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Abstract 

Different types of base fluids, such as water, engine oil, kerosene, ethanol, methanol, 
ethylene glycol etc. are usually used to increase the heat transfer performance in 
many engineering applications. But these conventional heat transfer fluids have often 
several limitations. One of those major limitations is that the thermal conductivity of 
each of these base fluids is very low and this results a lower heat transfer rate in 
thermal engineering systems. Such limitation also affects the performance of different 
equipments used in different heat transfer process industries. To overcome such an 
important drawback, researchers over the years have considered a new generation 
heat transfer fluid, simply known as nanofluid with higher thermal conductivity. This 
new generation heat transfer fluid is a mixture of nanometre-size particles and 
different base fluids.  Different researchers suggest that adding spherical or 
cylindrical shape of uniform/non-uniform nanoparticles into a base fluid can 
remarkably increase the thermal conductivity of nanofluid. Such augmentation of 
thermal conductivity could play a more significant role in enhancing the heat transfer 
rate than that of the base fluid.  
Nanoparticles diameters used in nanofluid are usually considered to be less than or 
equal to 100 nm and the nanoparticles concentration usually varies from 5% to 10%. 
Different researchers mentioned that the smaller nanoparticles concentration with 
size diameter of 100 nm could enhance the heat transfer rate more significantly 
compared to that of base fluids. But it is not obvious what effect it will have on the 
heat transfer performance when nanofluids contain small size nanoparticles of less 
than 100 nm with different concentrations. Besides, the effect of static and moving 
nanoparticles on the heat transfer of nanofluid is not known too. The idea of moving 
nanoparticles brings the effect of Brownian motion of nanoparticles on the heat 
transfer. The aim of this work is, therefore, to investigate the heat transfer 
performance of nanofluid using a combination of smaller size of nanoparticles with 
different concentrations considering the Brownian motion of nanoparticles. A 
horizontal pipe has been considered as a physical system within which the above 
mentioned nanofluid performances are investigated under transition to turbulent 
flow conditions. 



Three different types of numerical models, such as single phase model, Eulerian-
Eulerian multi-phase mixture model and Eulerian-Lagrangian discrete phase model 
have been used while investigating the performance of nanofluids. The most 
commonly used model is single phase model which is based on the assumption that 
nanofluids behave like a conventional fluid. The other two models are used when the 
interaction between solid and fluid particles is considered. However, two different 
phases, such as fluid and solid phases is also considered in the Eulerian-Eulerian 
multi-phase mixture model. Thus, these phases create a fluid-solid mixture. But, two 
phases in the Eulerian-Lagrangian discrete phase model are independent. One of 
them is a solid phase and the other one is a fluid phase.  
In addition, RANS (Reynolds Average Navier Stokes) based Standard ߢ − ߱ and SST 
ߢ − ߱ transitional models have been used for the simulation of transitional flow. 
While the RANS based Standard ߢ − ߳, Realizable ߢ − ߳ and RNG ߢ − ߳ turbulent 
models are used for the simulation of turbulent flow. Hydrodynamic as well as 
temperature behaviour of transition to turbulent flows of nanofluids through the 
horizontal pipe is studied under a uniform heat flux boundary condition applied to 
the wall with temperature dependent thermo-physical properties for both water and 
nanofluids. 
Numerical results characterising the performances of velocity and temperature fields 
are presented in terms of velocity and temperature contours, turbulent kinetic energy 
contours, surface temperature, local and average Nusselt numbers, Darcy friction 
factor, thermal performance factor and total entropy generation. New correlations 
are also proposed for the calculation of average Nusselt number for both the single 
and multi-phase models. Result reveals that the combination of small size of 
nanoparticles and higher nanoparticles concentrations with the Brownian motion of 
nanoparticles shows higher heat transfer enhancement and thermal performance 
factor than those of water. 
Literature suggests that the use of nanofluids flow in an inclined pipe at transition to 
turbulent regimes has been ignored despite its significance in real-life applications. 
Therefore, a particular investigation has been carried out in this thesis with a view to 
understand the heat transfer behaviour and performance of an inclined pipe under 
transition flow condition. It is found that the heat transfer rate decreases with the 
increase of a pipe inclination angle. Also, a higher heat transfer rate is found for a 



horizontal pipe under forced convection than that of an inclined pipe under mixed 
convection. 
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Chapter 1  
1.1           Introduction 
Fluids are frequently used as heat carriers in heat transfer equipment. Examples of 
important uses of heat transfer fluids include vehicular and avionics cooling systems 
in the transportation industry, hydraulic heating and cooling systems in buildings,  
industrial process heating as well as cooling systems in petrochemical, textile, pulp 
and paper, chemical, food and other processing plants. In all of these applications, the 
thermal conductivity of heat transfer fluids plays a vital role in the development of 
energy-efficient heat transfer equipment. No doubt, industries have a strong need to 
develop advanced heat transfer fluids with significantly higher thermal conductivities 
than are presently available during the period of an increasing global competition. [1] 
It has to be admitted that despite considerable previous research and development 
efforts put on heat transfer enhancement, few important improvements in cooling 
capabilities have been constrained because of the low thermal conductivity of 
conventional heat transfer fluids. However, it is well known that metals in solid form 
have orders-of-magnitude larger thermal conductivities than fluids at room 
temperature. For example, the thermal conductivity of copper at room temperature is 
700 times greater than that of water and is 3000 times greater than that of engine oil. 
And, the thermal conductivity of metallic liquids is much greater than that of non-
metallic liquids. Therefore, the thermal conductivities of fluids that contain 
suspended solid metallic particles are expected to be significantly more enhanced 
when compared with conventional heat transfer fluids. [1] 
A decade ago, a new kind of heat transfer fluid called nanofluid was introduced which 
was derived from stably suspending nanoparticles in conventional heat transfer 
fluids, usually liquids. Commonly used oxide nanoparticles are Aluminium (Al), 
Silicon (Si), Titanium (Ti), Copper (Cu), Zinc (Zn), Iron (Fe), Magnesium (Mg) and 
Silver (Ag); and base fluids are water, engine oil, kerosene, ethanol, methanol, 
ethylene glycol and mono ethylene glycol. Nanofluids consisting of such nanoparticles 
suspended in liquids have been shown to enhance the thermal conductivity as well as 
convective heat transfer performance of the base fluids. Hence, research is in 
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progress to introduce nanofluids in many thermal applications where the 
conventional fluids are not capable of improving the rate of heat transfer any further.  
For the first time, Choi [1] at Argonne National Laboratory had used nanoparticles 
suspended in a conventional heat transfer fluid and proposed that the addition of 
nanometer size particles into the base fluid helped to increase the thermal 
conductivity and hence enhanced the heat transfer rate of nanofluid. Later on, various 
applications of nanofluids were found in electronic cooling components [2], 
transportation [3], industrial cooling [4], heating buildings and reducing pollution [5], 
nuclear systems cooling [6], space and defence [7, 8], energy storage [9], solar 
absorption [10], friction reduction [11], magnetic sealing [12], antibacterial activity 
[13], nanodrug delivery [14], intensify micro reactors [15], microbial fuel cells [16] 
and so on.   
In conventional cases, the suspended particles into the base fluids are of micro meter 
dimension. The use of micro sized particle colloids generally causes particle settling, 
tube erosion and channel clogging or abrasion. These problems are highly 
undesirable in many practical applications. Nanofluids have pioneered in overcoming 
these problems by stably suspending in fluids nanometer sized particles instead of 
micrometer sized particles. Nanoparticles stay suspended much longer than 
microparticles and possess a much higher surface area than larger particles. If 
particles settle rapidly like microparticles, more particles need to be added to replace 
the settled particles resulting in extra cost and degradation in the heat transfer 
enhancement. To overcome this drawback, there is a strong motivation to develop 
advanced heat transfer fluids with substantially higher conductivities to enhance 
thermal characteristics. Also, nanoparticles have about 20% of their atoms near the 
surface allowing them to absorb and transfer heat efficiently. But, micro-particles 
have most of their atoms far beneath the surface where they cannot participate in 
heat transfer. In addition, the suspended particles increase the surface area and the 
heat capacity of fluid. That is, a significant improvement in the effective thermal 
conductivity is achieved as a result of decreasing the size of the suspended particles 
(nanometer sized particles) rather than using larger particles (micro-meter sized 
particles). Since heat transfer occurs on the surface of a solid, this feature greatly 
enhances the heat conduction contribution of the fluid. [1] 
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However, there are few differing results found by different researchers where they 
mentioned that degeneration of heat transfer could be possible using nanofluids. For 
example, Santra et al. [17, 18] studied heat transfer characteristics of copper-water 
nanofluid in a differentially heated square cavity by treating the nanofluid as both 
Newtonian and non-Newtonian fluids and they reported a decrease in heat transfer 
by increasing the nanoparticles concentration for a particular Rayleigh number (Ra). 
Also, Rashmi et al. [19] presented a study on numerical simulations of natural 
convection heat transfer in Al2O3-water nanofluids. Their numerical results showed 
decrease in the heat transfer with the increase in nanoparticles concentration. The 
reason of such degeneration of heat transfer was the combined effect of dynamic 
viscosity and thermal conductivity of nanofluid. Abu-Nada et al. [20, 21] also showed 
the degeneration of heat transfer in horizontal annuli using water-based nanofluids 
containing Cu, Ag, Al2O3 and TiO2 nanoparticles. It was observed that for Ra =104, the 
average Nusselt number had been reduced by increasing the nanoparticles 
concentration. It was due to the inertia forces which caused the adverse effect of the 
nanoparticles to become more severe. Therefore, there is still a controversy on the 
role of nanofluids in natural convection heat transfer. But to the best of our 
knowledge, no such controversy has been reported in forced and mixed convection 
heat transfer. Therefore, our focus of attention in the thesis is on the forced and 
mixed convection heat transfer of nanofluids flowing through a pipe under transition 
to turbulent flow regimes. 
1.2          Outline of the Thesis 
Chapter 1 presents an introduction to new generation heat transfer fluid known as 
nanofluid and how the use of nanofluid affects the heat transfer performance in 
engineering systems. Also, outline of the thesis is presented too. Besides, the list of 
publications and awards are also mentioned. 
Chapter 2 presents a literature review on the nanofluids flow in pipe under the 
laminar, transition and turbulent flow regimes. The objective of the thesis is 
presented too. 
Chapter 3 presents three different mathematical models namely single phase, multi-
phase mixture and discrete phase models to govern the incompressible fluid flow and 
heat transfer in a pipe. Two different transitional ߢ − ߱ models namely SST ߢ − ߱ 
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and Standard ߢ − ߱ models are introduced. And three different turbulent  ߢ − ߳ 
models namely Standard ߢ − ߳, RNG ߢ − ߳ and Realizable ߢ − ߳ models  are also  
presented. In addition, thermophysical properties of water, nanofluids and 
nanoparticles are presented. 
In Chapter 4, hydrodynamic and heat transfer behaviours in a horizontal pipe with 
smooth pipe wall surface are investigated first by using the single phase model under 
transition flow regime.  A particular investigation is then carried out for rough pipe 
wall with uniform roughness. Besides, new correlations are proposed for the 
calculation of hydrodynamic and thermal critical distances as well as the average 
Nusselt number using Al2O3-H2O and TiO2-H2O nanofluids.  
In Chapter 5, multi-phase mixture model is used to understand the effect of the 
interaction between nanoparticles and fluid particles on heat transfer under 
transition flow regime. Also, two new correlations are proposed for the average 
Nusselt number using Al2O3-H2O and TiO2-H2O nanofluids. Moreover, a particular 
investigation is carried out for the rough pipe wall with uniform roughness. In 
addition, heat transfer enhancement analysis is presented to compare the 
performance of heat transfer rate using the single and multi-phase models. 
In Chapter 6, heat transfer performance of Al2O3-H2O and TiO2-H2O nanofluids using 
single phase model is investigated numerically under turbulent flow regime. Also, 
some new correlations are proposed for the calculation of average Nusselt number 
using the non-linear regression analysis. 
In Chapter 7, heat transfer and entropy generation analysis are presented using the 
multi-phase mixture model under turbulent flow regime. Two new correlations are 
also proposed for the calculation of average Nusselt number using non-linear 
regression analysis. 
In Chapter 8, performance of new solid-fluid mixture and the effect of interaction 
between water and nanoparticles on the heat transfer are investigated using discrete 
phase model under laminar, transition and turbulent flow regimes. 
In Chapter 9, a numerical investigation is performed on heat transfer in mixed 
convection for transition flow in inclined pipe. Here, the effect of inclination angles 
and Buoyancy force on heat transfer is also presented. 
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Chapter 10 provides conclusion and recommendations for future work. 
1.3            Publications and Recognitions 
1. Saha, G., Paul, M.C. ,Heat transfer and entropy generation of turbulent forced 

convection flow of nanofluids in a heated pipe, International Communications 
in Heat and Mass Transfer, 61 (2015) 15-30. ISSN: 0735-1933. 

2.  Saha, G., Paul, M.C., Discrete Phase Approach for Nanofluids Flow in Pipe, 
International Journal of Material Science & Engineering– IJMSE, 2(1) (2015) 
39-43. ISSN: 2374-149X. 

3.  Saha, G., Paul, M.C., Numerical analysis of the heat transfer behaviour of water 
based Al2O3 and TiO2 nanofluids in a circular pipe under the turbulent flow 
condition, International Communications in Heat and Mass Transfer, 56 
(2014) 96-108. ISSN: 0735-1933.  

4. Saha, G., Paul, M.C., Analysis of Heat Transfer and Entropy Generation of TiO2-
Water Nanofluid Flow in a Pipe under Transition, 6th BSME International 
Conference on Thermal Engineering (ICTE 2014), 19 - 21 December, 2014, 
Dhaka, Bangladesh. Procedia Engineering, Volume 105, 2015, Pages 381–387. 
ISSN: 1877-7058.  

5. Saha, G., Paul, M.C., Discrete Phase Approach for Nanofluids Flow in Pipe, 
Proceedings of the Second International Conference on Advances in Civil, 
Structural and Mechanical Engineering - CSM 2014, p. 99-103, November 16-
17, 2014 at Birmingham, UK. ISBN: 978-1-63248-006-5.  

6.    Saha, G., Paul, M.C., Analysis of Heat Transfer Behaviour using Nanofluids, 
Poster Presentation, Book of Abstract is published in “Ideas Exchange: 
Exploring the Impact of PhD Research”, 30th July, 2014, Organized by College of 
Science & Engineering, University of Glasgow, Scotland, UK. 

7.    Saha, G., Paul, M.C., Discrete Phase Approach for Nanofluids Flow in Pipe. Best 
paper Award in Second International Conference on Advances in Civil, 
Structural and Mechanical Engineering at Birmingham, UK, November 16-17, 
2014. 
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8.    Saha, G., Paul, M.C., Numerical analysis of the heat transfer behaviour of water 
based Al2O3 and TiO2 nanofluids in a circular pipe under the turbulent flow 
condition. Awarded the certificate for ScienceDirect Top 25 List of Most 
Downloaded Articles Ranked 11th on the Top 25 for International 
Communications in Heat and Mass Transfer - July to September 2014. 
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convection flow of nanofluids in a heated pipe. Awarded the certificate for 
ScienceDirect Top 25 List of Most Downloaded Articles Ranked 13th on the Top 
25 for International Communications in Heat and Mass Transfer - January to 
March 2015. 

  



        7  
  

Chapter 2  
Literature Review 

At present times, industrial technology related to heat transfer has considerably been 
concerned to design new tools and research to apply nanofluids is in progress in 
order to enhance the heat transfer rate. Therefore, the focus of concentration is on 
the experimental and numerical studies conducted in laminar to turbulent nanofluids 
flow with single phase, Eulerian-Eulerian mixture model and Eulerian-Lagrangian 
discrete phase approaches. In this chapter, several experimental and numerical 
research works related to nanofluids flow in pipe or tube have been presented and 
discussed. This chapter also illustrates the studies on laminar, transition and 
turbulent flows. Finally, the objective of the thesis   is presented.      
2.1 Laminar Flow 
Heris et al. [22] and Hwang et al. [23] experimentally investigated the heat transfer 
behaviour of Al2O3–water nanofluid inside a circular tube under laminar flow regime. 
Their investigation showed, the heat transfer coefficient was increased for different 
nanoparticles concentrations and such enhancement was due to the presence of 
nanoparticles in the base fluid. It was also found that the increase of the thermal 
conductivity of nanofluid had not been the only reason for such enhancement. There 
were several factors including chaotic movement and Brownian motion of 
nanoparticles which might also assist to enhance the heat transfer rate. A similar 
experimental investigation was carried out by Anoop et al. [24] and Esmaeilzadeh et 
al. [25] and their work revealed how the nanoparticles diameters had made an impact 
on the enhancement of the heat transfer. Firstly Anoop et al. [24] demonstrated that 
Al2O3–water nanofluid with nanoparticles diameter of 45 nm  had showed the higher 
heat transfer enhancement of 25% for ܴ݁ = 1550 and ߯ = 4% than that of the 
nanoparticles diameter of 150 ݊݉. Esmaeilzadeh et al. [25] showed the heat transfer 
enhancement of about 6.8% for ߯ = 0.5% and 19.1% for ߯ = 1.0% with a 
nanoparticles  diameter of 15 ݊݉. In addition, Mojarrad et al. [26] carried out an 
experimental investigation using both Al2O3–water and Al2O3–water–ethylene glycol 
based nanofluids inside a circular tube under laminar flow regime. They observed, 
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the average heat transfer rate was higher for Al2O3–water–ethylene glycol nanofluid 
than Al2O3–water nanofluid. Also, a numerical investigation was carried out by 
Davarnejad et al. [27] in order to check the effect of different nanoparticles 
concentrations and diameters on heat transfer performance. Davarnejad et al. [27] 
numerically studied the heat transfer characteristics of Al2O3-water nanofluid flowing 
through a circular pipe. Five different concentrations and two different size diameters 
were used in this study. They observed that smaller diameter of nanoparticles with 
higher concentration had showed higher heat transfer coefficient. 
From the above findings, it can be summarized that higher heat transfer rate was 
observed for Al2O3–water nanofluid than water. Also, higher enhancement was 
observed while using base fluid like water–ethylene glycol instead of water. 
Moreover, increase of the nanoparticles concentration showed the enhancement of 
heat transfer rate and such enhancement became more significant with the decrease 
of nanoparticles diameter. It suggested, the base fluids, nanoparticles, nanoparticles 
concentrations and diameters had effect on the heat transfer performance. That 
created a particular interest to see whether the different types of base fluids could 
play a role on the heat transfer performance which is discussed below. 
Maiga et al. [28], Bajestan et al. [29] and Bayat and Nikseresht [30] numerically 
investigated the heat transfer characteristics of Al2O3 nanoparticles with different 
base fluids such as water, Ethylene Glycol (EG) or mixture of Ethylene Glycol (EG) and 
water inside a circular tube under laminar flow regime.  After their investigation, it 
was reported that the water based nanofluids had showed inferior heat transfer 
enhancement than the other base fluids. Also, Moraveji et al. [31] numerically studied 
the effect of nanoparticles diameters for Al2O3–water nanofluid. They considered two 
different size of nanoparticles of 45 nm and 150 nm and four different nanoparticles 
concentrations of 1, 2, 4 and 6% respectively.  And, the smaller sizes of nanoparticles 
were found to demonstrate higher heat transfer rate than the large sizes of 
nanoparticles with the increase of nanoparticles concentrations.  
All these investigations were done using the spherical shape of nanoparticles. But, 
there are several other researches which have also been done using non-spherical 
nanoparticles. Some common non-spherical shapes of nanoparticles are disk, 
diamond, platelets, blades, cylinders, bricks and rectangular. Among those, cylindrical 
shape nanoparticles have been used extensively. Therefore, following researches 
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have been carried out to see the performance of cylindrical shape nanoparticles used 
in the base fluid like polyalphaolefins. 
Lin et al. [32] numerically investigated the friction factor and heat transfer behaviour 
of non-aqueous polyalphaolefins-Al2O3 nanofluid containing cylindrical nanoparticles 
under laminar flow regime. In this research, non-aqueous polyalphaolefins-Al2O3 as 
nanofluid was used because it became infeasible in many practical applications due to 
their limits in the dielectric property and the operating temperature range [32]. Also, 
non-uniform distribution of nanoparticles along the pipe was considered during the 
research work because most of the research had been carried out using uniform 
distribution of nanoparticles. Moreover, many experimental research works have 
been found using cylindrical shape nanoparticles but very few numerical studies 
were done. According to Lin et al. [32], the goal of their research was to investigate 
the effect of non-uniform distribution of cylindrical nanoparticles inside the pipe on 
friction factor and heat transfer under laminar flow regime. It was observed that the 
heat transfer rate had been higher near the upstream than at the downstream 
because of non-uniform distribution of nanoparticles. They also proposed the 
following correlation to calculate the average Nusselt number for cylindrical 
nanoparticles with non-aqueous polyalphaolefins-Al2O3 nanofluids. 

ݑܰ = 4.47224 + ߞ 0.01114 − 2.72459 × 10ିߞଶ + 2.31761 × 10ିଵߞଷ (2.1) 
where ߞ was a non-dimensional parameter and was defined as 

ߞ = ܦ ݎܲ ܴ݁ ඥ݈݃(ܣ߯ )ర

ܮ  (2.2) 

Single phase models were used in the articles presented above and the performance 
of the model on heat transfer was shown. The interaction between fluid particles and 
nanoparticles were not taken into account in the single phase models. In order to 
consider the interaction between the fluid and solid particles, a new model was 
introduced known as multi-phase mixture model. Therefore, research articles related 
to the multi-phase model are presented hereafter. 
Mirmasoumi and Behzadmehr [33] and Fard et al. [34]  examined the effectiveness of 
multi-phase model compared to the single phase model for different nanofluids and 
nanoparticles diameter flowing through a horizontal circular tube in laminar flow 
regime. It was observed while comparing the results between the models and the 
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experimental data that the performance of multi-phase model had been more 
accurate than the single phase model to justify the enhancement of heat transfer rate. 
Also, Goktepe et al. [35] numerically investigated the performance of single phase 
model, single phase dispersion model, Eulerian-mixture two phase model and 
Eulerian-Eulerian two phase model.  They found the performance of single phase 
dispersion model to be better than that of single phase model in order to check the 
results with the experimental data while both the multi-phase models over predicted 
the heat transfer coefficient. Although the single phase dispersion model showed 
good performance compared to the other models, there were no clear indication 
about the effect of the particles interactions. So, this has been remained an issue for 
the researchers and more research is required to justify such findings. 
Very recently, He et al. [36] has investigated the heat transfer behaviour of laminar 
TiO2-H2O nanofluid flow in a horizontal circular pipe both experimentally and 
numerically using Eulerian-Lagrangian discrete phase model. In this research, 
discrete phase model has been used in order to see the effect of two different phases 
such as base fluid and nanoparticles on the heat transfer. This has provided a clear 
view of the performance of a simple mixture of solid-fluid particles than nanofluids. 
Also, particles interaction can be considered which is feasible for multi-phase model. 
They have also suggested that the heat transfer enhancement was more affected by 
thermal conductivity. Additionally they have concluded, different forces such as 
Brownian force, lift force and thermophoretic force may have insignificant effect to 
increase the heat transfer rate. A similar investigation was carried out by Bianco et al. 
[37] and Moraveji and Esmaeili [38] on laminar forced convection Al2O3-H2O 
nanofluid flow using single phase and Eulerian-Lagrangian discrete phase models 
with constant and temperature dependent properties. A comparison was made 
between the results obtained by the two models and found that the maximum 
deviation of average heat transfer coefficient was only 10 to 11% for nanoparticles 
concentration of 4%. Ryzhkov and Minakov [39] numerically investigated the heat 
transfer behaviour of Al2O3-water nanofluid in a circular tube using both one and two 
component models.  In his research, one component model referred  to the 
homogeneous model based on RANS equations with thermophysical properties of 
nanofluids whereas two component models were considered the nanoparticles 
transport by diffusion and thermophoresis as discussed in [39]. It was observed that 
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local and average heat transfer coefficient had always been higher for two component 
model than that of one component model. 
2.2 Transitional Flow 
We know that internal flow behaves like a laminar flow when flow pattern of fluids 
forms a parallel layer inside the domain with no disturbance between the layers. But, 
imposing external disturbance can make the flow unstable sometimes. This can be 
seen from the flow fields where small fluctuation occurs in the parallel layer. Such 
behaviour is known as transitional behaviour and we simply say that transition flow 
is a state between the laminar and turbulent flow. It is important to note that the flow 
in a smooth pipe is said to be transitional when 2300 ≤ ܴ݁ ≤ 10,000. Very few 
researches have been done on pipe under transition flow region and most of them 
were experimental and details are discussed in the following section: 
Tang et al. [40] experimentally investigated the hydrodynamic behaviour of Al2O3–
water nanofluid flowing through a horizontal tube. Their results indicated that 
transition flow  had been monitored at ܴ݁~1500 comparing with ܴ݁~2300 given in 
Cengel [41] for the transition regime. It suggested, the transition regime could start 
from ܴ݁~1500 although many researchers monitored it to be 2000 < ܴ݁ < 4000. 
However, few works have been done on horizontal tube with twisted tape or wire coil 
inserts in order to see the effect on the heat transfer performance under transition 
flow condition. Sharma et al. [42] and Chandrasekar et al. [43]  observed the heat 
transfer behaviour experimentally using Al2O3–water nanofluid flowing through a 
circular tube with twisted tape or wire coil inserted under the transitional flow 
regime.  The maximum heat transfer enhancement of 20% and 23.07%   had been 
achieved for ߯ = 0.1%  at ܴ݁ = 5000 and ܴ݁ = 9000 respectively. A similar 
experimental investigation was done by Naik et al. [44] for water–propylene glycol 
based CuO nanofluid and  the maximum enhancement of 76.06% had been attained at 
ܴ݁ = 10000 and for ߯ = 0.5%. Analysing their findings, it is concluded that maximum 
enhancement of heat transfer can be observed for the high Reynolds number. Meyer 
et al. [45], first time in the recent years, has experimentally investigated the heat 
transfer behaviour influenced by multi-walled carbon nanotubes inside the smooth 
horizontal tube under transitional flow regime. In their investigation, transition flow 
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behaviour is observed in between 2900 ≤ ܴ݁ ≤ 3600. They have mentioned, the heat 
transfer rate decreases while using multi-walled carbon nanotubes. 
2.3 Turbulent Flow  
We know, a flow behaves like a turbulent flow because of the instabilities of laminar 
flow at some high disturbances applied to the flow. In general, almost all the flows are 
turbulent but it’s still possible to understand the behaviour of laminar flow in 
experimental research laboratory. However, several experimental and numerical 
researches have been carried out on nanofluids turbulent flows in pipe and details 
are discussed below:  
Qiang and Yimin [46] investigated experimentally the heat transfer characteristics of 
nanofluid in a circular tube under both the laminar and turbulent flow regimes. They 
measured the heat transfer coefficient and Darcy friction factor of Cu-water nanofluid 
and showed that the heat transfer rate had increased because of adding nanoparticles 
in the base fluid, while the Darcy friction factor remained unchanged for different 
nanoparticles concentrations. And. they proposed new correlations for the calculation 
of average Nusselt number. It can be used to compare the average Nusselt number 
with the other numerical or experimental data in order to check the maximum 
percentage deviation of the results. 
For laminar flow: 

തതതതݑܰ = 0.4328 (1 + 11.185 ߯.ହସܲ݁.ଶଵ଼)ܴ݁.ଷଷଷܲݎ.ସ (2.3) 
 For turbulent flow: 

തതതതݑܰ = 0.0059 (1 + 7.6286 ߯.଼଼ܲ݁.ଵ)ܴ݁.ଽଶଷ଼ܲݎ.ସ (2.4) 
 

Moreover, Xuan and Li [47] investigated the flow and heat transfer behaviour of Cu-
water nanofluid experimentally under turbulent flow regime. Comparing with the 
above mentioned articles, it can be stated, the increase of thermal conductivity or the 
random movement of nanoparticles in nanofluid also causes the enhancement of heat 
transfer rate. 
All the above articles put emphasis on thermal conductivity and Brownian motion of 
nanoparticles. But no attempt to see the effect of thermophysical properties of 
nanofluids on heat transfer has been found. However, an investigation was carried 
out by Mansour et al. [48] to see the performance of the different properties. Mansour 
et al. [48] investigated the effect of physical properties of nanofluid flowing through a 
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tube under uniform heat flux boundary condition experimentally. They demonstrated 
that the physical parameters had varied considerably with the thermophysical 
properties of the nanofluid.  
In addition, effect of the different nanofluids on heat transfer is also an interest for 
different researchers. Details are discussed in the following: 
Kim et al. [49] and Fotukian and Esfahany [50] experimentally studied the effect of 
nanofluid on heat transfer flowing through a circular horizontal tube under both 
laminar and turbulent flow regimes. In this research, alumina oxide nanoparticles 
were used because this was very environment friendly. It was observed that adding 
Al2O3 nanoparticles in the base fluids had helped to enhance the heat transfer rate. 
The maximum enhancement was observed to be 15% and 20% respectively at 3% 
under both the laminar and turbulent flow conditions. Moreover, Sajadi and Kazemi’s 
[51] experimental results on TiO2-water nanofluid in a circular pipe also showed the 
same behaviour. Torii [52], however, observed that the forced convective heat 
transfer rate had increased with the nanoparticles concentration flowing through a 
straight tube under the constant heat flux boundary condition. Kayhani et al. [53] also 
experimentally studied the convective heat transfer and pressure drop of TiO2-water 
nanofluid flowing through a horizontal pipe. They observed, the maximum 
enhancement of average Nusselt number was approximately 8% at Re = 11780 
compared to water. Besides, Sundar et al. [54] investigated the convective heat 
transfer and flow behaviours of Fe3O4 nanofluid experimentally inside a circular tube. 
There, adding magnetic nanoparticles in the base fluid enhanced the heat transfer 
rate more significantly in comparison with the other types of nanofluids. Esfe et al. 
[55] experimentally studied the heat transfer performance of MgO-water nanofluid 
under turbulent flow regime too. Results showed that the enhancement of heat 
transfer rate had been possible without the huge penalty in pumping power.  
Experimental researches have also been carried out in order to make a comparison of 
the performance of two or more different types of nanofluids flow in tube. These 
research will provide us the insight of the choice of nanofluids that can be useful in 
practical applications.   
Azmi et al. [56] experimentally investigated the friction factor and the heat transfer 
behaviours of TiO2 and SiO2 nanofluids flow in tube under the turbulent flow regime. 
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They observed that TiO2 nanofluid had showed the higher heat transfer enhancement 
than SiO2 nanofluid at the low concentrations. Though, the opposite behaviour had 
been observed for the high concentrations. On the other hand, Pouranfard et al. [57] 
experimentally studied the drag reduction by nanofluids through horizontal pipe of a 
Newtonian liquid under turbulent flow regime. There, the drag reduction in the rough 
pipes was more than that in the smooth pipes at the same flow conditions. And it 
increased when the relative roughness increased. Moreover, Pak and Cho [58] 
investigated the heat transfer behaviour of nanofluids experimentally in a circular 
pipe under the turbulent flow regime. This investigation was carried out for Al2O3-
H2O and TiO2-H2O nanofluids. The Re and Pr were varied in the ranges from 
10ସ to 10ହ and 6.5 to 12.3 respectively. Finally, they established the following 
correlation depending only on Re and Pr. And this correlation depended neither on 
nanoparticles concentrations nor on the diameters.  

തതതതݑܰ = 0.021ܴ݁.଼ܲݎ.ହ (2.5) 

All of the previous articles showed the experimental studied using different 
nanofluids under turbulent flow regimes. Some numerical studied are presented in 
details in the following section:   
Maiga et al. [59] numerically studied the flow and heat transfer behaviours of Al2O3-
water nanofluid at various nanoparticles concentrations in a tube under turbulent 
flow regime.  ܴ݁ =  10ସto 5 × 10ହ and the fluid inlet temperature of 293.15 ܭ were 
considered in this study. The effect of nanoparticles concentration and Reynolds 
number were also presented and a new correlation was proposed in the end. Their 
numerical outcomes revealed that the inclusion of nanoparticles into the base fluid 
had enhanced the heat transfer rate along with the increase in nanoparticles 
concentration. They proposed the following correlation for the calculation of average 
Nusselt number.  

തതതതݑܰ = 0.085 ܴ݁.ଵܲݎ.ଷହ (2.6) 
Another similar investigation was carried out by Bianco et al. [60] using both single 
and multi-phase approaches. And, it was found that the accuracy of the multi-phase 
mixture model had been better than that of the single phase model. However, 
Namburu et al. [61] numerically analysed the forced convective flow and heat 
transfer behaviour of EG-water based CuO, Al2O3 and SiO2 nanofluids flowing through 
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a circular tube. Results showed, the nanofluids had higher viscosity, thermal 
conductivity and heat transfer rate compared to the base fluid. Then again, Kumar 
[62] numerically studied the heat transfer behaviour of Al2O3-water nanofluid using 
the single phase approach covering both the laminar and turbulent flow regimes. It 
was observed that the heat transfer rate had been enhanced more significantly in the 
turbulent flow regime than in the laminar flow regime.  
Besides, Behzadmehr et al. [63] numerically examined the turbulent forced 
convection heat transfer in a tube using Cu-water nanofluid with a two-phase mixture 
model. Their investigations showed that the multi-phase model had been more 
accurate than the single phase model. Again, Akbari et al. [64] carried out a numerical 
investigation on the turbulent forced convection flow in a horizontal tube. They 
concluded, the thermal predictions using two-phase model were very sensitive to the 
particles concentration. And, the single-phase and two-phase models predicted 
almost identical flow fields. Hejazian et al. [65] numerically studied the performance 
of Eulererian and mixture models for turbulent flow of Al2O3 nanofluid inside a 
horizontal tube. It was found that the mixture model had performed better than the 
Eulerian model while considering the experimental results of average Nusselt 
number. A similar investigation subjected to constant wall temperature using multi-
phase mixture model was also carried out by Bianco et al. [66, 67]. It was observed, 
the heat transfer rate, friction factor and entropy generation increased along with the 
increase of nanoparticles concentrations. 
2.4 Objective of the Thesis 
Numerous experimental and numerical investigations have been carried out by the 
researchers on different geometries such as cavity, duct, tube, annulus, plate, and 
stretching sheet using nanofluids. They have conducted researches under laminar to 
turbulent flow regimes using both single and multi-phase approaches. However, to 
the best of our knowledge, a very limited number of research works have been found 
on the nanofluids flow in a horizontal pipe covering the transition to turbulent flow 
regimes. Further, no investigation has been carried out to the date to understand the 
effects of Brownian motion and size and concentration of different nanoparticles of 
Al2O3 and TiO2-water nanofluids. Hence, the aim of our present investigation is to 
examine the effect of nanoparticles concentrations, diameters and Brownian motion 



        16  
  

of the nanoparticles on the convective heat transfer for two particularly selected 
(Al2O3 and TiO2-water) nanofluids. 
Additionally, both the single and the Eulerian-Eulerian multi-phase mixture models 
will be under the study. A particular investigation is carried out to justify the effect of 
a uniform roughness along the pipe wall. Different roughness heights are chosen 
under transition flow regime. Furthermore, the interaction between the fluid and 
nanoparticles as well as its performance on the heat transfer is assessed by an 
Eulerian-Lagrangian discrete phase model. Here, two different phases such as water 
and nanoparticles instead of typical nanofluids are used. Finally, an in-depth 
investigation is carried out to understand the nanofluids flow in an inclined pipe 
under transition flow regime.  
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Chapter 3  
Mathematical Modelling 

Three different approaches have usually been used by the researchers to investigate 
the effect of inclusion of nanoparticles into base fluid [28-39, 59-66]. The first 
approach is single phase model in which both the fluid phase and the particles are in 
thermal equilibrium and flow with the same local velocity. The second approach is 
multi-phase model.  And the third one is discrete phase model where a simple fluid-
solid mixture principle is considered instead of nanofluid. Firstly, the details of the 
Reynolds-averaged Navier-Stokes (RANS) based governing equations for fluid 
continuity and momentum and energy equations of the three models are described in 
this chapter. Secondly, the volume concentration equation of the multi-phase model 
and a Lagrangian form of particle momentum and energy equations of the discrete 
phase model are presented. Moreover, different types of transitional and turbulent 
models, thermophysical properties of nanofluids, water and nanoparticles are 
presented. Finally, definition of pipe wall roughness and other useful definitions are 
presented. 

3.1 Governing Equations 
The RANS equations govern the transport of averaged flow quantities, with the whole 
range of scales of turbulence being modelled. The RANS-based modelling approach 
therefore greatly reduces the required computational effort and resources, and is 
widely adopted for practical engineering applications. In the following paragraph, the 
Reynolds-averaged Navier-Stokes equations for single phase, multi-phase and 
discrete phase models are presented and described [68]. 
3.1.1 Single Phase Model 
The dimensional steady-state governing equations of fluid flow and heat transfer for 
the single phase model are presented and the following assumptions are made: 
i. Fluid flow is incompressible and Newtonian, 
ii. The Boussinesq approximation is negligible as the pipe is placed horizontally, 
iii. Nanoparticles are spherical and uniform in size and shape, 
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iv. Radiation effects and viscous dissipation are negligible. 
v. Fluid phase and nanoparticles phase are in thermal equilibrium and no-slip 

between them and they flow with the same local velocity, 
 
Under the above assumptions, the dimensional steady state governing equations for 
the fluid flow and heat transfer  in the single phase model can be expressed as (Fluent 
[68]): 
For 2D Axisymmetric Model: 
Continuity equation: 

௫ݒ߲
ݔ߲ + ݒ߲

ݎ߲ + ݒ
ݎ = 0 (3.1) 

x-momentum equation: 
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r-momentum equation: 
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where 
(∇. (Ԧݒ = ௫ݒ߲

ݔ߲ + ݒ߲
ݎ߲ + ݒ

ݎ  (3.4) 
Energy equation: 

߲൫ݒ௫ ܶ൯
ݔ߲ + ߲൫ݒ ܶ൯

ݎ߲ = ߣ
ߩ ቈ ߲

ݔ߲ ቆ߲ ܶ
ݔ߲ ቇ + ߲

ݎ߲ ቆ߲ ܶ
ݎ߲ ቇ (3.5) 

For 3D model: 
Continuity equation: 

∇. (Ԧݒߩ) = 0 (3.6) 
Momentum equation: 

∇. (ԦݒԦݒߩ) = ∇− + ∇. ݒ∇) ߤԦ + (Ԧ்ݒ ∇ − 2
3 ∇. ൨ܫ Ԧݒ + ߩ Ԧ݃ (3.7) 
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Energy equation: 
∇. ൫ݒߩԦܥ ܶ൯ = ∇. ൫ߣ ∇ ܶ൯   (3.8) 

where ݔ and ݎ are the axial and radial coordinates respectively, ݒ௫ and ݒ are the axial 
and radial velocity respectively, ݒሬሬሬԦ is the velocity vector, ܶ is the temperature, ሬ݃ሬሬԦ is 
the gravitational body force, ܫ is the unit tensor, ߩ is the density,  is the pressure, ߤ is 
the dynamic viscosity and ߣ is the thermal conductivity of nanofluid.  
3.1.2 Multi-phase Mixture Model 
The dimensional steady-state governing equations of continuity, momentum, energy 
and volume concentration for the multi-phase model are presented considering the 
assumptions (i) to (iv) given in the single phase model. Moreover, it is assumed that 
there is a strong coupling between the fluid and nanoparticles phases and these 
phases move at the same local velocity. Interaction between the fluid and 
nanoparticles is also taken into account. 
 
It is also assumed that fluid and nanoparticles phases are in local thermal equilibrium 
in multi-phase mixture model. It means, mean temperature of the fluid phase and the 
nanoparticles phase are same. 
 
Under the above assumptions, the governing equations for the multi-phase mixture 
model can be expressed as (Fluent [68]): 
Continuity equation: 

∇. (Ԧݒߩ) = 0 (3.9) 
Momentum equation: 
The multi-phase mixture model allows the phases to move at different or same 
velocities using the concept of drift velocity. When the phases can also be assumed to 
move at same velocities then the mixture model is called the homogeneous multi-
phase model. Moreover, the momentum equation for the mixture can be obtained by 
summing the individual momentum equations for all the phases. 

∇. (ԦݒԦݒߩ) = ∇− + ∇. Ԧݒ∇) ߤ] + [(Ԧݒ∇ + ߩ Ԧ݃ + ∇. ൭ ߯௦ߩ௦ݒԦௗ,௦


௦ୀଵ
 Ԧௗ,௦൱ (3.10)ݒ

 
  



        20  
  

Energy equation:  
∇.  ߯௦ݒԦ௦(ߩ௦ܪ௦ + (



௦ୀଵ
൩ = ∇. ൭ ߯௦(ߣ + (௧ߣ



௦ୀଵ
∇ ܶ൱ (3.11) 

Volume concentration equation: 
∇. ൫߯ ߩݒԦ൯ = −∇. ൫߯ ߩݒԦௗ,൯ (3.12) 

 
Also, ݒሬሬሬԦ, ,ߤ ,ߩ ,ߣ ݊, ,௧ߣ ߯௦  are the mass-average velocity, mixture density, viscosity of the 
mixture, mixture thermal conductivity coefficient, number of phases, turbulent 
thermal conductivity and nanoparticles concentration respectively. 
These are defined as 

Ԧݒ =  ߯௦ߩ௦ݒԦ௦
ߩ



௦ୀଵ
 (3.13) 

ߩ =  ߯௦ ߩ௦


௦ୀଵ
 (3.14) 

ߤ       =  ߯௦ ߤ௦


௦ୀଵ
 (3.15) 

ߣ    =  ߯௦ ߣ௦


௦ୀଵ
 (3.16) 

Here, ܪ௦ is the sensible enthalpy for phase s. The drift velocity (ݒԦௗ,௦) for the 
secondary phase s is defined as 

Ԧௗ,௦ݒ = Ԧ௦ݒ −  Ԧ (3.17)ݒ
The relative or slip velocity is defined as the velocity of the secondary phase (s) 
relative to the velocity of the primary phase (f): 

Ԧ௦ݒ = Ԧ௦ݒ −  Ԧ (3.18)ݒ
Then the drift velocity related to the relative velocity becomes 

Ԧௗ,௦ݒ = Ԧ௦ݒ −  Ԧݒ


ୀଵ
߯ߩ

ߩ  (3.19) 

Manninen et al. [69] and Naumann and Schiller [70] proposed the following 
respective equations for the calculation of the relative velocity, ݒԦ , and the drag 
function, ௗ݂. 

Ԧݒ = ݀ଶߩ
 ௗ݂ߤ18

ߩ − ߩ
ߩ

Ԧܽ (3.20) 
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ௗ݂ = ቊ1 + 0.15ܴ݁.଼ ܴ݁ ≤ 1000
0.0183ܴ݁ ܴ݁ > 1000  (3.21) 

Here, the acceleration Ԧܽ is determined by 
Ԧܽ = .Ԧݒ)−  Ԧ    (3.22)ݒ(∇

And, ݀ is the diameter of the nanoparticles of secondary phase s and Ԧܽ is the 
secondary phase particle’s acceleration, ܶ is the temperature,  is the pressure. 
Also, the buoyancy term in the momentum equations (3.7) and (3.10) is 
approximated (Fluent [68]) by 

ߩ) − ݃ (ߩ ≈ ܶ)ߚߩ− − ܶ)݃ (3.23) 
which is considered when Boussinesq approximation is taken into account for mixed 
convection case. Here ߚ is the thermal expansion coefficient of the fluid, ߩ and ܶ are 
the reference density and temperature respectively. 
3.1.3 Discrete Phase Model 
In the discrete phase model, the fluid phase is considered as a continuous phase and 
is governed by the time averaged continuity, momentum and energy equations. 
Though, the solid phase is governed by momentum and energy equations. It is 
assumed that the solid phase occupies a low concentration of less than 10%, 
Moreover, each phase moves at different velocities with the assumption that the 
existence of local thermal equilibrium between the fluid and solid particles is not 
taken into account. 
The governing equations for the discrete phase model can be expressed as (Fluent 
[68]): 

∇. ( Ԧݒߩ) = 0 (3.24) 
∇. (ԦݒԦݒߩ) = ∇− + ∇. (Ԧݒ∇ ߤ) + ܵ (3.25) 

∇. ൫ݒߩԦ ܥ ܶ൯ = ∇. ൫ߣ ∇ ܶ൯ + ܵ (3.26) 
Ԧݒ݀
ݐ݀ = Ԧݒ൫ܨ − Ԧ൯ݒ + Ԧ݃൫ߩ − ൯ߩ

ߩ
 (3.27) 

ܥߩ
݀ ܶ
ݐ݀ = 6ℎ

ܦ
൫ܶ − ܶ൯ (3.28) 
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Here, Eqs. (3.27) and (3.28) represent the Lagrangian form of particle momentum 
and energy equations respectively. And, ݒሬሬሬԦ and ܶ are the nanoparticles velocity and 
temperature respectively. Finally, ߩ is the nanoparticles density.  
The drag coefficient ܨ is defined as [68]: 

ܨ = ߤ 18
ܥ݀ଶߩ

 (3.29) 
Here, the factor ܥ is known as Cunningham correction which can be defined as [68]: 

ܥ = 1 + ߣ2
݀

൫1.257 + 0.4 ݁ି൫ଵ.ଵ ௗ/ଶఒ൯൯ (3.30) 
Here, ߣ is the nanoparticles mean free path and ߤ is the dynamic viscosity of base 
fluid. 
Also, the source terms ܵ and ܵ are defined as [68]: 

ܵ =  ݉
ݒߜ

Ԧݒ݀
ݐ݀  (3.31) 

ܵ =  ݉ܥ
ݒߜ

݀ ܶ
ݐ݀  (3.32) 

For transition and turbulent flow regimes, both the terms ߣ and ߤ are replaced by 
their effective values and defined as (Nicholas and Markatos [71] and Bacharoudis et 
al. [72])   

ߤ = ߤ +  ௧ (3.33)ߤ
ߣ  = ߤ

ݎܲ + ௧ߤ
 ௧ߪ

 (3.34) 
In that order, ߤ௧ is the turbulent molecular viscosity, ߪ௧ is the constant of turbulent 
Prandtl number and Pr is the Prandtl number of nanofluid. 
3.2 Turbulence Modelling 
In reality, no turbulence model which can be considered for all kinds of problems in 
the area of computational fluid dynamics exists. Hence, several factors can be 
considered in order to find a suitable turbulence model. Some of them are physics 
behind the flow field, the level of computational time and cost as well as accuracy. 
Therefore, it’s very important to understand the nature of turbulence models to be 
used in real-life applications.  
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One of the objectives of this work is to assess the suitability of the various RANS 
based turbulence models in predicting the transient as well as turbulent features of 
the nanofluids flowing through the physical geometry considered as a pipe. 
Therefore, two different transitional models named as Standard ߢ − ߱ and SST ߢ − ߱ 
models as well as three different turbulent models called Realizable ߢ − ߳, Standard 
ߢ − ߳ and RNG ߢ − ߳ models are considered and their performances are compared in 
this thesis. In terms of the computational time taken by each method for flow 
modelling, literatures suggest that a Realizable ߢ − ߳ model usually takes a slightly 
higher CPU time than a Standard ߢ − ߳ model [68]. Simulating turbulent flow with a 
RNG ߢ − ߳ model is even more expensive and indicates a demand of approximately 
10-15% higher CPU time than Standard ߢ − ߳ model [68]. But, in the context of 
nanofluids flow this information is unavailable thus it requires examination with their 
prediction accuracy. In the following sections, different transitional and turbulence 
RANS models used for the nanofluids flow are presented and briefly discussed. 
3.2.1 Standard ࣄ − ࣓ Model 
The Standard ߢ − ߱ model is an empirical model (Wilcox [73]) based on the transport 
equations for the turbulence kinetic energy (ߢ) and the specific dissipation rate (߱) as 
described in Fluent [68]. The equations for the turbulence kinetic energy (ߢ) and 
specific dissipation rate of turbulence kinetic energy (߱) used in the Standard ߢ − ߱ 
model are given with 

(Ԧݒߢߩ)ݒ݅݀  = ݒ݅݀ ൜൬ߤ + ௧ߤ
ߪ

൰ ൠߢ ݀ܽݎ݃   + ܩ − ܻ (3.35) 
(Ԧݒ߱ߩ)ݒ݅݀ = ݒ݅݀ ൜൬ߤ + ௧ߤ

ఠߪ
൰ ൠ߱ ݀ܽݎ݃  + ఠܩ − ఠܻ (3.36) 

In these equations, ܩ represents the production of turbulence kinetic energy due to 
the mean velocity gradients, ܩఠ represents the production of ߱, ߪ and ߪఠ are the 
effective Prandtl numbers for kinetic energy and specific rate of dissipation 
respectively. While, ܻ and ఠܻ respectively represent the dissipation of ߢ and ߱ due to 
turbulence. And the turbulent viscosity ߤ௧ is modelled as 

௧ߤ = ∗ߙ ߢߩ
߱  (3.37) 

where ߙ∗ = ∗ஶߙ
ቀߙ∗ + ோ

ோഉ ቁ
ቀ1 + ோ

ோഉ ቁ  (3.38) 
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∗ߙ         = ߚ
3 , ܴ݁௧ = ߢߩ

  ߱ߤ
Here ܩ and ܩఠ are defined as  

ܩ =  ௧ܵଶ (3.39)ߤ
ఠܩ = ߙ ߱

ߢ   (3.40)ܩ
where S is the modulus of the mean rate-of-strain tensor, and the coefficient ߙ is 
defined as 

ߙ = ஶߙ
∗ߙ

ቀߙ + ோ
ோഘ ቁ

ቀ1 + ோ
ோഘ ቁ  (3.41) 

Also for high Reynolds number flow, ߙ∗ = ∗ஶߙ = 1 and ߙ = ஶߙ = 1. 
Here ܻ and ఠܻ are defined as  

ܻ = ∗ఉ݂ ∗ߚ ߩ  (3.42) ߱ ߢ 
ఠܻ =  ఉ݂߱ଶ (3.43) ߚ ߩ

Here, 

 ఉ݂∗ = ቐ
1 , ܽ ≤ 0

1 + 680 ܽଶ
1 + 400 ܽଶ , ܽ > 0  (3.44) 

ఉ݂ = 1 + 70 ܾ
1 + 80 ܾ (3.45) 

ܽ ≡ 1
߱ଷ  (3.46) ߱ ݀ܽݎ݃ ߢ ݀ܽݎ݃ 

∗ߚ  = ∗ஶߚ

ۉ
ۇ

ସ
ଵହ + ൬ோ

ோഁ ൰ସ

1 + ൬ோ
ோഁ ൰ସ

ی
ۊ [1 +  (3.47) [(௧ܯ)ܨ∗ߞ

(௧ܯ)ܨ = ൜ 0 , ௧ܯ ≤ ௧ଶܯ௧ܯ − ௧ଶܯ , ௧ܯ > ௧ܯ
  (3.48) 

௧ଶܯ ≡ ߢ2
ܿଶ  , ܿ = ඥ(3.49) ܴܶߛ 

And, model constants are  
∗ߞ = 1.5, ∗ஶߚ = 0.09, ߪ = ఠߪ = 2, ௧ܯ = ߚ ,0.25 = 0.072  

ܴ = 6, ܴఉ = 8, ܴఠ = ∗ஶߙ ,2.95 = 1, ஶߙ = 0.52, ߙ = ଵ
ଽ  

Further information for transitional modelling is available in Fluent [68]. 
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3.2.2 Shear-Stress Transport (SST) ࣄ − ࣓ Model 
Menter [74] developed the SST ߢ − ߱ transitional model which is used here in the 
transitional modelling. The equations for the turbulence kinetic energy (ߢ) and 
specific dissipation rate of turbulence kinetic energy (߱) used in the SST ߢ − ߱ model 
are given with 

(Ԧݒߢߩ)ݒ݅݀  = ݒ݅݀ ൜൬ߤ + ௧ߤ
ߪ

൰ ൠߢ ݀ܽݎ݃   + ܩ −  ଵ (3.50)ߚ ߱ ߢ ߩ
(Ԧݒ߱ߩ)ݒ݅݀ = ݒ݅݀ ൜൬ߤ + ௧ߤ

ఠߪ
൰ ൠ߱ ݀ܽݎ݃  + ఠܩ − ଶߚଶ߱ ߩ

+ 2(1 −  ఠ,ଶߪ ߩ(ଵܨ
ߢ ݀ܽݎ݃ ߱ ݀ܽݎ݃

߱  
(3.51) 

In these equations, ܩ represents the generation of turbulence kinetic energy due to 
the mean velocity gradients, ܩఠ represents the production of ߱, and ߪ and ߪఠ are the 
effective Prandtl numbers for the kinetic energy and specific rate of dissipation 
respectively. And turbulent viscosity ߤ௧, is modelled as 

௧ߤ = ߢߩ
߱

1
ݔܽ݉ ቀ ଵ

ఈ∗ , ௌிమ
ఈభఠቁ (3.52) 

Here, ܨଵand ܨଶ are the blending functions, S is the strain rate magnitude and ߙ∗ is a 
model constant.  
Here ߪ and ߪఠ are defined as 

ߪ = 1
ிభ

ఙೖ,భ + (ଵିிభ)
 ఙೖ,మ

 (3.53) 

ఠߪ = 1
ிభ

ఙഘ,భ + (ଵିிభ)
 ఙഘ,మ

 (3.54) 

The blending functions ܨଵand ܨଶ are defined as 
ଵܨ =  ℎ(Φଵସ) (3.55)݊ܽݐ
ଶܨ =  ℎ(Φଶଶ) (3.56)݊ܽݐ

Here, 
Φଵ = ݉݅݊ ቈ݉ܽݔ ቆ ߢ√

ݕ߱ 0.09 , ߤ500
ଶ߱ቇݕߩ , ߢߩ4

 ଶ (3.57)ݕఠାܦఠ,ଶߪ 

ఠାܦ = ݔܽ݉ ቈ2ߩ ߱ ݀ܽݎ݃ ߢ ݀ܽݎ݃
߱ ఠ,ଶߪ  10ିଵ (3.58) 
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Φଶ = ݔܽ݉ ቈቆ ߢ√2
ݕ߱ 0.09

ߤ500
 ଶ߱ቇ (3.59)ݕߩ

Besides, y is the near wall distance and ܦఠା is the positive portion of the cross 
diffusion term. And, the model constants are ߚଵ = 0.075, ଶߚ = 0.0828, ଵߙ  = 0.31,
ߪ = 1.0 and ߪఠ = 1.168. Further information of transitional modelling is available in 
Fluent [68]. 
3.2.3 Realizable ࣄ − ࣕ Model  
Realizable ߢ − ߳ turbulent model was proposed by Shih et al. [75]. The equations for 
the turbulent kinetic energy (ߢ) and dissipation rate of turbulent kinetic energy (߳) 
used in the Realizable ߢ − ߳ turbulent model are given with 

(Ԧݒߢߩ)ݒ݅݀  = ݒ݅݀ ൜൬ߤ + ௧ߤ
ߪ

൰ ൠߢ ݀ܽݎ݃   + ܩ −  (3.60) ߳ߩ

(Ԧݒ߳ߩ)ݒ݅݀ = ݒ݅݀ ൜൬ߤ + ௧ߤ
ఢߪ

൰ ൠ߳ ݀ܽݎ݃  + ଵܵఢܥߩ − ଶܥߩ
߳ଶ

ߢ +  (3.61) ߳ߥ√
Here, 

ଵܥ = ݔܽ݉ 0.43, ߟ
ߟ + 5൨ , ܩ = ,௧ܵଶߤ ߟ = ܵ ߢ

߳ and  ܵ = ට2 ܵ ܵ   
In these equations, ܩ represents the generation of turbulence kinetic energy due to 
the mean velocity gradients. Here, ܵ is the modulus of the mean rate-of-strain tensor, 
 ఢ are the effective Prandtl numbers for the turbulent kinetic energy and theߪ  andߪ
rate of dissipation respectively.  
Hence, ߤ௧ is modelled as 

௧ߤ = ଶߢߩ
߳ ൬ܣ + ௦ܣ

∗ܷߢ
߳ ൰

ିଵ
 (3.62) 

Here, ܣ and ܣ௦ are the model constants given as ܣ = 4.04 and ܣ௦ = ඥ6ܿݏ߶ 
respectively with 
߶ = ଵ

ଷ ∗ܷ,ଵ√6ܹିݏܿ = ට ܵ ܵ + , ෨ߗ෨ߗ ෨ߗ = పఫതതതതߗ − 3߳ ߱and ܹ = ௌೕௌೕೖௌೖ
ௌሚయ . 

Here, ߗపఫതതതതത is the mean rate-of-rotation tensor with the angular velocity  ߱. In Eqs. 
(3.60) and (3.61), the model constants are ܥଵ = 1.44, ଶܥ = 1.9, ߪ = 1.0 and ߪఢ = 1.2. 
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3.2.4 Standard ࣄ − ࣕ Model 
Standard ߢ − ߳ turbulent model was proposed by Launder and Spalding [76]. The 
equations for the turbulent kinetic energy (ߢ) and dissipation rate of turbulent kinetic 
energy (߳) used in the Standard ߢ − ߳ turbulent model are given as 

(Ԧݒߢߩ)ݒ݅݀  = ݒ݅݀ ൜൬ߤ + ௧ߤ
ߪ

൰ ൠߢ ݀ܽݎ݃   + ܩ −  (3.63) ߳ߩ

(Ԧݒ߳ߩ)ݒ݅݀ = ݒ݅݀ ൜൬ߤ + ௧ߤ
ఢߪ

൰ ൠ߳ ݀ܽݎ݃  + ߳
ߢ ܩଵఢܥ − ଶఢܥߩ

߳ଶ
ߢ  (3.64) 

At this point, 
ଵఢܥ = 1.44, ଶఢܥ = 1.92, ܩ = ,௧ܵଶߤ and  ܵ = ට2 ܵ ܵ  

In these equations, ܩ represents the generation of turbulence kinetic energy due to 
the mean velocity gradients. Now, ܵ is the modulus of the mean rate-of-strain tensor, 
 ఢ are the effective Prandtl numbers for turbulent kinetic energy and rate ofߪ  andߪ
dissipation respectively. And ߤ௧ is modelled as 

௧ߤ = ߩ
߳  ଶ (3.65)ߢఓܥ

Here, ܥఓ = ߪ ,0.09 = 1.0 and ߪఢ = 1.3. 

3.2.5 RNG ࣄ − ࣕ Model 
RNG ߢ − ߳ turbulent model was proposed by Yakhot et al. [77] and the equations for 
the turbulent kinetic energy (ߢ) and dissipation rate of turbulent kinetic energy (߳) 
used in the RNG ߢ − ߳ turbulent model are given with 

(Ԧݒߢߩ)ݒ݅݀  = ൟߢ ݀ܽݎ݃ ߤ ߙ൛ ݒ݅݀  + ܩ −  (3.66) ߳ߩ
(Ԧݒ߳ߩ)ݒ݅݀ = ൟ߳ ݀ܽݎ݃ ߤ ఢߙ൛ ݒ݅݀ + ߳

ߢ ܩଵఢܥ − ଶఢܥߩ
߳ଶ
ߢ − ܴఢ (3.67) 

At this time, 
ଵఢܥ = 1.42, ଶఢܥ = 1.68, ܩ = ,௧ܵଶߤ and  ܵ = ට2 ܵ ܵ  

In these equations, ܩ represents the generation of turbulence kinetic energy due to 
the mean velocity gradients. Here, ܵ is the modulus of the mean rate-of-strain tensor, 
 ఢ are the inverse effective Prandtl numbers for turbulent kinetic energy andߙ  andߙ
rate of dissipation respectively. And ܴఢ is the additional term related to the mean 
strain as well as the turbulent quantities.  
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So, ߤ௧ is modelled as 
௧ߤ = ߩ

߳  ଶ (3.68)ߢఓܥ
At this point, ܥఓ = ߙ ,0.0845 = ఢߙ ≈ 1.393. 
Also, the effective viscosity is determined by  

ߥ̂ = ߤ
ߤ  (3.69) 

where ݀ ቆߩଶߢ
ቇߤ߳√ = ߥ̂݀ ߥ̂ 1.72

ඥ̂ߥଷ − 1 + ఔܥ
 (3.70) 

and, ܥఔ ≈ 100. 
The additional term ܴఢ in the ߳ equation is defined as 

ܴఢ = ߳ଶ
ߢ

ଷߟ ߩ ఓܥ ቀ1 − ఎ
ఎబቁ

1 + ଷߟ ߚ  (3.71) 

where ߟ = ܵ 
ఢ , ߟ = 4.38 and ߚ =  0.012. Further information for turbulent 

modelling is available in Fluent [68]. 
3.3 Thermophysical Properties for Nanofluids, Water and Nanoparticles 
 

It is not easy to evaluate the thermophysical properties in nanofluids because we do 
not know which models might give us the most reliable results. We are often unaware 
of the ways the solutions are strongly affected by the thermophysical properties too. 
However, different types of models for nanofluids thermophysical properties are 
presented and published by many researchers. Nevertheless, categorisation of 
thermophysical properties of nanofluids still remains a matter of debate. Hence, no 
conclusion is drawn regarding the flow and heat transport applications because of its 
wide variety and intricacy. In this present analysis, thermophysical properties of 
density and heat capacitance of the nanofluids are calculated by using the following 
formulas which are considered as classical relationships between the base fluid and 
the nanoparticles (Buongiorno [78]).     
3.3.1 Density 
The density of the nanofluid is defined as 

ߩ = (1 − ߩ(߯ +   (3.72)ߩ߯
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where, ߯ is the nanoparticles concentration, ߩ and ߩ are the density of the base fluid 
and nanoparticles respectively. 
3.3.2 Specific Heat 
The heat capacitance of the nanofluid is defined as  

൫ܿߩ൯ = (1 − ߯)൫ܿߩ൯ + ߯൫ܿߩ൯ (3.73) 
At this time, ൫ܿߩ൯ and ൫ܿߩ൯are the heat capacitance of the base fluid and 
nanoparticles respectively. 
3.3.3 Thermal Conductivity 
There is a considerable shortage of the experimental results and correlations that 
depend on the nanoparticles diameter as well as temperature. Hence, the following 
correlations in relation to the thermophysical properties of nanofluid proposed by 
Corcione [79] are used in our analysis. 
Corcione [79] introduced the following correlation to examine the thermal 
conductivity of nanofluid which depends on the temperature and concentration of 
nanofluid, diameter and thermal conductivity of nanoparticles as well as the base 
fluid.  He used regression analysis and proposed the following correlation with 1.86% 
standard deviation of error:   

ߣ
ߣ

= 1 + 4.4 ܴ݁.ସܲݎ. ቆ ܶ
ܶ

ቇ
ଵ

ቆߣ
ߣ

ቇ
.ଷ

߯. (3.74) 

Here, ܴ݁ is the nanoparticles Reynolds number that is defined as  
ܴ݁ =  ݀ݑߩ

ߤ
= ߢߩ2 ܶ

ଶ݀ߤ ߨ
 (3.75) 

At this time, ܶ is the freezing point of the base liquid (273.16 ܭ); ߢ is the 
Boltzmann constant (ߢ ≈ 1.38 × 10ିଶଷ ܭ/ܬ); ݀ is the fluid molecular diameter; ݀ is 
the diameter of nanoparticles (10 ݊݉ ≤ ݀ ≤ 150 ݊݉); ܶ is the nanofluid 
temperature (294 ≤ (ܭ)ܶ ≤ 324); ߯ is a nanoparticles concentration which is valid 
for 0.2% ≤ ߯ ≤ 9%,   are theߤ  andߩ ; is the Prandtl number of the base fluidݎܲ
density and the dynamic viscosity of the base fluid respectively. In addition, ݑ is the 
nanoparticle Brownian velocity which is calculated as the ratio between ݀ and the 
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time ߬ = ݀ଶ/6ܦ by assuming the absence of agglomeration. Here, ܦ is the Einstein 
diffusion coefficient. 
3.3.4 Dynamic Viscosity 
Corcione [79] proposed another correlation to evaluate the dynamic viscosity of 
nanofluid. He used best-fit of the selected data specified in his research work and 
proposed the following correlation with 1.84% standard deviation of error:   

ߤ
ߤ

= 1 − 34.87 ቆ݀
݀

ቇ
ି.ଷ

߯ଵ.ଷ (3.76) 
Here, ݀ is the diameter of nanoparticles (25 ݊݉ ≤ ݀ ≤ 200 ݊݉);  ߯ is a 
nanoparticles concentration which is valid for 0.01% ≤ ߯ ≤ 7.1%;  ܶ is the 
nanofluid temperature (293 ≤ ܶ(ܭ) ≤ 333) and ݀ is the base fluid molecular 
diameter defined as 

݀ = 0.1 ቆ ܯ6
ߩߨܰ

ቇ
ଵ/ଷ

 (3.77) 
In this equation, ܰ is the Avogadro number and ܯ is the molecular weight of the base 
fluid.  
The above correlations are derived from an extensive selection of empirical data 
relative to nanofluids consisting of different mean diameter of nanoparticles 
suspended in water (H2O) or Ethylene glycol (EG) for the development of thermal 
conductivity correlation and in water (H2O), propylene glycol (PG), Ethylene glycol 
(EG) or ethanol (Eth) for the development of dynamic viscosity correlation. It is to 
note, the conventional Maxwell theory mostly fails when it is implemented to 
nanofluids. In fact, the conventional Maxwell equation tends either to underestimate 
or to overestimate the value of thermal conductivity of nanofluid according to the 
nanoparticles diameter is small or large and the temperature of the suspension is 
high or low as discussed in Corcione [79].  Similarly, the Brinkman equation mostly 
fails with a percentage of error that increases as the diameter of nanoparticles 
decreases when it is implemented to nanofluids. It should also be noted that this 
model is used in this study for the calculation of dynamic viscosity of nanofluid with 
nanoparticles diameter of 10 and 20 nm by assuming a possible standard deviation of 
error lower than 1.84%. 
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3.3.5 Properties for Water 
The mass density, heat capacitance, kinematic viscosity and thermal conductivity of 
water are calculated using the following correlations proposed by Kays and Crawford 
[80]. All these correlations are valid over 278 ≤ ܶ(ܭ) ≤ 363. 
 

ߩ = 330.12 + 5.92 ܶ − 1.63 × 10ିଶ ܶଶ + 1.33 × 10ିହ ܶଷ (3.78) 
ܥ = 10ିଷ × ൫10.01 − 5.14 × 10ିଶ ܶ + 1.49 × 10ିସ ܶଶ − 1.43 × 10ି ܶଷ൯ (3.79) 

ߥ = 1.08 × 10ିସ − 9.33 × 10ି ܶ + 2.70 × 10ିଽ ܶଶ − 2.62 × 10ିଵଶ ܶଷ (3.80) 
ߣ = −12.16 + 0.12 ܶ − 3.66 × 10ିସ ܶଶ + 3.81 × 10ି ܶଷ (3.81) 

 

3.3.6 Properties for Nanoparticles 
The density, heat capacitance and thermal conductivity of Al2O3 at ܶ  =  are ܭ 293 
considered as Masuda et al. [81]:  

ߩ = 3880 ݇݃
݉ଷ , ܥ  = ܬ 773

ܭ݃݇ , ߣ  = 36 ܹ
 (3.82) ܭ݉

The thermal conductivity of TiO2 is obtained from the following relation and designed 
by a curve fitting on the data of Powel et al. [82]:  

ߣ = 100 × (0.1813 − 4.768 × 10ିସ ܶ + 5.089 × 10ିܶଶ),  
where 273 ≤ (ܭ)ܶ ≤ 350 (3.83) 
The heat capacitance of TiO2 is obtained from the following relation and designed by 
a curve fitting on the data of Smith et al. [83]: 

ܥ = 58.4528 + 3.02195 ܶ − 3.02923 × 10ିଷ ܶଶ,   
where 269.35 ≤ (ܭ)ܶ ≤ 339.82 (3.84) 

The density of TiO2 is considered as 4250 
య. 

 

3.4 Wall Roughness 
 

Analysing the experimental results in pipes and channels with rough wall surface, it is 
found that the semi-logarithmic mean velocity profile near the pipe wall has an 
identical gradient (1 ⁄ߢ ) but different intercept. Therefore, the modified law of the 
wall for rough surface is defined in the following way: 
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ఛೢݑ∗ݑ
ఘ

= 1
ߢ  ݈݊ ቆܧ ݕ∗ݑߩ

ߤ ቇ − Δ(3.85) ܤ 
Here, 

∗ݑ = ఓܥ
ଵ ସൗ భߢ

మ and Δܤ = ଵ
  ݈݊( ݂) (3.86) 

In this equation, ݂ is a roughness function that quantifies the shift of the intercept 
due to the effects of roughness. It is to be noted that Δܤ generally depends on the type 
(uniform sand, rivets, threads, ribs, mesh-wire, etc.) and size of the roughness. There 
is no universal roughness function valid for all types of roughness [68]. 
For a sand-grain roughness, Δܤ  is found to be well-correlated with the non-
dimensional roughness height,  

௦ାܭ = ∗ݑ௦ܭߩ
ߤ  (3.87) 

Here, ܭ௦ is the physical roughness height. 
In Fluent, the whole roughness regime is subdivided into the three regimes and the 
formulas proposed by Cebeci and Bradshaw based on Nikuradse's data [84]   are 
adopted [68]. 
 
For the hydro-dynamically smooth regime (ܭ௦ା ≤ 2.25): 

Δܤ = 0 (3.88) 
For the transitional regime (2.25 < ௦ାܭ ≤ 90): 

Δܤ = 1
ߢ ݈݊ ቈܭ௦ା − 2.25

87.75 + ௦ାܭ௦ܥ × ሼ0.4258 (ln݊݅ݏ ௦ାܭ − 0.811)ሽ (3.89) 
Here, ܥ௦ is a roughness constant and ܥ௦ = 0.5 refers to uniform sand grain roughness. 
For the fully rough regime ܭ௦ା > 90: 

Δܤ = 1
ߢ ݈݊[1 +  ௦ା] (3.90)ܭ௦ܥ

3.5 Some Useful Definitions 
In this section, Reynolds number, mean fluid velocity, Darcy friction factor, local 
Nusselt number and heat transfer coefficient, mean temperature, average Nusselt 
number and turbulent intensity are defined and presented. 
For the prediction of flow in a circular pipe, the Reynolds number is defined as  
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ܴ݁ = ܦݒ
ߥ  (3.91) 

Here, ݒ is the mean fluid velocity defined as 
ݒ = 2

ܴଶ න ,ݎ)ݒ ோݎ݀ ݎ (ݔ


 (3.92) 
At this point, ߥ is the kinematic viscosity of the nanofluid, ݎ)ݒ,  is the axial velocity (ݔ
profile and R is the radius of pipe. 
The Darcy friction factor and local Nusselt number are evaluated according to the 
following relations:  
Darcy friction factor for turbulent flows in a circular pipe is defined as 

݂ =  ∆ܦ2 
ଶݒܮߩ

 (3.93) 
Local Nusselt number and heat transfer coefficient are defined as 

(ݔ)ݑܰ =  ℎ(ݔ)ܦ
ߣ

 where  ℎ(ݔ) = ሶ௦ݍ 
௪ܶ − ܶ(ݔ) and ݍሶ௦ = ߣ−   ߲ܶ

ฬݎ߲
ୀோ

 (3.94) 

For constant and uniform heat flux boundary condition, the mean temperature of a 
fluid flowing through a circular pipe is expressed as 

ܶ(ݔ) = ܶ, + ܦߨሶ௦ݍ
ሶ݉ ܥ

 (3.95) ݔ
Here, ݍሶ ௦ and ሶ݉  are the heat flux of the pipe and mass flow rate of the fluid 
respectively.  
According to the above equations, the average Nusselt number is defined as 

തതതതݑܰ =  1
ܮ න ݔ݀ (ݔ)ݑܰ


 (3.96) 

This numerical integration has been performed by using the Simpson’s 1/3 rule. 
The turbulent intensity can be defined as 

ܫ = 0.16 ܴ݁ିభ
య (3.97) 

3.5.1 Entropy Generation   
 The entropy generation analysis is considered as an effective tool to investigate and 
optimise thermal design [85] by Bianco et al. [67]. Better working conditions can be 
achieved by minimising it. Usually, entropy generation represents the irreversibility 
of a system. Therefore, a more efficient system has been obtained by reducing it. 
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Minimisation of entropy generation is a well-established approach to pursue the 
optimisation of a thermal system, as reported in Ref. [85, 86]. It is also of great 
importance to determine the optimal concentration to use and the most convenient 
particles dimension to consider while working with nanofluids. Therefore, entropy 
generation analysis offers a rigorous physical framework to solve the above 
mentioned problems (Bianco et al. [67]). 
The total entropy generation is defined as 

ܧ = ,௧ܧ +  , (3.98)ܧ
Here, ܧ,௧ and ܧ, are thermal and frictional entropy generation respectively. The 
equations for the thermal and frictional entropy generations for a circular pipe of 
length L are  proposed by Ratts and Raut [86]. These are defined as 

,௧ܧ = ሶ௦ଶݍ ܮ ଶܦߨ
തതതത ܶ௩ݑܰ ߣ

 (3.99) 

,ܧ = 32 ሶ݉ ଷ݂ܮ
ଶߩ ହ ܶ௩ܦଶߨ

 (3.100) 
Here, ܶ௩ is the average temperature which is defined as follows: 

ܶ௩ = ( ܶ − ܶ௨௧)
݈݊ ቀ ்

்ೠቁ
 (3.101) 

Now, ܶ௨௧ can be defined as 
 ܶ௨௧  = ܶ + ௦ܣᇱᇱݍ

ሶ݉ ܥ
 (3.102) 

Moreover, Bejan number (Be) is defined as 
݁ܤ                                     = ,௧ܧ

ܧ
, 0 ≤ ݁ܤ ≤ 1  

 

 
(3.103) 

3.5.2 Thermal Performance Factor and Performance Evaluation Criterion    
Thermal performance factor is denoted with  ߦ and defined as follows (Xu et al. [87]): 

ߦ = ቆܰݑതതതത
തതതതݑܰ

ቇ ቆ ݂
݂

ቇ
భ
య (3.104) 

Performance evaluation criterion (PEC) is defined as follows (Roy et al. [88]): 
ܥܧܲ = ∆ ܥ ߩ ܶ

∆  (3.105) 
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Here, ∆ ܶ and ∆ are the temperature and pressure differences between the outlet 
and inlet of the pipe respectively. 
3.6 Summary of the Numerical Methods 
The computational domain is formed by using the commercial pre-processor 
software GAMBIT 2.4.6 which is also used for meshing and setting the boundary 
conditions. Then the governing non-linear partial differential equations for the 
continuity, momentum, energy and other scalars, such as, turbulence together with 
the suitable boundary conditions are discretised. And hence, they are solved by using 
the Finite volume solver Fluent 6.3.26. The finite volume technique converts the non-
linear partial differential equations with the second order upwind scheme to a system 
of nonlinear algebraic equations that are solved numerically. Second order upwind 
scheme is employed to achieve higher-order accuracy at the cell faces through a 
Taylor series expansion of the cell-centred solution about the cell centroid. The 
pressure-based solver is employed to solve the pressure based equation which is 
derived from the momentum and continuity equations. All these equations are solved 
sequentially and iteratively so as to obtain a converged numerical solution. For all the 
simulations carried out in the present analysis, convergence criteria for the solutions 
are considered when the residuals become less than 10ି. 
 Different types of models like single phase, multi-phase and discrete phase models 
have been used throughout the thesis. Also, different types of transitional models 
called Standard ߢ − ߱ and SST ߢ − ߱ models and turbulent models named 
Standard ߢ − ߳, RNG ߢ − ߳ and Realizable ߢ − ߳ models have been used.    
In chapter 4, single phase model is used which is described in §3.1.1 of Chapter 3. 
Also, two different transitional models named Standard ߢ − ߱ and SST ߢ − ߱ models 
are also used that are described in §3.2.1 and §3.2.2 of Chapter 3 respectively.  
In chapter 5, multi-phase model is used which is described in §3.1.2 of Chapter 3. 
Also, SST ߢ − ߱ transitional model is used and described in §3.2.2 of Chapter 3. 
In chapter 6, single phase model is used which is described in §3.1.1 of Chapter 3. 
Also, three different turbulent models named Realizable ߢ − ߳, Standard ߢ − ߳ and 
RNG ߢ − ߳ models are also used that are shown in §3.2.3, §3.2.4 and §3.2.5 of Chapter 
3 respectively. 
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In chapter 7, multi-phase model is used which is described in §3.1.2 of Chapter 3. 
Also, Realizable ߢ − ߳ turbulent model is used and is described in §3.2.3 of Chapter 3. 
In chapter 8, discrete phase model is used which is described in §3.1.3 of Chapter 3. 
Also, SST ߢ − ߱ transitional and Realizable ߢ − ߳ turbulent models are used that are 
explained in §3.2.2 and §3.2.3 of Chapter 3 respectively. 
In chapter 9, single and multi-phase models are used which are described in §3.1.1 
and §3.1.2 of Chapter 3 respectively. Also, SST ߢ − ߱ transitional model is used and is 
described in §3.2.2 of Chapter 3. 
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Chapter 4  
 Transition of Nanofluids Flow, Part 1: Performance of a Single Phase Model 
 

4.1 Introduction 
 Reynolds [89] found the transition flow behaviour to change unpredictably  between 
the laminar and turbulent flow. It  is observed in this research that the laminar flow 
can be sustained at high Reynolds numbers if different types of disturbances in the 
flow are eluded (Cengel [41]). Later on, Ekman [90] and Pfenniger [91] performed 
experimental investigations and stated that the laminar flow could have been 
maintained up to a Reynolds number of 40,000 and 100,000 respectively by reducing 
the flow disturbances. Cengel [41] also suggested, that it  was better to have some 
specific values of Reynolds number for laminar, transitional and turbulent flows in a 
smooth pipe. But this was tricky since flow disturbances were generated by various 
mechanisms such as surface roughness, noise, and vibrations. In most cases, the flow 
in a smooth pipe is said to be laminar when ܴ݁ < 2300, fully turbulent when 
ܴ݁ > 10,000  and transitional when 2300 ≤ ܴ݁ ≤ 10,000. Cengel [41] however 
stated that even though transitional flow exists for 2300 ≤ ܴ݁ ≤ 10,000, a fully 
turbulent condition in many practical applications can be achieved when ܴ݁ > 4000. 
In this chapter, numerical investigations are carried out using single phase model 
(SPM) under transition flow condition. Here, two-dimensional axi-symmetric model 
of a horizontal pipe with the length L of 1.0 ݉ and internal diameter, ܦ of 0.019 ݉  is 
considered to analyse the transition flow and heat transfer performance of Al2O3 and 
TiO2–water nanofluids through it. The geometry is shown in Fig. 4.1. In this 
investigation, two different transition models, such as, Standard ݇ − ߱ and SST ݇ − ߱ 
models are used. And, the details about these models are given in §3.2.1 and §3.2.2 of 
Chapter 3. The main objective of this research is to analyse the effects of different 
nanoparticles size and concentrations with and without the Brownian motion of 
nanoparticles on heat transfer under transition flow condition.  Besides, the effect of 
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roughness on heat transfer is investigated for the above parameters. Finally, results 
are presented in terms of mean velocity, mean temperature, turbulent kinetic energy, 
Darcy friction factor, local and average Nusselt number, average wall shear stress 
coefficient ratio, thermal performance factor and entropy generation.  Such results 
facilitate the understanding about the mean velocity, turbulent kinetic energy and 
mean temperature behaviours as well as the pressure drop and the behaviour of heat 
transfer performance. 
4.2 Boundary Conditions 
The following boundary conditions are used to solve the system of nonlinear partial 
differential equations which are given in §3.1.1 of Chapter 3. 
At the pipe inlet, a uniform velocity (ݒ௫,) as well as a uniform temperature 
( ܶ = ܫ) with a turbulent intensity (ܭ 293 = 2 to 4%) and hydraulic diameter 
ܦ) = 0.019 ݉) are stated. And, all the thermal properties used in this work are 
calculated at the inlet temperature ( ܶ) that also is considered to be the reference 
temperature. 
At the pipe outlet, a static gauge pressure, ௨ = 0, is specified. And, the finite 
volume solver extrapolates the other flow and the scalar quantities such as the 
temperature and the turbulent quantities from the interior domain. 
On the pipe wall, a no-slip boundary condition is introduced with uniform heat flux, 
q” = 5000 W/m2. 
Furthermore, the roughness of the pipe wall which is considered here is similar to a 
sand grain roughness. For this, a modified law of wall equation is implemented. Then, 
different roughness height, ܭ௦  =  0.375, 0.5, and 0.625 ݉݉ with a uniform roughness 
constant, ܥ௦  =  0.5 (Xiao-wei et al. [92]) are  considered throughout the investigation. 
Particulars of the roughness of wall are given in §3.4 of Chapter 3. 
Besides, all the calculations of thermophysical properties of water, nanoparticles as 
well as nanofluids are taken at  ܶ. The specific details of these thermophysical 
properties are given in §3.3 of Chapter 3. 
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4.3 Grid Sensitivity Test 
Extensive computational simulations are performed in order to assess the accuracy of 
the numerical findings. Initially, the grid sensitivity analysis is performed using both 
the Standard  ݇ − ߱ and SST ݇ − ߱ transition models to find out an appropriate 
combination of the mesh distributions. This is applicable to resolve both the velocity 
and the temperature fields inside the horizontal pipe.  The grid sensitivity test is done 
by varying the total number of grid distributions in both the axial (Nx) and the radial 
(Nr) directions. Here, five different grid combinations such as 500 ×  25, 500 ×  50,
500 ×  100, 500 ×  150, and 1000 ×  100 are used. Then, the uniform grid in the 
axial direction and non-uniform structured grid in the radial direction are   
considered in order to control any large deviations of flow and temperature fields 
near the upstream as well as near the wall regions.  Besides, a mesh successive ratio 
of 1.1  is considered to generate such non-uniform grids in the near wall region.  
Two different test cases are considered for water of Prandtl number, ܲݎ = 7.04, 
௧ݎܲ = 0.85 and Reynolds number, Re = 3900 and 10,000 respectively while 
performing the grid sensitivity test. Then various combinations of grid are analysed 
to justify that the numerical results are grid independent. Figure 4.2 shows the 
variation of radial velocity, temperature (ܶ) and turbulent kinetic energy (ߢ) profiles 
at the horizontal location, ݔ = 0.99 m, for ܭ௦ = 0 (smooth pipe wall). These results 
are generated by using the SST ݇ − ߱ transition model and the selection of this 
particular transition model for the grid sensitivity test is clarified in §4.4. It is 
observed that the grids  500 × 100, 500 × 150 and 1000 × 100 generate the most 
reasonable results because the differences found among the results are quite 
insignificant. In order to save the computing time and to avoid any inconsistencies in 
the numerical results, particular grid for the present calculations is selected to be 
consisted of 500 and 100 nodes along the axial and the radial directions respectively. 
4.4 Validation 
Validation of the present numerical findings is done for water against the existing 
experimental data as well as correlations for different ܴ݁ = 2300 to 10ସ and ܲݎ =
7.04. Besides, the accuracy of the two different transition models such as the 
Standard ߢ − ߱ and SST ߢ − ߱ transitional models are investigated. 
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In the following, numerical results of Darcy friction factor and Nusselt number are 
presented and compared with different correlations as well as experimental results. 
Details are given below: 
 Firstly, numerical results of the Darcy friction factor is compared with the correlation 
suggested by Blasius [93] and the experimental results of Chandrasekar et al. [43] 
and Naik et al. [44]. Then, it  is followed by the comparison of the average Nusselt 
number with the experimental  results of Sharma et al. [42], Chandrasekar et al. [43] 
and Naik et al. [44] and correlation suggested by Gnielinski [94]. 
 
A suitable use of the turbulent intensity at the upstream of the pipe domain is always 
important for the transient simulation. So, three different values of the turbulent 
intensity are tested and findings are compared with the relevant data for a smooth 
pipe wall, as shown in Fig. 4.3.   
 
The only available correlation for average Nusselt number is the Gnielinski equation 
[94] which provides a prediction of average Nusselt number for a fully developed 
turbulent flow in a pipe or channel. This correlation can be useful for a transitional 
flow because, as suggested, it is valid forܴ݁ > 3000. However, since it is developed 
from the data values of a fully developed turbulent flow, its accuracy in transitional 
flow needs to be tested carefully. The results presented in Figure 4.3(b) suggest that 
this correlation cannot predict the average Nusselt number for the transition flow 
correctly for all the Reynolds numbers under consideration. 
 
It is observed that Darcy friction factor results of Chandrasekar et al. [43] are in good 
agreement with the results of Blasius [93]. But the Darcy friction factor results of Naik 
et al. [44] found to be slightly lower for low Reynolds numbers and when compared 
with the results of Blasius [93] and Chandrasekar et al. [43]. It is also observed that 
Nusselt number results of Chandrasekar et al. [43] for low Reynolds number seems to 
be close to the results of Gnielinski [94]. And, Nusselt number results of Sharma et al. 
[42] for high Reynolds number found to be close to the results of Naik et al. [44]. 
Considering these observations, following comparisons are considered:  
 
While varying the turbulent intensity from 2% to 4%, the maximum deviation on the 
average Nusselt number is found to be 19.45%, 2.94% and 1.85% respectively 
comparing with the results of Naik et al. [44]. On the other hand, the maximum 
deviation on the Darcy friction factor for I = 2%  is 20.49% and 12.68% respectively 
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in comparison with the results of Blasius [93] and Naik et al. [44]. And, for the 
turbulent intensity of 3%, the maximum deviation  is 30.93% and 22.39% 
respectively and is increased further to 35.70% and 26.85% for I = 4%. 
 
Although the turbulent intensity of 2% seems to be a reliable option because of the 
results of Darcy friction factor showing slightly better agreement with the correlation 
and experimental results, a significantly higher percentage of deviation in the average 
Nusselt number is disappointing. A higher Darcy friction factor is observed for the 
turbulent intensity of 4% compared to that of 3%. And, the maximum percentage 
deviation between the results of the average Nusselt number for 3% is not significant. 
That is why, the turbulent intensity of 3% is considered throughout the 
investigations. 
 
It is also observed that there is no significant variation between the results of average 
Nusselt number using the Standard ߢ − ߱ and the SST ߢ − ߱ transitional models. But 
the Darcy friction factor result of the SST ߢ − ߱ transitional model is slightly better 
than that of the Standard ߢ − ߱ transitional model in comparison with the 
experimental results and correlation. Hence, the SST ߢ − ߱ transitional model is 
considered to carry out all the numerical simulations in this research. 
Blasius [93] equation: 

݂ = 0.316
ܴ݁.ଶହ , 3000 ≤ ܴ݁ ≤ 10ହ (4.1) 

Gnielinski [94] equation: 

തതതതݑܰ =

଼ (ܴ݁ − ݎܲ(1000

1.0 + 12.7 ቀ
଼ቁ.ହ ቀܲݎమ

య − 1ቁ
, ቀ 0.5 ≤ ݎܲ ≤ 20003000 < ܴ݁ ≤ 5 × 10ቁ 

݂ = (1.82 ln ܴ݁ − 1.64)ିଶ, 3000 < ܴ݁ ≤ 5 × 10 
        (4.2) 

4.5 Results and Discussion 
4.5.1 Smooth Pipe Wall 
Extensive numerical simulations are performed using the single phase model for 
Al2O3-water and TiO2-water nanofluids with ܴ݁ = 2300 to 10 × 10ଷ, ܲݎ =
7.04 to 20.29, ߯ = 2 to 6%, and ݀ = 10 to 40 ݊݉. The effects of nanoparticles 
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concentrations and diameters on the heat transfer as well as the entropy generation 
are discussed in the following sections and some new correlations are also proposed. 
4.5.1.1 Mean Velocity and Temperature Behaviours 
The details of hydrodynamic and thermal physics and the strength of turbulence 
along the pipe are presented in Figs. 4.4 to 4.9 for a selected ܴ݁ =  3500. Hereafter, 
overall results for different Reynolds numbers   are summarised.   
Figures 4.4 and 4.5 show the variations of different nanoparticles concentrations and 
diameters on the flow field of Al2O3-water and TiO2-water nanofluids along the axial 
direction. Here, the effect of without and with Brownian motion of nanoparticles is 
taken into account too. It is observed that the flow field initially behaves like a 
laminar flow and after a certain distance, it suddenly changes the flow pattern 
causing transition followed by the laminar flow breakdown. 
Moreover, it is observed that the development of momentum boundary layer near the 
upstream moves the fluid in the direction of the centreline regime. After the laminar 
breakdown point, the thickness of the momentum boundary layer becomes larger and 
it helps to drive the fluids closer to the centreline region. And then, the mean velocity 
is found to be the highest in that region and the centreline velocity starts to decrease 
in an attempt to satisfy the equation of continuity. Besides, the thickness of the 
momentum boundary layer starts to reduce and becomes constant beyond this 
regime and the velocity profile starts to be fully developed. On the whole, as it is 
shown in Figs. 4.4 and 4.5, the mean velocity increases with the increase of χ and dp. 
But, the higher velocity magnitude is observed when the effect of Brownian motion of 
nanoparticles is considered. This is due to the variation of nanoparticles' velocity 
with the nanoparticles diameters which is also added to the fluid particles velocity. 
And then, nanofluids velocity becomes higher for smaller size of nanoparticles than 
the large size of nanoparticles because small nanoparticles move faster than the large 
nanoparticles.  
The variation of different χ and dp in the temperature field of Al2O3 and TiO2-water 
nanofluids are shown in Figs. 4.6 and 4.7 in order to understand the transition 
behaviour in the temperature field. The effect of without and with Brownian motion 
of nanoparticles with different nanoparticles concentrations and diameters are also 
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presented as it was done with the flow field. In the present investigation, nanofluids 
behave like a coolant fluid. When uniform temperature is applied at the upstream 
with a higher value of heat flux to the wall, the wall temperature is found to be higher 
near the pipe wall regime along the axial direction indicating the lower temperature 
of the nanofluids flowing through the pipe. It is observed that the temperature field 
also behave like a laminar flow initially and then, the laminar flow begins to 
breakdown at some points near the upstream.  
 In the following figures, it is seen that most of the inner region is covered with deep 
blue colour. Also, the near wall temperature is found always higher than the inner 
region. It indicates, there is a temperature difference between the pipe wall 
temperature and the coolant fluids. Also, the maximum temperature difference is 
found to be approximately 7K without considering the Brownian motion. But this 
difference reduces up to 6K approximately when the Brownian motion of 
nanoparticles is considered. Furthermore, this coolant regime starts to increase in 
size with the increase of χ and decrease of dp due to the decay of thermal boundary 
layer.  
In addition, decreases in the wall temperature and the thickness of thermal boundary 
layer are observed with the decrease of dp from 40 to 10 ݊݉. The reason behind the 
fact is, the higher mean velocity of lower size of nanoparticles forces the fluid to move 
quickly to the downstream region, and the development of wall temperature becomes 
less prominent for higher size of nanoparticles. These behaviours are important 
because such reduction has impacts on the enhancement of heat transfer. It is 
important to note that very small variation is seen for the temperature field of both 
the Al2O3 and TiO2-water nanofluids. But the variation between the flow field and the 
higher thermal conductivity of Al2O3-water nanofluid compared to the lower thermal 
conductivity of TiO2-water nanofluid may be a vital reason to see the increase in the 
heat transfer rate.  Further details are  provided in section 4.5.1.2. 
Variations of the turbulent kinetic energy of Al2O3 and TiO2-water nanofluids are 
presented in Figs. 4.8 and 4.9 in order to comprehend the strength of the turbulent 
kinetic energy in the flow. Initially the turbulent kinetic energy remains negligibly 
small because of the laminar flow behaviour near the upstream and then it starts to 
increase gradually. Later, a rapid growth of turbulent kinetic energy is observed at 
the near wall region and the laminar breakdown point. Such growth becomes 
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maximum after the laminar breakdown point and then starts to decrease slightly 
again. Beyond this position, turbulent kinetic energy profile tends to become fully 
developed. Besides, generation of turbulence is found in the development of 
boundary layer and diffusion is noticed in the direction of centreline regime. In the 
context of a fully developed turbulent flow in a pipe [95, 96], it is understood that the 
viscous dissipation takes place in the near wall region but the maximum turbulence 
generation occurs at the edge of the viscous sub-layer. This edge appears to be the 
boundary from where the diffusion takes place towards the centre of the pipe. It, 
therefore, suggests that the turbulence generation is always observed between the 
wall and the hydrodynamic boundary layer. Moreover, the rate of turbulence 
generation becomes zero at the wall because of the no-slip velocity boundary 
condition applied on the pipe wall which causes the velocity fluctuations to diminish 
at the wall. Further validation with a comparison between the numerical and 
experimental results of the turbulent kinetic energy is given in Chapter 6. 
It also is detected that the turbulence kinetic energy increases with the increase of 
nanoparticles concentrations. Also, such enhancement becomes more pronounced 
when the Brownian motion and diameter of nanoparticles are considered. It 
concludes that the higher χ and lower dp result in the higher value for turbulent 
kinetic energy at the laminar breakdown point. It can be caused by that the velocity of 
the smaller nanoparticles absorbs energy in a low rate. Additionally, Al2O3-water 
nanofluid is found to show slightly higher values of turbulent kinetic energy than 
TiO2-water nanofluid. It is feasible in a sense that Al2O3-water nanofluid shows higher 
values of mean velocity than TiO2-water nanofluid. It is essential to note that 
when ݀ = 40 ݊݉, maximum value of turbulent kinetic energy for both the Al2O3 and 
TiO2-water nanofluids is identical. It might be concluded after the analysis of the 
findings that both the nanofluids produce similar results for ݀ ≥ 40 ݊݉ when the 
effect of Brownian motion of nanoparticles is under consideration. 
The above mentioned results are found on a particular Reynolds number. Overall 
findings for different Reynolds number are presented and discussed in the following 
paragraph. 
It is generally been observed that if the Reynolds number increases, the mean velocity 
also increases and the laminar breakdown of flow field occurs earlier and moves very 
close to the upstream. This effect is reasonable because the momentum boundary 
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layer thickness decreases as the Reynolds number increases for high Prandtl number 
fluids. It indicates the increase of mean velocity at the centreline regime too. 
Moreover, rapid movement of small sized nanoparticles helps to increase the mean 
velocity of nanofluids. On the contrary, the mean velocity of nanofluids remains low 
for the low Reynolds number flow. In such cases, diffusion plays a significant role in 
transferring heat from one place to another. Then again, the higher mean velocity 
brings forced convection for high Reynolds number flow. It helps to transfer heat 
quickly when the temperature difference between the pipe wall and the coolant 
nanofluids is very low. It is also found that as the Reynolds number and nanoparticles 
concentrations increase, the wall temperature and the thickness of thermal boundary 
layer decrease. And, the turbulent kinetic energy profile shifts towards the upstream 
with the increase of Reynolds number. Moreover, turbulent kinetic energy increases 
with the increase of Reynolds number. It is also because of the increase of mean 
velocity with the increase of Reynolds number. 
Variations of Darcy friction factor of Al2O3-water nanofluid with different Reynolds 
numbers are presented in Fig. 4.10 in order to understand the pressure drop 
behaviour with different Reynolds numbers. A strong agreement between the results 
of Darcy friction factor of Al2O3-water nanofluid and water is observed. It means, the 
nanoparticles concentrations and diameters have an insignificant effect on the 
enhancement of the pressure drop and the Darcy friction factor. Hence, it is possible 
to draw a conclusion that nanofluids can be used as a new generation heat transfer 
fluid without the penalty for pumping power. Similar behaviours are also observed 
for TiO2-water nanofluid. 
4.5.1.2 Heat Transfer Behaviour 
The local and average Nusselt number results are presented and discussed in this 
section with the purpose of understanding both the local and average heat transfer 
behaviour. To better quantify the transition regimes presented in Figs. 4.4 to 4.7, axial 
variation of the local Nusselt number with different ܴ݁ (1130 < ܴ݁ < 17 × 10ଷ) for 
the Al2O3-water nanofluid (݀ = 10 ݊݉, ߯ = 2%) is shown in Fig. 4.11. It is observed 
that the local Nusselt number is always found maximum near the entrance region. 
Then it starts to decrease rapidly with the axial distance until a minimum value can 
be predicted from the breakdown of laminar flow. When this minimum value is 
achieved, Nusselt number starts to increase again and form a plateau-like profile. And 
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finally, it reaches a constant value when the flow tends to be fully developed. 
Abraham et al. [97] also reported the similar behaviour for air flow in pipe under 
transition flow condition. In addition, the local Nusselt number behaviour is observed 
to indicate the existence of laminar and turbulent flow regimes for ܴ݁ ≤ 1130 
and ܴ݁ ≥ 17 × 10ଷ respectively. 
Moreover, from Fig. 4.11, it is seen that the distance of laminar breakdown point from the 
inlet varies from approximately 0.85 ݉ to 0.06 m as the Reynolds number varies 
from2300 to 10 × 10ଷ. Furthermore, such distance moves to a distance close to the 
upstream of the pipe when the Reynolds number increases from 2300 to 10 × 10ଷ. 
And then, it tends to decrease rapidly for the Reynolds number that is greater 
than10 × 10ଷ. In particular, the value of such distance is approximately 0.06 m 
for ܴ݁ = 10 × 10ଷ. However for ܴ݁ = 15 × 10ଷ and 17 × 10ଷ, the values of such 
distance are approximately 0.037 m and 0.0 m respectively. It also means that there is 
a laminar state between the upstream and the breakdown point. These outcomes 
strongly support the observations made by Abraham et al. [97] too. It is also observed 
that the transition behaviour actually begins for ܴ݁ > 1130 and flow becomes fully 
turbulent for ܴ݁ = 17 × 10ଷ. It thus suggests, the transition regime can be extended 
up to ܴ݁ = 17 × 10ଷbecause the distance of break down point from the origin tends 
to vanish when the Reynolds number is very close to ܴ݁ = 17 × 10ଷ. Considering the 
above observations, we can determine that the transitional regime can be considered 
as 1130 < ܴ݁ < 17 × 10ଷ for the smooth pipe wall case. 
 Consequently, the following definitions are introduced and the related results are 
presented in Figs. 4.12 and 4.13.  

 The distance from the upstream to the laminar breakdown point is called the 
‘critical distance’. 

 Critical distances for flow and thermal fields are known as ‘hydrodynamic 
critical distance’ and ‘thermal critical distance’ respectively.  

 Local Nusselt number calculated at the laminar breakdown point is known as 
critical Nusselt number. 

Fig. 4.12 shows that the hydrodynamic and thermal critical distances decrease along 
with the increase of Reynolds numbers. It is realistic in a sense that as the Reynolds 
number increase, flow and thermal transition behaviour tends to diminish and also 
tends to become fully turbulent. Such behaviour is also physically valid because, in 
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nature, all the flows are turbulent and transition from laminar to turbulent flows will 
not sustain for a long time. Arithmetically, hydrodynamic critical distance at ݔ,  can 
be calculated from the drops of the velocity gradient on the left and the rises of the 
velocity gradient on the right. However, thermal critical distance at ݔ,்  can be 
calculated from the rises of the temperature gradient on the left and the drops of the 
temperature gradient on the right. It means, the velocity and temperature gradients 
change sign from the left to the right of the laminar breakdown point. Besides, the 
hydrodynamic critical distance is also found to be smaller than the thermal critical 
distance. And, it suggests that transition begins earlier in the flow field than in the 
temperature field.  
As it is also shown in the Fig. 4.12, the hydrodynamic and thermal critical distances 
are strongly dependent on the Reynolds number. But, both of them are absolutely 
independent of different types of fluids, nanoparticles diameters and concentrations. 
Such findings are realistic and physically valid (Cengel [41]). We find that both the 
hydrodynamic and thermal entrance lengths are independent of the nanofluids and 
also of their dp and ߯. While, the hydrodynamic entrance length depends on the 
Reynolds number and pipe diameter, the thermal entrance length only depends on 
the pipe diameter. It thus further suggests that when the transition to turbulent flow 
tends to be fully hydro-dynamically and thermally developed, it remains unaffected 
by the types of fluids as well as dp and ߯.     
In general, significant variations in the flow and temperature fields are observed 
inside the pipe with the increase of turbulent intensity. Moreover, velocity and 
temperature critical distances changed significantly with different turbulent intensity. 
It suggests that both the velocity and temperature critical distances are fully 
dependent on turbulent intensity.  
Finally, two new correlations are proposed to describe the behaviour of 
hydrodynamic and thermal critical distances with a maximum deviation of 1% under 
the transition regime. To do this, a total of 80 simulations are carried out for the 
Reynolds number ranging from 1130 to 17 × 10ଷ. These correlations are not valid 
when ܴ݁ < 1130 and ܴ݁ > 17 × 10ଷ because the transition behaviour disappears in 
this stage. And, fully developed laminar flow (ܴ݁ ≤ 1130) and turbulent flow 
(ܴ݁ ≥ 17 × 10ଷ) behaviours are observed too.  
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,ݔ = (ܴ݁)݈݃ܣ) ݔܧ +  (ܤ
where ܣ = −1.26306, ܤ = 8.70204, 1130 < ܴ݁ < 17 × 10ଷ (4.3) 

்,ݔ = (ܴ݁)݈݃ܣ) ݔܧ +  (ܤ
where ܣ = −1.20263, ܤ = 8.27248, 1130 < ܴ݁ < 17 × 10ଷ (4.4) 

Investigations are also carried out for different nanoparticles diameters and 
concentrations to study their effects on heat transfer and results are presented in the 
following paragraphs.  
Initially, variations of the critical Nusselt number with different ܴ݁ for ݀ =
10 to 40 ݊݉ and  ߯ =  2 to 6%  has are shown in Fig. 4.13. This figure illustrates that 
the critical Nusselt number using Al2O3-water nanofluid increases with an increase in 
both the Reynolds number and nanoparticles concentration. Such increase is more 
significant for the higher value of ߯,  suggesting that the enhancement of heat transfer 
rate is strongly dependent on ܴ݁ and  ߯. It is also seen that the critical Nusselt 
number is fully dependent on the type of nanofluids as well as on ݀. This finding is 
reasonable because the critical Nusselt number has been calculated from the local 
Nusselt number which also varies with ݀ and  ߯. Similar behaviour also is observed 
for different  ݀ of TiO2-water nanofluid. 
The variations of average Nusselt number with the Reynolds number are presented in 
Figs. 4.14 and 4.15 considering without / with the effects of Brownian motion. The 
purpose is to examine the behaviour of average Nusselt number calculated from the 
local Nusselt number.  
As shown in Fig. 4.14, the average Nusselt number increases with the increase of 
nanoparticles concentration. Besides, the maximum percentage of the heat transfer 
enhancement for Al2O3–water nanofluid with ߯ =  2%, 4% and 6%  is found to be 
approximately 1.72, 4.54 and 7.83 respectively. However, it is approximately 0.61, 
2.84 and 6.02 respectively for TiO2–water nanofluid. This is because the thermal 
conductivity of Al2O3-water nanofluid is higher than that of TiO2-water nanofluid. 
Additionally, the development of hydrodynamic and thermal boundary layers of 
Al2O3-water nanofluid compared to TiO2-water nanofluid plays a more important role 
in enhancing the heat transfer rate as already described in Section 4.5.1.1.  
The results presented in Fig. 4.15 confirm that the average Nusselt number 
monotonically increases with the increase of nanoparticles concentration. 
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Particularly for Al2O3–water nanofluid with ݀ = 10 ݊݉, the minimum and maximum 
percentages of the heat transfer enhancement are approximately 3.25 and 3.40, 11.07 
and 11.55, 28.66 and 29.48 respectively. When ݀ = 20 ݊݉, such percentages of the 
heat transfer enhancement are reduced and found approximately 2.27 and 2.36, 7.47 
and 7.79, 16.59 and 17.17 respectively. This degeneration of minimum and maximum 
percentage of heat transfer continues when dp increases further. For example, when 
݀ = 40 ݊݉, they are predicted to be approximately 1.53 and 1.63, 4.71 and 5.11, 
10.71 and 11.00 respectively.  The trend in which the average Nu has changed 
remains to be the same for the TiO2–water nanofluid. But, a slight difference in 
magnitude is obtained for the percentages of the heat transfer enhancement 
compared to those of the Al2O3–water nanofluid. 
Overall, the Al2O3–water nanofluid always shown the higher heat transfer rate than 
the TiO2–water nanofluid irrespective to the change in Reynolds numbers, 
nanoparticles concentration and diameter when the Brownian motion of 
nanoparticles is considered. Also, the reason for improving the average Nusselt 
number is related to different aspects. Increase in the thermal conductivity; Brownian 
motion of nanoparticles and its size and shape; decrease in the boundary layer 
thickness and delay in the boundary layer growth are the most prominent ones 
among them. 
4.5.1.3 Average Shear Stress Coefficient Ratio 
Average shear stress ratio is defined as the ratio of the average shear stresses of 
nanofluid and water.  
In order to understand the behaviour of average shear stress ratio, Figs. 4.16 and 4.17 
show the variation of the nanoparticles concentration and diameter on the average 
shear stress ratio, ߬ఛഥ , with Reynolds number considering the effects of Brownian force 
of nanoparticles.  
When the Brownian motion of nanoparticles is ignored, the average shear stress ratio 
for the Al2O3–water nanofluid with ߯ =  2%, 4% and 6%, is approximately 
1.35, 1.99 and 3.02 respectively. However, for the TiO2–water nanofluid the ratio is 
approximately 1.25, 1.71 and 2.47 respectively. It suggests, although nanofluids have 
significant effects on the enhancement of heat transfer, some disadvantages on the 
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wall shear stress is unavoidable. Brownian motion of nanoparticles even causes 
further drawback, as shown in Fig. 4.17, resulting in higher values of the average 
shear stress ratio though depending on ݀.  In particular, the average shear stress 
ratio for Al2O3–water nanofluid, is approximately 1.66, 3.58 and 14.60 respectively 
for ߯ = 2%, 4% and 6% with ݀ = 10 ݊݉. This is reduced to approximately 1.47, 2.54 
and 5.79 respectively with ݀ = 20 ݊݉ and is further reduced with the higher values 
of ݀. Additionally, a rapid reduction in the average shear stress ratio is also 
predicted when ߯ is increased and this remains to the case for all the cases 
investigated. To compare these two nanofluids, the prediction of  ߬ఛ തതത is almost same 
apart from the higher value of ߯ for which some variations in ߬ఛഥ  are also reported. 
Further, the wall shear stress ratio of nanofluids is always found to be higher than 
that of water and such enhancement is independent to the Reynolds numbers.  
Therefore, a significant setback with respect to various practical applications of the 
nanofluids can be encountered as the effect of the wall shear stress. 
4.5.1.4 Entropy Generation Analysis 
It is crucial to determine the appropriate nanoparticles concentration as well as the 
diameter while using nanofluids. For, these are required to calculate the optimal 
Reynolds numbers. Here, entropy generation analysis suggests a way to work on the 
issue. The necessary equations used in the entropy generation analysis are given in 
§3.5.1 of Chapter 3. Besides, when Brownian motion of nanoparticles is considered, 
the results of the entropy generation analysis are presented in the following 
paragraphs: 
Figure 4.18 and 4.19 show the variations of the frictional, thermal and total entropy 
generations with Reynolds numbers for the two nanofluids. It is seen that the total 
entropy generation decreases as the Reynolds number increases with the decrease of 
the nanoparticles diameter from 40 to 10 nm. This is caused by the decrease of the 
thermal entropy generation with the significant enhancement of heat transfer rate 
already shown in Fig. 4.15.  However, when ߯ is increased from 2% to 6%, the total 
entropy generation rapidly decreases as the Reynolds number increases due to the 
enhancement of average Nusselt number as well as the increase of thermal 
conductivity of nanofluids. Additionally, the rapid reduction of total entropy 
generation indicates that the effect of friction entropy generation is negligible, as 
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shown in Fig. 4.18. Whereas, the effect of thermal entropy generation is more 
significant and that is why, the behaviour of both the thermal and total entropy 
generation is similar. 
The total entropy generation also becomes maximum for low Reynolds numbers but 
with higher χ. While, this finding indicates that an increase in χ has an impact on the 
total entropy generation being reduced. However, no optimal Reynolds number is 
observed which could minimise the total entropy generation. It further suggests that 
suitable ߯ and dp which could potentially help to find an optimal thermal system are 
not found. 
4.5.1.5 Correlations 
Developing a correlation is necessary to determine an average Nusselt number for a 
particular selection of Reynolds number, nanoparticles concentration as well as 
diameter. The main advantage here is that one can generate the value of average 
Nusselt number at any given parameters without running a full set of numerical 
simulations. Thus it reduces the time, cost and effort required to engineering practice 
too.   
The following correlations are developed for the numerical computation of the 
average Nusselt number by using a non-linear regression analysis. These correlations 
are fully dependent on the Reynolds numbers, the Prandtl numbers as well as the dp. 
At the same time, these are also valid when the Brownian motion of nanoparticles is 
taken into account. 
The value of maximum standard deviation of error for the Al2O3-water nanofluid is  
found to be 0.21%.  Though, it is 0.19% for the TiO2-water nanofluid. Besides, a 
validation between the present numerical results of the average Nusselt number and 
the suggested correlations are presented in Fig. 4.20. This figure confirms having a 
good agreement between the numerical results and the proposed correlations. 
Al2O3-H2O Nanofluid : ܰݑതതതത = 0.03945 ܴ݁.ସܲݎ.ଶସଶହ ൬ௗ

ௗ൰ି.ସସ଼ଷ (4.5)
TiO2-H2O Nanofluid : ܰݑതതതത = 0.03930 ܴ݁.ସହܲݎ.ଶସଵହ ൬ௗ

ௗ൰ି.ସ (4.6)
where  
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2300 ≤ ܴ݁ ≤ 10 × 10ଷ, 8.45 ≤ ݎܲ ≤ 20.29, 10 ≤ ݀(݊݉) ≤ 40, 0 < ߯(%) ≤ 6. 

4.5.2 Effect of Wall Roughness 
Fluid flows over rough surfaces are encountered in diverse situations. Prominent 
examples are flows over the surfaces of aeroplanes, ships, turbo machineries, heat 
exchangers, piping systems, and atmospheric boundary layers over terrain of varying 
roughness. Wall roughness usually affects drag (resistance) and processes by which 
heat and mass transfer take place on / near the walls of a system. Thus modelling 
transition or turbulent wall-bounded flow affected by the wall roughness is 
considered to be noteworthy. A modified law-of-the-wall for roughness is considered 
in the numerical simulations with details already given in §3.4 of Chapter 3 [68]. 
In §4.5.1.2., the maximum percentage of the enhancement of heat transfer rate has 
been found for the smaller nanoparticles with a higher concentration for both the 
Al2O3- and TiO2-water nanofluids with the Brownian motion. Therefore, we fix the 
concentration (߯) and the diameters (݀) to 6% and 10 ݊݉ respectively in this 
section. Since the particular focus is to examine the various effects of the pipe wall 
roughness, different roughness heights (0.375 mm, 0.5 mm and 0.625 mm)  are 
chosen throughout this investigation (Xiao-wei et al. [92]) with Re varying from 
2300 to 10 × 10ଷ. 
4.5.2.1 Roughness Effect on Flow Field and Turbulent Kinetic Energy 
The contour plots of the mean velocity and the turbulent kinetic energy along the 
pipe with rough surface are presented in Figs. 4.21 and 4.22 respectively for a 
selected ܴ݁ =  3500 to investigate how the wall roughness affects the flow field as 
well as the flow separation process. 
Figure 4.21 shows the variations of flow field of Al2O3-water and TiO2-water 
nanofluids with different roughness heights. It is seen that with an increase of 
roughness height, thickness of the momentum boundary layer remains unchanged 
near the downstream location. But the region where the higher fluid velocity is 
predicted starts to reduce, which is clearly visible near the laminar breakdown point 
and forces the fluid moving towards the centreline regime. Thereafter, the growth of 
the momentum boundary layer starts to increase and the mean velocity is found to be 
maximum at the centreline region. Also, a steady state pattern of momentum 
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boundary layer is observed beyond this regime. Moreover, the laminar breakdown 
point moves closer to the upstream with an increase of the roughness heights of the 
pipe wall. 
Also, Fig. 4.22 shows the variations of turbulent kinetic energy of Al2O3-water and 
TiO2-water nanofluids with different roughness heights. It is observed that like the 
flow field, the development of turbulent kinetic energy profile moves closer to the 
upstream with the increase of roughness heights of the pipe wall. Also, the laminar 
breakdown point of both the velocity and turbulent kinetic energy profiles are found 
identical. Initially the blue regions covers the area near the upstream indicates a 
laminar state of the flow field. thus further clarifies that the transition begins where 
the breakdown of the laminar flow occurs. After that region and also very close to the 
wall, growth of the turbulent kinetic energy becomes maximum and tends to be 
steady state beyond the laminar breakdown regime. It is also observed that the 
maximum value of turbulence kinetic energy remains constant for both the 
nanofluids with the increase of roughness heights of the pipe wall. It shows that wall 
roughness heights have insignificant effect on the enhancement of turbulent kinetic 
energy regardless of the fluids. 
In general, the laminar breakdown of flow field starts to move more towards the 
upstream and transition flow behaviour starts to diminish with the increase of 
Reynolds numbers. And, the flow goes to be fully turbulent with the increase of 
roughness heights. Also, the distance between the upstream and the laminar 
breakdown point is found to be fully independent of fluids though it depends on both 
Reynolds number and roughness height of the pipe wall. This is also realistic because 
the development of flow field only depends on Reynolds number and is also affected 
by the roughness height of pipe wall. 
4.5.2.2 Roughness Effect on Wall Temperature 
Figure 4.23 shows the variations of wall temperature with different roughness 
heights along the pipe. It is to be noted that a rapid increase of pipe wall temperature 
near the upstream is observed for all the cases considered in this study. And then, 
suddenly it starts to decrease at some points and such behaviour is realistic for 
transition regime. It is also observed that the increase of roughness height has a 
positive impact on the pipe wall temperature which is attributed to the decrease of 
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wall temperature with the increase of roughness height of the wall. In Particular, the 
maximum temperature difference at ݔ =  0.99 ݉ between the smooth wall and rough 
wall cases with ܭ௦  =  0.625 ݉݉ is about 2ܭ. This indicates, the effect of roughness 
height is not negligible. It is also observed that the TiO2-water nanofluid always 
shows little bit higher wall temperature than Al2O3-water nanofluid for rough wall 
cases. It means, the thermal effect on heat transfer can be improved due to roughness 
height and such effect is helpful to enhance the heat transfer rate while using both 
Al2O3-water and TiO2-water nanofluids. 
4.5.2.3 Roughness Effect on Darcy Friction Factor  
In Fig. 4.24(ܽ), variations of Darcy friction factor, f, with different Reynolds number 
and roughness heights are presented using both the Al2O3-water and TiO2-water 
nanofluids. The Darcy friction factor is observed to increase with the increase of the 
roughness height but decreases monotonically with the increase of Reynolds number. 
For a higher roughness height, increase of Darcy friction factor is found to be the 
maximum. Particularly, for the Al2O3-water nanofluid and 
௦ܭ = 0.375, 0.5 and 0.625 ݉݉, the maximum respective variations of 9.65%, 23.57% 
and 39.7% are observed compared  with the smooth pipe wall results of water. 
Similar results are found for the TiO2-water nanofluid.  
Figure 4.24(b) presents the Darcy friction factor ratios of the fluids with different 
roughness heights at Re = 2300, 3100, 5500, 8000 and 10000 respectively. Here,   the 
Darcy friction factor ratios are found to increase monotonically when ܭ௦ ≤  0.4 ݉݉  
for all the Reynolds numbers. And then, these start to rise rapidly with the increase of 
roughness heights. However, the enhancement of Darcy friction factor ratios is found 
significantly higher compared to other cases particularly for a superior Reynolds 
number with higher roughness heights.  Thus, it indicates, an increase of roughness 
heights enhances the pressure drop resulting in higher penalty for pumping power in 
practical applications. 
4.5.2.4 Heat Transfer Performance 
In Fig. 4.25, axial variations of local Nusselt number with different roughness heights, 
ܴ݁ ௦(݉݉) forܭ = 2300 are shown. It is seen that the local Nusselt number behaviours 
for different roughness heights remain similar as described in Fig. 4.11. But it is 
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observed that when the roughness height increases, critical distance decreases and 
moves towards the upstream. It happens due to the increase of roughness height of 
pipe wall which creates more disturbances on flow and thermal fields and force to 
start transition behaviour earlier. Effect of roughness heights on critical distances is 
shown in Fig. 4.26. 
In Fig. 4.26, variations of non-dimensional hydrodynamic and thermal critical 
distances with different Reynolds number for different roughness heights, 
 ௦(݉݉), have been are shown using both Al2O3-water and TiO2-water nanofluids. It isܭ
found that non-dimensional hydrodynamic and thermal critical distances decrease 
with the increase of the Reynolds number and roughness heights. Also, such critical 
distance is fully independent of fluids as well as nanoparticles diameter and 
concentration. It is also found that the decrease of critical distance with the increase 
of roughness height is very small when  ܴ݁ ≤ 3840. When 3840 < ܴ݁ < 5800,. Such 
deviation of critical distance with the increase of roughness heights starts to rise and 
then a significant variation is observed when  ܴ݁ > 5800. It is to be noted that 
when ܭ௦ = 0.375, 0.5 and 0.625 ݉݉, the transition behaviour seems to be vanished 
for ܴ݁ > 10000, 9900, and 8700 respectively. And the flow and temperature fields 
tends to become fully turbulent as it is expected.  
In Fig. 4.27, variations of average Nusselt number with different Reynolds numbers 
for Al2O3-water and TiO2-water nanofluids and roughness heights (ܭ௦)  are shown. It 
is observed that when ܴ݁ <  8000 with ܭ௦  = 0.375 ݉݉, the heat transfer rate 
enhance monotonically with the Reynolds numbers and the maximum enhancement 
is approximately 52.01% and 50. 02%  which is higher than that of smooth pipe wall 
case of water. However, when ܴ݁ ≥ 8000, the heat transfer rate starts to increase 
rapidly and the maximum enhancement is observed approximately 62.44% 
and 61.09% for both Al2O3-water and TiO2-water nanofluids respectively. 
For ܭ௦  = 0.5 ݉݉, the enhancement of heat transfer rate is found higher than that 
of ܭ௦  = 0.375 ݉݉. It is observed that the rapid increase of heat transfer rate begins 
earlier when ܴ݁ >  7500 and such enhancement is approximately 115.4% and 
114.65%  for smooth pipe wall case of water for both Al2O3-water and TiO2-water 
nanofluids respectively. For ܭ௦  = 0.625 ݉݉, it is observed that the enhancement is 
more pronounced than that of smooth pipe wall as well as ܭ௦  = 0.375 and 0.5 ݉݉. 
Also when ܴ݁ =  10000, the maximum heat transfer rate is found to be 
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approximately 160.75% and 160.18% compared with smooth pipe wall case of water 
for both Al2O3-water and TiO2-water nanofluids respectively. From Fig. 4.27, it is 
observed that for all the roughness heights and ܴ݁ <  4000, the enhancement of heat 
transfer is not so high. But when the Reynolds number starts to increase and so does 
the roughness height, such enhancement becomes more significant. The reason 
behind such phenomena may be the degeneration of the thickness of viscous sublayer 
with the increase of Reynolds number. 
4.5.2.5 Average Shear Stress Coefficient Ratio 
Average Shear Stress Coefficient Ratio for smooth pipe wall is discussed in details in 
the Fig. §4.5.1.3 of Chapter 4. Fig. 4.28 shows the variation of the roughness heights 
with Reynolds number for Al2O3 and TiO2-water nanofluids in order to understand 
the behaviour of average shear stress ratio for rough pipe wall. 
It is found that the maximum average shear stress ratio of Al2O3–water nanofluid for 
different roughness heights, ܭ௦ = 0.375, 0.5 and 0.625 mm is approximately 14.94, 
16.71 and 18.81 respectively. However, the maximum average shear stress ratio of 
TiO2–water nanofluid for different roughness heights is approximately 14.70, 16.40 
and 18.46 respectively.  It is also found that when ܴ݁ >  7500,  the average shear 
stress ratio is increased with a raise in the roughness height of the pipe wall as well as 
the Reynolds number. But for ܴ݁ ≤  7500, the average shear stress ratio values 
remains constant with the increase of roughness heights and such results are 
identical in comparison with the results of smooth pipe wall case for both Al2O3-
water and TiO2-water nanofluids.  
From the above findings, following conclusion can be drawn: 
For high Reynolds number flow, nanofluids can be useful to enhance the heat transfer 
rate when both the smooth and rough surfaces of pipe wall are considered. But, the 
higher enhancement of average wall shear stress ratio with the increase of roughness 
heights creates a main obstacle to use this in practical applications of the nanofluids. 
4.5.2.6 Thermal Performance Factor Analysis 
From the above investigations, it is observed that nanoparticles diameter and 
concentration; Brownian motion of nanoparticles; smoothness and roughness of pipe 
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wall; and different nanofluids rather than conventional fluids play a significant role to 
enhance the heat transfer rate. Also, such enhancement of heat transfer rate depends 
on the other findings like pressure drop as well as wall average shear stress ratio. So, 
it is necessary to find optimum performance of these findings in order to make a 
conclusion about the increase of pressure drop and heat transfer rate when the 
roughness height of pipe wall is under consideration. Therefore, the thermal 
performance factor analysis is considered to understand the overall performance of 
above parameters.   
Figure 4.29 shows the variation of thermal performance factor with different 
Reynolds number for Al2O3-water and TiO2-water nanofluids when the effect of 
roughness heights is considered. It is observed that the thermal performance factor is 
always greater than 1 for all the possible cases. It means that the enhancement of heat 
transfer rate is feasible when wall roughness is considered with penalty in pumping 
power. Particularly, the maximum thermal performance factors of 1.82, 2.22 and 2.80 
are observed for Al2O3-water nanofluid and ܭ௦ = 0.375, 0.5 and 0.625 mm. And for 
TiO2-water nanofluid, its variations remain almost the same apart from the case of ܭ௦ 
= 0.375 for which the maximum thermal performance factor is slightly down. 
It is also clearly seen that the thermal performance factor increases with the increase 
of roughness heights.  That means, no optimal Reynolds number exists to find the 
optimum thermal performance factor. This further indicates, the enhancement of 
thermal performance factor depends on the increase of roughness heights and the 
roughness heights have a huge impact on the heat transfer enhancement with penalty 
for pumping power. 
4.5.2.7 Entropy Generation Analysis 
Entropy generation for smooth pipe wall has been discussed in details in §4.5.1.4. In 
this section, the results of the entropy generation analysis for rough surface are 
presented. 
Figure 4.30 shows the variation of thermal, frictional and total entropy generation as 
well as Bejan number with different Reynolds number for different roughness 
heights, Ks. The frictional entropy generation is observed to have an opposite 
behaviour of  the thermal entropy generation which decreases with the increase of 
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Reynolds number as well as the roughness heights. However the opposite trend is 
seen for the frictional entropy generation. Reduction of thermal entropy generation 
due to the increase of roughness heights helps to enhance the heat transfer rate.  But, 
a significant rise of frictional entropy generation which occurs due to the higher 
penalty of pumping power contributed by the roughness. It is also interesting to see 
that the thermal entropy generation of TiO2-water nanofluid is higher than that of 
Al2O3-water nanofluid, whereas an opposite trend is observed for the frictional 
entropy generation.  It further demonstrates that the higher thermal conductivity of 
Al2O3-water nanofluid than that of TiO2-water nanofluid plays an important role for 
the augmentation of heat transfer rate. 
Additionally, the total entropy generation decreases slowly with the increase of 
Reynolds number and roughness heights when  ܴ݁ < 8000.  This is due to the rapid 
increase of frictional entropy generation and decrease of thermal entropy generation, 
and such rapid growth of frictional entropy generation has a significant impact on 
total entropy generation. This behaviour can also be examined from the results of 
Bejan number. For example, when  ܴ݁ ≤ 4000, Bejan number decreases 
monotonically but when ܴ݁ > 4000, Bejan number decreases rapidly with the 
increase of Reynolds number and roughness heights. The reason behind this fact is 
the dominant behaviour of frictional entropy generation compared to the thermal 
entropy generation. When  ܴ݁ ~ 8000, sudden rise of total entropy generation 
indicates that the optimal Reynolds number exists when the wall roughness effect is 
taken into account. It shows that minimization of total entropy generation is possible 
when ܴ݁ ~ 8000.  This is due to the balance of the effects of frictional and thermal 
entropy generation at ܴ݁ ~ 8000 which provides the optimal condition of total 
entropy generation. Finally, it is noticed that TiO2-water nanofluid shows little bit 
higher Bejan number and total entropy generation than Al2O3-water nanofluid 
although optimal Reynolds number is almost independent of wall roughness heights 
for both these nanofluids. 
4.6 Conclusion 
In this chapter, heat transfer analysis, thermal performance factor and entropy 
generation analysis have been presented to investigate the effect of smooth and 
roughness of the pipe wall surface of transition nanofluids flow inside a circular pipe 



        59  
  

using single phase model. Investigation is carried out for the parameters such as 
Reynolds number, nanoparticles concentration, without and with Brownian motion 
and diameter of nanoparticles and different roughness heights. According to our 
investigations, summary of the overall findings are presented in the following way: 
For smooth pipe wall case: 
1. It is seen that Al2O3-water nanofluid shows slightly higher values of mean velocity 
and turbulent kinetic energy than TiO2-water nanofluid. 
2. It is also seen that nanoparticles diameter of ݀ ≥ 40 ݊݉ produces similar results 
of flow and thermal fields for both the nanofluids.   
3. It is found that without and with Brownian motion of nanoparticles and diameters 
and concentrations of nanoparticles have insignificant effect on Darcy friction factor 
and that result no penalty in the pumping power. 
4.  It his also found that Al2O3-water nanofluid shows higher heat transfer rate than 
TiO2-water nanofluid when without and with Brownian motion of nanoparticles and 
diameters and concentrations of nanoparticles are considered. 
5. It is observed that average wall shear stress ratio of Al2O3-water nanofluid is 
slightly higher than of TiO2-water nanofluid. 
6. No optimal Reynolds number is been observed which can minimize the total 
entropy generation. 
For rough pipe wall case: 
7. It is seen that wall temperature decreases with the increase of roughness height of 
the pipe wall. It was also seen that TiO2-water nanofluid shows higher wall 
temperature than Al2O3-water nanofluid.  
8. Reasonable penalty of pumping power and higher enhancement of heat transfer 
rate are found with the increase of roughness height of the pipe wall. This encourages 
us to further use of uniform roughness on pipe when heat transfer augmentation is 
the main objective in practical application. 
9. It is observed that the average shear stress ratio and thermal performance factor 
increases with the increase of roughness height of the pipe wall. 
10. Optimal Reynolds number ܴ݁ ~ 8000 is observed for different roughness heights 
which minimize the total entropy generate 
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Figure 4.1: Schematic diagram of the geometry under consideration 
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Re = 3900 Re = 10,000 

  

  

  
Figure 4.2: Variations of radial velocity, temperature and turbulent kinetic energy at ݔ = 0.99 ݉ 
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  Figure 4.3: Comparisons of the (a) Darcy friction factor, f and (b) average Nusselt 
number of water with different correlations and experimental results for different Re 
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Al2O3-water nanofluid 

 
TiO2-water nanofluid 

 
Figure 4.4: Variations of mean velocity profile of Al2O3-water and TiO2-water 
nanofluids along the axial direction for (a) χ = 2% (b) χ = 4% and (c) χ = 6% 
respectively and Re = 3500, when Brownian motion of nanoparticles is not considered 
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 Al2O3-water nanofluid 
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Figure 4.5: Variations of mean velocity profile of Al2O3-water and TiO2-water 
nanofluids along the axial direction for (a) dp = 10 nm (b) dp = 20 nm (c) dp = 30 nm 
(d) dp = 40 nm respectively and Re = 3500, χ = 6% when Brownian motion of 
nanoparticles is considered 
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Figure 4.6: Variations of mean temperature profile of Al2O3-water and TiO2-water 
nanofluids along the axial direction for (a) χ = 2% (b) χ = 4% and (c) χ = 6% 
respectively and Re = 3500 when Brownian motion of nanoparticles is not considered 
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Figure 4.7: Variations of mean temperature profile of Al2O3-water and TiO2-water 
nanofluids along the axial direction for (a) dp = 10 nm (b) dp = 20 nm (c) dp = 30 nm 
(d) dp = 40 nm respectively and Re = 3500, χ = 6% when Brownian motion of 
nanoparticles is considered 
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Figure 4.8: Variations of turbulent kinetic energy of Al2O3-water and TiO2-water 
nanofluids along the axial direction for (a) χ = 2% (b) χ = 4% and (c) χ = 6% 
respectively and Re = 3500 when Brownian motion of nanoparticles is not considered 
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 Al2O3-water nanofluid 

 TiO2-water nanofluid 
 Figure 4.9: Variations of turbulent kinetic energy of Al2O3-water and TiO2-water 

nanofluids along the axial direction for (a) dp = 10 nm (b) dp = 20 nm (c) dp = 30 nm 
(d) dp = 40 nm respectively and Re = 3500, χ = 6% when Brownian motion of 
nanoparticles is considered 
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Figure 4.10: Variations of Darcy friction factor of Al2O3-water nanofluid with 
Reynolds number for (a) different nanoparticles concentrations and (b) nanoparticles 
diameters respectively when without and with Brownian motion of nanoparticles are 
considered 

 Al2O3-H2O nanofluid 
Figure 4.11: Axial variations of the local Nusselt number with different Re for Al2O3-
H2O nanofluid, dp = 10 nm and χ = 2% when Brownian motion of nanoparticles is 
considered 
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Figure 4.12: Variations of the hydrodynamic and thermal critical distances with 
different Reynolds numbers 

  

  
Figure 4.13: Variations of critical Nusselt number with different Reynolds numbers. (Al2O3-water (A) and TiO2-water (T) nanofluids) 
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Figure 4.14: Variations of average Nusselt number with different Re and χ when 
Brownian motion of nanoparticles is not considered 

  

  
Figure 4.15: Variations of average Nusselt number with different Re and χ for smooth 
pipe wall case when Brownian motion of nanoparticles is considered 
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Figure 4.16: Variations of average shear stress ratio with different Re and χ when 
Brownian motion of nanoparticles is not considered  

  

  

Figure 4.17: Variations of average shear stress ratio with different Re and χ when 
Brownian motion of nanoparticles is considered 
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Figure 4.18: Variations of frictional (left) and thermal entropy generations with different Re 
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Figure 4.19: Variations of total entropy generation with different Re when Brownian 
motion of nanoparticles is considered 
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Al2O3-water nanofluid 

 
TiO2-water nanofluid 

Figure 4.20: Validations of the proposed correlations with the numerical results of 
Al2O3-water and TiO2-water nanofluids for dp = 10 nm when Brownian motion of 
nanoparticles is considered 
 
 
  

20
30
40
50
60
70
80
90

100

2000 4000 6000 8000 10000

SPM: χ = 2%
Correlation
SPM: χ = 4%
Correlation
SPM: χ = 6%
Correlation

20
30
40
50
60
70
80
90

100

2000 4000 6000 8000 10000

SPM: χ = 2%
Correlation
SPM: χ = 4%
Correlation
SPM: χ = 6%
Correlation

Re 

Re 

 തതതതݑܰ

 തതതതݑܰ



        76  
  

 
 

 Al2O3-water nanofluid 

 TiO2-water nanofluid 
 

Figure 4.21: Variations of mean velocity profile of Al2O3-water and TiO2-water 
nanofluids along the axial direction for (a) Ks = 0.375 mm (b) Ks = 0.5 mm (c) Ks = 
0.625 mm respectively and Re = 3500 
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Al2O3-water nanofluid 

 TiO2-water nanofluid 

  Figure 4.22: Variations of turbulent kinetic energy of Al2O3-water and TiO2-water 
nanofluids along the axial direction for (a) Ks = 0.375 mm (b) Ks = 0.5 mm (c) Ks = 
0.625 mm respectively and Re = 3500  
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Figure 4.23: Variations of wall temperature with different roughness heights along 
the pipe for Re = 3500  
 

  
Figure 4.24: Variations of Darcy friction factor and friction factor ratios with different 
Reynolds numbers and different roughness heights, Ks (mm)  
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Figure 4.25: Axial variations of the local Nusselt number with different roughness 
heights, Ks for Re = 3500 

 
Figure 4.26: Variations of non-dimensional V: hydrodynamic and T: thermal critical 
distances with Reynolds numbers for different roughness heights, Ks 
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Figure 4.27: Variations of the average Nusselt number with different Reynolds 
numbers for different roughness heights, Ks 
 

 
Figure 4.28: Variations of the average shear stress coefficient ratio with different 
Reynolds numbers for different roughness heights, Ks 
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Figure 4.29: Variations of the thermal performance factor with different Reynolds 
numbers for different roughness heights, Ks  
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Figure 4.30: Variations of thermal, frictional and total entropy generation as well as 
Bejan number with different Reynolds numbers for different roughness heights, Ks 
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Chapter 5  
 Transition of Nanofluids Flow, Part 2: Performance of a Multi-phase Model 

 

5.1 Introduction 
 Different types of flows that are experienced in nature and industrial technologies 
are considered as a mixture of different phases such as fluids and solids. In practical 
problems, the idea of multi-phase flow is developed from the concept of such mixture. 
In order to get a clear view of multi-phase system, different phases can be defined in 
different ways. Such phases can be identified as a group of different solids or group of 
different fluids or group of different solids and fluids. But, the combination of 
different phases will work only if there is a strong inertial bonding between the 
phases and also an interaction with the flow field. 
Throughout the study, one of the simplest multi-phase mixture models is used to 
understand the behaviour of multi-phase flows where both the fluid and 
nanoparticles phases move at the same local velocities. This type of model can also be 
used for homogeneous multi-phase flows with the assumption that there is a very 
strong coupling between the primary and secondary phases and both the phases can 
be moved at the same or different velocities. In addition, multi-phase mixture model 
can be extended to n different phases through solving equation of continuity, 
equation of motion and conservation of energy equation for the mixture and 
concentration equations for the secondary phases.    
 In this chapter, a multi-phase mixture model (MPM) is used to investigate the 
transition of nanofluids flow in pipe. Then, an overall comparison between the single 
and multi-phase models is done in order to assess the performance of average heat 
transfer rate with Brownian motion. The reason for this particular choice is that the 
heat transfer rate with Brownian motion is always higher, discussed in §4.5.1.2 of 
Chapter 4.  
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As already shown in Figure 4.1 of Chapter 4, the physical model considered here is a 
horizontal circular pipe with the length L of 1.0 ݉ and a circular section with 
diameter, ܦ of 0.019 ݉. Two-dimensional axi-symmetric model also is used to 
explain the heat transfer behaviour of Al2O3 and TiO2–water nanofluids flowing 
through the pipe. The main objective of this study is to analyse the effects of different 
nanoparticles diameters, dp and concentrations, χ on the heat transfer with pipe 
roughness. Results characterising the effects are presented in terms of mean velocity, 
temperature, turbulent kinetic energy, average Nusselt number, average shear stress 
ratio, and entropy generation. At the end, a comparison between the results of single 
and multi-phase models is presented to justify the overall performance of these 
models. 
5.2 Boundary Conditions, Grid Sensitivity Test and Validation 
Appropriate boundary conditions necessary to solve the set of non-linear partial 
differential equations are shown in §3.1.2 of Chapter 3. Boundary conditions 
considered in the numerical simulations have already been described in §4.2 of 
Chapter 4. However, the boundary conditions used in the single-phase model have 
been specified in the multi-phase mixture model for both the fluid and solid phases as 
well as for the mixture.  Details of these boundary conditions are given below: 
  The velocity is specified for the fluid and nanoparticles phases at the pipe inlet 
where it is assumed that fluid and nanoparticles are flowing with the same local 
velocity. The nanoparticles concentration (χ = 6%) for the nanoparticles phase in set 
too. And, turbulent intensity (I = 3%) and hydraulic diameter, ܦ = 0.019 ݉, as well 
as the inlet temperature (T = 293 K) are specified for the mixture. In addition, details 
discussion on the choice of turbulent intensity is given in §4.4 of Chapter 4. 
However, no conditions are applied for the fluid and nanoparticles phases at the pipe 
outlet. Also, turbulent intensity (I = 3%) and hydraulic diameter, ܦ = 0.019 ݉ are 
specified for the mixture. 
No conditions are applied for the fluid and nanoparticles phases at the pipe wall too. 
And, a no-slip boundary condition as well as uniform heat flux (ݍᇱᇱ = 5000 W/m2) on 
the pipe wall are specified for the mixture. 
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Moreover, extensive computations are done to identify the number of grid points that 
produce a suitable arrangement of result in order to ensure the accuracy as well as 
the consistency of the numerical results. Besides, different combinations of grid are 
considered in the axial and radial directions and such combinations are 500 × 25, 500 
× 50, 500 × 100, 500 × 150, and 1000 × 100 respectively. Hence, it is found that the 
grids 500 × 100, 500 × 150 and 1000 × 100 produce the similar results with 
insignificant differences. Therefore, the combination of 500 × 100 is considered for 
the present simulations in order to avoid any inconsistency throughout the 
investigation.  Further, accuracy of the numerical results for water against existing 
correlations and experimental data for different Reynolds number, R e = 2300 to 104, 
are tested. The details of grid sensitivity test and validation are presented in §4.3 and 
§4.4 of Chapter 4. 
5.3 Results and Discussion 
 Various numerical simulations are performed using different parameters, such as   
Re= 2300 to 10 × 10ଷ, ߯ = 6%, ݀ = 10 to 40 ݊݉ and roughness heights 
(0.375 ݉݉, 0.5 ݉݉ and 0.625 ݉݉) in this research unit. Multi-phase mixture model 
is used to investigate the heat transfer behaviour of Al2O3-water and TiO2-water 
nanofluids flow in pipe under transition flow condition. The effects of Brownian 
motion of nanoparticles, nanoparticles concentrations and diameters on heat transfer 
and entropy generation are discussed in the following sections. Besides, two new 
correlations are proposed for a smooth pipe wall case. A similar investigation is 
carried out to justify the effect of a uniform roughness along the pipe wall for 
different roughness heights using the multi-phase mixture model as it is done in the 
single phase model.  
5.3.1 Behaviours of Mean Velocity, Temperature and Turbulent Kinetic Energy  
Figures 5.1 and 5.2 illustrate the flow field behaviour of the Al2O3-water and TiO2-
water nanofluids along the axial direction for the smooth and rough pipe wall 
respectively. At first, the mean velocity profile is found to behave like a laminar flow 
though a sudden change of hydrodynamic pattern is observed at some points. Such 
behaviour indicates the transition behaviour of flow field. The initial growth of 
momentum boundary layer thickness near the upstream is found to push the fluid 
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into the centreline area. And, the growth of momentum boundary layer thickness is 
maximum near the breakdown point. Also, such development of hydrodynamic 
boundary layer forces the fluid to move closer to the centreline area. The maximum 
mean velocity is observed at this region too. After that, the hydrodynamic boundary 
layer has reduced. Then as the flow tends to be fully developed, the growth of this 
boundary layer is found to be constant.  Here, the lower is the size of nanoparticles; 
the higher is the nanofluids mean velocity. That means, the smaller nanoparticles 
move faster than the larger ones. Such findings are also observed while using the 
single phase model as discussed in §4.5.1.1 of Chapter 4. It suggests that the 
hydrodynamic behaviour inside the pipe and the thickness of boundary layer for the 
smooth pipe wall remain unchanged in both the single and multi-phase models. Thus 
it means, the impact of different fluids and nanoparticles phases have a very little 
effect on the flow field. 
As the roughness height is increased, the hydrodynamic critical distance decreases 
due to the disturbances created by the pipe wall roughness inside the flow field. As a 
result, transition starts earlier and transition points shift towards the upstream. Such 
behaviour is clearly visible in Fig. 5.2. However, the growth of the velocity boundary 
layer with the increase of roughness height remains almost constant. But as the 
transition begins earlier because of the increase of roughness height, higher velocity 
region moves towards the centreline area and seems to be reduced near the 
transition point. After that transition point, growth of the velocity boundary layer 
becomes higher and the mean velocity is found to be maximum.  
Figure 5.3 demonstrates the mean temperature behaviour of Al2O3-water and TiO2-
water nanofluids along the pipe. There is an initial development of laminar behaviour 
of temperature field followed by the breakdown of laminar flow at some points that 
indicates the transition behaviour of temperature field. The coolant nanofluids are 
found to cover almost the whole region in Fig. 5.3. Though, the higher temperature of 
nanofluids with a temperature difference between the hot and cold nanofluids which 
is approximately 6ܭ is visible near the wall region. Moreover, Figure 5.4 explains the 
behaviour of wall temperature with different roughness heights for both the 
nanofluids. It is observed that the wall temperature increases initially though it starts 
to decrease suddenly. And, a monotonic increase of wall temperature is observed 
after some distance. It is detected that the wall temperature decreases with the 
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increase of roughness heights too. Such behaviour is significant in a sense that the 
lower wall temperature plays an important role to enhance the heat transfer rate 
(already discussed in the previous Chapter 4). However, TiO2-water nanofluid always 
shows a bit higher wall temperature than Al2O3-water nanofluid does in all the 
roughness heights. It indicates that, Al2O3-water nanofluid might show a bit higher 
heat transfer rate in different roughness heights than TiO2-water nanofluid does. 
Comparing these findings with those presented in Chapter 4, a higher magnitude of 
temperature is found in the single phase model than that in the multi-phase model. 
But, the growth of the thickness of thermal boundary layer seems to be a bit higher in 
the multi-phase model than that in the single phase model.  
Figures 5.5 and 5.6 illustrate the turbulent kinetic energy behaviour of Al2O3-water 
and TiO2-water nanofluids along the axial direction for the smooth and rough pipe 
wall respectively. The distance between the upstream and laminar breakdown point 
of turbulent kinetic energy is   the same as the hydrodynamic critical distance. That is, 
the transition begins at the same point for both the flow field and the turbulent 
kinetic energy. Initially, the turbulent kinetic energy is found to be constant near the 
centreline region and close to the laminar breakdown point though it starts to rise 
monotonically later. Subsequently, it starts to enhance rapidly at the laminar 
breakdown point and such enhancement becomes maximum at the near wall regime. 
After the breakdown point, a slight decrease in turbulent kinetic energy is observed 
and then it becomes constant as the flow tends to be fully developed. Again, 
turbulence kinetic energy increases with the decrease of nanoparticles diameters 
from 40 to 10 nm as well as the increase of nanoparticles concentrations. Besides, the 
maximum value of mean turbulent kinetic energy with the increase of roughness 
heights for a fixed Reynolds number is found almost similar for both the nanofluids.  
This suggests, the roughness heights have little effect on the development of 
turbulent kinetic energy profile though it forces the transition to start early.  So, the 
above findings reveal that the behaviour of turbulent kinetic energy along the pipe 
while using multi-phase model for smooth pipe wall is identical with that in the single 
phase model. It is also found that the higher magnitude of turbulent kinetic energy 
region seems to be more evident for rough pipe wall in the single phase model than in 
the multi-phase model.  
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In general, the thickness of thermal boundary layer is found to decrease with the 
increase of Reynolds number and the decrease of nanoparticles diameter from 40 
to 10 ݊݉. It implies that the enhancement of heat transfer depends on the size of 
nanoparticles. Additionally, turbulent kinetic energy is found to increase with the 
increase of Reynolds number and Al2O3-water nanofluid shows higher values of 
turbulent kinetic energy than TiO2-water nanofluid. The cause of these facts is, the 
smaller nanoparticles absorb lower energy than the higher size of nanoparticles and 
the mean velocity of Al2O3-water nanofluid is found higher than TiO2-water nanofluid 
with the increase of Reynolds number. Similar behaviour is noticed for different 
Reynolds numbers, nanoparticles concentrations and diameters. 
5.3.2 Darcy Friction Factor 
There is an insignificant difference between the results of Darcy friction factor of 
nanofluids and water for the smooth pipe wall case as discussed in §4.5.1.1 of Chapter 
4. Similar results are also found while using the multi-phase model. Therefore, our 
focus of attention is the variations of Darcy friction factor, f, with different Reynolds 
numbers for different roughness heights using Al2O3-H2O nanofluid that is presented 
in Fig. 5.7(a). 
The friction factor for a rough pipe wall is always found to be higher than that of the 
smooth pipe wall. Again, the Darcy friction factor increases when the roughness 
heights increase and higher Darcy friction factor indicates higher penalty in pumping 
power. In particular, maximum variations of 6.64%, 19.47% and 33.78% for Al2O3-
water nanofluid and ܭ௦ = 0.375, 0.5 and 0.625 ݉݉, in comparison with the smooth 
pipe wall results for water is observed. In addition to that, Darcy friction factor 
results for ܭ௦ = 0.375, 0.5 and 0.625 ݉݉ in multi-phase model are approximately 
3%, 4% and 6% lower than that of single phase model respectively. Similar results 
are found for TiO2-water nanofluid. 
Figure 5.7(b) presents the Darcy friction factor ratio of the nanofluid to water with 
different roughness heights at Re = 2300, 3100, 5500, 8000 and 10000 respectively.  
Darcy friction factor ratio is seen to increase gradually for roughness height, 
௦ܭ ≤  0.4 ݉݉ and such increase becomes significant when the roughness height 
starts to increase. This means, the higher roughness heights force the pressure drop 
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to rise rapidly and because of that higher penalty in pumping power is expected in 
any practical applications.  
5.3.3 Average Heat Transfer Behaviour 
Figures 5.8 and 5.9 clarify the behaviour of average Nusselt number with the 
Reynolds number for Al2O3 and TiO2-water nanofluids for both the smooth and rough 
pipe wall respectively. Here, the average Nusselt number is found to increase with the 
decrease of nanoparticles diameter from 40 to 10 nm. Particularly for Al2O3–water 
nanofluid and ߯ =  2%, 4% and 6% with ݀ = 10 ݊݉, the minimum and maximum 
percentages of the growth of average Nusselt number are approximately 3.55 and 
3.68, 11.56 and 12.41, 30.51 and 31.41 respectively. Nevertheless, when ݀ = 20 ݊݉, 
such percentages reduce and are found approximately 2.51 and 2.74, 8.61 and 9.31, 
18.52 and 19.39 respectively. This deterioration of the minimum and maximum 
percentages of the growth of average Nusselt number are also observed when ݀ 
increases from 10 to 40 nm. To conclude the findings, such percentages of the growth 
of average Nusselt number decreases in case of gradually increasing the 
nanoparticles diameter.   
Again for TiO2–water nanofluid and ߯ =  2%, 4% and 6% with ݀ = 10 ݊݉, the 
minimum and maximum percentages of the growth of average Nusselt number are 
found to be approximately 2.54 and 3.50, 11.56 and 12.37 and 30.51 and 31.24 
respectively. On the other hand, the percentages decrease more and are found 
approximately 2.51 and 2.71, 8.55 and 9.21, 18.51 and 19.06 respectively 
when ݀ = 20 ݊݉. Such deterioration is always observed with the increase of 
nanoparticles diameter as it is in case of Al2O3–water nanofluid. For example, when 
߯ =  2%, 4% and 6% and ݀ = 40 ݊݉, the minimum and maximum percentages of 
the growth of average Nusselt number are approximately 1.50 and 2.03, 5.64 and 
6.25, 11.51 and 12.23 respectively. 
Then, the average Nusselt number increases with the increase of Reynolds number 
for ܭ௦  = 0.375 ݉݉. And, the maximum percentage of enhancement is found to be 
64.61% and 63.21% comparing with the smooth pipe wall results for Al2O3-water and 
TiO2-water nanofluids respectively. It is also found that for ܭ௦  = 0.5 ݉݉ and ܭ௦  =
0.625 ݉݉ enhancement of average Nusselt number is always higher than that 
of ܭ௦  = 0.375 ݉݉. Therefore, the maximum percentages of enhancements are found 
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to be 117.8% and 116.07%, 162.91%, and 162.10% for Al2O3-water and TiO2-water 
nanofluids respectively. Details of such findings for single phase model are also 
described in §4.5.1.2 and §4.5.2.4 of Chapter 4. 
To sum up the above investigations, slightly higher percentages of the growth of 
average Nusselt number  is observed for both Al2O3–water and TiO2–water nanofluids 
when the interaction between fluid particles and nanoparticles is considered. Later 
on, heat transfer enhancement analysis  is discussed in §5.3.6 of Chapter 5.  
5.3.4 Performance of Average Shear Stress Ratio 
Figures 5.10 and 5.11 illustrate the variations in the behaviour of average shear stress 
ratio, ߬ఛഥ  with Reynolds numbers for Al2O3-water and TiO2-water nanofluids for 
smooth and rough pipe wall respectively. It is observed that this ratio increases with 
the decrease of nanoparticles diameter from 40 to 10 nm and such increase is 
completely independent of Reynolds number. Particularly for Al2O3–water nanofluid 
and ߯ =  2%, 4% and 6% with ݀ = 10 ݊݉, ߬ఛതതത is approximately 1.77, 3.80 and 15.55 
respectively. But when ݀ = 20 ݊݉,  ߬ఛ തതതത decreases and is found approximately 1.57, 
2.70 and 6.15 respectively. Again, when nanoparticles diameter increases from 10 to 
40 nm,  ߬ఛതതത decreases more and such reduction is significant for higher nanoparticles 
concentration. For example,  ߬ఛതതത  is found to be approximately 1.43, 2.13 and 3.63 
respectively when ݀ = 40 ݊݉,.    
However, the average shear stress ratio is approximately 1.75, 3.75 and 15.25 
respectively for TiO2–water nanofluid and ߯ =  2%, 4% and 6% with ݀ = 10 ݊݉. But 
when ݀ = 20 ݊݉, this ratio starts to decrease more and is found to be approximately 
1.56, 2.66 and 6.05 respectively. A similar behaviour is also observed for TiO2–water 
nanofluid when nanoparticles diameter is increases from ݀ = 10 to 40 ݊݉. Such as,  
 ߬ఛതതത  is found approximately 1.42, 2.09 and 3.56 respectively when  
߯ =  2%, 4% and 6%  and ݀ = 40 ݊݉.  
Analysing the above findings for both the single and multi-phase models as shown in 
Figs. 4.16, 4.17 and 4.28 of Chapter 4 and Figs. 5.10 and 5.11, the variation between 
the average shear stress coefficient ratio results are found to be insignificant 
when ߯ =  2%. But, multi-phase model shows higher values of  ߬ఛതതത   for higher 
nanoparticles concentration than the single phase model does. Besides, average shear 
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stress coefficient ratio of Al2O3-water nanofluid is always found higher than TiO2-
water nanofluid for both the single and multi-phase models.  
In Fig. 5.11, the average shear stress coefficient ratio is found to remain constant for 
ܴ݁ ≤  7500.  Though, the ratio has increased rapidly with the increase of roughness 
height for ܴ݁ >  7500. Such behaviour is found to be identical for both Al2O3-water 
and TiO2-water nanofluids. On the other hand, Al2O3-water nanofluid shows higher 
ratios than TiO2-water nanofluid. In particular, the maximum average shear stress 
coefficient ratio of Al2O3–water nanofluid for different roughness heights, ܭ௦ = 0.375, 
0.5 and 0.625 mm is found to be approximately 15.92, 17.70 and 18.68 respectively. 
However, the maximum ratios of TiO2–water nanofluid for different roughness 
heights are approximately 15.62, 17.37 and 18.33 respectively. Also, lower average 
shear stress ratio is observed while using single phase model for both the nanofluids 
except for the case ܭ௦ = 0.5 mm. Details are discussed in §4.5.2.5 of Chapter 4. Hence, 
the results indicate that the wall roughness plays an important role to enhance heat 
transfer rate and average shear stress coefficient ratio. Though, such ratio is 
supposed to be the main disadvantages in the practical applications. 
5.3.5 Entropy Generation Analysis 
Initially, Fig. 5.12 illustrates the changing behaviour of the total entropy generation 
with Reynolds number for Al2O3-water and TiO2-water nanofluids. It is observed that 
thermal entropy generation decreases with the increase of nanoparticles diameter 
from 10 to 40 nm. And, the values of frictional entropy generation are found to be 
negligible. It means that only thermal entropy generation has impact on the total 
entropy generation and the behaviour of total entropy generation is similar to the 
thermal entropy generation. Therefore, the total entropy generation decreases with 
the decrease of Reynolds number and the increase of nanoparticles diameter. Besides, 
the total entropy generation of TiO2-water nanofluid has always found to be slightly 
higher than that of Al2O3-water nanofluid for both the single and multi-phase models.  
Later, the thermal entropy generation is found to be the maximum for the low 
Reynolds numbers as well as the higher nanoparticles concentration. It means that 
nanoparticles concentration has impact on the enhancement of heat transfer. And, 
such enhancement has an important role to decrease the thermal entropy generation 
which decreases with the decrease of nanoparticles diameter from 40 to 10 nm.  Like 
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frictional entropy generation, a similar behaviour of having an insignificant effect on 
total entropy generation is observed for the thermal entropy generation too.  
Moreover, no optimal Reynolds number is found for both single and multi-phase 
models as shown in Figs. 4.18 and 4.19 of Chapter 4 and also in Fig. 5.12. It indicates 
that minimization of the total entropy generation is not possible for the smooth pipe 
wall case under transition flow regime when the Brownian motion of nanoparticles is 
considered. 
Figure 5.13 shows the behaviour of thermal, frictional and total entropy generation 
with different Reynolds number for different roughness heights, Ks (mm). It is found 
that the thermal entropy generation decreases and the frictional entropy generation 
increases along with the increase of Reynolds number as well as the roughness 
heights. Increase of thermal entropy generation has occurred due to the increase of 
roughness heights which contributes to increase the heat transfer rate. Again, 
increase of the frictional entropy generation is noticed because of the increase of 
pressure drops which helps to increase the Darcy friction factor. It is also seen that 
the thermal entropy generation decreases monotonically and the frictional entropy 
generation increases significantly for the higher Reynolds number and roughness 
heights. Moreover, it is noticed that the opposite trends of the thermal and frictional 
entropy generation have considerable impacts on the total entropy generation. 
Besides, total entropy generation is observed to decrease monotonically when 
ܴ݁ < 8000 though this has started to increase when ܴ݁ ~ 8000. It suggests that an 
optimal Reynolds number exits at ܴ݁ ~ 8000. Such behaviour is observed for 
different roughness heights when ܴ݁ ~ 8000.  And, the frictional entropy generation 
of Al2O3-water nanofluid is always higher than that of TiO2-water nanofluid. But, 
there is very slight variation between the results of thermal and total entropy 
generation while using Al2O3-water and TiO2-water nanofluids. It indicates that the 
impact of frictional entropy generation on the total entropy generation is significant 
to achieve optimal Reynolds number which can minimize the total entropy 
generation. 
5.3.6 Heat Transfer Enhancement Analysis 
Figures 5.14 and 5.15 compare the variations of the maximum percentages of heat 
transfer enhancement along with the nanoparticles diameters obtained by using the 
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single- (SPM) and multi-phase (MPM) models for the smooth and rough pipe wall 
respectively. The maximum percentages of heat transfer rate using the multi-phase 
model  is always  slightly higher than that of the single phase model. This is feasible 
because collusion between the fluid particles and nanoparticles as well as the 
Brownian motion of nanoparticles are taken into account in the multi-phase model 
and thus both of these help to increase the heat transfer rate. Moreover, the 
maximum percentages of the heat transfer enhancement are found to be higher for 
the higher roughness heights and results are found significant when ܴ݁ > 7500. This 
occurs due to the significant increase of average Nusselt number for the different 
roughness heights when ܴ݁ > 7500. Again, the variations between the maximum 
percentages of heat transfer augmentations are significantly enhanced for higher 
nanoparticles volume concentrations in both of the single and multi-phase models. 
This is due to the increase of thermal conductivity of Al2O3-water and TiO2-water 
nanofluids along with the increase of nanoparticles concentration. 
5.3.7 Correlations 
Two new correlations developed by using non-linear regression analysis are 
proposed to calculate the average Nusselt number. These correlations are depending 
on Reynolds number, Prandtl number and ratio of nanoparticles and fluid particles 
diameters. And, the maximum standard deviation of error is found less than 0.4% for 
both the nanofluids. In addition, Fig. 5.16 illustrates a comparison between the 
present results and the proposed correlations and that shows a good agreement 
between the results. 
Al2O3-H2O Nanofluid : ܰݑതതതത = 0.03833 ܴ݁.ଵܲݎ.ଶହହହ ൬ௗ

ௗ൰ି.ସଷ (5.1)
TiO2-H2O Nanofluid : ܰݑതതതത = 0.037768 ܴ݁.ହଷܲݎ.ଶଵଶଷ ൬ௗ

ௗ൰ି.ଶଽଷ (5.2)
where  
2300 ≤ ܴ݁ ≤ 10 × 10ଷ, 8.45 ≤ ݎܲ ≤ 20.29, 10 ≤ ݀(݊݉) ≤ 40, 0 < ߯(%) ≤ 6. 
5.4 Conclusion 
In this chapter, the behaviours of the Darcy friction factor and the average Nusselt 
number as well as the thermal, frictional and total entropy generation analysis have 
been presented for both the smooth and rough pipe wall under transition flow 
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regimes. Two different nanofluids such as Al2O3-water and TiO2-water have been 
considered throughout this investigation and Eulerian-Eulerian multi-phase mixture 
model is used. Comparison of the results of maximum percentages of heat transfer 
enhancement using single and multi-phase models has also been presented. In the 
end, the following findings are summarised below: 
1. The enhancement of heat transfer rate is predicted slightly higher when the 
interaction between the fluid and nanoparticles is taken into account. It, therefore, 
suggests that using a homogeneous single phase model in practical application could 
potentially lead to an over-prediction/increased rate of heat transfer. 
 
2. Darcy friction factor results for the pipe with a smooth wall are unaffected by the 
choice of the models whether it is a single or multi-phase model. They also show 
having an insignificant effect on the predicted averaged wall shear stress ratio when 
the pipe wall is smooth. But, a slightly higher penalty of pumping power is found in 
MPM than in SPM for the rough pipe wall case due to a slightly higher prediction of 
the shear stress ratio. 
 
3. Moreover, higher enhancement of the heat transfer rate is found with the increase 
of roughness height of the pipe wall. Although a slightly higher penalty in pumping 
power is reported, the results overall indicate that the pipe roughness may be 
considered to achieve a significant enhancement of heat transfer rate. 
 
4. On the whole, the wall roughness has had a significant effect on the enhancement of 
heat transfer compared to the smooth pipe wall. Also, the Al2O3 and TiO2-water 
nanofluids always show a higher heat transfer rate than water when the 
nanoparticles diameter and concentrations with/without its Brownian motion are 
taken into account.  
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 Al2O3-water nanofluid 

 TiO2-water nanofluid 
 Figure 5.1: Variations of  mean velocity of Al2O3-water and TiO2-water nanofluids 

along the axial direction for (a) ݀ = 10 ݊݉ (b) ݀ = 20 ݊݉ (c) ݀ = 30 ݊݉ (d) 
݀ = 40 ݊݉ respectively and ܴ݁ = 3500, ߯ =  6% 
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Al2O3-water nanofluid 

 
TiO2-water nanofluid 

 
Figure 5.2: Variations of mean velocity of Al2O3-water and TiO2-water nanofluids 
along the axial direction for (a) ܭ௦ = 0.375 ݉݉ (b) ܭ௦ = 0.5 ݉݉ (c) ܭ௦ =
0.625 ݉݉ respectively and ܴ݁ = 3500 
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 Al2O3-water nanofluid 

 TiO2-water nanofluid 
 

Figure 5.3: Variations of  mean temperature of Al2O3-water and TiO2-water nanofluids 
along the axial direction for (a) ݀ = 10 ݊݉ (b) ݀ = 20 ݊݉ (c) ݀ = 30 ݊݉ (d) 
݀ = 40 ݊݉ respectively and ܴ݁ = 3500, ߯ =  6% 
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Figure 5.4: Variations of wall temperature of Al2O3-water and TiO2-water nanofluids 
along the axial direction for (a) ܭ௦ = 0.375 ݉݉ (b) ܭ௦ = 0.5 ݉݉ (c) ܭ௦ =
0.625 ݉݉ respectively and ܴ݁ = 3500 
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 Al2O3-water nanofluid 

 TiO2-water nanofluid 
 

Figure 5.5: Variations of turbulent kinetic energy of Al2O3-water and TiO2-water 
nanofluids along the axial direction for (a) ݀ = 10 ݊݉ (b) ݀ = 20 ݊݉ (c) 
݀ = 30 ݊݉ (d) ݀ = 40 ݊݉ respectively and ܴ݁ = 3500, ߯ =  6% 
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Al2O3-water nanofluid 

 
TiO2-water nanofluid 

 
Figure 5.6: Variations of turbulent kinetic energy of Al2O3-water and TiO2-water 
nanofluids along the axial direction for (a) ܭ௦ = 0.375 ݉݉ (b) ܭ௦ = 0.5 ݉݉ (c) 
௦ܭ = 0.625 ݉݉ respectively and ܴ݁ = 3500 
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Figure 5.7: Variations of Darcy friction factor and friction factor ratios with different 
Reynolds numbers and different roughness heights, Ks (mm)  
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Figure 5.8: Variations of average Nusselt number with different Reynolds numbers 
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Figure 5.9: Variations of the average Nusselt number with different Reynolds 
numbers for different roughness height, Ks 
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Figure 5.10: Variations of average shear stress coefficient ratio with different 
Reynolds numbers  

0
2
4
6
8

10
12
14
16

2000 4000 6000 8000 10000

A: χ = 2% T: χ = 2%
A: χ = 4% T: χ = 4%
A: χ = 6% T: χ = 6%

0
0.5

1
1.5

2
2.5

3
3.5

4
4.5

5
5.5

6
6.5

2000 4000 6000 8000 10000

A: χ = 2% T: χ = 2%
A: χ = 4% T: χ = 4%
A: χ = 6% T: χ = 6%

0
0.5

1
1.5

2
2.5

3
3.5

4
4.5

2000 4000 6000 8000 10000

A: χ = 2% T: χ = 2%
A: χ = 4% T: χ = 4%
A: χ = 6% T: χ = 6%

0
0.5

1
1.5

2
2.5

3
3.5

4

2000 4000 6000 8000 10000

A: χ = 2% T: χ = 2%
A: χ = 4% T: χ = 4%
A: χ = 6% T: χ = 6%

߬ఛഥ  ߬ఛഥ  

Re Re 

Re Re 

߬ఛഥ  ߬ఛഥ  

dp= 10 nm dp= 20 nm 

dp= 30 nm dp= 40 nm 



        105  
  

 
Figure 5.11: Variations of the average shear stress coefficient ratio with different 
Reynolds numbers for different roughness heights, Ks 
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Figure 5.12: Variations of total entropy generation with different ܴ݁ 
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Figure 5.13: Variations of thermal, frictional and total entropy generations as well as 
Bejan number with different Reynolds numbers for different roughness heights, Ks 
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Al2O3-H2O nanofluid 

 
TiO2-H2O nanofluid 

Figure 5.14: Variations of maximum heat transfer enhancement (%) with different 
nanoparticles diameters for Al2O3-water and TiO2-water nanofluids 

0
5

10
15
20
25
30
35

10 15 20 25 30 35 40

SPM: χ = 2%
MPM: χ = 2%
SPM: χ = 4%
MPM: χ = 4%
SPM: χ = 6%
MPM: χ = 6%

0
5

10
15
20
25
30
35

10 15 20 25 30 35 40

SPM: χ = 2%
MPM: χ = 2%
SPM: χ = 4%
MPM: χ = 4%
SPM: χ = 6%
MPM: χ = 6%

dp 

dp 

Ma
xim

um
 inc

rem
ent

 (%
) 

Ma
xim

um
 inc

rem
ent

 (%
) 



        109  
  

 
Al2O3-H2O nanofluid 

 
TiO2-H2O nanofluid 

Figure 5.15: Variations of maximum heat transfer enhancement (%) with different 
roughness heights using SPM and MPM  
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Al2O3-water nanofluid 

 
TiO2-water nanofluid 

Figure 5.16: Comparisons between the proposed new correlations and present 
results of Al2O3-water and TiO2-water nanofluids for  ݀ = 10 ݊݉ 
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Chapter 6  
Turbulent Nanofluids Flow, Part 1: Performance of a Single Phase Model 

 

6.1 Introduction 
 
 Almost all of the flows are turbulent in practical situation, and many of these 
experience extremely high Reynolds numbers e.g. flows in aircraft wings, cars, ships, 
submarines, turbine blades and large pipe. It is important to understand the 
phenomena of high Reynolds number turbulence in order to develop models for 
energy efficient applications. Therefore, the present investigation that has a 
particular focus on the thermal energy application has been carried out to explore the 
effects of Brownian motion and various sizes of nanoparticles of TiO2-water and 
Al2O3-water nanofluids under the turbulent flow condition for ܴ݁ =  10 ×
10ଷ to 100 × 10ଷ. Prandtl number, Pr, ranges from 7.04 to 20.29, the nanoparticles 
concentration of 4% and 6% and diameter of the nanoparticles 
of 10, 20, 30 and 40 ݊݉ are considered in this investigation. To the best of our 
knowledge, no investigation has been carried out to understand the effect of 
Brownian motion and size of different nanoparticles of Al2O3 and TiO2-water 
nanofluids considering the above parameters. Hence, the aim of our study is to 
examine how they affect the convective heat transfer of Al2O3 and TiO2-water 
nanofluids using a single phase model. 
In the present work, single phase approach and two-dimensional axi-symmetric 
model are considered to describe the turbulent flow and heat transfer behaviour of 
nanofluids in a horizontal circular pipe under uniform heat flux boundary condition.  
Computational geometry consists of a pipe with length L of 1.0 ݉ and a circular 
section with diameter, ܦ, of 0.019 ݉ as shown in Fig. 4.1 of Chapter 4. The flow and 
thermal fields are supposed to be axisymmetric with respect to the horizontal plane 
parallel to the x-axis. 
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6.2 Boundary Conditions 
The set of governing partial differential equations which are given in §3.1.1 of 
Chapter 3 are non-linear and coupled. Hence, the solution of the system of nonlinear 
partial differential equations depends on suitable boundary conditions and so, the 
following boundary conditions are used.  
At the pipe inlet, uniform velocity ݒ௫, as well as uniform temperature ܶ =  ,ܭ 293
turbulent intensity ܫ = 0.16 ܴ݁ିଵ/଼ and hydraulic diameter, ܦ = 0.019 ݉ have been 
stated. All the thermal properties calculation is taken at ܶ which is also considered 
as a reference temperature.  
At the pipe outlet, a static gauge pressure,  ௨ = 0 is specified and the solver has 
extrapolated the other flow and scalar quantities such as temperature and turbulent 
quantities from the interior domain. Note that the length of the pipe considered is 
sufficiently large for the flow and temperature fields in order to develop fully by the 
outlet section. On the pipe wall, a no-slip boundary condition is introduced and 
uniform heat flux (ݍᇱᇱ = 50 × 10ଷ ܹ/݉ଶ) boundary condition is implemented.  
Enhanced wall treatment is a near-wall modelling method that combines a two-layer 
model with enhanced wall functions. If the near-wall mesh is fine enough to be able to 
resolve the laminar sublayer, then the enhanced wall treatment will be identical to 
the traditional two-layer model. However, the restriction that the near-wall meshes 
must be sufficiently fine everywhere which might impose to large computational 
requirement.  So, ideally one would like to have a near-wall formulation that can be 
used with coarse meshes as well as fine meshes. In addition, excessive error should 
neither be incurred for intermediate meshes that are too fine for the near-wall cell 
centroid to lie in the fully turbulent region, nor  too coarse to properly resolve the 
sublayer (Fluent [68]). That is why; enhanced wall treatment is used in the present 
analysis. 
6.3 Grid Sensitivity Analysis 
In order to justify the correctness as well as the stability of the numerical findings, 
extensive computations are performed to determine the total number of grid points 
that generate a suitable arrangement result which will be appropriate to determine 
the turbulent flow and thermal field in the pipe. The grid sensitivity study is carried 
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out by varying the total number of grid distributions in both the radial (ܰݎ) and axial 
 directions too. For a particular test case of the base fluid water of Prandtl (ݔܰ)
number, ܲݎ = 7.04 and Reynolds number, ܴ݁ = 100 × 10ଷ, various combinations of 
grid have been analysed to justify that the numerical results are grid independent.  
Figure 6.1 shows the variations of radial velocity, temperature and turbulent kinetic 
energy profiles at the fully developed location (ݔ =  0.9 ݉) near the outlet. It can be 
seen that the grids 500 × 100, 500 × 150 and 1000 × 100 generate most reasonable 
results as the differences found among the results are insignificant. Therefore, the 
selected grid for the present calculations consisted of 500 and 100 nodes respectively 
along the axial and radial directions to save the computational time and to avoid any 
inconsistencies in the numerical results. In addition, to capture the large variations of 
flow field behaviour near the inlet and pipe wall, uniform grid in the axial direction 
and non-uniform grid in the radial direction are considered. 
6.4 Choice of Turbulent Models 
In the present numerical investigation, Realizable ߢ − ߳ turbulent model is used 
because it differs from the Standard ߢ − ߳ model in two important ways. Firstly, the 
Realizable ߢ − ߳ model has included a new formulation for the turbulent viscosity and 
secondly, a new transport equation for the dissipation rate is drawn from an exact 
equation for the transport of the mean-square vorticity fluctuation (Fluent [68]). To 
justify the use of Realizable ߢ − ߳ turbulent model in the present analysis, following 
investigation is initially carried out.  
Three different turbulent models such as Realizable ߢ − ߳ turbulent model, Standard 
ߢ − ߳ turbulent model and RNG ߢ − ߳ turbulent model have used to see the variation 
of fully developed turbulent kinetic energy profile for ܴ݁ =  21800 and ܲݎ =  7.04 as 
shown in Fig. 6.2. The details of these turbulent models are given in §3.2.3, §3.2.4 and 
§3.2.5 of Chapter 3. The profiles of turbulent kinetic energy (Fig. 6.3) are compared 
with the experimental results of Schildknecht et al. [98] as well as of different ߢ −
߳ models suggested by Launder and Sharma [99], Chien [100] and Fan et al. [101].  
And, the Realizable ߢ − ߳ turbulent model is obviously found to perform better than 
the other two ߢ − ߳ turbulent models. 
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6.5 Validation 
6.5.1 Water 
  At first, the radial velocity and turbulent kinetic energy profile for ܴ݁ =  21800 and 
= ݎܲ  7.04 taken at the fully developed section near the outlet are validated in order 
to validate the accurateness of the present numerical findings against the 
experimental result of Schildknecht et al. [98] as well as with different ߢ − ߳ models 
suggested by Launder and Sharma [99], Chien [100], Fan et al. [101], Jones and 
Launder [102, 103], Lai and So [104] and Myong and Kasagi [105]. These researchers 
have used the following model to determine the turbulent kinematic viscosity with 
the model constants summarised in Table 6.1.  

்ߥ = ఓܥ ఓ݂
ଶߢ
߳  (6.1)

where ఓ݂ is a damping function. 
Table 6.1: Model constants 
Researchers ܥఓ ܥଵ  ܥଶ  ߪ ߪఢ 
Launder and Sharma [99] 0.09 1.44 1.92 1.0 1.3 
Chien [100] 0.09 1.35 1.8 1.0 1.3 
Fan et al. [101] 0.09 1.40 1.8 1.0 1.3 
Jones and Launder [102, 103] 0.09 1.45 2.0 1.0 1.3 
Lai and So [104] 0.09 1.35 1.8 1.0 1.3 
Myong and Kasagi [105] 0.09 1.40 1.8 1.4 1.3 
 
In Fig. 6.3, radial velocity and turbulent kinetic energy are non-dimensionalised by 
the fiction velocity, ݑఛ and then are presented. From Fig. 6.3(ܽ), it can be  perceive 
that the non-dimensional velocity profile shows good agreement with the models 
proposed by Launder and Sharma [99], Chien [100] and Fan et al. [101]. It is also 
found that the present result differs from the models proposed by Jones and Launder 
[102, 103] and  Lai and So [104] as well as the experimental result of Schildknecht et 
al. [98].  In fact, a significant variation is observed between all the models as well as 
the present result with the experimental result. The reason behind this fact may be 
the over estimation of the maximum mean velocity obtained from the experimental 
results., Jones and Launder [102, 103] show the poorest prediction of the non-
dimensional velocity profile among all the results.   
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Further, the highest value of turbulent kinetic energy  are found at some radial 
location near the wall and, this radial location does not differ extensively among the 
experimental and numerical results  shown in Fig. 6.3(ܾ). It is seen that most of the 
models proposed by the different researchers have predicted relatively good value of 
the magnitude of highest turbulent kinetic energy compared with the experimental 
result. But the findings of Jones and Launder [102, 103], Launder and Sharma [99] 
and also the present result show an under prediction of the maximum peak intensity. 
It can be due to the different models for the turbulent viscosity as well as different 
model constants and damping functions used by the researchers. 
Additional validation is done against the existing correlations for different 
ܴ݁ = 10 × 10ଷ to 100 × 10ଷ and  ܲݎ =  7.04. The numerical results of Darcy friction 
factor have been compared with the correlations suggested by Blasius [93] and 
Petukhov [106] in order to perform the validation.  And also, average Nusselt number 
have been compared with the correlations proposed by Petukhov [106], Notter and 
Rouse [107] and Gnielinski [94] which are given as follows: 
Petukhov [106] equation: 

തതതതݑܰ =

଼ ݎܲ ܴ݁ 

1.07 + 12.7 ቀ
଼ቁ.ହ ቀܲݎమ

య − 1ቁ
, ቀ 0.5 ≤ ݎܲ ≤ 200010ସ ≤ ܴ݁ ≤ 5 × 10ቁ 

݂ = (0.79 ln ܴ݁ − 1.64)ିଶ,        10ସ ≤ ܴ݁ ≤ 5 × 10 
(6.2)

Notter-Rouse [107] equation: 
Notter and Rouse [107] introduced the following correlation for the calculation of 
average Nusselt number for pure fluid: 

തതതതݑܰ = 5.0 + 0.015 ܴ݁.଼ହܲݎ.ଷସ (6.3)
Also, Gnielinski [94] equation is given in §4.4 of Chapter 4. 
Figure 6.4(ܽ) shows compatible results of the Darcy friction factor between the 
present numerical result on the base fluid and other correlations of Blasius [93] and 
Petukhov [106]. The maximum deviation of 8.91% for ܴ݁ =  20 × 10ଷ and the 
minimum deviation of 3.47% for ܴ݁ =  100 × 10ଷ are observed. It can be due to the 
higher pressure drop obtained for different ܴ݁ in the present simulation.  
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Also, the result of average Nusselt number is presented in Fig. 6.4(ܾ). The maximum 
deviation between our numerical result and the correlations of Petukhov [106], 
Notter and Rouse [107] and Gnielinski [94] are 3.84%, 1.63% and 5.40% respectively 
which shows very good agreement with these correlations. It is important to note 
that all these available correlations are not highly accurate. The accuracy of each 
correlation is fully dependent on different types of application. So, more or less 
variation will occur depending on the problems. Hence, it is to say that the percentage 
error of 3.84%, 1.63% and 5.40% are very close to the acceptable region. Other 
factors like near wall mesh distribution and temperature gradient at the wall are also 
responsible for such variations.  
6.5.2 Al2O3-water Nanofluid 
From the comparisons presented in the section above, we can conclude that our 
computational model is producing the correct outcomes. Hence, Al2O3-H2O nanofluid 
flow in a circular pipe with different ߯ = 0.01, 0.04 and 0.06 is now investigated for 
different ܴ݁ = 10 × 10ଷ to 100 × 10ଷ with 7.04 < ݎܲ < 10.0. Also,  The heat flux 
ሶ௦ݍ =  50 × 10ଷW/mଶ  applied on the pipe wall has been considered [60, 61]  in the 
present analysis. 
Initially, a comparison has been made between the computed Nusselt number and the 
Pak and Cho [58] correlation. Also, the following correlations are used to model the 
dynamic viscosity as well as thermal conductivity of Al2O3-H2O nanofluid for the 
purpose of validation. 

ߤ = (123 ߯ଶߤ + 7.3 ߯ + 1) (6.4)
ߣ = (4.97 ߯ଶߣ + 2.72 ߯ + 1) (6.5)

Eq. (6.4) has been derived from the experimental data of Masuda et al. [81], Lee et al. 
[108] and Wang et al. [109] by using least square curve fitting.  Other classical models 
like Einstein [110] or Brinkman [111] can be used but it is found that these models 
underestimate the dynamic viscosity of nanofluid as shown by Maiga et al. [112].  
Besides, Eq. (6.5) has been developed using the model suggested by Hamilton and 
Crosser [113] with the assumption that nanoparticles are spherical in size and shape, 
and then it has been implemented in this work because of its simplicity.  
In Fig. 6.5, a comparison between the present result and that of Pak and Cho [58] is 
shown graphically for the Al2O3-H2O nanofluid and ߯ = 0.01, 0.04 and 0.06. It is found 
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that the present numerical findings are in very good agreement with the results of 
Pak and Cho [58]. which is completely empirical referred by Buongiorno [78]. 
Although Eqs. (6.4 and 6.5)  have been developed using Al2O3-H2O and TiO2-H2O 
nanofluids, this correlation should be applicable in general (Das et al. [114]). It is also 
crucial that Eqs. (6.4 and 6.5)  have been valid for relatively low nanoparticles 
concentration e.g. when ߯ ≤ 3.2%  though we have considered the trend and applied 
this for higher ߯ by assuming a higher standard deviation of error. 
6.6 Results and Discussion 
The numerical investigations are performed using Al2O3-H2O and TiO2-H2O nanofluids 
with the subsequent choices of parameters: the Reynolds number from ܴ݁ = 10 ×
10ଷ to 100 × 10ଷ, Prandtl number from 7.04 to 20.29, the nanoparticles 
concentration of 4% and 6% and diameter of the nanoparticles 
of 10, 20, 30 and 40 ݊݉. The outcomes are presented hereafter focusing on the 
impacts of nanoparticles concentration: Brownian motion and size diameter of Al2O3 
and TiO2 nanoparticles; and different Reynolds number on the hydrodynamic and 
thermal performance of the nanofluids under the turbulent flow condition. 
6.6.1 Behaviour of Mean Velocity  
Figure 6.6 displays variations of the flow field with various nanoparticles 
concentrations and diameters of Al2O3-water nanofluid for Re =100 × 10ଷ. In general, 
the kinematic viscosity of nanofluid is always higher than the base fluid and hence, 
the velocity of nanofluid always possesses higher value than the base fluid. Also, It is 
observed that the maximum peak value of the velocity is the highest for ݀ =  10 ݊݉ 
and ߯ =  6%. Similar behaviour is also observed for all the other Reynolds numbers 
as well as for the TiO2-water nanofluid. It is to note that the maximum velocity varies 
significantly at the centreline position for different nanoparticles diameter and 
concentration. 
6.6.2 Behaviour of Turbulent Kinetic Energy 
Figure 6.7 shows the variation of turbulent kinetic energy profile with different 
nanoparticles concentrations and diameters of Al2O3-water nanofluid for ܴ݁ =
 100 × 10ଷ. When the nanoparticles concentration is changed from 4% to 6% of the 
Al2O3-water nanofluid, the radial location where the highest value of the turbulent 
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kinetic energy  comes out does not differ considerably for the different nanoparticles 
diameter.  Here, the maximum peak value of ߢ is observed for ݀  = 10 ݊݉. Similar 
behaviour is observed for all the other Reynolds numbers as well as for the TiO2-
water nanofluid. It should be noted that as the nanoparticles diameter increases from 
10 to 40 ݊݉, the maximum peak value of ߢ which shows the lower turbulent intensity 
near the surface rapidly decreases.  Therefore, the turbulent strength in the flow 
tends to reduce. This result further indicates that the smaller diameter of 
nanoparticles plays more important role in turbulence generation  than that   of  the 
large diameter of nanoparticles. The reason behind this fact can be the Brownian 
motion as well as the shape and size of the nanoparticles. 
6.6.3 Behaviour of Mean Temperature 
Figure 6.8(a) shows the variations of fully developed temperature profile with 
different nanoparticles diameters at x = 0.99 m for the Reynolds number of 
105, ߯ = 6% and Al2O3-water nanofluid. The mean temperature is observed to raise 
along with the increase of nanoparticles diameters.  
Also, Fig. 6.8(b) shows the variations of wall temperature with different nanoparticles 
diameters for Reynolds number of 105, ߯ = 6% and Al2O3-water nanofluid. It is found 
that the wall temperature increases with the increase of nanoparticles diameters. 
Thus the inclusion of small nanoparticles has a positive effect on the wall 
temperature. Similar behaviour is observed with the increase of nanoparticles 
concentrations too. But the maximum temperature difference is achieved at the outlet 
for higher nanoparticles concentrations and small size of nanoparticles. Such effect 
plays a major role to increase the thermal performance of any thermal system used in 
the practical application. 
6.6.4 Average Shear Stress Coefficient Ratio Analysis 
Figure 6.9 shows the effect of various nanoparticles concentrations, different 
nanoparticles diameters of water based Al2O3 and TiO2 nanofluids on the average 
shear stress coefficient ratio. From this investigation, it is found that the average 
shear stress coefficient ratio increases with the increase of nanoparticles 
concentration and decrease of nanoparticles diameter of 40 to 10 ݊݉ and such 
enhancement is independent to the Reynolds number. In particular, for ܴ݁ = 20 ×
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10ଷ and Al2O3-water nanofluid, ߬ఛഥ  has a value of 2.0, 2.19, 2.54 and 3.58 for ߯ = 4% 
and ݀ =  40, 30, 20 and 10 ݊݉ respectively. Also, ߬ఛഥ  has a value of 3.42, 4.13, 5.79 
and 14.63 for ݀ =  40, 30, 20 and 10 ݊݉ respectively for higher nanoparticles 
concentration e.g. ߯ = 6%. Similar performances are also noticed for the TiO2-water 
nanofluid. It is possible to conclude from the above findings that the increase of the 
average shear stress coefficient ratio  concerning the nanoparticles concentration as 
well as the nanoparticles diameter emerge to be noticeably more significant for both 
the water based Al2O3 and the TiO2 nanofluids. Such enhancement of the average 
shear stress coefficient ratio is to be due to the adverse effects of increase frictional 
force or pressure.   
6.6.5 Average Heat Transfer Analysis 
Figure 6.10 shows the effect of various concentrations, different nanoparticles 
diameter of water based Al2O3 and TiO2 nanofluids along with the results of the base 
fluid on the average Nusselt number. The average heat transfer rate is found to 
increase with the increase of Reynolds number and nanoparticles concentration 
when the nanoparticles diameter changes from 40 to 10 ݊݉. Also, the average heat 
transfer rate of the water based Al2O3 and TiO2 nanofluids is found to be higher than 
that of the base fluid at any Reynolds number. The explanation for such augmentation 
in the average heat transfer rate is to be associated to different aspects such as 
enhancement of thermal conductivity, nanoparticles size and shapes, Brownian 
motion of particles, decrease in boundary layer thickness and delay in boundary layer 
growth. 
The average Nusselt number is very responsive to the types and diameter of the 
nanoparticles, as it is observed. From our investigation, it is examined that the effect 
of average heat transfer rate increases with the decrease of nanoparticles diameter. 
For example, the maximum enhancement is approximately 21.75% and 59.83% 
respectively for the Al2O3–water nanofluid and ߯ =  4% and 6% with ݀ = 10 ݊݉. 
While for ݀ = 20 ݊݉, the maximum enhancement is approximately 14.34% and 
33.60% respectively. However for the TiO2–water nanofluid and ߯ =  4% and 6% 
with ݀ = 10 ݊݉, the maximum enhancement is approximately 21.28% and 58.79% 
respectively. Whereas for ݀ =  20 ݊݉, the maximum enhancement is 
approximately 13.80% and 32.79% respectively. Similar trend is observed as 
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nanoparticles diameter increases from 20 to 30 ݊݉ or 30 to 40 ݊݉. In order to 
achieve a higher heat transfer rate, 10 ݊݉ diameter particles is found to be the best 
for both water based Al2O3 and TiO2 nanofluids. It  is also observed that Al2O3–H2O 
nanofluid gives us slightly better heat transfer rate than the TiO2–H2O nanofluid for 
all the Reynolds numbers, nanoparticles concentration as well as nanoparticles 
diameter. Values of the maximum increment in the average heat transfer rate of 
water based Al2O3 and TiO2 nanofluids are shown in Table 6.2 for different 
nanoparticles diameter and concentration.  
Table 6.2: Maximum increment (%) of average Nusselt number for different 
nanofluids 
 Al2O3-water TiO2-water 

݀(݊݉) ߯ =  4% ߯ =  6% ߯ =  4% ߯ =  6% 
10 21.75 59.83 21.28 58.79 
20 14.34 33.60 13.83 32.79 
30 11.27 25.14 10.75 24.30 
40 09.45 20.63 08.90 19.78 

 

It is observed in Fig. 6.10 that smaller diameter and Brownian motion of 
nanoparticles assist to increase the viscosity for same nanoparticles concentration 
and hence, these have an impact on the Nusselt number enhancement. This is quite 
reasonable because smaller nanoparticles with higher velocity move faster than the 
large particles, and thus reduce the possibility of collision with each other. Also, 
smaller diameter of nanoparticles will be more in number in comparison with large 
diameter of nanoparticles and will make a contact with the neighbouring fluid over a 
greater surface area. It will help in increasing the viscosity and thermal conductivity 
which result in the enhancement of heat transfer of water based Al2O3 and TiO2 
nanofluids.  
Also, as the nanoparticles diameters increase from 10 to 40 nm, thermal conductivity 
of nanofluid decreases. And, nanoparticles concentration increase with the decrease 
of density and thermal conductivity. Therefore, the increase in thermal conductivity 
with the decrease of nanoparticles diameter from 40 to 10 nm and the decrease in 
density with the increase of nanoparticles concentration indicates the higher mean 
velocity along the pipe and it may help to increase the heat transfer rate. Moreover, 
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the mean velocity of large nanoparticles is lower than the small nanoparticles.  This 
indicates, diffusion plays an important role to transfer heat from one place to another. 
But for small nanoparticles, fluid mean velocity increases and thus forced convection 
comes into effect and helps to transfer more heat. This means that the lower is the 
wall temperature, the higher is the heat transfer rate.  
6.6.6 Thermal Performance Factor Analysis 
Figure 6.11 shows the thermal performance factor which is investigated with the use 
of various concentrations of 4% and 6%, different nanoparticles diameter of 10 to 
40 ݊݉ and water based Al2O3 and TiO2 nanofluids.  The value of the thermal 
performance factor is observed to remain greater than 1 (one) for all the possible 
cases considered and it is very close to the ratio of the average heat transfer rate of 
nanofluid and water. Also, the ratio of Darcy friction factor of nanofluid and water is 
observed to be approximately close to 1. Hence, it is possible to draw a conclusion 
that the heat transfer enhancement is possible with little or without penalty in the 
pumping power. This can lead to less energy cost and more effectiveness   in practical 
applications.  
 It is also evident in the above investigation that the thermal performance factor 
increases as the nanoparticles concentration increases and the higher values of ߦ is 
achieved for smaller nanoparticles diameter for water based Al2O3 and TiO2 
nanofluids. Another reason   is,   when the nanoparticles diameter decreases from 40 
to 10 ݊݉, the dynamic viscosity and thermal conductivity of nanofluid increases with 
the increase of nanoparticles concentration. Hence, the higher viscosity directs to a 
diminution of boundary layer thickness resulting in the enhancement of heat transfer 
whereas the higher thermal conductivity directs to an intensification of thermal 
performance factor.  
6.6.7 Correlations 
In the present analysis, the following correlations  is proposed for the calculation of 
average Nusselt number using the non-linear regression analysis and the average 
Nusselt number is the function of Reynolds number, Prandtl number and 
nanoparticles diameter. It is to note, these correlations are valid when the Brownian 
motion of nanoparticles is taken into account. Also, the values of maximum standard 
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deviation of error are 7.35% and 7.25% for Al2O3 and TiO2 nanofluids respectively. 
Further, comparisons between the numerical results of average Nusselt number 
computed by the proposed correlations are presented in Fig. 6.12. This Figure shows 
a good agreement between the numerical results and the proposed correlations. 

Al2O3-H2O nanofluid 
തതതതݑܰ : = 0.01272 ܴ݁.଼ହ଼ଵܲݎ.ସଶଽ଼ ൬ௗ

ௗ൰ି.ଵ − 0.5 (6.6)

TiO2-H2O nanofluid 
തതതതݑܰ  : = 0.01259 ܴ݁.଼ହଽଶܲݎ.ସଷଶ ൬ௗ

ௗ൰ି.଼ (6.7)
where  
10 × 10ଷ ≤ ܴ݁ ≤ 100 × 10ଷ, 8.45 ≤ ݎܲ ≤ 20.29, 10 ≤ ݀(݊݉) ≤ 40, 2 ≤ ߯(%) ≤ 6. 

6.7 Conclusion 
In this research work, numerical investigations have been carried out to understand 
the flow and heat transfer behaviour of different nanofluids in a horizontal circular 
pipe under turbulent flow condition. The effects of Reynolds number and Prandtl 
number, two different nanofluids, nanoparticles concentration, size and Brownian 
motion of nanoparticles on flow and heat transfer are investigated. According to our 
findings, following conclusion can be made and summarised as follows: 
(a) It is found that for ߯ =  4% and 6%, water based Al2O3 and TiO2 nanofluids with 
10 to 40 ݊݉ nanoparticles diameter with Brownian motion of nanoparticles, average 
Nusselt number and shear stress ratio are significantly higher compared to water.  
(b) The water based Al2O3 and TiO2 nanofluids with 10 ݊݉ and ߯ =  6% show higher 
thermal performance factor for any Reynolds number and nanoparticles diameter.   
(c) The friction factor of nanofluids is observed to have no significant effect compared 
to water and hence induces no extra penalty in pump power. 
Furthermore, we have found that the Al2O3-H2O nanofluid shows slightly better heat 
transfer performance than that of the TiO2-H2O nanofluid. And, it is seen that the heat 
transfer performance is more influenced by the Brownian motion and diameter of 
nanoparticles than the thermal conductivity of nanofluid. 
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Figure 6.1: Variations of radial (a) velocity, (b) temperature and (c) turbulent kinetic 
energy at the fully developed location near the outlet 

 
Figure 6.2: Variations of radial turbulent kinetic energy at the fully developed location 
near the outlet using different ߢ − ߳ models for ܴ݁ =  21800 
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Figure 6.3: Variations of radial (a) velocity and (b) turbulent kinetic energy at the 
fully developed location near the outlet for ܴ݁ =  21800 and ܲݎ =  7.04 
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Figure 6.4: Comparisons of the (a) Darcy friction factor, f and (b) average Nusselt 
number, ܰݑതതതത with the different correlations for different  ܴ݁ 
 

 
Figure 6.5: Comparisons of the average Nusselt number for Al2O3-H2O nanofluid with 
the Pak and Cho [58] correlation for different ܴ݁ 
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߯ = 4% 

 
߯ = 6% 

 
Figure 6.6: Variations of mean velocity along the pipe for Al2O3-water nanofluids, 
nanoparticles concentration of 4% and 6%, ܴ݁ = 100 × 10ଷ and nanoparticles 
diameter of (a) 10 ݊݉, (b) 20 ݊݉, (c) 30 ݊݉ and (d) 40 ݊݉ 
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߯ = 4% 

 
߯ = 6% 

 
Figure 6.7: Variations of turbulent kinetic energy along the pipe for Al2O3-water 
nanofluids, nanoparticles concentration of 4% and 6%, ܴ݁ = 100 × 10ଷ and 
nanoparticles diameter of (a) 10 ݊݉, (b) 20 ݊݉, (c) 30 ݊݉ and (d) 40 ݊݉ 
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Figure 6.8: Variations of (a) radial velocity profile at ݔ =  0.99 ݉ and (b) wall 
temperature along the pipe for Al2O3-water nanofluids, nanoparticles concentrations 
of 6%, ܴ݁ = 100 × 10ଷ 
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(a) Al2O3-H2O nanofluid 

(b) TiO2-H2O nanofluid 
Figure 6.9: Variations of average shear stress ratio with Reynolds numbers for Al2O3-
water and TiO2-water nanofluids, nanoparticles concentration of 4% and 6% and 
nanoparticles diameter of 10, 20, 30 and 40 ݊݉ 
 
 

1

2

3

4

10000 40000 70000 100000

dp = 10 nm
dp = 20 nm
dp = 30 nm
dp = 40 nm

2
4
6
8

10
12
14
16

10000 40000 70000 100000

dp = 10 nm
dp = 20 nm
dp = 30 nm
dp = 40 nm

1

2

3

4

10000 40000 70000 100000

dp = 10 nmdp = 20 nmdp = 30 nmdp = 40 nm

2
4
6
8

10
12
14
16

10000 40000 70000 100000

dp = 10 nmdp = 20 nmdp = 30 nmdp = 40 nm

Re 

߬ఛഥ  ߬ఛഥ  

Re 

߬ఛഥ  ߬ఛഥ  

Re Re 

χ = 4% 

χ = 4% 

χ = 6% 

χ = 6% 



        130  
  

  
(a) Al2O3-H2O nanofluid 

  
(b) TiO2-H2O nanofluid 

Figure 6.10: Variations of average Nusselt number with Reynolds numbers for Al2O3-
water and TiO2-water nanofluids, nanoparticles concentration of 4% and 6% and 
nanoparticles diameter of 10, 20, 30 and 40 ݊݉ 
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(a) Al2O3-H2O nanofluid 

  
(b) TiO2-H2O nanofluid 

Figure 6.11: Variations of thermal performance factor with Reynolds numbers for 
Al2O3-water and TiO2-water nanofluids, nanoparticles concentration of 4% and 6% 
and nanoparticles diameter of 10, 20, 30 and 40 ݊݉  
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Al2O3-H2O nanofluid 

 
TiO2-H2O nanofluid 

Figure 6.12: Comparisons of the proposed correlations with the numerical results for 
Al2O3-water and TiO2-water nanofluids  
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Chapter 7  
Turbulent Nanofluids Flow, Part 2: Performance of a Multi-phase Model 

 

7.1 Introduction 
 
Turbulence is a complex nature and much more difficulty is observed to understand 
the turbulence behaviour of single phase model. In case of multi-phase flow, the 
nature of turbulence is more complex and it’s still an issue in many engineering 
applications in order to understand the behaviour of turbulence for all kinds of flows 
in general. In this chapter, a particular investigation is carried out to understand the 
behaviour of turbulent nanofluids flow in pipe for multi-phase model which is 
presented and discussed. 
In Chapter 6, we have examined the effect of nanoparticles concentration, diameter 
and Brownian motion of nanoparticles on the convective heat transfer of turbulent 
flow of Al2O3 and TiO2-water nanofluids using a single-phase model. The aim of this 
piece of work is to extend the numerical model to investigate the effects of multi-
phase turbulent flow of Al2O3 and TiO2-water nanofluids. Particular attention is paid 
to the entropy generation of these two nanofluids and importantly, how the 
performance factor of nanofluids is varied if the numerical simulation is switched 
from the single to multi-phase model. 
Eulerian-Eulerian mixture model is used to model the multi-phase flows with the 
assumption that the phases between fluid and solid particles move at a same velocity 
with a very strong coupling between them. Also, the phases are supposed to be 
interpenetrating. That means each phase has its own velocity vector field and within 
any control volume there is a volume concentration of each phase. It should also be 
noted that the mixture model solves the continuity, momentum and energy equation 
for the mixture and the volume fraction equation for the secondary phases. An axi-
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symmetric model is considered which is shown in Fig. 4.1 of Chapter 4 to describe the 
characteristics of nanofluids flowing through a straight pipe under a constant heat 
flux boundary condition and within a turbulent flow regime.   
7.2 Boundary Conditions 
To solve the set of non-linear governing equations presented in §3.1.2 of Chapter 3, 
appropriate boundary conditions are necessary. And these are considered in the 
numerical simulations which  are already described in §6.2 of Chapter 6. However, 
the boundary conditions used in the single-phase model are specified for both the 
fluid and solid phases as well as for the mixture in the multi-phase mixture model. 
Also, the nanoparticles concentration is used for the solid phase. 
Details of the boundary conditions are given below: 
At the pipe inlet, we have specified the velocity for the fluid and nanoparticles phases 
where we assume that fluid particles and nanoparticles are flowing with the same 
local velocity. We have set the nanoparticles concentration (χ = 1 to 6%) for the 
nanoparticles phase too. And for the mixture, turbulent intensity ܫ = 0.16 ܴ݁ିଵ/଼ and 
hydraulic diameter, ܦ = 0.019 ݉ as well as the inlet temperature (T = 293 K) are 
specified.  
At the pipe outlet, there are no conditions applied for the fluid and nanoparticles 
phases. Also, turbulent intensity ܫ = 0.16 ܴ݁ିଵ/଼ and hydraulic diameter, 
ܦ = 0.019 ݉ are specified for the mixture. 
At the pipe wall, no conditions are applied for the fluid and nanoparticles phases too. 
Again, a no-slip boundary condition as well as a uniform heat flux (50000 = ′′ݍ W/m2) 
on the pipe wall are specified for the mixture. 
7.3 Grid Sensitivity Analysis  
In order to ensure the accuracy as well as the consistency of the numerical results, 
extensive computations have been performed to identify the number of grid points 
that produce a suitable arrangement result which will be applicable to determine the 
turbulent flow and thermal field inside the pipe with the multi-phase model. The grid 
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sensitivity study similar to the one presented in §6.4 of Chapter 6 has been performed 
and the grid combination  500 × 100 was acceptable. 
7.4 Validation  
Accuracy of the numerical results for water against existing correlations for the 
different Reynolds number, ܴ݁ = 10 × 10ଷ to 100 × 10ଷ, has been tested in §6.6.1 of 
Chapter 6. a comparison between the present result and that of Pak and Cho [58] is 
shown graphically for the Al2O3-H2O nanofluid and ߯ = 0.01, 0.04 and 0.06 In Fig. 7.1. 
It is shown that the present numerical results are in very good agreement with the 
correlation of Pak and Cho [58]. The details of the Pak and Cho [58] correlation, the 
dynamic viscosity and the thermal conductivity model used in this analysis  are also 
given in §6.6.2 of Chapter 6. 
From the comparing point of view, validation result of single phase model as shown 
in Fig. 6.5 of Chapter 6 is in good agreement with the result of Pak and Cho [58]. 
However, the present result shown in Fig. 7.1 very marginally deviates with the 
experimental data of Pak and Cho [58].  It does not mean that the result of single 
phase model is better than that of multi-phase model. This suggests, the interaction 
between the fluid and nanoparticles has some impact on the average Nusselt number 
which makes sense. 
7.5 Results and Discussion   
Numerical simulations are carried out using Al2O3-H2O and TiO2-H2O nanofluids, with 
the following range of governing parameters: Reynolds number from ܴ݁ = 10 ×
10ଷ to 100 × 10ଷ, Prandtl number from 7.04 to 20.29, nanoparticles concentration of 
4% and 6%, and diameter of nanoparticles of 10, 20, 30 and 40 ݊݉. The results and 
discussion presented hereafter focus on the effects of nanoparticles concentration, 
mean diameter and Brownian motion of different nanoparticles and different 
Reynolds number on the flow and heat transfer performance as well as on the 
entropy generation of the nanofluids in the turbulent flow regime. Also, comparison 
between the results of heat transfer enhancement of both single phase and multi-
phase models are presented. 
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7.5.1 Nanoparticles Concentrations 
 
Figure 7.2 shows the radial variation of the nanoparticles concentration at the outlet 
for the Al2O3-water nanofluid with ܴ݁ = 100 × 10ଷ and ݀ =  10 ݊݉. The 
nanoparticles concentration is observed to be absolutely uniform and constant.  This 
further indicates,  the nanoparticles distribution in the fluid is also uniform.  This is 
valid in a sense that the suspended nanoparticles remain uniform in the fluid – an 
assumption that is implicitly integrated in the single-phase model. The similar 
behaviour is also observed for all the Reynolds numbers with different size of 
nanoparticles using both the Al2O3-water and TiO2-water nanofluids. It is also to be 
noted that the similar behaviour was found by other researchers (Behzadmehr et al. 
[63], Bianco et al. [60]). 
 

7.5.2 Average Shear Stress Coefficient Ratio Analysis 
 
Figure 7.3 shows the effect of various concentrations, different nanoparticles 
diameters of Al2O3-water and TiO2-water nanofluids on the average shear stress ratio. 
It is found in the investigation that the average shear stress ratio has increased with 
an increase in the nanoparticles concentration and decrease in the nanoparticles 
diameter from 40 to 10 ݊݉ and such enhancement is independent to the Reynolds 
number. For example, when the Reynolds number and nanoparticles concentration 
for the Al2O3-water nanofluid are fixed to be ܴ݁ =  20 × 10ଷ and ߯ = 4%, the average 
shear stresses (߬ఛഥ ) has a value of 1.99, 2.19, 2.54 and 3.58 for 
݀ = 40, 30, 20 and 10 ݊݉ respectively. For a higher nanoparticles concentration, 
e.g. ߯ = 6%, ߬ఛഥ  increases again and has a value of 3.36, 4.06, 5.69 and 14.35 for 
݀ = 40, 30, 20 ܽ݊݀ 10 ݊݉ respectively. Similar behaviours  is also observed for the 
TiO2-water nanofluid and therefore, it can generally be concluded that the increase of 
the average shear stress ratio with respect to the nanoparticles concentration as well 
as the nanoparticles diameter emerges to be noticeably more significant for both the 
Al2O3-water and TiO2-water nanofluids. Such enhancement of the average shear 
stress ratio is to be due to the adverse effects of increase frictional force or pressure 
in the nanofluids. 
 

 
 Overall, the average shear stress ratios for both the single and multi-phase models 
are found to be almost identical. Therefore, it suggests that the interaction between 
the fluid particles and nanoparticles has an insignificant impact on the average shear 
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stress ratio. Moreover, the Darcy friction factor results of water as well as nanofluids 
for both the single and multi-phase models are also found to be identical. This thus 
further confirms that nanofluids could potentially be used in practical applications 
with no penalty in pumping power.       
 

7.5.3 Average Heat Transfer Performance Analysis 
Figure 7.4 shows the results of the effect of various concentrations, nanoparticles 
diameter of Al2O3-water and TiO2-water nanofluids on the average Nusselt number. A 
comparison of the findings with those of water is also made.  The average Nusselt 
number is found to increase with the increase of Reynolds number and nanoparticles 
concentration when the nanoparticles diameter changes from 40 to 10 ݊݉. Also,  The 
average Nusselt number of the nanofluids is seen to be higher than that of water at 
any given Reynolds number.  The explanation for such enhancement in the average 
Nusselt number is associated with different aspects, such as, enhancement of thermal 
conductivity, nanoparticles size and shapes, Brownian motion of particles, decrease 
in boundary layer thickness and delay in boundary layer growth. 
However, the average Nusselt number is very sensitive to the nanoparticles diameter. And 
generally, the heat transfer rate increases as the nanoparticles diameter decreases as already 
shown in §4.5.1.2 of Chapter 4, §5.3.3 of Chapter 5 and §6.6.5 of Chapter 6. It is due to the 
fact that as the nanoparticles diameter decreases from 40 to 10 nm, the thickness of thermal 
boundary layer decreases thus having an impact on the heat transfer enhancement. For 
example, the maximum enhancement is approximately 23.26% and 62.34% 
respectively for the Al2O3–water nanofluid and ߯ =  4% and 6% with ݀ =  10 ݊݉. 
While for ݀ = 20 ݊݉, it is approximately 15.87% and 35.76% respectively. However 
for the TiO2–water nanofluid and ߯ =  4% and 6% with ݀ = 10 ݊݉, the maximum 
enhancement is approximately 23.60% and 62.53% respectively. While for ݀ =
20 ݊݉, it is approximately 16.31% and 36.12% respectively. Similar trend is 
observed as the nanoparticles diameter increases from 20 to 30 ݊݉ or 30 to 40 ݊݉. 
The 10 ݊݉ nanoparticles diameter is found to be best in order to get a higher heat 
transfer rate for both the Al2O3–water and TiO2–water nanofluids. This result has a 
close link to the corresponding flow velocity in the sense that the heat transfer 
enhancement becomes more significant when the Reynolds number is increased. 
Further to note, the TiO2–water nanofluid gives the higher heat transfer enhancement 
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than Al2O3–water irrespective to the change in Reynolds number, nanoparticles 
concentration and diameter, although its thermal conductivity is lower than that of 
Al2O3–water nanofluid. For a quantitative assessment, values of the minimum and 
maximum increments in the Nusselt number of different nanofluids are shown in 
Table 7.1 for different nanoparticles concentration and diameter. Smaller diameter 
and Brownian motion of nanoparticles assist to increase the viscosity for the same 
nanoparticles concentration making an impact on the Nusselt number enhancement. 
This is reasonable because smaller nanoparticles with higher velocity move faster 
than the large particles and thus, reduce the possibility of collision with each other. 
Also, smaller diameter of nanoparticles will be more in number compared to large 
nanoparticles and will therefore make a strong contact with the neighbouring fluid 
over a greater surface area. Consequently, the process will help to increase the 
viscosity and thermal conductivity of nanofluids with a result in the heat transfer 
enhancement. 
Table 7.1: Minimum and maximum increments (%) of average Nusselt number for 
different nanofluids 
                        Al2O3-water                      TiO2-water 

݀ (݊݉) ߯ =  4% ߯ =  6% ߯ =  4% ߯ =  6% 
 Min Max Min Max Min Max Min Max 

10 18.58 23.26 58.60 62.34 21.07 23.60 60.25 62.53 
20 11.44 15.87 30.83 35.76 14.61 16.31 33.53 36.12 
30 07.81 12.53 21.25 27.30 11.09 12.95 25.42 27.72 
40 06.43 10.84 16.47 22.65 09.92 11.28 21.31 23.09 

7.5.4 Thermal Performance Factor Analysis 
 
Thermal performance factor is reported in Fig. 7.5 for the different values of 
concentrations and nanoparticles diameters. It is observed that the thermal 
performance factor remains greater than one for all the possible cases considered and 
it is very close to the ratio of the average Nusselt number of nanofluid to water. Also, 
the ratio of the friction factor of nanofluids to the base fluid is approximately close 
to 1. After comparing the results of the thermal performance factor using both the 
single and multi-phase models, it is possible to conclude that the thermal 
performance factor is found slightly higher for the multi-phase model than the single 
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phase model. This is due to the slightly higher heat transfer rate that is observed for 
the multi-phase model compared to the single phase model and such details are 
shown in §7.5.6. However, such enhancement is found to be insignificant. It suggests, 
one can use either single or multi-phase model under turbulent flow condition in 
practical applications.   
 

7.5.5 Entropy Generation Analysis 
Figure 7.6 shows the variation of the total entropy generation on the Al2O3-water and 
TiO2-water nanofluids with the Reynolds number, nanoparticles concentrations and 
diameters. For ߯ = 4% and Al2O3-water nanofluid, it is observed that the total 
entropy generation decreases as the Reynolds number increases with the decrease of 
the nanoparticles diameter. The reason behind this is the decrease of thermal entropy 
generation with the decrease of the nanoparticles diameter. It happens because when 
the nanoparticles diameter decreases from 40 to 10 ݊݉, the heat transfer enhances 
significantly. The frictional entropy generation is also observed to have insignificant 
effect on the reduction of the total entropy generation because the maximum value of 
the frictional entropy generation for all the Reynolds numbers and nanoparticles size 
diameter is always remained less than 1. Further, the frictional entropy generation 
monotonically increases with the Reynolds number but decreases with the 
nanoparticles size diameter. It is due to the increase of the flow velocity. For ߯ = 6% 
and Al2O3-water nanofluid, similar behaviour is observed for the entire nanoparticles 
size diameter except for ݀ = 10 ݊݉. For ߯ = 6%, ݀ = 10 ݊݉ and ܴ݁ > 50 × 10ଷ, 
the velocity is found to increase significantly and so, the frictional entropy generation 
becomes stronger. The optimal Reynolds number is found to be ܴ݁ = 60 × 10ଷ for 
߯ = 6% and ݀ = 10 ݊݉, which minimises the total entropy generation. Again 
forܴ݁ > 60 × 10ଷ, the frictional entropy generation becomes more and more strong 
and hence, the total entropy generation starts to rise. It is to be note that the similar 
performance is also observed for the TiO2-water nanofluid with the variation of the 
Reynolds number, nanoparticles concentration and diameter. And, the Al2O3-water 
nanofluid is found to show higher total entropy generation than the TiO2-water 
nanofluid. Moreover, from the above findings, it is found that the average Nusselt 
number is slightly higher predicted for the multi-phase model than the single phase 
model. But, the variation of the Darcy friction factor results with the nanoparticles 
diameters as well as concentrations for both the single and multi-phase models are 
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found to be identical. Since the total entropy generation is simply a function of the 
average Nusselt number and Darcy friction factor, no significant difference between 
the results of entropy generation of using the single and multi-phase models is 
reported. It further suggests that the fluid particles and nanoparticles interaction in 
the two-phase flow has an insignificant effect on the entropy generation. 
 
Values of the minimum and maximum thermal entropy generation of different 
nanofluids are shown in Table 7.2 for the different nanoparticles concentration and 
diameter. 
Table 7.2: Minimum and maximum values of the thermal entropy generation 
                          Al2O3-water                       TiO2-water 

݀ (݊݉) ߯ =  4% ߯ =  6% ߯ =  4% ߯ =  6% 
 Min Max Min Max Min Max Min Max 

10 8.65 59.01 6.32 42.70 8.67 59.31 6.37 43.13 
20 9.51 64.50 7.86 53.42 9.52 64.53 7.90 53.54 
30 9.94 67.12 8.55 57.73 9.95 67.22 8.58 58.09 
40 10.20 68.78 8.99 60.96 10.21 68.89 9.01 60.98 

7.5.6 Heat Transfer Enhancement Analysis 
Figure 7.7 shows the variations of the maximum heat transfer enhancement with the 
nanoparticles diameters obtained by the single- (SPM) and multi-phase (MPM) 
models for the Al2O3-water and TiO2-water nanofluids. It is found that slightly lower 
heat transfer rate is achieved using the single-phase model compared to that  of the 
multi-phase model due to the fact that the assumption of fluid phase and 
nanoparticles phase are in thermal equilibrium and no-slip between them when using 
the single-phase model.  
 7.5.7 Performance Evaluation Criterion Analysis 
Figure 7.8 shows the variation of the performance evaluation criterion (PEC) values 
and They are observed to decrease as the Reynolds number increases along with the 
increase of the nanoparticles diameter. For ߯ = 6% and the Al2O3-water nanofluid, 
similar behaviour is observed for the entire nanoparticles diameter and this is also 
true for the TiO2-water nanofluid. However, the TiO2-water nanofluid shows a slightly 
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higher performance evaluation criterion than the Al2O3-water nanofluid and 
therefore, it is concluded that the TiO2-water nanofluid is the most energy efficient 
coolant for this particular system. 
 7.5.8 Correlations  
From the numerical results and using the non-linear regression analysis, the 
following correlations are proposed for the calculation of the average Nusselt number 
with the Reynolds number, Prandtl number and nanoparticles diameter. These 
correlations are valid when the Brownian motion of nanoparticles is taken into 
account. Also, the values of maximum standard deviation of error are reported to be 
4.81% and 3.77% for the Al2O3 and TiO2 nanofluids respectively. Further, 
comparisons between the numerical results of the average Nusselt number and 
computed by the proposed correlations are presented in Fig. 7.9. This figure shows a 
good agreement between the numerical results and the proposed correlations.  
Al2O3-H2O nanofluid 

തതതതݑܰ : = 0.01260 ܴ݁.଼ହହ଼ଽܲݎ.ସସଽ ൬ௗ
ௗ൰ି.ଵ (7.1)

TiO2-H2O nanofluid 
തതതതݑܰ  : = 0.01518 ܴ݁.଼ସଵܲݎ.ସସ଼ଷ ൬ௗ

ௗ൰ି.ହଷସ (7.2)
where  
10 × 10ଷ ≤ ܴ݁ ≤ 100 × 10ଷ, 8.45 ≤ ݎܲ ≤ 20.29, 10 ≤ ݀(݊݉) ≤ 40, 4 ≤ ߯(%) ≤ 6. 

7.6 Conclusion 
Numerical simulations have been carried out on the turbulent mixed convection heat 
transfer of the Al2O3-water and TiO2-water nanofluids flowing through a horizontal 
circular pipe using the two-phase mixture model. The effects of Reynolds and Prandtl 
numbers, two different nanofluids, nanoparticles concentration, Brownian motion 
and diameter of nanoparticles on the flow and heat transfer have been investigated. 
According to our findings, the following conclusion are made and summarised as 
follows: 
(a) It is found that for ߯ =  4% and 6%, the Al2O3-water and TiO2-water nanofluids, 
with the 10 to 40 ݊݉ nanoparticles diameters and Brownian motion of nanoparticles, 
the average Nusselt number is significantly higher than water. It is also seen that the 
average shear stress ratio becomes superior for small diameter of nanoparticles 
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compared to the large diameter of nanoparticles with the increase of the 
nanoparticles concentration. 
(b) The Darcy friction factor of nanofluids has no significant effect compared to water 
and hence induces no extra penalty in the pump power. 
(c) The nanofluid with 10 ݊݉ and ߯ =  6% shows the higher thermal performance 
factor for any Reynolds numbers and nanoparticles diameter.   
(d) The TiO2–water nanofluid gives the higher heat transfer enhancement than the 
Al2O3–water nanofluid for all the Reynolds numbers, nanoparticles concentration as 
well as nanoparticles diameter. 
(e) The Al2O3-water nanofluid shows the higher total entropy generation than the 
TiO2-water nanofluid. But, the TiO2-water nanofluid shows slightly higher 
performance evaluation criterion values than the Al2O3-water nanofluid. 
Furthermore, the TiO2-H2O nanofluid shows slightly higher heat transfer performance 
than that of the Al2O3-H2O nanofluid using the multi-phase model compared with the 
results of the single-phase model.  Since TiO2 nanoparticles are more environment-
friendly and eco-friendly [115] than the Al2O3 nanoparticles, hence it is better to use 
TiO2-water nanofluid in real life application. Also, it is seen that the heat transfer 
performance and the total entropy generation are more affected by the nanoparticles 
diameter and Brownian motion of nanoparticles than the thermal conductivity. 
  



        143  
  

 
 

 Figure 7.1: Comparisons of the average Nusselt numbers for Al2O3-H2O nanofluid with 
the Pak and Cho [58] correlation for different ܴ݁ 
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Figure 7.2: Variations of radial nanoparticles concentration at the outlet for Al2O3-
water nanofluid with ܴ݁ = 100 × 10ଷ and ݀  =  10 ݊݉ 
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(a) Al2O3-H2O nanofluid 

  
(b) TiO2-H2O nanofluid 

Figure 7.3: Variations of average shear stress ratio with different Reynolds numbers 
for Al2O3-water and TiO2-water nanofluids, nanoparticles concentration of 4% and 
6% and nanoparticles diameter of 10, 20, 30 and 40 ݊݉ 
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(a) Al2O3-H2O nanofluid 

  
(b) TiO2-H2O nanofluid 

Figure 7.4: Variations of average Nusselt number with different Reynolds numbers 
for Al2O3-water and TiO2-water nanofluids, nanoparticles concentration of 4% and 
6% and nanoparticles diameter of 10, 20, 30 and 40 ݊݉ 
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(a) Al2O3-H2O nanofluid 

  
(b) TiO2-H2O nanofluid 

Figure 7.5: Variations of thermal performance factor with different Reynolds 
numbers for Al2O3-water and TiO2-water nanofluids, nanoparticles concentration of 
4% and 6% and nanoparticles diameter of 10, 20, 30 and 40 ݊݉ 
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(a) Al2O3-H2O nanofluid 

  
(b) TiO2-H2O nanofluid 

Figure 7.6: Variations of total entropy generation with different Reynolds numbers 
for Al2O3-water and TiO2-water nanofluids, nanoparticles concentration of 4% and 
6% and nanoparticles diameter of 10, 20, 30 and 40 ݊݉ 
 

0
10
20
30
40
50
60
70

10000 40000 70000 100000

dp = 10 nm
dp = 20 nm
dp = 30 nm
dp = 40 nm

0

10

20

30

40

50

60

10000 40000 70000 100000

dp = 10 nm
dp = 20 nm
dp = 30 nm
dp = 40 nm

0
10
20
30
40
50
60
70

10000 40000 70000 100000

dp = 10 nm
dp = 20 nm
dp = 30 nm
dp = 40 nm

0

10

20

30

40

50

60

10000 40000 70000 100000

dp = 10 nm
dp = 20 nm
dp = 30 nm
dp = 40 nm

χ = 4% 

χ = 6% χ = 4% 

χ = 6% 

Re 

Re Re 

Re 

Egen 

Egen 

Egen 

Egen 



        149  
  

 
(a) Al2O3-H2O nanofluid 

 
(b) TiO2-H2O nanofluid 

Figure 7.7: Variations of maximum heat transfer enhancement (%) with different 
nanoparticles diameters for Al2O3-water and TiO2-water nanofluids 
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(a) Al2O3-H2O nanofluid 

  
(b) TiO2-H2O nanofluid 

 Figure 7.8: Variations of performance evaluation criterion (PEC) with different 
nanoparticles diameters for Al2O3- H2O and TiO2- H2O nanofluids for different Re 
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Al2O3-H2O nanofluid 

 
TiO2-H2O nanofluid 

Figure 7.9: Comparisons of the proposed correlations with the numerical results for 
Al2O3-water and TiO2-water nanofluids 
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Chapter 8  
Transition to Turbulent Nanofluids Flow: Performance of a Discrete Phase Model 

 

8.1 Introduction 
 
Nanofluid is known as a new generation of fluid and it was introduced almost few 
decades ago. But its effectiveness in practical thermal engineering applications has 
started to reduce over time due to the several factors such as physical instability, 
complex procedure of the production of nanofluids and its cost, instability in the 
suspension of nanoparticles into a base fluid, choice of thermophysical properties and 
reliability of nanofluids. However, two different phases such as water and 
nanoparticles can be considered instead of a typical nanofluid which actually acts like 
a fluid-solid mixture. Hence, the interaction between the fluid and particles needs to 
be investigated to assess its performance. Besides, such simple mixture is not possible 
to be considered as nanofluids with its thermophysical properties. Also, this mixture 
will never behave like a pure fluid and so, it is not to be used in the single phase 
model. In addition, it will remain as a simple mixture of fluids and solids. That is why, 
it never satisfies the required mixture properties along with the thermo-physical 
properties of nanofluids. Such mixture can’t be used in the multi-phase mixture 
model too. 
 
In this chapter, Eulerian-Lagrangian discrete phase model (DPM) is used with 
temperature dependent thermophysical properties of water and nanoparticles to 
study the thermal performance behaviour of Al2O3 and TiO2 nanoparticles inside a 
horizontal pipe within the transition to turbulent flow regimes. Moreover, the 
different types of thermophysical properties of nanofluids commonly used in single-
phase and Eulerian-Eulerian mixture models play an important role in examining 
their hydrodynamic and thermal performances. Eulerian-Lagrangian discrete phase 
model (DPM), on the other hand, is fully independent of the thermophysical 
properties of nanofluids. And, two separate phases such as a continuum fluid phase 
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(water) as well as discrete nanoparticles phase  are used in this model. DPM has 
shown a success in laminar nanofluid flow through a pipe [36-38] as discussed in §2.1 
of Chapter 2, though no effort has been given to the date in investigating its 
performance under transition to turbulent flow regimes. 
The physical flow geometry, axi-symmetric pipe with diameterܦ = 0.019 ݉, remains 
to be the same in this chapter with the boundary conditions already described in the 
previous Chapters 4 to 7. However, the boundary conditions particularly required for 
the Eulerian-Lagrangian based discrete phase model are briefly explained below: 
For nanoparticles: 
It is assumed that nanoparticles are injected uniformly to face normal direction from 
the inlet surface. Also, nanoparticles diameter = 100 nm and temperature = 293 K are 
considered and the total flow rate of the nanoparticles is also defined as a initial 
condition.  
For water: 
At the pipe inlet, a uniform velocity (ݒ௫,) as well as a uniform temperature 
( ܶ = ܫ with a turbulent intensity (ܭ 293 = 3% for transition regime and 
ܫ = 0.16 ܴ݁ିଵ/଼ for turbulent regime is stated.  
At the pipe outlet, a static gauge pressure, ௨  = 0  is specified.  
On the pipe wall, a no-slip boundary condition is introduced with uniform heat flux, 
q” = 5 × 10ଷW/m2 for transition regime and q” = 50 × 10ଷW/m2 for turbulent regime. 
 

8.2 Numerical Procedure and Validation 
The dimensional steady-state governing equations for Eulerian-Lagrangian discrete 
phase model are considered in this chapter. It is assumed that flow is incompressible 
and Newtonian. Also, the Boussinesq approximation in the momentum equation and 
the compression work as well as the viscous dissipation term in the energy equations 
are neglected. SST ߢ − ߱ and Realizable ߢ − ߳ models are considered for the 
modelling of transition and turbulent flow fields respectively with an enhanced near 
wall treatment. The details of the governing equations and transition and turbulent 
models are given in §3.1.3, §3.2.2 and §3.2.3 of Chapter 3. Also, the details of the 
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temperature dependent physical properties of water and Al2O3 and TiO2 
nanoparticles are given in §3.3.5 and §3.3.6 of Chapter 3. 
Grid sensitivity test carried out in §4.3 and §6.4 of Chapters 4 and 6 respectively also 
demonstrate that the combination of grids 500 × 100 used in this chapter is 
appropriate for resolving both the flow and thermal fields within the pipe geometry 
under consideration. 
 At first, the local Nusselt number for the fully developed laminar flow under the 
constant heat flux boundary condition is compared with the correlation of Shah and 
London [116] and experimental result of Kim et al. [49] in order to validate the 
present numerical results for water as shown in Fig. 8.1. A good agreement is 
observed between the results and it suggests that DPM model can be used to see the 
performance of the model when particle and fluid mixture is taken into account. 
Shah Equation [116]:  

௫ݑܰ = ൞
ାିଵݔ 1.302 ଷ⁄ − 1, ାݔ ≤ 0.00005

ାିଵݔ 1.302 ଷ⁄ − 0.5, 0.00005 < ାݔ < 0.0015
4.364 + 8.68 (10ଷݔା)ି.ହ, ାݔ ≥ 0.0015

  

where ݔା = ௫
ோ   

(8.1)

Fully developed radial velocity and turbulent kinetic energy profile for ܴ݁ = 21800 
and ܲݎ = 7.04  have been is validated against the experimental data as well as the 
correlations. Additional validation is performed using the numerical results of Darcy 
friction factor and average Nusselt number against the existing correlations for 
different ܴ݁ from 2300 to 100 × 10ଷ and ܲݎ = 7.04. A good agreement is received 
and the details of which are already given in §4.4 and §6.6.1 of Chapters 4 and 6 
respectively. 
8.3 Results and Discussion  
Numerical investigations are carried out using the Al2O3-H2O and TiO2-H2O nanofluids 
with the following parameters: Reynolds number from ܴ݁ = 250 to 1200 (laminar 
flow regime), ܴ݁ = 2300 to 10 × 10ଷ (transition flow regime) and ܴ݁ = 10 ×
10ଷ to 100 × 10ଷ (turbulent flow regime), Prandtl number from 7 to 10, nanoparticles 
concentration of 1 to 6%, and diameter of nanoparticles of 100 ݊݉. The performance 
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of the simple mixture of water and Al2O3 / TiO2 nanoparticles using the Eulerian-
Lagrangian discrete phase model are presented and discussed in the following. 
8.3.1 Average Shear Stress Coefficient Ratio Analysis 
Figure 8.2 shows the variations of the average shear stress coefficient ratio with 
Reynolds number for Al2O3 and TiO2 nanoparticles. Results reveal that the average 
shear stress coefficient ratio is enhanced with an increase in the nanoparticles 
concentration. It is due to the  increase of nanofluids dynamic viscosity or pressure 
drop in the nanofluids.  The average shear stress coefficient ratio of the Al2O3 
nanoparticles are found to have a value, 1.10, 1.80, 2.80 and 1.12, 1.85, 2.89 for χ = 
1%, 4% and 6% in the transition and turbulent flow regimes respectively in the 
figure. However, a lower average shear stress coefficient ratio is observed for the TiO2 
nanoparticles. In particular,  the results of the average shear stress coefficient ratio 
for the Al2O3 nanoparticles in turbulent flow regime are compared with the works of 
Maiga et al. [59] and Bianco et al. [60]. Bianco et al. [60] carried out numerical 
investigation of turbulent flow using Eulerian-Eulerian mixture model whereas Maiga 
et al. [59] carried out similar investigation using single phase model. To compare, 
Eulerian-Lagrangian discrete phase model predicts lower average shear stress 
coefficient ratio than that obtained by the Eulerian-Eulerian mixture and single phase 
models.  It suggests, the lower penalty in pumping power can be obtained using DPM 
than SPM as well as MPM, and it is due to the simple mixture of water and 
nanoparticles. 
8.3.2 Average Heat Transfer Performance Analysis 
Figure 8.3 shows the comparison of the present result with that  of Bianco et al. [37] 
and Moraveji and Esmaeili [38] for different Al2O3-nanoparticles concentrations 
within the laminar flow regime. It is to be noted that Bianco et al. [37] as well as 
Moraveji and Esmaeili [38] used Eulerian-Lagrangian discrete phase model.  It is seen 
in Fig. 8.3 that the results of average Nusselt number for different Reynolds number 
are in good agreement with the results of Bianco et al. [37] and Moraveji and Esmaeili 
[38] for temperature dependent properties. Also, maximum deviations of 5.12% and 
3.80% for ߯ = 1% , ܴ݁ = 750 and 12.88% and 9.09% for ߯ = 4%, ܴ݁ = 750 are 
observed compared with the results of Bianco et al. [37] and Moraveji and Esmaeili 
[38]. However, results of Bianco et al. [37] for ߯ = 4% seems to be inconsistent for 
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ܴ݁ = 500 and ܴ݁ = 750 respectively while similar behaviour is observed by Moraveji 
and Esmaeili [38] for ܴ݁ = 750. Furthermore, Figs. 8.4 and 8.5 show the variations of 
average Nusselt number with Reynolds number and nanoparticles concentration 
using Al2O3 and TiO2 nanoparticles under transition and turbulent flow regimes.  
Moreover, performance of DPM model on heat transfer is presented and then a 
comparison is done with the heat transfer results of MPM of Al2O3 and TiO2 – water 
nanofluids under the transition flow regime as shown in Fig. 8.4. It is observed that 
heat transfer rate increases with the increase of nanoparticles concentration. Such 
findings are realistic as it has been discussed in Chapter 4. It is also observed that the 
higher heat transfer rate is found using DPM when compared to the heat transfer 
results of MPM. This suggests, DPM predicts higher average Nu for higher size of dp 
and it  is to  happen because of the simple mixture of fluid and nanoparticles and few 
other factors, for instances, particles interaction, sedimentation, clogging, erosion.    
Besides,  another comparison is  made with the proposed correlations suggested by 
Pak and Cho [58] and Maiga et al. [59] for Al2O3 nanoparticles under turbulent flow 
regime in Fig. 8.5. Also, average Nusselt number results of multi-phase model is 
presented for both Al2O3 and TiO2 – water nanofluids using different nanoparticles 
concentrations. For ߯ = 1% and 10 × 10ଷ ≤ ܴ݁ ≤ 70 × 10ଷ, it is observed that the 
variations  among the present results, Pak and Cho [58] correlation, and MPM results 
are insignificant. But when ܴ݁ > 70 × 10ଷ, the values of average Nusselt number 
tends to differ from the correlation of Pak and Cho [58] and MPM results and a strong 
agreement is found with the correlation of Maiga et al. [59]. It is also observed that 
the results of average Nusselt number are in good agreement with Pak and Cho [58] 
and MPM results for ߯ = 4% and 6% and 10 × 10ଷ ≤ ܴ݁ ≤ 40 × 10ଷ,.  Whereas for 
ܴ݁ > 40 × 10ଷ, present results deviate from the results of Pak and Cho [58] and MPM 
results and moves closer to the results of  Maiga et al. [59]. But for ߯ = 6% and 
ܴ݁ > 80 × 10ଷ, an significant deviation is observed with the correlations proposed by 
Pak and Cho [58], MPM results and Maiga et al. [59]. Moreover, a similar trend is 
observed for TiO2 nanoparticles using Eulerian-Lagrangian discrete phase model. The 
reason behind such behaviour of both Al2O3 and TiO2 nanoparticles is the 
augmentation of velocity in the different phases for the increase of Reynolds numbers 
and the strong interaction between the fluid particles and nanoparticles. This is also 
due to the strong coupling between the fluid and nanoparticles phases as well.  
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Different researchers attempted to explain the reason behind rapid enhancement of 
heat transfer rate using nanofluids. In particular, Buongiorno [78] mentioned, t if the 
wall temperature is higher than the bulk temperature then Prandtl number calculated 
at bulk properties will be higher than the Prandtl number calculated at laminar 
sublayer properties. This helps to increase the heat transfer rate. Such behaviour is 
also depends on two effects (Buongiorno [78]), that is  ߤ > ,௦ߤ ߣ < ௦ and߯ߣ >
߯௦. Though the first effect is present in pure fluids,  it is more dominant for 
nanofluids because of the  more pronounced effect of dynamic viscosity and thermal 
conductivity  in the laminar sub-layer regime for nanofluids. The second effect 
indicates that dynamic viscosity is strongly dependent on ߯ and as the ߯ increases, ߤ  
increases too. This plays a significant role in the reduction of Prandtl number at 
laminar sublayer.  
Arani and Amani [117]  also explained the increase of forced convective heat transfer 
coefficient by Macroscopic theory. They mentioned, the enhancement of convective 
heat transfer coefficient depends on the increase of thermal conduction. Such 
increase of thermal conduction is feasible due to the addition of nanoparticles into 
the base fluid. However, they also mentioned, the enhancement of heat transfer 
coefficient also depends on the increase of thermal conductivity and decrease of the 
thickness of thermal boundary layer as well. They also found that size diameter of the 
nanoparticles had a marginal effect on the enhancement of convective heat transfer 
rate which was possibly due to the nanoparticles migration mechanism [118].   
Since nanofluid is a mixture of base fluid and nanoparticles, it is  likely to consider 
this as two-phase solid-fluid interaction which is fully ignored in single and multi-
phase mixture models. Keblinski et al. [119] suggested, the  enhancement of heat 
transfer rate mainly depends on the movement of nanoparticles inside the fluid which 
helps to transport heat from one nanoparticles to another and increase the thermal 
conductivity. They have also suggested that fluid layering at fluid/nanoparticles 
interface, nanoparticles clustering and nature of heat transport in particles inside the 
domain of heat transfer play a significant role to increase the heat transfer rate. But, 
the above mentioned effects is not to be able to describe the theoretical and practical 
analysis of such enhancement because of the complex nature of nanofluid.  Therefore, 
more experimental investigation are needed to understand how we treat nanofluid; 
and how we consider this as a pure solid-fluid mixture; or whether it will be simply 
two different phases with solid-fluid interactions or not. 
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8.4 Conclusion 
In the present work, Eulerian-Lagrangian discrete phase model has been introduced 
to investigate the thermal performance of Al2O3 and TiO2 nanoparticles in pipe with 
temperature dependent properties under transition to turbulent flow regimes. 
According to our findings, the following conclusions have been drawn and 
summarised as follows: 
(1) It is seen that for ߯ = 4% and 6% and 10 × 10ଷ ≤ ܴ݁ ≤ 40 × 10ଷ, the results of 
heat transfer rate are very close to the experimental results of Pak and Cho [58] and 
MPM. However,  results deviate from Pak and Cho [58] correlation as well as MPM for 
ܴ݁ > 40 × 10ଷ and moves close to the numerical correlation of Maiga et al. [59]. 
(2) It is also seen that average shear stress coefficient ratio becomes inferior for high 
nanoparticles concentration compared with the results of single and multi-phase 
mixture models. 
(3) Higher heat transfer enhancement is observed for Al2O3 nanoparticles than TiO2 
nanoparticles for all Re and ߯.  
Finally, it is seen that performance of DPM is excellent under laminar and turbulent 
flow regimes without using information about the behaviour of nanofluid and its 
thermophysical properties. Since this model only requires physical properties of 
water and nanoparticles, this approach has opened a new platform to study the 
behaviour of a simple mixture which is used in this model. At the end, more 
experimental research is necessary to understand the performance of new mixture. 
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 Figure 8.1: Comparisons of the present results with Shah and London [116] and Kim 
et al. [49] of local Nusselt number for water under fully developed laminar flow 
regime 
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Al2O3-H2O nanofluid TiO2-H2O nanofluid  Figure 8.2: Variations of average shear stress coefficient ratio with different Reynolds 
numbers for different nanoparticles concentration and nanofluids 
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Figure 8.3: Variations of average Nusselt number with different Reynolds numbers 
for different nanoparticles concentrations and Al2O3-H2O nanofluid under laminar 
flow regime 
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Figure 8.4: Variations of average Nusselt number with different Reynolds numbers 
for different nanoparticles concentrations and nanofluids under transition regime 
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Figure 8.5: Variations of average Nusselt number with different Reynolds numbers 
for different nanoparticles concentrations and nanofluids under turbulent regime  
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Chapter 9  
Transition of Nanofluids Flow in an Inclined Heated Pipe 

 

9.1 Introduction 
 
 A numerical study has been carried out to understand the heat transfer behaviour of 
Al2O3-H2O and TiO2–H2O nanofluids flow in an inclined pipe using both the single and 
multi-phase models under transition flow condition in this chapter,. The SST ߢ −
߱ transitional model with different inclination angles from 0° to 75° has been used 
for simulating the transition flow regime. Previously, it was found that combination of 
the smaller size of nanoparticles (e.g. dp = 10 nm) and the higher nanoparticles 
volume concentration (χ = 6%) had produced the highest thermal performance when 
the Brownian motion of nanoparticles had been taken into account. Details of these 
findings  has been discussed in Chapters 4 and 5 respectively.  
 
Literature review suggests that a very few experimental and numerical investigations 
have been carried out to the date on the laminar and turbulent nanofluid flow in an 
inclined or a vertical pipe [120-122]. And, we are the first to have investigated the 
nanofluid flow inside an inclined pipe in transition regime considering a smaller size 
but higher concentrations (mentioned above) of nanoparticles with the Brownian 
motion. 
 
9.2 Physical Model and Boundary Conditions 
Three-dimensional model of an inclined pipe with a length L of 1.0 ݉ and a circular 
section with diameter ܦ of 0.019 ݉ is shown in Fig. 9.1.  Besides, the inlet, outlet and 
wall boundary conditions used for modelling  the mixed convection of nanofluids flow 
in inclined pipe have already been described in §4.2 of Chapter 4. Also, the 
Boussinesq approximation is introduced in the momentum equation for mixed 
convection nanofluids flow in the inclined pipe as shown in Eq. (3.23) of Chapter 3. 
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9.3 Grid Sensitivity Analysis 
Grid sensitivity analysis has been carried out using different mesh volumes for the 
horizontal (θ = 0°) and inclined (θ = 45°) pipe orientations in order to achieve a 
suitable grid. The grid sensitivity results of radial velocity, temperature, turbulent 
kinetic energy and average Nusselt number with different mesh volumes for Al2O3-
H2O nanofluid are presented in Figs. 9.2 and 9.3. 
Here, five different mesh control volumes considering a total element numbers of 
274512, 275544, 294120, 462756 and 584022 have been considered respectively for 
a selected Reynolds number, Re, of 10000. The results of the radial velocity and 
temperature extracted at the location of x = 0.99 m where the flow fields seem to be 
fully developed shows insignificant variations along the radial direction with the 
mesh choices. However, a significant variation between the radial turbulent kinetic 
energy profiles  is observed for a lower number of mesh volumes. But the results for 
the mesh volume of 462756 and 584022 are similar and so, 462756 are considered to 
be appropriate for the present investigation.  
The variations of the average Nusselt number with different mesh volumes have also 
been presented in Fig. 9.3 in order to justify the final selection again. It clearly shows, 
in case of the mesh volume size being greater than 460000, any size of mesh volume 
can be adopted for nanofluids flow in pipe when the objective is to test the effect of 
inclination angles from 0° to 75°. It is significant that a uniform mesh distribution is 
considered along the pipe as well as the non-uniform mesh distributions are 
considered in other two directions in order to achieve better and accurate results of 
flow fields inside and near wall region of the pipe as shown in Fig. 9.4. 
9.4 Results and Discussions 
Here, Numerical investigations have been carried out using the Al2O3-H2O and TiO2-
H2O nanofluids with the following parameters: Reynolds number from ܴ݁ =
2300 to 10 × 10ଷ (transition regime), nanoparticles concentration, χ = 6%, diameter 
of nanoparticles, dp = 10 ݊݉ and pipe inclination angles from θ = 0° to 75°., At first, a 
comparison between the results of the 2D axi-symmetric (carried out in the previous 
Chapter 4) and the 3D pipe model is presented in the following section. Then, contour 
plots of the axial velocity and turbulent kinetic energy are shown in order to 
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understand the flow behaviour. Later on, variation of the wall temperature and local 
Nusselt number as well as the Darcy friction factor and average Nusselt number with 
different inclination angles using the single and multi-phase models (SPM, MPM) are 
also presented and discussed. 
9.4.1 Comparisons 
Accuracy of the Darcy friction factor and average Nusselt number depend on the 
several factors such as good distribution of mesh along the axial; radial and tangential 
directions; choice of a transitional model; suitable boundary conditions near wall 
treatment as well as the physical geometry. Hence, it is important to compare the 
accuracy of the present results obtained in the 3D model geometry with some 
available experimental or numerical results. More essentially, comparison of the 
results obtained from the 2D axi-symmetric geometry has been done to gain further 
confidence in the full 3D modelling.  A horizontal pipe with two water based Al2O3 
and TiO2 nanofluids is considered to do this. Here, the chosen parameters are: Re = 
2300 to 10000, dp = 10 nm, χ = 6% with the Brownian motion of nanoparticles.  
Figure 9.5 shows the variations of the Darcy friction factor and average Nusselt 
number with different Reynolds numbers. It is observed that for the Al2O3-H2O 
nanofluid, the maximum percentages of variations among the results of average 
Nusselt number obtained from the 2D axi-symmetric model are 3.12% and 4.27% 
respectively with the single and multi-phase models. However, such variations are 
found to be 4.06% and 4.98% respectively for the TiO2-H2O nanofluid.  The maximum 
percentages of variations among the results of Darcy friction factor is found to be less 
than 1%. And, there is no significant difference found between the Darcy friction 
factor results while using the single and multi-phase models. Since the goal is to 
justify the accuracy of the simulated results of 3D model, Figure 9.5 shows a strong 
agreement compared with the results obtained using the 2D axi-symmetric model 
that have already been presented, verified and described in Chapter 4. 
9.4.2 Velocity Contours 
In this section, 2D contour plots of velocity have been generated by placing a 
horizontal plane along the pipe and also at different axial positions in order to 
understand the flow field behaviour in details for different inclination angles as 
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shown in Fig. 9.6. Only Al2O3-H2O nanofluid with single phase model has been 
selected and the Reynolds number has been fixed to Re = 3500. 
The transition phenomena observed previously in the axisymmetric model (Chapter 
4) remains to be the same in case of θ = 0°.  For example, the axial velocity initially 
behaves like a laminar flow and the transition begins at the hydrodynamic critical 
point. At this point, the hydrodynamic boundary layer thickness starts to grow and 
such development is found higher than the boundary layer growth observed in the 
upstream region. After the laminar breakdown point, the development of 
hydrodynamic boundary layer tends to become constant suggesting the flow to be 
fully developed. However, the development of a pair of unequal cells near the 
upstream at the top and bottom walls of the pipe is observed when the inclination 
angle is increased e.g. for θ = 0° to 30°. The upper one forms a larger size cell with a 
higher velocity magnitude than the lower one. It is also noticed that the development 
of lower sized cell is weak while the upper sized cell is stronger which dominates the 
flow at the upstream region. Also, the development of these two cells is seen to be 
limited within the region L < 0.3 m and this may be due to the buoyancy force which 
comes into effect due to the inclination angle. Besides, the flow starts to be fully 
developed further from the upstream and also in the downstream regions. And, such 
development is found to be identical because of the symmetry.  
As the inclination angle is further increased from θ = 30° to 75°, the larger size cell 
starts to reduce but the smaller size cell starts to enhance. Similarly, the development 
area of these two cells decreases and is found to be less than 0.2 m. Moreover, as the 
lower cell moves towards the centreline region of the pipe, such rapid expansion 
forces the upper cell to reduce its size as which is clearly visible in frames (e, f). Since 
the lower cell becomes dominate in the pipe affecting the growth of the upper cell, it 
suggests that the upper cell is going to be diminished with the further increase of the 
inclination angle. 
Moreover, Fig. 9.7 shows the variations of the velocity contours at different axial 
positions with different inclination angles. In case of θ = 15° and at x = 0.1 m, it is 
observed that the higher velocity region tends to move towards the upper wall zone 
and forms a large size of cell with lower velocity region that  is likely to cover lower 
wall zone. Whereas for θ = 30° and x = 0.1 m, a rapid decrease of higher velocity 
region which tends to move more towards the upper wall region  is observed and the 
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large size of cell forms a quarter moon type profile. Also, a small development of 
lower velocity zone seems to grow near the lower wall region. A degeneration of 
higher velocity region and moon type profile are seen near the top wall of the pipe 
and a rapid development of lower velocity region is observed for θ = 45° to 60° and x 
= 0.1 m. Though for θ = 75° and x = 0.1 m, a higher velocity cell seems to diminish and 
the whole region is almost covered with the lower velocity fluid. Again, it is observed 
that the higher velocity cell moves towards the upper wall region and forms a semi-
circular profile while other regions are covered  with the lower velocity magnitude of 
the nanofluid in case of θ = 15° to 30° and x = 0.25 m. However, for θ = 45° to 75° and 
x = 0.25 m, higher velocity region seems to diminish and the lower velocity fluid tends 
to cover the whole region. When x > 0.25 m, the flow tends to be fully developed and 
decrease of velocity magnitude is observed with the increase of inclination angles. 
9.4.3 Turbulent Kinetic Energy Contours 
Figures 9.8 and 9.9 show the variations of turbulent kinetic energy along the pipe 
with different inclination angles using single phase model for Al2O3-H2O nanofluid. 
For θ = 0°, the initial blue region near the upstream indicates that the turbulent 
kinetic energy is almost constant and the flow behaviour seems to be laminar.  This 
agrees well with the results reported in Chapter 4. 
When L > 0.2 m, the turbulent kinetic energy starts to develop and a rapid increase is 
observed at the laminar breakdown point near the wall region.  Though the laminar 
behaviour at the upstream tends to disappear and development of a large cell near 
the lower region of the pipe wall is observed for θ = 15° to 30°. Also, a small glimpse 
of the growth of higher magnitude of turbulent kinetic energy cell is visible inside the 
large and developed cell near the centreline position of the upstream. When 0.2 m < L 
< 0.4 m, the large cell is seen to cover almost the centreline area. And, another 
development of small cell which is connected to the large cell is evident near the 
upper wall. Besides, both the cells start to decrease when L > 0.4 m.  Moreover, the 
growth of boundary layer start to be steady, constant and identical along the pipe at 
the downstream because of the symmetry boundary conditions and as the flow tends 
to be fully developed.  
As the inclination angle increases from θ = 30° to 75°, the large cell starts to be 
reduced in size as well as the growth of higher magnitude of turbulent kinetic energy 
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inside the large cell starts to increase rapidly at the same time. Also, the development 
area of the large cell is decreased and is found to be less than 0.3 m. Moreover, the 
higher magnitude cell lying inside the large cell moves towards the centreline region 
and such augmentation forces the small cell located near the upper wall to be 
reduced. This is clearly visible in Figs. 9.8 and 9.9. As the inclination angle increases, 
the combination of higher magnitude cell and the large cell forms a womb like profile 
which is reduced with the increase of inclination angles. 
9.4.4 Temperature Contours and Surface Temperature 
In this section, variations of the temperature profile along the pipe for different 
inclination angles has been presented in Figs. 9.10 and 9.11 to understand how the 
Buoyancy force affects the thermal field as well. 
For θ = 0°, it is found that most of the region of the pipe is covered with the deep blue 
colour that refers to the lower temperature region.  On the other hand, higher 
temperature is observed near the wall region. Also, the maximum temperature 
difference between the higher and lower temperature region is found to be 
approximately 6K. Moreover, the growth of thermal boundary layer seems to be 
steady and fully developed when ݔ >  0.25 ݉. Again, it is worth noting that these 
behaviours agree well with the previous findings reported in Chapter 4. 
For θ = 15°, a sudden change in the growth of thermal boundary layer is observed 
near the bottom wall region when ݔ <  0.2 ݉. But after that region, a development of 
boundary layer seems to be steady and tends to be fully developed. Similar behaviour 
is also observed for θ = 30° and 45°. This behaviour indicates the effect of the 
Buoyancy force when the Boussinesq approximation is considered. For θ = 60° and 
75°, a deformation of the growth of thermal boundary layer is observed near the top 
wall when ݔ <  0.2 ݉. However, the development of boundary layer seems to be 
more pronounced and higher boundary layer thickness is also observed for the 
increase of inclination angles when ݔ >  0.2 ݉ for the increase of inclination angles. 
This suggests, the thermal flow filed tends to behave more like a fully developed 
turbulent flow than that of transition flow. 
In order to calculate the surface temperature, a circumference averaged wall 
temperature of the pipe has been calculated for different inclination angles. Figure 
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9.12 shows the variations of surface temperature with different inclination angles 
using the single and multi-phase models for Al2O3-H2O and TiO2-H2O nanofluids. For 
all the cases, it is observed that the surface temperature increases rapidly near the 
upstream though it starts to decrease at the thermal critical point. Then, a steady 
state pattern is observed there and a slight monotonically increasing behaviour of 
surface temperature is seen along the pipe. It is also noticed that the surface 
temperature increases with the increase of inclination angles from θ = 0° to 75°. Also, 
higher surface temperature is observed in the single phase model than that in the 
multi-phase model. 
In particular, the thermal critical distance decreases and moves towards the 
upstream region with the increase of inclination angles from θ = 0° to 45° for Al2O3-
H2O nanofluid. It suggests, the transition behaviour of the thermal filed starts to 
diminish due to the buoyancy force for the higher inclined pipe. Again, the existence 
of thermal critical point is not visible for θ = 60°. This suggests, the buoyancy force 
plays a dominant role in the mixed convection and transition behaviour of thermal 
field tends to vanish. On the other hand, the surface temperature starts to rise initially 
for θ = 75° though it suddenly decreases then. And it starts to rise rapidly again. This 
behaviour indicates, there is a quick transformation of surface temperature from 
transition to turbulent regime. Although such behaviour follows neither the transition 
nor the turbulent behaviours fully, results suggest that turbulence is more dominance 
in the flow and thermal fields. This can be justified further from Figs. 9.8 and 9.9 since 
the maximum turbulent kinetic energy found here is 0.01121 m2/s2, 0.014022 m2/s2, 
0.02085 m2/s2, 0.024193 m2/s2, 0.024605 m2/s2 and 0.024665 m2/s2 for θ = 0°, 15°, 
30°, 45°, 60° and 75° respectively. 
Furthermore, the surface temperature at the thermal critical point has been found to 
be same in both of the single and multi-phase models for θ = 0°. But for θ > 0°, the 
surface temperature at the thermal critical point has been found higher in the single 
phase model than that in the multi-phase model. Besides, Al2O3-H2O nanofluid has 
shown lower surface temperature than TiO2-H2O nanofluid for θ = 0°. It thus 
indicates. the forced convection plays an important role for nanofluids flow in 
horizontal pipe. However, TiO2-H2O nanofluid has shown lower surface temperature 
than Al2O3-H2O nanofluid for θ > 0°. This means, the mixed convection plays an 
important role for nanofluids flow in an inclined pipe.  
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9.4.5 Local Nusselt Number Behaviour 
Figure 9.13 shows the variations of local Nusselt number with different inclination 
angles for Al2O3-H2O and TiO2-H2O nanofluids using single and multi-phase models. In 
all these cases, the local Nusselt number has always been found to be maximum near 
the upstream although it starts to decrease rapidly afterwards. And at the thermal 
critical point, it starts to rise again. Further, the local Nusselt number tends to become 
constant and steady from the thermal critical point as the flow tends to become fully 
developed. The local Nu is observed to decrease with the increase of inclination 
angles from θ = 0° to 75°. Again, the higher local Nusselt number is observed in the 
multi-phase model than in the single phase model. These findings are feasible 
because of the increase of surface temperature along with the increase of inclination 
angles from θ = 0° to 75°.  
Once more, the local Nusselt number is found to be identical at the critical point and 
in both of the single and multi-phase models for θ = 0°. But for θ > 0°, the local Nu at 
the critical point is found to be higher in the multi-phase model than in the single 
phase model. However, the Al2O3-H2O nanofluid shows the higher local Nu than the 
TiO2-H2O nanofluid while using both the single and multi-phase models for θ = 0°. But 
for θ > 0°, the TiO2-H2O nanofluid shows higher local Nusselt number than the Al2O3-
H2O nanofluid.  
Another particular investigation has been carried out to understand the transitional 
behaviour of different inclination angles, θ = 45° to 75° as presented in Fig. 9.14. It is 
observed that transition behaviour actually exists for θ < 55° and  then, no sudden 
changes of local Nu is visible for θ = 55° to 60° suggesting the diminish of transition 
behaviour. For θ = 60°, the critical point diminishes and this indicates the rapid 
increase of surface temperature that forces to decrease the local Nusselt number. 
Again, this number is found to be the maximum near the upstream and then it starts 
to decrease gradually for θ > 60°. After that, a sudden rapid rise and speedy decay is 
observed and it tends to be constant along the pipe. It specifies that local Nu behaves 
neither like a transition flow nor like a turbulent flow.  
 A detailed investigation has been carried out in order to understand the behaviour of 
hydrodynamic and thermal critical distances and the results are presented in Fig. 
9.15.  Here, both the hydrodynamic and thermal critical distances decrease with the 
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increase of inclination angles though no transition behaviour of the thermal flow field 
is observed for θ ≥ 60°. This is already shown in Fig. 9.13. It indicates, the transition 
behaviour of thermal flow field is more affected by the Buoyancy force in the mixed 
convection. Two different peak positions  clearly visible in Fig. 9.13 is found to  be 
present when θ > 60° These positions can be referred to the first and second 
transition points respectively. Another investigation has been carried out to 
understand the behaviour of thermal critical distance for θ ≥ 60° and the results are 
presented in Fig. 9.16.  Here, the first and second critical distances decrease with the 
increase of inclination angles when θ > 60°. It is also observed that the first critical 
distance decreases with the increase of Reynolds number when Re < 4000.  But, such 
distance becomes constant when 4000 ≤ Re ≤ 10000. The second critical distance 
decreases with the increase of Reynolds number when Re < 8000 and then it becomes 
constant when 8000 ≤ Re ≤ 10000. Such behaviour indicates that the way of flow 
separation and critical distances are quite different when θ ≥ 60°. Also, the flow 
separation causes more disturbance in the flow field and the separated flow tends to 
behave like more turbulent than transition due to the Buoyancy force.  
Another particular investigation is done to understand the variations of maximum 
turbulent kinetic energy with different Reynolds number for different inclination 
angles as shown in Fig. 9.17. It is observed that the maximum turbulent kinetic 
energy increases with the increase of inclination angles when θ < 60°.  But it  starts to 
decrease with the increase of inclination angles when θ ≥ 60°. Such behaviour 
supports the findings shown in Figs. 9.13 to 9.16. As it has been already discussed,   
the transition behaviour tends to diminish when 0° ≤ θ< 60° and  both the local Nu 
and surface temperature T behave like neither fully transition nor fully turbulent flow 
when θ ≥ 60°. Such changes  in behaviour are also visible in the results shown in Fig. 
9.17. The hydrodynamic and thermal critical distances are strongly dependent on the 
Reynolds number as well as on the inclination angle but independent to the types of 
nanofluids, nanoparticles diameters and concentrations.  These findings are realistic 
and physically valid with what has been shown in Chapter 4. 
9.4.6 Darcy Friction Factor Behaviour 
Darcy friction factor results are presented in Fig. 9.18 with a view to understand the 
pressure drop behaviour affected by the Buoyancy force inside the inclined pipe.  To 
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do this, the variations of Darcy friction factor with different inclination angles and the 
Reynolds numbers for Al2O3-H2O and TiO2-H2O nanofluids have been presented here. 
There is an insignificant difference between the Darcy friction factor results of 
nanofluids and base fluid (water) in the horizontal pipe. This has been described in 
Chapter 4. But, the Darcy friction factor increases with the increase of inclination 
angle from θ = 0° to 75° in the inclined pipe. Also, a higher Darcy friction factor is 
observed in the mixed convection case than that is seen in the forced convection. It is 
the additional buoyant force which compels to enhance the pressure drop inside the 
pipe. Again,  more significant enhancement of Darcy friction factor in the mixed 
convection case is observed than that found in the forced convection case for low 
Reynolds number and θ = 30°. As the inclination angle increases, such rapid 
enhancement tends to reduce in comparison with the Darcy friction factor result of θ 
= 30°. This is again the buoyancy force which affects the flow and pressure fields. In 
addition, there have been insignificant differences among the Darcy friction factor 
results with different inclination angles while using both Al2O3-H2O and TiO2-H2O 
nanofluids for the higher Reynolds number such as ܴ݁ ≥  8000. 
In the particular cases for Al2O3-H2O nanofluid, the maximum percentages of the 
variations of Darcy friction factor are 12.86%, 22.13%, 29.41% and 32.80% 
respectively compared with the Darcy friction factor results in horizontal pipe with 
the inclination angles of 30°, 45°, 60° and 75°. However, the maximum percentages of 
the variations of Darcy friction factor  are found to be 12.81%, 21.64%, 29.49% and 
32.97% respectively in such cases of TiO2-H2O nanofluid with the inclination angles of 
30°, 45°, 60° and 75°. These reveal, Al2O3-H2O nanofluid shows the higher 
percentages of enhancement in Darcy friction factor than TiO2-H2O nanofluid for θ = 
30° and 45°. Though, the opposite trend is observed in case of θ = 60° and 75°. 
Besides, the maximum percentages of the enhancement in Darcy friction factor is 
observed for θ = 75° while using TiO2-H2O nanofluid. 
9.4.7 Average Nusselt Number Behaviour 
Figure 9.19 shows the variations of average Nusselt number with the Reynolds 
number and different inclination angles from θ = 0° to 75° for Al2O3-water and TiO2-
water nanofluids. Here, both the single phase model (SPM) and multi-phase model 
(MPM) are considered. At this point, the average Nusselt number is observed to 
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decrease with the increase of inclination angles from θ = 0° to 75° and the higher 
average Nusselt number is  found in the multi-phase model than in the single phase 
model. Also, the average Nusselt number of the nanofluids is always higher than that 
of water at any given Reynolds number for θ = 0° to 75°. 
In particular, the maximum percentages of deviation are approximately 3.87%, 
10.05%, 16.32% and 19.48% respectively for Al2O3-H2Onanofluid, single phase model 
and θ = 30°, 45°, 60° and 75°. These are lower than that in the horizontal pipe. While 
for multi-phase model, these are approximately 3.81%, 9.89%, 16.21%and 19.31% 
respectively and lower than that in the horizontal pipe too. However,  the maximum 
percentages of deviation  are approximately 4.34%, 9.18%, 14.90% and 18.71% 
respectively for TiO2-H2Onanofluid, single phase model and θ = 30°, 45°, 60° and 75°. 
Similarly, these are approximately 4.28%, 9.02%, 14.76% and 18.58% respectively 
for multi-phase model. All of these percentages are lower than those in the horizontal 
pipe. These results indicate, the average Nusselt number in inclined pipes are lower 
than that of horizontal pipe and the maximum degeneration of heat transfer is 
observed for θ = 75° and Al2O3-H2O nanofluid. The reason behind such degeneration 
of heat transfer rate in inclined pipe is  the effect of buoyancy. Because, it forces to 
enhance the surface wall temperature resulting the reduction of heat transfer rate in 
comparison with the heat transfer rate in horizontal pipe. 
9.5 Conclusion 
As it is stated at the beginning, numerical investigation has been performed in order 
to understand the heat transfer behaviour of transition mixed convection in inclined 
pipe for this chapter. And, two different types of nanofluids such as Al2O3–water and 
TiO2–water nanofluids have been considered as working fluid as well as two different 
models called the single and multi-phase models have been used throughout this 
investigation. Results are presented in terms of x-velocity and turbulent kinetic 
energy contours, surface temperature, local and average Nusselt number as well as 
Darcy friction factor. So, the following conclusions can be drawn from the outcomes: 
 

o The contours of flow field and turbulent kinetic energy is found to be distorted 
near the upstream region along with the increase of inclination angles due to 
Buoyancy force.   
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o The surface temperature is observed to increase along with the increase of 
Reynolds number in the different inclination angles. Also, higher surface 
temperature is observed for the higher inclination angles. Such enhancement 
of wall temperature is responsible for the degeneration of heat transfer rate.  

o The Darcy friction factor is increased along with the increase of Reynolds 
number in different inclination angles. Also, the higher Darcy friction factor is 
noticed in the higher inclination angles. And, such enhancement is found to be 
liable for the higher penalty in pumping power. 

o The local Nusselt number is decreased with the increase of inclination angles. 
Also, it is found that transition behaviour of local Nusselt number exists for 0° 
< θ < 55° and then it starts to diminish. And then, neither transition nor 
turbulent behaviour is seen when θ > 60°.   

o The average heat transfer rate is decreased along with the increase of 
Reynolds number in different inclination angles. It suggests, mixed convection 
has opposite effect on the inclined pipe than the forced convection on the 
horizontal pipe. 
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Figure 9.1: Schematic diagram of the geometry under consideration 
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Figure 9.2: Variations of radial velocity, temperature and turbulent kinetic energy at x = 
0.99 m with different mesh volumes for Re = 10000, θ = 0° and θ = 45°, and Al2O3-H2O 
nanofluid (mv refers to mesh volume) 
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 Figure 9.3: Variation
= 10000, θ = 0° and θ
 

Figure 9.4: 2D and 3D view of mesh distributions along the pipe
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ariations of average Nusselt number with different mesh volumes for 

θ = 45°, and Al2O3-H2O nanofluid 

Figure 9.4: 2D and 3D view of mesh distributions along the pipe
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Figure 9.5: Comparisons between the results of average Nusselt number and Darcy 
friction factor of horizontal pipe with different Reynolds numbers using the 2D axi-
symmetric and 3D models for A: Al2O3-H2O and T: TiO2-H2O nanofluids 
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Al2O3-H2O  nanofluid  

  

Figure 9.6: Variations of axial velocity along the pipe for different inclination angles 
(a) θ = 0°, (b) θ = 15°, (c) θ = 30°, (d) θ = 45°, (e) θ = 60°, (f) θ = 75° and Re = 3500 
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Figure 9.7: Velocity contour
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x = 0.25 m x = 0.5 m x = 0.75   

 

Figure 9.7: Velocity contours for different inclination angles (a
= 45°, (e) θ = 60°, (f) θ = 75° and Re = 3500 at axial position 

m and 1.0 m(left to right) respectively. 

= 0.75 m x = 1.0 m   

 

 

 

 

 

 

 
a) θ = 0°, (b) θ = 15°, (c) 

= 3500 at axial position x = 0.1 m, 
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Al2O3-H2O  nanofluid  
  

Figure 9.8: Variations of turbulent kinetic energy along the pipe for different 
inclination angles (a) θ = 0°, (b) θ = 15°, (c) θ = 30°, (d) θ = 45°, (e) θ = 60°, (f) θ = 75° 
and Re = 3500 
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Figure 9.9: Turbulent kinetic energy contour
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x = 0.25 m x = 0.5 m x = 0.75   

 

Figure 9.9: Turbulent kinetic energy contours for different inclination angles (
θ = 30°, (d) θ = 45°, (e) θ = 60°, (f) θ = 75° and 

, 0.25 m, 0.5 m, 0.75 m and 1.0 m respectively
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Figure 9.10: Variation
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Variations of temperature along the pipe for different inclination angles 
= 15°, (c) θ = 30°, (d) θ = 45°, (e) θ = 60°, (f) θ = 75° and 
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Figure 9.11: Temperature contour
15°, (c) θ = 30°, (d) 
0.1 m, 0.25 m, 0.5 m, 0.75 
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x = 0.25 m x = 0.5 m x = 0.75   

Figure 9.11: Temperature contours for different inclination angles (a) 
= 30°, (d) θ = 45°, (e) θ = 60°, (f) θ = 75° and Re = 3500 at axial position 
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 Figure 9.12: Variations of surface temperature with different inclination angles, θ = 0° 
to 75° for Re = 3500 
 
 
  

293
295
297
299
301
303

0.0 0.2 0.4 0.6 0.8 1.0

SPM_A: θ = 0°
SPM_A: θ = 30°SPM_A: θ = 45°
SPM_A: θ = 60°
SPM_A: θ = 75°

293
295
297
299
301
303

0.0 0.2 0.4 0.6 0.8 1.0

MPM_A: θ = 0°MPM_A: θ = 30°
MPM_A: θ = 45°
MPM_A: θ = 60°
MPM_A: θ = 75°

293

295

297

299

301

303

0.0 0.2 0.4 0.6 0.8 1.0

SPM_T: θ = 0°
SPM_T: θ = 30°
SPM_T: θ = 45°
SPM_T: θ = 60°
SPM_T: θ = 75°

293

295

297

299

301

303

0.0 0.2 0.4 0.6 0.8 1.0

MPM_T: θ = 0°
MPM_T: θ = 30°
MPM_T: θ = 45°
MPM_T: θ = 60°
MPM_T: θ = 75°

Twall Twall 

Twall Twall 

L L 

L L 



        187  
  

 

 
Figure 9.13: Variations of local Nusselt number with different inclination angles, θ = 
0° to 75° for Re = 3500 
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Figure 9.14: Variations of local Nusselt number with different inclination angles, θ = 
45° to 75° for Re = 3500 

 
Figure 9.15: Variations of thermal and hydrodynamic critical distances with different 
Reynolds numbers for different inclination angles, θ = 0° to 45°  
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Figure 9.16: Variations of thermal critical distances with different Reynolds numbers 
for different inclination angles, θ = 65° to 75°  
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Figure 9.17: Variations of maximum turbulent kinetic energy (k) with Reynolds 
numbers for different inclination angles, θ = 0° to 75° 
 

  
Figure 9.18: Variations of Darcy friction factor with different Reynolds numbers for 
different inclination angles, θ = 0° to 75° 
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Figure 9.19: Variations of Average Nusselt number with different Reynolds numbers 
for different inclination angles, θ = 0° to 75° 
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Chapter 10 
 Conclusions and Future Work 

 
Conclusions from the present research are given in Section 10.1 and some useful 
recommendations for future research are made in Section 10.2. 
 
10.1 Conclusions 
Numerical investigations of forced convection flow have been studied in a horizontal 
pipe under transition and turbulent flow regimes. Particular investigation has been 
done in order to assess the performance of rough wall surface under transition flow 
condition. Finally, the effect of inclination angle in mixed convection flow in an 
inclined pipe is presented. From the above studies, the following conclusions are 
drawn: 
 Darcy friction factor results of water as well as nanofluids found to be identical 

and average Nusselt number results of nanofluids are found always higher 
compared to water for different nanoparticles diameter and concentrations 
under transition to turbulent flow regimes.     

 
 The combination of smaller size nanoparticles and high concentrations with 

Brownian motion of nanoparticles shows the highest heat transfer rate under 
transition to turbulent flow regimes. Also, the higher heat transfer rate is found 
for the higher roughness conditions with uniform roughness applied to the pipe 
wall under transition regime. However, Darcy friction factor increases with the 
increase of roughness height which indicates higher penalty in pumping power. 
 

 No optimal Reynolds number is found for the transition flow in pipe. But for dp = 
10 nm, χ = 6%, optimal Reynolds number is found for the turbulent flow in pipe 
which minimised the total entropy generation. Also, optimal Reynolds number 
is found for different roughness heights under transition flow condition. 
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 Heat transfer performance of DPM model is found quite satisfactory compared 
with the results obtained using SPM and MPM for low nanoparticles 
concentration. But for higher nanoparticles concentration, heat transfer 
performance deviates more from the experimental and numerical results and it, 
therefore, suggests that the DPM model cannot be useful to produce results with 
better accuracy. 
 

 It is observed that the friction factor is increased along with the increase of 
Reynolds numbers in different inclination angles. Also, local Nusselt number is 
decreased with the increase of inclination angles. Moreover, it is also found that 
the transition behaviour of local Nusselt number exists for 0° < θ < 55° and then 
neither transition nor turbulent behaviour is seen when θ > 60°. It is also 
observed that the heat transfer rate decreases with the increase of inclination 
angles. It thus indicates that the heat transfer rate is higher in the forced 
convection than that in the mixed convection. 

 
 Overall, heat transfer enhancement is observed while using both the single and 

multi-phase models. It is seen that there are insignificant difference between the 
results obtained using SPM and MPM. Such findings help us to conclude that 
single phase model can still be applied in the practical applications considering 
the limitations that there is no interaction between the fluid particles and 
nanoparticles. Darcy friction factor results of water as well as nanofluids found 
to be identical and average Nusselt number results of nanofluids are found 
always higher compared to water for different nanoparticles diameter and 
concentrations under transition to turbulent flow regimes.  

 
10.2 Future Work 
The present research shows the impact of two different environment friendly oxide 
nanofluids on heat transfer under transition and turbulent flow regimes. In the 
following section, some recommendations for future research work are presented to 
extend the present work potentially: 
 The study of heat transfer behaviour in forced convection of nanofluids flow in 

micro and nano-sized pipe is very limited. More attention is necessary to 
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investigate such behaviour which will help to understand the use of nanofluids 
flow in micro and nano-sized pipe under laminar to turbulent flow regimes. 

 It is important to understand the behaviour of fluid-nanoparticles mixture. Very 
limited information is available in the literature about the performance of 
Brownian force, Thermophoretic force and Saffman’s lift force of nanoparticles 
on heat transfer enhancement under laminar to turbulent flow regimes. More 
experimental investigations are also necessary to justify the use of simple solid-
fluid mixture instead of nanofluids. 

 In order to gain knowledge on heat transfer enhancement, other physical 
models can be used. Also, the performance in the use of magnetic and other 
nanoparticles in different types of base fluids should be investigated.  
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