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Abstract

The idea of this thesis is to take some questions about polynomials over finite fields and ‘answer’
them using probability theory; that is, we give the average behaviour of certain properties of
polynomials. We tend to deal with multivariate polynomials, so questions about factorisation
are not considered. Questions which are considered are ones concerning images and pre-images
under a random polynomial mapping, and more generic questions which lead to results on the
distributions of certain character sums over finite fields.

The methods used are based on those used by Odoni (details in Chapter 2). The probability
space from which our random polynomial is chosen is essentially the set of all polynomials up to
a given degree d, and we define a random variable associated with this space (for example, the
number of zeros of a random polynomial). Once we have enough information about the random
variable in question, we obtain asymptotic results about the distribution of this variable by
letting both d and the size of the field, ¢, tend to infinty.

The results in this work tend to rely on comparisons between random polynomials {of degree
up to d) and random mappings. We therefore do a certain amount of work with random
mappings, exploiting nice combinatorial properties which they exhibit, and also using some
nou-trivial results from the classical theory of random maps. The resulting theorems for random
polynomials, when interpreted number-theoretically, are often what one would expect, but every

once in a while they cough up a surprise.




Introduction

Finite Fields

The theory of finite fields is a mesting point for several branches of mathematical science,
including number theory, combinatorics, computing science, coding theory and cryptography.
With their roots firmly embedded in classical number theory, finite fields traditionally been
thought of as playing a small part in modern pure mathematics. However, since the dawn of the
computer age in the nineteen-seventies, they have enjoyed a massive resurgence in popularity
and are now the focus of both pure and applied mathematicians, with applications throughout
the computer and telecommunications industries.

The study of finite fields can be traced to two brilliant mathematicians - Carl Friedrich
Gauss (1777-1855), whose work on the arithmetic of congruences laid down the foundations;
and Evariste Galois (1811-1832) who formulated the abstract notions required to construct these
objects. In fact, many authors refer to finite fields as ‘Galois Fields’, hence attributing their
invention to the Frenchman rather than the German.

Galois was interested in the problem of finding roots of polynomials over arbitrary fields. By
extending the field in question and studying symmetric properties which these roots displayed,
he was able to invent the theory of field extensions and their automorphisms, known today as
Galois Theory. A spin-off from this work was the invention of group theory, as his discoveries
later led mathematicians to formulate the abstract concept of a group.

Since the construction of finite fields arises from polynomials, the study of these two math-~
ematical objects cannot be separated. Number theorists have, since the time of Galois, been
examining properties of polynomials and related objects in order to gain insight into the struc-
ture of finite fields and their related objects. One important such example is Weil’s study of
function fields in one variable, algebraic objects closely related to algebraic curves over finite
fields (see [41]). In 1973, Deligne proved the celebrated Weil conjectures on function fields,
including the Riemann Hypothesis (see [22]). The latter is an analogue of the classical Riemann
Hypothesis, which still remains unproved to this day. Deligne’s results are among the most
important in the classical theory of finite fields, having many applications, including some to
coding theory (see [19]).

vi
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Probability Theory

For hundreds of years, probability has fascinated both mathematicians and bad gamblers.
Throughout the seventeen and eighteen-bundreds, the basic theory was developed by the likes
of Bernoulli, Gauss, Poisson, Chebyshev and many others, while the twentieth century saw an
introduction of a more rigorous analytical, measure-theoretic approach. The use of probability
theory is now widespread in discrete mathematics. For example, in number theory, primality
testing is probabilistic while, in game theory, one often wants to know the ‘chances of winning’
a particular game. In combinatorics, there ig a well-documented theory of random graphs, in-
vented by Erdds et al. (see [6]) and probability theory is used more and more in the theory of
finite groups, too.

Like number theory, probability theory is a beautiful area of classical mathematics. It can
also turn out to be a useful tool when not enough is known about a mathematical system, giv-
ing a rigorous argument to a heuristic idea and shedding light on the general behaviour of the
gystem. The methods involved are usually a combination of clever counting arguments and clas-
sical convergence theorems (essentially to do with measure theory). The arguments, therefore,

are often a mixture of discrete and continuous mathematics, which giving them a certain charm.

This Thesis

In this thesis, we apply probabilistic methods to questions about polynomials over finite fields.
The main reasons for this is that some interesting questions can be answered and, remarkably,
few authors have thought of using probabilistic methods in this area.

The idea of applyiug probability theory to polynomials goes back to Offord and Littlewood
[31], who did this over the real numbers. Over finite fields, we have authors such as Birch
and Swinnerton-Dyer [5], Carlitz [9], Cohen [12], Odoni[36] and Knopfmacher [24] who have
all, in some way, used probability in finite fields. However, there appears to be scope for the
development of a more coherent and comprehensive theory of random polynomials over finite
fields, akin to the existing theory of random graphs. Hopefully, this theory would eventually
have applications in modern areas of research, too, for example in information technology.

In this work, we make a start towards this goal by gathering together and expanding on ex-
isting results in the literature. We begin by answering questions about image sizes of polynomial
maps and stating some asymptotic results. Ultimately, we prove some results on the average
behaviour of character sums which involve random polynomials, giving examples of different
types of sum which can arise.

Chapter 1 is a general introduction to the results which we will need from classical prob-

ability theory. This is followed in Chapter 2 by a discussion of some of the basic concepts
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associated with random polynomials over a finite field. In Chapter 3, we then go on to give
asymptotic distributions for the sizes of direct and inverse images of sets under random polyno-
mial maps. Finally, Chapters 4&5 are concerned with constructing and finding the behaviour of
a general complex-valued random variable which mimics character sums over a finite field. We
conclude the thesis with a short sixth chapter discussing several directions in which the theory
could go, showing that finite fields (and related mathematical structures) are objects which are
particularly amenable to probabilistic techniques.




Chapter 1

Background: Probability Theory

1.1 Probability Spaces and Measures

In this chapter we gather together the various pieces of probability theory which will be used as
‘tools’ in the rest of the thesis. Some of this theory is elementary and some not so elementary.

We first introduce formally the notion of a probability space.

Def 1.1.1. Let S be a set. A o-algebra of sets in S is a collection A of subsets of S satisfying

the following properties:
1.oecA
2. TeA=S8\TeA

3. If {T; : ¢ € N} is a countable collection of elements of A, then

UTieAd and (TicA
ieN ieN

That is, A contains the empty set, and is closed under the actions of taking complements

and taking countable unions and intersections.
Def 1.1.2. A probability measure P on a o-algebra A is a function P : 4 — [0,1] such that
1. P(S)=1
2. If {T; : 7 € N} is a collection of disjoint sets in \A, then
P (U T) =Y P(T)
iEN iEN

Def 1.1.3. A probability space is a triple (S, A, P), where S is a set, A is a o-field of sets in S,
and P is a probability measure on A.

S is called the sample space, while the sets in A are called events.

1
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Ezamples

1. If § is a finite set, the natural way of making S into a probability space is to take A to
be the power set of S and to define
1T
P(T) = *— vT
(T) 15 €A
2. Let S be a compact subset of R*. Then the natural way of making S into a probability
space is to take A to be the o-field of Borel subsets of S and to define P to be the Lebesgue

measure on S, normalised so that P(S) = 1.

3. Let K be a finite extension of the p-adic numbers Q, with ring of integers O. If 7 is a
local parameter for O and the residue field W—% has degree u over I, then Haar measure is
defined by: .

‘ufhaar (G. + ’II'nO) = ﬁ‘ Va < O
This is the p-adic analogune of Lebesgue measure in R. Thus, to make O into a probability

space we define \A to be the smallest o-field containing all the cosets a+ 170 (e € O, n €
ZZQ) a;n.d put P = 'u:haaru

A probability space is in reality a mathematical model for the process of randomisation. Given
_ a probability space, we will talk about “choosing an element at random” from the sample space.
The probability measure then gives us an idea of the likelihood that the element chosen lies in
a particular subset of the sample space.

Since we will be dealing with finite fields, most of our probability spaces will be finite. Thus,
Example 1 is the one which will oceur throughout this work, although example 2 will also crop
up.

Notation Let (S, .4, P) be a probability space and let T' € A. For a random element z of §
we shall often write Prob(z € T') to mean P(T’), as the former is more intuitive.

1.2 Random Variables and Independence

Def 1.2.1. Let (S, A, P) be a probability space. A real-valued random varieble is a function
X : A — R such that, for each t e R the set S; ={y € 5: X(y) <t} isin A

This means that each S; can be assigned a probability P(S;), which we shall write as
Prob(X < t). The function Fx : R — [0,1] given by Fx(t) = Prob(X < t) is called the
probability distribution function of X.

When dealing with two or more random variables on the same sample space, it is often

necessary to know whether or not there is any relation between them.
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Def 1.2.2. Let A, B € A be two events of the sample space S. We say that A and B are
independent if

P(ANB) = P(A)P(B)

Now let X and Y be two random variables on S and define A; = {a € § : X(a) < s} and

Bi={beS : Y() <t} (s,t€R). Wesay that X and Y are independent random variables
if A; and B; are independent events for all (s,t) € R?.

We say {X; : i € I} is a collection of independent random variables if the X; are pair-wise
independent.

Often we shall refer of the pair X = (X,Y) as a random variable in R?. By the same token,
we define a complex-valued random variable Z by

Z=X+1iY

where (X,Y) is a random variable in R?.

The joint distribution function of a random variable X € R? is defined to be
Fxy(s,t) = Prob(X <sand Y <¢)

Thus, if X and Y are independent then Fx y(s,t) = Fx(s)Fy(1).

The notion of a random variable in R? generalises suitably to R”, but in this work we shall

only be concerned with real and complex variables.

1.3 Expectation

The ezpectation or mean of a random variable X is defined in its most general form via the
Lebesgue-Stieltjes integral

B(X) = ft R0

If the distribution function Fx is piecewise differentiable with derivative fx we say that X is
a continuous tandom variable with density (function) fx. In this case, the expectation is then
given by
B(X) = f t Fx(t) dt
teR

If, on the other hand, X takes values in a countable subset N of R {or C) then we say that X
is a discrete random variable and the expectation is then given by

E(X) =t Prob(X =1)
teEN
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In this case we say that the density function is fx (%) = Prob(X =t) (Vi € N).

Note that the integrals/sums above need not converge, in which case the expectation is said to

be infinite. In our work, however, it will always be finite.

The definition of expectation extends naturally to two variables:
E(X,Y)) = (E(X),E(Y)) and E(X +:Y)=E(X) +:E(Y)

It is often necessary to know the expectation of a function of a random variable, but we first
need to know when this is well-defined. The function g : R — R is called A-measurable if the
composition go X is itself a random variable. Similarly, & : R? — R is A-measurable if ho(X,Y)
is a random variable.

In these cases, we have

B(o(x) = [

tc

and B(h(X,Y)) = f ft Mt t) APy (b, 1)

g(t) dFx(t)
R

1.4 Moments, Variance and Covariance

Def 1.4.1. Let X be a real-valued random variable on a probability space (5,.4, P). Then, for
each k € N, X* is also a real-valued random variable. The kth moment of X is defined by

my, = B(XF)

The moment sequence {my}ren of a real-valued random variable is very useful in that knowl-
edge of it can yield information about the distribution function. The simplest example of this
is Chebyshev’s inequality (below) while the most important example is the method of moments,
explained in § 1.7.

The variance of a real-valued random variable is defined by
Var(X) = E((X —E(X))*)
This is always positive and simplifies to
Var(X) = mg —m?

The standard deviation of X, usually denoted ox, is defined to be the positive square root of
V(X) and is a measurement of the ‘spread’ of values of X around the mean. E(X) and Var(X)
will often be denoted px and a%- in our work.
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o

Theorem 1.4.2. (Chebyshev’s inequality) Let X be a real-valued random variable with mean p

and variance 0. Then, fort >0
1
Prob(|X —u|>to) < =
Proof. See [16], p151 . O
Next, consider a random-variable (X,Y) in R?. We define the covariance of (X,Y) by
Cov(X,Y) =E((X - E(X))(Y —E(Y)))

This simplifies to
Cov(X,Y) =EXY) - EX)E(Y) = Cou(Y, X)

X and Y are called uncorrelated if Cov(X,Y) = 0. It is easily shown that independent variables
are uncorrelated but that the converse is false.
The correlation coefficient of (X,Y') is defined by

and it lies in the range [—1,1]. Noting that
Var(X) = Cov(X,X) and Var(Y) = Cou(Y,Y)
we define the coveriance matriz of (X,Y) by

Cov(X,X) Cov(X,Y)
Cov(X,Y) Cou(Y,Y)

This matrix, which is positive semi-definite, containg all the ‘second order’ moment information

about (X,Y).

The idea of covariance extends naturally to n variables (see [15]).

Def 1.4.3. Let 2 = X +¢Y be a complex-valued random variable and let &,/ € N. Then the
(k,1)th moment of Z can be defined by

mgy =R (Xk'Yl)
or by
My =E (Z’“El)

However, since X = 1(Z + Z) and Y = }(Z — Z), knowing all the moments my,; is equivalent
to knowing all the moments My; (k,! € N). In our work, the My, will prove to be easier to
calculate.
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1.5 Characteristic Functions
Def 1.5.1. The characteristic function of a real-valued random variable X is defined by

Cxe(t) = B(etX) = fu & drx(w)

Due to their relation to complex integration theory and, in particular, to Fourier transforms,
characteristic functions exhibit some very nice properties (see [17], § 5.7) These make them a

powerful tool in determining the convergence of random variables to certain distributions.

If Z = X 4 4Y is a complex-valued random variable, then its characteristic function is de-

fined via

Cz(t) = E(eit‘z) = // gitu dFX,Y(ul,ug)
uck?

where t = (t1,%2) and t.Z = 61X + oY

The following result is useful when manipulating characteristic functions:

Proposition 1.5.2. If S=X;+...+ Xy is a sum of independent random variables. then
k
Cs(t) =] Cx;(8) ()
J=1

Conversely, if () holds, then S is identical in distribution to the sum of the independent variables
Xiyeoo , Xg.

Proof. See [17], p164 O

1.6 Some Probability Distributions

What follows is a description of each of the different types of random variable which occur in
this thesis.

Bernoulli p-trials
Let 0 < p < 1. A Bernoulli p-trial is an experiment which has two results: success and failure.
This is modelled by the discrete random variable X which takes values in {0, 1} and satisfies

Prob(X =1)=p and Prob(X=0)=1-p

This variable has mean p and variance p(l — p).
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Binomial Distribution

A discrete random variable X is said to have the binomial distribution with parameters N,p if

N
Prob(X =k) = (k)pk(l —p)N-Fk
This variable occurs naturally as the sum of N independent Bernoulli p-trials. For example,
X=Y1+4+...4+Yyn

where the Y; are pairwise independent Bernoulli p-variables.
X has mean Np and variance Np(l — p).

Poisson Variables

A discrete random variable X which takes values on the non-negative integers is said to have a
Poisson distribution with parameter A (A € R, A > 0) if

k
Prob(X =k =e-’\’\_ Yk > 0
k!

This variable has mean and variance both equal to A.

Gaussian Variables

A real-valued random variable X is said to have a Gaussian (Normal) distribution if
¢
Fr(t) = —— [ e gy
This variable has mean 0 and variance 1.
Bivariate Gaussian Distributions

Let H be a positive-definite real 2 symmetric matrix. A random variable (X,Y) in R? is said

to have a bivariate Gaussian distribution with covariance H if

Fxy( ) - f - f - [ 1t*H—1t] dtydt
X, Y\T1,%2}) = —————T €Xp |—5 1042
b 21r(detH)% —00 J—00 2

This is the same as

exp

q(t1, tz)] ditidiy

( ) 1 i L2 1
Fxy(z1,z2) = / / [_____,___
’ 2noxoyy/1 — p* J—cod -0 2(1 - p?%)

where p = px v is the correlation coefficient of X and ¥ and

o= () () () ()

is a positive-definite quadratic form in two variables.
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This variable has mean zero and we shall say that (X,Y) has parameters ox, oy and p.
In the case that H = I we say that (X,Y) has an isotropic R*-Gaussian distribution.

Compound Poisson Variables

Let Z ={Z; : 7 € N} be a set of independent random variables with a common distribution
F and let Y be a Poisson variable with parameter A. We define the compound Poisson variable
X with parameters X and F (or A and 2) by

Clearly if F' is concentrated at 1 then X reduces to an ordinary Poisson variable.

Weibull Distributions
A real-valued random variable X on [0,00) has a Wesbull distribution with paremeters a,b > 0
if
Fx(t) =1—e
This variable will occur with parameters “"“2—55, 2 when looking at the distribution of the mod-

ulus of a two-dimensional Gaussian variable with covariance maitrix ol.

Bessel Distributions

Here we use terminology which differs from that used in standard texts (e.g. [40]; see Appendix
E for clarification). We define the Bessel function of order v > —1, as in [16], by

L) :g MT(k+o+ 1) (5) (vt € 1)
where I'(s) is the Gamma function

(s) = /Ooo et ldu (Vs €C, R(s)>0)

If v is an integer, then we get

o0 1 A 2k+v

In this case, we further define I,(A\) = I_,(\) for v € Z,v < —1. A Z-valued random variable X
with density function f(v) = e *I,()\) will be said to have a Bessel distribution with parameter

A. For more on Bessel functions, see appendix F.
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1.7 Convergence Theorems

Def 1.7.1. Let X be a real-valued random variable and let {X;} (j € N) be a sequence of
real-valued random variables. We say that the X; converge in distribution to X if, for each
compact interval of continuity I C R of F,

F;(z) — F(z) Vzel) asj— o
where F' and F; denote the distribution functions of X and X; respectively.
For random variables in R?, the definition is analogous to the previous one:

Def 1.7.2. Let (X,Y) be a random variable in R? and let {(X;,Y;)} (j € N) be a sequence of
random variables in R%. We say that the (X}, Y;) converge in distribution to (X,Y) if, for each
compact interval of continuity I C R? of F,

Fi(z,y) = Flz,y)  (Vzy)el) asj—oo
where F' and F; denote the joint distribution functions of (X,Y’) and (X;,Y;) respectively.

As always we shall identify a complex-valued random variable X 4-7Y with its R? counterpart

(X,Y) so that the above definition can be applied to sequences of complex-valued variables.

Def 1.7.3. Let {X;} (j € N) be a sequence of real-valued random variables. We say that the
X; converge in probability to zero if, Ve > 0,

Prob(|X;} >€) —+0 asj—o0

Lemma 1.7.4. Let {X;} be as above and suppose that for each j € N the first and second
moments mj 1, mj2 exist. If mj1, mj2 — 0 as j — oo then the X; converge in probability to

2ETOo.
Proof. 'This is a simple application of Chebyshev’s inequality (Theorem 1.4.2). O

The comparison of one distribution to another will be a recurring theme in our work. Indeed,
we shall often be trying to prove that a given random variable converges to a well-known dis-
tribution as certain parameters vary. There are two ways in which this will be done: one using

moments and the other using characteristic functions.

The Method of Moments
The following results essentially say that the convergence of a sequence of distributions is to a

great extent governed by the convergence of the moments.



CHAPTER 1. BACKGROUND: PROBABILITY THEORY 10

Theorem 1.7.5. Let {X;} (j € N} and X be as above and suppose that the moments my of
X and mjy of X; all ewist (k € N). Suppose further that no other distribution has the same
moment sequence as X. If, for each k € N,

Mgk — Mk as j — oo
then the X; converge in distribution to X.
Proof. See [16], p269. O
We also have the analogous result for random variables in R?:

Theorem 1.7.6. Let {(X;,Y;)} (4 €N) and (X,Y) be as above and suppose that the moments
myy of X and myg, of (X;,Y;) oll exist (k,l € N). Suppose further that no other distribution
has the same moment sequence as (X,Y). If, for each k,l € N

My kL — My @8 j = 00
then the (X;,Y;) converge in distribution to (X,Y).
Proof. This is a relatively straight forward generalisation of 1.7.5. o

Note 1.7.7. The problem of two different distributions having the same moment sequence will
not oceur in our work, as all of our standard probability distributions have moment sequences
which are peculiar to them.

The Continuity Theorem for Characteristic Functions
Unlike moment sequences, characteristic functions have the property that two different distri-
butions have different characteristic functions. This is a consequence of the Fourier inversion

theorem ([17] p170). The following theorem is therefore more powerful than 1.7.5:

Theorem 1.7.8. (Continuity Theorem) The sequence {X;} of rendom variables (in R or R2?)
converges in distribution to the variable X if and only if the sequence {C;(t)} of characteristic

functions converges point-wise to C(t), the characteristic function of X.

Proof. A slightly stronger version is proved in [16], p508. O

1.8 Central Limit Theorems

The central limit theorem plays an important role in many areas of probability theory and will

be used often in this work, in various forms. We begin by stating the most basic version:
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Theorem 1.8.1. Let Xi,...,X N be mutually independent random vaeriables with the same
distribution F, such that B(X;) =0 end Var(X;) = 1. Define

L X
Sy=—=)> X;
R M
Then, as N — 00, Sy converges in distribution to o Gaussian distribution.

Proof. See [16], p259. ' O

The next version is concerned with the convergence of the binomial distribution. Note that
cases (ii) and (iil) are in a sense degenerate cases since ‘freak’ conditions are required for them

to occur.

Theorem 1.8.2. Let X1,...,Xy be mutually independent Bernoulli p-variables, where p =
p{N) and put
Sy —Np

vV Np(l —p)

N
Sy=> X  and Sy=
g=1
Then, as N — oo we have the following:
1. If Np — oo then S} converges in distribution to a Gaussian variable.
2. If Np — A > 0 then Sy converges in distribution to a Poisson variable with parameter A.
3. If Np — 0 then Sy converges in probability to zero.
Proof. 1. See [17], p175.

2. We calculate the characteristic function of Sy
C(t) = E(exp(itSy))

N
= ] Eexp(itX;))  (by 1.5.2)
i=1

= RE(exp(itX1))"
= (L+p(e" - 1))N (by Appendix F)

— expA(ef —1)

Since the latter is the characteristic function of a Poisson-A variable (see Appendix F),
the result follows from the continuity theorem 1.7.8.

3. Follows from 1.7.4.
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We shall also need a two-dimensional version of the central limit theorem:

Theorem 1.8.3. Let {X;} = {(X;,Y;)} be a sequence of mutually independent two-dimensional

random variables with a common joint distribution F. Suppose that, for all § € N,
E(X;)=0, Var(X;)=o? Var(Y;)=o02, Cov(X;,Y;)=poios

Fuyrther, let us define
Xi+4+...+ Xy

VN

Then as N — oo, Sy converges in distribution to a bivariate Gaussian distribution with param-

Sy =

eters o1, o9, and p; that is, a Gaussian distribution with covariance malriz

H=[ 0% po102 :|

po102 O‘%

Proof. See [16], p 260. O

Note 1.8.4. In the event that all the X; are real (i.e. o9 = 0) we get the degenerate case

of a one-dimensional Gaussian distribution. More precisely, - converges in distribution to a

Gaussian variable as N — oo.

1.9 A Note on Moments

In our work, often the moments E(X*) of a discrete random variable X will be difficult to

calculate directly. This is why we will revert to the ‘trick’ of calculating the expectation of the
binomial coefficient:
X
My =E
-e((x))

Since X% (i:) is a non-singular R-linear map on the space R[X] it follows that knowledge
of the standard moment sequence {my} is equivalent to knowledge of the binomial moment

sequence { My }. Hence in Theorem 1.7.5 we may replace my, with M.

We also note that we can retrieve the variance of X from My and M via the formula

roen=a(a((3)- (7))




Chapter 2

Random Polynomials

2.1 A Simple Model

Let g be a prime power, let If; be the finite field with g elements and let X denote an indeter-
minate over ;. To begin with, we wish to pick a polynomial at random from F,[X] and look
at a certain property of it. The obvious way to do this is to take a positive integer d and define
the probability space

F=F(q,d) ={h € Fg[X]: degh < d}

in the natural way (see §1.1). Clearly, F has g% elements.

In general, we do some enumeration in F with respect to the property we are looking at (e.g.
calculation of mean/variance and higher order moments). Once we have have some information
about the distribution we then let d tend to infinity, thus giving the impression of choosing a
polynomial at random from the whole of F;[X). Hopefully, the probabilistic properties found
will show some asymptotic behaviour as d tends to infinity.

As a simple example, consider the question: “How many zeros, on average, does a polynomial
in F,[X] have?” (Note that fuller treatments of this problem can be found in [36, 24].)

If ¢ = ((g,d) is the number of zeros of the random polynomial f € F then we can calculate
the expectation:

EC) = Y #{a€F,:h(a)=0}g 4D

heF

= i Y HheF (o) =0}
a€lf,

Now, by the factor theorem

ha) =0 <= h(X) = (X —a)hi(X) for some hy € Fy[X]

13
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From this we see that the number of k vanishing at each a € Fy is ¢%. Hence

RO = > o

oIy
ne. B(¢) = 1

Similarly we can calculate the second moment of ¢:

g ( (g)) = > #{{e,b} CF, : h(a) = h(b) = 0}g~ @+

heF

- qle Y H{h e F:h(a) = h(b) =0}
{a.b}ClF,

Again, by the factor theorem, for a # b,
h{a) = h(b) =0 < h(X)=(X —a)(X —0)hi(X)  provided degh >2

From this we get that the number of # in F vanishing on {a,b} must be g%~1, provided d > 2.

Hence
(@) - e 3,

w2((;) = #0)

We can now find the variance, using the formula in §1.9:

Var(() =1— !

q
We conclude (trivially) that as d = oo,

E() ~1 and Var(()~1- 3

There are some points to note from this example:

1. In both the first and second moment calculations, the key step which allows us to do the

enumeration is the ‘reversal’ of the sum. This will occur again and again in our work.

2. To calculate the first moment we required d > 1 while the second moment required d > 2.

We shall see later that knowledge of the kth moment in this type of problem requires
d>k.

3. We can also let ¢ — o0 to get that Var({) ~ 1. We shall see later that, for questions of
distribution, we we will always have to let ¢ tend to infinity as well as d.
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2.2 Several Variables - a Key Lemma

Let 7 € N and let Xi,..., X, be independent indeterminates over If,. Because of the existence
of a Euclidean algorithm in Fy[X], polynomials in one variable lend themselves to properties
which multivariate polynomials do not have. In I [X1,... , X;] we therefore turn to some ideal
theory to overcome this.

Firstly, we define our probability space via
F={h €FglXy,...,X;]: degh < d}

where the degree of h is defined to be the maximum degree of all monomials Xf‘X;"" o X
the degree of such a monomial being ¢; + ...+ ¢,. Hence F is a finite set and is made into a
probability space in the natural way.

The first thing to note about polynomials in several variables is that we have an extension
to the factor theorem (see [2]):

h(al,...,ar)zl) > hE(Xl—al,...,X,.—a,-)
— h=(Xl——al)h1+...+(XT—a,-)hr

for some hy,... ,hy € FyfX1,... ,X;]. We shall abbreviate (a1,...,a,) to a, (Xi,... ,X;) to X
and (X3 —ay,... ,Xr —a;) to (X —a).

In line with the example of §2.1, we would like to be able to count the number of h in F

which vanish at a given point a € IFy. For a fixed ¢ and variable 7, define
Ri={h €F[Xy,...,X;]: degh < i}

Then Ry € Ry C ... is anincreasing chain of IFg-subspaces of the Fg-algebra R = Fy[ X1, ... X;].
Note that the R; have finite codimension in R ( € N). Also, an ideal I <« R is an F,-subspace
and so we have the increasing chain

INRi1CINRe C...

Recall that deg ! is defined to be the codimension of I in R. Assuming degl to be finite, we

have that the R; NI (i € N) are of finite codimension in R. Define A; to be the [Fg-dimension
of Ri.. Since

RO
Ri R+l
NI I
we have that
AL,

is a non-decreasing sequence of positive integers, tending to degf. The next lemma gives us a

useful bound on how long it takes for the sequence to reach degl.




L
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Lemma 2.2.1. With the notation above,
A =degl provided i > degl

Proof. The idea is to show that if A; = Ajy for some ¢ € N, then A; = Ay, It would then
follow that the sequence A1, Ag, ... is strictly increasing up to a critical index, %9, and A; = deg
for all ¢ > 4p. This would imply that the smallest possible value of iy is deg I, occurring in the
case that all the jumps’ are of size 1. The result would then follow.

Now, the space R; is spanned by the set of monomials of degree at most 7. Suppose that
we have found an ¢ satisfying A; = A;y1. If M is a monomial of degree i + 2, then M = X; M’
for some 1 < § < r and some monomial M’ of degree i + 1. Since A;y1 = A; there exists an
h € R; with M' = h mod I. Now, X;h € R;y1 and so X;h = ' mod I, for some &' € R;. Hence
M = KW mod I and this means that A; o = X;. ]

Note 2.2.2. This observation, due to P.Vamos, appears in [36] with sérict inequality. This is
why we have reproved it here.

2.3 The General Model

Let s € N and consider the set Fy[X,,... , X;]?. This consists of all polynomial vectors of the
form f = (f1,...,fs) (f1,-.- . s € Fg[Xy1,...,X;]) and each of these vectors induces a map
from I} to Fj via evaluation

a— f(a) = (fi(a),..., fs(a))

We will be looking at certain properties of this map by using random polynomials. Our proba-
bility space is defined as follows:

Let g1,...,9s € Fg[X1,...X;] be fixed polynomials and let dy,...,d; € N. For 1 <j < s,
we define

fj=gj+Rdj :{gj-l-h: deghﬁdj}

and
F=Fx--+xF; (_Zqu[Xl,... ,X.,«]s

Thus F, as before, is a finite set and is made into a probability space in the natural way. F de-
pends on parameters g, dy,... ,ds and on gy,... ,gs. A random element of F will be referred to
as a ‘random polynomial (vector) of type (r,s)’. We now give two results, essentially corollaries

of 2.2.1, which will allow us to handle polynomial vectors in J.
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Corollary 2.3.1. Let ay,...,a, € Fy be distinct and let by,... by € Fy. Then
fH{heF : hia;) =b; Vi} =q*YF
provided d; > u (1<5<s)
Proof. Let h € F and, for each 1 < ¢ <, write b; = (bi1,.-. ,0). Then
h(a) =bi (%)

= (ha(ai);- - s hs(as)) = (bir,--- ,bis)  (V4)

<= hilay) = by (Vi,5)

< hj=by; mod (X —a;) (V4,j)

For each j, the Chinese remainder theorem gives us a unique solution modulo 7, where

I= fI(X —a;)

el
so that deg I = u. Hence, for each j, the number of solutions in Fj is §{(F; N I) = §(Ry; N I).
By Lemma, 2.2.1, this number is g~*}; in each case, provided d; > u.

In this case, the total number of solutions is just the product over all j, namely
8

a7 =g 4F

j=1
as required. O
Def 2.3.2. In the light of this result, we define d = min{d,,... ,ds}.
Corollary 2.3.3. Let U C ¥, V C I be non-empty sels of sizes u and v respectively. Then

w
v
H{heF : (U)CV}= (&—;) fF

provided d > u
Proof. Let U = {ay,... ,a,}. Then

h(U)CV
< h{a;) eV (Vi)
<= h(a;) =b; (Vi) for some by,... ,by €V

By corollary 2.3.1, the above has ¢~ *“4§F solutions (provided d; > u Vj), for each choice of
(b1,-.. ,by) in V¥, Since there are v* such choices, the result follows. a

Note 2.3.4. Later, we shall use the fact that if d; < u for some 7, then

fner : b cvis(3) 1
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2.4 Random Polynomials versus Random Maps

Let A and B be arbitrary finite sets of sizes n and N respectively. The set B4 of all maps from
A to B is also finite set, of cardinality N?, and so we make this into a probability space in the
natural way. A random element of this space will be called a ‘random map of type (n,N)’.

The basic idea of this thesis is to compare the random polynomial of type (r,s) with the
random map of type (¢",¢®). That is, we ask a question about a random polynomial vector, try
to answer it for the random map between Iy and Fy, and then find out under which conditions
the polynomial vector has a similar behaviour. It is a well-known property of finite fields that,
given any map from IF, to itself, there exists a polynomial in one variable of degree less than ¢
which represents that map (see [30]). There is also an extension of this to r variables:

Proposition 2.4.1. There is a one-to-one correspondence between mappings ¢ € (Fq)mz and
polynomials h in Fy[Xy, ..., X,] which satisfy deg;h <gq—1 (V4). (Here, deg; h means the
degree of h as a polynomial in X;.)

Proof. Two polynomials g and h give rise to the same map

< g(a)=~h(a) Vacly
<= g=h mod(Xj—ay...,Xr—0a;) Vacl

&> g=h mod H(leal,... y Xy = Gr)
aE]F,’I'

< g=h mod(X]—-Xy,...,X7-X,;)

Since S is a complete set of residues modulo (X{ — Xi,..., X7 — X;), two distinct elements
of § will give rise to different maps. Finally, note that §S = ¢7 = §(F,)™ and the result
follows. O

Corollary 2.4.2. There is a one-to-one correspondence between mappings ¢ € (F;)IFQ and poly-
nomial vectors h = (h1,... ,hs) which satisfy deg;h; <g—1 (Vi 7).

Proof. Immediate. O

These results tell us, that if the degrees involved are large enough, then polynomials and maps
are interchangeable. This is echoed by our enumeration results, 2.3.1 & 2.3.3, if one looks at
them carefully. For this reason our problems will usually be formulated with a large g and a
smaller (but still large) d in mind.

2.5 Independence

After we have looked at the basic image-size problems in Chapter 3, we will go on to explore a

way of applying random polynomials to character sums in Chapters 4&5. This will involve some
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tedious moment calculations which will be greatly simplified by means of the next proposition.

Let A =1, B =1 sothat n =¢", N = ¢’ and let ¢ : B — C be any complex-valued
function. If f is a random polynomial vector of type {r, s) and ¢ is a random map of type (n, N)
then, for each a € A, ¥(f(a))) and ¢¥($H(a)) are complex-valued random variables.

Proposition 2.5.1. For aeny subset {a1,... ,a:} of A (1 <t < n), we have
1. The random variables ¥(¢d(a1)),. .. ,P(d(ar)) are independent.

2. The random variables ¥(f(a1)),... ,¥(f(a:)) are independent, provided d > .

Proof. 1. We require to show that, given any 21,... ,2: € C,

t

P (p((as)) < = Vi) = [[ P (@(a)) < )) (2.1)

s

i=1

Note that here, ‘<’ refers to the natural partial order on C, namely
wi Swy <= R(w) < R(wq) and F(wr) < F{wa)

Now, in (2.1) we have

¢ € BA: P(d(ai)) < 2 Vi)
LHS. = —
1 .
= o Y HeeBA: glaw) =bivi)
beBt
PY(bi)<z Vi
1
- Z Nn.—t
N bept
P(by)<z Vi
i
1
= [I{% 2t
i= beB

#(b)<zi
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On the other hand,

i

RHS. = H (ﬂ{¢ € B4: ¢(¢(az)) < zz})

o,
=

¢(b)<z,

t
- H(-;—n > Hpe st Ha) = b

=ﬁ—j;;z:1

i=1 beB
()<=
and hence the result.
2. Similarly, in this case we require to show that, given any z1,... ,2: € C,
i
P (y(f(a)) < 2, Y1) = [ P (#(f(@:)) < ) (2.2)
i=1

Again, ‘<’ refers to the natural partial order on C.

Now, in (2.2) we have

HE € 72 ¢(f(ai)) < 2z Vi}

L.H.S. T
1 .
= i Z f{f € F: f(a;) =b; Vi}
be Bt
D(bi)<zi Vi
— ﬂ}f S ¢ HF  provided d > t, by 2.3.1

beBt
W(bi) <z Vi

(R

f(b)<z;
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On the other hand,

RHS. =

o I

(ﬂ{f € F $(f(a)) <z}
iF

g=1

o

t
.21\ f(IﬁSBzi
([
| 5 o
i=1 ﬂf beB

& £(b)<2;

3
Iz 2t
i=1 beB

\ £(b)<z

=

and so the result is proved.

Corollary 2.5.2. With the same notation as above,

)

= 3 HEeF: fla)=b)

provided d > 1, by 2.3.1

E (H «/:(qs(ai))) = [IE@@@))
i=1 i=1

t
E (H w(f(az-))) ~ TR provided d >
i=1 i=1

Proof. ITmimediate, from §1.4

21




Chapter 3

Inverse and Direct Image Sizes

3.1 Definitions

Let £ be a random polynomial vector of type (7, s}. Thinking of f as a map from [, to F}

q g we
can ask the following two questions:

1. “Given a subset C' of I}, what is the size of the set
f7HC) ={acF,: f(a) e C}
i.e. the inverse-image of ¢ under £ 7”
2. “What is the size of the (direct) image of Fj under £?”

The inverse-image question will turn out to be quite straight forward while the direct-image
question is a little more involved. For a random map, the latter is known as the ‘classical

occupancy problem’ and is often stated as follows:

“Suppose that n balls are fired randomly into N bozes, the probability that any particular boz is
hit being % for each shot. Find the distribution of the number of emply bozes as n, N — 00.”

Note that the idea is to work with the complement of the image set. This problem has been
studied in great detail by several authors: Weiss [42], Rényi [38], Erdés [14], Békéssy [3, 4],
Ivchenko & Medvedev [21], Kolchin [26], and Sevastyanov [39]. The results are best summarised
in [27, 28], and in §3.5 we will adopt the approach of [27].

The direct-image size of a random polynomial in one variable has been studied by Cohen
[12] and Knopfmacher & Knopfmacher [25], although their approach is different from the one

we use here. There is also a related paper by Birch & Swinnerton-Dyer [5], involving a different
type of ‘random polynomial’.

22
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Notation Throughout this chapter and, in fact, the rest of the thesis, several pieces of nota-
tion will remain constant:

f is a random polynomial in JF, where is F is as in §2.3. A and B are sets of sizes n and N
respectively while ¢ is a random map between them. Often we (tacitly) put A = Iy, B =
so that n = ¢" and N = ¢°, allowing us to compare f to ¢. C is a subset of B or Iy, of size c.

With the image-size problems above in mind we define
(e=H"H0) and (&E=4¢7H(0)

n=§(F\(F)) and 7" ={(B\s4))

The idea is to find the behaviours of the random map variables {5 and n*, then attempt to
match the moments of each with its polynomial counterpart (¢ and 7, respectively). We begin

with the inverse-image problem.

3.2 The Distribution of (}

The binomial moments of (f are easy to calculate:

Lemma 3.2.1. For k>0,

@ _(n c\k
E (( k)] \k (N)
In particular, the moments of (}, depend only on ¢ = §C and not on the actual choice of C.

Proof.

E ( (C]:C)) = E(#{k-subsets of $71(C)})
= N7 3 j{k-subsets of ¢~ *(C)}

peBA
= N> H{eeB: ¢(K)CC}

KCA
H K=k

= N—T (:) Can—k

- ()@’
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So from now on, we will write ¢, instead of ;. We are now in a position to determine the

asymptotic behaviour of ¢;:

Theorem 3.2.2. Let nc = oo and/or N — oo. Then

1. If % — A>0 then (; converges in distribution to a Poisson variable with parameter A.

2. If % — o0 then g—;ﬁ converges in distribution to e Gaussian (normal) random variable

where p = 3¢, 0% = %(1 — §).

3. If TF — 0 then (7 converges in probability to zero.

Proof. Let A = {a1,...,an}. We can write () =Y; ...+ Y, where each Y; is a Bernouilli
variable defined by

Y = 1 ¢la;) €eC

0 ¢fa;) ¢C
So ¢ is the sum of n independent Bernoulli p-trials, where p = §. As a consequence, ¢;
has a binomial distribution with parameters n» and p and so has mean u = np and variance
o? = np(1 — p).
Applying Theorem 1.8.2 gives the result. 0

3.3 The Distribution of (¢

The key to determining the asymptotic behaviour of (¢ as g,d —+ oo is the method of moments

(section 1.7). That is, we attempt to match the moments of (¢ with the moments of (:

Lemma 8.3.1. Let A=W, B=TF; so that n=¢", N = ¢°; we may compare the variables (¢

and (¥. Then, for each k € Z with 0 < k < d we have

=((%))-=((%))
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Proof.

=
AN
N
=&
~—
—
|

= E (ﬂ{k—subsets of h_l(c)})

— H%F_ hz]:: #{k-subsets of h™'(C)}
€

_ ﬂif S H{heF : h(K)CC}
&t

k
et

k
a\(c .
= (k) (E) provided £ <d
_ Ce ;
= K . provided k <d

Now suppose that we let ¢ tend to infinity. Then n, N — oo and (¢ will behave in accordance
with Theorem 3.2.2. If we also let d tend to infinity, we have by 3.3.1 that the moment sequence
of ¢ tends to that of . Hence, by the method of moments, the two variables have the same
limiting behaviour. We therefore have the main result on inverse-images:

O

Theorem 3.3.2. Let g = oo and let d = oo arbitrarily slowly with q. Then

1. If e —+ XA > 0 then (¢ converges in distribution to a Poisson variable with parameter

A

2. Ifcg"° — oo then QG;_-E converges in distribution to a Gaussian variable, where u = cq"°
and 6? = eq"4(1 — q~%).

3. If eg"=* — 0 then (¢ converges in probability to zero.

3.4 Applications

1. Number of Zeros of

Let us put C = {0}. Then (¢ is the number of zeros of f. In fact, this problem was solved in
[36], the paper which originally introduced the probability space F which we use in this thesis.

Corollary 3.4.1. (Odoni) Let ¢ — oo and let d — oo arbitrarily slowly with q. Then
1. If r = s then (o converges in distribution to o Poisson veriable with parameter 1.

2. If r > s then g"?—*‘—‘ converges in distribution to a Gaussian varieble, where p = ¢"° and
0.2 _ 1'—3(1 _ q—s)_
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3. If r < s then (o converges in probability to zero.

o can be thought of as the number of Fy-rational points on the variety in Iy defined by
f = 0. This application relates to deep results from algebraic geometry, due to Weil [41] and
Deligne [13] (see [36] for details).

2. Polynomials Taking Values at Primitive Roots

Let P = {primitive roots of Fg}°. Then (p is the number of a € I, which are mapped to
s-tuples of primitive roots under the random polynomial vector f. Since there are (g — 1)
primitive roots in Iy, we have ¢ = (g — 1)°.

It is known (see [18], p.267) that

lim sup eln) =1 (3.1)
MO0 n
while
lim inf 21081087 _ £ (where K > 0) (3.2)
m—o0 n
It follows that
-1\
e =gq" (—(p(qq )) —+ 00 as g — o0 (3-3)

This gives us the following result:

Corollary 3.4.2. Let g — oo and let d — oo arbitrerily slowly with q. Then Cﬁ%“ converges

in distribution to ¢ Gaussian variable, where
—1 g _ 1 5
p=q" (w(qq )) wnd =g (w(qQ )) (1— g~

Let » = s = 1 so that (p is asymptotically Gaussian with mean ¢(q — 1) and variance
(1 — ¢ (g — 1). In [32], Madden proved that, given a fixed d € N, then for all ¢ sufficiently
large, every square-free polynomial in I, [X] of degree less than d represents a primitive root in
IF,. This is equivalent to saying that the inverse-image size of P under a square-free h € Ry
is not zero. It is known (see [9]) that the proportion of square-free polynomials is 1 — ¢! (i.e.
almost all of them) and so our result is somewhat consistent with Madden’s, although not as
specific.

3.5 Direct Image Size and Classical Occupancy

We now move on to the more complicated direct-image problem and begin by calculating the
moments of n*:
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Lemma 3.5.1.

Proof.

E(("L)) — E(f{k-subsets of B\¢(A)})
1

= =% Z #{k-subsets of B\¢(A4)}
u ¢€BA
- ﬂ_;z S HeeBA: f(A)NK =0}
=

Let us write A = {ai,... ,a,} and define F; := {¢ € B4 : ¢(A) € K}, where K is fixed for the

moment.

Then {¢ € BA : ¢(4)NK = 0} = BAUL, E;. By the inclusion-exclusion principle
we have

n

N-t{peBr: (ANnK =0} = D (- > ()&

=1 LC{l,..,n} i€L
HL=l
L n
— 11 I nrn—1
= > (-1) (l)kN
=1 .
= N—-(N-k)"

Thus,
* 1
=((2) - w Z 0w
e)) T
1K=k
1 (N
- W(k)(N"k)n
W\ T
- ()0-3)
k N
as required. 0

Remark The above proof is long-winded in that the inclusion-exclusion principle is not
needed. Indeed, there is a mmuch more direct method of obtaining the result
i{g € BA : ¢(A)NK = @} = (N — k)*. However, as we shall soon see, the use of the
inclusion-exclusion principle is crucial to the estimation of the moments of 7, which is why we

have used it here.
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Corollary 3.5.2. The variable n* has mean and voriance given (respectively) by

p=N(1-4%)" and  P=NW-1)(1-2)"+N(1-%)"-N2(1-5)*"

Proof. Put k =1 and k£ = 2 above (and use the formula from §1.9). O
The study of the asymptotic behaviour of #* is complicated, splitting into several cases, de-
pending on how n and N tend to infinity relative to.each other. Heuristically, if n is much
larger than N then the number of ‘empty boxes’ will be very close to zero, i.e. ¢ is surjective

with probability approaching 1. This would lead us to limit ourselves to looking at paths of

n, N — oo in which n is ‘not too large’ compared with N. We make this idea precise with the
following lemma:

Lemma 3.5.3. Suppose n, N — oo in such a way that Nlog N = o(n). Then 7* converges to
zero in probability.

Proof. Write n = tN log N; then by Cor.3.5.2, we have

N

1
= logN{l—l-tlog (1~— N)}

~ (1—t)logN

logp = logN—{-nlog(l—i)

- -0 since t = o0

g — 0

Also, by Cor.3.5.2, 0 < 6% < u so that o — 0 also. The asserted result now follows from
1.7.4. O

From now on, we assume that n = O(Nlog V). Chapter 1 of [27] gives a comprehensive account
of the behaviour of * under this condition (it calls this variable ug(n,N)), and we summarise

the results here.

Def 3.5.4. The behaviour of #* splits into the following cases:

(&) F—0, % —+A<o0, A>0 (Left-hand domain)

(b) RX—0, % — 00 (Left-hand intermediate domain)
() O<a<fF<e<ow (Central domain)

(d) F o0, E(n*)— oo (Right-hand intermediate domain)
(&) F—o0, E(n*)—+A<oo (Right-hand domain)

Theorem 38.5.5. In the lefi-hand domain, the variable n* — (N — n) converges in distribution

to a Poisson variable with parameter A.
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Proof. See chapter 1, sections 2 & 4 of [27]. O

Theorem 3.5.6. In the left-hand intermediate, right-hand intermediate and central domains,

T —u
o

converges in distribution to ¢ Gaussian variable.

Proof. See Chapter 1, section 3 of [27]. [

Theorem 3.5.7. In the right-hand domain, 0* converges in distribution to a Poisson varieble
with parameter A.

Proof. See Chapter 1, section 1 of [27]. O

Remarks

1. In the case n = q", N = ¢*, the right-hand intermediate domain (d) never occurs, since
AN = =>311qr0=>IE(*)—+0
N r>s q T — 7
2. In (a) and (e) the case A = 0 is allowed, the corresponding random variable then tending
to 0 in probability.

3.6 The Moments of n and n*

Now that we know the limiting behaviour of 7* we attempt to match this variable with #, our
random polynomial equivalent. From now on we assume that A = Iy and B = [y and let us

attempt to calculate the moments for n:

7 1
]E((k)) = 'ﬂ"f%; fi{k-subsets of (FS\h(F5))} (3.4)
- ﬁij: 3 H{heF : h(F) CF\K} (3.5)
KCIg
1K=k

¥
W KCE
ﬂK =k

qs k q"‘ . T
. 1- o provided d > ¢ (3.7)

In [12], Cohen obtained the following expression for the average number of values v(t) taken by

s _ qr
(q = ) {F  provided d > ¢ (by 2.3.3) (3.6)

a polynomial in [F[X] of degree ¢:

o(t)=¢q[l—(1- q“l)q] fort > gq (3.8)
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From this it was deduced that
v(t) ~q(l—e™) 28 ¢ — 00 (3.9)
We can generalise 3.8 to polynomial vectors satisfying d > ¢" by putting £ =1 in 3.7:
g —m)=¢* [1- (1-¢)7] (3.10)
If r = g, then we get a generalisation of 3.9:
E¢" —n)~q (1-¢') asg—oo (3.11)

One can also find asymptotic formulae for other values of r and s but we do not wish to digress

here. The main consequence of 3.7 is the following result:

=((0)-=((1) o

From 1.7.5 it follows that the variables n and #* will have the same asymptotic behaviour

Lemma 3.6.1.

provided d > q"

as q,d — oo, provided d > ¢" always. This last condition however is unsatisfactory, since the
degree is too large compared with the size of the field. (Recall from 2.4.1 that polynomials
behave like maps anyway when the degree is large enough). The problem is, however, that for
lower d we cannot calculate exactly the moments of 7, so we revert to some estimation in the

next lemma. From now on in this chapter, we assume that d < ¢.

Lemma 3.6.2.
()= B (@) +nan
o= (£)(4) (2

Proof. As in equation 3.5, we have

E((Z)) n—_ﬂ_lf Y HheF : h(F) CF\K}

KCIF
1K=k

where

Let K be a fixed k-subset of IF‘; and write

]F‘Zr—{al,...,aqr} and Ez-={thF:h(a)€K} (1_<_?:Sqr)
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Then, by the inclusion-exclusion principle,

f{heF : h(f}) CF\K} ={F — }q:(—l)l‘lal (3.12)
I=1

where the non-negative integers ¢y satisfy

. !
w= Y iNE = (qz )(ﬁ) bF fori<d (by 2.3.3) (3.13)
Lg{ul,...,m} i€l A
L_.

Hence

d-1 q

HheF : u(f) CFN\K} = 7= (-1)tey + > (—1)ay
=1 I=d
d—1 {
— RN CANE
ren(f) (@) +mesn)
where
|Ri(g,d, K)| < oy (by note 2.3.4) (3.14)

Applying the Brun-Waring inequality 5.7 gives

|Ri(g,d, K)| < (i) (lﬁ—)d i (3.15)

qS
so that, finally, we have the equation

() - O E) < moen
o= (§)() (5)

and, as required,

Corollary 3.6.3. Let A =1, B=T; so that n=gq", N =g°. Then, for each k >0

P(@) =) == @

Proof. Recall that, in the proof of 3.5.1, we used the inclusion-exclusion principle (and, at the
time, it seemed unnecessary). Instead of using the exact value of E ( " )) , let us truncate the
alternating sum in the proof of 3.5.1 at d — 1, as we did in the last lemma. This gives

()= @) +reaw o
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8 T d
where |R*(q,d, k)| < (q ) (q ) (ﬁ) by the Brun-Waring principle (5.7).

kE)\d)\7
Hence,
E ( (Z)) - E ( @)) = R(q,d,k) — R*(q,d, k) (3.17)
and result follows from the triangle inequality. |

3.7 The Results for a Polynomial Vector

We are now in a position to state and prove the results for a typical polynomial vector which
correspond to 3.5.5, 3.5.6, and 3.5.7.

Theorem 3.7.1. Let
p=¢1-¢*)? and
o?=g®1—q ) (1-20°) +a*1—q*) —g* (1 - ¢ )%

Then, for a random polynomial vector £ of type (r,s), the variable n has the following behaviour

as q — 00!

1. s =2r 1 —q"(¢" — 1) will converge to a Poisson variable with parameter % ifd — o0
arbitrarily slowly with g.

2. r<s<2r £ will converge to a Gaussian distribution if d — oo arbitrarily slowly with g.

3. s=r U=E will converge to a Gaussian distribution if d — oo subject to the constraint
log g = o(dlog d).
4. s<r 1 will converge in probability to zero if d = oo arbitrarily slowly with q.

Proof. Let us make the following definition:

o () (1)

We shall show that, in each of the above cases, n and n* have the same limiting behaviour
under the stipulated conditions. For this it is sufficient to prove that A(d, g, &) — 0 (from 1.7.5).

Note that, by 3.6.3, we have
q k d
(%) ®)
Algd k) < ——pr

(-8)"

(3.18)

(3.19)
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We claim the following:

1\ d? L1\ &
IogRH.S’ = (r—s)dlogq - dlogd - {(1—§)q—r+(‘2‘—§)'q2—r+}

+ kg™ + k¢ + O(logq) + O(d) + O(q"%) (3.20)

To see this, we use Stirling’s formula to obtain:

) d
log (2) = rdlogg ~ dlogd + (¢" —d)log (1 - q_") + O(logg) + Ologd) (3.21)

where
redlog(1-2) = @-a(-4-¢ _ @
(CI"" )Og _E; - (q_ ) _?_qur—gﬁ—... (322)
L\ &2 11\ &
= ‘d‘{(l“'i)?+<§_§)ﬁ+"‘} (3.23)

We also have the following expansions:

Y (kK K3
1°g(1"55) ”q{“as"az‘s"*o(&ﬁ)} (3.24)

d
log (;—s) = dlogk — sdlogq (3.25)

Combining (3.21), (3.23), (3.24) and (3.25) proves the claim.

We now show that RHS of (3.20) tends to —oco in each of the cases 1-3. This will ensure
that A(g,d, k) — 0 and these cases will be proved. Case 4 is dealt with separately.

Case 1 s=2r  Equation (3.20} becomes

1\ a2 1 1\ &
log A(q,d, k) < —rdlogg — dlogd — {(l——z-) q_’"+ (E—g) q_2r'+}

+ O(¢") + O(loggq) + O(d) (3.26)

Clearly, RHS — —oc0 as q,d — 0.

Case 2 r <8 < 2r Equation {3.20) becomes

Ndé (1 1\&
log A(g,d, k) < —(s—r)dlogq — dlogd — {(l—§> 7t (5_5) QW'I'}

+ 0(g™™) + O(logg) + O(d) (3.27)
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Thus, LHS — —o0 as ¢q,d = co.

Case 8 s=r  Equation (3.20) becomes

a1 1\ &
< - — — )z Ul Bl
log A{q,d, k) < [dlogd {(1 2) 7 + (2 3) e +... }] + k

+ O(g7") + O(logq) + O(d) (3.28)

Hence, if log g = o(dlog d) we have that LHS — —o0 as q,d — oo.

Case 4 s < r In this case we show that p,o — 0 as q,d — co. This guarantees that n converges
in probability to zero (see Lemmal.7.4).

Recall that, from Theorem 3.7.1, we have

p=g(l-¢*)¥ and 0<o’<p (3.29)
Hence, since r > s,
T—8 1 T—28
logu = slogg—1{g +§q + ...

-+ —00 as ¢ — o0

It follows that ;1,02 — 0, and this completes the proof of the theorem. [

Remarks

The fact that the sizes of our sets are powers of a natural number ¢ simplifies the random
map scenario, causing anything ‘right’ of the central domain to be forced to converge to zero
in probability. Also, going ‘left’ of centre means that, because of the difference in size between
domain and codomain, the polynomial mimics the map no matter how slowly d grows with q.

The interesting case is the ‘central domain’, where the domain and codomain of our map/
polynomial actually have the same size. This leads to the added proviso that d be sufficiently

large relative to ¢ in order that the polynomial should mirror the map in its behaviour.



Chapter 4

Generalised Inverse-Image Variables

4.1 First Generalisation

Recall that in Chapter 3, the inverse-image problem was more straight forward than the direct-
image problem. This was because, in the former, our moment-matching did not depend on ¢.
Indeed, we had in Lemma 3.3.1:

() -=() wee

We now go on to explore a whole class of random variables associated with a typical poly-

nomial vector of type (r, s) which have properties analogous to (4.1).

With the same notation as before, let A = Fy, B = I, so that n = ¢", N = ¢°. We first
observe that the variable (¢ of Chapter 3 can be written

¢ =3 dolE(a)) (4.2)
acA
where
5c(b) = {1’ bec (4.3)
0,b¢ C

A natural way to generalise this is to define the complex-valued variable

1= 516 = plE(a) (4.4)

acA

where p: B — C satisfies |p(b)] <1 Vb€ B.
The map analogue of this variable would be

Sr=" pl¢(a)) (4.5)

acA

35
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As always, f and ¢ denote a random polynomial vector and a random map, respectively.

Our original motivation for studying this type of variable was not, as suggested by the above,
to generalise (¢, but to gain insight into the ‘average’ behaviour of certain character sums over
Fq. Indeed, this will be the main application of these ‘generalised inverse-image variables’, as
they will be called. However, throughout, we keep in mind that this variable is a generalisation
of {¢ and the moments behave accordingly:

Proposition 4.1.1. For k,l > 0, the moments of the complez-valued variables S and St sat-
isfy:
E(SPST) = B(SPEF)  Wk+l<d

Proof. We postpone the proof until Proposition 4.7.1 where a more general result is proved. [

4.2 A Simple Example
Let r = s =1 so that A = B =, and let p be a non-principal additive character of ;. Then
lp(b) =1 VbeB

In fact, one can say more. If b is a random element of B (in the natural way), then p(b) is
a random variable in C which is uniformly distributed on some finite subgroup of the circle.

(Note that this property will be used later.) Thus we have the trigonometric sum

Si=3" plf(a)) (4.6)

acliy

Using the Riemann hypothesis for function fields over IF;, Weil [41] proved the following estimate
for the above sum:

151/ < (d—-1)vq (4.7)
where d = deg f, as always.
Since there is no good uwniform bound for d >> ,/q (see [35] for examples), one might ask:
“what is the asymptotic behaviour, as g,d — 00, of the real-valued random variable |S1(f)|?”

In fact, this problem is solved in [35], where the author uses a random walk to model |S7| and

then matches the moments with those of |S1|.

We shall go one further and ask: “what is the asymptotic behaviour, as g,d — oo, of the
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complex-valued random variable S1(f)?”

In fact, we shall ask this question for even more general variables which will turn out to have
the property described in (4.1).

4.3 Second Generalisation

We now give an alternative generalisation of the variable {¢, where C C B as in Chapter 3. Let
Aj,..., Ay C A be m disjoint sets of equal size +. Then

f(A U...Udp)=a<q
To each A; we assign a complex number h; and we also define
Cog =#{EHCIN4;) = Hae4; : f(a) € C}
This allows us to define the following complex-valued sum:
m
Sp = S2(A,1,£) =Y hjlo, (4.8)
=1

where A, h denote the collections {4,,...,4,} and (hy,... ,hy), respectively.

Note that, putting A = {A} (so that m = 1) and hy = 1 gives S2 = {¢. Therefore S is
indeed a generalisation of {¢.

Naturally, we define the random map analogue
m
85 = S3(Ah,¢) = hi¢d,; (49)
i=1
where, by now, the definition of Q?,j should be obvious.

As hoped for, the moments of Sy also turn out to have nice properties:

Proposition 4.3.1. For k,l > 0, the moments of the complez-valued variables So and S5 sat-
isfy:
F(SES7) =B(S3*SE)  Vk+1<d

Proof. Again, we postpone the proof until Proposition 4.7.1, where a more general result is
proved. [
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4.4 A Simple Example

Let r =s=1so0 that A= B =1,.
Suppose that m | g—1, m # 1. If x is a multiplicative character of order m on [, then we have,
for each by, by € IFy,

x(b1) = x(b2) <=> by =3z™b for some z € Iy

Hence, if ¢ € I¥y is an element of order m, then x takes distinct complex values on the m cosets
of t in ;. Let Ay, ..., Ay be these cosets and let hy, ... , by € C be the distinct values of x(b).

Finally, let C = {0} so that
Cc,j = §{Zeros of f in A;} 1<5<m

Then we have
Sa= > xla) (4.10)
f(a)=0

So this variable is a character sum over the zeros of a polynomial. Of course, we can also have
the more general case of a character sum over the points of a random variety in Iy, namely the
variety defined by the s polynomials of a random polynomial vector. Such character sums have
been studied by Bombieri, Adolphson and Sperber; see for example [7, 1].

4.5 Third Generalisation

Our third generalisation of the inverse-image variable will be a combination of the first and
the second generalisations. It will be for this most general variable that we do the moment

calculations, and ultimately prove our main convergence theorems (5.3.3 - 5.3.5).
First of all recall the definition of Sa:

m
So = Z hiCc,j (4.11)
J=1
Recall also, however, that we can write
(eg= D dclf(a)) (4.12)

acA;

where d¢ is as in (4.3).
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We replace dc with the more generic p of (4.4) and then combine the ideas of (4.11) & (4.12)
to get the following variable:

D=%A,h1) =) "k Y p(f(a)) (4.13)

j=1 acA;
Putting A = A (so that m = 1) and hy = 1 gives 33 = §;. On the other hand, putting p = d¢
gives & = Sy. Therefore X is a generalisation of both §; and S,.

4.6 A Simple Example

Tet r =8 =1 and let Ay,... ,4n & hi1,... ,hy be as in §4.4. Further, let p be an additive
character of IFf;. Then we have

S3= Y x(a)o(f(a)) (4.14)

acly

where x is a multiplicative character on Fy, so that S3 is a type of Gauss sum (see [20]).

4.7 Moment Calculations

We have now set the scene for a collection of randomn variables associated with the probability
space F which have applications to, among other things, several different types of character
sum. In order to be able to determine the asymptotic distributions of these variables it is first
necessary to match their moment sequences to those of the corresponding random map variables.
Of course, we stated such results in Lemmas 4.1.1 & 4.3.1, and now we go on to prove the most
general case, namely that of X.

Proposition 4.7.1. For k,l > 0, the moments of the complez-valued variables . and X* satisfy:

E(F) = B(E* T Vk+I<d
Before we can prove the proposition, we need the following preliminary lemma.

Lemma 4.7.2. Let a € A and let i,j € Z>p. Then

E(p(f(@)o(E@)') =B (plp@)'o($@))  provided d>1



CHAPTER 4. GENERALISED INVERSE-IMAGE VARIABLES 40

Proof.

L.HS. = ﬂfhezj_- h(a))zp(ha))

- ﬁfz p(B)'oB)) #{h € 7 : h(a) = b}

beB

= Z p(b)p(®B)Y ¢*fF by Cor. 2.3.1
ﬂ beB

= q¢°). p(b)Yp(B))
beB
On the other hand, we have

RHS. = oo A 3 o(¢(@)o@@)

¢eBA

= 2 3 pb)AE (s € BA: g(a) =b)

beB

= ,,,Zp(b)”p(b) ) Nt

beB

= N7 o(b)p(d))

beB

Since B = IFg in our case, we have N = ¢° and the result follows. [

We are now in a position to prove Proposition 4.7.1, although we refer the reader to Appendix

B for some technical points which occur in the proof.

Proof. Let us rewrite the expression for 3 in a slightly different way:
D= hap(f(a)) (4.15)
acA’
where A’ denotes A1 U... U Ay.
H, is defined to be h; (of (4.13)), where j is the unique integer such that a € 4;.

We can therefore write

2T = Z > Z()(,)f[h’w_:"‘" pE(@a)plE@a))"  (416)

TCA ij w=1
T—{alx 1at}

The innermost sum is over all multi-indices i = (i1,...,4;) and j = (j1,...,5:) satisfying

Hill = &, {lil| =1 and (iy, jw) #0 (Vw). See Appendix B for a full explanation of this.
Similarly, we have

SRCA SIS Z()()Hh’w‘; pBa) @) (@1)

t=1 TCA' ij w=1
T—‘{al » yat}
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Applying the expectation operator to (4.16) & (4.17), and tidying up the constants, we have

k-l
E(=T) =3 Y YHGTL). E(Hp(f aw))™p (f(mu))””) (4.18)

t=1 TCA' ij w=1
T:{al,... ,at}

k-l t .
E(z*s) =) 3 ZH(t,T,i,j).E(H p(qs(aw))iw“‘—“p(qs(aw))f‘?) (419)

t=1 TCA iJ w=1
T={ay,.,at}

where

H(t,T,i,j) = ()()Hh’""h o (4.20)

By Proposition 2.5.1, the variables p((ﬁ(aw))iwmj‘", where 1 < w < t, are independent
and so the expectation operator can be taken inside the product sign in (4.19).

By the same result, the variables p(f(a,))™ mj"’ (1 € w < t) will be independent provided
that d > t. Thus, for £+1 < d, we can take the expectation operator inside the product sign in
(4.18) also.

In view of Lemma 4.7.2, we obtain the required result. O

Note 4.7.3. This also proves Propositions 4.1.1 and 4.3.1 also, since S; and Sy are both special
cases of 2.

4.8 Summary

We have defined the very general variable

m
=46 =Yk Y olf(@)
j= acA;
This is a complex-valued random variable associated with a random polynomial vector of type

(r,s). It has applications to, most notably, character sums over I, and it also generalises the
variable (¢ of chapter 2.

¥ has a natural random map analogue ©* - a complex-valued random variable associated with

a random map of type (¢, ¢°).

The moments of ¥ and ¥* match up to an order which depends only on the maximum de-
gree d that the random polynomial vector f can have. (Recall that d := min{dy,... ,ds}.)
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As a result, if we know the asympitotic behaviour of any particular specialisation of X*, we
can deduce that X has the same agymptotic behaviour, provided d tends to infinity arbitrarily

slowly with q.




Chapter 5

Random Character Sums

5.1 Characters on F,

We can now turn our attention to character sums over finite fields which involve one or more
random polynomials. We saw in chapter 4 that, by construction, the generalised inverse-image
variable ¥ has applications to such character sums. If we can determine the asymptotic be-
haviour of the map analogue ©*, then the moment matching of §4.7 will infer that ¥ has (in
general) the same behaviour.

First, however, we must endow the function p (defined in §4.1) with certain specific proper-

ties which identify a product of complex characters on [;.

Let us define:
Gr={z€C:2"=1} (k €N)

Goo={z€C:|z|=1}

These are precisely the compact subgroups of C*, the former being finite for all k € N.

As an example of what we require of p, let us consider the ‘mixed character’ y : B — C
on B = Iy given by

x(b) = x1(b1) - - - Xu(bu)th1 (but1) - - - Yoy (burv) (u,v € Zizo, u+v= s) (5.1)

where  x; is a multiplicative character on IFy; (1 <4 < u)
and  1; is an additive character on F, (1 < <w).
Then the image of x will be a finite group of roots of unity, possibly with zero adjoined (if
u > 1). That is,
x(B)=G; or x(B)=GU{0} (someteN)

43
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Hence, if we restrict x to the domain C'= (Fg)* x If” we have
x(B) = G¢ (somet e N)

Further, if b is a random element of C' (in the natural way), then x(b) is uniformly distributed
on Gy, so that, in particular, ¢ divides ¢ = §C. This leads us to make the following definition:

Def 5.1.1. We will say that the function p: B — C is of arithmetic type if
p(b) = dc(b)p(b) VbeB (some C C B)

where d¢ isasin (4.3) and p:B — C issuch that §(C) = G; (some ¢ € N) and that j(b)
is uniformly distributed in G¢ (b a random element of C).

5.2 Restrictions on p as ¢ -

A function which is of arithmetic type exhibits the properties of a typical product of characters
on Fy. Next, consider the sum ¥ as given in (4.15):
S= Y haplf(a))
ac A

where A’ = Ay U...U Ap,. We assume that & — v <1asn, N = oo.

In our convergence theorems of this chapter, we will, as always, be letting ¢ — oo through
any sequence of prime powers. So our sets A, B will be growing in size and our function p will
be changing constantly. We must therefore first specify the behaviour of p as ¢ — co. Let us
write §(C) = Gy(q)- We shall consider two cases:

1. t{g) > T < o0 as ¢ —+ o0,

This is the same as saying that, for all g sufficiently large, 4(C) = G, for some fixed
T €N

2. t(q) = o0 as g = co.

This situation is slightly more complicated.

Case 1 is straight forward; we have that g(b) is eventually uniformly distributed on the finite

group G,. For case 2, however, we need to know a result about the convergence of uniform
distributions on the circle G-

Theorem 5.2.1. Let {z;}ren be a sequence of discrete complez-valued random variables such
that, for each k € N, 2z is uniformly distributed on Gyy). If (k) — oo as k — oo, then 2z

converges in distribution to a uniform distribution on Geo-

Proof. See Appendix C O
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5.3 The Asymptotic Behaviour of ¥* (and hence of ¥)

We wish to know the asymptotic behaviour of * (g,d — oo) which, as always, will depend on
how certain parameters vary as ¢ tends to infinity. We shall see that the behaviour splits into
five cases. Finding this limiting behaviour in each case amounts to calculating the limit of the
characteristic function of a normalised version of 3*, and then using the Continuity Theorem
(1.7.8). i.e. we work with the characteristic function of a variable of the form
> —u
a

where 11,02 are (resp.) the asymptotic mean and variance of £* in that particular case.

This is the standard technique used to prove the Central Limit Theorem and in fact, our
theorems will be very much of central-limit-type. Before we dive straight into the theorems we

must first make several definitions in preparation for our analysis of £*.
Def 5.3.1. Let us define
C(t) = E(exp it.X*) (5.2)
where
t = (f1,%2) and .35 =4HR(EY) + LI

C(t) will be used to determine the behaviour of ¥* in the first two cases, Theorems 5.3.3 and

5.3.4. In the latter, the following variable, P, will occur:

Let Zi,... , Zy be random variables, uniformly distributed on the sets h1Go,. .. , by G, respec-
tively. We define P; to be the compound Poisson variable with parameters fT% and Z; (1 <
4 < m) (see §1.6). Finally, let P be the sum of the (independent) variables P;, that is

P:ZPj

j=1

m

In the final three cases, we shall be looking for convergence to Gaussian distributions. These

will require use of the following characteristic functions:

1.

Ci(t) =E(expz't. (2* "“1)) (5.3)

a1

where

m
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2.
L (2
Co(t) =E (exp it. (-—)) (5.4)
02
where
o= T
2 mN’Y
3.
L (2
Cs(t) =E (exp it. (—)) (5.5)
g3
where

m
cn
R
j=1

Finally, we define the real 2 X 2 matrix H by

_ l TR T R(y)S(hy) } (56)
E}nﬂ R(hy)S(hs) E?:l S(hy )
The following lemma tells us what C(t) looks like:
Lemma 5.3.2.
“facn cn 2 9
log C(t) = ——2{ Sy(0) - oy (5) BP | (5.7)
where
Ej(t) = Blexp [it.hjp(b)]) - 1 (5.8)

for a random variable b € C, uniformly distributed on C.

Proof.

E(exp #.32*) = E (exp it. Zh Eb(a))jl)
acA;

7=1
_ E(

o

.
1l
fa
2

m
Ds

3

exp [it-hjp(¢(a))])

I
s

LX)
i

L
B

m

&

E (exp [it.h;p(¢(a))]) (by Prop. 2.5.1)

I
s

11 E(exp [it-hjp(¥)]) (¥ uniformly distributed on B)
aEA;

= TIE(exp [it-hin(t)]) ™

LN
—

g1

<,
I
—
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But
, 1 :
E (exp [zt.hjp(b’)]) = ¥ (Z exp [it.hjp(z)] + Z 1)
zeC z¢C
1 ) N -
= E exp [it.h;p(z)] + ——N——E
zeC
1 ,
= %.E Z exp [it.hjp(z)] +1-— %
zcC
- m]‘\if (E(exp [it.hjp(0))] — 1) -1
= %Ej (k) +1
Thus m
o) =TI (5E®) +1)"
i=1
and so
og0) = 3 %1 (1+FEi®) (5.9)
12} — P m 0g N 7 -
Zafec c?
= S 2 EB0 - B ) (5.10)
j=1
and the result follows. - H

We can now state and prove the five main results which govern the asymptotic behaviour
of ¥*. The proofs all rely on the characteristic functions defined above and the Continuity
Theorem (Thm. 1.7.8). Because of our moment-matching of §4.7, the results all hold for X,
provided d — oo arbitrarily slowly with q.

Theorem 5.3.3. Suppose that ¢y = cg"~* — 0. Then X* (and hence %) converges to zero in
probability.

Proof. Under these conditions, logC(t) — 0. That is, C(t) — 1 and the result follows from
the Continuity Theorem. O

Theorem 5.3.4. Suppose that ¢ = cg"~° — A > 0. Then ©* (and hence ¥) converges in
distribution to the variable P, defined in Def. 5.3.1.

Proof. Under the above conditions, we have

log C(t) — i%Ej(t)

i=1

m
s Ct) — Hexp [%IE (eit-hjp(b)) _ 1]

=1
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By Proposition 1.5.2, the RHS is the characteristic function of a sum of independent random

variables having characteristic functions

exp [%?(IE (e“'hﬂ’(")) - 1] (1<j<m)

By Appendix F, these variables are the P;, and the result follows. ]

Theorem 5.3.5. Suppose that cf =cq"™* = 00 and 7 = 1. Then 2_*(_;@_ converges in dis-

tribution to a 2-dimensionael Gaussian distribution with mean 0 and covariance matriz H.

Proof. Let t' = Gil and define b/, b to be random elements of B, C (respectively) in the natural
way. Then we have

Cilt) = ]E(expz't. (Z—;i‘—l))

= E(expit’.(Z* — u1))

(g -5

Jj=1acAi;

- ﬁm (exp it". [hs (p(b") — %)])% by Prop. 2.5.1
Now, for 1L <j <m,

mEC

E (exp it'. [h.j (p(b') - %)]) = %—I-Zexp it'. [hj (p(:c) - %)] + % Z expit’. [hj (p(:v) - I—C\;
s¢C

= —.= Z expit'. [ ( (z) — %)] + (1 - %) exp [—-it'.%hj]

- Sa(Con o - £)) - S)omf
= %E (1 +t .k (,a(b) ~ —) - % (t'.hj (ﬁ(b) - J-‘\}))z)

(- 2) (1w S g [+ oqer)

But 7 = 1, which means that for n sufficiently large, 5(b) is identically 1. This leads to

E(expit’ b (o)~ w)]) = 1=5m (1= =) t"h)2+O()

)
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Since o ~ ny — 00, as 1 —+ 00, we get

Ci(t)

~ 11 (1 - ﬂ%-)*(t-hj)z) i

Y

— Hexp (——;—(t.hj)Z)
1 9
= e (—EZ(t-hj))

Jj=1

By inspection, the matrix of the quadratic form

m

Z(t.hj)2

=1

is H and the result follows from Appendix F and the Continuity Theorem.

Theorem 5.3.6. Suppose that

O

L[ -

* . + .
ey =cq ° — oo and T =2. Then —?; conwerges in distribu-

tion to a 2-dimensional Gaussian distribution with mean 0 and covariance matriz H.

Proof. Let t/ = % and let b/, b be as before. Then we have

Now, for 1 <5 <m,

E (expit’. [hjp(b')])

Ca(t)

l

(o (%)

E (expit'.2*)

E (exp ', (‘Z“, b p(¢(a))))
j=1 acA;

T E (expit’. [h5p(b))]) ™

j=1

1 , 1 .
— E expit’. [hip(z)] + — E expit'. [h;p(z)]
N N

zeC z¢C

cl
N'e¢

)

N
c

~E (1 +t'.h;p(b) — % (t".h;p(b))* + O (|t’|3)) + (1 - _C_)

Z expit'. [hjp(z)] + (1 - %)

zcC
(expz‘t'- [hgﬁ(b)]) + (1 - %)

N
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But 7 = 2, which means that for n sufficiently large, 5(b) is uniformly distributed on {-1,1}.
In particular,

E(t.hjp(b)) =0 and E((t’.hjﬁ(b))2) = 2(t.115)>
We deduce that

E(expit'. [hp(B)]) = 1- 50 (1) (6:5)2 + 0(1t'")
1- L(t hi)2+o (EE) (n suff. large)
2(3) a o

Since @ ~ ny — 0o, as n — 0o, we get

&
™

il 1
C. || 1— ———(t.h;)?
o j:l( 2@ ’))
hde 1
-+ 1l —=(t-hy)?
_’i:lexp( 2 J))

= exp (—-—% (t.hj)z)
i=1

and the result follows from Appendix F and the Continuity Theorem.
(|

Theorem 5.3.7. Suppose that cf =cq"° — 00 and 7 > 3. Then E—; converges in distribu-

tion to a 2-dimensional Gaussian distribution with mean 0 and covariance matriz 1.

Proof. Let t' = :—2 and let b’, b be as before. A similar argument to that in the previous proof

produces
Cs(t) = lE(expz't. (?—2)) (5.11)
= J[E(expit’. [hjo(b")]) ™ (5.12)
i=1

Again, mimicking the same previous argument gives

E(expit'hjp(b')) = =E (1 + t.h;p(b) — % (.h;5(0))> + O (|t’|3)) +(1- 5 )513)

c 1y oA 2 Itlz
. Ll I . 14
1 2N]E ((t hiip(b)) ) +o0 ( (n suff. large) (5.14)
Since T > 3, we have that for n sufficiently large,

E (t'135(5)) = 0
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and we claim that

m m

R 1
D E((t.hip(b))%) = 5 (t? +3) Z |hi|?  (n suff. large) (5.15)
j=1 j=1
For the moment, let us assume (5.15). Then 5.12 and 5.14 yield
m o
ct) ~ I (1 - %]E([t’.hjﬁ(b)]z)) e
=1

j"_:

- ﬁ oxp (~ 5~ ([t h;p(b)]) )
J=1

| — exp (—% ;E([tf.hjﬁ(b)]z))

_ __ta l /2 “ 2
= exp ( o 2 + t Ez |51 (by 5.15)
= ex 1 2
1
= exp ( 3 ( +t2))

and the result follows from Appendix I and the Continuity Theorem.

It remains to prove 5.15. This will be an elementary calculation. For 1 < j§ < m, let 2;
denote the random variable h;p(b). By definition,

E((6.hp(B)?) = E([f(z) + S()) (5.16)

= £E (§R(zj)2) + 281t B (R(z;)S(25)) + £2E (3(2_,)2) (6.17)

where k =7 if 7 < co and k — o0 if 7 = 00. Now,

L, 11 —
R(z)? = [g(*«’j + Zj)] =1 15 + 5"+ 250 (5.18)
By the same token, we have

3

$(z)* = -7l +7" — 24 (5.19)
and  R(z;)S(z) = ——%z [zg—zgz] (5.20)

Substituting 5.18, 5.19 and 5.20 into 5.17 gives

AE((6.h;0(0)2) = E(22) [t — ito]® + 2E (|25]%) [ + ] + E(777) [ty + it (5.21)
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It is easy to see that
E(2f) =E(z%) =0 and E(|%[*) =E(|A[*)
whence
E ((t.h;j5(b))?) = %}E(mj]z) [ + ¢3] (5.22)

Summing over j gives 5.15 and hence the theorem is proved. a

5.4 First Application

Let p : F; — C be a product of additive and multiplicative characters on F,. i.e.
P=X1:--Xs
Then the natural domain of definition C for p is the subset C; X ... x C; C i where
o — Fy, Xo additive
=
I}, xv multiplicative
Clearly cg=* — 1 as ¢ — 0.

We put m = 1 so that A’ = A (i.e. the trivial partition of A = IF;) and we also put hy = 1.
Then we have, as in § 4.1, the sum

81 = Z Xl(fl(a)) re- Xs(fs(a)) (5'23)

acli

where f is a random polynomial vector in JF.
As in §5.2 we assume that the order of the character product approaches a limit 7 < oo as
g — co. We can then apply Theorems 5.3.3-5.3.7 to S to get the following corollary:-

Corollary 5.4.1. Let ¢ = oo. Then the character sum Sy has the following behaviour as
d —+ oo arbitrarily slowly with q:

1. If T =1 then ¢" — 51 converges to zero in probability.
2. If T =2 then S—é conwerges in distribution to a Geussian variable.
q

3. If T > 3 then 29 285; converges in distribution to an isotropic R?-Gaussian variable.
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Proof. Since ¢q"~* ~ g¢" — 0o, Theorem b5.3.5 applies. We note that v =1 and ¢g™* — 1.

For 7 = 1 we have
Bg"—5)=¢ —pm=q"—cg "y =0
Also,
0% =cq"*y(1 ~ cg™)

Hence, by Lemma 1.7.4, 51 converges in probability to zero.

=[4 ¢

That is, we are dealing with a distribution in R. The result comes from applying part (2) of
Theorem 5.3.5.

The case T > 3 is proved in a similar way. [

For 7 = 2 we note that

From this we can deduce the limiting distribution of the real-valued random variable, |51], in
the case that 7 > 3:

Corollary 5.4.2. If 7 > 3, then 2¢7%|S1| converges in distribution to a Weibull distribution
with parameters ——%, 2. That is,

Prob (]Sl| < %q%m) — 1 —exp (—;—mz) Ve >0

Proof. We apply the result in Appendix D which says that the modulus of an isotropic R2-
Gaussian variable has a Weibull distribution with the required parameters. ]

A very similar result to the above was proved in [35], but using a slightly different probability
space and a completely different method.

As mentioned in §4.2, bounds for character sums in one variable are known but only when
the degree of the polynomial is sufficiently small compared with the size of the field. This
result gives the average behaviour over all degrees of polynomial and includes the multivariate

case, which is much more difficult to find estimates for using number-theoretic and geometric

techniques.
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5.5 Second Application

Let x1,...,Xr be multiplicative characters of Iy whose product x has order m. This means

that x takes m distinct values over A’ = (F;)°.

We partition A’ into A4; U ... U A, according to these m values and define hy,...,hn, to

be these m values in C. That is,
ki = x(a;)

where a; € A; is any representative.

Putting C = {0} C F; and p = d¢ gives us the following sum which is like that of §4.4:
Sz = Z x1(a1). .. xr(ar) (5.24)
f(a)=0
Applying Theorems 5.3.3-5.3.7 to this sum gives us the following:

Corollary 5.5.1. Let ¢ — oo. Then the character sum So has the following behaviour as
d — oo arbitrarily slowly with q:

1. If r < s then Sq converges to zero in probability.

2. If r = s then Sa converges in distribution to the variable

m

where the Y; are independent Poisson variables with parameier %
8. If r > s then % converges in distribution to an isotropic R%-Gaussian variable; here

1
2 _ P )
ot =54
Proof. The result for r < s follows from Theorem 5.3.3. If r = s, we have cg"° — 1, whence
our mixed Poisson variables have parameter .-, from Theorem 5.3.4.
Finally, suppose r > s. Note that v = ¢ = 1, so that in the case 7 = 2, we apply Theorem

5.3.6 with
n

mN
Also, it can be shown, using the orthogonality relations for characters, that the matrix H

|

o3 =

simplifies to

o 8
oF ©
e
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It follows that the covariance matrix of % is I in this case.

For 7 > 3 we have

m
2_ Cn .2:”&“
98 = ZmN’Y]Z:;Ith IN

and the result follows from Theorem 5.3.7. |

We now discuss an interesting example. Consider the character sum

Sp= 3 (-‘f) (5.25)

acly p
f(a)=0

over the prime finite field E,. Here (%) denotes the Legendre symbol, that is, the quadratic

character on [F,.

To get this sum, we have put ¢ = p, m =2, by = 1, hg = =l and r = s = 1 in the
definition of Sy. By the above corollary, Ss will converge to

Y=Y-Y

where Y7 and Y5 are independent Poisson variables with parameter % However, we can actually
say more about this variable.

Corollary 5.5.2. Let q — oo and let d — oo arbitrarily slowly with q. Then the character

sum S4 converges in distribution to a Bessel distribution with parameter 1. That is,
Prob(Sh=v) = e 'I,(1) (Wwen)

Proof. From the proof of 5.3.4, we have
Ct) = ﬁexp [EE (eit'h-"*"(b)) - 1]
j=1 L™
In this particular case, it reduces to
C(t) — exp [—;—IE (eit"’(b)) - 1] exp [—;—IE (e_it"”(b)) - 1]

= exp [—;— (e™ — 1)] exp [% (e~ — 1)]

= exp[cost; — 1]

By Appendix F, this is the characteristic function of a Bessel distribution with parameter 1 and
the result follows from Theorem 1.7.8. O
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We also refer the reader to [16], p59 for a discussion on the ‘randomised random walk in one
dimension’ and its relation to Bessel functions.

Another example along the same lines is the character sum

55= D xla) (5.26)
T,
fayso

where x is a multiplicative character of order 4 on IF,, p = 1 mod4. Then S¥ is a discrete
random variable taking values in Z[], the Gaussian integers. OQur parameters this time are:
g=p, r=s8=1 m=4, hj =4 (1 < j < 4). According to Corollary 5.5.1, the sum S
converges in distribution to the variable

Y = (Ya—Y2) +i(Y1 - Y3)

where the Y; are independent Poisson variables with parameter %. From the last example,
however, we infer that (Y3 —Y2) and (¥; — Y3) must each be Bessel variables with parameter 3.
Hence we have, for all u,v € Z,
1 1
Prob (84 =u+1iv) = eI, (5) I (-2—) (6.27)
as d —+ oo arbitrarily slowly with p, p = 1 mod 4.

5.6 Third Application

Let x1,-.. ,Xr and hence A, h be as in §5.5. This time, let p be a product of additive characters
X1--+Xs on Iy so that this particular version of ¥ is a kind of ‘Gauss sum’:
S3 = Z Yi(a1) - Prlar)xa(fr(a)) - - - xs(fs(a))
aghy
Of course, this is just a more general version of the example given in §4.6. We assume that the

products of the x; and of the 1; are non-trivial characters on IY, and Iy, respectively. Again
we apply Theorems 5.3.3-5.3.7:

Corollary 5.6.1. Let ¢ = oo. Then -‘?} converges in distribution to an isotropic R%-Gaussian
variable; here

0_2 — %qr
Proof. N ~ n = ¢" — oo and x31---Xs is non-trivial, so only Theorems 5.3.6 & 5.3.7 apply.
In the case 7 = 2 we have, as in the proof of Corollary 5.5.1, that H = 21 and so the result
is clear in this case. Also, if 7 > 3 then Theorem 5.3.7 applies directly to give the result (as in
proof of Corollary 5.5.1). O

We note that the resulting distribution in this case is the same as that of Corollary 5.4.1, part 3;
that is, S and S3 have the same asymptotic behaviour has g,d — oo, at least in the case 7 > 3.
It follows that |S3| follows the same behaviour as |S;|, namely that described in Corollary 5.4.2.
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5.7 Fourth Application

Counsider the character sum defined by

Si= Y Pla)x(f2(a) (5.28)
f1(a)=0
where f1, fo are random polynomials in IFy[X], and each of x, can be an additive or a multi-
plicative character. Then this sum can be obtained from ¥ by putting:

1. r=1and s=2.
2. C ={0} xFy or C' = {0} x IF}, so that cg"* — 1.

3. Ap,...,Ap to be the cosets in Iy (or ;) of the distinct values of x, and hy,... , by to
be these values (so v =1).

4. p=dcx

Further, if we assume that 7 = oo, i.e the order of x tends to infinity with ¢. Then Theorem
5.2.1 applies and Theorems 5.3.3-5.3.7 give:

Corollary 5.7.1. The character sum Sy converges to the compound Poisson distribution with

parameters 1 and Z, Z being a complex random variable uniformly distributed on the circle Goo.

Proof. Since cg"~° — 1, only Theorem 5.3.4 applies in this case. Since 7 = o0, hjGr = G and
hence 54 converges in distribution to a sum of m identically distributed compound Poisson-
(;%, Z) variables. This is clearly equivalent to a Poisson-(1, Z) variable, hence the result. O

This is an interesting result, as the compound variable obtained is a random walk in two-
dimensions with a random number of steps. Each step has length 1 and can be equally likely
in any direction, and the total number of steps is a Poisson variable with parameter 1. In
particular, the expected number of steps is 1. A good question might be, “what is the expected
length of the resulting vector?” or even, “what is the digtribution of this length?”.

Let Z, denote the result of a random walk consisting of precisely n steps in R?, each step

being uniformly distributed on G. The distribution of Z,, was studied by Kluyver [23] and
Rayleigh [37] who obtained

Fo(z) = Prob{|Z,| <z) = a:/ooo Ji(zt) Jp(t)?dt  (n > 1) (5.29)

where J,, denotes the standard Bessel function of order v (see Appendix E). A proof of (5.29)
can be found in [40], p420.
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From this we deduce the density of | Zy|:

Fale) = 2 = fo " i@t (> 1) (5.30)

This formula was used by Odoni in [35] to study a random character sum.

Now, let S denote the compound Poisson distribution described in Corollary 5.7.1. We have

F(z) = Prob(|S| <z) = e '—Fo(z)+ Y e ' Fi()

= e+ /:o et (zt) (i Jog)k) dt

k=1

= e 14 /oo zJ1(zt) (exp(Jo(t) — 1) — 1) dt
0

Unfortunately, this integral does not appear to be an elementary function. By a similar calcu-
lation, we can obtain the density f(z) of S:

@) = Y et ikle)

k=0
_ /0 " to(at) (exp(Jo(t) — 1) — 1) dt

This allows us to get an expression for the expectation of | S|, using

E(S]) = /0 " of (@)da

If required to, one could estimate this integral using numerical methods to get an approximate

value for the expectation.




Concluding Remarks

Up to now we have exploited the similarities between mappings and polynomials over finite
fields in order to prove some convergence results for certain variables associated with random
polynomials. These results had applications to zeros, primitive roots, image sizes and character
sums. We shall finish off by suggesting more ways in which the theory could be developed,
hopefully giving motivation for future research.

Classes of Polynomials

In our work, we have used the probability space JF, essentially consisting of all polynomials up
to degree d. Instead, one could restrict one’s attention to a certain class of polynomials and

attempt to gain information about them. A typical example might be linearized polynomials,
defined thus:

Def 5.7.2. Let F be a finite extension of If,. A polynomia,i f € F[X] is g-linearized if
FX) =cgX" + ...+ a1 X +cp
It is easy to see that
fla+b) = fla)+ f(b) Va,beF
f(da) = Af(a) Vae F,AeT,

so that f induces an [Fy-linear map from F to F. Linearized polynomials exhibit some very nice
properties (see [30]) and would be amenable to probabilistic techniques.

Def 5.7.3. Another important class of polynomials are the Dickson polynomials (of the first
kind}, defined by:
(5] ,
d (d—j i yd—2j
ga(X,a) = ———,(,)—as’X J
o =3 75("5 7)o

where d € N and a € F;. We also have the Dickson polynomials of the second kind:

fa(X,a) = % (d ; j) (—a)i X2

j=0
There also exist generalisations of these to several variables.

b9
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Dickson polynomials were introduced by L.E.Dickson about a hundred years ago. Their
interesting algebraic properties mean that they have applications in the pure and applied theory
of finite fields, including an application to cryptosystems (see [34]). We also remark that the
direct-image size of Dickson polynomials has been studied in [11]. For a full account of the
theory of Dickson polynomials, see [29].

More on Zeros of Random Polynomials

The results on inverse-image size in Chapter 3 had applications to zeros of random polynomials.
As in [36], we obtained the asymptotic distribution of the number of zeros of f in the ground

field, F,. We could ask the same question, but this time allow the zeros to lie in some extension
field Fgu

Def 5.7.4. Let s = 1 so that our random polynomial vector f consists of a single polynomial
in Fg[Xy,...,X;]. We define

Goulf) =tHa €Fpu = f(a) =0}

When we try to calculate the moments of (p, we obtain

E ( (C(;c’u)) = 7 Z #{k-subsets of zeros of h}

heF

= heF : h(F 0
ﬁfgcjpﬂ{ €F : h(K)=0)
1K=k

Clearly, one would need some generalisation of Lemma, 2.2.1 or one of its corollaries in order to
obtain the full moment sequence for (g .

More Character Sums

Our aim in Chapters 4&5 was to generalise the inverse-image variable of Chapter 3 and to get
the most general variable possible. Instead, if one had a particular character sum in mind which
did not fit into the Chapter 5 picture, one could go back and try to construct a specific variable
which behaved accordingly. For example, consider the sum

fi(a)
gv v (f 2(a) )
fz(a)#O

where 7 is an additive character on Fy. This cannot be dealt with by our variable 3, but one
could modify the probability space F to include rational functions and proceed in the usual
way.
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Another interesting problem would be to study incomplete character sums. That is, char-
acter sums over a proper subset of I, which has size asymptotically ‘smaller’ than ¢ e.g.
0O (q%) . Such sums have important applications in coding theory (see [19]).

Random Polynomials over Galois Rings

A Galois ring is basically a generalisation of a finite field. It is a finite commutative ring with
identity, having characteristic p™ (p prime, m € N). The idea behind Galois rings is to have a
theory which covers both finite fields Iy and the residue class rings 5,—%—2,—. This is outlined by
B.McDonald in [33]:

“It is classically accepted that in certain classes of problems in combinatorial mathematics the
researcher handles separately the finite field GF(p™) end the prime ring pn%. It is our belief

that both cases should be treated simultaneously in the setling of a Galois ring.”

Unfortunately, as far as random polynomials are concerned, this statement is perhaps a little
ambitious, as we shall soon see. We can however say a few things about random polynomials

over Galois rings. Let us begin with a definition.

Def 5.7.5. let p be a prime and m,e € N. By the Galois ring GR(p™, €) we mean the unique

separable extension of p%i- of degree e. We have that
ezl X]
GR(p™,e) = 2°E
W =g

where f has degree e and is a “basic” monic irreducible polynomial in p‘—m%[_X]’ that is, a monic
polynomial which is irreducible modulo p.

Properties of Galois Rings
1. #GR(p™, e) =p™*
2. GR(p™,e) has characteristic p™
3. GR(p™, e) is a commutative local ring, having residue field Fpe
4. The maximal ideal of GR(p™, e) is principal, generated by p  i.e. m = (p)
5. Every ideal of GR(p™,e) is of the form (p*) for some k € N

For a fuller account of Galois rings, we refer the reader to [33].
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We define random polynomials over Galois rings in an analagous way to those over finite
fields. However, we shall stick to the simplest case, namely polynomials in one variable. Let
R = GR(p™,e) and define Ry = {f € R[X] : deg f < d}. This is a finite subset of R[X] and
is made into a probability space in the obvious way.

For a random polynomial f € R4 we define the random variable {p to be the number of zeros
of fin R.

One would like to be able to calculate the moments

Co
k

). However, for & > 3 this appears
to be combinatorially infeasible, and so we shall calculate only the mean and variance of . We

first need a preliminary lemma and corollary:
Lemma 5.7.6. Let a,b € R, a #b, and put v=ordy,(a —b). Then, for g € R[X],
1. gla)=0 & ge(X-a)
2. gla)=g)=0 & ge{(X-a)(X-0),p""(X—a))
Proof. 1. The first assertion follows from the factor theorem, which holds in S[X] for any
ring S.

2. (<) is easily verified.

(=) Suppose that f(a) = f(b) =0

Since f(a) =0, we have f = (X —a)g1 (some g1 € R[X])
Then 0 = f(b) = (b — a)g1(b)

ie. up'g1(b)=0 (for some unit u € R)

i.e. g1(b) =0 (modp™ ")

ie. g1=(X—-blga+p" g3

from which the result follows.

Def 5.7.7. Let K C R. For convenience, we define
JK)={fe€R[X]: fleg=0Vece K}
As common sense would suggest, we abbreviate J({a}) to I(a) and I({a,b}) to I(a,b).
Corollary 5.7.8. With a and b as above, we have
1. #(RgnN3(a)) =p™* ford>1
2. #(RgnNI(a,b)) = pelmld=1+v)  for d > 2

Proof. 1. Each element g of Ry N J(a) is uniquely expressible in the form g = (X — a)g
where g; has degree d — 1. Since there are p™¢ possibilites for each coefficient of g;, the
total number is p™ed,




CONCLUDING REMARKS 63

2. We claim that in this case, each element of our ideal J(a, b) is uniquely expressible in the

form g = (X —a)(X —b)g; + (X — @) where a is chosen modulo p¥. The result will then
follow.

To prove the claim, first note that if g is of the above form then it is obviously an element
of the ideal.

Next, suppose that g € J(a,b). Then
g={X —a)(X —b)g: +p""(X —a)go

for some g1,g92 € R[X].
By the factor theorem,

g2 = (X —b)gs+a

for some g € R[X], a € R. Therefore

f = (X—-a)(X -b)(g+p""gs) +p" (X —a)o
= (X —a)(X —b)g} +p" (X ~ a)or

which is of the required form. It now remains to0 prove the uniqueness.

Suppose that
(X —a)(X = b)g1 +p" (X —a)ar = (X —a)}(X — b)g2 +p" (X —a)a

Then
(X =b)g1 +p" a1 = (X —b)ga +p" "2

Taking the degree of both sides we see that degg: = deggs = J, say. We proceed by
induction on §. Without loss, let us assume that b = 0.
When 6 = 0 we have g;1,g92 € R and

Xg+p" o1 = Xgo+p" g

from which it follows that ¢; = g2 and @; = oy (modp?), as required. Assume now that
the uniqueness is true for § =k — 1, (k € N) and let § = k. Then

Xg1+9" a1 = Xga+p" o2
= (Coeff. of X*in g;) = (Coeff. of X*in go)

= gi=gy and @ =oap (modp’) by induction

and the claim is proved
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We are now in a position to calculate the mean and variance of (.
Theorem 5.7.9. For d > 2, the random variable (y has mean 1 and variance m (1 — 51;) .

Proof. The mean of (j is given by

E(Co)

m > HaeR: fa)=0}

feR

= me(d—l—l) Y HfeRa: fla)=0}

eER

— med
- pme(d—!-l) E p
acR

= ]

The second moment is given by

((2) = o X H@b SR : f@) = 16 =0)

f ER4

= pme(d-!-l) Y. HfeRa: fla)=f)=0}

{a,b}CR

= me(d+1>222 3 MfeRa: fla) = fla+up’) =0}

@R v=0 4 modp™—v
Pu

= pme(d+1) 9 Z Z Z plm@-b10) by Corollary 5.7.8

ec R v=0 U modpm"‘”

pfu.

1 — - —— ev

= Ly S (1__>

aER =0

1 1
- m(-5)
Hence, by 1.1, we have
1
V{G) =m (1 - 1?)

Note that, putting m = 1, we have that R is the finite field F; where ¢ = p® and the above
theorem agrees with our results in Chapter 2.

O

For Galois rings, it would be nice to be able to prove convergence results analogous to

Theorems 3.3.2 and 3.7.1, that is, results about inverse and direct image sizes. Unfortunately,
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the techniques we have used in studying random polynomials over finite fields seem to fail in
general for Galois rings. This is because we have been exploiting the fact that every map on a
finite field is a polynomial (Prop. 2.4.1), while this is far from being true in a general Galois
ring. We refer the reader to [10, 8] for a study of maps and polynomials over Galois rings. It is

likely that a different approach is required to study random polynomials over such rings.




Appendices

A. A Combinatorial Sieve

In Chapter 3, we require an estimate of the size of a set which is calculated using the inclusion-
ezclusion principle in which not all the details are known. We have the following notation and

result: Let Q be a finite non-empty set and let Ey,... ,E, C Q. For 1 <[ < m put

a= Y 4B

LC{l,..,m} i€L
fiL=1

and define ap = 1 so that a; > 0 (VI) . Then, by the inclusion-exclusion principle,

tUE =) (1)
i=1 =1

Lemma. (Brun-Waring principle)
Foreachl<j<m-—1,

m g
1 Fi =D (D) < o
Proof. For 1 <14 < m, let us define
1, x € E;
8i(z) = ! (Vz € Q)
0, z ¢ E;

Then we have that

# (9\ U Ez) =[] -d() (5.31)

i=1 € i=1

For the moment, fix € {2 and define fp : R — R by

o) = T [ (1 - ti(w)) (5.32)
i=1 .
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Expanding this out gives

B0 = Y0 Y s
1=0 Lg%l,;. m} i€l

m
= D' a@
=0
where

D afe) =

€N

From 5.34 we have that

&)
O - iy aw

Also, differentiating 5.32 [ times gives

i = Y JIa-tk)

Lg{ul,... ,m} i¢L

from which we see that (—1)} fss,-l) (t) is monotone decreasing in [0, 1].

Applying MacLaurin’s theorem {Lagrange remainder) to [y, we have, for 0 <1 < m

fa(t) =Z(—1)l a(z) 4 + Rjp(z)

=0
where

a(:j+1)
Rj+1(f‘9) = m

Since (—1)7t1 féj +1)(t) is monotone decreasing on [0, 1] we have
- 1 £4000)
(—1)3+1Rj+1 () < (=1)7* (J__‘_ﬁ!_ = aj1(%) (from 5.36)

Combining 5.38 and 5.40 gives

(-1 (fm(t) - > (= a,(m).t‘) < aji(e)
=0

Summing over all ¢ € 2, putting ¢ = 1 and using 5.31 & 5.35 gives the result.
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B. A Multinomial Expansion
Consider the following expression:

z=(z1+ ... +z) @+ ...+ y) (5.42)

where v,k,l € Zyg and v > k+ 1.

To expand this expression, normally one would use the multinomial theorem twice, and combine
the answer. That is,

AN ) A .
z = Z (1) z Ty Z (J) ..yl (5.43)

i j
214ty =k F+t.Fie=k
_ Z( )() Ha;wy; (5.44)
iJ u=1
In the the above, i denotes the multi-index (31,...,%y) where iy € Z3»p (I < u < v) (and

likewise for j) . The multinomial coefficient is defined by
K\ K
i/ dd. gy

il = 31 + ...+

Also, for convenience we shall define

Since v > k-1, each summand in (5.44) has at least one of the pairs (74, u) equal to zero. This
is inefficient as far as our moment calculations of Chapter 4 are concerned, and we therefore

require a better way of writing (5.44), namely one in which none of the (7, 7,,) are zero.

Consider a typical, term of the summation:

H-'Bu yi

Suppose that, in this summand, the total number of non-zero (y, j,) is t. Then, certainly ¢ can
lie anywhere in the range of 1 to k& +{. We then have a subset T € {1, ... ,v} of size t, where
w & T if and only if (34, Ju) 7 0.

Finally, for each subset 1", the set of possible products of the z,, and y,, will now be indexed by
i=(i1,.--,%) & j=(j1,--- ,Jt) where (iy,jw) # 0 for each 1 <w < .

Hence, we have

k41

DY Z()()H‘”a(w) o (549

t=1 Te{l w=1
T={s(1),. ,s(t}}

Note that the innermost sum is over all i,j € (Z>o)® such that (iy,fw) #0 (1 <w<i).
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C. Uniform Distributions on the Circle
In this section we prove Theorem 5.2.1

Theorem. Let {2;}ren be a sequence of discrete comples-valued random variables such that,
for each k €N, 2z is uniformly distributed on Gyyy. If t(k) — oo as k — oo, then z, converges

in distribution to o uniform distribution on G.

Proof. There is a 1-1 correspondence between the circle G, and the interval [0, 1) arising from
ey 0modl  HER

We can therefore think of our probability distributions as being on [0, 1) (see [16], p61 for details).

Suppose that X, is uniformly distributed on {0, L, ... , =1}, the set correspondingto G, (m €

smo e
N}. Also, let X be uniformly distributed on [0, 1). Then it suffices to show that the X, converge
in distribution to X as m — 0.

Now

1
E(e®X) = / e dy
0
boou
= (et —1
rrACHRY
while
1 m—1
E(eitXm) — _Zeétj
m
et —1

m(ei% -1)

But m(ei% -1) = min—i +o0(1) and so E(e®Xm) — E(e#X) as m — oo. Hence, by the
Continuity Theorem (1.7.8), the X, converge in distribution to X, and the result follows. O
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D. The Modulus of an Isotropic R?>-Gaussian Variable

Suppose that Z is a Gaussian variable in R? with covariance matrix ¢I. Then |Z| is a random
variable in R with the following distribution:

< = e— —_—
Prob(|Z| < z) Y //;2%292 exp ( 552 (s° -+t )) ds dit
1 2 1 9
= 53 /l; -/0 . €Xp (—ﬁr ) dr d@
FARICH!
= — —exp | —=r de
2 0 P 2 0
= 11— 1 2
== eXp Ffﬂ

That is to say, |Z| has a Weibull distribution with parameters —ﬁ-, 2,
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E. A Note on Bessel Functions

The Bessel function J,(A) of order v (where v € Z, A € R) is defined by

exp A (T— %) - i ™ J,(\) (5.46)

v=—0Q

which leads to the expressions

o] (_1)1 (%)2l+v

Jo(N) = g Thi+o)l (v=0) (5.47)
Jo(A) = (-1)°J_(N) (v <0) (5.48)

However, the study of random walks in one dimension (see [16]) leads to distributions involving
a modified version of the Bessel function:

oo (A_)Zl-}-’u
_ 2
LAy =I_,(\) (v <0) (5.50)
It is clear that I, is related to J, via
Ju(BA) =" L,(N) (5.51)
and from this we get the relation
o0
expiA (T ~ ;fl-) = > (@T)’L) (5.52)
UP=—
Putting T"= —4 in 5.52, gives
e Y L) =1 (5.53)
V=—00

from which it follows that, for a fixed A € B, f(v) = e *I,()) is a valid probability density
function. Also, putting T = —ie® in 5.52 gives

co
exp M(cost — 1) = ¢ Z e I, (N) (5.54)

V=—00

Hence if X is a Z-valued random variable with density function f(v) = e~*I,()), the charac-
teristic function of X is

Cx (t) = E(exp itX) = exp A(cost — 1) (5.55)

We refer the reader to [40], ch.2 for an introduction to Bessel functions.
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F. Table of Characteristic Functions

DISTRIBUTION | PARAMETERS C(t) REFERENCE
Bernoulli P 1 —p + pett [17], §5.8
Binomial n,p (1 — p + pett)” [17], §5.8

Poisson A exp A(et* — 1) Below
Gaussian in R exp (—%tQ) [17], §5.8
Gaussian in [R? H exp (—1tHt) [17], §5.8

Compound Poisson \F exp A(E(e#X1) — 1) Below
Bessel A exp A(cost — 1) Appendix B

Compound Poisson Distribution

Let X have a compound Poisson distribution with parameters F' and A. So

X=X3+4+...+ Xy

where the X; have distribution F, and Y is a Poisson-A variable. Then

E (eitX)

o0 k
Z]E exp itZXj
k=0 =1

0 k
B—AZE(eitXi)k %

k=0
e exp NE (eitXl)

) P(Y =k)

(by 1.5.2)

exp A (E (e%1) — 1)

Note that putting F = 1 gives the result for an ordinary Poisson-A variable.
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. Index of Notation

NOTATION | SECTION DESCRIPTION
A 2.4 the domain of a random map, usually I,
A 5.2 a particular subset of A
a 2.4 an element of A
A 1.1 a o-algebra,
B 2.4 the codomain of a random map, usually F;
b 2.4 an element of B
o 3.1 a subset of B
c 3.1 the size of C
d; 2.3 the degree of f; (1<j<s)
d 2.3 the minimum of the d;
oy 4.1 indicator function of a set U
E 1.3 expectation operator
If, 2.1 finite field with ¢ elements
F 2.3 probability space for random polynomial vector
f 2.3 random polynomial vector
I 2.3 components of random polynomial vector
Gy, 5.1 the group of kth roots of unity in C (k € N)
G 5.1 the unit circle in C
9; 2.3 fixed polynomials in construction of F
h; 4.3 complex constants varying with F
H 1.4 covariance matrix
F 5.3 imaginary part
I 5.3 identity matrix
m 43 number of subsets in partition of A’
N 2.4 the size of B, usually ¢°
n 2.4 the size of A, usually ¢"
P 1.1 a probability measure
[ 1.6 a probability
Prob(FE) 1.1 the probability of an event E
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NOTATION | SECTION DESCRIPTION
q 2.1 a prime power
T 2.2 a fixed natural number
R 5.3 real part
s 2.3 a fixed natural number
St 4.1 a character sum
Sy 4.2 a character sum
by O 5.5 a character sum
Sy 5.6 a character sum
Sy B.7 a character sum
a 4.3 the size of A’
¥ 5.2 the limit of &
¢es Co 3.1 inverse-image size
7, 7 3.1 direct-image size
3.2 limit of <
14 mean
p 4.1 a function from B to C
%, ¥* 4.5 generalised inverse-image variable
4.1 standard deviation
T 5.2 the limit of a particular parameter
¢ 24 random map
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