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Abstract

A new type of space debris was recently discovered by Schildknecht in-near
geosynchronous orbit (GEO). These objects were later identified as exhiibperties
associated with lgh Areato-Mass ratiofHAMR) objects. According to their brigness
magnitudes (light curvehigh rotation rates and composition properties (albedo, amount of
specular and diffuse reflection, colour, etc), it is tHdudpat these objects are midgier
insulation (MLI). Obserations have shown that this debris type is very sensitive to
environmental disturbances, particularly solar radiation pressure, due to the fact that their

shapes are easily deformed leading to changes irédseto-Mass ratiqAMR) over time

This thesisproposes a simple effectikexible model of the thin, defonable membrane

with two different methoddrirstly, this debris is modelled with Finite Element Analysis
(FEA) by using BernouliE u | e r t h eBernoylli ntoadl elreoBernéulli modelis
constructed withbeam elements consisting 2 nodes @agh node rasix degrees of
freedom(DoF). The mass of membrane is distributed in beam elem8etondly, the
debris basedn multibody dynamicsheoryc a | | A Mu | t isrhodaled asnasase | 0
of lump massesconnected through flexible joints, representing theilfiéty of the
membrane itselfThe mass of the membrane, albeit low, is taken into aceeimtiump
masses in the jointsThe dynamic equations for the masses, including the reomst
defined by the connectinggid rod, are derived using fundamental Newtonian mechanics.
The plysical properties of both flexible modekquired by the mode(membrane density,
reflectivity, composition, etc.),ra assumed to be those of mialfer insulation. Both
flexible membrane modelarethen propagated together with classical orbital and attitude
equations of motion near GE@egion to predict the orbital evolution under the
perturbations of s ol gaavity field thni-solar g@wntatignal fefds u r
and selfshadowingeffect These results are then compared to two rigid body models
(cannonball and flat rigid plate). In this investigation, when comparing with a rigid model,
the evolutios of orbital elements of the flexiblenodek indicate the difference of
inclinationand secular eccentricity evolutions, rapid irregular attitude motion and unstable

crosssection areaue to a deformatioonver time.Then, the Monte Carlo simulations by
varying initial attitude dynamic§y , ¢, ) and deformed angleg( ) are in\estigated

and compared witliigid models over 100 days. As the results of the simulations, the



i
different initial conditims provide unique orbital motions, which is significantly different

in term of orbital motioa ofboth rigidmodes.

Furthermore, this thesipresents a methodology to determine the material dynamic
properties of thin membranes and validates deformation of the multibodyodel with

real MLI materials. Experiments are performed in a high vacuum chambé&mqtar)
replicating space environmem thin membrane is hinged at one end lbeefat the other.

The free motion experimenthe firstexperimentis a free vibration test to determine the
damping coefficient and natural frequency of the thin membrane. In this test, the
membrane is allowed to fall freely in the chamber with the motion tracked and captured
through high velocity video fraes. A Kalman filter technique is implemented in the
tracking algorithm to reduce noise and increase the tracking accuracy ofciletiog
motion. Theforced motion experimentthe last testis performed to determine the
deformation characteristics did object. A high power spotlight @82000W) is used to
illuminatethe MLI andthedisplacements are measured by means of a high resolution laser
sensor. Finite Element Analysis (FEA) and multibody dynamics of the experimental setups
are used for the valation of the flexible model by comparing with the experimental

results of displacements and natural frequencies.
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11l ntroducti on

This chapter presents an overview of space debris and impact hazards to satellites and tl
development history of orbital debris models. The discovery of High-fééass Ratio
(HAMR) debris and thie properties are then described. This is followed by state of the art
review of the different methodologies and approaches developed for orbital motion
prediction of HAMR debris. Finally, the research motivation, objectives and the thesis
structure will ke presented at the end of the chapter.

1.1Space debri s

Space debris igenerallyclassified in two groups: natural (meteoroid) and artificial (man
made)particlesby the InterAgency Space Debris Coordination Committee (IADC). As
the results of 50 years of spaceflight, space activities have led to the increase in the numbe
of the marmade objects from launchers (e.g. rocdpperstage, fairings, adapters etc.)
anddeployment of payloads (e.g. satellites and objects lost from astronauts ). In Septembe
2012, the U.S. Space Surveillance Network (SSN) was able to track more than 23,00C
objects with sizes larger than 10 @and only one thousand of these were operationa
spacecraft.By extrapolation, objects larger than 1 cm could amount to over 750,000
pieces. However, scientists estimate that the total number of space junk objects larger tha
1 mm to be more than 170 million. Due to the hypervelocity of debris, iorthez of 2.88

km/s, even orbiting paint flakes can damage active satellites as shdvigune 11. In

order to investigate the damage brought onroglsdebris on a satellite a joint National
Aeronautics and Space Administration (NASA) and European Space Agency (ESA)
investigation was performed. The results Rigure 11(b) and Figure 11(c) are clear

evidence of the critical risks to satellites from debris impact.
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The walls of spacecraft and rocket bodies are much thinner than this block. A 4-inch-wide (10 cm) particle
impacting a spacecraft would likely result in a catastrophic disintegration.
CREDIT: ESA

(©)
Figure 1.1: Damage image detection from NASA(a)A tiny piece of space junk (a paint fleck) damagec
the window of the space shuttle during the ST mission(Photo: the NASA Orbital Debris Program

Office (ODPO))(b) The i mage is from the orbital debri s
experiment. (c) A damage from collision with a tiny fragment with high speed of 6.8 km/s from ESA.
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Figure 12 reports the time evolution of the catalogued space debris objects from 1956 to
2013. This |l atter cl as s ients@dulting momdbreakups drey
a major of the total populations. Two spikes can be clearly noticed in 2007 andr2009.
January 2007, directascent antsatellite (ASAT) vehicld1] was successfully testduy
destroying an inactive Chinese Fengyun 1C -(EY) weather satellite. This impact
generated more than 2,300 pieces of trackable debris and about 1 million pieces of 1 mn
larger more debris than any previous space incidiefiiebruary 2009the defunct Rusan
military satellite, Cosmos, collided into one of the active U.S. communications satellite,
within the Iridium constellation, at 790 km above Sib§2ja

Monthly Number of Objects in Earth Orbit by Object Type

==Total Objects
—Fragmentation Debris
13000 —Spacecraft

—Mission-related Debris

—Rocket Bodies

Number of Objects

957
959
961
963
965
967
969
971
973
975
977
1979
1981
1983
985
987
989
991
993
995
997
999
2001
2003
2005
2007 4
2009
2011
2013

Figure 1.2 Number of Catalogued objects in Earth orbit by Object Types: This chart shows a summary

of all objectsin Earthorbi t ofycially catalogued by the U.:!
includes satellite breakup debris and anomalous event debris while missieredated debris includes all

objects dispensed, separated, or released as part of the planned missifDrbital Debris Quarterly

News, January 2013]

Both events generated the worst satellite breakups in history. The SSN reported that a tote
of 5579 had orbited into Low Earthrit (LEO) but over 5000 piecesere still at their
impact orbits in January 2013. The major of fragment decays were from the Iridium 33 and
Cosmos 2251 because of their lower altitudes. Comparing the orbital lifetime of the debris
from Iridium 33 and Cosmos 2251, the former had shortémfitethan the latter due to the

use oflightweight composite materials the construction of the Iridium spacecraft, which

have higher Are#&o-Mass ratio (AMR) properties. In addition, some of thousands of



4

fragments down to the millimetre size regime conbt be tracked by the SSN. These tiny
fragments are however still large enough to pose a risk to human space activities due t
their very high velocities.

Following the exponential growth of debris objects, there may occur an unbalance betweer
therate® production from collisions and the
syndromeo from NASAOGs Donald Kessler who
amount and density of debris in Idwarth orbit reaches a critical mass resulting in a
cascading and stochastic debris environment, creating an increasingly greater likelihood of
collisions. InFigure 13, it shows NASA generated computienages of orbital debris
currently keing tracked in Low Earth Orbiand Geostationary Earth orbit (GEO).
Currently there are loose international guidelines, set forth by the NASA&A] which

set the requirements for the deorbiting of spacecraft in WHBIn 25 years of launch.
These guidelines have been developed to mitigate the possible exponential growth in the

number of mammade space objects.

a) b)

Figure 1.3 Image of space junk surrounding Earth by computer from NASA Orbital Debris Program
Office (a) LEO (b) GEO.

1.2Devel opment of orbital debri s

The NASA Orbital Debris Program Office (ODPO), established since the 1970s, has
undertaken to conduct a measurement of the space environment (e.g. observation data
collision and explosions of spacecraft and upper stages) to understand the nature of th
predicted debris environment. The first model developed was the Evolutionary debris
environment model, EVOLVEyhich wascapable to describe a edenensional model of

the orbit debris in LEO environment between 200 and 2000 km. As well as serving as
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standalone models for simulating the initial characteristics of debris clouds in Earth orbit,
the breakup model criti cal Heym satéllteepopulationt h e
environment model. This model is albdeprovide the estimation of size distion, AMR

and velocity distributions. The current version, EVOLVE {814], is updated with the
database of observation data and the validation of debris size in range from 1 mm to 10 cn
of debris test by AniMeadr [5]. In addition, the standard breakup model in EVOLVE
would encounter problems when the debris quantity from collision was more than a few
hundred pieces. Li YiYoung [6] presented a faster and more precise algorithm for
calculating the debris cloud orbital lifetime and characterisation from spacecraft collision

breakup.

In order to investigate the orbitle i s i n GEO, AGEO EVOLVE !
ODPOQin 1999. This was the GEO region version of EVOLVE 4.0 and the first attempt by
NASA to simulate the GEO environment. Initiglthere was no information on the actual
position of the GEO object and theodel estimated the probability of a future collision
event through a spatial density representation of two objects within a box that included the
region of mutual orbital crossing. This effected to slow precession of the node and
argument of perigee in GEQherefore, a new model to improve the overestimatioheof t
future collision rate in GEQvas required. The GEO EVOLVE 2[@] was developed in
2004, to address two main issues. Firstly,dbeelopment traffic database was upgraded to
include more parameters suchirsertion node, argument of perigee and mean anomaly of
all launches from 1957 to 200%econdly, two new orbital propagation codes (GEOPROP
and PROP3D) take into account orbpalturbations: atmospheric drag, lunar gravitational
orbital perturbation, solar radiation pressure perturbation, Earth gfeatdyzonal(J,, %

and J) and tesseral £3, b1, Ja2, Ja4) har monics perturbation
effects, as wieas including more precise fragment ateanass estimation from improved

observation data

Motivations to develop a new model of replace EVOLVE hinge on two reasons. Firstly, a
onedimensional description in altitude of the debris environment is inededo address

all issues. Secondly, with an increasing numbespace debris, there was a requirement

build a fullscale debris mode to describe the fearth environment from Low Earth
Orbit to Medium Earth Orbit (MEO) and to Geostationary EartiitOabove. These
concerns were addressed with A LEGGEO Environment Debris model, (LEGENES,

9]. This model is capable of describing debris characteristics (e.g. size distribution, spatial
density distribution, velocity distributigrilux etc.) as functions of time, altitude, longitude
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and latitude. Moreover, LEGEND was updated with a historical simulation component

(19572001). However, all debris in these models are assumed to be rigid object.

In 1995, ESA developednaorbital debr s mo d e | called nMeteor
Terrestri al Envir onme n t[10RTit maded was atrodoced ® | 0
analyse space debris flux and spatial densities in a 3D control volume spanning from LEO
to GEO debris larger than 0.1 mm. The debris originated from explosion and collision
fragments, dust, solid rocket motor, lunches andsionselated objects, meteoroids and
surface degradation products, were observed by the Tracking & Imaging Radar (TIRA),
European Incoherent Scatter Scientific Association (EISCAT), Goldstone and Haystack
radars, the ESA Space Debris Telescope (ESASDTpatabase and Information System
Characterising Objects in Space (DISCOS). In 2004, the debris surveys uncovered anc
unexpected debris populatiqdl, 12]. These objects presented highly eccentric orbits
rapidly changing orbit parameters, and varying brightness. The possible sources of these
objects were suspected to be thermal insulation or multilayer insulation (MLI). Fl&yel
investigated the orbital dynamics of this debris type and concluded that it was a rigid

object with effective crossectional area 4 ), considering the maximum surface of the

reflectivity I:o%eformation D tQ]blin)

that were modelled by the reduction in crssstional area due to tumblin® .,):

object (A), times a product of three coefficientg, = A

deformation Ogqmaion), @Nd finallyactual reflectivity O, gecqy)- A Uniform distribution

of values of the coefficients within their respective bounds was used for the propagation of
the debris objects and then integrated and propagated in MASTER (version 2009). The
predided results compared well with tbeservations of the GEO region.

1.3Di scovery of High area to mas

As mentioned above a new population of uncatalogued objects in GEO was detected ir
200411, 12]. Thisfirst observation, acquired in the framework of the European Space
Agency (ESA) for space debris in GEO and in the Geostationary Transfer Orbit (GTO),
was discovered by the Astronomical Institute of the University of Bern (AIUB). New
HAMR objects were therdetected by the one metre ESA Space Debris Telescope
(ESADAT), located in Tenerife, Spain, and the one meter Zimmerwald Laser and
Astrometry Telescope (ZIMLAT), in Switzerland. Earlier studies had shown that the
characteristics of HAMR debris werkarge @centricity and inclination due to solar

radiation pressure (SRP) effeahd the orbital evolution of these objects significantly
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differs from debris with low AMR. The characteristics of the debris light curve were then
used to determine the sizes, attguthotion and possible composition of the HAMR
objects. The light curve investigations by F{iH] indicated that brightness of cannonball
objects and rigid sheet objeattearly showeddifferent brightness. The very rapid attitude
motion due to SRP torque resulted in rapid brightness ch@hfesAll current observed
daa of HAMR objects[16] have been collected several years and suggest that HAMR
objects vary their AMR values throughout their orbitetion. It is also wortmoting that

they can change their geometry (deformation) ovee.tim

In further investigations, Lio{il7] studied the orbital dynamics of this kind of debris from

the same initial data as Schildknecht. It is thought that this debris originates from thermal
blankets or MLL.The @At her mal bl anketo is used to
typical spacecraft as well as individual components to minimize heat transfer by separating
the individual layer either by spatial separation or by insertion of low conductance spacer
material. Multiple layers of thin, metalized sfitate materials are combingdom
insulating blankets as shown kigure 14. The basic substratese extremely thin layers

of PET® (Polyethylene terephthalate), Kapfoand Tefloff. These substrates, are coated
with very thin metal (aluminium, gold or silver on one or both sides of substnate) a
thickness in the or dghtandflexible@i®avdlow oatgassing e |
properties under vacuum environment. For example, AMR of°RE&h have an AMR of
111.11 nilkg. The satellite bus may be covered by more than 20 layers while a sun shield

for radio frequency antenna typically consist less than five layers of MLIL§].
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Figure 1.4 Multilayer insulation installed with real applications a) MLI Film sample from Dunmore b)
Multilayer insulation blanket to the Thermal Infrared Sensors (TIRS) for Landsat satellite for the
Landsat Data Continuity Mission (LDCM) from NASA website c) Multilayer Insulation Installed on
Anticoincidence Detector (ACD) and the MicroMeteoroid Shield (MMS) from NASA website photo
credit: Diane Schuster.

This hypothesis seems to be backed by anecdetdénce a®bservation of the Hubble
space telescope in 1998, found the degradation of Fluorinated Ethylene Propylefje (FEP
surface of the MLI around the telescdi€]. Moreover recent results of a statistic orbital
decay analysis of the AMR distribution from Fengyi@ breakud20] have been shown

that about 5% of the catalogued fragmentsehavA MR  %kg dnd around 1% have
AMR > 10 nf/kg (reaching to 90 fifkg). This spread is very similar results that of the
Cosmos 2252 fragment collision. However, the larger HAMR fragments generated by the
Iridium 33 resulted in a faster debris decay es®htry of 26% of the catalogued fragment
for AMR kOy lanmd 5 % f%kgas #hohR in Giguled.5.m
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Figure 15 Area-to-Mass Ratio distribution inferred from a statistical orbital decay analysis a)
Fengyun1C b) Cosmos 2251 c) Iridium 33nselmo, L., et al.[20, 21].

In order to investigate the fragments of Debris®&#) from an explosion of a spacecraft

[22, 23], Murakami experimented by shooting an aluminium alloy solid sphere (30 mm,
approximately 40 grams) through a satellite in two different areas as shdwgune 16.

The results of experiment can be seerFigure 17. Figure 18 shows that MLI is the
HAMR among other objects. The classific:é
experiments supported the thesis that MLI could possibly be othe sources of HAMR

objects.
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ShotF . _—
! Incoming projectile
i L1}
//L Solar panel
ShotR /.
Incoming projectile
H m
/I_ Solar panel

Figure 1.6 Shot F that shot through solar panel before. Shot R that was shot opposite side of the so
panel (Graphic by Murakami, J., et al. [23)]).

Figure 1.7 Overall of fragments a) Shot F b) Shot R3].
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Figure 18 Area to mass ratio from shot a) Short F b)Shot R (Graphic byurakami, J., et al. [23)]).
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131 The i nvestigation of ot®dMasal Rayn
delsr i

Having identified the HAMR debris populatiothe efforts were then focused on the
investigation of the long term orbital dynamics under perturbations (solar radiation
pressure and lursolar third body attraction). Initialjthe HAMR objects are assuthe
follow a simple cannonball model, which allows to neglect attitude motion and varying
AMR values.

Firstly, Liou [17] studied the orbital dynamics of HAMR objects in GEO using two
numerical solvers: SPCMdn PROP3D high fidelity orbit
method. The coefficient of reflectivity, @imensionless radiation pressure coefficicot)

the surface was considered to study the eccentricity and inclination evolution over
extremely long periods by Anselnj@l]. Results showed that tlt& as a function of the
AMR affected the variation ofnclination. Another study of the orbital motion Malk
[24-26] applied a Hamiltonian formulation of averaged equations of motion to develop a
semtanalytical theory for this type of debris over shamid- and longterm orbital motion

in GEO environmentswhich included the Earth shadow effect (cylindrical model)sThi
approach was faster than traditional numerical integration and much more accurate thar
analytical theories. All investigations agreed that the amplitude of inclination was
proportional to the AMR values and the resulted in periodic signifidaamges irterm of

eccentricity.

In conclusions, all the above studies approximated HAMR debris to the cannonball model,
which treats the object as a sphere with constant reflection properties aneks idpeor

coupling of orbital dynamics with attitude dynamics.

1.32Comul ed attitude and orbital dyna

In order to improve the accuracy of orbital prediction of HAMR delbiigh analyzed the
coupled attitude and orbital motion of GEO HAMR debris areort time period§l4]. In

this study MLI objects were assumed to be a single sheet of MLI in a different geometry
(flat plate or curled pla) and the substrate of MLI materials are assumed to b8 &
Kaptor’. The equations of motions were modelled under full GEO environment
(gravitational field, direct solar radiation pressure, Earth magnetic field and the influence
of the Earth shadow fefct). The result demonstrated that rapid attitude matignto solar

torqueled to significant changes in the eccentricityd anclination of the orbitsvhen
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compared with the cannonball model. Furthermore, theskallowing effect by means of
the tesskation technique[27] provided further changes to both attitude and orbital
elements evolution. Coupling the attitude and orbital dynamics was shown to improve the

accuracy prediction of the debris orbigafolution.

However, the oversimplification of a rigid body due to assumption of a constant AMR
value(no deformationj)ed to inaccurate propagation of the orbital dynamics for this debris
type [14]. This is supported by the studies on AMR variation of the HAMR debris by
Musci and FriH 16, 28]. The results of the observations suggest a complicated attitude
motion and deformation of the debris, which results on an actual change in the AMR
values over time. In addition, the investigation from SakK2@, which compared the
observation data of a kmm object with simulation results based on cannonball model
showed that the SRP cannonball model was not appropriate for either short or long ternr
orbit prediction of HAMR obijects.

McMahon [30] studied the solar radiation effects on HAMR objects with varying
geometries. The HAMR model was capable of assuming one of five configurations as
shown inFigure 19. The basic idea behind this work is that as the object increases its spin
ratg it would relax into an increasingly flatter shape. The debris would then behave as a
perfectly flat rigid object Figure 19(c)). The results of this study agreed with previous
investigations[17, 24-26, 31] in that SRP can induce very fast tumbling. Theare
however some limitations with this work most notably that the deformed mode requires
integration time steps several orders less than those typical of orbital motion and hence
long term propagation becomes exceedinglypessive in computational terms.
Additionally, this model does not behave like a continuously deformed object but only as a

discrete set of 5 possible configurations.

Figure 1.9 Show some changing shape moving from the initial geometry &)shape(initial shape) b) 4
shape c) § shape(flat pate)[30].
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l4Research motivation and obj ec

A new debis type was discovered in 2004ith HAMR, reflection properties, fast
tumbling and significantly perturbed atdd motiors in GEO environmentll, 12, 16, 32].
Following detailed observations arnaboratorybased analysis, it is believed that these
objects could be MLI pieces that delaminated from spacecraft due to aging, explosions ol
collisions[19, 22, 23].

The orbital evolutions of HAMR objects by approximation through the cannonball model,
with constant AMR and no consideration for attitude motion, have been studied in GEO
under perturbations over short and long term periods. ofbgal dynamicsof HAMR
objects are highly perturbed due to direct solar radiation pressure and even small change
in the effective AMR which can lead to significanth@anges in the orbital evolutidd?,

24-26, 31]. However, observations indicated that the AMR values change over time and
hence the objects exhibit rapid attitude changes. This means that more accurate HAMR
modelling isrequired to consider the 6 Degrees of Freedom (DoF) motion by coupling
orbital and attitude dynamics. The SRP torque will be responsible for the fast attitude
dynamics of this debris type. Additionallg more accurate model of the varying shape of
the HAMR debris will provide a more precise prediction because of more the better
modelling of the SPR effects on the objdtis therefore desirable to model a simple yet
effective, flexible model thatanaccount for variations of the cressctional area wite
keeping the computational complexity low. This model Wwéla more accurate long term
orbital prediction14, 27, 30, 33].

In recent studies b€hannumsin et 4B4, 35, the HAMR debrs is modeled as a simple,
flexible model based on finite element method and multibody dynamics. Both models are
able to adapt to a continuous changing shape. The results of this investigation have show
irregular and fast rotation including each time stéphe propagation. Solar radiation
pressure significantly perturbs the orbital dynamics, generates unstable attitude motion anc
leads to deformation of the geometry of the object. In order to valitkedeftexible model

two experiments performed in actaim chamber to reduce air friction, have been carried
out. The first experiment allowed the determination of the bending stiffness and damping
ratio of the membrane by means of free motion. Then, forced motion is achieved by
exposing the membrane to higlower spotlight, representing SRP, and measuring the
displacement. The experimental results shavgood agreement with the numerical

simulations of the multibody model, and FEA model.
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In summary, the main objectives of this doctoral thesis are the fotjowin

1. Development of a simple yet effective model for flexible debris

U Develop a model flexible debris balsen Finite Element Method andultibody

dynamics

U Investigate the orbital dynamics of flexible debris under GEO perturbations (Earth
gravitation, lum-solar third body attractions and solar radiation pressure) and
compare the results with a rigid model.

0 Investigate the attitude and orbital dynamaéss well as varying geometry tifie

flexible model under sel§hadowing effect.

2. Validations of theflexible model

U Design and perform an experiment to determine the damping ratio of a real

multilayer insulation membrane.

0 Perform an experiment to simulate solar radiation pressure displacement and
compare the results with the analytical methods (multibdgyamics, normal
mode theory and Finite Element Analysis (FEA).

15Thesis structure

This doctoral thesis is divided into six main chapters that cover different aspects of the
study. The main goal of this thesis is to develop and a simple yet effective, model of
flexible, low strength debris. The orbital dynamics of the new model arectimpared to

the classic model, based on rigid object and cannonball assumptions. Experimental dat:
will then be used to validate the analytical models.

Chapter 2 isto modelthe coupling of orbital and attitude dynamics of a rigid object.
Orbital motion s bj ect to environment al perturbat
body perturbations (Sun and Moon) and solar radiation pressure in GEO environment are
presented in this chapter. The simulated section presents the orbital dynamics of the
cannonballmocdel (neglecting attitude motion) and flat rigid plgupled attitude and
orbital motions)
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Chapter 3 introduces a simplified but effective model to represent the deformation flexible
HAMR debris, subject in particular to torques caused by solarti@dipressure and the
Earth gravitational field, by means of Finite Element Method (FEM). This model adds a
further set of dynamical equations, which accounts for the flexibility of the object, into the
attitude and orbital equations; the resulting systethen numerically integrated to better
evaluate the coupling between orbital and attitude dynamics. Due to a more precise
estimation and prediction of the actual shape and orientation of the debris at any given time
than by simply assuming the case afigad body, the effects of the perturbations on the
orbit can be computed more precisely leading to improvements in theédiongrediction

of the orbital evolution. Results show that the eccentricity changes of flexible debris are
different than for equialent rigid bodies and their attitude motions are unique.

Chapter 4 presents a flexible model as a series of lump mass, connected through flexibls
joints, representing the flexibility of the membrane itself. The mass of the membrane,
albeit low, is takennto account with lump masses in the joints. The equations of motion,
including the constraints defined by the connecting rigid rod, are derived using
fundamental Newtonian mechanics. The physical properties of the objects required by the
model (membraneeatsity, reflectivity, composition, etc.), are assumed to be those of real
multilayer insulation. This flexible membrane model is then propagated together with
classical orbital and attitude equations of motion near a GEO region to predict the orbital
evoluion under the perturbations of solar radiation pressure, Earth gravity fielesolamni

third bodies and sehadowing effect. Firstly, when comparing with a rigid model, the
orbital elements over 12 days of are significantly different. The second, stuelipnte

Carlo simulation over 100 days with varying initial attitude dynamics (yayv pitch(g),

and roll(f)) and deformation anglgg, ) leads to signitantly different orbital motion.

Chapter 5 presents a methodology to determine the dynamic properties of thin membrane
with the aim to validate the deformation of the flexible model. Experiments are performed
in a highvacuum chamber (I0mbar) to sigrficantly decrease air friction, inside which a

thin membrane is hinged at one end but free at the other. A free motion test is used ftc
determine the damping characteristics and natural frequency of the thin membrane vig
logarithmic decrement and frequen®sponse. The membrane is allowed to freghing

in the chamber and the motion is tracked by a static camera. A Kalman filter technique is
implemented in the tracking algorithm to reduce noise and increase the tracking accuracy

of the oscillating motion. Then, the effect of the solar radiation pressuréheo thin
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membrane is investigated: a high power spotlight {30@0 W) is used to illuminate the
sample and any displacement of the thin membrane is measured by means of a high
resolution laser sensor. Analytic methods from the natural frequency respah$enite
Element Method including multibody simulations of both experimental setups are used for
the validation of the flexible model by comparing with the experimental results of
amplitude decay, natural frequencies and deformation. The experimenitd sthow good

agreement with finite element methods.

Chapter 6 concludes the overall of outcomes of this thesis. In the end, this chapter

describes limitation of this thesis and future research plans.
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2 Orbital dynamics of rigid

The main objetive of this chapter is to investigate and compare the orbital dynamics of
HAMR rigid objects (cannonball and flat plate) under conservative perturbations from the
Sun, Moon and Earth gravitations and roamservative perturbations from solar radiation
pressure (SRP) over short term and long term periods in the GEO region. Section 2.1
presents the fundamental concepts of orbital motion and perturbing accelerations relevan
to this study. Section 2.2 and 2.3 describe the attitude dynamics rotational kisemat
respectively while section 2.4 provides the integration approach to the propagation of the

equation of motion. Finally, section 2.5, presents and discusses the results.

21 The perturbed equation of mo

The general equation of orbital evolution per umass, under perturbations in GEO

environment can be expressed in Cartesian coordinates as:

tot zaA +a® + a( + éSRP (2.1)

=)

Where r,, is the total acceleration vector of the objeat, is the acceleration from the
Earth gravity, the perturbing accelerationsagfand g, are the results of the thitabdy

attraction induced by the Sun and Moon respectivaly, is induced by the solar radiation

acceleration.

211 Twdody Probl em

Newtonds | aw of gravitation determines t
mass by a forgewhich is proportional to the product of the two masses and inversely

proportional tothe square of the distance between them. In this research, we focus on the
natural debris orbiting around the Earth. The force of gravity acting on the object from the

Earth is written as:
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E = (GM;my;) &r (2.2)
A r2 g

Where m,, is mass of the debrid{, is the mass of the Earth (5.9742%1Kg), G is the

universal gravitation constant (6.67259%10n*kg/s’), r is the position vector of the
debris in an Earth Centred Inertial (ECI) frame (inertial frame of this disser(fﬂdi)).

As the mass of the debrimy), is significantly less than the mass of the Eanth, Then

the quantity ofGmy, can be replaced with the Earth gravitational constémt3.986<10°

km®s?). The relativeacceleration can be therefoseitten as:

mar (2.3)
—a
recr

r=

212Luwrmiol ar perturbation

For a debris orbiting in GEO regions, the main thiodly gravitational perturbing forces

acting on the space debris are the SuthMoon as shown iRigure 21.



19

Moon

debris

a)

debris

debris

c
Figure 2.1 Geometry the for third bodies in an reference frame a) Geometry of the Sun and Moon &
Geometry of the Sun vector ¢) Geometry of the Moon vector.

The accelerations of the third bogsavitational perturbations from the Sun and M8

are given by:

F-r (2.4)
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Where r is the ECI position of the space debrig, is the position vector of the third
body (the subscript ok (k =1,2) are the Sun and Moon respectiv¢Note: the position

vector fran theEarth to the Sun and Moon changing over teme required because it is
important to calculate both third body gravitational perturbations and solar radiation

pressurelt is been described in Appendix),Ahe quantity/p =GM, is the graitational
constarg of the third body fronthe Sun and Moo= 1.32712438x18 m*/s’ and m =
4.902794x18 m’s? respectively), M, i she thid body mass of the Sun and Moon
respectively M,= 1.9891x18° kg and M,= 7.348x1& kg). Eq(24) cannot be used

directly for describing the motion of space debris with respect to the centre Exirtie It
IS required to add the another term as:

(2.5)

= "N

1
RTIC]
il
As a consequence, the acceleration of the space debris expressed with respect to tf

Earthdéds centre of mass is given as:

e _ (2.6)
T r-r I
rk_ '”Z &_ 13 _ 113
ar-nl” I

The first term of the thirdbody perturbation is known as tkhé@ect effectand the second
term is theindirect effectaccounting for the inertial acceleration of the ECI frame. In this
doctoral dissertation, the starting date of all simulations is January 1, Rigl@e 22
shows the Sun and the Moon positiégm ECI coordinates. The Sun and Moon vestme

scaled 1000 and 10 times respectively.
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Figure 2.2 The Sun and Moon positios in ECI frame on January 1, 2012 by scaling of the surand
moon vectors 1,000 and 10 times respectively.

213Sol ar Radiation Pressure

Solar radiation pressure caused by the incident ray of light from the Sun is-a non
conservative perturbationFor HAMR object, this perturbation in GEO is dominant
perturbation whilehe Earthradiation,thermal forces effect anatmospheric drag can be
negligiblein that altitude[11, 12, 17, 37, 38]. The model of SRP acceleration depends on
many factors. Firstly, the solar flux generally varies throughioeityear and over the 11
yearssolar activity cycle. In all the numerical simulations through this dissertation, the
solar flux is assumed to be constdit = 1,353 W/m) [36]. Secondly, the reflective
properties of material will directly affect how much force of SRP imparts on the debris.
Thirdly, the crosssectional area of the space debris is direptiyportional to the solar
radiation pressure force. In addition, the development of an accurate SRP model shoulc

also include the correct position of the Sun with respect to the object and the Earth.

In this chapter, we assume the HAMR debris to b#aarigid plate and the SRP
perturbation will include absorption and reflection of the solar radiation solar on an

effective crosssectional area 4, ) as shown inFigure 23. The solar radiation incident
shows the incident angley(.) defined as the angle between the normal unit vedf@r (

and the sun unit vecto@) defining the direction from the Sun to the debris surface.
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Figure 2.3 The incident angle between the normal vector and the sun vector. Geometry of the incider
reflected, diffused and absorbed radiation.
The SRP perturbing acceleration expressed by means of the Lambertian diffusion to mode

the diffuse and specular soladiation forces that expose on a space d¢Bfkis given

by:

) A E AU 8 2.7)

aSRP: - @mc) % Rd -E:RS COS(QC ) +(1 g
My Clr-r | ﬁ y

Where m,; is the mass of the debri€;, ,C., and C,, are the coefficients of diffuse,

specularand absorbedeflectivity respectivelyand A is the maximum area of flat plate

The relationship betwee@,, C;, and C,, is 1 = C,,+C.+C.,, C is velocity of light

(299,792,458 m/s)AU is the astronomical unit (149,597,870 km).

For SRP of a spherical body with uniform reflection propertiggude motion does not
have any effect on the orbital evolution. The cannonball model is commonly used as the
default solar radiation pressure model in orbit analysis programs in GEQDMN]. The

debris is assumed to be a unifornmege and the direct radiation acceleration is given by:

e EAU? 8. 4 (2.8)
A%ph g} CRd('j
my; C|r- r|

acannon =

Where A, .. is crosssectionalarea of the sphere.
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Finally, the equation of motion of a debris is given by:

. ér 6 2 é r+r r 6 (29)
r=- §gGaM e—* £ dazk
’77573 T k=l kg?r"'ﬁ(‘g rk3 9

The SRP acceleratiorag,;) in Eq(2.9) depends on the model, which E47) and (2.8)

are for flatrigid plate and cannonball models respectively

22Attitude Dynamics

Eul erds rotation equations are the most
body using a rotatop frame of reference with its axis fixed to the body and parallel to the

principal axis of inertia.

221Angul ar moment um

The net total torque on a rigid body is related to the time derivative of the angular

momentum is given as:

H; :||/;|/:T -AV(PA) (210)

Where H is the time derivative of the angular momentum vector of a rigid,bQdg the
total sum of all external torques acting on the badyis the moment of inertia of the rigid

body, W is the angular velocity and is the angular acceleration.

Throughout this thesis, the total external torques considered for the attitude of HAMR
debris are thse due to solar radiation pressure and gravity gradient torquestiétstal

torque can be defined as:
L= o Fodb (2.11)

Where 7, is the total external torque from solar radiation torgiigd) andgravitational

torque fGrav)'
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The solar radiation torque{,) is given by:

Tspp=  lere ([T] IEQp) (212

Where 7 ¢, is the vector from the geometric centre of the objects to the centre of pressure,
Fsee IS SOlar radiation pressure afid] is the transformation matrix from the inertial frame

to the body frame describing incti®n 2.3.

The gravitational torqué41] for a rigid body is derived by determining the gravitational

force as:

(2.13)

Where R=[T] €i s utntveect or of the objtrcdansfnornrhien

unveéctor in.a body frame

23Rot ati onal Ki nemati cs

231Directi on cosine matri X

The attitude of a rigid body is most conveniently expresBealigh a set of axis fixed to
the body frame. The transformation of the inertial coordinate frah?le {0 the body

coordinate frameB) is given as

éB, o Tg T, T; Ng (2.14)
€, U € u
éBy g Tzé T, T, Nﬂ
eB, U T.e T, Tz Nj

The rotation matrix [Cr]) consists of three angular rotations of y@w), pitch(g) androll

(7), in a 31-3 sequence. The rotation matrix can be writtetthasproduct of the three

successive rotation matrices:
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écosy sinysg® 1 0 o cfo's (2.15
[T]=gsiny cosV¥.,°9 @ cop " gin f
g 0 0 1 pyOog- sip cosg YOg 0 1

Which can be expressed as:

[T]=R(F)R( Ry ) (216)

ec(Fley ys(§ c ) d)g ) +¢y 7 cagc(b) (ON
=es(f)ey) e(J c ) €)§) vrEY X3 6N
g s@)s(y) - sqc()) v c g |

Where cos 1 s cabbndvsbaytaendd by 0

f =tan* (_%) (217
23

g=cos’ ;)
-T,

=tan ' 2

y (T )
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There is howeveone drawback to using the Euler angle rotations in that there may be a
singularity. To avoid this we can makes use of a different attitude parametrisation method

by means of quaternions.

232Quaternions

The properties of quaternions is that the summatiosqofires of each quaternion unit

must always equal 1. It can assist to validate the calculated quaternions.
o+ o e 1 (2.18)

The elements of the quaternions are presented irstefthe principal eigenvectog, and

the singular rotation angle, , is written as:

. (2.19
g = elsm(%)

) 2.20
o = %sm(%) (220
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_ (2.21)
0; = %sm(%)

Q, = cos % ) (222

And then, it can be written in matrix form:

&q, (223
é
4= é%
€0,
e
éd,

Eul er 6s ei gena 4P states that & is possible to totate® a figeoh frame onto
any arbitrary frame with a simple rotation of an anglearound an axi€ that is fixed in
both frames called the Euler axis of rotation. With this representatiertransformation

matrix can be written as:

[Rl=coga)[] &] ot [ ¢ ele & 4 sih-RIE (o

Where[1] is identity matrix and

e0 -e ¢ (225
[El=¢e 0
ge & O

Substitutingeq.(2.25) into Eq.(2.24), yields:

¢ cla)reg 43 e¢ eg( R H )a ee .ok )a ) (20
[Rl=gee -ee(a) s(ad C€r % & )r e ,of)a de)
gee- ec(a) +e(d e -ee( R ed )a ) ad+e¢) a

Where cos i s cabbndvs$oa haentddy b §i

The unit vectors of the eigenvector can be expressed in terms of the angular rotation an

elements of the transformation matrix in E2,16):
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- (T23 - T32) (2.27)
© 2491a)
- (T31 B T13) (228)
- 2dr(a)
— (le " T21) (2'29)
"~ 2dn(a)

The direction cosine matrix in E(R.16) can be expressed in term of quaternions:

&, T, T.e &l- 2@, 43) 2(ag, €0) 2(q0, 6,0) (2:30)
o To Ta “ez(qu q0) 1 2(d, &) 2(g,0# qq)
6, T, Ty BE0@As+a4) 2(a9,-d9) 1 20°, o%)

Then

8B, pél- 2( +¢) 2(qg €9) 2(qq §Q) (2.31)

2
B, ﬁeZ(quz 4a) 1 2(d & 2(agr 9a) g §
6B, §8(q%+%q) 2(gq-9qq 1 2(§ & H ¥

The quaternion matrix can lsenverted back into a direction cosine matrix from:

q = ('|'23 - T32) (232
4q,
g :(T31- T13) (2.33
2 4 q4
Q= (le T21) (2.34)
4q,
\/Tll +T,, H, B (239
q, = 5

We can also express the rate of change of the quaternions as:

. 2.36
Wi (2:36)

o
I
NI
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with

(2.37)

24 Numeri cal i ntegrati on

In this thesis, the numerical integrator used to solve the propagatibis dhesisis the
RungeKutta method in MATLAE’. The command ODE45 performs a direct numerical
integration of a set of*lorder differential equations y' = f(t,y), ¥(t= Y, from start time

(to) to some final timdt;). ODE45 varies the size of the step of the independent variable in
order to meet the accuracy you specify at any particular point along the solution. If ODE45
can take "big" steps and still meet this accuracy, it dallso and will therefore move
quickly through regions where the solution does not "change" greatly. In regions where the
solution changes more rapidly, ODE45 will take "smaller" steps. While this strategy is
good from an efficiency or speed point of vigtuneans that the solution does not appear

at a fixed set of values for the variable (as a figesp method would) and sometimes the
solution curves look a little ragged. In nhesis, | had chandenly RelTol 1e6 (default =

1e3) in order to improve ¢hspeed of simulation. Then, the propagation of2Heorder
differential equations of orbital and attitude equations is convéstad equivalent system

of the 1% order equations. The new system of orbital dynamics is then written as:

v (2.39)

F
V=8, 8, + 3+ &g

In case of coupled attitude and orbital dynantiecs equations of motion are given by:

F=v (2.39)
V=8, B, &+ayp

w=t,- "Wl "W

PR R

4=-wQ
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All simulations in this chapter are performed on a PC with CPU @ 1.80d&BHABGB
RAM. The validation results of MATLAB code developed by the author yield reasonable
resultsas compared t&ystem Tool Kit (K) softwarein case of cannonball. The other
cases in the thesis were unable to be generated in STK due to the catiflicg and

deformation dynamics.

25Si mul ati on analysi s

This section investigates the short and long term orbital evolution of different rigid objects
modellal either as cannonball diat rigid plate shown inFigure 24. For preliminary

investigation both objects have been assumed as the same as reflection propgrties
= 0.6, C,, = 0.26 andC,, = 0.14 and the same AMR set to 2&/kg. The cannonball rigid

body is used to repredetine standrd model. Thédlat rigid plate consists of one substrate
aluminized with an extremely thin layer (25.4 micron) on both sides and an area of one
squaremeter. The motion of this flat rigiglate coupled attitude and orbital motien
propagated twice: thérst time with no any torque disturbing on this simulatiaralled

Afi xed , the secandl coesiering torque with propagationgalled ficoupled
attituded. The initial values of the orbital elements and initial Euler angles are shown in
Table 21 andTable 22. The attitude motion has been calculated by means of quaternions

to avad singularities but shown in terms of Euler andteallow for a clearer.

Aluminum

substrate ‘ C annonba“

Aluminum

rer —— [ Flat plate

Aluminum

Figure 2.4 Crosssection of cannonball and thin flat plate.

Table 21 The initial Kepler elements.
Semimajor  Eccentricity  Inclination Argument of  Longitude of ascending Mean anomaly

axis(km) (degreg perigee (degree node (degrees) (degreg

42,164 0.0001 1.0 1.0 30.0 5.0




30

Table22The initial Eulerds angle and angul
Eul anglé s 1'rotation  2"rotation 3" rotation
() (q) (r)
Angle(degree) 155 32 43
Angular velocity(degree/s) 0 0 0

251Short term evol uti on

Figure 25 showsthe periodic short term evolution dfe inclination and eccentricitiyn

GEO environments (Earthodos gravity, t hiroc
radiation pressuredf cannonball, fixed attitude and coupled attituslewhich asecular

trend towards high values of the two orbital paeters can clearly be seél! evolutiors

of the orbital parametersre typical of HAMR objects. The results show that the
eccentricity of cannonball has the highest secular trend but the ect¢gndficoupled
attitudelies between the cannonball and the fixed attitude. The inidivsadf camonball

and fixed attitudeshow a similar periodic trend witemaller amplitude for thefixed
attitude The coupled attitude presents fmatern of inclination,which is signifcantly
different from the otherbecausehe variations ofSRP fores inFigure 26, are due tdhe
change okffective crosssectional area subjecting tiwe fluctuationof SRP acceleration. It

is because the gravity gradient torque induced to significantly change the attitude motion
as shown irFigure 27. There is howesr no SRP torque disturbing because the centre of
pressure is on the same as the centre of mass (no deformation). For fixed attitude, which i
no any torque to disturb, the SRP accelerations slightly decrease because the cros:
sectional area depends on thm vector and initial attitude setdile the SRPacceleration

of cannonballis almost constant during the 6 days. This can be explained in that the

acceleration of the cannonball model depends solely on the direction of the sun vector.
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Figure 25 Comparison inclination and eccentricity evolution of coupled attitude, fixed attitude and

cannonball over 6 days under conservative perturbation§ Ear t hé s

gravity, t

and the moon)and non conservative perturbation (SRP) a) Eccentricity evolution b) Inclination

evolution.
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Figure 26 Comparison of the total absolute acceleration and crossectional area of cannonball and

flat rigid plate over 6 days.
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Figure 2.7 Comparisons of Euler angle evolutions of coupled attitude and fixed attitude over 6 day:
under conservative perturbations Ear t imddsandnmom
conservative perturbations (SRP) a) the L Euler rotation ('y ) b) the 2" Euler rotation (g) c) the 3¢

Euler rotation ().
252 Long term evolution

The evolutions of eccentricity and inclination over a period of 100 days for the two rigid
bodies are shown ifrigure 28. The eccentricity trend of ¢hcannonball and coupled
attitude increases in different rate that it appeatsetbnear but coupled attitudapers off
towards the end day while thixed attitude shows an oscillating behaviour, increasing
until the 28" day, then decreasing beforeogiing up rapidly.The inclination evolutions
show the significantly different trends for all objectdue to the differences of SRP
accelerationgs shownn Figure 29. For coupled attitude, thabsoluteSRP acceleration
trend (blue line)significantly fluctuats, which therange isbetween 1.68 10’ km/s* and
1.25% 10* km/<’, andrelates to the variabns of crosssectional aredut the changeof
total absolute acceleratioaf fixed attitude (red line) is going downsince starting
simulation until the 28.58 day is the lowest SRP acceleration (1.3150"! km/<)
becausehenormal vector is almost perpendicular to the Sun vectosgsectional area =

0.0003231 ) after that the crossectional are@rendgrows up, which coherent wittthe
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absolute SRP acceleratian Comparingthe both simulations offlat rigid plate with
cannonball, the total absolute acceleratiggseen line)of cannonballdo not significantly
change ovefl00-dayevolutions.In conclusion this investigation supporthatthe HAMR
debris is very sensitive to SRP modeid adifferent aientation of the olgct leadsto

importantly change the orbital dynamics.

0351 15
Coupled attitude Coupled attitude
Fixed attitude Fixed attitude
031 Cannonball 141 Cannonball
0.25+ 131
=
£ 02f S 12r
E s
] g
g 015 g1 NM
011 1
0.05F 0.9
o ‘ ‘ ‘ ‘ ‘ 08 ‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100 0 20 40 60 80 100
Time(days) Time(days)
a) b)
Figure 2.8 Comparison inclination and eccentricity evolutiors of coupled attitude, fixed attitude and
cannonball over 100 days under conservative perturbationdEEar t hés gravity, t

and the moorn and non-conservative perturbation (SRP) a) Eccentricity evolution b) Inclination
evolution.

x 10"

T Couple attitude
Coupled attitude leed attitude
18| — Fixed aftitude || 0. 9
Cannonball
141
%G o
E12 [ } I
3 o
0.6
5 g os ‘
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® ® 04 |
=1 |‘I.|
306 ‘ \l é 03
£ H \
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Y 1 3159-11

M lﬂ ‘I
100 40 60 80 100
Tlme(days) Time(days)

Y 0 0003231

Figure 2.9 Comparison of the total absolute acceleration and variations of crossectional area of
coupled attitude, fixed attitude and cannonball over 100 days.
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26 Summary

This chapter presented the analysis of the short angl ferm evolution of the orbital
elements of two different rigid body models: cannonball #at rigid plate in near
geostationary orbits. The attitude motion of flat rigid plateel attitude, coupled
attitude), leading to vary @RPexposed area, fefcts to different orbital dynamids short
and long term evolutionalthoughcoupled attitude hasnly a gravity gradient torque
disturbing to the attitudedowever,assumption of flat object is an oversimplification of
the problem.The combination obrbital, light curve and spectral measurements suggest
tha AMR is not stablgdeformation)and fast complex rotatiofi6, 30]. The deformation

of HAMR modelthatleads to varieties ofthe AMR value itself wer time andnduces the
faster attitude motion due to SRP torque, highly efiigdio change both orbital elements
and attitude motiomas the investigations of Frih and McMahanecessary to combine
in the orbital propagationTherefore, the next chegy will investigate theattitudeorbit
motions of the new model based on Berneklliler theory that can be changed a shape

during propagatiom order to increase the accuracy of prediction
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3 Fl exible modeEuivet ht Beonwgu

This chapteintroduces a simplified model to represent the deformation of HAMR debris
by means of BernouHtuler theory which underpins Finite Element Analysis (FEA). The
Euler eigenaxis rotation theorem loses its validity when a body is deformed leading to
changesn its centre of mass and moments of inertia. The attitude repageanfor the
flexible model is therefor@resented in this chapter. This model adds a further set of
dynamical equations, which accounts for the flexibility of the body, into the ati@nde
orbital equations; the resulting system is then numerically integrated to evaluate the
coupling between orbital and attitude dynamics over 6 and 100 days and the ensuing
results are then compared with two rigid models of similar objects (cannonball féatd

rigid body) in GEO.

3.1Ber newllleir t heory

Bernoull-Euler theory[43] is used here to investigate the atefiation of the flexible
debris.Figure 31(a) represents a one beam element with two nfidesend of beamand

12 degrees of freedom (three lineadahree angular atach nodgin the inertial frame

(EJ R).

P
a) . _ b o
Figure 3.1 Bernoulli beam element with 2 nodes in a) inertiaframe (EJ,K) . b) body frame(£j,©
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The nodal displacements for an element consistirigedf®™ and 2% node are given by:

u’ :g‘ll L W 4, ¢ AU U U G >4, (31
Whereu, are linear displacements agtiare angular displacements.

311 Mass and stiffness matrix in bod

The standard mass matrix of the BerneHlliler beam element in the body fran‘@( ) is

expressed as:

ey 0 0 o o L o 0 0 0 0o (32

gs 6

¢ 13 0 0 o L o 23 0 0 (12

¢ 35 210 70 420

o o 1 L, 9 1

é 35 210 70 420

¢ I+, |+,

0 0 VSA 0 0 0 O 0 VGA 0

e

é 2 2

: 110 L 6EI L

60 0 -—— — 0 O Y —

é 210 105 L 140

é 2 2

o L o 0 o L o- GEZ'Z 0 0 =
& g ALE 210 105 L 140

u é

él 0 0 0 0 o X o 0 0 0 0

é6 3

% 2 0 0 o &, B 0 0 o L

g 70 420 35 210

% o 2 o X o o B =

g 70 420 35 210

: I+l |+

€ o0 0 Y2 0 0 O 0 0o L ? 0 0

g 6A 3A

© 2 2

(?o 0 & 0 _L 0 0 0 E L

é 420 140 210 105

Q - 2 2

e 420 140 210 105

Where E is Young's modulus of the materidl, is length of the element, is density of

the material,A is the crossectional area of the beam, and |, are the mass moments of

inertia with respect to the y axis and z axis respectively.

In this investigation, we assume the deformation of beam instefremall deformations
andthe material stiffness does not change during loading. Assuming a large displacement

would imply a change to the stiffness of the body which would need to be updated at every
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time step leading to high computational requirements. stawedard stiffness matrix for a

Bernoull-Euler beam element in the body fra@é is given by:

EETA 0 0 0 0 0o - ETA 0 0 0 0 o (33)

é

g 0 125'2 0 0 0o - 652' 1?_53'2 0 0 0 ‘fz'

é

7 12E 6El 1E] &l

¢o 0 5 = 0 0 - i 0

é

é 0 0 o & o 0 0 0 o & 0 0

é L

é 6EI 4E| 6E|

é0 0o - Y0 0 0 Y o Z2EL 0

é L L L L

é

¢ 6E2IZ 0 0 o L ) 6E2IZ 0 0 0 2EZI ,
K ge E L L L

& ELA 0 0 o o o EA o 0 o o0 0

é

g 0o - 125'2 0 0 0o - 652'1 0 125'1 0 0 0 (fz'g

é u

: 12EI 6El 1E] &l :

€0 0o -— —r 0 0 - 0 o oY

é L L L L u

e u

éo 0 0o - GLJ 0 0 0 0 0 % 0 04U

e u

é 6El 2E| 6El | u

é0 0o - 2 0 0 0 Y 0 = 0u

é L L L L u

é u

§ 0 6'52'2 0 0 0 ZEZ' - 652' 0 0 0 GIE_'Z a

Where G is the shear modulus andl is the polar moment of inertia of the cross section

area of beam.

312Coordinate transformati on

The body frame can be transformed onto an inertial frame of referEpeg 32) by

using the following transformation matrix:

&y O 0 0 (34)
. g0 s 0 0
760 0 /,, O
é
e 0 0 0 /3
;é:Xx C:Yx CZX
Where/ =C,, C,, C,, andC,, = cosg,
g:XZ CYZ CZZ
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<>
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Yx

0

Xx

(),\':

z Z
Figure 3.2 Direction cosines associated with the x axis
Where g,,, G, and g,, are measured from inertial axd& F and I with respect to the

local axis x respectively.

Thus, the stiffness matrix and mass matrix in inertial coordinates are obtained as:

[K]=T)gK Band[M]=T/gM & (35)

Finally, the most common and convenient approach is to define the damping r[r(a}t)ix (

is through Rayleigh dampin@#4], which assumes a proportionality to the mass matrix

([M]) and stiffness matrix]K]) given by:

[C]=a[M] +4K] (36)

Where a and b are coefficients related to the mass and stiffness of the system. In the

formulation of Rayleigh damping, the mass p damping effect is dominant at the lower

frequencies while the stiffness damping is dominarihathigher frequenciess and b

aretherebre the attributes of the lower and higher resonant frequencies, respediively.

this investigationa and 4 are defined a6.0334 & and 0.0475 .9See more information
in Appendix C).
3.1.3Dynami cal equation

The analysis of the dynamical equations oftieam elerant requires the description b2

degrees of freedom, expressed as:
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[MJu+[c]u {K]U E (37)
Where[M] is mass matrix of the beam element in the inertial fre{lﬁaa,is damping matrix

of the beam element in the inertial frarrﬁé(] is stiffness matrix of the beam element in

the inertial framel , U and U are the vectors gdosition, velocity and acceleration in the

inertial frame respectively as:

UT :g‘]i UZ uB dxl OQL 'zg U4 US ue 'xzq .y2 dzz (38)
UT :g:ji UZ u3 &xl QL "zg U4 US .UG "x 2q "y2 q”zz

The external force I? ) is the external column force vector, which consists of translational

force (F,,F,,F,) and torsion momen{M M ,M,) along the x, y and z axis: Also, the

external forces are applied at the nodes of beam elements. If external forces are applie

between nodes, they are replaced by weagkivalent nodal forces.

e M, (39
32Def ormation Anal ysi s

In this section, we analyse the deformation of a flat thin plate modelled by means of beam
elements as shown figure 33. PET® is selected as substrate material of a membrane.
Reflection and material properties of PEBhown in Table 3.1, are based on the red book
[18]. The basic structure of MLI is composed of a single sheet of REih thickness of 6

em and an aluminium coating of 1000 U t h
the model to be a single layer of PET

Table 31 Properties of PET® material[18].
Type material MassDensity Youngos Poi sson CsCdCa

[kg/m?] IN/m?] ()
PET 1,390 8.81x10 0.38 0.60.26 0.14

In the initial test, we model a thin flat plates(1 m?) with 12 beam elements as shown in
Figure 34. There are 9 nodes and 54 DOFs. Then, we test the model by applying a force at
the geometric centre of the model as showhigure 34. The results show that the shape

is deformed irthe direction of the force and the tension force causes the nodes to move.
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o 0‘.2 014 0‘.6 018 1
L=1m x(m)

a) b)
Figure 3.3 Comparison thin flat plate with flexible model based on FEA a) thin flat pate b) flexible
model (12 beam elements, 9 nodes, 54 DOFs)
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a)
Figure 3.4 The simulated results of the thin flat plate by applying the sudden force7.000E5 N in the
centre of a membrane for one second a) Initial shape b) the sinatéd results.

321Si mplification of flexible model

In order to reduce the computational cost when coupling flexible modes with attitude and
orbital motions, a simple model is initially analysed. This consists of 3 nodes, connected
with 2 beam elements repegging the plate of a membrane as showfigure 35. The

mass of the flat sheet is distributed on both beam elements. The model will have 18

degreesf freedom. The length of each beam elemdnt<L,) is 0.5 m. This model is

call ed ABernoul | i model O.



41

L=1m
a) b)

Figure 35 Simplification flexible model a) beam element represents a plate of a membrane b) si
view.

322Def or maBe romonw lflleil

In order to test the deformation of the Bernoulli model, we perform two numerical
simulations; the first with the same stiffness of PET and the second with a stiffness 100
times higher than that of PET.

We assume two different initial shapes, triangulad 8at as shown ifrigure 36. These
configurations are then subjected to a force of magnitude 8:81N.Bn the I node acting

first along the x axis and then along the y axis (x and y directions respectivefyjuhe

3.7(a), the ' node displacement moves the right side while the "3 node move
downwards. The *Lnode of the flat plate iffigure 38(a) moves down and results pulls
with it the 2% and 39 nodes due to tension forces. These results are used to validate the
simple model of the natural displacements of low weight and thin material. Due to the
deformation inFigure 37(b) andFigure 38(b), it effectsto shift the centre of masom its

initial position. As a result, it affects thmethod to define theattitude motion of the

Bernoulli modelis as shown ima sectior8.2.5

a) b)
Figure 3.6 Initial shape of Bernoulli body a) triangular shape b) flat plate.
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Figure 3.7 Numerical results of triangular shape and change of centre of mass over 4 seconds b
force 8.011E5 N (blue arrow) in the first node in x direction axis a) simulated results b) change ¢

centre of mass.
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Figure 3.8 Numerical results of flat plate and change of centre of mass over 4 seconds by force 8.01
5 N (blue arrow) in the first node in negative y direction axis a) simulated results b) change ofrntee of

mass.

The second numerical analysispise r f or med by i ncreasing Yo
(100 times of PET as equal as a met5]) and the initial shape is set to be a flat shape.
Figure 39 shows that when applying a force of same magnitude as before along the
negative y direction the body rotates around the centre of mass and there appears to be r
deformation. In fact, the cée of mass moves only by a few millimetras shown in
Figure 39(b). It can be seen that by increasing the stiffness of the mead$ tothe

behaviour asa rigid plate.
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Figure 3.9Numerical results with E = 8.81E11N/m? of flat plate and change of centre of mass over -
seconds are forced (8.011-5 N) (blue arrow) in the first node in y direction axis a) simulated results b)
change of centre of mass

323Sol ar radi at Bennpnod&ésdure for

Solar radiation pressurgll act upon both beam elements and defined as:

Fage (= A

SRR | i

Olm
(D~

AeERp o Fue, Fre) w00
% - %

According to BernoulkEuler theory, this SRP force acting on the centre of a beam element
will pass through on the two nodes connected with that beam element in the same
direction. TheSRP acceleration ¢f andj+1" nodes Figure 310) can be defined as:

= _ Fee 12 311
aSRP, PpL T le ( )

wherex, and X, are the position vector of the geometric centrg"dfeam element and the

Sun vector in ECI frame respectivell, is the solar constant (1,353 WHnC is speed of
light (299,792,458 m/s)A, is the area of thg" beam elementm, is the mass of thg"

beam elementCy ;, Cy, ; and Cg, ; are the coefficients of specular, diffuse and absorbed

Ra, j

reflectivity for thej™ beam element respectively. The surface normal unit ve&pr,and

the solar incidence unit vecto , are required to specitye orientation of th&ernoulli

body on the centre of pressure of fideam element.
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Figure 3.10 Solar radiation pressure on each node in side view.

324Gr avitati omlBalr nfomorlddegals f or

The gravitation force§ Eart hés gravity and third body
Moon as introduced in Chapter 2) will act on each node as shown in Figure 3.11 in the cast

of the Earthé&9 gravity forces (

1
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Figure 3.11 The Earth gravity forces on each node in side view.

325Attitude dyBeaemmawldleif t he

As shown in Chapter,Zuler angles can be used to describe the attitude of a rigid body.
The attitude is referenced to the centre of mass but in the casBerhoulli model, the
centre of mass and moments of inertia will change when the body is deformed from its
initial configuration. Therefore, Euler angles cannot be used and we must determine the

origin of the body reference frame on the second nodecamsh Figure 312
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Figure 3.12 Attitude motion of Bernoulli model in body frame (X, Y, , Z,).

The B and B, are vectors from the"2node to 1 node and % node in body frame
respectively. The X, is the cross product betweeB and B,. The yaxis (Y,) is
perpendicular to the x axis and thevds (7)) is cross product betweeXy and Y, We

define the transformation matrix following al33 sequence, y,q,f ) and then use

guaternions to determine th#itude representation of tiBzrnoulli body.

3.2.5.1 Gravity gradient torque

The gravitational forces acting on each node are illustratetfignre 312(a). The
difference in the normal coponent of the gravitational forces results in a gravitational

torque at each node, given by:

MG,] :(FG(j)’\ 'FG(j 1) )Lj (312

Where I\7IG,J. is the gravitational torque gf" beam elementj (=1 and 2) andIfG(j)A is a

perpendicular gravitational force of tH& node onj™ beam eIement,IfG(M)A is a

perpendicular gravitational force of thel™ node orj™ beam element.
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3.2.5.2 Solar radiation torque

We consider the solar rays acting on each beam element as shbigarm 312 (b). The
SRP torque on each beam element is generated when the peufsen8@RP forces on the

two nodes on the same beam are different:

Msunj = (Fsur( » -Fsun i) )L _ (3.13)

Where M is the solar radiation torque Pt rod, Ifsun( )~ Is a perpendicular SRP force of

sun j

thej" node onj"" beam element ang, . ., - is a perpendicular SRP force of frel"node

onj" beam element.
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Figure 3.13 External torque acting on the flexible model a) Gravity gradient torque b) Solar radiation
torque.

33Numeri cal Analysi s

The aim of this analysis is to compare the orbit propagation of three btwdiesf which

are rigid, cannonball and flat platend a flexible body, Bernoulli model, in GEO
environment (under Earthés gravity, t hir
SRP) by using attitude and dynamics equations from chapter 2. Inititdl ggarameters

and initial Euler angland angular velocitiesre presented ihable 32 andTable 33.

Table32Kepl eri anés el ement s.

Semimajor  Eccentricity Inclination Argument of  Longitude of ascending Mean anomaly

axis(km) (degree perigee(degree node(degree (degreé

41,164 0.0001 2.0 10.0 3.0 270.0
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Table33The initial Eulerds angle and angul
Eul er 6s a 1Mrotation 2"rotation  3“rotation

(Y) (9) ()

Angle(degree) 5 20 10
Angular velocity(degree/s) 0 0 0

The initial shape is that of a flat sheet for both rigid and flexible models. All models have
the same material propertigs, 47], as shown imable 31.

34Numeri cal |l ntegration met hods

The numerical integration to solve the propagation of the second diffierential
equations of orbital and attitude equations for the flexible model used hée Ruhge
Kutta method in MATLAB.Since ODE45 an only solve a first order ODEh& dynamics

equation of FEA has to beowverted to first order ODE. We therefdrdroduce 2 new

state variabley, and Y, defined as:

y, =0 (3.14)

Y, =

.

Then, we take the®lorder derivative in E¢3.14) such that:

=0 (3.15)

C:

Y, =
The above gives two new tjiamdgtintoch':qﬁmar ODEG

Yi=Y, (3.16)
¥, =[M]"(F {K]y, []]w

Finally, we can couple with FEA with orbital dynamics are expressed:
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f=v (317)
V=38, 18, &t agp

Yi=Y,
¥, =[M]"(F {K]y, []]w

All simulations in this chapter are performed on a PC with CPU @ 1.80 GHz and 8GB
RAM.

35Resul t s

Figure 314 shows the comparison in the evoluari eccentricity and inclination between

the two rigid bodies (cannonball (green line), figid plate (blue line)) and the Bernoulli
model (red line)over a period of 6 days. The inclination of the flat rigid sheet is non
periodic awl the increasing rate of eccentricity evolution is the lowEst Bernoulli
model, the inclination is the same periodic as the cannonball but the amplitude is higher.
The dtitude motion of a flat rigid plate ifrigure 315 is significantly slower than the
results of the Bernoulli model iRigure 316. This is because of both gravity and SRP
torques acting on the Bernoutliodel while the flat rigid body is subjected only to gravity
torque.According to esults on the rbital dynamics of HAMR debris from Schildknecht
and Scheeregl8, 49, theysuggest thathe rapid tumbling of a flat plate is averagedl

leads to the same effective surfaes a cannonbalbehaviourunder conditions of rigid
object. Thiss howevemot the case in this studyhe change of crossectional area of the
deformation of the Bernoulli model leads to provide dominant orbital prediction because
different SRPforces on each beam element caipport or erase the total SPR forces
which generated SRP torquk is worthy noing that the constant crossectional area
(cannonball) and constant areamass ratiof(at rigid plate are not good to approximate

for HAMR debris. The nextparagraph wil describehow SPR forces vary due to the

deformationof the Bernoulli model.
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Figure 3.16 Comparison Euler angle evolutions1-1.2 days ofboth Bernoulli model and flat rigid plate
under conservative perturbations and norconservative perturbations a) the I Euler rotation (y ) b)

the 2" Euler rotation ( ¢ ) c) the 3" Euler rotation ( 7 ).

Next, we analyse thigehaviourof SRPforces andhe deformationof the Bernoullimodel

by samplingl0 minutesfrom 6-day propagationsThere are three possible directions for
the sun unit vector (re@rrow) to act orboth beam element§or examples,he first and
second cases iRigure 317(a) andFigure 317(b) arethe sun vector acting along the same
sidesand different siaes of Bernoulli modelrespectively.The last case ifrigure 317(c)
shows that the sun unit vect@asses through on the front side becauselfshalowing
effect is being ignored at this moment. Alseslead to the different SRP acceleration
acting on each beam element (blue and red lines for’tted 2° beans in Figure 318
respectively)andthe SRPsummation ofbooth beam elementéblack line) are able to be
supported oerased The unbalanc&RP acceleration®f each beam elemetdad tothe
deformation of themodel andgenerate SRP torqué&igure 318(d)), which causes fast
tumbling as shown irFigure 316. It is worthwhile to be noted that deformatiarf the
Bernoulli modelleads to highly vary SRP accelerations and induce SRP tocqusing
rapid rotation In addition, theignoranceof a selishadowing mayead to reduce the
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next chapter.
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of Bernoullimodel over 6 days in the inertial frame a) Solar radiation

acting on the same side§l® case)b) SRP force acting on front side and back sid€2" case)c) Over
SRP force on the backside due to ignorance of selhadowing effect(3® case) (a blue arrow is a

normal unit vector, green arrow i

s a unit SRP force vector and red arrow is a unit sun vector).
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Figure 318 Ihe results of SRP accelerations anadbsolute SRPtorques in radial -tangential and normal

frame (FE,T,EJ) of both beam elements irnl0 minutesa) radial acceleration b) tangential acceleration c)
normal accelerations d) SRP torques.

In the 100day investigations ifrigure 319, the eccentdity of cannonball lies between
flat rigid sheet and Bernoulli model while the chadgange of the inclination of the rigid
flat sheetis narrow rangdetweenl.61 and 2.03 degrees when comparing \Bignnoulli
model and cannonball. In overall, theadiction of orlial dynamics of Bernoulli model,
which is coupl@ both deformation and attituebit dynamics significantly differs with
rigid models due todeformed shapesHowever, the computational cost of 100 days
propagation is highly expensiveh& CPU consumes B2 minutes/day evolution for CPU

1.80 GHz. It will takdongertime for the propagation of many years.
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body attractions from the sun and moon) and non convective perturb ation (SRP) a) Eccentricity
evolution b) Inclination evolution.

36 Summar y

This chapter investigated the ®@Pmotion of the flexible HAMR object based on Finite
Element Analysis (Bernoultuler theory) in geostationary region over short and long
term perods. The material properties of all models are assumed af @Hifitilayer
insulation).As a result of this studyhé deformation of the object leads to fast tumbling of
the Bernoulli model due to SRP torque as support the investigation from McM&6pn
The veryfast attitude motion effects to the differences of bottinaton and eccentricity
from both rigid objects (flatigid plate and cannonball). However, tb@mputatiomal time

is high cost thawill consume thelong propagation time when predicting over many
decadesalthough we consider the small displacement (stiffness copstdnch is loosen
some accuraciesf deformation dynamics effecting to attitudad orbital dynamics.
Therefore, the next chapter will be introduced the flexible model based on a multibody
dynamics in order to reduce the computational costtffdess constarty using suitable
constraint equatiomstead In addition, theseltshaawing effect and imperfect reflection
properties will be investigadeto predict attitud®rbit dynamics in over 12 and 100 days
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4 F|l exi bl e model with mul tib

This chapter models the MLI debris through a systematic treatment of the dynamic
behaviour of interconnected bodies. The results of this chapter include not only the
prediction of the orbital evolution, but also the attitude and the deformation state of the
membrane. The two substrates of MLI debris considered here afeadPBTKaptofi. The
orbital and attitude motions are stufdlied
solar radiation pressure and third body gravity from the Sun and Moon in the GEO region,
and compared with the orbital dynamics of two rigid body mo¢snonball and flat

rigid plate) under the same environmental conditions. Due to their deformations, HAMR
objects may sel§hade leading to changes in the effective esessional area and thus the
effects of SRP. This investigation considers-seddoving, adapting the algorithm used in

the case of planar shadow projection to address planar surfaces. The last study consists
Monte Carlo simulations by varying the initial conditions (attitude dynamics and variable
shape) and compares the results of pinepagation of a conventional rigid body or

cannonball model.

41Fl exi bl e multibody model

A thin and highly flexible body is modelled in this chapter by using multibody dynamics
and solved by means of Newtonian mechanics. The thin membrak&gure 41 is
modelled as a series of lump masses, interconnected with rigid rods at the centre o
horizontal plate. The lump masses act as rotatigmiats for the plates and include
rotational springs and dampers to simulate the bending stiffness of the menirane
folding lines represented by each lump mass are all parallel to each other and the plane ¢
deformation is described in a tvdimensioml plane perpendicular to the folding lin€sr

this preliminary study, three lump masses are considefeglré 42(a)), connected
through two rigidrods in order to simplify the model and reduce the computational cost.
The mass in the middle acts as a rotational hinge with spring and damper. Essentially, thi:
model concentrates the distributed mass of the MLI sheet on lump masses, and its stiffnes
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and damping properties on the central hinge. The sheet is assumed infinitely rigid in the

plane of the membrane itself. The deformed geometry of multibody model is defined

through the deformation angl€)() as shown irFigure 42(b). The dimensions are 1 x 1

m? in width and length respectively and the length of both rigid rodslg #)is 0.5 m

as shown irFigure 42.

a)
Torsional damper

Torsional spring % i i i']:‘ ii

b)
Figure 4.1 Comparing a multibody model with a thin membrane a) flat plate in 3D view b) side view.

Torsional damper
Torsional spring

Torsional damper

Torsional spring

b)
Figure 4.2 Simplified models as three lump masses installed with torsional damper and spring in 3D
view and side view a) flat plate shape b) deformed shape.



a)
Figure 4.3 Multibody model a) The model in the inertial frame b) Free body diagram on each lumg
mass.

To analyse the forces acting on each madsdare 43,

leads to:

)

I:total,l - :ran
IftotaI,Z + 41 'Frz mp(z
Iftotal,3 - -r2 :n-bj(s

7
my /
.,
my
Tl mg
i/. _

b)

Newt onos

From these equations, we can calculate acceleration for each mass:

il:( total 1 :rl)/ ”1
izz(lftotal,z -H_;l TFZ)/ I'TE

i% = (lftotal,3 'T-z)/ m,

Wherem isi™ lump massi(= 1, 2 and 3)F,

otal,i

ext, i -“fs,i Ii::i,i)! lfe

mass q:total,i =

Xt, i
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second

(4.)
(4.2)

(4.3)

(4.4)
(4.5)
(4.6)

is total force vector acting on thf&lump

is the external force vector from conservative and

non-conservative perturbations;(BRP and the thirdody from the Sun and the Moon),

T, is the tension force generated by feod (j =1 and 2, IfS,i is the rotational spring

force vector ofi" mass, F,. is the rotational damper force vectoriifmass, % is total

acceleration vector of lump mass. The rotational sprifgceis:
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F.=kg,/l (4.7)
k,=E,I/l

Where K, is rotational spring constantz, is Young modulus of materiall is the

moment of inertia of cross section ardajs the length of rod. The rotational damping

force vector is:

F.. =Cq,/] (4.8)

Cs = DF\/M_ks

Where C, is the rotational damping constanj, is angular velocity of the deformation,

D; is dissipation factor of the materig0], M is total mass of membrane. To enforce

that the distance between the masses shall be constant (as the membrane cannot stretct

its own plane, but onlydnd out of it), the constraint equations is:
(Xj+1- XJ)Z -(y] 1 3{)2 (?-B- ]Z)'z j|2 (49)
Then, the ¥ order differential of Eq4.9) is expressed as:

Z(Xj'xjﬂ)()ﬁ ')f 1) 2'(¥ YB)(}/ jy-l) (4-10)
+2(2j 'Z+1)(% '121) 2("?( -jX_l')z 2(.jy- 'jyl)z_ 2(12"]'21)3 -C

Finally, in order to complete the dynamic equations, we substitute the acceleration vectors
of each mass in E@.10)) in both rigid rods { =1 and 2) to find the tension of both rods

(T, and T,) and write in matrix form as:

&C, C, &, geA (411
_ o A
g:s C, grz l:lgAz
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Where
1 1
C,=(X% -X)(— -+
(% ><2)(ml mz)
c,= K%
m,
= (%)
m,
1 1
C4: X, -X)(—
(% X3)(mz n%)
A= (% % (% W (3-2°- B, B, %)
m m
— . o \2 : T\ 2 o _ N2 _ T ()—(2'7(3)_'_'3 (Yz '3(3)
AZ '(XZ Xs) ( y2 y& ( 72 Za) Etal 2 rnz total,3 n'k

Then, we can findf, andT, by leftmultiplying by [C]

¢T, 2¢C, C, oeA (412
| A
grz 0&3 G, HgAz

Finally, we obtain the accelerations of each lump mass, which can be found through
Eq(4.4) - (4.6) to study the orbital evolution.

42 Mo d e l t est

The first test is to analyse the deformations arising from the presence of a rotational spring
and damper and then the model will be forced to simulate a movement and rotation of the

multibody model. In this section, each lump mass is defined as 1 k¢pamthdracteristic

parameters for the rotational spring and damper are assumedo=b@.01 N-m/rad and

C, = 0.05 N:m-s/rad respectively.

421Rot ational spring and damper tes

In order to test the rotationalrépg and damper of the model, it is required to set afltadn
geometry as an initial condition (triangular shap€igure 44(a)). Firstly, we consider the
case of spring only. The continuous oscillation of the modé€&igare 44(b) is forced by
the rotational spring. If we consider both spring and dampéigure 44(c), then it can be
seen that the dampeeduces the amplitude of the oscillation until it motion stops

completely.
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Figure 4.4 Simulation of multibody model without external force a) nitial geometry before simulation
(triangular shape) b) time-lapse of the deformation when only the spring is considered, leading t
continuous oscillations c) timelapse of the deformation when both spring and damper are considerec
The damper quickly reducess the oscillation in 10 seconds (1 plot/0.1440 second).

422Di spl acement and rotation test

This model is tested in 4 different cases. In the first and secondFigsite 45 andFigure

4.6), a continuous force of 1 N in the y direction and 1 N in both x and y directions is
applied. The multibody model will not show any deformation due to the fact that the same
force is acting on each lump mass. The body moves in the direction of the fithhce w
increasing velocity. In the third casekigure 47(a) a force of IN is applied for 1 second,

only on the central mass in the z direction. Tésutts show that the two plates move up
and down due to the presence of the springignire 47(b). In the last test ikigure 438(a)

a force of 1 N is applied for 1 second in both on the first mass in both x and z directions.
The results show that in this case the model rotates and translavesrnfglthe applied

force direction inFigure 48(b). The results show that the multibody model is capable of
describing 7 DOFs (3 linear, 3 angular dndeformation) when different force vectense

acting on the lump masses.
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43Modi fied Equinocti al El ement ¢

The set of orbital elements, described by Gaussian variation of parameters (VOP), are
chosen to study all dynamic evolutions in this chapter. This method has a singularity
problem, wken the eccentricity and orbital inclination equal foand 90 degrees
respectively. To avoid this singularity, the modified equinoctial orbital elements (MEE)
[51] wereintroduced. The set of MEE equations are defineteims of the equinoctial

orbital elements (EQU) as follows:

p=a(l -€)
f =ecosfv + )
g=esin(w + ) (413

h=tan( /2)sin V
k=tan{ /2)sin V
L= Ww £

Where mis gravitational constang is the semimajor axis (km)gis the eccentricityj is
the inclination (degrée w is the argument of perigee (degyedV is right ascasion of
ascending node (degfeandn is true anomaly (degrgep is semilatus rectum (km) and

L is true longitude (degrge The variation ofthe modified equinoctial elements is

expressed in:
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p=22 [P

f:\/EgeDsinL fw Iyeos. f - psinl k cot $2

mg w w

g :Fi‘e- [DosL [Ww 1l)eod ¢ jQ% hsinL k cosL;B @19
mg w w

h= BicosL D

\/7—5|an
L = ﬁge"l 8#\/7(hsmL kcosL) |,

Where D,, D, [are nortwo-body perturbations in the radialﬁo, tangential QE) and

normal (IE) directions respectivelys=+1 #f K andw=1 + cosL g sinL.

44Perturbations

In this chapter, we considey, dhird body perturbations from the Sun and Moon and SRP

perturbations. Therefore, the total perturbing acceleration is expressed as:

D :an a’o é(-H- éSRP (4'15)
441 ,perturbation

Planetary oblateness is considered throughthardnonic[52]. The graviational potential

of the Earth due to the oblateness effect is expressed as:

R, = —;m.lzriﬁ:(Ssinz Jj B (4.16)

Where J, is the 2" zonal harmonic coefficient (1.0826269x)0 R, is the radius of the
Earth 6,378.137 knip r is the geocentric position of the debaisd ; is the geocentric
latitude of the object in the Earth fixed franfeherefore, the ¥ differential of Eq(4.16)

are J, acceleration &, ) along each component of inertial reference frarlﬁef, IE) as:
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_HR, _3m,R1& 5¢

Az = - 5 = 2
vg 2r c T

0 MR 3/7112R§G§é 5r¢ (4.17)

j2.J urJ 2r5 g r2

_MR _ 3m,Rk &, 5

aj2,K - - 5 a?’ 2
I 2 c T

442Sol ar radiation pressure of mul' t

For the multibody model based on multibody dynamics, solar radiation preteueads

on the area and its orientation with respect to the radiation coming from the Sun. The SRF
equation is similar as the SRP equation using with BernrBuler model in chapter 3 by
applying SRP force on lump masses instead of nodes as:

_ E AU? EF
Forn (= A — ﬁ

Clr-rf

G)SFacg, ?Dﬁ £) N (4.18)

VO %&Do

Thus, the SRP acceleration of both lump masses ¢¥ troel (8sre ; 1) Can be defined as:

Fore /2 (4.19

My

Agrp 1 =

where A, is the cross sectional area of tﬂm@ rod, m, ., is the lump mass of thejath and

j +1" lump mass,E is the solar constant (1,353 WAnc is speed of light (299,792,458

m/s) andC_,, C,, and C,, are the coefficients for specular, diffuse reflectivity and

d,j
absorption for the] " rod respectively. The Sun unit vectcéj() and the surface normal

unit vector (I‘Ej) are required to specify the orientation of debris on the centre of pressure

of the jth rod andr; and T, are the geocentric position of centre of rigid rod and the Sun

respectively.

443Average solar radiation pressure

The attitude motion will alter the effects of solar radiation pressurealtiee changing
size of the effective crossectional area. For flat rigid debris, the average of SRP force

over the possible tumbling motion is considered and this averaged force is then propagatec
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The benefits of this approach are to reduce computdtomst by decoupling attitude and

orbital dynamics.

In order to model a tumbling piece of debris, we can assume that any orientation in the
inertial space will have equal probability of occurring. Therefore, the average force is
obtained by integrating @v the latitude and longitude of the Sun. It is useful to integrate

in terms of a spherical coordinate frame:

_ 1”2
E = ~ / (4.20
avg 4,0 p lﬁ?ld g Q
We set the unit Sun vector as:

_d (4.21)
&=%
€0

And a general normal vector can be described as:

écos/ sin ¢ (4.22)
N =S gsin/ sin ¢

¢ cosd,

Therefore, the equivalent area is expressed:

A, = (423

Where P,, = — is solar radiation pressure per square unit metre.

o|m

Then, the average SRP acceleration of the flat rigid sheet can be calculated as:

Q)

o= hp (4.24)
M

However, the disadvantage of the spherical integration coordinates is that when we

perform to integrate on the two angles, the results of points are not uniform distributions on
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the sphere surface but they are concentrated on the pole, which may redacef sdim

possible solar l#tude and longitude that effects the valu@e¢rage SRP ford&3].

45 Se-shadowi ng

There are three main methods commonly used intireal 3D computer graphics to
represent shadowing effects. These are: planar shadow, shadow volume and shadowin
mapping. In this thesis, the planar shadoethod, first developed by Blif®4] is applied

to generate shadows by projecting the sh
method is suitable to calculate ssifadowing of the multibody model because it is the
easiest and fastest to implement and the multibody model has a simplergdmuméhe
disadvantage of a shadow casted on a plane does not create soft shadow (penumbra), whi

SRP will not be nil because of partial illuminatidn. Figure 49, the point (p) is the

projection of each vertex/§ onto the plane Pn &, ¢  Cdue to a light source vector

(). The shadow cast the on plazen be defined as:
d“+ n _D(\7 i (4.25)
n

This can be written into a projection matrip € Mv) [55].

énl+d -n, I, 1A, Id- (4.26)
é

M =6 -1, nl «d kn, lA, | d-
€& -ln, in, nl & lp, Id-
g - N, -ny R, ni

The selfshadowing algorithm has two main steps. Firstly, when two planesiarged in
space, it will perform a check to determine which plane, if any, casts a shadow on the
other. The vector from the Sun to the centre of mass on the plane will determined which
plane is closer to it. The algorithm then determines if an areaegbléme is exposed to
SRP by checking the intersection between the shadow and the plane. In case of the nor
intersection, SRP forces of both planes are normally calculated. This algorithm is

calculated at each integration step.
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~

A

Figure 49 Planar shadow projection.

Figure 410(a) presents a seshadowing simulation test. The above plane (pifikplane)

acts as a shading plane. The bottom plane (blll@l@ne) has a shadow (grey) cast upon

its surface. The lighsource is at coordinates (5, 1, 4) in X, y, z axis. The shaded area
depends on the position of t Rigure #10(lh lartd s o
Figure 410(c) show different shadows created by moving the light source coordinates at
(5,-1, 2) and {1, 0, 4.5) as well as the orientationtbé object. It can clearly be seen that
different orientations and relative positions cause significant changes in the solar radiation
pressure on a shaded plane.

z axis

2
\/ 5 6 18
6 o 1 2 3 55 14

X axis y axis x axis (m)

a)

y axis (m)

Z axis (m)

5 1.8

x axis (m) y axis (m)

X axis (m)
b) C)
Figure 4.10 Self-shadowing area simulations a) light source above the model and full shadow on tl
second plane b) shadow area after moving light source position c) shadow area after rotating.



67

46 Si mul ation Anal ysi s

Two different kinds of MLI[18] are selected for analysis: PE®nd Kaptofi. PET®
(perfect reflection properties) @ated aluminium on both sides while Kagtas coated

only on one side (imperfect reflection properties) as showiguare 411. There are three
modds types considered for these investigations (cannonball, flat rigid plate and

multibody). The material properties are listed in

Table 41 and the iniial geometries of both rigid flat plate and multibody model are
assumed to be that of a flat sheEig(re 411). All objects start with the same set of
Keplerian elements as shown in Table 4.2 and the starting date of the simulation is the
same used in section 2.1.2 of chapter 2. Initial Euler amgézsured at the second lump
mass that is assumed to be the origin of body frame of reference are chosen to be 50, 9 ar
85 degrees (3-3 rotation sequence) respectively and the initial angular velocity set to zero
for all components. The attitude dynamufsthe multibody model refers to the attitude
dynamic first presented in section 3.2.4 of chapter 3. The numerical integration used to

solve the differential equations in this study is the ODE45 in MATEAB

Aluminum PET

Cannonball P
PET ° C

Aluminum k

Kapton g C
Aluminum P
o — R

Aluminum Kapton

Flat rigid plate

Aluminum
e

Figure 4.11 Crosssectional objects of cannonball model and flat rigid object.

k

Table 41 Properties of PETand Kapton [1§]

Material type AMR Young C.,C.,.Cy k C
[m?/kg] Modulus ) ’ ° °
N - m/rad -m-
(E) [N/m] (N-mfrad) (N-m-s/rad)
PET Coated 111.11 8.81x10 0.600.26 0.14 0.0043 1.2388E05
Kapton Coated 26.30 2.50x10 0.600.26 0.14 0.0051 1.3904E05

uncoated 26.30 0.000.100.90
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Table 42 Initial orbital elements.

Semimajor  Eccentricity Inclination ~ Argument of  Longitude of ascending Mean anomaly
axis(km) (degrees) perigee(degrees node(degrees)) (degrees)

41,254 0.0001 5.0 9.0 30.0 270.0

The orbitaland attitude evolutions of both debris models have been investigated under
selected perturbation regimeg.pJer t ur bati on only is | abell
body gravitational perturbations from the Sun and the moon are labelled with subscript
Afgo, while SRP force i s-shadawng of meltdbodymnotehis s u
denoted by subscript Aho. The <capital |
model, rigid body and multibody body respectively. The material of the motsdeied
with superscript fp°andKaptf réspestivedyt Taensdmmary of f o |
the objects and their characteristics used in the numerical simulations is shdalen

43.

Table 43 Summary of letters to describe simulated objects.

Model Letter | Material Superscripf Perturbations ~ Subscript
Cannonball C PET p N} i
Rigid flat sheet R Kapton k Third body g
Multibody model M SRP S
Shadow effect h

47Results and Discussion

In this section, we present the physical dynamics and orbital parameters of the multibody
model and compare that with the flat rigid sheet and cannonball model (reference object)
for two material types (PETand Kaptoff) over a period of 12 days. In order to analyse
the effects of each perturbation, we investigate three scenagriasd BRP, gravitational

(J and third body) and finally consider all perturbations. All investigatioassanulated

with a personal PC CPU @ 1.80 GHEhen, in order to investigate different initial
conditions for the attitude dynamics and deformed shape, Monte Carlo simulations with
300 different initial conditions are rwn a Linuxbased parallel compuiy cluster with 50

processor cores

471Dy nami cs,anmderolJar radiation pres

Figure 412 shows the dynamical evolution for the PEdver 12 days for four different

scenariosM ¢, Mp .,

js?

Riand C{ . The variations of the orbital elements are significantly



69

different for each object. Both eccentricity &2 and M lie betweenC{ and R

while the inclination ofC{ show the largest amplitudes in variations of inclination. It can

be seen that the inclination &1} and M present almost similar periodic behaviours.

Thereason for this is that the SRP accelerations of multibody model depends on variations
of the effective crossection area throughout the orbital revolution due to tumbling and
sel-shading effect while the SRP accelerations of both rigid bodies are acanlgdal the
varying distance to the Sun, which does not significantly change in the short period of the

simulation.
In the same simulation with KaptdrfM,, M¥,, RS and C), Figure 413 shows that
the orbital evolutions of thé:}‘s exhibits the highest secular trend in ed¢derty and the

largest amplitude in variations of the inclination. It is, therefore, worthy to note that

cannonball model is not suitable to approximate the orbital motion of an object with

imperfect reflection properties. The inclination evqutionQ\/tiJI and M}‘S]h are larger than

R}‘S due to variations in the effective cross sectional area of the flexible model as the
previously mentioned for the case of PETComparing both material typefor the

multibody model, the evolutions of Kapfdare obviously smaller due to AMRvhich is

around 5 times lower and imperfect reflection properties.
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Figure 4.12 Comparison in eccentricity and inclination evolution of M 2, M2, R2 and C under J,
and solar radiation pressure over 12 days.
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Figure 4.13 Comparison in eccentricity and inclination evolutions of M jks s Migh,s

and solar radiation pressure over 12 days.

RY and C; under J,

In order to better understand the dynamics of the multibody model, we restrict the time of
the investigation to 10 minutes and start from the same initial configuratiéigune 414

(deformed angle: 30 degrees) and same initial positions and velocities for bdtrafET

Kaptorf”. Figure 415(a) shows the physical dynamics ldfy without considering the self
shadowing effect. In this case, the absolute accelerations of both pMrgsir{ Figure

4.15(b) do not reach zero. Comparing with the evolutiodf, in Figure 416(a), we can

notice that the selhadowing effect leads to different deformation and tumbling when

comparing witlM 2 . The first planeM ¢ , is not exposed to direct solar radiation pressure

due to sellshadowing effect and the overall absolute accelerations of both plafigsiia

4.16(b) show a null or small accelerations. The rotationsMf is different when

comparing the rotations oMy, as shown inFigure 415c) and Figure 416 (c)

respectively. Selghading effectauses both different deformations and unique rapid non

stable attitude motion o1 2 and M ¢ . This is due to the fact that seliadowing reduces

the amount of SRP acting one side of the plate leading toaatiffe in the force vectors

between the two sides
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a) b)
Figure 4.14 Initial geometry in the inertial frame of investigation in 10 minutes under } and solar
radiation pressure a) 2D view b) side view.
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Figure 4.15 Simulation results of PET® under J, and solar radiation pressure without selfshadowing
(M j';) in 10 minutes a) timelapse of deformation in the inertial frame (1 plot/ 30 seconds) b) absolut
acceleration of both planes cEuler angle evolution.
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Figure 4.16 Simulation results of PET® under J, and solar radiation pressure with selfshadowing

(Mj‘;h) in 10 minutes a) timelapse of deformation in the inertial frame (1 plot/ 30 seconds) b) absolut
acceleration of both planes c¢) Euler angle evolution.

The analysis of the motion of Kapfdmodel under the effects of dand SRP over a period

of 10 minutes is shown iRigure 417 andFigure 418. Due to the nowniform reflection
properties of Kaptdf the front surface is coated with highly reflective aluminium while
the back side does not have any coating and hence has significantly lower reflectivity.
There arghree possible scenarios for the perturbations forces acting on the model. Firstly,
the SRP acts on the aluminitcnated surfaces and the object moves subject to both SRP
and J perturbations. Secondly, if SRP acts on the uncoated sides then the mdtien of
object is dominated by gravitational perturbation rather than SRP. Lastly, when SRP acts
on the coated side of one plane and-noated side of another one, then the effect on the
two planes is going to be significantly different. This leads to theraeftion of the

geometry and rotations as shownFigure 417(a). This mechanism is similar to the self

shadowing effect. Comparing the absolute Ereéion of both M and M, the

js,h?
complete shading pIanM}‘s,h) on the first plane ifrigure 418(b) is found at the start due
to zero absolute acceleration as initial conditions WMIJ@, shows that SRP forces acts on

both planes. These mechanisms of-skHdowimy are as similar to the case of P the

previous case study.
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To summarise, the short term period analysis of both®P&Td Kaptofi, the self
shadowing causes a variation in the SRP forces acting on the body which results in
different deformations anditnbling of the multibody model when compared to the results

without considering sehadowing effects. The rotation &7, is howeverfaster than

M jks’h due to lighter weight and uniform reflection properties.
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Figure 417 Simulation results of Kapton® under J, and solar radiation pressure without self

shadowing (M}‘S) in 10 minutes a) timelapse of deformation in inertial frame (1 plot/ 30 seconds) b
absolute acceleration of both planes c) Euler angle evolution.
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Figure 4.18 Simulation results of Kapton® under J, and solar radiation pressure with selfshadowing
(M}‘S'h) in 10 minutes a) timelapse of deformation in inertial frame (1 plot/ 30 seconds) b) absolut
acceleration of both planes c) Euler angle evolution.

A72Ef f ect isveec tciroons sswa@ma wsoodear J adi at |

The change of effective crossction area alters the variations in the incidence angles on a
debris surface thus leading to thetatte dynamics of debrigigure 419(a) andFigure

4.19b) show the propagations of effective crgsstion area over a period of 10 minutes

of PET® (M2, M2, and R?) and Kaptofi (M{, MY, and R{) under J and SRP

js? S,
disturbances. The effective cremsction areas of the rigid modeR{and R}‘S) are

calculated by averaging all possible attitudes of effective area ovar Istitude and
longitude leading to both average exposed area values of 0.174ihdn0.1040 rh

respectively. The equivalent area Eajks is around 1.6 times smaller due to imperfect
reflection properties. For the multibody modele taffective crossection areas are the

summation of the effective crasgction area of both planes due to their rotations.

Analysing the effects of sefhadowing inFigure 419, it can be seen that the effective
crosssectional area with se#hadowing differs significantly from that with noelf

shadowing for both PETand Kaptofi. The rate of change of the effective cresstion

kK and MX

area ofM ¢ and M in Figure 419(a) fluctuates more rapidly than that lif sh

S,
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in Figure 419(b). The highest value of effective cressctional area indicates that the SRP
vector acts almost perpendicularlytte debris plane while the lowest value corresponds
to the debris plane being almost parallel to SRP vector. These results are in accordanc
with the unstable attitude motion and variations in SRP accelerations discussed in previou:

section.

effective area
o
S

MY
/ |
I
|

0 2 4 6 8 10 0 2
Time(minutes) Time(minutes)

a) b)
Figure 4.19 Comparison in variations of effective crosssection area under J and solar radiation
pressure in 10 minutes a) PEY b) Kapton®.

473Dy namidesphawd -$alhar third body per

Figure 420(a) and Figure 420(b) show that there are very small changes in both
. . . - - k k - -
inclination and eccentricity oM ¢, R, M and Ry, . Figure 420(c) andFigure 420(d)

jgr g
shows the dference in inclination and eccentricity of both materials in the order 8f 10
and 10° respectively when applied to the flat rigid plate model. While the changes for the
eccentricity appear to be bounded, the inclination change suggests a seculéirvremd.
suggest that the gravitational effects insignificantly change in the orbital dynamic of

multibody model when comparing with cannonball. For the simulation of the deformation

dynamics Figure 421 shows a spin oM ¢ . The cause for this behaviour is that the gravity

gradient torque acts with sufficiently difference on each lump mass. This leads to the
deformation of the lay and the tumbling motiorF{gure 421(b)-Figure 421(c)).
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Figure 4.21 Show tumbling and deformation of PET® object under J, and the third body from the Sun
and Moon during 1.82961.8305 day (65 seconds) &)me-lapse of deformation in inertial frame (1 plot
/3 seconds) bpeformed angle evolutionc) Euler angle evolution

474Dynamics under al l perturbations

This section aims to investigate the orbital evolution under the effects of all perturbations

for the three objectéM?_ ., M¥_ ., RP., R¢  CP and CY)) over a period of 12 days

jgs,h? jgs,h? lgs’ igs”’ 19s 19s

with the selfshadowing effect considered for the multibody mod#s, ,, Mj!(gs,h)' Figure
4.22 shows the orbital dynamics of the bodié%s presents the highest variations in both
inclination and eccentricity. Thenaximum inclination change oM g , can reach

Di °0.03= while for M¥

igsn» this is one order of magnitude smaller at arond0.00€.

The difference is due to PEeing lighter than Kaptdhand having uniform reflection
properties. It is evident from these results that the variations in both inclination and
eccentricity caused by SRP are dominant over those exertecahy dhe third body from
the Sun and Moon. The attitude motions\f,; , and M;(gs,h during 1.01.5 dayare shown

in Figure 423 andFigure 424 respectively and both display very fast and complex motion.

It is worthy to note that the combinations of the multibody model, reflection properties and
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the selfshadowing effect lead to unique nstable rotations and deformations of both

PET® and Kaptofi. This simulation takes.36 minutes/day evolution on a personal PC

CPU @ 1.80 GHzwith RAM 8 GB. This

required for the simulation of the Bernoulli
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Figure 4.22 Comparison in eccentricity and inclination evolution over 12 days oiM
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Figure 4.24 Euler angle evolution of Mjkgs,h during 1.0-1.5 dayunder J2, third body perturbations and

the direct solar radiation pressure a) the I Euler rotation b) the 2" Euler rotation c) the 3 Euler
rotation.

475Monte Carl o simul ati on

In a real case scenario the attitude and shapeeadebris will not be knowrRerforming a

Monte Carlo analysis can therefore shed some light on understanding the effects tha
different initial conditions have on the orbital propagation of the debris. A Monte Carlo
simulation of the multibody model therefore, performed to investigate the uncertainty of

the orbital evolution over a period of 100 days under different initial attitude and

deformation angle of the multibody modé (;S’h) by comparing it with cannonball model

(Cps) and flat rigid plate RY,). All objects will be in the same initial orbit shownTiable
4.2 and the same starting date. In the case of the rigid models, there are 3 cannonba
objects with different AMR of 50, 70 and 111.1%/kg and flat rigid platesRP. with

AMR of 19.56 nf/kg with averaged solar radiation pressure average

The computational cost over 100 days of Monte Carlo for the multibody model is higher

due to the coupling of deformation attitude and orbital dynamic as well as the inclusion of
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selfshadwing effects when compared to the rigid model. The sampling technique is,
therefore, important to select the suitable sampling sizes of initial rotation angles and
deformed angle. From the study of Burhene and Matala by comparing different sampling
method (random sampling, stratified sampling, Latin hypercube sampling and sampling
based on Sobol sequengép, 57], the Latin hypercube (LH) sampling shows the fastest
convergence and produces reasonable results even for very small sample sizes. Thi
technique is flexible in terms of data density and location and has good uniformity with

respect to ezh dimension variable.

Figure 425 shows a mean value of uniform distribution sampling of attitude dynamics and
deformation angle by varying the sample size. Due to the large the number of sampling
sizes and complicated dynamics of multibody model to predict orbital motions of all 300
initial conditions, this investigation requires the expensive computations. The simulations
were, therefore, performed in parallel on a Lisnased computer cluster with 50 processor

cores.
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Figure 4.25 Comparing mean values of 4 ariables (yaw, pitch, roll and deformed angle) in different
sampling size by using Latin hypercube method in term of uniform distribution [0,1].

Figure 426 shows the final values of eccentricity, inclination and serajor for C].ZS,

R° and M?

igs igs,h

over 50 days. It can be noticed tfaf, with AMR: 111.11(triangulaj

and RY (cross) shows the highest and lowest eccentricity respectively ar@ffowith

AMR 70 nf/kg (diamond), the orbital evolutions of this object is close to the debris cloud
of M?

iwsn- We producethe histogramand fitted normal distributioof the orbital element

data of M2, by using statistical data binning as showFigure 427, presering that

eccentricity, inclination and sermajor evolutions are in range of 0i%134, 4.304.62
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degrees and 41,6142,629 km respectivelythese results imply that the propagatidrao
different initial rotational motion and a unique shape provide a different orbital motion.

a) b)
Figure 4.26 Comparison the orbital distribution of the Monte Carlo simulation of the multibody model
(green circle) with rigid flat plate (blue circle) and cannonball objects (red symbols) over 50 days ¢
inclination vs eccentricity b) semimajor axis vs eccentricity.

c)
Figure 4.27 Histogram and fitted normal distribution of orbital evolutions of M , over 100 days a)
inclination (b) eccentricity (c) semimajor axis.
p

After evaluating the orbital dynamics over 100 day§igure 428, al rigid bodies(Cj,

and R’ ) in Figure 428(b) of the graph plotting semmajor vs inclination move in the

19s








































































































































































