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STATEMENT

Chapter 1 covers basic material concerning group presentations, monoid presenta-
tions and some related topics with them. Most of these are standard and are taken
from [49], [50] and [51].

Chapters 2-5 are my own work, with the exception Section 4.3.4, as well as the

other material indicated within the text.
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ABSTRACT

In Chapter 1 of this thesis we review existing theory concerning group and monoid
presentations, and the concept of pictures over these. We also recall aspherical, combi-
natorial aspherical, n-Cockeroft (n € Z%), efficient and inefficient presentations. Mini-
mality is the final concept introduced in this chapter: we present an important theorem,
due to Lustig in the case of groups and to Pride for monoids.

In Chapter 2 we prove necessary and sufficient conditions for the presentation of
the central extension to be p-Cockeroft (p a prime or 0). The starting point of this
result is the joint paper of Baik-Harlander-Pride. We end the chapter by giving some
examples.

In Chapter 3 we prove a theorem on the efficiency of standard wreath products of
two finite groups. We also present some applications of the theorem and end by giving
examples.

Chapter 4 sees discussion on the semi-direct product of any two monoids. In par-
ticular we prove necessary and sufficient conditions for the standard presentation of
the semi-direct product of any two monoids to be p-Cockcroft {p a prime or 0). We
end by giving some applications of this theorem to the direct product of two monoids
and the semi-direct product of two finite cyclic monoids.

We begin Chapter 5 with an application of the main theorem of Chapter 4, namely
we give necessary and sufficient conditions for a presentation of the semi-direct product
of a one-relator monoid by an infinite cyclic monoid to be p-Cockeroft (p a prime or
0), and give some examples of this. Following this we present the main theorem of this
chapter, which is sufficient conditions for the presentation of a semi-direct product of
a one-relator monoid by an infinite cyclic monoid to be minimal but inefficient. We

end by giving some examples.
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G x H
GoH
GoH
Gxg H
GV H
G/H
G=H
cr

G, H\(G)
Hy(G)
Aut(@)
[a, 0]
L,

t(A)

NOTATION
Let G and H be groups.
the direct product
the direct sum (where G, H are abelian)
the tensor product (where G, H are abelian)
the semi-direct product of G by H with H-action 6
the standard wreath product of G by H
the quotient group of G by a normal subgroup H
G is isomorphic to H
the derived group (commutator subgroup) of
the first homology group of G
the second homology group of G (= Schur multiplier)
the group of all automorphisms of G (see note page x)
the commutator of ¢ and b (= aba™'b7!, a,b € G)
the finite cyclic group of order n
Let A be a non-trivial finite abelian group. Then A can be uniquely
decomposed [54] into a direct sum of cyclic groups, that is,
A=Zm BZLpn, ® @D Zp,, where my > 1 and m; | mip
forall : =1,2,--+,n — 1. Then t(A) is m,y
(the first torsion number). If A is trivial then ¢(A) =0
the integral group ring
the free abelian group of rank n
group presentation
the free group generated by x
group defined by P
free equivalence class containing the word W
the element of G(P) represented by W
length of W

lenght of W with respect to z
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expy (W)
~Pp
x(P)
X(G)
3(G)
rkz( )
d( )
def(P)
def(G)
(T1)*, (T2)*!
P

or
W(P)
<P>

w3 (P)

expr(FP)

M w9 K
M=K
End(M)

the exponent sum of z in W
freely equivalent

equivalent (relative to P)

Euler characteristic of P (=1 — |x]| + |r])
FEuler characteristic of G

=1 —rkz(H:(G)) + d(H2(G))
the Z-rank of the torsion free part
the minimal number of generators
deficiency of P

deficiency of group G

Tietze transformations

a picture over P

the boundary of P

the boundary label of P

the equivalence class containing P
the second homotopy module
exponent sum of R in P

disc in the picture P

boundary of A

a transverse path

the label on «

a spray

the second Fox ideal over P

set of generating pictures of my(P)

Let M and K be monoids.
the semi-direct product of M by K with A-action @
M is isomorphic to K

the monoid of all endomorphisms of M (see note on page x)

viii




the free abelian monoid of rank n
monoid presentation

the free monoid generated by y
monoid defined by P

a positive word on y

free equivalence class containing W

the element of M(P) represented by W
length of W

length of W with respect to y
equivalent (relative to P)

Euler characteristic of P (=1 — |y| + [s|)
Euler characteristic of the monoid M
=1 —rkg(H(M)) + d(2(M))

the Z-rank of the torsion free part

the minimal number of generators
deficiency of P

deficiency of monoid M

the Fox derivation for a fixed y € y

an atomic monoid picture

a path in D(P), that is, a picture over P
the exponent sum S in P

the right second Fox ideal over P

the left second Fox ideal over P

Squier complex

is a trivialiser of D(P)

a graph:
V' vertex set
E  edge set

t(e) inital vertex of edge e
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7(e) terminal vertex of edge e

—1  inverse function

In set theory:
AUB the union of the sets A and B
ACBH A is a subset of B
| A the cardinality of A

Let Z and Z* be the sets of all integer and positive integer numbers.
For any «,b € 7Z,

hef(a,b) highest common factor of @ and b

Throughout this thesis, all maps will be written on the left, except when
we work with the monoid End() and the group Aut() then we will write

maps on the right.




Chapter 1

Preliminaries

1.1 Words

Let x be a non-empty set. We define x~! to be a set in one-to-one correspondence with
X,z + 27! (z € %), and let x*' = x Ux~'. The elements of x*! are called letiers.

Then, a word W (on X) is an expression

(L1)

where n > 0, z; € x, &; = £1 and 1 < ¢ < n. The initial letter of W is (W) = z* and
the terminal letter of W is 7(W) = z*». If n = 0 then W is the empty word, which we
denote by 1. We say W is a positive word on x if either n = 0 or n > 0 and &; = +1,

1 <7< n. The inverse of W, denoted W1, is the word

—€n . "fn—-1 . "F]
T, "T, 1 Ty .

Let W be a word as in (1.1). The length of W, denoted by L(W), is the number
of the letters involved in W. The length of W with respect to z, denoted by L,(W),
is ZL&A. Also, the exponent sum of & in W, denoted by exp,(W), is Zsi. It w

;= =z

is empty word then L (W) = 0 and exp_ (W) = 0. Note that if W is a positive word
then L (W) = exp,(W).
Let W, U be two words on x. The product of W and U, denoted WU, is the




Juataposition of W followed by U. By this binary operation, the set F(X) of all positive
words on X then is a monoid with identity 1 called the free monoid on x.
Two words W, W’ on x are freely equal, denoted W ~ W', if one can be obtained

from the other by a finite number of applications of the following operations.

(1) : Deletion of a pair of inverse letters 2527, ¢ = %1.

(1)~! : Insertion of a pair of inverse letters 2°z7¢, ¢ = +1.

We denote the free equivalence class containing W by [W]. Let F(x) be the set of all
free equivalence classes of words on x. A multiplication can be defined on F(x) by
(W][U] = [WU], and one can check that this is well-defined. By this multiplication,
F'(x) is then a group, the free group on x (see [35, Chapter 1]). We note that sometimes
we may simply write W for the free equivalence class [W] for any word W on x, if it
does not cause any confusion.

If W' =UWYV (U, W, V are words on x) then W is a subword of W'. We say that
a word on x is reduced if it does not contain any subwords z°2z7° (z € x, & = %1).
Moreover, zi'a5’ - 25" (n 2 0, z; € X, ¢; = £1, 1 <1 < n) is cyclically reduced if it is
reduced and 7' # z,;°".

The proof of the following theorem can be found in [18].

Theorem 1.1.1 (Normal Form Theorem) There is exactly one reduced word in

each equivalence class.

1.2 Group presentations

A group presentation

P=(x;r) (1.2)

is a pair, where x is a set (the generating symbols) and r is a set of non-empty, cyclically
reduced words on x (the relators). We say that P is finite if x and r are both finite.
We should remark that we will use angular brackets (---) to denote a group presen-

tation; square brackets [ -] to denote a monoid presentation (see Section 1.3).



Throughout this thesis, all group presentations will be assumed to be
finite unless stated otherwise.

In order to define a group associated with P, we intoduce the following elementary
operations (in addition to the operations (1) and (1)~' above) on words on x. Let W

be a word on x.

(2) : If W contains a subword RB° (R € r, e = £1) then delete the subword.

(2)~! : Insert R* (R €r, e = +1) at any position in W.

Two words Wi, W; on x are equivalent (relative to P ), denoted Wy ~p Wy, if there is
a finite chain of elementary operations of types (1)*!, (2)* leading from W) to Wh.
Now ~p is an equivalence relation on the set of all words on x. Let [W]p (or simply
[W]) denote the equivalence class containing W. A multiplication can be defined on
equivalence classes by [Wi]p.[Wa]p = [W,W,]p, and this multiplication is easily checked
to be well defined. The set of all equivalence classes together with this multiplication
form a group, the group defined by P, denoted G(P). The identity in G(P) is [1}p. We
often write W = [W]p.

A group G is said to be presented (or defined) by P if G = G(P).

Let IV be the normal closure of {[R] : R € r} in F'(x). The proof of the following

lemma can be found in [35, Proposition 4].

Lemma 1.2.1

G(P) =2 F(x)/N.

1.2.1 Tietze transformations

Let P = (x; r) be a group presentation. We defline elementary Tietze transformalions

on P as follows.

(T'1) If s is a finite set of words on x and if each S € s is a consequence of r (that is,

[S] belongs to the normal closure of {[R]: R € r}), then replace P by

(x;r,s).



(17'2) If t is a finite set of symbols disjoint from x, and Uy (¢ € t) is a word on x, then
replace P by

(x,t; r, 70 (L € 1))
The proof of the following theorem can be found in [47].

Theorem 1.2.2 (Tietze Theorem) Two presentation Py and P, define the same

group if and only if one can be transformed into the other by a finite number of opera-

tions (T1), (T1)™1, (T2), (1T2)~".

1.2.2 Pictures over group presentations

The material in this section may also be found in [11] and [49)].
Let P = (x; r) be a group presentation. A picture P over P is a geometric

configuration consisting of the following:

(1) A disc D* with basepoint O on the boundary 0D?* of D?.

(2) Disjoint discs Ay, Ag, -+, A, in the interior of D%. Each A; has a basepoint O;
on the boundary JA; of A;.

(3) A finite number of disjoint arcs ay, «g, -+, o, where each arc lies in the closure
T

of D? — U A; and is either a simple closed curve having trivial intersection with
1=1

OD*UOAUAU---UIA,, or is a simple non-closed curve which joins two points

of D?* UOAUA,U -+ UJA,, neither point being a base point. Each arc has a

normal orientation, indicated by a short arrow meeting with the arc transversely

and is labelled by an element of x U x~! which is called the label of the arc.

(4) If we travel around 0A; once in the clockwise direction starting from O; and
read off the labels on arcs encountered (if we cross an arc, labelled z say, in the
direction of its normal orientation, then we read x, whereas if we cross the arc
in the direction of its opposite orientation, then we read 1), then we obtain a
word which belongs to r Ur~!. We call this word the label of A;. If s is a subset

of r, then a disc labelled by an element of s U s™! is called an s-disc.




When we refer the discs of P we mean the discs Ay, Ag, <<+, A,, not the ambient
disc D%. A closed arc which encircles no disc or arc of P is called a floating circle.

We define P to be 0D?. The label on P (denoted by W(IP)) is the word read off by
travelling around OGP once in the clockwise direction starting from O.

We say that P is spherical if no arcs meet JP. If P is spherical we often omit 9.

A transverse path v in a picture P is a path in the closure of D? — U A; which
intersects the arcs of P only finitely many times. Reading off the labelsi-f)ln the arcs
encountered while travelling along a transverse path from its initial point to its terminal
point gives a word on x denoted W (). Let v be a simple closed transverse path in P.
The part of P’ enclosed by « 1s called a subpicture of P. If v intersects no arcs, then the
part of P enclosed by v is called a spherical subpicture of .

A sprayfor P is a sequence v = (71, 72, - - -, 7n) of simple transverse paths satis{ying
the following: for 2 = 1, 2, ---, n, ; starts at O and ends at the basepoint of A;, for
1 <1< 7 < n, v and v; intersect only at O; travelling around O clockwise in P we

encounter these transverse paths in order vy, va, -+, Y.

Example 1.2.3 Let P = (a, b; a?, b, [a,b]). Then
Py

0

is a picture over P. In this picture we have nine discs Ay, Mo, -+, Ag with each A\;
(I <1 < 9) having a basepoint O; on the boundary 0A;. The label, for example,
of the disc Ay 1s a®, Ag is b° and Ag is [a,b]™'. Also, the closed arc labelled by «




is a floating cirele but the closed arc labelled by b is not. We get the label on P is
W (P) = bbbb~'o"tab ta™t.

We also have an exzample of spherical picture Py over P as follows.

Let us fix some simple closed transverse paths vy, o and non-closed transverse path

3 tnto the picture ) depicted as follows.
Py

. W o e e

The part enclosed by ~, is a spherical subpicture and the part enclosed by v, is a non-

spherical subpicture of P, We have W(~y;) = b*a™'ba and W(vy3) = a?b7L.




Here v = (71, 72, Y3, V4, Vs) 18 a spray for Py with W(n) = 1 = W(y), W(w) =
aba™', W(y) = ab*a™t and W(vs) = a. ¢

Throughout this thesis, each of the broken lines in a picture represents
a transverse path, and they are not a part of this picture.
A cancelling pair in P is a spherical subpicture with exactly two discs whose base-

points lie in the same region. This means, for example, that

are cancelling pairs, whereas

N \é\\i—///

is not.

We now introduce some elementary operations on spherical pictures as follows.
(A) Deletion of a floating circle.
(A)~! Insertion of a floating circle.
(B) Deletion of a cancelling pair.
(B)~! Insertion of a cancelling pair.

(C) Bridge move:




N
L A

Two spherical pictures are equivalent if one can be obtained from the other by a
finite number of operations (A), (A)™", (B), (B)™1, (C).

Let Py, 3 be spherical pictures over P. Then the mirror image of IP; will be denoted
by —Py, and IP; + IP; is the picture obtained by putting P, next to P;. This can be

lustrated as follows.

P, P
We write P} — Py for Py + (—=P3). For any picture P over P, P — P is equivalent to the
empty picture, and Py + Py = Py 4 P;.
Let P be any spherical picture over 7. We denote by < P > the equivalence class

containing . The set of all equivalence classes of spherical pictures over P forms an

abelian group under the following well-defined binary operation.
<Pi>+ <Py>=< P+ Py >.

Let W be a word on x, and let P be a spherical picture over P. We then form a
new spherical picture over P denoted P" which is obtained from W by surrounding P
with a collection of concentric arcs with total label W. Then this can be illustrated as

follows (with W = z,25'2;).




PW

X /

There is a well-defined G(P)-action on equivalence classes of spherical pictures given
by
W. <P>=<P"> (Weaq.

We then obtain a ZG(P)-module mo(P) called the second homotopy module of P.
There is an embedding g of m(P) into the free module @ZG(’P)eR defined as

Rer
follows (see also [11], [13], [49]).
Let < P >€ my(P) and suppose that P has discs Ay, Ay, -+, A, with the label
Ry, Ry, -- -, Bor vespectively (R; €r,e; = £1,1=1,2,---,n). Let vy = (71, ---, 71)

be a spray, as defined previously. Recall that W {~;) is the label on +; which represents

an element of G. Then
W< P>) =" eW(v)er:
=1
We often write u(P) instead of pu(< P >).

Example 1.2.3 (continued) For the spherical picture Py, we get

(Py) = (=1 +@)ee — (1 4+ aba=t + ab?a=")er, .

For each spherical picture P over P and for each R € r, let Ap p be the coefficients

of e in p(IP). Let I5(P) be the 2-sided ideal in ZG generated by the set

{Ap,n: P is a spherical picture, R € r}.




This ideal is called the second Foa ideal of P. The concept of Fox ideals has been
discussed in [43], [44]. In fact we need this concept for Theorem 1.2.17 below which is

a test of minimality of group presentations.
Let us consider a collection X of spherical pictures over 7. We introduce two further

operations on spherical pictures.
(D) Delete a spherical subpicture which is a copy of some elements of X U —X.
(D)~! The opposite of (D).

Two spherical pictures will be said to be equivalent (relative to X) if one can be
transformed to the other by a finite number of operations (A)*!, (B)*, (C) and (D)*!.

Then, by [49] (see Theorem 2.6, Corollary 1), we have

Theorem 1.2.4 The elements < P > (P € X) generate mo(P) if and only if every

spherical picture is equivalent to the empty picture (relative to X).

We say that X generates my(P) (or X is a set of generating pictures) if the elements
< P> (P € X) generate m2(P).

It can be shown that if X is a set of generating pictures, then I3(P) is generated

(as a 2-sided ideal) by
{)\]P,RZ P e X, ke I'}.

Example 1.2.5 Let G = Z3 & Z be defined by P = {(a, b; @ [a,b]). Then, by [5],
mo(P) is generated by

N
NS .
ST a

v

10



Then, u(Py) = (1—a)eys and p(Py) = (b—1)e,s + (L4+0bab~"+ba2b~V)er, ). Thus, I(P)
is generated by {b—1, 1 +bab=* +ba?b=T, 1 —a}. Note thal bab=! =@ and ba?b~T = @°.

1.2.3 Aspherical and Cockcroft presentations

Definition 1.2.6 Let P be as in (1.2). Then P is said lo be aspherical if my(P) = 0.

A group G is said lo be aspherical if it is defined by an aspherical presentation.

We remark that all free groups and torsion free one-relator groups [45] are aspherical.
Some other examples of aspherical presentations can be found, for instance in [12], [16],

[49].

Definition 1.2.7 Let P be as in (1.2). Then P is said lo be combinatorial as-
pherical (CA) if m3(P) is generated by a set of pictures containing exvactly two discs.
A group G is said to be combinatorial aspherical (C'A) if it can be defined by o CA

presentation.

Example 1.2.8 Let P = (a; a®) be a presentation of cyclic group of order n. It is

known that wy(P) is generated by the following single picture.

Therefore P is CA. §

One-relator groups with torsion are C'A (but not aspherical) (see [45]). Some other
examples of combinatorial aspherical presentations can also be found, for example, in
[12], [16], [30], [31], [49].

For any picture I’ over P and for any R € r, the exponent sum of R in IP, denoted by
expr(IP) is the number of discs of P labelled by R, minus the number of discs labelled by
R™'. We remark that if pictures P, and P» are equivalent, then ezpg(P;) = cxpr(P;)
for all R € r.

11




Definition 1.2.9 Let P be as in (1.2), and let n be a non-negative integer. Then P is
said to be n-Cockeroft if expr(lP) = 0 (mod n), (where congruence (mod 0) is taken
to be equality) for all R € v and for all spherical pictures P over P. A group ¢ is said

to be n-Cockeroft if it admits an n-Cockeroft presentation.

Remark 1.2.10 To verify that the n-Cockcroft property holds, it is enough to check

for pictures P € X, where X is a set of generating piclures.

The 0-Cockcroft property is usually just called Cockeroft.
In practice, we usually take n to be 0 or a prime p.
The Cockeroft property has received considerable attention in [22], [25], [26], [27]

and [41]. The p-Cockeroft property has been discussed for example in [41].

Example 1.2.11 Let P = (z, y, z; [z,y], [z, 2], [y, 2]). Then one may refer to [5] to

show that mo(P) is generated by

Now since expzy(P) = expp )(P) = exppy,)(P) =1 — 1 = 0 then P is Cockeroft.

Example 1.2.12 Let P = (z, y; ;2% 3, [z,y]). Then, by [5], m2(P) is generated by

12




Then expys(P1) = expys (Py) = expye(Ps) = expye(Py) = 1 —1 =10, exppy(Ps) = 3 and
exPey)(Pa) = =3. Thus P is 3-Cockeroft.

Note that

Aspherical = CA = Cockcroft = n-Cockcroft (n € Z*).

1.2.4 Efliciency of group presentations

Let P be as in (1.2). Then we define the Fuler characteristic of P as follows.
X(P) =1 —Ix| +|r|.

Let
5(G) = 1 = rks(Hy(G)) + d(H(G)), (13)

where rk( ) denotes the Z-rank of the torsion-free part and d( ) means the minimal
number of generators. Then it is known (see [5], [10], [23]) that for the presentation
P, it is always true that

x(P) =z 6(G).

Then we define

x(G) = min{x{P) : P a finite presentation for G}.

13




We should remark that some authors consider just
—[x[+ |,

and call this the deficiency of the presentation P, denote by def(P). The deficiency
of a group G, denote by def((), is then taken to be the minimum deficiencies of all

finite presentations of ¢, Clearly

1 +def(P) = x(P),

L+ def(G) = x(G).
Definition 1.2.13 Let G be a group.
1) A presentation Py for (G is called minimal if
x(Po) € x(P),
for all presentations P of (7.

i1) A presentation P is called efficient if

i11) G s called efficient if

Lemma 1.2.14  (2) If x(G) < 0 then G must be infinite.
(12) If G is finite cyclic then x(G) = 1.

Proof.
(z) It can be found, for example in [46] or [47], that for a presentation of the group
(7, if the number of generators is greater than the number of relators then & is infinite.
(i2) Let G be a cyclic group of order n with the presentation P = (z; 2™). By

definition, x(G) < x(P), that is x(G) < 1. But, by (¢), x(&) cannot be less than 1,
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otherwise ¢ would be infinite cyclic, a contradiction. Hence x(G') must be equal to 1,

as required. O

Examples of efficient groups are finitely generated abelian groups (Epstein [23)),
fundamental groups of closed 3-manifolds [23]; also finite groups with balanced presen-
tations (such finite groups have trivial Schur multiplier [28]). Finite metacyclic groups
are efficient. This was shown by Beyl [8] and Wamsley [59]. Infinite metacyclic groups
however need not be efficient, a result due to Baik and Pride [5] (see also [3]). In [28]
Harlander proved that a finitely presented group embeds into an eflicient group. For
more references on the subject of efficiency see Baik, Pride [4], Beyl, Rosenberger [9],
Champbell, Robertson, Williams [14] (and [15]), Harlander [29], Johnson, Robertson
[37], Kenne [39], Robertson, Thomas, Wotherspoon [53].

The following result which is essentially due to Epstein [23] can be found in [41,
Theorem 2.1].

Theorem 1.2.15 Let P be as in (1.2). Then P is efficient if and only if it is p-

Cockcroft for some prime p.
As a consequence of the above theorem, we have
Corollary 1.2.16 Let P be as in (1.2). If P is Cockeroft then P is efficient.

Not all finitely presented groups are efficient.

B.H.Neumann [48] asked whether a finite group G with §(G) = 1 must be efficient.
Swan [57] gave examples (of finite metabelian groups) showing this is not the case.
These were the first examples of ineflicient groups. In [61], Wiegold produced a differ-
ent construction to the same end, and then Neumann added a slight modification to
reduce the number of generators. In [42], Kovacs generalized both the above construc-
tions, and he showed how to construct more inefficient finite groups (including some
perfect groups) whose Schur multiplicator is trivial. In [53], Robertson, Thomas and
Wotherspoon examined a class of groups, orginally introduced by Coxeter. By using a
symmetric presentation, they showed that groups in this class are inefficient. They also

proved that every finite simple group can be embedded into a finite ineflicient group.
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Lustig [44] gave the first example of a torsion-free ineflicient group. Other examples
were found by Baik (see [3]), using generalized graph products. In [4], Baik and Pride
gave sufficient conditions for a Coxeter group to be efficient. They also found a family

of inefficient Coxeter group G, (n = 4, k an odd integer). For a fixed £,
X(Gn,k) — 5(Gn,k) i} 0.

We remark that there is no algorithm to decide for any finitely presented group
whether or not the group is efficient (see [1]).
The next result, due to Lustig [44] (see also [41]) gives a method of showing that a

presentation is minimal.

Theorem 1.2.17 ([44]) Let G be a group with the presentation P as in (1.2). If there
is a ring homomorphism ¢ from ZG into the matriz ring of all k x k-matrices (k > 1)

over some commutative ring A with 1, such that $(1) = 1, and if ¢ maps the second

Foz ideal I,(P) to 0, then P is minimal.

Example 1.2.18 ([3]) Let G be a group defined by the presentalion

P={a,b;d’ aba b ").

mo(P) is generated by

It is clear that P is not p-Cockeroft for any prime p, and hence not efficient by Theorem

1.2.15. We will show that P is minimal and so there could not be an efficient presen-
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tation which defines the group G. Thus we can conclude that G is not p-Cockeroft for
any prime p.
From the above pictures, I,(P) is generated by
L—@ 14+ad@+a®+ad+a?, 35— 1.
Let < z > be an infinite cyclic group and consider the ring homomorphism
ZG —Z <z >
arising from the group homomorphism defined by

ar—r 1, b— .

If we consider

7 < x> Ly

by sending all integer coefficients to their congruence modulo 5 and sending x to the

congruence class of 2, then the mapping
2G —— 7T <z >— Ty

sends the generators of I;(P) to 0 and 1 to 1. Hence, by Theorem 1.2.17, P is minimal.
¢

1.3 Monoid presentations

A monoid presentation
P=ly;s] (1.4)

is a pair, where y is a set (the generating symbols) and each S € s (a relation) is an
ordered pair (S4,S-), where S, and S_ are distinct, positive words on x. We remark
that one of S4, S_ may be the empty positive word. We usually write S : 5y = 5S_.
Once again, we say that 7 is [inite if y and s are both finite.

Throughout this thesis, all monoid presentations will be assumed to be

finite unless stated otherwise.
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In order to define a monoid associated with 7 we introduce the following elementary

operation on positive words on y. Let W be a positive word on y.
() : If W contains a subword S., where e = &1, Sy = 5_ € s, then replace it by S_..

Two positive words Wy, W, on y are equivalent (relative to P ), denoted Wy ~p W, if
there is a finite chain of elementary operations of type (e) leading from W, to W,. This
is an equivalence relation on the set of all positive words on y. Let [W]p denote the
equivalence class containing W. A multiplication can be defined on equivalence classes
by [Wilp.[Walp = [WiWa]p. 1t is easy to check that this multiplication is well-defined.
The set of all equivalence classes together with this multiplication form a monoid, the
monoid defined by P, denoted M(P). The identity in M(P) is [1]p.

For a positive word W on y, we will denote the element [W)p by W.

1.3.1 Fox derivations

Let F(y) be the free monoid on y. Ior a fixed y € y, we define a function

8 . R
i By) — ZE)
Y

as follows. Let W € F(y) and write

W = WoyWyy --- W._ yW,., (1.5)

where r 2 1, Wy, Wy, -+, W, are positive words on y — {y}. Then

oW a
Fy— = Z WoyWyy - Wiy,
i=1
5, )
We then extend £ to a function
Yy
9. ZI(y) — ZE(y)
given by
19} s aw;
a—y(mwl Wy + -+ 0 W) = ;nia—y,
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where r 2 0, ny,---,n,. € Z, Wy,--- W, € F(y)
Let M be a monoid with the presentation P, as in (1.4). We have the natural ring
homomorphism

Zi(y) — ZM

induced by the monoid homomorphism

Fly) — M, W— W.

M P
We write — or — for the composition

dy — Oy

a

ZE(y) 2 Zi(y) — 7M.

Thus, for W € F(y) as in (1.5),

oMW
8y :ZWoyVV1y"'m_1.
=1

Let

avg : ZM — 7, mr—1

be the augmentation map. Then we have

Lemma 1.3.1 For a fivedy € y,

oMW
ug(Tom) = L),
Proof.
oMW :
aug(—(—a—z—/w) = aug(z ‘/VoyWLy P I’V.,'_l)
=1
= r
= L,(W) since the number of all occurences
of y in W is the length of y in W.
0
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1.3.2 Pictures over monoid presentations

The material used in this section may also be found in [50], [51].
Let P be a monoid presentation, as in (1.4), and let (y) be the free monoid on y.

If we have an element

W=USV (UVelF(ly),Ses, e==+1)
of ﬁ‘(y), then we can replace S. by S_. to get a word
W'=US_.V.

This can be represented by a geometric object called an atomic (monoid) picture

A=(US5eV)
as depicted in Figure 1.1.
U Se V
A — —
S-e
Figure 1.1

We remark that the disc labelled by S in an atomic picture A is said to be positive
if e = 1, and said to be negative if ¢ = —1.

We have a graph I' (= I'(P)) associated with P, called the Squier graph, which
is defined as follows. The vertex set is F’(y), and the edge set is the collection of all
atomic monoid pictures. For an orientation of I' we will take all edges (U, S,+1,V).
For an atomic picture A, as in Figure 1.1, the word we read off by travelling along the

top of the atomic picture from left to right gives the initial function, denoted by

J(A) = US.V,
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and the word we read off by travelling along the bottom gives the terminal function,
denoted by
7(A) =US_. V.

Also, the mirror image of A is denoted by
ATt = (U, 8, —¢,V).
A path
P=AA---A, (1.6)

(where each A; is an atomic picture for 1 = 1,2,---,n) in T will also be called a monoid
picture over P. If ((A;) = 7(A,) then P is called a spherical monoid picture over P,

otherwise IP is called a non-spherical monoid picture over P. For example,

-
Ay ¢

/
S
IR,

is a non-spherical monoid picture, since ¢(A;) # 7(Ay). (For an example of spherical

monoid picture see Figure 1.2).

Note that we also have the term subpicture (that is, subpath) of monoid pictures.
For example, the non-spherical picture depicted in the above figure is a subpicture of
the spherical monoid picture as shown in Figure 1.2.

There is a left action of F'(y) on I' defined as follows. Let C' € F'(y).

i) Let W be a vertex of I'. Then we define C.W to be CW (product in £'(y)).

i) Let A, as in Figure 1.1, be an edge of I'. Then C.A = (CU, S,¢,V) and this can
be illustrated by
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We can define a similar right action of F(y) on I'. The left and right actions of
F(y) on T' extends to actions on pictures. That is, if P is a picture as in (1.6), and if

W,V € F(y) then
WPV = (WA .V)(WA.V) - (WA, V).
Example 1.3.2 Let P =[a, b, ¢; ab= ba, bc = ¢b, ca = ac], and let

Ay = (1,ab=ba,+1,¢), Ay = (byac=ca,—1,1),

As = (1,bc =cb,+1,a), Ay =(c,ba=ab,—1,1),

As = (1,¢ca = ac,+1,b), A = (a,cb=be,~1,1).
Then 7(A;) = (M) fori=1,2,--+,6, and 1(A) = 7(Ag) = abc. So P = A1 Ay -+ Asg
is a spherical monoid picture (see Figure 1.2.(2)). Now by a left action by a and a right

action by c, we oblain another spherical monoid picture. This can be illustrated as in

Figure 1.2.(12). O

We now introduce some operations on spherical monoid pictures. Let A, B be

atomic pictures.
(A) Delete an inverse pair AA™!.
(A)~! The opposite of (A).

(B) Replace a subpicture (A.((B))(7(A).B) by («(A).B)(A.7(B)) or vice versa (see
Figure 1.3).

Two spherical monoid pictures are said to be equivalent if one can be obtained from

the other by a finite number of operations (A4)*!, (B).
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H
i

Figure 1.2

The graph I' with the above equivalence relation on paths, is called the Squier
complex of P denoted by D(P) (see, for example, [51]). (More formally, D(P) consist

of the graph I', together with defining paths which are all the closed paths
(A, B = (A o(B))(r(A) B)(A™ . 7(B))(u(A) . B),

(A, B are atomic pictures), as shown in Figure 1.3.)
Let Y be a set of spherical monoid pictures. We introduce two further operations

on spherical monoid pictures as follows.
(C) Delete subpictures of the form W .P*.V (PeY, W,V ¢ F(y))
(CY~! The opposite of (C).

Two spherical monoid pictures will be said to be equivalent (relative to Y) if one can

be transformed to other by a finite number of operations (A)*!, (B), (C)*'.

23




7(A).B + = 31| Ar®) g} E L T

Figure 1.3

By [51, Theorem 5.1}, we say that Y is a ¢rivialiser of D(P) if every spherical
picture is equivalent to an empty picture (relative to Y). Some examples and the
details of the trivialiser can be found in [20], [51], [32], [56], [60]. In Section 4.3.4, as
an example of this, we will give a trivialiser set of the Squier complex of a presentation
of the semi-direct product of any two monoids, as found by Wang (see [60]).

Let M be a monoid with the presentation P, as in (1.4). Let

PO = ZMes and PV = fsZM

Ses Ses
be the free left and right Z M-modules with bases

{es: S €s} and {fs:§ € s},

respectively. For an atomic picture A = (U, 5,e,V) (U,V € F(y), S € s, e = £1), as

in Figure 1.1, we define
eval(l)(A) = clUeg € PY and eval(’")(A) =efsV € P

where U, V € M(P) = M. For any spherical monoid picture I?, as in (1.6), we define

evalV(P) = Zeval(l)(a%) c P,

1=1
n

eval(P) = Z eval(A;) € PO,

=1

We let Ap g be the coefficient of eg in eval(”(IP’), so we can write

eval(”(P) = Z Ap ses € P,

S€s
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Similarly, we let np,s be the coefficient in eval")(IP), so

evai(")(]P’) == Z Jfsne,s € pr),

S€es

Example 1.3.2 (continued) Le!
R:ab=ba, S:bc=cb, T:ca=ac.

Then we have

eval(l)(Al) = eR, eval(l)(Ag) = —ber, G'UCLlU)(Ag) = eg,
evalAy) = —cep, evalD(As) = er, evalD(Ag) = —des.

Thus
e”f"l(l)(P) = Ap.rer + Ap.ses + Ap rer,
where
Mr=1-%¢ ps=1-a dpr=1-0
O

Definition 1.3.3 Let I{)(P), Lﬁ")(P) be the 2-sided ideals of ZM generated by lhe sets

{Ap,s: P is a spherical monoid picture, S € s},

{np,s: P is a spherical monoid picture, S € s},

respectively. Then these ideals are called the second Fox ideals of P.

Remark 1.3.4 If'Y is a trivializer of D(P) then I{)(P) and I (P) are generated (as
2-sided ideals) by the sets

{dps:PeY,Ses} and {mps:Pe¥Y,S €s},
respectively.

Example 1.3.5 Let P = [a, b, ¢; aba = ba?, ac = ca®, be = cb]. Then, by [60], a triv-
ialiser Y of D(P) can be taken to contains a single monoid picture P depicted in Figure

1.4. Let
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Figure 1.4

R:aba =ba®, S:ac=cda®, T:bc=ch.

Then

eval“)(]P’) = Ap,rer + Apses + Aprer,

where

dpr=1—-cl+a+a?), ps=b—1, dpr=1-a.

Thus, by the above remark, the second Fox ideal [é”(?) is generated by the set
{1—c(l+a+a®),b—1,1~a}.

Note that we need the second Fox ideal concept for Theorem 1.3.14 (see below).

1.3.3 Aspherical and Cockcroft monoid presentations

Definition 1.3.6 Let P be as in (1.4). Then P is said to be aspherical if there are
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no non-trivial spherical monoid pictures over P.

Note that all free monoids are aspherical. In [34, Section 5] Ivanov proved that if M
is a one-relator monoid, with relator S, say and if ((Sy) # 7(S-) (or 7(S4) # «(S5-)}
then M is aspherical. Some other examples of asphericity can be found, for instance

in [17], [34], [40] and [51, Section 7].

Definition 1.3.7 Let P be as in (1.4). Then P is said to be combinatorial aspher-
ical (CA) if P has a trivialiser set Y such that every element of Y contains ezactly
two discs. Also, a monoid M is said to be combinatorial aspherical if it can be defined

by a (CA) presentation.

In Chapter 4 we will use that all finite cyclic monoids are (C'A) (see Lemma 4.2.13).
See [51, Section 7] for further discussion on the combinatorial asphericity.
For any picture PP over P and for any S € s, the ezponent sum of S in P is the

number of positive discs labelled by S, minus the number of negative discs labelled by

S.

Definition 1.3.8 Let P be as in (1.4), and let n be a non-negative integer. Then P is
said to be n-Cockeroft if exps(P) = 0 (mod n), (where congruence (mod 0) is taken
to be equality) for all S € s and for all spherical pictures PP over P. A monoid M s

said to be n-Cockeroft if it admits an n-Cockeroft presentation.

Remark 1.3.9 To verify that the n-Cockcroft property holds, it is enough to check for
pictures P € Y, where Y is a trivialiser of D(P).

The 0-Cockcroft property is usually just called Cockeroft.

In practice, we usually take n to be 0 or a prime p.

Example 1.3.2 (continued) By [60], trivialiser of D(P) contains the single picture P
depicted in Figure 1.2.(i). Since expp(P) = expg(P) =expp(P)=1—-1=0, then P is
Cockeroft. O

Example 1.3.5 (continued) Since expr(P) = 1 -3 = =2, expg(P) = 2 -2 = 0,
expp(P) =1 -1 =0 then P is 2-Cockeroft. {
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Note that

Aspherical = CA = Cockcroft = n-Cockeroft (n € Z71).

1.3.4 Efficiency of monoid presentations

Let M be a monoid with the presentation P, as in (1.4). As with group presentations

we define the Euler characteristic of P by

X(P)=1-lyl+Isl.

Let
(M) =1~ rkg(H\(M)) + d(H2(M)),

where rkz( ) denotes the Z-rank of the torsion-free part and d( ) means the minimal

number of generators. Then we have

Theorem 1.3.10 (Pride-unpublished)
X(P) > (M),
Then we define
x(M) = min{x(P): P a finite presentation for M}.
We should remark that some authors consider, just as with the group presentations,
=lyl+Isl,

and call this the deficiency of the presentation P, denote by def(P). The deficiency of
a monoid M, denote by def(M), is then taken to be the minimum deficiencies of all

finite presentations of M. Clearly

L4 def(P) = x(P),
1+ def(M) = x(M).

Definition 1.3.11 Let M be a monoid.
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1) A presentation Py for M is called minimal if
x(Po) < x(P),
for all presentalions P of M.
1) A finite presentation P is called efficient if
x(P) = o6(M).
111) M is called efficient if
x(M) = §(M).

Theorem 1.3.12 (Pride-unpublished) Let P be as in (1.4). Then P is efficient if

and only if it is p-Cockeroft for some prime p.

As a consequence of the above theorem, we have
Corollary 1.3.13 Let P be as in (1.4). If P is Cockeroft then P is efficient.

Let # be a ring homomorphism from Z M into the ring of all £ x k martices over a

comutative ring A with 1, for some k£ > 1, and suppose (1) = lgxi.

Theorem 1.3.14 (Pride-unpublished) Let Y be a trivializer of D(P). If
either (a) Y(Aps) =0 for alP €Y, § € s,
or (b) Y(nps) =0 foralP €Y, S €5,

then P is minimal.
The above theorem can be restated as follows.

Theorem 1.3.15 [f there is a ring homomorphism ¥ as above such that cither 15’)(73)

or I§(P) is contained in the kernel of ¥, then P is minimal.

One of our main results (see Theorem 5.3.1) concern minimal but inefficient monoid
presentations.
Some other examples of efficient and inefficient monoid presentation can be found,

for example, in [2].
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Chapter 2

The p-Cockcroft property of central

extensions of groups

2.1 Introduction

A presentation for an arbitrary group extension is well-known, see for instance [6].
Also a generalization of the work in [19] on central extensions is presented in [6]. As an
application of this we discuss necessary and sufficient conditions for the presentation
of the central extension to be p-Cockcroft, where p is a prime or 0. Finally, we present

some examples of this result.

2.2 Central extensions

Let () be a group with the presentation Py = (a; r), and let K be a cyclic group of
order m generated by z (m = 0 if 2 has infinite order). Any central extension of K by
@ will have a presentation of the form

P={(a,z; Ra " (Rer),z™ [a,z](a €a)), (2.1)

where 0 < kg < m, (kr € Z if m = 0).
However, not every presentation of this form defines an extension of K by @} because

the order of 2 may not be m in G = G(P). But, by [19] (see also [6, Corollary 7.2]), if
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we know a generating set, say Y, of m(Pg) then we can give necessary and sufficient

conditions for @ to have order m {Theorem 2.2.1 below).
Let Q (Q € Y) have discs Ay, Ag, -+, A labelled RS, RS, -+, R;* respectively
(Ri €r,e; ==+1,1 <1< t). Then let us choose a spray

Yy Y2, v, Ve (22)

for @, and suppose the label on +; is W, which is a word on a (1 <1 < t). This can

be illustrated as in the following figure.

Let t
B(Q) = Z eikp;.

Theorem 2.2.1 ([6], [19]) Let G be the group defined by the presentation (2.1). Then

the order of x is m in G if and only if

B(Q) =0 (modm) (QeY). (2.3)

For Q € Y as above and a € a, we let

¢
@, (Q) = Z &;exp,(Wa, )kr,.

=1
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2.3 The p-Cockcroft property for the central exten-

sions

2.3.1 The general theorem

Theorem 2.3.1 Let p be a prime or 0, and let P be a presentation as in (2.1) such

that the condition (2.3) holds. Then P is p-Cockcroft if and only if
(1) m =0 (mod p),

(11) exp, (R) =0 (mod p), forallaca, Rer,

(1i1) Pq ts p-Cockeroft,

(1v) ao(Q) =0 (mod p), forallaca, QeY,

(v) B(Q) =0 (mod m.p), for dl Qe Y.

2.3.2 The generating pictures of my(P)

Let P be as in (2.1) such that the condition (2.3) holds. Now, by using [6], we can give
a set of generating pictures over P as follows.

(I) The generating picture of the presentation P = (z ; «™) which is illustrated

by

K
] —*\\\\
K/—%—\\%\
\\‘.‘;\——w"'//,/ -

Note that if m = 0 then the above picture simply becomes the empty picture.

(IT) For each a € a, we have a spherical picture
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Note also that if m = 0 then again the above picture becomes the empty picture.
(I1T7) For each R € r, we have a spherical picture as in (a) (or (b) if kg = 0) below.
]D):L‘,R

(IV) For each Q € Y, a picture Q defined as follows.
For the picture Q, we have the spray (2.2). Then, for each disc A; labelled RB* (1 <
t £ t), we replace the spray line (transverse path) ~; by a picture consisting of discs
labelled [a,2] (a € a) and with boundary label Wa,a%*% Wi e ~#r . This can be

illustrated as in Figure 2.1. This gives a picture @Q* with the boundary label

W(Q) — (Ccsmnl 2%2kRy .. ik, )_1

= 27 %@ by the definition of A(Q).
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(e:=1) (e:=—1)
Figure 2.1
We then cap oft Q* with a picture consisting of Q) times &™-discs (where Q%QL)
m

is taken to be 0 if m = 0), positively oriented if 4(Q) > 0, negatively oriented if
B8(Q) < 0, to obtain a spherical picture Q. In doing this it may be necessary to join
up loose oppositely oriented z-arcs. This can be illustrated as in the following figure

(see also Example 2.3.2 below).
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Example 2.3.2 Let Q) be the group defined by the presentation
Po = <a, b a®, aba'lb_1>,
and let I be the cyclic group of order 3 generated by x. Consider the presentation
P={(a,b z;a’a"", aba b7 2%, 2% [a,2], [b, ;r:]>

By [3], m2(Pg) is generated by the pictures Q; and Q depicted in Figure 2.2. We

Figure 2.2

have 3(Qy) = 0, B(Qq) = 6. So (2.3) holds. Hence, by Theorem 2.2.1, the group G
defined by P is a central extension of K by Q. We get the pictures QF, Q3 as in Figure
2.3. Then we obtain Ql, Qz as in Figure 2.4. §

The proof of the following theorem can be found in [6, Theorem 6.4].
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Figure 2.3

Theorem 2.3.3 Let P be as in (2.1) such that the condition (2.3) holds. Then my(P)

is generated by the pictures

K, K, (¢ €a), Dyr (Rer) and Q (Q €Y).

2.3.3 The proof of Theorem 2.3.1

Let Cr, C, denote the relators Rz™** (R € r), [a,z] (a € a) respectively.

First assume that m # 0.

Let us consider the picture K. It is clear that exp,m(K) =1 —1 = 0. Also, let us
consider a picture K, (¢ € a). Clearly exp,m(K,) =1 —1 = 0, and it is easy to see
that

m

eXPCa(Ka) = expx(a’ ) =m,

so we must have m = 0 (mod p). Hence the condition (¢) must hold.

Consider a picture D, g (R € r). It is clear that
expe,(Der) =1—-1=0.

Also it is easy to see that

expe, (Dr,r) = exp,(R),
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Figure 2.4

for all @ € a. Thus the condition (¢7) must hold.

Now consider a picture Q (Q € Y). We must have expcﬂ((@) = 0 (mod p). But

eXPcR(@) = expg(Q),

so we must have expp(Q) = 0 (mod p), that is, Pg must be p-Cockeroft. This gives

the condition (i77). Also, for a fixed a € a, it is easy to see that

eXPCa(Q) = aa(Q)'

So we must have a,(Q) = 0 (mod p), which gives the condition (iv). Finally, we have

that
5Q)

m

expym(Q) =

Then we must have 8(Q) = 0 (mod m.p). So the condition (v) must hold.

Suppose that m = 0.
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Then the five conditions (¢)-(v) reduce to the three conditions
(17) exp,(R) =0 (mod p), foralla € a, R € r,
(111) Pg is p-Cockeroft,
(iv) @, (Q) =0 (mod p),forallaca, QeY,

since the conditions (z) and (v) automatically hold. Because the pictures K and K,
are trivial, so impose no restrictions, and there are no ™ discs, then the above proof
will carry over.

Conversely suppose that the five conditions (¢)-(v) hold. Then, by using the gen-

erating pictures of my(P), we can see that P is p-Cockcroft where p is a prime or

0.

2.4 Some examples

Example 2.4.1 Let () be the (k, [, n)-triangle group with the presentation
Po ={a,b; a", ¥, (ab)"™),

where k, [, n € Z™" and

=+ -+ =<1,
k+l+n

and let K be a cyclic group of order m generated by © (m ts taken to be 0 if = has

infinite order). Consider the presentation
P = <a, b,z afz7", bla=*, (ab)"e™!, 2™, Cy, C’b>, (2.4)
where 0 <7, s,t <m (orr,s,t € Z, if m=0) and, as in the proof of Theorem 2.3.1,
Co:=la,z] and Cj:=1b,z].

By the weight test (see [11], [?]), Pg is CA (and then Cockeroft). We can give a set of
generating pictures of mo(Pg), as in Figure 2.5. We have S(Q,) = 0, 8(Q3) = 0 and
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Figure 2.5

B(Qs) = 0. So (2.3) holds. Hence, by Theorem 2.2.1, the group G defined by P is a
central extension of K by Q.

\ We also have

exp,(a®) =k, expy(b') =1,

exp,((ab)*) =n,  exp,((ab)™) = n.
Moreover, by the definition, we get

a,(@Qi) =7, a(Q) =0,
a,(Q2) =0, a(Qy) =s,
o (Q3) =1, (Qs) =1t

Also, for any prime p, we always have

B(Q;) = 0 (mod m.p) (1=1,2,3).

Thus, we get the following result for the above example, as a consequence of The-

orems 2.3.1 and 1.2.15.

Corollary 2.4.2 Lel p be a prime. Then the presentation P, as in (2.4), is p-Cockeroft
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if and only tf
m = 0 (mod p),
k=0(modp), |=0(modp), n=0(modp),
r=0(modp), s=0(modp), t=0(modp).
Hence P is efficient if and only if

hef(m, k, l,n, r, s, t) # 1.
Example 2.4.3 Let Q be the group Zyx @ Z, (k,l € ZT) with the presentation
Pg = (a, b:a* b, [a,b]>,

and let K be a finite cyclic group of order m generated by x. Let us consider the
presentation

P = <a, b, x; afx", bla?, [a,blat, 2™, C., C‘b> , (2.5)

where 0 < r,s8,t < m and again, as in the proof of Theorem 2.3.1,
Cp = [a,z] and Cj:=[b,z].

We can give a set of generating pictures of my(Pg), as in Figure 2.6. We have G(Q,) =

0, A(Qs) = 0, B(Qs) = It and H(Qu) = kt.
Suppose that

It =0(modm) and kt=0(modm).

So (2.3) holds. Then, by Theorem 2.2.1, the group G defined by P is a central extension

of K by Q.
It is clear that

eXpa(G,k) = k? epr(bl) - [1

exp,([a,0)) =1—-1=0  expy(la,b])=1—-1=0.
Also, by the definition, we get

aa(@l) =r, ab(@l) = 07
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It
<1

Figure 2.6

Q'a(Q2) = 0, atfQ'i) = S,
Ga(Q3) =5, a6Q3)= ~7(/ - D"

«a(Q4) = -jk{k - D1, a6(Q4) = r.

Therefore, we get the following result for the above example, as a consequence of
Theorems 2.3.1 and 1.2.15.
Corollary 2.4.4 Letp be a prime. Then the presentation V, as in (2.5), is p-Cockcroft
if and only if
m = 0 (mod p),
k=0 (modp), r= 0(modp), kt= 0(modm.p), —1)<= 0 (mod p),

/= 0(modp), 5e0(modp), It=0(modm.p), —1/(/—1DE£= 0(modp).

Thus P zs efficient if and only if

hef(m,k,l,r,s, \k(k - Dt, é—l(l - Dt, —kt, —1t) ~ 1.
2 in m
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Chapter 3

The efficiency of standard wreath

products of groups

3.1 Some background

Let ¢, denote the set of all finite p-groups (p a prime) which have efficient presentations.
In 1970, Johnson [36] showed that £, is closed under direct products and after that,
for p odd, &, is closed under standard wreath products. Also in 1973, Wamsley [58]
showed that &, is closed under general wreath products.

Let € be the set of all finite groups which have efficient presentations. In this chapter
we will give sufficient conditions for the standard wreath product of any two groups

which belong to ¢ to be efficient.
Definition 3.1.1 [f there are given
a-) a group A,
b-) a group K,
¢-) a homomorphisim 0 of A into the automorphisim group of K
§:A— Aut(K), ar— 0,

for all a € A,
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then the semi-direct product G = K 9 A of K by A is defined as follows.

The elements of G are all ordered pairs (a,k) (« € A, k € K) and multiplication is

given by
(a, B)(a', K1) = (ad, (kB K.

Similiar definitions of a semi-direct product can be found in [7] or [54]. We remark
that semi-direct products of monoids will be discussed (in detail) in Chapter 4, Section

4.3.

The proof of the following Lemma can be found in [35, Proposition 10.1, Corollary

10.1].

Lemma 3.1.2 Suppose that Px = (y;s) and P4 = (x;r) are presentations for the

groups K and A respectively under the maps
y—rky, (y €y), T a; (2 € X).
Then we have a presentation for G = K xg A
P=(y,x;s,r,t)

where t = {yzX;la7 |y € y,z € x}, and Ay, is @ word on 'y representing the element

(ky)0a, of K (a€ A k€ K,z Ex,y€Yy).
Now let us define the standard wreath product by using Definition 3.1.1.

Definition 3.1.3 Let A and B be finite groups with A = {ay,aq, -+ ,a,}, say. Let z
be any element of A. Then,

1T, Q2T, -, Uy
is a permutation of ay, az, -+, a,. S0 we can write A1, Az, -+, AyT A5 A, (1), Goy(2) " " s Coz(g)
where o, 15 a permutation of 1,2,-+-,g.

Let I be the direct product of the number of |A| copies of B, that is,

K=B*=B"=BxBx--xB,

(g times)
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and let (by,,bay, -, ba,) be a typical element of K. We have a homomorphism
0:A— Aul(K), z — O,

where

(balvbaz: te 7b‘1g)03 = (b

Qoy(1)? Y2ay(2)? ’baa.x(g) )

The split extension K xg A is called the standard wreath product of B by A, denoted
Bl A.

We should note that some authors, for instance Karpilovsky in [38], use the nota-

tion Al B instead of Bl A. Here we use the notation as in [54].

We also need the following well known results.
Proposition 8.1.4 (Schur 1904) Let B be a finite group. Then
(i) H,(B) is a finite group, whose elements have order dividing the order of B.

(11) Ho(B) =1 if B is cyclic.

Definition 3.1.5 1) Given an abelian group A, we denote by A# A the factor group
of A® A by the subgroup generated by the elements of the form a @ b+ b @ «,
(a,b€ A).

2) In any group I, an element of order 2 is called an “involution”.

Theorem 3.1.6 (Blackburn 1972) Let m denote the number of involutions in the
group A. Then Ho(B1A) is the direct sum of Ho(B), Ha(A), (1/2)(JA] —m — 1) copies
of Hi(B) ® H(B) and m copies of Hi(B)# H((B).

Lemma 3.1.7 Let B be a finite group, let

t
H\(B) = P Zon,,
1==1
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and let s be the number of even n;, 1 <1 < t. Then,

Hi(B)#Hi(B) 2 P Znmy &2V,

1<kt

5)

where Zg is a direct sum of s copies of Zs.

Proofs of Proposition 3.1.4, Theorem 3.1.6 and Lemma 3.1.7 can be found in [38].

Lemma 3.1.8 (Kunneth Formula) Let A and B be any two groups and let G =
Ax B. Then,
Hy(G) = Hy(A) ® Ha(B) & Hi(A) ® Hi(B).

Definition 3.1.9 Let A be a finite abelian group. Then we define,

HA) = { firsttorsion number iof A0

0 if A=0

Lemma 3.1.10 Let A and B be finite abelian groups. If (t(A), t(B)) # 1 then
d(A® B) =d(A)+d(B).

Proof. Suppose that ({(A), t{(B)) # 1.
First of all, if one of ¢(A) or ¢(B) is 0, say {(A) then by Definition 3.1.9, A = 0.
Then, basically we have that d(B) = d(B).

Now suppose both ¢(A) and ¢{B) are non-zero, and let
A= T @ Loy @ -+ @ Lo,
where m; | m;y1, 1 < ¢ < k—1. Then ¢(A) = m,. Similarly, let
B=2Zn ®Zn,® B Ly,
where nj | njy1, 1 < 7 <{—1and ¢{(B) = n,. Then,

ADB=Zm Plpy @ Dl Dy Dlpy® -+ D L.
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Now, let p be a prime with p | t(A) and p | #(B). Then

plmyplme,plmepln,plne - pln
So there are epimorphisms
Gi L, > Loy and ;L > Ly,
where 1 <17 < kand 1 €7 <. Then we get induced epimorphisms

b= @D b Lo Loy & ® Doy T

1<igk
and
= D vl B, ® B Loy, — LY.
1<l
Then

GO : Loy @ B Lo, @ Loy, B -+ B Loy — LD,

P

Now since Z,(,k) is a vector space over Z, [54, Lemma 6.2], and since any two bases of
a vector space have the same cardinality [33, Theorem 4.2.7], that is, the dimension
of Z, then we have that Z,(,k) cannot be generated by less than k elements. In other
words, d(Z;k)) = k. Thus, by the fact that the minimal number of generators of a group

is greater than or equal to the minimal number of generators of any homomorphic image

of that group, we have that
d(A) = k.

On the other hand, A can be generated by k elements which are
(170:0)"'10)7(071507"'10),"'a(0’050""71)'

So, d(A) € k, then d(A) = k. Similarly, d(B) =l and d(A® B) =k +1. O

Remark 3.1.11 Clearly we can generalize this lemma for more than two abelian groups,

that is, if A; (1 <1< n) are abelian groups and (t(Ay),t{Az),---,t(A)) # 1 then

d(AL D Ay @ - D An) = d(Ar) + d(Ag) + - - + d(An).
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3.2 The main theorem

Throught this section A, B will be finite groups satisfying the following conditions.

(i) A, B have efficient presentations P4 = (x; r) and Pp = (y ; s) respectively on

g, n (g, n € N) generators where n = d(B),
(ii) d(B) = d(H(B)),

(iii) either the orders of A, H,(B) are even and also ¢( Hy(A)), t(Hy(B)) and t(H,(B))
are even or the order of A is odd and there exists an odd prime p dividing

t{Hy(A)),t(H(B)) and t(Hy(B)), where 1 is defined as in Definition 3.1.9.

Theorem 3.2.1 (Main Theorem) Let G = Bl A. Then G has an efficient presen-

tation.

The proof of the following remark can be found at the end of this section as a

lemma.

Remark 3.2.2 Suppose g = d(A). If (t{H:(A)), L(H(B))) # 1 and d(H,(A)) = d(A)
then d(G) = g +n.

The proof of Theorem 3.2.1 will proceed by the following steps.

3.2.1 Calculation of d(H5(Bl1 A)) and §(B A)
In this part of the proof, we will calculate
5(G) = 1 — rkg(Hy(G)) + d(Hy(G)).
Now since G is a finite group then rkz(H1(G)) is trivial, so we will just calculate
5(G) = 1 + d(Hy(G)).
Recall that we had a formula to calculate Hy(G) by Theorem 3.1.6, that is,

H,(G) = Hy(B1A)

= Hy(B) & Ha(A) & (H\(B) @ Hy(B))>\"=Y & (H\(B) # H:(B))™,
(3.1)

47




where m denotes the number of involutions in the group A.

Let us write
Hi(B)=Zy ®Ziy D+ B Ly, vi|vig1, 1<i<n—1.

By (it), d(H,(B)) = d(B) = n.

At first, let us calculate the “®” part in (3.1).

Hl(B) Y Hl(B) = (Zvl @ ZU1) @ (Z'Ul @ sz) SSEEERE D (Z'Ul 2y Zﬂn) 7
(Z’Ug ® Z’Ul) @ (Z’Uz ® Zug) @ """ @ (Z‘Ug ® Z‘Un) EB
(Zun ® Z'ul) @ (Zun ® ng) @ """ @ (Z'Un ® Zvn) @
— Zvl D Z(vwz) D Fast Z(Uhvn) e
Ly DLy B -~ D Z(vy0n) D
Z(un v1) @ Z(vn,u2) B @ Zvn
Since vy | vy | -+ | v, we have
('01,?)2) = (0171’3) = = (Ulavn) - V1
(U21v3) = (U2,U4) = = (7)2,Un) = V2
(’Unélavn) = Un-1-

So the sum becomes

= Z’!}IGBZUIGB"'@Z‘IM@
ZU1®ZU2@"'@ZUQ®

ZU1®ZU2€BZU3®"'®Zv3@

Liyy D Loy B -+ Dy,
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Then ¢(H(B)® H((B)) = vi. Hence by Lemma 3.1.10,

A(HL(B) ® Hy(B))FH7) = (|| ~m — 1)d(BY" (3.3)

Case 1 : |A| is even

In this case we must calculate the “#” part in (3.1), as well.

Suppose that t(H,(B)) is even. Then it implies that each term in the decomposition

(3.2) of H{(B) is even. Now let us use the formula which is given in Lemma 3.1.7. So,

Z(”n-—2uun—l) @ Z(Un—z,vn) @ Z(Un—la'un) @ Zz(n)'

{Since every term is even in H,(B) then we take n to be the power of Z; in the above

formula.) And by using the fact vy | vg | -+ | v, the sum will become
= Z’Ul EB ZU[ 63 """ @ Z'Ul @
Zt}; SV sz @ """ & sz &

Zun_g @ Z'Un__g @ Zvn_l @ Zg{n)

And so t(H,(B)#H(B)) = 2. Then by Lemma 3.1.10, we have that

{(n—1D(n—-1)4+1]

d(H (B)# H(B))™ = m( 21

+n)

Therefore (again by Lemma 3.1.10, and using assumption (iii) )

A(HL(G)) = d(Hy(A)) + d{Hx(B)) + (1Al —m —1)d(B)? + zm (d(B) + d(B))
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and after some rearrangements, we get

d(H3(C)) = d(Ha(A)) + d((B)) + 5 d(B(1A] =1 + 755,

Therefore we have

m

(5]

&G%:MHﬂA»+ﬂHﬁBD+1+%ﬂBf@4—1+ (3.4)

Case 2 :  |A| s odd

By assumption (iii), there exists an odd prime p such that

p | t(H:(A)), p | t(H2(B)), p | t(H(B)).

In this case, since the order of A is odd, we cannot have any involutions in group A,
so the value m in the third and final terms of (3.1) becomes zero. Thus we will just

need to calculate the “®” part in (3.1). Now by using Lemma 3.1.10, we have
A(HL(B) ® Hy(B)) A = Z(A] 1) d(B)?,

following the same calculation as in (3.3). Then by using assumption (iii) and Lemma

3.1.10, we get
1
d(Hz(G)) = d(Hy(A)) + d(Hy(B)) + §(|A| —1)d(B)*.
Therefore we have

5(G) = d(Ha(A)) + d(H(B)) + L+ 3 d(B)X(1A] 1), (33)

3.2.2 To obtain an efficient presentation for G = Bl A
To get an efficient presentation for G = B A, the following process can be followed:

e For each a € A take a copy (y{“) ; s(“)> of Pg,
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e Choose an ordering a; < ag < --+ < a, of the elements of A where a; = 1,

o Let {a, : © € x} be a generating set for A corresponding to the presentation

PA:<X; I'),

e Let {b, : y € y} be a generating set for B corresponding to the presentation
Pe={(y; s).

Lemma 3.2.3 A presentation of G = Bl A is given by

P, = <y(a) (a € A), x; s(@) (a € A), r, (@) 2(8) = (af)y(a) (a,d' € A,a<d,y,z€y),

‘rwly(a)x — y(aaz) (a 6 A7 y e y’ T e X) > .

Proof. By Definition 3.1.3, K is the direct product of |A| copies of B so that a

presentation of K can be written
P = <y("‘) (ae A); s (ae A), [y, 2] (a,d' € A,a<d,y,z € y)> .

And also by the same Definition, Bl A is the split extension K x4 A, so as we said in

Lemma 3.1.2, a presentation of K x4 A is given by
P = <y(a) (@€ A),x; s (aeA),r, [y,2%] (e,d' € A, a < d,y,z€y), t> '

Here t = {y(a)my(a““’)_iw“l ly € y,z € x}, where for any ¢ € A, y{© represents the

element of B X B x --- X B which has 1 in all positions except position ¢ and the value

|A]times
in position ¢ is b, where b, € B. Then P’ is the same presentation as Py.
Therefore Py actually is a presentation of Bl A, as required. [
We will identify G with the group defined by Py.
Lemma 3.2.4 If W is a word on x, say W = zT'25% .-~ 25", then

Wly@W = yleazas-eih)

in G.
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Proof. We will use induction on L(W).

i) Let L(W)=1. Then, for z; € x,y € y and a € A, we have
171_1y(aa;11)$1 e y((a“zl)“;l)
in G. So
ey Wapt = yloos)

in (. Hence, for ¢; = 41 we have
ey @agt = o)

in G.
1) Assume that the result holds for L(W) = n — 1. Now suppose that L(W) = n.
Then let W = 2{'a3? - 28" (z; € x, g, = £1 for 1 <7 < n). By induction hypothesis,

we know that

E1pt2 en—1y\~1, (a) .e1,.22 eny _, (aaflaf2.az?"h)
(‘Tl Ty -.-{L‘n_l) Yy [Cl :C‘Z ceex =y 1 Ty Tp_1
in G. Now let us conjugate it by zZ*. Then we get
fn—1i
—en~€n—1 —ei (a).er . &1 en __ o —en, (aazlazd el e
Tn " Tny Ty Y N A

and by the same process as in the first step, we have

£y €9 €n—1 £} En—l epn
—en, (eegiazs a1 ) en o (aag)an i azh)
xn y 1 2 n—1 $n fand y 1 n—1 n/,

Therefore we have

€n—1 En)

W—uly(u) W = y(aa;l1 agr 1 agl

in G, as required. O

o I'or each a € A, choose a word W, on x representing a. (That is, il W =
a{tzy? - - x5 then the product af! a3 ---af" in A is equal to a.) When a = 1,

Ty T z

choose W, to be the empty word.
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We now perform a sequence of Tietze transformations on Py.

STEP 1: Add the relators y(® = W, y(O W, (¢ € A,a # 1,y € y) to Py since
these are consequences of the relators of Py by Lemma 3.2.4. Then we obtain a new

presentation

Py = <y(“) (a€A),x; s (aeA),r,y@:) =y (g d e A a<d, yzey),

ey Wg =yl (e A,z ex,yey),y® =W, yOW, (a€ A, a#1,ye y))-

STEP 2: Delete the relators s(®) where a # 1 since these are consequence of the
relators sV, &=1y(@g = y@%) (¢ ¢ A,z € x,y € y) and y® = W, Ly W, (a €
A, a# 1,y €y). So after deletion we have just the relators s(*) in the new presentation.
We can show it as follows.

We have the relators
y(a) = M/a_I y(l) I/Va (a ?é 1)1

in P;. Now let S ¢ s so the letters in S belong to yt!) and similarly let for
a# 1, 5 € sl 5o the letters in S belong to y(*). And by a conclusion of Lemma
3.2.4, we get

5@ =W, SO W,
Here, since s(!) is a relator in P; then S) = | in G and then the above equation

implies that S(® = 1 in G. Therefore we can delete s where a # 1 and then we have

the presentation
Py = <y(“) (a € A), x; sW r, y@2) = 2000900 (g o' € A, a < d, y,2z € y),

e lye = yles) (e A,z ex,yey),y® =W, yOIW, (ac A a#1,y¢€ ¥)).

STEP 3: Delete the relations 2! y(®) 2 = y(¢%2) (¢ € A, 2 € x, y € y) from P,.
We must show that these are the consequence of the other relators of P,. It can be

shown as follows.
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Take W, yM W, = y(® and conjugate it by € x. Then we get,
W, y(l) W,z = 271 y(a) .

But W, represents aa, in A, so Wox = W,,, in A, (That is, W,z and W,,, are equal
modulo the relators r.)

Hence, modulo the relators r we can replace the above by
Waa, ™! y) Wea, = a™* y g,

and we thus obtain

y(aax) — $—1 y(a)m'
Therefore we have the presentation
7)3 - <y(a) ((l E A), X ; S(1)7 r? y(a)z(a,) = Z(n"]y(a) (aﬁa/ e A? a < al: y’Z E Y) 3

y(“) = Wa—ly(l)l/va (a < Aa a # Lye y)> .
STEP 4: Delete the generators y(* where ¢ # 1 and replace all y(@), 200 by
W,y W, and W, ™' 20 W, (a,d’ € Aand a,a' # 1y,z € y@) in

Y@ &) = (@) (@),

After deletion and replacement we have just the generators y(!). Then we have the

presentation

Po=(yW, x; s, v, (W yO W, , Wo™ 2D W] (a,d' € A,a<dyy, 2€y)).

STEP 5: Delete the relators of the form [W; 'y W, , W™t 20 W] (a,d’ €
Al < a < d,y,z € y) since these are consequence of the relators of the form
[, W™ 2D W, (¢f € A, a' # 1, y,z € y) and r. We can show it as follows.

For any a,a’ € A where 1 < a < d/, take a relator

(W=t yM W, , W™t 2D W),
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Then conjugate it by W,, we get
[y, W, W Ow, W,
This is equal to some relator which is of the form
[y(l) , W™t A1) W],

in presentation Py, since W, W1 = W,» in A, where a” # 1. Thus we have the

presentation
7')5 = <y(l)v X3 S(l)v r, [y(l) ’ Wa_l Z(l) Wﬂ] ((J, S A1 a 7é 17 Y,z € Y) > .

Note that, from now on, we will omit the superscripts (1) on relators in our pre-

sentation, so that Ps becomes
Ps={y,x;s, [y, W,'zW,] (a € A, a#l, y,zEy)).

Now we will apply some reductions on the [y, W, ' 2 W,] (a € A,a#1,y,z€y)

relators from Ps. Note that the number of these relators is (|A| — 1)|y].

STEP 6 : The set A\{1} can be divided into singletons {a¢} (¢ € A, a an
involution) and pairs {a, ¢} (¢ not an involution). Let A% be a choice of one

element from each pair {a, a7*}. (Note that |A*| = :(JA| — 1 — m).) Let Inv be the

2
set of the involutions in the group A. Now let us delete the commutator relators which
involve elements in the set A\({1} U A* U Inv}), since these are consequences of the
relators which involve elements in the set A™ U Inv. It can be done as follows.

Let a € A\({1} U AT U Inv}). Let us take a relator [y, W, 1 2 W,] (y,z € y), and
let us conjugate it by W,. (Recall that W, is a word on x representing «.) Then we

get
(W ywa_l , 2.

The inverse of it is

[z, Way W],
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which can be written as

[z, (WY y W

a [«3

Thus, since W;* = W,- in A, then we get

[z, (W) y Wen],

where a~! € A*.

After deletion, we have the presentation
P = (y, x;s, 1y, W'2W,] (a€ At Ulnv,y,z € y))

Now, we can still apply some reductions on the relators [y, W'z W,] (a €

AT U Inv, y,z € y). Note that, the number of these relators is

1
LAl = 14 m)ly P
Let us choose an ordering y; < y2 < -+ < y, of the elements of the generating set y.

STEP 7 : Delete the relators of the form [z, Wty W,] (a € Inv,y,z€y,y <
z) since these are consequences of the relators of the form [y, W' 2 W,] (a € Inv, y,z €

¥, y < z). It can be shown as follows.

Let @ € Inv and y,2 € y, where y < 2. Let us take a relator [y, W' zW,], and

let us conjugate it by W,. Then we get
Wy Wa_la z].

The inverse of it is,

[Za Waywa—l]‘

But, since @ € Inv then we have W, = W' in A. So, we get

[Z b Wa_l y Wa]’

as required.
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Then we have the presentation

P, = <y, x;s,r,ly, Wa"1 zW,] (a € At y,z € Y),

[y, W 2Wo] (a€lnv,y,z€y,y<2)).

a

Now the number of relators [y, W' 2 W,] (a € AT, y,z € y)is J(|A|-1—m)|y[* and

the number of relators [y, W' 2 W,] (a € Inv,y,z €y, y < z) is m|y|*— ﬂ%:—l—)m
So, we have
m

L
=ly|I"(|1A| - 1+
SIYP(Al =1+

)

commutator relators in P5.

Therefore the Euler characteristic of the presentation P7 can be computed as follows.

m

x(Pr) vl

l

= (b Y1) el sl 5 Iy (1A= 1 )

L, m
= 1—(IX1+IY\)+1—1+|1"|+|S|+§IY| (|A|—1+m)
= (=l )+ (= Ty ) = 1 Iy (1A= 1 )
= X(Pa)+ x(Po) = 1+ 5y (1A= 1+ 1)
L, 9 m
= 3(A)+ 8(B) = Lt 5 Iy[* (1]~ 1+ )
( since P4 and Pg are efficient presentation )
— 1 d(H(A)) + L+ d(Hy(B)) — 1 + -;- 2 (Al =1+ il;_l)
= d(HR(A)) + dU(E) + 1+ 5 Iy (4]~ 1+ 1),

Note that, if Inv = @ then m = 0, so that the Euler characteristic of P; becomes
X(Pr) = d(H,(A)) + d(Hy(B)) + 1+ ¢ (|4 = 1) Iy "
And then, by the assumption |y| = d(B) = n and by equations (3.4), (3.5), we have
\(Py) = 5(G).

Therefore P7 1s an efficient presentation for the group G = B A.
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Lemma 3.2.5 Suppose that g = d(A) = d(H{A)). If (L(H (A)), ({(H1(B))) # 1 then
d(G) = g+ n.

Proof. Now, let us take the presentation P; for the group G. Since P7 has g + n

generators then we certainly have
d(G) < g+n.

So we just need to show that ¢ +n < d(G). To do that, we will use the fact that
the minimal number of generators of a group is greater than or equal to the minimal
number of generators of a quotient of that group, in particular, d(G) > d{G*"). So, we

will show that d{G®®) = g + n.

Now let us choose an ordering z; < 2 < -+ < a, of the elements of the generating

set x.

The first homology group of G can be given as follows.
G* = {y,x;s, 0, [y, W, ' 2W,] (a € AT, y,z € y),
ly, W' 2W,] (a€Inv,y,z2€y,y<2), [y, 2] (y€y, x€x),
ly, z] (y,z€y,y<z),[z, 2] (z,2' ex, z<a)).

By applying deletion operations to this presentation of G, we have that

1ad
B

= (y,x;8,1,[y, 2] (y,ze€y,y<z), [z, 2] (z,2' €x,z<al),

ly, 2] (y€y, v ex))

Amb D Ba.b

112

= H(A)® H((DB).

And so, by Proposition 3.1.10 and by the assumption (¢(H;(A)), t{{H(B))) # 1, we
have that

d(G®) = d(Hy(A)) + d(H(B)).
Also, by the assumptions d(H;(A)) = d(A) = g and d(H(B)) = d(B) = n, we get
that

dG*®) =g +n,
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as required. [J

3.3 Examples and applications

Example 3.3.1 Let us take the metacyclic group
B ={a,b; a'®,b* bab™" = a™")

which has order 20. Then, by [38], Hy(B) = Z,. Se, we can see by a simple calculation,
the above presentation of B is efficient. After that, if we find the abelianization group
Hi(B) of B and then if we apply some Tietze transformations on the presentalion of
H(B), we get

HI(B) = <fl,b;a25l)2a[avb]>

1%

ZQ X Zg.
So, d(H(B)) = d(B). Then,
t(Hi(B)) =2 =t(H:(B)).

Hence by Theorem 3.2.1, if A is a finite group such that |A| is even and 2 | t( H2(A)),
and if A has an efficient presentation then BlA has an efficient presentation. Moreover,
if A has an efficient presentation on g = d(A) = d(H,(A)) generators then Bl A has

an efficient presentation on d(B1 A) =2+ g generators. ¢
Example 3.3.2 Now, let
B = (a,b; a®,b°,(ab)?, (a™'b)°).
By [38], B has order 27. And again by [38],
Hy(B) = Zg x Zs.
Then,

§(B) =1+ d(Hy(B)) = 3.
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On the other hand, the Fuler characteristic of the above presentation is 1 — 2 + 4 = 3.
Therefore B has an efficient presentation on 2 generators. Also, the first homology
group of B is

H,(B) = (a,b; a®, 6% (ab)®, (a™'6)*, [a, b]) .

But, by applying some deletion operations to this presentation of H{(B), we have that

H\(B)

I

<G”b; G'Sabsa [a,b]>

1R

Z3 X Zg.
So, d(H(B)) = d(B). Therefore

Then, again by Theorem 3.2.1 and Lemma 3.2.5, if A is a finite group such that |A| is
odd and 3 | t(H,(A)), and if A has an efficient presentation then Bl A has an efficient
presentation. Moreover, if A has an efficient presentation on g = d(A) = d(H,(A))

generators then Bl A has an efficient presentation on d(Bl A) = 2+ g generators. §
Lemma 3.3.3 If (¢ is a finite p-group, then

O(G) = G'GP,
where ®(G) denotes the Frattini subgroup.

Proposition 3.3.4 (Burnside Basis Theorem) Let X be a subset of a finite p-
group . Then X generates G if and only if the cosets {xz@(G) : = € X } generate

G/®(G). Every minimal set of generators for G has the same number of elements.

Proofs of Lemma 3.3.3 and Proposition 3.3.4 can be found in [35].
Now we can prove the following Proposition, by using these two above well-known

results.

Proposition 3.3.5 Let B be an arbitrary finite p-group. Then

d(B) = d(H,(B)).
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Proof. Let d(B) = n, where n € Z*. Since H,(B) = B/B' then we just need to show
that d(B/B') = n.

By Lemma 3.3.3, we have that
®(B)=B'B* 2 B
So there is a well-defined epimorphism
B/B' — B/®(B),

and so, d(B/B') z d(B/®(B)). Then by the Burnside Basis Theorem, d(B/®(B)) =
d(B). In other words, d(B/B’) = d(B). On the other hand, by the fact that the
minimal number of generators of a group is greater than or equal to the minimal
number of generators of a quotient of that group, then we have that d(B) = d(B/B’).

Therefore,
d(B) = d(B/B),

as required. O

Corollary 3.3.6 Let A, B be finile p-groups. Suppose B has an efficient presentation
on d(B) generators and A has an efficient presentation. Then B A has an efficient
presentation. Moreover, if A has an efficient presentation on d(A) generators, then

Bl A has an efficient presentation on d(B 1 A) generators.

Proof. It is given that they have eflicient presentations. And since they are finite
p-groups then by Proposition 3.3.5, d(B) = d(H.(B)), and their homology groups
are p-groups, as well. So p divides t(H3(A)), t(Hz(B)) and {(H(B)). Therefore by
Theorem 3.2.1, B) A has an efficient presentation, and then by Lemma 3.2.5, d(B1A) =
d(B) + d(A), as required. O

Corollary 3.3.7 Let B be a finile p-group and suppose that B has an efficient presen-
tation on d(B) generators.

If |A] is finite and p | t(H2(A)) then Bl A has an efficient presentalion.
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It can be proved as Corollary 3.3.6.

Theorem 3.3.8 Lel A be a finite abelian p-group, and lel B be a finite p-group which
has an efficient presentation on d(B) generalors. Then (¢ = Bl A has an efficient

presentation on d(G) generators.

Again, the proof of this theorem can be obtained by using a similar method to that

employed in the proof of Theorem 3.2.1, in conjuction with Lemma 3.2.5.

Corollary 3.3.9 Let Ay, Ay, .-+, A, -+ be finile abelian p-groups, and let B be a finite

p-group. Let
Go = B,
Gy = GolA,
G = GilA,,

Gr - Gr-—ler-

If B has an efficient presentation on d(B) generators then (i, has an cfficient presen-

tation on d(G,) generators.

Proof. We will use induction on .

1) Let r = 1. Then the result holds by Theorem 3.3.8.

i2) Let » > 1 then G, = G,-11 A,. By the induction hypothesis, G,._; has an
efficient presentation on d(G,-1) generators. Moreover, G,_; is a p-group. Since A, is
an abelian p-group then again, by Theorem 3.3.8, (7, has an efficient presentation on

d(G,) generators. [
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Chapter 4

The p-Cockcroft property of the

semi-direct products of monoids

4.1 Introduction

In this chapter we introduce the definition of the semi-direct product of any two
monoids, a generating set [or this product and a presentation of this semi-direct prod-
uct on the given above generating set, and then we give a trivialiser set (see Chapter
1) of the Squier complex of this presentation, as found by Wang (see [60]). Then we
give necessary and sufficient conditions for the standard presentation of the semi-direct
product of any two monoids to be p-Cockecroft, for any prime p or 0. Moreover, we
give some applications of this to the direct product of two monoids and the semi-direct

product of two finite cyclic monoids.

4.2 Monoid presentations

4.2.1 Homomorphisms of monoids defined by presentations

Let P be a monoid presentation. We will give necessary and sufficient conditions for
a function from the generators of P to a monoid M to induce a homomorphism [rom

the monoid presented by P, say M(P), to the monoid M.

63



Let M be a monoid, and let x be a set. Consider a function
Pprix — M, &+ m,. (4.1)
For any non-empty word W on x, say W = xya9- -+ z,, we define
(W) =mg my, - -m,,  (product in M).
Also, if W is the empty positive word, we define
(W) =1py.
It is clear that ) is a homomorphism.

Lemma 4.2.1 Lel P = [x; r] be a monoid presentation. A mapping v, as in (4.1),

induces a homomorphism
Yot M(P) — M, [z]p —> m,
if and only if Y(Ry) =v(R_), for all R € r.

Proof.
Suppose Y(Ry) = ¢ (R-) for all R € r. Let us consider the [unction
Yot M(P) — M, W], — (W).
We must show that this is well-defined. So suppose that [Wil, = [Ws],, where Wy, W,
are positive words on x.
Special case :
The positive word W, is obtained from the positive word W; by applying a single

elementary operation [see Chapter 1]. So W, = UR.V, W, = UR_.V for some positive

words U and V on x, R € r and ¢ = £1. Then we have

I

(W) Y(URV)
= PUP(R)p(V)
= P(U)Y(R-c)yp(V)
since $(Ry) = $(R_) by assumption
— YURV)

= P(Wa).
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General case :

There exists a finite sequence of positive words on x
I/Vl = UO» Ula Ty Un - I/VQa

where U,z is obtained from U; (0 < ¢ < n — 1) by an elementary operation over

monoids. Then by the special case, we have

P(Uirr) = (V).

So
(W) = (Us) = - = Pp(Un) = (Wa),
as required.

Also 1, 1s a homomorphism:

be(Wi]p Walp) = du((WiWa]p)
= (W W)
= P(W)p(We)
since 1 is a homomorphism

= P [Wilp s [Walp

Moreover, for all x € x
¥y [2] = ¥(2) = my.
Conversely, suppose that , exists. Let R € r, with By = zy29---2,, R_ =

N ' R
ziah-ay (@, @)

bex,l <1< 01 <J < k) So[Rylp = [R.]p, that is,

(2122 2,] = [2]2y- - 2}). Then

[ fwa] - - [wa] = [w1] 3] - [A]
= Pullen] [2a] - [2n]) = dul[21] 23] -+ [2])
= Mg My, My

= Mg Mgy =+ Mgl

n

. 2 . .
since [w]P —= mg and v, 1s a homomorphism

= P(Ry) =P(R),
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as required. [J
Let
Mat,(Z7)={M: M is a n x n-matrix with non-negative integer entries}.

This is a monoid under matrix multiplication where the identity element is the n x n

identity matrix.

Example 4.2.2 Let P = [z, y ; 2%y = yz| be a monoid presentation. Lel us choose

@ map
O {x,y} — Maty(Z7F), zv— my, yr— ma,
where
1 0 0 1
my = and Mo =
0 © 0 0

Thus, since ¥(a?y®) = Y(yz) then, by Lemma 4.2.1, ¢ induces a homomorphism

Yu: M(P) — Matz(Z%), [z]p — my, [ylp — ma.

Example 4.2.3 Let P be as in Example 4.2.2. Let us choose a map
uE {2,y} — Mato(Z1), zv+— my, Yy ma,

where
1 1 10

my = (lnd Mo —
11 0 0
Here, since ¥(z2y3) # 1 (yz) then ¢ does not induce a homomorphism

~

Vit M(P) — MataZ7).
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4.2.2 Presentations of given monoids

Definition 4.2.4 Let M be a monoid, and let m = {m, : @ € x} be a generaling set
for M. We say that a presentation P = [x; r] is a presentation of M on the generaling
set m, if the mapping

Yrix — M, z+——m,

induces an isomorphism
et M(P) — M, [z]p — mg.

Example 4.2.5 (Free abelian monoids) Let the monoid M be Z*". Recall thal
Z+" consist of all n-vectors v = (vi, va,+ -+, v,) where vy,---,v, are non-negative
integers. This is a monoid under vector addition where the identity element is 0 =
(0,0,--+,0). Then, Z*" is generated by the elements m; = (0,0,---,1,0,---,0) where

the integer in the i" position is | and all other entries are 0 {1 < i < n). Then
P=lz; (1<i<n); zzy=ajo; (1 <i<y<n) (4.2)

is a presentation of Z™" on the set {m;: 1 <1 < n}. (The proof of this will be given
later in this chapter.) ¢

We now discuss finite cyclic monoids. Some of this material may also be found

in [32] (see “Monogenic semigroups”).

Let M be a finite cyclic monoid of order & > 1, generated by m say. Then
k

2
I,m,m* ---, m

all belong to M. Since there are k + 1 elements in this list then the elements cannot

all be distinct. So there exists 0 < p < g < k such that m? = m?.
Lemma 4.2.6 IfmP =m? in M with 0 < p < g <k then g =k.

Proof. Firstly, we prove by induction on n that m™ = m2™ for some 0 < an) < g—1.
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o Let 0 <n < ¢g— 1. Then take a(n) = n.

e Now suppose n > g, and assume inductively that m! = m®®) for some 0 < a(t) <

g1, for all t < n. Let us write n = Ag +  where A 2 1, 0 < 2 < ¢q. Then

mt = m'HE = M = () m
= (mP)*m* (since mP = m7)

= mPmt = m e

By inductive hypothesis, since Ap 4+ g < n then m*?t# = meOr+i) for some
0 < alAp+p) <g—1. So, m™ = m&*P+4), Then take ofn) = a(Ap 4 u). Hence
we get

n

m™ = m*® for some 0 < a(n) € ¢— L.

This implies that M = {1, m, m?, ---, m?'}. But since |M| = k this means that &
must be equal to ¢.

Hence the result. [J

We deduce from this lemma that

k

1) we have m® = m! for some 0 <[ < k,

2 k-1

11) the elements of M are 1, m, m*, ---, m" ! and since the order of M is k then

these elements must all be distinct,

i1t) the positive integer { in ¢) is uniquely determined by M, for if there exists I’ € Z*
(I' # 1, 0 <" < k) such that m!"" = m* then this gives m! = m!, which contradicts

the above lemma.
Lemma 4.2.7 A presentation for M on the generating set {m} is
Py = [z; 2t = 2] (4.3)

Proof. Let us consider the mapping z s . Then, by Lemma 4.2.1, we get an

induced homomorphism

y s M(Pry) — M, [m]pw —> m,
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since ¥(a*) = (z') by i). Note that v, is onto since m € Ima,. Clearly Py, is a

complete rewriting presentation, and the irreducible elements are

2 k—1
1, e, 2% -, 2",

Hence the distinct elements of M(Py,) are [1], [z], [2?], -+, [257!], and then |M(Py,)] =
k. Now if ¢, were not injective then |Imi,| < |[M(Py,)| = k. But this gives a contra-

diction. So 1, is injective, and is thus an isomorphism. O

We have now proved that any cyclic monoid of order & is isomorphic to M(Py;) for
some 0 <[ < k.

Now, for any 0 <1 < k, M(Py,) s a cyclic monoid of order k, generated by [z]p, ,.
We then deduce from this and the previous paragraph that, up to isomorphism, the

cyclic monoids of order k£ are
M(Pr;) where [ =0,1, -, k—1.
Lemma 4.2.8 [f [ # " then M(Py;) # M(Pry).

Proof. Let us assume that { < ', and consider the cyclic group C' of order k — [,
generated by c. There is a homomorphism y from M (Py;) onto C, given by [z]p, , — c.

Now if there were an isomorphism
W N[(?Jk,p) S fo(Pk'[)

then the composition yw, say 4" would give a homomorphism from M (P ) onto C.
Hence +/([z]p, ,) would have to be a generator, say ¢ of C. But since [w]?,k y = [:c]%;k y

then we would have
& =y ((als, ) = (el ) = &,
so =) = 1 in C. But since k — I’ < k — [ this contradicts the fact that the order of

¢ must be £ — [.

Hence the result. [J

Let us denote M (Px;) by My, Summarizing all the above, we have
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Theorem 4.2.9 For a fized k > 1 the monoids My; (0 < { < k —1) are cyclic of
order k, and are pairwise non-isomorphic. Any cyclic monoid of order k is isomorphic

to My, for some .

Let us consider the elements of M, more closely. Recall that they are the equiva-
lence classes [2%] (0 < i < k). For 0 < ¢ < [, the equivalence class [¢] just consist of
the single element z*. However for ¢ > [, the equivalence class [27] consist of infinitely

many elements which are defined by
(2] = {10 g =0,1,2,-- -}
Example 4.2.10 Let us take the monoid Mys. The equivalence classes are
09 = {1}, (2] = {a}, [+%] = {%},

[3:3] = {sc3, 2 27 ), [2f] = {2f, 25, 28, .-}

Suppose m, n (m < n) belong to the same equivalence class [z']. If ¢ < [ then

m = n. Suppose ¢ 2 . Then we must have
m=1i+qlk—1) and n=1+r(k—1),

where ¢, r are non-negative integers. There will then be a positive path (that is, a
monoid picture with all discs labelled by the relator z*¥ = &' with sign +1) in the
Squier complex from z™ to 2’ of length ¢, and similarly from z” to z* of length ». This

can be illustrated geometrically as follows.
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,m [ n
v T
P, B ||
e \%k
| gl fﬂk il:l ,ka
g positive r positive
dics ; discs |
Z T

Therefore P, P! is a path from z” to 2™, and

expp(PaPLl) =1 —q,

n—m
k-1
n—m

k—1"

Note that when 7 < [ (that is, m = n) we have the empty path from z" to ™.

where R is the relator z*¥ = z!. Since r — g = then we have
q

eXpR(PﬂP;zl) =

Therefore, we have

Lemma 4.2.11 Suppose ™ and «™ (m < n) are in the same equivalence class. Then
there is a monoid picture Q, , with (Qp.m) = 2", T{(Qum) = 2™ and

n—m

k-1~
Remark 4.2.12 Actually, one could take P, to be of the form Dy, Py, where Dy, m is

Xpp(Qnm) =

a path from z™ to =™, so that PP}t is freely equal to Dy .

Example 4.2.10 (continued) Let us choose m = 6 and n = 8. Nolice that z°, 2® are

in the same equivalence class [x']. Then we can show that the picture PgPg! is freely

equal to Dgg as in the following figure.
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One can give a trivializer set of the Squier complex of My, as follows.

Lemma 4.2.13 Let M be the finite cyclic monoid with the presentation Py;, as in
(4.3). Then a trivializer sel of the Squier complex D(Py,) is given by the pictures Py
(1<i<k—1), as in Figure 4.1.

1 2
Pk,l Pk,!

Figure 4.1

Proof. Since Py, is a complete rewriting presentation then, by “overlapping”, we can

obtain the pictures in Figure 4.1, as required. O
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4.2.3 Endomorphisms of monoids

A homomorphism from a monoid to itself is called an endomorphism. Let M be a
monoid. Then the set of all endomorphisms of M form a monoid under composition,
where the identity element is id : M — M, and we denote this monoid by End(M).

Let 7 = [x ; r| be a presentation of M, that is, M(P) = M. For each x € x, let us
consider a map

E:x— M(P), zv+— [Wap,

where W, is a positive word on x. In order to show that this induces a homomorphism,

we must use Lemma 4.2.1. For any positive word V on x, say V = z123 - - @y, let
EV) =W Wa, - Wy ]p  (product in M(P)).
Then the map ¢ induces a homomorphism if and only if

E(Ry) = E(R-),

for all R € r.

Example 4.2.14 Let M be Z*", and let M be an n x n-matriz with non-negative

integral entries. Then we get a mapping
Ym LY — T, v — oM,

where v = (vi,vq, -+, v,) asin Example 4.2.5. Actually, vy € End(ZY") and yu, ¥, =
Ym,M,. We should note that, if € End(Z™") then there exists a matriz M (depending

on @) such that ¢ = .
By the mapping
M +— ¢,

we get an isomorphism from the monoid Mat,(Z*) to the monoid End(Z™™). ¢

Example 4.2.15 Let M be a cyclic monoid generated by m.
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Case 1 : Suppose M is a cyclic monoid of order k. Then, by Lemma 4.2.7 and
Definition 4.2.4, My; = M where 0 <[ < k —1. By Lemma 4.2.1, the mapping

vt [0 (0<i< k)
induces a homomorphism
it Mgy — My

since [m“] = [m”] in My, Moreover, if v : My; — My, is any endomorphism then we
must have P([z]) = [z'] for some 0 < 1 < k, so 1 and p; agree on the generating set
{[z]} of My, and so are equal. Hence g, 1y, -+, Yr_y1 are the only endomorphisms
of Myy. Since these endomorphisms take different values at [x] then they are distinct.

Hence
End(ﬁlkll) = '{’l./)z tg= O, 1, v ,k - 1}.

Case 2 : Suppose M is an infinite cyclic monoid. This means we are working on

Z*" where n = 1, as in Example 4.2.14. So we have
Mat(Z) = End(M),
that is, Z* = End(M). ¢
We now consider some one-relator monoids.
Example 4.2.16 Let M be the one-relator monoid with the presentation
P = [;cl, Ty} azlwg = $2$1$2$1] .

In [21], it has been proved that M has no endomorphism other than the identity homo-

morphism.

In the next three examples non-trivial endomorphisms will be introduced for some

one-relator monoids which will be used later in this thesis.

Example 4.2.16.(a) Let M be the one-relator monoid given by the presentation

P = [wl, Tg; T1T9Ty = mﬂﬂ By Lemma 4.2.1, a mapping

£ {wy, a2} — M(P), @ — [zl], a2 [2a],
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where 1 € Z™T, induces an endomorphism if and only if
[z} zo2!] = [292].

This equality always holds as can be shown as follows.

[’c‘ltgxﬁ] = [1:11 lzvlazga:l”c’l = [Ti Ly gfckﬁ Y (since z12201 = woxt)
j—2 -2k 71— k_i—2_k

= [V %220z 2] = [0 Pngab 7Y (since xyzaz) = wpah)

= [xi“ixsz:cgi_l)k] = [wzznlfi].

¢

Example 4.2.16.(b) Let M be given by the presentation P = [3:1, Ty They = argxf].

Again, by Lemma 4.2.1, a mapping
E:{zy, 2} — M(P), a1 — [&}], zo— [2]],
where 1, J € L7, induces an endomorphism if and only if

[2}'2}] = [egay’].

Indeed,
[2F2]] = [2¥Fabzaal™!) = [ F b al ™! (since hzy = z02F)
= [2b gk eb el = [2¥ P ry2bay2t 2] (since 2¥zy = waah)
= 2Rl ke = (207 Y 502k e D) (since 2z, = 252%)
= [5'32"'3’{1
¢

Example 4.2.16.(c) Let M be given by the presentation P = [x1, T2 ; @122 = 292%].

As previously, by Lemma 4.2.1, a mapping

£y, 2} — M(P), a1 [21], zo > [23)],
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where 1 € Z7T, induces an endomorphism if and only if

[21@s] = @22y

This always holds as can be shown as follows.

11 k
1

[wizs] = [2i7'aiay] = [20 aqah] (since w120 = zp2f)

2 =2

= [277%212028] = [0 202k et] (since 217 = 292k)

k(i—l)]

= [27 0 Ve2b o b = [eyzaat - 2F] = (21302

= [:vzazlf:'.;;f(i—l)] (since x5 = xo2)

= [ﬂiﬁlfi]‘

4.3 Semi-direct products of monoids

4.3.1 The definition
Let A and A" be monoids, and let us take a monoid homomorphism
0:A— End(K), a0, (a€A), 1+ idguau)- (4.4)

Then we can define the semi-direct product D of K by A, as follows.
The elements of [} are all ordered pairs (a, k) where a € A, k € K and the product
is given by

(a,k)(d', k") = (ad', (kO )k"). (4.5)

By checking the monoid axioms, we can show that D is a monoid as follows.
a) The closure holds by (4.5).

b) The associativity:
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Let a1, ag, as € A and ky, ko, ks € K. Then we will check whether the equality

(a1, k1)[(@2, ko) (as, ks)] = [(a1, k1) (az, k2)](as, ks)

holds. Let LIS and RHS be the left hand side and the right hand side of this

above equality, respectively. Then we get

LHS = (al,kl)(agag,(kzﬁag)%) by (45)
= (a1{agaz), (k10uya,)(k204,)ks) by (4.5)

= (ayagas, (k10,,0.,) (k204 )k3) since 6 is a homomorphism,

and

RHS = (0,1(12, (klgaz)k‘g)(ag,, /ZCS) by (45)
= ((@1az)as, (((k10a,)k2)0a, )ks) by (4.5)
= (ayagas, (k104,04,)(kab,,)ks) since 0,, is a homomorphism.

So, the associativity holds.

The identity:

Let 14 and 1 be the identity elements of A and K, respectively. Then the

identity element of D is (14,1x). That is, for all (a,k) € D, we need to show
that

(1a,1x)(a, k) = (¢, k) = (a,k)(1a, 1K).

First of all, we get
(1/17 11{)(‘1’ k) = (1Aa" (lfﬁ'ga)k)a

by (4.5). Now, since §, : ' — K (a € A) is a homomorphism then 6, maps the
identity element of /' which is 1 to itself. So, (1x80,)k = k for all k € K. Thus,
(Laa,(1x0)k) = (a, k).

On the other hand, we get

(a,k}(1a,1x) = (alga, (k0 ,)1K),
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by (4.5). Since 14 € A then 0,, € End(K). Furthermore, since ¢, = tdp,ar)
then 0,, is the identity homomorphism of A. Then, for all k € I, kb,, = k.
Thus, (ala, (kb;,)1x) = (a, k).

Therefore D is a monoid.
Remark 4.3.1 For any (a,k) € D where a € A and k € I, we have
(a,k) = (@, L) (14, ). (46)

(To see this let us take (a,1x)(14,%). Then, by (4.5), we get (ala, (156, ,)k). Since
61, is the identity homomorphism and 1x is the identity element of A" then we get

(a, k), as required.)

4.3.2 A generating set for D

Let us choose generating sets
k={k,:ycy} and a={a,:z€x}

for the monoids K and A, respectively. Then the set

d={(1L,k) (y€y), (az,1) (z € x}}

generates D). That is to say, any element in D, say (a, k) where a« € A, k € K, can be

written as a product of some elements from the set d. We need to show that
(a,k) = dydy---d, whered; ed, 1 <1<
Since a generates A and k generates I, we have
a4 = Qg Uy, Uy, and k= ky ky, - ky,, (4.7)

where z; € x,y; €y, 1<t <m, 1 <y < nand m,n>=0.

78



Thus,
(a,k) = (a,1)(LK) by (4.6),
= (al‘laxz"'axnnl)(lakylkyz "'kyn) by (4'7)a
= (afcwl)(afvza1)'"(arrnvl)(lakm)(lvkw)"'(lakyn) by (4'6) and

by the fact that 8,, maps the identity element of K to itself,

and then, since each of these pairs is in the set of d then we get what we required.

4.3.3 A presentation for D

Let Pxr = [y; s] and P4 = [x; r] be presentations for K, A on the generating sets k,

a, respectively. Then, by Definition 4.2.4, we have isomorphisms
Ib](* : ]\/[(73]\) — [X’, [y]PK —_— k‘y

a, t M(Pa) — A, [zlp, — an
induced by the functions
Yy — K, y+—ky,
a1 X —> A, T — a.
Foreach y € y, = € x, let y8, denote a positive word on y representing the element
ky0,, of K, that is ¥y, [y0c]p, = kyla,. Let T}, denote the relator yz = x(y0,), and
let t be the set of all relators of the form 7). (z € x, y € y).

The proof of the {ollowing theorem can be found in [55].

Theorem 4.3.2 A presentation for D on the generating set d is given by
Pp=D,y;r,s, 4. (4.8)

Remark 4.3.3 If W = yyys -+ -y ts a positive word on y then for any ¢ € x, we
denote the positive word (y19,)(y20z) -+ (ymb;) by WO, If U = zyay- - 2, is a positive
word on X then for any y € y, we denote the positive word (-« - ((y0z,)0u, )02y - *0z,)

by yOu, and this can be represented by a picture, say Ay, , as in Figure 4.2.
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Ay,

’

ybu

1

Figure 4.2

4.3.4 Trivializer of the Squier complex D(Pp)

Let X and Xk be trivialiser sets of D(P4) and D(Px ), respectively.
Let S €5, z € x. Since [5,0,]p, = [S_0.]p,, there is a non-spherical picture, say
Bs ., over Py with

t(Bsy) =540, and 7(Bs,) = S_40,.

Note that, there are various Bg, pictures which can be drawn.

Let R € r, y € y. Then we get non-spherical pictures Ag, , and Ar_ ,, respectively,
as in Figure 4.2. We should note that, these pictures consist of only 7y, discs (z € x).
Moreover, since [y@m]PK = [y@R,]

P[( Wlth

Py there is a non-spherical picture, say C, g,,, over
A9

U(Cyor) = y0r, and 7(Cyp,) = yOr_.

We should also note that there are various C, ¢, pictures which can be drawn.
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Our aim is now to construct spherical monoid pictures by using these above non-
spherical pictures.

Let us take a single Bg, picture. If we process the initial positive word of Bs,,
which is S.0;, and the terminal positive word of Bg ., which is S_6,., by a single z-arc,
then we get some Ty, (y € y) discs at the top (and at the bottom) of the Bs . picture.
Then we have a new picture containing a single Bs, picture and some 7, (y € y)
discs. But for this picture, we get the positive words Syz (at the bottom) and S_z
(at the top), respectively, that is, it is a non-spherical picture. So, to get a spherical
monoid picture from this non-spherical picture, we must fix a single S-disc on the top
(or bottom) of this non-spherical picture. Then we have a spherical monoid picture,
call it Pg ., as shown in Figure 4.3.

Now let us take the pictures Ag, , and Az' ,. We can combine these two pictures
by

e fixing a single R-disc between them, and then

o fixing a single C, g, picture between the positive words yfr, and yfg_, respec-
tively. Then we get a new picture, and for this picture, we get the positive words y R,
(at the top) and yR_ (at the bottom}, respectively. To get a spherical monoid picture,
we must fix a single R-disc on the top (or bottom) of this picture. Then we have a
spherical monoid picture, say Pg,, as in Figure 4.3.

Let

Ci={Ps,: S€s,ze€xtand Co ={Pry: RET, yEY}

The proof of the following theorem can be found in [60].

Theorem 4.3.4 Suppose that D = K xg A is a semi-direct product with associated
presentation Pp, as in (4.8). Let Xa and X be trivialiser sets of the Squier complezes

D(Pa) and D{Px), respectively. Then a trivialiser set of D(Pp) is
XaUXgUCyUC,. (49)

Let us denote the set (4.9) by Xp.
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IP)S,.’L‘ PR,y

Figure 4.3

4.3.5 Defining a homomorphism §: A — End(K)

Suppose that K and A are given by presentations Px = [y ; 8] and P, = [x; 1],
respectively. We have seen in Section 4.2.3 how to obtain endomorphisms of K. Let
us suppose that, for each z € x, we have obtained an endomorphism v, of & in this

way. 50 we have a mapping
x — End(K), x+—1,.
In order to show that this induces a homomorphism

6:A— End(K),
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we must use the basic Lemma4.2.1. For any positive word W on x,say W = z 25 - - 2,

let
Yw = g, Va, - Yp,  (product in End(K)).

Then the above map induces a homomorphism 8 if and only if

YR, = YR_,

for all ® € r. Since two endomorphisms of K agree if and only if they agree on a

generating set, we must show that

[y]¢R+ = [y]¢R_a

forally €y, R€r.

Example 4.3.5 Let I\ be ZT". Let us consider the standard presentation (4.2) of Z+",
and then lel y be the set of generators and s be the set of relators of this presentation.
Then Pr = [y ; s] becomes a presentation of the monoid Z".

In Ezample 4.2.14, we showed that Mat,(Z") = End(Z*"). So the endomorphism
Y, (z € x) will be Ynm, for some malriz M. For any positive word W = xyz9- -z,
on x, let My be the product My, M, - M,,, of the matrices My, -, M, . Then the

mapping r —> v, (2 € x) induces a homomorphism
0:A— End(Z*")
if and only if Mg, = Mp_, for all R€r. {

Let us give a specific example of this as follows.

Example 4.3.5.(a) Let K be the free abelian monoid rank 2 with the presentation
Pr = [y1, ¥2; v1y2 = you1] as in (4.2), and let A be the one-relator monoid with the

presentation Py = {21, T3 ; m%:z:z = Zo2y].

Let us take two matrices My, = and M, = . Thus, since
0 1 01
Mf,le = My, Mg, then the mapping 1 — ¥m,, , T2 — PMm,, induces a homo-

morphism 0 : A —s End(Z*?).
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By the following example, we define a homomorphism from a finite cyclic monoid

to the endomorphism monoid of another finite cyclic monoid.
Example 4.3.6 Let K and A be two finite cyclic monoids with the presentations
Pr=ly;v'=y], Pa=le;e” =2, (4.10)

respectively, where | < k and A < p (see Lemma 4.2.7). Let v; (0 < i < k) be an

endomorphism of K (see Frample 4.2.15, Case 1). Then we have a mapping
r — End(K), z+— .
By Lemma 4.2.1, this induces a homomorphism
f:A— End(l), z+——1;

if and only if

Since ! and ¢ are equal if and only if they agree on the generator y of I, then we
i i q Y g

maust have

[v"] = [y"]. (4.11)

4.4 The p-Cockcroft property for semi-direct prod-

ucts

4.4.1 The general theorem

Theorem 4.4.1 Let p be a prime or 0. Then the presentation Pp, as in (4.8), is

p-Cockcroft if and only if the following conditions hold.
(i) Pa and Pk are p-Cockeroft,

(ii) exp,(S) =0 (mod p) for all S€s,y €y,
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(iii) expg, (Bss) = (mod p) for all Sy, S € s, T € X,
otherwise

() expg(Cyo,) =0 (modp) forall Ses,ycy, Rer,
(v) expr,, (Ar, ) =expy, (Ar_y) (modp) foral Rer,y €y and z € x.

Proof. Since the trivialiser set Xp contains the trivialiser sets X of D(P4) and X
of D(Pr) by Theorem 4.3.4, then we must have P4 and Py are p-Cockcroft. This gives
the condition (7).

Consider a picture Pse (S € s, x € x). It contains a single S-disc, some T, (y € y)
discs and a single Bg’; subpicture. First of all, this single S-disc must be balanced by
using the subpicture Bg; which contains the remaining s-discs. Thus we must have

I, S=25

exps, (Bs.) = (mod p),
0, otherwise

for all Sy € s. So the condition (¢:¢) holds. Furthermore, we need to count the number
of Ty (y € y) discs in the Pg, picture. For a fixed y € y, the exponent sum of 7}, in
Ps is

Ly(S4) = Ly(S-) =des exp,(5).
Thus the condition (¢2) must hold.

Consider a picture Pry (R € r, y € y) which contains the subpictures Ag, ,, Az' . C, 0,

—y?
and two R-discs. Note that, the exponent sum of the R-discs will be equal to zero for

the picture Pg,, that is, we have
expr(Pry) =1—1=0.

Let us consider the subpictures Ag, , and Ap' =~ which consist of only Ty (z € %)
discs. We should note that, Ty, (z € x) discs are only contained in these subpictures,
in the picture Pg,,. Since the picture Pg, contains a single subpicture Ag, , and single

subpicture Aj" 4» then we have

eXpTyx(AR'F w) = EXPTy. (Ar_y) = eXPTyI(PRYy)-
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Thus we must have

eXPTyr(AR+ 73:’) - eXpTy;(AR_ ,y) = 0 (I’Ilod p),

for all z € x. So, the condition (v) holds. Also, let us consider the subpicture C, 4,

which consist of only the S-discs (S € s). So, we must have

expg(Cyo,) =0 (mod p),

for all S € s, and this gives the condition (zv).
Conversely suppose that the five conditions (7)-(v) hold. Then, by using the triv-
ializer of the Squier complex D(Pp), we can see that Pp is p-Cockeroft where p is a

prime or 0. O

4.4.2 Direct products

In this section we will give necessary and sufficient conditions for the presentation of
the direct product of the monoids A and K to be p-Cockcroft (p a prime or 0).

The direct product corresponds to the case when # is the trivial homomorphism
A— End(K), ar—id (a € A).

So, let us take

vyl =y, {(4.12)

for all y € y. Then, for ¢ € x, y € y, the relator T}, becomes simply
Tye : yz = zy.

Then the picture Ay, becomes the picture as shown in Figure 4.4,

By using (4.12), we have
((Bs,) =Sy and 7(Bs,)=S_ (S €s, z € x),

for the subpicture Bg,. Then we take Bg, to be the following form.
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AU,y

Figure 4.4

By using (4.12), vve have

L"y,eR) =y and r(CyeR) =V (R €1,y €Yy),

for the subpicture . Then Cyj R can be chosen to consist of a single y-arc and no
discs.

Therefore, as a consequence of Theorem 4.4.1, we get the following result.

Theorem 4.4.2 Suppose that 0 is the trivial homomorphism, and let p be a prime or

0. Then the presentation VD, as in (4.8), is p-Cockcroft if and only if the following

conditions hold.
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(a) Pa and Px are p-Cockceroft,
(b) exp,(S) =0 (modp) forall S €s,ycy,
(¢) exp,(R) =0 (modp) forall R € r, z € x.
Proof. To prove the first part of this theorem, let us check the conditions of Theorem

4.4.1 hold.

i) To make (1) holds, we definitely need P4 and Py are p-Cockeroft. So, this also
gives the condition (a).

1) Clearly, the condition (i¢) gives the condition (b).

i11) The condition (7i1) obviously holds.

iv) The condition (iv) clearly holds.

v) It is clear that

GXPZFN(A}'-?Jr w) = Lo(Ry) and eXPTyx(AR— w) = L.(R_).
So, to make (v) holds, we need
Lu(Ry) = L(R-) =0 (mod p).
That is,
exp,(R) =0 (mod p)
which gives the condition (¢).

Conversely suppose that the three conditions (), (b) and (¢) hold. Thus, by using

the trivializer of the Squier complex D(Pp), it is easy to see that Pp is p-Cockeroft
where p is a prime or 0.

Hence the result. OJ

Let p be a prime or 0. Let K be the monoid presented by Pr = [y ; s], and let
A be an infinite cyclic monoid generated by @. Then, a presentation for the monoid

K x Z% can be given by

ph"xZ"‘ = [Y'> T8, yr =y (y S Y)] . (413)

As a consequence of Theorem 4.4.2 (so that Theorem 4.4.1), we have
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Corollary 4.4.3 Let p be a prime or 0. The presentation Pryz+, as in (4.13), is
p-Cockeroft if and only if

(a') Pr is p-Cockeroft,

(6") exp,(S) =0 (mod p) for ally €y and S € s.

Proof. The proof is an easy application of the proof of Theorem 4.4.2. To make
(a) hold, we certainly need Pg is p-Cockeroft. Notice that, P4 is aspherical, hence
Cockeroft. So, these give the condition (a). Clearly, (b) gives (b'), and the condition

(c) is vacuous. [

Example 4.4.4 As an example of Corollary 4.4.3, let us prove by induction on n that
the presentation P, as in (4.2), presents the monoid Z*", and is Cockeroft.

o Letn = 1. Then, we get Z which is infinite cyclic monoid with a presentation

Pr=ly; |-

Then, Py is aspherical, hence Cockeroft.

o Lel us assume that

Prot =y Y2 Un—1;5 wi¥i = Y54 (1 << g <n~1)]

is a presentation of Z™"" and thal it is Cockcroft. Let 'y be the set of generators
Yty - s Yn—1, let s be the set of relators yiy; = y;y: (1 <1< j < n—1), and let x be
the generator y,. Then the set of relators yiyn, = ynyi (1 <t < n—1) becomes the set

of relators t. Thus we have a presentation

P o= lynye s vns vy =ysy (1si<jsn—1)
Yiln = Yny: (1 <7 <n—1)]
of the monoid Z" = Z*""' x Z*, as in (4.13). Notice that the presentation P, as
in (4.2) and P, are equivalent. To establish the Cockeroft property of P,, let us use
Corollary 4.4.3. By inductive hypothesis P,_y is Cockeroft, so the condition (a') holds.

Also, for all S €5, y €y, exp,(S) =1 -1 =0 which gives the condition (V). Thus,

P, is Cockeroft, as required.
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4.4.3 Semi-direct products of finite cyclic monoids

In this section we will give necessary and sufficient conditions for the presentation of
the semi-direct product of two finite cyclic monoids to be p-Cockeroft (p a prime).
Let K and A be two finite cyclic monoids with the presentations Px and Py,

respectively as in (4.10). Suppose that

;A

"1 =1y

Then the mapping  — 1); induces a homomorphism § : A — End( K’} (see Example
4.3.6).

Now, by Theorem 4.3.2, we have a presentation
Po=1ly,z; S, R, Tyel, (4.14)
for the monoid D = K x4y A, where
Siyf =9, R:z'=2" and Ty, : yz = 2y,

We have the picture Bg, as in Figure 4.5, and then expg(Bgs) = ¢.

ki

BS',x Y

Figure 4.5
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By the assumption, since (4.11) holds then, by Lemma 4.2.11, there is a monoid

picture €)<eR with

L{#y,0R) = yl r(CyieR) = ifX

and
i*—ix
exps {CyeR) = -j—-j
Also, we have the picture (and similarly as in Figure 4.6. It is clear
&R+,y
Figure 4.6
that
eXPBX("R+,y) = 1+ z+ i2+ eoet+ i 1= T
and
iX- 1
exPTyx("R-,y) = 1+ i+ 12+ hi 1= R
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Let

m=k—1l,n=i—1,t=14¢—1¢

As a consequence of Theorem 4.4.1, we have the following result.

Theorem 4.4.5 Let p be a prime. Suppose that K xg A is a monoid with the associated

monoid presentation Pp, as in (4.14). Then Pp is p-Cockeroft if and only if
plm, pln,pl <, pl <
m n
Proof. We will prove the first part of this theorem by checking the conditions of
Theorem 4.4.1 hold.

(2) By Lemma 4.2.13, trivialiser sets Xk and X4 of the Squier complexes D(Py)
and D(P4) respectively, can be given as in Figure 4.1. Thus, it can be seen that Py
and P4 are p-Cockeroft (in fact Cockeroft), and then the condition (7) holds.

i1) exp, () = & — I so for (i) to hold, we must have p | k — [.

222) To make (722) hold, we need : = 1 (mod p), so that p | ¢ — 1.

iv) For the subpicture C,4,, we must have
by

=1

p‘k—l,

to make (zv) hold.

v) Also, to make (v) hold, we need

-1 _ i1
e

by using the subpictures Ag, , and Agr_ ,. That is,

i —

:—1

=0 (mod p).

Conversely suppose that the conditions p | m, p | n, p} £ and p | % hold. Then,
by using the trivializer of the Squier complex D(Pp), it is easy to see that Pp is
p-Cockeroft where p is a prime.

Hence the result. O
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We remark that as a consequence of Theorem 4.4.1, one can say that the monoid
presentation Pp, as in (4.14), is Cockeroft if and only if p = A\ k = land ¢ = 1.

However, since we require | < k, A < g then this presentation can never be Cockcroft.

Example 4.4.6 Lel k=10, =6, u =4, A =2 and i = 3. Then we get

t )
m:4,nz2,‘t=34-32=72,—:18,_:36_
m n

Hence p = 2 divides these all values, and then by Theorem 4.4.5, Pp is 2-Cockeroft.
Similarly, by chosing k =6, =2, u =5, A =3 and 1 =3, we get

t ¢
m=4,n=21t=3 —3*=216, — =54, — = 108,
m n

then again Pp is 2-Cockeroft. ¢

Example 4.4.7 Let p be any prime, and let

| 1)1
Z=P+1,5=1,k=(P+1)(£E__)——

J4+ 1, A=1, pu=p+1.
Then,

(p+1)F—1

m = (p+ 1)( ,n=p, t=(p+ 1" —(p+ 1.

t t
Since p divides m, n, — and — then, by Theorem 4.4.5, Pp is p-Cockeroft.
m n
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Chapter 5

Minimal presentations of
semi-direct products of some

monoids

5.1 Introduction

In this chapter, as an application of the previous chapter, we begin by giving neces-
sary and sufficient conditions for a semi-direct product of a one-relator monoid by an
infinite cyclic monoid to be p-Cockeroft, for any prime p or 0, and then we give some
applications of this to semi-direct products of the free abelian monoid of rank 2 by an
infinite cyclic monoid, and semi-direct products of some particular one-relator monoids
by an infinite cyclic monoid.

Following this, we introduce our main result of this chapter which gives sufficient
conditions for the presentation of a semi-direct product of a one-relator monoid by an
infinite cyclic monoid to be minimal but not efficient, and then we give some applica-

tions of this.
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5.2 Semi-direct products of one-relator monoids by
infinite cyclic monoids

Let A be a one-relator monoid with presentation Py = [y ; Sy = 5.], and let A be
the infinite cyclic monoid with presentation P4 = [z ; ]. Let ¥ be an endomorphism

of . Then by Section 4.3.5, the mapping z ~— % induces a homomorphism
6: A— End(K),
and we can form the semi-direct product D = K x4 A. This will have a presentation
Pp=l[y,z; Sy =5, t], (5.1)

where t is the set of relators T, (y € y). Notice that, since P4 = [z ; ] is aspherical
then X = ). Also, for the relator S, let us assume that ¢(Sy) # ¢(S-) (or 7(54) #
7(S-)). So, by [34], Pk is aspherical, so Xk = ). Moreover, since r = @ then Cy = 0.
Therefore Xp = Cy. Note that we have a single Pg, picture, as in Figure 5.1, in the

set Cy since A is a one-relator monoid.

5.2.1 The p-Cockcroft property

Theorem 5.2.1 Let p be a prime or 0, and let K be a one-relator monoid, with relator
S say. Suppose thal o(Sy) # o(S2) (or 7(S4) # 7(S2)). Let D be a semi-direct product
of K by an infinite cyclic monoid A with associated presentation Pp, as in (5.1). Then

Pp is p-Cockeroft if and only if
(a) exp,(S) = 0 (mod p) for all y €y,
(b) expg(Bs,) =1 (mod p).

Proof. It is an easy application of the proof of Theorem 4.4.1.
Since P4 and Pr are aspherical and Cy = (} then the conditions (7), (iv) and {v)
of Theorem 4.4.1 are trivial. On the other hand, the condition (1) givés () and the

condition (i17) gives (b).
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Iigure 5.1

Hence the result. O

Example 5.2.2 Let K be the free abelian monoid of rank 2, presented by

Pr = Y1, Y2 ; y1v2 = Y2ti],

al

g o

and let ¥ be the endomorphism Yy where M is the matriz
Zt), given by

(i — [yiys] and [ys] — [ylws ]
(see Ezamples 4.3.5 and 4.3.5.(a)).

By Theorem 4.3.2, we have the presentation

Pp = [yl) Y2, T S: Tywv Tyzx]’
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for the monoid D = K x5 A, where
S iyiye = yay1, Tyt i = my?yza/ and Ty,o : yox = my?yf )

respectively. Note that the picture Bg, can be given by Figure 5.2.

! 4
B Yrys yiyh
S,z
VoV N /
vs ;
i)
CYI
y{" Yz 5
Ya
% .
ya
1 yg"

Figure 5.2

Now, by considering the picture Bs, as in Figure 5.2, we prove the following equal-

ity.

Lemma 5.2.3
expg(Bs.) = detM.
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Proof. We have of#'-times positive and ¢/ §-times negative S-discs, in Bg,. So that

expg(Bs.) = af —d's,

= det M,
as required. (J

As a consequence of Theorem 5.2.1, we have

Corollary 5.2.4 Let p be a prime or 0. Let Pp be as in (5.2). Then Pp is p-Cockeroft
if and only if
detM =1 (mod p).

Proof. Let us check the conditions of Theorem 5.2.1 hold.

Since exp,, (5) = 0 = exp,,(5) then (a) holds. Also, by Lemma 5.2.3, (b) holds if
and only if det M =1 {mod p). O

Example 5.2.5 Let K be the one-relator monoid with the presentation
Pr = [y, y2; S,
where S : Y1y = y2yr, and let ¥, be the endomorphism given by
[y1] = [y1] and [yo] — [ya),
where i € Zt (see Brample 4.2.16.(a)). By Theorem 4.3.2, we have the presentation
Po = [y1, v2, ; S, y1z = zyl, 2z = ay2) (5.3)
for the monoid D = K x4 A. The picture Bs, can be given by Figure 5.3. ¢

We get the following result for the above example, as a consequence of Theorem

5.2.1.
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Corollary 5.2.6 Letp be a prime orO. Let Vo be as in (5.3). Then Vo is p-Cockcroft
if and only if

a') k=2 (mod p)
and

b') i = 1(mod p).

Proof. Let us check the conditions of Theorem 5.2.1 hold.

It is clear that exp”S) —2 —k and expy2(S§) = 1 —1 = 0. Then to make the
condition (a) hold, we must have ¥k —2 = 0 (mod p) which gives a'). Also, since
exp5(BsiX) = i then the condition (b) gives b’).

Hence the result. o

Example 5.2.5 (continued) One can choose k = 2 and i = 3 then Vo is 2-Cockcroft,

ork =5 and i =4 then Vo is 3-Cockcroft. 0



Remark 5.2.7 [t is easy to see that if k = 2 and © = 1 then Pp is 0-Cockcroft.
But the condition @ = 1 implies that ¢, is the identily map and so 0 is the trivial
homomorphism, as in (4.12). Then the presentation Pp becomes a presentation, as in
(4.13), of the direct product K x Z*. Thus, by Corollary 4.4.3, we can see directly Pp
1s 0-Cockeroft when k=2 and 1 = 1.

Example 5.2.8 Let K be given by the presentation Pr = [y1, y2; S|, where S :
yEys = yoyt, and let b, be the endomorphism given by
[y1] — [yi] and [ys] — [y3],
where 1, j € ZT (see Example 4.2.16.(b)). By Theorem 4.3.2, we have a presentation
Po = [y, vz, @5 S, yiz = 2y}, yox = ayj] (5.4)
for the monoid D. For this example, the picture Bs, can be given by Figure 5.4. {

We then get the following, as a consequence of Theorem 5.2.1.

Corollary 5.2.9 Let p be a prime or (0. Let Pp be as in (5.4), Then Pp is p-Cockcroft
if and only if

tj = 1 (mod p).

Proof. Again, let us check the conditions of Theorem 5.2.1 hold.
Since exp, (5) = k —k = 0 and exp,,(5) = 1 —1 = 0 then the condition (a)
holds. Also, since expg(Bg,) = ij then to make the condition (b) hold, we must have

17 = 1 (mod p) which gives the condition of the above corollary, as required. O

Example 5.2.8 (continued) One can choose i = 3 and j = 1 then Pp is 2-Cockeroft,
ori =3 = 2 then Pp is 3-Cockeroft. ¢

Remark 5.2.10 [t is clear that if 1 = 7 = 1 then Pp is 0-Cockeroft. Bul as we said in
Remark 5.2.7, the presentation Pp becomes a presentation, as in (4.13), of the direct
product K x Z* when i = j = 1 holds. Then, by Corollary 4.4.3, one can say directly
the presentation Pp is 0-Cockeroft.
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Figure 5.4

A similar example can be given as follows.

Example 5.2.11 Let K be given by the presentalion Pr = |yi, y2 ; S|, where S :

Yiye = Yoyt and let o, be the endomorphism given by
[va] — [yi] and [ya] — [2],
where 1 € Z*t (see Fzample 4.2.16.(c)). By Theorem 4.3.2, we have a presentation
Po = [y, ¥2, &5 S, y1z = 2y, Y2z = Y] (5.5)
for the monoid D. Also, the picture Bs, can be given by Figure 5.5. ¢

Thus, as a consequence of Theorem 5.2.1, we get
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Figure 5.5

Corollary 5.2.12 Letp be a prime or 0. Let Pp be asin (5.5). Then Pp is p-Cockeroft
if and only if

a') k=1 (mod p),
b') v =1 (mod p).

Proof. Again, let us check the conditions of Theorem 5.2.1 hold.

Clearly exp,, (S) = 1 —k and exp,,(5) =1 —1 = 0, so to make the condition (a)
hold, we must have £ — 1 = 0 (mod p) which gives a’). Also, since expg(Bs.) = 7 then
the condition (b) gives ).

Hence the result. O

Example 5.2.11 (continued) One can choose i = 5 and k = 7 then Pp is 2-Cockeroft,
ori =k =4 then Pp is 3-Cockcroft.
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Remark 5.2.13 Clearly if 1 = k = 1 then Pp is 0-Cockeroft. But as we said in
Remarks 5.2.7 and 5.2.10, the presentation Pp becomes a presentation, as in (4.13), of
the direct product K x Zt when 1 = k = 1 holds. Then, by Corollary 4.4.3, one can

say directly the presentation Pp is 0-Cockeroft.

5.3 Some minimal but inefficient presentations

As we mentioned in Chapter 1, a presentation is efficient if and only if it is p-Cockceroft,
for some prime p. It follows from Theorems 5.2.1 and 4.4.1 that the presentation Pp,

as in (5.1), is eflicient if and only if there is a prime p such that
o exp,(5) =0 (mod p) forally €y,
e expg(Bs.) =1 (mod p),
in other words, if and only if
hef(exp,(S) (y €y), exps(Bse) — 1) # 1.

In particular, Pp is not efficient if
expg(Bs,) =0 or 2.

Let d = hef(exp,(S) (y € y)). The value of d will be taken to be 0 if all exponent
sums are 0 in hef(exp,(S) 1y € y).

Our main result of this chapter is the following.

Theorem 5.3.1 The presentation Pp, as in (5.1), is minimal (but not efficient) if
d # 2" and expg(Bs.) = 2,
for anyn € ZT.
To prove this theorem, we need the following material.

Let us consider the picture Pg,, as in Figure 5.1.
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3} . b
Recall that, for a fixed y € y, Ew denotes Fox derivation with respect to y, and 50
y Y
is the composition
i A~
ZR(y) 2 ZF(y) — 7D,
A D' ¥
where F(y) is the free monoid on y. Moreover, for the relator .5, we define 5 to be
Yy
oP s, B oPS_
Oy dy

For a fixed y € y, let us write
Sy =UsyUyy---U,_1yU, and S_ = VoyViy - Vicry Vi,

where each U; (1 € i< r)and V; (1 €7 < k)isaword ony— {y}. Then, for this
particular y, the left evaluations of the positive atomic pictures in Pg, (see Chapter 1)

containing a 7T, disc are
Uoer,., UoyUier,,, -+, Uoy -+ Us_ye7,,,

and the left evaluations of the negative atomic pictures in Pg, containing a T, disc
are

—WETy‘z) _%y‘/leTyza Tt ,_Voy o Vk—leTyI'
Hence, for a fixed y, the coefficient of er,, in eval)(Pg,) is

— i - 9Ps
Uo+onU1+---+on-~U,-_1—(%+‘t/oyV1+---+Voy-~Vk-1)=Fy*- (5.6)

Lemma 5.3.2 The second Foz ideal IS (Pp) of Pp is generated by the elements

D

avs
1 — Z(evalV(Bs,)) and By (y €y).

Proof. Since D(Pp) has a trivialiser Xp consisting of the single picture Pg ., we need

to consider eval)(Ps,). We have

eval N(Ps,,) = APs.,s€5 + Z AP 5,2, Ty €Ty

yey
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where

Ap g5 = (1 — Z(evalD(Bsy))),
oPS )
AP g 0Ty = Ty (y€y) by (5.6).

Thus, by Remark 1.3.4, we get the result. O

Lemma 5.3.3

aug(eval V(Bs,)) = expg(Bs,y ).
Proof. We can write
eval([)(ﬂ%g,x) = e, Wieg + e Waes + -+ + e, Wes,

where €; = 41 and the W;’s are certain words on y (1 <1 < n). In the above expres-
sion, each term &;W;es corresponds to a single S-disc. Also, the value of each ¢; gives
the sign of this single S-disc. Therefore the sum of the ¢;’s, that is, aug(evalY(Bgs.))

must give the exponent sum of the S-discs in the picture Bs, as required. O

The following lemma is a special case of Lemma 1.3.1 on Fox derivations (see Section

1.3.1).

Lemma 5.3.4
D

aug(—a—y—) =exp,(S) (Wey)

Now we can prove Theorem 5.3.1, as follows.

Suppose that d is not equal to 2" (n € Z*). Let

Suppose also that expg(Bs,) = 2.

Let us consider the homomorphism from D onto the infinite cyclic monoid generated

by z, defined by

y—1l(yey),z— 2.
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This induces a ring homomorphism
v¥:ZD — 7Z[z].

Note that the restriction of v to the subring Z A of Z D is just the augmentation map
aug: LK — 7.

Thus, by Lemmas 5.3.3 and 5.3.4, the image of IS)(?D) under v is the ideal of Z[z]
generated by

1 — Z(exps(Bs,.)) = 1 — 2%, exp,(5) (v €y)-

Let n be the composition of v and the mapping
Zlz] — Zgfz], z+— z,n+—r7(n € Z),
where 7 is n (mod d). Then, since exp,(S) = 0 (mod d) (y € y), we get
(I Pp)) = <1-2z >
= [, say.

Lemma 5.3.5

Proof. For simplicity, we shall replace by = and 2 by 2. Thus we have ] =< 1 -2z >.
Then

<1 =2z >={p(z)(1 —2z):p(z) € Zyz]}. (5.7)

Suppose that < 1 — 2z >= Zgfz] or equivalently, 1 € I. So, 1 = (1 — 2z)p(z)
for some polynomial p(z) € Z4[z]. Write p(z) = ag + a1z + aga? + -+ - + a,2" where

ag, 0y, Gy, *++, ar € Zg. Then
L= ag+ (a1 — 2a0)z + (a3 — 2a)z® + -+ + (¢, — 2ar_))2" — 2a,27 .

Thus ao — 1 = 0 (mod d), a1 — 2a9 = 0 (mod d), -++, @, — 2a,—1 = 0 (mod d) and

—2a, = 0 (mod d). Since d # 1,2", we can choose an odd prime p such that p | d.
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So, p | —a, (since p is odd then p does not divide 2, but we know that p | d and
—2a, = 0 (mod d) then p | —a,). Also, since p | d, @ — 2a,—; = 0 (mod d) then
p | —2ay—1 = p | —ar—y. Similarly, since p | d and a,_; — 2a,_, = 0 (mod d) then
p| —2a,_2 = p | —a,—3. By iterating this procedure, we get p | ao. Thus, since p | d and
ao— 1 = 0(mod d) then p | 1. But it is a contradiction. Therefore < 1 — 2z >+ Z4[z],

as required. O
Let ¢ be the composition
ZD -1 Tyz] -2 Z42]/1,

where ¢ is the natural epimorphism. Then 3 sends [2(1)(733) to 0, and (1) = 1. In

other words, the images of the generators of /3(Pp) are all 0 under . That is,

$(1 - H(evalO(Bs,a))) = gl — F(eval(Bs,)))
= ¢(1 — Z(expg(Bs,s)) since 7 is a ring
homomorphism and by Lemma 5.3.3
= ¢(1 —72) since expg(Bs,) =2

= 0,

and, forally € y

aPs P s
P( 3y ) = on( Ty )

= ¢(exp,(5)) since n is a ring

homomorphism and by Lemma 5.3.4
= ¢(0) since exp,(S) = 0 (mod d)

= 0.

So, by Theorem 1.3.15 (Pride), Pp is minimal.
Hence the result. O

Again for simplicity, let us replace Z by = and 2 by 2.
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Remark 5.3.6 Suppose that d = 2" (n € Z*). Then we get 1 €< 1 — 2z >, and so
<1 =2z >= Zglz].

(To see this it is enough to show 2 € I =< 1 — 2z >, because we certainly have
1 —2z €1 and if 2 € I then we must have 1 € I. So let us take 1 — 2z € I. Then, by

(5.7), we have

2771 —2z) e[ =2 —=2"z € [ = 2" € [ since 2"z =0 in Zyz] =
271 —22) e[ =27 - 2" e € [ = 2" % € [ since 2" € [ by the above line =

-+ by iterating this procedure, we get - =2 [=1¢€1,

as required.)

Example 5.2.2 (continued) Since
exp,, () = exp,, (8) = 0,

then we get d = 0. Also, by Lemma 5.2.3, expg(Bg ) = detM. ¢

Thus, as a consequence of Theorem 5.3.1, we get

Corollary 5.3.7 Lel det M = 2. Then the presentation Pp, as in (5.2), is minimal
but not efficient.

1

Example 5.3.8 One can choose the matriz M = . Then we get a presenta-
11

tion Pp, as in (5.2), for the monoid D = K xy A where
St yya = yayr, Tye : 1@ = ayiy2 and Tyo : Y2 = Ty132,

respectively. Thus, by Corollary 5.3.7, Pp is minimal.

Example 5.2.5 (continued) Here we have
exp, (S) =2 —k, exp,,(5) = 0.

Sod=k~—2. Also, expg(Bs) = ¢. Then, as a consequence of Theorem 5.3.1, we have

the following result. §
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Corollary 5.3.9 The presentation Pp, as in (5.3) is minimal (but inefficient) if
k#2027 " +1) and =2,

where n € 7.7,

Example 5.2.8 (continued) Since exp,, (5) = exp,,(S) = 0 then d = 0. Also,
eXpS(BS,x) =17

Then, as a consequence of Theorem 5.3.1, the mintmality of Pp can be given as follows.

Y

Corollary 5.3.10 The presentation Pp, as in {5.4) is minimal (but inefficient) if
(1,7) =(1,2), (2, 1).
Example 5.2.11 (continued) We have

exp, (5)=1—k, exp, (5) =0,

ol

so that d = k — 1. We also have expg(Bs,) = 1. Thus, again as a consequence of

Theorem 5.3.1, we get the following result.
Corollary 5.3.11 The presentation Pp, as in (5.5) is minimal (but inefficient) if
k#£2"+1 and 1 = 2,

where n € Z7T.

109




Bibliography

(1]

2]

3]

[4]

(6]

A.G.B Ahmad, The application of pictures to decision problems and relative pre-
sentations, Ph.D) Thesis, (1995), University of Glasgow.

H. Ayik, C.M. Campbell, J,J, O’Connor and N. Ruskuc, Minimal presentations

and efficiency of semigroups, Semigroup Forum (to appear).

Y.G. Baik, Generators of the second homotopy module of group presentations with

applications, Ph.D Thesis , (1992), University of Glasgow.

Y.G. Baik and S.J. Pride, On the efficiency of cozeler groups, Bull. of the London
Math. Soc. {1997), 29, 32-36.

Y.G. Baik and S.J. Pride, Generators of second homotopy module of presentations

arising from group constructions, preprint, University of Glasgow, 1993.

Y.G. Baik, J. Harlander and S. J. Pride, The geometry of group extensions, to

appear in Journal of Group Theory.

G. Baumslag, Topics in combinatorial group theory, Lectures in mathematics, 1993

Birkhauser Verlag.

F.R. Beyl, The Schur-multiplicator of metacyclic groups, Proc. Amer. Math. Soc.
40 (1973), 413-418.

F.R. Beyl and G. Rosenberger Efficient presentations of GL(2,Z) and PGL(2,Z),
Groups-St Andrews 1985 (E.F. Robertson and C.M. Campbell eds, LMS Lecture
Notes 121, CUP 1986, 135-137.

110



[10] F.R. Beyl and J. Tappe, Group extensions, representations and the Schur multi-

[11]

[12]

[13]

[14]

[15]

[18]

(19]

[20]

plicator, Lecture notes in Mathematics 958, Springer-Verlag 1982.

W.A. Bogley and S.J. Pride, Calculating generators of w3, in Two dimensional
homotopy and combinatorial group theory (C. Hog-Angeloni, W. Metzler, A. Sier-
adski, editors), CUP (1993), 157-188.

W.A. Bogley and S.J. Pride, Aspherical relative presentations, in Proceedings of
the Edinburgh Math. Society (1992), 35, 1-39.

R. Brown and J. Huebschmann, Identilies among relations, in Low dimensional
topology (R.Brown and T.L. Thickstun, editors, LMS Lecture Notes series 48,
153-202 (1982).

C.M. Campbell, E.F. Robertson and P.D. Williams, Efficient presentation for
finite simple groups and related groups,Groups-Korea 1988 (A.C. Kim and B. H.
Neumann eds ), Lecture Notes in Mathematics 1398, Springer-Verlag, 1989, 65-72.

C.M. Campbell, E.F Robertson and P.D. Williams, On the ¢fficieny of some di-
rect powers of groups, Groups-Canberra 1989 (L.G.Kovacs ed ), Lecture Notes In
Mathematics 1456, Springer-Verlag 1990, 106-113.

.M. Chiswell, D.J. Collins and J. Huebschmann, Aspherical group presentations,
Mathematische Zeitscrift, 1981, Vol 178, No 1, 1-36.

J.R. Cho and S.J. Pride, Embedding semigroups into groups, and asphericity of
semigroups, Int. J. Algebra and Com. 3 (1993), 1-13.

D.E. Cohen, Combinatorial group theory: a topological approach, CUP, 1989.

J.H. Conway, H.5.M. Coxeter, G.C.Shephard, The center of a finitely generated
group, Tensor. 25 (1972), 405-418.

R. Cremanns and I'. Otto, Finite derivation type implies the homological finiteness

condition F' P, J. Symbolic Computation, 18 (1994), 91-112.

111




[21] V. Dlab and B.H. Neumann, Semigroups with few endomorphisms, J. Aust.
Math.Soc. Ser. A, 10 (1969), 162-168.

[22] M.N. Dyer, Cockroft 2-complexes, preprint, University of Oregon, 1992.

[23] D.B.A. Epstein, Finite presentations of groups and 3-manifolds, Quart. J. Math.
Oxford Ser(2), 12, 205-212 (1961).

[24] S.M. Gerstein, Reducible Diagrams and FEquations over Groups, Essays in Group
Theory, 5.M. Gersten edt., Springer-Verlag, 1987, Math. Sci. Research Inst. Pub-

lications.

[25] N.D. Gilbert and J. Howie, Threshold subgroups for Cockeroft 2-complexes, Com-
munications in Algebra, 1995, Vol 23, No 1, 255-275.

[26] N.D. Gilbert and J. Howie, Cockcroft properties of graphs of 2-complezes, Proc.
Royal Soc. of Edinburgh Section A-Mathematics, 1994, Vol 124, No. Pt2, 363-369.

[27] J.Harlander, Minimal Cockcroft subgroups, Glasgow Journal of Math. 36, 87-90
(1994).

(28] J. Harlander, Embeddings into efficient groups, Proceedins of the Edinburgh Math.
Soc. (1997), 40, 313-324.

[29] J. Harlander Closing the relation gap by direct-product stabilization, J. Alg. 1996,
Vol 182, No 2, 511-521.

130] K.J. Horadam, The cup product for a graph product of combinatorially aspherical
groups, Comm. in Alg., 18 (10), 1990, 3245-3262.

[31] K.J. Horadam, The cohomology ring of a combinatorial aspherical group, J. Aus-

tral. Mat. Soc. (Series A), 47 (1989), 453-457.
[32] J.M. Howie, Fundamentals of Semigroup Theory, Oxford Clarendan press, 1995.

[33] T.W. Hungerford, Algebra, Holt, Rinehart and Winston, Inc. 1974.

112




34]

[35]

[37]

[38]

[39]

[40]

41]

[42]

[43]

[44]

S.V. Ivanov, Relation modules and relation bimodules of groups, semigroups and

assoctative algebras, Int. J. Algebra and Compt. 1 (1991), 89-114.

D.L. Johnson, Presentation of Groups, LMSST series 15, Cambridge University
Press, 1990.

D.L. Johnson, Minimal relations for certain wreath products of groups, Can. J.

Math., Vol. XXII, No 5, 1970, pp. 1005-1009.

D.L. Johnson and E.F. Robertson, Finile groups of deficiency zero,in Homological
Group Theory (C.T.C. Wall ed), LMS Lecture notes series 36, CUP 1979, 275-289.

G. Karpilovsky, The schur multiplier, LMS Monograms New Series 2, Oxford
Science Publications, 1987.

P.E. Kenne, Some new efficient soluble groups, Comm. Alg. 18 (1990), 2747-2753.

C.W. Kilgour, Relative monoid presentations, preprint, University of Glasgow,

1995.

C.W. Kilgour and S.J. Pride, Cockeroft presentations, Journal of Pure and Applied
Algebra, 1996, Vol 106, No 3, 275-295.

L.G. Kovacs, Finite groups with trivial multiplicator and large deficiency, Proceed-
ings Groups-Korea 1994 (A.C. Kim and D.L. Johnson (eds)), Walter de Gruyter,
1995, 277-284.

M. Lustig, On the rank, the deficiency and the homological dimension of groups:
the computation of a lower bound via Fox ideals, in Topology and combinatorial
group theory (P. Latiolais, editor), Lecture Notes in Mathematics 1440, Springer-
Verlag, 164-173, (1991).

M. Lustig, Foz ideals, N -lorsion and applications to groups and 3-monifolds, in
Two-dimensional homotopy and combinatorial group theory (C. Hog-Angeloni, W.

Metzler and A.J. Sieradski, editors), CUP, 219-250 (1993).

113



\

[45]

[46]

[47]

[48]

[49]

[51]

[52]

R.C. Lyndon, Cohomology theory of groups with a single defining relation, in An-
nals of Mathematics, Vol 52, No 3, (1950).

I.D. Macdonald, The theory of Groups, Oxford University press, first published,
(1968).

W. Magnus, A. Karrass, D. Solitar, Combinatorial group theory, second edition

(1966), Dover Publication, New York.

B.H. Neumann, Some groups with trivial mulliplicators, Publ. Math. Debrecen 4
(1955), 190-194.

S.J. Pride, Identities among relations of group presentations, in Group theory from
a geometrical viewpoint, Trieste 1990 (E. Ghys, A. Haefliger, A. Verjovsky, edi-
tors), World Scientifie Publishing (1991), 687-717.

S.J. Pride, Geometric methods in combinatorial semigroup theory, Semigroups,
Foral Languages and Groups, J.Fountain (ed.), 1995, 215-232, Kluwer Academic
Publishers.

S.J. Pride, Low-dimensional homotopy theory for monoids, International J. Alg.

and Comput. Vol 5, No 6 (1995), 631-649.

5.J. Pride and J. Wang, Relatively aspherical monoids, preprint, University of
Glasgow, 1996.

E.F. Robertson, R.M. Thomas and C.I. Wotherspoon, A class of inefficient groups
with symmetric presentations, Proceedings Groups-Korea 1994 (A.C. Kim and

D.L. Johnson (eds)), Walter de Gruyter, 1995.

J.J. Rotman, Theory of Groups, Wm. C. Brown Publishers, Third edition, 1988,

Towa.

N. Ruskuc, Semigroup Presentations, Ph.D Thesis, University of St Andrews,
1996.

114




[56] C.C. Squier, Word problems and @ homological finiteness condilion for monoids,

J. Pure and Appl. Algebra 49 (1987), 201-216.
[57] R.G. Swan, Minimal resolutions for finite groups, Topology 4 (1965), 193-208.

[58] J.W. Wamsley, The deficieny of wrealh products of groups, Journal of Algebra 27,
48-56 (1973).

: [59] J.W. Wamsley, The deficiency of metacyclic groups, Proc. Amer. Math. Soc. 24
(1970), 724-726.

[60] J. Wang, Finite derivation type for semi-direct products of monoids, to appear in

Theoretical Computer Science.

L [61] J. Wiegold, The Schur multiplier: an elementary approach, Groups-St Andrews
1981 (ed. by C.M. Campbell and E.F. Robertson, LMS Lecture Note series 71),
137-154.

~=TRSGOW
‘ G PRETIT |
TiERARY !

115




