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Abstract

In this thesis a theoretical study is made of the behaviour of single-
electronic devices and systems. It is argued that the properties of single-
electronic systems can be determined if the densities of the legal soliton states
are known. The dynamics of the tunnelling electrons in such systems are
modelled as a traffic process. An exact analytical technique based on the
conventional Traffic Theory is formulated in the thesis. This new technique is
compared with the traditional Monte-Carlo method and is shown to be superior,
both in accuracy and speed. An algorithm that correctly and efficiently
determines the set of active soliton states and the relationship between the
states is also described.

Tunnelling dynamics in a double-junction system are modelled as a
Birth-Death process and an exact analytical solution is obtained. The model is
then used to study the effects of discrete energy spectrum at the central dot of a
double-junction system.

A numerical solution for the Fokker-Planck like equation of the charge
density function in a single tunnel junction circuit is implemented and used to
study the coherence of the single-electron tunnelling (SET) oscillations. To
avoid the heavy computations involved in the numerical solution a simple
technique based on the distribution of the time between successive tunnel
events is presented. It is shown that the SET oscillations do exist but the
predicted ensemble average oscillations damp out exponentially with time.

The regimes of operation of the double-junction system, the turnstile, are
investigated. It is argued that the addition of resistive components to the circuit
will enhance the reliability of the device and dramatically reduce the
probability of unwanted events at the cost of reduced clocking rate. The
Master-Equation formalism is extended to the double-junction system. The
charge fluctuations are shown to be less than the fluctuations in a single-
junction case.

The processes degrading the reliability of single-electronic systems are
studied. These include thermal and quantum fluctuations, the charge
macroscopic quantum tunnelling and single charges that are being momentarily
or permanently trapped in the vicinity of the system's electrodes. The Traffic

model is extended to include these processes
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Chapter (1)

Introduction

Recent advances in fabrication technology have made it possible to
fabricate ultra-small normal (non-superconducting) tunnel junctions in which the
flow of the electric charge in the form of discrete single electrons can be observed
and controlled. The new devices exhibit two distinct modes of operation; viz. (a)
the Coulomb-blockade regime where the flow of electrons is completely |
suppressed by the Coulomb gap and (b) the correlated flow of single electrons
where a single tunnel event will block other events until some certain charge is fed
to the junction from the external source. These exciting properties suggest that
these devices may be used in a wide range of applications including the single-
electron logic circuits and current standards.

This has motivated the investigation into the single junction as a basic
element of the new class of single-electronic devices and into multi-junction
systems which are expected to provide higher reliability and versatility.

The objective of this thesis is to study the properties of some devices that
~ are expected to form the backbone of the wider range of the single-electronic
systems and to develop some simulation tools to facilitate the studies.

The behaviour of single-electronic devices is affected by thermal and
quantum fluctuations induced by the environment. Trapped charges in the bulk
insulating medium or at the surface modulate the potential at the different nodes of
the system. It is therefore an important issue to investigate these factors and look

at ways of eliminating or reducing their detrimental effects.

1.1 Outlines of the Thesis:
Chapter (1): is an introductory chapter, a historical background of the field
of Single-Electronics is presented, and the physics behind the Coulomb-blockade

phenomenon is outlined.



Chapter (2): the single junction is studied, two models are used to analyse
the device; these are: (a) the solution of the Master Equation relating the charge
distribution function to the parameters of the single-junction circuit and (b) a
simpler technique based on the investigation of the distribution of the time
between successive tunnel events. |

Chapter (3): the double-junction structure has received a lot of attention in
the last few years and several experiments have been performed on different
double-junction structures. The device is described in this chapter with reference
to several experimental structures. Modelling techniques used in this chapter
include: (a) a semiclassical model describing the origin of Coulomb blockade in
such circuits, (b) Finite-State-Machine model describing the State-Input-Transition
relationship in single-electronic systems, (c) static and dynamic Monte-Carlo
methods and (d) Master-Equation model._ Emphasis is placed on the double-
junction as a memory element in logic circuits (the turnstile).

Chapter (4): is intended to be an extended introduction to chapter (5). The
long array of tunnel junctions is studied and is shown to sustain soliton modes.
The conventional Monte-Carlo techniques, as applied to modelling single-
* electronic devices and circuits, are briefly outlined.

Chapter (5): an exact analytic technique based on the conventional Traffic
Theory is presented as a solution of the model of multi-junction systems. This
technique is shown to be much faster than the standard Monte-Carlo method. An
algorithm which systematically and efficiently determines the set of active states is
described and implemented. A version of this technique (the Birth-Death Model) is
applied to the double-junction system.

Chapter (6): the flow of single electrons in single-electronic systems is
affected by thermal and quantum fluctuations; unwanted tunnel events will
degrade the reliability of these devices. Fluctuations of the potential due to single
charges being trapped/detrapped in the vicinity of the junctions may also cause

such events. These killer processes are investigated in this chapter.



The following sections give a review of the field of single-electronics. The
first structures in which the Coulomb-blockade phenomenon was observed are
briefly described. In this chapter, the semiclassical model of tunnelling in a

metallic tunnel junction is presented.

1.2 Historical Background:

The electrical conduction mechanism through small metal particles has
been a subject of interest since the early fifties. The first studies were conducted
on thin metal films a few tens of angstroms thick prepared by evaporation onto a
substrate. These films consist of an array of small individual metallic islands
separated by distances of the order of a few angstroms. The size of the islands and
the separation between the granules determine the electrical properties of the film.
The behaviour was found to be dominated by the bulk metal properties if the film
contains large metal granules with small inter-grain separation. Due to strong
scattering from the dielectric inclusions and grain boundaries, the electrical
conductivity will be less than the crystalline value, see Abeles (1976) for a review.

In the metallic region, the resistivity is relatively low and the temperature
* coefficient of resistivity is positive. A film of small metallic particles imbedded in
a continuum of a dielectric medium (the dielectric region) behave in a different
way and its electrical properties are greatly affected by the isolated metal particles
and the insulating medium as well. In the dielectric region, the resistivity
decreases with temperature; and the resistivity is strongly field dependent at high
electric fields and low temperatures. In the transitional region, between metallic
and dielectric regions, the resistivity rises sharply because of the breaking up of
the metal continuum and the subsequent formation of a series of isolated metal
granules, see e.g. Abeles (1976).

For electrical conduction to occur in thin film structures, electrons must be
transferred from one particle to the other across the gaps, and it is this mechanism

of transfer that determines the electrical properties of the film. Such films were



extensively studied, both in the normal state (e.g. by Neugebauer and Webb
(1962)) and in the superconducting state (e.g. Giaever and Zeller (1968)). A recent
study was conducted by Cohn et al (1990) on oxidised films of bismuth. A
negative temperature coefficient of the resistance of such films was observed.
This indicates that the conduction mechanism in these structures is an activated
process; i.e. the addition of thermal energy to the system tends to enhance the
conduction process.

As early as 1951, Gorter has pointed out the importance of the energy
required to transfer an electronic charge from an initially neutral island to another.
This energy is estimated to be of the order of e2/4rer where r is the radius of the
granule. Neugebauer and Webb (1962) argued that only electrons or holes excited
to states of at least this energy above the Fermi level will be able to tunnel from
one neutral island to the other and referred to this energy as the 'activation energy’,
which is the energy required to charge a sphere of radius r by a single electronic
charge. _

The transfer of charge from an initially charged island to a neutral grain
was assumed to be an inactivated process because it does not lead to a net increase
* in the energy of the system, in contrast to the case of two neutral islands. It will
" be shown that the transfer of electrons between the granules of such structures may
be treated within a unified theory where no distinction between initially charged
and initially neutral islands is needed. The activation-energy model used by
Neugebauer and Webb predicted a (negative) exponential dependence of the (low
temperature) low-bias conductance of the film on the reciprocal of temperature.
Although this model neglected the interaction between the charged particles, the
authors had pointed out the importance of the interaction energy when it becomes
of the order of the thermal energy, kgT, or when the size of the islands and
distance between the particles are made extremely small. This model also
neglected the potential differences between neighbouring islands due to the

existence of an excess electron at another grain.



Hill (1969) suggested a model that accounts for the interaction energy
between the grains. Hill assumed that the metallic granules are identical and all of
spherical shape with equal distances apart. The interaction energy is then
calculated from the knowledge of the capacitive coupling between the
neighbouring grains. The interaction energy between the spheres was calculated
as an approximate function of the geometry of the structure.

Full electrostatic considerations of the two-sphere model (Hill's model)
were taken into account by Abeles et al (1975) who obtained an exact expression
for the capacitance between two neighbouring spheres. Roy (1993), in modelling
single-electronic devices, has obtained similar expressions for the capacitance
between two identical spheres. The structures studied by Roy consist of ineta]lic
dots (40nm diameter and 12nm apart) deposited on p-silicon substrate, Barker
(1993).

All previous models neglected the solitary nature of the excess charges
located at other grains. Electrons situated at any point in the coupled structure will
polarise the whole structure, and the dynamics of charge transfer between two
neighbouring grains will be affected by the distribution of charges on the whole
* array. Furthermore, the event- when accomplished- will induce potentials along
the structure and will subsequently affect other events (what is normally called
'space correlation’).

In 1968, Zeller and Giaever experimentally studied the transport properties
of an Al-Al,O3-Al structure containing Sn particles in the oxide layer, figure (1.1).
They observed that the structure exhibits a small conductance at low voltages
while the conductance saturates to a constant value at voltages greater than some
threshold voltage level. This threshold voltage was found to strongly depend on
the size of the Sn inclusions. Together with these very important observations,
Zeller and Giaever explained the zero-bias anomalies in terms of the Coulomb

interaction and derived the correct condition for the onset of conduction through
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voltage. A model of a variable capacitor was introduced to account for the
behaviour.

The structures of metallic grains imbedded in the oxide layer were later
theoretically studied by Shekhter (1973) who showed that R(V=0)<1/T in
agreement with Zeller and Giaever's observations. Shekhter also predicted
oscillations in the I-V characteristics of structures having a single grain in the
oxide layer (a double-barrier system) due to single electrons being permanently
trapped in the central island. It was later shown that the line current does increase
with the terminal voltage but there are oscillations in the differential conductance
of the double-barrier system that are attributed to more and more electrons
contributing to the conduction process.

Kulik and Shekhter (1975) used the Gibbs distribution function to
determine the occupation numbers of the central island in a double-barrier
structure and then to calculate the I-V curves of the structure. They also used the
concept of a varying capacitance to account for the non-linear relationship
between the voltage and the average charge monitored at the central island. It was
shown that the conductance of the double-junction structure oscillates in a uniform
" manner with the excess charge at the central electrode. The period of oscillations
corresponds to the addition of an exact single electronic charge to the central
electrode. The conclusions regarding the periodic increase of the average charge
at the central island had later inspired many to think of a single-electron transistor
in which the line current may be controlled by some 'gate’ voltage that modifies the
potential of the central grain. The single-electron transistor is also suggested to
function as a memory element in the new class of single-electronic systems.
Conditions of operation and problems associated with the this device will be
discussed in chapter (3).

The Coulomb-blockade and single-electron tunnelling phenomena have
attracted a lot of attention, both theoretically and experimentally, in the last few

years as it became possible to fabricate junctions with capacitance of the order of,



or less than, 10-15F (critical temperatures greater than ~1K). Very few
experimental data have appeared for single tunnel junction circuits. The
difficulties with such circuits arise from the detrimental effects introduced by the
stray capacitance of the connecting leads. The stray capacitance, C,, is usually
comparable in value to the junction capacitance itself, and the charging energy,
€2/2(C+Cy) is therefore drastically reduced. The large stray capacitance will
present an impedance of the order of 102-103 Q at high frequencies. This high
capacitance together with a low series external resistance tend to smear out the
Coulomb gap. The equivalent line impedance, Z, allows the junction to discharge
its energy in a finite time ~CZ(w). If the energy uncertainty associated with this
time is comparable to the charging energy, e2/2C, the blockade will be weakened,
Girvin et al (1990). This implies that the condition to observe the Coulomb gap is:
Z(w)>>R( , where R, is the universal quantum resistance. Under this condition,
the time between successive tunnel events is long and coherence effects are
neglected. The charge will be a well-defined variable.

Experiments on single Al junctions of area 0.01(um)2 and capacitance of
few fF's were conducted by Geerligs et al (1989). The Coulomb gap was
~ observed with junctions having high tunnel resistance. Cleland et al (1990)
fabricated single junctions with metallic electrodes having area of the order of
0.02-0.04(um)2 and capacitance 1-10fF. These structures have revealed a
Coulomb gap at T=20mK. The thermal and quantum fluctuations do wash out the
Coulomb gap; but the existence of a voltage offset in the I-V curves at higher
voltages is a clear indication of the Coulomb-blockade effects {Ie<(V-e/20),
V>>e/2C}.

Concrete confirmation of the theory of Coulomb blockade and single-
electron tunnelling has been reported on double-junction structures, e.g. Fulton
and Dolan (1987), Kuzmin and Likharev (1987), Thomas et al (1989), Meirav et al
(1990), etc.,{some of these structures will be discussed in chapter (3)}. The

Coulomb staircase has been observed using the Scanning Tunnelling Microscope,



e.g. van Bentum et al (1988) and Wilkins et al (1989). Experiments on one-
dimensional arrays of tunnel junctions have also confirmed the oscillatory nature

of the line conductance with gate voltage, see Kuzmin et al (1989) and Geerligs et
al (1989).

1.3 The Semiclassical Model:

In the following part of the introduction, the single normal tunnel junction
will be described. The understanding of the physics underlying the operation of
the single junction is crucial to all parts of the thesis. Consider a tunnel junction
with normal metallic electrodes. The properties of the junction can be investigated
by examining the factors affecting the tunnelling process.

In the absence of an applied bias voltage, the potential energy diagram
corresponding to the metal-insulator-metal (MIM) junction is shown in figure
(1.3). The shaded areas represent the eigenstates that are fully occupied at zero
temperature. During the tunnelling process the electron will be found in the area
between the plates; it will polarise the two electrodes and produce two image
charges on them. These image charges will in turn polarise the facing electrodes
~ and, consequently, an infinite number of image charges is formed. Each image
charge contributes to the total potential sensed by the tunnelling electron. The

total image potential, U(x), is a function of position and is given by:

i I - na 1
"f("’-"s;[iz”;(m‘;;)] D

In the absence of any image forces, the potential profile in the region
between the plates is determined by the band structure of the insulating material
and the applied voltage. The additional potential due to the image forces reduces
the barrier between the electrodes, rounds off the sharp edges at the interfaces and
reduces the width of the barrier. Equation (1.1) implies that the potential energy
of the electron at the MI interfaces is =-. This can be circumvented by assuming

that the image potential expressed by equation (1.1) holds only in the range
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Knowing the electric field strength and the image force potential, the full

barrier potential profile can be expressed as:
Ux) = By + 4+ U (x) =e(V = %500~ (1.5)

The classical picture of the image potential described above was used in
modelling transport in thin metallic films, e.g. Simmons (1964), Simmons et al
(1964), Williams et al (1972) and Uozomi et al (1977). Photon-assisted tunnelling
measurements have shown that the classical image force theory is not adequate in
describing the interaction between the tunnelling electrons and the metals from
which they emerge, e.g. Weinberg and Hartstein (1976), Hartstein et al (1977 &
1982) and Dietz (1980). Weinberg and Hartstein suggested a quantum
mechanical model to calculate the transmission probability through the metal-
insulator interface. This model assumes that the wave-function of the plasma in
the metal is the image of the part of the wave-function of the incident electron that
lies in the insulator region.

The barrier potential described above ignores the penetration of the electric
field into the metal electrodes and assumes that the whole voltage drop is
. maintained in the insulator region. The charge on the electrodes is then a surface
charge accumulated on the metal-insulator interface. However, even in the
presence of a surface charge, the field does not vanish abruptly at the M-I interface
but drops rapidly to zero in the metal, Duke (1969).

The description of the Coulomb blockade phenomenon given so far is
pivoted on the classical picture of the electric field during the course of the tunnel
event. Simple considerations of the state of the junction prior to and after the
event would lead to the same conclusions. Let the initial charge on the junction be
equal to q. The electrostatic energy stored in the junction is then given as
Ej=q%/2C. If it is assumed that the tunnel event can occur only in the forward
direction, i.e. an electron may tunnel from the electrode with the negative charge

to the other, the charge on the junction after the event will drop to the value (g-e)

12



and the electrostatic energy becomes Eg=(q-€)2/2C. The change in the energy is
then:

A=E~E =2(q=7) (1.6)

The event will be allowed if the final energy is less than the initial energy,
i.e. g>e/2. This argument is valid provided that the thermal and quantum
fluctuations are negligibly small. At finite temperatures the thermal and/or
quantum fluctuations may provide the energy required to make a tunnel event
possible even if q<e/2. Thermal effects can be dramatically reduced by carefully
choosing the operating temperature; and the condition:

e2

kBT << Ec =—22'-

will reduce the possibility of occurrence of any thermally activated events. The
thermal and quantum fluctuations and their effects on the performance of the
single junction will be discussed in chapter (6).

It should be mentioned that the charge redistribution time is assumed to be
negligibly small. Once the electron lands on the other electrode, the charge on the
. junction can be represented by q-e. The tunnelling process across the single
junction in this case is not affected by the external circuit and the junction is
assumed to be completely isolated from the environment. The external circuit will
be sensed during the subsequent recharging process, that follows the tunnel event.

Finally, let the leads connecting the junction to the source have zero
impedance, Z=0. Let the initial charge on the junction be equal to q where q is
essentially the steady state charge delivered to the junction from the voltage
source. Let a tunnel event occur at some time from an electrode to the other. The
charge on the junction following the event will instantaneously relax to its
previous value, i.e. it takes the system zero time to recharge the junction from the
level g-e to the level q. Thus, the change in the energy is simply:

A=0, Vq

13



and it is concluded that: if the single junction is voltage-biased (Z=0), the
tunnelling process may take place at any bias level and it is no longer possible to
observe the Coulomb gap.

The former case, Z=, corresponds to the current-biased junction where
the Coulomb gap will be observed. Effects of finite external impedance will be
addressed in chapter (6).

14



Chapter (2)
Models of the Single Junction
2.1 Introduction:

The potential profile in a single-junction circuit was discussed in the
previous chapter. In this chapter the tunnelling rate across the junction will be
studied using the quantum golden rule. A numerical solution is implemented for
the Master Equation that governs the evolution of the charge with time. It includes
the fluctuations introduced by the thermal noise and by the stochastic nature of
tunnelling. Another approach suggested to study the coherence of single-electron
tunnelling events uses the distribution function of the time between successive

tunnel events.

2.2 Tunnelling Rate:

Tunnelling through the barrier is a pure quantum mechanical process. If an
electron with energy E<V,,, falls on the barrier from either side then there is a
finite non-zero probability that this electron will penetrate the barrier and
eventually be found at the other side of the barrier. The particle will spend some
~ time beneath the barrier, a time that is referred to as the 'traversal time for
tunnelling’. The traversal time for tunnelling is normally much smaller than other
characteristic times in the systems under study, e.g. the time between tunnel
events, and can be ignored. The transmission probability may be determined from
the solution of the one dimensional Schrédinger equation in the regions to the left,
right and under the barrier. Clearly, the transmission factor is a function of the
form of the potential profile and the energy of the incident electron and can be
written as D(E,V). An approximate expression for D(E,V) can be evaluated using
the WKB approximation method. No expression for the transmission factor will
be pursued in the thesis and a constant value, independent of the energy, will be
used and then absorbed into a phenomenological parameter (the tunnel resistance)

which can be determined from experiments.
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For the MIM junction, with the potential profile shown in figure (1.3), the
total transmission probability can be obtained by adding the contributions of all
conduction electrons in the metals, taking into account the occupancies of the
energy levels involved.

Let E}‘ and Efg be the Fermi energy levels of the left and right electrodes

just before the tunnel event. The levels are separated by an amount eV, (see figure
(1.3))

Eh=E.-eV @.2.1)
If a tunnel event takes place from the left to the right electrode, the Fermi levels

then modify to E{ and E};. The additional electron on the right electrode will

shift -up- all the electronic energy levels there by an amount equal to the electron

2
charging energy, Ec=°¢ /,~. Thus,

. 2 . 2 .
E{; =E}a +eAC=E}‘ —eV+eAC=E2 -A 2.2.2)
2
where A is the change in the free energy, A=eV =€ e defined in equation (1.6).

2
The levels of the left electrode are reduced by the same amount,® éC’ ie.

i o2
Ef =EL € (22.3)

It is to be noticed that if the initial potential difference between the
electrodes is less than the threshold value, V<e/2C, and an electron with energy

E<E'L at T=0 K is to tunnel to the right electrode, it will arrive at a level below the
Fermi level, E}; . This implies that the tunnelling process is suppressed at low
temperatures if the voltage is less than the threshold value, e/2C.

The wave-vectors of the electrons incident on the barrier from the left can
be decomposed into transverse and longitudinal components. The total transition
probability is calculated by adding the contributions of all possible vectors, taking

into account their distribution, and can be written as:

T =[dE, [dE, f,(EY1- f{ (E)D(E,V)p,(E)os(E),vs 2.2.4)
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where:

the longitudinal component of the energy of the incident electron,

S
i

E, = the transverse component of the energy, and the total energy is
therefore E=E,+E |.

fi = Femmi distribution function at the left electrode before the tunnel
event. This function is characterised by the Fermi level E'L,

f 1{ = Fermi function characterised by Ef ,

pL, Pr are the densities of energy states on the left end right electrodes
respectively,

VL, VR are the volumes of the left and right metallic electrodes and

D(E,V) is the elastic transmission probability.

Equation (2.2.4) ensures the conservation of momentum and energy of the

tunnelling electron. In general, the elastic transmission probability depends only

on the longitudinal component of the wave-vector of the incident electron, thus the

tunnel rate can be written as:
I'=[dE,D(E,V)N(E,) (2.2.5)

. where the function N(E,) is termed the supply function and is given by:

N(E)=v,yr[dELfL(ENL- 1L (E)pr(E)prlE) 226

The supply function can be simplified if it is assumed that the transverse
component of the energy is much smaller than the longitudinal part, E | <<E,, Duke

(1977), Mullen et al (1988) and Ueda (1990). Thus:

ME)=vp oLl E o EDEN 1~ (E)] 27
This assumes that the density of states on the electrodes is:
p(E)=px(E,).0E}) (2.2.8)

The total tunnel rate can now be evaluated if the transmission factor
D(E X ,V) is known. To simplify the analysis further, this factor may be considered

as a constant that is equal to the value of the transmission factor at the Fermi
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surface. This assumption is valid if the change in the free energy of the tunnelling
electron ,A, is much smaller than the Fermi energy. At low temperatures, all
levels below the Fermi energy will be full, while those above will be empty.
Therefore, for an electron to have a chance to tunnel through the barrier, it must
have an energy E such that E/<E<E}. Thus, the density of states in the integral
can be approximated by a constant value corresponding to that at the Fermi level.

Substituting equation (2.2.7) in (2.2.5), the tunnel rate is found to be:

1A
* eR_1-e™

2.2.9

where B=(kgT)"! and Ry, is the tunnel resistance given by:

Ree={v1o0L B ordErID(ER V)] 22.10)
Let the incident electron have a transverse component together with the
longitudinal component. Again, the condition A<<Eg is imposed to allow the
densities of states and the transmission constant to be approximated by their values

at the Fermi surface. The supply function turns out to be:

v,V 1 1 4 PEEr )
N(E,,v)= 2P’ [0 {Aﬁ—ln[ ) (2.2.11)

1+e¢

The tunnel rate,t low temperatures, can be evaluated using equation (2.2.5)
and is found to have the following form:

{1-4%s,)

I"=prRvaRD(EF,V)EF——I-_—;:A—E— (2.2.12)

The dependence on the change of the free energy of the first term of this
equation is similar to relation (2.2.9). The second term is a small negative
correction term due to the distribution of the total energy of the incident electrons
in the transverse as well as longitudinal directions. For a metallic tunnel junction,
the Fermi energy is of the order of few electron volts. If the capacitance of the

junction is as small as 10~18F, the charging energy will be of the order of 80 meV.
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Therefore, for a practical metallic tunnel junction the tunnel rate can be
approximated by

A
T~ prpgv vpD\Er,V)EF [, (2.2.13)
-e

and the tunnel resistance will then be given as
R, =(e%p,ppv,viD(E;,V)E,)" (2.2.14)
Equation (2.2.14) agrees qualitatively with the results obtained by Fulton
and Dolan (1987). Their data indicates that the tunnel resistance is lower for

junctions with higher electrode area.(volume).

2.3 Master-Equation Formalism:
The Hamiltonian of a current-biased tunnel junction, figure (2.1), is:
H=QZC+HI+H2+H,+H, 2.3.1)
where
Q?/2C is the junction charging energy,
H;,H, and H describe the internal degrees of freedom of the junction

electrodes and the shunt path respectively and

Ht represents the single-electron tunnelling.

Q+e
It R
Q
R N
Q-

(B)

Figure (2.1): A: Current-biased Tunnel Junction.
B: Possible tunnel events and their rates.
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If the tunnel and external shunt conductances are much smaller than the
universal quantum conductance,

G,G<<Il/Rq , (Rp=6.5kQ) (2.3.2)
the charge on the junction can be considered as a well-defined classical variable;
and in this case, the flow of current from the source into the junction is a

continuous process, Averin and Likharev (1986 & 1990). The Hamiltonian,
02
H,= /2C+H1+H2 +Hj (2.3.3)
can be considered as a basic Hamiltonian and the remaining term can be treated as

a weak perturbation. Averin and Likharev (1986) have shown that the equation of

motion of the density matrix of the system in Q-space reduces to the following

simple Master Equation:
a d
3‘; =— o(t)sé- +Fp +F, (2.3.4)

where s(Q,t) is the classical charge density function, F; is a contribution from the

shunt path and is given by the following expression:

_G 9 95
F="gss (CkBT 0 +Qs) (2.3.5)

The tunnelling term, Fy, in equation (2.3.4) depends on the distribution
function as well as the tunnelling rates and is expressed as:

Fr =[5(Q+e)+s(Q-e)~(I3+13)5(Q) (2.3.6)
where I';,..,I'4 are the tunnel rates defined according to figure (2.1.B). The first
two terms of Fp give the rate of increase of the density function due to the possible
tunnel events from Q+¢ and Q-e levels to the Q level, at rates given by I'; and I'y
respectively, giving rise to a change of *e in the initial charge on the junction.
The last term is the decay rate of s(Q,t) due to tunnel events at charge Q into the
levels Qze, at a total rate of I'3+I°4. The tunnelling rates are evaluated according
to equation (2.2.9) or (2.2.12).

20



Equation (2.3.4), with the tunnelling term set equal to zero, is similar to the
Fokker-Planck equation which was first used to represent the Brownian motion
of small particles. It is also used to study the noise in lasers.

Equation (2.3.4) is an important and interesting relation as it incorporates
the charge fluctuations and the variation of these fluctuations with time. It also
includes the effect of the tunnelling events on the fluctuations. It serves as a basis
for determining the ensemble time-average behaviour of the junction and the
steady-state I-V characteristics. Both the Coulomb blockade of tunnelling and
single-electron tunnelling oscillations are described by this Master Equation.

Ben-Jacob et al (1988), Geigenmuller and Schén (1988), and Muller et al
(1988) investigated the fluctuation of the charge on the junction by looking at the
possible events that can modify the state of the junction, viz. the charge delivered
to the junction from the source and the tunnel events. It was shown that the charge

distribution function satisfies the relation:
—t-= -l,—+Fr 2.3.7)

where Fr is identical to the tunnelling term defined before. Clearly, the two
" expressions (2.3.4) and (2.3.7) will be equivalent if F is negligibly small, i.e. if R
is sufficiently large. Equation (2.3.7) contains no diffusion term and tells nothing
about the thermal and quantum fluctuations of the charge; the only fluctuations

involved in (2.3.7) are those introduced by the tunnelling process.

2.4 Solution of the Master Equation:

In this section the Master Equation is solved both in the Coulomb-blockade
and in the single-electron tunnelling regimes. The charge fluctuations and the
dependence on time are also investigated. It is important to note that the equation
at hand does not include the fluctuations introduced by the charge-macroscopic

quantum tunnelling process, which will be addressed in chapter (6).
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2.4.1 Coulomb-Blockade Regime:

The Fokker-Planck like Master Equation described above is a key relation
in describing the behaviour of the single junction. It is possible to derive exact
expressions for the total averaged charge and the charge fluctuations as a function
of time if the junction is operated in the Coulomb-blockade region, i.e. if /, < %11
where 13 = R;C. Let the charge on the junction be gaussian distributed with mean
O, and variance o.. It is assumed that as the charge is delivered to the junction,

the charge distribution will stay gaussian but the mean value and the fluctuations

of the charge will evolve with time and are denoted by Q, and o° (t) The charge

distribution function at any time may be written as:

1 (-0
s(Q,1) = ool 2020) 2.4.1)

At low temperatures and low driving current conditions imposed above, the

tails of the gaussian charge packet outside the range (-e/2,e/2) will be small and
may be neglected. The tunnelling terms in equation (2.3.4) can be set equal to

zero. In the Coulomb-blockade region the Master Equation can then be written as:

s_3[(e ), Culds
at_aQ{hs 10)s+ . aQ} (2.4.2)

This is the continuity equation for the density function in the Coulomb-

blockade region. At t= both I(t) , the current through the junction, and 9s are

ot
equal to zero. Equation (2.4.2) gives
os
(- 'c,lo)s+CkBT@ =0 (2.4.3)

The steady-state fluctuations of the charge o7, , the average total charge and
hence the distribution function may be obtained by direct substitution of (2.4.1) in

(2.4.3), giving:

O,=71,, 2.4.4)
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ol =Ck,T (2.4.5)

Clearly, the steady-state average charge is the total charge delivered to the
junction from the source. The quantityc, is the charge fluctuation around the
mean value. It is identical to the expression used by Averin and Likharev
(1985,1990). It will be shown in chapter (6) that the fluctuations used here
correspond to the fluctuations induced in a single junction that is coupled to an
external source via a line of infinitely large impedance ( a condition explicitly
imposed when deriving the Master Equation).

It is also possible to study the time dependence of the fluctuations. The
charge packet is assumed to be gaussian at any time. Direct substitution of this
gaussian charge packet, equation (2.4.1), into the Master Equation for the
Coulomb-blockade case, and subsequent equating of the coefficients of equal

powers of Q on both sides of the resulting relation gives,

40 _

= 1(z) (2.4.6)
WA

o*(1) = k,TC —(k,TC - %) /™ 2.4.7)

Relation (2.4.7) shows that the width of the charge packet changes due to
the diffusion process. The significance of (2.4.7) may be shown as follows: let the
junction be initially held at temperature T, the uncertainty in Q will then be
kgTC. If, at t=0, the temperature is changed to T, the uncertainty in the charge
level will evolve with time according to equation (2.4.7) and the steady-state
spread will be kgTC. Connection or removal of a capacitor in series or in parallel
with the tunnel junction gives rise to similar evolution of the fluctuations.
Following a tunnel event or a charge measurement the fluctuations will grow with
& =0,

The drift process of the charge packet is summarised in relation (2.4.6). It

defines the charging curve of a conventional capacitor fed by a voltage or current
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source, stressing the fact that the charge is continuously delivered to the junction.

The solution of (2.4.6) is:

0 () =(Q,, —foRsC)e_%’ +I RC (2.4.8)

Looking back at equation (2.3.7) suggested by Ben-Jacob et al (1988) and

using the same gaussian charge packet in a Coulomb-blockade regime, i.e.

) )
-a—: =-I, é, it is easy to show that the fluctuations are not be described by the this

equation; the solution of which is given by:

s(Q.)=5(Q-0(t))

2.4.2 Single-Electron Tunnelling:

SET events can take place, at kgT<<e2/2C, when the total average charge
exceeds e/2, i.e. I >e/21;. The energy change associated with the tunnelling of a
single electron blocks other electrons from tunnelling until the junction recharges
to the e/2 level. This will lead to coherent SET oscillations of the charge giving
‘ rise to a relaxation-type of oscillations (continuous charging followed by a sudden
discharge) at a frequency predicted to be fggr=I /e, Averin and Likharev
(1986,1990), Mullen et al (1988) and Ben-Jacob et al (1988). In superconducting
junctions, similar oscillations are expected to take place due to Coulomb blockade
to tunnelling of Cooper pairs at a frequency fgj,.n= I/2e. Yoshihiro (1988)
reported observation of these Bloch oscillations in superconducting granular tin
films.

For a finite external resistance and high tunnel conductance, the period of

oscillations, tg, can be obtained from the relation:

e e t
Z=|=Z-LRC |exp-——+I1RC
5 ( 5~ LR, )CXP 2ot LR, 2.4.9)

s

the solution of which gives the frequency of SET oscillations(=1/t,) as:
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(2.4.10)

LRC+ %J -

or =4R.Cln| ——~2%
f SET { IO Rs C _ %
Clearly, if I,R,C >> % then the frequency of SET oscillations reduces to

feer ® I% = for. These results do not take into account the possible thermally

activated tunnelling events which will reduce the Coulomb-blockade life-time.
Also the fluctuations introduced by the finite, non-zero, tunnel resistance are
totally ignored.

Better insight can be achieved by solving the Master Equation for the SET
case because the thermal noise and the stochastic nature of tunnelling are
represented in that equation. Unfortunately, the full equation is quite complicated
and an analytical solution seems very difficult. Numerical solution of the problem
is sufficient to study the general features of SET oscillations.

The numerical solution given by Averin and Likharev (1986) looks at the
distribution of the number of excess charges, {P.(t)}, found on the junction.

These probabilities are related by the following set of coupled equations:
F =R, +0A, ~(G+T)PR

L_16), 0.()=C0 +et @4.1D)

and the charge distribution function, s(Q,t),is expressed in terms of {Py(t)} as,

s(@.0) =Y, P (1).8(Q, (1)) (2.4.12)
where g(Q,t) is a gaussian density function.

This method assumes a large driving current, I >>e/2t,, and an external
resistance satisfying R>>R,. However, in the regimes of operation, kgT<<e2/2C,
the variance of the charge, kgT(, will be much smaller than e2. This implies that
the set of excess (integer) electronic charges {ke} will contain very few elements
with appreciable probabilities, {P,}; and it will be unrealistic to represent the

charge density by a series of such few terms.
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It was shown in the previous section that equation (2.3.7) does not account
for the fluctuations. However, it contains the information necessary to run a
dynamic Monte-Carlo simulation at T=0 K to trace the time evolution of the

charge on the junction.

2.4.3 Numerical Solution:

In the previous sections, an analytical solution was obtained for the junction
if operated entirely within the Coulomb-blockade region. A general description of
the SET oscillations was also deduced. In both, the following conditions are
supposed to be fulfilled:

a. the temperature is low enough that the tails of the density function lying
outside the Coulomb-blockade region could be ignored, i.e. no thermally
activated tunnelling events are allowed to take place,

b. the SET events could only take place when the total average charge just
exceeds e/2,

c. tunnel conductance is high and the fluctuations due to the finite

conductance may be ignored.

All the above restrictions can be removed if a general method to solve the
Master Equation in the Coulomb-blockade and SET regimes is developed. In this
section a general numerical technique is outlined and implemented. It consists of
defining a recursive discretised equation for the density function in the charge
domain which will then be implemented in a computer model to propagate the
charge packet into the time domain. If the charge domain is divided by equally
spaced points indexed by the set of integers, {p}, the numerical solution would
involve the calculation of the Q-density function at these points as time passes,
provided that the initial distribution is known.

The equation to be solved, the Master Equation, can be rewritten in the

following simple form:
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9s _
ot

where L is an operator defined as:

Ls (2.4.13)

L =EIC%(Q—RSCIO +CkBT%)+F1E(e)+F2E(—e)—(F3 +Iy)
(2.4.149)
and E(q) is a shift operator in Q-space defined by:
E(@)-s(Qt)=s(Q+q,t) (2.4.15)

Let SZ be the be the value of the charge density at point p at the n-th time

step i.e. (t=n.At). Taylor series expansion can be used to evaluate the charge

density function at the next time step, as:

spt! = exp(At.L).s) (2.4.16)
Cayley scheme can be used by first rewriting equation (2.4.16) in the following
form:

At At
sg+1 = exp(7 L). exp(7 L). Sp (2.4.17)

Nt
then, by the application of the operator exr(——z- L) to left of both sides:

At At
exp(_? L)_ 52 o exp(TL). s (2.4.18)
If At is chosen to be sufficiently small, then (2.4.18) can be expanded to

lowest order in At and the following approximate form follows:

_At_ n+l _ ﬂ n
(1 5 L).sp ~(1+ 5 L).sp (2.4.19)

Cranck-Nickolson representation of the differential operators in L allows

the above relation to be expanded to the following final form:
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n+l n+l n+l n+1 n+l _
Ags - K+315 +Cs "‘D15p+1+E15p+K—

(2.4.20)

A2Sn

ok * stp_I +CZSZ +D2s | +Es]

p+K

where K=e/AQ. The coefficients A,,...E{,A,,...E; are constants that can be
determined from At and AQ and are independent of n, see Appendix (A). The
right hand side of the relation (2.4.20) is a function of time and is to be calculated
at each time step. The set of linear equations defined by equation (2.4.20) above
can be recursively solved for the charge density function. Once the charge density
function is known at any time, the average characteristics of the tunnel junction

can be calculated, e.g. the junction will have a mean charge and average

fluctuations given by:
Q@)=Y 0(p)s,AQ (2.4.21A)
o*(1)=Y [o(p)-2 ()] ;a0 (2.421B)
As t — o s(Q,t) reaches a steady-state shape, which can be obtained from
the relation:
s
= =0 ,vQ (2.4.22)
0tl; 300
leading to the steady-state I-V characteristics, viz.:
— 1
V= EZPQ(p)'SPAQ | (2.4.23A)
I1=1,-VG, (2.4.23B)

The solution of the discretised set of linear equations (2.4.20) can be
carried out using the standard relaxation techniques as the coefficient matrix is
highly sparse. For the full CB problem, the tunnelling terms are identically zero;
and, subsequently, A;=A,=0, E;=E,=0, and the coefficient matrix in (2.4.20) will
be of the tridiagonal form. Thomas tridiagonal algorithm can then be used to
calculate the density function.
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2.4.4 Results of Numerical Simulations:

The simulation of the Master Equation using the discretised form (2.4.20)
in the Coulomb-blockade case, figure (2.4 & 2.5), shows the excellent agreement
between the numerical and analytical results. In these calculations the time step
and the increment in Q are chosen to be At=104R,C and AQ=2x10-3e respectively;
thereby ensuring stability and convergence of the solution.

To study the SET oscillations, a current source with I >e/2t; was switched
on at t=0 to drive a single junction that is maintained at a temperature T. At T=0
the noise on the junction is assumed to be represented by a gaussian distribution
function. The results obtained from these simulations reflect the statistical average
of an ensemble of tunnel junctions operated simultaneously. In other words, the
results predict the most probable behaviour of a single junction; and this type of
results tells nothing about a typical run of a real single tunnel junction.

The curves of figure (2.6) show traces of damped oscillations. The portion
of the packet lying at Q>e/2 forms another part at the Q'=Q-e due to the
probability of tunnelling. This newly formed portion propagates towards the
Q=e/2 end and mixes up with the part that was not reflected. This continuous
" mixing leads to a static charge packet and the loss of coherence of the tunnelling
events. The steady-state average charge is related to the driving current by
Q < \/I—dc. The average frequency of SET oscillations (at T=0.05T,) obtained from
these plots is slightly (~5%) higher than the value obtained from simple theory.
This is attributed to the thermally activated tunnelling events that can take place
while Q <e/2. Fourier analysing the signals obtained from the model, see figure
(2.7), it is clear that the SET oscillations are more coherent for small I, values
than for larger driving currents, which is consistent with results obtained from
other models, see next section.

| The consequences of incoherence are very serious for the synchronised

switching of charge in single-electronic circuits. The parallel arrangement of
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identical electron sources driven by a single control voltage would become

incoherent over a certain period of time, Barker et al (1992).

2.5 Distribution of Time between Tunnel Events:

The coherence of the SET oscillations in a single junction can be studied by
looking at the distribution of the time between tunnel events. If a Poisson process
has an average rate of occurrence equal to y/sec, the probability that an event will
take place in a small time interval, At, is given as y.At and the probability that it
will not take place in that time interval is therefore = 1-y.At.

At T=0K and due to Coulomb blockade, tunnelling is completely

suppressed if Q<e/2. The probability that a tunnel event would take place in a time

interval of At after t can then be expressed as:
p(0)=T(Q(). AT [1-T(Q:))A4 ] 25.1)

where I'(Q(t)) is the tunnel rate when the junction holds a charge Q(t). To
simplify the problem, the tunnel rate, at T<<T_, may be written in the following

simple form:

G,
—_ Q - E, ,Q > e,

r(Q)= eC( A) 7 25.2)
0 ,otherwise

Taking the logarithms of both sides of equation (2.5.1), and making use of

the relation, In(1-x)=x if x—0, equation (2.5.1) can be rewritten as:
p(1) = T(Q(1)). At.exp{ - [ T(Q(w)).du} 2.5.3)
The probability p(t) will be identically zero when the total charge is less
than ef2 as I'(Q<e/2)=0. The charge evolves classically inside the Coulomb-
blockade region while the stochasticity is added once the charge becomes greater

than e/2. It is then useful to study the distribution of the time spent above the

Coulomb barrier before an electron manages to escape through the barrier. If this
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distribution is known, then all the average properties of the junction can be
deduced.

Let T be the time spent above the barrier before a tunnel event occurs. The
probability that a tunnel event takes place in time At around T is similarly given
by:

1(r)=F(q(r)).Ar.exp{—Jr(q(u)).du} 2.5.4)

0
where the charge q(t) is obtained from the charging curve and is expressed by:

T

q(r)=(§—10RsC)e RSC+10RSC . (2.5.5)

Substituting (2.5.5) in (2.5.4), the distribution function of the time spent

above the Coulomb barrier, f(7), is found to be:

flx)= 7{1 —exp— R:C ) exp{—?{t - RSC(I - exp- R:C D} (2.5.6)

where A=(CV-e/2)/ReC. Figure (2.8) shows the function f(t) at fixed bias

- conditions and different RyR, ratios. Low external circuit conductance will result
in more time spent above the CB barrier before an electron manages to tunnel

through the barrier.

Q,

e/2

-e/2

Figure(2.2): Evolution of the charge with time.
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Tunnelling is most likely to occur after a time t* above the barrier, where

this time ,t*, is obtained from 8%1 =0 as:

— 1
t*=2R,C.sinh l(m] 2.5.7
s

The distribution function of T has little significance on its own, but it is
useful in determining the static properties of the junction and in the study of the
SET oscillations.

Following a tunnel event the charge on the junction drops to q(7)-e, see
figure (2.2). Let the time it takes the source to recharge the junction to e/2 be t{(7)
(the dwell time). It is easy to find t;(7) as:

Ccv +e—q(‘c)
=R .C.In
t(z) =R, v/ (25.8)

Let the next tunnel event take place during a time interval of At around T,
above the e/2 level. The time between tunnel events, t, is related to 7 and 7, by:

t=t;(T)+7, (2.5.9

The stochastic nature of tunnel events indicates that the time spent above
the e/2 level in successive (or any) events is an independent random variable. The
probability that the system stays for a time T followed by a time 1, above the

barrier (and the time between these events is equal to t) is given by:
r(z)|w = f(z).At.f(x,).A1, (2.5.10)

The marginal distribution function of the time between tunnel events, g(t),
is evaluated by adding the contributions of all possible successive events

characterised by T and 7, and are satisfying (2.5.9). Thus the distribution of t is:

8()=[ £ ()£ (t~1,(x)).de @5.11)
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The limits of integration in (2.5.11) are dependent on the applied voltage
and t as well. If V<1.5¢/C then any tunnel event will leave the junction at a state

with —% <0< % J.e., within the Coulomb-blockade region. On the other hand,

if V>1.5¢/C then any tunnel event occurring with Q>1.5e will result in a state with
Q>e/2 and an immediate tunnel event is possible. However, these possible events,
(with t=0) are still independent and do not violate the previous analysis. To
generalise the analysis, it is possible to redefine f(7) as f(<,qy,;,) Where gu;, is the
minimum charge level at which the next tunnel event can occur. For V<1.5¢/C,
Omin is always equal to e/2. In the other case of V>1.5¢/C, quin can take values in
the range e/2<qp;,<CV-e.

The integration in (2.5.11) can be carried out using numerical methods.
The function g(t) is plotted in figure (2.9) for different Ry/R; ratios at a fixed bias
voltage. Increasing the charging time constant, R,C, results in an increased time
spent in the CB region and, consequently, the mean time between tunnel events is
increased. The plots in figure (2.9) give the indication that the SET oscillations
become more coherent when the conductance of the environment is high. Ueda
and Yamamoto (1990) and Ueda 1990 used the ratio mean/(s.d.) of the time
* between tunnel events to measure the degree of coherence of the SET oscillations.
This shows that the coherence is enhanced at low coupling conductance which
agrees with the results obtained from the frequency domain analysis extracted
from the time-evolution of the charge discussed in the previous sections.

The uncertainty in the time spent above the e/2 level implies a
corresponding spread in the charge level at which tunnelling may occur. If h(Q) is
the density function of the tunnelling charge level, then:

h(Q).dQ=f(t).dv or h(Q)=f(z)/i(Q) (2.5.12)
and i(Q) is given from circuit analysis as i((Q)=(V-Q)/Rs. On substitution, h(Q)

turns out to be:
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(2.5.13)
This relation is identical to the result obtained by Ueda and Yamamoto (1989) and
Ueda (1990) and was used as a basis of their calculations
2.5.1 I-V Characteristics:
At low temperatures, T<<T, the I-V curves of the single junction can be
directly calculated from the density functions derived in the previous sections.
The dwell time in the Coulomb-blockade region is a continuously decreasing

function of 1, and the average dwell time is calculated from

7= Itl () f(t)de (2.5.14)

The average time between tunnel events is given from the simple relation
t =7+1,. In the case of a current biased junction the time t; depends linearly on t
and the average time between tunnel events is then 7 =7T+#(T). The average
current through the junction is evaluated from i=e/f and the average voltage

across the junction is ¥ =V —iR, .

A family of I-V curves are shown in figure (2.10). For high Ry values the
average voltage across the junction can be less than the threshold value, e/2C.
Tunnelling in this regime occurs at charge levels slightly higher than e/2 and the
system spends most of the time in the Coulomb-blockade regime; thus, the

averaging process results in a small positive voltage value.

2.5.2 Voltage-biased Junction:
Let a fixed voltage bias be maintained across the single junction; a
condition that can be realised by connecting the junction to a voltage source of

zero internal impedance by a circuit of infinite conductance, Rg=0, thus,
()= Rexp(-A7) (25.14A)
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h,(Q=3(Q-CV) (2.5.14B)

Equation (2.5.14B) stresses the fact that tunnel events take place only at
Q=CV which is imposed by the fixed voltage bias condition. Equation (2.5.14A)
is a negative exponential distribution with mean time equal to 1/A. The voltage
bias condition implies zero dwell time. This allows the time between tunnel
events to have a distribution exactly identical to that of the time spent above the
e/2 level, i.e.

g,()=f,(t)=A.exp(-At) (2.5.15)
and the average time between tunnel events is 1/A. The variance of the time
between the events is 1/A2. The Ueda measure of the coherence of SET
oscillations (mean/s.d.) is equal to unity, indicating a poor quality. The average

current passing in this case is:

{=Rit(v-%c) V> (25.16)

and the average voltage is V=V,

2.5.3 Current-biased Junction:

In the case of a current-biased junction, the external circuit conductance is
vanishingly low whereas the supply voltage level is high and the current is
Iic=V/R,. Furthermore, let R>>R,. The relationship between the current and

voltage representation of the supplies is shown in figure(2.3) below, V=I;..R;.

lge] Rs — %Rs

v,
(A) (B)

Figure (2.3):Relationship between current and voltage sources.
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The distribution function f(7) then reduces to:

Lge lge 2
T)= T exp| - T 25.17
Je(® eR,C p( 2eR,C @3.17

which still satisfies, jfc('c).d'c =1. The average time spent above the e/2 level

before tunnelling is:

%
7 =(-’l‘f5ﬁ) (2.5.18)
and the average time between tunnel events is then found to be:

—_ e -

t =— y
1| JRC (2.5.19)

The average voltage across the current-biased junction turns out to be:

|
_ (meR,ly, )/2 e
—_ — J14+——m
Y ( 2C 2CR,1 4, 2.5.20)

The first term in (2.5.20) is identical to the result obtained by Averin and
| Likharev (1987) and Mullen et al (1988). The second term is a correction term
due to the finite impedance of the external circuit. The correlated SET events

causes oscillations at a more or less fixed frequency that can be readily obtained

as:

f=—"— ( AC) (2.521)

and is clearly less than the value obtained from the 'orthodox' theory. The
discrepancy is, again, due to the finiteness of the external circuit resistance.

It is also straight-forward to show that:

(o- /2) e- /2)

h =
Q)= RCly 2eRtCIdC

e/2) (2.5.22)
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where u(x) is the unit step function. Equation (2.5.22) is an important relation in
describing the SET oscillations in a current biased junction. The charge level at

which tunnelling may occur has a dispersion:

0% = eR,Cly (2- %) (2.5.23)

from which it is deduced that the uncertainty is minimised at low driving currents.

In the limit I3.=0, tunnelling takes place exclusively at Q=e/2 i.e.

ne(0)—8(0-%) (2.5.24)
The uncertainty in the time between tunnel events is derivable from f(7)

defined in equation (2.5.17) and is found to be:

o= ef’c (4-n) (2.5.25)

de
Equations (2.5.25) and (2.5.23) seem contradictory regarding the coherence
of SET oscillations. Reducing the uncertainty in the level at which the event is
expected to take place would increase the uncertainty in the timing of the event
and, consequently, will increase the time between tunnel events. This is

summarised in the uncertainty relation,

G,.0, = %.(4—@ (2.5.26)

Furthermore, if a single junction is used in a circuit and a single tunnel
event is required to cause some effect in the rest of the circuit, it will then be
important to wait for some minimum time to ensure that the event occurs during
that time. The stochastic nature of the process makes it impossible to ensure this
to occur; however, if the event is required to occur with a probability, p, then the

minimum time for this, in case of a current-biased junction , is:

log

2527
Lye l1-p ( )

t=[2eR,C 1 ]%
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The time to elapse before a given certainty is reached will be less in case of

larger currents.

2.5.4 Q-factor of SET Oscillations:

The quality of oscillations caused by the correlated SET events may be
described in terms of the deviation of the frequency of oscillations from the central
frequency. Let o, be the standard deviation of the time between tunnel events.
The bandwidth of the SET oscillations is then estimated as:

A =(F-0,)" =(F+0,)" (2.5.28)

and the Q-factor is evaluated as:

L
Af

For a voltage-biased junction, Q; has its minimum value of zero. The Q-

O

factor for the current-biased junction is

_ e=RCl(4~m)
7" 3 [eR,Cly(4—m)

(2.5.29)

The Q-factor of SET oscillations is enhanced if the driving current satisfies
Ijc<<e/R¢C. Figure (2.11) shows the variations of Q; with the applied voltage for
different values of Rg. For a specific value of R the coherence may be increased

by a proper selection of the applied voltage bias.

Each tunnel event is accompanied by an uncertainty in time equals to c%.
Consecutive tunnel events will increase this uncertainty; after N tunnel events the
uncertainty will be Noz. The uncertainty becomes of the order of the time
between tunnel event after N' events where N’ =72/ 0% For a current-biased
junction: if 1;,=0.01e/R,C then N'= 100.

Time evolution of the voltage across the junction obtained from the

simulation of the Master Equation supports the above mentioned loss of coherence

as time passes. This is indicated in figure (2.6) by the decaying oscillations and
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the tendency to attain a constant average (expected) charge level and also in figure

(2.7) where the spread in the frequency spectrum reflects the decaying oscillations.

Summary:

In this chapter three models were used to study the properties of the single
normal tunnel junction. Tunnelling phenomenon across the junction was
investigated using a semiclassical method. The total tunnel rate was derived and
shown to include a small correction term that is attributed to the distribution of
wave-vectors of the incident electrons in the longitudinal and transverse directions.
Numerical solution of the Master Equation was implemented to study the
evolution of the charge on the junction with time. This was then used to inspect
the coherence of the SET oscillations in the frequency domain. The coherence of
the SET oscillations obtained from the current and voltage-biased junctions was
studied via the distribution of time between tunnel events. This method was also

used to derive the I-V characteristics of the single junction.
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Figure(2.4): Variation of the average charge on the single junction with time,
calculated from the numerical solution and from the conventional charging curve.
1,=0.3e/(R,C), kgTC=0.05¢2.
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Figure(2.5): Standard dev. of the charge variable as a function of time calculated
using the analytical and numerical solutions of the Master Equation in the Coulomb-
blockade region. 1,.=0.3¢e/(R,C), kgTC=0.05¢2.
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timing of the event is known, it is possible to know -roughly- the time the

next event, this has been discussed in the previous chapter.

(b) Space correlation: in this case a tunnel event across a junction will

induce charges on other junctions; thus affecting the tunnelling

probabilities in the all junctions of the system.

It is important to know exactly the type of effects induced by a single
tunnel act across any junction of the system. This is crucial to the understanding
of the operation of single-electronic systems.

Geerligs (1991) and Kastner (1992) explained the Coulomb blockade in a
structure consisting of a metal particle imbedded in the insulating gap between two
metallic electrodes in terms of an energy gap in the tunnelling density of states of
the particle. This succeeds in describing the onset of tunnelling into the metallic
island but does not account for the subsequent behaviour.

Functioning of the double-junction system may be studied by investigating
the potential profile of the device and the effects caused by single tunnelling acts.
Tunnelling of electrons into and out from the central island changes the relative
positions of the Fermi levels of the electrodes. This is due to the change in the
" electrostatic energy of the circuit due to the addition/removal of the charge
to/from the electron gas. Let the turnstile of figure (3.1) be biased such that V -
V;=V. 1t is assumed that the circuit has no resistive components in any of its
paths. The potential profile is shown in figure (3.6.A) for an arbitrary gate
voltage. V; and V; are the potential drops across the two junctions. If n excess

electrons are assumed to occupy the central electrode, then:

1
Vl(n)=-C—{CVr-(C +C,)V,+C,V, —ne} (33.1A)

T

1
Va(n)=—A(C+C)V, ~CY=CY, +ne} (3.3.1B)

T
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T(M,R,n): this event will lower the electron energy levels of the central electrode
by €2/2Ct. The energy levels of the left electrode will be lifted by the same
amount while the energy difference between the Fermi levels in the left and right

electrodes is still eV, figure (3.6.C). The event T(M,R,n) will be possible if:

A, (n) = eVz(n)—%CT >0 (3.32B)

The conditions leading to the occurrence or suppression of the events
T(M,L,n) and T(R,M,n) can also be obtained.

The tunnel rate is obtained from the quantum golden rule and is found to
be similar to equation (2.2.9) with A defined as:

A=i'eVi(n)—‘%C i=12 (333)
T

The general case of a tunnel junction in a capacitive circuit was studied by
Esteve (reported by Geerligs (1990)). The same arguments given above show that
a minimum charge -termed the critical charge- should build on the tunnel junction
before the event can take place.

Considering the initial and final energy levels participating in a single
tunnel act across a junction in a system of tunnel and non-tunnel junctions, it can

be shown that the critical charge is given as: (Geerligs (1990))

q. = %(1 + (’%)-l (3.3.4)

where C, is the total shunt capacitance seen by the tunnel junction. This assumes
that the charge relaxation time, 7., is much smaller than the tunnelling time. The
changes that will take place in the circuit immediately after the tunnel event will
therefore affect the event. This is the non-local limit considered by Amman et al
(1989). Resistive components in the circuit increase the relaxation time, at least
for some junctions, and a tunnelling electron will sense changes taking place in a
segment of the circuit around the junction. In the local limit, the tunnelling
electron senses variations in the potential of the junction across which the event is

taking place. The critical charge is then:
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q.(local)=e/2 > q(non-local)

For fixed bias voltages, V, and V|, the number of excess electrons in the
central electrode can be controlled by varying the gate voltage. From equations
(3.3.2) it follows that the charge on the central electrode changes by *e as a result
of a change in the gate voltage of:

| AVgI =e/C, (3.3.5)
a value that is independent of the parameters of the tunnel junctions. The periodic
increase of the excess charge on the central electrode with the gate voltage results
in periodic oscillations of the line conductance of the turnstile. In other words, the
small signal transfer conductance,dl/dV,, is a periodic function of the gate voltage.
These oscillations were first observed by Scott-Thomas et al (1989) in the
conductance of a one dimensional electron gas using Si structures. Meirav et al
(1990) also observed these oscillations in a GaAs transistor with narrow
constricted channel. The oscillations were identified to correspond to the addition
of an exact electronic charge to the central electron gas. Similar oscillations were
observed by Meurer et al (1992) on arrays of confined quantum dots in AlGaAs-
GaAs heterostructure. Fulton's structures, Fulton and Dolan (1987), revealed well-
~ defined and persistent conductance oscillations that are in accord with the basic
theory. The experiments carried out by Pasqueir et al (1993) on the structures of
figure (3.5) also showed clear G-V, oscillations indicating a stable 2-DEG island
size in the given range of operation. The regular variation of the value of the
conductance peaks is due to the modulation of the barriers by the adjacent gate
potential, Pasqueir et al (1993)

.3.4 Finite-State Machine Model:

The voltage levels applied to the turnstile play a crucial role in guiding the
overall behaviour of the device; ranging from complete Coulomb blockade to
continuous random SET events. The Linear Programming (LP) method, Roy et al

(1993), is a powerful tool in defining the voltage levels required to cause the pre-
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defined transitions in simple single-electronic circuits. However, once the circuit
gets complicated, the legal states of the system become more inter-related through
the transition probabilities and extra care is needed when using the Linear-
Programming technique. |

If all transitions in the system are caused by externally controlled inputs, it
will be desirable to model the effects of these inputs on the state of the system. It
is to be mentioned that the same input may cause different effects on the system
depending on the current state of the system. Studying such systems, one must
consider all possible inputs and all possible legal states.

The Finite-State Machine (FSM) provides a frame-work in which such
State-Input-Transition relationship can be studied with a good level of controlling
the complexity of the system under consideration. The FSM has been widely used
in designing digital circuits and communication systems, Mead and Conway
(1980).

The FSM assumes that any input sensed by the system will invoke an
action. This action may be taken by the system itself or by another system.
Following this action the system changes its state, or the state is changed,
" accordingly. The transition from a state to another may be a physical transition or
conceptual transition, e.g. to keep record of the history of events. Thus, the system
must have a finite and well-defined set of states. The digital single-electronic
systems, including the turnstile, may be modelled within the FSM. The FSM
together with the LP methods form a powerful combination in designing single-
electronic circuits.

The simple turnstile is suggested to provide a means of controlled flow of
single electrons in a circuit, e.g. Geerligs and Mooij (1990) and Likharev (1988).
A controlled gate voltage is first tuned to Vg, this allows only one electron to
tunnel from the left, L, to the central island, M. The excess electron will stay at M
as long as the voltage is held at Vg1. When the gate voltage is later switched to

Vg3, the electron will pop out through the other junction and no other event is to

54



take place afterwards, until the voltage is switched back to Vgi. In this mode of
operation V, and V; are kept constant. These performance specifications can be
transformed into the FSM model as shown in figure (3.7). |

In this model, the state of the turnstile is defined by the number of excess
electrons at the central electrode. The inputs -the voltages- cause transitions from
one state to another, or may not cause a transition, depending on the state of the
device and the input level.

To simplify the LP manipulations, the following transformation can be

used:

Vi(m)=u=ngr

(3.4.1)
ACEI 7

where u and v are functions of the voltage levels and are defined according to
equation (3.3.1). The full set of relations obtained from the LP method based on
the FSM model are given in Appendix (B).

Clocking-Phase I: In figure (3.8.A), one can identify two possible bias regions in
* which the number of unwanted, but possible, events is minimum. In these regions,
beside the desired tunnel event, T(L,M,0), there is a possibility of occurrence of
another unwanted event. In the area labelled Al in figure (3.8.A), the event
T(R,M,0) may occur before T(L,M,0), while in A2 the excess electron may tunnel
through the RHS junction giving rise to the event T(M,R,1).

Clocking-Phase II: In phase II, Bl and B2 areas in the u-v space are similar to
Al and A2 in phase I. In B1, the event T(M,L,1) is possible, i.e. the electron may
pop in the wrong direction. In B2, the event, T(L,M,0) may take place after the
required event, T(M,R,1), has taken place. Thus, a continuous sequence of the
events T(L,M,0)-T(M,R,1) will be observed if the turnstile is biased at any point in
B2.
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The addition of resistive and/or reactive components to the turnstile circuit
dampens down the junctions' charging/discharging process, hopefully, in favour of
the required tunnel event. For clocking-phase I, the device may be biased at Al
and the damping elements chosen to force the charging process in favour of the
event T(L,M,0); while in the clocking-phase II the circuit is biased at B1 and the
process is forced to favour the event T(M,R,1).

A multi-level phased gate input, together with the damping elements, is an
effective means of controlling the tunnel events. In the clocking-phase I, the
turnstile may be biased first at a point in A2 and the damping elements are chosen
to lead the charging process fast in favour of the event T(L.,M,0). The condition
for the unwanted event, T(M,R,1), is initially unsatisfied as the system is still
found at the state S=0. Following the tunnel event, T(L.,M,0), the condition for
T(M,R,1) should not be satisfied until the bias point is switched to Al, which is
the steady state point. In this area, the event T(R,M,0) is no longer a problem

because the system has already changed its state.

3.5 Static Monte-Carlo Method:

Monte-Carlo methods have been widely used in studying the double-
junction structure. Other single-electronic systems studied using the Monte-Carlo
methods include the triple-junction system (the electric pump) and the long
homogeneous arrays of tunnel junctions, e.g. Mullen et al (1988 A&B) and
Amman et al (1989). The static MC method implemented by Mullen and Amman
assumes that the circuit will relax to its steady state following a tunnel event in a
time negligibly shorter than the time till the next tunnel event. This assumes, in
principle, zero resistance and inductance in the circuit.

Tunnelling process is assumed to be a Poisson point process; and only
one tunnel event is, therefore, allowed to take place at a time, e.g. Levine (1976).
This allows the state of the system, S(t), after an infinitesimal time interval At to
be written as, see e.g. Mullen et al (1988) and Amman (1989) :
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n+1 ,p, =[T(R,M,n)+T(L,M,n)]. At
S(t+A)={n-1 ,p_=[T(M,R,n)+T(M,L,n)].At (3.5.1)
n ,p,=1-(p+p)

Relation (3.5.1) represents three mutually exclusive events; viz. the charge
at the central island may change by +e, change by -e or stay unchanged. Clearly,
the probabilities satisfy: p,+p.+p,=1. The Monte-Carlo model will determine
which of the three events is to take place during the time interval At and then
modify the state of the turnstile accordingly ( note: system stays unchanged is
assumed to be an event).

Let the turnstile circuit have infinitely large conductances in all its paths
and zero inductance. The tunnel rates will be constant during the system's visit to
any state and the probability of occurrence of any tunnel event during an
infinitesimally small time interval, At, is equal to (ratexAt). It is this assumption
and the assumption that the traversal time for tunnelling is negligibly small which
allow the use of a negative exponential distribution to represent the time between
- tunnel events (and hence the Poisson nature of tunnel events). The latter
assumption may be put differently as: the whole system is assumed to be frozen
while a tunnel event is taking place until this event is completed.

For a Poisson point process that occurs at a fixed mean rate of A, the
probability that the event takes place in a time interval t is given by:

r=1-exp(-At).

Let the four tunnel rates appearing in equation (3.5.1) be denoted by A;,..,A
4- In a Monte-Carlo simulation the event that is most likely to occur is selected
and the state of the system is changed accordingly. Let the random numbers
chosen from negative exponential distributions with means 1/4;, i=1,..,4, be {t;;
i=1,..,4}. The system then changes its state after a time T where:

7=min {t; ; i=1,..,4} (3.5.2)
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The Poisson processes have the property of being completely memoryless,
e.g. Beaumont (1983). This implies that the expected behaviour in the future will
not be affected by the history of events. It is therefore justified to reset the whole
system following any event and start a fresh observation.

The process described above should be iterated for a time long enough to
allow the average properties of the device to be determined -with high degree of
confidence- from the collected data. The simulation method described above uses
the fact that each tunnelling process is independent of all other processes. The
main function of the simulator is, therefore, to monitor the competition between
the different processes and to select the event that is scheduled to occur first.

An equivalent approach is to combine all processes in a single process
having an equivalent rate of occurrence, Hockney (1988). Let the double-junction
system be in the state S=n at t=0; the probability that the system will remain in that
state for a time t is:

p{S(t)=n}=exp(-A t)xexp(-A,t)xexp(-A3t)xexp(-A4t)

=exp(-[A1+Ag+A3+A4]t)

=exp(-Ap(n)t) (3.5.3)
~ This simply tells the fact that the system, when in any state, will decay at a rate
that is equivalent to the sum of the individual tunnel rates and the whole decay
process will be another Poisson point process. Within this equivalent system, the
i-th process has a probability of occurrence that is proportional to its tunnel rate.

The I-V curves of a double-junction structure calculated from the static
Monte-Carlo methods described above are shown in figure (3.11) which reveal a
sharp discontinuity at the critical voltage. The increased capacitance to ground,
C,» reduces the critical voltage. The capacitance to ground plays an important role
in the turnstiling action as the single electrons will be partially accommodated on
this junction. Figure (3.12) displays the conductance oscillations as a function of
the gate voltage at fixed terminal voltage. Each period corresponds to the addition

of an electron to the central electrode; a fact that is revealed in figure (3.13).
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Static Monte-Carlo simulations have shown that the turnstile specifications,
listed in section (3.4), can be met if the critical charges are increased above their
non-local limit. This will create a zone in the u-v space (V,-V;-V, spaces) in
which the only condition satisfied is that of the required event. In figure (3.10)
two areas in the u-v space are shown: in the area labelled X there is a possibility of
occurrence of the event T(L,M,0) and all other events are blocked provided that
the system was initially at the state S=0. In the area labelled Y in figure (3.10),
the event TOIM,R,1) is allowed at the state S=1 and all other events are blocked.
The strict local limit (critical charge=e/2 for both junctions) is applicable.

3.6 Dynamic Monte-Carlo Simulation:

It was shown in the previous section that some performance uncertainties
will arise when the undamped turnstile is operated as a memory element. This is
attributed to the fast relaxation process following any event. Resistive and
inductive components can be used to regulate the charge/discharge process in such
a way that the probability of occurrence of certain event at a particular state-input
combination is enhanced, while other events become less likely to occur. This
~ will, in effect, enhance the reliability of such devices. It is therefore important to
study the behaviour of the device in real time and try to select the combination of
damping components that ensure the required behaviour. Figure (3.9) shows a
simple turnstile circuit in which damping is provided by two equal external
resistors. This circuit models the structure used by Pasqueir et al (1993) and is
shown in figure (3.5). To simplify the analysis further, the circuit is supposed to
be symmetrically biased, such that V,=-V| =V.

At any time, the total charge accumulated on any junction is equal to the
sum of the charges due to the voltage sources (q;) and the charge (9;) due to any
excess charge at the central electrode. The two charging processes -as seen by
each junction- are independent. Thus the superposition theorem can be used to

determine the total charges on the different junctions.
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