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SUMMARY

This thesis is in two volumes and the second one contains the Figures.

Dynamic motion responses of twin hulled offshore structures, such as semi- 

submersible drilling rigs, are of more concern to designers of offshore structures 

than those of ships, since it is not easy for such offshore structures to move away 

from stormy weather. These structures should operate stably around their fixed 

positions and, from the viewpoint of practical design and construction, they should 

be well designed to withstand severe wave excitation forces in general.

A lot of the twin hulled offshore structures designed for developing the ocean 

resources are of two submerged long body configuration. Their behaviour in 

waves with crests parallel to the long body axis are studied by considering the 

motion dynamics of two rigidly connected submerged cylinders in waves and the 

two dimensional radiation and diffraction problems are investigated with the 

forward speed effect (equivalent current effect). Under a linear assumption of the 

boundary value problem, the numerical solution is obtained exactly by solving the 

integral equation for the velocity potential on the body surface.

Chapter One surveys the history of this research work on motion dynamics of 

floating offshore structures in waves. The new developing theories for predicting 

radiation forces and wave excitation forces to improve numerical accuracy and 

computational efficiency are reviewed and a preliminary study on the 

hydrodynamic behaviour of floating offshore structures in waves is performed. 

The practical prediction of the Froude Krylov forces acting on floating buoys and 

twin hulled vehicles in waves is also carried out. The engineering application of the 

hydrodynamic behaviour of the floating buoys with the mooring systems in waves 

is reviewed and extended to twin hulled offshore vehicles.
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In Chapter Two the complete boundary value problem is theoretically 

formulated for the velocity potential, which describes the unsteady flow around a 

submerged long cylinder advancing with a constant forward speed and with wave 

crests parallel to the long body axis. The theoretical terms due to the forward speed 

effect are included in the body boundary conditions. The effect of non-uniformity 

of the steady flow induced by the forward speed in the neighbourhood of the 

submerged structure is especially considered

In Chapter Three the mathematical formulation of the Green function for this 

hydrodynamic problem is described theoretically and its derivatives are worked out 

for the solutions of the velocity potential over the body boundary contours in the 

integral equations. The mathematical manipulation of the Green function which 

makes the numerical computations more convenient is achieved

In Chapter Four comprehensive derivation of analytical expressions for the 

radiation and wave excitation forces acting on the submerged structure is described 

in detail. These forces are of first order with respect to the motion responses and 

wave amplitudes. Due to forward speed effect there is a contribution from the 

hydrodynamic restoring force terms proportion to the body displacement. The 

theoretical relation between the work done by the damping force and the energy 

transportation of the generated waves by the body motions is mathematically 

derived and is applied to confirm the accuracy of numerical computations. Based 

on such radiation forces and wave excitation forces, the motion equations of the 

dynamic responses of the submerged structure translating at a constant forward 

speed (equivalent current speed) in waves, but left to oscillate freely, are 

systematically formulated.

In Chapter Five the theoretical formulation of the m-vector contribution due to 

the effects of the forward speed and the interaction between two submerged hulls is 

derived by the image method. The mathematical expression of the m-vector 

contribution for the single submerged circular or elliptical cylinder is also 

described. The predicted results in the hydrodynamic aspects with the m-vector



contribution are compared with and without taking the m-vector contributions into 

consideration. The parametric studies are performed on the hydrodynamic 

characteristics such as the added mass and damping coefficients and the real and 

imaginary part of the Kochin functions, with and without the m-vector 

contributions for different submerged depths, Froude number, separation distance 

and inclinations.

In Chapter Six the mathematical formulation of the restoring forces due to the 

forward speed effect for the submerged single and twin circular cylinder cases is 

derived in detail and the numerical results of the submerged two circular cylinder 

case is confirmed by the analytical solution of the submerged single circular 

cylinder case. The dynamic motion responses of an inclined offshore twin hulled 

structure with and without restoring forces due to the forward speed effect in head 

and following waves are extensively investigated. The results of a parametric study 

of the dynamic motion responses of a twin hulled offshore structure for different 

submerged depths, Froude numbers (equivalent current effect), separation 

distances and inclinations in head and following waves are studied and discussed. 

Moreover, the dynamic motion behaviour of twin hulled marine vehicles in the low 

frequency region at resonance is also investigated.

In Chapter Seven the second order horizontal forces, based on the far field 

approach, in head and following waves are theoretically formulated and the second 

order horizontal and vertical forces, based on the near field approach, are also 

mathematically derived to take into account the effects of the forward speed and 

interactions between the two hulls. The steady tilt moments due to the effects of the 

second order forces on an inclined twin hulled structure are predicted to investigate 

the steady tilt behaviour in head and following waves. The analysis is based on the 

near field approach and takes into consideration the second order forces in both the 

horizontal and vertical directions. The numerical result of the near field approach is 

compared with that of the far field approach and good agreement is confirmed in 

both second order horizontal and vertical forces. A parametric study of the steady 

tilt moment acting on the twin hulled vehicle for different submerged depths, 

current speeds, separation distances and inclinations in head and following waves



is completely investigated. The predicted results of the steady tilt moments due to 

second order forces are compared with experimental results.

In Chapter Eight both numerical methods, i.e. the discrete source distribution 

method and the direct Green function method, are reviewed and modified to predict 

the hydrodynamic interaction of submerged two rigidly connected cylinders 

advancing in waves. The velocity potential in both methods is calculated by the 

discrete source distribution technique and the direct solution by the classical integral 

equation method. The numerical results based on both approaches are 

comprehensively investigated and it is confirmed that the direct Green function 

method can deal effectively with such kinds of hydrodynamic problems as far as 

computational efficiency and numerical accuracy are concerned. It is obvious that 

as the number of discrete elements on the body surface increases, the numerical 

accuracy improves. However, a major concern of researchers in marine 

hydrodynamics is computational efficiency. The direct Green function method with 

the optimum numbers of discrete elements and images of dipoles are proposed for 

numerical computations.

In Chapter Nine a mathematical approach using the linear optimal control 

concept to study the dynamic positioning behaviour of twin hulled marine vehicles 

is briefly introduced. Experimental work on dynamic positioning aspects of a twin 

hulled structure is described. A series of experiments were carried out in the 

Hydrodynamics Laboratory for different submerged depths and trim and drift 

angles and the sway force and yaw moment acting were measured. Mathematical 

equations are then fitted so that researchers can make use of these results in 

simulation analyses for the manoeuvring performance and dynamic positioning of 

twin hulled marine vehicles.

In Chapter Ten calculated results of the hydrodynamic coefficients between 

both Tasai’s practical and present fundamental approaches are compared and 

discussed. The results of the steady tilt moments by direct pressure integration are 

compared with those of experimental work performed in Japan and a parametric



study for different inclinations in varying current speeds is carried out. The 

predictions of steady tilt moments acting on twin hulled vehicles from previous 

theoretical approaches are compared and discussed. The calculated results from the 

present approach is then compared with those from this previous theoretical and 

experimental work. In particular the work performed by Martin et al (1978) is 

reviewed and the concept of Martin's model is discussed. The results of both 

approaches are investigated. The effects due to forward speed and interactions 

between two hulls using the Martin-type model are extensively investigated and the 

numerical results are discussed in detail. The effects of the viscous and waterline 

forces acting on the vertical surface piercing columns on steady tilt behaviour of an 

inclined offshore structure are studied and discussed. The predicted results for a 

typical offshore twin hulled structure model, based on the present theoretical 

approach, are presented to demonstrate the overall value of this research work for 

engineering applications to twin hulled marine vehicles under the combined actions 

of wave and current.

Chapter Eleven reviews the original achievements of the work, it draws some 

conclusions and discusses recommendations for future work.
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NOMENCLATURE

Notations commonly used in the thesis are described here. However in certain 

cases where certain notations are not frequently used, they are described as and 

where they appear in respective chapters.
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B]j(P)~Bjj(E)

Amplitude of incident waves 

Amplitude of the waves at infinity

Added mass coefficient in the k-th direction due to the j-th mode of 

motion

Added mass coefficient of the left cylinder associated with the force 

in the i-th direction due to the j-th mode of motion.

Non-dimensionalized added mass coefficients for single cylinder

system

Non-dimensionalized added mass coefficients for two cylinder 

system

Damping coefficient in the k-th direction due to the j-th mode of 

motion

Damping coefficient of the left cylinder associated with the force in 

the i-the direction due to the j-th mode of motion.

Non-dimensionalized damping coefficients for single cylinder

system

Non-dimensionalized damping coefficients for two cylinder system

x 100% - Relative error of damping coefficients 

Phase speed of the waves
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F,1
G(P,Q)

Restoring coefficient in the k-th direction due to the j-th mode of 

motion

Exponential integral
Wave exciting force in the j-th direction

Non-dimensionalized wave excitation forces for single cylinder

system

Non-dimensionalized wave excitation forces for two cylinder 

system

Second order steady force in the j-th direction 

Non-dimensionalized second order forces for two cylinder system 

Froude number (= U/-y/ga)

Froude Krylov force per wave amplitude acting on vertical columns 

in sway motion (FYFK1)

Froude Krylov force per wave amplitude acting on submerged 

pontoon in sway motion (FYFK2)

Total Froude Krylov force per wave amplitude acting on twin 

hulled model in sway motion (TFYFK)

Wave excitation force per wave amplitude acting on vertical 

columns in sway motion (FYYAW1)

Wave excitation force per wave amplitude acting on submerged 

pontoon in sway motion (FYYAW2)

Total wave excitation force per wave amplitude acting on twin 

hulled model in sway motion (TFYYAW)

Total sway force per wave amplitude acting on twin hulled model 

(TSWAY)

Froude Krylov force per wave amplitude on twin hulled model in 

heave motion (FZ11)

Wave excitation force per wave amplitude on twin hulled model in 

heave motion (FZ12)

Total heave force per wave amplitude on twin hulled model (TFZ) 

Green function
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H+(k),H- (k) Kochin functions of upstream and downstream waves 

H£(k),HQ(k) Kochin functions of diffraction waves 

Hp(k),Hp(k) Kochin functions of waves due to free oscillation of the body 

Hj (k),H7(k) Kochin functions of the j-th mode radiation waves 

H*(k),H”(k) Kochin functions of the reverse flow radiation waves 

l x Average momentum flux at x

Ka Encounter wave number (= )
g

K0 Wave number of the steady waves (= g/U2)
M

-5-  Non-dimensionalized steady tilt moments for two cylinder system
0.5pgA 1
M Mass of the cylinder of unit length

M0 (F. K.)j j Pitch moment due to Froude Krylov force per wave amplitude

acting on submerged pontoons (PMFK11)

-M 0 (F. K.)12 Pitch moment due to Froude Krylov force per wave amplitude

acting on submerged pontoons with column correction (PMFK1M) 

M0 ) Wave excitation moment per wave amplitude acting on submerged

pontoons in pitch motion (PMZAW)
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M0 (F. K.)2 Pitch moment due to Froude Krylov force per wave amplitude

acting on vertical columns (PMFK2)

M0 j Pitch moment due to wave excitation force per wave amplitude

acting on vertical columns (PMXAW)

M0 Total pitch moment acting on twin hulled model (TPM)

M9 (F. K.)j Roll moment due to to horizontal Froude Krylov force per wave

amplitude acting on vertical columns (AMRFK1)

M(p(F. K.)2 Roll moment due to to horizontal Froude Krylov force per wave

amplitude acting on submerged pontoons (AMRFK2)

M,,, (F. K.)3 Roll moment due to to vertical Froude Krylov force per wave

amplitude acting on submerged pontoons (AMRFK3)

M^ (F. K.) Total roll moment due to Froude Krylov forces per wave amplitude 

acting on twin hulled model (TAMRFK)
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Roll moment due to wave excitation force per wave amplitude 
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Total roll moment acting on twin hulled model (TMROLL)

Element number of the cylinder's contour

Number of discretized elements
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Number of discretized elements on the left cylinder
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Dynamic pressure acting on the surface of the body
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Free surface

Body surface of the cylinder 
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Wave period (seconds)

Transfer function 

Forward speed of the body 

Steady flow vector

Non-dimensionalized Froude Krylov forces in surge direction
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Vector m describing the forward speed effect of the body boundary 

condition
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Unit vector normal to the body surface
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CHAPTER 1 

INTRODUCTION AND PRELIMINARY STUDIES

1.1  Historical review on hydrodynamic problems due to forward

speed effects

With the linear assumption of the fluid flow, the hydrodynamic forces acting 

on a structure advancing in waves are categorized into radiation forces and wave 

excitation forces. The former term is the added mass and damping forces due to the 

body oscillatory motions in a calm water. The latter one is the hydrodynamic 

pressure forces acting on the structure in the incident wave train and the body is 

restrained at its mean position with its motions suppressed. In compliance with the 

linear approximation of the fluid flow which is valid when the amplitudes of body 

motions are relatively small in terms of the other length scales, for instance, wave 

length and body dimensions, the total hydrodynamic forces acting on the 

translating structure in incident waves can be directly superposed by the terms 

mentioned above.

In principal, the history of researches on the motion dynamics of floating 

ships and offshore structures in waves is that of adventure to discover new 

developing theories for calculating radiation forces and wave exciting forces with 

improving engineering accuracy. The historical review of previous research work 

is briefly surveyed as follows.

The strip theory is often used to predict the hydrodynamic forces acting on 

ships in waves. Several basic assumptions are emphasized to make the numerical 

solution effective. Ship hull form is considered as a slender geometry and the 

frequency of the body motion must be high, in other words the length of the waves 

generated by the ship motions is relatively shorter than the principal dimensions of
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the ships. The fundamental concept of the strip theory is to calculate hydrodynamic 

forces acting on the hull surface of ships as the sum of the hydrodynamic forces 

acting on each cross section of the ship in the longitudinal direction without 

considering ship lengthwise fluid flow, in other words, assuming two dimensional 

flow around each cross section. The two dimensional flow can be simulated to 

study the hydrodynamic problem of a long cylinder in the direction of the cross 

section.

A reasonable solution of two dimensional flow around a circular cylinder 

oscillating on the free surface of the water was given by Ursell (1949) for the first 

time in the history of marine hydrodynamics. A solution for the more ship-like 

sectional form was followed by Tasai (1959). However those results gave the 

radiation and wave excitation forces on a limited family of ship hull forms. More 

numerical methods were developed to predict hydrodynamic forces on the arbitrary 

sectional hull form on the free water surface (Frank 1967, Maeda 1969). Perhaps 

the improvement of the numerical computations in theoretical approaches was due 

to the effective development of high speed computer systems. The first and second 

order forces acting on a circular cylinder was analysed by Ogilvie (1963).

All solutions stated above were based on a single cylinder. However the 

solution of two dimensional flow around two circular cylinders oscillating on the 

surface of the water was developed by Ohkusu (1969,1970) and several interesting 

phenomena due to the effects of interactions between two hulls, for instance the 

negative added mass and zero damping forces at certain particular frequencies were 

observed.

Obviously the ship has a forward speed, so the effect of the forward speed on 

the ship motions should be taken into account. But, to account for the forward 

speed effect together with the existence of the free surface, the hydrodynamic 

behaviour of the ship motion becomes more complicated. Hence, the forward 

speed effect is not considered in the fundamental formulation of the strip theory, so 

it cannot predict accurate solution for the ship motions at high speed.
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Frequencies of ship motions are high in head waves and lower in following 

waves. On account of the effects of the ship forward speed, low encounter 

frequencies with the following waves lead to low frequencies of the ship motions. 

In fact the strip theory is not reliable for the low frequency motions (Ogilvie and 

Tuck 1969) and gives less accurate predictions (Takezawa et al. 1981,1982).

New reasonable approaches for ship motion theories which do not depend on 

two dimensional treatment of the fluid flow and does consider the forward speed 

effect correctly in the theoretical formulation are required for more accurate 

predictions of the hydrodynamics in various wave conditions especially in 

following waves. Hence the three dimensional integral equation method was 

proposed and developed by several researchers (Inglis and Price 1981, Ohkusu and 

Iwashita 1986). This theoretical approach is to solve numerically the distribution of 

singularities around the ship hull such that the flow field must satisfy the free 

surface and ship surface boundary conditions properly. For zero forward speed, 

this method predicts reasonable solutions (Michelsen and Faltinsen 1974, Standing 

and Hogben 1974). For finite forward speed, some analytical ambiguity in the 

theoretical formulation has not yet been overcome so far and the available predicted 

results are few and not reliable within acceptable engineering accuracy. Therefore 

further research work needs to be done in this field but with a simpler geometry 

and more tractable conditions.

The forward speed effect is also recognized in the other aspects of ship 

motion theories. One is the added resistance of a ship, similar to second order 

horizontal forces on an offshore structure, in waves (Ohkusu 1984, Naito et al. 

1985). The other is the damping moment with rolling motion caused by the 

viscosity of the fluid (Himeno 1977).

So far the ship motion theory keeping the motions in the frequency domain in 

mind has been overviewed briefly. The time domain analysis of the ship motions is 

not described because it might not be directly related to the contents of this research 

work. The calculated results in the frequency domain analysis are applied to predict 

the dynamic motion responses of the surface vessels and offshore structures in
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irregular waves with the introduction of the superposition principle (St. Denis and 

Pierson 1953).

The floating offshore structures for developing petroleum under the deep sea 

bottom are often called mobile drilling units. This kind of offshore structures must 

be a stable platform which is able to keep station. Their seakeeping performance to 

withstand the severe environment is quite crucial. Hence the dynamic motion 

responses in waves is one major concern of designers and engineers in the offshore 

industries. The interesting characteristics in the geometry of the offshore structures 

are a small water plane area compared with their displacement which originates 

from the form of large buoyancy bodies submerged under the water surface and the 

slender columns piercing the free surface to support the upper platform. This 

obviously leads to lower natural frequencies of heaving, pitching and rolling; 

generally speaking the oscillatory motions of the offshore structures in waves are 

limited within the small magnitude (Tasai 1983) due to their geometries.

The other characteristics of the hydrodynamic forces due to the geometries of 

the offshore structures are that of drag forces induced from the fluid viscosity 

which are dominant on the slender parts of the structure, if the wave height is larger 

than the cross sectional dimensions of the offshore structures (Sarpkaya and 

Isaacson 1981).

In general offshore structures are moored with several mooring lines. 

Mooring lines are principally soft springs to resist the steady forces from various 

sources, for example current and waves, such that the offshore structures do not 

displace so much from their mean positions. In this aspect the accurate prediction 

of the steady wave forces which are usually of second order is required exactly. 

The steady wave forces in the vertical direction induce the steady tilt moments 

which affect the stability of the offshore structures in waves is presented by 

Numata et al (1976).

One reason for this rather large inclination by the second order forces is due
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to the relatively small water plane area of the offshore structure. Moreover the 

reaction of mooring lines in this situation might increase their inclination. Thus the 

steady forces due to waves as well as current and winds are certainly important 

factors which affect the safety of the offshore structures with mooring lines 

(Takarada et al. 1984a, 1984b, 1985).

Combined effects of current and waves or wind and waves on the stability of 

the offshore structures have been investigated experimentally (Takarada et al. 

1984a, 1984b, 1985) ; the theoretical methods to predict environmental forces 

under the influence of combined effects have not yet been proposed.

The reaction of the mooring lines to restore the displacement of the offshore 

structures to their mean positions is generally very small in terms of the mass of the 

structure; natural periods of the dynamic motions in the horizontal plane, such as 

surging, swaying and yawing, are basically longer than 100 seconds. In fact there 

are no waves of such long periods at sea; no wave excitation forces of the first 

order of magnitude act on the offshore structure at such a long period. However the 

second order forces due to sea waves, which are composed of various frequency 

components, include wave excitation forces with the different frequency of two 

component waves. In principal the sea wave always has a continuous power 

spectrum and the difference frequency of two components can be small enough to 

generate wave excitation forces of such long periods. Although this wave excitation 

force is of second order, it may cause low frequency motions of large magnitude at 

resonance because of the low damping force at such a specifically low frequency 

(the first order motions with the same frequency as waves are hereafter referred to 

as fast frequency motions as contrasted with low frequency motions). The strength 

of mooring lines has to be determined such that they can withstand this large 

displacement of the low frequency motion in the resonant condition (Hsu and 

Blenkam 1970, Arai etal. 1976).

The combined motion of low and fast frequencies was analysed by 

Triantafyllow (1980, 1982). The velocities of the low and fast frequency motions
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were assumed to be of identical order of magnitude. Nevertheless the effect of the 

velocity of the low frequency motion on the fast frequency motion was not 

considered at that moment. Hence the amplitude of the low frequency motion is 

supposed to be very large compared with that of the fast frequency motion, the 

former could be appropriately considered as a quasi-steady motion. With such an 

approximation the interaction between both motions can be treated as the constant 

speed effect on the fast frequency motion.

The low frequency motion occurs at resonance ; so its amplitude is certainly 

determined only by the value of the damping force. Recently it was found that 

damping forces of the body moving with long stroke in short waves is larger than 

that of the body moving in calm water (Wichers 1979). Discussions on the origin 

of the increase of damping forces in waves have not been concluded. To attribute 

this damping force to added resistance, a second order horizontal force acting on 

the structure translating in waves was proposed by Saito (1984). The dependence 

of the velocity on the added resistance (the second order forces) is quite 

complicated but the tendency is of linear dependence, i.e. the damping force 

proportional to velocity, can be obtained by assuming moderate variation of the 

velocity from the mean value.

As mentioned above, theoretical analysis and practical prediction of the 

hydrodynamic loadings acting on ocean going ships and offshore vehicles which 

account for forward speed effect in waves is rather important for the solutions of 

major research topics in ship motion marine hydrodynamics. Here the topics of 

present work is summarized as follows.

(1) To formulate theoretically and solve numerically a boundary value problem 

for the velocity potential describing the flow field around a twin hulled offshore 

structure oscillating in waves and simultaneously translating at a constant forward 

speed.

(2) For correct evaluation of the hydrodynamic loadings acting on offshore 

structures, it is necessary to understand the forward speed effect in the case of a
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single cylinder as most lower hull structures are circular cylinders.

(3) To predict the hydrodynamic forces acting on a two cylinders rigidly held 

apart with no further modelling. This represents a simplified model of an offshore 

structure in the beam sea condition.

(4) To discuss several interesting topics in the offshore engineering field 

associated with the interaction of wave and current and that of the low and fast 

frequency motions with the forward speed effect on the hydrodynamic forces 

acting on such twin hulled marine structure configurations.

(5) To investigate the steady tilt moment due to the steady second order forces 

and dynamic motion responses with the hydrodynamic restoring forces due to the 

effects of forward speed and interactions between two hulls of the inclined twin 

hulled offshore structures in head and following waves.

1.2 Preliminary studies in the ocean engineering field

Preliminary studies of the hydrodynamic behaviour of floating buoys and 

twin hulled vehicles in waves were performed. The practical engineering 

applications to the dynamic motion responses of floating buoys with mooring 

systems in waves and their extension to twin hulled offshore structures is also 

performed. The spectral analysis of the motion dynamics of floating buoys and 

twin hulled marine structures in waves is carried out for ocean engineers and 

designers from the point of view of practical engineering applications.

In fact, these theoretical approaches to predict the hydrodynamic loadings and 

motion responses of floating buoys and twin hulled structures in the incident wave 

condition are simplified so that practical computations are easily performed on 

desktop computer systems and it is also confirmed that the computer programs 

developed here are rather convenient and effective from the practical point of view
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of engineering design considerations of offshore structures in general. From an 

analysis of the computation time taken for these calculations, it is found that the 

CPU time is only a few seconds on the VAX 3600 micro computer system. Hence 

this is an efficient and economical tool for engineers and designers.

The predicted results are also compared with those from previous theoretical 

and experimental research work and they show reasonable accuracy for practical 

engineering applications.

1.2 .1  Practical approach to Froude Krylov forces on floating 

buoys and semi-submersibles in heeled conditions

In the offshore engineering field, one of the most attractive and important 

technical themes is the prediction of hydrodynamic loadings acting on floating 

buoys and twin hulled marine structures in waves. In general, the conventional 

offshore structures consist of several structural members, such as bracings, 

brackets, columns and caissons (lower hulls). The simplest representation of wave 

excitation forces and moments is based on the assumption that the pressure field is 

not affected by the presence of the structure and can be approximately determined 

from the incident wave potential itself. This approach was utilized in the earliest 

theories for ship motions in waves and is also known as the Froude Krylov 

hypothesis.

The hydrodynamic forces acting on floating buoys are obtained by direct 

pressure integration over the body boundary contours. The theoretical approach 

adopted here is worked out for the case of hydrodynamic forces acting on the left 

body of the twin hulled structure. The forces acting on the right body of the twin 

hulled offshore structure can also be written by a slight manipulation of the 

mathematical equations. Summing up hydrodynamic forces described above, the 

hydrodynamic forces on the twin hulled offshore structure are obtained, for 

instance the caisson (hereinafter referred to as " D - buoy ") is considered. A
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system can then be composed to be considered as a twin hulled marine structure in 

general.

The exact solution obtained here is in the framework of the linear theory and 

interaction effects between the two bodies is neglected. These computed results are 

compared very well with those from previous approximate research work (Tasai 

1983) and are sufficiently accurate for engineering practice, i.e. for large values of 

the ratio of the wave length to the column diameter, the exact and approximate 

solutions match very well.

The theoretical calculations are performed on the DEC VAX 3600 micro 

computer system to obtain hydrodynamic forces on the cylindrical buoy 

(hereinafter referred to as " C - buoy "), D - buoy and the modified box shape base 

buoy, which is referred to as " P - buoy " and the details of the coordinate system 

and of the three different buoy configurations are also indicated in Figs. 1.1, 1.2 

and 1.3 respectively. A comparison study of the hydrodynamic forces for three 

different configurations of twin hulled structures is performed and a parametric 

study of the floating buoys and twin hulled structures for different separation 

distances and inclinations is also investigated. Series of experiments to measure the 

Froude Krylov forces acting on three such different kinds of floating buoys in 

restricted conditions were performed at the Hydrodynamics Laboratory of Glasgow 

University, which is 77 m long x 4.6 m wide x 2.7 m deep (maximum water depth 

2.4 m).

The wave signals detected by three wave probes are picked up by the Wave 

Monitoring System (including amplifiers and filters) and the hydrodynamic loads in 

both horizontal and vertical directions are measured by a straight strain gauge bar 

and are passed to the FYLDE amplifier and filter system. All the signals are then 

collected by the Data Collecting System (32 channel analogue to digital converter) 

and recorded in the Macintosh-2CLA micro computer system as shown in Fig. 1.4. 

The experimental data are sampled at a rate of one hundred (100) samples per 

second per channel for twenty (20) seconds.
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In the experiments, each buoy model is mounted below the straight bar, 

which can measure both horizontal and vertical strains simultaneously, and tested 

in regular incident waves with several different frequencies. The calibration of the 

straight bar facility, as shown in Fig. 1.5, is individually performed before each 

experiment is started. All relations of these calibration data, which are converted 

from induced voltages to actual loads, are linear in general.

All experimental data acquired by the Macintosh-2CLA computer is analysed 

in the frequency domain with the Fast Fourier Transform technique on the VAX- 

3100 workstation computer system and in time domain on the VAX/VMS computer 

system. A comparison study of the predictions between direct pressure integration 

and experiments is carried out on the Macintosh Plus micro computer system 

systematically. Basically the experimental data acquisition and analysis system at 

the Hydrodynamics Laboratory is well set up to deal with hydrodynamic research.

Figs. 1.6 and 1.7 show that the predicted results are in excellent agreement 

with that of previous researchers (Tasai 1983). The theoretical predictions are also 

compared with experimental results. In general the theoretical results show 

reasonable agreement with the experimental ones as Figs. 1.8 to 1.13. 

Nevertheless some discrepancies induced by several effects, for instance wave 

diffraction, fluid viscosity and experimental error etc do occur from these 

experiments and these buoy models in experiments are as in Figs. 1.14 (see 

pp312), 1.15 and 1.16.

Through a validity test of the computer program, the effectiveness is 

confirmed for the prediction of the Froude Krylov forces on floating buoys and 

twin hulled offshore structures in regular waves. Based on specific parameters, 

such as inclinations and separation distances between two bodies of the twin hulled 

structure, the force prediction of twin hulled offshore structures is calculated in 

order to have an extensive knowledge in the field of Froude Krylov forces on 

floating buoys and offshore structures in regular progressive waves. As for the 

inclination effect of floating buoys shown in Figs. 1.17 and 1.18, no significant

56



changes in force prediction is shown in the heave direction. But in the surge mode, 

the results with no inclination are always larger than that with inclination (5 or 10 

degrees) in the range of wave periods. Moreover calculated results with these 

inclinations show not much variation in general.

In order to extend this study further, the forces acting on the left and right 

bodies of a twin hulled offshore structure are calculated. The results of both surge 

and heave forces on each body are as Figs. 1.19 and 1.21 and the phase angles are 

also presented in Figs. 1.20 and 1.22. The investigation of Froude Krylov forces 

on three twin hulled structures with different configurations is performed for 

comparison with previous researches (Tasai 1982 and Wu 1991) and all basic 

configurations of three different twin hulled models (hereinafter referred to as 

SSCH models) are shown in Figs. 1.23 to 1.25. In general the calculated results of 

the SSCH-1 model, shown as Figs. 1.26 and 1.27, show very good agreement 

with approximate results of other researchers. Similar results for the SSCH-2 and 

SSCH-3 models are shown in Figs. 1.28 to 1.31. In spite of the range of rather 

short wave periods, the trends of the calculated results also show reasonable 

agreement with approximate results (Tasai 1970 and Wu 1991). The pressure 

integration predicted values of surge forces are generally a little smaller than that of 

the approximate approach and the calculated results of heave forces are slightly 

larger. These discrepancies could be mainly due to the form approximations of twin 

hulled structures.

In practical computations, the exact solution can be reduced to the 

approximate one when the wave length tends to infinity (i.e. k —» 0). It can be 

shown that at least for the range of A,/2r0 more than 20, the approximate formula of 

Tasai is in fairly good agreement with the exact solution. For large value of V ^ro * 

there is hardly any variation in heave force for different inclinations. However it is 

also noticed that there is an appreciable variation in the surge force and this is 

confirmed by experimental results.
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1.2 .2  Dynamic motion responses of floating buoys in waves

A wide variety of storage buoys and their anchoring arrangements in waves 

have been proposed and constructed in recent decades. A majority of these offshore 

structures are composed of combinations of circular cylinders with a common 

longitudinal axis in general.

The approach to predict the highest expected wave excitation forces on 

offshore structures in waves is based on single regular wave concept. For a 

particular wave theory, with a certain wave height and wave period chosen to the 

location of the structure, the corresponding pressure field and horizontal 

components of the wave particle velocity and acceleration are then determined. The 

wave kinematics can be written as an appropriate form of the Morrison equation to 

calculate hydrodynamic loadings acting on structural components of floating 

offshore buoys in regular waves.

Here a s tr ip  approach is applied in conjunction with linear wave theory and 

the drag effect is reasonably designed for structural components of floating 

offshore structures. In general, this simplified approach cannot predict well when 

the wave length is five (5) times less than the maximum diameter of the cylinder. 

The approximate approach is derived to predict dynamic motion behaviours of 

floating buoys in regular progressive waves and the computer program is also 

developed in order to investigate effects for different geometrical combinations of 

floating buoy structures in waves.

In principal the wave induced forces on offshore structures in waves are due 

to Froude Krylov effect (dynamic pressure forces), inertial effect (acceleration 

forces) and drag effect. The summation of these forces in both horizontal and 

vertical directions obtains non-zero resultant and it induces surge, heave and pitch 

motions of offshore structures in waves. The forces due to Froude Krylov and 

inertial effects can be calculated by linear wave theory as long as the cylinder 

diameter is less than one fifth (1/5) of the wave length. Otherwise the diffraction 

effect should be properly considered. The drag forces due to the velocity effect are
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not linear, since they depend on the square of the velocity. Compared with the 

pressure and inertial forces acting on large diameter cylinders, such forces are 

insignificant but they are important when either the resultant of the former two 

drops to zero values or at extreme wave lengths. Here based on the Morrison 

approach, an approximate approach to predict dynamic motion behaviours of 

floating buoys and offshore structures in regular waves is derived and the computer 

program is also developed for engineering design applications.

The coordinate system of the floating buoy structures in regular waves is as 

in Fig. 1.32 and the buoy models are the same as shown in Figs. 1.2 and 1.3. The 

approximate predictions based on the theory of body motions in regular waves 

show good agreement with that of previous researches (Tasai 1983). The forces 

due to inertial and drag effects on both upper and lower portions of the floating 

buoy structure in regular waves are calculated and the predicted results for the " P - 

buoy " model in surge, heave and pitch modes are presented in Figs. 1.33 to 1.38 

respectively. As noticed in these figures, the force due to inertial effect is dominant 

and that due to drag effect is not significant for the chosen wave periods.

A series of experiments on dynamic motion responses of floating buoys in 

regular incident waves were carried out for three different kinds of buoy 

configurations at the Hydrodynamics Laboratory. A regular wave signal is 

generated by a plunger type wave maker driven by an electrically controlled 

hydraulic pump handled by a DELL-200 micro computer system as in Fig. 1.39 

and the wave amplitude is measured by three resistance type wave probes. The 

model is equipped with two inclinometers to measure roll and pitch angles. The 

surge and heave motions are also measured by the SELSPOT system. This system 

enables rigid body measurements to be carried out by a pair of light emitting diodes 

mounted on the model which transmits signals as the model oscillates in waves. 

The signals generated by the diodes are picked up by a set of cameras located 

beside tank bank around the model. The data acquisition by the computer system is 

started when the model behaviour in waves reaches the most steady and consistent 

pattern.
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Here a complete description of hydrodynamic experiments for data 

acquisition is described systematically and the detail of such system is also shown 

in Fig. 1.40. The wave signals detected by three wave probes are picked up into 

the Wave Monitoring System (including amplifiers and filters). Then these signals 

are passed through the Data Collecting System (32 channels analogue to digital 

converter) and recorded into the Macintosh-2CLA computer system. The horizontal 

and vertical displacements of floating model in waves are detected by the 

SELSPOT system. The displacement signals of the model in motions are picked up 

by opto-coupled cameras. Then these signals through the Movement Monitoring 

Instrument System (SELSPOT processing unit) and Data Collecting System are 

recorded into the micro computer system. The horizontal and vertical forces of 

floating models in motions are measured by two pairs of load cells and the rotating 

angles are also picked up by two inclinometers. Then through both FYLDE 

Amplifier and Filter System and Data Collecting System, such signals are recorded 

into the micro computer system. The experimental data analysis procedure is 

similar to the previous one mentioned above. In fact a comprehensive procedure of 

specific experimental data acquisition and analysis system at Hydrodynamics 

Laboratory is described and the flowing diagram of such a experimental system is 

also presented as shown in Fig. 1.41.

The results of experimental work for such three different kinds of buoy 

models are compared with that of theoretical predictions (Wu 1991) with 

reasonable accuracy. The surge, heave and pitch motion responses of the " C - 

buoy " model in regular progressive waves are presented in Figs. 1.42 to 1.44 

respectively. In surge motion as shown in Fig. 1.42, the discrepancies between 

experimental and theoretical results could be due to difficult predictions of damping 

and restoring coefficients and mooring system etc. The motion response in heave 

mode, as presented in Fig. 1.43, show good agreement. As for pitch motion, as 

shown in Fig. 1.44, the large differences may be due to the buoy model rotating in 

the motion experiment.

Surge, heave and pitch motion responses of the " D - buoy " model in regular
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progressive waves are shown in Figs. 1.45 to 1.47 respectively. In surge motion 

as shown in Fig. 1.45, large discrepancies are due to difficult predictions of 

damping, restoring coefficients and mooring system etc. As for the heave motion, 

as presented in Fig. 1.46, large differences also appear. In fact from the inclining 

and natural frequency experiments, certain information of the buoy model 

characteristics such as damping coefficients and metacentric GM heights can be 

used for more accurate predictions of dynamic motions for practical design 

applications. The pitch motion response, as presented in Fig. 1.47, matches fairly 

well for the range of wave periods.

Surge, heave and pitch motion responses of the " P - buoy " model in regular 

progressive waves are presented in Figs. 1.48 to 1.50 respectively. In heave and 

pitch motions as shown in Figs. 1.49 and 1.50, the agreement between theories 

and experiments for the range of wave periods is fair.

A comparison study on motion dynamics for the three different kinds of buoy 

model configurations is as shown in Figs. 1.51 to 1.59. The motion experiments 

of three different kinds of floating buoy models are also presented as shown in 

Figs. 1.60, 1.61 and 1.62 respectively.

This preliminary study indicates that a fairly reliable prediction can be made 

of the motion responses of buoy models, with very little CPU time.

1.2.3 Motion response prediction of a twin hulled offshore structure 

in waves

Various offshore drilling structures are constructed for the exploration and 

mining of oil, gas and all kinds of mineral resources in the sea bed and substratum. 

These marine structures should be stably operated around their fixed position. As 

these offshore drilling structures are often exposed to severe environmental 

conditions and forced to keep their operation in good condition, from the point of 

view of design and construction, they should be well designed to withstand severe
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wave excitation forces in general.

Dynamic motions of such offshore structures in waves are of more concern to 

designers of offshore structures than that of ships, since it is not easy for offshore 

structures to move away from the stormy weather. Hence the operation safety of 

these marine structures is a principal factor which should be taken into 

consideration at the preliminary design stage.

The deep water wave theory with small wave height assumption is applied 

and submerged parts of twin hulled offshore structures are assumed to be 

reasonably slender. Moreover it is assumed that the free surface effect is assumed 

to be negligible and interference effects between columns and caissons are 

neglected in practical computations. It is also found that damping forces, as 

obtained from experiments of the offshore structure model, for the conditions of 

small motion amplitudes in heave, pitch and roll modes can be sufficiently 

described in linear terms. The computer program has been developed to predict 

dynamic motion responses of semi-submersible catamaran hull structures in beam 

and longitudinal waves for practical design applications.

Based on the theory of body motions in waves, approximate predictions of 

twin hulled marine structures in regular progressive waves show good agreement 

with that of previous researches (Tasai 1970). Several experimental results in 

dynamic motion responses of such twin hulled marine vehicles in waves are 

analysed here for two different kinds of twin hulled models, which have eight 

cylindrical columns and two caissons with different configurations, in other words, 

one twin hulled model with nearly rectangular cross sections and sharp end 

sections (Model-1) and the other one, as shown in Fig. 1.25, with circular cross 

sections and flat end sections (Model-3). Analysis results of the experimental work 

are compared with that of preliminary theoretical predictions (Wu 1991) with 

reasonable accuracy.

In order to confirm the effectiveness of this theoretical approach, validity tests
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are performed for two different kinds of twin hulled marine vehicles mentioned 

above. The basic configuration of the structure model (SSCH-1) has two caissons, 

eight columns and an operation deck surmounted on the upper part of these 

columns and the principal particulars are also indicated as shown in Fig. 1.23. The 

motion experiments of this SSCH-1 model were carried out at Tsuyazaki Sea 

Safety Research Laboratory, Japan and experimental results are compared to 

confirm theoretical predictions.

In heave motion, the non-dimensionalized motion amplitudes of experimental 

and theoretical results match well as shown in Fig. 1.65 and the phase angle by 

theoretical prediction is also presented in Fig. 1.66. The calculated results of 

Froude Krylov, wave diffraction and total wave excitation forces per unit wave 

amplitude are compared and presented in Fig. 1.67.

In pitch motion, the non-dimensionalized motion amplitudes of experimental 

and theoretical results are in good agreement as shown in Fig. 1.68 and the phase 

angle by theoretical prediction is also presented in Fig. 1.69. The predicted results 

of Froude Krylov, wave diffraction and total wave excitation moments per unit 

wave amplitude are compared and presented in Figs. 1.70 and 1.71 respectively.

In roll motion, the non-dimensionalized motion amplitudes of experimental 

and theoretical results match well as shown in Fig. 1.72 and the phase angle by 

theoretical prediction is also presented in Fig. 1.73. The calculated results of 

Froude Krylov, wave diffraction and total wave excitation moments per unit wave 

amplitude are compared and presented in Figs. 1.74 to 1.76.

In sway motion, the non-dimensionalized motion amplitudes of experimental 

and theoretical results have good agreement as shown in Fig. 1.77 and the phase 

angle by theoretical prediction is also presented in Fig. 1.78. The predicted results 

of Froude Krylov, wave diffraction and total wave excitation forces per unit wave 

amplitude are compared and presented in Figs. 1.79 to 1.81.
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The basic configuration of SSCH-3 model has two circular cylindrical 

caissons, eight circular columns and principal particulars are as shown in Figs. 

1.25 and 1.82. The motion experiments of this SSCH-3 model were carried out at 

the Hydrodynamics Laboratory of Glasgow University (Atlar 1986) and the 

comparison of experimental and theoretical results is also performed. The non- 

dimensionalized amplitudes in heave and pitch motions match well in short wave 

period range as in Figs. 1.83 and 1.84 respectively and the SSCH-3 model in 

motion experiments is also presented in Fig. 1.85 (see pp343). The large 

discrepancies between experimental and theoretical results at several specific wave 

periods could be due to several factors, such as linear damping terms, modelling 

effects of structure models and inevitable experimental errors etc.

In brief, this approximate approach, to predict dynamic motion characteristics 

on a preliminary basis, is rather convenient and easily performed on desktop 

calculators.

1.3  The principal objectives of present research work

The main objective of this study is to investigate the effect of second order 
steady tilt behaviour and to achieve the goal the following sub-objectives have to be 
carried out

(1) A preliminary study in ocean engineering field should be extensively 

performed at the early stage as a learning process. The prediction of the Froude 

Krylov forces acting on floating buoys and twin hulled marine vehicles in waves 

is to be studied. The hydrodynamic behaviours of floating buoys with mooring 

systems in waves are to be reviewed and extended to offshore twin hulled 

vehicles. A spectral analysis on the motion responses of the floating buoys and 

twin hulled structures in waves is also carried out(Wu 1992).

(2) Both numerical techniques, discrete source distribution and direct Green 

function methods (hereinafter referred to as D.S. Method and Direct Method 

respectively), are to be investigated to solve the boundary value problem, taking 

into account effects of forward speed and interactions between two hulls, for the
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solutions of velocity potentials on the surface of body boundaries directly. The 

logarithmic part of the Green function will be analytically derived to improve the 

accuracy of the computation when checking the results of the damping forces by 

pressure integration and by energy flux consideration and the horizontal second 

order forces by pressure integration and momentum flux consideration.

(3) In the field of the computational fluid dynamics, the computational efficiency 

and numerical accuracy are two major concerns of researchers, so both numerical 

methods will be modified to predict the hydrodynamic loadings acting on offshore 

structures advancing in waves. The velocity potentials in these methods are 

calculated by the discrete source distribution technique and the direct solution by 

the classical integral equation method. These modifications, accomplished by 

analytically solving the logarithmic part of the Green's function, will help to 

improve the computational efficiency, in other words, it will cut down the CPU 

time considerably, for the prediction of the hydrodynamic forces acting on the 

offshore structures.

(4) The numerical accuracy checked by these newly modified approaches is to 

be extensively investigated. The numerical results based on both approaches are to 

be compared as regards computational efficiency and numerical accuracy. The 

numerical accuracy check is to be performed by varying the number of the 

elements and for different depths of immersion. It is obvious that as the number of 

the discrete source elements on the body boundary surface is increased, the 

numerical accuracy is improved. However a major concern is the computational 

efficiency. Hence there is a need to carry out the numerical computations which 

can help researchers to select the optimum numbers of discrete elements and 

images of dipoles. For the case of twin cylinders the accuracy is to be checked by 

varying the number of dipole images.

(5) The theoretical formulation of restoring forces acting on two submerged 

circular cylinders in waves due to forward speed effect is to be derived and the 

results of numerical computations are to be compared with analytical solutions of a
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single submerged cylinder. The dynamic motion responses of an inclined offshore 

structure in waves taking into consideration the restoring forces due to forward 

speed effects are to be investigated. The results of motion responses including 

restoring forces due to specific forward speed effect are to be compared with 

previous researches (Kashiwagi and Varyani 1987).

(6) The predictions of second order forces due to the effects of forward speed 

(equivalent current effect) and interactions between two submerged hulls are to be 

taken into consideration. The theoretical approaches, based on the wave 

momentum flux consideration in the fluid domain (the far-field concept) and the 

direct pressure integration over the body boundary contours (the near-field 

concept), are to be developed and checked for predicting the second order 

horizontal and vertical forces and steady tilt moments due to the effects of second 

order forces of twin hulled marine vehicles in head and following waves.

(7) The numerical results of the second order forces on twin hulled marine 

vehicles will be compared with that of previous work. It may be concluded that 

the outer solution of the near field approach and the inner solution of the far field 

approach in the present computations of the second order forces match well. The 

steady tilt moments on an inclined offshore structure in waves due to the second 

order horizontal and vertical forces with forward speed effect are to be calculated 

and numerical results will be compared with that of the three dimensional 

experimental work (Maeda 1984 et al).

(8) A valuable procedure for the theoretical confirmation of numerical 

computations is to be newly developed and comprehensively described. The 

numerical accuracy check of the damping coefficients is calculated by 

consideration of the energy flux in the fluid domain and by direct pressure 

integration over the body boundary contours. The results of the wave excitation 

forces in terms of the Kochin function form is checked by the Haskind-Newman 

relation. The accuracy check of the second order horizontal forces with forward 

speed effect on twin hulled structure is investigated by direct pressure integration
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(the near field concept) and by momentum flux consideration (the far field 

concept). The numerical accuracy of the second order vertical forces with forward 

speed effects is also checked by the Lee-Newman far field approach (1971) for the 

single submerged body without forward speed effects.

(9) Comparison studies of the steady tilt moments due to second order vertical 

forces on twin hulled marine vehicles in waves with those previous research work 

on both theoretical, such as Ogilvie (1963), Lee-Newman (1971), Morrall (1978), 

Numata (1978), Martin (1978) and Atlar (1986), and experimental, for instance, 

Japan SR-192 model (1988), sides will be investigated for technical confirmation 

of engineering applications.

(10) The effects of forward speed and interactions between two submerged hulls 

of an inclined offshore structure in head and following waves are to be extensively 

investigated and calculated results in all aspects of added mass and damping 

coefficients, wave excitation forces, motion responses, second order forces and 

steady tilt moments will be discussed.

(11) The effects of viscous and waterline forces on vertical surface piercing 

columns of twin hulled marine vehicles to investigate the steady tilt behaviour of 

an inclined offshore structure are to be studied and discussed. A comparison study 

on the steady tilt moments due to the effects of different GM heights of twin 

hulled vehicles will be also investigated.

(12) The computed results of a twin hulled structure model, based on the present 

theoretical approach, are to be presented to show the overall functions of present 

research work for practical applications on offshore twin hulled vehicles in waves.

(13) A mathematical approach with linear optimal control theory to study the 

dynamic positioning behaviour of twin hulled marine structures will be briefly 

introduced. In fact a detail description of the data acquisition and analysis system 

here is to be described systematically. A series of experiments are to be carried out 

at the Hydrodynamics Laboratory for different submergence depths and trim and
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drift angles in the manoeuvring aspects of twin hulled marine vehicles. The 

experimental results will be based on the technique of curve fitting to obtain 

several newly developed formulae for predicting the manoeuvring (dynamic 

positioning) performance of twin hulled marine vehicles under the combined 

action of wave and current.
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CHAPTER 2 

BOUNDARY VALUE PROBLEM

2 .1  General description

In this section, the formulation of the fluid flow which forms the basis for

practical computation of a boundary value problem for a rigid body translating at a

constant velocity in incident waves under a free surface. The velocity field of such
is presented

an irrotational flow is always expressed in terms of the gradient of some scalar 

function 0(x,y,t) (i.e. velocity potential) which must satisfy not only the equation 

of continuity (i.e. Laplace’s equation) but also the prescribed boundary conditions 

of the given problem.

A submerged body advancing at finite forward speed U into the direction 

perpendicular to its axis and in incident waves is described as shown in Fig. 2.1. 

The structure is performing sinusoidal oscillations of small amplitude in surge, 

heave and pitch modes at a specific frequency co about its mean position. The 

centre of the cylinder with its radius a is submerged at a depth d under the free 

surface. The Cartesian coordinate system Oxy moving at the same speed as that is 

defined to be fixed relative to the mean position of the structure.

The Laplace's equation which describes the flow field is applied to describe a 

boundary value problem. The degree of complexity of these equations depends on 

the mathematical description of fluid properties and flow field. Such differential 

equations are almost difficult to solve as the exact mathematical description of the 

fluid properties and the flow field is involved, so it is necessary to introduce certain 

simplifying assumptions in order to make the formulation of the problem easier. 

The submerged body of a twin hulled offshore structure is assumed to be long 

enough and the flow field around it is considered to be two dimensional. In order
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to formulate the potential flow, the velocity potential has to satisfy the equation of 

continuity at every point in the field. If such a velocity potential of this boundary 

value problem exists, then several following basic assumptions must be satisfied, 

i.e.

(1) The fluid is homogeneous.

(2) The fluid is incompressible and the flow field is irrotational so that the 

velocity potential can be introduced to deal with such hydrodynamic 

problems.

(3) The viscous effect is small enough to be reasonably negligible.

Based on the above assumptions, the velocity potential of the flow field 

0(x ,y ,t) which must satisfy the Laplace equation in the fluid domain is written as

V2O(x,y,t) = 0 (2.1)

In general, the velocity potential 0(x,y,t) can be decomposed into two parts. 

One is the time independent steady contribution due to forward motion of the 

structure in a calm water and the other is the time dependent term associated with 

incident waves and unsteady body motions. The total velocity potential can then be 

written as

0>(x, y, t) = U{-x + <ps (x, y)} + Re{<|>(x, y)e,(0t} (2.2)

where:

U{-x + <ps(x,y)} is the steady state potential.

<|)(x,y) is the complex amplitude of the unsteady potential with time dependence 

factored out.

'Re' denotes the real part of the complex variable.

’ i ' is
' CO’ is the circular frequency of encounter with incident waves or the frequency of
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oscillatory motions of the structure.

This boundary value problem has to be further simplified by linearizing as 

follows:

(1) The amplitude of incident waves is small compared with the wave length and 

the dimensions of the body's cross sections.

(2) The amplitude of oscillatory motions is also small.

In compliance with the above assumptions mentioned, the second order terms 

associated with the amplitudes of incident waves and oscillatory motions can be 

disregarded. The unsteady term of velocity potential <|>(x,y) is then written as

<Kx.y )= ^ 7-{<Pi(x.y )+ <pD(x.y)}+ 2 ia^jVj(x<y) <2-3)
1CO0  j = l

where:

f  K \gA
j
cpj is the velocity potential of incident waves and the mathematical

expression is given as

— 9 ,(x.y ) = — e 'k,likx (2.4)
lCOn ICO

where

co0 is the circular frequency in the reference frame fixed in the fluid domain far 

ahead of the structure.

A is the amplitude of incident waves.
co ^The wave number k is and g is the gravitational acceleration.
g

±k corresponds to the incident waves propagating into the negative x (head waves) 
and the positive x directions (following waves).
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-r— <PD ls velocity potential (diffraction potential) of the disturbed flow field
)

generated when the body is advancing in incident waves with its oscillatory 

motions suppressed.

The second term of Eq. (2.3) is the velocity potential (radiation potential) of 

the flow induced by oscillatory motions ^ e '"  in the j-th mode of the body 

advancing at a finite forward velocity under calm water.

where:

£. denotes the complex amplitude of the j-th mode motion.

Mode indices j = 1, 2 and 3 correspond to the surge, heave and pitch motions of 

the body respectively.

2 .2  Body boundary conditions

All the velocity potentials <ps and (J) in Eq. (2.2) have to satisfy body 

boundary conditions on the structure. The theoretical formulation of the body 

boundary condition for the steady term <ps is straightforward and it is described by

= nj on the body at mean position (2.5)
dn

where:

n is the direction of outward normal to the body surface, 

denotes its x-component.

The theoretical derivation of the body boundary condition for the unsteady 

potential of <|>, as described in Eq. (2.2) has been worked out by Timman and 

Newman (1962). In order to formulate such a body boundary condition, an 

oscillatory coordinate system O'x'y' fixed on the body is defined. Based on the
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coordinate system Oxy moving with a finite forward speed U in the positive x 

direction, the coordinate r(x,y) of a point on the body surface is described. If the 

term 0(a 2) is neglected, with its coordinate r'(x ',y ') in the oscillatory system fixed 

to the body, the following relation is obtained as

r ' = r - a e ia* (2.6)

where:

a  is expressed in terms of surge, heave and pitch motions of the structure as

«=[(§1 -  ̂ ( y  -  d))>fe + 53x)] (2.7)

The surface of body contours can be theoretically described in terms of the 

body fixed coordinate as

F(x',y') = 0 (2.8)

In principal, the body boundary condition implies that the normal component 

of the fluid velocity on the body surface is equal to the normal velocity of the body 

itself. In other words, no particles of the fluid can penetrate the body boundary 

surface. Theoretically the substantial derivative of the body surface, Eq. (2.8), is 

set equal to zero. The mathematical expression can be given as

0 = ^ F (x ',y ')  = ^  + (v  + V(|)ei“ ) VF on F(x',y') = 0 (2.9)

where:

V is the steady velocity field equal to U • V{-x + <ps }

The detail manipulation of each term of the condition, as in Eq.(2.9), are 

given as follows.
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d F _ d F d V  3F dy '  

dt  ~  d x '  9t + 9y' 9t
(2.10)

VF = 3F ax' | 3F a y 'j j 3F ax' [ 3F d y'  

dx'  d x  d y ' dx  J 1 3x' d y  d y ' dy
(2 . 11)

By substituting Eq. (2.10) and Eq. (2.11) into Eq. (2.9), the following expression 

can be obtained

0 = -icoe^a •V'F + (v  + V<t>el“')-1  V 'F -e '“

on F(x',y') = 0

/-N-
—  . V'F —  V'F 
dx

(2 . 12)

where

V' denotes _a__a_
a x '’ay'

This relation, Eq. (2.12), must be satisfied on the instantaneous position of 

the body surface which is always displaced from the mean position. A Taylor’s 

expansion of the steady flow field about the mean position of the body is described 

as

V(r) = [V (r ') ]_  + ei“ [(a- V )V (f ')]_  + 0 (a2) (2.13)

where:

Subscript ” mean " denotes particular values at the mean position of the body.

Considering the body condition for the steady flow, the following expression 

is valid as

V(r')- V'F = 0 on F(x',y') = 0 (2.14)
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Substituting Eq. (2.13) into Eq. (2.12) and neglecting 0(a2), the following 

equation for the terms with e,(“ factor is derived as

V<|> • V'F = ioxx • V'F -  [(ot • V') V(f')] ’ V'F
m ean

d a

v
on F(x',y') = 0

r n .y 'F  
dy

(2.15)

All the terms of the condition, Eq. (2.15), are of first order of magnitude 

associated with the oscillatory motions of the structure. Meanwhile as the 

difference between r(x,y) and r'(x ',y ') in Eq. (2.15) induces the error of second 

or higher order only, the manipulation of mathematical differentiation is not 

necessary.

In compliance with the vector identities, the following expression is described

as

V x (A x V ) = (V-V)A + A ( V - v ) - v ( V - A ) - ( A - V ) v  (2.16)

[ (v -V )a - (a -V )v ] -V F  = V x (a x V )

V x (a x V )

• VF -  (V • v ) o  • VF + (V • a)V  • VF 

■VF (2.17)

From Eq. (2.15), the body boundary condition at its mean position is derived

as

V<j>-VF = |kod + V x ( a x V)j-VF on F(x,y) = 0 (2.18)

Since the outward normal ii of the body surface is written as

VFn = (2.19)
(VF-VF)/2

Hence the body boundary condition, Eq. (2.18), can be written as
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~  = [icoa + V x (a x  V)J - n on F(x,y) = 0 (2.20)

With the mathematical proof described in Appendix A, Eq. (2.20) can be 

rewritten as

f r = X iĉ / ni + i r mi l  <2-21)dn \  } ico

where:

n = (np n2) , n3 = ( ^ x n )3

fh = (m1,m2) =-(n-V )V  , m3 = - [ ( n - V ) ( |x v |  (2.22)

where:

' n ' is the unit normal vector of the body surface into the fluid.

' m ' is a vector in order to consider the effect of the perturbation velocity on the 

body surface induced by the oscillatory motions of the body in the steady flow 

field.

^(x,y -  d) is the coordinate with its origin at the centre of the body.

Suffixes 1,2 and 3 denote the x, y and z components of the vectors respectively 

(the z axis is perpendicular to the x-y plane and directed into Fig. 2.1).

The normalized steady flow V is written as

V = V[-x + <ps(x,y)] (2.23)

Basically the theoretical prediction of the m vector contribution is quite 

complicated especially when the free surface condition for the steady potential cps is 

to be satisfied properly. However the steady potential <ps can be appropriately 

assumed by the velocity potential of the steady flow in the unbound fluid domain 

and the mathematical derivation of such m vector contribution is worked out easily. 

According to the assumption mentioned above, the detail mathematics of the m
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vector contribution for the case of a submerged single cylinder and a set of two 

rigidly connected circular cylinders will be described later in Chapter Five.

The body boundary conditions of the radiation and diffraction potentials 

which have to satisfy are summarized as

2 .3  Free surface and bottom conditions

In general, the radiation potentials \j/j and the diffraction potential cpD must 

satisfy the free surface condition. A dynamic free surface condition is expressed by 

setting the substantial derivative of the hydrodynamic pressure on the free surface 

equal to zero (Newman 1977). It implies that water particles on the free surface 

always stay on the free surface and the hydrodynamic pressure at the location of 

these particles is kept constant and equal to the atmospheric pressure, i.e. it is really 

a combination of both dynamic and kinematic conditions.

The free surface condition for the unsteady part <J>U = Re(<J>eIftX) in Eq. (2.2) is

= n .+ — m- on F(x,y) = 0 
J ico 1

(2.24)

(2.25)

written as

y = £o,(x,t) (2(2.26)

where:

^ (x ,!)  is the unsteady wave depression.
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In this theoretical formulation, the interaction of the steady and unsteady flow 

is assumed to be of higher order of magnitude. By neglecting the second or higher 

order terms in <|>, the above equation can be appropriately linearized as

f  3 '
ic o - u —

V dx
(|)(x,y) = 0 on y = 0(2.27)

Here |i is Rayleigh's fictitious coefficient which is introduced so that the radiation 

condition of outgoing waves at infinity can be satisfied properly.

In compliance with one more boundary condition for a constant pressure on 

the free surface, required on y = 0 , the theoretical expression of the wave 

depression from the velocity potential <|> is derived as

-u^j< t>(x,y)ek on y = 0 (2.28)

Since the infinite depth of the water is assumed, the velocity potential (j) must 

satisfy the following bottom boundary condition as

V<|>(x,y) —»0 (2.29)

2 .4  Solution of unsteady potential

Here a general image of solutions of the unsteady potential <{> in Eq. (2.2) is 

described systematically.

The velocity potential <|> indicates the unsteady velocity potential excluding the

potential of incident waves
f  L \gA

j
cpj. In order to obtain the solutions of such

velocity potentials, a classical integral equation method is applied.
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Making use of the Green's theorem in the fluid domain bounded by the 

control surfaces SF, S_„, SB, S+„ and SHas shown in Fig. 2.1, the mathematical 

formulation can be defined as

The total control surface S is S_w + SF + SH + S+M + SB.

P(x,y) and Q(£,T|) represent a field point and a source point respectively.

G(P,Q) denotes the Green function which must satisfy the Laplace condition, Eq. 

(2.1), the free surface condition, Eq. (2.27), the bottom condition, Eq. (2.29) and 

the body boundary conditions of radiation and diffraction problems.

On account of the radiation, the free surface and the bottom conditions, the 

contribution from the control surfaces S±„, SF and SB are zero, the direct 

integration in Eq. (2.30) over the body boundary contour S can be reduced to SH.

In case the field point P(x,y) is located on the body surface, Eq. (2.30) can 

be written (Newman 1977) as

The theoretical derivation of the Green function G(P,Q) for this problem is 

discussed in detail in Chapter Three and the final expression is described as

(2.30)

where:

1_
2

<I>(P)-JsH<KQ)|^G(P,Q)ds = - J  S(| ^ j^ G (P ,Q )d s  (2.31)

G(x, y;^,ri) = log—+ G (x-^ ,y+ ri) 
27t r,

(2.32)

where:
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G(x,y) = -lim  J — — j-
fc—|k |y —ikx

-dk
|k| - —(kU + 0) -  i|i) 

g

= WK_V {s i(x' y) -  S2(x, y)} + {S3(x,y) -  S4(x,y)}

(2.33)

and

“  -k y - ik x  f
Sj(x,y) = lim f-------------dk for j =

jV k - k j  + ip. J
(2.34)

- k y + i k x

Si(x,y) = lim f e ■ —dk for j = 3,4
J' ' m-*oJ k — kj + ifi. J

(2.35)

where:

K0 = ^  , x = —
Ucp
g

(2.36a)

p = (x,y) , Q = (£,ti) , ^ |  = V (x-^)2+ (y+ ri)2 (2.36b)

Constants k - ( j = 1, 2, 3, 4 ) are defined as

j= l |! .[ i -2 x ± V r^ 4 T ]

' |  = — [l + 2 x± V lT 4x]
J  2

(2.37a)

(2.37b)

The integrals S-} are described in terms of exponential integrals as

Sj(x,y) = e ^ E ^ - k j z )  ± 2iriu(+Im(kjz))u(l -  2x)|

J = (2.38)
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Sj(x,y) = e_kjZ{E1( - k jz)~27ciu(-x)} j = 3,4 (2.39)

where

z_ > = y ± i x  and 'Im' denotes the imaginary part of the complex variable. 

u(x) is Heaviside's unit function.

Ej(z) is the exponential integral of complex argument and can be defined as

7 e~l
E1(z) = J -p d t  for |arg(z)|<7t (2.40)

2 .5  Radiation and diffraction waves at infinity

Because the amplitude and phase angle of the wave induced by total velocity 

potential (j) at a distance far upstream and far downstream, hereafter the ambient 

flow -U is assumed instead of the body translating at a forward velocity U, are 

obtained, the asymptotical expression of the Green function at x = ±°° can be 

written by substituting into Eq. (2.30) as

G(x, y; f n )  -  “ x) + e‘k,?u(x -  £)]

+ Vi + 4t [C “ ^  e' k' iu^  ”  x)] (2'41)

where:

C = (y + Tl) + i(x -^ )  (2.41a)
£ = (y + r i ) - i ( x - £ )  (2.41b)

Moreover velocity potentials <|> at far upstream and far downstream can be 

described as
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<(>(x, y ) » ^ ji= = = ^ H +(k2)e~kl!'~il‘,x as x - > + ~  (2.42a)

+ - J . ---- [-H -(k3)e- |tiy*ik>1 + H"(k4)e 'k‘,+lk'"]
v 1 ̂  4x

as x —> -oo (2.42b)

It should be noted that in case T is larger than 0.25, kj and k2 are complex; it 

means that the velocity potential <j)(x, y) approaches zero for the far upstream case 

and the first term of Eq. (2.42b) disappears for the far downstream case. Here 

H±(kj), associated with the amplitudes of the far upstream and far downstream 

waves in general, are referred to as the Kochin function (Takagi and Ohkusu 1977) 

and can be expressed as

e -M ^ d s  for j = (1,2) (2.43a)

e '^ '^ d s  for j = (3,4) (2.43b)

According as the velocity potential <|> can be decomposed into the radiation 

and diffraction potentials, the Kochin function can be expressed as

H* (k) = -r—  H£ (k)+ ^  icof; jH* (k) (2.44a)
i«o„ 1?

= T“ Hp(k) (2.44b)
ico0

where:

H*(k) = H * ( k ) - X ^ ^ H * ( k )  (2.45)
j = i  8  A

Here H*(k) and H£(k) are of the same form as H±(kj) of Eq. (2.43) by
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substituting the radiation potential \\fi or the diffraction potential <pD into the 

velocity potential <J>. Moreover the potentials of y  . and cpD at far upstream and far 

downstream are described by substituting H*(k) and H£(k) into H±(kj) in Eq. 

(2.42).

If the parameter x is less than or equal to 0.25, all the k i values in Eq. (2.37) 

are real. This means that the waves induced by radiation and diffraction potentials 

generate one wave system of the wave number k2 at far upstream propagating into 

positive x direction and three wave systems of wave numbers kp k3 and k4 at far 

downstream. Meanwhile the kj-wave propagates into positive x direction but the 

other two wave systems propagate into negative x direction.

If x is larger than 0.25, the k3 and k4 wave systems remain, but the other 

two vanish.

These multiple wave systems associated with translating and oscillating 

(equivalently in incident waves or current) body are illustrated in Fig. 2.2. Parabola

indicates the dispersion relation C = between phase speed C and wave number 

k at infinitely deep water. Ahead of the body, the phase speed, relative to the fluid 

flowing at a velocity -U, of the wave system propagating into the positive x

direction must be — + U which describes a straight line as shown in Fig. 2.2. The 
k

phase speeds relative to the flowing fluid of any wave system

propagating in the negative or positive x direction behind the body represent 

straight lines. In general four wave numbers are indicated as intersections of the 

parabola and the straight lines. Obviously the condition that the first straight line 

tangent to the parabola is x = 0.25.

By substituting Eq. (2.42) into Eq. (2.28), the expression of the wave 

depression ^w(x,t) at far upstream and far downstream can be described as

Ca,(x,t)« A2e_ik2Xel(“ as x —> +°° (2.46a)
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C»(x>t) = (A l e ' iM + A 3eik,* + A 4eil‘‘, )e i“  as x - > - ~  (2.46b)

where:

(2.47a)

a . - J E £ M
j \  g v r + 4 t

for j = (2.47b)

Similarly in case of x greater than 0.25, the k2-wave system for x —> +«> and 

the kj-wave system for x —»-©o vanish in Eq. (2.46).

2 .6  Conclusions

The theoretical formulation of the steady and unsteady hydrodynamic 

problem with the forward speed effect is detailedly described in the context of the 

potential theory. It is noted that not only the non-linear effect on body boundary 

and free surface conditions make such problems mathematically intractable but also 

the instantaneous surface of such boundaries are difficult to determine exactly. 

These boundary conditions have to be linearized to a certain extent that practical 

solutions can be obtained by numerical computations.

The mathematical formulation of the boundary value problem to deal with this 

hydrodynamic problem with the forward speed effect is derived in detail. Under the 

linear assumption, the numerical solutions can be exactly obtained by solving the 

integral equation for the velocity potential on the body surface. Moreover the 

mathematical expression of radiation and diffraction wave depression at the far 

upstream and far downstream is also described by velocity potentials at infinity in 

terms of the Kochin functions.
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CHAPTER 3

MATHEMATICAL FORMULATION OF THE GREEN FUNCTIONS

3 .1  General description

A fundamental formulation of the most generalized form of the Green 

function to predict hydrodynamic forces is well derived for the two dimensional 

problem of a single submerged cylinder moving with a constant forward speed and 

oscillating in incident waves (Kashiwagi and Varyani 1987).

In principal, the cylinder may be simulated as a simplified model of the lower 

hull of a twin hulled marine vehicle. A practical advantage of this Green function is 

that it can efficiently predict hydrodynamic forces on twin hulled marine vehicles 

under combined actions of wave and current in numerical computations.

3 .2  Theoretical formulation of the Green functions

Here the theoretical expression of the generalized Green function for a two 

dimensional hydrodynamic problem taking into consideration die forward speed 

effect in incident waves is derived. Several fundamental assumptions should be 

carefully specified before this problem is reasonably studied. The coordinate 

system of the fluid flow is assumed to be in the negative x-direction and the y-axis 

is taken positive vertically downwards. The singularity is located at a point (0,T|) 

below the free surface as shown in Fig. 3.1. The Green function which satisfies 

the linear free surface condition, the radiation condition and the bottom boundary 

condition is derived as

V2G = -5(x)8(y-t|) (3.1)
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Here p is Rayleigh’s fictitious friction coefficient and it has been introduced in the 

free surface condition so that the radiation condition at infinity is completely 

satisfied. The Fourier transforms of the above equations with respect to x are

(3.4)

(—kU + co -  ip.)2 G* + g ~ — = 0 as y = 0 (3.5)

-T— = 0 as y —> oo (3.6)
3y

where G* denotes the Fourier transform of the Green function G, with the 

definition as

regions, i.e. y < rj represents the region between free surface and the singularity 

(hereafter referred to as Region-I) and y > T| for the region between the water 

bottom and the singularity (hereafter referred to as Region-II). The general solution 

of Eq. (3.4) is obtained by setting the right hand side equal to zero and thus it is 

written as

(3.7)

In order to obtain the solution of G \ the fluid domain is divided into two

G*(k,y) = c,e|k|y + c2e"|k|y (3.8)

The solution in the Region-I which is denoted by G,* must satisfy the free



surface condition as expressed in Eq. (3.5) and in the same manner the solution in 

the Region-II which is denoted by Gn* must satisfy the bottom condition as 

described in Eq. (3.6). After imposing these two conditions, the solution of the 

respective region with the indetermined coefficients C and D can be described as

g ;  = c e yX +  e ' yX +
2m

gA.-m
(3.9)

G„‘ = D * e~yX (3.10)

where

X = |k|

m = (-kU + co -  i(i)2

(3.10a)

(3.10b)

The coefficients C and D can be determined by the continuity condition of the 

Green function and by the condition of discontinuity in its derivatives into the y 

direction at the y = T| location which are as follows.

Gi* = G n* (3.11a)

aG ; 3Gn* ,— !------3-"- = - !  at y = T|
d y  o y

(3.11b)

In compliance with these conditions introduced above, such coefficients can 

be determined as

1 -T\k
C = 2X6

(3.12a)

1 + 2m
g X - m

(3.12b)
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By substituting Eqs. (3.12a) and (3.12b) into Eqs. (3.9) and (3.10), the 

expression of the Green function, which is valid not only in the Region-I but also 

in the Region-II, can be written in the following form

G’(k,y) =
2X

eHy-nl>. + 1 +
to era Q-{y+y\)X

i, gX-m) (3.13)

In order to obtain the expression in the physical plane, the inverse Fourier 

transform with respect to k should be performed. The expression of the Green 

function can then be written as follows.

G(x,y) = J - j G -(k,y)eihdk (3.14)

Regarding the inverse Fourier transform, the relation is used as

_L  f —(eHl'_T,|k - e ' (!""l)|k|)eik,dk 
471 J k l  >

1 , r-  l ° g _
2tc r,

(3.15)

where:

rrj=Vx2+(y+Ti)2 (3.15a)

With this relation, the expression of the Green function can be rewritten as

G = — — log—+ — lim f t-------
2 tz Tj 27t * * - * o J  I i

- ( y + T l ) |k |+ ik x

-dk (3.16)
|k |- - ( -k U  + co-in) 

g

By transforming the variable from k to -k, another expression for the Green 

function can be written as
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As for mathematical simplification of the above integral, they are detailedly 

described in the following sections.

3 .3  Mathematical simplification of the Green functions

For practical computations, the expression of the Green function should be 

simplified further as

In order to find the poles, the mathematical expressions of equations f(k) = 0 

and g(k) = 0 must be satisfied. The detail manipulation then is carried out as 

follows.

where:

f(k) = (k + co0- i | i ') 2 - K 0k (3.19a)

g(k) = (k-co0 + i|i')2 - K 0k (3.19b)

(3.19c)

co (3.19d)

At first the poles at f(k) = 0 should be investigated as



(k + co0 -  i|i')2 -  kK0 = k2 + co02 + 2kco0 -  i2p/(k + co0) -  kK0 

= k2 + O)02 -  2k ^  -  o)0 + ifx'T-  i2n'(00 (3.20)

Therefore

k = - y  -  <o0 + iH' ± J f - y —to0 + ifJ-' | -  co 1+ i2|i'co0

_ K 0

_ K „

l - 2 x  + i — ± V l - 4 x  
K„

f  . 4 |i' V 

1+
l̂ - 4 x

l - 2 x ± v r : 4? + i ) l | l ± ^ = ^ }

(for x < —) 
4

(3.21)

(3.22)

(3.23)

w h ere :

x =  —  (3.23a)
g

Here Eq. (3.23) is satisfied only for x< —, but for x > i  there will be an
4 4

imaginary term coming out and which is also clear from Eq. (3.21) as

k =  y [ l - 2 x ± i - \ / 4 x - T ]  ( f o r x > i )  (3.24)

and by using Eq. (3.23), the expression of f(k ) can be written as

f(k ) =  (k -  k, -  i|ii)(k  -  k2 -  i(l2) (3.25)

M  = ^ [ l - 2 x ± V I ^ 4 x ]  (3.26a)
ko J 2
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M  K0. . f _  1
} (3.26b)

[i2 J 2 H. V T ^ J

Next the poles in the case of g(k) = 0 are also found out. Just as in the case 

of f(k) = 0 and from Eq. (3.19) if the signs of co0 and ji' are reversed, the 

equation, substituting from Eqs. (3.25) and (3.26), can be described as

g(k) = (k -  k3 -  i|l3)(k -  k4 -  i|l4) (3.27)

k ,l K,.=—2[l + 2t±VI+4x] (3.28a)
kyl 2

—.1 (3.28b)
H4j 2 Vl + 4?J

The position of the poles for the various domain of the x values can then be shown 

in Fig. 3.2.

For the integration in the complex plane for Eq. (3.18), the following contour 

of integration will be taken into account

~  - ( y + T l ) k - i k x  ~  - ( y + T i ) k - i k x

ft, = lim | ------—— dk = lim f 7-------------r--------------- rdk
f(k) ^ o J0( k - k 1- i | l 1) (k -k 2- i | l 2)

(3.29)

7 e -(y+t0k+ik* 7 e -(y+n)k+ikx
ft2 = lim I----- —— dk = lim f 7-------------- r--------------- rdk

“ o g(k) J0 (k -  k, -  in3 )(k -  k4 -  i|I4)
(3.30)

1) For the case of x > 0 :

The path of integration for ftj is C2 and for ft2 is Q . The detail is shown in Fig. 

3.3.
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2) For the case of x < 0 :

The path of integration for is C { and for d 2 is C2.

Hence if the above path of integration taken at infinity is proven, then the 

following equations can be obtained as

1) For the case of x > 0 :

- ik (y + T i)+ k x  1

+ 1 idk = -2 « i— —  (3.31)f(ik) k2- k t

0 e-ik(y+Ti)-kx
fl2 + [ x idk = 0 (3.32)

2 I  g(*)

Thus from Eq. (3.19), these expressions can be derived as

f (ik) = (ik + co„ )2 -  ikK0 = -{k2 -co2 + ik(K0 -  2co0)} (3.33)

g(ik) = (ik -  co0 )2 -  ikK0 = -{k2 -  co2 + ik(K0 + 2co0)} (3.34)

-  e " k(y+")' ' “ d k  0 e -ik(y-ni)+lc*(jk

d ‘+ "  ~‘I k2- a )2 + ik(K0 + 2co0) + ‘J. k2-co2 + ik(K0 -  2co0)
+_ 2jn _ e-k!(,+, )-ikJ. (3.35)

k i - k 2
sgn(k)e-'k<1't "Hk,xdk . 2jti

I V
r sgn^Kje ........

J . k2 -  C0q + i(kK0 + 2|k|co0) kj -  k-
(3.36)

_ ;  ? sgn(k)e'l‘(l"l"lHt|,dk | 27ii 
_{ k2 -co2 - i(kK0 - 2|k|co0) k, - k2

(3.37)

2) For the case of x < 0 :
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* 1 + J f(ik) k , - k ;
(3.38)

° . - ik ( y - t - T i) - k x  1

- -----------idk = - 2jci— -— e 'k’(,*T,l*ik”
k3 — k4

_27ti— 1 
k4 - k 3

g(ik)

(3.39)

Therefore

i + f>2 = - i  f —=— —  
1 2 k -co« + i

- i k ( y + i l ) + k x dk + i
u k- i k ( y + t i ) - k x dk

ik(K0-2co0) k2 - COo + ik(K0 + 2d)0)

+2jti— -— e' k,(jr+’,h 
ki - k 2

Dt|k - 2jti— -— {e'k’ 
k3- k 4 l

- k j ( y + T i ) + i k 3x _  - k 4 ( y + r i ) + ik

(3.40)

sgn(k)e““‘(l'*'l)+|ll|:<dk•A +A  = - i  f_sgm Kje_
1 2 i .  k2 -  coj + i(kK0 -  2|k|co0)

+27ti---------1 e - k . ( y + * i ) - i k , x  _ 2 ) t i ----------1 ---------J g - k . t y + l ) ^ , ,  _ e - k . ( y + 1 ) + ik .y  1

kj -  k2 k3 -  k4 *■ J
(3.41)

k3 k4

As shown above, Both Eq. (3.37) for x > 0 and Eq. (3.41) for x < 0 are derived. 

By more mathematical manipulation, the expression is written as

f  (kK0-  2|k|d)0) -  isgn(x)(k2 -  to2 )e!p,(k,,,k<,'f,'Hk|klsgn(k)dk
1>. +       =---   -5-------------------

L  (kK0 -  2|k|co0) + (k2 -  0)j)

+H(x)

+H(-x)

k — k_ 1 *-2
27ti k , ( y + T i ) - i k ,x  f g - k j f y + t i j + i k j x  _  e ~ k 4 ( y + T i) + ik 4x 1

V  - I r  I  J_ k , - k ; k — k3 4

(3.42)

where:
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iK0-\/4x -T  r x > r

k3 - k 4 = K0Vl + 4x (3.43b)

For the case of x < Eq.(3.18) and Eq. (3.42) can then be rewritten as
4

G = ~ l o g - - ^ ( d 1 + d 2) (3.44a)
2 k  Tj 2 7t

1 r K0 f e‘sn|,||lt(y*,lHHk|,}sgn(k)dkL - h s .  f e
r > 2n '-J(2tc r, 2 k  1 -"lcKo - 2|k|co0)2 + (k2 -03,)2

-H(x)-p=i—

-H (-x) J k i ( y + n ) - i k , x  ! _ _ _  r - k 3(y+Ti)+ ikjX  _  e ~ k 4(y + ii)+ ik 4x 1
a/TTZt I JV I - 4 t V l + 4x

(for x £ - )  (3.44b)
4

where:

ir ̂
e = tan"1 — - — p —  (3.45)

kK0 -  2|k|co0

For the case of -j < x < from Eq. (3.24) as

k = k ± iv (3.46a)

where:

k = ^ ( l - 2 x )  (3.46b)

K,v = -y -V 4 x -l (3.46c)
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Using the above equations, the Green function is similarly described as

G = 1 | r , K0 ? eign(,)(lll(l,'>'')~ie~"l|,|sgn(k)dk 

2* 0g + 2ti — -yj(kK0 -  2|k|co0 )2 + (k2 -  coj):

-H (-x ) 1  - ( k + i v ) ( y + T ] ) - ( - v + i k ) x

_ V 4 x - l
_ fe-kj(y+Tl)+ikjX _ e-k<(y+n)+ik4x'l

V4X + 1 »■ \

(3.47)

For the case of x > —, ki and ko do not exist the Green function can then be 
2 1 z

obtained as

G   l_i r , K„ ? e ^ (,)<lt(l,*'lHHk|,|sgn(k)dk
2 ti ° 8 r, +

+H(-x)

kK0 -  2|k|<o0) + (k2 - 0 > l )

1 f ^ - M y + i Q + i M  _  e ~ k 4 (y + T i)+ ik 4x l

_ V 4 x + l l  \

(for x > - ) (3.48)

Next the Green function, Eq. (3.44), is simplified further for the critical cases 

of U —> 0 and co —» 0 and the conventional Green function can be introduced as 

follows.

1) For the case of U —»0 :

From Eqs.(3.26) and (3.28), the formula of k ^  k2» k3 and can be written

as

M  1t 11 = 2K _ . (3.49a)
k 2J l - 2 x  + V l “ 4x

k 3] 1
, \ = 2K   , (3.49b)
k 4j  1 +  2x +  Vl +  4x
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Therefore for the case of U —»0, the conditions for these wave numbers indicated 

below are satisfied.

kj = oo, k2 = K, k3 = oo and k4 = K (3.50)

where:

K = —  (3.50a)
g

Here —  = = K (3.50b)
Ko U2 g

and from Eq. (3.45), the following expression can be written as

(3-51a)

or

cose= ■ , k , (3.51b)
V k2 + K2

sine= , ^  (3.51c)
V k2 + K2

then

Kn 7 eS8nWl"l(ml~MI'Msgn(k)dk

2 k  --^ (kK 0- 2 |k K ) 2+(k2- o )2)2

_ 1 r 2{kcosk(y +  r \ ) ~  Ksin k(y + 'n)}=-t|.idl.
Oiri2 n J0 k2 +K 2
1 7 {k cosk(y + q) -  Ksin k(y + 
7T J 1r 2 - l - V 2
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From Eqs. (3.50) and (3.52), the mathematical expression of this Green 

function, Eq. (3.44), is derived as

G = 1 lor r I 1 f {k cosk(y + n) -  Ksin k(y +
2 it i; n {  k 2 +  K 20

(for U- »0 )  (3.53)

2) For the case of 0) —> 0 :

From Eq. (3.26) and Eq. (3.28), the conditions of the specific wave numbers 

kj = K 0, k2 =0,  k3 = K 0 and k4 =0 are satisfied. Then from Eq. (3.45), the 

mathematical expression can be obtained as

8 = tan'1—  (3.54a)
K0

or

cose = , K° , (3.54b)
Vk= + K |

sine = - 7—^-----  (3.54c)

Hence

K„ |  e,»"(ll)<it(>*’')-|- i |‘l»}Sgn(k)dk

2K — i/(kK„ — 2|k[co0 )2 + (k2 -co1)2

_ K0 7 2{K 0 c o s  k(y + 1\) +  k  sin k(y + n)} 

2 it |  k(k2 +  K02)

= K„ 7 {K0 cos k(y + T|) + ksin k(y 
it i  k(k + K 0 )

Thus the above relations and Eq. (3.55) are substituted into Eq. (3.44) to 

obtain
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+{sgn(x) -  l}e”K°*y+Tl) sin K0x

(for G)-»0) (3.56)

In conclusions, the above convergent type of integral equation can be 

presented, i.e.

However the integral which contains the Rayleigh's fictitious friction 

coefficient is described as shown in Eq. (3.44). Hence from now on it should be 

taken out from the convergent form, but it can be reduced in the form of principal 

value integral.

Corresponding to Eq. (3.29) and Eq. (3.30), these integrals can be described

as

1). For the case of x < —, Eq. (3.44) is represented.
4

2). For the case of i  < x < -i, Eq. (3.47) is described.

3). For the case of x > —, Eq. (3.48) is also indicated.

- k ( y + Ji ) - i k x

(3.57a)

- k ( y + T i ) + ik x

(3.57b)

Here
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1 1 1 1 [ 1 1 1
( k - k i ) ( k - k 2) f(k)  (k + co0)2 - k K 0 ( k , - k 2) { ( k - k , )  ( k - k 2)J

(3.58)

( k - k 3) ( k - k 4) g(k)  ( k - c o 0)2- k K „  (k3 - k 4) j ( k - k 3) ( k - k 4) j

(3.59)

By taking precautions of the poles of Eq. (3.57) for the various range of the x 

value, the path of integration over the complex plane, as shown in Fig. 3.4, is 

conducted as

1) For the case of x > 0  (x< —):
4

0 ~-&(y+Tl)+k*
A +  _  -M y+iHM l f £-------------  =

J L f(ik)
(3.60)

• 0 - i k ( y + i l ) - k x

A  E _ - f e- k̂ y+7i)+ik̂  _ e ‘k4(y+,l)+iH +  f -  idk = 0
2 k3- k 4 L J I g(ik)

(3.61)

Hence

— k -  <oJ -  i
sgn(k)e“t(y+,,Hk|‘

i(kK0 -2|k|co0)
dk

_ _ E _ | e-My+ii)-ik,* _ e-k2(y+1i)-ik2*l
k - k  L J

I ^  | c-k’(y+T1FUc>* e-k̂ (y+iiKlk4x1 ^  52)
lc — k L J

3 4

By comparing Eq. (3.37) and Eq. (3.62), the expression can then be written as
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fl1 + d2 = d1+ d 2
I ^  [ C ~ k i ( y |'7l ) ~ ilcix  e ~ k 2 (y-t-T|)—ik2x 1

K  -  k2 L J
__JEL_[e-k>(y+Ti)+ik3x __ e-My+*i)+iMj 63)

k3 — k4

From Eq. (3.57), Eq. (3.58) and Eq. (3.59), the following expression can be 

derived as

“  e H M ( y + T i) - ik x

d ‘  + * >  =  J  7 Z  ?  i. ir  d k  (3.64)•_(k + a)0) - |k |K 0

= — 5—  f j — ----------J— ]e-k()'+’',- ,1“dk
k, “ k 2 j  [ k - k ,  k - k 2J

+ — -— N — i---------- i— le_k(y*nKU"cik (3.65)
k3 - k4 o l k - k 3 k - k 4f

2) For the case of x < 0 :

In a similar way, the reverse contour of integration is taken. Thus the 

following equation can be written as

0 l + * , = - i J  - dk
k -  coj + i

sgn(k)e-ik(>'-f’lWk|‘
(kK0 -2|k|co0)

I r c i  | c - k i ( y + T l ) - i k ^   e - k 2 ( y + r | ) - i k 2x J

kj — k2
___5i _ | e-ki(y+11l+ik’x _ e~k4(y+li)+ik4xJ Q g^)

k3 — k4

If the above equation is compared with Eq. (3.41), then the following 

expression can be written as

+ d 2 = -6, +  £ 2 + _  g-My+D-iMj
kj — k2

_ _ _ _ T C ] _ _ _ | e - k j ( y + i l ) + i k 3X _ e ~ lc 4 (y + T l)+ ik 4x J  ^  6 7 )

k3 — k4

The + f>2 for the above equation is the same as Eq. (3.65). Then Eq.
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(3.63) and Eq. (3.67) are also identical, i.e. irrespective whether it is positive or 

negative, the Green function can be described as

dk= _ J _ lo  I - lE o . f _
r, 2k  i . ( k  + co0 Y  -  |k|K

 ki +  e -M y + iH M l
2 V 1 - 4 X 1- J

M e - k’
- 4-  At L

- k 3( y + i l ) + i k 3X _ - k 4 (y + T l)+ ik

2-s/l +  4x
- e <4x j

(for x < —) 
4

(3.68)

or replacing + f>2 by Eq. (3.65), the expression can be written as

G = —
2tc

log
r  1 I 7  ~ - k ( y + i l ) - i k x  “  - l t ( y + r i ) - i k x

f -  d k -  f -  dk
r, V l - 4 x  1* k - k ,  J. k - k 2

v i+
T t i

Ml k - k ,

o k _ k i

d k - J
~  e - k ( y + i i ) + ikx  ~  e ~ k (y + T i) + ik x

k k0 A *-4
d k

| ^ 1  f c ~ k i(y -* -T |)-» k 1x e - k j ( y + T l ) - ik j X  j

V l — 4x *■ ■>
j g - M y + ^ + ' M  _  e ~ k 4 ( y + r i )+ ik 4x j

Vl + 4x

(for X < —) 
4

(3.69)

For the range of ~ < x < -~  and expression of should be

performed and then compared with that of + d 2. The Green function can be

described in the following form

A + ■&, = d, + fl2  _ e-My«i)-iM]V — Ir L Jk 3 k 4

(for X > —) 
4

(3.70)

101



For the case of x > —, the Green function corresponding to Eq. (3.68) and 
4

Eq. (3.69) can be written as

i r  V  7 AHkl(y+1iH k*
G = - J _ l 0g l-K £ L  e  dk

2 k  r, 2n (k + co0) -  |k|K0
- k , ( y + n ) t i k ,x  _  - k . l y + n K i k . x l

2Vl + 4xl 1

(for x > - )  (3.71)
4

The expression can be also written as

G = — — 
2 k

1 i r _ L J r £ _ _ L i v  r 
:7C_0 g r, V 4 x - l { {  k - k ,  {

~  0 ~ k ( y + T l) - ik x  ~  - k ( y + i i ) - i k x

e dk
k - k 2

1 e-k(y+̂)+.*kx1 f7 e-k(r”i)+ik* 7
H— —— \ f-------------dk -  f------------- dk

Vl + 4x \ {  k - k 3 J0 k - k ,k4
7X1

Vl + 4x
|e -k^y+T,̂+ik,x — e-k«b+1i)+ik4*j

(for x 2 —) (3.72)
4

3 .4  Mathematical manipulation for numerical computations

For the purpose of numerical computations, the Green function should be 

simplified further in the form of the exponential integral. If the calculation is 

performed in the form on Eq. (3.44), the accuracy is easily realised not to be good 

enough. Thus the Eq. (3.69) should be simplified further, i.e. the principal value 

integral term of Eq. (3.69) is described as

- l c ( y + i l ) - i k x

I1 = J -  dk
i  k - k ,

“  e ~ k ( y + T i) - ik x

k — k0 *• K2
dk

(3.73a)

(3.73b)
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00 , . - k(y+T|)+ikx

I 3 =  J  . _ .  dk (3.73c)k - k0 K *3

e ~k(y+Ti)+ikx

I4 = J e  , dk (3.73d)
0 k " k 4

Here the effort is concentrated on the local wave term and the expressions of Lj 

(j = 1,2,3,4) corresponding to that of Ij (j = 1,2,3,4) are represented as follows.

1) For the case of x > 0 :

0 e -ik (y+n)+kx ~  e »k(y+Tl)-kx

Li = - J  - idk = [ -  - -- — dk (3.74)

Here setting

(k -  k, ){x -  i(y + ti)} = m (3.75a)

and

Z = (y + rj) + ix (3.75b)

then

7  ~ - k { * - '(y +T0} 7  ~ - ( m+kiz )

f -  dk = -  I - -------- dm = e 'k|ZE.(-k,Z)
J k - ik  J m0 K  “ M  - k ,Z  111

where

E1(Z )= f^ —dm , |argZl< it (3.77)
J m

(3.76)

Therefore
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L ^ e '^ E ^ - k .Z )  (3.78)

where:

Z = (y + r\) + ix (3.7 8a)

The calculation for L2 is also similar as Eq. (3.78), thus 

L2 = e 'k,zE ,(-k2Z) (3.79)

Next the calculations of L3 and L4 are performed as

0  p - i k ( y + ^ l ) - k x  -  - i k ( y + r i ) - k x

L3 = -  [ - ----------- idk = f - -----------dk (3.80)
3 J. i k - k 3 J0 k + ik3

By setting

m = (k + ik3){x + i(y+ Ti)} (3.80a)

then

L3 = e"k>zE ,(-k 3Z) (3.81)

where:

Z = (y + T|) -  ix (3.81a)

Similarly

L4 =e"k,zE j(-k 4Z) (3.82)

2) For the case of x < 0 :
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Nevertheless the mathematical procedure is similar to the above, thus

7 p,-k{hl+i(y+̂ )} _
L, = | e , . ■ dk = e 'k| Ej(-k,Y) (3.83)

o k + lki

where:

Y = (y + T|) -  i|x| = (y + T|) -  ix = Z (3.84)

In other words, it is exactly the same as Eq. (3.78) and similarly 

L2 = e 'k!YE ,(-k2Y) (3.85)

Moreover the expressions of L3 and L^areexpressed as

L3 = e 'k,YE ,(-k3Y) (3.86)

L4 = e 'k'YE ,(-k4Y) (3.87)

where:

Y = (y + r|) + i|x| = (y + q) -  ix = Z (3.88)

From the above mathematical simplification, despite the value of x is positive 

or negative, the expressions of Lj (j = 1,2,3,4) can be represented as Eqs. (3.78), 

(3.79), (3.81) and (3.82) respectively. Practically, to calculate the exponential 

integral for x < 0 is inconvenient. Hence these expression can be written as 

follows.

F(kjz ) s e ' k|ZE,(-kjz) (3.89)

where:
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Z = (y + t j ) + i|x| (3.90)

By using the above definitions, the following equations can be described as

1) For the case of x > 0 :

L, -  L2 = F(k,Z) -  F(k2Z) (3.91)

L3- L 4 = F(k3Z )-F (k 4Z) (3.92)

where:

Z = (y + rj) + i|x| (3.93)

Here F is the complex conjugate of F, subject to the condition that kj is real, 

the relation can be described as

F(kjz )  = -F (k jZ) (3.94)

2) For the case of x < 0 :

L, -  L2 = F(k,Z) -  F(k2Z) (3.95)

L3- L 4 = F(k3Z )-F (k 4Z) (3.96)

where:

Z = (y + Tj) + i|x| (3.97)

By substituting the above relations into Eq. (3.69) and rearranging it, the final 

expression of the Green function can then be described as
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-2 * 0  = log^ + ̂ = ^ { F (k ,X )  -  F(k2X)} + ̂ = { F ( k 3X) -  F(k4X)}

+H(x) , 2m e~My*'li~iki‘ 

+H(-x)

c-k,(y+Ti)-ik,k
V l- 4  x

27ii 
Vl + 4x *■

- k j ( y + T l ) + ik ,x  - k 4 ( y + i l) + ik ,- e

(for x < —) 
4

k4x j

(3.98)

where:

F(kjX) = e 'kjXE,(-kjX)

X = (y + rj) + ix

(3.99)

(3.100)

and Ej(Z) is the exponential integral with the complex variable.

Similarly for the different ranges of the x values, the Green functions are 

respectively described as follows.

-2*G  = i o g i - - ^ { F ( k 1X )-F (k 2X)} + - 7= i= { F ( k 3X )-F (k 4X)}

+ H ( x ) 2 n  e' 1'1" 1-* '1
V 4x-1 

+H(-x)

2ft c~My+Ti)-ik|X
V4x-1 

27ti J g - k j t y + i j J - f i k j X  _  e ~ k 4 ( y + i i ) + ik 4x 1

VI+4X i j

(for — < x < —) 
4 2

(3.101)

and
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-2 * 0  = lo g i  -  -7- l _ { F ( k 1X) -  F(k2X)} + - j - l — {F (k ,X )  -  F(k4X)}

H( ”.) | e~kJ(y+1i)+ik>x _ e~k4(y+Ti)+iM j
V l + 4x

(for X S -)  (3.102)
4

where:

k]}=^ 1_2T±iV̂ ] (3.103)

' |  = — [1 + 2x±V 4t +T]
J  ^

K0 = - t  o u2 X = Uco
g

(3.104)

(3.105)

j } = V ( x -^ )2 + (y+1i)2 (3.106)

3 .5  Conclusion

The fundamental formulation of the most generalized form of Green function 

to predict hydrodynamic forces is theoretically derived for the two dimensional 

boundary value problem of a single submerged body advancing at constant forward 

speed and oscillating in incident waves and its derivatives can be derived for the 

solution of velocity potential over body boundary contours in the integral 

equations.
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CHAPTER 4 

FIRST ORDER HYDRODYNAMIC FORCES

4.1  General description

Here the theoretical formulation of the first order hydrodynamic forces acting 

on a submerged structure oscillating and translating in waves under a free surface is 

derived in detail. Hydrodynamic forces are described in terms of radiation and 

diffraction potentials as mentioned in the solutions of the boundary value problems 

discussed in Chapter Two (Kashiwagi and Varyani 1987).

By neglecting the second and higher order terms associated with the unsteady 

part <j> of velocity potentials in the Bernoulli's equation, hydrodynamic pressure 

forces P(x,y,t) can be written as

where:

V is the velocity of the steady flow equal to V(-x + (ps)

On calculating hydrodynamic pressure forces on the oscillating and 

translating body, the hydrodynamic pressure should be integrated over the 

instantaneous body boundary contour directly. In the same way, the second and 

higher order terms associated with the oscillatory motion of the body are neglected, 

so hydrodynamic pressure forces can be obtained by direct integration of the 

hydrodynamic pressure P(x,y)el(“ on the body surface at the mean position. The 

mathematical expression of the hydrodynamic pressure P(x,y)e10X is expressed as

P(x,y, t) = -pj(io) + UV • V ^ e '”  + - y V 2 (4.1)
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P(x,y)ei“  = -p |(ico  + UV-V)<|)ei“  + 'y (o -V )V 2ei<“‘|  (4.2)

where:

a  is the dynamic amplitude of the body oscillatory motion defined in Eq. (2.7) 

previously. The last term describes a linear approximation of this additional 

pressure due to the oscillatory displacement of the body in the steady but non- 

uniform flow field V and the mathematical derivation of these terms will be 

discussed in Chapter Six in detail.

4 .2  Formulation of added mass and damping coefficients

By substituting the velocity potential <J) in Eq. (4.2) from the radiation 

potentials \|/j indicated in the last terms on the right hand side of Eq. (2.3) and 

integrating the hydrodynamic pressure P(x,y)eic“ on the surface SH at the mean 

position of the body, hydrodynamic forces on a structure translating and oscillating 

in surge, heave and pitch modes under calm water are then expressed as

fke1”  = - e '“  J S(iP(x,y)nk ds = £ ( F kj -  Ck j (k = 1,2,3)
j=l

(4.3)

where:

Subscript 1 denotes the surge mode in the x direction, 2 the heave mode in the y 

direction and 3 the pitch mode with the clockwise moment around a point in the 

cross section. is the x component of unit outward normal to the surface SH, n2 

is for the y component and n3 is xn2 -  (y -  d )^  for the z component

The mathematical terms of Fk. and Ck. in Eq. (4.3) represent the 

contributions of the first and second terms in the right hand side of Eq. (4.2)
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respectively and all the expressions are expressed as

Fk, = p J SlI{(ico + UVV)icovj}nt ds 

= co2Au -icoB,

(4.4a)

(4.4b)

and

Ckl= - p ^ - J s„ ! - V X d s (4.5a)

Ck" = - pf ^ » ^ 2nkdS
(4.5b)

Ck j= - p ^ J s H{ - ( y - d ) ^  + x | - | v 2nt ds (4.5c)

where:

Coefficients Akj are added mass coefficients which represent the forces 

proportional to the acceleration of body oscillatory motions and induce the same 

contribution as increase the mass of the body in motions.

Coefficients Bk. are damping coefficients which denote the forces proportional to 

the velocity of the body motions and have the effect to attenuate the motions if the 

wave excitation does not exist.

Coefficients Ckj are restoring coefficients which represent the forces proportional 

to the body displacement due to the oscillatory motions in the steady but non- 

uniform flow.

The numerical computation is rather complicated for such terms associated 

with the steady flow field V in Eq. (4.4), because it includes the spatial derivatives 

of radiation potentials \ j / j .  This term can be transformed by Tuck's theorem 

(Ogilvie and Tuck 1969) as
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J s„ (v  • V ^ n .d s  =  - j  s„V jm kd s (4.6)

This transformation makes direct pressure integration over the body boundary 

contour much more easier. As for the mk vector contribution, introduced in Eq.

(2.22), it will be detailedly discussed in Chapter Five.

Compared with those terms on the right hand side of the body boundary 

condition in Eq. (2.24), the radiation potential \j/j can be divided into two parts as

The radiation potentials cpj and cpj must satisfy following conditions on the body 

surface as

By substituting Eqs. (4.6) and (4.7) into Eq. (4.4), the detail expressions for 

added mass and damping coefficients are systematically written as follows.

Vj(x.y ) = (pj( x ,y ) + ^ 9 j(x,y) (4.7)

where:

A kj =  " P j s „ 9 jcn k d s - p ^ J s„[<Pj,nk -< p j,m k ]ds

(4.9)

and

Bkj = P® J  Sll9j» " k ds -  P“  ~ J  s„ [9jcnk -  9jcmk]ds

(4.10)

where:
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Subscript 'c' and 's' denote the real and imaginary parts and

<Pj=<Pjc+i<Pjs . 9j = 9jc + i9ji (4-11)

Although there is no explicit forward speed effect in the first term of both 

Eqs. (4.9) and (4.10), they satisfy the free surface condition in Eq. (2.27) which 

includes the forward speed effect. On the other hand the forward speed effect 

associated with the m vector contribution is taken into consideration in the second 

and third terms.

Moreover damping coefficients Bk. can also be calculated from the energy 

transported by the generated waves due to oscillatory motions of the body, because 

damping forces are relevant to the work done by the body motions to the fluid. The 

numerical check of damping coefficients can be performed by direct pressure 

integration on the body boundary contour and by consideration of the energy flux 

in the fluid domain to confirm the computational accuracy. The theoretical 

formulation of damping coefficients from the viewpoint of the energy 

transportation with propagating waves at far distance from the body will be 

detailedly derived in the following section.

4 .3  Formulation of wave excitation forces

In the same way as hydrodynamic forces acting on the body moving into 

incident waves with its oscillatory motions suppressed, wave excitation forces are 

derived from the hydrodynamic pressure due to incident and diffraction wave 

potentials. The hydrodynamic pressure in Eq. (4.2) with the velocity potential <{> 

replaced by incident and diffraction wave potentials cpj + <pD is integrated over the 

body boundary contour directly. In this case the oscillatory motions of the body are 

suppressed and the second term in Eq. (4.2) due to the body displacement in the 

steady and non-uniform flow is not to be taken into account. These wave excitation 

forces acting on the body surface in j-direction are then written as
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Ei e'“  = B i A e 'm J SH(ico + UV-V){<p, (x, y) + cpD(x, y)} n i ds
ICOq

= pgA( ^ ] e '“ l s» ni - ^ mi]{<Pi(x,y)+(pD(x,y)}ds

(4.12)

where:

Based on Tuck's theorem (1969), the second line of Eq. (4.12) is written.

The diffraction problem can be obtained from the radiation problem once the

well known Haskind-Newman relation.

The reverse flow radiation problem is considered when the body is translating 

into the negative x direction with identical magnitude of forward speed U and 

oscillating in a calm water simultaneously. The velocity potentials \pr. in the reverse 

flow radiation problem must satisfy the following body boundary condition as

In compliance with the relation which is valid on the body surface, the 

following expression can be written by modified Eq. (4.12) as

According to the Green's theorem for the diffraction potential <pD and the

Kochin function of the radiation problem can be obtained. This is possible with the

(4.13)

where:

Subscript j denotes the mode of motions in the same way as in original radiation 

potentials.

(4.14)
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reverse flow radiation potential \j/j in the fluid domain bounded by SF, S±e., SH 

and SB, and for the unique contribution from body control surface SH, the 

mathematical relation is obtained as

(4.15)

The last expression of Eq. (4.15) is derived from the body boundary condition of

By substituting Eq. (4.15) into Eq. (4.14), an alternative expression for wave 

excitation forces can be described as

Eq. (2.43) before. It should be noted that wave excitation forces are only in terms 

of the solutions of the reverse flow radiation problem and the incident waves as 

written above. This is a theoretical extension of the Haskind-Newman relation 

(Newman 1965) for the non-zero forward speed case. The check of such wave 

excitation forces by direct pressure integration over the body boundary contour and 

by Haskind-Newman relation is certainly another way to investigate the accuracy of 

numerical computations.

If the body form is symmetrical with respect to the y axis, the Kochin 

function of the reverse flow radiation problem can be derived from that of the 

original radiation problem by the relation

Eq. (2.25).

(4.16)

where:

H*(k) denotes the Kochin function for reverse flow radiation waves mentioned in
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H*(k) = ( - l ) jH*(k) (4.17)

4 .4  Formulation of free oscillatory motion of the body in waves

In general when the body is translating under the free surface in incident 

waves with a constant forward speed or is constrained so that it keeps the mean 

position in waves and current, it should oscillate freely under the effects of wave 

excitation forces and other hydrodynamic forces associated with its motions. Based 

on such basic assumptions of small magnitude of body motions and incident 

waves, all these effects can be superposed linearly.

Assuming that the density is the same as that of the fluid, the following 

simultaneous linear equations are applied to describe the coupled motions of surge, 

heave and pitch modes with restoring forces induced by the forward speed effect. 

Here the dynamic equation of motions for the k modes is briefly indicated as

where

(4.18)

Akj = 27tpa2Akj (4.19a)

Bkj=27tpa2coB'kj (4.19b)

(4.19c)

(4.19d)
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where:

M denotes the mass per unit length of the body.

5k is Kronecker's delta.j

The dynamic equation of motions is then written as

Here the problem is considered for the case when the body is submerged 

completely. This means that the hydrostatic restoring force induced by buoyancy 

variations of the submerged body does not exist. However the coefficients Ckj 

generated from the oscillatory motion of the body in the non-uniform flow induce 

the same effect as restoring forces in general. This effect induces natural 

frequencies of the motions even for the submerged body when the sum of these 

terms associated with mass, added mass and restoring forces of motion equations 

becomes zero and it might be classified as the eigen value problem. Therefore in 

case the frequency of the wave excitation force approaches the natural frequency of 

the body motion, it will induce the large magnitude of the motion due to resonance.

4 .5  Formulation of damping forces in term of the radiation potential 

at infinity

The waves are generated by oscillatory motions of the body and transport 

energy outward. The damping coefficient for each mode of body motion predicted 

by direct pressure integration over body boundary contours can be also evaluated 

from the energy flux consideration.

If the flow field is described by the velocity potential O associated with the 

steady flow as mentioned in Eq. (2.2), the average energy flux over a period across 

a vertical plane at x location can then be described as
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(4.21)

where:

The overbar notation implies the integral to be averaged over a period.

r\a is the wave depression associated with the steady as well as the unsteady parts.

If the effect of the steady flow cps in Eq. (2.2) is assumed to be of the same 

order of magnitude as the unsteady part <|> and the second order terms including $ 

in Eq. (4.21) are also retained, the mean value of the energy flux Rx is written as

The following expression for the unsteady part of the wave depression is 

applied to transform the first line of Eq. (4.22) as

If A and B are two complex quantities, the following relation can be written

as

(4.22)

where:

<|)u denotes the unsteady part of the velocity potential Re(<t>eltot) in Eq. (2.2).

(4.23)

1 (4.24)

where:
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The asterisk '*' denotes the complex conjugate.

With the contribution of this mathematical relation, the energy flux of Eq.

(4.22) can be written in terms of <J> as

R .  = § (* , + * 2) (4-25)

where

1* != — R e|w 2<t4‘ -iwU<|>^-! (4.26)
S  I o x J y, 0

a 2 = R eji(o£< |> |U yj (4.27)

Since damping coefficients will be discussed further, the velocity potential (J) 

is restricted to the radiation potential Yj of the j-mode motion. The four wave 

systems of the radiation potential \|/j corresponding to wave numbers kp k2, k3 

and k4 described in Chapter Two are expressed as

» Rel —i2 l£ _ le " k,1'"ik,,e i“  I as x -> + ~  (4.28)
1 (co+k2U) j

v  =  Re-j ga‘e eiM} + Re{ ,^a ,e  e‘
J |(co + k,U) J [(o>-k3U)

-ga .e18*
( to -k 4U)

+Re| . ga“ . e-k«r+'k«» e'°* 1 as x - > - ~  (4.29)

where:

Coefficients aj and 5j (j = 1, 2, 3, 4) are the amplitude and the phase angle 

difference.
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All the equations for instance Eqs. (4.28) and (4.29) are for x smaller than 

0.25. Nevertheless by setting and a2 equal to zero, the results can be obtained 

even when x is larger than 0.25 and the kj- and k2- wave systems do not exist.

For the far upstream case, the k2-wave described in Eq. (4.28) is substituted 

into the velocity potential <|> of Eqs. (4.26) and (4.27) and the energy flux is 

expressed as

R_ = pga2co co -k 2U 
4k2 co + k2Uy

(4.30)

where:

(co + k2U) = -y/gk̂ (4.30a)

For the far downstream case, the velocity potential <|> of Eqs. (4.26) and 

(4.27) can be also replaced with the summation of the kp k3 and k4 wave 

systems. By mathematical manipulation, the expression of and $ 2 for the 

energy flux in Eq. (4.25) can be derived as follows.

g

2 2 2 2 2 2 
g af , g a3 | g a4

-2

+2

(co + kjU) (co-k3U) (co-k4U)

+ k ,)x  + 5, + 5 3}

cos{(kj + k4)x + 5j + 84}
(co + kjUXco-^U ) 

g2a3a- 2 -   > ? 4------- -cos{(k3 - k 4)x + 53 - 5 4}
( c o - k 3U ) ( c D - k 4U) lv 3 4/ 3 4J

+ —0)U
_2 _ 2 _2 _  2g ai , g a3 , & “42 2 

g a,
((D + k,U)2 3(co-k3U)' “  (co- k4U)2 4

-(k , -  k 3)-------- ^ fj- 3-------- rcos{(k, + k3)x + 5, + 5 3]
v ‘ ^ ( c o  +  k ^ X o j - k j U )   ̂ 1 3J

+(k‘ ‘  (to + ktU)(o)4-  k„U) C°Ŝ (k' + k>  + 5‘ + M
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1
cos{(k3 -  k4)x + 53 -  S4}

(4.31)

and

2(co+k1U)2 2 (co-kjU)2 2 ( © - k 4U)2

Although these expressions look rather complicated, the mathematical 

simplification can be achieved in compliance with such relations that the summation 

of cross terms of two different wave systems in Eqs. (4.31) and (4.32) should be 

zero. The detail expressions are as follows.

Firstly some coefficients A, B and C are defined systematically as

(4.33)

(4.34)

(4.35)

For example the coefficient A in Eq. (4.33) can be extended further into

A = g7 k V n (kl(s " 2Uq>-  k,UJ) -  k3(g + 2Uco-  k3U2)} (4.36)
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According to the definition described in Eq. (2.37), following relations can 

be obtained as

, 2 2kco kg co _ \k H------------ y  = -----7- for (4.37)
u  u 2 u 2 v '

,2  2kco kg co ~ /, i \k ------------- 2. = ------ 7 for (k,,k4) (4.38)U U2 U2 1 3 4/ v '

Therefore the wave number-frequency relations can be easily obtained as 

follows.

k ,{ g -2 U ffl-k lUz} = co2 (4.39)

k3{g + 2Uo) -  k3U2} = co2 (4.40)

Based on the relations described above, the coefficient A becomes zero and 

the coefficient B is also zero in the same manner.

For the case of the coefficient C, the relations can be derived by using the 

definitions of k3 and k4 as

k, + k4 = K0(l + 2x) = -^- + ̂  (4.41)

Thus coefficient C becomes zero too.

Finally the energy flux in Eq. (4.25) for the far downstream case can be 

much simplified as

R _ pgafa co -  ktU pga2co o) + k3U pga2co co + k4U 
4kj co + kjU 4k3 c o -k 3U 4k4 c o -k 4U

(4.42)
4kl 4k3 4k4
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where:

The second line is derived according to the following relations

C Q -k jU  

co + kjU
= +Vl -  4 i for j =

V2>
(4.43)

(4.44)

In fact, the components, associated with its acceleration and displacement, of 

hydrodynamic forces acting on the body oscillating and translating with a constant 

forward speed under a calm water do not work against the fluid if averaged values 

are taken over a period. The work done by the damping force over a period in the j- 

mode motion associated with the unit velocity potential corresponding to radiation 

potentials \j/j is indicated as

where:

is the damping coefficient defined in Eq. (4.4) before.

The work done is equal to the outward energy flux and is expressed as

(4.45)

W = R+eo -  R_„ (4.46)

Combining both Eqs. (4.45) and (4.46), the relationship between damping 

coefficients Bjj and amplitudes ap a2, a3 and a4of the wave systems travelling 

away from the submerged body is described as



In terms of the Kochin functions of radiation potentials \\f } , the equation for 

the damping coefficient described above can be derived in an alternative form as

B ^ - p o
lHI(k.)|2 +\H](k2f  > |H~(k:3)|2 + |H~(k4)|‘

Vl - 4 x  Vl +  4x
(4.48)

4 .6  Investigation of numerical computations

Here the numerical accuracy of the first order hydrodynamic forces by newly 

modified approaches (the discrete source distribution method and the direct Green 

function method) is achieved by analytically solving the logarithmic part of the 

Green function. For the case of two rigidly held apart cylinders as in Fig. 4.1, the 

detail numerical scheme to solve the integral equation and the analytical solution of 

the logarithmic part of the Green function will be described in Chapter Eight

By obtaining numerical solutions for the velocity potential <|>, the damping 

coefficient of the j-mode motion is calculated by direct pressure integration over the 

wetted surface of the body and from the energy flux consideration in the fluid 

domain. The damping coefficient by direct pressure integration is written as Bij(P) 

and the one by energy flux consideration is written as B]j(E). If the discrepancy 

between Bjj(P) and Bij(E) is smaller, the body boundary condition is satisfied. 

The accuracy check of wave excitation forces is investigated by direct pressure 

integration over body boundary contours and by Haskind-Newman relation in 

terms of the Kochin function of the radiation problem.

Based on direct Green function approach, these computations are performed 

on the VAXstation 4000 VLC computer system. The numerical calculations on two 

rigidly held apart cylinder system with submergence depth ratio d/a = 2.0, 

separation distance ratio c/a = 4.0, Froude number Fn = 0.20 and no inclination in 

following waves is carried out by taking the dipole images as ten (N, =10) and the 

discretized elements of the left and right cylinders as fifty (NE = NL = NR =50).
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The numerical accuracy of surge, heave and pitch damping coefficients by direct 

pressure integration and by energy flux consideration is investigated and the 

computed results are in excellent agreement as shown in Figs. 4.2 to 4.4.

Numerical investigations of wave excitation forces in terms of the Kochin 

functions with real and imaginary parts on twin hulled structure model under the 

combined actions of wave and current in surge, heave and pitch modes by the 

pressure integration and the Haskind-Newman relation are performed and all 

calculated results are in excellent agreement as shown in Figs. 4.5 to 4.10.

4 .7  Parametric studies and discussions

Here parametric studies for different Froude numbers, submerged depths, 

separation distances and inclinations to predict radiation forces such as added mass 

and damping coefficients, wave excitation forces and dynamic motion responses of 

the twin hulled offshore structure in incident waves are carried out. The detail 

calculated results are categorized into four parts as follows.

(A) For different Froude numbers :

The effect of Froude number (equivalent current speed) on the predicted 

results of added mass and damping coefficients, wave excitation forces and motion 

responses of the structure are as presented in Figs. 4.11 to 4.22.

For non-dimensionalized added mass coefficients as in Figs. 4.11, 4.12 and 

4.13 respectively, the discrepancy of the predicted results between Fn = 0.0 and 

0.4 is larger in the very low frequency range (within Ka = 0.2 range). As noticed, 

the effect of forward speed is greater for the low frequency range of wave 

numbers. Just as in the single cylinder case, the added mass coefficient with 

forward speed effect (m-vector contribution) becomes infinitely large as the 

frequency approaches zero which is due to the second and third terms of Eq. (4.9). 

Negative added mass coefficients do occur at certain frequencies for the case of
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surface piercing and oscillating cylinders (Ohkusu 1969).

For non-dimensionalized damping coefficients, the numerical results in 

surge, heave and pitch motions are presented in Figs. 4.14, 4.15 and 4.16 

respectively. Effect of forward speed is clearly noticed at high Froude numbers.

For non-dimensionalized wave excitation forces as in Figs. 4.17 to 4.19, 

computed surge, heave and pitch results in following waves show considerable 

variation for the higher frequency range. The non-dimensionalized dynamic 

response amplitudes in surge, heave and pitch motions are presented in Figs. 4.20 

to 4.22 and large discrepancies for surge and heave motions are noticed in the very 

low frequency range and this could be due to large added mass contribution from 

higher speed.

(B) For different submergence depths :

on
The effect of submergence depths theoretical predictions of added mass and 

damping coefficients, wave excitation forces and dynamic motion responses of the 

twin hulled structure model are as in Figs. 4.23 to 4.34.

For non-dimensionalized added mass coefficients as in Figs. 4.23 to 4.25, 

predicted results show not much variation over the frequency range and it may be 

concluded that the submergence depth has no significant effect on added mass 

coefficients.

For non-dimensionalized damping coefficients, numerical results in surge, 

heave and pitch motions are presented in Figs. 4.26,4.27 and 4.28. This indicates 

that submergence depth has considerable influence.

For non-dimensionalized wave excitation forces as in Figs. 4.29, 4.30 and 

4.31, computed results of surge, heave and pitch modes in following waves have 

clear difference. The non-dimensionalized response amplitudes in surge, heave and
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pitch motions are as in Figs. 4.32 to 4.34 and the discrepancies are due to large 

contribution from the wave excitation forces.

(C) For different separation distances :

The effect of separation distances on the theoretical calculations of added 

mass, damping coefficients, wave excitation forces and dynamic motion responses 

of twin hulled structure model are as in Figs. 4.35 to 4.46.

For non-dimensionalized added mass coefficients as in Figs. 4.35 to 4.37, 

predicted results show not much variation over the selected range of frequencies. In 

the case of non-dimensionalized damping coefficients, calculated results in surge, 

heave and pitch modes are in Figs. 4.38 to 4.40. The peak values appear in the 

lower range of frequencies and it may be concluded that separation effect is 

considerable.

For non-dimensionalized wave excitation forces as in Figs. 4.41 to 4.43, 

computed results for surge, heave and pitch modes in following waves show same 

tendencies as the damping coefficients. The non-dimensionalized response 

amplitudes in surge, heave and pitch motions are shown in Figs. 4.44 to 4.46 and 

the characteristics for surge, heave and pitch motions are similar to those of wave 

excitation forces and it can be concluded that the contribution from wave excitation 

forces is clearly effective.

(D) For different inclinations :

For the inclination effect, the numerical predictions of added mass, damping 

coefficients, wave excitation forces and dynamic motion responses of twin hulled 

structure model are as in Figs. 4.47 to. 4.58.

For non-dimensionalized added mass coefficients as in Figs. 4.47 to 4.49, 

predicted results make not much variation over the frequency range and it may be

127



concluded that small inclination effect is not of importance on the hydrodynamic 

characteristics of submerged geometries.

For non-dimensionalized damping coefficients, numerical results in surge, 

heave and pitch motions are as in Figs. 4.50 to 4.52. The predicted results show 

that large inclination always contribute a certain amount but not significant Hence 

it can be concluded that the inclination effect is not dominant on damping 

coefficients.

For non-dimensionalized wave excitation forces as in Figs. 4.53 to 4.55, 

numerical predictions for surge, heave and pitch modes in following waves have 

clear discrepancies. In fact, wave excitation forces are slightly increased as the 

body is inclined. Non-dimensionalized response amplitudes in surge, heave and 

pitch motions are also presented in Figs. 4.56 to 4.58 and the tendencies in surge, 

heave and pitch motions are similar to those of wave excitation forces.

4 .8  Conclusion

Here a valuable procedure for theoretical confirmation of numerical 

computations is developed and completely described. The numerical accuracy 

check of the damping coefficients is calculated by the consideration of the energy 

flux in the fluid domain and by the direct pressure integration over body boundary 

contours. The numerical results of wave excitation forces in terms of the Kochin 

functions in radiation problem with real and imaginary parts is checked out by the 

Haskind-Newman relation and by the direct pressure integration.
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CHAPTER 5

THEORETICAL DERIVATION OF M-VECTOR CONTRIBUTIONS

5.1  Solutions of unsteady potentials for the single cylinder case

In order to solve the boundary value problem for the velocity potential §  over 

body boundary contours, the integral equation of Eq. (2.31) is made use of.

where SH denotes the boundary contour of the cylinder as shown in Fig. 2.1 and 

G(P,Q) is the Green function as shown in Eq. (2.32), which should satisfy the

already described on the body surface as in Eqs. (2.24) and (2.25), Eq. (5.1) is an 

integral equation for the unknown velocity potential <|> on the body surface of the 

cylinder.

For the case of the non-zero forward speed radiation potential, the evaluation 

of the m-vector contribution defined in Eq. (2.22) is required to obtain the normal

derivative of the velocity potential ^  on the body surface.
dn

5 .2  Analytical derivation of m-vector contributions for the single 

elliptical cylinder case

Since the principal interest is concentrated on the submerged body case at this 

moment, it is natural to assume that the steady velocity potential <ps in the vicinity

(5.1)

free surface condition, the bottom condition and the radiation condition. Since the

normal derivative of the velocity potential —  on the right hand side of Eq. (5.1) is
dn



of the body is approximated by the velocity potential without the free surface. It is 

certainly possible to apply the steady velocity potential which already satisfies the

vector contribution. However it is known that the steady velocity potential 

satisfying the linearized free surface condition does not necessarily have accurate 

solutions for the steady flow around the moving body. The mathematical derivation 

of the m-vector contribution based on this assumption for the case of an elliptical 

submerged cylinder is described as follows.

The elliptical coordinate (|i,v) is introduced as shown in Fig. 5.1, which is

related to another coordinate (0,£), and rectilinear coordinate (x,y) with the origin

at the centre of the ellipse as

x = KcosScosh^ = kjiv (5.2)

y = Ksin0sinh£ = K ^/l-|i2Vv2 -1  (5.3)

and ' 2 a ' is the major axis length and ’ 2 b ' the minor axis length of the ellipse.

The velocity potential for the steady translation of an elliptical cylinder in an 

unbounded fluid domain is already expressed in Lamb (1879) as

linearized free surface condition even if it is rather complicated to calculate the m-

where:

(5.4)

(5.5)

where:

(5.6)
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With these formulae on the coordinate transformation in terms of the 

generalized orthogonal coordinate, the derivatives of the velocity potential with 

respect to both x and y coordinates is derived as

3(ps _ 1 dx d(ps  ̂ 1 dx 3tps _ 
dx h^ d\l  d[i h22 d v  d v  K

-1  +
W v2 -1  
v2 — |I2

(5.7)

a<ps _ i ay acps | i ay acps _ a 
ay ht2 aii an h22 av av k v2 -  p.2

(5.8)

where:

(5.9)

By substituting these results in the definition of the m-vector contribution, as 

Eq. (2.22), the theoretical expressions of n^ and m2 vector are written as

1 dn ̂  dx  J h2 av v ax

K2(v2 - I I 2)^2
l - 2 v 2 1-1^ 

v2 -  p.2 on body

(5.10)

ITU = —
an

acpsV i
. d y  J  h2 a v [a y

(5.11)

Here the expressions are all in terms of the coordinates (|i, v).

By using the body surface equation of

v =
V l - e 2

(5.12)
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By substituting Eqs. (5.7) and (5.8), final results are written as

1 N e2cos20 -s in 20 m i= - e ( l  + e)— — — -— (5.13)
a (sin 0 + e cos 0)

1 2^ x sin20 , ..m2 = - e  (l + e) — — — -— — Tfr (5.14)
a (sm 0 + e cos 0)

With these results, the derivatives of the steady velocity potential cps on the 

body surface of the cylinder is written as

~ ^ -  = e(ecos20 -s in 20)/A2 (5.15)

— = e(l + e)sin0cos0/A2 (5.16)
d y

where:

A = (sin2 0 + e2 cos2 0)1/2 (5.17)

The components of the n-vector contribution are written in terms of the 

elliptical coordinates as

= ecos0/A (5.18)
h 2 d v

n , = — | ^  =  s in e /A  (5 .1 9 )
h 2 d v

n3 = xn2 -  ynj = a(l -  e2)sin0cos0/A (5.20)

When nj and n2, m, and m2 are substituted into the definition of the m3 

vector contribution, as Eq. (2.22), the expression of m3 vector is written as
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d < P s \, 5(Psm3 = xm2 -  yrrij + 1̂ -1 + -^ -J n 2 -  nt

\/i \2  • n f cos26 e2cos20 -s in 20l= (1 -  e)(l + e) sin0< — t— +  -r \ (5.21)

By setting e = 1 in Eqs. (5.10) and (5.14), the mathematical expressions of 

the m-vector contribution for a circular cylinder of radius a can be readily obtained 

as

2
m j= — cos20 (5.22)

a

m2 = —sin 20 (5.23)
a

m3 = 0 (5.24)

It is natural that there is no contribution to the m-vector when the circular 

cylinder undergoes pitching motions. Even after rotation (pitching motions) around 

the centre of the cross sectional circle, the normal velocity induced at a location on 

the cylinder surface by the steady flow is not different from that before the rotation.

5 .3  Solutions of unsteady potentials for the twin cylinders case

The submerged two rigidly held apart cylinders without further modelling, 

advancing with a constant speed U in incident waves and performing sinusoidal 

oscillations of small amplitudes in surge, heave and pitch at a particular frequency 

co about its mean position, is as in Fig. 4.1. This configuration can be realized as a 

simplified model of the typical form of offshore structures like twin hulled drilling 

rigs. The predictions of hydrodynamic loadings acting on twin hulled offshore 

structures under combined actions of wave and current, or moving in two 

combined modes of slow and fast frequency are always important from the point of 

view of operational safety in severe environmental conditions.
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The midpoint of the line connecting the centres of the two cylinders is at 

submergence depth " d " under the free surface," 1 " is half the distance between 

the centres of the two cylinders, " a " and " b " are the radii of downstream and 

upstream cylinders respectively. Symbols SL and SR denote the surface of 

downstream and upstream cylinders. Hereafter the downstream cylinder is called as 

" cylinder L " and the upstream cylinder as " cylinder R " for convenience.

The formulation of the boundary value problem for the unsteady potential <}> 

is not different from what is described in Chapter Two. The integral equation for 

velocity potential §  over body boundary contours of the two cylinder case is 

written as

^ 4 > ( P )  -  [ J  SL+ J  s. ]<t>(Q)^G(P,Q)ds

Here G(P,Q) is the Green function described in Eq. (2.32) and (j) is the unsteady 

velocity potential to be obtained. The point P will vary over the body boundary 

contours of the two cylinder structure. As in the single cylinder case, the estimation 

of the m-vector contribution is required to describe the normal derivative of the

velocity potential of ^  on the body surface, with taking into account effects of 
dn

forward speed and interactions between the two hulls.

5 .4  Theoretical formulation of m-vector contributions for the twin 

cylinders case

The theoretical derivation of the m-vector contribution is detailedly formulated 

to take into account the interaction effect between the two circular cylinders 

submerged under a free surface. The mathematical approach can be extended to 

predict the interaction effect of twin hulled marine vehicles in head and following 

waves for different diameter ratios, submerged depths, Froude number, separation
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distance and inclinations.

5 .4 .1  Description of the Milne-Thomson's circle theorem

As shown in Fig. 5.2, a doublet at (x ,y ) position is assumed and an 

inclining angle P with the x-axis is made. The velocity potential can then be 

formulated as

f (z) = - — . t*=We‘pz -c e
(5.26)

and the expression can be rewritten as

/ a2 N
= - n

-c e
_2 —iaa — zee

_ 1 
= ^ —

z -
2 2 

a , a -ia — e H— e

ce a iz  e
c

_ H
- i ace

const.

1 + — e‘ 
c

1
a iz  e
c

az  e‘
c

(5.27)

This means that the image is in a  direction and at a distance — . The strength
c

of the doublet is j  times and the direction is (2a -  n  -  P). In fact, this concept

of dipole image method to formulate the complex velocity potential can be applied 

to derive analytical expression of m-vector contributions for two rigidly connected 

cylinder case.

5 .4 .2  Analytical derivation of m-vector contributions for the twin 

cylinders case
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The prediction of the m-vector contribution requires a solution for the steady 

potential (ps. In order to avoid numerical difficulties, the infinite-fluid solution 

which is valid for the deeply submerged body is applied.

The two cylinders, composed of the left circular cylinder of radius a (referred 

to as cylinder L) and the right circular cylinder of radius b (cylinder R), with a 

separation distance between both cylinder centres c and an angle of inclination a . 

The two cylinders are assumed to move with a forward speed U in the x-direction 

as shown in Fig. 4.1. The steady velocity potential is then described as

<ps = U(<pL+cpR) (5.28)

Then the body boundary conditions to be satisfied by <pL and cpR are derived 

as follows.

= cos0 , ■“ ■■■— = 0 on cylinder L (5.29)
dr dr

= cos0' , = 0 on cylinder R (5.30)
dr dr

Physically <pL describes the velocity potential, in which only cylinder L moves with 

cylinder R at rest. Similarly cpR is also for the velocity potential where only 

cylinder R moves with cylinder L at rest.

At first the velocity potential <pL for cylinder L is considered. If cylinder R is 

not present, the flow past cylinder L is represented by a point doublet located at the 

origin and if the strength is assumed as |i0. Then

<P„L=-H o—  . c0 = 0  . n0 = a 2 , po = 0  (5.31)
r

The change caused by the existence of restrained cylinder R is represented by 

image doublet at the 1 mirror-image ' point inside cylinder R. Milne-Thomson’s 

circle theorem is then applied as follows.
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f(z) = -fi * „
z — ce

(5.32)

' b 2'
V ' /

+ const. (5.32a)

If the image of the doublet with cylinder R, as observed from cylinder L, the 

mathematical expression is written as

c, = c -
c - c . V c _ c o y

, pj = 2a -  7t (5.33)

and in turn the effect of the image doublet on cylinder L is taken into account by 

introducing the image doublet inside cylinder L. Now this image will form another 

image inside cylinder R and that is described as

H i = 
Ci ’ m vci j

. p2=0 (5.34)

Similarly following expressions are systematically written as

c, = c - b2  ̂ lti  =
C“ C2 1̂2

b

V C c 2 J
, p3 = 2a -  7t (5.35)

= 5 - =

C 3 M"3
. P4=0 (5.36)

Cc = c - i i i  =
c - c 4 114 V C C4 J

, p5 = 2a -  7t (5.37)

Likewise a velocity potential <pR for cylinder R is considered. If cylinder L is 

not present, the flow past cylinder R is represented by a image doublet located at 

the centre of cylinder R. From its coordinate system, the following formulation can
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then be described as

Vo*= . nj = b2 , p;=o , c;=c (5.38)

If the image of the doublet with cylinder L as observed from cylinder R is 

observed, the expression is written as

a2 \jl[ J a x2
c' _ c ’ u r L 1 ’ p' _ 2 a

(5.39)

and in turn the effect of the image doublet on cylinder R is taken into account by 

introducing the image doublet inside cylinder R. Now this image will form another 

image inside cylinder L and thus it is described as

c-, = c -
c - c ,

' _ L V
vc - c , ,

(5.40)

Similarly following expressions are systematically written as

=  ± -  H l = 
C2 ’ M"2

f \2

V C2 J
, P3 = 2a  -  k (5.41)

c, = c -
c - c , V C _ C 3 /

. p; = o (5.42)

= ®1 ib.= 
5 c; ’ Hi

, PJ = 2a  -  7c (5.43)

In compliance with above relations, following expressions are arranged as

Y 0 = 0  ,  | X o  = 1  .  P o = 0 (5.44a)
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Yi  =  Y “ H f  .  V
1 _

Y - Y o  Ho U -Y o J
, pj = 2a -  7t (5.44b)

1 H2
y 2 = —  * —  =

Yi Hi
( - T

,Y i,
. P2 =o (5.44c)

y 3 = y -
H3 _

y - y 2 H2 U - y J
, p3 = 2a -  n (5.44d)

1 |i4
Y4=— . —  =

y 3 h 3
. p4 = 0 (5.44c)

y5 = y - h 5 _

y - y 4 h 4

f  - v-

U - Y 4J
, P5 = 2a -  k (5.44f)

Likewise

y ; = y  , h ;  =  e 2 ,  p ; = o (5.45a)

v '= i- iiUr. ’ ni
Z' * Y

VYo
, P[ =  2a -  71 (5.45b)

y 2 = y -
h 2 _

Y “ Yi Hi U - Y j
. K - o (5.45c)

y ' = - L  H U
3 Tj ’ «

' i t , p3 = 2a -  rc (5.45d)

Y4 = Y “
H4 _

y - y 3 H3

Z' .  \ 2

U - Y j
. p; = o (5.45e)

y = - L  Hi- =
5 y; ’ n;

i_Y

u ; ,
, PJ = 2a -  7C (5.45f)
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In the same way, the velocity potential <pR for cylinder R is also represented by an 

infinite series of image doublets, with the leading term being a point doublet located 

at the origin of cylinder R.

As a result of repeating such procedures, the velocity potential cpL for 

cylinder L is described by an infinite series of image doublets within cylinder L and 

cylinder R. In terms of the complex velocity potential, it is described as follows.

“ LL.e j 
fL(z) = - a £ — , z = re10 (5.46)

where:

Y o = 0  . Y 2 n - 1 = Y -
Y - Y 2„ - 2

. Y 2n =
Y 2n- i

(5.47a)

M-o =1 .
M-2n-l _

M”2 n - 2 Y  Y  2 n- 2

J b n _  =
H 2 n - 1 \ Y  2 n -

(5.47b)

P o = 0  •  P 2 « - .  =  2 a  -  it , P2n = 0 (5.47c)

where:

Y = -  , e = — (n = l ,2 , - ~ )  (5.48)
a a

Similarly, the velocity potential <pR for cylinder R is also represented by an 

infinite series of image doublets, with the leading term being a point doublet located 

at the origin of cylinder R. In the coordinate system with the origin at the centre of 

cylinder R, cpR is described as the real part of the complex potential of the form

IS z-Y je
(5.49)
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where:

/ / 1 £T f — V V — v — V —
0 J > # 2 n - l  ,  * J 2 n  “  I

Y2n-2 Y-Ym-i
(5.50a)

M -S n - l _ r i ] M”2n _
f  £  l

H i n - 2 l Y 2 „ - 2  J 1 * 4 - 1 I y  “  Y i n - 1  J (5.50b)

PS = 0  , PL-i =2a-7C , P 'n =0 (n  = U , - ~ )  (5.50c)

In order to calculate the m-vector contribution, a typical complex potential is 

written as

f(z) = -a
lieip )ie iP

_  . ,_ i< x  _  i az — ye z — ce
(5.51)

Then

f'(z) = u -  iv = t s  ne,|!g(r,e)
(z -c e  j

(5.52)

where

_   __i6z = re (5.52a)

Substituting this expression into the definition of m-vector contribution, m-vector 

contribution can be readily obtained as

m> - ̂  = ~ ( » - =- 4 : f'ML.a3r

Heip|;g ( r ,e )

(5.53)

(5.54)

where:
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g M )  = - 

Then

m { -  im2 

Here

1

where: 

c
Y = “  a

Thus 

mj -  im2

Here

j l - y e i(0

where:

1_____

(reB- c e io)2
(5.54a)

iP 102|ie'pe 
(re'9 -  ce'0)' a l a 2,

-i(20-p)

1— e 
a
C i(a-O)

(5.55)

{ l-v e i,0' 9)] { l - 7e 'i(a' 91}

= ------i— ------------ -  (5.56)
l-2 y c o s (0 -a )  + y

(5.56a)

2[^

a v a2 J | i  -  2y cos(0 -  a) + y2 }3

= 2 J  1 e - i ( - P )  ( 5 s n
l l - 2 y c o s ( 0 - a )  + y J

-°) j 3 = i -  3yei(0~a) + 3y2ei2(0~o) -  y3ei3{0' a)

= R + iS (5.58)
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R = 1 -  3y cos(0 -  a )  + 3y2 cos2(0 -  a ) -  y3 cos3(0 -  a ) (5.59a)

S = -3y sin(0 -  a ) + 3y2 sin 2(0 -  a ) -  y3 sin 3(0 -  a) (5.59b)

Thus

2 ( a )  e-i(29-w(R + iS)
m, -  im2 = — -hr I-------------- -------- -— - j

ava y j i_ 2 y c o s (0 -a )  + y2}
(5.60)

_ 2 (  |i A Rcos(20 -  p) + Ssin(20 -  P) 
1 ava2J { l-2 y c o s (0 -a )  + y2}3

(5.61)

_ 2 (  p. 'NRsin^© ~P)-Scos(20 -p )  
2 a l a 2J { l-2 y c o s (0 -a )  + y2}3

(5.62)

In accordance with above relations, the strength of the doublet is normalised 

by a^ and the image point can then be considered as an infinite series in the 

following form

f(*) = -a 2E { 7 ^  + 7 ^ 1j=o [ z  C j e  z  C j e  J
(5.63)

Therefore

mM la “J= 0

RjCos (29-pjj-t-Sj an (29 -p ,) ' 

{ l-2Y jC os(9 -a)+ y2}3 

, R' cos(29 -  p;) + S' sin(20 -  p;) 

{ l-2 y J'c o s(e -a )+ Y '2}3

(5.64)

m >L- r Xa “ „
+n;

Rj sin(26 -  Pj) -  Sj cos(29 -  Pj)

{ l-2 Y jcos(e-a )  + Y2}3 

, R' s in (2 0 -p ') -S ' cos(29 -  P') 

{l-2Y 'cos(9-a)+Y '2}3

(5.65)
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where:

Rj = 1 -  3Yj c o s ( 0  -  a ) + 3y2 c o s 2 ( 0  -  a) -  y \  c o s 3 ( 0  -  a ) (5.66a)

Sj = -3YjSin(0-a) + 3Y jsin2 (0 -a)-Y jsin3 (0 -a )  (5.66b)

R- = 1 -  3y' c o s ( 0  -  a ) + 3y'2 c o s 2 ( 0  -  a) -  y f  cos3(0 -  a) (5.66c)

S' = —3yJ sin(0 -  a ) + 3y'2 sin 2(0 -  a ) -  y f  sin 3(0 -  a ) (5.66d)

Since the m-vector contribution for cylinder L is calculated from the sum of Eq. 

(5.46) and Eq. (5.49), Eq. (5.53) can be deduced as

m,L = 2 £
j=o

HjjRjCOS^e-pj) + Sjsin(20-Pj)} 

+^'{r 'cos(20 -  P') + S;sin(26 -
(5.67)

m2L = 2 X
j=0

V J{R ,B n(2e-pj) - S JcM (2e-pj)}

+H'{r '  sin(26 -  p;) -  s; cos(20 -  P'
(5.68)

where:

R, = F(Yi) , S j - G f a )

R; = f (y;) . s ; - o ( y j )

(5.69a)

(5.69b)

w
I a kYk
k=0

co sk (0 -a )
sin k (0 -a )

G(y). {1 -2 ycos( 0 - cx) + y2
(5.70)

— 1 i — 3 , a2 -  3 , a3 — 1 (5.71)

Next the formulation of the m-vector contribution for cylinder R is
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performed. The only necessary task is to rewrite Eq. (5.46) and Eq. (5.49) in the 

coordinate system with the origin at the centre of the circle R. The positions to the 

doublet are c -  Cj and c -  c' and it is sufficient if a  is replaced by (a  -  k). The 

axis of the doublet is the same as pj and PJ.

_  R ■ R _m, — utu = — JL
b2

, - i ( 2 0 - P )

1— e 
b
c t(a-e)

( a V 2 / e 'l(29~p)[ l - S e il8~a|]

Ib J  a v a J {l — 28cos(0 - a )  + 82};
(5.72)

where:

5i = - g ( c -  ci) = “ fr -  Yj) = j (Yj -  Y) (5-73)

In the same way, the m-vector contribution for cylinder R can be described as

m
ae j=o

Pj cos(20 -  Pj) + Qj sin(20 -  Pj) 

[l -  25j cos(0 -  a) + 52 j 3

,p;Cos(29-p;)+Q ;sin(2e-p;)

{l -  28J cos(9 -  a) + 8J2}

(5.74)

m.

Pj sin(29 -  Pj) -  Qj cos(29 -  P,) 

{ l-2 5 jC o s(9 -a ) + 8j}3

t>p;sin(29-p;)-Q ;cos(29-p;) 

J { l-2 8 ;co s(9 -a )+ 8 ;2}3

(5.75)

where:

Pj = 1 — 35j cos(0 -  a ) + 35- cos2(0 -  a) -  5J cos3(0 -  a) (5.76a)

Qj = —35j sin(0 -  a )  + 352 sin 2(0 -  a ) -  5] sin 3(0 -  a ) (5.76b)
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Pj' = 1 -  35'cos(0 -  a ) + 35'2 cos2(0 -  a) -  5'3 cos3(0 -  a ) (5.76c)

Q; = -35; sin(0 -  a ) + 35'2 sin 2(0 -  a ) -  5 '3 sin 3(0 -  a ) (5.76d)

Denoting the complex variable in this new coordinate system by z' and z is

z = z' + yeia (5.77)

On the surface of the circle R, z' = ee10 should be carefully specified. With these 

relations taken into account, the m-vector contribution for cylinder R is easily 

derived in the same manner as for cylinder L obtained above. Final expressions are 

expressed as

R ^  " V
mi =75-2-

j=o

m- = 3 lj=0

Hj{Pj cos(20 -  Pj) + Qj Sin(29 -  P;)} 

_+H'{p 'cos(20 -  p;) + Q'sin(20 -  P')}

M-j{Pj sin(20 -  Pj) -  Qj cos(29 -  Pj)} 

_+H;{p|'sin(20 -  P') -  Q' cos(20 -  P')}

(5.78)

(5.79)

where:

Pj=F(5j) , Qj=G(8j) (5.80a)

Pj'=F(5') , Q; = G(8') (5.80b)

where:

S j= |(Y j-Y )  . 5 ' = i(Y '-Y ) (5.81)

The rotation of two cylinder system around a point is considered to be the 

summation of each vertical and horizontal displacements of the cylinders, in which
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cylinder L and R displacements occur in the reverse directions, and the rotation 

around each cylinder centre. The rotation of each circular cylinder around its centre 

does not contribute to the m-vector. Then expressions of the m3 vector on each 

cylinder L and R are written as

m3L = -(m 2L cosa -  sin a)

m3R = (m2R cosa -  mtR sin a)

and the expression of n3 vector is also written as

n3L = -1 sin(0 -  a) (5.84)

n3R = +1 sin(0 -  a ) (5.85)

The distance between the centres of cylinder L and R is considerably large 

compared with the cylinder cross section of twin hulled marine structures. In this 

configuration, the series for the m-vector contribution can be truncated after several 

terms to obtain sufficient accuracy. In practical numerical computations, the infinite 

series can be reasonably truncated to ten (10) mirror images to converge the series 

for different submerged depths, Froude number, separation distance and 

inclinations.

5 .5  Investigations of numerical computations

Under the linear assumption of the boundary value problem taking into 

consideration the m-vector contribution, the velocity potential can be obtained by 

numerical solutions of the integral equation over body boundary contours exactly. 

The numerical check of the first order hydrodynamic problems for such twin hulled 

marine vehicles under combined actions of wave and current, achieved by 

analytically solving the logarithmic part of the Green function, is well confirmed as

(5.82)

(5.83)
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investigated by both numerical methods in Chapter Four.

By taking the image number as ten (10) and discretized element number as 

fifty (50) for individual left and right cylinders, the predicted results with and 

without the m-vector contribution can be compared. Both results of added mass 

coefficients in surge, heave and pitch motions with and without m-vector 

contribution match well and are as in Figs. 5.3, 5.4 and 5.5. For the damping 

coefficients, calculations in surge, heave and pitch modes also show excellent 

agreement as in Figs. 5.6, 5.7 and 5.8.

As regards the predicted results of the real and imaginary parts of the Kochin 

functions, these can be obtained by direct solution of the radiation problem and by 

the Haskind-Newman relation from wave excitation forces. Principally all 

numerical results of surge, heave and pitch Kochin functions for both real and 

imaginary parts are satisfied with good agreement and systematically shown in 

Figs. 5.9 to 5.14 respectively. In fact this theoretical formulation with the m-vector 

contribution is quite satisfactory to investigate such hydrodynamic problems with 

forward speed effect in waves.

5 .6  Parametric studies and discussions

As the numerical investigation is satisfied, parametric studies on the 

hydrodynamic characteristics of twin hulled offshore structures in head waves with 

and without the m-vector contribution are extensively performed for different 

Froude number, submerged depths, separation distance and inclinations. The detail 

results are categorized into four major groups and discussed as follows.

(A) For forward speed effect:

Numerical results of non-dimensionalized surge, heave added mass 

coefficients and pitch added moment of inertia are as in Figs. 5.15 to 5.17. In the
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very low frequency range (within Ka = 0.10), the significant variation is due to m- 

vector contribution and not much difference is seen for the remaining frequency 

range. As for the damping coefficients, the m-vector effect is not considerable for 

the selected range of frequencies as in Figs. 5.18 to 5.20. For the real and 

imaginary part of surge, heave and pitch Kochin functions, not much variation is 

due to the m-vector contribution as in Figs. 5.21 to 5.26.

Numerical results of non-dimensionalized surge and heave added mass 

coefficients and pitch added moment of inertia are presented in Figs. 5.27 to 5.29. 

The m-vector contribution shows very significant effect in the low frequency range 

(within Ka = 0.30), and a slight difference is shown for the remaining frequency 

range. As for the damping coefficients as in Figs. 5.30 to 5.32, the m-vector effect 

is quite dominant in the low frequency range (within Ka = 0.20) and not much 

contribution for the remaining range of frequencies. For the real and imaginary part 

of surge, heave and pitch Kochin functions, the amplitudes are mostly smaller than 

those without m-vector effect over the range of frequencies as in Figs. 5.33 to 5.38 

respectively and it noticed that higher forward speed always contribute much to the 

m-vector effect.

(B) For deeper submergence depth :

Numerical computations of non-dimensionalized surge, heave added mass 

coefficients and pitch added moment of inertia are as in Figs. 5.39 to 5.41. In the 

very low frequency range (within Ka = 0.10), large discrepancy is shown due to 

the m-vector effect and not much difference for the remaining frequency range. As 

for damping coefficients as in Figs. 5.42 to 5.44, the m-vector effect shows no 

much contribution due to deeper submergence. For the real and imaginary part of 

surge, heave and pitch Kochin functions, a similar tendency is shown and as in 

Figs. 5.45 to 5.50.

(C) For larger separation distance :

Predicted results of non-dimensionalized surge, heave added mass
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coefficients and pitch added moment of inertia are as in Figs. 5.51 to 5.53. The m- 

vector effect is considerable in the very low frequency range (within Ka = 0.10) 

and no significant difference is shown for the remaining frequency range. As for 

the non-dimensionalized damping coefficients as in Figs. 5.54 and 5.55, the m- 

vector effects in surge and heave modes have much contribution at certain 

frequency range (within Ka = 0.30 and 0.60). For pitch motion case, larger 

discrepancy occurs within Ka = 0.20 and 0.40 and as in Fig. 5.56. The results of 

the real and imaginary part of surge, heave and pitch Kochin functions are as in 

Figs. 5.57 to 5.62.

(D) For inclination effect:

Numerical results of the non-dimensionalized surge, heave added mass 

coefficients and pitch added moment of inertia are as in Figs. 5.63 to 5.65. Again 

large discrepancy is shown due to the m-vector effect in the very low frequency 

range (within Ka = 0.20) and not much difference for the remaining frequency 

range. As for non-dimensionalized damping coefficients as in Figs. 5.66 to 5.68, 

the m-vector effect shows not much contribution except for certain frequency 

ranges. For the real and imaginary part of surge, heave and pitch Kochin functions, 

a similar tendency is shown as in Figs. 5.69 to 5.74.

Numerical computations of non-dimensionalized surge, heave added mass 

coefficients and pitch added moment of inertia are as in Figs. 5.75 to 5.77. The m- 

vector contribution shows very significant effect in the low frequency range (within 

Ka = 0.20) and not much difference is shown for the remaining frequency range. 

As for the damping coefficients as in Figs. 5.78 to 5.80, the m-vector effect is 

considerable for certain frequencies. For the real and imaginary part of surge, 

heave and pitch Kochin functions, the amplitudes are almost smaller than those 

without m-vector effect over all the range of frequencies as in Figs. 5.81 to 5.86 

and it is confirmed that inclination is not effective enough to affect hydrodynamic 

characteristics on submerged structures due to the m-vector effect.
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5 .7  C onclusion

Predicted results of the hydrodynamic loadings with the m-vector 

contribution are compared with those without taking the m-vector contribution into 

consideration. For non-forward speed case which the m-vector contribution is not 

considered, numerical computations are investigated and both results match very 

well. It is confirmed that this theoretical approach with the m-vector contribution is 

effective and reliable enough for practical engineering applications.
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CHAPTER 6

THEORETICAL DERIVATION OF RESTORING FORCES 

DUE TO THE FORWARD SPEED EFFECT 

FOR TWO RIGIDLY HELD APART CYLINDERS

6.1  General description

The theoretical derivation of the hydrodynamic restoring forces due to 

forward speed effect (equivalent current effect) which is proportional to the 

unsteady displacement of the twin hulled marine structure is formulated, taking into 

consideration interaction effects between two hulls submerged under a free surface. 

The theoretical formulation of the restoring forces due to forward speed effect is 

analytically derived for the case of a single submerged cylinder and analytical 

solutions of hydrodynamic restoring coefficients due to forward speed effect for 

the single circular cylinder case, as shown in Appendix B, are applied to confirm 

numerical computations for the two rigidly connected cylinder system.

Under a linear assumption of the boundary value problem, numerical results 

are exactly obtained by solving the integral equation for the velocity potential over 

the body boundary contours and the numerical technique of the direct Green 

function method is applied. Numerical results of the damping coefficients are 

checked out by previous researches such as Varyani (1988) with satisfactory 

accuracy and motion responses of an inclined twin hulled offshore structure with 

and without hydrodynamic restoring forces due to the forward speed effect in head 

and following waves are investigated.

This mathematical approach is extensively applied to investigate dynamic 

motion responses of twin hulled marine vehicles, taking into account effects of 

forward speed and interactions between two hulls for different submerged depths,
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Froude number, separation distance and inclinations in head and following waves. 

The dynamic motion behaviour of twin hulled marine vehicles in the low frequency 

region at resonance is also investigated.

6 .2  Mathematical formulation of the coefficients of restoring forces 

due to forward speed effect for two rigidly held apart cylinders

Since the interest is concentrated on the submerged body case, it is natural to 

assume that the steady velocity potential cps around submerged bodies is 

approximated by velocity potential without taking the free surface effect into 

consideration.

It is certainly possible to apply the velocity potential which satisfies the 

linearized free surface condition even if it is rather intricate to calculate 

hydrodynamic restoring forces (referred to as the m-vector contribution). However 

it is known that the steady velocity potential satisfying the linearized free surface 

condition does not necessarily provide an accurate solution of the steady flow 

around the moving body. Using Eq. (4.2) and neglecting the second and higher 

order terms, the linearized expression of the hydrodynamic pressure is described as

p(x,y) = -p|(ico + UV • V)(|> + - y  (a  • V)V2 j  (6.1)

The theoretical expression for hydrodynamic pressure forces acting on an 

offshore structure advancing under combined actions of wave and current can be 

presented as

Fi = - J  s„p(x-y)nidl (i = 1.2,3) (6.2)

where:

n = nji + n2j (6.3)
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The last term in Eq. (6.1) introduces a hydrodynamic force proportional to the 

unsteady displacement of the body, hence this additional buoyancy force due to the 

forward speed effect corresponds to the hydrodynamic restoring force. This 

hydrodynamic restoring force due to the unsteady displacement of the moving body 

can be derived as

(6.4)

where:

a). Description of motion responses of cylinder L with inclination effects

+ Ss Osina -  y)}+ ] { & - £j;(lcos<x -  x)} (6.5a)

b). Description of motion responses of cylinder R with inclination effects

»■{Sf -  Ss 0  sin « + y)}+ 1{̂ 2 + ̂ 3 (1 cosa + x)} (6.5b)

The hydrodynamic restoring force on cylinder L is then described as



-(IcoscOf [ f - 1 + ^ s . l ^ + ^ i^ . "  ( i c o s c g j ^  1+ ^  J 9y3x+ 3y ^

. f fl.Jf , . 9<Ps)92<Ps . 9<Ps32tPs
J S‘ W  {  d x j d y d x  d y  d y 2

n:dl

(6.6b)

Thus such coefficients of the hydrodynamic restoring forces due to forward speed 

effect for cylinder L of the twin hulled marine structure are respectively written as

C i M s , - i + d<Ps V 2<Ps d<Ps d 2<Ps
dx J d x 2 d y  dxdy

C i 2 L  ~ J  S L ^
d<Ps)d2(Ps , d<Psd2<Ps 
dx J d y d x  d y  d y 2

n:dl

n;dl

(6.7a)

(6.7b)

y<ps . 3 <Ps 92<ps"
LI & J 9 x 1 d y dxdy  _

n ^  

n:dl

* K G l ( - f c ) § S
^9s d2(ps 
d y  d y 2 _ (6.7c)

where:

n!L=cos0 , n2L=sin0 , n3L = l{ -sin (0 -a)}  = al{-sin(0-a)}

(for an inclining angle a ) (6.8)

Similarly the coefficients of the hydrodynamic restoring forces due to 

forward speed effect for cylinder R of the twin hulled marine vehicle in waves can 

also be presented as

C u R = J
9cps^92<Ps 9<ps d2<Ps 
dx J d x 2 dy  dxdy

n;dl (6.9a)
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c  R = fV-'i2 J :
! + 0£ s '\  d \ s _  +  9(p,s 32tp,s 

dx J d y d x  d y  d y 2
n-dl (6.9b)

Q 3 — J s R(sma)

- i - ( f

+ }  s,(cosa)

[ f - '+ 9<ps-l
d2<Ps ■ d 2(f>s

_V dx J d x 2 d y d x d y  _

92<Ps . ^ s d2<Ps"
.1 dx  , 3x2 d y d x d y  _

“ 1 + d<Ps")d2<Ps , 9<Ps 5Vs 
3x y3y3x d y  d y 2

rijdl 

n;dl 

n;dl

f f x1Y li ^ Q 3 2(PS , 9% 52<ps
V1J I dx J d yd x  d y  d y 2

n.dl (6.9c)

where:

n!R=cos0 , n2R=sin0 , n3R = l{+sin(0-a)} = b lj+ is in (0 -a )  

(for an inclining angle a ) (6.10)

6 .3 .1  Theoretical formulation of the derivatives of restoring

coefficients for two rigidly held apart cylinders submerged 

under a free surface

In order to calculate the hydrodynamic restoring coefficients, a reliable 

solution for the steady velocity potential (ps is required. In order to avoid several 

numerical and theoretical problems which are still difficult to overcome at 

moments, the infinite fluid solution, which is valid for a deeply submerged body, 

is applied. The theoretical concept to derive mathematical expression of m-vector 

contribution due to forward speed effect has been discussed in Chapter Five. In the 

same way, it can be conveniently applied to develop theoretical formulation of 

restoring forces due to forward speed effect of twin hulled marine vehicles in 

incident waves.

The two rigidly held apart cylinders are composed of the left circular cylinder
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of radius " a " (referred to as cylinder L) and the right circular cylinder of radius " b 

" (cylinder R), with a separation distance between both cylinder centres " c " and an 

angle of inclination " a  These two cylinders of twin hulled marine vehicles are 

assumed to move with forward speed U in the x direction as shown in Fig. 4.1. 

The velocity potential of the two rigidly connected cylinder system is then 

formulated as

<ps = U(<pL+<pR) (6.11)

The body boundary conditions, to be satisfied by velocity potentials cpL and 

<pR for both cylinders, are derived in the following form

= cos 6 , = 0 on cylinder L (6.12a)
dr dr

= cos0' , = 0 on cylinder R (6.12b)
dr dr'

Physically (pL describes the velocity potential, in which only cylinder L moves with 

cylinder R at rest. Similarly (pR is also for the velocity potential where only 

cylinder R moves with cylinder L at rest.

In order to investigate in detail the hydrodynamic restoring forces due to the 

forward speed effect of twin hulled marine vehicles in incident waves, a typical 

complex potential is introduced as

f t  \ _ M-e‘P _ Heip
-7 /_pi0 (6.13)z — ce (re -  ce j

where:

z = re10 (6.13a)

Based on the polar coordinate system, the derivative expressions are written as

157



3 - 3  sin0 3—  = c o s0 ------------ —
3x dr r 30

(6.14a)

d  . - d  cos0 d
—  =  sin0—- + ------
d y  dr  r 3 0

( 6 . 1 4 b )

The first order derivatives of the complex velocity potential with respect to both x 

and y coordinates can be obtained respectively as

~ { f ( z ) }  =  C O S 0  ^  
3 x

= cos0

-pe' sin0 3 -pe iP

0r [(re® -ce'“)J ' 30 [(re10 -  ce

|le*e® sin0 pe,pire10
(re® - c e ia)2 r (re10 - c e ia)2

peipe10
i0 - ^ i a V  (re -  ce )

JP

{cos0-isin0}

M-e
(re10 - c e ,a)

^  o - i (2 0 - P )

~2
r ^ | i —£ ei(“_9)V

- f ±
a v { l - - > e i ,a - 9 ) }  

a2 J {l -  2y cos(0 -  a ) + y2 }2
( 6 . 1 5 )

and

d r . , . - ,  . _ 3 I -He* cosG a_ { f ( z)} = si „ 0 _ j ^ _  , r 3Q

= sin0

- l i e 1

(re® - c e ia)

peipei0 C O S 0
. 1

|ieire®
(re® - c e ia)2

1 1 ' 
r (re® -  ce” )2

H e V
(„ i 0  Vre — ce J

.iP

■{sin0 + icos0}

ipe
(re® - c e io)
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le-i(20-p)

=  J L ie- i ( 2 0 - p )

a v { l - 7 e i,a'®)}
(6.16)

where:

1 _ 1 -  •yei(9~°l
l--je i(“'91 " {l--yei(“-6|}{l--ye-i(“-91}

l--yei(9-a|
l - 2Ycos(0 - a ) + 72

(6.17)

and

Y = ~ (6-18)a

Similar mathematical expressions mentioned above can be derived further by 

{l -  y e i(9“a)}2 = { l - 2 Y e i,9' 0 )+ 7 2e i2(e"“]} = C + iD (6.19)

where:

G = 1 -  2y cos(0 -  a ) + y2 cos 2(0 -  a ) (6.20a)

D = -2y sin(0 -  a ) + y2 sin 2(0 -  a ) (6.20b)

The first order derivatives of this complex velocity potential is then described as 

follows.

0f(z) = | e-i(29-p)(C + i5)

3x la 2 J |i -2 y c o s (0 -a )  + y2}2
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f  |a > C * cos(29 -  ft) + D * sin(29 -  ft) 
la  2J { l-2 y c o s (0 -a )  + y2}2

9f(z) = f u ' j ie~i(29' p)(C + iP) 
d y  la2 J |i - 2 y c o s ( 0 - a )  + y2}2

f  n V D *cos(20~P) + C*sin(26- p)
V.a2 J { l - 2y c o s ( e - a ) + 7 2} 2

For the two rigidly held apart cylinders, the strength of the doublet is 

normalised by a? and the image point can be considered as an infinite series in the 

following form

+  '
j=o I z -  Cje z - c ;e

(6.23)

The Eq. (6.19) can be written as

df(z) _ ^
dx j—0

H1{c ,cos(2e-p ,)+ D J«in(2e-pJ)} 

+H'{qcos(20 -  P') + D'sin(20 -  P'

9 f ( z )  _  Y  

9y jrt

Hij-Dj cos(20 -  pj) ■+ Cj sin(20 -  p,)} 

+H'{-D' cos(20-p ') + C 'sin(20-P '

(6.24)

(6.25)

where:

C i =  F ( V j )  .  D j - c K t j )

c ; = f (y;) • d ; = g (y;)

(6.26a)

(6.26b)

I a ? /
F W __________________________

_g (’Yj)J {l -  2yj cos(0 -  a ) + Yj2}J

co sk (0 -a) 
sin k(0 -  a)

(6.27a)
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a0 — 1 — 2 , a2 - 1 (6.27b)

Similarly the second order derivatives of the complex velocity potential with 

both x and y coordinates are derived as

d fdf(z)) _ d2f(z) 
dx \  dx J dx

=  COS 0 ^ 7 "  
OT

=  C O S 0

(6.28a)

peip sin0 d |leiJ
(re® - c e io)2

CDro

1

(re® - c e ia)2 ’

-2neiSe® sin0 -2(ieiSire®
(re® - c e ia)2 r (re -  ce 1
iB_ie—2|neipe 

(rei0- c e ia)3 
-2peip 

(re10 - c e ,a)3

{cos0-isin0}

=  -21 4
— i(30—P)

r ^ i _ £ e « - ) J
- 2 ( H )

a la2J{ i-1ei'B-»>}3{1-'ye'(6-0>J3 

- 2 ( h )
a Va2 J { i-2 y c o s (0 -a )  + y2}3

(6.28b)

and

_a_ faf(z)l 
3y I  J

_ d H ( z )

dydx

=  sinO-^- 
dr

= sin0

M̂e
(rei0- c e ia)

> +  •
cos0 d
7 ” de

pe'

(6.29a)

(re10 - c e ia)

-2 |ieipe® C O S 0
I -2 |ie,fiire®

(re® -ce 'a)3
1 I '

r (re® - c e io)3
-2peipei0

/ i8 ■{sin0 + icos0}



<3
- 2 i \ i e®  

“ (rei9- c e ia)J

r J L c i(a_e)l - - e '  
r

3

= ie~'(w~p|{ l-y e i(e~a) j

a l a 2 J (i _ •yei<“"9)| 3| l  - Ysi(e‘a)}3

a l a 2 J {l -  2ycos(0 -  a) + y2}3

and

_d_{df(z)l 
9y [ 9y J

9^f(z)
3y2

(6.30a)

= sin0

= sin0

dr
i|ieiP cos0 d. i i|ieiS

(re10 - c e ia)2 r 90 (re19 -c e '“)2

-2i|ie®e'9 COS01 -4- -2ifielPire,e
(rei9- c e ia)3

1 f 1
r (rei9- c e ia)3

iP  iO2)xe'-e 
(re'9 -ce '° )’ 

2|re®

{cos0-isin0}

(rei9- c e ia)3

= 2f 4.
- i ( 3 0 - P )

r • ' | i - £ ei<“-9) |

= 2 / h A e- W ) { l - ye'<9-°>}3

a l a 2 J (i _ -ygit"-9) J.3{i _  ̂ > 1

_ 2 ( » \  e-',39-p){ l-7 e ',9-°)}3
aVa y |i_ 2 y c o s (0 -a )  + 72}

Similarly the expressions mentioned above is rewritten as

(6.30b)

j l  _ 7ei(0_a)} = 1 -  3 ^ i(e' a) + 3y2ei2(e' a) -  y3ei3(8_a) 

= R + iS (6.31)
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where:

R = 1 -  3y cos(0 -  a ) + 3y2 cos2(0 -  a ) -  y3 cos3(0 -  a ) (6.32a)

S = -3y sin(0 -  a ) + 3y2 sin 2(0 -  a ) -  y3 sin 3(0 -  a) (6.32b)

The mathematical expression for the second order derivatives of the complex 

velocity potential is written as

92f(z) = - 2 ^  e 'i(3e' p)(R + i§)
d x 2 a la2 J { l-2 y c o s (0 -a )+ Y2}3

-2  f  n ^ R *cos(3e-p) + S*sin(39-P) 
a W J  { l - 2Ycos(0 - a ) + 72}3 '

and

32f(z) = e 'i(30' p)i(R + iS)
d y d x  a la 2 J f l -2 y c o s (0 -a )  + 'a2 J [l -  2y cos(0 -  a ) + y2 }3 

= -2  ( \ L  \  - S * cos(30 - 13) + R * sin(30 -  P) (6J4)
a va2J { l-2 y c o s (0 -a )  + y2}3

and

92f(z) = 2 f i x \  e-i|3e-g)(R + iS)
3y2 a Va2 J |i  -2 y c o s (0 -a )+ Y2}3

2 r n NjR*cos(30-p) + S*sin(30-p) 
a U 2J { l - 2 Ycos(0 -a) + Y2} 3

For the two rigidly held apart cylinder system, the strength of the doublet is 

normalised by a^ and the image point can be also presented as an infinite series in 

the following form

f(z) = - a 2X<
J=0

ip, /
J , W

z -  Cje" z -  c'eia
(6.36)
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The mathematical description for the second order derivatives of the complex 

velocity potential of twin hulled marine vehicles in waves is obtained as

32f(z) _ -2  y  
3x2 '  a &

Rj cos f o - p J  + S jS in fo -p J  ' 

{ l-2 y jc o s (0 -a )+ y 2}3

/ R'cos (3 e -p ;)+ s;s in (3e -p ;)  

{ l-2 y 'c o s (0 -a )+ y '2}3

and

32f(z) _ -2  
d y d x  a p f

-Sjcos f o - p J + ^ t u i f o - P j )  

^  { l-2 y jco s(e -a ) + y2}3

, cos(30 -  P|) + R'sin(30 -  P')
+n

{l-  2y J cos(0 -  a) + y '2}’

and

32f(z) 2
a y - r Xa “j = 0

Rj cos(30 -  pj) + Sj sin(30 -  p j  
Hj— f—   — :— —

+^j

{ l-2 y jc o s(0 -a )+ y 2}

, R ' cos(30 -P ')  + S' sin(30 -  P') 

{ l-2 y 'c o s (0 -o )+ y f} 3

where:

Rj = 1 -  3Yj cos(0 -  a )  + 3y2 cos 2(0 -  a ) -  y3 cos 3(0 -  a)

Sj = -3yj sin(0 -  a ) + 3y2 sin 2(0 -  a ) -  y3 sin 3(0 -  a)

R '  =  1 -  3y' c o s ( 0  -  a )  + 3y'2 cos 2(0 -  a) -  y '3 cos 3(0 -  c

S' = -3y ' sin(0 -  a ) + 3y-2 sin 2(0 -  a ) -  y '3 sin 3(0 -  a )

(6.37)

(6.38)

(6.39)

(6.40a)

(6.40b)

(6.40c)

(6.40d)
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Based on the above formulations, as shown in Eqs. (6.37), (6.38) and 

(6.39), the theoretical expression of the second order derivatives of the velocity 

potential for cylinder L of the twin hulled marine vehicle due to forward speed 

effect in incident waves is deduced as

a 2f(z) _ -2
d x 2 j=o

Hj{R i cos(36 -  Pj) + Sj sin(30 -  Pj)} 

_ + H '{ r '  c o s ( 3 0  -  p ;)  + s ;  sin(30 -  p ') }
(6.41)

and

a2f(z) _ -2y> 
d y d x  " j=o

Hjj-Sj cos(30 -  pj) + Rj sin(3© -  P j)}  ' 

_+H;{-S;cos(30 -  p j)  + R'sin(30 -  p ') }
(6.42)

and

a2f(z) 2
3y2 j=0

H j{ R j c o s (3 0  -  P j)  +  Sj s in (3 0  -  P j)}  

+ H '{ r '  co s(30 -  P ')  +  S ' s in (3 0  -  P ')}
(6 .4 3 )

where:

R j =  M ( Yj)  , Sj =  N (Y j) 

R ' =  M ( r ' )  . S ' =  n (y ' )

(6.44a)

(6.44b)

M (Y ,y
N(Yj)

I c tYjk
co sk (0 -a) 
s in k (0 -a ) 

{ l - 2 Yjcos(0-a)+Y ?y
k=0 (6.45a)

C q ”  1 , Cj   3 y C2 — 3 , Cj  — 1 (6.45b)

Next the mathematical formulation of the second order derivatives of the
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velocity potential for cylinder R of twin hulled marine vehicles under combined 

actions of wave and current is also derived. The necessary task to rewrite Eqs.

(6.13) and (6.34) in the coordinate system with the origin at the centre of cylinder 

R only. The positions to the doublet are c -  Cj and c -  c' and it is sufficient if a  is 

replaced by (a -7 t) . The axis of the doublet is the same as pj and pj, in other 

words, the expression of y .  and y '  are replaced by 8j and 8'.

Here all the relations are written as

5i=f =~ i ( c - 1cj) := -rfr  ■ := ifrj "*) (6.46a)

« ; = 7 h ; - y ) (6.46b)

iL = I . J L  = ( J A L ( ± l
b3 b b2 leaje2la (6.47a)

M- = V =  1 f  M- 
b2 e2a2 e2 la2 (6.47b)

where:

For the e = 1 case, it means that both left and right cylinders of the twin hulled 

marine structure have identical diameters.

6 .3 .2  Summary of mathematical approach for numerical 

computations

Here the detail of the mathematical expression of all the derivatives of 

complex velocity potentials for both cylinder L and cylinder R of twin hulled 

marine vehicle in incident waves are summarised. At first, the first order 

derivatives of velocity potential for cylinder L of twin hulled offshore structure in 

waves are expressed as
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df(z)L _
d x j=o

'HjjVj cos(29 -  pj) + Wj sin(20 -  p , ) }  

+H'{v;cos(20 -  P') + W'sin(20 -  P'

9f(z)L f
3y ĵ=0

(6.48)

‘Hij-W, cos(20 -  pj) + Vj sin(20 -  P,)} 

_+h;{ -w ;cos(20 -  p ; ) + v;Sin(20 -  p ; ) }
(6.49)

where:

Vi=F(Vj) • W, = G(7j)

v ' = f (y') . w ; = g (7;)

(6.50a)

(6.50b)

k=0

cosk(O -a) 
sin k(0 -  a)FW

,G(yj)J { l-2 Y Jcos(0-a )+ Y j2}
(6.51a)

a0 1 > — 2 , a2 1 (6.51b)

Second order derivatives of the velocity potential for cylinder L of twin hulled 

offshore structures in waves are also deduced as

02f(z)L _ - 2 y  
d x 2 - ĵ=o

Hj{R, cos(30 -  pj)+Sj sin(30 -  Pj)} 

+H '{r; c o s ( 3 0  -P ')  + S' sin(30 -  P'

32f(z)L _ -2  y  
d y d x  a h

92f(z)L = 2 y
9y2 a jto

M-j{—Sj cos(30 -  Pj) + Rj sin(30 -  pj)} 

+ K {-s ; cos(3 0 - p; ) + r ; sin(30 -  |3J

Hj{Rj cos(30 -  Pj)+ Sj sin(30 -  Pj)} 

+ H ' { r ;  c o s ( 3 0  -  p ; )  + S' sin(30 -  p j ) }

(6.52)

(6.53)

(6.54)
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where:

Rj = m (y|) , s , = n (Yj) 

r ; = m (Y') , s ' = n (y;)

(6.55a)

(6.55b)

M(y ,)

N(Yj

X ckYj'
k=0

co sk (0 -a )
sink(G -a)

{l -  2Yj cos(9 -  a ) + y?}'
(6.56a)

Cq   1 y Cj   3 y C2 3 y C-J 1 (6.56b)

Similarly the first order derivatives of the velocity potential for cylinder R of 

twin hulled offshore structures in waves are also described as

3f(z)R _ 1 y  
3x e2 jTj

3 f(z )R =  1 y

3y

M-jllj cos(20 -  Pj) + Uj sin(29 -  Pj)} 

+ H '{t'c o s(2 0  -  p;) + u ;  sin(26 -  P'

Hj {-U , cos(29 -  pj) + Tj sin(29 -  p,)}  

+H'{-U' cos(29 -  P') + T'sin(29 -  P'

(6.57)

(6.58)

where:

Ti = F(5i) * Ui = G(5i)

t; = f (5') , u '= G (s;)

5J= r  = 4 ( c - ci) = -7 (Y -Y j) = 7(Yj-Y)

(6.59a)

(6.59b)

(6.60a)

(6.60b)

168



F(5i ) l _  ‘ s in k (e -a )

k cosk(0-a)

^ ( ^ j )  { l - 2 5 j C o s ( 0 - a )  +  8 j 2} 2
(6.61a)

(6.61b)

Second order derivatives of the velocity potential for cylinder R of the twin 

hulled offshore structure in waves are also deduced as

9*f(z)» = \y cos(3e-P j)+pj sin(30 -  Pj)}

9y9x e2 la e  J j=0 + n j|-Q j cos(3e - p ')  + P'sin(30 -  p')}

(6.63)

92f(z)R = U 2 _ ' ^ i { p j cos(30  "  P j ) + Q j  sin(30  -  P j ) }
9y2 e2U eJj.o +n'{p'cos(30 -  P')+Q'sm(30 -  p')}

(6.64)

92f(z)R = j / - 2 A y ,  ^ j { p j cos(30 " P j ) +  Q j sin(30" P j ) }  

9x2 e21 ae Jj=0 +1I'|p 'C0S(3e -  p')+ Q' sin(30 -  P')}
■2

(6.62)

where:

Pj=M (5j) • Qj “  N(«j) (6.65a)

(6.65b)

Y  krcosk(0-a) 
M(8i)l S Ct 3 [s in k (e-a ) (6.66a)
N(Sj)J {l -  28 j  cos(0 -  a) + 82}3
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Cq 1 , Cj 3  , C2 “ 3  y C-J   1 (6.66b)

6 .4  Investigation of numerical computations

The theoretical formulation of hydrodynamic restoring forces acting on twin 

hulled offshore structures in head and following waves by taking into consideration 

effects of forward speed and interactions between two hulls is derived in detail. 

The numerical accuracy of the damping coefficients is checked by direct pressure 

integration over the body boundary contours and by energy flux consideration in 

the infinite fluid. Nevertheless the accuracy of numerical solutions of the integral 

equation is improved by increasing the numbers of discrete elements and images of 

the dipoles.

Based on the direct Green function method, practical computations are carried 

out by taking the dipole image as ten (Nj =10) and the discrete element of left and 

right cylinders as fifty (NE = NL = NR = 50) on a twin hulled offshore structure 

for submergence depth ratio d/a = 2.0, separation distance ratio c/a = 4.0, Froude 

number Fn = 0.20 and no inclination in waves. The mathematical formulations of 

the coupled and uncoupled restoring coefficients due to the forward speed effect for 

the single cylinder and two cylinders cases in incident waves are derived 

theoretically. The predicted results of these hydrodynamic restoring coefficients 

due to forward speed effect (equivalent current effect) for the twin cylinder case by 

numerical computations are compared with those for the single cylinder case by 

analytical solutions and it is confirmed that both results for different separation 

distance, inclination, depths of submergence match well as in Table 6.1.

It can be found that if the separation distance between two cylinders is kept 

far away enough, computational discrepancies of hydrodynamic restoring 

coefficients between the single and two cylinder cases are insignificant. It means 

that the downstream cylinder is not influenced much by the flow field induced by 

the upstream cylinder. For the effect of submerged depth, no difference for 

different submerged depths can be easily realised for deeply submerged concept.
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For numerical investigation of practical computations, both theoretical 

approaches are formulated to study motion responses of twin hulled ocean 

structures with and without hydrodynamic restoring terms due to forward speed 

effect under combined actions of wave and current and the detail of mathematical 

model is introduced in Chapter Four. In head wave condition, relative errors of 

damping coefficients for surge, heave and pitch modes show good agreement with 

those from previous researches such as Varyani (1988) and Wu (1992) et al and 

computed results lie within errors less than 0.1 % over the wave number range as 

shown in Figs. 6.1 to 6.3. The comparison of the CPU time between both 

approaches makes no much difference and is as in Fig. 6.4. The non- 

dimensionalized motion amplitudes for surge, heave and pitch motions with and 

without such restoring effects are as in Figs. 6.5 to 6.7. In particular slight 

discrepancy of motion responses in the low frequency region may be due to 

resonance.

In following wave condition, the relative errors of damping coefficients for 

surge, heave and pitch modes show good accuracy again and predicted results 

show errors less than 0.1 % over the wave number range as in Figs. 6.8 to 6.10. 

The CPU time calculated by the present approach shows a little bit more which is 

due to numerical computations of such hydrodynamic restoring forces due to 

forward speed effect and compared results are presented as in Fig. 6.11. The non- 

dimensionalized motion amplitudes for surge, heave and pitch motions with and 

without such restoring effects are as in Figs. 6.12 to 6.14. The restoring forces 

together with inertial forces due to mass and acceleration produce natural 

frequencies of those modes of motions. If the frequency of the wave excitation 

force is close to the natural frequency, the resonance occurs and it leads to 

significant influence of motions. Thus the slight discrepancy of motion responses 

at the low frequency region is similarly happened and it is confirmed that it is due 

to resonance.

6 .5  Parametric studies and discussions
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A parametric study is performed to investigate low frequency motion 

responses due to forward speed effect on twin hulled offshore vehicles for different 

submerged depths, Froude number, separation distance and inclinations in head 

and following waves. The detail results are categorised into two groups as follows.

(A) In head wave condition :

(a) For different Froude numbers :

The predicted results of motion responses for surge, heave and pitch 

amplitudes on twin hulled marine vehicles are as in Figs. 6.15 to 6.17 for different 

Froude numbers. Apparently if forward speed is getting higher, the peaks of 

dynamic motion responses in surge and heave modes after ka = 0.60 decrease 

dramatically and critical peaks also decrease and shift slightly.

(b) For different submergence depths :

Calculations of motion responses on twin hulled marine vehicles for surge, 

heave and pitch amplitudes are as in Figs. 6.18 to 6.20 for different submergence 

depths. Calculated results of dynamic motion amplitudes in surge, heave and pitch 

modes for deeper submergence ratio d/a = 4.0 show decreasing tendencies over the 

wave frequency range. Particularly the significant discrepancy of the critical peak in 

pitch motion may be due to hydrodynamic contributions from damping and 

restoring coefficients as discussed in Chapter Four.

(c) For different separation distances:

Predicted results of motion responses on twin hulled marine vehicles for. 

Surge, heave and pitch motion amplitudes are as in Figs. 6.21 to 6.23 for different 

separation distances. The discrepancies of the dynamic motion behaviour in surge, 

heave and pitch modes are clearly affected by the separation distance and when 

dynamic motion responses approach to zero point, it is clear that the wave
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excitation forces acting on twin hulled offshore structures are compensated 

altogether.

(d) For different inclinations :

Calculated results of motion responses on twin hulled marine vehicles for 

surge, heave and pitch modes are as in Figs. 6.24 to 6.26 for different inclinations 

and numerical results show slight discrepancies. It is clear that the inclination is not 

significant enough to affect the hydrodynamic performance on submerged 

geometries of twin hulled offshore structures in waves.

(B) In following wave condition :

(a) For different Froude numbers :

The predicted results of motion responses on twin hulled marine vehicles for 

surge, heave and pitch modes are as in Figs. 6.27 to 6.29. If forward speed 

increases, the peaks of the dynamic motion responses in surge and heave modes 

when ka value is greater than 0.60 decrease dramatically and critical peaks also 

decrease and shift slightly. Particularly as Fn = 0.2 or 0.4, larger dynamic 

amplitude in pitch motion is noticed. In fact, it is noticed that the motion behaviour 

in following waves is rather different from that of head waves

(b) For different submergence depths :

Dynamic motion responses of twin hulled marine vehicles for surge, heave 

and pitch modes are as in Figs. 6.30 to 6.32 for different submergence depths. 

Calculations of motion amplitudes in surge, heave and pitch modes have significant 

peak at very low frequency point within ka = 0.40 and for deeper submergence of 

d/a = 4.0, they show decreasing tendencies with smaller amplitude over the wave 

frequency range. For deeper submergence depth, motion responses in surge and 

heave modes approach zero when wave number ka value is greater than 0.7 and 

pitch response has similar tendency at ka = 1.5. Particularly the discrepancy of the
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critical peak in pitch motion may be affected by damping and restoring 

contributions and it is clear that the submergence depth effect is important

(c) For different separation distances :

The predicted results of motion responses on twin hulled marine vehicles for 

surge, heave and pitch modes are as in Figs. 6.33 to 6.35 for different separation 

distances. The discrepancies of dynamic motion responses in surge, heave and 

pitch modes are due to the separation distance effect. When dynamic motion 

responses approach zero, the wave excitation forces acting on twin hulled offshore 

structures are compensated altogether and the detailed description of this 

hydrodynamic behaviour is discussed in Chapter Four. Calculated results for 

deeper submergence are presented for technical reference as in Figs. 6.36 to 6.38. 

For larger separation distance of c/a = 6.0, pitch motion responses in following 

waves show more significant magnitude than those in head waves at low frequency 

range within wave number ka = 0.4.

(d) For different inclinations :

Calculated results of motion responses on twin hulled marine vehicles for 

surge, heave and pitch modes are as in Figs. 6.39 to 6.41 for different inclinations. 

The predicted results show slight discrepancies for different inclinations. 

Calculated results for deeper submergence of d/a = 4.0, show the cross effect 

between submergence and separation distance as in Figs. 6.42 to 6.44. Similarly it 

is noticed that the inclination is not effective enough to dominate the hydrodynamic 

behaviour on submerged geometries of twin hulled marine structures in waves.

6 .6  Conclusions

In principal, the mathematical formulation of the hydrodynamic restoring 

forces due to forward speed effect is theoretically derived for the two rigidly held
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apart cylinders. The analytical solutions of such restoring coefficients due to 

forward speed effect for the single submerged cylinder are also worked out to 

confirm numerical computations of the two cylinder case.

Dynamic motion responses of twin hulled offshore structures in head and 

following waves are investigated by taking into consideration hydrodynamic 

restoring forces due to the effects of forward speed and interactions between two 

hulls and calculated results are compared. The non-dimensionalized motion 

amplitudes in surge, heave and pitch motions with and without such restoring 

forces due to effects of forward speed and interactions between two hulls are 

compared and discussed. In particular a slight discrepancy of motion responses by 

both theoretical approaches in the low frequency range may be due to resonance. 

The numerical accuracy of the damping coefficients checked by direct pressure 

integration and energy conservation relation is well satisfied and with errors less 

than 0.1 % in general.

A theoretical approach to predict dynamic motion responses of an inclined 

offshore structure in head waves with the hydrodynamic restoring terms due to 

forward speed effect has been proposed and is extended to calculate the dynamic 

motion responses in following waves. It is found that the hydrodynamic behaviour 

in following waves is more significant than in head waves. Such hydrodynamic 

restoring forces together with inertial forces due to mass and acceleration effects 

produce natural frequencies of those modes of dynamic motions. If the frequency 

of the wave excitation force is close to the natural frequency, the resonance occurs 

and it leads to large magnitude of motion. It is noted that the large amplitude of 

dynamic motions experienced by twin hulled offshore structures in low frequency 

range is due to the resonance.
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CHAPTER 7 

SECOND ORDER HYDRODYNAMIC FORCES

7 .1  General description

When the body is moving into incident waves at a constant forward speed but 

not restrained in its oscillatory motions, the flow field surrounding the body may 

be described by the velocity potential in Eq. (2.2). J^e10* is the j mode motion of 

the body which can be obtained by solving the equations of motions in Eq. (4.18). 

In this situation the excess steady horizontal force acts on the body over the steady 

force which would act if it should move under a calm water. This excess force is of 

the second order with respect to the magnitude of the unsteady flow and is called as 

the added resistance of ships and the second order horizontal force for offshore 

structures.

In fact the second order velocity potentials satisfying the second order free 

surface condition and the second order body boundary condition have to be 

involved in numerical computations of second order hydrodynamic forces in 

general. However second order velocity potentials contain no steady part and in 

this case, only the square terms of the first order velocity potential presented in 

previous chapters contribute to second order steady forces (Ogilvie 1963).

The second order steady force acting in the horizontal direction can be 

calculated by the momentum flux concept, particularly evaluated far away, of the 

waves generated by the body. The average over a period of the momentum flux in 

the x direction through a vertical plane at the x position is expressed by the integral 

as
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where is the wave depression including the steady as well as unsteady parts. By 

Bernoulli’s equation, the mathematical expression of hydrodynamic pressure P is 

written as

"3<I> 1 1 1
P = -p  ^ -  + -V<I>V<&-gy + -p U 2 

F at 2 2
(7.2)

After substituting the expression in Eq. (2.2) for velocity potential <I> into Eq. 

(7.1), the terms associated only with respect to the steady velocity potential cps are 

excluded, as the excess steady force over the steady force due to the steady velocity 

potential <ps are concerned here. Then the momentum flux can be written as

where the unsteady velocity potential including the time factor is denoted by 

<|>u = R e ^ e 1" )  as in Chapter Four. is the unsteady part of the wave depression 

which is given as in Eq. (4.23).

The hydrodynamic pressure of Eq. (7.3) must be the contribution associated 

with <{>u and written as

m0 in the last term of Eq. (7.3) is the average of the mass flux through the vertical 

plane at x position. Since this term does not contribute to second order forces as 

mentioned later, the term of pUm0 is suppressed hereafter from the expression for 

the momentum flux Ix.

(7.3)

P = -p d<J> (7.4)



Now the mean value of the above integral of the momentum flux with the 

expression for <|>u and is evaluated. It should be noted that <j)u and and all its 

derivatives have zero mean values. In all the following computations, the second 

order terms with respect to <j>u are the only quantities required. Ix is then written as

8<j>u
" 9 f +gy

dy

= | p / ; dx By
d v + -£ -f^ a — *'^  -  f ’^  '

y  9t 9x2g
,  +U- 
5t dx / y = 0

(7.5)

The formula in Eq. (4.24) is used for transforming Eq. (7.5) into the 

expression in term of the velocity potential <|>, then the final expression is written as

i = P r { ^ ^ L _ ^ ^ L ) d y + - p - L v _ u = 
* 4Joj9x9x 9y 9y J 4gj w

dc(> dty* 

dx dx y=o

(7.6)

7 .2  Description of second order horizontal forces in head waves

When incident waves are coming from ahead of the body (in head waves) 

with the encounter frequency co, the velocity potential <)> far upstream x = is 

the sum of the velocity potential (gA/ico0)cpI of the incident waves of the amplitude 

A and the velocity potential <j>2 of the k2 - wave of the amplitude A2 where z  is 

smaller than 0.25 (referred to Eq. 2.42).

_ ____gA_~k«y+ik4x~i'2 gA2 -l^y-iM-iSi
co-kA J co + k2U

(7.7)

It should be noted that the wave number of the incident waves coincides with 

the wave number k4 described by (2.37) at the encounter frequency co in the head
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wave conditions. As described in Chapter Two, the body moving at constant speed 

U in incident waves with encounter frequency co have one of the wave numbers 

kp k2, k3 and k4 necessarily. Only the k4- wave is in the head wave. The second 

order line of Eq. (7.7) is obtained from the definition (2.37) of the wave numbers 

k, (1 = 1, 2, 3, 4).

By substituting Eq. (7.7) into Eq. (7.6), the momentum flux I., at far ahead 

of the body can be described as

The cross terms of the incident waves and the k2- wave in Eq. (7.8) are 

proved to be zero as follows and the reciprocals of kj are easily obtained from their 

definitions in Eq. (2.37) as

g
k2k4 i(co2 + U2k2k4)|co s |(k 2 + k4)x + S2 - | j

(7.8)

(7.9)

(7.10)

Such mathematical relations can be combined to obtain

- r - l— 1 { 2 g -U 2(k1+kj)} -Ic o 2 = 0  
1 1  ^

(7.11)

and the cross terms of Eq. (7.8) are zero.
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Finally the momentum flux I„ in far upstream can be written as

T 1 . 2 co + k4U , A 2 co -k 2U
I- = -pg1 A -------—  + A, -------—

4 |  0) - k 4U 2 to + k2U

= i p g { A 2Vl +  4x +  A 22VIr 4x} (7.12)

The velocity potential <|) far downstream x = -<» is the sum of the velocity 

potentials <|>p <|>3 and <|)4 of the kt-, k3- and k4- waves as presented in Eq. (2.42).

Their amplitudes are defined to be Ap A3 and A4 respectively. The k4- 

wave includes the incident waves as well as the waves generated by the body ; A4 

includes A as its component

A  _  _  A _  A  - k , y + i k , x + i 8 j  * - k « y + i k 4 x + i 8 44>- A . ^ e  A 3 ^ - e  yk4

_  ^ A ;  c - k , y - i k , x - i 8 ,  | & A 3 ^ - k ^ y + i ^ x + i S ,  g A 4  c - k 4y + i k 4 x + i 8 4

co + kjU c o -k 3U co -k 4U
(7.13)

With this expression substituted into Eq. (7.6), the momentum flux I_„ far 

downstream is written as

,  1 i . .= - p g . A’2 .2(<a2 -  UV) + , A,~ ,4 <o2 -  U V )+  A '2 a (co2 -  U2k42) 
(to + k,U) '  (to-kjU) ' (ca-k4U) '

+pg

AjAj
{gF ^ k “ "  + u 2kik3)|*cos{(ki + kJ)x + 81 + 83}

g  k ^ k — 1 ( “ 2 +  U J k , k ‘ ) }  * c o s { ( k > +  k . ) x  +  81  +  8 4 }

(to + k.UXto-kjU) 

a ,a 4
((0 + k,U)(t0- k 4U)

5  (to -  k3U)((0 -  k4U) ̂ (°2 ~ u 2k3k4)* cos{(k3 ~ k4)x + 83 -  S4|

(7.14)

The cross terms associated with AjA3 and AtA4 are once again zero and 

using the relation of Eq. (7.11). Another cross term in Eq.(7.14) is also zero since
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the following relation is valid from the definition of k3 and k4.

U2k3k4 = -£ -t 4 t2 = co2 
3 4 4U

(7.15)

The momentum flux over a period going outward through the surfaces at 

x = +<» and x = - o o ,  the body surface and the free surface enclosing a fluid 

domain must be zero. Accordingly as the momentum flux across the free surface is 

zero, the second order force acting upon the body into the x direction can be 

expressed as

In deriving this expression, the mass flux term pUm0 does not contribute to 

the solutions, because the mass flux appears in both I... and I+- are equal in 

magnitude to satisfy the continuity equation in the fluid domain.

For further simplification of Eq. (7.16), the principle of energy conservation 

is applied. By substituting Eq. (7.7) into Eq. (4.25), the mean of the energy flux 

R+„ across the vertical plane at x = +«», in almost identical manner to obtain Eq.

(7.12), can be written as

The energy flux through the vertical plane at x = -<» is derived in the 

same way as

(7.16)

(7.17)

4k! 4k3 4k4
(7.18)

In the case of freely oscillating body in waves, no work is done by the body



against the fluid because no external force acts on the body except for the force, 

which does no work, keeping its mean position steadily in the fluid flow. It means 

that R+- -  R_„ is zero and then the following relation is written

(A42 -  A2)-VT+4x = - k 4
2 \

k l k2 y
(7.19)

Based on this relation, the expression of Eq. (7.16) for the second order horizontal 

force Fj can be simplified as

= 1 
F, = - - p g

rr (  k "l (  k 'I I , (  k ^ "
1 + -^- V  + l + £± A22 W 1 -4 I + 1 4 A32 Vl + 4x1 < ki > < k2 j  ̂ k3 >

(7.20)

This expression clearly shows that the second order horizontal force Fj acts 

necessarily in the negative direction, in other words, the steady second order 

horizontal force in head waves is always resistance. If the kr  and k2- waves do 

not exist for x larger than 0.25, the expression for this steady force by setting 

and A2 equal to zero.

Non-dimensionalized second order horizontal force (similar to the added 

resistance for ships) in head waves is written in terms of the Kochin functions of 

velocity potentials $ except incident waves as



7 .3  Description of second order horizontal forces in following

waves

The wave number of the following waves at encounter frequency co should 

be identical to one of these wave numbers kp k2 and k3. When it coincides with a 

wave number ^  or k2, the following waves pass the structure ahead. This is the 

case that the phase speed C of the waves is higher than the body translating speed 

U. The phase speed of the following wave with the wave number k3 is lower than 

the forward speed U and the waves in this case appear to propagate to the negative 

x direction from an observer fixed to the structure.

The mathematical expressions for the second order horizontal forces in 

following waves with each wave number are systematically described as follows.

(1) For wave number k = kj (^  < —■<!):

The velocity potential <j> at x = +<», far ahead of the structure, is expressed as

6 = gA -----g A2 _ e-t!, (7 22)
co + kjU co + k2U

where the first term represents the following incident wave and the second one the 

disturbance. Apparently T is smaller than 0.25 when the wave number of the 

following wave happens to agree with the wave number kP

In almost the same way, as Eq. (7.14) was derived, the momentum flux at 

x = +oo can be written as

1 a2 co-k.U  A , c o -k 2U = -pg^ A2 l—  + A 2-------2—
4 1 <o + k,U 2 a> + kjU

= i p g ( A 22 - A 2)V T^4T (7.23)
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For far downstream case, the velocity potential has the same form as Eq.

(7.13) excepting that Aj instead of A4 includes the incident waves of amplitude A. 

Therefore the momentum flux at x = is written by the same expression as Eq.

(7.14).

Then the mean second order horizontal force acting on the body can be 

written as

= ~7Pg[(A,2 + A22 -  A2)V T-4x + (Aj2 -  A42)V1 + 4t] (7.24)

By the principal of energy conservation, the following relation similar to Eq.

(7.19) can be obtained as

(A,2 -  A2)V T -4x = -k ,
'"-A ,2 A.2'! . A,2

k 3 k 4
^ / T + 4 z

' k .

(7.25)

When this relation is substituted into Eq. (7.24), a little more simplified 

expression for this second order force Ft can be expressed as

= 1 
F ,= -p g  4 V ^ - 2  J

A,2V l-4 x  + <- f  k '  1 +  -^ -
V  ^ 3  J

a 3 +
f  k N 
1 + ^ -

V  ^ 4  J
A42|V1 + 4t 

(7.26)

Then the normalized second order horizontal force can be described in terms 

of the Kochin functions as

i p g A 2 2

H*(k2)[V k A lH-(k3)|V  | k ^  lH~(k4)|2 (  [ k4
V l - 4 x  ^ k i J Vl + 4x ^ k ! J Vl + 4x k t

(7.27)
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(2). For wave number k = (0 < — < —):
C 2

The final expressions of this second order horizontal force Fj for the 

following cases are systematically expressed here to avoid the mathematical 

repetition since the derivation of the second order horizontal force is principally 

similar to that for the case of (1).

= -T p g  4
'  k  ̂1_±L

ki
A ^V l-41  + 1 + k,

A3
‘3 J

(  k '
1 + ^3-

k4 j
A42|V l + 4x 

(7.28)

and

- 1

i p g A 2 2

^ . lH~(k3)|2 r 1 , |H -(t

V k 2 JV l- 4 i  Ik , V l + 4x Vl + 4x 

(7.29)

1 + ̂ 4
V k 2  J

(3). For wave number k = k3 (^ -> 1):

The theoretical expressions of the second order horizontal force in following 

waves for this case are also written as follows.



It should be noted that in this case x can be either larger or smaller than 0.25. 

When x is larger than 0.25, both At and A2 in Eq. (7.30), the first and second 

terms of Eq. (7.31) should be ignored.

7 .4  Theoretical formulation of second order hydrodynamic forces

In principal, the theoretical prediction of such second order forces acting on 

twin hulled offshore structures in both horizontal and vertical directions by direct 

pressure integration over the body boundary contours is rather difficult to calculate 

from mathematical expressions. Referring to the far field approach proposed by 

Lee and Newman (1971) for the zero speed problem, the momentum flux across 

the bottom part of the fluid domain must be calculated to obtain the second order 

vertical force acting on the structure, but this is not easier than the direct evaluation 

of the hydrodynamic pressure over the body surface. Moreover several practical 

formulae to predict second order vertical forces on the single submerged body in a 

calm wave proposed by Ogilvie (1963), Goodman (1965), Lee-Newman (1971), 

Numata (1978), Morrall (1978) and Atlar (1986) are also summarized in Appendix 

C. Here based on the near field concept, steady second order forces are computed 

by direct pressure integration over body boundary contours and the numerical 

algorithm for the prediction of second order horizontal and vertical forces on the 

structure, moving with a specific forward speed in incident waves but with its 

oscillatory motions suppressed, is completely formulated.

Here there is no radiation wave and the unsteady velocity potential 

<J>U = Re(<j>e,(“ ) are described as the summation of velocity potentials of incident 

waves and diffraction waves. The major efforts are concentrated on the excess 

forces over those due to steady velocity potential cps and the second order pressure 

with respect to velocity potential <J> contributing to second order forces. Then the 

theoretical formulation of second order horizontal and vertical forces and clockwise 

pitch moments around the origin of the coordinate system Oxy by direct pressure 

integration over body boundary contours are derived in detail as follows.
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f  = £ f
J 2 JSh

= RIA  Ji4 H

V ra<j> Y^  ^  n.ds
dx J  ̂ dy J

d<t>u Y Y+ f  a^Y 
 ̂3x A 3x J [  dy A

y

/
iijds (7.32)

where j = 1 signifies the force into the x direction, j = 2 for the force into the y 

direction and j = 3 the moment

The sum of incident wave potential (gA/ico0)<pj of amplitude A and 

diffraction wave potential (gA/ico0)cpD is substituted into velocity potential §  of 

Eq. (7.32), then the mathematical expression for the steady second order forces on 

the structure under the combined action of wave and current can be written as

f . = £ ^ Js ^(<Pi +90) £ ( < h + W )  + l ( 9 l + 9o) l{<hm+ W )

(7.33)

n :ds

The expression of Eq. (7.33) looks simple, but in order to evaluate this 

integral, detail mathematical orthogonal properties are required to be used for 

numerical computation purposes.

7 .5  Description of steady tilt moments due to steady second order 

forces

Here the detail formulation of steady tilt moments due to second order 

horizontal and vertical forces on twin hulled offshore structures under the 

combined action of wave and current will be completely derived by direct pressure 

integration over body boundary contours. At first as an example, the theoretical 

formulation of the second order horizontal forces acting on the structure is written 

as
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and the hydrodynamic pressure acting on the surface of the structure is written as

P = -p 3 0  TT3 0  1 ^ *    U—  +-V O V O
3x 3x 2

(7.35)

The mathematical expression of this second order horizontal force can then be 

derived as

3 0  5 0  3 0  3 0  3 0  1 T7. T7.p—   pU— nx- p — n, + pU— nx--pV O V O nx
ox on ox ox ox 2

(7.36)

dl

By neglecting all the first order terms, the final expression of the second 

order steady forces is detailedly derived as follows.

F. = 1  sH

J sH 

J $h

J $h

J Sh

3 0

dl

f a ®  a ®  ' i _ £ f a ® ^ \ f a ® ]

2 '

l a ^ ^ J 2 k  dx J
L  9 y  J

P 3x

3 0  3 0  3 0  3 0  p
p - £ * n ' +  P t o % n’ - 2 ' v3x j

p 3 0  3 0  p- - — — nx + -  
2 3x 3x 4

3 0  30* | 30* 3 0
3x 3y 3x 3y

p f3 0  30* 3 0  30*1 
- J - + - — -— >n.

3 0

v^y y

dl

(7.37)

dl

^n. dl

4 [ 3x 3x 

p 3 0  30*
4 3x 3x x 4

3y 3y

^ a ® a ® '  a ® '  a ® A p 9 0  3®'
dx  d y  dx  d y  J r 4 d y  d y

n. dl

^  P g2A2 f 
4 co 2 J Sh

3 0  30* 3 0  30* 3 0 * 3 0  3 0  30*n. + —— -— n„ + —— r—n„ ——— r— n.
3x 3x x 3x 3y y 3x 3y 3y 3y 

(7.38)

dl

and the non-dimensionalized form of the second order horizontal force acting on



the structure is described as

|p g A 2
= — J*2k„JS"

a<6 d o '  d&d<t>'  d & ' d &  d<S>d&n. + - — r— n„ + —— -—n„ -  —— r— n.
dx  dx dx d y  y dx d y  y d y  d y

(7.39)

dl

In the same way, the generalized expression of the second order horizontal 

and vertical forces acting on the structure is expressed as follows.

Rj = “ J  s„Pnjdl

= | J s HVOV*njdl

= £ fo J s»

(7.40)

dip

dx

dip

v ^ y
njdl

= P 
4 Re.U (

f  dip dip* [ 9(p3(p* 
dx d x  d y  d y

njdl (7.41)

The sum of the incident wave potential (gA/ico0 )cpj and diffraction wave 

potential (gA/ico0)(pD is substituted into the velocity potential <j) of Eq. (7.41). The 

mathematical expression for the steady second order forces acting on the structure 

at a constant forward speed in incident waves is rewritten as

F, = —Re f s
J A J s H

9<Pd , 3<p, Y  3<pD’ , 3<p,’
d x  dx d x  dx

d y  d y

• \

d y  d y

njdl (7.42)

F _ 1 Pg2A2 r
j 4 a) 2 J Sh

dx  d x

* \

dx dx

9<Pd ^  3<p, Y  3(Pd‘ ^ a<pt
d y  d y

* \

d y  d y J.

n3dl (7.43)

and the non-dimensionalized form of the second order forces is written as
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where:

<|> = I ^ e 'ky±lkk = ^ e ' k(yTU)= ^ ( p I (7.45)
ico ico ico

e 'k),:tikl = - I ^ . e' k(y±ik)= <p,’ (7.46)
ico ico ico

<Cd = t% d (7-47)ICO

<t>D‘ = -T % D ’ (7.48)
ICO

All the derivatives of incident wave potential is then expressed as follows.

^ -  = ± ike'k(yTik) (7.49)
dx

^ -  = - k e 'k(yTik) (7.50)
dy

^ l _  = +ike-k(y±ik) ■ (7.51)
dx

^ -  = - k e 'k(y±ix) (7.52)
dy

Here the formulation of second order horizontal and vertical forces acting on 

the left body of the twin hulled marine vehicle taking into consideration the effects 

of forward speed and interactions between two hulls are presented as



- 5 L = - L f
Ip g A 2 2k0

where:

d<Pn , 9<Pi Y9<Pn' , 5(P."
d x  dx dx dx

d<pp t 9<Pi Yd<Pn~ , 9<Pl 
d y  d y  Jv d y  d y

* \
njdl (for j = 1, 2)

(7.53)

<Pi=<PiL+<Pil( (7.54)

<Pd =<PdL + <PdR (7.55)

Here the derivatives of the incident velocity potential with respect to both 

horizontal and vertical directions for left and right bodies of twin hulled marine 

vehicles are written as follows.

9(p, _ 9<p,L | 9<p,* 
dx  d x  dx

(7.56)

9tp, _ 9<p,L | atp," 
d y  d y  d y

(7.57)

d y S  _  dcptmL ( atp;1 
d x  dx  dx

(7.58)

d<Pi* d<Pi>L , d(pt>R
d y  d y  d y

(7.59)

and similarly the diffraction velocity potential is obtained as

9<Pd _ 9<PnL , 9<Pn' 
dx  d x  dx

(7.60)

9<Pn 9<PnL , 9<PnR
d y  d y  d y

(7.61)
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d<Pr>' d<Pn’ L j 9<Pn‘ R

d x  d x  dx
(7.62)

d<pn' _ 9<pn'L | S<pn' R
d y  d y  d y

(7.63)

In principal, the theoretical formulation of the diffracted wave potential for the 

body is derived as follows.

In compliance with the relations between both velocity potential and stream 

function in the fluid flow, the equations are written as follows.

d x = _dy = d x = _dy  
dn ds dG d\|/

and

•(7.64)

(7.65)

where:

aT = dU 
5n ds

(7.66)

dG d\|/ , ,— ds = —!-ds = dy
dn ds

(7.68)

The relation can then be obtained as
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All the derivatives in the equation of the diffracted wave potential are 

completely worked out and detailedly described as follows. The derivative of the 

diffracted wave potential in terms of the Green function with respect to the x 

direction is written as

(x ~5)

T = ^  = 
1 3x

j_  (X - S) + ( y - ,n) (x ~S) + (y+ n)

Z k  + , K°(~l), {k|S| - k 2s 2} + . k °(;} . {k3s3 - k 4s 4}
(ki - k2) ( k 3 k 4 )

(7.71)

The derivative of the diffracted wave potential in terms of the Green function 

with respect to the y direction is also written as

T = * i  = — L  
y 3y 2tt

(7.72)

( y - i ) ( y n )
(x - S )  + ( y - n )  (x ~4) + ( y +T0

+ ( S 5 {k ‘Sl ‘  ^ + ( § S ? j {k3S3"  ^

In the same way, the second order derivative of the wave diffraction potential 

with respect to the x direction is also derived as



£ L
d x 2 k

[(x~5)2+(y-n)2](i) 2(x -  of
[(x ~^)2 ^ t y - 1!)2] [(x —4)2+ (y—"n)2]

[(x ~ ̂ )2 + (y + Tl)21(l) 2(x-4f

[(x -  + (y+’i)2] [(x -  +(y+n)2]

+-K °(-1)(-ik ){klSl- k A }+ M M { k3s 3- k4s4}
( k i - k 2) (k3- k 4)

_1_
2 n

( x - % )  + ( y n )

1 2(x -

(X~S) +(y + Tl) [(x -£ )2+(y + T|)2]

+ ( v ? f j {k's ' " k A ] + ^ ^ {k3S3 _ k A l

(7.73)

Finally these expression are detailedly presented as follows.

d T , d  = _ _ 1 _  

d x  y  ~ 2 n - { ( ^ l j ,m " )  " 2(X “  4)1 { 2(x -  (y .  n)* j + 2(x -  « \ x  -  «

§ {kA- w »
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2tt

1 t o n - i  Z Z l l  V   —  t a n "1
(x -5 )  U - U  [(x -5 )2+(y-T i)2] (x -$ )  U - W

(y -n )

-i i y +Ti1 tan-1f y + T1l  (y + Tl)_________ — tan ____
(x -§ )  U - S j  [(x - ^ ) 2 +(y + r|)2] (x -5 )  l x

K,
(ki k2)

{kjSj k2S2} +
K,

(k3 k4)
{k3S3 k4S4}

( y - n ) (y+n)
1 [(x ~ 0 2 + (y-'n)2] [(x -^ )2+(y+ii)2] (7.74)

2 k

+ , . K \  J k ,S , - k 2S2}+
(ki - k2) (k, \ ) t k>s > - k A ).

By the mathematical technique of the coordinate transformation, the 

expression is rewritten as

dT
d ^ dll= 27t

( y - ,n) (y+n)
[(x -^ )2+ ( y - n ) 2] [ ( x ~ 0 2 + (y+1i)J]

K" {k.S. - k 2S2}~ , K° , {k3S3- k 4S4}

2 k

(ki k2)

(y-Ti)

(k3 k4)

(y+n)
[(x -^ )2+(y-T i)2] [(x -^ )2 + (y + Ti)2

+ Y C \  \ i k'S' "  k2S2}+ ,. K°, \ {k]S] -  k4S4} (ki - k2) (k3- k 4)
(7.75)

Similarly the following equation is also obtained as

dT.
-drj = — —i

2 k

(x ~5) ! (x ~5)
[(x - S ) 2+ ( y - ,n)2] [(x - 5 ) 2+ (y + n )2j

iK,

( k l - k j ) {kts1 -  k,S2}+ l- iM L { k ,S 3 -  k4S4}
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_1_
2jc

(x ~5) | (x ~5) 
[(x - £ ) 2 + ( y - Ti)2] [(x - S ) 2 + (y+T0 2]

+ 1 K" { k . S . - k ^ } - ^ K° J k,S3- k 4S4}
(̂ 1 ^ 2) (k3 k4)

(7.76)

In order to make such theoretical derivations possible, certain mathematical 

formulae for function derivatives and integrations are also summarized here as 

follows.

„ _ vdu- udv
v J v2 (7.77)

J
dx 1 -1 x

—---- 5* = -tan  -
x + a a a

(7.78)

J
dx 1 _i x + —rtan —

(x2+ a2)2 2a2(x2 + a2) 2a3 a
(7.79)

Finally total second order horizontal and vertical forces and steady tilt 

moments due to second order horizontal and vertical forces, taking into 

consideration the effects of forward speed (equivalent current speed) and 

interactions between two hulls, are written as follows.

R j= RjL + RjR (for j = 1,2) (7.80)

Rj = {R2L(lcosa) -  R a is in  a) -  R2R(lcosa) + R a is in  a)}

(for j = 3) (7.81)

and the non-dimensionalized expression of the steady tilt moments due to both 

second order horizontal and vertical forces acting on the left and right bodies of the 

twin hulled offshore structure is written as
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y — 2—  =  | ( r 2l  - R 2r ) c o s < x - ( R j L - R e s i n a }  

-p g A 2l
(7.82)

where:

a  is the inclining angle of the two rigidly held apart bodies system. The non- 

dimensionalized second order horizontal and vertical forces are respectively written 

as

7 .6  Investigation of numerical computations

The numerical accuracy of the second order hydrodynamic problems for twin 

hulled offshore structures is achieved by analytically solving the logarithmic part of 

the Green function. For the twin cylinders case as shown in Fig. 4.1, the detail of 

both numerical techniques, the discrete source distribution method and direct Green 

function approach, to solve the classical integral equation and analytical solution of 

the logarithmic part of the Green function will be discussed in Chapter Eight

By solving the diffraction velocity potential, the second order horizontal and 

vertical forces acting on twin hulled offshore structures are predicted by direct 

pressure integration over the body boundary contours exactly. For the second order 

force in horizontal direction, theoretical formulations of both direct pressure 

integration (near field approach) and momentum flux consideration in terms of the 

Kochin functions (far field approach) are derived in detail and calculated results are 

also compared to confirm numerical accuracy. For the second order vertical force in

(7.83)

(7.84)
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the vertical direction, comparison studies of both theoretical methods such as the 

direct pressure integration and Lee-Newman (1971) approach for the non-forward 

speed case are carried out to check numerical computations.

Numerical computations in Table 7.1 and 7.2 are for a twin hulled offshore 

structure model with submergence depth ratio d/a = 2.0, separation distance ratio 

c/a = 4.0, no tilt in head waves and for different Froude numbers. The 

computations were performed by taking the image number as ten (10) and 

discretized element number of both left and right cylinders as fifty (50). Numerical 

results of second order horizontal forces by both theoretical near field and far field 

approaches are compared and good agreement are also obtained as indicated in 

Table 7.1. The second order horizontal forces are of very small magnitude and are 

found not to make much difference, so the accuracy of numerical solutions is quite 

satisfactory.

As for the second order vertical forces, the numerical results of second order 

vertical forces, proposed by Lee-Newman (1971), on twin hulled marine structures 

with submergence depth ratio d/a = 2.0, separation distance ratio c/a = 4.0 and no 

tilt in a calm water are detailedly presented in Fig. 7.1 and the detail mathematical 

model to calculate such second order vertical forces is also described in Appendix 

C. The numerical accuracy check of the second order vertical forces by both 

theoretical approaches is performed for two different submergence depth ratio, i.e. 

d/a = 2.0 and 4.0 respectively. Here the CPU time for both computations is 

compared as in Fig. 7.2 and calculated results for accuracy check confirm 

reasonable agreement as in Figs. 7.3 and 7.4. Slight discrepancies as in Table 7.2 

are due to the fact that Lee-Newman (1971) approach does not take into 

consideration the effects of forward speed and interactions between two submerged 

hulls.

7 .7  Parametric studies and discussions
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The parametric studies are performed for different Froude numbers 

(equivalent current speed), submerged depths, separation distances and inclinations 

to predict second order horizontal and vertical forces and steady tilt moment due to 

second order forces on twin hulled marine structures in head and following waves. 

The detail results are classified into two main categories as follows.

(A) In head wave condition :

(a) For different Froude numbers :

The calculated results of the non-dimensionalized second order horizontal and 

vertical forces and steady tilt moments due to these steady forces are detailedly 

presented in Tables 7.1 to 7.3 and those of second order vertical forces are 

presented in Fig. 7.5. In numerical computations, predicted results show no much 

difference over the frequency range and results of second order horizontal and 

vertical forces by both theoretical approaches are also compared.

(b) For different submergence depths :

The predictions of second order vertical forces are as in Fig. 7.6 and large 

discrepancies confirm the significant effect of the submergence depth. The 

calculated results of non-dimensionalized second order horizontal and vertical 

forces and steady tilt moments are detailedly indicated in Tables 7.4 to 7.6. In 

computations, all calculated results show that the magnitude of the second order 

force is clearly decreased for deeper immersions.

(c) For different separation distances:

Numerical results of non-dimensionalized second order horizontal and 

vertical forces and steady tilt moments due to these steady forces are detailedly 

presented in Tables 7.7 to 7.9 and the second order vertical forces are as in Fig. 

7.7. In numerical computations, second order horizontal and vertical forces are of
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small magnitude and the predicted results show no much difference over the 

frequency range. It may be concluded that the separation distance between two 

hulls has no significant contribution to the second order forces.

(d) For different inclinations :

The numerical calculations of non-dimensionalized second order horizontal 

and vertical forces and steady tilt moments are as in Figs. 7.8 to 7.10 and more 

detail in Tables 7.10 to 7.12. In the computations, calculated results of second 

order horizontal forces are of small amplitude and have no much difference as 

shown in Fig. 7.8. For the second order vertical forces and steady tilt moments as 

shown in Figs. 7.9 and 7.10, the inclination effect is significantly dominant over 

the range of frequencies.

(B) In following wave condition :

(a) For different Froude numbers :

The calculated results of the non-dimensionalized second order horizontal and 

vertical forces and steady-tilt moments due to these steady forces are detailedly 

indicated in Tables 7.13 to 7.15 and the second order vertical forces are as in Fig. 

7.11. In the numerical computations, predicted results show no much difference 

over the frequency range and results of the second order horizontal and vertical 

forces by both theoretical approaches are also compared. For higher current speed 

(Fn = 0.40) in following waves, the significant effect is due to the second order 

vertical forces and steady tilt moments. It may be concluded that forward speed 

effect is clearly dominant in the steady tilt behaviour of twin hulled marine vehicles 

under combined actions of wave and current

(b) For different submergence depths :

The predictions of second order vertical forces are as in Fig. 7.12 and large 

discrepancies show the significant contribution due to the submergence depth. The
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calculated results of non-dimensionalized second order horizontal and vertical 

forces and steady tilt moments are detailedly indicated in Tables 7.16 to 7.18. In 

the computations, all calculated results show that the magnitude of the second order 

vertical force is clearly decreased by deeper immersion, for example 50 % decrease 

of magnitude at certain frequency points of ka = 0.30 or 0.50 and much more in the 

remaining frequency range.

(c) For different separation distances :

Numerical results of non-dimensionalized second order horizontal and 

vertical forces and steady tilt moments due to these steady forces are detailedly 

presented in Tables 7.19 to 7.21 and the second order vertical forces are as in Fig. 

7.13. In the numerical computations, second order horizontal and vertical forces 

are of small magnitude and predicted results show less than 1.0 % difference over 

the range of all frequencies. It may be concluded that the second order forces have 

no significant effect due to separation distance between two hulls.

(d) For different inclinations :

The numerical calculations of the non-dimensionalized second order 

horizontal and vertical forces and steady tilt moments are as in Figs. 7.14 to 7.16 

and the detail results are as in Tables 7.22 to 7.24. In the computations, calculated 

results of second order horizontal forces are of small amplitude and have no much 

difference as shown in Fig. 7.14. For the second order vertical forces and steady 

tilt moments as shown in Figs. 7.15 and 7.16, the inclination effect at high current 

speed (Fn = 0.40) shows dominant behaviour of more than 35 % increase in 

magnitude in second order vertical forces and 2.5 times in steady tilt moments. The 

increase in magnitude of the second order vertical force and steady tilt moment is 

due to the tilt of the structure. The amplitudes of the second order vertical force and 

steady tilt moment are greater in following waves than in head waves. These 

variations sometimes are of the order of 30 % increase.
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7 .8  C on clu sion s

The second order horizontal forces acting on twin hulled marine vehicles in 

head and following waves by both direct pressure integration (near field approach) 

and momentum flux consideration in terms of the Kochin functions (far field 

approach) are theoretically formulated. In accordance with the near field concept, 

the second order horizontal and vertical forces are mathematically derived to take 

into consideration the effects of forward speed and interactions between two 

submerged hulls. The steady tilt moments due to the effects of second order forces, 

based on near field approach, on an inclined twin hulled offshore structure can be 

predicted to investigate its steady tilt behaviours in head and following waves 

taking into consideration the second order forces in both horizontal and vertical 

directions.

In the numerical investigations, calculated results of second order horizontal 

forces on twin hulled structures by both theoretical approaches match well and both 

predicted results have errors less than 0.1 % in general. As for the second order 

vertical forces, there is about 10 % variation between the pressure integration 

method and Lee-Newman approach for the selected range of wave frequencies. The 

reason for this variation is that the Lee-Newman (1971) approach does not take into 

consideration the effects of forward speed and interactions between two submerged 

hulls.
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CHAPTER 8

NUMERICAL COMPUTATION OF HYDRODYNAMIC 

INTERACTION OF THE TWO RIGIDLY HELD APART 

CYLINDERS SUBMERGED UNDER THE FREE SURFACE

8 .1  General description

Two numerical methods have been modified to predict hydrodynamic 

loadings acting on twin hulled offshore structures advancing in incident waves. The 

velocity potentials in these methods are calculated by the discrete source distribution 

technique and by the direct solution of the classical integral equation method. These 

new theoretical modifications, accomplished by analytically solving the logarithmic 

part of the Green function, have helped to improve the numerical accuracy and 

computational efficiency for the prediction of hydrodynamic forces acting on the 

twin hulled offshore structures in waves.

In the field of computational fluid dynamics, computational efficiency and 

numerical accuracy are two principal concerns of researchers in marine 

hydrodynamics. Here the logarithmic part of the Green function is newly derived to 

improve the computational efficiency, in other words, it can cut down the CPU 

time considerably.

It is obvious that as the number of the discrete elements on the body surface is 

increased, the numerical accuracy is improved. Hence there is a need to carry out 

the numerical computations which could help researchers to choose the optimum 

numbers of discrete elements and the images of the dipoles.

8 .2  General introduction of both numerical approaches
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Under the linear assumption of the boundary value problems, described in 

Chapter Two., the solutions of the velocity potential on the body surface of twin 

hulled marine vehicles can be exactly obtained by solving the integral equations 

numerically. The computational algorithm of both numerical approaches are 

described as follows.

8 .2 .1  Discrete source distribution approach

If the discrete source distribution method is applied to the Green function and 

the strength of velocity potential is solved, the following expression of the velocity 

potential can be derived and when the field point P = (x,y) situated on the body 

surface.

Then if the field point is on cylinder L, the boundary equation is to be 

satisfied as

(8.1)

(8 .2)

and

(8.3)

Similarly if the field point is on cylinder R, the boundary equation is as

(8.5)
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where:

Sl  and Sr  denote the body surfaces of the left and right cylinders respectively. The 

normal derivatives of n^ and n^ on the right hand side are given by the body 

condition, so that Eq. (8.4) and Eq. (8.5) are the boundary equations for the 

velocity potential on the body surface.

The boundary equations mentioned above can be rewritten as

I k _ f  -  5G(xL.yL^L.TlL )i| f dG(xL,yL;5R,T|R) 3(p 
2 JS iT l 3nL J s,T r 3nL 3nL

(8.6)

Y r  _  f  „  f  d G ^ R ’ y R ’ ^ R ’ ^ R )  J J  _  9 * P

2 J Sl Tl 3nR j s" 7r 3nR 3nR
(8.7)

8 .2 .2  Direct Green function approach

If Green's theorem is applied to this Green function and the velocity potential 

is solved, the following expression can be derived and when the field point P = 

(x,y) situated on the body surface.

| « K P ) - [ J  s L+ J  s » ] (K Q ) J ~ G ( P , Q ) d l  =  - [ J  s  + J  s „ ] f ~ G ( P . Q ) d l
(8.8)

where:

SL and Sj^ denote the body surfaces of left and right cylinders respectively. The 
d(b

normal derivative ■“  on the right hand side is given by the body condition, so that 
dn

Eq. (8.8) is the integral equation for the velocity potential on the body surface.
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8 .3  Numerical solutions of the integral equations

The numerical scheme to solve the integral equation is described. The wetted 

boundary contours of both right and left cylinders in the integral equation can be

velocity potential is assumed to be constant over- each element over the body 

boundary surface of the twin hulled marine vehicles as shown in Fig. 8.2. The 

approximation of the integral equation is then written as

nQ is outward normal at the point Q and the integral equation, Eq. (8.9), is required 

to be satisfied at the point Pi(x,y) on each element over the body boundary 

contours and the integration of Eqs. (8.10a) and (8.10b) is to be performed over 

the j-th element with respect to Q(£,T|) in which £ and r| are the x and y 

coordinates of the point Q. 5  ̂ is Kronecker's delta.

As the velocity potential is a complex quantity, the integral equation, 

separated into the real and imaginary parts, can be reduced to a linear system of

discretized with the and Nr  elements as shown in Fig. 8.1 respectively and the

(i = 1, 2, 3 N) (8.9)

where:

(8.10a)

(8.10b)

where:

<|)j denotes the value of the velocity potential on the j-th element

is the normal derivative of the velocity potential on the j-th element
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simultaneous equations with the 2(Nl + Nr ) unknowns and it can be solved by 

direct matrix inversion method.

When the point Q coincides with the field point Pj where the body boundary 

condition is to be satisfied, the logarithmic part of the Green function, the first term 

of Eq. (2.32), becomes singular. Thus numerical computations of integrals in Eqs. 

(8.10a) and (8.10b) must be dealt with care in this case. The integration of the 

logarithmic part of the Green function over each element of the body boundary 

surface of twin hulled marine structures is analytically derived as

= - D + ̂ [{(xi -S j)c°s5  + (yi -■nj)sin8}*ln|(xi - ^ ) 2 + (y, -Tlj)2} 

-{(xi -  )cos5 + (y, -  Tijtl )sin 5} * ln|(x, -  % j+1 )2 + (y, -  -p jtl )2 j  J

(xi - 5 j)cos8+(yi - 'n i)sin8
|(xi - ^ j)s in 8 -(y i -Tii)cos8|

(8.11b)

where:

(8 . 12)

(8.13a)
D

(8.13b)
D

and (^j •Tlj) (£j+i ♦‘Hj+i) 316 the coordinates of two ends of the j-th element.

Under the linear assumption of the boundary value problem, the numerical



solutions can be exactly obtained by solving the integral equation of the velocity 

potential on the body boundary surface of twin hulled offshore structures in head 

and following waves. In fact the numerical solutions of the velocity potentials are 

calculated for the radiation potential \\f } and the diffraction potential <pD on each 

segment of twin hulled offshore structures in waves. Then the added mass and 

damping coefficients are obtained by Eqs. (4.9) and (4.10) integrated over body 

boundary contours, the wave excitation forces by Eq. (4.12) with the effects of 

incident and diffraction wave potentials together and the steady second order 

horizontal forces by Eq. (4.14) too. In these numerical computations, the numerical 

integration is just replaced by the summation of the contributions from each element 

of the body boundary surface of the twin hulled offshore structures in waves.

The numerical accuracy check is of major concern to researchers in 

computational fluid dynamics. The accuracy of the numerical solutions of the 

integral equation, Eqs. (8.6), (8.7) and (8.8), is improved by increasing the 

numbers of the discrete elements and the images of the dipoles.

8 .4  Description of numerical computations on hydrodynamic forces

of twin hulled structures

The theoretical approach for the numerical solutions of the integral equation, 

Eq. (8.1), for the two cylinders case is almost the same as that for the single 

cylinder case. The unique difference is that the integral equation should be satisfied 

over the both body boundary contours of the twin hulled offshore structures. Once 

the predicted solutions of the unsteady velocity potential, (j), is obtained on each 

element of the two cylinder surfaces, SL and SR, at their equilibrium positions, the 

added mass and damping coefficients of the two rigidly connected cylinders of the 

twin hulled marine vehicles can be calculated. The total added mass coefficients, 

evaluated by Eq. (4.9), of twin hulled structures can be summarized by that of the 

left and right cylinders respectively and then described as
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A = A L 4 - A R
k j  A k j ^  k j (8.14)

where AkjL and AkjR denote the added mass coefficients of the respective cylinder 

L and R of the twin hulled structures which are evaluated by the direct pressure 

integration on each cylinder surface of SL and SR instead of over the two cylinders. 

Subscripts k and j represent the added mass coefficient associated with the 

hydrodynamic force in the k-th direction due to the j-th mode of the motion.

Similarly the damping coefficients, evaluated by Eq. (4.10), is expressed as

Bkj=B kjL+BkjR (8.15)

in which BkjL and BkjR are the damping coefficients of each cylinder of the twin 

hulled structure which the effect of the forward speed and interactions between two 

hulls is already taken into consideration.

The wave excitation forces are also computed by Eq. (4.12) over the body 

boundary surface of the twin hulled marine vehicles SL + SR instead of SH. The 

wave excitation forces on each cylinder L and R are also defined by integrating Eq. 

(4.12) over the body boundary surface of twin hulled structure SL and SR. Hence 

in the same manner, the total wave excitation forces acting on the twin hulled 

structure are summarized as

Ej = EjL + EjR (8.16)

The wave excitation forces acting on twin hulled structure can also be 

evaluated by the Haskind - Newman relation in terms of the Kochin functions of 

the radiation waves as mentioned previously. However this relation is an 

appropriate approach to confirm numerical computations on the theoretical side.

The second order horizontal forces such as the added resistance for ships and 

steady second order vertical forces are also predicted by the theoretical procedures 

described in Chapter Seven.
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The restoring forces due to the forward speed effect evaluated by Eq. (6.4) 

for the single cylinder case can be extended and briefly described for the two 

cylinders case as

(8.17)

Ck2= ^ J Sl+s . ^ ( v ) 2n ds (8.18)

c  - ~Pu2k3 ~ sina J sL+s, | - ( v ) 2 -c o sa  J  Sl+S( | - ( v ) 2
dx d y

nkds

(8.19)

where V is the steady velocity field around the two cylinders and can be evaluated 

by taking the interaction effect between two hulls into consideration. In fact, the 

mathematical expression for the velocity V in the vicinity of the two cylinders case 

is not as simple as that for the single cylinder case and the integrals of Eq. (6.21), 

described in Chapter Six detailedly, have to be performed by the numerical 

computations.

8 .5  Description of motion equations of twin hulled marine vehicles

The dynamic motion responses of the two rigidly connected cylinders of twin 

hulled offshore structures in head and following waves responding to the first order 

hydrodynamic forces can be obtained above. With the assumption that the density 

of both cylinders is the same as that of the fluid, the following simultaneous linear 

equations are applied to describe the coupled motions which are in surge, heave and 

pitch modes.

X M m ^ + A ^  + i c o B ^ E ,  0 = 1.2,3) (8.20)
j=l
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If the hydrodynamic restoring forces due to forward speed effect are 

considered, the dynamic motion equations of the twin hulled marine vehicles in the 

head and following waves is written as

x { [ -0)2(mi^ij + A ij) + Cij +icoBijk j = Ei (j = 1,2, 3) 
j=i

where:

(8.21)

Ay = 27tpa2A-j

By = 2jtpa2coB-j

Cy = pU 2C[j = 27tpa2co 

Ej = 2pgAaE- = 27tpa2co2

. 2 , p , v ( A ) e ;

—Tf—coaJ \ 2 k

g YA
co“a A  7t

C”

E-

(8.22a)

(8.22b)

(8.22c)

(8.22d)

Then the dynamic motion equation of twin hulled marine vehicles in head and 

following waves is written as

S-
j= i

1f t  }
+ iB[; \

,JJI a  j
E L
Ttk

(8.23)

In numerical computations, the absolute value of the " complex " motion 

amplitude can be presented for the two rigidly connected cylinders in head and 

following waves. It is found that the forward speed affects the body motion to 

reduce its amplitude in the head waves, whereas, in following waves, the motion 

amplitude increases with the increasing Froude numbers.
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8 .6  Computational investigations and discussions of numerical

approaches

All numerical computations by both discrete source distribution method 

(D.S. method) and direct Green function method (Direct method), are carried out 

on the VAXstation 4000 VLC computer system. The results of CPU time versus 

numbers of elements and images for different submergence depth are as in Figs. 

8.3 and 8.4. The numerical values are indicated in Tables 8.1 and 8.2. It is found 

that the effect of submergence depths has no much influence on computational 

efficiency.

The predicted results of the percentage error in damping coefficients for 

surge, heave and pitch modes for different submergence depths and for varying 

discrete element numbers and ten (10) dipole images are as in Figs. 8.5 to 8.10. 

The numerical values are as in Tables 8.3 to 8.5. Relative errors of all damping 

coefficients are less than 1.0 % as discrete element numbers are larger than thirty 

(30) and it is clear that if the discrete element number is taken as fifty (50), it is 

accurate and efficient

The numerical accuracy of the damping coefficients in surge, heave and 

pitch motions for different submergence depths and for varying diploe image 

numbers and fifty (50) discrete elements is as in Figs. 8.11 to 8.16. Numerical 

results are as in Tables 8.6 to 8.8. The calculated results show very stable 

tendency for all computations as the dipole image numbers increase. It may be 

concluded that the selection of dipole image number as ten (10) is appropriate.

On the accuracy check of the numerical computations, numerical results of 

surge, heave and pitch damping coefficients by both direct pressure integration 

and energy flux consideration match well and are detailedly presented in Tables 

8.9 to 8.11. The numerical check of surge, heave and pitch Kochin functions has 

good agreement as in Tables 8.12 to 8.14. The discrepancies in the damping 

coefficients and Kochin functions are significant when submerged bodies (d/a =
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1.0) approach the free surface. This may be due to the fluctuations of the sinks 

and sources on body boundary surfaces.

The comparison of both methods against CPU time is as in Fig. 8.17 for 

different wave frequencies. The numerate values are as in Table 8.15. These 

results indicate that the direct Green function method is about three (3) times more 

efficient than the discrete source distribution method.

A comparison of relative errors in surge, heave and pitch damping 

coefficients is shown in Figs. 8.18 to 8.20 and numerical values are as in Tables 

8.16 to 8.18. From the calculated results it is clear that the direct Green function 

method can predict hydrodynamic loadings much more accurately than the discrete 

source distribution method over frequency range in calculations.

With respect to accuracy check of both numerical approaches, predicted 

results of damping coefficients in surge, heave and pitch motions by direct 

pressure integration and energy flux consideration are in good agreement and 

detailedly presented in Tables 8.19 to 8.21 respectively. The numerical check of 

surge, heave and pitch Kochin functions are as in Tables 8.22 to 8.24.

As for the second order horizontal forces shown in Table 8.25, the 

percentage errors of second order horizontal forces, in comparison with damping 

forces, seem to be a little bit more because these forces are of higher order and 

much smaller than damping forces. In fact such steady second order horizontal 

forces by direct pressure integration (near field concept) and momentum flux 

consideration (far field concept) are found not to make much difference.

Dynamic surge, heave and pitch responses, predicted by both numerical 

approaches, in head waves are as in Figs. 8.21 to 8.23. The numerical values are 

as in Tables 8.26 to 8.28. Principally the calculated results of motion amplitudes 

in surge and heave modes match well as shown in Figs. 8.21 and 8.22. A slight 

discrepancy of pitch amplitudes at certain specific frequencies, shown in Fig. 

8.23, could be due to more accurate prediction of hydrodynamic loadings such as
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added mass and damping coefficients and wave excitation forces by the direct 

Green function method. From these calculated results, it is clear that the direct 

Green function method is much more accurate and efficient than the discrete 

source distribution method in numerical computations.

8 .7  Conclusions

Here a valuable procedure for theoretical confirmation of numerical 

computations is newly developed. The numerical accuracy of the damping 

coefficients is calculated by the energy flux consideration in the fluid domain and 

by the direct pressure integration over body boundary contours. The results of the 

wave excitation forces in terms of the Kochin functions is checked out by the 

Haskind-Newman relation. The accuracy check of second order horizontal forces 

on twin hulled structures under combined actions of wave and current is 

investigated by direct pressure integration (near field approach) and by momentum 

flux consideration (far field approach). The numerical accuracy of second order 

vertical forces with forward speed effects is also confirmed by the Lee-Newman 

(1971) approach for single submerged body in non-forward speed condition.

The numerical accuracy of the damping coefficients, wave excitation forces 

and steady second order horizontal force is extensively investigated by energy 

conservation principle, Haskind Newman relation and momentum conservation 

principle respectively. In general, the errors in all numerical accuracy check are 

confirmed to be less than 0.1 % and the computation time has also decreased 

dramatically.

In fact it is concluded that the direct Green function method is a more 

effective and efficient approach than the discrete source distribution method to deal 

with different kinds of hydrodynamic problems in a better way as far as the 

numerical accuracy and computational efficiency are concerned.
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CHAPTER 9

EXPERIMENTAL WORK IN DYNAMIC POSITIONING ASPECTS 

OF TWIN HULLED MARINE VEHICLES

9 .1  General description

The mathematical approach using the linear optimal control theory to 

investigate the dynamic positioning behaviour of twin hulled marine structures 

under combined actions of wind, wave and current is briefly introduced. A series 

of experiments on twin hulled structure for different submerged depths, drift and 

trim angles at a constant forward speed, simulating the ocean current effect, are 

carried out to measure the sway forces and yaw moment acting on the twin hulled 

marine structure advancing under the free surface.

The setup of the two aluminium strain gauged bars for the manoeuvring 

experiment is briefly described. The recorded data can be well presented on the 

screen of the VAXstation 3100-M38 micro computer and the comparison of 

analysed results are performed on the Macintosh Plus computer system.

The sway force and yaw moment are measured with the aid of two aluminium 

strain gauged bars. The experimental results are based on first and second order 

curve fitting technique to obtain several newly developed formulae for predicting 

the dynamic positioning behaviour of twin hulled marine vehicles. These 

mathematical formulae can be utilized to simulate the dynamic positioning 

performance of newly designed twin hulled offshore structures at the preliminary 

design stage.

9.2 Mathematical model of dynamic positioning system
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The fundamental concept and algorithm of the linear optimal regulator control 

approach to study the dynamic positioning performance of twin hulled marine 

vehicles is briefly described as follows.

A) Offshore structures are usually required to keep their positions under the 

unsteady external forces such as ocean current, wind and wave etc. In general, PID 

(Proportional, Integral and Differential system) control theory is applied to design 

the control system of offshore structures for surge, sway and yaw motions 

respectively.

B) The type and arrangement of thrusters have much influence on the 

performance of the control system. The performance of the control system for two 

types of thruster system such as tunnel-type thrusters or rotatable thrusters under 

unsteady external forces is introduced.

C) The external forces such as ocean current and wind have much influence on 

the horizontal motion of twin hulled offshore structures. The Dynamic Positioning 

System (DPS) by the optimal regulator control theory for twin hulled offshore 

structures under unsteady external forces is briefly described.

The coordinate system to study the dynamic positioning behaviour of twin 

hulled marine vehicles under combined actions of wind, wave and current is shown 

in Fig. 9.1 and the mathematical model is briefly described as follows.

(m + mx)u -(m  + my)vr-*(mx - m y)vcrsin (\|/-a ) = Xc + X W + xx

(m + my )v + (m + mx )ur -  (my -  mx)Vcr cos(\|/ -  a) = Yc + Yw + xy

(lz + ij)i = Nc + Nw + xz (9.1)

where:
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u is the velocity of the twin hulled offshore structure in the x direction, 

v is the velocity of the twin hulled offshore structure in the y direction, 

r is the angular velocity of the twin hulled offshore structure in the z direction, 

m is the mass of the twin hulled offshore structure.

Iz is the moment of inertia with respect to the z axis. 

mx is the added mass in the x direction. 

my is the added mass in the y direction. 

iz is the added moment of inertia in the z direction.

Xc is the current force in the x direction.

Yc is the current force in the y direction.

Nc is the current-induced moment in the z direction.

Xw is the wind force in the x direction.

Yw is the wind force in the y direction.

Nw is the wind-induced moment in the z direction.

Tx is the thrust driving force in the x direction. 

xy is the thrust driving force in the y direction.

xz is the thrust driving moment in the z direction.
Vc is the current speed.

The mathematical expression of the total relative velocity of the twin hulled 

offshore structure due to current effect is written as

(9.2)

uc = u + Vc cos(\}f -  a) (9.3a)

Vc = v - v c sin(\)/-a) (9.3b)

(9.3c)

and the external hydrodynamic surge and sway forces and yaw moment due to 

current effect acting on twin hulled offshore vehicle are written as



where:

p is the density of the sea water.

A is the transversal projected area of the twin hulled offshore structure under the 
water surface.

Loa is the overall length of the twin hulled offshore structure.

CCx is the coefficient of the current force in the x direction.

CCy is the coefficient of the current force in the y direction.

CCz is the coefficient of the current induced moment in the z direction

Similarly the mathematical expression of the total relative velocity of twin 

hulled offshore structure due to wind effect is described as

(9.5)

u ̂  = u + Vw cos(y -  y ) (9.6a)

V W  = v - V wsin(y-Y ) (9.6b)

y = tan (9.6c)
\ v w

and the external surge, sway forces and yaw moment due to wind effect acting on 

twin hulled offshore vehicle are also written as



(9.7a)

(9.7b)

(9.7c)

where:

pa is the air density.

Aa is the transverse-projected area of the twin hulled offshore structure above the 

water surface.

Loa is the overall length of the twin hulled offshore structure.

CWx is the coefficient of the wind force in the x direction.

CWy is the coefficient of the wind force in the y direction.

CWz is the coefficient of the wind induced moment in the z direction.

In conclusion, the mathematical model to predict the dynamic positioning 

behaviour of twin hulled marine vehicles under combined action of wind, wave and 

current is described. Also to investigate this dynamic positioning work further, 

optimal control theory is applied and briefly introduced in the next section.

9 .3  Introduction of optimal control approach in dynamic positioning 

aspects of twin hulled marine vehicles

The optimal control concept to study the dynamic positioning behaviour of 

twin hulled marine vehicles under external unsteady forces such as wind, wave and 

current is briefly reviewed and practical prediction of dynamic positioning 

behaviour of twin hulled marine vehicles under external forces can be carried out 

by the 4th order Runge Kutta integration method for real time simulation in time 

domain.
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The analytical solutions of such dynamic motion equations of twin hulled 

offshore vehicles under combined action of wind, wave and current are detailedly 

derived as

u = ^ ^ — j{(m* “ my)vcrsin(\}/-a) + (m + my)vr + Xc + X W + TX j

V = — -— r{(m -  mx)vcrcos(v -  a) -  (m + mx )ur + Yc + Yw + x }
^m + myj LV J

r = 7—-—r{Nc + Nw + x } 
(1, + i, ) 1 w zJ

x = ucos\|/ -  vsiny 

y = vcos\}/ + usiny

\j/ = r (9.8)

The mathematical formulation of the optimal control approach with state space 

notation is briefly described and the governing equations of such state variables in 

compliance with Euler type discretization concept are written as follows.

x(k +1) = Px(k) + Qu(k) (9.9a)

x(k) = [u,v,r,x,y,y]T (9.9b)

u(k) = Xy
m + mx m + my Iz + i2

(9.10)

The objective function of this control system for dynamic positioning 

assessment of twin hulled marine vehicles is defined as
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J = ]T {xT(k)R,x(k) + uT(k)R2u(k)}
k = 0

(9.11)

COi 0 0 0 0

rO

0 COi 0 0 0 0

0 0 COi 0 0 0

0 0 0 co2 0 0

0 0 0 0 co2 0

0 0 0 0 0 < ° 2 _

where:

co3 0 0 '
, r 2 = 0 co3 0 (9.12)

_0 0 co3

a*! is the velocity associated term. 

co2 is the displacement associated term. 

co3 is the input associated term.

In accordance with minimum energy consideration, optimal values of input 

variables in linear state equations can be obtained by minimizing the objective 

function of the control system. The following mathematical expression proposed 

by Riccati must be satisfied for solutions of the non-linear discrete equations in 

terms of matrix expression as

H = Pt HP -  Pt HQ(R2 + Qt HQ)'‘ Qt HP + R, (9.13)

The solution of Equation above can be obtained as H = H°. The feedback gain

matrix G is expressed and calculated accordingly as follows.

G = (R2 +Qt H°Q)‘ 'q t H°P (9.14)

The optimal values of input variables to estimate dynamic positioning 

behaviour of twin hulled marine vehicles is written as

u°(k) = -G x(k) (9.15)
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and the optimal values of input forces and moments generated by thrusters in 

surge, sway and yaw directions are derived as

T

m + mx ’m + m y ’lz + iz
(9.16)

where:

x° is the optimal value of the driving force in the x direction, 

is the optimal value of the driving force in the y direction.

is the optimal value of the driving force in the z direction.

Also the power-sharing of optimal driving forces and moments by thrusters is 

briefly described for two different kinds of arrangements as follows.

Type A arrangement:

The thruster arrangement of type A where three pairs of thrusters are required 

is shown in Fig. 9.2. The thrust driving force in surge direction is generated by 

thruster no. 1 and 2 and the thrust driving force in sway direction is generated by 

thruster no. 3 and 4. As regards the driving yaw moment, it is generated from the 

thrust driving force by thruster no. 5 and 6 in sway direction. The optimal driving 

forces by each pair of thrusters are determined as follows.

Tj is the thrust driving force generated by thruster no. 1 and 2 in x direction.

(9.17a)

(9.17b)

T , =  t 7 ( 2 x. ) (9.17c)

where:
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T2 is the thrust driving force generated by thruster no. 3 and 4 in y direction.

Tj is the thrust driving force generated by thruster no. 5 and 6 in y direction.

Xj is the distance between centre of gravity and location of thruster no. 5 (or 6) in x 

direction.

Type B arrangement:

The thruster arrangement of type B where four individual thrusters are 

applied is as in Fig. 9.3. Based on Lagrangian indeterminate coefficient method, 

the optimal driving forces and acting directions by the four thrusters are described 

in detail as

(9.18)

(9.19a)

j=i

,o
(9.19b)

(j); = tan-1 for i = 1,2,3,4 (9.19c)

where:

xTi is the x coordinate of the location of the i-th thruster. 

yTi is the y coordinate of the location of the i-th thruster.

Tj is the driving force generated by the i-th thruster.

<j>i is the direction of the driving force generated by the i-th thruster.
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9 .4  Description of model experiment

A series of model experiments on twin hulled model for different 

submergence depths, drift and trim angles at a constant forward speed, simulating 

the current effect, are carried out to measure the sway forces and yaw moment 

acting on twin hulled marine structure advancing under the free surface. The 

principal objective of this manoeuvring experiment is to determine such 

hydrodynamic loadings acting on the twin circular cylinder model under the ocean 

cuiTent effect as described before. For the determination of wind loadings acting on 

the upper structure of twin hulled models, the same concept of this experiment can 

be applied to obtain several mathematical equations from experimental data for 

practical prediction of the dynamic positioning behaviour of twin hulled marine 

vehicles.

The simplified model consists of twin circular cylinder hulls, which were 

made of PVC pipes with steel framework to connect the hulls as shown in Figs.

9.4 and 9.5 and the principal particulars are indicated in Fig. 9.6. The framework 

has four rods supporting the cylinders at each end and two transverse and two 

longitudinal beams connecting these rods together at their top end. The whole 

frame work is constructed of rectangular cross section steel rods (1 in x 1 in) with 

different draft marks and this kind of material provides adequate rigidity to keep the 

system stable. A small platform is designed on the framework for adjusting the 

ballast to the required submergence depth for testing the model.

When the twin hulled model is put in the experimental tank, the buoyancy of 

this model is generated. In order to get the correct position for attachment under the 

two straight bar device as shown in Fig. 9.7, some ballasting work must be done 

to compensate the buoyancy of the model. When the model is ballasted and 

adjusted to the right position, the attachment of the two straight bar device and the 

model is mounted by three pairs of steel bolts as arranged on each side.

In order to get the correct drift angle, a tumplate facility as in Fig. 9.8 fitted
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with several holes for specific drift angles such as 0,+2, +4, +6, +8, +10, -2, -4 

and -10 degrees are designed and mounted on the top of the two straight bar 

device. Two sets of wooden wedges are made in advance to obtain the specific trim 

angles such as +2 (trim by stem), +4, -2 (trim by bow) and -4 degrees for this 

experiment and they are attached between the two straight bar device and the model 

as in Fig. 9.9.

A series of experiments for two submergence depths (d/a = 3.0 and 4.0), 

drift and trim angles at a constant forward speed, simulating the current effect, 

were carried out in the towing tank of the Hydrodynamics Laboratory at Glasgow 

University.

9 .5  Layout of manoeuvring experiment

The data measuring facility including the tumplate, two straight bars and 

testing model is assembled together and fixed by several bolts on the framework of 

the main carriage. The speed of the main carriage for the testing condition is 

automatically controlled by MicroVitec 452 computer system.

The sway force and yaw moment acting on twin hulled model advancing 

under the free surface are measured by two straight bar device (load cell 

transducers) as shown in Fig. 9.7 and they are made up from the existing facility in 

the laboratory by converting each straight bar into load cells with the aid of foil type 

electrical resistance strain gauges. By calibrating the load cell to read in load units 

other than strain, wave load on each bar is measured directly. In order to measure 

the sway force, two pairs of opposite strain gauges are fitted in the transverse 

direction on face-2 and face-4 of each bar perpendicular to the carriage moving 

direction. To measure the yaw moment, one torque strain gauge is fitted on each 

bar. The detailed arrangement of load cell transducers on two straight bar device is 

indicated in Fig. 9.10.
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As described above, the load cell is composed of strain gauges which are 

passive resistors. Therefore there is a need for a power source in order to interpret 

the changes in the resistance caused by mechanical strain (or loads) measured. This 

can be achieved by a bridge circuit which produces an out of balance voltage. This 

voltage must be amplified and displayed so as to indicate the required force units. 

At this stage the Wheatstone Bridge, which is the most common bridge circuit, 

is applied as a direct readout device where the output voltage is measured or related 

to strain (or load). The four active strain gauges are placed in the bridge with one in 

each of four arm - for the full bridge arrangement. Since the lead wires from the 

measuring point to the instrumentation are outside the measuring circuit, this kind 

of arrangement increases the sensitivity of the measuring system and provides 

improved temperature compensation and minimal errors due to connection of the 

system. Before the system is loaded to the Wheatstone Bridge, it should be 

balanced as the output voltage is equal to zero. As the system is loaded a change in 

resistance will unbalance the bridge and induce an output voltage across the output 

terminal. By measuring this voltage and using the calibration curve, the voltage 

readout can be converted into the corresponding load value.

The calibration of two straight bar device as shown in Fig. 9.7 is performed 

before it is clamped onboard. After taking the zero readings from the load cells, the 

testing weights simulating hydrodynamic loadings are step by step increased from 

0.1 to 1.5 kg. During this procedure the change in the output voltage of the bridge 

is recorded for each increment of the test weight. All relations of these calibration 

data, which are converted from induced voltages to actual loads, show linear 

behaviour.

The signals of hydrodynamic loadings picked up by two straight bar device 

are recorded into ten (10) individual data channels and experimental data are 

sampled at a rate of two hundred (200) samples per second per channel for ten (10) 

or twenty (20) seconds.
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9 .6  Description of data acquisition and analysis system

A comprehensive description of the experimental data acquisition and analysis 

system for manoeuvring experiment is explained and the details are as follows.

A. The data acquisition system:

The experimental data can be collected by Macintosh-2CLA microcomputer 

system when the speed of the main carriage reaches the most steady and consistent 

level. The speed of the main carriage for the experimental condition is controlled by 

MicroVitec 452 computer system and easily confirmed with the design speed 

requirement of this experiment automatically as shown in Fig. 9.11 (see pp489).

The hydrodynamic sway force and yaw moment are recorded through the two 

straight bar facility which is designed for hydrodynamic experiments on 

manoeuvring. The experimental signals by two straight bar device are picked up 

into the FLYDE amplifier and filter system. The signals are then processed and 

passed through the Data Collecting System (32 channel analogue to digital 

converter). Finally the experimental data are recorded in the DATASPAN 2000 

system. Simultaneously the experimental signals after data processing can be 

displayed from the monitor of the Macintosh-2CLA microcomputer system for 

preliminary confirmation of the experimental validity test as in Fig. 9.12.

B . The data analysis system:

The experimental data are acquired by the two straight bar device, FLDYE 

amplifier and filter system, Data Collecting system, DATASPAN 2000 system and 

recorded in the Macintosh-2CLA microcomputer system. The experimental data 

files are transferred through the recording tape from the DATASPAN 2000 system 

and loaded in the digital VAXstation 3100-M38 microcomputer system. The detail 

procedure of the data analysis and checking work is described as follows.
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a). At the experimental stage, a preliminary validity test of the experimental data 

acquisition can be checked from the screen of the Macintosh-2CLA micro computer 

system.

b). At the computation stage, experimental data files are analysed by the Fast 

Fourier Transform technique on the VAXstation 3100 M38 micro computer 

system.

c). At the data analysis stage, experimental data, analysed by the Fast Fourier 

Transform technique, are computed on the Micro Vax 3600 computer system to 

obtain the sway force and yaw moment acting on twin hulled structure model.

d). At the data presentation stage, such hydrodynamic forces acting on twin 

hulled model advancing under the free surface for different drift and trim angles can 

be transferred to the Macintosh Plus computer system and the experimental results 

are based on the technique of curve fitting to obtain several newly developed 

formulae for predicting the manoeuvring (dynamic positioning) performance of 

twin hulled marine vehicles.

e). At the data checking stage, analysis results are compared with that of 

previous research work to confirm the effectiveness of experimental work.

9 .7  Presentation of experimental results and discussions

A series of experiments are performed for nine (9) drift, four (4) trim angles 

and two (2) submergence depths (d/a = 3.0 and 4.0) to measure the sway force and 

yaw moment acting on twin hulled model advancing under the free surface.

The signals of hydrodynamic loadings picked up by two straight bar device 

are recorded in ten (10) individual data channels as in Fig. 9.13 and experimental 

data are sampled at a rate of two hundred (200) samples per second per channel for
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ten (10) seconds. The contents of measuring signals recorded in each channel are 

described as follows.

Channel 1: Torque in Bar 1 (Ml)

Channel 2 : Torque in Bar 2 (M2)

Channel 3 : Moment on face-1 and face-3 of Bar 1 bottom (M3)

Channel 4 : Moment on face-1 and face-3 of Bar 1 top (M4)

Channel 5 : Moment on face-1 and face-3 of Bar 2 bottom (M5)

Channel 6 : Moment on face-1 and face-3 of Bar 2 top (M6)

Channel 7 : Moment on face-2 and face-4 of Bar 1 bottom (M7)

Channel 8 : Moment on face-2 and face-4 of Bar 1 top (M8)

Channel 9 : Moment on face-2 and face-4 of Bar 2 bottom (M9)

Channel 10 : Moment on face-2 and face-4 of Bar 2 top (M10)

The mean amplitudes of moments from all experimental data channels are 

calculated by the Fast Fourier Transform technique on the VAXstation 3100 M38 

micro computer system. The non-dimensionalized amplitudes of the sway force 

and yaw moment acting on twin hulled model under current action is predicted on 

Micro Vax 3600 (VMS) computer system and the mathematical equations to 

calculate surge, sway forces and yaw moment acting on the twin hulled model 

under current action by beam theory is simplified for small magnitude signals as 

follows.

x  J M 4 - M 3 )  + (M 6-M 5)
0.2

(M 8-M 7) + (M 10-M 9) (9 2Qb)
0.2

N = Ml + M2 (9.20c)

Here the value of 0.2 (m) is the distance between the top and bottom positions of 

each bar and non-dimensionalized amplitudes of forces and yaw moment is written 

as
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(9.21a)

(9.21b)

(9.21c)

where:

A denotes the transversal area of the submerged cylinder (= DL).

V is the moving speed of the main carriage in experiment.

The non-dimensionalized sway force and yaw moment acting on the twin 

hulled model under current action are calculated from experimental data for 

different drift and trim angles and submergence depths. In accordance with the 

technique of curve fitting, several newly developed equations are obtained. The 

experimental results and mathematical equations for different submergence depths 

are categorized as follows.

A) For submerged depth ratio d/a = 4.0 :

The experiments of the twin hulled model advancing under the free surface 

are performed to measure sway force and yaw moment acting on it for different 

drift and trim angles. The results are analysed and mathematical equations are fitted 

for different trim angle conditions. In general all experimental results show linear 

tendencies and the details are as follows.

a) For 2 degree trim by stem condition :

The mathematical equations of non-dimensionalized sway force and yaw moment
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are obtained from experimental results with good accuracy as in Figs. 9.14 and 

9.15.

Y' = -2.9009 x 10'2 -  4.1773 x 10_2p 

N ' = 1.3167 x 10’3 + 2.2528 x 10'3p

b) For 2 degree trim by bow condition :

The mathematical equations of the sway force and yaw moment in terms of drift 

angles from the experimental data in Figs. 9.16 and 9.17 are as follows.

Y' = -1.2742 x 10'2 -  2.8602 x 10"2 P (9.23a)

N' = -1.5038 x 10'3 +1.9532 x 10‘3P (9:23b)

c) For 4 degree trim by bow condition :

The mathematical equations of the sway force and yaw moment in terms of drift 

angles from the experimental data in Figs. 9.18 and 9.19 are as follows.

Y' = -5.9479 x 10-2 -3.3513x 10‘2p (9.24a)

N' = 1.0482 x 10‘3 +1.1933 x 10‘3P (9.24b)

d) For 4 degree trim by stem condition :

The mathematical equations of the sway force and yaw moment in terms of drift 

angles from the experimental data in Figs. 9.20 and 9.21 are as follows.

Y' = 1.3920 x 10-2 -  5.7884 x 10"2p (9.25a)

(9.22a)

(9.22b)
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N' = 1.2017 x  10‘3 + 2.3182 x 10_3p (9.25b)

where :

P denotes the drift angle in degree and the positive value for starboard side.

For larger (4 degree) trim by bow condition, the least square error of 

mathematical equations by the curve fitting method is slight greater within 10 % for 

sway force and 1.2 % for yaw moment. The results for the sway force and yaw 

moment are for the deep submergence only. Comparison of the non- 

dimensionalized sway force and yaw moment acting on twin hulled model under 

current action is presented for different trim conditions as in Figs. 9.22 and 9.23.

Typical signals from experimental measurement for several specific 

conditions are as in Figs. 9.24 to 9.33. Typical motion behaviour of twin hulled 

model in experiments are also indicated in Figs. 9.34 (see pp491) to 9.40.

B) For submergence depth ratio d/a = 3.0:

Similarly the sway force and yaw moment acting on twin hulled model under 

current action are measured for different drift and trim angles in submerged depth 

(d/a =3.0) condition. The results show linear relationships and mathematical 

equations are systematically presented for different trim conditions as follows.

a) For no trim condition :

The mathematical equations fitted with reasonable accuracy are obtained and 

experimental results are as in Figs. 9.41 and 9.42.

Y' = -3.6348x 10'2 -1.5076 x 10'2(3 (9.26a)

N' = -8.7511 x 10"3 + 4.3686 x 10‘3p (9.26b)
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b) For 2 degree trim by stem condition :

Experimental results are shown in Figs. 9.43 and 9.44 and mathematical equations 

with good accuracy of less than 0.1 % least square error are obtained as follows.

Y' = -4.8445 xlO-2 -1.7342 x 10_2(3 (9.27a)

N' = -6.5561 xlO-3 + 5.2147 x 10‘3p (9.27b)

c) For 4 degree trim by stem condition :

Experimental results are presented in Figs. 9.45 and 9.46 and mathematical 

equations are expressed as follows.

Y' = -4.0246 x 10~2 -1.9692 x 10’2p (9.28a)

N' = -5.6641 x 10*3 + 5.5626 x 10“3p (9.28b)

d) For 2 degree trim by bow condition :

Experimental results for the sway force and yaw moment as in Figs. 9.47 and 9.48 

show discontinuity behaviour at certain drift angles and the least square errors of 

the mathematical equations are 20 % and 5 % respectively as follows.

Y' = -8.8996 x 10'2 -  4.5188 x 10’2p (9.29a)

N' = 1.4673 x 10-3 +1.3918 x 10'3p (9.29b)

e) For 4 degree trim by bow condition :

The experimental results show rather different tendencies as compared with 

previous results. Hence more tests were repeated for the same condition for
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confirmation of the experimental measurement. The comparison of experimental 

results for different tests still show scattering behaviour as illustrated in Figs. 9.49 

and 9.50 respectively. For the trim by bow condition as scatter behaviour was 

observed, experiments were once again repeated and these results show 

fluctuations as the bodies approach the free surface.

For larger (4 degree) trim by bow condition, the tendency of testing results 

show scatter behaviour. Comparison of non-dimensionalized sway force and yaw 

moment acting on twin hulled model under current action is presented for different 

trim conditions as in Figs. 9.51 and 9.52.

Comparison study of non-dimensionalized sway force and yaw moment 

acting on twin hulled model under current action is performed for different 

submerged depths and trim angles and experimental results are detailedly presented 

in Figs. 9.53 to 9.60. For trim by stem conditions, analysed results show rather 

linear relationships for different submergence depth conditions and the difference 

between the slopes is significant as shown in Figs. 9.53, 9.54, 9.57 and 9.58. For 

the non-dimensionalized sway force, the slope for submergence depth ratio d/a =

4.0 case is about two (2) times greater than that for submergence depth ratio d/a =

3.0 case and about three (3) times smaller for non-dimensionalized yaw moment. 

For trim by bow conditions, linear tendencies are roughly indicated, but not much 

discrepancy is shown for two different submergence depth conditions as in Figs. 

9.55, 9.56, 9.59 and 9.60. In particular the results of non-dimensionalized sway 

force for submerged depth ratio d/a = 3.0 and 4 degree trim by bow condition 

show rather flat behaviour over the range of drift angles as in Fig. 9.59 and it is 

clear that this is due to the complicated behaviour of flow field around submerged 

bodies when they approach free surface. Finally one set of typical measuring 

signals for this draught condition are also presented as in Figs. 9.61 to 9.70.

9 .8  Conclusions
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The mathematical approach using the linear optimal control concept to study 

the dynamic positioning behaviour of twin hulled marine vehicles is briefly 

introduced. Experimental work on the dynamic positioning aspects of a twin hulled 

structure is described. Detailed description of the data acquisition and analysis 

system for the experimental work is also described.

The setup of the manoeuvring experiment is described and the design for data 

measurement facility such as the two straight bar device and data acquisition system 

is introduced. The standard procedure of the data analysis system for the 

experimental investigation is discussed in detail.

A series of experiments were carried out in the Hydrodynamics Laboratory 

for different submergence depths, trim and drift angles for measuring the sway 

force and yaw moment. The experimental results are based on the technique of 

curve fitting to obtain several newly developed formulae which can be used by 

researchers for simulation analyses on manoeuvring performance and dynamic 

positioning of twin hulled marine vehicles.
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CHAPTER 10 

PRACTICAL ENGINEERING APPLICATIONS 

AND TECHNICAL DISCUSSIONS

10.1  General description

Much research work has been contributed for accurate prediction of dynamic 

motions of offshore structures in waves. In spite of such efforts, several problems 

still remain to be solved or to be contributed further for correct evaluation of their 

motion characteristics and safety at sea as follows.

A) There are certain forces acting on marine structures to restore their motions in 

waves and buoyancy variation is the origin of such restoring forces for heave, roll 

and pitch motions. The restoring forces together with inertia forces associated with 

mass and acceleration create natural frequencies of those modes of motions. If the 

frequency of the wave excitation force is close to the natural frequency, resonance 

occurs to lead to significant magnitude of motions.

Offshore structures have the restoring force even for the motions in horizontal 

plane, where no buoyancy variation contributes, because of the reaction of mooring 

lines. Magnitude of such restoring forces due to the mooring system is very small 

compared with the mass of offshore structures, so the natural periods of surge, 

sway and yaw motions are so long as 100 to 200 seconds.

In principal, sea waves can be assumed to be composed of many components 

of waves with different frequency. Linear wave excitation forces are superposition 

of components with frequencies corresponding to the component waves which 

means that they do not contain a long period component as 100 seconds. However 

second order forces due to these multi-frequency waves can have components with
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the difference frequency of every two wave components. If the waves have 

components whose frequencies are very close to each other, the second order force 

will have very long period as 100 seconds and may induce resonance of motions in 

the horizontal plane. This will affect safer design of the mooring system as 

discussed by Hsu and Blenkem (1970), Arai et al (1976).

In such situations, the motions must be combined modes, one of which is 

fast frequency and small amplitude motion corresponding to the linear wave force 

and another is low frequency and large amplitude due to the second order force. 

Effect of the low frequency motion on the fast frequency motion has by no means 

been studied and this effect might be considered to be forward speed effect (or 

backward speed effect) on the oscillatory motions.

B) Accurate prediction of damping forces is important to calculate the motion 

responses of the low frequency oscillations, since the low frequency motions are 

considerably large only at resonance and magnitude of such damping forces 

determines magnitude of motion responses. Several researches have been done on 

which wave making or viscous effect is dominant in the damping forces in such a 

slow motion as published by Wichers and van Sluijs (1979), Saito et al (1984). 

Saito proposed an approach to determine the damping forces proportional to the 

velocity of the low frequency oscillation from the second order horizontal forces in 

waves. If such second order horizontal forces are plotted against the body velocity, 

the slope of the curve at zero velocity is supposed to obtain a coefficient of the 

damping force proportional to the velocity.

C) Stability of offshore structures is always of concern to designers and 

operators. Nevertheless they do not have a long history of research and practical 

experience. In fact regulations on stability are still at primitive level (ABS 1968). In 

United Kingdom, Japan as well as other countries, a lot of project studies have 

been concentrated on the stability of offshore structures in waves to find rational 

foundation for reasonable stability regulations such as Morrall (1978), Martin 

(1978), Numata (1978),Takarada et al (1984), Arai and Takaishi (1986), Atlar
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(1986) and Takezawa (1987) et al. Two principal points emphasized in those 

studies are related to this research work, i.e. the second order forces acting on 

single or twin hulled marine vehicles lead to further inclination and steady tilt 

moments acting on offshore structures under combined actions of wave and current 

are to be predicted.

The configuration of the twin hulled marine vehicle is very complicated but 

the most are typically of two submerged long bodies (cylinders) with slender 

vertical surface piercing columns. So the hydrodynamic characteristics in beam 

seas are supposed to be realized even with very simple configuration of two 

circular cylinders with the wave crests parallel to their axis. The low frequency 

motion of very large amplitude is approximated as quasi-steady movement in 

numerical computations of hydrodynamic loadings.

The calculated results of the hydrodynamic coefficients between both Tasai's 

practical and present fundamental approaches are compared and discussed. The 

results of the steady tilt moments by direct pressure integration are compared with 

those of experimental work performed in Japan (Maeda 1984 and Ikeda 1985 et al) 

and a parametric study for different inclinations in varying current speeds is carried 

out. The predictions of steady tilt moments acting on twin hulled vehicles from 

previous theoretical approaches are compared and discussed. The calculated results 

from the present approach is compared with those from previous theoretical and 

experimental work. In particular the work performed by Martin et al (1978) is 

reviewed and the concept of Martin's model is discussed. The results of both 

approaches are investigated. The effects due to forward speed and interactions 

between two hulls using the Martin-type twin hulled model are extensively 

investigated and numerical results are discussed in detail. The effects of the viscous 

and waterline forces acting on the vertical surface piercing columns on steady tilt 

behaviour of an inclined offshore structure are studied and discussed. Finally the 

predicted results for a typical offshore twin hulled structure model, based on the 

present theoretical approach, are presented to demonstrate the overall value of this 

research work for engineering applications to twin hulled marine vehicles under the 

combined actions of wave and current
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10.2 Results comparison between Tasai's approximate approach and 

present fundamental approach

The practical approach to predict hydrodynamic loadings and motion 

responses of twin hulled marine structures in waves was proposed by Tasai (1970) 

and calculated results meet with engineering accuracy as discussed in Chapter One. 

The fundamental approach by direct pressure integration over body boundary 

contours is described in detail and completely investigated in earlier chapters. 

Comparison of computed results such as added mass and damping coefficients 

between practical and fundamental approaches are discussed as follows.

Calculations of hydrodynamic loadings on a twin hulled marine structure are 

performed for submergence depth ratio d/a = 4.18, separation distance ratio c/a = 

7.73 and no inclination in waves. The predicted results of non-dimensionalized 

surge added mass coefficient show similar tendency and the prediction by Tasai 

approximate method is constant as in Fig. 10.1. In heave and pitch motions, both 

results match well as in Figs. 10.2 and 10.3. Added mass coefficients are assumed 

to be constant over the wave period range and show reasonable accuracy of less 

than 5 % discrepancy with the fundamental approach.

As for non-dimensionalized damping coefficients, predicted results in surge, 

heave and pitch motions by direct pressure integration method show fluctuating 

behaviour for all wave periods and the discrepancies of both predictions are not 

significant as in Figs. 10.4 to 10.6. In fact it is confirmed that the Tasai 

approximate approach is an economical and efficient tool for practical predictions 

on motion dynamics of twin hulled marine structures in waves.

10.3  Practical applications on Japan SR-1988 twin hulled model

In order to confirm theoretical predictions of steady tilt moments due to 

second order effects on twin hulled marine vehicle under combined actions of wave
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and current, calculated results of present theoretical approach by direct pressure 

integration over body boundary contours are compared with three dimensional 

experimental work from Japan and the details are discussed here.

Based on the SR-192 twin hulled model of Japanese Ship Research Institute 

as shown in Fig. 10.7, parametric studies of steady tilt moments due to second 

order forces taking into consideration effects of forward speed (equivalent current 

effect) and interactions between two hulls are systematically investigated for 

different inclinations of ±5, ±10 and ±15 degrees in varying ±2 and ±4 knots 

current speeds. The present theoretical work on steady tilt moment is compared 

with experimental results and the theoretical prediction compares with full scale 

results from experiments (Takerada et al 1984).

Parametric studies of non-dimensionalized steady tilt moments acting on twin 

hulled marine vehicle with submergence depth ratio d/a = 2.59 and separation 

distance ratio c/a = 9.71 are performed for different current speeds and inclinations 

in waves. The predictions of steady tilt moments are carried out for different 

current speeds of +2 (referred to as following waves), -2 (referred to as head 

waves), +4 and -4 knots in positive 10 degree tilt (into incident wave) condition as 

shown in Fig. 10.8. Calculated results in following waves are larger for higher 

current speed, but those in head waves show adverse tendencies except for short 

wave period (within T = 0.60) range. For negative 10 degree tilt (following 

incident wave) condition, calculations of steady tilt moments are shown for 

different current speeds of +2, -2, +4 and -4 knots as in Fig. 10.9. The calculated 

results in negative tilt condition show similar magnitude and tendency as those of 

positive tilt condition, but in the reverse direction. In general as the current speed is 

higher, the peak value shifts to higher wave period. The peak value of the non- 

dimensionalized steady tilt moment for period of 1.0 second and for current 

velocity of 4 knots in positive 10 degree tilt condition is 1.0.

As for the positive and negative 15 degree tilt conditions, predicted results of 

non-dimensionalized steady tilt moments for different current speeds are presented
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as shown in Figs. 10.10 and 10.11. From such results, significant contribution 

due to large inclination for higher current speed in following waves occurs and it 

can be concluded that such severe environmental conditions such as higher current 

speed (Fn = 0.40) and larger inclination (15 degree) in following waves should be 

more carefully studied to investigate the steady tilt behaviour of sea-going ships 

and marine vehicles.

Calculated results of non-dimensionalized steady tilt moments for different 

current speeds in positive and negative 5 degree tilt conditions are presented in 

Figs. 10.12 and 10.13. All results show similar tendency with smaller magnitude 

(less than 0.40 at peak value) and no much discrepancy for different current 

speeds. It means that the steady tilt behaviour of twin hulled marine vehicles in 

head and following waves is rather safe in small tilt (for example less than 5 

degree) conditions.

Theoretical predictions of steady tilt moments due to second order effects on 

twin hulled marine vehicle in head and following waves are compared with three 

dimensional experimental work (Maeda and Ikeda 1985 et al) and both theoretical 

and experimental results match well as shown in Figs. 10.14 to 10.25 for different 

inclinations of 10,15 and 5 degree and current speeds respectively. For positive 10 

degree tilt condition, the compared results for different -2 and +2 knot current 

speeds have good agreement as presented in Fig. 10.14 and same conclusions are 

for different -4 and +4 knot current speeds as in Fig. 10.15. For negative 10 

degree tilt condition, compared results are also shown in Figs. 10.16 and 10.17. 

From such comparison study between theoretical and experimental work, it is 

found that the second order forces acting on the submerged hulls are dominant, 

compared with that of the vertical surface piercing columns (Martin 1978 and Atlar 

1986 et al), and the motion amplitude of the twin hulled marine structure in the 

beam sea condition can be assumed to be small from the viewpoint of physical and 

practical engineering applications. It is clear that the present pressure integration 

approach can be applied as an effective and useful tool for designers and engineers 

to predict the steady tilt behaviour of twin hulled marine vehicles under combined 

actions of wave and current.
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As theoretical predictions have been confirmed with experimental results, the 

full scale predictions, based on SR-192 twin hulled model, by experimental results 

from model tests are carried out for different ±2 and ±4 knot current speeds in 

±15 degree tilt conditions and all calculated results are as in Figs. 10.26 to 10.29. 

Both full scale and theoretical results are compared and the full scale predictions are 

almost three (3) times smaller than those from theoretical results for such severe 

conditions. In fact it is clear that the scale effect always exists and more research 

efforts concentrated on reasonable correlation between model and full scale results 

are still required.

10.4  Practical applications and comparison studies on U.K.

Glasgow HL-1986 work

A technical review of past research work, such as Ogilvie (1963), Numata 

(1978), Morrall (1978), Martin (1978) and Atlar (1986), on steady tilt moments 

due to second order forces acting on submerged structures in waves is extensively 

surveyed. The practical approaches in these researches are simplified and the twin 

hulled vehicle is assumed as two rigidly held apart cylinders submerged under a 

free surface for zero speed case. The prediction of steady tilt moments acting on 

twin hulled marine vehicles is based on the empirical formula of the second order 

force in vertical direction only which takes no effect of forward speed and 

interaction between two submerged hulls into consideration.

In present theoretical approach, the steady tilt moments acting on twin hulled 

vehicles due to the effect of second order forces in both horizontal and vertical 

directions are considered. A comparison study on steady tilt moments on twin 

hulled marine vehicles between several previous practical approaches and present 

theoretical approach is investigated in detail and predicted results of second order 

vertical forces acting on the submerged left and right hulls and steady tilt moments 

on the twin hulled marine vehicle under a free surface for non-forward speed case 

are extensively investigated. A parametric study on steady tilt moments due to

242



second order forces is performed for different submerged depths, separation 

distance and inclinations in zero current speed condition.

Parametric studies based on several different kinds of empirical formula, such 

as Morrall (1978), Numata (1978), Lee-Newman modified by Atlar (1986), Lee- 

Newman modified by Wu (1993) and present fundamental approach (1993) by 

direct pressure integration over body boundary contours is performed to predict 

second order vertical forces acting on the submerged left and right hulls and steady 

tilt moments on the twin hulled marine vehicle under a free surface for non-forward 

speed case are extensively investigated. The calculated results of the twin hulled 

model for different submergence depths, separation distance and inclinations for 

zero speed case are classified into three major categories and are as follows.

A) For submergence depth ratio d/a = 2.0, separation distance ratio c/a = 4.0

condition:

For the non-dimensionalized second order vertical forces acting on the left 

hull of twin hulled structure in 10 degree tilt condition, all predicted results have 

similar tendencies and a peak value predicted by pressure integration occurs at low 

frequency ka = 0.40 point as shown in Fig. 10.30. In general all calculations match 

well in low frequency (within ka = 0.60) range but significant discrepancy for the 

remaining range of frequencies. Moreover the results predicted by Atlar (1986) and 

Wu (1993), modified from Lee-Newman (1971) approach, are about three (3) 

times smaller than that of MoiTall (1978) and two (2) times for Numata (1978). It is 

found that the predictions by Lee-Newman modified approaches are rather small 

but those by Morrall and Numata approaches are almost larger. The predictions by 

direct pressure integration just lie between these four results and have a critical 

value in the low frequency region and it may be noted that this present theoretical 

approach can predict more accurate hydrodynamic loadings in the low frequency 

range.

For the non-dimensionalized second order vertical forces acting on the right

243



hull of twin hulled structure in 10 degree tilt condition, all results meet with good 

agreement and reasonable accuracy over the range of frequencies as in Fig. 10.31. 

It is clear that the numerical results predicted by all five different approaches are 

reliable for practical design applications.

For non-dimensionalized steady tilt moments acting on twin hulled structure 

in 10 degree tilt condition, all results have similar behaviour as presented in Fig. 

10.32. In general all calculations match well for the low frequency (within ka = 

0.65) range but significant discrepancy is seen for the remaining range of 

frequencies. Similarly calculated results by Atlar (1986) and Wu (1993), modified 

from Lee-Newman (1971) approach, are about three (3) times smaller than those 

from Morrall (1978) and two (2) times for Numata (1978). Predictions by Lee- 

Newman modified approaches are rather small but those by Morrall and Numata 

approaches are larger. The predictions by direct pressure integration just lie 

between these four results and have a critical value in the low frequency region.

For the non-dimensionalized second order vertical forces and steady tilt 

moments acting on the twin hulled structure in 5 degree tilt condition, all predicted 

results show reasonable agreement as in Figs. 10.33 to 10.35 and have similar 

tendencies as those of 10 degree tilt condition. In 15 degree tilt condition, 

calculated results of forces and steady tilt moments are also presented as in Figs. 

10.36 to 10.38. On comparison of the results, good agreement is found for forces 

acting on the right hulls and significant discrepancies in forces acting on the left 

hull and steady tilt moments on twin hulled marine vehicles predicted by five 

different approaches. It is clear that these four different kinds of practical 

approaches take no interaction effect between two submerged hulls into 

consideration exactly.

In conclusions, predicted results of second order vertical forces acting on the 

left hull are always larger than that on the right hull. For greater inclination 

condition, second order vertical forces on left hull and steady tilt moments on twin 

hulled structures show greater magnitude but forces on right hull have adverse 

tendencies.
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B) For submergence depth ratio d/a = 4.0, separation distance ratio c/a = 4.0 

condition:

For deeper submergence, all predictions of non-dimensionalized second order 

vertical forces and steady tilt moments on twin hulled structure in 10 degree tilt 

condition match very well as illustrated in Figs. 10.39 to 10.41 and calculated 

results are smaller than those of shallower submergence (d/a = 2.0) condition. As 

for numerical results in 5 and 15 degree inclinations, these are systematically 

presented as in Figs. 10.42 to 10.47. The only discrepancy in low frequency 

(within ka = 0.50) range is predicted by Wu (1993) and this approach is modified 

from Lee-Newman (1971). It is clear that the five different approaches are 

convenient and effective to predict the steady tilt behaviour of twin hulled marine 

vehicles in waves.

* C) For submergence depth ratio d/a = 2.0, separation distance ratio c/a = 6.0 

condition:

Calculations of non-dimensionalized second order vertical forces acting on 

left hull of twin hulled structure in 10 degree tilt condition show similar behaviour 

as those of category (A) and peak values predicted by both pressure integration and 

Wu (1993) approaches occur at low frequency ka = 0.50 point as in Fig. 10.48. 

All calculations show clear discrepancies over all frequency range and numerical 

results predicted by Atlar (1986) and Wu (1993) are about three (3) times smaller 

than that of Morrall (1978) and two (2) times for Numata (1978). It is found that 

the predictions by Lee-Newman modified approaches are rather small but those 

from Morrall and Numata approaches are larger. Predicted results by pressure 

integration lie between these four results and have a critical value in the low 

frequency region.

For non-dimensionalized second order vertical forces acting on the right hull 

of twin hulled structure in 10 degree tilt condition, all results have good agreement 

over all frequency range except for results predicted by Wu (1993) as in Fig.
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10.49. For non-dimensionalized steady tilt moments acting on twin hulled structure 

in 10 degree tilt condition, all results show similar behaviour as in Fig. 10.50. In 

general all calculations have significant discrepancy for the range of frequencies. 

Similarly predicted results by Atlar (1986) and Wu (1993) are about three (3) times 

smaller than that of Morrall (1978) and two (2) times for Numata (1978). Indeed 

numerical predictions from Lee-Newman modified approaches are almost small but 

those by Morrall and Numata approaches are larger.

For non-dimensionalized second order vertical forces and steady tilt moments 

acting on the twin hulled structure in 5 degree tilt condition, all results have rather 

reasonable agreement as in Figs. 10.51 to 10.53 and have same tendencies as those 

of 10 degree tilt condition. In 15 degree tilt condition, calculated results of such 

forces and steady tilt moments are also presented as in Figs. 10.54 to 10.56. For 

second order vertical forces acting on the left hull and steady tilt moments on twin 

hulled marine vehicles predicted by five different approaches, significant 

discrepancy in calculated results are as in Figs. 10.54 and 10.56. Results calculated 

by Morrall and Numata approaches show divergent behaviour in the higher 

frequency range and those from Lee-Newman modified approaches are always 

under-estimated. In principal it can be realized that these four different kinds of 

practical approaches which take no interaction effect between two submerged hulls 

into consideration cannot be effectively applied to investigate the steady tilt 

behaviour of twin hulled marine vehicles in such severe conditions.

10.5  Practical applications on U.K. Martin-1978 twin hulled model

The work performed by Martin et al (1978) is reviewed and the concept of the 

Martin-type model is discussed. The calculated results of steady tilt moments on 

twin hulled marine vehicle, based on the Martin (1978) twin hulled vehicle model 

as in Fig. 10.57, are investigated and compared with those from present and 

previous work. A comparison study with all previous work, based on the Martin 

(1978) twin hulled vehicle model, for second order vertical forces acting on
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individual left and right hulls and steady tilt moments of the inclined twin hulled 

marine vehicle in waves for non-forward speed case is carried out. Calculated 

results by pressure integration and Wu (1993) approaches are compared for 

different Froude numbers of Fn = 0.0,0.2 and 0.4 in 10 degree tilt condition and a 

parametric study is also carried out for different Froude number and inclinations.

In Martin (1978) approach, it is assumed that the submerged pontoons are 

sufficiently long enough and a two dimensional formulation is satisfactory. All 

columns and bracings are ignored in calculating wave forces and are assumed to 

contribute only in the hydrostatics. The ocean is assumed to be inviscid, 

incompressible, of infinite depth, and the irrotational solution can be presented in 

terms of a velocity potential by using the second order wave theory. The 

mathematical problem is formulated and solved by the multipole expansion method 

to predict second order forces and steady tilt moments acting on twin hulled marine 

vehicles.

The outline of this approach is briefly described as follows. It is supposed 

that a particular displaced mean position is artificially imposed by applying a 

suitable steady force and moment. The coupled rigid body and hydrodynamic 

problems are expanded in powers of wave steepness e, supposing that motions 

about the mean position are also of order e. The first order problem admits the 

required oscillatory solution and the second order problem indicates how the steady 

force and tilt moment are calculated in the presence of the first order oscillation. 

Results are presented at this stage for various mean displaced motions artificially 

imposed. Finally the mean position may be adjusted until the resulting steady wave 

upthrust and moment are exactly balanced by hydrostatic restoring forces. No 

artificially imposed upthrust or moment is then required. In general this procedure 

will lead to a mean elevation as well as a mean tilt. Solutions of the first order 

problem for various aspects have been studied by Wang (1970) for the case of 

forces heaving with the cylinders at equal depth by Schnute (1971) for the 

scattering problem on cylinders of arbitrary radii fixed at arbitrary depths. In fact 

this approach does not solve the boundary value problem exactly and only steady 

tilt moments acting on twin hulled structures in waves for non-forward speed case
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is discussed.

Based on the Martin (1978) twin hulled vehicle model, a comparison study 

with all previous work including Martin's approach for second order vertical forces 

acting on individual left and right hulls and steady tilt moments of the inclined twin 

hulled marine vehicle in waves for non-forward speed case is extensively carried 

out as follows.

The calculations are performed for second order vertical forces acting on left 

and right hulls and steady tilt moments on this twin hulled structure with 

submergence depth ratio d/a = 3.17, separation distance ratio c/a = 10.0 in no tilt 

and zero current speed condition and predicted results are as in Figs. 10.58 to 

10.60. All calculated results show reasonable agreement over the range of 

frequencies. The predicted result of non-dimensionalized second order vertical 

forces on left hull by Wu (1993) have infinite peak value in low frequency (at ka = 

0.05) range and show significant discrepancy with other four different approaches 

as indicated in Fig. 10.58. It may be noted that the Wu (1993) approach is not 

suitable enough for practical design applications. From Fig. 10.60, it is clear that 

approaches such as Morrall (1978), Numata (1978) and Atlar (1986) take into 

consideration no effect of interactions between the two submerged hulls and can 

provide no information about hull interaction effect of twin hulled marine vehicles 

in no tilt condition. It may be noticed that the present theoretical approach by 

pressure integration is the most effective tool for practical engineering applications.

Predicted results of second order vertical forces acting on left and right hulls 

and steady tilt moments on twin hulled structure for submergence depth ratio d/a =

3.17, separation distance ratio c/a = 10.0 in 5 and 10 degree tilt conditions are 

presented as in Figs. 10.61 to 10.66 respectively. Basically all calculated results 

show reasonable agreement over the range of frequencies except for predicted 

results by Wu (1993) which have infinite peak value in the low frequency (at ka = 

0.05) range as in Figs. 10.61 and 10.64 and show significant discrepancy with 

other four different approaches as in Figs. 10.62 and 10.65. For non-
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dimensionalized steady tilt moments, predicted results by Martin (1978) approach 

show large difference with five other theoretical approaches and are always 

underestimated as in Figs. 10.63 and 10.66. It is found that the Martin approach is 

not suitable enough to provide useful information on steady tilt aspects.

Calculated results by pressure integration and Wu (1993) approaches are 

compared on the Martin twin hulled model with submergence depth ratio d/a = 3.17 

and separation distance ratio c/a = 10.0 for different Froude numbers, i.e. Fn = 

0.0,0.2 and 0.4 in 10 degree tilt condition to investigate the discrepancy of forces 

and steady tilt moments due to current effect. The non-dimensionalized second 

order vertical forces and steady tilt moments acting on this twin hulled model are in 

Figs. 10.67 to 10.75. In general the predictions of such forces and tilt moments by 

Wu (1993) have a more significant peak than those of pressure integration in the 

low frequency range and less contribution from the remaining range of frequencies. 

Hence it is concluded that the Wu (1993) approach modified from Lee-Newman 

work is not reliable.

A parametric study for different Froude number and inclinations is performed 

to investigate the steady tilt behaviour of twin hulled marine vehicles under 

combined actions of wave and current further. The theoretical predictions of second 

order vertical forces and steady tilt moments of twin hulled marine vehicles in 

waves for different Froude numbers, i.e. Fn = 0.0, 0.2 and 0.4 in 10 degree tilt 

condition are carried out and numerical results are shown as presented in Figs. 

10.76 to 10.78. There is not much variation between the results due to current 

effect For the inclination effect, the significant discrepancy is clearly presented as 

in Figs. 10.79 to 10.81. Hence it may be concluded that larger inclination always 

induces severe steady tilt behaviour on twin hulled marine vehicles under combined 

actions of wave and current, particularly in following waves as discussed in 

Chapter Seven.

249



10.6  Investigation of effects due to forward speed and hull 

interactions on Martin-type twin hulled model

Here theoretical investigations are extensively performed for the effects due to 

forward speed and hull interactions on the Martin-type twin hulled (two rigidly held 

apart cylinder) model and numerical results such as added mass and damping 

coefficients, wave excitation forces, motion responses, second order horizontal and 

vertical forces, steady tilt moments and computation time etc, are systematically 

presented for submergence depth ratio d/a = 2.0, separation distance ratio c/a = 4.0 

and no tilt in head and following waves. Numerical predictions of the 

hydrodynamic characteristics of twin hulled marine vehicles in head and following 

waves are categorized into five (5) major groups as follows.

A) For second order horizontal and vertical forces :

Application is performed on twin hulled structure model. The two caissons 

are simulated by circular cylinders to investigate the damping coefficient of the low 

frequency motion. Several researches concluded by Wicher and van Sluijs (1979), 

Saito (1984) et al have shown that the wave making or viscous effect is dominant 

in the damping forces in a slow motion. Saito (1984) et al presented an approach to 

determine damping forces proportional to the velocity of the low frequency 

oscillation forces from second order forces in waves. If the second order force is 

plotted against the velocity of the body, the slope of the curve at zero velocity is 

supposed to give a coefficient of the damping force proportional to the velocity. 

These results are for a surface piercing body. It can be concluded that it is also 

valid for submerged body. Similarly the second order forces for different positive 

and negative Froude numbers are calculated. The results clearly indicate that the 

curve is flat at zero when the cross section of the submerged caisson is almost 

circular. It may be concluded that viscous effect is dominant on the damping forces 

of low frequency motion with the caisson part of the offshore structures.

Theoretical calculations of second order horizontal and vertical forces acting 

on twin hulled marine vehicles in head and following waves are performed for
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Froude number Fn = +1.5 to -1.5. For wave number ka = 0.10, predicted results 

of second order horizontal forces by both approaches, i.e. direct pressure 

integration and momentum flux consideration match well and the effects of forward 

speed and interactions between two hulls are clearly indicated as shown in Fig. 

10.82. The results clearly indicate that the curve is flat at zero. Moreover the 

predictions of second order vertical forces by both theoretical approaches are 

presented and large discrepancy between both results, particularly an infinite value 

at Fn = -1.0 (in following waves), may be due to Lee-Newman (1971) work which 

does not consider the effects of forward speed and interactions between two hulls 

as shown in Fig. 10.83. Again the results show that the curve is flat at zero. In fact 

this conclusion is originally valid for a surface piercing body and it is also 

confirmed to be valid for submerged body.

For wave numbers ka = 0.20, 0.30, 0.40, 0.50 and 0.60, calculated results 

of second order horizontal and vertical forces against Fn = +1.5 to -1.5 are 

systematically presented as in Figs. 10.84 to 10.93. As to the result comparison for 

different wave numbers ka = 0.10 to 0.60, both results of second order horizontal 

and vertical forces by present theoretical approach are indicated to give certain 

information about the effects of forward speed and interactions between two hulls 

as shown in Figs. 10.94 and 10.95. In general such results clearly indicate that 

significant magnitude is experienced in following waves within Fn = -0.5 to -1.0 

range.

B) For added mass coefficients and computation time:

Calculations of surge and heave added mass coefficients and pitch added 

moment of inertia of twin hulled marine vehicles in head and following waves are 

carried out for Froude number Fn = +1.5 to -1.5. For wave number ka = 0.10, 

numerical results of surge and heave added mass coefficients are as in Figs. 10.96 

and 10.97 respectively and the non-dimensionalized amplitudes are greater in 

following waves as current speed increases. For non-dimensionalized pitch added 

moment of inertia coefficient, predicted results clearly show two knuckle points in
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head and following waves, i.e. one at Fn = +0.5 (in head waves) and the other at 

Fn = -0.7 (in following waves) and it may be due to the effect of interactions 

between two hulls as shown in Fig. 10.98. The computation time for this 

numerical calculation is as in Fig. 10.99 and two significant peaks within the range 

of Fn = -0.5 to +0.5 are due to the hull interaction effect.

For wave number ka = 0.50, predicted results of surge and heave added mass 

coefficients, pitch added moment of inertia and the computation time against Fn = 

+1.5 to -1.5 are systematically indicated for technical reference as in Figs. 10.100 

to 10.103. As to result comparison for different wave numbers ka = 0.10 to 0.60, 

all results of surge and heave added mass coefficients, pitch added moment of 

inertia and computation time by present theoretical approach are shown to give 

certain information about the effects of forward speed and interactions between two 

hulls as in Figs. 10.104 and 10.107. In general these results clearly indicate that 

the significant effect is indicated within Fn = -0.5 to +0.5 range.

C) For damping coefficients and steady tilt moments :

Numerical computations of non-dimensionalized surge, heave and pitch 

damping coefficients of twin hulled marine vehicles in head and following waves 

are carried out for Froude number Fn = +1.5 to -1.5. For wave number ka = 0.10, 

numerical results of surge, heave and pitch damping coefficients are as in Figs. 

10.108 to 10.110 and the predicted is flat at Fn = 0.0 point and negative occurs for 

Fn = -1.5 and Fn = +1.2. Two knuckle points of all results are seen in head and 

following waves, one at Fn = +0.5 (in head waves) and the other at Fn = -0.7 (in 

following waves) and for pitch mode significant negative value at Fn = -1.5 

(following waves) as in Fig. 10.110. Non-dimensionalized steady tilt moments in 

head and following waves are as in Fig. 10.111 and the peak value at Fn = -0.7 

confirms the hull interaction effect

For wave number ka = 0.50, predictions of surge, heave and pitch damping 

coefficients and steady tilt moments in head and following waves are as in Figs.
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10.112 to 10.115. On comparison of surge, heave and pitch damping coefficients 

and steady tilt moments for different wave numbers, i.e. ka = 0.10 to 0.60, by 

present theoretical approach shown certain information about the effects of forward 

speed and interactions between two hulls as in Figs. 10.116 and 10.119. In general 

such results clearly indicate that the significant effect is indicated beyond Fn = -0.5 

range.

D) For dynamic motion responses :

Theoretical calculations of non-dimensionalized motion responses in surge, 

heave and pitch modes in head and following waves are performed for Froude 

number Fn = +1.5 to -1.5. For wave number ka = 0.10, numerical results of surge 

and heave motion responses are as in Figs. 10.120 and 121 respectively and 

predicted results show only one peak value at Fn = 0.0 point. For pitch mode 

significant peak value at Fn = -0.7 (following waves) indicate the importance of the 

steady tilt behaviour in following waves as in Fig. 10.122.

For wave number ka = 0.30 and 0.50, numerical results of dynamic motion 

responses in surge, heave and pitch modes of twin hulled marine structures in head 

and following waves are as in Figs. 10.123 to 10.128. On comparison for different 

wave numbers ka = 0.10 to 0.60, the predictions of surge, heave and pitch motion 

responses by present theoretical approach provide certain information about the 

effects of forward speed and interactions between two hulls as in Figs. 10.129 and 

10.131.

E) For wave excitation forces :

Numerical predictions of non-dimensionalized surge, heave excitation forces 

and pitch moments of twin hulled marine vehicles in head and following waves are 

investigated for Froude number Fn = +1.5 to -1.5. For wave number ka = 0.10, 

calculated results of surge and heave wave excitation forces are as in Figs. 10.132 

and 133 respectively and predicted results show two peak values at Fn = -0.5 and - 

0.7 points. For pitch moment significant peak value at Fn = -0.7 (following waves)
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indicate the effect to the steady tilt behaviour in following waves as in Fig. 10.134.

For wave number ka = 0.30 and 0.50, numerical results of wave excitation 

forces and moments in surge, heave and pitch modes in head and following waves 

are as in Figs. 10.135 to 10.140. On comparison for different wave numbers ka = 

0.10 to 0.60, calculated results of forces and moments by present theoretical 

approach are useful for design applications as shown in Figs. 10.141 and 10.143.

10.7  Investigation of effects due to viscous and waterline forces on 

vertical surface piercing columns of twin hulled vehicles

The effects of viscous forces acting on vertical surface piercing columns of a 

twin hulled marine vehicle are studied to investigate the steady tilt behaviour of an 

inclined twin hulled offshore structure in waves. The mathematical formulation, 

based on Morrison approach, of viscous horizontal forces acting on single vertical 

surface piercing column are described as shown in Appendix D. The steady tilt 

moments due to such viscous horizontal forces acting on vertical surface piercing 

columns and the second order effect on submerged hulls are discussed. A 

comparison study of steady tilt moments acting on twin hulled offshore structures 

for different GM values is performed.

The comparison study of steady tilt moments due to such viscous horizontal 

forces acting on vertical surface piercing columns, predicted by Morrison(Wu) 

1993 approach, and the second order effect on submerged two hulls, calculated by 

Morrall (1978), Numata (1978) and L-N(Atlar) 1986 approaches, are performed on 

a twin hulled marine vehicle with submergence depth ratio d/a = 2.0, separation 

distance ratio c/a = 4.0 and 5 degree tilt condition. All calculated results, predicted 

by these four different kinds of practical approaches such as Morrall (1978), 

Numata (1978), L-N(Atlar) 1986 and Morrison(Wu) 1993, are performed for 

different GM values and discussed as follows.
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A) For the ratio of GM/a = 0.30 :

The predictions of non-dimensionalized steady tilt moments acting on two 

submerged hulls of twin hulled structures by Morrall (1978), Numata (1978) and 

L-N(Atlar) 1986 are compared with those including viscous horizontal forces on 

four vertical surface piercing columns by Morrison(Wu) 1993. A slight 

discrepancy between both results are as in Figs. 10.144 to 10.146. Calculated 

results of steady tilt moments on two submerged hulls are compared with viscous 

forces on columns and it is found that the contribution due to viscous horizontal 

forces on vertical columns is rather insignificant as in Fig. 10.147.

B) For the ratio of GM/a = 0.40 :

Similarly computed results of non-dimensionalized steady tilt moments acting 

on two submerged hulls of twin hulled structures by Morrall (1978), Numata 

(1978) and L-N(Atlar) 1986 are compared with those cases including viscous 

horizontal forces on four vertical surface piercing columns by Morrison(Wu) 1993. 

All calculations show not much difference as in Figs. 10.148 to 10.150. Calculated 

results of steady tilt moments acting on two submerged hulls are compared with 

viscous forces on vertical columns and it is clear that viscous horizontal forces 

acting on vertical columns show small effect on total steady tilt moments acting on 

twin hulled marine vehicles in waves as in Fig. 10.151.

C) For the ratio of GM/a = 0.50 :

Calculated results of non-dimensionalized steady tilt moments acting on two 

submerged hulls of twin hulled structures by Morrall (1978), Numata (1978) and 

L-N(Atlar) 1986 are compared with those cases including viscous horizontal forces 

on four vertical surface piercing columns by Morrison(Wu) 1993 as in Figs. 

10.152 to 10.154. Predicted results of steady tilt moments on two submerged hulls 

are compared with viscous horizontal forces on vertical columns and it is noticed 

that the viscous effect on vertical columns is insignificant on steady tilt behaviour
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as indicated in Fig. 10.155. Conclusion by pervious researches confirms that the 

second order forces acting on submerged hulls are clearly dominant as compared 

with forces acting on vertical surface piercing columns (Martin 1978 and Atlar 

1986 et al). If the value of GM increases, the contribution due to viscous forces 

becomes greater and it may be concluded that the viscous effect in the horizontal 

direction acting on vertical surface piercing columns help to reduce steady tilt 

behaviour.

A comparison study of steady tilt moments is performed for submergence 

depth ratio d/a = 2.0, separation distance ratio c/a = 4.0 and 5 degree inclination for 

different GM values. Based on Morrall (1978), Numata (1978) and L-N(Atlar) 

1986 approaches, calculations are carried out on steady tilt moments with viscous 

contribution for different GM values, i.e. GM/a = 0.3, 0.4 and 0.5 and all results 

are as in Figs. 10.156 to 10.158. Predictions of steady tilt moments due to viscous 

effect on vertical columns are compared and the contribution due to greater GM 

value is as in Fig. 10.159.

Finally the predictions, by Morrall (1978), Numata (1978) and L-N(Atlar) 

1986, of non-dimensionalized steady tilt moments including viscous effect on 

vertical columns are compared with that of viscous effect on columns only and the 

calculated results for different GM values are presented as in Figs. 10.160,10.161 

and 10.162.

As for theoretical predictions of waterline forces acting on surface piercing 

body without forward speed effect in waves, previous research work performed by 

Pinkster (1980) and Wichers (1988) et al are reviewed. The five main components 

of such mean wave steady forces as proposed by Pinkster (1980) are briefly 

described as follows.

A) Contribution I (wave elevation) is due to the relative wave elevation which 

can be referred as the contribution to the waterline force. The first order 

hydrodynamic forces are predicted by direct pressure integration over the mean 

wetted surface of the body. When the hydrostatic decay of this pressure including
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diffraction effect is taken into consideration from the mean waterline to the 

instantaneous free surface, this produces an additional steady force over one wave 

period and the general equation is written as

Fr = — f -^pgC(r1} ndl,
‘ mean J ^  r 1

W L

(10.1)

where the integrand in this case always represents a pressure increase acting 

inwardly at the waterline.

B) Contribution II (velocity head) is due to the square of the velocity potential. 

The Bernoulli equation describes a dynamic pressure in terms of the quadratic first 

order wave particle velocity including the diffraction effect. The direct integration 

of this pressure over the mean wetted surface represents the steady force and the 

general formulation is described as

Here the integrand denotes a pressure decrease acting outwardly on the mean 

wetted surface of the body. In general the fluid velocity tends to be largest on the 

coming wave side and such results in a mean force component is directed into the 

waves.

C) Contribution III (body translation) is due to the translational displacement of 

the body. The first order hydrodynamic force can be realized that the pressure 

always acts on the mean position of the body. In fact the pressure field may slightly 

change due to the translational surge, sway and heave motions. Thus such steady 

forces can be predicted from direct integration of the product of this pressure 

gradient by the translational body displacement and the general equation is indicated 

as

s(
( 10.2)
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(10.3)
s.

Since this is a mixed product of the first order motion and pressure gradient, it is 

not possible to predict the sign of this quantity and the sign depends on the phase 

angles of both quantities.

D) Contribution IV (body rotation) is due to the product of the angular motion 

and acceleration. As the body rotates in roll, pitch and yaw modes, the pressure 

field also change slightly. For example a roll angle will incline the bottom of a 

rectangular caisson so that the pressure in the vertical direction will induce a 

horizontal force component which is the product of the heave pressure and the roll 

angle. The general formulation of this force is written as

Hence the wave pressure integrated over the body surface is expressed in terms of 

the body acceleration and is the product of the first order rotational motion and 

body mass and acceleration.

E) Contribution V (second order effect) is due to the second order effect of 

velocity potential. This force is induced by the pressure gradient, in second order 

waves and the detailed expression is formulated as proposed by Pinkster (1980).

In general the potential accuracy of this numerical approach is sufficient for 

the prediction of the first order hydrodynamic problem and second order horizontal 

forces of marine vehicles with non-forward speed effect in waves. As to forward 

speed case, certain difficulties of numerical approaches for theoretical computations 

still remain. More research efforts concentrated on this subject are possible to 

accurately predict the first and second order hydrodynamic problems of single or 

twin hulled marine vehicles in waves.

(10.4)
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10.8  Example presentation of a twin hulled marine vehicle

The predicted results of a typical offshore twin hulled structure model, based 

on the present pressure integration approach, are presented to show the overall 

value of this theoretical work. Calculated results are divided into three major 

categories as follows.

A) First order hydrodynamic forces :

(a) The added mass coefficients for individual left and right ones of two 

rigidly held apart cylinders are predicted for different current speeds, submergence 

depths, separation distances and inclinations in head and following waves as in 

Figs. 10.163 to 10.165 and for the total system, they are as in Chapter Four.

(b) The damping coefficients for individual left and right ones of two rigidly 

held apart cylinders are calculated for different current speeds, submergence 

depths, separation distances and inclinations in head and following waves as in 

Figs. 10.166 to 10.168 and for the total system, they are as in Chapter Four.

(c) The wave excitation forces for individual left and right ones of two rigidly 

held apart cylinders are predicted for different current speeds, submergence depths, 

separation distances and inclinations in head and following waves as in Figs. 

10.169 to 10.174 and for the total system, they are as in Chapter Four.

(d) The numerical results of the real and imaginary parts of Kochin functions 

in head and following waves are as in Chapter Five.

(e) The numerical results of the m-vector contribution due to forward speed 

effect are as in Chapter Five.

(f) The numerical results of motion responses in head and following waves 

with and without hydrodynamic restoring forces due to forward speed effect as in
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Chapter Six.

B) Second order hydrodynamic forces :

(a) The second order horizontal forces acting on individual left and right ones 

and two rigidly held apart cylinders are calculated for different current speeds, 

submergence depths, separation distances and inclinations in head and following 

waves as in Chapter Seven.

(b) The second order vertical forces acting on individual left and right ones 

and two rigidly held apart cylinders are predicted for different current speeds, 

submergence depths, separation distances and inclinations in head and following 

waves as in Chapter Seven.

(c) The steady tilt moments due to second order horizontal and vertical forces 

are computed for different current speeds, submergence depths, separation 

distances and inclinations in head and following waves as in Chapter Seven.

C) Accuracy check of numerical computations :

(a) The numerical accuracy check of damping coefficients is checked out by 

the consideration of energy flux in the fluid domain and by direct pressure 

integration over the body boundary contours as in Chapters Four and Eight.

(b) The numerical results of wave excitation forces in terms of the Kochin 

functions is investigated by the Haskind and Newman relation as in Chapters Four 

and Eight.

(c) The numerical results of the m-vector contribution due to forward speed 

effect are compared with zero forward speed effect as in Chapter Five.

(d) The numerical results of the hydrodynamic restoring coefficients due to 

forward speed effect of two cylinder case are confirmed by analytical solutions of
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single cylinder case as in Chapter Six.

(e) The numerical accuracy of second order horizontal forces is checked by 

direct pressure integration over the body boundary contours (near field approach) 

and by momentum flux consideration in the fluid domain (far field approach) as in 

Chapters Seven and Eight.

(f) The numerical accuracy of second order vertical forces is investigated by 

direct pressure integration over body boundary contours (near field approach) and 

momentum flux consideration in the fluid domain (far field approach proposed by 

Lee-Newman 1971) as in Chapter Seven.

(g) The numerical accuracy of the steady tilt moments is confirmed by three 

dimensional experimental work (Maeda 1984 and Ikeda 1985 et al) as in Chapter 

Ten.

10 .9  Discussions and conclusions

All predicted results are systematically presented and the main conclusions are 

as follows.

A) The calculated results of the hydrodynamic coefficients between both Tasai's 

practical and present fundamental approaches are compared and discussed. In 

practical approach, added mass coefficients are assumed to be constant over all 

wave frequency range and show reasonable accuracy with the fundamental 

approach. As for non-dimensionalized damping coefficients, predicted results in 

surge, heave and pitch motions by direct pressure integration method show 

fluctuating behaviour over all wave periods and the discrepancies in both 

predictions are not significant. In fact it is confirmed that the Tasai (1970) 

approximate approach (Wu 1991) is an efficient and useful tool for practical 

predictions on motion dynamics of twin hulled marine structures in waves.
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B) The results of the steady tilt moments by direct pressure integration are 

compared with three dimensional experimental work (Maeda 1984 and Ikeda 1985 

et al) and a parametric study for different inclinations and varying current speeds is 

carried out. It is noticed that in the case of severe condition like current speed (Fn = 

0.40) and large inclination (15 degree) in following waves, great care should be 

taken.

C) The predictions of steady tilt moments acting on twin hulled vehicles from 

previous theoretical approaches (Mouall 1978, Numata 1978, Atlar 1986 et al) are 

compared and discussed. The above five theoretical approaches are a useful tool to 

designers. It may be concluded that the empirical approaches mentioned above do 

not take into consideration the effect of forward speed and hull interactions. Hence 

they are not preferred, especially when it comes to predicting the steady tilt 

behaviour in severe conditions. It is clear that the pressure integration approach can 

be comfortably applied to predict more accurate hydrodynamic loadings and steady 

tilt behaviour of twin hulled marine structures in waves.

D) Work performed by Martin et al (1978) is reviewed and the concept of 

Martin's model is discussed. Predicted results by Martin (1978) approach show 

large difference with five other theoretical approaches are underestimated. It is 

found that the Martin approach is not suitable enough to provide useful information 

on steady tilt aspects.

Calculated results by both pressure integration and Wu (1993) approaches are 

compared with the Martin twin hulled model for submergence depth ratio d/a =

3.17, separation distance ratio c/a = 10.0, different Froude numbers, i.e. Fn = 0.0, 

0.2 and 0.4 and 10 degree tilt condition to investigate the discrepancy in forces and 

steady tilt moments due to current speed effect. In general the predictions of such 

forces and tilt moments by Wu (1993) almost have more significant peak than those 

from pressure integration in the low frequency range and less contribution for the 

remaining range of frequencies. Hence it may conclude that the Wu (1993) 

approach modified from Lee-Newman work is not reliable.
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E) The results of second order forces show that the curve is flat at zero. In fact 

this conclusion is originally valid for a surface piercing body and it is also 

confirmed to be valid for submerged body and viscous effect is dominant on the 

damping forces of low frequency motion on the caisson part of offshore structures.

For non-dimensionalized pitch added moment of inertia coefficient, predicted 

results clearly show two knuckle points in head and following waves and it may be 

due to the effect of interactions between two hulls. The computation time for this 

numerical calculation indicates that two significant peaks within the range of Fn = - 

0.5 to +0.5 are shown to demonstrate the hull interaction effect.

Two knuckle points in damping coefficients are shown in head and following 

waves, one at Fn = +0.5 (in head waves) and the other at Fn = -0.7 (in following 

waves) and for pitch mode significant negative value at Fn = -1.5 (following 

waves). For non-dimensionalized steady tilt moments in head and following waves 

the peak value at Fn = -0.7 point confirms the hull interaction effect

In general a significant effect on pitch motion and pitch excitation moment is 

indicated in following waves and this gives some hints regarding the prediction of 

steady tilt behaviour in following waves.

F) Calculated results of steady tilt moments on two submerged hulls are 

compared with that of steady tilt moments due to viscous effect on vertical columns 

and it is clear that the contribution due to viscous horizontal forces on vertical 

columns is rather insignificant and provides certain positive benefit to steady tilt 

behaviour.

Conclusion by pervious researches (Martin 1978 and Atlar 1986 et al) 

confirms that the second order forces acting on submerged hulls are more dominant 

as compared with that of the vertical surface piercing columns. If the value of GM 

increases, the contribution due to viscous forces acting on twin hulled structures 

becomes greater and it may be concluded that the viscous effect in the horizontal 

direction acting on such vertical surface piercing columns has effective contribution
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to the steady tilt behaviour.

As GM value increases, the effect of the column contribution in the steady tilt 

behaviour is significant. However in most cases the column effect helps to reduce 

the steady tilt behaviour.
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CHAPTER 11

ACHIEVEMENTS, CONCLUSIONS AND RECOMMENDATIONS

11.1  Achievements and conclusions

A systematical review on the main findings of this research work is presented 

here with emphasis on the overall conclusions and several recommendations for 

future work as follows.

(1) A preliminary study of practical applications in the ocean engineering field 

was performed at the earlier stage. Practical engineering predictions of the Froude 

Krylov forces acting on floating buoys and twin hulled vehicles in waves were 

studied. The mathematical equations to predict hydrodynamic forces acting on 

floating buoys and twin hulled structures in the heeled condition were formulated 

by direct pressure integration over the body boundary contours. The predicted 

results are in good agreement with previous more approximate theoretical 

researches (Tasai 1983) and experimental work (Wu 1991).

The mathematical approach to predict the hydrodynamic behaviour of floating 

buoys with the mooring systems in waves were extended to twin hulled offshore 

structures. Approximate predictions based on the Froude Krylov approach show 

good agreement with that of previous researches (Tasai 1970, 1983). Results of 

experimental work (Wu 1991) performed for three different kinds of buoy models 

are compared with such calculations and generally fall within 10 % accuracy which 

is reasonable in engineering. In fact this practical approach has revealed that it can 

provide reliable predictions in CPU times less than 2 or 3 seconds and it can also 

be conveniently computed on desktop calculators for practical design and offshore 

engineering work.
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For approximate calculations of twin hulled offshore structures in regular 

waves, there is good agreement with previous research work (Tasai 1970). Both 

theoretical and experimental results show good agreement with less than 5 % 

discrepancies in general.

All predicted results are compared with previous theoretical and experimental 

research work with reasonable engineering accuracy. On an analysis of the 

computation time taken for these calculations, it is found that the CPU time is only 

less than 5 seconds on the VAX 3600 micro computer system.

(2) The theoretical formulation of the boundary value problem with forward 

speed effect is described in detail. Under these linear assumptions, numerical 

solutions can be obtained by solving the integral equation of the velocity potential 

on the body surface. It is noted that not only non-linear effect on body boundary 

and free surface conditions make such problems mathematically intractable but also 

the instantaneous surfaces of such boundaries are difficult to be determined. These 

boundary conditions have to be linearized to a certain extent so that practical 

solutions can be obtained by numerical computations. Mathematical expressions of 

the radiation and diffraction wave depressions far upstream and far downstream are 

also described in terms of Kochin functions.

(3) The fundamental formulation of the most generalized form of Green function 

to predict hydrodynamic forces is theoretically derived for the boundary value 

problem of a single submerged body advancing at a constant forward speed and 

oscillating in incident waves and its derivatives are also described for the solution 

of velocity potential over body boundary contours in the integral equations. The 

theoretical formulation of this Green function which can be applied to arbitrary 

cross sections of submerged structures is fully derived and mathematical 

manipulation of the Green function which makes numerical computations more 

convenient is also achieved.

(4) The comprehensive derivation of analytical expressions for radiation and
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wave excitation forces acting on the submerged structure in incident waves is 

described in detail. These are of first order with respect to motion responses and 

wave amplitudes. Due to forward speed effects, there is a contribution from the 

hydrodynamic restoring force terms proportional to body displacement. Based on 

such radiation and wave excitation forces, motion equations of dynamic responses 

of submerged structure translating at constant forward speed (equivalent current 

speed) in incident waves, but left to oscillate, are systematically formulated.

A valuable procedure for theoretical confirmation of numerical computations 

is developed and completely described. The numerical accuracy check of the 

damping coefficients is calculated by consideration of the energy flux in the fluid 

domain and by the direct pressure integration over body boundary contours. The 

numerical results of wave excitation forces in terms of the Kochin functions in the 

radiation problem with real and imaginary parts is checked out by the Haskind- 

Newman relation and by direct pressure integration as well. The numerical 

accuracy of this newly modified approach, achieved by analytically solving the 

logarithmic part of the Green function, is extensively investigated and all predicted 

results are well satisfied with errors less than 0.5 %  in general.

(5) The formulation of the m-vector contribution due to forward speed and 

interactions between two submerged hulls is theoretically derived by the dipole 

image method and the mathematical expression of the m-vector contribution for 

single submerged circular or elliptical cylinder case is also described for possible 

applications. The predicted results of hydrodynamic loadings with m-vector 

contribution are compared with those without taking into consideration the m- 

vector contribution and for non-forward speed case both results of numerical 

computations match very well with no discrepancy. It is confirmed that this 

theoretical approach with the m-vector contribution is effective and reliable enough 

for practical engineering applications.

(6) The mathematical formulations of hydrodynamic restoring forces associated 

with the forward speed effect for the submerged single and two circular cylinder 

cases are derived in detail and numerical results of the submerged two circular
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cylinder case show much less than 5 % errors when compared with the analytical 

solution derived mathematically for the submerged single circular cylinder case. 

The dynamic motion responses of an inclined offshore structure with and without 

restoring forces due to forward speed effects in head and following waves are 

extensively investigated and a parametric study for different submerged depths, 

Froude numbers, separation distances and inclinations in head and following 

waves are also performed to provide information on motion responses. In fact it is 

found that the hydrodynamic behaviour of the single or twin hulled marine vehicles 

in following waves is more significant than that of head waves.

(7) The second order horizontal forces including the effects of forward speed and 

interactions between two submerged hulls in head and following waves by the 

momentum flux consideration in fluid domain are theoretically formulated. The 

theoretical formulation of the second order forces due to forward speed and hull 

interaction effects acting on the submerged two circular cylinders in waves by the 

direct pressure integration over the body boundary contours is derived in detail and 

predicted results are also compared with that of previous work (Kashiwagi 1987 

and Varyani 1988) and are found to meet with a good level of engineering 

accuracy. It is concluded that the outer solution of the near field approach and the 

inner solution of the far field approach in present numerical calculations of second 

order horizontal forces match well within errors less than 1 %. For second order 

forces in the vertical direction, calculated results are compared with those predicted 

by Lee-Newman (1971) approach and discrepancies less than 10 % for zero speed 

case in the far field and near field approaches are due to the Lee-Newman (1971) 

approach which does not take into consideration effects of forward speed and 

interaction between two submerged hulls.

The steady tilt moments due to second order forces with the forward speed 

effect are calculated and numerical results have good agreement of less than 1 %  

discrepancy with the three dimensional experimental work (Maeda 1984 and Ikeda 

1985 et al). Predicted results of parametric studies on steady tilt moment for 

different submergence depths, current velocities, separation distances and
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inclinations in head and following waves are extensively investigated to improve 

knowledge which is necessary for practical design consideration.

(8) In the field of computational fluid dynamics, the computational efficiency and 

numerical accuracy are two major concerns of researchers. In the present study, 

both numerical approaches such as the discrete source distribution method and the 

direct Green function method are newly modified and formulated in detail. The 

logarithmic part of the Green function is analytically derived to improve the 

computational efficiency, in other words, it considerably cuts down the CPU time.

The numerical results based on both numerical approaches are extensively 

investigated. From a consideration of CPU time against incident wave numbers, 

the results show that the direct Green function method is almost three (3) times 

more efficient than the discrete source distribution method for practical 

computations. The errors in damping coefficients confirms that the direct Green 

function method is about ten (10) times more accurate than the discrete source 

distribution method in computation accuracy.

It is obvious that as the number of discrete elements on the body surface 

increases, the numerical accuracy is improved. Nevertheless a major concern is the 

computational efficiency. Hence it is very important to carry out numerical 

computations which will help researchers to choose the optimum numbers of 

discrete elements and images of the dipoles.

(9) A mathematical approach with linear optimal control theory to study the 

dynamic positioning behaviour of twin hulled marine structures under combined 

action of wind, wave and current is briefly introduced. A detail description of the 

experimental data acquisition and analysis system at the Hydrodynamics 

Laboratory of Glasgow University is described. Series of experiments were carried 

out to measure the sway force and yaw moment acting on twin hulled structure 

model for different submergence depth, trim and drift angle conditions.
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The experimental results show linear relationships and they are based on the 

technique of curve fitting to obtain several newly developed formulae of 

hydrodynamic forces and moments. These mathematical equations are proposed so 

that designers and researchers can make use of these results in simulation analyses 

to predict the manoeuvring performance and dynamic positioning behaviour of twin 

hulled marine vehicles for practical engineering applications.

(10) The practical approach, based on the approximation method proposed by 

Tasai (1970), for predicting the hydrodynamic behaviour of twin hulled marine 

vehicles in waves is well developed within adequate engineering accuracy. The 

calculated results of the added mass and damping coefficients of a twin hulled 

marine structure in waves are compared between Tasai's approximate (1970) and 

pressure integration approaches with errors less than 5 %. It may be concluded that 

the Tasai’s approximate approach is economical and efficient to designers and 

engineers and the pressure integration approach is useful to researchers for more 

fundamental grasp of the ocean engineering field.

The predicted results of steady tilt moments, due to the effect of second order 

forces, are compared with that of the three dimensional experimental work (Maeda 

1984 and Ikeda 1985 et al) and they show good agreement within errors less than

1.0 % for different current velocities and inclinations. A parametric study is 

performed to investigate to predict steady tilt moments acting on SR-192 twin 

hulled offshore structure model for different current velocities and inclinations in 

head and following waves.

A review of the past research work on steady tilt moment due to second order 

forces is extensively studied. Approaches proposed by Ogilvie (1963), Lee- 

Newman (1971), Morrall (1978), Numata (1978), Atlar (1986) and Wu (1993) 

modified from Lee-Newman approach etc are simplified and the twin hulled vehicle 

is taken as two rigidly held apart cylinders submerged under a free surface. For the 

zero speed case, the results of steady tilt moments do not incorporate the interaction 

effect between two hulls. In the present research work, the theory is developed to 

solve the boundary value problem of a typical twin hulled vehicle model including
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the effects of forward speed and interactions between two submerged hulls 

fundamentally. The prediction of steady tilt moments due to second order forces in 

both horizontal and vertical directions is taken into consideration. The discrepancies 

in previous approaches on the theoretical side are discussed and new major 

contributions of the present research by direct pressure integration (1993) are also 

described in detail. Several calculated results, based on typical twin hulled structure 

model, are compared with that of previous research work. From the calculated 

results, it is found that these theoretical approaches provide reasonable predictions 

for certain ordinary conditions such as deep submergence and small inclinations. 

But for the most severe conditions such as 15 degree inclination condition, 

predicted results by Morrall (1978) and Numata (1978) approaches show divergent 

behaviour and those from both Atlar (1986) and Wu (1993) approaches, modified 

from Lee-Newman (1971), are in the conservative side. In fact, it is concluded that 

all five approaches can be conveniently applied to predict steady tilt moments acting 

on twin hulled marine vehicles in calm water for ordinary conditions. However for 

more complicate and severe conditions, the present pressure integration approach is 

the only effective and reliable tool for practical engineering applications.

A simplified version of a twin hulled offshore structure as submerged two 

circular cylinders model is generally proposed to study the steady tilt moments due 

to second order vertical forces for zero speed and incident wave condition. Martin's 

theoretical approach (1978) is briefly described and predicted results, based on 

Martin's twin hulled structure model, are compared with all previous research 

work, Wu (1993), modified from Lee-Newman (1971) approach, and present 

pressure integration approach. On comparison of results, it is noticed that the 

Martin approach shows underestimated behaviour of 2 or 3 times smaller than 

others over the frequency range. Hence it is clear that this approach is applied in 

more conservative manner for practical applications.

The mathematical formulation of the viscous horizontal forces acting on 

vertical surface piercing columns to investigate the steady tilt behaviour of an 

inclined offshore twin hulled structure is derived. On comparison of the steady tilt

271



moment due to viscous horizontal forces on vertical columns and second order 

forces on two submerged hulls are performed for different theoretical approaches 

such as Morrall (1978), Numata (1978), Atlar (1986), Wu(1993) and Morrison 

(Wu) 1993 etc. It is clear that the contribution of the second order forces on steady 

tilt moment due to the lower hulls is more than that of vertical columns. A 

comparison study on the steady tilt moments for different GM values of twin hulled 

structures in waves is performed. It is concluded that as the GM value increases, 

the viscous effect in the horizontal direction of vertical surface piercing column 

shows certain contribution to steady tilt moment. The theoretical formulation of the 

first and second order hydrodynamic problems with respect to waterline forces on 

surface piercing columns of twin hulled offshore structures are briefly described 

and certain research work to improve numerical algorithm for computational fluid 

dynamics is suggested.

11.2  Recommendations

The present research work is concentrated on the steady tilt moments due to 

the second order effect of typical twin hulled marine structure in beam sea condition 

and the boundary value problem takes into consideration the effects of forward 

speed and the interaction between two submerged hulls. Although the present 

theoretical work is already dealt well, further work needs to be done as follows.

Further experimental work can be performed on twin hulled marine vehicles 

under current action for different loading conditions in manoeuvring and dynamic 

positioning aspects. More mathematical equations can be fitted from experimental 

measurement to check the effectiveness of recent theoretical approaches and 

improve the accuracy of mathematical modelling for practical predictions of the 

dynamic positioning behaviour of twin hulled marine vehicles under the combined 

action of wind, wave and current

In compliance with the theories of the optimal control system such as the

272



Extended Kalman Filter technique, Applied Parameter Estimation and Uncertain 

Dynamic System etc, the mathematical approach of real time simulation can be 

exactly formulated and effectively applied to predict the dynamic positioning 

behaviour of twin hulled marine vehicles under the combined action of wind, wave 

and current. Indeed this work is an economical and efficient tool for designers to 

assess the preliminary manoeuvring performance of ships and twin hulled marine 

vehicles in waves and also a useful one for engineers to operate the dynamic 

positioning behaviour of marine vehicles in severe environmental conditions.
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APPENDIX

A . Mathematical derivation of the velocity identity

The mathematical manipulation of the quantity described before is considered 

as follows.

$  = [icoa + V x (a x v ) j - n  (Al)

where:

The i-th components of these vectors a , V and n are presented as otj, v.{ and nj 

respectively.

At first, mathematical conventions of the indicial notation relevant to the 

vector calculation are summarized and a dot product of the vectors is written as

A-B = X A iBi = A iBi (A2)
i=l

In fact, if the same subscript, for example " i ", appears in a term of the above 

equation, the summation with respect to " i " is supposed to be performed.

The i-th component of the divergence of a scalar quantity is written as

|^ -  = 9i<|> (A3)
ax.

The i-th component of a vector cross product is indicated as
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(AxB). = £ ^ 8 , , (A4)

where:

The mathematical convention of the summation, as shown in Eq. (A2), applies for j 

and k and the alternating tensor eijk is used, which is equal to +1 for the indices in 

cyclic order (123, 231, 312); equal to -1 for the indices in acyclic order (132, 213, 

321); equal to 0 if any pair of the indices are identical.

In relation to the alternating tensor, the following mathematical property is 

applied as

Here 5jj is the Kronecker's delta which is equal to 1 for i = j and equal to 0 for the 

others.

A. For the translational motions

With the mathematical conventions introduced above and the assumptions of 

a 2 = £2 and a 3 = 0, the quantity ft described in Eq. (Al) can be rewritten

as

O =  [icoa + V x (a  x v)] • n = icon^ + ^ £ ^ £ ^ 0̂i ijk  j  kp q  p  q

Here the mathematical relations are written as follows.

3^ = 0 , 3 ^ = 0 (A7)

3jvj = 0 ; that is the equation of the fluid continuity. (A8)
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3jvi = 9ivj ; that is the irrotational flow property. (A9)

By substituting the Eqs. (A7), (A8) and (A9) into the Eq. (A6), the following 

equation can be derived as

$  = iconjOtj -  n ^ v ^  = {icon -  (h • V )v}a (A10)

B . For the rotational motions

Here several mathematical expressions are assumed as follows.

a i=eijk0jxk (A lla)

e,=e2=o , e3 = ^3 (Aiib)

Xj =x , x2 = y - d  , x3 = 0 (Allc)

By substituting the above relations, Eq. (A ll), into the Eq. (Al) with several 

reduction, the following equation can be derived as

•6 = iconieljk6Jxk + nieijk9jekp<1(eptel0Ixm)v,

= k o O ^ x ^  - e kEklJnivj + nieijk(eqxk - e tx ,)a jV, (A12)

Here the third term of the Eq. (A 12) can be rewritten as

n ie ijk(0 , X k - 0 k * , ) d j V ? =  n ie ijk£ pqk(0>< ^ ) p 0 jV <|
= - (0X %)jni0iVj = - 0 kekmjXmni0iVj (A13)

where:

0 and 1J, are newly defined vectors and their components are (0,0,^3) and 

(x,y -  d,0) respectively. The mathematical expression is then obtained as follows.
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d = ico0jejkixkni - 0 ^ ^  - e jejkixknmamvi 

= {ico(  ̂x n ) - ( n x V ) - ^  x[(n-V )v]}§ (A 14)

The second and third terms of the Eq. (A 14) can be rewritten as

-{n x V) -  % x [(n • V) V] = -(n  • V)(* x V) (A15)

By substituting the Eq. (A 15) into the Eq. (A 14), the final mathematical expression 

is obtained as

0  = {i£o(% xn)-(n -V )(^ ,xV )}  (A16)

B . Analytical formulation of restoring coefficients due to forward 

speed effect for the submerged circular cylinder case

Since the interest is stressed on the case of submerged single circular 

cylinder, it is natural to assume that the steady velocity potential <ps as

a2
cps =  cos0 (Bl)

where:

x = rcos0 , y = rsin0 (B2)

dr 90 -sin0—  = cos0 , —-  = -------- (B3a)
ox ox r

• A 00 COS0 /UOUA—- = sin0 , —  = ------  (B3b)
d y  d y  r

A  = (co s 0 ) i - f ^ U  (B4a)
0x dr V r J  00
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d  /  ' A \  ^  f  C O S B ^  3  1| v

The derivatives of the steady velocity potential are systematically described as 

follows.

9tPs - c o jp fo s  Sine9(ps 
3x 3r r 30

= — {cos2 0 -  sin2 0} = — cos20 (B5)

d<Ps _ : e ^ s , cos0 3(ps 
3y 3r r 30

= -=- sin 20 
r

(B6)

3 f  3q>, ^
3x 3x

= (cos0)

2a'

d _ (^Ps.) _ f  sin0A 3 f  3(ps 
3r v 3x J V r J 30 v 3x

• {3 cos 0 sin2 0 -  cos3 0} (B7)

1/
3y

* 2 l )  = (sin 6 ) | - f  — W  ¥ '
V 3x J  3r v 3x J  v r J 30 V 3x

= 2^-{~3sin0cos2 0 + sin30} (B8)

3y v d y  j
= (sin0)— 

2a

9<Ps
3y

( COS0A 3
+  ■V r J  30

= ——|-3sin2 0cos0 + cos3 0} (B9)

3x
3<Ps
9y y

= (cos0)— 
3r

d<Ps
3y

sin©^ 3 
“ J30

d<Ps

d y
2a' {-3sin0cos20 + sin30} = —  

L J 3y
3 f3cps A 

3x
(BIO)

For the case of r = a, the equations of these derivatives can be expressed as
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9<Ps _
dx

= cos20 (B lla)

Stp,
3y

= sin 20 (B lib)

= -{6cos0sin2 0 -  2cos3 0} = — cos30 (Bile)

- -̂Cfs = — {-6 sin 0 cos2 0 + 2 sin3 0} = —  sin 30 
oydx a L J a

(B lid.)

= -{ -6  sin2 0cos0 + 2cos3 0} = —cos30 
dy a L J a

(Bile)

= — {-6sin0 cos2 0 + 2 sin3 0} = — sin 30 
dxdy a L J a

(B Ilf)

Mathematical expressions of hydrodynamic restoring coefficients due to the 

forward speed effect for the submerged single circular cylinder case are written and 

analytical solutions are detailedly worked out as follows.

1 r2re
c,. = p u 2J.

-1 + + 3<P, 92(Ps
3x d  x d y  d x d y  _

n; ds (B12a)

-  r2n
c i 2  =  p u 2 f - 1+

39s "l 329s . 9<Ps 329s
dx d yd x  d y  d y 2 _

n; ds (B12b)

where:

n!=cos0 , n2 =sin0 (B13)

and
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2 (“ 1+ cos2 0 -  sin2 0)(6 cos 0 sin2 0 - 2  cos3 0)

0 +(2 sin 0 cos0)(-6 sin 0 cos2 0 + 2 sin3 0) 

pU2 Jq [-8 cos 0 + 8 cos3 0] cos 0 d0 = pU2 [—2tc]

cos0d0

(B14)

C2i = pU2Jo [-8cos0 + 8cos3 0]sind0 = 0 (B15)

2 r i* (“ 1 + cos2 0 -  sin2 0)(-6sin0cos2 0 + 2 sin3 0) 

0 +(2 sin 0 cos 0)(-6 sin2 0 cos0 + 2 cos3 0)

Pu2f [4sin0-8sin30]cos0d0 = 0 (B16)

cos0d0

C22 = pU2 Jo [4 sin 0 -  8 sin3 0] sin 0 d0 = pU2 [—2tc] (B17)

C . Formula of second order vertical forces for deeply submerged 

single body case

The previous research work on steady tilt moments due to the effect of 

second order forces of the twin hulled marine vehicles is reviewed extensively. 

Here theoretical approaches of second order vertical forces acting on both 

submerged hulls of the twin hulled marine structure in a calm water are summarized 

as follows.

A. Morrall 1978 approach :

By using the simple linear wave theory, mathematical equations for steady 

wave forces acting on the submerged pontoons of the twin hulled structure in calm 

water can be derived by taking the pressure difference, due to the velocities of the 

wave particles between the top and bottom surfaces of the submerged footings or 

pontoons, in the fluid flow field.

The mathematical equation for steady vertical wave forces acting on a

300



restrained vertical cylinder which represents a submerged footing type is expressed 

as

4?ta
(Cl)

where:

R is the radius of the submerged footing, A is the wave height and h is the 

submerged depth of the footing centroid under the free surface ; T and X are the 

wave period and length respectively and a is half the depth of the submerged hull.

The corresponding equation for steady vertical wave forces acting on the 

restrained horizontal prism which represents the hull of the submerged pontoon is 

as follows.

B is the beam and L is the length of the submerged pontoon.

B . Numata 1978 approach :

The phenomenon of the wave induced steady tilt moment of twin hulled 

offshore structure in beam sea condition is related to the tendency of the submarine, 

hovering at the shallow submergence, to lift toward the sea surface. The steady 

vertical forces acting on the submerged body have been analyzed by a number of 

previous researchers who refer to it as a second order force, that is, varying as the 

square of the wave amplitude.

Ogilvie (1963) has given the solution of the second order vertical force acting

47ta
T~ (C2)

where:
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on a submerged circular cylinder under the waves whose crests are parallel to the 

cylinder axis. Complete numerical results were obtained for the two dimensional 

problem of a restrained cylinder and a free neutrally buoyant cylinder.

Goodman (1965) performed the direct pressure integration over the hull 

surface of a slender body of revolution hovering under the head and beam waves. 

The predicted solutions for the beam wave condition is rather equivalent to the 

Ogilvie's results in general.

Lee and Newman (1971) proposed a slender body approach which can carry 

out these calculations for the simple cylinders other than circular. The final 

expression for the steady vertical force is dependent in part on the longitudinal 

distribution of the sectional area and added mass coefficient in the sway and heave 

modes.

The solutions of all three theoretical approaches mentioned above are of the 

following general form in the deep water waves :

exact solution is a Bessel function of the wave number and body radius. In the Lee 

and Newman approach, [f] involves the effects of the body sectional area and 

added mass.

By the mathematical manipulation, the theoretical equation, proposed by 

Ogilvie (1963) and Goodman (1965), for the steady vertical wave forces acting on 

the restrained circular cylinder in the beam sea condition is obtained as follows

—  oc£ ~ k 2AV2kh[f] ( C 3 )

where:

The function [f] in the Goodman solution and in a simplification of the Ogilvie

(C4)
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where:

a is the radius of the submerged cylinder and approximated as

1) For the lower hulls of a barge form structure

(■71
(C5)

where SA is the midship sectional area of the lower hull

2) For the lower hulls of the footing type structure

a = (C6)

where V is the footing volume

C. Takarada and Nakajima 1985 approach :

When the submergence of the lower hull is relatively deep, the approximate 

prediction of the steady vertical wave forces acting on the single submerged 

structure in a calm water is proposed by Ogilvie (1963) for the circular cylinder 

case as

and the practical equation proposed by Lee and Newman (1971) for the single 

submerged cylinder of an arbitrary section is

F = 4jta2k2f0 Ii(2ka)"l__2fch (C7)
ka

F = k2 SA f0(2 + mn + m22)e“2lch (C8)
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f0 = i p g A 2L (C9)

where:

l x is the modified first order Bessel function 

k is the wave number 

A is the wave amplitude 

h is the submerged depth of the lower hull

a is the radius of the submerged circular cylinder and L is the length of the lower

SA is the sectional area of the lower hull

mlpm22 are the added mass coefficients of the sway and heave motion in the 

unbound fluid

D. Atlar 1986 approach :

Here the theoretical far field approach to predict the steady second order 

vertical forces acting on the submerged hull of the twin hulled structure in a calm 

water ( equivalent non-forward speed effect), proposed by the Lee and Newman 

(1971), is applied and the mathematical expression is written as

Here the determination of the added mass coefficients in the sway and heave 

modes, suggested by Numata (1976) et al., are reasonably applied to take the effect 

of the cross sectional shape into consideration and the predicted values can be 

interpolated by the aspect ratio about one (1).

E. Wu 1993 approach :

Here the far field approach to calculate the steady second order vertical forces

hull

F = |p g A 2k V 2khSA(2 + mn +m 22) (CIO)
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acting on the submerged hull of the twin hulled structure, proposed by the Lee and 

Newman (1971), is used and written as

F = ^pgA Jk V JkhSA(2 + mn + 11̂ ) (C ll)

Here the values of the added mass coefficients in the sway and heave modes is 

predicted by solving the boundary value problem taking the effects of the forward 

speed (equivalent current effect) and interactions between two submerged hulls into 

consideration directly.

Here the heeling moment is described by the difference of the steady vertical 

forces acting on the individual left and right hulls of the twin hulled structure. The 

mathematical equation of the steady tilt moments due to the steady vertical wave 

forces acting on the twin hulled marine vehicles in calm water is categorized into 

two separate parts and is expressed as follows.

For the pontoon type of the twin hulled offshore structure, the steady vertical 

wave forces acting on both submerged pontoon of the twin hulled structure in calm 

water can be written, as Eqs. (C2), (C4), (C8) and (CIO) respectively, by 

substituting the submerged depths due to the inclination effect on the twin hulled 

structure. Thus for the pontoon type of twin hulled structure setting bj = b2, both 

mathematical expressions associated with the submerged depth for the left and right 

pontoon due to the inclination effect are written as

In the same manner for the footing type of twin hulled structure and setting 

bj * b2, both mathematical expressions of the submerged depths for the left and 

right pontoon due to the inclination effect are written as

hj = (h0 -  bj tan<j>)cos<j> (Cl 2)

h2 = (h0 + bt tan<J>)cos<{> (Cl 3)

305



hi = (h0 -  b2 tan <j>)cos<{) (Cl 4)

h2 = ( h 0 + b1tan<|>)cos<{> (C15)

where:

h0 denotes the submerged depth between the centre of gravity and the centroid of 

the pontoon in the upright condition and <J> presents the heeling angle of the twin 

hulled structure. bt is the separation distance between the centre of gravity and the 

centroid of the left pontoon and hj is the submerged depth of the left pontoon due 

to the inclination. b2 is the separation distance between the centre of gravity and the 

centroid of the right pontoon and h2 is the submerged depth of the right pontoon 

due to the inclination.

Finally for the pontoon type of twin hulled offshore structure, the steady tilt 

moment about the centre of gravity can be presented in the following form

M = b1cos(j)(F1 - F 2) + dsin(j)(F1 +F2) (C16)

and for the footing type of the twin hulled structure, it can be also written as

M = 2F1b1cos<|)-F2b2cos(j)+dsin<j)(2F1 + F2) (C17)

The mathematical equations of the steady tilt moments due to the steady 

vertical wave forces acting on the twin hulled marine vehicle in a calm water are 

introduced here and applied to predict for different heeling angles up to fifteen (15) 

degrees practically.

D. Formulation of viscous forces on the single vertical surface 

piercing column case

Although the Morrison approach cannot describe the hydrodynamic loadings
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in the theoretical aspects, it can take the viscous effect into consideration 

practically. In this approach, the flow velocity in the viscous drag term may include 

a constant part and a harmonic part. The constant part is induced by the mass 

transport of the waves (Stokes drift) and a possible current, whereas the harmonic 

part is induced by the wave particle motions.

The constant velocity components induce a steady " wave-current drag " force 

at a submerged location in terms of the form and friction factor and the latter is a 

very small part of the form drag. Since the wave particle velocity is harmonic, the 

drag force induced by this velocity at a submerged location has a zero mean over a 

wave period. Because of the variation of surface elevation along the splash zone of 

a vertical column, a mean " wave drag " force due to the horizontal wave particle 

velocities in the horizontal direction can be calculated.

Thus the viscous force acting on the vertical surface piercing column can be 

derived by the Morrison approach and written as

Fv = |p C DcA[,cu|u| (Dl)

where:

Subscript c indicates the quantities with respect to the column and

APc = 2Rcdy (D2)

and the horizontal wave particle velocity at a depth of y is

u = -  Acoe_kh cos(kx -  cot) (D3)

Based on the assumption of the small diameter member, the variation of the 

velocity across the diameter of the element dy is neglected. Moreover the variation 

of Cj*. along the submerged depth of the column and the hydrodynamic
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interference between members are also ignored. Then the heeling moment due to 

the viscous forces in the horizontal direction about the centroid of the twin hulled 

offshore structure can be integrated from the bottom of the column up to the wave 

crest and formulated as

h ______

MVc = — pCDc(2Rc)(kgA2) J[ye~2ky -OGe~2ky]cos(kx -cot)|cos(kx -cot)|dy
^  A c o s ( k x - c o t )

(D4)
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d1 + d 2

1 0 0 .0  cm

2ro « 24.5 cm
C - Buev

2r1 = 31.5 cm

2ro = 16.9 cm

d1 = 84.5 cm

d2 = 14.5 cm

D - Bucy

2ro « 16.9 cm
d1 = 77.0 cm

L = 50.0 cm

d2 = 30.0 cm

P = 50.0 cm P - Buoy

Fig. 1.2 Basic configuration of C - buoy, D - buoy, P - buoy and simplified 
semi-submersible models

310



Fig. I 3 Three different kinds of buoy models for experiments

Fig. 1.4 Layout o f a data acquisition system for experiments
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Fig. 1.5 Layout of the straight bar devices in experiments

Fig. 1.14 C - buoy model in experiments
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Fig. 1.15 D - buoy model in experiments

Fig. 1 16 P - buoy model in experiments
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Table

Main Particulars L =2.26m d—0.16m
.r, —0.93 m /.=0- 4763m
A-._0.3lm K'=l69.48ke
A.—0.40m 0=0.11 Urn
6=0. ZSm k’G-CL 1835m 
/, =0. 12m 6V=0. 1514m
/,_U.2165m C.W=Q.0793m
6=0.37m BM,=d 4560m

6, =0.12m <7A/,=0- 3839m

S.S .C .H . MODEL

TO TO

Caisson

S20 STO 6TO----------i------------------ 1----------------- !
; :

; ! I • 1
1 1 TQ20 I

« iI6C i160 i160
i

4
i *4€0 *
!

5̂—Column? 1t

2260

9SO

T*Q

2*0

ISO Unit t mm

Fig. 1.23 Basic configuration of twin hulled SSCH-1 model
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Table of principal particulars

displacement 85.60 kg
d ra f t 0.328 m
GM ( transverse ) 0.066 m
1)► catamaran h u ll :

length 1.803 m
breadth 0.183 m
depth 0.112 m
separation distance 0.940 m

2). column :
diameter 0.132 m

0.097 m
depth ( under water ) 0.260 m

18 0 3

o r Unit', mm
Fig. 1.24 Basic configuration of twin hulled SSCH-2 model
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Fig. 1.32 The coordinate system of a floating buoy in regular progressive waves
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Fig. 1.39 Layout of numerical-controlled wave making system

Fig. 1.40 Layout of experimental data acquisition system
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Fig. 1.60 The " C - buoy " model in dynamic motion experiments

Fig. 1.61 The " D - buoy " model in dynamic motion experiments
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Fig. 1.62 The " P - buoy " model in dynamic motion experiments

Fig. 1.85 The twin hulled offshore structure in dynamic motion experiments
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Fig.4.1 The coordinate system of an inclined offshore structure model 
and schematic representation of radiated waves
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Fig.4.31 Non-dimensionalized pitch moment
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Fig.4.36 Non-dimensionalized heave added 
mass for different separation distances 
(d/a=2, Fn=0.2, no tilt in following waves)
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Fig.4.37 Non-dimensionalized pitch added
moment for different separation distances
(d/a=2,Fn=0.2, no tilt in following waves)
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Fig.4.38 Non-dimensionalized surge damp, 
coefficients for different separations 
(d/a=2, Fn=0.2, no tilt in following waves)
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Fig.4.39 Non-dimensionalized heave damp,
coefficients for different separations
(d/a=2, Fn=0.2, no tilt in following waves)
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Fig.4.40 Non-dimensionalized pitch damp, 
coefficients for different separations 
(d/a=2, Fn=0.2, no tilt in following waves)
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Fig.4.41 Non-dimensionalized surge forces
for different separation distances(d/a=2,
Fn=0.20, no tilt in following waves)
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Fig.4.42 Non-dimensionalized heave forces 
for different separation distances(d/a=2, 
Fn=0.2, no tilt in following waves)
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Fig.4.43 Non-dimensionalized pitch moment
for different separation distances( d/a=2,
Fn=0.2, no tilt in following waves )
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Fig.4.44 Non-dimensionalized surge amp. 
for different separation distances(d/a=2, 
Fn=0.2, no tilt in following waves)
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Fig.4.45 Non-dimensionalized heave amp.
for different separation distances(d/a=2,
Fn=0.2, no tilt in following waves)
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Fig.4.46 Non-dimensionalized pitch amp. 
for different separation distances (d/a=2, 
Fn=0.2, no tilt in following waves)
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Fig.4.48 Non-dimensionalized heave added 
mass for different inclinations (d/a=2, 
c/a=4, Fn=0.2 in following waves)
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Fig.4.49 Non-dimensionalized pitch added
moments for different inclinations(d/a=2,
c/a=4, Fn=0.2 in following waves)
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Fig.4.50 Non-dimensionalized surge damp, 
coeffcients for different inclinations 
(d/a=2, c/a=4, Fn=0.2 in following waves)
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Fig.4.51 Non-dimensionalized heave damp,
coefficients for different inclinations
(d/a=2, c/a=4, Fn=0.2 in following waves)
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Fig.4.52 Non-dimensionalized pitch damp, 
coefficients for different inclinations 
(d/a=2, c/a=4, Fn=0.2 in following waves)
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Fig.4.53 Non-dimensionalized surge forces
for different inclinations (d/a=2, c/a=4,
Fn=0.2 in following waves)

384



N
on

-d
im

. 
pi

tc
h 

m
om

en
ts

 
N

on
-d

im
. 

he
av

e 
fo

rc
es

1.2
0 degree tilt 
5 degree tilt 
10 degree tilt

1.0 -

0 .8 -

0 .6 -

0 .4 -

0 .2 -

0.0 TT T
0.0 0.2 0.4 0.6 0.8 1.0

ka
Fig.4.54 Non-dimensionalized heave forces 
for different inclinations (d/a=2, c/a=4, 
Fn=0.2 in following waves)
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Fig.4.55 Non-dimensionalized pitch moment
for different inclinations (d/a=2, c/a=4,
Fn=0.2 in following waves)
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Fig.4.56 Non-dimensionalized surge amp. 
for different inclinations (d/a=2, c/a=4, 
Fn=0.2 in following waves)
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Fig.4.57 Non-dimensionalized heave amp.
for different inclinations (d/a=2, c/a=4,
Fn=0.2 in following waves)
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Fig.4.58 Non-dimensionalized pitch amp. 
for different inclinations (d/a=2, c/a=4, 
Fn=0.2 in following waves)
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Fig.5.2 The coordinate system for the m-vector formulation by image method
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Fig.5.4 Comparison of non-dimensionalized
heave added mass coefficients with m-
vector(d/a=2,c/a=4,Fn=0.0 in head waves)
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Fig.5.6 Comparison of non-dimensionalized
surge damping coefficients with m-vector
(d/a=2, c/a=4, Fn=0.0 in head waves)
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Fig.5.7 Comparison of non-dimensionalized  
heave damping coefficients with m-vector 
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Fig.5.8 Comparison of non-dimensionalized
pitch damping coefficients with m-vector
(d/a=2, c/a=4, Fn=0.0 in head waves)

391



K
oc

hi
n 

fu
nc

tio
n 

for
 

su
rg

e 
K

oc
hi

n 
fu

nc
tio

n 
fo

r 
su

rg
e

0.6

0.4-

0.2-

0.0-

W/O m-vector 
With m-vector

-0.2 -

-0.4
0.6 0.80.2 0.4 1.00.0

ka
Fig.5.9 Comparison of the real part o f surge 
Kochin function with m-vector contribution  
(d/a=2, c/a=4, Fn=0.0 in head waves)
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Fig.5.10 Comparison of imaginary part
of surge Kochin function with m-vector
(d/a=2, c/a=4, Fn=0.0 in head waves)
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Fig.5.11 Comparison of real part of heave 
Kochin function with m-vector contribution  
(d/a=2, c/a=4, Fn=0.0 in head waves)
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Fig.5.12 Comparison of the imaginary part
of heave Kochin function with m-vector
(d/a=2, c/a=4, Fn=0.0 in head waves)
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Fig.5.13 Comparison of real part of pitch 
Kochin function with m-vector contribution  
(d/a=2, c/a=4, Fn=0.0 in head waves)
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Fig.5.14 Comparison of imaginary part
of pitch Kochin function with m-vector
(d/a=2, c/a=4, Fn=0.0 in head waves)

394



N
on

-d
im

. 
he

av
e 

ad
de

d 
m

as
s 

N
on

-d
im

. 
su

rg
e 

ad
de

d 
m

as
s

5.0

4.0-
W/O m-vector 
With m-vector

3.0-

2.0-

1.0-

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Ka
Fig.5.15 Comparison of non-dim. surge 
added mass coefficients with m-vector 
(d/a=2,c/a=4,Fn=0.2 in head waves)
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Fig.5.16 Comparison of non-dim. heave
added mass coefficients with m-vector
(d/a=2,c/a=4,Fn=0.2 in head waves)
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Fig.5.17 Comparison o f non-dim. pitch 
added moment of inertia with m-vector 
(d/a=2,c/a=4,Fn=0.2 in head waves)
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Fig.5.18 Comparison of non-dim. surge
damping coefficients with m-vector
(d/a=2, c/a=4, Fn=0.2 in head waves)
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Fig.5.19 Comparison of non-dim. heave 
damping coefficients with m-vector 
(d/a=2, c/a=4, Fn=0.2 in head waves)
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Fig.5.20 Comparison of non-dim. pitch 
damping coefficients with m-vector 
(d/a=2, c/a=4, Fn=0.2 in head waves)
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Fig.5.21 Comparison of real part o f surge 
Kochin function with m-vector contribution 
(d/a=2, c/a=4, Fn=0.2 in head waves)
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Fig.5.22 Comparison of imaginary part
of surge Kochin function with m-vector
(d/a=2, c/a=4, Fn=0.2 in head waves)
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Fig.5.23 Comparison o f real part of heave 
Kochin function with m-vector contribution  
(d/a=2, c/a=4, Fn=0.2 in head waves)
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Fig.5.24 Comparison of the imaginary part
of heave Kochin function with m-vector
(d/a=2, c/a=4, Fn=0.2 in head waves)
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Fig.5.25 Comparison of real part of pitch 
Kochin function with m-vector contribution 
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FIg.5.26 Comparison of imaginary part
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Fig.5.28 Comparison of non-dim. heave
added mass coefficients with m-vector
(d/a=2,c/a=4,Fn=0.4 in head waves)
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Fig.5.29 Comparison of non-dim. pitch 
added moment of inertia with m-vector 
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Fig.5.30 Comparison of non-dim. surge
damping coefficients with m-vector
(d/a=2, c/a=4, Fn=0.4 in head waves)
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Fig.5.31 Comparison of non-dim. heave 
damping coefficients with m-vector 
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Fig.5.32 Comparison of non-dim. pitch
damping coefficients with m-vector
(d/a=2, c/a=4, Fn=0.4 in head waves)
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Fig.5.34 Comparison of imaginary part
of surge Kochin function with m-vector
(d/a=2, c/a=4, Fn=0.4 in head waves)
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Fig.5.35 Comparison of real part of heave 
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Fig.5.36 Comparison of the imaginary part
of heave Kochin function with m-vector
(d/a=2, c/a=4, Fn=0.4 in head waves)
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Fig.5.37 Comparison of real part of pitch 
Kochin function with m-vector contribution 
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Fig.5.38 Comparison of imaginary part
of pitch Kochin function with m-vector
(d/a=2, c/a=4, Fn=0.4 in head waves)
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Fig.5.39 Comparison of non-dim. surge 
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Fig.5.40 Comparison of non-dim. heave
added mass coefficients with m-vector
(d/a=4,c/a=4, Fn=0.2 in head waves)
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Fig.5.42 Comparison of non-dim. surge
damping coefficients with m-vector
(d/a=4, c/a=4, Fn=0.2 in head waves)
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Fig.5.44 Comparison of non-dim. pitch
damping coefficients with m-vector
(d/a=4, c/a=4, Fn=0.2 in head waves)
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Fig.5.46 Comparison of imaginary part
of surge Kochin function with m-vector
(d/a=4, c/a=4, Fn=0.2 in head waves)
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Fig.5.47 Comparison of real part of heave 
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Fig.5.50 Comparison of imaginary part
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Fig.5.52 Comparison of non-dim. heave
added mass coefficients with m-vector
(d/a=2, c/a=6, Fn=0.2 in head waves)
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Fig.5.53 Comparison of non-dim. pitch 
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Fig.5.54 Comparison of non-dim. surge
damping coeffcients with m-vector
(d/a=2, c/a=6, Fn=0.2 in head waves)
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Fig.5.58 Comparison of imaginary part
of surge Kochin function with m-vector
(d/a=2, c/a=6, Fn=0.2 in head waves)
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Fig.5.59 Comparison of real part of heave 
Kochin function with m-vector contribution  
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0.4

W/O m-vector 
With m-vector0.2-

0.0-

-0.2 -

-0.4 -

-0.6
0.40.0 0.2 0.6 0.8 1.0

ka
Fig.5.60 Comparison of the imaginary part
of heave Kochin function with m-vector
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Fig.5.64 Comparison of non-dim. heave
added mass coefficients with m-vector
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Fig.5.66 Comparison of non-dim. surge
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(d/a=2, c/a=4, 5 degree tilt in head waves)
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Fig.5.68 Comparison of non-dim. pitch
damping coefficients with m-contribution
(d/a=2, c/a=4, 5 degree tilt in head waves)
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Fig.5.70 Comparison of the imaginary part
of surge Kochin function with m-vector
(d/a=2, c/a=4, 5 degree tilt in head waves)
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Fig.5.72 Comparison of the imaginary part
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Kochin function with m-vector contribution 
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Fig.5.74 Comparison of the imaginary part
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Fig.5.76 Comparison of non-dim. heave
added mass coefficients with m-vector
(d/a=2, c/a=4, 10 degree inclination)
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Fig.5.78 Comparison of non-dim. surge
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Fig.5.80 Comparison of non-dim. pitch
damping coefficients with m-contribution
(d/a=2,c/a=4, 10 degree tilt in head waves)

427



K
oc

hi
n 

fu
nc

tio
n 

for
 

su
rg

e 
K

oc
hi

n 
fu

nc
tio

n 
for

 
su

rg
e

0.8

0.6-

0 .4 -

0.2- W/O m-vector 
With m-vector

0.0
0.0 0.2 0.6 0.80.4 1.0

ka
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Fig.5.82 Comparison of the imaginary part
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Table 6.1 Comparison of restoring coefficients between single and two cylinders 
for different separation distances, submerged depths and inclinations

Restoring Coefficients Cll C12 C21 C22
Single Cylinder Case -6.28318 0 0 -6.28318

Two Cylinders Case ( c/a= 4) -5.57357 1.65319E-15 8.71258E-17 -5.57357
Two Cylinders Case ( c/a= 6) -5.94529 1.51355E-15 2.8047 IE-17 -5.94529
Two Cylinders Case ( d/a= 2) -5.57357 1.65319E-15 8.71258E-17 -5.57357
Two Cylinders Case ( d/a= 4 ) -5.57357 1.65319E-15 8.71258E-17 -5.57357

Two Cylinders Case (0  degree tilt) -5.57357 1.65319E-15 8.71258E-17 -5.57357
Two Cylinders Case ( 5 degree tilt) -5.58581 6.42143E-13 6.40516E-13 -5.58581
Two Cylinders Case (10 degree tilt) -5.62161 1.27257E-12 1.27107E-12 -5.62161

*
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Fig.6.2 Error of heave damping coefficients
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in head
waves)

431



CP
U 

tim
e 

(S
ec

on
ds

) 
Er

ro
r 

of 
pi

tch
 

da
m

pi
ng

 
co

ef
. 

(%
) 0.200

Varyani 1988 
Present method0.150-

0 . 100-

0.050 -

0.000
0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50

Ka
Fig.6.3 Error of pitch damping coefficients 
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in head 
w aves)

180.0

160.0 -

140.0-

120.0 -

Varyani 1988 
Present method100.0 -

80.0
0.00 0.50 1.00 1.50 2.00

ka
Fig.6.4 Comparison of CPU time for 
numerical methods (d/a=2,c/a=4,Fn=0.2, 
no tilt in head waves)

432



H
ea

ve
 

am
pl

itu
de

 
(M

/M
) 

Su
rg

e 
am

pl
itu

de
 

(M
/M

)

0.60

0.50 W/O restoring 
With restoring

0.40 -

0.30 -

0.20 -

0.10 -

0.00
1.5 2.00.5 1.00.0

ka
Fig.6.5 Comparison of surge amplitudes 
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in head 
w aves)

0.60

W/O restoring 
With restoring

0.50 -

0.40 -

0.30 -

0.20 -

0.10 -

0.00
2.001.500.00 0.50 1.00

ka
Fig.6.6 Comparison of heave amplitudes
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in head
waves)

433



Er
ro

r 
of 

su
rg

e 
da

m
pi

ng
 

co
ef

. 
(%

) 
Pi

tch
 

am
pl

itu
de

 
(R

ad
)

0.30

W/O restoring 
With restoring

0.20 -

0.00
1.500.00 0.50 1.00 2.00

ka
Fig.6.7 Comparison of pitch amplitudes 
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in head 
w aves)

0.12

0.10 -

0.08 -

0.06 -

0.04 - Varyani 1988 
Present method

0.02
0.00 0.20 0.40 0.800.60 1.00 1.20

Ka
Fig.6.8 Error of surge damping coefficients
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in
following waves)

434



Er
ro

r 
of 

pi
tch

 
da

m
pi

ng
 

co
ef

. 
(%

) 
Er

ro
r 

of 
he

av
e 

da
m

pi
ng

 
co

ef
. 

(%
) 0.12

0.10 -

0.08 -

0.06 -
Varyani 1988 
Present method

0.04
0.00 0.20 0.40 0.60 0.80 1.00 1.20

Ka
Fig.6.9 Error of heave damping coefficients 
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in 
following waves)

0.20

Varyani 1988 
Present method0.15 -

0.10 -

0.05 -

0.00
0.00 0.20 0.40 0.60 0.80 1.00 1.20

Ka
Fig.6.10 Error of pitch damping coefficients
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in
following waves)

435



Su
rg

e 
am

pl
itu

de
 

(M
/M

) 
CP

U 
tim

e 
(S

ec
on

ds
)

180.0

160.0 -

140.0 -

120.0 -

Varyani 1988 
Present method100.0-

80.0 T T

0.00 0.50 1.00 1.50 2.00
ka

Fig.6.11 Comparison of CPU time for 
num erical methods (d/a=2,c/a=4,Fn=0.2, 
no tilt in following waves)

0.70

0.60 - W/O Restoring 
With Restoring

0.50 -

0.40 -

0.30 -

0.20 -

0.00
0.00 0.50 1.00 1.50 2.00

ka
Fig.6.12 Comparison of surge amplitudes
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in
following waves)

436



Pi
tch

 
am

pl
itu

de
 

(R
ad

) 
H

ea
ve

 
am

pl
itu

de
 

(M
/M

)

0.70

0.60 W/O Restoring 
With Restoring

0.50

0.40

0.30

0.20

0.10

0.00
1.500.500.00 1.00 2.00

ka
Fig.6.13 Comparison of heave amplitudes 
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in 
following waves)

0.50

Varyani 1988 
Present method

0.40 -

0.30 -

0.20 -

0.10 -

0.00
0.00 0.50 1.501.00 2.00

ka
Fig.6.14 Comparison of pitch amplitudes
(d/a=2.0, c/a=4.0, Fn=0.20, no tilt in
following waves)

437



H
ea

ve
 

am
pl

itu
de

 
(M

/M
) 

Su
rg

e 
am

pl
itu

de
 

(M
/M

)

1.00

Fn = 0.000.80 -
Fn = 0.20

Fn = 0.400.60 -

0.40 -

0.20 -

0.00
1.500.500.00 1.00 2.00

ka
Fig.6.15 Comparison of surge motion 
amplitudes for different Froude numbers 
( d/a=2.0, c/a=4.0, no tilt in head waves )

1.00

Fn = 0.000.80 -
Fn = 0.20

Fn = 0.400.60 -

0.40 -

0.20 -

0.00
0.00 0.50 1.501.00 2.00

ka
Fig.6.16 Comparison of heave motion
amplitudes for different Froude numbers
( d/a=2.0, c/a=4.0, no tilt in head waves )

438



Su
rg

e 
am

pl
itu

de
 

(M
/M

) 
Pi

tch
 

am
pl

itu
de

 
(R

ad
)

0.40

Fn = 0.00 

Fn = 0.20 

Fn = 0.40

0.30

0.20

0.10

0.00
1.500.00 0.50 1.00 2.00

ka
Fig.6.17 Comparison of pitch motion 
amplitudes for different Froude numbers 
( d/a=2.0, c/a=4.0, no tilt in head waves )

0.50

d/a = 2.0 

d/a = 4.0
0.40 -

0.30 -

0.20 "

0.10 -

0.00
0.00 0.50 2.001.00 1.50

ka
Fig.6.18 Comparison of surge motion 
amplitudes for different depths ( c/a=4.0, 
Fn=0.20, no tilt in head waves)

439



Pi
tch

 
am

pl
itu

de
 

(R
ad

) 
H

ea
ve

 
am

pl
itu

de
 

(M
/M

)

0.60

0.50 - d/a = 2.0 

d/a = 4.0
0.40 -

0.30

0.20 -

0.10 -

0.00
1.500.00 0.50 1.00 2.00

ka
Fig.6.19 Comparison of heave motion 
amplitudes for different depths (c/a=4.0, 
Fn=0.20, no tilt in head waves)

0.30

d/a = 2.0 

d/a = 4.0
0.20

0.10

0.00
0.00 0.50 1.00 1.50 2.00

ka
Fig.6.20 Comparison of pitch motion 
amplitudes for different depths (c/a=4.0, 
Fn=0.20, no tilt in head waves)

440



H
ea

ve
 

am
pl

itu
de

 
(M

/M
) 

Su
rg

e 
am

pl
itu

de
 

(M
/M

)

0.50

c/a = 4.0 

c/a = 6.0
0.40

0.30 -

0.20 -

0.10 -

0.00
1.500.00 0.50 1.00 2.00

ka
Fig.6.21 Comparison of surge motion 
amplitudes for different spacings (d/a=2.0, 
Fn=0.20, no tilt in head waves)

0.60

0.50 - c/a = 4.0 

c/a = 6.0
0.40 -

0.30

0.20 -

0.10 -

0.00
2.000.00 0.50 1.501.00

ka
Fig.6.22 Comparison of heave motion 
amplitudes for different spacings (d/a=2.0, 
Fn=0.20, no tilt in head waves)

441



Su
rg

e 
am

pl
itu

de
 

(M
/M

) 
Pi

tch
 

am
pl

itu
de

 
(R

ad
)

0.350

0.300-
c/a = 4.0 

c/a = 6.00.250 -

0.200-

0.150 -

0.100-

0.050

0.000
1.00 1.500.00 0.50 2.00

ka
Fig.6.23 Comparison of pitch motion 
amplitudes for different spacings (d/a=2.0, 
Fn=0.20, no tilt in head waves)

0.50

0 deg. tilt 
5 deg. tilt 

10 deg. tilt

0.40 -

0.30 -

0.20 -

0.10 -

0.00
0.00 0.50 1.00 1.50 2.00

ka
Fig.6.24 Comparison of surge motion 
amplitudes for different inclinations 
(d/a=2.0, c/a=4.0, Fn=0.20 in head waves)

442



Pi
tch

 
am

pl
itu

de
 

(R
ad

) 
H

ea
ve

 
am

pl
itu

de
 

(M
/M

)

0.60

0.50 - 0 deg. tilt 

5 deg. tilt 
10 deg. tilt

0.40 -

0.30 -

0.20 -

0.10 -

0.00
0.00 1.00 1.50 2.000.50

ka
Fig.6.25 Comparison of heave motion 
amplitudes for different inclinations 
(d/a=2.0, c/a=4.0, Fn=0.20 in head waves)

0.300

0.250 - 0 deg. tilt 
5 deg. tilt 

10 deg. tilt0.200 -

0.150 -

0.100-

0.050

*7*
2.00

0.000
0.00 0.50 1.00 1.50

Fig.6.26 Comparison of pitch motion 
amplitudes for different inclinations 
(d/a=2.0, c/a=4.0, Fn=0.20 in head waves)

443



H
ea

ve
 

am
pl

itu
de

 
(M

/M
) 

Su
rg

e 
am

pl
itu

de
 

(M
/M

)

1.00

Fn = 0.001 
Fn = 0.200 
Fn = 0.400

0.80 -

0.60 “

0.40 -

0.20 -

0.00
1.501.000.50 2.000.00

ka
Fig.6.27 Comparison of surge amplitudes 
for different Froude numbers(d/a=2,c/a=4, 
no tilt in following waves)

1.00

Fn = 0.001 
Fn = 0.200 
Fn = 0.400

0.80 -

0.60 -

0.40 -

0.20 -

0.00
0.00 0.50 1.00 1.50 2.00

ka
Fig.6.28 Comparison of heave amplitudes 
for different Froude numbers(d/a=2,c/a=4, 
no tilt in following waves)

444



Su
rg

e 
am

pl
itu

de
 

(M
/M

) 
Pi

tch
 

am
pl

itu
de

 
(R

ad
)

0.40

Fn = 0.001 
Fn = 0.200 
Fn = 0.400

0.30 -

0.20 -

0.10 -

l
2.00

0.00
0.00 0.50 1.501.00

ka
Fig.6.29 Comparison o f pitch amplitudes for 
different Froude numbers(d/a=2,c/a=4, no 
tilt in following waves)

0.60

0.50 - d/a = 2.0 
d/a = 4.0

0.40 -

0.30 -

0.20 -

0.10 -

0.00
0.500.00 1.501.00 2.00

ka
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Fig.6.42 Comparison of surge amplitudes
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Table 7.1 Accuracy check of non-dimensionalized second order horizontal forces
on submerged twin cylinders for different Froude numbers rd/a = 2.0. c/a = 4.0.
no tilt in head waves)

Second order X  forces ka = 0.02 ka = 0.04 ka = 0.06 lea = 0.08 ka = 0.10 ka =0.20 ka = 0.30 ka = 0.40
Fn=0.0 (Approx.) 

Fja=0.0 (Press. Intcg.)
4.88092E07
4.02101E-07

765776E-06
6.69165E-06

3.48146&05
3264S5E-05

0.000101288
9.63625E-05

0.000223212
0.00021408S

0.00156039
0.00151234

0.00250893
0.00242036

0.00246412
0.00235715

Fn=02 (Approx.) 
Fn=Q2 (Press. Integ.)

7.Q2209E-07
627455E-07

123886E-05
1.18691E-05

6.60805E-05
6.45522E-05

0.000210465
0.000207327

0.000492202
0.000486913

000293952
0.00291527

0.00295158
0.00290032

0.00160501
0.00153785

Fn=0.4 (Approx.) 1.09383E-06
1.01996E-06

2.43688E-05
2.39397E-05

0.000160316
0.000159394

0.000599693
0.000598702

0.00147695
0.00147696

0.00110611
0.00108642

5.98097E-12 4.65751E-12

ka = 0.50 ka = 0.60 ka = 0.70 ka = 0.80 ka = 0.90 ka= 1.00 ka= 1.10 ka = 120 ka= 1.30 ka = 1.40
0.00204911 0.00160056 0.00121015 0.000891435 0.000639409 0.000445602 0.000301048 0.000196833 0.000124419 7.60231E-05
0.00194406 0.00150918 0.00113685 0.000835927 0.000599018 0.000416884 0.000280769 0.000182406 0.000113983 6.83319E-05
0.000542326 7.33247E-05 3.55461E-06 3.4757IE-05 1.18665E-05 276428E-09 2A1095E-35 9.79473E-35 2.93509E-35 5.96349E-37
0.000474358 1.42896E-05 4.28525E-05 5.53402E-07 124033E-05 1.68249E-05 1.16125E-05 8.12513E-06 5.82721E-06 4.28696E-06
8.95092E-13 3.53067E-14 123215E-14 2.66055E-14 163229E-14 4.89749E-15 850112E-16 2.91687E-17 2.85962E-17 6.93459E-17
4.71595E-05 3.99301E-05 3.10063E-05 2260I9E-05 1.57793E-05 1.07761E-05 766469E-06 5.14148E-06 3.7091 IE-06 2.76602E-06

ka= 1.50 ka = 1.60 ka = 1.70 ka = 1.80 ka= 1.90 ka = 2.00
4.49482E-05 257783E-OS 1.44008E-05 7.8835IE-06 426199E-06 229567E-06
3.92012E-05 2.14623E-05 1.11722E-05 5.49565E-06 252426E-06 1.05465E-06
1.80171E-36 207805E-36 5.65956E-37 0 0 6.13618E-38
320908E-06 2.41486E4J6 1.80599E-06 1.33109E-06 9.62003E-07 6.8017 IE-07
5.72918E-17 3.06043E-17 1.19628E-17 365788E-18 5.45337E-19 8.69155E-21
2.09325E-06 1.59281E-06 120028E-06 8.87978E-07 6.41971E-07 4.52783 E07

Table 7.2 Accuracy check of non-dimensionalized second order vertical forces on 
submerged twin cylinders for different Froude numbers fd/a = 2.0. c/a = 4.0. no 
tilt in head waves")

Second order Y forces ka = 0.02 ka = 0.04 ka = 0.06 ka = 0.08 ka =0.10 ka = 0.20 ka = 0.30 ka = 0.40
Fn=0.0 (Lee-Newman) 
Fn=0.0 (Press. Integ.)

0.0101411
0.0266559

0.0381841
0.0769523

0.0805533
0.148518

0.133426
0.237786

0.192752
0.339911

0.467207
0.848421

0.605196
1.08838

0.674807
1.11451

Fn=02 (Lee-Newman) 
Fn=02 (Press. Integ.)

0.0261039
0.0254976

0.0675612
0.0720815

0.121589
0.137235

0.184181
0.217239

0.249939
0.307504

0.484663
0.752575

0.648626
0.988649

0.811922
1.04635

Fn=0.4 (Lee-Newman) 0.0713323
0.0264741

0.149372
0.0717061

0.235511
0.133658

0.323149 0.393701 0.743427 0.706493 0.861939

ka = 0.50 ka = 0.60 ka = 0.70 ka = 0.80 ka = 0.90 ka = 1.00 ka = 1.10 ka= 1.20 ka= 1.30 ka = 1.40
0.717992
1.058851

0.726634
0.978606

0.692888
0.892337

0623422
0.806031

0633634
0.722092

0.439144
0.641917

0.351042
0.566504

0275041
0.496574

0212714
0.432591

0.163201
0674775

0.834661
1.02121

0.744938
0.962774

0.667384
0.890938

0607461
0813786

0.522523
0.735314

0.434073
0.657962

0651789
0.583428

0279825
0.513031

0219437
0.447735

0.170166
0688169

0.885068
1.00132

0.844083
0.955883

0.764396
0.892479

0664981
0820529

0660293
0.744936

0.460204
0.668781

0670405
0.594303

0293348
0.523227

0229315
0.456835

0.177352
0696002

ka= 1.50 ka= 1.60 ka = 1.70 ka = 1.80 ka = 1.90 ka = 2.00
0.124582
0.323142

0.0947467
0277521

0.0717972
0237591

0.0541849
0202925

0.0407008
0.173018

0.0304135
0.147337

0.130756
0.334644

0.0996906
0287194

0.0754792
0.245612

0.0567851
0209517

0.0424688
0.178411

0.0315869
0.151733

0.135931
0.341212

0.103369
0.292599

0.0780597
0250011

0.0585751
0213071

0.0436997
0.181272

0.0324285
0.154033

Table 7.3 ComDarison of non-dimensionalized steadv tilt moments on submerged
twin cylinders for different Froude numbers (d/a. = 2.0. c/a = 4.0. no tilt in head
waves)

Steadr tilt moments ka = 0.02 ka = 0.04 ka = 0.06 ka = 0.08 ka = 0.10 ka = 0.20 ka = 0.30 ka = 0.40
B is  0.00 
Fn = 020 
Fn = 0.40

-127287E-05 -9.66476E-05 -0.000307501 -0.000677628 -0.00120812 -0.00455816
-1.72793E-05 -0.000149551 -0.000525498 -0.00124608 -0.00232267 -0.00711193
-2.5357IE-05 -0.000268489 -0.00113137 -0.00306788 -0.00586341 -0.00185081

-0.00543617 -0.00453347
•0.00516482 -0.00237286
-6.23209E-05 -8.98565E05

ka = 0.50 ka = 0.60 ka = 0.70 ka = 0.80 ka = 0.90 k asl.0 0 ka= 1.10 ka = 120 ka = 1.30 ka= 1.40
-0.00341813
-0.000782968
-0.000103098

•0.00249261
-0.000215034
-0.000102792

43.00177755
-0.000145105
-927365E-05

-0.00123681
-0.000147516
-7.73403E-05

-0.000836514
-9.83841E-05
-6.03867E-05

-0.000548582
-6.89873E-05
-4.45179E-05

-0.000348454
•4.91556E-05
-3.11865E-05

-0.000214455
-3.35706E-05
-2.08755E-05

-0.000128119
-220865EO5
-1.34253E-05

-7A5692E-05 
-1A0779E05 
-864581 E-06

ka = 1.50 ka = 1.60 ka = 1.70 ka = 1.80 ka = 1.90 ka = 2.00
-425286E-05 
-8.7496IE-06 
-5.05171E-06

-269586E-03
-5.34225E-06
-3.00425E-06

-164639E-05 
-323167E06 
-1.77432E-06

-7.62635E-06 
-1.95425E-06 
-1.05304E-06

-4.39317E-06 
-1.19107 E-06 
-6.34848E-07

-268763E-06 
-7.35891E-07 
-3.91512E-07
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Table 7.4 Accuracy check of non-dimensionalized second order horizontal forces 
on submerged twin cylinders for different submerged depths (c/a = 4.0. Fn = 0.2.
no tilt in head waves")

S Second order X forces la  = 0.02 lea = 0.04 lea = 0.06 lea =0.08 la  = 0.10 ka =020 ka = 0.30 ka = 0.40
| d/a=2.0 (Approx.) 7.Q2209E-07

627455E-07
123886E-0S
1.18691E-05

660805E-05
&45522E-05

0.000210465
0.000207327

0.000492202
0.000486913

0.00293952
0.00291527

0.00295158
0.00290032

0.00160501
0.00153785

| d/a=4.0 (Approx.) 4.67267E-07 
4.57848E-07

639536E456
6.34755E-06

238831E-05
157847E-05

6.19475E-05
618091E-05

0.000109475
0.000109313

0.000234632
0.000234304

0.000119453
0.000118961

2.83523E-05 
2.79762E-05

la  = 0.50 la  = 0.60 ka = 0.70 ka = 0.80 ka = 0.90 ka= 1.00 ka = 1.10 la  = 120 ka = 1.30 ka= 1.40
0.000542326
0.000474358

7.33247E-05
1.42896E-05

3.55461E-06
428525E-05

3.4757IE-05 
5.53402E-07

1.18665E-05
1.24033E-05

2.76428E-09
1.68249E-05

2.41095E-35
1.16125E-05

9.79473E-35
8.12513E-06

2.93509E-35
5.82721E-06

5.96349E-57
4.28696E-06

2.87879E-06
2.69649E-06

5.84058E-08
5.25816E-08

2.04475E-09
1.54538E-08

5.44271E-10
3.35054E-09

429253E-12
695579E-10

6.18908E-16
126924E-10

0
5.08696E-11

0
3.37515E-11

0
1.99494E-11

0
9.87608E-12

ka= 1.50 ka = 1.60 ka = 1.70 ka = 1.80 ka = 1.90 ka = 2.00
1.80171E-36 2.07805E-36 5.65956B-37 0 0 6.13618E-38
320908E-06 2.41486E-06 1.80599E-06 1.33109E-06 9.62003E-C7 6.80171E-07

0 0 0 0 0 0
4.2547IE-12 1.64482E-12 5.85432E-13 1.94251E-13 6.11317E-14 1.82803E-14

Table 7.5 Accuracy check of non-dimensionalized second order vertical forces on 
submerged twin cylinders for different submerged depths (c/a = 4.0. Fn -  0.20. 
no tilt in head waves')

Second order Y forces la  = 0.02 lea = 0.04 la  = 0.06 leas 0.08 ka =0.10 la  = 0.20 ka = 0.30 la  = 0.40
d/a=2.0 (Lee-Newman) 
d/a=2.0 (Press. Integ.)

0.0261039
0.0254976

0.0675612
0.0720815

0.121589
0.137235

0.184181
0.217239

0249939
0.307504

0.484663
0.752575

0.648626
0.988649

0.811922
1.04635

d/a=4.0 (Lee-Newman) 
d/a=4.0 (Press. Imca.)

0.0232233
0.0116439

0.0545421
0.0369217

0.0890155
0.0693046

0.122611
0.103612

0.152508
0.136146

0.224233
0225976

0.211748
0216671

0.166959
0.172278

ka = 0.S0 ka = 0.60 ka = 0.70 ka = 0.80 ka = 0.90 ka = 1.00 ka= 1.10 la  = 120 ka = 1.30 ka= 1.40
0.834661
1.02121

0.744938
0.962774

0.667384
0.890938

0.607461
0.813786

0.522523
0.735314

0.434073
0.657962

0251789
0.583428

0279825
0.513031

0219437
0.447735

0.170166
0288169

0.116414
0.125091

0.0749491
0.0858229

0.0457139
0.0565029

0.0267649
0.0360136

0.0151863
0.0223599

0.00840712
0.0135898

0.00456286
0.00811904

0.0024363S 
0.00478431

0.00128319
0.00279114

0.000667989
0.00161531

ka = 1.50 ka= 1.60 ka = 1.70 o00HmM

ka= 1.90 ka = 2.00
a 130756 
0.334644

0.0996906
0287194

0.0754792
0.245612

0.0567851
0209517

0.0424688
0.178411

0.0315869
0.151733

0.000344246
0.000929502

0.000175853
0.000532686

8.91399E-05
0.000304377

4.48762E-05 
0.000173535

224545E-05 
9.8755 IE-05

1.11739E-05 
5.61037E-05

Table 7.6 Comparison of non-dimensionalized steady tilt moments on submerged
twin cylinders for different submerged depths (c/a -  4.0. Fn = 0.20. no tilt in head 
waves)

Steadr tilt moments ka = 0.02 ka = 0.04 ka = 0.06 ka = 0.08 ka = 0.10 ka = 020 ka = 0.30 ka = 0.40

* u o -1.72793E-05 -0.000149551 -0.000525498 -0.00124608 -0.00232267 -0.00711193 4J.00516482 -0.00237286
d/a = 4.0 -1.10876E455 -729452E-05 -0.000195532 -0.000344991 4).000480299 -0.000482037 45.000152019 -229676E455

la  = 0.50 ka = 0.60 la  = 0.70 lea = 0.80 lea = 0.90 lea =1.00 lea = 1.10 la =1.20 ka=1.30______ lca= 1.40
-0.000782968 -0.000215034 -0.000145105 -0.000147516 -9.83841E-Q5 -6.89873E-05 -4.91556E-05 -325706E-05 -220865E-05 -1/10779&05
-1.65802E-06 -1.76855E-07 -786852E458 -2.40452E-08 -6.48521E-09 -1.47112E459 -2.38361E-10 -4.30716E-12 -1.70115E-11 9.1Q425E-12

la  = 1.50 la  =1.60 ka=1.70 lea =1.80 lea = 1.90 lea =2.00
-8.7496IE-06 -524225E-06 -323167&06 -1.95425E-06 -1.19107E456 -725891E-07
3.31696E-12 9.79098E-13 2.38494E-13 4.46384E-14 3.79071E-15 -1.55592E-15

454
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Table 7.7 Accuracy check of non-dimensionalized second order horizontal forces
on submerged twin cylinders for different separation distances fd/a = 2.0. Fn = 
0.20. no tilt in head waves)

Second order X forces la s  0.02 l a s  0.04 ka s  0.06 kas0.08 kasO .10 k as 020 ka s  0.30 ka s  0.40
c/as4.0 (Approx.) 

c/a=4.0 (Press. In ten.)
7.02209E-07 
6.27455E-07

123886E-05
1.18691E-05

6.60805E-05
6.45522E-05

0.000210465
0.000207327

0.000492202
0.000486913

0.00293952
0.00291527

0.00295158
0.00290032

0.00160501
0.00153785

c/as6.0 (Approx.) 
c/a=6.0 (Press. Intec.)

129836E-07
4.78325E-08

2-25399E-06
1.67509E-06

1.18186E-05
1.00668E-05

3.70034E05 
3.32635E-05

831828E-05 
7.86036E-05

0.000484612
0.000454328

0.000418607
0.000364048

0.000129536 
6.46091E-05

kasO.50 ka s  0.60 la  s  0.70 ka s 0.80 ka s 0.90 ka s  1.00 k a s l.10 kas 1.20 ka = 1.30 ka= 1.40
0.000542326 7.33247E-05 335461E-06 3.4757 IE-05 1.18665E-05 2.76428E-09 2A1095E-35 9.79473E-35 2.93509E-35 5.96349E-37
0.000474358 1.42896E-05 4.28525E-05 5.53402E-07 124033E-05 1.68249E-05 1.16125E-05 8.12513E-06 5.82721 E-06 4.28696E-06
1.41439E-06 4.17051E-05 5.94505E4J5 6.52786E-06 123924E-06 8.54364Er09 3.18456E-34 3.41387E-35 1.86069E-35 1.11208E-35
6.02117E-05 9.48233E-06 1.97345E-05 2.36754E-05 2.18717E-05 1.80313E-05 1.42095E-05 1.10724E-05 8.39437E-06 6.13631E-06

la  s  1.50 k a s 1.60 la s  1.70 ka s  1.80 k as 150 k as 2.00
1.80171E-36 2.07805E-36 5.65956E-37 0 0 6.13618E-38
320908E-06 2.41486E-06 1.80599E-06 1.33109E-06 9.62003E-07 6.80171E-07
1.52738B-37 2.12241E-36 2.77651E-37 1.03257E-37 1J6391E-37 0
4.31809E-06 2.93851E-06 1.95316E-06 128606E-06 83171 IE-07 5.73638E07

Table 7.8 Accuracy check of non-dimensionalized second order vertical forces on 
submerged twin cylinders for different separation distances (cl/a = 2.0. Fn = 0.20.
no tilt in head waves)

! Second order Y forces kas 0.02 ka s  0.04 k as 0.06 k as 0.08 ka: 0.10 la s  020 ka s  0.30 ka s  0.40
| c/as4.0 (Lee-Newman) 

c/as4.0 (Press. Intec.)
0.0261039 0.0675612 0.121589 
0.0254976 0.0720815 0.137235

0.184181
0.217239

0249939
0.307504

0.484663
0.752575

0.648626
0.988649

0.811922
1.04635

c/asd.0 (Lee-Newman) 
c/as6.0 (Press. Intec.)

0.0270835 0.0688449 0.122226 
0.0256503 0.0706971 0.132628

0.182939
0207877

0245658
0292243

(1497605
0.711601

0.781576
0.953672

0.886557
1.03679

ka s  0.50 k as 0.60 ka s  0.70 k as 0.80 k as 0.90 k iis l.00 k as 1.10 ka s  1.20 k as 1.30 k as 1.40
0.834661
1.02121

0.744938
0.962774

0.667384
0.890938

0.607461 0.522523 
0813786 0.735314

0.434073
0.657962

0.351789
0.583428

0279825
0.513031

0219437
0.447735

0.170166
0388169

0.760132
1.03614

0.737871
0.991607

0.718644
0.922068

0812438 0-517791 
0.838974 0.750524

0.423807
0.662752

0341673
0.579834

0272571
0.504238

0215421
0.437014

0.168576
0378146

k as 1.50 la s 1.60 ka s  1.70 k as 1.80 k as 1.90 k as 2.00
0.130756
0.334644

0.0996906
0.287194

0.0754792
0.245612

0.0567851 0.0424688 
0209517 0.178411

0.0315869
0.151733

0.130534
0.326933

0.100018
0.282368

0.0758929
0.243438

0.0571035 08426653 
0209295 0.179315

0.0316933
0.153051

Table 7.9 Comparison of non-dimensionalized steady tilt moments on submerged 
twin cylinders for different separation distances rd/a = 2.0. Fn = 0.20. no tilt in 
head waves")

Steady tUt moments In = 0.02 ka = 0.04 ka=0.06 ka s  0.08 ka = 0.10 la s  0.20 ka = 0.30 ka = 0.40
c/a s  4.0 
c/a 3 6.0

-1.72793E-05
-2.13185E-06

•0.000149551
-1.82097EO5

-0.000525498
-6.31501E-05

-0.00124608
•0.000147991

-0.00232267
-0.000273456

-0.00711193
-0.000856731

•0.00516482
-0.000628849

-0.00237286
-0.000278597

k as 0.50 ka s  0.60 k as 0.70 k a s  0.80 k as 0.90 k as 1.00 k a s l.10 k as 1.20 ka s  1.30 k as 1.40
-0.000782968
41.000174954

-0.000215034
-0.000216828

-0.000145105
-0.000192273

-0.000147516
-0.000123305

-9.83841E-05 
-9.10341 E-05

-6.89873E-05
-6.30554E-05

-4.91556E-05
-4.25344E-05

-335706E-05
-2.82267E-05

-220865E-05
-1.86855E-05

-1.40779E-05
-124251E-05

k as 1.50 k as 1.60 ka s  1.70 ka s  1.80 k a s  1.90 ka = 2.00
-8.7496IE-06 
-828925E-06

-5.34225E-06
-5.50758E-06

-323167E-06
-3.60983E-06

-1.95425E-06 
-2.31521E-06

-1.19107E-06 
-1.44685E-06

-7.3589IE-07 
-8.81502E-07
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Table 7.10 Accuracy check of non-dimensionalized second order horizontal forces
on submerged twin cylinders for different inclinations (ti/a = 2.0. c/a = 4.0. Fn =
0.20 in head waves)

Second order X forces la  s  0.02 lea s  0.04 ka s  0.06 ka s  0.06 ka 3 0.10 ka 3 0.20 ka 3 0.30 la 3 0.40

0 degree tilt (Approx.) 
0 degree tilt (Press. Int.)

7.Q2209E-07
627455E-07

123886E-05
1.18691E-03

6.60605E-05
6.45522E-05

0.000210465
0.000207327

0.000492202
0.000486913

0.00293952
0.00291527

0.00295158
0.00290032

0.00160501
0.00153785

5 degree tilt (Approx.) 
5 degree tilt (Press. Int.)

7.07994E-07
5.85301E-07

125075E-05
1.18745E-05

6.68255E-05
6.50692E-05

0.000213251
0.000209697

0.000499741
0.000493752

0.00299287
0.00296483

0.00296386
0.00290471

0.00157901 
0.00150114

10 degree tilt (Approx.) 7.26688E-07 128933E-05
120051E-05

6.92582E-03 
6.68911E-05

0.000222408
0.000217644

0.000524687
0.000516608

0.00316846
0.00312958

0.00299125
0.00290956

0.00148774
0.00137897

la = 0.50 ka = 0.60 ka = 0.70 ka = 0.80 ka = 0.90 ka= 1.00 ka= 1.10 ka= 120 ka = 1.30 ka= 1.40
0.000542326
0.000474358

7.33247E-05
1.42896E-05

3.55461E-06
4.28525E-05

3.4757IE-05 
5.53402E-07

1.18665E-05
124033E-05

2.76428E-09
1.68249E-05

241095E-35
1.16I25E-05

9.79473E-35
8.12513E-06

2.93509E-35
5.82721E-06

5.96349E-37
4.28696E-06

0.000524117
0.000444045

7.06651E-05
8.63195E-07

3.57965E-06 
5.48701E-05

324172E-05
128012E-05

1.16913E-05 
222092E-05

9.63514E-08
2.48325E-05

5.04304E-29 
1.81981 E-05

1.91835E-29
1.33214E-05

7.94404E-30 
9.82213E-06

3.53341E-30
729148E-06

0.000466654
0.000351402

623439E-05
4.56284E-05

2.76337E-06
9.12811E-05

2.49637E-05
5.34367E-05

1.05975E-05 
5.31129E-05

420338E-07
5.05466E-05

237332E-23 
4.0441 IE-05

1.13359E-23
3.19953E-05

5.83408E-24
2.52945E-05

3.19708E-24 
1.99871 E-05

la -1 .50 ka = 1.60 ka = 1.70 ka= 1.80 ka = 1.90 ka = 2.00
1.80171E-36
3.20908E-06

2.07805E-36 
2.41486E-06

5.65956E-37
1.80599E-06

0
1.33109E-06

0
9.62003E-07

o,136l8E-38
6.80171E-07

1.65991E-30
5.42898E-06

8.10389E-31
4.03333E-06

4.05819E-31 
2.97554E-06

2.06462E-31
2.17205E-06

1.06017E-31 
1.56534E-06

5.47129E-32
1.11241E-06

1.83798E-24
1.57721E-05

1.09265E-24
1.24154E-05

6.63815E-25 
9.73965E-06

4.08572E-25 
7.60957E-06

253259E-25
5.91935E-06

1.57492E-25
4.58393&06

Table 7.11 Accuracy check of non-dimensionalized second order vertical forces 
on submerged twin cylinders for different inclinations (d/a = 2.0. c/a -  4.0. Fn = 
0.20 J n  head waves)

Second order Y forces ka s  0.02 ka 3 0.04 ka 3 0.06 ka = 0.08 ka 3 0.10 ka = 0.20 ka 3 0.30 ka 3 0.40
0 degree tilt (L.-N. App.) 
0 degree tilt (Press. Int.)

0.0261039
0.0254976

0.0675612
0.0720815

0.121589
0.137235

0.184181
0217239

0249939
0.307504

0.484663
0.752575

0.648626
0.988649

0.811922
1.04635

5 degree tilt (L.-N. App.) 
5 degree tilt (Press. Int.)

0.0262113
0.0267281

0.0678417
0.0746639

0.122127
0.141361

0.185067
0223112

0251231
0.315322

0.486214
0.771544

0.649812
1.01723

0.811701
1.08123

10 degree tilt (L.-N. App.) 
10 degree tilt (Press. Int.)

0.0265596
0.0309064

0.0687559
0.0834251

0.123889
0.155351

0.187979
0243047

0255484
0.341886

0.491037
0.836204

0.653107
1.11427

0.809831
1.19886

ka = 0.50 ka a  0.60 ka = 0.70 ka = 0.80 ka = 0.90 ka= 1.00 ka = 1.10 ka = 120 ka= 1.30 ka = 1.40
0.834661 0.744938 0.667384 0.607461 0.522523 0.434073 0.351789 0279825 0219437 0.170166
1.02121 0.962774 0.890938 0.813786 0.735314 0.657962 0.583428 0.513031 0.447735 0388169

0.831021 0.740901 0.664734 0.605003 0.520587 0.432631 0.350711 0279016 0218836 0.169723
1.05989 1.00366 0.933035 0.856482 0.778241 0.700882 0.626181 0.555487 0.489764 0.429624

0.818238 0.727661 0.656451 0.597651 0.514786 0428268 0347415 0276536 0.216992 0.168365
1.18936 1.13965 1.07233 0.997169 0.919171 0.841381 0.765853 0.694051 0.626943 0565093

ka = 1.50 ka = 1.60 ka = 1.70 ka = 1.80 ka = 1.90 ka = 2.00
0.130756 0.0996906 0.0754792 0.0567851 0.0424688 0.0315869
0.334644 0287194 0.245612 0209517 0.178411 0.151733
0.130431 0.0994526 0.0753046 0.0566571 0.0423751 0.0315185
0.375356 0.326973 0284261 0246839 0.214225 0.185887
0.129435 0.0987234 0.0747706 0.0562661 0.0420893 0.0313104
0.508721 0.457771 0.411993 0271001 0.334333 0.301512

Table 7.12 ComDarison of non-dimensionalized steadv tilt moments on
submersed twin cylinders for different inclinations (d/a = 2.0. c/a = 4.0, Fn =
0.20 in head waves')

Steady tilt moments ka = 0.02 ka = 0.04 ka = 0.06 ka = 0.08 ka: 0.10 ka = 020 ks = 0.30 ka = 0.40
0 degree tilt -1.72793E-05 -0.000149551 -0.000525498 -0.00124608 -0.00232267 -0.00711193 -0.00516482 -0.00237286
5 degree tilt 0.00638901 0.0135611 00219239 0.0315543 0.0423917 0.109704 0.175096 02 18231
10 decree tilt 0.0141452 0.0300501 0.0487222 0.0704171 0.0950054 0.244497 0.382185 0.470966

ka = 0.50 ka a  0.60 ka = 0.70 ka = 0.80 ka = 0.90 ka= 1.00 ka= 1.10 la =  120 ka= 1.30 ka = 1.40
-0.000782968 -0.000215034 -0.000145105 -0.000147516 -9.83841E-05 -6.89873E-05 -4.91556E-05 -3.35706E-05 -220865E-05 -1A0779E-05

0241566 0251475 0252753 0248587 0240947 0231031 0219693 0.207491 0.194793 0.181854
0.518472 0.538489 0.540932 0232278 0.516671 0.496755 0.474283 0.450361 0.425681 0400693

1 la  = 1.50 ka = 1.60 ka = 1.70 ka = 1.80 ka= 1.90 ka = 2.00
-8.7496IE-06 -5.34225E-06 -323167E-06 1.95425E-06 -1.19107E-06 -7.3589IE-07

0.168869 0.155998 0.143382 0.131145 0.119397 0.108227
0.375713 0.350988 0.326729 0203123 0.280331 0.258485
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Table 7.13 Accuracy check of non-dimensionalized second order horizontal forces
on submerged twin cylinders for different Froude numbers ("d/a -  2.0. c/a = 4.0. 
no tilt in following waves')

econd order X forces ka = 0.02 ka = 0.04 ka s  0.06 ka =0.08 kasO.10 ka =020 ka = 0.30 ka = 0.40
Fns0.0 (Approx.) 

FnsO.O (Aeaa. Integ.)
4.86455E-07 
4.00291E-07

7.32327E-06 
6.65518E-06

3.46182E-05
324409E-05

0.000100645
9.56976E-05

0.000221684
0.000212511

0i)0154954
0.00150117

0.00249562
0.00240648

0.00245487
0.00234725

Fn=02 (Approx.) 
Fns0.2 (Press. In teg.)

3J7466E-07
2.45338E-07

4.79436E-06 
3.84417E-06

2.09523E-05
1.76235E-05

5.7571 IE-05 
4.95184E-05

0.000121793
0.000106021

0.000798502
0.000701475

0.00130315
0.00112186

0.00128688
0.00107109

Fn=0.4 (Approx.) 
Fn=0.4 (Press. In teg.)

2.76789E-07 
1.04519E-07

2J0699E-06
6.96375E-07

4.83636E-06
1.32242E-06

5.16843E-06
1.09652E-05

7.11278E-06
2.69127E-05

0.000467223
0.000200954

0.00382126
0.00434923

0.00851672
0.00915026

la  = 0.50 la s  0.60 ka = 0.70 ka = 0.80 ka = 0.90 k as 1.00 ka= 1.10 ka = 120 ka = 1.30 ka= 1.40
0.00204398
0.00193833

0.00159851
0.00150659

0.00121032
0.00113658

0.000893148
0.000837299

0.000642084
0.000601437

0.000448717
0.000419812

0.000304176
0.000283762

0.000199671
0.000185146

0.000126793
0.000116286

7.78743E-05
7.01309E-05

0.00104138
0.000829661

0.000765932
0.000578671

0.000531721
0.000376844

0.000353474
0.000231253

0.000225917
0.000132519

0.000138455 
684581E-05

8.06451E-05 
2.86176E-05

4.38885E-05
5.19173E-06

2.16382E-05
7.32768E-06

9.09468E-06 
1.27661E-05

0.000465552
0.00107442

0.0135529
0.0141956

0.0579297
0.0586831

0.0717787
0.0724571

0.0390475
0.0394552

0.000118933
0.000303351

0.0365951
0.0369548

0.0352893
0.0355681

0.0179829
0.0181275

0.00630302
0.00636059

la  = 1.50 la s  1.60 la s  1.70 la s  1.80 la s  1.90 la s  2.00
4.63Q36E-05 2.67155E-Q5 1J0162E-05 82698IE-06 4^9566E-06 2.4332IE-06
4.05178E-05 223702E-05 1.17655E-05 5.86528E-06 2.74549E-06 1.18301E-06
2.81371E-06 3.62661E-07 5.78161E-08 7.71657E-07 1.79037E-06 2.70414E-06
1.37933E-05 122862E-05 9.55593E-06 6.48777E-06 3.63709E-06 1.30441E-06
0.000845986 0X100276705 0.00338317 0.00915278 0X)1646O4 0.0228065
0.000858135 0.000274274 0.00338871 0.00918227 0.0165233 0.0228985

Table 7.14 Accuracy check of non-dimensionalized second order vertical forces 
on submerged twin cylinders for different Froude numbers (d/a = 2.0. c/a = 4.0. 
no tilt in following waves')

Second order Y forces ka s  0.02 k as 0.04 ka = 0.06 k as 0.08 ka:= 0.10 ka = 020 ka = 0.30 la s  0.40
Fn=0.0 (Lee-Newman) 
FnsO.O (Press. In teg.)

a0101411 0.0381831 0.0805503 
0.0266781 0.0770267 0.148679

0.133423
0238071

0.192755
0.340356

0.467475
0.849721

0.605668
1.08971

0.674928
1.11542

Fn=02 (Lee-Newman) 
Fn=02 (Press. Integ.)

0.0279683 0.0722354 
0.0302769 0.0881427

0.129216
0.172091

0.195345
0279352

0266863
0.405052

0884726
1.04472

0.730185
128729

0.786752
124928

Fn=0.4 (Lee-Newman) 
Fns0.4 (Press. Integ.)

0.0865602
0.0390193

0.188549
0.114262

0200825
0227449

0.419627
0.379669

0.540764
0.568613

1.00267
1.63014

1.12501
1.88958

121384
1.68743

k as 0.50 k as 0.60 k as 0.70 ka = 0.80 ka = 0.90 ka= 1.00 k as 1.10 kas 120 ka = 1.30 ka = 1.40
0.717595
1.05937

0.725966 0.692291 
0.978842 0.892389

0.623101
0805959

0.533615
0.721943

0.439335
0.641723

0.351317
0.566292

0275303
0.496362

0212911
0.432389

0.163317
0274594

a809491
1.13808

0.796828 0.744085 
1.01955 0.906954

0.659055
0802181

0257299
0.705556

0.454102
0.617316

0859975
0.537571

0280008
0.466196

0215219
0.402845

0.164295
0.347013

1.33003
1.49134

1.37096 1X15251 
1.34889 1.11386

1.05384
0.817757

0.880649
0.660712

0.635377
0.778877

0212343
0.574101

0.145794
0214732

0.133981
0.0837673

0.113365
0.0326511

k as 1.50 la s  1.60 k a s 1.70 k as 1.80 k as 1.90 ka = 2.00
0.124632
0.322984

0.0947519 0.0717786 
0277385 0.237478

0.0541582
0202831

08406752
0.172941

0.0303931
0.147273

0.124967
0298112

0.0948496 0.0718474 
0255513 0218585

0.0542783
0.186709

0.0408547
0.159292

0.0306084
0.135777

0.0903895
0.0128378

0.0691866 a0511101 
0.00963664 0.0181191

0.0362976
0.0376919

08245132
0.0715207

0.0159971
0.127214

Table 7.15 Comparison of non-dimensionalized steady tilt moments on 
submerged twin cylinders for different Froude numbers fd/a = 2.0. c/a = 4.0. 
no tilt in following waves')

Steady till moments la  s  0.02 la s  0.04 la s  0.06 ka s  0.06 kasQ.10 la s  0.20 ka s  0.30 ka s  0.40
Fn s  0.00 
Fn = 020 
Fn = 0.40

126934E-05 9.62735E-05 0.000306072 0.000674099 0.00120137 0.00453393
9.88908E-06 6.83218E-05 0.000204174 0.000430852 0.000746184 0.00275371
B.1SS22E416 5 48534F.-05 0.000159782 0.000325168 0.000534906 0.00226137

0.00541708 0.00452499
0.00343207 0.00297597
0.00556879 0.00487957

ka = 0.50 k as 0.60 1a = 0.70 k as 0.80 ka = 0.90 ka = 1.00 ka= 1.10 kas 120 ka= 1.30 ka= 1.40
0.00341656
0.00230198
0.00481651

0.00249515
0.00171421
0.0464284

0.00178249
0.00125515
0.0770667

0.00124285
0.000907367
0.0148345

0.000842683
0.000646977
0.0724438

0.000554185
0.000454061
0.0104979

0.0003S3107
0.000313185

0220127

0.000218037
0.000212282

0.134802

0.000130696 
0.000141697 
0.0564911

7.63126E-05
9.36151E-05
0.0179551

ka= 1.50 k as 1.60 la s  1.70 k as 1.80 ka= 1.90 k as 2.00
4.36431E-05 
6.17605E-05 
-0.00231157

2.46362E-Q5
4.12058E-05
-0.000745565

128592E-05
2.82142E-05
-0.00943203

7.85027E-06
2.00701E-05
-0.0273039

421827E-06 
1.4896IE-05 
-0.0551118

2.65779E-06
1.14655E-05
-0.0925726

457



Table 7.16 Accuracy check of non-dimensionalized second order horizontal forces
on submerged twin cylinders for different submerged depths (c/a -  4.0. Fn -  0.2.
no tilt in following waves)

Second order X forces In = 0.02 ka = 0.04 ka a 0.06 ka = 0.08 In a  0.10 In a  0.20 ka a  0.30 In a  0.40
d/as2.0 (Approx.) 

d/as2.0 (Press. Inie?.)
3.57466E-07
2.45338E-07

4.79436E-06 
3.84417E-06

2.09523Er05
1.76235E-05

5.7571 IE-05 
4.95184E-05

0.000121793
0.000106021

0.000798502
0.000701475

0.00130315
0.00112186

0.00128688
0.00107109

d/aa4.0 (Approx.) 
d/a=4.0 (Press. Intes.)

2.43846E-07
229099E-07

2.66846E-06
2.56642E-06

9.4758 IE-06 
9.18521E-06

2.11538E-05
2.05842E-05

3.65275E-05
326238E-05

0.000104683
0.000102558

0.000103698
0.000101899

720227E-05 
7.10391 E-05

In a  0.50 In = 0.60 In = 0.70 ka a  0.80 ka a  0.90 ka a  1.00 kaa 1.10 kaa 120 In a 1.30 ka a  1.40
0.00104138
0.000829661

0.000765932
0.000578671

0.000531721
0.000376844

0.000353474
0.000231253

0.000225917
0.000132519

0.000138455 
6.84581E-05

8.06451E05 
2J6176E-05

4.38885E-OS
5.19173E-06

2.16382E-05
7.32768E-06

9.09468E-06 
1.27661 E-05

423183E-05 
4.19141 E-05

223984E-05 
222721E-05

1.09345E-05
1.09087E-05

4.9663IE-06 
4.9668 IE-06

2.10095E-06 
2.10467E-06

824011E07 
826283E-07

2.96145E-07
2.97098E-07

9.52617E-08 
9.55701E-08

2.61334E-08
2.62037E-08

5.45019E-09
5.45288E-09

la s  1.50_______la  = 1.60______ In = 1.70______ k i = 1.80______ In a  1.90______ In = 2.00
2.81371E-06 3.62661E-07 3.78161E-08 7.71657E-07 1.79037E-06 2.70414E-O6
1.37933E-05 122862E-05 9.55593E-06 6.48777E-06 3.63709E-06 1.30441E-06
5.83346E-10 323641E-12 1.85599E-10 3.05636E-10 2.95547E-10 225461E-10
5.83375E-10 3.45254E-12 1.82291E-10 3.04446E-10 2.95341E-10 225602E-10
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Table 7.17 Accuracy check of non-dimensionalized second order vertical forces 
on submersed twin cylinders for different submerged depths (c/a = 4.0. Fn = 0.2. 
no tilt in following waves")

Second order Y forces In = 0.02 In a  0.04 In a  0.Q6 In a 0.Q8 In a 0.10 In a 0.20 In -  0.30 In a  0.40
d/as2.0 (Lee-Newman) 
d/as2.0 (Press. Integ.)

0.0279683
0.0302769

0.0722354
0.0881427

0.129216
0.172091

0.195345
0279352

0266863
0.405052

0.584726
1.04472

0.730185
128729

0.786752
1.24928

d/a=4.0 (Lee-Newman) 
d/a=4.0 (Press. Inlcg.)

0.0249254
0.0123223

0.0586093
0.0391335

0.0954621
0.0737489

0.131518
0.110629

0.164108
0.145596

0246126 0226589 0.172692

ka a0.50 kaa 0.60 ka a  0.70 kaa 0.80 kaa 0.90 kaa 1.00 kaa 1.10 ka= 120 ka= 1.30 kaa 1.40
0.809491 0.796828 0.744085 0.659055 0.557299 0.454102 0259975 0280006 0215219 0.164295
1.13808 1.01955 0.906954 0.802181 0.705556 0.617316 0.537571 0.466196 0.402845 0247013

0.118772 0.0762161 0.0464372 0.0271809 0.0154189 0.00653324 0.00463003 0.00247185 0.00130188 0.000677779
0.121654 0.0830906 0.0547884 0.0350833 0.0219052 0.0133837 0.00802951 0.00474624 0.00277295 0.00160589
ka a  1.50 kaa 1.60 ka a 1.70 ka a  1.80 kaa 1.90 kaa 2.00
0.124967 0.0948496 0.0718474 0.0542783 0.0408547 0.0306084
0298112 0.255513 0218585 0.186709 0.159292 0.135777

0.000349339 0.000178481 9.04818E-05 4.55555E-05 227954E-05 1.13437E-05
0.000925141 0.000529482 0.000302464 0.000172424 9.81374E-05 5.57764E-05

Table 7.18 Comparison of non-dimensionalized steady tilt moments on 
submerged twin cylinders for different submerged depths (c/a = 4.0. Fn -  0.20, 
no tilt in following waveŝ )

Steadr till moments In a  0.02 In a  0.04 lea = 0.06 ka a  0.06 lu a 0.10 In a  0.20 In a  0.30 m a  0.40
d/a as 2.0 9.88908E-06

6.49426E-06
6.83218E-05 
3.63463E-05

0.000204174
8.75486E-05

0.000430852
0.000148751

0.000746184
0.000208175

0.00275371
0.000314103

0.00343207
0.000215399

0.00297597
0.000115081

kaa 0.50 In a  0.60 kaa 0.70 kaa 0.80 kaa 0.90 kaa 1.00 k aa 1.10 kaa 120 II o k aa 1.40

0.00230193
5.47069E-05

0.00171421
2.39945E-05

0.00125515 
9.77481 E-06

0.000907367
3.67488E-06

0.000646977
125155E-06

0.000454061 
3.70308E-07

0.000313185 
8.49512E-08

0.000212282
8.06679E-09

0.000141697
5.44393E-09

9.36151E-05
4.06905E-09

ka= 1.50 kaa 1.60 kaa 1.70 kaa 1.80 C* II SO o kaa 2.00

6.17605E-QS
5.31696E-10

4.12058E-O5 
8.58006E-11

2.82142E-05
5.47769E-10

2.00701E-05
5.36526E-10

1.48961E-05
3.85307E-10

1.14655E-05 
2.37213E10
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Table 7.19 Accuracy check of non-dimensionalized second order horizontal forces
on submerged twin cylinders for different separation distances rd/a = 2.0. Fn =
0.20. no tilt in following waves)

Second order X forces fca = 0.02 ka = 0.04 ka = 0.06 ka = 0.06 ka = 0.10 ka = 020 ka = 0.30 ka = 0.40
c/as4.0 (Approx.) 

c/a=4.0 (Press. In tea.)
3.57466E-07
2.45338E-07

4.79436E-06 
3.84417E-06

2.09523E-05
1.76235E-05

5.7571 IE-05 
4.95184E-05

0.000121793
0.000106021

0000798502
0.000701475

0.00130315
0.00112186

0.00128688
0.00107109

c/a=6.0 (Approx.) 
c/a=6.0 (Press. Intea.)

6.61994E-08
5.29209E-08

8.76425E-07
1.07872E-O7

3.78064E-06 
4.12833E-07

1.02565E-05
228272E-06

2.14365E05 
6.11264E-06

0.000134768
4.52149E-05

0.000214766 
4.73415E-05

0.000201995
1.33692E-06

ka = 0.50 ka = 0.60 ka = 0.70 ka = 0.80 ka = 0.90 ka = 1.00 ka = 1.10 ka = 120 ka = 1.30 ka =
0.00104138
0.000829661

0.000765932
0.000578671

0.000531721
0.000376844

0.000353474
0.000231253

0.000225917
0.000132519

0.000138455 
6.84581E-05

8.0645 IE-05 
2.86176E-05

4.38885E-05 
5.19173E-06

2.16382E-05
7.32768E-06

9.09468E-06
1.27661E-05

0.000147875
4.79714E-05

9.19939E-05 
7.89511E-05

4.93376E-05 
9.10423E-05

2.19148E05
9.03817EO5

6l97591E-06
824671E-05

8.46647E07 
7.06622E-05

2J5975E07
5.69674E05

2J1148E-06
428826E-05

5.69805E-06
2.97349EQ5

8.45455E-06
1.86021EQ5

ka = 1.50 ka = 1.60 ka= 1.70 ka = 1.80 ka= 1.90 ka = 2.00
2.8137 IE-06 3.62661E437 5.78161E-08 7.71657E-07 1.79037E-06 2.70414E-06
1.37933E-05 122862E-05 9.55593E-06 6.48777E-06 3.63709E-06 1.30441E-06
1.00489E-05 1.Q2861E-05 9.36813E-06 7.71053E-06 5.7689 IE-06 3.91665E-06
1.01279E-05 4.43395E-06 1.18738E-06 22082 IE-07 4.72036E-07 1.60656E-07

Table 7.20 Accuracy check of non-dimensionalized second order vertical forces 
on submerged twin cylinders for different separation distances (d/a = 2.0. Fn = 
0.20. no tilt in following waves')

Second order Y forces la  = 0.02 ka = 0.04 1a = 0.06 ka = 0.08 ka = 0.10 ka =0310 ka = 0.30 ka = 0.40
c/a=4.0 (Lee-Newman) 
c/a=4.0 (Press. Intea.)

0.0279683
0.0302769

0.0722354
0.0881427

0.129216
0.172091

0.195345
0.279352

0266863
0.405052

(1584726
1.04472

0.730185
128729

0.786752
124928

c/a=6.0 (Lee-Newman) 0.0290879
0.0303691

0.0739382
0.0858474

0.130765
0.164295

0.195822
0262634

0265235
0.376216

0.569768 0.750161 0.891753

lot = 0.50 kaa 0.60 ka = 0.70 ka = 0.80 ka = 0.90 ka = 1.00 ka= 1.10 ka= 120 ka = 1.30 ka= 1.40
0.809491 0.796828 0.744085 0.659055 0.557299 0.454102 0.359975 0280008 0215219 0.164295
1.13808 1.01955 0.906954 0.802181 0.705556 0.617316 0.537571 0.466196 0.402845 0347013

0.975105 0.952698 0.838751 0.685202 0237182 0.416355 0.325489 0258327 0207007 0.165628
L  U701S 1.06685 0.949809 0.831928 0.721164 0.621456 0.534011 0.458488 0.393799 0.338555

ka= 1.50 ka= 1.60 ka = 1.70 ka= 1.80 ka= 1.90 ka= 2.00
0.124967 0.0948496 0.0718474 0.0542783 0.0408547 0.0306084
0.298112 0255513 0218585 0.186709 0.159292 0.135777

r  0.130972 0.101768 0.0776282 0.0582824 0.0432568 0.0318784
0.291329 0250797 0.215829 0.185516 0.159161 0.136234

Table 7.21 Comparison of non-dimensionalized steady tilt moments on 
submerged twin cylinders for different separation distances fd/a = 2.0. Fn = 0.20. 
no tilt in following waves')

Steadr tilt moments kas 0.02 ka = 0.04 ka= 0.06 k as 0.08 ka = 0.10 ka= 020 ka = 0.30 ka = 0.40
c /a s  4.0 9.88908E-06 6.83218E-05 0.000204174 0.000430852 0.000746184 0.00275371 0.00343207 0.00297597
c/a = 6.0 122773E-06 8.46401E-06 2.53435E-05 5.38315E-05 9.43264E-05 0.000403241 0.000655766 0.000766194

ka = 0.50 ka = 0.60 ka = 0.70 k a s 0.80 ka = 0.90 ka= 1.00 k as 1.10 ka= 1.20 ka = 1.30 k a s  1.40
0.00230198
0.000773947

0.00171421
0.000711423

0.00125515
0.000607457

0.000907367
0.000489237

0.000646977
0.000377226

0.000454061
0.000282706

0.000313185
0.000208984

0.000212282
0.000154274

0.000141697
0.000114544

9.36151E-05
8.55427E-05

ka= 1.50 ka= 1.60 ka= 1.70 k as 1.80 ka= 1.90 ka = 2.00
| 6.17605E-05 
! 6.38576E-05

4.12058E-05 
4.71915E-05

2.82142E-05
3.41901E-05

2.00701E-05 
2.40983E-05

1.48961E-05
1.64492E-05

1.14655E-05 
1.08626E-05
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Table 7.22 Accuracy check of non-dimensionalized second order horizontal forces
on submersed twin cylinders for different inclinations (d/a = 2.0. c/a = 4,0. Fn = 
0.20 in following waves)

Second order X forces la s  0.02 ka = 0.04 k as 0.06 k as 0.08 k as 0.10 kas 0.20 ka s  0.30 ka = 0.40
0 degree bit (Approx.) 3J7466E-07 4.79436E-06 2.09523E-05 5.7571 IE-05 0.000121793 0.000798502 0.00130315 0.00128688

0 decree tilt (Press. Int.) 2.45338E-07 3.84417E-06 1.76235E-05 4.95184E-05 0.000106021 0.000701475 0.00112186 0.00107109
5 degree tilt (Approx.) 3.60368E-07 4.83834E-06 111696E-05 5.82445E-05 0.000123391 0.000813557 0.00132684 0.00130287

5 degree tilt (Pres*. InL) 3.54941E-07 4.11509E-06 1.81324E-05 5.04164E-05 0.000107567 0.000710917 0.00113213 0.00106943
10 degree tilt (Approx.) 3.69741E-07 4.98092E-06 2.18772E-05 &04469E-05 0.000128635 0.000863814 0.00140471 0.00135221

10 degree tilt (Press. Int.) 4.87477E-07 4.39293E-06 1.86152E-05 5.13601E-05 0.000109535 0.000728671 0.00113644 0.00101849
k as 0.50 kas 0.60 ka s  0.70 k a s 0.80 ka = 0.90 ka s  1.00 k as 1.10 k as 1.20 ka s  1.30 k as 1.40

0.00104138 0.000765932 0.000531721 0.000353474 0.000225917 0.000138455 8.0645 IE-05 4.38885E-05 2.16382E-05 9.09468E-06
0.000829661 0.000578671 0.000376844 0.000231253 0.000132519 6.8458 IE-05 2.86176E-05 5.19173E-06 7.32768E-06 1.27661 E-05
0.00104598 0.000762658 0.000524953 0.000346271 0.000219836 0.000133997 7.77328E-05 422034E-05 2.08105E-05 8.79484E-06
0.000815564 0.000557391 0.000353531 0.000209191 0.000113211 5.22301 E-05 1J1963E-05 5.91267E-06 1.66112E-05 2.06404E-05
0.00105629 0.000747741 0.000500197 0.000321619 0.000199851 0.000119772 6.86439E-05 3.70184E-05 1.82626E-05 7.82281E-06
0.000713177 0.000426572 0.000215323 7.69119E-05 6.70581E-06 5.33454E-05 7.64206E-05 8.49632E-05 8.47599E-05 7.94741E-05

k as 1.30 kas 1.60 ka s  1.70 k a s 1.80 kas 150 ka = 2.00
2.81371E-06
1.37933E-05

3.62661E-07 
122862E-05

5.78161E-08
9.55593E-06

7.71657E-07
6.48777E-06

1.79037E-06
3.63709E-06

2.70414E-06 
1.30441E-06

2.78538E-06
2.05634E-05

427262E-07
1.81608E-05

1.05841E-07
1.46704E-05

7.48922E-07
1.09292E-05

1.68297E-06 
7.46532E-06

2-52405E-06
4.56716E-06

2.60034E-06 
7.14552E-05

4.99779E-07
622432E-05

122758E-07
528575E-05

5.62141E-07
4.39577E-05

125969E-06 
3.5939 IE-05

1.90281E-06 
2.8997 IE-05

Table 7.23 Accuracy check of non-dimensionalized second order vertical forces 
on submerged twin cylinders for different inclinations fd/a = 2.0. c/a = 4.0. Fn =
0.20 in following waves)

Second order Y forces ka s  0.02 ka s  0.04 k as 0.06 k as 0.08 ka:= 0.10 kas 0.20 ka s  0.30 k as 0.40
0 degree tilt (L.-N. App.) 
0 degree tilt (Press. Int.)

0.0279683 0.0722354 
0.0302769 0.0881427

0.129216
0.172091

0.195345
0.279352

0266863
0.405052

0-584726
1.04472

0.730185
128729

0.786752
1.24928

5 degree tilt (L-N. App.) 
5 degree tilt (Press. Int.)

0.0280839 0.0725323 
0.0320011 0.0923354

0.129767
0.179621

0.196226
0291209

0268111
0.422269

0-587707
1.09683

0.732511
1.36056

0.788347
1.32606

10 degree tilt (L.-N. App.) 
10 degree tilt (Press. Int.)

0.0284585 0.0734985 
0.0379444 0.106873

0.131567
0205874

0.199112
0.332771

0272305
0.482937

0.597484
128479

0.739743
1.62704

0.792937
1.60434

k as 0.50 kaa 0.60 ka s  0.70 ka s  0.80 k as 0.90 ka= 1.00 ka = 1.10 kas 1.20 ka= 1.30 k as .40
0.809491
1.13808

0.796828
1.01955

0.744085
0.906954

0659055
0802181

0.557299
0.705556

0.454102
0.617316

0.359975
0.537571

0280008
0.466196

0215219
0.402845

0.164295
0247013

0.810972
12*1169

0.797942
1.08802

0.744318
0.969806

0.658264
0859617

0.555755
0.758104

0.452241
0.665636

0.358167
0.582317

0278471
0.507947

0214026
0.442073

0.163424
0284082

0.815091
1.47626

0.800701
1.33161

0.744074
1.19127

0.654715
1.06032

0.549944
0.940549

0.445642
0.832613

0.351965
0.736442

0273311
0.651434

0210082
0.576681

0.160582
0.511138

k as 1.50 kas .60 ka= 1.70 k as 1.80 k as 1.90 k as 2.00
0.124967
0.298112

0.0948496
0.255513

0.0718474
0.218585

0.0542783
0.186709

0.0408547
0.159292

0.0306084
0.135777

0.124355
0.333284

0.0944248
0.288971

0.0715501
0.250439

0.0540654
0217024

06406979
0.188098

0.0304904
0.163082

a 122378 
0.453751

0.0930688
0.403514

0.0706126
0.359504

0.0534021
0820891

06402153
0286937

0.0301315
0.257004

Table 7.24 Comparison of non-dimensionalized steadv tilt moments on
submerged twin cylinders for different inclinations rd/a = 2.0. c/a = 4.n. 
Fn = 0.20 in following waves^

Steadr tilt moments k as 0.02 k a s 0.04 ka s  0.06 kas 0.08 ka = 0.10 k as 020 ka s  0.30 k as 0.40
0 degree tilt 9.88906E-06 6.83218E-05 0.000204174 0.000430852 0.000746184 0.00275371 0.00343207 0.00297597
5 degree tilt 0.00860192 0.0207074 0.0368664 0.0574098 0.0822058 0232912 0.327475 0.352121
10 degree tilt 0.0192397 0.0464173 0.0827766 0.129153 0.185398 0.533781 0.755399 0.809842

| k as 0.50 kas 0.60 k as 0.70 k as 0.80 k as 0.90 k as 1.00 k as 1.10 kas 120 k as 1.30 ka s  1.40
; 0.00230198 0.00171421 0.00125515 0.000907367 0.000646977 0.000454061 0.000313185 0.000212282 0.000141697 9.36151E-05
! 0.344741 0.324945 0.300685 0275611 0251542 0229301 0209125 0.190937 0.174517 0.159604
! 0.787784 0.737284 0.677875 0.618289 0.562546 0.512165 0.467311 0.427497 0.391998 0360C82

la  = 1.50_______la = 1.60______ k a s 1.70______ ki=1.80______ la  = 1.90______ k a s 2.00
6.17605E-05 4.12058E-05 2.82142&05 2.0070IE-05 1.48961E-05 1.14655E-05

0.145956 0.133372 0.121701 0.110831 0.100696 0.0912499
0.331104 0.304552 0280043 0257303 0.236146 0.216446
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Table 8.1 Results between CPU time and discrete element numbers for different
submerged deoths (c/a.= 4.0. Fn = 0.20. no tilt in head waves : NT II o

CPU time (Seconds) NE = 10.0 NE = 20.0 NE = 30.0 NE = 40.0 NE = 50.0 NE = 60.0 NE = 70.0 NE = 80.0
d/a * 1.0 16 58 130 231 363 528 723 952

§ H O 16 61 137 244 383 556 762 1003

s II u* o 15 58 129 231 363 526 722 950

Table 8.2 Results between CPU time and image numbers for different 
submerged depths (c/a = 4.0. Fn = 0.20. no tilt in head waves : NE = 50)

CPU lime (Seconds) NI =8.0 NI = 10.0 NI = 12.0 NI = 14.0 NI = 16.0 NI= 18.0 NI = 20.0 NI = 22.0
d/a = 1.0 
d/a = 2.0 
d/a = 3.0

365 364 364 365 365 365 364 365 
384 384 384 384 384 384 384 385 
363 363 364 363 364 364 364 364

Table 8.3 Results between error of surge damping coefficients and element
numbers for different submerged deDths (c/a =  4.0. Fn =  0.20. no tilt in head
waves : NT =  10)

Error of surge coef. (%) NE = 10.0 NE = 20.0 NE = 30.0 NE=40.0 NE = 50.0 NE = 60.0 NE = 70.0 NE = 80.0
d/a = 1.0 
d/a = 2.0
d/a = 3.0

9.44 36.7 3.52 63.4 16.7 63.2 68.2 65.9 
2.77 1.11 0.69 <X5 0.39 0.32 0.27 0.23 
2.72 1.11 0.69 0.5 0.39 0.32 0.27 0.24

Table 8.4 Results between error of heave damping coefficients and element
numbers for different submerged depths (c/a =  4.0. Fn =  0.20. no tilt in head
waves : NT = IQ)

Error of heave coef. (%) NE = 10.0 NE = 20.0 NE = 30.0 NE=40.0 NE = 50.0 NE=60.0 NE = 70.0 NE = 80.0
d/a =1.0 
d/a = 2.0
d/a a  3.0

207 80.3 6.83 26.8 282 48 55.8 55.3 
2.66 1.13 0.71 0.51 0.4 0.33 0.26 0.24 
2.72 1.14 0.71 0.52 0.41 0.33 0.28 0.246

Table 8.5 Results between error of pitch damning coefficients and element
numbers for different submerged depths (c/a =  4.0. Fn =  0.20. no tilt in head
waves : NT =  10)

Error of Ditch coef. (%) NE = 10.0 NE = 20.0 NE = 30.0 NE =40.0 NE = 50.0 NE = 60.0 NE = 70.0 NE = 80.0
d/a =1.0 
d/a = 2.0 
d/a = 3.0

14.9 241 3.76 42.2 110 367 273 388 
165 1.12 0.69 0.5 0.39 0.32 0.27 0.24 
171 1.12 0.69 0.51 0.4 0.33 0.276 0.239

Table 8.6 Results between error of surge damDing coefficients and imagei_ r
numbers for different submerged depths (c/a =  4.0. Fn =  0.20. no tilt in head
waves : NE =  50)

Error of surge coef. ( % ) NI =8.0 NI = 10.0 NI = 12.0 NI=14.0 NI = 16.0 NI= 18.0 NI = 20.0 VI = ?2.0
d/a a  1.0 
d/a = 2.0 
d/a = 3.0

16.7 16.7 16.7 16.7 16.7 16.7 16.7 16.7 
0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 
0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39

Table 8.7 Results between error of heave damping coefficients and image
numbers for different submerged depths (c/a =  4.0. Fn =  0.20. no tilt in head
waves : NE =  50)

Error of heave coef. (%) NI = 8.0 NI = 10.0 NI = 12.0 NI=14.0 NI = 16.0 NI = 18.0 NI = 20.0 NI = 22.0
d/a =1.0 
d/a = 2.0 
d/a = 3.0

282 282 282 282 282 282 282 282 
0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 

0.41 041 0.41 0.41 0.41 0.41 0.41 0.41

Table 8.8 Results between error of Ditch damDing coefficients and image
numbers for different submerged depths (c/a =  4.0. Fn =  0.20. no tilt in head
waves : NE =  50)

Error of pitch coef. (%) NI =8.0 NI = 10.0 NI = 12.0 NI = 14.0 NI = 16.0 NI= 18.0 NI = 20.0 NI = 22.0
d/a =1.0 
d/a = 2.0 
d/a = 3.0

110 110 110 110 110 110 110 110 
0.39 0.39 0.39 0.39 0.39 0.39 0.39 0.39 
0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4



Table 8.9 Accuracy check of surge damping coefficients for different submerged 
depths (c/a = 4.0. Fn -  0.20. no tilt in head waves ; NE = 50. NI = 10)

Check of surge damp. coef. NE = 10.0 NE = 20.0 NE a 30.0 NE =40.0 NE = 50.0 NE = 60.0 NE = 70.0 NE = 80.0
d/a a  1 (Pressure integration) 0.165 0.0889 0.309 0.119 -0.0377 1.554 1.291 1.051
d/a = 1 (Energy flux check) 0.199 0.0411 0.332 0.0266 -0.0527 6.886 6.818 5.112

d/a = 2 (Pressure integration) 0.022S 0/3238 0.0241 0.0242 0.0243 0.0243 0.0244 0.0244
d/a a  2 (Energy flux check) 0.0241 0.0244 0.0245 0.0245 0.0245 0.0245 0.0245 0.0245

d/a a  3 (Pressure integration) 0.0025 0.00261 0.00264 0.00265 0/30266 0.00266 0.00266 0.00267
d/a = 3 (Energy flux check) 0.00264 0.00267 0.00267 0.00268 0.00268 0.00268 0.00268 0.00268

Table 8.10 Accuracy check of heave damping coefficients for different submerged 
depths (c/a = 4.0. Fn = 0.20. no tilt in head waves : NE = 50. NI = 10)

Chech of heave damp. coef. NE a 10.0 NE a 20.0 NE = 30.0 NE = 40.0 NE = 50.0 NE =60.0 NE = 70.0 NE = 80.0
d/a = 1 (Pressure integration) -0.195 0.0778 0.452 0.119 0.0216 2.332 1.897 1.492
d/a a  1 (Energy flux check) 0.199 0.0411 0.332 0.0266 -0.0454 6.641 6.694 5.189

d/a = 2 (Pressure integration) 0.0266 0.0279 0.0233 0.0284 0.0285 0.0285 0.0286 0.0286
d/a a  2 (Energy flux check) 0.0281 0/3286 0.0287 0.0287 0.0287 0.0237 0.0287 0.0287

d/a a  3 (Pressure integration) 0/30934 0.00969 0/30978 0.00982 0/30984 0.00986 0.00987 0.00988
d/a a  3 (Energy flux check! 0.00986 0.00991 0.00992 0.00992 0.00992 0.00992 0.00992 0.00992

!
Table 8.11 Accuracy check of pitch damping coefficients for different submerged 
depths (c/a = 4.0. Fn = 0.20. no tilt in head waves : NE = 50. NT = 10)

Check of pitch damp. coef. NE a 10.0 NE = 20.0 NE a 30.0 NE =40.0 NE = 50.0 NE a 60.0 NE = 70.0 NE a 80.0
d/a a  1 (Pressure integration) 1.329 -0.0675 0.019 0.0128 0.16 -1.205 -1.03 -0.836
d/a a  l (Energy flux check) 1.795 0.0279 0.0204 0.0314 -0.00747 2.107 2.22 1.417

d/a a  2 (Pressure integration) 0.0504 0/3519 0.0523 0.0524 0.(3326 0.0526 0.0527 0.0527
d/a = 2 (Energy flux check) 0.0531 0/353 0.053 0.053 0.053 0.053 0.053 0.053

d/a a  3 (Pressure integration) 0.00934 0.00969 0.00978 0.00982 0.00984 0.00986 0.00987 0.00988
d/a a 3 (Energy flux check) 0.00986 0.00991 0.00992 0.00992 0.00992 0.00992 0.00992 0.00992

Table 8.12 Accuracy check of surge Kochin functions for different submerged
depths (c/a =  4.0. Fn = 0.20. no tilt in head waves : NE = 50. NI =m

Check of surge Kochin fan. NE = 10.0 NE = 20.0 NE a 30.0 NE a 40.0 NE a  50.0 NE = 60.0 NE a 70.0 NE = 80.0
d/a a  1 (Radiation problem) 1.299 0.799 2.335 0.605 0.184 17.709 13.826 10.59
d/a = 1 (Haaldnd-Newman) 1.189 0.614 2.238 0.573 0.319 16.779 13.203 10.259
d/a = 2 (Radiation problem) 0.634 0.637 0.638 0/538 0.638 0.638 0.638 0.638
d/a = 2 (Haskind-Newman) 0.599 0.623 0.629 0.632 0.633 0.634 0.635 0.635
d/a a  3 (Radiation problem) 0.215 0.217 0.217 0.217 0.217 0.217 0.217 0.217
d/a = 3 (Haskind-Newman) 0.204 0.212 0.214 0.215 0.215 0.216 0.216 0.216

Table 8.13 Accuracy check of heave Kochin functions for different submersed 
depths (c/a = 4.0. Fn = 0.20. no tilt in head waves : NE = 50. NI = 10")

Check of heave Kochin run. NE = 10.0 NE = 20.0 NE a 30.0 NE = 40.0 NE = 50.0 NE = 60.0 NE = 70.0 NE = 80.0
d/a a  1 (Radiation problem) 1.252 0.253 2.548 0.929 2.001 17.56 14.057 11.105
d/a = 1 (Haskind-Newman) 1.959 1.862 3.007 1.371 Z l l l 24.62 18.818 13.789
d/a a  2 (Radiation problem) 0.684 0.689 0.691 0.691 0.691 0.691 0.691 0.691
d/a a  2 (Haskind-Newman) 0.649 0.674 0.681 0.684 0.685 0.687 0.687 0.688
d/a = 3 (Radiation problem) 0.232 0.233 0.233 0.233 0.233 0.233 0.233 0.233
d/a a  3 (Haskind-Newman) 0.219 0.228 0.231 0.231 0.231 0.232 0.232 0.232I

!| Table 8.14 Accuracy check of pitch Kochin functions for different submerged
j depths (c/a = 4.0. Fn = 0.20. no tilt in head waves : NE = 50. NI = 10)

Check of pitch Kochin fan. NE a  10.0 NE = 20.0 NE = 30.0 NE =40.0 NE = 50.0 NE = 60.0 NE = 70.0 NE = 80.0
d/a a  I (Radiation problem) 1.356 0.659 0.526 0.395 0.795 11.284 8.927 7.021
d/a a  l (Haskind-Newman) 3.271 1.243 0.699 0517 2.481 18.799 15.043 11.342
d/a = 2 (Radiation problem) 0.941 05)38 0.938 0.937 0.937 0.937 0.937 0.937
d/a a  2 (Haskind-Newman) 0.892 OS 18 0.925 0.928 0.931 0.931 0.932 0.933
d/a a  3 (Radiation problem) 0.416 0/417 0.417 0/418 0418 0.418 0.418 0.418
d/a = 3 (Haskind-Newman) 0.394 0.408 0.412 0413 0.414 0.415 0.415 0416
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Table 8.15 Comparison of CPU time between two approaches (d/a = 2.0.
c/a = 4.0. Fn = 0.20, 5 decree tilt in head waves : NE = 50. NT = 10)

C fU  tin *  (S « ra < i) ka - 0 0 2  ka -  0 04  k a - 0 0 6  ka -  00 8  k a -O lO  k a - O 2 0  k a -  0 3 0  k a - 0 4 0  ka -  0 50 ka -  0 6 0 ka -  0.70
Diicna* M ic a  method 

>inct Omen fencdon method
172 184 197 204 208 235 262 288 315 
85 90 94 98 100 110 121 131 141

343
152

368
163

a - a s o kaa 0.90 k a -  1.00 k a -  1.10 k a - 1 2 0  k a -1 .3 0  k a -1 .4 0  k a -1 .5 0  ka-1 .60  k a -1 .7 0  ka -  1.30 ka -  1.90 ka - 2.00
374
165

36*
163

384 356 333 324 320 319 319 320 319 
171 165 152 148 146 145 145 144 143

317
142

315
142

Table 8.16 Relative error of surce damping coefficients between two approaches
(d/a = 2.0. c/a = 4.0. Fn = 0.20. 5 decree tilt in head waves : NE =  50. NI = 10)

Irrer of w r i t  dam e c e e t  ( * ) Ka -  00212 Ka -  00433 K a - 0.0661 K a -0 0 8 9 3  K a -0 1 1 3  Ka -  0.237 K a -0 3 6 9  K i -0 .506  K a - 0.651 Ka - a s m Ka -  0.9M
Diacreu w o n  method 

Direct Omen function method
0388  0464 0477 0483 0487 0492 0467 0464 0533 
0016  0049 0 06  0.065 0067 0 07  0057 0068 0.096

0561
a n

0579
0.12

Ca -  1.112 K a .  1274 K a a  1.441 K a a  1.609 K a - 1.783 K aa 1.961 K a - 2.141 K a-2 .325  Ka -2.512 Ka ■ 2.702 Ka -2.S96 K a-3.092 K a -  3291

a<72
0.07

0 429
0049

0 395 0389  0384 0 3 8  0376 0373 037 0369 0 37  
0 026  0022 0019 0.016 0014 0.012 001 0008 0007

0374
0.007

0389
0011

Table 8.17 Relative error of heave damping coefficients between two approaches
(d/a =  2.0. c/a = 4.0. Fn =  0.20. 5 decree tilt in head waves :  NE =  50. NI = IQ)

Irrer of hoove dam * ceeL ( % ) Ka -  00212 K a - 00433 K a - 0.0661 K a -0 0 8 9 3  K a -0 1 1 3  K a - 0.237 K a -0 3 6 9  K a-0 5 0 8  K a - 0.651 Ka -0 8 0 1 K a - 0.954

Dieciele toga method 0 454 0476 0482 0486 0488 0493 0467 0445 0516 
0.07 0074 0075 0.077 0.078 0.08 0065 0.061 0092

0548
O il

0567
a n

Ca a  1.112 Ka a  1.274 Ka a  1.441 K a -  1.609 Ka -  1.783 K a - 1.961 K a - 2.141 K a -1 3 2 5  K a-2.512 K a - 2.702 Ka -2.896 K a - 3.092 Ka -  3291

<1461
0.032

0 429
0.048

0401 0 396  0392 0389 0385 0382 0 38  0377 0376 
0032 0 0 3  0.029 0.028 0027 0.025 0025 0024 0023

0375
0.023

0376
0024

Table 8.18 Relative error of pitch damping coefficients between two approaches
! (d/a = 2.0. c/a = 4.0. Fn = 0.20. 5 decree tilt in head waves : NE = 50, NI = 10)

Ka •  00212 Ka •  00433 K a - 0.0661 K a -0 0 8 9 3  K a -0 1 1 3  Ka -  0.237 Ka -  0369 K a-0 .5 0 8  K a - 0.651 Ka -  0801 Ka -  0.954

D i n a *  t o n *  method 0441 0435 0509 0.518 0518 0.518 05 2  0516 0488 
0.01 0014 0077 0.089 0089 0.086 0086 0082 0.066

0422
0035

0 42
0.039

K aa 1.112 K . - I T 7 4  Ka m 1.441 K a .  1.609 K a - 1.783 K a - 1.961 K a-2 .141  K a-2 .325  Ka -2.512 K a .  2.702 K a-2.896 Ka-3.092 K a -  3291

0.421
0.04

0398
0025

0395 0395  0398 0408 0439 0522 0557 0465 0417 
0 023 0.023 0025 0.032 O0J2 0.108 012  0061 0035

0398
0.025

0391
002

Table 8.19 Accuracv check of surge damping coefficients between two
approaches (d/a =  2.0. c/a =  4.0. Fn =  0.20. 5 decree tilt in head waves;
NE =  50. NI = 10)

Ka > 00212 Ka > 00433 Ka -  0.0661 K a -  0.0893 Ka -0 1 1 3 Ka «  0.237 Ka -  0369 Ka •  0508 K a -  0.651 Ka >0801 Ka •  0.954

•S. Method(Pmmam integration) 00112
00113

00464
00468

OIOS
0.106

0182
0.184

0267
0.27

041
0.414

0173
0.175

00893
0.0902

0141
0.142

0123
0125

00364
0.036S

lac t G-F.M-( P re m ie  itnegnbon) 00117 00492 0113 0 2 0299 0.467 01845 0.1218 02099 0.1807 005487

00117 00491 0113 01997 0298 0467 0.1843 0.1217 02095 0.1804 005473

K . -  1.112 Ka — 1274 K a -  1.441 Ka -  1.609 Ka -  1.783 Ka -  1.961 K a - 2.141 K a-2 .325 K a -2.512 K a - 2.702 Ka -  2.896 K a-3.092 Ka -  3.291

000606 00127 00172 00207 00213 00196 00164 00126 0009 000593 00036 000199 0000999

0.00611 00129 00174 0.0208 00215 00197 0.0165 00127 0.00907 000598 0.00363 0.00201 0.00101

000992 002093 002617 0.03113 003218 002988 00254 001993 00145 0.009766 0006059 000343 000175

0.0099 002091 002616 0.03111 003217 002987 0.02539 001993 00145 0.009765 0.006058 0.00343 0.00175

Table 8.20 Accuracv check of heave damping coefficients between two
approaches (d/a =  2.0. c/a = 4.0. Fn = 0.20. 5 decree tilt in head waves;
NE = 50, NI =  10T

Check of h t m  dam p t o t l K a - 0.0212 Ka .  0.0433 K a-0.0661 K a - 0.0893 Ka -  O l 13 K a - 0.237 K a -0 3 6 9 K a -  0.508 K a - 0.651 K a - 0.801 K a - 0.954
.S. Method (P re m ie  integration) 00146 00605 0137 0238 0349 0522 0213 0108 0167 0145 00435
t.S. Method (E nertv  flex check) 0.0147 0.0611 0.139 0241 0353 0.527 0.215 0.109 0.168 0.147 0.044
met G-F.M^Prem«re inegnaon) 001527 006427 01485 02628 03921 05951 02235 0.1443 02474 02123 006529
irectG.F.M. (Enemy flax check) 0.01525 0.06418 01483 02624 0.3915 05941 02232 0.1441 0.2469 02123 0.06514

K a - 1.112 Ka - 1274 K a - 1.441 K a -  1.609 Ka -  1.783 K a -  1.961 K a-2.141 K a-2 .325 Ka -2.512 K a - 2.702 K a-2.896 K a - 3.092 Ka -3.291
000646 00142 00201 00248 00261 00244 00207 00162 00118 000792 000492 000281 000146
0.00652 0.0144 0.0203 0.025 00263 00245 00209 00164 00119 0.00798 000496 0.00283 000147
0.01057 0(12334 003061 0.03733 003933 003714 003207 00256 001897 001305 0008305 0004849 0002566
001056 0.02332 0.03059 0.03731 003931 003711 003205 002558 001896 0.01304 0.008301 0.004847 0.002565

Table 8.21 Accuracv check of oitch damoins coefficients between two annrmches
m = 2.0. c/a

' 
©

 

Till Fn = 0.20. 5 decree tilt in head waves ;  NE == 50. NI II >—*
 

o

K a - 0.0212 K a - 0.0433 K a-0.0661 K a -0 0 8 9 3 Ka -0 .113 K a - 0.237 K a -0 3 6 9 K a - 0.508 K a -  0.651 K a - 0.801
0000278 00016 000599 00167 00374 031 0551 0498 0279 0141

I.S. Method (E n e n v  flex check) 0000276 0.00161 000606 0.0169 0.0378 0.313 0557 0504 0281 0143 0123
00003036 0001852 - 0007091 002013 004611 04036 07095 0.6224 03365 0.1734

irectG.F.M (E n e n y  f l u  check) 00003099 0001852 000708 00201 004602 04029 07082 0.6214 03361 0.1733 01593
(a  -  1.112 Ka -  1274 K a - 1.441 K a - 1.609 Ka -  1.783 K a -  1.961 Ka -2.141 Ka-2.325 K a -2.512 K a - 2.702 Ka -  2.896 K a -  3.092 Ka -3.291

00978 00634 00418 00249 00133 000613 000234 0.000792 0000488 000072 000105 000126 00013
0.0986 0.0641 0.0421 0.0251 0.0134 0.00618 0.00237 0.0008 0.000494 0.000727 0.00106 0.00127 0.00131
01302 008198 005422 00326 001748 0008058 0003045 0.001026 00007325 0.001202 0001808 0002225 0002347
01301 008194 0.05419 0.03258 0.01748 0.008052 0003042 0.001024 00007307 0.0012 0.001807 0.002224 0002346
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Table 8.22 Accuracv check of surge Kochin functions between two approaches 
(d/a = 2.0, c/a = 4.0, Fn = 0.20. 5 degree tilt in head waves : NE = 5fl. NI = 10")

Check of aurvo Kechtn flux k a a  002 ka -  004 ka -0 .0 6 k a a  008 k a -O lO k a - 0 2 0 ka -  0.30 ka - 0 4 0 ka -  0.50 ka - 0 6 0 ka -  0.70
D.S. Method (Radianon problem) 0226 0436 0626 0795 0941 1.331 125 0943 0587 0251 0161
D.S. Method (Haakind-Newman) 0228 0 44 0634 0.807 0959 1.381 1.31 1.017 0668 0339 0158
K a c i O f .M .( R k i i to a  protdmn) 02285 04433 06403 08234 0984 M S4 1.385 1.0571 06792 0327 01955
Oirect G.F.M. (Haakind-Newman) 0.2283 04442 0.6431 08171 09722 1.405 1.318 0.9739 0.5764 02683 0.1632

k a-O S O ka •  0.90 k a a  1.00 k a -  1.10 ka -  120 ka -  1.30 ka -  1.40 k a -  1.50 ka -1.60 ka -  1.70 ka -  1.80 k a -  1.90 ka -  2.00
0 263 0433 0546 0603 0618 0596 0549 0484 0411 0332 0257 0188 0128
0.191 0375 0501 0574 0599 0.587 0546 0.486 0414 0338 0263 0193 0.132

02788 04515 0396 0683 07191 07116 06701 06038 05218 0432 03416 0255 01681
03613 05516 0677 0744 07609 07372 06827 06071 05188 04254 03328 0.246 0.1764

Table 8.23 Accuracv check of heave Kochin functions between two annroaches
(d/a =  2.0. c/a = 4.0. Fn = 0.20. 5 degree tilt in head waves ; NE = 50. NI

©
 

r—<II

Chock of Iim t o  Kochin fun. k a a  0.02 ka -  0.04 k a - 006 ka-OOS k a-O lO ka •  0.20 k a a  0.30 ka -  0.40 ka « 05 0 ka a  0.60 ka •  0.70
D.S. Method (Radianon problem) 0262 0 509 0735 0.938 1.112 1.512 1.387 1.071 0698 0331 0188
D.S. Method fHaakind-Nawman) 0.263 0512 074 0.942 1.114 1-507 1.409 1.131 0.784 0425 0.162
Dieect G.F.M. (Radianon problem) 0266 05191 0754 09656 1.148 1.567 1.467 1.1766 08097 0.4239 01984
DirectG.F.M. (Haakind-Newman) 0266 05196 07561 09707 1.158 1-591 1.451 1.1048 0.7775 03713 01982

la  -  0.80 ka> 0.90 k a a  1.00 k a -  1.10 ka -  120 ka -  1.30 ka « 1.40 k a a  1.50 ka-1 .60 ka -  1.70 ka -  1.80 ka -  1.90 k a<  2.00
0262 0458 0589 0661 0683 0.665 0617 0549 0471 0386 0304 0227 0159
0.177 0387 0534 0.622 0657 0.651 0611 0.549 0473 0391 0.309 0232 0164

03343 05353 07536 08368 08766 08064 07675 06903 05944 04986 04003 03056 0.2188
03642 05838 07322 08153 0.8421 08231 07688 06899 05959 04949 0.3938 0.2979 0.2111

Table 8.24 Accuracv check of Ditch Kochin functions between two aDDroaches
(d/a =  2.0. c/a = 4.0. Fn =  0.20. 5 degree tilt in head waves IIg

50, NI = 10)
Chock of Ditch Koch Id (tin. k a a  002 ka •  0.04 k a a  0.06 k aa  008 k a-O lO ka -  0.20 ka -  0.30 ka -  0.40 ka -  0.50 ka -  0.60 ka -  0.70

D.S. Method (Radionon problem) 000971 00137 00555 0.113 0183 0.644 1.073 1.336 1.443 1.435 1349
D.S. Method (Haakind-Newman) 00099 OOI35 00548 O il 0177 0.601 0.983 1.217 1.321 1.327 1268

Direct G-F.M. (Radianon problem) 0009725 001433 005694 01145 01844 06909 1.063 1.414 1.618 1.621 1336
Direct G.F.M. (Haakind-Newman) 0009816 0.01441 0.05801 01181 01924 07007 1.188 1.483 1.602 1.596 1.504

la  -  0.80 k a -  0.90 ka -  1.00 k a -  1.10 ka -  120 ka -  1.30 ka -  1.40 ka -  1.50 k a a  1.60 la  -  1.70 ka -  1.80 ka -  1.90 ka -  2.00

1.209 1.095 0845 0656 0477 0217 0181 00995 00946 00871 0119 0142 0151
1.137 1.009 0.839 0663 0.492 0235 0198 00883 00966 00955 0113 0.138 0.148
1.339 1.128 0932 07438 0558 03837 02282 01096 01171 01212 01569 0.1912 01979
1.354 1.164 0.955 07432 05413 03582 02094 01205 01121 0.1121 01634 0.1935 0.2056

Table 8.25 Accuracv check of second order horizontal forces between two
approaches (d/a =  2.0. c/a =  4.0. Fn = 0.20. 5 degree tilt in head waves:
N S . _ = . 5 Q , N I  = 10)

Check af 2nd ardar farcm ka -  0.02 ka -  0.04 ka - 0 0 6 k a -O 0 8 k a-O lO ka •  0 2 0 ka -  0.30 ka - 0 4 0 ka«  0.50 ka aO 6 0 ka -  0.70
D.S. Mathod fPreaaam iniBfianon) 00021534 0002752 00019942 0000069327 00028129 0.022914 0037944 0045138 0047453 0046621 004375
I.S. Methodf Momentam flax check' 6.702E-07 0000011515 0.000059601 0.00018379 000041609 00022455 0.0021909 0.0011628 0.00037933 0.000049034 23922E-06
)iwci G J .M . (Preaaam unagrannni 5.853E-07 0000011875 0000065069 00002097 000049375 00029648 00029047 0001501 000044405 8832E-07 000005487
Direct G.F.M. f Momentam check) 7.0799E-07 0.000012508 0000066826 0.00021325 0.00049974 00029929 0.0029639 0.001579 0.00052412 0.000070665 3.5797E-06

ka -  0.80 ka -  0.90 u  -  1.00 k a -  1.10 ka -  120 ka -  1.30 ka -  140 k a -  1.50 ta -1 .60 ka -  1.70 ka -  I SO ka -  1.90 ka -  2.00
0039695 0035118 0030584 0026334 0022484 0019072 0016091 08)13513 0011303 00094126 0007831 0006494 0.0053756

0000015657 3.9394E-06 2.8656E-08 32374E-36 I.4238E-36 6224E-37 2.7069E-37 1.1731E-37 0 0 0 0 0
0000012801 0000022209 0000024833 1000018198 0000013321 9822 IE-06 72915E-06 0000005429 4.Q333E-06 2.9755E-06 0.000021721 1.5653E-06 1.1124E-06
0000032417 0000011691 9.635 IE-08 5.043E-29 1.9I84B-29 7.944E-30 3.5334E-30 1.6599E-30 8 .1039E-31 4 0582E-3I 2.0646E-31 1.0602E-31 5.4713E-32

Table 8.26 ComDarison of surge amDlitudes between both aDDroaches (d/a

©II

c/a =  4.0. Fn = 0.20. 5 degree tilt in head waves :  NE = 50. NI =  10)
S u rte  anrellnide (M/Ml ka - 0 0 2 k a - 0 0 4 ka - 0 0 6 k a-0 .0 8 k a - 010 k a - O 2 0 k a -  0 30 k a - 0 4 0 k a - 0 50 k a -  0.60 ka -  0.70
D iacidaainame method 034 0473 0528 0346 0544 0.437 0329 0226 0123 0049 0015

Direct Green function method 0336 0473 0531 0.552 0553 0.451 0351 0.246 0.132 0.048 0.014

ka -0 .8 0 k a - 0.90 ka -  1.00 k a -  1.10 ka -  120 k aa  1.30 ka -  1.40 k a -  1.50 k a -1.60 ka -  1.70 ka -  1.80 ka -  1.90 ka -  2.00

0029 0032 0039 0039 0037 0.033 0029 O.Q23 0 019 0014 001 0007 0005

0.026 004 0.046 0.047 0.045 0.041 0035 0.029 0024 0.018 0014 0.0! 0.007

Table 8.27 ComDarison of heave amDlitudes between both aDDroaches (d/a = 2.0,
c/a =  4.0. Fn = 0.20. 5 degree tilt in head waves :  NE = 50. NI =  10)

ka - 0 0 2 k a«  0 04 ka -0 .0 6 k a - 0 0 8 ka - 0 1 0 k a - 0 2 0 ka -  03 0 ka -0 .4 0 k a - O 5 0 lu  -  0.60 ka -  0.70

1 Diacrota aoeace method 0371 0507 0562 038 0581 0499 0325 0187 0114 0063 0026

0367 0507 0.565 0388 0592 0312 0.339 0191 0.121 0.07 0.031

! ka -  0.80 k a a  0.90 ka -  1.00 ka -  1.10 ka -  120 ka -  1.30 ka a  1.40 k a a  1.50 ka-1 .60 ka -  1.70 k a -  1.80 ka -  1.90 k a - 2.00

] 0023 0033 0038 0039 0037 0033 0029 0.024 0019 0015 0011 0008 0005

] 0.03 0.041 0047 0048 0046 0.041 0036 003 0024 0.019 0.014 0.01 0.007

Table 8.28 ComDarison of Ditch amplitudes between both approaches (d/a = 2.0.
c/a = 4.0. Fn = 0.20. 5 degree tilt in head waves : NE = 50. NI = 10)

ka - 0 0 2 k a a  0 0 4 k a - 0 06 k a-0 .0 8 k a - 0.10 ka -  0 2 0 k a - 03 0 k a - 0 40 ka -  0.50 k a - 0.60 ka a  0.70

Diecieie eoame method o o az 0029 0055 0.079 01 0.164 0217 0254 0236 019 0145

0002 0029 0055 0.079 0.101 0.164 0.231 0.288 0371 0.219 0.166

ka - 0 8 0  l a - 0.90 ka -  1.00 k a -  1.10 ka -  120 ka -  1.30 ka -  1.40 ka -  1.50 ka-1 .60 ka -  1.70 ka -  180 ka -  1.90 ka -  2.00

0112 0083 0 06 0042 0028 0.017 OOl 0006 0004 0005 0005 0006 0005

0.129 0096 0.07 0049 0.033 002 0012 0.007 0006 0.007 0007 0.008 0007
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I

Fig. 8.1 The schematic illustration of the simplified model in numerical 
computations

Fig.8.2 The description of discretized elements in numerical computations
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Fig.9.1 Coordinate system of twin hulled marine vehicles in dynamic 
positioning aspects
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Fig.9.2 The arrangement of type A thruster system 
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Fig.9.3 The arrangement of type B thruster system
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Fig.9.4 Front view of the twin hulled circular cylinder model

i

Fig.9.5 Side view of the twin hulled circular cylinder model
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Fig.9.7 Two straight bar device for experimental data measurement

NNBm*

Fig.9.8 Tumplate facility for specific drift angles
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Fig.9 .11 Main carriage and speed control system
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2 I 1 2

4 I I 4

Fig.9 .10 Arrangement of load cell transducers on two straight bar device
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Fig-9 .12 Data acquisition system

F ig .9 .34  The twin hulled model in -1-6 degree drift and no trim condition 

(d/a = 4.0, c/a = 10.0)
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Where :

Sym bol A denotes the position of data channel 1 
Sym bol B denotes the position of data channel 2 
Sym bol C denotes the position of data channel 3 
Sym bol D denotes the position of data channel 4 
Sym bol E denotes the position of data channel 5 
Sym bol F denotes the position of data channel 6 
Sym bol G denotes the position of data channel 7 
Sym bol H denotes the position of data channel 8 
Sym bol I denotes the position of data channel 9 
Sym bol J denotes the position of data channel 10

Fig.9.13 Channel arrangement for data acquisition in two straight bar system
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Fig. 9.35 The twin hulled model in -10 degree drift and no trim condition 
(d/a = 4.0, c/a = 10.0)

F ig .9 .36 The twin hulled model in no drift and trim condition
(d/a = 4.0, c/a = 10.0)
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F ig .9.37 The twin hulled model in +8 degree drift and 2 degree trim by stern 
condition (d/a = 4.0, c/a = 10.0)

F ig .9.38 The twin hulled model in -10 degree drift and 2 degree trim by stern
condition (d/a = 4.0, c/a = 10.0)
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F ig .9 .39 The twin hulled model in -10 degree drift and 4 degree trim by bow 
condition (d/a = 4.0, c/a = 10.0)

F ig .9 .40 The twin hulled model in +6 degree drift and 4 degree trim by stern
condition (d/a = 4.0, c/a = 10.0)
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Fig.10.30 Comparison of non-dim. second 
order vertical forces on left cylinder 
(d/a=2, c/a=4, 10 degree tilt condition)
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Fig.10.31 Comparison of non-dim. second 
order vertical forces on right cylinder 
(d/a=2, c/a=4, 10 degree tilt condition)
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Fig.10.32 Comparison of non-dim. steady 
tilt moments on twin cylinder model 
(d/a=2, c/a=4, 10 degree tilt condition)
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Fig.10.33 Comparison of non-dim. second
order vertical forces on left cylinder
(d/a=2, c/a=4, 5 degree tilt condition)
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Fig.10.34 Comparison o f non-dim. second  
order vertical forces on right cylinder 
(d/a=2, c/a=4, 5 degree tilt condition)
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(d/a=2, c/a=4, 5 degree tilt condition)

Morrall 1978 
Numata 1978 
Atlar 1986 
L-N (Wu) 1993 
Pressure integ.

548



N
on

-d
im

. 
se

co
nd

 
or

de
r 

Y 
fo

rc
es

1.50 -

1.25 -

1.00 - 

0.75 -  

0.50 -  

0.25 -  

0.00 -
0.0 0.5 1.0 1.5 2.0

ka
Fig.10.36 Comparison of non-dim. second 
order vertical forces on left cylinder 
(d/a=2, c/a=4, 15 degree tilt condition)
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Fig.10.37 Comparison of non-dim. second
order vertical forces on right cylinder
(d/a=2, c/a=4, 15 degree tilt condition)
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Fig.10.38 Comparison of non-dim. steady 
tilt moments on twin cylinder model 
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Fig.10.39 Comparison of non-dim. second
order vertical forces on left cylinder
(d/a=4, c/a=4, 10 degree tilt condition)
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Fig.10.40 Comparison of non-dim. second 
order vertical forces on right cylinder 
(d/a=4, c/a=4, 10 degree tilt condition)
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Fig.10.41 Comparison of non-dim. steady
tilt moments on twin cylinder model
(d/a=4, c/a=4, 10 degree tilt condition)

551



N
on

-d
im

. 
se

co
nd

 
or

de
r 

Y 
fo

rc
es

■ouO
■o
BO

E
■5i
BCz

0.20

0.15 -

0.10 -

0.05 -

0.00
1.51.00.5 2.00.0

Morrall 1978 
Numata 1978 
Atlar 1986 
L-N (Wu) 1993 
Pressure integ.

ka
Fig.10.42 Comparison of non-dim. second 
order vertical forces on left cylinder 
(d/a=4, c/a=4, 5 degree tilt condition)
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Fig.10.43 Comparison of non-dim. second
order vertical forces on right cylinder
(d/a=4, c/a=4, 5 degree tilt condition)

552



N
on

-d
im

. 
se

co
nd

 
or

de
r 

Y 
fo

rc
es

 
N

on
-d

im
. 

st
ea

dy
 

til
t 

m
om

en
ts

0.04

0.03 -

0.02 -

0.01 -

0.00 T
1.0 
ka
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Fig.10.45 Comparison of non-dim. second
order vertical forces on left cylinder
(d/a=4, c/a=4, 15 degree tilt condition)
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Fig.10.46 Comparison of non-dim. second 
order vertical forces on right cylinder 
(d/a=4, c/a=4, 15 degree tilt condition)
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Fig.10.47 Comparison of non-dim. steady
tilt moments on twin cylinder model
(d/a=4, c/a=4, 15 degree tilt condition)
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Fig.10.48 Comparison of non-dim. second 
order vertical forces on left cylinder 
(d/a=2, c/a=6, 10 degree tilt condition)
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Fig.10.49 Comparison of non-dim. second
order vertical forces on right cylinder
(d/a=2, c/a=6, 10 degree tilt condition)
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Fig.10.51 Comparison of non-dim. second
order vertical forces on left cylinder
(d/a=2, c/a=6, 5 degree tilt condition)
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Fig.10.52 Comparison of non-dim. second 
order vertical forces on right cylinder 
(d/a=2, c/a=6, 5 degree tilt condition)
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Fig.10.53 Comparison of non-dim. steady
tilt moments on twin cylinder model
(d/a=2, c/a=6, 5 degree tilt condition)
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Fig.10.54 Comparison of non-dim. second 
order vertical forces on left cylinder 
(d/a=2, c/a=6, 15 degree tilt condition)
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Fig.10.55 Comparison of non-dim. second
order vertical forces on right cylinder
(d/a=2, c/a=6, 15 degree tilt condition)
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Fig.10.56 Comparison of non-dim. steady 
tilt moments on twin cylinder model 
(d/a=2, c/a=6, 15 degree tilt condition)
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Fig.10.59 Comparison of non-dim. second 
order vertical forces on right cylinder 
(d/a=3.17, c/a=10.0 in no tilt condition)

0.30

0.25 -

0.20 -

0.15 -

0.10 -

0.05 -

0.00
0.0 0.2 0.4 0.6 0.8 1.0

Morrall 1978 
Numata 1978 
Atlar 1986 
L-N (Wu) 1993 
Pressure integ.

561



N
on

-d
im

. 
st

ea
dy

 
til

t 
m

om
en

ts

1.00e-4

O.OOe+O

-1.00e-4 -

-2.00e-4
0.00

t 1 r
0.20  0.40 0.60 0.80

ka
Fig.10.60 Comparison of non-dim. steady 
tilt moments for twin cylinders model 
(d/a=3.17,c/a=10.0 in no tilt condition)
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Fig.10.61 Comparison of non-dim. second  
order vertical forces on left cylinder 
(d/a=3.17, c/a=10.0 in 5 degree tilt)
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Fig.10.62 Comparison of non-dim. second 
order vertical forces on right cylinder 
(d/a=3.17, c/a=10.0 in 5 degree tilt)
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Fig.10.63 Comparison of non-dim. steady 
tilt moments on twin cylinder model 
(d/a=3.17, c/a=10.0 in 5 degree tilt)
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Fig.10.64 Comparison of non-dim. second 
order vertical forces on left cylinder 
(d/a=3.17, c/a=10.0 in 10 degree tilt)
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Fig.10.65 Comparison of non-dim. second 
order vertical forces on right cylinder 
(d/a=3.17, c/a=10.0 in 10 degree tilt)
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Fig.10.66 Comparison of non-dim. steady 
tilt moments on twin cylinder model 
(d/a=3.17, c/a=10.0 in 10 degree tilt )
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Fig.10.67 Comparison of non-dim. second 
order vertical forces on left cylinder 
(d/a=3.17,c/a=10,Fn=0.0 in 10 degree tilt)
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Fig.10.68 Comparison of non-dim. second 
order vertical forces on right cylinder 
(d/a=3.17,c/a=10.0,Fn=0.0 in 10 degree tilt)
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Fig.10.69 Comparison of non-dim. steady
tilt moments on twin cylinder model
(d/a=3.17,c/a=10.0,Fn=0.0 in 10 degree tilt)
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Fig.10.70 Comparison of non-dim. second  
order vertical forces on left cylinder 
(d/a=3.17,c/a=10.,Fn=0.20 in 10 degree tilt)
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Fig.10.71 Comparison of non-dim. second 
order vertical forces on right cylinder 
(d/a=3.17,c/a=10.,Fn=0.20 in 10 degree tilt)
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Fig.10.73 Comparison of non-dim. second 
order vertical forces on left cylinder 
(d/a=3.17,c/a=10.,Fn=0.40 in 10 degree tilt)
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Fig.10.74 Comparison of non-dim. second  
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Fig.10.75 Comparison of non-dim. steady 
tilt moments on twin cylinder model 
(d/a=3.17,c/a=10.,Fn=0.40 in 10 degree tilt)
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Fig.10.77 Comparison of non-dim. second 
order vertical forces on right cylinder for 
different current speeds in 10 degree tilt
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tilt moments on twin cylinder model for 
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Fig.10.83 Non-dimensionalized second
order Y forces against Froude numbers
(d/a=2,c/a=4,k=0.10 in no tilt condition)
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Fig.10.85 Non-dimensionalized second
order Y forces against Froude numbers
(d/a=2,c/a=4,k=0.20 in no tilt condition)
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Fig.10.89 Non-dimensionalized second
order Y forces against Froude numbers
(d/a=2,c/a=4,k=0.40 in no tilt condition)
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order Y forces against Froude numbers 
(d/a=2,c/a=4,k=0.50 in no tilt condition)
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forces between two cylinders (d/a=2, 
c/a=4,Fn=0.15, no tilt in following waves)
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Fig.10.172 Comparison of heave phase 
angles between two cylinders (d/a=2.0, 
c/a=4.0,Fn=0.15, no tilt in following waves)
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Fig.10.173 Comparison of non-dim. pitch 
moments betweenn two cylinders(d/a=2, 
c/a=4,Fn=0.15, no tilt in following waves)

618



Left cylinder 
Right cylinder

0.50.0 1.0 1.5
ka

Fig.10.174 Comparison of pitch phase 
angles between two cylinders (d/a=2.0, 
c/a=4.0,Fn=0.15, no tilt in following waves)
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