





The following result will be useful. Its proof follows directly from Definition 1.3.23

and thus, we omit it.

Lemma 1.8.26. Let X, Y and Z be metric spaces. Let A: D C X =Y be ky~(vx, vy )-
contractive and A(D) C Dy C Y. Let B : Dy — Z be ky-(yy,vz)- contractive. Then

BA: D — Z is koky-(vx,77)-contractive.

It follows from Lemma 1.3.26 that if A is a k-(yx,~y)-contractive map and B is
1-(yy,vz)-contractive and BA makes sense, then BA is also k-(vx,vz)-contractive.

In the following we provide some k-(yx, vy )-contractive maps.

Definition 1.3.27. Let X and Y be metric spaces. A map A: D C X — Y is said to

be a Lipschitz map with Lipschitz constant L if A satisfies
d(Az, Ay) < Ld(z,y) fora,y € D,

Lemma 1.3.28. Let X and Y be metric spaces. Let A: D C X — Y be a Lipschitz map

with Lispschilz constant L. Then A is L-(ax, oy )-contractive.

Proof. Let @ C D be a bounded set in X. For ¢ > 0, there exists a finite cover
{@1, ..., Qx} such that diam(Q;) < ax(@)+¢e,1=1,..,k and Q C UL ,Q;. This implies
A(Q) € UL, A(Q;). By hypothesis we have diam(A(Q;)) < Ldiam(Q;) fori =1, ...,k It
follows that ay (A(Q)) < L(ax (@) + €). Hence, ay(A(Q)) < Lax(Q). a.

Let A: D C X — X be a Lipschitz map with the Lispschitz constant L. In general,
if D # X, we can not show that A is L-(8x, By )-contractive although it is L-(ax, ay)-

contractive. However, if D = X, we can prove that it is.

Theorem 1.3.29. Let X and Y be metric spaces. Assume that A: X — Y is a Lipschitz

map with Lipschitz constant L. Then A is L-(Bx, By )-contractive.

Proof. Let ) C X be a bounded set and » = (x(Q). For ¢ > 0, there exists
{y1;--»Ynt C X such that
Q C UL Bx(yir+e),
where Bx(yi,r +¢) = {z € X : d(y;,z) < r+¢}. For every fixed 2 € @, there exists

i € {1,...,n} such that d(y;,z) < r +e. This implies

d(Az, Ay;) < Ld(z,y;) < L(r +¢).
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Therefore, Az € By(Ay;, L(r +¢)) and A(Q) C Ui, By (Ay;, L(r + €)). Tt follows from
the definition of ball measure of noncompactness that By (A(Q)) < L(r+e¢). This implies
Br(A(Q)) < LBx(Q). =

The above result can be generalized to a more general case which is also useful in

applications.

Definition 1.3.30. Let X and Y be metric spaces. A map A:QC X — Y issaid to
be [-semicontractive map from X to Y with L > 0 if there existsamap V: X x X =Y
such that the following conditions hold.

(S;) For each fixed z € X, V(z, ) : X =Y is compact.

(S;) For each y € X, the map V(.,y): X — Y is a Lipschitz map with the Lipschitz
constant L.

(8s) A(z) = V(z,z) for = € Q.

Theorem 1.3.31. Let X and Y be metric spaces. Assume that A: Q C X =Y isa

[-semicontractive map. Then A is L-(Bx, Pr)-contractive.

Proof. Let @ C € be a bounded set with Ax(Q) = r. For e > 0, there exists
{#1,..;zy} C X such that Q C Uv,Bx(w;,r +¢). TFor each z € X, V(z,Q) i1s a
precompact set in Y, so Ur, V(zi, Q) is also precompact in Y. For the given € > 0 there
exists {Y1, .-y ym} C Y such that ur, V(e @) C U;'TL:IBY(yj,E). Let & € Q. Then we can
choose 1 € {1,...,n} and j € {1, ...,m} such that

d(z,2;) <r+e and d(V (z;, ), y;) <€
Thus we have
d(A(z),y;) < d(V(z,2),V(zi, ) + d(V (zia),y;) < L(r +¢e) +e

This implies A(Q) C U™, By (y;, L(r +€) + ¢). Thus we have fy(A(Q)) < Lir+e)+e
Since ¢ is arbitrary small, we get By (A(Q)) < LAx(Q). O

Remark 1.3.32. Theorem 1.3.31 generalizes Theorem 1 in [69] (also see lemma 2.3 in

[55))-




Now, we show that when X =Y, yx-measure of noncompactness has more properties

if the space involved is a Banach space. We collect them in the following lemma.

Lemma 1.3.33. Let K be a closed convex set in a Banach space X. Then the measure
of noncompactness relative to I has the following properties. Suppose Q,S C K. Then

(1) Br(Q) = 0 if and only tf Q is precompact.

(2) Br(Q) = fr(QR), where @ denotes the closure of Q relative to K.

(3) @ C D C K implies Br(Q) < Br(D).

(4) For each X € [0,1], Br(AQ + (1 — A)S) < ABx(Q) + (1 — N)Br(S).

(5) Br(QU 5) = max{fk(Q), x(5)}

(6) Br(co(Q)) = Br(Q), where co(Q) denotes the convex hull of Q.

If K is a wedge, then we have

(7) Br(aQ) = af(Q) for each a € [0,00).

(8) Br(@ + ) < Br(Q) + Br(S).

If K is a subspace of X, then we have

(9) Br(aQ) = |a|Br(Q) for each a € R.

All of the proofs of the properties (1)-(9) follow from the definition of the relative ball
measure of noncompactness fx and are similar to those of the properties of y-measure
relative to X, which are given in usual books on Nonlinear Analysis, for example, see [12],
[48] and [60]. Therefore, we only show the proof of property (6) which is not obvious.

Proof of property (6). Obviously, it suffices to show that Sx(co(Q)) < Br(Q). Let
r = PBr (@) and € > 0. Then there exists {1, ..., 2.} C K such that Q@ C U, Bx(x:,r+¢).
Let C' = co{21,...,2,}. Then C' C K. Since C is compact, there exists {z1,...,zn} C C
such that C' C UL, Bx(2;,¢€). Let y € co@. Then there exist A; > 0 with 37 | A; = 1 and
Yi € Br(zi, 7 +¢) such that y = 370, Ay, Let 2 =37 | Mizy. Since C' C UTL, B (24, €),
we have ||z — z;|| < € for some z;. Hence we obtain

ly = zill <fly =zl + 11z = 2 <D Ny —will +e <r+ete.
i=1
This implies y € Br(z;,7 + 2¢) and thus co@Q C U, B (zj,r + 2). It follows that
Bre(co(Q)) <7 = Br(Q). 0
By Definition 1.3.23 and Lemma 1.3.33 we obtain
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Lemma 1.3.34. Let X and Y be Banach spaces. Then
(1) If Ay : D C X = Y s ki-(yx,7vv)-contractive for i = 1,2, then A, + Ay is

(k1 + ka)-(vx , vy )-contractive.

It immediately follows from Lemma 1.3.34 that if A is a k-(yx,7yy )-contractive map
and B is a compact map, then the sum A + B is also k-(yx, 7y )-contractive.

The following result shows that condensing maps have a property of convergence.

Lemma 1.3.35. Let D be a closed set in a Banach space X. Let A : D — X be a
vx -condensing map and {z,} C D a bounded sequence such that z, — Az, — w € X.

Then {x,} has a convergent subsequence x,, — z € D and z — Az = w.

| Proof. Let {2,} C D be a bounded sequence and z, — Az, — w € X. Then we have
|
[ {2} C {zn — Az,} + {Az,}.

This implies

vx({2a}) < vx({zn — Awa}) + 7x({Ava}) = 1x({Aza}).

Since A is vy-condensing from X to X, we find yx({®,}) = 0. The result follows. O
The above result shows that if D is a compact set of X, then the inverse image
YD) = {z € Q: f(z) € D} is compact, that is f is proper.
Utilizing measure of noncompactness, one can see an essential difference between a
finite dimensional space and an infinite dimensional space.

The following result is due to Nussbhaum [49].

Theorem 1.3.36. Let X be a real Banach space and B(1) = {z € X : ||z|| £ 1} and
S ={zeX:|z||=1}. Then we have

(1) ax(B(1)) = ax(S) =0 if X is a finite dimensional space.

(11) ax(B(1)) = ax(S) =2 if X is an infinite dimensional space.

Remark 1.3.37. Let X be a real Banach space and K a wedge in X. Let 0K, = {z €
K :|lz|| = 1}. We denote by F' the closure of the space generated by K. If F' is a finite

dimensional subspace of X, then 9K is compact. However, we don’t know if the inverse

of the result is true, that is, if 0K, is compact, is F' a finite dimensional space?
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For ball-measure of noncompactness, we have

Theorem 1.3.38. Let X be a real Banach space and B(l) = {z € X : ||z|| £ 1} and
S={ze X :|z||=1}. Then we have

(1) Bx(B(1)) = Bx(S) =0 if X is a finite dimensional space.

(11) Bx(B(1)) = Bx(S) =1 if X is an infinite dimensional space.

Proof. We prove (u2). Let r = fx(B(1)). Then r € (0,1]. We prove r > 1. Let £ > 0.

Then there exist 1, ..., &, € X such that
B(1) C U B(z;,r +¢). (1.7)
Let p = r + . We prove that for every i € {1,...,n},
B(:,p) C UjB(; + pej, p?). | (1.8)

In fact, let y € B(w;,p) and z = (y — 2;)/p. Then z € B(1). By (1.7), there exists

7 € {21,..., s} such that ||z; — z|| < p. Hence, we have
lly — @i — pajll = llpz — pz;fl < p”.

This implies B(w;, p) C B(wz:+pzj, p?) and thus, (1.8) holds. By (1.7) and (1.8) we obtain
B(1) C UL, Uy Blai + s, 7).

It follows from definition of ball measure of noncompactness, r < p* = (r + €)% Since ¢
is arbitrary, r < r% and r > 1. O

We are now in a position to mention the definition of the fixed point index for -
condensing maps and show its properties.

We first give the definition of the fixed point index for k-y-contractive maps with
k < 1. We refer to [48] for more details. One can also find the definitions of fixed point
index for k-set-contractive (or set-condensing) maps in [23] and [24]; for k-y-contractive
(or y-condensing) multivalued maps from X to X in [20], [52] and [54].

Let K be a closed convex set of X and D be a bounded open set in X such that
Dy = DO K # 0. As before, we denote by D the closure and Dy the boundary of

Dy relative to K.



Definition 1.3.39. A map A : Dx — K is a k-y-contractive map (7-condensing, re-
spectively) if it is one of the following maps.

(1) A is k-ax-contractive (ax-condensing, respectively).

(2) A is k-Px-contractive (Bx-condensing, respectively).

(3) A is k-fr-contractive (Br-condensing, respectively).

By Lemma 1.3.24 we see that A satisfies (1) if and only if A is k-a-contractive

(aui-condensing, respectively).

Remark 1.3.40. Previously, a k-y-contractive (v-condensing, respectively) map A
reant that A satisfied (1) or (2) (see, for example, [20], [52] and [54]). This does not

| include the class of maps which satisfies (3).

As before, @ # A(z) for all @ € Dy means that either (i) 8Dy = B or (ii) if dDx # 0,
v # A(z) for all z € 8Dk.
Let A: Dg — K be k-y-contractive with k& < 1 such that z # Az for ¢ € ODy. We
define
K, = wA(Dx) and Kny1 = 0A(K, N Dg) forn €N.

Note that if D = 0, that is, Dy = K, then
K, = @WA(K) and Knp1 = 0A(K,) forn € N.
The following lemma is a key towards defining the index.

Temma 1.3.41. Let A: Dx — K be k-y-contractive with k < 1 such that x # Az for
z € 8Dy. Assume that Ky NDx # 0 for alln € N, where K, is defined as above. Let
Ko =N, K,. Then

(1) Ko ts @ nonempty compact conver set.

(2) Koo N Dy =N, K, N Dy is a nonempty compact set.

(3) There exists a compact map B : Dy — Koo(C K) such that Bx = Az forax € K. NDx
and = # Ba for © € 0Dk.

Proof. Tt is easy to verify the following facts:

Knp1 € K, and V(K1) < ky(Kn) < k"“fy(_ﬁ;().
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This implies v(K,) — 0 and (K, N D) — 0. It follows from Lemma 1.3.22 that K, is
a nonempty compact convex set and K, N Dx = N2, K, N D is a nonempty compact
set. Therefore, A is well-defined on Ko, N D and A(Ko N Dg) C Ko. Since K, is
compact and A is continuous, A : K N Drg — K., is compact. It follows from Lemma
1.2.2 that there exists a compact map B : Di — Ko(C K) such that Bz = Az for
& € Ko N Dy, We prove that @ # Bz for « € Dg. In fact, if not, £ = Bz for some
z € 0Dg. Then z € Koo N 0Dg and ¢ = Az, which contradicts the hypothesis that
z # Az for all z € Dx. a

Definition 1.3.42. Let A : Dy — K be k-vy-contractive with & < 1 such that = # Az
for x € 0D . Let K, and I be defined above. We define the fixed point index of A over
Dy relative to I, denoted by ix(A, D), as follows.

(1) ix(A, Di) = 0 if there exists ng € N such that K,, N Dx = 0.

(2) ix(A, Di) = ix(B, D) if K, N Dy # () for all n € N,

where B : Dy — Koo(C K) is an arbitrary map which satisfies all the conditions in (3)

of Lemma 1.3.41.

Remark 1.3.43. If there exists ng € N such that K,, N Dy =0, then K, N D =0
forallm > ng. If K, N Dg # 0 for all n € N, it follows from lemma 1.3.41 that there
exists at least one map B : D — Koo(C K) such that Bz = Az for @ € Ko, N Dk and
& # Bz for ¢ € 0Dk. Hence the index ix(B, Di) makes sense. If there exists another
map C : Dx = K. (C K) such that Cz = Az for * € K, N Dy and z # Cz for
z € 0Dk, then ¢ # h(t,2) = tBax + (1 — t)Ca for t € [0,1) and @ € 0Dk. 1t follows
from the homotopy property in Theorem 1.2.9 that ix (B, Dx) = ix{(C, Dg). Therefore,
ix(A, Dr) is well defined and is independent of the choice of B.

Remark 1.3.44. By Definition 1.3.39 and Lemma 1.3.24 we see that we have defined a

fixed point index for k-ball-contractive maps from K to K.
One can show that the index in Definition 1.3.42 has the usual properties.

Theorem 1.3.45. Let K be a closed convexr set in a Banach space X and let D be a

bounded open set such that D # 0. Let A : Dx — K be a k-y-contractive map with




k € [0,1). Suppose that @ # A(z) for all 2 € 8Dy, The index defined in Definition
1.8.42 has the following properties.

(P1) (Eaistence property) If ix{A, Dx) # 0, then A has a fived point in Dy .

(P2) (Normalization) If u € Dy, then iy (4, Di) = 1, where @(z) = u for ¢ € Dx.

(Ps) (Additivity property) If W, W? are disjoint relatively open subsets of Dy such that
x # Az for x € D \ (WU W?), then

ik(A, D) = ig(A, W) + i (A, W?2).

(Py) (Homotopy property) If H : [0,1]x D — K is continuous and such that v(H([0,1] x
@)) < ky(Q) for each Q@ C D with v(Q) # 0 and some k € (0,1), and if ¢ # H(t,z) for
x € 0Dk and t € 0,1}, then

i (H(O,), Dr) = 1x(H(1,-), D).
Similar to Theorems 1.2.10 and 1.2.13 we have the following results.

Theorem 1.3.46. Let K be a bounded closed convez set in X Assume that A: K - K

is k-y-contractive with k < 1. Then ix(A, K) =1, and thus, A has a fized point in K.

Proof. 1t follows from Lemma 1.3.41 and Definition 1.3.42 that
i[((A, I&'r) = ij((B, I’(),

where B : I — F(C K) is defined as in Lemma 1.3.41 and is compact. By Theorem
1.2.10 i (B, K) = 1 and thus, ix(A,K) = 1. O

The proof of the following result is similar to that of Theorem 1.2.13. We omit it.

Theorem 1.3.47. Let K be a unbounded closed convex set in X and A : K — K be

k-y-contractive with k < 1. Assume that the following condilion holds.

limsup ||Az||/||z]l < 1.

€ K,||z|| =0

Then there exists po > 0 such that ix (A, Bi(p)) =1 for all p > po. Hence, A has a fized

point in K.

We generalize the above index to y-condensing maps.




Definition 1.3.48. Let K be a closed convex set in a Banach space X and let D be a
bounded open set such that D # @. Let A: Dx — K be a y-condensing map. Suppose
that  # Az for all x € Dg. Define the fixed point index by the equation

ik(A, Di) =i (B, Di).

where B : Di — I is a k-vy-contraction with &k € (0,1) and 1 — k sufficiently small such

that ||Az — Bz|| < 7/3 for all z € D, where T = inf{||z — Az|| : « € 8Dx}.

Remark 1.3.49. Since @ # Az for @ € 0Dy, it follows from Lemma 1.3.35 that 7 > 0.
Let zg € K. A possible choice for B is the map B : Dx — K defined by Bz =
kAz + (1 — k)xo. It is easy to verify that |Az — Bz|| < 7/3 for all z € Di for k € (0,1)
and 1 — & sufficiently small, and z # Bz for @ € dDg. Therefore, it follows from
Definition 1.3.42 that ix (B, Dx) makes sense. One can prove that the index ix(A, Dg)
is independent of the choice of B. In fact, let B; : Dx — K be k;-y-contraction with
k; € (0,1) and 1 — k; sufficiently small such that ||Ax — B;(2)|| < /3 for all z € Dg,
where 1 = 1,2. Let H(¢,2) = tBi(a) + (1 — ¢)By(z) for t € [0,1] and = € Dg. Then
H :[0,1] x D — K is continuous and such that v(H([0,1] x @)) < kv(Q) for each
@ C D, where k = max{ky, k;}. We prove that ¢ # H(t,z) for ¢ € [0,1] and = € 9Dk.
In fact, if not, there exists « € Dg and ¢t € [0,1] such that = tBi{z) + (1 — ) Ba(z).
Then

7 < |z — Az|| £ t||Az — Byz|| + (1 —t)||Az — Ba(a)|| < tr/3+ (1 —t)1/3 =17/3,
a contradiction. It follows from the homotopy property of Theorem 1.3.45 that
ik (B, Di) = ix(By, D).

The fixed point index defined in Definition 1.3.48 has the usual properties. We collect

these properties in the following

Theorem 1.3.50. Let K be a closed conver set in a Banach space X and let D be a
bounded open set such that Dy # 0. Let A: D — K be a y-condensing map. Suppose
that xz # A(z) for all ¢ € Dgk. The index defined in Definition 1.3.48 has the following

properties.




(P1) (Ewistence property) If ig(A, D) # 0, then A has a fized point in Dy .

(P2) (Normalization) If w € Dy, then ix (4, D) = 1, where @t(z) = u for z € Dy

(Ps) (Additivity property) If W', W? are disjoint relatively open subsets of Dy such that
x# Az forx € Dg \ (WU W?), then

Z'I((A, DK) = ?:]((A, T’Vl) + 'i]((A, Wz).

(Ps) (Homotopy property) If H : [0,1]x D — K is continuous and such that y( H([0,1] x
Q)) < Y(Q) for each Q C D withy(Q) # 0, and if x # H(t,) forz € Dk and t € [0,1],

then

iK'(H(O) ')1 —Df‘i—) = iI((H(ls ')7 -DK')'
| Similar to Theorems 1.3.46 and 1.3.47 we have the following results.

Theorem 1.3.51. Let K be a bounded closed convex set in X Assume that A: K — K

is y-condensing. Then ix(A, K) =1, and thus, A has a fized point in K.

Proof. Let @p € K and Bp{z) = (1 — 1/n)Ax + (1/n)zo for € K. It follows from
Definition 1.3.48 that
ik(A, K) =ig(Bn, K)
for large n. By Theorem 1.3.46, ix(B,, K) = 1 for large n. Hence, ix(A, K) = 1. O
The proof of the following result is similar to those of Theorems 1.2.13 and 1.3.47.
We omit it.

Theorem 1.3.52. Let K be an unbounded closed convex set in X and A : K — K be

k-v-contractive with k < 1. Assume that the following condition holds.

limsup ||Az|/|lz]| < 1.

oK ||z|| oo

Then there exists pg > 0 such that ix(A, Bix(p)) = 1 for all p > po. Hence, A has a fized

point in K.

The special case when A(K) is bounded, is obtained in [54] (also see [53]).




Comments

The following assertions are new.

Proposition 1.3.1, Proposition 1.3.2, Theorem 1.3.6, Theorem 1.3.7, Theorem 1.3.9,
Example 1.3.12, Remark 1.3.15, Lemma 1.3.24, Remark 1.3.25, Theorem 1.3.29, Theorem
1.3.31, Theorem 1.3.46, Theorem 1.3.47, Theorem 1.3.51 and Theorem 1.3.52.

The proofs of the following assertions are new. Example 1.3.10, Example 1.3.11,

Example 1.3.13, Lemma 1.3.17 and Property (6) of Lemma 1.3.33.
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Chapter 2

Metric Projections and Generalized

Inward Maps

This Chapter is devoted to the study of closed convex sets for which there exist upper-
semicontinuous multivalued metric projections or continuous single-valued metric pro-
jections and of generalized inward maps including weakly inward maps. These sets and
maps will play important roles in developing our index theories.

We shall provide a sufficient condition for a closed convex set to have an upper semi-
continuous multivalued metric projection, that is, if this closed convex set is an M-set
defined below, then there exists an upper semicontinuous multivalued metric projection
(see Theorem 2.2.4). However, it is not clear whether there is a continuous single-valued
metric projection onto a closed convex M-set. We also give sufficient conditions for a
closed convex set to have a continuous single-valued metric projection and examples of
this type of set. A closed convex set for which there is a continuous metric projection
will be called an M,-set. We shall give an example to show that an M.,-set need not be
an M-set. It is an interesting open question whether or not an M-set is an M.-set.

Weakly inward maps and generalized inward maps will be well-studied; their properties

new or old and examples will be provided.



2.1 Approximatively compact sets

In this section we recall the concept of an approximatively compact set and give results
on the existence of approximatively compact sets, some of which are new. Theaconcept of
approximatively compact set was first introduced and studied by N.V. Efimov and S.B.
Stechkin (for example see [62]) and then by I. Singer [62]. The concept of approximatively
compact sets was generalized by Reich [57] to Hausdorff topological vector spaces and
used by Reich [57] and Sehgal and Singh [61] to study the best approximation problem
and existence of fixed points for weakly inward maps in Hausdorff topological vector
spaces. In Chapter 3 we shall develop a fixed point index for generalized inward compact
maps defined on an approximatively compact convex set in Banach spaces.

Let A be a subset of a Banach space X. A sequence {z,} C K is called a minimizing
sequence for a point z € X if

lim ||z — &,| = d(z, K),

n—+40co

where d(z, K) = inf{||]z — y|| : y € K}.

Definition 2.1.1. A subset K of a Banach space X is said to be approzimatively compact
(for short, an M-set) relative to X if for each @ € X every minimizing sequence {z,} C K

for = contains a subsequence converging to an element of K.

The above definition can be found in [62] except for the terminology ‘M -set’. We use
the terminology ‘M-set since it relates to the existence of metric projections and we shall
introduce the concept of M,-set below and the two concepts are related.

It is obvious that a Banach space is an M-set relative to itself. Moreover, every M-set
must be closed. If K # X, it is easy to verify that K is an M-set if and only if for
each # € X \ K and sequence {y,} C K satisfying ||z — ya|| — d(z, K) there exist a
subsequence {yy,, } of {yn} and y € K such that y,, — y.

We now provide some new conditions which assure a set is an M-set.

Theorem 2.1.2. Let K be a closed set in a Banach space X. Assume that the following
condition holds.

(S): Every bounded sequence {&,} of K contains a convergent subsequence.
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Then K is an M -set relative to X.
The proof of Theorem 2.1.2 follows from Definition 2.1.1 and the condition (.5).

Remark 2.1.3. The following assertions follow from Theorem 2.1.2 since the condition
(S) is satisfied.

(1) Every compact set in a Banach space is an M-set.

(2) Every closed set in a finite dimensional Banach space is an M-set.

(3) Every closed set in a finite dimensional subspace of a Banach space X is an M-set
relative to X. In particular, every finite dimensional subspace of a Banach space X is an
M-set relative to X.

(4) Let K be a wedge in a Banach space such that dK; = {a € K : ||z|| = 1} is

compact. Then K is an M-set.

| Proof. We only show (4). Let {z,} C K be bounded. Then {z,} C K, = {z € K :
llz|l < p} for some p > 0. Since I, C pco{dK, U{0}} and 9K, is compact, so is K.
This implies that {z,} is precompact and thus has a subsequence which converges to an
element in K. It follows from Theorem 2.1.2 that K is an M-set. t

The assertion (2) in Remark 2.1.3 shows that every closed convex set in a finite
dimensional Banach space is an M-set. However, in an infinite dimensional Banach

space, the result fails. The following new example shows this.

Example 2.1.4. Let C[0, 1} denote the Banach space of all continuous real-valued func-
tions defined on [0, 1] with the norm ||| = max{|z(t)] : t € [0,1]}. Let y.(t) = t" for
t € [0,1] and n € N. Then y, € C[0,1]. Let K = {y, : n € N}. Then K is a closed
convex subset of C[0,1]. It is easy to verify that d(0,X) =1 and ||0 — y,|| = 1 for each
n € N. Therefore, ||0 — y,|| = d(0, K). However, {y,} has no convergent subsequence.

Hence K is not an M-set.

Therefore, we need to find suitable conditions on X and K to determine when K is
an M-set. A nice additional condition on X is the property (H) of X which was first
introduced by Fan and Glicksberg [19].

Definition 2.1.5. A Banach space is said to have the property (H) if, whenever a se-

quence {x,} C X satisfies the following two conditions:
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(1) @, — @, where — denotes the weak convergence.
(2)  limpsteo lenll = =,

t}_leﬂ ].imn-—}+oo Tp — “:v”7

It is known that some special Banach spaces have property (H). The following defi-
nitions and properties of some special Banach spaces can be found, for example in [12],

[29] and [50]. We only mention these definitions and give their properties without proofs.

Definition 2.1.6. (1) A Banach space X is uniformly convex if for every ¢ € (0, 2] there
exists 8(¢) > 0 such that ||| = [ly|| =1 and |z — y|| > € implies [[(z +y)||/2 <1 - §(e).
(2) A Banach space X is said to be locally uniformly convex if for every € € (0,2} and
¢ € X with ||z]| = 1, there exists § = §(z,e) > 0 such that [yl =1 and ly—z| = €
| implies ||z + y|| < 2(1 —9).

(3) A Banach space X 1s said to be k-locally uniformly convex if for every & > 0 and
¢ € X with ||z} = 1, there exists § = §(z,€) > 0 such that, whenever 1, ..., k-1 has the
following properties:

(1) llzill <1,

(i) |z — zill Z ¢,
then

(4) A Banach space X is said to be strictly convex if z,y € X with Izl = llyll =1
and z # y implies ||tz + (1 —t)y|| < 1 for every t € (0,1).

The relations between these special Banach spaces are collected in the following propo-

sition.

Proposition 2.1.7. (1} Every Hilbert space is uniformly convez.

(2) Every uniformly convex space is reflevive and locally untformly convez.

(3) Every locally uniformly convex space is k-locally uniformly convez and strictly convex.
(4) Every k-locally uniformly convex space has property (H) (see Theorem 2.5.17, p. 56
in [29]).
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By the above proposition we see that every Hilbert space, uniformly convex space and
locally uniformly convex space has property (H). However, we do not know if a strictly
convex Banach space has the property (H).

The property (H) is not sufficient for a closed convex set to be an M-set. We also

need to add a suitable condition to the closed convex set. Hence we introduce

Definition 2.1.8. Let K be a closed convex set in a Banach space X. K is said to have
the property (W) if for any bounded sequence {z,} C K, there exist a subsequence {z,, }
of {z,} and & € K such that z,, —~

The following lemma provides sufficient conditions for a set to have property (W).

Lemma 2.1.9. (1) Any weakly compact convex set in a Banach space has the property

(2) Any closed convex set in a reflexive Banach space has the property (W),

Proof. (1) Let A be a weakly compact convex set in a Banach space X. It follows
from Eberlein-Smulian Theorem (see for example Theorem 10.10 in [64]) that A is weakly
closed and satisfies that for any sequence {2, } C A, there exist a subsequence {z,,} of
{z.} and 2 € A such that z,, — . Since A is weakly closed and convex, it follows from
Theorem 3.12 in [59] that A is a closed convex set in (X, ||.|])-

(2) The result follows from Theorem 10.6 in [64]. O

We now are in position to provide some sufficient conditions for a closed convex set
in a Banach space to be an M-set.

We first have the following new result.

Theorem 2.1.10. Let X be a Banach space with the property (H). Then any closed
convex set of X with the property (W) is an M -set.

Proof. Let K be a closed convex set in X and have the property (W). If K = X,
the result holds. We assume that K # X. Let 2 € X \ K and let {y,} C K satisfy
|z —yn|| = d(z, K). It is easy to verify that {y,} is bounded. By the property (W) of K
there exist a subsequence {y,,} of {y} and y € K such that Yn, — Y. Since ||.|| is weakly

lower-semicontinuous, we have ||z — y|| < limgeo ||& — Yn, || and thus, |jz — y|| = d(z, K).
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This implies ||z — yn, || — ||z — y||- By the property (H) of X we have © —yn, — 2 —y
and thus, y,, —+ y. |

As special cases of Theorem 2.1.10 we have the following Corollaries.

Corollary 2.1.11. Let X be a Banach space with the property (H) and K a weakly

compact convex set of X. Then K is an M-set.

This new result is a direct consequence of (1) in Remark 2.1.9.

Since a locally uniformly convex Banach space has the property (H), it follows from
Corollary 2.1.11 that every weakly compact convex subset in a locally uniformly convex
Banach space is an M-set.

By using the assertion (2) in Remark 2.1.9 we obtain

Corollary 2.1.12. Let X be a reflezive Banach space with the property (H) and K a

closed convex set of X. Then K is an M-set.

The above Corollary 2.1.12 has been obtained by Singer [62]. Actually, Singer [62]
has shown that a converse of Corollary 2.1.12 is true, that is, every closed convex subset
of a Banach space is an M-set if and only if the space is reflexive and has the property
(H). When the space X is strictly convex, the necessary and sufficient condition was first
obtained by Fan and Glicksberg [19]. From Singer’s result we see in every nonreflexive
Banach space there exists a closed convex set that is not an M-set.

As special cases of Corollary 2.1.12 we have

Corollary 2.1.13. Let X be a reflezive and locally uniformly convex Banach space and

K a closed convex set of X. Then K 1s an M-set.

Proof. Since X is locally uniformly convex Banach space, X has the property (H).
The result follows from Corollary 2.1.12. .

Remark 2.1.14. Since we don’t know if a strictly convex Banach space has the property
(H), we also don’t know if every closed convex set in a reflexive and strictly convex Banach

space is an M-set.

However, if we consider an equivalent norm in a reflexive Banach space, every closed

convex set is an M-set under the new norm. To show this, we need a lemma which was

obtained by Trojanski [65] (also see [50]).
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Lemma 2.1.15. Let X be a reflezive Banach space. Then there exist equivalent norms
on X and X* such that both spaces are dual to each other and are locally uniformly

conves.
By using Lemma 2.1.15 we obtain the following new and useful result.

Corollary 2.1.16. Let (X, ||.||) be a reflexive Banach space. Then there exists an equiv-

alent norm ||.||o on X such that every closed convex set in (X, ||.||) 4s an M-set relative

to (X, ||-llo)-

Proof. It follows from Lemma 2.1.15 that there exists a equivalent norm ||.|jp on X
such that (X, ].]|o) is a reflexive and locally uniformly convex Banach space. Let K be
a closed convex set in (X, ||.||), then K is a closed convex set in (X,|.|jo). The result
follows from Corollary 2.1.13. 0

By using Corollary 2.1.13 we give a simple proof of the following result which was

obtained in [61].

Corollary 2.1.17. Let X be a uniformly convex Banach space and K a closed convex

set of X. Then K is an M -set.

Proof. Since X is uniformly convex, it is reflexive and locally uniformly convex. The
result follows from Corollary 2.1.13. d

As an immediate corollary of Corollary 2.1.17, we have

Corollary 2.1.18. Let X be a Hilbert space. Then any closed convex set of X is an
M -set.

The following new result provides a necessary and sufficient condition for a closed

convex set in a strictly convex Banach space to be an M-set.

Theorem 2.1.19. Let K be a closed convex set in a strictly conver Banach space X.
Then the following condition are equivalent.

(C1) K is an M-set.

(C3) For each z € X \ K and sequence {y,} C K satisfying ||z — y,|| = d(z, K) there

evists y € K such that y, — y.
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Proof. It is obvious that (C3) implies (Cy). On the other hand, assume that (C;)
holds. We prove (C3). Let @ € X \ K and {y.} C K satisfy ||z — ya|| = d(z, K). Since
K is an M-set, there exist a subsequence {y,,} of {y»} and y € K such that y,, — y.
We prove y, — y. If not, there exist « > 0 and a subsequence {ym,} of {yn} such that
lym; — yll = a. Since ||z — ym,|| — d(z, K) and K is an M-set, we may assume that
Um; — Y € K. Hence we have y' # y. Since ||.|| is lower-semicontinuous and y,y’ € K,
we have ||z — y|| = ||z — ¢|| = d(z, K). Then the strict convexity of X implies y = ¢/, a
contradiction. Hence y,, — y and (C3) holds. O

Comments

In this section the following are new.

Theorem 2.1.2, Remark 2.1.3, Example 2.1.4, Definition 2.1.8, Remark 2.1.9, Theorem
2.1.10, Corollary 2.1.11, Corollary 2.1.13, Remark 2.1.14, Corollary 2.1.16 and Theorem
2.1.19.

2.2 Projections on convex sets of Banach spaces

Existence of projections (in particular, continuous metric projections) on closed convex
sets of Banach spaces will play an important role in extending the classical fixed point
index theories for either maps of condensing type or A-proper maps. In this section we
shall investigate the existence of e-projections (or retractions), in particular, continuous

metric projections.

Definition 2.2.1. Let X be a Banach space, K a closed convex set of X and ¢ > 0. A

continuous map r : X — K is said to be an s-projection if it satisfies
|z —r(2)|| < (L+e)d(z, K)for every z € X.

By the Dugundji extension theorem (see Theorem 1.2.3 or Section 18 in [34}]), an
e-projection always exists for every € > 0. Moreover, it is easy to see that if r; is an &;-

projection then (1—¢)r;+iry is an es-projection for each t € [0, 1], where e3 = max{e1, &3}



Definition 2.2.2. Let X be a Banach space and K a closed convex set of X. A mapT

from X to K is called a metric projection 1 7 satisfies
|z — rall = d(z, K) foreachw € X.

Note that Definition 9.2.2 does not require that r be continuous. Tt is obvious that if
K = X, the identity map [ is a unique metric projection from X to itself, where I(z)=¢
for each z € X.

If for ¢ € X there exists y € K such that ]z —yll = d(z, ), we say that ¢ has a

nearest point y 10 K, that is, y 1s @ point in K nearest to .

Remark 2.2.3. If K # X and ¢ K, then the set of nearest points in K of z s

contained in 8K, where 9I¢ denotes the boundary of K relative to X.

It is obvious that every continuous metric projection is an e-projection for every € > 0.
Although, for every € > 0, e-projections always exist for any closed convex set K in an
arbitrary Banach space X, it is not always possible to find a noncontinuous or continuous
metric projection from X to K, that is, not every point ¢ € X need have a nearest point
in K. However, for some special closed convex sets of an arbitrary Banach space X,
each point in X has at least one nearest point. Moreover, for some special spaces and
special closed convex sets, & continuous metric projection always exists and may be a
1_get-contraction map in some special cases. Hence, we shall be particularly interested
in finding conditions which assure the existence of a continuous metric projection and
giving examples of these special spaces and closed convex sets.

Before we give the following result on metric projection, we cecall the definition of a
upper semicontinuous multivalued map.

Let X be a Banach space and we denote by 9X the family of all subsets of X. For
B C X, let

T (B)={e€D . T(z)N B # 0}

The following definition can be found, for example in Definition 1.1, p. 4 in [13].

Definition 2.2.4. A map 7.DCX—2%is said to be upper—sernicontinuous if T-1(B)

is closed in D whenever B C X is closed in X.
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The following result (ii), which is due to Singer [62], shows that if ' is an M-set in
a Banach space X, then each point in X has a nearest point in K. We provide a slightly

different proof.

Theorem 2.2.5. Let K be an M-set in a Banach space X. For each z € X, let
o(o) = (y € K+ da, K) = o= ylI}

| Then (1) r(z) is @ nonempty compact subset of K for each = € X. Moreover, if K s
\ convez, r(z) is also convex for each v € X.

(i1) r: X — 92X is upper-semicontinuous.

Proof. (i) We first prove that r(2) is compact set for each z € X. In fact, let
{yn} C 7(z). Then {yn} is a minimizing sequence. Since K is an M-set, {yn} has a
subsequence convergent to some element in K. Next, assume that i is convex, we prove

that r(z) is convex for each 2 € X. Let y1,y2 € r(z) and ¢ € [0,1]. Then
Ao K) < o — (b + (L— D)l < the = il + (1 = Dl = vall < (K.

This implies d(z, K) = ||e — (ty: + (1 —)y2)||- Finally, we prove r(z) = () for each z € X.
In fact, if z € K, we have @ € r(z) and r(z) # 0. Let & € X\ K and let {yn} C K satisfy
llz — yall — d(z, K). Since K is an M-set, we may assume that y, — y for some y € K.
This implies ||z — y|| = d(z, K) and y € r(z), that is, r(z) # 0.

(i1) Let B be closed in X and {z,} c {z € X :r(z)N B # 0} satisfy @, — o € X.
We prove @0 € {z € X : r(z) N B + 0}, Let yo € r(zs) N B for each n. Then
{yn} C K and d(zq, K) = |z — Ynll. Hence @, — wo implies llzo — yall = d(zo, K).
Since K is approximately compact, we may assume that y, — y and thus y € B and
llzo — yl| = d(zo, K). This implies y € (2z0) N B and xo € {z € X : r(z)NB# 0} O

In general r(z) defined in Theorem 9.2.5 may not a singleton even in a finite dimen-

sional space. The following new example shows this.

Example 2.2.6. Let C[0,2] denote the Banach space of all continuous real-valued func-

tions defined in [0, 2] with the norm ||z = max{|z(t)] : t € [0,2]}. Let X be the subspace

generated by the two elements {1, 20}, where @o(t) = 1 —(t - 1)? for each ¢ € [0,2]. Then
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X is a two dimensional subspace of C[0,2]. Let K = co{l,ap}. Then for every y € K,
there exists A € [0, 1] such that y(t) = (1—-A)+Xzg(t) = (1-A)-+A(2t—t?) for ¢ € [0,1]. Tt
is easy to see that ||y|| = y(1) = 1. Therefore, for every y € K, we have ||0—y|| = ||ly|| = 1
and thus d(0, K) = 1. This implies 7(0) = {y € K : d(0,K) = ||0 — y||} = K and thus

r(0) is not a singleton set.

There is an example in [62] which shows if K is not an M-set, the result (ii) in

Theorem 2.2.5 may fail, that is, » may not be upper semicontinuous although r(z) is a

nonempty set for every z € X.

It is known that an upper semicontinuous multivalued map may not have a continuous
selection, that is, if ¢ is an upper semicontinuous multivalued map, it is possible that we
can not find a continuous single-valued map f such that f(z) € g(z). We employ a simple

example given in [5]. Let X = R and a multivalued map I be defined by
{-1} ifz <0,
F(z)={[-1,1] ifz=0,

{1} if z > 0.

Then F'is upper semicontinuous but it does not have any continuous selections defined
in R.

It is also known that for every lower semicontinuous multivalued map with nonempty
closed convex values defined on a subset of a Banach space, there exists a continuous
selection (see, for example, [46] and [13]). However, the multivalued map » given in
Theorem 2.2.5 may not be lower-semicontinuous in general (see the remark at the end
of section 1 in [62]). Hence, even when X is a finite dimensional Banach space, it is not
clear whether there exists a continuous selection for the map r given in Theorem 2.2.5,
that is, does there exist a continuous map f : X — K such that f(2) € r(z) for each
x € X7 In other words, we don’t know if there exists a continuous metric projection from
X onto an M-set.

However, when X is strictly convex and K is a convex M-set, a continuous metric
projection from X onto K always exists, that is, the r(z) given in Theorem 2.2.5 is a

singleton set for each z € X and is continuous.
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Theorem 2.2.7. Let X be a strictly convex Banach space and let K be a convexr M -set.

Then there exists a unique conlinuous metric projection from X onto K.

Proof. For each z € X, let r(z) = {y € K : d(z, K) = ||z — y||}. We show that r
satisfies the following conditions:

(1) r(z) +# 0 for each & € X by Theorem 2.2.5.
(2) r(2) is a singleton set for each z € X.

Obviously, if 2 € K then r(2) = {&}. Assume that z € X \ K, y; € K and
yo € K such that ||z — y| = [jz — y2|| = d(z,K). Then it is easy to verify that
|z — (1 —t)yr — tyz|| = d(z, K) for each ¢ € [0, 1] and this contradicts the strict convexity
of X unless we have y; = y,.

(3) 7 is continuous metric projection from X onto K.

Obviously, r is a metric projection from X onto K. We prove that r is continuous.
Let {¢,} C X and @, — @ be such that |, — r(z,)|| = dist(x,, ). This implies
|z — r(zn)]] — d(z, K). If @ € K, then r(z,) = = = r(z). If 2 € X \ K, It follows
from Theorem 2.1.19 that there exists y € K such that r{z,) — y. It is easy to see that
|z — yll = d(=, ) and r(2) = y by (2). Hence r(z,) —= r(z). a

The continuity of r also follows directly from (77) of Theorem 2.2.5 since a single-valued
upper-semicontinuous map must be continuous.

In the following section we shall give examples which show that for a non-M-set
continuous metric projections may still exist.

For a reflexive Banach space, if we consider an equivalent norm, we have the following

new result whose proof follows directly from Theorem 2.2.7 and Corollary 2.1.16.

Corollary 2.2.8. Let K be a closed convex set in a reflexive Banach space X. Then

there ewists a unique continuous metric projection from (X, |.|lo) ento (K, ||.|lo), where

)

I-llo s an equivalent norm on X as given in Corollary 2.1.16.

If a continuous metric projection from a Banach space X onto a closed convex set K
exists, it 1s easy to verify that the set of all the continuous metric projections from X

onto K is a convex set. We collect the property in the following Proposition which will

be used later.
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Proposition 2.2.9. Let X be a Banach space and K a closed convex set. If ri,ry are
continuous metric projections from X into K, then tri+(1—t)ry is also a metric projection

for each t € [0,1].

We end this section with several remarks and mention an open question which is

related to these ideas.

Remark 2.2.10. We have shown that for an M-set K in an arbitrary Banach space X,
every point in X has a nearest point in K (see Theorem 2.2.5). Moreover, if X is strictly

convex and K is a convex M-set, there exists a unique continuous metric projection from

X onto XK.

Remark 2.2.11. It is easy to verify that if K is a closed convex set in a reflexive Banach
space X, then every point in X has a nearest point in K. Moreover, if further X is strictly
convex, it can be shown that there exists a unique metric projection from X onto & which,

however, may not be continuous.

Remark 2.2.12. We see in the above Remarks 2.2.10 and 2.2.11 that strict convexity of
X and convexity of K are used to assure uniqueness of nearest points. An inverse question
is that if X is strictly convex, is the convexity of /{ necessary? That is, if we assume
that X is a strictly convex Banach space and K is a nonempty set in X which is such
that every point in X has a unique nearest point in K (that is, is a so-called Chebyschev
set), whether the set K is convex. Even when X is a Hilbert space, this question has

been open for a long time (see [30] and the references therein for more details, and also

see Exercise 9, p.67 in [12]).

Comments

In this section the following are new.
Remark 2.2.3, Example 2.2.6, Theorem 2.2.7, Corollary 2.2.8, Proposition 2.2.9 and
Remarks 2.2.10, 2.2.11 and 2.2.12.

The proof of Theorem 2.2.5 is new.
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2.3 M-sets

In the above section we have shown that for each M-set in a strictly convex Banach space
there exists a unique continuous metric projection. In this section, we shall consider
closed convex sets K for which there exists a continuous metric projection r that is a k-vy-
contraction and give an example to show it is possible that for a non-M-set, a continuous
metric projection may exist and be a 1-set contraction.

In this section we always denote by v the set (or ball)-measure relative to X. We

define

v(r) = inf{k : r is a k-y-contraction }.

Definition 2.3.1. Let X be a Banach space and K a closed convex subset of X. K is
said to be an M;-set relative to X for some 1 < [ < +oo if there exists a continuous
metric projection r from X to K such that y(r) = {. K is called an Mq-set if the metric

projection is only continuous. For convenience, in this last case we write v(r) = cc.

Example 2.3.2. Let X be a strictly convex Banach space and let K be an M-set. Then

K ts a M -set. The result follows from Theorem 2.2.7.

Example 2.3.3. Let X be a reflexive and locally uniformly convex Banach space and K
a closed convex set of X. Then K is a M,-set. The result follows from Corollary 2.1.13
and Theorem 2.2.7.

By using Corollary 2.2.8 we obtain

Corollary 2.8.4. Let X be a reflexive Banach space with the norm ||.||. Then every
closed convex set in (X,]|.||) is an My, -set relative to (X,||.||o), where the norm ||.|lo is

the same as in Corollary 2.2.8.

We will have greatest flexibility in the choice of mappings when K is an M;-set. We

therefore give some examples of M;-sets.

Example 2.3.5. Let X be a Hilbert space, then any closed convex set K in X is an

M, -set.




Proof. Let K be a closed convex set in X. It follows from Proposition 1.3.18 that

there exists a nonexpansive retraction r : X — I defined by
|z = re|| = d(z, K).

Hence r is a continuous metric projection from X onto K. Since r is nonexpansive, it
follows from Lemma 1.3.28 and Theorem 1.3.29 that r is I-set and 1-ball contractive.
The result follows. 0

The following Examples can be found in [42], but is essentially due to Nussbaum.
Example 2.3.6. In any Banach space X, let K be a ball. Then K is an M;-set.

Proof. Let #p € X, @ > 0 and K = {z : ||z — zol| € a}. We define a map r from X
onto K by
x if |2 — @ol| < a,
r(z) =
2o “l — H(a, zg) if ||z — zol| > a,
Then it is easy to verify that » is a continuous metric projection from X onto K and
7(Q) C co(zo U ) for any bounded set of X. Hence r is a 1-y-contraction. o

The following result shows there exists non-M-set for which there is a 1-set-contractive

metric projection.

Example 2.3.7. Let O be a bounded domain in R™ and let X = C(Q) be the space
of continuous functions endowed with the norm ||ul| = sup,eg |u{z)|. Then the cone

={u e X :u(x) > 0foralle € O} is an M;-set. Moreover, when n = 1 and
Q = [0,1], K is not an M-set.

Proof. We define a map 7 from X onto K by
(ru)(z) = v (z) = max{u(z),0}.

It follows from Theorem 1.1.24 and Example 1.1.25 that r is nonexpansive and thus,

continuous. Moreover, it is easy to verify that for each v € K,
lu(z) — (ru)(2)] < |u(z) —v(z)| for each z € f1.
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Hence r is a metric projection from X onto K. Therefore, K is an M;-set.

We show I is not an M-set. In fact, let @(t) =t — 1 for ¢t € [0,1] and 2,(¢) = t™ for
t € [0,1]. Then =z ¢ K and {z,} C K. It is easy to see that rz = 0 for ¢ € [0,1] and
||z —rz|| = d(x, K) = 1. Moreover, we have {|z-z,|| =1 for all n and limy— tco ||z — .|| =

d(z, K). However, it is known that the sequence {z,} has no convergent subsequence.
Remark 2.3.8. The assertion in Example 2.3.7 that K is not an M-set is new.

Example 2.3.9. Let { be as in Example 2.3.7, let X = L?(Q),1 < p < o0, and let
K={ue X :u(z)>0ae} Then I is an M;-set.

Proof. We define a map r from X onto K by ru = u™. It follows from Theorem 1.1.24
and Example 1.1.26 that r is nonexpansive. Similar to the proof in Example 2.3.7, r is a
metric projection from X onto K. The result follows. | a

We end this section with the following result which will be used to show that our
definition of index does not depend on the choice of suitable metric projection if more

than one exists.

Lemma 2.8.10. If K is an M;-set in a Banach space X for some | € [1,00] and 1,79
are l-y-contractive metric projections from X into K, then try + (1 — t)ry is also an

l-y-contractive metric projection for each t € [0,1].

Comments

The following are new.
Example 2.3.2, Example 2.3.3, Corollary 2.3.4 and Remark 2.3.8.

The other results in this section are contained in [42)].

2.4 Weakly inward mappings

In this section we shall recall the concepts of inward and weakly inward sets, and inward
and weakly inward maps and give some new results and examples.
Inward maps were apparently first studied by Halpern (see for example [26]). Then

many results were obtained in the literature concerning inward and weakly inward maps
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in Halpern’s sense, for both single and multivalued maps. See for example [7], [9], [14],
(15}, [16], [18], [25], [38], [42], [43] (56] and [57]

Let us start with the concepts of inward and weakly inward sets.

Definition 2.4.1. Let K be a closed convex set in a Banach space X and = € K. The

set
Ig(z) ={z+e(z—z): z € K and c¢> 0}

< said to be the inward set of @ relative to /(. The closure of Ix(x), [x(z) is said to be

the weakly inward set of @ relative to K.

Geometrically the inward set [ k() is the union of all rays beginning at « and passing
through some other point of K. Hence, if = is an interior point of K, then Ix(z) = X.

Because of the convexity of I, it is easy to verify that
Ig(z)={atc(z—2):2€ K and ¢ > 1}.
The following two simple examples can be readily verified by Definition 2.4.1.

Example 2.4.2. Let X = R? and K = {(z,y) € R2: z,y € [0,00)}. Then for (z,y) €

K, we have

;

K fa=y=0

Te((@.9)) {(u,v):’—:X:uER,vZU} ife>0,y=0
Uz, Y)) =
i {(u,v)EX:uZO,vER} fx=0,y>0

MX ifz>0,y>0

Example 2.4.3. Let X = R? and K = {(z,y) e R?: 2z € Rand y > 0}. Then for

(z,y) € K, we have

— X ifeeR,y>0
Ix((z,y)) = _
K fzeR,y=0

In each case a sketch makes the assertions obvious.

We now give the properties of weakly inward sets.

Proposition 2.4.4. (i) Let K be a closed convex set in X. Then for z,y € K and
t e [0, 1],
tI(z) + (1 — ) Ix(y) = k(e + (1—1t)y) and




iT}((:E) + (1 — t)TK('y) C TK(tCB +(1— t)y).

(i1) Tx(z) is a convex set containing K for each x € K.

(iti) If K is a cone or a wedge in X, then Tx(z) is a wedge for each z € K.

Proof. We first prove that for z,y € K and t € [0, 1],
thi(z) + (1 - OIx(y) = Ix(tz + (1 = t)y). (1)
In fact, let w € tlx(z) + (1 — t)Ik(y), then w = tu + (1 — t)v for some u € Ix(z) and

v € Ix(y). Hence there exist ¢; > 1 and z; € K, ¢ = 1,2 such that
u==a+c (21 —x) andwv =y + ez — ¥).
Let ¢ = max{c1, ¢z} and
2= cre Mz + e (L — t)zp + (1 — cre Dt 4+ (1 — cac (1 — t)y.
Since ,y, 71,22 € I and K is convex, we have z € K. Moreover, we have
w =tz + (1 —t)y + c(z — (tz + (1 —t)y))

and thus w € Ix(tz + (1 — t)y).

On the other hand, let u € Ix(tz + (1 —t)y). Then we have
W=t (1= )y oz — (4 (1= ) = Ha + oz — 2)) + (L= D)y + ez = 9).

Since ¢ > 1 and z € K, we have u € tIx(z) + (1 — t)x(y).

Now, we prove (i). Let w € tIx(z) + (1 — )Ix(y). Then w = tu + (1 — t)v for some
u € Ig(z) and v € Ix(y). Hence there exist sequences {un} C Ix(z) and {vn} C Ix(y)
such that u, — u and v, — v. By (1) we have tu, + (1 —t)vn € Ix(tz + (1 — t)y) and
thus w € Tx(te + (1 —t)y).

(11) The result follows easily from the definition.

(i43) It is sufficient to prove Alx(z) C I (2) for each = € K.

In fact, let Ay = Mz + c(z — @) € Mk(x), where ¢ 2 1 and z € K. Then we have
>\y::v—}—(l—}—)\c—-A)(Ac(l—l—Ac—)\)"lz—m) and 1 +Ac—A >0,

This implies Ay € Ix(z). O




The two assertions in (z) of Proposition 2.4.4 are new. The assertion (i7) is well known.
(i77) is mentioned in [43] and [42] without proofs. When K is a cone, (417) is proved in
[28].

The following result is new and gives a relationship between K and I (x).

Proposition 2.4.5. Let K be a closed convex set of X andy € X. Then for each z € K,

lim ¢71d((1 — t)z + ty, K) = d(y, Ix(z)).

=0t
Proof. We first prove that for 2 € K and t € (0, 1], we have
(1 =ty +ty, K) =d(y, (1 —t Ha +t71K) (2)
In fact, for v € K we have
(1 -t +ty, K) <t (-t +ty—u| =y — (1 — ™) — ¢t .
This implies t71d((1 — t)z + ty, K) < d(y,(1 —t™)a +¢71K). On the other hand, for
u € K we have
dy, (1 =t Dz +¢tTK) < |ly— (1 =t Yz —t7 || = t7H|(1 — t)a + ty — ul.
This implies t71d((1 — t)2 + ty, K) > d(y, (1 — t7')z + 7' K). Consequently, (2) holds.
Since (1 —t™Y)a + 71K C Ix(z) for each 2 € K and ¢ € (0, 1], we have

dly, Ix(2)) < d(y,(1 —t Nz + 7 K) =1t 1d((1 — t)z + Ly, K).

On the other hand, for € > 0, we have ||y — u|| < d(y, Ix(z)) + € for some u € Ix(z).
Therefore, there exist Ag > 1 and z € K such that v = z + Ag(z — z). Since K is convex
and ¢ € K, 2(s) := sz + (1 — s)z € K for every s € (0,1], that is, z — z = (2(s) — z)/s.
Hence, we have
u =2+ (Ao/s)(2(s) — 2).
Let to = 1/Xo, 7' = Ao/s and u(t) = 2(s). Then v =z 4+t~ (u(t) — «) for all ¢ € (0, ).
This implies u € (1 —t71)a +¢71K for all ¢ € (0,4,). Hence we have
7 d((1 ~t)e +ty, K) =d(y,(1 =tz +t71K) < |ly — ]|

Therefore, for each ¢t € (0,%y], we have

d(y, Ic(2)) < t7Hd((1 — )z +ty, K) < d(y, Ix(z)) + €.
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This implies

lim t'd((1 — ) + iy, K) = d(y, T (z))-

t—=0t

O

Remark 2.4.6. By proposition 2.4.5 we see that this limit limy o+ (1 —t)z +ty, K)
always exists for every closed convex set in X. However, In some references, for example,

[70] and [42], the lower limit was taken since they did not show the limit exists.

The following Proposition is a variant of Lemma 18.2 in [12} which gives necessary
and sufficient conditions for a point y € X to belong to Trc(z). Since Ix(z) = X if w is
an interior point of K, it is sufficient to consider those points in the boundary of K. We

denote by K the boundary of K relative to X.

Proposition 2.4.7. Let K be e closed conver set of X with K # X and x € OK. Then
the following conditions are equivalent.

(¢) ye€Ix(z).

(b) For each &* € X with o*(z) = sup{a*(z) : z € K}, a*(y) < ().

(¢) limyo+t7'd((1 —t)z + 1y LK) = 0.

Proof. 1t follows from Proposition 2.4.5 that () and (c) are equivalent. We prove
that () and () are equivalent. We first prove that () implies (b). It is sufficient to show
that if y € Ix(z), then (b) holds. Let y € Ix(z). Then y =z + ¢(u — «) for some ¢ >1
and some u € K. Let &* € X* with 2*(z) = sup{a*(z) : z € K}. Then z7(u) < z*(z)

and

o*(y) = 2°(3) + e@™(u) — 27(2)) < *(2):

Hence, (b) holds. On the other hand, assume that (b) holds. If y ¢ T (), it follows from

the separation theorem for convex sets that there exists z* € X* such thaf
z*(y) > A =sup{z™(z) 1z € Ix(z)}
Hence we have z*(y) > z*(z) and

2 (y) > A > a(z) + c(a"(2) — a*(z)) foralle>1 andze K.




Since ¢ is arbitrary, the latter implies 2*(z) — @*(2) < 0 for all z € K, that is, 2*(z) =
sup{z*(2) : z € K}. We have shown z*(y) > 2*(z), which contradicts (b). O
As an application of Proposition 2.4.7 we obtain a useful property of weakly inward

sets which will be used later.
Corollary 2.4.8. Let K be a closed convex set in a Banach space X and x € K. Then
(1 —a)z+alg(z) C Ix(z) for every a > 0.

Proof. If 2 is an interior point of K, the result obviously holds. We assume that
z € OK. Let v = (1 — a)z + aw with w € Ix(z). For every z* € X* with z*(z) =
sup{z*(z) : z € K}, we have 2*(w) < a*(z) by using (b) of Proposition 2.4.7. This
implies
2™ (u) = (1 —a)e™(z) + az*(w) < 2*(2).
It follows from Proposition 2.4.7 that u € TK(:E). O
Another proof of Corollary 2.4.8 will be given in Section 5.3 in Chapter 5.

When K is a wedge, the condition (b) in Proposition 2.4.7 simplifies.

Proposition 2.4.9. Let K be a wedge of X with K # X and x € K. Then the following
conditions are equivalent.
(") vy € Ix(z).

(b') For each z* € K* with z*(z) =0, 2*(y) > 0.

Proof. 1t is obvious that (V') is equivalent the following condition:

(b") for each z* € X™ with 2*(2) < 0 for all z € K and z*(z) = 0, z*(y) < 0.
Therefore, it is sufficient to show that (b) and (b”) are equivalent. Assume that () holds.
Let 2™ € X* with 2*(z) < 0 {or all z € K and z*(z) = 0. Then a*(z) = sup{z*(z) : z €
K}, Tt follows from (b) that 2*(y) < 2*(z) = 0 and thus (b”) holds. On the other hand,
assume that (b”) holds. Let ¢*(2) = sup{z*(2) : 2 € K}. Since K is a wedge and z € K,
we have 2z ¢ I and /2 € K. Therefore, we obtain z*(22) < 2*(z) and z*(2/2) < z*(z).
These inequalities imply ©*(¢) = 0 and thus, ¢*(2) < 2*(z) = 0 for all z € K. It follows
from (") that z*(y) < 0 = 2*(2). This shows () holds. a

Note that if & € K and there exists 2* € X* with z* 5 0 such that 2*(z) = sup{2*(2) :

z € I{}, then 2 € OK. Therefore, in the conditions (b), (b') and (b") we assume & € 0K.




Using Proposition 2.4.9, we obtain the following new results.

Example 2.4.10. Let X = C[0,1] and K = C,[0,1]. Let € K and define
E(z)={te[0,1]: z(t) =0}

Then (1) if E(z) = 0, that is z(t) > 0 for ¢ € [0, 1], or equivalently, z is an interior point
of K, then Ix(z) = X.

(2) If E(z) # 0, that is, z € 0K, then the set {y € X : y(t) > 0 for t € E(a)} C Ix(z),
that is, if the values of y are non-negative at all points at which the values of z are zero,

then y belongs to the weakly inward set I (x) of =.

Example 2.4.11. Let X = L?[0,1] for 1 < p < o0 and K = L% [0,1]. Let m denote the

Lebesgue measure on R. Let z € K and define
E(z) ={t€[0,1]: z(t) = 0}.

Then (1) if m(E(z)) = 0, that is, 2(¢) > 0 a.e. for ¢ € [0,1], then [x(z) = X.
(2) If m(E(z)) # 0, then the set {y € X : y() > 0 ae for t € E(z)} C Ix(2).

We have shown the inclusion K C TK({L‘) for every @ € K. Hence, we have K C
Nze KT;.;(J:). An interesting problem is whether they are equal. In the general case we
don’t know whether they are equal, but we can show that the result holds under suitable
conditions.

It is clear that if /K is a wedge in an arbitrary Banach space then K = Mex k()
since K = Ig(0). It can also be shown by a direct argument that K = Neer Ix(T)
for any closed convex set K in any Banach space X. In fact, let u ¢ K and zp € K.
Define A = {t € [0,1] : tu+ (1 —t)zo € K}. Then 0 € A and thus {5 := supA
exists. Let y = fou + (1 — fp)ze. Then y € K since K is closed. By the definition of
to, we see that Adu+ (1 — A)y ¢ K for all A € (0,1] and thus v ¢ Ix(y). This implies
u ¢ Neexlr(2). Hence we have Nyex I (2) C K. This, together with K C Neex Ix(z),

implies I = Ngex Ik ().

The following result is new and generalizes Proposition 4.1 in [43] , that is, Proposition

5.3.1 in Chapter 5 below.



Proposition 2.4.12. Let K be a closed convex set in a Banach space X such that for

every € X there exists r(z) € K such that ||z — r(2)|| = d(z, K). Then we have
K = Nper ().
Proof. We first prove that for every @ € X,
d(z, K) = d(z, Ix(r(z))).

It is sufficient to show d(z, K) < d(z, [k (r(x))). Let § = d(x, Ix(r(z))). For every € > 0,

there exists u € I (r(x)) such that
|z —u|| < é+e.

Since u € Ix(r()), there exist z € K and t € (0, 1] such that z = tu+ (1 —¢)r(z). Hence

we have

de, K) < |lz — 2] <t

o —u|l+ (1 = t)||e —r(z)]| L Hd+¢e)+ (1 —t)d(z, K).

This implies d(z, K) < § + ¢ and thus d(z, K) < d(z, Ix(r(z))).
We now prove that K = Muexlr(2). It is sufficient to show Neerclr(z) C K. Let
Y € Neercli(2). Then y € Tx(r(y)) and thus d(y, Ix(r(y)) = 0. We have shown above
that d{y, K) = d(y, Ix(r(y)) and so y € K. O
By Proposition 2.4.12 we see that if K is a closed convex M-set in a Banach space,

or K is any closed convex set in a reflexive Banach space, then K = Nge KTK(J:).

Remark 2.4.13. The equality K = Ny¢ 1(71\'-(.7;) will be utilized in Chapter 5 below and
it can be applied to determine whether a constant map defined in K is a weakly inward
map. Indeed, if K = Nyexlr(x), then a map A: K — X defined by Az = yq, where yo
is a point in X, is weakly inward if and only if yo € K. Therefore, if K is a wedge, then

a constant map is weakly inward if and only if the constant belongs to the wedge K.

Following the concepts of inward and weakly inward sets, we can introduce the defi-

nitions of inward and weakly inward maps.

Definition 2.4.14. Let K be a closed convex set in a Banach space X. A map A :
D Cc K — X is said to be inward (respectively, weakly inward) on D relative to K if
Ag € Ix(z) (vesp. Az € Ig(z)) for 2 € D.
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By using Definition 2.4.14 and examples 2.4.2 and 2.4.3 we can easily show that the

following maps are weakly inward maps.

Example 2.4.15. Let X = R% K = {(z,y) € R? : z,y € [0,00)} and D a subset of
K such that 0 € D. Let fi, fa: D — R be two maps such that the following condition
holds.

(W1)  f1((0,y)) = 0 for each (0,y) € D and fo((x,0)) > 0 for each (z,0) € D.
Define a map A: D — X by

Alz,y) = (filz,y), fo(z, 1))

Then it follows from Example 2.4.2 and Definition 2.4.14 that A is weakly inward on D

relative to K.

Example 2.4.16. Let X = R? K = {(2,y) € R?*: 2z € Rand y > 0} and D a subset
of K such that 0 € D. Let fi, f; : D — R be two maps. Assume that f, satisfies the
following condition.

(Ws2)  fal(,0)) > 0 for each (z,0) € D.
Define a map A: D — X by

Alz,y) = (filz,v), folz,¥)).

Then it follows from Example 2.4.3 and Definition 2.4.14 that A is weakly inward on D

relative to K.

By Propositions 2.4.7 and 2.4.9 we obtain some necessary and sufficient conditions for

a map to be weakly inward.

Theorem 2.4.17. Let K be a closed conver set of X with K # X and A: D C K — X
a map. Then the following conditions are equivalent.
(a) A is weakly inward on D relative to K.
(b) For each « € OK N D and each z* € X* with a*(z) = sup{a*(z) : z € K},
(c) For each z € K, limy_o+ 7 1d((1 — t)a + tAz, K) = 0.

If K is a wedge in X with K # X, then the following conditions are equivalent.
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(a') A is weakly inward on D relative to K.
(') For each x € 0K N D and each 2™ € K* with a*(z) =0, 2*(Az) 2 0.

Remark 2.4.18. Let K be a closed convex set in a Banach space X and D a subset of
K. Let A: D — X be a weakly inward map. Then A(D) CY, where Y denotes the
closure of the subspace of X generated by K. Hence, if K is a closed subspace of X, then

A: D - X is a weakly inward map if and only if A(D) C K.

We now give a new example of a weakly inward map in R”, which contains example
9.4.15. In the following Chapter we shall give examples of weakly inward maps in infinite

dimensional Banach spaces.

Example 2.4.19. Let I = {1,...,n} and D be a subset in R™ such that 0 € D. Let
f,-:DCRi—%RbemapsforeachiE I. We define a map A: D C R} = X by

Az = (fi(©), - Jul®)).

Then the following conditions are equivalent.
(1) A is a weakly inward map on D relative to I = R7.

(2) film1y oo @im1, 0, Tig, yan) > 0forallicanda; 20 for g # 1.

Proof. Assume that (2) holds, that is, fil@1y o, i1, 0, Tig1, wy) > 0foralli €l
Let z = {1, ..., @2} € K N D and &* = (ay, oy ty) € (R2)* = K with 2*(z) = 0, that is,
a; > 0forie and Y, aix; =0 Let Ilz{ieI:ai:O}a.ndIg:{iGI:ai;éO}.
Since @; > 0 foralle € I, > . a@i =0 implies a;x; = 0 for each 1 € I and z; = 0 if

i € I;. Thus we have

n

() = Z aifi(z) = Zaifi(ib‘h oy i1y 0, Tigt, -y 1) 2 0.

i=1 1€l
On the other hand, Assume that A is a weakly inward map. For each fixed ¢ € [
and each fixed & = {21...,0,.., ¢} € OK N D, let &* = {0,..,1,...,0} € (R})". Then
¢*(z) = 0. Since A is weakly inward, a*(Az) > 0. This implies fi(z1..,0,..,2n) 2 0. O

We end this section with the following new result.

Theorem 2.4.20. Let X be a reflevive Banach space with the norm ||.|| and K a closed

convex set in (X,|.II). Assume that A+ D C K — X is a weakly inward compact
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map relative to K. Then there is an equivalent norm ||.||o such that K is an M,-set in

(X, |Illo) and A is a weakly inward compact map relative to (K, ||.||o)-

Proof. The first result has been shown in Corollary 2.3.4. Note that (Ix(z),|.|) =
(Tr(2), ||.llo). Hence A is weakly inward in (X, ].]|) if and only if it is weakly inward in
(X 11-llo)- D

Comments

The following are new. Example 2.4.2, Example 2.4.3, (7) in Proposition 2.4.4, Proposi-
tion 2.4.5, Example 2.4.10, Example 2.4.11, Proposition 2.4.12, Remark 2.4.13, Example
2.4.15, Example 2.4.16, Remark 2.4.18, Example 2.4.19 and theorem 2.4.20.

Corollary 2.4.8 is obtained in [43] and this proof of Corollary 2.4.8 is new.

2.5 Generalized inward maps

In this section we shall introduce two new concepts: a generalized inward set and a
generalized inward map. We shall show that a generalized inward set contains (possibly
strictly) a weakly inward set, and the class of generalized inward maps strictly contains
that of weakly inward maps. We give some examples of generalized inward sets and
generalized inward maps and provide necessary and sufficient conditions for a map to be

generalized inward.

Definition 2.5.1. Let K be a closed convex set in a Banach space X and & € K. Then
the set
Glw) = {y € X\ K : d(y, K) < Jly — o[} U K

is said to be the generalized inward set of x relative to X.

The following result shows a relation between a generalized inward set G (z) and a

weakly inward set TK(rc).

Lemma 2.5.2. Let K be a closed convex set in ¢« Banach space X. Then

Ix(z) C Gg(2) for each z € K.




Proof. Let v € K and y € Ig(z). f y € K, then y € Gx(z). Now we assume that
y ¢ K. Let a € (0,1), then there exists z € Ix(z) such that z ¢ I{ and ||y—z|| < a|ly—z||.
Since z € Ix(x) \ K, there exist ¢ € (0,1) and w € K such that v = (1 — )z +tx € K.

Hence, we have
d(y, K) < lly —ull < (1 =d)lly — zll +lly — 2lf < (A = t)ally — 2 + tlly — 2|l <ly - =]|.

This implies y € Gr(z). O
The following example shows that G (z) may strictly contain [x(z) and may not be

convex.

Example 2.5.3. Let X = R? and K = {(z,y): 2* + y* < 1}. Then we have
Grc((0,—1)) = R*\ {(0,\) e R*: ) < —1}
and
Ti((0,-1)) = {(s,3) € R?: s € Rand y > —1}.
It is easy to see that Tx((0,—1)) € Gk((0,—1)) and Gx((0,—1)) is not convex.

In a strictly convex Banach space, we can give an equivalent version of a generalized

inward set in terms of metric projections.

Lemma 2.5.4. Let K be a closed convex set in a sirictly convex Banach space. Assume
that there exists a metric projection r (possibly not continuous) from X onto K. Then

we have

Gr(z)={ye X\ K:a#£r(y)}UK foreach z € K.
Proof. For each @ € K, we define
S() = {y € X\ K 1 d(y, K) < |y — 2ll} and T(e) = {y € X\ K : 2 #1(y)}.

It suffices to show that S(z) = T(z) for each € K. Let y € S(z), that is, d(y, K) <
lly — z]||- Since r is a metric projection, we have ||y —r(y)|| = d(y, K) < ||y —z|| and thus
x # r(y). This implies y € T'(z). On the other hand, let y € T'(z), then we have = # r(y)
and ||ly—r(v)|| = d(y, K). The strict convexity of X implies d(y, K) = ||ly—r(y)|| < [|ly—=||
and thus y € S(x). 0O




Remark 2.5.5. Note that theset {y € X\ K :ax #r(y)} ={y € X : 2 # r(y)} since

r(u) = u for each u € K.
As an application of Lemma 2.5.4 we obtain

Corollary 2.5.6. Let X be a strictly convex Banach space and K = {z € X : ||z|| < 1}.

Then for each v € K, we have

X i el <1
{yeX:ys#tse foralls>1} if |z||=1

Proof. It is obvious that Gg(z) = X if ||| < 1. We now verify that when ||z} = 1,
the result holds. We define a map r from X onto K by

x if flz|| <1
r(z) = 2
i flaf] = 1
]l
By Example 2.3.6 r, is a continuous metric projection from X onto K. It is easy to verify

that for each x € X with ||| = 1, we have
WweX\K:e#r(y)})UK={ye X :a#ily forallte (0,1)}.

The result follows. O

We give the relation between a generalized inward set and the so-called normal-
outward set which was introduced in [26].

Let X be a strictly convex Banach space and K be a compact convex set in X.
Since K is a convex M-set (see Remark 2.1.3), it follows from Theorem 2.2.7 that there
exists a unique continuous metric projection r from X onto K. For each z € K, let
N(z)={ye€ X:y# 2 and 2 =r(y)}. Then N(z) is said to be the normal-outward set
of z. It is easy to verify that N(2) ={ye X :a =r(y)} \ K.

As another application of Lemma 2.5.4 we have

Corollary 2.5.7. Let X be a strictly convex Banach space and K be a compact convex

set in X. Then for each z € K, Gg(z) = X \ N(z).

Proof. Let z € K. Since Gx(z)={ye X:a#£r(y)}UK and N(z)={ye X :z =
r(y)} \ I, we have Gg(z) = X \ N(z). O




We now define the generalized inward maps. We shall show that all weakly inward
maps are generalized inward. We give an example to show that the converse does not hold,
even in finite dimensional Hilbert space. Several equivalent definitions will be established
in Proposition 2.5.14. Conditions very similar to our generalized inward condition have
been previously used in the study of fixed points of maps, for example, in Hilbert space
by Browder and Petryshyn [8], and for set-valued maps in locally convex spaces by Reich

[56].

Definition 2.5.8. Let K be a closed convex set in a Banach space X. Amap A: D C
K — X is said to be generalized inward on D relative to K if Az € G (z) for each

z e D.

Let X be a strictly convex Banach space and K is a compact convex set in X. Recall
that [26] that a map A : K’ — X is said to be nowhere normal-outward map if Az ¢ N(z)
for each z € K. By Corollary 2.5.7 we see that a nowhere normal-outward map and a
generalized inward map coincide when the space involved is strictly convex and the closed
convex set involved is compact. Therefore, the concept of a generalized inward map is a
generalization of the concept of a nowhere normal-outward map from a strictly convex
space to a Banach space.

By Lemma 2.5.2 we immediately obtain

Lemma 2.5.9. If A: D C K — X is weakly inward on D relative to K, then A is

generalized inward on D relative to ¥,
The converse of Lemma 2.5.9 is false.

Example 2.5.10. Let H = R? K = {(2,0) : 2 > 0}, and D the open disk of radius 5,
so that D = {(,0) : 0 < & <5}. We define a map A: D — H as follows:

(z/2,2), z €0,2],

A(z,0) = { (2¢ — 3,6 — 2z), ¢ €[2,3],

(x/2+3/2,2/2 —3/2), =€ ]3,5]
It is readily checked from a sketch that A is generalized inward but not weakly inward.

It is possible to give even simpler examples but this one also satisfies other hypotheses

used later (see Corollary 4.2.3).




Example 2.5.11. Let X = R? and K = R x {0} = {(z,0) : = € R}. Assume that
f,9: X — R are continuous and satisfy the following conditions:

(@): z # f(z,0) if g(z,0) # 0.
Define a map A : K — R? by A(z,0) = {f(2,0),9(z,0)). Then A is a generalized inward

map.

Proof. For every (u,v) € X, let r(u,v) = (u,0). Then r is the unique metric projection

from X onto K. It follows from Lemma 2.5.4 that for every (z,0) € K,

. Gr(z,0) = {(v,v) e X\ K:u#2 andveR}U{(z,0)}.

|
Hence, X \ Gx(z,0) = {(z,v) € R*: v # 0}. Now, assume that A is not generalized

inward. Then there exists (2,0) € K such that A(z,0) € X \ Gk(z,0). Therefore, we
have @ = f(z,0) and g(z,0) # 0, which contradicts the hypothesis (G). a

Remark 2.5.12. In Example 2.5.11 we see that, although K is a proper subspace of X,
A(K) ¢ K. This will allow us to develop a fixed point index for such a kind of map
which maps a subspace into a larger space. However, as shown in Remark 2.4.18, it is

not possible for a weakly inward map to carry a subspace into a larger space.

By using Corollary 2.5.6 we can show that the generalized inward condition and the

Leray-Schauder condition are equivalent on a ball in a strictly convex space.

Lemma 2.5.13. Let X be a strictly convex Banach space and K = {z € X : ||z|| < 1}.
Let A: D C K — X. Then the following conditions are equivalent.

(1) A is a generalized inwerd map on D relative K.

(2) A satisfies the Leray Schauder condition:

(LS) = # tAz for all t € (0,1) and all @ € D with ||z|| = 1.

In the following we give some necessary and sufficient conditions for a map to be

generalized inward.

Proposition 2.5.14. Let K be a closed convex set in a Banach space X and A: D C
K — X. Then the following conditions are equivalent.

(G) A is generalized inward on D relative to K.
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(C-1): d(Az, K) < ||z — Az| forz € D with Az ¢ K,

(Hy) For everyx € D with Az ¢ K, there existsy € Ix(x) such that ||Az—yl| < lla—Az]|;
(Hs) d(Az, Ix(2)) < ||v — Az|| for x € D with Az ¢ K;

(H3) d(Az, Ix(2)) < ||o — Az|| for € D with Az ¢ K;

(Hy) For every x € D with Az ¢ K,

d((1 —t)e + tAz, K) < t|la — Az|| for all t € (0,1);
(Hs) For every © € D with Az ¢ K, there exists t € (0,1) such that
d((1 —t)z+tAz, K) < t||z — Az||;
(He) liminfy o+ t71d((1 — t)x + tAz, K) < |z — Az|| forz € D with Az ¢ K.

Proof. Tt is obvious that (G) and G-I are equivalent and by Proposition 2.4.5 (H3) and

(Hs) are equivalent. We prove that G-I and H;-Hs are equivalent. Obviously H, is

equivalent to each of Hy and Hs. It is easy to see that G-I implies H;. Conversely, if H,
holds and also y € &, then d(Az, K) < ||Az — y|| < ||z — Az|| and thus (G-I) holds. If
y ¢ I there exist ¢t € (0,1) and z € K such that z =ty + (1 — t)=. Hence by H; we have

d(Az, K) < [[Az — z|| < t]|[Az —y|| + (1 — t)]| Az — 2| < [z — Az].

Next we prove that G-/ and Hy-Hy are equivalent. Firstly, Hy implies Hs, because if
(1 —t) +tAz — y|| <?|lw — Azl|, then

(1 = st)a + stAz — [(1 — s)a + sy]|| < st]jz ~ Az||, for 0 <s< 1.

Now we prove that G-I implies Iy and that Hs implies G-I. Assume that G-I holds.

Since K is convex, (1 —t)z +ty € K for each y € K and ¢ € (0,1) and thus we have
d((1 —t)e +tAz, K) < ||(1 —t)e + tAe — (1 — t)z — ty|| = ¢|ly — Az]|,

Consequently, we obtain t~'d((1 — t)x + tAx, K) < d(Az, K). Thus H, holds.
Now assume that Hs holds. There exist ¢ € (0,1) and u € K such that

(1 =)z + tAz — u|| < t]|z — Azl




Hence we have

d(Az, K) < ||[Az —u]| < ||Az — (1 —t)z —tAz|| + ||(1 — t)o + tAz — u]|

< (I =d)lle— Az| + tl|z — Az|| = ||o — Axz]],
that is, G-I holds. O

When D = K much of this Proposition is known. Hg has been studied by Cramer and
Ray amongst others, see for example [70]. Also Williamson [70] shows G-I is equivalent
to Hg (and other conditions) in Hilbert spaces. If D = K is a ball then it is easy to see
that G-I implies the Leray Schauder condition
(LS) Az # Az forall A > 1 and all 2 € 0D.

We have shown in Lemma 2.5.13 that the converse also holds if the space is strictly

convex.

Comments

All the results of this section are new, and the following results are contained in [42].

Lemma 2.5.9, Example 2.5.10, Lemma 2.5.13 and part of Proposition 2.5.14.




Chapter 3

A fixed point index for generalized

inward compact maps

In this chapter we shall develop a new fixed point index for a generalized inward compact
map defined on a convex M-set. New fixed point theorems and nonzero fixed point
theorems are obtained. In particular, we obtain nonzero fixed point theorems including
norm-type expansion and compression theorems for continuous weakly inward maps in
a finite dimensional Banach space. In general, norm-type expansion and compression
theorems for a continuous map defined in a finite dimensional Banach space do not hold,
but they are true if the map is defined in a wedge which is not a finite dimensional space
and the image points of the map are contained in the wedge. However, we shall see that
this norm-type expansion and compression theorem for a weakly inward map does not
hold unless the image points of the map are contained in the wedge. Hence, an interesting
problem is whether it is true under suitable additional conditions? We indeed find such
an additional condition which is optimal since we shall give an example to show the result

does not hold without it.

All the results of this Chapter are new.




3.1 Definition of a fixed point index for generalized
inward compact maps

In this section we shall develop a fixed point index for a generalized inward map defined
on a convex M-set of a Banach space by employing ¢-projections.

The concept of e-projection has been given in Definition 2.2.1. We recall it here for
convenience. Let X be a Banach space, K a closed convex set of X and £ > 0. Recall

that a continuous map 7 : X — K is said to be an e-projection if it satisfies
|z —ra]| < (1+e)d(zx, K) forevery xz € X.

We start with the following Lemma which allows us to define the fixed point index

and show that it does not depend on the e-projection provided ¢ is sufficiently small.

Lemma 3.1.1. Let K be a convex M-set in a Banach space X and let §) be a closed,
bounded subset of K. Let h : [0,1] x 2 — X be compact and such that h(t,") is generalized
inward on Q for each t € [0,1]. Then, if  # h(t,z) for all z € Q and all t € [0,1], there
exists €9 > 0 such that x # r(h(t,)) for all e < eq, for all 2 € 2, and t € [0,1].

Proof. If this is false, there are sequences ¢, — 0, 2, € , t, € [0, 1] such that
Ten (A(ln, @n)) = @n.
Thus we have
om = Bty )]l = [ (s ) — hllms 2a)ll < (1 + Ea)d(h(tn, 20), K.

Since h is compact, we may assume that A(t,,®,) — yo. Then we have ||yo — .|| —
d(yo, K). Since K is an M-set, by passing to subsequences we may suppose that z, —
zo € Q and t, — to € [0,1]. Then the continuity of A implies ii(xn,t,) = h(lo, o). Hence
we have

llzo — h(to, xo)|| < d(h(to, 20), K).

Since h(to,.) is generalized inward, we have h(to, o) € K and 2o = h(to, %0), a contradic-
tion which proves the result. O
Lemma 3.1.3 generalizes Lemma 3.1 in [43] in the following ways: X may not be a

finite dimensional space and h(t,.) may not be weakly inward map.
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Remark 3.1.2. In the proof of Lemma 3.1.3 we see that a key to proving that & # h(t, )
implies ¢ # re(h(t,2)) is that the set I is a closed convex M-set. We don’t know
whether ¢ % h(t,2) implies @ # r.(h(t,z)) for a general closed convex set I{. Therefore,
this restricts our definition of index to a closed convex M-set instead of a general closed

convex set.
As a special case of Lemma 3.1.1 we obtain a key result towards defining our index.

Lemma 3.1.3. Let K be a convex M-set in a Banach space X and let Q be a bounded
closed subset of K. Let A : Q@ — X be a generalized inward compact map such that
z # Az for every @ € Q). Then there exists €9 > 0 such that x # r. Az for all € < ey and
for all z € Q.

Proof. Let h{t,z) = Az for € Q and ¢t € [0,1]. Then the result follows by Lemma
3.1.3. -

We now are in position to define a fixed point index for a generalized inward compact
map.

Let D be an open set in X. We denote by Dy and D the closure and the boundary,

respectively, of Dr = D N K relative to K.

Definition 3.1.4. Let K be a convex M-set in a Banach space X and let D be a bounded
open set such that D # 0. Let A: D — X be compact and such that Ais a generalized
inward map on 0Dg. Suppose that @ # A(z) for all z € dDk. Define the fixed point

index by the equation
ix(A, D) = tx(r-A, D),

for € sufficiently small, where ix(r. A, Dr) is the fixed point index as defined in Section

1.2 in Chapter 1 (also see Amann [4]).

By Lemma 3.1.3, with @ = 90Dk, we see that ix(r.A, D) is well defined. Also by
considering the homotopy h(z,t) = tr., A(z)+ (1 —¢)re, A(x), we see that it is independent

of the e-retraction for £ sufficiently small. Therefore, the index defined in Definition 3.1.4

malkes sense.




Remark 3.1.5. () If A: Dy — K then our definition coincides with the standard one
(see Section 2.2 in Chapter 2) since r.A = A in that case. However, they do not contain
each other because Definition 3.1.4 requires that the set K be a closed convex M-set
while the standard one applies to any closed convex set.

(71) Since any closed convex subset in a finite dimensional Banach space is a convex
M-set, our index generalizes that index defined by Lan and Webb [43] in the following
ways:

(a) X may be an infinite dimensional Banach space.

(b) A need not be weakly inward.

(731) If there exists a continuous metric projection ro from X onto K, that is, K 1s
an M,-set, our definition coincides with that index given by Lan and Webb [42] since
the index equals i¢x (oA, Di). However, they do not contain each other since, as has
been shown, an M.-set may not be an M-set and it is not clear whether an M-set is an
M .-set.

(iv) Since a compact convex set in an arbitrary Banach space X is a convex M-set,
our index applies to any compact convex set in X. When X is a real strictly convex, an
index was defined in [63] for weakly inward maps in a different way, but it does not apply
when X is not strictly convex.

(v) Another index was given in [28] for weakly inward compact maps when there
exists a retraction with property (P). A retraction with property (P) need not be a
metric projection (see the retraction given in part (a) of Lemma 2.3 in [28]). However, it
is not clear whether the index defined in [28] is independent of the choice of the retractions
satisfying property (P). A fixed retraction must be used in [28]. Also, we do not know
whether for each M-convex set K there exists a retraction onto K with property (P).
Therefore, we do not know whether the index given in [28] can apply to any M-convex

set.

The fixed point index in Definition 3.1.4 has most of the usual properties of fixed
point index. Although we have defined the index for a map A which only requires A to
be generalized inward on 0Dy, we need A to be generalized inward map on Dy to ensure

that a nonzero index implies the existence of fixed points.
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Theorem 3.1.6. Let K be a convex M-set in a Banach space X and let D be a bounded
open set such that D # 0. Let A : Dy — X be a generalized inward compact map.
Suppose that © # A(z) for all @ € 0Dg. The index as defined above has the following
properties.

(Pr) (Ewistence) If i (A, Di} # 0, then A has a fized point in Dy.

(P,) (Normalisation) If w € Dy, then ix (%, Di) = 1, where 4(z) = u for z € Dg.

(Ps) (Additivity) If W', W? are disjoint relatively open subsets of Dy such that © # A(x)
forz € D \ (WU W?), then

i (A, D) = i (A, W) 4 i (A, WP

(Py) (Homotopy property) Let h : [0,1] x D — X be compact and such that h(t,.) :
0Dk — X s generalized inward for each t € [0,1]. If ¢ # h(t,z) for € Dk and
t €[0,1], then

ik (h(0,.), Dr) = ix(h(1,.), DK).

Proof. (P1) If ix(A, Dg) % 0 then tx(r.A, Di) # 0 for every e sufficiently small.
Hence, by the usual existence property, r.A has a fixed point which yields a fixed point
of A by Lemma 3.1.1.

(P,) is obvious.

(Ps) follows easily from the corresponding property for i (r.A4, D).

(P;) follows from the usual homotopy property on utilizing Lemma 3.1.1. O

Remark 3.1.7. There is another way to define the index. Let K be an M-closed convex
set in a Banach space X. We have shown in Theorem 2.2.5 that there exists an upper
semicontinuous metric projection r from X onto K with nonempty compact convex values.
It can be shown that rA is a compact multivalued map. Hence, one can define the fixed
point index of A as the fixed point index for the multivalued map rA. The index of

multivalued compact maps A : Dy — 2% has been well studied, for example see [20] and

the related references therein.




3.2 Fixed point theorems

In this section we shall obtain some new fixed point and nonzero fixed point theorems by

using the results in section 3.1.

Theorem 3.2.1. Let K be a bounded convex M -set in a Banach space X and A: K —+ X
be a generalized inward compact map. Then ig(A, K) =1, and thus A has a fized point

n K.

Proof. The result follows from Definition 3.1.4 and Theorem 1.3.52. O

As a special case of Theorem 3.2.1, we immediately obtain the following Corollary.

Corollary 3.2.2. Let K be a compact convex set in a Banach space X and A: K —» X

a continuous generalized inward map. Then A has a fized point in K.

Corollary 3.2.2 generalizes Lemma 18.4 in [12] to a generalized inward map. Moreover,

our proof is different that of Lemma 18.4 in [12].

Theorem 3.2.3. Let K be an unbounded convexr M-set in a Banach space X and A :
K — X be a generalized inward compact map such that A(K) is bounded. Then there
exists po > 0 such that ix(A, Bg(p)) =1 for all p > po , where B(p) = {z € X : ||lz]| <
p}t. Therefore, A has a fized point in K.

Proof. We prove that there exists M > 1 such that for sufficiently small ¢ > 0,

. oL . -

|lreAz|| < M for z € K. In fact, if not, for each n € N there exist —projection r1 on K
o) n

and @, € K such that |jri Az,|| — +o0o. Hence, we have

1
lrs Az, — ||Aznl| < ||Azy — r%A:cn” <(1+ ;)d(A:vn,K).

Since A(K') is compact, we may assume that Az, — yg. This implies
liz sup | Azl < lyol] + s K) < o0,

a contradiction. Hence, there exist pg > 0 such that

A(K)Ur.A(K) C B(po) for p > po and sufficiently small .




1t follows from Definition 3.1.4 that for each p > po,
i (A, Br(p)) = ix(reA, Bx(p)) = 1.

(|
The following example shows that in Theorem 3.2.3, the condition that A(K) is

bounded can not be dropped.

Example 3.2.4. Let X = R? and K = R x {0}. Define a continuous map A : K — X
by
A(z,0) = (z + 1,2 +1).

By Example 2.5.11 we see that A is a generalized inward map. It is easy to verify that

A(K) is unbounded and A has no fixed points in K.

When A is weakly inward, we have the following result whose proof is similar to those

of Theorems 1.2.13 and 1.3.52. We omit its proof.

Theorem 3.2.5. Let I be a unbounded convex M-set in a Banach space X and A :

K — X be a weakly inward compact map. Assume that the following condition holds.

limsup ||Az||/|z] < 1.

:UGI\',!I.?J“—)OO

Then there exists pg > 0 such that 1 (A, Bx(p)) =1 for all p > po , where B(p) = {z €
X :||z|| < p}. Therefore, A has a fived point in K.

Theorem 3.2.6. Let K be a convex M-set in a Banach space X and D a bounded open
set such that D # 0 and Dy is a bounded M-set. Assume that A : Dg — X is a
generalized inward compact map such that

(1) there exists vg € Dx such that tA+ (1 —t)Zo is generalized inward on 8Dk for each
t€[0,1);

(LS) z # tA(z) + (1 — t)zg for all z € Dy and t € [0,1),

Then A has a fized point in Dy, and if z # A(z) for v € Dy, then ix(A, Di) = 1.

Proof. Assume without loss of generality that « # A(z) for ¢ € 8Dk. Let h(t,z) =
tAz + (1 — t)ao for & € Dy and t € [0,1]. By hypothesis (LS), @ # h(t,z) for @ € 8Dk
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and ¢ € [0,1]. It is also clear that A : [0,1] x Dy — X is compact and by hypothesis
(1) h(t,.): 0Dk — X is a generalized inward map for each ¢ € [0,1]. Consequently it
follows from Theorem 3.1.6 that iy (A, Dx) = ix(<o, Dx) = 1. ]

In general, if A is a generalized inward map, tA may not be a generalized inward map
for t € [0,1]. However, in some special cases, tA is a generalized inward map for ¢ € [0, 1]
provided A is a generalized inward map satisfying some extra conditions (see Corollary
4.2.3 in Chapter 4).

As a special case of Theorem 3.2.6, we have

Corollary 3.2.7. Let K be a conver M-set in a Banach space X and D a bounded open
set such that Dy # 0. Assume that A : Dy — X is a weakly inward compact map such
that

(LS) there exists xo € D such that © # tA(z)+ (1 —t)xo for all z € 0Dk and t € [0,1),
Then A has a fived point in Dy, and if x # A(z) for © € 0Dk, then ix(A,Di) = 1.

Remark 3.2.8. The following norm-type boundary condition implies (LS).

(By): ||Az|| < ||z|| + ||z — Az]| for each @ € dD with |Az]| > |lz|.

When X is a Hilbert space, (B1) is equivalent to the following condition:

(By) : (z, Az) < ||a|| ||Az]| for each & € 9D with 1Azl > Iz

This condition is then equivalent to (LS) because of the known criterion for equality in
the Schwarz inequality.

The following condition (Bs) implies (Bz).

(Bs) || Az||? < ||| + ||z — Az||* for each & € 9Dy with [|Az|| > ||z|-

3.3 Nonzero fixed point theorems for weakly inward
compact maps

Tn this section we discuss the existence of nonzero fixed points for weakly inward compact

maps by employing the usual conditions used in the classical index theory.

Lemma 3.3.1. Let K be an M-wedge in a Banach space X and D a bounded open set

in X such that D # 0. Assume that A: Dy — X is a weakly inward compact map such




that ¢ # Az for © € 0Dk and the following condition holds.
(E) There exists e € K \ {0} such that a #£ Az + Xe for x € Dk and X > 0,
Then 1x (A, Dg) = 0.

Proof. Assume, for a contradiction, that ix (A, Di) # {0}. For A > 0, let h(t,z) =
Az +thefor 2 € Dy and ¢ € [0,1]. By hypothesis, & # h(t,2) for « € Dy and t € [0,1].
As T (z) is a wedge containing K we see that A(t,.) : Dk — X is weakly inward for each
t € [0,1]. It follows from (Py) that we have ix(A, Dr) = ig(A + Xé, D) # {0}. Hence
for each n € N, there exists &, € Dg such that z, = Az, + ne. As Dy and A(_]jK) are

bounded this implies e = 0, a contradiction. O

Theorem 3.3.2. Let K be an M-wedge in X and let D', D be bounded open sets in X
such that 0 € D! and _D";: C Dr. Let A: Dy — X be a weakly inward compact map.
Suppose the following conditions are satisfied.

(LS) z#iAx forax € D} and 0 <t < 1.

(E)  There exists e € K \ {0} such that ¢ # Az + e for v € 3Dk and A > 0.

Then A has a fived point in Dy \ Dk. The same conclusion remains valid if (LS) holds

on 0Dk and (E) holds on 0Dj.

Proof. Suppose that A has no fixed point in D U 0D},. It follows from Corollary
3.2.7 and Lemma 3.3.1 that ix(A4,DL) = 1 and ix(A, D) = 0. By the additivity

property (Ps) of index we have
ix(A, Dx \ Dk) = ix(4, Dx) — ix(4, D) = —1

and thus A has a fixed point in D \ D). The proof is exactly similar if the hypotheses
are interchanged. O

Now, we generalize Lemma 3.3.1 by relaxing the condition (F). We consider two
cases: one is when 0K, = {z € K : ||z|| = 1} is compact and the other is when 9K, is
not compact.

We first consider the case when 0K is compact.

Lemma 3.3.3. Let K be a wedge in a Banach space X such that 0K, = {z € K : ||z|| =
1} is compact. Let D be a bounded open set such that Dy # 0. Let A,B: D — X be

weakly inward continuous maps. Assume that the following conditions hold.
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(A)) z# Ax+ ABz forx € 0Dk and A > 0.

(A2) Bz #0 forz € dDg.

(As) There exists e € O such that Bz # —de for v € 0Dk and § > 0.
Then i (A, Di) = 0.

Proof. By the assertion 4 in Remark 2.1.3 K is an M-wedge. Since I is compact
and Dy is bounded closed, Dy is compact. This, together with continuity of A and B,
implies A and B are compact. We prove that there exists Ag > 1 such that the following
holds:

¢ # Az + AoBae + fe forx € 9Dg and 3 > 0. (3.1)

In fact, if not, there exist {\,} C (1,400) with A, — 0o, {B.} C [0,+00) and {z,} C
Dy such that z, = Az, + A\, Ba, + fBne. Hence, Bz, + A 'B.e — 0 and as {Bu,} is
bounded we may assume that A-'8, — dy € [0, +00). Since @K is compact, we may
assume that @, = 2o € 0Dg. Therefore, we have Bag = —dpe. By hypothesis (Az) and
(As), we have &y < 0, which contradicts the fact that §o € [0, c0).

Let Ao > 1 satisfy (3.1). Note that A + AoB is weakly inward. It follows from (3.1)
and Lemma 3.3.1 that i (A + Ao B, D) = 0. Let A(t,z) = Az + tAoBz for 2 € Dp and
t € [0,1]. By hypothesis (A;), we have = # h(¢,2) for @ € Dk and t € {0,1]. It follows
from the homotopy of index that ix{A, D) = ix(A+ Ao B, D) = 0. O

We give some special cases of the condition (As) in the following remark.

Remark 3.3.4. (1) In Lemma 3.3.3, if K is a cone, that is, K N (—K) = {0} and
B(0Dg) C K, then the condition (As) is satisfied automatically. In fact, since I{ # — K,
it follows from Proposition 1.1.29 that K\ (—=K) = K\KN(=K) #0. Let e € K\ (—K)
with ||e]| = 1. Then is easy to verify that Bx # —de for ¢ € 0Dy and § > 0.

(2) In Lemma 3.3.3, if K is neither a cone nor a subspace of X, that is, KN{—K) # {0}
and K # —K, then the following condition implies (As).
(Ay) B(0Dg)N(=K\K) =40,

In fact, let e € K\ (—K) with ||e]] = 1. Then we see that the set {—te: ¢ > 0} C

—K \ K. Hence, (As) follows from hypothesis (A4).




An important special case of Lemma 3.3.3 is the following Corollary which has not

been considered previously.

Corollary 3.8.5. Let K be a wedge in a finite dimensional Banach space X with K #
—K. Let D be a bounded open set such that D # 0. Let A, B : D — X be weakly

inward continuous maps. Assume that (A1), (As

Z.[((A, DI() — O.

) and (As) of Lemma 8.3.8 hold. Then

From Remark 3.3.4 we see that in Corollary 3.3.5, if B(0Dx) C K, then the condition
(43) is satisfied automatically. However, the following examples show that in Corollary
3.3.5, if the condition B(8Dk) C K fails and B does not satisfy the condition (Ajs), then
the result of Corollary 3.3.5 may not be true whether & is a cone or not.

The first example is when K is a cone.

Example 3.8.6. Let X = R? and K = {(z,y) e R*: 2,y € [0,00)}. Let D = {z € X :
|lz|l <1}. Define maps A, B: D — X by

A((T7y)) = B(('L,y)) = ('“"*7:7 ’”"‘y)'

By Example 2.4.15 we see that A and B are weakly inward continuous maps. It is also
easy to verify that A and B satisfy the conditions (A;) and (A;) in Corollary 3.3.5 and
dDx = —0Dg. The latter implies B(0Dr) & K and B does not satisfy the condition
(As). We show that the result of Corollary 3.3.5 is false. Indeed, it is easy to see that
z # Az for z € ODf and ||Az|| = ||z|| for z € 0Dk. Hence, A satisfies the {LS) condition
in Corollary 3.2.7 with o = 0. It follows from Corollary 3.2.7 that 1x (A, Dx) = 1.

The following example is when K is not a cone.

Example 3.3.7. Let X = R? and K = {(z,y) € R?: 2 €¢ R andy € [0,00}. Let
D ={z¢€ X :|z|| <1}. Define maps A, B: Dg — X by

A((z,y)) = B((e,9)) = (=2, ~y).

By a similar method to that in Example 3.3.6 we can show that A and B satisfy all the

conditions of Corollary 3.3.5 except the condition (As), and we have ix (A, D) = 1.
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Another important special case of Lemma 3.3.3 is the following Corollary which also
has not been considered previously, that is the case when K = —IK, or equivalently, K
is a subspace of a finite dimensional space X. Since the range of a weakly inward map

relative to the subspace K must be contained in K& (see Remark 2.4.18), we may assume

without loss of generality that K = X.

Corollary 3.3.8. Let X be a fintte dimensional Banach space and D a bounded open set
of X. Let A,B: D — X be continuous maps such that the following conditions hold.

(A1) @+# Az + ABe forx € 0D and A > 0.

(A;) Bax#0 forz € 9D.

(As) There exists e € X with |le|| =1 such that Bz # —de for x € 0D and § > 0.
Then ix(A, D) = 0.

The following example shows the condition (A3) can not be dropped even when B = A.

Example 3.3.9. Let X =R?and D = {z € X : |jz|| < 1}. Let 6y € (0,27) be fixed.

Define a continuous map A : D — X by
A(rcosf,rsinf) = (rcos(d + bo),rsin(f + o)),

where r € [0,1] and 6 € [0,27). It is easy to verify that for each @ € 9D, A satisfies
(1) ||Az|| = ||z]l; (i¢) @ # Az; and (148) A(OD) = 0D, where 0D = {2z € X : ||lz|| = 1}.
In Lemma 3.3.3, let A = B. We see that (i) and (:2) imply (A;) and (Aj;) respectively.
However, (ii1) shows that (Ajs) fails. On the other hand, (i) and (¢7) imply that A satisfies
x # tAz for € 9D and t € [0,1]. It follows from Corollary 3.2.7 that ix(A,D) = 1.

This shows that A does not satisfy (As) and its index is one.
By the same method as before we immediately obtain the following result.

Theorem 3.3.10. Let K be a wedge in X such that 0K, is compact and let D, D be
bounded open sets in X such that 0 € D' and D—}{ C Dy. Let A: Dg — X be a weakly
inward continuous map. Suppose the following conditions are satisfied.

(LS) a#tAz fora € 0Dy and 0 <t < 1.

There exists a weakly inward continuous map B : Dxg — X such that

(A)) x5 Az + ABz for x € 0Dk and A > 0.
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(A}) Ba #0 forx € 0Dk.

(A4) There exists e € OK such that Bz # —de for & € 8Dy and § > 0.
Then A has a fived point in D \ Di. The same conclusion remains valid if (LS) holds
on 0Dk and (A})-(A%) hold on 0D}

As an application of Theorem 3.3.10, we give an example.

Example 3.3.11. Let X = R™ and K = R%}. Let D*, D be bounded open sets in X
such that 0 € D! and -D? C Di. Let I = {1,...,n} and for each i € I, f; : D — R be
a continuous map. Assume that the following conditions hold.

(F1)  filzr, s 2621, 0, Tiga, ooy @y) = 0 for i € 1.

(Fy)  fa(z) > @, for all © € 0Dk,

(F3)  falz) < @, for z € DL
Define a map A: D — X by

Then A has a fixed point in D \ Dk.

Proof. It follows from the condition (F}) and Example 2.4.19 that A 1s a weakly
inward map. It is easy to verify that (/%) implies conditions (A})-(A%) in Theorem 3.3.10
with B = A and e = (0,...,0,1) holds and (F3) implies A satisfies the (LS) condition on
0D};. The result follows from Theorem 3.3.10. Cl

As a special case of Theorem 3.3.10, we obtain a norm-type wedge compression and

expansion result.

Corollary 3.3.12. Let K be a wedge in X such that K, is compact and let D*, D be
bounded open sets in X such that 0 € D' and D_}( C Dg. Let A: D — X be a weakly
inward continuous map. Suppose the following conditions are satisfied.

() N4l < llz] for = € OD).

(i) |lz|| £ ||Az|| for x € ODk.

(7i¢) There exists e € 0K, such that Az 5t —de for x € Dy and & > 0.

Then A has a fived point in Dg \ D}.. The same conclusion remains valid if (i) holds on

0Dk and (1) and (i11) hold on 8D.




As an application of Corollary 3.3.12, we give an example on existence of nonzero

fixed points.

Example 3.3.13. Let X = R?*={(z,y) 12,y € R}and D = {z = (z,y) € X : ||z|| < 2}
and D' = {z = (z,y) € X : ||z|| < 1}. Define a continuous map A : D — X by

Alz,y) = (=, yl),

Then it is easy to verify that ||Az|| = ||z]| = 1 for z € D' and ||Az|| = ||z]| = 2 for
z € 0D. Also, we see easily that Az # —§(0,1) for z € dD and § > 0. It follows from
Corollary 3.3.12 that A has a fixed point in D\ D!.

Now, we consider the case when JK is not compact. Note that in this case X must

be an infinite dimensional Banach space.

Lemma 3.3.14. Let K be an M-wedge in an infinite dimensional Banach space X such
that 0K, = {z € K : ||z|| = 1} is not compact. Let D be a bounded open set such that
Di #0. Let A, B : D — X be weakly inward compact maps. Assume that the following
conditions hold.

(B1) z# Ax+ ABz fora € 0Dk and A > 0.

(By) a=inf{||Bz|:x€ 0Dk} >0.
Then ix(A, Di) = 0.

Proof. We first prove that there exist e € 9K such that

{te:t >0} N —B(0Dk) =0. (3.2)

In fact, if (3.2) is false, for each @ € 0K, there exists t; > 0 such that t,2 € —B(0Dg).
Thus the set @ = {t,z : ||z|| = 1} is relatively compact and hence the set co(Q) U {0})
is compact. By hypothesis (A;), we have t, > « so that the set {& € K : ||z|| = a} is
contained in the compact set €o(@) U {0}) and thus is compact, a contradiction.

Choose a fixed e € 9K, which satisfies (3.2). We assert that there exists Ag > 1 such

that the following result holds.

x# Az + B+ fe forx € 0Dg and § > 0. (3.3)
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Ir fact, if not, there exist {A,} C (1,4+00), {B.} C [0,+0c0) and {z,} C dDk such that
&, = Az, + A Bz, + Bne. Hence, Bz, + A 'f.e — 0 and as {Bz,} is bounded we
may assume that AJ'G8, — b € [0,+00). By hypothesis (As), b > 0. It follows that
Bz, — —be and be € »—B(a—D[\) The latter contradicts (3.2).

Let Ao > 1 which satisfies (3.3). Note that A+ ApB is weakly inward. It follows from
(3.3) and Lemma 3.3.1 that ix (A + A B, Dg) = 0. Let h(t,2) = Az +tAoBz for z € Dg
and ¢ € [0,1]. By hypothesis (A;), we have © # h(¢, ) for ¢ € 3(Dg) and ¢ € [0,1]. It
follows from the homotopy of index that ix(A, D) = ix (A + AC, Dx) = 0. O

Theorem 3.3.15. Let K be an M-wedge in an infinite dimensional Banach space X
such that 8K, is not compact and let D', D be bounded open sets in X such that 0 € D!
andﬁ}: C Dyx. Let A: D — X be a weakly inward compact map. Suppose the following
conditions are satisfied.

(LS) z#tAx forz € 0D} and 0 <t < 1.

There exists a weakly inward compact map B : D — X such that

(B1) z # Az + ABz forx € 0Dk and A >.0.

(By) o« =inf{||Bzl:2z € dDr} >0.

Then A has a fized point in D \ Di. The same conclusion remains valid if (LS) holds
on Dy and (By) and (B;) hold on dDj;.

Proof. Suppose that A has no fixed point in 8Dk U 8D} It follows from Corollary
3.2.7 and Lemma 3.3.14 that ix(A,Dk) = 1 and 1x(A, Dk} = 0. By the additivity

property (Ps) of index we have
ix(A, Di \ D) = ix(A, Dic) — (A, D) = ~1

and thus A has a fixed point in D \ Dk. The proof is exactly similar if the hypotheses
are interchanged. O
As a special case of Theorem 3.3.15, we obtain a norm-type wedge compression and

expansion result.

Corollary 3.3.16. Let K be an M-wedge in an infinite dimensional Banach space X

such that 0K, is not compact and let D', D be bounded open sels in X such that 0 € D?
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and D—}\ C Dk. Let A: D — X be weakly inward compact map. Suppose the following
conditions are satisfied.

() |l < llell for = € 9D}

(i2) |zl < ||Az|| for & € ODk.

(171) o =inf{]|Az| iz € dDk} > 0.

Then A has a fived point in D \ Dk. The same conclusion remains valid if (i) holds on

ODg and (it) and (411) hold on dDj..
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Chapter 4

A fixed point index for generalized

inward maps of condensing type

In Chapter 3 we have employed the e-projections to define an index. We have seen
that the method can only be applied to treat compact maps because we don’t know
whether the e-projections involved are k-y-contractive or y-condensing. However, we have
shown in Section 2.3 of Chapter 2 that there are closed convex M;-sets for which there
are continuous l-y-contractive metric projections. Therefore, we can employ continuous
metric projections to define a fixed point index which allows us to consider generalized
inward condensing maps. This Chapter is joint work with Prof. J. R. L. Webb and has
been published in Trans. Amer. Math. Soc. (see [42]).

All of the results of this Chapter except for Lemma 4.4.1 and Remark 4.1.4 were
published in Trans. Amer. Math. Soc., 349 (1997), 2175-2186.

4.1 Definition of a fixed point index for generalized
inward maps of condensing type

In this section we shall develop a fixed point index for generalized inward maps of con-
densing type defined on a closed convex M;-set. We always denote by v the set (or
ball)-measure relative to X.

We begin with two key Lemmas.
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The first result is an important step in developing the index theory for generalized

inward maps, it shows that A has the same fixed points as A.

Lemma 4.1.1. Let K be a closed convex set in a Banach space X and suppose A : {} C
K — X is a generalized tnward map on §) relative to K such that ¢ # Az forz € Q. If

r is a metric projection from X to K, then © # rAz for all x € Q.

Proof. The proof is by contradiction. Assume that there exists x € () such that

z =rAz. If Az € K, then 2 = rAz = Az, a contradiction. If Az ¢ K, then
|Az — z|| = ||Az — rAg|| = d(Az, K) < ||z — Az||

since 7 1s a metric projection and A is generalized inward, another contradiction. Cl
Notation: In the following we require rA to be y-condensing. If v(A) =k and v(r) = [
this is so if kI < 1. We will write &l < 1 to mean either the case just mentioned or { =1

and A is condensing or A is compact and r is continuous.

Lemma 4.1.2. Let K be a closed convex M;-set in a Banach space X for somel € [1, 00]
and let D be a bounded open set in X such that D # 0. Let A : Dr — X be a k-y-
contractive map with kl < 1 such that A is generalized inward on 0Dy relative to K.
Suppose that x # Az for all v € dDy. Then for any l-y-contractive metric projections

r1,73 from X to I, we have ig(rA, Di) = ig(r:4, Dk).

Proof. Let H(t,2) = triAz + (1 — t)rAz for @ € D and ¢t € [0,1]. Obviously H :
[0,1] x Dy — K is continuous and such that y(H([0,1] x Q) < (Q) for each Q C D
with v(Q) # 0. By Lemmas 2.3.10 and 4.1.1 we have 2 # triAz + (1 — t)rp Az for
v € Dk and t € [0,1]. It follows from (P,) of Theorem 1.3.50 in Chapter 1 that
ik(rA, Di) = ix(r:A, Dr). O

We now define the fixed point index for generalized inward maps of y-condensing type.

Definition 4.1.3. Let K be a closed convex Mj-set in a Banach space X for some [ €
[1,00] and D a bounded open set in X such that Dx # 0. Let A : D — X be k-y-

contractive map with kl < 1 such that A is a generalized inward on 0Dk relative to K
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and @ # Az for all @ € 0Dg. Then we define the fixed point index of A over Dy with

respect to K as follows:

iI((A, DK) = i[\"(TAa DK)

where r : X — K is any [-y-contractive metric projection and i (rA, Dx) is the fixed

point index for condensing mappings defined in section 1.3 (also see [48]).

By Lemmas 4.1.1 and 4.1.2 we see that ix(A, Dx) makes sense and is independent of
the choice of {-y-contractive metric projection. Note also that the new index coincides
with the usual one when A(Dp) C K.

In Definition 4.1.3, when K be an M.,-closed convex set, we have defined an index
for generalized inward compact map. Comparing this case with Definition 3.1.4, we see

that when K is an M and M,-closed convex set, the two indexes coincide.

Remark 4.1.4. It is possible to consider the measure of noncompactness fx in Definition
4.1.3. For example, assume that A : Dg — X is a (Bx,Bx)-condensing, and suppose
r: X — K is 1-(fx,Bx)-contractive and is a metric projection from X to K. Then
rA : Dg — K is Bx-condensing. One may define i (A, Di) = ix(rA, Dx). However,
rA is then Sx-condensing since the existence of r implies that K has the ball intersection

property (see Theorem 1.3.6).

The fixed point index in definition 4.1.3 has most of the usual properties of fixed point
index. As in Chapter 3, although we can define the index for a map A that is generalized
inward on 9Dy, we need A to be generalized inward on Dy to ensure that a nonzero

index implies the existence of fixed points.

Theorem 4.1.5. Let K be a closed convex M;-set in a Banach space X for some | €
[1,00] and D a bounded open set in X such that Di # (). Assume that A: Dk — X is a
generalized inward k-y-contractive map with kl < 1 and @ # Az for 2 € 0Dx. Then the
index satisfies the following properties.

(P) (Ewistence property) If ix (A, Di) # 0, then A has a fized point in D

(P2) (Normalization) If w € Dg, then ig (4, Dr) =1, where 4(z) = u for x € Dy.

(Ps) (Additivity property) If W', W? are disjoint relatively open subsets of Dy such that
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@ # Az forx € D \ (WU W?), then
(A, D) = ixc(A, W) +ig (A, W3,

(Py) (Homotopy property) If H : [0,1] x D — X is continuous and such that for each
te0,1], H(¢,.) : 0Dk — X is a generalized inward map and either

(a) when [ # 1, there exist k > 0 such that kl < 1 and v(H([0,1] X Q)) < kv(Q) for each
Q C Dy, or

(5) when L =1, 3(H([0,1] x @)) < (Q) for each @ C D with ~(Q) # 0.

Then, if x # H(t,z) for « € 0Dk and t € [0,1],

ilﬁ'(H((]) ')’ DI\") = iK(H(la ')9 DK)'

Proof. (Py) If ig(A, Dg) # 0, then we have ig(rA, Di) # 0 by Definition 4.1.3. The
earlier version of (P;) implies that rA has a fixed point in Dy and, by Lemma 4.1.1, A
has too.

(P,) is obvious.

(Ps) follows easily from the definition and use of Lemma 4.1.1.

(Py) I ¢ # H(t,z) for x € 0Dk and t € [0,1], by Lemma 4.1.1 we have = # rH(t, )
for x € 0Dk and ¢t € [0,1]. The homotopy property for condensing maps implies the

result. O

4.2 Fixed point theorems for generalized inward k-
y-contractive maps

In this section we shall obtain some new fixed point theorems by using the fixed point

index developed in the previous section.

Theorem 4.2.1. Let K be a closed convex M;-set in a Banach space X for some [ €
[1,00] and let A: K — X be a k-y-contractive generalized inward map with kl < 1 and
such that A(K) is bounded. Then there is po > 0 such that ix(A, Br(p)) = 1 for all
p = po, where B(p) ={z € X : ||z|| < p}. Hence, A has a fived point in K.

90




Proof. Let r be an [-y-contractive metric projection from X to K. Since A(K) is bounded,

rA(K) is bounded too. Let pg > 0 be such that A(K)UrA(K) C B(po). Then, for each

p 2 po, TA(K) C Bg(p) and o # Az for @ € 0Bk (p). By Definition 4.1.3 and property
(Ps) we have ixc(A, Br(p)) = ix(rA, Bg(p)) = 1. O

Note that in Theorem 4.2.1, if K is a bounded convex Mj-set, then A(K) is bounded and
Br(p) = K for large p. Hence, in this case, ix(A, K) = 1.
Theorem 4.2.1 extends Theorem 18.3 in [12].

Theorem 4.2.2. Let I be a closed convex M-set in a Banach space X for some | €
[1,00] and D a bounded open set such that Dy # 0. Assume that A : D = X is a
k-y-contractive generalized inward map with kl < 1 such that

(z) there exists wo € Dy such that tA(z)+ (1 — t)xo is a generalized inward map on 0Dy
for each t € (0,1), and

(LS) z #tA(2) + (1 —t)zg for all x € 8Dk and t € (0,1).

Then A has a fived point in Dy, and if = # A(z) for @ € 8Dy, then ix(A, Dg) = 1.

Proof. Assume without loss of generality that @ # A(z) for @ € dDg. Let H(t,z) =
tAz + (1 — t)zo for @ € Dg and t € [0,1]. By hypothesis H(,.) : dDx — X is a
generalized inward map for each ¢ € [0,1] and @ # H(¢,z) for € 8Dg and ¢ € [0, 1].
Hence, from Theorem 4.1.5, ix (A, Di) =ix (2o, Dx) = 1. O

The special case of Theorem 4.2.2 when A is weakly inward is an improvement of
Theorem 1 in [14].

Note that if 0 € Dx and A is generalized inward on dDf it does not follow in general
that tA is generalized inward on 0Dk for t € [0,1], though it does for weakly inward
maps. This limits the use of homotopy arguments. The next result gives hypotheses that

ensure that {A is generalized inward.

Corollary 4.2.3. Let K be a closed convex set in a Hilbert space H and D a bounded
open set such that 0 € Dy. Assume that A : D — H is a y-condensing generalized
inward map such that the following conditions hold:

(27) (=, Az) < ||| for z € dDk with Az ¢ K;

(LS) a#tAx forz € 0Dk andt € (0,1).
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Then A has a fized point in Dy.

Proof. It is sufficient to prove that tA is a generalized inward map on Dy for each
t € (0,1). In fact, for any fixed @ € 0Dk and t € (0,1) such that tAz ¢ K, we have
Az ¢ K since 0 € K and K is convex. Since (z,Az) < ||z||? and 0 < ¢ < 1, we have

2t(1 — t)(z, Az) < (1 — #*)||=||®. This implies
Pl — Az||* = *lle]|® + #2]| Ax]|* — 2t*(2, Aw) < ||2[f* + 17| Az]?
— 2t(z, Az) < ||z — tAz]||

Thus we have t|jx — Az|| < || —tAz||. Since A is generalized inward on 8Dy, there exists

y € K such that [|[Az — y|| < [[z — Az]||. Hence
d(tAz, K) < ||[tAz — ty|| < tl]z — Az|| < ||e — tAz]|.

O

Note that, if in Corollary 4.2.3, (2) holds for all # € 9D then (LS) holds too. Further
if Disaballand K =D and A: K — H is generalized inward then (LS) holds.
Example 2.5.10 given earlier satisfies all of the conditions in Corollary 4.2.3 but is not

weakly inward.

4.3 Nonzero fixed point theorems for weakly inward
maps

In this section we discuss the existence of nonzero fixed points for weakly inward maps.
As mentioned earlier (see Theorem 2.4.20), in a reflexive Banach space, it is often possible
to change to an equivalent locally uniformly convex norm, the weakly inward property
is preserved. Therefore, for compact maps, for most of the results of this section one
can change to such an equivalent norm if necessary. Hence, when the map involved is

compact, all the results obtained in this section apply to any closed convex set in a

reflexive Banach space.




Theorem 4.3.1. Let I be an Mj-wedge in a« Banach space X for some | € [1,00] and
D a bounded open set in X such that Di # 0. Assume that A : D — X is a k-y-
contractive map with kl < 1 and A is weakly inward on Dy relative to K. If there exists

e € I\ \ {0} such that & # Az + Ae forw € 0Dk and X >0, then ixg(A, Dg) = 0.

Proof. Assume, for a contradiction argument, that ix(A, Dg) # 0 and let A > 0. Let
H(t,z) = Az+tdefor 2 € Dy and t € [0,1]. By hypothesis, ¢ # H(t, ) for € D and
t € [0,1]. It is obvious that H satisfies (P;) in Theorem 4.1.5 when [ > 1 and when [ = 1.
Also H(t,.) : Dg — X is weakly inward on Dy for each t € [0,1]. By Theorem 4.1.5
we have ix (A, Di)= ix(A + Aé, Di) # 0. Hence for each n € N, there exists z, in the

bounded set Dy such that =, = Az, + ne; this is impossible since e # 0. O
We use Theorem 4.3.1 to obtain nonzero solutions when K is a wedge.

Theorem 4.3.2. Lel K be an Mj-wedge in a Banach space X for somel € [1,00] and
DY, D bounded open sets in X such that 0 € D' and D_}{ C Dg. Suppose A: D — X is
k-y-contractive map with kl < 1 and A is weakly inward on Dy. Suppose the Jollowing
conditions hold.

(LS) z #tAx forxz € 0Dk and i € (0,1).

(E) there exists e € I{ \ {0} such that @ # Ax + de forxz € 0Dk and A > 0.

Then A has a fived point in Dy \ Dk.

The same assertion is valid if (LS) holds on Dy while (E) holds on Dij;.

Proof. We may assume that A has no fixed point in 8D UdDj,. It follows from Theorem
3.1 that 15(A, D}) = 1 and from Theorem 4.3.1 that ix(A, Dr) = 0. By the additivity

property of index we have
ix(A, Dr \ D&) = ix(A, D) —ixg(A, DY) =0~1=—1

and thus A has a fixed point in Dy \ D}(.

The result can be proved similarly when the hypotheses are interchanged. O

Theorem 4.3.2 extends Theorem 3.3.15 above and improves Theorem 2 in [14] and

Theorem 3 in [20].
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Theorem 4.3.3. Let K, D', D and A be as in Theorem 4.5.2 and suppose there ewists a
weakly inward compact map C : Di — X such that the following conditions hold.

(LS) ¢ # tAz forx € D) andt € (0,1).

(1) 0K, = {v € K : ||z|| = 1} is not compact.

(i3) o = inf{||Cz|| : « € Dk} > 0.

(112)  #£ Az + MOz for z € 0D and A > 0.

Then A has a fived point in Dg \ D

The same assertion is valid if we assume that (L.S) holds on D while (1) and (112) hold

1
on Di.

Proof. We may assume that A has no fixed point in @Dg U OD3. As in Lemma 3.3.14,

there exist e € 9K, and Ag > 0 such that
@ # Az + XCa+ fe forz € dDk and 3 > 0.

Note that A + AoC is weakly inward as Ix(w) is a wedge. By Theorem 4.3.1 we have
ik{A+ AC,Dg) = 0. Let H(t,z) = Az + thoCz for 2 € Dy and t € [0,1]. By
hypothesis, we have @ # H(i,z) for 2 € Dk and ¢ € [0,1]. By (Py) in Theorem 4.1.5
we get i (A, Di) = 0. It follows from (F3) that ig(A, Di \b—}\_) = —1 and thus A has a
fixed point in Dg \_D“g | O

Theorem 4.3.3 improves Theorem 1 in [38]. Even the special case of A = C in Theo-
rem 4.3.3 improves Theorem 3 in [14].
Finally in this section we give conditions that assure the existence of at least two

nonzero fixed points in K.

Theorem 4.3.4. Let K, D, D' be as in Theorem 4.3.2 and let A : K — X be a k-y-
contractive weakly inward map with kl < 1 and A(K) bounded. Suppose that (LS) holds
on 8D% and (E) holds on dDx. Then A has at least two nonzero fized points in K.

Proof. Since A(K) is bounded, by Theorem 4.2.1 there exists a bounded open set D? such
that D C D% and ix(A, D%) = 1. If A has no fixed point on dDx, then by (E) and
the additivity property we have ix(A, D% \ D) = ix(A, D%) — ix(A, Dg)=1-0=1.

Hence A has a fixed point z; in D% \ Dx. If A has a fixed point in 9D, then the
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conclusion holds. If @ # Az for @ € 9Dk, by the proof of Theorem 4.3.2 we have
ix(A, D\ D—}\) = —1 and thus A has a fixed point 2 in Dg \5}:— O]

By an argument similar to that of Theorem 4.3.4, and using the proof of Theorem 4.3.3

we obtain

Theorem 4.3.5. Under the hypotheses of Theorem 4.3.3 suppose that A : K — X is
weakly inward on all of K and with A(K) bounded. Then A has at least two nonzero fized

points in I.

4.4 Application

In this section we consider the perturbed Volterra integral equation

o) = glt,2() + | fls,0(6)ds, te0,1) (4.1)

We need the following inequality of Gronwall type (see for example Lemma 8.1 in [10]

for more general case).

Lemma 4.4.1. Let f € L'[0,1] and f(t) > 0 a.e on [0,1]. Assume that f satisfies the
following condition.

(G) There exist C' > 0 and M > 0 such that
t
() §C+M/ F(s)ds ace. on 0,1
Jo
Then f(t) < CeM! a.e. on[0,1].

Proof. Let g(t) =C + M fg f(s)ds for t € [0,1]. Then ¢'(¢) = M f(t) < Mg(t) a.e on
[0,1]. Hence

(g(t)e™ = g'(t)e ™t — Mg(t)e™* <0 a.e. on [0,1].

Integrating the above inequality, we obtain g(t)e™™! — g(0) < 0 and g(¢) < g(0)eM? =
CeMt for ¢ € [0,1]. The result follows. O
Now, we give our main result in this section.

We make the following hypotheses:
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(C1) ¢:[0,1] x R* = R is continuous and there exists L € (0,1) such that
l9(6,2) — g(t,9)| < Ll — y] for ¢ € [0,1] and 2,y € RY.

(C2) g¢(¢,0) >0 for t € [0,1].
(C3) [:[0,1] x RT — R satisfies Carathéodory conditions and there exists b > 0 such
that

[f(t,2)] <b(1+z) for t€[0,1] and = € RT.

(C4) For every « € L*[0,1] with z(¢) > 0 a.e. on [0, 1] there exists M, > 0 such that
t
/ F(s,a(s)) ds > — M, a(t) for ¢ € [0,1].
0

Remark 4.4.2. (C,) holds if f(t,z) > 0 for z > 0. If we used the standard theory of
maps with values in a cone then in place of (C3) we would have to assume that g(¢,z) > 0

for all z > 0.

Theorem 4.4.3. Assume that (C1)-(Cy) hold. Then equation (4.1) has a solution z in
L%[0,1] such that x(t) > 0 for a.e. t € {0,1].

Proof. Let X = L*[0,1] and K = {z € X : z(¢t) > 0 a.e. on [0,1]}. Then K is a cone in
X. We define G, F' and A: K — X by

Gz(t) = g(t,2(t)), Fa(t)= /0 f(s,z(s))ds and A=G+ L

(C1) implies that |g(¢,@)| < M + Lz for @ € K, where M is a bound for |g(¢,0)|, so that
G is continuous and maps bounded sets in K into bounded sets in X. Also (C}) implies
that G is an L-set-contraction. Let z € K be such that z*(z) = 0 for some z* € K*.
Then 2 can be identified with an L? function, #*(t) > 0 a.e. and /1 z(t)z*(t)dt = 0.
Thus 2*(¢) = 0 a.e. on the set {¢: z(t) # 0}. Therefore, we have ’
z*(Ge) = /1 g(s,z(s))a™(s)ds = / g(s,0)z*(s) ds > 0.

0 {s:w{s)=0}

It follows from Theorem 2.4.17 that  is weakly inward.
From (C3), F is compact. For any « € K, by (C4) we have Fla + M,z € K.

Therefore F' is weakly inward since —z € Ix(z) and Ix(z) is a wedge. Hence A is a

weakly inward L-set-contraction.
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We assert that the set {z € K : o = Mz, 0 < A < 1} is bounded. Assume that
@ € I is such that @ = AAz for some X € (0,1]. By using (Ci), (Cs) and Lemma 4.4.1
we obtain |z|| < m for a suitable constant m, independent of A, proving our assertion.

By Theorem 5.4.4, A has a fixed point in /. O

Remark 4.4.4. Note that & has empty interior so Theorem 20.4 in [12] cannot be used
to treat the above problem. Also, since A(X) may be unbounded, Theorem 3.1 (hence

Theorem 18.3 in [12]) cannot be used either.
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Chapter 5

A fixed point index for weakly

inward A-proper maps

In Chapters 3 and 4 we have obtained theories of the fixed point index for compact maps
and maps of condensing type. These theories require that the closed convex sets K satisfy
suitable conditions, for example, K is an M-convex set or Mj-closed convex set. If X is
reflexive with the property (H), then the index theory for compact maps can be applied
to all closed convex sets since any closed convex set is an M-convex set (see Corollary
2.1.12 and the following remark). If X is reflexive and the compact map involved is
weakly inward, then this theory can be applied to all closed convex set in this reflexive
Banach space since one can obtain an equivalent norm which is such that every closed
convex set is an M-convex set under the new norm (see Corollary 2.1.16) and the weakly
inward property of the map is unchanged (see Theorem 2.4.20). However, this theory is
not applicable to all closed convex sets in any Banach space because if every closed convex
set in a Banach space is a M-set, then the space must be reflexive and have property (H)
(see Corollary 2.1.12 and the following remark). In the same way, the theory developed
in Chapter 4 also is not applicable in every Banach space since not every closed convex
set is an M;-set.

In this Chapter we shall develop a theory of fixed point index for weakly inward A-
proper maps. We shall see that this theory can be applied to nearly all closed convex sets

in a Banach space with a suitable projection scheme. A Banach space with a projection
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scheme must be separable but need not be reflexive, for example, the space of continuous
functions defined in [0, 1] has a suitable scheme. Hence, this theory is not applicable in
all Banach spaces, but includes all spaces with a Schauder basis and spaces which arise
in the applications have such a projection scheme. Therefore, to require the space has a
projection scheme is a mild restriction.

In general, the methods given in Chapters 3 and 4 can not be carried over to establish
the index theory for weakly inward A-proper maps since it is not clear whether r A inherits
the A-properness of A, that is, if I — A is A-proper, we don’t know whether I — rA is
still A-proper. Therefore, the previous index theory for A-proper cone maps developed
in [22] can not be employed.

Fortunately, we can show that P, A inherits the weakly inwardness property from A,
that is, if A is weakly inward, so is P, A. This enables us to employ the index theory for
weakly inward continuous maps in finite dimensional spaces developed in Chapter 3 to

establish an index theory for weakly inward A-proper maps.

5.1 Preliminaries

Let X be a Banach space and suppose that there exist a sequence of finite-dimensional
subspaces X,, C X and a sequence of continuous linear projections F, : X — X, such
that P,z — « for each z € X. X will be called a Banach space with projection scheme
[' = {X,, P.}. Obviously, such a space is separable since X = U,enX, and we have
sup,en || Prll = ¢ < oo by the uniform boundedness principle (see for example, Proposition
7.7 in [12]. X may also be called a 7 -space.

We shall gi-ve examples of Banach spaces and corresponding projection schemes.

Recall that a sequence {z,} in a Banach space X is called a Schauder basis of X if
for every @ € X there exists a unique sequence of scalars {a,} so that z = ¥ v a;z;. We
refer to [44] and [45] for the detailed study of bases.

Let X be a Banach space with a Schauder basis {z,}. Let X, = span{zi,...,zn},

where spanB denotes the subspace generated by a set B. For each n € N, define a




projection P, : X — X, by

n

Pn(i a;v;) = Z a;T;.
=1

il

Then P, : X — X, is a bounded linear operator and sup,, || P,|| < oo (see [44]).

The projections { P, } are called the natural projections associated with the basis {z,};
the number sup,, || P, || is called the basis constant of {,}. A basis whose basis constant is
1 is called a monotone basis. These facts show that every Banach space with a Schauder
basis has a projection scheme and every Banach space with a monotone basis is a m;-
space. There are many spaces which are m-spaces, for example g, {,, 1 < p < o0, C[0, 1]
and LP[0,1] for 1 < p < oo (see [45]).

Let K be a closed convex set in a Banach space X with a projection scheme I' =
{X,, P.}. One is interested in this case when P, K C K, = KNX, for alln € N because
it is a necessary requirement for developing a theory of fixed point index for A-proper
maps, which will be shown later. In general, we don’t know whether P, X' C K, for every
closed convex set K, but it is a mild restriction and is true for cones and wedges which

often arise in applications. We give two examples here.

Example 5.1.1. Let X = (C[0,1] and K = C4[0,1]. Then there exist a projection

scheme I' = {X,,, P} such that X is a my-space and P, K C K, for alln € N.

Proof. We define a sequence {z,} of X by

zo(t) = Xo,11(t),

@1(t) = xp(t),

z2(t) = z1(2t) + xpo,1y(2t — 1) — &1(2t — 1),

onpi(t) = 2(2%t—141),¢=1,2,...,n=1,2,...,
where ys denotes the characteristic function of a set S, that is, xs(¢) = 1if¢ € S and
xs(t) =0if t ¢ S (see Theorem 5, p.49, [45]).

Let X, = span{zg,...,29n} for n € N. Then {X,} is a sequence of finite dimensional

subspaces of X. For every z € X let y, € X for n € N be defined by
yn(t) = z(t) fort=0,1/2",2/2",3/2",...,1,

interpolating linearly between these points. Then y, € X, and y, = @ in X.
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For every n € N we define a map P, : X — X, by P,(2) = y,. Then {P,} are
the natural projections associated with the basis {z,} and sup, ||| < 1. Hence X is a
my-space with the projection scheme I' = {X,, P, }.

We now prove that P, K C I, for all n € N. Indeed, let € K. Then it is easy to
see that y,(¢) > 0 for ¢ € [0,1] and n € N, where y, is defined above. Since y, € X,,, we
have y, € K N X,, and P, K C K,. O

We shall show that the same holds in LP[0,1]. First, we recall a well-known result.
Lemma 5.1.2. C[0,1] is dense in LP[0,1] for 1 < p < o0.

The above result can be found in Theorem 3.14 in [59] or Theorem 2.13 in [1]. There-
fore, we omit the proof of Lemma 5.1.2.

Next, we give the following lemma.
Lemma 5.1.3. Let X = I*[0,1] for 1 < p < 0o and K = L4 [0,1]. Then
KnC,1] =K,
that is, L N C[0,1] is dense in K.

Proof. 1t is clear that K N C[0,1] C K. We prove the reverse inclusion. Let f € K

and € > 0. It follows from Lemma 5.1.2 that there exists g € C[0, 1] such that

“f - gHLP[O,l] < €.

This implies ||f — |glllzeo,) < & Since g € C[0,1], |g| € K N C[0,1]. Therefore, f €
KACP.1] and K Cc KA C[0,1]. 0

Example 5.1.4. Let X = L?[0,1] for 1 < p < oo and K = LA[0,1]. Then there exist a

projection scheme I' = {X,,, P,} such that X is a m;-space and P, K C K, for alln € N.

Proof. It is shown in Theorem 6, p.49, [45] that the Haar system, which is given by

21(t) = Xp(t),
Taigi(t) = 272 [xpo (2571~ 25 +2) — x o,y (2 =25 +1)] for j = 1,...,2%8 =0,1,2,....

is a monotone basis for X.
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We now prove that P K C I, for all n € N. Let X = span{z; 1 j < 2n} and P, be
the natural projection scheme associated with the basis {%,}. From the proof of Theorem

6, p.49, in [45] we see that for every & € Clo,1],
Poa(t) = ya(t) fort=3/2%7= 1,2,..,2"%

Hence we have P,(K 0 C[0,1]) C K. N C[O0, 1]. It follows from Lemma 5.1.3 and the
continuity of P, that P& C K, for alln € N |

One can show that a more general result holds when X = I[P(Q), K = L4 (), where
! ¢ R™is bounded open set in R”, and the projection scheme considered is the one given
in [35]. The result has been employed in [36].

Closely associated with m.-spaces is the concept of A-proper maps. The latter has
proved of importance in theory and applications. We recall the definition and refer to
[55] for a good account of the theory and many applications. It is known that if one

is interested in the existence of fixed points the wealer concept of A-proper at 0 often

suffices [55], [66].

Definition 5.1.5. Amap T': D C X — X is said to be approximation-proper (A-
proper, for short) at a point ¢ € X with respect to I'if Tp, = P.T\pnx, : DN Xn = Xn
s continuous for each n € N and whenever {@p, + Tny, € DN X,,} is bounded and
Ty, Tny, — g, then {&n, } has a subsequence which converges to some ¢ € D with Tz = g¢.
T is said to be A-proper on a set K il it is A-proper at all points of K. A-proper alone

means A-proper on X.
Closely related to the A-proper class are the Py-compact maps.

Definition 5.1.6. For a fixed v = 0, a map A:DcC X — X is said to be P,-compact
at a point ¢ € X with respect to I' if A\I — A is A-proper at g for each A dominating 7y
(that is A >~y ify>0 and A > 0 if v = 0). A is said to be Py-compact on a set [ if it

is P,-compact at all points of K.

The above definition can be found in [36] or [42].

In the following we give some examples of A-proper and P,-compact maps.
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To show that a k-ball contractive map with k£ € [0,1) is P,-compact for every v €
(k,1), we slightly generalize a special case of a known result due to Nussbaum (see for

example, Lemma 1 in [68]).

Lemma 5.1.7. Let K be a subset in a w1-space X which satisfies P, C K. Assume that
{y.} is a sequence in K. Then for an arbitrary subsequence {yn, }, written for simplicity

{yr}, we have

Bre({ Pryr}) < Br({yr})-
Proof. Let r = Bx({yx}) and ¢ > 0. Then there exist {1, ...,&n} C K such that
{ye} C Ui Bre (@i, 7 + €).
Since P,z — z for each z € X, there exists kg € N such that
|Prwi — @i|| <e forall k> kg andie{l,..m}
Hence for k > ko, if yx € Br(z;, 7 + €) we have
[ Poy — @all < [[Peyie — Praval| + [[Pows — @il S v+ 2.
Thus Pyyr € Br(z;, 7 + 2¢). This implies
{Pryrtrsr, C UL B2, + 2¢).

Hence, Br({Piyrtisk) < T+ 2¢e. Since € > 0 is arbitrary, we have Sx({Pryktrok,) <7

and thus, Br({Pryr}) < Br({ye}) U

We also need the following new result.

Lemma 5.1.8. Let K be a subset in a Banach space X and {z3} and {yx} be two se-

quences in K. Assume that i —yr — 0. Then

Br({zr}) = Br({yr})-

Proof. Let r = Br({zr}) and € > 0. Then there exist zy,...,2» € K such that
{xr} C Uy Br(zj,+¢). Since a — yx — 0, there exists ko > 0 such that ||lx, —yx| <e
for k& > ko. For every k > ko, there exists j(k) € {1,...,m} such that ||zr — zjm) || < 7 +e.
This implies

lye — zigll € Nlyw — el + N2k — 2wl < e+ (r +e).
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|

Hence, we have

Yi € B[((Zj(k), r+ 26) C U;-nleK(Zj,T -+ 26).

This implies {yr}rore C UMty Br(z;,m + 2) and thus Bix({yr}) < r -+ 26. Therefore,
B (yx) < Bre({xx}). Similarly, we have B ({z1}) < Br ({yx}). O

Remark 5.1.9. We do not know if fx({zx}) = Bx({ys}) if {zx} C K and {yx} C X

such that zp —yr — 0.

Remark 5.1.10. By Proposition 1.3.2 and properties of set-measure of noncompactness,
it is easy to verify that in Lemma 5.1.8 if the condition z; — y; — 0 is replaced by the

weak condition: @y —yr — g € X, then Lemma 5.1.8 is true for the set-measure.

Proposition 5.1.11. Let K be a subset in a my-space X such that P, K C K and D «a
closed set in K. Assume that A : D C K — K is a continuous P -condensing map.

Then I — A is A-proper at 0.

Proof. Let {z,, : ¢, € DN K, } be bounded and z,, — P, Az,, — 0. It follows

from Lemmas 5.1.8 and 5.1.7 that

Br({xn, }) = B ({Pa, Ay, }) < IBK({A‘UM})'

Since A is condensing, Br({n,}) = 0 and {z,,} is precompact. This implies {z,,}
has a subsequence which converges to some 2 € D. By continuity of A it follows that
z— Az =0. d

As special cases of Proposition 5.1.11 we have

Proposition 5.1.12. Let I be @ wedge in a wy-space X and D a closed set in K. Assume
that A: D C K — K is a continuous k-fr-contractive map with k € [0,1). Then for
every A > k, A\I — A is A-proper on K. In particular, A is P,-compact on K for every
v € (k,1).

Proof. Let p € [0,1/k). Then uA : D C K — K is pk-fx-contractive with pk < 1.
It follows from Proposition 5.1.11 that I — A is A-proper at 0. Since K is a wedge,
I — uA — qis A-proper at 0 for every ¢ € . Hence, [ — A is A-proper at g for every

q € K. This implies that Al — A is A-proper on K for every A > k. a

104



Following the above proof, we see that in Proposition 5.1.12 if A is a continuous and
Br-condensing map. Then A is Pi-compact on K.

As an application of Proposition 5.1.12 we have

Corollary 5.1.13. Let I be a closed subset in a my-space X. Assume that I has the ball
intersection property relative to X. Let D be a closed set in I and k € [0,1). Assume

that A: D — X is a continuous map such that

Bx(A(QR)) £ kBr(Q) for each bounded set Q) C D.
Then A is P,-compact for every v € (k,1).

Remark 5.1.14. If f is a strict contraction defined on a closed convex set I # X it is
not known whether I — f is A-proper but [ — f is A-proper at 0 when f is also weakly
inward [66]. Also it is possible to show that accretive operators defined on a closed convex

subset K of X are A-proper on K when [ — A is weakly inward, see [66].

Comments

Lemma 5.1.5, Lemma 5.1.7, Lemma 5.1.8, Proposition 5.1.11, Proposition 5.1.12 and
Corollary 5.1.13 are new.
The proofs of the following results are new.

Example 5.1.1, Example 5.1.4

5.2 A fixed point index for a weakly inward contin-
uous map in a finite dimensional Banach space

In Chapter 3 we have defined an index for a generalized inward compact maps. In this
section we quote a special case of the fixed point index given in Definition 3.1.4 for

convenience of applications. Throughout this section X will denote a finite dimensional

Banach space.
Let K be a closed convex set in X and D an open set in X. We denote by Dy and

8Dy the closure and the boundary, respectively, of D = D N K relative to K.
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Definition 5.2.1. Let D be a bounded open set such that Dy # . Let f: D — X
be continuous and weakly inward on Dy relative to K and suppose that f(z) # « for all

z € Dg. Define the fixed point index by the equation
i[\'.'(f: DI\") = 7:1\"(715,][-) DK),

for e sufficiently small, where r. is an e-projection from X onto K and i (r.f, D) is the

fixed point index as defined in Section 1.2 of Chapter | (or as in Amann [4]).

Note that K is an M-set and [ is a generalized inward compact map, so that Definition
5.2.1 is a special case of Definition 3.1.4.

By using Theorems 3.1.6 and 3.2.3 we obtain

Theorem 5.2.2. [ : Dy — X be continuous and weakly inward on Dy and such that
z # f(z) for all z € Dg. The index as defined above has the following properties.

(P1) (Fuaistence) If ig(f, Di) # 0, then f has a fized point in Dy

(P;) (Normalisation) If u € Dy, then iy (i, Dx) = 1, where 4(z) = u for a € Di.

(Ps) (Additivity) If W', W? are disjoint relatively open subsets of Dy such that x # f(z)
for z € D \ (WU W?), then

ik (f, Dr) = ik (/, I’Vl) + 1k (f, VVZ)

(Py) (Homotopy property) Let h : [0,1] x Dy — X be continuous and such that h(t,.) :
Dy — X is weakly inward for each t € [0,1). If @ # h(t,2) for & € Dk and t € [0,1],
then

ix(R(0,.), D) = ix(h(1,.), Dg).

(Ps) If K 1is bounded closed convex set and f: K — X is continuous weakly inward map,

then ix(f, K) = 1.

5.3 The fixed point index for weakly inward A-proper
maps

From now on X denotes an infinite dimensional Banach space with a projection scheme

[, K stands for a closed, convex set and D a bounded open set in X. As before, Dy
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and 9Dy denote the closure and the boundary, respectively, of Dx = D N K relative to
K, (where we suppose D N K # (). Let A: Dx — X be a weakly inward map (relative
to ). We wish to show that A4, = P,A: Dg, — X, is weakly inward (relative to

K, = KO X,). It is evident that this is so if
P Ix(x) C Ik, (2) for every z € K,.

We will show that this happens if and only if P,/ C K. This assumption is the standard
one in the theory of A-proper maps involving cones and is usually easily verified in
applications. It is of interest that it cannot be weakened in our setting.

We begin with a result which has a geometrical flavour. A more general result has

been given in Proposition 2.4.12. We provide another simple proof of the result here.

Proposition 5.8.1. Let X be a finite dimensional space and let I be a closed convex

subset of X. Then K = (\yep Ix(2).

Proof. Denote the set ﬂxehjh-(:v) by Ki, and suppose there is 2; € K; \ K. As X
is finite dimensional we may, and do, change to an equivalent Hilbert space norm. Let
zo € K be the point of K nearest to z; relative to the new metric induced by the inner
product (.,.). It follows from Lemma 1.3.16 (also see for example Theorem 2.3 in [32], or

Proposition 9.2 in [12]), that
(zy — 29,20 — k) >0 forall ke K.

We assert that

(z1 — 20,20 —w) > 0 for all w e Ik (o).

Indeed, if w € Iy (o) then w = (L —a)zo+ak, a > 1, k € I, so that 20 —w = a(zo—k),
which proves the assertion. By continuity it follows that the same inequality holds for all

w € Ti(zg). But a; € TK(:L'O) so that
—|lz1 = mo||2 = (21 — @0, T0 — 1) 2 0,
which gives the impossible equality @, = 2. d

Lemma 5.8.2. P, K C I, () for all « € K, if and only if Pylr(x) C Ix.(z) for all

z € K,.
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Proof. Since K C T]{(fl)) for every @ € K, the ‘if’ statement is obvious. Conversely,
assume that P, C T]\;'n(ﬂl) for all = € I{,. As P, is continuous it suffices to prove that
PoIx(z) C I, (z) forevery z € K,. Let z € K, and y € Ix(z), so that y = (I —a)z+
aw, where ¢ > 0 and w € K. Thus, P,y = (1 —a)z +aP,w. Since P,w € P, K C Ig, (2),

by hypothesis, applying Lemma 5.3.1 we obtain P,y € I, (). a
Proposition 5.3.8. P,Ix(z) C Ik, (z) for all = € K, if and only if P,K C K.

Proof. From Lemma 5.3.2 we have only to show that P, C K, if and only if P, K C
Ik, (z) for all 2 € K,. However this is immediate using Proposition 5.3.1 O

For convenience we give another simple proof of Corollary 2.4.8 here.

Lemma 5.3.4. For w € Ig(z),
(1 —a)z + aw € Ix(z) for every a > 0.

Proof. We have w = limp—co w, Where w,, = (1 — ¢,)& + Culn, Yn € K, ¢n = 0. Then
(1= a)x + aw, = (1 — acs)x + acuyn € Ix(z) so that (1 — a)z + aw € Ix(z).

From now on it will be assumed, even if not explicitly mentioned, that P, K C K. We
observe that this implies P, = K, since P, is a projection.

We now show that A,, = P, A inherits useful properties from A when I — A is A-proper.

Lemma 5.3.5. Suppose that Dy # 0. Let A: Dy — X be such that I — A is A-proper
at 0 and that @ # Az for x € 0Dg. Then there exists ng € N such that ¢ # Anz for

x € 9Dk, and n > ng.

Proof. 1f not, there exists a sequence, written for simplicity {z, : @, € 8Dk, } such
that z, — Apz, = 0. Since I — A is A-proper at 0 there is a subsequence z,, — z and
@ = Az. Since, for each n, 0Dk, C 0Dk and the latter set is closed we have z € 9Dy,

so our hypothesis has been contradicted. a

Definition 5.3.6. Let K be a closed convex set in a Banach space X with projection
schemeI' = {X,,, P} and D a bounded open set in X such that Dy # 0. Let A : D > X
be a weakly inward map where I — A is A-proper at 0 and such that @ # Az for z € 0Dk
Write A, for the map P, A restricted to Dp,,. Let Z’ denote the set of all integers together



with {4+co} and {—o0}. We define the fixed point index of A over Dy with respect to K
as follows:
ix (A, Di) = {m € Z': there exists an infinite sequence ny — co such that
z'[{nk (A, DKnk) — m},
where ix, (An, Di,,) is the fixed point index for weakly inward maps as defined in the

previous section.

Remark 5.3.7. By Lemma 5.3.5 there exists ng € N such that = # A,z for « € 0Dk,
and n > no. Also by Proposition 5.3.3 it follows that A, is weakly inward relative to
K, for each n € N. Hence i, (An, Dx,) makes sense and the index is well-defined. The
index is a generalization of the index defined in [22] and coincides with the old definition
if A has its image in K. Note that, in general the index is a set not a single integer, a

situation shared by the degree of A-proper maps.

The fixed point index for weakly inward maps A where I — A is A-proper at 0, as
introduced above, has the usual properties which we now give. Iirst recall that G :
[0,1] x Q — X is called an A-proper homotopy (at q) if PG is continuous and whenever
{z, € QN X,} is a bounded sequence and {t, € [0,1]} are such that P,G(tn, zn) — ¢ (for

a subsequence) then {z,} and {t,} have convergent subsequences with limits @, such

that G(¢,2) = q.

Theorem 5.3.8. Let A: Dx — X be a weakly inward map where [ — A is A-proper at
0 and such that = # Az for € 8Dg. Then the index defined above has the following
properties.

(P1) (Ewistence) If ix(A, Di) # {0}, then A has a fized point in Dy .

(P,) (Normalisation) If u € D, then ix(i, Di) = {1}, where ii(z) = u for = € Dp.
(P3) (Additivity) If W', W? are disjoint relatively open subsets of Dx such that z # Az
forz € D \ (WU W?), then

ix(A, Dr) Cix(A, W) +ig(A, W?)

with equality holding if either i (A, W) orix(A, W?) is a singleton.
(Py) (Homotopy property) Let H : [0,1] x Dx — X be such that H(t,.) : Dx — X is

weakly inward for each t € [0,1] and v — H(t,z) is an A-proper homotopy (at 0). If
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x5 H(t,x) for x € 0Dg and t € [0,1], then
ix(H(0,.), D) =ix(H(L,.), Dx).

Proof. Much of this is routine using the A-proper property and the finite dimensional
results proved above. We refer to the discussion of degree theory in the monograph [55]
for the standard type of arguments used . We illustrate the methods and prove some
necessary parts only.
(P1) Since ik, (An, Dk,) # 0 for infinitely many n, by the finite dimensional result there
exist corresponding z, € D, such that @, = A,z,. Exactly as in Lemma 5.3.5, this
| gives ,, — ® and ¢ = Awx. Thus ¢ € Dg. As z # Az for all © € 0Dg the result is
shown.
. (P4) The definition of A-proper homotopy shows that @ # P, H(t,z) forallz € 0Dk, t €
[0,1] for n sufficiently large. Therefore P, H is an appropriate homotopy in X, and so

the two sets of finite dimensional indices coincide for sufficiently large n. O

Comments

All the results of this section were published in [43].

5.4 Fixed point theorems

In this section we shall obtain some new fixed point and nonzero fixed point theorems
by using the fixed point index defined above. Recall that it is tacitly assumed that the
closed convex set K is such that P,/ C K for every n.

We first prove that (Ps) carries over to the infinite dimensional setting.

Theorem 5.4.1. Let K be a bounded closed convez set and suppose A : K — X is weakly

inward on K where [ — A is A-proper at 0. Then ix(A, K) =1, and hence A has a fized

point in K.
Proof. The result follows from Definition 5.3.6 and Property (Fs). O

Remark 5.4.2. Note that in Theorem 5.4.1, A(K) need not be bounded.
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Theorem 5.4.8. Let K be an unbounded closed convex set and suppose A1 K — X 1is
weakly inward on I where I — A is A-proper at 0. Suppose also that A(K) is bounded.
Then there exists po > 0 such that ix(A, Bk (p)) = {1} for all p > po, and hence A has

a fized point mn K.

Proof. Since P,x — & as n — oo there exists ¢ < oo such that || P,|| < ¢ for all n. By
(Ps) of Theorem 3.1.6, for each n there exists p, > 0 such that ix, (A, Br,(p)) = 1 for
all p > p,. Now p,, is uniformly bounded by some po, because p, is a bound for A, K,
and || P, Az|| < ¢||Az||. This proves the result. O

This result extends the basic fixed point theorem for weakly inward compact maps
[26] where it is assumed that K is a bounded set. If is closely related to a result of

Lafferriere for Pj-compact maps, see property (F) of [36].

Theorem 5.4.4. Let D be a bounded open set such that 0 € Dy. Assume that A : Dy —
X is weakly inward and P-compact at 0 and satisfies

(LS) x # tA(z) for all 2 € 0Dk and t € [0,1).

Then A has a fived point in Dy. Furthermore, if ¢ # A(z) for v € 0Dk, then

l In the next result we employ the well-known Leray-Schauder boundary condition.
in(A, D) ={1}.

Proof. Without loss of generality we may suppose that @ # A(z) for x € 0Dk. Let
H(t,z) = tAz for x € Dy and t € [0,1]. By hypothesis, 2 # H(¢,z) for « € 8Dk and
t€[0,1]. H(t,.): D — X is weakly inward for each ¢ € [0,1] and I — H is an A-proper
homotopy because I —tA is A-proper at 0 for every t > 0. It follows from Theorem 5.3.8

that
iIf(As DR’) = i]&'(O:DK) = {1}

Remark 5.4.5. Each of the following hypotheses implies (LS) when 0 € Dy,
() ||Az]| < ||lz|| + ||z — Az]| for each @ € d(Dx) with ||Az| > ||z||;
(xx)  ||Az||® < ||z]|* + || — Az||* for each z € d(Dg) with |Azl| > ||z
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Now we discuss the existence of nonzero fixed points for weakly inward maps by giving
some conditions which ensure the fixed point index is {0}. The first employs a well-known

hypothesis, which, as previously, we denote by (£).

Lemma 5.4.6. Let K be a wedge in X and D a bounded open set in X such that Di # (.
Assume that A : Dxg — X is weakly inward, I — A is A-proper on K, and A(Dg) is
bounded. Suppose that @ # Ax for @ € 0Dk and

(E) there exists e € K \ {0} such that x # Az + Ae for 2 € Dk and A > 0.
Then i (A, Di) = {0}.

Proof. Assume, for a contradiction, that ¢x(A, D) # {0}. For A > 0, let H(t,z) =
Az +tAefor x € Dy and ¢ € [0,1]. By hypothesis,  # H(t,) for ¢ € 9Dy and ¢ € [0,1].
As TI((:U) is a wedge containing K we see that H(t,.) : Dy — X is weakly inward for
each t € [0,1]. It follows from (Ps) that we have ix(A, Di) = tx(A + Aé, Dg) # {0}.
Hence for each n € N, there exists @, € Dy such that @, = Az, +ne. As Dy and A(Dg)

are bounded this implies e = 0, a contradiction. O

Theorem 5.4.7. Let K be a wedge in X and let D', D be bounded open sets in X such
that 0 € D' and E}:\: C Dr. Let A: D — X be weakly inward, Py-compact on K, with
A(Dy) bounded. Suppose the following conditions are satisfied.

(LS) z#tAz forz € 9D} and 0 <t < 1.

(E)  There exists e € K\ {0} such that z # Az + Xe for x € dDg and X > 0.

Then A has a fized point in D \ D). The same conclusion remains valid if (LS) holds
on 0Dk and (E) holds on 0Dj;..

Proof. Suppose that A has no fixed point in 0 DxUdD},. It follows from Theorem 5.4.4
and Lemma 5.4.6 that 1 (A, D)) = {1} and ix (A, Dk) = {0}. By the additivity property

(Ps) of index we have
ix(A,Di \ Dk) = ix(A, Dx) —ix(A, D) = {-1}
and thus A has a fixed point in Dy \ Dk. The proof is exactly similar if the hypotheses

are interchanged. O
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Our next Lemma gives a new result in that it was previously assumed [51] that &
was a cone and that A map into K, a stronger condition than our condition (A4;) below

and weakly inward. We note that, for a wedge 1, if K # —K then K\ —K # 0.

Lemma 5.4.8. Let K be a wedge in X with K # —K. Let D be a bounded open set such
that D # 0. Let A,C : D — X be weakly inward maps such that A(D) and C(Dg)
are bounded. Suppose that I — A — AC' s A-proper on K for each A > 0. Suppose the

following conditions hold.

(A1) CODg)N(—K\K)=20.

(A2) a=infl{||Cz|:z € dDx} > 0.

(A3) a#£ Az + ACa for 2 € 0Dk and A > 0.
Then ix(A, D) = {0}.

Proof. We first prove that for any fixed e € I \ (—K) with |le]| = 1, there exists
Ao > 1 such that o # Az 4+ AgCa + fe for every z € 0Dk and every f > 0. In fact, if
not, there exist sequences {A, > 1}, A, — oo, {B. > 0} and {2,} C ODg such that
Tn = Az, + ACay + Bre. Hence, Ca, + A fne — 0, and as {Cz,} is bounded we
may assume that G,/A, — b € [0,+00). By (As), b # 0. It follows that Cz, — —be.
Since e € K \ (—K) implies —be € —I{ \ K, we have —be € C'(8Dg) N (=K \ K), which
contradicts (A;). For this Ao > 1, by Lemma 5.4.6 we have ix(A + AoC, Di) = {0}. Let
H(t,z) = Az + tACua for = € Dk and t € [0,1]. By hypothesis, we have = # H(t,x) for
& € 0D and t € [0,1]. It follows from the homotopy property of index that ix (A, Di) =
ix(A+ M0, D) = {0}. 0

Remark 5.4.9. If ] - Ais A-proper (on X) and C': K — X is compact then I — A —\C
is automatically A-proper. However this fails when we only have that I — A is A-proper
on K. However, if C': K — K is compact and [ — A is A-proper on K then Lemma 5.4.8

holds without assuming (A;) explicitly.

Our results enable us to prove the existence of eigenvalues of P,-compact maps. We

illustrate with the following corollary which extends a result from [51].

Corollary 5.4.10. Let K and D be as in Lemma 5.4.8 with0 € D. Let C : D — X be
weakly tnward, Py-compact on K, and with C(EK) bounded. Suppose that (A1) and (As)
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of Lemma 5.4.8 hold on Dk . Then there exists i > 0 and & € 0D such that Ca = pa.

Proof. We take A = 0. Since ix (A, Dx) = {1}, the hypothesis (A3) (with A = 0) of
Lemma 5.4.8 must fail, that is there is A > 0 and z € 0Dg such that @ = ACz. Hence
A > 0and Ca = pa for p=1/A. O

By using Theorem 5.4.4 and Lemma 5.4.8 and an argument similar to that of Theo-

rem 5.4.7, we obtain

Theorem 5.4.11. Let K be a wedge in X with K # —K. Let D*, D be bounded open
sets in X such that 0 € D! and D_}( C Dg. Suppose A : D — X is weakly inward,
Py -compact on K with A(Dg) bounded. Suppose C : Dy — X is weakly inward, C(D)
is bounded, and that [ — A — AC' is A-proper on K for all A > 0. Assume the following
conditions held.

(LS) =z #tAz forz € 0D} and 0 <t < 1.

(A1), (A2), (As) of Lemma 5.4.8 hold on 0D. Then A has a fized point in D\ Dk.
The same conclusion holds if (LS) holds on Dy and (A;) — (As) hold on dDj,.

When the map C is compact some other hypotheses can be applied too. The proof

uses arguments similar to some of those used in {21].

Lemma 5.4.12. Let K be a wedge in X such that 0Ky = {x € K : ||z|| = 1} s not
compact. Let D be a bounded open set in X with D # 0. Assume that A : Dg — X is
weakly inward, and that A(Dy) is bounded. Let C : Dg — X be a weakly inward compact
map and that I — A— \C is A-proper on K for all A > 0. Suppose that (A3) and (As) of
Lemma 5.4.8 hold. Then ix(A, Di) = {0}.

Proof. As previously, we can find e € 0K, and Ay > 1 such that
z # Az + ACzx+ fe forz € 0Dk and B> 0.

By Lemma 5.4.6 we have ix (A + AC, Di) = {0}. Let H(t,z) = Az +t Cx for z € Dy
and t € [0,1]. By hypothesis, we have ¢ # H(t,z) for @ € 9(Dx) and t € [0,1]. It follows
from (P4) that iK(A, DK) = ’i[((A + AoC, DK) = {0} O

By the same method as before we immediately obtain the following result.
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Theorem 5.4.13. Let K be a wedge in X such that 0K, is not compact. Let D', D be
bounded open sets in X such that 0 € D' and D—}( C Dg. Suppose A : D — X is
weakly inward and such that A(EK) is bounded. Let C: Dix — X be a weakly tnward
compact map where [ — A—AC' is A-proper on K for all X > 0. Suppose that the following
conditions hold.

(LS) holds on dDj.
(A2) and (As) of Lemma 5.4.8 hold on 0Dy

Then A has a fived point in D \ Dk. The same conclusion remains valid if (LS) holds

on ODg and (Asz), (As) hold on 8D}.

We conclude this section by giving conditions that assure the existence of at least two

nonzero fixed points in K.

Theorem 5.4.14. Let K be a wedge and let D, D be bounded open sets in X such that
0 e D! and D—}& C Dg. Let A K — X be a weakly inward and Py-compact on K with
A(K) bounded. Suppose that (LS) holds on 0D}, and that (E) holds on 0Dy. Then A

has at least two nonzero fized points in I\,

Proof. Since A(K) is bounded, by Theorem 5.4.3 there exists a bounded open set D?
such that Dy C D% and ix(A, D%) = {1}. By (E), Lemma 5.4.6, and property (Ps) we
have

ixc(A, Di \ D) = ixc(A, D¥) — ixc(A, Die) = {1} — {0}.
Hence A has a fixed point @, in D% \ Dg. If A has a fixed point in dD}, then the
conclusion holds. If & # Az for © € dD}, by the proof of Theorem 5.4.4 and (Ps) we
have i (A, D \D—}\) = {—1} and therefore A has a fixed point x, in Dy \D_}‘ O

Comments

All the results of this section were published in [43).

5.5 Fixed point theorems for P -compact maps

This section and the following section are new, not part of [43].



In this section we give norm-type expansion and compression theorems. Qur method
is simpler than that used in [36] and can also be applied to establish norm-type expansion

and compression theorems for weakly inward k-y-contractive maps.

Lemma 5.5.1. Let K be a wedge in X and D a bounded open set in X such that Dy # ().
Assume that A : Dy — X is weakly inward and Py-compact for some v € [0,1) such that
A(Dg) is bounded. Suppose that x # Az for x € dDg and the following conditions hold.
(Hy) There exist a € (1,y7") (if v = 0, let v7' = +o0) and e € K \ {0} such thal
z # aAzx + de for v € 0Dk and A > 0.
(Hy) =z BAz forz € 0Dk and B € (1,a).

i Then 15 (A, Dg) = {0}.

, Proof. By (H;) and Lemma 5.4.6 we have ix(ad, Dk) = {0}. Let
H(t,2)=(1+(a—1)t)Az for z € D and t € [0,1].
It follows from the property () in Theorem 5.3.8 that
ik(A, D) = ix(aA, Di) = {0}.
a

! Theorem 5.5.2. Let K be a wedge in X and let DY, D be bounded open sets in X such
that 0 € D' and D_}\ C Dg. Let A: Dk — X be weakly inward, P,-compact for some
v €[0,1), with A(Dx) bounded. Suppose (Hy) and (Hy) hold on Dy and the following
condition is satisfied.

(LS) a#tAx forz € 0D} and 0 <t < 1.

Then A has a fized point in D \ Dk. The same conclusion remains valid if (LS) holds
on 8Dy and (Hy) and (Hs) hold on dDj.

Proof. Suppose that A has no fixed point in d D UJD}. It follows from Theorem 5.4.4
and Lemma 5.5.1 that ix (A, Df) = {1} and ix (A, Dx) = {0}. By the additivity property

(Ps) of index we have

irc(A, Dic \ D) = ix(A, Di) —ixc(A, Dy) = {~1}
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and thus A has a fixed point in Dg \ D). The proof is exactly similar if the hypotheses
are interchanged. g
If the wedge K in Theorem 5.5.2 satisfies K # —I, then the condition (H;) in
Theorem 5.5.2 can be replaced by a norm condition and an additional boundary condition.
To do this, we first recall the definition of the constant of quasinormality of K.
Let I be a wedge in X with K s — K. Then the quasinormality constant of K, §(K),
1s defined as follows:

S(K) =sup{d(u):u € K\{0}},

where 8(u) = inf{jjz + «||/||z|| : @ € K \ {0}}. Moreover, we have §(K) € [1/2,1]. For

more details see Section 1 in Chapter 1.

Corollary 5.5.3. Let K be a wedge in X with K # —K and let D', D be bounded open
sets in X such that 0 € D' and T)? C Dy. Let A: D — X be weakly inward, P,-
compact for some v € [0,1], with A(Dg) bounded. Suppose the following condilions are
satisfied.

(LS) a # Az forz € 0D} and 0 <t < 1.

(hy) There exists o > 0 such that |Az| > (}(—;;)H'EH for x € 0Dk, where §(K) is the

quasinormality constant of K.

(hy) If v € [0,1), we assume that & # cAz for @ € Dk and c € (1,y71).

(ha) A(0Dk) C K.

Then A has a fized point in Dy \ Dk. The same conclusion remains valid if (LS) holds

on ODx and (hy), (ha) and (hs) hold on D
Proof. For a fixed € € (0,0(y + o)), there exists ¢ € K \ {0} such that
§(e) > (1 — )8(K).
Therefore, we have
llz + )| = 8(e)||z]l = (1 —)8(K)||z]| forall z € K.

This implies ||z + Ae|| = Allz/A + ¢e|| = A1 —&)d(K)||z/A|| for every A > 0 and =z € K.

Hence, we have
lz + Xel| = (L —€)d(K)||z|| forallz € K andall A >0.
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Let e € K\ {0} satisfy the above inequality. We consider two cases. (1) If v =1, we
prove

x# Az 4+ e forz € 0Dk and A > 0.

In fact, if not, there exist zg € Dk and Ag > 0 such that g = Azg+Age. Since Az € K,

we have

1+o)
3(K)

a contradiction. Hence, when v = 1, the result follows from Theorem 5.4.7.

llzoll = (1 — &)6(K)|| Awol| > (1 — )8(K)

[[zoll > {loll,

(i1) Now, we assume that v € [0,1). Let a € (max{1,(y+ o)™ (1 —&)7'},7v7!). Then
: a € (1,471). We prove that
Tz # aAz +be forz e 0D and b>0,

In fact, if not, there exist xg € 9Dk and by > 0 such that g = aAxo + bee. Since

Azg € K, we have

|mmzaﬂawwmzaﬂaﬁggmmnzdl—aw+ammn>mmu

a contradiction. Hence, (H,) in Theorem 5.5.2 holds. It is easy to see that all of other

conditions in Theorem 5.5.2 hold. The results follow from Theorem 5.5.2. O

Remark 5.5.4. The following condition used in Theorem 2.1 in [36] implies (h;) in
Corollary 5.5.3.

(h}) inf{||Az|| : « € ODx} > vd/S(K), where d = sup{|jz|| : = € ODk}.
Therefore, Corollary 5.5.3 generalizes Theorem 2.1 in [36] in the following ways: (1) A(Dx)
need not be contained in K and (7¢) the condition (h;) is weaker than (h}). Moreover,

our method is simpler than that used in Theorem 2.1 in [36].

Corollary 5.5.5. Let K be a wedge in X with K # —K and let D', D be bounded open
sets in X such that 0 € D' and D—}( C Di. Let A: Dxg — X be weakly inward, P,-
compact for some v € [0,8(K)) (8(K) is the quasinormality constant of I(), with A(Dr)
bounded. Suppose the foilowing conditions are salisfied.

(S1) IlAz] < llo]l for v € OD.

(S2) IlAz] > llo]l for = € ODx.
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(H3) A(@D[() C K.
Then A has a fized point in D \ Dk. The same conclusion remains valid if (S;) holds

on dDf and (S2) and (Hs) hold on dDj,.

Proof. 1t is easy to see that (S1) implies (LS) in Corollary 5.5.3. We prove that (S3)

implies (hy) and (Hs). Let o € (0,6(K) — ), then we have (Fg(_;,(;) < 1. Hence, (S3)

implies (h1) immediately. Now we prove (Hs), that is,  # cAx for 2 € 0Dg and ¢ > 1.

In fact, if not, there exists xgp € Dk and ¢ > 0 such that ¢ = cgAzo. Then we obtain
llzoll = col| Azo|| = collzoll > [[zall,

a contradiction. Hence (H;) holds. The result follows from Corollary 5.5.3. O
Corollary 5.5.5 generalizes Theorems 2.3 and 2.4 in [36] to weakly inward maps. Our

method is simpler than that used in Theorem 2.4 in [36].

5.6 Applications

In this section we consider the existence of positive solutions of the boundary value

problem of the form
"(t) + f(t,z, 2" 2") = 0,2(0) = z(1) = 0. (5.1)

We make the following hypotheses.
(Cy) There exists r > 0 such that f:{0,1] x [0,%] x [=5,5] x [-7,0] = R is a continuous

function.
(C3) There exists k& € (0, 1) such that
f(tu,v,—s1) — f(t,u,v,—s2)| < klsy — sg| for t € [0,1], w € [0,%], v € [-5, %], and
51,82 € [0,7].
(Cs)  f(t,u,v,0) > 0fort€[0,1], v € [0,%] and v € [}, 5]
(Cy) f(t,u,v,—r)>rfort€(0,1],u € [0,5] and v € [, 5.

(Cs) There exists p € (0,7) such that f(t,u,v,—p) < p for t € [0,1], u € [0,%] and

Theorem 5.6.1. Assume that the conditions (C1)-(Cs) hold. Then the equation (5.1)
has a solution x satisfying 0 < a(t) < Zé fort €]0,1] and z(t) # 0.
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Proof. Let Y = C[0, 1] be the space of continuous functions on [0, 1] with the maximum
norm. It is known that there exists a projection scheme I' = {Y},, P,} associated with
the usual Schauder basis (see Example 5.1.1). Let i = {y € Y : y(t) > 0} for ¢ € [0,1].
Then K is a cone in Y and P, K C K, (see Example 5.1.1).

Let X = {z € C?0,1] : x(0) = x(1) = 0}. Define a map L : X — Y by Lz = —2a”.
Then L is a linear bounded isometric isomorphism and L~'y(¢) = fol k(t, s)y(s)ds for

t € [0, 1], where

IA
IA

t 1

S

IA

Kts) = { t(1—s) for g

s(l—1t) for0<s<t

IA

1
We define a continuous map A : K, — Y by

Ay(t) = f(t, L™y, %L‘ly, ~y),
where K, = {y € K : |ly|| < r}. By a simple calculation we obtain that if y € K,,
then 0 < L7y(t) < % and w% < %L‘ly(t) < % Therefore, A is well-defined and the
condition (Cy) implies A is continuous.

Defineamap V: K, x K, = Y by
od
V(z,y) = f(t, L y,%L Y, —)

d : .
Note that L™! and EEL—I are compact maps. These facts together with the condition

(C3) implies that V satisfies all the conditions of Lemma 1.3.31. Therefore, we have
By (A(Q)) < kpx, (Q) for every bounded set @ C K,.

It follows from Example 1.3.12 that By (Q) = B, (Q) for each bounded set @ C K,. By
Corollary 5.1.13 we see that A is P,-compact for every v € (k,1).

Now, we use Example 2.4.10 to prove A is weakly inward relative to K. Let y € 0K,
that is, E(y) = {¢ € [0,1] : y(t) = 0} # 0. Then (Ay)(t) = f(¢, L1
t € E(y). It follows from (C3) that

d
Y, aL‘ly, 0) for every

(Ay)(t) > 0 for every t € E(y).

It follows from Example 2.4.10 that Ay € Ix(y) and A is weakly inward.
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We prove that A satisfies the condition (LS) in Theorem 5.4.7, that is, y # AAy for
y € 0K, and A € (0,1). In fact, if not, there exist yo € 0K, and Ag € (0,1) such that
1o = Myo. Let tp € [0, 1] be such that yg(to) = p. Then by (C4) we have

d
p = yo(to) = Mo f(to, L y(to), EL—ly(to, —p) < dop < p,

a contradiction. Finally, we prove that A satisfies the condition (&) in Theorem 5.4.7
with e(t) = 1 for ¢t € [0,1], that is, y # Ay + Be for y € 0K, and > 0. In fact, if not,
there exist yo € 0K, and By > 0 such that yo = Ayo + foe. Let to € [0,1] be such that

Yo(s) = ||yo|| = 7. Then we have

d
r = f(to, L7'y(to), L™ y(to), ) + foe = 7 + Boe > T,

—L
" dt
a contradiction. It follows from Theorem 5.4.7 that A has a fixed point y € K satisfying

p < |lyll €r. Let @ = L™'y. Then it is easy to see that « is a desired solution. O

Remark 5.6.2. Theorem 5.6.1 generalizes Example 1 in [36] in the following ways: (¢)
the domain of the function f in Theorem 5.6.1 is smaller than that used in Example 1
in [36] so the conditions (C3), (C4) and (Cs) are weaker than (C})-(Cs) of Example 1 in
[36]; and (i) f in Theorem 5.6.1 may take negative values although it satisfies condition

(C3) while f used in Example 1 in [36] is required to be positive.
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Dugundji extension theorem, 15

Generalized inward map, 67
Generalized inward set, 64

(Greatest lower bound, 6

[nward map, 61

Inward set, 55

Least upper bound, 6

Leray Schauder condition, 68
Linear order, 2

Lipschitz map, 28

Locally uniformly convex, 42

Metric projection, 47
Minihedral, 6
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Negative part, 7
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Partial order, 2
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Projection scheme, 99

Property (H), 41




Property (W), 43
Quasinormality constant, 11, 117

Reproducing, 12
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Riesz space, 6

Schauder basis, 99
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| Strictly convex, 42
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Weakly inward map, 61
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