also needs to satisfy the definition in chapter 2.3, and we then have

a -~ -~ > -~
5 (QijSip) + Y (F.G) Al+HS;=0 (3.3.14)
lines
Notice that now Eq.(3.3.14) is also a compact form and includes five sub-equations.



3.4 Calculation of flux

We will now present the formulation which will enable the calculation of the
eigenvalues, eigenvectors, and Riemann invariants for the locally conical Navier-Stokes
equations. Now the inviscid fluxes are

ﬁ' N, —E;+ nx2F1 + Nx, i= Fl TU (3.4.1a)
J J J
6. CXlEl + CJXZFI + ng = Fi . CJ (3.4-1b)

where we define two 3-dimensional vectors as:

—.__T]in)(z"h EJ-—-'CiCXZSXi

nJ— J a'Tv ] J v_]-—’ J (3.4.2)

For an arbitrary 2-dimensional surface normal k = (kn.kg) in the € = constant domain

we have
F,G) K=(Fi- 7y, Fi- 0 - (ke o k
(Fj i) (_’1 ny.Fi-Cp (T_]. C) (3.4.3)
=knFi - ny+keFi- §=Fi- knmy+keln=F;i -k
where
i(._]:knﬁj +kg §g 3.4.4)

is a 3-dimensional vector. Thus Eq.(3.4.3) shows that the inner product of inviscid flux and
a surface normal in locally conical coordinate is equal to a inner product of a flux and a
vector in 3-dimensional space. For viscous flux we can have the same conclusion.

Therefore we have formulations to calculate the eigenvalue, eigenvector, and the
Riemann invariant of (3.4.3) in the same form as in the 3-dimensional case given in chapter
2. The 3-dimensional vector (3.4.4) is generated by the 2-dimensional (kn,kg) and the
coordinate translation formulations.

The discretised LCNS equations will have the same form as Eq.(2.8.1). In the
following we will give the detailed formulation for specific test problems, which includes a
description of the physical problems studied, the structured grid used, boundary conditions,
and the evaluation of inviscid and viscous fluxes.



3.5 Numerical discretisation

3.5.1 The physical problems

We consider a compressible Mach 7.95 laminar flow around a sharp cone of half
angle 10° with a cold wall (T, =309.8K) and with angles of attack 12° and 24°. The
Reynolds number is 4.1x106 and the flow temperature is 55.4K. This case produces a flow
which has a large separated flow region with embedded shock waves on the leeward side of
the cone and strong gradients in the thin boundary layer on the windward side. We solve
these problems at each & = constant 2-dimensional domain, in which the flow still can be

described effectively by the locally conical Navier-Stokes equations.

3.5.2 The structured grid and control volume

The sharp cone and the grid at r(§) = § = constant are illustrated in Fig.3.5.1. The
2-dimensional structured grid generation method is described in Appendix 2. Because the
yaw angle is 0° we consider just the half side of the flow, then the grid overlaps by one
point the line of symmetry (Fig.3.5.2). We call this type of grid the primary grid, which has
I+2 points in the 7 direction and J+2 points in the { direction.

Fig.3.5.1 The sharp cone and location of the grid

A secondary grid can be obtained by determining the centres of the primary cells and
connecting them across cell faces. This has I cells in the 1 direction and J cells in the {



direction. We will choose the cells in the secondary grid as the control volumes in the cell
centred finite volume method as illustrated in Fig.3.5.3. Each cell contains the state variables
similar to the 3-dimensional flow, i.e., 5 conservative components p, pvi, pva, pv3, pE or
primitive components p, Vi, V2, v3, p. The unknown variables are set in all IXJ cells in the
secondary grid and we have in all (I+2)x(J+2) grid nodes.

T

T I 1]

Fig.3.5.2 The 2-dimensional grid

From the thin shear layer approximation [49] we have

dp _
ng_() (3.5.1)

on the solid wall. This relation can be a numerical boundary condition for the Navier-Stokes
solution if we choose that (1) near the solid wall there exist very fine grid lines along the
orthogonal direction and (2) each grid line drawn from the solid wall are normal to the wall.
Therefore these requirements give the constraints for the grid generation.
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inflow boundary
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The plain line is the primary grid. The dashed line is the secondary grid
Fig.3.5.3 The primary and secondary grids

3.5.3 Fluxes evaluation

We will now calculate the numerical fluxes on an interface, such as the inviscid flux
Flj+12,j and viscous flux FVj;1/2; on the interface between cells (i,j) and (i+1,j), which
have areas sj; and sj41 j respectively. First we discuss the inviscid flux Flj;1/2 j. In the first
order Osher's scheme we just use the variables in the cell (i,j) and (i+1,j), i.e., Qjj and
Qis+1,j, which are the QL and QR in the formulation (2.5.5) respectively (Fig.3.5.4a). When
the high order scheme is used the QL are interpolated by Qi-1,j» Qij-and Qj+1,4, and QRare
interpolated by Qjj, Qj+1,j,and Qj+2,j, in the formulation (2.6.1) (Fig.3.5.4b). It is found
[7] that the use of primitive variables V in the interpolation is more robust than the use of
conserved variables Q in the sense that non-physical states from the interpolation, such as,
negative pressure, are easier to avoid. Therefore in the calculation of interface inviscid fluxes
we need to use variables in 4 cells in one coordinate direction.

For the calculation of viscous flux FVj;17 j we need construct a new cell ¢j41/2,j and
Si+1/2,j = 1/2(sj j+si+1,j) as in Fig.3.5.4c. Then for an arbitrary scalar U we have

f VU ds =jf Ud (3.5.2)
Si+1/2,j L

(a—U) 1 W 5= L f Ul - d (3.5.3)
ox; $i+1/2,j b Sisl maxi UL ;

Therefore we have



(a_U) __1
] - s. 1 2,.
0x; 8$i+1/2,j i+1/2,

Ulj Tx;-df+Uzj 1. d
Ly Ly

>

+U3I Ty - di+U4f Ty - di
L3 L4

(3.5.4)

where Up = Ui, Uz = 1/4(Ujj + Ujj-1 + Uis1,j-1 + Uit1,§), U3 = Ui, and Ug = 1/4(Uj
+ Ujj+1 + Uir1j+1 + Uis1,3), xi =1 or {.
For an arbitrary U we also have

(3.5.5)

=1
js U5 Ok,
1

ij

which is used for the discretisation of the first and last terms of equations (3.3.13).
Fig.3.5.4d shows all the cells that are involved in the calculation of the fluxes on the
interface between (i,j) and (i+1,j). In the same way we can calculate the fluxes in the {

direction.

ij i+l i-1,j ij i+l | i#2j
(a) (b)
ij+1 | i+1,j+1 ij+1 |i+1,j+1
1j i+]j i-1,j ij i41j | i+2j
ij-1 |i+l,j-1 ij-1 |i+l,j-1
(© (d)

Fig.3.5.4 Calculation of the flux between cell (i,j) and (i+1,j)




3.5.4 The discretised equations

When calculating the residuals in cell (i,j), we need to calculate the fluxes on the four
interfaces between the cell pairs (i-1,j), (i,j); (i,)), (+1,)); (,j-1), (i,j); and (i,j), (i,j+1)
respectively, i.e., we have a formulation as follows:

Reen = ﬁ {FLiv1n2,j - Fli.i2,j + Flije172 - Flij-112

(3.5.6)
+FViy12j - FVian + FVijen2 - FVijan) + Hij

where Reeq) is a residual vector in the cell, Ace is the area of cell, and H;j are the source
terms. Formulation (3.5.6) is a compact form and includes five components.
Therefore we have the discretised equations in a cell as follows:

vq R% (V)

5 ! R% (V) 8

= v°3 +| RG(v) |=| 0 (3.5.7)
v R% (V) 8
v R% (V)

where (v€q, v€3, v€3, v€4, vC5)T = veep are five conservative state variables in the cell,
(R€q (V), R¢3 (V), RC3 (V), R4 (V), R¢s (V)T = Reey are five residuals, and
V = ( V1, V2, ..., N )T are all conservative state variables in all cells, where N is the number
of cells by five. The calculation of Rcep; can be carried out by (3.5.6). However in this
procedure we do not need to use all elements in vector V but only these in cell (i,j) and its
neighbouring cells. The stencils of the discretised physical state variables used in the
calculations of these residuals in the cell (i,j) using the cell centred finite volume method are
illustrated in Fig.3.5.5.

Consolidating all the discretised Navier-Stokes equations in every cell we have a N-
dimensional non-linear algebraic system as follows:

ov

§I—+R(V) =0 (3.5.8)

where N = IxJxS is the number of all unknown variables, RT = ( Ry, Ry, ..., RN ) is the
residual vector and VT = ( vy, vo, ..., vN ) is the discretised conservative state variables
vectors. We note that {vn,Vn+1,Vn+2,Vn+3,Vn+4 }€ V are the discretised conservative state
variables in the cell (i,j), and {Rp,Rp+1,Rn+2,Rn+3,Rn+4}€ R are the residuals in the same
cell, where n = 5x((i-1)xJ+j-1)+1.



ij+2

i-1j+1 | i+l |i+lj+l

i2j | i1 | ij | i+lj | i+24

i-1j-1 | ij1 |i+l,j-1

ij-2

The residuals calculated for the cell (i,j) and
the discretised physical state variables used lie in the 13 cells within the bold line.
Fig.3.5.5 13 point stencils

3.5.5 Explicit methods
A simple Euler explicit scheme for the time dependent system (3.5.8) is

v+l =y _ At R (VD) (3.5.9)

In this scheme techniques such as local time stepping, residual smoothing, and multigrid,
can be used since time accuracy is not required for solving the steady state problem.
A four-step Runge-Kutta integration with time [5S0] can also be applied to the time

dependent system (3.5.8)
VO =yn
vl=vn_g; AtR (VO)
vZ=vh- oy AtR (V1) (3.5.10)

v3=vh-a3AtR (V2)
vi+l =yn At R (v3)

where a1 = 1/4, ap = 1/3, a3 = 1/2. This is a fourth-order accurate scheme (in time), which
is robust when starting the solution from free stream conditions but slow in convergence. In
the next chapter this scheme will be used for providing the initial guess, and the convergence

will be carried out using the implicit method.
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Chapter Four

The Newton's method and linear solver
4.1 Introduction

The classical Newton's method used for solving the non-linear algebraic system has
quadratic convergence properties, and is robust when starting from a 'good initial' guess.
The main drawback of this method is that it is memory intensive. The Newton's method was
once thought to be impractical for CFD applications. In recent years advances in
computational hardware have allowed researchers to reexamine this previously inaccessible
method in the search for improvements to the accuracy, efficiency and robustness of existing
CFD algorithms. The recent generation of large memory computers and supercomputers,
such as the IBM RISC System/6000 workstation and Cray 2 and Y-MP, enable us to test the
Newton's method for relatively simple object flow problems. The computer memory
limitation remains a problem when we try to deal with practical applications.

In this chapter we will describe the sequential implementations of the Newton's
method for fast steady state Navier-Stokes solutions. In the approach for developing such
numerical schemes (1) a simplified approximate procedure is proposed for generating the
numerical Jacobian of the non-linear algebraic system, which is very fast and minimises the
number of cells in which the discretised physical state variables need to be used for
generating the elements of the Jacobian; (2) a new a-GMRES linear solver is also proposed
for solving a large sparse non-symmetric linear system. This solver modifies the linear
system by means of a simple block diagonal preconditioner and damping factor o,
constructs a new iterative procedure, and at each iterative step solves a modified linear
system by the GMRES scheme. The new linear solver can overcome the non-convergence
phenomenon for the test flow problems which happen when using the GMRES linear solver
with just a simple block diagonal preconditioner. However the new linear solver requires
nearly the same memory as the GMRES linear solver. Bearing in mind the possibility of
parallelization of the code, it is arranged that no sequential bottle-neck occurs in the new
linear solver. The initial guess used here was provided by an explicit time dependent
approach using the Runge-Kutta method with local time stepping described in chapter 3,
which is robust when starting the solution from free stream conditions but slow in
convergence. The test flow problems are the hypersonic laminar flows around a conical
shape, governed by the locally conical Navier-Stokes equations. The computer used is an
IBM RISC System/6000 320H workstation in the Department of Aerospace Engineering,
University of Glasgow.
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4.2 The Newton's method

After spatial discretisation a semi-discretised system of ordinary differential
equations in time can be defined as:
oV

—E—h—+R(V)=O 4.2.1)

where R (V) is a N-dimensional non-linear algebraic system in the global domain, and
N = IXJXS is the number of all unknown variables. We have that RT = (Ry, Ry, ..., RN ) is

the residual vector and VT = ( vy, v, ..., vN ) is the discretised physical state variables

vector, the (Vn, Vn+1, Vn+2> Vn+3> Vn+4) = Vcell € V are in the cell (i,j), and the

(Rn,Rp+1:Rn+2,Rn+3,Rn+4) = Reell € R are in the same cell, where n = 5x((i-1)xJ+j-1)+1.

Assume R (V) has being calculated and stored during the numerical computation procedure.
Using a fully implicit method, e.g., the backward Euler implicit method,

{ . [oR
—— I 4+|—
At ov

Avk — Vk+l - Vk

k
AVk =- R (VK)

(4.2.2)

unconditional stability can be achieved and as the time step approaches infinity the method
approaches the Newton's method

k
(@) AVK = - R (VK)

ov 4.2.3)
AVK = vk+1 -k
for the solution of the non-linear system (4.2.1), the iteration being for k=1,2, ... . Because

our discussion is focussed on the steady state flow problems and time accuracy is not
required, we can solve the linear system Eq.(4.2.3) to update the variables V.

The Newton's method (4.2.3) can also be derived by solving the non-linear system:
R (v) = 0. Thus in (4.2.3) the discretised physical state variables V could be the
conservative variables or primitive variables.

4.2.1 The Jacobian matrix
Since Eq.(4.2.1) is composed of equations (3.5.7) in each cell, we can write the
Newton's formulation by using the cells as follows:

(OReent/ov ) AVE = - Ree VK),  cell = (1,1), ..., (L) (4.2.4)
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For any veli, ORcell/0Veell 1S @ 5X5 matrix, where Reeq is in a cell (i,j) and veep is in a cell
(I,m), where i,1=1, ..., I, and j, m =1, ..., J. From chapter 3 we know that dRcen/0vcel is
not equal to zero only for the cell (1,m) within the thirteen cells around cell (i,j) (Fig.3.5.5).

Thus corresponding to each cell (i,j) the elements of the Jacobian matrix, in five rows, have
the form of thirteen 5x5 submatrixes as follows:

ORcell(,j/OVeelli-2,)» ORcell(i,jy/OVeellGi-1,j-1)» IRcell(i,jy/OVeelli-1,))s
ORcell,j/OVeelli-1,j+1)»  ORcell(i,j¥OVeell(ij-2)» ORcell(i,jyOVeell(ij-1),
ORcelli,jy/0Veen(,j) (4.2.5)
ORcell(ijy/OVeell(ij+1)» ORecellij¥OVeellij+2)» ORecellj¥OVeelli+1-1),
ORcell(ijy/OVeell(i+1,j)» ORcell(ij/OVeell(i+1,j+1)» ORcell(i,j)/OVeell(i,j+2)-

Therefore we obtain the Jacobian matrix of Eq.(4.2.3) which is a order N, block 13-point
diagonal matrix and each block is a 5x5 submatrix, which can be denoted as

In this paper the approximate numerical Jacobian matrix of the non-linear system is
used instead of the analytical one, i.e., for a Jacobian matrix of form

Ji1 J2 ... JIN
_oR | 21 J2 ... N
_7__57 =l . . (4.2.6)
i N1 N2 INN i

where
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_dRy,
]n]llz - avn2 (4.2.7)

we replace (4.2.7) with a difference quotient of the form:

o, = Rou OV +Avn) - Re, (V) 42.8)

AVn2

Various selections of Avy, have been suggested in the literature of numerical analysis. When
choosing Avy,=h ey,, where ey, is the nath unit vector, Dennis and Schnabel [51] pointed out
that if a sequence {hg} is used for the step size h, and if this sequence is properly chosen,
then the quadratic convergence property of Newton's method is retained and Newton's
method using finite differences is 'virtually indistinguishable' from Newton's method using
analytic derivatives. In this paper h is chosen as € X vy,, where € = Y[machine epsilon].

We now consider that one physical state variable perturbation occurs at a cell (i,j),
which will affect the computational results of the inviscid fluxes on 8 interfaces and the
viscous fluxes on 12 interfaces (Fig.4.2.1). However in order to calculate the above fluxes
we need to use the physical state variables in 25 cells, which is within the bold line in the
figure.

X

»
- 3
>

[» 3
o
> 3

x

where %: inviscid flux needed, A: viscous flux needed,
square: the perturbation position, physical state variables used lie within the bold line.
Fig.4.2.1 The fluxes should be calculated
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On the other hand, this physical state variables perturbation will affect the computational
results of residuals in 13 cells, which is illustrated in Fig.4.2.2. According to the
requirements for the physical state variables in calculating residual in a cell in chapter 3,
Fig.4.2.3 shows that the physical state variables, which are required for calculating all the
residuals in 13 cells, are in 41 cells. In Fig.4.2.3 we also see that 36 inviscid fluxes and 36
viscous fluxes need to be calculated for evaluating the residuals in the 13 cells. It is obvious
that the above conclusions are true for any variable perturbation at the cell (i,j).

i,j+2

i-L,j+1 | ij+1 |i+l,j+1

i-2,j i-1,j ij i+lj | i+2j

i-15-1 | ij-1 |i+lj-1

ij-2

For a perturbation occurring in cell (i,j), the residual calculations
affected by the perturbation are at all the 13 cells within bold line.
Because the residual vector at a cell have 5 components
we have overall 13xS5 residual calculations affected by the perturbation.
Fig.4.2.2 13 point stencils

In the numerical computation procedure we can use the column by column method to
generate the Jacobian matrix, i.e., each time we generate a column of elements of the matrix,
as we proceed from column 1 to N. From the formulations (4.2.6) and (4.2.7) we know that
each time, we fix np and generate all the nith rows elements %, of the Jacobian matrix.
Therefore to enable formulation (4.2.8) we provide a perturbation at the npth component of
vector V and calculate the residual component Ry, (V+Avy,) at different n1, which is changed
because of the perturbation, and then generate the njth row elements 7y, of Jacobian
matrix. When the residual component Ry, (V+Avp,) is not changed at ny we have %, = 0.

The above procedure can be done for each cell (i,j), i.e., after the perturbations of all
five variables respectively in the cell (i,j) we can obtain thirteen 5x5 matrixes by the

numerically approximate implementation of the following derivations:
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ORcell(-2,j)/0Veell(ij)» ORcell(i-1,j-1Y/0Vcell(ij)» ORcell(i-1,jy/OVeell(i,j)»
aRcell(i-1J+1)/aVoell(i,j), aRcell(i,j-z)/avceu(i’j), aRccll(i,j-l)/aVcell(i,j),

IR cell(i, iy OVeeln(i,j (4.2.9)
ORcell(ij+1)/0Vcell(ij) ORcell(ij+2/0Veelij) ORecell(i+1,j-1¥0Veell(i,j)»
IR cell(i+1,j/OVeell(ij)» ORcell(i+1,j+1Y/0Veell(ij)» ORcell(i,j+2)/0Veell(i,j)-

Therefore we obtain thirteen 5x5 submatrixes of the Jacobian matrix in five columns. After

the cell proceed from (1,1) to (I,J) we can obtain the whole Jacobian matrix.

X » *
X X X X
—% 1% * * *
X X x O % 4  {
* * % * *
X X X X
* * ®

where x: inviscid flux needed, A: viscous flux needed,
square: the perturbation position. Physical state variables used within bold line.
Fig.4.2.3 The fluxes should be calculated

Because the Jacobian matrix elements %,n, and %.n, are generated from the perturbations at
the npth component and the nith component of vector V respectively, they are normally not
equal and, therefore the Jacobian matrix is non-symmetric.

We store the Jacobian matrix using the following thirteen 4-dimensional arrays:



Chapter Four: The Newton's method and linear solver _54

PW2(LJ), PSW(LJ), PW1(LJ), PNW(LJ), PS2(LJ), PS1(L}),
PC(LJ), PN1(LJ), PN2(L,J), PSE(L]J), PE1(L,J), PNE(LJ), PE2(LJ)

For a cell (i,j) the above arrays are thirteen 5x5 matrixes, within five rows of the Jacobian
matrix, and correspond to the derivations in (4.2.5) consecutively.

Using a column by column method to generate the Jacobian matrix results in thirteen
5x5 matrixes in five columns of the matrix. These 5x5 matrixes are obtained due to the

variable perturbations in cell (i,j) and are:

PW2(i+2,j), PSW(i+1,j+1), PW1(i+1,j), PNW(i+1,j-1),
PS2(i,j+2), PS1(i,j+1), PC(i,j), PN1(i,j-1), PN2(i,j-2),
PSE(-1,j-1), PE1(i-1,j), PNE(i-1,j-1), PE2(i-2,j).

When using the formulation (4.2.8) to calculate the elements of the Jacobian matrix,
we need to calculate the residuals in all 13 cells after a perturbation. This includes the
calculations of 36 inviscid fluxes and 36 viscous fluxes (Fig.4.2.3) for calculating residuals
Ry, (V+Avp,), and then generating the elements of the Jacobian matrix.

4.2.2 A simplified procedure for generating Jacobian matrix

Since the calculation of the residual in each cell involves linearly combining the
inviscid and viscous numerical fluxes on the cell interfaces (3.5.6) we can re-write the
formulation (4.2.8) by using fluxes directly instead of using residuals. We have

[(FlLi+1/2,j - Fli-1/2,j + Flij+172 - Flijj-172

ORcell(i,jy/0Vcen = | _

+ FVis12 - FVianj + FVija2 - FVijan) + Hi,j) (V+Aveep)
- (Flis172,j - Fli-12,j + Flije1/2 - Flijo12

+FVis12 - FVieinj + FVije12 - FVijap) + Hij) )]

/ Aveep

where ﬁi,j = Acen Hij .

Therefore a new simplified procedure can be derived. In the above modified
formulation we can cancel terms, such that we only need to calculate the flux affected by the
variable perturbation. The simplified procedure then has the potential to decrease
computation time. From Fig.4.2.1 we know that only 8 inviscid fluxes and 12 viscous
fluxes vectors need to be calculated five times for generating all the 13 5x5 matrixes. They

arc

Fli-372,j Fli-122,§» Fli+122,j> Fli+3/2,j> Flijj-3/2, Flijj-1/2, Fli j+1/2, Fljj+3/2
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FVi-1j-112, FVi-1,j+112, FVij-122, FVij+1/2, FVit1,§-1/2, FVit1,j+12
FViian,j1, FVit12,j-1, FVianj FVis12 FVi2,j+1, FVis12j+1-

As we saw in the original formulation (4.2.8) 36 inviscid fluxes and 36 viscous fluxes need
to be calculated five times for the generation of the 13 5x5 matrixes. Therefore the new
simplified procedure takes only 8/36 and 12/36 of the computation time of the original
procedure for inviscid and viscous fluxes respectively. Since the locally conical Navier-
Stokes equations include the 'source terms', the simplified procedure only takes 1/13 of the
computation time of the original procedure for the 'source terms'. It is noted that by using
the new procedure we need to store the all fluxes FI(V) and FV(V) in the procedure for
evaluating the non-linear system R (V) from the physical state variable, and these fluxes do
not need to be calculated in the procedure for generating the element of Jacobian matrix.

We now present some detailed examples of fluxes that need to be calculated in order
to generate the Jacobian matrix elements by using the column by column method:
(1) calculating PS2(i,j+2) includes the calculation of

inviscid flux between points (i,j+1) and (i,j+2) (Fig.4.2.4a), i.e., we have

PS2(,j+2) = [Fliyanj (V+AVeeD - Flisapz,j (V)] / Aveey

(2) calculating PS1(4,j+1) includes the calculation of
inviscid flux between points (i,j) and (i,j+1);
inviscid flux and between points (i,j+1) and (i,j+2);
viscous flux between points (i,j) and (i,j+1);
viscous flux between points (i-1,j+1) and (i,j+1);
viscous flux between points (i,j+1) and (i+1,j+1) (Fig.4.2.4b), i.e., we have

[(FLi+1/2,j+1 + Flij+3/2
+ FViz12,441 - FVia1nj+1 - FVije12)) (V4AVeen)
- (Flis1/2,j+1 + Flij432
+ FVis12j+1 - FVii12441 - FVije12)) (V)]

PS1(i,j+1) =

/ Avceu

(3) calculating PSW(i+1,j+1) includes the calculation of
viscous flux between points (i+1,j) and (i+1,j+1);
viscous flux between points (i,j+1) and (i+1,j+1) (Fig.4.2.4c), i.e., we have

PSW(i+1,j+1) =
[(FVi+1,j+1/2 - FVit12,j+1D(V+AvVeen) - (FVit1j+1/2 - FVi+1/2,j+1)(V)] [ Aviey -



Chapter Four; The Newton's method and linear solver 56

X
X

* A
O O O
a b C

where Xx: inviscid flux needed, A: viscous flux needed,
square: the position of the perturbation.
Fig.4.2.4 The fluxes to be calculated in the simplified procedure

Another benefit of this simplified procedure is that it reduces the number of cells to
the minimal value, in which the physical state variables need to be used in the procedure for
generation the Jacobian matrix. This result can be shown by comparing Figs.4.2.1 and
4.2.3.

Table 4.2.1 gives the comparison of the cpu time in seconds needed for generation of
the Jacobian matrix for the original and simplified procedures using one step of an explicit
iteration as the scale.

Table 4.2.1 Comparison of CPU time for the generation of Jacobian matrix

Grids Original procedure Simplified procedure
34 x 34 27.3 5.4
66 x 34 29.5 5.9
66 X 66 31.2 5.6
66 x 130 36.1 6.2

4.3 The linear solver

We now need to solve the non-symmetric linear system (4.2.3). There exists
considerable literature in the area of iterative solutions of large linear systems. The conjugate
gradient (CG) method for the solution of a symmetric positive-definite system is well
established. For solving non-sysmmetric systems some CG type methods have been
developed such as the bi-conjugate gradient (BiCG) method, the conjugate gradient squared
(CGS) method and the CGSTAB method, which is similar to CGS and has the stability
properties. On the other hand, the generalized minimal residual (GMRES) technique is an
efficient method for solving non-sysmmetric systems [52] and has been used in a wide range
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of applications. In the foregoing discussion the non-symmetric linear system (4.2.3) can be
denoted as

ax=b. (4.3.1)

4.3.1 The CGS linear solver
The CGS method was introduced by Sonneveld et al. [53]. The algorithm is derived
from BiCG proposed by Fletcher [54]. As in BiCG, the exact arithmetic CGS converges to
the correct solution in at most N iterations provided that it does not break down, where N is
the order of the linear system. CGS has several advantages over BiCG: the transpose of the
coefficient matrix is not needed, the algorithm is theoretically assured to converge whenever
BiCG does, and it generally converges more rapidly [53]. Assume Xg is an initial guess, and
ro = b - 4xg, we describe below the CGS algorithm. The symbol X represents a suitable
preconditioning matrix (X= A4):
Step 1: Initially, we set
fo, an arbitrary vector, such that (fg , rp) # 0,
P0=(-rO, rO)’ BO=PO, p-l =q0=0;
Step 2:seti=1,
Ui =T+ Pod;,  Pj= U+ Bi(q; + BiPi.1)
solve P from XP = p;j,
V=ﬂp, Qi+1=Ui'aiV, ai=Pi/(fO,v)’
solve U from XU = U; + Qj41,

Xis1 = X; + 04U,

if Xj4+1 is accurate enough then the iteration is ended, else
Step 3: set

Mie1 =Mj - AU, pi+1 = (o, Tiy1)

if pj+1 = 0 then the method fails to converge, else
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Step 4: set
Bi+1 = pir1/pis
and leti=1+1 and go to step 2.

4.3.2 The GMRES linear solver

The GMRES algorithm was proposed by Saad and Schultz [52]. It seeks a solution X
under the form X = Xg + Z where X is the initial guess and z belongs to the Krylov subspace
K=<rg, arg, ..., Z-1ry> (rg=b-4xg). The solution X is chosen such that llb-4xl is the
minimum,

First we find an orthonormal basis of space K via Gramm-Schmidt
orthonormalization. In this process, a (k+1)xk Hessenberg matrix #j is formed. The
following calculations are performed.

Initially, we set

and fori=1to k

i

Viel1 = AV - ), Bis1,Vj, where Bis1j = (AV;, V)
=1

Vi+l .

V1

Vil =

After k steps, the Hessenberg matrix is formed as

B21  B31 -+ Pr+1l
Ivoll B3z - Bks+1,2
Hy = 0 Ivsli ) (4.3.2)
. Bk+1,k
0 0 v IVl e,

If we denote Vi = (V1, V2, ..., Vi), the Nxk matrix whose columns are the first k basis

vectors, we have
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Vierl Hic =[V1, Vg, - -+, Vi, Viee1] 74
= [91(A91, 91) + 92 IV,
V1(aV2, V1) + Va(aVa, Vo) + V3 livsll,

: (4.3.3)
V1(AVk-1, V1) + U(AVxk-1, V) +- - + Uk vy,
V1(AVk, V1) + V2(A0%, 92) +- -+ + Vie1 IV 1]
=[a%1, 42, - - -, AVk-1, A% = 2 Vi

k
Having generated the orthonormal basis Vi we proceed to find X =Xg +Z =X + z i’ V1
1=1

where yj are real. Let us define y = (yg, Y2, --» Y1) Tk €1 = (1, 0, ..., 0)T,1 and & = lirg|l.
We have

Ib-axll=lb-a(xy+ i yiVD lI=1rg-avy ll (4.3.4)
1=1
and
1o - ax Il =1l Vip1(8€q - #&Y) I = Il 6eq - 7y Il (4.3.5)
Therefore
min || b - 2x |l = min Il 8&4 - 7y I (4.3.6)
ek yeRE

The problem is now reduced to the solution of a smaller least squares problem. Due
to the special structure of the Hessenberg matrix %4, a Q-R factorization algorithm can easily
be applied for the system 74y = d€; as follows:

We use Hjj to present the element of the matrix 74, for i = 1,2, ...k, then

i+l ’
Rii=~ 2 Hj
j=1
T
q;i = Hii, - His11) / Rii
¢i=0qy;
i+l
Riis1 = ), Qji Hjis1
j=1

i+l
Rik = . gji Hik
j=1




Chapter Four; The Newton's method and linear solver 60

f Hi+1 = His1 - Riis1 Gi

\ Hy = Hi+1 - Rik i

We obtain
Ri1 Ri2 --- Rk \(y1\ [©1
0 Rp -+ Rx [[¥2]_|@ 43.7)
0 0 Rkk Yk Ck
and
Yk = Ck / Rk

and for 1 = k-1,...,2,1, we obtain

k
yi=(c- ), Rijy)/Ri.

j=i+l

For an efficient practical calculation, the dimension of the Krylov subspace, k, is
very small compared to the order of the matrix A4 because storing all the previous directions
is very costly. In application, the algorithm is restarted every k steps until the required
accuracy is achieved.

Generally speaking, the CGS and GMRES algorithms have the property of super-
linear convergence, and in practice the above two linear solvers need to be used with a
preconditioner. One method is to add the preconditioner by applying the schemes explicitly
to the systems

PaAX=Pb (4.3.8a)
or
4Q(Q'x)=b (4.3.8b)

or other mixed forms, where 2 and Q are referred to, respectively, as left preconditioner and
right preconditioner. A second method is to add the preconditioner in the iterative scheme as
described in the CGS approach above. For the GMRES scheme we can use the first method,
but for the CGS scheme both methods of preconditioner are available.
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A family of efficient preconditioners arises out of the incomplete lower-upper (LU)
factorization of A4 and is referred to as ILU(k). Here k represents the level of fill-in. The
expression k = 0 implies no fill-in beyond the original non-zero pattern. If k = 1, the fill-in
caused by the original non-zero pattern is allowed, but no further fill-in caused by these
recently filled-in elements is permitted, and so on. As k increases, the preconditioning
improves whilst also becoming more expensive to run. After the LU preconditioner is
generated we can: choose K= LU in the preconditioned CGS scheme; choose P=Q= (LU)1

to change the system; or change the system as

Llax=L1lb (4.3.9)
and let

y=UX (4.3.10a)
i.e., we have to solve the new system as
Llguly=Llb. (4.3.10b)

Because in the solution of the lower or upper system there are involved backwards and
forwards substitution, which imposes a sequential bottle-neck, the ILU(k) preconditioner
appears not to be suitable for parallel computation. Another drawback is that we need
memory to store the lower and the upper matrixes, i.e., equivalently when k = 0 we need to
store another Jacobian matrix.

In the current research we need then to develop a new linear solver, which is robust
with relatively less requirement for memory and without the sequential bottle-neck. At first
we tested a simple preconditioner, i.e., the block diagonal matrix D, then we solved the

system as
plax=olb. (4.3.11)

This diagonal preconditioning has the following advantages: (1) it is simple to programme;
(2) the operation is localised so that parallelization can be implemented effectively. However,
it has been found from numerical tests of the current LCNS problems with a 34x34 grid,
that this simple preconditioning alone is not able to overcome the non-convergence when
using the GMRES method as illustrated in Fig.4.3.1.
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Fig.4.3.1 Convergence of GMRES algorithm for (D-12)x=D-1b

We then introduced a damping factor o into Eq.(4.3.11)
@i+l ayx=o'b, @>0) (4.3.12)

For this new linear system numerical tests were carried out using both GMRES and CGS
methods with a 34x34 grid. Fig.4.3.2 shows the norm of the residual vector (Res) change

during the iterative procedure of the GMRES method as applied to Eq.(4.3.12) with
different values of the damping factor o.. Fig.4.3.3 (a)-(d) show the comparison of the

convergence of Res with the GMRES and CGS methods as applied to Eq.(4.3.12) with
different values of the damping factor o.
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Fig.4.3.2 Convergence of GMRES algorithm for (oI+D-12)x=2-1b
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Fig.4.3.3 GMRES and CGS algorithms for (o.I+D-12)x=D-1b

The figures illustrate that (1) the larger the value of a the faster the convergence for both
methods, (2) with a very small a the lack of convergence mentioned earlier still appears, (3)
the Res decreases monotonically for the GMRES method but not for the CGS method, and
(4) the convergence of the GMRES method is faster than that of the CGS method.
Observation (3) is more important regarding the choice of the GMRES method for the linear
solver in this research. Because the solution of the linear system is only the inner iterative
loop of Newton's method we only require the Res of the linear system reduced by a few
orders of magnitude. However the oscillation observed will delay the convergence.

The discovery that the modified linear system (4.3.12) can be solved by GMRES
and CGS methods plays a key role for us to construct new linear solver.
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4.3.3 The oo-GMRES linear solver

It is clear that Eq.(4.3.12) is not equivalent to Eq.(4.3.1). To solve Eq.(4.3.1), an
outer loop has to be introduced. This is done through a multi-level iterative scheme written
as

@I+ gyxm+l = plp 4 g xm, (4.3.13)

Given X, the above equation is solved for X®*1 ysing the GMRES method. This procedure
is continued until the sequence XM is converged, and the convergent vector is the solution of
the original linear system. This procedure could be thought of as an inner iterative loop of
the GMRES algorithm combined with the outer iterative loop of the a-GMRES algorithm. It
is obvious that only the outer iterative loop has the property of linear convergence. We have
proved the following convergence theorem for the iterative procedure (4.3.13) as follows:

Theorem:

(1) If xm converges to X*, X* will be the solution of Eq.(4.3.1).

(2) There exists a positive number B > 0 such that if 0 < o < B, the iterative procedure
(4.3.13) converges.

Proof:

(1) This is an obvious result of Eq.(4.3.13).

(2) From Eq.(4.3.13), we have

xm+l_ym = (qr+ ola)1[(Dlb +oxm)- ( Dlb + axm-1)]
=a (al+Dlg)l(xm.-xm-1)
=al (ol+ Dlg)ym(xl-x0).
Thus

| xm+1 _ xm || < gm || o + Dl )y ™ I x1- X011 < [ou (o + orla)-Lim ) xE - X0,

Let us define a positive function f: f(a) = II( &7+ 214 )-1Il. The function f is obviously a
continuous function of o and f(0) = Il 2141l is a constant. From the continuity of f, given a
constant ¢ > 0, we can find o; > 0 such that when 0 < ot < oy, we have

0 < f(a) < £f(0) +c.
On the other hand, for a given constant €: 0 <& < 1, we can find oy > 0 such that

o[f(0) +c] < 1-€.
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Let B= min{o, 03} and choose a: 0 < & < B, then we have
all(al+ola)ylil=af(a) < af(0) +c] < 1-¢.
Thus

Il xm+1 . xm || < (1-g)ym |t x1 - xO |,

Therefore we have proved the convergence of the iterative procedure (4.3.13).

In practical application, a value of a has to be selected to balance the convergence of
the outer iterative procedure (4.3.13) and that of the inner GMRES algorithm. Two
parameters are used in solving the linear system to give the convergence criterion, i.e., €1,
the convergence criterion of the inner GMRES algorithm and &) the convergence criterion of

the outer loop of the a-GMRES algorithm.

Fig.4.3.4 shows the convergent results of the a-GMRES method for the LCNS

equations in the present test case, where €1 = 10-1, and £ = 10-10,

log(Res)
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Fig.4.3.4 Convergence of a-GMRES algorithm for 4Ax=b

Table 4.3.1 shows the details of the calculation for different a. It should be noted
that for the case of . = 0.03 the GMRES algorithm cannot converge to machine zero but this
does not influence the convergence of the o-GMRES algorithm because the full convergence

of the inner iteration is not required. From this table we can also see that the performance of

the multi-iterative method is not sensitive to the choice of o tested for o around 0.1.
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Table 4.3.1 Iterative number for different o

o ITERATIVE NUMBER of OUTER TOTAL RESTART NUMBER of
LOOP of a-GMRES ALGORITHM GMRES ALGORITHM
0.03 48 235
0.05 64 226
0.10 114 210
0.20 214 224

Generally speaking, the factors to effect the convergence of the linear solver are (1)
the character of the Jacobian matrix; (2) the dimension of the matrix; (3) the dimension of the
Krylov subspace; (4) the parameter a; (5) the choice of the convergence criteria.

4.4 Computational tests for LCNS equations

In this section we will give the numerical test results for the LCNS equations for the
different cases. The flow problems involve the Mach 7.95 laminar flow around a sharp cone
with half angle 10° with a cold wall (T, =309.8K) at a high angle of attack of 24°. The
Reynolds number is 4.1x106 and the flow temperature is 55.4K. Let €3 be the convergence
criterion of the whole algorithm, and we require the relative Res R/Ry, < €3, where Ry, is the
Res of the starting step. In this paper we always set €3 = 10-10. Solutions include different
levels of grid spacing.

The first test case is for the 34x34 grid. The unknown variables amount to 32x32x5
and the initial guess is set by using 1000 explicit Runge-Kutta iterations which result in the
relative Res R/Ry, = 0.4715¢-3.

Table 4.4.1-3 provides the comparisons of different choices of convergence criterion
€1 for the inner GMRES algorithm, the damping factor o, and the dimensions k of the
Krylov subspace in GMRES algorithm, respectively.

From these tables we see that when we choose the convergence criterion of the outer
loop of a-GMRES algorithm as €3 = 10-2, all test cases are convergent in six steps. It is
found that the choice of the convergence criterion of the outer loop of a-GMRES algorithm
will determine the whole algorithm convergence property. We do not need to solve the linear
systems using the GMRES or o.-GMRES methods to a high accuracy as long as a

reasonable convergence in the non-linear iteration can be achieved
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Table 4.4.1 Effects of different £

k=40,0=.08 k=40,0=.08 k=40,0=.08
€1=.08 £2=.01 €l=.1 £2=.01 £1=.12 £2=.01
Res Time Res Time Res Time
1 .2370e-2 173 .2367e-2 166 .2365e-2 161
2 .2147e-2 281 .2121e-2 266 .2017e-2 261
3 .6221e-5 381 .7098e-5 365 .9625e-5 348
4 .1663e-5 616 .9382e-6 571 .8301e-6 553
5 .3024e-8 726 .2673e-8 680 .2070e-8 708
6 .1210e-10 951 .1767e-10 897 .1381e-10 912
Table 4.4.2 Effects of different o
k=40,0=.06 k=40,0=.08 k=40,0=.1
el=.1 €2=.01 el=.1 €2=.01 el=.1 £2=.01
Res Time Res Time Res Time
1 .2396e-2 163 .2367e-2 166 .2363e-2 169
2 .2098e-2 270 .2121e-2 266 .2002e-2 269
3 ~.7487e-5 373 .7098e-5 365 .9995e-5 369
4 .8237e-6 594 .9382e-6 577 .7712e-6 561
5 .2300e-8 752 .2673e-8 680 .1925e-8 731
6 .1515e-10 950 .1767¢-10 897 .1688e-10 940
. Table 4.4.3 Effects of different k
k=30,a=.08 k=40,0=.08 k=50,0=.08
gl=.1 £2=.01 gl=.1 €2=.01 gl=.1 £2=.01
Res Time Res Time Res Time
1 .2365e-2 170 .2367e-2 166 .2368e-2 176
2 .2049e-2 301 .2121e-2 266 .2061e-2 284
3 .8697e-5 395 .7098e-5 365 .8427e-5 379
4 .9436e-6 634 .9382e-6 577 .1097e-5 573
5 .2908e-8 771 .2673e-8 680 .3457¢-8 705
6 .2496e-10 993 .1767e-10 897 .2705e-10 888

Fig.4.4.1 shows the results using different convergence criteria for the iterative
linear solver with the damping factor o = 0.1 and the dimensions of the Krylov subspace k
= 40. In this figure we can see that the smaller the value of €3, the more the present
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Newton's method approaches the quadratic convergence property sought. This does not
mean necessarily that less CPU time is used. As can be seen, the convergence for the explicit

scheme is slow even though local time stepping has already been employed for efficiency.
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Fig.4.4.1 Parameter tests for the Newton's method (grid 34x34)

Fig.4.4.2 shows the results for the dimensions of the Krylov subspace k = 40, and
the convergence criterion of the outer loop of a-GMRES algorithm €3 = 10-2. In this figure

we can see that the damping factor o around 0.1 is the best choice.
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Fig.4.4.2 Parameter tests for the Newton's method (grid 34x34)

The second test case is for the 66x34 grid. The number of unknown variables is then

equal to 64x32x5, and the initial guess is set by using explicit Runge-Kutta iterations. In

Fig.4.4.3 we will compare the results by using different switch points of 1000, 2000, and
3000 steps of explicit iterations respectively, and we choose the damping factor o = 0.1, the
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dimensions of the Krylov subspace k = 40, the convergence criterion of the outer loop of -
GMRES algorithm £ = 10-1, and the convergence criterion of the inner GMRES algorithm
€1 = 10-1. After 2000 and 3000 steps of explicit iterations the relative Res are R/Ryp =
0.3735e-2 and R/Ry, = 0.1998e-3 respectively. The figure shows that when the initial guess
chosen is not sufficiently converged the present Newton's method may produce oscillations
in its convergence procedure or is even not convergent (in this case the switch point is at
1000 steps).

Explicit initialization
Newton's method T1
Newton's method T2
Newton's method T3
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Fig.4.4.3 Parameter tests for the Newton's method (grid 66x34)

The third test case is for the 66x66 grid, for which the number of unknown variables
is equal to 64x64x5, and the initial guess is again set by using explicit Runge-Kutta
iterations. Fig.4.4.4 illustrates the results by using different switch points at 2000 and 3000
explicit iterations respectively. We choose the damping factor o = 0.1, the dimensions of the
Krylov subspace k = 50, the convergence criterion of the outer loop of a-GMRES algorithm
€2 = 10-2, and the convergence criterion of the inner GMRES algorithm g1 = 101, After
2000 and 3000 explicit iterations the relative Res are R/Rp = 0.2256e-2 and R/Rp =
0.1735e-3 respectively.

Fig.4.4.5 shows the results for the same grid size with damping factor o = 0.1, the
dimensions of the Krylov subspace k = 50 case, and the initial guess set by using 2000 steps
of explicit Runge-Kutta iterations resulting in the relative Res R/Rp = 0.2256e-2. When
choosing 1500 steps as the switch point, the Newton's method failed to converge.

The fourth test case is for the 66x130 grid, in which the number of unknown
variables is equal to 64x128x5, and the initial guess is set by using 3000 steps of explicit
Runge-Kutta iterations result with the relative Res R/Rp = 0.1537e-3. Fig.4.4.6 shows the
results for different dimensions of Krylov subspace k = 50 and k = 70. The other parameters
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are: damping factor a = 0.1; the convergence criterion of the inner GMRES algorithm g1 =
10-1; and the convergence criterion of the outer loop of a-GMRES algorithm £ = 10-2.
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Fig.4.4.4 Parameter tests for the Newton's method (grid 66x66)
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Fig.4.4.5 Parameter tests for the Newton's method (grid 66x66)

Fig.4.4.7 plots the convergence against computing time for calculations using the
Newton's method and quasi-Newton's method [55] on a 33x33 grid. After switching to the
implicit method, the solutions converge quadratically or superlinearly respectively and the
Res reduced to machine zero in 4 or 8 iterations.
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Fig.4.4.6 Parameter tests for the Newton's method (grid 66x130)
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Fig.4.4.7 Convergence of the Newton's and Quasi-Newton's methods
as compared with the Runge-Kutta explicit method (grid 33x33)

Another test carried out was for the flow over the cone at 129 angle of attack. For
this test case we used a 34x34 grid, and the parameters used are: damping factor o = 0.1;
convergence criterion of the inner GMRES algorithm £1 = 10-1; and convergence criterion of
the outer loop of a-GMRES algorithm €3 = 10-2. Fig.4.4.8 shows the results for the
different dimension k of Krylov subspace chosen. As can be seen, when k increases from
30 to 50 the CPU time used decreases, however when k increases from 50 to 60 the CPU
time used increases. Generally when k increases the convergence speed of solving the linear
systems can increase, but we need to use more memory and at each iterative step the amount
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of the calculation increases, such that overall more CPU time is used.
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Fig.4.4.8 Parameter tests for the Newton's method
for the cone at 12° angle of attack
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Fig.4.4.9 Flow conditions and cross flow temperature contours



Fig.4.4.9-10 illustrates the flow conditions and the cross-sectional view of
temperature and pressure of the solved flowfield for 66x66 grid for the high angle of attack
case, in which the strong bow shock wave on the windward side and the separated shear
layer on the leeward side can clearly been seen.
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Fig.4.4.10 Cross flow pressure contours
4.5 Conclusions

The Newton's method has been developed as a fully implicit method for solving the
steady state locally conical Navier-Stokes equations. The flow field involves complex
physical phenomenon and a high order high resolution scheme was used in the discretisation
of the equations. For all the numerical test cases the relative Res can decrease by ten orders
of magnitude and, therefore the robustness and efficiency of this method have been proved.
In the procedure for developing the numerical algorithm, the generation of the numerically
approximate Jacobian matrix and the solution of the large sparse non-symmetric linear
systems play key roles. The new linear solver is not dependent on the physical problems
discussed and, therefore, it might be suitable for solving general large sparse non-symmetric

linear systems.
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Table 4.5.1 shows the required CPU time for numerical computation for the test
cases with the different incidences and different grid sizes. From this table, relative to grid
34x34 at an angle of incident 249, we can see that the grids 66x34, 66x66, and 66x130

increase the size of problem by 21, 22, and 23 respectively, and the CPU time required only
increases to 2.57x21xTcg, 3.66x22xTcg, and 4.60x23xTcg respectively, where Tcg is the
total CPU times required for the 34x34 grid, 24° angle of attack case. The trend in

computing time can thus be approximated as

T = (1.6+n)x20XTcg
where n is the exponent representing the size of problem and T is the CPU time predicted.
With this trend it is therefore anticipated that this Navier-Stokes solver can be used for

solving very large grid and/or 3-dimensional flow problems.

Table 4.5.1 Performance of the N-S solver on IBM RS6000/320H

Inc. | Grid No of Rel. CPU-s Rel. CPU-s Rel. CPU-s Rel.
deg. | size gr. pts Expl't Impl't Expl't+
INxJN Switch only Impl't

12 134 34 1156 1.00 1100 0.92 500 0.56 1600 0.76

24 134 34 1156 1.00 1200 1.00 900 1.00 2100 1.00

24 | 66 34 2244 1.94 7000 5.83 3500 3.89 10500 5.00

24 | 66 66 4356 3.77 16000 13.33 13000 14.44 29000 13.81
24 | 66 66 4356 3.77 11000 9.17 17000 18.89 28000 13.33
24 |66 130] 8580 7.42 27000 22.50 45000 50.00 72000 34.29

Since the Newton's method needs a 'good initial' guess, a different solver needs to
be used to provide this starting solution. In this work a four-step Runge-Kutta explicit
method is used. Other methods could also be used, e.g., an Euler explicit method. From the
test results we can see that the switch point, at which the solver from the explicit method is
shifted to the Newton's method, needs to be chosen carefully to achieve the convergence.

Even though this Navier-Stokes solver did not deal with turbulent phenomenon,
there is no reason to restrict it to solving the laminar flow problem only. Solving Reynolds'
averaged Navier-Stokes equations for the turbulent flow problems is a research direction for
the future.
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Chapter Five
Parallel solution for Navier-Stokes equations
5.1 Introduction

In the previous chapter we have developed the Newton's method for solving the
locally conical Navier-Stokes equations for the hypersonic laminar flow around a slender
cone on a sequential computer. It is seen that using this method there are very large
requirements for computer memory. One way to tackle the memory intensive problems is by
using a parallel computer instead of using the sequential computer. Parallel processing also
offers the potential for speedup of computations for existing methods. In developing a
parallel algorithm there are various factors to consider. The most important factor is that the
algorithm should not include sequential bottle-necks, such as backward and forward
substitution in solving the lower or upper linear systems. The sequential bottle-neck will
greatly decrease the efficiency of parallel algorithms. The other important factor is that we
need to arrange the storage efficiently. This means attempting to avoid the data re-storage in
different processors.

With parallel computation in mind the new linear solver proposed in the last chapter
which has no sequential bottle-necks is particularly suitable for parallel implementation and
this obviously plays a key role in the parallelization of the overall algorithm. In this chapter
we will describe the parallel implementation of the Newton's method for solving the LCNS
equations. During the process of developing the parallel numerical scheme, a very efficient
data storage method has been proposed to store the non-zero elements of the Jacobian matrix
of the non-linear systems, which causes no data overlap in different processors and then
leads to a type of domain decomposition. Thus, in this research the parallelization uses data
decomposition rather than direct domain decomposition. After data decomposition the new
linear solver can be implemented in a parallel manner without any change of the algorithm.
Since the parallel implementation does not change the original algorithm, every iterative step
has its sequential counterparts on the global domain, and the convergence and the accuracy
are maintained compared with the implementation on a single sequential computer. The
simplified procedure proposed for generating the numerically approximate Jacobian matrix
also contributes to decreasing the data re-storage in each processor.

The parallel computer employed in this work is the Meiko Computing Surface in the
University of Glasgow, which is a coarse-grained and message-passing system composed
of T80O0 transputers. The high level programming languages are Fortran and C. Fortran
language is used in the test cases.
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5.2 Parallel algorithm analysis

The algorithm developed in this chapter is suitable for the kind of parallel computers
that have coarse-grained parallelism, MIMD, and distributed memory architecture.

5.2.1 Performance analysis
Assuming that there are P processors available, to be able to analyze them and to
compare performance of algorithms we shall define the following:

Ts is the run time for one processor, which is the sequential case,
Tp is the run time for P processors.

and we can now define

efficiency = Tg / PTp,
and speedup =T/ Tp.

From the above definitions we obtain
efficiency = speedup / P

5.2.2 Communication time t¢
The cost of communication between neighbouring processors in a message-passing
system can usually be modelled by the linear form:

tc=L+kT

where L is the latency time to initialize the message, T is the transmission time of a byte and
k is the number of bytes in the transmitted message.

Another method of estimating the efficiency of a parallel algorithm is through the cost
of communication relative to calculation. If the parallel algorithm involves no additional
calculation steps compared to the sequential algorithm we can estimate the cost of
communication relative to calculation from the efficiency or speedup.

5.3 Parallel implementation for Navier-Stokes equations

Generally speaking, the algorithm developed for numerically solving the steady-state
Navier-Stokes equations can be summarised by the following steps:
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(1) Grid generation;
(2) Ordering of all the cells;
(3) Cell-centred finite volume method for discretization;
(4) High resolution upwind scheme for evaluating the convective flux;
(5) Second order central finite difference scheme for evaluating the diffusive flux;
(6) The non-linear system on the global domain formed by the residual vector;
(7) Iterative method for evaluation of the discretised physical state variables, which includes
solving the linear systems.
Steps (1) to (6) are the same whether an explicit or implicit scheme is used, and up to
step (6) we finish up with a N-dimensional non-linear algebraic system to be solved on the
global domain as following:

Rwv)=0 (5.3.1)

The different operations lie within step (7), and then we use different methods to solve
Eq.(5.3.1). Generally speaking, we use the following iterative method:

MK AVk = - R (VK)

5.3.2
Avk = Vk+1 - Vk ( )

The different choices of matrix 4 control the iterative methods required, and we need to
solve a linear system Mk Avk = - R (VK) in each step of the iteration. If MK is a diagonal
matrix which is composed of Q¢ / At, subscript ¢ corresponding to the cell, the iterative

Mk=l1+(a—R)k

method is Euler explicit. If

At ov

the iterative method is the backward Euler implicit method. And if

MK =

oR )“
oV

the iterative method is the Newton's method. How to solve the linear system in parallel in
step (7) plays the key role in the parallelization of the Navier-Stokes solver, since solving the
linear system involves an inversion procedure which has global characteristics.

When a structured grid is used the first two steps are simple to implement. Notice
that steps (3) to (6) are all implemented with local characteristics and therefore can involve
parallel implementation by domain decomposition. Because in Newton's method in step (7)
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the Jacobian matrix is also generated with the local characteristics we can handle the
procedure in parallel using the same methods as in steps (3) to (6).

We will focus our discussion, then, on step (7) of the Newton's method for solving
the laminar steady state approximate locally conical Navier-Stokes equations.

5.3.1 Data partition and corresponding domain decomposition

As described in chapter 3, we consider the numerical solution on a structured grid,
the global control volumes in the cell centred finite volume method being given in the order
{{ (,), =1, J}, i=1, I}, where I is the number of control volumes in the coordinate 1
direction and J is the number of control volumes in the coordinate { direction. The unknown
variables are set in the whole control volume (LJ). It is assumed that there are P processors
available, and I = Int X P, where Int is an integer number.

As in the discussion of the sequential calculation in chapter 4, when the Newton's
method is employed, we need to solve a N-dimensional large sparse non-symmetric linear
algebraic system in the global domain in each iteration as follows

aAx=b

where 4 is a block 13-point diagonal matrix and N =1xJ x 5.

In the Newton's method, the main memory is used in storing the Jacobian matrix,
i.e., this matrix takes IxJx5x5x13 words of memory, however the memory for storing the
discretised physical state variables, which has five elements in each cell, is IxJx5 words.
We need, then, an efficient method to divide the storage into each processors. One method is
through writing the Jacobian matrix 4 in columns as 2 =[ 41, 42, ..., 4P ], and storing AP
in processor p, AP is a N row, Int X J X 5 = Np column matrix, p=1,2,...,P. The reason for
dividing the matrix in columns is that we will generate the matrix along columns. According
to the method above we can divide any N-dimensional vector V as following

V1

2
v= Y,
VP

where VP is the Np-dimensional vector corresponding to AP. The vectors VP are also stored
in processor p, p=1,2,...,P.

Assume that V is the discretised physical state variables, then arising from the
division process we know that each VP corresponds to all the discretised physical state
variables in a part of the global domain, and we call this type of part domain a subdomain.
This type of subdomain is named the first type subdomain, and all first type subdomains
contribute to the global domain, and have no overlap with each other. It can be said that we
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now have a domain decomposition, and each subdomain includes Int x J cells (Fig.5.3.1).

However we are required to generate the components of the residual vector and the elements
of the Jacobian matrix in the cells in the first type subdomains and then solve the linear
system. Since the calculation of a component of the residual vector in a cell needs to use the
discretised physical state variables in the surrounding 13 cells (Fig.3.5.5), the calculation of
the components of the residual vector in all cells in the first type subdomain needs to use the
discretised physical state variables in the neighbouring subdomains. Based on the first type
subdomain we can construct the second type subdomain (Fig.5.3.1) which is an
extension of the first type subdomains. Similarly, since the generation of matrix elements
needs to use the discretised physical state variables in the surrounding cells (Fig.4.2.3,
Fig.4.2.1 for the original and simplified procedure respectively), the generation of the matrix
elements in the first type subdomain needs to use the discretised physical state variables in
the neighbouring subdomains. Based on the first type subdomain we can also construct the
third type subdomain (Fig.5.3.1) which is again an extension of the first type
subdomains. In Fig.5.3.1 we can see that different approximate procedures used for the
Jacobian matrix generation will lead to different divisions (1) and (2) of the third type
subdomain. Using the simplified procedure corresponds to type (1) and using the original
procedure corresponds to type (2) respectively. It is obvious that the second or the third type
subdomains have overlaps.

P : the first type subdomain : | :
—_ - > —
Pl : the second type subdomain I o
| ' - - ! |
I I
' : the third type subdomain (1) : '
I |< >' |
: the third type subdomain (2) '
' -

! !
Fig.5.3.1 The pth subdomain of three type divisions of grid

5.3.2 Parallel generation of Jacobian matrix and residual vector
Because the third type subdomain include the second and the first type subdomains,
then when storing the discretised physical state variables in the third type subdomain in each



processor, which results in the data storage overlaps, we can generate the components of the
residual vector and the non-zero elements of the Jacobian matrix in all cells in the first type
subdomain in each processor exactly the same as we did in the sequential case in the
previous chapter. Here we can see also that the use of the simplified procedure for the
Jacobian matrix generation decreases the storage in each processor.

From the next paragraph we will see that after solving the linear system in parallel,
we obtain only the updated discretised physical state variables in the first type subdomain.
Therefore an appropriate method of communication is needed for us to obtain the discretised
physical state variables in the third type subdomain. If the Int is large enough, e.g., Int =2 3
or 4 for the simplified or original approximate procedure for generating the Jacobian matrix
respectively, we find that every processor p needs only to transfer data with its neighbouring
processors p-1 and p+1 only. This kind of communication can be called the first type
communication. For the simplified approximate procedure to generate the Jacobian
matrix, each processor needs to send the discretised physical state variables in 3xJ cells to its
neighbouring two processors respectively and also needs to receive the same amount of data
from its neighbouring processors, i.e., the amount of words to be communicated between
two neighbouring processors is 2x3xJx5, so that the total amount of communication is (P-
1)x2x3xJx5. If we arrange the processors into a ring structure (Fig.5.3.2) we can transfer
all the data in 4 steps, in each step each processor sends or receives 3xJx5 words
(Fig.5.3.3). So the number of words transferred is equal just to 4x3xJx5.

Fig.5.3.2 Ring architecture

If we use the original approximate procedure to generate the Jacobian matrix the total
number of communications is (P-1)x2x4xJx5, and when using the above ring structured
processor architecture the words transferred are equal to 4x4xJx5.

Incidentally, if the explicit scheme is used we need not generate the Jacobian matrix
and, therefore we need only store the discretised physical state variables in the second type
subdomain in each processor and calculate the components of the residual vector in the cells
in the first type subdomain in each processor in exactly the same way as we did in the
sequential case in the previous chapter. Then the updated discretised physical state variables
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are in the first type subdomain. The first type communication is needed for us to obtain the
discretised physical state variables in the second type subdomain. Each processor needs to
send the discretised physical state variables in 2XJ cells to its neighbouring two processors
respectively and also needs to receive the same amount of data from its neighbouring
processors. Then the amount of words to be communicated between two neighbouring
processors is 2x2xJXS5, so that the total amount of communication is (P-1)x2x2xJx5. When
the processors have a ring structure we can transfer all the data in 4 steps with for each step,
each processor sending 2xJX$ or receiving 2xJx5 words (Fig.5.3.3). Then the words
transferred are equal to 4x2xJX5.

even odd
processor processor
------ o000

step 1 :——»: L :: ]
step2 ! 1 : I Time

| — - I

i L o) 1
step 3 | ! il 1 l

| -~ 1 1
step 4 | i

] |

Fig.5.3.3 Communications in the matrix-vector multiplication

5.3.3 Parallel a-GMRES method

In the a-GMRES algorithm the matrix-vector multiplication is the main time
consuming calculation, which can be implemented for a sparse matrix and a vector stored in
different processors as follows:

vl (O 0
2
av=(a" a2 2" (O |+[V2+. [ O h=alvi+ a2+ 4 aPVP
vP

o/ \o
» * * ul 0 0
* * * 2
=l |+ ]+ = 0 +V; +.--+ O
* * * O 0 V.P

where "=>" indicates the communication of data among different processors to form VP. In
this way, the task of calculating 4V, for P processors, is divided by calculating 4P VP on
processor p. The resulting vector VP is again distributed to the P processors. The only
communication required in the calculation is in the formation of VP, and this is of the first
type communication.

In this procedure the number of calculations is the same as in the sequential case, and
it equals 2x(N-J)x6x5+NxS multiplications and 2x(N-J)x6x5+Nx5-N additions. The
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number of words to be communicated between two neighbouring processors is 2x2xJx5, so
that the total number of communications is (P-1)x2x2xJxS5. As in last paragraph if we
arrange the processors in a ring structure we can transfer all the data in 4 steps with at each
step each processor sending 2xJxS5 or receiving 2xJx5 words (Fig.5.3.3). So the number of
words transferred are just equal to 4x2xJX5.

Another calculation in the a-GMRES algorithm is the inner product, which requires
accumulating partial inner products carried out on each processor and broadcasting the
summary to every processor. This type of communication can be called the second type
communication. Suppose each processor could have any number of communication
channels, i.e., when the ring structure is used for a P processor connection, each processor
could also connect to any other of the processors, we could find that for the second type
communication: (1) if there are 2 processors the communication needs 2 steps, i.€., one
accumulation and one broadcast step; (2) if there are 4 processors the communication needs
4 steps, i.e., two accumulation and two broadcast steps; and (3) generally speaking, for P
processors the communication needs logaP steps. However in practice with the transputer
based system available we have only 4 communication channels for each processor. For the
second type communication apart from the ring structure we need to design appropriate
connections between processors. When P is less than 5 we still can achieve the above
results, Fig.5.3.4 illustrates that 4 steps are needed for accumulation in the P=4 case. When
P=5 and P=6 we need to increase this by 1 and 2 shift steps respectively. Fig.5.3.5
illustrates that 6 steps are needed for accumulation in the P=5 case. Other networks can
achieve better results for logaP communications. One example is the Hypercube architecture
parallel computer, which is illustrated in Fig.5.3.6. Because of the properties of the
receiving message in the Meiko computer, when using it we need to use a master processor
which carries out the accumulation and broadcast and therefore makes each processor
synchronous. Incidentally, this type of communication is also required for us to obtain the
norm of the residual vector.

Fig.5.3.4 16 processors case

The calculation of the linear combination of vectors can be carried out by their
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respective components distributed over each processor. Using this procedure no

communication is needed.

The dashed line does not represent the actual connection between processors, this step
is the transfer of the data to the neighbouring processor, and we call it the shift step.
Fig.5.3.5 32 processors case

5,6
For each step data is interchanged in one direction, and appropriate calculations are done.
Thus after 6 steps we can obtain the inner products.
Fig.5.3.6 3-dimensional hypercube

The parallel .-GMRES algorithm
Let €1 be the convergence criterion of the inner GMRES algorithm and €3 be the

convergence criterion of the outer loop of the a-GMRES algorithm. In processor p, we
perform the following calculations and communications.

Step 1: Initialization
Set an initial guess XPy, we have

aPxP 0= iP o - (needs the first type communication)

P _pP_ 3P
rOb o >
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and

P
lIrgll = f\/ 2 (rpo ,rp 0 ) , (needs the second type communication)
p=1

Letd=lIrgland X* g =xP , set @ = 0.
Step 2: Calculate B=(ol+ 214) and Dlb

We can write B in columns as B=[ 81, 82, ..., 8° ], which has the same stencil as matrix
4. D1 is formed by calculating the inverse of the 5x5 submatrix in each processor
separately. Because 214 involves a row transformation for 4, and 4 is divided in columns,
14 can be performed in each processor provided that appropriate communications are
arranged. This type of communication is named the third type communication. In a
similar fashion to the above discussion we know that the amount of data communicated is
equal to 4x2xJIx5x5, and it needs only be done once in solving a linear system. Then the o
is added in the diagonal elements in each processor so that we have BP in each processor.
D 1b can be performed in each processor without any communication and we can use 2-1bP
to present the vector in processor p.

Step 3: Calculation
LetbP=o1bP+ a'ipo, we have

Bp')?p():fpo , (needs the first type communication)
P=BP- P,
and then set
vP =t ,
so we have

P
IV 1l = /\/ Z \YZ P 1 ,\7p1 ) , (needs the second type communication)
p=1

Seti=0.If =0thenletd1=IV1ll and set w = 1.
Step 4: Seti=1i+1,

BPV pi =V pi . (needs the first type communication)
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The elements of the Hessenberg matrix are calculated for j =1 to 1 using
g p p
Bistj=2, V', V')
p=1

We then calculate

and

P
IV i41ll = /\/ Z 2 P i+1 P i+1) » (needs the second type communication)
p=1

and normalise the base vector as follows

5P
oP = Visl
i+1 N
IV i1l

If i <k go to Step 4, else we have the Hessenberg matrix

B21  B31 -+ Breld
ol B3z oo Bre12
Hi = 0 V3l .
: : . Br+ik
0 0 - INgelll Jke)x k.

Step 5: Use a Q-R algorithm to find Y such that

18, e1- %yl =minll & e1- Hcypll ,
YOERk

where Y = (yq, ¥2,-.¥x ) T> €1 = (1,04,...,0)T.
k
Sowehave XP=%P o+ y; 0P

i=1

Step 6: Calculation

i .

BPXP =P o (needs the first type communication)
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and we have

P
IIF oll = '\/ 2 (I"pO ,?p o) - (needs the second type communication)
p=1

If Il gll < & 1 X € 1 then we go to next step, else set i =0 and lctfpo =%P, go to step 3.
Step 7: Calculation

4PxP =P o - (needs the first type communication)

and

P
||f0||=/\/ > %, i) . (needs the second type communication)
p=1

If IIF oll < & x € 2 then stop, else seti=0, @ =0, and letYpo =XP, go to step 3.

Therefore the overall parallel algorithm can be described as follows: at each
Newton's iterative step we update the discretised physical state variables by solving the
linear system in the first type subdomain in each processor, arrange the communication for
each processor to have the discretised physical state variables in the third type subdomain,
and then generate the components of the residual vector and the elements of the Jacobian
matrix in all cells in the first type subdomain in each processor. Then we go to the next
Newton's iterative step.

5.4 Numerical tests

The foregoing numerical tests have been carried out on the flow problem cases as in
chapter 4.

First we test the linear solver. The Jacobian matrix is generated after 1000 steps of
explicit iterations. The global grids in the flow cross section tested are 34x34, and 66x34
respectively, thus the unknown variables are in 32x32, and 6432 respectively. The
resulting large sparse non-symmetric linear systems to be solved are block 13-point
structured matrices of order 32x32x5 and 64x32x5 corresponding to the different grids.

Fig.5.4.1 shows the speedup achieved using from 1 to 8 processors for solving the linear
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system using the a-GMRES algorithm. Fig.5.4.2 shows the convergence histories for
different numbers of processors in the 34x34 grid case. The convergence criterion of the
inner GMRES algorithm €, is 10-1 and the convergence criterion of the outer loop of the
o-GMRES algorithm ¢, is 10-19, the Krylov subspace k is 30, and the damping factor a is
0.1. When using 8 processors for the 34x34 grid the efficiency is equal to 81.5%, for the
66x34 grid the efficiency is equal to 92.2%. It is seen that better efficiencies are achieved

with the large grid.

8 -
6 -

=7

3

@ 4

2 ——  ideal

@ ——  34x3M grid
2 —o—  66x34 grid
0 v 1] v | | M | v 1

0 2 4 6 8
number of processors

Fig.5.4.1 Speedup with different grids for «-GMRES algorithm

1 processor

2 processors
4 processors
8 processors

log(Res)

_14 T T T 1 o 1
0 10000 20000 30000
CPU(sec)

Fig.5.4.2 Convergence of a-GMRES algorithm

with different number of processors

Fig.5.4.3 shows the speedup achieved using from 1 to 8 processors for solving the
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complete locally conical Navier-Stokes equations. Fig.5.4.4 shows the convergence
histories for different numbers of processors, the convergence criterion of the inner GMRES
algorithm g, is 10-1, the convergence criterion of the outer loop of a-GMRES algorithm &,
is 10-2, and the convergence criterion of the whole Navier-Stokes solution €4 is 10-10, the
Krylov subspace k is 30, and the damping factor o is 0.1. When using 8 processors for the
34x34 grid the efficiency is equal to 79.4%, for the 66x34 grid the efficiency is equal to
89.7%.

8-
6-1
=7
=
o 44
2 ——  ideal
@ ——  34x34 grid
2" —o—  66x34 grid
0 v ] v T L] v 1
0 2 4 6 8

number of processors

Fig.5.4.3 Speedup for the whole LCNS computation
using different grids
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Fig.5.4.4 Convergence of the whole LCNS solution
with different number of processors

Fig.5.4.5 shows the memory required on each processor for solving the Navier-
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Stokes equation. As can be seen, the requirement on memory for each processor decreases

as the number of the processors increases.

le+7 1
le+7 '
8e+6
6e+6

4e+6 1

workspace(byte)

2e+6

0e+0 v T T T d T
0 2 4 6 8
number of processors

Fig.5.4.5 Memory requirement against processor number

5.5 Conclusions

The parallel implementation of the algorithm for solving the steady state Navier-
Stokes equations has been developed. It includes the parallel implementation of Newton's
method for solving the non-linear algebraic system. In this procedure an efficient data
storage method is proposed for storing the Jacobian matrix of the non-linear systems, which
has no data overlap in different processors and leads to a type of domain decomposition.
This data storage method is not suitable for a non-sparse matrix since the number of
communications will increase greatly in the matrix-vector multiplication. An alternative
storage method can be used by storing the Jacobian matrix in rows if we could generate the
non-zero elements of the Jacobian matrix in rows, and in this case the third type
communication is not needed for doing the preconditioning. The linear solver, a-GMRES,
is suitable for parallel computation without any sequential bottle-necks, which plays a key
role in the parallelization of the overall algorithm. This parallel linear solver is also expected
to be useful for solving general large sparse non-symmetric linear systems.

From the test results we can see that the larger the number of grid point (Int) the
higher is the efficiency of the computation. Since Int =1/ P, in which I is the number of
control volumes in a particular direction and P is the number of processors used, and we
cannot increase I arbitrary, increased Int means that we can only use limited processors.
Therefore the algorithm developed in this work is more suitable for a parallel computing
system with few powerful processors, rather than many small ones.
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Chapter Six
General remarks
6.1 Concluding remarks

The Newton's method for solving the steady state locally conical Navier-Stokes
equations for the hypersonic laminar flow has been presented. When a high order high
resolution spatial discretisation scheme is used it is very difficult to solve the resulting large
sparse non-symmetric linear system in the Newton's method. Although ILU factorization
could provide an efficient preconditioner for robust and efficient CG type linear solvers and
GMRES linear solver to tackle the linear system above, each overall linear solver is not
suitable for parallel computation since it includes sequential bottle-necks in the
preconditioning. The a-GMRES linear solver proposed in this work, which is robust and
efficient, suitable for both sequential and parallel computations for the linear system above,
is the emphasis of the thesis.

The o-GMRES linear solver was designed following a discovery that after a
modification of the linear system by means of a simple block diagonal preconditioner and
damping factor o, the new linear system could be solved very efficiently by the GMRES
scheme. In this procedure the damping factor a plays a key role because when choosing o
equal to zero the non-convergence phenomenon appears, however when choosing o equal to
a small positive number a considerably fast convergence could be achieved. However, as
observed from the distribution of eigenvalues of the new linear system, the difference
between the o equal to zero, i.e., without damping factor, and o equal to a small positive
number is that all eigenvalues are shifted by a positive value o. In this work the a-GMRES
linear solver was constructed by a new iterative procedure, where at each iterative step the
modified linear system is solved by the GMRES algorithm.

The storage of the non-zero elements of the matrix in the linear system constitutes the
major overall storage of the Newton's method for solving the Navier-Stokes equations. A
very efficient data storage method was proposed for storing the non-zero elements of matrix
in the parallel computation, which has no data overlap in different processors. After the data
decomposition the a-GMRES linear solver was implemented in a parallel manner without
any change of the original procedure and without sequential bottle-necks.

A new simplified procedure was proposed for generating the numerically
approximate Jacobian matrix, which speeds up the computation and minimises the cell extent
in which the discretised physical state variables need to be used for generating a matrix
element. It also contributes to decreasing the data re-storage in each processor.
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The initial guess used in Newton's method was provided by an explicit time
dependent approach using the Runge-Kutta method with local time stepping, which is robust
when starting the solution from free stream conditions but slow in convergence. From the
test flow problems we can see that when the Newton's method is used the quadratic
convergence is nearly achieved. In this research the parallelization uses a basis of data
decomposition following the data storage method for the Jacobian matrix. Since the parallel
implementation does not change the original a]goﬁthm, every iterative step has its sequential
counterparts on the global domain, and the convergence and the accuracy are maintained
compared with the implementation on a single sequential computer.

6.2 Further research

The linear convergence of the outer iterative procedure in the o-GMRES linear solver
could somewhat delay the convergence of the linear solver. Further sophistication of the
technique is anticipated for an improved design of outer iterative procedure, so that
convergence could be accelerated. In the -GMRES linear solver there are many matrix-
vector multiplications to be implemented, therefore any improvement in the calculation of

matrix-vector multiplication will contribute to speed up of the computation.
6.3 Expanding the range of application of the scheme

Further expansion of research work using the Newton's method can be carried out in
four main directions. (1) Using it to solve other pseudo-3-dimensional flow problems, e.g.,
axisymmetrical flow and the flow described by reduced Navier-Stokes equations, and 2-
dimensional flow problems. Expansion to 3-dimensional flow problems will require a very
large memory. The size of the Jacobian matrix increases and the block 13-point diagonal
stencil for the 2-dimensional case changes then to a block 25-point diagonal stencil. (2)
Using it solve turbulence flow problems. The Baldwin-Lomax model and the Johnson-King
model are successful models enabling us to add the turbulence phenomenon in the
computation, but they are unsuitable for use in the Newton's method due to their lack of
differentiability and the large stencil that they involve. A more promising approach would be
to use the k-€ model. There are some simple strategies that could be used in the numerical
calculation. (3) Using it to solve unsteady state flow problems. In each time step Newton's
method can be used to solve a non-linear system. (4) Implement it on other parallel
computers, such as, the INTEL iPSC/860 super-computer.
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Appendix 1: Non-dimensionalization

The 3-D N-S equations can be written as following conservative form:

ot ox1 dx2 0x3
where
P
pv1
Q=|pv2 (Al.2)
pV3
| PE |
~V =3
AL 0
. |PY1*P ,, !
Ei=| pviv2 E,= 12 (Al.3a)
5’\7173 L < BT
pviH T11V1 + T12V2 + T13V3 + Q1
~v =
P2 0
I ROC s w1
Fi={pvs+D Fy = ™ (Al1.3b)
pV2V3 - B
| pvoH T21V1 +T22V2 +T23V3 + 4
SV'} 0
pV1V3 31
Gi=| pv2v3 Gy= 732 (Al.3¢)
PY3+P U N
| P T31V] + T32V2 + T33V3 + Q3

and S is source terms. _ o
In the above formulations the p, P, Vi, E, H are the density, pressure, velocity, total

energy, and total enthalpy respectively, and we have

—~

i = kg% (Al.4)
1
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where k is the thermal conductivity, and the shear stress tensor is

Jvi , 0Vj
T = 5{2 Gt 30

Xi

(AL.5)
where [1 is the viscosity coefficient and 811 =1lifi=jor 8,1 0 if i=;j.

The non-dimensional variables are L, pm, Voo, uoo, oo
We have

=8 p=P y-% 1T P (AL
L Poo Veo Teo Heo
and
t=—L p=—2F E=E H=—%— (AL.7)
L/Ve DoV, 2 v

By doing the following calculations, i.e., the mass equation multiplied by L/ (EOQVOO), the
momentum equations multiplied by L/ (EwVZo), and the energy equation multiplied by
L/ (Eoﬁi), we have

0Q , I(EEy)

a(Fl -Fy) 3(G1 Gv) _
at axl aXZ aX3 (A 1 8)
where
p
pv1
Q=|pvy (A1.9)
pv3
pE
v T
P2 1 0
pvitp T11
Ei=| pvivy Ey= T12 (A1.10a)
pvivs T13
L pviH

T11V] + T12v2 + T13V3 + ()
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— —_

pv2
pviva 1(2)1
Fi=|pv3+p Fy = ™ (A1.10b)
pvav3 123
i szH | T12v] + 122V +T23v3 + q
[ pvy ] 0
pPv1v3 131
Gi=| pvyv3 Gy= 132 (A1.10¢)
pV3+p T13V] + 7T T33+ T33v3 +
\ \% v
| ovaH | 13V] +T23v2 + 133v3 + Q3
and S represents the source terms, where
Y N\ A N )
Tij —ReL'i- 'a—;(;'l'a—)(i)-gdlv (Vk) 81] (Al.11)
and
Rey =PVl (AL.12)
Hoo
C
By using the formulas p = pRT,R = Cp-Cv, Y= %, a= ﬁ, aZ= yg ,and Pr = E}_p_
v
we have
q = B JT (A1.13)

~ (y-1)M2Rey Pr O%i



Appendix 2: 2-dimensional grid generation

We will describe the algebraic grid generation method used. In this procedure we
require that each line, which is drawn from the solid wall, is represented by a quadratic with
orthogonality to the solid wall.

We first define a 1-dimensional stretching function [56],

s =pn + (1-p) (I-tanh"1(q (1-n)) / tanh(q)) (A2.1)

where p and q are the control parameters. This formulation shows that as 1 proceeds from 0
to 1 with consecutive increments proportional to 1/(N-1) in N steps, the function s will give
N values from O to 1 with a stretch determined by p and q. Fig.A2.1 illustrates the stretching
function s for the N =11, p=0.2, and q = 2.0 result.

Fig.A2.1 Stretched points distribution

Assume that a 2-dimensional space point can be described as z = (x,y), we will
describe a method to construct the curve represented by a quadratic equation. The quadratic
is generated from three points zi-1, zg, and zi+! on a solid wall and a point z] outside it, and
is drawn from point zg to z; with the orthogonality at point zg with the curve zi-1, zy, and
zi+1 Fig. A2.2. When a stretch function is given we can define all the nodes in the curve.

(¥

i+1

Fig.A2.2 A quadratic in (x,y) plane
A coordinate translation from (x,y) to (§,n) is developed as follows:

€ = (x-xg) cos 8 + (y-yg) sin 0 (A22)
N = -(x-xg) sin 8 + (y-yg) cos 0
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where 0 is the rotational angle. The inverse coordinate translation is then

=xn+&cosO-nsin0
x=xp+§ nst (A2.3)
y=yp+&sin®+mcosO

It is obvious that when x = xg, y = yg we have § = &g =0 and n =g = 0. Now we can

define the coordinate translation by defining 6. Without losing generality we can impose that
N1 = 0. The curves in the €,1 plane are then illustrated in Fig.A2.3. Thus we obtain

tg 0= (y1-yo)/ (x1 - X (A24)
AT

€M
P

RN
€m) / §

Fig.A2.3 A quadratic in (§,n) plane

If xo = x1, when y1 > yg we obtain 6 =7/ 2, and &1 = y1-yo, when yj < yg we
obtain 8 = -/ 2, and &1 = yo-y1.
If xo # x1, we obtain 8 = tg-1((y1-yo) / (x1-X0)), and

-1Y1-Y0 i . -1Y1-Y0
XI'XO) +(y1-yo) sin (tan xl_XO)

2
= (kexe) /2] 14 (FY0P 4 O1Y0)” 4/ (Yl'YO)2
=(x1-xg) / \/ 1+ xl—xo)z + E /4 1+ X1X0

Therefore the points zi-1, zi*1 in (§,1) coordinates are

€1 = (x1-Xq) cos (tan
(A2.5)

{ &i'l = (xi"1-x) cos 0 + (yi-1-y() sin 0 (A26)

ni-l = (xi-l-xg) sin @ + (yi-1-yp) cos 6

‘ §i+1 = (xi*1-xg) cos O + (yi+l-y() sin 8

- | . (A2.7)
\n1+l = _(x1+1_xO) sin O + (y1+1-y0) cos 0

Assuming that N, is the orthonormal direction of curve zi-1, zg, and zi+! at z, we
obtain
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Eo - E-'i-l gi+1 - & gi-l §i+l

=1 ; =1
Mgy =7 ¢ no-mil i+l - no) 2 (ni—l * 1]i+1) (A2.8)
Because we require the curve to be represented by a quadratic, then
n=A&+BEC, (A2.9)

andng =2A§ +B.
Since Mg = 0, we obtain C = 0; since N1 = 0, we obtain A §; + B = 0; and since
€o = 0, we obtain ng, = 2A §o + B = B. Thus we get the equation of the curve as follows:

n=Eng, (1- f—) (A2.10)
1

Assuming that the stretching function has been given, and O<sp<1l, n =2, ..., N-1,
we can use a circle to cut the above curve, in which the semidiameter equals &1 X s, and the
equation is

2 2
En+mi= E1s2. (A2.11)

Substituting the (A2.11) into (A2.10) we get

2
Ex+En [T]&_,o (1-5n &1)] = & s (A2.12)

resulting in

En = S15n = S15n (A2.13)
’\/1+[T]§0(1’§n/§1)]2 V1+[ng, (1-sa)f

Using (A2.10) we also obtain Ny, n =2, ..., N-1.

Using (A2.3) we obtain xp, yp for n = 2, ..., N-1. Together with the x1 = xo,
y1 =yo and xN = x!, yN = y! we get all N coordinate values of the point.

Generally speaking for generating a 2-dimensional structured grid we first should
define all the nodes on the solid wall then construct the other pertinent boundaries and finally
connect each pair of nodes following the above constraints. For a simple case of four
boundaries described by equations of curves such that the arc lengths of the curves can be
stretched to give all the nodes on boundaries according to particular requirements, then we
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can use the above method to generate the grid. The stretch parameters for the interior curves
can be given according to the particular proportions of the stretch parameters on the two
sides of the boundaries. The grid generation method can be also used for a block domain,
i.e., different blocks can use different stretched grids according to requirements.

Fig.A2.4-6 show three 2-dimensional grid generation cases.
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Fig.A2.6 3 block grid for a quarter circlar body




