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7li o thesis is mainly concerned with problems
relating to the two-dimensional flow of a compressible
fluid at hixSi speed. Chapter I gives a brief resume
of certain standard results which are frequently used
later, while Chapter Il deals with the so-called
hodograph method of solving problems on compressible
flow. This method has, in acme respects, been
tre tod in fair detail because an adequate account
is only to be found in journals which are compara-
tively inaccessible. °hcse two chapters contain
nothing oziginal and ere included in order to make
the work reasonably self-contained. In Chapter HI
a known result, concerning the convergence of certain
series associated with the hodograph method, is
extended and, at the same time, appcpodnate solutions
of the hodograph equations are obtained*® These
approximations are then applied in Chapter IV to the
so ution of a particular problem. Chapter V is
concerned with an entirely different aspect of high

speed flow, viz., to estimate the increase of drag



on a body (moving throu“jh a compressible fluid)
due to the presence of a shock wnve. This
chapter ends the work on the flow of compressible
fluids.

In Chapter VI a problem on the siow motion
of a viscous fluid is discussed.

The first of the additional papers, "On the
FXuxgato Principle'", attempts to place on a fairly
rigorous basis a certain result in electron ngnetiom
which is now being widely usod in the design of
aircraft ccsapasses and accurate magnetometers and
which lias so far had very little theoretical
justification. I was led to consider this problem
during the war years, v/liile working in the lavigation
Section of the loyal Aircraft rstablishment,
Farnborou”i, and completed the work after returning
to Glasgow.

Hie paper on liracls equation contains an
enquiry into the compatibility of various suggested
method© of extending this equation to General
relativity.

The remaining papers "On the “adial rror in

a Gaussian Hiptic”?il Scatter 1and "Scoe Properties
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I. gtapqoydresult.' of the tlooty of f iQ flow

at a coctyensible fluid in one ana. two
jaiaitoM L
vie begin by collecting here, for reference, the
start iraportant formulae for the ane-dimensional flow
of a fTictionloss eoaqprtttible fluid v/hich are

derived from Bernoulli% Theorem and v/hich will be

required later in our v/ork#

amsam ja Theoroo for steady gttaBBdLtet notion

t
Consider a snail eoction of a stream tube, of
length dg, and croGo-aoctional area S. Then, since
the notion is steady, it follows from the Second

Low of "ibtion tliat
- f-S

where is the velocity of the element, p is its
density and jo and dk are the rjressures acting

at the ends,

aithez*agg'iﬂ)ne the stroan tube, we have
& (ia'



which is Bornoulli,s Theorem. Ih general, the
constant of integration varies from one streamline
to another.

The velocity of sound ¢ at any point in the
fluid is given by

I -
r A

and, if adiabatic conditions prevail, i.e.

where y* is the ratio of the specific heats o' the

fluid at constant pressure and constant volune,then

cl = o

Ifzero subscripts refer to the state of the
fluid at rest, i.e. at the stagnation point vrtien we
are conturaplutiin; the flow of the fluid paGt a solid

body, then (1.1) i#ves

t. i a U»M » (1.2)
£

CM1

T tUe

It ic often convenient to write (1.4) in the form

= Ajl(c.v-c 1) ( (1.5)
where Ji = = 3*¥° for air.
It follows inaodiately fTon (1.5) that there is a
mMtIMi velocity fl* attained by the gu when £ « o f



3.

when ¢ =0 , o=o0o and $=o . "Thas

W~ /A0 (1.6)
The so-called critical o ood of tlie fluid < , iftdefc
is attained when the local speed of the fluid and the

local speed of sound ore equal, is of great importance®

iy (1*¥5) we see that

- ¢l s . (1.7)

At this point, it is useful to introduce3* the

McWiiiMMlanal penM tor r , given by
r * 117*V >
For on incoopressible fluid 7 is zero at every point

of the field of How* Formulae (1*2), (1.3) and (1.4)

may now be written

f , (1.80
p= =D > .o
¢c N cH\-z2)'k. (1.10)
T} tie value of T corresponding to the critical
speed is civen fey
"S — J -1 7
B o == BY

Thus tliO subsonic region of.the field of flow is
characterised by 0 h t c l md the supersonic
region yryy- ~ u £ L

It is useful also to obtain the relationship bctereen T

lou”.d~14C oi
28iy?eJBMiqud~ Q~9SSfis cKtra*A* ou 01e



4.

onJ the Tfech nunber ', vMc’i is defined by
m « 1//¢ -

IV (1.5) and (1.10), t

if ($-0 - *f[— -')
r iR (1.ii)
5 7-1T

e pasc on na; to consider the two-dinoneional

irrotational notion of a coupreooible fluid.

Ao-D1”cnoiotial Irrotational btion of a conorcGsibik
ism

Lettc, v denote the * f” components recectively
of the velocity i ¢ Then the absence of verticity
implies that

Bt B o~ " » (1.12)

while the continuity condition gives

ﬁ , I * ) e (1.1=)

It follows from (1.12) that ~ * i/”? io the complete

differential of sooe function (f of * and M9
i.e. Mnc + o dcf
and DO
jt 1 1/5 ~ ; a *14>

A 1o called the velocity potential.

Similarly from (1.13)



where ~ is another function of x and * 9 called

the stream function, and

£o H v/* - £i
A0 M S F (1.15)
I"om (1.14) and (1.15) we conclude that
3qi o* " - °
= A A A ~ " f B*G (1.16)

hi tie case of an incompressible fluid p -
everywliere and equations (1.16) are simply the
Candy I*lenarm 'Equation© which express the fhet
that w h <ptlf is a holcoorphic function of
AN xeth Unfortunately, in the gmmrol case,
vs is not a holorjorphic function of y , and so the
powerful methods of tie theory of the comploc
variable are not at our disposal for the exact
solution of problems on compressible flow.

He now roceed to derive the basic partial
differential equation which is satisfied by ¢ and *

Miki ng use of the vector calculus, we may write
the equation of continuity (1.13) in the foxn

pdVv £ g, 0 * 0y

or, by (1.14)

Hf + 2~ Y*"-Y*If ~0- (1.i?)
[Ion9 from Bernoulli*© Theorem (1.1),

+ * ()



or ) 5 V4
= - 3? v NI ajs |,
Hence, by (1.47) and (1. % %
a,, ]‘ "I( &&iﬂ
- 4+ ilri- A2l
ay o pw BT T B 2 € a9

Jinilarlyf Ly expressing k 9% In terras of *

Instead of 9 vie arrive at the equation

AN UR\ Ve~ . _ N

A4 ey >p» A k- A L AN

m (1.13) and (1.20) k ,eand ¢ oust be earpr—Bid

In terua of the derivatives of < A and It la

evident that both equations are non-linear and

exceedingly caaplicatod. It should be observed

that 4and * do not satisfy the same equation

because wand v depend on * and ¢>In different ways.
(1.10) and (1.20) are the baoic partial

differential equations for the flow of a cocjpreooible

fluid.



I[T. :*>oas -f solution of tl-e
dilTorantirl equation of two dimensional

catJ”reeslblo flov/

The f£\jndamental equation (1*19) or (1.20) is a
partial diffarentiul equation of the second order and
of mixed type. It is of elliptical type when
a3 u>v ¢ (i.e. In tlio cubsanic region)* is
ry_"bollc Vfefli V>e (i.o. in the supwscnic
region) and is parabolic when * £* The difficulties
entailed in the integration are due partly to the non-
linear character of the equation and partly to the
change of type at some critical value of the velocity
of sound v/hich at first is still unknown and has to be

determined in the course of the calculation itself.

Vs n<*. consider twro of tho more important methods
which have been developed to or ercomc these difficulties.
For a reouno of tho other methods (e.g. the Jonzen-
PayleiiJi Iteration hethodf G .I. Tsaylor’s electrical
method etc.) reference should bo made to a paper by
sor
Trio Linear crturbation Theory

This theory provides an ai proximate nothod of

ser: Luftfhhrtforschung 20(1943)f 220



determining tho subsonic flow of a fluid past a
slender profile and is due to Prandtl' * and Glauert’
As a very full account can be found in a recent
report by Goldstein and Young c9 v/e shall give hero
only a very brief outline of the theoxy and mention
tv/o formulae which we shall require later.

Let the ?c -axis be takes along the direction of
the undisturbed flow and let the velocity at an
Infinite distance fTara the profile be R; U, nay be
of the order of the local velocity of sound. &8m
then assume tliat in the neighbourhood of the profile

(a) the?*.- component of the velocity, wf differs

only slightly from *

9

(b) the”-coopoM Bt of the velocity, v, is
negligible f

(c) the velocity of sound ¢ way be replaced by
its value in the undistrubod stream.

jquation (1.20) for the stream function then reduces

, bV A
AV - ° (2.15
whsps Mis tbs Bfech. number of the undisturbed
stream. This equation nay bo written
t + + t+-= a

e Goldstein ft Young® Reports A Memoranda Aeronautical
veoearch ComltEee ?To. 1909 (7943



Hence t e compressible field of flow around the
prafU e can be obtained from the incomiirescible
field of flow around a profile whose thickness ratio
differs x%oa that of the given profile by a factor
(i- 'w # The theory brisks down near ray stagna-
tion point on the profile forf at such a pointf the
difference between uw and U, is equal to 21itself*

If the pressure at some point in the field of
flow past a given profile is / and the pressure in
the undisturbed stream is 9 then it can be shown

that

' A A « ytl-rPo 1 (2.2)
where m is the Mach, number of the undisturbed Stream*
Further| the theory ;provides an approximate

method of calculating;the critical Mach. number of
the profilef i.e® t o Mach number (of the undiaturbed
flow) at which the velocity of tound is first attained
at some point of the profile* The critical Tfech
number is usually expressed as a function of

Vhere is the laxinun velocity on the profile

calculated far iapocapressiblG flaw* The relationship

turns out to be



The Method

\;¢ shall treat this method in considerable
detail because a complete account of it is only to
be found in memoirs v/hich are comparatively inaccess-
ible. The principle of the method was explained in
1890 by Tioleribroeck%* for a gas far which y=-1 and
then extended and made applicable to any gas by
Tchapliguine in 104. Ikywever, little heed was
paid to these papers until Ucmtschonk03° drw?
attention to them in 1932. The account given below
follows closely that of Cuius Jac0b4', who also
applied the method to the theory of gas jets. Use
lias also been made of a paper by T"in|-£Leb5' in vhich
some exact solutions of tho fundamental equations are
derived by the method.

The essential feature of the method is that the
basic partial differential aquation CL.20) defining
the flow of a coapressible fluid cor. be tranoformed
Into a linear equation by chancing the independent

variables ft"cm to I, & where is the resultant

U VI@@@viiHOft-» Jrcebiv. d« 'lath.u. Pliys* Orursnert-dopiBQ

2 acienlifique de 1 fTjhiv: de “bocou

y. DGn”Sceftlfiw*C.R.194(1902),1218; C.P..(1932),1720
Jacobs rsull.Sci. do 1*'tole olytecftrdr-ue de Titd-soaro

S5» rincl? * 185-198



velocity of the fluid at any point and 0 * A
is the angle which this resultant velocity make©
with the X -axis. For the subsequent application
of the theory* it is more convenient to take the

independent variables as T & & rather

t'aan * and £

rrcra the eciuations (cf. (1.14) and (1.15))f

AWK A AOFP(t FEY)
we have
= THIu* - &vI(y) = Ap-
11+V 1 VAW * J
A (vA +M K<LA') ~ A v (SI"er 4+

!7ow, In an obvious notation,

NK9, f. )" £-~)r ~
whence, by (2.4)

/>

(2.5)
V 'w w r
B = iJTh + If *>e V*),
% - fe-frn9 wWo)'

The conditions i<Ip - fp<i y* = tben yield
Siv(9fT - ~ Je - - £xtneyz;
NG oA+ — A= +¥>1>[(f)t ' TFf|fo

whence " - , A (2.7)

ft * M 1V)t " w *J



12.
o0

and ft1' 3ry TT (2.8)
Ly (1.3) these equations nay be written

$» = 03#1)T1T - 1

A S ti AT T @ x* (s a)
ami *fe = . (2.13)

Eciuations (2.7) and (2%8) are the general hGdograph
equations eorresponding to equations (1*16)f and are
true for all pressure - density relationships; they
oGSune the forno (2%¥9) and (2*10)whenadiabatic
conditions are postulated* as will bedone in the
problems vrith vrtiich we are concerned here*

It follows immediately from (2*%9) and (2.1>)

W /\J YON
fe[;x7¢T) It " (2.11)
This equation deterolnee whence g>can be
deteminod by (2.0) and (2.10),
Vs no Iproceed to solve tbe equation (2.11)
Kitting *-Tts) #iere T t © arc roc actively
fun ctidf® o{t anduf%?}f);qﬁ**jwﬁ_ha}/f{‘lgﬂ,e’ _v\g_e/3hg§en
w1 ~i-(2./3+i)t <*rj.
Arguing in the usual wtiy, we put each side of this
equation oc;ual to a constant »»'*? * and get
& ~ f a AT F Yy &
where and are constants, and
Lor L f/LN 41"

#k
1
()
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\
Vz.
*e next put T * a whence
AT T T f +
d-t At 1
i.%-Z
Q_X __z*ki_-__.i._AtAJ 17_+£,* (£n_0,z ll.\J
dx’ Ax
and (2,113) bocomue, on sinplification
°*  (s.13)
Comparing this equation with the -“pergeojaetrtc
Equation
one of whom fundamental solutions Is ANAF yf ot

we see that a solution of (*.13) Is
A(T) * Ffar, c*, T)

v, 'Q a,+" = A-p m
A*  r -d Kch+1) @t

My - X+TI
Thus, a formal solution of (2.U) is
r"G,T) « A+ ZBulrJ 1 A
where A, 8 , 0%, ere constant©, t(io t' e 'constant)

value of T ftr the main stream (we are cooftesplating
the flow of tho fluid ixist solid bodies) and the
summation ic taken over values of n not yet specified.
The tv m M> are obtained by taking ~ and T both
zero, and there is no loss of generality in taking fl
equal to zero. The reaeon for introducing tho

constant X , in the solution will be apparent later.
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How, toy (2.10)

>f It P [XV I %91 -tO
%* j7~j* . Ao L Ar> ' ’

whenie# B A '
4 0 OAAfr TEARJ LE %(t) AFT,)J .

care, by (2.9) F(x) is Bucfo txiat
A (a/U Q x - |
»T

and io derived from (2.14). Hsus we find tint
PM =t (tJIM T-'

"4 T«.F> -

X tmfa&kl-f**) f (2.15)
* % p% M x) - I¢
Lot us nj*/ detexiilne ?fcat (2.14) and (2.15) reduce to

when the fluid is incompressible. io na/ infinite,

T and Z(are both sero although T/rf Is replaced by (Viy)

9 K (0)=1I> (0S5 r- i ard
ir. TrfH -oi*" Ax N fUu~
'tanoe, Jj? kO *
f(9,r) ~Bfrr + Z (2.16)

<(8%-) ~ -Slo™I™- Z "~ (")
i.e., if the phases of the circular functions are

taken as sero,

2.17
Iv/ A e t&). ( )
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Thus* follodag ringleb* we sec that equations (2.16)

are completely equivalent to the exi*ansior* of* the

1 ;e
conplex potential function w in powers of ¥ *
+  JL* U
i.e. in powers of * Zt since
j A
— - x(<?+if)= H-iv = fye)*- . (2,IP)

lienee* if the complex potential function is fcnom far
a field of Ineotspressible flow and SO expended in the
form (2*17)* the coefficients B, B 00 determined can
he substituted in (2.14) (2.15) to determine the
velocity potential and stream function for a correspo-
nding field of compressible flow*

The question of the cosr/ergence of the series
(2.14) and (2.15) will be discussed in the next section.

The solution of equations (2.14) and (2.15) gives
S ant” iBtm of Pandr . On the streamline
Wy —const.9 v/e therefore have

f(e,x) = (2.10)

In order to determine the flow In the plane we

then have recourse to the relationship

which follows easily from equations (1.14) and (1.15)
defining the velocity components in terms of the
derivatives of c¢f end ™ . Hence* eliminating £ and x
between (2.19) and the two equations obtained fVom

2.20) by equating real and imaginar orts* v/e obtain
( y eq g ginary p

the A~*l equation of the streamline rr const.



I11 The Convergence uJ tho g ¢ a~d W

ir: v.e Ixdotja fc : vthoa. ar*! tViG Deternittution

Qe jro&kyX?2.r!*'~pV'>~ £.&JgjL>.

It has been proved by Jacob* on the basis of a
liccati equation® which is satisfied by *e*(*}§ that
the series (2.14) and (2.15) giving f and < for the
compressible flow converge uniformly and absolutely
in the range 0 x % r, provided the same is true
of the series (2.16) for the corresponding incmcpre-
ssible flow and that the series ore in ascending
1"ov/srs of r/T. . Te shall now show how Jacob*©
argument can be extended to prove that this result
is valid in the wider range 0h 7 ¢ . Physically,
this io much more satisfactory* for the critical
velocity given by 24i+1)'1 is of much greater
significants ffvan the inin stream velocity given by
T“T, e

To begin by pityving three lerrias due to Jaccto
and take A0 throughout.

In the interval 0 " x # or
aid o c¢c **(T) t L
Since satisfies the equation (2.13)

T¢i-r) ~ -h i- z (H-71 i >t <K - ¢

it follovjs that *
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(3.1)

where Ux) H r ~ ( x).
Let T-a PQ the first zero of in the Interval
considered# Then | k(t) vanishes for r-o and t r a
and so9 hr/ nolle *s Theorettj th<are exists a value *
where o * 4 ~a for \$iidh * (r) ~o * The
function 7z («*“X y/<t) is therefore zero for
r “o and rvfr and so09 lay Polle’s Theorem its
derivative vanishes for sorae vdLue T - cf where
ou c4 > . Hence* l;y (3*1)f "H(r) vanishes when
T* ¢ (Ma)j aixi this contradicts the initial
assuiuytion. Hence *vfx> and y*(r) hove no zeros
in the interval ofet § # nince « |
it filows that % CO >D and * (i) =0 in the
range consSdared*

Furtherf (r) cannot have a sero in the
interval9 otherwise by (3.1)** CO would have a

zero in the interval. Hot/

and “h(t) and *HCO are both positive in the
neighbourhood of7”0 . Hence CO >o0 in the

neighbourhood of t ~o0 and therefore (r) >o
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la the Interval Oh ~ m inee zlf
tlirou”hout the intervaloit foliova that the M&e
is true of zkcog

U Ax) >0 Ot T %Q-/SHD)"
Al&o, (2.13) nay be written

intAO-cT'Sm”\)] + + -t)“L' M'r) =<

I'r dnilcr reasoning to the above, it follows that
(x) cannot be sero in the interval Or r *

low * (0) = A0 f whence “H(r”" 9
eince » (0)=(t X(D=1 <+ Thus vjz) ~ 1T,
0T r (&UO'*
It follows too that \(tjj ~ | md oof by the above

0O " MT>*1 » 0= T * CTf+t)~|

N e]locuta linfeMion for

Fl\aa ti e definition of " (T j v/e imediatelyHivo

that
[~ vy(T) -] (3#2)

.banco 3j'*'T)4*(T)J r -n*r)[*Jt)-iJ = -Hh

Subetituting for >ff) in towns of £ (T
(Cf. (3.13)), and then for (O In tame of

fra.: (3.2) and dividing throughout by (~), we

readily find that \(t) satisfies the Tiecatl eruatlon



Lema 11 Let t (x) tie a continuous function of x
with continuous first derivative in the interval
OH nhm ft(x) * o and ft(<0 ~ 1- If
in the interval &k T % (zP41)~ff
then ft(x) S. A (x)t in the same interval; similarly
if ACItO:)] 0 , then k(z) 4 % (x)f o £ x £
Let fjji(x N1 §0 f then
2 T(\-T)[k,(T) - *,Y x)J
(3.4)
Uo\. suppose that ft(*0 * *Kf) at some point in the
interval Then "R(x) - #* (r) must
have a negative lower bound at sane point ” ¢ * in
the interval* If T = o0-i0o an interior point of the
interval, it must correspond to a turning value of
ft (r) - *"K(r) and £k'(a) - -O # Hence,
since the curly bracket in (3.4) is positive by Lenina
I, v/ie must have
ft(V) - 2o
v/IMch contradict© the fact that the lower bound is
negative.

If x - xis an end point of the interval, then

since ft(o) - rr 0O * Also,
ft(0 - ~0 , Whence
ft60 -  *+,(*) > o ?

which is again a contradiction.



Hence K(x) ~ ” (r) throughout the interval
0|| x # (zJ+ti)Jandf we can prove in a tailor manner
that, if f then ft(s) £ njr) tfeNMOfc»

out the sa*e interval®
bcarxa II can be used to ehcw that
i! - F - (3.5)
Let fc (x) H (i- y1l, then ft (x) abisfies the
conditions of the lemma and
{Tgfitc%} L (,.%"") rz

Ilonce ft(x) » \(x ) and the result follow®-e

Leona I11 r) is a decreasing function of rtin

the interval 0 * r - t1*') £

Lot j2>0 , then
f\.[w”r(Td * - FU|,[**¢).w ]

=-.tf
\fi (3.3). Ileico v (3.5),
i 0,
end by Lara II,
= *nM.
The whole of the foregoirg vas provod by Jacob
v/ho, after proving two other lecuao, deri/ed the
result stated at the beginning of this section*

bwever, if we proceed from this point in a rather



different way* v/e can establish the raore general
result to which we referred.
e continue to regard >vas pofibive and realise

that toe Sleeatl equation (3.3) can he solved

exactly in two special caf*eof viz. o f 'K*“>o06#
‘hen Ao f we mve
r(t--t) %J(x) + fix Xo(x) - 0
whence ocfx) -¥ Ka constaut.

Since *.(0) =1 fflraa the definition), K -| and
mXofx) - 3.G)
1t e \*(x) and *** (x) renaln finite

(cf. Lemwaa I) and, x_(r) *> x (x) f v/here by (3.3)

i.e. xJT) = 11— (Zf4,)r1'/z (3.7)
the positive sign being taken to ensure that xo06(°) ~ 1
Thus, by Leona III

t- A § 0-T1)~
(3.8)

oi” "i-rvjd+Orl® A )4 2r yjcx)
i-x J r ' 7 '
It follows f*om this inequality that if r >T.

<
The integrals to this inequality are both negative

when 7¢ } 0=71 £ (if)'*§ hence
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% T7 e
and B (3.10)
tyn
Thua I
\E~ Vi.fi) qul! | A A
U %'(T'l)M 00 4 | d™Y)) [y

ttm ce if. follows fru i the ©esiaral principle of
convergence that tfc« s(H«b (2.14) is absolutely anti
unifcrafty convergent in tue interval 0§ t( %x * A
provided the sane is true of the cocrroanonding series
<2.16).

If x ~T, 9 the inequality (3*%9) ic reversed

end becomes

G (_t)A i . oy(D) ->urh,f il,
1 =h ve> = *J,M - J-M~*N 3.0,
Hence
w f* , £y.> i
n T t - trrtjw - Mt/ J

Doth Integrals arc again negative or zZero elnce
Or“ =T = ({jSH'V* , so that
"o AMK(Y) <1 (3.12)
. vV T a'Mm) o
Iowf if the aeries (2*16) is absolutely convergent
in the interval 0§r - * (i.e* in o VA(# I J
then the series 2! | f**o|

ia convergent* Hence by (3.12) it foUoiS
the WTest that the series (2.14) is uniformly and



absolutely convergent In the interval 0T £ Tf ~
Thus, our result holds Whether r t * f or r? r,
i.e* the aeries (2*14) is absolutely and uniformly
convergent in the interval O " 1 § fiA*i)"provided
the oaijo is true of the correspond ng series (2,16)°
Hr (d*P)f |\(r)| * I so that the oane result
holds for (2.15)f the series expansion of Pp(£T)*

,royl: c¢eo- ior > (T1) and
iho inociuality (3,8) and a sinili-r one which will
he givers below onabl us to obtain fairly close
approxiiaatio®s to * (r) Mft \ ( T)* This method of
approximation w ill be at 1;ast eo oodf if not better,
than tn&t due to Sto ma and ?sf<arw’

Giving I the value Vi 9 it follow from (9#1) that

f i 1L 2
A AR Sl A - TELC TN
l« ¢ *
2Ar N ¢ Fwx> H/.r + !Tr >
AVOA *r ot = AL A r

zience, if T> ¢

Voor-- fif m A
TN A Y D ez )

the constant of integrnticai being taken as zero to
ensure that *(o) =1 ; if i T(,
Is reversed.

Since D| t " t we have apprwdrevtely (in

1.
Tsien: Journ. Aero. Sci. 6 (1439), 399-477



botii cases) /@ -

A 4dT) ~ X( Tr ~ L/,

o e e s . o r LI!S (3.33)

Ib estimating the error incurred by the
approximation* let us ra&*iJl>er that after we have
found * {t j v© determine the stream func r the
oanprecsibl? flow by replacing the tons %In the
SZrst of «qiallm (2.16) by V) Hu(z,) <+ Hsnce,
if we't the egression (3.13) for % (r). we
vaplw = it * T % «  Thus* although
our approximation laiy load to an error or 12" (When
~(T Iipj in the iiildox oi each exponential* the resultant
onw in %:?<* the compressible flow la at most only
' A 7H T.e. S\  The ay'mndbsi tion can thG refors
be regarded ao satisfactory.

To ©Osable us to calculate (f(£,r ) we now seek
an approximation to %l(t). The Inequality (3.%)
la not oufficiantly strong* ao we try to find a
function related, to the functions in the series (2.15)
for ¢ (e, T) in the same way aa (x) is related to
the functions appearing in the series (2.14) for * (<9,r)
alid ti.en repeat the above procedure.

The function required is * CrJ* Where
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W O 1+ K 1(<-t)'/4 K

Sim plifying* we easily find that this reduces tc

Wt, = -

1l ) li.lt)
Inviting ard. differentiating®* we find that
i-fjM t KVt) _ I
A We |-X

whence* substituting for \ (1) and x*!(r) in
(3*3)* we nee that *n(") satisfied the ~iccati

equation

:
Khfe € 7 a pahcem

(1-t) | 1-£41) x} A g, -rMNt
2  T(1-T)
As before* this equation can be solved exactly in

» D (3.14)

osMS IKx*0 and * « VQ have
i,M =

airi g+ A8+»

~olx) B *~X 1 *"P4")
i«e# (~
WO ~  (,-xyi*i

the c«iat&nt of integration being elsesen to make
>0Co> - 1
The equation (3.14) has the sane properties as
(3.3)* the argument of Loues II still being valid¥*
iM jandic.

Hence

PY_ 9> (11 AN % 0'X))5+'
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O R [ P RE R POTR i S
ALT~ *r “% ~ 4 {(1-x)" MK) -

As our approsdiaation v/e take
2t 1V r 7% 17 *

~~/ y—y N] L " *
ti e error Introduce here is about Vie sorae as in

the previous cuse. ihue

L r J * (3*15)
iancaf gy (3.13) (3.1b) wo have the rule*®
to obxain the series (2.15) fTcra the corresponcH ng
series (3.1G> replace f%tin (2.16) y
i/ ™o "x~ ~)

- *+ H s-n <)
m the mcsrb seetionf v/e shall, apvly these formulae

to one or too proMens.



1V, Pome aoi-Hcationa of the !Wxurmvh -othod

In Vie celutior of any problem by the fcodograph
nethod, the first step i1s to GxponOl the coopleoc

ITcv this Ir.ttea* fmotion is extremely useilil (as
an s&sdLlieay variable} in the calutlcn of problems
relating; to fVoe jQtc or tlov roctiliiietii*
boundaries, because is constant on the aurf&c*
of a free jot, ¢ lie &is cor::tant along rury
boundary "« Tt is natural therefore to try to
apply the hodogrepb method to such prohlaas ao
these, Arofclans an free jots 'nve Teen extensive-
ly treated by TcFrOiguine, Jacob, Villct and
others but®ac far as I an aware, there is no
mention In the literature of any problem concerning
flow along rectilinear boundaries, Ve therefore

attest to de 1 with one or two ouch problem here.

a -loos? otyoai-1 ovor a rcctillnoar hoi

Ne  See, for examle, Xnscy: lydroraechanics Oth St#
Part 11, Osaptor 6.



Ve consider a fluid flavin; A to D which

are infinitely distant. ’rota and on either side of
t O slepixsg part BC of the bouiidary ABCD; the
fluid is assumed to extend to in finitz on the
vper side of the bouxdory,
Vle begin by assuraing that the fluii is
incompressible.
Let 30 Toe ofiLengtfcXand let ABC ~
Let the velocity at infinity be U. and let ua
taico the velocity potential (jpae '«6at A as too
at Df since the direction of flow is the direction
of increasing velocity potential*
.vertical.,** did..: of £faw in t: O j- plane
caa be obtained by hqc&ig of tno delr;/m”~'Thrioto ffel
ta”nofoxraatlan iron tho uniform: rcctillnoar flow
parallel tw the r vl aids in anotiier plane - the
£ plane. The .”ocarea of Scfcracrs and C hristoffe If
defining the transforation may be stated as follows #
Ijet a, =5 % .. .. be *vpoints on the real axis
in the £ plane oueli that *"¢X~"4.,.. and let Ay, ****

be the interior angles of a simple closed polygon of

Tvvertices so that ot+fity+ *e.. S(*"X)H . Thor,
the transformation from Uie plane to the plane,
defined by , sL. ( i--i £-1

£ =K«-0'Y<-«" «-o0

£L

*8. ’lglln(2)5-r8ilVIS(}T: Theoretical :$drodynanies,
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the corresponding point £ ~ & | A depends on the
value or i . The Schucr»*-ChricT o ffel ffeMMM then

tivea A N K ) >

where Kio a constantf
i.e* ALK ONAN—) 4.2"
Ve have hare regarded the fluid as enclosed
in a polygon in the | *plane v/ith two vortices at

infinity, and we ©ball deterntoe the floe/ to the

A plane which corresponds to unifocm rectilinear

fifitf to the %%nlane. Putting it rather cnudely,
we are considering a uniform rectilinear flow along
the real axis of the plane and then deforming
the boundary to the slnpe AB(D to the plane.
7>e velocities at points infinitely distant from
30 are unaltered by the transformation.

In the zj-plane9 the complex potential ftmction
iv is given by

v s ~ Hi (4.3)

whence, by (4.2)

«(>-%*) %,
d \/

han infinite distance from Kf iv« G *nd Viw =

do tliat Ss 1. TJais

, 1) (. y %
el n) | (4.41
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ITow, hy (4.2) and (4.3),
du, s (U - Iift- jH)~~
from which it follows that (Li]xis infinite when
i.e. the fluid has infinite velocity at the point
corresponding to %* a , i.e. at C. When v/e pass
on to the case of a compressible fluid* the flow
in the neighbourhood of Cwill be very interesting*
since there is an upper lim it to the velocity which
can be attained by a compressible fluid.
If we take the boundary AB(D as the streamline
AN-o0o , them w” (p on AB(D and (4.3) shows that
wW-7y F at ¢
w AN=0 at r.
We are no-/ in a position to determine the

relationship between C and a .

On DG,

by (4.4), whence, taking B as the origin in the

y—plane and integrating frora B to C, v/e have

or i~ cxjé Aoc
where - (K¢ » Hence, using the well-known

properties ¢cf the B and V functions, v/e find that



Losab(Th, T

** ro-*)r(n4)

* ro -* ) r ( * ) ,
e _ g
- A SWIC 9 U o SkngL. (4.*3y

Who flow 1G completely doborcalnacl by (4.4) and
(4.3).

Ho. * let  cenowfi t/jj ildaultM 1 fl uid velocity
?X nry point in tie fiold and let £ bo the angle

viiich it makes with the real axle. *hen
(4
A /1.3:’ -0 .
all

| ' _ (4_6>
°0 1'j’0 oiociiilly Interested iii the port of the

mioia of flow for which *U, (mear C). For this

region - /V *A
fHv ~ aK Z.L u— )

t= M .8)
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Ye now pas© on to the case of a compressible
fluid and use the holograph method to determine f
and +h . oMU mmJ tor the 8 met .I MM in
which the ”ach nurnber IT of the undisturbed stream
is 08 and oC = 45uf and shall determine the sonic
line of the flow, i.e. the locus of points at'Vvhich
! is unity.

;¢ note by (1.U) that 7f e+ 01134 and tvat
T - % on the scnic line.

Bow, by (3i3) and (1'O f the stream function
and velocity potential for the compressible flow
are obtained from (4.7) and (4.8) which apply to
the incom ressible flow by M{fOtMftog u by

Hence, on the sonic line

v/here C is a constant, v/hose value we shall not
require to determine.

How by (2.20) and 1.19)



so that* on the sonic line

le- ' ~ ile + h ; toi.
Thusf by (4%9) and (4*10)

A A SPOHD * 4H/K(E ) 27)
ac c

/*Iso| by (M0),

g r 0 Ly L~ =00
and* by (4%5)

ft s —-(C— >
Whence A
£v t v~ 5 1o - (£) (I rOsuP<w»<iHW
xe- A T 1/
+1

Itotegratin. , v/e obtain

alt V,, ¥, ,N'"SCG@PEO"™ Cv>1Ttw-0£} ., ViIaAaVidP?
i* T2I1H 7 A }

—(1-079)

aiid, on equating real and li-iaginary parts* liave the

fVeedoci equations of the sonic line:

©
£\/>fan-;\)& 6*:;2?:/71-0&5\ f4.1 }
£4rXbK* 6 Xo >6l1
} 1m0 ni S
>
1
Sy (6 (4.1?.)
[ 4l\+! -1

) SUpHN0 KUy |

tEVY I+ EXE



The sonic line can now be drawn by calculating

* and Mrvarious values of 9 in the range 0~ " us?®°

\2j on & = M tve vSgta OIF
co-ordinates lies soraewhere an CD. A rouf’i

sketch is shown in the diagram.

&LS v/ide otrisata past a_thin obstacle *ro;jectira;

»~-TI.~(3iiaiculjy to a ctrair.'ht bank.

3>

A 3 C

Let the obstacle be of length £ and let the fluid,

assumed for the moment to be incoo ressible, flow from
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A to C which are infinitely distant firon and on
either side of the obstacle HD. Let the velocity
at infinity be U. -¢ consider the fluid as
occupying the interior of the polygon."'.ATPI-iC... ,

/
on which Bf B are zero distance apartf and 2taking

B as the origin

A £ B

in the X-planet sap the polygon on to the £-plane
with the following ¢ rreo,ondence
A As - 00, r g m-1f1 m y
TN { 1 f C ~C m os.

iy Scbwars-Christo ffel theorem* the transfom ction

i& defined ty O » K/
$ . «*FmF<4-L -
whence N= K - constant.
At Bf *s 0 and <£s * so that the constant of
integration vanishes and
1 %
At D| j » il and £ s Of hence 1 * 1 and
1 = jttK r) (4.i3)

how, as beforet the flow in the “-plane is obtained



>H

from a uniform rectilinear flow In the f-plane9 so

that

N~ 11% (4.14)
Hy (4.1C) and (4.14)
im < | N X)) (4.15)
or ii - — — —rrr - (4.16)
Xu, nkV)
.once % = EJ(uv-h rl ).

It follows too from (4.15) that the fluid velocity
is Infinite when £ « 0, I.e. at D.
Further* hy (4.1G)

1

Ve are specially interestod in the region for v/hi

A>11 7 in this region
u* - M U ~y +K h--y +UVDbD'7 * -1\
~ -till | (uw) * '+ i(J) + £(J-)

+ HI j (£)' SHO + z(u-)~3s-*e +

AL emn IR i xa8+c. |2 @)

A= Ll () L

* r, .

(4.
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a body govirx- tigyggh a eaBWBOIlblo fluid

flagfttegtfflH

'""Then the speed of flow of a eot&prescible fluid
peat a body is such that there io a region of super-
conic flow around aaoe part of the body (i.e. vicon
the tech nunber exceeds its critical V/alue) then,
in general, a shock wave eaanatee frosi the point on
the body xLere the transition froo supersonic to
subsonic flow ic taking pluce. "hen the fluid
passes through the shock wave, it is cooprassed, its
ta“erature rises and, the process being non-adiabatie,
there ic an increase of entropy. Hence, only part of
the mechanical work transformed into heat energy in
the coniinescion is capable of being reconverted into
ineohanical energy and the energy Mostfl in this way
m anifests itself ac part of the drag cm the body.

Soon after a shock wave has formed, boundary
layer separation takes place and leads to a further
increase of drag. 'fl“hese two cumulative effects
cause the drag coeffiicient to rise rapidly vrith

Increase of ach number above the critical vrlue.

It is our object here to calculate approxim ately»



for the cases of flow past a Icankiiie oval and an
ellip tic cylinder, the increase in drag coefficient
due to the presence of a shock wave. It will be
shown that this increase is much smaller tl*an the
total increase vhicth would be observed in practice,
whence we conclude that it Is the boundary layer
separation, rathei* then the chock wave, which is
tl:e reeponslble for the nost of the drag.

1. Slow throuh a njr...1 :hock ave

.et us consider a nomul shock wave and calculate
the clionge in entropy of the fluid in passing through
it#

Let quantities measured on the upstream side of
the shock, the dosmetreao side of the chock and at
the stagnation point be denoted by suffixes 1, f, 0
respectively. Thus let , a , ct, represent
velocity", pressure, density, velocity of sound and
?foch number uxctreun of the chock. Since we are
crotee*dLatiug a Dliool: v/ave errjanatirp; trail a body
such as a cylinder on an aerofoil, » » f, >f, i ¢, ?
(measured just upstreon of the shock) will be different
firoci the corresponding values v ,f>,|3, ¢ ,~VM in the
main stream#

Throughout, the ratio of the specific heats of
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the fluid at constant pressure and volune v/HI be
denoted by y andin our calculations w ill be taken
as 1*4 (the value for air).

The basic formulae of the theory of normal
shock waves which we sI*"&ll require are derived in

Appendix I and ore as follov/st

77 = C1.H
or
£ %
<(r-0<". V/
( ’ (1.2)
A= T IrN-(p-l1) 3
V. = TTT e2”’ (1*3)
A = A = 2 a ”)
v, Pt (*+<)” ?

We dioll assume in v/hat follows tlmt conditions

avo perfectly adiabatic on either side of the shock

wave.

It follow© frosn (1.3) and (1*4) that

- (r-t-Osl1
i o) vl + A51
wl»do«, by (1.3)
(T D viKm "e< = A »
or V,X = O . Q.5)
/.loo, (1.3)
i a(r-0 c°* (1.6)

1 ~ (r+01 c*~ ey



Sow if pdenotes t!Se entropy par unit BUS of the

fluid, tlien tlic ahorse in entropy of the fluid (ner

unit msc) in cg{smil Mk wave is Given by

where Cv tm the specific heat of the fluid at
constant volume.

lienee, by (1.1) and (1.4)

1e0e
£ =
«m <o
UsinG (1.5), this expression nay he v/rittan

J«*ce , rs*c\-(TMVy (r-oe \y~ (1.7)
A VWL *-0Oci \ly+\)(cobn «x) ) i -

Jfeer the amount of energy rendered unavailable
tborou”b the irreversible nature of the compression
Shock is the increase of entropy “mitlplicxi by tlie
lowest'.vailoblo temperature; this tamsperature is
tbe tenperrtvre tr of the free atrsan. Hence

energy revered unavailable per unit length
of shoca «nre = Pv,f Sqy
the shock v/ave bein” normal to the direction of flow.
The quantities p 3 vt, c¢( vary from point to point
alonG the shock wave. so that
total energy rendered unavailable * |\pt¥# *E S

ehere £0 is given by (1.7) and the integration is
* any standard textbook on Thermodynamics



taken along the total length 5 of the shock wave.
Hence, if 5j> denotes the Increase In drag
due to the chock wave and <& > the corresponding

increment In the drag coefficient, then

vit s | pvt $p4

SC* = 7~ % . (1.8)
-pv PV J

Since the flow round an aerofoil is determined
ex. erimentally by means of pressure measurements,
it is convenient to express (1.8) v/holly in terms

of quantities relating to the f*ee air stream and

the -roooure coefficient T V;*
Ue have . .n ., .
(£1V = h A *11
. "c»' fc f A jx p
or, since
pCr - ppr* Pp/\
(T;)1 -
e ($TVO + 2 v )'l «.9>
by rernoulllts Theorem.
Nov/ ONFA I » 30 that
fc..l,i£££k . I4irn*«(. (1-10)

Hence, by (1.9) and (1.13)

(cr) -(,*th *f)M |+ V ~ | (l.11)
Thus, by (1.7), So can be expressed entirely in

terms of M and



Also, t*y (1.5),&
'ml =

- AVAE- & NMN-('+¥ < <1J25
since c?. Vj.
’,.A
Further, A
Pt=r£i = *"11)* = t1-13*
iy (1.10).
Finally, .
1 = YK % »"r R ¥ (1,14)
where E is the oas constant per unit moo £jas.

Thus, by (1.8), (1.7), (1.11), (1.12), (1.12), (1.14),

K®*Sr 7?2000 £ ) x* (0" ¥ )
(y-0 ox )/7”’
> 1 oGy i 1
i »e«
Sc¢B =
fcl

Since €1 / * (Y“0 1 , tills nay be written



Thus (1*11) and (1.15) liable us to calculate

given the Tlach number M of the ffcyee stream and
the pressure coefficient Sh at each point of the
shock wave.

Me not/ proceed to apply these fomulae to tlie
case of flow at zero incidence past (i) a rhnkine
Oval and (ii) an ellip tic cylinderf and sliall make
several simplifying assumptions. The numerical
values obtained for the increase in drag coefficient
due to the shock wave w ill therefore not be accurate
but w ill certainly be of the correct order of m * ii-
tude; this is all that we can aim at attaining in a
problem so complicated as this one.

vt alkali assume that the shock wave springs
from the point on the body at which the pressure,
in the incoi”®ressible flow, is minimum and that
the shock extends along the equipotential curve
from this point to the point in the fluid at which
the integrand in (1.15) is zero; this latter point
is the point at which the llach number is unity. *
The values of the pressure in the compressible flow
w ill be obtained from the correep onding values in
the incompressible flow by means of the Linear

Hiby b A Dedit N M
w7 wWv TU



Perturbation 'Theory* This latter apjroxination is a
rather crude one at high Tich numbers9 but the error
w ill be kept at a minimum by considering only slender

bodies (10" thick)*

2I* Fla/ past a ,val

Xk first of fill consider the incompressible flow,
Consider a source and a sink of strength * situated
at the points (*,0 ) and (~s,0) and let a uniform
rectilinear motion of velocityin tlie direction of
the )c«eedls be superimposed on the motion due to the
source and the sink* Then the stream function *

a
far the resultant motion is ijiven by

t + H

The streamline » -0 defines a Bmakine Oval*

Let u,v be the *,n components of the fluid

velocity at any point in the field of flow* Then
ve H o Sy

In the case of the caapressibb flow past the “ankine

oval the chock wave \/ill emanate, in accordance with

QUI* assumptions abovet fVom the ends of the minor axis
w  Clanert? Aerofoil agd-M rscrw Weoryf ~xipter L!|
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of the oval and w ill extend for a certain distance
alon*; the irolan”jatian of the atnor axis* Ve ore
therefore especially interested in the fluid velocity

at ;>ointoon the minor axis produced* Here v-0, and

U ST

If v/e now lot h-Xs9 where L 3s a dimensionloss constant
n a-UJ[|+ -jTjr Jj].

It is shown in C*Lauert (lac* cit*) that the shape of

the oval depends solely ecm */lis ; and if a,/r denote

the lengths of the semi-major and sad-ninor axes

respectively, then the following numerical values

far a certain particular case can be easily calculated;
iLlir 53 v A
1K 1K 5 5
045  4*418 1*035 X9-"05 10%349
Tbus, if we take 5 s 106and s 4*5 throughout,

then our calculations will apply to on oval upioxi—

mutely 107 thick* Hence,
IC=-K.[l+ “y(uci)}- (2.1)

b= = (h'f't/zpU-,
and, for incompressible flow

++1 if* ,
hence s W. 2

% = lu>

i*e. ” s 1 (2.2)
% r ' i i*s-fuje2) 1y
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the subscript l being used to indicate that the
formula a>lies to Incompressible flow. The
(M UM coefficient §> for the NQpPIMIKi* flow
corresponding to the &f/ of the last equation is
given, in accordance with the Linear Perturbation
Thosry, by

~ (2.3)
where I! is the "ach number of the fTee stream
(cf*(M ) of Chapter II))*

The procedure fox* calculi ting the increase in
drag coefficient of the Ifcmkine oval due to the shock
wave is then as follows*

Iy means of (2*2) and (2*3) we calculate
far some fixed value of !! and for various values of

X, The quantity G/Ce is than evaluated by means
of (1*11) and “calculated by (1*15). The
intonation lias, of course, to be perform d numeri-
cally and, in the case of the calculations given
below, Simpsonl© Pule was uoed*

The calculations have been carried out (for a
Ilaikine Oval 10" thick) for Pach meabers 0*90 and 0«85*
The details are given in Appendixilbut the results
are as follov/s

H 0*%90 0*25 0*T2

SCp 0-030 07024 O



iGf of course, zero at the critical
MNh number of the oval* () max. has the value
"A by (2«1) whence the value 0*72 for the

critical 'ach number Is obtained from the linear

perturbation theory.

3. Flow >ast an ellip tic cylinder *

Here again vi;e begin by considering the
incompressible flow and determine it from the
flow past a circular cylinder by the method of

conformed, repreeentatione

The transformation " - y 4 i ,
applied to the flow past the cylinder 4><0

in the » - plane gives the floe past an ellip tic

cylinder in the *7- plane. For, since

then, if P, A., B are the points * , -a

respectively and 0 is the origin,

+  * 1  S5A - (A®+SP)/(r

(11 A
Hence, the point ?', which represents j ',
describes an ellipse whose foci are at the points

i - £ao. ¢ The major and minor axes of the

—=* The method followed here is tliat given by
S.I*. <jroon? I”dro - and Acrodynsnica
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ellipse are of lengths L2 and “ )&
respectively*

If » is the angle of incidence of the flow
v/ith the x -axis* - ” is the velocity at infinity and
Kis the eircUation* then the motion in the J m plane
is determined by the complex potential function
w~ @b/ ">ere

K~ a(=*"+ AVEyYv)E j;

and vV M + y 4
We take K* Jj=o0 , so tliat
w- UK * T) (3.1)
and t' = V+T" %)
Kov/ let * - ae” I - Are ,
where JL - ~/a # Then
v - +e \) A y (3.3)
and AN AT QTN (3®4:)

Wan " is on the circle 171 * and therefore " is
on the ellipsef £<<is purely imaginaryeHence
% is const. ( * t°) and ¥ may be assumedtovary
from 0 to <2r .

The velocity ( ‘tv ) at the point ~" in the
y - plane is given by

/w A

~ aia %) /% & < A (7)), n 4)

. (3.5)
a liT"*"("-«) tW . £,
a
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jb the cyHder9 % - A 9 whence lay the last
equation .

U< A _ g)’ ***4’ ,
or - hMl SMVJ antcL GoH (3.6)

As in the case of* the "hnldLne ovalf we are especially
interested in the velocity at points on the prolonga-
tion of the ninor axis for it is along that line tint
the shock wave is assuned to extend* At points on

the ninor axis,

V*V

and v G>A L) y
i.e* -C~~ S+ 7 +| —0,
lioiice p = *- U>*fa x+*.s)\J

and J N ~ j*r 1) T viify'Vkd)l .

* MS» , t

and g A gAA GmA”N cwAd + CoA N SFA

4 %T\.rﬁyn' allde 4 77
-~once, ly (3.5) . ,
*>'W %
and, since v' | at the points we are considering,
, ickf: £*£ + 1! 1
1 L1 ~KU~J

l.e.
37



To obtain the velocity distribution along the

prolongation of the ninor axis of the ellip tic

cylinder 1]
— = - h
f7 %
we put t s (a% ¥ At ftFF ) /4.
Ir-n, r 1/»

and (3*7) beecues

re then hav

L tt( 14 g | = ———1.
1 A hv H ¢ fj(rxrpet") i
To ensure that u* -IXv/hen too , we require

to take the negative sign when */ io positive and the

positive sigi vhen * is negative; the flow

perfectly cyranetrical. Thus, for positive values

tf g/ f v/e have

*'7‘:_£<<.(11 '

(3.8,

Exactly as in the case of the Pankiix* ovalf v/e then

have
Sp - J J (

Ya

and u/IL is given by (3%8).

The calculationc9 which are given in detail in

the Appendix, were carried out for an elli'jtic cylinder

10~ thick, i#e* p*lo® f and for Tech numbers 095



and 0%90# In this case (3.3) reduces to
u'l ~ 108
178 T? 1 V1) (3.9)
where ' ~ L™
The results obtained ore as followsi
n 0*05  0%90 0*83

oHoi2 o0-00i0 O

The critical hach number is calculated as in
the case of the hankine oval, (j*) mx 3s
approximately % (since £r 'ARfor the end of the

minor axis) and the critical !'hch number turns out

i
to be 0%83.

4. Conclusions

Apart from the fact that the increase of drag
coefficient is greater for the Rankine oval than
for the ellip tic cylinder, two conclusions can be
drawn froa the results of our calculations.

Firstly, the increase of drag coefficient rises
rapidly with the ach number and, in the case of the
ellip tic cylinder, would setn to depend on the 3rd
or 4th power of the excess of the ach number over
its critical value.

Secondly , the increase of drag coefficient due

to the stock wave is only a very small component of



the total increase as observed in practice. That
tliis is so can be seen in the following way. It
has been observed experimentally that when the Tfech
number exceeds its critical value by 0*1, tile
observed increase in the drag coefficient of an
aerofoil 9T thick is of the order of 0*03 or 0*%04
The corresponding figure for an ellip tic cylinder

w ill be many times as large (of the order of 10 tires
at least), whence, since the theoretical figure is
about 0*0045, we see that the increase in drag
coefficient is very largely due to the boundary
layer separation caused by the shock wave rather
tlian to the shock Vave itself. ~Ven if the increase
of drag coefficient due to the shock v/ave was as
great for the aerofoil as for the ellip tic cylinder,
then the observed increase of drag coefficient of

aerofoil would be about 10 times the calculated

value.

I an indebted to Prof. A. Thom for this information.

It was given to m in 1945 and I think the source
was on “mericainreport.
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m i tx.s) (1.3) a n

The fundamental formulae of the theory of nam*.l
shock waves ore usually stated in the following way
Vi “ fooz > (1) (oW M mtioD of mass?
S (conservation of moewitai)
{ z (3) (conservation of energy)
In the last equation, i denotes the total heat or

enthalpy and v/e note that

c*
1 y-~| (*)
elnco *  *r/(Y-0 e
Fran (2) v/e have immediately that
fil'mO * ,
ur il = 1LT-<. (5,
A X I+ YM z
/iso, j119)
5 ‘é; (6)
i.e <>
ci
and therefore, hy (6)
c. «i itrm"
cr UyM,1 ' (7)
Thus
V.

(S)

1+TAr

n 3ee7 for exuuple Hueamms [IlurdltJucii cler
'“erinentalpljysik, Vol. + (1931) g 27



Further. by ?3) and (4) L

vhence, by (7)

** fy-0 M}
On sim plification, this last ocuation reduces to (1.2)
i*C* 2 Z+ (y-i) (1.2)
" (r~1)
Substituting for * in tarns or or vice -v/«a$a

in (5)f v/e ira.iediately obtain (1*1)

i.e. A1 SAYMI — (1*1)
t« M *

Similarly (1.2) and (8) give (1.4)
(1.4)
i,e * A = A a
\Y fr
e do not derive (1.3) here for it can be found
in any standard text book*
Those fcnm lae which v/e have derived as alterna-

tives to the standard formulae (1), (2) and (3) ore

not original.

rbile at the hoyal Aircraft Tstahlishnent, I swr
then quoted without proof to on unpublished report **
which happened to cone rqy v/ay.
a* *TNoGr:ysont A suinary ojf ParriuLae and iWbSfe s f*or

calculations of compressible air flow* Tech* 1'oto
ITo. Aero. 1G13 (1045).
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The procedure adopted \;as as follows* The
value of Il having ben decided upon9 wan calcu-
lated for various values of L by meena of (-#2)
and (2*%3) in the case of the rankine oval and by the
ccrresponding equations in the case of the ellip tic
cylinder*® Gfct was then evaluated by Means of
(1.11) v/henee was determined from (1*15)* The
numerical integration was carried out by Hinpscn*s
rule* It was found in the cases considered hare
that the integrand in (1.15) is nearly zero v/hen
C- I whence9 to the degree of approximation used
elsewhere in our work9 it was unnocencory to consider
values of @reater tl&n 1* The calculations were
carried out by 4-figure tables but in certain places
where the fourth figure is very significant its value
v/as checked by S-figure tables*

For brevityf we let

and
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9

0*1
1+01
0% V)43
0%6532
0%6575
1%3425
1%2201
0%0864
0%1728
1*489
0%489
0%850
0%482
T*7143
1%9184
0%0653
1*8531
0%7131
0%28(59
1%4578
1*7289

0*2
1%04
0%0170
0%6532
0%6702
1%3298
1%2137
o* m i
0*1682
1%473
0%473
0*822
0*466
T.7276
T*9221
0*9053
16568
0*7191
0*2809
1%4486
1*%7243

0*3
1*09
0%0374
0%6532
0%6906
1*3994
1*2039
0*+0806
01618
1*459
0%459
0*782
0%443
T*7459
X*«r74
0%0653
1*8681
0%7280
0%2729
1%4346
T-7173

0.4
1*16
0*9G45
0%6532
0*7177
1%2823
1*1913
0%0761
0%1522
1*420
0%420
0%730
0*414
T.7679
T*9337
0%0653
1*8684
0%7386
0%2614
1*4173
T**708C

9*5
1*85

9%6532

0*7591
T*S499
1*1778
O»rrai
0%1422
1*388

0*3«8

0%674

0%382

T.mo
T*9403
0*%0653
r 8759
0%7490
0*8591
r*5°8i
T*7990



<14 C)
A 4w

(BT )
cn (77
& T
1- &)1

<>['- Ir.n

hi" W V*

0*6
1*36

01335
0*6532
0*7867
1*2133
11634
0*0658
0*1316
1*354

0*354

0*615

0*349

1*8136
1*%9467
0*%0653
1*8814
0 7610
» 2390
r 3784
*i 6092

0.7
1*49
0%1732
0%6532
0.8264
X.1736
11491
0.0607
0*1214
1+322
0%322
0*560
0*318
T-8338
T*DS25
0%0653
1*8872
0*7733
0.2287
1*3593
T*6796

08
164
0%2148
0%6532
0+8680
T.1320
1*1355
0%0552
0*1104
1+289
0+289
0.502
0285
T.8543
T*9584
0%0653
T*8931
0+7818
0.2182
1*3389
1%6694

0*9
1*81
0*2553
0%6532
0%9085
T.0915
11234
0*05J5
0*1010
1%262
0%262
0*455
0*258
T*8704
T*9630
0*0653
T*8977
0+1902
0%2098
X*3218
16609

1.0
20
0%3010
0%6538
0.9542
T.34S8
1%1111
0%0457
0%0914
1%234
0%234
0=407
0%231
T.9859
X*9C74
0.0653
1*9021
0+7982
0%2018
1*3049
T*6525
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i

(+O0Zc- 4*107 4*142  4*193 4%255 4.319
. 1493  1%458 1%407 1*345  1*281
01741 0*1638 C*148S 0*1289 0*1075
25%9105 7%*9105 7*9105 7.9105 7%9105
A 1*0846 1*0743 1*0587 1*0394 T*0180
>A0~ u% T*2409 T+*2281 1%*2084 1*1841 1*1573
e’/cS 18531 1%8562 1%*8621 1*8684 1*8750
1*9823 1*9823 1%9823  1%9823 1%9823
B 1¥0763 1*%0672 1*0528 1*0348 1%0146
A- B 00083 0%0071 0%0059 0*0046 070034
C 1¥4341 1%4341 1%4341 1*4341 1%4341
V - s f 1*7289 T+*7243 T.7173 T.7086 T.699C
<o)y 1S\ *r 7953 T.8054 T.8185 1%8342 T.8507
4-V/A-B) 79191 7%8513 7*7709 7%6628 7*S31.
7%8780 7*8151 7%7408  7%6397 7*S51S°
wisXvlo 551 6%653  5*505 4*362  3*275

Hence, by Simpson” Hule

102<)G, - 7!rT8*255 + (10*361) + 4(14.459)] t- 0*055
> thaES'tv = 0*%0295

i.e. SC*2Z 0.030.
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4*383

1*217

0*9854
5*9105
5*9969
T*1298
T*nni4
1*9823
5*9935
00004
1*4341
1* 6292
T*8669
5-3802
5.3204
2*346

4442
1*158
09657
5*9105
5%*9742
r.im
T»i#92
1*9823
5*9726
0*0016
1*4341
1*6796
T*881.3
5.2041
5.1991
1.581

4*593
1*097
0.9405
5*9105
5*9510
T*0745

18931
1*9823

5%9499
00011
1*4341
T*6694
T.8959

5*0414
5.0408
1.098

4*551

1*949

0.0207
5*9105
5*9312
1*0605
1*8977
X*9823
5*9395
0*%0007
1*4341
T.6609
1*9074
5*8451
5*8475
0*7039

4*597

1*008

0.0012
5*9105
59117
10269
T.9991
1*9823
5*9113
0%9004
1*4341
1*6505
r.9195
7.6021
5.6071
0%4047
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0*420

Y*6893

1*6716

0*4695

1*7847

19214

0*0527

1*2627

0*7290

0*2710

1*4030

4*199

1*401

0*1464

5%*9105

T*0G69

1*°062

T*8G27

1*9623

1*0512

0*2
0*473
T-0249
1*6572
04541
1*7371
T*9249
00587
T*9663
0*7350
02650
14232
4*234
1*366
0*1354
5*9105
T-0459
11025
T*9663
19223
10411

0*3
0.450
T.6532
1*6355
04320
T-7543
X*9298
00527
1*8711
0*7432
02568
1*4096
4*281
1*319
01202
5*9105
T*0307
1*1732
T*!5%n
1*9823
X*02G6

0*4
0420
T.6232
1*6055
04032
T-7758
r9359
00587
1*8772
0*7537
02463
1*3914
4*341
1*289
0*1000
5*9105
T*0105
1*1475
1*8772
19823
10070

0*5
0*388
T*58°8
T*5711
03725
T*7976
T*9422
00587
T*8835
0*7647
0*2353
1*3717
4404
1*196
0*0778
5*9105
5*9883
T*U98
T-8835
19823
5%*9956
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0%6
0.354
T*5490
1*5313
0%3398
1.8193
1*9485
0%0887
1*3898
0%7759
0*3341
T.3504
4*469
1.131
0*0535
7%9105
7-9640
1*0990
1*8398

1%9223
79691

0%7
0.323
T*5979
14902
0*3091
1*8394
1*9541
0*0587
1*8954
0*7859
0%2141
1*3306
4*527
1%073
0%3306
7*%0105
7%9411
19623
1*8954
1%9823
7%0490

0*8
0%389
1*4609
1%4432
0%2774

1*8589
1*9597

0%0587
1*9011
0%7964
0%2036
1*3088
4*586
1.014
0.0060
791035
7%9165
7%0323
1*9011
1%*9823
7%0157

0%9
0%262
1*4183
14036
0%9516
1*8741
T*9G40
0*0587
X*9053
0%8041
0*1°59
1*3920
4*631
0%969
19863
7%9105
7*%8968
1*0085
1*9053
1*9323
7*8961

1*0
0.234
T*3693
T*3515
0%2047
1.8895
1*9684
0*0587
T-9008
0%8125
0*1875
1*2830
4%679
0%921
19043
7%9105
7*8748
779822
T-9008
T*9823
7%9743
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*0019
1*0066

1%6752
11*%2780
1*8711
1*3307
2%141

*0011
1.5056

r*Ge65s3
10414
1.8853
1*0976

*0008
1.5056

1*6544
5%9031
T.6902
19623

1252 0* 917

*0007
1.5056

1*6450
5*8451
1.9101
19067

0*807

*0005
16056

16365
5%6990
1%9211
1%7622
<>+578
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Introduction

This probiemf v.hich arose in th* course of an
invecti*ation into a certain method of measuring
the viscosity of molten slags9 nay be stated as
follow* \ Viscous fluid is contained in a fixed
cylinder and a second cylinder, cooxal with the
first, is suspended in the fluid; find the couple
(due to viscosity) exerted on the inner cylinder
when it is constrained to execute a prescribed
dacped oscillation *

A search of the literature reveals that pony
probleos of this typo have been solved*g* (e.g
rotating disk, vibrating plate, cylinder rotating
uniformly in an infinite fluid, etc.) but, as far
as I ora aware, no mention has yet been mode of

this particular roblerj.

I an inuch indebted to '"das Helen 9BM N of t?ie
DeiBrtnait of letnllurgy, The royal Technical
College, Glasgow, for presenting me with this
'rohlem; the results obtained were incor.oratod

by era in hot* Ph«D, Thesis.
2. See Havelocks Phll % 1021 620
lieyer! Pogg. lil 113 (10d} 555t tlafUAm

Dd. 32(1887), G42
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In the following lines the problem Is sol; ed
by a ix*rfectly struightfcs”vard and standard procedure,
ve regard the cylinders as being of infinite
length and, as is usually done In problems of this
type, assurie that the velocities are sufficiently

SLiall for their squares to be neglected.

fx&i of the "ayier-"tokaG nations
I'oglecting terns involving the squares of the

velocities, the basic equations are

Vi ~ tv 7? ?
AN hft*z + £v\
SA il w- / r

where u.,, v are the *components of the velocity

V, /> is the pressure, and py P are respectively
the viscosity and density of the fluid. Por the

rotational notion contemplated

v= = Vst Vi- Vxo 6-m
of Ay, 1200 L—
;:Ince j~ +'1T? ~ Y >T -sel » we lave
N L I . f ' W V.e-A, )—
If 1 7 ff s,""e = H eJ7-- — S' = IX
Sltoeto ! B
1
How, fl*ota ssycsjetryt H| = o $ hence
4L r /A i _a') _ p—1
1 = —LuGJ* |- ( r wh! Pich
r /I"iV i A v > 1

= Cvt0j A r o 3r st~ @ 3 ] e
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and ?fy*r ~® ¢ M m y*© j>1Is a constant
tliroughout tlie-field. (This is not surprising
since the squares of the velocities Tiave been
neglected)*

A oore direct derivation or (1) la ac follows*
Consider an TtrrrtT element of fluid of radius * and
v/idth , and let * be the angular velocity of
the fluid* Then tho fricticavjl force per unit area
on a cylindrical shell of radius *is dnr. — >
and the equation of motion of the annular element is

XgE RV *p'iS % & )*

or S 1 A a 2L
fi ~ f tt)~ Pat

On putting to= /r , we loQodlataly obtain (1) Aram

this equation.

Case of a cyltolar rotatto; at congtant ogood in a
fluid eoitalned in a coaxal cylinder

Vo deal with this case first, for an abdication
of Duhamel’s Theorem to the result gives the result
for the case in which the velocity of the inner
cylinder 2a a function of the tine*

If the radii of the inner ard outercylinders

are (r respectively,and if V  isthe (constant)



peripheral velocity of tlie inner cylinder, then
wo require a sulutic&i of (1), which satisfies the
boundary conditions
(a) V-0 ftor ir and all values of t
(b) I/»M ,tM ir*« tor all vd. ueo of ¢
(¢c) V-0 , wbhsn o for all vines of T
'"Viting p-- f, andputting " e KT \fhara % *
are pure functions ofr,t respectively, we find

that (1) gives

A YW ~ A It 2
whence L ZA!" *i AS | ~- AN
-V Y W/
) a' -v . . .
Tims T - ng£ , vihere * 1io on arbitrary
constant and A 1R 0. LX

TR

Tlae solution of this equation is

K~£/T,Ur) + c¢' , Where £ ,
are arbitrary, and where T| (¥*), £f(x) are Bessel
Functions of the first order and respectively of the
first end second kinds.

Hence, v/e have

/= ’ (2)
«b«n A”, 8" or* arbitrary constants* as a solution
of (1). Any vd. ue of the constant A gives such a

solution; wue a'iallt in this papert be thinking; of \



MM ! In the special case A *¢0 the s>lution
turns out to be

V ~ Ar i- AtB arbitrary

go that* a very general solution of (1) is

V=Ar+ +2 ¢ iA
N %

the values of \ , over which the aurration is

node, bolng not yet specified.

Consider tlx: following Gpocixil ease of (3) :
ve A(r- L) IW/XXE V{IMd-, 1- Gityy \d\f...

where the ourxntian is over the positive roots of
T,ftOC(fIVM>) ~ VH )£/A A) 0. (r)

Than (4) satisfies boundary condition (2). It
also satisfies (b) if
h - -*Y/(lt'~a")
'‘lmmust now determine the Ax so that
V* _A~TrzK (xt) + 1
satisfies condition (c¢), via* when t~o0 9 t7-o

for all v¥luos of T f 1.e* we oust find the

coefficients A\o*f the Fourier Desoel Bxponoiont

f) =1 AV{T/V)<W -6/\VYT A 0}, (6)
V ~& A v 7’1
the summation being over the vd ties of X given by

(5)*

iy a well-known theuret:
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Yar
Since, for any Bessel Function
J‘>' = - 7 £ = wx*7 lﬂ-" ,
wo liave v / /
Av kD vVt rj 1 A VA*)<MNAF)
XAyt ) -Tei) emi. \ v
+J& 6,pu)74v)Ii~ * J/M A%)j J
Cinco \% ~2.(")/,t In virtue
of (5), tuio ex.a*esoion for reduces to
Ax * WO-VIH) t
= M *1 J- t.Y m - jer\-> g,7m }
i,ya-*vVru) 1 y
Hence, since (’ac”obert, p.294)
T,7W)GYV)- VV)G,'ft*) = (7)
vle inve a\o T.YAt)
A. = - - x -7 3)
X { T,(M - T,
Thus, t vt
m«. /[t A I J.MC.tt*)
VoV THErtY k) ~Z. TR PN 1 3/U)}
, 9
or, if to* o &ueF —,
z v\>fc n
U—Kk. '*yv ¥ExVu)<rv 57,(")c-ifAo - G/AV)
r A" ) frfrn-o-T.VADj 1 -jl

Y b.c'bbsrt: MlIpYcricul !i'uroonieo, 1st eel. p. &\



Caise of inru-» o/lliv.'ji rotatinr <ith v.rlable

If nowf ** 1is not constantf but is a function
of the time * (£)9 Dtihsrael's Theorem* applied to
(10) yields . e 2VX\t-X)

*<>& ~ x TI"M ~ TIVXW

XIVArCAV G/M
>e now blve an alternative and rauch sinplor
derivation of (U) uwsirvL Ilankel "“ransfonno as
introduced by Gned&on 3U
/atorn.tivc Derivation o 1(11)
If Mr) is a function o ft f defined over the
range & r "k t then its finite Ilonkel "transform

is “lven by _ / (r

v/hereX lo any of the quantities defined ty (5).

It cun then be shown that

~ _A D) vV'")JAM C/M TAO\
vio PWV T. c))l i ! J

(cf. the above work* or hcobert* loc. cit.f p*2P4)

Nirtherf usin” various recurrence formulae for
Teseel Tmctioi43f it cun be shown that
ineddans Phil* !lag. ser. 7% 37f (1046)f17* T had

already derived (U) by the above standard nethod
before this paper was published*
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vW - j--rtw

(This forrjulae is the correct fern of the ono given
by SMddan; In his paper the coefficient of v («.)
is erroneous).

Frau (1) it follows tliat

3 I\
j TtfU)O((\v)j(-L

~$ h 1 M v xVo6-/**>~T|fA*)CAO}v(r),U.

How,v (ft-) - Au>,(0 , v (ir) =0 , whence

- SWH
- V'VM +
hence, Y L f vXx -
H ~ 3
or * VALt- T vd
- I e "y UNT)
t8| 2/
, ft 1
"V-Jod W)Xt
= 1 W M A

3i\*)}z V[ OhUz
»T,VM~ T]Ab)
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It can easily be 3hoi*i (cf. the definition
and inversion of the finite Ilankel Transfer] and

(6) (8) above)tbat

N7 [r Vo LVJUSTYN> 1

so that
rs ACt) / Xy f> T>ru) 5§5j

This actuation is equivalent to (U).

eouile actin.' on theinner cylinder
Ifate”pratint; by parts, we inr ediately have
fifjn (U.) _a» TfW
«*<w (TF-T-Iv
Avj bT)<rv
since wD(0) « o
Hence, by (6) and (8)
AN y- o AavXET W G/\r)

“1 Iy C X;  (12)

co that A

« 7  AfVA THXE) IT,Ax)(MAa)- G'(h)I,A*}} U/rU m

4* term which vanishes when r * &.

HwW

.V XTYH) 1t  -x-ft-x)

bav yix © K A Do Traw KU AT. (13)

N NIXCW Y

3>

<*x]

%

'Hr



low the couple I! an the inner cylinder i© given by
M= 1Tv|AAT (~) VSA ?

so tJiat
L <- r* Avlz(t-T)
= " V% . _-r\Vi ro(Z' & Az .
VD S " S TR s

Let us suppose now that the angular velocity

of the Inner oyllnJer is p*escribed to be
= SI e 'Krs*"p»T.

Then ft vNt-T) 0 v C* .rt-vX*t .

\ uil{x)c = Jce e si’\j>x dz

- |(K-vXt)$ L )it t 157 7

' (K-vX”pl 1 (KVIKHF

(135)
and
™

where for brevityy y 9K\ are used to denote

functions of A,a, &, | f| fK which can be easily
obtained from (14) and (15). (16) provide© the
2lution of the problon,

A problem related to the one considered abovef
but lauch moro d ifficultf io a© follows. Let the
inner cylinder bo suspended under toroianf then
released and allowed to oscillate in the fluid un til
it come© to rest; find the relationship between the
damping factor of the oscillations9 the viscosity of

the fluid and the mechanical constants of the system.



la this case, there are no external farces acting
on the <cylinder exceptthose due tothe torsion
of tlie wire suspendingit and to the viscosity of
the fluidf and so the equation of notion is

I o + m & e =ro, (17)
where 0 is the angular displacementof the cylinder
from its equilibrium position, I is the rnraent of
inertia of the cylinder about its axis and G depends
an the torsional system. AQ(t) is now the unknown
quantity an”Lo given by the integro-diffcrential
equation obtained by substituting in(0.7) the expression
for II given by (14). I have tried to solve this
equation by means of the operation**! calculus and
also by transforming it to an integral equation and

then using lhittakcr9% methodf but without success.
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1# Introduction. In 1936 \sohcnbronnor and Goubdi 1 devised
a vary sensitive magnetometer in which a ncvol nethod was
employed to measure the strength of an external nngnetio
field, end, since that time, there have appeared several
instruments (mostly aircraft compasses) which work on
essentially the same principle* theh system includes one
or more coils with ferromagnetic cores, round which alters
natlng currents are flowing, and the inductive effect of the
external magnetic field on these ooroe causes changes in the
alternating currents (and in their associated #MJP,a) in
certain dements of the systems wunder certain conditions

nh”*nr-aa ara dlrootly proportional V> tt-0 gtrOTVtth fit
the field. For instance, the aagaotio field may induce in
one of the secondary currents or voltages a second harmonic,
whose amplitude is proportional to the field strength*®
Instruments operating in this way have oane to be described
as working on the Plumrate i'rinolplo' although, of oourae,

there is no new principle involved, in the strict sense of

the term.

f The tern "flusgate'" appeara In tho trade name of various
products of the Pioneer Instrument Division of the Bendix
Aviation Corporation®  As will be seen later, the

designation is singularly appropriate.



As far as I am aware, no adequate explanation of the
principle has yet been given, although a somewhat limited
account was given fay the two German authors, who were well
awaro of its shortcomingse In some of the literature, the
linear relation hip between magnetio field strength and change
of current or voltage is simply stated as a fact. However,
it will be seen below that the relationship is not perfectly
linear, and that it is only fay a suitable choice of certain
parameters of the system that the approximation to linearity
can be made sufficiently dose to be of practical value*  The
object of this paper is to put the principle on a rather more
secure theoretioal foundation fay giving a fairly detailed treat-
ment of the fluxgate type of magnetometer, which is the simplest
system, and forms the basis on rtiioh the other more complicated
systems are built*

The paper concludes with an account of some of the more
important applications of the Fluxgate Principle*
i-hyaloal applanation of the operation of the magietcBoter.

The apparatus (see fig. (1)) ocnslsts essentially of two
identical rods X, Y of high permeability ferromagnetic material
(e.g., unmetal or permalloy) , wound in suoh a way that they are
mad&ietized in opposite directions when a current flows*  This
current is maintained fay a source of alternating E*&*F*j a

secondary/



aooondary/ ooil in series with a large resistance and a

to _, surrounds the primary ooils.
VX V, : X
K Vv v 3 y
W X v

Tha operation of the instrument depend® cn the fact
that when the system la placed 1a a magnetic field whoso
strength la the direction of the rods is H, the secondary
voltage is of twioe the frequency of the applied voltage, and
has an atqplitude vhloh la proportional to Hto a elose
approximation *

In praotloe, the form of the applied voltage la maintained
(o*g*, purely sinusoidal) and that of the exciting current
allowed to vary, but In theory it la much simpler to regard the
exciting current as being maintained In form, and the form of
the applied voltage as being allowed to vary* nothing of
importance physically la lost by doing this, but a considerable
mathematical sim plification is gained* Ve assume then that the

exciting current is purely sinusoidal*

/" Im practice, the secondary voltage la small, and is aoplifind

before being measured*
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The manner In which the second harmcnio arises in the
secondary voltage oan be seen from tho following considerations,*
The resultant najjiettsing force on the bar X la H + !ij, xhere
Hi le the strength of the ma&ietlo field due to the axolting
current. means of tho B - H curve for the material of the
oore, the w*ve of flux density & the her oan be derived (see
fig* (11)) , and this, by a change of scale om be mode to represent
the variation of fltix interlinhages with the secondary cell luo
to tho bar X* Similarly, the curves for bar Y oan bo obtained
and those are represented in the figure by dotted lines* The
curve obtained fay adding the two vnvoe gives the total nimber
of interlinkages through the secondary coil, and the induced
voltage is obtained fay plotting the negative of the gradient of
this curve| it is evident that this voltage has twice the
frequency of tho exciting current* It is also dear why the
desi&iation '"fluxgate” is appropriate.  When tho ooree are
saturated, tho external magnetic field has practically no effect
on the flux density, so that twice in cash cycle of tho exciting
current, the external field is excludedj tho degree of saturation
of the cores acts as a gate for letting it in or shutting it out®
It is obvious that, for the satisfactory operation of the
instrument,tho exciting current murt have sufficient amplitude

to saturate the ooree twice in eroh cycle.

e The argument of this section is due to tfr* I* t* Thanes, 3*Se.,

** 13 1. !IS*T.
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It is not obvious that tho amplitude of the secondary
voltage is very nearly proportional to tho magnetic field

strengthj this will be established in 4. The next section

is devoted to a fear preliminaries re mired for the subsequent

theory.

(a) let the relationship between the ma“ietic Induction

D and the magnetic field strength Hin the ferroma&ietio

material. Involved be B e f(H) or, oenvoroely, Ha #([B) whore
f(H and y (B) are ofifl fmotions. The neglect of hysteresis

is almost mavoidable but, as the hysteresis loop is small for



for/ munetol or permalloy, little error am accrue by
taking a men B - Hrelationship.

Since f (If) end <f(B) are odd fm otions, their odd
derivatives are even functions and their even derivatives
are odd functions* Also, since

U<pw\ * *,

(b) -hen a ferroma&iatie rod of finite rattier than infinite
length is considered, the sClf-dcmagnetlzing effect, due to
the free magnetism at the ends, must be taken into aoooisit. If
the strength of the external field is H, then tho strength of

the field actually operative in the rod is given by
H'S h-ni

where Zis the intensity of magnetisation and N is a eonstent.
Besides depending on the shape of the rod and on the direction
of monetization, N is influenced by the pattern of the lines
of magnetizing force outside the bar* For instance, in the
case of the magnetometer (fig.(i)), tho lines of force due to
the exciting current tend to form closed circuits through the
two rods, while those due to the external field havo no such
tendency* Thus, the value of N for the magnetization duo to
the exciting current is much smaller then that for the
magnetization due to the external field; if there were no
external field, the two straight rods, voxy close together,

would behave almost like a closed ring for which H » 0.



In this paper, we are especially interested in tho case
in whioh N is sufficiently large for Hv to correspond to the
initial straight part of the B- Hcurve (for values of Hup

to 0*4 oersted) and we wish to express H# in tonne of H* Since

£ 0m) =
AN H') % JvOH'
where u0is the initial permeability, we have by 0 *2)

r = ii.1)
Un+( h)N

u i WH =m fJ.fr)

Since K.is very large compared with unity,may be replaced
by in those formulae*

(o) The assunption is made throughout that ohmic rosistanoe
is negligible* In some of the instruments, which we shall have
in mind, the reactance is about ton times ohmic resistance, so
that neglect of the latter alters the impedance by only i, °
ifrthenatioal Theory of the

lot Abe the cross sectional area of each rod end lot the
number of turns per tnit length of each primary coil end of the
secondary coil be n end mrespectively*

As mentioned in §2, it turns out to be simpler to regard
the exciting current, rather than tho applied JP*as having
a fixed sinusoidal form; accordingly, lot the exciting current
be t- ID5” urt.let H”, Hdenote the strengths of the ma&ietio
field due to the current and the external field respectively*

f i
and let W and H be the corresponding field strengths actually;
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actually/ operative in the rode* Then the flux density
In bar X ii ) end in bar Y ia "]) 'e
Consequently, by tens9° Law, the Induoed in the seoondary
ooil is given by
VA xAN AHEtH) += 2 +NDj
AHA A U A +H) - A H -H)A,

sinoo f (x) is an odd fmetion of x.

When H* H9 * G, the induced voltage in the seoondaxy ooil
isf of course, zero*

Spending the right hand side of (4*1) by Taylorfs Theorem,

wo obtain ,3

V r f « ; > 1

Suppose now that II9 is suffioicntly small for the second
term in the expansion to be negligible compared with the first;
the condition for tide to be so will be disoussed later* Then
Ty CM)

@rgaAH  an, /w, /X (k'3)
A (P*-D/V it ’

i*e*, the R*ii*P* induced in the seoondary ooil is proportioned
to the component of the external ma&ietio field in the

direction of the rods* The value of N to be inserted in (4.3)
is the one corresponding to the lines of. force of tho external

1
field * The value of N which relates Hto H¢is appreciably/



appreciably/ smaller, and, if the two rode are very oloee
together, will be nearly aero* to that oaee H % H' ~ 4fi ******¥**t/j(
whence, since f (x) is on odd function of x, the leading term
on the right hand jide of (4*3) is a second harmonic* The
exact evaluation of H9 cannot be easily carried out without a
knowledge of the precise form of f (x) *

We consider now the rejected term in the expansion (4%2),
end for this purpose require an explicit form for f (x) * The
following formula has been derived* by the Method of toast Squares

from experimentally determined valuer of 3 and H in the mumetal

toroidj
- £  I'l -5 .

,.N

On the basis of this formula, we estimate the relative
inaptitudes of the terms rejected and retained in (4*2) by
evaluating )/ °<(h< j the ratio of the amplitudes
turns out (after considerable labour) to be approximately 12b/a ,
i«o« N 130%* If we now decide that the approximation (4*3) must
bo correct to within 1j.f then it is necessary that

Jjf «i =
U W - Oox.
This value corresponds to the initial straight port of the B- H

curve, so that the use of (3«4) is Justified*

*See AppendixJ.



Further, suppose that the instrument is required to
measure values of Hup to 0*4 (the maximm value of the
horizontal component of the earthla magnetic field) , then
N must be sufficiently large to reduce the field inside tho

ooree from 0*4 to t,G2* Hence, by (3*4)

Un. 0-4
£ o-0a.
I+ + Xf, 0> M

A ~ 0-0vtJ
4 K

Tables of 4k for qylindrioal rods of given length/diameter
ratio oro to be found in the International Critical Tables*
tlenoe wo find that tho above oondition is equivalent to
deomnding that the length diameter ratio of the mumotal rods
must not exceed 7G|1* This value is only approximate, and,
in any ease, its precise value depends on the magnitude of
the fibld strengths contemplated, end on the accuracy of the
measurement required*  Thus tho approximation (4*3) ,ia justified
provided that the length to diameter ratio of tho rods does
not exceed a certain critical value} broadly speaking this
value may be taken as 100(1 in the case of the magnetometry
of the earth9s field *

We now consider the system (like the actual magnetometer)
in which the applied voltage is given as £ *UA4” and the
exciting current i is left tmspecified; we shall not however

make any nunorioal considerations for, in this oaee, these

arc very eomplieetsd*  With the seme notation as before,



before,/ Imz'a low applied to the prilnory n<% seoondary

circuita gives

V. imA A-t)

We wish to expreea Vin taros of R and the constants of the
ayatm, and shall do this by means of a perturbation method*
The solution for the special ease of zero external field can
be obtained exactly, whence, on the asaumption that tho presenoe
of the external field modifies the currents and voltages only
slightly, a olose approximation to the general solution oan be
obtained*

HMn H= Hi- 0 ylet Ihere the value HK ; then (4%6)

is nugatory end (4*5) yields
i BN

, okt + c.. (wW?)

= a N~ T "c<>wt + C

vhere C is the constant of integration* Nov, since the

average value of the applied N*Mk®« is aerd, the same must be
true of the current 1 for, once the steady state has been reached,
there is no $*&P* available to drive even a small diroot current
against oven an infinitesim al reeictanco*® Honee, tho average
values of ”“ic and Ht0 **e also zero* Therefore f is m
odd function, the average value cf the left hand side cf (4,7)

is zero end so 0 must be zero. Thus

wll= <j>(£z*u*/A*fW) .
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.hen odornsl fi.0\d is non**"9ro* lot HE*H;.v£ ,

then (4.6) gives

Assuming that £1 H is small9 we expand the right bend
aide cf this equation V Taylor's Theorem and9 retaining only

tho fir at two teiJuj cf each eocpaneiou9 obtain

Honco9 by (3J)

£ GHLY

hYGE S

Finally9 expressing H9 in terms of Hby (>*4) 9 we arrive at the

result

Pv(ifr<t U,M) | CI' (¢ Iy M AN )

IT
Since is on odd function9 it follove that V has period TITand

ao V consists solely of evm harmonics* whose amplitudes are
proportional to H* The length/diameter ratio of the rode will
be limited ae before if a close approximation to linearity is
roquired*®

(4*10) has the advantage over the corresponding formula (4*3) in

that the constant of proportionality is explicitly given*
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JuuuMuii y>

In thin remote-indicating oocnpass three pairs of
fluxgate elotnonta A3, (D end P arc arranged in the form of
on equilateral triable {fig«(ill)} end arc oxpoood to the
earth's field * Seoondary ooils surround each pair of elenents
and these aro led, as chacn in the figure, to throe ooils
O'P, 0*4 and 0''* with fcrroougnstiO ooree placed 120° appart;
the ayarton O'(PgK) is shielded frc” the earth's field * If
the components of the earth's iagnotio field along A, (D and
W are H*M"ond respectively, then it can bo sheen that the
secondary ourrcnts, s«d therefore the currents in O'P, G'4
end 0'2, aro proportional to H*HjWid , respectively* Hones,
if tho oystan o' /[VJl) is suitably oriented, a magnetic field
parallel to that of tho earth is goneratod at O'*  The
aosiplsto thoory af tho instruruunt can be xwhed out in exactly

the same way as for the mo&ietometer*
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This instrument is designed for nircroft use, in widoh
case tho transmitter unit io placed in a part of the aircraft
free frorr. extraneous magnetic fields and the shielded repeater
system ie placed in tho pilotfe cockpit
(2) Tho .y*u9?«cm Trw gslttar - Sopafttor Ssratm .

In the case of this instrument, the fluxgate principle ie
uoed in an unusual manner, vb ., after a nidireoticnal magnetic
field ha5 born ueed to introduce oven harmonic© into a system,
those harmonics are then mod alamhore to produoe a unidireoticnal

field * AX.

The aystem consists of two coils with munetal cores (which
we shall assume to be identical) and with magnets pivoted at
their centres*® A source of alternating *»»*&«P* is included and
interconnecting leads are taken from the coils at 12C° intervals
as shown in the diagram*

The application of this system to Renote Indicating Compasses
for aircraft rests on the fact that when the magnets are in
equilibrium they are uli*piod parallel to onoh other* In an

actual oanpaso, one coil (the transmitter) is placed in the/



the/ tail or wing of tho aircraft and for from any extraneous
magnetic fields, and is exposed to tho earth9a field t Chile

tho other ooil (tho repeater) is near tho pilotfo dashboard

and is magnetically shielded.

to attanpt to give a rough quantitative explanation of tho

operation of tho system is made in Appendix II.

HeforenQos.

(1) Aaohenbrarmor & GoUtau : lioohfrequent”teohnik u. leotroaliustic

Vol. 47, 0.6 (1936), 177 - 181.

(2) See: Automotive & Aviation Industries. 09, No. 9 (1944).

(3) Smith: Aeronautical togineering Review, ]ll)y 1934, 31 - 36.



/ly.*endi* I - Tho B - U Ota-vo for :aaatal.

seek to dotorc&ne a relationship of the fora
M

A" yfUHM ¥
from the following values of B and H measured in a Lainetal

toroids

3 44cc M5 6100 630c 6730 7750 750c Tsoo 7910 8300
HOM 02 o0*3 0% 0*5 0*73 1*0 1*3 2*0 4.0
The corresponding values of H andl\/E are then aa follows

K« 0@ 0*%09 0*16 0*23 0*36 10 2%*25 4*0  16*0
)g— 516 13*47 24*18 37*87 34*88 107.0 177.7 369*8 639*2 2323

Ve then assuae that

D
Bl

and dotemdno tho best values of & and & fay the method of least

Squared*
The normal equations turn out to bo
iCa ¢ 24*3bfa « 3730 ,
24*36* « 28Cb =m42,000,

whence a * 12»1Q¢ fa « 149
lo* H
Jhl'iS +1IM M)
The values of D corresponding to the values of Hin the

Thus £ A

above table oan then be calculated fay this formula and oomparod

with tho observed values* It can be seen from the corresponding/

* The moaeuraments were made by Kr* I* 1* Thomas at the Ecyal

Aircraft *jtablishmcut, *?amborcugh.



corresponding' graphs that the formula fits the data reasonably
well*
A formula of the form
n* 4H
fits the data better* but it is cf no use to us here sinoe it

does not represent B no an odd fur.ction of II*
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Aivpondlx IT1. rjmastex.

fin attempt le made here to give a rough quantitative
explanation of the operation of the Ltog&etyn System*  Some
rather erude approximations are made in tho oourse of tho
work* for a perfectly rigorous treatment of tho problem would
be exceedingly complicated. For simplicity* too* certain
constants of proportionality (0,2, number of turns in the
coils etc*) have been omitted; they could bo easily introduced
at the end if deaired® The theory is therefore far from complete
and no pretence at finality is made; the work is a step in
the right direction but nothing more* However* as far as X

em aware* no atteqpt has ever been made at a theoretical treat-

ment of the problem.

We consider tho idealized case in which the alternator maintains
an ?*aJP* of * and before considering tho effect of tho
onrthfo field* we provo that the two ma”ots when left to them-
selves must bo parallel to oaoh other,

Tho currents* four of which are independent® are desiccated

as in tho diagram®*  When there are no ma&iets presA t* they



they' sarao current flov/o tlirough oaoh sootor of each ootl and
by hen”f3 ! as?, ie rrivsn by

I {0 -
Tho number of tuma In any ono oector of a ring la taken aa
unity, ao that in this case nhan tho ourrent flows along all

three sectors the number of turns must be taken aa 3* Hence
P

Fo t C,
whore 0 ia tho ooostant of intetsratlcn; aa ii (4.8)above G vanishes.
Thus P
i= f(Il:c")- (1>
Suppose now that the magiertu ore pivoted at tho centre
of tho coils, and that their exoe rake angles & end with
A end 07? respectively. Further, imagine that in tho oootora
AS, SC, CD, P-i, i?, US of tho ooila tlioro aro reapeotively
linos of force duo to the magneta. To bo
more precise, m say ia the average value of the tangential
component of the magnetic field strength along AB. For instance,
if the coils are of radius a, and if tho ma&iets are dipoles

(doublets) of momenta # #* than

A T Vi s~9
r8 V
HX ST —t"r--5\13 ..
in, = —  (%<n& t3FA
5 JETi** 7
with sia&lftr axpreesiens for involving * , 9 in
place of e These expressions are derived from the

well-known expression |[U”6"rz for the potential of a dipole



dipole/ at a point distant 7 fran it in a direction making m
anglo 6 with its axis*

An immediate oonsequenoe of (2) la that >tf m0
aa of course it ought to be, if this oothod of approximation ia
to bo self-consistent*®

Sinoe A, B, C, D are at the same potentials aa P, i, B, S

respectively, than

it
= + Mp*}>
and sum of tho terms cn either side * - £ SiAwt.
Now, when there are no nagpots present,
>, * g = < (-fce<,wt),
§ =
by (ii.
However, after the magnets aro inserted, let
t,*U ti, ‘r S . 1P t+V, U)

it Doing supposed tliat the 1 $are small* This is knemn to bo
true provided tho magnets are not too far out of alignment with
eaeh other, and provided there is not too greet a disparity between
the powers of the magnets*

The first of equations (j) in conjunction with (4), gives

o

- E[(<*E,Hi.-f1.-VI'fi)]

on expanding by Taylor9s Theorem, and rejecting all terms bqyord



beyond/ tho second* Integrating

j™Nh g * ¢
f (ik c ut)
by (3«f) | Cis a oonatant of integration*
Hence,
whoro *a0, ai,a+}— oro tho Fourier Co-efficients of * Aut)

and which oan be oaloulatod for any given function f *

To ensure that i, ,chontain no oonatant part, C uat bo

chosen such that

A 4rCa
Ct
*% (6)
m N -coSiot:c(". £fo-ut+— ).
Similarly, the remaining equations in (3) give
A Ala)r At CV)3ut = Cv> 6-Urtf eoe) ~
M2~ A A3NAYCo3urt 4 Co r —

fiwA 3 A% * A b,

In deriving the last equation, tho oonstant of integration

is found to vanish*

RS £ - A0S )

| @ A(*i,- M - **i+ "z) ,

i3% \0x~ "2 ¢ A3+ W3), ()
g~ ~ >
where A = (azCo2ut: + +FEF)

X oan be computed for any given B - Hcurve.
Consider now the fluxes through the three sectors of the

ring cf centre 0 ".



Flux along PQ = + >
. . aR = - ci+ 5z + ,vt) >

. Xs = S+ + 4+

Now, since magnetio indnotion la a solanoidal vector,

i«e« lineo of flux are conserved, it follows that a number of

linea of flux emerge from the ring at P, 4 and R*

Theso are
respectively.
IjCA' ia +W9)' (A = *’+ +
|>(i - "h + H* ~1, + i

C ~iv  m,- Mt) (jYO
(-ts +MV. Mi,)
to a fir at approximation* It ia assumed that these lines of

induotien leave the ring normally* This aeema to be the only

possibility consistent with the approximation made earlier
(of considering only the average field strength along oaoh of

the sectors) *

lienee, the field strength at 0fin say the direction Q0#ia

Similar expressiona oan be written down for the remaining

components , ¥ of the field strength at " *

If the direction of the reeultant field strength at 0 ( la

specified by *~ then
#*

!



™

m.-h'»S-<V*0Ofi*i6e'M} ' (10

When tho magnate are in oquilibritan, - <p, and tho
equilibrium ia undioturbod by switching off tho current.

When thio lo done t r o and (10) roduooo to

\j' i d W2
HRoo* A A
Cv¥oU .-1* Y>> W vAU+T ~ *mo
M2 a
A NATMA HA3.4h,

Sinoc Al,«vr»i® * y*t+~ t+ ~ x 0f xt follows ir.odiatoly

that -W, s N o
ﬁ -I’E)\}\ t - M3 til)l

If tho oo&neto aro identical in shnpe, then by (11) they
must bo aligned parallel to oaoh other. Thio oan bo shown moro
explicitly in tho case when the magneto aro dipoles. (2) rod
(10) with ¥ giro tan<* »tan$ or AN &

It should bo observed from (8) that tho field strength at
0j oensisto of two parte. One of these9 corresponding to terms
auoh as (‘h,- mr )| G~ L( io directed along tho axis of
tho ma&iet at 0, , while tho other is in a direction parallel to
the axis of tho other mo&iet. For the purpose of finding tho
torquo acting on either of the magnetsf only cno of theso
components need be considered. The magnitude of this component
at 0(is given by

= (12)

rod in tho case when the magnets are dipolos, reduces to



Similarly the corresponding field at 0 ie

M (13)

In the remainder of this work, only the ease of dipolee
ia considered. Further, the actual compass with the earthla
field coming Into play ia contemplated now, rather than the
idealised aystem (with no external field) oonaidered above.

It ia convenient to regard the ring of centre 0 (which ia
ixishielded) aa the transmitter and the ring of centre (d (which
ie ahielded) no the repeater.

When the repeater mo&iet ia displaced from ita equilibrium
position (in which it ia parallel to the transmitter and to the
earthla field) , it generatea in the transmitter ring a oogietio
field parallel to ita new position. The transmitter magnet is
thus acted on by the earth*8 field and a periodic field, and so
assumes a direction intermediate between the directions of those
fields. The magnetic field acting on the repeater magnet is also

in this direction.

H

W

Further, it is tho average values of the periodic fields

(i.e. the constant term in the Fourier 'sponsion) which must be

considered here; denote these constant parts by Hit y H



for/ tho transmitter and repeater respectively ,of (1) *
Also, let the earth's field be denoted by Hf end let its

direction be spooified fay the angle 4' as in the diagram*

(14) determines the deflection of the transmitter magnet
from its equilibrium position for given deflection of the
repeater magnet*

Nos, couple acting on repeater nmnet

= |*h3 i™(y-e)

= p. H $*.(<?-0).
Thus, srarag* value at oo«g>le * * Hsk. ($ mnf/) (16)
which is equal to the couple acting on the transmitter magnet
when it is displaced through an angle from the direction
of the oarth's field* Thus action and reaction are equal and
opposite os it were®* (This 1 think is very satisfactory, but

I do not think it would hold if the rings were of unequal radius) *

Also, from (14), (P4 4"

whence from (16)
Sw, (<(¢>(")
Couple acting on repeater magnet *
(in deriving (17), the lines of force in the rings due to the
earth18 field have been neglected) °

Thio expression for the couple is of exactly the kind

found in praotloe, being zero for * dP, 18CP, and im/
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in/ general defining a skor curve. H! and H# oan bo
computed for any given B - Hcurve, since Iy (3*1) {* | f
Aa a check on tho roaaonable nature of the theory (and these
particular oonaiderations do not require tho rings to be of
equal size) 9 it is found that (17) gives maxlreup average
oouple when P*~ * 14CP(as in the actual oopaao) provided

*°/*, from (14) it then follows that for small displaoomsito

In practice it is found that the one dcflootion

is about half of the other, so that the agreement is satisfactory.
Further, tho torque per degree worked out on this basis is of
the same order as that fotnd in the actual compass. On this
latter point, inequality in the sizes of the rings does make a
difference, so complete agreement between experiment end our
somewhat skeleton theory cannot be expected. (Jiffaronoes
in tho windings would also have an effect) .

As in the theory of tho Fluxgate Magnetometer, the higher
terms of certain Taylor expansions have been neglected. This
is valid only if the field strengths due to the magnets are
small enough to correspond to the straight part of the B- H
curve* In practice, this is achieved by placing the magnets well

above the toroids.

Fran the operation of the three fluxgate systems which we
have considered, it would appear that the following rule is of

general application.
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If, in a “rstem of alternating currents oontnining
induotnnoos and ferroma&ietio m aterials, the currents are
modified by the introduction of external ina&stetio field s whose
strengths J& the materials are enall, then the change in tho
value of tho current in any closed circuit containing iron,
is proportional to the number of lines of foroe of the asternal
fields passing through that circuit.

This onunci tion of the rule is purely tentative end may
require modifications both major and minor. It is of interest
to see how it applies to the cases considered above. In the
oaae of the (tyro-Fluxgate compass9 the result is an elementary
consequence of the rule. As for the Lagieqyn aystem, reference

to the diagram shows that

G ¢ hkn, ~ Si 4 X X0,
Si-SL* fem, 4 - (*i,
«}F Siv+St 3+~ V'  kx)>
where fc(A arc constants [ c(r- (7), <">]e
'sinoo 'H/4 A~ 'hj - 0 it follows that
1S8Ls- %$LZ ~ = | -4.2"N 4 ¢ of
wheno© c,
A = %y
ThM %%=1--A = »t -2« -T- ]
-wit JIH 1
and similarly 4NN A A2

As before, this means that if the ma#iets are identical

in shape, than in the equilibrium state they ore aligned parallel

to oaoh other.
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