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STATEMENT

Chapter 1 covers basic material and motivation for the thesis. Most of
this is taken from [35].

Chapter 2, §5.2.2, §5.3 and chapter 6 are my own work. The results in
Chapter 2 may be "well-known”, but except for the material on relation modules
I cannot find it in the literature.

§3.1 will appear in a joint paper with Howie and Pride [1]. §3.2,
§3.3,84.1 will appear in the more general form in a joint paper with Pride
[2].

Almost all material in §5.1 is taken from [5], and the results in §5.2.1

are known [5] [18].
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Abstract

The main work of this thesis starts with Chapter 2.

The main problems of the thesis are the following (*) and its
applications.

Let 9 be a subpresentation of a group presentation &# and X be a set of
generators of the second homotopy module 7t2(5"') of &.

(*) What extra elements are needed to generate 1:2(379?

In Chapter 2, we study the answer about (*) when # and 9 define the same
group, i.e., % is a presentation obtained from 9 by a sequence of Tietze
transformations. And we also study the relationship between the relation
modules of # and #.

In Chapter 3 and 4, we study the answers about (*¥) when & is
(1) a graph product in §3.1°
(2) a graph of groups ( HNN extension, amalgamated free product ) in §3.2
(3) a split extension in §4.1,
and we apply the results to get some properties - computing the second
integral (co)homology, the efficiency and minimality, and the Cockroft
property of & In particular, in §3.3.3, we get some exact sequences
concerning graphs of groups.

In Chapter 5, we study situations where no extra elements are needed to
generate nz(.ﬂ ("relative asphericity”).

In Chapter 6, we compute the second integral (co)homology of aspherical
Coxeter groups and consider the efficiency and minimality of Coxeter
presentations and Coxeter groups. This work is related to the theme of the
rest of the thesis, since it makes use of generators of n, of aspheticalA

Coxeter presentations.
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Notations
Let G, H, K be groups.
G © H the direct sum
G*H the free product
HG the normal closure of H in G
G = H G is isomorphic to H
G/H the quotient of G by H
AutG the automorphism group of G

H pr the split extension of H by K where p:K —> Aut(H) is

a homomorphism

SgpA the subgroup gencrated by a subset A

tk(G) the rank of the torsion-free part (when G is abelian)
dG) the least number of generators

[a,b] the commutator of a and b (= aba b ™)

zG the integral group ring

IG the augmentation ideal

-85 the tensor product of ZG-modules

u(G) = 1-rk(H l(G)) + d(HZ(G))

PP the standard surjections

1" 72
By By the standard injections

Hk(G,A) the k-th homology group of G with coefficients in A
Hk(G,B) the k-th cohomology group of G with coefficients in B
H2(G) the second integral homology of G
H2(G) the second integral homology of G

We adopt the usual notation in set theory.
AUB the union of the sets A and B

A\B the set difference
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ac€A
Al
A X B

A incl B

(m,n)
Kera

Ima

A is a subset of B

a belongs to A

the cardinality of A

the Cartesian product

the inclusion of A into B
the integer

the greatest common divisor
the kernel of «

the image of «

Notation concerning presentations.

Let & be a group presentation.

n(#)
M(&
L(®
9;!:

(P

the second homotopy module
the relation module

the second Fox ideal

the star-complex

the Euler characteristic

Notation concerning pictures.

Let P be a picture.

W@)
i)

<P >

W)

W)

the label of P
the boundary of P

the mirror image of P

the symmetrized closure of a set A of pictures
the spherical picture obtained from a spherical picture

P by surrounding it by a collection of concentric closed

arcs with total label W

the equivalence class containing P

the label of a path

the label of a corner

12

17

81

16

10

77



G(c) the angle of a corner
epr(IP) the exponent sum of R in P
expx(W) the exponent sum of x in W
Notation concerning graphs.
Let I be a graph.
v=v(I") the vertex sct

e=e(l the edge set

e+ an orientation of e

i(e) the initial vertex of e
1(e) the terminal vertex of ¢
o(e) the weight of e

Adiv)y={e; e€e+, one of endpoints of ¢ is v}

Notation concerning graphs of groups.

Gv vertex group
& a presentation of G
v v
T a maximal forest
Ge, Ge edge groups
a ,a
i,e i,e
Yoo ¥,
We the set of all words on v,
Ve the isomorphism of Ge into Ge
He the natural epimorphism Fc —_— Ge
N the kernel of 8
e e

Miscellaneous notation.
Let o be a sequence of words.
ITo the product of terms of o
< o > the equivalence class containing o

o(y) the sequence associated with y
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Let R be a relator.
pR) the period of R

ﬁ the root of R
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Chapter 1 Preliminaries

In this chapter we will introduce the basic concepts. Our main reference

is [35].

1.1 Second homotopy modules

Let &= < x;r > be a group presentation, where x is a set and r is a

set of cyclically reduced words on xUx™".

Let N be the normal closure of r in F, where F is the¢ free group on x.
Then the quotient G of F by N is called the group defined by 3.

We denote by w the set of all words on xUx). If s is a subset of r then
s” is the set of all words of the form

ws®w! (Wew, ses, e=+1).

Let o be a finite sequence of clements of r', say a==(cl,...,cn), where
cierw (i=1,...,n). Then we define ITg to be the product C/C,.+-C. If o is
freely ecqual to 1, then o is called an identity sequence. We define the
inverse a! of o to be (c;l,...,c;l), and for WEwW we deﬁn-e the conjugate
WoW™' of o by W to be  (We W™,...,.Wo W),

We define operations on sequences as follows. Let ci=WiR~‘iziw;l (WiEW,
Rier, 8;':!:1. i=1,...,n). |
(#l) Replace each Wl by a word freely equal to it.

(#2) Delete two consecutive terms if one is identically equal to the inverse
of the other.
(#3) The opposite of (#2).
# 4) Replace two consecutive terms Co Ciot by either
41, °;11°i°i+1 or °i°i+1°: Ky
Two sequences o, o’ will be said to be (Peiffer) equivalent if one can be

obtained from the other by a finite number of applications of the operations



(#1)’ (#2), (#3), (#4). The equivalence class containing o will be denoted by
< o >.
The set of all equivalence classes forms a group under the following
binary operation
<al>+<02>=<aa >

12

where o 1%, is the juxtaposition of the two sequences o ¢ %

We let nz(.% denote the subgroup consisting of all elements < o > where o
is an identity sequence. We can think of an identity sequence as a relation
(an identity) among relators. So 7:2(37) gives us a description of all relations
among relators.

We note that the group of all equivalence classes is not abelian under
the operation + but the subgroup 7:2(9) is abelian [35,p687].

We can also consider 7:2(% as a left ZG-module by the G-action given by

WN.< ¢ > = < WoW' > (WeP).
Wé call nz(.ﬂ the second homotopy module of &.
In the next section an element of 1:2(.95 will be represented by a

geometric configuration.
1.2 Pictures

A picture P is a geometric configuration consisting of the following:
(a) A disc D’ with basepoint O on D>,
(b) Disjoint discs Al,...,An in the interior of D2. Each disc 4 A (A=1,...,n)
has a basepoint OA on a4 2
(c) A finite number of disjoint arcs « RRRRC R Each arc lies in the closure

n
of DA U 4 1 and is either a simple closed curve having trivial intersection
A=1

with aD’Uad lU...U:’)Au, or is a simple non-closed curve which joins two points



of alD2 UdA1 U...Udzln, neither point being a basepoint. Each arc has a normal
orientation, indicated by a short arrow meeting the arc transversely.

A picture P is called to be connected if Ui, n} U Ufa } s
connected.

For each disc A, the corners of A are the closures of the connected
components of d.d\U{a Po?m where ay o are ares of A. The regions of
P are the closures of connected components of D2(U{discs} U Uf{arcs}). An
inner region of P is a simply connected region of P that does not meet dDz.

We remark that when we refer to the discs of P we mean the discs
A 1,...,A o but not the ambient disc Dz. We define dP to be dDz.

We say that P is spherical if no arcs meet dP. If P is spherical then we

often omit dP.

Figure 1.1
Definition A picture P is over & if the following conditions hold:
(1) Each arc is labelled by an element of xUx *
(2) If we travel around dA” once in the clockwise direction starting at and
read off the labels on the arcs encounted then we obtain a word which belongs

to rUr 1 and we call this word the label of A

Example 1.1. Let &= <x,y,z;x3,yzy_12_l,xyx_zy_l,xzx_zz-l>. Then P is a

spherical picture over



Figure 1.2
Let y and s be subsets of x and r respectively. An arc labelled by an
element of yUy 1 is called a y-arc and a disc labelled by an element of sUs 1
is called an s-disc.
The label on P (denoted W(P)) is the word read off by travelling around
3D2 once in the clockwise starting at O.

Example 1.2. Let ’\*:<a,b,c;a2,(ab)2,[b,c],[a,c] >

Then W(P)=b ac b ac. 0
Figure 1.3

A circle in a picture over & consists of a collection of distinct arcs

aI and distinct discs AI,...,A
’ n

such that a, joins 4. to A  (i=l,...,n
1

n i i+l

subscripts mod n), and a all have the same label and the same
n
orientation. We call a circle C minimal if there is no circle contained in

the region enclosed by C. A disc 4 in the region enclosed by C will be said to

be adjacent to C if A is joined to one of the discs 4”...,4 by an arc.



Figure 14

n
A(transverse) path in P is a pathin the closure of D \U 4. which

A=1

intersects the arcs of P only finitely many times.

If we travel along a path y from its initial point to itsterminal point
we willcross various arcs, and we canread off the labels on these arcs,
giving a word W(y), the label on y.

A sprayfor P is a sequence y = (y ,—*n) s'mP% Pat"s satisfying
the following; for A=1,...,n, ;5( starts atO and ends at the basepoint O’t’(X)
of 4 where 6 is a permutation of {1 ,n} (depending on y); for I"A <//"n,
y~ and p” intersect only at O; travelling around O clockwise in P we encounter
the paths in the order YooY The sequence o(y) associated with y is

(WCrpWtd9 W(Vj)'lL..... W(yn)W YW(yn) 1).

A picture will be said to represent a sequence o if there is a spray for
the picture whose associated sequence is o.

Example 1.3. Let o :(b_lazb, b'la_l(ab)_zab, :112,0-1a'1 [a,c]ac,c'la'l[b,c]_lac).

Then the following picture represents o.



Figure 1.5
Remark 1.1. (1) If P represents o then the mirror image -P of P represents

1
a .

2 If Pj,P2 represent °”°2 respectively then P*+ P* represents
J p p y

0 a2 where 4 P is the picture like Fig. 1.6.

Figure 1.6

Theorem 1.2.1.[35,Theorem 2.1(i1)] Every identity sequence can be represented

by a spherical picture.

Now we introduce the basic operations on pictures.

(A) Deletion of a closed arc which encircles no discs or arcs of P (such a
closed arc is called a floating circle).

(A) 1 Insertion of a floating circle.
A cancelling pair is a spherical picture with exactly two discs, and

when their basepoints lie in the same region.



Figure 1.7
(B) If there is a simple closed path j? in IP such that the part of P encircled
by P is a cancelling pair, then remove that part of P encircled by /7.
(B) 1 The opposite of (B).

(C) Bridge move.

Figure 1.8
Remark 1.2. Since we allow only one basepoint on each disc, when a relator is

a proper power, we need more caution. That is to say,

Figure 1.9

is a cancelling pair, whereas

Figure 1.10
is not. So we will only insert basepoints for discs whose labels are proper

powers.



Two spherical pictures will be said to» be equivalentif one can be
transformed to the other by afinite number of operations (A)"1, (B)*:1,(C).

We let < P > denote the equivalence class containing P.

The set £ of all equivalence classes of all spherical pictures over &
forms a group under the following binary operation

<P1> +<P2> =<P1+2P >

where the inverseof < P > is < -P > and the identity isthe equivalence class
containing the empty picture,

Let P be the spherical picture obtained from a spherical picture P by
surrounding it by a collection of concentric closed arcs with total label W

like Fig. 1.11.

W

Figure 1.11

Remark 1.3. If P represents o then pY represents Wch-l.
Theorem 1.2.2.[35, Theorem 2.5 | Let o, o' be sequences represented by P, P'
respectively. Then o and o' are equivalent if and only if P and P' are

equivalent.

Remark 1.4. The group £ 1is abelian under the operation +. Consider the



the sequences <u(y), o(yf) are equivalent since they

*
[35,Theorem 2.4 ]. And since «r(y')=o(y"), by Theorem

following Fig. 1.12. Then

are sprays for

1.2.2 IP1+E and P2-|-IP1 are eﬂ}flvalent.

IR +t + & ft + iP.

Figure 1.12

We can consider £ as a left ZG-module by the G-actiom given by
WN.< P > = < (PW > (W6F).

Now we define a map
>£, < ¢ > i >< P >

where P is a spherical picture representing <7 By Theorem 1.2.2, i is
well-defined and  injective. By Theorem 1.2.1, i/ is surjective. And by the

above Remarks 1.1 and 1.3, j# is a module homomorphismi.
with £.

From now, we will identify

& We introduce two

Consider a  collection X of spherical pictures over

further operations on as follows.

(D) If there is a simple closed path ~ in a picture smch that the part of the

picture enclosed by /? is a copy of P or -P (PEX)i, then delete that part of

the picture enclosed by fi.

(D) 1 The opposite of (D).

Two spherical picture will be said to be equivalemt (relX) if one can be



transformed to the other by a finite number of operations (A) ﬁl, (B)H, (C),

(D)*1.

Theorem 1.2.3.[35, Theorem 2.6 Corollary 1] The elements < P > (PeX) generate
if and only if every spherical picture is equivalent (relX) to the empty

picture.

Remark 1.5. Theorem 2.6 in [35] actually refers to the situation where

several basepoints are allowed. But it is easily modified to our situation.

If the elements < P > (P£X) generate n”9) then we will say that X
generates

For technical reasons it 1is convenient to work with the symmetrized
closure of a collection A of (connected) pictures. Think of the connected
spherical picture IP as being drawn not in the plane, but on the surface of a
sphere. Then there are different representations of P in the plane according
to which region we choose to contain the point from which we perform
stenographic projection. There are also the mirror images of these pictures.
We call this collection of pictures the symmetrized closure of P, and we
define the symmetrized closure A* of A to be the union of the symmetrized

closjre;s of all the P£A.

Example 1.4.

Figure 1.13
Thei the symmetrized closure of P consists of P, —P together with the

follewimg pictures and their mirror images.

10



Figure 1.14
Proposition 1.2.4. The relations  "equivalence (reld)" and  "equivalence
reI(A*) Hare the same.
Proof. We think of a picture A*£A* at the situation before performing
stereographic projection. Thus some inner region contains its basepoint O.
Consider a transverse Ipath y from a point on dA* to O with Ilabel X X)X

We insert a collection of conscentric circles with total label X X, X left
]

side of A . Performing bridge moves we get a picture A" like Fig.1.15.

Figure 1.15
The subpicture of A  which is the part inside the consecentric circles is a
picture contained in A. Therefore A" 1is equivalent (relA) to the empty

picture. The reverse is trivial.

11



1.3 Some exact sequences concerning
Let «*=< x ;r > and X a generating set forn2(&)- Let G bethe group
definedby that is, G=F/N, where F is the free group on x and N is the
normal closure of r in F.
The relation module M (» of 9 is the abelianization N/N' of N regarded as
a left ZG-module, with G-action given by
WN.UN' = WUWV (WeF, UeN).

LetP = ® ZGtp, P = ® ZGtpjP = ® ZGt ,P =ZG. Then we have the following
3 Pex r 2 RET K 1 X6x * °

exact sequences [35].

P P
(1-1) 0 > 2-> 22
n
<P>, > A aiWiNtR (PeX>
i=1 i
tRi >RN' (RET)
e e

where P represents ct= (WlRl*WlJ”"WDRnan ). We often write pz(P) instead of

u2(<p>).
We regard Z as a left ZG-module with trivial G-action. There 1is the

augmentation map e: PQ  >Z which takes each element of G to 1. The kernel of

this map is called the augmentation ideal denoted by IG.

(1-2) 0 G PQ— —>2Z >0
p P

(1-3) 0 M (N —--—>Pt U IG - >0

WN' - > Y HJJ-K (WEN)

XeX
tX i >xN-1 (xex).
a

(Here . ZF >7F is Fox derivation[32,§n.3], and p: ZF >7G is induced

by the natural epimorphism F ----- >G.)
We call standard injections and P"P2 the standard surjections.

If we put the three sequences (1-1),(1-2),(1-3) together we get the exact

sequence

(1-4) P, - >P e >P > PA— Z >0

12



1.4 Reasons for computing generators of

In this section we will survey somereasons why it is of interest to
compute a set X of generators of n2(&)-

For any picture IP over & and for anyR 6r, the exponent sum of R in P,
denoted by epr(lP) is the number of discs of IP labelled R minus the number of
discs labelled R\

Example 1.5. Let &= <x,y ; S, R>, where S=x3, R=[*>yl-

Figure 1.16

Then exp<(IP)=0, exp™(IP)=3.

For any word W on x and any x6x, the exponent sum of x in W, denoted by
expM(W) is the number of occurences of x in W minus the number of occurences

of x I

(a) Identities among relators
As we described in §1.2, consists of the relations among relators.

Computing generators of n2(&) thus amounts to determining a collection of



ideitities among the relators of 9 from which all other identities

dervable.

(b) Relation modules and higher (co)homology
The short exact sequence (1-1) gives us a presentation
< tR (Rer); /i2(P)=0 (P6X) >
for M(") from X. So we can sometimes know the structure of M(").
From (1-2) and (1-3), we get
0 - > M\(/£), ++P-— P e > 0.
Thea by dimension shifting we get
HD+2(G,-) = Ext"(M (", -)

H (G,-) 3 TorG(-,M (")), nfel.
n+2 n

are

See [26, pi89]. So if we know the structure of M(&) then we can compute the

the higher (co)homology groups of G.

(¢) Computing of HNG) (Schur multiplier) and Z/2(G)

If A, B are any right and left G-modules respectively, then from (1-4) we

have
Kerl®6
Hy(G.A) = Tl ®% )

KerHom 3 .,1)

H(GB) = -frfomzal320)

In particular, taking A=Z and B=Z (with trivial G-action) we have

H QG) = Ker<5 /Im<5
2V 2 3
H2$G) = Ker<WIm<5*
' 3 2
where
(1-5) §2: © ZtR > © 7Ztx, tR - > Y expx(R)tx
Rer Xex XexX
(1-6) S: © Z1, -—- > © 7t t k- > E exp”CPltp
3 PeX T Rer R T Rer R R



(1-7) S © Ztx—-—- > © Zt t—t > £ exPx(R)IR

xXex Rer Rer
(1-8) 6: ®2t - » © Z1,, t i > X exPR(Iptip-
3 Rer R Pex T R Pex R T

So we can compute them easily.

(d) Other (co)homology properties
(1) We also have another exact sequence
0 - >H3(G) >Z®Gt£(A — >KerS, ----—--—--- >H2(G) ————————
See [35, Therem 1.2]. Since ~"(G) = Ker<s5, if we know the structure of
then we can get some knowledge about H3(<j)- We also have a similar conclusion
about H3(G).

(2) We consider a finiteness condition of a group. We say that a group K
is of type FP(O"n"oo) if there is a partial projective resolution of the
trivial K-module Z

Q R >Q >7— >0

n 0

where Q. (i=0,l,...,n) is finitely generated [7,§VIII.4].

Proposition 1.4.1. LetK  be the group defined by a finitepresentation
2.=<y;s8>. Then K is of type FP" if and only if — is finitely generated.

Proof Suppose that n is finitely generated. From (1-4) we get the exact

sequence
0 > 7 >P >P > P D A— >0
2 2 10
where P =ZK, P = ©ZK, P = ©OZK. Let P be a finitely generated free ZK-module
0 1 Iyl 2 Is 1 3

mapping onto n* Then we have the partial projective (in fact free) resolution

P >PpP >P > P >7 > 0.

3 2 1 0
Now supposethat K is of type FP", so thereis a  partial projective
resolution
Q3— >Q2— »Q, — * Q02 > ——- >0

15



where Q (i=0,1,2,3) is finitely generated. Let A=Im(Q3 K*)- Then we have the
exact sequence
0 -—- >A - > > Qi >Qq >[ > 0.
So by [7, Lemma 8.4.4], we have
7tz©Q©P1©QO = A©P2©Q@%.
Since the RHS is finitely generated, so is the LHS. Hence n is finitely
generated.
3) A group K has cohomological dimension k (we write ¢cdK=k) if Hq(K,A)=0
for all q>k and all left ZK-modules A, but there exists a left ZK-module B

such that Hk(K,B)*0 [23,pi 19].

Proposition 1.4.2. (i) cdG"*2 if —0.
(i1)) cd”™3 if and only if is projective.

Proof By (1-4) and [23,Proposition §.1].

(e) Efficiency, minimality and Cockroft property
We can regard a finite presentation & = <x;r> as a 2-CW complex with one

vertex.

Figure 1.17

And the Euler characteristic *(*), say

X(&) 1- Ix| + |r|
is bounded below by

wG)

1- tkOyG)) + d(H2Gy>

where G is the group defined by rk( ) means the rank of the torsion-free

16



part and d( ) means the least number of generators. See [4].
Definitions Consider the collection G of all finite presentations which
define a group G.
(a) %EG is called minimal if x(,?o)s x(P for all FEG.
(b) 90€G is called efficient if x(.?o)=u(G).
(c) G is called efficient if there is an efficient presentation for G.
(d) A spherical picture P is called Cockroft if for all REer, epr(lP)=0.
(e) Pis called Cockroft if all IPeuz(.% are Cockroft.
(6 & is called Cockroft (mod p) where p>1 is an integer if for each lPEnz(.ﬂ
and for all Rer, epr(IP)EO (mod p).
Remark 1.7. (i) Classes of efficient groups are given in [4],[8].
(ii) Examples of non-efficient groups were given by Swan [42], and
their minimal presentations were given by Wamsley [44].
(iii) We will introduce new examples of non-efficient groups

in §3.3.2.

Proposition 1.4.3.(Brandenberg and Dyer [6]) If & is Cockroft then & is
efficient. ‘
Proof. If # is Cockroft then HZ(G)=H 23’. Since

(P = rk(Ho.% —tk(Hl.?j + rk(Hzﬂ)

) 1 —-rkG/G’ + rk(Hz.%,

we get the result.

Let I 2(.9‘) be the 2-sided ideal in ZG generated by the non-zero

coefficients of elements of Impz. This ideal is called the second Fox ideal.

Theorem 1.4.4. (Lustig [301) If there is a ring homomorphism

P IG —— M L)
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with ~A(1)=1 into the (kxk)-matrix ring (k;>1) over acommutative ring L withl

such that is contained in Kerp,then & is minimal.

In §3.3.2, we will use this Theorem to getnon-efficient but minimal

presentations.

Corollary 1.4.5. If & is Cockroft (mod p) then & is minimal.
Proof. We take L=Z , k=1 and p the composition
P

7G -dig >7Z >7 .
P

If Y..elS1 s any generator of I (<f) then

¢ is a multiple of p. So I (&
i=1 i

1

I & o

is contained in Kerp. Thus & is minimal by Theorem 1.4.4.

1.5 Graphs.

A graph r consists of two disjoint sets v=v(.T) (vertices) and e=e(.T)

(edges) and three functions

satisfying: /(e)=r(e *), (¢ S *=e, e e for all eEe. We call /(e) and r(e)
the initial and the terminal point of eEe respectively. And an orientation e+
of r consists of a choice of exactly one edge from ecachedge pair e, ¢ *
(eEe). We will refer to the pair (v,e+) with the functions /, r as an oriented

graph with oriented edge set e+. We call eEe a loop if /(e)=r(e).

Figure 1.18

A graph r is simple if whenever /(e”)"”) and T(e )=r(e ), then

18



We call I' finite if e and v both are finite. A simple graph I" is called
complete if for any two distinct vertices u and v, there is an edge ¢ with
1(e)=u, t(e)=v.

A path is a finite sequence €ppeees® of edges such that
r(ei)=t(ei+ l) for all i<n. A closed path is a path €€ with 1(e1)=1:(en).
A vpath is simple if I(ei) (i=1,...,n) are all distinct. We write €8, ¢
instead of € seesC -

A subgraph I'' of I' consists of subsets v/ of v and e’ of e such that for
any e€e’, elee’ and 1(e)EV’.

We say that I' is connected if given any two vertices of I' there is a path
joining them. And we call a connected subgraph of I' a component of I' if no
connected subgraph of I” properly contains it.

A forest is a graph in which there are n6 non-empty simple closed paths,
and a tree is a connected forest. A maximal forest T in a graph is a forest

with the property that no subgraph of I' which properly contains T is a

forest,
Proposition 1.5.1.[13] Any graph has a maximal forest.
1.6 Detailed description of the thesis.

In Chapter 2, we study the question of how the second homotopy modules
and the relation modules of group presentations transform by Tietze
transformations.

Suppose that two presentations

P =< a,..., an;R,...,R >

1 1 1 m

92 = < bl""’ b

define the same group G. Then we show that
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7:2(.9’1) o (o 2IGQ) 1:2(5'2) e ( o IG)
p+n m+k

in Theorem 2.4 and
M(S'l) o (o 20
k
in Corollary 2.6. There are already alternative proofs of Corollary 2.6, for

M(._?z) ® (o 20

example [31], but our result gives us the rank of the free module explicitly.

In Chapter 3, graph products and fundamental groups of graphs are
considered.

We calculate gencriting sets of 1:2'3 (Theorems 3.1.4, 3.2.1, 3.2.4,
3.2,6). And we describe the second integral (co)homology of the fundamental
group of a graph of groups and consider necessary and sufficient conditions
for its presentation to be Cockroft (Proposition 3.3.1). We also introduce new
class of minimal presentations < x, y ; X, xyx 5y’ > ( 1sq<n, (q,n)=1) which
arc not efficient (Theorem 3.3.3) by using the thecorem duc to Lustig mentioned
above (Theorem 1.4.4). In § 3.3.3, we get a short exact sequence concerning a
graph of groups which involves the second homotopy module of a presentation &
of the whole group, the second homotopy modules of presentations .?v (VvEV) of
the vertex groups and the relation modules of presentations of edge groups
(Theorem 3.3.4). From this we can derive a short exact sequence (due to
Hannerbaur[25]) involving the relation module of &, the relation modules of ’v
(vEv) and the augmentation ideals of edge groups.

In Chapter 4, split extensions are considered.

We calculate a generating set of %, (Theorem 4.1.3). And we describe the
second integral (co)homology. In [43], Tahara proved that Hz(K) is a direct
summand in Hz(G) and described the complement of HZ(K) in Hz(G) theoretically,
where G is a split extension of H by K. But we can describe the complements of
H,(K) and H(K) in H,(G) and H2(G) more practically (Proposition 4.2.1).

Bogley and Pride [5] introduced the concept of a relative presentation



< H, x ; r >, and introduced the notion of the asphericity of such
presentation. They considered the asphericity of relative presentations with
one single defining relator of the form xaxbxec, where a,b,cEH and g¢=+1.

In §§ 5.1, 5.2.1, we survey the basic concepts, the important theorems
for relative presentations and the tests for asphericity.

In § 5.2.2, we give new results gbout relative presentations with one
defining relator of length 4 and 5.

In the final chapter, Chapter 6, we compute the second integral
(co)homology of aspherical Coxeter groups and consider the efficiency of
Coxeter prescntations and Coxeter groups. This work is related to the theme of
the rest of the thesis, since it makes use of generators of x, of aspherical
Coxeter presentations (already computed in [38]).

Howlett [27] described the Schur multiplier of Coxeter groups. Pride and
Stshr [38] introduced the concept of an aspherical Coxeter group and
calculated a generating set of x, of an aspherical Coxeter presentation. And
they also described the Schur multiplier of an aspherical Coxeter group.

We give a third description of the Schur multiplier of an aspherical
Coxeter group by using a generating set of x, which was calculated by Pride
and StShr [38], and describe the sccond integral cohomology of an aspherical
Coxeter group by a similar calculation (Corollary 6.1.3 and Theorem 6.1.5).
And we prove that a Coxecter presentation is efficient if and only if the graph
used to define the Coxeter group has no odd edges (Theorem 6.1.6). We also
give a sufficient condition for a Coxeter group defined by a graph with some

odd edges to have an efficient presentation (Theorem 6.1.7).
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Chapter 2. Tietze transformations

In this chapter, we will study the question of how the second homotopy

modules and the relation modules of group presentations transform by Tietze

transformations.

Given a presentation & = < x ; r>, each Tietze transformation T , T2
transforms it into a presentation in accordance with the following
definition.

(T™) If each SEs is a consequence of r then let

& = < x;r,s >.

2
(T*) If each yEy is a symbol not in x and each Uy (y€Ey) is a word on X, then
let

& = < x,y ;1 yIUy (yEy) >.

We can prove easily that if a presentation is obtained from another
presentation by any of T, T T~, T 1 then they define isomorphic groups. In
the caseT ,or lT Iwe know that ifc a£1d & define the same group because the
normal closures of r and rUs in the free group on x are the same. In the case
T2 or T*1 we can define the following homomorphisms & and )/ Let Gj and G2 be
the groups definedby& and &respectively, say G"F~/Nj andF2/N2.

8: G1 >G2, xN 1i— ———————— >xN2 (xEx).
A G2 - » G, XN2--f------ >xNt (xEx)
yN2 i >UyNi (yEy).

Then we know that they are mutually inverse isomorphisms.

Proposition 2.1. Suppose that = < X ;r,s > is obtained from & = <x ; r>
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by an operation where eachSEs isa consequence of r. Then

n(P) = 7 (P) ©( CZG)
i é |

where G is the group defined by & .
Proof. Let X be a generating setfor n*P”). Since S (SEs) is a consequence

of r, S is freely equal to a product

n e

n WI.R,SV, 1 (Rl.Er, e.==x1, W, a word on x, i=1,...,n).
1 1 1 1

i=1

Then there is a picture DS over P which consists of R -discs and x-arcs, and
1 1
c(DS=S. Now we can construct a spherical picture ﬁ’s over P2 of the form

depicted in Fig 2.1,

Figure 2.1
where 4 is an S-disc.

Suppose a reduced spherical picture P over P” has some S-discs. We draw a
simple closed curve/? such that/? encloses only one S-disc. Next we insert
an element Psof {Ps}* inside fi. By bridge moves, the S-disc inside fi and the
S-disc of sP make a cancelling pair which is removed. The subpicture of P
which is outside /? and DS of Ps make another spherical picture P' over P* with
one fewer S-discs. We can repeat the above argument with P’ in place of P and

A

so on.We continue the above  procedure until we get a picture P without
S-discs. Since wecan consider P as a spherical picture over P, P is

equivalent (relX) to the empty picture. Consequently, P is equivalent (rel

XU{PS;Ses}) to the empty picture. So nZ(PZ is generated by XU{PS;SES}.
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Let <X > be the submodule of n2(&2) generated by X. Consider the following

diagram
*2w — -—> ® ZGtR
Rer
* @ I '
n(&) —-—> ®ZGt ©® ( ® ZGt)
22 Rer R ses J
where , f-i® are the standard injections and i is an embedding. Since the

image of <X> under n lies in ® ZGt and the image of <P _ > under /r has
2 Rer * S 2

the form -t where e ® ZGt , the images of <X> and {<P >;S£s} of
s s S  Rer K o

HZ(Z) are mutually disjoint. So <X> and {<P_ >;Ses} mutually are disjoint in
[
(2) . .
7b™ 22 ’>ecause A2 s ‘njectve- I"e equivalence classes <Ps>’s are

independent. Thus

n(&) = <X> ® ( ® <P,>)
22 ses

= n<&) ® ( ® ZG).
21 I» 1

In the case T , we will consider a more general situation.

Let & = <y;t> be a group presentation defining a group G=F/N. Let
<O=<yQtQ> be a full subpresentation of & (i.e., yQ is a subset of y and tQ
consists of all relators involving y(Q. Let Go=Fqg/No be the group defined by
& . We say that is an injective subpresentation of & if the natural map

GQ -—--- » G is injective.

Let XQ be the set of all spherical pictures over If P is a spherical
picture over & then the element of * represented by P will be denoted by
<P>Q Of course, P also represents an element of which will be denoted
by <P>.
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Theorem 2.2. If 9 is an injective subpresentation of 9 then the submodule of

n™(9) generated by Xq is isomorphic to ZG®" k2" @ UUer maP
0

<p> i >I®<P>O (PexO).

Proof.  From (1-1) in §1.3, we get the standard injections

Ji 2 W(9) >( © ZGt ) © ( © ZGt)
2 2 Tet 1 b
0 0
py B9 >0 © ZG ty
0
If we apply ZG®” —, then we get an embedding
0
1% ZG®  E (9) —oomee > © ZGt
o Teto

where t” is identified with 1®t".

Let <X Q> be the submodule of 7/9) generated by Xq. Then

l.~oro. «(<p) = a2« x 0».
0

Since 1®”"° anc* *2 are *njectve’ we et

<x0> a ZG®0 , (tfy
0

where the isomorphism is the composition of and (1®") 1.

Corollary 2.3. Suppose that 92 - < x,y;r1, {y *11y;yEy} > is obtained from
9 = <x;r> by an operation T, where each y (yEy) is a symbol not in x and
each Uy (yEy) is a word on x. Then

n2(9£ = 72{9)1.
Proof. Since every reduced  spherical picture over 9 has no
y Uy-discs (yEy), <X*>=7i*(9*) where Xj is the set of all spherical pictures

over 9 {. By Theorem 2.2, *2(9J =jg 2®q ButZG2®G 72?7 ~

because Gj— So we get the result.
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Theorem 2.4. Let a group G be defined by the following two (finite

presentations

P = <b1,...,bk;Sl,...,Sp>

where 91 and 9’2 are disjoint. Then

m

7!2(-91) ® (pin ZG) 7‘2('?2) ® (mgk ZG).
Proof. The first part of our proof is taken from [33, Theorem 1.5]. Let
a={al,...,an}, r={Rl,...,Rm}, b={bl""’bk}’ s={Sl,...,Sp}. Suppose that 91
and 87’2 are presentations under the functions air——) gi(i=l,..,n) and
bjs—) hj(j=l,...,k) respectively. Since thG, we can express hj in terms
of 808, So we get

h1 = Bl(gi),..., hk = Bk(gi).
By applying Tz’ we get the presentation

.93 = < a, b;r, b1=Bl(ai)’°"’ bk=Bk(ai)>.
We note that each Sr (r=1,...,p) is a consequence of relators of .93 Thus
by applying T , Ve get

.?4 = < a,b;r,s, bl=Bl(ai),...,bk=Bk(ai) >,
Expressing 88, in terms of hl,...,hk, we get g1=A1(hj)""’ gn=An(hj).
So we get a 1=A l(bj)""’an=An(bj)' By applying Tl’ we get the presentation

*
# =< ab;r,s, bl=Bl(ai),...,bk=Bk(ai), al=Al(bj),...,an=An(bj) >.
*

Similarly, we can get # from 9 by applying T2 and then T | twice. Therefore

by Proposition 2.1 and Collorary 2.3, we get our result.
Now we consider the relation module case. There are already alternative

proofs, for example [31], but our result gives us the rank of the free module

explicitly.
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Theorem 2.5. (i) If & and are the same as in Proposition 2.1, then
M (%) = M(").
@) If and are the same as in Collorary 2.3, then

M(*] =M(") ® (© ZG).
2 ' Iyl 2

Proof (i) Itisclear because the normalclosures of r and rUs in the free

group on x arethe same.

(i) Consider the following diagram of short exact sequences

| J— > Rﬂ(é9rs) Lk T e ZGD > M(#) #
a +©
* »(2)
| J— >n (") >((®ZGt ) ®( ®ZGt ) e >M(") >0
Rer y yey %

where # is an embedding given by te i >ﬂ% (since G1= 2G) and a is the
T
isomorphism in Corollary 2.3. Then we have

M (») = coker

M(«") = coker */2)
= (I ® ZGztR/InyéZ)) ®(® ZGZty)'
Rer yey
Since Im /igl) = Im r/22) and G1= 2G , we have an induced isomorphism
® ZG*/Im//0 > © ZG2tR/Im *22).
Rer Rer
So,
A) =
M\g )2. g} © ZGI‘[R/Im//2 g, © g © ZGzty)
Rer yEY
= M((") © ( © ZG4t ).
(") ©( 2y
yeTy

Corollary 2.6. If & and SP are the same as in Theroem 2.4, then

M(") © ( © ZG) = M(") © ( © ZG).
1 k 2 n

Proof. By Thereom 2.5 and the proof of Theorem 2.4.
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Example 2.7. We consider the cyclic group of order 6. The application of a
sequence of Tietze transformations and their results are indicated by the

following scheme.

F=< t; t6 >
T2, a=t3 H < t,a ; tG, a=t3>
T2, b=t2 ; <tab; t6, a=t3, b==-t2 >
Tl, a2 ; <ta,b; t6, a=t3, bstz, a2 >
Tl, b3 ; <ta,b; t‘, n=t3, b=t2, az, b3 >
Tl’ ab=ba ; <tab,; ts, a=t3, b-tz, az, bs, ab=ba >
T, t=ab’ ; <t ab;tSa= b=_t2, a’, b’, ab=ba, t=ab’ >

Now we start with 9= < a, b ; az, b3, ab=ba >.
T, t=ab’! ; <tab; az, ba, ab=ba, t=ab?! >
T, b=F; < t, a, b; a’, b°, ab=ba, t=ab", b=€>
E=a@b )’ =a’b?=b2=p

T, a=t3 ; <t ab; az, b3, ab=ba, t-ab'l, b-tz, a=t >

t3=(ab'1)3=a3b6=a

C=@b™)’=a%"=1
Thus we get az(.ﬂ ] (ZG)4 = 1:2(.9') ® (ZG)3, MP o (ZG)2 = M(¥) o ZG.
If the result of Theorem 2.4 was cancellative, then we would have

7:2(9) @ 2IG = uz(.?').

In particular, 1:2(3" ) would be generated by two elements, because 1:2(9) is

generated by only one picture. By Theorem 3.1.4 we can get a generating set of
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1:2(5" ) which consists of four clements. At present I propose that 1:2(.9’ ) can
not be generated by less than 4 generators. However, I am wunable to prove

this.
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Chapter 3 Calculation of generators of the second homotopy module I:

graph products, fundamental groups of graphs of groups.

In this chapter, we study the calculation of generators of the second
homotopy modules of graph products and fundamental groups of graphs of groups,

and we give some applications.

3.1 Graph products

Let I' be a simple oriented graph with vertex set v and oriented edge set
e. For each vEv let a vertex group Gv be the group given by a presentation
9:’ = <xv;sv> , Where the elements of s, are cyclically reduced words on X and
for each e€e with 1(e)=u and 7(e)=v, let re consist of some cyclically reduced
words on X 9 X each involving at least one xufsymbol and at least one

x -symbol. Let #=<x ,x;s,s,r >andx= U x,s= Us,r= Ur.Let £be
v [ U v.u v ¢ v v (]
vEY vEV cE€e

the group presentation <x;s,r>. The group G defined by & is called a general
graph product of the groups Gv(v €v). Such groups have been studied in
[341,[36],[37] (they did not use this terminology). Especially Pride [36]
considered the following question and gave a partial answer.

Let Xe be a set of generating pictures for 7:2(.?e ).

When is n_(9) generated by U X?
cEe

Let ¢ be an edge with i(e)=u and 7(e)=v of I, we will say .9; has
property-Wk if no non-trivial element of Gu* Gv of free product length less
than or equal to 2k lies in the kernel of the 'natural epimorphism

G* G —G.
u v e

Theorem 3.1.1.[36] 7:2(99 is generated by U Xe if one of the following
ece
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conditions is satisfied:
(1) Each 9" has property-W"
(2) r is triangle-free and each 9" has property-W

An example of this Theorem was mentioned by Pride [36] but was explicitly

given in [38]. We will introduce this example in §6.1.
1 = ]
If each r, (eEe) consists ofall words [a,b]=aba *b 1 (aEx/(e), bexr(e))
then G is called a graph product of the groups (v6v) [10],[11],[20],[21],

[22]. If all G (v£v) are infinite cyclic groupsthen G is called a graph
group [14],[15],[16],[17],[40],[41]. A graph producthas two extreme cases. If
the edge set ¢ is empty then G is the free productof the groups G (vEv). If
r is complete then G is the direct product of the groups G (v6 v). Therefore a
graph product shares many of  the interesting properties of these extreme cases
[20].

For each triangle {u,v,w} inr we have a collection of spherical pictures
of the form depicted in Fig.3.1 with aExU, bex, c£x . Let Z be the union of

v w

all these collections over all triangles of J\

Figure 3.1
For each eEe, with /(e)=u, r(e)=v say, let S=x1x2...x Es . Then for each yEx ,
n u v

we have a spherical picture P< * over 9 of the form depicted in Fig.3.2.

Similarly we get P* ~ (Tesv>x” xu)*
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Figure 3.2

Let
Y = {P_, - X
e,u { S,y sesu, ¥e v }
Ye,v= {pl,X- Tesv, xex }-
And let Y=Y UY and Y = U Y.
e e,u e,v e
e€ €
Let X be acollection of spherical pictures over & such that
n, v) is generated by )g and let X = U Xv. Let be the subpresentation
vev

< x;r > of

Lemma 3.1.2.Every spherical picture over 9 is equivalent(rel(XU Y) ) to a

spherical picture over
Proof. Letvev and suppose that a given spherical picture P over & contains
at leastone s -disc. We claim that P is equivalent (rel(XUY) >lt) to a picture
P’ with fewer sv—discs than P, and the same number of s“-discs for each
uEv\{v}. Repeating thisprocess, we eventually obtain a pictureequivalent
(rel(XUY)*) to P, with no s-discs at all, which establishes our result.

Let a be a simple closed transverse path in P such that all discs lying
inside a are s, -discs, and all arcs inside a are X -arcs. We also require that

at least one disc lies insidea. (Such a path a certainly exists: for example

the boundary of a small neighbourhood of any s -disc.)
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Now any arc fi meeting a is labelledby an element aEx , and is the
beginning of a path of arcs labelled a andnon s-discs 4 . A ﬁmAi) in
v m-
the exterior of a, ending either (i) with an s -disc 4 in the exterior of a,
v m

or (ii) with an arc fi', labelled a, incident at A4 and also meeting a.

m-l
In case (ii) we insist that fi'~fi if m”~2. If m=1 in case (ii) then fi=fi' is
an arc crossing a twice.
The first step in our argument is to eliminate possibility (i) above. If
this possibility occurs, then we can modify Pand a as in Fig.3.3 to bring Am
inside «@. This modification does not chage the number of su—discs for any uEv,

but increases the number of s -discs inside a. After a finite number of such
v

modifications, we may assume that possibility (i) does not occur.
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H>t

T V 2
Figure 3.3

Thus every arc fi crossing a is the start of a path of non s -discs and
X -ares (all with the same label as fi) in the exterior of a, that eventually
recrosses a. Note also that no two such paths can cross in the exterior of g,
since they contain nos -discs. (See Fig.3.4.) It follows that  the label of
the transverse path a is a word in x* freely equal to 1. A sequence of bridge
moves near a creates a spherical picture over & inside a, which can be

removed to obtain the desired picture P'.

Figure 3.4
*
Lemma 3.1.3. Every spherical picture over 8* is equivalent (relZ ) to the
empty picture.
Proof. Let P be a non-empty spherical picture over &§* and let c(P) denote the
number of circles in P. (For the definition of circle see p4.) Let C be a
minimal circle in P and let d(C) denote the number of discs of P lying inside

the region enclosed by C. Our aim is to modify P to obtain a new picture P'

such that:
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(i) C is changed to a new minimal circle C' in IP',

(if) <S¢ C") = 0,

(iii) IP' is equivalent (rel Z*) to P,

(iv) c¢(P") = c(P).

Suppose <5(C)>0 and let 4 be an adjacent disc to C. Them we can insert a
suitable picture from Z* near J, and perform a succession of bridge moves and

deletions of cancelling pairs to obtain a picture Pj with a minimal circle C ,

where *(CAtfCC) and cflPj) = c(P). See Fig 3.5.

Figure 3.5

We can then repeat the above procedure with P in place of P, and so on,
eventually arriving at the required picture P'.

Now in P' we meet the sitation illustrated in Fig.3.6.

Figure 3.6

Then we do bridge moves in P' and deletion of a cancelling pair to get a
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circle C as in Fig.3.7. If C has no discs then we are finished. Otherwise,
we can repeat the above argument with C in place of C'. Eventually we can get
a floating circle which will be removed. That is to say we get a spherical

* * *

picture P over which is equivalent (relZ ) to P and c¢(P ) <c(P ')= c(P).

Figure 3.7
If we repeat the above procedure on c¢(P) inductively then we can

establish the Lemma.

Theorem 3.1.4. is generated by XUYUZ.

Proof. By Lemmas 3.1.2, 3.1.3 and Proposition 1.2.4.

3.2 Graphs of groups

A graph of groups <8 consists of
(i) an oriented graph r (with vertex set v and oriented edge set ¢);
(ii) for each vEv, a group Gv(vertex group) and for each eEe, groups Ge,
G(edge groups);
(iii) for each eEe, G" is a subgroup of G y G#"is a subgroup of G” , and

there is an isomorphism

Let T be a maximal forest in » and let F(e) be the free group with basis

36



e. Let G be the quotient of F(e)*(véva) by the normal closure of the set
{gee(ye(gc))'le'l; e€e, geeGe} U {e;e€T}. Then G is called the fundamental

group of the graph of groups % [13].

Remarks (1) Let I” be a simple graph such that for each e€e, 1(<:)=v0 where v o

is a fixed vertex, and suppose all Ge, Ge(eee) and Gv are trivial. Then G is
0

the free product of the vertex groups Gv(vaev 0).

(2) If I' consists of a single vertex v and a single oriented edge ¢ then G is
the HNN extension of Gv with associated subgroups Ge and Ge.

(3) If I' has two vertices u, v and a single oriented edge ¢ joining u and v,

then G is the free product of Gu and Gv with Ge and Geamalgamated.

Now we will write down a presentation $ for G. For each veEv, choose a

presentation

P=<x;8 >

v v v
for Gv. Thus Gv is (isomorphic to) the quotient of the free group on X, by the
normal closure Nv of s - For each e€e let

a_,a (€l()

1,¢ 1,¢

be non-empty freely reduced words on x b 4 ) respectively such that

e) " Tee

Ge= sgp{ ai,eN'(e); i€le) }

; i€l(e) },

Ge= sgp{ ai,eN‘t'(e)’

and such that the correspondence

a — ii,e (1€X(e)

induces the isomorphism ye in (3-1).

For ece, i€l(e), let
R =a calel
»© 1,¢ 1,¢

where e=e¢ if eZT, and e is empty if e€T. Let r denote the collection of all
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the R, ’sand let s= U s ,x= Ux and 1= U 1(e). Then
i,e v v
vGv vGyv ebe

& = < x, e (eGe\T) ; s, 1 >
is a presentation for G.
For eGe, choose (disjoint) sets yc={ y. ; iGl(e)} and y = { Y. s
iGl(e)}. Let w be the set of all words (reduced or not) on y . Let F be the
free group on Y, and let Ne be the kernel of the epimorphism

(3-2) e Fc ————— >G, y; ani,ch(c) (iel(e».

c i,

3.2.1 HNN extensions

v

For convenience, let A*v= <x;s> be a presentation for Gv and let Ge and
G be the subgroups generated by { aN"|iGl } and { bN"|iGIl } respectively,
where the correspondence a. —» b induces the isomorphism y . Then the HNN
extension G of Gv with associated subgroups Ge and Ge has a presentation

& = < x,e s, 1 >

where r= { aiebi{e 1]1Gl}.

Let X be the collection of all spherical pictures over &. If an element
W(yi)GWe defines an element of Ne then W(ai) defines the identity in Gv. So

there is a picture Aw over &v with the boundary label W(ai). We note that

though is notunique, it is unique up to equivalence (rel X), because if
the pictures and can be combined to make a spherical picture over &.
Figure 3.8
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Thus we can make a collection A by choosing one picture over & with
boundary label W(a) for each element W(y) €w which defines an element of
1 1 €

N .
€

Since Y, is an isomorphism, if W(aiNV) is 1 in Gv then also W(biNv) is 1
in G . Thus for each element W(y)€w which defines an element of N , we get

v 1 (3 €
another picture IB* over & wunique up to equivalence (relX) with boundary label
W(b). Therefore we can get another collection B consisting of pictures IB"
over & with boundary label W(b) for each element W(y)Gw which defines an

v 1 1 €
element of N .
e
e 2

e
Let W:W(yi):yiyil..yn (yi€y, ejil, j=12,...,n). Then we can
1 2 n i

construct a spherical picture IP over & of the form depicted in Fig.3.9.

Figure 3.9
Let Y bethe collection of all spherical pictures Pw (W defines an

element of Nc)'

Theorem 3.2.1. X U Y generates
Proof. LetP be a spherical picture over & If (P has no r-discs then IP is
contained in X. So we can assume that P has at least one r-disc. Each r-disc

has just twoarcs labelled by e and these two e-arcs have the same direction.
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So we can consider a circle C consisting of r-discs ande-arcs with the
property that there are no r-discs contained inthe  region enclosedby C. Then
the part enclosed by C constitute a picture P" over <x,e;s> of which the
boundary label is either (i) a word W(a.) or (ii)a word W(b), according to
whether the orientation of e-arcs is inwards to, or outwards from,the region
enclosed by C. Now we can draw asimple closed curve fi in P "justoutside" C,
so that the discsof the subpicture of Penclosed by fi are precisely the
discs of Pl and the r-discs of C. The label on fiwill be either W(b)i in case

(i) or W(:ia) in case (ii).

Figure 3.10
Since the correspondence a > bi(iel) induces Y, (3-1) and W(P 1)
defines the identity of Gv, the label on fi defines the identity of GV, S0
there is a *n case (0 or an in case (ii) whose boundary label is
equal to the label on (i. We assume the case (i). Now we insert the spherical

picture

: 'IB,
w

Figure 3.11
(we can consider it as a collection of cancelling pairs) in P near fi. By
bridge moves, P and - BB make a spherical picture which is equivalent (rel X)

L4
to a spherical picture in Y . We remove it. Then IB* and the subpicture of P
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outside fi makes a spherical picture P' with n fewer r-discs which is
equivalent (rel XUY) to P. We can repeat the above argument with P' in place
of P, and so on, eventually arriving at a picture P with no r-discs. Then P is

equivalent (rel X) to the empty picture. So we get our result.

Example 3.2.2. Suppose that we have the followings:
Qv: <a,§,c,&;azgza4klyj4a%"? Cakat &6 >
Ge =sgp{a2Nv, b2NV}, Ge=sgp{c2NV ,dZNV}
v G —-- > Ge s a2NV 1 >02NV, b2NV i >d2NV.
Then
R= < a,g,c,d,e ;azlyza‘i)U% %6, cdkat 6d6, azec'ze'l,B%d"ze'i>
Let 6: F >Ge, X 1 >a2Nv, y i >b2NV, where F is the free group on {x,y}.

Then wusing small cancellation theory N is the normal closure of {xyx2y2x3y3}.

So n2(&) is generated by P.
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Example 3.2.3. Let 9 =<ayb;[ab] >, G =sgp{amN , bnN }, G = ime _a°N |
y: G —>Ge,aNi >b N, bNi >aN and 0 F >G,xt—>a N,
[ (3 v v v v e v
yi+—>b N . Then N is the normal closure of [x,y]. So

A% (4

& = < ab,e; [ab], amebm e\ b°eac el > and is generated by

3.2.2 Amalgamated free products
€
r u* » "v
Let Cz andGe be generated by {a‘I\UI | iEl} and {b‘ltl | iel} respectively,
where the correspondence a > bi induces the isomorphism V. in (3-1). Then
the free productof G . and GV with amalgamated subgroup Ge and G'3 has a
presentation
&= < X,X;s8,s,1r >,
where r= {aib;1 | iel}.
Consider the presentation
& = < X, X,€58,8,°T >,
where r = {aeb e’ | iel}. Then we can consider & as a presentation of the HNN

extension of G * G with associated subgroups G and G .
u v (& (5]
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Let X and X be the collections of all spherical pictures over & and &
respectively and X=X UX .
For each element W(y.) which defines an element of N, we get a spherical
Ricture P_ over & like Fig.3.9. Here A and B_ arepjctures over & and 3s
w w w u v
respectively. Let be the spherical picture over & obtained from by

eliminating all the e-arcs like Fig.3.12 and let Y be the collection of all

the QW ’s.

—/W

Figure 3.12
Theorem 3.2.4. X U Y generates
Proof. Let P be a spherical picture over & Convert it to a spherical picture
13 over :fz as follows.
(a) For each arc labelled by an element xGx” 1 replace it by three parallel

arcs. 1 X

Figure 3.13
(b) If, when reading around a disc we encounter two successive arcs labelled

by ¢ and e_l, then perform a bridge move to delete them.

Figure 3.14
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(¢) Removing all floating e-arcs.
The procedure in the proof of Theorem 3.2.1 will give a reduction of P to

the empty picture. Rubbing out all the e-arcs at each stage of the reduction

will establish that P is equivalent (rel XUY) to the empty picture.

Example 3.2.5. Let

9 = <a,b;[a,b], apa, bg*> , 9= <c,d;[c,d], cp\ dgS>

u

= A — N N
G =sgp{aaN , b"N }, G =sgp{c"N , d"N }

y: G Ge , aaN\ CANV, b'\N\ A
Then
9= <a,b,c,d;[a,b],[c,d], apQ, bg", cph d*a”c \ bAd”N >.
Let 6: F >Ge, X i—>aaNV, y i—>b/\NV where F is the free group on ({x,y}.

Then N is the normal closure of [x,y], xp, yq. So n2(9) is generated the
[§]

following pictures.

K
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3.2.3 Fundamental groups of graphs of groups

We will consider the general case of a graph 7. If TP is a spherical
picture over & then IP is a picture over a finite subpresentation of so  we
can assume that » is finite.

Let XV (v6v) be the collection of all spherical pictures over &V (v6 v)

and let X= U X . If e£T then Y denotes the collection of all spherical
v €
vEv

pictures IPW as in Fig.3.9 and if eET then Ye denotes the collection of all
spherical pictures 0 as in Fig.3.12 (WEw , W defines an element of N ). And
w c c

let Y= UY.
¢eEe e

Theorem 3.2.6. X U Y generates
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Proof. We will prove it by induction on the number of edges of A The case
that » has only one edge is treated in §§ 3.2.1 and 3.2.2. For the induction
step we consider the following two cases separately.
H r =T

Choose an extremal vertex w of T and let f be the unique edge incident

with w. Then we can assume that » is like Fig 3.15.

L Figure 3.15
Let & be the subpresentation of 9 arising from r '. Then by induction

hypothesis n (~) is generated by ( U Xv)U( U Y?). Let G' be the groups
VE V cGe

defined by 9/. Now we consider the following graph of groups.

f

Since 9 is the presentation arising from this graph of groups, by Theorem
3.2.4, we get our conclusion.
@y » * T.

Choose an edge feA T and let 3P be the subpresentation of 9 arising from
A{f} and G' the group defined by 9 * Then n (*) is generated by XU(Y\Yp.

Now we consider the following graph of groups.

Since 9 is the presentation arising from this graph of groups by Theorem 3.2.1

we get our conclusion.
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3.3 Applications

In this section, we describe the second integral (co)homology of the
fundamental groups of graphs of groups and consider necessary and sufficient
conditions for their presentations to be Cockroft, and we get some short exact
sequences. We also introduce some new classes of presentations which are
minimal but not efficient.

Terminology will be as in §3.2.
3.3.1 Second (co)homology and Cockroft property

For SGs, let

nw (S) = exps(Aw) - exps(Bw).

Then 32, 33 ,32 and 33 in §1.4 are given as follows.

3:(© Zl) ©( © Ztp ) - >(©Zt) © ( ©Zt)
PGX P\\g),eY w ses iei

P I > En (St + E exp (W)t
w Ses w iei yi
3. (© Zt,) ©O( €Zt.) >© Zt ) © ( © Zt )
2 ses S ieil X€EX 5 eeeV7e
s ¢ XI€Xepr(S),x
i !
t1 i > T exP)éalbll)'X
XG6x
3*: (© Ztp) ©(® Z1 ) R (©7Zt) ©(0©0Zt)
PGX PweY SeS iE1
| |
en'
- > E exp WL
Pw GY yi W
3:(0Zt) ©( ©Zt) <————-m- (©Zt)®( © Zt)
2 SGs iG1 1 xGx X cGe\T
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Vo % 4 .
gs expx<s)ts XEX expx(aibii)ti
t* i > o.
Then we get
(i) H2(G) s Ker"2Im<53

(i) HAG) a Ker«J*/Im<J*

Remark There are the following long exact (co)homology sequences [9
,Theorem 2]

.o > © Hn(Ge) ————— > © Hn(GV) ————— > Hn(G) ————— > © Hn-l(Ge) > .

eEe vev eEe

and

e ommmeee Hn+ I(G) <—-—- 77 Hn(G ) <-- n Hn(G ) <--—-- Hn(G)-<-—--

eEe vEv
2

So we can in theory compute H and by using the above long exact sequences.

But our method is practical.

Proposition 3.3.1. 9 is Cockroft if and only if the following conditions
hold:
(i) & (VEv) is Cockroft;
(ii) Ne &= F'e (eEe);
(iti) If eEe and t(e) =r(e) then for all WEWC, nW(S)=0 (SES.(,“.);
(iv) If eEe and i(e)xx(e) then for all WEw”"
expfly =0 %l@)
exps (fij= 0 (Sesr(e))
Proof (=) Suppose & is Cockroft. Then for all PEX, for all SEs, exp”(IP)=0.

Thus &V is Cockroft. We note that if W  defines an  element
of Nc then epri(le):expyi(W) for all i. Thus (ii) holds. Since epr(lPW)ZO, we

get (iii) and (iv).
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(<) By (i), all IPeX are Cockroft. By (ii), (iii) and (iv), all are

Cockroft. So & is Cockroft by Theorem 3.2.6.

Example 3.3.2. We consider the same presentation as in Example 3.2.5.
& — < a, b,c,d; S SN SN TA TA TA, RA, >

where Sl=[a,ti], S =apa, Ss=qu, T1=[c,(%], T =cP\ T3=qu, R.=aV A R =b7d'S.

1

P.,..,P I are the same as in Example 3.2.5.
T
Sy tpi » 0 (1=1,2.5,6) > -q’p -a’p
i 3 4 1
V., xP * Y
3 1 9
*
Ak E
V4 == 5 v 10

V. >PAT WAL - qF" 4 ATE

; 7 8 1
%
V. >qdiT v
*

V h tT - tg + ptR A%

, J e 1 10
v IT 1S, + qtR "V

10 3 3 : i
tp $e—mm> AT - a/S< ¥ qV

1 I ™

6F: t* » P«ts + atR

s ' %k O
1S,” 1T, 20 a 2 1
t. > pat § wA ‘S3+ K

. . *
q/*b tc » PAIT -
2 1
> pAt > dtT - <SR
» q*

R > ata— Atc
R * 0 *d-

Suppose that

kt(pata)+ k2(qyetb) + kJp X tJ + k4(qt5td) + k" crt* Ay + k03tb-<5td)=0.
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Then

klp+k5=0
k2q+k6=0
k3p—k5=0

k4q-k6=0.

Thus we have kl= -k3, k 5= pka, k2= -k4, k 6= qkd. Therefore,

Keré2 is generated by t and qy +tp -t

2 T3 S3

, b, pto + -t
S' TRy th S,
Imd, is generated by Ptp + tp - to, Qtp + tn - tg, patg, 9Bty ,

1 2 2 2 3 3 1 1
p).tTl, thTl, ).JtTl - aﬂtsl.

So we get
H(@G) = < xv; [xy], ",y xwy'aﬁ >
where n=(pa,qB) and m=(pi,qd).

Now we calculate HZ(G). Suppose that

K (pats - Bt - aBts Y+k (4o )+k (-t )+k (pAt. - gots + AL. )
- - - - p -q

1%3 ‘u>4 ®, z‘upg 3‘n>w s ‘P7_‘u>8 ?,

+k5tIP + ketrP + lc_ltuD + ksth =0,
9 10 9 10

so we have
k1=k4=0
kz'ks'pk7=0

lc3-k6-qk8 = 0.
Then we have solutions;

(k,.k

okok) = @, 0, ) or 1, 1, 0)

(k3,k ’ks) =(q,0 Dor(, 1, 0).
Therefore

K 6* . db * ] * * * + *
er 3 1s generated by a)l—tsz+ th, a)z—ptsz+ tRl, w3—ts3 (T3’

*® + L 3
w =qt .
s, tR2

*
Imd2 is genecrated by aw,, ﬁw4, Alpw - 0)2), J(qws- w4). So we get
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= < os 0y cu 5 Ki<iN <x cwp oy ¥
H2(6) Py iy @y lrper 0GR <R4), @, g ccriop HA,

;4 "M
3r4 % >0
(n,Ad)¥=l, (m,a")#1 and (n,m)"*1 then d(H2(G))=2. So t(G)= 1-0+ 2= 3.Therefore
& = < a, b, c, d; [ab], [c,d], apa, bg/?, aVA b d~d >

is an efficient presentation for G.

3.3.2 Some minimal presentations which are not efficient

Let ~ = <x;xn> and G" and G the subgroups generated by xN* and xqNw>

where (n,q)=1. Then we get Ve Ge —» Ge’ xNVi >quV. Then

& = <x,ex", xex ™ >
By Theorem 3.2.1, is generated by and (PN
Theorem 3.3.3. The presentation & above is always minimal, but it

efficient if and only if fq- l.nj =£ 1.
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Let S = x°, R = xex”e * Then

WV, k>0 <V A
V + *(q-i>ts+ "R KR E »v
2 2
2: 's b >mx K : V * nts* +
tR 1 » (q-Dtx [ia— * 0
Thus

111163 is generated by £ = (q-l)t5+ ntK
Ker” is generated by 1/(q—,n)4l

*

Im<52 is generated by < = (q-l)tp + nt W
Ker® is generated by 1/(q-1,n)£ .
So
Hz(G) £ H2(G) s Z(q_l’n)

Hence we have that
>G) =4 ° (@ 1D 1
I 1, (g-1,n) * 1.
Since ~ 1-242 = 1, »~ is efficient if and only if (q-1,n) * 1
Now wewill prove that & is minimal when (q-1,n) = 1 by using Theorem
1.4.4(Lustig). Let C be the infinite cyclic group generated by t and consider
the homomorphism G --------- » C induced by the mapping: x i >, e 1 >t.
This gives rise to a ring homomorphism
. ZG >ZnC.
Let A bethe quotient of ch by the ideal generated by qt-1, and let" be the
composition
v. ZG - >7Z C n—‘?— » Al
Now is generated by the two pictures P , P" as described above. The
image of these generators under the standard injection of nz(&) into ZGtO ©ZGtK

are (xN - l)tj , (geN - 1)t0+(14-xN+ ...+xn *N)tK. Thus 12(&) is generated by
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xN-1, qeN-1, I+xN +...+x” *N.
Since

AMxN-1) = <pcN-1) = 0

A(qeN-1) = ~(qeN-1)

= <p(qt-) = 0

A(l+xN+...+xn *N) = 0>(nl)

= <0) = 0,

by Theorem 1.4.4 (Lustig) 9 is minimal.

3.3.3 Some exact sequences

If P is a sphericalpicture over9”~ then the element of m9J
represented by IP will be denoted by <P>". Of course, P also represents an
element of n”(9), which will be denoted (as usual) by <P>. We will write -®y-,

-® . instead of —®,,‘l/1 —®Oe— respectively,

Theorem 3.3.4. There is a short exactsequence

0 - >0 (ZG® V72‘ 2{9V)) --------- > éQ) —————————— > © (ZG® eN eIN’é ————————— » 0.
vev eEe
I®< P >  fe-ome- >< P> (PEX ,vev)
v \%
< P > i >0 PeXv>vev)

<P > i >1®WN' (P _EY , eEe).
c w (&

Corollary 3.3.5.[12] 9 is aspherical if and only if all9 (vev) are
aspherical and all GC (eEe) are free on the given basis a1jC (iE I(e)).
Proof (=) By Theorem 3.3 4, ZG® ~7IN9" =0 and ZG®eN”/N' = 0. Since ZGis a

free ZG - and ZG_-module, n,(9, ) = 0 and N/N' =0. Therefore 9 is aspherical
e v 270 e ¢ \%
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and Ge is free on the given basis a, (iel(e)).

(<=) clear.

Remark As we would know it in Example 3.2.2, the freeness of G" is crucial.

Corollary 3.3.6. [25] There is a short exact sequence

0 - > © (ZG®VM(¥v)) - SM(9) — © (ZG® eIGe) >0.
vGv eEe
1®WN\'/ - > WN' (WGNy)
SN' h 0 (ses)
RIN’ Fommm > 1®(a1Ne- 1) (R.er, iei).

Proof. Consider the following diagram

» © (ZG ® n (9 ) >k (k> > © (ZG® N IN))
vEv e€e
(i) Q) (1 ®/™)
(ZG® P.) a4 - p Jt (ZG® Ps )
VvV 2 c
vEv eEe
® (ZG»vM (")) M(9) © (ZG® IG )
vev cEe
1

where P2= ©ZGVtS,, P2= © ) 7G t. ,P2=( © ZGt0) © ( © \( ©TZGt. )) and
SEs iE1(e) ©1© SEs  ° efe ‘BT °

a: 1®t. g’

;§:tS >0, t'i,e i >1®t.i .

>

The middle column 1is given in (1-1). The first and third columns

are given from (1-1), (1-3) and by tensoring by ZG®V- andZG®c —respectively.



= © ZGt. , we get the middle row.
i61(e) **

Now we consider commutativity:

@M 1®Pv1 >P 1  >/i2P),

2P I )O(TEX,V6V), P I
W

ip i >E gsts 1 » o (Pex
ses

Pwme *E gts + E
W

ses ie 1(e

The top row is given from Theorem 3.3.5.

i*¥e

> A A (PV)

aw
| >1® E
i€l ~
>1® E
iei(e) dy i I'*

(PWAY

Then by snake lemma and the exactness of three columns we get the following.

0 - > Coker(©(1 ® //»  ——> Coker/"
it
© (ZG® M () M(&)

vev

© (ZG® IG )
e e
cEe

>Coker(©O(I®/" )

where a*, P* are the induced homomorphisms of @, P respectively and +

are isomorphisms.

)= *3A%(is + Im//2)

= 4302(ts ) + Im©(1 ®*/*))

= 030) = 0

V S I(Ri,eN,) - V * (ie+Im” )

= G2t ) ImO( ® /7))

= * = -
= (1 ®t|nd+1m©(1 »#%) = 1®(a N -1)

A (UWN;) = 02«*( E (£.UN®ts )+Im®(1®")
ji=1 313 i

a
= <”i>(«('E’e.IJJ.I\JI
J=1

;CE UNtg

Il
3
M =

where W is freely equal to a product

result.

+IanT

J

n E

®L Jgf Im/0, )

WN',

i

77U S JU. eN”.

j=11313J
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Now we will prove Theorem 3.3.4.We willuse the notation of §3.2.3.

We will need the following Lemma.

Lemma 3.3.7. (a) //P"EY" and W is aword on  freely equal to W then

is equivalent (rele.(,e).UXT(.ey.) to PW.
by If P and P are in Y_ then P is equivalent
w w c w
12 12
+
(rele,(e).UXT(,eyd to P sz.

(©) ’U%v EY am/ UEWe , then %Wu-l is equivalent (rele.(e} UXx(e)')
to the picture P obtained by surrounding P”~ by a collection of concentric
closed arcs with total label U(a.).

Proof (a) We may assume that W=W"W”" and W'=W"yy Then we perform a

sequence of bridge moves as follows.

- /A w
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Figure 3.16

Since the labels of a and (i are W(ap and W(b"), we can replace subpictures

enclosed by a and /? with and IB" respectively. So is equivalent
(relX/(e)UXr(e)) to PW.
(b) Bv w (resp. Aw ) is equivalent (relX  UX )to B + BB ( resp. Aw +

12 12 1 2 1
A ) So P is equivalent (relX UX ) to the spherical picture like

2 12
Fig.3.17.
\-/Awi :
Figure 3.17
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By bridge move this is equivalent to P+ P
1 2

(¢) By bridge moves, we get the spherical picture like Fig.3.18 from “uwu-1'

Figure 3.18
Then by replacement of (resp. "UWy-0 by Bw (resp. A”) and by bridge

move, we get the spherical picture like Fig.3.19.
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Figure 3.19

Let <X>, < > (v6v) bethe submodules of generated by X,
(vev) respectively. Then from Theorem 2.2 we get

ZG® _n ) = < X >
v \ v

2
since &  isan injectivesubpresentation of 9. So
© gZG®V7l;{9\)) = ©O < XV >,
vev vev
Since the images of the < X" >’s under the standard injection
(3-3) ix @ n(&) >( ©Z2Gt) ©( ©( © ZGt )
ses eeeiei(e) Le
have pairwise trivial intersection, we get
© < X > = < X >.
vev v
Thus the proof amounts to showing that

© (ZG®CNC/N9 = n2(9)1< X >.
e Ge
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We define a map
)\ — >n <X >, Wt >< P > + < X >,
w
This is well-defined by Lemma 3.3.7 (a), and by (b) it is a group
homomorphism. Since < X > is abelian we get an induced group
homomorphism
N IN'  —eeeeeee >n (Mw/< X >, WN' i >< P >+ <X >
e e 2 e w
By(c), this is a ZGC—homomorphism. Soby tensoring by ZG®C— we get a
ZG-homomorphism
+:Z2G® N /N’ >n (&)/< X >, I®WN' i >< P > 4+ < X >
e e e e 2 e W
and adding over all eGe, we get a ZG-homomorphism

1».-62@6 (ZG® N /N') >n (&)< X >

By Theorem 3.2.6, < is surjective.
From (1-3) in §1.3, we get an embedding

/ie : N /N' >0 7Gt. , WN' jee> Y 6 £ .
I e e RiteX © e tel(e)  3i

Applying ZG® - gives an embedding

I®/ie: ZG® N /N' X0 ZGt. , 1®WN'—p-—--- >Y 6 -"-t.
1 e e e IG{/(e\) Le e I'Gl(e) 9y3ii,e
where ti)C isidentified with 1®Ct.i . and6 . is the ringhomomorphism induced

by the composition

F G -i--l—=G
e e

And adding over all eGe gives us a ZG-homomorphism

I1o/: © (ZG® N /N') > ©(© ZGt ).
eGe ceec eGe '1Gl(e) "°

Since the image of < X > wunder the standard injection n2 in (3-3) lies

in © ZGt , there is an induced homomorphism

SGs
ii: n{9))< X > - >0 (© ZGt ), < Pw > i > E E
eGeiGl(e) ’ eGe iGl(e) yi’
Since and I®/* is injective, 4 is injective. Therefore we get the
result.
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Chapter 4. Calculation of generators of the second homotopy module II:

Split extensions

In this chapter we study the calculation of generators of the second

homotopy modules of split extentions, and we give some applications.

4.1 Split extensions

Let K and H be groups, and let
p: Koo > Aut(H)
be ahomomorphism. We write p” instead of/?(k). The set of all ordered pairs
(h,k) (h€H,k€K)forms a group G=Hx”"K under the binary operation defined by
(h,k) (h', k') = (lgp]gh'),kk') (h,h'eH, k,k'eK).
We call this group the split extension (or semi-direct product) of H by K
[39].
Let H = {(h,1) ; heH}. Then H is a subgroup of G and is the isomorphic
image of H under
plh i >(h) (heH).
We also have an epimorphism
R ¢ ppu— >K, (k) i >k (heH, keK)
with ker/\=HO so we get
K = G/HO'

Thus we have a short exact sequence

Suppose that X = < x ;s> and X = < y ;t > are presentations for H and
K respectively under the maps
x 1 >h (x6%x), y t-——->k (y€y).
X y

Then we have a presentation for G
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(4-D 9 = <xy;:s tr >
where r={xyA 1] x6x, y€y } and A is a word on x representing the element

Pk/(hx) of H [28,Proposition 10.1].
y

*

Now we consider the group G defined by the subpresentation
(4-2) & = <X y;s r>
of & Then G is the fundamental group of a graph of groups, where the

underlying graph has a single vertex v and a loop y for each yEy, and

GV= H' Gr = H (yey)> V |
Let XH be the collection of all spherical pictures over 3€ For yEy, SEs,

*
we get the spherical picture over & of the form depicted in Fig.4.1

Figure 4.1
where IB* is a picture over Let be the collection of all spherical
pictures IP* (SEs).

*

Lemma 4.1.1. n, ) is generated by X UY, where Y= U Y .
yey ’
Proof. By Theorem 3.2.6.

Let t# be the set of all cyclic permutations of elements of tut” ending

with an element of y_1 (rather than with an element of y). For each T et#, say

*] £n -1
T-y,--y vy
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(y, y.ey, ee==1, i=1,...,n), then

v - v M1
¥ Yo ¥

is the identity of Aut(H). Thus for any word V on x,
Uy'VyU'Vl1

el

1...yfn. Hence taking V to be xEx,

%
represents the identity of G , where U = vy

1 . *
represents 1 in G .

*k -] -
So we get a picture ]DT over & with the boundary label UA U ;c 1 Such a
X Xy

and noting that y-lxy:A in G, we get that UA U X
Xy Xy

picture is unique up to equivalence (rel X UY) by an similar argument to that

in §3.2.1. We can then get a spherical picture IPT over & of the form depicted
,X

in Fig.4.2.

fix *

Figure 4.2
Let Z be the collection of all spherical pictures IP* *(xEx,T6t ) and

a collection of spherical pictures over which generate
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Lemma 4.1.2.  Every spherical picture over & is equivalent (rel ZUX") to
a picture over &*.

Proof. We will prove it by a similar procedure as in the proof of Lemma
3.1.2.

Let P Dbe a spherical picture over 9 and assume that P has at leastone
t-disc. Let abe a simple closed transverse path in P such that all discs
lying inside a are t-discs, and all arcs inside a are y-arcs. We also require
that at least one disc lies inside a.

Any arc meeting a is labelled by an element yEy, and is the beginning
of a path ofarcs labelled by y and non t-discs Al,...,A n_l,(n’\l) in the
exterior of a,ending either (i) with a t-disc 4 in the exterior of a, or
(1)) with an arc /?', labelled y, incident at An_1 and also meeting a.

We assume that possibility (i) occurs and we will show how to move 4
into the interior of a. Suppose that n>1 and the labels of A and An_ are

8 87 t !

(y1 Ly my ) and X yi y respectively.  Then  our situation is like
m Xy

Fig.4.3.

Figure 4.3
Now we draw a simple closed curve y such that y encloses only 4 and A" .
*

M 1
Next insert an element of {P* } inside y, where T=y” es*Ym y + Then by a

sequence of bridge moves, we have two cancelling pairs which are removed. And

65



the subpicture of P outside y and the subpicture of P~  consisting of D
and one t-disc make the subpicture of another spherical picture P' over & like

Fig.4.4.

Figure 4.4
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We note that the number of t-discs is not changed and that A4 moves
closer to a by the above operation. Also we can perform the same operation to

the case that the Ilabels of 4, An_1 are (yfl...yimy) and (x lyXxyy"l)*l

*

by an element of {P* } . After a finite number of the above operations, we
may eventually move 4 inside a.

In this way, we can assume that possibility (i) does not occur. By the
same argument as in Lemma 3.1.2, the label of a is then a word in y freely
equal to 1. A sequence of bridge moves near a creates a spherical picture over
JC which can be removed. Repeating the above performance, we get the
conclusion.

Theorem 4.1.3. is generated by ZUYUXHUXK.

"2
Proof. By Lemmas 4.1.1 and 4.1.2.

Example 4.1.4. Let

& = < X,y ;xnym, xyxy 1 >. where qm-l=an (a is a positive
integer). By Theorem4.1.3, a set of generators of consists of the two
pictures given at the start of § 3.3.2 together with two further pictures P ,

P4. Thepictures P3—, lz are illustrated below forthe casen=3,m=4, q=2.



Let
-1 -1

Jr = < x; m , X= <y, z;yzy z
< x vz XNy Py xex 7 > (pm)=1g,m)= 1.

o :
consisting of the

Then by Theorem 4.1.3 we get a set of generators for

Example 4.1.5.
>

following seven spherical pictures. We illustrate it for the case m=5,p=2,q=3.
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Example 4.1.6. Theorem 4.1.3, of course, applies to wreath products. As a

simple example let
03 >

<X,y Z; xz, yz, 22, [x,yl, [y.z], [zx] > JC = < c¢;

b

& = < x,y,z,¢;x2,y2,22,[x,y],[y.z],[z,x],c3,xcyc',yczc'l,zcxc 1>
consisting of the following

Then we get a set of generators for

spherical pictures.
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4.2. Applications

In this section we describe the second integral (co)homology of a split
extension, and  consider  necessary  and sufficient  conditions  for  its

presentation to be Cockroft.

4.2.1 Calculation of H2 and H2

Let G = Hx K. Then there are homomorphisms

G. " 7k vO-\,

@
[28]. Since Hn( ) is a covariant functor [26,pl88], we get the induced

homomorphisms

HO . ' H_(K) -1

//////

Since Hn(G), Hn(K) are abelian and 0* is injective, we get
Hn(G) = Im<p. © Ker"//.
= Hn(K) © Ker’\*.
Thus HD(K) is a direct summand in Hn(G). In a similar way, Hn(K) is a direct
summand in Hn. In the case of second homology, a theoretical description of

the complement C of H2(K) in H2(G) has been in [43] (see also [24]). We can

describe the complements of ~(K) and HZ(K) in H2(G) and HZ(G) more
practically.

From Theorem 4.1.3, (1-5),(1-6),(1-7),(1-8) in §1.4 are given as follows.

S:( © Ztp) © ( © Z1) © ( © Zt) -——-—- >(©7Zt) ©( ©Zt ) ©L e Zu
PGYUZ Pex Pex ses Rer Tet
H K
V — > E «p s0P)ts cpeX H)
J Gs
> E exp (P)t_ (Pex )
r Tet 1 1 K
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v —> Eexp (D + Eexp @ (PeYUZ)

RETr SEs
$:(©O©Zt)O( ©Zt ) © ( ©Zt) S(©Zt) ©( © 7t )
2 SEs RET Tet xEx X yEy y

Is §----* EEexpx(S)tx

| S — I expxa xy),'x

{T >——> Ee*Pv(T)t

yey
St ( © Zt*) © ( © Zt*) © ( © Zt*) >( © 21y © ( © Zt!) ©( © 7ZL)
SEs a RETr TEt PeYUZ PEXH PEXK
» E exp_(P)tp
PEYUZUX
H
> E APRMV
PEYUZ
tT  '—-—>E exp_(P)t_
PeXK
d:(©Zt) ©( ©Zt) >(©Zt) ©( ©Zt) © ( ©Zt)
2 xex X yey y s R€r R Tet T
t > E exp (S)t. + E exp (R)t
X Ses Rer X R
t* > E T)t*.
y i T€teXpy( )
So, we get
— - * *
H2 (G) Ke1<52 /Im<53 Hz(G) KCI‘<53 /Irn<$2 .

Proposition 4.2.1. (i) H2(G) = H2(K) © KercWIm~".

(i) H2AG) = H2K) © Ker5*/Im5*.

where § ,6 ,6 ,d are the restrictions of S ,§ ,S ,6 on (©Zt ) © ( © Zt,,),
2 3 2 3 2 3 2 3 R€r R Sgs S

% % %
( © Zt ) © ( © 2tup> ( ®2to) © ( © 2ir)> 0 2t respectively.
PEYUZ PEX SEs RETr xEx X
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Example 4.2.2. Consider the same presentation as in Example 4.1.4.
&= <x,y;S T, R >

where S=xn, T=ym, R=xyx™*y \ Then we get

3’S. o tp-——»0 5" t—*,— >(q-DyV V
1 2 4
£
V2 —* (q_DtS+ n,R t© —*0
£ A
V. >0 ® ' >nV+
3 2 M
or | 4 4c 4 4c
V4' » iM" IR+ “=*g [P TR G — *n's + (I-gtR
"V \% >Mx X Semee- »n,S + (1-g)tR
tX +-----> mty ty - >mtT

Suppose that klntX +k2mty + k3(1 - ga)tX =0

4c ® 1 4c 4t 4t

V"V +-FT-V >+/2- )V_+“V>=°-
2 H 4 2 4

Then
k =0
2
nkj + (1 - q)k3= 0
and In +I"q- D= 0.

Let K1=(q - 1,n, (C11~_—II ,a) and 12<—(—1a— ,—i). Then

Ker<52 is generated by £= "1 ¢ +

12 12
. m — 1 K2
=qgtc + e - =
Irn<53 is generated b3§ K1K2£ and KKy at§+ @q =] tﬁ’ where k,=a q—T
Ker6* is generated by t*, ~ < * 4+ -AT>r
12 12
Im<§ is generated by ntg+(l—q)tﬁ, mtic“.
Therefore
H(G) s Z, . and H2(G)s i o Z
2 *1q m 12°
Thus & is efficient if and only if # *1. But when an
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presentation was given by Wamsley[45] and Beyl[3].

4.2.2 Cockroft property

Theorem 4.2.3. & is Cockroft if and only if the following conditions hold:
(1) and JC are Cockroft.
(i1) s<=F', where F is the free group on X.
(iii) For all Ses, for each W,expS(IPW)=O, where W defines 1 in H.
(iv) For each IDF—,X
exPR(ET,x)= - 1 (R=xyAxyy
expR /(DT x)=exps (Dl x)=0 (R'*R (R'er),SEs).

Proof. (=) By Theorem 4.1.3, for each PEZUXKUXHUY, exp (P)=expT(P)=epr(’]Tb
o

=0. So we get the following:
(a) (PeXHUXK then (i) must hold,

(b) PeY then (ii) and (iii) must hold,

(c) PeZ then (iv) must hold.

(<=) By Theorem 4.1.3 and the reverse argument of the above.

Example 4.2.4. Let

IS

ST=<x,z;xzx7'7
. 2m
<y;y >

-1 -1 2 -1 -1
P=<xy,zy XzX Z Ly XyXy .zyzy > .

Then & is Cockroft because a generating set of is as follows:
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Chapter 5 Relative presentation

In this chapter we study when relative presentations with one defining

relator are aspherical.

5.1 Preliminaries

In this section we introduce the notation, the definitions and the
techniques required for § 5.2 and § 5.3 and the important theorems for

relative presentations.

5.1.1 Relative presentations

Let H be a group and < x > the free group on a set x of symbols, and let

r be a subset of the free product H * < X > consisting of cyclically reduced

elements of the form

& 5 &

(5-1) xhx?h..x%h

1 lx2 2 n n
where xie X, ei=;|;1, hie H (i=1,...,n). The quotient G of H * < x > by the
normal closure N of r is called the group defined by the relative presentation
& where & is the triple
5-2) <H x;r >.

If s is a subset of r then we denote by s* the set of all cyclic
permutations of elements of s U s' of the form (5-1), that is, all cyclic
permutations which begin with an x -symbol.

For R € r‘= writt R = Sh where h € H and S begins and ends with
x -symbols. We let
(5-3) R=Sh.

*
If R is an element of r then R can be written in the form ﬁP(R)where R

76



is not proper power, and p(R) is a positive integer. We call R the root of R,
and p(R) the period.

We will say that & is orientable if for each R € r, {R}"= Nr = {R} and
no element of r is a cyclic permutation of its inverse. From uow, we will
assume that presentations in this chapter are orientable because we treat only

orientable presentations.

5.1.2 Relative pictures over relative presentations

We prepare the concept of a relative picture over a relative
presentation. Fix a relative presentation &# = < H, x ; r >. A relative
picture P has the same geometric shape as an ordinary picture as in §1.2 ,but
the labelling is different and additional conditions are needed.

A (relative) picture P is labelled as follows.

Each arc is labelled by an element of x U x ! and each corner of P is to
be oriented clockwise (with respect to the ambient disc of P) and labelled by
an element of H. If ¢ is a corner of 4 then we denote by W(c) the word
obtained by reading in clockwise order the labels on the arcs and corners
meeting 94 beginning with the label on the arc at the head of the clockwise
oriented corner ¢c. And the following two conditions are satisfied:

(i) For each corner ¢ of P, W(c) € r‘.
i) If hl""’hm is the sequence of corner labels encountered in

a clockwise traversal of the boundary of an inner region of P, then hl"'hm= 1

in H.

Example 5.1.1. Let # = <H, x ; x3axa > and a4=l in H.
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Figure 5.1
Remark. Anordinary presentation can be regarded as a relative presentation
with H= {1}, and an ordinary picture also can be regarded as a relative picture

where every corner is labelled by 1.

5.1.3 Asphericity

Let # be a relative presentation. A dipole in a picture over & consists
of a pair ofcorners c, c' of the picture together with anarc « joining the
head ofone corner with the tail of the other suchthat the following
conditions hold:

(i) ¢ and c' lie in the same region of the picture;

(i) W(c) = W(c").

Figure 5.2
A picture over & is reduced if it does not contain a dipole.
Definition A relative presentation & is aspherical if every connected
spherical picture over & contains a dipole. In fact we can assume
connectedness for by considering a suitable connected spherical subpicture, we

see that if & is aspherical then no spherical picture over & is reduced.
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Now we obtain an ordinary  group presentation 3s defining the same
group G as follows.
Let = < a ;s > be anordinary presentation of H. Then there is a
homomorphism < from the free group on a onto H with kernel the normal closure
of s. For each h E H we choose an element of ®l(h), represented by a freely
reduced word on a. Now <9 extends to a homomorphism from the free group on aUx
to H * <x>
a i >7(a) (aEa)
X i > X (xEx)
and the lifting of elements of H described above induces a lifting of
elements of H*<x >. In particular, for each R E r we have its lift R (a
cyclically reduced word on aUx). We let

At
r

9 = < a, x;s,

>
where r = {K ; REr}.
Let +#+ H > G be the composition:
Germsion 1 YT ral sur
Let X be a generating set of If & is aspherical then by
Proposition 5.1.3 below we get a generating set of *) consisting of all

elements of X together with the pictures depicted in Fig.5.3.

Figure 5.3

where ft="R "~ (R € 7).
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*
Lemma 5.1.2. If & is aspherical, then every picture over # having at least
one T -disc and having no Xx-arcs meeting the boundary of the picture, contains
an 'l\"-dipole.

Proof. See [5,Lemma 1.5].

Proposition 5.1.3. If & is aspherical then 7:2(.9"*) is generated by X U Y, where
Y is the collection of all pictures as in Fig.5.3.

Proof. Let IP‘ be a spherical picture over .9'* without T -discs. If IP* has
x-arcs then these x-arcs are floating circles or simple closed arcs
surrounding a subpicture consisting of s-discs. Floating circles can be
removed and in the other case IP* is equivalent (relX) to the empty
picture. If IP* has no x-arcs then we can consider IP* as a picture over . So
we assume that IPl.l has at least one T -disc. Then by Lemma 5.1.2, IP* has an
'l\"-dipole. By bridge move and deletion of 'l"'-dipole we get another picture over
.9" with less r-discs than lP*. By induction on the number of r-discs, we can

. * ~ .
get a picture over # without r-discs. So we can get the conclusion.

A connected spherical picture P over & is defined to be strictly
spherical if the product of the corner labels in the outer annular region
(taken in anticlockwise order) defines the identity in H. The relative
presentation & is weakly aspherical if each strictly spherical picture over %

contains a dipole.
Lemma 5.14. If & is weakly aspherical and if the natural map of H into G is

an embedding, then ® is aspherical.

Proof. See [5, Lemma 1.7].
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If # is an aspherical relative presentation then we get the following

theorems [5].
Theorem 5.1.5. The natural homomorphism H —— G is injective.

Theorem 5.1.6. If R € r then R defines an element of order precisely p(R)

in G.

Theorem 5.1.7. For any left ZG-module A, and any right ZG-module B, we have

H’(G,A) = H'(H,A) o ( 1 H'(sgp{RN},A))
Rer

H (G,B) = H (H,B) @ ( o H (sgp{RN},B))
n n Re r"

for all n = 3.

Theorem 5.1.8. Any finite subgroup of G is contained in a conjugate H or in

" a conjugate of one of the cyclic subgroups sgp{ﬁN} R € r).

For the proofs of these results see Theorem 1.1, Corollary 1, Theorem 1.1

Corollary 4, Theorem 1.3, Theorem 1.4 of [5], respectively.

5.1.4 Tests for asphericity

(1) Weight test

The star-complex #' of #is a certain graph whose edges are labelled by
elements of the group H. The definition is as follows.

The vertex and edges sets are x U x'l, r' respectively. For REr*, write

R=Sh where h € H and S begins and ends with x-symbols. The initial and
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terminal functions are given by: #R) is the first symbol of S, t(R) is the
inverse of the last symbol of S. The inverse function on edges is given by the
operaror defined in (5-3). The labelling function is defined by A(R)=h\
and is extended to paths in the obvious way. Note that AR)=AR)L. A
non-empty cyclically reduced closed path in will be called admissible if

it has trivial label in H.

Example 5.1.9. Let &= <H,x;(x2h)2>. Then 9" is as follows:

of

Figure 5.4
where A(a)=h and A(/?)=1. If h has infinite order then no admissible paths
exist. And if h has finite order r"*2 then the powers of (afi V (or (a */?/)

are admissible.

A weight function 6 on 97 is a real valued function on the set of edges
of & which satifies O(R) = OR) for al R E r*. The weight of a path is
the sum of the weights of the constituent edges.

A weight function 6 on is weakly aspherical if the following two

conditions are satisfied:

e e
Let R E r, say R = x, h..x nh as in (4-2). Then
I 170 n
n e e e e
1) il;:l(l— flO‘E.y-. xn"bnx 1lh 1...x/_'lV l_l))£ 2
(i1)) Each admissible path in has weight at least 2.
A weakly aspherical weight function on is aspherical if each edge of
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& has non-negative weight.

Theorem 5.1.10. () If & has a weakly aspherical weight function then & is
weakly aspherical.
(i) If ~ has an aspherical weight function then & is aspherical.

Proof. See [5, Theorem 2.1].

Example 5.1.11. Let & be the same presentation as in Example 5.1.9. If h has

infinite order, then no admissible paths exist. So if we take 9(a) = 9(fi) = 0
then 6 is an aspherical weight function. Ifh has order 1”2 then the

admissiblepaths are powers of (a3 V (or (a Ifi)r). So if we take 9(a) = 9(fi)

= 1/r then 9 is also aspherical. Therefore & is aspherical.

(2) Small cancellation conditions
Let k be a positive integer. A  k-wheelover & is a (non-trivial)
connected picture Wover & which has discs {dQA4 >...»"k} and which satisfies:
(i) each arc of W meets a disc A. for some jE {l,....k};
(i1)) each arc of Weither meets A" or 3W,
(iii) each disc of W has acorner which lies in a region of W that meets

aw,

A typical k-wheel is depicted in Fig.5.5.

Figure 5.5

Definition Let p be a positive integer. Then & satisfies C(p) if there
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are no reduced k-wheels over & for k<p.

Definition Letq be a positive integer. Then &  satifies T(g) if there
are no admissiblepaths in 9* of length mfor 3"m<q.

Therem 5.1.12. If & satisfies C(p), T(q)where 1l/p+ 1/q = 1/2then 9 s
aspherical.

Proof. See [5,Theorem 2.2].

Example 5.1.13. Let 9 = < H,x ; xaxbxcxd >, where a,b,c,d are distinct.

Then ~ is as follows:

Figure 5.6
where A(a) = a, A(/?) = b, A<= c, Aly) = d. So there are no admissible
cycles of length ~3. Thus 9 satisfies T(4). If two discs A" and A" of a
picture over 9  share at least two consecutive x-arcs then they constitute a
dipole. So there are no reduced k-wheels over 9 for k<4. Thus 9

satisfies C(4). Therefore 9 is aspherical.

(3) Change of variables

A general change of variable result is given in [5]. We will just state
the result for the situation we will beinterested in.

Let 9 = < H, x ; R >, where R = xhlyﬁ ...th. Let t be another symbol.
Rewrite each element of H * < x > wusing x= th \ xI1= h*t1l. Let R'=

]
t2h11]§ ...thIIlll . Then we let
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¥ = < Ht; R' >,

Lemma 5.1.14. & is apherical if and only if % is apherical.

Proof. See [5,Theorem 2.4].

(4) Curvature arguments
We make use of the following result, which is the dual of

[14,Proposition 4.4].

Lemma 5.1.15. Let P be a connected spherical picture. Suppose that to each
corner ¢ of P we assign a real number 6(c), which we call the angle of c.
Then it is impossible for the following two conditions to both hold:
(5-4) For each disc of P, if C »eesC, are the corners of the disc then
L 6c) = 2,
(5-5) For each region of P including the outer annular region, if cl',...,cm’
are the corners of the region then
) 0(ci') < m-2.
Proof. See [14,Proposition 4.4].
If we can assign angles such that (5-5) holds then there must exist a
disc 4 such that
) O(ci) <2
where ¢ G, are the corners of A. We will call such a disc exceptional.
Alternatively, if we can assign angles such that (5-4) holds then there

must exist a region @ which could be the outer annular region such that

Y 0(01) > m-2

’

1

’

where ¢ -sC_ are the corners of ©@. We will call such a region exceptional.
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5.2 Relative presentations with one defining relator
5.2.1 Known results

We collect some known results.

Theorem 5.2.1. [5] If & — < H, x ; xhlxlzl ..xh > then the

n

natural homomorphism H >G is injective.

Lemma 5.2.2. Suppose < H, x ; xhlxlzl ...xhn > isaspherical. Then an element
of the form xmh (m <n) cannot have finite order.

Proof.  Suppose xmh has finite order. Then by Theorem 5.1.8,xmh belongs to
a conjugate of H. However xinh does not lie in the normal closure HG of H in G,

since we have

GH = < x;x >

Theorem 5.2.3. Let & = < H, x ; xaxb > where a” b . Then & is apherical
if and only if a * has infinite order.

Proof. (<) & is as follows:

Figure 5.7
where A(a) = a, A(/0O = b. Sincenoadmissible paths exist in if 0(a) =
0¢/7) = 0, then 6 is aspherical.
(=») Suppose that a'b has a finite order. Since (xat)2 b ain G, we deduce

that xa has a finite order. It is impossible by Lemma 5.2.2.

Theorem 5.2.4. Let & = < H, x ;xax b>(a”1l”b). Then & isaspherical

if and only if a and b both have infinite order.
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Proof. (=) Suppose a  has finite order. Then we have a reduced spherical

picture as follows:

Figure 5.8
Therefore & is not aspherical. Similary if b has finite order.

(<=) Consider

Figure 5.9
where k(fi) = b, A(a) = a. If a and b both have infinite order then
has no admissible paths. So we let 6(a) = 0 = 6(f) then 6 is

aspherical.

Theorem 5.2.5. [5,Theorem 3.1] Let & = < H, x ; xh"xh"xh* >, where {h"h"h"}
contains at least two distinct elements of H. Then & is aspherical if and only
if neither of the following conditions hold:
(i) For i = 12,3, h.h.™ has finite order p.>0 (subscripts mod 3) and

1/P2 +1/P3>1-
(i) There are j 6 {1,2,3}, p>2 and 0 ~ k < p such that sgp{h.h_1+ ;i=1,2,3}
isffite C)7clic with generator hth 4 of order i and ]+ih 1 (th_}_l)k
where either:
(@ k=1L
(b) p=k+2 or 2k+1;

(©) p=6 and k = 2 or 3.
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Theorem 5.2.6. [5,Theorem 3.5] Let & = < H, x ; xaxbx *¢ >where ab,c G H
and b * 1 =£ c. & is aspherical except possibly if b and c have finite orders
p, q and either 1/p+ 1/q> 1/2, or a ba = ¢ for some k, or aca L% for some

k.

Theorem 5.2.7. [18] Let & = < H, x; xaxbx * > where p and q (1<q”p<o0)
are the orders of b and c respectively.

O If 1p + 1q > 1/2 then & is aspherical if and only if none of
the following conditions hold:

i) q = p =2 and (a™ac)" for some n ~ 1 ;

(i) g = 2,p= 3 and at least one of abacab’' ac, (a']bac) 2(51151 ac)z,

(aac/ Q2~r ™ 5 s trivial,

(iii) ¢ = 2, p = 4 and at least one of a Wca *b *ac, a *b2ac, (a lbac)2,

(a'lbac)3 is trivial,

iv) @ = 2, p = 5 and at least one of a' baca' b’ ac, (a lba%:), (@ ‘tl)ag)
is trivial,

v)gq=2,p=06 and a*3ac = (aac)™ = 1 for some m ~ 3 ;

vi)q = 2,p » 6 and (Ellbac)2 = 1;

(vil) q = 2, p» 6 and albaca *» *ac =1;

(viii) q =3,p = 3 and at least one of a *bac I a[baca *b*ac I*

(a *bac *2 is trivial,

(ivy q=3,4""p"5 and (a*acV = U

(my 1 l/p+ 1/q < 12with (p,q) "(8,4) or (9,3) then & is aspherical
if and onlyifnone of the following conditionshold:

x) q » 3 and a'bact = 1 (e = £1);

(xi) ¢ ~ 3and abhe = 1

(xii) ¢ = 3, p = 6 and a'blac™;
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(xiii) ¢ = p = 5, and a Vac' =1;
xiv) q = p = 7 and abact =1;

xv) g = p =9 and a'blac! = 1.

5.2.2 New results

Let & = < H, x ; Xh1Xh2""’th > where hiEH (i=1,...,n). In this section
we will study the conditionsfor & to be aspherical. If h. are alldistinct
then & is aspherical by a similar argument as in Example 5.1.13. Therefore we
need to consider what happens when the h. are not all distinct. We will
consider this question for n=4,5. The following Theorems deal with the

essentially different cases.

(1) Length 4

Theorem 5.2.8. Let & = < H, x ; xaxbxaxd > . Then & is aspherical if and only
if b *d has infinite order.
(Here weassume a,b,d  are all distinct. A similar convention applies to

the statements of the other theorems.)

Theorem 5.2.9. Let & = < H, x ; xaxaxcxd >. Then & is aspherical except
possibly if one of the following hold:

(i) a* = d *a (d *ayn = 1;

(i) ald = (ale)2, (a*n =1 or (a* = (ald2 (a = 1y
(iii) (a V = L(c!dn= 1 or ((@*d)2 = 1,(c dn = 1)
(iv) (a'V = L)'= 1 or ((a'V = 1,(c'df = 1.

Theorem 5.2.10. Let & = < H, x ; xaxbxaxb >. Then & is aspherical.
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Theorem 5.2.11. Let # = < H, x ; xaxaxaxd >. Then @ is aspherical if and only

if a’'d has infinite order.

Theorem 5.2.12. Let # = < H, x ; xaxaxcxc >. Then @ is aspherical if and only

o -1 P
if a c has infinite order.

Theorem 5.2.10 is easy. The most difficult is Theorem 5.2.9 which needs the

curvature arguments.
(2) Length 5

Theorem 5.2.13. Let &

< H, x ; xaxaxcxdxe >. Then & is aspherical.

Theorem 5.2.14. Let # = < H, x ; xaxbxaxdxe >. Then $ is aspherical except
possibly if one of the following holds:

@ a'db = @'e’, ale = @'0)?, a'd = @by, a'b = @'

(ii)) b = da'le, e = da-lb, d = ba'le;

Giii) be'de” = 1, ®e™y’= 1, ®d™Y'= 1, bded”= 1.

Theorem 5.2.15. Let & be one of the following presentations:

(a) < H, x ; xaxaxaxbxc >;

(b) < H, x ; xaxaxbxaxc >.

Then  is aspherical except possibly if one of the following holds:
G a'balc = 1, ®0)"= 1;

i) @'by’= a’lc, ®'0)" =1 or ( @'c’= ab, )= 1);
Gii) @'p)’= 1, ®'0)"=1 or (@'cY=1, ®'c)"= 1);

(v) )= 1.



Theorem 5.2.16. Let = < H, x ; xaxaxbxbxc >. Then & is aspherical except

possibly if one of the following holds:
@ a'balc = 1;

(i) (a-lb)2= alc or ( (a_lc)2= a-lb);
Gii) @'b)’= 1 or ( @'c)’= 1);

(v) lcy’= 1.

Theorem 5.2.17. Let # = < H, x ; xaxaxbxcxb >. Then & is aspherical except

possibly if one of the following holds:
6)) a-lba'lc = 1;
Gi) @'b)’= a'c or (@'0)’= aby;

Gi)) @'b)’= 1 or ( @'c)’= 1).

Theorem 5.2.18. Let & be one of the following presentations:
(a) < H, x ; xaxaxaxaxb >;
() < H, x ; xaxaxbxaxb >;
(c) < H, x ; xaxaxaxbxb >.
Then P is aspherical if and only if a’'b has infinite order.
The only case not covered by the above theorems is
& = < H, x ; xaxbxaxbxc >.
Making the change of variables x=ta = we get
¥ = < H, t; tzhthztg >.
If we make the substitution u=t’h we get (using Tietze transformations)

#' = <Hu;uh gg >

which (after a change of variables) is covered by Theorem 5.2.15(b).

it is not clear how to connect asphericity of & and % ’.
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5.3 Proofs

We will use "change of variable" as in § 5.1(3) by

We will also make use of Lemma 5.1.4 and Theorem 5.2.1 without comment. So in

order to verify asphericity we only need to check weak asphericity.

Lemma 5.3.1. Let 9 = <Hx;xhjXh .. xh">. If h",.. h" generate an infinite
cyclic subgroup of H then 9 is aspherical.

Proof. Let ¢ be a generator of the infinite cyclic group generated by
hj,....hn. Suppose that IP is a reduced strictly spherical picture over 9. We
change each h. (i=1n) appearing in the label of the corners of P to the
appropriate power of c¢. And wedraw short arcsof thesame number as the
absolute value of the power of c which labelled cor ¢ *at each corner of P.
Since the number of short arcs labelled ¢ must be equal to the number of short
arcs labelled ¢\ we can connect two short arcs of which labels are ¢ and ¢ *
by an arc labelled by c¢ with an appropriate orientation in a way that c-arcs

do not cross each other.

Figure 5.10
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Then we get a reduced spherical picture over 3=<c,x;xc xc ..xc n> from P

where h.= cm (i=1,...,n). But it is impossible because 3 is a one-relator

ordinary presentation and so every spherical picture over 3 has a dipole [12].

5.3.1 Length 4 case

Proof of Theorem 5.2.8. We consider P¥ = < H, t ;t2ht2g > (h = alb, g =

a *d). Then we will prove that is aspherical if and only if h_1g has
infinite order. Suppose that h *g has finite order. Then (t*)2 = (h *g) 1 so
t* has finite order. But by Lemma 5.2.2, it is impossible. Suppose that h~g

has infinite order. We consider the following:

Figure 5.11
where A(a)=h, A(/?)=g, AD=1, A(y)=1

(i) No relation of the form (h *g)nh ™ or g(h *g)n holdsin H.

Since every admissible paths have at least two of <§** or y* ¥ as the
constituent edges, if we let 6(a) = 0 = 6(f) and6(6) = 1 = 6(y) hen 6 is
aspherical.

(ii) (h *g)nh 1 or g(h *¢)n holds in H.
Since h and g generate an infinite cyclic subgroup of H, 3?7 is aspherical by

Lemma 5.3.1.

To prove Theorem 5.2.9, we need the folllowing Lemmas. Let
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9% = < H, t ;t3htg >, where h = a_lc, g = altd.

Lemma 5.3.2.If h *g has infinite order then 9% is aspherical.

Proof. By the same argument as the "if" part of the proof of Theorem 5.2.8.

Lemma 5.3.3. & is aspherical except possibly if one of the following hold:
(i) hg = 1L
(i) hvi=1 or (gVI= 1y
(iii) (h 1g)2 = 1;
iv) 2 = 1 or (g2 = 1.
Proof. We will use curvature argument as in §5.1(4). Let P be a reduced
strictly spherical picture over & . For each m-gon of P (including the outer
annular region) we give 0(c.)= (m-2)/mfor i = 1l,...m. Then (5-5) holds. So
there exists an exceptional disc 4 such that

0(Cj)+ 0(c2)+ 0(c3)+ 6(cJ < 2
because all discs of P have four corners. Since the smallest non-zero value of
6 is 1/2 and the next is 2/3, one of 8" is 0 and one of O(c" is 1/2. Thus

A is as follows.

Figure 5.12

where one of A,B and C is a 4-gon. (Note that A,B or C could be the outer
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annular region.) Now we study the possible labellings of A,B and C. We note

that the following labellings constitute dipoles:

k(es )
h Cev
Figure 5.13

(1). A (or B) is a 4-gon

@ (ii)
Figure 5.14
First we consider the situation (i).
(1-1) A(e 1)= 1 then A(c4) must be h.
(a) A(c )=1 (impossible)
(b) A(c2)=h
2
A(c )=1 then we get h =1
2 -1
A(e3)=g then we get h g =1
(c) A(e2)=g
A(C3)=1 so we get hg=1
(1-2) A(c3)=h then A(c4) must be 1.

(@) A@)=1
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2
A(c3)=h then we get h =1
then we get hg=1
(b) A(c2)=¢g
21
A(c3)=h so we get hg =1
In the situation (ii), if >1(0"=1 then A(c*) must be g and if A(Cj)=g then
A(c) must be 1. So we get the results for the situation (ii) from the results

for (i) by exchanging g and h with each other.

(2). C is a 4-gon

@ (i)
Figure 5.15
We note that A(Cj)*1l.
(2-1) A(et)=h
(a) A(c2)=1
2
A(c4)=1 then A(c3) is h or g. So we get h =1 or hg=1.
A(c4)=g then A(c3)=h. So we get h2g-1.
(b) A(c2)=g
A(c™)=1 then A(c3)=h. So we get h2g 1=1.
. -12 %,—1
A(c4)=g then A(c3) is 1 or h. So we get (hg ) =1 or gTi =1.

(2-2) A(c2)=g and (ii).
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As mentioned in the second part of (1) we get the results from (2-1) by

exchanging g and h with each other. So we can get the conclusion.

Lemma 5.3.4. 9% is aspherical except possibly if one of the following hold:

(i) hg=1;

(i) h2g"'=1 or (gh’1=1);

(iii)) h3=1 or (g3=1);

(iv) h2=1 or (g2=1).

Proof We will use once again curvature arguments. Let P be a reduced
strictly  spherical picture over & . In this case we assign two types of
angles. Firstly, for each disc of P which is adjacent to a 2-gon, we give the

angles as follows:

Figure 5.16
where 0(cl)=0,2 8(c) = 8(%) = 3/4 and 8(c3)= 1/2.
Otherwise 8(c*= 12 (i=1,2,3,4). Then (5-4) holds. Thus there exists an
exceptional region O (which could be the outer annular region) such that
£ 0(c]) > m-2.
Since the largest value of & is 3/4, it is impossible for m”~8. And P has no

subpictures as follows:

Figure 5. 17
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So we have only three possibilities for G.

Figure 5. 18

From (i) we get g3=l or h3=1. From (ii), we get g2=1 or h2= 1.The case (iii)
is the same as in the first part of proof the of Lemma 5.3.3. So we get
the conclusions.

If we combine Lemmas 5.3.2, 5.3.3 and 5.3.4, then we get the following
result:
Lemma 5.3.5. 9% is aspherical except possibly one of the following hold:
(i) hg=1, (h'V -I;
(i) h2g =1, (=1 or (gV *1, (hIpn=1)
(i) h2=1, (h')“=1 or (g2=1, (h'R“=1);
(iv) h3=1, (hIg)*“=1 or (g3=1, (h'lg)*=1).

So we get the conclusion of Theorem 5.2.9.

Proof of Theorem 5.2.10. We consider 9* = < H,t ; (t*)2 >, where h = a *b.

By Example 5.1.11, is aspherical.
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Proofof Theorem 5.2.11. We consider 9* = < H, t ; tdh >, where h = a *d. We
will prove that 9* is aspherical ifand only if h has infinite order. If h has
finite order then talso has finite order. It is impossible byLemma 5.2.2.

Suppose h has infinite order. Then by Lemma 5.3.1, 9* is aspherical.

Proof of Theorem 5.2.12. We consider 9 = < H, t ; t3hth >, where h = a *c. We
will prove that 9 is aspherical ifand only if h has infinite order. If h has
infinite order then 9  is aspherical by Lemma 5.3.1. Suppose that h has finite
order. Then we can get the following reduced picture over 9 , for example,the

order of h is 5. So 9 is not aspherical.

Figure 5. 19

5.3.2 Length 5 case

Since the methods are similar to the length 4 case, we will just give
outlines of proofs.
Proof of Theorem 5.2.13. We consider 9 —<H,t;t3htgtk> (h:a'lc, g:a_ld,

k=a”e). Since 9 satisfies C(4) and T(4), we get the result.
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Definition We call the following subpictore a double 2-gort.

Figure 5.20

Lemma 5.3.6. Let P be a vreduced strictly spherical picture

over

&= <Hmx,xaxbxcxdxe> -where a,b,c,d,e are elements of H. If P has no double

2-gons, then P has an exceptional disc A as follows:

Figure 5.21
where one of A, B, C is a 4-gon. (Note that AB, or C could be the
annular region.)
Proof We will use the curvature arguments in §5.1.(4). For each m-gon
(including the outer annular region), we give 6(c)ac(m-2)/m(i=1,...,m).
(5-5)  holds. So there exists an  exceptional  disc A such
O(c )+ ...+ 0(c5<2. Since the smallest non-zero value of & is 1/2and the

is 2/3, two of 0(0" is 0 and one of O (is 1/2. Thus we can get the result.
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Proof of Theorem 5.2.14. We consider & * <H.tjt""gtk> (h=a 'b.g-a 'd.k-a *e).
Since a reduced strictly spherical picture P over 9* has no double 2-gons, P
has an exceptional disc like Fig.5.21 by Lemma 5.3.6. Then we can get the

result from the possible labellings of A,B,C.

Proof of Theorem 5.2.15.

(@ 9 — < H, x ; xaxaxaxbxc >.

We consider & = <H,t;t4htg> (h:a_lb,g:a_lc). By a similar argument as the "if"
part of the proof of Theorem 5.2.8, if h"g has infinite order then & is
aspherical. Now we will use the curvature arguments. Let P be a reduced
strictly spherical picture over & then P may have discs of 4 different types.

We give angles as follows:

Figure 5.22

we give 0(c,)=0(c )=0, 0(c )=0(c )=3/4, 0(c)=1/2;

Figure 5.23
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we give 0(c )=0, 0(c)=1/2 (i=2,3,4,5);

€)

Figure 5.24
we give 0(CP>=0(c2)=0, 0(c3>=0(c4>=0(c5)=2/3;
(4) otherwise, we 0(c.)=2/5 (i=1, ,5). Then (5-4) holds. Therefore there is
an exceptional region & (which could be the outer annular region) such that
m

£ 0(c]) > m-2.

i«l

Since the largest value of 0 is 3/4, itis impossible form?2:8. So it is enough
to consider 4- or 6-gons. In 6-gon case, O has atmost three 3/4-corners
because 3/4-corners cannot appear consecutively (if so,they form a dipole).
If B has a 3/4-corner then it must have at least one 1/2-corner. Therefore
only the <case that B has three 3/4-comers, two 2/3-comers and one
1/2-corner can be considered. But this case also is impossible because if B

has three 3/4-coraers then it must have at least two 1/2-comers. So we have

the following possibilities for B.
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Figure 5.25

At any case, all labels of corners of G cannot be 1. So we can get the result
from the possible labelling of each 4-gon.

(b) < H, x ; xaxaxbxaxc >.

We consider 9* *= 3ht2g> (hﬁflb,gﬁa'lc). By a similar argument as the "if"
part of the proof of Theorem 5.2.8, if hlg has infinite order then 9’ is
aspherical. Let IP be a reduced strictly spherical picture over 9* Then IP has
no double 2-gons, so it has an exceptional disc like Fig.5.21. We can get the

result from the possible labellings of A,B,C.

Proof of Theorem 5.2.16. We consider 9* = <H,t;t2(th)2tg> (h=a lb,g=a Ic). Let P
be a reduced strictly spherical picture over 9 . Since P has no double 2-gons,
P has an exceptional disc like Fig.5.21. So we can get the result from the

possible labellings of A,B,C.

Proof of Theorem 5.2.17. We consider 9* = <H,t;t3h*gth> (h=a’lb,g=a *). Since a
reduced strictly spherical picture over 9% we get an exceptional disc like
Fig.5.21. But in this case at least one label of corners of A,B,C is 1. So we

get the result.
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Proof of Theorem 5.2.18.

(a) < H, x ; xaxaxaxaxb >. We consider .9'=<H,t;t5h>. By a similar argument of
the proof of Theorem 5.2.11, we get the conclusion.

(d) < H, x ; xaxaxbxaxb >. We get & ==<H,t;t3ht2h> (h=a'lb) by changing
variable. Suppose¢ that h has finitc order. By Tictze transformation u-tzh, we
get <H,u;ush'l>. So u has finite order. Then tlh has finite order.By Lemma
5.2,2, & is not aspherical. Now we supposc that h has infinite order. Then
9 is aspherical by Lemma 5.3.1.

(©) < H, x ; xaxaxaxbxb >. We consider # = <H,t:t'hth> (h=a'lb). By a similar

argument of the proof of Theorem 5.2.12, we get the conclusion.
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Chapter 6. Homology, cohomology and efficiency of Coxeter groups

In this chapter we will compute the second integral (co)homology of
aspherical Coxeter groups and consider the efficiency of Coxeter presentations
and Coxeter groups. This work is related to the theme of the rest of the
thesis, since it makes use of generators of m, of aspherical Coxeter

presentations (already computed in [38]).

6.1. Notation and statement of results
Le¢ ' = (v,e) be a finite simple graph, let e+ be an orientation
of e and let
e — {2,3,...}
be a function with ¢(e'l)=¢(e) (c€e). Let € = €I,¢) be the presentation

) (e€e+) >.

6-1) < v; v (VEW), (e)T(e))
We call € a Coxeter presentation and the group C defined by € a Coxeter group.
For cach ¢E€e, we call ¢(e) the weight of e.
Definition [38] € is called aspherical if it satisfied the condition: If
€ € €, are three distinct edges of I" which form a triangle then
1/4>(el) + 1/¢(e2) + 1/¢(63) < 1.
Let Adj(v) = {e ; eEe+, one of endpoints of e is v}. We call an edge of I

even (odd) according to whether its weight is even (odd). We call a vertex

even if all edges in Adj(v) are even. A vertex which is not even will be

called odd.
Notation
m= |v]
n=let|

. +
n; the number of even edges in e
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n; the number of odd edges in e+
I"i; i-th component of I' after removing all even edges (i=1,...,d)
Ti; a maximal tree of I‘i Gi=1,...,d)
\x the sct. of all vertices of 1"i (i=1,...,d)
d

[ ; the number of edges in et lying in U r\T)
i=1

; ; the number of edges in e+ of weight=3
t ; the number of w~-equivalence classes on the set of edges in e+ of
weight 2, where ~ is the equivalence relation defined as follows.
Let A={ e€e+; ¢(e)=2}. Let us write e~nf for e,f€A if ¢ and f form two edges of

a triangle whose third edge is odd. ~ is the transitive closure of «~.

We first discuss the second homology and cohomology.
Howlett proved the following Theorem.
Theorem 6.1.1. [26] The Schur multiplier of C is an elementary abelian

2-group of rank n+t+d — m.

“Corollary 6.1.2. Suppose the following holds.

(6-2) I has no triangle €85€3 with ¢(e])=¢(e2)=2, and ¢(e3) odd.

Then H2(C') is an elementary abelian 2-group of rank n+d-m.

Corollary 6.1.3. If € is aspherical then HZ(C) is an elementary abelian

2-group of rank ne+l.
An alternative proof of Corollary 6.1.3 has been given by Pride and StShr

[38]. We will give a third proof of this result by using the following

Theorem 6.1.4. Similar calculation using Theorem 6.1.4 will enable us to
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compute cohomology.

Theorem 6.1.4.[38] If # is aspherical then W0 is generated by Pv (VGYV),

PV(e€e+), OC(eSe+).

Figure 6.1
Theorem 6.1.5. If C is the Coxeter group defined by an aspherical Coxeter

2
presentation then H (O is an elementary abelian 2-group of rank d.

We now consider the efficiency of Coxeter groups.

Theorem 6.1.6. The Coxeter presentation is efficient if and only if T has

no odd edges.

Theorem 6.1.7. The Coxeter group C is efficient if (6-2) holds.

Corollary 6.1.8. The Coxeter group defined by an aspherical Coxeter

presentation is efficient.

We have not been able to decide about the necessity of (6-2) in Theorem

6.1.7. In this connection, consider the following example.
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Example 6.1.9. Let f be a graph as follows:

a

Then we get the presentation
# = < ab, ¢, d ; a2, b2, c2, d2, (ab)2, (ac)2, (ad)2, (be)3, (cd)5 >.
Now we perform a sequence of Tietze transformations as follows:
let be=t, then b=tc

at, o, dias (o’ &, tatey’, (acy’ ©, & {ad), (cd) >

A

l=atcatc=atcact 1= [a,t]

A

2 2 2 2 .2
a t, ¢ d;ar o), & [ath@) )} ¢, dh@dyT (ed) >
3 33 4
let x=at, then x"=a’t =a and t=ax=x
A
<x e dsd AN @YX e en’s
4 4 7
1=Xx"cx ¢=xcX ¢ = XcXcC

A
2@y 7 xo.d (x d) , (cd) >

< X, ¢ d

(x3c)2 is aconsequence of (xc)2and c2

< x, o Od M2 30 03y o, d, (xd), (cd) >
let y=x3c’d, then f/ x> ((’:'di) -3

< Xec dy; ¥, ()Ecz) , 02,'(x3d)",2’(f ,’(c’df, y=x3cd, y5=x3;
cd=x3y=y6 and (cd)5=y3° and d=cy6

< Xoeysyek ol o 6 Yy oy L Sy B

(yscyﬁ) i(c§1) and (cy6)2 is a consequence of (cy)2 ané c

-1
B

oN

-15_-3
> yeye , yx o >,

10
_<XaC,y;y,XCXC
By Theorem 6.1.1, d(0=2+1+2 - 4=1 but x(*')=3. So is not efficient. But we

cannot apply Theorem 1.4.3 to prove that W is minimal. Because the following

picture belongs to agenerating set for n”G’) and so ysx'3N+y5x'2N+y5x-1N,
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1+yN+y2N+y3N+y4N, 1+cx’N are contained in where N is the normal
closure of the relators of in the free group on {x,c,y}. And the numbers of

terms of them are relative prime.

0

2
6.1.2 Calculation of H*CC) and H (C) of aspherical Coxeter groups

Let ? be an aspherical Coxeter presentation as in (6-1). Then Theorem
6.1.4 enables us to work out the maps d% d3 in (1-4).
For  computational reasons it is useful, in part, to work with

2[i/2j-coefficients, rather than 2-coefficients. Thus we let

D2 = ( © Z[i2]ay) © ( © +Z[i/2]ae)
vev eee
D, = © Z[i/2]tV
vev
D* = ( © Z[i2]a*) © ( © +Z[i/2]a*)
vev eee
D* = © +2[1/2]be*
eee
And we let (resp. Pj, P», P* ) consist of the elements of (resp. D*, D~,

) whose coefficients lie in 2.
For vev, let

X=a + T 4e)/2 a GD
VooV ee Adj(v) e 2

and for eee +, let

fe- *(e)fi (at a ) eDj  (e-1).
c

Define maps
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S D2 ————— >D ., a, 1—>2tu, a, —>0(e)(t

+
1 ey ey
. - ----- > 4c 4c . >- 4c 4c . > 4c
S D2 D3, a i 14 - 0(e)b o 2o 2b o
e G Adj (u)

Then the maps 6" and 37 in (1-5), (1-8) are the restrictions

S3 © +2be ———————— >P2, be —>2p o
e€e
S, ® 7t - > P, t  +—>2A
2 \% 2 v v
vGv

Now we will prove Corollary 6.1.3 and Theorem 6.1.5. To do this, we need

the following Lemmas.

Lemma 6.1.10.(1) {av (vGv), p" (eGe+)} is abasis for D™
(i1) KerS is generated by the elementsp%eGe#— ).
(iii)) Ker<52= KerJflP" is generated by
p” (eGe+ ;even)
2p (eGe+;0i))
p” (cyoddclosed path), where an closed path isa path

consisting of odd edges, and if e.,...,e are the edges making up c then
k n

NC“ 1£1Vi

Proof (i) and (ii) are clear. For (iii), let

p = p t..tp
|

be anelement of Ker”, where e”,...,e" are distinct odd edges. Itsuffices

to show that p is a sum of c P ’s (c;odd closed path),since6p (e;even)and

2pe are eclements of KeKSZ Let /(el):(Y and r(e lev Since pG P2 one of the
other e¢.’s, which we can assume to be without loss of generality, must have

Vj asone of its endpoints. Now replacing e by e”l if necessary,we can
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assume that i(e )=v . ( This replacement is permissible, since

o2 =fi - fx o+ jx o+ ..+ ix
e e e e e
2 1 2 3 k
= n + ix -1+ fr o+ +
e e f fxe
1 2 3 k
and 2/i eKer<5_.) Let r(e )=v_. Since r is simple v . So there must exist
e 2 2 2 2 0
2
another edge, say with one endpoint v~. By a similar argument to the
above, we can suppose that /(e )=v_. Let r(e )=v _. If v_ is v then eee is
3 2 A\ 3 3 0 12 3
a closed odd path. Otherwise, there exists another edge, say e4, with one
endpoint v~. And so on. Eventually we must get a closed odd path c¢ . By
induction fx - ;x is a sum of /i ’s (¢ a closed odd path).
G C
. * ’j> . . .
Lemma 6.1.11. (i) {A" (vev), (eEe )} is a basis for D
(i1)) Ker<S is generated by the elements Ay (vev).
(iii)) KerJ® = Ker<S (TP" is generated by
2Ay (vev, xlodd), £ i=1,....,d).
vVev.
1
Proof, (i) and (ii) are clear. For (iii), let
A=A + ...+ A
A% A
1 k
be an eclement of Ker<5", where v*,..., v7*are distinct odd vertices. It
suffices to show that A is a sum of £ A, since2A  (vev, v;odd) are
Vev
% 1

elements of Ke1<53 and each even vertex -constitutes a Vj for some 1=1,...,d.
Let V={v", ... , v*}. We claim that if veV then allvertices of r joined to
v. by an odd edge are also in V. Forsuppose that v is joined to v by an odd
edge e. If vgV then the coefficient of a; in A would be 0(e)/2 £Z.

It now follows that V is the union of some subsets v., ... ,v. of the
i P
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Now a Z-basis for Ker<I2 is obtained as follows. Fix a base vertex of T]
= * A
and for each eET 1 let the closed ?ath c, e, where Cy and c; are

geodesic paths from the base vertex to the initial and terminal vertices of e

in T. like Fig.6.2.

Figure 6.2.

If c = ej -ejcis any odd closed path we have

s c ¢
[§ (S
1 k

Also fi = 0 if eET.. Thus we get the following Lemma.
e

Lemma 6.1.12. A [-basis for Ker” consists of
HC (eEe+  even)

2n (e€e +,0dd edge in U T.)

H (e€e +;0dd edge outside U T.).
i=1

Now we take a Z-basis for Ker<53_. For each 1, let A1.= Y Q and let V. be

VEVl

the set obtained from v. by removing one vertex. Then we get the following

Lemma.

Lemma 6.1.13. {Aj,...~, 2Ay (v€v., i=1,...,d)} is a I-basis for Ker<”,

And we get the following Lemmas from Theorem 6.1.4.

Lemma 6.1.14. (i) In<5" is generated by

112



2/i* (efLe +3w/j)

2p (e€e + lodd edge in U T.)

2/1'C (e€e+ lodd edge ou}szia}el 6 T])
e i=1

(i) Im<$2 % Senerated by
2A. (i=1,—,d)
2AN (50dd).

By Lemmas 6.1.12 - 6.1.14, we get Corollary 6.1.3 and Theorem 6.1.5.

6.1.3 Efficiency
Consider a presentation 3? = < X, y ; xz, y2, (xy)20+1, r >, where xGx and
a is a positive integer. Let z£xU{y} and s be the set obtained from r by

replacing all occurences of y in each relator R6r by xz°. Then we get another

- +
presentation § — < X, z ; xz, xz °xz° 1, s >. We call this the deformaton of 2
at y.
Lemma 6.1.15. 2 and 2" define the same group but = X(")-1-

Proof. We will use a sequence of Tietze transformations.
2 = <X,y ;x%, yz\ (xy}gﬂ\ r >
replace y with xy
< X, ¥ ; X2, (Xy)2, yx+1, r' >, where r' is the set obtained from r by

replacing all occurences of y in each relator RGr by xy

2
let z=y
2 2 20+1 2
<Xy, z3;Xx,Xy),y » ZTY L, T >
-0 20+1
y=z ,Z =T
2 -0.2 20+1

< x,z;x,&xz ), z , s >
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-a -1 a -a -1 -(a+1
XZ x 2zthen xz xT1=703"D
-a_a+l 2a+l
< X, Z ; X, XZ Xz , Z s >
2 ) Ixa -1 +l.a -1 l.a+1 ( +1)2
a a - a -1X - a a - a, -l1.a a
Z = XZ x:i(xzx3x=)i(z Yx =’ "TxZ'Xx F z
2a+1 .. . 2 , =-a a-+l
R/ is a consequece of X and’xz "xz
2 -a__a+l
< X, Z; X, XZ XZ , s > = 21N

Proof of Theorem 6.1.6. 1If T has an odd edge then # is not efficient by Lemma
6.1.15. Suppose that all edges of # are even. Then by Corollary 6.1.3,
DC) = 1-0+n.
And
X(® = 1l-m +(n+m)=1+ n.
Thus # is efficient.

d
Proof of Theorem 6.1.7. Let + = U T.. Then we will perform deformations at

extremal vertices iteratively. For example, let

= < a, b, ¢, d; a2, b2, c2, d2, (ab)3, (ac)s5, (be)3, (ad)2, (cd)3 >.

. V1

Firstly, we perform deformation at a, then we get

A= <b,e,d,z:b ez ) ez 2ez (be) ez Ay (cd) >.

i* o

Performing deformation at b gives us

f , = <c,d7,z,y;cz,d2,(cz-zcy-l)3 ,cz_zcz3,cy_ }:y2 ,'(cz-zd)z, (Cd)3 >,

cl, D

k<
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Once again, we perform deformation at c, then we get
#a - <d,z,y,x;éz,(dx'lzﬁiix 1y'153,1.1x']Z'zilx'lz3,jix'ly'iélx']yz,
dx'z72n? dx x>

kA
Let be the presentation obtained from by successively deforming all edges
of 0 in the above way. Then and define the same group and by Lemma

6.1.15,
XC&') = X*& ~ ( the number of edges of 0fle+ ).
= I-m +(m+ne+n0)-(n0—/)
= l+n +/
e
because the number of edges of <Pfle+ is equal to ©0-” Since /=nQm-+d, by
Corollary 6.1.2, we get
uC) = I+(n+d-m)
= I+(n +/-n0)
= l+n +/.
e

Therefore is an efficient presentation for C.
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