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Abstract

Survival data arises when there is interest in the length of time until a particular event
occurs e.g. death due to cancer. Typically, observations are assumed to be statistically
independent of each other. This assumption however is violated in many situations
which are not as uncommon as one might think. The overall aim of this thesis is to
provide practical methods for analysing dependent survival data. All the methods
described in this thesis are illustrated using paired survival data from an Orthodontic

study and matched survival data from a Melanoma study.

Chapter 1 gives a brief background to survival data, common censoring mechanisms
and estimation of the survivor function. A review of some of the standard techniques
for summarising survival data is given with particular emphasis on non-parametric

estimators of the survivor function.

A discussion of sitnations where the assumption of independence between
observations is likely to be invalid is given in Chapter 2 where Multiple Event and
Cluster Survival studies are introduced. This thesis, however, primarily concerns
analysing dependent survival data from cluster studies (i.e. where a failure process
acts concurrently on individuals in a cluster). Such studies are of two types, namely
paired studies (e.g. time to cataract in left/right eye) and matched studies where the
individuals are matched by desié11 (e.g. 96‘1‘hparing time to death ). Both matched and

-

paired survival studies will have a pair of observation times recorded which represent




the two ‘arms’ of the primary variable of interest. In addition to these, additional
information may be recorded also in the form of covariates, or prognostic indicators.
Matched survival studies will, by definition, have the variables used for the matching
present and some additional unmatched covariates, or prognostic indicators, may also
be recorded for each individual. Graphical and analytical methods for assessing the
quality of matching in matched survival studies were given also. Paired studies, by
definition, are unlikely to have any matching variables available but may have ‘unit’

covariate information recorded for each individual e.g. sex or age.

Two example data sets are introduced (matched survival data from a Melanoma study
and paired survival data from an Orthodontic study) which will be used to illustrate

the various methods presented in the following chapters.

Chapter 3 presents techniques for graphically displaying dependent survival data,
including bivariate survival scatterplots and survival ratio plots. A review of several
nonparametric estimators of the bivariate survival function is given with methods for
generating reference ranges for such three-dimensional plots. In addition, two
methods to graphically assess the independent effect on survival of any continuous
covariates are discussed. The first uses a form of kernel estimation to construct an
estimator of a percentile of the survivor function as a function of the covariate while

the second uses a tree-based approach.

Chapter 4 concerns the comparison of the survival distributions of the two arms of the
primary variable (i.e. ignoring all covariates but the primary variable) where a review

of several nonparametric paired ‘log-rank’ tests is given. Two new approaches for
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comparing survival in paired/matched survival studies are described and illustrated.
The first is a simple test of symmetry based on ‘pair performance’. The second is
based on estimating the distribution of the (pairwise) difference in survival, using a
parametric approach (by providing an interval estimate for the mean difference in
survival time) and a nonparametric approach (by providing an interval estimate for an

appropriate quantile e.g. the median difference).

Methods for incorporating covariates into the analysis, while at the same time taking
the dependency structure of the data into account are presented in chapter 5. A
‘covariate adjusted’ comparison of the two ‘arms’ of the primary variable should then

be less biased and more precise than a ‘covariate free’ comparison.

In matched survival studies the matching covariates are available for inclusion in the
analysis while in paired studies the covariates representing the degree of similarity for

the pair are often unobservable, that is, ‘hidden’ from the analysis.

A new approach for modelling ‘pair performance’ which allows for covariates is
presented. Regression models for the hazard rate are discussed. Several extensions of
the proportional hazards (PH) model to clustered studies are proposed. The
conditional PH model ignores the matched structure of the data, however it uses
information on the matching to correct inferences made on the primary variable. The
justification is that the model assumes conditional independence by forcing in the

matching covariates in the final model.
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The second extension is similar to the conditional PH in that the regression
coefficients are estimated assuming independence. The estimated covariance matrix

however is then ‘corrected’ post fit using a paired-jacknife estimate of the variance.

A further refinement to the PH model for paired/matched survival data is to allow
each pair to define a separate stratum. The association within each pair is then
considered a fixed effect. An alternative more elaborate procedure introduces a
random term for each pair that represents the within-pair association. In a final
extension to the PH model a random term corresponding to each pair is introduced
into the model. This random pair effect, often termed a ‘frailty’, generates
dependency between the survival times of the individuals in a pair. The random
effects represent unobserved covariates. Random effects are assumed to act
multiplicatively on the individual’s hazard rate. Survival times of all individuals are
then assumed to be independent given the random effects (and any observed

covariates).

In chapter 6, the results of a large simulation study which compare the different
methods proposed for analysing dependent survival data are presented. A range of
different degrees of censoring, sample size and primary variable effect size

combinations are investigated.

Finally chapter 7 outlines the conclusions and suggests some ideas for further work.
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Statistics
“Those Platonists are a curse," he said,
"God's fire upon the wane,
A diagram hung there instead,
More women born than men"

W.B.Yeats
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Chapter 1

Introduction To Survival Analysis

1.1 Introduction

Many studies in medical science involve studying the time taken until a particular
event occurs. Survival Analysis is the general term given to describe this type of
analysis. If the event of interest is death of an individual the resulting data are literally
survival times. However, in medical applications, this event may be the time to
development of a disease, response to a treatment, or time to relapse. The term
“survival time” therefore is a bit ambiguous as it may not directly involve death as the
event of interest and hence is more accurately defined as time fo event. However, in
the context of medical studies the terms survival time and survival data are used in
general to represent ‘time to event’ data and the same convention will be adopted for

the remainder of this thesis.

Survival Analysis is not limited to the biomedical field as the methods involved in
Survival Analysis are often suitable for applications in industrial reliability, social
sciences and business. Examples of survival data in these fields are time to failure of
a particular machine, duration of first marriage and length of subscription to a

magazine.




There are several special features of survival data that preclude the use of standard
statistical procedures used in data analysis such as t-tests, regression analysis, analysis

of variance and analysis of covariance.

1.2 Censored Data

The distinguishing feature of survival analysis is that the event times are frequently
censored where the end-point of interest has not been observed for that individual.
One would not want to exclude all of those individuals from the study by declaring
them to be missing data, since most of them represent "survival” in the sense that they
have not experienced the event of interest yet. Those observations, which contain

only partial information are called censored observations, the term censoring being

first used by Hald (1949).

A censored observation is one whose value is incomplete due to random factors for
each subject. The most commonly encountered form of censoring is one in which
some subjects in the study have not experienced the event of interest at the end of the
study or time of analysis. As the incomplete nature of this observation occurs in the
right tail of the time axis, the observation is termed right-censored. An individual’s
observation time may be right censored therefore for a variety of reasons: from not
having experienced the event by the time the study ended or having been lost to

follow-up or having died due to a cause not related to the treatment under study.

A second censoring mechanism that can occur is left censoring where the event of

interest has already occurred when observation begins and the actual event time is




some time less than that observed. One example of a left censored observation could
occur in a study relating to time of first cigarette use when an individual has already

had a cigarette at some time prior to the study which they cannot remember.

Finally, an observation is interval censored if all that is known is that the individual
experiences the event in some interval of time. For example, the actual time to

recurrence of a particular disease may have occurred in the interval between

successive consultation visits.

An observation time can thus be one of two types: an event time (e.g. a death time) or
a censored time (e.g. left, right or interval censored). In most survival contexts only
right-censored data is ‘observed’. Lee (1992) gives an excellent description of
censoring. The main assumption concerning censoring is that the actual observation
time must be independent of any mechanism that causes the individual event time to

be censored.

A secondary feature pertaining to the analysis of survival data is that the distribution
of event times is generally not symmetrically distributed and often tend to be
positively skewed. This feature will, in most cases, rule out using the normal

distribution as the underlying distribution from which the data has been generated.

The final assumption for analysing survival data is that the observation times for
individuals are mutually independent. In many cases this assumption will be justified
but should this assumption not hold many of the standard methods for the analysis of

survival data may not be applicable. This independence assumption is violated in




situations which are not as uncommon as might be thought. A discussion of such
situations is given later, and the remaining chapters of this thesis deal specifically with

analysing so called ‘dependent’ survival data.

Some necessary background material outlining the standard methods for analysing
independent survival data is now given. This will also facilitate in establishing ideas

and notation essential for later chapters.

1.3 The Survivor Function and Hazard Function

The survivor function is the complement to the cumulative distribution function. It
allows the evaluation of the probability that an individual survives at least to a
particular time point, as in most applications interest relates to how long the subjects
live rather than to how quickly they die. In practice, population survival distributions

must be estimated from (representative) samples of data.

The hazard function is defined as the rate at which an individual is likely to
experience the event of interest in the next small time interval given that the
individual has survived up to that point. The hazard and survivor functions are

formally related to each other as follows: -

Let T be a positive random variable, with distribution function F(t) and density

function f(t).




The survivor function is defined as

S =Pr(T=t)=1-F(t) foranyt>0

This is a strictly non-increasing function with a value of 1 at the origin and decreasing
to O at infinity. Survival distributions are usually skewed and hence the most
appropriate ‘central’ summary of the distribution is provided by the median survival

time.

For survival data the q™ percentile is defined as the time beyond which q% of the
individuals in the population under study are expected to survive such that the
survivor function equals q/100. For example, the median or 50™ percentile is the

time for which the survivor function equals 0.5.

The hazard rate or hazard function is expressed as

h(0) = lim Prt<T <t+AtIT 2t) _ f(t)
A0 At S(t)

and is defined as the instantaneous rate of failure, or the probability that an individual
experiences the event in the next small interval of time At given that he/she has
survived to time t. The hazard rate provides information as to the rate of failure of
individuals over time. There are many general shapes for the hazard function (e.g.
increasing, decreasing, ‘bathtub’ shaped) where the only restriction on A(t) is that it is

non-negative i.e. a(#)= 0.




The cumulative hazard rate H(t) is written as
!
H(D) = j n()dt = —log S(t)
0

indicating the relationship between the survivor function and the hazard function. The

word ‘cumulative’ is used as it represents the “sum total” of the hazard up to time t.

1.4 Estimating the Survivor Function

Two standard approaches are commonly used in estimating the survivor function,
namely parametric and non-parametric. The parametric approach involves fitting
specific families of distributions to survival data. The most commonly used models
are the exponential, Weibull, gamma, log normal, log logistic, Gompertz and

generalised gamma distributions.

The non-parametric approach allows a more flexible estimate in that no distributional
assumption is made when estimating the survivor function. This approach is now

presented.

1.4.1 The Empirical Distribution Estimator

The first method proposed to provide an estimate of the survivor function was the

empirical distribution function (EDF) estimator.




Given a sample entirely composed of complete data, the EDF is the simplest estimator

of the survival function and is defined as

number surviving beyond t

»§ wr( ) = -
(1) number in the sample

The EDF has some good properties as an estimator of S(t); in particular, it is unbiased
and consistent for S(t) (Shorack and Wellner 1986). However, in the presence of
censoring, the EDF estimate is biased and a modification is needed to allow for

censoring.

1.4.2 The Kaplan-Meier Estimator

The most common non-parametric estimate of the survivor function in the presence of

right censored data was proposed by Kaplan and Meier (1958).

An indicator function & is needed here to distinguish between an event time and a
censored time and hence to provide ‘event type’ information for each individual’s
observation time. Let t; denote the observation time for individual i (i=1,..,n) in a
sample of n individuals. Further define §;=1 if the i observation time is an event

time, 8;=0 if the i observation time is right-censored.

Hence, in survival analysis, each individual provides both an observation time and an

‘event type’ indicator function such that each individual i contributes (t;, &;) to the

dataset.




The Kaplan Meier estimator (KM) is a step function estimator of the survivor function
but unlike the EDF it takes into account the fact that the observation times may be

right censored.

To define the KM estimator, suppose a sample consists of n observation times ty, ..., t,
and knowledge as to which of the n observations are censored is provided by
censoring indicators 8y, ..., 8,. Denote the subclass of distinct ordered event times in

the sample by ro) <t@) < <tw wherem<n.

Define for i=1,2, .., m
e; = number of individuals with an event at time t;,

ri= number of individuals still “at risk’ at time tg ,

The number of individuals still ‘at risk’ at time t; is defined to be the number of
individuals present in the data (not having previously died or been censored) at a time

just prior to t;.

The KM estimator is the product of the estimated survival probabilities at each

distinct event time i.e.

Sen(t) = ILI(1~ ¢

J
) for Iyt <ty
: .
i=1 ’j ‘




The function defined by §KM(I) fulfils the requirement of a distribution function in

that it is a right-continuous non-decreasing function however it does not necessarily
have total mass 1. The estimator is a step-function with new steps at each observed
event time and is not well defined beyond the largest event time. If the largest event
time is censored then the survivor function is undetermined beyond this point.
Several alternative non-parametric suggestions have been proposed (Efron 1967, Gill

1980, Klein 1991) to account for this indeterminancy. In the absence of censoring

Sku(2) is simply the EDF.

A vast literature has grown up concerning the theoretical properties of the Kaplan
Meier estimator from its conception as a generalisation of earlier actuarial estimators

(Breslow 1992) to its practical properties (Andersen 1993).

The KM estimator places probability mass only on the (ordered) event times. The
EDF would place mass 1/n at each censored and uncensored observation producing a
biased estimate as the mass associated with the censored observations is not
‘distributed’ correctly amongst the uncensored observations. This leads to the concept
of ‘redistribution of mass’ (Dinse 1985) which is formulated in the following way:-
Consider an ordering of the observation times arranged from left (smallest) to right
(largest) and initially associate mass 1/n with each observation. Beginning at the far
right, move to the left and distribute the mass 1/n of the first censored observation
encountered to all the uncensored times to its right (i.e. event times greater than this
‘censored observation’), in proportion to the masses already accumulated at those

points. This process is continued until the mass of all the censored observations has




been distributed. This resulting distribution of masses, or weights, is precisely the
KM estimator (Dinse 1985). As such, the KM estimator can be likened to the EDF
but with different weights at the event times where a censored observation time
contributes information only to larger event times. A similar procedure involving
‘redistribution to the left’ was formulated by Efron (1967) for estimating the survivor
function for survival data with left and right censoring present. A more detailed

discussion of Efron’s method will be given in chapter 4 in an appropriate context.

1.4.3 Estimating the Variance of the Kaplan-Meier Estimate

The KM estimator is an estimator of the population survivor function which can be
calculated from the sample of observation times. As such, it has an associated

variance which represents the precision with which it estimates S(t).

The most common estimate of the variance of the KM estimate is provided by

Greenwood’s formula (1926) and is defined as

17@[§(t)] = §1<M(t)22—ej—~— for Hyst <tu+n).
‘o riri—ep)

while Aalen and Johnson (1978) proposed an alternative estimator

ﬁAJ[S‘\(t)} = §KM(t)2z% for tiy<st<ti+n.

j:l ’J

10




Both ‘}G[SA(I)] and ‘}AJ{S‘\(I)] tend to underestimate the true variance of the KM

estimator for small to moderate samples, with vc[f'(t)] coming closest to the true

variance (Klein 1991).

An estimate of the survivor function and accompanying variance estimate can be used
to provide pointwise confidence intervals for the survivor function at any specified
time point. In particular Ve[S(#)] can be used to provide an approximate pointwise

95% confidence interval for the true population survivor function S(t), at time t, as

foll A = A =
orows Skm(1) — 1964 V[ Sxu(£)] £ S(1) < Skm(t) + 1964/ Vo[ Sku(2)]
gKM(f) - 1.961fVG[.§KM(t)] < S@) < §KM(L‘) + 1.96\/1?G[§KM(I)]

which is based on assuming that the KM estimate is, for each t, approximately

normally distributed in large samples (Breslow and Crowley, 1974).

However, this estimate may lie outside the range [0,1] and several transformations
have been suggested to overcome this problem (Borgan and Liestgl 1990) including

the log-log and the arcsine-square root.

Based on assuming log(—log(@(t))) being approximately Normal, the log-log

transform provides the following approximate 95% Confidence Interval for S(t),

exp” ! 96y VTlog(~log[Sim()])]

1= (1= Sxm(t)) < S(0) €1-(1—Skm()T*P

11

1964/ V[log(~ log[Sxu(t)]




where

Z /11(11 —15))

[log( Iog[SKM(t)]) = for iyt <ta+n.

[zloga y. >}

=1

1.5 Estimating the Cumulative Hazard Function

One estimator of the Cumulative Hazard Function, H(t), proposed by Nelson (1972)

and Aalen (1978) is defined as

i

HNA([) Z for tiyst <ti+1).

j=1 Ti

which is a step function that starts at zero and has a step of e/r; at each event time

point with variance estimator

VIAw(t)] = 2—- for tiyst<tisn.

=1 1
This estimate of the cumulative hazard function is used both to provide a crude

estimator of the hazard rate h(t) and an estimator (Fleming-Harrington 1991) of the

survivor function as

Se(t)=e” Hya() .

12




An estimator of the variance (and resulting confidence interval) of .§FH(1) can be

obtained by substituting SAm(t) for §m(r) in Greenwood’s formula above.

1.6 The Counting Process Approach to Survival Analysis

An alternative way to motivate Survival Analysis from that used above is to recast the
problem in the Counting Process paradigm (Aalen 1975). This method has been the
source of many new developments, particularly in terms of proving that the Kaplan-
Meier estimator (and several functions of it) are asymptotically normal (Anderson,

Borgan, Gill and Kielding 1993).

The main difference between the ‘traditional’ (as adopted in this thesis) and the
Counting Theory approach is that the latter approach records, at each time point,
whether the event of interest has happened or not. The three functions central to the

Counting Process approach are as follows:

1. The counting process Ni(t) = I (Ti<t, §=1), where T is an indicator function i.e. the

process jumps from a 0 to a 1 once an event occurs for subject i . The process
il

N(t) = ZNi(t) is also a counting process and simply counts the number of deaths
i=1

in the sample at, or prior, to time t.

13




2. The “at risk” process Yj(t) = I(T; = t) and indicates whether subject i is still at risk
of the event of interest at time t and can be used to provide information on the

number of individuals still at risk at time t.

and

3. The intensity process A(t) = Y(t) h(t), where Y(t) = ZYi(t) and h(t) is the hazard
i=t

function, and can be considered as providing information regarding the “expected”
number of events at time t. The total expected number of deaths can be estimated
by integrating A(t) over time and is defined as A(t), the cumulative intensity

process.

The counting process therefore provides information on the total number of events
while the cumulative intensity process provides information on the expected number
of events up to time t. A natural “residual” now emerges, the counting process
martingale residual M(t) and is defined as M(t) = N(t) - A(t). From the definition
above, N(t) is a non-decreasing step-function while A(t) is a smooth process and
hence the martingale can be considered as “mean zero noise” (Klein 1997). This
property of martingales can be used to check assumptions underlying regression

models for survival data and will be returned to in chapter 5.

Regardless of whether the ‘traditional’ or Counting Process approach is used, one of
the main assumptions when analysing survival data is that the survival times for each

individual are mutually independent. In many cases this assumption will be justified




but should this assumption not hold many of the standard methods for the analysis of
survival data may not be applicable. This assumption may be violated if there is some
natural pairing or constructed matching for subjects in the study. A discussion of such
situations is given in the next chapter and the remainder of this thesis deals

specifically with analysing so called ‘dependent’ survival data.

1.7 Chapter Summary

Survival Analysis involves studying the time taken until a particular event occurs. It
is distinguished from other fields of statistics by the presence of censoring, which is a
particular form of incomplete data. A review of the common censoring mechanisms
and some of the standard techniques of analysing survival data were given with

particular emphasis on non-parametric estimators of the survivor and hazard function.

An important assumption when analysing survival data is that the observations are

independent of one another and the next chapter deals specifically with situations

where this independence assumption is brought into question.

15




Chapter 2

Introduction to

Matched/Paired Survival Studies

2.1 Introduction

As outlined in the previous chapter, one of the main assumptions when analysing
survival data is that the survival times for each individual are mutually independent.
This assumption is valid in a variety of studies such as a randomised trial comparing
the efficacy of a drug where the survival experiences of two or more independent
groups of individuals are compared. Each individual has his/her own “tolerance” that

is not influenced by that of any other individual in the trial.
There are however, situations where there is a dependency structure, or degree of

similarity, present among some individuals in the study, on occasions by design or

sometimes by natural consequences.

2.2 Dependent Survival Studies

Such studies can be broadly categorised into two main categories, namely Multiple

Event Studies and Clustered Survival studies, both of which are now introduced.

16




2.3 Multiple Event Survival Studies

Multiple events arise when episodes of the same failure/disease process act serially on
the same individual. Examples of multiple event survival studies include the time to
exhaustion in repeated exercise testing, or time to successive asthma attacks in the
same individual. The dependency structure often arises from recording several

observations on the same individual.

The remainder of this thesis however deals primarily with analysing survival data
arising from Clustered Studies. A general introduction to Clustered Studies is now

given.

2.4 Clustered Survival Studies

A Clustered Survival Study can be thought of as a situation where a disease
mechanism or failure process is acting concurrently on all the individuals in a
“cluster”. The cluster may have any number of members all of whom are mutually
associated but each cluster is assumed independent from all other clusters. Hence
there is assumed a dependency structure within the cluster but an independent
structure between clusters. Examples of clustered survival studies include situations
where the time to possible hereditary/genetic disease onset in a number of members of

a family (or litter) are recorded.

The criteria for cluster membership may be a natural consequence (e.g. family

membership) and as such may not be measurable. It is assumed that individuals are




similar in that they share some common genetic or environmental characteristics but

this degree of association may not be directly measurable.

Clusters however may also be produced by design where individuals are matched on
the basis of certain characteristics to make them as similar as possible in terms of the
failure/disease process. The consequence of incorporating this dependency in the
analysis is to usually have the effect of increasing the sensitivity of any appropriate
statistical tests. In clinical trials, for example, the control of confounding variables
through matching can also serve to improve the precision of the comparison of

survival distributions across treatments.

In theory, a cluster may have any number of members, with possibly a different
number of members in different clusters. This thesis is primarily concerned with
clusters involving two observation times, either for two distinct individuals in the
cluster providing one observation each or where one unit/individual has two distinct
‘survival’ observations associated with it. In order to distinguish between these two
types of Cluster Studies, the respective terms Matched Survival and Paired Survival

Studies are used and both are now defined in more detail.

2.4.1 Matched Survival Studies

A matched survival study is a cluster study where individuals have been matched on
certain characteristics to make them as ‘similar’ as possible in terms of possible
survival. The most common framework for a matched survival study is the matched

case-control survival study.

18




A case-control, retrospective or cross-sectional study often concerns the comparison
of two distinct groups in terms of a specific characteristic of interest. Many such
studies are retrospective involving cases of some relatively rare disease and matched
controls. Other such studies may involve matching two ‘similar’ individuals in
advance and then randomising the two individuals to the separate treatments to be

compared in a prospective trial.

An important additional issue in retrospective/case-control studies is to consider
whether any variables thought likely to influence survival but are unmatched within
the ‘pair’ are indeed significant risk factors for the disease and consequently aid in

identifying high risk subgroups of the population.

A matched case-control study therefore has the feature that each case is matched with
one or more controls. Variables considered for the matching (i.e. the matching
variables) are significant risk factors themselves, an example would be a matched

case-control cancer study using age and sex as matching variables.

Note, the “case” and “control” terminology here is somewhat arbitrary in that a
control may not represent a ‘control’ in the true sense of the word in that they may not
represent a baseline performance or placebo effect but may instead represent their own
ti'eatlﬁent group. In most instances (and for the remainder of this thesis) the terms
‘case’ and ‘control’ represent the two ‘arms’ of a primary variable vnder study e.g.

Treatment A versus Treatment B in a study comparing two treatments.

19




In summary, matched case-control survival studies usually involve the comparison of
the time to event data for two groups of individuals (the cases and controls) which
have been matched on certain characteristics i.e. the matching variables. These
matching variables are measurable and are available as part of the study design. This
will become an important issue in the analysis of such data and will be addressed in

more detail later.

2.4.2 Paired Survival Stadies

Paired survival studies involve the comparison of time to event data where the study is
based on the comparison of the time to the same failure process on two different sites
of the same individual or the same process on two distinct family members. For
example, the study could involve comparing the time to failure in each of the two
kidneys of an individual at risk for renal failure or the time to heart attack for two

brothers with family history of cardiac problems.

In paired survival studies usually no matching variables are observed as, in effect, the
observations are ‘naturally’ matched. There may however be some ‘unit’ covariates

recorded for each individual, for example the individual’s age or sex or brothers’

father’s age at time of heart attack.
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2.5 Matched/Paired Survival Data

The previous section introduced both matched and paired survival studies in general
terms. This section introduces some notation and definitions of the main components

involved in both of these study designs.

Both matched and paired survival studies will have pairs of observation times
recorded. Each pair of observation times represent the two ‘arms’ (e.g. treatments) of
the primary variable of interest and for simplicity will be referred to from here on as

case and control regardless of the study design or actual context.

Matched survival studies will have available by definition the variables used for the
matching (i.e. the matching variables), and may have some additional (unmatched)

covariates, (i.e. potential prognostic factors) recorded for each pair of observations.

Paired studies, on the other hand, by definition will not have any matching variables
available but may have unit (i.e. pair) covariates recorded for each individual of each

pair.

2.5.1 Definition of Basic Notation

Let (tjp, Sjp,, zjp) be the observation time, censoring indicator and covariate vector

(i.e. primary variable, matching variables and unmatched covariates} respectively for

the ith individual of the pth pair (where i=1,2, p=1, .., P) where P is the number of

21




pairs. Let C be the total number of matching variables and unmatched covariates plus
I ( i.e. the primary variable). Figure 2.1 below depicts a typical matched case-
control survival data set with a case-control type identifier variable (Type), two
matching variables (Site and Tumour Thickness) and one unmatched covariate

(Ulceration Status).

Figure 2.1 Example of a Matched Survival Study Data Set

Primary Matching Unmatched
Variable Variables Covariate

P i t d Type Site 8 Tumour Ulcer

Thickness

i i 116 0 1 0 1.70 1

1 2 75 1 0 0 1.80 0

2 1 124 0 1 1 2.95 0

2 2 102 0 0 1 2.95 1

3 1 20 1 1 0 3.30 1

3 2 [ 1 0 0 4.00 0

4 1 114 0 1 1 5.45 0

4 2 86 0 0 1 6.00 1

Note that all the pairs presented in Figure 2.1 are perfectly matched by the binary
variable (Site) while matching for the continuous variable (Tumour Thickness) is
taken to some predetermined degree of similarity e.g. to the nearest 10mm in this case.

[{335)
1

The variable representing the individual in a pair (i.e. “1”) is effectively the primary

variable but both are presented in this form for completeness.

An example of a typical paired survival data set is given in Figure 2.2 with a primary

variable (Organ, e.g. right or left eye for example) and two covariates (Sex and Age).

22




Figure 2.2 Example of a Paired Survival Study Data Set

Pr 'maty Covariates
Variable
\ i_'——_\
p i t d Organ Sex Age
1 1 112 1 1 1 17
1 2 23 1 0 1 17
2 1 24 0 1 0 31
2 2 102 0 0 0 31
3 1 90 1 1 0 23
3 2 96 1 0 0 23
4 1 124 0 1 1 16
4 2 148 1 0 1 16

Note that for the pairs presented in Figure 2.2 there are no matching variables as each
pair represents one individual. Once again the variable representing the individual in

341
1

a pair (i.e. ) is effectively the primary variable but both are again included for

completeness.

2.5.2 Assessing the Quality of the Matching

Matching variables can be of two types, namely continuous variables (e.g. age) or
categorical variables (e.g. sex). The intention in all matched studies is to achieve
perfect matching between each case and it’s corresponding control but this may not be
attainable especially where continuous matching variables are concerned. In this
instance matching is usually to a certain predefined interval (e.g. the nearest decade,

the nearest Smm).
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In order to visually assess the quality of all the matching variables simultanecously a
multivariate icon plot, such as a Chernoff Faces plot, could be used. In the standard
version of this plot a separate "face" icon could be drawn for each case and control;
relative values of the selected variables for each case and control are assigned to
shapes and sizes of individual facial features (e.g., length of nose, angle of eyebrows,
width of face). In the present context each matching covariate is represented by a
facial attribute and pairs with a good degree of matching will look ‘similar’ and

resemble ‘twins’.

However, most matched studies rarely use more than a maximum of four matching
variables and a multivariate Chernoff Faces plot may therefore gave an overly
optimistic picture of the true quality of the matching. An alternative approach
therefore is to display a single face per pair with the left and right sides of the face
determined by the separate members of the pair. An example of such a “Chernoff
Split-face plot” is given in Figure 2.3 where the degree of matching is good for all but

the last pair.
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Figure 2.3 Chernoff Split-Face Plot to Assess Maiching
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Formally the quality of matching can be assessed by hypothesis tests and confidence
intervals based on procedures such as the binomial version of McNemar’s test for
binary matching variables and paired t-tests for continuous matching variables. These
simple ideas will be illustrated when introducing the data sets used throughout the

remaining chapters.

2.6 The lllustrative Data Sets

There are two major data sets used in this thesis. The first is an example of a matched
survival study for comparing the survival prospects of melanoma sufferers while the
second is an example of a paired survival study which aims to compare two cement

types for bonding orthodontic brackets to teeth.
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For simplicity of presentation the melanoma data set will be referred to as the
“Melanoma Data” while the orthodontic data set will be referred to as the “Dental

Data”. These data sets are now introduced.

2.6.1 Melanoma Data

The data used in this study has been supplied by the Scottish Melanoma Group (SMG)
Database. The SMG maintains a well-validated database that records clinical and
pathological details of all invasive cutaneous melanomas diagnosed in Scotland since
1979. The aim of this particular study was to compare survival prognosis of Multiple
and Single Melanoma sufferers. An example of a Single Malignant Melanoma is

shown in Figure 2.4 overleaf.

Note in this instance a ‘control’ is classified by the presence of a Single Melanoma
and thus should not be confused with the common disease free scenario definition of a
control. A Multiple Melanoma is a distinct and aetiologically different type of tumour
from a Single Melanoma, and the study therefore should not be in any way be
considered as a multiple event scenario. Also note that survival here is compared
between the time from ‘appearance’ of the first melanoma in both types. Obviously
Multiple Melanoma cases are not identified until the second melanoma appears which
could give rise to some suggestion that ‘Single Melanoma’ patients may die before the
appearance of a second melanoma but because of different aetiology this should not

be so.
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‘dead due to melanoma’ while censored refers to ‘lost to follow up’, ‘still alive’ or

dead due to other causes.

Table 2.1 Descriptive statistics for Observation Time by Group
for the Melanoma Data

Sample Median
Sample Observation Time Sample Range
Sizes (months) (months)

Single Melanoma

Complete 21 (19%) 38 6-131
Censored 87 (81%) 69 5-188
Multiple Melanoma

Complete 17 (16%) 32 7-174
Censored 91 (84%) 79 0-252

There is a similar and high degree of censoring in both the Single and Multiple
Melanoma group and the distribution of observation times are similar for both tumour

types as displayed in the boxplot below.

Figure 2.5.

Boxplot of Multiple and Single Melanoma
Observation Times for the Melanoma Data

Multiple
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2.7.1.1 Assessing the Quality of Matching

The Multiple/Single Melanoma pairs were matched by Sex, Age, Tumour Thickness
and Tumour Site. In general the matching was good as indicated in Figure 2.6 which
displays Chernoff faces for a small random selection of Multiple/Single Melanoma

pairs.

Figure 2.6 Chernoff Split-Face Plot to Assess Matching for the Melanoma Data
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Tables 2.2 and 2.3 show the pairs broken down by Sex and Tumour Site both of which

exhibit perfect matching of Single and Multiple Melanoma patients.
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Table 2.2 Breakdown of Melanoma Tumour Group Data by Sex
Jor the Melanoma Data

Single Melanoma
Female Male
Multiple Female 75 0
Melanoma
Male 0 33

There is a substantially larger number of females than males corresponding to the
incidence pattern in the general population of Single Melanomas while the two

(composite) Site categories have effectively the same frequency of occurrence.

Table 2.3 Breakdown of Melanoma Tumour Group Data by Site
for the Melanoma Data

Single Melanoma
Axial Extremity
Multiple Axial 53 0
Melanoma
Extremity 0 55
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Age (Years)

The age distribution is similar for Multiple and Single Melanoma sufferers and

similarly Tumour Thickness was matched well for practically all pairs with one or two

exceptions (Table 2.4).

Table 2.4. Mean and 95% Confidence Interval for Age and Tumour Thickness
by Tumour group and for Pairwise Difference for the Melanoma Data

Pairwise Difference

Variable Multiple Melanoma | Single Melanoma (Multiple - Single)
Age (Years) 51.8 52.0 0.05

(48.5 - 55.1) (48.8 - 55.2) (-1.0-1.1)
Tumour 2.2 2.1 0.1
Thickness (mm) (1.4-3.0) (1.4-28) (-0.1-0.2)

There was with no significant difference (p=0.72) on average across pairs for Age

(Figure 2.6) or Tumour Thickness (p=0.21).

Tumour Thickness differences are given below (Figures 2.7).

Figure 2.7

Boxplot of Difference in Age
for the Melanoma Data

Boxplot of Difference in Tumour Thickness

Boxplots of the pairwise Age and

for the Melanoma Data

0.4

0.3
0.2
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Tumour Thickness (mm)

-0.3

The most extreme pair, in terms of Tumour Thickness, was where the respective

Multiple and Single Melanoma Tumour Thickness measurements were 41 and 20 mm
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lost to follow-up during the three year study period or if the bracket had not failed by

the end of the study.

The study is an example of a paired survival study with Cement Type as the primary
variable with Test (i.e. Glass Ionomer Cement) and Control (i.e. Chemically-cured
cement) as the treatment arms. Each patient’s Sex, Age and Malocclusion Type was
recorded as potential covariates. An individual’s Malocclusion Type gives a
description of how the upper and Jower teeth come together in terms of whether they
protrude inwards or outwards. Malocclusion Type 1 is considered the “best” where

the upper and lower teeth come together perfectly.

Summary statistics of the failure and censoring times are given in Table 2.5 where it is
noted that there is an identically high degree of censoring in both the Control and Test

Cement group.

Table 2.5 Descriptive statistics for Observation Time by Cement Type

for the Dental Data
Estimated
Sample Sizes Population Median Sample Range
Observation Time (months)

(months)
Control Cement
Failure 21 (51%) 2.9 0.1-179
Censored 20 (49%) 14.5 0.5-30.3
Test Cement
Failure 21 (51%) 2.4 0.1-17.3
Censored 20 (49%) 15.3 0.5-28.1
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There is an identical and high degree of censoring in both the Test and Control

Cement groups with similar observation time distributions, as displayed in the boxplot

below (Figure 2.10).

Figure 2.10

Boxplot of Test and Control Cement
Observation Times for the Dental Data
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There were 29 females (79%) compared to 12 males (21%) enrolled in the study
reflecting the population pattern as orthodontic treatment of this type in general is
more frequent for females than males. The sample mean ages were similar for males

and females (14.1 and 14.7 respectively), and despite the considerably larger range

(Figure 2.11) in age for females there was no significant difference in mean age

(p=0.24) for males and females.
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Figure 2.11

Boxplot of Age by Sex
for the Dental Data
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For the individuals in this study the Malocclusion Type distribution for males and
females and (Figure 2.12) was quite similar with no significant difference in their

distribution for the two cement type groups (x* test, p=0.41).

Table 2.6 Distribution of Malocclusion Type by Sex
(with row percentages in brackets) for the Dental Data.

Malocclusion Type
1 2 3 4 Total
Sex
Male 4 (45%) 1 (17%) 5 (35%) 2 (3%) 12
Female | 13 (41%) 5 (15%) 10 (37%) 1 (7%) 29
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2.7 Chapter Summary

A general discussion of dependent survival studies was given with particular reference
to Cluster survival studies. In general, a Cluster survival study can be one of two
distinct types, namely matched and paired survival studies. The main difference
between these two types of Cluster survival study is that, in matched studies, the
matching is by design while in paired studies there is ‘natural’ matching between the
‘individuals’. Regardless of the study design, both essentially involve a ‘case-control’

type comparison

Both matched and paired survival studies will provide pairs of observation times and
censoring indicators. In addition, matched studies will have by definition some
matching variables and possibly some unmatched covariates present. Paired studies
on the other hand, may only have ‘unit covariates’ available for inclusion in any
analysis as the individuals within a pair/unit are ‘perfectly’ matched and thus all
matching variables are likely to be ‘hidden’ from the analysis. Issues relating to the
matched case-control study design in terms of assessing the quality of matching were
discussed and the example data sets (one matched and one paired) that will be used

throughout the thesis were introduced.

Before any formal analysis is undertaken it is essential to graphically investigate all

the variables involved in the analysis (in particular the primary variable) in terms of

assessing their influence/significance on survival.  The next chapter will deal
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specifically with graphically displaying survival data, in particular for the matched and

paired survival studies introduced in this chapter.
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Chapter 3
Methods for Plotting Matched/Paired

Survival Data

3.1 Introduction

Before any attempt is made to model data, regardless of the context, it is imperative
that clear graphs of the data are provided, not only to allow a subjective impression be
made as to the underlying nature and pattern of the data but also to provide clear
support for the formal conclusions in reporting the results of a study. The emphasis of
this chapter is to suggest methods for graphing the ‘survival pattern’ across the
relevant variables involved in matched and paired survival studies i.e. the primary

variable, the matching variables and any additional unmatched covariates recorded.

Chapter 2 introduced notation for the general framework of matched/paired survival
data with (tip, Sip) used to represent the observation time and censoring indicator
respectively for the ith observation in the pth pair where i=1,2, p=1, .., P. For brevity,
let in future the first observation in each pair (i=1) be referred to as the ‘case’ and the

second observation (i=2) the ‘control’.

This chapter begins with a suggested method for graphing bivariate survival data
using a form of scatterplot. Attention then shifts to providing methods for estimating

and graphing the bivariate survivor function in order to compare the survival
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prospects of the cases and controls. Initially the case and control marginal survivor
functions are considered followed by a discussion of various methods proposed for
estimating the bivariate survivor function. Interest concentrates on practical
applications of these estimators. Following this, methods for graphically assessing the

independent effect on survival of each of the matching variables and additional

covariates are presented.

3.2 The Bivariate Survival Scatterplot

When analysing paired data the first step is usually to examine a scatterplot of the two
‘arms’ of the primary variable (i.e. the cases and controls). Using this plot, a
subjective impression can be made as to whether there is a suggestion of a possible
difference in these two variables, using the line of equality as a reference.
Assumptions regarding the data (e.g. normality for paired comparisons) may be

visually assessed also.

The fact that there is censoring presents a problem for the interpretation of a
scatterplot with survival data. That the data are paired or matched provides an
additional problem in that a pair can have neither, one or both members censored. If
the censoring is ignored the scatterplot represents only pairs with complete

information on both arms of the primary variable.

Despite the drawbacks posed by the presence of censoring, a scatterplot can still be a
useful and informative tool when analysing paired/matched survival data, if a separate

symbol is used to identify the censoring pattern of a pair.
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In this case there is a suggestion of a non-symmetry about the line of equality

favouring Multiple Melanoma survival as there is a slight predominance of -+ below

the line compared to the number of O above. Two points are worth noting here, the

first is the predominance of doubly censored pairs and the second is the seemingly
similar censoring pattern for cases and controls given the symmetry about the line of

equality in ‘censoring’.

The Bivariate Survival Scatterplot for the Dental Data is given in Figure 3.2 below.
There is no suggestion of a clear improvement in bonding strength for the Test cement
over the Control cement as there is a similar number of + below and O above the line
of equality. There are several doubly censored pairs on the line of equality
representing those individuals where neither the brackets bonded with the Test or
Control cement failed. The censoring pattern for the Test or Control ‘groups’ is
similar also.

Figure 3.2

Bivariate Survival Scatterplot for the Dental Data

35 —
Failed Test
Cement
30 —

@ Failed Gontro!
Cement

= 25

EO ® Censored Test or
Conlrol Cement

[o 5

) % Censored Pair

=§= 15 —

&

- 10 —

oy

£

& 5 —

&

©

E 0

c

Q |

@]

Test Cement Follow Up (Months)

42




3.3 The Bivariate Survivor Function.

The bivariate survival scatterplot is a useful graphical device to visualise the
“collection” of paired observation time points. The graph enables the reader to
visually assess whether the assumption of random censoring (for the cases and
controls collectively) is valid and it allows the reader to make a subjective impression
as to whether there is any suggestion of a difference in the case and control survival

prospects.

In survival studies involving the comparisons of independent groups, estimates of the
survival functions are usually provided using the Kaplan-Meier estimate. However, in
cluster and multiple event studies an estimate of the joint survival distribution is
needed due to the dependency structure of the data. When, as in this thesis, matched
and paired survival studies are the primary interest, an estimate of the bivariate
survival distribution could be useful. Estimating and graphing the bivariate survivor
function essentially involves draping a 3D step-function surface plot over the 2D
Bivariate Survival Scatterplot where the estimated probability of survival is displayed

on the z-axis.

The bivariate survival function is defined as

S(tg,t2)=S1(t) Sa(tz2) R(ty,t2)

where Sy(t;) and S,(t;) are the marginal survival functions for the cases at time t; and

controls at time tp respectively and R(t;,t;) can be considered as a measure of




dependence between the cases and controls. The marginal survival functions of the
cases and controls, S;(t) and Sy(t) respectively are naturally estimated using the

Kaplan-Meier estimator using the case and control samples separately.

R(t},tp) is considered (van der Laan, 1997) as a cross-ratio of the bivariate survival

function over the corners of the rectangle [0, t;] x [0,t2] and is defined as

S(t,,t,)8(0,0)
S, (£)S,(t)

where S(0,0)=1.

It is interpreted in similar fashion to the odds ratio in a 2 x 2 table where if the odds
ratio is 1 the interpretation is that the rows and columns are independent while a
deviation from 1 indicates positive or negative association. The argument proposed
(van der Laan 1997) is that if the mass at each event time point corresponding to S(t;,

t), S(0,0), S(t;,0), S(O, tz) were observable, then their cross product is a measure of

the dependence between the cases and controls.

Before discussing methods for the estimation of the case and control bivariate
survivor function consideration is first given to estimating the case and control

marginal survivor functions.

3.4 Estimating the Marginal Survivor function

As a first step consider the marginal survivor functions S;(t) and S,(t) for the cases

and controls respectively. A plot of the estimates of the marginal case and control
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For example, there is a suggestion of slightly improved survival prospects for Multiple
Melanoma sufferers compared to Single Melanoma sufferers. The estimated marginal
survivor functions for the Multiple Melanoma sufferers descends sharply initially and
then tails off gradually to a minimum value of 0.7 at around 16 years. The initial
descent is due to the many (early) deaths at the beginning of the study period. The
relatively long right tail is a result of many Multiple Melanoma sufferers having long

survival times (with respect to melanoma).

The Kaplan-Meier estimated marginal survivor functions for the Test and Control

cement types are displayed in Figure 3.4.

Figure 3.4
Kaplan-Meier Estimates of the Marginal Survivor Function

for the Dental Study Primary Variable.
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From the graph, there is no real suggestion of any (clear) difference between the two
cement types where the probability of bracket failure appears similar for both cement

types at all time points.

The interpretation of Kaplan-Meier plots is often difficult, i.e. it is unclear exactly
where trends lie or hard to identify times where there is a suggestion of a difference in
survival prospects due to plots overlapping at certain times. There is the possibility
also that any observed pattern is a result of sampling variation alone. In most, if not
all, applied settings a confidence interval estimate for the estimated survivor function
is needed. If confidence intervals for the two ‘arms’ do not overlap over an
‘extensive’ time period then there is a strong suggestion of a difference in survival

over at least that period.

Methods for calculating pointwise (1- @)% confidence intervals (at the desired
confidence level o) for a single sample were discussed in Chapter 2. The limits of the
(1- )% pointwise intervals may be joined to form a “confidence band”, however the
probability that the ‘band’ contains the true survivor function may be much less than
(1- )%. Simultaneous confidence bands for the estimated survivor function have

been proposed however (Hall and Wellner, 1980) but an alternative method proposed

here is to produce a confidence band for the ratio 5 S, () as a function of time.
2
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3.4.1 Marginal Ratio Survival Plots

The estimate of the ratio of the estimated marginal survivor functions can be plotted,
along with a unit horizontal reference line. If the ratio lies above this line then, for
these times, the survival prospects of the cases appear better than the conitrols.
Conversely, if the ratio lies below the reference line the probability of survival is

higher for the controls at that time.

In order to do decide if any trend observed in the ratio plot is due to a real difference,
a confidence band for the ratio is needed to indicate the plausible region in which the
ratio plot would lie if there was indeed no difference in survival between the cases and
controls. Any points on the plot that are outside the reference range would suggest

that the pattern is not due to sampling variation and may represent a true effect.

One way of obtaining a suitable reference region would be to estimate the error of the
ratio estimate using asymptotic theory. Obviously a first order approximation can be

obtained by considering

Tog(Skae, (1)) - log(Sxm, (0) + 1.964 Vallog(Sian, (6)]1+ Va[log(Skm, (6)]

(or some suitable term to ‘ensure’ simultancous coverage across all t). Now, if there
is ‘significant’ association between the survival times within a pair, then this

interval/lband will have an inflated variance term and thus provide intervals for

S, S, (0 which are ‘too wide’ for practical purposes.
2
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A different approach to obtain the reference region is to use the mechanics of

permutation resampling.

3.4.2 Reference Regions For Bivariate Survival Data

In this context, the ratio of the marginal survivor functions is estimated from the
sample data. The null hypothesis for a paired or matched design is that the both
observation times in a pair (across the primary variable) are equally likely for either
member of that pair. Based on this hypothesis, suitable ‘equally likely’ permutations
of the observed data can be generated. For each of the permuted data sets, the ratio of
the marginal survivor functions can be calculated and the permutation distribution of
the ratio constructed. A 100(1-00)% pointwise reference region is then given by
[q(20), q(1-Y200)] , i.e. the interval bounded by the 2ot and the (1-Y20)™ quantiles of
the permutation distribution. This reference region represents the region where the
estimated ratio could fall in if there was indeed no difference in the case and control

population survival prospects. 4

3.4.3 Permutation Envelopes For Ratio Survival Data

In order to calculate an exact reference region all 27 possible permutations (i.e. for P
pairs) must be used. Rather than examining all possible permutations, a substantial
reduction in the number of required computations can be achieved by examining a
smaller, but representative random sample. This process is termed a “Monte Carlo”

simulation. Each ‘pass’ involves randomly allocating the case and control for the two
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observation times in a pair. One way to achieve this is to randomly generate a

Bernoulli indicator variable before each pass thus ensuring a random sample of

equally likely permutations from all possible permutations is chosen for each pass (for

a predetermined number of passes, e.g. 500). For clarity, the term ‘permutation
envelope’ is used to distinguish between an exact and an estimated reference range.
For example, an estimated 95% permutation envelope can be calculated by taking
upper and lower 2.5% pointwise quantiles of the computed ratios at each observation

time point.

Such permutation envelopes for the ratio of survival for the Melanoma and Dental

Examples are given in Figures 3.5 and 3.6 where in each instance 500 simulations

were used.
Figure 3.5
Marginal Ratio Survival plots for the Melanoma Study Primary Variable.
1.4
Multiple-Melanoma
1.3 R R
¢
H
1.2 ]

ok Noesn

- e

Estimated Survival Ratio
i
H
.
t
H
H
-
H
H
¥
L\%}
H
ki
1
i
1

0.9 ——
B e
.
3
i
0.8 N
Single Mélanoma Lives Longar |
07
0 50 100 150 200 250

Follow Up Time (Months)

50




There is again a suggestion of improved survival for the Multiple melanoma sufferers

particularly for the period between 90 and 110 months.

Figure 3.6
Marginal Ratio Survival plots for the Dental Study Primary Variable.
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There is no suggestion of any difference between the performance of the Test and

Control cements in terms of the time to bracket failure.

3.5 Estimating The Bivariate Survivor Function.

Various semiparametric estimators (Munoz 1980, Campbell 1982, Langberg and

Shaked 1982, Tsai, Leurgans and Crowley 1986, Dabrowska 1988, Pruitt 1991,

Prentice and Cai 1992) have been proposed, each of which make little or no

assumption about the shape of the function but differ in terms of how the empirical

fractions (i.e. the mass provided by each paired observation) are calculated. Recall
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that the Kaplan-Meier estimator is a product limit approach where the information
provided by the censored observations is ‘redistributed’ to the right. In the bivariate
case this redistribution is more complicated primarily in terms of deciding the

contribution of the half censored pairs (i.e. where one member of the pair is censored).

Two review papers are available (Pruitt 1993, van der Laan 1997) which describe and
compare the proposed estimators with details of how these estimators are calculated.
In both papers the Dabrowska and Pruitt estimator are recommended for general use
and, as this chapter is primarily concerned with presenting practical methods for
graphing dependent survival studies, only Dabrowska’s and Pruitt’s estimator will be
considered for application. The methods presented however will be applicable to any

of the methods referenced above for estimating the bivariate survivor function.

Before considering methods for graphically displaying and interpreting the bivariate
survivor function, an intuitive description of both the Dabrowska and Pruitt estimator
is now given. Recall that the main ‘problem’ when estimating a bivariate survivor
function involves deciding on what mass contribution each pair type (i.e. non, singly

or doubly censored) will provide.

The Dabrowska and Pruitt estimators are similar in terms of the logic proposed for
estimating ‘mass contribution’. For both estimators, the ‘information’ from doubly
censored pairs is redistributed across an upper right quadrant, a half-censored pair can
be considered as contributing information along a horizontal (or vertical) line while a

non-censored pair contributes exact information.
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Using Dabrowska’s approach (1988) the contribution made by pairs where either both
members or neither member experience the event follow a similar logic to that
proposed in the univariate case while “mass contribution” for the singly and doubly

censored pairs is dealt with through a counting process.

Pruitt’s approach (1991) on the other hand uses non-parametric smoothing techniques
rather than product limit ideas. The estimator initially assigns each contribution mass
the value 1/n and the idea is that, by using kernel-density estimators, mass from singly

and doubly censored pairs can be redistributed.

A natural approach when comparing paired continuous measurements is to use a
scatterplot with a line of equality superimposed. In the case of paired/matched
survival studies the bivariate survival function can be used to provide evidence of any
departure from symmetry, as assessed by the ‘plane’ of equality. Improved survival
for either the case or control in general will be accompanied by a less steep decline in
the surface depicting the bivariate survivor function in one side or other of the ‘plane
of equality’. The estimated bivariate survivor functions for the Melanoma Data the
Dental Data are displayed in Figures 3.7 and 3.8. Note, in both instances both
Pruitt’s and Dabrowska’s estimators gave near identical estimates and hence only one

plot is provided for each data set.
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intervals when there is actually no difference in survival. However, when the
estimated ratio, or surface, are consistently above (or below) the reference ranges (or

permutation envelopes) then there is more likely to be a true difference in survival.

For example, despite the fact that the estimated survivor function does appear to cross
the upper 95% reference range at a solitary time point, there is no suggestion of any

clear difference in the time to failure for either cement type.

An alternative approach (Bowman 1999) to consider is to plot the estimated survivor
function alone but to colour code the surface at the times where the estimated survivor
function crosses the upper or lower reference range using different colours to depict

which reference range (i.e. 90%, 95% and 99%) is crossed.

From the various plots presented in this chapter the following points are evident.
There is some slight suggestion of a possible difference in survival favouring Multiple
Melanoma compared to their similar Single Melanoma sufferers. However, this
difference is evident only over a limited time and therefore may not be strong, or
consistent enough to suggest a real significant difference. There is no suggestion
either of any difference in the Cement types in terms of their performance of

prolonging time to bracket failure.

All of the techniques used so far have effectively assumed that all other factors (i.e.
matching variables and additional covariates) were ‘equal’ for the cases and controls.

However, in many analyses (e.g. Analysis of Covariance) it often makes sense to
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correct for significant covariates which might distort the findings of an ‘unmatched’

analysis. Accordingly graphical methods to attempt to allow for this are required.

3.6 Assessing the Individual Effect of Covariates on Survival

As indicated in Chapter 2 the ‘recorded’ covariates in a matched or paired survival
analysis study have different roles. In a matched study, some of the covariates are
used to form the matching and are termed matching variables. Earlier in this thesis

methods were suggested for assessing the quality of the matching.

Presumably the matching variables have been chosen by virtue of their proven effect
on survival. However, it may still be useful to identify the effect the matching
variables have on survival in the current study as a way of validating the method used
for selecting the controls in terms of how representative they are of the ‘control’

population in question.

In addition to the matching variables, unmatched covariates are often available which
may serve as further useful ‘adjusting covariates’ when analysing the effect of the

primary variable.

Before any modelling approach is considered it is imperative to gain an understanding
of the univariate effect of each of the covariates in turn. This section deals primarily
with providing methods for graphically assessing the effect of covariates on survival

in general, regardless of whether they are matching variables or unmatched covariates.
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The first section deals with categorical covariates while the second considers

continuous covariates.

3.7 Categorical Covariates

This section is primarily concerned with investigating the effect of categoricél
covariates on survival. The Kaplan-Meier estimator, as illustrated in Chapter 1,
provides an efficient means of estimating the survival function (for right censored
data) for each level of the covariate. A graphical comparison of the effect of the
covariate on survival can be made by plotting the upper and lower pointwise
confidence intervals (e.g. 95%) or confidence bands in addition to the estimated
survivor function for each level of the covariate. As previously mentioned, when
comparing two or more independent groups of survival data, such a graph can appear

quite cluttered, and it is difficult to accurately identify any clear patterns.

One way around this is to modify the argument presented earlier for generating

reference ranges for the plot of the estimated ratio of survivor distributions.

3.7.1 Ratio Plots for Independent Survival Data

The marginal ratio survivor plot concerned the estimated ratio of the marginal
survivor functions and the reference ranges were generated by virtue of permutation
within pairs (in order to remain true to the ‘within-subjects’ design of such studies).

For any binary covariate, the technique introduced in Section 3.4.2 can now be
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adapted to the ratio of survivor distributions for the two levels of the covariate (as

opposed to case/control).

3.7.2 Reference Range Plots for Binary Covariates in Survival Data

In the case of independent binary covariates, reference ranges can be generated by
considering all the possible permutations of the covariate label. If m and n are the

number of observations in the two levels of the binary covariate where m-+n=P, then

m-+n m-+n
there are | . |possible permutations of the grouping pattern. There are -

possible data sets therefore which could have been obtained conditional on any

subject being equally likely to have arisen from either level of the binary covariate.

If the number of observations is fairly large this will result in a very large number of
possible permutations and a Monte-Carlo simulation is preferable. A selected
number (e.g. 500) of simulations is carried out, and the estimated survival ratio is
calculated for each permuted data set. Lower and upper 2.5% quantiles can then be
computed at each distinct observation time from the simulated set of ratios to generate
the permutation envelope as an alternative to the exact reference range. Stratified
Kaplan-Meier plots by the binary covariate of the estimated survival functions and
accompanying survival ratio plots (with permutation envelopes) for the various
categorical covariates recorded in the Melanoma and Dental studies are given overleaf

(Figure 3.13) where, in each graph, 500 simulations were used.
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Individuals with tumours presented on an axial site have poorer survival prospects
compared to those with tumours located on an extremity. There is a suggested region
(similar to that with sex) corresponding to significantly improved survival for tumours
located on an extremity from 80 to 180 months again small sample sizes beyond 180

months may be the cause of this apparent lack of difference after this time.

The last two plots investigated the effect of the Clark Level of Invasion covariate on
survival. From the stratified Kaplan-Meier plot it is evident that the majority of
individuals with Clark Level 1 are censored and poorer survival is evident with
increasing Clark Level. For brevity, in order to prepare the ratio plot only the Clark
Level I and 3 groups were used to highlight the best and worse levels of the covariate.
Individuals with Clark Levels of Invasion 2 and 3 exhibit similar survival patterns.
Indeed, on the basis of a ratio plot using these two levels (not shown), there was no

suggestion of any difference.

Stratified Kaplan-Meier and ratio plots for the categorical covariates involved in the
Dental study are given below (Figure 3.14). There is no suggestion of any sex effect
despite males appearing to have slightly longer time to failure in general. Individuals
with Malocclusion Type 2 have the poorest performance in terms of time to bracket
failure while arguably Malocclusion Type 1 individuals have in general the best
performance. A ratio plot was prepared comparing these two levels of the covariate

and there was a suggestion of a ‘significant’ difference from 19 months onwards.

65



































































































































































































































































































































































































































































































































































