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Summary

The main aim of this dissertation is to prove a version of the result [Bro98, Proposition 2.3],
following the outline suggested in that paper. This result has a distinctly homological flavour,
and unsurprisingly relies quite heavily on homological algebra for its proof. We have also
drawn upon a wider variety of mathematical techniques, mostly ring theory and Hopf al-
gebraic methods in our discussion. As by-products of the proof, we get a condition for
Galois extensions and Frobenius extensions to be equivalent, and also a generalisation of a
well-known theorem by Larsson and Sweedler. We discuss this in more detail below.

We state the proposition:

Proposition. We let H be a Noetherian k-Hopf algebra, where k 1s an algebraically closed
field. Let K be a central affine sub-Hopf algebra of H with

inj.dimy (K) = Krull dim(K) = m.
Suppose further that H is a finitely generated K-module. Then

Throughout this thesis, inj.dim refers to the injective dimension of the module (defined in
Definition 3.2) and Krull dim is the Krull dimension of a commutative Noetherian ring which
we also define in Definition 3.2. We also note the fact that if a commutative Noetherian ring
has finite injective dimension, then inj.dim(—) = Krull dim(—), as above. The proof is split
into four parts, which we summarise briefly here. In the first part, we show that for any ring R
which is a Frobenius extension over a subring S the injective dimension of S as & module over
itself is equal to the injective dimension of R as an S-module. Proof of this is obtained from
Nakayama and Tsuzuku’s fundamental paper ([NT60]) and some basic facts about projective
modules. In the second part, we prove that, in the notation above, H is Frobenius over K.
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This requires that we show H to be a Galois extension over K, which requires substantial
preparation as discussed in Chapter 2. The key results come from Kreimer and Takeuchi’s
paper [KT81] and a paper by Schneider [Sch93]. This step also generalises the Larsson and
Sweedler result mentioned before, which states that any finite-dimensional Hopf algebra is
Frobenius over any sub-Hopf algebra. The third part shows that K is a Gorenstein ring. The
fourth part uses some simple facts on projective modules to place the required restriction
on the injective dimension of H as an H-module. These steps, taken together, prove the

proposition. This proof is contained in the second section of Chapter 4.

Chapter 1 is concerned with the basic definition of a Hopf algebra and discusses some of
their basic properties, including comodules, invariants and coinvariants, and smash products.
We also introduce Sweedler’s sigma notation and use it to describe many Hopf algebraic

properties.

As indicated above, Chapter 2 contains the majority of the results needed to prove the
proposition. We begin by defining and discussing normal sub-Hopf algebras and establish two
key results which give an if and only if condition for a sub-Hopf algebra to be normal. This
forms part of the proof of the proposition. The main point of the chapter, however, is to show
that under certain conditions, Galois extensions are equivalent to Frobenius extensions. A key
tool in proving this result is the notion of faithful flatness. We are interested in when a Hopf
algebra is flat, faithfully flat, or free over a sub-Hopf algebra. There has been a substantial
amount of work done in this area, some of which we discuss in detail, especially results by
Schneider [Sch93]). This discussion forms the backbone of the chapter and establishes the
crucial fact that the conditions in the proposition imply that H is faithfully flat over K.
Finally, we discuss a result from Kreimer and Takeuchi’s paper, which gives the condition for
equivalence between Galois and Frobenius extensions that we require.

Chapter 3 deals with the technical homological results required for the first and third parts
of the proof. We note the well-known fact that Homp (A4, B) = Ext% (4, B), for rings B C A,
and define the notion of a Gorenstein ring. We also discuss some basic facts about injective,
projective and global dimension. We also consider a condition for the Krull dimension of a
ring to equal the injective dimension of the ring as a module over itself, which is vital for the
last stages of the proof. This chapter concludes with two technical results from ring theory,
needed in the first part of the proof.

As mentioned, Chapter 4 deals with the proof of the proposition. However, the chapter also
contains a short discussion on the special case when H is assumed to be commutative. We
discuss this case further below.




Special Cases and a Possible Use

One of the most important results we need to establish is the faithful flatness of H over K.
This requires substantial work in the general case, as discussed in Chapter 2. However, it is
possible to simplify this situation by assuming a specific finiteness condition on the sub-Hopf
algebra, namely, that the sub-Hopf algebra is finite-codimensional. We can then dispense with
much of the work in Chapter 2. Instead we can proceed as indicated in [Sch93, Theorem 2.1],
which shows that for any normal finite-codimensional ideal I of a Hopf algebra H, H is right
and left faithfully coflat over H/I. Note that there is also a bijective correspondence between
the set of all normal Hopf ideals I of a Hopf algebra H, such that H is right faithfully coflat
over H/I for all I, and the set of all normal sub-Hopf algebras K of H such that H is
right faithfully flat over K, which is also proved in Schneider’s paper [Sch93, Theorem 1.4].
Therefore, the Hopf algebra H will be faithfully flat over any normal finite-codimensional
sub-Hopf algebra K. Once this is established, it is comparatively straightforward to prove
that H is Frobenius over K.

Another special case is the situation indicated above, where we require H to be commutative.
This means that we can establish faithful flatness of H over K much more simply, as discussed
in Chapter 4. Again, once we have this, it is relatively easy to show that H is Frobenius

over K.

Finally, we might ask how this particular result can be used. One answer is that it can be
applied to give strong homological conditions on certain classes of k-Hopf algebras, namely
those which are left and right Noetherian, are k-affine, and satisfy a polynomial identity. The
homological conditions in question are the Auslander-Gorenstein condition and the Cohen-
Macauloy condition. We define and briefly discuss these concepts below.
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Definition. Consider a ring R, and let M be a right R-module.

(1) The grade of the module M is

§(M) = inf{j | Ext} (M, R) # 0}

(2) Suppose that M is a Noetherian R-module, and let N be any submodule of Ext%(M , R).
Then if for all ¢ > 0, we have j(N) > 4, R satisfies the Auslander condition.

(3) Suppose that R is Noetherian, has finite right and left injective dimension and satisfies
the Auslander condition. Then R is Auslander-Gorensiein.

(4) Let M be a finitely generated non-zero Noetherian R-module, and consider the Krull
dimension, Krull dim(-). Suppose that for all such M,

J(M) + Krull dim(M) = Krull dim(R).

Then R is Cohen-Muacauloy with respect to the Krull dimension Krull dim.

One can consider the Auslander-Gorenstein and Cohen Macaulay conditions together to be
the translation of the Gorenstein property (which is defined for a commutative Noetherian
ring) to the non-commutative case. In particular, the Cohen-Macaulay condition gives a link
between the homological characteristics of a module and a measure of its size.

These properties are powerful tools in proving results for structure in modules and rings;
a detailed discussion is not possible here, but the interested reader is referred to [Bjo89]
and [BE90] for discussion of basic ideas and theory; more details of the way in which these
results can be used may be found in [GL96] and [SZ94].

We are now in a position to state the result linking the proposition proved in this paper and
the properties discussed above. This theorem comes from [BG98].

Theorem (Brown-Goodearl). Let H be a k-affine Noctherian Hopf algebras satisfying a
polynomial identity, and suppose that H also has finite left and right injective dimension.
Then H is Auslander-Gorenstein and Cohen-Macaulay, and, further,

ing.dim{H) = Krull dim(H)

vii




Contents

1 Basic Hopf Algebra Theory 1
1.1 Algebras and Coalgebras . . . . . . . .. . . . ... e 1
1.1.1 Basic Theory . . . . . . . . . . . e 7

1.2 Bialgebras . . . . . . . e e 14
121 Examples . . . . . L 17

1.3 Hopf Algebras. . . . . . . . o . e 22
1.3.1 The Antipode and Convolution . . . . . . . ... .. .. ... ... .. 22

1.3.2 Some Properties of the Antipode . . . . . ... ... ... ..... .. 24

1.3.3 Some Examples of Hopf Algebras . . . . . ... ... ... ... ... 30

1.4 Modulesand Comodules . . . . . .. ... ... ... ... 35
141 Bxamples . . . . . 0 0L e 37

1.4.2 Invariants and Coinvariants . . . . . . .. ... ... . ... . ... .. 39

1.4.3 Smash Products . . . . . . ... . 42
144 Flatness . . . . . o o o e e 45




2 Extensions and Normality 46

2.1 Normal Hopf Algebras . . . . . . . ... ... ... ... ... ... .... 46
2.1.1 Definitions and Examples . . . . . . . . . o0 e 46

2.1.2 Resultson Normality . . ... ... ... .. ... ... ... .... 51

2.2 Galois and Frobenius Extensions . . . . .. ... ... ... ... ... ..., 58
2.3 Faithful Flatness . . . . . . . .. . .. ... . 69
231 Overview . . . L e e e e e 69

2.3.2 Conditions Giving Faithful Flatness . . . ... ... ... ....... 70

24 TheSetof Integrals . . . . . . ... .. .. . ... . . . . . 76

3 Homological Algebra and Module Theory 78
4 The Proposition 82
4.1 The Commutative Case . . . . . . . . . . . it 82
4.2 Proof of the Proposition . . . . ... ... ... ... .. ... . . ... ... 83

ix




Chapter 1

Basic Hopf Algebra Theory

1.1 Algebras and Coalgebras

This section is concerned with some of the basic definitions needed to build up the notion of
a Hopf algebra. The familiar definition of an algebra is of a vector space A over a field k,

which is a ring where multiplication satisfies the following property:
c(ab) = (ca)b =a(ch), Ve € k and Va,b € A
We can thus identify k with the subring {A1 | A € k} of 4.

We redefine this to give a definition which initially appears more abstract but is substantially

easier to dualise.

Definition 1.1.1. An algebra is a triple (A4, 4, 7), composed of a vector space A over a field
k and two linear maps p: AQA —» A and n:k — A (the product and unit respectively),

such that the following diagrams commute:




(1) The Associativity Condition

i
AvdeA-t2C 404
id@u “
ARA—E— A
(2) The Unit Condition
n®id 1d®mn
k®A A®A ARk AQA
= { o 1
A A

In addition, we say that the algebra is commutative if the following diagram commutes:

I
ARA A
TA,A 7
AR A

We define 7y, for any two k-vector spaces V and W to be the so-called ‘flip’ map, that is:
Tvw : VW — W®V, givenby v@w — w®v.
An algebra morphism f : (A, u,n) — (4, 4',7n') is a linear map f : A — A’ such that the

following conditions hold:

(1) wo(f®f) = fou

(2) fon =17

We consider a few simple examples of algebras.



Example 1.1.1. Consider an algebra A = (4, p, 7). Now consider an algebra with the same
vector space, but with multiplication given by pe, = ®74,4; this algebra is the opposite
algebra A%. Clearly, A is commutative if and only if 4 = pqp.

Example 1.1.2 (The Group Algebra). Let k be a field and G be a group. We define
the group algebra to be the k-vector space with G as basis. Elements of kG have the form
> g€ G%9, where ag € k and only finitely many of the a, are non-zero. The algebra structure

(D~ ag)( D bak) = > cik,

9€C he@ ke@

is given by

where ¢ = Y oh=k®gbr. We will return to this important example repeatedly in later discus-

sion.

Example 1.1.3 (The Universal Enveloping Algebra). Consider a Lie algebra g. This
is defined to be a k-vector space with a bilinear map [,] : g®g — g, satisfying the following

two conditions for all z,y,z € g:

(1) (Antisymmetry) [z,y] = —[y, ],

(2) (Jacobi Identity) [o, [y, 2]] + [y, [z, al] + [z, [, 4] = 0.

As an example of a Lie algebra, consider R® with the usual cross vector product.

We assume for simplicity that g is a finite-dimensional k-vector space, so we may fix a basis
Z1,..., Ty of g and let a;; be the structure constants of the Lie bracket defined by

[zi,25] = Y agim, Vi,j.
]

We define the universal enveloping algebra, U(g), to be the associative k-algebra generated
by the {z;}, subject to the relations

n
TiTj — BjT; = Z ai512] Vi<, i< n. (l.l)
=1

We discuss further properties of this example later.

The definition for the tensor product of two vector spaces is well-known. Here, however, we

re-define it in the language of the definition given above.




Definition 1.1.2. Let A = (A, p4,m4) and B = (B, up,np) be two algebras. We define
their tensor product to be the algebra A®B with product given by (a®b)(a'®V') = ad' Qb
and unit given by 1®1. In terms of the maps defined in Definition 1.1.1, these maps are given
by

pagp = (na®up)o(ida®ra p®ids) and (1.2)
NaeB = (MA®1B)- (1.3)

We now obtain a new algebraic structure by dualising the definition of an algebra, that is,
we systematically reverse the direction of the arrows. This produces an object known as a
coalgebra, which, together with the notion of an algebra, forms the framework out of which
a Hopf algebra is constructed.

Definition 1.1.3. A coalgebra is a triple (C, A, €), where C is a k-vector space and the linear
maps A : C — C®C and € : C — Kk, respectively the coproduct and counit, satisfy the
following commutative diagrams:

(1) The Coassociativity Condition

A®id

CRCRC——CRC
1d@A A
ceC = C
(2) The Counit Condition
1d®e e®id
Cek cel k®C ceC
= A = A
C C

where the isomorphism in the above maps is given by ¢c® A +— cA and A®c — Ac
respectively, for ¢ € C and A € k.




The coalgebra is said to be cocommutative if the following diagram commutes:

A
ceC C
Jexe A
cel

Definition 1.1.4. A coalgebra morphism g : (C,A,e) — (C',A',&') is defined in the
‘opposite’ sense to that of an algebra morphism; it is a linear map g : ¢ — €' such that

the following conditions hold:

(1) (9®g)oA = Alog,

(2) e'og =&.

We now show that the notion of ideals and factor rings extends naturally to coalgebras.

Definition 1.1.5. Let I be a subspace of (C, A, ), and suppose A(I) € I®C + C®I and
e(I) = 0. Then I is said to be a coideal. Further, the k-space C/I is a coalgebra with
multiplication and counit induced by A and e, given by A(c + I) = ((r@m)oA)(c), and
e(c+I) = €(c), where # : ¢ — (/I is the canonical map. Consistency of these definitions
is ensured by the fact that I is a coideal.

As for algebras, we define the tensor product of coalgebras.

Definition 1.1.6. Let ¢ = (C,A¢,e¢) and D = (D,Ap,ep) be coalgebras. The tensor
product of C and D is defined as the coalgebra C®D with coproduct

Acgp : CQD — C®DRC®D, given by Aggp = (idc®@T®idp)o(Ac®Ap)

and counit
ecgp : C®D — k, given by ecgp(c®d) = e(c)e(d).

We consider a few basic examples of coalgebras.

Example 1.1.4 (The Opposite Coalgebra). We use the flip to dualise the notion of the
opposite algebra to coalgebras. Let C = (C, A, ¢) be any coalgebra. Define AP = 7¢ coA.
Then clearly AP satisfies the coassociativity rule, and (C, AP, ¢) is a coalgebra, the opposite

coalgebra.




Example 1.1.5 (The Coalgebra of a Set). Let X be a set and define
C =k[X] = &, e xkz.

We can then impose a coalgebra structure on C by defining A(z) = 2®2z and £(z) = 1 for all
z € X. We extend these conditions naturally to C, so that

Azi()‘imi) = ZiAiA(:ci) and
5(23\1%’) = Zi}\i-

We now return to the group algebra, which is the special case X = G. We may re-define its

algebra structure as
w(g®h) = gh and n(k) = 1gk, Vk € k. (1.4)

It is straightforward to show that these satisfy the associative and unit axioms. We show the

case for u; that for n is even simpler.

p{(p@id)o(g@h®k)) = u(gh®k) = ghk and
pl(id@p)o(g®h®k)) = p(g®hk) = ghk,

for all g,h,k € G. We define the coalgebra structure by the following maps:
Alg) = g®g and e(g) = L. (1.5)

where both of these are extended to kG in the natural manner indicated above. As above,

we check the coassociativity axiom

(A®id)oA(g) = (A®id)(9®g) = g®g®g and
(id®A)oA(g) = (1d®A)(9®g) = g®g®y,

for all g € G. The calculation to show the counit axiom is even easier and is omitted.



1.1.1 Basic Theory

The Relationship Between Algebras and Coalgebras

We next examine the relationship between coalgebras and algebras, which we do by consid-

ering their dual spaces.
Definition 1.1.7.
(1) Let V be a vector space. Then V* == Homy(V, k) is the dual of V. We note without
proof that V*@V*C(VeV)*

(2) We use the tensor product of V' and V* to define a bilinear form {,) : V*®V — k via
the map (f,0) = f(v).

The bilinear form defined above leads to the following definition.

Definition 1.1.8. Let V and W be vector spaces. Let ¢ : V — W be a k-linear map. We
define the transpose of ¢ to be the map ¢* : W* — V*, given by

¢"(f)(w) = {f,d(v)) = F((v)),

forall f € W* and for allv € V.

Lemma 1.1.1. If C = (C,A,¢€) is a coalgebra, then C* is an algebra with product p = A*
and unit n = *.

Proof. We use the fact C*®@C* C (C®C)* from above. We can then restrict the map A* to
amap p: C*®C* —— C*, given by

p(f®g)(z) = A*(fg)(z) = (f®g, Alz)) = (f®9)A(2),

for all f,g € C*, and for all z € C. We let = &*. Then (C, u,7n) forms an algebra, as may
be easily verified by looking at the diagram for the associativity condition. r

The converse of this statement is not true in general; if, for example, A is not finite-
dimensional, then A*®A* is a proper subspace of (A®A)*. This means that the image
of u* : A* — (A®A)* need not necessarily be contained in A*®A*. However, if A is finite-
dimensional, the converse is true. We prove this result shortly when discussing tensor prod-
ucts of linear maps. In the general case, however, the best we can do is proceed with the
so-called finite dual of A:




Definition 1.1.9. The finite dual of an algebra A, denoted by A°, is the set of all f € A*
such that f(I) = 0 for some ideal I of A, where I satisfies the condition dim(4/I) < oo.
We note the following results: A° is a coalgebra if A is an algebra and has coproduct A = p*

and counit € = #*. Further, if A is commutative then A° is cocommutative.

Example 1.1.6 (Return to the Coalgebra of a Set). We can apply Lemma 1.1.1 to the
previous example of the coalgebra of a set, to get an algebra, C* = Homy (C, k), the algebra
of functions on X with values in k. The lemma shows that for f,g € C* and z € C,

u(f®g)(z) = (fog)(A(z))
= (f®g)(z®)

f(z)®g(z)

= f(z)g(=).

Thus the algebra structure in C* is given by pointwise multiplication. Also, for A € k

Ay = ()
= Ag*(1)
= A

It is simple to check that p and 7 satisfy the associativity and unit axioms.

Example 1.1.7 (The Group Algebra). We consider the group algebra, C' = kG, first
as a coalgebra and then as an algebra. By Example 1.1.4, kG has a coalgebra structure,
given by Equation 1.5. Thus the algebra structure on C* (or on C?) is given by pointwise

multiplication, as in Example 1.1.6.

In general, C' = kG is not a finite-dimensional algebra, so we cannot apply the converse of
Lemma 1.1.1 in this case. We can, however, obtain the finite dual, which in this case is the
so-called set of representative functions, Rx(G) on G. The algebra structure on C is given by
Equation 1.4, so the coalgebra structure on C° is therefore given by

Aof(z®y) = p*flz®y)
= {f, u(z®y))
= [f(=zy).




This does not give an explicit formula for A, f in terms of elements of C°®@C?, which is in fact
only possible when C is finite-dimensional. In this case, one would choose a basis {b;|g € G}
of C*, dual to the basis of G in kG. Then

Aobg = Z b ®0bp.
hk=g

The Sigma Notation

The following discussion considers a very useful form of notation, developed by Moss Sweedler
and R. G. Heyneman, first published in [Swe69].

Suppose we have an element z € C = (C,A,¢e). Then the element A(z) € C®C has the
form A(z) = 3 ,zi®z). In Sweedler’s sigma notation, this is written as

A(.’L‘) = me]_@.'ﬂz.

For example, the coassociativity of A may he evngageed in +his form as
A(.’L‘) = m$1®m2'

BOINCHLICIBEES S8}, ()1 0(az)a).

By convention, we identify both sides of this expression with
Z z18T20%3.
€T
We extend this inductively to get a similar expression for longer products.
We reformulate the condition for counitality as
Z E(.’El)ﬂ)g == Z mls(xg), (1.6)
T x

and the cocommutative condition as

me1®$2 = me‘z@&)l .

1 &




Finally, the comultiplication of the tensor product of two coalgebras C' and D can rewritten as

Acep(z®y) = Zwm(w@y)l@(fc@y)z = Zw®y$1®y1®$2®y2, (1.7)

forallz € C andy € D. Note that for the remainder of this dissertation, we omit the
subscript & on ), when possible.

Tensor Products of Linear Maps

We now return to the claim made earlier in this section that if A is finite dimensional, then
the converse to Lemma 1.1.1 is true. The following discussion forms an important part of

the proof.

Definition 1.1.10. Let U, U’, V and V' be vector spaces, and consider the linear maps
f:U — Ulandg: V — V'. We define the tensor product of f and g to be the map
f®g: UV — U'®V’', given by (f®g)(u®v) = f(u)®g(v), forallu € U andv € V. We
use this to define a linear map

v : Hom(U, U")®@Hom(V, V') — Hom(UV,U'®V"), via ~(f®g)u®v) = f(u)®g(v).

We are interested in when the map -y is an isomorphism. The following theorem deals with
such a condition.

Theorem 1.1.2. Let at least one of (U,U"), (V,V') or (U, V) be a pair of finite dimensional
k-vector spaces. Then the map -y given in Definition 1.1.10 is an isomorphism.

Proof. We require the following standard algebraic identities. Let I be an indexing set.

Hom(@; ¢ ;U;,U") &[] Hom(U;, U') (1.8)
iel

(@ierU)QU' =2 @;c(UiU") (1.9)

Hom(U, [[U}) = ][] Hom(U,U;) (1.10)
el i€l

We consider the case when U and U’ are finite-dimensional; proof of the remaining two
cases is achieved by applying the same technique as discussed below. Since U and U’ are
finite-dimensional, we may write U = @; ¢ sku;, where {u;}; ¢ s is a finite basis of U. Then

Hom(®;ku;, U')@Hom(V, V') = H(Hom(kud.,, YY@Hom(V, V') by Equation 1.8.

10




Also,

Hom((®;ku; )@V, U'@V') = Hom(®;(ku;®V),U'®V")

HHom(ku]@V, U'®V') by Equations 1.8 and 1.9.
J

IR

Thus, after composition with these isomorphisms, - is now a map from

(H Hom(ku;, U'))@Hom(V, V') H Hom(ku;®@V,U'@V").
J J

However, J is a finite indexing set, so Hj can be replaced by @;. So, applying Equation 1.9
once more, we have @;(Hom(ku;,U')®Hom(V,V’)) — @;Hom(ku;®V,U'®V’), where
the map 7 sends each j** summand to the corresponding j* summand. It is therefore
enough to show that v is an isomorphism in the special case U = ku;, that is, the map
v : Hom(kuw;, U")®@Hom(V, V') — Hom(ku;®V,U’'®V’) is an isomorphism. Since ku; is
one-dimensional, we only need check that the following map is an isomorphism:

7 : U'®@Hom(V, V') — Hom(V,U'®@V’), (1.11)

given by v (v'®f)(v) = w'®f(v), for v’ € U', v € V and f € Hom(V,V’). To prove this,
we use the fact that U’ is finite dimensional and so can be written as @, ¢ JlkU;-,, for some
finite basis {u, }; ¢ ;. By using Equations 1.9 and 1.10 in a manner similar to that above,
we get that

U'®Hom(V, V') = @jkuy®@Hom(V, V')

and that

Hom(V,U'®V") = H Hom(V, kuj; ®V') = @y Hom(V, kuyu @V').

jf

We wish to show that the map +/ is an isomorphism. To show that it is injective, we consider
ker(y'). Let 3. ¢ p Ajruly®fie, for Ajuy € kuly, and f € Homy(V, V'), be nonzero. Then
clearly (3 ¢ j Ajru®fy) is also nonzero. To show that ' is onto, consider
g € ©yHom(V,ku,®V'). So g = g1®g2® -+ - Bgn, for gy € Hom(V, kuy ®V'). Clearly, for
all such g;: we have gj(v) = X uj,®uv,, for some Ajul, € kul, and v, € V'. So there exists
Ny ®gy € kujy,@Hom(V, V') such that o' (N ul,@g)) (v) = Xjuly@vy.. Thus 7' is onto, and

J V) jl
hence is bijective. O
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We are now in a position to prove the converse to Lemma 1.1.1.

Corollary 1.1.3. Let A = (A, u,n) be a finite-dimensional algebra. Then the map
v: A*QA* — (A®A)* is an isomorphism, given by v((f®g)(a®b)) = f(a) ® g(b). In this

case, one may define A* as a coalgebra via the maps

A = vy lop* and

*
E = 7,

where the superscript * defines the transpose of the map.

Proof. All that is required here is to take A = U =V and U’ = V' = k in Theorem 1.1.2.
To show that A* is a coalgebra, we need only consider the respective commutative diagrams

for associativity and the unit condition, and the corresponding diagrams for coalgebras. [

Example 1.1.8 (The Matrix Coalgebra). We let A = M,(k) be the algebra of nxn
matrices with entries in k. We define F;; to be the matrix with entry 1 at the ¢,j position
and zeros everywhere else. The set of the matrices E;;, forall 1 < 4,5 < n, forms a basis for
My (k). Define a basis dual to this one by {z;;}. Then we define the dual coalgebra A* by

n
A(:EZJ) = Zmik@)mkj and 6(:1:7;5;) = 57;j.
k=1

We use Corollary 1.1.3 to check the validity of these definitions. For the counit, we have:

&(zi;) = ziz(n(1)) = mz‘jZkEkk = Zk&k&j = 8ij,

which justifies the choice for e. For A, we need to show that A = y~lop*, that is, that
voA = p*, where 7y is the map defined in Corollary 1.1.3 above. We have

1 (@45) (Ba®Emn) = (%4 (u(Bu®Emn)))
= (Oimzii(Bin))
= (0imitdjn)
= (Zpaikdlpépmé‘jn)
= (Z Lip (Ekl)mpj (Bmn))
)

= "Y(Z mip®$pj) (Elcl@Emn)
D

So we must have A(zy) = >} _, z;1®zy; as shown above. Thus A* does indeed have a

coalgebra structure given by the maps defined.
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Graded and Filtered Algebras

We consider the following technical ring theoretic concepts, which will be required in later
chapters. We also include the corresponding definition of a graded ring for modules.

Definition 1.1.11. Let A be an algebra. Suppose that there exist subspaces {A4;};en of A

with
A=@®;ecn4; and A A; C Aiyy

for all ¢,7 € N. Then A is said to be graded. The elements of A; are said to be homogeneous
of degree i. The unit 1 of a graded algebra is always assumed to belong to Ag.

Example 1.1.9. Consider a free algebra A = k{X}. Then A is graded by the length of the
words, that is, each A; is defined to be the subspace linearly generated by all monomials of
degree i. The elements of X have degree 1.

We now consider the equivalent condition for modules.
Definition 1.1.12.

(1) Suppose A is a graded algebra as described above. Consider a right A-module M. Sup-
pose that M = @y, ¢ nM, is a decomposition of Abelian groups, such that M;A; C Ay,
for all 7,7 € N. This is a grading of the right A-module M. A module can have many
different gradings.

(2) A graded module is a module with a fixed grading. We refer to the nonzero elements of
each subgroup M, as being homogeneous of degree n. If m = ), - ymin, for my, € My,
then we define m,, as the nt* homogeneous component of m.

Definition 1.1.13. Let {4;};> ¢ be a family of subspaces of the algebra A which satisfy the
conditions
{0tc4 c---Cc 4 cCc.---CcA

and
A= Us> 0d;, and Ai'Aj C Ai_|_]'

A is then said to be filtered.

Example 1.1.10. The irivial filtration for any algebra is given by the subspace A; = A, for
all 1.

Example 1.1.11. Let A = @; > ¢A4; by a graded algebra. We can filter A by
A; = Bo <j<idy,

forallz € N.
13




1.2 Bialgebras

This section is central to all that follows, since Hopf algebras are defined as special cases of

bialgebras.

Suppose that H is a vector space with both an algebra structure (H, u,n) and a coalgebra
structure (H, A,e). Given certain conditions (see Theorem 1.2.1) these two structures are
equivalent. First we give H®H the induced structures of a tensor product of algebras and
coalgebras; see Definitions 1.1.2 and 1.1.6 respectively. Now recall the definition of a coalgebra

morphism from Definition 1.1.4.

Theorem 1.2.1. Let H be a vector space with an algebra and coalgebra structure as given

above. Then the following two statements are equivalent:

(1) The maps i and n are morphisms of coalgebras;

(2) The maps A and € are morphisms of algebras.

Proof. This can be seen from an examination of the commutative diagrams associated with
either statement. We note that 4 is a morphism of coalgebras if and only if the following two
diagrams are commutative (see Definition 1.1.4 for a justification).

HoH =2, kek HQH —r s H
lu lid (id@r@id}(A@A)l lA
H — k (HoH)®(HoH) 2L HoH

We may also express the fact that 7 is a morphism of coalgebras via the following commutative

diagrams.
k 13 H k 15 H
lid lA ml los
kok 27 HeH k@k —% 5 k

14




But A is an algebra morphism if and only if the following commutative diagrams hold:

HeoH 222, (HeH)®(H®H) kK —+ H
lla’- l(u@,u)(id@'r@id) idl lA
A n®n
H — HeH kek —— H@H

and € is an algebra morphism if and only if the following commutative diagrams hold:

HH —%, kek k —1— H
lu lz‘d z‘dl ls
H 5 &k kK 2, x

But these diagrams are the same as the previous four; hence the result.

This theorem leads naturally to the following definition.

Definition 1.2.1. A bialgebra is a quintuple (H, i1, 7, A, ), where (H, i1, n) is an algebra, and

(H,A,¢) is a coalgebra satisfying the equivalent conditions in the previous theorem. A map

from H to H' is a bialgebra morphism if it is both an algebra morphism and a coalgebra

morphism.

Note 1.2.1. The conditions stipulated in Theorem 1.2.1 can be translated into ter
algebra morphisms. This requires A and ¢ to satisfy:

Alzy) = Alz)Ay)
A(lg) = 1g®ly
gzy) = e(@)e(y)
e(lg) = 1p.

In terms of Sweedler’s sigma notation, A(zy) = A(z)A(y) can be expressed as

Zwy(fﬂyh@(wyh = Z(m)(y)ﬂ?lyl@ﬂ?zyz-

The other three relations can be expressed similarly. We will use this expression, and

above, freely throughout the rest of the text.
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Clearly, we can define the notion of a tensor product of two bialgebras H and K to be the
object H®K with induced structure maps from the tensor product of algebras and the tensor
product of coalgebras. One might reasonably expect this new structure to be a bialgebra,
and indeed this is the case. We show this formally in the following lemma.

Lemma 1.2.2. Let H, K be bialgebras with Ay and Ak, and eg and i the respective
coproducts and counits. Then the tensor product HR®K is also a bialgebra.

Proof. Since H and K are bialgebras, we may define the tensor product as both a tensor
product of algebras and of coalgebras with coproduct given by

Aper = (idH®TH,K®‘Z;dK) o (Ag®Ak),
and counit given, for h € H and k € K as
5H®K(h®]€) = EH(h)EK (]\.)

Rather than use Theorem 1.2.1 directly, we will use the requirements for Aggx and eggx
in Note 1.2.1 instead. We recall Definition 1.1.6 for the tensor product of coalgebras and
Equation 1.7 which gives the comultiplication in sigma notation. Let h,h' € H and k, k' € K.
We begin by considering Equation 1.13 above. First we note that

Anex(h®k) =Y hi®k @ha®ks.
Now, considering (h®k)(h'®k) first, we get

Anex((h@k)(H'QK)) = Apgr(hi'@kk)
- Zhh’@kkl (hh' @kk' Y1 @(hh' QkK')o
= Z(hh')(kk')(hh,)1®(kk,)1®(}lh’)2®(k§f€')2

! I ] ’
Z(h)(h’)(fg) (k’)hl h‘l ®ky kl ®ho h2 ®ko ]{;2‘

But
Z(h)(hj)(k)(kf)hlh’l@klk'l@hzhé@kzké = Z(h]@]ﬁ@hz@k‘z)(ha@ki@hg@ké),
so therefore Apg i ((hQk)(A'®K)) = Apgr (h®k)Ager (b ®F'). By setting
h= h.l =k = k}’ = 1H®K:

it is clear that Ager(1g®lx) = lperRlygk-
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We now consider the conditions for €. Consider h,h' € H and &,k € K as before. Then

e((h@k)(WQK)) = e(hh'®kk")
— e(hl)e(kk)
= ¢g(h)e(k)e(h')e(k') by properties of
= e(h®k)e(h'®K').

It is clear from this that e(lpgr) = lugr. Hence Aggx and eggx satisfy the equivalent
conditions in Theorem 1.2.1 by Note 1.2.1. (]

1.2.1 Examples

Example 1.2.1 (The Polynomial Functions on nxn Matrices). Consider the ring de-
fined as

O(My(k)) = k[Xi5:1 < 4,5 < nl.

This is a commutative polynomial algebra in the n? indeterminates X;;. We want to show
that it has a coalgebra structure and that the coproduct and counit are algebra morphisms.
Define

n

A(Xy) = ZXilc@ij and
k=1

E(Xﬁ) = 5z‘j

Clearly, if these maps are extended multiplicatively and linearly to products and sums of the
generators, they must also define algebra morphisms. We need to show that (O(M,(k)), A, &)

forms a coalgebra. Coassociativity is clear from:

(A®id)oA(Xy) = (A®id)(D | Xik®Xy;)
k=1

= D (A Xu)®X)
k=1

n n
= 3 (Xu®Xu)®Xi

k=1 [=1

n n
= ) Xp®(Xuy®Xy)

k=1 1=1
= (id®A)oA(X55).
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The counit axiom is also easy to prove:

(e®id)oA(Xy;) = (e®id)(D) | Xx®Xpj)
k=1

n

= z5ik®ij
k=1

= 1®X¢j

= (Zd@&)OA(X”)
Thus (O(M,(k)),A,¢) is a coalgebra. By definition, A and ¢ are algebra morphisms, so

(O(M,(k)), A, e) is a bialgebra. We note that this bialgebra is commutative, but not cocom-

mutative.

Example 1.2.2 (Return to the Coalgebra of a Set). Consider C = k[X] = @gexkz
once more. This time, we assume further that X has an associative map pu: XxX — X
with a left and right unit e (that is, a unital monoid structure). This map induces an algebra

structure on C with unit e. Considering the maps A and ¢, we see that

Alzy) = zyQzy = (z@z)(y®y) = A(z)A(y), and
e(zy) = 1=elz)e(y).
So A and € are morphisms of algebras (by the relations in Note 1.2.1).

Example 1.2.3 (The Group Algebra). As discussed in Example 1.1.7, this already has
both an algebra and coalgebra structure, given by Equation 1.4 and Equation 1.5 respectively.

To show that this is a bialgebra, we will show that A and ¢ define algebra morphisims, i.e.

that they satisfy the conditions given in Definition 1.1.1.

Consider the map A : (kG) — (kG®kG), where the algebras kG and kG®kG are given as
kG = (kG, p, 1), and kGOKG = (kGRkG, (u®p)(ido7®id), (n®n)), where 7 is the flip map.
This is the tensor product of kG with itself (see Definition 1.1.2). We want to show that

((p®p)(1deTid))o(A®A) = Aoy and that Aon = n®mn.
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But for g,h € G,

((op)(1doTRid)o(ARA) (g®h) = (p®u)(1dRT®id)((9®g)®(h®h))
= (pou)(ideT®id))(9@(gRh)®h)
= uRu(gh®g®h)
= ueu((g®h)®(9®h))
= gh®gh = A(gh) = Aou(g®h),

as required for the first condition. The second condition is even easier:
Aon(k) = A(l) = 1®1 = n®n(g), Vi € k.

Thus A is an algebra morphism. To show that kG is a bialgebra, we need to show that € is
also an algebra morphism. We do this by noting the following fact:

If¥: G — H is ¢ homomorphism of groups, where H C G, then ¢' : kG — kH, given
by 3 gecred = DogeqAe?(9) is an algebra morphism.

We prove this by noting that kG = k(g |g € G), so we need only check for ¢ € G. Let
9,9 € G. Because ¥ = 1 on G, we have

¥(gg") = 9(gg') = (g)9(g") = ¥'(9)¥'(¢'),

so ¢ is indeed an algebra morphism.

Note that € : kG — k, given by >3, Agg + 37 A, is just the case H = {1} in the above.
So € is an algebra morphism. Hence k@ is a bialgebra.

Example 1.2.4 (The Universal Enveloping Algebra). Consider the universal envelop-
ing algebra defined in Example 1.1.3. Let {21, --,2,} be a basis for g. This is in fact a
bialgebra, as may be seen by counsidering the following maps:

A:U(g) — Ul(g)®U(g), given by z;+ 2;®1 + 1®z; and
e:U(g) — k, givenbyz; = 0, Vi=1,---,n.

As usual, we want to extend these maps to all of U(g) in order to make A and ¢ into algebra
morphisms. Unlike in the previous examples, this is not a trivial matter, since we need to
show that Equation 1.1 holds under A and e. We show the case for A; that for € is even

simpler.
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Alzizy — zjm) = Az A(z;) — Alz;)Awi)
= (2:®1 + 1®%;) (7;Q1 + 1®z;) — (#;Q1 + 10z, }(2:®1 + 1Qz;)
= z;Z;®1 + z2;8%; + z;0z; + 1Qz;x; — (:I:Afim,;@l + z;Qz; + ;90%; + 1®ijz-)

= (wz; — zj2;)@1 + 18(zz5 — z;52;)

n n
= (Z aijlwl)®l + 1®(Z G,,;jlwl)
=1 =1
3
, = A(Z aiﬂxl).
l=1

| We already know that U(g) is an algebra from Example 1.1.3. We check that (U(g), A, ¢) is
| a coalgebra. We do the check for coassociativity; the counit check is similar and is omitted.

| (A®id)oA(z;) = (A®id)(w:®1 + 1®%;)
‘ = (£;0101 + 1®%;®1 + 1®z,®1 + 11®x;).

However,

(1d®A)oA(z;) = (1dRA)(z;®1 + 1Qz;)
= (20101 + 1Qz;®1 + 181Qz; + 1®1®;)
= (A®id)oA(z;).

Since we defined A and ¢ as algebra morphisms, this means that (U(g), A, ) is a bialgebra.

These last two examples illustrate two very important classes of elements.
Definition 1.2.2.

(1) Let C = (C,A,¢) be a coalgebra and let € C. We say that z is group-like if A(z) =
z®z, as for the elements of G in the group algebra kG. We denote the set of group-like
elements in C by G(C). Note that G(C) is in fact a monoid. Some authors also require
that e(z) = 1, for all z € G(C); this is true but not strictly necessary, since e(z) = 1

| holds automatically for all z € G(C). We show this in Proposition 1.3.5.

(2) Let g,h € G(C). The element z of C is said to be g,h-primitive if
Az = z®g + h®z. The set of all g,h-primitives in C' is denoted by Py, (C). We denote
by P(C) the set {z | A{z) = 2®1 + 1®x}; that is, the set of 1,1-primitives in C.
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Remark 1.2.1. Under certain extra conditions, G(C) is a group. We delay proof of this to
Proposition 1.3.5, which is part of our discussion of the antipode. We can, however, prove

the following result immediately. The proof is from [Swe69, Theorem 3.2.1].

Lemma 1.2.3. For a coalgebra C over a field k, the set of group-like elements G(C) is

k-linearly independent.

Proof. We proceed via contradiction. Suppose that G(C) is not linearly independent. Clearly,
0 & G(C), since then £(0) = 0, and we show in the proof of Proposition 1.3.5 that £(z) = 1
forall z € G(C). So any single element of G{C) will form a linearly independent set. Choose
n € Z minimal with respect to the condition that any set of n distinct elements is linearly
independent, and there are n+1 distinct elements in G(C) which are not linearly independent.
So, for distinct g, k1, -+, by in G(C) with n > 1, we have the following relation:

g =kih1 +---+ kph,, for nonzero elements k1,--+,&, € k.

Thus we have the following two identities for A(g):

n
A(g) = gRg = Z kikjhi®hj
ij=1

Ag)

I

n A
D kiA(hi) = kihi®h (1.17)
i=1 =1

We defined the set {h;} to be linearly independent, and chose k1,---,k, # 0. So {h;®h;}
must be a linearly independent set, and so n = 1, by Equation 1.17. Therefore, g = k1h;.
But then, since we have e(g) = e¢(h1) = 1, we must have k; = 1 and ¢ = h;,which is a
contradiction since g and h; were chosen to be distinct. Therefore, G(C) must be linearly

independent. O

Example 1.2.5. Let A be an algebra and k a field. Define the algebra
Alg(A,k) = {f € A*|{is an algebra map from A to k}

Let p be the multiplication on Alg(A,k). Now Alg(4,k) C A°, since for all f € Alg(4,k)
and a,b € A,
pf(a®b) = f(u{a®b))

= f(ab)

fla)f(b) since f € Alg(A4k)
= fa)®f(b)

= (f®f,a®b).

I
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Therefore, p*(f) = f®f € A*®A* and so f € A° Thus Alg(A,k) C G(A°). Now consider
g € G(A°). This means that p*(g) = g®g. So for all a,b € A

(1*9)(a®b) = (9®9g)(a®b) = g(a)g(b).

But also
(1*g)(a®b) = (g, u(a®b)) = g(ab).

Thus g(ab) = g(a)g(b), so g € Alg(4,k), thus Alg(4,k) = G(A°).
Example 1.2.6. If C = kG, then G(kG) = G, since G(C) is a linearly independent set.

Example 1.2.7 (A Further Example of a Bialgebra). Let ¢ € k be nonzero, and define
Ok?) = k{z,y | zy = qyz). We define a bialgebra structure on @(k?) via A(z) = z®z,
Aly) = y®1 + zQy, e(z) = 1 and e(y) = 0. Clearly, z € G(O(k?)) and y € P1(Ok?)).

1.3 Hopf Algebras

A Hopf algebra is a bialgebra with an additional linear transform, called the antipode imposed
on it. This class of transform will be defined shortly, but first we require the following

definitions.

1.3.1 The Antipode and Convolution

Definition 1.3.1. Let A = (A4, x,n) be an algebra and C' = (C, A,¢) be a coalgebra, and
consider f,g € Homy(C, A). The convolution product, f*g, for all such f and g, is defined
to be the composition of the maps

c 2 cec 1% Aga £y A

That is, for all e € C,
(F*g)(c) = po(f®g)oA(c),

or in Sweedler’s sigma notation,

(frg)(e) = Y Fler)glea). (1.18)
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The convolution map in fact defines an algebra structure on Homy (C, A), as can be seen in
the following proposition, [Kas95, Proposition I11.3.1(a)].

Proposition 1.3.1. The vector space Homy(C, A) is an algebra under convolution with unit

given by noe.

Proof. We wish to show that the convolution is associative. We use Equation (1.18) and
the fact that the product and coproduct from A and C are associative and coassociative

respectively. For f,g,h € Homy(C,A) and ¢ € C, we get
((fxg)xh)(c) = > fler)glea)l(es) = (fx(gxh))(c).
4]
Now consider 77oe and recall Equation 1.6. Then, for ¢ € C, we have

((moe)xf)(c) = Ze(cl)lf(cz) = f(Z g(e1)ez) = flc), via Equation 1.6.

c c

Similarly, one shows that noe is a right unit under convolution. Thus Homy(C, A) is an
algebra. |

We now consider a special case of this situation. Let H be a bialgebra and let C = A = H.
This enables us to define the convolution on Endy(H).

Definition 1.3.2. Consider a bialgebra (H, u,n, A, &) and choose S € Endy(H). Then S is
said to be an antipode of the bialgebra H if

Sxidg = idg*S = noe,

that is, if it is an inverse for the identity, under the operation of convolution. This can be

rewritten using Sweedler’s notation as

Zwmls(f@) =e(z)ly = Zm3($1)2?2~ (1.19)

Definition 1.3.3. We can now define a Hopf algebra as being a bialgebra with an antipode.
We denote a Hopf algebra with antipode S by (H, u, 71, A, €, 5).

Definition 1.3.4.

(1) Let A and B be two Hopf algebras and let g : A — B be a map. It is a Hopf
algebra morphism if it is a morphism of the underlying bialgebras and commutes with
the antipodes, that is g(Saa) = Spg(a).
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(2) Let I be a subspace of a Hopf algebra A. If I is a biideal and SI C I, then I is a Hopf
ideal. Clearly, A/I is then a Hopf algebra with structures inherited from A.

Not all bialgebras are Hopf algebras since not all necessarily have antipodes. However, if a
bialgebra does have an antipode, then it is unique. To see this, consider two antipodes S
and 5"

S = Sx(noe) = Sx(idxS") = (S¥id)+S' = (noe)xS' = §'.

1.3.2 Some Properties of the Antipode

The following three results state some of the basic properties of the antipode. In each case,
the proof is taken from [Kas95, Theorem I11.3.4].

Theorem 1.3.2. Let H = (H,pu,n,4A,¢,5) be a Hopf algebra. Then S has the following
properties:

(1) S is an anti-algebra morphism; that is, for all z,y € H,

S(zy) = S(y)S(=)
1) = 1,

(2) S is an anti-coalgebra morphism; that is

AoS

(S®S)oA™ = 15 go(S®S)oA (1.20)

goS = e
We note for future reference that Equation 1.20 may be rewritten as:

D S(@)1®S(m)2 =Y S(z2)®5(21). (1.21)

S(z) T
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Proof.

(1) Let o, € Hom(HQH,H) with a(z®y) = S(y)S(z) and B(z®y) = S(zy), for all
z,y € H. To show that these maps are equivalent, it is enough to show that (B+u) =
(pxa) = (ne). For (B+u) we have

(Bp)(@®y) = > B((z®y)1)p((z®y)2) by Equation 1.18
QY

= Z B{z1®@y1)u(z2®y2) by the bialgebra structure on HQH
(z)(w)

= Y Sl@y)wy,
(=X}

= ZS(a:y)l(:By)z by Equation 1.16
(zy)
= ne(zy) by Equation 1.6.

We proceed in a similar manner to show that p*a = ne.

(pra)(z®y) = ) pl(z@y)h)e((z@y)s)
TRy

= Z p(z1®y1) o z2®y2)
(@)®)

= > zy18(y2)S(22)
(=)(@)

= > 01D n15(y2))S(x2)
z ]
= meg(y)S(mz) by Equation 1.19

= ne(z)ne(y)
= ne(ay)

which proves the identity.

To show that S(1) = 1, we need only note that 15(1) = (¢dxS(1)) = ne(1) = 1.
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(2) To prove that AoS = 7h,go(S®S)oA, we first define @ = AoS and 8 = 7, mo(S®S)oA.
It is sufficient to show that axA = Axf = (n®n)e. Let x € H. Then for @ we have

(axA)(z) = Z a(z1)A(z2) by Equation 1.18
= > A(S(21))A(w2)
= AQ S(1)ws)

= A(ne(z)) by Equation 1.6
= ((n@n)e)(z).

We now consider 8. As before, let z € H.

(Axp)(z) = > Alzi)(ro (S®S)oA)(zs)
= Z(m@mz)('r 0 (S®9))(z3®24)
= Z(m@mz )(S(z4)®S(z3))
= Zmls (z4)®z25(z3)
= > 215(z3)®e(z2)1 by Equation 1.19
= Zwlg(mg (z3)®1 since e(zs) € k
= Y #15(z2)®1 by Equation 1.6
= ¢(2)1®1 by Equation 1.19
(n®n)(e(=)).

It

We also wish to prove that coS = ¢. But this is clear, since for allz € H,

goS(z) = 8(5(25(371)372))
= (X eon)S(22)
S e(a)e(S(e))
= Zm18 Z2))

= e(ne(z))

= &(2),

by Equation 1.6 and Equation 1.19.
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Lemma 1.8.3. Let H be a Hopf algebra. Then for all z € H, the following are equivalent:

(1) 8 =idy
(2) 3.5(zo)z1 =¢e(x)l, for allz € H
(8) > zaS(m1) = e(z)l, forallz € H.

Proof. We show that the first and second statements are equivalent; showing that the first
and third are equivalent follows in a similar fashion.

(1) = (2): We suppose (1), and let z € H. Note that $?(z) = idg(z) = z. So

28(332):171

S2(> S(wa)z1)
= S(ZS(!El)SQ (z2)) by properties of the antipode

= S _S(@1)zs)
= S(e(z)1) by Eguation 1.19
= ¢g(z)l.

(2) = (1): The inverse is unique under convolution, so it is sufficient to show that 52 is an
inverse for S under convolution. By Theorem 1.3.2(1) and the fact that > S(ze)z1 = e(z)1,

we have, for z € H,
(§x8%) () = Y S(z1)8%(m2)
= > S(S(zo)m)

= S(Z S(z2)z1)

= S(e(z)1)
= ¢e(z)S(1)
= g(z)l.

for all z € H. So S+5% = ne. The proof for (3) < (1) is similar. d
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Corollary 1.3.4. If H is commutative or cocommutative, then S? = idy.

Proof. We recall Equation 1.19:

les(mg) =¢g(z)l = ZS(ml)mz,

for all z € H. Suppose that H is commutative. Then we have

ZS(mg)ml = ¢(z)1

which, by the lemma proved above, implies that S? = id. Similarly, if H is cocommutative,
we have ) z1Qzg = > T9®x1, S0

ZS(mg)ml = &(z).

As before, by Lemma 1.3.3, we then have S? = id. O

We are now in a position to prove the claim made in Definition 1.2.2, i.e that the set of
group-like elements is in fact a group under certain conditions.

Proposition 1.3.5. Let I be a bialgebra. Then G(H) is a monoid under the multiplication
of H with unit 1. Further, if H is a Hopf algebra with invertible antipode S, then G(H) is a
group, where the inverse of every x € G(H) is S(z). Further, e(z) =1 for all z € G(H).

Proof. It is clear that G(H) is a monoid. Now suppose that H is a Hopf algebra. We only
need to show that the inverse of any group-like element is S(z). Let z € G(H). First we
want to show that S(z) is actually in G(H):

A(S(2)) = Y S(@)®S(c)

(5(=))

= ZS(:I;Q)@S(:C]) by Equation 1.21
(=)

= D (585)(z2021)
(=)

= (5®5)(7 o Alz))

= (5®85)(z®z)

= S(z)®S(z)
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So S(z) belongs to G(H). Now by Equation 1.19
zS(z) = S(z)z = e(z)l

But by definition of A,
(id®e)oA(xr) = 2z®1, VazeH.

Also, for z € @,
(id®e)oAz) = (1d®e)(z®z) = zQe(z) = z®1.

So e(z) = 1. We note that this argument may also be applied to coalgebras, so we may
apply it to Lemma 1.2.3. Finally, zS(z) = S(z)z = 1, so z is invertible with inverse S(z).
Hence G(H) is a group. ]

Definition 1.3.2 is not always particularly useful for detecting Hopf algebras, since attempting
check the antipode condition for every element of a bialgebra may be quite difficult. The

following lemma shows that one need only check the antipode condition on a generating set.

Lemma 1.8.6. Let H = (H,p,n, A, ) be a bialgebra, generated (as an algebra) by a subset
X, and let S: H — H° be an algebra morphism, such that

Z(m)m(l)S(m(g)) = E((E)l = Z(m)S(I(l))m(g), Ve e X.

Then S is an antipode for H.

Proof. All that is needed is to show that if the defining relation holds for z and y, then it
must also hold for zy. To do this, we need Equations 1.19 and 1.20. Then, for all z,y € H,

we have

D @y)iS((zy)e) = > z1S(zays)
= > #1515(y2)S ()
= Y 210 _nS(12))S(w2)
= (O _z15(z2))ely)
= e(z)ely)
= e(zy).

One may similarly prove that > S((zy)1)(zy)2 = e(zy). (i
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1.3.3 Some Examples of Hopf Algebras

Example 1.3.1 (The Finite Dual). If H is a Hopf algebra with antipode S, then so is H°
with antipode S*. A proof of this can be found in [Mon93, p. 151].

Example 1.3.2 (The Group Algebra). We have already shown (Example 1.1.7) that the

group algebra is a bialgebra. Now define the linear map
S:kG — kG; gw— gl Vgea.

Recall the definition of the convolution map (Definition 1.3.2). To show that kG is a Hopf
algebra, we need to show that S satisfies Sxidg = idg*S = njog. But for all ¢ € G, we have:

(no(ide®S)oA)(g) = 1 © (ide®S) (9®g) = u(g®9 ™),

which clearly is equal to (uo(S®idg)oA)(g) and (n®e)(g) = 1g. Thus, by Lemma 1.3.6, S is
an antipode for k@, so kG is a Hopf algebra.

Example 1.3.3 (Return to the Universal Enveloping Algebra). We have already shown

in Example 1.2.4 that U(g) is a bialgebra. As in Example 1.3.2 above, to prove that it is
Hopf algebra, we only need to prove that it has an antipode. Let {z1,---,z,} be a basis
for g. We define the map

S:U(g) — Ul(g), givenby =z + —z, Vaz € g.
This is the antipode, as may be seen by the following computations:

(polidy(g®@S)oA)(z;) = po (idyw®S)(z:®1 + 1®z;)
= p(z:®1 — 1®x;)

Clearly, this is equal to (uo(S®idg)oA)(xz;). We also have
(noe)(zs) = n(0k) = 0.

So, by Lemma 1.3.6, S is indeed an antipode, and U(g) is a Hopf algebra. An easy check
shows that it is in fact a cocommutative Hopf algebra, that is, roA(z;) = A(z;) for allz; € g
where 7 is the flip map. We prove this by the following calculation:

70 Alz;) = 7(2;Q1 + 1®z;) = 1Qz; + 7;Q1 = ;01 + 18z; = A(z;).

However, U(g) is not commutative in general, unless g is Abelian.
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Example 1.3.4 (The Quantised Enveloping Algebra of s((2)). Let k be the field of
complex numbers. The Lie algebra s[(2) is defined as the algebra of 2x2 trace zero matrices
with complex entries.We define the quantum enveloping algebra of s1(2) to be the algebra

U, = Uy(sl(2)), where ¢ € kandg # 0,1,—1
generated by the variables E, F', K and K~! with the following relations:

KK = K'K=1, KEK™!'=¢F
-1
KFEK™' = ¢?F and B, F]=——

We now define the algebra maps A: U, — Uy®Uy, e:U; — kand §:U; — Uy by:

A(E) = 1QE+ E®K, A(F)=K 'QF + F®l,

AK) = K®K, AE)=K 'K

e(B) = eg(F)=0, &K)=¢e(K ) =1 and

S(E) = —-EK™!, S(F)=-KF, S(K)=K! and S(K!)=K,
With these maps, U, is then a Hopf algebra. This is not difficult to prove, but requires
substantial calculation, so only an outline is given here; full details can be found in [Kas95,

pp. 141-142]. We first must show that A is indeed a morphism of algebras from U to U,®Uj.
It is sufficient to check that

ARAK™Y) = A HAK) =1,

AR)AEAK™) = PAE),
AFK)APAKTY) = ¢2AF),
_ -1
A(E), AF)] = A‘K;_;i(f" ),

We then need to check that A is coassociative; it is sufficient to do this on the four generators.
We also need to show that e defines a morphism of algebras from U, to k and satisfies the
counit axiom. It finally remains to check that S defines an antipode — to do this, we have
to check that it is an algebra morphism from U, to U,”.
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This involves verifying that the following four relations hold:

S(KHS(K) = S(K)S(K™Y) =1
S(ETHS(E)S(K) = ¢*5(B)
S(KTHS(F)S(K) = ¢ *S(F)
S(K) - S(K™)

[S(F), S(E)] = =

For example, consider
S(K~HS(EYS(K) = —K(EK WK = —¢?EK™ = ¢°S(E).
By Lemma 1.3.6, all that remains to be done after this is to check that the relation

Zme(mg) =e(z)l = ZmS(ml)mg,

holds when z is one of E, F, K, K~'. For example, let z = K. Let p : U,@U, — U,, given
by u®v = uv, be the multiplication on Uy for all u,v € U,. Then

po (id®S) o A(K) = po (id®S)(K®K) = n(K®K ™) =1,
and similarly for o (S®id) o A. We also consider the case for z = E, which gives
po(1d®S)oA(E) = po(id®S)(1®E+E®K) = n(19(—EK W4+ EQK ™) = ~EK '+ EK ™! =0,

and similarly for p o (S®id) o A.

This is an example of a Hopf algebra which is neither commutative nor cocommutative.

Example 1.3.5. This example was first given by Sweedler, and describes the smallest non-
commutative, noncocommutative Hopf algebra. We let k be a field with characteristic not
equal to 2. Define

Hy = k{l,g,z,9z | ¢* =1, 2° = 0, zg = —gx)

with A(g) = g®g¢, A(z) = z®1 + g®z, and e(g) = 1, &(z) = 0. The antipode is given by
S(g) =g =g7! and S(z) = —gz. We note that g€ G(H,) and z € Py ,(H,). We observe that
H4 has dimension 4 over k.

For further reference, see [Taf71], where an infinite family of finite-dimensional Hopf algebras

is constructed.
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Example 1.3.6 (An Example of a Bialgebra Which is Not a Hopf Algebra). Recall
Example 1.2.1. We claim that the element det(X) is group-like. Proof of the 2x2 case is
obtained by a similar method to that given in Example 1.3.7 for the quantum determinant;
proof of the general nxn case uses the same technique but is computationally tedious and so
is omitted. Thus the bialgebra of polynomial functions on n.xn matrices is not a Hopf aigebra,
because the group-like element det(X) is not generally invertible in O(M,(k)). However, it
is possible to construct two related bialgebras which are Hopf algebras, namely

O(SLn(k)) = O(My(k))/(det(X) — 1),
O(GLn(k)) O(Mn (k))[(det(X)) ™).

These both have a bialgebra structure similar to that of O(M,(k)) and antipodes defined by
SX = X!, where X denotes the nxn matrix [X;].

Example 1.3.7 (The Coordinate Ring of Quantum 2x2 Matrices). We begin by defin-
ing the coordinate ring of quantum Msy(k). Choose ¢ € k such that ¢ is not a root of unity.
Then

O4(My(k)) = Xk{a,b,c,d), subject to the following relations
ba = ¢ lab ca = q lac be = cb

db = ¢ 'bd de = g ted ad — da = (¢ — ¢~ )be.

There are two ways of expressing the coproduct and counit; see [Mon93, p. 219] for details
of a method different to that shown here. Here, we define a comultiplication and counit as

follows:

Ala) = a®a+b®c, A(b) = a®b+ bd
Ale) = c®a+d®c, A(d) =c®b+d®d
ela) = e(d)=1, e(b)=¢(c)=0.

With these maps, Or(Ma(k)) is a bialgebra. However, it is not a Hopf algebra, as may be

seen by considering the quantum equivalent of the determinant, the quantum determinant.

b
Let X = | © d and define the quantum determinant to be dety(X) = ad — gbc. We claim
c

that dety(X) is a group-like element. We prove this by the following calculation, which uses
the relations on a, b, ¢, d given above.
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A(dety(X)) = Alad — qbe)
= A(ad) — gA(bc)
= A@)Ad) - AB)A()
= (a®a + bQRc)(c®b + d®d) — g(a®b + b®d)(c®a + d®c)
= (ac®ab+ ad®ad + be®cb + bd®cd) — g(ac®ba + ad®bc + be®da + bd®cd)
= (ac®ab+ ad®ad + be®cb + bd®cd) — glac®q ™ ab — ad®bc — be@da — bd®q ™ cd)
= ad®ad + be®chb — qad®be — gbe®da.

Also note that

dety (X)®dety(X) = (ad — gbc)®(ad — gbc)
= ad®ad + ¢*be®ch — qad®be — ghe®ad
= ad®ad + ¢*bc®ch — gad®bc — gbe®@(da + (g — g 1)ch)
= ad®ad + ¢*be®ch ~ gad®be — gbc®@da — ¢>cb®ch + be@ch
= ad®ad — gad®bc — qgbcRda + be@ch
= ad®ad + be®@ch — qad®be — gbe®da
= A(detq(X)),

where the third line holds via the relation on ad — da. So dety(X) is a group-like element
and is not invertible in Og(Mz(k)). Therefore, Oy(Ma(k)) cannot be a Hopf algebra.

It is possible to show that det,(X) is central in O,(Ma(k)). It is sufficient to prove this on
the generating set; we do the case for ¢ — those for the remaining generators are similar.

a(ad — gbc) = a’d — qabe
= a(da+ (¢ — ¢ 1)be) - qabe
= ada—aqg tbe
= ada — bac
= ada — gbca

= (ad — gbc)a Dby the relations on (a,b,c,d).
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Since detq(X) is central, we may now proceed analogously to Example 1.3.6, and define the

Hopf algebras

Oy(SLa(k)) = Og(Ma(k))/(dety(X) — 1),
Oq(GLa(k)) Og(Ma(k))[(dety(X)) 1.

I

These inherit the bialgebra structure from O, (May(k)), in the first case because (detqy(X) —1)
is a biideal. Their antipodes are uniquely determined by the condition

X(SX) = (8X)X = Ipxa.

To describe this, we discuss the quantum determinant of the adjoint matrix. We write
X1 X2

Xo1 Xap
7™ column. We then define S(X;;) = (dety(X)) ™' (—q)*7Yj;. That is, in terms of our original

definition of X,
1
S[a b]:[aqubc]_l[ d 7 b]
c

X =[Xy] = and let ¥; be the scalars obtained by deleting the it" row and

d —gc a

If we set ¢ = 1, then we get O(My(k)), the polynomial functions on 2Xx2 matrices. As
one might expect, there is a corresponding definition for O4(M,(k)); for details on this,
see [Mon93, pp. 220-221].

1.4 Modules and Comodules

Definition 1.4.1. Let A be a k-algebra. We say that a k-space M is a (left) A-module if
there exists a k-linear map a : A M — M, such that the following diagrams commute:

®id koM "% eom
ARARM —— AM

dRa l al m «

AM 25 M M

where the map m denotes scalar multiplication. These axioms are the associativity and unit

diagrams respectively.

We now dualise the definition of algebras acting on modules to the situation for coalgebras.




Definition 1.4.2. Let C be a k-coalgebra. We say that a k-space M is a (right) C-comodule
if there exists a k-linear map p: M — M®C, such that the following diagrams commute:

P
M 5 MeC M MeC
pl idQA l ®1 |id®e
MeC 2%, MeCeC Mok

These diagrams represent the coassociativity and counit axioms respectively.
Definition 1.4.3.

(1) Let C be a k-coalgebra, and let M, N be C-comodules with structure maps p and v
respectively. A linear map ¢ : M —— N is a morphism of C-comodules if (¢9®id)op =
vog.

(2) Consider a right subcomodule D of C, that is, a subspace such that A(D) C D®C.
Then D is a right coideal of C. Similarly, a left coideal E is a subspace of C satisfying
A(E) C C®E.

There is a summation notation for right comodules. Let p be the comodule map. Then
p(m) =3 me®m; € M®C, formyg € mand m; € C.

As one might expect, there is a close relationship between modules and comodules.

Lemma 1.4.1. Let C be a coalgebra. Suppose M is a right C-comodule. Then M is also o
left C*-module.

Proof. Let p: M — M®C be the comodule map via p(m) = > mq®m,. Let h € C*.
Then one may define M as a C*-module via the map

hom = Z(h, mi)mg, where (,) is the bilinear form in Definition 1.1.8.

The converse of this lemma is false in general, unless one assumes certain finiteness conditions.
For example, consider the result [Mon93, Lemma 1.6.4]. This states that if M is a left A-
module, it is a right A° module (where A° is the finite dual) if and only if {A-m} is finite
dimensional, for all m € M. Those modules for which the converse does hold are called
rational; see [Abe80, p. 127] for further details. We consider such a module in Example 1.4.2.
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1.4.1 Examples

Example 1.4.1.

(1) Let C bea coalgebra. Then C is a right comodule over itself with p = A. By Lemma 1.4.1,

we can define a left action of C* on C via

f"'AC = Z(fa C2)Cla

forall f € C*andc € C.

We can also define this action in terms of right multiplication in C*. Recall Equa-
tion 1.18, and consider g,h € C* and ¢ € C. Then

(hyg—c) = > (g, ca){h,c1) = (hxg)(c) = (hg,c).

In other words, the action — is the same as the transpose of right multiplication of C*
on itself. We may similarly define the right action of C* on C, given by

c—f = Z(f, c1)co.

Following a similar argument to that above, (h,c+—g) = (gh, c), so + is the transpose

of left multiplication of C* on itself.

(2) One may proceed analogously with an algebra A, by defining the left action a—f, for
alla € Aand f € A*, which is the transpose of right multiplication on A; that is,

(aéf)b):(faba'), Vb e A.

If the element f is contained in the finite dual of A, we can then define A(f), and in
a similar way to that above, we get a—f = Y (f2,a)f1. Of course, we can make an
equivalent definition for the transpose of left multiplication by @ on A.

Example 1.4.2. Let D be a left C*-submodule of the finite-dimensional coalgebra C. Then
D is a right C-subcomodule, and so the converse to Lemma 1.4.1 holds in this case.

Proof. Fix a basis for C' consisting of a basis {d; |i = 1,---,m} of D, together with a basis
{d;j |7 =m+1,---,n} for a vector space complement to D in C. Let d € D and write

n
A(d) = d;®d;,
=1

for suitable dt € C.
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We say that the d; are linearly independent mod(D). Now for any f € C¥, f—c =
~ 4 f(d)d; € D. But dpyya, -+, dy are independent mod(D), so f(d}) = 0 for all i > m.

=1
This holds for all f € C* so df =0 for all # > m; therefore A(d) € D®C. Hence D is
indeed a right C-comodule. g

Example 1.4.3. Let ¢ = kG. Then M is a (right) kG-comodule if and only if it is a
G-graded (kG)-module. Recall that a module is G-graded if M = @, ¢ g M,.

Proof.
=: Let m € M. We define the comodule map to be p(m) = > m,®g. We have

(1d®A) 0 p(m) = (IdRA)( D | me®g) = » me@gRyg.
geqG

But by the coassociative condition for comodules, this is equal to

(p®id) o p(m) = (pRid) (Y _(my®g)) = Y (my)a®h®g.
9 gh

This implies that (mg)n = dg,nmyg. So p(my) = 3, dgnme®g = my®g. If we set

My = {my | my € M}, the sum is then direct. It remains to show that &M, = M. We
do this by using the counit axiom to prove that ) my, = m, for all my; € M. We have
(id®e) o p(m) = 2., mg®L. But by the counit axiom, this is equal to m®1. Therefore,
> mg = m as required.

<=: Suppose that M = @y c gM, is a G-graded (kG)-module. We set p(m) = m®g, for all
m € M, We want to check that the coassociative and counit axioms hold for this map. For
all m € M, we have

(ld®A)op(m) = (1dRA)(m®g) = m®g®g, and
(pRid) o p(m) = (p®id)(m®g) = Mgy,

so the coassociativity axiom holds. We verify the counit axiom via the following calculation:
(2d®e) o p(m) = (id®e)(mMRg) = m®1,

which proves the result. O
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1.4.2 Invariants and Coinvariants

Definition 1.4.4.

(1) Let A be a Hopf algebra and let M be a left A-module. The nvariants of A on M are
defined to be the set

MA={m € M|am=c¢la)m, Va € A}.

(2) Let M be a right A-comodule with comodule map p. Then the set of coinvariants of
A in M is defined as the set

M4 = [m € M|p(m) = m®1}.

(3) Let J be a Hopf algebra and consider its dual J*. The space of left integrals, denoted
Ly, is given as
I;={j € J*|ij=e(@)j Vi € J*}.

The space of right integrals is given by
JI={j e J|ji=¢eli)jVi € J}.
We postpone further discussion of these concepts until the next chapter.

(4) We make the observation that if ¥ : A — B is a Hopf algebra morphism, A is a right
and left B-comodule via the maps

p = (ids®3)oA
¢ = (9®ids)oA

We denote the set of coinvariants for p by A:,"B and the set of coinvariants for ¢ by
Ag;’B. Thus,

Af,"B = {a € A|p(a) =a®l}
APP = {a € A|¢(a) = 1®a}.

We note the following basic fact about invariants and coinvariants.
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Lemma 1.4.2. Let A be a Hopf algebra. Then Ag"B and Afb"B are subalgebras of A.

Proof. We consider the case for Ag"B. Let 2,y € Ag"B . Then

plz—y) = plz) — py)
= (z®1) — (y®1)
= ("B - y)®13

s0 (x —y) € ASP. We also need to show that A5 js closed under multiplication. We have

plzy) = D (zy)o ® (wyh
= Zw‘oyo@mlyl
= > (20®1)(yo®y1)
(z®1)(y®1)
= (zy®l),

so clearly ¢y € A%P. It is clear that Az € AP for all A € k. Thus A%P is a subalgebra
of A. One uses a similar argument to show that A;”B is also a subalgebra of A. a

Example 1.4.4.

(1) Let H = kG, and let M be a left H-module. Consider the set of invariants,
M¥={m € M|hm=e(h)m,Vh € H}.

It is sufficient to consider h € G only, since G forms a basis for H. Suppose that
m € M. Then g-m = e(g)m = m. So M¥ C MC, which is the set of elements of M
fixed by G. Now let m' € MY. So gom’ = m' = 1m' = e(g)m/, since £(g) = 1 for all
g € G. Thus M¥ = MG,

(2) With H = kG as above, let M be a right H-comodule with comodule map p. This
means that it is a G-graded module, as shown in Example 1.4.3. Then
MeH = {m € M| p(m) = m®1}, which is the identity component of the G-graded
module M.

(3) Let H = U(g), and let M be a left H-module. Then the set of invariants is clearly
ME ={m e M|gm=0,Vg € g}, sincee(g) =0forallg € g.
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(4) Consider the Hopf algebra H. This is a left H-module algebra over itself via the
so-called adjoint action of H on itself. This is given as ad;(k)h = > k1hS(ks), for
h,k € H. We discuss this important concept further in Definition 2.1.1. This gives
HY = {h € H|kh=ady(k)(h) = e(k)h, Vk € H}. Let Z(H) be the centre of H.
We claim that Z(H) = HY. Let h € Z(H). Then for all k € H,

kb= adg(k)h =Y FahS(ka) =Y k1S(k)h = e(k)h

by Equation 1.19. So Z(H) C H*. Now conversely, we consider » € H¥. Let k € H.
Then

kh = > kie(ka)h
= Zklhs(kg)
= > k1hS(ke)ks
= > ade(kn) (R)k
= Y e(ky)hks becauseh € HH

= hY _e(ki)ks
hk.

Hence H = Z(H).

The following result is taken from [Mon93, Lemma 1.7.2].

Lemma 1.4.3. Let H be a Hopf algebra such that H* is also a Hopf algebra. Let M be a
right H-comodule with comodule map p : M — M®H, given by p(m) = Y me®@my. It
15 thus a left H*-module, by Lemma 1.4.1. Considering both structures on M, we have that
MH* —_ McoH.

Proof. We first show that M#" C MH, Consider m € MY, Then for all f € H*,

fm = e(fim
& D flm)me = e(f)m (1.22)
& Y fm)me = f(L)m (1.23)

Now we note that the expression ) mo®m1 can be written with the {my} linearly independent
over k. We know that m = > e(mi)mg since ¢ € H* and m € M¥" so this implies that
f(my) = f()e(my), for all my and for all f € H*. But this is true if and only if m; € k,
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since if m; € k, then we can find f € H* such that f(mq) # e(m1). Once we know that all
my are in k, there is in fact only one; without loss of generality, we can then let m; = 1. So
p(m) = Y. me®m; = m®1. Thus M7" C M. We now consider the opposite inclusion.
Let m € M°¥H. Then p(m) = m®1 which implies f-m = f(1)m = e(f)m, by Equation 1.22.
for I*. This implies that m € M¥" so M«H C M, O

1.4.3 Smash Products

Definition 1.4.5. Let H be a Hopf algebra. We say that an algebra A is a (left) H-module
algebra if for allh € H and a,b € A

(1) A is a (left) H-module with structure map h®a > h.a

(2) he(ab) = 3(h1-a)(haD)
(3) helg = e(h)la.

As might be expected, there is a corresponding definition for comodules.

Definition 1.4.6. Let H be a Hopf algebra, and consider an H-algebra A with multiplication
and unit given by x4 and 7 respectively. We say that A is a (right) H-comodule algebra if

(1) A is a right H-comodule, with structure map p: A — AQH

(2) The maps u and 7 are also right H-comodule maps.
In other words, we have p(ab) = Y agbo®a1b, for all a,b € A and p(1) = 1®1.
The notion of H-module algebras is used in the following important definition.
Definition 1.4.7. Let H be a Hopf algebra, and A a left A-module algebra. Then the smash

product algebra A#+H is defined as the algebra satisfying the following conditions:

(1) A#H = A®H, as k-vector spaces. For ¢ € A and h € H, the element a®h is written
as afth.
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(2) Multiplication is defined as
(a#th) (b#k) = > a(hi-b)#hak,

for a,b € A, and A,k € H.

Example 1.4.5.
(1) Clearly, A = A#1 and H = 1#H, so the element a4tk is often written ah.

(2) Trivially, for any H and any A, the action h-a = e(h)a, forallh € H and a € A gives
A#H = AQH, as algebras.

(3) Let H be an arbitrary Hopf algebra, and A an H-module algebra. Consider h € P(H),
the set of primitive elements of H. By definition, A(h) = h&1 + 1®h, so

h-(ab) = (h-a)b -+ a(h-b).

Thus & acts as a k-derivation of A. Now suppose H = U(g), and let A be an H-module
algebra. This is clearly equivalent to the requirement that A is an H-module such that
elements of g act as derivations on A. So obviously, the action of g must determine that
of U(g). The resulting smash product A#H is sometimes referred to as the differential
polynomial ring. For example, consider the one dimensional Lie algebra, g = kz, where
z acts as a derivative 6 of A. In this case, A#U(kz) = A[z;Jd], which is the Ore

extension where za = az + d(a).

We now consider some results concerning smash products (taken from [KT81, Lemma 1.3
and Lemma 1.6]). Let H be a Hopf algebra, and let k be a field. Recall from Lemma 1.4.1
that if a k-algebra A is a right comodule over the k-coalgebra H, then it is also a left module
over the k-algebra H*. For the remainder of this section, we assume that the k-algebra A
is a right H-comodule via the k-algebra homomorphism v : A—A®H. We also define the
subalgebra B of A by

B={bcA|$() =u"($}b Ve H"),

where u* : H* — k is the transpose of the unit map u of H, that is, the augmentation
of H*. Thus B = A®", and by Lemma 1.4.3, B = A®H,

Lemma 1.4.4. Let H and H* be Hopf algebras and consider the k-module A. Further as-
sume that A is a right H-comodule algebra. Then A is also a left H*-module algebra.
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Proof. Since A is a right H-comodule, it is a left H*-module. Now consider ¢ € H*. Then
for all a,b € A,

¢(ab) = D> ¢((ab)1)(ab)o by definition of the H*-module action in Lemma 1.4.1
= > d(aibi)(aobo)
= ) _¢1(a1)da(b1)acbo
= Y di(a)ba(b),

for all elements a,b in A, where the second line holds because (a1b1) € H and ¢ € H*. Now
consider the identity element 1 of A. Then

¢(1) = u'(p(1))
— W), (1.24)

where the first line holds because ¢(1) = 1 and u*(1) = 1. ' O

Proposition 1.4.5. With A and B as defined above, B is the largest subalgebra of A such
that elements of H* act as right B-module endomorphisms of A.

Proof. We let ¢ € H* and b€ B. Thenforalla € A,

$(ab) > “#1(a) - ha(b)
= Z¢1 (a)u*(¢2)-b by the definition of B and because b € B
= Y ¢1(a) - ¢2(1)-b by Equations 1.24 and 1.24

= ¢(a)b, Va€A, by Equation 1.24.

il

On the other hand, suppose that ¢ € H* and b € A is such that ¢(ab) = ¢(a)-bfor alla € A.
Then ¢(b) = ¢(1b) = ¢(1)-b = u*(¢)-b. Hence the result follows. i

The following result is taken from [KT81, Lemma 1.2].

Lemma 1.4.6. Let A be a k-algebra, and let H be an arbitrary k-Hopf algebra. Suppose
A is a right H-comodule algebra via a map v: A — A®H, say v(a) = Y a®h,, and let
B be the subalgebra B = A", Now consider the maps o : A®gA — A®H, given via
a®a’ — y(a)(d'®1) and o/ : A®pA — A®H, given via a®a’ — (a®1)v(a') respectively
the right and left A-module homomorphisms induced by v. Then « is injective, surjective or

bijective if and only if o is injective, surjective or bijective.
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Proof. Consider the map £ € End(A®H), given by £(a®h) = v(a)(1®S(h)), for h in H and
a in A. Now oo/ = a. We prove this in the following calculation.

I

¢((a®1)y(a"))

= £((a®1)) (a'®hq))

= fZ(aa'@)ha')

) é(ad'®hy)

= Y @) (195 (ha)

= Z'y(a)fy(a' )((1®S(hy))) since v is an algebra homomorphism
3 (0) (@' Oher) (185 ()

= > 7(a)(@'®ha S(ha'))
v(a)(a'®1) by properties of the antipode.

£oa! (a®a')

Il

Further, ¢ has inverse £~ (a®h) = (1®S~1(1))v(a), and so we obtain the result. O

1.4.4 Flatness

Finally in this chapter, we define discuss some technical algebraic tools, which will be used

extensively in the remaining chapters.

Definition 1.4.8.

(1)

(2)

Consider an algebra A and let B be a right A-module. Then we say that B is a flat
right A-module if it preserves exact sequences; that is, if 0 — M -%» N is an exact
sequence for any left A-modules M and N then 0 — B®aM 19g B®4N is also an
exact sequence.

In other words, B is flat if for all injective maps @ : M — N then 1®« : B M
B®4N is also injective.

Let B be a right flat A-module, and suppose that B preserves and reflects exact se-
quences; that is, 0 — B®saM 54@1) B®4N is an exact sequence if and only if
0 - M %5 N is one too. Then B is a left faithfully flat A-module.

As above, we may re-state this in terms of injectivity: if B is faithfully flat, then
B: M — N is injective if and only if f®1 : B4 M — B®aN is injective.

Definition 1.4.9. Now consider two Hopf algebras, A and B, and a Hopf algebra homo-
morphism f : A — B. We say [ is right (faithfully) flat if B is a right (faithfully) flat
A-module with module structure given by b®a —bf (a).
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Chapter 2

Extensions and Normality

2.1 Normal Hopf Algebras

2.1.1 Definitions and Examples

We begin by defining the notion of a normal sub-Hopf algebra and then dualise this to get
the definition of a normal Hopf ideal.

Definition 2.1.1. Let A be a Hopf algebra.

(1) We define the left adjoint action of A on itself by

(adea)(d) = Y a1bS(az), Va,b € A
(2) The right adjoint action is defined similarly as

(adyra)(b) = ZS(al)bag, Va,b € A
(3) If a sub-Hopf algebra B C A satisfies

(aded)B € B and (ad,A)B C B

then B is said to be a normal sub-Hopf algebra of A.
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The following technical result enables us to give some examples of normal sub-Hopf algebras.

Lemma 2.1.1. Let B C A be a sub-Hopf algebra. Suppose the set X C A is a set of algebra
generators for A. If ade(z)B C B and ad.(z)B C B for allz € X, then B is a normal
sub-Hopf algebra of A.

Proof. We consider the case for ady; the proof for ad, is similar. Let 2,y € X and b € B.
Then

adg(zy)(8) = Y (21)16S((zy)s)
> m1y1b(S(zay2))
= > zy1bS(y2)S )
ade(z)ade(y)(b),

i

and clearly this last line is contained in B. By induction, we get that ady(z)(b) € B, for all

monomials z on the generators X. Finally, we note that
adg(Aa)(b) = Aadg(a)(b),

for all A € kand a,b € A. The result then follows. O
Example 2.1.1.

(1) (a) Let H = kG, where k is a field and G is a finitely generated group. Then for all
g € (G we have

(adeg)h = > g1hS(ga) = ghg™, Vh € H.

(b) Let H = U(g), the enveloping algebra of the Lie algebra g. Then for all g € g,

we have
(adgg)h = gh—hg, Vh € H.

(2) (a) Let N be a normal subgroup of the group G. Then by Lemma 2.1.1, it is clear
that kN is a normal sub-Hopf algebra of kG.

(b) Let H = U(g), as above, and let i be a Lie ideal of the Lie algebra g. Then, as
above, by Lemma 2.1.1, U(i) is clearly a normal sub-Hopf algebra of U(g).

We now dualise Definition 2.1.1.
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Definition 2.1.2. Let A be a Hopf algebra. Consider the two maps

W A — A®A, viag — ZalS(a3)®a2, and
Pt A — A®A, viaa - Za2®S(a1)a3.

These maps are respectively the left and right coactions of A on itself and are the duals of
the respective adjoint actions. We see this by considering ad, : A®A — A as a left action,
via a®a’ — Y a1a’'S(ay), for all a,a’ € A. This can be written as

ady = 1% o (1d?®8)o(1d®T)o (A®id),

where 7 is the flip map, and p? : ARA®A — A is given by a®b®c > abe, for all a,b,¢c € A.
But we can write 1y in the following form:

e = (u®id) o (id®T) o (1d*®S) o A2
where A%(a) = (1®A)oA(a).

So adg and 1, are indeed formal duals. A similar argument gives the same result for ad, and

Pr.

Now consider a Hopf algebra homomorphism A : A — B. We say this is conormal if for all
z € ker(h} (= h™1(0))

() Zwls(m3)®m2 € A® ker(h) (2.1)
Pr(z) = > 22®S(z1)z3 € ker(h)®A. (2.2)

A Hopf ideal I C A is normal if the canonical map 7 : A —+ A/I is conormal. In this case,
a7 1(0) = I.

Recall that a Hopf ideal I is a biideal (that is, an ideal and a coideal) which also satisfies
SI C 1. Before we go on to discuss some examples of Hopf ideals, we consider the following
useful result.
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Lemma 2.1.2. Let I be a Hopf ideal of the Hopf algebra H, and let m: H —» H/I be the
canonical map. Therefore, in this case ker(m) = I. Suppose further that I = ), z;H, some
z; € I. Let X C I be the set of all such z;. Then we have the following two results:

(1) If Yr(z;) € IQH, for all z;, then ,.(I) C I®H. Similarly, if Ye(z;) € H®I, for all
x;, then ’l/Jg(I) C Hel.

(2) If Alz;) € IQH + H®I, for all i, then A(I) C IQ®H + H®I.

Proqf.

(1) Without loss of generality, we may take an element j of I to be zh, for some z € X
and h € H. We want to show that

Yr(zh) = (sh)e®@S(zh)1(zhs) =D 22ha®S(hy)S(w1)23hs € ker(r)®H,

where the second equality holds by the fact that S is an anti-algebra morphism and by
Equation 1.21. We know that

Pr(z) = Zﬂ:g@S(ml)wg € ker(nm)®H,

so z3 € ker(w). But ker(w) is an ideal, so we must also have zghg € ker(w) for all hg.
Thus ¢, (zh) € ker(w)®H. The proof for v, is similar.

(2) We prove this in much the same manner as above. As before, we may take an element 5
of I to be xwh. Then A(zh) = > z1h1@z2he. But we know that > z1®z2 € IQH+H®RI.
So either z; € I or 9 € I. Therefore, since I is an ideal, either z1hy € I or 29hy € I,
and so A(I) C IQH + H®I.

O

Example 2.1.2. Let H = U(g), the enveloping algebra of a Lie algebra g. Suppose i is a
Lie ideal of g. We prove that iU(g) = {>_,cju; |a; € i, u; € U(g)} is a Hopf ideal of U(g).
Clearly, iU(g)U(g) C iU(g). Now let 3°;aju; € 1. By the Poincaré-Birkhof-Witt Theorem,
U(g) has k-basis X given by the ordered monomials on a basis of g. We wish to show that
U(g)iU(g) C iU(g). Let =301, Bju; € iU(g), where §; € iandu; € U(g). We note
that U(g) is generated as a k-algebra by the elements of g. Thus, to show that u8 € iU(g)
for all uw € U(g), it is sufficient to use it for u = z, for all z € g.
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We have
zf = zfjuj,
J

and for all 7,
xﬁj = /6]'33 + [msﬁj] € 1U(g):

because Bz € iU(g) and [z,5;] € i, since i is an ideal of g. Hence iU/(g) is an ideal.

To show that this is a coideal, we need to show that the two coideal axioms are satisfied,
that is, (iU(g)) = 0 and A(iU(g)) C U(g)®@U(g) + U(g)®iU(g). Recall that e(g) = 0 for
all g € g, so clearly e(iU(g)) = 0. By Lemma 2.1.2(2) above, it is sufficient to show that
A(z) € U(g)@U(g) + U(g)i®U(g), for all z € i. Now A(z) = z®1 + 1®z; clearly

A(z) € iU(g)®U(g) + U(g)®iU(g). Thus, by the lemma, A(iU(g)) C iU(g)®U(g) +
U(g)ieU (q).

Finally, we need to show that iU(g) satisfies the antipode condition. Consider S} aju;),
where a; € iand u; € U(g) as above. Then

S(ZajUj) = ZS(G{juJ')

= ZS(UJ')S(O!J') by properties of the antipode
= > S(ujay

But S(u;) € U(g), so S(Xaju;) € U(g)i. But U(g)i = iU(g), so S(iU(g)) = U(g)i = iU(g)
as required.

Note 2.1.1. In fact, U(g)/iU(g) is isomorphic to U(g/i). To prove this, we first consider the
map ¢ : U(g) — U(g/i), induced by the map g = g+iforallg € g. Clearly, i C ker(¢),
so iU(g) C ker(¢). Our aim is to show that this is in fact an equality.

Let {z1,---,2n} be a basis for g, where we may suppose that a subset of this basis, say
{®1,,zp} is & basis for i. Thus, {Zm41+i,+-+, 2y +i} is a basis for g/i. For t = tyty-- -, €
N* and z = (3122 - -2n) € g", write 2t € U(g). Consider u = )7, Azt € ker(¢). Then

=tm T n —
$u) = Z ATt @l =0,
where the sum is over all t with t; =to =--- =t, =0 and T; = z; + 1. But the monomials
{Etmm_:{, -+, Eir } are all distinct and hence are linearly independent in U(g/i) by the Poincaré-

Birkhoff-Witt Theorem for U(g/i). Therefore A, = 0 for all £ with ¢; =9 = -+ = &, = 0;
therefore, u € iU(g), so iU/(g) = ker ¢.
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It is clear that ¢ : U(g) — Uf(g/i) is onto, so we may apply the first Homomorphism
theorem to get that U(g)/iU(g) = U(g/i)-

Finally, we consider an example of a normal Hopf ideal.

Example 2.1.3. As in Example 2.1.2, let H = U(g), and i be a Lie ideal of the Lie algebra
g. We claim that iU(g) is a normal Hopf ideal. By Lemma 2.1.2(1), it is enough to prove
that 9. (z) € U(g)QU(g) and ¢p(z) € iU(g)®U(g) for z € i. Consider the map

m:U(g) — U(g)/iU(g), induced by the map g — g+i, for all g € g. Now consider v, (z)
for some 2 € i. Then

(1®A)oA(z) = (1@A) (281 + 1®2) = @181 + 18281 + 191®. (2.3)
Thus we have
(@) =D 22®S(w1)z3 = 1®(—2)1 + (3®1)1 + 1@1(z) = z®L

But z®1 € iU(g)®U(g) since z € i. We use a similar argument for 9. As before, let = € i.
Applying Equation 2.3 above, we get

pe() = Y 218(23) @22 = (2)181 + 1(1)@2 + 1(~2)®(1) = 1®z.
But z € 1,50 1@z € U(g)®iU(g).

Thus iU(g) is a normal Hopf ideal of U(g).

2.1.2 Results on Normality

In the group theoretic context, one may define the concept of normal in several different
ways. Amongst other things, this section deals with some of the corresponding Hopf algebraic
results. The following results are taken from [Mon93, Lemma 3.4.2 and Proposition 3.4.3].

Lemma 2.1.3.

(1) Let H be a Hopf algebra over a field k and K C H be a sub-Hopf algebra of H. Define
the augmentation ideal K* = K N ker(e), where ¢ : H — k is the augmentation
map. Then if K is also normal, HKt = KtH is a normal Hopf ideal of H, and the
canonical map m: H — H/HK™ is a Hopf algebra morphism.
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(2) Let ¢ : H — J be a Hopf algebra morphism, and as discussed in Definition 1.4.4,
consider H as a right and left J-comodule, where p and ¢ represent the respective
comodule maps. Then HEOJ 1s stable under adp and H;OJ is stable under ad, — that
is, (adeH)H C H? and (ad, H)HG C HE.

Proof.

(1) This proof is from [Mon93, Lemma 3.4.2] with the exception of the proof showing that
HK™ is normal, which is taken from [Sch93, Lemma 1.3]. We want to show that
HK* = K*H and that I = HK+ = KT H is a normal Hopf ideal. First, note the
following identity. Let h€ H and k € K. Then

hk = > hke(hg) = > hkS(ho)hs = ) (adeh1)(k)ha by Equation 1.19.

Now since K is normal and £ € K, we have (adghy)(k) € K. If in addition k € K™,
then e((ad¢hy)(k)) = 0, so in this case, hk € K+YH. Thus HK+* C K*H. By using
ad,, we can get the other containment. Clearly I is then an ideal. To show that I is
a coideal, we need to show that A(I) C I®H + H®I. By Lemma 2.1.2(2), we need
only show that A(kT) € IQH + H®I for all kT € Kt. But

A(ET) = ki @kg.

Now K™ is a Hopf ideal, so by definition A(k™) € K+t®K + K®K*. Therefore,
either k" or k3§ is in K+, and hence we must have A(kT) € I®H + H®I. Thus
A(I) C I®H + H®I. By definition, £(I) = 0, so it only remains to prove that
SI C [I. Consider an element Y, h;k;" in I. However, it is enough to consider
a single summand at a time from this expression, so we define ¢ = hk*, for some
h € H and k¥ € KT. Then S(hkt) = S(k*)S(h). But K™ is a sub-Hopf algebra, so
S(k*) € K*. Therefore, S(hk*) € KtH = HK™". So S(I) C I.

We now show that I is a normal Hopf ideal. By Lemma 2.1.2(1) it is enough to show
that for all st € K*, Equation 2.1 in Definition 2.1.2 holds. Let « : H — H/I
be the canonical map. As above, we must have either k" or k; contained in K+. If
k3 € KT, then clearly 9p(k™) = 3.k S(k)®ky € H®ker(r). We consider the case
when k7 € K+ and &5 is not contained in K. We first note the following fact:

if k¥t € KT, then clearly k™ — e(k*) € HK™' = ker(w); that is, mod(H)® ker(r),
—®kt = —®e(k"). Recall also that e(k*) € k for all k¥ € K7, and so may be

moved freely across the tensor sign.
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Now mod H® ker(r),

Y kFS()ekF = Y kT S(kT)®e(ky)
= Y kelkd)S(kT)el
= > ki S(k3)®l

= Zs(kf‘)@l

0

o
- )

where the final line holds because we assume ici" € K+.

We follow a similar argument to show that Equation 2.2 from Definition 2.1.2 holds.
As before, since HKT = KVH, we need only consider £kt € K. In this case, if
k; € KT, then clearly 9, (k%) = ki @S(k )k € ker(m)@H. We consider the case
when only k" € K*. Again, modker(n)®H,

Yok @SNk = Y e(h) @S kT
= Y 1Sk )e(kF )k
= > 1Sk )k
= Y 1®e(k])
0

o~
- 3

where the last line holds for the same reason as above. Hence both Equations 2.1
and 2.2 hold, so HK™ is a normal Hopf ideal.

(2) This proof comes from [Mon93, Lemma 3.4.2]. Choose j€HX | so by definition, p(5) =
- - a L
> 1®Je = j®I, where 7 = 9(j). Now let h € H. Then

p((adeh)s) = p(O hjS(ha))
= D ()151(S(h2))19(R1)27(S (B2))2
= Y ()11(S(h2))18(h1)272(S (ha)2)
> "h1jS(ha)®haS (hs)
= Y hie(h)jS(hs)®T
(adeh)(j)@T,

Il

Il

where the equality on the fifth line holds because Y hyS(hs) = e(hs), and also because
of Equation 1.19. Also note that £(ho) € k, and so, as before, may be freely commuted
past elements in the tensor product.
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Therefore, (adeK)H g"K C H ;OK. One uses a similar argument to get the inclusion
for H g"K.

O

Example 2.1.4. Let H = kG, and K = kN, where N is a normal subgroup of G. Consider
the augmentation map € : kG — k given by g — 1, for all ¢ € G. Therefore,

g =ker(e) =3, cqkG(g—1). So K* =n=3 ., ykN(n— 1), which is an ideal
of kN. Thus HK* = KtH = 37, ,, c yKG(n —1). We want to check that this is a
normal Hopf ideal, as predicted by the first part of Lemma 2.1.3. Firstly, we note that we
have e(HK™) = 0 by definition. To prove the remaining two conditions it is sufficient (by
Lemma 2.1.2(2)) to consider an element n — 1, for 1 # n € N. Now by definition of A for
kdG,

Aln—-1) = A(n)— A1)
= n@n—1a1
= (n—-1)®n+(1®n) - 181
= (n—-1)®n+1®(n—1) € nkGRKkG + kGRnkG

by definition of nkG. Finally, we need to show that S(nkG) C nkG. But this is clear, since

foralll # n € N, we have S(n — 1) = S(n) — S(1) = n~! — 1, which is clearly contained
in n. Thus S(nk@G) C nkG.

It remains to show that nkG is normal. By Lemma 2.1.2(1), it is sufficient to show that
Equations 2.1 and 2.2 in Definition 2.1.2 hold for n — 1 with n € N only, since

nkG = 37 2, cn(n — 1kG. To do this, we first define the canonical map 7 : kG —
kG /nkG. We note thatA(z) = zQz for any z € G. So, since A is linear,

(1®A)oA(n — 1) = (n®n®n) — (101®1)
Thus
Pe(n—1) = anS(n3)®n2 = (nn'®n) — (1.1®1) = 1®n — 181 = 1®(n — 1) € kG®nkG.
We follow the same argument for 9,
br(n—1) = n9®8(m)ns = (n@n'n) — (1®L.1) = n®l — 181 = (n — 1)®1 € nkGRkLG.

Thus nkG is a normal Hopf ideal of kG.
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Example 2.1.5. Let H = U(g) and K = U(i). Then n = U(i)t = U(i)Nker(e), where
we take € : U(g) — k. Butg — Oforallg € g, son = U@HNU(g)t = U@{)*. So
U(g)n =nU(g) = UG)U(g) = iU(g). We already know that this is a normal Hopf ideal by
Example 2.1.3.

The converse to the first part of Lemma 2.1.3 is not true in general, but if one imposes the
additional requirement that A be faithfully flat over K, then the converse does hold. In order

to prove this, we need the following definition.

Definition 2.1.3. Consider two maps g: M — N and h: M — N of right A-modules.
The equalizer of g and h is defined as ker(g,h) = {m € M | g(m) = h(m)}. We say the

; g
equalizer diagram L —— M ? N is ezact if Im(7) = ker(g, /) and 1 is injective.
13

Remark 2.1.1. This is equivalent to requiring the sequence 0 — L ~iy M 28 Ntobe exact,
that is, we require g — h to be injective and Im(7) = ker(g — h) = {m € M |(g — h)(m) = 0}.

We also note the following result from [Wat79, Theorem 13.1].

Lemma 2.1.4. Let S be a subring of the ring R. If R is left faithfully flat over S, then the
map M — M®sR, given by m — m®1 is injective for all R-modules M.

Proof. Consider a right S-module N and an S-module homomorphism 9 : M — N. Since we
have assumed R to be left faithfully flat over S, if the S-module map 9®1 : M®sR — N®gR
is injective, then ¥ : M — N must also be injective. Thus, it is sufficient to prove that
M®R — (MQ®R)®R, given by m®r — (m®1)}®r is injective. This is clearly true, since
the composition of the S-module map M®3S®sR — MQgR, given by m@a®b — m®ab
with the map M®gR — M®&sS®sR, given by m@r — (m®1)®r, is the identity on
MesS®gR. 0

We now prove the converse to Lemma 2.1.3(1), following the argument in [Mon93, Lemma 3.4.3],
which in turn is based on that in [Sch92, 1.2 and 1.3].

Lemma 2.1.5. Let B be a sub-Hopf algebra of the Hopf algebra A with A right or left faith-
Jully flat over B. Suppose that ABT = B7TA, and define A = AJ/ABY. As discussed
previously, A has an A-comodule structure. We let m: A — A be the canonical map. Then,

(1) B= Af,“z = Ag"z, where Ag"z and Afb"z are the subalgebras given in Definition 1.4.4.
(2) B is a normal sub-Hopf algebra of A.
55




Proof. We use the fact that A is faithfully flat over B and the definition of A-coinvariants to
show that two different equalizer diagrams are exact. We then compare these diagrams and

use them to construct a commutative diagram, which gives B = Af,"Z = Agf’z.

g
First consider the diagram B C A ? A®pA, where g(a) = a®1 and h{a) = 1Qa. We show
13

that these maps are right B-module homomorphisms. Let b € B. Then clearly,

h{ab) = (1®ab) = (1®a)b. Now consider g(ab) = ab®1. Since the tensor product is over B,
we may move any b € B across the tensor sign; therefore, g(ab) = a®b = (a®1)b. So g and
h are right B-module homomorphisms.

We need to show that for ¢ : B — A, where 1 is the inclusion map, we have Im(z) = ker(g—h).
Now ker(g —h) = {m € M |g(m) = h(m)}. Let b € B. Since both g and h are right
B-module homomorphisms, we then have

g(b) g(1)b = (1®1)b and
h(b) = h(l)b=(1®l)b

Thus, for all b € B, we have g(b)} = h(b), therefore B C ker(g — h).

We show the opposite inclusion by contradiction. Let K = ker(g — h) which is a right
B-submodule of 4, since (g — &) is a right B-module homomorphism. Suppose that K # B.
Therefore, K/B # 0. Now

0 — B — K — K/B—0
is exact by the fact that K is a submodule. Since A is faithfully flat, this implies that
0 — B®pA — K®pA — (K/B)®pA — 0 (2.4)

is exact, so (K/B)®pA # 0. Now let . k;®pa; € K®pA. This implies that

Z’%®Bai = Z(ki®1)ai

= Z(1®ki)ai since K = ker(g — h)
= ) 1®ka,

which clearly is contained in B&gA. Thus, we must have K®pgA = B®gA, which contradicts
the exactness of Equation 2.4. Therefore B = K.

56




Next we consider the diagram Ag"z C H = A®A with the two maps on the right given
by ¢ — a®1 and ) a1®ds. We have ABT = Bt A, which gives that A is a Hopf algebra.
Thus, the canonical map A — A is a morphism of Hopf algebras, so, by definition of

A-coinvariants, the diagram is exact.

Our next step is to combine the two diagrams. First we consider the map f: A@pA — AQA,
given by a®b — > ab; @by (this is the Galois map defined in the next section). Consider the
map a: A®A —+ A®pA, given via a®b — 3.aS(h1)®bz. We claim that cof = foa = id.
We prove this as follows:

(Boc)(a®D) = B> a(b1)®bs)
= > (aS(b1))(b2)1®(b2)2
= ZGS (b1)ba®b3
= Zae(b2)®53
= Za@e(bﬂ%

= G®ZE(()1 )52
= a®5,

where the second last line holds by the counitality condition on . For aof3, we have a similar

argument:

(cof)(a®b) = oD ab1®by)
= > ab1S(b2)1®(b2)2
= ZablS(b2)®b3
= Zas(bz)@bs
= Za@s(bl)bz

= a®b,

where the last line holds for the same reason as above. So § is bijective.
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‘We now need to check that B C Aﬁ"z. Then for b € B,

p(b) = (id®m)o A(b)
= (id®m)(D)_bi®by)
= ) bi®n(by)
= > hi®e(by)

= > bie(by)®1
= b®1,

where the fifth line holds because e(by) € k. To show that the fourth line holds, we note
that the restriction of « to B, that is, 7 : B — B, is the same as the augmentation map
€ : B — k. Then since B is a sub-Hopf algebra, we have A(B) C B®2B, so we get
w(be) = (by) as required.

We thus obtain the following commutative diagram:

B y A —2 A®pA
[ |- I
A;;"Z y A —— ARA

where j is the inclusion map. Since the two equalizer diagrams are exact, and also since J is
bijective, by the commutativity of the diagram we must have that 7 is bijective, and hence
that B = AE,UE. By repeating the argument with A® A, we show that B = Ag"z. But then,
by Lemma 2.1.3(2), (adpA)B and (ad,A)B are contained in B; thus B is normal. O

2.2 Galois and Frobenius Extensions

We now deal with the notion of Galois and Frobenius extensions.

Definition 2.2.1. Choose an arbitrary Hopf algebra J, and let A be a right J-comodule
algebra with structure map given by p: A — A®J. Let B = Af,"" . Then A is said to be

a J-extension over B.

Definition 2.2.2. Let B C A be a J-extension, where J an arbitrary Hopf algebra. Suppose
further that the map £ : AQpA — AQyJ, defined as a®a’ — (a®1)p(a’) is bijective for all
a,a’' € A. Then A is said to be a right J-Galois extension of B.
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Note 2.2.1. At first glance, the definition above seems one-sided; why was a left Galois
extension not also defined? In fact, this can be done, via the map f'(a®a’) = p(a)(a’®1).
However, if the antipode S is bijective, then the two definitions are equivalent in the following
way: 3 is injective, surjective or bijective if and only if 8’ is injective, surjective or bijective.

This was proved in Lemma 1.4.6.

Before discussing any examples, we note the following well-known lemma. by Dedekind:

Lemma 2.2.1. (Dedekind’s Lemma) Let F be a field, and let § = {o1---,0n} be a finite set
of automorphisms of 5. Let ¢ : § — FE be a function such that

Y #@iloia) =0, (2.5)

for alla € E. Then ¢(o;) =0 for all i.

Proof. A proof may be found in [Isa94, p. 346]. |

Example 2.2.1. Let k C E be afield, and let G be a finite group acting as k-automorphisms
onE. Let F = EC ={A € E|ga=a, Vg € G}. The group algebra kG acts on E, so its
dual (kG)* coacts by Lemma 1.4.1.

It is a standard result from classical Galois theory that E/F is classically Galois with group G
if and only if G acts faithfully on £ if and only if [E' : F] = G. We now suppose that G
does act faithfully. Thus we set |G| == n and let G = {xy,---,zn}. Let {b1,---,bn} be
a basis of E/F. Define a basis {p1,-++,pn} of (kG)* dual to the basis {zy, -, z,} of kG.
Since F is a left kG-module, by Lemma 1.4.1, it is a right (kG)*-comodule. We may thus
define the coaction p : E — E®k(kG)*, given by pla) = 3.7 ;(z;a)®p; for alla € E.
This is determined by the action of G on . In order to consider the Galois map, we need
first to need show that the coinvariants of F, E®®G)" are contained in F. But this is
clear, since by Lemma 1.4.3, E<°*G)" = EG = (4 ¢ E|ha = e(h)a, ¥ h € kG}.
Now for all g € G, €(g) = 1, so clearly if @ € E*% then a € E® also. We may thus
consider the Galois map, §: EQrE — E®(kG)*, given by S(a®b) = 3 ; a(z;-b)®p;). Now
let v = 37, a;®b; € ker(8). Then B(v) = 35,(37;a;(2:-b)®p;) = 0. Since the {p;} are
independent, we must have

> aj(zi-b;) =0, Vi (2.6)
i
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Now let
z1br o T10p

by - Tpby

which is contained in My xn(E). Let R; be the i row of X. If 3.7 ; \;R; = 0 for some
A; € F, then >0, Mjzi-b; = 0 for all j. Therefore, (301 Ajzi)-b; = 0 for all j. Now
B = 37;Fbj so (307 Miwi)-a =0 for all @ € E. Further, >, \izi € Endr(E), so by
Dedekind’s Lemma, we must have Y 7 ; \jz; = 0, which contradicts the linear independence
of {z;}. Therefore, X must be invertible. Hence, in Equation 2.6 above, since X has column
rank of n, we must have a; = 0 for all j. Hence § is injective. Also note that both EQrFE

and EF®(kG)* are finite dimensional F-algebras, which gives that 8 is an isomorphism.

Example 2.2.2. This example is from [GP87].

For any K, we define Hi to be the circle Hopf algebra. This has algebra structure given
by Hg = K]c,s)/(c* + s? — 1,cs), where K|c,s] is the polynomial algebra, and coalgebra,
structure given by A(c) = c®c — s®s, A(s) = ¢®s + s®c, €(c) = 1, &(s) =0, S(c) = ¢ and
S(s) = —s.

Now consider F' = Q and F = F(w), where w is the real fourth root of two. The extension
FCE is not Galois for any group G; however, it is (Hx)*-Galois for K = Q. The action of
Hy on F is given below:

A proof of the fact that Q C E is (H})-Galois can be found in [GP87] and [Chig9].

Example 2.2.3. Let H = kG, and let N be a normal subgroup of G. Then kN C kG is a
Galois extension.

Consider the canonical map 7 : kG — k(G/N). Now define the map p = (id®w)cA, where

A is the comultiplication map of kG. Then k@ is a right k(G/N)-comodule via p. This is
justified in Definition 1.4.4.
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Recall that A(g) = g®g for all g € G, so the comodule map is given by p(g) = ¢g®(g+kN) =
g®g. Thus, for all z,y € G the Galois map 8 : kG®xnvkG — kG®k(G/N) is given by

Blz®y) = (z01)p(y)
= (z81)(y®(y + nkN))
= 2y®(y + nkN)
= TY&7,

where n is the augmentation ideal of kN. Clearly, 3 is onto, since for all a®b, where @ € G
and b =N € G/N, there exists c®d € kG with f(c®d) = a®b; that is, we take ¢ = ab~?
and d = b. To show that it is also injective, we note that the map g®h — gh~'®h, for all
g®h € kGRk(G/N) with g € G and h = hN € G/N, is an inverse for 38, and so 8 is
bijective. Thus, kN C kG is a k(G/N)-Galois extension.

Finally, we consider Frobenius extensions. First, however, we require the following lemma.

Lemma 2.2.2. Let S C R be two rings. Then Homs(sR,sS) is a (R, S)-bimodule via the
maps (r¢)(x) = ¢(zr) and (¢-s)(z) = ¢(z)s for alls € S, r,z € R and ¢ € Homg(sR, 55).

Proof. This proof is from [Bea99, Proposition 2.6.7(b)].

Consider the map r¢ : R — S given above. We want to show that this is an
S-homomorphism, and then that it defines a left R-module structure. Clearly, ¢ is an

S-module homomorphism, since for all z1,z2 € R,

rd(zy +22) = &((z1+ 22)7)
= ¢(z1r + zor)
= ¢(z17) + P(z2r)
= r-¢(z1) + 7 d(z2)

and forall s € Sand 2z € R,

s(r-¢)(z) = sblar)
= G(sar)
= 7. ¢(sz).
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Let r,71,79,2 € R and ¢, ¢1,¢2 € Homg (R, S). The following computations verify that this
map defines a left R-module structure on Homg(R, S).

(ri+m)-dlz) = ¢lz(r+r2))
= ¢(zr + zre)
= ¢(zr1) + p(are)
= 71 ¢(z) +rz- P(a)
= (r-¢+re- ¢){z)

r- (¢ +¢2)(@) = (¢1+ ¢2)(ar)
= ¢1(zr) + da(ar)
= 7-d1(a) + 7 $a2(z)
= (r-¢1+r-d2)(z)

((rir2) - @)(z) = ¢(arire)
$((zr1)ra)
= 719 ¢(zr1)

= (r1-(r2- ) (2).

Thus, Homg(R, S) is a left R-module.

The proof that the map ¢-s : R — 5 defined in the lemma, is an S-homomorphism is similar
to that above. We also need to check that this map imposes a right S-module structure on
Homg(R,S). This follows in a similar manner to the calculations given above; we prove the
first condition here. Let s1,59 € S.

P(s1+s2)(z) = ¢(a)(s1+ 32)

= ¢(z)s1 + d(z)s2
(¢-51) () + (¢-52) ()
(¢s1 + ¢rs2)()-

The remaining conditions follow similarly. a

Definition 2.2.3. Let S C R be two rings. Suppose that R is a finitely generated left
projective S-module and that pRs = Homg(sR,sS) as (R,.S)-bimodules. Then R is a
Frobenius extension of S,
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Before considering any examples, we define the following important concept, and also consider

a useful result for Frobenius algebras.
Definition 2.2.4,

(1) Let S be a subring of the ring R. We define an associative form from R to S to be a
biadditive map (,) : RXxR — S which satisfies

(sr,t) = s(r,t), (r,ts)=(rt)s, and (rt,z)= (rtz),

foralls € Sandr,t,z € R.

(2) Let (,) : RxR — S be an associative form. Let X = {z1,---,z,} and ¥ =
{¥1,"**,yn} be two finite subsets satisfying

n

n
r= Zyi(wi,?") = (r,y)zm forallr € R.
—

i=1
We say that X and Y form a dual projective pair relative to (,).

Remark 2.2.1. We note that the S-linear mappings «; : B — S, given by «;(r) = (v, us),
together with the set {z1,--, 2y}, are a projective basis for R as an S-module.

The following theorem is taken from [BF93].

Theorem 2.2.3. Let S be a subring of the ring R. Then R is a Frobenius ezxtension of S if
and only if there exists an associative form (,) from R to S, relative to which a dual projective

pair exists.

Proof.

=:  Since R is a Frobenius extension of S, there exists an isomorphism o : R — Homg(sR, S)
of (R,S)-bimodules. We use this to define a bilinear form (,) : RxR — §, given by
(z, ) = a(y)(z) for all z,y € R. To show that this is an associative form, we must
show that it satisfies the requirements given in Definition 2.2.4. Consider (sz,y) = a(y)(sz),
where s € S. Then

a(y)(sz) = sa(y)(z), since a(y) € Homg(R,S)
= 3(117,'!/)-
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To show that (z,ys) = (z,y)s, we note that « is a right S-module isomorphism. Thus:

(z,ys) = olys)(z)
(a(y)s)(x)

= ofy)(z)s

= (z,y)s.

Finally, using the second definition of the bimodule action given in Definition 2.2.4, we show
that (zr,y) = (z,ry) for all z,y,r € R.

(z,ry) = ofry)(z)
= (r-a{y))(z) since a is an R-homomorphism

= ay)(zr) by Lemma 2.2.2
= (eny).

So (,): R&R —> S is indeed an associative form.

Now let zy,---,2z, in R and i, -+,q, in Homg(R,S) form a projective basis for the
S-module R. We want to show that these sets form a dual projective pair. Since ; € Homg(R, S),
we can always find an element y;, where 1<i<n, such that a(y;) = @;. Now let 7 € R. Then

for all such r,
k13 n

r= Z a;(r)z; = Z ay;)(r)z; = Z(r, Yi) Ty

i=1 i=1 i=1
Now suppose that we have ¢ € Homg(R,S). Applying this to the second equality above

gives

$(r) = &Y aly)(r)zi =Y _¢laly)(r)z:) = Y _a(y)(r)¢(z:) since a(y)(r) € S.

Then by using the definition of the right S-action given on Homg (R, §) in Lemma 2.2.2, we
get

n

¢=> aly)- p(z:)

i=1
If we further assume that ¢ = afr), this gives a(r) = a(d 1, yi{z;,7)); therefore,
r =301 yi{zi7). Thus {z1,-++,2z,} and {@1,--+,,} are a dual projective pair.
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<:  As already discussed in Remark 2.2.1, R has a finite projective basis as an S-module,
and so is a finitely-generated projective S-module. To show that R is a Frobenius extension of
S, we thus need to prove that R ® Homg(R, S). Consider the map v: B — Homg(sR, S),
given by r — (—,7). We need to show that this is an isomorphism of (R, §)-bimodules. It
is clearly a right S-module homomorphism, since by definition of associative forms,

7(7“5) = (“7743} = (_=T>55
for r € Rand s € S. Now consider a,r € R. We have y(ar) = (—,ar). If ¢ € R, then
(z,ar) = (za,7)
= 7(r)(za)
= ay(r)(z),

where - is the action of R on Homg(R,S). Thus v is also a left R-module homomorphism.
Further, suppose that (z,r) = 0 for all z € R. By nondegeneracy, this implies that r = 0.
Thus ker(y) = 0, and so + is injective. To show that - is onto, we consider h € Homg(sR, 5).
Then for all » € R, we have

h{r})

’Z(Z(T, Yi) Ti)
> (ryi)h(z:)

i

= Z(T, yz>h(2(mza yj)mj)

2 J

= Z(r,yi)(ﬂihyj)h(mj)

Y]

= YO (nydmi,yi)h(z;)

7 %

= Y (ry)h(z;)
i
= (n ijjh(fﬂj))-

Thus, h = v(3_; yjh(z;)), hence v is onto, therefore bijective. So R is a Frobenius extension
of S. |

Let R be a Frobenius extension over S, and let {,) : B — S be the associative form given
in Theorem 2.2.3 above. Consider the map 7 : R — S, given by n(r) = (r,1) = (1,r). The
map 7 is referred to as the Frobenius homomorphism associated to the Frobenius extension.
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Example 2.2.4. Let H = k@, and let be N a subgroup of G of finite index, so we may write
G= U§:1N gi, where g1 = 1. We show that kN C k@ is a Frobenius extension.

We first need to establish that k@ is a projective kN module, but this is clear, since N has
finite index. Then kG is a free kN-module with basis a set of coset representatives for N

in G, and hence is a finitely generated projective kN-module.

Secondly, we need to establish an isomorphism of (kG,kN)-bimodules between kG and
Homyy (xnkG,kN). First, consider the left kN-homomorphism 7 : kG —+ kN given
by v = 25:1 Yg: — 1 for v; € kN. We may thus define the map (,) : kG®kG — kN,

given by (,) : (o, f) = 7(Ba).

We now need to prove that the map ¥ : kG — Homyy(kG,kN), given by o +— f,, where
fa(B) = w(Ba) for all o, B € kG, is an isomorphism of (kG, kN )-bimodules. We must show
that f, is in Homyy(kG,kN), that is, that f, is a left k/N-module homomorphism. It is
clear that the condition for addition holds. Now consider w € kN. Then

fawB) = =w(wha)
= wr(fa)
= wfa(B),

where the second line holds because 7 is a left kIN-module homomorphism.
So fo € Homgy (kG,kN).

We must also show that 4 is a left kG-module homomorphism and a right k/N-module homo-
morphism. We consider the case for kG first. Let @,y € kG. Now yo +— fyq. Then for all
B € kG, we have

fra = m(Bya)
= () (B7)
= 7 Ha)d(B),

where - is the left action of kG on Homyy (kG kN).
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To show that 9 is a right k/N-module homomorphism, we consider aw + fu,. Then for all
w € kN and for o € kG,

fau(B) = m(Baw)
t
= W(Z u;giw) where fa = Zuigi for u; € kN
i=1 7
¢
= m(ujw+ Zu,;giw) since g1 = 1.

=2

Note that each g;w is a linear combination of group elements in U:_,Ng;. This implies that

t
W(u1w+zuigiw) = ww

i=2
= w{fa)(w)
= foz(ﬁ)w
= (fa w)(B).

So 9 is a (k@), kN)-bimodule homomorphism as claimed.

Finally, we show that ¥ is bijective. We first consider the case for injectivity. Consider
a =) ,9;0f, with of € kN for all ¢ and assume a € # 0. This implies that there exists at
least one j such that o} # 0. Then

folg;h) = 7'f(g_ﬂ,-—l(z' gict;))

¢
= w(ej+w), wherew € ZkNgi
=2

= a;- # 0.
Thus ¥4 is injective,
We show that 9 is also onto. We have
Homyn (kG, kN) = @f.;Homyy (kNgi, kN) =& &;f;kN,
where

£ 9i — 1
g —0, j#
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We know that ¢ is a right kN-module homomorphism. We also note that Im(«) contains a
kN-generating set of Homy y(kG,kN). Therefore, if we can show that there exists o € k@&
such that f, = f; for all 4, ¥ is onto. Consider the element g;- ! Then

forrla) = m(gzei")
B 1 7=4
0 7 +#1
since in this case g;g; L'e¢ N.Sof ol = fi; hence ¢ is onto and thus bijective.

So we have a (kG, kN)-bimodule isomorphism between kG and Homyy(xnkG,kN), and

hence kG is a Frobenius extension over kN.

The following examples are taken from [BF93].

Example 2.2.5. This example generalises Example 2.2.4 above to the case of any strongly
G-graded ring. Recall that a ring R is graded by the group G if R = @,¢ gRy where R,
is an Abelian subgroup of R for all g, and RyR;, C Ry, for all g,h € G. If equality
holds in this expression for all g,h € G, then R is said to be strongly graded by G. The
strongly graded condition is equivalent to the existence of the sets {14 » Tm(g)gd C Ity
and {Y1,9," s Ym(g),gf C Rg-1 with Z:z(f) Yig%ig = 1 for all ¢ € G. Suppose that R is
strongly graded by G, and also that § = @, gRy, where H is a subgroup of finite index
in G. Then we claim that R is a Frobenius extension over S.

To prove this, we define the Frobenius homomorphism as (3, c g7g) = 25, c grg- This
means that the associative form is given by

(Z Tgy Z Tlg’) = ((E To)( Z T,g'))l) = Z Tgr;'

geq g EeqG gEG geq g9’ € H

Now let K be a subset of G such that {Hg|g € K} is a complete set of right cosets for H
in G. Then the sets

I

X: = {ziglg € K,1 <i <mlg)} C Ry and
Y: = {yiglg € K, 1 <i <m(g)} C Ry

form a dual projective pair, and thus R is a Frobenius extension of S.
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2.3 Faithful Flatness

2.3.1 Overview

The main aim of this chapter is to show some of the circumstances under which a Hopf algebra
is flat, faithfully flat or free over a subalgebra. We also give a condition for the properties of
flatness and faithful flatness to be equivalent. There has been a substantial amount of work
domne in this field, and only a small number of results are included here. Before discussing

these, however, we give the following brief overview of some known results.

The Finite Dimensional Case

Assuming finite dimension substantially simplifies the situation; work by Warren Nichols and
M. Bettina Zoeller in the late eighties shows that under this condition a Hopf algebra is
always free over any sub-Hopf algebra. Note that (H, K)-Hopf modules have not yet been
defined; we direct the reader to Definition 2.3.2 below.

Theorem 2.3.1 (The Nichols-Zoeller Theorem). Let H be a finite dimensional Hopf
algebra over a field k, and let K be a sub-Hopf algebra. Then for any (H, K)-Hopf module
M, we have that M is free as a K-module. In particular, since H is a (H, K)-Hopf module,
H is free over K.

Proof. This is proved in [NRZ89]. O

The Infinite Dimensional Case

In this case, as might be expected, the situation is much less straightforward. Indeed, it is
known that I is not generally free over a sub-Hopf algebra K unless K is finite-dimensional
and has certain other properties, as the following example (due to Oberst and Schneider)

shows.

Example 2.3.1. Let F be a field, and let £ be a field extension of F' of degree 2 with Galois
group G = {1,0}. The action of ¢ on Z is given by z ++ —z. Then G acts on the group
algebra EZ by its actions on ¥ and G. We set H = (EZ)® and K = (E(nZ))® C H. Ifn

is even, H is not free over K.
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Proof. See [OS74]; a proof may also be found in [Mon93, Example 3.5.2]. ]

We now consider some special cases when H is free aover K. We recall the notion of semi-
simplicity: a finite dimensional algebra I is said to be semisimple if every left R-module
is completely reducible. The first part of the following theorem is a generalisation of the
Nichols-Zoeller Theorem for the infinite-dimensional case.

Theorem 2.3.2. Let H be o Hopf algebra as above, and let K be a finite-dimensional sub-
Hopf algebra of H. Suppose that one of the following hold:

(1) K is semisimple,

(2) K is normal;

then H is free over K.

Proof.
(1) Proved in [NRZ92, Theorem 4].

(2) Proved in [Sch93].

The case for faithful flatness has been the subject of much interest recently, since this property
is almost as useful as freeness in many situations. However, it is still an open question
whether a Hopf algebra H is always faithfully flat over a sub-Hopf algebra K. It is known to
be true if H is commutative (see Lemma 2.3.7 and Lemma 4.1.1), or if the coradical of H is
cocommutative, where the coradical is the sum of those subcoalgebras of H which have no
proper subcoalgebras. We discuss a further condition for faithful flatness in the remainder of
this chapter.,

2.3.2 Conditions Giving Faithful Flatness

We begin with the following technical result from ring theory.
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Definition 2.3.1. Let R be a ring. R is said to be weakly finite if for all finitely generated
free left R-modules M and for all surjective ¢ € Endgr(M), ¢ is also bijective.

Example 2.3.2. Let R be a left Noetherian ring. Then R is weakly finite.

Proof. Let M be a finitely generated free R-module. Consider an R-module homomorphism
¢: M — M such that ¢ is onto. Let K = ker(¢). Suppose that K # 0. Then we have

M/K 2= M by the first Homomorphism Theorem, and there exists K; 2 K such that

=
%‘% & M/K = M. Therefore, M/K; = M. We may continue in this way, producing

an infinite ascending chain of submodules of M. But this contradicts our initial assumption
that R is left Noetherian, hence K = {0}. Therefore ¢ is bijective. O

Definition 2.3.2. Let k be a field. Let K be a sub-Hopf algebra of the Hopf algebra H over
the field k. Consider a right K-module M. Suppose that M is also a right H-comodule, via
the map p: M — M®UH, such that p is a K-linear structure map, that is,

p(mk) = Zm()h@ml ko,

forallm € M and & € K. Then M is said to be a right (H, K')-Hopf module.
Example 2.3.3.

(1) Let M = H. Then H is a right (H, K)-Hopf module via the comultiplication map
A= p.

(2) Let N be any right H-module. Then M = N®H is a right (H, K)-Hopf module via
the map p = idRA.

We now consider the following technical results, which are taken from [Tak72] and [Sch93]
and are required for the proof of Theorem 2.3.9.

Proposition 2.3.3. Let B be a sub-Hopf algebra of the Hopf algebra A. Any right (A, B)-
module is a filtered union of those of its (A, B)-sub-Hopf modules which are finitely generated
as right B-modules.

Proof. See [Tak72, Corollary 2.3]. O

Lemma 2.3.4. Let A be a Hopf algebra with bijective antipode, and let B C A be a sub-Hopf
algebra. Then if A is flat as a right B-module, it is also faithfully flat as a right B-module.

Proof. See [MW94, Theorem 2.1]. O
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The following proposition is taken from [Tak72, Proposition 2.4].

Proposition 2.3.56. Let B C A be Hopf algebras and suppose that every finitely generated
right (A, B)-Hopf module is flat. Then A is right faithfully flat over B.

Proof. Proposition 2.3.3 implies every right (4, B)-module is a flat B-module, because a
direct limit of flat modules is flat. For a proof of this, see the discussion on direct limits
and flat modules in [Rot79]. Since A is a right (4, B)-Hopf module, it is therefore a flat
B-module. Thus, by Lemma 2.3.4, A is a faithfully flat right B-module. O

The following lemma is taken from {Sch93, Lemma 3.1].

Lemma 2.3.6. Let A be o Hopf algebra, and B C A a central sub-Hopf algebra. Let M be
any (A, B)-Hopf module. We define the central localisation of M at B (the augmentation
ideal of B) as Mp+ = M®gpBpg+. If A is weakly finite, then the central localisation of M at
BT is a flat B-module.

Proof. Consider an (A, B)-Hopf module M. By Proposition 2.3.3, this is a filtered union of
finitely generated B-modules which are (A, B)-Hopf modules. We may thus assume that M
is a finitely generated B-module, since a union of flat modules is also flat. Let r be the rank
of M/M B over k. We begin by showing that M®pA is free of rank 7 as a right A-module.
Because M is a Hopf module, we can define the homomorphism of right A-modules

v: M®pA — M/MB*®A4; m®@a Zﬁil@mga,

Consider the right A-module homomorphism o : M/MBT®A — M®pA, given by
mea — Y mi®S(msa)a. We claim that -y is an isomorphism. This is proved by showing that
ooy =<yoo =1d. Consider yoo, and letm € M/MB™" and ¢ € A. Then

v(e(m@a)) = (> _mi®S(ms)a)
= Y (@)1®(m1)2S(ma)a
= Zml ®@msaS(ms)a
= Zm1®€(mg)a
= Zm“le(mz)(@a

= mea.
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Let m € M and @ € A. Then for o oy we have

o(v(m®a)) = o) m®maa)
= Z(m1)1®8(m1)2m2a
= Zml ®S(mg)msa
Zml ®e(ma)a
= me(mz)@a

= mRa.

Thus «y is indeed an isomorphism. So M®pA is free of rank r as a right A-module.

Since Mp+/Mp+ Bt = M/M BT has dimension r, Nakayama’s lemma gives that the Bg+-
linear map
f . @TBB+ — MB+

is surjective. We want to show that this is also injective, which we do by showing that
there exists a ring extension B+ C S such that f®1lg is injective; that is, the map
f®lg : @ Bp+®S — Mp+®S is injective. Consider the surjective right Apg+-linear map-
ping f®p, Ap+ : " Bp+®p,, A+ — Mp+®p,, Ap+. Now @"Bp+®p,_, Ap+ = @"Ap+,
since Ag+ is the B-module obtained by extension of scalars from Bp+. We also have
that Mp+Q®p,, Ap+ = (M®pA)p+ = &"Ag+, as right Ag+-modules. This shows
that f®p,, Ap+ € End(@"Ap+) is surjective, and therefore, since Ap+ is weakly finite,
Jf®pB,, Ap+ is bijective. Hence Mp+ is free of rank 7 over B+, and thus flat over B. (]

Lemma 2.3.7. Let A be o commutative Hopf algebra and let B be a Hopf subalgebra. Then
A is a flat B-module for all such B.

Proof. A proof of this can be found in [MW94, Theorem 3.4]. O

The next lemma is from [Sch93, Lemma 3.2]. To prove it, we need Hilbert’s Nullstellensatz.
A statement and proof of this can be found in [Rei88, p. 54-56].

Lemma 2.3.8. Assume that k is an algebraically closed field and let A be o Hopf algebra
over k. Let B C A be a central affine sub-Hopf algebra, such that Mg+ is flat over B for all
(A, BY-Hopf modules M. Then any (4, B)-Hopf module is flat over B.

73




Proof. Let J be a maximal ideal of B. Then by the Nullstellensatz, we have B/J = k. Define
m: B — B/J to be the canonical map, and let @ : B — B, given by b — > m(S(b1))b2
be the induced automorphism of B which maps Bt onto .J.

Let X be a right B-module, and 8 be any algebra automorphism of B. We define X to be
the ‘twisted’ B-module with underlying k-module X and with B-module structure given by
the map zogh = zpB(b) for all z € X and b € B. Now let Y be any left B-module. Then
Xp®pY = X®p(g-1Y), as can be seen by considering the tensor product. Therefore, if M
is flat, so is Mp.

Consider an (A, B)-Hopf module M, and let m € M and b € B. For all such m and b, we
define the map Aar, : My —> Mo®A by Ay, = Apy. Then for allm € M and b € B,

Apr(mad) = mom(S(b1))ba®mabs = Zmoa(b1)®mlb2 = Apr(m)b.

So M, is an (4, B)-Hopf module, where M, is the twisted B-module discussed above. Also
note that M = M, as A-comodules. Since Mg+ is flat by assumption, so is (Mg) g+ by the

discussion above. Now we have
(MB'*‘)OFI = M_],

as B-modules. So M is B-flat by the discussion above. Since J was chosen to be any

maximal ideal, we therefore have that M is B-flat. O

This theorem is from [Sch93, Theorem 3.3].

Theorem 2.3.9. Let A be a left or right Noetherian Hopf algebra, and B C A an affine
central sub-Hopf algebra. Then any (A, B)-Hopf module is flat over B, and so A is thus a
faithfully flat B-module.

Proof. Let M be an (A, B)-Hopf module. Let B; denote the (A, B)-sub-Hopf modules from
Proposition 2.3.3. Now M is an (A4, B;)-Hopf module for all B;, so by Lemma 2.3.6, the
localisation Mg+ is a flat B;-module. Since B; is finitely generated for all 7, Lemma 2.3.8
gives that M is IBZ- flat. Thus since B is a filtered union of the B;, M must be B-flat. Then
by Proposition 2.3.5, A is a faithfully flat B module. O

Remark 2.8.1. In summary, we see that if B C A is a central sub-Hopf algebra and A is
right or left Noetherian, then A is faithfully flat over B. It is possible to eliminate both the
Noetherian and central conditions; however, it is then necessary to impose the condition that
B is finite codimensional (that is, dim A/ABT < co) and normal instead. This is a particular
case of the result [Sch93, Theorem 2.1].
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We now show that faithful flatness, together with the condition that B is normal, gives that

A 1s Galois over B.

Lemma 2.3.10. Let A be Hopf algebra, and let B C A be a normal sub-Hopf algebra. Let
AJ/ABY = A. Then A has a right A-comodule structure, since © : A — A is a Hopf
morphism. Suppose further that A is faithfully flat over B. Then A is right A-Galois over B.

Proof. First we note that B is normal, so ABT = B A by Lemma 2.1.3. This lemma also
implies that the canonical map 7 : A —+ A is a morphism of Hopf algebras, and so A has an
A-comodule structure, given by the map p = (id4®n)oA. Since A is faithfully flat over B,
Lemma 2.1.5 implies that B = AC"Z, so A is an extension over B. We need to show that the
Galois map 8 : A®pA — A®y A, defined as a®a’ — (a®1)p(a’) for all a,a’ € A, is bijective.
Now

a®b > (a®1)p(b) = (a®1)(ida®@m)oA(D)
= (a®1)(ida®m)(>_b1®b2)
= (a®1))_(ida®m)(b1®bo)
= (a®1)) bi®bs
= > (a®1)(b1®Dy)
= ) abi®b,.

There is an inverse map « to 8, given by o : a®b ++ Y.aS(b))®bs. These are the maps from
Lemma 2.1.5, so, following the same argument, we get that foa = ao 8 = id. Thus 3 is

bijective, so A is an A-Galois extension of B. O

Remark 2.3.2. Most of our results in this section have been for central sub-Hopf algebras, not
normal ones. However, the central condition implies normality, as the following calculations
show. Let K be a central sub-Hopf algebra of the Hopf algebra H. Choose h € H and
k € K. Then

ade(h)k = Y h1kS(ho)
= 3 hS(ho)k
= > e(h)k

= ¢e(h)k.

But e(h) € k, so e(h)k € K. Hence adg(H)K C K. One uses a similar argument to show
that ad,(H)K C K; thus K is normal.
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Remark 2.5.83. If B C A is a normal sub-Hopf algebra, and A is also a finitely generated
B-module, B is then finite codimensional. By Remark 2.3.1, B C A is thus Hopf Galois.

2.4 The Set of Integrals

Under certain extra conditions, Galois and Frobenius extensions are actually equivalent.
Theorem 2.4.3 (from [KT81, Theorem 1.7(5)]) below gives one such condition. This is proved
for algebras in general in [KT81], but we are specifically interested in the special case of
Hopf algebras over a field k. Before we do so, however, we recall Definition 1.4.4 and discuss
two important properties of I;. The following result is a special case of the result [KT81,
Proposition 1.1}, where the ring R is a field.

Proposition 2.4.1. Let J be a Hopf algebra finitely generated as a k-module, and let A be
an algebra which is a J-Galois extension over a subalgebra B. Then the set I is a rank one
projective k-maodule, and further, 1;@J = J*,

Proof. Since k is a field, I; is automatically a projective k-module and a k-module direct
summand of J*. The fact that I; is a rank one k-module is proved in [Mon93, Theo-
rem 2.1.3(1)]. O

Example 2.4.1. Let B C A be an A-Galois extension, where B is a finite codimensional
sub-Hopf algebra of A and A = A/AB*. Then I is free of dimension one.

Proof. As in Definition 1.4.4, I7 = A A*. Now A is finite-dimensional, so 4" is
also finite dimensional, hence free. Thus Iy A" is free, and since it is of rank one, by

Proposition 2.4.1, dim(fz) = 1. O

c
c

Theorem 2.4.2. Let H be a finite dimensional Hopf algebra, and let the Hopf algebra A be
a H-Galois extension of the sub-Hopf algebra B. Then A is a finitely generated projective
right B-module and Ig®A = Homp(A, B) as (B, A)-bimodules.

Proof. A proof can be found in [KT81, Theorem 1.7]. O

We are now in a position to state and prove the result linking Galois and Frobenius extensions.

Theorem 2.4.3. Let B C A be an J-Galois extension of algebras A and B (over o field k),
where J is a finite-dimensional Hopf algebra. Then B C A is a Frobenius extension.
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Proof. By Theorem 2.4.2, we know that A is a finitely generated right B-module. We note
also from Theorem 2.4.2 that I;®A = Homp(A, B) as (B, A)-bimodules. Let {:} be a basis
for I;. Now we can define a homomorphism ««: A — I;®A by a +— i®a. This is clearly
injective, and is also onto, since for all ki®a € I;®A, where k € k, there exists ka € A
such that a(ka) = ki®a. Thus A = I;®A and so A = Hompg(A4, B) as (B, A)-bimodules.
Thus A is Frobenius over B. O

Example 2.4.2. In fact, when k is a field, Iy is always free since it is a finite dimensional
k-module. In this case, A is automatically a Frobenius extension over B. Thus our previous
two examples, U(i) C U(g) and kN C k@G, for |G : N| < o0, are both Frobenius extensions.
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Chapter 3

Homological Algebra and Module
Theory

This is a collection of results from basic homological algebra and module theory which will

be needed later in the proof of the proposition.

Definition 3.1. Let R be a ring, and let A be an R-module with projective resolution
T R N L Ny N N Y
where the P; are projective R-modules. Now let B be an R-module, and define the sequence
0 — Homp(4,B) -2 Homp(Py, B) 2 ... =2 Hompg(B,,B) - ...

We then define Ext% (A4, B) = ker(dyy1)/Im(dy), for n > 1, with Ext% (A, B) = ker(d;).

Theorem 3.1. Let A be an R-module for some ring R. Then
Hompg(A,B) = Ext%(A,B). (3.1)

Further, the groups Ext: (A, B) are independent of the choice of projective resolution of A.

Proof. The first follows from the fact that Homp(—, B) is left exact. A detailed proof can
be found in [DF99, Proposition 17.1.3]. Proof of the second part can be found in [DF99,
Theorem 17.1.6]. a
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Note 3.1. One may also calculate Ext}(A, B) by using the injective resolution as follows.
We let A be an R-module as before with injective resolution

7 & a 4t
0-— ML g2y .. I ol

where I; are injective R-modules for all <. We then let A be an R-module and apply the
functor Homp(A4, —) to give

0 — Homp(4, M) -2 Homp(4, Bo) %> - 2 Homp(4,E,) “4 ...

We can then define Ext}(A4, M) = ker(d,)/Im(d,_;). These two definitions give the same
answer; for a proof of this, see [Rot79, Theorem 7.8].

Definition 3.2.

(1) The injective dimension of the R-module M, written id(M), is defined to be the least n
such that there exists an injective resolution of M:

0 — M — EBg — By - — Ep — 0

If no such n exists, then we say that id(M) = oco.

(2) We similarly define the projective dimension of M, pd(A), as the least value of n such
that there exists a projective resolution of M:

0O —P, —m P4 — — M —0

Again, if no such resolution exists, pd(M) = cc.

(3) The Krull dimension of a Noetherian commutative ring R is defined to be the supremum
of the length of all chains of prime ideals of the ring.

We discuss a further property of the injective dimension shortly but first consider the following
result from [Rot79, Theorem 3.12].

Proposition 3.2. Let P be a projective module, and suppose that the module map
v: M — P isonto. Then M = ker(y)®P', where P/ & P.

79




The next result is taken from [NT60, Corollary 10].

Proposition 3.3. Let A be a Frobenius extension over the subring B such that A = B&X
for some left and right B-module X. Then

inj.dimp(B) = inj.dimg(A4).

Definition 3.3. Let R be a ring and M an R-module.

(1) The left global dimension, 1.gl.dim(R) of R is defined to be sup{pd(M)|zM}. One may
also define it in terms of injective dimension: lgl.dim(R) = sup{id(M) | gM}. This is
proved in [Rot79, Theorem 9.10].

(2) The right global dimension, r.gl.dimR of R is defined similarly, but in terms of right
R-modules, as opposed to left ones. Thus, r.gl.dim(R) = sup{pd(M} | Mgr}. As above,

we may also define this using injective dimension.

Under certain circumstances, right and left global dimension are equal. The following theo-

rem, from [Rot79, Theorem 9.23], gives one such condition.
Theorem 3.4. Let R be left and right Noetherian. Then l.gl.dim(R) = r.gl.dim(R).

Definition 3.4. Let R be a commutative Noetherian ring.

(1) R is said to be smooth if gl.dim(R) < co.

(2) Ifid(R) < oo, then R is said to be a Gorenstein ring.
It is clear that a smooth ring is also Gorenstein.
The next theorem is an extract taken from [Rot79, Theorem 9.5], which is more general than
required for our purposes here. The forward implication can be seen from Note 3.1.
Theorem 3.5. Let A be an R-module, where R is a ring. Then inj.dim(4) < m < oo if

and only if Exty(—, A) = 0 for all i>m + 1.

Next, we have a special case of a result involving injective dimension and Krull dim, proved
in [Bas63, Lemma 3.3].
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Theorem 3.6. Let A be a commutative Noetherian ring and consider it as a module over
itself. If inj.dim(A) < oo, then inj.dim(A) = Krull dim(4).

Finally, we note the following results from module theory, proved in [NT60] and [Bea99,
Proposition 2.6.9] respectively. Recall the notion of Frobenius extensions from Definition 2.2.3;
that is, A = Homp(pA, pB) as (A, B)-bimodules.

Theorem 3.7. Let A bea Frobenius extension over B, and let M be a left B-module. Then
A®pM = Homp(pA, pM) as (B, A)-bimodules.

Proof. First we note that the map vy : A®gM —> Hompg(Homp (A, B), pM), via y(a®m)¢ =
¢(a)m, fora € A, m € M and ¢ € Homp(Ag, B) is a homomorphism of (B, A)-bimodules.
By [NT60, Proposition 1], this is in fact an isomorphism of (B, A)-bimodules. Therefore,

v:A®pM = Homp(Hompg(gA,B), s M).
But we have pA = Homp(Apg, B); thus
A®pM = Homp(Homp(Ap,Bp), M) = Homg(g4, gM). (3.2)

O

Lemma 3.8. Let R and S be rings and let gUg be a bimodule. For any left R and S-modules
M and N respectively, we have the following isomorphism

v : Homg(U®rM, N) =& Homg(M,Homg(U, N))

Proof. Consider a homomorphism f € Homg(U®gzM, N). Then for all m € M, we define
fm U — N by fr(u) = f(u®m) for allw € U. We then define y(f) : M — Homg(U, N)
by (v(f))(m) = fm. We are now required to check that fp, is indeed in Homg(U, N), that
~v(f) is an R-homomorphism and that v is a group homomorphism. These calculations are
routine and are omitted. It is also easy to show that v is injective; surjectivity is shown
by constructing an inverse for . The details involve further computations and are also
omitted. 1
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Chapter 4

The Proposition

4.1 The Commutative Case

This section deals with the special case which arises when the Hopf algebra is commutative.

Lemma 4.1.1. Let A be a commutative Hopf algebra and let B be a sub-Hopf algebra, such

that both have bijective antipodes. Then A is faithfully flat over B.

Proof. We note that A is a flat B-module via Lemma 2.3.7. Then by Lemma 2.3.4, it is also

a faithfully flat B-module.

The following definition is needed for Theorem 4.1.2.

O

Definition 4.1.1. Let R be a ring as above. We say that R is reduced if R has no nonzero

nilpotent elements.

Definition 4.1.2. Let A be a finitely generated algebra (not necessarily commutative) over

an algebraically closed field k. Then A is an affine k-algebra.
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The following theorem is taken from [Wat79, Theorem 11.4 and 11.6].
Theorem 4.1.2.

(1) Any commutative Hopf algebra H over a field of characteristic zero is reduced.

(2) Suppose H is commutative and affine over any field. Then it is reduced if and only if
H is also smooth.

Proof.
(1) This is proved in [Wat79, Theorem 11.4)].

(2) This is proved in [Wat79, Theorem 11.6].

4.2 Proof of the Proposition

Proposition 4.2.1. Let k be an algebraically closed field, and let H be a Noetherian k-Hopf
algebra with a central (hence normal) affine sub-Hopf algebra K with Krull dimension m,
such that H is a finite K-module. Then H as a module over K has finite injective dimension

m.

Proof.
(1) Claim: For any ring B C A which is a Frobenius extension, the left (right) injective
dimension of A is bounded above by the left (right) injective dimension of B.

The above claim was proved in [NT60], the first paper on general Frobenius extensions,
and is essentially done by showing that Ext%(—, ) and Exty(—, B) are equivalent
functors on left A-modules. By Equation 3.1, in the case 4 = 0 this is reduced to
showing that Homu4(—, A) and Homp(—, B) are equivalent functors .

We thus consider the cases ¢ = 0 and ¢ > 0 separately. We begin with ¢ = 0, since i > 0
follows from this case. Let M be a left A-module. Then

Homs(M,A) = Homu(M,Hompg(pA,gB)) since A is a Frobenius extension
>~ Homp(A®4sM,B) by Lemma 3.8
& Homp(M,B) since M is a left A-module.
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Therefore,
Homy4{—, A) = Homp(—, B),

since M was chosen to be any left A-module.

Now let 7 > 0. Consider a left A-module M, and consider an A-projective resolution of
M,
- — P — s — By — M — 0.

For all left A-projective P;, we claim that F; is also left B-projective. Since 4F; is
projective, it is a direct summand of a free left A module; say 4 F = 4 P;@®aN for
some right A-module N. But we may then consider both ' and N as left B-modules.
Clearly, F is a projective B-module since it is a direct sum of copies of the B-projective
module A. So we get that pF' = pP;®gN; therefore F; is also a left projective B-
module.

So the projective resolution above is also a B-projective resolution for M. Then apply

Homu(—,A) and Hompg(—, B) to the resolution. But by the case for ¢ = 0, we have
that Homy4(—, A) = Homp(—, B). Then by definition of Ext% (—, A), we have

Exty(—, A) = Bxty(—, B), Vi>0,

since M was chosen to be any left A-module. Now suppose that inj.dim(B) = m > 0.
By Theorem 3.5, Exth(—,B) = Oforalli > m+1, so Exty(—,4) = 0, for all

¢ 2 m+ 1. Thus A must have injective dimension equal to or less than m.

Claim: H is a Frobenius extension of K. Since H is defined to be a Noetherian Hopf
algebra, and K is a central sub-Hopf algebra, we may apply Theorem 2.3.9. Thus H is
faithfully flat as an K-module. Define H = H/HK™T. We now consider H as a right
H-comodule. By Remark 2.3.2, K is a normal sub-Hopf algebra. We may now apply
Lemma 2.3.10, which gives that H is H-Galois over K. Now, by Example 2.4.2, the set
of integrals in H, Iy, is free since k is a field. Thus, by Theorem 2.4.3, H is a Frobenius

extension over K.
Claim: K is a commutative affine k-Hopf algebra, and is therefore Gorenstein.

There are two possible situations to consider: char(k) = 0 and char(k) =p > 0.

When char(k) = 0, the case is trivial, since then by the first part of Theorem 4.1.2, the
Hopf algebra is reduced. Applying the second part of Theorem 4.1.2 then gives that
the Hopf algebra is smooth, hence Gorenstein.

Suppose now that char(k) = p for some positive p. To prove this case, we first define
the Frobenius map K — K by x — zP for z € K. We show that this is an algebra
homomorphism by the argument below.
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Let K = k(=z1,- -, ;) for some set of generators {z1, -+, 2} of K. Let P = k(& - -, &)
be the polynomial algebra, so K =2 P/I for some ideal I of P. Define a map

¢: P — P, givenby & — (2F).

We extend this map linearly to P and in the obvious way to all monomials; that is,
&1, 85 = (87, -+, 214)P. To show that this is a k-algebra homomorphism, we
must show that it is a ring homomorphism and that ¢ : k — k is the identity. Let
ﬁi,lﬁj € P. Then
¢(&i + &5) = (B + &) = (8)° + ()",

where the last equality holds since char(k) = p. The multiplicative condition is clear.
Tt is also clear that ¢(k) = & for all & € k. Finally, we prove that ¢(I) C I for
all ideals 7. Let §; € I. Then ¢(9;) = ¢¥, which must be in I, since I is an ideal.
Therefore, ¢ induces an algebra homomorphism on P/I = K. Thus the Frobenius map

defined above is an algebra homomorphism.

We use this map to obtain a reduced sub-Hopf algebra of X and then use this to show
that K has finite injective dimension. We do this by choosing n € N such that the image
C of K under the n'® power of the Frobenius map is reduced. Hence by the second
part of Theorem 4.1.2, C' is smooth. We now wish to apply the steps above to C, but
to do this, we need to show that C' is a sub-Hopf algebra of K.

Lemma 4.2.2. Consider the Frobenius map 0 : K — K, given by o(k) = kP. Choose
n € N such that o™(K) = C has no nonzero nilpotent elements. Then C is a sub-Hopf
algebra of K.

Proof. To show that C is a sub-Hopf algebra, we need to show that

A(C) C C®C and
S(C) C C.

We note that for all ¢ € C, there exists & € K such that k¥*" = ¢. Thus A(c) = A(KP").
So we have

Ale) = Ak
= (D _ki®ks)”"
= le?n@)ké’n because char(k) =p

Clearly k" @k8" € C®C. We know that A(k) € K®K, so A(k)P" = A(k?") € KP".
Therefore, A(KP") C KP", that is, A(C) C C. Next we consider the condition for S.
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Recall that S is an anti-algebra morphism, so S(hk) = S(k)S(h) for all h,k € H. As

above, we let ¢ = kP". So we have

S(kP") = S(kkP"1)
= S(K"")S(k)
= S(k)---S(k)

N’

pn

= S(k)".

Since K is a sub-Hopf algebra, S(k) € K. Therefore, (S(k))?" = S(k"") € KP". Thus
S(KP") C KP",s0 S(C) C C as required. So C is a sub-Hopf algebra of K. |

We may now apply the results (1) and (2) above to show that K must be Gorenstein. We
do this by showing that K is a Frobenius extension over C'. Note first K is commutative,
and so faithfully flat over C' by Lemma, 4.1.1. Commutativity also implies that KC*+ =
CtK; we then apply Lemma 2.1.5 to give that C' is normal. So by (2) above, K is a
Frobenius extension of C. Finally, we need to show that inj.dimg (K) = inj.dimg (H).
We have already shown that C is smooth, hence Gorenstein, and thus has finite injective
dimension over itself. From (1) above we see that K must then have finite injective

dimension as a module over itself and so is also Gorenstein.

We are now in a position to prove that inj.dimy (H) = inj.dim (X). We first note that
by Theorem 3.6, inj.dimy(K) = Krull dim(K). By steps (1) and (2) above, we have

Krull dim(K) = inj.dimg(K) > inj.dimg(H) > inj.dimg(H). (4.1)

H is a flat K-module, so inj.dimg(H) > inj.dimg(xH), since the flatness of H implies
that any injective H-module is also an injective K-module. By Theorem 2.4.2, H is a
projective K-module. Also, since K C H, the identity map i: H — K is onto. We
may thus apply Proposition 3.2, which gives us that H = ker(:)®K. Clearly, ker() is
a left and right K-module. Therefore, by Proposition 3.3, we must have

inj.dimg (H) = inj.dimg (K) = Krull dim(X) = m.
But then combining the equation above and Equation 4.1, we must have that
inj.dimg(H) = inj.dimg (H) = Krull dim(K) = m,

which proves the proposition.
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