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Abstract

The purpose of this thesis is to give insight into major problems arising in
the theory of mixture distributions, and, more importantly, to improve and
extend some of the results that are given in the literature. We especially fo-
cus on the problem of estimating the number of components that underlie the
probability distribution of a data sample. This is among the most difficult
problems encountered in this area.

In principle, there are two main approaches to the problem; the theoretical
approach studies the asymptotic distribution of the likelihood ratio test under
the null hypothesis for testing for k; versus ky components, where k; < ks,
and the algorithmic approach uses simulations in order to overcome some of
the theoretical difficulties. In this work, we use both methodologies, and we
give illustrations of the methods’ performances in some practical examples.
We emphasise, now, the approaches that we adopt for dealing with this prob-
lem.

In a Monte-Carlo context, we propose a technique that uses an information
theory criterion inside a parametric bootstrap procedure. The performance of
this technique is then assessed, and comparison is made to a method using a
similar type of bootstrap procedure, but where the decision criterion is based
on likelihood ratio inference, and to Windham and Cutler’s (1992) informa-
tion theory based method. Another combined approach is also suggested.

Using a stochastic algorithmic methodology, Celeux (1987) proposes a test
for the number of components, and claims that it follows a Hotelling’s distri-
bution. We argue about the reasons why this does not hold, and we derive
the asymptotic distribution of this test statistic. This theoretical investiga-
tion leads us to study some problems that go beyond the scope of the mixture
framework, since they are related to the theory of autoregressive processes.
Some simulation results are also provided in some simple situations.




In the case where the mixing proportions are known, there is a result in the
literature (Goffinet et al, 1992) that provides the asymptotic distribution of
the likelihood ratio test under the null hypothesis. However, this result is not
useful in some cases, corresponding to some values of the proportions. Using,
then, theoretical arguments supported by simulation results, we provide this
distribution in those cases.

Thus, in summary, there are three main directions in this thesis: the in-
formation based approach that mainly uses computational tools arising from
recent developments in the theory of the EM algorithm; the stochastic ap-
proach that uses mathematical tools from the theory of stochastic processes;
and the study of the likelihood ratio test for known proportions, whose gen-
eral techniques arise from the theory of asymptotic statistics.




To the memory of my father, George Theodore,
and to my mother, Angeliki

il



Acknowledgements

e [ would first like to express my deepest heartfelt gratitude to my su-
pervisor, Professor D. Michael Titterington, to whom I am profoundly
indebted for his unstinting help and encouragement, for providing me
with excellent references, and for his kindness and patience with me
throughout the whole duration of this thesis. Furthermore, I thank him
again for giving me the opportunity to participate in the international
workshop on statistical mixture modelling, held in France (1995), and
for encouraging me to present a contribution to a discussion to the Royal
Statistical Society.

e [ am also indebted to the current Head of Department, Mr. Peter
Breeze, as well as the former Head, Professor Ian Ford, for providing
me with a very comfortable working environment.

e My gratitude goes also to the members of staff and the research students
of the Department of Statistics of Glasgow University, who helped me
in very many ways and contributed to making my life more comfortable.
More particularly, I would like to thank: Professor Adrian Bowman for
his hospitality and for his advice when I first came to Glasgow; Dr. Ben
Torsney for his assistance with my subject and for his encouragement;
Dr. Alexander Ivanov for constructive discussions on my subject; Dr.
Alan Dunmur and Dr. Ilya Molchanov for their helpful advice concern-

[ ing the typing of my text; Dr. Jim Kay for his constant encouragement
! and moral support; Miss Mary Nisbet and Mrs. Myra Smith for their
kindness.

e I would specially like to thank my friend, Shahram Zare, for his help
with the typing of my text.




e I would also like to thank Professor Bruno Goffinet, from the .N.R.A.
(France), who was very cooperative in sending me very quickly some
vital information for my thesis.

e I feel also grateful to my friends, Angela Diblasi, Necla Gunduz, and
Saumen Mandal, among many others, for their invaluable moral sup-
port.

¢ My final acknowledgement is reserved for my mother, Angeliki, to whom
I owe a huge debt of gratitude for all her understanding and support
without which the present thesis would not have been achieved.



Contents

Abstract i
Acknowledgements iv
1 Introduction 1

1.1 Definition of the problem and generalities. . . . . . . . .. ..
1.2 The maximum-likelihood approach and the EM algorithm

1.3 Major problems that arise when testing for the number of com-
ponents . ... 11

1.4 Description of chapters . . . . . .. ... ... ... ... . 15

2 On the Determination of the Number of Components using

Information Ratio Techniques 17
2.1 Information ratios and the EM rate of convergence . . . . . . 17
2.1.1 The EM algorithm and its connection to information

Fatios . . v . . . o e 17
2.1.2  Some theoretical results concerning the minimum infor-
mation ratio (MIR) . . . . . .. ... ... ... 20
2.1.3 Applying the information ratio to accelerate EM . . . . 24
2.1.4 A measure for the global rate of convergence . . . . . . 25
2.1.5 Performance of the basic MIR procedure . . . ... .. 29
2.2 On bootstrapping the MIR: the Modified MIR procedure . . . 31
2.2.1 Main theory and simulation results . . . . . . ... .. 31
2.2.2 Implementing the Modified MIR: methodology and sim-
ulationresults . . . . ..o oo 34
2.2.3 Some different approaches . . . . ... ... 37

2.3 Combining the bootstrap likelihood ratio with the Modified MIR 39




2.3.1 On bootstrapping the likelihood ratio: methodology

and simulation results . . . . .. ... .. ... 39
2.3.2  Using the BLR inside the Modified MIR procedure . . 40
On a Test for the Number of Components based on the Stochas-
tic EM Algorithm 44
3.1 The stochastic EM algorithm . . . .. ... ... .. .. ... 44
3.1.1 Generalities . . . . . ... Lo 44
3.1.2 Some theory in the one-parameter case . . . . . . . .. 48
3.1.3 Thegeneralcase . ... .. ... ... ......... 50
3.2 DProblems when considering a test for the number of compo-
nents based on SEM . . . .. ... o000 55
3.2.1 Construction of the test . . . . . . .. .. .. ... .. 55
3.2.2  On some properties of the SEM iterates . . .. . . .. 56
3.3 Connection with the theory of stationary random variables . . 60
3.3.1 An extension of the central limit theorem . . . . . . . . 60
3.3.2  Definition of the test statistic . . . .. ... ... ... 63
3.4 T?is not a standard Hotelling statistic . . . . . ... .. ... 64
On the Limiting Distribution of 77 67
4.1 Introduction . . . .. .. ... ... Lo 67
4.2 The limiting result . . . ... ... ... o0 0oL 68
4.2.1 A result for the sample variance-covariance matrix . . . 68
4.2.2  Deriving the limiting distribution of 72 . . . . . . . . . 73
4.3 Another approach for deriving the limiting distribution of 7 . 74
4.3.1 Another form for the statistic 72 . .. ... ... ... 74
4.3.2 The limiting result . . . . ... ... 0L 80
4.4 Simulationresults . . . . . ... Lo 81

On the Distribution of the Likelihood Ratio Test Statistic

when the Mixture Proportions are known 86
5.1 Introduction . . . . . . . . .. ... 86
51.1 Generalities . . . . . .. . ... oo 86
5.1.2 Failure of the standard regularity conditions . . . . . . 89
52 Casel: oknown . .. . ... oo 91




521 Mamresults . . . . . . .. o 91
c

5.2.2 Proof of the above results . . . . . ... ... ... .. 93
5.3 Case 2: ¢ unknown and p=05 . . .. ... ... .0 96
5.3.1 Some theoretical argument . . . . . . . .. ... 96
5.3.2 Solving the problem . .. .. ... ... ... ... .. 98
54 Case 3: o unknownand p#05 . . . ... o000 102
541 Mainresults . . . . . ... L Lo 102
5.4.2 Ourresultsforpcloseto 0.5 . . . .. . . ... ... 104
5.5 Simulationresults . . . . . .. ... o oL 108
Discussion 123
6.1 Introduction . . . . . . . . . . oo 123
6.2 A Bayesian Approach . . . . .. ... . ... L. 124
6.3 A Test based on Stochastic Techniques . . . . . . . .. . ... 126
6.4 The Information Theory Techniques . . . . . . . .. . .. ... 127
6.5 Asymptotic Theory for known Mixing Proportions . . . . . . . 128

References 130




List of Tables

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

4.1

9.
S

9.3

Frequencies of Identification of the Number of Components us-
ing basic MIR. . . .. . .. .. ... oo 30
Frequencies of Identification of the Number of Components
chosen for Different Valuesofa. . . . . . . . ... ... ... . 33
Frequencies of Identification of the Number of Components us-
ing Modified MIR. . . . .. ... .. ... ... ... ..... 36
Frequencies of Identification of the Number of Components us-
ing the Absolute Decrease Criterion. . . . . ... ... . ... 38

Frequencies of Identification of the Number of Components us-
ing the Absolute Decrease Criterion, when allowing for the Pos-
sibility that the Underlying Distribution is not a Mixture. . . 38
Frequencies of Identification of the Number of Components us-
ing the BLR Procedure. . . . .. ... .. ... ........ 40
Frequencies of Identification of the Number of Components us-
ing the BLR, Procedure, when the Real Distribution is a Normal. 41
Frequencies of Identification of the Number of Components us-

ing the Combined BLR and Modified MIR Procedure. . . . . . 41
Values of T2 and T2, . . . . .. .. e 83
Characteristics of T'(X) under Hy in cases 2 and 3. . . . . . . 112
Characteristics of 7'(X) under Hy for the transition stages be-

tween case 2 and case 3. . . . . ... 112

Variance of (1 — m)x2(0) + mx?(1). The sample size is 3000.. . 112




List of Figures

2.1
2.2
2.3

0.1
5.2

5.4
9.5
5.6
5.7
9.8
5.9
5.10
5.11
5.12
5.13
5.14
5.15
5.16
5.17
5.18
5.19

Dataforo=15. . .. . . .. . . . 42
Dataforo=0.67.. . . .. . . . . . ... 42
Dataforo=1. . .. . .. ... ..o 43
Histogram for p=0.75and N =100. . . . . . . .. ... ... 113
Histogram for p =0.75 and N =500. . . . .. ... ... ... 113
Histogram for p = 0.51 and N =3000. . ... ... ... ... 114
Histogram for p = 0.50 and N =3000. . . .. ... ... ... 114
Histogram for p = 0.52 and N =3000. . ... ... ... ... 115
Histogram for p = 0.55 and N =3000. . ... ... ... ... 115
Histogram for p = 0.60 and N =3000. . ... ... ... ... 116
Histogram for p = 0.65 and N =3000. . ... . ... ... .. 116

Estim./Theor. Significance Levels for p = 0.75 and V = 25. . . 117
Estim./Theor. Significance Levels for p = 0.75 and IV = 100. . 117
Estim./Theor. Significance Levels for p = 0.75 and N = 500. . 118
Estim./Theor. Significance Levels for p = 0.50 and N = 500. . 118
Estim./Theor. Significance Levels for p = 0.50 and N = 3000. 119
Estim./Theor. Significance Levels for p = 0.501 and N = 3000. 119
Estim./Theor. Significance Levels for p = 0.505 and N = 3000. 120
Estim./Theor. Significance Levels for p = 0.51 and N = 500. . 120
Estim./Theor. Significance Levels for p = 0.51 and N = 3000. 121
Estim./Theor. Significance Levels for p = 0.55 and N = 3000. 121
Estim./Theor. Significance Levels for p = 0.65 and N = 3000. 122




Chapter 1

Introduction

1.1 Definition of the problem and generalities

In order to define mixture distributions and, subsequently, the theoretical
problems pertaining to them, we first give a brief description of the general

missing data context, which is as follows.

Let us consider two sample spaces, T and =, and two sets of data, ¥ and
X, which are respective realisations from the above sample spaces, and sup-
pose that, instead of observing ”complete data” Y, "incomplete data” X are
observed. Then, we can assume that there is a mapping T from Y onto =,
defined by ¥ — T(Y) = X. If ¢ is a parameter such that the probability

density of Y is f(y) = f(yl|q), and that of X is f(z) = f(x|q), then these two
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densities are connected by the equation
= dY 1.1
flala) = [ Fol0n@y) (1)

where 11(dY’) denotes a dominating measure.

We now direct attention specifically at the mixture problem itself. For a sam-
ple size N, it we set ¥ = (¥, ..., Yy), X = (X1, ..., Xy) and Z = (Z1, ..., Zn),
the components of the complete data ¥ can be written in a mixture model
as Y; = (X;, Z;) with 4 = 1,..., N, where each Z; = (Z,), for k =1,..., K, is
an indicator vector such that Z;; takes the value 1 if X; belongs to the the
k* category and the value 0 otherwise. Then, T = E x Z, where Z is the
sample space for Z. Tt is clear, then, that mixture models can be regarded as

a particular case of the missing data model.

Now, we can write

T @y, zilq) = flwslzi, q) f(zq),

so that equation (1.1) becomes

Faila) = [ flailz o)l ada. (1:2)

Now, Z is a finite set with K elements; if 1 is the &** component of Z;, f(z|q)
will be denoted by pi, and will be the probability that an observed variable X;
arises from a probability distribution Fy, with density f(X;|fx). So, gx, which

is the k** component of ¢, will be written as (pg, 0r) where the pi’s are the

mixing weights and the 0;’s the component parameters.
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Equation (1.2) then becomes

K
F@ila) = D pf (i) (1.3)

k=1

For k = 1,..., K, py is a probability, and therefore 0 < p, < 1 and S5, pp = 1.

Let us now suppose that the observed data arise from a probability distri-
bution whose density f(z) has the form of equation (1.3); then, the main
problem that we shall concentrate on, in the present work, will be to estimate
the number of mixture components K. There has been a substantial amount
of publications concerning this area. Extensive overviews of the techniques
used to deal with the problem can be found in Titterington et al (1985),
McLachlan and Basford (1988), and towards the end of the monograph by
Everitt and Hand (1981). A more recent compendium of techniques can be

found in Titterington (1997a).

Before going more deeply into the mathematical theory that is used to deal
with these models, we first digress to mention briefly some of their applica-

tions.

One of the most prominent applications concerns medical diagnosis; in this
case, the observed data X consist of a series of clinical tests performed on
some patient, and the missing data Z indicate the disease category; it is then
crucial to identify the number of underlying disease categories. Another field
of interest is related to image analysis; in this case, the observed data X are

the colours of a blurred image made up of a number of pixels, and the missing
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data Z indicate the true colours of each pixel (Titterington, 1990). In gen-
eral, then, the missing data are two-dimensional and are assumed to follow
a Markov Random Field; this type of modelling occurs in remote sensing as
well. A last area of interest that we describe is related to fisheries studies; for
example, the observed data X might describe the length of the fish, and the

missing data Z denote the underlying age category.

In another well known field of application, speech recognition, the element
of interest is that the missing data follow a Markov chain.

There are many other applications concerning mixture models. The brief
description that we give here is not meant to cover the very wide range of
applications, but rather to give a flavour of the field, illustrate the connec-
tion between the general missing data problem and the mixture models, and
emphasise how important it is to know the number of underlying categories
in an unclassified set of data. A detailed account of examples of applications

can be found in Titterington et al (1985).

We now return to the mathematical considerations of these problems. We
shall assume in the sequel that the mixtures that we study here are identi-
fiable, that is, distinct parameter values determine distinct members of the
family. In a more formal way, a class of mixture distributions is said to
be identifiable if and only if the fact that any two members of that family
T prFy and 3K pl FY are equal implies that K = I’ and there is a per-

mutation of the indices (1, ..., K) such that p; = pj, and Fp, = FJ.

An important theorem is as follows: a necessary and sufficient condition for

a class of distributions to be identifiable is that the component distributions
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be o linearly independent set over the field of real numbers, R.

This result comes from Yakowitz and Spragins (1968). Identifiability problems
have also been discussed in Teicher (1963). We shall use the identifiability

notion later in this work.

1.2 The maximum-likelihood approach and the

EM algorithm

In order to solve the problem of the estimation of the number of components,
a most attractive way is to use the usual maximum-likelihood technique; that
is, if we consider first the likelihood function of the sample X, I(¢|X) =

ITY, f(zi]q), the log-likelihood function can be written as

L(g) = L(q|X) = Z log f(zilq),

and the method consists of taking as estimator a value ¢ of ¢ that solves the
likelihood equations
9L(q)

dq =0

d is a maximum likelihood estimate (MLE) of the parameter ¢g. In general,
this technique works quite well in the case of single-component distributions,
and the asymptotic theory based on it is well developed. However, the situ-

ation is not so simple when dealing with mixtures and we shall describe the

main difficulties in the sequel.
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From the literature, the main asymptotic theorem states that, under some
assumptions, that we present below as the standard regularity conditions 1,

2, 3 and 4, and N sufficiently large, there is a unique strongly consistent
solution g of the likelihood equations, and this solution locally maximises

the log-likelihood function. Furthermore, if we denote the true parameter by

g, VN(qy — qo) is asymptotically normally distributed with mean 0, and
variance-covariance matrix [E (f’ilo%‘ig(w)m%i(m))]—l’ which is the inverse of the
Fisher information matrix. We now give these conditions:

1) qo is interior to the parameter space Q, where Q C R”.

9) Fori,j,k = 1, ..., p, the partial derivatives df /8g;, 8* f [0¢;0q; and 8° f /0q;0q;0q

exist and satisfy

af(:
229, < wago)
i),
3 log f(z) ]
Tgdug, | < M)

3) The functions M;(z) and M;;{z) are integrable and the function M;;;(x)

satisfies

| Mige(@) ] (wlao)ds(z) < oo.

4) The Fisher information matrix is well defined and positive definite at gq.

Furthermore the following relationships are verified:

dlog f(x)

E| 9

]:03

dlog f(x) Olog f(z) & log f(x)

E

T T T T
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These equations are a natural consequence of the previous conditions. These
assumptions are very well known and can be found in most of the texts on
statistical inference (for example, Zacks (1971), Cox and Hinkley (1974}, Red-
ner and Walker (1984}).

Now, the problem that one encounters when applying this method to estimat-
ing parameters of mixture densities is that, usually, the likelihood equations
are non-linear, and analytic computation of § is, thus, typically impossible.
Therefore, one has to resort to iterative procedures; we shall concentrate on
one of the most popular, the Expectation-Maximisation (EM) algorithm. We
now describe how this algorithm works, first in the missing data case, and

secondly in the more particular mixture model case.

The EM algorithm starts with an initial point ¢°; if we denote by ¢™ an

Lh

estimate of the parameter ¢ at the m" iteration, then iteration m 4+ 1 is:

E-STEP: Determine Q(qlg™) = Ellog f(ylq)| X, ¢™] = [log(f(yla)) f (2|, q¢ =
qm)dz
M-STEP: Find ¢™*' which mazimises Q(q|g™).

(E stands for expectation and M stands for maximisation.)

The idea that lies behind this algorithm is the following. Ideally, one wants to
maximise the function log f(y|q) using a maximum likelihood technique, but
since the random variable Y is partially unobserved, its expectation given the

data X and the parameter ¢, Q(q|¢™) = Ellog f(y|¢)|X, ¢™] is computed,

then ¢™*! is the parameter value which maximises ¢Q(q|¢™).
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Let us now consider a finite mixture problem, where the observed data have

the probability density

K
f(zlg) = > pif(zlfk)-
k=1

The EM algorithm then becomes (Celeux and Diebolt (1988), or Aitkin and
Rubin (1985))

E-step: fork=1,...,K andi=1,...,N, compute t7*(x;) where

MmN pk (x'blg}\‘n)
) = S ()

which is the posterior probability that X; has been drawn from the k'™ compo-

nent.

M-step: Compute

'm.-H Z tm 377,

and solve the equations

ith z)(alog f(legk)) 0

fork =1,..., K, where N is the sample size and K the number of components.

The EM algorithm has been extensively studied by Dempster et al (1977);
one essential result that they derived was that the log-likelihood is increased
at each iteration, and this feature makes it very attractive for applications.
The log-likelihood limit is a stationary point of the log-likelihood, and it can

also be a local maximum, but it is pointed out in Wu (1983) that this may
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be difficult to verify; since the choice of a starting point for the algorithm in-
fluences this convergence, Wu (1983) suggests trying different starting points.
In the mixtures context, since, in general, mixture log-likelihoods are multi-
modal, the algorithm can converge to a point that is not global maximum.
One suggestion for overcoming this problem, was by Thode et al (1987), where
a set of starting points is proposed in the case of two-component univariate

mixtures.

It is worthwhile to mention briefly a result in the general theoretical context
by Wu (1983), namely that the EM sequence does not in general converge to
one point but to a compact, connected component of either the set of sta-
tionary points or the set of local maxima in the interior of the parameter
space; we do not know if these points are local maxima, but it is pointed out
in Wu (1983) that this feature is not as important as the behaviour of the

log-likelihood.

Another problem that arises with EM is that, sometimes, convergence is very
slow. For instance, the degree of separation between the components can be
a major factor in that context. We shall discuss the speed of convergence in

more detail in Chapter 2.

A useful local asymptotic result, which is the version, for EM, of the main
asymptotic theorem stated previously when dealing with mixtures from the
exponential family (that is, where each component density is a member of

an exponential family with density f(z|6x) = b(z) exp[(q(0x))T Tk (z))]/a(bk),

where a{f) is a normalising constant), is given in the following theorem (Red-

ner and Walker, 1984).
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THEOREM

Under the assumption thal the true mizing proportions are strictly positive,
and under condition 4 stated above, the strongly consistent solution qy of the
likelihood equations is well defined for N sufficiently large, with probabulity 1.
Furthermore, there ezists a certain norm ||.|| on the parameter space §, in
which the EM sequence ¢™ converges linearly to qy whenever ¢° is sufficiently

near qy; that is, there exists a constant v, with 0 < r < 1, for which

m-1

g™ —anl| < 7rlld™ = awll,

whenever ¢° is sufficiently near qy.

This result is then twofold: it suggests first that, if the starting points are
close to the MLE, then, for a reasonable sample size, the algorithm will al-
ways converge towards the MLE, thereby avoiding the stationary points that
we mentioned previously. On the other hand, it states that EM converges

linearly, and defines its rate of convergence r.

In order to apply EM, one has to know the number of components of the
mixture in question, because of the assumption that the true proportions are
strictly positive. This is one of the major drawbacks of this algorithm, espe-
cially in cases which are of paramount interest in this work, that is, where the
correct number of components is unknown and has to be estimated. In fact,
in those cases, there has been a considerable amount of work in the literature,
but still much remains to be solved. In the next section, we define the test
that the asymptotic theory proposes in that regard, we emphasise the major

problems, and we give a flavour of various attempts to tackle them.
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1.3 Major problems that arise when testing

for the number of components

We have seen in the previous section the problems that arise when we want
to estimate the parameters in a mixture distribution. We shall now see that
a much worse problem is posed when we try to use the asymptotic theory for
assessing the number of components. Indeed, the most natural test that we
use for testing for the number of components in a mixture, and which is based
on parameter estimation via the likelihood equations, is the Likelihood Ratio
Test (LRT). The LRT tests between the hypotheses Hy: g € {2y C R and
Hi: g € Q C RP, where g is the parameter space corresponding to the null
hypothesis Hp, {2; the parameter space corresponding to the alternative fH;,

and € is a subset of €2y. It can be defined in the following way:

_ supyeq, UalX)

T(X) = .
() SUP,eq, [(q]X)

Then Hy is rejected if 2logT'(X) is larger than a constant c.
The main asymptotic result concerning T(X) is the following (Wilks, 1963)

THEOREM

Under Hy, and under the standard regularity conditions,

2log T(X) -+ x*(p — po)

in distribution as N — oo.

The main problem that arises in the mixture case is that the conditions
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underlying the above theorem do not hold. The reason for this is that Hy
corresponds to a boundary for Hy, and this breaks condition 1. On the other
hand, as pointed out in Aitkin and Rubin (1985), under Hy the log-likelihood
is not of full rank: therefore, problems arising with mixture distributions are
non-regular maximum likelihood problems {Cheng and Traylor, 1995). The
problem is that, even if the mixtures are identifiable, the parameters are not.
An account of these problems is also given by Ghosh and Sen (1985), who
propose in a theoretical context a method based on the supremum of a nor-
mal process; these techniques are further investigated by Berdai and Garel
(1996) and by Garel (1996). For testing between a single distribution and a
mixture of two, in the case that the components are known, Titterington et al
(1985) prove that T(X) is asymptotically distributed as 0.5x%(0) + 0.5x2(1),
whereas, if the regularity conditions were valid, one should obtain a x?(1).
This result has been extended to testing K versus I -+ 1 components, by
Chen and Cheng (1992). This type of asymptotics have also been derived in
the context of some special mixtures by Bohning et al (1994), who use some

techniques from Lindsay (1983).

We give in the sequel a brief description of some of the alternatives pro-
posed in the literature for tackling these irregularities. This description is by
no means extensive, since it is not meant to give a full overview of the tech-
niques that have been used by very many authors, but, instead, to highlight
the various difficulties that one has to grapple with in dealing with these types
of problem. The techniques that are mainly used in the present work will be

presented in the next section.

We first present an approach by Aitkin and Rubin (1985). In an attempt
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to move the parameters away from the boundary under the null hypothesis,
they proposed to place a prior distribution A(p) on the mixing proportions,

and considered maximising the log-likelihood function

1(0)X) = [ UalX)h(p)dp.

In order to do that, they derived a more complicated version of EM. Then,
supposing that the null hypothesis is defined by a common 6, they proposed
the likelihood ratio statistic

, I'(6]1X)
T(X) = .
(X) maxg H{ilf(XiW)

However, as shown by Quinn et al (1987), even after this modification, there
is a break in the standard regularity conditions, so that 2log7"(X) does not
follow a x? distribution. This problem is also very relevant to the difficulties

that we are faced with in Chapter 5.

Among other suggestions, we mention those that use simulations in order
to detect the number of degrees of freedom of the x? distribution for T'(X).
In an example where a single normal is tested against a mixture of two, Thode
et al {1988) showed that the usual asymptotic theory holds only for very large
samples, and that, if samples of moderate size are used, strict application of
the standard theory will lead to overestimating the significance levels. In the
same spirit, Wolfe (1971) suggested approximating 2log T'(X) by a x* with
degrees of freedom equal to twice the difference in dimensionality between the

component parameters under H; and under Hy. Aitkin et al (1981) showed

that this approximation was not correct.
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Another type of technique arising from cluster analysis is Akaike’s Informa-
tion Criterion AIC (Bozdogan and Sclove, 1984). The problem is then the
lack of theoretical justification since the conditions underlying these types of
criterion are the same as those for the LRT (Titterington et al, 1985). In
a simulation exercise, Windham and Cutler (1992) showed that, for a poor
separation of the mixture components, AIC always overestimates the correct

number.

Finally, a class of very important approaches which has been used more re-
cently, with the advent of computers, are the Monte-Carlo based methods
(Hope, 1968). Aitkin et al (1981) showed how bootstrap replications can be
used to provide a test of size a, and applied this technique to reject Wolfe’s
suggestion. This type of approach has been brought further by McLachlan
(1987), for the test of a single normal distribution versus a mixture of two
normals. The validity and theoretical properties of the bootstrap likelihood

are discussed by Feng and McCulloch (1996).

It follows from this discussion that the determination of the number of compo-
nents in a mixture distribution constitutes a very difficult problem, which has
only been partly solved. The present work deals with a variety of techniques
that have been used in the statistical literature, and will consist of improving
existing methodology and extending some theorems. Simulation results will

be presented for all envisaged problems.
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1.4 Description of chapters

Chapter 2: We present here an information ratio technique proposed by
Windham and Cutler (1992), and discuss some validity problems concerning
it. In order to improve this methodology, we propose a modification of their
method which we believe is better supported by the theory. These methods
are implemented in a Monte-Carlo computational scheme. More specifically,
our modified method computes the same values as do Windham and Cutler,
but uses these values inside a different decision-making criterion. Further-
more, we propose to combine our procedure with the LRT for dealing with

data from one-component distributions.

Chapter 3: We present here a stochastic version of the EM algorithm,
namely the SEM algorithm (Celeux and Diebolt, 1988). Formal theory serves
to back up an asymptotic theorem, and we compare it with the theory that lies
behind EM. Following Celeux (1987), we give a test statistic for the number
of components that is based on random variables following an autoregressive
process. However, there are serious theoretical problems when we consider it
to be a standard Hotelling’s test, because the random variables that underlie

it are not mutually independent.

Chapter 4: We derive here a result for the asymptotic distribution of the
statistic presented in the previous chapter. Then, using simulations, we pro-
vide some numerical results in order to assess the performance of this statistic.
We also construct a new statistic based on the residuals of the autoregressive

process in hand, which seems to yield similar kind of results as the statistic

under consideration.
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Chapter 5: In this part we consider a theorem by Goffinet et al (1992),
who derive the limiting distribution of the LRT statistic for testing between a
single component and a mixture of two, in the case where the mixing propor-
tions are known. The limiting distribution depends discontinuously on the
proportion parameter, and huge sample sizes are needed, near the discontinu-
ity, in order to obtain the asymptotic results predicted by the theorem. We
give some heuristic insight to that intricate area, and we compute character-
istics of the LRT under the null hypothesis. In doing that, we use a technique
for the detection of the zeroes of the LRT which is more formal than the
ad-hoc approach of Goffinet et al (1992). Thus, we find the distribution of

the LRT statistic in those cases, for reasonable sample sizes.

Chapter 6: This part is mainly twofold: on the one hand, it describes the
conclusions of our work, and, on the other hand, gives some directions for fur-

ther investigation in the area of the estimation of the number of components

in a mixture.




Chapter 2

On the Determination of the

Number of Components using

Information Ratio Techniques

2.1 Information ratios and the EM rate of

convergence

2.1.1 The EM algorithm and its connection to infor-

mation ratios

We have defined ”complete” and ”incomplete” data in the introductory part
of the present work, as preliminaries to the presentation of the mixture prob-
lem. In this chapter, we analyse further these ideas, as they will be used to

derive some criteria for the identification of the number of components.
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For that purpose, let us now define Iy to be the observed-data observed in-
formation matrix evaluated at the MLE, [y the conditional expectation of
the complete-data observed information matrix evaluated at the MLE, and
Iy|x the information matrix for the conditional density f (z|z, q) evaluated
at the MLE (equation 2.1 below will show that Iy|x characterises the loss of
information in observing X instead of V).

If we denote by ¢ the maximum likelihood estimator of the parameters in-

volved in our problem, then

0% log f(y|q), - © & log f(ylg)
Iy = [E(‘W|A7Q)]q:§ = [/ _Wf(zlx,(ﬁdz]q:(}
1y = (P loEf(ela),
X 8gdgT T
0% log f(z|z, &% log f(z|z,q) .

Then, these three matrices are related by the following equation, called also

"missing information principle”, by Orchard and Woodbury (1972).

Ix = Iy — Iyx. (2.1)

This result is easy to obtain; indeed we can write

fla) = flzlg) fzlz, ),
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so that
L(q) =log f(z|q) =log f(ylq) — log f(z|z, q);

taking then the second derivatives of this expression with respect to ¢, aver-
aging over f(z|z,q), multiplying it by (-1), and evaluating it at ¢ = ¢ yields
the result. This result has also been given in Sundberg (1974).

In order to obtain § we use the Expectation-Maximisation (EM) algorithm,
that we described in Chapter 1. This algorithm defines then a mapping M:

g — M(q), from the parameter space 2 to itself.

Let DM be the Jacobian matrix of M. Then a useful formula connecting

DM with the information matrices is the following (Dempster et al, 1977):
DM (§) = Ivix Iy (2.2)

Since this result is essential for the theory presented in this chapter, we give
an idea of the proof. This is as follows. Using a Taylor expansion, about the
MLE §, of the function %,E[log Ff(ylg"| X, q], and substituting ¢ = ¢ and

¢' = ¢+ we obtain in the limit (i.e as m — oo)

DM@y + [aﬁq(%@(q’vqnq’:a]qzq = [0),

where [0] denotes the matrix with elements all equal to 0, and Q(q'|lg) =
Ellog f(yld)|X,q]. On the other hand, from the expression log f(y|¢) =
L(¢") +log f(z|z, ¢"), we obtain

Ellog f(y|d")|X, q] = L(¢") + Eflog f{z|z,q')|X, q]
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so that, taking first derivatives with respect to ¢, and evaluating this expres-

sion at ¢ = ¢, we obtain

[a%@mqnq:@ - [%E(logmzm OIX, los

and therefore

0.0
DM(g)Iy + [@[%E(log(f(zlw, )X Dlo=le=4 = [0]-

The conclusion comes using Lemma 2 of Dempster et al (1977) (the second

term of the left-hand side of the above equality equals —Iy|x).

DM(§) is also called matrix of fractions of missing information, since ly|x
measures the loss of information due to missing data (by the Missing Infor-
mation Principle), and Iy measures the information for the complete data.

Combining equations 2.1 and 2.2, we obtain
DM(§) = Id — Ix I3, (2.3)

where Id denotes the identity matrix.

2.1.2 Some theoretical results concerning the minimum

information ratio (MIR)

Let us suppose that we consider the general case of missing data, whose dis-
tribution belongs to the exponential family. Then a root ¢ is called point of

attraction for the iterative process ¢™*! = M (q™) if, for a starting point ¢° for
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that process, which is in the neighbourhood of 4, the above process converges
to ¢, and § satisfies the equation § = M (§) (Ostrowski, 1960); then the main
criterion, as defined in Ostrowski (1960) and Sundberg (1976), is the following.

For a root § to be a point of attraction, it is necessary that the absolute value
of the largest eigenvalue of DM at q¢ = ¢, that we call v, is less than or equal
to 1 and sufficient that it 1s strictly less than 1; this value is the factor (rate)

of convergence.

These results are of general interest, since they can be applied to any it-

erative algorithm for the general missing data case.

More particularly, in the case of the EM algorithm, the same ideas are also
expressed in the papers by Dempster et al (1977), and by Meng and Ru-
bin (1994), again for the missing data situation: indeed, denoting by ¢ the
maximum likelihood estimator (MLE) of the parameters, it is stated that the
eigenvalues of DM(§) all lie in [0, 1], if x is positive definite, and this is a
sufficient condition for § to be a local maximum likelihood estimate. Then,
in the case that the eigenvalues of DM (§) are all less than 1, the largest such

eigenvalue gives the rate of convergence of the algorithm.

Now, since Ix is the Fisher information matrix for the unclassified {incom-
plete) sample, and Iy the Fisher information matrix for the classified (com-
plete) sample, it results that the information ratio matrix /. x1y' measures
the proportion of information about ¢ from the unclassified sample. Hence,
Windham and Cutler (1992) use the term minimum nformation ratio, or

MIR, for the smallest eigenvalue of Ix/y'. From 2.3, we see that the MIR
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can also be considered as 1 minus the largest eigenvalue of DM (§).

Hence the MIR can be written as 1 minus the rate of convergence of EM,
which can also be defined as the speed of convergence of EM (Meng 1994),
and takes values between 0 and 1. Moreover, a key remark in Dempster et al
(1977) is that, if the information loss due to incompleteness is small, then the
algorithm converges rapidly. This idea appears also in Redner and Walker
(1984), for mixtures of densities from exponential families, as a consequence
of their main theorem concerning EM, which has been stated in the introduc-
tory part of this work. The conclusion they come to is that, if the mixture
components are well separated, then EM converges rapidly, whereas, in cases
where the components are poorly separated, the convergence of EM is slow.
In view of these results, one should expect that large values of MIR. suggest
a good clustering of the data, whereas small values suggest a poor cluster-
ing. On the other hand, if we had observed the complete sample, we would
have obtained in theory that Ix = Iy, and thus DM(§) = [0], so that the
largest eigenvalue of DM (G) would have been 0, implying that MIR=1; this
argument suggests that big values of MIR point towards the right number of
components.

On the basis of this analysis, the method suggested in Windham and Cutler’s
paper is to fit to the data mixture models with different numbers of compo-
nents, the smallest number being 2, and choose the model that provides the
largest MIR; this is called the estemation step.

The implementation of the estimation step of MIR in Windham and Cutler’s

paper is as follows.

a) Choose ky and ky with 2 < ki < ky.
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b) For each k, with ky < k < ko, obtain the MIR(k), assuming the mizture
has k components.

¢) Estimate the number of components to be k, the value of k for which the

MIR(k) is largest.

Remark: Windham and Cutler choose k; = 2 and kg = 5, in applying their
method. We will use the same values in the present work, for the sake of

comparison.

In the sequel, we will call this method basic MIR, in order to differenti-
ate it from the other approaches that we introduce and which also include

computation of the MIR values.

In addition to the estimation step, Windham and Cutler propose, as a second
step in their methodology, to define a ”confidence measure” of the reliability
of the estimation step, called p; to do that, the following validation step is

applied.

a) Obtain m bootstrap samples from the original data.

b) Repeat the estimation procedure for each one of these samples, and derive
the bootstrapped l:cl,...,lzcm.

¢) Calculate the probability p that the mazimum MIR occurred at the estimate
of the number of components k, given by the estimation step, using the for-

mula p=(number of times k; = k)/m, for j =1,...,m.

However, as is stressed at the conclusion of their paper, there is an open

problem concerning the theoretical validity of this measure.
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This whole method, including estimation step and validation step, is called
the minimum information ratio estimation and validation (MIREV) pro-

cedure.

2.1.3 Applying the information ratio to accelerate EM

Louis (1982) derives equations (2.1) and (2.3) in a slightly different context.
Equation (2.1) allows us to compute the observed information using the EM
algorithm. Using his methodology in a practical example where the data arise
from a mixture of two univariate normal distributions, Louis calculates com-
plete and observed Fisher information matrices, in the EM, along with the
EM convergence rate. This rate can also be used in some applications, and
we briefly report a few, in order to emphasise the importance of the area. The
first example comes from Louis (1982), where, from equation (2.3), he uses

DM(§) to speed up the EM algorithm, in the following procedure:

Qace = qm + (l — Dﬂd(@))_l(qm'l-] _ qm),

where ¢™ is the parameter estimate at iteration m of EM, g, the accelerated
estimate, and DM (§) is an estimate of DM (¢™); this procedure is a special
case of Aitken's acceleration method. A second slightly different example
comes from Bohning et al (1994), where they use the same type of procedure
in order to find a ”good” stopping rule for the EM algorithm, as a by-product.
Some other examples of procedures that accelerate EM are the methods pro-

posed in Peters and Walker (1978); applied to mixture models, these methods

can be written in the following way.
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If ¢™ is the parameter estimate at iteration m of EM, then the accelerated

estimate takes the form
Qace = (1 - E)qm + E]\'f(qm)

It has been shown in Peters and Walker (1978) that, with probability 1, as the
sample size tends to infinity, the above iterative procedure converges locally
to the strongly consistent maximum-likelihood estimate whenever the param-
eter € is strictly between 0 and 2. For well separated mixtures, the optimal €
is close to 1, and rapid local convergence is expected asymptotically, whereas
for poorly separated mixtures the optimal € is close to 2, and slow convergence
has to be expected. In drawing these conclusions, the role of DM (§) is cru-
cial: indeed, as for Redner and Walker’s theorem, it is the largest eigenvalue
of E[DM/(qq)], where go is the true parameter value to be estimated, that will

be used to determine the rate of convergence of the algorithm.

2.1.4 A measure for the global rate of convergence

From a practical point of view, one uses the relationship MIR=1-rate of con-
vergence of EM, to compute numerical values of MIR, since, by definition
(Meng and Rubin (1991), Windham and Cutler (1992), Meng (1994)), if ¢™
is the parameter estimate given at the m* iteration of the EM algorithm,

then the formal definition of r is

m+1l 4
g N =l

m—00 ||qm — q”
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provided this limit exists. Now, for practical reasons, the formula used to

compute this ratio is

lim g™t — ™|

Sl =g
and the norm |{|.|| used by Windham and Cutler has not been clearly specified;
they just stated that it is "any convenient norm on Euclidian space”. Thus,
here the problem is how to choose the ‘global’ norm, ||.||, that we are going
to use in order to compute the global rates of convergence. It is obvious then
that we should somehow use the component-wise rates to compute the global
rate; for that purpose, we give the formal definition of the component-wise

rate, as follows.

The 5% component-wise rate of convergence is defined as

m—l—l A
r; = lim —|(]3, qu\

M—00 |q;.n_qjl ’

provided this limit exists. |.| denotes the classical absolute value.

These definitions are valid for the general missing data problem. Certainly, in
our case the global rate will be found for the more special mixture model case.
Again, for practical reasons, the formula used to compute the component-wise

rates in the mixture problem that we are dealing with, is the following:

g — ¢

m—c0 Iq;.“ — q;.n"ll’
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where ¢ denotes the value of the 7% parameter at iteration m. All the above

definitions concerning global and component-wise rates of convergence are

stated in Meng (1994).

In order to give a satisfactory answer to this problem, we start by mentioning
first the following remark from Dempster et al {1977): ”the fraction of in-
formation may vary across different components of ¢, suggesting that certain
components of ¢ may approach § rapidly using EM, while other components
may require many iterations”. An example, from Little and Rubin (1987),
where this situation may occur is where the sample arises from a univariate
contaminated model of the form f(z|u,0?) = (1 — m)N(z : p,0?) + 7N (z :
w,0%/N), where 0 <7 < 1, A > 0, and both = and A are known. The problem
is to compute the maximum likelihood estimator ¢ of ¢ = (11, 0%). In order to
do that, the EM algorithm is implemented in Little and Rubin (1987). The
same example is considered by Meng and Rubin (1994), and the component-
wise rates of convergence of EM are computed; the matrix of fractions of
missing information DM(q) is found to be asymptotically diagonal, where
in general the diagonal elements representing these rates are different. How-
ever, it is also stated in Meng and Rubin (1994) that this is most unlikely to
happen: ”in most practical situations, all components converge at the global
rate, which equals the largest eigenvalue of the matrix of fractions of missing
information” -unless the matrix DM (§) has the special form of Little and
Rubin’s example. In general, DM (§) is not diagonal, and an example of that
is found in Louis (1982), and has been mentioned previously: to be specific, a
mixture of two normal distributions is considered, where the parameters are

the means and the mixing weights (the variances are considered equal and
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known); using EM, Louis computes DM (§), which is found not to be diago-

nal.

In the same context, it is worthwhile mentioning briefly a more recent tech-
nique introduced by Meng and Rubin (1991), and called the Supplemented
EM algorithm (to differentiate from the Stochastic EM algorithm that we
use in other chapters) where the authors take these ideas a step further. In-
deed, in order to compute numerically the asymptotic variance matrix of the
parameter in question, one has to know the values of the elements of the
fractions of the missing information matrix, DM (§); this algorithm computes

these elements iteratively using the EM algorithm.

In this chapter, the examples that we will deal with are completely differ-
ent from Little and Rubin’s example, so that, from what was said before, the
component-wise rates of convergence are the same. On the other hand, as
a consequence of a proposition in Meng and Rubin (1994), it is stated that
"the global rate of convergence should be equal to the component-wise rate of
convergence of the slowest component(s), since the whole algorithm converges
if and only if all components converge”. Now, in our case, since the parameter
that we need to estimate is a vector, and since all components converge at the
same rate, the global rate is calculated as the average of the component-wise

rates; that is

1 s+1

74254—121”

i=1

where s is the dimension of the parameter space.




Chapter 2. Information Ratio Techniques 29

2.1.5 Performance of the basic MIR procedure

The MIR seems to be fallible; indeed, Windham and Cutler mention a case
where the MIR validates a two-component model whereas the data arise from
a four-component model (they compute exact values of MIR, using numer-
ical integration). In the afore-mentioned case, the validation step gives the
four-component model as the second best choice, since 60 per cent of the
bootstrap samples indicated two components and 32 per cent indicated four
components. In order to cope with these problems, we will try and improve

this methodology.

The numerical experiments that we use in the sequel, in order to illustrate the
estimation step in their method, as well as the subsequent modifications that
are derived, are based on the same example as that used by Windham and
Cutler. In the example, samples of size 100 are drawn from equally weighted
mixtures of 3 bivariate circular normal distributions. The means are 4 units
apart, forming an equilateral triangle. The parameter ¢ consists of the means
and the mixing weights; the standard deviation o associated with the circular
component densities is assumed known, and experiments are carried out for 4
different values of ¢, namely for ¢=1.5, 1.33, 1.0 and 0.67. For each case, 100
replications are carried out. The tables that we obtain, using the basic MIR.
and its various modifications, give the number of times a particular value of

k was chosen.

Remark: the identification of the number of components will depend heav-
ily on the value of o, as we will see in what follows. Indeed, the more ¢ is
reduced, the more the components are well separated so that, in decreasing

the value of o, one increases the number of times that the right number of




Chapter 2. Information Ratio Techniques 30

components is detected.

Figures 2.1, 2.2 and 2.3 produced at the end of this chapter, represent data
corresponding respectively to the cases ¢ = 1.5, 0.67, 1. The difference be-
tween first and second cases is striking; indeed, in the first case it is impossible
to make out any separation into classes, whereas three clusters clearly appear
in the second case. In between those two extreme degrees of separation, we
have the intermediate degrees ¢ = 1.33 and o = 1; even in the latter case,
where the spread is small, it is not very obvious to identify, from Figure 2.3,

a three-component clustering.

Table 2.1 measures the performance of Windham and Cutler’s basic MIR.
Note that the results given here are somewhat different from those presented
in their paper; this is because we had to reproduce their experiment, since the
same datasets as those used in Table 2.1 will be considered for the different

modifications that we present.

k=2 k=3 k=4 k
og=150| 55 42 3
0o=133| 48 47 5
o=100[ 38 62 0
o=067] 25 7 0

5

SIi=1R=11=10]

Table 2.1. Frequencies of Identification of the Number of Components using
basic MIR.

Two remarks are stimulated by Table 2.1:
1) As predicted, decreasing ¢ from 1.5 to 0.67 increases the frequencies of
detection of the true underlying model (k = 3) from 42 to 75. Moreover, for

the poorly separated cases, more than half of the times the method does not
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detect the right model, and even for the well separated cases the frequencies of
correct model detection are not as good as might be hoped, since for instance,
in the case o = 0.67, Figure 2.2 shows clearly 3 clusters, but, nevertheless,
one time out of four, the method fails to detect the right model.

2) In general, the MIR does not overestimate the number of components.
From Table 2.1 one can see that in the well separated cases the method never
validates a model with more than 3 components, and in the poorly separated
cases overestimation occurs only a very few times; this behaviour of MIR is
also reported by Windham and Cutler. The reason for this behaviour, as
stated towards the end of their paper, is that, as soon as a mixture with too
many components is fitted, the observed Fisher information matrix Iy gets

close to singular, so that the MIR gets close to 0.

Finally, it is also worthwhile mentioning that, in their experiment, Wind-
ham and Cutler (1992) find this method to be more reliable than the AIC
and the Partition Coefficient (Bezdek, 1981).

2.2 On bootstrapping the MIR: the Modified
MIR procedure

2.2.1 Main theory and simulation results

We obtain the same result as the one given by remark 2, by putting the ques-
tion in a more general way: when the model is overfitted, the setup obtained
is not identifiable any more. We give an example of this situation.

Let us suppose that the data arise from a mixture with probability density
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f(z|q1) Z 5 f(2]d;),
and we fit to that data the mixture model with probability density

K41

(z]g2) = Z pif (16:).
Suppose that the ¢’s and §'s are scalars and are ordered according to increas-
ing indices, that is, ¢1 < g < ... < ¢ and O < Oy < ... < Oy
Clearly, if in model g we set p; = my,....pg—1 = T_1, 0 = ¢1,...0k1 =
Ox—-1, Ok =01 = ¢k, then density g is equivalent to density f for any pg,

Pr+1 such that

P+ P+l = Tk

This means that there is an infinite number of representations of the true
mixture density in terms of g;; this establishes the non-identifiability.

This result implies that, when the model is overfitted, the observed Fisher
information matrix Iy is singular in theory (Silvey, 1975, pp. 81-82), and
therefore the MIR is in theory 0. Based on this argument, our idea is there-
fore to consider the smallest value of &, for which the corresponding eigenvalue
of Iy is theoretically 0 and to select £ — 1 as the true number of components.
This choice will correspond to an observed eigenvalue which is close to 0, so
that one should observe a sudden drop in the value of MIR when the true
number of components is increased by 1; the problem will certainly be, then,
how to quantify at what point this happens. In order to account for the drop

in the MIR value, we first adopted the following approach.

Suppose that a € R is small, and k; < k < ky — 1. Then, if MITI[!—;LR%—)Q <a

choose k to be the right number, otherwise choose arg max(MIR(k)). In our
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case, this becomes

a) If %% < a, choose the two-component model and stop.
b) If gﬁg g) < a, choose the three-component model and stop.
c) If ﬁﬁ% MIR() a, choose the four-component model and stop.

d) Otherwise, go to the estimation step of the basic MIR algorithm.

The problem now is how to choose the value of a. In order to assess the
influence of a, we performed the experiment on 100 replicates as before, for
four different values of a, namely, 0.1, 0.2, 0.3 and 0.4. Table 2.2 gives the

results.

a k=2 k=3 k=4 k=
c=105001 38 47 15 0
0.2 26 58 16 0
03 16 61 23 0
04 15 63 22 0
c=133101 35 43 22 0
0.2 18 58 24 0
0.3 11 66 23 0
0.4 9 69 22 0
c=100]01 14 69 17 0
0.2 8 75 17 0
0.3 4 82 14 0
0.4 2 89 9 0
c=067|01 10 72 18 0
0.2 5 77 18 0
0.3 3 86 11 0
0.4 0 91 9 0

Table 2.2. Frequencies of Identification of the Number of Components chosen
for Different Values of a.




Chapter 2. Information Ratio Techniques 34

ﬁ—gg—gg is not expected in theory to be small, using this methodology,

Since
one should be able to decrease the frequency of selecting a two-component
model. Indeed, comparison of Tables 2.1 and 2.2 shows that this is the case
for all four values of o and a. On the other hand, the more a is increased, the
more the three-component detection takes on, thus automatically decreasing
the two-component validation. Certainly, three-component model detection
increases as ¢ increases, so that there exists a minimum value of a, min(a),
such that, for any ¢ > min(a), this methodology performs better than the
basic MIR. The problem now is that, because this is an ad-hoc methodology,
it is not straightforward to see which value of a to select for each of the o

values. However, the main idea expressed in Table 2.2 will be at the centre

of the more formalised approach that we now describe.

2.2.2 Implementing the Modified MIR: methodology

and simulation results

The procedure that we will use to identify the number of components is based
on two concepts, the first being the idea developed in the previous section,
that is, to consider ratios of the form %%Z, and the second being the
parametric bootstrap (a general reference about the bootstrap can be found
in Efron and Tibshirani (1993)). Then, our modification of the basic MIR
method is a Monte-Carlo approach, with the following general computational

scheme:

a) For 2 < k < 4, estimate the parameters by G, compute MIR(k) as in

the estimation step of basic MIR and evaluate ay = %‘%‘%}
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b) For k = 2, generate 99 bootstrap samples from the k-component model with
parameters G, and compute ay for each one of them.

¢) If ay is "atypically large” as compared to the bootstrapped ay’s, that is, ay is
larger than 94 values of G, increase k by 1 and repeat steps b and ¢ (the maz-

imum value of k is 4); otherwise choose the present k as the solution and stop.

We call this method the Modified MIR procedure (Polymenis, 1997), and
we present some simulation results, in order to compare it to the basic MIR
of Windham and Cutler. Table 2.3 gives the results of Modified MIR, based
on 100 replications of data from the three-component distribution used pre-

viously.

From Table 2.3, one can see that there is a distinct improvement in using
the Modified MIR. Indeed, for every value of &, the frequency of detection of
the true underlying model by Modified MIR is larger than that of basic MIR.
For a large spread, corresponding to poor separation of the data (o = 1.5),
more than half of the times one obtains the right detection, and there is a
fairly quick increase in the frequency of correct detection, as o decreases (as o
decreases from 1.5 to 1.33, the correct detection frequency increases from 54
to 67). In the case of basic MIR, this increase is slower (from 42 to 47). On
the other hand, for the smaller spreads (corresponding to better separation of
the components), one can be confident that Modified MIR will almost always
detect the right model. This is very encouraging, especially when one consid-

ers the case o = 1 where, as noticed previously, the separation into clusters

is not clear-cut.
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k=2 k=3 k=4 k=5
oc=150| 45 54 1
c=133| 29 67 4
o= 1.00 3 94 3
o =0.67 0 94 6

(o] New) Bun] Kl

Table 2.3. Frequencies of Identification of the Number of Components using
Modified MIR.

In summary, the Modified MIR procedure improves on basic MIR. This tech-
nique provides a new approach for estimating the number of components
in a mixture, based on matrices of information ratios (see also Titterington
(1997b)). Furthermore, it has another nice feature, in that it is easy to im-

plement for multivariate data.

We have, until now, applied this procedure to the example used by Wind-
ham and Cutler, for the purpose of comparing their method to ours; in that
example, the parameters were the component means and the mixing weights;
we can certainly apply this method, considering also the component vari-
ances as parameters to estimate. In order to apply this concept in practice,
we implemented the Modified MIR procedure on the following example from
Marron and Wand (1992).

The data arise from the following well separated univariate mixture distri-
bution

f(z) = 0.5N(—1.5,(0.5)%) + 0.5N(L.5, (0.5)%),

where the parameters are the mixing proportions, the component means and
the component variances. Then, generating 50 replications of data with sam-

ple sizes 100 and 250, the Modified MIR procedure detects the correct model
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in 48 of these replicates, for both cases. Thus, we see that the method per-

forms very well in this example.

For the rest of this chapter, the example used to illustrate the different meth-

ods is the three-mixture model used in Windham and Cutler (1992).

2.2.3 Some different approaches

Since this procedure is based on the idea that the value of MIR slumps sud-
denly when the true number of components is increased by 1, one could wonder
what should happen if, instead of considering the ratio ay, corresponding to
a relative decrease in the MIR value, one considers its absolute value, that is,
taking ay to be MIR(k -+ 1). Then a procedure similar to the Modified MIR
yields the results of Table 2.4. Comparison with Table 2.3 shows superiority
of the Modified MIR, especially in the poorly separated component cases cor-
responding to o = 1.5 and 1.33; in the case ¢ = 1.5, the performance of this
method is even worse than that of basic MIR, since on a clear majority of oc-
casions a two-component model is selected. Thus, the method does not work
well, and is inappropriate. However, one should note that, conversely, for the
two other values of o, corresponding to much better separated components,

the method performs as well as Modified MIR.

Until now, we have used these techniques for cases where the underlying dis-
tribution of the data is a true mixture, in the spirit of Windham and Cutler’s
paper. Suppose now that we want to include the possibility that the data

could arise from a single-component distribution. Then, from Table 2.4, it
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k=2 k=3 k=4 k=5
g=150] 65 32 2 1
o=133] 47 41 3
g=100] 1 93 5
g=067] 0 95 2

L —| W

Table 2.4. Frequencies of Identification of the Number of Components using
the Absolute Decrease Criterion.

seems that these techniques do not work well in that case. Indeed, considering
the absolute decrease criterion and incorporating in it the case of a single-
component model, we obtain for the poorly separated cases (which are the
cases of interest in a test for a single distribution), an overwhelming amount
of single-component validations, and very few three-mixture detections: these
results are reported in Table 2.5. We conclude that this method is inappro-
priate. Another approach that combined estimation of the single-component
distributions as before with estimation of the true mixtures by Modified MIR,

led to approximately the same results as those of Table 2.5.

k=1 k=2 k=3 k=4 k=5
oc=150] 85 12 3 0 0
oc=133]| 64 13 23 0 0
c=100]| 13 2 82 3 0
o =0.67 0 0 98 2 0

Table 2.5. Frequencies of Identification of the Number of Components using
the Absolute Decrease Criterion, when allowing for the Possibility that the
Underlying Distribution is not a Mixture.
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2.3 Combining the bootstrap likelihood ratio
with the Modified MIR

2.3.1 On bootstrapping the likelihood ratio: method-

ology and simulation results

Following the ideas of McLachlan (1987) and Feng and McCulloch (1996), we
use here a Monte-Carlo procedure similar to that of the Modified MIR, but
in the log-likelihood context, including the identification of single distribu-
tions. Denoting the likelihood ratio statistic by Tyt (q|X) = 2[L(§*X) —
L(§*1X)], where ¢* is the parameter estimate derived for the k-component

fitted model, we present now this procedure:

a) For 1 < k < 4, evaluate the parameters §*, and compute Tt (G| X) =
2[L(§1X) — L(*0)]

b) For k =1, generate 99 bootstrap samples from the k-component model with
parameters §°, and compute T,f“((fle) for each one of them, where X and
G* stand, respectively, for a bootstrap sample and a bootstrap parameter esli-
mate under the hypothesis of a k-component model.

¢) IFTFT(GP| X) is ”atypically large” as compared to the 99 bootstrap values of
T,f“ (Lf’“|)~( ), that is, the former is larger than 94 values of the latter, increase
k by 1 and repeat steps b and ¢ (the mazimum value of k is 4); otherwise

choose the present k as the solution and stop.

We call this method the Bootstrap Likelihood Ratio (BLR) procedure. We
applied the BLR to the three-component model used for basic and Modified

MIR, and the results are presented in Table 2.6. The method gives excellent
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results, in the sense that it detects the right number of components almost

always, and for all degrees of separation corresponding to the four values of .

k=1 k=2 k=3 k=4 k=5
o =1.50 0 0 95 Y 0
oc=1.33 0 0 96 4 0
o =1.00 0 0 99 0 1
o = 0.67 0 0 95 9 0

Table 2.6. Frequencies of Identification of the Number of Components using
the BLR Procedure.

2.3.2 Using the BLR inside the Modified MIR proce-

dure

Since the techniques based on MIR can only be applied when the data arise
from a true mixture, and, in view of the results of Table 2.6, one might use, as
a first step, the bootstrap likelihood to identify the single distributions, and
as a second step, the Modified MIR to identify the mixtures, all in the same
procedure. Thus, if the underlying distribution is a three-component mix-
ture, one should expect similar results to Table 2.3. Furthermore, this good
behaviour of the bootstrap likelihood has to be the same for any underlying
distribution of the data, so that, if the data arise from a single normal dis-
tribution, this should be detected before the Modified MIR is used. Indeed,
Table 2.7 presents results in an example when the data arise from a sin-
gle normal distribution; k-component models are fitted to that data, where
1 < k < 5. The results show again excellent performance of the method.
Thus, we use this combination of bootstrap likelihood and Modified MIR,

for Windham and Cutler’s (1992) example where the underlying distribution
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was a three-component mixture, and the results are shown in Table 2.8; as

predicted, these results are very close to those given in Table 2.3.

k=1 k=2 k=3 k=4 k=5
o=150| 97 3 0 0 0
c=133| 97 3 0 0 0
oc=100| 95 5 0 0 0
oc=067| 95 5 0 0 0

Table 2.7. Frequencies of Identification of the Number of Components using
the BLR Procedure, when the Real Distribution is a Normal.

k=1 k=2 k=3 k=4 k=5
o=1.50 0 47 ol 2 0
o=1.33 0 37 62 1 0
o =1.00 0 1 97 2 0
o = 0.67 0 0 93 7 0

Table 2.8. Frequencies of Identification of the Number of Components using
the Combined BLR and Modified MIR Procedure.

Thus, in the case & > 2, BLR must be preferred to the Modified MIR, espe-
cially for small sample sizes. However, for larger sizes, it would seemn that the
performance of these methods is very similar, since simulation results show
that in the case where the sample size equals 300, MIR. detects the three-
component distribution 97 per cent of the times for ¢ = 1.50, and 98 per cent
of the times for o = 1.33. In the case that the possibility & = 1 is included,
again BLR does better than the combined BLR. and MIR for small sample

sizes, but for larger sizes these two methods should be very similar.
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Chapter 3

On a Test for the Number of
Components based on the

Stochastic EM Algorithm

3.1 The stochastic EM algorithm

3.1.1 Generalities

We study, in this chapter, a stochastic version of the EM algorithm, called
Stochastic EM or SEM (Celeux and Diebolt (1985), Celeux and Diebolt
(1986a), Celeux and Diebolt (1988), Diebolt and Ip (1996)). We also describe
some technical assumptions underlying an asymptotic theorem, and provide
theoretical justification of the reasons why a test proposed in the literature

cannot formally be considered as a "standard” test.

44
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The main idea of the SEM methodology is to insert a stochastic step S be-
tween the E-step and the M-step of the EM algorithm. In the sequel, the
symbol 7 will denote the SEM iterations. The SEM algorithm can then be

described as follows.

Let us define an upper bound K for the unknown number of components,
and a threshold ¢(NV) lying between 0 and 1 (where N is the sample size).
The SEM iteration ¢" — ¢"*! is

E-step: fork=1,..,K andi=1,...,N compule t}(z;) as before.

S-step: for every observed xm;, draw the pseudo-complete sample y; = (x;, 2;),
by replacing each missing quantity z; by a value drawn at random according to
the probabilities t},(x;). This amounts to drawing a single multinomial obser-
vation 2" (x;) with probabilities (¢4 (z;),k = 1,..., K). If £ 3N, 21 (z;) < c(N),
draw at random new values of z; from a preassigned distribution on Z, such
that + 1L, z5(z:) > ¢(N) and go to the M-step.

M-step: compute the ML estimates ¢*+' based on the pseudo-complete sample

constructed at the S-step. This amounts to computing

The estimation of the 8.5 depends on the nature of the underlying mizture

density.

Remarks:

1) We give the main idea that underlies the S-step. This step creates a parti-

tion of the data sample into K classes. The idea is then that, if there exists
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a class k& such that the number of observations that fall into it is "small”,
then this would mean that the parameter has reached the boundary of the
parameter space (by ”small” it is meant that the number of observations is
smaller than Nc(NN); if the data vector is of dimension d, we typically choose

(Celeux and Diebolt, 1985) ¢(N) = c(N, d) = £H).

2) In practice, instead of going through the tedious procedure generated by
the S-step, the alternative suggested (Celeux, 1987) in the case that the class
k contains very few elements is to delete the k* component and run the algo-
rithm on the basis of the remaining K — 1 components. This approach gives

very good results for large sample sizes.

So, the main difference with EM is that, instead of maximising an expected
log-likelihood, the SEM algorithm simulates the missing data and, in this
way, creates a pseudo-complete sample whose log-likelihood is then directly
maximised to yield the next estimator. Since, in general, the expression of
the complete-data log-likelihood can be put into a closed form, the M-step

is easy to implement; in these situations, the SEM algorithm is very attractive.

Points a, b and ¢ below give a quick comparison between the EM and the
SEM algorithms.

a) The SEM algorithm allows misspecifications of the number of components
in a mixture model: indeed, one need only know an upper bound of this
number; the SEM algorithm will always find the exact number provided the
sample size is large enough. This is a general property of this algorithm

(Celeux and Diebolt, 1988), and one can easily see this idea from the practi-

cal implementation of the S-step.
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b) The random imputation principle implemented at the S-step deletes a nice
feature that one finds in EM, namely that the observed log-likelihood is in-
creased at each iteration; however, at the same time, in contrast to EM, it
allows SEM to avoid saddle-points and local maxima.

¢) The initial values of the parameters are not important any more. Provided
that the samples are big enough, the sequence generated by SEM, will con-
verge in distribution to a stationary distribution approximately concentrated
around the MLE. However, for small samples, the results depend on the ini-
tial values, and it would be more appropriate, then, to use a variant of SEM,
the so-called Simulated Annealing EM (SAEM) algorithm. If ¢§ ), 1s the
parameter estimate at iteration 7 of the SAEM algorithm, then the (r + 1)
iteration step of SAEM can be written as ¢5imy = %dsmy + (1 — %) q5hs,
where ¢ith, and glhy are the respective parameter estimates using SEM and
EM, and (v,) is a sequence of positive numbers decreasing slowly from 1 to
0. The main reference for this method can be found in Celeux and Diebolt
(1992), but the method is also discussed in other papers (for example Robert

(1992), or Celeux, Chauveau and Diebolt (1995)).

The conclusion that can be drawn from points a, b and ¢, is that, in practice,
for a reasonably large sample size, SEM improves EM; the latter should be
preferred only in cases where the components of the mixture model are well-

separated, and the number of components known beforehand.

It is important to emphasise that a new factor (complication) introduced
by the SEM algorithm is that we have now two probability spaces, as follows.
1) The sample space (Q,A,P) where Q=(R%)¥ (d is the dimension of the
sample data), A = Borel sets associated with the product topology of €,
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P=Il;en Fi, where F'is the distribution of the mixture under consideration.

2) The space of random drawings (&, B(£), 7): when we fix the sample (X7,...,Xy),
we get at each iteration 7 = 1,...,r of SEM, N independent drawings from
ti(z;) with ¢ = 1, ..., N. The probability space of this sequence of drawings is

called the space of random drawings (Celeux and Diebols, 1986b).

3.1.2 Some theory in the one-parameter case

Let us first congider the one-parameter case, that is, where only the true mix-

ing weight p in a two-component mixture is unknown.

If we denote by py the successive iterates of the SEM algorithm for the mixing
weight parameter, p, and by py the maximum likelihood estimate of p, the

SEM iteration (r) — (r + 1) can be written

o = T (o) + Vi (0, 20),

where Ty and Vy are defined below.

Define now ¢(N) to be a sequence of thresholds such that GV = [¢(N),1 —
¢(N)]. Then we have
if pT]\?Ll/z € [e(N),1 — ¢(N)] then pii! = p"ﬁ;’lﬂ

H

otherwise, draw p,ﬂl from a preassigned distribution supported in [¢(N),1 —

c(N)] and go to the E-step (this is a consequence of the S-step).
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The deterministic part of the above equation, due to the EM methodology, is

pN _[V Zt 'E‘l

Note that, in the calculation of #](z;), only the proportion parameter is up-
dated.
Also,

Vir(os ) = 55 D (ak () — 6 (0).

Vi (0, 2-) can be written as N™Y2sy (ply )0 (D, 2) with

(P 2r) Z(zl(xz) t1(z:)) Zt”(xz @)Y,

and sy is a function defined on [0, 1] by

1 N

sp(p) = 37 2o (@) (1 — (=)

=1

for p € [e(N),1 — ¢(N)]; s%(p) is a non-negative constant if z & [c¢(N),1 —
c(N}].

It has been shown that

Jim sy (pn) = s,

with s # 0, and on the other hand that sy(0) = sy(1) = 0 (Celeux and
Diebolt, 1986b).
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3.1.3 The general case

We consider now the general case where all the mixture parameters are un-

known.

Let g=(p1,--,Pr-1,01,.-,0x) in R?, with p = K — 1 + [K, be the vector pa-
rameter that we want to estimate. Let gy be the asymptotically convergent
solution of the EM algorithm under the assumptions of Redner and Walker’s

theorem.

We need now introduce some assumptions as in Celeux and Diebolt (1986b):

(A1) The assumptions of Redner and Walker’s Theorem {1984) hold.

(A2) For h = 1/N > 0 consider a decreasing family G}, of Borel sets of R?
such that the following holds:

let G = Up~oGy, be a fixed Borel set of R”; there exists a real number b, with
0 < b <1, such that the ball B of R? with centre 0 and radius b is included

in all Borel sets Gy, for A small enough.

We digress here to say that the variables and functions used in the sequel

are centred, for simplicity. We then have

Xr=qly —qn

and, for z € G,

Ty(z) = Tn(z +qn) — qn

sp(z) = sy(z + qn)
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71

M (%, 2) = 1N (2 + aw, 2).-

(A3) We consider real numbers A(h) with 0 < A(h) < 1 such that
limp0A(h) =1,
where A(h) is a decreasing function.
(Ad4) The functions T, (x) are such that Vz € G, we have
[Tu(2)] < A(h)]x],
where |.| is the norm on R? introduced in Redner and Walker’s theorem.
(AB) For z & G}, Ti.(x) = tp,, where %, is a constant and t, € A(h)G),.

(AB) There exists a real w, with 0 < w < 1, a matrix a € M,(R) (i.e
the set of square p x p matrices with real entries) and, for all positive h, a

matrix ap € M,(R) such that:

1) For all positive A, ||ax]| < w where ||.|| is the operator norm associated
with the norm of (A4).
2)

fimon =

2 € B = |[Thw(z) — apz| < clz)?,

where ¢ is a constant.

AT) Let s, be the mapping: R? — M,(R). Then, for all positive h and
P

for all z & G}, we have that s,(z) = v, is a constant matrix.
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(A8) sup(||sn(z)|],h > 0,2 € R?) = C with C < co.

(A9) There exists a matrix s € M,(R) such that

1)

li =
ppon(0) =

z € B = ||su(z) — s,(0)|] < clz|,
where ¢ is a constant.
(A10) For r a positive integer, 1 > 0 and z € R?, let the r.v’s n'(z, z)

and the normal r.v.’s €,.(2) on (£, B(£), ) take values in R?; we have then

that, for h > 0 and z € R? both fixed, the r.v’s n*(z,.) (resp. €.(2)) ave i.i.d.
(A11)

1)
By (n}(z,2)) = Bx(e(2)) = 0.

E, (M%) = E.((er(2))%) = 1.

3) nl(z, z) converges in distribution to €,(z) as h — 0.

The Markov chain (SEM), can be written as

Xﬁl/a = Tu(X)) + }11/23/1(/;;)7?:}+1(XI-L) z).

7




Chapter 8. A Test based on the SEM Algorithm 53

Then, X} | = X", Jor if 2 L /2 € G, and X!, =T, otherwise, where I',.;;
is a realization of a r.v. drawn independently of the r.v.’s X, ..., X" and of
nt1(XM,,.), according to a preassigned distribution -, with support in the

Borel set A(h)G); this results from the S-step.
(A12)
X% and nl(z,.) are independent.

(A13)
EL((X})?) < oo.

(A14) The support of the distribution of X is a subset of Gj,.
(A15) The associated Markov chain (7" r > 0) is defined as
Zvl-t+1 = ap.Z) + 53(0)erta(2)

and

h _ ~x/h
ZO _— 30 .

This is a linear AR(1) with normal white noise, and it is assumed that, for

small A, the chain (Z”;r > 0) is ergodic.
(A16) The associated Markov chain (Z,;r > 0) is defined as

Zyy1 = aZyp + 56,41(2).
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This also is a linear AR(1) and it is assumed that the chain (Z,;r > 0) is
ergodic. We denote its stationary distribution by A. Thus, A is the normal

distribution on R? with mean vector zero and non-singular covariance matrix

(from (A16)), defined by

00
S alssT (@Y,
=0

where s7 and o are the transposes of s and a respectively. This sum is con-
vergent according to (AG).

Remark: the main restriction here is that each function 7}, has a unique fixed
point which in this case is taken to be the point zero (because the variables
are centred), for simplicity. However, this restriction does not seem to be a

problem since, as i goes to zero, the consistent estimator becomes prominent

(Diebolt and Celeux, 1992).

The main asymptotic theorem is the following (Celeux and Diebolt (1986),
Celeux (1987)).

SEM THEOREM:

Let ¢" be the stationary distribution of the chain (SEM),, and let 3" be the
stationary distribution of the normalized chain (h=Y2X";r > 0). Then, under
assumptions (A1) to (A16) and under the condition limy,_,ohb(1 — A(h))™! =

0, where b = 2(1%@ for any « €]0,1], ¥" converges to A as h tends to 0.

This amounts to saying that, if Xy is a r.v. defined on G¥ and distributed
according to the stationary distribution 1y of the Markov chain generated by
SEM, then, under assumptions (A1) to (A16), we have that N'/2(Xy —qy) —

N(0,T") in distribution as NV — oo, and the matrix I' can be expressed in terms
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of the true parameter g. This theorem is the equivalent, for the SEM algo-

rithm, of Redner and Walker’s theorem for the EM algorithm.

3.2 Problems when considering a test for the

number of components based on SEM

3.2.1 Construction of the test

It has been proposed (Celeux, 1987) to use the SEM algorithm in order to
assess the quality of an estimate given by some classification method; for that
purpose, a test based on the SEM iterates is proposed, and its distribution is

derived; this test is also used by Soromenho (1994).

We assume here that the estimate is given by the EM algorithm, and con-
struct the test in the following way:

Let us consider the uncentred r.v’s ¢}, that we denote by g, for notational
simplicity. In addition, let us denote by §y the MLE given by EM and let gy
be the unique strongly consistent solution of the likelihood equations whose
existence is guaranteed thanks to Redner and Walker’s theorem.

The null hypothesis (Hy) is that the correct number of components is known

and that gy = qn.

Let us consider now the above ¢y as a starting point, and, from this posi-

tion, run r iterations of the SEM algorithm and consider the empirical mean

gr = %235:1 g; and covariance matrix M, = % §:1(Qj — gr)(g; — a)T.

P
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Then, it has been claimed in Celeux (1987) that, thanks to (Hp), the sta-
tionary state has been reached at iteration zero of the SEM algorithm, and
so, using the SEM Theorem, the sequence of SEM estimates (¢, ) of the mix-
ture parameters can be considered as a sequence of independent realizations
of a normal distribution with mean ¢y and some covariance matrix N~1/2T;

therefore, the statistic defined as T2 = —1=(4w — G) "M (Gn — @) can be

T ¥
considered to be distributed as a Hotelling’s statistic with (r — 1) degrees of
freedom, and the statistic F' = TT;I% is distributed as a Fisher F(p,r — p);

p is the number of parameters and r the number of SEM iterations, and p < 7.

The main purpose of this work is to show the following:

1) it is not true that the r.v’s generated by SEM are mutually independent; in-
deed, they show a ”weak dependence” on each other and constitute asymptot-
ically (as the sample size N tends to infinity), a linear autoregressive Markov
chain of order one (AR(1)), so that, from a mathematical viewpoint, the above
T2 statistic is not a Hotelling’s statistic;

2) it is possible to derive the limiting distribution (as r — co) of T:2.

The remainder of this chapter deals only with the first point; the next chapter

will deal with the second point.

3.2.2 On some properties of the SEM iterates

First, when considering the SEM Theorem, it is not correct to speak in terms
of independent r.v’s since, in the one-parameter case, for example, we would
obtain by assumption (A16) that the covariance of the stationary measure A

of the chain (Z,;r > 0) would be, for ¢ < j, cov(Z;, Z;) = aj"iliz which is

not equal to 0.
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As for the technical assumptions underlying the SEM Theorem, we now need
to centre the r.v.’s for simplicity. Furthermore, as we did for ¢}, we will de-
note the centred variables X by X;, where 4 = 1, ..., r, for simplicity. Thus,
Xi = ¢ —qn for i = 1,...,r, and the null hypothesis (Hy) becomes Xy =
0 = gn. For X, ;12 € G, the Markov chain generated by the SEM algorithm

satisfies the following recurrence equation:
= Th(X,) + W Psp (X )nh(X
Ap4l — h( 1‘) +h Sh(-’ T)T];n (1 7‘1Z)-

With the change of variables z = h'/?y we use Lemma. 2 of Celeux and Diebolt

(1986b), which is as follows.

For all £ = h'?y and all o with 0 < a < 1, the following two inequalities
hold:
Hfl/QTh(hl/2y) . ahy)l < Cha/zl,yllﬂx

[[sa(h'?y) — su(0)]] < ch/?[y|*,

where ¢ is a constant.

These are proved using assumptions (A6) and (A9).

The normalized chain Y, is constructed as follows, for X, € Gy,:
RV, = T (h2Y,) + W2, (WYl (h2Y,, 2).

We multiply both sides by A~'/2 to obtain

i1 = WP TL(RM2Y,) + i (BT )0t (B2, 2),
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so that, for small h, we have
KT (R2Y,) &2 Y.

Moreover, by (A6), lim,_oap = .

On the other hand, for small h, we have
si(hY?Y,) & 5,(0).

Moreover, by (A9), limy,_,o s,(0) = s.
Thus, using assumption (All), we obtain asymptotically (as & — 0) that the

normalized chain Y, satisfies the recurrence equation

Yrp1 = aYr + 5640,

1/2

Since h'/“ is just a normalizing value, we can multiply both sides of the above

equation by it to get back to our original chain X, so that, asymptotically,

Xy =aX, + 111/2861.+1.

On the other hand, the subsets G}, of G increase towards G as h goes to 0,

and, asymptotically, X, € G so that the above equation is valid everywhere.

Consequently, the null hypothesis (Hp) that we consider will be as follows.
As the sample size N tends to infinity, the sequence (X, € RP) of the esti-

mates of the parameters of the mixture density can be considered as a linear

AR(1) Markov chain, satisfying
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X1 = aXy + N V25¢,4, (3.1)

for 7 > 0, and Xy = 0, where a € M,(R), ||a|| < 1 and }|.|| is the operator
norm associated with the norm of assumption (A3); in the univariate case
this norm is just the absolute value. Also, s € M,(R), s is non-singular and

& ~ N(0,I), where 0 is the null vector of R” and 7 is the p X p identity matrix.

Furthermore, equation 3.1 shows a weak dependence among the SEM iter-
ates and therefore it is not straightforward to see how the proposed T2 should
approximate a Hotelling’s statistic. An important fact that we have to em-
phasise is that, when N is fixed, the Markov chain (SEM), is ergodic. This
result is stated in Celeux and Diebolt, 1986b. Hence the Markov chain sat-
isfying equation 3.1 is ergodic and therefore has a stationary distribution.
General results about Markov chains can be found in Doob (1953), Kemeny

and Snell (1974) and Grimmett and Stirzaker (1992) among others.

In the univariate case there is also a result by Broniatowski and Diebolt
(1987) concerning the general AR(1):

Xoy1 = T(X,) + ¢ with T : R =+ R. They proved that, in the linear case
where T'(y) = ay, the necessary and sufficient condition for this chain to be
ergodic is that |a| < 1, and, if this is true, the chain X, has a stationary

distribution.

Another important result is that the chain (SEM), is uniformly strongly
mixing (Diebolt and Celeux, 1992). A similar result has also been proved by

Athreya and Pantula (1986) for an autoregressive process, where the ¢;’s need
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not be Gaussian any more, under some technical assumptions.

3.3 Connection with the theory of stationary

random variables

3.3.1 An extension of the central limit theorem

We consider in the sequel the univariate case. We will show then that the
results here generalize, for our case, the central limit theorem (CLT) for sta-
tionary random variables (Theorem 18.5.3 of Ibragimov and Linnik, 1971),
and we have to stress the fact that, as for this theorem, the main factor un-
derlying the result in our case is a strong mixing property.

We recall first the definition of strongly and uniformly mixing processes. A
process (X,) is said to be strongly(e) mixing (resp. uniformly(¢) mixing) if,
defining by F the o-algebra o(X,;r < j < n), we have for all A € F! and
B e F, that

a(n) = supaery,perz, |P(ANB) — P(A)P(B)| — 0
and respectively
¢(n) = SupAeFa‘,BEE‘?in'P(BlA) - P(B)[ —0

as n — 00.

Some theoretical results concerning these processes are given in Athreya and
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Pantula (1986), Bradley (1986), Davydov (1973) and Kolmogorov and Rozanov
(1960).

Remark: a ¢ — mizing process is o — mizing (Athreya and Pantula (1986),

Bradley (1986)).

These definitions are valid for stationary and non-stationary processes. In
our case, the process defined by equation 3.1, is defined as stable in the
sense given by Anderson (1959); however, since its autocovariance function
depends on 7, it is not stationary in "full strength”. Nevertheless, we will
see that a central limit theorem still applies. We state now the central limit
theorem (CLT). There is a version of the CLT concerning a: — mizing sta-
tionary processes and a version concerning ¢ — mizing stationary processes
(Ibragimov and Linnik, 1971). They both say roughly that, under some con-
ditions on the absolute moments and the mixing coefficients, the quantity
o® = E(X§)+2352, E(XoX;) is finite, where E(X{) is the common variance

and E(XoX;) the covariance of the centred variables. Also, if o # 0, then

0'_17"_1/2 Z /\fj — N(O, 1)

=1

in distribution, as r — oo.

By ‘stationarity’, we mean that we consider a sample X7,...,X., of the sequence
of SEM iterates, once the stationary state has been reached (we suppose that
X; is the first such iterate). Then, X; = =352, ale;_j, for i = 1,..,7,
whose distribution is the stationary probability measure of our Markov chain

(SEM);,. Thus, the expressions that we compute in the stationary case are
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derived from our stable case, by taking 7 to tend to infinity. This, will allow
comparison between asymptotic results obtained for our case and for the sta-

tionary case.

At stationarity, the SEM iterates then satisfy the assumptions of these CLT’s,

and we obtain

2 27 2
s g 82(L—a”) s
BO0) = V=) ~ NG @y

and
.52(1 _ a21‘) 52
FE(X X)) =1 J = 7
XXy = o' T =) = Na—a9)®
Then
&0 s%a
E(XoX;) ,
jZ::I 77 N(1—a?)(1 — a)
and we obtain
2
ot = < 00
N(1-a)?
Hence _
X
— N(0,1)

o/T
in distribution as r — co.
The assumptions of the CLT being satisfied, we will have at stationarity that
% — N(0,1) in distribution as r — co.
We will obtain an analogous result in the case of the chain (X,); indeed, this
result is a univariate specialization of the lemma presented in the next chap-

ter, so that we can consider that the above CLT’s extend to our case.
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3.3.2 Definition of the test statistic

If we define X = 2377, X, and M, = 157_ (X; — X)(X; — X)7, as be-
fore, the statistic that will be used to evaluate the solution given by the EM

algorithm is defined as
T? = (Xo - X)"M7Y(X, — X).

This is in fact equivalent to the statistic used in Celeux (1987) and Soromenho
(1994), and mentioned before, with the difference that the r.v.’s considered

here are centred. Since X, = 0, 7% can be written as

T? = XTMX.

For finite v, T2 obviously cannot be a standard Hotelling. Thus, the above
comments, and the facts that, in proving the SEM Theorem, 7 is considered
to tend to infinity as N tends to infinity and that in our case stationarity is
reached as r —+ co, suggest trying the case where r is large.

Again, let us consider the univariate case; then

XZ
T? = —.
T T (X - X)?

The denominator can also be written as + 37 X2 — X2,

In the case where r is large, algebraic calculations show that the distribu-
2

tions of 1 37, X? and 'NUSTZZ')? >.T_, €2 are not the same; this is the subject

of the next section.
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3.4 T? is not a standard Hotelling statistic

We consider here, the case where the parameter is one-dimensional. The
asymptotic calculations performed in this section assume that the sample size
N is fixed, and that the number of iterations r is large. Let us now compute
the first two moments of the expression * >3, X?. In the independence case
this expression can be written as ‘7—{, where V is distributed like a x?(r), and

the variance of this expression equals two times its expectation divided by 7;

in our case, some algebraic calculation yields

—ZX2 Ze — D, +2> a1 — a¥ )¢5,

1<j

where

D, =a"¢; + ... +a'e_ +a’e.

Now let us denote by B, the r.v.

N( [2 Z G.J 'L a27‘—2j+2)6i6j . D1]
1<J
T We have that
2 209 _ 2
E(B) = —— " _p(p)=-_2l=as
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which yields

17 52 CL2(1 _ a27‘)32 5.2
E(=Y X3 = — ~
('r ; ) N(1-a?) NA-a*)?r N(1l—a?)

for large r. Also,

84

var(B,) = —————[var(2>_ a’ (1 — a* ¥ )¢;e;) + var(D,)
N2(1 — a?)?r? oy

—2c00(2 ) ¥ (1 — a¥ H )¢, D))
1<J

It is easily seen that

cov(D>aT (1 — a® )¢, D) = 0,

i<j
and that
st 1
Ml_—wvar(Dr) ~ g
(since var(D,) = Mdll_;—ff”) We now calculate
s* G2
m var 21;@]_“ T e,
and, after some algebra, we find it to be
NQ(f(fiQ)3T2_[(1 = a1 ")+ (1= a')’ (1 - +

HL= P -]~

since every term inside the square brackets is greater than (1 — a2)3. We

conclude that var(B,) ~ .
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On the other hand, var(: X7, X?) can be written as

s 1, s U 52
(=Y )+ E(BH 4 2E[(——m—n > - —— B,

After some algebra we find that the third term of the above sum can be

202(1—a2")s?

written as — N (i ™ T%,, and the first term is, as in the independence

4 . .
case, m The second term is of order 11 Thus, for large r, we obtain

1Z 25t
var(=>_ X7 s

i=1

1
)% e — e T OG)

Since this variance is not equal to two times the expectation divided by r,

1

13, X? has not the same distribution as in the independence case. The

main purpose of the next chapter, will then be to find a limiting (as 7 — o0)

approximation of 72




Chapter 4

On the Limiting Distribution of
Ty

4.1 Introduction

We consider here the case where the parameter is a vector. It is well known
that if the random vectors of dimension p in hand were independent, 777
would follow a y*(p) distribution, as r — co, and thus, for r large, one can
consider that the rescaled T is a x?(p) divided by 7. The main interest of this
chapter will then be to derive the distribution of 7 for r large. Some simu-
lation results will also be produced that will demonstrate the performance of
As derived previously (equation 3.1), the null hypothesis that we consider is

as follows: the Markov chain (SEM), satisfies the autoregressive equation

Xy =aX, + N“1/2367.+1, (4.1)
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where X, € R?, a is a p X p matrix with spectral radius 7(a) < 1, s is a non
singular p X p matrix, ¢, € R? and ¢, ~ N(0, I} where 0 is the vector with p

coordinates equal to 0 and [ is the p X p identity matrix.

4.2 'The limiting result

4.2.1 A result for the sample variance-covariance ma-

trix

The statistic that will be used to test for the number of components in a
mixture will be

T? = XT"M™X,

where M, =+ Y0 (X; — X)(X; — X)T. We are interested in the asymptotic
behaviour of M,. The main result here is based on the following theorem

(Theorem 5.5.2., Anderson, 1971).

THEOREM

If X, is defined by (4.1), with a having eigenvalues less than 1 in absolute
value, if the €, ’s are i.1.d. with E(e,) = 0 and E(e.€X) =%, then

% SN XXT =3 dS(a")

i=1 =0

wn probability as 1 — co.

The assumptions of this theorem are satisfied in our case; indeed, on the

one hand, the matrix norm defined by r(a) is the norm used by Redner and
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Walker in their theorem, so that the eigenvalues of a are less than 1 in absolute
value, and on the other hand the conditions on the moments of the ¢, ’s are

. . . T . . .
also satisfied. The matrix % is %~ in our case, and according to the techni-

cal assumptions underlying the SEM Theorem, the limiting constant matrix

Lo o T, THi . N . 3
e %“—:’— exists and is non-singular. We remark that, as in Brockwell

and Davis (1991), p. 408, convergence in probability of a random matrix will
mean convergence in probability of all the components of the matrix.

On the other hand, let us compute the variance of X for r large. The follow-

ing lemma can then be derived.

LEMMA

Under (Hy), for large v, the variance-covariance matriz of the vector X can

be written as

S 1 1
Var(X) = (I —a) "ss"(1 = )™ = +o( ).

Proof

X =

L -1 T
\/N"J‘U —a) [ —a")sey + ... + (I — a)se,]

and E(X) = 0 because F(¢) =0 for i = 1,...,7. Also,

Var(X) = E(XXT) = NLTZ(I —a) ' [(I —a")sE(e1el )sT (I —a")" + ..

+(I — a)sE (e eX)sT (I — a)T)(I — a™)~1.
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Since E(e;el ) = I, we obtain

Var(X) = NL(I —a) NI —a")ssT (I — (aT)") + ...

(I —a)ssT (I — aD))(I — a¥)~.

After some algebra, the term inside the square brackets can be put in the

form

(r—1)ss” + NVar(X,) —ss’a” (I —a®) "I — (a¥)") —a(l — a)" (I — a")ss”.

kSST(lLT k

Now, according to the technical assumptions, —ZE&G—N—) converges to a
constant matrix C' as r goes to infinity. We may therefore consider that, for
large r, Var(X,) = C. On the other hand, since the spectral radius of a is less
than 1, it follows that lim,_a” = [0] so that we consider a” = (a®)" = [0]

for large 7. We therefore obtain

Var(X) = L T—a) Yr—=1)ss'+NC—ssTaX (I—a¥) ' —a(l—a) " tssT [(I—aT) ",
N2

The lemma follows. Thus, approximately,
X~ N(0, ——(] — a)Lss"(I — aT))
"Ny » ’

Some algebra shows that this result is equivalent to Theorem 5.5.8. of An-

derson (1971), which is as follows, using our notations.

THEOREM

If X, is defined by equation (4.1) where the eigenvalues of a are less than 1
1/2

in absolute value, and if the N~

se;’s are i.9.d. with expectation equal to the
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vector 0 and variance-covariance matriz equal to N=Y255T then /rX has

o limiting normal distribution with mean 0 and variance-covariance matric

C(I-a")y '+ (I—-a)"'C-C.

Now, on the one hand, the convergence of X to O in probability is equiv-
alent to the convergence of [227_; (X?)?]*/? to 0 in probability by Proposition
6.1.2 of Brockwell and Davis (1991), where X* are the components of the

vector X, and on the other hand, applying Markov’s inequality, we obtain
oi)2 1 5iy2
PR > ) < ZB((X9)?)
€

and since E((X*%)?) = var(X?), we obtain, using the previous Lemma, that

for each ¢ > 0, P(|X¢|? > € — 0 for each i = 1,...,p. It results that
X =0

in probability as r — co. (Another way is to say that the expectations of
every component of X are equal to 0, and the corresponding variances tend
to 0 by the previous Lemma, so that by Proposition 6.2.4. of Brockwell and
Davis (1991), each component of X tends to 0 in probability.)

We first use Lemma 3.2.1 of Anderson (1958), stating that

1Z .
M, ==> X;X] - XX".
=1
We need now to derive the limit in probability of X X7T'; for that purpose we

use the following Proposition 6.1.4 of Brockwell and Davis (1991).
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PROPOSITION

If (X,) is a sequence of p-dimensional random vectors such that X, — X in
probability and if g : RP — R™ is a continuous mapping, then g(X,) — g(X)
wn probability.

Thus, every linear combination of elements of X tends in probability to 0,
and every element of the matrix X X7 tends in probability to 0. It follows
that X X7 tends in probability to the matrix with elements equal to 0. (An-
other way of obtaining this result is the following: every component of X and
subsequently X7 tends to 0 in probability and thus, from Proposition 6.1.1.

of Brockwell and Davis (1991), so does any product of these components.)

In order to conclude, we use now the following Proposition 6.3.8 of Brockwell

and Davis (1991).

PROPOSITION
If (X,) and (Y,) are sequences of random p-vectors such that X, — X in
distribution and Y. — b in distribution, where b is a constant, then X, +Y, —

X + b in distribution.

In our case, the elements of the matrix M, tend, thus, in probability, to
the corresponding elements of the matrix C, and hence M, — C in probabil-
ity.
It follows that

Mt C

in probability as r — oo.
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4.2.2 Deriving the limiting distribution of 7

From the previous paragraph, we have that for large », 772 can be ap-
proximated in distribution by »X7C~!X which we call V. Then, V can
be written as (/rC~Y/2X)?(\/rC~1/2X), where /rC~Y2X is a normal vec-
tor, which we call W, with mean 0 and variance-covariance matrix I', =
rC~Y2Var(X)C~'/2. Now, I, being symmetric, there is an orthogonal ma-
trix @ such that A = Q*T,.Q is diagonal where §; will denote the (I,1)*
element, for { = 1, ..., p, and since T, is positive definite, the elements of v/A
are positive. Setting A = Qv/A, we obtain I', = AAT, with rank of 4 equal
to p. Hence, there is a matrix A and a standardized normal vector Z such

that W = AZ. We have then

WIW = ZTATAZ

where ATA = A, so that we obtain
WIW = ZTANZ = 8,22 + ... + (5PZ§,

where Z7 ~ x2 for [ =1, ...,p.
Now, A is the matrix of eigenvalues of T, or, equivalently, those of C~'Var(/rX).

The following theorem then obtains.

THEOREM
Under the null hypothesis Hy, for v large, the statistic T2, used in order to

estimate the number of components in a mizture model, is approzimately dis-

B 2
tributed as L‘Erﬂi’, where the Z}’s are i.i.d. x*(1) variates and the §;’s are

eigenvalues of C~'Var(y/rX).
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4.3 Another approach for deriving the limit-
ing distribution of T?

4.3.1 Another form for the statistic 77

We use here first, an algebraic approach similar to the one used by Anderson
(1958), in order to derive the distribution of 72. So, let us consider an or-
thogonal matrix Q(p, p) such that
G = % for I =1,...,p. Let us set U = QX and B = rQM,Q" where, as
before, M, = * 31_ (X; — X)(X; — X)T. Then we have

T vT

Xr o X _ XTXx __
quX; = +ot+ ==X, = e = VXTX
; whi = e VXTX P VXTX

and for 7 # 1 we have

qul/\l Z(lnghz XTX =VXTX Z%LQH =0,

=1 =1

since () is orthogonal.
Thus we have that

T?=X"M7'X =+UTB™'U,

where U = (U3, 0,...,0)7 and
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Thus
2
I _ UZpt.
”
Now, set B to be the inverse matrix of B!, write B = (b;;) and let us

partition B as
p_| b (bay)™ ’
b(l) By,

where by = (b1, ..., by,)7 and

bzz . bgp

b b
Bzz _ 32 3p

bp2 bml

We partition B~! in the same way:

B—l _ pit (b(l))T |
b(l) B22
From Theorem 8.2.1, result 1(d) of Graybill (1969) we obtain

by — b’g)Bz—;b(l) = (b™)L.

If we write bi1a,..p = 7ir = bu — (by)T B3y b(1), our statistic becomes
XTX

b11.2,...p
-

T2 =

7

On the other hand

r

B = rQM,Q" = Y(QUX: - X))(QUX: - X))

=1
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Setting then V; = Q(X; — X), we obtain

B=> ViV

=1

Now, partition X; and V; into two sub-vectors with 1 and (p—1) components,
respectively, so that X; = (X, (X)) and V; = (V1 (VP)T)T, with
XV eR XD err, v eRr, v? e meL,

Since by € R and (K))2 + ... + (V9)2) € R we have

by = Z(Vg(l))?
=1

We compute now the term ba)nglb(l).

For this purpose we set bf(l;)ngl = (G and Bg; = H and we have
by B by = (b1 Bz ) (Ba2) (Ba'bry) = GHGT

(since By is symmetric).

(Hisa (p—1)x(p—1) matrix and G a row vector of dimension p — 1.)
Now, G = Y0, VOV H- and H = X1, VO (VT

Defining VW = (", .., V)) and

ve  ovd
V@ = ,
Ve, vl

we then obtain

GHGT = vW(VEr -y @y W)T.




Chapter 4. On the Limiting Distribution of T? 77

Now, we use Theorem 6, appendix 1 of Anderson (1958), which states that,
if Cis a p X p positive semidefinite matriz of rank r(< p), then there is a

non-singular matriz A such that

I0
00

ACAT =

where the identity is of order 7.
Consequently, in our case, we can find a non-singular matrix F' such that

FHFT = I 1p-1y (here H is of full rank), and so
(F7) B = Ty ey

Let By = FV® g0 that V® = F1E,: we have

Ey(Fp)" = FVO(VEO)TET = F(Y VP (V)" "

=1
= FHF" = Iy 1,1

Thus, the (p — 1) rows of E, are orthogonal and their norm is equal to 1 (E,
is a (p — 1) x r matrix).

We now use Lemma 2, appendix 1 of Anderson(1958), which states that, if
A is an n X m matriz (with n > m) such that ATA = I, then there exists an
n X (n —m) matriz B such that (A B) is orthogonal.

Hence, in our case, it is possible to find an (r —p+ 1) x r matrix E; such that
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and E is an r X r orthogonal matrix.
Let us now set K; = 22:1 e;sVs (where the e;p’s are the entries of the matrix

E) so that, setting KO = (K" KM, we have
K{l) = euvl(l) + ...+ eh.VT(lJ, - I(T(l) = eTIVL(l) + e,.,.Vr(l),
so that
(KT = pvNT,
Thus K& = VW ET | which is equivalent to V) = KO E since F is orthog-
onal, and

GHGT = KOE(B) ' (FYTH F EBET (KT,

However, on the one hand (F~Y)TH~'FF~! = [;;,_1,_1, and on the other hand
E1(E5)T is the (r — p+ 1) x (p — 1) matrix [0] because E is orthogonal and
Eo(Eo)" = Itp—1p—1). Thus we obtain

GHG" = KW ([0]", DT((0]", I) (KM,

where
KEW0]7, )T = (KM 4y, s KDY
and

(07, ) (ED)T = (KD, ..., KDY,

We obtain finally

GHGT = (K gy, KOV KD, Ly, o, KT
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.
= (KD )2+ (K2 = 3 (KO,
i=r—p+2

Now, since K; = >74_, eisVp, we use Lemma 3.3.1 of Anderson (1958), stating
that if C' = (cqp) is orthogonal then 37 _, X X' =37 YV, YT

N V—
., where Y, =

2p=1CapXp-
In our case, K = ¥7_, em'Vz-(l), where the K()’s and the T/;(l)’s are real

numbers, so that
r r

PANEED It i
i=1 i=1
for any .

Finally we obtain

bi12,..p = b1 — 0(1) B by

T , r r—p-+1
=3 (&K - ¥ (= (k)
i=1 i=r—p+2 i=1

so that the statistic 7% takes the form

,  XTX
— ; 1 ‘
Lyt (M)

T

Note that 772 is a generalisation of the one-dimensional case with p = 1 and

KV =x,-X.
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4.3.2 The limiting result
From the previous paragraph, it results that

rXTX

2 _
= 1 Z —p-l-l( ))2'

7

Now, since p is finite, the orders of magnitude of (L I=P" (I (1Y2) and

2

var (+ TP )2) are the same for every p. But for p = 1,

X; — X)? I
2(1 o N(l — a?)
and it can be shown that
1 T
var(=Y (X; — X)?) = 0.
r =1
It follows that
1 r—p+1 .
D DRCCER

s,
Il
=

in probability, as r — oo, where b is the (1,1)" element of the matrix
QCQT. A similar argument as the one used in the previous section leads
then to the following result: if I'. is the variance-covariance matrix of vb/r X,
and A’ the matrix of eigenvalues of I'., there exists a standardized normal
vector J such that 772 is approximately distributed as

Y4 ' 72
=1 51‘]!
T

for r large. This result is then equivalent to the Theorem derived in the pre-

vious section.
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4.4 Simulation results

In this section we give some simulation results based on simple examples in
order to highlight the performance of T?. We then compare T2 to a statistic
T? obtained by letting a = [0], in equation 4.1. The statistic 72 is then based
on independent random variables. We notice that, for reasonably large sam-

ple sizes, these statistics validate (or invalidate) a model in the same way.

We first explain how 72 can be computed in practice. From equation 4.1,
we can construct a new process (X)), based on the SEM iterates, in the
following way: for 1 < 4 < 7, let us denote by X, the random variables
X=X, = \/Lﬁel, X=Xy —aX; = \/%62,...,/\;’, =X, —aX,_; = :/—S——NG,,.
We estimate a by d, = S0 X; X7 (X, X; X)) ™! (Anderson, 1959; Hall
and Heyde, 1980), which is the maximum likelihood estimate of a; some dis-
cussion is also given by Hurwitz (1950), and the consistency of 4, in the
unstable case is discussed by Rubin (1950) and some asymptotic results are
derived by Anderson (1959).
The empirical mean is ?
L

> Xi,

=1

X‘I

,
and the empirical variance-covariance matrix is

1Z — _
| M= L 3(X] - Xt — XY

=1

Then, the statistic 7% used to test for X = X, = 0 can be written as follows

T? = (XNT(M)HY X,
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As in Celeux (1987), the general criterion is that small values of T2 (resp.
T?), suggest that the method has found the correct model. This is because,
in the case that Hj is satisfied, the chain generated by SEM will always stay
around O thus producing low values of T, whereas in the opposite case, the

chain will deviate from the starting point, thus producing high values of T72.

In the sequel we describe the experiments and compare these two statistics
under the null hypothesis (i.e. EM has found the MLE); the SEM algorithm

always starts from the solution given by EM.

We first consider samples of sizes 50, 100 and 500 from the well-separated mix-
ture model 1/2N(0,1) +1/2N(4, 1) denoted by Two-mixture(1) in Table 4.1,
and from the moderately-separated mixture model 1/2N(0,1) + 1/2N(3,1)
denoted by Two-mixture(2) in Table 4.1, where the parameters are the mix-
ing proportions and the means. We then fit to those data a mixture of two
normals, taking the true values of the parameters as starting points; in these

examples, we run 3000 iterations of EM and 200 iterations of SEM.

We then consider the case where the data arise from a N(0,1) distribution
and we fit a mixture of two components to those data, with starting points
meanl=0, mean2=3, for sample sizes 50 and 100, and meanl=0, mean2=2.75,
for sample size 500, and proportions pl = p2 = 0.5. For sample size N = 50

we run 50 EM iterations and 15 SEM iterations; for N = 100 we run 200 EM

iterations and 30 SEM iterations, and for N = 500 we run 5000 EM iterations
and 60 SEM iterations.
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The results are reported in Table 4.1. In both cases, the EM algorithm finds
the right answer, and the values of the two statistics are small and close to

each other.

H, N=50 N=100 N=500
Normal T? = 0.867 T? = 0.248 T2 = 3.652
T? = 0.821 T? =0.192 T? = 3.896

Two-mixture(1) T% =0.143 T*=9.03%x107? | 7% =9.48 x 10~°
T2 =0.110 T?=726%x10"% | T2 =752 x 1073
Two-mixture(2) T? =0.102 T =157 x 107° T? = 0.108

T2=760x1072 | T?=1.26 x 1073 | T2 = 9.64 x 1072

Table 4.1. Values of 7% and T2

Table 4.1 suggests that in the case that the sample size is small, both statistics
give satisfactory results. We consider now an even smaller size, for instance,
the case of 25 data arising from a N(0, 1) distribution to which we fit a mix-
ture of two normal distributions with starting points meanl=0, mean2=0.5,
pl = p2 = 0.5. Then, running 1000 EM iterations from these starting points
and 37 SEM iterations, we obtain 7. = 1.214 and T? = 0.985; the values of
these statistics are small and close to each other, thus validating the result ob-
tained by EM, which is mean1=0.338, mean2=0.338 (duplicates), p1 = 0.492,
p2 = 0.507. Hence, these methods work quite well in practice even for small

sizes.

It is worthwhile noting that some care is needed in choosing the number of
SEM iterations: indeed, considering the previous example where N = 25, and
starting the EM algorithm at meanl=0 and mean2=3, one cannot perform

more than 6 SEM iterations, because of numerical singularities that occur

when one of the proportions gets close to 0; in this case T2 = 48.077 and
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T? = 72.954, and the high values of these statistics can lead to misleading
conclusions.

Therefore, one has to ensure that enough SEM iterations are run before these
statistics are obtained. We should also add that this problem always occurs

when the model is overfitted, independently of the sample size.

Considering again the case where (Hp) corresponds to a N(0,1), let us sup-
pose that the algorithm used to estimate the parameters {either EM or any
other method) does not find the solution, so that the starting points for SEM
are far from the true parameters, for example, meanl=-0.365, mean2=0.491,
and weights pl = 0.606, p2 = 0.393; the sample size considered is 500. Then,
running 155 SEM iterations we obtain 72 = 12.789 and 7% = 10.370; we
see that both statistics are large, suggesting that we should reject (Hp), and

different from each other.

Finally, we outline the danger that one can run if SEM does not find the
solution, and this is shown in the following example. We fit a mixture of
two normal distributions to 500 data arising from a mixture of three normal
distributions, for example, 1/3N(—2,1)+1/3N(0,1) +1/3N(2,1); then SEM
(like EM) points wrongly towards the two-mixture model. However, in the
same way as before, we run 1000 EM and 500 SEM iterations and obtain
T2 = 0.030 and 7% = 0.032, so that these statistics are very close to each

other and have small magnitudes, thus validating the two-mixture model.

In consequence, one has to make sure that SEM has found the right answer
before using any of these tests. A way of doing this is to fit the highest-

component model believed to be compatible with the data, since SEM works
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well when an upper bound of the actual number of components is available,

and a large sample size is used.




Chapter 5

On the Distribution of the
Likelihood Ratio Test Statistic

when the Mixture Proportions

are known

5.1 Introduction

5.1.1 Generalities

Following Goffinet et al (1992), we study, in this chapter, the asymptotic
behaviour of the Likelihood Ratio Test Statistic (LRTS) under the null hy-
pothesis of a single-component distribution versus the hypothesis of a mixture
of two components in the particular case where the mixing proportions are

known a priori. In fact, for cases where the component parameters are known,

86
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the problem simplifies considerably: the authors mention a paper by Duraira-
jan and Kale (1982), where a local test for testing for a single-component
distribution against a mixture of two components is derived. In the same
context, the asymptotic distribution of the LRTS, under the null hypothesis,
is derived in Titterington et al (1985), and a generalization of this result is
given in Chen and Cheng (1992). (This has been mentioned in the introduc-
tory part.) For the case that we study here, the known parameters are no
longer those that specify the component densities, but those specifying the
mixing proportions. The general problem here, then, is to find the asymptotic
distribution of the LRTS under the null hypothesis when testing between a
single-component distribution and a mixture. The authors mention that the
problem studied here is similar to the one faced by Aitkin and Rubin (1985),
which we discussed in the introduction, and which has been theoretically es-
tablished by Quinn et al (1987). Because of this similarity, we mention here
the nature of that problem. Under the null hypothesis, Quinn et al (1987)
proved that the Fisher information matrix has positive probability of not be-
ing positive definite, and therefore the regularity assumptions are not fulfilled
for the standard asymptotic theory to apply. We shall first verify that, here
too, the Fisher information matrix is singular under the null hypothesis (as
done in Goffinet et al, 1992) and therefore the usual theorem mentioned in
the introductory part does not apply for the LRTS to be asymptotically dis-
tributed as a x*(1).

We now define the problem in a more formal way, in order to state the main
theorem derived by Goffinet et al (1992) concerning the asymptotic distribu-
tion of the LRTS. Let X = (Xj, ..., Xy) be N independent univariate r.v.’s

with common probability density function
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h(z;81,02,0) =pf(z;601,0) + (1 — p)f(z; 02, 0),

where f(z;0;,0) ~ N{0;,0) and p is assumed to be known.
We study here, under the null hypothesis Hy: 6; = 05 or equivalently h(x; 0y, 0,,0) =
f(z;01,0), the behaviour of the likelihood ratio test statistic (LRTS)

N N
T(X) = 2[s5upo,,0,,0 Zlog W X3 01,00,0) — supe, s Zlog f(X5; 61, 0)).

=1 =1
Goffinet et al’s result is as follows.

THEOREM

Under Hy, the limiting distribution of T'(X) is:

1) a x*(1) distribution if o 1is unknown and p # 0.5;
2) 0.5x%(0) + 0.5x2(1) otherwise.

This theorem gives two possibilities for the asymptotic distribution of 7'(X)
depending on some assumptions on the parameters. Our main objective will
be to investigate the form of the distribution of 7'(X) in cases where p # 0.5
but p is close to 0.5, for sample sizes IV which are useful in practice. We study

the behaviour of T'(X) in those cases, theoretically and by simulation results.

In the sequel, we follow the calculations of Goffinet et al, since we use the

same type of argument. We also highlight some inaccuracies in the proof of

their theorem.
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5.1.2 Failure of the standard regularity conditions

The first step is to show, following Goffinet et al’s reasoning, that the Fisher
information matrix under Hy is singular. The statistic 7(X) being invariant
under translation and linear transformations of X, we can take for simplicity

the true value of #; to be 0, and that of ¢ to be 1. We use the notation
K (X5 a,b) = 8" log h(Xy; 01, 0y, o)/ Dat Ob™,

where a and b can be 0y, 05, ¢ or some functions of these parameters.

When the density of X; is f(z;6h,0) with 6; = 0 and o = 1, we obtain
K1(Xi; 91) = pX;

K (Xi502) = (1= p) X,

and

Ki(Xyo)= X2 —1.
Indeed, we can write

[(Xi;01,0)

; . = P Ay IS AL
Ki(Xi, 61) Uz(YZ gl)h(Xi;91,92aU))

however, under Hy, h(X;; 01,0, 0) = f(X;;61,0) so that
) P~
I(I(Xiygl) == —0—‘—2—(Az - 91)
Since #; = 0 and ¢ = 1, we obtain

.K-l (Xﬁ, 91) = pXZ
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In the same way

f(Xﬂ 627 U)
h’(Xu 917 92) U) .

1 —
Ky (X3 02) = ——2(X; — 05)

0-2
However, under Hy, 61 = 05, so that

—-p
2

1
I{l (Xz, 92) = (X'I, - 92))

and, for #; = 0 and o = 1, we obtain

The same type of calculation yields K;(X;; o).
We have then

B(K1(X;;00) Ky (Xi; 61)) = p*B(X2) = p?,

E(K1(X; 60)K1(Xi562)) = p(1 — p) B(X]) = p(1 — p),
E(K\(Xi; 00) K1 (X35 0)) = pE(X]) — pB(X,) =0,
B((Xe 02) I, (X,0)) = (1~ p) B(XD) — (1 - p)B(X;) = 0,
E(K1(Xi;0)K1(X;;0)) = BE(X}) —2B(X?) +1=2,

E(K1 (X4 0:)K1(X3500)) = (1 —p)2EB(X?) = (1 —p)2.

90




Chapter 5. Distribution of the LRTS for known Mizing Proportions 91

We obtain finally
P pl-p) 0
I'=| p(l-p (1-p* 0
0 0 2
and det(I) = 0. Thus, the information matrix is singular and hence the clas-

sical development leading to the asymptotic distribution of the LRTS is not
applicable.

5.2 Case 1: ¢ known

5.2.1 Main results

This case has been thoroughly investigated by Goffinet et al (1992). Never-
theless, we will give some quick proofs. We recall that the result in this case
concerns the second part of their theorem.

In order to prove this, the authors made the following change of variables:

p=pb + (1 —p)fy
(5:’—91—92.

For 0 = 0, = 0 we have ;= 0 and § = 0; let us compute K;(X;;8) at the
’ point =0, 6 = 0.

From the above system of equations, we obtain

6 =p+(1—p)

Oy = 1 — pd
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and thus we obtain

K1(Xi;0) = 8log h(X; p+ (1 — p)6, p — pé, o)/ 9.

Num(p,5)

After some algebra, this quantity can be written in the form Den(ie)

, Where
Num denotes a numerator and Den a denominator, such that, at u =9 =0,
we obtain N(0,0) = 0 and D(0,0) = 5= exp(~55X7). Thus, at u =4 =0,
K, (X;;6) = 0. (For reasons of clarity we do not write out Num and Den in
detail.)
Hence,

and

so that the information matrix is singular.

Thus, as in Cox and Hinkley (1974, page 304), the authors expand the log-
likelihood function that we denote, following Goflinet et al’s notation, by
L(X) (which, here, is a function of the two variables p and §) up to order
4. For this, they rescale the parameters as i = pNY/2 and § = §N'/*. Since
OL(X) /06 = ©N | K1(X;6) =0, and | K1 (X;; 6, 1) = 0, then, under Hy,

L(X) can be written as

1 N . N
L(X) = L(X;0,0) + 5N—l/2 > Ko(X;50)8% + N7 K (X p)ia

i=1 =1
1 N W 1 X . 1o &
+6N‘3/‘1 > K5(X;;6)0° + §N*1 > Ko (X536, 1) 6% + 5N-1 > I (X5 6) i
=1 i=1 i=1

N

1 -
+§ZN‘1 S Ky(X456)0" + 0p(1),

=1
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where 0,(1) denotes a random variable that is o(1) in probability (Cox and
Hinkley, 1974, pp. 281-282); in other words, under Hy, the term 0,(1) tends
to 0 in probability as the sample size N goes to infinity. Goffinet et al (1992)

then derive the following equalities:

E[Kan (Xi; 6, p)] = —B[Ka(Xi; 0) K1 (X35 )],
E[K5(X;;6)] =0,

E[K4(X;;6)] = —3B[K,(X;;6))-

5.2.2 Proof of the above results

Since these are well established results, we only give an idea of the proofs.
We denote, for simplicity, 2(X;, 81,62, 0) by h, the order of the partial deriva-
tives » by (n) in the superscript, and the variables with respect to which we
differentiate in the subscript in the usual way. We have then

ht(;gib ﬁgi )

(X536, ) = “"h h R

(2)

(1) L
and, at p = § = 0, Mo — K (X5 ) and "2 = I,(X;; ).

After some algebra, we obtain

2
= p(l - p)(XP - 3X,),
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whose expectation is 0 since X; ~ N(0, 1) under Hy. The first equality follows.

For the second equality, some algebra yields

D+ 01— Y
h4 )

K3(X;0) =

now, at =0 =0, hgl) = 0 so that

13
K3(X;;6) = ‘53 =p(1 - p)[(3" - 3(p - 1)) X; + ((p — 1)* — p*) X}],

whose expectation is 0. The equality follows.

For the third equality,

—ah RS RS 41813 (RS Y2RG) — 3R (RGN + RERY) — 6(R{D)1R2

I(4(Xz, 5) = ]7,6 3

and under Hy this can be written as

( ]L(Q)) h(‘l)

Ka(X350) = h? R

however, at the point =43 =0,

h(4)
i

=p(l —p)[-3(» —1)>+3p° + (6(p — 1)* - 6p°) X7 + (p° — (p — 1)°) X},

whose expectation is 0. The equality follows.
Now, the term in 6% is 0,(1), since its expectation is 0 and its variance is

smaller than that of the terms in i and 62, and therefore we obtain

L(X) = L(X;0,0) + B(,6%)" + (i,8”)C(,6*)" + 0,(1),
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where B = (N2 N, Ky (X5 0), sN"V2 0N | 16 (X5;6))7,

oo [ WTUTEE(Xss) NS, K (X560
INTVSN Ko (X 6,p) ANV SN Ki(X550)

and

B(C) = 5 B(B"B),

this result is a direct consequence of the three equalities derived previously.

Furthermore, it is straightforward to verify that
E(B)=0.

Remarks:

1) The term in 6%/t can also be considered as 0,(1), in the same sense as for
the term in 6%, since E[Ky(X;;d, 1)) = 0, but this should not affect the result
since this term is not on the diagonal of the matrix C. The same argument as
in Cox and Hinkley (1974, page 321), with the constraint §° > 0, leads then
to the second result of Goffinet et al’s theorem.

2) The authors note that in the case p = %, the same result can be obtained

more simply, using the fact that K3(X;;8) = 0 and applying the general re-
sults (Case 5) of Self and Liang {1987).
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5.3 Case 2: ¢ unknown and p = 0.5

5.3.1 Some theoretical argument

Here, Goffinet et al (1992) obtain the same limiting distribution for T(X), as
for case 1.
We shall go through the calculations to show first that the change of variables

introduced in the paper is not adequate. For p = %, we have

01 = 1+ %
02 == g—)
so that
1 (Xi = (e + 5))? 1 (Xi— (u—$))°
h= xp(— 2 + exp(— 277 ),
L= Sy P 207 )t o P 207 )

In the same way as before, &3 (X;;d) = 0 at the point 4 =0, § = 0, and

1 1
h = o= (X7 = 1) exp(—5 XP),

4/27 "
so that
f((Y-é)J“g)—l(\f?—l)
PO T '

On the other hand,

3 1 3

1 1
Ka(X350) = 3= Xi b 2 X3P 47X = 2XP) = 0

4
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under Hy, after some algebra; in the same way, under Hy,

Ry 1 1
£=—5Xi——OY?’+iX~5—EXi+EY3—in’:O.

17';(5 = p
K5(X::6) L 16 1671167 16 167% " 16

Indeed, in general for any k£ odd,
I(k(Xi; (5) - 0,

and this result is proved in Goflinet et al (1992). The change of variables used
here is € = idg instead of §, since all terms in § are in powers of §2. Denoting

% by w, we can prove now that
1

Note that in their paper, Goffinet et al {1992) do not find exactly the same
equality; they find instead, K7(X;;¢) = —K 1 (X;;w).
We first prove now that, again, the Fisher information matrix is singular.

Indeed, from the above change of variables, we obtain
& = n+ \/E
02 = p — \/E>

so that i becomes

1

=2 2mo

1

h
2/ 2no

xp(— 5 (X~ (1t V&) + i expl(— 5 (Xi = (1= V)

Taking o = 1, for simplicity, we then compute I(;(X;;€); this type of cal-

culation is similar to the calculations done previously in this chapter, and




Chapter 5. Distribution of the LRTS for known Mizing Proportions 98

vields
B 1
K (X e) = = = =(X? - 1),
(Xise) = = = (47— 1)
for y =¢=0.

On the other hand, by replacing ¢ by i in the expression for i, we obtain

= rwem[—lw (Xi— m+¢z>>2]+Qj%wexp[—gw%xr(u—ﬁ))ﬂ,

so that
h{M
Ki( X w) = —]“’T =1-X?

at p=e=0,w=1

We then derive the information matrix

EK (X5 1)% EIK: (X ) K (Xis€)] EEK (X p) K (X w)]
I'= | EBIK(X;;e)K1(X; )] E[K(X;;¢€)? E[K 1 (X;;€) Ky (X5 w)]
E[I(l (Xz; U))Kl(X“ ,U,)] E[I{l (Xz, w)]<1 (Xt, 6)] E[I(l (Xt, w)2]

Bl (X35 1) —5 BIE (X3 1) K1 (X w)] - B (XG5 p) K (X w)]
= | —3BK (X5 w) K (X5 )] T B (X w)?) — 5 BlK, (X5 w)?]
E[I(l (Xz,(x)).[(l(Xz, /J.)] —%E[I{l(X.,_,w)2] E[I{1 (XZ,M)Q}

The determinant of [ is found to be 0, so that [ is singular.

5.3.2 Solving the problem

A new variable ¢ is then introduced by the authors, using the change of vari-
able ¢ = (w—1)—¢, and the parameters are rescaled as fi = uN'2, ¢ = pN/2,
@ = (w — 1)NY4, We now show that this change of variable does not work

properly. Indeed, we obtain the following system of equations:
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91:M+\/w—1—§b
—Vw—1—9,

so that

1 .
h= 2\/2_7;(4) exp[— (\fzw\/w —-1- qﬁ—u)2]+ﬁw exp[—é(Xz-—i—\/w —1 - ¢—w)?].

We now prove that the random variable K;(X;; ¢) # 0, and E[K1(X;; ¢)] =
ny
We have that K;(X;;¢) = —4—; using then a Taylor expansion around 0, we

find that

1 1
n) = 1— X2) exp(—=X2),
' s i) exp(=5X{)

and, on the other hand,

it results that, under Hy, K (X;; ¢) = %ﬁ = —I{(X;;¢€), and E[K,(X;; ¢)] =
0. This is related in fact, to one of the problems that we mentioned in the
beginning of this chapter, namely that, in their paper, Goffinet et al (1992)
find K;(X;; ¢) to be 0, which is not obviously the case according to our cal-
culations. We, then, cannot apply the same arguments as in Case 1 to infer
about the distribution of 7'(X). Therefore, the change of variables used by
them is not very interesting. Our proposal is to have u, § and w as variables.
Now, since Ky(X;;8) = 0, as in the previous case, we consider the expansion
of L(X) up to order 4, and the only difference from Case 1 is that we have
a third variable w to take into account in the expansion; it is clear that the

fact that K4(X;;8) = 0 for k odd, will not affect the expansion L(X) of case
1. We then rescale to i = uN'/2, § = N and & = (w—1)N'2, and verify
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that the information matrix I is singular. Indeed

I'=| BIK(Xy;0)K1(X5; )] E[I(X5;6)7] Bl (XG5 0) K (X5 w)]
BIKy (X w) K (X 1)) B[ (X 0) K (X3 6)] BIK (X w)?]

At p =06 =0, w =1 we obtain, after some algebra,
Ky (X ) = X,

and we know from previous calculation that K;(X;;w) = 1 — X2; it results
that
BIK(Xs i) K (X3 w)] = B(X; = X7) =0,

E[(I{l (Xz, 5)[(1(Xt,LU)] = O,
since K1(X;;0) =0, and

for the same reason. Thus the determinant of / is 0. Again L(X) will have

to be expanded up to order 4; we then obtain

N N
L(X) = L(X;0,0,1) + N2 Ky (X w)ii + N7V 3 K (X 0)@

=1 i=1

N
+%N‘1/2 ST Ko (X5 8)82 +

=1

1

N N
1
SV K (X )i+ SN Y Ka(Xw)?

=1 =1

N 1 N - N _
+N7 T K (X g, w) ﬁahuij\r1 > Ko (X336, M)52ﬁ+%N-1 > Ko (X5 6,w) 8%

i=1 =1 =1
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1 a <
+ﬂN‘l > Ku(Xi;6)6* + 0p(1).
i=1

Thus,
L(X) = L(X;0,0,1) + B(f, 6%, @) + (i, 8%, @) C(fi, 6%, &) + 0,(1),

where B = (N"Y2 52N K (Xa; ), INTV2SN Ko (X56), NTV2 N K (X w)E,

and

N EL (X)) N K (X6 p) $NTT I K (X p,0)
C= TN K (Xi; 6, 1) N Ky(X50)  ANTTEN Ko (X5 6,w)
INTY N K (X, w) INTIYE Ko (X5 6,w)  INTISN Ko (Xjw)

As in Case 1, we have that E(C) = —1FE(BTB). This is because we have

E[I(u (Xl, 14y w)] =0= E[I{]_ (XZ) }L)I(l(Xz, w)],
E[I{n (X“ (5, w)] = _E[I(Q(Xz, 6)]{1 (X,,, w)]
h'(Yg)

@ @
] _ _ R B Iy . n)
(since Ko (Xj;d,w) = &= — Zeo 8 F(#e) = ( [(X;w) = %= and

2)
Ky (X;;68%) = ]—%), and, as in the previous case,
E[K4(X;;6)] = —3E[I(X;;6)%);

also

E[Ky(Xiw)] = —E[Ky(X3;w)?).

Furthermore the expectation of the score vector B is 0. The conclusion will
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then be the same as for Case 1.

(Remark: we verify that all terms in L(X) are non-zero).

Very recent information that we obtained from Goffinet confirmed our feel-
ings about the change of variable used in Goflinet et al’s paper. Indeed, the
correct change of variable would be, in that case, to replace in their paper ¢
by €/2 so that we obtain ¢ = (w—1) —¢€/2, yielding K; (X;; w) = 0; (the other
parameters are left unchanged). Then, Goffinet et al’s theorem is proved us-

ing the same argument as for Case 1.

5.4 Case 3: ¢ unknown and p # 0.5

5.4.1 Main results

The result in this case concerns the first part of their theorem. In this case,
K3(X;;6) is proportional to &7 (X;;w); indeed, using the same kind of calcu-

lation as in the previous cases yields
Ky (Xjw) =1- X}
at 4 =9 =0 and w = 1, and, on the other hand,
K3(Xi56) = —p(1 —p)(1 = X7) = —p(1 = p) I (X5 w),

Thus, Goffinet et al (1992) consider the following parameters: u, § = (p —
pY)E(0, — 65), € = (w — 1) — 6% Then, for the purpose of expanding L(X),

they rescale the parameters as i = uN'2 § = §NY/S, and € = eNV/2,
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We first show that, again, there is a similar problem here as for the pre-
vious case, concerning an inaccuracy in Goffinet et al’s paper, in the sense
that this change of variable does not lead to the result. Indeed, we compute

@)
Ky(X;;0) = E‘,‘f—; we find it to be equal to 1 — X? at 4 = § = ¢ = 0. This

i
contradicts Goflinet et al’s result stating that K»(X;;6) = 0. This is an im-
portant problem since K3(X;;d) plays a crucial role in the expansion of the
log-likelihood function. However, as for the previous case, recent information
obtained from Goffinet is that the correct change of variable comes by replac-
ing 62 by 6%/2 in the expression of € so that we obtain ¢ = (w — 1) — §2/2
and leave the other parameters unchanged. With this change of variable, it

becomes then true that Ky (X;;6) = 0.

We give now the basic relationships concerning this case (these are valid when

using the new change of variable that we reported hereabove):

K1(X3;6) = IG5( X3, 6) = 0,
E[Ks(X;;6)] = —10E[K3(Xi;6)%,
E[K4(Xi;0)] = E[I5(X;;0)] = E[Ka (X4 6,8)] =0,
B[K5 (X3 6,8)] = —B[K3(Xy;0) K1 (X5 6)],

where £ stands for i or e.

The main result of Goffinet et al (1992) in this case is the following.

L(X) = L(X;0,0,0) + N"2 5N K\(Xi; i+ N2 8N K (X5 €)€

ANV Ko (X ) B2+ AN N K (X €)@+ N7l K (X ) i€
ANV SN K (X 8) AN N Koy (X5 6, a8+ NN Ky (X536, €) 8
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+L N Ko( X0 6)0% + 0,(1).
Some terms do not figure in this expansion; they are considered as o,(1) for
the same reasons as for Case 1.

Thus, L{X) can be written as

L(X) = L(X;0,0,0) + B(fi, 8% &) + (1, 8%, 6)C(i1, 6%, &)T + 0,(1),

where B = (N2 0N Ky (X ), sN~V2 0N K3(X556), NTV2 2N 16 (X)),

and

%N_l Sty Ka(Xi; p) f_gN_l Zﬁil K1 (X556, 1) %Nhl Zﬁ—q K11 (Xi; e, €)
C=| EN'EN K (Xi6,p) NN Ke(Xi;6) LNUYN K (X 6,6)
NN K (X pme) SNTYN K (Xide)  INTLYN, Ko(Xe)

satisfy the relationship F(C) = —LE(BTB), and E(B) = 0. The result then

follows by the classical development of Cox and Hinkley (1974, pp. 313-314).

5.4.2 Our results for p close to 0.5

In their paper, Gofinet et al (1992) point out that, in view of their simulation
results, the convergence of the estimated means of 7'(X) to the theoretical
ones is very slow in the case p = 0.51. We also find the same behaviour (see
next section), and we give a heuristic explanation for it. Since, for p = %,
K(X;;0) = 0 for £ odd, which is a key factor underlying the asymptotic
distribution of T'(X), we shall investigate here the case where p is close to 3,
that is, p = % + A, where A is small compared to %, and we shall calculate

K (X;;6). We shall find K (X;;8) = Op(A), and this result may account for

the slow convergence.
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From the expressions of x and ¢, we obtain
l—p
91 = [+ (_p_)l/Z(S‘,

and
P i
Oy = p — (——)"*g;
2 =/ (1 — p)
now, replacing p by 1 + A, we can use the Taylor expansion to approximate

these expressions, for small A, by

O = p+ (1 —2A)

By = — (14 2A)0.
We verify, thus, that ; and 6, are as in Case 2 for A — 0 (also, note that, for
A — 0, the 6 used here corresponds to taking 24 in Case 2); hence, we verify
that, by letting A go to 0, we obtain the same parameters as for Case 2.

Let us now consider the general case

0 =p+ (1—52)1/25
0y = 1 — ()12,

for which A becomes

b= (et G+ el (et 5+ 00 - (o (2P

+ Lk Sk Dol g+ G+ 00— (- (2 a))

and we are more particularly interested in the behaviour of K (X;;4) for k&

odd.
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At =6 = ¢ = 0, some algebra shows that

1-p p
K1(Xi;6) = p(—=)2 — (1 - p)(==—)"2 =0
1(X456) = p( - ) ( p)(l_p)

This is a general result, valid whatever the value of p. We now compute

K3(X;;8) at 4 =60 = e =0. Some algebra shows that this can be written as

hy _ (2p—1)
h o pl2(1—p)i/?

K3(X3;0) = (3X; — X7).

For p = 3, we obtain
and K3(X;;6) # 0 for p # % For p = + A,

2A

K3(Xy;6) = CEVORE

(3X; — X7?).
Since A is small, using a Taylor expansion of order 1, we obtain

On the other hand,
B[K3(X;;0)] = 0,

which is true for any p, and
var[K3(X;; 6)] ~ 96A2,

thus yielding that the standard deviation o|K3(X;;0)] = 4v64; it results
that
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We now turn to K5(X;;d). Some algebra yields
f(5(X7;; (5) = 0,

at u=d=e=0,forp= %, and the same kind of properties as for K3(X;;d)
apply here, yielding, for p close to 3,

Thus, a property similar to the one for Case 2 is found: for k odd, K;(X;;6) =

0 for Case 3 whenever we take p = %, and, for any small enough A,

Ki(Xi;8) = 0,(A).

We make clear that terms that are O,(A) are larger than terms that are o,(1)
since the latter tend to 0 in probability as the sample size N increases. Thus

the asymptotic result holds even for A small.

Now, the more A increases or equivalently p moves away from %, the faster
the distribution of T'(X) approaches that of Case 3. The problem certainly is
that, for p close to %, we may need a huge sample size before the theoretical
result on T'(X) is useful in practice. In the next section, we shall investigate,
using simulations, the form of the distribution of T'(X) for reasonable sample

sizes.
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5.5 Simulation results

We present now some simulation results for cases 2 and 3 (where ¢ is un-
known), in order to investigate in practice the difference in the distribution
of T'(X), according to how close p is to 0.5; Table 5.1 presents results for the
distribution of T'(X) under Hy, estimated from 500 simulations for different

values of p and N.

We emphasise the result that comes out of our study: we find that, in the
cases where p is in the neighbourhood of 0.5 and where p = 0.5, the val-
ues of the respective estimated expectations of T'(X) are very close to each
other, and, in the same way, the values of the respective estimated variances
of T(X) are very close to each other, independently of the size V. This is
natural since K (X;;6) = O,(A) for k odd, independently of N. Since, for p
close to 0.5, these values are far from the theoretical values that we expected,
and for p = 0.5, they are close to the theoretical values that we expected, we
verify practically the validation of the Goffinet et al (1992) theorem, for the
latter case, and the fact of very slow convergence to the theoretical results in

the former case.

We notice that, as N increases, the expectations of T(X) in these two cases
tend to 0.5 (for p = 0.5) and to a value close to 0.5 (for p close to 0.5); sim-
ilarly, the variances of 7'(X) tend to 1.25 (for p = 0.5), and to a value close
to 1.25 (for p close to 0.5); here again this is because Ki(X;;6) = Op(A), so
that the smaller the A, the closer to each other are the two first moments in
these two cases. (Certainly, for huge N, this would not be the case any more.)

It results that, for values of p close to 0.5, the distribution of T'(X) is close
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to the distribution of T'(X) for p = 0.5, and that, the more A increases, the
more the distribution of 7'(X) tends asymptotically faster towards a x*(1).
Table 5.1 shows the results for three characteristic values of p, used also by
Goffinet et al (1992) in their paper, but we performed some more simulations
for other values of p, in order to investigate further the intermediate (or tran-
sition) stages of the distribution of T(X). The results are given in Table 5.2,
where a sample size of 3000 is used; for p < 0.51, expectation and variance
are closer to the respective expectation and variance for case p = 0.5, than
to those for case p = 0.51; in the case where p increases from 0.501 to 0.65,
the expectation and variance of T'(X) approach 1 and 2 respectively. Fur-
thermore, in practice, it seems that, for p ~2 0.65, the distribution of T'(X) is

already a x%(1).

Remark about the rate of convergence: we note that, for p = 0.75 (which
is far from 0.5), a sample size of 500 only is needed to obtain that the esti-
mated expectation of T'(X) is close to 1, whereas for p = 0.5 a sample of size
3000 has to be considered in order to obtain that the estimated expectation
of T'(X) gets close to 0.5. As for p close to 0.5, even for a sample size of
3000, the distribution of 7'(X) is far away from the theoretical one. There-
fore, there is quite fast convergence towards the theoretical results in the case
p = 0.75, a medium convergence in the case p = 0.5 and an excruciatingly

slow convergence in the case p close to 0.5.

We now draw some histograms of the data based on the 500 simulations
that we carried out (Figures 5.1-5.8), for some values of p and for various
sample sizes, in order to visualise the distribution of 7°(X). We are certainly

interested in the cases described in Table 5.1, but we focus even more in
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those of Table 5.2, since, for p roughly between 0.5 and 0.60, the distribution
of T'(X) is clearly not a x*(1). We actually find, using our results, that, if
the expectation of T'(X) is w, then its variance is close to m(3 — =), for a
sufficiently large sample (see Table 5.3): these characteristics are those of a

(1 —m)x*(0) + 7x2(1) distribution.

Figures 5.1 and 5.2 represent data for the case where p = 0.75 and for sample
sizes N = 100 and N = 500. Figure 5.3 deals with the case p = 0.51 and
N = 3000. Figure 5.4 deals with the case p = 0.5 and N = 3000. Figures 5.5,
5.6 and 5.7 deal with the intermediate situations p = 0.52, p = 0.55, p = 0.6
and N = 3000 respectively. Figure 5.8 deals with the case where p = 0.65
and N = 3000. In Figures 5.1 and 5.2 one can roughly recognise the shape
of a x?(1) distribution density, whereas, in Figures 5.3, 5.4 and 5.5, there is
on the one hand a concentration of values around 0, and on the other hand
the x?(1) distribution density: this corresponds roughly to a distribution of
T{X) of £x*(0) + $x*(1). It is obvious from Figures 5.6 and 5.7 that the
distribution is not a x*(1) in the corresponding cases (though, in the case of
the latter, the distribution is close to a x?(1)). Finally, Figure 5.8 shows clear

features of a x?(1).

Goffinet et al (1992) choose the number of zeroes to be the number of results
smaller than 107% this is certainly an ad-hoc approach. We shall proceed in
a more objective way: from the data, we calculate 27 a-significance levels;
we then plot these estimated levels against the 27 theoretical levels under the
x*(1) distribution. The cases considered are those defined previously as cases
2 and 3, corresponding respectively to p = 0.5 with ¢ unknown, and p 3 0.5

with o unknown. In theory, we should obtain a straight line through the data
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covering the whole range of values on the X-axis and on the ¥Y-axis, that is,
from (0,0) to (1,1), for the case where p # 0.5; this is shown in Figures 5.9,
5.10, 5.11, and 5.19 corresponding to values of p far from 0.5; for p = 0.75,
the line obtained is fairly straight in every one of these plots, including the
case where the sample size is only 25. On the other hand, in the case where
p = 0.5, we should obtain a straight line through the data from (0,0) to
(1,0.5), and a vertical line from (1, 0.5) to (1, 1); this is shown in Figures 5.12
and 5.13. For cases where p is close to 0.5, we do not obtain the theoretical
result, that is, the same type of plots as those for p # 0.5 described hereabove,
because of the very slow convergence mentioned previously; we obtain instead
the intermediate situations described in Table 5.2, and shown in Figures 5.14,
5.15, 5.16, 5.17 and 5.18, which, then, confirm the conclusion obtained from
the histograms and from Table 5.3: since in these cases we obtain a straight
line through the data from (0,0) to (1,7), and a vertical line from (1,) to

(1,1), the distribution of T'(X) is of the form

(1 —m)x*(0) + mx*(1),

and this is certainly true for all cases; for instance, in the case p = 0.55 and
sample size N = 3000, the distribution of T'(X) is 0.23x%(0) + 0.77x2(1), and
the proportion of zeroes is 23 per cent. For practical reasons, this result is

then more useful than the theoretical one.
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P N Th. expect. FEst. expect Th. var. Est. var.
0.75 25 1 1.50 2 4.28
100 1 1.22 2 2.66
500 1 1.04 2 2.23
0.51 25 1 0.92 2 3.20
100 1 0.68 2 1.58
500 1 0.68 2 1.92
3000 1 0.59 2 1.51
0.50 25 0.5 0.88 1.25 3.09
100 0.5 0.64 1.25 1.45
500 0.5 0.64 1.25 1.79
3000 0.5 0.54 1.25 1.39

Table 5.1. Characteristics of 7'(X) under Hy in cases 2 and 3.

D N Dst. expect. Est. var.
0.501 3000 0.55 1.40
0.505 3000 0.57 1.45

0.52 3000 0.63 1.59
0.55 3000 0.77 1.85
0.60 3000 0.91 2.03
0.65 3000 1.01 1.97

Table 5.2. Characteristics of 7'(X) under Hy for the transition stages be-
tween case 2 and case 3.

p  Est. var. (3 —m)
0.501 1.40 1.35
0.505 1.45 1.39
0.01 1.51 1.42
0.52 1.59 1.49
0.5 1.85 1.73
0.60 2.03 1.90
0.65 1.97 2.01

Table 5.3. Variance of (1 — m)x*(0) + mx*(1). The sample size is 3000.
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Figure 5.2. Histogram for p = 0.75 and N = 500.
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Figure 5.3. Histogram for p = 0.51 and N = 3000.
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Figure 5.4. Histogram for p = 0.50 and N = 3000.
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Figure 5.9. Estim./Theor. Significance Levels for p = 0.75 and N = 25.
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Figure 5.10. Estim./Theor. Significance Levels for p = 0.75 and N = 100.
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Figure 5.11. Estim./Theor. Significance Levels for p = 0.75 and N = 500.
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Figure 5.12. Estim./Theor. Significance Levels for p = 0.50 and N = 500.



Chapter 6. Distribution of the LRTS for known Mixing Proportions 119

0.5 -
0.4 -

0.3 -

°2

0.2 .

0.0 -

0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0

C3

Figure 5.13. Estim./Theor. Significance Levels for p = 0.50 and N = 3000.
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Figure 5.14. Estim./Theor. Significance Levels for p = 0.501 and N = 3000.
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Figure 5.15. Estim./Theor. Significance Levels for p = 0.505 and N = 3000.
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Figure 5.16. Estim./Theor. Significance Levels for p = 0.51 and N = 500.



Chapter 6. Distribution of the LRTS for known Mixing Proportions 121

0.8
0.7 -
0.6 -

0.5 -

0.3 -

0.2 .

0.0 -

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
C3

Figure 5.17. Estim./Theor. Significance Levels for p = 0.51 and N = 3000.
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Figure 5.18. Estim./Theor. Significance Levels for p = 0.55 and N = 3000.
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Chapter 6

Discussion

6.1 Introduction

In this last chapter, we give some impressions about the methods and results
that we have presented, as well as as some indications for further work along
with some new directions in the area of estimating the number of components.
There are certainly open problems in this area; here, we will state some of
them that are related to the methods that we presented in this work. We will
also comment on a very recent Bayesian approach that has been proposed in

the literature. We hope that this discussion will stimulate further research.

We now briefly recap the main points achieved in the present work. We
have presented two algorithmic techniques that are based, respectively, on a
stochastic variant of the EM algorithm and on information theory. The third
technique, is based on a more theoretical approach, to derive the distribution

of the likelihood ratio test.

123
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6.2 A Bayesian Approach

In this section, we discuss a Bayesian methodology. Even though this type of
approach is not directly related to our work, we believe that it constitutes a
substantial breakthrough; indeed, for the first time, this methodology is able

to include the estimation of the number of components in a mixture.

In a paper recently read at the Royal Statistical Society, Richardson and
Green (1997) presented a new type of Monte Carlo Markov Chain (MCMC)
method, the so called ”"Reversible Jump” MCMC for mixtures, which has the
advantage over the usual MCMC, in that it takes into account the fact that the
number of components is unknown. In this context, Richardson and Green
(1997) derive the Bayes factors By, for testing k; versus ks components,
where By, = %ﬁ—;%, (p(k1) and p(kq) are the priors on the number of
components), and this factor can then be considered as Bayesian information
provided by the sample about the number of components, somewhat in the

same way as Windham and Cutler’s information ratio. We now explain how

this factor is used in a practical example.

In a draft version of their paper, Richardson and Green (1996), present the
results of a simulation exercise for the identification of the number of compo-
nents. The true data distribution arise from a two-component mixture and,
thus, k9 is set equal to 2, and k; is taken between 1 and 6. The mean Bayes
factors Big,...,Bsy are derived for 50 replications, and the number of compo-
nents is then estimated by lAc, such that chz is the highest mean Bayes factor.
We briefly report the results here, since they are not quoted on the paper they

presented to the RSS. They considered sample sizes of 50 and 250 of data from
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the well-separated univariate model that we studied in our second chapter,
and from a moderately-separated univariate model with two equally weighted
normally distributed components (means=-1 and 1, and variances=4/9). For
the first model and for a sample size of 250 of the second model, the re-
sults were very encouraging, since the two-component model was preferred
to the single- and the three-component models at least 94 per cent of the
time. However, in the moderately-separated case with sample size of 50, the
two-component configuration was detected only 44 per cent of the time, while
the single-component configuration was detected 56 per cent of the time. In

this case, therefore, the small sample size has severely influenced the outcome.

It seems then that this methodology yields encouraging results, and is cer-
tainly more flexible than the usual MCMC, since it includes the estimation of
the crucial number of components. We believe that it is worthwhile to study

it further and to generalise it to multivariate mixtures.

We finally note, in passing, that we implemented the BLR technique described
in the second chapter, for the moderately-separated model, with sample size
50, in order to compare the results to those provided by Richardson and
Green’s method. It is interesting to see that BLR. detects the correct model
42 per cent of the time, a single component model 56 per cent of the time
and a three-component model 2 per cent of the time. We believe then that

the BLR performance can be considered as satisfactory.
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6.3 A Test based on Stochastic Techniques

The EM algorithm has been, over recent years, a very popular deterministic
technique for estimating the MLE in mixture problems, since it allows us to
overcome the difficulty of solving non-linear maximum likelihood equations,
and has some nice characteristics in addition. However, since at the same time
it has some well-known disadvantages, there have been in the literature many
attempts for improvement; the stochastic versions are among those, and the
SEM algorithm is a typical example of that. It seems that this algorithm cor-
rects some of the problems that one encounters when using EM, but, on the
other hand, there are some theoretical complications, in that the successive

iterates are realisations of random variables which converge in distribution to

the MLE.

Now, our main aim in that context was to study the mathematical prop-
erties of a test statistic for the number of components based on the SEM
algorithm, which was proposed in the literature (Celeux, 1987). We showed
that this statistic cannot be formally considered as an asymptotic Hotelling’s
statistic, and we derived its actual asymptotic distribution. Then, we pro-
posed a similar type of test statistic derived in a different way from iterates

of the SEM algorithm.

These tests measure the stability of a partition of the data in hand into, say,
K distinct classes, and, thus, their application differ, as we have seen, from
the way they are usually applied in the literature. Comparison of these two
tests showed a rather peculiar behaviour: they provided fairly similar results

under the null hypothesis. However, since the simulations that we conducted
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were used only for univariate mixtures with a small number of parameters,
it might be interesting to perform extensive simulations in order to compare
these two test statistics in the case of multivariate mixtures. The complexity
of the calculations involved in using T2 for inference is certainly higher, but,
nevertheless, in most situations encountered in practice the true number of
components is not larger than three, and the data are at most bidimensional.
Hence the complexity of the calculations that are involved in using 7% should

not pose a big problem.

6.4 'The Information Theory Techniques

We have seen that these techniques are closely related to the rate of con-
vergence of the EM algorithm. It is worthwhile noting that although, as we
described in the second chapter, it has been well known for some time in the
literature that the rate of convergence of EM is connected to the degree of
separation of the mixture components, it is only quite recently (Windham and
Cutler, 1992) that this concept came to be used for estimating the number of

components in a mixture model.

In Windham and Cutler’'s MIREV procedure, a validation measure was used
to provide an indicator of the method’s reliability. We would like to emphasise
here what Windham and Cutler point out at the conclusion of their paper,
that is, that this measure has not been as yet theoretically justified, and thus

there is an open problem as far as this matter is concerned.

Our contribution to the estimation of the number of components by using
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this methodology was to apply the information concept in a different way:
since, for an overestimated mixture, we are in the presence of singularity
problems concerning the information matrix (event E), we consider the min-
imal number of components / such that event E occurs, and estimate the
actual number by K — 1. For good component separation, the Modified MIR
was found to yield very good results, and, for every degree of separation, it
was found to compare favourably to Windham and Cutler’s basic MIR, pro-
cedure. As for Windham and Cutler’s basic MIR, the Modified MIR is a
Monte-Carlo approach. Further research concerning this area would then be
to develop a more general theoretical tool that would remove the need for

Monte-Carlo work.

6.5 Asymptotic Theory for known Mixing Pro-

portions

A very important class of mixtures are those of two normal components.
Goffinet et al (1992) study (Chapter 5) these types of mixture where the mix-
ing proportions are assumed known. We will assume, in this section, that
the data in hand arise from these types of mixture, and will look at open

problems related to that case.

In the case that the data sample arises from a univariate mixture, we have
seen, from Goffinet et al’s theorem (1992), how the distribution of the Likeli-
hood Ratio Test Statistic (LRTS) behaves as the sample size tends to infinity.
The question then is how the LRTS behaves when the mixture is multivari-

ate; for instance, can the results of the univariate case generalise directly to
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multivariate mixtures, or can we at least find the shape of the asymptotic

distribution for the LRTS?

In that context, we will report a multivariate result from Goflinet et al (1992);
this result concerns the case where the data arise from a bivariate mixture,

and is as follows.

Under Hy, the limiting distribution of T'(X), if the common variance-covariance
matriz is known, is x*(0) + $V*?, where V = V| + VM2 and where V; is a

N(0,1) rov., Vo is a x*(2) r.v., and Vi and V, are independent.

From the above result, one can see that the generalisation to the multivariate
mixture case is not obtained directly from the results of the univariate mix-
ture case, and that the LRTS distribution might take a more complex form,
even for a bivariate mixture with known variance-covariance matrix.

On the other hand, Goffinet et al (1992) state that, when the common
variance-covariance matrix is unknown, they have to cope with very complex
likelihood equations, and thus could not find any analytical result. Conse-
quently, there are many questions to be answered in that case, concerning
the asymptotic distribution of the LRTS, even for a bivariate mixture: for
instance, 1s it still possible to find the asymptotic distribution of the LRTS,
and how do the values of p influence the shape of this distribution?

This is certainly an open problem, and some further research could be done

to derive this distribution, at least for the bivariate mixture case.
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