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Summary

In this thesis, we are concerned with some combinatorial designs — 1-
rotational (v, 4, 1) designs, referee squares, triple whist tournaments and Room
squares. Many of our constructions are Z-cyclic.

Chapter 2 is devoted to 1-rotational (v, 4, 1). The result is as follows.

Theorem 2.3.2 If v = 3af+1 where (3a+1,4,1), (36+1,4,1) 1-rotational
designs exist and § = +1 (mod 3) then a l-rotational (v,4,1) design exists.

Corollary 2.3.3 If v = 3p*---p% + 1 where p; either are primes = 1
(mod 4) or 2(4™ — 1) and there is at most one p; such that 3p; = 4™ — 1 where
m =0 (mod 3) (and a; = 1 in this case), then a 1-rotational (v, 4, 1) design
exists.

In Chapter 3, a method of constructing Z-cyclic referee squares is given, and
we list Z-cyclic referee squares of side 2n — 1 when n < 17 except 4 and 5. There
are no Z-cyclic referee squares of side 7 and 9. We also show the following result:

Corollary 3.4.4 If m is an odd composite integer then there exists a referee
square of side m.

Chapter 4 is devoted to triple whist tournaments. The results are as follow:

Theorem 4.3.4 For all prime p = 8t + 1, ¢ odd, there exists Z-cyclic
TWh(p).

Proposition 4.4.1 Let p = 2 4 1 be a prime where ¢t > 1 is odd, k > 2
integer, d = 2%, m = 2F', n = 2¥-% and let w be a primitive root mod p. If

G0, @1, ", Gm—1 Co,Cl,"**,Cn1 are integers such that
1. a;+1 (modd) € {m,m+1, ---,d—1} and are all distinct for

iv




i=0,1,-+,m—L.

2 w—1

e w”, where b; + i are incongruent mod m for i = 0,1,---,m — 1.

3. wdc;+(2i+1) _ w‘zi — wr4;+1,wdcg+(2i+l) . w2i+a2,- — wr4;+2,wdc;+(2i+1)+a2g+1 _
w2i+a.2,- — wr45+3,wdc;+(2i+1)+azi+1 — w¥ = wT4i+4, for 7 = 0’1,.. R 1
where {r;;i = 1, 2,--+, d} is partitioned into two disjoint sets {ry;;j =
1,2,---,m}U{re;;7 =1,2,---,m} such that r; ;;j = 1,2,- -+, m are incon-

gruent  (mod m) for ¢ = 1,2 respectively.
then the following table forms an initial round for a Wh(p)

(441) {{17wa0;wdq}+1,wd00+1+al }, {w2,w2+ag;wdc1+3’wdcl+3+a3}’ e

{w2n—2, w2n—2+a2n_2 ; wdcn+2n—1’ wdcn+2n—-1+a2n_1 }} ® {1’ wd’ L. ?wd(t—-l)}-

Furthermore, if in (3) the partition is restricted so that {r;; 7 = 1,2,---,d}
={rgi—1;t = 1,2,--- ,m} U {ry;7 = 1,2,---,m} where, in both sets, the num-
bers are incongruent mod (d), then the table (4.4.1) form an initial round for a

TW h(p)

In particular, if we choose ay; = P-’;—'—l« =mt+ 1, a1 = a1 and ¢ = 0 for

t=0,1,---,n — 1 then the games becomes
{1, —wyw, w1} {w?, —w? w3 Wt}
[WIn=?, 2L el inmlvar) @ 1] 8 L A1)y
Since ag; + 21 = mt + 22+ 1 are odd, this forces agip1 +2t+1=a;+2¢+1 to

be even, so a;y = m —1 (mod d). Therefore there are ¢ candidates for a,, and

a TWh(p) exists provided that there exists w and a; = 21 —1 (mod d) such




that
(1) 2wutl-1)=0
(4) (i) (w+1)(wn~1)=0
(737) (w—1)(w4+1)=0

Using this we prove that a Z-cyclic TWh(p) exits for all p < 16097 (p # 257).

Using a similar method, we also show that the games
{{w2i1w2i+a0;wm+2i> "“wm+2i+1};"i = 01 1: e, — 1} & {lvwda e 5wd(t_1)}

latex form an initital round of a TWh(p) provided that there exists w and ag =

2F-1 41 (mod 2F) such that

() (@t D@ -1 A0
(5 (i) (@~ D £ ) £
(17 YW M+ D(w - ¥ ) £ D

Theorem 4.5.7 Let p; = 2™t; + 1, 1 = 1,2,---,r be primes, m; > 2 be
positive integers, ¢; be odd integers. If Z-cyclic TWh(p;) exist then a Z-cyclic
TWh(ITi=, pi*) exists for any positive integers .

Theorem 4.6.1 Let p; =4t 4+ 3, p; = 2™it; + 1, 1 =2,3,---,r be primes,
m; > 2 be positive integers, t;, ¢ = 1,2,--+,n be odd integers. If Z-cyclic
TWh(ps + 1), TWh(p;) exist then a Z-cyclic TWh(py « [Tiep pi* + 1) exists for
any positive integers o; ¢ =2,3,---,7.

We also show that if p = 8n - 5 is prime, a Z-cyclic Wh(8n + 5) exists with
non-patterned initial round.

Finally, we construct Z-cyclic Room squares in Chapter 5. We show the
following result:

Theorem 5.3.5 If p; = 2™a; + 1 are primes, «;, are odd, a; > 1,«; are
positive integers ¢ = 1,2,---,r, then there exists a skew strong in ZH:;=1 P20 and
hence a Z-cyclic Room square of order [[i, p{* + 1

Further, some results involving Fermat primes are obtained.

vi




Chapter 1

Introduction

In this introduction, we give some basic definitions, establish standard notations,

and present some fundamental results which we apply in this thesis.

1.1  Groups

Let S be a set and let S x S denote the set of all ordered pairs (s, t) with
s € S te S Then a mapping from S x .5 into S will be called a (binary)
operation on S.

A group GG is a nonempty set of elements together with a binary operation,

which we denote by -, such that the following three properties hold:
1. - 18 associative,

2. There is an tdentity element ¢ in G such that for all « € G

If the group also satisfies
4. For all a, b€ G,
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then the group is called Abelian (or commutative).
Note: We usually omit the dot and write ab for a - b.

A group G is called finite if G is a finite set. In this case, the number of
elements in G is called the order of G and is denoted by |G|. A nonempty subset
G' of a group G which is itself a group, under the same operation, is called a
subgroup of G.

If a € G we define a™ for any integer n by the following relations:
a®=e, da*=aa"", a ™= (a")" forn>0.

If a® = e for some positive integer n there will be a smallest n > 0 with this
property. The integer n is called the order of the element a.

If H is a subgroup of a finite group G, then for any element ¢ in G there is
an integer n such that ™ € H. If a is already in H, we simply take n = 1. If
a ¢ H we can take n to be the order of a, since a™ == ¢ € H. However, there may
be a smaller positive power of a which lies in H. By the Well-ordering Principle,
there is a smallest positive integer n such that a® € H. We call this integer the

indicator of ¢ in H.

Theorem 1.1.1 ([12]) Let H be a subgroup of a finite Abelian group G, where
H # G. Choose an element a in G, a ¢ H, and let h be the indicator of a in H.
Then the set of products

Hy={dz; z€H and 0<i<h—1}

is a subgroup of G which contains H. Moreover, the order of Hy is h times that
of H. .. |Hy| = h|H|. We write H; = (H, a).

Corollary 1.1.2 Let Hy be a subgroup of a finite Abelian group G, where Hy #
G. Then there is a finite number of z; € G 1=1,2,---,n such that

Ho % H1 = (Ho,:r:[) g Hg = (Hl,itg) g g Hn = (Hn_l,mn) = G

where the indicator of z; in H;_y is h; so that :c?‘ & H; but w;’ ¢ H; forj < h;
and hlhz e hn|H0| = |G|
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1.2 Finite fields

It is well know [28] that for every prime p and every positive integer n there exists
a finite field with p™ = ¢ elements (called the Galois field of order ¢). We shall
denote this field by Fj.

For a finite field F, the multiplicative group F of nonzero elements of £ is

cyclic. A generator of the cyclic group F} is called a primitive element of Fy.

Example 1.3.1 A finite field of 4 elements, take 0, 1, z, z+1 as elements,

whose addition and multiplication are carried out as follows.

+ | 0 1 x  x+1 X | 0 1 x  x+1
0 | 0 1 x x4l o | o 0 0 0
1 | 1 0 x+1 x 1 L0 1 x+1
X | x x+1 0 1 X | 0 x x+1 1
x+1 | x+1 x 1 0 x+1 | 0 x+1 1 X

In this field = is a primitive element.

Theorem 1.2.1 (Cohen’s theorem [18]) Let g be a prime power. If g(z) is a
quadratic polynomial over a finite field Fy not of the form a(z + b)?, where a is
a non-square in Fy, and ¢ > 211, then g(w) is a non-zero square in F, for some
primitive element w of I,.

Theorem 1.2.2 (Mann’s Lemma [29]) Let v = 4m+1 be a power of a prime
and let w be a primitive element of F,,. Then there exist odd integers ¢, d such
that

[+
1
w4+ —

we—1
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1.3 Primitive roots

Let @ and m be relatively prime integers, with m > 1, and consider the positive

powers of a

2

3

CHAPTER 1.

@y, a, a7,

We know, from the Euler-Fermat theorem, that a®(™ = 1

there may be an earlier power
positive integer f such that af

and is denoted by writing f = ord,a. If ord,,a = ¢(m) then a is called a primitive

root mod m.

a’ such that af

1

(mod m) is called the order of ¢ mod m,

Example 1.3.1 The table of primitive roots:

—
[P I IO~

13
17
19
23
29
31
37
41
43
47

53

59

61
67

71

73

primitive roots

7
7T 11
6
13

10 11
g8 10

13 15
11 12
12 18
13
41 43

P O ] O WOty Oy Ot W
—
[}

X
—
<
[u—
i

e~

39 41
8 10
42
10
12
63
21
63
14
58

[r N CRNSUI
[$14 <
(&1
o]

O =7 UT N B QU B QO DD QO O W OO KN W R Tt b WK N QWWN DD
O - [os]

— O = Ot = O W

|l e O

L N N e B

O DN GO o [

ot
[
i
—\]
o
Q2

10
14
14
11
17
17
13
19
15
44
12
45
11
43
17
13

22
65
15
59

11
15
15
14
21
18
15
20
19
45
14
48
13
44
18
18

28
67
20
60

12

17
15
22
19
17
26
20

18
50
14
47
26
20

31
63
26
62

14

19
18
24
20
19
28
22

19
51
18
50
30
28

33
69
28
68

20
19

22
22
29
23

20
23
52
31
31
35

29

21
21
24
24

30
26

21
24
54
35
32
42

31

1

26

32
26
33
29
22
30
%]
43
34
44

33

(mod m). The smallest

27

33
28
34
30
26
31
56
44
41
47

34

INTRODUCTION

29

31

27

32

51
44

52

39

30

33

31

33

o4
46

40

34

32

34

35
48

95

42

(mod m). However,

33

33

37
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Theorem 1.3.1 Let g.c.d{a, m} = (e, m)=1. Then a is ¢ primitive root mod
m if and only if the numbers

4, a2, -, ™

form a reduced residue system mod m which, under multiplication, is an Abelian

group.

Note: If p is a prime then the finite field F, is isomorphic with Z,. In this

case the primitive element in F, is a primitive root mod p.

1.4 Balanced incomplete block designs

Definition A balanced incomplete block design (BIBD) with parameters (v,
b, r, k, X) where k < v (sometime abbreviated to a (v, k, A)-BIBD) is a pair
(V, B) that satisfies the following conditions:

1. Vis a set of v elements (called points).
2. B is a family of b subsets of V, each of cardinality & (called blocks).

3. Every pair of distinct points occurs in exactly A blocks.

Let (V, B) bea (v, k, A)-BIBD and let s < 2 be a non-negative integer. Let

As denote the number of blocks containing a given s-subset S. Let
H = {(X,B); X is a (2—s)-subset of ¥, SNX = ®, Bis a block with SUX C B}.
Counting in two ways the cardinality of H, we get
k—s v—3s
8 = A
SRy
This number A, is therefore independent of the choice of 5. Thus we have

L. A (v, k, A)-BIBD has b= 3= blocks.
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2. Each element occurs in r blocks where

Alv — 1)
k—1 "~

r =

Therefore, a necessary condition for the existence of a (v, k, A\) -BIBD is

AMv—=1) =0 (modk-1)
M(v—1) =0 (mod k(k—1))

When k£ =4, A = 3, a necessary and sufficient condition for the existence of

a (v, k, A\)-BIBD was proved by Hanani in 1961.

Theorem 1.4.1 ([23]) A necessary and sufficient condition for the existence of
a (v, k,\)-BIBD of v elements with k = 4 and X\ = 3 is that

v=0 or 1 (mod4)

A parallel class of blocks of a design (V, B) is a subfamily By C B of disjoint
blocks which cover V with exception of at most one point. A parallel class of
blocks of a (v, k,A)-BIBD has exactly ¥ blocks if v = 0 (mod k) and %1 if
v=1 (mod k).

A (v, k,A)-BIBD is resolvable if its family B of blocks can be partitioned into

parallel classes. The number of parallel classes of blocks is

L for v=0 (mod k)
2 for v=1 (mod k)

Theorem 1.4.2 ([24]) A necessary and sufficient condition for the existence of
a resolvable (v,4,1)-BIBD is thatv=4 (mod 12).

In this thesis, we will discuss some special classes of (v, 4, 3)-BIBD, called
whist tournaments of order v, denoted by Wh(v), and Triple Whist tournaments
of order v where v = 4n or v = 4n + 1, denoted by TWh(v). We also deal with a
special case of (v,4,1)-BIBD, called 1-rotational (v,4,1)-designs although these

are not resolvable.
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1.5 Difference systems

Let G be an Abelian group of order v, B be a subset (block) with k elements
ag,az,---,a, of G. The k(k — 1) differences +(a; — a;), 1, 7 =1,2,--, k, 1 # J,
arising from all distinct pairs of elements in the block B are called the differences
arising from the block B. From the block B = {a1,as, -, ar} we can form a set
of v blocks {a1 +w, az+w, - a;+w}, where w runs over all the different elements
of G. This set of v blocks is said to be obtained by developing the initial block
B.

Let By, By, ---, B; be blocks of size k in an Abelian group G of order v such
that the differences arising from the B; given each nonzero element of G exactly

A times. Then By, B,, -, B; are said to form a (v, k, A)-difference system in

G.

Theorem 1.5.1 ([15]) Let G be an Abelian group of order v. If there exists a
set of t blocks By, By, -, B; such that By, By,- -+, B, form a (v, k, A)-difference
system in G, then we get a (v, k, A)-BIBD design by developing the initial blocks
By, By, -, By

Theorem 1.5.2 ([15]) Let G be an Abelian group of order n. To the elements
of G adjoin a new symbol co. If it is possible to find a set of g + s blocks

(1.5.1) Bl,Bz,"', Bga Bia BéaaB;
such that

1. Each of the blocks By, Bs, ---, By contains k distinct elements which are
all different from oo while each of the blocks By, Bj,---,B. contains oo
and k — 1 other distinct elements.

o

The differences arising from the blocks By, Bi,---,By, BY, BY,---, BY,
where the blocks B} are obtained from B} j = 1,2,---,s by deleting the
adjoined symbol co, gives each nonzero element of G ezactly A times.

3. kg+Ar=ns, A=(k—1)s.
then we get @ BIBD with parameters
v=n+1, b=n(g+s), r=ns, k, A

by developing the blocks in (1.5.1), where co remains unchanged during develop-
ment.
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1.6 Starters and adders

If G is an Abelian group of order 2n + 1 with identity 0 and G* = G — {0} then
a starter X for (G is a partition of G* into pairs such that {+(z; — yi); {zi, v:} €
X} = G*. In fact, a starter X for ¢ is a difference system, from which we can
develop a resolvable (2n+1, 2, 1)-design. A starter is a strong starter if the sums
x;+y; of pairs {z;, y;} are all distinct and non-zero. A patterned starteris a starter
whose pairs are of the form {z;, —z;}. A starter X = {{z;,y:};1 < ¢ < n}issaid
to be skew if {&(z; + y:);1 <t <n} =G* An adder A = {a;;1=1,2,---,n}
for a starter X = {{z;, v;};7 = 1,2,---,n} in G is a set of n distinct non-zero
elements a1, 4y, -+, a, of G such that {z; + a;,y; +a;;i =1,2,---,n} = G*

Lemma 1.6.1 If X = {{z;, v;}; 1 = 1,2,---,n} is a strong starter in G, then
the elements a; = —(z; + y;) form an adder.

Note: If A = {a;;7 =1,2,---,n} is an adder for a starter X = {{x;,y:};7 =
1,2,---,n} then Y = {{z; + as, s + a;};1=1,2,--- ,n} is also a starter.

Example 1.6.1 X; = {{1,4},{2,6},{3,5},{7,8}} is a starter in Zy, since
the differences between pairs are 43, £4,+2,+1. A = {7,4,2,5} is an adder for
X1, because the sums 1 +7 =8,4+7=2,24+4=6,6+4=1,3+2 =35,
542 ="7745=3,845 = 4 are all distinct and nonzero. However, X; =
{{1,2},{5,7},{3,6},{4,8}} is a starter in Zg but there is no adder for X;.

Example 1.6.2 X3 =1{{8,9},{4,6},{2,5},{10,3},{1,7}} is a strong
starter in Z3;. It forms a starter because the differences are +1, +2, £3, £4, +5;
and the starter X3 is strong because the sums 8+9 = 6,446 = 10,2+5 = 7,10+
3 =2,1+47 =8 are all distinct and nonzero. Thus A; = {5,1,4,9,3} is an adder
for X3. However, there is another adder for X3, namely, A2 = {8,6,2,10,7}.

Notation: {A,B, -} @ {l,w?, - ,w"} = {A, B, --,w!A, w!B, -} where
A, B, are sets and w, d, n are intgers.
We list all starters in Z7, Z;; and Z;3.

(A). For any primitive root w of 7, the following three starters are all the

starters in Z.
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L. {{1, w}, {w? «*},{w!,w®}} ® {1, w}. Skew strong starters

2. {{1, v’} {w, wi}, {w?w*}}. patterned starter

(B) For any primitive root w of 11 there exists a positive integer a such

that the following are all the 25 starters in Z;;. The possible pairs of (w,a) are
(2,1),(6,9),(7,3), (8, 7).

1. {{1’ wu,}’ {“020,7 wBa}’ {w4a,w5a},{w6a’ w’i’a}’ {UJSG', wQa}} ® {1’ w}‘

2. {{1’ w3a}’ {w2a7 wSa}, {w4a’w7a}’ {w6a, w9a}’ {w&z, wa}} ® {1, LU}.

3. {{1, wSa}, {w2a’ u_)7a.}) {(.4.)40',&)90'}, {UJ&Z, wa}’ {wBa’ wBa}}_

4. {{1’ w3a}, {wa, wZa}) {w4a’w9a}, {w5a’ WTG}, {wﬁa’ w8a}} R {1, W, ,w9}‘
5. {{1, w4rj1}’ {w2a’ wGa}, {w3a5w9a}, {wSa., w’/’a}, {wa’ wSa}} ® {1’ W, ,wg}.

(C) For any primitive root w of 13 there exists a positive integer e such
that the following are all the 133 starters in Z;3. The possible pairs of (w,a) are
(2,1),(6,5),(7,11),(11,7)

1 {1, 0%}, {w®, 0}, {wi, Wb, {05, WY, {0, w1, {w*, w!1%))
®{1,w,w?,w’}.

{1, w0}, {wte, w50, {wBe, W), {w?, W'Y, {we, wile), {10, W)}
®1{1,w,w? w}.

{1, W), w0, {0, wile), {0, Wb, {w%, W), (W, W)}
®{1,w,w? w3}

{1,059, {0, w5), (', wi%), {wt, W), {0, W), {5, wile ).

L w0, {0, w19, {0, w8, (e, WY, {0, W), (W, wile})
®{1,w, -+, wl.

{1, w0}, {w?, 0, [, W, {wte, W), (Wt wi% ), (W, wile})

R{Lw, -, w}.

sVl

o

IS

o
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7 {1, 0%}, {w?, wi%, {w?, W}, {w?e, W), (W%, W™}, (W, w1}
@{1L,w,---,w'}.

8. {{1,w"}, {w?, w5}, {3, Wi} [wie Wi} (W% W), (W W)}
®{1,w, - ,w'}.

9. {{1,w7}, {w?,w}, {w, W%}, {5, W™}, {05, W), (W, wie))
®{1,w,-~-,w11}.

10. {{1,w}, {w?,w®}, {0’ W™}, (', wi%), {5, wle}, (B, w®))
®{1,w,---,w11}.

11. {1, 0"}, {0, w0}, {w?,w™}, {0, wi%), {5, Wi}, {2, wile})
®{1,w, -, w}.

12. {{1,0%}, {0, '}, {0, WMo}, {2, w1}, Hut, 0}, (W™, W'}
®{1,w, ce. ,wll}.

13. {{1,w?}, {w?,w™}, {w*,w'%), {w®, ), (W', WP}, (W5, wie})
{1, w,- -, w'}.

14. {{1,w%}, {&®, 0%}, {&®, ™), {05, w1}, (', 1o}, {w, W)

®{1,w, -, w'}.

We list all strong starters in Z.
For any primitive root w of 17 there exists a positive integer a such that the

following are all the 224 strong starters in Z;7. The possible pairs of (w,a) are

(3,1),(5,13),(6,15),(7,3),(10,11),(11,7),(12,5),(14,9).

1 {{1,w"}, {w®, wi}, {wi%, w15}, (w8, w9}, W W5}, {w'?, WY,
{whte Wi} (L7 W1} g {Lw, W,

9 {{l,wZG.},{w3m,w6a}’{w'?a’wlla},{wQa.)wlBa}’ (w5, w0} {w!? o),
(W' Wi} {0, WP @ {1,w, -, W)

3. {{1,w3a}){wZQ,,w’?tz}’{wEa,wlOa}’{wQa,wlﬁla}’{wﬁa’wl‘Za}’ {whe W),

{w4a,w13a}’ {w8a,w15a}} ® {1,“), . ,wls}‘




1.6. STARTERS AND ADDERS 11

4. {{I’L‘)Sa}’{w2a,w5a}’{w4a,w8a},{w9a’w13a}’ {wl()a’wltm}’ {wlla,w15a}’
{w7a’w12a}’ {wa,wﬁa}} ® {1’“,, . )w15}'
. {{1,wa}’{w3a’w4m}’ {WSa.,w’?a},{wGa’WSa},{wlﬂa,w12a},{wlla,w13a},
{w2a’w14a}’ {wQa,wl&z}} R {15‘*’9 . ,wls‘
. {{1,&)2“},{(.010“,&)12“}, {w9a,w13a}j {w3a,w7a},{w“,w6a}, {wSa,wlfxa},
{w4a,w11a}) {w5a’w14a}} ® {1:"), . ,w15}.
. {{sza}’{wSa,wSa}, {wga’wlza}’ {wlc}a’wwa}, {w’Ta’wlBa}, {w4a)w11a},
{wa’w&z}’ {w14a’w5a}} @ {1,(.«), U awls}'
. {{1’w2a}’ {w3a’w6a}, {w'?a,wlla}’ {w9a’w13a}, {wﬁa’wloa}’ {wlzajwa})
{w4’w14a}, {w8a’w15a}} ® {LW, . ,wls}-
. {{1,w“}, {w5a,w6a}, {wlla,wma},{wwa’wlh}’ {wZa,wlsa}’ {QJBa’wSa}7
{w4a,w9a}7 {wl4a,w7a}} ® {170-’7 L ,UJIS}‘
10. {{l,wa}, {w?"‘,w4“}, {w13a,w15a}, {wSa,wloa}, {w2a,w5a}’ {wsa’wﬁ)a},
{wlla,wMa}, {w'?a’wlZa}} ® {17"‘)7 . ,w15}.
11. {{Lwa}’{w3a,w4a},{w6a’w7a}’ {wIOa’wlla},{MIEu’WISa}’ {w‘?.a,wlfla.}’
{w&z’wma}, {WSGawga}} Y {19"‘)7 e ,wl.‘i}.
. {{17‘-"“}1 {w7a’w11a}’{wﬁa’wma},{w3a,w8a}’ {wQa’wlsa}, {wlza’wh}’
{w13a7w4a}a {w14a’w5a}} ® {17"‘)1 e aw15}'
. {{Lwa}, {wm,wlla}’ {w3a’w14a}, {wSQ’wloa},{w6u’w12a}’{w2a’w9a},
{wSa,wlsa}’ {w4a’w13a}} ® {1;""’) e 7w15}'
) {{1,(.040'}, {w’(a’wlSa},{wlla,wa}, {wZa,wSQ}’ {w6q,w12a}’ {w9a,w15a}’

{w3a’w10a}, {wsa,wma}} ® {Lw, . ,w15}.

(@3]
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Finally, we list all skew strong starters in Zy.

For any primitive root w there exists a constant a such that the following
are all the 128 skew strong starters in Z;5. The possible pairs of (w,a) are

(2,1),(3,7),(10,17), (13,11), (14, 13), (15, 5).
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1. {{ 1,0, {w2a7w3a}’ {wlla’wSa}’ {wG“,w7“}, {wSa,WQa}’ {wloa’wlla},
{wIZa,wlfm}’ {w14a,w15a}’ {w16a’w17a}} ® {1,w).

2. {{1,w®}, {w, W), {wfla,w'?a.}’ (w5, W%}, [P, wile), {wi®, wh3e,
(w20 Wi} flte W)17a) (10 e @ (1) W)

({1,005}, {w2a7w7a},{w4a’w9a}’{w6a’w11a},{w8a’w13a}7{w10a7w15a}1
(w2, W1} (W W), {wWe WP @ {1,w).

{1, w™), {w?, we ), {wie, wiie), {wﬁa’wl?,a}){wSa?wlSa}, {wloa’wlh,}’
{w12a’wa}’{w14a’w3a},{w16a,w5a}} ® {1,w}.

{10}, {w, wid, {w?®, W), W', W), {w7“,w10“}, {wB, whey,
{wh2e W5e), (Wi W) e WP @ (1w, Wi

‘ {{1,w7a},{w2a’w4a}, {wsa,wsfz}, {wﬁa’wlSQ}’{wSE,wlOa}’ {w9a’w11a}’
{w'?*, weY, {wltla,’wlﬁa}’ {wISQ,wl'M}} ®{l,w, -, w}

) {{Lwa},{wu,wma}’{wsa,wma},{wm,wlsa}, {wsa’w‘&)a}’{wﬁa’wl'?a}’
{wha, wile, {w'?'a.’wltla}{wl.'im’wlﬁa}} ® {1,w,- - w7}

({1, w"}, {0, wi ), {w®, w0, {0, W), (W, W), {wht, W',
{wll)a’wlZa}, {wlla?wlém}{wSa,wlSa,}} ®{1,w, ey

{1, w0}, {w?, WY, {wte, Wi} W, whhe ), (W, W%, {WT, wite),
{w&;’w15a}’ {wga,wl&t}, {w13a7w17a}} @ {l,w, - LW}

10. {{ljwa},{w8a,w9a}7{w3a7w5a}’{w11a7w13a}’{w2a,w17a}’ {wGa’wl&z},
{wi*, W) {w™, w20} {0 W)} @ {1,w, - Lw' ).

_ {{I’sz}1 {wl()a’wlZa}’{w3a7w6a}’{wa,w8a}, {w‘?a’wlSm}, {wem’(")ma}7
{whte, Wiy, {w4a7w14a}7 {0 WY} ® {L,w, - w7},

19. {{1’w2a},{w3a’w50}7{w13a,w15a}, {wGa,wQa},{w'?a’wlla}’ {w&z,wlZa},

{wloa,w16“}, {L«JMa,wa}, {w4a,w17a}} R {Lwa . ,w17}.
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1.7 Room squares

Definition 1.7.1 A Room square of order 2n (or of side 2n — 1) is a (2n — 1) x

(2n — 1) array based on 2n symbols zy, z3, -, T3, such that
1. each cell either is empty or contains an unordered pair of symbols;
2. each symbol occurs once in each row and column;

' 3. each of the n(2n — 1) unordered pairs of distinct symbols occurs in exactly

one cell of the array.

| Example 1.7.1 A Room square of order 10

| (00,0 —— 1,4 —— 78 2,6 —— 3,5 ——
- o0, —— 2,5 —-—— 80 3,7 —— 4,6
57 —— 00,2 —— 3,6 —-—— 0,1 4,8 ——
- 6,8 —-= 00,3 — 4,7 —— 1,2 5,0
6,1 —-—— 7,0 —— oo, d —— 58 —— 23
3,4 7,2 — 81 —— 00,5 —— 6,0 ——
- 45 83 —-— 0,2 —-—— 00,6 —— T,1
82 — 56 04 ~—— 1,3 —— 00,7 ——
\—— 03 -—— 6,7 1,5 — 2,4 —— 00,8
Example 1.7.2 A Room square of order 12
00,0 X,3 — 89 1,7 46 — — — 2,5 ——
-—— oo,1 0,4 — 9X 28 57 —— — —— 3,6
47 —— 00,2 1,5 —— X,0 39 68 —— —— ——
- 58 —-—— 0,3 26 -—— 01 4X 7,9 —— ——
- - 6,9 —-= o0,4 3,7 —— 1,2 5,0 8 X ——
- == — 7, X —-—= o, 48 -— 23 6,1 9,0
X1 —-— — — 80 —-—— 00,6 59 —— 3.4 7,2
83 0,2 —-—— — —— 91 —-—= 00,7 6,X —— 4,5
56 94 1,3 —-—— — — X2 —-—— 0,8 17,0 —
6,7 X,5 2,4 — — — 03 —— 00,9 §1
9,2 —— 7,8 0,6 35 —— —— —— 1,4 —— 00,X)

where X = 10.
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Room squares were named after T. G. Room who published a paper [35]
in 1955, in which he proved that Room squares of sides three and five do not
exist and constructed a Room square of side seven. Room squares in fact had
been discussed long before 1955. In 1850, Kirkman, while discussing the ” 15
Schoolgirls Problem ”, had exhibited a Room square of side seven.

A Room square of order 2n is Z-cyclic if its symbols are c0,0,1,---,2n — 2,
and the top left diagonal cell contains {co, 0}, and, whenever {a, b} occurs in the
(¢,7)-th cell, {a + 1,b+ 1} occurs in the (7 + 1,7 + 1)-th cell, arithmetic being
mod (2n — 1), with oo + @ = oo for all . For example, Example 1.7.1. and 1.7.2
are Z-cyclic Room squares, obtained from starters X; and Xs.

It is now well known that Room squares exist for all odd sides except sides

three and five. In this thesis, I will construct many Z-cyclic Room squares.




Chapter 2

1-Rotational designs with block
size 4

1-rotational (v,4,1) designs are constructed for all v of the form v = 3p7" ...
pe~ + 1, where p; either are primes =1 (mod 4) or %(4!'”L — 1) and there is at
most one p; such that 3p; = 4™ — 1 where 9 | (4™ — 1) (and «; = 1 for this p;).
Further, for such v a cyclic GDD(v — 1,4, 3) exists.

2.1 Introduction

A balanced incomplete (v, k, A) block design is a pair D = {V,B} where V is a
v-set and B is a collection of k-subsets of V ( called blocks, k& < v) such that

each pair of elements of V occurs together in precisely A blocks. Such a design

has b = 5‘,%}__—11)) blocks and every element of V belongs to r = Hk”_;ll)- blocks. The
design is said to be resolvable if the set B of b blocks can be partitioned into r
classes so that the blocks in each class form a partition of V. In the particular
case of k = 4,\ = 1, it was proved by Hanani, Ray-Chaudhuri and Wilson [24]
that a resolvable (v,4,1) design exists if and only if v = 4 (mod 12),v > 4.
Note that, for such designs, v =3r 4+ 1 where r =1 (mod 4).

An automorphism of a (v,k,A) design D = {V,B} is a permutation of V
which preserves B. D is said to be 1-rotational if there is an automorphism of D

which fixes one point (which we denote by co) and cycles the rest.

If B ={a,b,c,d} is a block, we call the set {a+ j,b+ j,c+ j,d+ j} the j-th

15
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translate of B. A (v,4,1) design on V = Z,_; U {oo} is said to be Z-cyclically
resolvable if the blocks of the j-th class are the (j — 1)-th translates of the blocks
of the base class (co + 7 = oo for all 7).

Phelps and Rosa [34] showed that a 1-rotational {v,3,1) design exists if and
onlyifv=3o0r9 (mod 24)

In this chapter, we will deal with l-rotational (v,4,1) designs. In 1896 [30]
Moore presented a construction of resolvable (v,4,1) designs whenever v = 3p+1,
p a prime, p =1 (mod 4) and whenever v = 4™; his examples were in fact all

1-rotational.

Example 2.1.1 A resolvable (16,4, 1) design

{0,0,5,10} {1,2,4,8} {6,7,9,13} {11,12,14,3}

{c0,1,6,11} {2,3,5,9} {7,8,10,14} {12,13,0,4}

{c0,2,7,12} {3,4,6,10} {8,9,11,0}  {13,14,1,5}

{0,3,8,13} {4,5,7,11} {9,10,12,1} {14,0,2,6}

{c0,4,9,14} {5,6,8,12} {10,11,13,2} {0,1,3,7}.
It is also clearly Z-cyclically resolvable. Anderson and Finizio [7] constructed
Z-cyclically resolvable (v,4,1) designs for all v of the form 3pf* - - - p&™ + 1, where
the p; are primes = 1 (mod 4), such that each p; — 1 is divisible by the same

power of 2. In the cases where p; — 1 do not satisfy this condition, we show that

(non-resolvable) 1-rotational designs exist.

2.2 Notation and basic lemmas

Lemma 2.2.1 ([23]) A (v,4,1) design exists if and only if v =1 or 4 (mod 12).

Lemma 2.2.2 A necessary condition for the existence of a l-rotational (v,4,1)
design isv =4 (mod 12).

Proof. Let V = Z,y U {0} and a = (00)(0,1,:--,v —2) be an auto-
morphism of a l-rotational (v,4,1) design. The pair {o0,0} occurs in a block

exactly once, say {00,0,aq,b0} where ag,bg Z 0 (mod v — 1). We claim that
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ao = $(v—1), bp = 2(v—1). Since we want a l-rotational (v,4,1) design, if
{00,0,a0,b0} € B then {c0,y,0,2} € B where y = —ap, © = —ag + bp. Thus,
since 0, 0o occur together exactly once, we must have {ao, b} = {—ag, —ao+bo}.
This implies ap = 1 (v —1), bp = (v —1). Thus a l-rotational (v,4,1) design
contains %5 blocks of the form {oo,7,¢ + 251,14+ 2 (v — 1)}.

All the blocks of B not containing oo are partitioned into orbits under «, all of
which are of length v — 1 except possibly a single orbit ¢ of length }; (v—1) con-
taining the 4-tuple {0,1 (v —1),3 (v—1),2 (v — 1)}. We claim no l-rotational
(v,4,1) design contains 4-tuples of G}o. If QJo were contained then this would
require v = 1 (mod 4) and at the same time there would be need for further
HFv(w—1)—3(v—-1)—3(v—1) =35 (v—1)(v—T) 4-tuples in B which would
then necessarily have to be partitioned into 55 (v — 7) orbits of length v — 1. This
is obviously impossible as 35 (v — 7) is not an integer, sincev = 1or4 (mod 12)
by lemma 2.2.1.

If {a,b,c,d} is a 4-tuple in one such orbit then clearly the twelve differences
t(a—-b),£(a—c),x(a—d),£(b—¢c),L(b—d),+(c— d) are all distinct and
if {a1,b1,¢1,d1} and {as, ba, ca,d3} are two 4-tuples from two distinct orbit in B
then the corresponding 24 differences are all distinct. Since there are still v — 4
non-zero differences “available”, it follows that ;5 (v — 4) must be integer and so

we must have v =4 (mod 12).

Definition 2.2.1 A group divisible design GDD(v, k&, m) consists of a col-
lection of m-subsets, called groups, of a v-set S and a collection of k-subsets,

called blocks, such that
1. the groups form a partition of 5,

2. each pair of elements from different groups occur together in exactly one

block,

3. no block contains two elements from the same group.
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Example 2.2.1 The blocks {1,2,4},{2,3,5}, {3,4,6}, {4,5,7}, {5,6,8},
{6, 7,1}, {7,8,2}, {8,1,3} and the groups {1,5},{2,6},{3,7},{4,8} form a
GDD(8,3,2).

Definition 2.2.2 Let Dy,-:-, D; be sets of size k in Z, such that the dif-
ferences arising from the D; give each element of Z, — {c, 3,7} exactly A times.

Then Dy, - -+, D; are said to form a (v, k, A) difference system in Z, — {«, 5,7}

Note that if Dy,--+, D, is a (v, k, \) difference system in Z, — {«, 3,7} then
so is Dy + ay, -+ Dy + a; where D; + a; = {df 4 ai;df € D;}.

Example 2.2.2 {1,2,4,8} is a (15,4,1) difference system in Z15— {0, 5,10}
since the differences arising from {1, 2,4, 8} are &1, +3, £7, £2, £6, £4. Similarly,
{1,8,25,5},{2,16,11,10},{4,32,22,20} is a difference system in Zs9 — {0, 13,26}
since the differences arising from them are 7,415, 44, +17,43, £19, £14, £9,
48,45, 46, +1, =11, +18, 416,410, 412, +2.

Note that if Dy,---, D, is a (38,4,1) difference system in Zsz — {0, 3,206}
then the blocks Dy,---, D, along with {c0,0, 4,23} will generate a 1l-rotational
(38 +1,4,1) design and so by Lemma 2.2.2 we must have # =1 (mod 4).

Lemma 2.2.3 Let « = 4L+ 1 and D;, 1 = 1,2,...,t, be a (3a,4,1) difference
system in Zao — {0, 0, —a}, B=4s+1 and B;, j =1,2,...,s, be a (38,4,1) dif-
ference system in Z3p—{0,8,—p}. If B = £1 (mod 3) then there is a (3a3,4,1)
difference system in Zsap — {0, a8, —af}.

Proof. Without loss of generality, let D; = {0,d},d},d}} i = 1,2,...,t and
B; = {0, b,b5, 0} 5 =1,2,---,s. We claim that the following 4-tuples form a
difference system in Zsop — {0, af, —af}:
{O,Qb{,abg,abg} J=1,2,---,s

(2.2.1) {0,di +1-3c,di, + 21 - 3a, dl + 31 - 3}
1=1,2,--+,t; I=0,1,---,8—1.
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First consider the differences in {0, ab{,abﬁ,abé} g =1,2,---,s. They are
clearly o times the differences in {0,5],b5,5,} j=1,2,---,s, so the differences
in {0, abl, abl, abl} j=1,2, -, s are the nonzero elements of Zsag which are
multiples of o except aff, —afi.

Next consider the differences in {0,d} + [ - 3o, d, + 20 - 3, d} + 31 - 3a} i=
1,2,---,&1=0,1,---,8—1. Let a = 3a. For1 =1,2,---,¢, the differences in
{0, di + la, dé + 2la, d§ + 3la} are

+(dj + la), £(dj — di + la),
(2.2.2) +(dy — dj + la), £(d; + 2la),
+(d} — d} + 2la),+(dy + 3la) (mod fa) 1=0,1,2,---,8—-1.

But since 24 8 and 3 1 8, we have {21 (mod 3);1 € Zg} = {31 (mod f3);! €

Zs} = Zg, so (2.2.2) becomes
+(di + la), £(di — di + la),

:I:(dg —di +la), +(ds + la),
+(dy — di + la),=(d + la) (mod Ba) [=0,1,---,8—-1.

Therefore (2.2.1) form a difference system in Zg, — {0, a8, —a8}.

2.3 1-rotational (v,4,1) designs

Theorem 2.3.1 ([30]) Ifv = 3p+1 or4™ where pisa prime=1 (mod 4), m
is a positive integer then a I-rotational (v,4,1) design exists.

Theorem 2.3.2 If v = 3af + 1 where I-rotational (3a + 1,4,1),(38 + 1,4,1)
designs ezist and 8 = £1 (mod 3) then a I-rotational (v,4,1) design exists.

Proof. Suppose the initial blocks for 1-rotational (3a + 1,4,1) are {c0,0,
o, 2a}, D; = {dy,di,db,di} i = 1,2, -+, and those of (33 + 1,4, 1) are {o0, 0,
8,23}, Bj g =1,2,---,3. Then D;, B; are difference systems in Zs,— {0, @, 2c¢}
and Zsz —{0,8 ,28} respectively. Thus, by Lemma 2.2.3, the following blocks
form a difference system in Zsap — {0, a8, 2a8}:
aBj, =125

(2.8.1) (d,di +1-3a5+21 - 3, d}, + 31 - 3a},
i=12- 5(a-1) [=01,--,6-1L
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Therefore the block {00, 0, af,2af} and those in (2.3.1) are initial blocks for
a l-rotational (3af + 1,4,1) design.

Corollary 2.3.3 Ifv = 3p{* - - p®+1 where p; either are primes=1 (mod 4)
or (4™ — 1) and there is at most one p; such thal 3p; = 4™ — 1 where m = 0
(mod 3) and (a; =1 in this case), then a I-rotational (v,4,1) design exists.

Proof. By induction with Theorem 2.3.2, since 4™ =1 (mod 9) precisely
when m =0 (mod 3).

Example 2.3.1 Letv=3-13-174+1 = 664. Since 52 =3-174+1=12-4+44
where 17 is a prime, so by Theorem 2.3.1 a l-rotational (52,4,1) design ex-
ists. Moore’s example has initial blocks {c0,0,17,34}, D1 = {1,47,16,38}, D, =
{5,31,29,37}, D3 = {25,2,43,32}, Dy = {23,10,11,7}. Note that D;, Dy, D3, D4
is a difference system in Zs; —{0,17, 34}. Similarly, since 40 = 3-13+1 = 12-3+4
where 13 is a prime, a l-rotational (40,4,1) design exists. Moore’s example
has initial blocks {o0,0,13,26},B; = {1,8,25,5}, B> = {2,16,11,10},B; =
{4,32,22,20}. Note that By, Bs, Bs is a difference system in Zs — {0,13,26}.

Therefore by Lemma 2.2.3, the following blocks form a difference system in

Zza317 — {0,221,442}.

{17,136,425, 85},
{34,272,187, 170},
{68,544, 374, 340},
(2.3.2) {1,47+1-51,16 + 20 - 51,38 + 3 - 51},
{5,31 - 1-51,29 + 20 - 51,37 + 3 - 51},
(25,2 41-51,43 + 21 - 51,32 + 31 - 51},
(23,10 +1-51,11 +20-51,7+30-51};  [=0,1,---,12.

Therefore the block {co, 0,221,442} and those in (2.3.2) form the initial blocks
for a l-rotational (664,4,1) design.
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Example 2.3.2 v=3-5:21+1=316. Here we take « =21, [ =05. As
in Example 2.1.1 a 1-rotational (16,4,1) design exists and its initial blocks are
{00,0,5,10}, D;={1,2,4,8}. Further, since 64 =43 = 3-21+1 = 12.5+4, by
Theorem 2.3.1 a l-rotational (64,4,1) design exists. Moore’s example has initial

blocks

{00,0,21,42},
B, = {1,25,56,58},
B, = {2,50,49, 53},
By = {3,13,20,57},
B, = {6,26,40,51),
Bs = {12,52,17, 39}.

Note that 21 = 4.5 4 1 and By, By, By, B4, Bs is a difference system in
Zea — {0,21,42}.
So by Lemma 2.2.3 the following blocks form a difference system in Zz.5.91 —

{0,105,210}.

{5,125,280, 290},
{10,250, 245, 265},
{15,65,100, 285},
(2.8.9) {30,130, 200, 255},
{60,260, 85,195}
{1,241-15,4+20-15,8+3(-15}.  1=0,1,-,20.

Therefore, the block {c0, 0,105,210} and those in (2.3.3) are the initial blocks
for a 1-rotational (316,4,1) design.

Corollary 2.3.4 If v is as in Corollary 2.3.8 then a cyclic GDD(v — 1,4,3)

exists.

Proof Take a l-rotational (v,4,1) design as above and delete oo from all
blocks containing it to obtain a GDD(v—1,4, 3), in which the resulting 3-element

sets are the groups.
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Example 2.3.3 From Example 2.3.1 we know that the groups {7,7+221,1+

442} ¢ =0,1,--+,220 and the blocks

{17+ 7,136 + 7,425 + 7,85 + ;},
{34 + 7,272 + 5,187 + 7,170 + 5},
{68 + 7,544 + §,374 + 7,340 + 7},

{1 +5,47+1-51 44,16 +21-51 + 5,38 + 31
{54+7,30+1-51+4,29+20-51 475,37+ 31
51+ 7},
'51+j}a

{25 47,24 151+ 7,43 4+ 21 - 51 + j,32 + 31
{234+ 7,10 +1-51 4 7,11 + 20 - 51 + 5,7 + 31
j=0,1,---,562 1=0,1,--+,12

with arithmetic mod 663 form a cyclic GDD(663, 4, 3).

5147},
5147},




Chapter 3

Referee squares

In [11] Anderson, Hamilton and Hilton made a conjecture concerning the exis-
tence of a referee square for every odd integer n > 3 other than 5. In this paper
the existence of a referee square of side n is shown when n is an odd composite

integer.

3.1 Introduction

A referee square of side n is an n X n array R based on V = {1,2,---,n} such

that

1. each cell either is empty or contains an unordered pair of distinct symbols

on V,

2. each 7 € V occurs precisely once in each row (except the i-th) and in each
column (except ¢-th column), and does not occur in the i-th row and i-th

column,

3. each unordered pair of distinct elements of ¥V occurs in exactly one cell of

R,

4. the main diagonal cells are non-empty.

We give some examples in the following.

23
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Example 3.1.1 A referee square of side 7

6,7 4,5 —— 2,3 —— —= —=)\
3,5 7,1 —— —— 4,6 —— ——
—— - 56 —— 2,7 1,4 ——
-—— 3,6 1,2 57 —— —— ——
— —— 4,7 ——= 1,3 —— 2,6
2,4 —— —— —— —— 37 1,5
—— - — 1,6 —— 2,5 3,4/

Example 3.1.2 [11] A referee square of side 9

8,9 6,7 45 2,3 —— —— —— —— ——\

57 4,9 6,8 —— 1,3 —— —— —— ——

2,6 1,5 7,9 —— 48 —— —— —— ——

- 38 —— 56 — — 2,9 1,7 ——

- - - —-——= 6,9 3,7 1,4 —-— 2,8

34 — 1,2 7,8 —— 5,9 —— —— ——

- - —— ——= —-— 24 58 39 1,6

- —— — 1,9 2)7 —-— —— 4,6 3,5

- - —— —— — 1,8 3,6 2,5 4,7
Example 3.1.3 A referee square of side 11
2,3 —-—— 6,11 810 —\— —— —— 47 —— ——= 59
6,10 3,4 — 71 911 ——- — —— 58 —— ——

711 4,5 - 82 10,1 — —-— - 6,9 -—-

—— — 81 56 -—— 93 11,2 —— —— —— 710
8,1 —— -—- 92 67 -—-— 10,4 1,3 — ——= ——
- 91 - 10,3 7,8 11,5 2,4 - ==
- - 10,2 —— 11,4 89 — 1,6 3,5 ——
e = —— 11,3 — —— 1,5 9,10 —— 2,7 4,6
557 — -— —-— 1,4 —-——= - 26 10,11 —-- 3,8
49 68 — —-——= —— 25 —— - 3,7 11,1
\ 510 7,9 —— —— — 36 — —— 48 1,2

A referee square of side n is Z-cyclic if, whenever {a, b} occurs in the (z, 7)-th
cell, {a + 1,0+ 1} occurs in the (i + 1,7 + 1)-th cell, arithmetic being mod n.
Example 3.1.3 is Z-cyclic while examples 3.1.1 and 3.1.2 are not.
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Anderson, Hamilton and Hilton [11] constructed Z-cyclic referee squares of
side n for n = 3,11, 13. We begin by using the starter-adder method , successful
in the construction of Room squares, to construct referee squares of side n for a

few value of n.

3.2 The starters construction

If G is an additive Abelian group with identity element 0, and G* = G — {0} then
a starter X for G is a partition of G* into 2-sets such that {z; — z;; {z;,z;} €
X} = G*. I XY are two starters for G and {@y;, 22} € X, {y1:,y2:} € Y with
Tgi — T1; = Yo — Y1 then the distance d ({z1i, z2:, }, {y14, y2:}) from {wyi, z2i} to

{10, y2i} is defined by

d({xu‘; 552«:}7 {ym yzi}) =Y — T (= Yai — wm‘) .

Theorem 3.2.1 Ifthere exist two starters X, Y with distinct distances containing
a zero distance in Zauqy then a Z-cyclic referee square of side 2n + 1 exists.

Proof. Let X = {{z11, 221}, {Z12,T22}, . {Z1n, Z2n } 1, Y = {{v11, y21 },
{y12,¥22}, -+ s {Y1ns Y2n } } (rearrange if necessary) be two starters with zq; —zy; =
Y2i — y1i and all distance d ({@1;, z2:}, {y14, y2:}) are distinct and containing a zero
distance, say d({z1;,%2;}, {v1;,¥2;}) = 0. Let a; = d({z1, T2:}, {y1i,y2:}) then
aj = 0 and a; > 1 for ¢ # j and a; # a for k # h; thus if we place the
pair {z1; + 1,z2; + 1} in the first row and column —a; +1 (mod 2n + 1) then
{y1;+1,y9:+ 1} will occur in the first column and row a; +1 (mod 2n +1) since
the distance from {zy;, z2;} to {y1;,y2:} is @;. Thus clearly 1 missing in first row
and first column and so by the cyclic condition 4 is missing from i-th row and

i-th column, and a Z-cyclic referee square is constructed.

Example 3.2.1 In Zy4

{11,2},{7,9},{3,6}, {4,8},{5,10}}
{{1,2},{4,6},{7,10},{5,9},{3,8}}

X
Y
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are two starters, with distances from X to Y given by
D ={0,8,4,1,9}.
so the first row of a Z-cyclic referee square is
{2,3}, ——,{6,11},{8,10}, ——, ——, ——, {4, 7}, —, ——, {5, 9}.

i.e Example 3.1.3.
Examples 3.2.2

(a) In Z13
X = {{9:10}7{577}1{174}1{12’3}a{6711}7 {238}}
Y = {{93 10}: {12> 1}: {3>6}a {4a8}) {2> 7}a {57 11}}
D ={0,7,2,5,9,3}
so {10,11}, ——, ——, ——,{7,12}, ——, {6,8}), —, {13,4}, ——, {3,9},{2,5}, ——

is the first row of a Z-cyclic referee square in Z;s.

(b)II). Z15,

= {{1,2},{3,5},{7,10},{9, 13}, {6, 11}, {8, 14}, {12,4}}
= {{1, } {6,8},{11,14}, {5,9}, {7,12}, {13,4}, {3,10}}
={0,3,4,11,1,5,6}

50 {2,3},—~,~—,——, {10,14}, ——, ——, —, ——,{13,5}, {9, 15}, {8, 11},
{4,6},——,{7,12} is the first row of a Z-cyclic referee square in Zy5.
(C) In Z17

X = {{10,11},{12,14},{1,4}, {5,9}, {15, 3}, {2,8},{6,13}, {16, 7}}

Y = {{10,11},{7,9}, {5, 8}, {16,3}, {13,1}, {15,4}, {12,2}, {6, 141}

D ={0,12,4,11,15,13,6,7)
so {11,12}, ——, {16,4}, ——, {3,9}, {13,15}, {6, 10}, ——, ——, —, {17,8},
{7,14}, ——,{2,5}, ——, ——, —— is the first row of a Z-cyclic referee square in
2.

(d) In Zlg

X = {{1,2},{15,17},{13,16}, {4,8}, {5,10}, {6, 12}, {7, 14}, {3,11}, {9, 18}}
Y = {{1,2},{3,5}, {6,9}, {13,17}, {10,15}, {8,14}, {11, 18}, {4,12}, {7, 16}}
D =1{0,7,12,9,5,2,4,1,17}
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S0 {27 3}1 S {107 19}7 Ty T Ty T Ty T T {147 17}7 Ty T T {57 9}7 I
{16,18}, ——, {8,15}, ——, {7,13},{4, 12} is the first row of a Z-cyclic referee

square in Zig

(e) In Zy

X = {{1,2},{3,5},{4,7}, {12, 16},{10,15}, {8, 14}, {13, 20}, {11,19},{9, 18},
{17,6}}

Y = {{1,2},{4,6},{13,16}, {7, 11}, {15,20}, {12, 18}, {3,10}, {9, 17}, {5, 14},
{19,8}}

D ={0,1,9,16,5,4,11,19, 17,2}

s0 {2,3}, ——, {12,20}, ——, {10,19}, {13,17}, ——, ——, ——, ——, {14, 21}, ——,
{5,8}, ——, ——, ——,{11,16},{9,15}, ——, {18, 7}, {4,6} is the first row of a Z-

cyclic referee square in Zs;.
(f) In Zgg

X = {{1,2},{3,5},{4,7}, {13,17}, {11, 16}, {8, 14}, {15, 22}, {10, 18},
{12,21}, {19,6}, {9,20}}

Y = {{1,2},{4,6},{8,11}, {9, 13}, {14, 19}, {16, 22}, {10,117}, {12, 20},
{21,7},{18,5},{15,3}}

D ={0,1,4,19,3,8,18,2,9, 22,6}

(g) In Zys

X = {{1,2}, {4,6},{15,18}, {8,12}), {16, 21}, {24, 5}, {10, 17}, {14, 22},
{11,20},{3,13},{23,9},{7,19}}

Y = {{1,2},{7,9}, {10,13}, {19, 23}, {3, 8}, {12, 18}, {15, 22}, {16, 24},
{5,14},{11,21},{20,6}, {17,4} }

D ={0,3,20,11,12,13,5,2,19,8,22, 10}

(h) In Zg'r

X = {{1,2},{3,5},{6,9}, {12, 16}, {10,15},{14,20}, {17, 24}, {18, 26}
{2537}1{13,23}7{11722}>{1934}5{8321}}

Y = {{1,2}, {4,6},{8,11}, {20, 24}, {14, 19}, {17,23}, {9, 16}, {7, 15},
{21,3}, (12,22}, {26, 10}, {13, 25}, {5,18}}

D ={0,1,2,8,4,3,19,16,23,26,15,21,24}
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(1) In Zgg

X = {{18,19}, {20,22}, {1,4}, {11,15}, {21,26}, {2, 8}, {10,173}, {28, 7},
{3,12}, {6,161, {23,5}, {13, 25}, {14,27}, {24,9}}

Y = {18,19}, {1, 3}, {2,5}, {23, 27}, {6, 11}, {8, 14}, {9, 16}, {13, 21},
{24,4},{15,25}, {17,28},{10,22}, {7, 20}, {12, 26}}

D ={0,10,1,12,14,6,28,14, 21,9, 23, 26,22,17}

(J) In Za

X = {{16,17},{1,3},{11,14}, {2, 6}, {18, 23}, {22, 28}, {19, 26}, {4, 12},
(20,29}, {5,15}, {30, 10}, {13, 25}, {27,9}, {7, 21}, {24, 8} }.

Y = {{16,17},{2,4}, {3,6},{9,13}, {22,27}, {20,26}, {7, 14}, {10, 18},
{23,1),{19,29},{25,5}, {12, 24}, {8,21}, {28, 11}, {15,30} }.

D = {0,1,23,7,4,29,19,6,3, 14, 26,30, 12, 21, 22}.

(k) In Z33

X = {{1,2},{3,5},{4,7},{6,10}, {19, 24}, {16, 22}, {20, 27}, {18, 26},
(32,8, {11,21}, {12, 23}, {13,25}, {17, 30}, {28,9}, {14, 29}, {15,31}}.
Y = {{1,2},{10,12},{3,6},{4,8}, {11, 16}, {22, 28}, {14, 21}, {19, 27},
{29,5}, {15,25}, {20,31}, {18, 30}, {13, 26}, {9, 23}, {17,32}, {24, 7} }.
D ={0,7,32,31,25,6,27,1,30,4,8, 5,29, 14,3,9}.

Conversely, if there exists a Z-cyclic referee square of side 2n+1 in Zs,41 then
the first row of this square contains {11,221}, {Z12, T2z}, , {Z1n, T2n} Where
Ti; € Zomy1 — {1}1 = 1,2,7 = 1,2,---,nand X = {{zy; — 1L,z0i — 1)1 <
i < n}is a starter in Zpnyq. Similarly, the first column of this square contains

{y11, 921}, -+, {¥1n: Y2n }, Where 211 = yy3 and 231 = yo1 and ¥ = {{y1i— 1L, y2i—1}
1 < ¢ < n}is a starter in Zypqq. Furthermore, the distances from X to Y ( or

from Y to X ) are distinct and containing 0. Therefore there are no Z-cyclic

referee squares in Z; and Zo, since all starters in Z; are
{{2,3},{4,6},{5,1}}  {{3,4},{6,1},{2,5}}  {{4,5},{1,3},{6,2}}
and all starters in Z, are
{{1,2},{4,6},{5,8},{3,73}  {{1,2},{5,7},{3,6},{4,8}}
{{2,3},{6,8}, {4,731, {1,5}}  {{3,4},{5,7},{8,2},{6,1}}
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{{4,5},{8,1},{3,6},{7,2}}  {{5,6},{2,4},{7,1},{8,3}}
{{6,7},{1,3},{2,5},{4,8}}  {{7.8},{2,4},{3,6},{1,5}}
{{77 8}’ {33 5}’ {114}7 {25 6}}

In both cases there are no pairs of starters satisfying the required conditions.

Conjecture 3.1 For all odd integers n > 11, there are Z-cyclic referee squares
of side n.

3.3 The triplication and quintuplication theo-
rems

Theorem 3.3.1 If a Room square of side n exists then a referee square of side
In emzists.

Proof. Suppose we have a Room square R of side n = 2s - 1 with entries
00,1,2,--+, n. By permuting rows and/or columns we may assume the square is
standardized with the pairs {oo,2} occuring in order on the main diagonal. i.e
{00,7} in the position (¢,¢). For each ¢ = 1,2,3, let 2; = 2 + n(z — 1) and define
R;; to be the array obtaining from R by deleting all main diagonal entries and
replacing each remaining {z,y} by {z;,y:}.

The arrays R;;,1 < 4,7 <3, will contain among them all unordered pairs of
numbers from 1 to 3n apart from the pairs {z;, z;}.

Suppose that we consider the following 3n x 3n array R’

Riy Roy  Rss

R = (Rs2 Ry Rz1) .

Rys  Rai Rio
Then each of the first n rows contains each of 1,2,--+,3n exactly once, except
that, in the i-th row , the number ¢,7 + n,? + 2n are missing. Similarly, these are
missing from rows ¢ 4+ n and ¢ -+ 2n. A similar observation can be made about
the columns. Note also that every unordered pair of numbers z;,y; with z # y
occurs exactly once. Now we place pairs {i +n,i+2n}, {¢,¢+ 2n} and {¢, +n}
in (1,7), (¢ + n,t + n) and (¢ + 2n,7 + 2n)-th positions respectively. The resulting

array is then a referee square of side 3n.
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Example 3.8.1 Referee square of side 21. Let

00,1
/5,6

o,

4,7

3,6

4,5 \
3,1

4,2

7,3

2
6,7
5,3

b

1,4

then, for example,

Ry =

00,4
1,2
7,5

00,5
2,3
1,6

6,2

’

oo, T

6,11

2,12

4,12
3,8

a.l'ld missing
numbers
-— = = 36 -- 27 45 -= —- —— 10,13 -~ 9,14 11,12 ~m ==  wmem  1T.20 - LI S
56 - - 47 —— 31 12,13 —= = -~ 1,14 -= 10,8 19,20 —— —— -— 1821 li’_“ {3{1 19 W
4,2 6,7 - — 5,1 - 1,9 13,14 —— - —_ 12,8 - 19,15 - 3 10 v
-— 53 71 —= = —= 62 -= 12,10 14,8 -= -~ o= —_— — 120,18 4 1t 18
73 -— 64 1,2 == == e 14,10 == 1311 89 —= - - . 5 412 19
- 1,4 - 7.5 2,3 - - - 81 -— 4,12 9,10 -—- 16,17 —_— - 6 13
= 25 == 1,6 34 - -- 9,12 —-- 813 10,11 1520 17,18 __ T2
~—  —=  -= 17,13 -- 16,14 18,12 — 3,20 -~ 2,21 - a7 11,5 8 15 1
9,13 -—  ~-— -- 1814 -—— 17,8 —_— -— 42t -- 1,7 - 10,1 9 16 2
! 18,9 20,14 -- - 19,8 —- 6,21 — o -~ 5,15 . 121 - 1w 17 3
R =] -- 19,10 21,8 —— -~ —— 20,9 ~~ 517 7,15 —— = -~ —_— — 132 no1s o
21,10 -_— 20,11 15,9 - Eadad — .17 -_— 6,18 1,16 - - - _f_ 12 0%
- 151 -— 2,12 16,10 -— - —— L8 —— 719 2,17 ——  —— -~ B4 —= 14,5 9.3 e Wow .
-—  -= 1612 —- 1513 17,11 -— -~ —— 219 -— L,20 3,18 -— -— —— 95 -- 8§ 10,4 —— [FI
—_ -= 10,20 -~ 9,21 11,19 -—- -~ 17,6 =~ 16,7 18,5 -~ —- 343 - 2,14 4.12 8
12,26 —— - —-= 11,21 -— 10,15 19,8 —-— 18,7 —— 17,1 5,13 == - 4,14 e 3.8 6o
1,16 13,21 —— =  —— 12,15 -= 18,2 20,7 -—- -~ 19,1 -- 4,9 61 -- - 5.8 - T3
—-= 1317 14,15 -— —-= —— 13,16 -- 19,3 2,1 -— == -~ 202 -- 510 7.8 -~ - - 8,9 [ I |
14,17 -- 13,18 8,16 -- -= ~— 21,3 -~ 20,4 152 -~ = = 7,08 -— 611 1,9 -=- - 19 5 12
-~ 818 -— 1419 917 -— = -~ 154 == 2,5 16,3 -=  —= —— |11 -~ 712 2,10 S e W G613
- -= 919 —- B2 018 --, -— -— 165 -= 156 174 - o = 292 == }.13 - 27 1
missing 1 2 3 q 5 6 7 8 9 10 11 12 13 14 15 16 17 18 17 20 21
8 9 0 1 12 13 14 15 16 i7 18 19 20 21 L- 2 3 4 5 6 T
numbers 15 6 17 18 19 20 21 i 2 3 4 5 6 ¢ 8 9 ] 1 12 13 1
Thus the resulting array is a referee square of side 21.
8,15 -~ -—— 36 -- 45 -= —= —= 10,13 -- 914 11,12 -- -=  —— 17,20 -— 16,21 18,19
56 9,16 —— - 4,7 3,1 12,13 - ~-- -= 1L14 ~-— 10,8 19,20 -— —— —— 1821 -~ 17,15
42 6,7 1017 -—- - -- 11,9 13,14 -—- -~ 12,8 =~ 18,16 20,21 -— —— = 19,15 =
-— 53 7,1 11,i8 - 6,2 ~-- 12,10 14,8 ~— - 13,8 -— 18,17 2,15 -—— =  ~— 20,16
73 -- 64 1,2 12,19 —-— -— 14,10 -—- 13,11 89 —— -~ —= 21,17 ~-— 20,18 1516 -— —
75 2,3 w8l == 14,12 9,10 —— -~ —= 15,18 —— 21,19 16,17 -~
-— == 912 ——= 3§13 1011 ——- -— -—— 1619 -— 1520 17,18 ——
15,1 - -—— -_ 2,21 4,19 - _ - 9,7 11,5
520 16,2 -—— 4,21 ~-- 315 12,6 - 1L7 - 10,1
4,16 6,21 17,3 -——= —— 515 =-— 11,2 13,7 -~ -_— 12,1 ——
-— 517 T,15 18,4 -— —— 6,16 —— 12,3 14,1 —_— —— 13,2
7,17 -~ 618 1,16 19,5 -— -— 14,3 —— 13,4 —— e oo
- 1,18 —— 7.19 2,17 20,6 ~-— - 8,4 - 14,5 9,3 _
—-— == 2,19 -— 1,20 3,18 21,7 -~ - 95 -— B,6 10,4 ——
- —= == 17,6 -- 167 185 1,8 -~ —— 313 -- 2,14 4,12
18,6 =—= —=— —= 18, -— 17,1 513 2,9 - = 414 -— 3,8
18,2 20,7 - ~~ —-~ 19,1 -- 4% 6,14 310 -- —- 58 -
-~ %3 21 -= —= —— 20,2 -- 510 7,8 411 —— . g9
14,17 —— 13,18 816 ~-- --= —-— 21,3 -— 20,4 152 ~—= —= == 7,108 -- G111 1,9 512 —= o=
—— B8 = 14,19 9,17 —- -— 154 -- 2,5 16,3 ~—— -— L1l -— 7,12 2,10 6,13 ——
—— -= 9,18 -- 820 10,18 ~-= ~— -= 165 -- 156 17,4 ~= —= —= 2,12 —= 1,13 3,11 14,7
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Suppose we have a standardized Room square R of side n = 2s + 1 with
entries 00,0,1,-++,n — 1. Define the n x n (0,1) matrix M = (im;;) by

1, ifcell (z,5) of Ris empty
Y1 0, otherwise.

Then, since n = 2s + 1, M has s 1s in each row and each column, so that
(3.3.1) M=P+P+ - +P

where each F; is a permutation matrix,(see, for example,[1, Theorem 1.5.4]) Let
¢ be the permutation corresponding to Py, i.e ¢(x) = £ if and only if P, has
entry 1 in the (k,£) position, and note that each cell (x,¢(x)) in R is empty.

The following lemma is now clear.

Lemma 3.3.2 ([38]) Given a Room square R of side m, where m = 2r + 1,
there are r permutations ¢1,¢a,- -+, ¢, of {1,2,---,m} with the properties that
¢ (k) = ¢; (k) never occurs unless i = j and that cell (k,¢; (k)) is empty for
1<k<m,1<i<s.

Theorem 3.3.3 If ¢ Room square of side n exists then a referee square of side
an exisls.

Proof. We proceed as in the triplication theorem, except this time we use

the following
Ry Ry Rss  Ru Rss
¢Rsy  Riz  dRaq dR3zs Ry
R=| Rss ¢Rsy Ris Ryn  ¢Rs
Rsy  ¢Rsys HRsi Rz ¢Ras
¢Rys Ra1  ¢Ry dRss Ry

where ¢ is the permutation associated with the permutation matrix P, which
arises in the decomposition M = P, + P, + --- + P, in (3.3.1).
First consider the array R’ given by
Ri1 Ry, Rss Ray Rss
Rsy Riz Raa Ras Ra
R'=| Ry Rsq Ris Ry Ra
Rsy Ry Rsi Ryp Ras
Rys Rz Ras Rss Ry

Each of the first n rows contains each 1,2, .-, 5n exactly once, except that in

the i-th row, the numbers ¢,74+n,74+2n,1+3n,7+4n are missing. Similarly, these
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are missing from rows ¢+n,1+2n,t+3n,i+4n. A similar observation can be made
about the columns. Unlike the triplication case, we find here that we cannot fit in
the missing numbers as required. We get round this problem by replacing some
of the R;; by ¢R;;, where ¢ R;; denotes the array obtained from R;; by permuting
the columns of R;; by ¢. Because R;; is always in the same column of the array R’
as Ij;, and either both or neither have their columns permuted by ¢,the resulting
array R still has ¢,i+n,7+ 2n,14 3n,4 +4n missing from rows 1,1 +n, - -,i+4n,
for each ¢ < n, whereas ¢ is missing from columns 7,2-+n,i+2n,1+3n,i+4n;i+n
1s missing from columns ¢ (z),7+n, ¢ (1) + 2n,7 + 3n, ¢ (i) + 4n; 7 + 2n is missing
from columns %,% + n, ¢+ 2n, ¢ (¢) + 3n, ¢ (¢) + 4n; 7 + 3n is missing from columns
4, ¢ (2) +n,6(¢) + 2n,4 + 3n, i + 4n; 1 + 4n is missing from columns ¢ (¢), ¢ (z) +
n,t+2n,¢ (i) + 3n,i + 4n . So we place

{t+2n,7 4 3n} in cell (¢,7), {7 + n,i+4n} in cell (z, ¢ (7)),

{1,04 2n} in cell (i + n,i +n), {i +3n,7 +4n} in cell (z +n,n + ¢ (7)),

{7, +4n} in cell (i + 2n,7 + 2n), {1 +n,1 + 3n} in cell (¢ + 2n,2n + ¢ (1)),

{t,1+n} in cell (i 4 3n,i+ 3n), {1 +2n,7 + 4n} in cell (¢ + 3n,3n + ¢ (7)),

{t,i4+3n} in cell (¢ +4n,i+4n), {i +n,i+2n} in cell (i +4n,4n + ¢ (1)) .

The resulting array is the required referee square of side 5n.

The methods used in this section and the following section are based on the

ideas used by Wallis [38].

3.4 Composition theorems for referee squares

Theorem 3.4.1 If ¢ Room square of side m, a referee square of side n and two
MOLS of order n exist, then a referce square of side mn exists.

Proof. Without lost of generality, suppose M = ({m1 m%; ) is a Room square

i3
on {c0,0,1,--+,m—1} with the pair {o0,7— 1} in the position (i,1), i.e m}; = oo

it

and m% =i —1. Let N = ({n,}j,n?j ) be a referee square on {1,2,---,n}. Then
nf;,nf; are either nil or belong to {1,2,--+,n} — {i} and are distinct for any fixed

i, and each element of {1,2,--,n} — {i} appears as n}; or n}; exactly once. Let
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A = (ai5), B = (bi;) be two MOLS of order n, and let the join (A, B) of A and
B be ({asj,b;;}). Alter M by replacing each of its entries by an n X n array as

follows.
(1) If cell (z,7) of M is empty, place an empty n x n array in it.
(ii) The cell (¢,¢) of M has {oc0,7 — 1} in it. Place in that cell N +n(z —1)

which is obtained from N by adding n{¢ — 1) to each non-nil entry.

(ii1) If cell (¢,7) with ¢ # j of M has {u,v} with 0 < v < v, add un to each
entry of A and vn to each entry of B and place the join of the resulting MOLS

in that cell, with ordered pairs replaced by unordered ones.

When this is done , clearly an mn x mn square array R is obtained on the
symbols 1,2, -- -, mn; further , each cell of R is either empty or contains a pair of
symbols. We have to prove that each pair of symbols occurs exactly once in R.

Certainly there are min (n — 1) pairs arising from (ii) and im (m — 1)n? pairs

arising from (iii) i.e ;mn(mn —1) pairs altogether; so we only need to show
that all pairs are distinct. Let P (4,7) denote the collection of all pairs of R
arising from the (7, j) cell of M. Then certainly all pairs in P (z,7) are distinct;
either they are all pairs in a Room square or they are all pairs in the join of two

MOLS. Further if (7, j) # (h, k) then P (¢, ) and P (h, k) clearly have no pairs in

cominon.

Finally, ¢ is missing in the i-th row and i-th column, since Riyi = N i(modn) +
n[=1] and nf:i(mod a) 7 t(mod n) so nfi(mod o T n[=L] i for j =1,2.

In fact, the procedures (1) (ii) (iii) in the above proof may be replaced by the
following. Define the array R by

{75 (modm) TR E, (moawy + 0[5}, 3 [ = [£22);
Rz‘j — {ai,j (mod n) + nm%i—Tl]_}_l’{i_}l_]_i_l, bi,j (mod n)+

nm[Z'—i—l]—l—l,[J;—l]-i-l}’ 1f [."_;_1_1_] # [2;:—1_1]'

where [z] =n —1if n — 1 < & < n and the arithmetical result will be nil if any

one of mj};, mfj, ni;,ng; is nil. ie. nil+a =nil.
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Example 3.4.1 We have a Room square of side 7

(00,0 —— —— 2,5 —— 1,6 3,4\
45 00,1 —— —— 36 —— 2,0
3,1 56 00,2 —— —— 4,0
T 2,4 0;6 0013 - 5a1
6,2 —— 53 0,1 oo,d —— ——
— 0,3 — 6,4 1,2 00,5 -——
\—— —— 1,4 —— 0,5 2,3 00,6/

a referee square N of side 3 and MOLS of order 3

2,3 —— —— 1,1
N=| —— 31 —— (A,B)=| 3,2
— —— 1,2 2,3

Thus a referee square R of side 21 exists. (We write z; for z + nj.)

- ——  lg,t¢ 23,26 31,36 izl 22,24 33,34
= Bgdp == == —— == == = o 32 I3y Ruly = == -

20030 —= == —= == == == == == gy B2 3,3

- -= loZg —= Y-— -= - - —= 22,35 Ja.15 1225
4. ls 24,2¢ 34035 21,3 —— - ER —— - —-= —— —— la.lg 23,26 33.36

- - ~~ le.la 20,23 30,33 -~ - = 1 ly 26,24 36,3¢ liulz 722 31,32 25,35 —-— —- —

-~ 20,33 30,13 1lo,22a -—— - —= 26,34 36,14 le2 2137 312 L1,y —— ~— lgy2s == -- -
-~ == == == Inly A 3,3 -— -~ —— lo.ds 20,25 3035 l2ls 22,23 3,3y 2.3 -- -
- - - ——  31.% L3 I,y —- —- ——~ 30,25 lo.35 20.1s 32,23 1233 2,13 -~ 3s.le --
—~ == == —= 23,3 31,1 L,2f —— ==~ == ;23,35 3o.ls lo,25 22,33 32,13 123 -- -=  lals

Our next theorem extends the results of section 3.
In [38] we have the following lemma. Suppose n > 3 is an odd integer; we

denote by A, the n x n array whose (7, j)-th entry is the ordered pair
(J—i+Li475-1)

where the elements § — ¢+ 1 and ¢ + j — 1 are taken modulo n as members of the
set N = {1,2,---,n}. For example, Az and As are the arrays of suffixes in R' in
the proof of Theorem 3.3.1 and Theorem 3.3.3 respectively.

Lemma 3.4.2 The entries of A, consist of the ordered pairs of members of N

taken once each. The entries in a given row or column of A, contain between -
them every member of N once as a left member and once as a right member. If
the pair (z,y) occurs in a given column then (y,z) also occurs in that column.
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Theorem 3.4.3 If m and n are odd integers such that m + 2 > n and if there
is @ Room square of side m then there is a referee square of side mn.

Proof. Let m =2r +1,n = 2s 4+ 1; then r > s — 1. We want to construct a

referee square of side mn based on {1,2,---,mn}. It is convenient to write
zi=z+m(j—1) wherel<z<m,1<j<n

so that every integer from 1 to mn has a unique representation. Given a stan-
dardized Room square R and regarding the pairs in this Room square as ordered
pairs, we write R;; for the array formed from R in the following way:

(1) delete all diagonal entries,

(ii) replace the entry {z,y} of R by {z;,y,}.

The set of all arrays R;; with 1 <7 <n and 1 < j < n will contain in them
all ordered pairs of integers between 1 and mn except for the pairs {2, z;}.

If n arrays R;; are placed in a row such that every memberof N = {1,2,..-,n}
occurs once as a left-hand index and once as a right-hand index of R;; then row
z of the resulting array will contain 1;,2;,--+,m;; j = 1,2, ,n, precisely once
except for each z;. A similar remark applied to columns.

We construct a referee square by replacing every entry of A,, by a m xm block
by the following rules. For a given j, select permutations {', ‘;, o+, ¢ satisfying
the following.

(1) #1 and qz&g are the identity permutations.

(i) ¢1 = ¢j i (k,£) and (£, k) occur in column j of Ay.

(ii1) all the ¢ except the identity permutation are selected as distinct members
of the set of r permutations associated with the Room square R as in (3.8.1)
(exactly s — 1 such permutations are selected).

(iv) the remaining ¢}, is chosen as the identity (by (i) this occurs only in case
J =1, say, (k1,41) ).

This will be possible since m + 2 > n implies r > s — 1. Now replace
the entry (k,£) in column j of 4, by the array ¢}Ri which is obtained by
performing the permutation qﬁfc on the columns of Rye. The resulting array will

contain every number from 1 to mn in each row and each column except that
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every 2, k£ = 1,2,-.-,n is missing from every row z;,z = 1,2,-+-,m; j =
1,2,--+,n, and that when j is such that (k,7) is an entry in column j of A, then
xy and z; are missing from column (qﬁfc (ac))J Moreover, the array contains every
unordered pair of numbers of {1,2,---,mn} (in our construction the ordered pair
are read unordered pair) except for the pairs of the form (z,z¢) and contains
each precisely once.

Now we insert (ig,,%¢) in cell (4,7}, (4,79;-1) in cell (i + jn,i+jn), i = 1,
2,--,m; 7 =2,3,---,n and for each k, if (k,£) with k # £ was an entry of
column j but not in (J, 5) of A, (so k # j) we place {x, z¢} in the (:cj, (qé“; (:c))y)
position of the new square. A referee square of side mn is thus constructed.

Corollary 3.4.4 If m is an odd composite integer then there exists a referee
square of side m.

Proof. Any such m other than 9,15,25 can be expressed as a product m = uv
where v 2 v > 1,u > 7. By Theorem 3.4.3 and the existence of a Room square
of order u, it follows that, for each such m, a referee square of side m exists.
Finally, referee squares of side 9,15,25 have already been exhibited in Examples

3.1.2 and 3.2.2 (b),(g).




Chapter 4

Z-cyclic triple whist tournaments

Let p = 2%t 41 be a prime where t > 1 is an odd integer, k& > 2. Methods
of constructing a Z-cyclic triple whist tournament TWh(p) are given. By such
methods we construct a Z-cyclic T'Wh(p) for all primes p, p =1 (mod 4}, 29 <
p < 16097, except p = 257. Let p; = 28¢;4+1, ¢ = 2¥¢+3 be primes where ¢,%;;1 =
1,2, ,r are odd > 1. We proved that if Z-cyclic TWh(p;) and TWh{g+1) exist
then Z-cyclic TWA(ITi, pi'*) and TWh(qITi, pi* + 1) exist where a; are positive
integers. Further we show that whist tournaments of order p =1 (mod 4) can

be constructed in which the partner pairs form a non-patterned starter.

4.1 Introduction

If G is an abelian group with identity element 0 and G* = G — {0} then a starter
X for G is a partition of G* into pairs such that {z; — y;; {zi;,vi} € X} = G* A
starter is a strong starter if the sums z; + y; of pairs {z;,y;} are all distinct and

non-zero. A patterned starter is a starter whose pairs are of the form {z;, —z;}.

Theorem 4.1.1 ([31]) Ifp is a prime and p" = 2%t 4 1 where t > 1 is odd and
k>0,d=2""1 and if 0 is a primitive element in the Galois field GF(p") then

{{Ozﬂid+j’9(2i+1)d+j};i =0,1,,--,t—1,=0,1,---,d — 1}
s a strong starter.

Theorem 4.1.2 Ifp is a prime and p = 2%t +1 where t > 1 is odd, d = 2%, m =
281 n = 22 if w is a primitive root mod p, if g, a1, , Ame1,C0,C1y" "+ Crt
are integers such that

37
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1. a;+t (mod d) € {m,m+1,---,d—1} are all distinct, 1 =0,1,---,m—1.

a; _ . . . . ;
2. Y=t = wh where b; + 1 are incongruent (mod m), ¢ =0,1,..-,m — 1.

then the following pairs form a starter
{{wﬂ, w2é+a25}, {wdci+(2i+1),wdci+(2i+1)+m2i+1 }} ® {1’ wd’ L ’wd(t—l)}

where ¢ =0,1.---,n —1.

Proof. The differences between pairs are

(0) (w“o — 1) . {:f:l’ :I:wd, :l:(,um, e ,:i:wd(t—l)}

(1) (wal —_ ]_) . {iwdco+l’ j:wclco-l-l-}-d’ :twdco+1+2d’ cee :i:wdc°+1+d(t“1)}
(2) (w“z — 1) . {:i:w?" '_'I:(-Ud+2, iw2d+2’ e :i:wd(t—l).*.g}

(3) (wﬂa - 1) ) {:i:wd61+37 iwdc1+3+d’ o +3+2d, cee 4 oder +3+d(tm1)}
(777,-1). (wam—l — l) . {iwdcn+m—1, :l:wdcwl-m»—l-kd’ cee j:wdcn-}-m—1+d(t_1)}

If “2=L = % then w® — 1 = (w* — 1)w® 0 <7< m—1 and the differences

(0)—(m-1) become
(A) W — 1) {£1, +w?, - £
Now —1 = w#! where ¢ is odd, so —1 = w®*™ for some integer u, so (A) become

Lc)i-H)i (wao _ 1) . {me,me’me’ . ’wd(t—l)}.

and these are just 1,w, -, w®™!

. since b; + ¢ are incongruent (mod m). There-
fore the differences are all distinct.

By the same argument, the following is true.
Theorem 4.1.3 If p = 2¥t + 1 is a prime where t > 1 is odd, d = 2F, m =
261 n = 282 W is a primitive root mod p, if do, a1, A1, CoyC1y* ** s Crei
are integers such that

1. a;+2i (modd)e{1,3,---,d— 1} are all distinct, 1 =0,1,---,m — 1.

ag _ . . . .
2. :ﬂ;—i = w¥ where b; + 21 are incongruent mod m, i = 0,1,---,m — 1,

then the following pairs form a starter
{{w2i,w2i+a;}, {wdci-{-m+2i’wdc¢+m + 2+ a(n+i]}}} ® {1>¢’-’da . 5wct!(t—l)}

where 1 =0,1.---,n—1.
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A whist tournament Wh(4n) for 4n player is a schedule of games each involv-

ing two players a, b playing against two other players ¢, d such that
1. the games are arranged in 4n — 1 rounds each of n games.
2. each player plays in exactly one game in each round.
3. each player partners each other player exactly once .
4. each player opposes every other player exactly twice.

We represent by the 4-tuple (a, b; ¢, d) a whist game in which a, b are partners as
are ¢, d.

The whist tournament problem, namely the problem of constructing a Wh(4n)
for each n > 1, has its mathematical genesis in the classic paper of E.H Moore
(1896) [30]. In that paper Moore refined the opponent relationships by defining
a and ¢ ( and also b and d) to be opponents of the first kind and calling @ and d
(also b and c) opponents of the second kind. Moore then defined a triple whist
tournament T'W h(4m) to be a Wh(4m) which satisfies the triple whist conditons:

5. every player is an opponent of the first kind with every other player exactly
once, and consequently

6. every player is an opponent of the second kind with every other player
exactly once.

A Wh(4n) (resp. TWh(4n)) is called Z-cyclicif (1) the players are elements in
Zyn—1 U {oo} and (2) there exists a round, called the initial round (alternatively
round 1), such that for each 7 = 1,2,---,4n — 2, round 7 + 1 is obtained by
adding 7 (mod 4n — 1) to each non-co element of the initial round. Given a
Z-cyclic Wh(4n) (resp. TWh(4n)), any round can serve as the initial round. It
is conventional to designate as initial round that in which co and 0 are partners.

In 1970’s the existence of Wh(4n) was established for all n. The existence of
Z-cyclic Wh(4n) was established by Anderson and Finizio [9] when 4n — 1 is of
the form gpy" - - - p&~ where ¢,py, - p, are primes. ¢ =3 (mod 4),¢>T,p; =1
(mod 4),:=1,2,---,nand oy > 0,7 = 1,2,---,n and a Z-cyclic Wh(g+1) exists.
They also established the existence of Z-cyclic TWh(3p$* - - - p2» + 1) whenever
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the p; are primes = 1 (mod 4) which are compatible. In this chapter we will
show that Z-cyclic TWh(qITw, pi* + 1) exists when p; = 2™¢; + 1 are primes,
t; > 1odd, ¢ =3 (mod 4), provided that Z-cyclic TWh(p;) and TWh(g+ 1)
exist.

A whist tournament Wh(4n + 1) for 4n + 1 players is a schedule of games

each involving two players playing against two other players such that
1. the games are arranged in 4n + 1 rounds each of n games.
2. each player plays in exactly one game in all but one of the rounds.
3. each player partners each other player exactly once .

4. each player opposes every other player exactly twice.

If condition 4 is replaced by the triple whist conditions 5 and 6 then it is called
a triple whist tournament T'W h(4n + 1).

If the players are the elements of Z4,41 and if each round is obtained by devel-
oping the initial round modulo 4n + 1, we say that the triple whist tournament is
Z-cyclic. By convention we take the initial round to be the round in which player
0 does not play.

If £ is a subset of Z,, we say that the games {a;, b;;¢;,di} @ = 1,2,---,7,

satisfy the Z-cyclic triple whist tournament conditions on E if
L U{a, biye, di} = E
2. {£(a; — b)), He; —di);i=1,2,---,r} = F
3. {x(a; — ), £(b; —di);1=1,2,---,r} = E
4. {+(a; — di), £(e; — b;);1=1,2,--- v} = E

The games {a;, b;; ¢ d;}, ¢ = 1,2,-++,n form an initial round of a Z-cyclic
TWh(4n + 1) if they satisfy the Z-cyclic triple whist tournament conditions on
Zany1 — {0}

In 1975 [14] Baker proved that if p = 4n + 1 is prime, a Z- cyclic Wh(4n + 1)
exists with patterned initial round. We will show that Z-cyclic Wh(4n + 1)
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exists with non-patterned initial round. Recently Anderson, Cohen and Finizio
[3] showed that Z-cyclic TWh(v) exists when v = p{*---p%® where p; are =
5 (mod 8),p; > 29. We will show that a Z-cyclic TWh(v) exists when v =
prt e pin, pi = 2™t;+1 are primes and Z-cyclic TWh(p;) exist. Further methods
of constructing TWh(p;) where p; are primes > 29 are given. We start with the

special cases.

4.2 TWh(p) when p=5 (mod 8) is a prime

Proposition 4.2.1 Let p = 4m + 1 be a prime, m > 1 odd and let w be a
primitive root  (mod p). If ag,a; and cy are integers such that

1. ag,ay +1 (mod 4) € {2,3} and are both distinct,

w —1
w0 —1

ay __ . .
2, v==1 s q square. ( i.e.

J— e .
Py = w® where e is even),

3. exactly two of wieotl — 1 wfteotlt _ a0 ydeotartl ] deotaitl _ ,00 gpe
squares,

then the following games form an initial round for a« Wh(p)

(4.2.1) {w0, weowieott atltary g f1 4 ... =1,

3

Furthermore, if (8) is replaced by
8. (wiotl — 1)(whotltar _ ) gnd (wiot! — o) (wioti+er 1) gre non-
square.

then (4.2.1) form an initial round for a TWh(p).

Proof. Since ap,a;+1 (mod 4) € {2,3} and are incongruent, so elements
in (4.2.1) are non-zero element of Z, each occuring exactly once. By Theorem
4.1.2. the partner difference condition is satisfied.

The opponent differences are

(A) (wiotl — 1) {£1, £wt) -+ Fwim-1)}

(B) (wheotttor — ooy (4] F0f, . fwi(m=1)}
(C) (w4c0+1+a1 _ 1) . {:i:l, :|:(.U4, e :{:wzl(mw—l)}
(D) (wieott — w0y {£1, dwt, - -, Fwtlm DY,

By 3, suppose for example that w?°*! —1 and w®+! — )% are square and the

4co+1+ay —1 dcg+1+4ay _ a0
w T w w
T = w' and

other two are non-square; then T e = W' where
ri,ro are odd. So (B) (C) become
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(B" (wotl — (30) . [ 4 + w2 ... ratain-1))
(C') (w4co+1 — 1) . {j:wn’ :twr1+47 e j:wT1+4(m——1)}'

Now since r; is odd so (A)u(C") s

(w4c0+1 _ 1) . {:]:1, .:tw4’ L ,iw4(m—1)7 :I:wrl’:tw4+rl’ e :tw4(m—1)+'r1}
= (wiot! — 1) - {w44=0,1,2,- -+ ,4m — 1}

This is the non-zero elements of Z,, each occuring exactly once. Similarly, for
(B")U (D). Therefore the opponent differences give the non-zero elements of Z,
each twice.

Finally, elementsin (A)U(B) are the opponent differences of 1st kind and these
in (C)U(D) are 2nd kind. If (weF! — 1) (whotltar _ 0) and (wiotl — oo0)
(witeotlter _ 1) are non-square then the same argument show that the required

conditions are satisfied so TWh(p) exists.

Proposition 4.2.2 Let p = 4m + 1 be a prime, m > 1 odd and let w be a
primitive root mod p. If ag, a1 and cy are positive integers such that

1. ag, ay+1 (mod 4) € {2, 3} and are both distinct;

aj
2 Y=l =0,

w0 —1

3. (W4C°+1 . 1)(w4c0+1+a1 _ wao) 7& O and (w4c0+1 _ wao)(w4co+1+a1 . 1) 7& O

i.e. the quadruple (w, ag, a1, co) satisfies conditions 1-3, then so does the quadru-
ple (wP™2, ag,ai,cp)

Proof. Since ap, a1+ 1 (mod 4) € {2, 3}, so ap — a1 and ag + ay are both

even. So
(wp—2)a1 —1 _ (wp'—l)u.l (w—l)aq -1 _ J}‘T -1 _ o —et (wal — 1) _0
(wp=2)a0 — 1 (wP=l)eo(w-1)ao —1 - —1 w —1

((wp—2)4c0+1 _ 1)((wp~2)4co+1+a1 jc(ﬁp_z)a;c)+f+ .

o+1_. 0 a1 20
(w4611+1 - 1)(w4°0i1+=11 - w%'O) = Lo wBlﬂ)c:(fﬂ+ﬂo+ﬂl ) 7& 0
((wp—2)4c0+1 . (wp—2)ao)((wp—-2)4co+l+a1 _ 1) —

1 1 1 _ (w4c0-|~1_wa0)(w4co+l—}-a1 _1)
(w4co+1 T W% )(w4c0+1+a.1 - 1) h wdco+2+aegtay % D

Therefore the quadruple (wP~2, ag, a1, co) satisfies the conditions 1-3.
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Example 4.2.1 (a) TWh(29) with w = 19 or 26
l.ag=2, a1=6, ¢=0. ie {lLwho',w}®{l,w! - ¥}
2. a0=2, a1=6, =23 ie {LwhwBw® ®{lw! - w*}
3.ac=2, a1=14, =3 ie {Lwhw¥ o} {1, - w*}
4. a0=2, ar=14, co=4 ie {LwHhw'" w3} {1,w - ¥}
5. a0=2, a1=22, c=0 ie {lLwho,w®}®{l,w! -,
6. ao=2, a1 =22, cg=4 ie {Lwho" w1} {l,w "}
T.60=3, a1=13, c=0. ie {10!, ®{1l,w -, w*}.
8. a0=3, a1=13, co=4. ie {L,w}ho'" W} {l,w - 6w}
9. ag=6, a1=2, c¢=1 1ie {1, "}®{l,w! -, wH}
10. ag =6, a1 =2, =4 ie {1,050 w®}® {10! - W}
(b) TWh(37) with w =19 or w = 2
Loag=2, a1=6, c=0. ie {L,whol,w’}®{l,w! w3}
2.00=2, a1=6, ¢=2 1ie {lLwhw’,w® ®{1,w!- -, W}
3.ap=2, a1=6, c¢=4 ie {l,0hw'",wB}® {10 -,
4. ap =2, a3=06, ¢=>5 ie {Lwihwhw}®{l,w - w?
5. a0=2, a1=30, ¢ =0. ie {Lwho" '} {l,w! -, w¥?}
6. ao=2, a1 =30, co=4 1ie {lLw}o'"w!}e{l,w! - w2}
7. a0=2, a1 =30, c=5 1ie {lLwhw W@ {10 ., ¥}
8. a0=2, a1=30, co=7 1ie {l,0%w?® wB}e{l,wt . W%}

9. a0=3, a=1, c=4 ie {Lwhw',w®}@ {10 -, %}
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10. ag=3, a1=1, =5 ie {lLw3w?w?}®{l,uw! -, 6w}

Existence of Wh(p)
We consider three special cases of Proposition 4.2.1:

1. If ap = a1 = 2m then the condition (1),(2) are satisfied and condition (3),
as in the proof, becomes

4co+1 4ep+1
w +1 w —1
2m — wrl and w2m Ty

Wit _ wicotl {1 =w

So if we can find ¢ such that “’—:EOI# = w® where s is odd then Wh(p) exist. But
w0 Ti 41

by Mann’s Lemma [29], there exist o, 8 odd such that % =wl. Ha=4n+3

al .
we set o = 4m — o then o/ =1 (mod 4) and 24 = W?™ P where 2m + J is
odd. Therefore we can find ¢g such that géi—jg—i—iﬁ = w® where s is odd. This is the
Bose-Cameron type of tournament {1, —1;w*t, %1} @ {1,w?, -, w11,

2. Ifap = a1 = 2 and ¢¢ = 0 then conditions (1),(2) are satisfied and
condition (3) becomes w? +w + 1 is non-square. By Cohen’s theorem for p > 211
there exists such w and for p < 211 pairs (p,w) are found (13,2), (29, 8), (37, 5),
(53,5), (61,2), (101,2), (109,10), (149,3), (157, 6),173,2), (181, 2), (107, 3). Here
the initial round is {1,w?;w,w®} ® {1,w*, - -+, w* ™1} in which the partner pairs

are the Mullin-Nemeth starter pairs.

3. If ap = a; = 2 then the games are {I,w?;w* ™ w3} @ {1,04,- -,
wim=1}, Here again the partner pairs are the Mullin-Nemeth pairs. This con-

struction will work if, for example, we can find ¢ such that w*t! — 1 is a square,

de—1 4c+3

w —J and w

— 1 are non-squares. Many such examples exist. for example,

when ¢ = 1 we have

(p,w) = (29,27), (37,5), (53,19), (101,2), (149, 10), (173, 2), (182, 50),
(197,8), (229, 23), (269, 12), (277, 31), (293, 2).

Proposition 4.2.3 Let p = 4m + 1 be a prime where m > 1 is odd and w be a
primitive root mod p. If ag, ay, ¢y are integers such that
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4a,1+1 1
1. Ymogr=y 18 non-square,

2. ezactly two of wiot? — 1, wio+2 _ydaotl Heota)+3 1 ,4(cotar)+3 _ da0+1
are square,

then the following forms an initial round for a Wh{p)
(422) {w07w4ao+1; w4oo+2)w4(co+a1)+3} ® {1,w4’_ . ’w4(m—1)}
Furthermore, if (2) is replaced by (2) then it is an initial round for a TWh(p)

2’ (w4c0+2 1)( 4(co+a1 )+ w4ag+1)7 (w4co+2 - w4ao—}-l)(w4(co+a1}+3 __ 1)

are non-square

Proof. Since 0, 4ao + 1, 4co + 2, 4(co + a1) + 3 are incongruent (mod 4), so
clearly elements in 4.2.2 are non-zero elements of Z4,,; each exactly once.

The partner differences are non-zero elements of Zy,4; each exactly once.
This follows from Theorem 4.1.3.

The opponent diferences are dealt with as in the previous proof.

Proposition 4.2.4 Let p = 4m + 1 be a prime, m > 1 odd and let w be a
primitive root mod p. If ap, a1 and ¢o are positive integers such that

ey # U
2, (w4c0-|—2 _ 1)(w4(a:g+a1)+3 _ w4a0+1) ?é O
8 (w

( dco+2 w4a0+1)(w4(ca+l+a1)+3 . 1) 75 0

i.e. the quadruple (w, ao, a1, co) satisfy conditions 1-3, then so does the quadru-
ple (WP™2, ag,ay,co)

Proof. The same argument as Proposition 4.2.2.

Example 4.2.2
(a) TWh(29) with w = 26 or w = 19

. ap=0, ar=1, =0 ie {Lwhw’,w}e{l,w! - 6w}
2. ap0=0, a1 =1, ¢=5 1e {lLwhw?w e {l,w -, "}
3. ap=0, a=4, c=3 ie {Lwhw* e {l,w! - "}

4. ap=0, a1=4, ¢ =06. ie {l,w;w?w®}®{1,w! - W}
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5 ap=0, a1 =5, c=0 1ie {lwhww? g {l,w! - 0w}

6. ap=0, a1 =5, co=1 1ie {l,whw®w?}®{1,w! - wH}

7. ap=0, a1=5 ¢ =3 ie {Lwhw'w}e{lw! - ¥}
8. ap=0, a1 =5 c=5 ie {lL,whw?o¥}e{lw!, - v}
9. ap=1, a1 =0, =1 1ie {L,wwlw}®{l,w! - 6w

10. ag=1, a1=0, c=6. ie {l,ww? "} {l,w! -, W}
(b) TWh(37) with w =19 or w = 2
1. ap=0, a;=1, ¢c=0. ie {l,whw?w}®{l,wi . w4}
2. apg=0, a1=1, =7 ie {l,ww W} {0 - ,w?}L
3. ap=0, a=3, co=2 ie {Lwhw%wB}e{l,w! - L.
4. ap=0, a1 =3, co=3 1ie {Lwhww?}®{lw! - w?}
5. ap=0, a1 =6, co=5 1ie {lLwhw? o'l {lw! - w2}
6. ap=0, a1=6, c=6. ie {lLwhw® w® @ {lw! - ,w*?}
7. ag=0, a1=7 ¢ =0 1e {l,www?}e{l,w! - w3}
8. ap=0, a1=7, =1 1e {l,www*}@{l,w! - w*}.
9. ap=0, a1=8, co=4. ie {lLwhw® WP {10! -, w*}.

10. ap=0, a1 =8, =5 1ie {lLwhw?w% g {1,w -, w*}.

In [3] Anderson, Cohen and Finizio proved that TWh(v) exists where v =
=1 pi* where the primes p; are =5 (mod 8), p; > 29. The method of the con-
struction uses the existence of a primitive root w of each p;(# 61) such that
w? £ w + 1 are both squares (mod p;). We show that their constructions

(A.2, B.1, C.1) are special cases of a more general family of construction arising
from Theorem 4.2.1 and 4.2.3.
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Construction A : If w?—1 % O (non-square), w? +w + 1 = O (square), w? —
w + 1 = 0O (square) then the following are an initial round for a T'W h(p)

L {Lwl—whw?}e{l,w! ™Dl by (2.1):a = 2,0, = 2m,

m—1
Co = 73
2. {Lw?—w? Wit @ {1,w, w1} by (2.1) : ap = 2,01 = 2m,
co = ” .;};1

2
30 {1 —w;—w?, =1} @ {1, -+, DY by (2.1) :ap = 2m + 1,
a; =4m —3,¢ = %“—1—
4. {Lw w2 —w?t @ {Lw! -, wil™ D} by (2.2) 1ap = —1,a; = 751,
Cp = —1

Construction B : If w? —1 =0, w'+1 =0, w? + w? + 1 = O then the following

are an initial round for a T'Wh(p)

L {Lwhw,—w} @ {10 i1} by (2.1) : ap = 3,
a132m+3,c():0
2. {L,w%—wwle{1,w . Wit} by (2.1) : ap = 3,
a1:2m+3,c0=m7“1
3. {Lw™—whw?} {1, -, w1} by (2.1) : ap = —1,
a1=2m—1,coz%
4. {1, —w 0w} @ {1,wt, - wilm-D} by (2.2) : ap = =,
a; = —1,C0 =0

Construction C : If w?* +1 # 0, w?+w+1 =0, w? —w+ 1 = O then the
following are an initial round for a T"Wh(p)

1. {1, —wjw, —w!} @ {1,w?, -+, wim-1} by (2.1) : ap = 2m + 1,
ay =2m+3,c0 =0
2. {1,&)_1; _whlﬁ_wm‘l} & {1,0.)4, e ’w4(m—1)} by (21) Qo = “1:
m—1

a; = —3,c0 = "5~

4.3 TWh(p) where p=9 (mod 16) is a prime

Proposition 4.3.1 Let p = 8t + 1 be a prime where t > 1 is odd and w be a
primitive root mod p. If ag, a1, a9, a3, co and ¢y are integers such that

1. ag,a1 + 1,a3+2,a3 +3 (mod 8) € {4,5,6,7} and are all distinct,

2. Yo =wh el = b 9=l o b where by+1,0y+2,b3+3  (mod 4) €
{1,2,3} and are all distinet,
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8co+1 T 8co-t-1 ag - , T Beo+1+4a ag — , T
3. wteTh — 1 = whn, w — W = W, wteo 1 — @ = ",

w8co+1+a1 —1 = wm’ w8c1+3 _ w2 — wma w8c1+3 . w2+a2 — LUTG,

whatdtes _ y2ban — 7 Battas )2 — ™ where {r;1=1,2,---,8} is
partitioned into two disjoint sets {ry1,r12, 713,714} U {ra1, ras, ras, 724} such
that ri1,1i0, i3, Tia are incongruent (mod 4) fori=1,2,

then the following tables form an initial round for a Wh(p)

(4.5.1)  {{Lweosuiotrt wioriral {2 2hee; Sats fatie g
{1,&)8, “ee ’ws(t_l)}.

Furthermore, if in 8 we restrict r1,ra,rs,r7 and ry,r4,76, 73 to be incongruent
mod(4) respectively then the table (4.3.1) forms an initial round for a TW h(p)

Proof. It follows from (1) that 0,a0,8¢co + 1,8¢c0 + 1 + @1,2,2 + ag, 8¢t +
3,8¢c1 4+ 3 + as are incongruent  (mod 8) so the elements in (4.3.1) are the non-
zero elements of Z, each exactly once, and the partner difference condition is

satisfied by Theorem 4.1.2. The opponent differences are

(A) (Wt — 1) {£1,4u®, -+, w201}

(B) (wieotltar _ a0y f] 408 .. 0801
() (wBa® — W) {1, w8, -+, £80Y)

(D) (w8c1-|—3+a3 _ w2-}-a2) . {:i:l, :I:wg, . ,:l:ws(t—l)}
(E) (Wit — o). {1, 0, -+ 2w

(F) (wWiottter — 1) {41, +0®, -+, 2507}

(G) (WBaH3 ey 4] 48 W8]
(H) (wiartdtas _ )2y M4 ] 40f . 203071

By the hypothesis w8+t — 1 = (om1, WBotl _ oo — yr2  yBeotltar a0 —
wTa’ w8c0+1+.5:1 -1 = wn, w8c1+3 _ w2 — w'rs’ w8c1+3 _ w2+a2 — wrg’ u)8-:1-*-L’>~{-c13 ___
wter = 7 Batdtar _ 2 — s where {r;;i = 1,2,--+,8} is partioned into
two disjoint sets {ri1,712, 713,714} U {ra1, 722,723, 724} such that r;, i, ris, ria are
incongruent  (mod 4) for : = 1,2. Suppose for example that r; = ry = 0,r3 =

rg = L,rs =16 = 2,r7 = rs = 3 (mod 4) then (A),(B),(C), (D) become
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) W {1, 48, £08EY
) w'a - {£1, dw?, - £wdDY
) wre - {£1, wd, -, £0801)
) W' {E] £l £
Since r; = 0,r3 = 1,r5 = 2,77 = 3 (mod 4), so (A) U (B)U (C)U (D)=
(AU (BYU (C") u(D")) = {w'i=0,1,---,8t — 1} i.e every non-zero elements
of Z, each exactly once. Similarly, for (£), (F'), (G), (H). Therefore the opponent
differences occur as non-zero elements of Z, each exactly twice.

In fact, the elements in (A) U (B)U (C)U (D) are the opponent differences of
1st kind and these in (E) U (F) U (G) U (H) are the opponent differences of 2nd
kind. so it is an initial round for a T'Wh(p).

Example 4.3.1 (a) TWh(41) with w = 26

1. a0=4, CL1:5, a2=11, a3=28, C():O, 61:2.

Le.{{1,whw!, w8}, {wh w3 w® W} ® {1,wd, -, W},

2. (1,0:4:, a1:6, 0’.2:27, a3=11, 60:0, 01:1.

Le.{{l,whw",w}, {w? w®; W W?}} ® {1,ws, -, W},

3. ap=4, a1 =6, a3 =35, a3 =3, co =1, ¢; = 1.

i‘e‘{{LwA; w93w15}7 {w27W37;w11’w14}} & {1aw8> e 10:)32}.

4, (10:4, a1:12, a2:4, G,3:12, 60:2, 61:2.

i‘e‘{{11w4;w175w29}7 {w2,w6;w19?w31}} ® {1)('”87 e ’w32}.

5. ap =4, a1 =12, ay =4, a3 =12, ¢c =3, ¢ = 3.

i'e'{{17w4;w25aw37}1 {w2>w6;w271w39}} ® {sta e ’waz}.

6. ap=4, a1 =12, a2 =36, a3 =28, ¢y =2 ¢; = 3.

Le{{l,whw',w?}, {ww®; w7 WP} @ {1,ws, -+ ,w?}.

7. (Eo=4:, CL1=12, C£2236, 013?-—28, Co=3, Cl=4.

Le ({1, whw?, w7}, {w?w®; w® WP} @ {1,u®, -, W)




50 CHAPTER 4. Z-CYCLIC TRIPLE WHIST TOURNAMENTS

8. ap=4, ap =21, a; =27, a3 =20, g =1, ¢; = 0.

e {{l,whw? W} {0, w?w’,w?}} @ {1,605, -, WP},

9. a0:4, a1:21, CI,2=37, a3=34, C():l, (31:1.

fe{{l,whw®, w?}, {w? W W, W} @ {1,0°% -+, W?}.

10. ap=4, a1 =28, a3 =4, a3 =28, co =0, ¢; = 3.

i'e'{{17w4;w1aw29}7 {MZ’w(S;wZ’?’wIS}} ® {17(")83 e 3(-‘)32}'
(b) TWHh(73) with w = 26,¢0 =¢; =0

1. Cl(]=4, (.11"—"13, a2:13, (1‘.3218, CQEO, 01:0.

i'e'{{17w4;w13w14}7 {w2’w15;w3’w21}} ® {17w81 e 7"‘)64}'

2. ag=4, a1 =29, ag =13, a3 =10, ¢g =0, ¢; = 0.

i'e'{{17w4;w19w30}3 {w2’w15;w37w13}} & {1)"‘"81 e Jw64}'

3. (10:4, (11:38, (12:3, ngll, C():O, 61:0.

Le.{{1,whw!,w¥®} {w? whw? w}} ® {1,u8, -, W},

4, ap =4, a1 =38, as =28, a3 =26, ¢ =0, ¢; = 0.

i‘e‘{{17(“"4; w17w39}3 {w21w305 wB’WZQ}} & {sta e aw64}'

5. ap=4, a1 =38, a2 =43, a3 =059, ¢ =0, ¢, =0.

o {1, whwl, w®}, {0, w W, W} @ {1,608, -,wH).

6. ap =4, a1 =38, az =44, a3 =26, ¢ =0, ¢ = 0.

i'e'{{1>w4; w17w39}7 {w2)w46;w3aw29}} & {1)(“)87 e 7w64}'

7. ag =205, a3 =06, az =50, a3 =67, cg =0, ¢; = 0.

i'e'{{la“‘-’s; wl,wT}, {w2,w52;w3’w70}} & {11"‘)85 te 7w64}'

3. CL025, a1243, a2=5, a3=43, Co=0, Cl=0.

Le.{{l,w%w!,w*}, {w?, w3, Wl @ {1,w8, -, Wb},

9. ap=09, a1 =43, a2 =29, a3 =67, =0, ¢; =0.

Le.{{l,w%w!,w"}, {w? ¥ w? w0} @ {1,w8, -, W},
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10. ap =5, ay =46, ax =68, a3 =49, ¢cc =0, ¢ =0.

i.e.{{l,MS;wl,w47}, {wQ,w’TD;wS’wSZ}} ® {1)w8> e 7w64}'
(c) TWHh(89) withw =6 and cg =0, ¢; =0

1. a0=4, a1=38, a2:68, a3:18, C(]:O, C1:0.

ie. {{1=w4;w13w39}’ {w27w7o;°"’37w21}} @ {11"‘)83 e :WBO}'

2. a0:4, a1:44, a2:4-, 0,3:44, C():O, Cl=0.

i'e'{{1)w4; w17w45}7 {w2’w6;w31w47}} ® {11“’8, e ,w80}'

3. ap=4, a; =44, ay =68, a3 =44, co =0, ¢; = 0.

i’e'{{1=w4;w1aw45}a {w27w70;w33w47}} ® {17"08) e ’wSO}.

4, O)o=4, a1=68, d2=53, (13:1]., C-():O, C1:O.

i'e'{{law4;w17w6g}u {wz’wss;wa,wm}} ® {l,wgp o ’wSO}.

5. Ct0=4, a1=68, 62:69, (13227, COEO, (3120.

i'e'{{13w4;w1’w69}a {w2’w71;w3,w30}} ® {]-awga o ,WSO}.

6. (10:4, CLIZGQ, (12:11, a3=36, Co=0, C]EO.

i'e'{{19w4;w17w70}: {w27w13;w37w39}} ® {1:“"87 e 1w80}‘

7. a0=4, a1:69, a2=53, (33234, C{)ZO, 01:0.

i'e'{{law4§ wl)o"?O}a {w21w55; w37w37}} @ {17“)81 T 7w80}'

8. (Lo=4, CL1=70, CLQ-T—59, (13‘227, 60:0, (2120.

Le.{{l,whw!,w™}, {w?, w3 w3} } ® {1,w8, -, w™}.

9. @ =205, a1 =38, az ="T4, a3 =67, co =0, ¢, = 0.

Le.{{l,w’w', w¥®} {w?w™w?w®}} @ {1,w8, +,w}.

10. a0:5, a1:51, a2:5, 0‘,3251, COZO, Cl=0.

Le{{1l,w’ w" w?}, {w? W w? W} @ {1,w’, -, Wi}
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Particular cases of proposition 4.3.1

Corollary 4.3.2 If ag = a3 = 4, ay = a3 = 4t and cg = ¢; = 0 then the
following games form an initial round for a TWh(p) provided that w* — 1 =
O, (w—1D(w*+1) =0, (w+1)(w*-1)=0:

(4.8.2) {1, 0w, —w}, {w? Wb W®, —0®} @ {1,008, Wi

Proof. Ifay=ay; =4, a1 = a3 =4 andecg=¢y =0thenay =4, a1+ 1=
5 a;+2 =6, ag+3 =7 (mod8). so the elements in (4.3.2) are non-zero
elements of Z, each exactly once.

For the partner condition, since w® = % wh =1, w" = 250 by = by

and b, =0 (mod 4). Therefore the condition b;+1, by+2, b3+3 #0 (mod 4)

and are incongruent force b, to be even. But 2 = O, so by is even if w? — 1 =[O

a4+l 4

For the opponent differences of 1st kind, since w™ =w—1,w"™ =w
W (W3 +1), w™ = Wi (w—1), w7 = W3 — 8 = W33+ 1), s0 7y, T3, 75, T7
are incongruent mod 4 if (w — 1)(w® + 1) = O.

For the opponent differences of 2nd kind, since w™ = w1 (w?® — 1), w™ =
W Z 1 = (w4 1), W = w® — Wb = W — 1) W = W =
w2 (w + 1), so ry, 74, Te, T are incongruent mod 4 if (w + 1)(w® —1) = O.
Corollary 4.3.3 Ifag=as =4t + 1, a1 = az3 =3, co = ¢; =0 then the games

(4.3.9) {1, ~w;w,w}, {w? —w?w?, 0wt} @ {1,w?, -, W31}
form an initial round for a TW h(p) provided that
w—1=0, (w-1DwW+1) =0, (w+1)(w®-1)=0.

Remark. The constructions in (4.3.2) and (4.3.3) are essentially the same
in the sense that a, b, ¢ and d occur in a table with different order. Therefore one
can be obtained from the other.

It follows from an unpublished result of G. McNay that the conditions
wt—1=10, (w—l)(w3+1) =0, (w+1)(w3—1) =0

which we require for the construction (4.3.2) hold for some primitive root w of p,
provied p > 2?4, Using PARI.GP, we have checked all p = 8¢+ 1, (¢ odd), p < 2?4,

and have confirmed that such w always exists provided p > 89. We thus have
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We tabulate appropriate w for each such prime p < 5000.

53

Theorem 4.3.4 For all prime p = 8t + 1, t odd, there exists Z-cyclic TWh(p).

(pw)=  (4L,no),  (73,n0), (89,6),  (137,5),  (233,27),
(281.19), (313,41),  (400,35), (457,52), (521.85), (569.3).
(601,11), (617,42),  (809,3),  (857,11), (937,69), (953,38),
(1033,60), (1049,39), (1097,11), (1129,68), (1289,12), (1321,13),
(1433,6), (1481,3),  (1609,35), (1657,11), (1721,12), (1801,87),
(1913,5), (2089,62), (2137,47), (2153,10), (2281,56), (2297,31),
(2377,31), (2393,20), (2441,99), (2473,35), (2521,34), (2617,14),
(2633,5), (2713,5),  (2729,27), (2777,13), (2857,29), (2950,60),
(2969,22), (3001,107), (3049,62), (3209,11), (3257,26), (3433,14),
(3449,44), (3529,115), (3593,17), (3673,43), (3769,44), (3833,12),
(3881,23), (3929,3),  (4057,17), (4073,28), (4153,51), (4201,218),
(4217,19), (4297,56), (4409,37), (4441,44), (4457,14), (4649,22),
(4729,47), (4793,14), (4889,24), (4937,21), (4969, 38).

Pro

position 4.3.5 Let p = 8t + 1 be a prime where t > 1 is odd and w be a

primitive root mod p. If ag, a1, az,as, co and e¢; are integers such that

1.

2

ag,a1 + 1,as +2,a3+3 (mod 8) € {4,5,6,7} and are all distinct.
a1 g a2 1 431
T = bl,---—-xao_l = wh, e = w?, where by+1,b,+2,b3+3 (mod 4) €
{1,2,3} and are all distinct.
w801+3 . 1 —_ w?‘l’w801+3 _ wa.o — w'r‘z, w801+3+a3 _ wa() — U)TS, w8c1+3+a,3 _
_ 8co+1 2 _ Beo+1 2+ay _ 8co+1+ 240z _
1_wr4’wm+ —_—w —wrf’,wc"'*' ,_w+42__w7'6’w00+ a1 __ (petar —

W', whottar 2 = " where {ry;i = 1,2,--+,8} is partitioned into two

disjoint sets {ri1,712, 713, r14 } U{r21, 722, 723, 724} such that ri1,ri2,7i3,7i4 are
incongruent  (mod 4) fori=1,2

then the following table forms an initial round for a Wh(p)

(4.3.4) {{1, w0 WP+

8ec1+3+ag }’ {w2, w2+a2 : L()BCO+1, w860+1+a1 }}@

{l’ws, P ’ws(t_l)}'

Furthermore, if in (8) we restrict ri,r3, 5,77 and rq, 74, 76,73 to be incongruent
mod(4) respectively then the table (4.3.4) forms an initial round for a TW h(p)

Example 4.3.2 TWh(41) with w =19

1.

ao=4%4, a1 =95, a3 =95, ag =18, ¢cc =3, ¢ =0.
i‘e’{{15w4;w37w21}1{w2aw7;"‘)257w30}} @ {1,“‘)81"'7{")32}‘
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2. (10:4 CL1=5 a2:13 a3:26,C0:4,C1:2.
Le{{l,w w® w’}, {w? w® w3 w®}} @ {1,wd, - w3}

3. ag=4, a1 =12, a3 =36, a3 =12, ¢c =0, ¢ = 0.
e {{Lwh e, 0}, (w7, W™ 6w @ (1,65, W),

4, ap =4, a1:13 a2:5,a3:26 co=4, ¢, =2.
te.{{l,w%w'? W'}, {w?, W’ w® wb}} ® {1, -, w3}

9. ap=4, a1 =13, ag =13, a3 =18, ¢c =0, ¢; = 0.
i'e'{{law4§w37W21}a {wzawls;wlawm}} ® {st’ T nw32}'

6. ap=4, a3y =21, a3 =37, a3 =18, ¢g =0, ¢; = 0.
i'e'{{17w4; w37w217 {w27w39;w1,w22}} & {st’ e 7w32}'

7. a0:4, a1=28, a2=4, 0,3212, CQ=2, C1=0.
i'e'{{l’w4; w3,w15}, {w2,w6;w17’w5}} ® {13"‘)87 e :""’32}'

8. a0=4 Cll:?){) a2=27 a3=19 C():O 61:3.
Le.{{l,w* w?, 0}, {w?, w?w,w}} @ {1,w8, -, w3},

9, a0=4, (1,1:36, (12:13, (l-3:19, CDZZ, = 1.
i'e'{{13w4;w11»w30}3 {w27w15;w17aw13}} 2 {17(")87 e a(“)32}'

10. ao=5, a1 =3, ay =37, as =27, co =3, ¢; = 0.
Le{{l,w’w? W} {w? w3 w? WwB}} ® {1,ws, -, w*}.

Proposition 4.3.6 Let p = 8t + 1 be a prime where t > 1 is odd and w be a
primitive root mod p. if ap, @y, az,as,co and ¢; are integers such that

1. ag,a1+ 1,83+ 2,a3+3 (mod 8) € {4,5,6,7} and are all distinct.

2. o=l = b wsl = b Wl = b where b+ 1,b24+2,05+3  (mod 4) €
{1,2,3} and are all dzstznct

3 wr—1l=w", wr—w =wr, W YW = Y YT ] = it
w801+1 — wrs’ w801+3 . w8c1+1+a1 — w?"ﬁ’ w8c1+3+a3 _ w8c1+1+a1
w801+3+a3 _ wscl-i-l

= '
= w" where {r;;1 = 1,2,---,8} is partitioned into two
disjoint sets {ri1,712, 713, T4} U{ra1, 722, Ta3, 724 } such that ri,riz,ris, T4 are
incongruent  (mod 4) fori=1,2
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then the following table forms an initial round for a Wh(p)

(4'3)' 5) {{1, wao;wz, w2+a2 }, {wSCo-i-l , w800+1+a.1 : U)861+3,w861+3+a3}}®

{1,(4{)8, e ,wS(t——l)}.

Furthermore, if in (8) we restrict r1,7r3,7s5,77 and ry,r4,76,78 to be incongruent
mod(4) respectively then the table (4.8.5) forms an initial round for a TWh(p).

Example 4.3.3 TWh(41) with w = 26

1.

10.

(1024, a1=12, a2=2(}, a3320, ng_—O, 01:3.

e {1, wh w07}, fwl, 0% W, 0T} @ {1,wt, W),

ap =4, a1 =12, a3 =20, a3 =20, cg=1, ¢, = 4.

i.e.{{l,w4;w2,w22}, {wg,w21;w35,w15}} ® {]-sta e "‘-’32}-

a0:4, CL1:127 CL2“—"20, C13‘—“20, Cg=2, C1=0.

e ({1,085 0%, w2}, {0l W W, WP} @ {1,008, w2},

ao=4, a1 =12, a3 =20, a5 =20, co =3, ¢; = 1.

e {{1,whw?, w2}, {w? W Wl W)} @ {1,w’, -, w?),

a0 =4, a1 =12, a3 =20, a3 =20, ¢ =4, ¢ = 2.

i.e.{{l)w4;w2,w22}’ {(.4)33,(.()5;&)19,",«)39}} ® {1,(.&)8, - ,(.032}.

ap =4, a3 =28, a; =20, a3 =20, ¢ =0, ¢; = 4.

i'e‘{{17w4;w23w22}3 {wl,wZQ;wSS’wls}} & {13(“)38) e 7w32}°

ap =4, a1 =28, a3 =20, a3 =20, ¢cc =1, ¢; =0.

i'e‘{{1=w4;w27w22}a {w91w37;w37w23}} 2 {1>w87 e aw32}'

60:4, (11:28, (LQIZO, (L3:20, 60:2, 61:1.

i'e'{{lawtl;wQawm}: {w17,w5;w11’w31}} ® {19“"’38, e aw32}'

ao=4, a1 =28, a; =20, az =20, ¢g =3, ¢; = 2.

e {{l,w w?, w2}, {w?, w3 w? Wit @ {1,w8, -, w3}

60:4, a1:28, (12:20’ G/3:20, CD:4:, 61:3.

e ({1, 0 w?, w2}, (W, 0w, W} @ {1,w®, - W),




56

CHAPTER 4. Z-CYCLIC TRIPLE WHIST TOURNAMENTS

Proposition 4.3.7 Let p = 8t + 1 be a prime where t > 1 is odd and w be a
primitive root mod p. If ao, a1, aq,as,co and ¢y are integers such that

1.

2.

ag, a1+ 2,a2+4,a3 +6 (mod 8) € {1,3,5,7} and are all distinct.

w1 —1

T = wbl,ﬁzzj = wh, 1%2:—1 = wb where by+1,by+2,03+3 (mod 4) €
{1,2,3} and are all distinct.

3. wSC°+4 —1 = w”, w8c0+4 — W — wm’ w800+4+a2 — W = w”, w8cn+4+ag _

T 8c146 2 7 8ei+6 __ , 24a1 . 7 8ci+6+4as __ ,,24a1
1 = wh, W™ —w* = W', W WM = e oA P — T =
W', wietetas _ )2 = ™ where {r;;i = 1,2,---8} is partitioned into two
disjoint sets {ri1, 712,713,714} U {ra1, 722,723, 724} such that vy, riaria, riq are
incongruent  (mod 4) fori=1,2

then the following table forms an initial round for a Wh(p)

(4.3.6) {{1, w0 8ot w800+4+a2}, [w?, whter; B H6 Satbrallg

{1’,'.,,_;8, e 7w8(t_l)}'

Furthermore, if in (3) we restrict r1,7r3,75,77 and r9,74,76,78 to be incongruent
mod(4) respectively then the table ({.3.6) forms an initial round for a TWh(p)

Example 4.3.4 TWh(41) with w = 26

1.

a0:5, a1:5, (E2:15, (I3:27, 00:2, 61:0.

Le{{l,w’w®, W}, {0, W W’ W} ® {1,605, WP},

G0$5, CL1:“15, CE2=27, a3=5, CDEO7 01:2,

i‘e‘{{17w5;w4aw31}1 {w21w17;w22»w27}} Q@ {1:(")8) T aw32}'

0,9:5, a1:l7, (12:13, a3:33, C[):l, 01:2.

i.e.{{l,uﬁ; leaw%}a {w2’w19;w22,w15}} ® {1,w8, tee ,w32}.

0025, 01233, a2=13, a3=17, Coﬂl, 01:2.

Le{{1,w%w w?} {w?, w®; L% WP} ® {1,wd, -+, w3},

a0=5, (l1‘:—‘37, ag:23, a3=19, Co=2, 0124.

i'e‘{{laws; w203w3}a {w2,w39; (""381(“)17}} ® {15"‘)87 e 7w32}'

(10:7, (1,1:7, a2=15, a3=15, CQ“‘—“O, 01=0.

i'e'{{l"")?; w4yw19}a {wzawg;weawﬂ}} & {11"‘)8’ e ,sz}.
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7. ag =17, a1=17, ay =15, az =15, cc =3, ¢ = 3.

i'e'{{11w7;w281w3}7 {w2)w9;w307w5}} ® {17w8a e 1w32}'

8. ap=1T, a1=9, aa =28, az =27, cg =0, ¢; = 2.

i‘e'{{law7; W47W29}5 {w2aw11;"‘-’225w9}} ® {17w87 e ’wgz}.

9. CLO=7, (1,1:15, (122-“15, a3:7, CQZO, 61:4:.

Le.{{l,w;w! w®} {w? W W W} ® {1,w8, -, W3},
10. a0:7, G/1:15, (l2:]_5, 0,3:7, 00:3, 61:1.
i'e'{{17w7;w285w3}7{w27w17;w147w21}}® {1,w8:"‘3w32}'

Corollary 4.3.8 Ifap = a1 =5, az = a3z =4t + 1, co = ¢y = 0 then the games

{{1’w5;w45 _WS}, {w25w7;w6a _w7}} & {17(-08 Tt 7(»’8(#—1]}

form an initial round for a TWh(p) provided that

wt—1=10,

W+ D' —1) £0,

Proof. The same argument as Corollary 4.3.2

We tabulate appropriate w for each such prime p < 5000.

(w—1D{w®+1)#0.

(p,w) = (41,n0),  (73,31), (89, no), (137,n0), (233,20),
(281,24), (313,31), (409,140), (457,n0), (521,28, (569,12),
(601,55), (617,17), (809,31),  (857,11),  (937,45), (953,20),
(1033,69), (1049,68), (1097,11), (1129,174), (1289,13), (1321,85),
(1433,17), (1481,42), (1609,43), (1657,45), (1721,12), (1801,19),
(1913,13), (2089,11), (2137,10), (2153,5),  (2281,68), (2297,35),
(2377,13), (2393,6), (2441,17), (2473,5),  (2521,19), (2617,14),
(2633,5), (2713,5), (2720,30), (2777,34), (2857,22), (2950,63),
(2969,15), (3001,26), (3049,47), (3209,24), (3257,12), (3433,31),
(3449,6), (3529,37), (3593,12), (3673,43), (3769,11), (3833,6),
(3881,23), (3929,12), (4057,10), (4073,10), (4153,31), (4201,23),
(4217,14), (4297,74), (4409,127), (4441,21), (4457,5), (4649, 44),
(4729,55), (4793,24), (4889,31), (4037,53), (4969,73).

Proposition 4.3.9 Let p = 8L + 1 be a prime where t > 1 is odd and w be a

primitive root mod p. If ag, a1, aq, a3, ¢y and ¢, are integers such that
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1. ag,a1+ 2,03+ 4,a3+6 (mod 8) € {1,3,5,7} and are all distinct.

2. Z—Zg—'_% = b w22l by wol wb, where by +1,by+2, b3 +3 (mod 4) €

) 90 —1 " % —1

{1,2,3} and are all distinct.

S wi—1=w", w?—wW =, VT o =, WPta ] = T, W8S

w8c0+4 — wrg,’ w801+6 _ w8c0+4+a2 — w”ﬁ, w8c1+6+a3 _ w800+4+a2 o wr-,-’
wlatbtas _ Beotd — yrs yhere {ri;1 = 1,2,--+,8} is partitioned into two
disjoint sets {r11, r12, 13, 714} U{T21, P22, T23, raa } such that ri,r,7i3, 7ia are
incongruent  (mod 4) fori=1,2

then the following table forms an initial round for « Wh(p)

(43 7) {{1’ wao;wZ’ w2+a1}’ {w8c0+4’ w8c0+4+a2 : w8c1+6’ w8c1+6+a3}}®

{lawsa T awa(tﬁl)}'

Furthermore, if in (3) we restrict r1,73,7s5,77 and r9,74,76,7s t0 be incongruent
mod(4) respectively then the table (4.3.7) forms an initial round for a TWh(p)

Example 4.3.5 TWh(41) with w = 26

1. a0:5, Cl.l-_—15, a2:39, (13:1, C():l, 61:0.

i'e'{{la"‘)E; wlo}w%}a {w4,w3;we,w7}} ® {11‘-‘)8: e a""’32}'

2. a0=29, a3 =15, az =39, a3=9, ¢ =1, ¢t = 3.

i'e'{{laws;wm:wzs}a {w4,w3;w30,w39}} & {17(")8’ . ,LUSZ}.

3. CLO=5, 01:17, CL2:11, CL3—"‘—27, C():O, 61:4:.

i.e.{{l,ws;w2,w19}, {w4aw15;w385w25}} ® {sta e 7w32}'

4. (10:5, 031”‘—‘].7, (l2:1.9, (13:3, Co'——(}, Cl=4.

i'e'{{laws;w27w19}> {w4’w23§w38)w1}} ® {lawsu e aw32}'

5. a0=5, 01:29, (1,2:31, (1.3:27, 60:1, 61:4.

fe{{1,wf W W), {wh w; w3, W @ {1,w?, - -, w2}

6. ap =05, a1 =33, ax =13, a3 =9, ¢co =2 ¢; = 4.

Le.{{l,w%w'® W'}, {w" W™ w® W}l ® {1,w®, - W32},

7. a0=0>5,a, =33, a2=13, a3=9, co =4, ¢ = 1.

e ({1, w5 W, wT), {uwt, Wi w0, 0P} @ (1,68, - W),
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8. 0',0:7, (11:9, (12:17, a3=3, 60:3, 61:4.

e { {1,075 W%, 0%, {wt, Wt W, w1} @ (1,08, w2},

9. a9 =T, a1 =17, az =17, az =3, co =0, ¢y = 4.

i'e'{{17w7;w2’w19}1 {w4sw21; w381w1}} ® {13‘-‘)8? e :WBZ}'

10. ap =17, ay =35, az =31, a3 =27, cg =2, ¢; = 4.

Le.{{l,w’w i} {w!,0®; 0™ w?}} @ {1,0%, -+, W},

Proposition 4.3.10 Let p = 8t + 1 be a prime where t > 1 is odd and w be a
primitive root mod p. If ap, a1, az, a3, co and ¢; are integers such that

1. ag,a1+2,a; +4,a3+6 (mod 8) € {1,3,5,7} and are all distinct.

2, wi=bl — b @Bl b @Bl s where by+1,b,42,b3+3  (mod 4) €

w0 —1 7 w®0 —1 ? w0 -1

{1,2,3} and are all distinct.

5). w8c1+6 _ 1 — le,wSCl-I—G — % = («()T21 w861-|—5+a,3 — W = wrg’ w801+6+a3 _
1 — w'r,;, w8c0+4 . w2 — wrs, w800+4 . w2+m1 — w’"G, w8c0-|—4+a2 o w2+a1 —

W', Wittt )2 = " where {ri;4 = 1,2,---8} is partitioned into two

disjoint sets {ri1, 712,713,714} U {7ra1, 722,723, 724} such that ri1, riaris, ria are
incongruent  (mod 4) fori=1,2

then the following table forms an initial round for a Wh(p)
(4'3. 8) {{1, w&u : w851+6’ w8c1+6+a.3 }’ {w2’ w2+a1 : w860+4) w800+4+a2 }}@

{17[&)87 . )wB(t—l]}'

Furthermore, if in (8) we restrict ri,r3,75,74 and re,r4,7¢,73 are incongruent
mod(4) respectively then the table (4.3.8) forms an initial for a TW h(p)

Example 4.3.6 TWh(41) with w = 26

1. a0=5, a1:9, (12:11, a3:27, COZ]., 01:2.

Le{{l,w%w" wi} {w? W W w?}} @ {1,0%, -, W}

2. G.o-—_-5, (11:15, 032:31, G3=17, c0=0, (31=3.

i'e'{{}-’ws;waaw%}: {(")27"‘)17;"‘"28"")19}} ® {1)""87 e "")32}'

3. 030:5, 01:17, (12:11, CL3:27, C():O, 61:3.

e {1, w’wh, w3, {w?, W' w?B WP} @ {1,w8, -+, w32},
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=205, a1 =29, a2 =29, a3 =21, cg =3, ¢, = 0.

i'e'{{laws;wsoawll}a {w21w31; w43w33}} ® {1>w87 e 7w32}’

60:5, a1:29, a2=31, 63:27, Cozl, C1'—’-‘—2.

i'e'{{lvws;wl4aw1}1 {w2’w31;w20,w11}} ® {1?0‘)8, e uw32}'

ag =15, ay = 3T, ay =23, az =19, co =4, ¢, = 4.

i'e'{{laws;w381w17}) {w2vw39; w36’w19}} ® {17w8a et 5w32}‘

0025, a1==37, a2=23, (13335, Co=3, C1:4:.

i'e'{{laws;wsovwzs}s {wz,wsg; wSG’ w19}} ® {17""’87 e aw32}'

ag="5, a3 =37, a3 =31, a3 =19, cg =2, ¢; = 3.

Le{{l,ww?, w'}, {w?,w?;w? W} @ {1,u8, -+, W2}

a0:5, CL1237, (7.2:39, 0,3219, CO::O, ¢y = 2.

i.e.{{l,w5;w6,w25}, {w2’w39;w20’w19}} ® {17“)87 e 7w32}'

ag*—*7, O‘,lﬁlg, ag"—'—"?)l, a3=27, Co=3, C]'"-:“]:.

i'e'{{law7;w307w17}a {w2aw21; w369w27}} @ {13 ws’ T aw32}'

4.4 TWh(p) where p=2F+1, t>1, k>1

Finally to deal with the general case, we give two examples of the constructions

for TWh(p) where p = 2¥¢ 4+ 1, t > 1, k > 1 where ¢ is odd integer.

Proposition 4.4.1 Let p = 2*t41 be a prime wheret > 1 be odd, k > 2 integer,
d=2F m=21 n=2"? agnd w be a primitive root mod p. If ag,ay, "+, Gm_1
€0,C1, " ,Cn_1 are integers such that

1.

a;+17 (modd) € {m,m+1,---,d— 1} and are all distinct for
i=0,1,,m 1.

Gy . . . .
u“ja(',__i = wb, where b; + 1 are incongruent mod m fori =0,1,---,m — 1.
wdci+(25+1) _ wZi — wr4i+1,wdcg+(2i+1) _ wZ'H—ag.‘ — wr4;+g,wdc¢+(2i-§-1)+a2,‘+1 .
w2i+a2; — wT4§+3,wdC§+(2’i+1)+a2|‘+1 — w?‘i — w'l‘4i+4, fo.r i — 0’ 1’. e, n— ]_

where {r;;1 = 1, 2,--+, d} is partitioned into two disjoint sets {r1;Jj =
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L2,--- ,m}U{ry;;7 = 1,2,---,m} such that r;;;7 = 1,2,---,m are in-
congruent  (mod m) fori = 1,2 respectively.

then the following table forms an initial round for a Wh(p)

(4'4‘1) {{1,wao;w460+1’wd00+1+01 }, {w2’ w2+a2;wdcl+3) wdc1+3-|—a3 }7 e

{w2’n,——27w2n-—2+a,2n~_2;wdcn-l-??i.—l ’ wdcn+2n~1+a2n_1 }} ® {1,wd, . ’wd(t*—‘l)}-

Furthermore, if in (3) the partition is restricted so that {r; 1 = 1,2,---,d}
={rgi-1;t = 1,2, ,m} U{ra;i = 1,2,---,m} where, in both sets, the num-
bers are incongruent mod (m), then the table (4.4.1) form an initial round for a

TWh(p)

In particular, if we choose ay; = "?—“;—1 =mt+ 1, agiy; = a1 and ¢; = 0 for

t=0,1,---,n — 1 then the games becomes

{1, —w; w,wtu}, {w?, —wa;w?’,w?’“l}, e

In—2 2n—1, 2n—1  2n—l4a d d{t—1)
{UJ y —W W y W }®{1>w:""w }

Since ag; + 2¢ = mt + 2i + 1 are odd, this forces ag;yq +2:1+1 =a; + 21+ 1
to be even, so a3 =m — 1 (mod d). Therefore there are ¢ candidates for ay.

The partner differences are

(w+1)- {1, 2w?, -, £ 2} ® {Lwd, -, w1}
(Wh — 1) {dw, 4w, - £ 1} @ {1,wd, -+, Wit}

The opponent differences of 1st kind are

(0= 1) {1, o a2} © {1, D)
(W + 1) - {dw, +wd, -+ Fw 1} @ {1,wd, -, w1

The opponent differences of 2nd kind are

(Qw) . {:I:l, j:w27 Ce ’j:w2n—2} ® {1;,Wd7 L. ,wd(t_l)}
(wa‘l'i']- - 1) ! {:I:W, :}:ng T ,ﬂ:w2n—1} ® {1,wd’ e ’wd(t—-l)}

Therefore a TWh(p) exists provided that there exists w and @y = 2! — 1
(mod d) such that

i) 2wmtt—1)=0
(4) () (wt 1)t -
(727) (w—1)(w™ +
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Remark: 1. If £ =3 and ay = 3 then it is Corollary 4.3.2
2. If £ > 3 then (i) is replaced by w1

Example 4.4.1

above three conditions in (A); where * denotes a; # 2°~1

(mod d).

(p7 ay, w) -
(97, 79, 5)
(241,7,7)
(433,7,7)
(577,31,21)
(769,127, 14)
(1009, 7,11)
(1249,271,7)
(1489, 7,21)
(1777,7,20)
(2081,15, 6)
(2273, 15, 5)
(2657,15,17)
(2833,7,51)
(3121,7,7)
(3329,127, 22)
(3761, 7, 22)
(4129, 15, 53)
(4289, 31, 6)
(4561,7,67)
(4801, 31,71)
(5081, 59, 3)
(5233,119,10)
(5393, 87, 3)
(5521, 359, 11)
(5689,3,11)
(5857,47,7)
(6073, 59,17)
(6217, 43, 5)
(6353, 135,3)
(6481, 135, 7)
(6569, 75, 3)

— 1 =0, since 2 = .

We list some examples of p,a; and w which satisfy the

(41, no)
(113,7,21)
(337,199, 10)
(449, 31,17)
(593,7,41)
(881,79, 14)
(1153, 63, 76)
(1297,7,15)
(1553,7,5)
(1873, 7, 10)
(2113,31,5)
(2417,7,6)
(2687,63,39)
(2897,7,13)
(3137, 31, 62)
(3361,15,119)
(3793,7,7)
(4177,7,31)
(4337,7,21)
(4657, 17,30)
(4817,7,29)
(5113,75,19)
(5273,27,3)
(5417,67,3)
(5569, 1695,13)
(5737,3,5)
(5881,139, 31)
(6089,83,3)
(6257,39,3
(6361,59,1
(6521,43,6
( 5

)

9)

)
6577,23,5)

73,+11,31)

(

(

(353, 15, 3)
(457,3,52)
(641, no)
(927,15, 35)
(1201,7,71)
(1361,7,3)
(1601, 31, 853)
(1889, 15, 6)
(2129, 7,75)
(2593,15,7)
(2753, 31, 10)
(3041, 15, 46)
(3217,7, 23)
(3617,15,12)
(3889, 7, 38)
(4241,7, 28)
(4481, 63, 3)
(4673,31,3)
(4993, 63, 35)
(5153,79,5)
(5281, 175, 5)
(5441, 95, 3)
(5641, 67, 14)
(5801,139,10)
(5897,123, 3)
(6113,47,3)
(6329, 99, 3)
(6449, 55, 3)
(6529, 63,7)
(6673,39,5)

—1 but ay =251 -1

(89,3,6)
(193,31, 5)
(401,7,3)
(521, 3,85)
(673,15,11)
(977,7,24)
(1217,31,3)
(1409, 63,27)
(1697,15,13)
(2017,15,19)
(2161,7,53)
(2609, 7,27)
(2801,7, 13)
(3089, 7, 15)
(3313,7,85)
(3697,7,5)
(4001,15,17)
(4273,7,97)
(4513,15,82)
(4721,7,6)
(5009, 343, 3)
(5209, 59, 17)
(5297,23,3)
(5449,43,7)
(5657,11,3)
(5849, 3,3)
(5953, 95,7)
(6121,43,7)
(6337, 287, 10)
(6473,11,3)
(6553, 115, 10)
(6689, 79, 3)

We have extended this list by computer up to p = 160997.
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Proposition 4.4.2 Let p = 2¥t + 1 be a prime where t > 1 odd, k > 2 integer,
d=2F m=21 n =22 and w be a primitive root mod p. If ag,a1," -, Gm-1,
Co,yC1y 4 Cn1 are integers such that

1. a;+2: (mod d) € {1,383, --,d—1} and are all distinct fori =0,1,-+-,m—

1.
ay __ . . . . .
2. 22=Ll = Wb, where b +2i # 0 (mod m) and are all distinct for i =
1,2, m—1.
3. wdc¢+m+2i _ w2i — ww4;+1, wdcg+m+2i+an+; . w2£+ag — wm,'.;_s,
wdc;+m+21 _ w22+a; — LUMH‘Z, wdc,’+m—{—21+an+;) _ w21 — wrg(+4, fOTi —

0,1,---,n—1 where {r;;1 =1,2,---,d} is partitioned into two disjoint
sets {r1 57 = 1,2,---,m} U {ro;;7 = 1,2,---,m} such that the rij; j =
1,2,---,m are incongruent (mod m) for ¢ = 1,2 respectively.

then the following table forms an initial round for a« Wh(p)
(442) {{w%, w2i+a¢;wdc;+m+2i’wdc.‘+m+2i+an+i}} ® {17wd7 . ,wd(t——l)}'

where t =0,1,-++,n — 1.
Furthermore, if in (3) the partition is restricted so that

{THZZ 1,27"')d} ={7'21-_.1;@'=1,2,---,m}U{r2i;z’= la?’a"')m}

where, in both sets, the numbers are incongruent (mod d), then the table (4.4.2)
form an initial round for a TWh(p)

In particular, if we choose any; = %, a; = ag, for ¢ = 0,1,---,n — 1 then

since w2 tanti = ymA2iEmitl — _,;m+2i+1 the games become
{{wZz’w2z+a0;wm+21’ _wm+21+1};i = 0> 1) e, — 1}} ® {17wd7 e 7wd(t—1)}

Furthermore,since any; +2(n +4) = 2814 4+ 1+ 2+ 2 = 2 + 1 (mod d) for
i=0.1,---,n~1. Condition (1) forces a;+2: (mod d) € {m+1,m+2,---,d-1}
for i = 0,1,---,n —1. Thus ag = a; 7 =1,2,---,n— 1 implies ap = m + 1
(mod d).

The partner differences are

(wﬂo — 1) . {17w2, ce ,w%—?} ® {:}:1, iwd,' . ,ﬂ:wd(t-—l)}
(w+ Dw™ - {1,w?, -, w22} @ {£1, dw?, -+, L1}

So we need (w* — 1)(w + 1) # 0.
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The opponent differences of 1st kind are

(W™ —1) - {1,w?, -+, w2} ® {*1,+w?, - -, FwiC-1}

(w'm-i-l + wao) . {1’w2, . ’w2n—2} ® {:tl, :I:wd, . ’:twd(t-«l)}
So we need (w™ — 1)(w? + w™tt) £ [
The opponent differences of 2nd kind are
(wm—{-l + 1) ' {1,&)2, e 7""’271;2} & {:tl7 iwda i) iwd(twl)}
(wao - wm) ’ {szu e ,w2n—-2}} ® {i]-: :l:wda e 7iwd(t_1)}

So we need (W™t + 1)(w® —w™) # O

Therefore a TWh(p) exists provided that there exists w and ag = 287! + 1
(mod 2F) such that

() (@D -1)#0
(i) (@7 = 1w+ 20
(5 )7+ e W) 20

(B)

Example 4.4.2 We list some examples of p, ag and w which satisfy the three

conditions in B:

(p, ag,w) = (41,%13,6),  (73,5,31),  (89,%13,14),  (97,17,5),
(113,9,29),  (137,%13,5), (193,33,5),  (241,9,7), (337,9,19),
(353,17,3),  (401,9,17),  (433,9,7),  (449,33,6),  (457,%13,15),
(521,5,28),  (577.33,45), (593.9.5),  (64L,+103,12), (673.17,30),
(760,129,42), (881,9,3),  (927.17,13), (977.9,13),  (1009,9,11),
(1153,65,166), (1201,9,37), (1217,33,7), (1249,17,33), (1297,9,62),
(1361,9,16),  (1409,65,67), (1489,9,52), (1553,9,6),  (1601,33,14),
(1697,17,7),  (1777,9,33), (1873,9,10), (1889,17,67), (2017,17,35),
(2081,17,6),  (2113,33,55), (2129,9,24), (2161,9,38),  (2273,17,14),
(2417,9,10),  (2593,17,45), (2609,9,12), (2657,17,17), (2687,65,57),
(2753,33,5),  (2801,9,12), (2833,9,10), (2897,9,3),  (3041,17,46),
(3089,9,26),  (3121,9,17), (3137,33,19), (3217,9,69),  (3313,9,30),
(3329,129,12), (3361,17,86), (3617,17,5), (3697,9,5),  (3761,9,6),
(3793,9,31),  (3889,9,33), (4001,17,22), (4129,17,65), (4177,9,31),
(4241,9,39),  (4273,9,68), (4289,33,7), (4337,9,21),  (4481,65,17),
(4513,17,29), (4561,9,85), (4657,9,41), (4673,33,5),  (4721,9,54),
(4801,33,19),  (4817,9,11), (4993,65,19).
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4.5 Composition theorem for TWh(4n + 1)

In this section we show how to construct some TWh(4n + 1) where 4n + 1 is a

composite integer.

Theorem 4.5.1 Let p = 2™t + 1 be a prime where t s odd. Suppose that «
Z-cyclic TWh(p) exists. Then a Z-cyclic TWh(p™) exists for any positive integer
n>32

proof. We prove it by induction. Let w be a primitive root mod p? then it is a
primitive root mod p™ for all n. Suppose that a Z-cyclic TWh(p) exists with an

initial round games
aj; bs. ¢y div. 1.2 2771——2t
{{w y Wy W, W }:]_ YLyt Ty }

where a;, b;, ¢;, d; j = 1,2,---,2™ %t are incongruent mod (p — 1). Sup-
pose that a Z-cyclic TWh(p™™!) exists with initial round games I(p"~1). We
decompose Z,n as follows

Zyw =PUEU{0}

where P = {2z € Zyn;p | 2,2 # 0}, E = {z € Zyn;pta}. Then |P|=p" ! —1
and |E| = q{)(pn) — thp"_l — Qmu’ say.

Observe that E can be written as a cyclic set
E={l, w, W - 0?1},

Let £ be decomposed as £y U Fy U Es,- -+, Eyn1 where

El :{17("))"‘)27"')(")1)-2}

£, — {wp—l, wp,wpﬂ’ - ,w2p~3} — wzo—lE1

E; - {w2(?’“1),w2(p"1)+1,wz(?"l)“, . ,w3(p—1)—1} = WUV R,

B = {w(:o"”l—l)(iv—l), w(p“"l—l)(p~1)+1’ e ’wp”‘l (p—1)~1} = "D

If each E; (7 = 1,2,---,p" ') is considered as mod p, it is in fact the power

sequence 1, w, w?, -+ ,wP?  (mod p). We claim that the games

(A)  {{w, 0 w%,wh ) §=1,2,- 27} @ {1,wP L, W DY
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satisfy the conditions to be an initial round for a Z-cyclic TWh(p™) on E.
Since {{w®,wb;w% w¥h}; j =1,2,--+- 2™"2¢} are games of an initial round

for a TWh(p) so
L. aj, b, ¢j, dj (j =1,2,-+-,2™2¢) are incongruent mod (p — 1).
2. the partner (resp. lst, 2nd opponent) differences arising from {{w®,w";
W whils g =12, 2™~21} occupy incongruent positions mod (p — 1).
It follows that

1. the elements in (A) are the elements of £ each occurring exactly once,

2. the partner(resp. Ist, 2nd opponent) differences arising from w/(®~1E,
j=1,2,-++,p"!, occupy incongruent positions mod p"~1(p — 1).
Therefore the partner and triple-whist tournament conditions are satisfied, and

for an initial round of a TWh(p™) we take games in (A) union p- [R(p"™}).

Examples 4.5.1
(a) If p = 29, w = 19 then as showed in Example 4.2.1.(a).(1) the following

games form an initial round for a TWh(29),
(1,07 0,0} @ {1, ,w?)
and w = 19 is also a primitive root mod 292, Therefore
29 - {{1,w? w,w’} @ {l,w*,---,w*} (mod 29)}U
{{1,0% w,w} @ {1,w!, -+, W%}  (mod 841)}
is an initial round for a TWh(841).

(b) If p = 41, w = 26 then as shown in Example 4.3.1.(a).(1) the following

games form an initial round for a TWh(41),
{{{17w4;waw6}’ {w25w13;w19’w7}} ® {170"8’ e ’w32}

and w = 26 is a primitive root  (mod 1681) also. Therefore

41 - {{{1, 0" w,w®}, {0, ' w? W} ® {1,u8, -, w*} (mod 41)}
UL w0, w8, {01,089, 0T} @ {1,6%, ™) (mod 1681)}
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is an initial round for a TWh(1681).

Lemma 4.5.2 Let p = 2™ty + 1, q = 2™, + 1 be primes where ty, t, are odd
integers, my, mq are integers > 1. Let v = p™ g™ where ny, ngy are integers, w
be a primitive root of both p* and ¢*, g.c.d {p™~(p—1), ¢~ (g~ 1)} = 2e and
p"~Hp — 1)¢™ (g — 1) = 2de. Then there exists an integer x = 1 (mod p)
such that

1. the 2de integers w'z’ (s =0,1,-+-,d—1;i=0,1,---,2e — 1) constitute a
reduced residue system mod (v) .

2. 2% =w¥ (mod v) for some integer u 0 <u <d—1 and 2™t | u.

3. If my = my then wt = —1 (mod v).

4. If mq # my then 2° = —wF (mod v) where k is even and w* # —1
(mod v) for all s.

5. If mi # my and my = 1 then we may choose y such that y° = —w"

(mod v) where h is odd.

Proof Let z, y be a pair of integers satisfying the simultaneous congruences

(A) { z 1 (mod p™) { y =w (modp™)

w (mod ¢™2) y =1 (mod ¢™)
That integers z, y exist is assured by the Chinese Remainder Theorem.

Since p and ¢ are primes, we have 2y = w (mod pg). Since w is a common
primitiveroot of p* and ¢2, so it is of p™ and ¢™. The order of w (mod v}isl.c.m
{pmYp—1),¢™ (¢ —1)} = d. We shall prove that the integers z, y defined by
(A) satisfy the assertion. For this purpose we first show that no power w* (s =
0,1,---,d — 1) of w is congruent modulo v to a power z* ¢=0,1,---,2e — 1 of
z except s = ¢ = 0. Suppose that w® = z' (mod v) then w® = z* (mod p™),
and w® = z' (mod ¢™). Thus w® =1 (mod p™) and w* = w' (mod ¢");
so p~Hp—1)|sand ¢271(¢—1) | s —i. Hence 2e | ¢ and so i > 2e unless
¢ = 0 which implies w®* =1 (mod v). Thus s = 0. It follows that w2’ = wiz’
(mod v) (s,t=0,1.---,d—1;¢, j =0,1,--+,2e—1) is not possible unless s = ¢
and ¢ = 5. Therefore the proof of (1) is complete.

For the proof (2), since g.c.d {z?%,v} = 1, so z?* = w*2' (mod v) for some

0<:<2—-1land0<u<d-—1 I ¢>0then 22" = w* (modv) a
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(mod v), and since ¢ = 1 (mod p) so z?¢ = w*

contradiction, so 22° = w*

(mod v) implies 1 = w* (mod p), it follows that 2™, = p — 1 | u. Similarly,
for y** = w* (mod v).
If my = my then since w is a common primitive root of p? and ¢* so it is of

p™ and ¢™. Therefore

Pl _I(P“12

w? TP = 1 (mod p™) and w2 = —1 (mod p™)
o — n2—=le,_

WD =1 (mod ¢™)  and W™ 2 =—1 (mod ¢™)
Thus for any integer &y, ks we have
P L G p™ey+1 and w2 e = g2 4] for some ¢;, dj.
In particular, we take

ZnQ—l(Z"”l) . 1 2”1—1!2—1! -1
kl = —2e 9 and kg = 2e 5

where ky and ky are integers, since m; = my. We have

ng—1 ny~lc,_q

=) 4 -
WM T g 1] and Wl TR T 2 gy 4

for some integers ¢;, dj.

ng —1

: da_pM " lp-1) d_4a g—1
t.e. w2 2 =pMc +1 and w? 3 = ¢™d; +1 for some ¢, d;
But
2"1“1(2_11 nz—-l( —1)
w2 =pMcy—1 and w2 =¢™dy — 1 for some ¢y, d.

It follows that wi + 1 = pMey and wi + 1 = ¢"ds and since p, g are coprime.
Therefore, w? = —1 (mod v).

If my # my then we claim that z¢ = —wF

(mod v) where k is even. Let us
put p~i(p — 1) = 2ef, ¢"*7(g — 1) = 2ef’ then d = 2eff’. Since my # my
, ff' is even and g.c.d {f, f'} = 1. Without loss of generality, suppose that
my > my then f is even and f’ is odd. Set f = 2‘f;, where f; > 1 is odd.

Then p™~*(p — 1) = 2%'ef, where f; is odd. First we show there is no s such
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that w® = —1 (mod v). On the contrary , suppose that there exists s such that
w® = —1 (mod v); then w® = —1 (mod p™) and w® = —1 (mod ¢™). But
ny—1l, _ ny—le,
e | (mod p™) and W = (mod ¢") so
n1~1 __1 ny—1
s=P (2 ) (mod p™~(p—1)) and s = .___,__g___.“_,_)_ (mod ¢ (g —1))
. ny—1 _ 1 ng—1 —1
ie. s=mp"THp—1)+ p(g—p) =ng” g—1) + q(:z—q)

50
2H2m+1) = f(2n +1)

This is impossible since £ > 1 and fi, f', 2m + 1, 2n + 1 are odd. There are no
value of s such that —1 = w* (mod v). We therefore put —1 = w’z* (mod v)
with 0 <z <2 —1, 0 <5 <d—1. Squaring both members of this congruence
we have

1 = w?? (mod v)

Sincew? =1 (mod v)so1=w"z? where 0 < sy <d—1and 0<i<2e—1.
0 <i? < ethen 1l = w1z where 0 < sy < d—1 and 0 < 2t < 2e. This
implies s = 0 and ¢ = 0, a contradiction. If e < 7 < 2e then 2e < 2¢ < 4e. Since
% = w“  (mod v), where 0 < u; < d — 1, thus 1 = wtuz?2  (mod v)
where 0 <21 —2e <2, 0<3, <d—1,0<uy; £d—1. f0<sy+u; <d—1
then 2: — 2e = 0 implies ¢ = e < ¢, a contradiction. If d < 37 +u; < 2d — 2 then
1 = witug?2  (mod v) implies 1 = w1t ~4¢%=2¢  (mod v) which implies
21 —2e = 0 and ¢ = e < ¢ a contradiction. Therefore the two assumptions (0 <

1 < eand e < ¢ < 2e both lead to contradictions. The only remainding possiblity

is e = 1, 50 —1 = w”2® (modv) where 0 < s; < d— 1. Thus 2° = —w™
(mod v) = —w* (mod v) where 0 < k < d — 1. Similarly, y* = —w" (mod v).
By definition of & we have z = 1 (mod p) so —z°® = —1 = w"F (mod p)
But z¢ = —wk (mod v) implies —z° = w* (mod p). Thus w* = wT (mod p),
Therefore k = 251 (mod (p — 1)) which is even since mq > my > 1.
Fmally, by the same argument we have h = ﬂ—l (mod g —1),s0if mg =1

then 2= = ¢, which is odd, therefore & is odd.
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Lemma 4.5.3 Let py = 2™ty + 1, pa = 2™ty + 1 be primes where my,mqy >
2, my # mgy are positive integers, ty, t; are odd integers. Then there exist
games which satisfy the Z-cyclic triple whist tournament conditions on the re-
duced residue system mod v where v = py'p3® for any positive integers an, ay.

Proof. Let w be a common primitive root (mod p?) and (mod p2); then
it is a primitive root (mod p*) and  (mod p5?). Assume that my; > m,

and g.c.d{p?* ' (p1 — 1), p3* (p2 — 1)} = 2™e where e is an odd integer and
Leam{pS* ™ (p1 — 1), p5° " (pa — 1)} = £ then pi* ™ (py — 1)pg> " (pa — 1) = 2™2¢L.

Therefore by Lemma 4.5.2 there exists an integer ¢ =1 (mod p1) such that

1. the 2m2el integers w®z' (s = 0,1,+++,£—1;4=0,1,---,2™e—1) constitute
the reduced residue system (mod v).

2. 27" = w* (mod v) for some even u, 0 < u < £ — 1.

3. 227 = —*  (mod v) for some even k, 0 < k < £ — 1.

4. w* # ~1 (mod v) for any s.

Let H = {w®;0 < s < £ —1}. Then the 2™2¢f integers of the reduced residue
system mod v are partitioned into pairwise disjoint sets H, zH,- - z?"**"*H and
since 27 = —wF  (mod v), so z¥™ T H = —H, 2?7 H = —zH,..,
p2M2e-lpr . _p2m2 e pr

Take games

(4) 2{l,w;—w, -’} ® {1,w?, -, "2} i=0,1,---,2m e — 1,
The partner differences are
{#a'(w— 1), 22’ (W —w)} @ {1,0?, -, w*?)} i=0,1,---,2m"1e — 1,

i.e. (w—1)(Fz") - {1,w, -, 0"} i=0,1,--.,2m"1e 1,

The opponent differences of the 1st kind are
{£e'(w +1), 2’ (@ +w)} @ {Lw?, w2} i=0,1,, 27 e~ L

i.€. (w+ D(£z") - {Lw, -, w1} i=0,1,-,2m e — 1,
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In both cases, the differences give the elements of the reduced residue system
mod v exactly once.

The opponent differences of the 2nd kind are
{£2r'w, e’ (W + 1)} @ {1,w?, -+, 0"} i=0,1,---,2™ e 1.

Suppose that 22—2;1“—1- € z'H then “’2——2"1”—1 = 29w or —zw’ for some 0 < b </ —1
and 0 < jg < 2™71le — 1, Thus if we choose w so that &25*—1- = w* (mod p)
where a is even then b is also even. (Such a w exists by Cohen’s lemma.)

The opponent differences of 2nd kind are

{H2wa’, 22700 @ {1,w?, - - w7} i=0,1,---,2m" e — 1,

e, (22" {w,w?, WU (220 L WP, R L WP

?

i=0,1,---,2m2 e — 1,
Since b is even so they are
(:{:2;{;1) ' {wvws’ e ,wl—l} U (izmj0+'i) ’ {17"‘)21 e aw£M2}
i=0,1,---,2™ e —1.

Since 0 <4 < 2™ le — 1 50 jo < jo+1 < jo+ 2™ 'e — 1 where 0 <
jo < 2™~ le — 1. Further, since ™7 ¢ = —w* (mod v)where k is even so as
runs from 0 to 2™~ 'e — 1 the set {#£2zx%+} @ {1,w?, -+ w*?} is the same set
{£22'} @ {1,w?,-,w"?} where 0 < i < 2™~le — 1. Therefore the opponent

differences of 2nd kind are
(£2z%) - {L,w, -, '} i=0,1,--,2™ 7 e — 1.

as required.
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Theorem 4.5.4 Let py = 2™t 4+ 1, py = 2™245 + 1 be primes where my, my >
2, my # my are positive integers, 1, t2 are odd integers. Suppose that Z-cyclic

TWh(py) and Z-cyclic TWh(ps) exist. Then a Z-cyclic TWh(p{*p3?) exists.

Proof. Tor a fixed integer oz we proceed by induction on «y. First we show that
for @y = 1 the statement is true. Let w be a common primitive root mod p? ¢ =

1, 2 and let v1 = p1p3?. Decompose Z,, as following:
Zm - P1 U {I(G,l) U I(g,z) U e U I(O,ag—-l) Ung(Zpl - {D}) U E

where

P ={z€Zyip |z} =piZ,e

Ioy ={eeZyipte.plepict=p{ccZ, «iipiz,piz}
ZPQZ(l,a2—1)7 say,

lopy ={z€ Zuipita,p |z, P31z} =pi{z € 2 pe2=2i 1 fz,p2tfz}
= P52(1,a0-2)

I(O,azml} = {:I‘ E Zvupl 1' Ty Py i vagg )f CB} = péw_l{w € Zplpz;pl 1r$ap2 )f CL’}

_pz Z(lvl)
={z € Zy;mte,pta}

0121

Suppose that Z-cyclic TWh(p1), TWh(pz) exists. By Theorem 4.5.1 a Z-cyclic
TWh(p3*) exists, so associated with TWh(p;) and TWh(p5?) there are initial
rounds, say, IR(p1) and IR(p3?) respectively, Also by Lemma 4.5.3, in each set
Z(1,a5-1)y Z(1,00-2)5" "> 4(11), E there exist games which satisfy the triple whist
conditions, say G(Z(1,a,~i)) = 1,2, -+, a3 —1 and G(F) respectively, Thus for

an initial round for a TWh(v1) we take games
P R(p5?) U221 pyG(Zap—iy) U p5? - TR(p1) U G(E).

For the induction step, suppose that TWh(p{* ™ p3?) exists with an initial round

IR(p* *p3?). Let v = pi*p3? and decompose Z, as following:

ZU = Pl U {1(071) U I(O,g) U cr U I(O’ag_l)} U I(O,ag) U E




R e
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where
Py = {3: € Zvip1 | 3?} = plzplt’q—lp;"?
Iony= {e€Zipite,p|o,pite} =plz € Zo omsipr 2, p2 1t 2}
P2Z(ay,a—1)
logy= {z € Zyptzpile,pite} =pi{z € Z, cripriz,pptz}
= p%Z(al,az—Z)

................................................

1(0,012—1) - {.'13 € Zmpl ,fw’pgz—l | w,pgz 1' m} paz 1{3" € Zplpz;pl Tm,pQ'f&?}
Otz— 7
(o1,1)

loer) = {w € Zuvipte,p3® | 2} =p3* {23 p1f 2}
= pggz(alvo)
E = {‘7" € Zv§p1 1' x:pZ'f‘fc}
Suppose that Z-cyclic TWh(p,), TWh(p,) exist. By the proof of Theorem

4.5.1, there exist games, say (I R(p7")), which satisfies the triple whist conditions

I

for Z(a, 0, and by Lemma 4.5.3 in each set Z(q, ay—i), ¢=1,2,---,a3—1land E
there exist games which satisfy the triple whist conditions, say G(Z(a, ap-i)) ¢ =
1,2,--+,az — 1 and G(E) respectively, Thus for an initial round for a TWh(v)
we take games

pIR(p{* 7' p5?) U0 03G(Zias 00-0) U p5* - IR(p(*) U G(E).

Example 4.5.2 (a) Find a TWh(29 - 41).
(1) From Example 4.2.1(a)(1), the following games with w = 19 from an
initial round for a TWh(29), and 22 =7 = w2  (mod 29).

{17w2;waw7} & {13(")47 e :WM}

From Example 4.3.2.(1), the following games with w = 19 from an initial round

for a TWh(41).
{1 whw?, 0™} {0, 0" 0™, 0™, @1, W', - w™)
Decompose Zgg.41 as the following
Zagar = PLU P, UE U {0}
where
Po={2 € Z39.40;29 | z,2 # 0} =29 - (Zy — {0})

P2 = {w € Z29.41;41 | T, T ?é 0} =41 - (Zzg - {0})
E= {Sﬂ S Z29.41;29 ‘r €, 4] )f .'IZ}
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Since w = 19 is a common primitive root mod 29 and mod 41, ordmedze.a1w0 =

l.eom.{28,40} = 280, g.c.d.{28,40} = 4, and z = 552 satisfies

z =1 (mod 29)
z =19 (mod 41).

Thus the games
{$i'{1’w; _w,_w2}®{1’w2,_._,w278} i=0,1
satisfy the required conditions in E. Therefore, the following games form an

initial round for a TWh(1189).

29 - {{{1,w*; w3, w?}, {w? w’;w?, W} } @ {1,u’, - - ,w??}(mod 41)}U
41 - {{1,w%w,0"} @ {1,w?, -+ ,w}(mod 29)}U
{z' {l,w; ~w, —w?} @ {1,w?, -+ ,w?®}(mod 1189);: = 0, 1}.

(2) If w =26 then “’22—4*—1— =5=w'" (mod 29), and from 3.1(a)(1) the follow-

ing games form an initial round for a TWh(41).
{{1aw4;w7w6}a {wz,ww; w197w'?}, ®{17w8a e 7“"32}

and z = 436 satisfies
z =1 (mod 29)
z =26 (mod 4l).

Thus the following games form an initial round for a TWh(1189).

29 - {{{1,whw,w?}, {w?,w'%w?® W}} @ {1,w?, -+ ,w*?}  (mod 41)}U
41 - {{1,0%w,0"} @ {1,w?, -, w™} (mod 29)}U
{z' {L,w; —w, ~w?} @ {1,w?,---,w?} (mod 1189);: = 0,1}.

(b) Find a TWhA(37 - 41).
From Example 4.2.2(b)(1), the following games with w = 19 from an initial
round for a TWh(37), and ”—z,f—l =33 =w!® (mod 37).

{1aw;w2,w7} ® {1,(.()4, e 5(‘032}

From Example 4.3.2(1), the following games with w = 19 from an initial round
for a TWh(41).

{{1’w4;w3’w21}’ {wz,wT';wzs,wso}} ® {st, . ,w32}
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Decompose Zs7.41 as the following
Z37.41 = P1UP2UEU{O}

where
P = {.’ZZ S Z37.41;37 | x,T 75 0} =37- (Z41 - {0})
Pg = {.’11 S Z37.41;41 I r,T 3& 0} =4] . (Z37 - {0})
E = {ac S Z29.41;37'|'173, 41 )[&‘I}

Since w = 19 is a common primitive root mod 37 and mod 41. ord,.49.41w =

l.e.m.{36,40} = 360, g.c.d.{36,40} = 4 and x = 593 satisfies

z =1 (mod 37)
z =19 (mod 41)

Thus the games
(o8 {Lw; —w,—?} @ {L,w?,--, 0™} i=0,1

satisfy the required conditions in £. Therefore, the following games form an
initial round for a TWh(1517).
37 - {{{1,wh 0, W}, {w?, W w?, w0} @ {1, W, -+ WP} (mod 41)}U

41 {1, w0, 0"} @ {1,0t, - ,w*}  (mod 37)}U
{z*  {1,w; —w, —w?} @ {1,w?,- -+, w8} (mod 1517);7 = 0,1}.

(c) Find a TWh(41 - 29%)

Let v = 41 - 29, since w = 26 is a common primitive root (mod 41) and

mod29®. Note 5’2—2'*'—1 = 31 = w* mod 41. Decompose Z, as the following,
ZU = P1 U I(O,l} U I(O'Z) U E

where
P ={z € Z,;41 |z} =41 - Zyo,
Ioyy={z € Z;;41 1z, 29 |z, 292 {2} =29 Z,1),
-[(0,2) = {x € Z,;41 +$1292 | :E} = 29% (Z41 - {0})&
E={ze€Z,;29%tz, 411z}

0rdpodar202w = l.c.m.{40,29 - 28} = 8120, g.c.d. {40,29 - 28} = 4. 2 = 26938

satisfies
T (mod 41)
T

1
26 (mod 29?)

11l
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Therefore the games
{o' {1,w;—w,—?} @ {Lw?, -+, w8} i =0,1;2 = 26938}

satisfy the required conditions for a TWh(41 - 29?) on E.

From Example 4.5.1.(a) we have an initial round for 7W ~(29?), from Example
4.5.2.(a)(2) we have games for Z(; 1). Therfore, the following games form an initial

round for a TWh(41 - 29?)

4129 - {{1,w%w,w'} @ {l,w, - -,w**} (mod 29)}U

41 - {{L,w}w,w } @ {1,w?, -+ ,w®} (mod 841)}U

29 - {z{1,w; —w, —w?} ® {1,w?,-- - ,w?®} (mod 1189);7 = 0,1,z = 436}U
20° - {1t 00,5}, 0550510, 7)) © {1,682} (mod 41))U

{zt {l,w; —w, —w?} @ {1,w?, -+, w8} (mod 41 - 29%); i = 0,1, = = 26938}.

Lemma 4.5.5 Let py = 2™t + 1, ps = 2™t3 + 1 are primes where m > 1 are
positive integers, t1, o odd integers. If Z-cyclic TWh(p,) exists then there exists
games which satisfy the Z-cyclic triple whist tournament conditions on the reduced
residue system (mod v) where v = p{'ps? for any positive integers oy, «y.

Proof. Let w be a common primitive root of p? and p2, g.c.d {p¥* " (py —
1), p3*7 (p2—1)} = 2™e where e is odd and Le.m{pS*~(py — 1), p52 (p,—1)} =
Z; then pi* ™Y (p; — 1)p52 ™ (py — 1) = 2fe. By Lemma 4.5.2 there exists an integer
z =1 (mod p;) such that the 2™ef integers z'w® (s = 0,1,---,£ —1; ¢ =
0,1,--+,2™e — 1) constitute the reduced residue system mod v with 22™¢ = w¥
(mod v) for some integer 0 < u < £ —1. Note that 2™e |u and z =1 (mod p;)

Let H = {w®;0 < s < £ — 1} then the 2™el integers are decomposed into
cosets H, zH, z*H, -+, 22" H, note also —1 € H.

Suppose that T'Wh(p,) exists with the following games as an initial round
{w, Wy W, wh) {,w' w2, W), Wt W)

where h = 2m7 %, = B
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o1 —1 ag—1

Let £- =2 Pa" 2 and H be decomposed as H = HoUH,U---UH,_;

r1—1 e

where

HO - {1,&),0-)2, e 7w(p1_1}_—1}

Hy = {wrr=1 wpr P+l L. 2(e-1)-1)

HZ — .{wz(plul)’w:zpl’—l’wzpl, s ’w3(]31—1)—1}

H, ;= {w(n—l)(pl-—l),w(n—l)(p1—1)+1 wn(pl—1)—]}

If each H; (5 =0,1,---,n — 1) is considered mod py, it is in fact the power
sequence 1,w, -+, wP™? (mod p;). We claim the games

(A) {ziw*Pr=D{w% Whiws w1} 0<i<2me—1,0<k<n—1,0<7 <h)}

satisfy the required conditions in the reduced residue system mod v
Since {{w%,wh;w% wh};j = 1,2,--+ h} is an initial round for a TWh(p)

S0
1. aj, b;, ¢, d;j j =1,2,---,h are incongruent mod 2™,

2. the partner (resp. first opponent, second opponent) arising from {w%,wb;

w%, w%} occupy incongruent positions mod 2™t;.
It follows that

1. the elementsin (A) are elements in the reduced residue system each occuring

exactly once;

2. the partner (resp. first opponent, second opponent) differences arising from

{zH{w¥,wh;w%, w%}} occupy incongruent positions (mod 2™t;) in z'H

Therefore the triple-whist conditions satisfied.

Theorem 4.5.6 Let py = 2™ty + 1, py = 2™ty + 1 be primes where m > 1 and
t1, to are odd integers. If Z-cyclic TWh(p,) and Z-cyclic TWh(py) exist then
Z-cyclic TWh(v) exists where v = p{*p5? for any positive integers oy, as.

Proof. The proof is as for Theorem 4.5.4 except that Lemma 4.5.5 is used

in place Lemma 4.5.3.
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Example 4.5.3 (a) Find a TWh(29 - 37).
Let w = 19 then ord o4 2037w = 252, g.c.d.{28, 36} = 4, and z = 204 satisfies

{:

Let H = {l,w,w?, - -, w?'}; then the reduced residue system mod 29-37 of 1008

1 (mod 29)
19 (mod 37).

e

integers is decomposed into 4 cosets
H, zH ,2*H, z°H.
The set H is decomposed as
H=HyUH, U ---UHg

where Hy = {1,w,-++,w?} and H; = w?®-VH, {=1,2,---,8.
By Example 2.1.(a),(1) TWh(29) exists with an initial round

{17w2§w7w7} ® {1,w4,---,w24}.
Thus the games
gt W L w,w @ {10t 0™ i=0,1,2,8; k=0,1,---,8.

satisfy the required conditions for a TWh(29 - 37) on the set .
Therefore the following games form an initial round for a TWh(29 - 37).

29 - {{l,w;whw’} ® {1,wt, -+ ,w??}(mod 37)}U
37 - {{l,wHw,w} @ {1,w, -, w?*}(mod 29)}U
{z' W . {1, whw,w} @ {1,w!, - ,w?}(mod 29 -37)}.

form an initial round for a TWh(29 - 37).
(b) Find a TWh(41 - 73)
Since w = 26 is a common primitive root of 41 and 73 ords.zsw = 360,

g.c.d.{40,72} = 8, z = 1559 satisfies

z =1 (mod 41)
¢ =26 (mod 73).
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Let H = {l,w,--,w3®}; then the 2880 integers in the reduced residue system
mod 41 - 73 are placed into eight cosets

H,zH,z*H, - 2" H
The set H is decomposed as
H=HyUH,U-.-UHg

where
-HO = {lvw: e 7w39}
Hy =w®t-0pg, k=1,2,---,8.

TW h(41) exists with an initial round
{{1,(4)4;(4),(,06}, {w27w13;w197w7} @ {17"‘)7 e Jw32}
Therefore, the games

z - W {10 w,0%, {w?, 0w, 0} @ {1 w, - W)

i=0,1,---,7 k=0,1,2,---,8.

satisfy the required conditions to be an initial round on the reduced residue
system mod (41 - 73).
Let Z41.73 be decomposed as Z4y.73 = P, U P, U E where

P]_ = {CIJ S Z41.73;41 | CE,} = 4] . Z73,
Pg = {CE < Z41.73; 73 I .’ZI} =173 {Z41 — {0}}
E = {:E S Z41.73;73 ’r .’E,41 ’r .’B}

Therefore the following games form an initial round for a TWh(41 - 73)

73 {{{1, ! w, w8}, {w?, 0% w?, W} @ {1,0® - -+ ,w¥}(mod 41)}U
41 - {{{L,w*w,w"}, {w?,w'%w? W }} ® {1,w, ,w*}(mod 73)}U
ot i ({1, 0 o, 1,07} ) @ {1,0° -} (mmod 41 - 73)}.

Theorem 4.5.7 Let p; = 2™¢; + 1, ¢ = 1,2,---,7 be primes, m; > 2 be
positive integers, t; be odd integers. If Z-cyclic TWh(p;) exist then a Z-cyclic
TWh([Ti=, pi) exists for any positive integers o;.
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Proof. We prove by induction on r; the cases r = 1,2 were proved in The-
orem 4.5.1, 4.5.2 and 4.5.3. Suppose that the statement is true for r — 1. i.e.
TWh([Ti=, p*) exists; we want to show that TWh([Ti-, p;*) exists. We first show
that TWh (p1 [Ti=, p{*) exists.
Let w be a common primitive root of mod p? ¢ = 1,2,---,r and let v; =
i1 p;*, where ay = 1. We decompose Z,, as the following “layers”: one is

P, ={z € Z,;p1 | =} and the others are

I(O,ﬁz,---,ﬁr) - {"B € Z'U1;p1 Jf &Ly pii i <, pz'i+1 f z if ﬂz < sz'}

for each r-tuple (0,82,--,5,) where 0 < 8; < ;¢ = 2,3,---,7. We first
show how to construct initial round games on a given I(gg,,..g,)- Set 7(s,,..5,) =

| p?. where we put 8, = 0. Then

I(ﬁlv“'»)@r) = W(ﬂlx"‘yﬁr) : Z('le“‘|’Yr)

where Zy, ..qy) = {2 € Zr,  ipifzify #0}and oy = Bi+y, i=1,2,--,r

Let 7 = ordy, .. w=1lecm {p¥ (pi = 1); 4 > 0} = 4to, since v = 1 # 0.

,'Yr)
Lemma A | Zy, ..h)| = O(T(y, i) = [yio p?""l(pi — 1) = 4tgno

Lemma B o’ # —1 (mod m(y,,..,)) if there are 4 # 0, v; # 0, i # §
with m; # my.

x
2

Lemma C w? = -1 (mod T(y,..»,)) if m; = a for all ¢ such that +; # 0.

Lemma D Ifz € Z,, .. ,,) then the minimum value of 7 such that zw™ = z

(mod 7y ,yy)) 18 7 = ord

Tt et )

Proof Full details can be found in [9].

Case 1. If there exists 7; # 0, v; # 0 ¢ # j with m; # m; then w® # —1
(mod 7(q,,....y,)) for all £ and |Zq,, ...,,)| = 4tono where ng is even, say, no = 2n.
Thus aw® # —z  (mod m(y,,..,)) for all @ € Z(,,...,) VL. We define

Cr = {z, 2w, zw?, - -, zw 1}

then C.NC_; = § and we can find successively @1, %3, -+, &n € Z(y, ,...,,) such that

z; & tw'z; (mod my, ..y)) V2 and all i # j and Ziy, ) = (Coy UCpy) U
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<+ (Cgp U C_z,). Since any C, can be represented by any of z,zw,- -, zwo?

and since 4ty > pr — 1 for any k with v, # 0, we can always choose z; so that

z; =1 (mod py).
Lemma E The games
T, Tw; — 2w, — 2w’} @ {1,w?, -+ w2 1=1,2,-,n
¥ ? * =

satisly the initial round triple whist conditions for Z(,, ..,,) provided we choose
w so that “‘2—;—1— =0 (mod py).
Proof. The partner differences are

{xzi(w —1), tz;(w? —w)} @ {1,w?, - w2}
=dz(w -1} {1, w, -, w1}

The opponent differences the of 1st kind are

{Fzi(w + 1), z;(w? +w)} ® {1,w?, -, w2}
= :l:wi(w +1) {1, w,--- ’w4i0~1}.

The opponent differences of the 2nd kind are

{£2z;w, i (w? + 1)} ® {1,w?,- - w2}
= (£2z;w) - {1, W2, -, w2 U (L2i(w? + 1)) - {1, W, w2
Clearly +2z,w®*t ¢ =1,2,--- ,nju = 0,1,-++,2t; — 1 are all distinct, as are
all £2;(w? + 1)w?*. It remains to show that no one of £2x;w?**! is the same as
+z;(w? + 1)w? for any ¢, j, u, v. Assume to the contrary that +2z,w*+! =
tz;(w?+1)w®  (mod w(y,,..y,)) for somez, 7, u, v. Then £2zw*+! = +a;(w?+
Dw?  (mod pi) Vk which implies 2w2(*=}+1 = +4(w? 4+ 1) (mod p;). This
cannot be take place by our choice of w such that 2w(w? + 1) is quadratic non-
residue mod p;.

Therefore each kind of differences occurs in Z(,, ..., each exactly once as
required. Thus an initial round in g, .. z,) is T(g..5,) * {21, Tiw; —ziw, —2wW?} ®
{1,0%, -0 (mod w0y )}

Case 2. If whenever v; # 0 we have m; = a then w?* = —1 mod(7(,,,....1,))-
Note that v = 1.

Let © € Z(y,,..v,). By Lemma D, put C; = {z,2w,--,zw* '}, Then be-

210

cause zw’*® = —x  (mod 7(y, ...p,)), —% € Cp, We can write Z(,, ....y,) = U2 Co,
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where |Z (4, ,...n,)| = 4tono and we can choose the representive element z; so that
z;=1 (mod p) and «; ¢ Ujf__ll Cy; for each 1.

Let d = 2%¢, then d | 4t. Set 4¢o = dm. Since TWh(p1) exists, suppose that
an initial round for TWh(p,) is

{w?® LW Wt wdl} {wazw W wdQ},---,{w“",wbh;wc",wd"}

where h = 2%7%¢; = ¢

We claim the games

(A)  wf{wm,whw,wh ), W, w W w@}, W w0}

{1, 0, Y =1 2 .

satisty the required conditions in Z,, ...4,).

First note that the elements that occur in (A) are precisely all elements of
Z(y ) €ach exactly once, since a;, b;,¢; and d; ¢ =1,2,---, h are incongruent
mod d. What we need to show is that the partner (resp. 1st and 2nd opponent)
differences are distinct, and are all in Z, ...y,)-

The partner differences are
{Fzi(wh — w%), £z;(w — w¥).

No wb — w® can be divisible by any p; if we have ordered the p; so that p; <
P2 < -+ < py, for |b; —a;| < pr —1 < p; — 1 for each 7. So the partner differences
are indeed all in Z, ...,,)-

dky

Suppose, for example, ;(wbio —wo) = da (w1 — w1 w (mod 7y, ry))

for some %, jo, j1, k1. Considering these mod p; gives
(B) (whio — o) = (wht — o) (mod p1)

But since

{w, W% Wi} i=1,2,+ h.
is an initial round for TWh(p;) so the partner differences arise from them are

+(wh — w), £(wH — W) jg=1,2,--+,h.
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and these are incongruent (mod p;).

A similar argument holds for opponent differences. So the games (A) with
each multiplied by (g, ... 5,) gives initial round games G(lgg,,...5.))-

Suppose that TWh([Ti_, pi"*) exists with initial round games I'R([TI_, p;").

Therefore for an initial round for a TWh(p; [Ti_, pi"*) we take games

IRHP ) Uie G(L(0,82,6:))-

Finally, we prove that TWh([Ti_, p{*) exists by induction on ;. The argument
is the same as above, except this time P, = {z € Z,;p1 | 2} = p1 - Z @ =] e

i=2 %

and others are I(g, .5, = {z € Zy;p1 t 2, pi" | x, PPt raif B < at} for any
r-tuple (f1,---,6,) with 0 < 3 < o i o= 2,...,7. Thus the following games
form an initial round for a Z-cyclic TWhA([Ti_, p*

. IHP UG, 8,))

Note:  There is no need to use the same w in each I(g, g,,... 5,). However, it

simplifies matter if we can; This happen in the following examples.

Example 4.5.4 Find a TWh(29 - 37 - 41)

Let v = 29 - 37 - 41 then w = 19 is a common primitive root of 29, 37 and
41, where 2L = w¥(mod29) and ¥ = W18 (mod37). We decompose Z, as
follows:

Ziy =Py U Lgp0)Y L001)U Lo,0) Y Lio,11)

where

Po={z € Z,;29 |z} =29 Z37.41,
Too0) = {z € 2,29} 2,37 f 2,41t 2} = Zo 1,
Topy=1{2 € Z,;291 2,371 z,41 |2} =41 - {x € Z29.37;29 { 2,37 { z}
=41 Z1,1,0)
To10y={x € Z,;294 2,37 | 2,41 {2} =37 {z € Z29.41;29 t z,41 { 2}
=37 Z0.1),
Togny ={x € Z,;291 2,37 | 2,37 { 2,41 | z,41* f 2} = 37 - 41 {z € Z39;29 } z}
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It is only the set Z(1 11y = {2 € Z,;29 { 2,37 { z,41 { 2} that needs to have
further details of construction. Note that ordagar.a; = 2520. Let G = {z; (z,v) =
1}, H = {w*;0 < s < 2519} then H is a subgroup of G and [G : H] = 16. By

Lemma 5.1 —1 ¢ H. Solve the following system of congruences

T 1 (mod 29) y= 1 (mod 29)

T 19 (mod 37) y= 1 (mod 37)

r= 1 (mod 41) y= 19 (mod 41)
We have z = 13080, y = 27899, and « ¢ H, «* = 41616 ¢ H, 2° = 11891 ¢
H, z* = 19025 € H, so the indicator of  in H is 4. Thus by Theorem 1.1.1, the
set Hy = {z'w?®0 < < 3,0 <s <2519} is a subgroup of G and |Hy| = 4|G, so
[G: Hy| = 4. Further, y ¢ Hy, y*> = 30045 ¢ Hy, y> = 26826 ¢ H,, y* = 9658 €
H;. By Theorem 1.1.1 again Hy = {y'z'w®: 0 <4,7 <3, 0<s <2519} = G.

Therefore the reduced residue system mod v was decomposed as
U?:o U,y H where gy =1 (mod 29)
Thus the games
yat {1, w; —w, —w?} @ {1,w?, -, w8}

satisfy the required conditions to be the part of an initial round for TWh(29-37-
41) in the set Z(1,1).
Therefore the following games form an initial round for a TWh(29 - 37 - 41):

2937 - {{{1,w*;w? W™}, {0 W W W0} } @ {1, -, w32} (mod 41); }U
2941 {{l,w;w? w’} ® {l,w, -+ ,w**}(mod 37); }U

29 - {zi{l,w; ~w, —w?} ® {1,w?, .-+ ,w3¥}(mod 1517); 2, = 593,17 = 0,1} }U
{yiz' {1, w; —w, —w?} @ {1,w?, - ,w?8}(mod v);y = 27899, = = 13080}U
41 - {z'w® {1, 0wl w,w’} @ {1,w?, -+, w?}(mod 29-37);0 < i < 3,0 < k <8}
U37 - {z'{1,w; —w, —w?} @ {1,w?, -+, w2} (mod 1189); i = 0,1, z = 436} }U
37-41 - {{L,w*w,w} @ {1, w?, -+ ,w?}  (mod 29)}
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4.6 Composition theorem for TWh(4n)

In this last section, we deal with the Triple Whist Tournament of order 4n using

the same method as in section 4.5.

Theorem 4.6.1 Let p; = 4t1+3, p; = 2™it,+1, 1 =2,3,---,r be primes, m; > 2
be positive integers, t;, ¢ = 1,2,---,r be odd integers. If Z-cyclic TWh(py + 1),
Z-cyclic TWh(p:) exist then a Z-cyclic TWh(py - [Tie, P8 + 1) eaists for any
positive integers o; 1 =2,3,---,r.

Proof. Let v = pi i, pi*y 7 (8,,-8,) = [liz1 PP, a1 =1, By =0, and let w
be a common primitive root of p? ¢ = 1,2,---,7. We decompose Z, into the

following “layers”; one is Py = {& € Z,,;;p1 | x} and the others are

L6300y = {2 € Zospr t e, P |2, o0 Ho it i < o)

for each r-tuple (0,82, -+,05;) where 0 < 3, < o ¢ =2,3,---,7. We first show

how to construct initial round games on a given I(gg,,.. 5,)- Note that

Iy, 80) = T(BrronBe) * L rerre)

where Ziyp,my) = {8 € Zagyy i f @ if % # 0} and o = B+, i =
1,2, m

Let 7 = ordy,, ..,w = lem {p¥ Y (pi — 1);% > 0}. Then 7 = 4¢, for
all Z(y, ) €xcept Ziy, .yy With 72 = --+ = 4, = 0 which we will deal with
separately.

We now deal with the initial gamesin Z,, ..,,) wherenot allv; ¢ =2,3,---,7
are zero. Since ; = 1 and there are some v; # 0 2 < 7 < r, so we proceed
as in case 1 in the proof of Theorem 4.5.4 and we take 7(g,,...g,) {{%:, ziw; —ziw,
—z;w?}® {1,w? - ,w* 1} (mod m(y,..))} as initial games in I(g, ... 5,)

For I(g.apcr) = (02, mar) * L(1,0,0) = limg Pi* + Zp,. By the hypothesis
TWh(py + 1) exists.

Therefore for the initial round of a TWh(p1 [Ti_, pi* +1) we take games of the
initial round of T'WA([Ti, pi*) with each entry multiplied by p; and the games
in I(g,,..3,) constructed above along with the initial round games in T'Wh(p, +1)

with every non-oco element multiplied by p3? - - - p2r.
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Example 4.6.1 Find a TWh(7-29 -41 + 1)
Let v =7-29 .41 4 1, since w = 26 is a common primitive root of mod 7,

mod 29 and mod 41, where “Z = w'® (mod 29) and 3 = w*®  (mod 41).

We decompose 7, as follows:
Zy = Pr U I0,0)U I(001) U L(0,1,00 U Lio,1,0)
where

Pi={ze€Z,;7 |z} =7 Zaga,
loopy = {2 € Zo; Tt 2,294 2,41 { 2} = Z(11,0),
Topoy={z € Z,; 712,291 z,41 |z} =41 - {& € Z7.0; Tt 2,29t 2}
=41 Zaag),
Togoy={c € Z;742,29 | 2,41 2} =29 {2 € Z7a; Tt 2,41 { 2}
=37 Zu01),
Iogny={z€ 2,;7{2,29 | z,41 |2} =29 41 -{z € Z7;Ttz}
First we deal with Z;11) = {2 € Z,; 712,29 { 2,41 { z}. ordrae.qw = 840.

Let G = {z;(x,v) = 1}, H = {w*;0 < s < 839} then H is a subgroup of &G
and [G : H] = 8. By Lemma 4.5.1 —1 ¢ H. Solve the following two systems of

congruences
z= 1 (mod41) y= 1 (mod 41)
= 26 (mod 29) y= 1 (mod29)
z= 1 (modT) y= 26 (modT)

We have = 3158, y = 3568, and = ¢ H, z? = 2010 ¢ H, z® = 5454 ¢
H, z* = 3445 € H, so the indicator of z in H is 4. Thus by Theorem 1.1.1, the
set Hy = {z'w*0 <1 < 3,0 < s < 839} is a subgroup of G and |Hy| = 4|H],
so [G : Hy] = 2. Further, y ¢ Hy, y* = 4757 € H,. By Lemma 1.1.1 again
H; = {yz'w®: 0< ;7 <1,0<:<3, 0<s <839} =G. Therefore the reduced

residue system mod v was decomposed as

Uj_o Uiy ya'H where 'y! =1 (mod 41)
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Thus the games
(A) ¥z {1,w; —w, —w?} ® {1,w?, -+, w8} where 0<i<3,0<5<1

satisfy the required conditions to be the part of an initial round for 7'Wh(7-29-41)
in the set Z(y 1)
For the set I(g01) = 41-{x € Zra9; 71z, 291 2}. ordrae = 84, g.c.d. {6, 28} =

2. Solve the following equations

{ z=1 (mod 29)
z=26 (mod 7)

We have z = 117. Let Hz = {w®;0 < s < 83}. Then the 168 integers in the

reduced residue system mod(203) are decomposed into two cosets

ZH i=0,1, where z =117 = —w™, 2% = "
Thus the following games satisfy the required conditions on I(g,0,1).
(B) 29 - {1, w; —w, —w’} ® {1,0?, -, w**}

For the set f(01,0) = 29{® € Z7.41; T4z, 41 { z}. ordr.4 = 120, g.c.d.{6, 40} =

2. Solve the following system of congruences

{ u=1 (mod 41)
u=26 (modT)

We have u = 124. Let Hy = {w®;0 < s < 119}, then the reduced residue system

of 240 integers mod(287) was decomposed into two cosets
wH =01 where u =124 = —w'%, »? = ¥
Thus the following games satisfy the required conditions on f(o1,0).
(€) 29 {1,w; ~w, —w’} @ {10, W'}

From an initial round {oo,0;4,5},{1,3;2,6} of TWh(8). We have the follow-

ing games for the set I(p 1)

(D) 29 -41 - {{0,0;4,5},{1,3;2,6}} where a - 0o = oo.
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From Example 4.5.2.(a), we construct the following games for P, where w =
26.

(E)
7229 - ({10, 0}, (WP w1% 0w} ® {168, ™} (mod 41)}U
741 - {{1,0wHw,w} ® {108, -+ ,w*} (mod 29)}U
7-{z" {l,w; ~w, —~w?} @ {1,w?, -, w?™®}(mod 1189);i = 0,1,z = 436}.

Therefore, AU BUC UD U E form an initial round for a TWA(7-29 - 41).




Chapter 5

Z-cyclic Room squares

This chapter deals with the existence of Z—cyclic Room squares of order 2n (or
of side (2n — 1)) whenever 2n — 1 = [, pi" where p; = 2™b; +1 > T are primes,
b; odd, b; > 1, and «;, m; are positive integers, 7 = 1,2,---,n. It also includes

some further results involving Fermat primes.

5.1 Introduction

Recall that a Room square of order 2n (or of side (2n—1)) isa (2n—1) x (2n—1)

array based on 2n distinct symbols such that
1. each cell is empty or contains an unordered pair of distinct symbols;
2. each row and each column contains each symbol exactly once;

3. each of the n(2n —1) unordered pairs of distinct symbols occurs in precisely

one cell of the array.

A Room square is Z-cyclic if § = {00,0,1,---,2n — 2}, if the top left cell
contains the pair {oo,0}, and if, whenever{a, b} occurs in the (7, 7)-th cell, {a +
1, b4 1} occurs in the (i 4 1,7 + 1)-th cell, arithmetic being modulo 2n — 1,
co+ 1 = o0,

It was proved in the 1970’s that a Room square of order 2n exists for all
n > 4. We now show that many of the ideas of the previous chapter can be used

to construct Z-cyclic Room squares; this simplifies work of Gross and Leonard

89
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[21] on this subject. The squares constructed will all be skew as well as Z-cyclic;
recall that, to construct such squares it is sufficient to construct skew starters in
Zon-1. 1.e. apartition X = {{a1, b1},{as, b2}, -, {an-1, bn-1}} of Zan_1 —{0}
such that both

{:l:(ai — b,;); 1 S 7 S n — l} = Zgn__l — {0}
and
{i(ai + bﬁ), 1 S 7 S n — 1} = ZZn-—l - {0}

are satisfied.

5.2 Basic constructions

Lemma 5.2.1 Let p; be distinct primes, «; be positive integers, 1 = 1, 2,-++ n.
Let p; = 2™ - w - a; + 1 where u, a; are odd and h.c.f {a;;1 =1,2,---,n} =1,
{=maz{m;i=1,2,---,n}, m =3 m;, and let w be a common primitive root
of pi*, i =1,2,-+-,n. Then there exists t such that

1 w=1 (mod [T, p™);

2 W= 1 (mod [Ty pi"), ifmi=k Vi=1,2,---,n for some positive
integer k;

8 wi# 1 (mod [Th,pf) Vj ifmi # my, for some 1l < iy #iy < n;
4. G = {2 € ZHv_lp?a;(x,HLl pi') = 1} then G is an Abelian group of

order 2™ -t - h for some h.

Proof. 1. Let p;, = 2™ -u-a;+ 1 where u, @; are odd and h.c.f{a;;i =
1,2,---,n} =1, Then

h‘c'f{p?ivl(pi - 1)a3 =1,2,--- )n}
=hef{2™ u-a+1)*1.2™ .y.q; 1=1,2,--,n}
=27 u-v

where ¢ = min{m;;i = 1,2,--+ ,n},v = he.f{(2™ - u-a; + 1) q;; 1=

1327"'Jn};
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Lem{p®'(pi—1);i =1,2,--+,n}

= l.C.m{(zm‘ cuca;+ 1)0“_1 2™y ea;; 1=1,2,---,n}
=2ty w.

=2t

where w = Lem{(2™ua; + 1) a;/v; 1 =1,2,---,n} and t =u v - w.
Let w be a common primitive root of p;*. Then the order of w
(mod [T, p) is Lem{pd Y(pi — 1);7 = 1,2,---,n} = 2¢ . ¢, so ¥ = 1
(mod Ty o).

2. It m; = kVi=12---,n for some positive integer k£ then £ = k and

. o1, . . . e e
we claim w? 7t = —1 (mod [I%, p{). Since w is a common primitive root of

pie=1,2,-++,ns0

Wi T i) = (mod p) and W im1)/2 = (mod pg)
foralle=1,2,---,n. ie.
ST AW L and O 2 e g®

for some Az(l), Al(-z); Vi=1,2,-,n.

So for any integer k; we have

Wl ) p?iBz'(l) +1 for some Bt.(l)

=T 1

In particular, we take k; = % 2““‘ (integers) ¢ = 1,2, ,n. Then we have
ol=1_ PQ,- i (p—1) i 1)
2 =pi B’ +1
and .
sz_l(pt.—l) s (2) .
w 2 =p A -1 1=1,2,--,n
Therefore

W = (B + 1) (i AP - 1)
= pH AP —1 for some A® =12 0




92 CHAPTER 5. Z-CYCLIC ROOM SQUARES

i.e. w2£_l't+1=pf‘iA§3) Vi=1,2,--,n
Thus, since p;, ¢=1,2,---,n are distinct primes,
£—1 n
Wt 1= P A for some A.
i=1

3. If my # my, for some 1 < 43 # 13 < n we claim that w/ # —1

mod [I%, p¥*) for all . Suppose that there exists some jo such that w’ =
i=1M

—1 (mod TI%,p¥). Then w® = —1 (mod p;), w® = —1 (mod p;,). But
i — ip ~1 -

R | (mod p;,) and wE = -1 (mod p;,). Thus j, = &12—1(1110(1(

py, —1))= Ezzil(mod( pi, — 1)). It follows that 2™~z q; (2k 4+ 1) = a;,(2g + 1)

for some k and g, which is imposible, since a;,, a;,, 2k + 1, 29 + 1 are odd and

mi, 7é my,.

4. Clearly G is an Abelian group with order ¢([1, pi*) where

@(H?=1 p'?t) = H?:l p?“_l(p‘i - 1)
=T, (2™ u-qp+ 1) 2™y q;
= 2"y o™ Il b
=2".u-v-w-ou o IR b))/ w
=2™.¢-h.
where A = [u™ - o™ 1 TI2, b]/w and b; = (2™ - u - a; + 1)*7 . q;/v for all

i=1,2,-,n.

Lemma 5.2.2 If p is prime, p > 7, then there exists a skew strong starter in Z,,
and hence a skew Z—cyclic Room square of order p+1.

Proof. See, for example, [1]

Theorem 5.2.3 Ifp = 2F -t + 1, where t > 1 is odd, is a prime, p > 7, then
there exists a skew strong starter in Zye for o > 1, and hence a skew Z-cyclic
Room square of order p® + 1.

Proof. The case o = 1 follows from Lemma 5.2.2. For the induction step,
let £ denote the reduced residue system mod p®, and let w be a primitive root

of p? (and hence of p* for each «), Let d = 2¥~'. Then, mod p®, w has order
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p*Yp — 1) = 2¥m = 2dm, say, where m is odd, and w¥ = —1 (mod p*). We
claim that the pairs

(5.2.1) {2 H AL 0 < <d—1, 0< 5 <m —1}

form a skew starter for £.

The differences between each pair are w2 i(w? —1),0 < i < d~1,0 <
7 < m —1 where w? # lmod p. Clearly w?%t = w2/%+! if and only if i = I and
7 = J. So now suppose w4t = —2JA+ Tf 954 + 4 < 2Jd + I we would have
WM (1 4 2U=0d+U=) = 0 50 that 2(J —j)d+ (I —i) = dm  (mod 2dm). Since
0 <2(J —j)d+ (I —1) < 2dm, this requires 2(J — j)d + (I — 1) < dm, whence
I =1. Thus 2(J — j) = m contradicting the oddness of m. So all the differences
are distinct. The sums and their negatives are similarly distinct; the argument
is the same, with w? — 1 replaced by w?+ 1. Since t > 1, w¥+1# 0 (mod p).

Thus, for Z,«, we take the starter in £ along with the pairs {pc;, pd;} where

the pairs {¢;, d;} form a starter for Z,«-1.

For later reference, we denote the pairs in (5.2.1) by PIR,« (Pairs In Reduced
set mod p%).

5.3 Composition Theorem

We now consider the products of primes. Let £ denote the reduced residue system

mod p§? - p3? - -+ p@. Then |E| = IE=pf (p; — 1). If w is a common primitive

root of p?7p§7' v »P?a and v = P?lpgz . 'Pfff-

ordyw = Lem{p H(p; —1);i = 1,2, ,r} = 2.,

where ¢ is odd, £ = maz{k;;1 <i<r}, and p; = 284, + 1 (¢; odd, t; > 1).
By Lemma 5.2.1. WX = 1 (mod w), if m; = £ V & = 1,2,--+,n,

whereas if the m; are not all equal, then w’ # —1 (mod v) for each j.

Case 1. If m; = £ for each 7, let

Ly
H = {17w’w2="'aw2t 1};
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then E has coset decomposition
E=ctHUcHU: - Uc,H.
where ¢; = 1 and |E| = k|H|, and it is easy to check that the pairs
(5.8.1) {{epw™¥ BN 0 << d-1,0< <t - 1,1 < h <k}

form a skew strong starter for £. The proof is as for Theorem 5.2.3; again we

need primes to be non-Fermat.
Case 2. If the m; are not all equal, take
H = {1, tw, +w?, -, 2?1},
Then E has coset decomposition
E=cHUcHU:---UcsH
where ¢; = 1, |E| = f|H]|, and the pairs
(5.3.2) {erw®, cpw®™ ), {—cpw®™, —cpw®t?)

are easily checked to satisfy the condition for a skew strong starter. So in either
case, we obtain a skew strong starter in the reduced residue system FE.

For later reference we denote the pairs in (5.3.1) and (5.3.2) by
P]CH;(a%)lu-pﬁn and PIOH;E?”)l-up“" (Pairs In Cosets of H) respectively. We also use

n

the following notation

('zﬁ12 TL)— 1: ifmiZEfOI‘a,Hi:l,Q,-..jn
X\Piyt = Llyz,---,n)= 2, if mq, # my, for some 1 < iy # 15 < n.

Theorem 5.3.1 If p=2"-a4+12>7, q=2"-b+1 > 17, are distinct primes,
and a, b > 1 are odd then there exists a skew strong starter in Zyap (0,3 > 1)
and hence a Z-cyclic Room square of order p*¢® + 1.

Proof. Let o be fixed and use induction on 3. For 8 = 1, we have

Zpaq = qZpa U U?;olpiZ(a—i,l) Up*Z,.
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By Lemma 5.2.1 and Lemma 5.2.2 skew strong starters in Z,, Zp« exist, say
{ei,di}, {ai, b;} respectively. For the set Z,_i;) ¢ =0,1, -+, —1; the pairs
PICHX?? i =0,1,-

pairs for a skew strong starter in Z,a, are

,a — 1, have the required properties. So the required

{qai, qb;}, {p®c;,p°d;} and pPIC’pr’q i=0,1,--+,a—1.

Now for the induction step. Suppose a skew strong starter in Z,o -1 exists,

say {a;, b;}, Again
Zpaq,ﬂ = qZpaqﬁ—l U U?z—olpiZ(a__i‘g) U paZ(O,ﬁ).

For the set Z,_ip), the pairs PIC’H;QP’," for all ¢ = 0,1,---,a — 1 have the
required properties; and for the set Zy g, the pairs PIR s have the required

properties. Therefore the required pairs for a skew strong starter are

{ga;, qbi}, p PICHXQP’,qﬁ forall ¢=0,1,---,a—1 and p*PIR,

Theorem 5.3.2 [fp=2"-a+127 ¢q=2"-b4+127, m # n are primes,
a,b are odd, then there exists a skew strong starter in Z,, and hence a Z-cyclic
Room square of order pq + 1.

Proof. Z,, = qZ, U Z1,1)U pZ,. Since m # n the pairs PICH{? have the re-

quired properties, so the required pairs for a skew strong starter arve the following

q-S5ST,, PICHS and p-SST,.

where 55T, 55T, are skew strong starters in Z,, Z, respectively given in Lemma

5.2.2.

Theorem 5.3.3 Let p = 2" + 1 be a prime, where a > 1 odd, n # 2. If there
exists a skew strong starter in Zs, then there is also one in Zsya.

Proof. By hypothesis a skew strong starter exists in Zs, so the case o = 1 is
true. Deal with the induction step; let py = 5, pa = p and let the set Zs,e be
decomposed as following:

Zspe =A{z € Zopaip | 2} U{x € Zspe; 51z, pf 2} UB{2 € Zpa;pfa}
= pZspa—1 U Z1,0) U 5Z(0,0)
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Therefore the pairs PIR,« and PICH, 5(;?1 have the required properties and by
induction hypothesis a skew strong starter in Zs,a—1 exists, say {a;, b;}. Then

for the required pairs for a skew strong starter we take

{pai, pb;}, PICH{)

Bps

5PIR,.

Example 5.3.1 There exists a skew strong starter in Zj.2, since {1,2},
{3,5}, {4,7}, {6,10}, {12,17}, {21,27}, {15,22}, {24,32}, {19,28}, {20,30},
(33,9}, {14,26}, {16,29}, {11,25}, {8,23}, {18,34}, {31,13} is a skew

strong starter in Zss.

Theorem 5.3.4 Let p,q be primes where p = 2"a + 1 > T,a > 1 odd, ¢ =
2m4-1> 7, m#mn, aisa positive integer, then there exists a skew strong starter
in Zyay and hence a Z-cyclic Room square of order p®q + 1.

Proof. Same as Theorem 5.3.3 with 5 replaced by q.

Example 5.3.2 There exists a skew strong starter in Z;z2.17 and Zyy2.17.

Theorem 5.3.5 If p; = 2™a;+1 are primes, a;, are odd, a; > 1, «; are positive
integers 1 = 1,2, -+, r, then there exists o skew strong in ZH o5 and hence @
=1

L

Z-cyclic Room square of order [Ti—y p;i* + 1

Proof. Proceed by induction on r. The case r = 1 follows from Theorem
5.2.3 and the case r = 2 follows from Theorem 5.3.1. Now deal with the induction
step; suppose that there exists a skew strong starter in ZHr—l a;. We want to

lll

show that there exists a skew strong starter in Zn

= 1pl
First consider Z(I-[r-wl iy W have
=1 p;
(l_.[;_ll ?" pTZH:;ll Sl U U(ﬁllﬁZa an‘ 1a )I(ﬁ1:ﬁ2’ yﬁT laD)
where I(g, 5.6,21,0) = T(B1,82, 81,004 an =1 stra— frop,1)s bhe union running

over all r-tuple (B, B2, -+, 6:) with 0 < f; < & for each 1 < i < r —1 and
ar = 1, B, = 0. For each I we have a skew strong starter and along with them

we take a starter for ZH -1 with each element multiplied by p..

tli
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For the induction step, we consider «, > 2 and write

T

H p?' = pTZ(HT_l p‘_"i)p?r—l U U(ﬁly"')IBT—l10)'[(51:"'1ﬁ?‘—-110)

i=1 =1 ¢
and proceed as before.

Corollary 5.3.6 Let p; = 2™a; +1 > 7,a; are odd, «; are positive integers
:=1,2,---,n and

1. ifag=1 then y =1
2. 4fmy =my, = =my, thena;, >1 YL=1,2,---k;

then there exists a skew strong starter in ZH « and hence a Z-cyclic Room

n
i=1 Pi

square of order [T, p;* + 1.

Example 5.3.3 There exists a skew strong starter in Z72.11.17.257. We use

Z72.11.17.257 = 257Z72.11.17 U {SIT S Z72.11.17.257; 7 '{' T, 11 'f x, 17 '|' $,257 'f CE}
ULT{z € Zr211.057; 71 2,11 { 2,257 { z}
Ull{CL‘ € Z72.17,257; 7 ‘f €Z, 17 )f :E,257 'f :17}

U7{$ € Z7-1117~257; 7 'f Z, 11 1’33, 17 'f 517,257 'f "I"}
UT{z € Zy1izasr 1112, 1T 1 2,257 { 2}

U1l - 17{23 € Z72.257; 7‘1’11,2571’33}

UT - 11{z € Zrar2s; T 2,171 2,257 { z}
U72 . 11{-’1,' & Z17.257; 17 ’f .'L',257'|'$}

uT - 17{$ < Z7.11.257; 71'.17,11 1’ X, 157 jf .T}
U72 . 17{23 € 211.257', 11 ‘f 58,257 ’f (1’,‘}

u7-11- 17{33 S Z7.257;7’tﬂ’),2571'$}

U7? .11 - 17Z32s7.

Here 7=2-3+1, 11=2-541, 17=2%+1, 257=28+1.
Corollary 5.3.7 Let p; = 2™ -a; +1 > 7, a; odd, «; positive integers ¢ =
1,2, -, n satisfying the following conditions
1. Ifag =1 for some £ € {1,2,---,n} then ap = 1.
2. Ifmy =my, = =my i; €{1,2,---,n} thena;, >1 Vj=1,2,---,k.
3. Suppose m; £2 (1=1,2,--- n).

4. Suppose there exists a (skew) strong starter in Zs.,, for alli = 1,2, ,n—1.
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Then there exists a (skew) strong starter in Zgrmn = and hence a Z-cyclic Room
t=1+%1
square of order 5-TI%, pi* + 1.

Example 5.3.4 There exists a skew strong starter in Zs.72.11, since

25.72.11 = 1125,72 U 7{37 S Z5.7.1]_; 5 1’ IIJ,TJ[CU,ll 'f .L'}U
72{z € Zsa1;5 12,1142} UB{z € Zrya1; 712,11 { 2}V
5 -T{x € Zra; T4z, 1112} UB T2 7.

and

Zsr =TZsqsU{z € Zs2; 512, Tty UB{z € Zp2; T4z}
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